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NOTATION 

General symbols 

Vector. 
Rectangular matrix. 
T denoted transpose of the vectors and matrices. 
-1 denoted inverse of the matrix. 
Euclidean norm of a vector. 

Scalars 

A Area. 
As Area of steel. 
a Depth of compressive block of concrete. 
B Tension stiffening parameter. 
cc Compressive force in concrete. 
D Flexural rigidity of plate. 
d Depth of the lever arm. 
dn Depth of the neutral axis. 
Ec Initial modulus of elasticity of concrete. 
Es Secant modulus. 
Esh Modulus of strain hardening of steel. 
Est Initial modulus of elasticity of steel. 
f Yield function. 

fc I Compressive strength of concrete. 
A Tensile strength of concrete. 
fy Yield strength of steel. 
h Depth of the slab section. 
K Constant of a slab section. 
k Shear correction factor. 
kr 

1. ko Radial and circumferential curvatures. 
L Differential matrix operator. 
L, 

ý 
L2 Short and long sides for rectangular slab. 

M, MO Moment with and without in-plane axial force. 
Mn 

j, 
Mnu Applied moments and Moment capacity of the slab section. 

Mx 
1, 
My 1, 

MxY Applied bending and twisting moments. 

All 
x*, 

My* Design moments in x and y-direction. 
Mr ') A/10 Radial and circumferential moments of a circular slab. 
N Isoparametric shape function. 
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P Lagrange shape function. 
P!, P 

Y, 
P In-plane axial and in-plane shear forces in rectangular slab. 
., y 

Pr 
I PO Radial and circumferential membrane force in circular slab. 

Q Radial shear force. 
q Uniformly distributed load. 
R Radius of a circular slab. 
r, r, Total radius of plastic tensile membrane and radius of pure 

tensile plastic membrane in radial slab. 
S Ratio of the uniaxial ultimate compressive to tensile strength of 

concrete. 
TO Total tensile force in steel. 
Tst 3, 

Tsb Total tension in top and bottom steel. 
U5, V In-plane displacements at the plate middle surface. 

Iý U 11 V In-plane displacements at and arbitrary point located at a distance 
from the plate middle surface. 

V Volume. 
W5 w Lateral displacements. 

wo Lateral displacement of the slab centre. 
wi Weight function. 

X, Y, z Cartesian co-ordinate. 
ZIýZ2 Co-ordinate of the top and bottom of the slab. 
a Discontinuity factor for the pre and post cracking response of 

concrete in tension. 
aD, )aE Displacement and energy convergence tolerance. 

18 
Compression softening parameter. 

. 6j') aj Strain and stress in principle direction i. 

Epi crpi Peak stain and stress in principal direction i. 
46 CU 

6SU Crushing and ultimate strain in concrete and steel respectively. 
ey Yield strain in steel. 
61 

;- '62 Real strains in principle direction I and 2. 
Eel Ce2 Modified strains in principal directions I and 2. 

16PI CP2 Real peak strains in principle direction I and 2. 
Eepl Eep2 Modified peak strains in principal directions I and 2 
UP) U2 Principle stresses in directions I and 2. 
K Biaxial principle stress ratio. 
17, Local co-ordinates. 
go, PO Depth of the neutral axis in the centre and in the circumferential 

direction for a circular slab. 
v Poisson's ratio. 
I Summation. 
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A Rate of straining. 
00 Rotations of the normals to the un-deformed middle surface in xz X') Y 

and yz planes respectively. 
Ox, Oy Average transverse shear deformations. 
A8, Specified incremental displacement component. 

Vectors. 

(F) Internal forces. 
VI Internal forces for an element. 
VI Body force. 
{P) Applied load. 
{P) Surface traction 
{or (6) Stress and strain vectors. 

Stress resultant and associated strain vector. 
L Linear strain. 

VL I Non-linear strain. 
fg) Nodal displacements. 
(V/) Residual force. 

Matrices. 

[B] Strain-displacements. 
[BL Linear strain-displacement. 
[B, 

vL Non-linear strain displacements. 
[KT 

Tangent stiffness matrix. 
[KO Small displacements stiffness matrix. 
[K Small displacements stiffness matrix with the length of the mid- 

surface assumed to remain constant. 
[K, ] Geometric stiffness matrix. 
KI Large displacement stiffness matrix. 
[Kp In-plane stifThess matrix. 

Stress matrix. 
[D] Material matrix. 
rD j Material matrix associated with the stress resultant. 
P1 Jacobian matrix. 

Subscripts 

Flexural, 
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p In-plane. 
s Shear. 
e Element. 
I Iteration number. 
n Incremental number. 
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MEMBRANE ACTION IN SIMPLY SUPPORTED SLABS 

Mohammed Almograbi 

(ABSTRACT) 

In the design of reinforced concrete slabs, design methods based on the assumption of 
linear elastic behaviour or using empirical formulas can give very conservative 
estimates of the load-carrying capacity of such slabs. Methods of analysis based on 
plasticity theory, for example limit analysis theory, have been developed to provide 
more realistic tools. The upper bound solution and the lower bound solution predicted 
using the limit analysis cannot be determined in a straightforward way. Moreover, the 
membrane action is usually ignored in the methods of design mentioned above. 
Experimental tests carried out on simply supported slabs indicated collapse loads higher 
than those predicted by the various analytical methods as a result of the development of 
the tensile membrane action in the plane of the slab with increasing deflections. Several 
plastic methods have been derived to include this phenomenon in the analysis of simply 
supported slabs; however, many contain shortcomings in their treatment of this 
important effect. 

A non-linear finite element program, which can predict such membrane action, has been 
modified and validated against results from laboratory tests up to failure and used to 
study the behaviour of the slabs throughout the different stages of loading. The steel is 
modelled as smeared and assumed to be elastic perfectly plastic or with allowance for 
strain hardening. The material model for concrete includes phenomena such as tension 
stiffening, compression softening and cracking model. 

The computer program has been employed subsequently to investigate the membrane 
action and the various parameters influencing it. The membrane action is found to 
develop at a load between the onset of cracking and the yield line theory load and 
increases with increasing deflections. The distribution of the membrane action is found 
to be a zone of circumferential and radial tensile forces in the centre of the slab 
surrounded by a zone of circumferential compressive forces in the outer region. A 
comparison between the available plastic methods, which include the membrane action 
effect, and the finite element method, is also carried out. The load-deflection curves 
predicted using such plastic methods were found to be different from the actual load- 
deflection curves of simply supported slabs. This is due to the rigid-plastic assumption 
of the plastic methods, where the elastic deflections are neglected. The enhancement of 
the load-carrying capacity of the slabs resulting from membrane action with 
reinforcement designed using the Wood and Armer rules and yield line theory has been 
also investigated. The increase was found to be significant in both cases for square 
slender slabs with low reinforcement ratio With a larger increase for slabs designed 
using yield line theory. 

Design guidelines have been developed for rectangular slabs by including the effect of 
tensile membrane action for slabs with reinforcement designed using the Wood and 
Armer rules. The developed design method could lead to economies in the amount of 
reinforcement required in some slabs by including the effect of membrane action. 
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CHAPTER1 

INTRODUCTION 

In 1955, Ockleston [1] carried out a test up to failure on the dental hospital building in 

Johannesburg in which it was observed that the interior panels of the floor system 

carried considerably more loads than that predicted by yield line theory [2]. Ockleston 

[3] identified the phenomena as membrane action, which can develop in the plane of the 

slab, but made no attempt to calculate the membrane forces. The first attempt to analyse 

a reinforced concrete slab for membrane action appears to have been made by Wood 

[4]. On the basis of equilibrium equations and the collapse mechanism Wood [4] 

determined the load-deflection relationship for a restrained isotropic circular slab 

subjected to uniformly distributed load Fig. 1.1. Since then the effect of membrane 

forces on the load-carrying capacity of reinforced concrete slabs has become an active 

field of research [5,6,7,8,9,10,11,12,13] 

There are two types of membrane action. The first one is compressive membrane action 

which can develop at small deflections in restrained slabs, and the second one Is tensile 

membrane action which develops simultaneously with compressive membrane action 

but at large deflections in both simply supported and restrained slabs. 



An example to show the development of membrane action is a one way spanning slab 

strip subjected to a uniformly distributed load of magnitude, q, per unit length and 

restrained against lateral movement. Under increasing load the change in geometry 

resulting from slab deflections causes the neutral axis of the slab segment to move 

towards the upper surface. A failure mechanism is formed by the development of yield 

lines or hinges at the supports and at mid-span Fig. 1.2a. If the slab is under reinforced, 

the neutral axis at failure is very close to the upper surface of the slab [14]. Thus pure 

bending is accompanied by extensions and rotations at the supports 8,, and 0,, and at the 

mid-span, 8band Ob Fig. 1.2b. If horizontal spreading of the supports is restrained by 

stiff boundary elements or beams, the increase in the span due to the change in 

geometry will be opposed by the stiff boundary elements, thus generating in-plane 

forces Fig. 1.3. The compressive membrane forces so induced tend to increase the 

flexural strength of the slab section, resulting in an ultimate load in excess of that 

calculated using yield line theory. 

A load-deflection curve of a uniformly loaded two-way spanning rectangular reinforced 

concrete slab having laterally restrained edges is shown in Fig. 1.4, as curve 1. For 

small deflections the -load increases as membrane forces are built up. At the peak load, 

point A, the neutral axes are close to mid-depth [14]. With the formation of a 

mechanism, an unstable failure occurs and the slab snaps through. The load drops as the 

neutral axis moves towards the upper surface of the slab, and the compressive 

membrane forces decrease [14]. At point B, the slab may be cracked through in the 

centre and a tensile membrane starts to form in the central region. At this point central 
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deflection is either equal to or a little more than the thickness of slab [5]. If the 

reinforcement is sufficiently ductile, the full depth cracking of concrete over the central 

region of slab as a result of the large stretch of the slab surface transforms the 

reinforcement to plastic tensile membrane and the load may then increases until fracture 

occurs at point C. The part OA of the load-deflection curve is referred to as the part 

under increasing compressive action, part AB under decreasing compressive membrane 

action, and the part beyond point B is under tensile membrane action 

[4,5,6,7,8,12,13,14]. 

Enhancement of the load carrying capacity of a slab by tensile membrane action can 

also develop in a slab simply supported along its edges. However, in simply supported 

slabs the tensile membrane action develops after cracking at loads lower than yield line 

theory load; thereafter enhancing the load-carrying capacity of the slab significantly at 

large deflections. The change in the slab geometry as a result of increasing deflections 

at mid-span causes the central regions of the supported edges to tend to move inwards 

but they are restrained from doing so by the adjacent outer regions. This creates a 

central area of tensile membrane stresses within the slab together with a surrounding 

ring of compression, Fig. 1.5. Tension may develop throughout the depth of the slab in 

the central area; this may result in the penetration of tensile cracks into the top face of 

the slab and any further load is carried mainly by the reinforcing bars acting as a tensile 

plastic membrane [4,5,6,8,9,10,12]. 

A typical load-deflection curve of a uniformly loaded two-way spanning rectangular 

reinforced concrete slab on simply supports is shown in Fig. 1.4. If the slab is 
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unrestrained, then point A on curve I tends to move downward and coincide with point 

B, and the load-deflection curve for the complete unrestrained slab changes from curve 

I to curve 2 Fig. 1.4. In the initial stages of loading, the slab is uncracked so that its 

stiffness is very high Part OA'. After cracking, the slab is less stiff A'B, and in this 

stage the tensile membrane forces start to develop. As yielding of the reinforcement 

becomes general, deflections increase rapidly with an increase in load until fracture 

occurs at point C. The enhancement of the ultimate load at part BC is result of tensile 

membrane action [4,9]. 

The objectives of this research are to investigate the membrane action in reinforced 

concrete slab on simple supports and to develop guidelines for the design of rectangular, 

simply supported slabs including the effect of tensile membrane action. 

In order to carry out this investigation a computer program for non-linear finite element 

analysis for reinforced concrete slab developed by Ganaba [13] has been modified, 

tested and used in this study. 

In Chapter 2, a review of the available literature on the ultimate load analysis of simply 

supported reinforced concrete two-way slabs, with particular reference to those 

including membrane action , is first presented, followed by a review of the methods 

available for analysis and design of slab without membrane action. Results of some 

ultimate load tests of simply supported slabs which have been conducted in the past are 

also swnmarised. 

4 



In Chapter 3, A brief description of the computer program and the solution techniques 

employed in this study are presented. 

In Chapter 4, a review of the available models for the concrete and reinforced concrete 

is presented. Discussion of the material model used for concrete under biaxial state of 

stress is given. The modelling of compression softening, tension stiffening and cracking 

are also discussed and the model for reinforcing steel is introduced. 

In Chapter 5, results from the computer analyses are presented and compared with 

experimental results to demonstrate the validity and applicability of the analysis. 

In Chapter 6, an investigation of membrane action in simply supported slabs using the 

finite element analysis is described. Comparison between the results of the finite 

element analysis and some plastic methods, which include membrane action, i. e. 

Wood's [4] method for circular slab and Kemp's [15] method for square slab is also 

presented. Study of the membrane action effect on the ultimate load for slabs on 

different simply supports and designed using Wood and Armer [16,17] rules and yield 

I ine theory [ 18] is also presented. 

In Chapter 7, guidelines for the design of rectangular simply supported slabs by 

including the membrane action effect are presented. 

Chapter 8 gives the summary of, and conclusions from the present research. 

Recommendations and suggestions for further work are also given. 
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Fig. 1.3- Compression membrane action in restrained slab. 

Central deflection to depth ratio Wo/d 

Fig. 1.4- Load-deflection curves for reinforced concrete slab 

1 



Fig. 1.5- Tensile membrane action in uniformly 
loaded simply supported slab at large 
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CHAPTER2 

LITERATURE REVIEW 

2.1 INTRODUCTION 

The design of any reinforced concrete slab has traditionally been based on classical 

methods such as elastic theory or simple plastic theory. These methods considered the 

presence of only moments and shear forces and give a good indication of the ultimate 

load that would occur without membrane forces in the slab. However, membrane forces 

are often present in reinforced concrete slabs as a result of the boundary conditions and 

the geometry of the deformations of the slab. 

For example, the yield line theory developed by Johansen [12] has been widely adopted 

for the calculation of the ultimate loads of two-way reinforced concrete slabs. This 

theory is based on the premise that a certain characteristic pattern of plastic hinges 

(yield lines) is fon-ned which leads to failure. Along these plastic hinges, the plastic 

moment capacity of the slab cross section is assumed to have been reached and these 

plastic hinges turn the slab into a mechanism. The deformation of the slab takes place as 
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a result of the rotation along the yield lines, and the portions of the slab between the 

yield lines are assumed to remain rigid. Since the theory, based on the assumption of the 

formation of mechanism and the collapse load, is estimated by equating the internal rate 

of dissipation of energy to the rate at which external loads do work , it provides a 

theoretical upper bound on the true ultimate load. However, this solution is still small 

compared with the other solutions which include the membrane action effects. 

Several studies of membrane action in simply supported reinforced concrete slabs have 

been conducted. However, only approximate ultimate strength theories have been 

developed at present and, further, the studies have pointed to difficulties in 

incorporating membrane action in design. Nevertheless, there is no doubt that 

membrane action will increase the ultimate load of many reinforced concrete slabs 

significantly compared with that predicted if membrane action has not been considered. 

In this Chapter a review is made of the literature available on the ultimate load analysis 

of simply supported reinforced concrete two-way slabs, with particular reference to 

those including membrane action, followed by the available methods for analysis and 

design of slabs without membrane action. The results of load tests of simply supported 

slabs which have been conducted in the past are also summarised and discussed. 

2.2 REVIEW OF MEMBRANE ACTION IN SIMPLY SUPPORTED SLABS 
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Compared with compressive membrane action in restrained reinforced concrete slabs 

very little theoretical work on the effect of membrane action in simply supported slabs 

has been reported. A major contribution was made by Wood [1] who developed a 

solution for a simply supported circular slab allowing for the effect of the membrane 

action. The loading on the slab considered was a uniformly distributed load. The 

concrete slab was assumed to be iso-tropically reinforced at the bottom face only and it 

was assumed to have rigid perfectly plastic properties and to yield under the action of 

bending moment M and in-plane axial force P, taken to act at mid-depth. The yield 

criterion was derived from the stress distribution shown in Fig. 2.1. The moment M and 

the in-plane compressive force P per unit width of the slab are 

M=A d- h+2 fc' 0.8 5 dn h_0.425 dn 2.1 s 
fy 

( 
2) 3 

(2 

P= 
2 f, , (0.85d,, )- Ajy 2.2 
3 

where A. - 
is the area of the steel, f, , is the concrete cube strength and f, is the yield 

strength of the reinforcement. 

The moment corresponding to P=0 is 

Mo =As Jýv 
(d 

- 0.75 
fc, 

2.3 

An important quantity in membrane analysis is the ratio of maximum tensile strength to 

maximum crushing strength of the section t, where, t-P 
fy 

- 
A,, fy 

f, , f, ,d 

percentage of the reinforcement. 

and p, is the 
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Substitution of the neutral axis depth d, obtained from equation 2.2 into equation 2.1 

and divide by MO leads to the yield criterion in non-dimensional form 

m 

=I+a 
p2 

MO TO Tpo 

) 

0.5 h_3 
t) 

3t 

where To = Aý, f,, a-d32 and 8- 

(4 

3 (1- 
4 

t) 
4 

2.4 

The yield criterion for a slab section with 'h=1.2 and t=0.04 using the above d 

expression is shown in Fig. 2.2. 

It was assumed that the membrane forces become significant only after the formation of 

the yield mechanism. Thus a conical collapse mechanism was assumed to develop in the 

first instance before any tensile membrane action comes into play, and when at the 

centre of the slab the neutral axis reaches the top fibre of concrete, a pure tensile 

membrane action develops. Conditions at the centre of a slab with a conical collapse 

mode are shown in Fig. 2.3. It was further assumed that the plastic potential coincides 

with the yield surface, i. e., the plastic strains with component k in the direction of the 

moment, M and c in the direction of tensile in-plane force, T may be represented by a 

vector, Fig. 2.2. Generally if the yield criterion is 

(M, T)= 0 

then the plastic flow will have related components such that 

2.5 
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extension strain = sc 
af 
aT 

curvature strain =k=A 
af 
am 

where A is an arbitrary rate of straining. 

The plastic strains. 6, and k, in the radial direction and 6,, and ko in the circumferential 

direction were determined as a function of deflection from the strain rates imposed by 

the collapse mechanism shown in Fig. 2.4 thus 

2 

er = 
du 

+1 
(dW 

=O 2.6 
dr 2 dr 

) 

w 
2.7 

dr2 

Co =- 2.8 

ko =- 
I. dw 

2.9 
r dr 

Since the ratio of 
6' 

is equal to the depth of the neutral axis po in the circumferential ko 

direction and T= -R, then from the yield criterion, the non-dimensional membrane force 

in the circumferential direction, 
PO 

can be determined such that 
TO 

a2ß Po 

Co i9T To To 
-= lio =-=- 

ko af 1 
am "0 

and thus 
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PO a po To 
To 2,8 2,8 Mo 

2.10 

Provided the slab is not cracked throughout its depth there is some compressive stress in 

the concrete cross section. In this case the value of po was determined directly from the 

geometry of the collapse mechanism Figs. 2.3-2.4 [1], as a function in the depth of the 

neutral axes at the centre, p, and the central deflection, wo. When the slab cracked 

through its full depth, the pure plastic membrane was assumed to be developed (the 

term pure membrane action means T. =To) and to have a spherical surface, i. e. the 

curvature strains kr and ko must be the same. In this case the radial extension u., was 

determined by equating the radial strain, 6,. and the circumferential strain, co and used 

in the equation 2.10 rather than po to calculate the circumferential membrane force. 

Equilibrium equations including membrane action were derived for a circular slab 

carrying a uniformly distributed load q Fig. 2.5 under radially symmetrical loading such 

that, 

The vertical forces, 

d (rQ, +dr Tr 
dw 

=-qr 2.11 
dr dr dr 

) 

Radial horizontal force 

d (r Tr )-To =o2.12 dr 

Radial moments 

d (r M,, )- Mo -r Qr 0 2.13 
dr 
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By combining equation 2.11 and 2.13 

d2 dMo 
+dr Tr 

dw) 
=-qr 2.14 

dr2 
(r M, )- 

dr dr 
( 

dr 

where Q, is the radial shear force, T, is the radial membrane force and MO and Mr are 

the circumferential and radial moments. 

The radial membrane force was determined by substituting the circumferential 

membrane force, equation 2.10 into equation 2.12. The circumferential and the radial 

moments were determined by substituting the corresponding membrane forces in to the 

yield criterion equation 2.4. The increase in the load-carrying capacity was determined 

by substituting the membrane forces and the corresponding moments in to equation 

2.14. 

A typical load-deflection curve O'AC, normalised with respect to the yield line theory 

load, obtained from the analysis, is shown in Fig. 2.6. The experimental behaviour of a 

simply supported slab OAE is shown also. The discrepancy in the initial portions of 

these two curves is the result of the assumption of rigid behaviour up to the yield line 

theory load. The theoretical load-deflection diagram shows an increase in the load with 

deflection without any limit, while in practice the failure of the reinforcement or the 

crushing of the concrete will limit the load-carrying capacity of the slab. 

Kemp [2] presented an upper bound solution for a simply supported square slab 

allowing for the effect of membrane action, assuming the slab to be made up of rigid 
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plastic material, and reinforced at the bottom face only. The square yield criterion was 

used and the plastic strain rate resultants corresponding to this yield criterion were 

assumed to be consistent with the plastic potential. A collapse mechanism of diagonal 

yield lines was assumed. The triangular portions of the slab between the yield lines were 

assumed to be rigid with plastic deformations, axial and bending, only possible at the 

yield lines. The plastic potential function was assumed to be equal to the yield criterion 

and equated with the ratio of the plastic axial strain to the curvature strain rates. The 

plastic strain rates and consequently the depth of the neutral axis at the centre of the slab 

were determined as a function of deflection from the geometry of the yield mechanism 

shown in Fig. 2.7, and from the horizontal equilibrium of the triangular elements, shown 

in Fig. 2.8. The depth of the neutral axis being known, the magnitude of the membrane 

forces and the corresponding moments were obtained from the yield criterion as a 

function of the central deflection of the slab. The corresponding load at any central 

deflection was found by considering the equilibrim of one of the four rigid triangular 

quarters of the slab, by taking the moments about the mid-depth of the simply supported 

edge, Fig. 2.9. The expression developed showed that the theoretical collapse load was 

dependent on the ratio of the central deflection to the effective depth and the parameter, 

f= 
f, ,. 

A typical load-deflection curves obtained from t he analysis and normalised 

with respect to yield line theory load are shown in Fig. 2.10. It was concluded that for a 

low percentage of reinforcement the enhancement in the load carrying capacity was 

pronounced. If a maximum deflection could be specified on the basis of satisfactory 

service behaviour,, a saving in the reinforcement from 10% to 20 % could be achl 'eved 

by alloWIng for membrane action in simply supported slabs depending on the 
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percentage of reinforcement. The method in essence follows the analysis proposed by 

Wood [I] for a circular isotropic slab. 

From the obser-vation of the behaviour of test slabs, Taylor [3] suggested that the load- 

carrying capacity of simply supported square slabs could be determined from the change 

of geometry resulting ftom deflections which results in a continual increase in the 

effective lever arm of the internal forces, Fig. 2.1 1. For square slab of side L carrying a 

uniformly distributed load q, if the equilibrium of segment A is considered by taking 

moment about the support line, the following equations can be written for a slab at a 

particular deflection, 

qL2 
=g2]T 24 

2.15 

where ET is the total tensile force in reinforcing steel and g is the distance from 

centroid of steel to centroid of concrete compression. The load-deflection curve 

determined from such calculations agrees fairly well, with actual load-deflection curves 

for loads greater than the yield line theory collapse load as shown in Fig. 2.12. It was 

concluded that. ) 
from the experimental data available, such a design procedure could 

lead to economies in the amount of reinforcement required in some slabs; such 

economies would probably only be significant in thin slabs. 

The analysis developed by Park [4] for rectangular restrained slabs at large deflections 

can also be used, with some modifications, for simply supported slabs. The 

reinforcement was assumed to act as a plastic membrane at large deflections when the 

concrete has cracked through the slab. The reinforcement was assumed to have no strain 
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hardening. Equilibrium equations for the plastic membrane were derived and solved 

using the standard membrane theory [25], to obtain the load-deflection curve. The load 

deflection curve obtained was linear. A typical load-deflection curve for restrained slab 

is shown in Fig. 2.13; for this slab the top reinforcement existed only around the edges 

and the top reinforcement has not been included in the assumed plastic membrane. 

Comparison of this theoretical curve with the experimental curves shows the theory to 

be conservative. It appears that such an analysis would be valid at very large deflections 

when the slab really behaves as a plastic net whereas, at moderately large deflections, 

the load will be carried both by bending and membrane action. 

The conventional yield line theory for two-way reinforced concrete slabs was extended 

by Morley [5] to allow for membrane action. The membrane forces acting on the yield 

lines are calculated from a consideration of the displacement rates for the assumed 

collapse mechanism and the in-plane equilibrium of the membrane forces Fig. 2.14. The 

membrane forces being known, the moments on the yield lines are obtained from the 

yield criterion. The load deflection relationship was established using the principle of 

virtual work. This general extension of the yield line method for moderately large 

deflections is for restrained slabs but can also be applicable for simply supported slabs. 

However, this analysis is for isotropic slabs and cannot be directly applicable to 

orthotropic slabs. Results for a simply supported circular slab under uniformly 

distributed load predicted using this method were compared with the results of Wood 

for a circular slab as shown in Fig. 2.15. The curves remain remarkably close to 

deflection of 0.4d. For deflections greater than the slab depth Wood predicted loads 

progressively greater than Morley's results as has been mentioned by Morley [5]. The 
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method also compared with theoretical and experimental results of Taylor [3] for square 

simply supported slab Fig. 2.16 good agreement was obtained. 

Sawczuk [6] presented a kinematical approach for the analysis of membrane action in 

simply supported slabs. The slab was assumed to be made up of rigid plastic material 

and iso-tropically reinforced at top and bottom. Based on kinetically admissible collapse 

modes, dissipation functions were derived and the load-deflection relationships were 

established. The axial forces and moments at the yield sections were dependent on 

deflections. The load-deflection curve obtained was linear elastic up to the yield line 

theory load; after that the response is purely plastic. In the calculation of the theoretical 

collapse load, the ultimate strength of the reinforcement rather than the yield strength 

was taken. Three simply supported slabs were tested and the results of the theoretical 

analysis and the experimental results were compared. Comparison between the 

experimental and theoretical results is shown in Fig. 2.17. Since the experimental 

deflection represents the total deflection, that is elastic and plastic, the elastic 

deflections were added to those of post-yield deflection. However, it may be not correct 

to obtain the total deflection of the slab by simple addition for elastic and plastic 

deflections of post-yield deflections involves some approximation. 

