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Abstract

Defined contribution pension (DC) plans are on the rise around the world, in

both the private pension plan domain as well as in state pension systems. Our

study investigates the risks this trend poses to the economic well-being of indi-

viduals and the welfare of the aggregate population. Through stochastic sim-

ulation, we investigate the potential implications of DC pension plans domi-

nating the income support system for the retired members of a population. We

make the assumption that workers retire when they can afford to replace a rea-

sonable proportion of their wages. Our main focus is the demographic retire-

ment dynamics. We also explore, however, consequential changes in the retire-

ment conduct of individuals through the use of structural retirement-behavior

models.

We find that the retirement age of an individuals with a DC pension plan is

extremely unpredictable, even under various investment strategies and retire-

ment models. At the aggregate population level, we find that this uncertainty
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of the average retirement age over time does not get dampened to any great

extent by the heterogeneity of the population. Instead, the central role played

by the market in determining retirement dates causes significant variation in

the dependency ratio (the ratio of retirees to workers) over time. In addition,

various attempts to ameliorate the outcome by introducing additional realis-

tic features in the DC population modeling, such as feedback among the ag-

gregate retirement patterns and macroeconomic variables, do not successfully

reduce the volatility to a reasonable level. Our findings suggest that countries

dominated by DC schemes of this type may, over time, be exposed to signifi-

cant risk in the size of its labour force.
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Glossary of terms (in order of
appearance)

x; Age of plan entry;

t; Time of plan entry;

Xl (t) Instantaneous risk-free nominal rate of interest at time t;

X2(t) The log total return on equities from time 0 to time t;

X3(t) Instantaneous risk-free real rate of interest at time t;

X4 (t) The consumer price index (CPI) log growth from time 0 to time t;

X5(t) The log real return on wages from time 0 to time t;

x(t) (Xl(t), X2(t), X3(t), X4(t), X5(t))';

Xi1, ...,ik(t)= O"{Xil, ... ,ik(S): 0:::; s:::; t};

WI (t), ... , W5(t) Independent standard Brownian Motions under the risk-neutral
probability measure;

O"ij The local volatility of economic process iassociated with risk j (i.e. Wj (t);

Jil The risk-neutral long-term mean rate'

Ql The rate at which the rate of return reverts back to its long-term mean;

8j The market price of risk associated with the source of risk j (see equa-
tion (2.2»;
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J-L1The real-world long-term mean rate (see equation (2.3», with J-L1 = ill +
2:;=1 O"ljtJj /0:1;

S(t) The value of equities at time t as the price of a tradable asset;

2:;=10"2jtJj The equity risk premium over the risk-free rate of interest (also
referred to as RP2);

il3 The risk-neutral long-term mean real rate;

0:3 The rate at which the rate of return reverts back to its long-term mean (see
equation (2.14»;

J-L3The real-world long-term mean real rate (see equation (2.14», J-L3 = il3 +
2:;=1 0"3jtJj /0:3;

C(t) The value of the consumer price index (CPI);

2:;=1 0"4jtJj The inflation protection premium over the risk-free rate of interest;

Yi(t) Wage index at time t;

ils The risk-neutral long-term mean real salary growth;

Sij(t, T) The contribution of dWj(t) to the volatility of Xi(t);

Y(t) Individual's wage at time t;

m(t - te) The merit function for wage growth;

Asset Funds Assuming one unit is invested in each of the assets at time 0, we
represent their values at time t by:

• Cash fund, G(t);

• Index-linked cash fund, B(t);

• Fixed-interest bond fund, D(t);

• Index-linked bond fund, H(t); and

• Equities funds, S(t);
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Zj Independent standard normal random variables (i.i.d. '" N(O, 1»

g(Xl (t), t, T) The price at time t of a risk-free zero-coupon bond that matures
at time T;

iix(t) The present value of one unit of an annuity for the remaining life of an
annuitant;

P1(Xl(t), t, T) The price at time t of a risk-free zero-coupon bond that matures
at time T and yields a real rate of return;

ii~3(t) (t) The value of an annuity factor that incorporates the provision to index
a pensioner's income by inflation;

W(t) The worker's accumulated DC pension wealth at time t;

RR(t) The worker's replacement ratio at time t;

Lx The relative size of each age group x, whose members are aged x;

PA(t) The change in pension wealth between times t - 1 and t;

VR(t) Discounted utility value function at time t conditional on retirement at
time R;

(3(t, s) Personal discount factor between times t and s;

A( s) Consumption at time s while working (= (1-7r) Y (s), where 7r represents
the contribution rate);

AR(S) Pension consumption at time s conditional on retirement at time R
(= W(R)/ax+R-t(R);

Uw(a) Utility function of future wage income;

Ur(a) Utility function of future retirement benefit income;

L Utility value of retirement leisure (fixed parameter);

Et(') The individual's expectation about the future, based on information at
time t;
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k Relative value of income during retirement for the option-value model
(fixed parameter);

'Y Risk aversion for the option-value model (fixed parameter);

w(s) Individual disturbance term during employment;

~(s) Individual disturbance term during retirement;

v(s) = w(s) - ~(s);

Ct(.) An individual's single 'best estimate' or 'anticipated value' of the future
based on information at time t;

a~~(2_t(R) Projected annuity at retirement time R based on information at
time t;

a:;:~5tit)The projected value of an annuity certain factor with the anticipated
salary scale based on information at time t;

r: instant in time immediately prior to the exiting of the newly retired par-
ticipants from the workforce.

C instant in time:

• after the salaries have been adjusted on account of the change in
labour force participation and

• immediately prior to the change in asset demand.

t instant in time after contributions and pension payments have been made
and the value of assets have been adjusted on account of excess demand;

Ix(C) working status indicator for an individual in age group x at time t: (0
if retired by time t: and 1 if working);

By The size of the labour force at time C relative to time (t - 1)-;

Ky The elasticity of wages with respect to labour supply;

W;(t) Total invested in equities by an individual in age group x at time t;
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wlj (t) Total invested in index-linked bonds by an individual in age group x

at time t;

Os The provisional demand for equities at time C as a proportion of its supply
at time C-;

OH The provisional demand for index-linked bonds at time C as a proportion
of its supply at time t=,

«s The elasticity of the equity price with respect to its demand;

K,H The elasticity of the index-linked bond price with respect to its demand;

ORPl(k, k + 1) The observed risk premium of the irredeemable bond over
cash between times k and k + 1;

ll(t) The yield to maturity of the irredeemable bond at time t;

F(t) An irredeemable bond fund whose coupons are payable continuously;

L::;=l (Jfj(t)bj The expected risk premium on the irredeemable bond;

(Jfj(t) The local volatility of F(t) associated with risk Wj(t);

(JPd(t, T) The local volatility associated with risk Wj(t) for a risk-free zero-
coupon bond that matures at time T

ORH(k, k + 1) The observed real yield curve risk premium between times k

and k + 1;

ll(t) The real yield to maturity per time unit on an index-linked irredeemable
bond at time t;

Q(t) An index-linked irredeemable bond fund where the inflation growth rate
is zero and we refer to it as the irredeemable real bond fund;

(Jqj(t) The local volatility of Q(t) associated with risk Wj(t);

R( t) An irredeemable real bond fund with reinvestment of coupons;

(JP3j(t, T) The local volatility associated with risk Wj(t) for a zero-coupon real
bond that matures at time T;
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Chapter 1

Introduction

The shift from defined benefit (DB) to defined contribution (DC) pension plans
is a prevailing phenomenon throughout the pensions world. We define a DC
pension plan as one which provides for each employee the deposit of a certain
percentage of pay into an individual account that ultimately determines their
retirement benefit. At retirement, individuals may wish to annuitize their sav-
ings or choose another medium of retirement funding, such as a retirement
account where the pay-outs are generally more flexible. It is common for the
state to regulate the funding instrument on account of the favorable tax treat-
ment of the accumulated assets. Similarly, employers who contribute to their
employees' individual DC accounts may require that the accumulated funds
be annuitized at retirement.

Generally, the income support system for retirees is composed of three
parts: personal savings, occupational pension plans, and government-provided
social security. The first component of retirement savings is inherently a DC
plan. Furtheremore, the second pillar is increasingly turning to DC pension
plan designs. Among employer sponsored pension plans in the United States
(US), a strong trend towards DC pension plans has been in effect for over two
decades (Ostaszewski, 2001). DC plans currently in the US include simpli-
fied employee pensions, employee stock and ownership plans, profit sharing
plans, and salary reduction plans, such as 401(k) or thrift plans (Bassett, 1995).
The popular 401(k) plans, which are employer-provided DC plans that allow
workers to make voluntary contributions on a tax-deferred basis, have grown
at such a rate that over the next 30 years they could potentially become the
largest source of retirement wealth in the United States (Poterba et al., 2000).
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Poterba et al. (2000) explained that in DC style personal retirement accounts,
such as 401(k) plans, the individual controls the contribution rate, the invest-
ment strategy, and the magnitude and the frequency of the withdrawals. Such
plans received 88% of private pension plan contributions in the United States
during 1999 (Poterba et al., 2005). The common hypotheses that have been put
forth to explain the shift to DC plans among employers include:

• the simplicity of DC plan designs,

• the reduction in risk to employers when undertaking such a change in
plan design,

• the opportunity for plan sponsors to reduce their annual contributions,

• the rising costs associated with the government's increased regulation of
DB plans, and

• the superior portability properties of DC plans which fit today'S more
mobile and independent workforce.

In addition to these hypotheses, Ostaszewski (2001) postulated that the weak-
ening of real wage growth relative to real investment returns in the US has cre-
ated a macroeconomic incentive for individuals and plan sponsors to switch
from DB to DC. Brown and Liu (2001) expanded on Ostaszewski's study by
applying Canadian data to argue that the shift occurs when tax legislation and
pension regulation increasingly favor DC plan designs over DB plan designs.

The third source of retirement income support in the US is Social Security.
It, too, is threatening to move towards a DC state pension system design (Co-
gan and Mitchell, 2003)1. In North America, financial security for the elderly is
increasingly becoming a major concern as the Baby-Boomers approach retire-
ment, thus changing the demographic profile. For example, by 2025, Canada's
aged dependency rate (the ratio of persons aged 65 and over to the population
aged 15-64) is expected to reach 38%, and the expectation in the US is not far
behind at 34% (Turner and Watanabe, 1995). As the population ages, stress on
the economy would arise as unfunded pensions begin to be paid out, affecting

IThe US president's commission to strengthen Social Security by including personal retire-
ment accounts can be found at http://www.csss.gov
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Social Security and employer pension plans. To control costs, many plan spon-
sors have opted to switch their DB pension plans to DC pension plan designs;
moreover, the US has begun to seriously debate whether it should replace its
current Social Security program to include DC style personal accounts. The
US is not alone in considering this type of structural pension reformation; dur-
ing the 1990s, Mitchell (1998) concluded that the DC pension plan design has
caught the world's imagination. Approximately half of Latin America, as well
as eight countries in Eastern Europe and recently Italy and Sweden, have un-
dertaken system restructuring to involve DC features (Gill et al., 2004). A com-
mon purpose behind replacing a state system's unfunded DB with a funded
DC plan, where the individual accounts are privately invested, is the country's
desire to reduce the government's role in economic life and to increase reliance
on market institutions (Turner and Watanabe, 1995). Turner and Watanabe also
argued that privatizing a country's pension system may serve to support the
domestic financial market by increasing national savings (and hence drive up
real capital investments), although the size of the effect is not agreed on by
researchers. The problem in the US, however, according to Gill and Tatucu
(2005) in their study to draw lessons for the US from the Social Security re-
forms in Latin America, is primarily their aging population. They wrote that
the Latin American reforms reflected a loss of faith in governments to act re-
sponsibly in ensuring the promised pension benefits. This is not the case in the
US, where Social Security is well-managed and, although the current surplus
is adequate to pay nearly 80% of the promised benefits over the next 75 years,
the primary objective is to ensure the future financial solvency of the system
(Gill and Tatucu, 2005).

Consequently, the DC pension plan has grown from being a single and
relatively unimportant source of pension income to becoming two significant
sources, with the potential of also becoming the third and final source of in-
come for the non-working elderly.

The practical application of a DC pension system has numerous draw-
backs. DC pension plan schemes are notorious for the uncertainty in the level
of pension that they can provide. Research and experience has shown that,
with a fixed age of retirement, it is difficult to predict accurately the pension in-
come under a DC pension plan design. Relative to a DB pension income bench-
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mark, the accumulated wealth in a DC plan can be extremely risky (Blake et al.,
2001). Chile, which completely reformed its state pension plan to a DC system
two decades ago, affords its citizens some protection from the uncertainty in
their retirement income by ensuring a minimum pension income. The provi-
sion of a minimum pension income, however, could be criticized as an expen-
sive welfare system and, to a large extent, could expose the governmental pen-
sion sponsor to abuse and anti-selection (Brown, 1999). Furthermore, such a
pension system could not be self-sustaining since a DC pension system can du-
plicate the benefits offered by a DB state pension systems, such as a minimum
pension benefit, only through further additional contributions of the state or
the individuals concerned. Other ancillary benefits suitable for a DC system
could include disability and death benefits, as well as a top-up for females who
would suffer an inherently lower pension income at the time of annuitization
owing to their longevity. DC pension plan designs are frequently applauded
for their portability properties, but this feature does not avail a state pension
plan as there is usually no need for a pension to be portable, perhaps with
the exception of emigrants. In addition, there is no redistribution of wealth
under a traditional DC pension plan. Finally, DC pension plan participants
are responsible to pay onerous costs and fees, such as fund manager fees; in
fact, administrative expenses are higher than in a socialized system (Brown,
1999). A recent World Bank report (Gill et al., 2004) investigated the outcome
of the Chilean government having implemented a DC pension system, and the
Turner Report (Turner, Drake, and Hills, 2005) described the current situation
in the United Kingdom, where the state pension plan also incorporates private
accounts. Both commentaries confirm several of the predicted shortcomings of
implementing a DC state pension system noted above, such as the rising costs
of Chile's minimum pension income in consequence of low income workers'
preferring not to save rather than have their minimum pension reduced. Be-
sides Latin America and Britain, additional international reform comparisons
have been studied to provide perspective to the current US Social Security
debate. Simonovits (2005), while outlining the relevant US lessons from the
Hungarian reforms, concluded that partial privatization of Social Security is
not helpful and does not solve the problems of Social Security.

The debate around privatization of Social Security has given rise to many
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arguments for and against the introduction of individual savings accounts.
The arguments outlined above are generally drawn from analogies to em-
ployer pension plans (Blake et al., 2001; Brown and Liu, 2001; and Ostaszewski,
2001), meaningful lessons drawn from the experiences of other countries who
have undergone similar pension reforms (Gill and Tatucu, 2005; and Simonovitz,
2005), and general observations that stem from the current political, economi-
cal, and regulatory arena (Cogan and Mitchell, 2003;Mitchell, 1998;and Brown,
1999). (Please note that some of these studies overlap in two or even three
categories). Although extremely beneficial and relevant, these papers do not
provide a clear picture of the impact of a 'pure' nationwide DC plan; that is,
the aggregate effect of a DC plan without the constraints of additional regu-
lations or the contemporary complexities that may exist in the country today.
This study uses a bottom-up approach to emphasize and focus on the general
effects of a pure DC pension plan monopolizing the income support system
for the retired members of a population.

We assume in this thesis that the individual will lengthen or shorten their
working career depending on their accumulated pension savings in relation to
their expected life span; in this way, participants can delay their retirement un-
til a sufficient pension fund has been accumulated. Rather than focus on the
accumulated wealth at a specified retirement age (e.g. as assumed by Blake
et al. (2001», we investigate the likely retirement age of DC participants if
they hoped to maintain a fixed standard of living at retirement, which would
sustain them till death. The motivation behind this assumption is that it is
necessary for the primary source of retirement income to provide a pension
sufficient to offer financial security to the elderly and, therefore, facilitate the
transition from employment to retirement. Owing to uncertainty in its accu-
mulated wealth, as has been shown in previous studies mentioned above and
we will also illustrate in this thesis, such a requirement could not be fulfilled by
a pure DC pension plan if the pension delivery date is fixed. Rigid restrictions
on the worker's age of retirement, dictated by either statute or company policy,
could make it difficult for a DC pension plan design to work on a large scale
since inadequate pensions would be commonplace, rather than the exception
as is the case in a well designed DB pension scheme. Secondly, in a pure DC
pension plan, a participant's retirement would be entirely financed by their
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accumulated fund and, aside from personal circumstances, there would be no
embedded incentives to retire at any particular age. Lachance (2003) similarly
justified a flexible retirement date by noting that a fixed retirement age in the
context of a DC plan, although common and convenient, is inconsistent with
the absence of structural incentives in the retirement decision as well as the
mounting evidence that the performance of an individual's investments af-
fects their decision to retire.

Given that our objective is to observe the full impact of a DC state pension
system, the realistic existence of retirement age flexibility in a DC design is cen-
tral to our analysis of the demographic implications of a nationwide DC plan.
Furthermore, allowing a flexible retirement date provides the DC plan the un-
aided opportunity to fully fund an adequate level of pension income, without
the use of top-ups or a minimum pension income. We regard results bearing
too high a probability of retirement at very old ages (for example, above age
80) as a drawback of the DC pension design since, in reality, illness and other
factors could influence an individual's decision to retire if they have not accu-
mulated sufficient funds before reaching an elderly age.

The advantage of choosing a DC pension plan for the plan sponsor is that
it shifts the risk of an inadequate pension from their hands to those of the in-
dividual. When a DC conversion occurs on the national level, we propose that
there are intrinsic risks not only to the economic well-being of the plan par-
ticipants, but as well to the entire nation. We hypothesize that introducing a
national DC pension plan as the primary source of retirement income would
result in the financial market's condition strongly affecting the retirement pat-
tern of the citizens, which could be contrary to the interests of the society at
large. Consequently, the proportion of pensioners and workers in the popu-
lation could well be unpredictable and uncontrollable by the state, as well as
possibly detrimental to the economy.

We use stochastic simulation to investigate the implications of a traditional
DC pension becoming the predominant source of retirement income for an
entire society. Chapters 2 and 3 outline our economic and demographic as-
sumptions in modeling the DC population. Chapter 4 uses the output of the
stochastic simulation model to make an initial analysis of the implications of a
DC state pension on the population members, aggregate economy, and work-
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force demographics. We find that the market's performance plays a primary
role in the aggregate retirement patterns, causing instability in the ratio of re-
tirees to workers from one year to the next. Modeling the retirement savings
behavior for a population is an ongoing process, since there is always room
to add elements that are more realistic. Accordingly, Chapter 4 also investi-
gates the possibility of improving this ratio's stability by introducing realistic
heterogeneity into the behavior and circumstances of the DC members.

As DC pension plans grow in importance, so too should our understand-
ing of their implications on an individual's retirement behavior, since retire-
ment decision-making may no longer follow existing hypothesized models
that were designed for DB workers. In Chapter 5, therefore, we examine the
retirement behavior of workers under a DC pension scheme. Using a sim-
ulation approach, we compare and discuss the outcome of three retirement
decision models: the option-value model (Stock and Wise, 1990a), the two-
thirds replacement-ratio benchmark model, and a newly-developed 'myopic'
model. Our findings suggest that the two-thirds model is overly simplistic and
the option-value model, originally applied to DB plans, results in inappropri-
ate retirement patterns when applied in a DC environment. We ascertain that
central features of the myopic model could be suitable for a DC participant
and that it possesses advantages over the other two models. It is theoretically
more appealing, less complex, and its formula structure implies a more logical
relationship between an individual's pension and their age.

In Chapter 4, our initial simulation includes simplifying assumptions as
well as a variety of realistic features. One important assumption is that we
do not attempt to model the macroeconomic effects of the mass actions of the
DC plan members, such as mass demand for equities or liquidation of a par-
ticular asset. Numerous studies have been motivated, however, by the the-
ory that financial markets are affected by a country's demographics (Poterba,
2005). Clearly, we expect that changing retirement patterns would have an
impact on the prosperity of a country by impacting tax revenue, labour force
growth, social programs, national savings, and company profits. These out-
comes, which we comment on in Section 4.3.2, in tum would affect the prices of
financial assets along with wages. The effect could contribute to both positive
and negative feedback; thus, without its inclusion, we are limiting ourselves
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to a slightly artificial model and the results of Chapter 4 could be described
as some worst-case scenarios. In Chapter 6, we address the shortcoming of
Chapter 4 by modeling some of the potential feedback among the aggregate
retirement patterns and macroeconomic variables.

Chapters 4, 5, and 6, as well as parts of Chapters 2 and 3, are expanded
versions of MacDonald and Cairns (2006a; 2006b; 2007). Much of the foun-
dation work of the model construction has been assigned to the appendices,
such as the data sources (Appendix B), the estimation of the model param-
eters (Appendices C, D, and E), and a short sensitivity analysis of the asset-
accumulation model (Appendix F). Consequently, the appendices are exten-
sive. Although the work presented in these appendices is original, its develop-
ment is to support the main thrust of the thesis. We do not include it, therefore,
in the main body of the thesis since its details are less relevant to our primary
objective of investigating the implications of a nationwide DC pension system.
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Chapter 2

Economic Model

In this chapter, we describe the arbitrage-free stochastic model that we use to
capture the dynamics of the rates of return for equities, bonds, index-linked
bonds, cash accounts, index-linked cash accounts, annuities, consumer price
index, and wages.

We begin by describing the underlying economic processes in Section 2.1.
The economic processes follow a conditional multivariate normal distribution
and we give their moments in Section 2.2. We present the wage model in Sec-
tion 2.3 and the stochastic differential equations (SDEs) for the available assets
for investment in Section 2.4. Finally, based on the cumulative information in
this chapter, Section 2.5 is in a position to provide the formulas that we use to
simulate the economic variables listed above.

While this chapter explains the derivation of the economic model, we sum-
marize the method of estimating the parameters and the sources of data in
Appendices B, C, D, and E. As Chapter 1 noted, we assign these portions of
our study to the appendices rather than the main body of the thesis since, al-
though this work is original and builds the foundation to execute our analysis,
the content is less relevant to the overall theme of the thesis. In Appendix C,
our general method of estimation directly uses the moments of the economic
processes to derive their conditional multivariate normal distribution; where-
upon, the resulting maximum likelihood function is maximized with current
and relevant data to produce parameter estimates. As Appendix B details, we
parameterize our model according to US data provided partly by Professor
David Wilkie and partly from the following public sources:

• US Federal Government Treasury nominal securities, which can be found

32



at the US Government Federal Reserve website
(http://www.federalreserve.gov/releases/h15/data.htm). and

• The Bureau of Economic Analysis, U.S. Department of Commerce (these
tables can be accessed from
http://www.bea.doc.gov /bea/ dn/nipaweb /SelectTable.asp).

We supplement the limited US index-linked bond data with UK data, which
is available online at the Heriot-Watt/Faculty and Institute of Actuaries Gilt
Database (see http://www.ma.hw.ac.uk/ rv andrewc/ gilts/).

Throughout the estimation process in Appendices C and D, we make use of
daily and monthly data. Accordingly, the time units are either one trading day
or one month. In our simulation, however, we use annual time steps. Once
we determine the parameter estimates in accordance with the frequency of the
data, therefore, we convert them to their corresponding annual estimates for
simulation purposes. The parameters that we present throughout this chapter
are the annualized equivalents.

The specific model chosen to simulate some of the economic processes is
the Vasicek model (Vasicek, 1977). This is a one-factor model for the term
structure of interest rates within a continuous-time framework. It offers the
benefits of simplicity and closed form solutions for bond prices. In addition,
it is an autoregressive model, meaning the item being modeled cannot drift
off to plus or minus infinity or to zero, but will eventually be pulled back to
some long-term target. This model also has the advantage of being arbitrage
free, which means that dynamic asset-allocation strategies (deterministic or
stochastic) cannot exploit the structure of the model either deliberately or ac-
cidentally to generate unrealistically-high returns. The Vasicek model also has
drawbacks. One disadvantage in the Vasicek model is that, as a one-factor
interest-rate model, there is only a single source of uncertainty in yield curve
movements, which we will explain at the beginning of Section 2.1.1. Secondly,
it allows for the instantaneous risk-free rate of interest to become negative,
which is somewhat unrealistic for nominal rates. This main drawback of Va-
sicek's model is corrected in the Cox-Ingersoll-Ross model, whose standard
deviation factor ensures that the interest rate cannot become negative. Had
we chosen the Cox-ingersoll-Ross model, however, it would have been diffi-
cult to model and simulate the economic processes that depend on the risk-free
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rate of interest since they would not follow a conditional multivariate normal
distribution as they do in our current model. We could have chosen other in-
terest rate models, but a full analysis of the model risk is a topic for future
work. Our primary objective is to produce a economic model that generates
plausible asset dynamics.

2.1 Underlying Economic Processes

This section describes the dynamics of the underlying economic processes in
our model. For each economic process, we begin by presenting their SDE
and defining the relevant notation. We proceed by expressing its dynamics
in a form that reveals the necessary components of the conditional moments
(means, variances, and covariances) that we derive in the following section.
These conditional moments are necessary for estimating the model's parame-
ters (see Appendices C and D) and for simulating the economic processes as
we will describe in Section 2.5.

We use the general notation Xi(t) to ensure notational compactness of the
SDEs. We number the economic processes as follows:

Xl (t) Instantaneous risk-free nominal rate of interest at time t;

X2(t) The log total return on equities from time 0 to time t;

X3(t) Instantaneous risk-free real rate of interest at time t;

X4 (t) The consumer price index (CPI) log growth from time 0 to time t; and

X5(t) The log real return on wages from time 0 to time t,

where X2(t) = X4(t) = X5(t) = 0 at t = O.
In addition, we define the following notation:

Xh, ..A(t) - (XiI (t), ... , Xik(t))';

x(t) (XI(t), X2(t), X3(t), X4(t), X5(t))'; and

x. . (t)11,···,lk

That is, Xil, ...,ik (t) is the sigma-algebra generated by the processes xiI (8), ... , Xik (8)
up to time t (or, more intuitively, the history of XiI (8), ... , Xik(8) up to time t).
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We will sketch the SDE for each economic process under two probability
measures - the risk-neutral and the real-world - since the risk-neutral measure
is relevant for pricing bonds and the real-world is needed for simulation pur-
poses.

2.1.1 The instantaneous risk-free nominal rate of interest, Xl (t)

With the assumption that the instantaneous risk-free rate of interest, Xl(t), fol-
lows the Vasicek model, its SDE under the risk-neutral measure Q is as follows:

5

dXl(t) = al(fl,l - Xl(t)) dt +L alj dWj(t),
j=l

(2.1)

where WI (t), ... , W5 (t) are independent standard Brownian Motions under the
risk-neutral probability measure. In the model:

• al{ the local volatility associated with risk j (Le. Wj(t)),

• ill: the risk-neutral long-term mean rate, and

• (}l: the rate at which the rate of return reverts back to its long-term mean.

Additional parameters that we will require for the real-world dynamics are:

• bj: the market price of risk associated with the source of risk j (see equa-
tion (2.2», and

• ILl: the real-world long-term mean rate (see equation (2.3», with ILl -

fl,l+ I:J=l aljbj/al.

Without loss of generality, we choose to parameterize the model so that aij = 0
for j > i. The following equations, however, maintain these parameters for
notational convenience.

If aij = 0 for j > i, there is a single source of uncertainty in the model's
yield curve movement. To illustrate, we can rewrite equation (2.1) as:

where ar = I:J=1 arj and dZ (t) = (I:J=1 alj dWj (t) ) / (VI:J=1 atj) is a Brow-
nian Motion under Q that is dependent on WI(t), W2(t), W3(t), W4(t), and

35



W5(t). It can be said, therefore, that this process is a one-factor interest rate
model, where the single source of risk is Z (t).

Returning to equation (2.1), we continue by transferring from Q to the real-
world measure P by replacing dWj(u) with dWj(u) + 8j dt, where Wj(t) is a
standard Brownian Motion under the real-world probability measure, P. The
SDE for X1(t) under measure P is, therefore, as follows:

5

a1({LI - X1(t)) dt +L O"lj( dWj(t) + 8j dt)
j=l
5

- a1(/-L1 - X1(t)) dt +L O"lj dWj(t)"
j=l

(2.2)

(2.3)

where /-Ll = ih + L:;=l 0"1j8j / al· If O"n> 0 (and 0"12 = ... = 0"15 = 0), then
typically 81 is less than zero. This ensures that investments in fixed interest
bonds (which are risky in the short term) attract a positive risk premium.

The solution to equation (2.1) is (see, for example, Cairns 2004):

We can transfer from the dynamics under Q to the real-world measure P in
one step by replacing dWj(u) with dWj(u) and ill + L:J=10"1j8j/al with /-L1.
This gives the solution:

The integral of X1(t) will be required in Sections (2.1.2) and (2.1.4) since the
solutions for x2(T) and x4(T) are both functions of f[ Xl (t) dt. We will now
determine, therefore, the integral of Xl(t). Using equation (2.4), the integral of
Xl (t) under the measure Q is:
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Similarly, from equation (2.5), the integration of Xl (t) under the measure Pis:

foTX1(t)dt
/-lIT + (1- e-

CX1T
) (X1(0) -111) + i»: (T [1- e-

CX1
(T-U)] dWj(u).

0:1 j=l la 0:1

(2.7)

2.1.2 The equity return, X2(t)

The value of equities as the price of a tradable asset, meaning that the asset
pays no dividends, is represented by S(t), where S(t) = S(O) exp (X2(t)). The
SDE for S (t) under Q is:

dS(t) ~ S(t) (Xl (t) dt +~ "2j dWj (t)) , (2.8)

where (J2j is the local volatility associated with risk j.
We transfer from Q to the real-world measure P by replacing dWj(u) with

dWj(u) + tSj dt. Therefore, the SDE for S(t) under measure Pis:

dS(t) ~ S(t) [ (Xl(t) +~ "2jOj) dt +~ "2j dWj(t)] , (2.9)

where L:J=l (J2jtSj is the equity risk premium over the risk-free rate of inter-
est. The equity risk premium is described further in Appendix D during the
estimation of b'2'

Taking the logarithm of S(t), the SDE of log S(t) under Q is (applying Ito's
formula, see Appendix A):
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The SDE for log S(t) under Pis:

(2.11)

Note that since S(t) = S(O) exp (X2(t)), we have dlog S(t) = dX2(t). Integrat-
ing (2.10), we have:

faT d log S(t) - log S(T) - log S(O) = x2(T)

{ xl(t)dt - ~ (~O"ij) + ~0"2j { dWj(t).

Now replace J[ Xl (t) dt by the expression in equation (2.6). This gives us:

Integrating (2.11), we get:

Using equation (2.7) for Jt Xl (t) dt, we get:

(2.12)

2.1.3 The instantaneous risk-free real rate of interest, X3(t)

Like XI(t), we hold the assumption that the instantaneous risk-free real rate
of interest, X3(t), follows the Vasicek model, making its SDE under the risk-
neutral measure Q as follows:

5

dX3(t) = Ci3([i3 - X3(t)) dt +L 0'3j dWj(t).
j=l

(2.13)
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The following are the parameters used in the SDE for X3(t), which are similar
to the notation and function of the parameters relating to x 1(t):

• (J3{ the local volatility associated with risk j,

• [i3: the risk-neutral long-term mean real rate,

• 0:3: the rate at which the rate of return reverts back to its long-term mean
(see equation (2.14»,

• /L3: the real-world long-term mean real rate (see equation (2.14», /L3 =
[i3 + 2:J=l (J3j6j /0:3.

The SDE for X3 (t) under measure P is as follows:

5

dX3(t) - 0:3([i3 - X3(t)) dt +L (J3j( dWj(t) + t5j dt)
j=1
5

0:3(/L3 - X3(t») dt +L (J3j dWj(t).
j=1

(2.14)

The solution to equation (2.13) is (see, for example, Cairns 2004):

We transfer from the dynamics under Q to the real-world measure P in one
step by replacing dWj(u) with dWj(u) and [i3 + 2:J=l (J3jt5j/0:3 with /L3· This
gives the solution:

In Section 2.1.4, the solution for x4(T) is a function of J;[ X3(t) dt; we will de-
termine, therefore, the integral of X3(t), as was done for X1(t) in Section 2.1.1.
Using equation (2.15), the integral of X3(t) under the measure Q is:

loT X3(t) dt
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Similarly, using (2.16), the integration of X3(t) under the measure Pis:

2.1.4 The consumer price index return, X4(t)

The SOE for the value of the consumer price index (CPI), represented by C(t)
where C(t) = C(O) exp (X4(t)), under the risk neutral measure Q is:

where g(t) is the instantaneous expected growth of the CPI at time t and (J4j is
the local volatility associated with risk j. To derive the relationship between
g(t), Xl (t), and X3(t), we consider the value of an index-linked risk-free bank
account, which is an account that invests in bonds that are one-year, index-
linked, zero-coupon, and risk-free. The index-linked risk-free cash account
pays, therefore, X3(t) plus inflation. We assume it is a tradable asset and we
represent it with B(t):

B(t) = C(t) B(O)efot x3(s)ds.

C(O)

That is,
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Hence, the SDE for B(t) is:

dB(t) = B(t) (9(t) dt + X3(t) dt + ~ <7'j dWj(t)) .

Since B(t) represents the price at time t of a tradeable asset then, under mea-
sure Q, the expected growth rate of B(t) must be equal to the nominal risk-free
rate, Xl (t):

dB(t) = B(t) (XI(t)dt+ ~<7';dWj(t)) .

Therefore, g(t) = Xl (t) - X3(t). Under measure P, the SDE for B(t) is:

dB(t) = B(t) [(XI(t) + ~<7'jOj) dt+ ~<7';dWj(t)] ,

where EJ=1 cr4jt5j is the risk premium over the nominal risk-free rate of return.
A negative risk premium would reflect a cost to the investor for the guaranteed
real rate of return.

Having established that the expected risk-neutral instantaneous growth of
the CPI equals the difference between the nominal and real instantaneous risk-
free rates, equation (2.19) becomes:

dC(t) = Crt) [(XI (t) - X3(t)) dt +~ <74jdW;(t)]. (2.19)

The SDE for C(t) under measure Pis:

dC(t) = Crt) [(XI (t) - X3(t) +~ <7,;0;) dt +~ <7,; dW; (t)]. (2.20)

Taking the logarithm of C(t), the SDE of log C(t) under Q is (applying Ito's
formula in the same manner that we find the SDE of log S(t) in Appendix A):

d log C(t) = [XI (t) - X3(t) - H~d;)1dt +~ <74jdW;(t). (2.21)

Similarly, the SDE for log C (t) under Pis:

.d log Crt) = [XI (t) - X3(t) +~ (<7'jO; - <7;; )] dt +~ <7,; dW; (t).

(2.22)
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Since C(T) = C(O) expx4(T), we have by integrating equation (2.21):

faT d log C(t) = log C(T) - log C(O) = x4(T)

f Xl (t) dt - f X3(t) dt - ~ (t,aJ;) +t a4, [ dW;(t).

Now replace J[ Xl (t) dt by the expression in equation (2.6), as well as JOT X3(t) dt
by the expression in equation (2.17). This gives us:

x4(T) = ['"1- ,"3- Ht, aJ,) 1T + C - ~~"''}Xl(O) - iiI)

_(1-~:Q3T) (X3(O) _ 1t3)

5 loT { [1- e-Q1(T-tl] [1- e-a:3(T-tl] }-+ " 0'1' - 0'3' + 0'4' dW(t).~o J Q J Q J J
j=l 1 3

Similarly, integrating equation (2.22), we get the solution for X4 (T) under the
measure P:

loT loT 5 ( 0'2 ) 5 loTx4(T) = Xl (t) dt - X3(t) dt + T L 0'4j<5j - ~ +L 0'4j dWj(t).
o 0 j=l 2 j=l 0

Using equations (2.7) and (2.18) for J[ Xl (t) dt and J[ X3(t) dt, respectively, we
get:

x,(T) [1'1 - 1'3 + t, (a,;6; - a;; ) 1T
+ (1 ~~a:lT) (Xl(O) _ /1d _ (1 ~:Q3T) (X3(0) - /13)

2.1.5 The real wage return, x5 (t)

The growth in an individual's wage is generally made-up of general wage
inflation and merit increases. Similar to W95 in Wilkie (1995), we assume that
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general wage inflation is decomposed into two parts: price inflation and real
wage growth. Letting Y/(t) represent the wage index at time t, then:

where X5 (t) is the logarithmic real growth of the wage index from times 0 to
t, whose random component is independent of the first four sources of risks.
X5(t) is modeled in a similar fashion as the other four assets, except with nei-
ther mean reversion (such as Xl (t) and x3(i) nor a drift component that is
dependent upon Xl (t) or X3(t) (such as X2(t) and X4(t)). Under the risk-neutral
measure Q:

5

dX5(t) = it5 dt +L a5j dWj(t),
j=l

where a5j is the local volatility associated with risk Wj(t) and it5 is the risk-
neutral long-term mean real salary growth. Owing to our independence as-
sumption for X5(t), we set a5j = 0 for j = 1,2,3,4. The following equations
maintain, however, these parameters for notational convenience.

We arrive at the solution for x5(T) under the real-world measure P by set-
ting /15 = it5+ 2:J=l a5j6j, replacing dWj( u) with dWj(u)+8j dt, and integrating
from time 0 to time T. Noting that X5(0) = 0, this gives the following:

T 5 T
X5(T) - 1 dX5(t) = 1l'5T +L1a5j dWj(t)

o j=l 0

5

- /15T +L a5jWjt.
j=l

(2.24)

2.2 Conditional multivariate normal distribution mo-
ments

Next, we find the conditional moments for the underlying discrete-time eco-
nomic processes. We will employ the conditional moments in Appendices C
and D to calculate the maximum likelihood parameter estimates, as well as in
Section 2.5 where we describe the method of simulating the five underlying
economic processes.
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Using the real world measure P, we note that each process Xi(t) can be
expressed in the form:

where, for fixed T:

• ui(T, Xh, ....ik(O») = E [xi(T) I Xh, ...,ik(O)] is a Markov process that depends
on xh ,...,ik (0) and

• Sij(t, T) represents the contribution of dWj(t) to the volatility of Xi(t).

From the equations (2.5), (2.12), (2.16), (2.23) and (2.24), we get:

u1(T, xdO)

u2(T,Xl(O»

u3(T, X3(O»

u4(T, Xl,3(O»

u5(T) =

Slj(t, T)

s2j(t,T)

S3j (t, T) -

s4j(t,T)

Since the Sij(t, T) are deterministic functions, it follows that x(T) given x(O)
has a multivariate normal distribution with conditional means given by the
ui(T, Xh, .. ,ik(O») and the following expressions for the variances and covari-
ances. Let:

Cov [xi(T), xk(T) I x(O)]
5 T
L lo 8ij(t, T)Skj(t, T) dt,
j=1 0
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where each Sik(T)s is derived as follows:
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aij (1 - e-20<1T)
2ar
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2.3 Individuals' Wage Dynamics

The participant's salary model incorporates three parts: a merit scale, the pre-
vailing inflation rate, and real wage growth. Combining these three compo-
nents of salary growth, the wage level at time tis:

Y(t)

where Y(t) is the individual's wage level and t; is the time the individual be-
gins employment (at age xe). The merit component of the wage growth, repre-
sented by m(t - te), is a function of the worker's length of employment (t - te).
The rate of inflation and the real wage growth, explained in Sections 2.1.4
and 2.1.5, are an integral part of the stochastic asset model. Section 4.7 will
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explore the benefits of assuming a stochastic wage growth that is integrated
with our economic model rather than a deterministic flat rate. In this section,
we will describe the merit model, m(t - te).

2.3.1 The merit increase distribution

We add to the salary growth a deterministic merit increase that depends on
the individual's years of service. The actuarial assumptions of the US public
pension plans at the local, state and federal level generally choose between
1.5 - 2.15% to account for merit increases of the total assumed wage increase
(Mitchell and Hustead, 2001). For our purposes, we assume that each em-
ployee will receive merit increases that amount to an annual average of 2%
over their career. If an average working career is 40 years and the annual over-
all merit increase is 2%, an individual's salary would be expected grow by
121% from the merit increases alone. It is generally assumed that merit in-
creases are more significant during the earlier part of ones' career and level
off as one become more senior. Following from this, we model the merit scale
using an exponential function with:

• an exponential coefficient of 0.1 to create a relatively gradual rate of
change,

• a reflection over the y- and x-axis, and

• a vertical translation according to the desired total lifetime merit increase.

In simulation year t, in the absence of general wage inflation, the previous
year's salary for a participant who begins employment at time t; is multiplied
by:

m(t - te) a - e-O,l(t-te)
-m(t - 1- te) a - e-0.1(t-l-te)'

where a depends on the choice of the expected total increases from merit over
the participant's career. For example, if an average employee is expected to be
employed for 40 years and merit gains are expected to account for 2% of the
annual total wage growth, then:

m(40) a - e-0.lx40
__ = = (1.02)40.
m(O) a - 1
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Figure 2.1: Merit scale function when the average annual merit growth is 1%,
2%and3%.

Solving for a, the merit function is:

m(t - te) = 1.81 - e-O.1(t-tc).

At the 2% level, the growth rate in the first year of employment is approxi-
mately 12% and approximately 0.1% in the 40th year. In Section 4.4, we adjust
the 2% to access the effect of having more than one career path amongst the
participants within the population. For example, if those who have a 2% ex-
pected annual merit increase are categorized as 'medium flyers', then those
with an expected annual merit increase of 3% could be considered 'high fly-
ers', while 'low flyers' would receive an expected annual merit increase of 1%.
Having a mixture of high, medium, and low flyers could potentially add some
realism to the modeling of the working population's salaries. Figure 2.1 plots
the merit model function at the three assessed levels.
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2.4 Available Assets for Investment

This section presents the SDE of the available assets for investment in contin-
uous time. Once we describe the underlying dynamics of each asset in this
section, Section 2.5 will provide the formulas for the simulation. As we will
explain, the simulated time steps are annual and we rely on the closed form
solutions for fixed and index-linked bond prices, which are based on the Va-
sicek model, to determine the actual rates of returns from each simulated year
to the next.

The available assets for investment are:

• Cash: a one year zero-coupon risk-free bond;

• Index-linked cash: a one year index-linked zero-coupon risk-free bond;

• Fixed-interest bond: an irredeemable bond, which pays 1 at the end of
each future year;

• Index-linked bond: an irredeemable index-linked bond, which pays C(T)
at the end of each future year T; and

• Equities.

Assuming one unit is invested in each of the assets at time 0, we represent their
values at time t by:

• Cash fund, G(t);

• Index-linked cash fund, B(t);

• Fixed-interest bond fund, D(t);

• Index-linked bond fund, H(t); and

• Equities funds, S(t) (as defined in Section 2.1.2),

where any payments are reinvested.
The SDE for G(t) under both the risk-neutral measure Q and the real-world

measure Pis:

dG(t) = G(t)Xl (t) dt. (2.25)
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The index-linked risk-free cash account, sketched out in the X4(t) description
in Section 2.1.4, has the following SDE under measure Q:

dB(t) ~ B(t) (Xl (t) dt +t,0",; dW, (t)) .

We transfer from Q to the real-world measure P by replacing clWj (u) with
dWj (u) + I5j dt. Thus, the SDE for B (t) under measure Pis:

dB(t) ~ B(t) [(Xl(t) + t,O"'A) dt+ t,0"4;dW;(t)].

where L:;=1 (J4jl5j is the expected inflation protection premium to the investor.
This premium should be negative since the investor pays for the benefit of
having been guaranteed a real rate of return. Appendix D elaborates upon
this during the estimation of 154•

Under the measure Q, the SDE of an irredeemable bond fund, D(t), which
pays 1 at the end of each future time unit and whose coupons are reinvested
continuously, is as follows:

dD(t) ~ D(t) (Xl (t) dt + t, 0";; (t) dW;(t)) ,

where, associated with risk j, (Jdj(t) is the local volatility of D(t). We transfer
to the real-world measure P so that:

dD(t) ~ D(t) [ (Xl (t) +t,O"d;(f)O;) dt + t, O";;(t)dW;( t)], (2.26)

where L:;=1 (Jdj (t)l5j is the expected risk premium on the irredeemable bond,
which Appendix D explains further in the 61 estimation.

