
Approximations in Actuarial and

Financial Mathematics

Chaofan Sun

Submitted for the degree of

Doctor of Philosophy

Heriot-Watt University

Department of Actuarial Mathematics & Statistics,

School of Mathematical and Computer Sciences.

July, 2022

The copyright in this thesis is owned by the author. Any quotation from the thesis

or use of any of the information contained in it must acknowledge this thesis as the

source of the quotation or information.



Abstract

This thesis consists of three topics that are related to approximations.

We first investigate the accuracy of Taylor polynomials in approximating utility

functions. We show that increasing the polynomial order does not necessarily im-

prove the approximation of the expected utility. The proofs use methods from the

theory of parabolic second-order partial differential equations.

In the second part of the thesis, we aim to analyse the spread process in a short

time in the SIS epidemic model of computer networks. We show that the short-

time asymptotics of infection probability depends on the network structure. We use

concepts and methods from graph theory and defined in this chapter.

In the third part of the thesis, we propose a single-network-based algorithm

using deep learning techniques where neural network is used to approximate the

derivatives of a function. We provide computational underpinnings for applying the

replacement closeout convention in the valuation of a defaultable financial claim

with counterparty credit risk.

Numerical examples illustrate all results in the three parts.
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Chapter 1

Introduction

In history, actuarial mathematics or actuarial science was a subject where math-

ematical models were introduced to solve insurance and pension problems under

uncertainty in the insurance industry, while financial mathematics focused on the

problems appearing in financial markets. Later, with more actuaries involved in

different financial sectors other than insurance and pensions, the boundary between

financial mathematics and actuarial mathematics became blurred. Recently, the

rapid development of topics in computer science, such as data science and deep

learning, has drawn much attention from actuaries. The combination of actuarial

mathematics and computer science provides a new opportunity for actuaries to deal

with more complicated problems than ever before. From this point of view, all

topics in this thesis are indeed within the boundary of a more generalised actuarial

mathematics used by actuaries in different financial sectors. More specifically, all

topics focus on approximating solutions to problems with no closed-form solutions.

This thesis consists of three separate research outputs. The topics vary from

expected utility approximation, graph theory for cyber insurance, to deep learning

for credit valuation adjustments. The main purpose of my research is to develop

crucial skills for an actuary to deal with real-world problems in measurement and

management of risk and uncertainty, and at the same time to examine some topics

that others have not done. Because we live in a diverse world with more and more

interdisciplinary problems everywhere, the need of being able to perform indepen-

dent research and provide solutions for real-world problems from a multi-angle point

of view has never become as important as today.

1



Chapter 1: Introduction

The first topic follows the market settings in [6] and examines the Taylor expan-

sion in an application of utility and portfolio research. The second topic is inspired

by the fast-growing cyber insurance industry and the model introduced in [7]. The

third topic is the application of the rapidly developing deep learning on the valuation

adjustment of counterparty credit risk which has attracted much attention since the

pandemic.

1.1 Taylor expansion in expected utility approxi-

mation and portfolio selection

Utility optimisation and portfolio selection are classical problems in financial eco-

nomics, and [8] is usually credited with the first analysis of the time-continuous case

where closed-form solutions can be given in important situations. For a more prac-

tical situation where utility optimisation is employed there may have no closed-form

solution. In practice, a popular and useful way (as discussed by [9]) to approximate

the expected utility is the mean-variance approximation, first introduced by [10].

Indeed, one can view the mean-variance approach as an approximation of the ex-

pected utility function formally obtained by truncating its Taylor series after two

terms.

The first part of the thesis aims to provide a better understanding of such ap-

proximations by analytically investigating the quality of the Taylor approximation of

expected utility in the setting of [6]. We thus consider an optimal portfolio selection

problem in the context of a market consisting of a risk-free asset and a risky asset

whose dynamics follows a geometric Brownian motion. On the finite time horizon

[0, T ], the investor operates a portfolio of total wealth Xt by varying the proportion

ω invested in the risky asset. We assume that ω = ω(t, x) is a deterministic function

of time t and current wealth x. We use asymptotic analysis to understand the effect

of the Taylor approximation and perform a careful analysis of the probability density

of the wealth process X with the important case of the power utility function. Be-

sides, we give numerical illustrations. The main observation is that the singularity

of (derivatives of) the power utility at the origin are smoothed out by the decay of

the density function when taking expectations. Our analysis applies to more general

2



Chapter 1: Introduction

utility functions that share a similar property at the origin. To enrich our findings

further research is needed, e.g., in more general settings and with other kinds of

utility functions. However, our results clearly point out issues that actuaries need

to be aware of and understand in more depth.

1.2 Short-time asymptotics in a cyber insurance

model

The covid-19 pandemic has had a permanent impact on the form of global business.

From small local companies to multinational corporations, all kinds of businesses

rapidly moved to the internet. As a consequence, cyber risk has increased signifi-

cantly with cyber incidents rated as one of the top three business risks1 in 2021. One

way to deal with cyber risk, which traditional IT companies widely use, is to invest

in their own firewalls. Some network security companies also provide protection

service to other businesses at a fair price. These active protections against cyber

threats are efficient but clearly not sufficient to eliminate cyber risk, thus companies,

especially those internet-based and data-sensitive ones, still need cyber insurance to

cover any potential loss. From an actuarial point of view, modelling cyber risk is

challenging. The traditional actuarial models are difficult to transplant to cyber

insurance due to the unique characteristics of cyber risk. Unlike the risk of life or

general insurance, cyber risk is more like to be systemic, i.e., when a fault and loss

occurs in the network, it can spread to other connected entities, in a very short time.

Meanwhile, the fast spread may depend on the network structure2. [7] introduces a

model where the structure plays an important role and there is no immunity after

an infection. We carry out our research based on the spread model in [7].

In the second part of the thesis, we aim to investigate the influence of structures

on the spread process in short times in modelling cyber systemic risk. [7] use an

Susceptible-Infectious-Susceptible (SIS) model assuming that there is no immunity

after an infection. For the SIS model in biology, most analyses of the asymptotics

in the time variable focus on infinity, i.e., the long term behaviour of the spread.

1See Allianz Risk Barometer 2021.
2See [11] for an example where the structure is ignored and only the number of infections are

involved.

3



Chapter 1: Introduction

However, because the spread of a cyber incident is faster than the spread of a bi-

ological virus, we consider the asymptotics in time t which is close to zero. The

spread process is modelled as a non-closed ordinary differential equation (ODE)

system. Hence we apply two types of mean-field approximations and a linear ap-

proximation to convert the non-closed ODE system to a closed one. We compare

the asymptotics of all these approximations and illustrate the results with numerical

examples. Our results suggest that a linear approximation is adequate in a short

time and the structure plays a decisive role during the spread. In a short time, the

infection probability of a healthy set is dominated by the shortest infection path

regardless of the size. It sheds light on the way to simplify the network and reduce

the scale of the ODE system by merging similar vertices. Further research includes

analysis of other compartmental models and more applications of the asymptotics.

However, our findings provide actuaries with a better understanding of the spread

in a short time and the importance of structures when applying the SIS model.

1.3 Deep learning in credit valuation adjustment

with replacement closeout

According to the definition in CRE50, Basel III, counterparty credit risk is the risk

that the counterparty to a transaction could default before the final settlement of

the transaction’s cash flows. The credit valuation adjustment (CVA) is commonly

viewed as the market value of counterparty credit risk. Including CVA in the deriva-

tive valuation has been an essential market practice for banks since the 2008 global

financial crisis. In practice, banks subtract CVA from the counterparty-risk-free

(risk-free) price when a contract is subject to counterparty credit risk. In the cal-

culation of CVA, we mark the closeout value at default to a market price, which is

called “mark-to-market”. Before the 2008 crisis, almost all credit risk models used

the risk-free price for the closeout3 for the valuation of defaultable financial claims.

The advantage of applying the so-called “risk-free” closeout convention is obvious

because it is simpler to use in practice, especially [16] mentions that banks have

large default-free pricing libraries. However, a painful lesson of the global financial

3See for example [12–15]
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Chapter 1: Introduction

crisis is that no counterparty should be regarded as risk-free and CAP50, Basel III

clearly states that banks must mark to market as much as possible. Since the crisis,

both practitioners and academics4 have questioned the validity of the risk-free close-

out. As an alternative, the replacement closeout convention draws more attention to

overcoming the drawbacks of the risk-free closeout5, although it was first proposed

by [25] prior to crisis. The replacement closeout is defined via the pre-default value

of a financial claim, which inherently embeds the counterparty credit risk. While the

risk-free closeout is defined via a counterparty-risk-free claim. In other words, the

pre-default value with the replacement closeout depends on the future pre-default

value thus forming a nonlinear system. Therefore, the replacement closeout is supe-

rior to the risk-free closeout in capturing the mark-to-market value of the claim and

yields a better estimate of CVA. However, the replacement closeout is not perfect.

One drawback is that the nonlinear system makes the calculation more complicated

and costly in practice.

The purpose of the third part of the thesis is to provide computational un-

derpinnings for applying the replacement closeout convention in the valuation of

counterparty credit risk. The numerical results confirm the theory that the CVA

with the replacement closeout is greater than the CVA with the risk-free closeout.

In other words, the risk-free closeout convention underestimates the CVA. However,

the replacement closeout incorporates more counterparty’s creditworthiness, hence

yields a more accurate calculation of CVA. Although theoretical results support the

use of the replacement closeout, its applicability in practice largely depends on the

efficiency of the numerical algorithm. The nonlinearity caused by the replacement

closeout gives rise to the main difficulty. Particularly, when the number of risk

factors6 increases, the computational complexity of the nonlinear valuation system

grows exponentially with traditional numerical methods such as the finite difference

method. Suffering such exponential growth is known as the “curse of dimensional-

ity”. To overcome this drawback, researchers have recently turned their attention to

deep learning and created a so-called “deep backward stochastic differential equation

4For practitioners see [17] and for academics we refer to [18, 19].
5See for example [20–24]
6The sources of risk factors would be macroeconomic factors (e.g., interest rates), market in-

dices (e.g., S&P 500 index), the credit ratings of the investors and their counterparties, and the
randomness of assets (e.g. multi-asset, or stochastic volatility models), etc.
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Chapter 1: Introduction

(deep BSDE)” method7. Such a deep BSDE method exhibits significant superiority

especially on high-dimensional models. It reformulates a partial differential equation

(PDE) problem into a BSDE problem by the Feynman-Kac formula. Then with a

simple Euler discretisation scheme it becomes an optimisation problem associated

with a terminal condition. Finally, the gradients in the optimisation problem are

approximated by neural networks using the universal approximation theorem8. We

develop a deep BSDE algorithm for the calculation of the CVA with replacement

closeout, motivated by [4, 29]. Our algorithm is single network-based compared with

the existing literature algorithms in credit risk valuation via the deep BSDE method.

Instead of using the fully connected neural network in [4], we use the long-short term

memory (LSTM) network, which is proposed by [30] and shows impressive power in

solving real-world problems with sequence data9. The numerical tests suggest that

our algorithm works satisfactorily and shows better convergence stability than the

fully connected solver in calculating the CVA with replacement closeout. We also

study the difference in computational costs between the replacement and risk-free

closeout. The replacement closeout saves around 50% of time when implementing

the new deep BSDE algorithms, thus the application of the replacement closeout

would not burden the valuation.

7Such deep BSDE method is established in a series of papers with authors mentioned in [4, 26,
27]

8See [28] for example.
9For example, the LSTM network is successfully used in time series prediction ([31]), speech

recognition ([32]) and rhythm learning ([33]).
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Chapter 2

Taylor expansion in expected

utility approximation and

portfolio optimisation

2.1 Introduction

Optimal control problems involving utility maximisation are an important tool in

finance and insurance. Two main types of application of this technique include

questions of optimal dividend allocation1 or indeed portfolio selection. The latter

has a long pedigree as described below yet is also an active area of current research2.

The purest form of such optimal consumption and portfolio selection problems

is a classical topic in financial economics. Usually, [8] is credited with the first

analysis of the time-consistent3 case. This problem is relevant not least because it

has a closed-form solution that serves as a point of reference for more complicated

settings.

Practically relevant situations where utility optimisation is employed may not

have a closed-form solution and approximation methods can be used as a handy tool.

The most basic such technique in utility maximisation appears to be the Taylor ex-

pansion of the utility function. To embed this in the history of optimal portfolio

selection, one can view the mean-variance approach as an approximation of expected

1See for example [34]
2See for example [35, 36]
3Time consistency refers to the optimal strategy being the same throughout the time.
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Chapter 2: Taylor expansion in expected utility approximation and portfolio
optimisation

utility formally obtained by truncating its Taylor series after two terms. Approxima-

tions are interesting and relevant for two main reasons. The first reason comes from

the gap between numerical and analytical analysis, i.e., while a numerical analysis

can only shed light on particular scenarios, analytical methods allow to consider

important properties of general cases. This includes in particular the asymptotic

behaviour of a solution when parameters become large or small. The second reason

lies in the challenges of numerically implementing optimisation schemes for example

for dynamic portfolio management. Here an approximation of the value and hence

utility function turns out to be key for establishing first-order conditions4.

This chapter makes contributions in both directions as the techniques and results

allow a better understanding of such approximations. To this end we analytically

investigate the quality of the Taylor approximation of expected utility in the setting

of [6]. We thus consider an optimal portfolio selection problem in the context of

a market consisting of a risk-free asset whose price is denoted by Bt and a risky

asset of price St whose dynamics follow a geometric Brownian motion. On the finite

time horizon [0, T ], the investor operates a portfolio of total wealth Xt by varying

the proportion ω invested in the risky asset. We assume that ω = ω(t, x) is a

deterministic function of time t and current wealth x. More precise assumptions are

given in the subsequent section.

An optimal portfolio selection problem then seeks to find the maximum expected

utility of terminal wealth and the corresponding strategy, i.e., the aim is to solve

supω E[u(Xω
T )|Xt = x], where we use the superscript ω to signify the dependence of

the terminal wealth on the investment strategy. Using a power utility u(x) = x1−γ

1−γ

with γ > 0 and γ 6= 1, the Taylor expansion to order n around a point x0 becomes

u (x) =
n∑
i=0

ci(γ)x1−γ−i
0 (x− x0)i + rn(x),

for a remainder term rn(x) and some constants ci(γ). A key idea of [6] is to choose

4See for example [37, 38]
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Chapter 2: Taylor expansion in expected utility approximation and portfolio
optimisation

x0 = E[Xω
T |Xt = x], a function of t and x, leading to

E[u(Xω
T )|Xt = x] =

n∑
i=0

ci(γ)E[Xω
T |Xt = x]1−γ−iE

[
(Xω

T − E[Xω
T |Xt = x])i

∣∣Xt = x
]

+Rω
n(t, x),

(2.1)

where Rω
n(t, x) = E[rn(Xω

T )|Xt = x].

Our analysis is done in the important case of the power utility function, which is

part of the family of constant relative risk aversion (CRRA) utility functions. While

this is predominant in actuarial and financial applications, it requires a fairly detailed

presentation which enables the reader to adjust the approach to more complicated

situations. The derivation of the results hinges on a careful analysis of properties

of the probability density of the wealth process Xt. The key observation is that the

singularity of (derivatives of) the power utility function at the origin are smoothened

out by the rapid decay of the density function of Xt when taking expectations. Thus

the analysis carries over to more general utility functions that exhibit a similar

behaviour at the origin.

