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Abstract

This thesis presents the results of the experimental and numerical investigations of

nonlinear optical systems in relation to their analogy with some General Relativity

phenomena.

After a short introduction on the context of this work, the first Chapter starts

with an introduction on the Newton-Schrodinger Equation and its optical analogue,

then the investigations of two main effects (the analogue Newtonian gravitational

interaction of two optical beams, and violent relaxation process in analogue galaxy

formation) are illustrated. For these, the theoretical background is presented, then

experimental setups and results are compared with numerical simulations.

The second Chapter starts with a brief literature review on Penrose superradiance

and its optical analogue. This is followed by the experimental setup and results of the

investigation of the nonlinear optical properties of the medium and the measurement

of the time stability of a vortex beam in the medium, followed by the investigation

of the nonlinear interaction of a pump-probe setup by means of a four-wave mixing

mechanism, giving rise to superradiant scattering. The corresponding experimental

setups and results are illustrated in details, as well as the comparison with numerical

simulations.

A short conclusion summarises the whole work.
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Chapter 1

Introduction

General Relativity (GR) is the geometric theory of gravitational interaction, and one

of its fundamental predictions is the curvature of spacetime caused by the presence

of matter. This curvature, which characterises a space not described by Euclidean

geometry but rather described by Riemannian geometry, emerges when the metric,

i.e. the infinitesimal distance in spacetime in a given set of coordinates, is modified

by the presence of massive objects. At the same time, these massive objects will

move on trajectories that are modified by the curvature of spacetime. Among the

various interesting aspects of GR, one of the most notable is the black hole, an object

from which nothing - not even light, hence ”black” - can escape. The existence of this

object in the context of General Relativity comes from the solution to the Einstein

Field Equations - the equations describing the evolution of spacetime geometry in the

presence of an energy-matter distribution - for a spherically symmetric, charge-less,

non-rotating massive object, also called the Schwarzschild solution in the (t, r, θ, φ)

coordinate system and described by the following metric [1]

ds2 =

(
1− Rs

r

)
c2dt2s −

(
1− Rs

r

)−1

dr2 − r2dΩ2, (1.1)

where ds is the infinitesimal distance in spacetime. G is the gravitational constant,

M is the mass of the object, c is the speed of light in vacuum, Rs = 2GM/c is

the Schwarzschild radius, dts is the Schwarzschild time, and dΩ2 = dθ2 + sin2θdφ2

is the angular line element. Eq. 1 describes the structure of spacetime around

an object of mass M , and the boundary given by the radius r = Rs is called the
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event horizon of the massive object: it indicates that the gravitational curvature

at a radial distance smaller than rs from the object is so strong that nothing can

escape from it if causality is preserved. This means that even electromagnetic

waves moving towards the object and crossing the event horizon cannot leave, i.e.

anything contained within this horizon is perceived as black from outside.

Among the several interesting properties of black holes, a major characteristic was

discovered in 1974 by Stephen Hawking: he found that black holes are not completely

black, but instead can emit thermal radiation generated by quantum fluctuations of

the ground state of vacuum in the vicinity of the event horizon [2]. Such fluctuations

would create pairs of matter/antimatter particles and around the event horizon some

particles would fall into the black hole and some other would be ejected. Hawking

radiation is required by the Unruh effect [3] and the equivalence principle [1] applied

to black-hole horizons. In the vicinity of the event horizon of a black hole, a local

observer must accelerate to keep from falling in; this observer sees a thermal bath

of particles that pop out of the local acceleration horizon, turn around, and free-fall

back in. The condition of local thermal equilibrium implies that the consistent

extension of this local thermal bath has a finite temperature at infinity, which implies

that some of these particles emitted by the horizon are not reabsorbed and become

outgoing Hawking radiation. These results followed a thermodynamic treatment of

black holes by Bekenstein [4] [5], where he derived an expression for the temperature

of a black hole. Starting from the assumptions that the radiation emitted from a

black hole can be treated as black-body radiation (i.e. using the Stefan-Boltzmann

Law) and that the entropy S of a black hole is proportional to its surface area A,

i.e. the area of a sphere with radius equal to the Schwarzschild radius, A = 4πR2
s,

it can be shown [4] [5] [6] that the temperature of a black hole is

T =
~c3

8πkbGM
, (1.2)

where ~ is the reduced Plank constant, and kb is the Boltzmann constant. This

result shows that the radiation emitted from the event horizon of a black hole can

be seen as a black-body radiation of temperature T .

From Eq. 1.2, a black hole with a solar mass would have a temperature of the
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order of 10−9K: in fact, one of the main difficulties in this context is the direct

experimental observation of some properties of astrophysical black holes, such as

the Hawking radiation, hence showing the necessity of analogue models.

Analogies play an important role in the context of physics, as they allow to look

at a phenomenon from novel points of view where solutions can be found in ways

that would overcome obstacles present in the initial main frame. For instance,

an analogy is found where the equations describing a physical phenomenon have

the same mathematical structure of the equations describing another apparently

unrelated phenomenon, hence allowing to probe the one by exploring the properties

of the other. A notable example is the analogy between the propagation of sound

waves in a flowing medium and the propagation of scalar fields in a curved spacetime,

as firstly demonstrated by Unruh in 1981 [3]: an analogue of the black hole event

horizon is defined on a surface when the wave propagation equals the local flow

speed normal to that surface.

This is a first example of analogues of General Relativity phenomena, and the

attempts to explore effects in GR that are difficult to observe in real spacetimes

have led to the development of a broad field of research called analogue gravity:

as introduced, this consists in the study of gravitational effects (and other related

phenomena) difficult to observe directly, and which can be exploited more efficiently

in other systems e.g. in table-top experiments [7], such as in the first experimental

observation of an optical analogue of an event horizon, as reported in [8]. Several

examples of such experimental works focus on analogue systems for black holes, as

the search for Hawking radiation in transonic fluid flows [3], and other numerous

fields such as hydrodynamics [9], Bose-Einstein condensates [10] [11], and nonlinear

optics [12] [13] [14].

A notable context for analogues systems of GR, which is the main argument of the

present thesis, is the field of optics: for instance, it is possible to consider optical

systems based on thermally-excited nonlinear media [15] [16] [17] as platforms to

mimic some gravitational phenomena. In these media, the diffusion of heat mediates

the propagation of optical beams, and the equations governing this propagation

can be exploited to mimic phenomena in the gravitational environment. Before

introducing the two main optical frames in this thesis for this type of investigation,

3



let us consider the propagation of an optical beam with a slowly varying complex

electric field envelope of amplitude E (in SI units) in a nonlinear medium is described,

in the paraxial approximation, by the Nonlinear Schrödinger Equation [18] - which

is hereby introduced and then fully described in Section 2.2,

i
∂E

∂z
+

1

2k
∇2
⊥E + k∆nE = 0, (1.3)

where the operator ∇2
⊥ is the transverse two-dimensional Laplacian, k = n0

2π
λ

=

n0k0 is the wavenumber of the incident laser, λ is the wavelength of the laser, and

n0 is the linear refractive index of the medium. The nonlinear change in refractive

index ∆n, which can be written in terms of the beam intensity I as

∆n = n2I (1.4)

contains the information on the nonlinearity of the medium. The coefficient n2,

which is the nonlinear refractive index of the medium, is related to the third-order

optical susceptibility χ(3) through the relation [18]

n2 =
3χ(3)

4ε0n0

, (1.5)

where ε0 is the vacuum permittivity. The n2 coefficient can be either positive or

negative, depending on the properties of the material taken into consideration:

• when n2 is positive, the system is self-focusing, i.e. the peak intensity of

an applied field keeps on increasing as it travels through the medium. For

instance, the nonlinear optical propagation equation can be compared in this

case with the so-called Newton-Schrödinger Equation (NSE) [15];

• when n2 is negative, the system is self-defocusing. In this regime, the

propagation of light can be viewed, in the transverse plane, as that of a flowing

medium, resulting in a system called fluid of light, which mimics the flowing

geometry of spacetime and can be used to investigate black-hole properties

such as superradiant scattering, also called superradiance (SR) [19].

The two regimes presented above for the sign-dependent properties of an optical

nonlinear medium mimicking GR phenomena are the core of the present work. In
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the following, we report in details the experimental and numerical investigation of

the gravitational phenomena related to NSE (Chapter 2) and to SR (Chapter 3, by

means of the analogy with nonlinear optical regimes.
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Chapter 2

Newton-Schrödinger Equation

2.1 Derivation from semi-classical gravity

The Newton-Schrödinger Equation (NSE) is a nonlinear modification of the

Schrödinger Equation in the presence of a Newtonian gravitational potential,

where the gravitational potential emerges from the treatment of the wavefunction

obeying the NSE as a mass density. It involves a nonlinear nonlocal gravitational

contribution in the weak (gravitational) field non-relativistic regime (i.e. the

Newtonian limit for the gravitational field, where spacetime is flat and the speeds

v of the objects are v � c, where c is the speed of light in vacuum). The NSE was

firstly considered by Ruffini and Bonazzola [20] in the context of self-gravitating

boson stars, and then proposed by Diosi [21] and Penrose [22] [23] as an attempt

to investigate quantum wavefunction collapse in the presence of a Newtonian

gravitational potential. Its general formulation for a wavefunction ψ(r, t) reads [24]

i~∂tψ(r, t) =

(
− ~2

2m
∇2 −Gm2

∫
d3r′
|ψ(r′, t)|2

|r− r′|

)
ψ(r, t), (2.1)

where ~ is the reduced Planck constant, G the gravitational constant, ∇2 is the

Laplace operator and m the mass of a single particle. It can be shown [25] that the

NSE can be obtained as the non-relativistic limit of the Klein-Gordon Equation.

The NSE follows from semi-classical gravity [24], where only matter fields are

quantized and the gravitational field remains classical even at the fundamental

level [26] [27] [28].

6



One possible candidate for such a theory is a coupling of matter to gravity via the

semi-classical Einstein Equations [29] [30],

Rµν +
1

2
gµνR =

8πG

c4
〈Ψ |T̂µν |Ψ〉, (2.2)

where Rµν is the Ricci curvature tensor, gµν is the metric tensor, and R is the scalar

curvature [1]. Eq. 2.2 is obtained by replacing the classical energy-momentum

tensor Tµν in Einstein’s Field Equations by the expectation value of the correspongin

quantum operator T̂µν on a given quantum state Ψ.

To treat the full Eq. 2.2 in the framewoark of quantum fields on a curved spacetime

can be difficult [31] [32]. However, in the linearized theory of gravity [1], where

perturbation theory is applied to the metric tensor in order to model the effects of

gravity when the gravitational field is weak, the spacetime metric tensor is written

as

gµν = ηµν + hµν , (2.3)

where ηµν is the Minkovski metric, and the small perturbation term hµν yields to

the gravitational wave equations at leading order [1] [33]. This remains right for the

semi-classical equation 2.2, where we obtain

2hµν = −16πG

c4

(
〈Ψ |T̂µν |Ψ〉 −

1

2
ηµν〈Ψ |ηρσT̂ρσ|Ψ〉

)
, (2.4)

imposing the de Donder gauge condition ∂µ(hµν− 1
2
ηµνη

ρσhρσ) = 0. Here, 2 denotes

the d’Alembert operator. It is worth noticing that the energy-momentum tensor

at this order of the linear approximation if the energy-momentum tensor for flat

spacetime, while in Eq. 2.2 it is in curved spacetime. In the Newtonian limit, where

〈Ψ |T̂00|Ψ〉 is large compared to the other 9 components of the energy-momentum

tensor, Eq. 2.4 becomes the Poisson Equation

∇2V =
4πG

c2
〈Ψ |T̂00|Ψ〉, (2.5)

for the potential V = − c2

2
h00. This is the usual behaviour of General Relativity in
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the Newtonian limit: spacetime curvature becomes a Newtonian potential sourced

by the energy-density term of the energy-momentum tensor.

This potential term now contributes to the Hamiltonian of the matter fields, which

yields the dynamics in the Schrödinger Equation. Specifically, in the linearized

theory of gravity in Eq. 2.3 the interaction between gravity and matter is given by

the Hamiltonian [33]

Hint = −1

2

∫
d3rhµνT

µν . (2.6)

The quantization of the matter fields provides the corresponding operator:

Ĥint = −1

2

∫
d3rhµνT̂

µν . (2.7)

It is important to point out the difference to a quantized theory of gravity. In

the latter, also the metric perturbation hµν becomes an operator by applying the

correspondence principle to hµν , thereby treating the classical hµν like a field living

on flat spacetime rather than a property of spacetime. In contrast to this, in the

semi-classical approach hµν remains fundamentally classical, and it is determined

by the gravitational wave equations 2.4 which are meant as classical equations of

motion.

In the Newtonian limit, where 〈Ψ |T̂00|Ψ〉 is the dominant term of the

energy–momentum tensor, the interaction Hamiltonian Ĥint becomes

Ĥint =

∫
d3rV T̂ 00 = −G

∫
d3rd3r′

〈Ψ |ρ̂(r′)|Ψ〉
|r − r′|

ρ̂(r) (2.8)

where we integrated Eq. 2.5 and used T̂00 = c2ρ̂ in the non-relativistic limit. The

mass density operator ρ̂ is simply ρ̂ = mψ̂†ψ̂ when only one kind of particle of mass

m is present. Therefore, following the standard procedure detailed in [34], we obtain

the Newton-Schrödinger Equation in Fock space,

i~∂t|Ψ〉 =

(∫
d3r ψ̂†(r)

(
− ~2

2m
∇2
)
ψ̂(r)

−Gm2

∫
d3r d3r′

〈Ψ |ψ̂†(r′)ψ̂(r′)|Ψ〉
|r − r′|

ψ̂†(r)ψ̂(r)

)
|Ψ〉.

(2.9)
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In the non-relativistic limit the number of particles in the system is conserved. For

an N -particle system the quantum state is written as

|ΨN 〉 =
1√
N !

{∫ N∏
i=1

d3ri

}
ΨN(t, r1, ...rN)ψ̂†(r1)...ψ̂†(rN)|0〉, (2.10)

where ΨN(t, r1, ...rN) is the N -particle wavefunction. The expectation value is

〈ΨN |ψ̂†(r)ψ̂(r)|ΨN 〉 =
N∑
j=1

{∫ N∏
i=1, i 6=j

d3ri

}
|ΨN(t, r1, ...rj−1, r, rj+1...rN)|2. (2.11)

Eq. 2.9 with the state 2.10 therefore leads to the N -particle Newton-Schrödinger

Equation [21]

i~∂tΨN(t, r1, ...rN) =

(
−

N∑
i=1

~2

2m
∇2
i

−Gm2

N∑
i=1

N∑
j=1

{∫ N∏
k=1

d3rk

}
|ΨN(t, r′1, ...r

′
N)|2

|ri − r′j|

)
ΨN(t, r1, ...rN)

(2.12)

and in the one-particle case the NSE 2.1 follows immediately. We therefore

unavoidably obtain the Newton-Schrödinger Equation for non-relativistic quantum

matter if the initial assumptions are correct: that gravity is fundamentally classical,

and that the semi-classical Einstein Equations 2.2 describe its coupling to matter.

2.2 Analogy with nonlinear optics

As we have introduced, the wavefunction obeying the NSE can be seen as the

gravitational mass distribution of the system [24]. While evolving according to

the NSE, ψ spreads in space and, at the same time, the gravitational attraction

among the different parts of the wavepacket occurs. The equilibrium between these

two major effects given by mutual compensation would result in the emergence of a

spatial soliton (or solitary wave), which is a self-localized wave packet arising from

a robust balance between dispersion and nonlinearity [35–38]. A spatial soliton is a

field that can propagate for long distances with an invariant transverse profile and is

9



governed by a linear eigenvalue problem [39], but in the case of optical propagation

according to Eq. 1 it is unstable in a pure Kerr medium (i.e. one described by

a constant nonlinearity with ∆n = n2I =const., where I is the intensity of the

propagating field) when the transverse profile is two-dimensional [40]. However,

the soliton can propagate stably in a nonlinear medium with ∆n changing with

propagation distance z [41], such as a saturable nonlinear medium [42–45] .

Under appropriate conditions, the nonlinear Schrödinger equation describing

the propagation of an optical beam through a thermal nonlinear medium mimics

the NSE [16]. The NSE literature contains several examples of optical analogues of

astrophysical phenomena such as the rotating boson star reported in [16] which is

experimentally and numerically modelled by an optical beam propagating through

a medium with a thermal nonlinearity (i.e. described by the NSE). Hence, nonlinear

optics provides an ideal platform for testing analogue systems governed by the

NSE.

The physical system under consideration consists in a monochromatic beam of light

propagating through a thermally focusing nonlinear medium. The evolution of its

slowly varying complex electric field envelope with amplitude E (in SI units) is well

described by the Nonlinear Schrodinger Equation [16] [15] [38] [18]

i∂zE +
1

2k
∇2
⊥E + k0∆nE = 0 (2.13)

∇2
⊥∆n = −αβ

κ
|E|2 (2.14)

which is essentially a paraxial wave equation coupled to the Poisson equation.

Eq. 2.13 has the same parameters as Eq. 1, and in Eq. 2.14 α is the absorption

coefficient of the nonlinear medium, β is the medium thermo-optic coefficient, and

κ is the thermal conductivity. As explained in detail in Section 2.2.1, the thermal

nonlinearity - induced by the diffusion of heat in the medium - consists in the

change of the total refractive index of the medium by the addition of the nonlinear

term ∆n = n2I which depend on the intensity I of the beam propagating and

heating the medium. When n2 > 0, as in the case described in this Chapter, the

total refractive index increases with increasing intensity of the propagating beam,
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causing the so-called thermal lensing (self-focusing) effect of the beam.

The system described by Eqs. 2.13-2.14 is analogous to the system governed by

the Newton-Schrödinger Equation (NSE) [15, 16, 38], which describes the evolution

of a mass distribution associated with a wave function ψ (whose modulus square

is interpreted as the mass density) and subject to the classical - i.e. Newtonian -

gravitational field φ generated by the mass distribution itself:

i~∂tψ +
~2

2m
∇2ψ +mφψ = 0 (2.15)

∇2φ = −4πG|ψ|2 (2.16)

with the same parameters as in Eq. 1.3. We see that in Eq. 2.13 the propagation

along z and the nonlinear nonlocal change in refractive index ∆n (induced by

heating of the medium) correspond (apart from constants) in Eq. 2.15 to the time

propagation and to the gravitational potential, respectively. The analogy between

Eqs. 2.13 - 2.14 and Eqs. 2.15 - 2.16 allows to simulate a 2D slice of the 3D

gravitational system, in which case the time evolution in Eq. 2.15 is mimicked

by the propagation along direction z in Eq. 2.13, and the gravitational potential

generated by the mass distribution in Eq.2.16 is mimicked by the nonlinear change

in refractive index ∆n generated by the diffusion of heat in Eq. 2.14.

2.2.1 Nonlocal response function

Thermal effects in nonlinear optical media arise because of a change of temperature

∆T inside the material caused by the absorption of laser light propagating in the

medium. This causes an energy transfer from the absorbed laser power into heat,

changing the refractive index of the material n(T ),

n(T ) = n0 +
∂n

∂T
∆T = n0 + β∆T, (2.17)

where n0 is the linear refractive index of the material, and β = ∂n
∂T

is the

thermo-optic coefficient of the material, i.e. the change of refractive index with

respect to the change of temperature in the system [46]. Furthermore, the
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temperature change inside the material because of laser absorption generates heat

diffusion currents inside the medium, leading to a nonlocal nonlinearity, i.e. the

refractive index n(T ) at any point in space is not only dependent on the local

intensity, but also on the surrounding intensities [47].

As reported in Eq. 2.17, the thermally-induced nonlinear change in refractive index

∆n = n(T )−n0 can be explicitely calculated by solving the heat transport equation.

Assuming a sufficiently low absorption, so that the heat flow along the laser beam

propagation direction z is negligible with respect to the heat propagation in the

transverse plane - ∇z(∆T )� ∇⊥(∆T ) - the heat transport equation can be written

as

(ρ0C)
∂∆T (r⊥)

∂t
− κ∇⊥2(∆T (r⊥)) = αI(r⊥), (2.18)

where r⊥ is the radial coordinate on the (x, y) plane, centered on the laser beam.

ρ0C is the heat capacity per unit volume, I is the local intensity of the laser

beam in the transverse plane, and the rest of the parametres are the same present

in Eq. 2.13-2.14. Given the low absorption assumption above, the (x, y) laser

intensity profile can be considered constant along z, hence the term αI is assumed

as a constant along the propagation. At steady state (when the heating from the

absorbed laser power and the heat dissipation are equal), i.e. ∂∆T/∂t = 0, Eq. 2.18

reduces to

∇⊥2(∆T (r⊥)) = −α
κ
I(r⊥), (2.19)

and since ∆n = β∆T there is

∇⊥2(∆n(r⊥)) = −αβ
κ
I(r⊥), (2.20)

with solution ∆n(r⊥) of the form

∆n(r⊥) = −αβ
κ

∫
d2r′⊥G(r⊥, r

′
⊥)I(r′⊥) (2.21)

where G is the Green’s function for Eq. 2.20 with

∇2
⊥G(r⊥, r

′
⊥) = δ(r⊥ − r′⊥) (2.22)
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Let us introduce the nonlocal response function R(r⊥, r
′
⊥) = −αβ

κγ
G(r⊥, r

′
⊥) and

insert it in Eq. 2.21, obtaining the following integral expression for the nonlocal

change in refractive index [47] [48],

∆n(r⊥) = γ

∫
d2r′⊥R(r⊥, r

′
⊥)I(r′⊥) (2.23)

where γ is the nonlinear coefficient given by [40] [16]

γ =
αβσ2

κ
(2.24)

where σ is the nonlocal length of the system, set by thermal diffusion [47].