The final asset is H(t), an irredeemable index-linked bond fund with rein-
vestment of coupon payments, which is modeled so that its SDE under the
measure Q is as follows:

dH (t) ~ H(t) [Xl (t) dt + t, (O"k;(t) + 0",;) dW; (t)] ,

where (Jhj(t) + (J4j is the local volatility associated with risk Wj(t). We transfer
from measure Q to measure P to produce the following SDE:

dH(t)
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= H(t) [ (XI (t) +t, O"4jbj +t, O"hj(l)bj) dt +t, (Cfhj (t) + O"4j) dWj (t) 1 '
where L~=l (hj(t)6j is the expected real yield curve risk premium. Appendix D
elaborates upon the real yield curve risk premium while estimating 63,

2.5 Simulation

So far, we have presented all the formulas in continuous time despite the dis-
crete time periods in the simulations. This section gives the formulas for the
year to year simulation of assets. Owing to the annual time steps, T - t = 1
and t is in units of 1. We first describe the formulas for the five underlying
economic processes, which include equities, CPI, and wages. We then out-
line the equations that give the rates of returns for assets such as cash, bonds,
index-linked cash, and index-linked bonds.

2.5.1 Underlying Economic Processes

We simulate the Xi (T) given x( t) for each of the five economic processes with:
5

xi(T) = ui(T - t,Xil, ...,ik(t)) + 2::CijZj
j=l

where Zj, representing independent standard normal random variables (i.i.d.
,.._,N(O, 1)), are simulated by applying the Box-Muller transformation to pseudo
random numbers generated in C++. We choose the Cholesky decomposition
forC:

C11 C12 C13 C14 (:\5
C21 C22 C23 C24 C25

C= C31 C32 C33 C34 C35

C41 C42 C43 C44 C45

C51 C52 C53 C54 C55

where

Cik = (Sik(T - t) - ~ CijCkj) fCH, and
)=1

CC' (Sij(T - t))~,j=l .
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The solutions to ui(T - t,xh, ...,ik(t)) and Sik(T - t) were given in Section 2.2.
Based on the annual time steps in our simulation, we are interested in T = t+ l.
We then have the year to year simulation formulas for equities, CPI, and wages
as:

Set + 1)

C(t + 1)

yet + 1) -

Set) exp (X2(t + 1) - X2(t)),

C(t) exp (X4(t + 1) - X4(t)), and
met + 1- te)

( ) yet) exp (X4(t + 1) + X5(t + 1) - X4(t) - X5(t)).m t - t.;

2.5.2 Investment asset prices using the Vasicek model

According to the Vasicek model, the price at time t of a risk-free zero-coupon
bond that matures at time T is given by:

(2.27)

where

1- exp [-exl (T - t)]
and

The logarithmic return between time t and t + 1 on an irredeemable bond,
which pays 1 at the end of each future time unit and is otherwise known sim-
ply as a bond in this study, is given by:

I 1+ Er=t+2 PI(XI(t + 1), t + 1,T)
og Er=t+1 PI(XI(t), t, T)

(2.28)

The numerator in equation (2.28) is the total return from times t to t + 1, which
is composed of the coupon payable at t + 1 plus the value of the irredeemable
bond that remains. Section 2.4 represented the irredeemable bond fund, where
coupons are reinvested continuously, with D(t).

The log return between time t and t+ 1for the risk-free cash account, which
is a one time unit risk-free bond, is given by:

1log --:----:-:------:-
PI (X I(t ), t, t + 1)
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Section 2.4 represented the risk-free cash fund with G(t).
Additionally, ax(t) represents the present value of one unit of an annuity

for the remaining life of an annuitant. The annuity factor for retirement age X

at time t, ignoring expenses, is given by:
00

ax (t) = LP,(x 1( t), t, t + s) 8Px:
8=0

(2.30)

One disadvantage in the Vasicek model is that it allows for the instantaneous
risk-free rate of interest to become negative, which is somewhat unrealistic,
particularly when calculating the price of an annuity. When calculating the
fair annuity value, therefore, we assume that the instantaneous risk-free rate
of interest, Xl (t), has a floor of 0%.

Similar to PI(Xl(t), t, T), the price at time t of a risk-free zero-coupon bond
that matures at time T and yields a real rate of return is given by:

e(A3(t,T)-B3(t,T)x3(t)) , (2.31)

where

and

Furthermore:

P3(X3(t), t, T) = EQ [exp (-iT X3(S) dS) I Ft] ,

where F, is the price histories up to time t. EQ represents the expectation with
respect to the risk-neutral measure Q (Cairns, 2004); accordingly, g(X3(t), t, T)
signifies the expected risk-neutral growth component of the bond which is
attributed to the guaranteed real rate of return. Therefore, an investment of
$P3(X3(t), t, T) at t returns $C(T)jC(t) at T.

The logarithmic return between time t and t + 1on an index-linked irre-
deemable bond, which pays C(T) at the end of each future time unit T and is
otherwise known as an index-linked bond in this study, is given by:

1 C(t + 1) + ET=t+2 C(t + 1)P3(x3(t + 1), t + 1,T)
og ET=t+1 C(t)P3(X3(t), t, T)
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I C(t + 1) 1 1 + L~=t+2 P3(X3(t + 1), t + 1, T)= og + og 00 (2.32)
C(t) LT=t+l P3(X3(t), t, T)

Section 2.4 represented the index-linked bond fund, where coupons are rein-
vested continuously, with H(t).

The log return between time t and t + 1 for the risk-free real cash account,
which is a one time unit risk-free index-linked bond, is given by:

1 C(t+1) 1 C(t+1) 1 1
og C(t)P3(X3(t), t, t + 1) = og C(t) + og P3(X3(t), t, t + 1)' (2.33)

Section 2.4 represented the index-linked cash fund with B(t).
The value of an annuity factor that incorporates the provision to index a

pensioner'S income by inflation is given by:

00

a~3(t)(t) = L P3(X3(t), t, t + s) sPx'
s=o

(2.34)

where x is the age of retirement at time t and expenses are ignored. The index-
linked annuity guarantees to maintain the purchasing power of a pensioner's
income throughout their retirement. In exchange for the inflation protection,
the index-linked annuity generally provides a lower initial pension income
than a level annuity.

In summary, we simulate the rate of return on each of the funds, CPI, and
wages between time t and t + 1 using the following formulas:

G(t + 1)
G(t)

(2.35)-
P1(Xl(t), t, t + 1)'

B(t + 1) B() C(t+1) (2.36)t C(t)P3(X3(t), t, t + 1)'

D(t + 1) D( ) 1+ L~=t+2 P1(Xl(t + 1), t + 1, T) (2.37)
t L~=t+l H(Xl(t), t, T) ,

H(t + 1) -
H( ) C(t + 1) 1+ L~=t+2 P3(X3(t + 1), t + 1, T) (2.38)

t C(t) LY=t+l P3(X3(t), t, T) ,

S(t + 1) - S(t)e(X2(t+l)-X2(t)) , (2.39)

C(t+1) C(t)e(X4(t+l)-X4(t)) , and (2.40)

Y(t + 1) m(t + 1- te)Y(i)e(X4(t+l)+X5(t+l)-X4(l)-X5(t)). (2.41)m(t - te)
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Appendices C and D calculates the estimates for the necessary parameters,
whose definitions and functions are given throughout this chapter, to equal
the following values:

Parameter /11 001 all 01 a21 a22 02
Estimate 0.051 0.15 0.0185 -0.152 -0.011 0.156 0.328

Parameter /13 003 a31 a32 a33 03
Estimate 0.027 0.56 0.0075 0 0.0086 -0.419

Parameter (741 a42 a43 a44 04 /15 (755
Estimate 0 -0.013 0 0.0022 -0.066 0.01 0.0205

56



Chapter 3

Demographic Assumptions

This chapter describes the demographic assumptions such as the design of the
DC pension plan, the investment strategies of the members, the gender struc-
ture of the population, the individuals' retirement decision-making behavior,
their mortality, age of plan enrollment, contribution rate, and the population's
size and age distribution. Following this order, each of the coming sections
are dedicated to each of these assumptions. In addition to the demographic
characteristics that we initially assume in this study, we will also test the ef-
fect of individually improving several of the assumptions; Section 3.8 provides
an overview of this analysis. Section 3.9 describes the measurement tool that
we use to analyze the population'S retirement dynamics. Finally, Section 3.10
gives a short description of the steps that we undertake to build and execute
the population retirement model.

3.1 DC PlanDesign

We aim to model the DC pension system in its 'pure' form. The three sources of
retirement income - personal savings, social security, and employer benefits-
are treated as a single traditional DC pension plan. Our thesis' primary objec-
tive is to understand the impact of a traditional DC plan's sustaining the retire-
ment income of an entire population. Not only does combining all sources of
retirement income simplify our analysis, it also fulfills our overall objective of
analyzing a pure DC pension design in aggregate. Every individual in the pop-
ulation is a member of the same DC pension system, which is assumed to be
their only source of retirement income. We regard any additional features that
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differentiate a hybrid DC plan from its pure form as clouding our understand-
ing and, consequently, they are not included. There is neither a requirement to
purchase an annuity contract after retirement, a minimum pension guarantee,
a minimum period of enrollment for vesting, nor a mandatory age of retire-
ment, assumed either by statute or by company policy. Every member within
the population adopts a retirement strategy that bases their retirement date
on the size of the pension income that can be supported by their retirement
savings.

Despite the use of US data, our DC population modeling assumptions are
intended to neither reflect the current state of pension plans in the US, nor
project the effect of the proposed US social security reforms. As Section 1
discusses, the adoption of a state DC pension system is a growing reality in
numerous countries, including the US, and the shift within occupational pen-
sion plan scheme designs from DB to DC is also a prevailing phenomenon. We
realize, nevertheless, that a collective shift in the US among all DB providers
to an identical DC plan design is unlikely unless there existed strict govern-
ment regulation. We recognize that there would likely remain variety among
the employer pension plan designs, even if all occupational pension schemes
became the DC type and that a DC state pension system would not have a
pure design, since it generally contains ancillary features and limitations on
its participants. Although perhaps unrealistic, the pure DC design approach
in this study is intended to provide a clearer picture of the overall impact of
individual accounts fueling the retirement of the masses.

3.2 Investment Strategy

In our pure DC plan population model, annual contributions are made to each
participant's individual retirement account and the member can direct his in-
vestments to five different assets. A DC accumulated pension income depends
on such factors as the pension portfolio's rate of return, the salary growth, the
annuity discount rate, and the relationship between each rate specified. We
assume that the pension fund is invested across five assets: equities, fixed-
income bonds, index-linked bonds, risk-free one-year bonds (cash), and index-
linked cash. This study uses the Vasicek interest rate model (Vasicek, 1977)
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to underpin the dynamics of all the asset returns. Chapter 2 described the
stochastic asset-return model. We will consider 581 investment strategies, each
containing a different combination of bonds, cash, index-linked bonds, index-
linked cash, and equities. The portfolio's exposure to bonds, index-linked
bonds, and equities will be tried in increments of 10% of the total portfolio,
but only 20% increments for the cash and index-linked cash. The less precise
increments of cash and index-linked cash is inconsequential since they are ab-
sent from the resulting efficient portfolios that we calculate in Chapter 4.

The initial asset allocation strategy of the DC participants in our study is
static, which means that participants maintain constant asset proportions in
their portfolios throughout the accumulation phase. This results in constant
portfolio rebalancing at the end of each year. Although a simplifying assump-
tion, Blake et al. (2001) showed that a well-chosen static asset allocation strat-
egy performs substantially better than various common dynamic strategies,
such as the popular "lifestyle" strategy. The contributions made to the DC pen-
sion plan are regarded as being truly invested, a method of funding known as
a funded stated pension system. Also in the asset accumulation model, there
are neither taxes, expenses, nor allowances for profit in the financial assets'
pricing and the management of the DC plan.

3.3 Population Gender Structure

The gender structure of the DC population is implicitly irrelevant since we as-
sume the details of the model are gender neutral. It is commonly assumed that
women retire at an earlier age than men since a married couple would retire
at the same time and women are generally younger than their spouse. Con-
trary to this common presumption, Lumsdaine et al. (1992) concluded from a
descriptive analysis of a large firm's data that there is essentially no difference
in the retirement behavior between men and women. Although we sometimes
use the male pronoun to describe the workers in this thesis, this is intended to
include the female counterpart since we assume the genders are not differen-
tiable in the attributes that are relevant to retirement.
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3.4 Retirement Decision Model

The reasons why people decide to retire on a particular date are many. Factors
influencing the retirement date of a DC plan member include accumulated
wealth, health, age, preference for leisure time over work, direct pressure from
employer, and general peer pressure owing to social customs (Brothers, 1998).

In our study, we base retirement on the level of pension income that can
be provided by the DC participant's accumulated wealth. We calculate the
pension purchasable by dividing the accumulated pension wealth, W(t), by
a life annuity factor, ax(t). The pension income, divided by the individual's
preretirement salary, is referred to as the replacement-ratio, RR(t):

RR(t) = W(t)/ax(t)
Y(t)

(3.1)

where

t: current time;

x: member's age at the current time t (x = xe+t-te, where Xe is the member's
age at their time of employment, te);

ax(t): the annuity factor at time t for an individual aged x, given in equa-
tion (2.30);

W(t): the worker's accumulated DC pension wealth at time t; and

Y(t): the worker's salary at time t.

The numerator and denominator are gross incomes and are not adjusted for
taxes, making the replacement ratio a pre-tax measure. Since we are not as-
suming mandatory annuitization, money may not actually be withdrawn to
purchase an annuity at retirement. The philosophy, however, that an adequate
amount of accumulated funds is necessary for retirement is the same no mat-
ter what medium of retirement funding is used, and the replacement ratio
based on a fixed-income annuity is our selected measurement for adequacy.
We also considered index-linked annuities as the funding medium benchmark
since they offer the benefit of maintaining the purchasing power of the pen-
sion income. We chose fixed-income annuities since, to achieve the same ini-
tial pension, the higher cost of the index-linked feature would simply drive up

60



the retirement ages and the general conclusions would be unaltered. In addi-
tion, index-linked annuities (or voluntary annuitization in general) are scarce
among retirees in practice since people typically prefer higher initial pensions.
Brown and Warshawsky (2001) further explored the explanation behind the
reluctance of individuals in the US to annuitize their DC fund, despite the po-
tential benefits argued in Davidoff, Brown, and Diamond (2005). Brown and
Warshawsky (2001) explained that there is a lack of inflation protection in the
few annuity contracts purchased, suggesting to us that a fixed-income annuity
assumption is preferable.

We assume retirement is an absorbing state and a retired member cannot
reenter the workforce. Furthermore, we consider the retirement age as a ran-
dom stopping time, when the pension purchasable exceeds two-thirds the out-
going salary. At the beginning of each working year, the replacement ratio is
measured so that:

Retirement Age = min { x; + t - te: RR(t) 2: ~ }.

This decision rule, thus, incorporates the reasonable view that retirement will
be deferred until such time as the member can afford it. In Chapter 5, we con-
sider alternative retirement models. The two-thirds retirement model implies
that the retirement decision is directly responsive to wealth shocks. Sevak
(2002) showed that workers in the 1990s reacted to the positive wealth shocks
by retiring earlier. Arriving at the same conclusion, Coronado and Perozek
(2001) also proposed that the likely cause of the delay in retirement among
workers following the 1990s was the poor equity performance.

We model the retirement decision based on the accumulated pension wealth
of the participant as well as their expected longevity. The two-thirds rule does
not explicitly allow for age-dependency in the decision, but age is taken into
account indirectly through the annuity factor (given in equation (2.30)):

00

ax(t) = L P, (Xl (t), t, s) s-tPx'
s=t

(3.2)

where s-tPx is the probability of survival in the next s - t years for some-
one aged X, XI(t) is the instantaneous risk-free rate of interest at time t, and
P(XI(t), t, t + s) is the price at time t of a risk-free zero-coupon bond that ma-
tures at time t+s, whose price formula is given in equation (2.27). The annuity
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factor decreases as the individual ages owing to the fewer number of payments
expected to be made. As the annuity factor lowers, the pension income goes
up. Thus, a worker's pension income increasingly becomes more likely to ex-
ceed 66.67% of their outgoing salary.

We select the two-thirds target to represent an adequate level of income
for retirement, a target value that is not largely different than the prevailing
replacement ratio for singles in the US and throughout the OECD countries.
Disney, d'Ercole, and Scherer (1998), in an OECD study on aging, measured
the replacement ratios across all OECD countries. Having only gross US in-
come data, they determined that the average pre-tax salary replacement ratio
of singles in the US is 62% when incorporating all sources of disposable in-
come in both the numerator and the denominator. Our pretax replacement
ratio benchmark is close to this actual average.

Moreover, the OEeD study found that the replacement ratios across all the
OEeD countries exhibit a high degree of uniformity, with a typical average
of 70%, when the calculations are carried out using all sources of retirement
income net of direct taxes paid. According to the OEeD study, a replacement
ratio that is based on pretax income underestimates one that is net of taxes. It
follows that, in the presence of a progressive tax schedule, the replacement ra-
tio benchmark would exceed 2/3 once the taxes are deducted and draw nearer
to the typical 70%.

In addition to our target's consistency with current data, the 2/3 replace-
ment ratio also falls within the range of an adequate pension, given as a rough
guide in The Handbook of Canadian Pension and Benefit Plans (2002). Here, an
after-tax replacement ratio should fall between 60-70% to maintain a pensioner's
preretirement standard of living. Further to this, the Canadian Institute of
Actuaries (1996) reported that an individual can preserve their preretirement
standard of living if their income replacement ratio falls between 60%-74%,
where the exact level depends on their unique earnings level since a higher
rate is required for low-income workers to satisfy minimal needs. Moreover,
McGill et al. (1996) explained that most retirement income adequacy mod-
els assume that workers can maintain their standard of living after retirement
with a pension income between 60-80% of their preretirement wages.
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3.5 Mortality Model

This study uses the United States Life Tables 2002 for females and males (Arias,
2004), published by the National Center of Health Statistics. The data used to
prepare these tables are, within the US, final numbers of deaths for year 2002,
postcensal population estimates for the year 2002, and data from the Medicare
program of the Centers for Medicare and Medicaid Services.

The annual mortality rate for a participant aged x ('Ix) is a fixed blend of
50% of the male mortality rate ('6) and 50% of the female mortality rate (q~),
both taken from the US life tables. To focus on total population dynamics,
we choose unisex rates to simplify the calculation procedure even though this
does not replicate the population since females, having a longer life expectancy
than males, would have a higher weighting as the two genders age. Dealing
separately with the males and the females by applying sex-distinct mortality
functions would have altered our results only very slightly and would not
affect the qualitative conclusions drawn in this thesis.

3.6 Enrollment Age and Contribution Rate

In our model, the participants begin contributing an annuallO% of their salary
upon reaching age 25. Like the contribution rate in our model, a 10% manda-
tory payroll tax pays for the individual pension account plans in Chile. In the
US, Poterba, Venti and Wise (2005) summarized recent studies that measured
the mean 401(k) contribution rate, including both employee and employer con-
tributions. The reported values from their references are between 8.7%-12.6%.
Finally, Blake et al. (2001) assumed a 10% rate while simulating DC individual
accounts since it is a typical contribution rate of DC plans in the UK.

3.7 Population Structure

We use a stationary population model to simulate the size and age distribution
of a population. That is, there is no growth in the population size and the
population age distribution is identical from one period to the next (Bowers et
al., 1997). There are 81 age groups in the population at all times, ranging from
the age of employment (z, = 20) to age 100, which is taken to be the ultimate
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age in the mortality table (xu = 100). We use Lx to represent the relative size of
each age group x, whose members are aged x:

where Lxu+l = o.
For example, the size of the age 20 group at time t is 1, without loss of

generality, and is size SP20 by age 20 + s at time t + s.
As Section 3.10 will explain, in each year of simulation we calculate the

dependency ratio (ratio of the number of retirees to the number of workers)
based on the constant proportional sizes of each age group.

3.8 Varying and Improving the Assumptions

We carry out a series of analyses. The first DC population retirement model,
whose output will be examined in Section 4.3.1, is the most basic and is re-
ferred to as the 'original' DC population model. The participants begin work-
ing at age 20, enter the DC pension plan on their 25th birthday, have no de-
pendents, have average annual merit gains of 2% (see Section 2.3.1), make an-
nual contributions of 10% of salary at the beginning of each working year (see
Section 3.6), choose an identical and static asset allocation strategy (see Sec-
tion 3.2), and retire once their pension purchasable exceeds two-thirds of their
current salary (see Section 3.4). Thus, the initial analysis assumes that all mem-
bers enter the plan at the same age, pay the same contribution rate, follow the
same career path, and adopt the same investment and retirement strategies.
Such a level of uniformity is unlikely to exist among actual population mem-
bers. The purpose of choosing a simple model is that it aids in identifying the
efficient portfolios for the members of the population; nevertheless, its value
in realistically portraying a population's behavior regarding retirement is less
obvious. Our intention in first investigating this extreme case is not to put this
forward as a realistic representation of the risks we face in the future. Instead,
our objective is mainly exploratory and we present it here as an initial, and
possibly worst-case, scenario. We will see that this extreme system results in a
considerable degree of variability in the size of the working population.

In subsequent sections, we work away from this extreme case by introduc-
ing heterogeneity into the system and examining its effect. Since we began
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with a population with identical characteristics, we hope that by diversifying
their features there will be an improvement in the results. We improve the
model's level of sophistication by developing heterogeneity among the DC
participants in their:

• investment strategy, in Section 4.3.2;

• entry age to plan, in Section 4.4.1;

• career flight path (high flyers/low flyers), in Section 4.4.2; and

• contribution rate, in Section 4.4.3.

We will incorporate this heterogeneity into our study by dividing each age
group into sub-groups and assuming that each sub-group differs in the partic-
ular feature under examination. Pollard (1970) used derived formulae to show
that heterogeneity can reduce variance when age groups are broken up into
subgroups, each bearing a different characteristic (in his study, each sub-group
had its own probability of dying and the consequential variance of mortality
was deemed to be lower than had all the sub-groups shared the same binomial
probability of death).

In Section 4.5, we also investigate the possible advantages of assuming dy-
namic investment strategies and contribution rates, capturing both a deter-
ministic and a stochastic approach. These realistic refinements are tested to
assess their ability to dampen the severity of the simulated demographics of
the DC population. Section 4.6 also discusses the reaction of the population
dynamics to the introduction of two new retirement decision models, both of
which Chapter 5 will detail, different than the original two-thirds retirement
mode that Section 3.4 explained.

With respect to the asset accumulation model, we initially approach a macroe-
conomic problem using microeconomic tools given that the basic model does
not capture the possible dynamic relationship between the retirement behav-
ior of the working population and wages, as well as between asset demand
and the financial market returns. Chapter 4 further explains this drawback
and Chapter 6 attempts to address it by introducing a feedback model that in-
corporates the circular relationship among the size of the labor force, salaries,
demand for assets, and the financial market prices.
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3.9 Dependency Ratio

Wemeasure the retirement dynamics of the society of DC pension plan partici-
pants with the dependency ratio, defined as the ratio of the number of retirees
to the number of non-retirees at or above the age of 20. This second group
of individuals is referred to as workers, although they mayor may not have
entered the pension plan.

# retired population
Dependency Ratio = # working population

(Note: this is not the only definition of a dependency ratio. In Chapter 1,
the aged dependency rate is defined as the ratio of persons aged 65 and over
to the population aged 15-64. The reason behind this deviation is that our
purpose is to measure the demographic labour force dynamics rather than the
age structure of the population.)

The dependency ratio acts as the indicator of success or failure when gag-
ing the value of the DC pension pension plan on an aggregate level. It is cal-
culated for every year of simulation and is based on the proportional sizes of
the groups. In the context of our model, the appropriate interpretation of the
dependency ratio in our results may not be readily obvious. Our simulation
assumes that the entire working population uniformly enrolls in a DC pen-
sion plan design and that a worker's retirement is triggered by an adequate
accumulated pension income; thus, a low dependency ratio raises concern, as
this indicates that elderly workers are financially unable to retire owing to the
insufficiency of their DC pension fund account. On the other hand, a high de-
pendency ratio signifies that the DC pension plan is allowing workers to retire
at young ages. Normally, a high dependency ratio is undesirable since it is a
symptom of an aging population. A growing proportion of the non-working
elderly members of the population would put a strain on economic programs
such as Social Security and public health care. Yet, considering that the dis-
tribution of ages is unchanging within our model, an increasing dependency
ratio is a positive outcome that measures the financial ability of individuals
to retire earlier. Since the plan is funded, a high dependency ratio would not
incur costs for the working population to provide for the financial needs of
the retirees. "Dependency ratio" could be a misnomer in our study since only

(3.3)
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those workers with a financially secured retirement become pensioners. Con-
sequently, retired members do not require the financial welfare support of the
working population; nevertheless, they do continue to rely on the workers to
produce the necessary goods and services for their consumption.

3.10 Stochastic Simulation

In this thesis, we use stochastic simulation to investigate the range of outcomes
for a variety of quantities of interest. The steps that we follow in our model
construction and simulation of the initial DC population model are as follows:

1. We begin with the asset model specification and calibration. Asset return
modeling includes choosing an asset return model that is parameterized
according to the realized US returns and volatilities. Chapter 2 explained
the derivation of the economic model, while Appendices B, C, D, and E
provide the parameter estimates and the sources of data.

2. We then carry out the demographic model specification and calibration.
In this step we select the mortality table, the age of plan enrollment for
the participants, the design of the DC pension plan, and the characteris-
tics of the population model, including their retirement savings behavior.
This aspect of the study was presented in this chapter.

3. The simulation calculates the pension wealth for each DC participant so
that, between times t - 1 and t, their pension account is accumulated
forward in the following manner:

W(t) = (W(t - 1) + 0.1 x Y(t - 1)) (1 + i(t)),

where i(t), the investment return between times t - 1 and t, depends on
the specified portfolio strategy. The wealth and salary are carried for-
ward for each of the simulated years until the member retires, the first
date on which RR(t) ~ 66.67% (as Section 3.4 described). For computa-
tional efficiency and to aid comparisons among different strategies, for
each simulation we generate the asset returns once and use this same set
of sample paths for each of the investment strategies considered.
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4. Given the various assumptions, the program generates an empirical dis-
tribution of possible retirement ages for each individual and dependency
ratios for the entire population corresponding to each particular invest-
ment strategy. For each simulated outcome, we also track relevant infor-
mation regarding the population and the financial market.
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Chapter 4

The Impact of DC Pension Systems
on Population Dynamics

4.1 Chapter Introduction

This chapter investigates the risk inherent in DC pension plans on an individ-
ual and aggregate basis. Our aim is to gain insight into the consequences of
a DC pension scheme becoming the predominant pillar of retirement income
for an entire society. Using the stochastic simulated output of the DC flexi-
ble age of retirement model specified in Chapters 2 and 3, we first choose the
optimal investment strategies. We then examine the demographic retirement
dynamics of an entire population of DC pension plan participants.

In this chapter, we observe that even for the most risk-averse plan members
there is a high level of uncertainty in an individual's age at retirement. The
volatility of the retirement ages creates instability in the dependency ratio, as
defined by equation (3.3), over time. We will also show that the dependency
ratio is nearly unaffected by various attempts to introduce additional realistic
features in the DC population modeling.

Section 4.2 illustrates the uncertainty of the replacement ratio for a fixed re-
tirement age. Section 4.3.1 explains how we initially use the stochastically sim-
ulated results of the original DC population model, as defined in Chapter 3, to
select efficient portfolios for the members of the population. Section 4.3.2 then
discusses the retirement pattern of the aggregate group of DC participants.
Since the results are contingent on the validity of the model, Sections 4.4, 4.5,
and 4.6 investigate their sensitivity to the model's simplified assumptions by
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assessing the impact of adding more realistic features. In Section 4.8, we con-
clude this chapter by examining a DC plan design feature that could poten-
tially alleviate the possible risks that a DC pension system poses on the size of
the labour force from one year to the next.

4.2 Replacement Ratio Uncertainty

This section illustrates the riskiness of the replacement ratio for a DC partici-
pant if their retirement age is fixed and lends support for the flexible retirement
age assumption that we use throughout our analyses.

As Chapter 1 discussed, previous literature has pointed out the uncertainty
of DC pension wealth when the retirement date is specified in advance. Fig-
ure 4.1 emphasizes this point by plotting the simulated empirical cumulative
distribution function (CDF) of the replacement ratio generated by three invest-
ment strategies based on a fixed retirement age of 65. If a CDF curve rises more
steeply between 0 and 1 than another, then that strategy generates less volatile
replacement ratios. Figure 4.1 suggests that the replacement ratio uncertainty
under an equity investment strategy is enormous, diminishing as bonds and
index-linked bonds are added to the participant's portfolio. This reduction in
uncertainty, however, is accompanied by lower expected rates of return and
less potential for a high replacement ratio.

The inherent riskiness of the replacement ratio, as exhibited in Figure 4.1,
threatens the ability of a DC state pension system to meet the minimal needs
of the retired members of the population. In this regard, it would not be in the
best interest of a country with a state DC system, therefore, to fix a particular
retirement age unless they were prepared to provide, perhaps frequent, mini-
mum pension guarantees to its citizens. Further to this support for a flexible
retirement age are several arguments that were also given in Lachance (2003).
Among these, we agree that the absence of structural incentives in DC pension
plans suggests the need for a flexible retirement age assumption. Second, al-
though Figure 4.1 suggests that equities is a poor investment choice owing to
the risk of an insufficient replacement ratio when the retirement age is fixed,
we show later in this chapter that workers are able to assume more investment
risk if their retirement age is flexible, allowing them to benefit from higher
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Figure 4.1: Simulated empirical CDF of the replacement ratio for three invest-
ment strategies.

investment returns.

4.3 Results for an Entire Population

Our first step in analyzing the population level results is to calculate the effi-
cient portfolios in Section 4.3.1 and, from among them, we select three asset
mixes to represent the investment strategies of the members of the population
in Section 4.3.2. In the subsequent simulations, we focus on relevant aspects of
the population's retirement dynamics using CDFs, time series plots, and scat-
terplots. These plots provide insight into the consequences of DC pension plan
schemes. Our analysis suggests that a DC pension system could have a strong
impact on the labour force stability of the population.
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4.3.1 Choosing Optimal Investment Portfolios

The choice of investment strategy plays an important role in the retirement
outcome. In this section, we evaluate the effects of the investment strategies
on the individuals by observing their retirement age patterns and on the pop-
ulation dynamics by measuring how the dependency ratio varies over time.
The results in this section suggest that, among the efficient portfolios, equities
performs impeccably well in the interest of individual members, but poses a
threat to the stability of the population's dependency ratio.

Using the original DC population model, whose homogeneous assump-
tions were explained in Chapter 3, we are able to investigate a range of differ-
ent portfolios by assuming everyone in the population adopts the same asset-
allocation strategy. There are 581 available portfolio strategies, each containing
a different combination of the five assets, as we described in Section 3.2.

In our initial analysis, the homogeneity of the population with regard to
their investment strategy causes there to be no 'gaps' in the ages of the re-
tirees. More specifically, for each year of simulation, there is a single age in
which everyone at or above is retired and everyone below is working. Thus,
every dependency ratio level has an equivalent age that indicates the age of
the prevailing youngest group retired. For example, a dependency ratio of
35.65% indicates that everyone at or above the age of 65 is retired. Table 4.1
presents the average dependency ratios and their equivalent ages assuming a
100% investment in each of the five assets.

The results of the simulation suggest that the ideal investment strategy
in terms of offering citizens the earliest retirement age would be to allocate
the majority of the funds in equities, with the remainder in bonds and index-
linked bonds, while avoiding both cash and index-linked cash. According to
Table 4.1, the performance of a pure equity portfolio exceeds all other asset
allocation strategies with a mean dependency ratio of 76.77%. The inverse
relation between the dependency ratio and the mean age of retirement neces-
sitates that the equity portfolio carries the youngest mean retirement age from
among the investment portfolios, which is just under age 54. In comparison, a
pure index-linked cash portfolio produces a mean dependency ratio of 25.1%,
which corresponds to a mean retirement age above 69. Thus, from the individ-
ual investor's perspective, choosing equities would accelerate their potential
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100% 100% 100% 100% 100%
Asset Index-linked Cash Index-linked Bond Equity

Cash Bond
Dependency Ratio
Average 0.2510 0.2842 0.3139 0.3405 0.7677
Standard Deviation 0.0557 0.0564 0.0507 0.0987 0.3051

Average Equivalent 69.48 67.94 66.68 65.62 53.80
Age of Youngest
Group Retired

Table 4.1: The dependency ratio's simulated average value and standard devi-
ation, along with the equivalent average age of the youngest group retired for
each asset.

retirement date.
An analysis of a DC member's simulated retirement age provides further

insight into the benefit of equities for the individual. In Figure 4.2, the em-
pirical CDF of a participant's retirement age is graphed for each asset. The
CDFs illustrate the advantage of holding an equity portfolio for an investor
who tolerates some risk. Each point on the CDF curve shows the probabil-
ity that a participant's retirement age will fall below a particular level. If one
curve lies more to the right than the other curve, then that particular invest-
ment strategy is likely to produce higher ages of retirement than the other
investment strategy. The CDF generated from an equity portfolio is distinc-
tively shifted to the left. The index-linked bond portfolio is a distant second
in terms of producing a lower retirement age. On the right tail of the equity
portfolio CDF, after crossing the other CDFs, is where it is more likely that the
equity portfolio will deliver a later retirement. Furthermore, the index-linked
bond's CDF rises more steeply than the equity'S, indicating that the retirement
ages are less volatile. The high crossover point (age 70) between the two CDFs
suggests that, although investing the majority of funds in equities creates less
certainty in the age of retirement, it is still the best investment strategy since
there is more opportunity for early retirement and, except for the worst-case
scenarios, the individual would most likely retire before or at the age that an
index-linked bond investment strategy would have permitted.

The benefit to a worker of increasing their risky asset allocation as a result
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Figure 4.2: Simulated empirical CDF of the retirement age for each asset.

of having a flexible retirement date has been ascertained in previous studies.
Lachance (2003) examined how a worker's optimal portfolio choice is influ-
enced by their capacity to adjust their retirement date as a function of market
fluctuations. In her study, she derived a closed-form solution for the optimal
consumption and portfolio choice when a worker's retirement is flexible. Uti-
lizing this solution, she showed that more investment risk can be assumed if a
worker's retirement date is flexible instead of being fixed.

These results are also consistent with current asset allocation trends of DC
pension plan participants in the US, where DC pension plan investors are in-
creasingly moving to equity investments. Between 1983 and 1996, US mem-
bers have increased the proportion of their DC pension plan assets in equities
from 27% to 60% (Mitchell, 1998).

Overall, an efficient investor should direct a large proportion of their funds
to equities, despite the greater uncertainty in the age of retirement.
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Figure 4.3: Simulated time series plot of the dependency ratio for a population
of equity investors.

The Fallacy ojComposition (Brown, 1997) argues that what could be good for
the individual might not be good in aggregate. That is, although an investment
portfolio could be optimal for an individual DC participant over their lifetime,
this same investment strategy could potentially not be the optimal solution
for an entire population over many lifetimes. One concern on a public policy
level is the instability of the dependency ratio, as it could cause an unstable
economy. Therefore, although riskier investments are beneficial to the indi-
vidual, the additional volatility that is incurred in the dependency ratio could
be harmful to society and the economy as a whole. This is depicted by the
erratic behavior of the dependency ratio in Figure 4.3, which tracks the depen-
dency ratio for a population of equity investors over a 300 year simulation.
Figure 4.4 displays the corresponding age of the youngest retired member in
the population. It, too, is tremendously irregular and its range spans 38 years.
If we are to do what is best from an aggregate perspective, we require a risk
measure that reflects the need for a stable dependency ratio. The standard de-
viation is an appropriate risk measure for our purposes since it describes the
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Figure 4.4: Simulated time series plot of the age of the youngest retired in a
population of equity investors.

300

stability of the dependency ratio. A disadvantage of the standard deviation
risk measure is that it does not distinguish between short-term volatility and
long-term drift. Short-term volatility is a more undesirable outcome since a de-
pendency ratio that changes dramatically from year to year would be difficult
for policy-makers to manage, for reasons that we will discuss in Section 4.3.2.
For this reason, we will examine the the year to year dependency ratio move-
ment using time series graphs in Section 4.3.2.

Figure 4.5 plots the simulated dependency ratio's mean against its standard
deviation, corresponding to each of the 581 asset strategies detailed at the be-
ginning of Section 3.2. The return measure is the mean dependency ratio across
4,500 years of simulation, while the risk measure is the standard deviation of
the simulated dependency ratios. We prefer a long simulation run over multi-
ple short runs since the latter would likely be influenced by initial conditions.
The plot gives an impression of the opportunity set based on this measure of
risk, traced out by the 581 investment strategies. From the opportunity set, we
can infer the efficient portfolios, which are the portfolios that carry the lowest
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Figure 4.5: Simulated opportunity set for a population of DC members who
homogeneously allocate their funds in the specified investment portfolio, gen-
erated for 581 different asset allocation strategies (small dots). The composi-
tion of the efficient portfolios, POto P100, are given in Table 4.2.

risk for each given level of return.

It is useful to note several general aspects of the opportunity set plot in
Figure 4.5:

• The indicators of success are high mean dependency ratios (members,
from their perspectives, are happy because they are retiring earlier, on
average) with low volatility (stable labour force); thus, higher values on
the y-axis and lower values on the x-axis are the preferable portfolios.
Specifically, the points in the opportunity set nearer to the top left are
good.

• Since the population is discretized and all members follow the same
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Figure 4.6: Enlargement of Box B in Figure 4.5, marked with each portfo-
lio's exposure to (a) index-linked cash, (b) cash, (c) index-linked bond, and
(d) bond.
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Min Risk % Index- %Cash % Index- %Bond % Equity
Portfolio linked Cash linked Bond
PO 0 0 70 30 0
PlO 0 0 60 30 10
P20 0 0 50 30 20
P30 0 0 40 30 30
P40 0 0 30 30 40
P60 0 0 20 30 50
P60 0 0 10 30 60
P70 0 0 0 30 70
P80 0 0 0 20 80
P90 0 0 0 10 90
PIOO 0 0 0 0 100

Table 4.2: Portfolio mix for efficient portfolios POto PlODin Figure 4.5.

strategy, the dependency ratio is restricted to a discrete set of values de-
termined by the youngest retiree at any given time.

• Each cluster of points has a constant proportion invested in equities.

• The 'X's mark the portfolios in each fixed-equity cluster on the efficient
frontier. The composition of the efficient portfolios, POto P100, are given
in Table 4.2.

• A dashed line indicates the efficient frontier.

Figure 4.5 ranks the pure equity investment strategy as the most dispersed
of the portfolios. It remains, nevertheless, as an efficient portfolio. Cash and
index-linked cash appear to be a poor pension investment choice, as shown
by their exclusion from every efficient portfolio listed in Table 4.2. Figure 4.5
also suggests that, among the efficient portfolios, investing in equities would
elevate the mean dependency ratio while both types of bond assets provide
stability. Figure 4.6 describes the breakdown among the assets by extracting
and enlarging the asset mixes with an equity exposure of 60% from the oppor-
tunity set in Figure 4.5 (box B). Each plot contains the same points; the numbers
provided, however, tell us about the proportions invested in (a) index-linked
cash, (b) cash, (c) index-linked bond, and (d) bond. The efficient portfolio
(P60) is marked by an 'X'. Looking from top to bottom, Figure 4.6(a) explains
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that increasing the portfolio's proportion of index-linked cash would typically
diminish the mean dependency ratio without the benefit of lowering the stan-
dard deviation. On the contrary, Figure 4.6(b) shows that (by looking from left
to right) a heightened exposure to cash typically causes the dependency ratio's
standard deviation to escalate without significant improvement in its mean.
Increasing the allocation to bonds (Figure 4.6(c) and (d)) shows an opposite,
but less clear, effect. Raising the proportion of the index-linked bonds (Fig-
ure 4.6(c)) vaguely lowers the standard deviation, and increasing the weight
in fixed-interest bonds (Figure 4.6(d)) typically raises the mean dependency
ratio. One, perhaps obvious, conclusion that we can take away from this is
that while cash (fixed or index-linked) could be a good low-risk short-term in-
vestment, our results suggest that it is not good as a long-term component of
a DC pension plan fund.

4.3.2 Variety in the Population's Investment Strategy

We now begin to move towards a more realistic scenario. Having established
the efficient investment strategies for the DC members of the population, we
first choose several investment strategies appropriate for both the individual
members and the entire population. We then examine the dynamics of the
retirement behavior within a population whose members follow these invest-
ment strategies. Our analysis shows severe volatility in the dependency ratio,
which is primarily driven by the financial market's performance.

We expand, therefore, the population's investment strategy from a single
arbitrary homogeneous investment portfolio choice to three efficient portfolios
in line with current market trends. Specifically, in this second DC population
model, we assume that equal proportions of each age group will allocate their
wealth to a low risk fund (Portfolio A), a medium risk fund (Portfolio B), and a
high risk fund (Portfolio C), each fund is detailed below. Once Portfolios A, B,
and C become the investment strategies for their respective one-third of new
entrants, those members will maintain the same proportion of assets over their
entire working life, classified earlier as a static asset allocation strategy. Thus,
we assume that plan assets are rebalanced annually to maintain predetermined
proportions in each asset class:

Portfolio A: P20 (20% Equities, 50% Index-Linked Bonds, 30% Bonds);
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Portfolio B: P60 (60% Equities, 10% Index-Linked Bonds, 30% Bonds);

Portfolio C: PlOD(100% Equities).

A perceived need of this study is to incorporate realistic features that will
hopefully reduce the volatility of the dependency ratio. This objective stems
from the severity of the results to be presented in Figure 4.7(a). For this rea-
son, the selection of the asset mixes is based on their efficient portfolio status
as exhibited in Figure 4.5 as well as the following:

• The average portfolio (Portfolio B) is consistent with the current mar-
ket trends for DC schemes in the US according to Mitchell (1998), who
pronounced equities as being the most popular investment choice with
an average asset allocation of 60%, but with some diversification with
bonds and other assets.

• If a participant could tolerate risk, we established in Section 4.3.1 that it
is in their best interest to allocate their funds solely to equities (Portfolio
C) on account of the large decrease in the expected retirement age.

• There could also exist investors who are extremely risk averse and whose
concerns lie in the 99% percentile of the retirement age distribution. As
Section 4.3.1 explains, investors who require elevated levels of assurance
that they will retire prior to a particular age should increase their expo-
sure to bonds, since portfolios with a high bond weighting deliver better
results in the worst case scenarios. Portfolio A satisfies the needs of such
investors, as well as inserting additional diversity to the portfolio selec-
tion of the population.

We use 'Portfolio ABC' to represent the total pension fund of a heteroge-
neous population; that is, one third of whom invest in Portfolio A, one third
inPortfolio B, and the last third inPortfolio C. Similarly, 'Portfolio B' signifies
the aggregated fund of the portion of the population that invests their funds in
Portfolio B.The return on Portfolio ABC is equal, therefore, to one-third of the
return on Portfolio A, one-third of the return on Portfolio B, and one-third of
the return on Portfolio C. We refer to a population whose participants invest
in these three portfolios as a 'heterogeneous population' otherwise, if all the
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members of the population invest in the same portfolio, we refer to them as a
'homogeneous population'.

It is useful to look at the whole of the dependency ratio distribution un-
der the heterogeneous population model, using histograms, CDFs, time series
plots, and scatterplots. Although the standard deviation risk measure asso-
ciated with each investment strategy was helpful in Section 4.3.1 in deciding
between assets mixes; nevertheless, having decided on efficient portfolios, it is
the plots in the coming sections that help us to penetrate the DC pension plan
and to understand its impact on the workforce dynamics.

To examine various aspects of the population's retirement patterns, it is of
interest to have a feel for what key factors influence the dynamics of the de-
pendency ratio. We investigate its relationship with a simple geometrically
weighted average of the past annual investment returns (specifically, we at-
tach a weight of 5% to the most recent fund returns and add this to the 95%
weight of the previous year's weighted average). We find this coefficient of
5% to be approximately optimal in terms of maximizing the correlation with
the dependency ratio. Displaying the asset performance using this smoothing
technique reflects the increasing importance of the most recent fund returns
on the DC participants' accumulated wealth.

Over the span of 300 simulated years, Figure 4.7(a) tracks the volatile de-
pendency ratio (solid line) for the heterogeneous population and the equally
volatile smoothed investment return (dashed line) of Portfolio ABC. It is worth
noting that since the time span of the simulation is relatively short, the time se-
ries plots will appear different from one simulation trial to the next. We will,
therefore, focus on observations consistent across all the trials executed.