On a more general level, the optimisation problem (2.1) is of the form

sup
ω

{
f
(
t, x, yω1 (t, x), · · · , yωn(t, x)

)}
,

where yωi (t, x) = E[gi(X
ω
T )|Xt = x] for some functions gi. These optimisation prob-

lems are time-inconsistent due to their dependence on the moments of terminal

wealth where Bellman’s principle of optimality does not apply. Thus the problem

cannot be solved by classical Hamilton–Jacobi–Bellman (HJB) equations. Instead

we use the idea of extended HJB equations given in [3] to find the optimal strategy

ω∗.

Our main results are threefold.

1. The decay of the remainder term Rω
n(t, x) in x satisfies Rω

n(t, x) ∼ x1−γ as

x goes to infinity, independently of n and ω. It means that increasing the

order n does not necessarily improve the accuracy of the approximation for

any strategy.

9
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2. We prove analytically that for given t and x the absolute value of the remainder

term |Rω
n(t, x)| increases in n for sufficiently large n. This means that there

is an optimal approximation order that minimises the remainder. This result

explains numerical observations in the literature.

3. The third result concerns the investment strategy. The strategy obtained for

a Taylor-approximated utility function does not yield an asymptotically close

approximation to the optimal strategy as x goes to infinity.

We give a brief literature review relevant to Taylor expansions of expected utility.

[10] is the first to use a mean-variance approximation in portfolio selection problems,

i.e. a second-order Taylor approximation of expected utility. [39] shows that when

risk is limited (σ → 0), the mean-variance approximation is a good method to

approximate expected utility and including higher-order terms does improve the

approximation. [40] approximates CRRA utility functions by Taylor polynomials

around E[XT ] and notes that the Taylor expansion is a function of the moments of

the distribution of return, i.e.,

E[u(XT )] =
∞∑
i=0

u(i) (E[XT ])

i!
E
[(
XT − E[XT ]

)i]
=
∞∑
i=0

u(i) (E[XT ])

i!
mi,

where mi is the i-th central moment of return XT . The author comments that

using only the first two terms of the Tayler expansion yields a useful approxima-

tion. [41] shows that under power utility assumptions, the Taylor expansion of the

utility function u(XT ) around the mean E[XT ] converges only within the interval[
0, 2E[XT ]

]
. However, this interval of convergence only applies to the utility function

itself and not to its expectation. The author also gives numerical examples with a

log-normally distributed return XT and a power utility function u. These examples

show that the approximation of the expected utility becomes worse when adding

higher-order terms. [42] extends the second-order Taylor expansion using the mean

E[XT ] and two other points E[XT ]− ε and E[XT ] + ε for small ε > 0 and conclude

that the mean-variance analysis is more suitable when the probabilities of extreme

returns are low. [43] gives several numerical examples to support the mean-variance

approximation of the logarithmic utility function in practice. In a related research

avenue, several authors consider special cases to assess the accuracy of the mean-

10
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variance approximation without analytical proofs. [44] gives numerical examples

by comparing the value of the true expected utility E[u(XT )] and the two-moment

Taylor approximation u (E[XT ]) + 1
2
u′′ (E[XT ]) Var[XT ] and claims that the useful-

ness of Taylor expansions is an empirical issue, and it is unnecessary to consider the

convergence of the infinite series. The author reproduces the numerical examples

given in [41] and shows for the power utility that the mean-variance approximation

does not change the priority order in which securities are chosen. [45] calculates the

remainder term of the Taylor expansion when n = 3 with a logarithmic utility and a

log-normally distributed return with parameters (η, τ 2). The remainder term reads

R3 = E[u(XT )]− u (E[XT ])− 1
2
u′′ (E[XT ])m2 − 1

6
u′′′ (E[XT ])m3

= −1
2
τ 2 + 1

2
eτ

2−1 − 1
3

(
e3τ2 − 3eτ

2

+ 2
)
,

which is a function of τ . Here mi is the i-th central moment of return XT . This

is in support of [40], showing that the remainder term is a function of the variance

of ln(XT ) and can be larger in magnitude than the truncated part. [45] comments

that Taylor polynomials may give a very poor approximation. [46] uses the same

form of Taylor expansion as we do but with an exponential utility. They show that

including the third and the fourth terms of the Taylor expansion of expected utility

improves the approximation in their case. [47] shows that one can improve the

accuracy of Taylor approximations by a logarithmic transform as the distribution of

transformed portfolio returns is more likely to be symmetric and of narrower support.

It thus minimises the size of the deviations from the centre of the Taylor expansion

and improves the approximation. The authors also give numerical examples for

γ > 1 and show that for the lower-order of Taylor expansions, the approximations

are poor. [48] presents examples when the distribution of a logarithmic portfolio

return is a Gram-Charlier distribution under the CRRA utility assumption and

illustrates the advantage of using Taylor polynomials, confirming the findings of

[44]. The author draws two conclusions: first, that for a logarithmic return ln(XT )

the approximation does improve with the inclusion of higher-order terms of Taylor

polynomials. Second, for XT the approximation yields larger errors than for ln(XT )

and in some cases worsens with increasing order of the Taylor expansion. Finally,

11



Chapter 2: Taylor expansion in expected utility approximation and portfolio
optimisation

[6] suggests in numerical examples that higher-order Taylor expansions do not lead

to significant benefits so that the second-order suffices.

This chapter is organised as follows. Section 2.2 formulates the optimisation

problem and recalls relevant techniques. In the subsequent Section 2.3, we describe

the approximation method and analyse the remainder term using a power utility as

an example. The final section summarises the main results.

2.2 Context and formulation of the optimisation

problem

As Merton’s Problem has been generalised in several different directions, this section

illuminates the context of the portfolio optimisation problem considered in this

chapter. Of the many generalisations of Merton’s Problem we sketch three that are

particularly relevant for our approach as they introduce techniques to treat time-

inconsistent situations where the optimisation problem does depend on current time

t and wealth x and the optimal strategy changes when t and x change. Starting

from the original problem, we thus briefly describe recent generalisations in [1], [2]

and [3].

2.2.1 Merton’s Problem

[8] considers the problem of optimal portfolio selection and consumption for an

individual during a finite lifetime under a two-asset market assumption. The investor

with wealth X0 at initial time t = 0 chooses a consumption strategy and divides

their wealth between a riskless asset with rate of return r and a risky asset with

drift µ and volatility σ. The dynamics of total wealth Xt read

dXt =
((
r + ω(t) (µ− r)

)
Xt − C(t)

)
dt+ ω(t)σXtdWt,

where the investment strategy ω(t) and the consumption strategy C(t) are functions

of time t, and Wt is a Brownian motion.

12



Chapter 2: Taylor expansion in expected utility approximation and portfolio
optimisation

The optimal control problem is then formulated in terms of the value function

V (t, x) = sup
ω,C

E
[∫ T

t

e−ρsu(Cs)ds
∣∣∣Xt = x

]
,

where ρ > 0 is a discount rate. The corresponding HJB equation reads

−∂V (t, x)

∂t
= sup

ω,C

{
e−ρtu(C(t)) +

((
r + ω(t) (µ− r)

)
x− C(t)

)∂V (t, x)

∂x

+
1

2
σ2ω(t)2x2∂

2V (t, x)

∂x2

}
and

V (T, x) = 0.

We denote the optimal investment strategy by ω∗(t) and optimal consumption strat-

egy by C∗(t). Under a CRRA utility

u(x) =

 1
1−γx

1−γ γ 6= 1

lnx γ = 1
,

the optimal investment strategy ω∗ = µ−r
σ2γ

is constant, with [8] attributing this to

the investor’s attitude being independent of the wealth level.

2.2.2 Generalisation in [1]

[1] extend Merton’s problem by assuming that there is a non-zero bequest valuation

function F , a consumption function C and an additional function G (not necessarily

with a specific economic interpretation) where at least one of these functions depends

on (t, x). The authors then prove a verification theorem for an optimisation problem

of the general form

sup
ω

{
E
[∫ T

t

C(t, x, s,Xω
s , ω(Xω

s ))ds+ F (t, x,Xω
T )
∣∣∣Xt = x

]

+G(t, x,E [Xω
T |Xt = x])

}
.
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This covers all known time-inconsistent examples earlier than [1]5. We give an exam-

ple6 that is relevant to our work with the optimisation problem, the corresponding

HJB equation and the optimal strategy.

Example 2.1

Consider a mean-variance utility problem of the form

sup
ω

{
E[Xω

T |Xt = x]− γ

2
Var[Xω

T |Xt = x]
}
,

with wealth dynamics

dXt =
(
r + ω(t, x) (µ− r)

)
Xtdt+ ω(t, x)σXtdWt.

Here γ > 0 is a constant that defines the degree of the decision maker’s risk aversion.

The corresponding HJB equation becomes

−∂V (t, x)

∂t
= sup

ω

{(
r + ω(t, x) (µ− r)

)
x
∂V (t, x)

∂x
+

1

2
ω(t, x)2σ2x2∂

2V (t, x)

∂x2

−γ
2
ω(t, x)2σ2x2

(
∂g(t, x)

∂x

)2
}
,

V (T, x) = x,

where g : [0, T ]× R→ R is a function that satisfies

−∂g(t, x)

∂t
=
(
r + ω∗(t, x) (µ− r)

)
x
∂g(t, x)

∂x
+

1

2
ω∗(t, x)2σ2x2∂

2g(t, x)

∂x2
,

g(T, x) = x.

The optimal strategy is given by

ω∗(t, x) =
1

x

µ− r
σ2γ

e−r(T−t),

which is inversely proportional to wealth.

5See the abstract of [1].
6See this example in Section 7.1, [1] or Section 4.1.1 in [3].
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2.2.3 Generalisation in [2]

In a related setting, [2] also include the consumption strategy and prove a verifica-

tion theorem that optimises both investment and consumption. The optimisation

problem reads

sup
c,ω

f (t, x, yc,ω(t, x), zc,ω(t, x)) ,

where f ∈ C1,2,2,2 ([0, T ]× R3) and yc,ω, zc,ω are some moments (e.g., mean and

variance) of the strategies (c, ω). For the verification theorem we refer to the cited

paper and only present an example7.

Example 2.2

Consider a mean-variance problem of the form

sup
c,ω

{
E
[∫ T

t

e−ρsc(s)ds+ e−ρTXc,ω
T

∣∣∣Xt = x

]

− γ

2
Var

[∫ T

t

e−ρsc(s)ds+ e−ρTXc,ω
T

∣∣∣Xt = x

]}
,

where γ > 0 is the risk aversion coefficient and ρ ≥ 0 is a discount factor. The

wealth dynamics read

dXt =
((
r + ω(t, x) (µ− r)

)
Xt − c(t, x)

)
dt+ ω(t, x)σXtdWt,

and the admissible consumption strategies are assumed to be bounded, i.e., c(s) ∈

[cmin, cmax] with s ∈ [t, T ]. The optimal strategies are given by

c∗(t, x) =


cmax if r < ρ

non-defined if r = ρ

cmin if r > ρ

ω∗(t, x) =
1

x

µ− r
σ2γ

e−(r−ρ)(T−t).

The optimal investment strategy ω∗ for the case when ρ = 0 is the same as in [1].

7This example is introduced in Section 3.1, [2].
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The discount factor ρ reflects how investors prefer to spend the wealth than to save

it for the future. The optimal consumption strategy implies that investors with ρ > r

prefer to consume at the maximum level. They consider that the current wealth has

higher purchase power and are impatient to save. On the opposite, investors with

ρ < r prefer savings to consumption.

2.2.4 Generalisation in [3]

Omitting the consumption in Subsection 2.2.2 and 2.2.3, [3] consider a related prob-

lem and prove a verification theorem which we state here for completeness as it will

be rephrased in our context later (Theorem 2.7).

Theorem 2.1 (Theorem 1, [3])

Consider the problem

sup
ω
f (t, x, yω1 (t, x), · · · , yωn(t, x)) ,

where functions f ∈ C1,2,2,··· ,2 ([0, T ]× Rn+1) and g1, . . . , gn ∈ C2(R) are given, and

we set yωi (t, x) = E[gi(X
ω
T )|Xt = x] for i = 1, · · · , n. Assume the market dynamics

to be

dXt =
(
r + ω(t, x) (µ− r)

)
Xtdt+ ω(t, x)σXtdWt.

Suppose there are functions Gω∗
i : [0, T ]× R→ R satisfying

−∂G
ω∗
i (t, x)

∂t
=
(
r + ω∗(t, x) (µ− r)

)
x
∂Gω∗

i (t, x)

∂x

+
1

2
σ2(ω∗(t, x))2x2∂

2Gω∗
i (t, x)

∂x2
and

Gω∗

i (T, x) = gi(x),
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such that

ω∗(t, x) = arg inf
ω

{
−1

2
σ2(ω(t, x))2x2

(
n∑
i=1

∂f(t, x)

∂yi

∂2Gω∗
i (t, x)

∂x2

)

−
(
r + ω(t, x) (µ− r)

)
x

(
n∑
i=1

∂f(t, x)

∂yi

∂Gω∗
i (t, x)

∂x

)} (2.2)

is an admissible strategy with respect to Gi. Then the following assertions hold:

1. The strategy ω∗(t, x) is the optimal strategy.

2. For the optimal strategy ω∗ we have yω
∗

i (t, x) = Gω∗
i (t, x).

3. The optimal value function is given by

V (t, x) = f
(
t, x,Gω∗

1 (t, x), · · · , Gω∗

n (t, x)
)
.

Applying a first-order condition in (2.2) by formally differentiating with respect

to ω, the optimal strategy is given in terms of f and Gω∗
i as

ω∗(t, x) = −µ− r
σ2x

∑n
i=1

∂f(t,x)
∂yi

∂Gω
∗
i (t,x)

∂x∑n
i=1

∂f(t,x)
∂yi

∂2Gω
∗
i (t,x)

∂x2

,

where we assume that
∑n

i=1
∂f(t,x)
∂yi

∂2Gω
∗
i (t,x)

∂x2
< 0.

[3] give some economically-motivated examples8 in mean-variance style.

Example 2.3

We only present the value functions here.

1. Generalised mean-variance optimisation:

sup
ω

{
ρ(t, x)E[Xω

T |Xt = x]− γ(t, x)

2
E
[
(Xω

T − k(t)E[Xω
T |Xt = x])2

∣∣∣Xt = x
]}

for a function k and with the restriction ρ(t,x)
γ(t,x)

= l1(t)x+l2(t) for some functions

l1 and l2. This of course covers the classical mean-variance optimisation when

we set ρ = γ = k ≡ 1.

8The three examples are originally introduced and derived in Section 4.2, 4.3, and 4.5, [49],
respectively. Also see Section 4, [3] for more discussion.
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2. Generalised mean-standard-deviation optimisation:

sup
ω

{
E[Xω

T |Xt = x]− γ(t)

√
E
[
(Xω

T − k(t)E[Xω
T |Xt = x])2

∣∣∣Xt = x
]}

for functions k and γ.

3. Scaled mean-variance optimisation:

sup
ω

{
ρ(t, x)E[Xω

T |Xt = x]− γ(t, x)
E
[
(Xω

T − E[Xω
T |Xt = x])2

∣∣Xt = x
]

E[Xω
T |Xt = x]

}

with the restriction ρ(t,x)
γ(t,x)

= q(t).

In general, these problems cannot be solved in closed form so we now consider

analytical aspects of the approximation approach presented in [6].