Hayes [7] extended the method of Sawczuk [6], by using an equilibrium approach 

instead of the kinematical approach. The type of collapse mechatusm assumed is shown 

in Fig2.18a. The in-plane axial and shear forces were assumed to exist along these yield 

lines and the in-plane plastic hinges were assumed to form at section X-X on the long 

side of the slab,, Fig. 2.18b. The magnit I ude of the axial forces and the shear force were 
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calculated by using the in-plane equilibrium of the rigid portions between the yield lines 

and taking moments of the forces about the in-plane plastic hinges. Experiments were 

also carried out to verify the analysis. The load deflection relationship obtained from the 

analysis was linear. A comparison between the analytical and experimental results is 

shown in Fig. 2.19, but the experimental and analytical results are not in good 

agreement. A comparison between this method and the other methods for Sawczuk[6] 

and Kemp[2] is presented in Fig. 2.20. Hayes [7] concluded that the difference between 

the developed method and Kemp's analysis becomes only of significance for very small 

percentages of reinforcement. 

Desayl [8] developed a method to determine the complete load-deflection curve 

behaviour of simply supported rectangular reinforced concrete slabs subjected to 

uniformly distributed load. The procedure in general followed the approach of Kemp [2] 

for square slabs, but was extended to include rectangular orthotopic slabs. The analysis 

was carried out in two stages. In the first stage the deflections up to the yield line theory 

load were calculated using the results for elastic theory of plates [10]. The cracking of 

concrete and the reduction in the modules of elasticity of concrete under higher stresses 

were accounted for by modifying the flexural rigidity of the slab section. In the second 

stage the load-deflection behaviour beyond the yield line theory load was determined by 

a procedure which incorporated the effect of membrane action on the load-carrying 

capacity. A simple yield line collapse mechanism was assumed to develop and the in- 

plane forces and moments were assumed to exist along these yield lines Fig. 2.21. The 

depth of the neutral axis in x and y-directions was determined separately from the 

geometry of the mechanism and from the equilibrium of the membrane forces. The 
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value of the depth of the neutral axis in x and y-directions being known, the membrane 

forces and the corresponding moments were calculated from the yield criterion. The 

collapse load was calculated by considering the equilibrium of the moments and the 

membrane forces on the yield lines and taking the moment of the forces about the edge. 

Experiments were also carried out on twelve slabs to verify the analysis. Comparison 

between the theoretical and experimental results is shown in Fig. 2.22. Desayi [8] 

concluded that theoretical load-deflection curve is in satisfactory agreement with the 

test results if the ultimate strength of the steel is to be used in the expression, and is 

underestimates the experimental load-deflection curve of the slabs if yield strength is 

used in the expression. 

Desayi [10] extended the above method [8] to cover skew simply supported reinforced 

concrete slabs subjected to uniformly distributed load. Twenty-three simply supported 

skew slabs were tested to verify the results of the analysis, Good agreement between the 

theoretical and experimental load-deflection curves was obtained as shown in Fig. 2.23. 

Following the same approach of Kemp [2] Veffeyya [I I] obtained an upper bound 

solution for a simply supported square slab with a central circular opening. 

Experiments were carried out for six slabs with central circular opening. Comparison 

between the theoretical and experimental load-deflection curves is shown in Fig. 2.24; 

the load-deflection curves are in agreement with each other. It was concluded that the 

enhancement of the load-carrying capacity for square slabs with a central circular 

opening depends upon the ratio of deflection at a point where the diagonal meets the 

free edge of the circular opening to the effective depth of the slab and the parameter t. 
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2.3 ANALYSIS AND DESIGN OF REINFORCED CONCRETE SLABS 

WITHOUT INCLUDING MEMBRANE ACTION. 

There are two possible approaches to the analysis and design of reinforced concrete slab 

systems. The approaches available are elastic theory and plastic theory. Such methods 

can be used to analyse a given slab system to determine either the stresses in the slabs 

and the supporting system or the load-carrying capacity. Alternatively, the methods can 

be used to determine the distribution of moments and shears to allow the reinforcing 

steel and concrete section to be designed. In the following sections, methods of analysis 

and design for reinforced concrete slabs based on elastic and plastic theory are 

discussed. 

2.3.1 ELASTIC ANALYSIS OF SLABS 

Classical elastic theory applies to isotropic slabs, which are sufficiently thin for shear 

deformations to be insignificant and sufficiently thick for in-plane forces to be 

unimportant. The distribution of moments and shear forces found by elastic theory is 

such that: 

I. The equilibriurn and boundary conditions are satisfied at every point in the slab. 

2. Stress is proportional to strain; that Is, bending moments are proportional to 

eurvatures. 
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The behaviour of linear elastic thin plates loaded normal to their plane are governed by 

the fourth-order differential equation in terms of deflection of the slab at general point 

(x, y) on the slab, the loading on the slab and the flexural rigidity of the slab section as 

given below 

04W 

+2 16'W O'w 
=q &4 a2 05ý 

2+ ;FD 

Where 

is the deflection of the plate in direction of loading at point (x, y). 

2.16 

is the loading imposed on the plate per unit area a function of x and 

D is the flexural rigidity of the plate = 
Eh' 

E is the Young's modules of plate material. 

h is the plate thickness. 

v is the Poisson's ratio. 

Equation 2.16 is difficult to solve in many realistic cases, particularly when the effects 

of deformations of the supporting system are to be taken into account. However, many 

analytical techniques have been developed to obtain solutions. In particular, the use of 

computers and finite difference or finite element methods enable elastic theory solutions 

to be obtained for slab systems with any loading or boundary conditions. Standard 

computer programs and charts and tables are available to assist the designer. The 

solution gives the distributions of bending and torsional moments and shear forces 

27 



throughout the slab. The action in the supporting system can also be determined. 

Timoshenko [9] gives a thorough treatment of elastic theory. 

2.3.2 PLASTIC ANALYSIS AND DESIGN OF SLABS 

The yield line theory [12] described in section 2.1 is one of the plastic methods used to 

analyse a given slab system. The upper bound solution estimated using the theory gives 

an ultimate load, which is either correct or too high, but if all the possible collapse 

mechanisms for the slab system are examined, the mechanism giving the lowest 

ultimate load is the correct one. The main advantage of the yield line theory is that it 

requires only relatively simple calculations and can be applied to any shape of slab. The 

method does not give any information on the best steel distribution, load distribution to 

supports and stress distribution inside rigid regions. 

For a proper estimation of the ultimate load, an upper bound solution itself is not 

sufficient and a corresponding lower bound solution should be available. Lower bound 

solutions are those which satisfy equilibrium and boundary conditions and provide a 

statically admissible moment field which does not violate the yield condition anywhere 

in the slab. In the case of reinforced slabs, to obtain a statically admissible moment field 

for predicting the lower bound on ultimate load is difficult and very few solutions are 

available at present. For simply supported and fixed circular slabs with isotropic 

'ch coincide with the reinforcement lower bound solutions are given by Wood[fl whi II 

upper bound solutions, and thus unique solutions are known. Some lower bound 
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solutions are given by Wood [1] and Kemp [24] for simply supported rectangular slabs 

with either isotropic or orthtropic reinforcement, but they do not coincide exactly with 

the upper bound solutions. However, a satisfactory value of ultimate load is assumed to 

have been obtained. 

An interesting design procedure based on the lower bound approach has been suggested 

by Hillerborg [131. Usually, a slab is designed to have reinforcement in orthogonal x 

and y-directions, so Hillerborg thought it proper to eliminate torsional moment M 
XY 

from the differential equation of the equilibrium of the slab which is given by 

d2M 

x +2 
g2M 

XY + 

d2M 
y= 

-q ýj 5ý 2 -; P- &o 0 

Thus equation 2.17 reduces to 

dlmx 
+ &2 

2.17 

2.18 

And the total load camed by the slab is split up into two parts, one part of the load aq 

being carried by strip in x-direction and the remaining load, (I - a) q carried by strip in 

the y-direction, thus 

d'A4x 
- -aq d2X2 

t , 
ý2M 

"- -(I-aý o2 y2 

2.19 
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or the design The above approach appears to provide a simple and powerful technique f 

of two-way slabs. Wood and Armer [14] extended and examined Hillerborg's strip 

method in great detail from the lower bounds approach and tested some typical 

reinforced concrete slabs designed by using the above method. It was concluded that the 

strip method provides a safe method of design for ultimate load and that at working load 

the slabs behaviour in terms of deflections and cracking was satisfactory. 

2.3.3 DESIGN OF SLABS IN PRE DETERMINED MOMENT FIELDS. 

Hillerborg[151 proposed a method for the reinforcement of slabs and shells in mixed 

moment fields without including membrane forces. The work was based on normal 

moment yield criterion approach, i. e. the moment capacity of the section must be greater 

than or equal to the applied moments in the direction normal to the yield line. The 

applied bending and twisting moments, Fig. 2.25, were transformed into a direction 

normal to the failure direction and the difference between the moment capacity and the 

applied moments was then minimised. The capacity of the section was defined using 

Johansen's yield criterion [ 12]. 

If the moment capacity of the section must be greater than or equal to the applied 

moments, thus 

Mnu ý: A4n 

where, Allplu capacity of the section normal to the failure direction. 

2.20 
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A/I applied moments transformed in the failure direction. n 

The moment capacity, M,,., using Johansen's yield criterion [ 121 is given by 

m =M 
* 

Cos 
2 O+A41 * sin 

202.21 

nu xy 

And the applied moments, M,, , transformed normal to failure direction are 

M=m Cos 
20+M 

sin 
2 0+2Mr nxyy sin0cosO 2.22 

Where, 0 is the direction of failure. 

Substituting the value of, M, and, M, from equations 2.21 and 2.22 into equation nu n 

2.20, dividing by, cos 2 0, and introducing 

tan 0=k2.23 

to obtain the following formulation. 

f(k)=M: +k'M, -M., -k2M, -2kM ->O 
2.24 XY 

Equation 2.24 must hold good for all values of k. The greater the value of f(k), the 

greater will be the margin of safety. The most critical direction, k, 
. can therefore be 

obtained by finding the minimum of f(k) at given value of M and M 
U 

df (k Lk 
M, -2k, M, -2M, --. -0 2.25 

dk 1y 

d (k) 
-2M*-2M A 2.26 

dk2 

From equation 2.25 the value of AII* can be obtained. y 

I 
M, 1 2.27 

kl - 

and from equation 2.25 and 2.26 the following condition is obtained 
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MXY 

kl 
2.28 

Similarly the design moments M* and M* in x and y directions can be obtained as 
xY 

follows. 

Positive moments, Fig. 2.25. 

M*=M +k 2.29a 
xx XY . 

Im 1 

m*=m + 2.29b 
Yk XY 

Negative moments, Fig. 2.25. 

M: =Mx-k2 
I"xy I 

2.30a 

1 

, 
Am 2.30 b m, * =M, -' k2 '1 

Where 

MýM1, M applied bending and twisting moments. 
xy XY 

M*= design moments in orthogonal reinforcement directions. 
y 

In the above expressions kI and k2 are arbitrary positive factors; for economical 

reasons, these factors should as a rule be close to unity, and should be chosen so that the 

condition, 

m *. My* >0 x 
2.31 

The above expressions may also be used for designing the reinforcement of slabs and 

shells if AIIX and Alf,, are placed by the corresponding perpendicular stresses and AlIxy by 

the shearing stress. 
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Wood [ 16] developed rules for reinforcement arranged at right angle for slab element 

subjected to mixed moment fields using Hillerborg's [15] approach. The work was 

based on the normal moment yield criterion, i. e. the moment capacity of the section 

must be greater than or equal to the applied moments in the direction normal to the yield 

line. The moment capacity of the section was defined using Johansen's yield criterion 

[12]. The applied moments were transformed in the direction normal to the failure 

direction and then the difference between the capacity and the applied moments was 

minimised using the concept that in the failure direction the curve representing the 

strength must be tangential to the applied moments curve. Wood [16] has also shown 

that the failure directions, kI and k2 in equation 2.29 and equation 2.30 is equal to 1, 

i. e. the failure direction is 45'. Therefore, equations 2.29 and 2.30 can be written as 

follows. 

For bottom steel 

m*=m +lm, l 2.32a 
xx 

m*=m + 2.32 b 
XY yy 

Im 1 

and if M* <0 then 
x 

0 2.32 

JAI' I 

M XY 2.32 d 
A/I 

x 

Similarly if M* <0 then 

A/I =02.32 e 
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JA, jr 21 

M, *=Mx-- xy 2.32 f 
MY 

For top steel 

m*=m - 2.33 
xx XY 

Im 1 

m*=m - 2.33 b 
XY y 

Im 1 

and if M* >0 then 
x 

m =O 2.33 

m 
=m 2.33 d 

Similarly if M* >0 then 
Y.. 

M 

=o 2.33 

m2 

m*=m -, 

I 

--- 
ly 2.33 f 

xx Al 
x 

Where 

M* and A/I* design moments in reinforcement direction x and y-directions 
xy 

respectively. 

A/I 
, 
A/I 

) 
A/I applied bending and twisting moments. 

x ly XY 

Armer[17] extended the equations developed by Wood [16], to cover skew 

reinforcement the equations are known as the Wood and Armer rule. 
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2.4 ULTIMATE LOAD TESTS OF SIMPLY SUPPORTED SLABS 

Taylor [18] tested 10 uniformly loaded square slabs simply supported at all edges over 

1.83 m spans. The span/thickness ratios were 41,36 or 24. The slabs were designed 

either by the strip method or analysed using yield line theory. Uniformly spaced bars at 

right angles parallel to the supports, bars 45'to the supports, bars with different spacing, 

and bars curtailed before reaching the supports were the variables studied. The design 

ultimate load of the slabs was 22.9 to 23.8 WI M2 . The maximum loads reached in the 

tests were 1.26 to 1.8 times the design ultimate loads. This large enhancement of the 

strength was attributed to tensile membrane action, which can develop at large 

deflections. At large deflections loads are no longer carried to the supports by ordinary 

bending action, as is evident from the penetration of cracking to the top surface in the 

central region of the slab, and from the change of the slab geometry. For the slabs with 

curtailed bars the ultimate load was not enhanced to the same extent. From these test 

results it was concluded that for the simple case of slabs tested, the strip method and 

yield line theory design method resulted in slabs with safe predictions of ultimate loads 

and satisfactory service loads. 

Seven rectangular slabs of spans 3.66 m by 1.83 m were tested by Armer [19] under 

uniform loading. The slabs were 57 mm thick. The slabs were designated TI to T7. 

Slabs TIJ2 and T3 were cast with integral edge beams and supported simply at 

comers. Slabs T4 to T7 were not cast with edge beams and were simply supported along 

all edges. Slabs T3 to T7 were also supported on a column at the slab centre. Slab T2 

had a 1.37m by 0.91m rectangular opening near the slab centre. Slab TI was designed 
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by the simple strip method. Slab T2 was designed by the simple strip method with 

strong bands in the slab around the opening. Slabs T3 to T4 were designed by 

Hillerborg's advanced strip method. Slabs T5 and T6 were designed by the modified 

version of the advanced strip method suggested by Wood and Armer [191. Slab T7 was 

designed by the simple strip method with strong bands within the slab passing each way 

over the central column. The design ultimate loads of the slabs varied between 20.1 and 

40.2 kN / m'. The actual ultimate loads reached were 1.3 to 2.22 times the design loads. 

These very large enhancements of slab strength were evidently the result of the 

assumption that the load is carried by flexure only. In fact, during the test membrane 

action within the slab was very apparent, particularly around the columns. Therefore, 

there is no doubt for the safety of the design method because of the development of the 

membrane action. 

Ghoneim and MacGregor [20,21] tested nineteen large-scale square and rectangular 

slabs simply supported on four sides. The slabs were subjected to various combinations 

of in-plane compressive and lateral loads (load perpendicular to the plate). The test slabs 

were divided into four series. All the slabs in a given series had the same concrete 

strength, side dimensions, and slenderness ratio. Series A consisted of four rectangular 

slabs with side dimensions of 1.829 m by 4.267 in. Three of these were tested under 

combined in-plane and lateral loads with the in-plane loads applied along the short 

edge, and one was tested under lateral load only. Series B consisted of four rectangular 

slabs of side dimensions of 1.829 m by 2.745 m. Two of these were tested under 

combined loads with the in-plane loads applied along the short edge, one was tested 

under combined loads with in-plane load applied along the longer edge and one was 
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tested under lateral load only. Series C consisted of nine square slabs of side dimensions 

of 1,829 m. Six of these were tested under combined uniaxial compression and lateral 

loads, two were tested under combined biaxial. compression and lateral loads, and one 

was tested under lateral load only. Series D consisted of two square slabs having the 

same side dimensions as series C. One of these was tested under combined in-plane 

u-niaxial compression and lateral loads, while the other was tested under lateral load 

only. The slabs tested under lateral load only in each series were for comparison with 

those tested under combined loads. The uniformly distributed load was simulated by the 

application of 18 concentrated loads to the rectangular slabs of series A and 12 

concentrated loads to the rectangular slabs of series B and 9 concentrated loads to the 

square slabs. The reinforcement for all slabs consisted of equal reinforcement at top and 

bottom. Each layer comprised steel running in both orthognal directions. The behaviour 

of the tested slabs indicated that the slabs tested under lateral loads only carried loads 

much higher than those predicted by the yield-line theory. The actual ultimate loads 

reached were 1.23 to 1.72 times the design loads; this is attributed to the tensile 

membrane action, which developed at large deflection. The failure of plates tested under 

combined loads was caused by either compressive crushing of concrete, before or after 

the yielding of the tension steel, or by instability of the plate. The effect of the in-plane 

load on the lateral load capacity of the tested plates was found to be dependent mainly 

on the slenderness of the slab and on the reinforcement ratio. For moderate values of in- 

plane load levels, increasing the in-plane loads level may result in an increase or a 

decrease of the lateral load capacity of plates carrying combined loads. This depends on 

several factors, such as the aspect ratio of the plate, its slenderness, and whither the in- 

plane load is applied uniaxially or biaxially. The lateral load was found to be varied 
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between 62% for rectangular slender slabs tested under combined loads with in-plane 

load applied uniaxially along the longer edge to 37% for square stocky slabs with in- 

plane load applied biaxially. 

Desayi [10] tested 23 skew slabs under uniformly distributed load to investigate the 

effect of tensile membrane action on simply supported skew slabs. The slabs were with 

aspect ratio of 1.5 and covered skew angles of 15% 30* and 45*. All slabs were 50 mm 

deep and had span in one direction of 1.5 m and perpendicular distance between the two 

parallel sides of 1.0 m. The slabs were extended 15 cm beyond the supports for 

necessary anchorage of reinforcement. The slabs were divided into four groups. Groups 

1,2 and 3 were designated SI to S6 each, and the skew angles were 15'for group 1,, 

30' for group 2 and 45 " for group 3. Group 4 was designated SI to S5, SI and S5 were 

with skew angle of 15', S3and S4 were with skew angle of 30* and S2 was with skew 

angle of 45*. Group 4 was tested with comers held down. The uniformly distributed 

load was simulated by 16 point loads on each slab element. The slabs were with a 

different percentage of reinforcement in each direction. The reinforcement ratio in the 

short span and long span respectively were 0.53 and 0.7 for SI, 0.42 and 0.7 for S2, 

0.315 and 0.7 for S3,0.42 and 0.467 for S4,0.315 and 0.467 for S5 and 0.315 and 0.35 

for S6. The steel was mild steel bars of 4 mm diameter with yield strength of 566 

Nlmm'and ultimate strength of 650 Nlmm'. In all the tested slabs there was 

enhancement in the ultimate load above the yield line theory load; the enhancement was 

found to be dependent up on the skew angle and the percentage of the reinforcement. 

The ratio of the experimental ultimate load to yield line theory load was found to vary 

38 



between 1.08 in the case of SI with skew angle of 15* and high reinforcement ratio and 

1.61 in the case of S6 with skew angle of 45' and small reinforcement ratios. 

Hago and Bhatt [22] tested five rectangular reinforced concrete slabs designed using the 

Wood and Armer rules [16,17] by using elastic stress fields at ultimate load in 

conjunction with a yield criterion based on the normal moment criterion as given by 

Johansen [12]. Slabs designated IA, IB3,2 and 3 were simply supported along all edges. 

Slab 4 was simply supported on two adjacent sides while the opposite comer was on a 

spherical support. All the slabs were 100 mm deep and tested under concentrated loads 

applied using hydraulic jacks. Slabs IA and 1B were rectangular slabs with aspect ratios 

of 1.5 and 1.3 respectively and were designed for ultimate loads of 415 and 216 kN 

equally distributed on eight point loads. Slab 2 was a rectangular slab with aspect ratio 

of 1.3 and designed for ultimate load of 213 W equally distributed as four point loads. 

Slab 3 was a square slab designed for ultimate load of 210 kN equally distributed as 

two point loads along the diagonal. Slab 4 was a square slab designed for an ultimate 

load of 90 kN equally distributed as two point loads along the diagonal. The behaviour 

of the slabs was found to be satisfactory both at working and at ultimate load. The ratio 

of the ultimate load to the design load was found to vary between 0.8 for the rectangular 

slab Al which failed prematurely in shear during the test to 1.31 for the rectangular slab 

2. The average experimental and ultimate design load was 1.17 times the ultimate load 

for which the slabs were designed. Hago and Bhatt [22] concluded that the direct design 

method is simple and direct and the variable moment fields can be easily handled. 

39 



Bensalem [231 tested six simply supported slabs to study the service and ultimate load 

behaviour of reinforced concrete slabs. The slabs were designed using Wood and Armer 

rules [16,17] and non-elastic stress fields. The non-elastic stress fields at ultimate load 

were determined using a finite element procedure. The slabs were simply supported on 

four edges. Slabs designated S1, S2 and S3 were square slabs with 2m length and 100 

mm deep; the slabs were designed for an ultimate load of 2 10 kN distributed to four 

point loads but with different levels. Slabs S4 and S6 were square slabs with 2m length 

and depth of 100 and 150 mm respectively; the slabs were supported on a column 

support at the middle and designed for of 320 W distributed equally at four point 

loads. Slab S5 was a rectangular slab of overall dimensions of 3m by 2m and 100 mm 

deep. The slab was designed for a total load of 2 10 W equally distributed at eight point 

loads. The ratio of the experimental to design load was found to vary between 1.15 for 

SI to 1.61 for S2. The average actual ultimate load for the tested slabs was found to be 

1.20 times the design load. Bensalem [23] concluded that the use of non-elastic stress 

fields in direct design of reinforced concrete slabs leads to satisfactory behaviour both at 

service and ultimate loads. 

2.5 CONCLUSIONS 

The review of literature available for ultimate load tests [8,18,19520,21122,23] of simply 

supported slabs designed using the classical elastic and plastic design methods 

[ 12,15,16,17] without including the membrane action effect, shows that the tested slabs 
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sustained loads much higher than the loads for which they are designed. This is 

attributed to membrane action effect which become significant at large deflections. 

The available methods for the analysis of simply supported slabs, which includes the 

membrane action resulting from the change of geometry [ 1,2,3,4,5,6,7,8,10,11 ] are 

based on the rigid-plastic approach. The load-deflection curves predicted using these 

methods are different from the experimental load-deflection curves; this is result of the 

assumption of rigid behaviour up to the yield line theory load. Therefore it seems 

necessary to use the finite element method which represents the experimental behaviour 

more closely and to study the development of membrane action prior to and post yield 

line theory load. 
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CHAPTER 3 

FINITE ELEMENT FORMULATION AND 

NON-LINEAR SOLUTION TECHNIQUE 

3.1 INTRODUCTION 

The finite element method has been described extensively in the literature. A 

comprehensive discussion of the method and its application is given in several texts [I- 

5] amongst which may be mentioned particularly that of Zienkiewicz [2]. 

This Chapter deals with the theory of the finite element program used in this study. The 

program was developed by Ganaba[6] and comprises both geometric and material non- 

linearities,, both the load control and the displacement control can be used to trace the 

response of the slab up to collapse. The program makes use of some of the standard 

NAGFE level 0[ 15] subroutines. The program has been modified by the author in order 

to predict a better response for the analysed slabs. The major modification where the 

inclusion of a new material model, which will be described in detail in Chapter 4. 
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A brief description of the program is given in this Chapter; a full description can be 

found in [6]. 

A brief description of the finite element concepts is given in Section 3.2 and the 

assumptions that are generally made to derive the equations of plate theory which are 

used in the finite element formulation will be discussed in section 3.3. 

In section 3.4 the various sets of elasticity equations, namely those of strain- 

displacement, stress-strain and equilibrium equations are presented. 

In section 3.5 the use of virtual work to establish the incremental equilibrium equation 

for use in finite element formulation is discussed and the finite element formulation is 

presented in section 3.6. 

The elements used in the study are presented in section 3.7 and the finite element 

representation is given in section 3.8. 

The stifffiess matrices and the numerical evaluation of such matrices are presented in 

sections 3.9. The numerical integration and the integration rule implemented in this 

study are presented in section 3.10. 

Section 3.11 deals with the solution of the non-linear equation. The convergence 

tolerance used in this study is presented in Section 3.12. The solution strategy is given 

in Section 3.13. 
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3.2 THE FINITE ELEMENT CONCEPT 

In the finite element displacement method, a continuum with an infinite number of 

degrees of freedom is represented by a discrete model, which has a finite number of 

degrees of freedom. The discrete model is composed of sub-regions, or elements, of 

finite size which have a simpler geometry than that of the continuum. A finite number 

of points, or nodes, are identified on the element, where the finite elements are to be 

joined and conditions of equilibrium and compatibility are to be enforced. Displacement 

functions within each element are assumed so that the displacements at each point 

within the element are dependent upon the nodal values. An important aspect of the 

finite element concept is that an individual element may be considered in isolation from 

the assemblage of elements. Therefore the displacement functions over the element in 

terms of the nodal values can be approximated independently of the ultimate location of 

the element within the discrete model. Thus, it is possible to develop an assemblage of 

various finite elements in which the nodal values of the assumed local displacement 

functions are left arbitrary [4,5]. 

3.3 BASIC ASSUMPTION 

The analysis of plates using the finite element displacement method may be formulated 

using either Kirchhoff [2] or Mindlin [7] plate theory. In the Kirchhoff theory shear 

deformation is ignored, that is normals to the mid-surface remain normal after 

deformation. Alternatively, in Mindlin plate theory, which allows for shear deformation, 
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normals remain straight, but not necessarily normal to the mid-surface after 

deformation. In both formulations stresses in the direction normal to the plate middle 

surface are neglected. 