R(r⊥, r
′
⊥) describes the spatial spreading of the nonlinear change in refractive index

due to heat diffusion [49] [50] and satisfies the conditions

∇2
⊥R(r⊥, r

′
⊥) = −αβ

κγ
δ(r⊥ − r′⊥) (2.25)∫ +∞

−∞
d2r⊥R(r⊥, r

′
⊥) = 1 (2.26)

The shape of R is only dependant on the shape of the medium, and it is necessary

to give specific boundary conditions in order to solve these equations and find an

expression for R. For boundary at infinity in the transverse plane (the so-called

infinite space model [14] [16]), the Fourier Transform of Eq. 2.25 gives

R̂(K⊥) =
αβ

κγ

1

K2
⊥

(2.27)

where K⊥ =
√
K2
x +K2

y . The resulting response function in direct space is given by

R(r⊥ − r′⊥) = −αβ
κγ

1

2π
ln (|r⊥ − r′⊥|) (2.28)

which is different from the Coulomb-like (decaying) response function expected

for heat diffusion. This means that in two dimensions the boundaries have to be

included in order to obtain a decaying response function.

This means that the thermal losses due to the presence of the boundaries have to
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be included. Let us consider that the boundaries are located at a finite transverse

distance D/2 from the (x, y) position at which the beam is centred. For a cylindrical

medium, D is the medium diameter, whereas for a medium with a rectangular (x, y)

cross-section (as the nonlinear medium described in Sections 2.3 - 2.4) D is chosen

as the smaller dimension of the cross-section. Under the assumption that the width

w of the beam is much smaller than the distance D/2, the system is shift-invariant

for displacements in the vicinity of the original beam centre in the transverse plane.

In this regime, the effect of the boundaries can be included by introducing a loss

term into the heat transport equation: this additional term accounts for heat loss

over an area proportional to the nonlocal length σ. In this so-called distributed loss

model (DLM) [16] [47] [51] the steady-state heat transport equation 2.19 extends to

∇2
⊥ (∆T (r⊥)) = −α

κ
I(r⊥)− 1

σ2
∆T (2.29)

From this, Eq. 2.25 for the direct-space evolution of the Response Function becomes

(
∇2
⊥ −

1

σ2

)
R(r⊥, r

′
⊥) = −αβ

κγ
δ(r⊥ − r′⊥) (2.30)

which, when brought into Fourier space, becomes

R̂(K⊥) =

(
αβσ2

κγ

)
1

1 + σ2K2
⊥

(2.31)

From Eq. 2.31, the response function in direct space can be written as

R(r⊥ − r′⊥) =
1

2πσ2
K0

(
|r⊥ − r′⊥|

σ

)
(2.32)

where K0 is the zeroth-order modified Bessel function of the second kind. The

nonlinear length σ, according to a method given by Minovich et al [47], is with

good approximation given by σ = D/2. Eq. 2.32 is the Lorentzian response found

for diffusion-like transport mechanism. The DLM provides an analytical solution

for the nonlocal response function in systems governed by a self-focusing thermal

nonlinearity [14] [16], and will therefore be implemented in the theoretical and

numerical investigations of the NSE in the following Sections.

In the present Chapter, two distinct initial conditions for the NSE are experimentally

and numerically investigated, and the main difference resides in the form of the
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initial optical field: in the first case (illustrated in the present Section2.3), two

co-propagating optical beams, and in the second case (presented in Section 2.4) a

single beam. The different spatial initial conditions for these two investigations are

important to distinguish various phenomena emerging along the propagation.

2.3 Analogue gravitational interaction of two

beams

When the wavefunction in Eq. 2.15 is given by a single wavepacket, the gravitational

potential self-generated by the mass-density distribution of the system gives rise

to self-gravitating interaction, whereas when the system is composed of two

co-propagating wavepackets centered at two different positions the gravitational

potential can lead - together with the self-gravitational interaction of the single

wavepacket - to an attraction between the two packets [24].This means that in

principle it is possible to explore an analogue of the gravitational interaction

between two mass distributions described in Eqs. 2.15 - 2.16 via an optical analogue

in a nonlinear medium, where two optical beams co-propagate and the nonlinear

change in refractive index ∆n, generated by the diffusion of heat from the two

beams, mediates the interaction.

Sections from 2.3.1 to 2.3.4 present the setups and results of the experimental and

numerical investigations of how a system of two Gaussian beams (labelled A and B),

with electric field envelopes of amplitudes (in SI units) EA(r, z), EB(r, z) and total

electric field envelope of amplitude E(r, z) = 1√
2

(
EA(r, z) + EB(r, z)

)
propagates in

a self-focusing thermal nonlinear medium, i.e. an optical analogue of the NSE. The

mathematical analogy for this study is the same as described in Section 2.2.

2.3.1 Nonlinear propagation of two optical beams:

experimental setup

The aim of the experiment described in this Section is to explore the evolution of two

monochromatic optical beam (with transverse Gaussian profiles as initial condition)

co-propagating in a thermal medium with a self-focusing nonlinearity. Fig. 2.1
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shows the experimental setup used for this investigation. A Nd:YAG CW laser

beam (Coherent® Verdi G10) centered at λ = 532 nm is sent through a focusing

lens with f = 750 mm focal length. Along the focusing path of the lens, a 50:50

non-polarizing beam splitter (BS) divides the beam into two separate beams (let us

call them A and B). The prepared field has a slowly-varying electric field envelope

of amplitude E(x, y, z) = 1√
2

(
EA(x, y, z) + EB(x, y, z)

)
, where z is the propagation

axis. The initial condition is given by an electric field envelope (in SI units) with

amplitude of Gaussian profile for each of the single beams,

E(x, y, 0) =
1√
2

(
E0A e

− (x−x0A)2+y2

w2
0A + E0B e

− (x−x0B)2+y2

w2
0B

)
, (2.33)

where xOA, xOB are the centres of beams A and B on the x-axis, and

E0A,OB =
√
PA,B/(πw2

OA,OB), where PA,B is the power of beam A,B, and

wOA,OB is the initial waist of beam A,B. The power of each of these beams is

finely tuned by means of an attenuator consisting of a half-waveplate (HWP) and

a polarizing beam splitter (PBS). The beams are then re-aligned and placed at a

mutual initial distance r0 = |xOB − xOA| = 1.4mm on the x-axis, and the input

facet of the sample is placed on the focal plane of the initial lens, so that the beams

have the highest local intensity achievable with this configuration when entering

the nonlinear medium. On the input plane of the sample, the initial waist radius

of each beam is experimentally measured: w0A = w0B = w0 = 65µm. In order to

exit the same face of the PBS before entering the nonlinear sample, the two beams

have to be orthogonally polarised: this is controlled independently for each beam

by means of the two HWPs before the PBS.
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Figure 2.1: (Not to scale) The experimental setup for the nonlinear propagation of
two optical beams inside a nonlocal, nonlinear self-focusing medium. Each beam if
independently tuned in power and polarisation, and it enters the medium at the focal
plane of the initial lens in order to have the maximum achievable intensity with low input
powers, as to avoid any optical damage to the glass slab. The output plane of the medium
is then imaged onto a CMOS camera by means of a 4f-imaging system.

The thermal self-focusing nonlinear medium is a slab of Schott ® SF6 lead-doped

glass (height D=5mm, length L = 400mm, and width W= 40 mm) [52]. The

parameters that characterise this material are [16]:

κ = 0.7Wm−1K−1, n0 = 1.8, β = 14 · 10−6K−1,

α = 0.01cm−1, σ = 2.5mm, γ = 1.25 · 10−6cm2W−1
(2.34)

This nonlinear optical material has been used in other experiments for the

investigation of the optical analogue of the NSE [15] [16]. Even though we decided to

use this specific material, other suitable media (which are not researched in details

in this work) can be used in this type of investigation [53].

After the nonlinear evolution, the output plane of the glass is imaged by means

of a telescope with a magnification factor of 4 (in order to enhance the details of

the (x, y) intensity profile) onto the plane of a CMOS camera (model: Thorlabs ®

DCC3240N - High-Sensitivity USB 3.0 CMOS Camera, with a resolution of 1280

pixels x 1024 pixels, with pixel size lpixel = 5.3µm). Let us consider the input powers

PA and PB of the two beams A and B, respectively: the collection of the intensity
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images is performed for a specific range of input powers Pin for the two beams,

PA = PB = Pin= (0.2 - 0.5) W: this choice of power range is justified by the fact that

at lower powers no significant nonlinear effects emerge, whereas at higher powers the

Gaussian profile of each beam is replaced by a more complex ring structure, which

is described in details in the investigation reported in Section 2.4. For the present

case, we are only interested in the propagation of the Gaussian profiles. Moreover,

optical damage on the camera is prevented by the use of multiple absorptive filters

after the imaging system. Each intensity image is taken after a laboratory time teq

= 20s after the laser beam is sent onto the sample, in order to allow the system

to reach thermal equilibrium - the signal is collected once the beams have stopped

coming closer along the x direction and have reached the equilibrium distance req,

which is measured as the distance on the x axis between the intensity peaks of the

two beams once they stop moving along the x axis.

2.3.2 Self-focusing and mutual attraction of the beams:

experimental results

During the nonlinear propagation, a self-focusing process (caused by the diffusion of

heat via the nonlinear change in refractive index profile ∆n) emerges for each beam

separately and, at the same time, an attraction (still caused by the diffusion of heat

in the space between the beams) along the x axis. As this was a first experimental

attempt to look at the nonlinear propagation of the two beams and have an initial

understanding of the emergence of self-focusing of the single beams and heat-driven

attraction between the two beams, only four different input powers of the single

beam were investigated, and the data obtained are not compared with numerical

simulations in this case. For the same reason, only an initial Gaussian condition

for each of the two beams is used, and no other forms of the initial beams are

investigated. Results are depicted in Fig. 2.2 and Fig. 2.3. Fig. 2.2 shows as

an example the (x, y) intensity of the two beams at the output plane of the sample,

at input power P=400mW for each of the two beams, in the case of (1) only one

beam propagating, and (2) two beams co-propagating. In (2), the two beams enter

the nonlinear sample at a mutual initial distance r0 = 1.4mm on the x-axis, but due

to the nonlinear interaction inside the medium (mediated by the diffusion of heat)
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the two beams come closer in a finite laboratory time (this movement of the beams

on the x-axis was observed in the experiment but not recorded) until they reach an

equilibrium distance req which is then measured. The run of the two beams along

the x-axis can be observed also by sending a single beam inside the medium, and

then sending the second beam and looking they start the mutual attraction along

the x-axis via diffusion of heat.

Figure 2.2: Intensity images, after the nonlinear propagation, of the single beam (1) and
the two beams (2) after they reach the equilibrium distance req. Wavepacket A (B) is
attracted by the presence of wavepacket B (A) and moves towards it along direction x̂ up
to the equilibrium distance. The solid red line shows that the single beam B has changed
its equilibrium position on the x-axis because of the presence of beam A.

Fig. 2.3 shows the attraction between the two beams and the self-focusing

in terms of the decreasing values of the equilibrium distance and the waist of the

single beam, plotted against input powers. In (a) we observe that for increasing

input power each beam has a waist at the end of the nonlinear propagation that

decreases more significantly because of a stronger self-focusing, which is indicated

by the narrowing along x of the spatial intensity profile. We also observe that the

equilibrium distance along x at the end of the propagation decreases (indicated by

the smaller distance between the two peaks for increasing input power). (b) shows
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the equilibrium distance req (scaled by the initial distance r0), measured as the

distance on the x axis between the intensity peaks of the two beams, and plotted

against the input power. (c) shows the waist w of the single beam (scaled by the

initial waist w0 and plotted against the input power) measured from the fitting

of the x, y = 0 experimental intensity of the single beam with a Gaussian profile

Ifit(x, y = 0) = Ix exp(−2(x − x0)2/w2), where Ix is the experimental maximum

value of the intensity of the single beam along x, and x0 is the x-centre of the beam)

of each intensity profile. Both req and w are scaled by the magnification factor 4

from the imaging of the output plane of the medium, and they are plotted against

the input power of the single beam. As the data shown are points from single

measurements, the error bars are calculated as uncertainties in the measurements

of req and waist w. The uncertainty in the measurement of the distance in the

intensity images, σx = lpixel/2, where lpixel = 5.3 · 10−3mm is the size of the pixel

of the camera, must be scaled by the magnification factor 4 of the imaging system

for the output plane of the medium, giving the uncertainty for the measurement of

req and w as σreq = σw = σx/4 = 6.6 · 10−4 mm. The boundaries are located at a

finite transverse distance Ddistance from the (x, y) position of one beam: under the

assumption that the width w of the beam is much smaller than the distance Ddistance,

the system is shift-invariant for displacements in the vicinity of the original position

in the transverse plane. Hence, a small change in the initial (x, y) position of the

beams does not undermine the nonlinear propagation, and both the self-focusing of

the single beam and the mutual attraction of the two beams can still be observed.

This is formalised in the effect of the boundaries in the Distributed Loss Model, as

described in Section 2.2.1.
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(a)

(b) (c)

Figure 2.3: (a) The normalized intensity profiles (at y = 0) of the two optical beams with
input Gaussian profile, measured at the output plane of the medium, for different input
powers of the single beam. (b) The attraction between the two beams, visualized in terms
of the equilibrium distance req decreasing with input power. (c) The waist w of the single
beam decreasing with input power, giving insight on the emergence of a self-focusing effect
for increasing powers of the single beam.

Even These experimental results are a promising starting point for further

investigations of this analogue Newtonian gravitational interaction of two beams

propagating in a self-focusing nonlocal nonlinear medium. For instance:

(a) their nonlinear evolution can be probed along the sample by varying the initial

distance of the Gaussian beams, in order to investigate how much the presence

of one beam modifies the self-focusing and the attraction of the other beam

along the propagation;

(b) both the self-focusing effect and the attraction of the beams can be explored

for increasing input powers, in order to see how the shape of the (x, y) intensity

of the two interacting beams evolves;

(c) as in this experiment we worked with two beams with the same power, in

a future work the intensity of one beam with respect to the other can be
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tuned and reduced drastically, in order to study how this analogue Newtonian

interaction in a nonlocal nonlinear medium works for a different configuration.

The tests proposed above might be subject to several experimental constraints: for

instance, since the Gaussian profiles enter the glass on the focal plane of the lens

with f=750 mm focal length (hence resulting in an initial waist w0 = 65µ m),

the input power of the single beam has be carefully chosen, otherwise the glass

will start melting with a consequent irreversible damage and a large instability in

the evolution of the intensity along the sample. The power range chosen for this

experiment (reported in the previous Section) proved to be suitable for the scope of

the investigation, and did not cause any damage on the glass. Nonetheless, the three

further proposals of investigation for the propagation of the beams - presented above

- can be explored by means of numerical simulations in order to 1) study regimes

with extreme conditions and, in case the features allow a test in the laboratory, 2)

calculate the various details of a possible experimental proposal.

2.3.3 Nonlinear propagation at higher powers: numerical

simulations

In this Section we report the results of numerical simulations (run by means of a

split-step method [54] with a Matlab script realized by the author) of the nonlinear

propagation of two optical beams in the same medium reported in Section 2.3.1. We

will investigate cases of different initial distance on the x axis between the two beams,

and cases of higher input power regimes. Fig. 2.4 reports an example of situation (a)

as described at the end of the previous Section; it shows the application a split-step

algorithm in Matlab to solve the NLS equation for the two-beam system. Apart

from the value of length Lx of the sample along x - which is put equal to the length

Ly of the sample along y for simplicity in this first approach, the experimental-like

parameters used for the nonlinear propagation are those reported in Section 2.3.1.
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(a) (b)

(c) (d)

Figure 2.4: Near-field nonlinear evolution of the two Gaussian wavefunctions for a fixed
input power P = 1W of the single beam and decreasing initial distances along x.

The increasing interaction results in a decreasing equilibrium distance at the output

facet of the sample (a)-(c) until the system reaches a situation where the beams

cross (d). Although this might be hard to set up and detect with an experiment,

it is an intriguing starting point for further investigation on the nature of this

Newtonian-like interaction in the focusing nonlinear medium. Furthermore, the

self-focusing of each beam is of course still present, as it is shown in the slight

oscillations of the transverse size of each Gaussian beam (the light blue halo around

each beam).

Fig. 2.5 shows a configuration with an input power for the single beam far

beyond the values used in the experiment, but which shows a peculiar feature of

this interaction inside the medium: instead of simply crossing and then separating

(as shown in Fig. 2.4 (d) ), here the two wavepackets (each with a input power P =

11W and with an initial distance r0 = 0.6 mm ) collide and cross several times along

the propagation in z, resulting in several crossings, separations and re-attractions.

This is a very difficult regime to achieve in the laboratory due to the high powers
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required, however it allows further investigations on the properties of this nonlinear

system because it shows a behaviour that goes beyond the simple self-focusing of

each beam and the mutual attraction during propagation.

Figure 2.5: The high power of the Gaussian beams in the self-focusing medium leads to
oscillations in the analogue Newtonian interaction along the propagation.

2.3.4 Conclusions and outlook

Section 2.3 reports the results obtained from the experimental and numerical

investigation of a nonlinear optical analogue of the gravitational interaction

described by the NSE, in terms of the propagation of two Gaussian beams in a

self-focusing nonlinear medium. The paraxial equation describing the z evolution,

paired with a Poisson-like equation for the nonlinear change in refractive index

generated by heat diffusion in the medium, mimics the NSE describing the

time evolution of a two spatially-separated Gaussian wavepackets in a Newtonian

gravitational potential provided by the mass-density distributions of the two

wavepackets, which causes self-gravitating evolution of the single wavepacket and

an attraction between the two wavepackets. The numerical simulations show that

a regime beyond (in terms of the input powers involved, hence the strength of the

nonlinearity in the system) the self-focusing of the single beam and the attraction

between the two beams might be investigated in terms of evolution and instability of

the self and mutual interaction of two optical beams co-propagating in a self-focusing

nonlinear environment.
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2.4 Formation of an analogue galaxy

2.4.1 Introduction

For many years it was considered that galaxies and globular clusters were

macroscopically stationary (i.e. the thermodynamic parameters describing the

system do not change in time) objects at thermodynamic equilibrium [55]. However,

it has been demonstrated theoretically that the time necessary to reach thermal

equilibrium is much larger than the age of these objects [56]. This has been

confirmed by observations, determining that these astrophysical structures are far

from thermal equilibrium [57]. In 1967, Lyndell-Bell proposed a mechanism, called

violent relaxation or collision-less relaxation, that could give a contribution to the

formation of these out-of-equilibrium structures, which are called quasi-stationary

states because they evolve towards thermodynamic equilibrium over a timescale

much longer than the timescale of the violent relaxation mechanism [55]. During

violent relaxation, the shape of the gravitational field of a newly formed galaxy

changes violently in time, causing the orbits of individual stars to change

dramatically and therefore modifying the statistics of the system [58]. It has been

understood that this phenomenon is generic in Hamiltonian systems with a long

range interacting potential, i.e. a potential that is not integrable as a result of

its extension over large scales [59]. This phenomenon is similar to what happens

in plasmas subject to Landau damping, in which there is an exchange of energy

between the electromagnetic wave generated by the particles of the plasma and the

particles themselves [60]. Landau damping has been observed in trapped electron

plasma experiments [61–64,64,65,65,66,66–71] and in space plasma turbulence [70].

Further possible physical environments for the observation of phenomena similar

to violent relaxation are colloids at fluid interfaces [72], quasi-two-dimensional

superfluids [73, 74], and atomic gases [75].

Contrary to Landau damping, violent relaxation has not been observed to date.

In fact, it is difficult to make an experimental observation of the dynamics of

the formation of quasi-stationary states via violent relaxation, essentially for two

reasons:

• firstly, there are systems in which this phenomenon is potentially present, but
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it is overwhelmed by dissipation and noise; it is then only possible to observe

the thermodynamic equilibrium. For instance, this is the case in cold atom

systems, such as in [76];

• secondly, there are systems in which violent relaxation is present, but its

associated timescales are too large to be observed. For instance, this is the

case of astrophysical systems such as galaxies, in which such timescales are of

the order of 106 years [55].

In this Chapter we present the results of the investigation of an optical analogue

of the evolution of a self-gravitating system which undergoes violent relaxation,

such as a galaxy. In Section 2.4.2, the theoretical basis for the optical analogue

is presented, and details on the numerical simulations are reported in Section

2.4.4. This is necessary to understand how this model can be used to mimic the

physics of the formation of a quasi-stationary object via violent relaxation. Section

2.4.3 presents the table-top experimental setup, based on the propagation of a

monochromatic laser beam in a thermal self-defocusing nonlinear medium, with

details on the holography tecnique used to access the spatial distribution of the

intensity and phase of the beam, and the results are then compared with numerical

simulations in Section 2.4.8.