2.3 The approximation method and statement of

key results

In this section, we state the market assumptions and provide the analytic background

to the approximation method in [6]. The idea as in [6] is to expand the expectation

E[u(Xω
T )|Xt = x] around the conditional expected point E[Xω

T |Xt = x] using Taylor

polynomials. Our contribution is an analysis of the remainder term, and this is

non-trivial since even if the remainder term of the utility function is small, taking

its expectation can lead to an unexpected behaviour due to a smearing effect.

2.3.1 Assumptions on the market model and strategies

To model the financial market, we make the following assumption.

Assumption 2.2 (Merton market)

We assume a two-asset financial market with dynamics dBt = rBtdt and dSt =

µStdt + σStdWt, where Bt is a riskless asset with rate of return r and St is a risky

asset with drift µ and volatility σ.

We also assume a self-financing portfolio (1 − ω(t,Xt), ω(t,Xt)) whose total
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wealth Xt at time t satisfies the stochastic differential equation

dXt =
(
r + ω(t,Xt) (µ− r)

)
Xtdt+ ω(t,Xt)σXtdWt, (2.3)

where ω(t,Xt), a function of time and wealth, is the proportion invested in the risky

asset.

The next assumption concerns admissible strategies.

Assumption 2.3

We make the following assumptions on time, wealth and admissible strategies.

1. We assume that time and wealth satisfy (t, x) ∈ [0, T ]× R+.

2. We assume that the strategy function ω(t, x) is bounded, i.e., for some con-

stants λ1 and λ2, one has 0 < λ1 ≤ ω(t, x) ≤ λ2.

3. We assume that the strategy function ω(t, x) is Hölder continuous, i.e., for

(t1, x1), (t2, x2) ∈ [0, T ]× R+, we assume

|ω(t1, x1)− ω(t2, x2)| ≤ K ·
(
|x1 − x2|ν + |t1 − t2|ν/2

)
for some constants ν ∈ (0, 1] and K ∈ R+.

These stipulations can be interpreted in economic terms.

1. The wealth x is restricted to a positive value to avoid bankruptcy.

2. The two-sided bounds for strategies reflect a restriction on investment be-

haviour. Investors set limits 1 − λ1 for the riskless asset and λ2 for the risky

asset. Note that this is no restriction in practice, e.g. the strategy ω∗ in

Merton’s problem is bounded from below if µ > r.

3. The constant ν is not fixed and may be different for different strategies. The

Hölder assumption is required for technical reasons to allow the argument via

partial differential equations. No doubt, it can be relaxed at the cost of more

sophisticated analytic methods. The main message of this chapter would not

suffer, however, the presentation would be much more involved.
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2.3.2 Asymptotics of the remainder term

Recall that our optimisation problem reads supω E[u(Xω
T )|Xt = x], where the super-

script ω of XT emphasises the dependence on the investment strategy. Suppose we

are given a utility function u ∈ C∞(R+). Then for n ∈ N+, its n-th order Taylor

expansion around the point x0 with an integral remainder term reads

u(x) =
n∑
i=0

u(i)(x0)

i!
(x− x0)i +

(x− x0)n+1

n!

∫ 1

0

(1−z)nu(n+1)
(
zx+ (1−z)x0

)
dz.

Expanding u(Xω
T ) around x0 = E[Xω

T |Xt = x] and taking the expectation yields

E [u(Xω
T )|Xt = x] =

n∑
i=0

u(i) (E[Xω
T |Xt = x])

i!
E
[(
Xω
T − E[Xω

T |Xt = x]
)i∣∣∣∣Xt = x

]

+Rω
n(t, x)

(2.4)

with the remainder term

Rω
n(t, x)

= E
[∫ 1

0

(1− z)n

n!

(
Xω
T − E [Xω

T |Xt = x]
)n+1

·u(n+1)
(
zXω

T + (1− z)E[Xω
T |Xt = x]

)
dz

∣∣∣∣Xt = x

]
.

Inserting the power utility function u(x) = 1
1−γx

1−γ for γ > 0 and γ 6= 1 into

(2.4) yields

E [u(Xω
T )|Xt = x] =

(
−γ
n

)
(−1)n+1

−γ
1 + (1− γ)(n− 1)

1− γ
E[Xω

T |Xt = x]1−γ

+

(
−γ
n

) n∑
i=2

(
n

i

)
(−1)n+i

1− γ − i
E[Xω

T |Xt = x]1−γ−iE
[
(Xω

T )i
∣∣Xt = x

]

+Rω
n(t, x).

To state our first main result, we recall the definition of two functions being
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asymptotically equivalent. Here and in the following we employ the usual O- and

o-notation of Landau.

Definition 2.4 ([50], Chapter 1 Section 3)

Two functions f, g : R→ R are called asymptotically equivalent, denoted by f ∼ g,

if f(x)− g(x) = o (g(x)) as x→∞.

Our first result concerns the asymptotics of Rω
n(t, x) in x.

Theorem 2.5

Under Assumptions 2.2 and 2.3 the following assertions hold for any admissible

strategy ω.

1. Given an admissible strategy ω, there is a function Mω ∈ C1([0, T ]) such that

the remainder term Rω
n(t, x) is asymptotically equivalent to Mω(t) ·E[Xω

T |Xt =

x]1−γ, i.e., Rω
n(t, x) ∼Mω(t) · E[Xω

T |Xt = x]1−γ.

2. Moreover, Rω
n(t, x) is bounded by x1−γ and dominated by x1−γ+ε for any ε > 0,

i.e., Rω
n(t, x) = O(x1−γ) and Rω

n(t, x) = o(x1−γ+ε).

Note that the orders of E[Xω
T |Xt = x] and x in the asymptotics are independent of

n.

See Appendix 2.A.2 for the proof. The idea of the proof is to exploit the link be-

tween stochastic differential equations and partial differential equations as expressed

by the Feynman-Kac formula. The key object is the probability density of Xt. Note

that in stochastic analysis it is not unusual to work directly with the probability

density9.

We make two comments.

1. Whenever using a Taylor approximation, we hope that the decay of the re-

mainder term in x increases with increasing order n. However, in this case, the

remainders keep their growth/decay in x regardless of n. The reason is that

while the approximation may be good for u pointwise, taking the expectation

smears the good and bad approximations so that overall the growth/decay in x

is constant. This suggests that a more sophisticated approximation technique

is required that takes into account the weighting expressed by the probability

density of Xt.

9See for example [51]
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2. The point around which we take the Taylor expansion is taken as in [6], i.e.

we expand the utility function around E[Xω
T |Xt = x], which is a function of

t and x. The rationale for choosing E[Xω
T |Xt = x] is that the approximation

with a dynamically adjusting should reflect more information available to the

investor. The alternative–used by most of the cited contributions–would be

to select a fixed point x0, for which the natural choice would be x0 = E[Xω
T ].

However, the numerical examples in [6] show that using this point gives a

worse approximation.

Example 2.4

To illustrate Theorem 2.5 we consider a simple case of where XT has a lognormal

distribution with explicit density function. This corresponds to Merton’s problem

where the optimal strategy is constant and given by ω∗ = (µ− r)/σ2γ. We calculate

the remainder term numerically by computing the difference between the expected

utility and the n-th order Taylor approximation. The three scenarios (Sets 1-3) are

determined in terms of parameters for (2.3) as given in Table 2.1 with initial and

terminal time t = 0 and T = 1. The first set of parameters is from [6].

Set γ µ r σ2 ω∗

1 4 0.36 0.04 0.32 0.25

2 0.5 0.08 0.04 0.32 0.25

3 4 0.36 0.04 0.25 0.32

Table 2.1: Sets of parameters

Figures 2.1 and 2.2 nicely illustrate the assertions of Theorem 2.5: the remainder

decays in x when γ > 1 and grows when γ < 1.

2.3.3 Growth of the remainder term in the approximation

order

The pointwise dependence of the remainder term Rω
n(t, x) on n can be formalised as

follows.

Theorem 2.6

Under Assumptions 2.2 and 2.3 the following assertion holds for any admissible
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Figure 2.1: Dependence of Rω
n(0, x) on x with n = 2, 3, 4, 5, 6, Set 1
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Figure 2.2: Dependence of Rω
n(0, x) on x with n = 2, 3, 4, 5, 6, Set 2

strategy ω: Given t and x, there is an n0 such that the absolute value of the remainder

term |Rω
n(t, x)| increases in n for n ≥ n0. This means that there is an optimal order

that minimises the remainder term.

The reader is referred to Appendix 2.A.3 for the proof of this result.

Remark

This result confirms a numerical example (in the context of log-normally distributed
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returns) given in [41] (Table 4 in loc. cit.) indicating that the approximation error

decreases in the order for small n and then increases rapidly. See also Table 6 in

[44] for a similar observation, however, based on empirical return distributions.

Example 2.5

In the setting of Example 2.4 we illustrate the dependence of |Rω
n(0, 1)| on n, with

x = 1, t = 0 and T = 1. The results are shown in Figures 2.3 and 2.4 referring to

the parameter Set 1 and 3, respectively.

2 4 6 8 10 12 14 16 18 20
n

0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

|R
n(

0,
1)

|

10-3

Figure 2.3: Dependence of |Rω
n(0, 1)| on n, Set 1

We make several observations here:

1. The truncated Taylor polynomial of order three performs worse than the second-

order, while the fourth-order polynomial is even better than the second-order.

We clearly see the optimal approximation order beyond which the approxima-

tion becomes worse when n grows.

2. In both figures, the remainder terms with an order n = 2 are between 0.001 and

0.003, so that the mean-variance approximation to the expected utility appears

suitable for practical applications.
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2 4 6 8 10 12 14 16 18 20
n

0

1

2

3

4

5

6

7

|R
n(

0,
1)

|

10-3

Figure 2.4: Dependence of |Rω
n(0, 1)| on n, Set 3

2.3.4 The approximate optimal portfolio

We now analyse the effects of using Taylor expansion on portfolio selection. By

Taylor-expanding the utility function, the problem becomes

sup
ω

E [u (Xω
T ) |Xt = x] = sup

ω

{(
−γ
n

)
(−1)n+1

−γ
1 + (1− γ)(n− 1)

1− γ
E[Xω

T |Xt = x]1−γ

+

(
−γ
n

) n∑
i=2

(
n

i

)
(−1)n+i

1− γ − i
E[Xω

T |Xt = x]1−γ−iE
[
(Xω

T )i
∣∣∣Xt = x

]

+Rω
n(t, x)

}
.

Note that the optimisation problem can be expressed in the form of Theorem 2.1

through the value function

V (t, x) = sup
ω

{
f
(
t, x, yω1 (t, x), · · · , yωn(t, x)

)
+Rω

n(t, x)
}
,

where yωi (t, x) = E[gi(X
ω
T )|Xt = x] for suitable deterministic functions gi(X

ω
T ).

We extend Theorem 2.1 to include a remainder term.

Theorem 2.7
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Consider the optimisation problem above under Assumption 2.2. Suppose there are

functions Gω∗
i (t, x) and Hω∗

n (t, x) that satisfy

−∂G
ω∗
i (t, x)

∂t
=
(
r + ω∗(t, x) (µ− r)

)
x
∂Gω∗

i (t, x)

∂x

+
1

2
σ2ω∗(t, x)2x2∂

2Gω∗
i (t, x)

∂x2
,

−∂H
ω∗
n (t, x)

∂t
=
(
r + ω∗(t, x) (µ− r)

)
x
∂Hω∗

n (t, x)

∂x

+
1

2
σ2ω∗(t, x)2x2∂

2Hω∗
n (t, x)

∂x2
,

Gω∗

i (T, x) = gi(x) and

Hω∗

n (T, x) = 0,

where

ω∗(t, x) = arg inf
ω

{
−1

2
σ2(ω(t, x))2x2

(
n∑
i=1

∂f(t, x)

∂yi

∂2Gω∗
i (t, x)

∂x2
+
∂2Hω∗

n (t, x)

∂x2

)

−
(
r + ω(t, x) (µ− r)

)
x

(
n∑
i=1

∂f(t, x)

∂yi

∂Gω∗
i (t, x)

∂x
+
∂Hω∗

n (t, x)

∂x

)}
.

Then we have the following assertions for the optimal strategy ω∗ and the optimal

value function V .

1. The strategy ω∗(t, x) is the optimal strategy.

2. We have yω
∗

i (t, x) = Gω∗
i (t, x) and Rω∗

n (t, x) = Hω∗
n (t, x).

3. Moreover, V (t, x) = f
(
t, x,Gω∗

1 (t, x), · · · , Gω∗
n (t, x)

)
+Hω∗

n (t, x).

The terminal condition reads Hω∗
n (T, x) = 0 because the remainder term satisfies

Rω(T, x) = 0. See Appendix 2.A.4 for the proof of the theorem.

The optimal strategy ω∗(t, x) can be stated explicitly as

ω∗(t, x) = −µ− r
σ2x

·
∑n

i=1
∂f(t,x)
∂yi

∂Gω
∗
i (t,x)

∂x
+ ∂Hω∗

n (t,x)
∂x∑n

i=1
∂f(t,x)
∂yi

∂2Gω
∗
i (t,x)

∂x2
+ ∂2Hω∗

n (t,x)
∂x2

,
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where we assume that
∑n

i=1
∂f(t,x)
∂yi

∂2Gω
∗
i (t,x)

∂x2
+ ∂2Hω∗

n (t,x)
∂x2

< 0. On the other hand,

according to [6] the approximate strategy is

ω̂∗(t, x) = −µ− r
σ2x

·
∑n

i=1
∂f(t,x)
∂yi

∂Gω
∗
i (t,x)

∂x∑n
i=1

∂f(t,x)
∂yi

∂2Gω
∗
i (t,x)

∂x2

,

in the notation of the present chapter10. The approximation error is given by ω∗−ω̂∗,

and it is desirable that this error be small. In the framework of asymptotic analysis,

a good notion of “small” would be that as x becomes large, the derivatives of Hω
n

decay faster than the terms involving the derivatives of f and Gω∗
i . This is, however,

not the case.

The H-derivatives play the role of remainder terms. For the optimal strategy

these can be given explicitly (see (2.13) and (2.14) in the appendix), and we denote

them by ∂Hω∗
n (t,x)
∂x

= Rω∗
1,n(t, x) and ∂2Hω∗

n (t,x)
∂x2

= Rω∗
2,n(t, x). These remainders have the

following asymptotic growth properties.

Theorem 2.8

Under Assumptions 2.2 and 2.3 and for any admissible strategy ω the following

assertions hold.

1. The terms Rω
1,n(t, x) and Rω

2,n(t, x) are bounded by x−γ and x−γ−1 asymptot-

ically and for any ε > 0, they are dominated asymptotically by x−γ+ε and

x−γ−1+ε, respectively. That is Rω
1,n(t, x) = O(x−γ), Rω

1,n(t, x) = o(x−γ+ε), and

Rω
2,n(t, x) = O(x−γ−1), Rω

2,n(t, x) = o(x−γ+ε−1).

2. The term
∑n

i=1
∂fω(t,x)
∂yi

∂yωi (t,x)

∂x
is O(x−γ) and o(x−γ+ε) for any ε > 0. Similarly,∑n

i=1
∂fω(t,x)
∂yωi

∂2yωi (t,x)

∂x2
is O(x−γ−1) and o(x−γ−1+ε).

Note that in either case the orders of x are independent of n.

See Appendix 2.A.5 for the proofs. We have seen that optimal portfolio selec-

tion is a key question in finance and insurance, and that numerical implementations

of such schemes may approximate the utility function to have sensible first-order

conditions. The above result dampens the expectation that such an approximation

scheme can lead to more accurate investment strategies. Indeed, the result points to-

wards further research to understand how significant the deviation from the optimal

10For the definition of this equilibrium strategy we refer to [3].
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portfolio is and what the long-term implications for the policyholders are.