In order to determine the displacements u', v' and w' for an arbitrary point p' located 

at z from the middle surface, Fig. 3.1, the displacements can be expressed in terms of 

the displacements at the middle surface such that. 

U =U-ZOX 

V =V-Z OY 

I 
w =w 

3.1 

where u, v and w are the displacements at the plate middle surface and 0, and Oy are 

the rotations of the normals to the undeformed middle surface in the xz and yz planes 

respectively. These rotations are given by 

0, aw 
ax 
"ýw OY 

0+ 

oy ýy 

where 0., and 0, are the average transverse shear deformations. 

3.4 BASIC RELATIONSHIPS 
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The behaviour of a solid body subjected to extemal forces is govemed by three 

fundamental equations, namely strain-displacement, stress-strain and equilibrium 

equations. These relationships will be presented in this section with reference to a 

Mindlin plate formulation. 

3.4.1 STRAIN-DISPLACEMIENT RELATIONSHIP 

For a Mindlin plate the relevant Green's strain vector c' is given by [81 as 

I. 
x 

y 

YXY 

Y-TZ 

)"YZ 

au, , au, , ýV, 0 
2 2 

(awl 
ax 

+ 
2 ax 

+ 
2 ax 

+ 
2 ax ) 

av, au, aV, 1 aw, )2 

ay 2 ýy 2 ay 2 o'y 
au, av, au, au, 0' v' 0' v' 0' W, a W, 
ay ax ax ýy ax o-%y ax O--, y 
au aw, au, au, o'v' o'v' ow' aw, 
az ax ax az ax az ax at 
O'v' aw, au, au, av, i3v, a W, 0' W, 

az ýy ýy az ýy az O_ly az 

3.3 

Introducing the Von Karman assumption [9],, implies that derivatives of u'andv' With 

respect to x, y and z are small therefore multiples of such derivatives can be neglected. 

The strain-displacement equation, equation 3.3, can be expressed in terms of the 

deformations of the plate middle surface, equation 3.1, such that 
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x 

y 
C', 

+fZ. 
6" n 

r 
xy 0+c0 

rxz 5 

where the linear in-plane strains are given by 

au 

ax 

av 
au 

ey 
av 

, ýy axi 

the flexural strain is given by 

aox 
ax aoy 
Oýy 

a 0ý, a Oy 

ay ax 

the linear transverse shear strains are given by 

aw 
- ox 

ax aw 0, 

and the non-linear in-plane strains are given by 

3.4 

3.5a 

3.5b 

3.5c 
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0 -W 2ý 

2 ax 
-2 (ýw 

2 O'y 
aw ca-W 
ax o-, y 

3.4.2 STRESS-STRAIN RELATIONSHIP 

3.5d 

For a linear elastic isotropic material, Green's strain vector f-cl is related to the Piola- 

Kirchhoff stress vector {cr) by the following constitutive relationship: 

{a)= [Dlfel 

where the Piola-Kirchhoff stress vector {cr)is given by 

fal= ký (Ty T XY 
T 

xz 
Tyx 

y 

the elastic material matrix [D] is given by: 

[D]= 

I 

0 
I-V 

2 
000 

000 

0 

0 

0 

I-V 

2 
0 

0 

0 

0 

3.6 

3.7a 

3.7b 
0 

I-V 

2 
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where E and v are Young's modulus and Poisson' s ratio respectively. 

The plate formulation can be reduced to a two-dimensional form bY virtue of the 

Mindlin assumptions that normals to the middle surface remain straight during 

deformation. The strains can be expressed in terms of the deformations at the plate 

middle surface and the stresses in terms of their resultants. The stress resultants, 
ýJ, 

can be obtained by integrating the stress distribution throughout the plate thickness. For 

an elastic material the integration can be carried out explicitly such that: 

fz 

Z21 

x 

y 

XY 
zu, 

ZU 
y 

ZT 
XY 

xz 

YZ 

-I 
up 

dz-lCrb 3.8 

where -1 and Z2 are the co-ordinates of the top and bottom of the plate respectively, 

with the Z-direction being the normal to the plate surface. The stress resultant 

components acting per unit width of the plate, 
ý, 1, ýb) 

and 
ý, I 

are the in-plane 

forces, moments and transverse shear forces respectively. 

The strain vector associated with the stress resultants given in equation 3.8 may be 

expressed in terms of a linear and a non-linear strain parts such that 
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I nl' 
pp 
I 

6b 

-CS 
0 1 

+1 0 3.9 

The constitutive relationship, equation 3.6, can be written in terms of the stress resultant 

vector, equation 3.8, and the associated total strain vector, equation 3.9, such that 

ýJ=rDjýj 3.10 

Rewriting equation 3.10 in terms of stress resultant components the constitutive 

relationship is given by 

o Dp0 ei 
p 

nl sp 
0 Db 0 1 eb + 0 1 

us 00D, 

l 

es 

1 

where the in-plane material matrix 
rD, j is given by 

1v0 

rDP ]= Eh 
v10 
00 

1-v 
2 

the flexural material matrix 
rDb ]is 

given by 

3.1 la 

3.1 lb 
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0 

rD 
p 

1= Eh' 
v10 12 (1 

- v') 00 
I-V 

2 

and the transverse shear material matrix 
rD, j is given by 

rD, ]= Ehk 20 

0 
L21 

3.1 Ic 

3.1 Id 

where h is the plate thickness, and k is a transverse shear correction factor which is 

necessary to account for assumption of constant transverse shear strains. 

3.4.3 EQUILIBRIUM EQUATION 

The equilibrium equations for a three-dimensional solid body can be written as 

Timoshenko et al [I I]. 

ao7x ++a I-xz = f, ax ay az x 
clory 

+ 

a7, 
-, 3, + 

ar= 

= fy 
ay ax az 

acr- a -v a Z- ý+ _xz + YZI = fz az ax ay 

where and fz are body forces acting per unit volume. 

3.12 
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3.5 VIRTUAL WORK EQUATION 

The principle of virtual work has been used to determine the governing equilibrium 

equations for use in the finite element formulation. Symbolically the principle is 

expressed as 

dWint- dW,,,, =0 3.13 

The external work can be expressed as the work done in moving the body force f and 

the surface tractions p through a virtual displacement du, as 

dW =f dT +fdUTPdS uf dV 3.14 
vs 

where V is the volume of the body and S is that part of the surface of the body where the 

external tractions are prescribed. The change in the strain energy, internal work, 

resulting from a set of virtual strains A, corresponding to the virtual displacements is 

dWinl=f AT t7 dv 
7 

3.15 

and by making use of equation 3.14 and 3.15 equation 3.13 may be expressed as 

fdcT adV- f du Tf dV- f dUT 
pds= 0 3.16 

Vvs 

where d, 6 is the virtual Green's strain vector because of the virtual displacement field 

A given in equation 3.3, and a and f are the stresses and body forces respectively 

given in equations 3.7 and 3.12. Equation 3.16 satisfies the equilibrium and 

compatibility conditions but no assumptions have been made about the material 
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properties and the size of the deformations. Therefore it can be used for solution of 

problems involving geometric and material non-linearities. 

The virtual work equation, equation 3.16, can be expressed in terms of "mid-plane" 

quantities in terms of the stress resultants obtained by integrating the stress distribution 

through the plate thickness and the associated strains such that 

f de 
Ta 

dA -f 
dUT f dA- 1 du 

T 

pds= 0 3.17 
As 

where d, 6 is the virtual strain vector because of the virtual displacement at the plate 

middle surface A given in equation 3.9, a is the stress resultant given in equation 3.8 

and f is the body forces resultant per unit area. 

Section 3.6 will show how equation 3.17 is used to obtain an incremental finite element 

formulation. 

3.6 FINITE ELEMENT FORMULATION 

In finite element analysis, the general body is approximated as an assemblage of an 

arbitrary number of finite elements, n, with the elements being interconnected at nodal 

points on the element boundaries. In the displacement formulation for the finite 

element, e, the displacement field Ue is expressed in terms of the nodal value 
ge 

and a 

set of interpolation functions N such that, 
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e 
=N8e 

3.18 

Strains are related to the nodal values by the following relations 

L. u' 3.19a 

B. i5' 3.19b 

where L is a differential matrix operator and B is a strain-displacement matrix. 

The virtual work equation 3.17 contains the variation of the strain vector d-6e resulting 

from the virtual displacement A'. The variation of the displacement field, equation 

3.18 is given by 

du e=N. d(5' 3.20 

The variation of the strain vector, equation 3.9, can be expressed in terms of the linear 

and non-linear components such that 

-1 -nl 
dc' = dc' + d. 6' 3.21 

The variation of the strain vector, equation 3.2 1, may be NNntten in terms of the 

variation of the nodal displacements 15 such that 
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de e= [BI + B,, l 
]. d(5 

where B, and B,,, are linear and non-linear strain-displacement matrices. 

3.22 

In the application of the finite element method to non-linear problems, equilibrium is 

established by calculating the internal resistance forces in the structure resulting from 

the deformation and comparing these forces with the externally applied loads. When the 

difference, which can be considered as unbalanced forces, is within an acceptable 

tolerance, equilibrium is assumed to have occurred. The equilibrium equation for 

internal and external forces can be obtained by substituting equations 3.20 and 3.21 into 

the virtual work equation, equation 3.17, such that 

V/(t5)= F-P3.23 

where the internal force vector F is given by 

f [BI + B,,, f ýJdA' 3.24a 

the applied load vector P is given by 

P=J] fN T7dAe +f N TpdS 3.24b 
n A' s 
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where V(t5) is the unbalanced force and and A' denotes the summations over all 
n 

elements and the area of an element respectively. 

Taking variations of equation 3.23 with respect to the nodal displacements 8, the 

tangent stiffness matrix can be obtained such that 

d V/ 
-KT 3.25 

d8 

where KT is the tangent stifffiess matrix and is given by [2,8]. 

KT= Ko + Ka + KL 3.26 

where Ko represents the usual,, small displacement stiffness matrix and given by 

JKY rD][BI]dA' [Ko J= y 
n A' 

3.27a 

K. is the geometric stiffness matrix which depends on the stress level and is given by 

[K, jdt5=j] f d[Bnl f ý)dAe 

n A' 

3.27b 

K is the large displacement matrix which depends on the current displacements and Is L 

given by 

75 



IKL f [B rD][B., JdAe rD]K]dA e +f[B,,, YrD][B,, 
I]d4e 

3.27c 
j+f 

[Bnly 

-A' A' A' 

3.7 ELEMENTS USED IN THE STUDY 

The flat shell element has been used throughout the present study. The element 

comprises two elements. The first one is the Heterosis plate bending element and the 

second one is the 8-node membrane element. 

The Heterosis element is a 9-node quadrilateral with 8-nodes lying on the element 

boundary, Fig. 3.2, which have w, 0,, and OY degrees of freedom and a node at the mid 

point which has 0., and 0, only. The element employs serendipity shape functions for 

the lateral displacement w, and Lagrangian shape functions for the rotations 0, and 0, - 

The Heterosis element., the local numbering system and the local co-ordinates of the 

element are shown in Fig. 3.2. 

The isoparametric membrane element with 8-nodes lying on the element boundary 

which have u and v degree of freedom Fig. 3.3. The element employs the serendipity 

shape functions to represent the in-plane displacement fields u and v. The element, the 

local numbering system and the local co-ordinates are shown in Fig. 3.3. 

3.7.1 SHAPE FUNCTIONS 
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For an element, the natural local co-ordinate system (ý, 77) is usually used to express the 

displacement components. The origin of the local co-ordinate system is the centre of the 

element Figs. 3.2-3.3. 

The serendipity shape functions N, (ý, q) for node i in terms of the local co-ordinates 

ý, q are: 

For the comer nodes i=1,3,517 

I (I + ýý, )(I + q? 7, )W, + 3.28 
4 

for the mid-side nodes i= 41,8 

Ali (ý, q) =I 
(1_ 

ý2 
)(I+ 

1717i 3.29 
2 

for the mid-side nodes i= 21,6 

Ni (ý, +I (I 
- 17' 

)(1 + 3.30 
2 

The Lagrangian shape functions Pi (ý, q) for node i in terms of the local co-ordinates 

ý, ?7 are: 

For nodes 1=1,2,3 
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Pi 17)= Ni (ý). Nj (q) j=1,2,3 3.31 

for nodes i == 4,8,9 

Pi i7)= N2 (77) j=3,1,2 3.32 

for nodes i=5,; 61,7 

-N 
j 3,2,1 3.33 

where 

Ni 1)/ 2 
N2 W= (I + 00 

-03.34 
N3 + 1)/ 2 

3.8 FINITE ELEMENT REPRESENTATION 

The displacement field within an element is assumed to be functions of discrete nodal 

values and the shape functions. The in-plane displacement components u and v are 

approximated by 
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ul 

=j Ni 
U'l 

v i=l vi 

where N, are the serendipity shape functions. 

3.35 

The lateral displacement w and the rotations 0, and OY are approximated by 

8 

W=2ýNj w, 3.36a 
i=l 

09 oxi 
xp3.36b 

OY ývl 

where P, are Lagrangian shape functions. 

3.9 STUFFNESS NMTRICES 

The stifffiess matrices used in the various analyses to be carried out will be formulated 

in this section using the finite element approximation given in equations 3.35 and 3.36. 

The small displacement stiffness matrix ko, equation 3.27a, is given by 

BT DpB 
ko fp0p 

n 
_A'- 

0 

dA' + BT-f 
b Db Bb_ e[O 

0 

T- dAe 
Bs D, Bs] 

3.37 
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where the first term of equation 3.37 is the in-plane and flexural parts and the second 

term is the transverse shear part. The in-plane strain displacement matrix [BP j is given 

by 

aNi 
0 

ax 
[Bp 0 aNj 

a-Y 
aNj aNj 
ay ax 

the flexural strain-displacement matrix [B, ] is given by 

0 api 
0 

L9X 
[Bb (3P, 

ýy 

0 
api lopi 

0 -ýV ax 

and the transverse shear strain-displacement matrix [B, ] is given by 

3.38a 

3.3 8b 

aNi 
- Pi 0 

[B, ax 3.38c aN, 
0- pi 

ýy 

If the length of the mid-surface of the plate is assumed to remain constant, equation 3.37 

can be expressed by 
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T Ae [ko f BTDbB dA' +BD, Bs d hbfs 
n 

_A" 
A, 

3.39 

The geometric stiffness matrix [k, 1, equation 2.27b, can be expressed in terms of a 

flexural and a transverse shear parts such that [ 12,13 ]. 

3 
fGT &Gb tdA, +fGT C7 G- dA b 

A, 
ss 12 e 

in which 

00 aN, 

ax [Gb 
aN, 
ay 

000 

000 

XY 

where h is the plate thickness. 

aNi aNi 

ax ax aNj aNi 

Oýy 0-Y 

The large displacement stiffness matrix [K, ], equation 2.27c, is given by 

3.40 

3.4 1 

3.41b 

3.4 1 
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3.42 

where the non-linear strain-displacement matrix [BnI I is a function of the lateral 

displacement w and is given by 

aw 
0 

ax aNi 
00 

0 aw ax 
oy oo 

0 '*, W 'ýw 0 L Cy 
ay ax 

3.43 

The total stiffness matrix for in-plane behaviour of a plate loaded in its plane is given by 

[Kp fBT DpB dA 
ppe 

ele A, 

3.10 EVALUATION OF THE STIFFNESS NIATRICES 

3.44 

In general it is not possible to perform analytically the integration required to set up the 

stiffness matrices and the equivalent nodal loads for the elements used, Therefore, resort 

has to be made to some suitable scheme of numerical integration. 

In the layered approach, the plate thickness is divided into a finite number of layers 

parallel to the middle plane of the plate or by the introduction of numerical integration 
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Points through the thickness. The stress resultants,, the in-plane forces and moments, are 

determined by integrating the stress at the various layers or sampling points through the 

thickness. The function to be integrated is replaced by the sum of a series such that 

bn 
f f(x)dx W fi 3.45 

where W, are the weights, n is the number of the sampling points andf is f(x) 

evaluated at the ith sampling points. 

In this study, the various stiffness matrices have been evaluated numerically with a 

selective integration scheme using Gauss quadrature. The 30 rule for the in-plane and 

flexural components and the 2x2 rule for the transverse shear components have been 

used Fig. 3.4. The derivative of the shape function is determined at the Gauss 

quadrature points in the local co-ordinate system (ý, q). The inverse of the Jacobian 

matrix is used to convert the derivative from the local co-ordinate system to the global 

co-ordinate system (x, y), such that 

aN C9N 
ax 
aN 

V, -, aý 
aN 

ýy 
_a71- 

3.46 

The integration is carried out in the local co-ordinate system using the following 

trans onnation 
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m ff f(x, y)dx dy: -- Aý, 17)IJI - W, 3.47 

where m is the number of Gauss points and w is the weight at i' Gauss point and IJI 's 

the determinate of the Jacobian matrix. 

The Labatto rule has been used in this work for the determination of the in-plane and 

flexural stresses resultants through the depth. The abscissas and weights for the Labatto 

rule are listed in Table 3.1. Further details about the Labatto integration rule can be 

found in [14]. 

3.11 SOLUTION OF THE NON-LINEAR EQUATION 

Most non-linear solution methods are based on the assumption that the non-linear 

response can be approximated by a series of linear solutions. The equilibrium equation 

for internal and external forces, equation 3.23 can be rewritten as 

{y/(g)r = fFy 
- 

fPr 3.48 

where V/ is the out of balance or residual force vector, (5 is the vector of the nodal 

displacement, F is the internal force vector and P is the applied load vector. 
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Solution of the governing equations, equation 3.48, can be carried out using either 

incremental or iterative methods of solutions. 

3.11.1 INCRFNMNTAL METHODS 

In these methods, the solution of equation 3.48, is usually carried out by applying the 

external loads as a sequence of sufficiently small increments, so that the structure can be 

assumed to respond linearly Within each increment. This method can lead to deviation 

from the true response, Fig. 3.5. 

More efficient incremental schemes can be obtained by combining the pure incremental 

method with a single equilibrium correction. A better approximation of the true 

response can be obtained using this technique, Fig. 3.6. 

The accuracy of the solution using either the pure incremental or the corrected 

incremental methods depends on the size of the load increment. The increments need to 

be small enough in order to obtain a good approximation of the true response since the 

accumulating errors are carried from one increment to the next throughout the solution 

process. 

3.11.2 ITERATIVE METHODS 
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In this method the load is applied incrementally and a series of iterations is carried out 

within each increment to eliminate the cumulative errors inherent in the previous 

method. 

If an approximate solution to (gy, to equation 3.48 is reached, an improved solution 

can be achieved using a truncated Taylor series of the form 

gln (9)ri + fA {V 
j+j = fy 

dt5 
3.49 

where 

dV [KT ]n 3.50 
d, 5 i 

Equation 3.50 represents the tangential stiffness matrix at iteration i of increment n. 

n An improved value of the displacement f(5), '+, can be obtained by computing 

J, n I, ' + fA 45 3.51 

The incremental displacements {A8j, "can be determined from equations 3.49 and 3.50 

such that 

1-1 Jn [KT 3.52 
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The solution is carried out by solving a new set of linearized equations, equation 3.52. 

Displacements are then updated using equations 3.51 and the residual forces are 

calculated from equation 3.48. The process is repeated until the solution converges. 

Various methods can be classified based on the manner in which the stiffness matrix is 

formed. 

3.11.2.1 NEWTON-RAIPHSON METHOD 

In this method the tangential stiffness matrix is formed and decomposed at the 

beginning of every iteration. The solution process is illustrated diagrammatically in Fig. 

3.7, for a one-degree of freedom. The major drawback of this method is the high cost of 

it. The repeated formations and decomposition of the stiffness matrices require much 

more time than that required for the solution of the system of equations. 

3.11.2.2 MODIFIED NEWTON-RAPHSON METHOD 

In this method the tangential stiffness matrix is updated and held constant for a number 

of iterations, after which it is again updated. The solution process is illustrated 

diagrammatically in Fig. 3.8, for a one degree of freedom. This method is more 

economical than the Newton-Raphson method since it involves fewer expensive 

reformations and decompositions of the stiffness matrix; however, it may require more 

iterations than those required using the standard Newton-Raphson method. 
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3.12 CONVERGENCE CRITERIA 

Generally in a non-linear analysis convergence is assumed to occur when the difference 

between the applied loads and the internal forces reached an acceptably small value. 

The criteria used are set so that the iterative process is terminated when it is considered 

that additional iterations would not significantly improve the accuracy of the solution. 

Two convergence criteria, based on displacements and energy respectively, were used 

in this study to check for convergence. The displacement criterion is that 

11(511, 
+, 

<aD 

where 1111, is the euclidean norm at iteration i 

IAäII 
aD is the displacement convergence tolerance. 

3.53 

The energy criterion used in the analysis is based on the energy released during an 

iteration by the residual forces and the iterative displacements are compared with the 

maximum energy released in a previous iteration of that particular increment. Thus 

convergence is assumed when 

f fA 
<a 3.54 
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where a, is the energy convergence tolerance. 

3.13 DESCRJIPTION OF THE TECHNIQUES USED IN THE SOLUTION OF 

THE GOVERNING EQUATIONS 

Load control and displacement control techniques can be used to solve the non-linear 

equations in this study. The load control technique obviously fails to trace the falling 

part of the response, indicated by points 1-2-3, shown in Fig. 3.9; it can only trace point 

3 after tracing point 1; displacement control can easily do so and has proved to be 

suitable and efficient. The displacement control solution algorithm proposed by 

Stricklen [16] and implemented by [6] has been used in this study. 

The concept of the displacement control technique is based on selecting a single 

incremental nodal displacement component and specified as a controlling parameter 

while the corresponding load value is considered to be one of the unknowns. The non- 

linear equation, equation 3.48, can be rewritten as 

[KjtA(5j- (Pl= tWI 3.55 

where the incremental generalised force vector fPj can be expressed in terms of an 

incremental load factor AA and a generalised force vector ý* I resulting from unit load, 

such that 

AA 3.56 
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Using equation 3.56, equation 3.55 can be rewritten as 

[K]{A81-AAý . ý- fVj 3.57 

Assume that the Vh incremental displacement component Agi is specified and, for 

simplicity, assume that equation 3.57 is reordered such that the specified displacement 

is the final term in the vector Ag. The later assumption enables the theoretical 

derivation to be simplified; in practice it is not necessary that the specified displacement 

component should be the final term. Equation 3.57 can be rewritten as 

I [KII] 
-fP, *f 

fASI l]=[fVl l]-Agi [{K121] 
3.58 [K211 

- 
pl* 

I 

AA Vi K22 

where K22 

5 &5j, Pl*and Vf, are scalars, [K12] is a column vector and 
IK211 

is a row 

vector. 

The matrix on the left-hand side of equation 3.58 is a non-symmetric matrix; however, 

the sub-matrix [KI 
I] is symmetric if the original stiffness matrix [K] is symmetric. To 

avoid solving a non-symmetric system of equations the unknown incremental 

displacement components and the incremental load factor can be obtained by expanding 

equation 3.58, such that 

[KI 
Ij 

(At5l J= AA ý, * J+ fV/1 I- Ao5i tKI21 3.59 
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{K2]){Agl J= AA. Pi* + V/i - Ai5i K22 3.60 

where AS, can be, obtained from equation 3.59, such that 

tA(51 J= [KI 
I 
]-'[AA. ý, * J+ (V, )- A, 5, tKIJI 

3.61 

and the incremental load factor can be obtained from equation 3.60 and 3.6 1, such that 

- fK21 VK {V { 
21 

fK21 PIT . 
Kll]-l 

* 
{K12j-K22jAi5j 

3.62 
)*I-p i 

The solution of the non-linear system of equations, equation 3.58, is found by solving 

equation 3.62 followed by equation 3.6 1. The main operations performed in the 

displacement control method are shown in Fig. 3.10. At the beginning of each 

increment a load factor A is set equal to zero and the incremental displacement 

component is assigned a present value. The incremental load factor was obtained from 

equation 3.62 and hence the incremental displacements tA, 5, I were determined from 

equation 3.6 1. 

Since the specified incremental displacement component was specified at the beginning 

of the increment , it must be held constant during the iterative process, therefore it was 

set at equal zero after the first iteration. 

At the end of each iteration the load factor /I was updated such that 

91 



A=A+AA 3.63 

The nodal displacements were then updated using equation 3.51 and the process was 

repeated until convergence occurred. 

3.14 SOLUTION STRATEGY 

The modified Newton-Raphson method was used to trace the non-linear response. 

Solution of the governing equations was carried out by incrementing the applied load or 

a specified displacement component. The main operations in the analysis are shown in 

Fig. 3.11. At the beginning of each increment the iterative nodal displacements were 

calculated by solving the governing equations using load control or displacement 

control. The nodal displacements were then updated to obtain the total nodal 

displacements using equation 3.5 1. Using the nodal displacements, the strains at the 

Gauss quadrature points of each element were then determined. The transverse shear 

resultants were determined in direct manner since the transverse shear stress was 

assumed to vary linearly throughout the thickness. 

The in-plane and flexural stresses were determined from the strains at the sampling 

points through the cross-section using the material models described in Chapter 4. The 

in-plane and the flexural stresses resultants were deten-nined numerically by integration 

of the corresponding stresses through the thickness. 

The internal forces were then determined for each element using 
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fp f 
[Bp B-T- 

ni (Tp 
dAe 3.55 fb 

A' 
0 Bb (7b 

J= f [B, f ýýJdA e 3.56 
A' 

where the subscripts p, b and s refer to the in-plane, flexural and transverse shear 

components respectively. 

The internal forces of all elements were added together to obtain an internal forces 

vector {F), for all the structure. 

The internal force vector (F) was then subtracted from the applied load vector {P) to 

obtain a vector of residual forces fV). If the applied load vector and the internal force 

vector are in equilibrium then, fV) = 0. Generally this is not true, so {V/)has to be 

reapplied around the structures again and the nodal displacements updated. 

As the analysis is repeated, the terms in fV)become smaller if the analysis converges. 

When an iteration has converged, the incremental process is repeated until the analysis 

is terminated. 
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Table 3.1 - Weights and abscissas for Labatto rule 

Sampling point number Abscissas =± xi Weight factor = w, 

1.00000000 0.04761904 

0.83002390 0.27682604 

7 0.46884879 0.43174538 

0.0000000 0.48761904 

1.00000 00000 0.02777 77778 

0.89975 79954 0.16549 53616 

9 0.67718 62795 0.27453 87126 

0.3631174638 0.34642 85110 

0.00000 00000 0.3715192744 
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Fig. 3.3- Serendipity membrane element 
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+ + + 

+ + + 

+ + + 

a-3x3 Gauss quadrature rule for flexural 
and in-plane stress components 

+ + 

+ + 

b-2x2 Gauss quadrature rule for transverse 
shear stress component 

Fig. 3.4- Integration rules used in the analysis 
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Fig. 3.5- Incremental load method without corrections 

Load 

Displacement 

Fig. 3.6- Incremental load method with equilibrium 
corrections 
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Fig. 3.7- Newton-Raphson method 

Fig. 3.8- Modified Newton-Raphson method 
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Fig. 3.9- Load-deflection curve for two-way reinforced 
concrete slab with edges restraind againest 
lateral movement. 