2.4.2 Nonlinear optical analogue

The hypothesis that dark matter is a constituent of the halos of galaxies and

described by an ultralight bosonic field - the QCD axion field - is one of the

main candidates [77] to solve several problems in the field of galactic structure

formation, such as the non-observation of “cuspy” haloes which appear in numerical

simulations as presented in [78–81]. In this model, this so-called “fuzzy dark

matter” [82] is described as a self-gravitating system where quantum effects rise up

to macroscopic galactic scales.

The temporal evolution of a system of fuzzy dark matter self-gravitating particles

of mass m, defined by a wavefunction ψ, is described in 3D by the NSE 2.15,

and the gravitational potential generated by the mass distribution itself obeys the
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Poisson Equation 2.16. When the system is in the semi-classical regime, which

corresponds to ~/m → 0, the process leading to the formation a quasi-stationary

state is not governed solely by violent relaxation. In fact, it is characterized by

two distinct phenomena [55]: (i) phase mixing, which is caused by the evolution of

the density distribution in the gravitational potential and mixes the phase space

while conserving the energy distribution; and (ii) violent relaxation itself, which

consists in the evolution of the distribution of energy as a result of oscillations of

the self-generated gravitational potential.

Phase mixing alone can give rise to a quasi-stationary state, however violent

relaxation makes the process much more efficient. In this latter case, the

quasi-stationary solution corresponds to the formation of a narrow oscillating soliton

in the spatial centre of the system (defined as the ground state of Eq. 2.15 [83]),

surrounded by the solution of the semi-classical limit of the NSE 2.15 usually

described by the Vlasov-Poisson Equation [84]. In the optical picture, the broad

semi-classical background solution corresponds to the analogue galaxy. In the NSE

picture, the characteristic size ξs of the soliton can be estimated by calculating the

scale at which kinetic energy and the potential energy are of the same order of

magnitude,

ξ =
~
m

√
s

(8πGM)
, (2.35)

where M is the total mass of the system, and s is the characteristic size of the

system (in the optical picture, s corresponds to the initial waist of the beam). To

monitor the degree of ”classicality”, we define the parametre χ = ξ/s, and the

semi-classical limit corresponds to χ→ 0.

Optical systems where a beam undergoes a nonlinear evolution described by Eq.

2.13 are, under appropriate conditions, useful platforms to investigate the analogue

of self-gravitating systems as described by the NSE [15, 16, 38]. In these optical

environments, the propagation axis z plays the role of time t in Eq. 2.15, and the

nonlinear change in refractive index ∆n with nonlinear coefficient n2 > 0 (generated

by the diffusion of heat in the medium due to the propagation of the beam
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itself) obeys the Poisson-like equation 2.14 and corresponds to the gravitational

potential self-generated by the mass distribution in the gravitational system, as

in Eq. 2.16.Moreover, the system described in Eq.2.13-2.14 is Hamiltonian, i.e.

its energy is conserved over time; this is a key requirement for the formation of

out-of-equilibrium quasi-stationary states, which are fragile objects when subject

to external noise and friction [85].

Let us consider a system whose propagation along an axis z in a nonlinear medium

is described by Eqs. 2.13-2.14, with a monochromatic beam whose slowly-varying

electric field envelope has an input amplitude of Gaussian form,

E0 = E(r, z = 0) ∝ e−
r2

2s2 , (2.36)

where r = (x, y) is the radial coordinate in the transverse profile, and s is the

transverse initial width (waist) of the beam, i.e. the characteristic transverse size

of the beam. We define a transverse length scale at which the linear and nonlinear

effects are of the same order of magnitude:

ξ =

√
zNL

(2k0n0)
, zNL =

√
κ

(αβk0P )
, (2.37)

where α is the absorption coefficient of the nonlinear medium, β is its thermo-optic

coefficient, κ is its thermal conductivity, k0 = 2π
λ

= k0 is the free-space wavenumber

of the incident beam with wavelength λ, n0 is the linear refractive index of the

medium, and P is the input power of the beam. The quantity zNL is the longitudinal

length over which the effect of the nonlinear term in the propagation equation

becomes more important than the linear term. The scale ξ, given its definition,

corresponds to the characteristic size of the soliton ξs in the NSE picture.

It is then possible to determine the propagation regime for the system by preparing

the input optical beam with a characteristic transverse size s. For χ = ξ/s = 1, a

soliton of characteristic size ξ is expected to form. Moreover, the semi-classic limit

corresponds to χ→ 0 in the optical picture as well.

In order to characterise the emergence of phase mixing and violent relaxation in an
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analogue optical system, we must retrieve information on:

1. real space - by means of the intensity I(r, z) of the optical beam;

2. phase-space - by means of the quasi-probability distribution given by the

Wigner distribution [86] of the optical field E ,

F (r, k, z) =

∫
dnr′ E

(
r +

r′

2
, z

)
E∗
(
r − r′

2
, z

)
eik·r

′
, (2.38)

where n is the number of spatial dimensions (as we use the transverse profile of

the beam, n = 2), and the mapping ψ → E , t→ z and p
~ → k must be applied

to order to simulate the NSE in nonlinear optics. The Wigner distribution is

the density of probability to find a portion of the optical beam at the position r

with wavevector k, and we decide to use this mathematical tool to investigate

the phase-space evolution in the system because - as detailed in Section 2.4.3

- the experimental setup based on an interferometry technique will allow to

have an easy access to phase information of the optical beam. We use the

z-evolution of the Wigner distribution to study the mixing of phase space;

3. energy space, by means of a local energy density of the optical system defined

as

U(r, z) =
|∇⊥E(r, z)|2

2k|E(r, z)|2
− k0∆n(r, z). (2.39)

In this definition, the energy density has the dimension of the inverse of a

length. The first term on the right-hand side of Eq. 2.39 corresponds to the

kinetic (linear) energy, whereas the second term corresponds to the potential

(nonlinear) energy. Here, the total energy is a conserved quantity, as the

system is Hamiltonian. Moreover, we define the energy density distribution as

ν(U , z) =
1

P

∫
d2r δ [U − U(r, z)] I(r, z), (2.40)

where δ is the Dirac delta function. We use the z-evolution of the distribution

ν(U , z) to study the contribution of violent relaxation to the formation of the

quasi-stationary state.
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If the quasi-stationary state forms, we expect to observe a central soliton with

smaller oscillations in the peripheral regions, in both real and phase spaces.

2.4.3 Off-Axis Digital Holography: experimental setup

It is possible to measure the intensity I = |E|2 of the beam only at the end of

the nonlinear medium of length L, and the evolution inside the medium is not

directly accessible. To overcome this obstacle, we consider a natural dynamical

characteristic length scale that appears in the regime ξ � 1, called zdyn. This

can be found by writing the Newton’s Second Law of motion ∂r/∂t2 = F/m for a

system governed by Eq. 2.13. As the system is Hamiltonian, this equation becomes

∂r/∂t2 = −(1/m)∇V . By using the mapping to the nonlinear optical system 2.13

t → z, r → r⊥, ∇ → ∇⊥, V → k0∆n, m → k, Newton’s Second Law of motion

becomes
∂r⊥
∂z2

=
k0∆n

k
=

∆n

n0

(2.41)

Using the typical size s of the system to evaluate the transverse radial position,

r⊥ ∝ s, yielding ∇⊥∆n ∝ ∆n/s and the initial speed ∂r⊥/∂z ' 0, we obtain

zdyn = s

√
n0κ

(αβP )
(2.42)

As zdyn depends on the input power P of the beam, it is possible to show that

measuring the intensity of the beam at a fixed propagation point z = L as a

function of L/zdyn and by varying P is equivalent to measuring the intensity at

different propagation steps z inside the material as a function of zzdyn with fixed P

(i.e. zdyn is now fixed). Therefore, there is a direct mapping between beam input

power P and propagation z when ξ � 1. By tuning the input power P and looking

at the field at the end of the nonlinear medium, we can follow the z-evolution of the

beam amplitude E in the whole medium, corresponding to the time evolution of the

mass distribution in the NSE. We hereater use P to parametrize the z-evolution of

the optical system.

The experimental setup is illustrated in Fig. 2.6: the input beam - a Nd:YAG CW

laser beam (Coherent® Verdi G10) with a Gaussian profile centered at λ = 532nm
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- passes through a non-polarizing beam splitter (with 90% power transmittance

and 10% power reflectance), where the reflected part becomes the reference beam,

and the transmitted part becomes the target beam. Whereas the reference beam

goes through a telescope with a magnification factor of 4 - so that a significantly

large profile in the (x, y) plane is obtained (in order to have a good approximation

of a reference plane wave), the target beam goes through a telescope with a

magnification factor of 0.5 and then propagates through the nonlinear medium,

which is composed of three separated sections (also called ”slabs”) of lead-doped

glass (height D = 5mm, individual length of the slab l0 = 100mm, total length

l=300mm and width W = 40mm). This glass is a self-focusing nonlinear optical

medium with the same parameters reported in Eq. 2.34.

Figure 2.6: (Not to scale) Illustration of the experimental setup for obtaining the intensity
and phase profiles of a beam undergoing an optical analogue evolution of the NSE. Each
beam (target and reference) is shaped independently by means of a 4f-imaging system. The
output plane of the sample, at the end of the nonlinear evolution, is brought onto the plane
of a CMOS camera by means of a 4f-imaging system, where it interferes with the reference
beam. Optical damage on the camera is prevented by the use of an attenuator composed of
an half-wave plate (HWP) and a polarizing beam splitter (PBS) after the imaging system
on the target beam. As a consequence of the use of this attenuator on the target beam, the
polarization of the reference beam has to be finely tuned with an half-wave plate in order
to match the polarization of the target beam before it is imaged onto the camera, so that
the fringes of the interferogram have the maximum visibility achievable. The visibility for
each interferogram is calculated by using [87] V = (Imax−Imin)/(Imax+Imin), where Imax
is the maximum intensity of the interference pattern, and Imin is its minimum. Insets A,
B, and C show the target beam intensities for an input power P = 4W at the beginning
of the nonlinear propagation, at the end, and when it interferes with the reference beam,
respectively.
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After the l = 300 mm nonlinear propagation, the output facet of the medium is

imaged onto a CMOS camera (model: Thorlabs ® DCC3240N - High-Sensitivity

USB 3.0 CMOS Camera, with a resolution of 1280 pixels x 1024 pixels, with pixel

size lpixel = 5.3µ m) and the sets of beam intensity profiles and interferograms

are collected for input powers ranging from 0.2W to 5.5W; it is possible to switch

from collecting the interferograms to collecting the intensities simply by stopping

the reference beam. The experimental values of the beam intensity at the output

facet of the medium are obtained by means of an imaging technique, whereas the

collection of information on the phase of the same beam requires an interferometry

technique called Off-Axis Digital Holography (OADH) [88] [89]. In OADH, a target

beam (with intensity I(x, y) = |E(x,y)|2, where E(x, y) is the electric field amplitude)

and a reference beam are imaged together onto a detector, creating an interference

pattern in direct space (x, y): this interferogram has intensity fringes whose number

and tilt depend on the relative angle between the directions of propagation and of the

target beam and the reference wave, and the relative polarization of the two beams

is tuned by using one λ/2 waveplate on the reference beam path in order to have

the highest visibility of the fringes. When a Fourier Transform (FT) is operated on

this interferogram, two identical copies of the FT of the target beam are observed

in the (kx, ky) plane at a distance from the (kx = 0, ky = 0) point that depends

on the relative angle between target beam and reference beam; one of these FT

copies is then inversely transformed to direct space, resulting in a complex matrix

Ē(x, y) = Ē0(x, y)eiθ(x,y), where Ē0(x, y) and θ(x, y) are the retrieved amplitude and

phase profiles of the target beam, respectively. The retrieval is performed by means

of a Matlab script realised by the author. An example of the application of this

technique is illustrated in Fig. 2.7 for the beam at the input plane of the sample: in

order to measure the interference of the beam at the input plane of the medium with

the reference beam, the sample is removed from the optical path and the input plane

of the sample is imaged onto the camera by means of the same type of telescope.

We notice that, since there is a non-zero phase on the retrieved input profile of the

beam (because there are always small imperfections in the experimental preparation

that give a non-zero lens phase to the presumably collimated input beam), the phase

profile obtained for each is a relative phase (which is not measured). However, as

we keep the same setup configuration for a single experimental run, we assume that
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this relative phase is the same for all retrieved phase profiles, and we experimentally

verify that the physics is persistent.

Figure 2.7: Off-Axis Digital Holography applied on the input beam of power P = 0.2W
at the input plane of the medium. The intensity profile of the interference pattern (with
measured visibility V=0.95) between the target beam and the reference beam (top-left) is
brought into Fourier space, where two identical images of the FT of the target beam are
generated (top-right; the negligible (kx, ky) = 0 contribution is covered by a mask, in order
to highlight the two lobes). One of the lobes (they only differ by a factor eiπ, hence a minus
sign on the phase gradient) is treated with a noise mask - in order to remove higher-order
contributions - and then brought back to direct space through an Inverse Fourier Transform,
which gives a complex matrix whose amplitude and phase are the retrieved amplitude and
phase of the target beam (bottom-left shows the intensity, | · |2, while bottom-right shows
the phase). The non-zero phase indicates that the input beam enters the medium with a
slightly defocusing lens phase due an imperfect collimation of the beam before the nonlinear
medium. However, we verify that this additional lens phase only adds a z delay in the
propagation which does not undermine the physics of the process.

The experimental intensity profiles are characterized by a background noise - i.e. a
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small non-zero offset at large distances from the main body of the beam - which

must be treated carefully in order to avoid cutting the weak intensity contributions

to the signal. These weak contributions are mainly located away in the space

between the rings formed at high input powers. Their intensity is much lower than

the highest intensities or the beam, yet they are higher than the background noise,

hence we can retrieve phase information also from these points.

We perform the noise characterization by averaging out the intensity coming from

some pixels that are at the edge of the (x, y) beam profiles; this average is used as an

estimate for the background noise and then subtracted from the whole experimental

data. We then apply a noise mask, i.e. the intensity points far from the main

body of the beam profile are put to zero. On the other hand, the interferograms

don’t need the noise removal, since selecting a small window around the FT of the

beam automatically filters all high-frequency contributions to the signal. The noise

characterization is performed by means of a Matlab script realised by the author.

2.4.4 Optical beam profile evolution: numerical simulations

The propagation along z of the optical beam inside a nonlinear nonlocal medium

is numerically simulated by means of a split-step method [54] in a Matlab script

realized by the author, members of Prof. Daniele Faccio’s Extreme Light Group at

the University of Glasgow, members of Prof. Bruno Marcos’ Group at Université

Cote D’Azur, and Prof. E.M. Wright at the University of Arizona. This numerical

tool was combined with a pseudo-spectral method for the integration over the

transverse plane (x, y).

Initial condition

As initial condition for the numerical simulation of Eq. 2.13 for the electric field

amplitude E of the monochromatic laser beam, we use a Gaussian profile with an

initial lens phase,

E0 = E(x, y, z = 0) = Ae−
(x−x0)

2+(y−y0)
2

2s2 e−ik
(x−x0)

2+(y−y0)
2

2f (2.43)
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where (in SI units) A =
√
P/s2 is the input amplitude of the beam depending on

its input power P (in W) and its initial waist s (in m), the origin points of the

beam in transverse plane are x0 = 0m, y0 = 0m. The parameter f is the focal

length of the initial lens phase profile: as in the experiment the beam is collimated

through a 4f-imaging system before the nonlinear sample, f is determined a

posteriori, i.e. when experimental intensity profiles along the propagation are

compared with numerical simulations, by taking into account the possible slight

focusing/defocusing lens phase profiles of the input beam due to imperfections in

the initial collimation imaging system. In the present case, it is found that f = -1

m, hence a slightly defocusing lens phase. Nonetheless, this lens phase does not

compromise the whole mechanism of self-focusing and oscillations in the transverse

plane, it only introduces a delay in z.

Given the initial condition in Eq. 2.43, the system is radially symmetric with respect

to the origin (x0, y0), therefore it is possible to study the z-evolution of the whole

size of system using the quantity R(z),

R(z) =
1

Py0

∫
I(x, y = 0, z)|x|dx,

Py0 =

∫
I(x, y = 0, z)dx.

(2.44)

When implementing the numerical simulations, the experimental contributions given

by the heat dissipation in the material must be considered: this is taken into account

by adding an extra term in the propagation equation Eq. 2.13,

i
∂E
∂z

+
1

2 k
∇2
⊥E + k0 ∆n E + i

α

2
E = 0, (2.45)

where α = 1 m−1. This new term introduces an exponential drop of the total power

P of the beam

∫∫
dr⊥ |E (r⊥, z)|2 = e−αzP. (2.46)

On the other hand, reflections arise at the interfaces of the three aligned glass

slabs of length l0 = 100mm each, whose resulting transmittance at the glass-to-air

or air-to-glass interface is T ≈0.92. Hence, at the air-to-glass interface the power
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drop is added to the propagation by multiplying the incoming intensity by a factor

T ≈0.92, whereas at each of the two glass-to-glass interfaces the propagating

intensity is multiplied by T 2 ≈0.85, as the beam travels from one slab to the next

by passing through a thin layer of air. We measured the value of the input power

Pin of the beam, then we measured the value of the power of the beam Pout at the

output plane of one slab: following the previous assumptions, as the beam goes for

air to glass then to air again, the output power should be equal to the input power

multiplied by T 2, hence the experimental value of the transmittance is calculated

as T =
√
Pout/Pin. We did not account for interferences of the Fabry-Perot type,

as the experimentally measured transmittance after the propagation along one

slab and after two slabs was fairly compatible with our assumptions above. The

reflection contribution by the output facet of the third glass slab can be neglected,

as at that point there is no more nonlinear propagation, and all the physical

quantities can be treated by renormalising to the beam power. It was not possible

to use any index-matching fluids between two successive slabs, as these were fixed

at a certain height from the optical table by means of optical holders, as for all

other optical equipment. Even though we introduce the heat dissipation and

reflection contributions into the numerical simulations to match the experimental

conditions, we show in Section 2.4.7 that despite the presence of losses in the beam

propagation the physics of violent relaxation is persistent in this optical system.

Boundary conditions

The Distributed Loss Model (fully described in Section 2.2.1), where a nonlocality

degree (also called nonlocal length) σ = D/2, where D is the smaller transverse size

of the medium, is introduced to describe the diffusion of heat in the system [47]

and to account for the boundary conditions for the variation of the refractive

index ∆n. In principle, the profile of ∆n at the boundaries of the medium

must be determined by measuring the temperature profile, which is in general a

function of x, y and z. However, since the experiment was performed at room

temperature, the temperature profile is expected to be approximately uniform

and z−independent. Fig. 2.8 shows the evolution of average size R 2.44 plotted

against the input power P (which, as we have seen, maps the evolution in z) in
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a numerical simulation with Dirichlet Boundary conditions, compared with the

evolution according to the Distribution Loss Model: we see that the difference

between the two boundary conditions is small and almost negligible. The weak

dependence of the simulation results with respect to the boundary conditions

is explained in the present configuration by the fact that the boundaries of the

medium are sufficiently far from the laser beam (which can be seen by comparing

the transverse size of the beam with the transverse size D of the glass), justifies the

sole use of the Distribution Loss Model.

0 2 4 6

100

200

300

Figure 2.8: Comparison between the outputs of the Newton–Schrödinger equation
simulation with the Distribution Loss Model (DLM) and Dirichlet boundary conditions
(DBC) for the average size of the beam profile as a function of power.

Evolution of the nonlinear change in refractive index

The emergence of the phase mixing process, as detailed in Section 2.4.2, is driven by

the existence of a static (i.e. non z-dependent) non-harmonic potential. Violent

relaxation, on the other hand, requires the presence of a z-dependence on the

potential. In the following, the evolution of the NSE by means of the nonlinear

optical analogue in Eqs. 2.45 and 2.14 (which feature both phase-space mixing and

violent relaxation by virtue of the z-dependence of ∆n through the beam intensity

|E(x, y, z)|2) is numerically compared with the propagation equation for an optical

beam in the Snyder-Mitchell (SM) model [90] (where only phase mixing can form),

resulting in a strong indication of the existence of violent relaxation in our system.

The SM model is composed of a Nonlinear Schrödinger equation 2.45 (as previously

introduce, we include a loss term to better match the experimental conditions)

coupled with a nonlinear refractive-index profile calculated using the input beam
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profile of amplitude E0 = E(r⊥, z = 0), namely:

∇2
⊥∆n = −αβ

κ
I0, I0 = |E0|2. (2.47)

Therefore, the main difference between the NSE model and the SM model is the

constant (in z) transverse profile of the nonlinear change in refractive index ∆n in

Eq. 2.47. Fig. 2.9 shows a comparison between the optical analogue of the NSE

with z-dependent nonlinear change in refractive index and the propagation equation

in the SM model: in both cases, the propagation of the beam features self-focusing

followed by oscillations in the transverse plane. At low input powers, the difference

between the structure of the output intensity profiles is fairly small, whereas at high

input powers (after the collapse identified by the minimum of the RvsP plot) the

two models diverge significantly. Being at the same scale, the two evolutions are

plotted intensities normalized to the input intensity.