The results demonstrate the important effect the smoothed investment re-
turn has on the dependency ratio. Their harmonious movement is displayed
in Figure 4.7(a), where a double y-axis facilitates the comparison between the
dependency ratio (left-hand scale) and the smoothed investment return (right-
hand scale). Unsurprisingly, during bull markets, members are able to re-
tire earlier, thus causing the dependency ratio to rise. Likewise, a bear mar-
ket drives down the dependency ratio. The scatterplot in Figure 4.7(b) illus-
trates the highly positive correlation between the dependency ratio and the
smoothed interest rate; specifically, based on an 8,000 year simulation, the cor-
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relation coefficient is over 70%.
The next striking conclusion is that diversifying the asset allocation deci-

sions among the participants does little to reduce the significant fluctuation
of the dependency ratio, which is controlled primarily by the unpredictable
performance of the market. From the same 300 year simulation, Figure 4.8(a)
plots the dependency ratio for a heterogeneous population investing in Portfo-
lios A, B, and C, and for the members of the homogeneous population who all
invest in Portfolio B. The minimal difference between the two dependency ra-
tios is due to the similar movement of the smoothed investment return of each
portfolio, which Figure 4.8(b) illustrates. Simulating over an extended time
period reveals that the fluctuation of the smoothed rates are highly correlated.
This is in spite of the low correlation of -17% between the annual log returns on
index-linked bonds and equities. Table 4.3lists the unconditional correlation
coefficients among the smoothed investment returns of each portfolio, and Ta-
ble 4.4 displays the unconditional correlation coefficients among the annual
log returns of the relevant assets. The high correlation among the smoothed
rates of return of each portfolio causes high correlation among their associ-
ated dependency ratios. On account of the considerable correlation among the
dependency ratios, we find that diversifying the investment strategies among
the population members does not significantly improve the stability of the ag-
gregate dependency ratio. Figure 4.8(c) illustrates the similar movement of the
dependency ratio of a homogeneous populations who invests in Portfolio Af B,
or C. This figure is further supported by the high correlation coefficients given
in Table 4.5.

The inconsistency in the ages of retirement from one year to the next within
every investment strategy is surprising when we consider the identical char-
acteristics of each member; to be more precise, each retiree has identical in-
vestment portfolios, levels of contribution, employment histories, mortality
statistics, and retirement decision-making behavior. Figure 4.9 displays the
ages of the newly retired members for each year. Each symbol indicates an age
group retiring at that particular time. The plotted age groups are divided ac-
cording to their investment strategy through the use of a different symbol for
each portfolio choice. Tofacilitate viewing, a thin line connects the age groups
with the same investment strategy retiring in a given year. In terms of offering
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Portfolio A Portfolio B Portfolio C
Portfolio A
Portfolio B
Portfolio C

1
0.87
0.79

0.87
1

0.99

0.79
0.99
1

Table 4.3: Long-term correlation among the smoothed investment returns of
each portfolio, based on an 8,000 year simulation.

Asset Index-Linked Bond Equity
Bond

Index-Linked Bond 1 0.40 -0.17
Bond 0.40 1 0.09
Equity -0.17 0.09 1

Table 4.4: Long-term correlation among the annual log returns of the efficient
investment assets, based on an 8,000 year simulation.

Portfolio A Portfolio B Portfolio C
Portfolio A
Portfolio B
Portfolio C

1
0.91
0.84

0.91
1

0.97

0.84
0.97
1

Table 4.5: Long-term correlation among the dependency ratios of the three
homogeneous populations invested in Portfolios A, B,and C, based on an 8,000
year simulation.

a young age of retirement, the superior performance of the equity investment
is apparent. The age plot of the portfolio with the least amount of equities is
indeed more stable (diamonds), but it consistently delivers the highest ages
of retirement, causing the stability to be a poor tradeoff for the near certainty
of a delayed retirement. Conversely, the pure equity portfolio produces ages
of retirement (triangles) much more variable, but consistently lower than the
other investment strategies. Figure 4.10 plots the age of the youngest retired in
both the Portfolio A and the Portfolio B homogeneous populations for the 300
simulated years. The positive correlation indicates the common influence of
the market on the retirement ages, regardless of the investment strategy. The
few points above the equality line, which amount to only 6% of the simulated
years, further illustrate the weaker performance of bonds and index-linked
bonds relative to equities for a worker who's concerned with an early retire-

87



0
cc 0

0
0 0

o 0
0 0

.2
(5 0t: 00 ,...
a,
Q; 0 0
"0 0c: 00
::l 00
Q) o 0gO
~ 0

080 00

"E co 000 00
000000

Q)

0§§§§8°
E
l!?
t; 000000a: 000000

E 0 08888
0
0

:::::I Lt) 000000
E 00008
·2 00000

00000:E 000
0000

88
0

0

50 60 70 80

Minimum Retirement Age under Portfolio A

Figure 4.10: Scatterplot of the age of the youngest retired in a homogeneous
population invested in Portfolio A versus a homogeneous population invested
in Portfolio C for each year of simulation. We also plot the equality line (y=x).

mentage.
For each year of simulation in Figure 4.9, the vertical clusters of symbols,

followed by gaps of no retirements, indicate that members collectively decide
to retire or not retire at the same time because of their common dependency
on the financial market's performance. The pattern of retirements revealed by
Figure 4.9 suggests that there could be:

• an unstable demand for different types of financial assets if individ uals
choose to revise their portfolios at retirement and adopt a less risky in-
vestment strategy, and

• an unstable demand for financial assets in general owing to variation in
the relative number of workers, who accumulate pension wealth, and
retired members, who decumulate their pension wealth to support their
retirement consumption. A growing proportion of workers would create
an increased demand for those assets that make up Portfolios A, B, and
C. Alternatively, a large population of retired members would result in
a greater supply of assets as pensioners sell financial assets to support
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retirement consumption.

For example, there could be a greater demand for equities when there are
fewer retirements. Figure 4.9 demonstrates this scenario between years 47 and
71. Here, there is a gap of 11 years, which is almost immediately followed
by a gap of 12 years, during which time no members of the Portfolio C group
retire. A single triangle at year 58 represents the retirement of the only retir-
ing age group holding Portfolio C (100% equities) during nearly a quarter of a
century. On the contrary, once retirement becomes affordable, there could be a
massive shift from equities to bonds. In Figure 4.9, such an ~vent occurs in our
scenario beginning in year 218 where the steep vertical of triangles indicates a
multitude of retirements among Portfolio C holders. During the following ten
years, the retirement age drops from age 80 to age 58. In year 227 alone, seven
Portfolio C groups (ages 58 to 64) retire.

The lack of stability of the dependency ratio is worrisome and could have
far reaching effects, as is the DC pension system's inability to retire the par-
ticipants at systematic and reasonable ages. The first concern is the late retire-
ment risk for plan members. If such a case did occur in reality, factors other
than finances could force retirement, such as illness or disability, thus causing
insufficient pensions and hardship for such retirees. In other words, the DC
pension scheme would fail these elderly participants. Secondly, the swings in
the labour force could affect the country's economy. A comprehensive under-
standing of this is outside the scope of this study, but a few of the repercussions
could include:

• According to the results, the participants are typically choosing to re-
tire in clusters. Recall that the simulation model does not consider the
interrelations among the sectors of the economy and their effect on as-
set prices. A successful market would generate the retirement of the
masses, leading towards a rise in asset liquidation, while a suffering mar-
ket would encourage workers to delay their retirement and continue sav-
ing. Market dynamics could be influenced by the irregular retirement
patterns and there could possibly be market equilibrium upset, as Sec-
tion 4.1 briefly discussed. In Chapter 6, we attempt to model the feed-
back from the population's pension savings behavior.
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• Secondly, the benefit of a high dependency ratio is that participants are
able to retire early. A large number of retirements could, nevertheless,
cause a labour shortage. It could also reduce tax revenue because when
somebody retires, his or her income would generally decrease.

• On the flip side, unemployment could increase during times of a low de-
pendency ratio. To explain further, if the older citizens cannot afford
to retire, then they would need to cling onto their jobs. If there was
a fixed supply of jobs, this could cause unemployment to rise among
younger members of society who cannot penetrate the workforce. If the
elderly were forced to retire, they would not have a sufficient pension.
This could create additional elderly poverty or reliance on state-funded
welfare programs.

• Finally, the yo-yo effect of the dependency ratio insinuates that a DC
pension design does an incredibly poor job in terms of balancing the
economy's production with consumption. For example, if the source of
labour declines in size, then the society's production would suffer while
the consumption would remain level. The anticipated repercussion of
such a scenario is price inflation (Brown et al., 2001).

Overall, it would be difficult for the government to manage a fluctuating de-
pendency ratio. The production and consumption of goods, the tax revenue,
and the necessary social programs would be as unpredictable as the stock mar-
ket.

4.4 Dampening the Dependency Ratio Volatility

In this section, as well as Sections 4.5 and 4.6, we introduce further heterogene-
ity into the model to identify what, if any, aspects of a DC system contribute
to greater stability in the dependency ratio.

We recognize that the instability in the dependency ratio could be due to
the combination of a simple model and a strict retirement rule. So, our ini-
tial observations up to now could portray a form of worst-case scenario. If
this is the case, then refining the model and adding realistic features should
hopefully dampen the volatility.
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We saw in Section 4.3.2 that adding diversity in the participants' invest-
ment choice does not successfully dampen the dependency ratio owing to the
long-term correlation among the assets. We next explore several new realistic
model refinements that could potentially reduce the fluctuations in the depen-
dency ratio. We first discuss the theoretical basis for each of the new additional
features. Following this, we present the dependency ratio outcome resulting
from the inclusion of each individual modification. We also experiment with
the aggregate impact of incorporating the combination of modifications in Sec-
tion 4.4.5. Sections 4.5 and 4.6 continue this investigation by testing dynamic
investment and contribution strategies as well as other retirement models. We
find that none of the specified model modifications ameliorate the dependency
ratio volatility in a significant way. Finally, Section 4.7 notes an existing feature
in our population model, stochastic wage growth, and discusses how its inclu-
sion did improve the dependency ratio results relative to having assumed a
flat, deterministic salary growth.

4.4.1 Multiple Ages of Entry

A fixed age of plan enrollment for all members of the population is unrealistic
since, although there could exist an age after which it is mandatory for work-
ing citizens to contribute to a state pension plan, it is unlikely that all partic-
ipants would have entered the workforce by that age. Participants undoubt-
edly begin employment at a variety of ages that could exceed the mandatory
age of pension plan enrollment. We now observe the impact of incorporating
multiple ages of entry into the DC plan. To do so, we assume that one-third of
the population enters the plan at age 20, one-third at age 25, and the final third
at age 30.

We make the assumption that individuals will maintain consistency in their
plans for retirement, irrespective of their ages of entry. All else being equal, a
participant would expect to retire at an older (younger) age if they began sav-
ing for retirement at a later (earlier) age. We assume, therefore, an individual
will increase their contribution rate if they begin saving at an older age than
the norm or will reduce their contributions if they enter the plan at a younger
age. The implication of this assumption is that the average dependency ratio
and retirement age of each entry age group are approximately equal.

91



To target the same average retirement age among the three groups, partic-
ipants who enter the plan at age 20 should reduce their savings to 8.25% of
salary per annum (a 1.75% decrease), those who begin at age 25 should con-
tinue to contribute 10% and 30-year-old entry aged participants should save at
the higher rate of 12.5% (a 2.5% increase).

4.4.2 Multiple Levels of Merit

We could upgrade the authenticity of the wage simulation by incorporating
additional variety in the career paths. This could be done by varying the aver-
age annual growth that accounts for merit increases, which is currently fixed
at2%.

The participants' wage growth modeling was outlined in Section 2.3. In
summary, the wage growth is made-up of two components: general wage
inflation and merit increases. General wage inflation is simulated stochasti-
cally and affects each member of the population in an identical manner. We
model merit increases deterministically and as a function of the individual
employee'S years of service, granting more significant merit increases during
the early years of employment.

In our first DC population model, the merit contribution to salary growth
amounts to an average annual rate of 2%. Ifwe raise this value to 3%, we could
introduce employees with flourishing careers (high flyers) into the model. Sim-
ilarly, we could include less successful workers by decreasing the assumption
to 1% (low flyers). We could test the effect of multiple career paths by hav-
ing one-third of the population fall under each category (low flyers, medium
flyers, and high flyers). Figure 2.1 plots the merit model function at the three
assessed levels.

4.4.3 Multiple Contribution Rates

Bringing in several contribution rates among the participants could also en-
hance the retirement savings portion of the model. In reality, there prevails
a vastly different retirement savings pattern across the US population. Wise
(2003) discussed the great variation in the savings behavior of the US residents
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on account of public and employer policies, as well as their social and eco-
nomic environment. We strengthen the model by experimenting with three
contribution levels across each age group withing the population: 9%, 10%,
and 11%.

4.4.4 The Effects on the Dependency Ratio

The model refinements do not appear to improve the stability of the depen-
dency ratio. Figure 4.11 contains the opportunity sets of each of the popula-
tion simulations involving the three model improvements (each incorporated
in isolation). Section 4.3.1 outlined the method of simulation, except we are
now considering a reduced number of investment portfolios. There are 20%
increments for each available asset, totaling 126 portfolios. Figure 4.11(a) is
the benchmark plot; that is, it is a less detailed version of Figure 4.5 since it
is based on the original set of assumptions from the first model except with a
reduced number of executed investment strategies. To assess the effect of the
modifications, the efficient frontier from plot (a) (thin solid line) is drawn in
each of the plots (b), (c), and (d), along with their respective efficient portfolios
(dashed line).

Adding variety to the pension plan entry ages in plot (b), contribution rates
in plot (c), and merit scales in plot (d) produces dependency ratios which are
virtually identical in shape and value to that produced under the original sce-
nario, as shown in plot (a). This does not imply, however, that the dependency
ratio's standard deviation is unmoved by each individual modification. For ex-
ample, under the bond and equity investment strategies, the dependency ratio
is directly correlated with the entry age. Table 4.6 lists the standard deviations
for each entry age generated by the bond and equity portfolios, including the
standard deviation of the aggregate population's dependency ratio. Compar-
ing the three entry age outcomes under each portfolio, it appears that increas-
ing the population's entry age reduces the dependency ratio's volatility. This
is a reasonable result since an older age of plan enrollment, accompanied by a
larger contribution rate, should shorten the participants' exposure to the stock
market fluctuations. Consider the extreme case where all participants begin
saving at a very late age (for example, age 60) at which time they make an
enormous contribution. If the participants make a large enough contribution
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so that they are able to retire immediately, they would have no exposure to the
stock market fluctuations. In this exaggerated example, there is no fluctuation
in the dependency ratio since everyone above age 60 is consistently retired
while everyone below is not. The results also show that it is a population of
equity investors whose dependency ratio volatility is most sensitive to the age
of enrollment assumption.

Increasing the population's entry age and contribution rate to achieve sta-
bility in the dependency ratio is contrary to the objective of this study, since
our aim is to understand the impact of a realistic DC pension plan over the
careers and generations of an entire population. The relevance of this exer-
cise is to examine whether including multiple ages of entry would reduce the
overall oscillations of the aggregate population's dependency ratio. The con-
clusion is that none of the three model enhancements diminish the severity of
the dependency ratio's volatility.

Asset
Entry age

of 20
Entry age

of 25
Entry age

of30
The total
population

100% Bond
100% Equity

0.106
0.358

0.099
0.305

0.086
0.248

0.099
0.305

Table 4.6: Simulated dependency ratio standard deviation of the aggregate
population and of each individual entry age group within the population.

Figure 4.12 further illustrates the unchanging volatility of the dependency
ratio by revisiting the results of the heterogeneous population model in Fig-
ure 4.7(a) and including the upgrades. We continue to assume that the popula-
tion invests across the three portfolios that Section 4.3.2 described. In isolation,
we incorporate heterogeneity in the entry ages in Figure 4.12(a), contribution
rates in Figure 4.12(b), and career paths in Figure 4.12(c). The dependency
ratios resulting from the adjusted assumptions are plotted with dotted lines.
The original path of the dependency ratio, which Figure 4.7(a) showed, con-
tinues to be represented by a solid line as a benchmark for comparison. The
dependency ratio's behavior is nearly identical despite the improvements.
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Figure 4.12: Simulated time series plot of the dependency ratio from Fig-
ure 4.7(a) (thin solid line), with the following separate model improvements
(dashed line): (a) multiple ages of entry, (b) multiple contribution rates, and
(c)multiple merit scales.
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4.4.5 Collective Impact of All Model Improvements

The final test is the simultaneous incorporation of all the model refinements.
As with each individually applied modification in Figure 4.12, we evaluate
their aggregate impact by first assuming that one-third of the population in-
vests inPortfolios A, B, and C. Thereafter, we incorporate the model improve-
ments in the following manner:

• The members within each third of the population are subdivided into
three groups, where one group makes contributions of 9%, another of
10%, and the last of 11%.

• After this, nine groups exist in the population, each of which is further
subdivided into three entry age groups, where:

- the first group enters the pension plan at age 20, while reducing
their contribution rate by 1.75%,

- the second group enters at age 25, while maintaining their contribu-
tion rate, and

- the remaining group enters at age 3D,while increasing their contri-
bution rate by 2.5%.

To summarize the three contribution rate levels associated with each en-
try age, the three groups of investors are each divided into the following
nine categories:

Contribution Entry age Entry age Entry age
level of 20 of 25 of30
Low 0.0725 0.0825 0.0925

Medium 0.09 0.10 0.11
High 0.115 0.125 0.135

• Finally, each of the 27 groups are further partitioned into three career
path groups: high flyers, medium flyers, and low flyers.

The result is 81 subgroups within each age group, each possessing different
retirement savings characteristics. Figure 4.13 displays the simulated outcome.
Once more, the dependency ratio behavior is nearly unchanged.
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4.5 Dynamic Asset-Allocation and Contribution Strate-
gies

In addition to the static asset-allocation and contribution rate strategies de-
scribed earlier, we also investigate several dynamic strategies, including:

• the popular deterministic lifestyle asset-allocation strategy,

• a stochastic lifestyle asset-allocation strategy,

• a deterministic contribution rate that increases with age, and

• a stochastic contribution rate that is a function of the worker's replace-
ment ratio.

The hope is that the dynamic design will add realistic variety to the retirement
patterns of the participants and improve stability. We ascertain in this section
that the modifications do affect the results; the change, however, does not im-
prove the stability of the dependency ratio.

As we did for the other modifications, we begin by describing the theoreti-
cal value of each new feature and then present the dependency ratio outcome
of having incorporated it into our simulation model.

4.5.1 Dynamic Lifestyle Asset-Allocation Strategy

We experiment with two types of dynamic lifestyle asset-allocation strategies:
deterministic and stochastic. Under a lifestyling strategy, the worker moves
their funds from equities to bonds and index-linked bonds as they approach
retirement. According to Poterba (2004), lifestyle funds are currently in de-
mand and their popularity will likely rise with the growth of IX pension de-
signs owing to the larger number of households with self-directed assets.

To uncover the potential value-added of the lifestyle asset-allocation strat-
egy, we begin by investigating the relationships between the financial assets
and the retirement decision. As we explain below, we find that a major strength
of the lifestyling investment strategy lies in the beneficial correlations among
the asset returns, salary growth, and outgoing price of the annuity.
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Theoreticaly, lifestyling mitigates the equity risk during the accumulation
phase and the annuitization risk at the time of retirement of a DC pension plan
(Cairns et al., 2006). We find three channels in which this is accomplished:

1. The strategy first allows the participant to enjoy the benefits of the equity
premium over the long term of their working career, while avoiding a
catastrophic downfall in their equity fund prior to retirement. The strat-
egy works by initially investing a large portion of the retirement fund
in equities, then gradually moving the funds into a less risky asset as
retirement approaches.

2. The strategy also manages the interest-rate risk inherent in the outgo-
ing annuity price by taking advantage of the hedging effect between the
bond asset and the annuity purchase price as retirement becomes more
and more imminent, which we describe below.

3. Finally, the correlation between the assets and the participants' salaries
creates a hedging effect between the assets and the retirement salary
threshold. This benefit is generally not noted when describing the tradi-
tionallifestyle asset-allocation strategy, but is relevant in our study ow-
ing to the manner that we model the retirement decision using the two-
thirds replacement ratio target. We expand on this point below.

Regarding the second point, based on the same 8,000 year simulation from
Section 4.3.2, there exhibits a correlation between the growth in the annuity
price and the return on the fund. The correlation is most substantial with
bonds (97%), then index-linked bonds (32%), cash (26%), index-linked cash
(9%), and, finally, equities (6%), owing to their collective dependence on the
instantaneous risk-free rate of interest. Therefore, a booming investment fund
is accompanied by a high annuity price, creating less probability of a notably
large pension purchasable. Likewise, cheap annuitization rates will occur dur-
ing times that the retirement fund is weakening, thereby avoiding a signifi-
cantly low pension purchasable.

The higher the asset is correlated with the value of the annuity, the more the
risk of an expensive annuity is alleviated. That is, the asset value will hedge
the price of the annuity to protect the retiree's pension income from varying
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to extreme outcomes, which is also known as managing the annuity price's
inherent interest-rate risk.

As the third point above notes, the second correlation that could poten-
tially add value to the asset-allocation timing of the lifestyling strategy is the
relationship between the salary growth and the assets. As described earlier,
highly correlated assets create a hedge between the salary required at retire-
ment and the investment portfolio. This results in a less volatile replacement
ratio from one year to the next, thus reducing the age of retirement risk. As
Section 4.7 will explain, the correlation with wage growth is strongest for the
return on index-linked cash (80%), then index-linked bonds (74%), then cash
(70%), then bonds (13%), and finally equities (-20%). Section 4.7 shows that the
cumulative effect of the relationship between the wages and the index-linked
bond returns results in placing it among the efficient investment. As for cash
and index-linked cash, however, the gain in volatility is not significant enough
to compensate for their low average returns, and avoiding these two assets
continues to be efficient. Finally, the low correlation with bonds and equities
dampens their performance as a DC pension fund asset.

Overall, the lifestyle asset-allocation strategy maximizes the performance
of the accumulating fund by taking advantage of the high equity return in the
beginning portion of the participant's career, but synchronizes the investment
fund with the annuitization and the retirement salary threshold towards the
time of retirement. The two types of lifestyling investment strategies that we
test are as follows:

Deterministic lifestyling investment strategy: In this asset-allocation strategy,
workers follow predetermined rules in gradually switching from equities
to bonds (Cairns et al., 2006). In our model, the workers begin moving
their assets into the efficient non-equity portfolio, PO from Table 4.2 (70%
index-linked bonds and 30% bonds), in a linear fashion between ages
50 and 60, irrespective of their initial investment strategy or the size of
their pension fund. For example, if a worker begins with a 100% equity
portfolio then, at age 51, their equity allocation will decrease by 10% and
that proportion of their pension funds will be invested in PO. At each
subsequent age, x, they will have invested (x - 50)/10 x 100% of their
funds in PO and the remainder in their initial investment strategy.
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Stochastic lifestyling investment strategy: The concept of 'stochastic lifestyling'
has been discussed previously, for example by Cairns et al. (2006); they,
however, used it to define an optimal dynamic asset-allocation strategy.
Our use of the term does not involve optimization; we use it, rather, to
define a dynamic strategy that is linked to the worker's accumulated re-
placement ratio as opposed to deterministic variables such as their age.
In our stochastic lifestyling investment strategy, the workers split their
assets between their original investment strategy and PO according to
their current replacement ratio. Specifically, once their replacement ratio
exceeds 25%, they gradually switch from their original investment strat-
egy to PO. The proportion of a worker's total fund invested in PO at time
t is as follows:

{ RR(t~-1/4
2/3-1/4

if RR(t) < 1/4
if 1/4:S; RR(t) < 2/3

The remaining proportion continues to be invested according to the orig-
inal investment strategy. If the replacement ratio falls below 25%, the
worker returns all their funds to the original investment strategy. No
worker, of course, can have a replacement ratio higher than 2/3 owing to
the nature of the retirement model.

4.5.2 Dynamic contributions

Following from the arguments given in Section 4.4.3, it is not only likely that
variety exists among the levels of pension contributions of the population
members but, if given the option, each member would likely contribute at a
variety of levels throughout their lifetime. Like the two dynamic investment
strategies, we test a deterministic and a stochastic dynamic contribution strat-
egy:

Deterministic contribution strategy: The workers contribute 6.5% upon entry
into the plan, thereafter they increase their contribution rate by 0.25% for
each passing year.

Stochastic contribution strategy: The workers assertively target to accumu-
late two-thirds replacement ratio at age 66, or in two years if their age
already exceeds 64. They do so by projecting the necessary wealth level
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and adjusting their contribution rate accordingly in each simulated year.
The worker's contribution rate calculation is broken down in the follow-
ing series of steps:

• The worker, aged X at time t, wishes to replace two-thirds of their
salary at retirement date R = max(t + 66 - x, t + 2). The cost of
this benefit, at time R, is 2/3 X Y(R)iix+R-t(R) and the present value
equals 2/3 x Y(R)iix+R-t(R)P1(Xl(t), t, R)l.

• To calculate the shortfall in the worker's savings, we subtract the
accumulated wealth from the present value of the projected cost of
the pension benefit:

2/3 x Y(R)iix+R-t(R)H (Xl (t), t, R) - W(t)

• Having calculated the amount that must be saved between now and
retirement, the contribution rate required to fund the shortfall as a
level percent of earnings per year equals:

2/3 x Y(R)iix+R-t(R)P1(XI(t), t, R) - W(t)
E~==/Y(s)PI (XI(t), t, s)

• This contribution strategy assumes that the individual, having de-
cided on a fixed replacement ratio and retirement age, has some
flexibility in their contribution rate. It is reasonable to assume, how-
ever, that there is a limitation on this flexibility and that the worker
cannot afford more than a 15% contribution rate, nor should they
save less than 5%. Each year, the worker contributes the following
percentage of salary:

(
. (2/3 x Y(R)iix+R-t(R)PI(XI(t), t, R) - W(t) 0 r:) 0 or:)

max mm R-l Y ( )P ( ()) , .1o , . vEs=t s I Xl t ,t, s

ITo project future wages, Y(s), and annuity rates, ax+s-t(s), we use the worker's 'best es-
timate' approach that Section 5.3 will describe. For example, under this approach, the present
value of the projected pension benefit equals:

2/3 x Y(t)P. (x (t) t R)eI'5(R-t) m(R - te) iixl(t) (R).
3 3 " m(t _ te) x+R-t
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Mitchell and Moore (1997) followed a similar method of determining the
appropriate savings rate for an individual, although they did not target
a fixed replacement rate but determined it jointly with the savings rate.
Having a flexible contribution rate, the member annually re-evaluates
the shortfall in their retirement savings relative to the wealth necessary
to reach their target retirement date. This assertive behavior hopefully
helps to neutralize the market influence on retirement by allowing the
contribution level to absorb some of the market risk. This manner of
assessing pension costs is also known as the individual aggregate cost
method with a salary scale (Anderson, 2006).

4.5.3 Dependency Ratio Results

We choose to test the influence of the dynamic contribution rates and invest-
ment strategies on the dependency ratio path of a homogeneous population
invested in Portfolio B. The dependency ratio will inevitably fall and become
smoother for a population that follows a lifestlying investment strategy as op-
posed to holding a static risky investment strategy since they will, at some
point, have less risky investments in their portfolios. To assess the impact of
the realistic diversity created by the lifestyling strategy rather than simply the
less risky nature of holding PO,we follow an approach similar to Section 4.4
where we assume that the workers target the same average retirement age
regardless of their investment strategy, which can also be accomplished by tar-
geting the same average dependency ratio. We calculate that, if the members
of a population begin their retirement savings career by investing in P80 (80%
equity and 20% bond) and move their investments according to the lifestyling
(both deterministic and stochastic) investment strategy, then the average de-
pendency ratio remains relatively the same as having held a static Portfolio B
strategy (P60 in Figure 4.5).

Figure 4.14 presents the influence of the four modifications on the depen-
dency ratio generated by Portfolio B.The original path, represented by a dashed
line in Figure 4.8(a), is marked by a thin solid line in each of Figure 4.14's four
plots for comparison.

The results in each plot indicate that the dynamic assumptions make a
stronger impression on the results than the three changes that Section 4.4.4
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Figure 4.14: Simulated time series plot of the dependency ratio from Fig-
ure 4.7(a) (thin solid line), with the following separate dynamic model im-
provements (dashed line): (a) stochastic contribution rate, (b) deterministic
contribution rate, (c) stochastic asset-allocation strategy, and (d) deterministic
asset-alloca tion strategy.
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tested. The modifications do not, however, noticeably improve the depen-
dency ratio stability. The small change arises out of the difference in weight
that the worker's fund performance places on each year's asset returns. For
example, if a worker with a dynamic contribution rate habitually makes large
contributions just prior to years of high rates of return and low contributions
otherwise, then their fund will perform better than had they made a level
contribution in each consecutive year. On the other hand, if a worker's con-
tribution timing is poor, then their retirement date will be later than having
had contributed at a level rate. The same result applies to dynamic asset-
allocation, except rather than the level of contribution, it could happen that
the worker habitually switches their funds to the superior (or weaker) port-
folio and consequently retires earlier (or later) than having chosen a static in-
vestment strategy. Since the members are basing their contribution rates or
investment strategies on variables other than the future performance of the
assets, however, their market timing will be mixed between beneficial and
detrimental over their lifetimes (rather than exclusively one). For example,
after a year of high investment returns, the members with a stochastic contri-
bution strategy will decrease their contribute rate (Figure 4.14(b)) and, those
with a stochastic asset-allocation strategy, will move more funds to PO (Fig-
ure 4.14(d)), and vice versa. Some members consequently retire earlier, while
some later, than had they adopted a static contribution rate and investment
strategy. As a result, the different retirement patterns change the dependency
ratio without noticeably improving its stability.

From the individual's perspective, the dynamic contribution and asset-
allocation strategies do not significantly improve the retirement age distribu-
tion. In Figure 4.15, the stochastic contribution rate strategy slightly skews the
distribution to the right and increases the average retirement age (plot (a)) but
the volatility is nearly unaffected. The deterministic contribution rate strat-
egy (plot (b)), however, shows a slight improvement of the volatility. The
dynamic asset-allocation strategies have the opposite effect. The volatility is
similarly nearly unaltered by the stochastic asset-allocation strategy (plot (c))
but is somewhat worsened by the deterministic asset-allocation strategy (plot
(d)). The retirement ages are slightly skewed to the left, suggesting that the
dynamic lifestyling strategies decrease the average retirement age (a little over

106



(8) (b)

Cl Cl
- Original Assumptions- - Dynamtc deterministic

contribution rale
<0 <0

)(
0 )(

0
v V

c: c:
Cl> Cl>
E co E to
e 0 e 0
i a
It It

'0
'<t

'0
'<tCl> Cl>

Jl 0 '" 0-e
"§ ~
c, c,

N<'!
0 0

Cl 0
0 0

40 50 60 70 80 40 50 60 70 80

Age of Retirement, x Age of Retirement, x

(c)

- Original Assumptions
- - Dynamic stocnasnc

asset-allocation strategy
<0o

)(

V

c:
~ to
! c::i
·li
It

'0 ...
~ 0
~
c.. '"o

Clo

40 7050 60

Age of Retirement, x

80

(d)

80

Figure 4.15: Simulated empirical CDF of the age of retirement for an individual
invested in Portfolio B (solid line), and with the following separate dynamic
model improvements (dashed line): (a) stochastic contribution rate, (b) deter-
ministic contribution rate, (c) stochastic asset-allocation strategy (initial invest-
ment in P80), and (d) deterministic asset-allocation strategy (initial investment
in P80).

- Original ..... umpllOn.
- - Dynamic determinilhc

.... I-allocalion 1".legy

q
o

40 50 60 70
Age of Retirement, x

107



half a year in both the stochastic and deterministic scenario). This would be
on account of not meeting the target retirement age when we choose to have
the members first invest in PBO (for example, perhaps an initial weighting of
75% equities would have been more precise). This test, nevertheless, reveals
that none of the dynamic strategies provide a substantial improvement.

4.6 Other retirement-behavior models

In Chapter 5, we will investigate two other retirement-behavior models for
DC participants - the 'option-value' and the 'myopic' retirement models - in
addition to the two-thirds model that we use in this chapter. It is informative
to note that during our analysis we found that moving the entire population
to either of these retirement models does little to improve the dependency ra-
tio volatility", Furthermore, the population dynamics under all three retire-
ment models react nearly identically to the modifications tested in Sections 4.4
and 4.5. That is, the assumption improvements do little to dampen the depen-
dency ratio fluctuations regardless of the particular retirement-behavior model
that the members follow.

4.7 Stochastic Wages

We now reflect on the improving effect of having assumed stochastic wage
growth as opposed to a flat, deterministic rate. The actuarial assumption for
wage growth used by pension plan analysts is generally a deterministic, flat
rate. For example, the wage increase actuarial assumptions of the US public
pension plans at the local, state, and federal level are generally a level rate
greater than 5% (Mitchell and Hustead, 2001). A fixed salary growth rate is,
however, inconsistent with the stochastic nature of the economic model of our
study; thus, as Section 2.3 explained, our economic model integrates the work-
ers' salary growth, inflation, annuitization rates, and financial asset returns.
Introducing stochastic wage growth is more realistic than having assumed a

2Wemake the simplifying assumption that, when applying the option-value model, within
each age group, there are five subgroups whose members share the same individual random
effects, w(s) and ~(s). We realize that five is small, but we hope that it gives a general impres-
sion of the qualitative dynamics of the outcome.
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flat rate. Furthermore, in addition to its lack of synergy with our economic
model, we find in this section that a deterministic flat rate would have exagger-
ated the dependency ratio volatility for the efficient portfolios. Furthermore,
it would have increased the attractiveness of equities and bonds relative to the
other available assets for investment.

4.7.1 Individuals with Stochastic Wage

We first examine the impact of the stochastic wage model on an individual
level, which will help us to explain the reaction of the aggregate population.
This section finds that a stochastic wage assumption decreases the mean and
volatility of an individual's retirement age for all efficient investment strate-
gies.

As opposed to the commonly assumed flat 5% wage growth, the average
annual wage rate of our stochastic wage model (X4 (t) + X5 (t) - (X4 (t - 1) +
X5(t - 1))) is comparatively low. The act of applying a generally reduced rate
of increase to the salaries causes participants to retire at an earlier age. That
is, according to our retirement model, the faster an individual's salary grows,
the more delayed their retirement becomes. This can be understood with the
following simple examples:

• Consider the case of two employees from our population (employee A
and employee B) who are both age 25 and who are identical in every re-
spect with the exception that the salary growth of employee B exceeds
that of employee A. After one year, the investment funds of both em-
ployees will be equal; however, the salary of employee Bwill exceed that
of employee A. Based on the retirement model that states that retirement
begins once the pension income exceeds 2/3 of current salary, it is more
difficult for employee B to retire, relative to employee A, owing to their
higher salary .

• Another way of understanding this is if we consider two senior employ-
ees from our population (employee C and employee D) who are identical
in every respect with the exception that the salary growth of employee 0
has consistently exceeded that of employee C throughout their careers.
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If the salary of employee C had been growing at a slower rate than em-
ployee D, to arrive at the same end salary, employee C's salary and hence
contributions made would have had to have been superior at each time
0, ... , t - 1. Owing to the higher contributions made, along with an iden-
tical investment strategy, the accumulated fund of employee C must ex-
ceed that of employee D. Relative to employee D, therefore, the retire-
ment savings of employee C would be more likely to achieve a pension
income that satisfies the target of 2/3 of current salary.

This result is also exemplified by the merit scale. We found that the inclu-
sion of a merit scale in our model results in an increase in the growth of each
individual's salary, which has an opposite, yet not as pronounced, effect on
the overall retirement pattern. That is, incorporating the merit model causes
the simulated retirement ages to be slightly later than would otherwise be the
case.

Secondly, a disadvantage of not assimilating the wage growth into the fi-
nancial market model is that the full potential of the various investment op-
tions is not fully realized. In particular, the advantages of cash and the index-
linked assets would be overlooked, which we explain below:

• Stochastic wage growth can have a positive effect on the overall long-
term success of a fund, such as cash, index-linked cash, and index-linked
bonds. For example, the return on cash between years t - 1 and t is per-
fectly correlated with the beginning of year instantaneous risk-free rate
of interest, Xl (t - 1). In addition, the wage rate of the previous year,
X4(t - 1) + X5(t - 1) - (X4(t - 2) + X5(t - 2)), also has a strong corre-
lation with Xl (t - 1) of 67%. Thus, the overall correlation between the
cash return and the previous year's wage growth is quite high at 67%. A
high correlation produces increasingly large contributions prior to high
asset performance and stagnate contributions when the asset begins to
do poorly. As a result, the contributions are timed in a manner that max-
imizes the outcome of the cash portfolio over the career of the partici-
pant, which helps the expected retirement age to decrease. The upshot of
the correlation between the contribution growth and the following year's
asset return can also be found in index-linked cash portfolios (where the
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correlation with the previous year's wage growth is over 59%), index-
linked bonds (55%), bonds (25%), as well as equities (15%). Under a fixed
wage assumption, these correlations would all be zero .

• Furthermore, modeling wages as an integrated component of the entire
economic system reveals a hedging effect between the assets and the
salary at the time of retirement. The assets are not only correlated with
the previous year's wage growth, but also with the current year; that is,
as Section 4.5.1 noted, the level of salary will be somewhat matched by
the value of a positively correlated asset at each time t. Owing to their
common dependence on that year's annual inflation (X4 (t) - X4 (t -1)), the
highest level of correlation with wage growth (X4(t) + X5(t) - (X4(t - 1) +
X5 (t -1))) is dominated by the returns between times t - 1and t on index-
linked cash (80%), index-linked bonds (74%), cash (70%), bonds (13%),
and finally equities (-20%). Thus, for some portfolios, a high salary will
complement a booming retirement fund; consequently, the high salary
will create a high income replacement threshold, which somewhat can-
cels out the benefit of the thriving pension fund. Analogous to this is
the lower pension income target that accompanies a failing fund. Over-
all, the effect creates a less volatile range of retirement ages since the re-
tirement standard becomes cheaper to finance when the market returns
cause the pension fund to do poorly, and more difficult when the pension
fund is elevated by the success of the market. All in all, the performance
of the investment fund will bear less consequence in the retirement age
of the participant; thus, creating less investment risk to the investor. This
phenomenon can be understood as hedging wealth to the salary ratio.
The correlations would have all been zero had we assumed a fixed wage
growth.

It is also interesting to note that a deterministic wage model would have
understated the retirement age volatility resulting from an equity or bond
portfolio relative to the other assets owing to their lower correlation with
wage growth. As shown in Chapter 4, investing primarily in equities
leads to earlier retirement ages. Diminishing the attractiveness of equi-
ties in a realistic manner is an important feature since, without this result,
equities would appear excessively superior to the other investment op-
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tions.

By modeling the wage in a deterministic style, these impacts are completely
lost and an asset such as cash becomes a very poor investment choice owing to
its low return and the high volatility of resulting retirement ages. On the other
hand, equities and bonds are seen as overly attractive relative to index-linked
assets and cash. This effect is better illustrated in the opportunity set plot in
the following section. Modeling the wage so that it is tied to the dynamics of
the changing economy creates the largest improvement in the retirement age
results' predictability and timing for a cash and index-linked asset investor.

4.7.2 Stochastic Wage in the Population

The reaction of the population results to the introduction stochastic wage growth
is unsurprising given the response of the individual retirement behavior. Firstly,
the performance of every asset appears ameliorated, owing to the lower retire-
ment ages and the consequential larger dependency ratio values. In addition,
by increasing the predictability of the individual's retirement age, the use of
stochastic wages in the model also decreases the volatility of the population's
dependency ratio for all the available assets except bonds, whose dependency
ratio volatility actually increases. Figure 4.16 shows that the improvement is
most pronounced when the population invests in index-linked assets or cash.
Within each cluster of points, the proportion of cash approximately rises as one
moves to the right of the cluster. Similarly, the portfolio's exposure to index-
linked cash increases towards the bottom of each cluster'. Moving our wage
assumption from a fixed value to a stochastic model horizontally tightens each
cluster so that the lower and rightward points are nearer to each respective
efficient portfolio. That is, the relative improvement of the performance of
portfolios with high cash and index-linked cash content is better than that of
the efficient portfolios. In terms of being on the efficient frontier, however,
index-linked cash and cash continue to be a less desirable investment choice;
their levels of standard deviation are, nonetheless, more than halved when a
stochastic wage model is introduced. Index-linked bonds, being completely
excluded from the efficient portfolios when the model assumes a determinis-
tic 5% wage rate (see Table 4.7), makes up a substantial portion of nearly all

3An example of the portfolio contents in a particular cluster was illustrated in Figure 4.6.

112



the efficient portfolios under a stochastic wage model owing to the dampened
volatility in its results (see Table 4.2).

This is an important result in our study since it indicates that a relatively
more realistic wage model does positively affect the volatility of the depen-
dency ratio for all efficient portfolios. In addition to a dampened dependency
ratio, the relationship between the investment performance and the depen-
dency ratio is also affected by the inclusion of a stochastic wage model. Based
on the same B,OOO year simulation from Section 4.3.2, the overall correlation
between the Portfolio ABC smoothed investment performance and the depen-
dency ratio for a heterogeneous population decreases exceeds 90% for a pop-
ulation with a flat 5% salary growth while a stochastic model produced a 70%
coefficient. The role of the financial market, although still a primary determi-
nant in the dependency ratio level, has a decreased role as a result of a more
realistic and integrated wage model.

Min Risk % Index-linked %Cash % Index-linked %Bond % Equity
Portfolio Cash Bond
FO 0 0 0 100 0
FlO 0 0 0 90 10
F30 0 0 0 70 30
F40 0 0 0 60 40
F60 0 0 0 50 50
F60 0 0 0 40 60
F70 0 0 0 30 70
FBO 0 0 0 20 BO
F90 0 0 0 10 90
FIOO 0 0 0 0 100

Table 4.7: Portfolio mix for efficient portfolios FOto FIOOin Figure 4.16.

4.8 Risk Management within the DC Plan Design

In this section, we briefly examine a feature that could be included in the
DC system design to reduce the potential dependency ratio fluctuations. A
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method of possibly adding stability to the dependency ratio is to put a restric-
tion on equities in the personal accounts but, as we explain below, we find that
there would be several drawbacks of such a policy.

Figure 4.5 ranks equities as the largest source of dependency ratio volatility.
We also discover in Figure 4.8(a) that the instability of the dependency ratio is
not diminished when using equities as a tool for diversifying the asset allo-
cation decisions among the participants (this is on account of the long-term
correlation of the assets). In view of these two findings, a straightforward
method to reduce the dependency ratio fluctuations would be to eliminate eq-
uities from the permitted investments in the individual DC accounts. Such a
feature could be implemented with government policies that show preferential
tax treatment towards fixed-interest bonds and index-linked bonds only.

Over the same 300 year simulation in Figure 4.7(a), Figure 4.17 presents the
dependency ratio for a population that does not allocate their pension savings
to equities. Assuming that they continue to invest efficiently, the appropri-
ate portfolio according to Figure 4.5 is PO (70% index-linked bonds and 30°1<>
bonds), which we now refer to as Portfolio D. As expected, there is an im-
pressive improvement in the behavior of the dependency ratio relative to the
heterogeneous population (Figure 4.17(a)) and to each of the other homoge-
neously invested populations (Figure 4.17(b)). The stability in the dependency
ratio created by such a policy would likely be accompanied by numerous neg-
ative repercussions, including:

• A delay in the nationwide average retirement age: Eliminating equities
should tighten the dependency ratio's movement about its mean, but the
downside is that the mean exhibited in Figure 4.5 is relatively low and
corresponds to an average retirement age just under age 67.

• A rise in the overall costs: Increased contributions is a means of reduc-
ing the average retirement age, but this would create a more expensive
pension plan.

• Inadequate supply of bonds: There would also need to be a large supply
of high quality bonds, which may not be the case since companies would
always need equity capital.