2.4 Conclusion

This chapter considers three aspects of expected utility optimisation for the power

utility function when approximated by Taylor polynomials. We use methods from

asymptotic analysis to understand the effect of the Taylor approximation. This is

relevant not only in financial economics but more so in actuarial science as optimising

expected utility is a key tool in life and pension insurance, and the approach using

Taylor approximations is common in practice.

Working in a Merton-market, the main idea is to decompose the expected utility

as

E [u(Xω
T )|Xt = x] =

n∑
i=0

u(i) (E[Xω
T |Xt = x])

i!
E
[(
Xω
T − E[Xω

T |Xt = x]
)i∣∣∣∣Xt = x

]

+Rω
n(t, x),

with explicit remainder term Rω
n(t, x), and then to investigate the asymptotic prop-

erties of Rω
n(t, x) in x. Here, ω denotes the chosen investment strategy, x is the

current wealth of the investor and t denotes time.

Our key results, derived by classical methods from second-order parabolic PDE

theory, are threefold:

1. The asymptotics of Rω
n(t, x) for large x are independent of the order n of

Taylor polynomials and only depend on the parameter γ of the utility function.

Indeed, we show that the remainder term is decreasing in x when γ > 1, and is

increasing when 0 < γ < 1. This holds for any admissible strategy ω and not

only for the optimal strategy. This gives actuaries a deeper understanding of

the quality of the approximation and they can consider this when implementing

the method in practice.

2. We show that there is an optimal order n that minimises the remainder term

for given x and t. This analytically confirms numerical case studies from the

literature and also implies that actuaries need to experiment with the order of

the Taylor expansion when implementing such optimisation schemes in real-
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world applications.

3. Finally, we consider the approximate investment strategy, i.e. the investment

strategy obtained for a truncated Taylor-approximation of the utility function,

and compare it to the exact optimal strategy. As in (i), the quality of the

approximation does not increase with n but rather depends on the parameter γ.

Again, actuaries need to take this into account if making investment decisions

based on such approximations.

The results clearly illustrate the trade-off between feasibility of numerical imple-

mentations (e.g. through approximating the utility function) and making correct

portfolio choices for long-term investments. This is a significant issue for banks and

insurance companies and indeed for the investors and policyholders whose benefits

depend on such portfolio choices. Further research in more general settings both

for the market model and the utility function is required to make this more precise.

However, our findings clearly indicate issues that actuaries need to be aware of these

issues and understand them in more depth.
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2.A Appendix

2.A.1 Properties of certain fundamental solutions

The proofs of our results rely on properties of the probability density of Xt. These

are obtained as fundamental solutions of certain PDEs.

Recall that the Feynman-Kac formula11 provides the link between SDE (2.3) and

PDE. Indeed, it guarantees the existence of a function v(t, x) ∈ C1,2([0, T ] × R+)

that satisfies the following PDE which is also known as the Kolmogorov backward

equation:

−∂v(t, x)

∂t
=

1

2
ω(t, x)2σ2x2∂

2v(t, x)

∂x2
+
(
r + ω(t, x) (µ− r)

)
x
∂v(t, x)

∂x
and

v(T, x) = f(x),

(2.5)

where f ∈ C(R+) is a given terminal condition.

We need a finer analysis of such solutions and therefore recall the definition of a

fundamental solution of such a PDE.

Definition 2.9

A fundamental solution of a parabolic equation of the form

−∂v(t, x)

∂t
+ k (t, x) v(t, x) =

1

2
a2 (t, x)

∂2v(t, x)

∂x2
+ b (t, x)

∂v(t, x)

∂x
(2.6)

with terminal condition v(s, x) = f(x), where t ≤ s and s > 0, is a non-negative

function ψ(s, y; t, x) defined for all (t, x) ∈ [0, T ] × R and (s, y) ∈ [0, T ] × R and

0 ≤ t < s ≤ T , with following properties:

1. for fixed (s, y) ∈ (0, T ]×R, the function ψ viewed as a function of (t, x) satisfies

(2.6), and

2. for a given terminal condition f ∈ C(R) and s ∈ (0, T ], we have

lim
t→s

∫
R
ψ(s, y; t, x)f(y)dy = f(x).

We call t the forward variable and s the backward variable.

11See for example Theorem 7.6, [52]
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The main assertion of this section concerns the existence, uniqueness and bounds

of a fundamental solution ψ(T, y; t, x) of (2.5). The bounds are the key to the

analysis in this chapter.

Proposition 2.10

Under Assumptions 2.2 and 2.3, the following holds:

1. For (s, y), (t, x) ∈ [0, T ) × R+ with t < s, there is a non-negative function

ψ(s, y; t, x) that is the unique fundamental solution of (2.5).

2. For fixed T > 0 the fundamental solution ψ (T, y; t, x) as a function of the

backward variables (t, x) satisfies a two-sided bound for the form

1
Cy
√
T−t exp

(
−
| ln y

x
|2

c(T − t)

)
≤
∣∣∣ψ(T, y; t, x)

∣∣∣ ≤ C
y
√
T−t exp

(
−
c| ln y

x
|2

T − t

)

for some positive constants C and c.

3. There are upper bounds for the derivatives of ψ(T, y; t, x) of the form∣∣∣∣∂ψ(T, y; t, x)

∂x

∣∣∣∣ ≤ C

xy(T − t)
exp

(
−
c| ln y

x
|2

T − t

)
and

∣∣∣∣∂2ψ(T, y; t, x)

∂x2

∣∣∣∣ ≤ C

x2y

(
1

(T − t)3/2
+

1

T − t

)
exp

(
−
c| ln y

x
|2

T − t

)
,

where the constants C and c are as in (ii).

Standard theorems on the existence and uniqueness of fundamental solutions

typically require bounded coefficients. In (2.5), both the drift
(
r+ ω(t, x) (µ− r)

)
x

and the volatility 1
2
ω(t, x)2σ2x2 are unbounded. To achieve bounded coefficients, we

make the usual change of variables to log prices: setting x = eξ with ξ ∈ R, the

domain R+ is transformed into R. To make this change of variables very transparent,

we define two functions of (t, ξ) ∈ [0, T ]×R by ṽ(t, ξ) := v(t, x) and ω̃(t, ξ) := ω(t, x).

Proof. Under the change of variables, the parabolic equation (2.5) then becomes

−∂ṽ(t, ξ)

∂t
=

1

2
ω̃(t, ξ)2σ2∂

2ṽ(t, ξ)

∂ξ2

+

(
−1

2
ω̃(t, ξ)2σ2 + r + ω̃(t, ξ)(µ− r)

)
∂ṽ(t, ξ)

∂ξ
.

(2.7)
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Under Assumption 2.3, we have that ω̃(t, ξ) only takes values in the compact

interval [λ1, λ2] which is bounded away from zero, and ω̃(t, ξ) is Hölder continuous.

Also, the new drift and volatility terms in (2.7) are bounded and Hölder continuous.

Moreover, the volatility term satisfies 1
2
ω̃(t, ξ)2σ2 > 0 hence it is uniformly parabolic

in [0, T ]×R. Then it follows from the standard properties of fundamental solutions in

PDE 12 that there is a fundamental solution ψ̃(s, η; t, ξ) of (2.7) with 0 ≤ t < s ≤ T

and η, ξ ∈ R. Moreover, the following assertions hold:

1. The fundamental solution ψ̃(s, η; t, ξ) satisfies a two-sided bound of the form

1

C
√
s− t

exp

(
−|η − ξ|

2

c(s− t)

)
≤
∣∣∣ψ̃(s, η; t, ξ)

∣∣∣ ≤ C√
s− t

exp

(
−c|η − ξ|

2

s− t

)

with some positive constants C and c. These bounds for the fundamental

solution of (2.7) and its derivatives are the key in our proofs.

2. There are upper bounds for the first and second partial derivatives in ξ of

ψ̃(s, η; t, ξ) of the form∣∣∣∣∣∂ψ̃(s, η; t, ξ)

∂ξ

∣∣∣∣∣ ≤ C

s− t
exp

(
−c|η − ξ|

2

s− t

)
and

∣∣∣∣∣∂2ψ̃(s, η; t, ξ)

∂ξ2

∣∣∣∣∣ ≤ C

(s− t)3/2
exp

(
−c|η − ξ|

2

s− t

)

with the same constants C and c.

The existence of the fundamental solution ψ(s, y; t, x) of (2.5) follows from simply

applying the reverse change of variables ξ = lnx and η = ln y. The relation between

ψ̃(s, η; t, ξ) and ψ(s, y; t, x) is as follows. For backward variables (t, ξ) ∈ [0, T ) × R

and (t, x) ∈ [0, T )× R+, the two solutions ψ̃(s, η; t, ξ) and ψ(s, y; t, x) satisfy that

ψ̃(s, η; t, ξ) = y · ψ(s, y; t, x),

which follows from the change of variables.

Finally, this implies the bounds for ψ(s, y; t, x) and its derivatives. Indeed, the

12See for example, Theorem 10, Chapter 1 and Theorem 7, Chapter 9 in [53] and Theorem 19
in [54]
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two sided bound for ψ(s, y; t, x) reads

1
Cy
√
T−t exp

(
−| ln y − lnx|2

c(T − t)

)
≤
∣∣∣ψ(T, y; t, x)

∣∣∣ ≤ C
y
√
T−t exp

(
−c| ln y − lnx|2

T − t

)
.

And the bounds for its derivatives read∣∣∣∣∂ψ(T, y; t, x)

∂x

∣∣∣∣ = x−1y−1

∣∣∣∣∣∂ψ̃(T, η; t, ξ)

∂ξ

∣∣∣∣∣
≤ x−1y−1 C

T − t
exp

(
−c| ln y − lnx|2

T − t

)
and

∣∣∣∣∂2ψ(T, y; t, x)

∂x2

∣∣∣∣ = x−2y−1

∣∣∣∣∣∂2ψ̃(T, η; t, ξ)

∂ξ2
− ∂ψ̃(T, η; t, ξ)

∂ξ

∣∣∣∣∣
≤ x−2y−1C

(
1

(T − t)3/2
+

1

T − t

)
exp

(
−c| ln y − lnx|2

T − t

)
.

This finishes the proof.

2.A.2 Proof of Theorem 2.5

In this part, we give a proposition and a lemma before the proof of Theorem 2.5.

We first introduce a proposition that gives bounds for yωi (t, x) = Et,x
[
(Xω

T )i
]

and

their derivatives in x. Note that the non-indexed π represents the circular constant.

We keep omitting the superscript ω in this part to simplify the presentation.

Proposition 2.11

Under Assumptions 2.2 and 2.3, the following holds:

1. The functions yi(t, x) with 1 ≤ i ≤ n have two-sided bounds of the form

xi ≤ yi(t, x) ≤ C

√
π

c
exp

{
1

4c
i2(T − t)

}
· xi

with some positive constants C and c the same as in Proposition 2.10.
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2. There are upper bounds for their derivatives of the form∣∣∣∣∂yi(t, x)

∂x

∣∣∣∣ ≤ C

√
π

c

1√
T − t

exp

{
1

4c
i2(T − t)

}
· xi−1 and

∣∣∣∣∂2yi(t, x)

∂x2

∣∣∣∣ ≤ C

√
π

c

(
1

T − t
+

1√
T − t

)
exp

{
1

4c
i2(T − t)

}
· xi−2

with the same constants C and c in (i).

The lower bounds in (i) are implied by the minimum principle for yi(t, x). In-

tuitively, the minimum principle implies that the wealth x of an investor at current

time t is expected to grow with time. While we prove the lemma in the PDE-setting,

it also follows from a sub-martingale argument.

Proof. We start with the lower bounds where without loss of generality i = 1. Note

that y1(t, x) = ϕ(t, x). By Theorem 10, Chapter 2 in [53], the function ϕ(t, x) is a

solution of (2.5) subject to the terminal condition ϕ(T, x) = x. Define an operator

L acting on functions v ∈ C1,2([0, T ]× R) by

L(v) := a2(t, x)
∂2v

∂x2
+ b(t, x)

∂v

∂x
+
∂v

∂t
,

where a(t, x) > 0 and b(t, x) > 0 are the coefficients in (2.5). Clearly, we have

L(ϕ) = 0. Choose a function v(t, x) = ϕ(t, x)− x with terminal condition v(T, x) =

ϕ(T, x)− x = 0. Then we have for (t, x) ∈ [0, T ]× R+

L(v(t, x)) = L(ϕ(t, x)− x) = L(ϕ(t, x))− b(t, x) < 0.

We extend the domain from [0, T ]× R+ to [0, T ]× R+ ∪ {0} by giving a boundary

condition that v(t, 0) = 0. By Proposition 2.11, the growth of v(t, x) is bounded

because the growth of ϕ(t, x) is bounded by

ϕ(t, x) ≤ C

√
π

c
e
T−t
4c · x.

Then by Theorem 1.1 in [55], L(v) < 0 implies v(t, x) ≥ 0 in [0, T ]×R+. Hence we

have ϕ(t, x) ≥ x.

We now prove the upper bounds. Recall that the yi(t, x) satisfy (2.5). By
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Theorem 10 of Chapter 2 in [53], Proposition 2.10 (2) and standard properties of

Gaussian integrals, we have that

yi(t, x) =

∫ ∞
0

yi · ψ(T, y; t, x)dy

≤
∫ ∞

0

yi · y−1 C√
T − t

e−
c

T−t | ln y−lnx|2dy

=
C√
T − t

∫ ∞
−∞

eiη · e−
c

T−t |η−ξ|
2

dη

= C

√
π

c
e
i2(T−t)

4c · xi.

By Proposition 2.10 (3), the derivatives of yi(t, x) satisfy∣∣∣∣∂yi(t, x)

∂x

∣∣∣∣ ≤ ∫ ∞
0

yi
∣∣∣∣∂ψ(T, y; t, x)

∂x

∣∣∣∣ dy
≤
∫ ∞

0

yix−1y−1 C

T − t
exp

(
−
c| ln y

x
|2

T − t

)
dy

= C

√
π

c

1√
T − t

e
i2(T−t)

4c xi−1,

∣∣∣∣∂2yi(t, x)

∂x2

∣∣∣∣ ≤ ∫ ∞
0

yix−2y−1C

(
1

(T − t)3/2
+

1

(T − t)

)
exp

(
−
c| ln y

x
|2

T − t

)
dy

= C

√
π

c

(
1

T − t
+

1√
T − t

)
e
i2(T−t)

4c xi−2.

This proves the claim.

The next lemma contains two useful inequalities.

Lemma 2.12

For any 0 ≤ z ≤ 1, k ≥ 1, x ≥ 0 and y ≥ 0 we have that |(y − x)k| ≤ yk + xk and

|(zy + (1− z)x)−k| ≤ y−k + x−k.

Proof. If y > x, then
∣∣(y − x)k

∣∣ = (y − x)k ≤ yk ≤ yk + xk. If y ≤ x, then∣∣(y − x)k
∣∣ = (x − y)k ≤ xk + yk, yielding the the first inequality. For the second

note that zy + (1 − z)x takes values between x and y. By varying z ∈ [0, 1], the

maximum of the expression is max{x−k, y−k} ≤ y−k + x−k.
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We are now ready for the proof of Theorem 2.5.