Figure 2.9: Left plots: y = 0 slice of the beam normalised intensity profile as a function of
one transverse coordinate x and input power, obtained from the propagation equation in
the NSE optical analogue (top left) and the propagation equation in the SM model (bottom
left). Right plot: comparison between the outputs of the NSE simulation (black curve) and
the SM equation (red curve) for the one-dimensional average size of the beam profile as
a function of the input power of the beam. As detailed in 2.4.3, through the scaling of
the system propagation with the characteristic dynamical distance zdyn we can map the
evolution of the system along the propagation axis z (at a fixed power), by looking at the
system at a fixed value of z and for different input powers P .
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In Fig. 2.10 we can see that the difference between the NSE and the SM is more

evident after the collapse: in fact, the NSE system shows an oscillating intensity

peak surrounded by concentric rings, while in the SM system the rings are less

extended and the intensity peak is smaller. Indeed, as we will see in Section 2.4.8,

the NSE output intensity profile is in agreement with the intensity profile observed in

the experiment, which at high input powers is characterized by a central oscillating

soliton surrounded by the classical solution, whereas the SM numerical result is

fairly different, being more similar to a Fresnel diffraction pattern from a circular

aperture.

Figure 2.10: Left plots: intensity profile in the NSE model as a function of the two
transverse spatial coordinates (top left), and y = 0 slice (bottom left). Right plots: intensity
profile in the SM model as a function of the two transverse spatial coordinates (top right)
and y = 0 slice (bottom right). All plots are at P=5.46W, as in both cases the central peak
is at an absolute maximum at that power.

2.4.5 Phase space evolution: numerical simulations

We arrive at the same conclusions as at the end of Section 2.4.4 when we look at the

evolution of phase-space with the same sets of equations, as illustrated in Fig. 2.11:
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at the beginning, the propagations of the NSE and SM models are similar, however

at higher input powers - in particular after the collapse at input power P ≈2W - the

NSE model exhibits a more complex evolution when compared to the SM model.

As we will see in Section 2.4.8, the NSE is a better model for the experimental

propagation, meaning that the evolution of the experimental Wigner distribution

does not depend on a constant value of the non-harmonic potential. Indeed, the

experimental results cannot be explained by means of phase mixing only: through

the z-dependence of the non-harmonic potential, violent relaxation has to play an

important role in the evolution.

Figure 2.11: Results of the NSE simulation (first row) and SM model (second row) for the
y = 0, ky = 0 profiles of the Wigner distribution.
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2.4.6 Evolution of energy density distribution: numerical

simulations

As introduced in Section 2.4.2, we use the z-evolution of the energy density

distribution ν(U , z) in Eq. 2.40 to determine the emergence of violent relaxation

in the system. In addition to this, we must look at how the evolution of ν(U , z)

changes with finite values of the regime parameter χ. We then perform numerical

simulations (by means of a Matlab script realized by the author, members of Prof.

Daniele Faccio’s Extreme Light Group at the University of Glasgow, members of

Prof. Bruno Marcos’ Group at Université Cote D’Azur, and Prof. E.M. Wright

at the University of Arizona) of the z-evolution of ν(U , z) with different values of

χ, without dissipation and reflections. Fig. 2.12 shows the evolution of the energy

density distribution in Eq. 2.40 for different steps z in the propagation, expressed in

units zdyn, and for four different values of χ. The experimental value of zdyn used in

these simulations is zdyn=7.9cm corresponding to input power P= 1.75W (see Table

2.1). In these numerical evaluations we see that at propagation steps z . 3zdyn

there is no substantial change with z in ν(U , z), with weak effect due to χ for all

values of χ used. At propagation steps z & 3zdyn, the shape of the energy density

distribution starts changing dramatically with z for all values of χ: this is a sign

that violent relaxation has started. We can conclude that the experimental values

of χ are sufficiently small to have negligible incidence on the evolution of ν(U , z)

when compared to the contribution given by violent relaxation.

P (W) L/zdyn χ
0.2 1.28 0.0638
0.5 2.02 0.0403
1.1 2.99 0.0272
1.5 3.50 0.0233
1.75 3.78 0.0216

2 4.04 0.0202
3 4.95 0.0165
4 5.71 0.0143
5 6.39 0.0128

Table 2.1: Values of some input powers P in the experiment, with the corresponding values
of the total propagation distance L = 30 cm expressed in units of zdyn, and the associated
values of χ.
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Figure 2.12: Numerical simulation of the evolution of the energy density distribution for
different values of χ, with zdyn = 7.9 cm for P = 1.75W . The energy density axis is in
units of U0 = (αβk0P )/(2πκ).
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2.4.7 Effect of losses

In the absence of losses and in the limit χ→ 0 the only mechanism responsible for

the evolution of the energy density distribution is violent relaxation. In fact, we

have seen in Section 2.4.6 that effects due to finite values of χ are small. In this

Section, we study the relevance of losses.

Firstly, let us investigate the effect of losses in the mapping between the propagation

step z and the input power P . In Fig. 2.13(a)-(c) we show the difference in the

evolution of the intensity I = |E|2 between the case of mapping in propagation

step z (which corresponds to the original system) and the case of mapping in input

power P (which is the way the experiment has been performed, as it is not possible

to access the amplitude of the beam inside the nonlinear material). Specifically,

in Fig. 2.13(a) we show the evolution of the beam intensity profile I(x, y = 0, z)

(with input power P = 5.5W) as a function of the propagation coordinate z/zdyn

at fixed power, obtained from a numerical simulation without losses. On the other

hand, in Fig.2.13(c) we show the evolution of the intensity at the output plane of

the medium I(x, y = 0, z = L = 30cm) (with varying input power P ), expressing

the propagation coordinate as L/zdyn, obtained from a simulation with losses. The

latter case reproduces the experimental configuration. In both simulations, we

observe the same qualitative behaviour. In Fig. 2.13(b) we show the evolution of

the average transverse size R(z) for the same numerical simulations presented in

(a) and (c): without losses (blue curve), and with losses (black curve). The main

difference is that the black curve collapses at a later propagation step z/zdyn: this

is due to the presence of losses, which introduce a delay in the process. For the

same reason, the average transverse size obtained when varying the input power

at fixed z (black curve) is shown to be slightly larger when compared to the blue

curve at the same step z/zdyn in the plot. Despite these differences, the undergoing

physics remains the same.

We now investigate the effect of losses on the evolution of the energy density

distribution ν(U) after the collapse. In Fig. 2.13(d) we show the numerical

simulations of ν(U) (plotted as a function of U/U0 with U0 = (αβk0P )/(2πκ) at

three distinct steps in the propagation, with the same input power P = 5.5W : initial

condition (blue curve), and output plane of the medium i.e. end of the nonlinear
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propagation with losses (orange curve) and without losses (yellow curve). In order

to have the orange and yellow curves at the same output intensity, the yellow one

is multiplied by a factor T 5e−alphaL (T=0.92) which takes into account the losses.

We observe that the difference of orange and yellow curves (i.e. the distributions at

the end of the nonlinear propagation) from the initial energy density distribution is

much larger than the difference between the orange and yellow curves (with/without

losses). Hence, we conclude that the effect of violent relaxation dominates over the

losses the evolution of the energy distribution.

Figure 2.13: (a) Evolution of the intensity profile I(x, y = 0, z) (with input power P =
5.5W) from a simulation without losses. (b) Evolution of the transverse size of the beam
without losses (blue curve) and with losses (black curve). (c) Evolution of the intensity
profile I(x, y = 0, z = L = 30cm), from a simulation without losses, with varying input
power expressed in terms of z/zdyn - see Sections 2.4.2 and 2.4.3. (d) Evolution of the
energy density distribution with input power P=5.5W from the initial condition (blue
curve) and at the end of the nonlinear propagation, with losses (orange curve) and without
losses (yellow curve).

2.4.8 Experimental results and comparison with simulations

As shown in Section 2.4.4 for the numerical evaluation of the evolution of size

R(z) depicted in Figs. 2.8 and 2.47(b), in the experimental evolution (where the

propagation steps z are mapped with the input powers P of the beam for a fixed

initial value of the waist s of the beam) we expect to observe the self-focusing of
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the beam followed by the emergence of oscillations in the transverse plane. Since

the self-focusing process in the nonlinear optical environment is guided by the

nonlinear change in refractive index profile ∆n, as the self-generated gravitational

potential φ in the NSE picture is causing a self-gravitational collapse of the mass

distribution, we hereby refer to the self-focusing of the beam in the optical analogue

as the collapse of the beam [18]. This means that the self-gravitational collapse of

the mass distribution in the NSE is mapped in time through the z-evolution of the

optical collapse of the beam in the Nonlinear Schrodinger Equation 2.13.

Fig. 2.14 compares the intensity profiles along y = 0 of the numerical (a) and

experimental (b) beams ( measured at the output plane of the nonlinear medium)

as a function of input power P . Since the plots are on the same scale, in the

Figure they are normalized to the input intensity. As explained in Section 2.4.4,

the numerical simulation is adjusted to model the experimental configuration and

account for imperfections in the preparation of the beam. We observe good

qualitative agreement of the two evolutions, i.e. the initial collapse which is followed

by a stabilization through oscillations that, for large P , we identify as the start of

the formation of the quasi-stationary state.

Figure 2.14: (a-b) x, y = 0 section of the beam normalized intensity profile as a function
of one transverse coordinate x and input beam power P , obtained from the numerical
simulation (a) and the experimental data (b). (c) comparison between experiment (red
dots with error-bars) and simulation (blue curve) of the average size of the beam profile
as a function of power. As described in Section 2.4.4, the numerical simulations include
a loss term to take into account the heat losses in the experiment.
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Moreover, Fig. 2.14(c) shows the numerical (solid blue curve) and experimental

(red dots) comparison of the propagation along z in terms of the evolution of

the average size of the beam profile, by means of Eq. 2.44. The reason why we

considered this one-dimensionality of R(z) is supported by the fact that it allows to

assign a larger weight to the central part of the beam with respect to the peripheral

regions, whose intensity is often relatively small. Before the minimum of the RvsP

plot there is a good agreement that validates how the self-focusing features of

the medium are mimicking the self-gravitational interaction in the NSE. At high

powers, i.e. after the minimum of the RvsP at P = 1.75 W which we call the

”collapse point”, transverse oscillations appear, and the numerical/experimental

agreement is not perfect but still reasonable: the small differences in the oscillatory

part after the collapse can be expected due to their chaotic nature [91], and this can

be explained by considering the significant and not totally controllable dependence

on experimental input conditions - such as the initial phase of the beam - whose

numerical evaluations seem to strongly affect the offset observed in the experiment.

Nevertheless, Fig. 2.14 shows that the experimental evolution is in good agreement

with the simulations.

A further indication of the formation of the quasi-stationary state is reported in an

example in Fig. 2.15: the experimental input beam with input power P=5.25W

evolves in the nonlinear medium, giving an intensity profile (a) at the output

plane of the sample, which is compared to the numerically-simulated intensity (b)

for the same evolution at the same input power. The results show the expected

quasi-stationary solution which combines a narrow soliton core (the high intensity

peak at the centre of the structure) plus a broad background corresponding to the

analogue galaxy at χ→ 0.
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Figure 2.15: (a) Intensity of experimental beam with P=5.25W at the output plane of
the medium, compared with (b) the simulated intensity at the end of the same nonlinear
propagation. We identify the soliton as the bright spot at the centre of the beam, surrounded
by the classical part corresponding to χ→ 0.

We next step is to explore the evolution of phase space. To this end, we use the

Wigner distribution 2.38 of the complex optical field obtained via the Off-Axis

Digital Holography. Using the radial simmetry of the beam amplitude, we calculate

the Wigner distribution on the (x, kx) plane as

F (x, kx, z) = F (x, y = 0, kx, ky = 0, z) =

∫
dx′ E

(
x+

x′

2
, z

)
E∗
(
x− x′

2
, z

)
eikx·x′ ,

(2.48)

In Fig. 2.16 the experimental values of F (x,kx, z) are then compared to the

numerical simulations, and plotted for different input powers P . The experimental

and numerical results are in good agreement:

• at the beginning of the propagation, the system is characterised by a Gaussian

spatial distribution in x space and a very narrow dispersion along the kx-axis;

• as P increases, the phase mixing starts by first rolling the phase space profile

(indicated by the white arrows in the Figure), and then forming characteristic

filaments (the so-called filamentation of phase space [92]);

• at higher powers (from P ≥ 2W in the Figure), the evolution becomes more

complex, and as seen in Section 2.4.5 this cannot be explained solely by

the phase mixing provided by the static non-harmonic potential as in the
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Snyder-Mitchell model. Here, since we have a non-harmonic potential evolving

in z, violent relaxation has to play a significant and major role in the evolution

of the system for the formation of the quasi-stationary state.
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Figure 2.16: Experimental (first and third row) and numerical (second and fourth rows)
profiles for the Wigner distribution on the (x, kx) plane at different input powers: (a),(g)
P=0.2W, (b),(h) P=1W, (c),(i) P=2W, (d),(j) P=3W, (e),(k) P=4W, (f),(i) P=5W.
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We then study the evolution of the energy density distribution of the system. In a

classical system (χ→ 0) with no losses, the only mechanism responsible for a change

in the distribution of energy density ν(U , z) in Eq. 2.40 is violent relaxation [92].

We show in Fig. 2.17 comparison of the evolution with input power P and scaled

energy density U/U0 (with U0 = (αβk0P )/(2πκ)) of the experimental and numerical

energy density distributions. Before the collapse point at P=1.75W, the distribution

of energy density decreases because the potential energy (∆n in the optical case,

φ in the gravitational case) is dominant. After the collapse, the energy density

distribution ν exhibits two characteristic structures:

• at lower energies U/U0 < 0, we observe maxima for the value of the distribution

(more clearly in the simulation) in a structure corresponding - in the transverse

profile of the beam - to the inner region which has already relaxed. At higher

input powers P > 5W, these maxima correspond to the formation of a soliton;

• at higher energies U/U0 > 0, we observe a structure - corresponding to

the peripheral regions of the transverse profile of the beam - that has not

completely relaxed yet.

Nevertheless, for increasing input powers after the collapse we observe that the

energy density distribution tends asymptotically to a quasi-stationary state.

Figure 2.17: Color map of the energy density distribution as a function of scaled energy
density and input power, for the experiment (a) and the simulation (b).
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These results highlight the details of the violent relaxation dynamics. They rely

on the condition χ � 1, as we are in a classical regime. In our experiment, χ =

2.3 · 10−2/
√
P , where the input power P is measured in Watts: this means that

χ is of the order 10−2 � 1 over the full evolution. However, at the same time

the effect of the finite value of χ is actually still visible in the Wigner distribution

(reported in Fig. 2.16) where the negative regions correspond to quantum effects [93]

which are not explored in the present experiment. Equation (2) gives the Heisenberg

uncertainty relation kxx 1, which corresponds to the typical size of the observed

negative regions. These can be seen to be relatively small compared to the total

surface in which the Wigner function is nonzero, indeed as a direct consequence

of the condition χ � 1. Moreover, we have shown that χ is sufficiently small

to have negligible effects also on the distribution of energy density, as reported in

Section 2.4.6. In addition to this, we note that the experimental system intrinsically

exhibits losses (required to induce the nonlocal interaction through weak absorption

of the beam power by the medium). The total loss (including also reflections at the

interfaces) is estimated to be 50%. These losses modify the second term on the

right-hand side of Eq.2.39; however, we verified through numerical simulations in

Section 2.4.7 that the presence of losses in the experiment has a limited impact on

the distribution of energy density, and the field evolution is only weakly modified.

Drawing a connection with astrophysics, absorption and losses would correspond

to a loss of mass in the system that does not alter the global dynamics and the

occurrence of violent relaxation.

51



2.4.9 Conclusions

The experimental investigation of the propagation of a laser beam in an optical

medium with thermal self-focusing nonlinearity, which we study as an optical

analogue to a self-gravitating system described by the Newton-Schrödinger equation,

has provided experimental evidence of violent relaxation in a long-range system that

gives a direct confirmation of the formation of a quasi-stationary state following the

scenario firstly proposed by Lynden-Bell in 1967 [58]. Our experiment is based on an

optical analogue of observable galaxies whose formation process cannot be followed

directly or, at least, is not repeatable. Our table-top experiment allows to connect

the parameters describing the propagation of an optical beam in a nonlinear medium

to those describing the evolution of a mass distribution governed by the NSE. Here,

we explored the classical evolution of the system, in a regime where the evolution is

initially dominated by the optical self-focusing caused by the self-generated nonlinear

change in refractive index profile: in the nonlinear optical analogue, this corresponds

to the gravitational collapse of a mass distribution caused by the self-generated

gravitational potential). By quantitatively confronting the experimental data with

numerical simulations in real space, in phase space, and in energy space, we find an

excellent agreement before the optical collapse. Moreover, a reasonable agreement

is found after the collapse, when the formation of the quasi-stationary state starts,

with violent relaxation dominating the process.
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Chapter 3

Superradiance in fluids of light

3.1 Introduction

A fluid of light (also called a photon fluid) is the result of a collective behaviour

of a many-photon system generated by light-matter coupling [94]. The system

can be described by a single wavefunction, hence it can be defined as a quantum

fluid. A beam of photons (i.e. massless bosons that do not interact in vacuum)

propagating in nonlinear environments such as Bose-Einstein Condensates (BEC),

optical materials, etc. can change the refractive index of the media and, depending

on the photon density, can give rise to an effect that modifies the propagation of

photons themselves, resulting in an effective interaction between the components of

the system. The use of the term ”fluid” comes from the fact that this system is

governed, as detailed in this Section, by hydrodynamical equations. In optics, this

nonlinear evolution is captured by the Nonlinear Schrödinger Equation (NLSE),

which describes the paraxial propagation of an optical beam in a nonlinear medium.

In the case of a defocusing nonlinearity, the light field intensity in the transverse

plane (with respect to the propagation direction of the field) can be interpreted as a

fluid density, and the gradient of the beam phase as a fluid flow [95] [96], as detailed

in the next Section.

3.2 Hydrodynamical equations

Let us consider the case of optics and the propagation of a monochromatic optical

beam centered at a frequency ω0 and with wavenumber k in a self-defocusing
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nonlinear medium [97]. The electric field of this monochromatic beam can be written

in SI units as ε = E(r, z) · exp(ikz − iω0t̂), where r = (x, y) refers to the transverse

spatial coordinate with respect to the propagation axis z of the beam, and t̂ is the

laboratory time. In the so-called paraxial approximation (or slowly varying envelope

approximation), the slowly-varying electric field envelope E satisfies the Nonlinear

Schrodinger Equation (NLSE) [40] [18]

i
∂E

∂z
+

1

2k
∇2
⊥E − k

|n2|
n0

|E|2E = 0 (3.1)

where n0 is the linear refractive index of the medium, k = 2πn0/λ = k0n0 is the wave

number, λ is the wavelength, ∇2
⊥ is the transverse Laplacian accounting for optical

diffraction, and −|n2| is the nonlinear coefficient for the defocusing nonlinearity of

the medium [98].

It is possible to reformulate Eq. (3.1) as

i
∂E

∂t
+ α∇2

⊥E − β|E|2E = 0 (3.2)

where t is the timelike coordinate t = n0z/c, c is the speed of light in vacuum, and

α =
c

2n0k
, β =

ck|n2|
n2

0

(3.3)

which are positive in the defocusing case. This implies that the photon fluid is the

2D transverse part of the electric field E, while the z direction plays the role of a

time coordinate. The laboratory time t̂ plays no role in this description, as it has

dropped out of the equations as a result of the paraxial approximation.

It is possible to show the connection of Eq. (3.2) with hydrodynamics when the

electric field E is expressed in terms of its amplitude and phase, i.e. when the

Madelung transform is applied,

E =
√
ρ eiφ, (3.4)

where ρ is the fluid density and φ is the phase. By using this transformation and

by splitting the NLSE (3.2) into real and imaginary parts, it is possible to obtain a

set of two hydrodynamical equations [99]
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0 = ρ̇+∇ · (ρv) (3.5)

0 = Φ̇ +
1

2
v2 + c2

s − α2∇2√ρ
√
ρ

(3.6)

where the first equation is a continuity equation describing the mass conservation,

and the second is the Euler equation describing the flow of an incompressible fluid of

density ρ with velocity v = 2α∇φ = ∇Φ, and with cs =
√

2αβρ =
√
c2n2ρ/n3

0 the

speed of sound inside the medium. It has been demonstrated experimentally that

the elementary excitations associated with the photon fluid follow the Bogoliubov

dispersion relation for superfluidity [48], hence we will refer to this system as

”photon fluid” or ”photon superfluid”.