If a restriction on the permissible assets was included in the DC plan design
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features, there could potentially be a reduction to the dependency ratio oscil-
lations. Nevertheless, this could be tied in with several negative aspects that
outweigh the benefits.
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Chapter 5

Three Models of Retirement
Behavior for DC Pension Plan
Members

5.1 Chapter Introduction

As DC pension plans emerge, more consideration should be given to the con-
sequential changes in the retirement conduct of individuals. There exists a
plethora of research on the retirement behavior of DB pension plan members,
both theoretical and empirical and for both private schemes and public pen-
sion systems. The literature involving what is known as the option-value re-
tirement model relating to the private sector have included Stock and Wise
(1990a), the model's developers, as well as Lumsdaine et al. (1990, 1992), and
among those that overlapped into both spheres by also including US Social
Security in their analysis are Harris (2001), Coile and Gruber (2000), Stock
and Wise (1990b), Samwick (1998a), Hurd et al. (2003), and Lumsdaine et al.
(1994). The option-value retirement model is among the structural retirement
models that began to surface in the 1980s. These models are characterized as
employing utility functions to optimize the retirement decision over the entire
lifetime consumption of the worker (Hurd et al., 2003). The central feature of
the option-value retirement decision model is to capture the influence of the
pension benefits' future accrual path. Its application has been predominantly
DB oriented, since important incentives are present in the DB pension accrual
pattern. This decision model takes account of DB plan rules concerning early
and sometimes late retirement. Stock and Wise (1990a) and Lumsdaine et al.
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(1994) also used the model to test retirement behavior under a DC pension
plan.

Our goal in this chapter is to investigate the less familiar decision-making
process of a worker who has a DC pension plan. It is plausible that retirement
models that were found to be helpful in capturing the retirement behavior of
DB plan members are unsuitable in describing a DC member's approach to
retirement.

Lumsdaine et al. (1990) commented that all retirement-behavior models
are theoretical abstractions and none of them are "true". We seek, therefore,
to find models that are consistent with what we observe and to rule out oth-
ers that are not. This chapter explores three hypothetical approaches taken
among DC plan participants in their decision to depart from the workforce.
We model the retirement decision using first the two-thirds retirement model
from Chapter 3, where workers restrict themselves to retire only when their ac-
cumulated pension fund can replace two-thirds of their wages. This model can
be criticized as not being 'forward looking' since potential increments in fu-
ture pension income do not affect the decision to retire. We attempt to increase
the 'forward looking' realism of the retirement decision process by building
upon the two-thirds retirement model and applying a relatively more compre-
hensive model of retirement, which will be known as the myopic retirement
model. Some features of the model are adopted from Lachance (2003) and
Kingston (2000), particularly the use of the additive fixed leisure component
by the former and the power utility function by the latter. Kingston notes that
the case for using a power utility function has been justified by previous oth-
ers, such as Merton (1969). Furthermore, the risk aversion for a power utility
function is a decreasing function of wealth, which Gerber and Pafumi (1998)
noted may be typical for some investors in their survey of utility functions
and applications. Finally, the power utility function formulation that we use
is a commonly used form; in fact, Hurd et al. (2003) re-parameterized the util-
ity function to this form when applying the option-value model to retirement
data since it permits higher levels of risk aversion and provided more stability
in estimation. The option-value of continued work model is the final method
of retirement modeling in our analysis. Compared with the first two models,
the option-value model is a relatively well developed and researched model
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that has been discussed and applied by numerous authors as noted above.
Sections 5.2 and 5.3 give a full explanation of the two new retirement deci-

sion models. Section 5.4 displays the simulated results. Section 5.5 discusses
the three retirement models in light of the features and pension benefit drivers
of a DC pension plan. We then explore the optimality of the retirement choice
models in Section 5.6. The final section is an examination of the relationship be-
tween an individual's pension and their age implied by each retirement model.

5.2 Retirement Decision Models

In this section, we outline the myopic and option-value retirement models.

5.2.1 Myopic Retirement Model

In their decision to retire, we assume the worker under the myopic retire-
ment model instinctively considers the potential value of an added year of
work, taking into account both the income they could earn from the coming
year's employment and the extra pension wealth they could accumulate. This
is weighed against the value of immediate retirement, bringing with it the lure
of leisure together with a pension funded by their DC account.

The myopic model assumes that retirement occurs when an individual ex-
pects to derive more utility from retiring than working an additional year. An
individual with an adequate level of DC pension, therefore, will retire unless
they determine with some certainty that delaying retirement would be more
beneficial, not just in pure financial terms, but also the enhanced welfare that
results from a higher income. The myopic consideration of future opportuni-
ties seems suited to the natural retirement behavior of DC plan members since
many factors that affect the coming year's pension savings, such as salary and
the risk-free rate of interest, are known with some proximity at beginning of
the year. Of course, any assurance is tainted by a risky investment strategy.
On the other hand, the financial variables affecting the DC pension income
beyond the next year are quite unpredictable. It could arise that an individ-
ual would choose immediate retirement although there is a point in the future
beyond the coming year when retirement would have achieved a higher util-
ity value. We assume, however, that this knowledge is outside a participant's
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scope owing to the uncertainty of future market performance. Consequently,
it does not affect the retirement decision.

Inour DC pension model, the individual is not committing to retire in one
year's time, they are simply using it as an informed point of comparison while
considering retirement. Instead, the individual is aware that they can reevalu-
ate their circumstances at that time.

As noted above, the myopic model places a value on the benefit of imme-
diate retirement and a projected value on the benefit of retiring in one year's
time through the use of utility functions. Previous studies, such as Coile and
Gruber (2000), have used retirement models that similarly placed a value on
the benefit of retirement at these two particular dates. They measured the
value of retirement, however, without the use of utility functions but by calcu-
lating the pension wealth at each of the two retirement dates. Their focus was
the difference between these two values, known as the 'pension accrual', and
they studied its impact on the retirement decision. Using Samwick (1998a)'s
formula, the pension accrual as a percentage of pay is equal to:

PA(t + 1) = [PW(t + 1) - PW(t)(1 + i)] /Y(t + 1), (5.1)

where PW(t) is the pension wealth associated with retirement at time t. The
PW(t) for a DB participant is generally quantified with the actuarial present
value at time t, which is the expected discounted value of the future retire-
ment benefits expected to be received after retirement at time t. At time t, the
PW(t) for a DC participant is simply the current size of their pension fund.
We will discuss the pension accrual patterns of DC and DB pension plans in
Section 5.5. Coile and Gruber (2000) referred to the expected accrual in pen-
sion wealth as an incentive inherent in pension plans to work an additional
year, and measured its significance in the retirement decision by incorporating
it as a variable in a reduced form model. Although the myopic model also
considers the pension wealth at the current time t and the projected pension
wealth at time t + I, it does so to measure the utility of the potential wage in-
come and pension benefits. In combining the utility function measure of con-
sumption with a consideration for only the coming year's opportunities, the
myopic model is loosely a hybrid between a structural model that optimizes
the retirement decision over the participant's entire lifetime consumption and
a reduced-form model that incorporates the one-year future pension accrual
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as an explanatory variable.
Further key assumptions in the myopic retirement model include:

• The worker's personal discount factor is equal to the price of a zero-
coupon bond with the same maturity date.

• A participant re-evaluates their retirement decision every year as new
information becomes available.

• In addition to the prevailing annuitization rate, the factors influencing
the decision to retire are the worker's level of wealth', desire for leisure,
age, current earnings, and risk aversion with regard to income stability.

In the myopic retirement model, we assume that the worker weighs the dis-
counted utility value of immediate retirement, at time t, against retirement at
time t + 1. Immediate retirement yields the following discounted utility value:

(5.2)

and the discounted utility value received from future income at time t if retir-
ing at time t + 1is:

Hl (A(t)) 00 (At+l(8))V (t) = c; Y(t) + S~l (3(t, s) s-tPxUr Y(t) + (3(t, t + 1) IPxL, (5.3)

where:

VR(t): discounted utility value function at time t conditional on retirement at
time R;

t: current time;

(3(t,8): personal discount factor between times t and 8 (which we assume is
equal to the risk-free discount factor P1(xdt), t, s));

A(8): consumption at time 8while working (= (l-7r)Y (8), where n represents
the contribution rate);

lStudies that support the influence of asset performance on retirement timing are numer-
ous, including Sevak (2002) and Coronado and Perozek (2001).
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AR(S): pension consumption at time s conditional on retirement at time H
(= W(R)jax+R-t(R);

Uw(a): utility function of future wage income;

Ur(a): utility function of future retirement benefit income;

L: utility value of retirement leisure (fixed parameter).

The model presumes that salary and pension income, A(s) and AR(s), are fully
consumed and are not saved. Based on a level annuity assumption, the pen-
sion purchased when exiting the workforce dictates the level of benefit income
throughout retirement, causing At(s) = At(t) for s ~ t.

The discounted utility of one year's future working income is the first term
on the right hand side of equation (5.3) and the sum of the second and third
terms is the discounted utility of future pension benefits based on retirement
thereafter. Since the pension is fixed at time t if retirement is immediate, V' (t)
from equation (5.2) is observable (that is, non-random) at time t, Conversely,
vt+l(t) from equation (5.3) is random.

The plan member is assumed to consider the utility of future consumption
relative to his current salary, Y(t). For this reason, the utilities measured from
time t are functions of At+l(S)jY(t), At(s)jY(t), and A(s)jY(t) rather than
At+l(s), At(s), and A(s). Taking Y(t) as the numeraire additionally avoids the
corrosive effect of salary inflation o~ the one-off leisure utility L. It also stresses
the importance of preserving an individual's standard of living at retirement
when contemplating immediate retirement. Finally, Section 5.3 shows that it
allows us to express the discounted utility values of immediate and delayed
retirement as functions of the current replacement-ratio, RR(t).

The notation could appear unnecessarily complex, such as the superfluous
subscripts in Uw(a) and Ur(a) since we will be assuming that they are the same
function in the coming equations (5.41and (5.5). We chose to express the my-
opic model using the option-value notation that appears in Section 5.2.2 with
the hope that its consistency with the option-value model description would
ease the understanding of both models and reinforce their similarities and dif-
ferences.

As equations (5.4) and (5.5) will show, we use the power utility function
to measure the level of utility that the individual derives from consumption
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at time s from either their pension benefit, AR(s), or their working income,
A(s). Kingston (2000) made similar use of the power utility function. In the
myopic model, the individual gains a one-off utility boost of L upon retire-
ment. Likewise, Lachance (2003) included the constant and additive utility
gained from leisure, L, to the utility an individual derives from ceasing em-
ployment. Finally, the model discounts each future utility by the probability
of realizing it and the time preference of money, the last of which we measure
using the price of a zero-coupon bond with a corresponding maturity date
(j3(t,s) = g(Xl(t),t,s).

The power utility function of consumption both during employment and
after retirement are parameterized as:

u (A(S)) = (A(s)jY(t))1
w Y(t) 1

(5.4)

and

(5.5)

where 1 - 'Y is the relative risk aversion (fixed parameter). The relative risk
parameter indicates the worker's sensitivity to fluctuations in their future flow
of income (Mitchell and Moore, 1998). We willl discuss the interpretation of
gamma further in Section 5.3.

Letting the individual's expectation about the future, based on informa-
tion at time t, be represented by Et(.), they make their retirement decision by
comparing:

(5.6)

and

(5.7)

where E~t PI(Xl(t), t, s) s-tPx ~ Pl(Xl(t), t, t + 1) IPxax+1 (t + 1). The first for-
mula, equation (5.6), is the expected discount utility value of immediate retire-
ment and the second, equation (5.7), is the expected discount utility value of
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retiring in one year's time. At time t, the individual knows At(t) = W(t)/ax(t)
and A(t) = (1 - 7r)Y(t). Consequently, equations (5.6) and (5.7) do not require
an Et(') for At(t) and A(t).

Under the myopic model, a worker will choose to retire if he does not ex-
pect to achieve a higher discounted utility value by delaying retirement an-
other year; that is, in mathematical terms, when Et (vt(t)) ~ Et (Vt+1(t)). In
Section 5.3, we make a practical modification on the theoretical myopic model
by replacing the full expectation (Et(.)) with the individual's 'best estimate'.

The Function and Estimated Value of Each Parameter

The next step is to choose parameter values for Land ,. The gain from leisure
indicates the level of value placed on a retired lifestyle; the higher the value,
the sooner a worker retires. The relative risk aversion, RRA = 1 - "I, de-
scribes the worker's sensitivity to fluctuations in the flow of their future in-
come stream (Mitchell and Moore, 1998). Elevated values of the relative risk
aversion reflect a heightened desire to have smooth consumption levels before
and after retirement. Workers with a stronger appetite for risk will retire ear-
lier, while the more risk averse members will need to accumulate additional
precautionary savings to assure a smooth consumption pattern throughout
employment and retirement.

Poterba et al. (2003) measured the utility of stochastically simulated IX
wealth at a fixed retirement date using the constant relative risk aversion util-
ity function. They tested for RRA = 0 (linear utility or risk neutral), RRA =

1 (logarithmic utility), as well as for higher levels of risk aversion, RRA =

2, 3, 4. They explained that there is not very much consensus regarding the
correct value of this parameter, despite the widespread use and simplicity of
the constant relative risk aversion utility function. Mitchell and Moore (1998)
commented that the most commonly used relative risk aversion values in the
literature containing simulation models is 0 ::; RRA ::; 2. To make a mean-
ingful comparison between the retirement models, we make the assumption
that individuals will maintain some consistency in their plans for retirement,
irrespective of the retirement model. One method to roughly satisfy this is
to maintain approximately the same simulated average retirement age for a
particular investment strategy. Like in Chapter 4, we target the retirement
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age of a investor with an efficient 60% equity portfolio, with the remainder
either invested in bonds or index-linked bonds, depending on which is more
efficient for the particular retirement model. As Chapter 4 explained, we con-
sider this portfolio make-up as sensible and typical considering the current
asset allocation trends of US DC pension plans participants. Letting L = 23
and v = -0.75 (RRA = 1.75), the average retirement age is close to that un-
der the two-thirds retirement model for the specified investment strategy and
the relative risk aversion coefficient falls well within the range of what is con-
sidered reasonable according to the two papers specified above. The average
replacement-ratio for a 60% equity investor is also roughly equal under both
models.

5.2.2 Option-value Retirement Decision Model

The option-value model, developed in Stock and Wise (1990a, 1990b), is sim-
ilar to our myopic retirement model in that, at the beginning of each year,
the individual chooses to retire or to continue working based on the utility
they expect to derive under each option. One major difference arises in the
option-value model's assumption that, in their retirement decision, a worker
intuitively compares the value of immediate retirement with the maximum
expected value of retiring at all future ages. Retirement is delayed if the latter
value exceeds the former.

This option-value retirement model, therefore, considers all future retire-
ment opportunities over the remaining lifetime of the worker. The retirement
model from Section 5.2.1, however, is myopic in its outlook on possible future
retirement dates since it limits itself to the following year (hence, the name
'myopic retirement model'). More short-sighted is the two-thirds retirement
model, which has no concern for future pension possibilities.

Stock and Wise (1990a), while explaining the option-value model in some
depth, discussed the benefits of the option-value model over the existing ap-
proaches that have been used to analyze retirement behavior. They explained
that embedded in some retirement models is the assumption that individuals
know with confidence their future finances, such as wage earnings, at the time
of calculation and the information is not updated with the emergence of actual
experience. Furthermore, they criticized the lack of 'forward looking' features
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of models that do not allow increments in future pensions to affect the decision
to retire. The option-value model overcomes these three drawbacks. In addi-
tion, not only is the option-value model convenient to estimate (Burkhauser et
al., 2003), several papers, such as in Lumsdaine et al. (1990) and Burkhauser
et al. (2003), concluded that the option-value model performs equally well, if
not better, in explaining and predicting the behavior of individuals than the
more computationally complex alternatives, such as the dynamic program-
ming model. To arrive at this conclusion, Lumsdaine et al. (1990) used the
models to test the retirement behavior of DB plan members in a private firm
while Burkhauser et al. (2003) provided this evidence by analyzing the US So-
cial Security Disability Insurance application timing decision. Their primary
measure of predictive validity was the ability of the model to accurately pre-
dict the actual behavior effect brought about by policy changes. Comparisons
were also made with simpler models, such as the reduced form hazard model
(Burkhauser et al., 2003) and several probit models with different determinants
of retirement (Lumsdaine et al., 1990), all of which were outperformed by the
option-value model. Furthermore, Samwick (1998a) showed that the calcu-
lated option-value of continued work performs better as a predictor of retire-
ment in a probit equation than simple one-year retirement accruals. Coile and
Gruber (2000) similarly concluded that workers are affected far more by the
pension incentives available over their entire lives, measured by the option-
value, than the basic coming year pension accrual, by also comparing their
effects as a variable in a probit model.

The majority of the literature using the option-value model has focused
on retirement decisions. In particular and for the most part, the option-value
model has been used to study the effects of DB pension plan provisions on the
retirement choice, whether it be specific large firm pension plans (Stock and
Wise, 1990a; Lumsdaine et al., 1990, 1992) and/ or aspects of US Social Security
(Samwick, 1998a; Harris, 2001; Coile and Gruber, 2000; Lumsdaine et al., 1994;
Stock and Wise, 1990b; Hurd et al., 2003). Although its application has been
predominantly within a DB plan framework, it has also been used to model
the behavior of DC participants. For example, to analyze the behavioral con-
sequences of potential plan changes, Stock and Wise (1990a) and Lumsdaine
et al. (1994) simulated the retirement behavior of individuals under a DC plan.
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Its application, by the primary developers of the model, to describe the re-
tirement behavior of DC participants provides validity to its relevance in our
study.

The option-value model, discussed in more detail in Stock and Wise (1990a),
is described briefly here in a manner similar to Lumsdaine et al. (1990). When
determing whether to retire at time R, the worker weighs the utility of future
income using the discounted utility value function:

R ~ s-t (A(S)) ~ s-t (AR(s))V (t) = ~ (3 s-tPxUw Y(t) + f;;R(3 s-tPxUr Y(t) ,

where L~==tl (.) = 0 if R = t and:

VR(t): discounted utility value function at time t conditional on retirement at

(5.8)

time R;

t: current time;

R: time of retirement;

(3: personal discount factor (fixed parameter);

A(s): consumption at time s while working (= (1 - 1T)Y(S);

AR(S): pension consumption at time s conditional on retirement at time R

(= W(R)/ax+R-t(R);

Uw(a): utility function of future wage income;

Ur(a): utility function of future retirement benefit income.

The first term on the right hand side of equation (5.8) is the discounted utility
of future working income, and the second term is the discounted utility of
future pension benefits after retirement.

Similar to the myopic modeling, we assume AR(s) and A(s) are fully con-
sumed and are not saved, and that they are divided by current salary, }' (t),
in order to mitigate the corrosion of salary inflation prior to retirement on the
disturbance terms, w(s) and ~(s), in equations (5.9) and (5.10) below.

The utility functions during and after retirement, Uw(a) and Ur(a), are dif-
ferent than those in the myopic model. For the option-value model, the util-
ity derived from annual income is the sum of a power utility function, with
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a multiplicative leisure component during retirement, and disturbance terms
distributed independently of income and age. Stock and Wise (1990a) param-
eterized the utility functions of future wage and retirement income at time t

as:

(A(S») (A(S»)'
Uw Y(t) = Y(t) + w(s) (5.9)

and
(5.10)

where:

k: relative value of income during retirement (fixed parameter);

,: risk aversion (fixed parameter).

Typically, to reflect enhanced utility during retirement, 0 < k < 1 if "t > 1
or 'Y < 0, and k > 1 if 0 < 'Y < 1. The disturbance terms, w(s) and ~(s),
are individual-specific random effects, such as individual preference for work
versus leisure or evolving health status. Stock and Wise (1990a) assumed the
disturbance terms follow a Markovian (first order autoregressive) process:

w(s) = pw(s - 1) + cw(s), ES-l(Cw(S» = 0, (5.11)

and

~(s) = p~(s - 1) + ce(s), ES-l(Ce(S» = o.
The option-value of postponing retirement equals:

(5.12)

• the maximum of the expected present utility values of retiring at each
future age

• mtnus

• the expected present utility value of immediate retirement.

Combining the above equations, therefore, the option-value of continued work
is defined as Et(VR" (t» - Et(Vt(t», where Et(.) continues to represent the
individual's expectation about the future given the information at time t and
R* is the retirement time c- t) that maximizes over all future retirement dates.
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We measure the option-value of continued work by calculating the following
for every future year R to determine the maximum.

(5.13)

Retirement occurs if Et (vt(t)) ~ Et (VR(t)) for all R > t, meaning that the
option-value of continued work, Et(VR-(t)) - Et(Vt(t)), is negative and there
is no utility value expected to be gained from continuing to work.

As previously discussed in the myopic retirement model explanation, the
pension income throughout retirement is a level amount determined at the
time of retirement by the annuitization rate; thus, AR(s) = AR(R) for s ~ R.
The individual is aware of the values for At(t) and A(t) at time t, which elimi-
nates the need for Et(.). In addition, the Et{.) is replaced with the individual's
'best estimate' in Section 5.3 for purposes of practicality and realism.

The model assumes that the individual knows w(s) and ~(s) only at time
s and not before. A participant forecasts future values of w(s) and ~(s) using
equations (5.11) and (5.12), which reflects the anticipated persistence of indi-
vidual circumstances over time based on the current information. The expec-
tions of E"w(s) and E"~(s) are both zero in equations (5.11) and (5.12); therefore,
letting v(s) = w(s) - ~(s), the disturbance term component of equation (5.14)
is reduced to:

R-l R-lL (3s-t s-tPxEt(v(s)) = L (3s-t s_tPxps-tv(t), (5.15)
s=t s=t

which is only dependent on the disturbance term at time t since the expected
value of v(s) is ps-tv(t) for all future years s. The further R is into the fu-
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ture, the larger the disturbance term component, given in equation (5.15), be-
comes since there are more years in the summation. In a given year, an older
employee will, therefore, have less uncertainty surrounding the value that he
places on retirement at age x+R-t relative to a younger employee who consid-
ers the same retirement age. This is reasonable seeing that greater uncertainty
should accompany longer planning horizons.

Stock and Wise (1990a) set the random terms in equations (5.11) and (5.12)
to follow a random walk with p = 1, therefore:

v(s) = v(s - 1) + c(s), c(s) is i.i.d '" N(O, a;), (5.16)

where the initial value, v(t), is LLd I"V N(O,a~)and independent of c(s), s ~ t+ 1.

In our stochastic model, we simulate v(t) with avZ(t) in the worker's year
of entry, where Z(t) denotes independent standard normal random variables
(i.i.d. '" N(O, 1». In each consecutive year of simulation following the year of
entry, we generate c(s) using agZ(s).

The Function and Estimate of Each Parameter

The parameter j3 measures an individual's rate of time preference specific to
the retirement decision. An estimate of 1 suggests that future income is given
the same weight as current income. Relative to current payments, future pay-
ments are increasingly given less weight in the retirement decision as j3 falls
below 1.

A value of 1 for 'Y implies a risk-neutral preference with respect to income.
In other words, utility is a linear function of income. A value less than 1 repre-
sents a risk averse individual who desires a stable stream of wage and pension
income over their entire future. For example: if there is a 50% probability of
receiving a payment of $5,000 and an equal probability of receiving $10,000,
then the certainty equivalent for a risk averse individual with 'Y = .5 is only
$7,285, which is below the expected value of $7,500. (This example is similar
to that shown in Stock and Wise (1990a».

If a dollar of retirement benefit income is given the same value as a dollar
of working income, then k = 1. A value above 1 indicates that the utility
associated with income while enjoying leisure in retirement is greater than
during employment.
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The retirement choice under the option-value model indirectly includes
age through the probability of survival, the wage earnings forecasts, and pen-
sion plan benefits and rules. The last point is not relevant in a IX pension
plan design since its benefit structure has no age-specific incentive effects.
Demographic characteristics such as gender, education, race, marital status,
and poor health are not variables in the model, either directly or indirectly.
Samwick (1998a) analyzed a more comprehensive data set than in previous
studies that included such demographic information. He entered these ex-
planatory variables, along with calculated option-value of continued work, in
a probit model and found that, except for age, such demographic variables
had insignificant estimates. This study suggests that their omission from the
retirement model is not critical.

The parameter estimates in the existing option-value model literature have
numerous drawbacks. Stock and Wise (1990a), as well as in subsequent work
that utilized the option-value model, such as Stock and Wise (1990b) and Lums-
daine et al. (1990), estimated the parameters of the model with a single large
firm's data rather than population-level data. Samwick (1998a) expressed his
reservations in large firm records as a source of retirement data since per-
sonal records do not include details such as whether the worker's termina-
tion was on account of retirement or simply changing employers. He did
not, however, estimate the option-value structural parameters, but assumed
fixed parameters of '"'I = 0.75, k = 1.5, and (3 = 0.97, explaining that 13 and k
could not be simultaneously assessed with precision from the population-level
data. Samwick (1998a) is one author among many summarized in Euwals et
al. (2006) who calculated the option-value (Et(VR(t» - Et(Vt(t») as a variable
in a reduced-form retirement decision model. The authors similarly fixed the
parameters at particular values, estimating them to lie between 0.75 - 1.00 for
'"'I, 1.5 - 3.1 for k, and 0.03 - 0.05 for the discount rate, 1/{3 - 1.

Studies which used more general population data include Harris (2001)
and Hurd et al. (2003), who both estimated the option-value model from
Health and Retirement Study data. A model developed from Health and Re-
tirement Study data could possibly be representative of the population, but
both studies ran into difficulties during the parameter estimation process. Hurd
et al. attempted to stabilize the results by re-parameterizing the original uti 1-
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ity function developed in Stock and Wise (1990a) to a power utility function.
Their estimates remained, however, exceptionally different than all previous
studies, such as k = 146 for women. Harris (2001) also had trouble estimating
parameters from Health and Retirement Study data, finding the values were
inconsistent with their theoretical function and with estimates from previous
studies based on firm-level data.

A final limitation of the previous studies is the discrepancy between the
intended model with auto-correlation and the model's implementation where
the auto-correlation is ignored. Stock and Wise (1990a) found much similarity
in the results of a three year model of retirement decisions with auto-correlated
v(s) and a single-year model with no auto-correlation of the v(s) to the pre-
vious year. Thereafter, numerous authors assumed independent disturbance
terms between years. Among them include Hurd et al. (2003) who, when
faced with 16,844 person-years observations of Health and Retirement Study
data on men aged 55 to 70, realized it would be troublesome to incorporate the
auto-correlation of the v(s)'s from one year to the next. Similarly, Burkhauser
et al. (2003) assumed that the disturbance terms are independent over peo-
ple and time. Many authors, such as Stock and Wise (1990b), estimated the
option-value model with a single year's data and considered only the retire-
ment probability in a single year, effectively making the correlation of the error
terms perhaps less of an issue.

We decided to use the original estimates given in Stock and Wise (1990a)
for three reasons. First, they are based on three consecutive years of data rather
than a single year. Although it would be preferable to use estimates that can
be generalized to the population, rather than firm-level values, there are no
studies that have used such data and have also assumed auto-correlated dis-
turbance terms. Furthermore, Samwick and Wise (2001)observed that the con-
sistency of the parameters estimates for different firms, gender, and groups of
employees in Lumsdaine et al. (1990, 1991, 1992) suggests an encouragingly
strong "behavioral interpretation of the model estimates". This observation
gives comfort in using the single large firm estimates from Stock and Wise
(1990a). Finally, we will examine the sensitivity of the retirement patterns to
the model's estimates in Section 5.7 where we show that our conclusions are
unaffected by the exact parameter estimates for " k, and (3 given that their
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values lie within a reasonable range.
Ifmade to follow a random walk in accordance with the true option-value

model, the individual disturbance term plays an important role. Setting p = 1,
Stock and Wise (1990a) estimated /, k, /3, av, and ae to equal 0.769,1.665,0.786,
10,800, and 8,100, respectively. When the model is applied in a IX environ-
ment with this set of parameter values, the simulated pattern of retirement
are unreasonable. The workers are generally simulated to retire before age 30
or never at all. The exceptionally young and old retirement ages are due to
the dominance of the disturbance term in equation (5.14). Owing to the auto-
correlation feature, the disturbance term tends to become largely negative or
positive, causing it to swamp the other deciding factors. High positive values
for v(t) generate older retirement ages with more lucrative replacement ratios.
Very negative values have the opposite effect. Its dominance over the retire-
ment decision overpowers the stability of the pension fund's returns and, iron-
ically, creates the most volatile retirement ages among the investment strate-
gies with the least amount of risk.

The source of the strange retirement behavior is the size of the original dis-
turbance term parameters, (lv =10,800 and a, =8,100. There are three explana-
tions behind the large estimates. First, although Stock and Wise (1990a) used
data containing individual retirement decisions for three consecutive years,
they made the simplifying assumption that the members consider retirement
for the first time at the beginning of those three years; thus, the disturbance
terms prior to that time have no bearing on the disturbance terms in the anal-
ysis. Second, Stock and Wise (1990a) assumed only members above age 50
contemplate retirement. Thus, the au and at: estimates incorporate the build-
up of auto-correlation from all earlier years for elderly members, which could
grow large in absolute terms. Finally, we realize that Stock and Wise (1990a)
based their estimates of a; and (le on actual consumption levels. In our model,
the consumption levels are divided by current salary; accordingly, a., and (le

should be divided by the average salary to the power of ,.
We choose to let au = 0 and (le = 0.015. The implication is that everyone

at age 25 has the same circumstances with regard to retirement and that the
individual random effects become more important for individuals with each
passing year. In Section 5.7, we will show that the a., and (le estimates also gen-
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erate a reasonable distribution of replacement ratios threshold at each work-
ing age (that is, the lowest replacement ratio needed to satisfy Et (vt(t)) ~
Et (V W (t) ). Also in Section 5.4, the net effect of the parameter combination
'Y = 0.769, k = 1.665, (3 = 0.786, a., = 0, and ag = 0.015 simulates aver-
age ages of retirement that are on par with the other two models, being older
by approximately a year for each investment strategy. They deliver average
replacement-ratios that cluster around 80%, which are above those of the first
two models whose average replacement-ratios are nearer to 70%. This could
easily be remedied by tweaking the parameter values, such as augmenting the
estimate for k as we will show in Section 5.4, but there is no gain to the analysis
as it does not change our general conclusions.

5.3 Practical Approximations for the Myopic and Option-
Value Models

The description of the retirement rules for the myopic and the option-value
models in Sections 5.2.1 and 5.2.2 is incomplete since the retirement decision
formulas do not indicate how the workers form expectation of future circum-
stances (Et(.). This section provides this information.

We make a practical modification to Et(.). While deciding to retire, we
reason that an individual's intuitive projection of future pension income and
earnings is unlikely to be highly sophisticated. To properly analyze the risk
in future investment returns and other economic processes, we should use a
simulation method to compute the distribution of the pension wealth, earn-
ings, and annuitization rate that could emerge from the current state of the
economy and the individual's circumstances. An accurate evaluation of the
Et(')s from equations (5.7) and (5.14) would then be computed from the ex-
pectation of these distributions. The capabilities of the average worker would
suggest a less complicated approach and we assume individuals determinis-
tically project any future cashflows. This simplified approach is also common
among previous option-value model studies. Harris (2001), Coile and Gruber
(2000), and Hurd et al. (2003) are among the authors who deterministically
projected future retirement and employment earnings using a fixed rate when
applying the option-value model. We should note, however, that, unlike these
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authors, we have introduced a stochastic asset model in our analysis, so our
use of a deterministic expectation is an approximation to the actual expecta-
tion. Let Ct(.) represent an individual's single 'best estimate' or 'anticipated
value' of the future based on information at time t. The next section expands
on the relevant formulas for each of the retirement models so that they incor-
porate the 'best estimate' assumption for the worker's future circumstances.

5.3.1 Option-value Model

We fist rewrite equation (5.14) to reflect the change to a single 'best estimate'
approach:

(5.17)

In equation (5.17), the Ct (.) notation should be interpreted as "best estimate
of" or "anticipated value of". We write the ~ symbol in any formula that Ct (.)
is an approximation for E(.). Plan members project each of the key elements
deterministically so that Ct(.) is evaluated part by part:

and
Ct(k"l x AR(R)"I) = k"lct(AR(R))"I.

If follows that the 'best estimate' approach is reduced to determining future
wages and pension benefits: Ct (A(s)) and Ct(AR(R)) for R > , at time I (note
that AR(s) and A(s) are known at time s = t).

Digressing for a moment, it is interesting that having removed any element
of future risk by adopting a 'best estimate' deterministic approach, the mean-
ing behind the risk aversion parameter", is less clear. The model treats future
cashflows as though they are known in advance by the workers with absolute
certainty, thereby blurring the function of the risk parameter to diminish the
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appeal of a risky future for a risk averse individual. Regardless of the worker's
level of risk aversion, their decision to retire is unaffected by the wide range of
possible future outcomes made possible by holding a risky investment strat-
egy. Rather than weighing the risk attached to future cashflows, the model
employs the utility functions as a means to decide between a range of deter-
ministic streams of cashflows: one stream for each retirement date (R 2: t).

The 'best estimate' consumption during each year of additional employ-
ment, Ct (A(s)), is the anticipated earnings less the rr pension contribution
(=Ct ((1 - rr)Y(s))). The salary model comprises price inflation, real wage
growth, and merit increases. We assume the anticipated inflation equals the
implied excess return of a zero-coupon bond yielding the current nominal risk-
free rate of interest (= 1/P1(Xl(t), t, s)) over a zero-coupon bond yielding the
current real risk-free rate of interest (= 1/P3(X3(t), t, s)). Using the long-term
mean rate, J15, as the anticipated real wage growth, the 'best estimate' salary at
time sis:

where the participant begins employment at time te and m( t - le) represents
the merit component of wage growth, as Chapter 2 explained.

The 'best estimate' working consumption at time sis:

Ct (A(s)) - Ct (1 - rr)Y(s))

_ (1 _ rr)Y(s) P3(X3(t), t, s) ellr,(s-t) m(s - tf·) (5.19)
P1(Xl(t),t,s) m(t - le)

The 'best estimate' future retirement consumption, Ct(AR(R)), is the antici-
pated pension purchasable at time R (= ct(W(R)/iix+R-tUl))). Since each ele-
ment of the 'best estimate' value is determined by parts, it can be written as:

(5.20)

In the numerator, the pension wealth accumulates with investment return and
contributions with every passing year. Assuming the future investment re-
turns equal that of zero-coupon bonds with a maturity date that corresponds
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to the contemplated date of retirement, we calculate the projected pension in-
come at retirement in the following manner:

and we calculate the projected annuity at retirement with:
00

e, (ax+R-t(R)) = a:~2_t(R) = L Pl(Xl(t), R, s) s-RPx+R-I'
s=R

where the superscript Xl(t) in a~~2_t(R) signifies that ax+R-t(R) is computed
using the current nominal risk-free rate of interest, Xl(t), and the resulting
yield curve. Likewise, a:;:~t~t)is the value of an annuity certain factor with the
anticipated salary scale based on information at time t. Using the economic
process X3(t), the long-term real wage growth, /l5, and the merit component,

( )
•• X3,5(t). • bv:m t - te , aR=t] IS gIVen y.

iiX3,5(t) = ~ Ct (Y(s)) P (x (t) t s) = R~l P (x (t) t s)eJ.l5(S-t)rn(s - le)
R-tl ~ Y(t) 1 1 " ~ 3 3 " m(t - te) .

(5.21)

Since At(t)jY(t) = RR(t) and A(t)jY(t) = 1 - n, equations (5.19) and (5.20)
become simplified once we incorporate our method of dividing consumption
by the current salary:

Ct (A(s))
Y(t)

(5.22)

and

Ct(~~t~R)) = (RR(t)ax(t) + 7ra~t») / Pl(Xl(t), t, R)/a~~~_t(R), (5.23)

Using the anticipated consumption projections from equations (5.22) and (5.23),
we are now in a position to express equation (5.17)as an function of the current
replacement-ratio.
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00 [(RR(t)" (t)+ "X3.r;(t)) ]"r+ " (.lS-t k'Y aX 7I"aR-t] /"Xl(t) (R)
L., fJ s-tPx p (x (t) t R) ax+R-t
s=R 1 1 "

00 R-l
- 2: {3s-t s-tPxk'Y RR(t)'Y +L (3s-t s-tPxv(t). (5.24)

s=t s=t
Retirement occurs when equation (5.24) ~ 0 for all R:

(5.25)

5.3.2 Myopic Model

Ifwe move the myopic model's equation (5.7) from full expectation to a single
'best estimate' of the future, then it becomes:

(A(t)jY(t))1' + P1(Xl(t), t, t + 1) IPx
'Y

x (Ct (At+l(t + l)1'ax+l(t + 1)) L)
'YY(t)1' +,

where the parts of Ct (.) are anticipated separately:

(5.26)

C t (A t+l (t + 1)1'ax+l (t + 1)) = C t (At+l (t + 1)rC t (ax+ 1 (t + 1)) .

Incorporating Section 5.3.1's solutions for Ct (A(s)), Ct(AR(R)), and Ct (iix+u .. t{ /I)),
we can also express equations (5.6) and (5.7) as functions of RR(t):

(5.27)

and

~ (1 - 71")1'+ P1(Xl(t), t, t + 1) IPx
'Y

x [( (RR(t)ax(t) + 71") )1' a~~(~)(t+ 1) + L]
P1(Xl(t), t, t + l)a~~~)(t + 1) 'Y

_ (1-71")1' + IPx (Pl(Xl(t),t,t+1)a~~~)(t+1))(1-"y)
'Y 'Y

x (RR(t)ax(t) + 71")1'+ P1(Xl(t), t, t + 1) IPxL, (5.28)

Retirement occurs when equation (5.27) :2: equation (5.28):

Et (Vt (t)) :2: Et (Vt+ 1(t )) (5.29)
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5.4 Simulated Results of Retirement Decision Mod-
els

Having explained in the previous sections the three stochastic simulation re-
tirement models for a worker with a DC pension plan, we now present the
simulated retirement ages, as well as the replacement ratios, that are gener-
ated by each. Por easy reference, Table 5.1lists the estimates for the retirement
model parameters. We find in this section that the option-value model pro-
duces the most volatile results, which we attribute to its disturbance term and
its utility function specification. The second discovery that we will discuss in
this section is that assuming consecutive single-year option-value models, as
has been done in the majority of option-value model literature, is similar in
overall effect to eliminating the individual disturbance term altogether.

Option Value Model Parameter 'Y k j3
Estimate 0.769 1.665 0.786 o 0.015

Myopic Model Parameter 'Y L
Estimates -0.75 23

Table 5.1: The selected parameter values for the option-value retirement model
and the myopic retirement model.

Figure 5.1 graphs the empirical CDP of the retirement age and of the replacement-
ratio for each retirement-decision model. Each 'point on the CDP curve shows
the probability that the retirement age/replacement-ratio falls below a partic-
ular level. If one curve lies more to the right than the other curve, then that par-
ticular retirement model is likely to produce higher retirement ages/ replacement-
ratios than the other retirement models. We generate the CDP for an equity
portfolio and an index-linked bond portfolio, since they are both efficient as-
sets under all the retirement models, which we show later in this section. Fig-
ure 5.1 contains the following four plots:

Plot (a): Retirement age CDP for a 100% index-linked bond investment strat-
egy;

Plot (b): Retirement age CDF for a 100% equity investment strategy;
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Plot (c): Replacement-ratio COF for a 100% index-linked bond investment
strategy;

Plot (d): Replacement-ratio COF for a 100% equity investment strategy;

The four distributions delivered by the myopic retirement model are similar
to the two-thirds model. The replacement-ratio COF is unsurprisingly nearly
vertical under the two-thirds model, with a small arch on top to capture the
individuals whose replacement-ratio surpasses the two-thirds mark by a wide
margin in a one-year period. The option-value retirement model COFs rise
less steeply from 0 to 1 relative to the other decision models, indicating less
certainty in a participant'S replacement-ratio and retirement age.

It is interesting to note that in 1% of our simulations a member under the
myopic model retires at an older age and with a lower replacement ratio than
had they followed the two-thirds retirement model. This explains why the
two-thirds retirement model performs slightly better at the top end in plot
(b) (greater probability of a younger retirement age) as well as (d) (greater
probability of a higher replacement ratio). This phenomenon occurs as a result
of the decreasing retirement age threshold that occurs at advanced ages under
the myopic model. Wewill elaborate on the replacement ratio behavior of each
retirement model, as well as this particular outcome, in Section 5.7.

We explore further the uncertainty in the retirement ages by examining
numerous portfolios of different asset combinations. Figure 5.2(a), (b), and (c)
plot the mean retirement age of 3,500 simulated lifetimes against its standard
deviation, corresponding to each of the 581 asset strategies that we detailed in
Section 3.2. Plots (a), (b), and (c) display the full opportunity sets for each of
the retirement models and plot (d) compares their efficient frontiers. Figure 5.2
can be better understood with the following remarks:

• From the perspective of a member, the indicators of success are young re-
tirement ages with low volatility. Thus, the superior portfolios are those
with points in the lower and leftward portion of the opportunity set.

• For each retirement model, there tends to be a cluster of dots for each
level of equity exposure. The 'X's mark the portfolios that are on the
efficient frontier, which are labeled TOto TlOO,MOto MlOO,and OVO to
aVI00, and Table 5.2 gives their composition.
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Figure 5.2: Simulated opportunity sets generated by 581 different asset allo-
cation strategies (small dots) under each retirement decision model: (a) two-
thirds, (b) myopic, and (c) option-value. Table 5.2lists the composition of the
efficient portfolios TOto TI00, MOto MI00, and ova to OVI00.
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Of the three retirement decision models, Figure 5.2(d) suggests that the my-
opic model yields the lowest volatility in the retirement age. The results of the
two-thirds model are very near to those of the myopic model while the results
of the option-value retirement model are the most volatile. As Section 5.2.2
stated, however, the option value model also generates the highest average re-
tirement age and replacement-ratio for each investment strategy of the three
models. The higher volatility, therefore, has the benefit of superior replace-
ment ratios but the downfall of later retirement ages. We will now investigate
whether the volatility of the option-value model would remain the largest if
the average retirement ages and replacement ratios were on par with the other
two models. We do so by adjusting the parameter value for k. The point of
leveling the results is for fairer comparison. Our aim is to match the average
retirement age and replacement ratio for a member with a 60% equity portfolio
across all three models (this is the same criteria that we applied in setting the
myopic model parameters). We satisfy this condition by letting k = 2. The ad-
justed CDFs in Figure 5.3 continue to suggest that the option-value model's re-
placement ratio has the most risk across all the investment strategies. Since the
retirement age CDFs are difficult to distinguish in Figure 5.3(b), we plot the ad-
justed efficient frontiers in Figure 5.4. Comparing the option-value'S efficient
frontier in Figure 5.2(d) to that in Figure 5.4, it appears that the retirement ages
delivered by the option-value model have become much less volatile; in fact,
for portfolios with a majority equity exposure, the risk is lower than the retire-
ment ages produced by the two-thirds model. The myopic model continues to
produce the least volatile results.

At an aggregate level, we had noted in Section 4.6 that moving the entire
population to either of these retirement models does little to improve the de-
pendency ratio volatility. We will illustrate this with the coming figure. To
test the impact on a population following the option-value retirement model,
we noted that we assume that there are five subgroups within each age group
whose members share the same individual random effects, w(s) and ~(s). For
fairer comparison, we also continue to assume that k = 2 in the option-value
model. Figure 5.5 traces the dependency ratio over 300 years for a population
that homogeneously invests 60% equities and 40% index-linked bonds. Al-
though the option-results may appear smoother in some years, they are also
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more sporadic in other years relative to the myopic and two-thirds models. In
fact, based on a simulation run of 4,500 years for this portfolio, the standard
deviation is highest for a population whose members make their retirement
decisions according to the option-value model (17.9%for the myopic model,
18.8%for the two-thirds model, and 19.1%for the option-value model).
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Min Risk % Index-linked %Cash % Index-linked %Bond % Equity
Portfolio Cash Bond
TO 0 0 70 30 0
TIO 0 0 60 30 10
T20 0 0 50 30 20
T30 0 0 40 30 30
T60 0 0 0 40 60
T70 0 0 0 30 70
T90 0 0 0 10 90
TIOO 0 0 0 0 100
MO 0 0 60 40 0
MIO 0 0 60 30 10
MIO 0 0 50 40 10
M20 0 0 40 40 20
M30 0 0 30 40 30
M40 0 0 20 40 40
M70 0 0 0 30 70
M90 0 0 0 10 90
MIOO 0 0 0 0 100
OVO 0 0 100 0 0
OVIO 0 0 90 0 10
OV20 0 0 80 0 20
OV30 0 0 60 10 30
OV40 0 0 50 10 40
OV60 0 0 30 10 60
OV70 0 0 10 20 70
OV90 0 0 0 10 90
OVlOO 0 0 0 0 100

Table 5.2: The portfolio mix for TOto TlOO,MOto MlOO,and OVO to OVIOOin
Figure 5.2.