102 



FORM LOAD VECTOR DUE TO UNIT LOAD 
P* 

I NTIALISE THE LOAD FACTOR 
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{Ab. y, ý, = qn, + {Ab) 

UPDATE THE LOAD FACTOR 
A =A + AA 

DETERMINE THE APPLIED LOAD VECTOR 
(P) =A (P*) 

CALCULATE INTERNAL LOAD VECTOR (F) 

CALCULATE RESIDUAL LOAD VECTOR 
{V)= M-0 

IS EQUILIBRIUM SATISFIED 

SET THE SPECIFIED INCREMENTAL DISPLACEMENT 

COMPONENT EQUAL ZERO A6, =01 

Fig. 3.10- Main operations used in the displacement control 
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Fig. 3-11- Main operat ons performed in the analysis 
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CHAPTER 4 

MODELLING OF THE MATERIALS 

4.1 INTRODUCTION 

The problem of modelling the mechanical behaviour of concrete for use for analytical 

studies of reinforced concrete structures remains one of the most difficult challenges in 

the field of structural concrete. The analysis of the complete response of a structural 

system of steel and concrete requires consideration of a number of non-linear effects. 

The most important effects include tensile cracking, yielding of steel, non-linear stress- 

strain behaviour, compressive crushing of concrete, aggregate interlock, bond between 

concrete and steel and dowel action of reinforcing bars. The basic information required 

are the multidimensional stress-strain relationships describing adequately the 

characteristics of reinforced concrete. These are called the constitutive laws', which 

describe mathematically the behaviour of constituent materials approximating closely to 

the real behaviour. These laws are based on experimental data and allow the formulation 

of the relationship between applied multi-axial stress state and the resulting strains. The 

constitutive properties of concrete have not yet been universally defined and there is no 

generally accepted material law, which fully describes the concrete behaviour in 
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combined stress conditions [I]. The scatter of the results can be attributed to variations 

in three principal factors, namely the material, the test method and the loading system. 

In the following sections a review of the different numerical models that can be 

employed for concrete for use in a finite element analysis are presented and the models 

adopted in the analysis are discussed. 

Generally, there are two approaches for defining the complicated stress-strain behaviour 

of concrete under the various stress states. They can be classified into. 

1. Elastic based models. 

Plastic based models. 

Detailed discussions of these approaches are given in [2,31. In the following sections, 

the basic concepts and the limitations of these approaches will briefly discussed. 

4.2 ELASTICITY BASED MODELS. 

During the last three decades, a relatively large number of elasticity based constitutive 

models has been developed to represent the behaviour of concrete under general type of 

loading. In this model the stress strain behaviour can be expressed as 

Idu) = [D ] ýde ý 4.1 
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where [D] represents either the secant or tangential constitutive matrix. fal and fc)are 

the stress and strain vectors respectively. 

In general two different approaches have been employed in the formulation of the non- 

linear elastic based constitutive relations. These are the total and the incremental stress- 

strain formulations. In the total, stress-strain models, the current state of stress is 

assumed to be uniquely expressed as a function of the current state of strain. This type 

of formulation is reversible and path-independent and thus is suitable for concrete 

structures under short term monotonic loading. In spite of this shortcoming the total 

stress-strain models have been used, mainly because of their simplicity, to predict the 

non-linear behaviour of concrete under biaxial and triaxial stress states. 

The incremental,, hypoelastic, stress-strain models are used to describe the behaviour of 

materials in which the state of stress depends on the current state of strain and the stress 

path followed to reach that state. This type of formulation is incrementally reversible 

and path dependent and, therefore provides a good representation of concrete behaviour 

under non-monotonic and non-proportional loading regimes. Several incremental models 

have been developed for isotropic and orthotropic stress-strain relationships under 

biaxial and triaxial stress states. [4,5,6,7,8]. 

4.3 PLASTICITY BASED MODELS. 

For concrete under compression, non-linear deformations occur when it is stressed 

beyond the Iii-nit of elasticity. These deformations are basically inelastic since upon 
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unloading only a portion of the total strain can be recovered. Therefore, the total strain 

in concrete may be separated into recoverable and irrecoverable components. The 

recoverable part is treated within the framework of elasticity, while the irrecoverable 

part can be treated on the basis of the theory of plasticity. 

Four fundamental assumptions are required to formulate the constitutive relations for 

plasticity models for concrete. They are 

1. The shape of initial yield surface and subsequent loading surfaces. 

2. The evolution of subsequent loading surfaces. 

3. The formulation of an appropriate flow rule that specifies the stress-strain relation in 

plastic range. 

4. A crushing surface expressed in terms of strains. 

Plasticity based models have been extensively used to describe the behaviour of 

concrete [9,10,11,12,13]. In general models based on the theory of plasticity assume an 

elastic plastic hardening behaviour of concrete up to the ultimate strength followed by a 

rigid plastic response until the crushing surface is reached. After crushing, the concrete 

is assumed to lose completely its resistance against further defortnation. 
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Approaches based on plastic-fracturing theory have been developed and used in 

modelling the post failure, softening of concrete[ 14,15,16]. The fracturing phenomena 

are better described in terms of loading surfaces that depend on strains rather than 

stresses since micro-fracturing can lead to a decrease in stress at constant strain. 

Therefore, two loading surfaces are required in the plastic-fracturing theory to account 

for the strain hardening behaviour. In addition to strain decomposition, the stress 

increment is also decomposed into an elastic stress increment and a fracture stress 

decrement. 

4.4 MATERLAL MODELS FOR PLAIN CONCRETE UNDER BIAXIAL 

STRESS. 

The elastic and plastic models descnbed above have been used successfully in the 

analysis of reinforced concrete structures. Several attempts have been made to explain 

and quantify the ultimate stress state of the concrete under bi-axial stresses. The work 

carried out for non-linear models of concrete is reviewed in this section. 

Liu [17] developed a stress-strain relationship for concrete under compression with any 

stress ratio, taking into account the Poisson's ratlo effect. A failure envelope in bi-axial 

compression was proposed and the stress-strain equation for the representation of the 

behaviour of concrete was also developed. The expressions were based on the 

experimental data of Liu [ 18]. The work was, however. ) 
limited to biaxial compression- 

compression state. 
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Kupfer [19], proposed a failure surface based on tests carried out for the full range of 

biaxial loading. Expressions were proposed for the ultimate stress, bulk modulus and 

shear modulus. 

Tasuji[20] developed expressions for the ultimate strengths of concrete under bi-axial 

stress combinations. The expressions were based on test results for concrete specimens 

o imensions of 127 mm x 127 mm x 12.5 mm loaded for different biaxial stress 

combinations. The average uniaxial strength used for the concrete was 31.1 MPa. for 

compression and 2.7 Mpa for tension. The stress ratios used were of 0,0.2 and 0.5 for 

the compression-compression region, -0.05, -. 01 and -0.25 for the tension-compression 

region and 0,1.0 and 2.0 for tension-tension region. The specimens with uniaxial and 

biaxial compression were applied with a constant stress rate of 2.52 MPa. /min and 0.9 

MPa. /min for tests in tension. 

Tasuj 1[2 1] modified and extended the proposed expressions in [ 17] for biaxial stress 

states compression to a general stress-strain relationship that described the behaviour of 

concrete in biaxial compression-tension, tension-tension and compression-compression. 

The proposed model was compared with other models [17,19,20] and the experimental 

data of Kupfer [ 19]. Tasuj i [2 1] concluded that the model give a better representation of 

ultimate stress state, Fig. 4.1. 

Ganaba[22] identified that Tasuji's model [21] had some deficiencies because of the 

empirical nature of the developed expressions. It was found that the values of the peak 
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strains corresponding to the peak stresses showed inconsistencies at the boundaries of 

the different bi-axial stress regions. Using the experimental data of Tasuji[20], 

Ganaba[22] proposed expressions for the strains corresponding to the peak stresses., 

which satisfy the boundary conditions at the intersections of the different bi-axial stress 

regions. 

Lodi[23] showed that the model developed by Tasuji[21], and modified by Ganaba[22] 

had some deficiencies in the biaxial compression state of stress as a result of the 

imperical nature of the expression. It was found that the stress-strain curve defined 

using the expression developed by Liu [17] and extended by Tasuji[21] is stiffened up 

in the minor principal direction with the decreasing in the stress ratio, and the strain 

corresponding to the peak stress becomes tensile for stress ratio less than the Poisson's 

ratio. Lodi [23] developed a non-linear elastic model to determine the ultimate stresses 

for biaxial compression state of stress. Modified strains, to take into account the 

Poisson's ratio effect at any stress level, are used in the model. The proposed model is 

discussed in more detail in Section 4.6.1.1. 

4.5 MATERIAL MODELS FOR REINFORCED CONCRETE. 

Figs. 4.2a and 4.2b, show reinforced concrete panels loaded in uni-axial tension and in 

pure shear respectively. To predict the behaviour of such panels, cracking of the 

concrete must be considered. Prior to cracking, the behaviour can be predicted by 

superposition of the concrete and steel responses by the standard procedures of 
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elasticity. Predicting the post-cracking behaviour of reinforced concrete in compression 

tension, (tension stiffening and compression softening) has proved to be difficult. 

Tension stiffening and compression softening phenomena must be modelled adequately 

to study the response of reinforced concrete. The following sections provide an 

overview of the work done to model such phenomena. 

4.5.1 TENSION STIEFFENING MODELS. 

When reinforced concrete reaches its ultimate tensile strength, primary cracks will form. 

At these primary cracks the stress carried by concrete drops to zero and the steel carries 

the load; however, the concrete between the cracks is still capable of carrying some 

tensile stresses. This is referred to as the tension stiffening effect. As the load increases 

secondary cracks will form resulting in a decrease in the average stress carried by the 

concrete. Eventually a secondary system of internal cracks develops around the 

reinforcing steel resulting in a breakdown of the bond between the concrete and the 

reinforcing steel. At this stage the concrete carries no load [25], Fig. 4.3. Tension 

stiffening affects the service behaviour of reinforced concrete members by significantly 

increasing the stiffness of the reinforced concrete element in the post cracking range as 

compared with the element in which tension stiffening is not considered. Various 

models have been proposed for tension stiffening relating the resulting average tensile 

stress in concrete to the average tensile strains [28., 41] Fig. 4.4. A review of the work to 

model tension stiffening is given in this section. 
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Clark [26,27] tested 14 beams and 9 slabs under two point loading with various steel 

areas and bar arrangements. It was concluded that the tension stiffening could be 

calculated on the basis of an average tensile stress expressed as a function of the tensile 

strength of concrete, acting over an effective area of concrete surrounding the bars in 

the tension zone. The value of the average tensile stresses and the effective zones over 

which tension stiffening acts were proposed for beams and slabs. Clark) s tests show that 

the bar spacing has negligible effect on tension stiffening provided that it is not greater 

than about 1.5 times the slab depth. 

Gilbert [28] used a layered discrete element method to investigate the behaviour of 

reinforced concrete slabs under short term loading. In this method the concrete is 

ignored after cracking and the post cracking response was modelled by increasing the 

reinforcing steel stiffness fictitiously. This approach implies that the tension stiffening 

effect is concentrated at the reinforcing steel level, whereas experimental observations 

show that this effect is distributed through the depth of the tension zone. 

Link [29] proposed a model for tension stiffening for generally oriented cracks. As the 

cracks are not usually normal to the reinforcement, tension stiffening was quantified 

using an equivalent steel ratio normal to the crack orientation. The proposed model 

consisted of a linear ascending branch up to cracking followed by a non-linear 

descending curve up to the yielding of steel. The model was implemented into a finite 

element program and compared with the tests conducted by Vecchio and Collin [30]. A 

good agreement was found with the experiments. 
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4.5.2 COMPRESSION SOFTENING MODELS. 

Cracked reinforced concrete in compression has been observed to exhibit a lower 

strength and stiffness than uni-axially compressed concrete. The so-called compression 

softening effect responsible is thought to be related to the degree of transverse cracking 

and straining present Fig. 4.5. It significantly influences the strength, ductility and load- 

deflection response of a concrete element. Several of experimental investigations have 

been undertaken to determine the degree of softening that occurs, and the factors that 

influence it [30,32,361. At the same time several of analytical models have been 

proposed aimed at modelling this behaviour [30,31,32,35,37,38]. In this section, a 

review is made of the experimental data available and the various analytical models 

proposed for compression softening. 

30 square reinforced concrete slabs were tested at the University of Toronto [30]. The 

slabs were loaded by different combinations of in-plane stress. These tests were carried 

out in a specially designed test rig. The panels had varying amounts of reinforcement in 

the two orthogonal directions. The test results revealed that the principal compressive 

stress in the concrete was a function not only of the principal compressive strain, but 

also of the principal tensile strain. It was observed that, as the tensile strain in the 

orthogonal direction increased the compressive strength of concrete was significantly 

reduced compared with the uniaxial compressive strength. A stress-strain curve was 

proposed to define the response of the concrete in the presence of orthogonal cracking. 

It was proposed that both the peak compressive stress and the corresponding strain 
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should be reduced by the same amount. The reduction factor was dependent on the ratio 

of principal tensile and compressive strains Fig. 4.6. 

Vecchio and Collins [31] modified the compression softening model, which was 

proposed in reference [301. A reduction factor for the concrete strength based on 

orthogonal cracking was proposed to model the softened response. The reduction factor 

was a function of the principal tensile strain corresponding to the maximum uni-axial 

compressive strength of concrete and was applied to the compressive strength only 

Fig. 4.7. The model was compared with the experimental results for the reinforced 

concrete panels [30] and good agreement was obtained. 

Vecchio and Collins [32] subsequently proposed two further models for compression 

softening based on the results of 116 specimens tested at the University of Toronto. 

Parabolic curves were used to define the stress-strain response of softened concrete. 

Model A was based on the equation proposed by Theronfeldt [331 and Model B was 

based on Hognested" equation [34]. A reduction factor was applied to the uniaxial 

compressive strength and corresponding strain of concrete to model the softened 

response for Model A but for Model B it was applied to the uniaxial compressive 

strength of the concrete only. The reduction factor was found to be a function of the 

principal tensile and compressive strains and the uni-axial compressive strength of 

concrete Fig. 4.8. Model A predicted a better response than Model B. The two models 

were compared with the other models [30,31,35,36,37,38] and it was found that both 

models predicted the softening better than the others. However, Model A gave a better 
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response than Model B. Model A has been adopted to model the softened compressive 

strength in this study and is discussed in more detail in Section 4.6.1-2. 

4.6 MATERIAL MODEL USED IN THE ANALYSIS 

A non-linear elasticity model based on the total stress-strain formulation has been 

utilised for the representation of the concrete behaviour in the analysis. The concrete 

was assumed to be an orthotropic material in the two principal directions and the 

behaviour in each direction depends on the stress in the other direction. 

4.6.1 MODELLING OF CONCRETE. 

In order to deten-nine the behaviour of the reinforced concrete in different stress states, 

the concrete can be considered to be subjected to one of the three bi-axial stresses states 

named compression-compression, compression-tension and tension-tension. Modelling 

of the different bi-axial stresses states is given in the following sections. 

4.6.1.1 RESPONSE IN COMPRESSION-COMPRIESSION 

The parabolic equation developed by Hognestad [34] has been used to model the 

response of concrete in compression in the principal directions up to the peak stress, 

followed by a linear falling branch. The stress at which the concrete has been assumed 

to crush has been taken as 0.85 of the peak stress, up ý Fig. 4.9. The concrete has been 
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assumed to carry zero stress beyond the crushing strain, . 6cu 5 which corresponds to a 

stress of 0.85 up on the linear falling branch. The fonnulations used are: 

For ci :! ý cp, (up to peak stress) 

"rp' 
ej 2 6i 4.2a 

46pi EPI 

For sc, >. cpi (post peak stress) 

aj =a 
0.85crpi (-Ci 

-64.2b pi P, 

6 cu 
Epi 

where, ai stress in principal direction i. 

161 strain in principal direction i. 

(T 
Pi peak stress in principal direction i. 

epi strain corresponding to peak stress in principal direction 1. 

6Cw crushing strain. 

In order to determine the stresses for given strains, the peak compressive stress and 

corresponding strain must be known. The model developed by Lodi [23] is employed in 

this study to determine the peak compressive stresses and corresponding strains. 
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The model developed by Lodi[23] was a non-linear elastic isotropic model. Modified 

strains, to take into account the Poisson's ratio effect at any stress level, as proposed by 

Cope[391, are used. The Poisson's ratio was assumed to be constant throughout an 

analysis for the compression-compression stress state. 

The modified strains are given by 

Eel 6 

ce2 _V2 v16 
=I, 

I' 
VI 

-12'1 
4.3 

whereý eel and -6e2 are modified elastic strains which account for the Poisson's ratio 

effect, v is the Poisson's ratio and se, and c. are the real strains in the principal 

directions I -I and 2-2 respectively. 

The linearized strength envelope proposed by Tasuji [2 1] Fig. 4.10. has been used but 

the strains corresponding to peak stress have been changed. The expression for the 

strains corresponding to the peak stresses has been obtained by rearranging equation 

4.3. 

6pl 6epl 

Ep2 K6epi 

where K stress ratio 
ý12 

, where Cr2 >- cr, algebraically 
cri 
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U2 stress in principal direction I and 2. 

EpI 
I- 

6p2 measured strains corresponding to peak stresses in principal 

directions I -I and 2-2 respectively for any stress ratio k. 

CepI modified strain corresponding to peak stress in principal direction 

1-1. 

Since the model is based on the theory of elasticity the peak stress and corresponding 

strain in the minor principal direction will be proportional to the peak stress and 

corresponding strain in the major principal direction, Fig. 4.11. The above expression 

yields a relationship between the modified and measured strains corresponding to peak 

stresses. 

eepl 
6PI 4.5 
- VK 

since, 6ep2=K'6epl 4.6 

where, '6ep2 is the modified strain corresponding to the peak stress in principal direction 

2-2. 

Substituting the valueof 'Cepl from equation 4.5 into equation 4.6 to obtain, 

46ep2 - 

KPI 
4.7 (I 

- vK) 

letting, 

UPI 

1 4.8 
c 

119 



where, c 
is the uniaxial compressive strength of concrete. The peak stress in principal 

direction 1-1, equation 4.2, will be 

1 46 
apl =cfc = E,, cepl 2- "" = Es cepl 4.9 

-6epi 

where Es secant modulus at peak stress = 
fc 0 

46P 

EP = strain corresponding to the uniaxial compressive strength of concrete. 

or, 
Cepl 

- 
fc 0 

4.10 
Es 

Substituting the value of E,, into equation 4.10 and simplifying to obtain the expression 

for strain corresponding to the peak stress in the principal direction 1-1, 

6epl =C Ep 4.11 

Using equation 4.6, the modified strains corresponding to peak stress in principal 

direction 2-2 will then be 

Cep2 =K cep 4.12 

Equations 4.11 and 4.12 are the expressions representing the strains corresponding to 

the peak stresses in the major and the minor principal stress direction. 

120 



The expression for c varies with the stress ratio, K. The expressions for the peak 

stresses and corresponding strains are summarised below for the various stress ratios. 

For 0:! ýK: ý0.2 

UPI = 1+ K 4.13a 
1.2-K 

'Cepl =C ep = 1+ 
K 

ep 4.14a 
1.2 -K 

For 0.2:! ý K:: ý 1.0 

up, = 1.2 f, ' 4.13b 

Cepl= 1.2, cp 4.14b 

For 0: 5 K: 5 1.0 

ap2= K crpl 4.13c 

Cep2 =K cep 4.14c 

4.6.1.2 RESPONSE IN COMPRFSSION-TENSION 
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It has been mentioned in section 4.5.2 that the compressive response of concrete under 

compression-tension stress state has been modelled using Model A proposed by 

Vecchio and Collins [32]. The model consists of three distinct stages: an ascending 

parabolic branch, a constant stress region and a linear falling branch, Fig. 4.12. Equation 

4.2a has been used to predict the ascending part of the compressive response to ensure 

compatibility With the compression-compression stress-state. 

Model A is based on a statistical analysis of the experimental data. The softening has 

been incorporated through a softening factor, 8, which is given by 

I 

I+kc +kf 
4.15 

0.8 

where kc =0.35 -0.28 111 61 :ý cy 4.16 
2 

kf =0.1825Ffc ý! I. O 4.17 

where CP, 62 
1 

Ey are the principal tensile strain, principal compressive strain and the 

yield strain of the reinforcement in tension respectively. The softening factor, 8, is 

applied to both the uniaxial compressive strength and the corresponding strain to obtain 

the softened response. 
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For the falling branch equation 4.2b is used. The maximum stress and corresponding 

strain of concrete in compression when in a state of compression-tension are 

summansed below. 

For region 1, el :! ýficp 

(T = 4.18a 
PI )6 fc 

Cpl =ßco 4.19a 

For region 11, cp: 5-61: 5cp 

up, =)6fe 4.18b 

Cpl =ß Co to Co 4.19b 

For region 111, vp ý! 61 ý! 6p 

CFPI = fi f, , 4.18c 

EPI = 60 to CCU 4.19c 

where . 6cf, is the crushing strength of the concrete. 
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The tensile response of concrete under compression-tension stress state has been 

modelled as a linear elastic material prior to cracking. This approach has been generally 

adopted to model the pre-cracked tensile response of concrete [30,33]. 

CT2 =Ec '62 

where Ec is the modules of elasticity of the concrete. 

4.20a 

After cracking occurs the response has been modelled by a linear descending branch 

which ends at the yielding of the reinforcement, Be,, The strain at which descending 

branch ends has been defined in terms of the cracking strain, c,. The post cracking 

response is usually termed as tension stiffening and discussed in detail in section 4.5.1. 

Tension stiffening can play a significant role in the overall response of reinforced 

concrete. This effect becomes evident after cracking and it influences the response prior 

to the yielding of reinforcement. 

The governing equation used in this study to model tension stiffening is given below. 

0'2=a O-p2 
ýTp2 

. 
(-Ve2 

- Cep2 4.20b 
-I)c ep2 

wherea., is a factor defining the discontinuity between the pre and post cracking 

response. For a=I there is no discontinuity and for a=0 there is no tension stiffening. 

Fig. 4.13. 
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In order to determine the cracking stress and strain the model proposed by Tasuji[211 

has been used. The expressions used are 

CTp2 = fc, I+ 
K 

I+Ks 

where s= 
f' 
A 

strength, and 

4.21 

= ratio of the uniaxial compressive strength to the uniaxial tensile 

ap2 
Cep2 = Ec 

After cracking Poisson's ratio was assumed to be zero. 

4.6.1.3 RESPONSE IN TENSION -TENSION 

4.22 

In biaxial tension the ultimate stress state is modelled using a square failure surface 

[21 ]. The expression for ultimate biaxial tension stress state is 

UPI = Cy 
p2 = ft 4.23 

The expression for cracking strains is 

Sepl =eep2 - 
fi 

4.24 
E, 
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After cracking the response has been modelled using the same model as for the response 

in compression tension stress state. 

4.6.2 MODELLING OF THE CRACKING. 

Several models for cracking have been developed for use in a finite element analysis. 

Most models rely on a strength criterion for crack initiation. 

Cracking in concrete may be represented using discrete or smeared models, Fig. 4.14. In 

the discrete model, cracks are allowed to develop along the element boundaries. The 

nodal points are separated when cracks occur. This approach has a disadvantage in that 

it involves changes in the topology of the finite element mesh following the formation 

of a crack and the lack of generality in possible crack direction. 

In the smeared crack modelling, local discontinuities resulting from cracking are 

represented in a distributed manner. This type of crack model, which has been adopted 

in the analysis, fits the finite element displacement method, since the continuity of the 

displacement field remains intact. 

The main criticism of the smeared crack model is that it is not capable of predicting 

local fracture. 

After a crack has formed its direction can be taken as fixed or it can be free to rotate. In 

the fixed crack approach the crack direction is defined by the orientation of the initial 
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crack and is then fixed regardless of the change in the principal direction as the load is 

changed. 

The rotating crack approach, which has been adopted in the analysis, was originally 

proposed by Cope [401. This model is based on the assumption that the crack direction 

is always normal to the direction of the maximum tensile principal stress. 

4.6.3 MODELLING OF THE REINFORCEMENT. 

Reinforcing steel has been assumed to be capable of carrying axial forces only. The 

reinforcing steel bars at specific depth have been smeared into a steel layer with the 

same area as the original reinforcement. Each steel layer has the sarne orientation and 

has its centre at the same position as the original reinforcing steel bars. 

To model the stress-strain relationship of the reinforcing steel layer a bi-linear model 

was used in the analysis. As shown in Fig. 4.15, the following properties were required 

to construct the stress-strain curve. 

Est = initial modulus of elasticity of steel. 

Esi, = modulus of strain hardening of steel. 

go = yield stress. 

6SU = ultimate strain. 
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The strain hardening effect could be included in the representation of the reinforcing 

steel; however, if the modulus of the strain hardening, Eh . was set at zero the stress- 

strain relationship become an elasto-plastic one. Loading in tension and compression 

has been assumed to be elastic until the stress reaches the yield stress, ao; beyond that 

yielding was assumed to have occurred. Failure has been assumed to occur when the 

strain reached the ultimate strain, e.. The reinforcing steel has been then assumed to 

rupture and carry zero stress. 

The elastic constitutive relationship for a reinforced steel layer oriented in the X- 

direction is given by 

ux Eý� 
.00C., ' 

or y=000 cy 

Ir XY - 
0- 00- 

le 

XY 

4.7 PROCEDURE ADOPTED TO DETERMINE STRESSES. 

4.25 

Six material properties for concrete are required in order to construct the stress-strain 

relationship. These properties are the uniaxial compressive strength, f; 
, the 

corresponding strain, co , Poisson's ratio, v, the uniaxial tensile strength, f, , the 

All sl corresponding cracking strain, c, and the crushing strain, 6, 'x material 

properties of concrete can be determined experimentally. The procedure adopted for the 

128 



evaluation of the stress in the concrete at any particular load increment is summarised as 

follows: 

1. The principal strain, ej, and the angle between the Cartesian and the principal 

direction, 0, are determined from 

22 

61,2 - 

ex +CY 
1- 

ýx + cy 
+ 

rxy 4.26 
V 

ýx +'c 
2 

and 0= I 
tan-' rxy 

2 EX -cy 
4.27 

An initial estimate for the stress ratio5 Kini 
3, for the first load increment is made 

by using the linear elastic relationship between the principal stress and strain. 

ini 
= 

ý72 
= 

62 + V61 

Cri '61 + V62 
4.28 

For subsequent load increments a value of stress ratio, K, from the previously 

converged load increment is used. 