Eqs. 3.5 and 3.6 have the same mathematical structure of the equations describing

the density and phase dynamics of a 2D Bose-Einstein Condensate with repulsive

atomic interactions [97], as the optical nonlinearity in Eq. 3.1 corresponds to

the atomic interactions. Moreover, in Eq. 3.6 the term α2∇2√ρ
√
ρ

is the so-called

quantum pressure, and it does not have an analogy in real fluids [14]. In quantum

fluids, it arises from the uncertainty principle, i.e. a local compression of the

condensate or fluid leads to a decrease of the delocalisation of the particles

∆x, leading to an increase in the momenta ∆p of the particles. The quantum

pressure opposes any stretching or contraction of the condensate over distances

of the healing length [100], which is an interaction length characterizing the

transition between the collective and single-particle regimes in the Bogoliubov

excitation spectrum of a quantum fluid. The quantum pressure can be neglected

on macroscopic length scales, i.e. when the fluid density is only slowly changing; in

optics, it emerges as a result from diffraction which is due to the wave nature of light.

Therefore, Eqs. (3.5) and (3.6) describe the evolution of the transverse profile of a

laser beam as a (2+1) dimensional fluid, where the the fluid density ρ is controlled by

the laser intensity, and the flow velocity v is controlled by the spatial phase gradient.

Moreover, these equations are equivalent to a Klein-Gordon equation in curved

spacetime when the quantum pressure term is neglected (which is a common practise
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in analogue gravity literature). It can otherwise be shown [101] that when the

quantum pressure is kept in the equations, because in optical experiments diffraction

cannot be ignored completely, small perturbations ψ on top of a background beam

with electric field E0 that satisfies the NLSE can be inserted in the expression of

the total field Etot as

Etot = E0(1 + ψ), |ψ| � |1| (3.7)

and these perturbations satisfy the Bogoliubov de-Gennes (BdG) equation [102] [103]

(
∂t + v · ∇ − iα

ρ
∇ · ρ∇

)
ψ + iβρ(ψ + ψ∗) = 0 (3.8)

when both Etot and E obey the NLSE 3.1. For stationary beams along z, Eq. 3.2

has solutions of the general form

ψ = ψs + ψi = As(x)e−iωt + A∗i (x)eiωt (3.9)

where ω is the frequency of the modes, As is the amplitude of the so-called signal

beam and A∗i the amplitude of the so-called idler beam. We label the terms on

the right-hand side of Eq. 3.9 as positive (∝ e−iωt) and negative (∝ eiωt) modes.

Let us consider the approximation of constant flow and intensity (v = const., ρ =

const.): this is valid whenever the wavelength of a mode is much shorter than the

typical length scale on which the background flow and intensity are varying. In this

approximation, solutions to Eq. of the form of a local plane wave such as As = eik·x

must satisfy the Bogoliubov dispersion relation [104]

(ω − kv)2 − α2k4 − c2
sk

2 = 0, (3.10)

which is a position-dependent dispersion relation, depending on v(x) and cs(x). We

can then rewrite the positive mode ψs in Eq.3.9 as

ψs = eik·xe−iωt (3.11)
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by the pair (ω,k). It can be shown that the positive mode ψs locally induces a

negative mode labeled by the pair (−ω,−k)

ψi = ζe−ik·xeiωt. (3.12)

The constant of proportionality ζ can be calculated [101] by inserting Eqs. 3.2-3.2

into Eq. 3.9 and then into Eq. 3.2, neglecting derivatives of the background

quantities. This yields

ζ =
1

βρ
(ω − k · v − αk2 − βρ). (3.13)

The relation 3.10 is symmetric under the simultaneous replacements k → −k and

ω → −ω: this means that negative modes satisfy the Bogoliubov dispersion relation

too. It is worth noticing that the positive and negative modes have the same group

and phase velocities, hence they travel in the same direction with the same speed.

It is important to clarify the connection of these results with real optical experiments,

where only measurements of the total field Etot in Eq. 3.7 can be made. Following

this equation, we can see that Etot is the sum of E0 and E0ψ. The former term is

the so-called pump field E0 and the latter term is the perturbation to E0. By using

Eqs. -, this perturbation E0ψ can be expressed as the pair

Es = E0ψs, (3.14)

Ei = E0ψi. (3.15)

where Es is the signal field and Ei is the idler field. In optical experiments, the

background pump field E0 is provided by one laser beam, and the perturbations

Es, Ei are provided by another laser beam.

3.3 Superradiance: introduction

It can be demonstrated [101] that the Bogoliubov de-Gennes equation 3.2

possesses superradiant scattering solutions when the quantum pressure cannot
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be neglected (i.e. far beyond the acoustic limit), of the same nature as the coupled

mode-pair solution 3.9. This type of scattering, also called superradiance, is

the amplification of waves scattered by a rapidly rotating object. It was proposed

by Penrose for the dynamics of a rotating black hole [105], and by Zel’dovich for

electromagnetic (EM) waves scattered by a rotating metallic cylinder [106]. This

amplification occurs when the incident wave has a frequency

ω < mΩ, (3.16)

where m is an integer number characterizing the angular momentum of the incident

wave (m is also called ”rotational mode number”, or ”winding number”, or ”vortex

charge”), and Ω is the angular frequency of the axially symmetric, rotating object.

Zel’dovich [106] showed that electromagnetic waves incident radially on a rotating

metallic cylinder could be amplified if the cylinder spinned fast enough to allow

negative Doppler-shifted wave frequencies, with several proposals for experiments

in various settings [107–111] and an experimental demonstration using acoustic

waves [112]. On the other hand, astrophysical Penrose superradiance has not been

observed with current technology yet, and this is partially due to the large distances

between Earth and the nearest rotating black hole observed. However, there have

been experimental proposals based on analogue gravity environments, such as the

first experimental observation of superradiance in a hydrodynamic experiment with a

draining fluid vortex [113], also related to so-called over-reflection, which is the fluid

mechanical equivalent of superradiant scattering [114–118] and has been observed

experimentally [119]. Several theoretical studies have been carried out showing the

possibility of observing analogue superradiance and black hole phenomena also in

superfluid states of atoms and Bose-Einstein Condensates [120] [98] [104] [19] [121],

with numerous experimental results [122] [123] [11] [124] [125].

Penrose superradiance was predicted to be observable in a photon superfluid by

shaping the pump beam such that it mimics the spacetime around a rotating black

hole [98], and these systems have proved to be a versatile platform for testing

phenomena related to superradiance [48,51,104,126–132]. In the superfluid regime,

Bogoliubov excitations act as particles in the Penrose picture [98, 99, 101, 133, 134],
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and a recent experiment has demonstrated the creation of rotating spacetimes with

an event horizon and a ergoregion in a rotating superfluid of light [135].

Penrose superradiance consists in the extraction of energy from a rotating medium

(e.g. a rotating black hole) via scattering at the ergoregion, which is defined as the

region in the transverse plane where the the flow speed v exceeds the speed of sound

vs in the system [134].

During the Penrose superradiant scattering process, an object moving towards

the source of rotation splits in two at the ergoregion: one part (the so-called

negative energy mode) remains trapped inside the ergoregion, whereas the other

part (the so-called positive energy mode) is amplified and reflected (or scattered)

off the ergoregion [105] [19]. It has been recently shown that superradiance arises

naturally in nonlinear optics in the superfluid regime [101,134]: a wave, incident at

grazing angle onto the ergoregion of a rotating photon fluid (generated by the pump

beam), splits into positive and negative frequency components, corresponding to

signal and idler beams, respectively. In this case, the so-called Zel’dovich-Misner

condition for superradiance ω < mΩ [106] [136] takes the form of a phase-matching

relation, which allows for the negative frequency modes to be trapped and for the

positive frequency mode to be amplified and scattered. Full details on the physics

of superradiance in nonlinear optics are presented in Section 3.4.

The brief introduction on superradiance presented in this Section is the starting

point to the illustration of the numerical and experimental work carried out in order

to observe superradiant scattering in a thermal self-defocusing nonlinear optical

system. In this system, the evolution of the fields in the transverse plane is treated

as a photon superfluid, where the photon-photon repulsive interaction is mediated

through the heating induced in the medium by the local intensity of the propagating

beam. Before we present the details of the experiment on analogue superradiance

in a photon superfluid in Section 3.7, in Sections 3.4-3.5-3.6 one fundamental

theoretical step and two experimental steps have to be described. Section 3.3

presents the features of superradiant scattering in a nonlinear optical environment,

with details on the characteristics of the optical beams involved and on the conditions

required to observe superradiance. Section 3.5 presents the details and results of the

application of an experimental technique based on a Mach-Zender interferometre
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to extract information of the optical nonlinearity of a thermal medium, whereas

Section 3.6 presents the results of the investigation of the time stability of a

pump beam propagating in a thermal self-defocusing nonlinear medium. Finally,

in Section 3.7 the measurements [17] of analogue Penrose rotational superradiance

in nonlinear optics are reported. Following recent findings reported in [101] [134],

we experimentally test the nonlinear interaction of two beams: a loosely focused

probe (also called signal) beam with Orbital Angular Momentum (OAM), and a

co-rotating co-propagating strong pump beam with OAM (also called vortex pump

beam). In this regime, superradiant amplification occurs only if the superradiance

conditions (described in Section 3.4) are met. Also, idler waves - which play the role

of negative energy modes - are generated and trapped inside the pump ergoregion.

The presence of a negative current inside the pump vortex core is a key component

that supports the amplification process of Penrose superradiance, and had not been

observed before.

3.4 Superradiance in nonlinear optics

3.4.1 Propagation equations for signal and idler fields

As described in Sections 3.2-3.3, the superradiant scattering in nonlinear optics

involves the interaction between a strong pump field (generating the rotating photon

fluid environment), and a weak signal field (acting as a small perturbation on top of

the strong background pump field). Let us start with a monochromatic pump field

of wavelength λ, with electric field envelope E0, and propagating along the z-axis in

a thermo-optic nonlinear medium with a defocusing nonlinearity (n2 < 0) [48] [131]:

in the paraxial approximation, E0 satisfies the NLSE 3.1, where the optical fluid

lives in the plane (x, y) orthogonal to the direction of propagation z. For the pump

field, we consider a solution of the form of a vortex beam, which can be written in

cylindrical coordinates (r, θ, z) as [134]

E0(r, θ, z) = E0(r)ei(β`z+`θ) =
√
I`u`(r)e

i(β`z+`θ) (3.17)

where I` is the background pump beam intensity, u`(r) is the amplitude of the vortex

profile of the pump with vortex core size r` (also called waist of the vortex or radius
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of the vortex), β` = k0n2I` < 0 is the wavevector nonlinear contribution from the

pump, and k0 = 2π/λ. It is useful to use the following expression for the vortex

profile, u`(r) = tanh|`|(r/r`) [137]. The vortex profile, which we take as real without

loss of generality, obeys the equation

β`u` =
1

2k
∇2
`u` + k0n2I`u

3
` , (3.18)

where u`(r)→ 1 for r � r`, and ∇2
` = ∂2

∂r2
+ 1

r
∂
∂r
− l2

r2
is the tranverse Laplacian for

an OAM charge `.

Let us now consider the presence of both a strong pump E0 with OAM charge `

and a weak signal field Es with OAM charge n: the interaction between these two

fields co-propagating along z is still described in the paraxial approximation by the

NLSE 3.1, and solved for the total electric field envelope E which can be written in

cylindrical coordinates as

E(r, θ, z) = E0 + Es + Ei (3.19)

=
(
E0(r)ei`θ + Es(r, z)einθ + Ei(r, z)eiqθ

)
eiβ`z (3.20)

=
(
E0(r) + Es(r, z)ei(n−`)θ + Ei(r, z)e−i(`−q)θ

)
ei(β`z+`θ), (3.21)

where Ei is the electric field envelope of the idler field (generated by the nonlinear

interaction of pump and signal fields) with OAM charge q. Following from Eq. 3.7

and Eq. 3.9, we see that in Eq.3.21 the quantity (`−q) in the exponential multiplying

the idler amplitude Ei(r, z) must be equal to the quantity (n− `) in the exponential

multiplying the signal amplitude Es(r, z). This yields to an explicit expression for

the idler OAM charge q:

`− q = n− `, (3.22)

q = 2`− n. (3.23)

By substituting Eq. 3.20 into Eq. 3.1, linearizing in the signal and idler fields,

and separating the signal and idler equations based on their different OAM charges,
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we obtain the following propagation equations for the electric field envelopes of the

signal and idler fields,

∂Es
∂z

=
i

2k
∇2
nEs + ik0n2

(
2|E0|2Es + E2

0E∗i
)
− iβ`Es, (3.24)

∂Ei
∂z

=
i

2k
∇2
qEi + ik0n2

(
2|E0|2Ei + E2

0E∗s
)
− iβ`Ei (3.25)

By inserting the expression of the vortex pump 3.17 into the equations above, we

finally obtain

∂Es
∂z

=
i

2k
∇2
nEs + iβ`u

2
`(r)

(
2Es + E∗i

)
− iβ`Es (3.26)

∂Ei
∂z

=
i

2k
∇2
qEi + iβ`u

2
`(r)

(
2Ei + E∗s

)
− iβ`Ei, (3.27)

which are the equations describing the parametric interaction between signal and

idler fields in the presence of a strong pump field, where the parametric interaction

arises from Four Wave Mixing (FWM) [138].

It is worth noticing that from these equations we can evaluate the longitudinal wave

vector shifts for the signal and idler fields, reduced by the nonlinear contribution

β` from the pump, as ∆Ks,i = ks,i − β`, where ks,i are the initial longitudinal wave

vectors of signal and idler fields.

3.4.2 Evaluation of the ergoregion

As anticipated in Section 3.3, it is now important to give an explicit expression of

the ergoregion generated in the nonlinear medium by the rotating pump beam. In

photon fluids, where the the radial flow speed is [134]

v = |Ω|r = (c/n0)(|n− l|/kr) (3.28)

where Ω is the pump rotational frequency with respect to the perturbation [101],

and the speed of sound of the photon fluid (i.e. in the transverse plane) is defined
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as [48]

vs = (c/n0)
√
|∆n|/n0 (3.29)

with ∆n = n2I` the nonlinear change in refractive index due to the pump intensity

I` [48]. The ergoregion is defined as the region in the (x, y) plane where the flow

speed equals the speed of sound in the medium, hence equating v and vs yields the

value of the radius re of the ergoregion:

re =
(
|n− l|/k

)√ n0

|∆n|
. (3.30)

3.4.3 Noether current formalism

As introduced in Section 3.3, superradiance consists in the trapping of negative

energy modes (idler modes) inside the ergoregion of the rotating background

(generated by the pump field), and the amplification and scattering of positive

energy modes (signal modes) off the ergoregion. It has been shown [101] [129]

that Eqs. 3.26 - 3.27 have a conserved quantity N(z), associated to the Noether

current J0(r, z) which is written in terms of the | · |2 of the transverse amplitudes of

the signal and idler fields as

J0(r, z) =
(
|Es(r, z)|2 − |Ei(r, z)|2

)
, (3.31)

with r the radial coordinate, and ∂zJ
0 = 0. The conserved charge N(z), proportional

to the total energy density of the Bogoliubov modes, can be expressed as

N(z) =

∫ ∞
0

J0(r, z)rdr =

∫ ∞
0

(
|Es(r, z)|2 − |Ei(r, z)|2

)
rdr = const. (3.32)

From this, we define the reflection and transmission coefficients RN(z) and TN(z)

for scattering from the pump ergoregion defined by radius re [101] [134],
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RN(z) =
1

N(z)

∫ ∞
re

(
|Es|2 − |Ei|2

)
rdr (3.33)

TN(z) =
1

N(z)

∫ re

0

(
|Es|2 − |Ei|2

)
rdr. (3.34)

The occurrence of Penrose superradiance is monitored by extracting the currents

J0, generated by the signal and idler beams transverse oscillations, in terms of

the reflection and transmission coefficients 3.33 - 3.34. The amplification of the

positive mode gives a reflection coefficient larger than 1, meaning that the signal

beam - reflected off the ergoregion - has gained energy. At the same time, Since

RN(z) + TN(z) = 1 at all steps z in the propagation, the trapping of the negative

mode is identified by a negative transmission coefficient. Therefore, J0 is calculated

to verify the occurrence of Penrose amplification, which is indicated by a negative

value J0 < 0 inside the ergoregion (i.e. a trapped idler) and a positive value

J0 > 0 outside of the ergoregion (i.e. a reflected signal). In the nonlinear optical

experiment presented in Section 3.7, the current J0(r) is evaluated at the output

facet of the nonlinear sample for all values of the radial position r centered at the

pump vortex. It is important to note that the current formalism also works in

the transient regime, where the signal field is still in proximity of the ergoregion [101].

3.4.4 Trapping of the idler field

Let us formalise the trapping of the idler during the superradiant scattering by

rearranging the idler propagation equation 3.27 as

∂Ei
∂z

=
i

2k
∇2
qEi + i2β`

(
u2
`(r)− 1

)
Ei + iβ`Ei + iβ`u

2
`(r)E∗s . (3.35)

where the second term on the right-hand side contains the so-called waveguiding

term (or waveguide) 2β`
(
u2
`(r) − 1

)
= k0∆n(r) which, as β` < 0, can be rewritten

as 2|β`|
(
1 − u2

`(r)
)

= k0∆n(r). This defines a 2D refractive index profile, which at

the pump vortex centre r = 0 is equal to ∆n(r = 0) = 2|β`| as u2
`(r = 0) = 0, and

for r � r` tends to zero, ∆n(r � r`)→ 0, as u2
`(r � r`)→ 1. This means that the
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pump vortex induces a cross-phase-modulation on the idler, hence trapping it inside

the ergoregion. On the other hand, the last term on the right-hand side of Eq. 3.35

is the so-called source term, and it describes how the idler field (which is absent at

the input) is driven by the signal field via parametric interaction. A source term of

the same form can also be found in Eq. 3.26, where the term ∝ E∗i describes how

the signal field is driven by the idler field, still via parametric interaction.

Let us now consider a signal field as a loosely focused Laguerre-Gauss (LG) beam

with radial index p = 0, OAM charge n, and focused spot size w0: by neglecting

any effect of the idler field on the propagation of the signal field to lowest order (i.e.

ignoring the source term in Eq. 3.26), it is possible to approximate the amplitude

Es(r, z) of the signal field as [134]

Es(r, z) ≈ cs(z)Vn(r, z)e−i(1+|n|)φG(z)ei(2β`Γn(z)−β`)z, (3.36)

where cs(z) is the signal field amplitude, Vn(r, z) is the normalized z−dependent

amplitude of the LG mode profile of the signal, φ(z) = tan−1(z/z0) is the Gouy phase

at the focus with Rayleigh range z0 = kw2
0/2, and Γn(z) =

∫∞
0

2πrdr|Vn(r, z)|2u2
`(r)

is the signal phase variation caused by the overlap between the signal and the

pump while the signal is loosely focusing onto the pump vortex core along the

z-propagation. From Eq. 3.36 we can write the wave vector of the signal as

∆Ks(z) ≈ ∆Ks(0) = 2β`Γn(0)− β`, 0 ≤ Γn(0) ≤ 1, (3.37)

where the account for the fact that most of the nonlinear interaction will occur

within a Rayleigh range around the signal beam focus at z = 0, and Γn(0) can be

evaluated numerically. In order to observe superradiance, we can take a further

evaluation of the size of the signal beam: the signal LG amplitude profile at z = 0

has a radius rn = w0

√
|n|/2, which is required to be approximately equal to the

radius of the ergoregion, rn ≈ re so that the signal scatters off the ergoregion.

Let us now consider the amplitude Ei(r, z) of the idler field as a LG mode with

radial index p and OAM charge q, while neglecting any effect of the signal field on

the propagation of the idler field to lowest order (i.e. ignoring the source term in
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Eq. 3.35),

Ei(r, z) = ci(z)Upq(r)e
i(β`+Λpq)z, (3.38)

where ci(z) is the idler field amplitudes, and wave vector shift associated with the

idler mode 3.38 given by

∆Ki = βl + Λpq. (3.39)

The wave vector Λpq is the eigenvalue of the momentum operator 1
2k
∇2
q+2β`

(
u2
`(r)−

1
)
, corresponding to eigenvector Upq(r),

(
1

2k
∇2
q + 2β`

(
u2
`(r)− 1

))
Upq(r) = ΛpqUpq(r). (3.40)

In order to verify the existence of guided idler modes, it is necessary to solve the

eigenvalue problem 3.40 and compute the momentum spectrum of the idler fields

with OAM charge q for a given pump vortex profile u`(r) and nonlinear parametre

β`. The eingenvalues Λpq, which have the dimensions of wave vectors, are positive

and decreasing for increasing radial index p, and for the present purposes the

value p = 0 is the relevant one, hence it is possible to drop the radial index in the

notation for simplicity and assume Λpq →Λq, Upq → Uq. By virtue of the fact that

the eigenvalues Λpq are positive, when the guided idler modes are trapped inside

the waveguide potential then a positive contribution is added to the longitudinal

wave vector shift of the idler, which leads to ∆Ki > 0.