We trace the instability in the results of the option-value model in excess
of the myopic model back to their different modeling features. The potential
sources of volatility are the option-value model's:

1. auto-correlated disturbance terms (v(s)),

2. different utility function specification (the myopic model assumes a power
utility function with additive leisure),

3. time preference is measured with (3 = 0.786 (the myopic model assumes
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a zero-coupon bond, which is typically much closer to 1), and

4. degree of looking forward when contemplating retirement (the option-
value model compares the value of immediate retirement with the value
of delaying retirement to all future dates, but the myopic model considers
solely the upcoming year).

In this order, Figure 5.6 displays the impact of additively substituting each
of the option-value model features with the myopic model assumptions. The
parameter estimates for both the option-value model and the myopic model re-
main at their original values throughout each modification. Since each change
is additive, the order of the changes do affects the results.

Modification 1: Removing the disturbance terms explains some of the dis-
parity between the two model's efficient frontiers. We noted that larger
values for (lv and (le have a stronger impact on this gap, widening it con-
siderably.
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Modification 2: Adopting the myopic model's utility function specification
reduces the average retirement ages. The low f3 combined with the high
utility of leisure L, however, creates reckless retirement behavior, such
as unreasonably young mean retirement ages and insufficient pensions
to replace wages. If this model were to be used, these parameter values
would need to be balanced accordingly.

Modification 3: Replacing f3 with a zero-coupon bond price discount factor
raises the mean ages of retirement nearly to the original levels. Com-
bining the impact of modification 2 and 3, we find that the change in
the utility function's parametarization and the personal discount factor
measurement induces a moderate change in retirement behavior.

Modification 4: With the addition of modification 4, the option-value model
is fully transformed into the myopic model. Section 5.6 examines the
nearly indistinguishable outcome between the last two versions of the
model.

We noted in Section 5.2.2 that numerous authors have assumed that the dis-
turbance terms are independent over time when applying the option-value
model to data. We find that letting the disturbance terms be independent from
one year to the next yields different retirement decisions over an individual's
lifetime than implementing the full auto-correlation property of the original
model specified in Stock and Wise (1990a). This discovery holds true, and is
actually much more severe, for higher estimates of a., and a., In our origi-
nal simulation, v(t) is i.i.d "'"'N(O,a~) for each individual at age 25, thereafter
v(t) follows a random walk. Alternatively, assuming consecutive single year
models implies that v(t) in equation (5.16) is treated as i.i.d "'"'N(O,a;) for each
individual at each age. With this simplified approach, v(t) = avZ(t) for every
year of simulation, while leaving the rest of the model unchanged, including
equation (5.15) despite its reliance on the auto-correlation property.

Figure 5.7 highlights the contrast between the outcomes of the disturbance
terms being independent from year to year or fully auto-correlated (since the
estimate for av is zero, we let a., = a, = 0.015 in this comparison to properly
test the independent versus dependent model). The difference in results is po-
tentially Significant since this simplification has been commonly practiced in
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the application of the option-value model, as Section 5.2.2 discussed. More-
over, the gap at each investment strategy grows at an alarming rate as the es-
timates for a., and a, rise. The gap between the efficient frontiers in Figure 5.7
is close in size to the gap between the original efficient frontier and that with
modification 1 in Figure 5.6. This observation remains true for all value of a.,
and a., Our results suggest that having an independent assumption is nearly
the equivalent of having no disturbance term, and that both of these produce
outcomes that are dissimilar to retirement decisions of individuals whose ran-
dom effects are auto-correlated between years.

5.5 A Discussion of the Retirement Decision Mod-
els

In this section, we explore the validity of applying a traditional DB retirement-
behavior model to a DC participant. Recent empirical studies have suggested
that the rules governing retirement behavior under a DB pension plan do not
match those under a DC pension plan. Friedberg and Webb (2000) reported
that they have found substantial changes in the retirement patterns among
workers, to which they attribute to the spread of DC type plans in the US.
They concluded that DC plan members retire nearly two years later than DB
members. Since a worker's choice to exit the workforce is likely swayed by
their promised pension benefits, we begin by comparing and contrasting the
distinct features and pension drivers within each of the two plan designs. We
conclude that the absence of sharp incentives and the less predictable ben-
efits inherent in DC plans raise concern regarding the ability of established
DB retirement-behavior models, such as the option-value model, to accurately
capture a DC participant's approach to retirement. The "forward-looking"
property of a retirement choice model could possibly not be suitable for a DC
pension design whereas it is a relevant feature in analyzing DB retirement be-
havior.

A DC pension plan is simply a fund into which the employer and/or em-
ployee make contributions. The fund accumulates with contributions and in-
vestment returns until the employee leaves the firm, at which time they could
have the choice to annuitize the funds, take the benefits as a lump sum, or roll
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the funds over into another retirement account. A DB plan's pension bene-
fit, on the other hand, is determined by a formula whose inputs are the em-
ployee's retirement age, years of membership, and salary. When a worker is
contemplating retirement, the only uncertainty he would face in projecting a
future DB pension income to any particular retirement date is the compen-
sation leading up to that time. If the benefit payment is based on the final
salary prior to retirement, then the salary replacement at any retirement date
is known in advance. Workers covered under a DC scheme face tremendous
uncertainty regarding the amount they will have at retirement. To produce an
analogous pension income replacement-ratio estimate, besides guessing their
future earnings in each of the coming years, they need to make an annuiti-
zation rate prediction and market return forecasts. Most people do not have
the resources to perform the necessary calculations, and for those who do, re-
search has shown that it is difficult to predict accurately the pension income
under a DC pension plan design. Blake et al. (2001) carried out simulations
under several asset models and showed that the replacement-ratio under a
DC plan is extremely risky relative to that under a DB plan and we came to
the same conclusions in Section 4.2. If the professionals are unable to predict
future DC pension benefits with accuracy, it seems unwise for the general pub-
lic to attempt nor does it seem likely that they would in every year that they
contempla te retirement.

In addition to having predictable benefits, the nature of the DB pension
plan design typically includes strong economic incentives regarding the tim-
ing of retirement, making it more important and probable that DB plan work-
ers do indeed take future pension opportunities into account while making re-
tirement decisions. Generally, a DB plan encourages an employee to continue
working by:

• basing the retirement benefits on the final salary prior to retirement (this
method is particularly effective if the worker's wage growth is high),

• reducing pension payments on account of retiring prior to becoming
qualified for early retirement or the plan's normal retirement age.

A DB plan can be designed to promote early retirement by lowering their nor-
mal retirement age, providing generous early retirement benefits, offering re-
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tirement windows, and limiting the permitted years of pension benefit accru-
als. Finally, a pension plan could choose to not actuarially adjust the pension
benefits of employees who work beyond the normal retirement age. Thus, a
member who considers working beyond the normal retirement age may feel
persuaded to leave the labor force on account of the missed pension payments.

To illustrate the effects of the incentives, Kotlikoff and Wise (1987) exam-
ined the pattern of the average annual pension accrual as a percentage of salary
for a number of DB pension plans. In Section 5.2.1, we represented the pension
accrual with PA(t) and we gave its formula in equation (5.1). Of the 1,183 DB
plans examined, the average weighted accrual rate pattern as a percentage of
wage:

• jumped in the first year of vesting,

• gradually grew until the early retirement age (age 55),

• leveled somewhat between ages 55 and 60, and

• gradually declined until age 65, after which the accruals became nega-
tive.

This pattern of pension accruals clearly encourages retirement between ages
55 and 60, and certainly not past age 65 when there becomes a loss in pen-
sion wealth. Using 2,508 full-time employee data from Health and Retirement
Study, Friedberg and Webb (2000) confirmed similar age-related pension ac-
cruals of more contemporary DB plans: pension accruals rise and decline be-
tween ages 53 and 62, and become negative thereafter. Overall, the DB pension
plans are severely backloaded since, as members approach early retirement,
there are

• considerable accruals in their pension wealth owing to a growing salary,

• additional years of service that enter into the pension formula, and

• a lower discount factor due to the shorter time span until receiving the
promised benefits.

Following the normal retirement age, the accruals are much lower, perhaps
negative, since
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• working members fail to benefit from the pension income,

• they may cease accumulating years of service in the pension formula,
and

• the salaries of senior employees tend to become stagnate.

The economic incentives are indeed not limited to the private sphere. Gru-
ber and Wise (2002), in a comparison across 12 countries with very different so-
cial security programs, cultural historiesand labor market institutions, showed
the large effect of social security incentives onretirement decisions. Based on
analyses from each country, they studied the relationship between social secu-
rity provisions and labor force participation. They found that there is a similar
and significant reaction among employees in all countries to social security
retirement incentives.

The pension accrual pattern of DB plans provides a strong enticement to
delay retirement until their peak. A DB employee would feel naturally mo-
tivated to compare the current pension available to them with distant future
possibilities on account of their ability to determine the values with ease and
the economic payoff to do so. Accordingly, the option-value model has been
repeatedly recognized as a superior method to measure the impact of these
incentives on the retirement choice (Coile and Gruber, 2000).

On the other hand, a DC plan does not provide any economic incentive to
retire or not retire since the DC accruals are smooth. For example, the pension
accrual rate pattern, whose formula is given by PA(t) from equation (5.1), is
age-neutral under a DC pension plan design (assuming that the annual contri-
bution rate is a level percentage of earnings). DC plan members are unlikely to
feel inclined to habitually make difficult future pension predictions owing to
the lack of sharp economic incentives. Consequently, a DC retirement model
should not necessarily account for the accrual path of all future years since DC
accruals lack distinct incentives and they are difficult to predict.

Interestingly, Coile and Gruber (2000) concluded that the one-year incre-
ment in retirement wealth from an additional year of work does not influence
the retirement decision as much as the entire future stream of retirement ben-
efits. Although this could be true with regards to the DB pension plan benefits
that were under investigation, it could possibly not be true in the context of a
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IX plan design. Overall, it seems that to appropriately model the details of
a IX participant's retirement decision making process, there would be more
emphasis on the worker's current financial situation rather than implying that
individuals are capable of or willing to make economic forecasts. The two-
thirds retirement model states the extreme of this view by having the worker
retire as soon as they feel satisfied with the level of their accumulated wealth.
The two-thirds retirement model gives no weight to future payments relative
to current payments in the determination of retirement. If we ignore the ran-
dom components, the option-value model states that the ratio of the utility of
retirement to the utility of employment is (kAR(s)/A(s))" at any given age s
(Stock and Wise, 1990a). Thus, if the worker had no regard for the future and
only considered utility in the current year, then their choice to exit the work-
force would be based only on the ratio of the pension purchasable to the wage
income; retirement would occur, therefore, if this ratio is sufficiently large. This
is identical to the two-thirds model except the target replacement-ratio would
be 1/k as opposed to two-thirds.

While the two-thirds retirement model stipulates that a IX member, in de-
ciding to retire, would attach no weight to future income owing to the riskiness
inherent in the IX pension purchasable and the lack of incentives to do so, we
prefer the myopic retirement model in theory since it takes into consideration
some future possibilities, but limits this outlook to the coming year when the
economic variables are relatively certain.

5.6 Optimal and less complex

Not only is it conceptually compelling that the retirement-behavior modeling
of a IX worker would only look one year ahead, it is also optimal over the
worker's lifetime if they predict the future using average risk-free nominal and
real rates of return. This beneficial feature places the myopic model among
the structural models of retirement timing, such as the original option-value
model, which optimize over the entire lifetime consumption of the worker.

To illustrate the optimal property of the myopic model, we return to Fig-
ure 5.6 and re-use the modifications made in that figure. For ease of under-
standing, consider the following three retirement models that are hybrids be-
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tween the option-value and the myopic model:

Model 123: Modified myopic model where the worker compares the value of
immediate retirement with the maximum expected value of retiring at all
future ages, rather than just the following year;

Model 124: Modified myopic model where the worker's time preference be-
tween time t and s is /3s-t rather than P1(Xl (t), t, s);

Model14: Modified option-value model where there is no disturbance term
and the worker compares the value of immediate retirement with the
expected value of retiring in only the following year;

Each hybrid is the product of the option-value model with the addition of the
modifications whose numbers are in the model's title. Recall that the option-
value model with modifications 1, 2, 3, and 4 is fully transformed into the
myopic model.

The final modification in Figure 5.6 affects the results minimally, as is il-
lustrated by the proximity of the dotted and solid lines. The myopic model,
when applied to a DC pension plan according to our assumptions, generates
virtually the same retirement decisions regardless of whether the worker con-
siders all future retirement opportunities (Model 123) or solely those in the
coming year (myopic model). Looking closely, however, a few of the dots are
slightly shifted off the line. The few exceptions occur in simulations where the
interest rates are irregular. For example, if the risk-free nominal rate of interest
plunges, then the rate of time preferences will follow suit, causing the worker
to ascribe abnormally large discount factors to future income and pension ben-
efits. Under Model 123, the discounted utility value that a worker attributes to
retirement at time R is:

~ RR(t)'Y ax(t) + L,
'Y

if R = t, (5.30)

and
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[
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I Xl "

if R > t, (5.31)

where ~~t PI(XI(t), t, s) s-tPx ~ PI(XI(t), t, R) R_tPxa~~(2-t(R). Retirement
occurs if Et (vt(t)) ~ Et (VR(t)), for all R > t. Equations (5.30) and (5.31)
are adaptations of equations (5.27) and (5.28), with a generalization from the
one-year forward evaluation to any future time R.

We now show that the myopic model, in its simplicity, is always optimal if
the worker projects future economic variables based on their long-term means.
Figure 5.8 tracks the anticipated discounted utility for a 40 year-old whose re-
tirement decision-making follows the myopic model in all respects except that
they weigh the utility value of retirement in all future years as opposed to only
the subsequent year; thus, the 40-year-old follows Model 123. In calculating
the discounted utility values, we set the nominal and real risk-free interest
rates equal to the long-term means (Xl (t) = fJ,1 and X3 (t) = J-l3). The x-axis is
the possible ages of retirement, X +R - t, and the y-axis is the discounted utility
value that the individual anticipates to derive from retirement at each future
age, Ct(VR(t)).

Figure 5.8 displays three scenarios in which the worker is capable of pur-
chasing a distinct immediate pension income with their DC funds, which can
replace 60% (solid line), 75% (dashed line), or 90% (dotted line) of their cur-
rent earnings. The three curves are unimodal, indicating that the myopic rule
is optimal. If the utility associated with retirement at age 40 is higher than that
associated with retirement at age 41, then unimodality implies that retirement
at age 40 is optimal. Alternatively, if the utility associated with retirement at
age 41 is higher than immediate retirement, then it is optimal to defer retire-
ment (i.e. the maximum is later).

A second approach to retirement-behavior modeling is to assume that the
time preference under the myopic model is also equal to {3 (Model 124). Such
a transformation could be justified since, as pointed out by Euwals et al. (2006),
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empirical evidence presented in both Samwick (1998b) and Gustman and Stein-
meier (2005) showed that the majority of individuals have a time preference
rate above pension fund discount rates (» 11'1). Returning to Figure 5.6 and
skipping modification 3, the final model is Model 124. In Figure 5.9, the simu-
lated retirement decisions under Model 124 and Model 12 are identical, mak-
ing Model124 optimal in all of our simulations.

If the myopic model became optimal in all simulated scenarios owing to
the personal discount rate of i3, it could happen that a myopic option-value
model without personal disturbances (ModeI14) would also be optimal. The
simulated results, however, of the option-value model with only modification
1 are not identical to those of the option-value model with modifications 1 and
4.

The importance of this section is to note that the myopic model, in the con-
text of a DC pension plan, is optimal over the worker's future lifetime if they
assume average interest rate assumptions when calculating the discounted
utility value of immediate and delayed retirement. A secondary observation
is that, under the vast majority of the simulations, Model 123 and Model 14
are also optimal over the worker's career. Moreover, the optimal performance
of the second version of the myopic model (Model 124) is more robust in all
of the simulated scenarios since, compared with the myopic model, it is less
affected by irregular nominal risk-free rates of interest.

5.7 Replacement-ratio behavior under each decision
model

The strict two-thirds target ignores the possibility that participants would have
different income replacement expectations depending on their changing cir-
cumstances. Although individuals expect a higher replacement-ratio if they
work and save longer, we believe an individual's minimum replacement-ratio
for retirement should decline with age. The following three arguments explain
our rationale. First, as time wears on and the constraints of aging begin to set
in, such as declining health, an elderly individual would settle for a lower
replacement-ratio owing to their inability to continue working. Or, aging in-
dividuals would increasingly build-up their personal savings to compensate
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for any shortfall in their DC pension (that is, save more towards retirement
than nY(t), particularly if their investments have witnessed bad market per-
formance. Finally, it seems likely that as people grow older, their expenses
could also decrease since children move from home, the mortgage becomes
paid-off, senior discounts could exist on goods and services, and traveling as
well as other high cost leisure activities would be less feasible owing to the
frailty that accompanies old age. Then again, medical expenses that are not
covered by the state could rise with the deterioration of health, suggesting the
opposite effect. On the whole, such age-related expenses should progressively
alleviate the pressure of a high income replacement as workers age, thus al-
lowing older individuals to accept lower replacement-ratios to maintain their
standard of living.

The first argument is proven by the realistic existence of age-related limita-
tions on employment and its influence on the retirement decision. We can find
support for the last two arguments in previous literature. The notion that peo-
ple compensate their deficient pension with personal savings was shown in
the DECO study (Disney, d'Ercole, and Scherer, 1998) that assessed adequacy
of retirement provision across nine DECO countries. Taking into account all
sources of retirement income, they found a surprising level of uniformity be-
tween the levels of replacement-ratios across the countries, despite the large
differences in the composition of the retirement income packages. They sug-
gested that individuals target a desired replacement-ratio by adjusting to in-
stitutional and market constraints through such means as individual savings.
In addition, while developing a retirement needs model, McGill et al. (1996)
listed and quantified with data many of the age-related expenses. Although
the goal of their study was to measure the financial needs after retirement rel-
ative to before, these particular variables are relevant to our discussion since
they are age-related and are not attributable necessarily to employment status.

Under the myopic model, there is an inverse relationship between an indi-
vidual's minimum replacement-ratio and their age. The nature of the leisure
parameter L plays an important role in this relationship, which we will dis-
cuss at the end of this section. Figure 5.10(a) displays the anticipated discount
utility value of retirement (solid line) and of working (dashed line), as stated
by equations (5.27) and (5.28), for a range of replacement-ratios at four ages.
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Figure 5.l0(b) provides a larger view of the curves for a 70-year-old. We set
the nominal risk-free rate, Xl(t), to equal its long-term mean rate, 111, for fund
projection purposes and calculating the fair annuity value. Retirement occurs
at the crossover point between the dashed line and the solid line, signifying
that the anticipated utility value of departing the workforce exceeds the value
of continuing to work another year. For example, at age 70, if the replace-
ment ratio is less than 57.75% (the 'X' in Figures 5.10 and 5.11), we can see
by comparing the solid and dashed lines that deferring retirement is optimal.
Above the crossover point, 57.75%, the reverse is true. The replacement-ratio
associated with the intersection point for each age decreases as a participant
becomes older; thus, insinuating that the replacement-ratio required to trig-
ger retirement under the myopic retirement model declines with age. This is
confirmed by Figure 5.11, which graphs the threshold replacement-ratio that
satisfies equation (5.29) at each age based on a fixed risk-free nominal rate as-
sumption (Xl (t) = 111)' This provides an impression of the salary replacement
necessary to induce retirement under such economic circumstances. The re-
sults of the myopic retirement model, marked by a dashed line, imply that as
a participant ages and the need to retire grows, they would lower their expec-
tations of a suitable pension, their expenses would lower, or they would in-
crease personal savings to compensate for the shortcomings in the DC pension
income. The pension income needed to lure a young employee into retirement
is over 75% of their current earnings. The desired replacement-ratio decreases
moderately until the socially normative retirement ages begin at age 55 when
the ratio begins a steeper descent. Elderly ages brings about a plummeting
of the ratio. By age 80, a worker is satisfied with a 40% wage replacement in
exchange for retirement, and 20% suffices once they exceed age 90. Even with
varying values for 'Y and L, the figures later in this section illustrate that in no
circumstance does the myopic model retire a worker who does not have suffi-
cient accumulated funds to replace 20% of their current salary, irrespective of
their age.

On the contrary, the option-value model produces replacement-ratios that
rise with age over the range 33 to 78, falling thereafter. Figure 5.11 plots a dot-
ted line for the threshold replacement-ratios when the option-value of contin-
ued work first equals zero, causing retirement (equation (5.24) = 0) at each age.
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Figure 5.12: The threshold replacement-ratios at each age, under the myopic
retirement decision model, letting (a) 'Y = -1.25 (dotted), -0.75 (solid), and -0.25
(dashed) and (b) L = 13 (dotted), 23 (solid), and 33 (dashed).
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We follow the same assumptions concerning the economic processes whereby
removing any random components in XI(t) and X3(t) so that they remain at
their long-term means (Xl (t) = J-ll and X3 (t) = J-l3)' In addition, we also remove
the discounted utilities' disturbance terms by letting ~(t) = w(t) = O. Note
that the mortality rates plateau slightly at age 83, causing a slight jump in the
replacement ratios under both the option-value and the myopic models.

Returning to Figure 5.1, we had noted earlier that there are infrequent ex-
amples where a member following the myopic model retires later and with a
lower replacement ratio than had they followed the two-thirds retirement rule.
This result was quite rare and occurred in simulations where the member was
around the ages of 50-55 and their replacement ratio exceeded two-thirds (gen-
erally by a small amount). For example, the two thirds model would retire a 50
year-old with a replacement ratio of 70% while the myopic model would not.
If the member's investments then performed badly in the following years, the
same member could possibly retire at a later age with a lower replacement ra-
tio under the myopic model on account of the decreasing replacement ratio
threshold.

We explore the parameter values' influence on the relationship between
the replacement-ratio and age in Figures 5.12 (myopic model) and 5.13 (option
value model). To help facilitate comparison, all the plots are on the same scale.
The results are unsurprising. We noted in the beginning of Section 5.2.1 that
members with higher levels of risk aversion desire additional accumulated
savings to ensure a smooth consumption pattern. Decreasing 'Y and, conse-
quently, increasing the risk aversion has, therefore, the predictable effect of
increasing the required replacement-ratio and postponing retirement until an
adequate safety-net of savings is accumulated to satisfy this higher level of
risk aversion. Similarly, less averse individuals bearing a higher v will drop
their desired replacement-ratios and consequently retire earlier. Increasing the
leisure parameter for both retirement models accelerates the retirement age by
lowering the required replacement-ratio, and vice versa, as shown in plot (b)
of both figures. Reducing f3 diminishes the importance of future income on
the retirement decision, affecting the retirement pattern by pushing down the
required replacement-ratio. Increasing f3 produces the opposite effect. Finally,
we also examine the random component by testing the impact of a shift of one
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standard deviation in each year, both positive and negative:

v(t) (-1,0,1) x JVar(v(t))

(-1,0, 1) x Ja~+ (t - te) a;

where t - te is the time since entry into the pension plan (t - t; = 0 at age 25).
In Figure 5.13(d}, the effect of including the disturbance term evenly tilts the
curve up or down but does not affect the shape. Taken as a whole, it appears
that the retirement rule model itself is the primary dictator of the shape of the
relationship between age and replacement-ratio while the parameter values,
within reason, bare little consequence. Figure 5.13(d} also illustrates the range
of replacement ratios created by the option-value's disturbance term estimates.
Within one standard deviation, the disturbance terms alone add an additional
9% in both directions at age 60, and 11% at age 80. Had we increased the a;
estimate to 0.05, the range would increase to 30% in both directions at age 60
and 37.5% at age 80, which we believe is excessive.

This brings us to a final nice feature of the myopic model. Returning to
Figures 5.12 and 5.13, a change in the leisure parameter value in the option-
value model has a uniform effect on the threshold at every age; the response
of the myopic model results, however, is less uniform. As an individual ages,
it is natural to assume that they would place more emphasis on leisure and
less on the possibility of increasing consumption by delaying retirement. This
behavior is captured in the myopic model through the use of a fixed leisure
component. As the expected number of future consumption years declines,
less years contribute to the summation in equations (5.2) and (5.3). The leisure
value becomes relatively more important with age as less weight is placed on
the future income in the retirement decision. The fixed leisure component,
therefore, explains the decline in the threshold. Secondly, adjusting L also
influences the rate of change in the importance of leisure. For example, elevat-
ing L not only reduces the overall replacement ratio thresholds, it levels the
decline as well. Decreasing L has the opposite effect.
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Chapter 6

The Impact of Macroeconomic
Feedback

6.1 Chapter Introduction

With the growth of DC pension plans around the world, market rates of return
should increasingly playa large role in the retirement patterns of individuals.
Owing to this, our findings have suggested that the financial market's per-
formance could potentially influence the labour force structure of countries
that adopt DC features in their public and private pension systems. Numer-
ous studies have been built, however, on the theory that financial markets are
affected by a country's demographics, making the reverse also possible. A va-
riety of existing theoretical economic models claim that IIdemographics mat-
ter" (Poterba, 2004); that is, the demographic structure of a population could
affect financial markets. The benefit of this chapter is that we model, for a
population-wide DC pension system, the dynamic interaction among the re-
tirement patterns of the population, aggregate demand for assets, and finan-
cial market returns, as well as between the aggregate supply of workers and
general wage growth. We refer to this as 'modeling feedback'.

The objective of this chapter is to incorporate a simple macroeconomic
feedback feature into the stochastic simulation model from Chapter 4 and in-
vestigate the effects. If the population's retirement patterns do indeed impact
the financial rates of return and wages, the feedback could potentially dampen
the swings in the dependency ratio.

There has been a growing interest in the relationship between changing

171



demographics and the impact on financial market returns. The focus of the
majority of the literature has been the response of the financial market to the
baby-boom; more precisely, has explored how changing age cohort sizes affect
asset demand and the associated impact on the financial returns. Such studies
are motivated by the demographic transition occurring in the US and in many
other developed countries.

Unlike these previous studies, we assume a stationary and stable popula-
tion model in order to clarify the implications of a pure DC pension system on
the demographics of a population. Rather than the age structure, it is the level
of labour force participation in our population that varies and affects the fi-
nancial asset demand, which could then affect the equilibrium of the financial
market. Although the age structure remains constant in our model, the previ-
ous age structure studies have provided several insights that have contributed
to our feedback model and our general analysis. In the coming section, we
provide a brief review of the findings that have helped us in our analysis.

We divide this chapter into four parts. Section 6.2 discusses the previous
literature on the relationship among financial market returns, demographics,
and asset demand in the context of our analysis. Section 6.3 outlines some
of the additions and changes made to the original economic model given in
Chapter 2. The section that follows describes the feedback model. Finally, we
discuss the results of the simulated feedback model in Section 6.5.

6.2 Previous Literature on the Aggregate Impact of
Asset Demand on Financial Markets

This section discusses previous literature whose aim was to examine the poten-
tial impact of demographic shocks on the equilibrium asset returns. Although
the studies are not completely applicable to our analysis, they provide insight
into:

• the theoretical effect on financial market returns,

• other retirement-related feedback that could dampen the financial mar-
ket impact, and

• the potential influence on the types of assets in demand.
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Our analysis is shaped by these findings, as we elaborate on at the end of this
section.

Numerous studies have examined the relationship among demographic
variables, the demand for assets, and financial market returns. A summary of
both empirical and model-based attempts can be found in Poterba et al. (2005).
This research is similar to our objectives since it investigates the possible reper-
cussions in the financial market returns caused by shocks in the aggregate asset
demand, which is measured by the proportion of the population in their asset
accumulation years and those in their draw-down years. Our model attributes
an individual's savings profile to their retirement status, whereas the previous
studies mostly link it to his/her age. For example, ages 40-60 are prime saving
years, while any individual above this age is considered 'retired' and is ex-
pected to reduce their asset holdings. This age pattern of asset ownership fol-
lows what is called a 'life-cycle' behavior. During the baby boom generation's
transition from one age class to another, it is suggested that there would be
significant changes in their demand for assets, with corresponding effects on
market returns. These baby-boom studies have included population age struc-
ture simulations that resemble the demographic transition in the United States
during the last four decades. An example of this type is Brooks (2002) who
simulated the asset-market response to recent changes in the US population
structure. There also exist a number of empirical studies on the demographic
shocks that have occurred in one or several countries. Ang and Maddaloni
(2003) carried out such a study and examined US time series data, along with
14 other developed countries, to explore the potential impact of demographic
changes on asset returns.

There are helpful portions of these studies, and parts not applicable. First,
we are unable to make use of the feedback models developed in previous stud-
ies since they generally measure the financial market's response to a changing
age structure. In our stable and stationary population model, we assume a
member's ability to save is linked to their employment status and not their
age. Having a flexible retirement age model, the instability between age and
retirement status for a member in a DC plan is the cornerstone of our study.
Secondly, although the choice to continue participating in the labour market
is certainly age-related, the age and labour force participation structures of a
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population could potentially not have the same influence on returns in the
economy. Had the previous studies investigated the effects of the working
and retired portions of the population rather than the age demographics, the
findings could have been different since:

• Age and employment status do not necessarily move in parallel in prac-
tice, which is the assumption in studies such as Ang and Maddaloni
(2003)where age classes above 60 are classified as retired. In fact, the par-
ticipation rates for 55 to 64-year-olds in the labour force vary widely at
present across GI0 countries, from the high twenties (percent) to the low
seventies, according to a report prepared at the request of the Deputies of
the Group of Ten by an experts group chaired by Ignazio Visco (DEeD,
2005).

• As explained by Poterba et al. (2005), there would be some degree of
foresight regarding demographic age structure shifts. If associated sharp
changes in asset prices could be anticipated, traders could profit by going
long or short in advance depending on the direction of the shift. Since
demographic shocks in the age-structure of wealth-holdings occur grad-
ually and with long lead times, it is doubtful that there would be a sharp
change in asset price over a short period of time. In our model, how-
ever, the retirement patterns are quite unpredictable, making it difficult
for traders to have foresight regarding the shifts in the financial asset
demand linked to the changing size of the labour force and their wealth-
holdings. This difference leads to the possibility that sharp changes in
asset prices could occur in our economic system.

Despite the differences, this previous literature provides crucial insights
into the relationship among retirement patterns and the financial market. The
widespread theoretical effect would suggest a rise in asset prices as more mem-
bers of the population save for retirement and, conversely, the retirement of a
significant share of the population would put a downward pressure on asset
prices (Poterba, 2004). Nevertheless, studies have also pointed to other sources
of feedback that could potentially alleviate this impact by moving the supply
of assets in the same direction as demand without necessarily affecting their
pricing. These include:
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• a flexible supply of capital, which means that the price of capital goods
would affect the growth of capital stock (Poterba, 2004),

• international capital flows, which allows for a more elastic supply of cap-
ital (Poterba, 2004), and

• the correlation between domestic investment opportunities and labour
force growth.

The last point, explained by Bosworth et al. (2004), suggests that, as more in-
dividuals retire and draw down their retirement savings, the declining rate of
labour force growth would reduce domestic investment opportunities because
employers would have less need to provide new equipment and facilities for
additional workers. The rates of domestic investments, therefore, associated
with the slower growth in the labour, move to partly mirror the decline in
national savings.

A second point raised in this body of research is the change in the types of
financial assets that individuals would demand owing to new retirement pat-
terns (Poterba, 2004). That is, a large working portion of the population could
place an emphasis on equity assets, and then, upon their retirement, shift to
a demand for financial assets that preserve wealth, such as bonds and annu-
ity contracts. If individuals adjust their investment strategies, however, on
account of their age rather than their retirement status, then asset ownership
preferences among age groups is the leading cause behind the demand for
the various financial assets and the associated effects on the financial market
returns. Thus, this particular concern would be less of an issue in our econ-
omy model since we are assuming a stationary and stable population model
where annuitization at retirement is not obligatory. If an individual's invest-
ment strategy is motivated by their retirement status, however, then our study
should take this possible repercussion into consideration.

The remarks above help to shape our analysis. The widespread theoretical
effect is the basis of our feedback model that we outline in Section 6.4. In
Section 6.5, the potential sources of feedback that could help to maintain the
asset equilibrium prompts an examination of multiple feedback scenarios:

• fixed supply of capital, and
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• two levels of flexibility in the supply.

Testing various levels of feedback is further justified by the uncertainty and in-
consistency of the conclusions drawn from previous studies. Poterba (2004) ex-
plained that the suggested relationship between the population'S demograph-
ics and asset returns has been mixed among previous empirical studies and
varies among the mathematical models that have been developed.

Furthermore, the possibility that individuals would choose to revise their
portfolios at retirement by adopting a less risky investment strategy leads us to
consider two further scenarios. In the first case, we will assume that all mem-
bers move their accumulated pension funds to a less risky asset at retirement.
The second scenario will assume that the member's investment proportions
remain fixed throughout their lifetime.

6.3 Model and Assumptions

Tomodel the macroeconomic feedback in a society populated by DC plan par-
ticipants, we build on the stochastic simulation model developed in Chapters 2
and 3. We continue to refer to this initial model, which is without the feedback
feature, as the 'original' model.

In our original model, the workers invest across five assets. To simplify the
illustration of the feedback, we assume that workers allocate their wealth be-
tween a risky and a low-risk asset. We chose equities and index-linked bonds
as the available assets for investment. Lachance (2003) showed equity to be
an extremely beneficial pension investment for a worker with a flexible retire-
ment age and we came to the same conclusion in Chapter 4. In that chapter,
we also found that a homogeneous index-linked bond investment strategy for
a population of DC members generates the least risk in the dependency ratio
(ratio of workers to retirees). Furthermore, index-linked bonds not only pre-
serve wealth owing to the low volatility of their returns, but they also help to
maintain the retired member's standard of living since the coupon and prin-
cipal payments are adjusted to compensate for changes in inflation. In other
words, it preserves wealth in real terms. We test each of the two assets at 10%
increments, creating a total of eleven portfolios available for investment.

As we outlined at the end of section 6.2, we test two asset-allocation strate-
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gies among the participants. In the first scenario, the funds are moved to the
less risky asset at retirement, whereas the second scenario assumes a static
investment strategy. As Chapter 4 explained, a member with a static invest-
ment strategy maintains constant proportions of each asset in their portfolio
throughout their lifetime, thus rebalancing the portfolio at the end of each
year. This is important to note since the movement of assets from rebalanc-
ing is a source of asset demand in the feedback model. While the funds are
invested, we assume the members reinvest continuously the payments.

6.3.1 Retirement Decision Model

We assume the population's retirement decision-making follows the myopic
retirement model. The model's formulas, parameter estimation procedure and
other critical details were given in Chapter 5.

6.3.2 Population Age Group Wealth

In this chapter, we begin to make use of the subscript x to mark the particu-
lar age group that we are referring to. Let Wx(t) be the accumulated pension
wealth of an individual aged x and, accordingly, in age group x. From year
to year, the members move from one age group to the next. The proportional
total fund of all 81 age groups at time t is then:

x=xu
L Wx(t) x-xePXc'

X=Xe

which we use to compare the aggregate invested wealth between years.

6.3.3 Decumulation of Assets

We require an assumption regarding pension wealth decumulation after re-
tirement to track the member's asset demand after exiting the workforce. It is
common for DC style accounts in the state pension system to have maximum
and minimum annual withdrawals to prevent pensioners from running out
of funds or evading taxes. One method of calculating the maximum in each
retirement year is to divide the total wealth by a level life annuity based on
the pensioner's current age. If a pensioner were to withdraw according to the
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maximum, however, the pension in each consecutive year would decrease by
inflation and mortality in addition to any gains or losses on the fund rate of
return. To help compensate for the otherwise large decrements in the pension
income, we assume the pensioners withdraw an amount equal to having pur-
chased an annuity with inflation protection (a;3(t)(t) given in equation (2.34)).
With this assumption, the next formula describes the wealth decumulation in
each year of retirement:

where i(t) is the investment return earned on the fund between times t -1 and
t.

There has been a near absence of voluntary annuitization in the US (Brown
and Warshawsky, 2001; Davidoff et al., 2005), justifying why we do not make
this assumption here. For those who do not annuitize, Poterba et al. (2005) re-
ported that there has been little empirical analysis on the timing or frequency
of pension account balance draw-downs. Similar to our study, Poterba et al.
(2005) aimed to understand the impact of future demographic trends on the
demand for assets. To do so, they also made a withdrawal assumption to
project the future pension funds in 401(k) DC pension accounts of US citizens.
Admitting it to be a crude withdrawal scheme, they assumed that the annual
withdrawal is 2 percent of the member's account balance between ages 65 and
71.5, then becoming (l/Remaining Life Expectancy) times the 401(k) balance
at older ages. This withdrawal scheme takes into account both the size of the
remaining fund and the expected life span of the participants. On top of these
two considerations, our model also incorporates current economic conditions
through the use of the prevailing real interest rate. This stochastic component
both integrates the pension withdrawal level with the rest of the asset model,
as well as adds variety in the pension withdrawal rate from year to year among
the age groups. Finally, the pension income of our decumulation model is ex-
pected to decline somewhat in real terms as the individual ages owing to the
mortality decrement, which could be a reasonable assumption since financial
needs are thought to decline with age. Several examples of such expenses were
provided in the retirement needs model of McGill et al. (1996) and Section 5.7.
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6.3.4 Withdrawals from Death

To model the possible link among the retirement patterns, associated asset de-
mand, and financial market returns, we must account for all the assets at all
times so that they are factored into the change in demand. We require an as-
sumption, therefore, for the whereabouts of the assets belonging to the de-
ceased. We assume that the deceased have a bequest motive and, for simplic-
ity, the assets are distributed evenly across their respective age groups, who
then add their inheritance to their pension savings. To allow for this, each
member's savings are increased by 1/ 1Px between ages x and x + 1. This is
equivalent to the concept of survivor credits proposed by Cairns et al. (2003)1.

6.4 Feedback Model

We now introduce a basic model as a starting point to understanding the re-
tirement patterns' circular relationship with asset prices and wage growth. In
Section 6.4.1, we introduce some further notation that is necessary to describe
the feedback model, and we show how it incorporates into the original model.
We proceed to explain the details of the feedback model in Section 6.4.2. Sec-
tion 6.4.3 gives the feedback model's parameter estimates.

6.4.1 Introduction and Notation

The purpose of this section is to present clearly the timing of the feedback
system within the evolving levels of wages, financial asset prices, and wealth.
We accomplish this by incorporating further notation into the original model.
We will begin by presenting the wage formulas, then move to the asset price
dynamics, and finish with the wealth accumulation equations.

To express the methodology of the feedback model, we require two new
instants in time to accompany t:

C-: instant in time immediately prior to the exiting of the newly retired par-
ticipants from the workforce.

IThe extent to which actual survivorship differs from IPx means that there is some leakage
of assets in the real world. In a large population, however, this leakage is small in comparison
to the general movement of money. Irrespective, there is no leakage in our simulations since
we assume a fixed mortality table for the population members.
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t: instant in time:

• after the salaries have been adjusted on account of the change in
labour force participation and

• immediately prior to the change in asset demand.

t: instant in time after contributions and pension payments have been made
and the value of assets have been adjusted on account of excess demand.

We continue to make use of the economic processes, Xl(t), ... , X5(t), given in
Chapter 2 to describe the dynamics of the feedback model. We also let 8(t)
represent the value at time t of an investment of 8(0) in equities at time o.
Similarly, H(t) represents the value at t of an investment of H(O) at time 0
in perpetual index-linked bonds with reinvestment of coupon payments. The
proportion of wealth invested in the risky asset, S(t), is represented by a, leav-
ing a proportion (1 - a) allocated to the low risk asset, H (t).

The Original Wage Dynamics

We first describe the wage growth of the original model in relation to the three
dates t=,r,and t. In the absence of feedback, Section 2.3 explained that the
wage growth is made-up of general wage inflation and merit increases. Gen-
eral wage inflation comprises two parts: price inflation and real wage growth.
Using subscript x to mark the particular age group that we are referring to,
the salary of a participant in age group x before any retirements is defined as
Yx(r-). The next formula describes the change in salary from times t - 1 to
t:::

where merit growth, represented by m(t - te), is a function of the worker's
length of employment since entry at age Xe·

Retirements are assumed to occur between times r: and t: . Without the
feedback model, Yx(t-) = Yx(t--). With the feedback model, as will be given
in Section 6.4.2, salaries are adjusted to reflect the change in the size of the
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labour force between times C- and C (that is, X5(t) - X5(t-) = X4(t) - X4(t-) =
0). If we assume that CPI growth is not affected by the feedback (X4 (c) -
X4(t--) = 0), then X5(C) - X5(t--) represents the wage adjustment due to
retirement feedback. Section 6.4.2 will explain our method of measuring the
feedback caused by the fluctuating size of the labour force.

The Original Dynamics of Equity and Index-Linked Bonds

We next describe the dynamics of the financial asset prices, as they occurred in
the original model, but using the three new dates t=, C, and t. The value of
equities, S(t), changes according to the formula:

(6.2)

In addition, the total return on index-linked bonds, H(t), is given by:

We assume that any fund account activity occurs between times t: and t, such
as pension benefit payouts, investment contributions, and asset reallocations.
We model the financial market feedback so that the excess demand for each
asset influences its price between times t: and t.

Assuming the asset prices respond to feedback only between times t: and
t (that is, X2(t-) = X2(t--), X3(t-) = X3(t--), and X4(t-) = X4(t--)), we can
rewrite equations (6.2) and (6.3) as:

(6.4)

and
H(C) = H(t _ 1) C(t-) (I! 2:~=t+l g(X3(t-), t, T) ) . (6.5)

C(t - 1) 2:T=t g(X3(t - 1), t - 1,T)

In the original model, S(t) = S(C) and H(t) = H(C), but neither are equal
under the feedback model unless the demand for each asset is unchanged.
Section 6.4.2 will describe the formulas that determine the magnitude of the
feedback.
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The Original Dynamics of Pension Wealth

We assume the member's decision to retire or not depends on the provisional
pension wealth at time t=, which is made-up of assets before their prices are
adjusted on account of excess demand. Combining S(t) and H(t), along with
the two instants in time, r: and r ,the following equation explains the pen-
sion account accumulation from times t-l to r : for a participant in age group
x:

(6.6)

where 1/ IPx-l in equation (6.6) represents the redistribution of bequests among
surviving members of each age group (see Section 6.3.4).

Members decide to retire between times r : and t: if their provisional
wealth, given in equation (6.6), exceeds the threshold for retirement accord-
ing to the retirement model (see Section 6.3.1). Otherwise, they remain in the
workforce.

6.4.2 Feedback Model Formulas

Having established the model's basic notation in Section 6.4.1, we now de-
scribe how the actions of the pension plan members influence the economic
state. Given that there is feedback, Table 6.1 shows the evolution of theses
variables at each sub-step r=, r ,and t. We describe the details behind each
change throughout this section.

Equities Index-Linked Bonds Salaries
S(t) H(t) Y(t)

t= S(c-) H(t--) Y(C-)
t: S(C) = S(t--) H(t-) = H(t--) Y(t-) f Y(t--)
t S(t) f S(t--) H(t) f H(t--) Y(t) = Y(t-)

Table 6.1: Economic state variables at each sub-step.

We begin by explaining the wage feedback, then proceed to describe the
financial asset feedback. In both cases, the procedure followed by the feedback
model is to:
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• measure the excess demand for labour and assets created at time t (we
use ()to represent the change in demand), then

• use this information to adjust the economic state variables (we calculate
the adjustment using the elasticity parameter x).

Wage Feedback Formulas

A high dependency ratio, in the context of our model, benefits the workers
since it indicates that workers can afford earlier retirement ages. From the
perspective of the economy, however, this could induce a labour shortage. In
such a scenario, our feedback model postulates that salaries would increase.
On the other hand, if the DC pension plan was unable to retire the workers and
the dependency ratio dropped, the saturated labour force could cause salaries
to lower. We assume, therefore, that an expanding supply of labour is a source
of negative wage growth.

In each simulated year, the feedback model functions by first adjusting the
workers' wages proportionally to the percentage change in the size of the en-
tire workforce. To measure the change in the number of workers, let:

Ix(t-): working status indicator for an individual in age group x at time C (0
if retired by time t: and 1 if working);

The number of workers at time Cis:
X=Xu

L Ix(C) x-xcPxe'

and the size of the labour force at time t: relative to time (t - 1)- is equal to:
""X=Xu I (t-)() _ ~X=Xc x x-xcPxc (6.7)

y - E~;;;~~Ix ((t - 1)-) x-xcPxc

In equation (6.7), the numerator includes new entrants and takes account of
retirements between times r= and r:

If we assume that, between times t :: and t=, the incremental percent-
age change in wages is proportional to the incremental percentage change in
labour supply, then we can define liy «0) as the elasticity of wages with re-
spect to labour supply and:

liy In{)y = In yx(t-) .
Yx(t--)
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Adding this to equation (6.1), the feedback model revises the salary for each
working participant in age group x between times t=: and C according to the
next formula:

Yx(C) - Yx(C-)B~Y

Y (t -1) m(t - te) C(t--) eX5(t--)-x5((t-1)-)OKY
x-I m(t-te-1)C((t-1)-) y

Y (t -1) m(t - te) C(C) X5W)-xs((t-l)-) (6.8)
x-I m(t-te-1)C((t-1)-)e ,

where C(r) = C(t--) and X5(t-) - X5(t--) = Ky In8y.