3. The modified strains are determined using equation 4.3. 
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4. 

5 

6 

7 

8 

For the given stress ratio, the peak stresses, up, . and the corresponding modified 

strains, 'Cepi ') are calculated using equations 4.13 and 4.14 or 4.18 and 4.19 or 

4.23 and 4.24. 

The principal stresses, aj, are detennined using equations 4.2 and 4.20. 

The stress ratio, k, is recalculated using principal stresses, ai - 

Steps 4 to 6 are repeated until the stress ratio, K, becomes acceptably small 

(1% difference between two successive iterations). Investigation of the 

convergence of biaxial principal stress ratio indicated that convergence occurred 

within three iterations. 

The principal stresses are then resolved into the Cartesian direction using the 

following relationship: 

ax 
I 

Cos 
20 

sin 
2o 2sin0cosO 61, 

I a, sin 
20 

Cos' 0-2 
sin OCos 062 

T)W -sin0cosO sin0cosO COS 
2 0-sin 20 0 

4.29 
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Fig. 4.2- Reinforced concrete panels loaded 
in uniaxial tension and pure shear [30] 
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Fig. 4.4- Tension stiffening models [28,41] 

140 

ict 4 ei log. 

Et 10 a 

et 4a 10 E, 



-f 

fI 

fp 

-fc2 

fc. 

flfc, 

try 
fr, 2 

Cylinder 

Ux 

fc2 
ay 

---------------------- 

/': -OF- 

Cracked reinforced concrete 

ep -60 -'ý2 

Fig. 4.5- Deteriorated compression response in 
cracked reinforced concrete element[32] 

Fig. 4.6- Compression softening model [30] 

141 

#a co -2Eo -92 



Fig. 4.7- Compression softening model[3 I] 
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Fig. 4.14- Discrete and smeared 
representation of a single crack 
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CHAPTER 5 

VALIDATION OF THE ADOPTED SOLUTION TECHNIQUE 

5.1 INTRODUCTION 

In this chapter applications to test the computer program described in Chapter 4 are 

presented. The non-linear models for concrete, reinforcement and reinforced concrete 

used in the program have been described in Chapter 3. 

Several experimental studies of reinforced concrete slabs were chosen for the analyses 

to demonstrate the validity of the procedures developed for the analysis of such slabs. 

The first set of experimental data were for simply supported slabs under out-of-plane 

concentrated or uniformly distributed loads or combined out-of-plane uniformly 

distributed load and in-plane compressive load, and were taken from the tests carried 

out by various authors [ 1,2,3,5,6,7,8,9,10,11 ]. The second set of experimental works 

was conducted at the University of Toronto by Vecchio and Collins [12] and was 

concerned with the testing of concrete panels under in-plane shear and normal stress. 

The third set was chosen from the experiments camed out at the University of Toronto, 

by Marti et alj 13 ] and was concerned with the testing of slabs under pure twisting. 
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The load-deflection curve,. cracking history, reinforcement yielding, ultimate load and 

mode of failure were recorded for the analysed slabs. A convergence tolerance between 

0.003 and 0.005 for the displacements and 0.01 to 0.03 for the energy has been used for 

the different numerical examples in this Chapter. 

5.2 REINFORCED CONCRETE SLABS ON SIMPLEY SUPPORTS. 

A total of 100 experimental results for simply supported reinforced concrete slabs have 

been tabulated from different authors [1,2,3,5,6,7,8,9,10,11]. In order to test the 

program and to study the increase in the ultimate load resulting from membrane action 

effect and the parameters influencing it for simply supported slabs, eighteen slabs have 

been selected for the analysis from the above references. The selection has been made in 

order to ensure that the variables include loading type, slab slenderness, aspect ratio, 

reinforcement ratios in the two orthogonal directions, arrangement of reinforcement, 

design rule and type of simply support conditions. The material and section properties 

of the selected slabs are given in Table 5.1. 

5.2.1 McNeice's slab. 

A 914 mm x 914 mm x 44.5 mm square slab simply supported on four comers loaded 

with a central point load has been tested by McNeice [1]. The slab was symmetrically 

reinforced at the bottom only with a reinforcement ratio of 0.85% in both directions. 

The reinforcement was placed at 11 .2 mm from the slab bottom. Because of symmetry 
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only a quarter of the slab has been considered for the analyses. The analysis was camed 

out for different meshes, different tension stiffness parameters and for different numbers 

of integration points through the depth. The experimental results and the analytical 

results using 30,4A, 5x5 and 6x6 meshes are shown in Fig. 5.1. The load-deflection 

curve obtained using 4x4 mesh was in good agreement with the experimental results 

through out the full response. 30,5x5 and 6x6 meshes give good agreement up to 75% 

of the experimental ultimate load. However, at ultimate 3x3-mesh over-estimates the 

ultimate load by 11%, and 5x5 and 6x6 meshes are under-estimate the ultimate load by 

8% and 8.5% respectively. The response of the slab has been found unchanged for a 

number of elements greater than 6x6, so the converged theoretical solution is assumed 

to be predicted by using 6x6 mesh. The cost of the computational time for 6x6 mesh 

was found to be increased by three times the computational time for 4x4 mesh. 

Because 4A mesh is predicted close response to the experimental one at reasonable 

time and the difference between the response of a 4x4 mesh and 6x6 mesh is only 9.7% 

which is acceptably different. Then a 4A mesh was used to study the effect of the 

tension stiffening model and the number of integration points through the depth for the 

above slab. The experimental and the analytical results for different tension stiffening 

parameters and 9 integration points are shown in Fig. 5.2. The assumption of brittle 

failure for the concrete, B= 0,, results in deflections being over-estimated with an 

average of 23 iterations per load increment. Improvement in the correlation of the 

experimental and analytical results can be seen when allowance is made for tension 

stiffening. The results obtained with the tension stiffening parameter, B= 20 and 9 

integration points, gave acceptable agreement with the experimental results with 
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convergence obtained in an average of 16 iteration per load increment; however,, when 

B=30 the load-deflection curve was too stiff in the post-cracking range. 

The effect of the number of the integration points on the slab behaviour is illustrated in 

Fig. 5.3. The greater the number of integration points, the more accurate the analysis, but 

an increase in the number of integration points means an increase in the computation 

time. Thus an optimum number of integration points is of vital importance. It can be 

observed from the figure that the load-deflection curve and the ultimate loads predicted 

using 9 and 15 integration points through the depth of the slab are almost the same. 

However, the ultimate load predicted using 9 and 15 integration points was 4% less than 

that with 7 integration points. Thus an optimum number of integration points through 

the depth of 9 has been chosen through out this study. 

5.2.2 Hago's slabs. 

Two square slabs with different simple support conditions and different steel 

arrangements were chosen from the six slabs tested by Hago [2,3]. The slabs were 

designed for point loads using the Wood and Anner rules [4], and the elastic stress 

distribution at ultimate load. The design moments used are given in table 5.2. 

5.2.2.1 Slab No. 3. 
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Slab 3 was 2000 mm x 2000 mm x 100 mm square, simply supported on four edges and 

designed for a total load of 210 M, equally applied as four point loads. The loading 

system and the arrangement of the top and bottom reinforcement are shown in Fig. 5.4. 

Because of the symmetry of the loads, a quarter of the slab was analysed using different 

meshes. The analytical result for different mesh sizes is shown in Fig. 5.5. The number 

of elements used significantly influenced the time taken for the analysis. Comparison of 

the experimental and analytical results indicated that a 3x3 mesh gives a very stiff 

response. A 4x4 mesh gives an acceptable solution at a reasonable cost in computational 

time. The computational time increased by almost three times when a 6x6 mesh was 

used compared with a 4A mesh. 

A displacement increment of 0.5 mm was adopted for the analysis. A maximum of 18 

iterations was recorded during the analysis at the early stage of cracking, which took 

place at 0.34 of the design load. The bottom reinforcement yielded at 0.93 of the design 

load., whereas experimentally the reinforcement yielded at the design load. A ductile 

flexural failure occurred in both the test and the analysis. The loads from the test and the 

analysis using 4A mesh were 13% larger than the Wood and Armer load. This was 

probably caused by membrane action. 

5.2.2.2 Slab No. 4. 

Slab No. 4 was 2000 mm x 2000 mm x 100 mm square, with two ad . acent edges simply j 

supported and the opposite comer carried on a spherical support to achieve a point 
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support. The slab was designed for a total load of 90 M, applied as two equal point 

loads. The arrangement of the reinforcement and the applied loads is shown in Fig. 5-6. 

Since the slab was not symmetrical a 6x6 finite element mesh was used over the entire 

slab. 

A reasonably good agreement was obtained between the experimental and the analytical 

results as shown in Fig. 5.7. A displacement increment of 0.5 mm was fixed for the 

analysis and a maximum of 21 iterations was recorded in the increment in which 

cracking occurred, which took place at 0.19 of the Wood and Armer load. Yielding of 

the reinforcement started at approximately 90% of the Wood and Armer load. The mode 

of failure predicted was a ductile flexural failure. The numerical failure of the slab took 

place at approximately 98% of the experimental load. The increase in the ultimate load 

-1-ove the Wood and Armer load from the test and from the analysis was 12.5% and 3% au 

respectively. 

5.2.3 Bensalem's slabs. 

Bensalem[5] tested six simply supported slabs. The slabs were designed for point loads 

using the Wood and Anner rules [4], with a non-elastic stress distribution at ultimate 

load to determine the area of the reinforcement required. The design moments used are 

given in table 5.2. Two slabs with different support conditions, aspect ratio, loading 

arrangement and different reinforcement were chosen for the analysis. 

5.2.3.1 Slab S4. 
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Slab No. S4 was 2000 mm x 2000 mm x 100 mm square, simply supported on four 

edges and with a column support in the centre of the slab. The slab was designed for a 

total load of 320 kN,, equally applied as four point loads. The arrangement of the 

reinforcement and the applied loads is shown in Fig. 5.8. Because of the symmetry only 

quarter of the slab was analysed using a 4x4 mesh. 

Good agreement was obtained between the experimental and the analytical results prior 

to cracking which occurred at 0.26 of design load and at post cracking as shown in Fig. 

5.9. The behaviour of the slab near to ultimate load was ductile as a result of yielding of 

the reinforcement, which took place at 0.98 of Wood and Armer load. The slab failed in 

flexure at about 1.42 of Wood and Armer load; however, experimentally the slab failed 

by punching shear at 1.48 of the Wood and Armer load. The increase in the ultimate 

load above the Wood and Armer load from the test and from the analysis was 40% and 

36% respectively. 

5.2.3.2 Slab S5. 

This was a rectangular slab with clear dimensions of 3000 mm x 2000 mm x 100mm. 

The slab was designed for a total load of 2 10 kN, applied as eight equal point loads. The 

arrangement of the reinforcement and the applied loads is shown in Fig. 5.10. Since the 

slab was symmetrical only a quarter of the slab was analysed using a 4x4 finite element 

mesh. 
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Reasonably good agreement was obtained between the experimental and the analytical 

results, as shown in Fig. 5.11. The slab failed flexurally in a ductile manner. The 

experimental and the analytical failure of the slab took place at about 1.43 of the Wood 

and Armer load; however, near failure the analytical result was less stiff than the 

experimental one. The increase in the ultimate load above the Wood and Armer load 

from the test and from the analysis was 42% and 41% respectively. 

5.2.4 Ghoneim's slabs. 

An extensive experimental study of the behaviour of reinforced concrete slabs simply 

supported on four edges has been carried out by Ghoneim et al [6,7] at the University of 

Alberta. The slabs were subjected to, out-, of-plane uniformly distributed load only or 

combined in-plane compressive and out-of-plane uniformly distributed load. Three slabs 

subjected to combined in-plane compressive and out-of-plane uniformly distributed 

loads, and two slabs subjected to out-of-plane uniforrnly distributed load only were 

analysed. Table 5.3 gives the ratio of the applied in-plane load per unit width to the uni- 

axial strength of the concrete multiplied by the panel thickness for the analysed slabs. 

Also included in table 5.3 are the ratios of the applied in-plane load to the balanced load 

for the analysed specimen. 

5.2.4.1 Slabs No. CI, C2 and C6. 

Slabs CI 
, 
C2 and C6 were square slender slabs with clear dimensions of 1829 mm x 

1829 mm x 67.8 mm; they were symmetrically reinforced at top and bottom with 
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0.383% of reinforcement in both directions. Slab CI was tested under out-of-plane load 

only, slab C2, was tested under uniaxial compressive in-plane load and out-of-plane 

uniformly distributed load, and C6 was tested under biaxial in-plane compressive load 

and out-of-plane uniformly distributed load. Because of symmetry a 4x4 finite element 

mesh was used to model a quarter of the slabs. 

Reasonably good agreement was obtained between the experimental and the analytical 

results as shown in Fig. 5.12. From the figure it is clear that in slab Cl there is a 

significant change in stiffhess upon first cracking, which occurs at a load of 11.5 kPa.. 

The cause of such behaviour is associated with the sudden transfer of the force carried 

by concrete at the crack to the reinforcing bars. In slabs C2 and C6 cracks occur at loads 

of 22 kPa. and 30 kPa. respectively and there is no such significant change in stiffness; 

this is because the slabs are subjected to in-plane compressive loads over the whole 

depth, which delayed the formation of cracking. At ultimate, the failure of slab CI was 

ductile failure as a result of yielding of the reinforcement which occur at a load of 65 

kPa., 
- while the failure of slabs C2 and C6 was caused either by compressive crushing of 

the concrete or by instability of the slabs. The increase in the ultimate load above the 

yield line theory load for the slab CI from the test and from the analysis was 63%. 

5.2.4.2 Slab model No. D1 and D2. 

Slabs DI and D2 were stocky square slabs with a clear dimension of 1829 mm. x 1829 

mm x 92.8 mm symmetrically reinforced at the top and bottom with 0.392% of steel in 

both directions. Slab DI was tested under out-of-plane load only and D2 was tested 
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under combined uni-axial in-plane and out-of-plane loads. A 4x4 finite element mesh 

was used to model a quarter of the slab. 

Reasonably good agreement was obtained between the experimental and the analytical 

results, as shown in Fig. 5.13. The initial responses up to cracking for the two slabs 

were similar. However, after cracking the load-deflection curve of slab DI became 

progressively less stiff and exhibited progressively more ductile behaviour as a result of 

the extensive yielding of the reinforcement. Slab D2, conversely, demonstrated a stiffer 

response in the beginning but at ultimate the theoretical behaviour was ductile as a 

result of yielding of the reinforcement which occurred at load about I 10 kPa.; however, 

experimentally, the slab failed by brittle failure caused by crushing of the concrete. The 

increase in the ultimate load above the yield line theory load for the slab DI from the 

test and from the analysis was 20% and 18% respectively. . 

5.2.5 Taylor's slabs. 

Tests on 10 two-way spanning, simply supported slabs subjected to uniformly 

distributed load have been reported by Taylor et al. [8]. The slabs were designed with 

using either the strip method or yield line theory for similar ultimate loads of 8 tons. 

Different arrangements of the reinforcement were adopted. The slab slenderness was 

also varied. Two slabs were chosen for analysis from this group. 

5.2.5.1 Slab No. SI. 
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Slab SI was a 1981 mm x 1981 mm x 50.8 mrn square slab reinforced at the bottom 

only with a reinforcement ratio of 0.46% in the x-direction and 0.394% in the 

direction, arranged as shown in Fig. 5.14a. A 4A finite element mesh was used to 

model a quarter of the slab. 

The experimental and analytical results are shown in Fig. 5.14b. The experimental and 

the analytical results are in good agreement prior to cracking which occurs at load of 42 

kN and up to ultimate load At ultimate load the slab behaviour was ductile as a result of 

yielding of the reinforcement which occurred at 119 kN. The increase in the ultimate 

load above the design load from the test and from the analysis was 66%. 

5.2.5.2 Slab No. S8. 

Slab No. S8 was a 198 1 mm x 198 1 mm x 44.45mm slab designed using the strip method 

and reinforced at the bottom only. The reinforcement was 4.77 mm diameter arranged 

as shown in Fig. 5.15a. A 4A finite element mesh was used to model a quarter of the 

slab. 

Reasonably good agreement was obtained between the experimental and the analytical 

results through out the load-deflection curve, as shown in Fig. 5.15b. The percentage 

increase in the ultimate load above the design load caused by membrane action from the 

test and from the analysis was 57%. 

5.2.6 Brotchie's slabs. 
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Forty five slabs were tested by Brotchie et al. [9]; four of them were simply supported 

on four edges and the rest were restrained slabs. All slabs carried uniformly distributed 

loads and were either unreinforced or reinforced at the bottom only with smooth steel 

wire uniformly and equally distributed in each direction. The tests were mainly to 

investigate the increase in the ultimate load capacity resulting from either compressive 

or tensile membrane action. The parameters varied in the tests were reinforcement ratio 

and slenderness ratio. Two of the simply supported slabs were chosen to be analysed. 

5.2.6.1 Slab No. 8. 

Slab S8 was a 400 mm x 400 mm x 19 mm symmetrically reinforced at the bottom only, 

with I% of steel - in both directions. The reinforcement was placed at 4.8 mm from the 

bottom of the slab. A 4x4 finite element mesh was used to model a quarter of the slab. 

Good agreement was obtained between the analytical and the experimental load- 

deflection curve,. Fig. 5.16. The behaviour of the slab near collapse was ductile caused 

by yielding of the reinforcement which occurred at a load of about 0.2 MPa. The 

increase in the ultimate load above the yield line theory load from the test and from the 

analysis was 7%. 

5.2.6.2 Slab No. 12. 

Slab 12 was a 400 mrn x 400 mm x 38.1 mm, symmetrically reinforced at the bottom 

only with I% of reinforcement at both directions. The reinforcement was placed at 5 
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mm from the bottom of the slab. A 4x4 finite element mesh was used to model a quarter 

of the slab. 

Reasonably good agreement of the experimental and the analytical load-deflection curve 

was obtained, Fig. 5.17. The failure mode of both numerically and experimentally was a 

brittle failure caused by crashing of the concrete at a load equal to the yield line theory 

load. There was no increase in the ultimate load above the yield line theory load for this 

slab. 

5.2.7 Sawczuk's slabs. 

Three rectangular slabs were tested by - Sawczuk et al -P 01, under a uniformly distributed 

load, in order to investigate the post yield behaviour for a simply supported rectangular 

slabs. Two slab with different. steel ratios were analysed 

5.2.7.1 Slab No. l. 

Slab No. I was a rectangular slab with clear dimensions 2000 mm x 1000 mm x 30 mm 

reinforced at bottom only with reinforcement ratio of 0.907% in both directions placed 

at 4 mm from the bottom of the slab. A 4x4 finite element mesh was used to model a 

quarter of the slab. 

A reasonably good agreement was obtained between the experimental and the analytical 

results as shown in Fig. 5.18. The slab behaviour was ductile and failed in flexure as a 
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result of yielding of the reinforcement at an ultimate load 10% less than the 

experimental ultimate load. The increase in the ultimate load above the yield line theory 

load from the test and from the analysis was 24% and 14% respectively. 

5.2.7.2 Slab No. 2 

Slab No. 2 was the same as slab No. I except that the percentage of reinforcement was 

0.453% in both directions. A 4x4 finite element mesh was used to model quarter of the 

stab. 

The behaviour of the slab was similar to slab No. 1. A reasonably good agreement was 

obtained between the experimental and the analytical -results, Fig. 5.19. The slab failed 

at a load 10% less than the experimental ultimate load. The increase in the ultimate load 

above the yield line theory load from the test and from the analysis was 51% and 41 % 

respectively. 

5.2.8 Desayi's slabs. 

Twelve rectangular slabs were tested by Desayi et al. [I I] under uniformly distributed 

load. The variables in the tests were the slab slenderness,, aspect ratio and steel ratio. 

The object of the tests was the study of the complete load-deflection behaviour of 

simply supported rectangular reinforced concrete slabs. Two slabs from this group were 

analysed. 

161 



5.2-8.1 Slab S4. 

Slab S4 was a rectangular slab with clear dimensions of 1270 mm x 1020 mm x 50.8 

mm reinforced at the bottom only with steel ratio of 0.25% in both directions. Because 

of the symmetry a 4A finite element mesh was used to model quarter of the slab. 

Reasonably good agreement was obtained between the experimental and the analytical 

load-deflection results, Fig. 5.20. The increase in the ultimate load above the yield line 

theory load caused by membrane action from the test and from the analysis was 61 

5.2.8.2 Slab T4. 

Slab T4 was a rectangular slab with clear dimensions of 1270 mm x 1020 mm x 38.2 

mm reinforced at bottom only with steel ratio of 0.33% in both directions. Because of 

the symmetry a 4A finite element mesh was used to model quarter of the slab. 

Reasonably good agreement was obtained between the experimental and the analytical 

results as shown in Fig. 5.21. The increase in the ultimate load above the design load 

from the test and from the analysis was 62% and 56% respectively. 

5.3 REINFORCED CONCRETE PANELS UNDER PURE SHEAR. 

I orced concrete panels under An extensive experimental study of the behaviour of reinf 

in-plane shear and normal stresses has been carried out by Vecchio and Collins [12]. 
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Results of this study revealed that a reduction of the concrete compressive strength, 

dependent on the transverse tensile strain after cracking, occurs. These findings can be 

used to improve substantially the capability of finite element models to predict the 

ultimate load of reinforced concrete members, which fail in compression-tension as a 

result of, for example, shear and torsion. 

The panels were tested in a specially designed loading rig capable of applying in-plane 

shear and direct tension or compression loading Fig. 5.22. The specimens were loaded 

by forces applied to shear keys uniforinly distributed around the perimeter of the panel. 

If the applied forces were slightly inclined to the plane of the rig, they would have 

tended to push the panel out of the testing plane. Hence, a lateral support frame was 

provided to resist any out-of-plane forces and therefore the displacement perpendicular 

to the plane of the rig was restrained along the perimeter of the panel. 

The panels were 890 mm x 890 mm x 70 mm symmetrically reinforced with two layers 

of wire mesh typically at 50 mm centres, of various diameters. The steel wires were 

aligned parallel to the sides of the panel. A clear cover of 6mm was provided between 

faces of the panel and the outer layer of the reinforcement. * 

Five panels were analysed. The selection of the panels has been made in order to ensure 

different loading cases including pure shear, combined shear and biaxial tension and 

combined shear and biaxial compression, and to ensure different areas of reinforcement 

in the longitudinal and transverse directions in case of pure shear. Table 5.4 gives the 

material and section properties and the loading of such panels. 
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The finite element model used one element, because the stresses are uniformly 

distributed throughout the panel. The finite element mesh, boundary conditions and 

loading arrangement used in the analysis are shown in Figs. 5.23a and 5.23b. 

Figs. 5.24-5.28 show the comparison between the experimental and analytical results. 

The analytical and the experimental results of such slabs agreed well in terms of 

ultimate load, failure mode, pre-cracking stiffness and post cracking deformation. 

Generally the panels failed in a ductile shear failure, caused by the yielding of either the 

longitudinal or transverse reinforcement prior to failure. 

5.4 REINFORCED CONCRETE PANELS UNDER PURE TWISTING. 

Nine square slabs with clear dimensions of 1700 mm x 1700 mrn x 200 mm were tested 

by Marti et al [13] at the University of Toronto, under pure torsion with varying 

amounts of steel in the two orthogonal directions. A summary of the material and 

section properties is given in Table 5.5. 

The loading arrangement to apply torsion was that the three comers of the slab were on 

supports which gave restraint against translation in the vertical direction but were free to 

rotate. A downward load was applied to the fourth comer. This set-up led to a loading 

condition in which two sets of equal and opposite vertical forces, P, were applied at the 

two comers of the panel as shown in Fig. 5.29. The forces were transferred through 

hanger roads and spherical beanng to the centre of 25 mm x 150 mm x 150 mm, with 

steel plates clamped to the comers of the panel. The weight of the panel, W, was 
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supported at comers A and C. It was assumed that this type of loading would produce 

uniforrn twisting through out the slab. 

The self-weight of the panel is considered in the finite element analysis and only quarter 

of the panel has been modelled using 4x4 elements. The finite element mesh and 

boundary conditions used in the analysis are shown in Fig. 5.30. 

Figs. 5.31-5.38 shows the comparison between the experimental and analytical results 

for eight of the nine slabs. Slab No. I failed abruptly at comer and repeated under No. 7 

by using a supplementary reinforcement in the z-direction along the edges of the 

specimen. A reasonably good agreement was obtained between the experimental and 

the analytical results prior to cracking post cracking and at ultimate. Panels 2,4, and 7, 

shown in Figs. 5.32,5.34 and 5.37, failed abruptly because of brittle comer failure close 

to ultimate load during the tests. 

5.5 CONCLUSION 

The computer program described in Chapter 3 has been used to simulate the behaviour 

of simply supported reinforced concrete slabs subjected to out-of-plane, point load or 

uniformly distributed loads only or combined out-of-plane uniformly distributed load 

and in-plane uniaxial or biaxial compression. The analytical results from the program 

have been compared with experimental results from the tests on slabs loaded as 

described above and good agreement has been obtained throughout the full load 

deflection of the slabs. 
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Slabs subjected to out-of-plane point loads or uniformly distributed loads carried loads 

much higher than those predicted by the methods used for the design, such as the Wood 

and Armer rules, the strip method or yield line theory. This is attributed to the tensile 

membrane action effect, which develops with increasing deflection. The increase of the 

ultimate load was found to be dependent on slenderness of the slab, aspect ratio of the 

slab and the area of the reinforcement. The variation of the ultimate load above the 

L design load was found to vary between 66% for square slender stab with -= 36 and d 

reinforcement ratio of 0.46 in x-direction and 0.394% in y-direction to zero for stocky 

square slab with 
L= 15 and I% of reinforcement in both directions. 
d 

The effect of the in-plane compressive load on the lateral load capacity is found to be 

dependent on the slenderness of the slab. For stocky square slabs, the presence of the in- 

plane load increased the lateral load capacity, while it results in a substantial reduction 

in the lateral load capacity of slender slabs. 

The program has also been used to analyse reinforced concrete slabs subjected to in- 

plane shear, combined in-plane shear and bi-axial tension, combined in-plane shear and 

bi-axial compression and torsion. The analytical results were also in good agreement 

with the experimental results obtained from slabs under such loading conditions. 
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Table 5.1 Section and material properties of simply supported slabs. 

Reference Lx mm LY mm hmm AlPa. fy MPa. 