Following the previous considerations given in this Section about the evaluation

of the radius rn of the LG mode of the signal with respect to the radius of the

ergoregion re, we see here that the idler mode Uq(r) allows to give another evaluation

of re. The idler mode has a single-ringed LG transverse amplitude profile with a

radius rq, and its trapping inside the ergoregion is required to be within the radius

rq, which can be identified as a valid measure of the ergoradius re. The approach

re = rq is more systematic than the one involving the radius of the single-ringed

LG amplitude profile of the signal mode, as the trapping of the idler mode is a

key requirement for the observation of superradiance. A more detailed discussion

about the eigenvalue problem 3.40 and the computation of the guided idler modes
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is given in Section 3.7.3, where the experimental data are compared with numerical

simulations in Matlab performed by Dr. M.C. Braidotti, a Reseach Associate

(RA) member of Prof. Daniele Faccio’s Extreme Light Group in Glasgow, UK. [17].

3.4.5 Phase-matching condition

By inserting the idler amplitude of the form of Eq. 3.38 and the signal amplitude

of the form of Eq. 3.36 into the idler propagation equation 3.25 (where the source

term is now included), it is possible to find a condition for the incident signal field

to excite a guided idler field [134], giving

dci
dz

= ic∗sβ`F (z)e−i
(

2∆Kz−(1+|n|)φG(z)
)
, (3.41)

with ∆K and F (z) given by

∆k =

(
∆Ks + ∆Ki

2

)
, (3.42)

F (z) =

∫ ∞
0

2πrdrV ∗n (r, z)u2
`(r)U

∗
q (r), (3.43)

where ∆K is the average wave vector shift of the total perturbation formed by the

signal and idler fields. It is possible to solve Eq. 3.41 numerically in order to find,

for a set of parameters, how effective is the generation of the guided idler mode by

the signal.

Let us now look at the phase-matching condition imposed by the exponential phase

factor in Eq. 3.41: around the signal beam focus at z = 0 (i.e. where the

nonlinear interaction between pump, signal, and idler starts), this phase factor is

approximately 2∆Kz−(1+|n|)z/z0, and by using the expressions for the longitudinal

wave vector shifts of signal and idler fields 3.37 - 3.39 the average wave vector shift

∆K can be written as

∆K =
(

2β`Γn(0)− β`
)

+
(
β` + Λq

)
. (3.44)

If the Gouy phase shift is zero (φG = 0), then ∆K = 0 by virtue of phase-matching.
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However, a more general condition ∆K > 0 can guarantee phase matching, as it

is shown in the theory of harmonic generation using focused beams [137]. The

condition ∆K > 0 can be used in our system to determine the presence of trapped

(guided) idler modes inside the ergoregion, as expected in superradiant scattering.

The condition ∆K > 0 can be expressed in terms of frequency shifts as [134]

∆ω = −(c/n0)∆K < 0, (3.45)

where ∆ω = (∆ωs + ∆ωi)/2 is the average frequency shift of the total perturbation

composed by signal and idler fields. The corresponding effective frequency shifts

of signal and idler fields are ∆ωs,i = ωs,i − ωp = −c∆Ks,i/n0, where ωs,i are the

initial frequencies of signal and idler fields, and ωp = −cβ`/n0 = ck0|n2|I`/n0 is the

associated pump frequency. The frequency shifts ∆ωs,i correspond to oscillations

frequencies in the transverse plane, analogous to phononic modes in a 2D fluid [48].

Since the initial frequencies for signal and idler fields are equal, ωs = ωi = ω, and

the pump frequency can be written as ωp = |n − `|Ω, from the expression of ∆ω

follows

∆ω = (ω − ωp) = (ω −mΩ), (3.46)

with m = (n − `). The condition required to observe superradiance is therefore

(ω −mΩ) < 0, which is the Zel’dovich-Misner condition [106] [136]. In addition to

this, as the rotational frequency of the pump Ω and the frequency of the signal ω

are positive, from the Zel’dovich-Misner condition the index m (which is the OAm

charge of the signal field with relative to the pump reference frame) is positive,

m = n− ` > 0.

We have described in details the physics of superradiant scattering in a

self-defocusing nonlinear optical medium. A strong optical pump Laguerre-Gauss

(LG) field with OAM charge ` generates a rotating photon fluid background

characterised by an ergoregion; a weak signal LG field with OAM charge n,

loosely focused onto the pump vortex core, interacts with the pump field via a

four-wave-mixing process, generating an idler LG field which, under appropriate
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waveguiding conditions induced by the pump, remains trapped inside the ergoregion,

while the signal field is amplified and reflected off the pump ergoregion. A generalised

phase-matching condition ∆K = ∆Ks + ∆Ki > 0 and a positive wave vector

shift of the idler field ∆Ki > 0 lead to the trapping of the idler mode, which

is guided inside the pump vortex core where the refractive index is higher than

the surrounding high-intensity region [134]. This condition for the trapping of the

negative frequency mode and the amplification and reflection of the positive mode

is shown to be equivalent to (ω −mΩ) < 0, which is exactly the Zel’dovich-Misner

condition required to observe Penrose superradiance, with m = n − ` the signal

OAM charge relative to the pump reference frame.

3.5 Thermal optical nonlinearity

3.5.1 Phase-shifting interferometry: experimental setup

The exploration of superradiant scattering in a fluid of light starts with the

characterisation of the optical medium that provides the strong thermal nonlinearity.

A Nd:YAG CW laser beam (Coherent® Verdi G10) centered at λ = 532nm is

used for this experiment. The nonlinear medium in which the photon fluid evolves

is a dilute solution of methanol and graphene monolayer nanoflakes (Graphene

Supermarket ® Conductive Graphene Dispersion, 23% (in weight) Total graphene

content in N-Butyl acetate) whose average size is 7 nm). Methanol (with refractive

index n = 1.3288 [139]) is an optical transparent organic solvent with a strong

negative thermo-optic coefficient (β = -4 ·10−4K−1 [139]), and it is usually used

as a thermal nonlinear medium in combination with an absorbing additive, i.e.

graphene, which transforms absorbed power from the laser into heat with negligible

flourescence. The container in which the methanol-graphene solution is poured is a

cylindrical copper cell of length L = 50cm and radius of the input and output facets

W = 1cm. The input and output facets are 5 mm-thick optical BK-7 windows

with a standard anti-reflection coating for wavelengths from λ = 350 mm to λ =

700 mm. The concentration ρ of graphene flakes is calculated by keeping in mind

the considerations made in [131], where the thermal nonlinear medium provides an

absorbance A=0.2 along the length of the sample: this absorbance was calculated
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by comparing the input power of the laser beam to the laser power measured at

the output plane of the sample. In our case with our experimental parametres,

these considerations and this value of the absorbance give ρ = 5.8 ·10−6g/cm3.

This concentration of graphene dissolved in methanol can be obtained by mixing a

4.1 µL drop of 23% graphene/N-butyl acetate solution with 157 mL of methanol

(the volume of the copper cell). Higher concentrations of graphene in methanol,

and hence higher values of absorbance A (which are not reported in this work)

for this setup would mean that the absorption of laser power by the graphene

dispersion would be too high (because of the optical limiting properties of graphene

components [140] [141] [142]), and no significant laser power at the output plane

of the sample could be detected. However, for the measurements on the thermal

optical nonlinearity of the system presented above it is sufficient and easier to

perform a measure for a smaller amount of the same nonlinear sample prepared for

the L=50 cm tube, i.e. we will run the measurement for a sample amount that can

be poured into a glass cuvette of thickness Lcuvette = 1cm, with L the propagation

length for the laser beam in this experiment.

In order to measure the value of the thermal nonlinearity ∆n = n2I of the

methanol-graphene solution at equilibrium, the change in optical path length

∆l = ∆n ·Lcuvette between two beams in a Mach-Zender Interferometre is measured

[135] [47]. A sketch of the corresponding experimental setup is shown in Figure 3.1.
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Figure 3.1: (Not to scale) The experimental setup of the Mach-Zender interferometre for
the investigation of the nonlinear properties of the methanol-graphene dispersion. The
pump and probe beams are imaged independently by means of two 4f-imaging systems.
The pump, which injects into the sample (blue box) the heat necessary for the emergence
of the nonlinearity, propagates inside the medium in the opposite direction with respect to
the probe. An half-wave plate and a polarizing beam splitter are placed on the path of the
pump in order to finely tune its intensity before it enters the sample. The probe, after
propagating inside the sample, is collected by a non-polarizing beam splitter together with
the reference beam, and then both beams are imaged onto a CMOS camera by means of a
4f-imaging system, where the interference pattern is collected.

The laser beam is split into three components with transverse (x, y) Gaussian

profiles: a pump beam that excites the nonlinearity in the sample, plus a probe

and a reference beams that constitute the Mach-Zender interferometre. Pump and

probe beams are parallel and counter-propagating inside the sample. The pump

beam, whose intensity is finely tuned by a attenuator composed of an half-waveplate

(HWP) and a polarising beam splitter (PBS), is reflected off the PBS onto one facet

of the sample, while the probe beam enters the opposite facet of the sample. A

non-polarizing beam splitter (BS) then collects the probe beam going out of the

sample and the reference beam. The path length of the reference beam can be

finely changed by means of a translation stage before the BS. In this way, the

measurements of ∆n are given only by the interference of the probe beam with the

reference beam. The sample length has to be smaller than the Rayleigh range of

the pump beam, in order to guarantee that the transverse size of the beam profile is

kept constant along the propagation. To do so, the pump beam is re-sized by means

of a telescope with magnification factor 3 (f1 = 100mm, f2 = 300 mm), resulting in

71



a pump beam waist radius wpump = 150 µm (1/e2) with a corresponding Rayleigh

range z0 = πw2
pumpn0/λ ≈ 17cm (where n0 = 1.3288 is the index of refraction of

methanol) which is suitable for the propagation along a distance Lcuvette = 1cm.

The probe and reference beams, which have the same power and transverse size (i.e.

waist), are then expanded by means of a telescope with a magnification factor 5

(f1 = 50mm, f2 = 250mm) resulting in a waist radius wprobe = wreference = 1500

µm. With these values for the waist of the three beams, the intensities (W/cm2)

of probe and reference beams are 2 orders of magnitude smaller than the pump

intensity, so that the generation of the nonlinearity is generated only by the pump

beam, according to the nonlocal response function [131]. The change in optical path

length ∆l(x, y) is a function of the relative phase change between the probe beam

and the reference beam, ∆φ(x, y) = φ(x, y)− φ(x0, y0), where (x0, y0) is a point on

the sample far away from the pump. Such phase change is due to the presence of

the pump beam in the nonlinear sample, and the nonlinear change in the refractive

index ∆n(x, y) can then be expressed in terms of the phase change as

∆n(x, y) =
∆l(x, y)

Lcuvette
=

∆φ(x, y)λ

2πLcuvette
(3.47)

The value of ∆φ(x, y), hence the value of ∆n(x, y), can be found by means of

the phase-shifting interferometry (PSI) technique [143]. The interference pattern

between the probe beam at the output facet of the sample and the reference beam

is imaged onto a CMOS camera by means of a 1:1 telescope; it is recorded while the

path length of the reference beam is changed N times by means of a piezo-controlled

translation stage, which gives a set of N interferograms whose fringes are equally

spatially shifted with respect to each other. These changes are performed with a

constant increment, which is not reported but can be empirically determined on

the setup by fixing an intensity point of the interferogram in the (x, y) plane and

translating the stage until that point reaches the same initial intensity.

The intensity of a two-beam interference pattern can be generally described as

In(x, y) = I0(x, y)

(
1 + V

(
cos
(
φ(x, y)− θn

)))
(3.48)
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where I0(x, y) is the beam intensity, V is the visibility of the interference fringes,

and θn = 2π
N

(n − 1), n = 1,2, 3 ... N is an arbitrary reference phase that is varied

at least over one period of the interference pattern by the translation stage. Each

In portrays one interferogram, and the complete set of N interferograms is used to

calculate the relative phase, as shown in Figure 3.2. By neglecting the coordinates

for simplicity and by reformulating the cosine function, the intensity In in Eq. 3.48

for each pixel at position (x, y) can be rewritten as

In = I0

(
1 + V cosφ cos θn + V sinφ sin θn

)
(3.49)

and by multiplying the equation by sin θn and cos θn and summing over n we obtain

a set of two equations:

N∑
n=1

In cos θn =
N∑
n=1

I0

(
cosθn + V cosφ cos2 θn + V sinφ sin θn cos θn

)
(3.50)

N∑
n=1

In sin θn =
N∑
n=1

I0

(
sinθn + V cosφ cos θn sin θn + V sinφ sin2 θn

)
(3.51)

The first terms and the third terms on the right-hand side of these equations are

equal to zero due to the orthogonality of the trigonometric functions, whereas the

only non-zero terms on the right-hand sides are the terms ∝ sin2, cos2. Eqs. 3.50 -

can then be simplified as

N∑
n=1

In cos θn = I0V
N

2
cosφ (3.52)

N∑
n=1

In sin θn = I0V
N

2
cosφ (3.53)

and finally the phase φ(x, y) can be expressed as a function of intensity In(x, y) as

tanφ(x, y) =

∑N
n=1 In(x, y) sin(θn)∑N
n=1 In(x, y) cos(θn)

(3.54)
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It is worth noticing in Eq. that the phase φ(x, y) does not depend on the visibility

of the interference fringes.

3.5.2 Thermal nonlinearity at equilibrium: experimental

results

When the system is in steady-state, i.e. ∂∆T/∂t = 0 (when the heating from the

absorbed laser power and the heat dissipation are equal, hence when there is thermal

equilibrium), the change of temperature ∆T inside the medium can be described by

Eq. 2.19, which is obtained when considering a nonlocal response function for the

thermal nonlinear medium [14] [47]. In the present experiment, where we measure

the thermal optical nonlinearity of the medium at thermal equilibrium, steady-state

is reached by holding the pump laser power constant for 5 minutes inside the medium

before taking any measurements. For this experiment, we took no measurements of

the thermal relaxation after we stopped the injection of the pump laser. However, in

order for the medium to reach room temperature before starting with a new pump

beam injection and then taking a new set of interferograms, the system was left to

relax for 5-10 minutes. The input powers for the pump beam for these measurements

are: P = 0mW, 1mW, 3mW, 4mW. The data run with with P = 0mW is needed to

show the actual change in the shape of the interferometric fringes when the pump

power is injected into the medium. No powers higher than 4 mW are chosen because

the excessive heating of the sample and the formation of methanol bubbles would

compromise the stability of the measurements. Figure 3.2 shows the interferograms

for the set of pump beam powers. The visibility 0 ≤ V ≤ 1 of the fringes, calculated

as [87] V = Imax−Imin

Imax+Imin
, where Imax is the maximum intensity of the interference

pattern, and Imin is its minimum, is also reported.
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(a) (b)

(c) (d)

Figure 3.2: The heating from the pump beam causes the fringes of the interferogram to
bend, because of the change in refractive index in the medium. The input pump powers
for each of the interferograms are: (a) P = 0mW, (b) P= 1mW, (c) P = 3mW, (d)P
= 4mW, with corresponding visibility of the fringes measured as: (a) V = 0.96, (b) V =
0.97, (c) V = 0.97, (d) V = 0.97. The bending of the fringes at the centre of the pump
beam intensity profile becomes more evident for increasing pump powers as more heat is is
absorbed by the medium.

TheN interferograms for each input power are processed to obtain the corresponding

phase profile ∆φ(x, y) and the nonlinearity ∆n(x, y). The zoomed (x, y) profiles

for the two highest powers are shown in Figure 3.3, where the obtained values

for ∆n(x, y) are also reported. The minimum is at the centre of the input pump

beam, i.e. where the heat diffusion starts. For instance, the minimum for a pump

power P=4mW is ∆n = -4.5 ·10−6, (when taken as an absolute value, this can

be seen as the peak of the nonlinearity, |∆n| = 4.5 ·10−6) which is comparable to

the nonlinearity obtained in [131] for the same type of solution of methanol and

graphene flakes using the same experimental technique.
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(a) (b)

Figure 3.3: The nonlinearity profile ∆n(x, y) for the pump beam with waist radius wpump =
150µm and powers P = 3mW and P = 4mW . At sufficiently high laser powers, the heat
induced by the pump beam generates strong temperature gradients that lead to pressure
instabilities in the solution and consequently to convection currents inside the sample.
These currents dominate the heat transport inside the sample, leading to asymmetries in
the phase profile and hence in the ∆n profile. The weak fringes appearing on the ∆n(x, y)
profile are an artifact due to oscillations of the fringes in the interferograms used for the
calculations. These artifacts can be ruled out my smoothing, and do not undermine the
overall result for the ∆n(x, y) profile.

The phase-shifting interferometry technique is a powerful tool to investigate the

thermal nonlinear properties of optical materials such as the methanol-graphene

solution, which is a thermal self-defocusing optical medium with a negative

nonlinearity ∆n which, in the experimental configuration presented in this Section,

is ∆n ∝ −10−6 for a density of graphene monoflakes ρ = 5.8 ·10−6g/cm3.

This experimental technique has been verified to be efficient in measuring the

thermal nonlinearity of an optical material at thermal equilibrium, hence further

measurements might be performed for different concentrations of nonlinear

absorbers in order to determine the corresponding values of the thermal nonlinear

change in refractive index ∆n.
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3.6 Time stability of vortex pump beam

3.6.1 Initial condition for the pump field

The experiment presented in this Section aims to explore the time-stability of a pump

beam along the propagation inside the thermal self-defocusing nonlinear medium, as

described in Section 3.2 and 3.4.1. Here, the pump field is a CW monochromatic laser

with wavelength λ = 532nm and has an electric field envelope in the transverse plane

(with respect to propagation direction z) whose amplitude in cylindrical coordinates

(ρ, θ, z), based upon Eq. 3.17, is a LG profile with radial index p=0 and OAM charge

` [137]

E0(r, θ) = E0(r)ei(β`z+`θ) =
√
I`u`(r)e

i(β`z+`θ), u`(r) = tanh|`|(r/r`) (3.55)

with I` = P`/(piw
2
0) the intensity of the pump field (depending on the waist w0 of the

underlying Gaussian profile of the laser beam) which can be controlled through the

pump power P` injected. As we are considering that the pump starts its nonlinear

propagation at the input plane of the sample (z = 0), we phase term ei(β`z becomes

ei(β`(z = 0) = 1: in fact, we start with the assumption that the amplitude profile of

the pump beam does not change with z (as described in the superradiance formalism

in Section 3.4). However, in this Section we show that this assumption is strongly

dependent on experimental pump parametres such as its intensity and its OAM

charge (and, consequently, the size of the vortex). This means that by changing

the intensity of the pump and its OAM charge the vortex core size strongly changes

along the propagation, and so does the rotating photon fluid background. It is

therefore crucial to have a vortex pump in the transverse plane that is stationary in

z, with a rotating photon fluid environment that is kept constant along the whole

nonlinear propagation so that superradiance can (under the appropriate conditions)

take place and be observed. In order to verify the conditions for the time stability

of the pump field along z, we explore the nonlinear evolution of a pump vortex with

a range of high input powers, and with a high OAM charge, so that we can observe

the drastic size changes of the vortex core.
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3.6.2 Experimental setup with a Spatial Light Modulator

The experimental setup that was prepared for this pump nonlinear evolution is

sketched in Figure 3.4. In order to build the vortex profile in Eq.3.55, the pump

is sent onto a Liquid Crystal on Silicon Spatial Light Modulators (LCOS

SLMs), which modulates light according to a fixed spatial pixel pattern. The SLM

nematic liquid crystals have a variable electro-optic response to an applied voltage;

Figure 3.5 shows a simplified view of how this device works.

Figure 3.4: (Not to scale) The experimental setup of the near-field and far-field imaging
of the pump nonlinear evolution.

(a) (b)

Figure 3.5: (a) Cross sectional illustration of a LCOS SLM. (b) When no voltage is
applied to the liquid crystal, the molecules are parallel to the SLM coverglass and the VLSI
backplane. As the voltage applied to the liquid crystal is increased, the molecules are tilted
until they are normal to the planes and the difference between the extraordinary index
ne and the ordinary index no is nearly zero. If light incident upon the SLM is linearly
polarized parallel to the extraordinary axis, then a pure, voltage-dependent phase shift will
be observed; the result is a programmable phase per pixel basis. [144]
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Specifically, the SLM for the pump beam is a Hamamatsu 1092x1080 16-bit DVI

controlled LCOS-SLM. In order to cover the largest amount of pixels on the SLM

windows, the pump beam going to the SLM firstly passes through a telescope with

a magnification factor of 3 (resulting in a beam with waist radius w0 = 4mm) before

it hits the SLM. Moreover, the polarisation of the pump beam is finely tuned by

rotating an half-wave plate that is placed on the beam before it hits the window of

the SLM, in order to have the maximum intensity received and then transformed

by the SLM. The pump beam, now with a phase-shifted wavefront, exits the SLM

with a φ = 5◦ off-axis angle; the beam is then aligned by means of a telescope with

a magnification factor of 1.