Proof of Theorem 2.5. Let ψ(T, y; t, x) be the fundamental solution of (2.5) and we

obtain

Rn(t, x) =

(
−γ
n

)∫ 1

0

(1− z)n
∫ ∞

0

(y − ϕ(t, x))n+1

(zy + (1− z)ϕ(t, x))γ+nψ(T, y; t, x)dydz. (2.8)

We need to estimate the double integral in (2.8). By Propositions 2.10 (2) and 2.11,

Lemma 2.12 and standard results on Gaussian integrals, we find∣∣∣∣∫ ∞
0

(
y − ϕ(t, x)

)n+1(
zy + (1− z)ϕ(t, x)

)−γ−n
ψ(T, y; t, x)dy

∣∣∣∣
≤
∫ ∞

0

(
y1−γ + yn+1ϕ(t, x)−γ−n + y−γ−nϕ(t, x)n+1 + ϕ(t, x)1−γ)

· ψ(T, y; t, x)dy

≤
∫ ∞

0

y1−γψ(T, y; t, x)dy + ϕ(t, x)−γ−n
∫ ∞

0

yn+1ψ(T, y; t, x)dy

+ ϕ(t, x)n+1

∫ ∞
0

y−γ−nψ(T, y; t, x)dy + ϕ(t, x)1−γ

≤ C

√
π

c
e(1−γ)2 T−t

4c x1−γ + ϕ(t, x)−γ−nC

√
π

c
e(n+1)2 T−t

4c xn+1

+ ϕ(t, x)n+1C

√
π

c
e(−γ−n)2 T−t

4c x−γ−n + ϕ(t, x)1−γ

≤

(
C

√
π

c
e(1−γ)2 T−t

4c + C

√
π

c
e(n+1)2 T−t

4c

(
ϕ(t, x)

x

)−γ−n

+C

√
π

c
e(−γ−n)2 T−t

4c

(
ϕ(t, x)

x

)n+1

+

(
ϕ(t, x)

x

)1−γ
)
· x1−γ.

Note that the term ϕ(t,x)
x

has a two sided bound of the form 1 ≤ ϕ(t,x)
x
≤ C

√
π
c
e

1
4c

(T−t).
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Then there are some functions M1(t, n, γ) independent of x that satisfy

∣∣∣∣∫ 1

0

(1− z)n
∫ ∞

0

(
y − ϕ(t, x)

)n+1(
zy + (1− z)ϕ(t, x)

)−γ−n
ψ(T, y; t, x)dydz

∣∣∣∣
≤
∫ 1

0

(1− z)ndz

(
C

√
π

c
e(1−γ)2 T−t

4c + C

√
π

c
e(n+1)2 T−t

4c

(
ϕ(t, x)

x

)−γ−n

+C

√
π

c
e(−γ−n)2 T−t

4c

(
ϕ(t, x)

x

)n+1

+

(
ϕ(t, x)

x

)1−γ
)
· x1−γ

= M1(t, n, γ)x1−γ.

(2.9)

Here the order of x is independent of n.

To prove Rn(t, x) ∼M(t) ·ϕ(t, x)1−γ, it suffices to show that for fixed t the limit

lim
x→∞

Rn(t, x)

ϕ(t, x)1−γ = M(t)

exists and is independent of x. We extract ϕ(t, x)1−γ from the double integral of

Rn(t, x) and it becomes

Rn(t, x) =

(
−γ
n

)
ϕ(t, x)1−γ

·
∫ 1

0

(1− z)n
∫ ∞

0

(
y

ϕ(t, x)
− 1

)n+1(
z

y

ϕ(t, x)
+ (1− z)

)−γ−n
ψ(T, y; t, x)dydz.

Now apply a change of variables ŷ = y
ϕ(t,x)

. The double integral becomes

∫ 1

0

(1− z)n
∫ ∞

0

(ŷ − 1)n+1 (zŷ + (1− z))−γ−n ψ(T, ŷϕ(t, x); t, x)ϕ(t, x)dŷdz.

By defining ψ̂(T, ŷ; t, x) := ψ(T, ŷϕ(t, x); t, x)ϕ(t, x) this is

∫ 1

0

(1− z)n
∫ ∞

0

(ŷ − 1)n+1 (zŷ + (1− z))−γ−n ψ̂(T, ŷ; t, x)dŷdz. (2.10)
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Proposition 2.10 (2) implies an upper bound for ψ̂(T, ŷ; t, x) of the form

ψ̂(T, ŷ; t, x) ≤ Cϕ(t, x)

y
√
T − t

exp

(
−
c| ln y

x
|2

T − t

)

=
C

ŷ
√
T − t

exp

(
−
c| ln ŷϕ(t,x)

x
|2

T − t

)

≤ C

ŷ
√
T − t

exp

(
−c| ln ŷ|

2

T − t

)

for constants C and c. Similarly to (2.9), one can derive a bound for (2.10) that

reads∣∣∣∣∫ 1

0

(1− z)n
∫ ∞

0

(ŷ − 1)n+1 (zŷ + (1− z))−γ−n ψ̂(T, ŷ; t, x)dŷdz

∣∣∣∣ ≤ M̂1(t, n, γ),

which is independent of x so that in particular the double integral exists for any

x ∈ R+. Note that ŷ → 0 when x→∞ and the bound for ψ̂(T, ŷ; t, x) goes to zero

because the exponential part decays faster than ŷ−1. Then the limit

h(T, ŷ; t) = lim
x→∞

ψ̂(T, ŷ; t, x)

exists and is bounded. By Lebesgue’s Dominated Convergence Theorem, the limit

of the double integral satisfies

lim
x→∞

∫ 1

0

(1− z)n
∫ ∞

0

(ŷ − 1)n+1 (zŷ + (1− z))−γ−n ψ̂(T, ŷ; t, x)dŷdz

=

∫ 1

0

(1− z)n
∫ ∞

0

(ŷ − 1)n+1 (zŷ + (1− z))−γ−n lim
x→∞

ψ̂(T, ŷ; t, x)dŷdz

=

∫ 1

0

(1− z)n
∫ ∞

0

(ŷ − 1)n+1 (zŷ + (1− z))−γ−n h(T, ŷ; t)dŷdz,

which is independent of x. We define M(t) ∈ C1([0, T ]) as a function that reads

M(t) :=

(
−γ
n

)∫ 1

0

(1− z)n
∫ ∞

0

(ŷ − 1)n+1 (zŷ + (1− z))−γ−n h(T, ŷ; t)dŷdz,

which is also independent of x. Then we have limx→∞
Rn(t,x)
ϕ(t,x)1−γ

= M(t). Hence
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Rn(t, x) satisfies Rn(t, x) ∼M(t) · ϕ(t, x)1−γ.

Note that as we omit the superscript ω in this proof, we emphasise that the

function M(t) depends on ω as well. This dependence comes from the limit of the

fundamental solution and ŷ.

To prove Rn(t, x) = O(x1−γ) note that similarly to (2.9) we have∣∣∣∣∫ 1

0

(1− z)n
∫ ∞

0

(
y − ϕ(t, x)

)n+1(
zy + (1− z)ϕ(t, x)

)−γ−n
ψ(T, y; t, x)dydz

∣∣∣∣
≤M1(t, n, γ)x1−γ,

where M1(t) is independent of x. Insert it into Rn(t, x) and we have that

|Rn(t, x)| ≤
∣∣∣∣ 1

1− γ

(
−γ
n

)∣∣∣∣M1(t, n, γ)x1−γ.

Hence the term Rn(t,x)
x1−γ

is bounded by
∣∣∣Rn(t,x)
x1−γ

∣∣∣ ≤ ∣∣∣ 1
1−γ

(−γ
n

)∣∣∣M1(t, n, γ), where the

bounds are independent of x. Moreover, for any ε > 0, we have the estimate

lim
x→∞

∣∣∣∣Rn(t, x)

x1−γ+ε

∣∣∣∣ ≤ ∣∣∣∣ 1

1− γ

(
−γ
n

)∣∣∣∣M1(t, n, γ) · lim
x→∞

x−ε = 0.

Hence Rn(t,x)
x1−γ+ε

→ 0 for any ε > 0 as x→∞, which is independent of n.

2.A.3 Proof of Theorem 2.6

Proof. We keep omitting the superscript ω in this part to simplify the presentation.

Note that the double integral in Rn(t, x) from (2.8) is positive, and the sign of

Rn(t, x) depends on the sign of
(−γ
n

)
i.e. on the parity of n: Rn(t, x) is negative

when n is odd and positive when n is even. This suggests to distinguish two cases

according to the parity of n. We only consider the case n odd as n even is similar.
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So assume that n odd. Here we rewrite the remainder term as

Rn(t, x)

=
E
[
X1−γ
T |Xt = x

]
1− γ

− ϕ1−γ

1− γ

(
1 +

(
1− γ

2

)
m2

ϕ2
+ · · ·+

(
1− γ
n

)
mn

ϕn

)

=
E
[
X1−γ
T |Xt = x

]
1− γ

− ϕ1−γ
(

1 + (−1)
γ

2

m2

ϕ2
+ · · ·+ (−1)n−1 1

n

(
γ + n− 2

n− 1

)
mn

ϕn

)
,

where mi := E
[
(XT − E [XT |Xt = x])i |Xt = x

]
are the i-th central moment of XT

and ϕ := E [XT |Xt = x] is the mean of XT . The increment of the absolute values of

the remainder terms reads

|Rn+2(t, x)| − |Rn(t, x)|

= Rn(t, x)−Rn+2(t, x)

= ϕ1−γ
(

(−1)n
1

n+ 1

(
γ + n− 1

n

)
mn+1

ϕn+1
+ (−1)n+1 1

n+ 2

(
γ + n

n+ 1

)
mn+2

ϕn+2

)

= ϕ1−γ 1

n+ 1

(
γ + n− 1

n

)(
−mn+1

ϕn+1
+
γ + n

n+ 2

mn+2

ϕn+2

)
.

Then we have that |Rn+2(t, x)| − |Rn(t, x)| > 0 if and only if

mn+2/ϕ
n+2

mn+1/ϕn+1
>
n+ 2

γ + n
. (2.11)

In the notation introduced immediately before (2.10), this can be written as

mn

ϕn
=

∫ ∞
0

(ŷ − 1)nψ(ϕŷ)ϕdŷ =

∫ ∞
0

(ŷ − 1)nψ̂(ŷ)dŷ.

We split the integral
∫∞

0
(ŷ − 1)nψ̂(ŷ)dŷ into three parts:

1. The first part is
∫ 1

0
(ŷ − 1)nψ̂(ŷ)dŷ. As n is odd, this integral is negative as it

is equal to −
∫ 1

0
(1− ŷ)nψ̂(ŷ)dŷ. The integral tends to zero as n→∞.

2. The second part is
∫ 2

1
(ŷ − 1)nψ̂(ŷ)dŷ, which is positive and also tends to zero

as n becomes larger.

3. The third part is
∫∞

2
(ŷ − 1)nψ̂(ŷ)dŷ. This integral is positive and growing as
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n→∞.

In summary, the integral
∫∞

0
(ŷ− 1)nψ̂(ŷ)dŷ grows in n as n→∞. Hence mn+2/ϕn+2

mn+1/ϕn+1

increases in n as n→∞, and from (2.11) we deduce that the absolute value of the

remainder term increases for n sufficiently large.

2.A.4 Proof of Theorem 2.7

In this part we follow the steps of the proof of Theorem 1 in [3] to give the proof of

Theorem 2.7.

Proof. For our optimisation problem, we define a value function Jω(t, x) of any

admissible strategy ω that reads

Jω(t, x) := f (t, x, yω1 (t, x), · · · , yωn(t, x)) +Rω
n(t, x).

Recall that the expected remainder term Rω
n(t, x) reads

Rω
n(t, x)

=

∫ ∞
0

(
y − ϕω(t, x)

)n+1

u(n+1)
(
z
(
y − ϕω(t, x)

)
+ ϕω(t, x)

)
ψω (T, y; t, x) dy.

(2.12)

By chain rules we have that

∂Jω(t, x)

∂t
=
∂fω(t, x)

∂t
+

n∑
i=1

∂fω(t, x)

∂yi

∂yωi (t, x)

∂t
+
∂Rω

n(t, x)

∂t
.
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We derive the term ∂Rωn(t,x)
∂t

from (2.12) and it reads

∂Rω
n(t, x)

∂t

=
1

n!

∫ 1

0

(1− z)n

{
∂ϕω(t, x)

∂t

∫ ∞
0

[
(−n− 1)

(
y − ϕω(t, x)

)n
u(n+1)

(
zy + (1− z)ϕω(t, x)

)

+ (1− z)
(
y − ϕω(t, x)

)n+1

u(n+2)
(
zy + (1− z)ϕω(t, x)

)]
ψω(T, y; t, x)dy

+

∫ ∞
0

(
y − ϕω(t, x)

)n+1

u(n+1)
(
zy + (1− z)ϕω(t, x)

)∂ψω(T, y; t, x)

∂t
dy

}
dz.

Recall that the dynamics of Xω
t reads

dXω
t =

[
r + ω(t, x) (µ− r)

]
Xω
t dt+ ω(t, x)σXω

t dWt.

By the Feynman-Kac formula, the functions ϕω(t, x) and ψω(T, y; t, x) satisfy that

−∂ϕ
ω(t, x)

∂t
=

1

2
ω(t, x)2σ2x2∂

2ϕω(t, x)

∂x2
+
(
r + ω(t, x) (µ− r)

)
x
∂ϕω(t, x)

∂x
,

ϕω(T, x) = x and

−∂ψ
ω(T, y; t, x)

∂t
=

1

2
ω(t, x)2σ2x2∂

2ψω(T, y; t, x)

∂x2

+
(
r + ω(t, x) (µ− r)

)
x
∂ψω(T, y; t, x)

∂x
.

A routine calculation yields

∂Rω
n(t, x)

∂t
= −

(
1

2
ω(t, x)2σ2x2Rω

2,n(t, x) +
(
r + ω(t, x) (µ− r)

)
xRω

1,n(t, x)

)
,
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with Rω
1,n and Rω

2,n given explicitly by

Rω
1,n(t, x)

=
1

n!

∫ 1

0

(1− z)n

{
∂ϕω(t, x)

∂x

∫ ∞
0

[
(−n− 1)

(
y − ϕω(t, x)

)n
u(n+1)

(
zy + (1− z)ϕω(t, x)

)
+(1− z)

(
y − ϕω(t, x)

)n+1
u(n+2)

(
zy + (1− z)ϕω(t, x)

)]
ψω(T, y; t, x)dy

+

∫ ∞
0

(
y − ϕω(t, x)

)n+1
u(n+1)

(
zy + (1− z)ϕω(t, x)

)∂ψω(T, y; t, x)

∂x
dy

}
dz

(2.13)

and

Rω
2,n(t, x)

=
1

n!

∫ 1

0

(1− z)n

{
∂2ϕω(t, x)

∂x2

∫ ∞
0

[
(−n− 1)

(
y − ϕω(t, x)

)n
u(n+1)

(
zy + (1− z)ϕω(t, x)

)
+(1− z)

(
y − ϕω(t, x)

)n+1
u(n+2)

(
zy + (1− z)ϕω(t, x)

)]
ψω(T, y; t, x)dy

+

∫ ∞
0

(
y − ϕω(t, x)

)n+1
u(n+1)

(
zy + (1− z)ϕω(t, x)

)∂2ψω(T, y; t, x)

∂x2
dy

}
dz.