McNeice [1] 914 914 44.5 32.4 345 

Hago [2,3] S3 2000 2000 100 44.2 460 

Hago [2,31 S4 2000 2000 100 37.3 473 

Bensalem [5] S4 2000 2000 100 58.77 477 

Bensalem [5] S5 2000 3000 100 59.26 477 

Ghoenim [6,7] 
C1, C2 and C6 

1829 1829 67.8 25.21 450 

Ghoenim [6,7] 
DI and D2 

1829 1829 92.8 26.12 450 

Taylor [8] S1 1981.2 1981.2 50.8 35.5 381.6 

Taylor [8] S8 1981.2 1981.2 44.45 38.5 381.6 

Brothie [91 S8 400 400 19.05 39.9 421.8 

Brothie [91 S9 400 400 38.1 29.5 386.7 

Sawczuk [10] S1 1000 2000 30 17.5 269 

Sawczuk [10] S2 1000 2000 30 17.5 269 

Desayi [I I] S4 1020 1270 50.8 24 555 

Desayl [I I] T4 1020 1270 50.8 
. 
24 555 

169 



Table 5.2- Wood and Anner [1,2] design moments 

Moment at bottom Moment at top 

AIX =Mx + 
IA/lty I 

and My =M y 
+1M 

XY 
I 

A4 Alf - 
III I 

and M", =M 
XX iry yy 

Imry I 

m2 
XY if M<O, then M* 

=0 and 
M* =M + 

XXy Y AIX if M>O, then M* =0 and 
M* =My 

XXy 

M2 
y X1 

- 
MX 

m2 
if M<0 then, A/I* =0 and 

Mx* =Mx + Xy 

yMy if M*>O, dien M =M 
yy =0 M: X 

m2 
AY 

M X 
I 

Table 5.3- Levels of applied in-plane loads for Ghoneim et. al. [6,7] 

Specimen N., IVY N,, NY 
fc ,h fc ,h N.,, balanced NY balanced 

C1 0.0 0.0 0.0 0.0 
C2 0.0 0.383 0.0 1.089 
C6 0.384 0.383 1.096 1.164 
DI 0.0 0.0 0.0 0.0 
D2 0.0 0.365 0.0 1.04 
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Table 5.4- Material properties and loading ratio of Vecchio and Collins [12] 

panels. 

No. PV. 9 PV. 22 PV. 26 PV. 27 PV. 28 
F,: FY: Fe 0: 0: 1 0: 0: 1 0: 0: 1 0.83: 0.83: 1 -0.32: -0.32: 1 

A. 
� mm' / mm 0.625 0.625 0.625 0.625 0.625 

A' mm'/ mm sx 
0.625 0.625 0.625 0.625 0.625 

Ay mm 
2/MM 0.625 0.532 0.355 0.625 0.625 

A 
sy 

MM2 IMM 0.625 0.532 0.532 0.625 0.625 

f, MPa. 11.6 19.6 21.3 20.5 19.0 

f, Wa. 1.38 2.42 2.0 2.04 1.66 

fy MPa. 455 458 456 442 483 

Table 5.5- Material properties of Marti et al. [131 panels. 

No. 2 3 4 5 6 7 8 9 
A,, mm 

2 IMM 1 2 1 2 2 0.5 2 2 

A' MM2 IMM 

sx 
1 2 0.5 0.5 1 0.5 0.5 2 

ASY mm 
2/MM 1 2 0.5 0.5 1 0.5 0.5 2 

' MM2/MM A, 1 2 0.5 0.5 1 0.5 0.5 2 

A /ffl a. 36.2 37.5 44.7 35.6 23.3 44.4 49.1 44.4 

MP a. 3.72 3.35 4.65 3.38 2.78 4.39 4.51 3.9 

fy AlPa. 551 481 551 516 516 479 446 412 
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CHAPTER 6 

MENORANE ACTION IN SMPLY SUPPORTED SLABS 

6.1 INTRODUCTION 

It is well known from experiments that the actual load-caffying capacity of simply 

supported slabs is larger than that predicted by limit analysis [1ý21,3, )41,5lp6l, 71,8)91101111]. 

The main factor which can cause an increase of the load of simply supported slabs 

beyond the plastic collapse load is the membrane action which develops with increasing 

deflections resulting from the changes in the geometry of the slab during the process of 

plastic deformation. As a result of observations made during tests conducted, several of 

simplified analyses have been derived to include this phenomenon in rectangular two- 

way spanning slabs [3,8,9,10,11,15,16,17,18]. The first attempt to analyse a reinforced 

concrete simply supported slab for membrane action appears to have been made by 

Wood [2] for a circular slab. Although some of these analyses for simply supported 

slabs are fairly well established; many contain shortcomings in their treatment of this 

important effect. In particular, all of the analyses mentioned above assume that 

membrane action develops only in the post-yield stage when the collapse mechanism 

has been formed. In reality, membrane action develops at the onset of cracking, before 

the collapse mechanism has been formed and before yield of the reinforcement has been 

reached. Moreover,, the theories assumed r1gid-plastic material propertles and failed to 

predict the elastic response before failure. Some of the theories that attempt to 
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determine the complete load-deflection curve [9,11] of simply supported slabs up to 

failure have neglected membrane forces at low levels of load. 

In view of the shortcomings associated with these various simplified methods, 

numerical methods may be the best approach for determining the behaviour of simply 

supported slabs from the initial stage of loading up to collapse. Such a possibility is 

examined here using the finite element method. 

In this Chapter an investigation of membrane action effect for simply supported 

reinforced concrete slabs using finite element analysis will be described. A comparison 

between the results of the finite element analysis and the results of some of the plastic 

analyses [2,8] which include the effect of the membrane action are also presented. The 

effect of membrane action on the ultimate loads for simply supported slabs with 

reinforcement designed using the Wood and Armer rules [13,14] and yield line theory 

are also investigated. 

6.2 THE GENERAL EFFECTS OF MEMBRANE ACTION ON SIMPLY 

SUPPORTED SLABS 

In order to investigate the effect of membrane action on simply supported reinforced 

concrete slabs, a2m by 2m square 60mm deep slab iso-tropically reinforced at top and 

bottom similar to that tested by Gohneim[5,6], has been analysed for different 

reinforcement ratios of 0.5%, 1%, 1.5%, 2%, 2.5% and 3.5%. The material strength 
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used was 400 Wa. for the steel and 40 MPa. for the concrete. The computer program 

described in Chapter 3 has been used to analyse the slab up to collapse for the above 

reinforcement ratios. 

The results of the analyses for different reinforcement ratios are shown in Fig. 6.1. The 

reinforcement ratio has no effect up to cracking, which occurred at a load approximately 

10.0 kNIM2 
, and this is evident from the pre-cracking responses. Increasing the 

reinforcement ratio increases the load carrying capacity of the slab, as expected. 

Fig. 6.2 shows the normalised load-deflection curves with respect to yield line theory 

collapse load for the above slab with different reinforcement ratios. With low 

reinforcement ratios the enhancement of the strength of the slab beyond the yield line 

theory load is more significant. The increase in the strength arises from the tensile 

membrane action which is induced in the central region of the slab and from the 

compressive membrane action in the outer region. The introduction of the membrane 

forces in the slab is the result of the change of geometry of the slab. 

Tensile membrane action is more significant in under-reinforced slabs and reduced as 

the amount of the reinforcement increases in slabs, Fig 6.2. Slabs with a low 

reinforcement ratio develop proportionally more (tensile) membrane action, which 

obviously results in a higher enhancement in the load carrying capacity, cases 1-5 

Fig. 6.2. In case 6 there is no enhancement in the ultimate strength for the slab beyond 

the yield line theory load; this is because the slab is over-reinforced and failed as a 
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result of crushing of the concrete rather than yielding of reinforcement, which means 

that the slab failed before a significant amount of membrane action could develop. 

6.3 YIELD CRITERION. 

In order to understand the behaviour of reinforced concrete slabs subjected to bending 

moment and in-plane axial force, the yield criterion for the slab section must be known. 

Fig. 6.3 shows the conditions at yield of a positive-moment section of unit width of slab, 

iso-tropically reinforced at top and bottom. The stress resultant at the section C, T,, and 

T is statically equivalent to the membrane force P, acting at mid-depth, and the sb 

resisting moment, M, summed about the mid-depth axis. The section is assumed to fail 

under the action of a bending moment M and the axial force P. Therefore, for a strip 

of unit width 

P= To - C, = To - kf, ,a6.1 

or a= 
(To 

-P) 6.2 
k f, ' 

where To-"": Tsi + TFb 6.3 

, b(d - 0.5h) 6.4 0.5a)-TJO. 5h - d')+ T (0.5h 

where T,, = tensile force in top steel. 

Tsb: --: tensile force in bottom steel. 
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ultimate tensile force in steel. 

compressive force in concrete. 

depth of the compression block. 

f, = compressive strength of concrete. 

f, = yield strength of reinforcement. 

M= the moment with in-plane axial force. 

If MO is the moment when P=O, then for the slab with 1% of reinforcement described 

in Section 6.2. the normalised yield criterion with respect to MO calculated using the 

au above expressions is shown in Fig. 6.4. 

6.4 EQUILIBRIUM OF THE MEMBRANE FORCES IN SIMPLY 

SUPPORTED SLABS 

In simply supported slabs the membrane action becomes significant and more important 

at large deflections. With large deflections at mid-span, the central region of the 

supported edges tends to move inwards but is restrained from doing so by the adjacent 

outer regions. This creates a central area of tensile membrane stresses within the slab 

together with a surrounding ring of compression. Fig. 6.5 illustrates a uniformly loaded 

simply supported slab undergoing large deflections after the yield line pattern has been 

formed. In the central region of the slab the cracks will have penetrated through the full 

depth of the slab. The slab will be in equilibrium under the set of stresses named; 
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circumferential compressive membrane force and cicumferential and radial tensile 

membrane force. 

In order to follow the development of the tension zone in the centre and the compressive 

zone in the outer region, the slab described in section 6.2 with a reinforcement ratio of 

has been considered. The strain and the stress profiles at points 1,2 and 3, on the 

slab, Fig. 6.6, obtained from finite element analysis have been investigated. The strain 

and stress profiles at relative central deflections, ýLOL 
of 0.25,0.75,1.25 and 1.75 

d 

Fig. 6.7 are shown in Figs. 6.8-6.15. As the deflection increases the geometry of the slab 

changes; because of this change in geometry the neutral axis rises up towards the top 

face of the slab at the centre at point 2 and drops down towards the bottom face at the 

edges, point 1. The movement of the neutral axis creates a zone of tensile stress at the 

centre surrounded by a compressive zone in the outer region. 

At the centre of the slab, point 2, when the deflections becomes 0.25 and 0.75, the 

neutral axis moves above the central axis of the slab section, which makes the zone of 

the tensile stresses extend to the top of the slab and the zone of compressive stresses 

reduces. At relative deflections of 1.25 and 1.75 the tensile stresses almost dominate the 

upper half of the slab and the zone of the compressive stresses becomes very small in 

this case the slab cracked right through its depth Figs. 6.8-6.9. 

At point 1, Figs. 6.10-6.13, the compressive stresses increases and extends toward the 

bottom of the slab with increasing deflections; the major part of the compressive 

stresses is carried in y-directions. 
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At the comer at point 3, because of the torsion, the slab is subjected to Compression- 

tension state of stresses. The centre of the slab is subjected to tensile stresses and the top 

and bottom faces are subjected to compressive stresses. The compressive stresses reduce 

with increasing deflections and become zero at sampling point 1,2 and 3 at the top and 

7,8 and 9 at the bottom at relative deflection of 1.75 Figs. 6.14-6.15. 

6.5 DEVELOPMENT OF MENMRANE ACTION IN SEWPLY SUPPORTED 

REINFORCED CONCRETE SLABS. 

Slab 2 has also been used to investigate the development of the membrane forces and 

moments with increasing load. The variation of the membrane forces P, Py andP, 

and the variation of the moments MX and My along the central axis of the slab 

between points I and 2, and along the diagonal between the points 2 and 3, Fig. 6.6 are 

investigated at relative central deflections of 0.25,0.75,1.25 and 1.75 on the load- 

deflection curve Fig. 6.7. 

6.5.1 MEMBRANE FORCES 

When the slab deflected the geometry of the slab changed and consequently membrane 

forces developed in the plane of the slab. The membrane forces P, and P, along the 

along the central axis and along the diagonal and the membrane shear force P, 
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diagonal of the slab are normalised with respect to the ultimate tensile force of the 

reinforcement To, and are shown in Figs-6.16-6.19. 

From Figs. 6.16-6.18 it can be seen that the membrane forces along the central axis and 

along the diagonal at the centre of the slab are tensile and they are equal, 
Px 

- 
py 

' The 
TO TO 

membrane forces are increased with increasing deflections and they vary from 0.22 at a 

relative deflection of 0.25 to I at a relative deflection of 1.25 and 1.75. The tensile 

membrane forces spread and reduce away from the centre of the slab. The length of 

spread of the tensile membrane action is also increased with increasing deflections. The 

length of the spread of 
P' 

and 
P' 

along the central axis varies between 0.3 L, and TO TO 

0.25L, respectively at relative deflection of 0.25 to 0.36L, and 0.28L, respectively at 

relative deflection of 1.75. The length of spread of 
P' 

and 
L' 

along the diagonal also TO TO 

varies between 0.32 L, at relative deflection of 0.25 to 0.41 L, at relative deflection of 

1.75. The spread of the tensile membrane forces from the centre of the slab leads to a 

circular tensile zone at the centre of the slab. Outside the zone the membrane forces 

change to compression. The depth of the compressive zone is also increased with 

P 

increasing deflections. Along the central axis the compressive membrane forces X and TO 

LY 
varied between 0.15 and 0.25 respectively at relative deflection of 0.25 to 0.77 and 

TO 

1.8 respectively at relative deflection of 1.75. Along the diagonal the compressive 
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membrane forces P' 
and 

P' 
vary between 0.3 at relative deflection of 0.25 to 0.44 at TO TO 

relative deflection of 1.75. At relative deflections of 1.25 and 1.75 the compressive 

membrane forces are changed to tensile at the comer with a value of 0.25 and 0.35 

respectively. 

Fig. 6.19 shows the variation of the membrane shear force 
P'y 

along the diagonal of the 
TO 

slab; the membrane shear force is zero at the centre and at the comer of the slab and 

becomes maximum at 0.45 L, from the centre. The membrane shear force is increased 

with increasing deflections and varies between 0.12 at relative deflection of 0.25 to 

0.475 at relative deflection of 1.75. 

I Px 
Since the slab is symmetrical, the membrane force - is used to study the distribution 

TO 

of the membrane forces in the plane of the slab. The contours of 
P' 

at relative central TO 

deflections of 0.25,0.755 1.25 and 1.75 , in the plane of the slab, are shown in Figs. 6.20- 

6.23. From the figures 
, it 

is clear that the intensity of the tensile membrane force in the 

centre and the compressive membrane force at the outer region of the slab increase with 

increasing deflections. The diameter of the tension zone also increases with increasing 

deflection, 

At a relative central deflection of 0.25, Fig. 6.20, all the outer region of the slab is 

subjected to compression and the, centre is subjected to a circular zone of tension of 
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diameter of 0.5 L, , with maximum tensile force of 20% of the total tensile force in 

reinforcement. The load at this deflection is approximately half of the yield line theory 

load, Fig. 6.7, which means that simply supported slabs can develop membrane action 

right at the onset of cracking before the formation of the collapse mechanism. This 

result is counter to the assumption of the rigid plastic theories which assume that the 

tensile membrane action is developed after the yield line theory load is reached. 

At a relative deflection of 0.75, which approximately corresponds to 1.20 of yield line 

theory load, the diameter of the tension zone increased to 0.6 L, and the tensile 

membrane force at the centre reaches 60% of the total tensile force in reinforcement. All 

the outer region of the slab is subjected to compression, Fig. 6.2 1. 

At relative deflections of 1.25 and 1.75 which correspond to loads of 1.4 and 1.5 of the 

yield line theory load respectively, the tensile membrane forces reach purity (100% of 

the total tensile force in reinforcement, Figs. 6.22-6.23. At relative deflection of 
TO 

1.25 the pure tensile membrane force at the centre of the slab is just a point but at 

relative deflection of 1.75 the length of the spread of the pure tensile membrane forces 

is extended to occupy 30% of the slab centre. The diameter of the tension zone also 

increased to 0.7 L, and 0.75 L, at relative deflections of 1.25 and 1.75 respectively. In 

this case the slab is subjected to a circular tensile zone in the centre surrounded by a 

circular compressive zone in the outer region. The comers the slab are subjected to 

tensile membrane force of value of 25% and 50% of the total tensile force in 

reinforcement at relative deflections of 1.25 and 1.75 respectively, Figs. 6.22-6.23. 
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The contours of membrane shear force 'v at relative deflection of 1.75 is shown i ýL in Fg 
TO 

6.24. From the figure it can be seen that the membrane shear force is localised in the 

comers of the slab along the diagonal and is zero at the centre of the slab along x-axis 

and along y-axis. 

The contours of the principal membrane forces and their corresponding directions at 

relative deflections of 1.25 and 1.75 are shown in Figs. 6.25-6.28. It is clear from the 

figures that the slab is sub ected to a ring of radial and circumferential tensile membrane j 

forces at the centre surrounded by a ring of circumferential compressive membrane 

force in the outer region. This result proves Wood's [21 assumption for simply 

supported slab at large deflections. 

6.5.2 MOMENTS 

Figs. 6.29-6.3 1, shows the moments normalised with respect to the moment when the 

membrane force is zero, 
A"' 

and between poi-nts I and 2 along the centre line 
MO MO 

and between points 2 and 3 along the diagonal of the slab, Fig-6.6. 

From the figures it is clear that the moments at the centre are decreased with Increasing 

deflections as a result of development of tensile membrane action. At a relative 

deflection of 0.25 the membrane forces become 0.22 and the moments at the centre are 
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reduced to 0.78. At a relative deflection of 0.75 the membrane force increased to 0.75 

and the moment reduced to 0.3 at the centre. At relative deflections greater than the 

depth of the slab, 
wo 

=1.25 and 1.75, the pure membrane forces form and the moments d 

are reduced to zero; in this case the load is carried mainly by the reinforcement working 

as tensile plastic net. 

6.6 COMPARISON WITH OTHER THEORETICAL METHODS 

For the purpose of comparison, two theoretical methods are chosen. The first one is for 

a square simply supported slab, proposed by Kemp [81, and the second is for a circular 

simply supported slab, proposed by Wood [2]. The two methods are based on plastic 

theory and include the effects of changes in geometry of the slab. 

6.6.1 COMPARISON WITH KEMP'S METHOD FOR A SQUARE SLAB. 

Kemp [8] follows the same approach for square slab as that proposed by Wood [21 for a 

circular simply supported slab. The concrete slab was assumed to be iso-tropically 

reinforced at the bottom face only. To demonstrate the analysis a 4m x 4m x 0.12 rn 

square slab with effective depth of I 00mm has been analysed, the material strengths 

used were 400 MPa. for the steel and 40 MPa. for the concrete. 

The yield criterion for the slab section is shown in Fig. 6.32. 
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6.6.1.1 LOAD DEFLECTION CURVE 

The numerical values for the increase in the loads for a given displacement resulting 

from membrane action using Kemp's theory are calculated in two stages. In the first 

stage the numerical values are calculated up to deflections less than the deflections at 

which the pure tensile membrane action forms. In the second stage the numerical values 

are calculated after the formation of the pure tensile membrane action. The deflection at 

which a pure tensile membrane action forms was derived by Kemp [8] and is given as 

wo 
=6t- where t is the ratio of the maximum tensile strength of the reinforcement to the 

d 

maximum crushing strength of the concrete, ip 
fy 
fe, 

For relative deflections less than the critical value 
wo <-6t, the increase in the load 
d 

above yield line theory collapse load, P, 
is calculated for a given central deflection, 

Py 

W' 

d, 
from the following equation 

p 

=l+ 

1 wo 
) 

P, 48t(1-0.75t) d 
6.1 

.w 
and after the formation of the pure tensile membrane action, -' ý! 6t the increase in the 

d 

load is given by 
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2 
p 0.75t [wo I 
py (1-0.75t)ýv d 

Fi5 

t 
6.2 

The increase in the load compared with the collapse load in the above expressions 

w0 
depends only on the relative deflection -, and on the parameter t. d 

Values of the increase in the load with increasing deflections have been calculated using 

Kemp's theory and the finite element analysis, for the slab described above with values 

of t of 0.02 and 0.1. The load-deflection curves obtained are shown in Fig. 6.33. 

Because of the assumed rigid, perfectly plastic slab behaviour, the load-deflection 

curves predicted using Kemp's theory show no deflection until the simple yield line 

theory collapse load is reached. The load-deflection curves predicted using the finite 

element analysis include the elastic deflections in the un-cracked and cracked state 

followed by the elasto-plastic deflections as the yield mechanism formed and they 

merge gradually into the load-deflection curves predicted using Kemp's theory. 

The increase in the load caused by membrane action predicted using Kemp's theory is 

W 

quite small up to the critical deflection stage, '<6t, at which cracking throughout the 
d 

depth of the slab occurred. The value of this deflection is found to be 0.12 for t=0.02 

and 0.59 for t=0.1. The percentage increase in the loads compared with yield line 

theory load at this deflection was found to be 1.1% for t--O. 02 and 7% for t--O. 1. For 

deflections greater than this value, the increase in the load becomes more significant and 

is more pronounced in a slab with a low value of t (or a low percentage of 
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reinforcement) than in one with a high value of t. At a relative deflection equal to half 

the depth of the slab, the percentage increase in the load above yield line theory load 

calculated using Kemp's theory was 13% for t=0.02 and 5% for t=0.1. From the finite 

element analysis the percentage increase in the load above yield line theory collapse 

load was 83% for t=0.02 but for t =0. I the load is equal to yield line theory collapse 

load. At a relative deflection equal to the slab depth, the percentage increase in the load 

using Kemp's theory was 52% for t=0.02 and 35% for t=0.1, and from the finite 

element analysis was 100% for t == 0.02 and 35% for t =0.1. At a relative deflection of 

2.5 the increase in the load calculated using Kemp's theory and finite element analysis 

were twice yield line theory collapse load for t=0.02. But for t=0.1, the increase in the 

load predicted using Kemp's theory was 75% and predicted using finite element 

analysis is 42%. Generally the load-deflection curves predicted using Kemp's theory 

and finite element analysis are in good agreement in the case of t=0.02, but in the case 

of t=0.1 they are in agreement between relative deflections of 
wo 

= 0.5 to -ýýO- = 1.75. 
dd 

It is important to investigate and compare the membrane forces and moments predicted 

using Kemp's theory and finite element analysis, which causes the increase in the 

collapse load. For this purpose the slab with t=0.1 is chosen. 

6.6.1.2 MEMBRANE FORCES AND MOMENTS 

The membrane forces and moments in the x-direction are investigated at relative 

deflections of -ý! O-= 0.5,1.25 and 1.75. The membrane forces are normalised with d 
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P 

respect to the ultimate tensile force in the reinforcerneq, ' and the moments are TO 

normalised with respect to moment when membrane forces are zero, 
M' 

for t=0.1 
MO 

along the centre line of the slab Fig. 6.34, between points I and 2 as shown in Figs. 6.35- 

6.40. 

At a relative deflection equal to half the depth of the slab, which is below the critical 

deflection the membrane forces 
P, 

predicted using Kemp"s theory varies linearly along 
TO 

the centre line of the slab and are zero at 0.25 LI, For the inner half of the slab the 

membrane force is tensile and equal to 0.7 and in the outer half is compressive and 

equal to 0.8 at the edge. Compared with finite element results the membrane force is 

tensile at the centre and compressive in the outer region and they are equal to 0.3 and 

0.4 respectively; the membrane forces are zero at 0.275 L, Fig-6-35. 

At a relative deflection greater than the effective depth of the slab, the slab is cracked 

throughout its depth and the pure tensile membrane forces occur at the centre and the 

length of the spread of tensile membrane forces is also increased. At relative deflection 

of 1.25 the pure tensile membrane forces from Kemp's theory and from fiMte element 

analysis occupy about 30% and 20% of the slab centre and the depth of the compressive 

zone is also increased to 1.1 and 2.35 respectively Fig. 6.36. At a relative deflection of 

1.75, the pure tensile membrane forces predicted using Kemp's theory and finite 

element analysis increased to occupy 45% and 25% of the slab centre and the depth of 

the compressive zone increased to 1.6 and 3 respectively, Fig. 6.37. 
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The moments from finite element analysis and the moments predicted using Kemp's 

theory are shown in Figs. 6.38-6.40. 

At a relative deflection of 0.5, the membrane forces developed in the plane of the slab, 

the moment from finite element analysis reduced to 0.9 and the moment from Kemp's 

theory results reduced to 0.6 at the centre and increased to 1.4 at the edge Fig. 6.3 8. 

At a relative deflection of 1.25 and 1.75, because the pure membrane forces occur the 

moments predicted using the finite element analysis and Kemp's theory reduced to 

minimum =0.42,, as shown in Figs. 6.39-6.40. The moments at the edge predicted MO 

using Kemp's theory werel. 45 and 1.6 respectively. 

6.6.1.3 DISCUSSION AND CONCLUSION 

The membrane forces and moments at the centre of the slab from the finite element 

analysis in the x-direction are generally in good agreement with the predictions of 

Kemp's theory. In the outer region the compressive membrane forces predicted using 

Kemp's theory continue in the increase and achieve maximum at the edge; this leads to 

increase in the moment as the edge approached, which is not true in the case of the 

simply supported slab. Kemp [8] ignored the membrane forces in the y-direction which 

is not always equal to that one in the x-direction, especially in the outer region where 

the major part of the compressive membrane forces are carried in the y-direction. 
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With reference to results of the membrane forces and the corresponding moments for 

the slab described above with t=0.1, Figs. 6.35-6.40. At a relative deflection of 0.5, the 

tensile membrane forces developed but their contribution on the load carrying capacity 

of the slab is not significant. The load predicted using finite element analysis was equal 

to yield line theory collapse load and the load predicted using Kemp's theory was only 

7% higher than the yield line theory collapse load Fig. 6.33. At a relative deflection of 

1.25 the enhancement of the load above yield line theory load becomes more significant 

because of the development of the pure membrane action in the plane of the slab; the 

enhancement predicted using Kemp's theory was 25% and using the finite element 

analysis was 50%. At relative deflection of 1.75, although the length of the spread on 

the pure tensile membrane increased the collapse load predicted using the finite element 

analysis reduced to 48% as a result of the flexural failure of the slab. The enhancement 

of the collapse load predicted using Kemp's theory was 48% above the yield line theory 

load at deflection of 1.75 and 75% at deflection of 2.5. 