Wealth and Asset Price Feedback Formulas

The process of calculating the adjustment to equity and index-linked bond
prices is similar to the feedback model for wages, but somewhat more com-
plicated. According to the widespread theoretical effect from Section 6.2, a
greater demand for either asset would increase the value of any portfolio hold-
ing it and vice versa. The feedback model adjusts the prices of equities and
bonds based on their respective change in demand. Our task is to first deter-
mine the change in asset demand. Let:

W;(t): total invested in equities by an individual in age group x at time t;

W:; (t): total invested in index-linked bonds by an individual in age group x
at time t.

Referring back to equation (6.6), the equity and index-linked bond wealth
for age group x at time t=, based on the provisional returns from times t - 1
to t, are:

(6.9)

and
H(t--) 1

W~ (t--) = (1 - a)Wx-I(t - 1)H(t _ 1) (6.10)
IPx-l

To determine the change in asset demand, we must measure the cashflows into
and out of the pension accounts. The cashflows are:
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• the payment of pension benefits for retired members (lx(C) = 0, which
includes the new retirees at time t-),

• the investment of contributions by working members (ix(C) = 1),

• the rebalancing of assets to maintain a static investment strategy, and

• the reallocation of funds among assets according to a changing invest-
ment strategy, such as a shift to less risky assets at retirement.

These cashflows occur between times t: and t and they are based on the newly
adjusted asset prices. This creates a circular dependence between the actual
change in demand and the level of feedback since they are both calculated
from the other. Owing to this circular dependance, we measure each asset's
provisional change in demand to calculate the feedback. We do so by basing
the cashflows that should occur between times C and ton:

• the provisional asset values that have not yet been adjusted by the change
in demand (5(C) and H(t-)) and

• the provisional annuitization rate (X3 (C).

We determine the asset supply at time r : with equations (6.9) and (6.10). The
provisional wealth at time C for a member of age group x is:

[
5(t-) I/(C)] 1

Wx(C) = Wx-1(t - 1) a S(t _ 1) + (1 - a) H(t _ 1) IPx-1

[
(1 - Ix(C))] __

x 1- .(t-) + 7l"Yx(t )Ix(t )
a~3' (t)

In equation (6.11), the provisional pension wealth for each DC participant ac-
cumulates forward between times t - 1 and t: with the return on their invest-
ment (a5(t-)/ S(t -1) +(1- a) H(t-)/ H(t -1) and any provisional cashflows.
That is, if the member is employed (/x(t-) = 1), then their provisional wealth
also increases with a contribution of 7l"Yx(t-). Otherwise, for a member who
is retired (1 - Ix(C) = 1), their provisional pension income payment reduces
their accumulated provisional pension wealth by a rate of 1/a~3(t-)(t).

Note that the use of a fixed a in equation (6.11) implies that the investment
strategy is static. If the investment strategy changes at retirement, then the a

(6.11)
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notation would be replaced by alx(t-l), so that al and ao are the allocations to
the risky asset before and after retirement, respectively.

The provisional wealth invested in each asset by an individual in age group
x at time Cis:

(6.12)

and
(6.13)

It follows that, across the population of 81 age groups, we can define the pro-
visional demand for equities at time C as a proportion of its supply at time

L.:X=X" WS(C)o - x=x, X x-xePxc (6.14)
s - x-x" Ws( __ )

L.:x=xc x t x-xePxc

Similarly, the ratio of the provisional demand for index-linked bonds at time
C as a proportion of its supply at time C- is:

(6.15)

If we let KS (>0) represent the elasticity of the equity price with respect to
its demand, then equities change in the following way once their demand
changes by a ratio of Os:

S(t) - S(C)0'E/
S(t - 1)ex2(t-)-X2(t-l)O~S

_ S(t - 1)ex2(t)-x2(t-l), (6.16)

where X2(t) - X2(C) = KS InOs.

We apply the same model to the index-linked bond process, with the excep-
tion that we define the elasticity of the index-linked bond price with respect to
its demand in the market as KH (>0):

H(t)

(6.17)
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where C(t) = C(C) and we choose X3(t) to satisfy the identity-:

(6.18)

Returning to equation (6.6) and including the feedback model, the next for-
mula describes the accumulation of the portfolio wealth from times t - 1 to i

for a participant in age group x:

W ( ) [ S(C) ()"S ( ) H(t-) ()KIf] 1
x-I t - 1 a S(t _ 1) s + 1 - a H(t _ 1) if --

IPx-1

[
(1 - Ix(C))] __

x 1- (t) + 7rYx(t )Ix(t )
a~3 (t)

[
S(t) H(t) ] __ 1- [1_ (1- Ix(t-))]

Wx-I (t - 1) a S(t _ 1) + (1 - a) H (t - 1) IPx-1 a~3(t) (t)

+7rYx(C)Ix(C). (6.19)

The following flow chart and adjoining comments present the full model that
we have explained throughout this section. While Table 6.1 indicated the asset
values at each point in time, the flow chart details the order of each event that
contributes to the feedback:

2Since X3 (t) is an autoregressive process, the adjustment from X3 (t-) to X3 (t) makes a mate-
rial difference to the distribution of X3 (t + 1). In contrast, for example, X5 (t) follows a random
walk so that the adjustment from X5(C) to X5(t) has no impact on what happens in the future.
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ITime t--I
•Actual retirement decisions based on provisional asset prices(a)(b)

•Size of workforce feedback: value for O~)

•Salary adjustment'<

•
I TimeC I

•Provisional demand for each assetv"

•Values for Os(f) and OH(g)

•Asset price feedback(h)(i)

•The value of the pension accounts are updated with the newly adjusted asset prices-"

•The pension account is altered by the actual cashflows into and out of the fund(k)

•
I Time t I

(a): Provisional asset values: S(t--), H(t--), and Y(C-).

(b): The retirement decision, based on the myopic retirement model, is calcu-
lated with the provisional wealth (see equation (6.6».

(c): See equation (6.7).

(d): See equation (6.8).

(e): Based on the provisional prices, we calculate the change in asset demand
between times C and t. The cashflows that contribute to a new level
of asset demand are due to the pension account benefit payouts and in-
vestment contributions, as well as the rebalancing and reallocation of the
assets. See equations (6.11), (6.12), and (6.13).

(J): See equation (6.14).

(g): See equation (6.15).
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(h): See equation (6.16).

(i): See equation (6.17).

(j): See equation (6.19).

(k): The pension fund contributions and benefit payouts are based on the
adjusted asset prices (see equation (6.19)).

6.4.3 Estimates for "'s, "'H, and "'Y

We experiment with three levels of feedback. In the first and most extreme
scenario, we assume that there is a fixed supply of capital in the index-linked
bond and equity market, and that our population is living in a closed economy
where there are neither overseas nor government sectors. This implies unit
elasticity (/\,s = /\'H = 1). For example, if the aggregate funds directed towards
equity doubles (Os = 2), so too would the price:

S(t)
S(t-)

- 2,

so that the number of units of equity does not change.
Similarly, in our extreme scenario, we let /\'y = -1, so that there is a fixed

level of production and revenue". If the labour force suddenly doubled (Oy =

2), then the wages would need to be halved to accommodate the new supply
of workers with jobs:

O"YY

- 0.5

The likelihood of elasticity in the financial market is argued in Section 6.2. It
is also reasonable to suppose that elasticity exists in the level of productivity
and revenue. As more people become employed, the productivity and revenue

3Production is not part of our model but lower production per worker is implied by lower
wages.
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would also likely increase, suggesting that unit elasticity of wages with respect
to labour supply is an excessive assumption.

We work away from this extreme scenario and first assume that «s = IiH =

-liy = 0.5, then = 0.25. If the demand for equity, index-linked bonds, and
employment doubled in the 0.5 feedback scenario, then the price of equity
and index-linked bonds would increase by 41% while wages would decrease
in value by 29%. At 0.25, the price of equity and index-linked bonds would
increase by 19% and wages would decrease by 16%. We refer to these three
scenarios as low, medium, and high feedback, although they could possibly all
be considered high in reality. We will also consider the scenario of no feedback
for comparison purposes.

6.5 Simulated Results with Feedback

This section presents the simulated results. Our analysis includes four levels
of feedback that we specified in Section 6.4.3. Following from our discussion
in Section 6.2, we also make the assumption that:

• the workers' assets are reallocated to index-linked bonds on retirement,
irrespective of their investment strategy during employment (non-static
investment strategy), and

• the investment strategies of the participants are unchanging throughout
their lifetimes (static investment strategy).

In total, we simulate eight scenarios. Beginning in Section 6.5.1, the prelimi-
nary results of the simulation indicate that the feedback model causes lower
equity returns and consequently applies a downward pressure on the mean
dependency ratio. For fairer comparison between the feedback and original
model results, we will make an adjustment to the asset-accumulation model
parameters to realign the rates with their original average. In Section 6.5.2, we
will analyze the population dependency ratio results at the four levels of feed-
back. Here we assume that the population members reallocate their assets to
index-linked bonds at retirement and consequently have a non-static invest-
ment strategy. Section 6.5.3 examines this population's retirement dynamics

190



over time. Section 6.5.4 presents the same four scenarios, but assuming that all
members maintain a static investment strategy throughout their lifetimes.

Sections 6.5.2 , 6.5.3, and 6.5.4 reveal that incorporating feedback has a
smoothing effect on the dependency ratio volatility. The best results occur
when the supply of capital and production is fixed (Os = OH = Oy = 1) and all
members move their assets to index-linked bonds at retirement. Despite the
substantial improvement, however, there still remains instability in the depen-
dency ratio.

6.5.1 Preliminary Results

In this section, we explain how the feedback model diminishes the assets' av-
erage rates of return so that they no longer match their historical averages. We
consequentially re-calibrate the asset-accumulation model to compensate for
this side-effect.

To illustrate the response of the asset returns to the introduction of the feed-
back model, we present the simulated dynamics of a population of DC mem-
bers who homogeneously allocates their pension funds to index-linked bonds
at retirement. For eleven investment strategies, Figure 6.1 graphs the mean
dependency ratio over a 4,500 year simulation against its standard deviation.
Like Chapter 4, we choose a longer run as opposed to several shorter ones so
that the results are less influenced by initial conditions. The best outcomes are
those with a high mean dependency ratio with low volatility, indicating early
retirement ages among happy citizens while still maintaining a stable labour
force participation in the population. We plot the efficient frontier for each
feedback scenario, creating four efficient frontiers in total: one for each of the
three levels of feedback and another for the model without the inclusion of
feedback. To avoid clutter, only the scenario without feedback has its eleven
portfolios, indicated by an 'X', marked by its equity content (the remaining
portion is invested in index-linked bonds).

We first note that assuming feedback reduces the mean dependency ratio
of riskier investment strategies. This occurs as a result of the feedback damp-
ening the equity's average rate of return, which we explain below. Low rates
of return delay the workers' retirements, causing the mean dependency ratio
to shrink.
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Figure 6.1: The simulated opportunity sets for a population of DC members
who homogeneously allocate their funds in the specified investment portfolio
during employment and shift to an all index-linked bond strategy at retire-
ment, generated by eleven different asset allocation strategies. We indicate the
four efficient frontiers corresponding to each feedback level: 0.25 (dotted line),
0.5 (dashed line), 1 (dotted and dashed line), and no feedback (solid line).
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For example, consider a pension account completely invested in equities
where "'s = 1, X2(t) - X2(t - 1) = 0.10 for four years, and there are neither
contributions nor pension payments. Without the feedback feature, the orig-
inal model would produce the following progression of wealth, Wx(t), for a
participant in age group x at t = 0:

Time Wx+t(t)
0 1
1 1.11
2 1.22
3 1.35
4 1.49

If we include the feedback feature and assume a 20% decline in equity de-
mand for two years, followed by two years of 20% increases (and vice versa),
the wealth accumulation is modified as the next table demonstrates:

Time Wx+t(t) Os Wx+t(t) Os Wx+t(t)
1 1 1

1 1.11 0.8 0.88 1.2 1.33
2 1.22 0.8 0.78 1.2 1.76
3 1.35 1.2 1.04 0.8 1.56
4 1.49 1.2 1.37 0.8 1.37

The inclusion of the feedback model, therefore, decreases the overall return
on equities. To keep the results on par with our original model for fairer com-
parisons of the results, we would need to increase X2 (t) - X2 (t - 1) by 2.03% in
the two feedback scenarios, to produce the following:

Time Wx+t(t) Os Wx+t(t) Os Wx+t(t)
1 1 1

1 1.11 0.8 0.90 1.2 1.35
2 1.22 0.8 0.81 1.2 1.83
3 1.35 1.2 1.1 0.8 1.65
4 1.49 1.2 1.49 0.8 1.49

Without the adjustment, the inclusion of feedback causes the equity's total
return to fall below its historical average. A similar drop would have occured
in the index-linked bond returns, but the annual recalculation of the instan-
taneous risk-free real rate of return, as Section 6.4.2 discusses in a footnote,
compensates for the feedback and actually reverses the effect.
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We re-calibrate the original parameters, determined for the original asset-
accumulation model in Appendix C, so that the mean rates of return are ap-
proximately consistent with the original summary statistics. We adjust the
following estimates since they are the key parameters that specifically affect
the long-term return on equities and index-linked bonds:

RP2: the equity risk premium in excess of the risk-free rate of interest (we rep-
resented this by I:~=l(]"2jbxin the original model description from Chap-
ter 2) and

J-t3: the real-world long-term mean real rate of interest.

We modify RP2 and J-t3 so that the average returns on the economic pro-
cesses X2(t) and X3(t) return to their original values. Having KS = r-n = -Ky =

0.25,0.5, and 1, the parameters are re-calibrated to equal the following values:

Scenario RP2 J-t3
Original 5.28% 2.66%

0.25 6.93% 1.60%
0.5 8.62% 0.54%
1 11.64% -1.54%

Notionally, J-t3 is the mean reversion level. The adjustments from X3 (t -)
to X3(t) from Section 6.4.2 are, however, positive on average. By making the
downward adjustment to J-t3, the long-term mean of X3 (t) is returned to ap-
proximately its original value.

We arrive at the appropriate parameters above through simulated trial and
error. Although we find that the simulated average real wage growth is also
altered by the feedback, the decline is so small that the associated parameters
do not require an adjustment.

6.5.2 Results for a non-Static Investment Strategy

In Figure 6.2, the simulated dependency ratios are more easily comparable
having re-calibrated the asset-accumulation model. We note that the inclusion
of the feedback lowers the dependency ratio volatility, and this improvement
increases with the level of feedback. The feedback is strongest when KS = nn =

194



(b)
co x X0 X

I
100% Equity

I, X xX I, I

"- X X0 X I

0
,

.~ , X xc:: I

>- x I

U , ,
181c ~Cl) CD

,
"0 0 , ,
C I
Cl) ~ I Xa.

XCl) ,
0 , ,
c X 'X'ca
Cl) .' )( .:~ LO , I

ci . 'X
XX·I •

~
No Feedback
Low FeedbackI"

I
10% Equity Medium Feedback

~ High Feedbackci

0.05 0.10 0.25 0.300.15 0.20

Standard Deviation

0.35

Figure 6.2: The same simulation as shown in Figure 6.1, but carried out using a
re-calibrated asset-accumulation model that accommodates the feedback fea-
ture. In Section 6.5.3, we will examine more closely the retirement dynamics
of the results marked by squares.

-I'Ly = 1 and the investment strategy is 100% equities. The volatility in the
dependency ratio is impressively halved in this extreme scenario, reducing it
from approximately 29% to 14%. The 14% standard deviation, however, could
potentially not be low enough.

It is possible that a by-product of the feedback model is a reduction in the
equity return risk, thus explaining the decline in the dependency ratio volatil-
ity. This is, however, not the cause since the volatility of the log equity returns
actually lowers only slightly after the inclusion of feedback. The noteworthy
reduction in the dependency ratio fluctuations is indeed attributable to the
feedback.

Assuming a homogeneous investment strategy across the population could
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seem unrealistic since there exists tremendous diversity among the portfolios
of investors in the real world. We found, however, in Chapter 4 that assum-
ing various investment strategies does little to improve the dependency ratio's
volatility owing to the long-term correlation between the smoothed asset rates
of return. In addition to the investment strategy, Chapter 4 introduced het-
erogeneity into the participants' contribution rate, plan enrollment age, and
career flight path, but the diversifying characteristics were ascertained to be
ineffective in diminishing the volatility.

In the course of this chapter's feedback analysis, we also investigated two
other retirement decision-making models for the population members. They
were the two-thirds and the option-value (Stock and Wise, 1990) retirement
models, whose parameters and details were given in Chapters 4 and 5. The
influence of the feedback model on the population dynamics was nearly iden-
tical across all three models.

6.5.3 Dependency Ratio Dynamics for a non-Static Investment
Strategy

In this section, we wish to get a fuller picture of the impact of the feedback
model and the remaining dependency ratio fluctuation. This section ascertains
that, although the feedback mitigates the extreme results that were originally
produced, the dependency ratio still remains unstable.

Figure 6.3 tracks the simulated dependency ratio over the span of 300 years
for a population that homogeneously invests in 60% equities and 40% index-
linked bonds during employment, and 100% index-linked bonds after retire-
ment. We examine, therefore, the retirement dynamics of a population whose
results are marked by squares in Figure 6.2.

Moving from plots (a) to (c), the results progressively improve as the feed-
back becomes stronger. The feedback undoubtedly reduces the fluctuation
in the dependency ratio, but perhaps not enough. Even with the most ex-
treme level of feedback in plot (c) where there is unit elasticity, a homogeneous
investment strategy in the population, and a universal reallocation to index-
linked bonds at retirement, the dependency ratio is still unsteady and ranges
between 38% and 92% over the simulated period.
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Figure 6.3: Simulated time series plot of the dependency ratio for a popula-
tion with a homogeneous investment strategy of 60% equity and 40% index-
linked bond during employment, and solely index-linked bonds after exiting
the workforce. We plot the dependency ratio of the model without feedback
(solid line) against the dependency ratio of the model with feedback (dotted
line) at the level: (a) low, (b) medium, and (c) high.
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6.5.4 Dependency Ratio Dynamics for a Static Investment Strat-
egy

Since workers could potentially not reduce their allocation to risky assets on
retirement, we next investigate the possible improvement that the feedback
feature offers to the dependency ratio dynamics in the scenario that the mem-
bers maintain a static investment strategy throughout their lifetimes. We find
that there is less of an improvement than in the non-static scenario.

As Section 6.5.1 explained, the feedback model alters the overall perfor-
mance of the assets. This continues to be true even if the pension funds are
static throughout each member's lifetime, necessitating similar parameter ad-
justments to that which we made in Section 6.5.1. Assuming a static 60% eq-
uity and 40% index-linked bond static investment strategy, the re-calibrated
parameters are:

Scenario RP2 J-l3
Original 5.28% 2.66%
0.25 6.74% 0.84%
0.5 8.04% -0.74%
1 10.24% -3.33%

Figure 6.4 plots the same simulation as shown in Figure 6.3, except the
population members in Figure 6.3 allocate their funds to only index-linked
bonds after retirement and those in Figure 6.4 do not alter from their original
investment strategy throughout their lifetimes.

In this static investment scenario, the members do not move all of their
risky investments at retirement; consequentially, the lighter asset traffic creates
less feedback. Comparing Figures 6.3 and 6.4, the non-static scenario is more
sensitive to the feedback feature. The remaining variability of the dependency
ratio is higher for the population with a static investment strategy, ranging
between 28% and 92% in the unit elasticity scenario.
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Figure 6.4: The same simulation as shown in Figure 6.3, but assuming the
population members maintain a static investment strategy throughout their
lifetimes.
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Chapter 7

Conclusion and Future Research

The drawbacks of implementing a DC pension system at the state level have
been discussed and documented in numerous studies. In a DC plan design, in-
vestment, inflation, and mortality risk are transferred completely to individual
workers rather than being shared across the population and over generations.
Our study tackles the huge unknown effect of a national retirement savings
pool on the economy and the labour force. Chapter 4 began with an extreme
scenario that gave rise to considerable instability in the proportion of workers
from one year to the next. We then considered realistic model improvements
to determine which aspects of a DC pension system add stability. In view of
the realistic existence of variation in the retirement savings behavior across
a population, Chapter 4 introduced additional heterogeneity in the modeling
of the population's investment strategies, contribution rates, entry ages into
the pension plan, and career paths. We found that none of these dampened
the volatility. We also tested the effect of dynamic contribution rates and in-
vestment strategies, but these model improvements were also ineffective, as
were different retirement-behavior models. We observed that restricting the
participants' investment options to a low risk portfolio would provide some
stability; this option, nevertheless, has significant shortcomings, including in-
creased average costs and problems with the supply of relevant assets.

Chapter 5 examined the implied underlying behavior of a DC worker who
makes their retirement decision according to three retirement models:

1. We looked at the popular option-value model that optimizes the retire-
ment decision over all future pension opportunities.
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2. The myopic model, although similar in its use of utility functions, postu-
lates that the DC worker's consideration of future retirement opportuni-
ties is limited to the coming year.

3. Finally, the two-thirds retirement model dictates that, having no knowl-
edge of the direction of pension fund returns within the worker's capac-
ity, setting a particular pension target and exiting the workforce once that
target is achieved appropriately captures a DC worker's course of action.

We prefer the myopic model to the two-thirds model because:

• The myopic model assumes a realistic variety of replacement ratios at
retirement.

• The myopic model is forward-looking, but limits itself to the relatively
certain immediate future.

We also found three advantages of the myopic model over the option-value
model:

• The implementation of the myopic model is computationally less bur-
densome.

• Having a myopic view on future retirement opportunities is conceptu-
ally more appealing and in tune with the features of a DC pension plan
design, where far-off financial forecasting is not worthwhile since:

- future pension benefits are extremely unpredictable,

- there are no age-related incentives in the pension accruals, and

- it is not within the capabilities of the average DC plan member.

• Finally, there is a more logical relationship between the pattern of replacement-
ratios and age. Unlike the option-value model, the minimum replace-
ment ratio for retirement under the myopic model declines with age. We
believe that older individuals would likely tolerate a lower replacement-
ratio since:

- continuing to work could be less viable or welcomed,
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- they could compensate for poor market performance or institutional
constraints through personal savings, and/ or

- their financial needs could decrease with age.

Contrary to previous literature on the option-value model, we found that the
common practice of letting the disturbance terms be independent over time
does not produce similar retirement patterns. In fact, the effect is nearly the
same as removing the disturbance term completely.

Despite only looking one year forward, the myopic model retirement de-
cision is optimal over the DC worker's lifetime consumption under the vast
majority of financial projection conditions. In other words, the myopic model
produces the same results regardless of whether the value of immediate retire-
ment is weighed against all future years or simply the subsequent year.

Chapter 5 was not intended to prove that the myopic retirement model
is the closest approximation to actual DC retirement behavior. We would re-
quire data and a statistical analysis to make such a claim. Rather, it was to
explore the implied underlying retirement behavior of each model and inves-
tigate their theoretical use in a DC environment. Our conclusion is that the
myopic model produces a more plausible pattern of retirements and pensions
than the other two retirement decision models.

As Lumsdaine et al. (1990) noted, empirical analysis reveals the superior
model as being that which better approximates the variables that govern ac-
tual retirement behavior. The better it mimics actual retirement decisions, the
better the model. As DC pension plans continue to spread and the empirical
data develops, we expect future work involving the underlying DC retirement
behavior to grow along with its number of participants. If the myopic model is
applied to DC data, the option-value'S disturbance term could be a useful fea-
ture to account for the existing variety in individual circumstances. Another
alternative to the current myopic model could be the inclusion of a multiplica-
tive leisure component in addition to the fixed additive value. Itwould also be
useful to test the impact of dividing the population into socioeconomic groups
by assigning each group a different level of leisure for retirement, and perhaps
also adding a leisure component for employment. Other improvements to the
general model could be:

• developing the current merit scale model;
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• the inclusion of a long-term disability risk for the members;

• the addition of minimum retirement ages, which may be subconsciously
imposed by the plan participants; and

• the testing of other economic models (such as the Wilkie model).

Chapter 6 took another step in our analysis of the possible consequences
of a nation-wide DC pension system by simulating the dynamic relationship
among population retirement patterns, asset demand, and financial market re-
turns, as well as between labour supply and wages. The inclusion of macroeco-
nomic feedback has the beneficial effect of reducing the volatility of the depen-
dency ratio; nevertheless, it only partially dampens the fluctuations and there
still remains instability in the labour force participation rate. Our method is
just one of many ways to model feedback. Our purpose is to investigate the
first order effect of feedback compared to a benchmark model with no feed-
back. Alternative formulations might, for example, allow potential retirees
to review their retirement decisions once asset prices have been adjusted for
feedback. Future work could also improve on our DC population modeling
by developing the dynamic relationship between the population's retirement
patterns and the economic variables. This could include tying together the
consumption, production, and income. In addition, since our feedback model
is a crude first approximation to find market equilibrium, future work could
also incorporate a feedback model that finds the market equilibrium, where
the prices are adjusted until the supply is equal to demand. This could per-
haps be accomplished by using a simpler economic model with only cash and
equities for investment, making it easier to count the number of units of stock.

Our flexible age of retirement model results suggest that, if a DC pen-
sion system were introduced to an entire society to serve as their principal
salary replacement in retirement, the financial market would have an excep-
tional impact on the proportions of retirees and workers from one year to the
next. Hence, we propose that the significant fluctuation in the market's per-
formance could produce corresponding swings in the population's workforce
demographics. Further to the detriment in the society's labor force structure,
the unpredictability of the financial markets could produce ambiguous and
unmanageable retirement ages, which could lead to personal hardship and

203



anxiety for the individual DC member. The volatile demand for financial as-
sets could potentially upset market equilibrium, while the unstable aggregate
retirement pattern could be disastrous not only at the individual level, but
also for the economic health of the entire population. Even with the inclusion
of extreme feedback in the model, our conclusions continued to suggest that
the DC pension design could pose a threat to the retirement of individuals and
the stability of the economy.

Like all mathematical models, it is difficult to know how well our theoreti-
cal model describes the real-life system, particularly because DC state pensions
are a relatively new phenomenon so there is no benchmark that we can com-
pare our results with. Moreover, each country that has introduced DC pension
plans have many other individual characteristics in its pension design and
general economy that would make it difficult to gather a true impression of
the actual impact of having a the DC plan design. Although our theoretical
model is relatively simple and does not match any current country's economic
system, we hope our study provides an initial impression of the ramifications
of IX pension systems at an aggregate level, which we hope will lead to a
wider discussion of nationwide DC pension plan designs.
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AppendixA

Selected Proof: SDE of log S(t) from
equation (2.10)

Letting:
X(t) = log S(t)

dX (t) = d log S (t).

Then the SDE for X (t) under Q is (applying Ito's formula):

dX(t) dX(t) d dX(t) dS() !d
2
X(t) dS'( )2

- dt t + dS(t) t + 2 dS(t)2 c t

S (t) { () - () -} S' (t)2 (2 2 )- S(t) Xl t dt + 0"21 dWl t + 0"22dW2(t) - 2S(t)2 0"22+ 0"21 dt

- [Xl (t) - ~ (0"~2+ 0"~1)] dt + 0"21 dW1 (t) + 0'22 dW2(t).

Similarly, the SDE for X (t) under Pis:

dX(t) = dX(t) d dX(t) dS() ~ d2 X(t) S()2
dt t + dS(t) t + 2 dS(t)2 d t

- [Xl (t) + 0'2181 + 0"2282 - ~ (0"~2+ 0"~1)] dt + 0"2121 dWl (t) + 0"22dW2(1.).
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Appendix B

Data Sources

This appendix describes the historical data that parameterizes our asset accu-
mulation model. We require data for:

• the nominal and real short rates of interest,

• the equities index,

• the consumer price index, and

• the general wage index.

Finally, we also need nominal and real long rates of interest data to calculate
the parameters associated with the market prices of risk, which Appendix 0
will detail.

We calibrate the economic model from US data. As a consequence of miss-
ing US data, however, we incorporate UK data as well. To summarize the
data restraints, there is limited historical data in the US that could provide a
proxy for the short and long real rates of interest. It is necessary, therefore, to
borrow from the UK experience, where index-linked gilts have existed since
1986. In addition to the US and the UK, the market for index-linked bonds
remains small relative to the potential demand in numerous countries, includ-
ing Japan, Germany, and France according to a report prepared at the request
of the Deputies of the Group of Ten by an experts group chaired by Ignazio
Visco (OEeD, 2005). This appendix elaborates on the overall sources of data,
including the additional UK data needed to compensate for the limited US
data.
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Our approach to estimating the economic parameters is significantly re-
stricted by missing data. As a result, rather than estimate the model's param-
eters in a single relatively simple step, there are several phases necessary to
arrive at a final set of parameter estimates. Our method include stages with
clear analytical solutions as well as stages that involve judgmental input.

While this appendix describes the data sources for the economic processes,
Section 2 presents the mathematical model of their distribution and Appendix C
explains the parameter estimation procedure.

B.l US Data

There is adequate US data for the risk-free nominal rate of interest, irredeemable
bond's yield, equity return, consumer price index (CPI), and general wage
growth. We provide the details of each data source below.

B.l.l US Bond Data

We use the yields on the US Federal Government Treasury nominal securi-
ties at constant maturity to act as a proxy for the historical yield on the ir-
redeemable bonds. Short-term US Treasury securities also provide the basis
from which the historical nominal instantaneous risk-free rates of interest are
derived. This data is located at the US Government Federal Reserve website!
and the time period of the data set used in our calculations is from the years
1970 to 2004. The specific securities that proxy the instantaneous and long-
term nominal yields are as follows:

• The historical Constant Maturity 3-month Treasury market yields pro-
vide a basis for the historical instantaneous risk-free rate of interesr'.
We plot the yields in Figure B.1. This data is not only available over a
long time period, it is also available at a high frequency. In fact, daily
data is available to calibrate the risk-free rate's associated parameters.
We recoginze that the increased frequency of daily data gives a more

1http://www.federalreserve.gov/releases/h15/data.htm
2Treasury bill secondary market rates are the averages of the bid rates quoted

at the official close of the U.S. government securities market for each business day.
http://www.federalreserve.gov/releases/h15/data/b/tbsm3m.txt
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historically accurate estimation of nominal risk-free rate parameters as
compared to less frequently reported data, and is therefore the best rep-
resentation of historical parameters. It is beneficial to use the additional
information contained in the daily data in hopes of increasing the pre-
cision of the parameter estimates associated with the risk-free rate. Of
all the simulated rates, the instantaneous risk-free nominal rate plays the
most significant role. It solely determines the annuitization rate, the cash
returns and the price of bonds. In addition, its simulated value also af-
fects all of the simulated economic process values, as Section 2 shows.

• The yield on historical long-term US Government Federal Reserve Trea-
sury securities with constant maturities act as a proxy for the irredeemable
bond's yield. Figure B.1 also plots the long-bond historical yields. Sec-
tion D.1.3 will explain how we introduce long-bond data in the param-
eter estimation procedure to measure the appropriate risk premium on
the interest rate process. Similar to the 3-month Treasury security rate
data, the long-term yield data is also available on a daily basis. The exact
security that we use is the 20-year US bond, but only until 1986. Owing
to the Treasury's discontinuation of issuing 20-year bonds in 1986, we
are required to use the constructed 30-year bond yield after 1986 until
1993 and the estimated 20-year bond yield thereafter. To summarize, the
long-bond data sources are as follows:

- 1970 - 1986: The yields on the 20-year constant maturity issued se-
curity",

- 1987-1993: The yields on the 30-year Treasury securities at constant,
fixed maturities, which are constructed by the Treasury department
based on the most actively traded marketable Treasury securities'.

- 1993-2004: The yields on the 20-year constant maturity estimated
by the Department of the Treasury. These yields are based on out-
standing Treasury bonds with approximately 20 years remaining to
maturity. This series is not identical to the historical 20-year con-
stant maturity series, which is based on actual 20-year bonds issued

3http://www.federalreserve.gov/releases/h15/data/b/hcm20y.txt
4http://www.federalreserve.gov/releases/h15/data/b/tcm30y.txt
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Figure B.1: US historical data time series plot of the yields on long-bonds and
short-bonds.
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We need inflation-indexed bond data to provide a proxy for the instanta-
neous risk-free real rate of interest and the yield on index-linked irredeemable
bonds. There is real-yield US data available, which are the yields on Trea-
sury inflation protected securities (TIPS) adjusted to constant maturities; this
series only began, however, in 20036• Owing to the short history of available
US data, we are required to look elsewhere for information on real returns.
A much more comprehensive data set can be found in the UK, and it is from
their real yield data history that we derive estimates for the missing US pa-
rameters. We will outline our process of estimation in Sections C.3 and D.3. In
Section C.S, UK parameter estimates provide a benchmark unto which appro-
priate adjustments are made according to the economic data that is available
in the US. Section B.2will elaborate on the sources of the UK data.

5http://www.federalreserve.gov /releases/h15/data/b/tcm20y.txt
6http://www.federalreserve.gov/releases/h15/data.htm. Further information on

both nominal and inflation-indexed yields is at http://www.treas.gov /offices/domestic-
finance/ debt-management/ interest-rate / index.html
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Figure 8.2: US historical data time series plot of the equity's log return.

B.l.2 US Equity,CPIand General Wage Data

We represent the historical value of equities by the historical monthly US eq-
uity share total return index data from 1970 to 2004, displayed in Figure B.2.
The data is constructed using several series of data covering different time pe-
riods and assumes reinvestment of dividend income",

The CPI growth rate is computed from the respective US index data sets be-
tween 1970 and 20048. We use both the annual and monthly data observations.
Figures B.3 plots the historical monthly growth rate.

We obtain the general wage data from the Bureau of Economic Analysis,
U.S. Department of Commerce. This data is available on an annual basis and
is located in "Section 6 - Income and Employment by Industry, under the Na-
tional Income and Product Accounts", the precise tables being Tables 6.6b-6.6b,
which are the Wage and Salary Accruals Per Full-Time Equivalent Employee
by Industry", This wage data covers all workers in the US, from all occupa-
tions. We compute the real wage growth by subtracting the year's end infla-
tion rate, calculated as the year-end to year-end change in the CPI, from the

7The US equity return data was kindly provided by David Wilkie.
8The CPI data is at http://www.bls.gov /cpi/home.htm under Chained CPI-All Urban

Consumers
9http://www.bea.doc.gov /bea/ dn/nipaweb/SelectTable.asp
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Figure B.3: US historical data time series plot of the CPI log growth.

gross wage growth. Figure B.4 plots the nominal and real historical annual
general wage growth rate.

B.2 UK Data

B.2.1 UK Bond Data

We require real yields data for short-bonds and long-bonds in the estimation
of the asset model's parameters. It is necessary to use UK real yields data
owing to the lack of US data available. In addition, to maintain consistency in
the origins of the data while estimating the UK parameters for the r al int r st
rate process, we also need UK data to act as proxies for the nominal yields on
fixed-interest bonds. The UK sources of data are as follows:

• The monthly UK data that we employ to act as a proxy for the instanta-
neous risk-free real rate of interest is the real yield indices on UK ind xed
linked bonds whose maturities are below 5 years (Cairns BCS Indices)".
The real yields data begins in 1986 and continues until200S, as Figure B.5
displays.

10Thedata was kindly provided by the Heriot-Watt/Faculty and Institute of Actuaries Gilt
Database. See http://www.ma.hw.ac.uk/ I"Vandrewc/gilts/

218

http://www.ma.hw.ac.uk/


N
0
c::i

L:

I I I I
j

I Ie 0 I IC!) 0 I

I
I

I I
I Ien 0

.3
OJ~cc N« 0

0
I

.. I- US Real Wage Index Annual Growth I
0
0
I

1970 1975 1980 1985 1990 1995 2000

Year

ClO
0 -c::i

L:
j
e CD
C!) 0
en 0
.3
OJ
::J
C
C« g

0

N
0 -0

1970

I - us Nominal Wage Index Annual Growth I

I III
1975 1980 1985 1990 1995 2000

Figure B.4: US historical data time series plots for the real and nominal wage
index log growth.

219

Year



• Furthermore, we introduce index-linked long-bond real yields data in
the parameter estimation procedure to incorporate the appropriate risk
premium on the real interest rate process. Continuing to use the same gilt
database that contains the short-dated index-linked bond yields (Cairns
BGS Indices), we obtain real yield indices on UK indexed-linked long-
bonds from 1986 to 2005. We plot these indexed-linked long-bond yields
in Figure B.5. Between 1986 and 1998, the indexed-linked bonds fall un-
der two categories: they were labelled as having maturities either "be-
low" or "above 5 years"; therefore, the latter is used to act as a proxy for
the yield on indexed-linked irredeemable bonds. After the latter part of
1998, the descriptions are more precise and the indexed-linked bond with
the longest term was categorized as having maturities above 15 years. To
summarize, the UK index-linked long-bond real yields data sources are
as follows:

- 1986-1998: UK index-linked bonds with maturities above 5 years,

- 1998-2005: UK index-linked bonds with maturities above 15 years .

• We take the nominal yields data from the same data set as the real yields
data (Cairns BGS Indices). The nominal yields include the instantaneous
risk-free nominal interest rate (short-bond yield) and the nominal yield
on the irredeemable bond (long-bond yield). More precisely, the proxies
are as follows:

- We use the UK historical yield indices for bonds with the character-
istics of fixed interest rates, medium coupons, and terms less than 5
years as a proxy for the short-term yields.

- The UK proxies for the nominal yield on irredeemable bonds are
also bonds with medium coupons and fixed interest rates, but whose
maturities are categorized in similar fashion as the real yield bonds.
That is, having maturities above 5 years between 1986 and 1998, and
having maturities above 15 years thereafter.

Figure B.5 also plots the annual yields on the UK nominal long-bonds
and short-bonds.
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B.2.2 UK Equity and CPI Data

Similar to the need for UK nominal yield data, historical data for UK equities
and the UK CPI is also necessary to produce UK parameter estimates for the
real interest rate process. For the former, we use the historical monthly UK
share total return index data from 1970 to 200311• As for the latter, the CPI data
in the UK is known as the UK national historic retail price index (RPI) data;
the UK CPI data set is, thus, composed of the RPI values between 1986 to 2005.
Figure B.6 plots both these sets of rates.

llThe UK retail price index data and the US equity index data were also kindly provided by
David Wilkie.
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Appendix C

Estimation

This section estimates the parameters associated with the underlying economic
processes, with the exception of 61, ... ,64 whose estimation is quite lengthy
and has its own section, Appendix D. We begin by explaining the process
of estimating the parameters associated with Xl (t) in Section Cl and, fol-
lowing the order of the subscripts of the underlying economic processes, we
relate how we obtain each of the X2,3,4,5(t)'S parameter estimate sets in Sec-
tions C2, CS, C6, and C7, respectively. Section C3 calculates the parameter
estimates relating to the first four economic processes from UK data, the values
of which we analyze in Section C4.

As explained in Appendix B,missing data hampers our study's method of
estimating parameters. If we had sufficient data from US sources, we could
have derived parameter estimates in a single optimization solution, by:

1. having collected US data for each of the five economic processes: Xl U),
X2(t), X3(t), X4(t) and X5(t);

2. then deriving the joint conditional likelihood function of the five eco-
nomic processes', x(t), conditional multivariate normal distribution;

3. and, finally, maximizing the conditional likelihood function of x( t) to
produce maximum likelihood estimates (MLEs).

In addition to being efficient, such estimates would simultaneously incorpo-
rate the information contained in the data for each economic process. The first
step cannot be satisfied, however, since there is insufficient US data to act as
a proxy for the third economic process. US index-linked securities, known as
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the Treasury inflation protected securities (TIPS) only began in 2003; therefore,
there are only a small number of years of real-yield US data.

Without a complete data set, therefore, complications arise and we cannot
calculate the MLEs in a single optimization of the joint likelihood function.
Our method of estimating the parameters is a multi-stage process, involving
analytical solutions, subjective judgment, and the incorporation of the pro-
cedure outlined above (with the exception of including a smaller number of
economic processes in the joint conditional distribution of the likelihood func-
tion). For example, the general method of parameter estimation for the first
two economic processes uses their moments from Section 2.2 directly to derive
their conditional bivariate normal distribution; whereupon, the resulting max-
imum likelihood function is maximized with the data given in Appendix B.
Similarly, we employ UK data to produce parameter estimates for the first
four economic processes from their conditional multivariate normal distribu-
tion, which provides us with our model's X3(t) parameter estimates as well as
an impression of the unknown relationships among the economic processes.

Section 2.5 notes that the time units in the estimation process correspond
to the frequency of the available data; accordingly, the time units are either
one trading day or one month. As we simulate on a yearly basis, however,
once we determine the parameter estimates in accordance with the frequency
of the data, we convert them into their corresponding annual estimates for
simulation purposes.

Since T - t = 1and t is in units of 1 for the remainder of the study, where
there is no ambiguity, we abbreviate the notation from Chapter 2 so that:

where ui(l, Xh, ....ik(t)) = E [Xi(t + 1) I Xil, ...,ik(t)] as was defined in Section 2.2.
For each specific economic process:

Ul(X(t)) = ul(l, Xl(t)),

U2(X( t)) U2 (1, Xl (t ) ) ,

U3(X(t)) = u3(1, Xa(t)),

U4(X(t)) - u4(1, Xl,3(t)),

U5(X(t)) U5(1),
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u· . (x(t))ll,···,lk (Uil(X(t)), ... , Uik(X(t)))', and

Sik - Sik(l).

e.l USX1(t) parameters

In this section, we find MLEs for J-l11 (711, and al using daily US data.
As Appendix B indicated, daily US data is available to calibrate Xl (l)'s pa-

rameters. With the daily US Government Federal Reserve historical3-month
Treasury Constant Maturities data and incorporating Vasicek model assump-
tions, we calculate historical daily Xl (t) data. The high frequency of the data is
beneficial in our study owing to the crucial role that Xl (t) plays in the simula-
tion. That is, it solely determines the return on the bond and cash investment
portfolios as well as the annuitization rate. Finally, it also plays a role in the
performance of equities, index-linked cash and index-linked bonds, as well as
the salary growth and the inflation rate.

Since, of the five economic processes, only XI(t) has daily data available to
act as a proxy, we focus on its distribution in isolation when producing the
parameter estimators. As a result, the conditional multivariate normal distri-
bution of the five economic processes becomes the conditional normal distri-
bution of Xl (t) once we remove the distribution of X2,3,4,5(t), resulting in the
following probability density function (PDF):

f (XI(t + 1) I XI(t)) = 1 e-2ill (xJ(t+I)-UI(X(t)))2 (C.1)2~~ ,
where, as Section 2.1 explained, XiI ,.,ik (t) is the history of XiI (s), ... , Xik (s) up
to time t.

Twice the logarithm of the conditional likelihood function of a sample of
n + 1observations is:

[
n (XI(t + 1) - UI(X(t)))2]2l (/-LI,all, al I XI(n + 1)) = -nlog (S\d - L " + C,
t=1 .. II

(C.2)
with C denoting a constant that plays no role when solving for the MLEs.

Bymaximizing the conditional log-likelihood function using the previously
described daily data, we calculate the following MLEs from the ti + 1 = 8560
daily US observations:
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Parameter J.LI al 0"11

US Daily Data Estimates 0.051 0.15 0.0185

The effect of taking advantage of the available daily data can be understood
by comparing the MLEs produced from the daily data to those produced from
the monthly data, where ti + 1= 412:

Parameter J.LI al all

US Daily Data Estimates 0.051 0.15 0.0185
US Monthly Data Estimates 0.054 0.20 0.02052

There is a moderate effect when moving from daily to monthly data. To
choose between the monthly and the daily data output parameters, we recog-
nize that the daily data contains at least as much parameter value information
as the monthly data, if not more. In the case of historical volatilities, it is likely
that higher frequency data produces a more historically accurate estimate for
O"ll estimate, making the daily data estimate the better representation. In addi-
tion, we have observed in our findings that the MLE of al is dependent on the
value of the estimate for 0"11' When we increase (or decrease) the estimate for
all, the MLE for al also increases (or decreases) in a related manner. In conclu-
sion, choosing the daily data MLE for 0"11 should be accompanied by choosing
the daily data MLE for al' For consistency, it would also be reasonable to
choose the corresponding daily J.LI estimate to match the first two parameter
estimate choices.