The SLM has discrete, reflective pixel pads that isolate the electrical signals and

allow phase patterns to be written into the device. Such patterns for the pump

vortex profile of the form in Eq. 3.55 are firstly built in Matlab by using a

script (realised by the author and Dr. M.C. Braidotti from Prof. Daniele Faccio’s

Extreme Light Group), and then sent to the SLM window. As a result of the

pixel structure of the SLM, there will be diffraction that can easily be seen in the

focal plane of the lenses of the telescopes. The output signal of each SLM consists

of a very bright center spot (0th-order) surrounded by a grid of spots becoming

progressively dimmer as they get further from the 0th-order. For this experiment,

only the 1st-order spot is needed, and this can be selected by placing a pinhole on

the focal plane of the first lens of the telescope that collects the output intensity

from the SLM. The pump vortex beam is then sent onto the input facet of the L

= 50 cm-long nonlinear medium, which is the methanol+graphene solution with

∆n = -4.5 ·10−6 whose properties are described in Section 3.5.2. The near-field

and far-field images of the output facet of the medium are finally collected by two

2560x2160 Andor cameras (with pixels whose size is lpixel = 6.5 µm) by using a 4f

imaging setup and a 2f imaging setup, respectively.
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3.6.3 Laboratory time evolution of the pump vortex core:

experimental results

The pump beam has vortex charge `=5, vortex core size r` = 400 µm (measured

at the input plane of the nonlinear medium), and the nonlinear propagation is

monitored for four different input powers (P=100mW, 500mW,1W,1.5W). A tilt of

the form eikxsin(φpump), φpump = 0.005◦ is added to the phase profile provided by

the SLM, in order to have a more efficient separation of the 1st-order of diffraction

from the higher orders. On the phase mask from the SLM, this simply becomes a

grid that can be interpreted as plane waves superposed with the vortex.

A time-resolved measurement of the near-field and far-field evolution of the

pump beam is performed by recording two videos simultaneously: knowing the

frame rate of the cameras (36.41fps), it is possible to associate each frame of the

near-field profile to the corresponding frame of the far-field profile at the same time.

Figures 3.6 and 3.7 report, for two distinct times, the near-field and the far-field

images in the (x, y) plane of nonlinear propagation of the pump beam for input

powers P=100mW and P=500mW.

(a) t= 0 s (b) t= 0.27 s

(c) t= 0 s (d) t= 0.27 s

Figure 3.6: (a)-(b) Near-field and (c)-(d) far-field profiles of the pump beam with
P=100mW.
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(a) t= 0 s (b) t= 0.27 s

(c) t= 0 s (d) t= 0.27 s

Figure 3.7: (a)-(b) Near-field and (c)-(d) far-field profiles of the pump beam with P =
500mW .

For an input power P=100mW the pump beam evolves with no changes of the size

of the vortex core; however, for increasing powers the vortex core rapidly shrinks to

a size wz = 290µm (for P = 500mW). From the data, for the two highest powers

the core size shrinks to wz = 195µm (for P=1W) and wz = 163µm (for P=1.5W).

This is because with a higher intensity the nonlinear effect becomes more relevant,

and the shrinking of the pump vortex core size occurs faster with a higher input

pump power as shown in Figure 3.8.
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Figure 3.8: The evolution in time of the pump beam vortex core in the plane y = 0 for
P=1W.The vortex core keeps a constant size until tgate ≈ 0.2s from the initial application
onto the sample and then moves away from the initial position - this is evidenced by the
fact that the core disappears over time from the plane y = 0.
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As pictured in Figure 3.9, the higher input power for the pump beam gives a

more rapid heating of the methanol+graphene solution, leading to the formation of

convection currents that move the pump beam vortex away from its original position.

In this situation, although the vortex core size becomes constant, the excessive

heating yielding to convection currents does not allow to observe superradiant

scattering.

(a) t= 0 s (b) t= 0.27 s

(c) t= 0.54 s (d) t= 0.81 s

Figure 3.9: The position shift of the pump vortex in the near-field for P=1.5 W.

Another evident effect of the strong nonlinear interaction and the subsequent

heating of the system is the generation of rings - due to nonlinear diffraction of the

vortex - in both the near-field and the far-field. The formation of these rings is

reported in Figure 3.10.
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(a) t= 0 s (b) t= 0.27 s

(c) t= 0 s (d) t= 0.27 s

Figure 3.10: The generation of vortex diffraction rings in the near-field (a)-(b) and in the
far-field (c)-(d) for P=1W. This effect, due to the strong nonlocal nonlinear interaction
in the system, consists in the emission of energy from the vortex while the beam vortex
core is shrinking in time.

These results show that, in order to have the pump beam with a constant tranverse

profile during z-propagation, so that the nonlinear environment for superradiance

can be kept along z, measurements of the pump-probe-idler interactions have to

be taken within a time texposure after the injection of the pump. In the experiment

described in the present Section, where the nonlinear sample has a length in z

L=50cm, the pump power ranges from P=100mW to P=1.5W, and the nonlinearity

is ∆n = -4.5 ·10−6, the exposure time is texposure ≈ 200 ms. This value of the

time, however, can change dramatically with any of the experimental parametres

above. Based on the information obtained in this Section on how time stability of

the pump beam vortex works in this nonlinear medium, a different time-resolved

experimental technique (illustrated in the next Section) will be carried out in order

to investigate efficiently the nonlinear mechanism of superradiance in nonlinear

optics.
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3.7 Analogue superradiant scattering in a photon

fluid

3.7.1 Four-wave mixing experimental geometry

Section 3.3 - 3.5 - 3.6 have provided, respectively, the theoretical basis for the physics

of superradiant scattering in nonlinear optics via four-wave mixing, an experimental

platform for the determination of the thermal nonlinearity of an optical medium,

and an experimental technique to explore the propagation of a beam in a thermal

nonlinear system. The tecnique reported in Section 3.6 has not proved to be suitable

for our experimental proposal for superradiant scattering, however it has provided a

useful information on the time gate to use in the experimental study reported in the

present Section. Here, we use a time-gated experimental setup and an interference

technique (which is identical to the one reported in details in Section 2.4.3) which

allow us to extract the right information on the propagating fields in the nonlinear

medium, while tuning the initial conditions to verify the occurrence of superradiance.

In this Section, we present the experimental setup used to explore the analogue

of Penrose superradiance in a nonlinear optical environment. We consider the

interaction - described by the NLSE - of a CW monochromatic (λ = 532nm) strong

pump field with OAM charge `, whose slowly varying electric field envelope of the

form of Eq. 3.17, with a CW weak signal field with the same λ, OAM charge

n, and electric field amplitude of the form of Eq. 3.36. The vortex pump field

generates the rotating photon fluid characterised by an ergoregion, and the signal

field is loosely focused onto the vortex core of the pump. Under the appropriate

waveguiding conditions, an additional idler field with amplitude of the form of

Eq. 3.38 is generated and trapped inside the pump vortex core, while the signal is

amplified and reflected off the pump ergoregion.

The nonlinear thermal optical medium used for the following experiment, as for the

experiments in Sections 3.5 and 3.6, is composed of a solution of methanol and a

low concentration of graphene nanoflakes (ρ = 23 × 10−6g/cm3 in this case). This

concentration of graphene provides a weak absorption from the pump input beam;
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the medium also absorbs some power from signal and idler beams, but given the

power difference between the pump and the other beams this contribution to the

absorption is negligible when compared to the quantity absorbed from the pump

beam. In the end, the weak absorption from the pump input beam allows the

enhancement of the thermo-optic nonlinearity. The absorption by the nonlinear

medium is not displayed in Eq. 3.1 for simplicity in the presentation, despite it will

be included in the numerical simulations. We verify that despite the presence of

losses in the NLSE photon fluids, the physics of the Penrose superradiance process

is persistent.

The nonlinear change in refractive index ∆n in steady state is expressed in this

system as [131]

∆n(r) = n2

∫
R(r− r′)|E0(r′)|2dr′, (3.56)

where r = (x, y) and n2 < 0 is the nonlinear coefficient for the defocusing

nonlinearity. In the photon fluid regime, the signal beam acts as a perturbation on

top of the strong pump beam, hence higher-order nonlinearities in the perturbation

field in ∆n can be neglected.

For thermo-optic nonlinearities, the nonlocal response function R in the distributed

loss model [16] [47] [51] (when a heat loss term, due to the presence of the boundaries

of the medium, is introduced in the heat transport equation) can be written as

R(r) =
1

2πσ2
K0

(
|r|
σ

)
, (3.57)

where K0(s) is the zeroth-order modified Bessel function of the second kind, and σ

is the nonlocality degree [16] [131]. Full details on the derivation of the nonlocal

response function in a thermal medium are reported in Section 2.2.1.

Moreover, experiments characterised by time-gated measurements [131] performed

over a short time have verified that it is possible to reach a strong nonlinearity with

a weak nonlocality before thermal diffusion reaches steady-state. Here, the CMOS

camera is gated such that it acquires the interferograms 200 ms after opening the

laser shutter, with a camera exposure time of 20 ms. Following the calculations

on the temporal evolution of the nonlocality in [14] [131] for the same of medium
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as ours, the experimental setting presented above ensures that the medium has a

strong nonlinearity with a small nonlocal length, which can be approximated as [14]

σ ≈
√

κ

ρ0C
t, (3.58)

where in this system (as in most liquids) [14] κ ≈ 0.2 W/(mK), ρ0C ≈ 2

·106J/(m3K). In our case, the nonlocal length is calculated at a time t ≈ 0.2s

after the injection of the pump beam, hence giving the following estimate for the

nonlocality, σ ≈ 141 µm.

In photon fluids, the nonlocal effects are negligible if the nonlocality σ is smaller

than the healing length ξ = λ/
√

4n0|n2|I0 [131]. In our system, the healing length

is approximately 600 µm, as n0=1.3288, λ=532nm, and I0 = Pp/(piw
2
0) [17].

Therefore, the experiment presented in this Section involves short data acquisition

times, the photon fluid system is treated as quasi-local [131], and we adopt the

local theory reported in [134].

The three conditions to satisfy in order to observe Penrose superradiance in the

photon superfluid regime, as detailed in Section , are:

1. the phase-matching (Zel’dovich-Misner) condition ∆ω ∝ −∆K < 0;

2. the guided idler modes should have positive wave vector shifts ∆Ki > 0,

or equivalently negative frequency shifts ∆ωi ∝ −∆Ki < 0, in order to be

trapped within the ergoregion;

3. the condition m = (n− `) > 0 for amplification, i.e. the OAM charge n of the

signal beam must be larger than the pump beam OAM charge `.

In the experiment, we explicitly verify the phase-matching ∆ω ∝ −∆K < 0 and

the idler frequency shift ∆ωi < 0 by numerically evaluating the signal modes and

the idler modes that can be trapped inside the pump waveguiding potential. These

numericals were performed by means of a Matlab script realised by Dr. M.C.

Braidotti from Prof. Daniele Faccio’s Extreme Light Group. In these calculations,

the waveguiding potential induced by the pump is approximated as local and

invariant along the propagation direction z: this is justified experimentally because

the nonlocality is small, and performing time-resolved measurements guarantees a
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quasi-local waveguiding potential; moreover, the pump is chosen to be stationary, i.e.

invariant along z. On the other hand, the third condition is verified experimentally

by means of a specific choice of the input pump and signal OAM charges.

Figure 3.11 illustrates the experimental setup. A Nd:YAG CW laser beam

(Coherent® Verdi G10) centered at λ = 532nm is split into three components:

a pump beam, a signal beam, and a reference beam. The pump and the signal

OAM beams are shaped by means of two Spatial Light Modulators (SLMs) - a

full detailed description of this technology can be found in Section 3.6.2. Here, a

phase mask on the beams is designed such that the first diffracted order carries the

desired phase profile: `θ for the pump, and mθ for the signal beam. Shortly after

the SLMs, the pump and signal beams are imaged through a 4f−imaging system

onto the input facet of the nonlinear medium, and the first order of each field is

selected by a pinhole in the far-field of the first lens placed after the SLMs. An

additional lens (focal f = 300mm) is placed along the signal beam path in order to

weakly focus it onto the pump vortex core inside the nonlinear medium.
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Figure 3.11: Experimental setup: a monochromatic laser beam is split into 3 components:
a pump beam, a signal beam, and a reference beam. The reference beam is expanded using
a system of lenses and is incident onto a CMOS camera. The pump and signal beams are
shaped by means of two SLMs and then imaged onto the input facet of the nonlinear sample
through a 4f-imaging system. The first diffraction order coming from the SLM is selected
using a pinhole. Using a lens the signal beam is focused at the mid-plane of the medium.
The pump and signal beams interact nonlinearly inside the sample. The fields at the output
sample face are then imaged onto a CMOS camera, where we collect their interference with
the reference beam (all beams have the same optical frequency λ=532nm). A laser shutter
with an exposure time τ = 200ms, placed before the beam is split into the 3 components,
allows the temporal (in the laboratory time) control of the nonlinear propagation.

The medium is contained in a cylindrical cell with a radius W = 1cm and length

L = 13cm, filled with a solution of methanol and graphene flakes (Graphene

Supermarket ® Conductive Graphene Dispersion, 23 wt% Total graphene content

in N-Butyl acetate, with average size of the flakes of 7 nm) which provide the

thermal nonlinearity. The methanol absorbs a small part of the strong pump,

providing a thermal defocusing nonlinearity with thermo-optic coefficient β = -4

×10 − 4 K−1. The concentration of the graphene nanoflakes inside the sample

is ρ = 23 ×10−6 g/cm3 in order to increase the absorption to 25% and raise

the nonlinearity of the whole solution, giving a nonlinear coefficient n2 = -4.4

×10−7 cm2/W [17] [131].

The powers used for the pump and the signal are reported in Table 3.1, together

with the geometrical characteristics of the experimental pump and signal beams.

The values of the powers are chosen in order to have the pump vortex core stationary

along z, and to ensure that the idler beam is generated and and both idler and signal

beams propagate.
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OAMs Pp (mW ) Ps (mW ) w0
bg (cm) w0

v (cm) wsv (cm)

` = 1,n = 2 252 8,10,12 1 0.10 0.15
` = 2,n = 4 175 9,12 1 0.15 0.20

Table 3.1: Pump and signal powers, Pp and Ps respectively, for the two pump OAM
charges used ` = 1, 2, and two signal OAM charges n=2,4 in the experiment, and also the
values of the pump Gaussian waist w0

bg and pump and signal vortex core sizes, w0
v and wsv

respectively [17].

The setup for the experimental investigation of superradiant scattering, as

mentioned above, is based upon a pump+probe mechanism exploiting the nonlinear

interaction of the two incoming fields to generate an idler field which is trapped inside

the ergoregion of the pump. The interference of the resulting field with the reference

beam allows to extract the required information through the Off-Axis Digital

Holography (OADH) technique, fully described in Section 2.4.3. An illustration

of the nonlinear process geometry is depicted in Fig. 3.12.
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Figure 3.12: Superradiant interaction geometry. The pump beam (grey) propagates inside
the nonlinear sample along the z-axis, while co-propagating with the signal beam (green).
The white dashed line represents the ergoregion encircling the pump vortex core, and the
experimental value of its radius is calculated for each combination of the experimental
parameters given by Eq. 3.30. The signal beam, by means of a converging lens placed
before the PBS and the medium, is loosely focused onto the pump vortex core, and the
focal plane in (x, y) of this converging lens sits at the mid-plane of the medium. After
this focal plane, if superradiance occurs an idler beam (red) is generated and trapped
inside the ergoregion. A reference beam interferes with the total field at the output of
the sample. The insets show experimental image examples of the pump (A, `=1) and
the signal (B, n=2) beam transverse intensity profiles at the input, while (C) shows the
corresponding pump-signal-idler-reference interference beam transverse intensity profile.
The white solid circle in the pump inset shows the ergoregion location, whose experimental
radius is re=118 µm with experimental parameters for the beams shown in insets: input
power of the pump Pp = 252mW, Gaussian waist of the pump wbg0 '1cm, core waist of
the pump beam, wv0 '100µm, and core waist of the signal beam wvs '150 µm [17]. As
the pump beam transverse profile is not Super-Gaussian, the waist of its Gaussian profile
is chosen sufficiently large to have an approximation of a constant pump beam intensity
in the (x, y) plane in the area of interest for the superradiant scattering, thus allowing to
approximate the value of ∆n as constant.

3.7.2 Laguerre-Gauss decomposition: experimental results

The intensity at the output facet of the nonlinear medium (i.e. at the end of the

nonlinear propagation) is brought onto a CMOS camera by means of a 4f-imaging

technique, then it interferes with a reference beam. This latter beam is, in this

case, a Gaussian beam with a (x, y) profile in the transverse plane large enough

to have a good approximation of a plane wave in the (x, y) area of the imaged

target beam. In order to finely tune the polarizations of the beams, thus having

the maximum visibility of the interference fringes on the camera, half-wave plates
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(HWPs) are placed along the beams paths: for each of the pump and signal beams,

one HWP before hitting the SLM, and one HWP after being reflected off the SLM

before the first order of diffraction from the SLM is selected. For the reference

beam, one HWP is placed after the beam is magnified and before it interferes with

the target beam (pump+signal+idler).

The CMOS camera captures the interferograms between the intensity of the total

(pump+signal+idler) field E (of the form of Eq. 3.19) and the intensity of the

reference beam. From these interferograms it is possible to retrieve the amplitude

and phase of the mixed field E involved in the nonlinear propagation by means of the

OADH technique [88] reported in Section 2.4.3. In summary, a Fourier Transform

(FT) (using a Matlab script realised by the author and Dr. M.C. Braidotti) is

performed on each interferogram, obtaining in k-space the positive and negative

frequency components of the FT of the total field E at (kx, ky) and (−kx,−ky),

respectively. By selecting one of these two lobes and by performing an inverse FT

(still using a Matlab script realised by the same authors), the retrieved complex

field Ē(x, y) = Ē(x, y)eiφ(x,y), is obtained, where Ē(x, y) and φ(x, y) are the retrieved

amplitude and phase profiles of the original total field E. By means of a numerical

Laguerre-Gauss (LG) decomposition (performed using a Matlab script realised

by the same authors) of Ē(x, y) it is then possible to separate the components

of the OAM spectrum - therefore determine the relative contributions from the

pump, signal, and idler fields - by calculating the so-called LG weights wj,p, which

quantify the contribution from a LG mode (identified by radial index p = 0, 1, 2...

and azimuthal index (i.e. the OAM charge) j ∈ Z) in the mixed field Ē(x, y). The

LG weights are defined as

wj,p =

∫ ∫
dxdyLLGj,p (x, y)Ē∗(x, y, z), (3.59)

where LLGj,p are the Laguerre-Gauss modes, given in cylindrical coordinates by the
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general expression [145] [146]

LLGj,p (ρ, θ, z) = CLG
j,p

w0

w(z)

(
ρ
√

2

w(z)

)|j|
exp

(
− ρ2

w(z)2

)
L|l|p

(
2ρ2

w(z)2

)
×

exp

(
−ikρ2

2R(z)

)
exp
(
ilθ
)
exp
(
−iφGj,p(z)

)
,

(3.60)

where CLG
j,p =

√
2p!

π(p+|l|)! is a normalization constant, L
|l|
p is the generalised Laguerre

polynomial, w0, w(z) are the waist and radius of the mode, R(z) = z + (z2
0/z) with

z0 the Rayleigh range z0 = πw2
0/λ, λ the wavelength, and φGj,p = tan−1(z/z0) is the

Gouy phase.

Each LG weight is a complex number showing the amplitude of a given LG

mode inside the retrieved total field Ē(x, y). From wj,p the j−components of the

experimental field are reconstructed from the transformation

Ej(x, y) =

∫
dpwj,pL

LG
j,p (x, y), (3.61)

thereby finding the form of the field for each OAM charge j component. This

allows to access the (x, y)-dependent phase and amplitude profiles of the pump

E
(`)
0 , signal E

(n)
s , and idler E

(q)
i fields. Different OAM combinations for pump and

signal are chosen in order to entirely characterize the superradiance process. In

particular, for the present experiment the two values chosen for the pump OAM are

`=1,2, with vortex core widths of wpump = 100,150 µm, respectively. For these two

distinct pump beams, a total of four values of the signal OAM charge n are evaluated.

It is worth noticing that the alignment between pump and signal beams is a

critical experimental requirement in order to have phase-matching and to correctly

distinguish the OAM components of the mixed field E: a small misalignment -

i.e. the presence of a tilt due to e.g. small imperfections in the alignment of the

beam paths, or aberrations from optical components - depletes the phase-matching

and from the resulting LG decomposition a single OAM contribution can spread

onto the neighbouring OAMs, preventing the right reconstruction of the field

components. In fact, the main contribution to the lower experimental reflection
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values with respect to the numerical values (as shown in Section 3.7.3) is due to a

strong sensitivity to input alignment of pump and signal beams. Moreover, errors

in the retrieval of the field components through OADH can be due to imperfect

centering of the lobe of the beam in the Fourier plane (to then perform an inverse

FT and retrieve the field), hence resulting in a misaligned (tilted) recontructed field

in direct plane, where e.g. the vortex of an OAM profile can misplaced. This type

of error in the retrieval is sensitive to the choice of the origin point for the inverse

FT of the lobe of the beam, and corresponds, in direct space, to choosing a specific

pixel as the centre of the beam. Even though the retrieval error is not reported,

a proper choice for the origin point of the FT of the beam in the transformed

interferogram was made by looking at the resulting retrieved amplitude and phase

profile, and by going back to the retrieval algorithm in Matlab to make the

appropriate adjustments.