(2.14)

By insertion and reorganisation, the t-derivative of the value function Jω(t, x) be-

comes

∂Jω(t, x)

∂t
=
∂fω(t, x)

∂t
− 1

2
ω(t, x)2σ2x2

(
n∑
i=1

∂fω(t, x)

∂yi

∂2yωi (t, x)

∂x2
+Rω

2,n(t, x)

)

−
(
r + ω(t, x) (µ− r)

)
x

(
n∑
i=1

∂fω(t, x)

∂yi

∂yωi (t, x)

∂x
+Rω

1,n(t, x)

)
.

Next, similar to the proof of Theorem 1 in [3], we have functions Gω∗
i (t, x) and

43



Chapter 2: Taylor expansion in expected utility approximation and portfolio
optimisation

Hω∗
n (t, x) that satisfy

−∂G
ω∗
i (t, x)

∂t
=
(
r + ω∗(t, x) (µ− r)

)
x
∂Gω∗

i (t, x)

∂x

+
1

2
σ2ω∗(t, x)2x2∂

2Gω∗
i (t, x)

∂x2
,

−∂H
ω∗
n (t, x)

∂t
=
(
r + ω∗(t, x) (µ− r)

)
x
∂Hω∗

n (t, x)

∂x

+
1

2
σ2ω∗(t, x)2x2∂

2Hω∗
n (t, x)

∂x2
,

Gω∗

i (T, x) = gi(x) and

Hω∗

n (T, x) = 0.

Omitting some steps that are detailed in [3], the optimal strategy ω∗(t, x) is deter-

mined by a first-order condition from

ω∗(t, x) = arg inf

{
−1

2
ω(t, x)2σ2x2

(
n∑
i=1

∂f(t, x)

∂yi

∂2Gω∗
i (t, x)

∂x2
+
∂2Hω∗

n (t, x)

∂x2

)

−
(
r + ω(t, x) (µ− r)

)
x

(
n∑
i=1

∂f(t, x)

∂yi

∂Gω∗
i (t, x)

∂x
+
∂Hω∗

n (t, x)

∂x

)}
,

where we assume
∑n

i=1
∂f(t,x)
∂yi

∂2Gω
∗
i (t,x)

∂x2
+ ∂2Hω∗

n (t,x)
∂x2

< 0 to ensure that ω∗ is the

optimum and the equalities ∂Hω∗
n (t,x)
∂x

= Rω∗
1,n(t, x) and ∂2Hω∗

n (t,x)
∂x2

= Rω∗
2,n(t, x) hold

only with the optimal strategy ω∗.

2.A.5 Proof of Theorem 2.8

In this part we give the asymptotics of Rω
1,n(t, x) and Rω

2,n(t, x). The proofs are

similar to the proof of Theorem 2.5. We omit the superscript ω again to simplify

the presentation.

Proof. Recall that the two terms R1,n(t, x) and R2,n(t, x) are explicitly given in (2.13)

and (2.13). We must estimate the integrals to extract the growth in x. Similar to
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(2.9), we have that∣∣∣∣∣
∫ 1

0

(1− z)n
∫ ∞

0

(y − ϕ(t, x))n+1

(zy + (1− z)ϕ(t, x))γ+n

∂ψ(T, y; t, x)

∂x
dydz

∣∣∣∣∣
≤M1,1(t, n, γ)x−γ

(2.15)

and ∣∣∣∣∣
∫ 1

0

(1− z)n
∫ ∞

0

(y − ϕ(t, x))n+1

(zy + (1− z)ϕ(t, x))γ+n

∂2ψ(T, y; t, x)

∂x2
dydz

∣∣∣∣∣
≤M2,1(t, n, γ)x−1−γ.

(2.16)

for some functions M1,1 and M2,1 that are independent of x. Insert (2.9), (2.15) and

(2.16), we have that

|R1,n(t, x)|
∣∣∣∣(−γn

)∣∣∣∣−1

≤
∣∣∣∣∂ϕ(t, x)

∂x

∣∣∣∣ ∣∣∣∣∫ 1

0

(1− z)n
∫ ∞

0

(n+ 1)
(
y − ϕ(t, x)

)n(
zy + (1− z)ϕ(t, x)

)−γ−n
+ (1−z)(γ+n)

(
y − ϕ(t, x)

)n+1(
zy + (1− z)ϕ(t, x)

)−γ−n−1
ψ(T, y; t, x)dydz

∣∣∣∣
+

∣∣∣∣∫ 1

0

(1−z)n
∫ ∞

0

(
y−ϕ(t, x)

)n+1(
zy + (1−z)ϕ(t, x)

)−γ−n∂ψ(T, y; t, x)

∂x
dydz

∣∣∣∣
≤ C

√
π

c

1√
T − t

(
(n+ 1)M0(t, n, γ) + (γ + n)M0(t, (n+ 1), γ)

)
e
T−t
4c x−γ

+M1,1(t, n, γ)x−γ.
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and likewise with the second derivative ∂2ψ(T,y;t,x)
∂x2

one has

|R2,n(t, x)|
∣∣∣∣(−γn

)∣∣∣∣−1

≤ C

√
π

c

(
1

T − t
+

1√
T − t

)(
(n+ 1)M0(t, n, γ) + (γ + n)M0(t, n+ 1, γ)

)
· e

T−t
4c x−γ−1 +M2,1(t, n, γ)x−γ−1.

Hence we have by combining the terms without x that |R1,n(t, x)| ≤M3(t, n, γ) ·x−γ

and |R2,n(t, x)| ≤ M4(t, n, γ) · x−γ−1. Here M3 and M4 are functions independent

of x, and the orders of x are independent of n. Then the asymptotics in Theorem

2.8.(i) follow.

Next we prove Theorem 2.8.(ii). For the two summations, recall that f can be

expressed as

f (t, x, y1(t, x), · · · , yn(t, x)) =

(
−γ
n

)
(−1)n+1

−γ
1 + (1− γ)(n− 1)

1− γ
y1(t, x)1−γ

+

(
−γ
n

) n∑
i=2

(
n

i

)
(−1)n+i

1− γ − i
y1(t, x)1−γ−iyi(t, x)

+Rn(t, x).

By Proposition 2.11, for i = 1 we have that∣∣∣∣∂f(t, x)

∂y1

∣∣∣∣ ≤ ∣∣∣∣(−γn
)

(−1)n+1

−γ
(
1 + (1− γ)(n− 1)

)
y1(t, x)−γ

∣∣∣∣
+

∣∣∣∣∣
(
−γ
n

) n∑
i=2

(
n

i

)
(−1)n+iyω1 (t, x)−γ−iyωi (t, x)

∣∣∣∣∣
≤
∣∣∣∣(−γn

)
(−1)n+1

−γ
(
1 + (1− γ)(n− 1)

)∣∣∣∣x−γ
+

∣∣∣∣∣
(
−γ
n

) n∑
i=2

(
n

i

)
(−1)n+i

∣∣∣∣∣C
√
π

c
e

1
4c
i2(T−t)xix−γ−i

= M
(y)
1 (t, n, γ) · x−γ.
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For 2 ≤ i ≤ n we have that

∣∣∣∣∂f(t, x)

∂yi

∣∣∣∣ ≤
∣∣∣∣∣
(
−γ
n

) n∑
i=2

(
n

i

)
(−1)n+i

1− γ − i

∣∣∣∣∣x1−γ−i

= M
(y)
i (t, n, γ) · x1−γ−i.

The desired asymptotics then follow using the bounds for ∂yi(t,x)
∂x

from Proposition

2.11 and collecting terms.
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Chapter 3

Short-time asymptotics in a cyber

insurance model

3.1 Introduction

In an era surrounded by information technologies, all companies are fully or partially

exposed to cyber threats such as viruses, Trojans, and worms. Cybersecurity has

been one of the top priorities for the information technology (IT) industry since the

dawn of the Internet. Most IT companies hire experienced cybersecurity teams to

build top-class firewalls to counter potential threats and protect their most impor-

tant assets, data. However, forming their own cybersecurity team for companies in

other industries is expensive and unrealistic. As an alternative, they can purchase

cybersecurity services from the professionals such as IBM, Cisco, and Microsoft

Azure. From an actuarial point of view, the cyber risk is reduced but not elimi-

nated. They are still exposed to cyber threats to some extent. A vivid example is

that while the quality of house construction keeps improving, we still need home

insurance to cover the risk of fire, burglary and water leakage. The introduction of

the GDPR makes it essential to protect data for every type or size of business han-

dling personal information. Meanwhile, working from home during the pandemic

increases the exposure to cyber risk. A recent survey shows that one in ten firms

in the UK has been the victim of a cyber attack in the last year1. The demand

1A cybersecurity survey published in January 2022 by British Chambers of Commerce and Cisco,
see https://www.britishchambers.org.uk/media/get/Cisco%20infosheet%20Jan%202022.pdf
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for cyber insurance is unprecedented, while the supply remains outdated. One of

the reasons insurance companies do not offer quality products is the difficulty of

modelling cyber risk.

Models and methods for pricing cyber insurance in the literature vary widely.

[56] and [57] examine only the risk of personal data breaches and find that the loss

distribution is heavy-tailed based on real-life data. [11] focuses on correlation prop-

erties of cyber risks and suggests that companies with high internal and low global

correlations require cyber insurance, while companies with low internal correlations

can self-insure. [58] introduces a copula-based cyber insurance pricing model in

which a claim occurs only once and the contract period is up to the claim. It is

considered to be the first to develop a model for pricing cyber insurance, filling the

gap between practitioners and academics. [58] treats the aggregate loss as a func-

tion of both the number of infected computers and the loss per time. [7] develops

a novel approach for pricing cyber insurance contracts. In particular, [7] models

the spread process with a susceptible-infected-susceptible (SIS) model where the

network structure plays an essential role. [59] considers a variety of models for the

spread process, including the SIS model and other non-Markov models, and suggests

that for unknown dependencies, the use of an independent model is conservative.

The SIS model is indeed a special case of the susceptible-infected-recovered (SIR)

model. The story of the SIR model begins with early work by [60], which established

the basis of epidemiology using differential equations. [61] and [62] are considered

to be the origin of the modern SIR model. Their non-individual-based models focus

on the total number of infections by making simplified assumptions such as identical

individuals and simple disease biology. They explicitly calculate the total number

of infections by solving ordinary differential equations (ODE). The total number

of infections depends on the scale of the network and the rates of infection and

cure. These epidemic models allow for a better understanding of disease infection

and inspire applications in disease prevention and control. Due to the similarity of

mechanism between biological and computer viruses, these models make significant

contributions to modelling the occurrence of cyber incidents. Compared with the

non-individual-based model, the individual-based model is more realistic but with

more complex ODE systems. In particular, when the population is large, solving the
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ODE system is challenging. Hence we need approximations to reduce the dimension

and the number of equations in the ODE system. [63] introduces a mean-field

approximation of the 2N states continuous-time Markov chain model, assuming that

the state of each node is statistically independent of the state of its neighbours.

[64] introduces an N-intertwined approximation and points out that the accuracy

improves as N increases. [65] derives an ODE system of the infection probabilities

using the property that each individual in the network corresponds to a Bernoulli

random variable. [7] models the spread process of cyber incidents by an SIS model

and applies mean-field approximations to the ODE system.

In the literature, there are papers about the asymptotics of SIS models in both

the time variable and the number of nodes focus on long-time behaviour2. It is

rare to see the short-time asymptotics for SIS models3. A deeper understanding of

the short-time asymptotics is crucial for infections of cyber threats. Such infections

usually spread rapidly in minutes or hours, which are indeed short compared with

the period the cyber insurance contracts last.

Inspired by [7], we dig deeper into the influence of network topology on the

spread process and analyse the short-time asymptotics of the ODE system. We

contribute to the asymptotics analysis of epidemic models and help to better under-

stand network topology in pricing cyber risk. The coefficients in the ODE system

corresponds to the spread process are determined by the rates of infection and cure,

as well as the adjacency matrix which describes the structure of the network. We

define the shortest infection path of a healthy set as the shortest route that goes from

any infected vertex to all vertices within the set and each vertex in the set is visited

only once. Intuitively, the shortest infection path is the fastest way that the cyber

threat can spread. Our main result is twofold.

First, we give that the asymptotics of the infection probability of a bunch of

vertices in a set. As a special case, for a set with only one vertex, the shortest

infection path becomes the infection distance, which is also defined in this chapter.

Our findings show that statistically, the infection spreads not simultaneously but

sequentially. A simple example is that for two vertices that are connected to the

same infected vertex, the total probability of infection is asymptotically bounded by

2See for example [66, 67] for the time variable and [68] for the number of nodes.
3For short-time asymptotics in financial and actuarial mathematics, see for example [69, 70].
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t2 rather than t1. The asymptotics imply that the topology of the computer network

plays a decisive role in modelling the spread of cyber threats.

Second, we prove that the linear approximation of the ODE system shares the

exact asymptotics as the original ODE system. It is nontrivial because instead of

developing new models with complicated approximation methods, which are some-

times costly to implement in the real world, one can create new models by simply

modifying the linear approximation due to its simplicity and enforceability. Thus

we suggest further research in designing new cyber insurance contracts based on our

short-time asymptotics for the spread process while modelling the occurrence of the

spread process independently.

This chapter is organised as follows. In Section 3.2, we state our notations,

introduce the SIS model and the linear approximation. In Section 3.3, we give the

asymptotics of the first-order approximations and compare them with the linear

approximation. We illustrate the results with numerical examples. Then we show

the asymptotics of higher-order approximations in Section 3.4. In Section 3.5, we

summarise results.

3.2 Spread process and its linear approximation

In this section, we recall the SIS model of the infection spread in [7] and give a linear

approximation as a benchmark when t→ 0.

We describe the computer network as an undirected graph G = (V,E) with a

set of vertices V and a set of edges E. Here we give some notations of the graph:

� N = |V | is the number of vertices in G;

� A = {aij}n×n is the adjacency matrix of G, with aij ∈ {0, 1};

� dij is the distance between two vertices i and j.

We assume that the infection starts from several vertices, and we call them initially

infected vertices. An infection can start from a single device due to a virus or from

multiple devices due to a purposeful attack. Thus the number of initially infected

vertices can be one or more. We assume two states for each vertex i: infected

or susceptible. We do not consider the recovered state because a cyber incident

is systematic and a recovery applies to the whole system. Next, we state some
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notations of the spread process:

� t ∈ [0, T ] is a time variable;

� R is the total number of initially infected vertices at time t = 0;

� Xi(t) is the state random variable of vertex i at time t which takes the value

1 if vertex i is infected or 0 if vertex i is susceptible, we call it the infection

indicator of vertex i;

� β is the infection rate at which a vertex is infected by one of its neighbours;

� δ is the cure rate at which a vertex is cured.

We recall the infection process described in [7] as a continuous-time Markov process.

The i-th entry i ∈ {1, 2, · · · , N} of the corresponding ODE system for the first order

moment E[Xi(t)] reads

d

dt
E[Xi(t)] = −δE[Xi(t)] + β

N∑
j=1

aij (E[Xj(t)]− E[Xi(t)Xj(t)]) , (3.1)

with initial conditions Xj(0) = 1 for j ∈ {1, 2, · · · , R} and Xj(0) = 0 for other j.

Remark

Intuitively, we see the derivative on the left hand side of (3.1) as a total probability

of change, then the right hand side is interpreted as below:

1. The term −δE[Xi(t)] is the cure rate times the probability of being infected,

which is the probability of being cured;

2. The term β (E[Xj(t)]− E[Xi(t)Xj(t)]) is the infection rate times the probabil-

ity that a neighbour j is infected minus the probability that both of them are

infected, which leaves the probability of a healthy vertex i being infected by a

neighbour j. And the non-zero aij guarantees the neighbourship.