With reference to load-deflection curve predicted using finite element analysis Fig. 6.33, 

the slab cracks at relative deflection of 0.12d which corresponds to 0.4 of yield line 

theory load, the reinforcement yields at relative deflection equal to the depth of the slab, 

which is corresponds to 1.4 of the yield line theory collapse load and the failure takes 

place at relative deflection about 1.3d by yielding of the reinforcement which 

corresponds to 1.6 of yield line theory collapse load. In case of the load-deflection curve 

predicted using Kemp's theory there is no criterion for yielding of the reinforcement or 
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cracking or crushing of the concrete and the load-deflection curve continues to rise 

without stopping. 

6.6.2 COMPARISON WITH WOOD'S METHOD FOR A CIRCULAR SLAB. 

Wood [2] presented an analysis for a circular simply supported slab based on the rigid 

plastic approach taking into account membrane action caused by the change of the slab 

geometry. Fig. 6.41 shows the circumferential and radial membrane forces and 

moments, PO, P,. , MO and M, respectively, acting on a circular slab element with 

radius R and inner tensile zone with radius r. A circular slab 4m diameter, effective 

depth of 100 mm. and iso-tropically reinforced with 0.4% of reinforcement at the bottom 

only has been analysed. The material strengths used were 400 NWa. for the steel and 40 

Wa. for the concrete. The yield criterion for the slab with, t=0.04 is shown in Fig. 

6.42, 

6.6.2.1 LOAD-DEFLECTION CURVE 

The typical numerical values for the increase in the load as a result of membrane action 

using Wood's theory are calculated in two stages in the same way as for Kemp's theory. 

In the first stage the increase in the load up to deflections less than the deflections at 

which the pure tensile membrane forms are determined from the following relations 

217 



p 

=I. o+ 
K2 wo ) 

py 64ß( d 

where K is a constant for the slab section and given by 

the slab thickness. 

6.3 

h 
d 0.75t 

and h is 1-0.75t' 1-0.75t 

This load goes on rising until a new state of affairs begins with a pure tensile membrane 

Ih3 

4a 
at the centre. This leads to a critical deflection of w' 

=2- , wherea=2d 
2 

du 1- 3t 
4 

When the deflection exceeds the critical deflection, the pure tensile membrane begins 

and the increase in load is determined from the following relations: 

1-5 r, 

I+R 
,-r, p 

=1+ 
R 

py r, 
) 

_r, 

)2 

1+2- 
RR 

6.4 

where r, is the radius of the spread of the pure tensile membrane action from the centre, 

of the slab. It will be noticed that the increase in the load in equation 6.4 is dependent 

only on the parameter t and r,. The corresponding central deflection can be obtained 

from the following relations 
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8 J6 
0 

__K d I- r, 2K Py R2 
R 

6.5 

The load-deflection curves nonnalised with respect to yield line theory collapse load 

predicted using Wood's theory and finite element analysis for the slab described above 

are shown in Fig. 6.43. The load-deflection curves are not in agreement with each other. 

With reference to the Wood's load-deflection curve, the yield line theory type collapse 

load is controlled at first but after the formation of the pure tensile membrane forces 

-n about 
wo 

=0.119 the load picks up and continues to increase until the failure occurs. d 

When the deflection equals half the effective depth of the slab the pure tensile 

membrane action from Wood's theory occupies about 35% of the slab radius and 

enhances the collapse load by about 30% above yield line theory load. At this deflection 

the increase in the load carrying capacity above the yield line theory load predicted 

using finite element analysis was 20%. 

When the deflection equals the depth of the slab the pure tensile membrane action from 

Wood's theory occupies half the radius of the slab, the load being nearly twice the yield 

line theory load. The increase in the load-carrying capacity above yield line theory 

collapse load predicted using the finite element analysis was half of the increase in the 

load predicted using Wood's theory at this deflection. 

At a relative deflection of 1.5 the pure tensile membrane action from Wood's theory 

occupies 60% of the slab radius, the load being nearly 150% of the yield line theory 
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collapse load. At this deflection the finite element analysis predicted the maximum 

increase in the load-carrying capacity of this slab which is equal to half the 

enhancement predicted using Wood's theory; after that the slab failed. 

It is important to study the membrane action effect, which causes this rise in load and 

what make the discrepancy between the load-deflection curves, so that the membrane 

forces and moments are investigated along the radius of the slab. 

6.6.2.2 MEMBRANE FORCES AND MOMENTS 

The circumferential and radial membrane forces and moments from both Wood's theory 

and finite element analysis are investigated along the radius of the slab in three selected 

relative central deflections of 0.5,1 and 1.5, and they are shown in Figs. 6.44-6.55. 

Fig. 6.44 shows the circumferential membrane forces, 
PO 

predicted using both 
TO 

Wood's theory and finite element analysis at relative deflection of 0.5. 

Also 
PO 

predicted using Wood's theory at relative deflection of 0.199 is shown in the 
TO 

same figure. The membrane forces vary linearly along the radius of the slab and are 

zero at the mid-point of the radius; for the inner half of the radius they are tensile and 

for the outer half they are compressive. The pure tensile membrane is just a point at 

the centre of the slab at this particular deflection, and it spreads outside the centre 

With increasing deflection. At a relative deflection of 0.5, the overall tensile zone 

of the membrane forces predicted using Wood's theory and the finite element 
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analysis was extended to cover a circular zone of radius of 55% of the slab radius. At 

the centre the pure tensile membrane predicted using Wood's theory occupies 35% of 

the slab rachus, but from the finite element analysis the tensile membrane forces just 

reached 0.60 of the pure tensile membrane. In the outer region, the membrane forces are 

changed to compression; Wood's theory gives 2.4 and the present analysis gives 0.75 at 

the edge of the slab. 

With increasing deflections the overall circular zones of the tensile membrane forces 

increase and the radius of the pure tensile membrane at the centre also increases. The 

depth of the compressive zone in the outer region also increases with increasing 

deflections. At relative deflection of 1. the tension zones predicted using Wood's theory 

and finite element analysis extended to 65% and 60% of the slab radius, and the radius 

of the pure tensile membrane at the centre extended to 50% and 10% of the slab radius 

respectively. In the outer region the depth of compressive zones near the edges is also 

increased; Wood's theory results give 4.2 and the finite element analysis gives 2.2 

Fig. 6.45. At relative deflection of 1.5, the overall tension zones predicted using Wood's 

theory and finite element analysis extended to 72% and 62% of the slab radius, and the 

radius of the pure tensile membrane forces at the centre of the slab extended to 60% and 

20% of the slab radius respectively. The depth of the compression zone from Kemp's 

theory increased to 6 and from finite element analysis increased to 2.8, Fig. 6-46. 

The circumferential moments predicted using both Wood's theory and finite element 

analysis at relative deflection of 0.5 are shown in Fig. 6.47. Iýecause the membrane 

forces were induced in the plane of the slab the moments predicted using Wood's theory 
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and finite element analysis were reduced to 0.42 and 0.7 respectively. In the outer 

region, because of the compressive membrane forces the moments increase towards the 

edge of the slab; Wood's theory results gives 2.3 and the finite element analysis gives 

1.6. At relative deflections of I and 1.5 the moments predicted using Wood's theory and 

finite element analysis were reduced to minimum at the centre. In the outer region the 

moments predicted using Wood's theory and finite element analysis increased to 2.85 

and 2.3 respectively at relative deflection of I and increased to 3.45 and 2.5 respectively 

at relative deflection of 1.5, Figs. 6.48-6.49. 

In the radial direction the tensile membrane forces p' 
and the corresponding moments TO 

Mr 
predicted using Wood's theory and finite element analysis are equal to the 

if 0 

circumferential membrane forces 
PO 

and the corresponding moments 
MO 

at the centre TO MO 

of the slab. These radial tensile membrane forces and the corresponding moments are 

reduced gradually out side the centre of the slab and become zero at the edge. The 

membrane forces in the radial direction and their corresponding moments at relative 

deflections of 0.5,1 and 1.5 are shown in Figs. 6.50-6.55. 

6.6.2.3 DISCUSSION AND CONCLUSION 

With reference to load-deflection curves Fig. 6.43, the curves are not in agreement with 

each other; this discrepancy is attributed to Wood's assumption of the development of 
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the pure tensile membrane forces at the centre of the slab at small relative deflection of 

0.199 Fig. 6.44. This pure tensile membrane force is enough to stiffen up the load- 

deflection curve and forms a discrepancy between the finite element analysis and 

Wood's theory results. With regard to the load-deflection curve predicted using finite 

element analysis the slab cracks at deflection of 0.06d, and the reinforcement yields at 

deflection equal to the depth of the slab which corresponds to 0.41 and 1.5 of yield line 

theory collapse load respectively. The failure takes place at deflection of 1.45d, as a 

result of yielding of the reinforcement, which corresponds to 1.75 of the yield line 

theory collapse load. But in the case of the load-deflection curve predicted using 

Wood's theory there was no evidence of such behaviour of cracking or yielding of 

reinforcement. The load deflection curve continued to rise without stopping until the 

tensile membrane forces occupy almost all the slab radius and there are no compressive 

membrane forces to equilibrate them. In this particular slab, the slab failed when the 

pure tensile membrane forces occupy about 90% of the slab radius at deflection of 6d, 

which corresponds to 5.5 of yield line theory collapse load. 

From the results of the membrane forces and the corresponding moments at relative 

deflections of 0.5,1 and 1.5, Figs. 6.44-6.55, the circumferential and radial membrane 

forces and moments predicted using the finite element analysis after the formation of 

the pure membrane forces at relative deflections of I and 1.5 are in good agreement 

with those predicted using Wood's theory. At relative deflection of 0.5 there is a 

difference between the predicted membrane forces at the centre of the slab and their 

corresponding moments. 
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From the above results it can be seen that the radial moment at the centre contributes as 

usual towards carrying the load. But considerable extra strength is now given by the 

increase of circumferential moment as the edge is approached. The strong compression 

gives rise to this. The tensile membrane forces at the centre also cause a ftirther rise in 

load after the formation of the pure tensile membrane forces. 

6.7 STUDY OF MEMBRANIE ACTION EFFECT ON THE ULTLMATE 

LOAD OF SEMIPLY SUPPORTED SLABS. 

In order to study the effect of membrane action on the ultimate load of simply supported 

slabs, slabs have been designed for ultimate loads on the assumption of a uniformly 

distributed load, using grade 400 reinforcement and 30 concrete. The reinforcement 

was designed using two different methods. The first method used the reinforcement 

design using the ultimate plastic moments calculated from yield line theory [12] using 

simple straight-line mechanisms. The second method used the reinforcement, which 

was designed using Wood and Armer rules [13,14] using elastic moment fields. The 

elastic moment analysis is most conveniently carried out using the finite element 

method. The moment analysis provides at each point the elastic moments MX', MY and 

MxY which are, respectively, the bending moment about the x-axes, the bending moment 

I'll about the y-axes and the torsional moment per unit length. The elastic moments are used 

to calculate the design moments per unit width, M., and My. The design moments used 

are given in table 6.1. 
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For square slab simply supported along all edges and carrying a uniformly distributed 

load, the Wood and Armer [1 52] 
design moments coefficients for 16 finite element mesh 

per quarter Fig. 6.56 are given in Table 6.2 at the comers of the elements. 

To determine numerically the increase in the collapse load caused by membrane action, 

the slabs have been analysed up to collapse using the computer program described in 

Chapter 3 and the predicted collapse loads have been normalised with respect to the 

original collapse loads from yield line theory and Wood and Armer rules. 

6.7.1 STUDY OF SLABS SLVIPLY SUPPORTED ALONG ALL EDGES 

The investigation of the membrane action effect on the ultimate load of rectangular 

slabs simply supported along all edges includes the study of three main factors, namely 

L L2 

slenderness ratio ', aspect ratio and the parameter t. where t is the ratio of 
d L, 

maximum tensile strength to maximum compressive strength p 
fy 
fc, 

6.7.1.1 EFFECT OF SLENDERNESS RATIO 
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Two 4m by 4m square slabs with different slenderness ratios and different 

reinforcement ratios are analysed. The slenderness ratios were 40 for slab SI., and 25 for 

the slab S2. The results obtained from the analysis are shown in Figs. 6.57-6.58. 

For slabs with reinforcement designed using Wood and Armer rules [13,14] for t=0.02 

at the centre, the enhancement of the ultimate load for the slab Sl was 105% and for the 

slab S2 it was 77%. This enhancement in the ultimate load is decreased gradually with 

increasing of t at t=0.25 at the centre; the enhancement was 15% for the slab SI and 

9% for the slab S2. 

For slabs with reinforcement designed using plastic moments from yield line theory 

[12] at t=0.02 the enhancement of the ultimate load for the slab Sl was 120% and for 

the slab S2 was 90%. The enhancement in the ultimate load is decreased gradually with 

increasing of reinforcement ratio until it becomes 23% for the slabSI andl7% for the 

slab S2 at t=0.25. 

It is clear from the figures that the membrane action has a beneficial effect on the 

collapse load for simply supported slabs. This effect is more pronounced in thin slabs 

with a low percentage of reinforcement calculated using yield line theory. 

6.7.1.2 EFFECT OF ASPECT RATIO. 
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To show the effect of membrane action on rectangular slabs, slabs with aspect ratios 

varied from I to 3 have been analysed. All slabs have the same slenderness ratio of 25 

and the same t at the slab centre of 0.05. 

The numerical results obtained from the analysis are shown in Fig. 6.59. At aspect ratio 

of i, the enhancement of the ultimate load for slabs with reinforcement calculated using 

Wood and Armer rules [13,14] was 56% and for slabs with reinforcement calculated 

using yield line theory [ 12] it was 71%. This effect is reduced gradually with increasing 

of the aspect ratio. At aspect ratio of 2.5, the slab action changed from two-way action 

to one-way action and the enhancement of the ultimate load remained constant. It is 

clear from the figure that one-way slabs can develop some amount of membrane action. 

For slabs With high aspect ratio (one-way slabs), and with reinforcement calculated 

using Wood and Armer rules [13,14], the enhancement of the ultimate load was 15% 

and for slabs with reinforcement calculated using yield line theory [ 12] it was 20%. 

It is clear from the numerical results that the membrane action has a beneficial effect on 

the collapse load for sirnply supported rectangular slabs. This effect is more pronounced 

in slabs, with low aspect ratio and with reinforcement calculated using yield line theory. 

6.7.2 STUDY OF SLABS SIMPLY SUPPORTED ON FOUR CORNER 

COLUMNS. 
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To investigate the effect of membrane action on the ultimate load of slabs simply 

supported on four columns, slab Sl , described in Section 6.7.1.1, has been considered, 

but is in this case simply supported on four columns. The results obtained are shown in 

Fig. 6.60. 

It is clear from the figure that for low percentages of reinforcement there is an 

enhancement of the ultimate load compared with that predicted using yield line theory 

and Wood and Armer load. For t=0.02 at the centre, the enhancement was 36% 

corresponding with yield line theory, and 25% corresponding with the Wood and Armer 

rule. This enhancement reduces gradually as t increases. At t=0.2 and 0.12 at the centre 

the ultimate collapse loads becomes equal to the yield line theory and Wood and Armer 

design loads respectively. Where t is greater than 0.2 and 0.12 both methods 

overestimate the collapse load for the slab. 

6.7.3 STUDY OF SLABS SIMPLY SUPPORTED ON TWO ADJACENT 

EDGES AND ON A COLUMN IN THE OPPOSITE CORNER. 

Slab SI , which was investigated in Section 6.7.2, is in this case simply supported on two 

adjacent edges and on a column in the opposite comer. The numerical results obtained 

. 
C-- 

- from the analysis are shown in Fig. 6.61. 

It is clear from the figure that, for low percentage of reinforcement there is an 

enhancement of the ultimate load compared with that predicted using yield line theory 
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and Wood and Armer load. Where t=0.02 at the centre, the enhancement was 52% 

corresponding with yield line theory and 40% corresponding with Wood and Armer 

rule. This enhancement reduces gradually as t increases. Where t=0.25 and 0.17 the 

ultimate collapse loads become equal to the yield line theory and Wood and Armer 

design loads respectively. Where t is greater than 0.25 and 0.17 both niethods over 

estimate the collapse load for slabs. 

6.8 CONCLUSIONS 

An investigation of membrane action using the finite element analysis by including the 

change of geometry has been carried out for simply supported reinforced concrete slabs. 

The investigation shows that the increase in the load-carrying capacity above the design 

load for simply supported slabs is caused by the membrane action which developed in 

the plane of the slab with increasing deflections. The distribution of the membrane 

forces is found to be a ring of radial and circumferential tensile membrane forces at the 

centre surrounded by a ring of circumferential compressive membrane force in the outer 

region 

Comparison between the available plastic methods for membrane action analysis and 

the finite element analysis has also been carried out for simply supported square and 

circular slabs. The load-deflection curves predicted using the plastic methods are 

different from the load-deflection curves predicted using the finite element analysis. 

This is caused by the assumption of rigid plastic behaviour of theoretical plastic 
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methods, where the elastic deflections are neglected up to the yield line theory load. 

However, acceptable agreement was obtained between the finite element analysis and 

Kemp's [81 theory results for the square slab at post yield line theory load for t =0.02 

and between relative deflections of 0.5 to 1.75 at post yield line theory load for t=0.1 

A study of the increase in the ultimate load due to the cffect of membrane action in 

rectangular slabs with different types of simply supports using the reinforcement 

designed using Wood and Armer rules and yield line theory has also been carried out. 

The study shows that the percentage increase in the ultimate load is more significant in 

square slender slabs designed using yield line theory with low value of t and simply 

supported on four edges. 
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Table 6.1 - Wood and Armer [ 1,2] design moment equations. 

Moment at bottom Moment at top 

Alf: =Mx + 
lMxy I 

andt4vf 
* 

=Ivf y 
+11f 

xy 
I 

y MM-M and A/I M- 
II Iml 

xx XY y , XY 
m2 

if 
M* <0 then Alr* =0 and M =M + -XY 

.xXyy M ifm > Othen M=0 andM* =M Y- y 

m2 

-- 
xy 

x xx A4x 

m2 

if A/I* <0 then, M* =0 and Mx* =Mx +- XY 
yyM if M* >Ox. Ar =0 M*=M 

x 

m2 
XY 

y yy Mx 

Table 6.2 Wood and Armer design moment coefficients for a square slab with 16- 

element mesh at the comers of the elements. 

No Negative moments coefficients 

Mx* M* Iy 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

-. 4455E-01 

-. 3865E-01 

-. 2741E-01 

-. 1409E-0 I 

. 
OOOOE+00 

-. 3865E-01 

-. 2140E-0 I 

-. 3149E-02 

. 
OOOOE+00 

. 
OOOOE+00 

-. 4455E-01 

-. 3865E-01 

-. 2741E-01 

-. 1409E-0 I 

. 
OOOOE+00 

3 865E-0 I 

-. 2140E-01 

-. 6003E-02 

-OOOOE+00 

. 
OOOOE+00 

Positive moments coefficients 

Af * 
x 

At* 
y 

. 
4455E-01 

. 
4455E-01 

. 
3865E-01 . 

3865E-01 

. 
2741E-01 

. 
2741E-01 

.1 
409E-0 I 

. 
1409E-01 

. 
OOOOE+00 OOOOE+00 

. 
3865E-01 . 

3865E-01 

. 
4762E-01 

. 
4762E-01 

. 
4659E-01 

. 
4373E-01 

. 
3942E-0 I -3430E-0 

I 

.2 
813E-0 I . 

2217E-0 I 
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II 
-. 2741E-01 -. 2741E-01 

. 
274 1 E-0 1 

. 
274 1 E-0 1 

12 -. 6003E-02 -. 3149E-02 
. 
4373E-0 I 

. 
4659E-0 1 

13 OOOOE+00 OOOOE+00 
. 
5091E-01 

. 
509 1 E-0 1 

14 OOOOE+00 OOOOE+00 
. 
5039E-01 

. 
4718E-0 1 

15 OOOOE+00 OOOOE+00 
. 
4353E-01 

. 
3904E-0 1 

16 -. 1409E-0 I 1409E-0 I 
. 
1409E-01 

.1 
409E-0 1 

17 OOOOE+00 OOOOE+00 
. 
3430E-0 I 

. 
3942E-0 1 

18 OOOOE+00 OOOOE+00 
. 
4718E-0 I . 

5039E-0 1 

19 OOOOE+00 OOOOE+00 
. 5260E-0 I . 5260E-0 1 

20 OOOOE+00 OOOOE+00 
. 5089E-01 

. 
4950E-0 1 

21 OOOOE+00 OOOOE+00 OOOOE+00 OOOOE+00 

22 OOOOE+00 OOOOE+00 
. 
2217E-01 

.2 
813E-0 I 

23 OOOOE+00 OOOOE+00 
. 
3904E-01 

. 
4353E-01 

24 OOOOE+00 OOOOE+00 
. 
4950E-O I . 

5089E-01 

25 OOOOE+00 OOOOE+00 
. 5304E-01 . 

5304E-0 I 
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Membrane Force Px/TO at (deFLection/depth)=1.75 
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Fig. 6.23- Contours of membrane force in x-direction at relative deflection of 1.75 
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CHAPTER 7 

DESIGN OF REINFORCED CONCRETE SLABS 

7.1 INTRODUCTION 

The basicive object of the design of any reinforced concrete slab is to ensure that 

the loads imposed on it are carried safely. An assessment of the strength of the 

slab at failure must be complemented by the study of the conditions at the 

serviceability loads. In the case of reinforced concrete structures, serviceability 

conditions are mainly those of deflection and crack widths. For a structure 

designed on the basis of ultimate strength, it is necessary to check that the 

deflections at working loads of the structure do not exceed the pennissible values 

as specified by an accepted standard. 

The Wood and Armer rules [1,2] are one of the most popular design techniques 

used in the design of bridge decks in the UK. and over the world. These design 

rules are easy to use and most conveniently carried out using the finite element 

method. These design rules can produce unsafe results under certain loading 

conditions like torsion, i. e. an element designed using these rules has a lower 

273 



capacity than it is designed for [3]. But studies carried out in Chapter 6 on simply 

supported slab show that the Wood and Armer rules [1,2] can produce a safe 

design because of the development of the membrane action in the plane of the slab 

Fig 7.1. The study shows that membrane action has a beneficial effect on the load- 

carrying capacity of slabs simply supported on four edges and designed using the 

Wood and Armer rules. For slabs with 
L, 

=40, and t at the centre of the slab equal d 

to 0.02,. the load carrying-capacity was increased by 105% above the Wood and 

Artner load; this increase was reduced gradually with an increasing t at the centre 

of the slab and becoming 15% where t 0.25 Fig. 7. I. Slabs simply supported on 

two adjacent edges and on a column in the opposite comer and slabs simply 

supported on four columns can develop some tensile membrane action, which 

results in an enhancement in the ultimate loads for low reinforcement ratio. But 

the effect of the membrane action on the ultimate load of such slabs is not 

significant compared with the slabs simply supported on four edges. Where t 

equal to 0.02 at the centre of the slab, the percentage increase in the ultimate load 

above the Wood and Armer load was 40% for slabs simply supported on two 

adjacent edges and on a column in the opposite comer, and 25% for slabs simply 

supported on four columns. The Wood and Armer rules overestimated the 

ultimate loads for such slabs where t above 0.2 and 0.17 respectively, Fig. 7.1. 

In order to include the membrane action effect in the design of simply supported 

slabs designed using Wood and Armer rules [1,21, design guidelines for 

rectangular slabs simply supported on four edges and designed using the Wood 

and Armer rules [1,2] using elastic moment fields and subjected to uniformly 
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distributed load will be developed in this Chapter. Design examples will be also 

presented. 

7.2 PRACTICAL SIGNIFICANCE OF MEMBRANE ACTION 

To determine the increase in the collapse load caused by membrane action design 

charts have been developed based on the results of finite element analyses carried 

out for rectangular simply supported slabs loaded with uniformly distributed load. 

The reinforcement is designed using the Wood and Armer rules [1,2] and elastic 

moment fields. The elastic moments are calculated from the Lagrange equation, 

equation 2.11, using the Fourier series approximation and Navier's method [4]. 

The Wood and Armer [ 1,2] design moments are given in Table 7.1. 

The variables investigated were the slenderness ratio, 
L', 

and the parameter t, d 

where t is equal to the ratio of maximum tensile strength to maximum crushing 

As fy 
strength, d f, - 

The results of the finite element analyses for square slabs with 
L, 

of 40 and t d 

parameters varied from 0.02 to 0.27 are shown in Figs. 7.2-7.6; the limitation of 

deflection [5], A, namely 1/350 of the span, is also plotted on the figures. This 

deflection determines the maximum working load, which could be applied to 

these slabs. From Fig. 7.2-7.6 it can be seen that, for the slabs with the same t, the 
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variations of p, f,, ' andf, have little effect on the response if the load is 

normalised in respect of the Wood and Armer load. Fig. 7.7 shows the load 

deflection curves for rectangular slab with t=0.066 and aspect ratios 
L2 

varying L, 

from I to 3. It can be seen from the figure that the ultimate load for the 

rectangular slabs decreases with increasing aspect ratio and becomes unchanged 

for aspect ratio greater than 2.5. 

Design charts have been developed using the finite element analysis for slabs with 

L1 
ratios of 40,35,30,25,20 and 15, and are shown in Figs. 7.8. The design 

d 

charts give the relationship between the parameter t and the percentage increase 

in the ultimate load above the Wood and Armer collapse load. Design charts for 

estimating the working loads for such slabs are also shown in Fig. 7.9, based on 

limitation of deflection, namely 1/350. The decrease in the ultimate load with 

increasing of aspect ratios for the rectangular slabs is also shown in Fig. 7.10. 

7.3 DESIGN GUIDELINES FOR RECTANGULAR SE%4PLY 

SUPPORTED SLABS DESIGNED USING THE WOOD AND 

ARMER RULES INCLUDING MEMBRANE ACTION EFFECT. 

It has been pointed out in Section 7.1 that the Wood and Armer rules [1,21 

produce a safe design for slabs simply supported along all edges because of the 

development of membrane action., It is therefore the intention of this section to 
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provi e guidelines for the design of simply supported slabs usIng the Wood and 

Armer rules, including the effect of membrane action. 

The Wood and Anner rules can produce a safe design if the slab satisfies the 

folloWing conditions. 

* The slab is simply supported on four edges. 

9 The slab is under reinforced. 

If the above two conditions are satisfied then the slab can be designed using the 

folloWing procedure. 

1. For a given dimension the slab should be designed for the serviceability limit- 

state and span to depth ratio should be checked. 

2. From the theory of the elastic bending of plates one should calculate the 

elastic applied bending moments M, My and the elastic applied twisting 

moment M, for a given load, and then one should calculate the design 

moments M* and M* using the Wood and Armer rules table 7.1. 
xy 

3. The optimum reinforcement for the slab should be designed using the design 

moments M* and M* 
xy 
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4. The parameter t using the reinforcement ratio p, at the centre of the slab and 

the concrete crushing strength f, - and the steel yield strength f, should be 

calculated. 