In the end, in order to construct a good statistics, and to include slight misalignments

of pump and signal beams and consequent errors in the retrieval of the fields and

corresponding OAMs, for each combination of pump and signal OAM charges a set

of N = 20 data acquisitions is performed, obtaining N=20 interferograms for each

combination, and therefore 20 pump-signal-idler field sets are retrieved. Between

difference data acquisitions for a specific combination of pump and signal OAM

charges, there is no variation of the reference delay, and the standard deviation is

used to determine the error bars for the resulting reflection data (the value of the

error bars are shown in Table 3.2). It is not possible to use a single acquisition with

a camera exposure time τ ′camera = 20 ∗ τcamera = 400ms instead of 20 acquisitions

with a camera exposure time τcamera = 20 ms each, as in a time τ ′camera the nonlocal

length σ would increase dramatically and the quasi-local approximation would not

be valid. Moreover, in a time τ ′camera the pump vortex would change its (x, y) shape

along the propagation distance z due to the high nonlinearities involved, losing the

stationary approximation for the propagation of the pump beam. From the 20 sets

of signal and idler fields for each combination of pump and signal OAM charges,

the conserved quantity N(z), as defined in Eq. 3.32, is calculated. Furthermore,

the value of the reflection coefficient RN in Fig. 3.14 is obtained by averaging over

the 20 values of RN obtained by using Eq. 3.33. Here, the error bar is given by the
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standard deviation over the 20 separate measurements.

Figure 3.13 shows the values of the experimental values of the Noether current

plotted as functions of radius r for various pump and signal OAM combinations and

powers. These experimental currents are calculated by means of Eq. 3.31 which

is implemented with the experimental signal and idler intensities by means of a

Matlab script, realised by Dr. M.C. Braidotti [17]. All experimental currents

shown are calculated by averaging the 20 single values obtained from each of the

20 interference patterns. The blue curves for low pump power (Pp '10mW, so as

to not excite any nonlinear optical effects, hence called ”linear” in the insets of the

Figure) have J0(r) > 0 for all radii, and superradiance is absent. Two high values

of pump power are injected in the medium: in Figs. 3.13(a-d) the pump has input

power Pp=252mW and OAM charge `=1, whereas in Figs. 3.13(e,h) the pump has

input power Pp = 175mW and OAM charge `=2).
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Figure 3.13: Experimental currents J0(r) versus radius r. (a-d) Pump OAM charge ` = 1
and (e-h) pump OAM charge ` = 2. As reported in Table in Section 3.7.3, Penrose
superradiance conditions are satisfied in panels (b), (e) and (f). (a) Signal has OAM
charge n=3 and idler OAM charge q=-1. (b) n=2 and q=0. (c) n=-1 and q=3. (d)
n=-2 and q=4. (e) n=4 and q=0. (f) n=3, q=1. (g) n=1, q=3. (h) n=-1 and q=5.
The solid red, yellow, and purple lines are for different input powers of the signal. The
solid blue line represent the low pump power case, Pp=10mW, where no nonlinear optical
effects are excited, hence called ”linear” case. The dashed red lines in all panels indicate
the location of the radius re of the ergoregion (calculated using the expression 3.30 and
the experimental data given in Section 3.7.1): re=118 µm in (a-d), and re=104 µm in
(e-h). Insets show the output normalized intensity profiles |Es,i(r)|2 reconstructed from
experimental measurements with input signal power Ps = 12mW for all insets. The
reconstructed intensities are a further proof of the fact that the trapping of the idler in
the pump vortex core occurs for the superradiant cases (b), (e), and (f) [17].
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In Figs. 3.13(b,e,f) the current J0(r) for all curves (except for the blue curve

representing low pump power) is negative inside the ergoregion (whose radius re

is indicated in all figures by a dashed red line). In (e,f) we see that in a small

area outside of the ergoregion (within a distance ≈ 100 µm from re in (e), and

within a distance ≈ 50 µm from re in (f)) the current is still negative due to

the fact that this experimental configuration allows to observe superradiance in

the transient regime, where the signal is not well spatially separated from the

ergoregion yet. Nonetheless, in (e,f) the current becomes positive outside of the

ergoregion after this small transient area. On the other hand,the current J0(r) is

positive for all radii r when the superradiance condition is not satisfied, as shown

in Figs. 3.13(c,d,g,h). Also, in Fig. 3.13 (a) the reconstructed current J0(z) gives a

small negative contribution inside the ergoregion, however this is not considered a

SR case as the three SR conditions are not simultaneously satisfied. This is due to

geometrical constraints in the configuration of the OAM charge: whereas the signal

intensity profile is fairly large when compared to the vortex core of the pump, the

trapping of the idler inside the ergoregion is not efficient enough to have actual

amplification, as shown also in Table 3.2 where the corresponding values of the

reflectivity for experiment and numerics are practivally equal to 1.

In Figs. 3.13(a,b) the values of signal OAM charges are n = 3, 2 and (b) satisfies

the three conditions for superradiance (ω −mΩ < 0, ∆ωi < 0, n − ` > 0); on the

other hand, signal OAM charges n=-1,-2 in Figs. 3.13(c,d) do not satisfy the three

superradiance conditions.

The two signal OAM charges n=3,4 in Figs. 3.13(e,f) display the emergence of

superradiance with a negative current inside the ergoregion. In Figs 3.13(g,h)

the values of signal OAM charges are n=1,-1 and they do not satisfy the

Zel’dovich-Misner condition, and a Noether current J0(r) > 0 is shown for all

values of r.

The insets in Fig. 3.13 report the corresponding signal and idler transverse intensity

profiles in the vicinity of the pump core, reconstructed from the experimental

data using the LG decomposition. In particular, the signal and idler beams

97



become spatially separated, and the idler beam is trapped inside the ergoregion as

superradiance occurs. This is more evident in the cases of idler OAM charge q=0

in Figs. 3.13(b) and (e), where the trapped idler mode is peaked in the center of

the pump vortex. Therefore, these experimental results validate - under several

conditions - the theoretically-predicted connection between the Zel’dovich-Misner

condition for Penrose superradiance and the excitation of idler modes with negative

norms.

Figure 3.14: Reflection coefficient RN , calculated at the sample output (z = 13cm), as a
function of signal and pump OAM charges difference m = n − ` (lower axes) and idler
OAM charge q (upper axes) for: (a) pump ` = 1, and (b) pump ` = 2. Amplification
with RN > 1 is observed for m = n − ` > 0. All values of RN are calculated from the
average over 20 different acquisitions and the standard deviation is used to determine the
error bars. Blue dashed circles indicates the configurations where superradiance conditions
(∆K > 0, ∆Ki > 0 and m = n − ` > 0) are satisfied [17]. In inset (a) we observe that
in the cases where the three superradiance conditions are satisfied there is an increasing
reflectivity RN > 1 for increasing input power of the signal, as expected from expression
of the reflectivity in Eq.3.33 in the Noether current formalism, described in Section 3.4.3.
Also, by virtue of the condition m = n − ` > 0 for the signal OAM charge relative to the
pump reference frame, we did not explore a situation where the pump and the signal share
the same OAm charge, i.e. m = n− ` = 0.

Fig. 3.14 shows the reflection coefficient RN calculated at the output facet of the

medium for all pump and signal OAM charge combinations and for several signal

input powers. The reflection RN from the ergoregion is calculated using Eq. 3.33

and plotted as a function of m = n − ` (lower axes). The data points for which

the condition m = n − ` > 0 is verified together with the other two superradiance
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conditions, i.e. ω−mΩ < 0 and ∆ωi < 0, are circled with a dashed line. Only these

points show evidence of over-reflection, RN > 1, and all other points have RN ≤ 1.

A maximum amplification of 5% is observed when the idler OAM charge is q = 0

(upper axes), and this result is consistent with the fact that the trapped idler is

strongly localized in the pump vortex core. The trend of RN with m = n− ` is also

confirmed by numerical simulations, as illustrated in the next Section.

3.7.3 Comparison of the experimental results with

numerical simulations

The system is radially symmetric with respect to the origin point of the pump

vortex core, hence in order to verify the trapping of the idler guided modes in the

presence of the cross-phase modulation-induced waveguide (supplied by the pump

vortex core), the spectra of the idler modes are computed by solving the eigenvalue

equation in cylindrical coordinates (where, for simplicity of notation, the idler LG

mode profile Uq with OAM charge q is renamed as Uq → U

1

4

[
d2

dr2
+

1

r

d

dr
− q2

r2

]
U(r) + ∆n(r)U(r) = ΛqU(r) (3.62)

coming from Eq. 3.27. Here, r is the radial spatial coordinate, ∆n(r) = 2β`(u
2
`(r)−

1) the waveguiding potential, Λq the eingenvalue for an idler with OAM charge q, and

U(r) the corresponding eigenmode. Eq. (3.62) can be solved as a matrix eigenvalue

problem by discretizing the radial coordinate r ∈ [0,W ] (where W is the radius of

the cylindrical sample) in Nr + 1 equally-separated points such that W = Nrdr,

where dr is the finite step, i.e. the distance between two successive points. We then

write the spatial derivatives as

dU

dr
→
(
dŪ

dr

)
k

=
Ūk+1 − Ūk−1

2dr
, (3.63)

d2U

dr2
→
(
d2Ū

dr2

)
k

=
Ūk+1 − 2Ūk + Ūk−1

dr2
, (3.64)

where Ūk,
(
dŪ
dr

)
k
,
(
d2Ū
dr2

)
k

are the value on k-th row and 1-st column of the (Nr+1)×1

matrix representations of the idler LG mode profile and its first and second spatial
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derivates, calculated at the radial position rk of index k = 1, 2, ...Nr + 1, rk =

(k − 1)dr. The eigenvalue equation for the idler modes can thus be turned into a

matrix equation MŪ = ΛqŪ , where M is the (Nr+1)× (Nr+1) tridiagonal matrix

representation of operator 1
4

[
d2

dr2
+ 1

r
d
dr
− q2

r2

]
+ ∆n(r). Using Eqs. 3.63 - 3.64, the

elements of M in indexes k = 1, h = 1, 2, ...Nr + 1 can be written as

M1,1 = −1

4

(
2

dr2

)
+ ∆n(r1), (3.65)

M1,2 =
1

4

(
2

dr2

)
, (3.66)

M1,h = 0 otherwise. (3.67)

and the matrix elements in indexes k = 2, ...Nr + 1, h = 1, 2, ...Nr + 1 as:

Mk,h = −1

4

(
2

dr2

)
− q2

r2
i

+ ∆n(r1) when k = h, (3.68)

Mk,h =
1

4

(
1

dr2
+

1

2rkdr

)
when k = h+ 1, (3.69)

Mk,h =
1

4

(
1

dr2
− 1

2rkdr

)
when k = h− 1, (3.70)

Mk,h = 0 otherwise. (3.71)

If Λq > 0, the idler mode can be trapped inside the waveguiding potential, ng being

the number of eigenmodes with positive eigenvalue Λq. These spectra are calculated

using a Matlab script realised by Dr. M.C. Braidotti.

The experimental conditions are therefore tested by numerically simulating the

Nonlinear Schrödinger Equation where an absorption term is included [40]

i
∂E

∂z
+

1

2k
∇2
⊥E +

k

n0

∆n[|E|2]E = −iα
2
E, (3.72)

where

∆n = n2

∫
R(r− r′)|E(r′)|2dr′. (3.73)

The absorption, represented by the coefficient α and induced by the presence of
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the graphene flakes in the nonlinear medium (i.e. giving a value α = 2 m−1), is

included in the simulations in order to verify the persistence of the physics of the

Penrose superradiance. In fact, as outlined in Section 3.4, a small optical absorption

is present in our experiment, and through numerical simulations we verify that

the physics of the process is consistent and the definition of the reflectivity and

transmission holds also in the case of small losses. The background pump beam is

generated by an incident vortex beam

E0(r, z = 0, `, θ) = U0 tanh|`|(r/wv)e
−r2/w2

bgei`θ, (3.74)

where ` is the vortex OAM charge and U0 controls the pump power. The

choice of this form of the pump and of the parameters reported in Table 3.1 is

needed to have the simulations as close as possible to the experimental configuration.

The signal field Es at the center of the medium is chosen [134] as a Laguerre-Gauss

(LG) beam with OAM charge n and radial index p = 0 (resulting in a LG polynomial

Lnp = 1),

Es(r, z = L/2) = Us

(√
2 r

wv

)|n|
e−r

2/w2
veinθ, (3.75)

where Us controls the signal power. The signal field is loosely focused onto the

pump vortex core, and it counter-propagates linearly towards the input plane at

z = 0. It has been shown that out-of-focus modes, generated by the SLMs, are

not pure LG modes due to the presence of curvature. Numerically-efficient ways

to select the correct basis to express these modes have shown good results when

compared to experimental data [147] [148]. The signal beam is hereafter expressed

as a superposition of LG modes with a fixed OAM charge n, modelling the weak

phase curvature in the experiment. Moreover, the idler beam is chosen to have zero

amplitude at the input.
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OAMs m = n− ` > 0 ω −mΩ < 0 ∆ωi < 0 ng

` = 1, n = 3, q = −1 yes no no 2
` = 1,n = 2,q = 0 yes yes yes 2
` = 1, n = −1, q = 3 no no no 0
` = 1, n = −2, q = 4 no no no 0

OAMs RBPM RNLS Rexp (σRexp) (Ps = 8, 10, 12 mW)

` = 1, n = 3, q = −1 0.996 0.998 1.001 (0.006), 1.001 (0.005), 1.001 (0.006)
` = 1,n = 2,q = 0 1.193 1.848 1.032 (0.028), 1.044 (0.017), 1.054 (0.015)
` = 1, n = −1, q = 3 0.995 0.921 0.896 (0.005), 0.917 (0.004), 0.948 (0.002)
` = 1, n = −2, q = 4 0.989 0.996 0.981 (0.001), 0.987 (0.001), 0.993 (0.002)

OAMs m = n− ` > 0 ω −mΩ < 0 ∆ωi < 0 ng

` = 2,n = 4,q = 0 yes yes yes 4
` = 2,n = 3,q = 1 yes yes yes 3
` = 2, n = 1, q = 3 no yes no 2
` = 2, n = −1, q = 5 no no no 1

OAMs RBPM RNLS Rexp (σRexp) (Ps = 9, 12 mW)

` = 2,n = 4,q = 0 1.696 1.091 1.037 (0.009), 1.039 (0.017)
` = 2,n = 3,q = 1 1.411 1.007 1.004 (0.002), 1.007 (0.002)
` = 2, n = 1, q = 3 0.713 0.408 0.944 (0.003), 0,937 (0.003)
` = 2, n = −1, q = 5 0.993 0.508 0.947 (0.001), 0.954 (0.002)

Table 3.2: Summary of superradiance conditions in the various OAM configurations used
in the experiment. When the three conditions (ω −mΩ < 0, ∆ωi < 0 and m = n− ` > 0)
or equivalently (∆K > 0, ∆Ki > 0, and m = n− ` > 0) are satisfied simultaneously, the
reflection coefficient R is greater than 1 (R > 1), as shown in the rows with bold text font.
Moreover, ng is the number of idler guided modes, i.e. the number of modes with Λq > 0.
The cases in which all three SR conditions are verified are indicated in bold font. The
three reflection coefficients are obtained, respectively: by the local and stationary (along
z) pump Beam Propagation Method for the signal and idler (RBPM ), by the full NLS
numerical simulation (RNLS), and by experimental measurements (Rexp). The error bars
σRexp (calculated as standard deviations) for the experimental reflection coefficients Rexp
are also reported. [17].

Table (3.2) reports the results of the transverse (phononic) frequency signs from

the idler mode computations and shows that when all three conditions are satisfied

the reflectivity is larger than unity. These values of the reflectivity were calculated

using Matlab scripts realised by Dr. M.C. Braidotti.

More specifically, the reflectivity RBPM reported in Table (3.2) is calculated using

the beam propagation method (BPM) to solve Eqs. (3.26-3.27) in the paraxial

approximation [18] with the same parameters as in the idler mode computation,

thus with a local nonlinearity and stationary pump evolution. The trend in RBPM

is found to be the same as that found experimentally Rexp, as shown in the last
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column of Table 3.2 and in Fig. 3.14, even if the absolute values are different. The

reflection coefficient RNLS is calculated by solving the full Nonlinear Schrodinger

Equation 3.72, with a nonlocal nonlinearity and propagating pump beam, after the

propagation of the incident beam (signal + pump) over the distance z=13 cm as in

the experiment. As reported in Fig. 3.13, we observe that the trend is confirmed

also in this case, verifying the experimental results.

The maximum amplification in the numerical simulations is reached also when the

idler beam has an OAM charge q=0 and its intensity at the end of the nonlinear

propagation drops to ∼ 85% of its input intensity. When superradiance conditions

are not met, there is a maximum absorption (of the signal beam inside the pump

ergoregion) of 60%.

The experimental values of gain and absorption are lower when compared to the

simulations because of the presence of experimental noise in the simulations. In

fact, as explained in Section 3.7.2, the alignment between pump and signal is

a key requirement to have phase-matching and to have a correct estimation of

the components in the total field E, and the main contribution to the lower

experimental amplification values - compared to the numerical ones - comes from

this strong sensitivity to input alignment of the pump and signal beams. Indeed, the

observation of R > 1 in the experiment requires an alignment of pump and signal

so precise that both beams have to be well centered and also co-propagating along

the same exact z-axis (i.e. such that there is no tilt in their relative propagation

directions). However, the two beams also follow different path trajectories in the

setup before entering the nonlinear medium, as shown in Fig. 3.11. This means

that the two separate paths of the pump and the signal, before the nonlinear

propagation, are subject to small fluctuations which can lead to large fluctuations in

the measurements of the reflectivity. For instance, a possible source of experimental

noise of this kind can be a weak air turbulence: we try to minimize the action from

this source by boxing the whole setup, so that no air flows can reach the optical

table. We used the standard deviations to build a statistics and to include the

action of sources of experimental noise on small misalignments of pump and signal

beams and consequent errors in the retrieval of the fields and corresponding OAMs,

however we did not characterize the systematic errors that could be included in
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our measurements. Nonetheless, numerical simulations confirm the trend of the

experimental results in the transient regime, i.e. showing an amplification R > 1

even if the signal beam is still in the vicinity of the ergoregion.

3.7.4 Conclusions

Penrose superradiance was originally predicted as an astrophysical process in which

positive energy modes are amplified from the interaction with a rotating black

hole, at the expense of their negative mode counterpart which remains trapped

inside the rotating body. This concept was first tested in hydrodynamics with

water waves scattering from a vortex in a bath tub [113]. The results presented

in this chapter show the arising of a novel process of wave mixing in nonlinear

optics inspired by Penrose superradiance physics. The amplification of positive

energy modes with Orbital angular Momentum in the scattering with a rotating

background is experimentally detected, together with the trapping of the negative

mode counterpart supported by the Noether current formalism. Moreover, the

presence of over-reflection (reflectivity greater than one) reveals the presence of

superradiance even in the transient regime. Therefore, photon fluids allow for the

study of the fundamental inner workings of Penrose superradiance, including the

details and influence of negative-mode trapping and transient phenomena that are

not accessible in other systems. This experiment provides a novel and accessible

platform for investigating Penrose superradiance, deepening the understanding of

the physics at a fundamental level and providing a potential platform for future

studies investigating energy extraction from superfluid vortices.
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Chapter 4

Conclusions

In this work we presented the results obtained from the investigation of nonlinear

optical analogues of gravitational effects in two distinct contexts.

We analysed the physics of the Newton-Schrödinger Equation by means of the

optical propagation in a self-focusing nonlinear medium, where we observed that the

paraxial equation describing the z evolution of two co-propagating optical beams in

a thermal nonlinear medium mimics the time evolution of two mass distributions

governed by the NSE. In this case, the two optical beams interact through the

diffusion of heat in the medium, generating a nonlinear refractive index profile that

mimics the Newtonian gravitational interaction between two mass distributions in

the NSE. We then studied the evolution (according to the NSE) of a single optical

beam in the same nonlinear nonlocal medium, leading to the observation of an optical

collapse guided by heat diffusion and followed by the formation of a soliton in the

transverse plane. From the study of the evolution of the phase space and energy

density distribution of this system we observed the violent relaxation process, which

in the astrophysical context is responsible for the formation of galaxies. This latter

result was obtained by means of an interferometric holographic technique, which

allowed us to obtain information on the amplitude and phase of the system. All

these results were compared to numerical simulations.

We reported the results of an experimental technique to determine the nonlinear

properties of a self-defocusing medium (i.e. a photon fluid), and we obtained the

measurements of the stability of a vortex beam undergoing the nonlinear nonlocal

propagation in this medium. We then observed the emergence of an analogue of

Penrose superradiance in a self-defocusing nonlinear optical system by means of a
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four-wave mixing mechanism, which was detected through the same holography

technique above All these experimental results were again compared with and

confirmed by numerical simulations.

These outcomes were achieved by an intense work on experimental, numerical, and

theoretical stages, and they are a solid confirmation of the validity of the nonlinear

optical platform as a useful tool to explore aspects of the GR phenomena that cannot

be experimentally tested directly. While the current results can be the interesting

starting point of further analysis and discussion in the main frames of nonlinear

optics and general relativity, the exchange and acquisition of ideas from these two

research fields is essential to pursue more interesting objectives and to learn how to

face further challenges in the analogue gravity context.
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