The derivative of the first-order moment E[Xi(t)] depends not only on first-order

moments but also second-order moments.

For higher order moments, we denote I ⊆ {1, 2, · · · , N} as a set of indices and

define the infection indicator of set I as XI :=
∏

i∈I Xi. We suppose |I| = m then

the m-th order moment E[XI(t)] satisfies

d

dt
E[XI(t)] = −δE[XI(t)] + β

∑
i∈I

N∑
j=1

aij
(
E[X(I/{i})∪{j}(t)]− E[XI∪{j}(t)]

)
. (3.2)
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Note that E[XI(t)] = E
[∏

i∈I Xi

]
is equal to the probability of XI(t) = 1.

Remark

Similar to the interpretation of (3.1), the term −δE[XI(t)] is the probability of being

cured, the term E[X(I/{i})∪{j}(t)] − E[XI∪{j}(t)] represents the probability that for a

chosen vertex i in set I, the rest vertices and one of its neighbour j are infected minus

the probability that all of them are infected, which is the probability of set I being

infected by one of the neighbours of a member vertex i. And again aij guarantees

the neighbourship.

We see (3.1) as a special case of (3.2). Both E[Xi(t)] and E[Xi(t)Xj(t)] are

part of the solution of (3.2). The higher-order moments increase the complexity of

solving the ODE system, thus we need approximations to get rid of them.

To simplify the argument, we set the infection rate β = 1 and the cure rate δ = 0

without loss of generality. Then (3.2) becomes

d

dt
E[XI(t)] =

∑
i∈I

N∑
j=1

aij
(
E[X(I/{i})∪{j}(t)]− E[XI∪{j}(t)]

)
. (3.3)

For the cases where β 6= 1, we define āij := βaij and replace the adjacency matrix

A with the weighted adjacency matrix Ā = {āij}N×N . For the cases where δ > 0,

we define a new function ωI(t) := eδtE[XI(t)] and ωI(t) satisfies the ODE that reads

d

dt
ωI(t) = δeδtE[XI(t)] + eδt

d

dt
E[XI(t)]

=
∑
i∈I

N∑
j=1

āij
(
ω(I/{i})∪{j}(t)− ωI∪{j}(t)

)
,

which shares the same form as (3.3). Hence we only discuss the case with β = 1

and δ = 0.

Now we return to the ODE system and consider a random set I of the size m.

If m < N , then the derivative of E[XI ] depends on some higher-order moments

E[XI∪{j}(t)]; If m = N , then I ∪ {j} = I and the derivative of E[XI ] depends only

on itself and other lower-order moments. The ODE system is indeed closed if we

take all moments into account. However, when N is large, it is still inefficient to

solve the ODE system even if it is closed hence we need approximations up to an
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order lower than N .

Here we introduce a linear approximation of (3.2) to the sense that we omit the

dependence of higher-order moments and the rest forms a linear ODE system that

is easier to solve. The approximation reads

d

dt
E[XI(t)] ≈

∑
i∈I

N∑
j=1

aijE[X(I/{i})∪{j}(t)].

The linear approximation is closed and explicitly solvable. A linear approxima-

tion usually drops too much information of the original equation and leads to poor

accuracy. However, we consider a small t that is close to zero and analyse the

asymptotics.

3.3 Asymptotics of first-order approximations of

the spread process

In this section, we introduce the asymptotics of both the first-order mean-field ap-

proximations introduced in [7] and the linear approximation. Then we illustrate the

results with some numerical examples.

To get rid of the second-order moments in 3.1, [7] introduces the first-order

mean-field approximation by choosing a suitable function F : [0, 1] → [0, 1] and

approximating the second-order term as

E[XiXj] ≈ F (E[Xi]) · F (E[Xj]).

Insert β = 1 and δ = 0 into (3.1) we have that

d

dt
E[Xi(t)] =

N∑
j=1

aijE[Xj(t)]−
N∑
j=1

aijE[XiXj].

Then the approximation reads

d

dt
E[Xi(t)] ≈

N∑
j=1

aijE[Xj(t)]−
n∑
j=1

aijF (E[Xi]) · F (E[Xj]). (3.4)
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We analyse the two types of mean-field approximations: the Hilbert approximation

with F (x) =
√
x and the independent approximation with F (x) = x.

3.3.1 Asymptotics of the first-order Hilbert approximation

We first consider the Hilbert approximation with F (x) =
√
x. To simplify notations,

we define ui(t) := E[Xi(t)] and rewrite (3.4) in matrix form that reads


d
dt

u(t) = Au(t)− diag
(√

u(t)
)
A
√

u(t)

u(0) = u0.

(3.5)

Here u0 is the initial condition that reads

u0 = (1, · · · , 1︸ ︷︷ ︸
R

, 0, · · · , 0︸ ︷︷ ︸
N−R

)T .

We decompose u(t) into a linear part v(t) and a nonlinear part R(t) that satisfies

u(t) = v(t) + R(t).

Here for the “linear” we mean the part determined by Au(t) in (3.5). We aim to find

which part dominates the power of t in the asymptotics of u(t), i.e., for a function

u(t) = atd + o(td), we aim to find either v ∼ td or R ∼ td. Here we give a definition

of the infection distance which is a key definition in this chapter.

Definition 3.1 (Infection distance)

The infection distance of a healthy vertex i is the length of the shortest route between

vertex i and any initially infected vertex j, i.e.

di = min {dij|vertex j is initially infected} .

In particular, if vertex i is initially infected, then its infection distance is di = 0.

Next, we show the asymptotics of v(t) in a proposition.

Proposition 3.2

There are functions Si : [0, T ]→ R for i ∈ {1, 2 · · · , N}, such that the i-th entry of
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v(t) satisfies

vi(t) = αit
di + Si(t),

where di is the infection distance of vertex i and Si(t) = o
(
tdi
)
.

Moreover, we have αi =
∑r
j=1 a

(di)
ij

di!
where

∑r
j=1 a

(di)
ij is the number of routes of the

length di between vertex i and all initially infected vertices.

See Appendix 3.A.2 for the proof. Next, we give another proposition showing

that v(t) dominates the order of t.

Proposition 3.3

The linear and nonlinear parts satisfies Ri(t) = o(vi(t)).

See Appendix 3.A.3 for the proof. The following theorem is a direct result from

Propositions 3.2 and 3.3. We state it without a proof.

Theorem 3.4

Under the SIS model assumption where the cure rate δ = 0, the infection rate β = 1

and adjacency matrix with aij ∈ {0, 1}, there are functions S̄i : [0, T ] → R for

i ∈ {1, 2 · · · , n}, such that the solution u(t) to the ODE system (3.5) satisfies

ui(t) = αit
di + S̄i(t)

with S̄i(t) = o
(
tdi
)

and αi =
∑r
j=1 a

(di)
ij

di!
.

This theorem clearly shows that the infection distance dominates the probability

of transmissions in a short time. Moreover, the infection probability is proportional

to the number of connections of initially infected vertices. Increasing the complexity

of a network raises cyber risk.

3.3.2 Numerical examples

We present some numerical illustrations for Theorem 3.4. We plot the first-order

Hilbert approximated solution u(t), the linear part v(t) and the truncated term

R′(t) of the nonlinear part R(t). We set the initial conditions as u(0) = (1, 0, 0, 0)T ,

v(0) = (1, 0, 0, 0)T and R(0) = (0, 0, 0, 0)T . We consider three examples, a line
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graph, a partly connected graph and a fully connected graph, all with four vertices,

as shown in Figures 3.1, 3.2 and 3.3, respectively. In each example, vertex 1 is

initially infected while the rest are healthy. The states and results are given in

Table 3.1.

The adjacency matrix of each example reads

A1 =


0 1 0 0

1 0 1 0

0 1 0 1

0 0 1 0

 , A2 =


0 1 1 0

1 0 1 0

1 1 0 1

0 0 1 0

 , A3 =


0 1 1 1

1 0 1 1

1 1 0 1

1 1 1 0

 ,

respectively.
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Figure 3.1: The first example with a line graph

Note that the red lines are the Hilbert approximation not the exact solution to

the ODE system. And the green lines exceeding one are due to the linear approx-

imation. In other words, the green lines are linear approximations of the Hilbert

approximation. This may not be reasonable as it is an approximation to an ap-

proximation. Indeed, we aim to analyse the short-time asymptotics of the Hilbert

approximation, but we do not validate the effectiveness and accuracy of the Hilbert

approximation to the exact solution. In the examples, the linear approximation

(green line) is close to the Hilbert approximation (red line) near the original point.

This observation confirms Theorem 3.4 that the linear approximation dominates the

asymptotics in a short time. Intuitively, compared with the cyber insurance con-
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Figure 3.2: The second example with a partly connected graph
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Figure 3.3: The third example with a fully connected graph

tract length which lasts from days to months or years, a cyber incident happens in

seconds. Thus it is non-trivial to analyse the spread in a short time. The short-time

asymptotics give a clearer view of the transition of cyber incidents and in particular,

how it depends on the structure of the network.
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Line d in td

Vertex State u v R′

1 Infected 0 0 1.5
2 Healthy 1 1 1.5
3 Healthy 2 2 2.5
4 Healthy 3 3 3.5

Partly d in td

Vertex State u v R′

1 Infected 0 0 1.5
2 Healthy 1 1 1.5
3 Healthy 1 1 1.5
4 Healthy 2 2 2.5

Fully d in td

Vertex State u v R′

1 Infected 0 0 1.5
2 Healthy 1 1 1.5
3 Healthy 1 1 1.5
4 Healthy 1 1 1.5

Table 3.1: The power of t in u(t), v(t), and R(t) in the three types of graphs

3.3.3 Asymptotics of the first-order independent approxi-

mation

In this part, we discuss the first-order independent approximation with F (x) = x.

The ODE system then reads
d
dt

q(t) = Aq(t)− diag (q(t))Aq(t)

q(0) = q0.

(3.6)

Here the initial condition is

q0 = (1, · · · , 1︸ ︷︷ ︸
r

, 0, · · · , 0︸ ︷︷ ︸
N−r

)T .

We apply a similar decomposition in Section 3.3.1 and the linear part v(t) remains

the same. We give the asymptotics of q(t) as a Theorem.

Theorem 3.5

Under the SIS model assumption where the cure rate δ = 0, the infection rate β = 1

and adjacency matrix with aij ∈ {0, 1}, there are functions S̃i : [0, T ] → R for
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i ∈ {1, 2 · · · , n}, such that the solution q(t) of the ODE system (3.6) satisfies

qi(t) = αit
di + S̃i(t)

with S̃i(t) = o
(
tdi
)
.

This theorem is a direct consequence of Proposition 3.2 and we omit the proof.

Unlike in the discussion of the Hilbert approximation, the asymptotics of q(t) are

clearly dominated by the linear part v(t). It is because the linear part Aq(t) is a

multiplier of the nonlinear part diag (q(t))Aq(t) and the other multiplier diag (q(t))

is a diagonal matrix which has non-negative powers of t.

Now we have shown that for both Hilbert and independent approximations, the

linear part dominates the asymptotics in a short time. The numerical results suggest

an application of the linear approximation when t is small. In the next section, we

analyse the asymptotics of higher-order approximations.

3.4 Asymptotics of higher-order approximations

In this section we consider the cases where higher-order moments are involved. Re-

call that I ⊆ {1, 2, · · · , n} and XI =
∏

i∈I Xi. To simplify the notations we define

wI(t) := E[XI(t)]. Then (3.3) becomes

d

dt
wI(t) =

∑
i∈I

n∑
j=1

ai,jw(I/{i})∪{j} −
∑
i∈I

n∑
j=1

ai,jwI∪{j}. (3.7)

Similar to the decomposition in Section 3.3.1, we write wI(t) = vI(t) +RI(t) with a

linear approximation vI(t) and a nonlinear remainder term RI(t). The linear part

vI(t) satisfies

d

dt
vI(t) =

∑
i∈I

n∑
j=1

ai,jv(I/{i})∪{j}. (3.8)

Recall that wI(t) = E[XI(t)] is the infection probability of set I, hence it decreases

if we add more healthy vertices into I and we have w(I/{i})∪{j} ≥ wI∪{j}. Then the

power of t is dominated by the linear term
∑

i∈I
∑n

j=1 ai,jwI/{i}∪{j}. We state it as
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a proposition without proof.

Proposition 3.6

There are functions SI : [0, T ] → R for I ⊆ {1, 2, · · · , n}, such that the solution

w(t) of the ODE system (3.7) satisfies

wI(t) = vI(t) + SI(t)

with SI(t) = o (vI(t)).

To find the asymptotics of vI(t), we first introduce a definition of the shortest

infection path of a healthy set I, which is another key concept in this chapter. Note

that our definition applies to two sets (a healthy set and the initially infected set)

which is different from the shortest path definition in graph theory.

Definition 3.7

We consider all initially infected vertices as ONE unique vertex and define the short-

est infection path LI of set I with the following steps.

1. Randomly select a healthy vertex i1 in I as the first vertex, find the shortest

path from vertex i1 to the universal vertex, labelled as LI .

2. Randomly select a second healthy vertex i2 in I, find the shortest path from

vertex i2 to the path LI in Step 1.

3. Combine the two paths as the new LI .

4. Repeat 2 and 3, until all vertices in I are included.

A special case is that when i2 in Step 2 is closer to another infected vertex than

i1, as shown in Figure 3.4. Dashed lines represent connected edges but are not used

as the shortest infection path. By our definition above, the two black vertices are

seen as one and the shortest infection path of I = {i1, i2} satisfies |LI | = 2 rather

than 5. In other words, the shortest infection path does not need to connect all

vertices in set I.

Infected Infected
i1 i2

Figure 3.4: Position of vertex i1 on i2 the path LI

Next we give the asymptotics of the linear part vI(t) in a proposition.
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Proposition 3.8

The asymptotics of vI depends on the length of the shortest infection path LI . More-

over, there are functions SI : [0, T ] → R for I ⊆ {1, 2 · · · , n}, such that vI(t)

satisfies

vI(t) = αIt
|LI | + SI(t),

where |LI | is the length of LI and SI(t) = o
(
t|LI |

)
.

See Appendix 3.A.4 for the proof. We combine Proposition 3.6 and 3.8 as a

theorem stating the asymptotics of wI(t) and omit the proof.

Theorem 3.9

Under the SIS model assumption where the cure rate δ = 0, the infection rate β = 1

and adjacency matrix with aij ∈ {0, 1}, there are functions SI : [0, T ] → R for

I ⊆ {1, 2, · · · , n}, such that the solution w(t) of the ODE system (3.7) satisfies

wI(t) = αIt
|LI | + S̄I(t),

where |LI | is the length of LI and S̄I(t) = o
(
t|LI |

)
.

Similar to the discussion of the first-order approximations, the linear part v(t)

dominates the short-time asymptotics of w(t). Hence we can apply the linear ap-

proximation to the spread process when time t is small (days out of months/a year).

The dependence on the shortest infection path of powers of t emphasises that the

spread process is strongly related to the graph structure.