C.2 US X2(t) parameters

In this section, we find MLEs for J.LI, 0"11, ai, 0"21, 0"22, 0"2101 + 0"2262 from US
monthly data.

We calculate the MLE of X2(t)'S associated parameters by modeling X2(t)'S
distribution together with Xl (t), whose PDF is given in equation (C.l). This
produces the conditional bivariate normal PDF of XI(t) and x2(1):

1
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exp { - ~(Xl(t + 1) - Ul(X(t)), X2(t + 1) - U2(X(t)))Q-l

(Xl(t + 1) - Ul(X(t)), X2(t + 1) - U2(X(t)))'}, (C.3)

where

Q = [S11 S21].
S21 S22

The conditional likelihood function for (J.LI, 0'11, QI, 0'21, 0'22, 0'2101 +0'22c52)with
n + 1 observations is:

with C denoting a constant that plays no role when solving for the MLEs. It
follows that twice the logarithm of the conditional likelihood for a sample of
n + 1observations is:

(C.4)

We calculate the MLEs of (J.Ll, 0'11, QI, 0'21, 0'22, 0'21 151+ 0'22152) by maximizing
the conditional log-likelihood function (C.4).

Continuing to use the historical Xl (t) data, which is based on the US Federal
Reserve historical T-bills that Section B.1 outlined, we extract the appropriate
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monthly data values. The data that we use for S(t) is the monthly US Equity
Share total return index historical data from 1970 to 2004 that Section B.1 ex-
plained. From this monthly data, there are n + 1 = 412 observations and we
calculate the following estimates to maximize the conditional log-likelihood
function:

Parameter J-l1 (11 0"11 0"2101 + 0"2202 0"21 0"22

US Monthly Data
Estimates 0.054 0.21 0.0205 0.053 -0.01 0.156

Initially, it appears that the Xl(t) parameter estimates do not match the se-
lected estimate values in Section Ccl. They do, however, closely match the
monthly data MLEs found in the same subsection. Using data of the same
frequency, the Xl(t) parameter estimates are consistent regardless of whether
equities are included or excluded from the model. Moreover, separate findings
indicate a lack of dependency of the equity parameter estimates on the values
of the Xl (t) parameter estimates. Thus, it is safe to use the more preferred Xl (t)

parameter MLEs without fear that the equity parameter values would be in-
consistent with the daily data. Taking into account that aiming for a precise
estimate is neither practical nor achievable; our goal is to have the best rep-
resentation of historical data. Based on all of this, the final estimates are as
follows:

Parameter J-li (11 0"11

US Data Estimates 0.051 0.15 0.0185 0.053 -0.01 0.156

The estimates for the risk premium, 0"2181 + 0"'2282, and the long-term mean
risk-free rate, J-lI' are consistent with historical data and in line with market
views on these quantities. The (11 estimate represents a moderate level of mean
reversion. Examining the volatility parameters, the 0"21 estimate indicates that
equity returns have a very small, negative correlation with changes in interest
rates. A possible explanation is that equities and risk-free interest rates are
somewhat negatively correlated; that is, unexpected rising interest rates could
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cause equity values to decrease owing to a higher discount rate applied to the
equity's future expected dividend payments.

As summarized earlier, the risk-free nominal rate of interest plays a cru-
cial role in our model as it determines the annuitization rate, along with the
cash and bond returns. In addition, the equity performance is a major driver
in the fund's growth. It is worth investigating, therefore, a second method of
parameter estimation to ensure the validity of our parameter estimates. The
second method of estimation considers Xl (t) and S(t) to be stationary time se-
ries. Specifically, they are each regarded as a first order autoregressive time
series model, AR(l). We use the properties of the AR(l) model to produce
a maximum likelihood function for X1(t) as well as for S(t), whereupon we
calculate the estimators. Appendix E contains the details of this method. Al-
though a less exact approach than the original, the time series method provides
a second set of estimates that, when compared to our original values, provide
assurance of the validity of the model's selected MLEs.

This section calculates UK MLEs for 111, O"ll, 0:1, 0"21, 0"22, 0"2161 + 0"2262, 1/'3, (7:u,

0"32, (733, 0:3, 0"41,0"42,0"43,0"44, and EJ=l 0"4j6j from UK monthly data.
Recall that the US TIPS market has only been in existence since 2003. With-

out sufficient US data to estimate X3(t) parameters, we make use of the more
abundant UK experience, where such data dates back to the beginning of 1986.
The UK historical monthly data is able, therefore, to provide a proxy for X:l (t)
as well as for the remaining economic processes': As such, we can make use of
their conditional multivariate normal distribution and calculate the MLEs in a
single optimization solution. We follow the steps described in the beginning of
Appendix C except using UK data and only the first four economic processes.
The method of estimation is, therefore, as follows:

1. The first step in calculating the MLEs is fulfilled by having sufficient data
of the same frequency for each of the first four economic processes.

lWe will ignore xs(t) in this section since our model assumes that its random component
is unsystematic with the first four sources of risk; thus, it parameters can be estimated in
isolation using US CPI and historical wage data. We will accomplish this in Section C.7
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2. Our next step is to determine the likelihood function of the conditional
multivariate distribution.

3. We then calculate the UK MLEs to maximize the likelihood function, uti-
lizing the UK data. Thereafter, we measure the statistical significance of
the estimates in Section CA.

4. We complete this process by using the UK parameter estimates to ascer-
tain the missing US parameter estimates in Sections C.5, C.6, and C.7.

As a result of the inadequate US real data, the UK estimates of the parameters
associated with X3(t) are used directly in our US model, as Section C.S will
explain. In Section C.6, we will incorporate historical US CPI data so that we
can determine the parameter values related to X4(t).

Similar to the conditional bivariate normal PDF of Xl(t) and :r2(t) in equa-
tion (C.3), we can add the distributions of X3 (t) and X4 (t) to create a multivari-
ate normal distribution of Xl,2,3,4(t + 1) I X1,3(t):

1

27rJdet(Q)

x exp [ - ~(Xl'2,3'4(t + 1) - Ul,2,3,4(X(t)))'Q-l

(Xl,2,3,4(t + 1) - Ul,2,3,4(X(t)))],

where
811 821 831 841

Q=
821 822 832 842 (C.S)831 832 833 843

841 842 843 844

The conditional likelihood function for Cll' 0"11, ai, 0"21, 0"22, L:]=1 0"2J6j, It:l,

0"31, 0"32, 0"33, a3, 0"41, 0"42, 0"43, 0"44, L:1=10"4j6J with n + 1observations is:

2

L(J.ll, 0"11, Ql, 0"21, 0"22, L 0"2j6j, J.l3, 0"31, 0"32, 0"33, (}:3,
j=1

4

0"41, 0"42, 0"43, 0"44, L 0"4j6j I X1,3(n + 1))
j=1
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c"v'd~t(Q)) nexp [ - ~ ~ (X1,2,3,4(t + 1) - U',2,3,4 (x( t)) )' Q-l

(Xl,2,3,4(t + 1) - Ul,2,3,4(X(t)))]. (C.6)

It follows that twice the logarithm of the likelihood for a sample of n + 1 ob-
servations is:

2

2l(lll, all, ab a21, a22, 2: a2j8j, 1l3, a31, a32, a33, a3,
. j=l

4

a41, a42, a43, a44, L a4j8j I X1,3(n + 1))
j=l

- -n logdet(Q) + C -

[t (Xl,2,3,4(t + 1) - Ul,2,3,4(X(t)))' Q-1 (Xl,2,3,4(t + 1) - Ul,2,3,4(X(t)))].
t=l

(C.7)

with C denoting a constant that plays no role when solving for the MLEs. We
use the UK data detailed in Appendix B for the equity log returns (X2(t), the
CPI log growth (X4(t), and to act as proxies for the instantaneous nominal and
real risk-free rates of interest (X1(t) and X3(t). Making use of the n + 1 = 231
monthly UK data observations, the following parameter estimates maximize
the log-likelihood function (C.7):

Xl (t) Parameter III a1 all
UK Data Estimates 0.064 0.30 0.0131

UK Data Estimates -0.0397 0.1677 0.033

X3 (t) Parameter 113 a3 a31 a32 a3:i
UK Data Estimates 0.027 0.56 0.0075 -0.0003 0.0086

X4 (t) Parameter a41 a42 a43 a44 L~=1a'1j6j
UK Data Estimates 0.0011 -0.0012 -0.0006 -0.0144 -0.010

These estimates will be known as the UK MLEs and, in addition to their
role in filling the estimation gaps left by the shortage of US data, they will
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be needed to determine the UK ISj estimates in Appendix D. The UK MLEs
parameter set will change slightly in the next section based on our findings
that a few of the values are not significantly different than zero. At the end of
the coming section, we will provide the final set of UK MLEs.

C.4 Further examination of the UK paramters

This section calculates the confidence intervals for the UK estimates for 0"31, (J32,

0"33, (J41, 0"42, (J43, and 2:]=1 (J4jlSj to determine if they are significantly different
than zero.

Of the UK MLEs, we are primarily concerned with the X3(t) and X4(t,) pa-
rameter estimates since their values are intended to provide insight into the
missing US parameter estimates. Prior to determining the appropriate corre-
sponding US estimates, we first examine the Significance of the UK estimates.
The purpose of this investigation is to provide a clearer picture of the over-
all dynamics of the UK economy. We find in this section that several of the
estimates are not significantly different than zero. This simplified picture of
the UK dynamics lays the foundation upon which Sections C.S and C.6 will
determine the remaining US estimates in the first four economic processes.

The instantaneous risk-free real rate of interest, X3(t), appears to be only
slightly affected by the source of risk W2(t) since the estimated value for (In
is very close to zero. Accordingly, it is worth investigating whether an unex-
pected change in the value of equities from the second source of risk does, in
fact, affect the risk-free real rate of return; that is, if 0"32 =1= O. Similarly, the
absolute values of the estimates for 0"41,0"42 and 0"43 are very low; therefore, we
will also calculate whether they are significantly different from zero. Finally,
we also test the significance of the 2:]=1 0"4jlSj estimate.

Confidence intervals provide a range of plausible values for the unknown
parameter. To calculate whether the specified estimates are significantly dif-
ferent than zero, we ascertain their confidence intervals to determine whether
zero falls within any of the ranges.

We use the likelihood based confidence region approach (Hardle and Simar,
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2004) to construct a confidence region for the parameter vector:

2

() = (ILl, O"ll, aI, 0"21, 0"22, L0"2j6j, 1L3, 0"31, 0"32, 0"33, a3, 0"41, 0"42, 0"43,
j=l

We consider two hypotheses:

Ho: () E no
HI: ()E n

where no c nand ()is the true value of the parameter vector. First, we assume
the unknown parameter vector ()can take values in a set n, where there are no
constraints on ().The null hypothesis is that 8lies within a restricted parameter
space, no. Equivalently:

Ho: 8 = 80
HI : no constraints on 8.

To test the null hypothesis, we look at the likelihood ratio, LR:

LR = maxOEno £(8)
maxOEn L(8) ,

where we defined the likelihood function, L(8), in equation (C6).
The denominator of the LR is the value of the likelihood function when

(CB)

there are no restrictions on the parameter set; thus, we allow all the parameters
to vary to the estimate values that maximizes the function. Section C3 estab-
lished that L( 8) is maximized when iJ = MLE. Consequently, the denominator
of LR is fixed since the parameters remain at their MLE value. The numerator
will maximize the function by varying all the parameters with the exception of
the parameter in question, which will remain at its specified value under the
null hypothesis; thus, restricting the parameter space. We accept Ho if the LR
is sufficiently high.

Generally with a large sample, it can be proved that asymptotically (see
HardIe and Simar, 2004):

-21og LR 'V X~. (C9)
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Specifically, suppose that 0 E no then, if we simulate a large dataset using 0,
- 210g LR rv X~,where v = dimension of n -dimension of no, which equals the
number of restricted parameters. That is, the number of restricted parameters
equals the difference in the number of parameters to be estimated between the
model maximizing over the general space n and the more restricted space no.
At this point, we will test each parameter under suspicion individually, mak-
ing v = 16 - 15 = 1. The relationship between the LR and the chi-squared dis-
tribution enables us to construct confidence intervals for each parameter. For
example, a confidence interval is constructed for 0"32 by examining the 'like-
lihood' of 0"32 at a range of values. Each UK MLE plays a central role, as it
is:

1. the centre of the range of tested estimate values and

2. the point of comparison when determining whether the new estimate is
'likely' enough to be included in the range.

The confidence interval for each parameter consists of all values that satisfy:

{ (
L(Oo) ) 2 }00: -2log L(8 = M LE) :::;X[I;I-m ' (CI0)

where 00 is restricted to no and (3 is the desired probability that, given that the
model and data are correct, the actual value of the parameter will lie within
the range. The smaller the value of f3 chosen, the larger the range of values
in the confidence interval. In seriatim, we calculate a 100(1 - (3)% confidence
interval for each parameter.

Overall, we can define the general case in the following: Let:

{)= MLE = arg max L(fJ).
OEfl

(Cll)

Let <I> be a fixed value for 8i under the null hypothesis (all other parameters
having no restrictions), and allow:

(CI2)

where ni (<I» = {O En: 8i = <I>}. With this, the confidence interval for Oi is:

{<I>: -21og (L(O(i)~<I»)) < XfIOi i31}'L(O) - ,-
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The likelihood function for each parameter can be thought of as a mountain
landscape. The likelihood for parameter i (that is, L(O(i) (CP)) versus CP)is then
the skyline of this landscape in one dimension. The peak for each of the moun-
tains is L( 0) versus the MLE value for that particular parameter. The boundary
of the confidence interval is determined by a horizontal line that crosses the
profile log-likelihood, log L(O(i) (CP)), at log L({}) - ~Xf1;1-;3]'

For a 95% confidence interval, X[1;95%] = 3.841, and for a 90% confidence in-
terval, X[1;90%] = 2.706. For each parameter, the two (1 - {3) confidence bound-
ary limits signify that there is a (1 - {3) probability that, given the data and the
model are correct, the actual values of the parameters should fall within their
two extremes. We calculate the confidence interval of each parameter to deter-
mine if the parameter value estimates are significantly different than zero. If
the confidence interval crosses zero, then the P value must be greater than i3
and we do not reject the null hypothesis that the true parameter value is zero.
And conversely, if the 95% confidence interval does not cross zero, then the P
value must be less than {3; thus rejecting the null hypothesis. The results indi-
cate that the parameters under suspicion, 0'32, 0'41, 0'42 and 0'43, do not pass this
test, as shown by their confidence intervals:

Parameter 90% confidence interval 95% confidence interval
0'32

0'41

0'42

0'43

L1=10'4j8j

(-0.00132, 0.00062)
(-0.00053, 0.00274)
(-0.00284, 0.00043)
(-0.00220, 0.00107)
(-0.0156, -0.00425)

(-0.00151, 0.00081)
(-0.00085, 0.00307)
(-0.00315, 0.00075)
(-0.00252, 0.00138)
(-0.0167, -0.00310)

Nevertheless, the UK estimate for Lj=l 0'4j8j is calculated to be significantly
different than zero. It is worth noting that its US value, which we will estimate
in Section D.4, falls within its UK confidence interval.

Our findings suggest that the risk-free real rate of interest could potentially
be unaffected by the second source of risk. Furthermore, the CPI growth could
be independent from the first, second, and third sources of risk. Even if 0'41,

0'42, and 0'43 are truly zero, however, there will still remain randomness over
the medium and long term in the CPI that is not accounted for in 0'44 ow-
ing to volatility in its drift. Over time, the extra randomness from the CPI's
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drift, which is composed of the nominal and real risk-free rates of interest, is
a major source of variability. In addition, the structure of the model and the
assumption that 0"32 = 0 and 0"42 = 0 implies that, for all t, X4(t) is conditionally
independent of X2(t) (conditional on the path of Xl(t)).

In addition to testing whether the parameter estimates are individually sig-
nificantly different than zero, we can also test them collectively. Seeing that we
now doubt the significance of the 0"32, 0"41, 0"42, and 0"43 estimates, we calculate
the likelihood that they are all equal to zero. We compare twice the negative
log-likelihood of the ratio of this restricted likelihood outcome, divided by the
original unrestricted likelihood value, to the critical value of the chi-squared
distribution with 4 degrees of freedom (the number of restricted parameters).
The critical values are: X[4;95%] = 9.488 and X[4;90%] = 7.779. We calculate twice
the negative log likelihood ratio to equa13.377, which is well below the critical
value. Thus, we do not reject the null hypothesis that the true values of 0":12, 0"41,

0"42, and 0"43 are all zero. Although this hypothesis has not been proved and has
only not been rejected, we will consider these local volatility values to equal
zero. Consequently, we assume that these economic processes are unaffected
by the corresponding source of error. Thus, the modified set of UK parameter
estimates is:

Xl(t) Parameter J.Ll al 0"11

UK Data Estimates 0.064 0.30 0.0131

UK Data Estimates -0.0397 0.1677 0.033

X3(t) Parameter J.L3 (}3 0"31 0"32 0"33

Modified Estimates 0.027 0.56 0.0075 0 0.0086

L~=l 0"4j6jX4 (t) Parameter 0"41 0"42 0"43 0"44

Modified Estimates 0 0 0 -0.0144 -0.010

The UK MLEs are logical and reasonably consistent with the US estimates.
We will discuss the estimates that are relevant to our economic model in the
next two sections.
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C.5 us X3(t) parameters

We next determine US estimates for: /-l3, 0"31, 0"32, 0"33, a3. With virtually no US
real yield data available, our economic model employs the modified UK esti-
mates associated with X3(t). We also continue to use, however, the previously
estimated parameters associated with Xl (t) and X2(t) from Section C.2, owing
to the superiority of the data from which they were derived. That is, the US
data is much more abundant. Based on this parameter set for the first three
economic processes, we note that, from a 8,000 year simulation, the mean of
the real yields, X3(t), is 2.7% and the long-run (i.e. unconditional) standard
deviation is 1.1%. The estimates for 0"11 and 0"31 (0.0185 and 0.0075) indicate
that both the nominal and real risk-free rates of interest are positively affected
by the first source of error. This is a logical outcome since the nominal rate of
interest can be broken down into the inflation component along with the real
rate of interest; it is reasonable, therefore, to assume that unexplained changes
that affect the real rate of interest will affect the nominal rate in a like manner.
Since their emergence in 2003, the average spread between the yield on the
shortest-term TIPS security and the yield on the nominal US Treasury security
with the same term- has been 2.2%. Although the calculated average spread is
a simplified approximation based on a limited amount of data, it does provide
evidence that the long-term mean real rate estimate, /-l3, and the consequential
spread between it and our estimate of /-ll from US data (/-ll - /-l3 = 2.4%) are
consistent with historical data and in line with market views on these quanti-
ties. The a3 estimate represents a level of mean reversion that is approximately
four times higher than that previously estimated for a1 using US data. This is
an appropriate result seeing that real rates of return are known to be less vari-
able in the long run than their nominal counterparts. An increased aj signifies
a faster reversion to the long-term mean /-li. On the other hand, a decreased
ai indicates a higher fluctuation around /-li, which results from additional vari-
ability in the rates".

2http://www.federalreserve.gov/releases/h15/data/b/tci5y.txtand
http://www.federalreserve.gov/releases/h15/data/b/tcm5y.txt

3The explanation of the significance of a higher or lower Qi can be understood in that an
increased Qi indicates that the rates stay more closely to /-Li, which suggests that they are less
variable from year to year. The extreme case, where Qi = 00, causes instant reversion to the
mean, so that the rates remain unchanged since Xi(t) = u; at all time. The opposite effect

238

http://2http://www.federalreserve.gov/releases/h15/data/b/tci5y.txtand
http://www.federalreserve.gov/releases/h15/data/b/tcm5y.txt


C.6 us X4(t) parameters

This section solves for US estimates of a4l, a42, a43, and a44' The UK X4(t)
parameter estimates provide a benchmark in determining the US parameter
estimates. Using the UK parameter values as the initial estimates in a simula-
tion, we will compare the summary statistics of the simulated output with the
historical US data. Through trial and error, we choose the parameter estimates
whose simulated summary statistics best match those of the US historical data.

We initially follow the UK conclusions that a4l, a42, a43 all equal zero. We
proceed by choosing a reasonable value for a44 so that the overall variance of
the simulated X4(t) matches the variance of the historical US CPI growth rates.
Tables Cl and C2 contain the unconditional correlation matrix and variances
based on an 8,000 year simulation, where a41 = a42 = a43 = 0, a44 = 0.011,
and the remainder of the US parameter estimates were determined in Sec-
tions Cl, C2, and CS. We display the historical US variance and correlation
matrix in Tables C3 and C4. The sources of the US data were described in
Section B.1.

We compare the simulated correlations to the US historical values, begin-
ning with the relationship among the economic processes Xl (t), X2(t), X:3(t),
and X4(t) (we will describe X5(t) results and its associated parameters in Sec-
tion C7). The simulated summary statistics match (at least approximately) the
historical variances and correlations with one major exception. The simulated
relationship between X2(t) and X4(t) does not resemble the historical average.
The US historical data describes the equity log return as having a substantially
negative correlation with the CPI log growth (-0.28), while the simulated re-
sults produce a moderate positive correlation (0.17). This suggests that the
second source of risk, although not significantly affecting the UK CPI, has a
negative impact on the US CPI. In terms of our model, such a result indicates
a42 is less than zero".

occurs when OJ is lower, that is, the risk-free rate of return fluctuates further around JLi, which
is a symptom of more dispersion between the rates from year to year.

4A speculative explanation for this result is that unexpected increased equity performance
can be reflective of a strong economy, and such an economy will generally have low inflation.
Therefore, unexpected improvements in the economy will increase equity returns and dampen
inflation. Conversely, an unexpected increase in inflation might go hand in hand with a down-
turn in the economy and equity returns. A possible reason why this result does not occur in
the UK is that the UK government have been targeting their annual level of CPI for the past
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We test, therefore, various negative values for a42 until the correlation be-
tween the simulated X2(t) and X4(t) approximately matches that observed in
the historical US data. Additionally, we continue to choose a value for a44
that achieves an approximately accurate overall variance, the historical be-
ing 0.00094. We settle on the estimates: a41 = 0, a42 = -0.013, a43 = 0 and
a44 = 0.0022, which generate the unconditional correlation matrix and vari-
ances in Tables CS and C6.

C.7 US X5(t) parameters

In this section, we calculate US estimates for the parameters associated with
the US real wage growth, X5(t), which are the real wage drift, {l5, and the local
volatility, a55. In our model, the drift of the general wage growth (X4(t) + X5(t)
that is not generated by the CPI (X4(t)) is due to the real wage return (xs(t)).
That is, the positive difference between their historical means in Table C3 sug-
gests that there is a long-term drift in the wage growth that is unaccounted for
in the CPI growth. We represent this real drift by /-L5'In addition, a55 represents
the real wage rate's volatility associated with the source of risk, W5(t), which
we assume is independent from the other sources of risk.

Using the US wage data described in Section B.1, we begin by calculating
the annual real wage growth by finding the growth rate of the US wage index
in excess of the US CPI. We derive the estimates for /-L5 and a55 by calculating
the mean and standard deviation of the log real wage growth. The results
reveal that /-L5 = 0.52%. These results suggest that the US workers' general
salary growth, excluding merit increases, exceeds inflation by a mere average
of 0.52%. We discuss this value below. We calculate the standard deviation to
equal 2%, which becomes our estimate for a55.

Figure Cl illustrates the low level of real wage growth between 1970 and
2004. In the early 1970's, the real wage growth is positive. The negative real
growth in the late 70's and early 80's causes, however, the index to nearly
return to its 1970 value by 1990. Since 1990, there has mostly continued to
be some positive growth which contributes to an overall positive, yet small,
level of drift for X5(t). Kahn and Blau (2002) compared the real wages in the

lO years (which is nearly half of our data), making it less influenced by forces in the economy.
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Figure Cl: US historical data time series plot of the real wage index.

US to those of the OECD countries: Australia, Austria, Canada, Sweden, the
UK, and West Germany. They explained that, between 1979 and 1981, the
real wages of the median US median worker deteriorated relative to those of
the median worker in the other Western nations. Seeing that our aim is to
estimate reasonable parameters on an ongoing basis, we remove the data that
was marked as not being consistent across the Western countries. The mean
from 1982 onward has been slightly over 1%, which becomes our estimate for
J.l5 .

The simulated unconditional correlations, variances, and means output in
Tables C7 and C8 incorporate the estimated x5(l) parameter values (that is,
J.l5 = 0.01 and a55 = 0.02). These parameter values satisfy our first objective
in matching the overall variance of X5(t) to its historical variance in Table C.3.
In addition, the correct level of real wage growth volatility is important in our
study as it generates an appropriate level of wage growth variability in ex-
cess of the CPI growth variability. This will allow the wage's growth to have
an appropriate level of fluctuation in relation to the other economic variables
since Table C6 indicates that the simulated CPI is highly correlated with the
simulated risk-free nominal rate of interest (having a correlation coefficient of
80%). As noted previously, the risk-free nominal rate of interest is a major
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component of the pension income since it drives the bond and cash returns, as
well as the cost of annuitization. The moment matching approach to estima-
tion succeeded in reasonably matching the simulated variance (0.00043) to its
historical value of 0.00041.

Furthermore, the correlations between the nominal wage growth rate, .r.1 (I) +
X5(t), and the economic processes Xl(t) and X4(t) are on par with their histor-
ical counterparts. The accuracy of the dynamics between the nominal wage
and the other economic processes strengthens the validity of the wage model.
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Economic Process Xl(t) X2(t) X3(t) X4(t)
Variance 0.00112 0.02501 0.00012 0.00093
mean 0.05354 0.09396 0.02723 0.02195

Table Cl: Simulated variances and means: 0'41 = a, 0'42 = 0, 0'4:1 = 0, and
0'44 = 0.011

Economic Process Xl (t) X2(t) X3(t) X4(t)
Xl (t) 1 0.16 0.54 0.84
X2(t) 0.16 1 0.04 0.17
X3(t) 0.54 0.04 1 0.18
X4(t) 0.84 0.17 0.18 1

Table C2: Simulated correlation matrix: 0'41 = 0, 0'42 = 0, 0'43 = 0, and 0'"", =
0.011

Economic Process Xl (t) X2(t) X3(t) X4 (t) X'I(t) + x~)(t) :rr) (I)
Variance 0.00089 0.02776 N/A 0.00094 0.00037 0.00041
Mean 0.06157 0.10368 N/A 0.04575 0.05096 0.0052

Table C3: US historical variance and mean.

Economic Process Xl (t) X2(t) X3(t) X4 (t) X4(t) + X5(t)
Xl (t) 1 0.08 N/A 0.74 0.7
X2(t) 0.08 1 N/A -0.28 0
X3(t) N/A N/A N/A N/A N/A
X4(t) 0.74 -0.28 N/A 1 0.76
X4(t) + xs(t) 0.7 0 N/A 0.76 1

Table C4: US historical correlation matrix.
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Economic Process
Variance
mean

0.00109 0.02498 0.00012 0.00096
0.05251 0.08929 0.02672 0.02154

Table CS: Simulated variances and means: a41 = 0, a42 = -0.013, a.13 = 0, and
0"44 = 0.0022

Economic Process Xl (t) X2(t) X3(t) X4 (t)
Xl (t) 1 0.17 0.54 0.81
X2(t) 0.17 1 0.05 -0.24
X3(t) 0.54 0.05 1 0.17
X4(t) 0.81 -0.24 0.17 1

Table C6: Simulated correlation matrix: a41 = 0, a42 = -0.013, a'l:I = 0, and
0"44 = 0.0022

Economic Process X4 (t) + X5 (t)
Variance 0.00138
mean 0.03175

0.00043
0.01022

Table C7: Simulated variances and means: /.l5 = 0.01 and a55 = 0.02

Economic Process XI(t) X2(t) X3(t) X4(t)
X4(t) + X5(t) 0.67 -0.21 0.14 0.83

Table C8: Simulated correlation matrix: J.L5 = 0.01 and a55 = 0.02
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AppendixD

Determination of the Market Prices
of Risk, 6j'S

In this chapter, we explain the estimation procedure for each of the 6J's, start-
ing from the theoretical underpinnings of each. Following the order of the sub-
scripts, we estimate each 6j using analytical, empirical, and subjective meth-
ods. When necessary, we estimate the 6/s from UK data in addition to the
US estimates. The steps that we outline in this section produce the following
estimates:

Parameter
Estimate -0.152 0.328 -0.419 -0.066

0.1 The Yield Curve Market Price of Risk, 61

The importance of determining the yield curve risk premium in our model is
because, with all other characteristics being equal, bonds with longer terms
will typically yield higher returns. The yield curve risk premium is a reward
for the additional risk of investment in long-dated bonds relative to short-term
cash. The risk premium arises from a long-bond's heightened sensitivity to
the prevailing risk-free interest rate, which produces additional volatility in its
price. The Vasicek model incorporates the expected risk premium by the use
of ill in the price of a risk-free zero-coupon bond, as equation (2.27) showed.
We have estimated all of the necessary parameters to determine til (= 1'1 -

245



E]=1 aljoj/o:d in Appendix C with the exception of 01 (since a1j = 0, for j =

2, ... , 5). 01 is the market price of risk associated with the first source of risk.
We require both a US 01 estimate as well as a UK 01 estimate. The need for

the latter is because:

1. The solutions for 02, 03, and 04 depend on 81,

2. There is insufficient US real long-bond data to produce a US 83 estimate
(see Appendix B). In order to introduce UK long-bond indexed-linked
data to act as a proxy in estimating 83, we require an estimate for 81 from
analogous UK data.

We first estimate 01, therefore, according to US data. Thereafter, we estimate
the UK value for 01 using the same method of estimation. Section 0.1.3 lists
the steps that we follow in estimating 81, Before this, however, it is necessary
to give the equation and explanation of the observed risk premium and the
expected risk premium in Sections 0.1.1 and 0.1.2, respectively.

0.1.1 Observed Yield Curve Risk Premium,OR?!

We begin the estimation of 01 by defining the empirical formula of the observed
yield curve risk premium. The observed risk premium over one time unit is
the difference between:

• the logarithmic total return on an irredeemable bond, which pays 1 at the
end of each time unit (equation (2.28», and

• the log return on the cash account, which is a risk-free bond with a term
to maturity of one time unit (equation (2.29».

Therefore, the formula for the achieved risk premium over one time unit is:

where PI (Xl (t), t, T) is the price of a zero-coupon bond at time t that matures
in one time unit, and whose formula is given in equation (2.27). A drawback
of this solution is that it depends solely on the short rate. Having the data to
act as a proxy for the yield to maturity of the irredeemable bond, which we
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represent with ll(t), we wish to incorporate this information in the estimation
of ()l. We can rewrite equation (D.l) to be a function of the irredeemable bond
yield with the following price formula of a perpetuity:

(D.2)

Thus, the achieved excess return of the irredeemable bond over cash in equa-
tion (D.l) can also be defined as:

I 1+1/11(t+l) I 1
og 1/11(t) -ogPI(XI(t),t,t+I)'

(D.3)

Based on long and short-bond historical data at times k and k + 1, the formula
for the observed risk premium, ORPI(k, k + 1), over one time unit is:

1+1/II(k+l) 1
ORPI(k, k + 1) = log 1/II(k) -log H(XI(k), k, k + 1)' (D.4)

where the subscript 'I' on 0 RP denotes a nominal bond.

D.1.2 Expected Yield Curve Risk Premium, EJ=l afj(t)6j

The expected risk premium is present in the irredeemable bond's SDE. If F{l)
is an irredeemable bond fund, whose coupons are payable continuously, then
in the continuous case:

(D.5)

and its SDE under the real-world measure is as follows:

dF(t) F(t) [Xl (t) dt +t lTfj(t)( dWj(t) + OJ dt)]- 1 x dt

- F(t) [ (Xl (t) +t,IT fj(t)Oj) dt +t IT fj(t) ew, (1)]- dr, (0,6)

where, associated with risk Wj(t), (Jfj(t) is the local volatility of F(t) and 6j

is the market price of risk. E;=l (Jfj(t)r5j is the expected risk premium on the
irredeemable bond, which we describe further below. F( t) shares the same
risks as P, (Xl (t), t, u) since the former is composed only of latter as shown in
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equation (D.5). Since only W1(t) affects nominal bond prices, E;=l (Jlj(t)6j can
be written as (Jfl (t)61•

We note that we represented the SDE for an irredeemable bond fund with
continuous reinvestment by D(t) in Section 2.4. The difference between the
SDEs for D(t) and F(t) is that the former includes the continuous reinvestment
of coupons while the coupons are payable continuously to the bond holder in

F(t), which is indicated by the additional- dt. Thus,

dD(t)
D(t)

= F(t) (dF(t) + dt)

- D(t) [(Xl(t) + 0"f1(t)61) dt + O"fl(t) dW1(t)]. (D.7)

We next determine the expected risk premium over n time units using the
martingale approach to estimation, following the example in Cairns (2004).
Using equations (2.25) and (D.7), the former being the SDE of the cash fund

(G(t) from Section 2.4), the SDE of D(t)jG(t) is:

D(t) D(t)
d G(t) = G(t) ((Jf1(t)61 dt + (J/l(t) dW1(t)). (D.8)

Ifwe let
(D.9)

so that
dJ(t) = J(t)O"/l(t)61 dt, (D.lO)

then
D(t) D(t)

dG(t)J(t) = G(t)J(t) (JII (t) dWl (t). (D.ll)

The SDE for D(t)j (G(t)J(t)) has zero drift (no dt term), which is a necessary
condition for the SDE to be a martingale under P (Cairns, 2004). As a mar-
tingale, E[D(n)j (G(n)J(n))] = D(O)j (G(O)J(O)), but under the martingale ap-

proach to estimation we equate D(n)j (G(n)J(n)) = D(O)j (G(O)J(O)), which

implies that we equate the additional return of the irredeemable bond fund
over the cash fund to be the accumulated excess expected rate of return: that

is,

D(n)j D(O)
G(n)jG(O)

J(n)
J(O)

- exp [ion (J/l(t)61dt] .
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The excess expected rate of return on the bond over the risk-free rate of in-
terest is defined as the risk premium, which represents the additional reward
gained for choosing to invest in the risky bond as opposed to the risk-free cash
account. Thus, the risk premium over n time units is Ion O't1(t)t51 dt and the
expected variance over n time units is I; aJl(t)2 dt.

0.1.3 Solving for61

We will take the following steps to solve for 151:

1. Using historical data as proxies for II (t) and Xl (t), along with previously
estimated values for all and all we estimate the expected average yield
curve risk premium over n time units, Ion aj1(t)t51 dt/n, to be set equal to
the average value of ORP1(k, k + 1) from equation (D.4):

nIon af1(t)t51 dt/n ~ L ORP1(k, k + 1)/n
k=l~[l 1+1/h(k+1) 1 1 ]/~ og - og n.
k=l 1/h(k) P1(X1(k), k, k + 1)

(D.12)

2. We next calculate an estimate for Ion aJ1(t) dt / n. Our initial estimate makes
use of the Vasicek model's analytical estimate of zero-coupon bond volatil-
ity. We represent this analytical estimate of volatility as Lk'=l af1(k)/n.
For reasons that we explain below, we also determine an empirical esti-
mate from the observed volatility, which is the negative root of the sam-
ple variance for ORP(k, k + 1) over n + 1observations:

obs.vol = -JVar (ORP1(1, 2), ... ,ORP1(n, n + 1)). (D.13)

3. Finally, we divide the average observed risk premium by the estimate for
I; af1(t) dt/n, to arrive at two estimates for 151:

I; af1(t)t51 dt/n
151 = Ionaf1(t)dt/n'

Lk=l ORg(k, k + 1)/n~ (0.14)
Lk=l af1(k)/n

or
Lk=l ORPt(k, k + 1)/n

~
obs.vol

(0.15)
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Based on equations (D.14) and (D.IS), there are two methods of 61 estima-
tion: an analytical method which incorporates the Vasicek model's analytical
formula for local volatility and an empirical method, the latter being the pre-
ferred estimate and that which we use in our final asset model. Section D.1.4
will calculate the first 61 estimate while Section D.1.s will calculate the second.
Despite the employment of the empirical risk premium estimate from equa-
tion (0.12), we label equation (D.14)'s method of estimating 61 the 'analytical'
method. As Section D.1.4 will explain further, this is owing to the use of the
Vasicek model's analytical local volatility estimate in the denominator. On the
other hand, we refer to equation (0.15) as the 'empirical' method of estimation
since its denominator uses instead the data's exhibited volatility.

We choose two methods of estimation owing to the Vasicek model's weak-
ness of complete reliance on a single factor, the risk-free rate of interest, ex-
plained in the beginning of Section 2.1.1. Historical interest rate data show
that changes in interest rates with different maturities are not perfectly cor-
related as predicted by one-factor models (Cairns, 2004). Thus, by including
the short-rate as the only source of randomness, the behavior of the long-rates
are less adequately modeled. Obtaining an appropriate analytical estimate for
fon (J f1 (t) dt / n merits a multifactor model. In the upcoming sections, the inade-
quacy of the one-factor model will be illustrated when the analytical method of
estimating the local volatility of the irredeemable bond for the Vasicek model
severely underestimates the true volatility exhibited in the data. The manner
in which we overcome this model weakness is by solving for 61 with equa-
tion (D.IS) and, thus, incorporating the extra information contained in the em-
pirical volatility. Using the data from both the US and the UK, we compute
and compare both countries' 61 estimates according to the analytical and em-
pirical methods of estimation. We do not use the analytical estimate of 6) in the
economic model, but its purpose is to illustrate that the analytical local volatil-
ity estimate severely underestimates the true volatility displayed in the data.
The analytical solution also proves useful in Section 0.3, when we need the
analytical local volatilities estimates to determine the breakdown of volatility
between each source of risk; whereupon, we employ the empirical total volatil-
ity estimate to measure the degree of underestimation in order to top-up each
analytical volatility value.
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In Section 0.1.4, we produce an analytical estimate by first expressing af 1 (t)
as a function of XI(t). This is done by making use of the Vasicek model's an-
alytical local volatility estimate for a zero-coupon bond. Since the Vasicek
analytical estimate relies solely on the risk-free rate of interest, the analyti-
cal estimate of Ion ajl(t) dt/n is conseqentiqally also a function of Xl(t) and its
estimate is computed from historical short-bond yields. Section 0.1.5 solves
equation (0.13) and, unlike the analytical estimate, this empirical estimate of
volatility in equations (0.15)'s denominator relies on both short and long-bond
historical yields.

0.1.4 Analytical Estimate for (h using US Data

Towork out an analytical estimate for Ion ajl (t)/n dt, we next model F(t)'s SOE
in terms of PI (z , (t), t, T). The SOE at time t for a risk-free zero-coupon bond
that matures at time T is as follows:

dPI(XI(t), t, T)

- P, (Xl (t), t, T) [ (XI(t) +~ "pd (t, T)8j) dt +~ "pd (t, T) dWj(t) 1 '
(0.16)

where apd(t, T) is the local volatility associated with risk Wj(t). apll(t, T) is a
function of the bond's term to maturity and, for the Vasicek model, is equal to
(e.g. see Cairns, 2004):

-alj (1 - e-a1 (T-t))
apd(t, T) = --~-----'-

°1
(D.17)

apd(t, T) = 0 for j > 1 since alj = 0 for j > l.
Combining equations (0.16) and (0.17), we see that the SOE of PI (Xl (t), t, T)

is a function of XI(t) as well as its term to maturity. This causes aj1(t) to be a
function of time. More precisely, the irredeemable bond, as defined in equa-
tion (D.S), is composed of zero-coupon bonds bearing different volatilities that
change continuously as they approach maturity, according to the analytical es-
timate in equation (0.17). In addition, as the prices of the zero-coupon bonds
fluctuate, so too will the weighting of its corresponding volatility in the cumu-
lative volatility of F(t). afj(t) is, therefore, a function of time, t.
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Taking the SDE of equation (D.5) and incorporating equation (D.16), we
get:

dF(t) - d 100 Pl(Xl(t), t, u) du

100 dPl(Xl(t), t, u) du - Pl(Xl(t), t, t) dt

100 Pl(Xl(t), t, u) [(Xl(t) + ap)l(t, u)8l) dt + ap1l(t, u) dW1(t)] du - dt

F(t) [ (Xl (t) + 81ft' Pt (Xl (t)'~(~1{lPJl (t, u) dU) dt

s: PI(XI(t),t,u)apll(t,u)dudW ()] _ d
+ F(t) 1 t t

- F(t) [(Xl (t) + afl (t)8d dt + afl (t) dWI (t)] - dt, (D.18)

where:

()
ftOO H(Xl(t),t,u)ap1I(t,u)du

afl t = F(t)

ftOO H(Xl(t),t,u)ap)l(t,u)du
=

ftOO PI (Xl (t), t, u) du
2::"t+l PI (Xl (t), t, u)ap11 (t, u)~ (D.19)

2:::O=t+lPl(XI(t), t, u)
(lf1(t) is now expressed as a function of Xl(t) (see equations (2.27) and (D.17)).

Based on n observations, we estimate fJ: a fi (t) dt j n with the following:
n

~ L {lfl (k)jn
k=l~(t 2:~k+l PI (Xl (k), k, u)apil (k, U)) /
k=l 2:~k+I PI (Xl (k), k, u) n.

(D.20)

Finally, we return to equation (D.14) and incorporate equations (D.12) and (D.20)
to produce an estimate for daily value of 81:

(D.21)
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Formula (D.21) is a recursive equation since the estimator is a function of the
estimate. The following explains the way in which the right hand side of equa-
tion (D.21) depends on <51:

1. Pl(Xl(k), k, k + 1) is dependent on the iii estimate according to equa-
tion (2.27), and

2. The iiI estimate is a function of the <51 estimate; that is,

(D.22)

To solve equation (D.21), we first insert an arbitrary 61 estimate into the right
hand side of equation (D.21). Then, the calculated 81 estimate from the left
hand side of equation (D.21) is substituted into the right hand side of equa-
tion (D.21) to obtain a new implied 81• The process is iterated until the <51 esti-
mate converges; that is, it terminates once the estimate used in Pi (Xl (k), k, k +
1) on the right hand side of equation (D.21) matches the calculated <51 estimate,
determined on the left hand side of equation (D.21).

The data available in the US is daily; thus, the time units are one trading
day. The daily data that we use to act as a proxy II (t) is the daily equivalent
of the annual yields data of the US Government historical long-term Treasury
securities, as Section B.1 described. From the 34.3 years data period, there are
8569 daily observations (n + 1 = 8569). This implies that there is an approx-
imate average of 250 trading days per year. If l~(t) is the historical annual
yield, then we convert If(t) to produce a daily effective yield in the following
manner:

( )
(1/250)

II(t) = 1+ I~(t) - 1. (D.23)

We continue to make use of the Xl (t) US daily data that we used in Section C.l.
Applying the previously estimated values for all and 0'1, the following annual
parameter estimates satisfy equation (D.21):

Parameter (J /1 (t)
US Estimates -0.0821 0.0225 -0.2746 0.0848
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Figure 0.1: US historical analytical local volatility for an irredeemable bond
over time.

Figure 0.1 plots the historical values of the analytical estimates for afl (t).
In this graph, we plot the annualized solution to equation (0.19) for each trad-
ing date against the date. The average of these individual estimates, therefore,
produces the final estimate for fan (Jfl (t) dt/n, as given in equation (0.20). Their
fluctuations span approximately 1.3%. This range is relatively low and there-
fore justifies the averaging that occurs in equation (0.21).

0.1.5 Empirical Estimate for <51 using US Data

In this section, we solve for the 61 empirical estimate according to equation (0.15).
In the denominator of equation (0.15), we empirically estimate J; afl(t) dt/n
(which we label as obs.vol in equation (D.13)) using the historical volatility
of the data's observed yield curve risk premium (which we represent with
oRP} (k, k + 1) in equation (0.4)). Based on n + 1 observations of historical
long-bond and short-bond data, the empirical volatility of the observed risk
premium is:

obs.vol = -JVar (ORP}(1, 2), ... ,ORP1(n, n + 1))

[nE (ORH(k, k + I))' - (EORP,(k, k + 1)),] /n(n - 1)
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[
n Ln (10 HI/h (HI) - 10 1 ) 2]

k=l g I/ll(k) g Pl(Xl(k),k,k+1), /n(n - 1),
("n I H1/h(H1) I 1 )2

- L."k=l og l/ll(k) - og Pl(Xl(k),k,HI)

(D.24)

As we showed in equation (D.15), we compute the empirical estimate for <51 in
an identical manner as in equation (D.21), with the exception of replacing the

Combining equa-analytical volatility estimate with the observed volatility.
tions (D.12) and (D,24) with equation (D.15), we get:

J; a f1(t)<51dt/n
Jon aj1(t) dtln

Lk=l ORP1(k, k + l)/n
~

oos.uol

{
n [(1+1/h(k+l)) ( 1 )]}/

- (; log l/h(k) -log P1(Xl(k), k, k + 1) In

} /n(n - 1).