Using the slenderness of the slab 
L' 

, the suitable design charts for ultimate d 

load and for working load from Figs. 7.8 -7.9 should be chosen. 

6. From the design charts the load factors according to t should be chosen. 

7. From the design chart, Fig. 7.10 the load factor for the ultimate load using the 

aspect ratio of the slab, 
L' 

should be reduced. L2 

8. The initial design load with the reduced load factor from the design chart 

should be multiplied to give the ultimate Wood and Armer collapse load and 

with working load factor should be multiplied to give the maximum working 

load for the slab. 

In order to demonstrate the procedures outlined above, a slab in an office building 

measuring 5mx5m is simply supported at the edges. The slab is assumed 

initially to be 200 mm thick. The total dead load including self-weight, screed, 

finishes, partitions, services etc. is 6.2 kN /M2 and the imposed load is 2.5 
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kN / M2 . The slab should be designed using grade 30 concrete and grade 250 

reinforcement. 

Using load factors 1.4 for dead load and 1.6 for live load, the design load is 

1.4 x 6.2 + 1.6 x 2.5 = 12.68 kNIM2 

For cover of 25 mm and 16 mm diameter bars the effective depths are as follows: 

For bars in the bottom layer d= 200 - 25 -8= 167 mm 

and for bars in the top layer d= 200 - 25 - 16-8 = 151 mm 

To calculate the design moments, a quarter of the slab have been divided into 16 

finite element mesh as shown in Fig. 7.1 1. The design moments are calculated at 

the comers of each element using the Wood and Armer rules and they are given in 

Table 7.2. 

The slab is checked for deflection. The basic span-to-effective depth ratio from 

table 3.10 in the code [5] is 20. The maximum moment is at the centre of the slab 

at poi nt 25 and equal to 3 3.15 kN m/m. 

3 3.16 X 106 

=1 19 and f= 5x250 
bd' 1000 x 167' 8 = 156.25. 

The modification factor for tension steel is 0.5 5+ 
477-156.25 

=1.83 120(0.9+1.18) 

Allowable span/d ratio = 20 x 1.83 = 36.7 and actual span/d is 5000/167 = 29.95 

mm. The slab is satisfactory with respect to deflections. 
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The reinforcement ratios are calculated for each element using the optimum 

moments from table 7.2 and they are given in table 7.3. 

The slenderness ratio of the slab 
LI 

= 29.95, say 30, and t is calculated using d 

maximum reinforcement ratio in the slab, which is in the bottom at the centre. t= 

0.004789 x 250/30 =. 03989,, say 0.04. 

From the design chart, Fig. 7.8-7.9, where t= 0.04 and 
Ll 

= 30 it can be seen that 
d 

the percentage increase in the ultimate load above the Wood and Armer collapse 

L load is 60%. Because the slab is square, LI 
there is no reduction in the 

2 

ultimate load. Then ultimate Wood and Armer collapse load 1.6 x 12.68 = 20.288 

kN1 M2 and the maximum working load is 0.5 x 12.68 = 6.34 kN1 M2 

The result of the finite element analysis for the above slab is shown in Fig. 7.12; 

the maximum working load, which can be carried by the slab, is also shown in the 

same figure. The working load and the ultimate load calculated using the finite 

element are in good agreement With the design method. 

7.4 CONCLUSION 
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A design method based on non-linear finite element analysis including the 

membrane action effect for the design of simply supported rectangular slabs 

designed using the Wood and Anner [1,2] rules, and elastic moment fields have 

been provided. Design example to assist the design method has been also 

provided. Comparison of the design example with non-linear finite element 

analysis has shown satisfactory results at working load and at ultimate. 
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Table 7.1 - Wood and Armer [ 1,2] design moments 

Moment at bottom Moment at top 

+ 
lMxy I 

and M* 
=Alf y +1 kf 

. 1y xx A4* =M -IM 
I 

andM =M- 
IM I 

x x XY yy Xy 

iff 

lfM*<O, thenM* --OandM*=My+- -ry 
xyM if M* > 0, then M* =0 and M* =M yy 

A12 
- 

XY 
x xx Mx 

m2 
if]W <OtlienAr=O and M*=M +- XY 

yyxx If if M, > O, dxn M* =0M: =M x 

m2 
xy 

y yy Mx 

Table 7.2 Design moment at the comers of the different elements for the design 

example. 

I No IXIYI Negative moments Positive moments 

*mI 
-X-f 

*I A4* 
xyx 

m* 
y 

I OOOOE+00 OOOOE+00 -. 2784E+02 -. 2784E+02 . 
2784E+02 . 

2784E+02 

OOOOE+00 
. 
6250E+00 -. 2416E+02 -. 2416E+02 . 

2416E+02 . 
2416E+02 

3 OOOOE+00 . 
1250E+01 -. 1713E+02 -. 1713E+02 . 

1713E+02 . 
1713E+02 

4 OOOOE+00 . 
1875E+01 -. 8804E+01 -. 8804E+01 . 

8804E+01 . 
8804E+01 

5 OOOOE+00 . 
2500E+01 OOOOE+00 OOOOE+00 OOOOE+00 OOOOE+00 

6 
. 
6250E+00 OOOOE+00 -. 2416E+02 -. 2416E+02 . 

2416E+02 . 
2416E+02 

7 
. 
6250E+00 . 

6250E+00 -. 1338E+02 -. 1338E+02 . 
2976E+02 . 

2976E+02 

8 
. 
6250E+00 . 

1250E+01 -. 1968E+01 -. 3752E+01 . 
2912E+02 . 

2733E+02 

9 
. 
6250E+00 . 

1875E+01 -OOOOE+00 
OOOOE+00 -2464E+02 . 

2143E+02 

10 
. 
6250E+00 . 

2500E+01 OOOOE+00 OOOOE+00 . 
1758E+02 . 

1386E+O') 

11 
. 
1250E+01 OOOOE+00 -. 1713E+02 -. 1713E+02 . 

171-")E+02 . 
1713E+02 
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12 
. 
1250E+01 6250E+00 -. 3752E+01 -. 1968E+01 

. 
2733E+02 

. 
2912E+02 

13 
. 
1250E+ol 

. 
1250E+01 OOOOE+00 OOOOE+00 

. 
3182E+02 

. 
3182E+02 

14 
. 
1250E+01 

. 
1875E+01 OGOOE+00 OOOOE+00 

. 
3149E+02 

. 
2949E+02 

15 
. 
1250E+01 

. 
2500E+01 OOOOE+00 OOOOE+00 

. 
2720E+02 

. 
2440E+02 

16 
. 
1875E+01 OOOOE+00 -. 8804E+01 -. 8804E+01 

. 
8804E+01 

. 
8804E+01 

17 
. 
1875E+01 

. 
6250E+00 OOOOE+00 OOOOE+00 

. 
2143E+02 

. 
2464E+02 

18 
. 
1875E+01 

. 
1250E+01 OOOOE+00 OOOOE+00 

. 
2949E+02 

. 
3149E+02 

19 
. 
1875E+01 

. 
1875E+01 OOOOE+00 OOOOE+00 

. 
3288E+02 

. 
3288E+02 

20 
. 1875E+01 

. 
2500E+01 OOOOE+00 OOOOE+00 

. 
3181E+02 

. 
3094E+02 

21 
. 
2500E+01 OOOOE+00 OOOOE+00 OOOOE+00 OOOOE+00 OOOOE+00 

22 
. 
2500E+01 

. 
6250E+00 OOOOE+00 OOOOE+00 

. 
1386E+02 . 

1758E+02 

23 
. 
2500E+01 

. 
1250E+01 OOOOE+00 OOOOE+00 

. 
2440E+02 

. 
2720E+02 

24 
. 
2500E+01 

. 
1875E+01 OOOOE+00 OOOOE+00 

. 
3094E+02 . 

3181E+02 

25 
. 
2500E+01 

. 
2500E+01 OOOOE+00 

-OOOOE+00 . 
3315E+02 . 

3315E+02 

Table 7.3 Reinforcement ratios at the comers of the different elements for the 

design example. 

No x y Top steel Bottom steel 

PX Py PX Py 

I OOOOE+00 OOOOE+00 -3988E-02 . 
3988E-02 

. 
3988E-02 . 

3988E-02 

2 OOOOE+00 . 
6250E+00 . 

3441E-02 
. 
3441E-02 

. -")441E-02 . )441E-02 

3 OOOOE+00 . 
1250E+01 . 

2414E-02 
. 
2414E-02 

. 
2414E-02 

. 
2414E-02 
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4 OOOOE+00 
. 1875E+01 . 

1226E-02 
. 
1226E-02 

. 
1226E-02 

. 
1226E-02 

5 OOOOE+00 
. 
2500E+01 OOOOE+00 OOOOE+00 OOOOE+00 OOOOE+00 

6 
. 
6250E+00 OOOOE+00 

. 
3441E-02 

. 
3441E-02 

. 
3441E-02 

. 3441E-02 

7 
. 
6250E+00 

. 
6250E+00 

. 
1874E-02 

. 
1874E-02 

. 
4275E-02 

. 
4275E-02 

8 
. 
6250E+00 

. 
1250E+01 

. 
2714E-03 

. 
5186E-03 

. 
4179E-02 

. 
3912E-02 

9 
. 
6250E+00 

. 
1875E+01 OOOOE+00 OOOOE+00 

. 
3512E-02 

. 
3040E-02 

10 
. 
6250E+00 

. 
2500E+01 OOOOE+00 OOOOE+00 

. 
2479E-02 

. 
1943E-02 

11 
. 
1250E+01 OOOOE+00 

. 
2414E-02 

. 
2414E-02 

. 
2414E-02 

. 
2414E-02 

12 
. 
1250E+01 

. 
6250E+00 

. 5186E-03 
. 
2714E-03 

. 
3912E-02 . 

4179E-02 

13 
. 
1250E+01 

. 
1250E+01 OOOOE+00 OOOOE+00 

. 
4587E-02 . 

4587E-02 

14 
. 
1250E+01 

. 
1875E+01 OOOOE+00 OOOOE+00 . 

4537E-02 . 
4234E-02 

15 
. 
1250E+01 

. 
2500E+01 OOOOE+00 OOOOE+00 

. 
3893E-02 . 

3476E-02 

16 
. 
1875E+01 OOOOE+00 

. 
1226E-02 

. 
1226E-02 . 1226E-02 . 

1226E-02 

17 
. 
1875E+01 

. 
6250E+00 OOOOE+00 OOOOE+00 

. 
3040E-02 . 

3512E-02 

18 
. 
1875E+01 

. 
1250E+01 OOOOE+00 OOOOE+00 

. 
4234E-02 . 

4537E-02 

19 
. 
1875E+01 

. 
1875E+01 OOOOE+00 OOOOE+00 . 

4747E-02 . 
4747E-02 

20 
. 
1875E+01 

. 
2500E+01 OOOOE+00 OOOOE+00 . 

4585E-02 . 
4453E-02 

21 
. 
2500E+01 OOOOE+00 OOOOE+00 OOOOE+00 OOOOE+00 OOOOE+00 

22 
. 
2500E+01 

. 
6250E+00 OOOOE+00 OOOOE+00 . 

1943E-02 . 
2479E-02 

23 
. 
2500E+01 . 

1250E+01 OOOOE+00 OOOOE+00 . 
3476E-02 . 

3893E-02 

1 24 
. 
2500E+01 . 

1875E+01 OOOOE+00 OOOOE+00 
. 
4453E-02 . 

4585E-02 

25 
. 
2500E+01 . 

2500E+01 OOOOE+00 OOOOE+00 . 
4789E-02 . 

4789E-02 
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CHAPTER 8 

CONCLUSIONS AND RIECOMWENDATIONS 

8.1 CONCLUSIONS 

A computer program for non-linear finite element analysis of reinforced concrete slabs 

has been modified in order to use a non-linear stress-strain model for the concrete based 

on the theory of elasticity. The material model for concrete includes phenomena such 

as tension stiffening, compression softening and cracking. The computer program has 

been used to predict the non-linear response of reinforced concrete slabs up to and 

beyond failure. 

Studies have been carried out in order to determine the optimum mesh size,. the tension 

stiffness parameter, B, and the optimum number of integration points through the depth 

that can be used for the analysis of slabs subjected to out-of-plane load. It was found 

that a mesh size of 16 elements, B=20 and 9 integration points adequately represents the 

responses of the slabs analysed. 

The program has been validated against several experimental studies. The experimental 

studies chosen to validate the program had a variety of loading. Nine studies tested 
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reinforced concrete slabs under out-of-plane uniformly distributed and concentrated 

loads. One study tested reinforced concrete slabs under combined uniformly distributed 

in-plane loads and out-of-plane loads, one study tested reinforced concrete slabs under 

in-plane shear loading and one study test was carried out under bending and twisting 

moments. The experimental results were compared with the analytical results and a 

good agreement was obtained. 

The program has been used to investigate membrane action in reinforced concrete slabs 

simply supported along all edges. The tensile membrane action was found to develop in 

the plane of the slab at the onset of cracking, at loads lower than the yield line theory 

load. The distribution of the membrane action in the plane of the slab was found to be a 

circular zone of circumferential and radial tensile membrane forces at the centre 

equilibrated by a zone of circumferential compressive membrane forces in the outer 

region. The radius of the spread of the tensile membrane forces and the intensity of the 

tensile and compressive membrane forces was found to increase with increasing central 

deflections. 

A comparison of the results ftom the program with the results from the available plastic 

methods, which include the effect of tensile membrane action, has also been carried out 

using Kemp's method for a square slab and Wood's method for a circular slab. The 

load-deflection curves predicted using the plastic methods was found to be different 

from the load-deflection curves predicted using the proposed computer program at loads 

lower than the yield line theory load. This is the result from the assumption of rigid 

plastic behaviour for the theoretical methods, where the deflections are neglected prior 
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to the yield line theory load. Also the loads predicted using the plastic methods are 

found to increase with increasing deflections without limitation. in reality the yielding 

of the reinforcement and the crushing of the concrete will put a limit for this increase in 

the load with increasing deflections, which is obvious in the case of the load-deflection 

curves predicted using the finite element method. However, acceptable agreement was 

obtained for the square slab at post yield line theory load for the low value of t =0.02, 

where t 
fy 

. When t=0.1 the load-deflection curves are in agreement between 
fc, 

relative deflections of 0.5 to 1.75. Kemp's theory for the square slab considers the 

presence of the membrane forces in one direction only and the result of the comparison 

between the theory and the computer program in x-direction for the membrane forces 

was acceptable. However, the result of the comparison for the moments was good in the 

zone of the tensile membrane forces only. Acceptable agreements were obtained 

between the finite element results and Wood's theory for the circular slab for the radial 

and the circumferential membrane forces and moments at relative central deflection to 

effective depth greater than 0.25. 

The program has been used to study the effect of tensile membrane action on the load- 

carrying capacity of slabs on different simple support conditions,, with reinforcement 

designed using yield line theory and the Wood and Armer rules and subjected to 

uniformly distributed load. The study shows that the slabs designed using yield line 

theory and the Wood and Armer rules sustained loads much higher than those predicted 

using the design methods because of the development of tensile membrane action. The 
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percentage increase in the load-carrying capacity caused by membrane action was found 

to be dependent on the slenderness of the slab, aspect ratio of the slab, vyrpe of simple 

supports and the parameter t. A comparison of the percentage increase in the ultimate 

load above the design load is carried out for slabs on different simple supports, with 

slenderness ratios of 40 and 25, aspect ratio varied between I to 3 and t varied between 

0.02 to 0.25. The percentage increase in the ultimate load is found to be more 

significant for square slender slabs with low value of t, simply supported on four edges 

and with reinforcement designed using yield line theory. The increase in the ultimate 

load above the design load for the square slab with slenderness ratio of 40 and with 

reinforcements designed using yield line theory was found to be between 120% when 

= 0.02 and 23% when t=0.25. This increase in the ultimate load above the design load 

was reduced by 17% when the Wood and Anner rules were used for the design of the 

reinforcement. The increase in the ultimate load above the design load is also found to 

be reduced with decreasing of the slenderness of the slab and with increasing of the 

aspect ratios. For the above slab the ultimate load was reduced by 38% when the 

slenderness ratio was 25 and by 33% when the aspect ratio was 3. For square slabs 

simply supported on four comer columns with slenderness ratio of 40 and with 

reinforcement designed using yield line theory and Wood and Armer rules, the 

percentage increase in the ultimate load above design load was found to be 40% and 

25% respectively when t=0.02. Yield line theory and the Wood and Armer rules 

overestimate the load carrying capacity for the slabs for value of t greater than 0.21 and 

0.146 respectively. For square slabs simply supported on two adjacent edges and on a 

column on the opposite comer with slenderness ratio of 40 and with reinforcement 

designed using yield line theory and Wood and Armer rules, the percentage increase in 
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percentage increase in the ultimate load above the design load was found to be 53% and 

40% respectively when t=0.02. Yield line theory and the Wood and Anner rules 

overestimate the load carrying capacity for the above slabs for a value of t greater than 

0.23 and 0.186 respectively. Therefor; there is no doubt about the safety of the design 

methods because of the development of the membrane action. 

Attempts have been made to develop simple design charts and guide-lines by including 

the tensile membrane action effect for the design of rectangular slabs with 

reinforcement designed using Wood and Armer rules and simply supported along all 

edges based on finite element analysis. The design method has been tested using a 

practical design example and the results of the design method agree with the results of 

the finite element program. The developed design method could lead to economies in 

the amount of reinforcement required in some slabs by including the membrane action. 

8.2 RECOMMENDATIONS FOR FUTURE RESEARCH 

The program could be used to investigate the effects of the presence of the central 

opening and the central column on the development and distribution of the membrane 

action in reinforced concrete slabs on simple supports. 

The design method developed for rectangular reinforced concrete slabs simply 

supported along all edges by including tensile membrane action could be extended to 

cover the circular and skew slabs using the program. 
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The program could also be used to obtain useful information, which might help in the 

development of more economic design methods for reinforced concrete restrained slabs 

by including the effect of the compressive and tensile membrane action. 
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APPENDIX A 

1. USER MANUAL FOR THE FINITE ELEMENT PROGRAM. 

1.1 List of all variables, together with their usage is given below. 

Card set number. Indicator. Description of the indicator. 

1. 

2. 

3. 

BEDIN = title of the problem to be analysed. 

ISPEC = indicator for degree of freedom of the specified 
displacements after applying the boundary 
conditions. 

ICONTL = indicator for load control parameter; 
1= load incrementation. 
2= displacement incrementation. 

INONLR = kind of analysis indicator used to specify the 
analysis; 
O= elastic analysis. 
1= geometric non-linear analysis. 
2= material non-linear analysis. 
3= combined geometric and material non-linear 
analysis. 

INO = indicator for line search; 
O= without line search. 
1= with line search. 

IUPDTK = number of iteration after which the stiffness 
matrix is updated. 

IMAX = maximum number of increments. 

DUSPEC = indicator for incremental specified displacement. 
DFACTOR = indicator for the increase of the incremental 

specified displacement. 
ALFAD displacement convergence tolerance. 
ALFAE energy convergence tolerance. 
EPCU = crushing strain of the concrete. 
EPSC = peck strain of the concrete. 
ICCN = indicator for the concrete failure; 

1= brittle failure. 
2= ductile failure. 

ISTE = indicator for the strain hardening of the steel 
model; 
1= no strain hardening. 
2= with strain hardening. 
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4. 

5. 

6. 

7. 

ESTLL = models of elasticity of the steel. 
FC = compressive strength of the concrete. 
FT = tensile strength of the concrete. 
FY = yield strength of the reinforcement. 
BETA = indicator for the tension stiffening parameter. 

O= no tension stiffness. 
RFC = indicator for the discontinuity in the concrete 

tensile strength after cracking. 
1=: no discontinuity. 

COFF = indicator for the compression softening 
multiplier. 
1.2= in case of torsion analysis. 
1= in any other case. 

ALFAD1 = displacement convergence tolerance when the 
iteration exceeded 200. 

ALFAEI = energy convergence tolerance when the iteration 
exceeded 200. 

ZSTLL = co-ordinate of top and bottom steel. 

TOTNOD = total number of nodes. 
DIMENSION = dimensionality of the problem. 

NODNUM = node number. 
DINIEN = dimension. 

8. ELTYP == element type. 
TOTELS --total number of the elements of the type element. 
NODEL = number of nodes at the element. 
NSTLR = number of steel layers. 

9. ELNUM number of the element. 
STHC thickness of the steel layer. 

10 E models of elasticity of the concrete. 
NTJ = Poisson's ratio. 
zI = co-ordinate of the bottom of the slab. 
Z2 = co-ordinate of the top of the slab. 

11. DOFNOD = number of degree of freedom per node. 

12. RESNO = number of restrained nodes. 

13. RESTR(J) 9M = condition of restrain on n no e. 

14. IPLOD = indicator for point load. 
IGRAV = indicator for uniformly distributed load. 
IEDGEX = indicator for x-edge load. 
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IIEDGEY 

15. LODNOD 

16. NODNUM 

17. NULOD 

18. UDL(I) 

1.2 Data file preparation. 

= indicator for Y-edge load. 

= total number of loaded nodes. 

= number of loaded nodes. 

= number of loads. 

= indicator for the load type. 

McNeice's slab under central point load is chosen as an example to show the 

preparation of the data file. The mesh of quarter of the slab is shown in Fig. -Al. The 

data, file is as follows. 

I HEDIN 
McNeice's comer supported slab (3x3 finite elements mesh for quarter of the slab), 
the result is shown in Fig. 5.1. 

2 ISPEC, ICONTL, INONLR, INO, IUPDTK, INIAX 
122 15050 

3 DUSPEC,, DFACTOR,, ALFAD,, ALFAE, EPCU,, EPSC,, ICCN, ISTE 

. 25 10.0009.0009 -. 0035 -. 0025 22 
4 ESTLL, FC, FTFY,, BETA,, ýC,, COFF, ALFADIIALFAEI 

200000 -32.4 3.2 345 30 1 1.2 0.0009.0009 
5 ZSTL(l), ZSTL(2), ZSTL(3), ZSTL(4) 

- 11.05 -11.05 11.05 11.05 
6 TOTNOD, DIMENSION 

492 
7 NODNUM, (WORK(J), J=l, DINEN) 

100 
238.10 
376.20 
4152.40 
5228.60 
6342.90 
7457.20 
8038.1 
938.138.1 
1076.238.1 
11 152.4 38.1 
12 228.6 38.1 
13 342.9 38.1 
14 457.2 38.1 
15076.2 
1638.176.2 
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1776.276.2 
18 152.4 76.2 
19 228.6 76.2 
20 342.9 76.2 
21457.2 76.2 
220152.4 
23 38.1 152.4 
24 76.2 152.4 
25 152.4 152.4 
26 228.6 152.4 
27 342.9 152.4 
28 457.2 152.4 
290228.6 
30 38.1228.6 
3176.2 228.6 
32 152.4 228.6 
3 228.6 228.6 
34 342.9 228.6 
35 457.2 228.6 
360342.9 
37 38.1342.9 
38 76.2 342.9 
39 152.4 342.9 
40 228.6 342.9 
41342.9 342.9 
42 457.2 342.9 
430457.2 
44 38.1457.2 
45 76.2 457.2 
46 152.4 457.2 
47 228.6 457.2 
48 342.9 457.2 
49 457.2 457.2 

8 ELTYP,, TOTELS, NODEL, NSTLR 
1994 

9 ELNUM, (NWORK(J), J= 1, NODEL), (STHC(I, J), J= 1, NSTLR) 
118 15 16 17 10 329 
00.38.38 
23 10 17 18 19 12 54 11 
00.38.38 
35 12 19 20 21 14 76 13 
00.38.38 
4 15 22 29 30 3124 17 16 23 
00.38.38 
5 17 24 3132 33 26 19 18 25 
00.38.38 
6 19 26 33 34 35 28 2120 27 
00.38.38 
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7 29 36 43 44 45 38 3130 37 
00.38.38 
8 31 38 45 46 47 40 33 32 39 
00.38.38 
9 33 40 47 48 49 42 35 34 41 
00.38.38 

10 E, NU, Z I, Z2 
29000.15 -22.25 22.25 

11 DOFNOD 
5 

12 RESNOD 
23 

13 (RESTR(I, J), J=I, K) 
1 12045 
202005 
302005 
402005 
502005 
602005 
702005 
810040 
1510040 
2210040 
2910040 
3610040 
43 10040 
4912300 
9 12300 
11 12300 
13 12300 
23 12300 
25 1 2300 
2712300 
3712300 
3912300 
41 12300 

14 IPLOD,, IGRAVJEDGEXJEDGEY 
1000 

15 LODNOD 
00 1 

16 NODNUM 
1 

17 NULOD 
100.2500 

18 UDL(I) 
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1.3 Data files for some of the analysed slabs. 

1.3.1 Taylor's slab under uniformly distributed load. 

Taylor simply supported slab no. 8 (4x4finite elements mesh for quarter of the slab), the 
result is shown in Fig. 5.15. 
1672218080 
I 10.10.1 -. 0035 -0.0025 22 
206910 -38.5 2 375.9 20.1 10.10.1 
-13.5 -18.3 13.5 18.3 
492 
100 

2152.50 
33050 
4457.50 
56100 
6762.50 
79150 
80152.5 
9 152.5 152.5 
10305 152.5 
11457.5 152.5 
12610152.5 
13 762.5 152.5 
14915 152.5 
150305 
16152.5305 
17305305 
18457.5305 
19610305 
20762.5305 
21915305 
220457.5 
23 152.5 457.5 
24305457.5 
25 457.5 457.5 
26610457.5 
27 762.5 457.5 
28915457.5 
290610 
30152.5610 
31305610 
32457.5610 
33610610 
34762.5610 
35915610 
360762.5 
37 152.5 762.5 
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38305762.5 
39 457.5 762.5 
40610762.5 
41762.5 762.5 
42915762.5 
430915 
44152.5915 
45305915 
46457.5915 
47610915 
48762.5915 
49915915 
1994 
1 18 15 16 17 10 329 
00.298.298 
23 10 17 18 19 12 54 11 
00.298.298 
35 12 19 20 21 14 76 13 
00.298.298 
4 15 22 29 30 3124 17 16 23 
00.298.298 
5 17 24 3132 33 26 19 18 25 
00.298.298 
6 19 26 33 34 35 28 2120 27 
00.298.298 
7 29 36 43 44 45 38 3130 37 
00.298.298 
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1.3.2 Vecchio and Collins's slab under pure shear. 

Vecchio and Collins slab PV 9 (1 xI finite elements mesh for quarter of the slab), the 
result is shown in Fig. 5.24. 
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1.3.3 Marti's slab under pure twisting. 

Marti slab no. 6 (4x4finite elements mesh for quarter of the slab), the result is shown in 
Fig. 5.35. 
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Fig. A I -3x3 Finite element mesh for 
Taylor's slab (quarter of the slab) 