(D.25)

{

n [1 (H1/lJ(k+1») I ( 1 )]2n Lk=l og l/lJ(k) - og PJ(xl(k),k,Hl)

[ n I (Hl/lJ(k+l») 1 ( 1 )]2
- Lk=l og l/lJ(k) - og PJ(xJ(k),k,k+l)

The solution to equation (D,25) is dependent on the <51 estimate. Similar to
Section D.1.4, this calculation is a recursive process which terminates once the
81 used in equation (D.25) equals the calculated <51 estimate,

The time units continue to be daily and we continue to use the daily equiv-
alent of the annual yields data for the US Government historical long-term
Treasury securities to act as a proxy for II (t). Section 8.1 described the annual
data and equation (D.23) calculated the daily equivalent to solve for the ana-
lytical US <51 estimate. In addition, we again employ the Xl (t) US daily data
from Sections C.1 and D.1.4. The resulting annual parameter estimates are as
follows:

Parameter a/I (t)
US Empirical Estimates -0,1487
US Analytical Estimates -0.0821

0.0225
0.0225

-0.1516 0,0697
-0.2746 0,0848

Comparing the empirical volatility estimate to Setion D.1.4's analytical es-
timate, we see that the volatility's analytical solution from our one-factor Va-
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sicek model underestimates the observed volatility by nearly 45% ([-0.1487-
(-0.0821)]/( -0.1487). The underlying cause of the discrepancy is the system-
atic underestimation of each individual zero-coupon bond's local volatility in
using equation (D.17) as opposed to taking full advantage of the information
provided in the short and long-bond data and computing the empirical total
volatility directly. In the next section, the analytical estimate's underestimation
is additionally higher with UK data.

In terms of the appropriate estimate to be used in the study, we deem that
the empirical estimate of 61 is the superior estimate since it properly accounts
for the degree of volatility in the data for which the observed excess return is
rewarding for. Our economic model's estimate for 61 is, therefore, the empiri-
cally estimated value of -0.1516.

Using this estimate for 01, the simulated long-term mean return on bonds
is 6.1%. Without investment management fees, Poterba et al. (2005) stated that
Ibbotson Associates (2004) reported an annual historical arithmetic mean of
pretax returns of 6.2% on long-term bonds over the period 1926-2003. Like our
rates, these rates are measured with neither tax nor asset management fees.
We should note, however, that their reported return on large-capitalization
stocks of 12.4% exceeds our simulated average of 10.2%. This is reasonable
seeing that estimates for the equity risk premium vary widely, which we will
comment on in Section D.2.

0.1.6 Analytical and Empirical Estimate for 61 using UK Data

To estimate analytical and empirical o, estimates according to UK experience,
we follow the same procedure employed for the US data, except using UK
data. The frequency of the UK data is monthly, unlike the US data, creating
monthly time units. We use the historical monthly equivalent of the UK long-
bond annual yields data to act as a proxy for 11 (t) and the historical short-term
UK bond data as a proxy for Xl(t), both of which are available on a monthly
basis and were described in Section B.1. To obtain the monthly equivalent to
act as a proxy for h(t), we convert I~(t) (the annual real yield of the index-
linked irredeemable bond) to produce a monthly effective yield:

II (t) = (1 + I~(t)) (1/12) - 1.
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Using n+ 1 = 231 monthly observations of h(t) and Xl (t), then solving for 81's
estimate in the recursive equations (D.21) and (D.25), the annual parameter
estimates are as follows:

Parameter (J /1 (t)
UK Empirical Estimates -0.1152
UK Analytical Estimates -0.0327

0.0340
0.0335

-0.2943 0.0769
-1.0258 0.1089

The analytical UK volatility underestimates the observed volatility by over
70%, a discrepancy even more significant than in the US data. We can explain
the enormity of the gap between the two estimates by examining the true na-
ture of the relationship between the short and long-bond data and comparing
it to that implied in the Vasicek model. Figure B.5 illustrated that, between the
years 1986 and 2005, the monthly UK long and short-bond yields span a huge
range and are nearly always on the decline. In fact, the long-bond yield peaks
at 11.6% then plummets to 4.4%. The long-bond's large duration causes its
price to be significantly sensitive to the prevailing yield. Indeed, such extreme
long-bond yields would require a risk free rate of 21.85% and -13.% according
the Vasicek model formula in equation (D.2). In reality, Figure B.5 showed that
the actual short-bond data does not span this range. In fact, the volatility of
the short-bond data is well below the level necessary to produce an analytical
irredeemable bond volatility estimate that matches the volatility exhibited in
the long-bond.data. Thus, the one-factor model's restricted analytical estimate
understates the true volatility of the observed risk premium.

Illustrating the UK analytical solution's deficiency is relevant to justify the
procedure that we will take in Section D.3, where the degree of underestima-
tion is necessary to arrive at a value for 83. We do not use the UK 8! analytical
estimate itself in any future calculations, but Section D.3 will employ the UK
81 empirical estimate of -0.2943 to solve for 83•

0.2 The Equity Market Price of Risk, 82

Section 2.1.2 defined 62 as the market price of risk associated with W2(t) and
2:;=1 (J2j6j as the equity risk premium over the risk-free rate of interest. The
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equity risk premium is the expected return on equities over bonds which com-
pensates for the additional risk of equity returns. Historical research has pro-
duced a huge range of estimated equity risk premiums. These estimates vary
widely from approximately -1% to 9% (Derrig and Orr, 2004). This variety is
also exhibited in our study. InSection C2, the US data produced an estimate of
5.3%, while the UK data produced a much lower value of 3.3% in Section C3.
Having a risk premium estimate, we calculate a corresponding estimate for 02

according to the following formula:

2

02 = (~:=a2jOj - 0Ia21)/a22,
j=1

We produce a US estimate for 02 by applying the US estimated values for
E;=l a2jOj, a22, and 01 from Sections C2 and D.1.3:

(D.27)

82 = 0.3283. (D.28)

Likewise, the UK estimate for 82 requires the UK estimated values for E;=l a2jOj,

a22, and 151 from Sections C3 and D.1.3. We calculate 82's UK estimate to be:

82 = 0.1269. (D.29)

We expect E;=1 a2jb'j to be positive in order for equities to outperform short-
term bonds. Since the a22 estimate is positive and is large in magnitude rela-
tive to the a21 estimate, the positive 152 UK and US estimates are necessary to
achieve a positive risk premium. The higher US 152 corresponds with its larger
equity risk premium. The 82 estimates are both positive and at reasonable lev-
els relative to the 151 estimates; that is, the absolute values of all the o/s are
between 0 and 0.5.

0.3 The Real Yield Curve Market Price of Risk, 63

Indexed-linked bonds with longer terms typically yield higher returns relative
to those with shorter terms, assuming they have identical characteristics in
other respects. This yield curve risk premium also occurs in regular bonds, as
Section D.1.3 explained. According to the Vasicek model, the magnitude of the

258



excess return of index-linked bonds over the index-linked cash is determined
by the estimated value for 63, Hence, 63 is the market price of risk associated
with the third source of risk. The performance of the index-linked securities
incorporates this premium by the use of [i3 ([i3 = /J3 - l:~=1 a3j6j/O:3) in the
price formula of a risk-free zero-coupon bond that yields a real rate of return,
P3 (X3(t), t, T) (see equation (2.31». P3 (X3(t), t, T) is a strong determinant in the
rate of return of index-linked bonds and cash (see equations (2.33) and (2.32».

The process of estimating 63 is nearly identical to the method for 61 in Sec-
tion D.1.3. We will first define the observed real yield curve risk premium and
the expected real yield curve risk premium in Sections D.3.1 and D.3.2. We
will then estimate the latter using the former. Following this, we will calcu-
late both the analytical and the empirical volatility. In Section D.3.3, however,
the estimation procedure becomes slightly more complex owing to the three
sources of risk affecting 63's value as opposed to the single source for 61,

0.3.1 Observed Real Yield Curve Risk Premium, 0RP3

To estimate 63 and calculate the risk premium on the real interest rate process,
we first define the empirical formula for the observed real yield curve risk
premium. The observed real yield curve risk premium over one time unit is
the difference between:

• the logarithmic total return on an index-linked irredeemable bond, which
pays G(T) at each future time unit T (equation (2.32», and

• the log return on an index-linked cash account, which is an index-linked
risk-free bond with a term to maturity of one time unit, at which time it
pays G(t + 1) (equation (2.33».

Therefore, the formula for the observed real yield curve risk premium between
time t and t + 1, is as follows:

log (G(t + 1) + l:~=t+2 G(t + l)g(x3(t + 1), t + 1,T)) _
. l:~=t+1 G(t)P3(X3(t), t, T)
1 G(t + 1)
og G(t)P3(X3(t), t, t + 1)

log GCt + 1) (1 + l:r=t+2 Pl(X3(t + 1), t + 1,T)) _
G(t) l:r=t+1 P3(X3(t), t, T)
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(0.30)

(0.31)

The difference between equations (0.30) and (D.31) lies in the price formula of
an irredeemable bond. Unlike equation (D.30), equation (D.31) makes use of
the perpetuity formula. This substitution is made possible by the availability
of data to act as a proxy for 13(t), which represents the real yield to maturity
per time unit on an index-linked irredeemable bond at time t. While equa-
tion (D.30) is based solely on the short-bond real rate, X3(t), equation (D.31)
incorporates the information contained in the short and long-bond real rates,
X3(t) and 13(t).

Equation (D.31) indicates that the value of the Cl'I has no effect on the value
of the achieved real yield risk premium. Thus, we can calculate an estimate
for the expected risk premium by examining the real yields on bonds without
considering their indexation to inflation.

We label the first term in equation (D.31) as the logarithmic total return
on Q(t). Q(t) is an index-linked irredeemable bond fund where the inflation
growth rate is zero and we refer to it as the irredeemable real bond fund. We la-
bel the second term in equation (D.31) as the logarithmic total return on K(t),
where K(t) is an index-linked cash account with an inflation growth rate of
zero like Q(t). We refer to it as a real cash account. Based on this, the ob-
served real yield curve risk premium between times k and k + 1, represented
by ORP3(k, k + 1), equals the log of the excess return of the irredeemable real
bond fund, Q(t), over the real cash account, K(t). The subscript '3' on ORP
denotes a real bond.Using the historical data at times k and k + 1, its formula
is as follows:

1+ 1/13(k + 1)) 1oRP3 (k, k + 1) = log / I (k)) - log ( () ) .1 3 P3 X3 k , k, k + 1
(D.32)
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D.3.2 Expected Real Yield Curve Risk Premium, 2:1=1 CYqj(t)8j

If we consider Q(t) to be an irredeemable real bond fund then, in continuous
time:

(D.33)

Q(t) can be modelled in an identical manner as F(t) in equation (D.6), so that
its SDE under the real-world measure is as follows:

dQ(t) - Q(t) [X3(t) dt +t ",;(t) (dW;(t) + 0;dt)]- dr

- Q(t) [ (X3(t) +t ",;(t)O;) dt +t.",;(t) dW;( t)]- dz,

(D.34)

where (Jqj (t) is the local volatility and t5j is the market price of risk associ-
ated with risk Wj(t). L:J=l (Jqj(t)r5j is the expected real yield curve risk pre-
mium. 2:J=l (Jqj(t)t5j can be reduced to 2:;=1 (Jqj(t)t5j since there are only three
sources of risk associated with the real interest rate process; thus, (Jq4(t) = 0
and (Jq5(t) = 0 for an irredeemable real bond. To explain further, QU) is com-
posed of P3(X3(t), t, u), whose only random component is xa(t); therefore, Q(l)
must also be exposed to the same sources of risk as X3(t). Since the fourth and
fifth sources of risk do not affect X3(t), neither should they affect P3(X3(t), t, u)
nor Q(t).

We now determine the expected risk premium over n time units using the
martingale approach to estimation as was done in determining expected yield
curve risk premium, L:J=l (Jfj(t)r5j in Section 0.1.3. Let R(t) be an irredeemable
real bond fund with reinvestment of coupons; therefore, its SOE is the same as
equation 0.34 except with the coupon payment (- cit):

dR(t) ~ R(t) [ (X3(t) +t ",;(t)O;) dt +t.",;(t) dW;(t)]. (D.35)

Using equation (0.35) and the SOE of the real cash account (ciK(t) = K(t)X3(t) dt),
the SDE of R(t)j K(t) is:

R(t) R(t) ( 3 3 )
cl K(t) = K(t) .r; (Jqj(t)t5j cit + .r; (Jqj(t) ciWj(t) . (D.36)
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Ifwe let

(0.37)

so that
3

dL(t) = L(t) L (}"qj(t)8j dt,
j=1

(0.38)

then
d R(t) R(t) ~
K(t)L(t) - K(t)L(t) f:'i (}"qj(t) dWj(t). (0.39)

The SOE for R(t)/ (K(t)L(t)) has zero drift (no dt term), which is a neces-
sary condition for the SOE to be a martingale under P (Cairns, 2004). As a
martingale, E[R(n)/ (K(n)L(n))] = R(O)/ (K(O)L(O)), but under the martin-
gale approach to estimation we equate R(n)/ (K(n)L(n)) = R(O)/ (K(O)L(O)),
which implies that we equate the additional return of the irredeemable real
bond fund over the real cash account to be the expected real yield curve risk
premium over n time units:

L(n)
= L(O)

exp [f t,",j (t )6jdt 1
The expected risk premium over n time units is Jon ~]=1 {}"qj(t)8j dt and the ex-
pected variance over n time units is ~]=1 Jon (}"qj(t)2 dt. This risk premium re-
wards for the additional riskiness of an index-linked bond relative to index-

R(n)/ R(O)
K(n)/ K(O)

linked cash.

D.3.3 Solving for 63

As we explained at the beginning of this section, we will solve for an analytical
and an empirical estimate of 83• Like the estimation procedure for 81,we do so
by calculating:

1. an empirical estimate for the expected real yield curve risk premium, and

2. two volatility estimates, one determined from an analytical formula based
on short-dated index-linked bond data and the second taken directly
from empirical long and short-dated index-linked bond data.
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Our method of estimation, however, becomes slightly more complicated than
this owing to the multiple sources of risk that affect 63, which we elaborate on
below.

We first solve the empirical estimate for fon 2::]=1 (Jqj(t)8j dt/n. This is accom-
plished in an identical manner described by equation (D.12) in Section D.l.3,
except our formulas apply the real interest rate process as oppose to the nom-
inal. Thus, we estimate the expected real yield curve risk premium to equal
the average historical value of the observed risk premium in equation (D.32).
Using n + 1observations of historical long-bond and short-bond real data:

Ion t (Jqj(t)8j dt/n ~ t ORP3(k, k + l)/n
o j=l k=l

t[l 1+1/13(k+1) 1 1 ]/
- k=l og 1/13(k) - og P3(X3(k), k, k + 1) ti.

(D.4D)

Having an estimate for fon 2::;=1 (Jqj(t)8j dt/n along with the previously esti-
mated values for 81 and 62, we can calculate an estimate for 83 ifwe can produce
an estimate for each of the local volatilities, f; (Jqj(t) dt/n for j = 1, 2, and 3.
That is:

63 = (!on t (Jqj(t)6j dt/n - t" (Jql (t)61 dt/n - !on (Jq2(t)62 dt/n) /
o j=l lo 0

ion (Jq3(t) dt/n.

(D.41)

The conclusions that Section D.1.3 drew regarding the Vasicek's analytical esti-
mate of the risk premium volatility are very pertinent in this section. Similar to
Section D.1.3, we will show that the Vasicek's analytical estimate for the local
volatility of an index-linked irredeemable bond severely underestimates that
exhibited in the data. Like Section D.1.3, we will use the observed volatility
to produce an empirical estimate of the total volatility, V2::]=l fon (Jqj(t)2 dt/n,
based on the long and short-dated index-linked bond data. Unlike Section D.l.3,
however, we require the analytical estimate of each individual local volatil-
ity, fJ: (Jqj(t) dt/n, to determine the breakdown of the empirical estimate of
V2::J=l fon (Jqj(t)2 dt/n between each source of risk, since the empirical estimate
does not provide this information.
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Toproduce an analytical solution for each of the local volatilities fan fJqj(t) dt/n,
we now follow the same procedure that was used to produce an analytical es-
timate for fan fJf1(t) dt/n from the US data. According to the steps outlined in
Section D.1.3, the next phase would be to produce an analytical solution for
fJqj(t) in terms of X3(t).

The SDE at time t for a zero-coupon real bond, whose parameters are asso-
ciated with the real interest rate process, that matures at time T and yields the
real rate of return is as follows:

dP3(X3(t), t, T)

- P3(X3(t), t, T) [ (X3(t) +t "p,j (t, T)6j) dt +t ""j (t, T) dW,(t) 1 '
(D.42)

where fJp3j(t) is the local volatility associated with risk Wj(t) and whose ana-
lytical solution is:

-fJ3j (1 - e-Q3(T-t))
(JP3j (t, T) = -----''-----_:_

0:3
(D.43)

This formula is analogous to the analytical solution for fJpd(t, T) for the Vasicek
model in equation (D.17).

Taking the SDE of equation (D.33) and incorporating equation (D.42), we
can define fJqj(t) in terms of X3(t), 61, 62, and previously estimated parameters:

dQ(t) d100 P3(X3(t), t, u) du

100 dP3(X3(t), t, u) du - P3(X3(t), t, t) dt

100 P3(X3(t), t, u)

x [ (X3(t) +t "p,j (t, U)6j) dt +t ""j( t, u) dWj(l) 1 du - dt

_ Q()[ ( () ~ _ItOO P3(X3(t), t, U)fJp3j(t, u) dU) dt
t X3 t +~ bJ Q(t)

~ ftOO P3(X3(t), t, U)fJp3j(t, u) du dW( )] _ dt
+ f:1 Q(t) J t
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where:

= ft.) P3(X3(t), t, u)ap3j(t, u) du
Q(t)

ft)P3(X3(t), t, u)ap3j(t, u) du
ft P3(X3(t), t, u) du

E~=t+1 P3(X3(t), t, u)ap3j(t, u)~
E~t+1 P3(X1(t), t, u)

aqj(t) is now expressed as a function of X3(t) (see equations (2.31) and (D.43)).
We estimate fan aqj(t) dt/n by applying the previously estimated values for

a3j and 0:3, and averaging the analytical estimate over the available historical
data. Based on n observations, the estimate becomes:

n

~ L aqj(k)/n
k=l~(t E~k+1 P3(X3(k), k, u)ap3j(k, u)) /
k=l E~=k+1 P3(X3(k), k, u) n.

Combining the empirical estimate for fJ: E;=l aqj(t)r5j dt/n from equation (D.4D)
and the analytical estimate from equation (D.45) for each of the three individ-
uallocal volatilities (Jon O"qj(t) dt/n for j =1,2, and 3), the analytical estimate for

(D.45)

(D.46)
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Similar to the analytical and empirical estimation of 81 from US and UK data,
the right hand side of equation (D.46) is dependent on the 63 estimate; solving
equation (D.46) is, therefore, a recursive process which terminates once the
83 estimate used in the right hand side and the calculated 63 estimate are the
same.

We would deem the estimate for 63 from equation (D.46) to be acceptable
if we had full confidence in the analytical Ion CYqj(t) dt/n estimates that we used
in this solution. Section D.1.3 has already illustrated, however, the deficiency
in the one-factor model's analytical estimate for the irredeemable bond's local
volatility. This is a particularly important result since we calculate 63 from UK
data and, according to Section D.1.6, the underestimation was even further
exaggerated when determining UK estimates. For this reason, we will follow
the calculation of equation (D.46) by investigating the potential deficiency in
the Ion CYqj(t) dt/n estimates.

We use the historical monthly equivalent of the index-linked UK long-bond
annual real yields data to act as a proxy for 13(t) and the historical index-linked
UK short-bond annual real yield data as a proxy for X3(t). We characterized
this data in Section B.2 and Sections C.3 and D.1.6 employed the short-dated
index-linked bond data. We convert If(t), the annual real yield for an index-
linked irredeemable bond, to its equivalent monthly effective yield,l3(t), in the
following manner:

(A) (1/12)l3(t) = 1+ 13 (t) - 1. (D.47)

To solve equation (D.46), we let n + 1 = 231 and use the previously estimated
UK parameter estimates from Section C.3. For consistency, we also apply the
UK analytical estimate for 81 from Section D.l.6 and the UK 62 estimate from
Section D.2.

The solution to the analytical annual estimates of the local volatilities for
each of the three sources of risk in equation (D.45) are as follows:

Parameter Analytical
Estimate

Ion CYq1(t) dt/n
Ion CYq2(t) dt/n
Ion CYq3 (t) dt / n

-0.0098
-0.0023
-0.0115
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and equation (D.46) calculates the estimate for 83 at 3.87.

We next compare the analytical estimate of total volatility to the total volatil-
ity observed in the data. Since each source of risk is independent, the analytical
annual estimate of the total variance, averaged over n = 231 time units, is:

t([Uqj(t) dt/n) 2 '" t (Eu,,(k)/n) 2

~t ((t ~~k+l P3(X3(k), k, 1l)ap3j(k, 1l)) / )2
j=l k=l ~~=k+l P3(X3(k), k, u) n

- (-0.0098)2 + (-0.0023)2 + (-0.0115)2

- 0.000233. (D.48)

We can compute the observed risk premium's empirical total variance using an
equation analogous to equation (D.24), except without the square root. Based
on n + 1 observations, the observed variance is calculated using the sample
variance of ORP3(k, k + 1):

obs.var Var (ORP3(1, 2), ... ,ORP3(n, n + 1))

[nE(ORP3(k, k + 1))2 - (~ORP,(k, k + 1))'] /n(n - 1)

[
"n (1 1+1/la(k+l) 1 1 )2]n L.k=l og 1jI3(k) - og P3(X3(k),k,k+l) /n(n _ 1).
("n 1 1+1/la(k+l) 1 1 )2

- L.k=l og 1/(l3(k) - og P3(x3(k),k,k+l)

(D.49)

To solve equation (D.49), we continue to use the n + 1monthly observations of
historical long-bond and short-bond real data that solved equation (D.46). This
produces an annual empirical estimate of the total variance of 0.0284. Taking
the negative square root of both the analytical and empirical total variance es-
timates, we conclude that the observed total volatility is underestimated by its
analytical solution by over 90% (= (JO.0284 - JO.000233) / JO.0284). The an-
alytical estimate of each local volatility needs, therefore, to be increased by the
following adjustment, (), so that the total volatility in the 83 estimate matches
that observed in the data:

()=
obs.var

(D.50)
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We now adjust equation (D.46) to include the appropriate level of volatility:

(D.51)

The annual parameter estimates that solve the recursive equation are':

Final Estimate -0.0708 -0.0152 -0.0826 0.0482 -0.3547 0.0360

We use the UK 63 estimate as the US 63 estimate in our economic model.
In equating these 63, values we are assuming that US investors have the same
relative preferences for short versus long-dated index-linked bonds.

0.4 The Inflation Market Price of Risk, 64

Bonds that guarantee real growth, consequently offering inflation protection,
potentially bear a premium to the investor. Owing to this premium, the ex-
pected long-term instantaneous risk-free real rate of return, X3(t), is lower than
the difference between the expected long-term instantaneous risk-free rate of

lThe volatility adjustment is also dependent on the estimate of 63; consequentially, the final
volatility adjustment does not match its initial estimate.
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return and the CPI logarithmic rate of growth, Xl (t) - X4(t). The difference is a
premium of l:}=l (J4j8j (see equation (2.20)) to the investor for opting for infla-
tion protection in their portfolio choice. 84 is the market price of risk associated
with the fourth source of risk, W4(t), and its value reflects the magnitude of the
inflation protection premium.

To determine 84, we examine the expected long-term logarithmic CPI rate:

[
C(t+1)] 5E log C(t) = ILl - IL3 +f; (J4j8j. CD.52)

One method of estimation is to match the expected logarithmic rate of return
with the historical average. Examining historical US CPI data between 1970
and 2004:

1 2003 C(k + 1)L = 0.045.
(2003 - 1970) k=1970 C(k)

CD.53)

Based on historical US data, the average logarithmic return on the CPI is quite
high at 4.5%. This is largely explained by the large inflation rates between 1970
and 1981. Since 1991, however, the rate of inflation has fluctuated between 1%
to 3.4% with an average of about 2.1% since 1997. A long-term inflation target
of 2% seems appropriate and is our assumption in this study. We set, therefore,
the expected long-term logarithmic CPI rate at the subjective average:

5

ILl - IL3 +L (J4j8j = 0.02. (D.54)
j=l

Substituting the previously estimated parameter values from Sections Cl, CS,
D.1.3, and D.3 into:

.I,= [0.02 - (1'1 - 1'3 +t <7,;0;) 1 /<744, CD.55)

we compute the following estimates:

Parameter
Estimates -0.00441 -0.06559

The US estimate for l:;=l (J4j8j lies within the UK 90% and 95% confidence
intervals determined in Section C3. In addition, we expect l:}=l (J4jOj to be
negative since this premium is a cost to the investor in return for inflation
protection. This is consistent with the estimated value.
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D.5 Final Parameter Estimates

Based on the results from Appendices C and D, the model parameter estimates
are:

Parameter J-l1 0;1 0"11 61 0"21 0"22 62
Estimates 0.051 0.15 0.0185 -0.152 -0.011 0.156 0.328

Parameter J-l3 0;3 0"31 0"32 0"33 63
Estimates 0.027 0.56 0.0075 0 0.0086 -0.419

Parameter 0"41 0"42 0"43 0"44 54 J-l5 0"55

Estimates 0 -0.013 0 0.0022 -0.066 0.01 0.0205
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Appendix E

Time series method of estimating
Xl(t) and X2(t) parameters

This section complements Sections C.1 and C.2. Here, we will use a time series
method as a second approach in estimating US estimates for: Ill, 0"11, aI, 0"21,

0"22, and 0"2161+ 0"2262.
Continuing to assume that Xl (t) follows a Vasicek Model, its SDE under the

measure Q is as follows':

(E.1)

Like in Section 2.1.1, we transfer from Q to the real-world measure P by re-
placing dWl(u) with dWl(u) and ill with III = ill + O"llfJt!al. The SDE of Xl(t)
under measure P is as follows:

(E.2)

Rearranging the equation so that Xl (t) can be recognized as following an AR(l)
process:

As an AR(l) model, the distribution of Xl(t)/Xl(O), ... , Xl(t - 1), t = 1, ... ,n,
has a mean of (1- ad(xI(t -1) - Ill) + III and a variance of O"ri. The uncondi-
tional distribution of Xl(O) is normal with mean III and variance O"il/[l - (1 -
al )2]. Let p = 1- al; then, with n+ 1 observations:

ITo simplify the calculations, we have removed the generality of equation (2.1) by setting
alj = 0 for j =I- 1
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where

Xl (t) - III = P(XI (t - 1) - Ill) + et, t = 1, ... ,n, (E.4)

(E.5)

and (VO, el, ... ,en) is distributed as multivariate normal with mean zero and
covariance matrix diag {ar 11(1 - p2), ar 1, ... , ail}. It follows that twice the log-
arithm of the likelihood for a sample of n + 1observations is:

- (n + 1) log af I + log (1 - p2)

- all2 {(Xl (0) - Ild2(1 - p2) }

- au2 {~ [(Xl (t) - Ill) - P(XI (t - 1) - 1l1)f }

+ C, (E.6)

with C denoting a constant that plays no role when solving for the MLEs.
If we treat Xl (0) as fixed, we can construct the conditional likelihood from

the last n equations. Equation (E.6) then becomes:

2Z(lll,p,arll Xl(n+1)) = -nlogarl
n

- al12L [(Xl (t) - Ill) - P(X1 (t - 1) - 111)]2 +C,
t=l

(E.7)

which leads to the estimators:

P

III

A2
all -

CYl

E~1(Xl(t) - X1(O)(t))(Xl(t - 1) - X1(-1)(t))
E~=l(XI(t - 1) - XI(-1)(t))2

XI(O)(t) - PXI(-l)(t)
1-p

n 2L {(Xl(t) - Xl(O)(t)) - P(XI(t - 1) - Xl(-1)(t))} In,
t=1

1- p,
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Having daily parameter estimates (D) calculated from daily data, we esti-
mate the corresponding annual parameters:

01 - 2500:1(D),

{Ll {Ll(D),
~2

250a-~I(D)·0"11

At the end of this section, we use historical US data to compare the annual
parameter estimates to our model's parameter values, given in Section D.5.

The SDE of equities, S(t), under Q is2:

dS(t) = S(t) {Xl (t) dt + 0"21 dWl (t) + 0"22 dW2(t)} . (E.8)

We transfer from Q to the real-world measure P by replacing dW1(u) with
dWl (u) + 61 dt and dW2(u) with dW2(u) + 62 dt, making the SDE of S(t) under
P:

Knowing that the data is monthly, we can solve for the annual parameters
directly by using time periods of 1/12. Letting:

and

then:

S(t) = S (t -~) + S (t _~) {XI(t - 1/12) + 0"2161 + 0"2262} + e + e
12 12 12 1t 21,

(E.10)

where elt "-'N (0, S (t - 1/12)2 0"~1/12) and e2t f"V N (0, (S (t - 1/12f 0"~2) /12).
elt and e2t are independent. S(t) follows an AR(l) process. If we incorporate
the error term, et, from the Xl (t) AR(l) process from equation (E.3), then:

(E.11)

2To simplify the calculations, we have removed the generality of equation (2.8) by setting
a2j = 0 for j ~3
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where et = Xl (t) - 111 - (1 - ad12) (Xl (t - 1/12) - I1d. If we let cp = 1 +
(a2l6l + a2262) /12:

(
1)Xl(t-1/12) ( 1)S(t) = 5 t - 12 12 + cpS t - 12 + elt + e2t· (E.12)

Similar to Xl(O), if we treat 5(0) as fixed, we construct the conditionallikeli-
hood from the likelihood equations of the last n observations.

As an AR(l) model, the distribution of S(t)15(0), ... , S (t - 1/12), t =

1/12, ... ,n, has a mean of:

( 1)Xl(t-1/12) ( 1) ( 1)S t - 12 12 + cpS t - 12 + S t - 12 eta2I! all

and a variance of 5 (t - 1/12)2 a~2/12. It is now necessary to maximize the
log-likelihood, as written below:

21(cp,ai2,aill Xl(n+1))

-n log 27r- nlog (a~2) - ~(lOg (S (t - /2)) 2) + nlog(12)

- n
122 t[(S(t)-¢S(t-2_)-S(t-2_)XI(t-2_)/122:t=l a22 t=l 12 12 12

-S (t - 112)eta2dan)/S (t - 112)r
(E.13)

which leads to the estimators:

a2l - [ t~(S(t) - S (t - 2_) Xl (t - _!_) /12)
t=l all 12 12

_(t S(t) - S (t -12) Xl (t -12) /12) (t~) ]
t=l nS (t - 1/12) t=l all

/ [t (~)2 _ (2:~=1(etlO-ll))2]
t=l all n

12 t [(S(t) - cpS (t - 2_) - S (t - 2_) Xl (t - 2_) /12-
n t=l 12 12 12
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{t[ 1 (S(t) - S (t - ~) Xl (t - ~) /12) - e:CJ21]} /n
t=l S (t - 1/12) 12 12 1711

Using the US daily data as a basis for Xl(t) and the US monthly equity data
for Set), we calculate a second set of US annual parameter estimates. We list
these estimates in the following table along with our model's actual parameter
estimates that we calculated in Appendix C.

Parameter J.ll 0'1 all
Original Method 0.051 0.15 0.0185 0.053 -0.01 0.156
Time Series Method 0.062 0.15 0.0185 0.052 -0.01 0.155

The parameter estimates under both estimation methods are similar, which
reassures us about the validity of the estimates under our method of estima-
tion. The only noticeable discrepancy is between the two J.ll estimates, which
does not cause alarm since PI is generally known to have the largest standard
error.
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Appendix F

Sensitivity Analysis

This chapter investigates the effect of the parameter estimates on the results of
the simulation. We test the sensitivity of the results to our parameter values by
varying each Dj, the market price of risk associated with the source of risk j, by
0.10. The focus of our analysis is the influence of the parameter values on the
individual's age of retirement and efficient portfolios. This sensitivity analysis
also allows us to examine the dynamics of the Vasicek model and gives insight
into the role that each Dj plays in the performance of each of the assets.

The benefit of a sensitivity analysis is that it tests the sensitivity of the
study's conclusions to the probable error in our model. In fact, our simulated
rates of return will differ from actual rates due to:

• uncertainty in the choice of underlying economic model

• uncertainty in the values of the parameters within the model

• uncertainty owing to the stochastic nature of the model

We are interested in the second source of error. The goal of this sensitivity
analysis is to understand the effect of the parameter values on the general per-
formance of the assets, and not necessarily to compare investment strategies.
In seriatim, we replace each 6j by its originally assumed value ±0.1O to assess
the effect on the various investment strategies' performance; whereupon, we
can determine the sensitivity of the model to that particular parameter esti-
mate. We investigate the sensitivity of the results by inspecting the resulting .
efficient frontiers. We compare the efficient frontier simulated under the orig-
inal parameter assumptions to the efficient frontier generated with the new 6j
estimate.
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We begin by explaining the function of the ,sj estimates on the performance
of the assets by using the formulas and notation given throughout previous
sections. In Chapter 2, we defined each available investment with the follow-
ing notation at time t:

• Equity fund, S(t);

• Cash fund, G(t);

• Index-linked cash fund, B(t);

• Fixed-interest bond fund, D(t); and

• Index-linked bond fund, H(t).

For each of the assets, the 6j estimates enter into the rate of return formulas
from Section 2.5 through the following parameters:

S(t): 2:;=1 (J2j6j, which we represent with RP2;

B(t) and H(t): il3 = /13- ~j=l C73j6j/a3 and ~;=l (J4j6j. We represent ~~=l (J4j6j
with RP4'

Originally, the ,sj estimates are:

Parameter
Estimates -0.152 0.328 -0.419 -0.06559

If we modify each ,sj by ±0.1O, the new values of the four parameters - ill,
il3, RP2, and RP4 - are given Table F:

Figure El shows the resulting efficient frontiers. Except for the parameter
being tested, we follow the assumptions used to produced Figure 5.2(a). Fig-
ure El displays the results in the same manner as Figure 5.2(a), except we do
not include the small dots to avoid clutter. This presentation of results allows
us to easily compare the change in the efficient portfolios caused by the new
estimate. In each of the four plots, we trace the efficient frontiers resulting
from the retirement model of the original parameter estimates (solid line), the
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Figure El: Sensitivity analysis plots for: (a) 611 (b) 621 (c) 631 and (d) 64.
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Parameter J-ll J-l3 RP2 RP4

Original 0.06968 0.03503 0.05275 -0.00441
61 - 0.1 0.08200 0.03636 0.05383 -0.00441
61 + 0.1 0.05736 0.03369 0.05167 -0.00441
62 - 0.1 0.06968 0.03503 0.03719 -0.00311
62 + 0.1 0.06968 0.03503 0.06832 -0.00571
63 - 0.1 0.06968 0.03656 0.05275 -0.00441
63 + 0.1 0.06968 0.03350 0.05275 -0.00441
64 - 0.1 0.06968 0.03503 0.05275 -0.00463
64 + 0.1 0.06968 0.03503 0.05275 -0.00419

lowered 6j estimate (dashed line), and the higher 6j estimate (dotted line). An
'X' marks the efficient portfolios on the three efficient frontiers in each plot; in
addition, we list the composition of LOto LIOOand HOto H100 in (a) Table E2,
(b) Table E3, (c) Table E4, and (d) Table E5 (corresponding to plots (a), (b), (c),
and (d) in Figure El). The efficient portfolios resulting from the original pa-
rameter estimates, TOto T100, are not marked to avoid clutter, although they
are marked in Figure 5.2(a) and we re-provide their composition in Table El
for easy reference.

Tables E2, E3, F.4,and E5 indicate that, as before, holding cash is inefficient
in all cases. Furthermore, we examine each plot in Figure El individually and
observe:

Figure El(a): Lowering 61 causes the market price of risk to become more
negative. Consequently, the PI estimate rises and results in overall much
younger ages of retirement for all investment strategies. The opposite
occurs when 61 increases by 0.1 and its absolute value becomes smaller.
This result is not surprising since PI is the long-term mean risk-free rate
that affects the retirement of all individuals, irrespective of their invest-
ment strategy. A higher value of PI cheapens the price of annuitization
(see equation (2.30), consequently making it easier for a worker to re-
place two-thirds of the wages with their pension purchasable (and vice
versa). Bearing in mind the bond price formulas from Section 2.5, a
higher PI improves the investment performance of bonds and cash, as
a lower value hinders their performance. The retirement age outcome
under a no-equity portfolio (LOand HO) is more sensitive to 61'S value

279



relative to that under a pure equity portfolio (LIDOand HIOO)seeing that
the age of retirement under the former portfolio is hindered more sig-
nificantly than the latter when ill is lowered, as it is more significantly
improved when the ill estimate is raised. This is because, among the ef-
ficient assets, only bonds are sensitive to the value for 61, Still, lowering
61,consequently raising ill, ameliorates the ages of retirement for all the
efficient assets since the price of annuitization is cheaper. The improved
investment performance of bonds, however, causes an efficient investor
holding a no equity portfolio (TO)to raise their exposure to bonds from
30% to 40% and lower their index-linked bond exposure by 10%. The op-
posite occurs when we increase 61, Compared with the sensitivity of the
mean ages of retirement, the 61 estimate only mildly affects the volatility
results.

Figure El(b): A higher 62 strengthens the equity risk premium estimate, RP2'
This results in younger ages of retirement with lower volatility, and vice
versa, for portfolios containing equities, which is the only asset sensi-
tive to 62, Plot (b) shows, therefore, that the higher the portfolio's equity
exposure, the more significantly its performance is hindered when we
lower the 62 estimate, as is it is more significantly improved when we in-
crease the 62 estimate. The older average retirement ages, due to lower 62

estimate, causes higher dispersion since, although the lower retirement
age is fixed at age 25, the range of ages widens by the higher average.
Conversely, a higher 62 estimate causes the model to deliver younger re-
tirement ages with a tighter distribution.

Figure EI(c) and Figure F.1(d): Index-linked bonds are largely insensitive to
the market prices of risk that affect their performance relative to fixed-
income bonds and equities. In both plots (c) and (d), the shape and val-
ues of the efficient frontiers are nearly unchanged. The composition of
the efficient portfolios are also nearly untouched. An example of one of
the exceptions is H30 in plot (c), where the efficient allocation to index-
linked bonds moves from 40% to 30%when we augment 63, causing il3 to
lower and dampen the investment performance of index-linked assets.

The results of our sensitivity analysis suggests that the results are largely sen-
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sitive to the 61 and 62 estimates, and much less so to the assumptions for 63
and 64• This is a beneficial outcome seeing that our estimation procedure for
81 and 82 is based on more plentiful US data, while the estimate for 83 was
determined through subjective use of limited UK data, suggesting that a less
precise 83 estimate does not bear large consequence on the results.

Min Risk % Index-linked %Cash % Index-linked %Bond % Equity
Portfolio Cash Bond
T100 0% 0% 0% 0% 100%
T90 0% 0% 0% 10% 90%
T70 0% 0% 0% 30% 70%
T60 0% 0% 0% 40% 60%
T30 0% 0% 40% 30% 30%
T20 0% 0% 50% 30% 20%
T10 0% 0% 60% 30% 10%
TO 0% 0% 70% 30% 0%

Table El: The portfolio mix for T100 to TOin Figure El.
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Min Risk % Index-linked %Cash % Index-linked %Bond % Equity
Portfolio Cash Bond
LIDO 0% 0% 0% 0% 100%
L90 0% 0% 0% 10% 90%
L80 0% 0% 0% 20% 80%
L70 0% 0% 0% 30% 70%
L60 0% 0% 0% 40% 60%
L50 0% 0% 0% 50% 50%
L40 0% 0% 0% 60% 40%
L30 0% 0% 10% 60% 30%
L20 0% 0% 30% 50% 20%
LID 0% 0% 50% 40% 10%
LID 0% 0% 60% 30% 10%
LO 0% 0% 60% 40% 0%
HI00 0% 0% 0% 0% 100%
H90 0% 0% 10% 0% 90%
H70 0% 0% 30% 0% 70%
H60 0% 0% 40% 0% 60%
H30 0% 0% 60% 10% 30%
H2O 0% 0% 70% 10% 20%
HID 0% 0% 70% 20% 10%
HO 0% 0% 80% 20% 0%

Table F.2: The portfolio mix for L100 to LO and HlOO to HO in Figure F.l(a),
where we plot the resulting efficient frontiers after adjusting 6'1.
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Min Risk % Index-linked %Cash % Index-linked %Bond % Equity
Portfolio Cash Bond
LI00 0% 0% 0% 0% 100%
L90 0% 0% 0% 10% 90%
L80 0% 0% 0% 20% 80%
L60 0% 0% 10% 30% 60%
L40 0% 0% 20% 40% 40%
L30 0% 0% 40% 30% 30%
L20 0% 0% 50% 30% 20%
LI0 0% 0% 60% 30% 10%
LO 0% 0% 70% 30% 0%
HI00 0% 0% 0% 0% 100%
H70 0% 0% 0% 30% 70%
H60 0% 0% 10% 30% 60%
H2O 0% 0% 50% 30% 20%
HI0 0% 0% 60% 30% 10%
HO 0% 0% 70% 30% 0%

Table F.3: The portfolio mix for LI00 to LO and H100 to HO in Figure F.l(b),
where we plot the resulting efficient frontiers after adjusting 82,
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Min Risk % Index-linked %Cash % Index-linked %Bond % Equity
Portfolio Cash Bond
L100 0% 0% 0% 0% 100%
L90 0% 0% 0% 10% 90%
L80 0% 0% 0% 20% 80%
L70 0% 0% 0% 30% 70%
L60 0% 0% 0% 40% 60%
L50 0% 0% 20% 30% 50%
L40 0% 0% 30% 30% 40%
L30 0% 0% 40% 30% 30%
L20 0% 0% 50% 30% 20%
L10 0% 0% 60% 30% 10%
LO 0% 0% 70% 30% 0%
H100 0% 0% 0% 0% 100%
H90 0% 0% 0% 10% 90%
H80 0% 0% 0% 20% 80%
H70 0% 0% 0% 30% 70%
H60 0% 0% 0% 40% 60%
H50 0% 0% 10% 40% 50%
H30 0% 0% 30% 40% 30%
H2O 0% 0% 50% 30% 20%
HlO 0% 0% 60% 30% 10%
HO 0% 0% 70% 30% 0%

Table F.4: The portfolio mix for L100 to LO and H100 to HO in Figure F.1(c),
where we plot the resulting efficient frontiers after adjusting 03.
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Min Risk % Index-linked %Cash % Index-linked %Bond % Equity
Portfolio Cash Bond
L100 0% 0% 0% 0% 100%
L90 0% 0% 0% 10% 90%
L80 0% 0% 0% 20% 80%
L70 0% 0% 0% 30% 70%
L60 0% 0% 0% 40% 60%
L50 0% 0% 20% 30% 50%
L40 0% 0% 30% 30% 40%
L30 0% 0% 40% 30% 30%
L20 0% 0% 50% 30% 20%
L10 0% 0% 60% 30% 10%
LO 0% 0% 70% 30% 0%
H100 0% 0% 0% 0% 100%
H90 0% 0% 0% 10% 90%
H80 0% 0% 0% 20% 80%
H70 0% 0% 0% 30% 70%
H60 0% 0% 0% 40% 60%
H50 0% 0% 20% 30% 50%
H30 0% 0% 40% 30% 30%
H2O 0% 0% 50% 30% 20%
HlO 0% 0% 60% 30% 10%
HO 0% 0% 70% 30% 0%

Table F.5: The portfolio mix for LlOOto LOand H100 to HO in Figure F.l(d),
where we plot the resulting efficient frontiers after adjusting 84•
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