3.5 Conclusion

In this chapter, we have provided a short-time insight into the SIS model for cyber

insurance introduced in [7]. We have shown that the infection probability E[Xi(t)]

of vertex i as a function of time t strongly depends on the typology of the computer

network. More specifically, we have defined the infection distance di of vertex i and

the shortest infection path LI of set I. The two concepts dominate the short-time

asymptotics of the infection probabilities.
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We have proved that for both the first-order Hilbert and independent approxi-

mations:

1. The short-time asymptotics of the infection probability E[Xi(t)] satisfy E[Xi(t)] ∼

tdi , and

2. The linear part dominates the short-time asymptotics.

We have then proved a similar results for higher-order moments E[XI(t)] of that

1. The asymptotics of higher-order moments E[XI(t)] satisfy E[XI(t)] ∼ t|LI |,

and

2. The linear approximation dominates the short-time asymptotics.

Our results show that a linear approximation of the ODE system shares the

same asymptotics as the system itself. It is nontrivial because compared with the

contract length which is usually months or a year, an infection that occurs within

only a few days are indeed in a short time. This encourages the application of the

linear approximation. We suggest further research in developing new cyber insurance

contracts by modelling the infection spread based on the short-time asymptotics and

linear approximations, while modelling the occurrence of infections spread separately

with, e.g., a Poisson process.
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3.A Appendix

3.A.1 Collection of lemmas

Lemma 3.10

The linear part v(t) satisfies

v(t) =


∑r

j=1

∑∞
k=0

1
k!
a

(k)
1j t

k

...∑r
j=1

∑∞
k=0

1
k!
a

(k)
Njt

k

 .

Proof. The linear part v(t) solves the equation system


d
dt

v(t) = Av(t)

v(0) = u0

. (3.9)

The solution v(t) can be represented explicitly as v(t) = eAtu(0) where the term

eAt is a matrix exponential4 that reads

eAt =
∞∑
k=0

tk

k!
Ak =


∑∞

k=0
1
k!
a

(k)
11 t

k · · ·
∑∞

k=0
1
k!
a

(k)
1N t

k

...
...∑∞

k=0
1
k!
a

(k)
N1t

k · · ·
∑∞

k=0
1
k!
a

(k)
NN t

k

 .

Here A0 = IN with IN the identity matrix and a
(k)
ij is the ij-th entry of matrix Ak.

Then v(t) becomes

v(t) =


∑∞

k=0
1
k!
a

(k)
11 t

k · · ·
∑∞

k=0
1
k!
a

(k)
1N t

k

...
...∑∞

k=0
1
k!
a

(k)
N1t

k · · ·
∑∞

k=0
1
k!
a

(k)
NN t

k

 · (1, · · · , 1︸ ︷︷ ︸
r

, 0, · · · , 0︸ ︷︷ ︸
N−r

)T

=


∑r

j=1

∑∞
k=0

1
k!
a

(k)
1j t

k

...∑r
j=1

∑∞
k=0

1
k!
a

(k)
Njt

k

 .

4See for example Chapter 2, [71].
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3.A.2 Proof of Proposition 3.2

Proof. Recall that the linear solution v(t) reads


v1(t)

...

vn(t)

 =


∑r

j=1

∑∞
k=0

1
k!
a

(k)
1j t

k

...∑r
j=1

∑∞
k=0

1
k!
a

(k)
Njt

k

 .

Note that a
(k)
ij represents the number of paths of the length k between vertices i and

j5 and it satisfies

a
(k)
ij

= 0, if k < dij (no path of length less than dij)

≥ 1, if k = dij (at least one path of length dij)

.

The first non-zero term of vi(t) (with the lowest power of t) is the term with k = di

and the sum of them reads (
r∑
j=1

a
(di)
ij

)
· 1

di!
tdi ,

where
∑r

j=1 a
(di)
ij is the number of paths of the length di between vertex i and all

initially infected vertices. Let αi :=
∑r
j=1 a

(di)
ij

di!
and Si(t) :=

∑r
j=1

∑
k>di

1
k!
a

(k)
1j t

k, then

we have that

vi(t) = αit
di + Si(t) and Si(t) = o

(
tdi
)
.

Here we finish the proof.

3.A.3 Proof of Proposition 3.3

Proof. The nonlinear part R(t) solves the ODE system that reads


d
dt

R(t) = AR(t)− diag
(√

v(t) + R(t)
)
A
√

v(t) + R(t)

R(0) = 0

. (3.10)

5See for example Lemma 2.5, [72].
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The ODE system above has no closed-form solution. To find the asymptotics of

R(t), we first give an assumption on R(t) which is inspired by Proposition 3.2.

Assumption 3.11

We assume that for i ∈ {1, · · · , N}, there are βi ∈ R, γi ∈ R+ and function

S ′i : [0, t]→ R such that the solution Ri(t) of the ODE system (3.10) satisfies

Ri(t) = βit
γi + S ′i(t),

where S ′i(t) = o (tγi).

We rewrite R(t) by Duhamel’s formula as

R(t) = −
∫ t

0

e(t−s)A diag
(√

v(s) + R(s)
)

A
√

v(s) + R(s)ds,

where the matrix exponential reads

e(t−s)A =
∞∑
k=0

(t− s)k

k!
Ak.

Then R(t) reads

R(t) = −
∫ t

0

I · diag
(√

v(s) + R(s)
)

A
√

v(s) + R(s)ds

+

∫ t

0

(t− s)A diag
(√

v(s) + R(s)
)

A
√

v(s) + R(s)ds+ · · · .

(3.11)

Note that the lowest power of t is determined by the first integral given above. By

Assumption 3.11 and Proposition 3.2, the i-th entry of the integrand reads

[
diag

(√
v(s) + R(s)

)
A
√

v(s) + R(s)
]
i

=
N∑
j=1

aij

√(
αisdi + Si(s) + βisγi + S ′i(s)

)(
αjsdj + Sj(s) + βjsγj + S ′j(s)

)

=
N∑
j=1

aij

√
cij1sdi+dj + cij2sdi+γj + cij3sγi+dj + cij4sγi+γj + S ′′ij(s)
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where cij1 = αiαj, cij2 = αiβj, cij3 = βiαj, cij4 = βiβj and S ′′ij = Si(s)Sj(s) +

Si(s)S
′
j(s)+S ′i(s)Sj(s)+S ′i(s)S

′
j(s). Note that Proposition 3.2 gives S ′′ij(s) = o

(
sdi
)
,

S ′′ij(s) = o
(
sdj
)
, S ′′ij(s) = o (sγi) and S ′′ij(s) = o (sγj) . And the j-th element of the

summation returns non-zero value only when aij = 1, where vertices i and j are

neighbours. Hence the lowest power of s is given by

1

2
min {di + dj, di + γj, γi + dj, γi + γj|vertices i and j are neighbours}

By comparing the power of t on both sides of (3.11), we have that

γi =
1

2
min {di + dj, di + γj, γi + dj, γi + γj|vertices i and j are neighbours}+ 1,

(3.12)

where the number 1 comes from the integration. Note that γi > 0 and di ≥ 0 for

i ∈ {1, 2, · · · , n}. Then the minimum satisfies

min {di + dj, di + γj, γi + dj, γi + γj|vertex j neighbours of vertex i} ≥ 0,

which leads to an inequality that reads γi ≥ 1 for i ∈ {1, 2, · · · , n}.

For an initially infected vertex i with infection distance di = 0, there are two

cases.

1. If there is no other initially infected neighbour vertex, then there is at least

one initially healthy neighbour vertex j of the infection distance dj = 1. Insert

di = 0 and dj = 1 into (3.12) and combine other criterion, we have that
γi = 1

2
min {1, γj, γi + 1, γi + γj}+ 1

γi ≥ 1

γj ≥ 1

,

which leads to

γi =
1

2
+ 1 =

3

2
.

2. If there is at least one initially infected neighbour vertex j, then we insert
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di = 0 and dj = 0 into (3.12) and we have that
γi = 1

2
min {0, γj, γi, γi + γj}+ 1

γi > 1

γj > 1

,

which leads to

γi = 1.

For an initially healthy vertex i of the infection distance di ≥ 1, we prove by

mathematical induction that the power γi satisfies γi = di + 1
2
.

1. We first show the claim is true when di = 1. For vertex i with di = 1, there

is at least one neighbour vertex j of the infection distance dj = di − 1 = 0.

Insert di = 1 and dj = 0 into (3.12) and we have that
γi = 1

2
min {1, 1 + γj, γi, γi + γj}+ 1

γi ≥ 1

γj ≥ 1

.

And it leads to

γi =
1

2
+ 1 =

3

2
.

Hence the claim is true for the first case with di = 1.

2. We next prove that the claim is true when di = k+1 given that it is true when

di = k. For an initially healthy vertex i of the infection distance di = k + 1,

there is at least one neighbour vertex j of the infection distance dj = di−1 = k

and γj = k + 1
2
. Insert di = k + 1, dj = k and γj = k + 1

2
into (3.12) and we

have that

γi =
1

2
min

{
k + 1 + k, k + 1 + k +

1

2
, γi + k, γi + k +

1

2

}
+ 1.
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We solve this equation and obtain that γi = k + 2
3
. Hence the claim is true

when di = k + 1.

In summary, we have that

γi =



3
2
, if i is initially infected but has no initially infected neighbour

1, if i is initially infected and has at least one initially infected

neighbour

di + 1
2
, if i is initially healthy with di ≥ 1

.

Hence γi ≥ di for all i ∈ {1, 2, · · · , n} and Ri(t) = o(vi(t)) follows as a direct result.

Here concludes the proof.

3.A.4 Proof of Proposition 3.8

Proof. Recall that vI(t) satisfies the ODE that reads

d

dt
vI(t) =

∑
i∈I

n∑
j=1

aijv(I/{i})∪{j} =
∑
i∈I

n∑
j=1

aijvJ ,

with J = (I/{i})∪{j}. We only consider a healthy set because a set with an initially

infected vertex shares the same infection probability of the subset that exclude the

initially infected vertex. We find the asymptotics of vI(t) by mathematical induction

where the inductive step is from |I| = m − 1 to |I| = m. We prove the case when

|I| = 1 in Proposition 3.2 where vi(t) = αit
di + Si(t). For |I| ≥ 2, we aim to show

that the order of t of the derivative d
dt
vI(t) is determined by

min
i∈I,i 6=j

|LJ | = |LI | − 1.

Suppose vI(t) = αIt
|LI |+SI(t) holds for |I| = m− 1 and a function SI : [0, T ]→ R.

Then for |I| = m, we check v(I/{i})∪{j} for each i ∈ I and j.

Note that if vertices i and j are not neighbours or i = j then aij = 0. So we only

check cases where i and j are neighbours. If j ∈ I and j 6= i, then set J is a subset
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of set I with |J | = m− 1 and vJ(t) ∼ αJt
|LJ |. The length |Lj| is determined by

|LJ | =

|LI | − 1 if vertex i is at the end of path LI (Figure 3.5a)

|LI | if vertex i is not at the end of path LI (Figure 3.5b)

.

For a set of the size larger than 2, there is at lease one vertex i in each case, then

mini,j∈I,i 6=j |LJ | = |LI | − 1. For the cases where j /∈ I, we have that v(I/{i}) ≥

v(I/{i})∪{j}, hence the order of t is dominated by vI/{i}.

ij

i j2j1

3.5a. vertex i is at the end of path LI and j is a neighbour

3.5b. vertex i is not at the end of path LI and two candidates of j

Figure 3.5: Position of vertex i on the path LI

Here finishes the proof.
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Chapter 4

Deep learning in credit valuation

adjustment with replacement

closeout

4.1 Introduction

Credit valuation adjustment (CVA), commonly viewed as the value of counterparty

credit risk, has become an essential risk measure in financial risk management since

the 2008 global financial crisis. According to Basel III, a bank must add a capital

requirement to cover the risk of mark-to-market1 losses on the expected counterparty

credit risk to derivatives2, and such losses are know as CVA. In other words, CVA is

the difference between a credit risky value and a credit risk-free value of a financial

derivative. A simple way for banks to do so is subtracting CVA from the risk-free

price when a contract suffers counterparty credit risk. When a default event occurs,

the closeout amount is defined by the mark-to-market loss, which is supposed to be

marked to the pre-default market value of the contract.

A challenging task in calculating CVA is modelling and calculating the mark-to-

market closeout amount when a default event is triggered. Before the 2008 financial

crisis, almost all credit risk models were based on the so-called risk-free closeout

convention, according to which the counterparty is assumed to be risk-free. Note

1Mark-to-market losses are calculated based on real market values rather than the actual sale
values.

2Basel III, (MAR50.2)
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that the phrase “risk-free” refers to that the closeout amount is calculated based

on a counterparty-risk-free assumption, rather than that the model itself is “risk-

free”. Thus the expectation of the discounted future cash flows is used in recovery

calculation3.

A painful lesson of the global financial crisis is that no counterparty should be

considered risk-free and banks must mark to market as much as possible4. Due to the

inadequate consideration for the counterparty’s credit quality, the risk-free closeout

fails to adequately reflect the mark-to-market value of a financial claim upon the

default time. In the post-crisis period, many studies have questioned the validity

of the risk-free closeout5. In particular, the International Swaps and Derivatives

Association (ISDA) highlights the importance of incorporating the creditworthiness

of the counterparty in closeout and thus suggesting an alternative way of calculating

the recovery6.

Because of the drawbacks of the risk-free closeout convention, the replacement

closeout has drawn more attention over the past decade7. The idea of working with

the pre-default value in the recovery calculation is first suggested in [25] though

they do not use the term “replacement closeout”. Unlike the risk-free closeout,

the replacement closeout is defined via the pre-default value of a financial claim

which inherently embeds with the counterparty credit risk. The replacement closeout

considers the counterparty’s creditworthiness and adequately captures the mark-to-

market value of the contract thus yielding a more accurate estimate of CVA. Hence

the replacement closeout is more appropriate than the risk-free closeout, although

achieving such appropriateness at the expense of valuation complexity. To obtain

the pre-default value at present we have to know the future pre-default value and

vice versa, thus the definition of the pre-default value under the replacement closeout

convention is actually a loop rather than an explicit representation. Consequently,

the replacement closeout creates a nonlinear system, which poses a major difficulty

3See for example [12–15] for the valuation of defaultable financial claims under the risk-free
closeout convention.

4See Chapter CAP50 of Basel III.
5See for example [17–19].
6The ISDA (2010) says: “Upon default closeout, valuations will in many circumstances reflect

the replacement cost of transactions calculated at the terminating party’s bid or offer side of the
market, and will often take into account the creditworthiness of the terminating party.”

7See for example [20–24].
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in the valuation.

The purpose of this chapter is to contribute to the literature on the replace-

ment closeout analysis by providing computational underpinnings for applying the

replacement closeout convention in the valuation of counterparty credit risk and,

in particular, in addressing the nonlinearity. We show that the CVA calculated

from the replacement closeout is larger than the corresponding value from the risk-

free closeout. We consider examples of a CDS and a defaultable European option.

Our results suggest that the CVA would be underestimated without considering the

counterparty’s creditworthiness in the recovery calculation. Our results unequiv-

ocally point out the importance of tracking the mark-to-market value of financial

claims upon the default times and caution against ignoring the creditworthiness of

the counterparty in the closeout. It is noteworthy that the closeout function consid-

ered in our model is not only restricted to CVA models, but also nests most mod-

els of debit valuation adjustment (DVA) and funding valuation adjustment (FVA).

Therefore all the results aforementioned also apply to the analysis of other valuation

adjustment8.

From a practitioner’s perspective, the applicability of the replacement closeout

largely hinges on its computational complexity. The nonlinearity of the replacement

closeout gives rise to significant computational burdensome. In particular, when

the number of risk factors9 increases, the computational complexity of the nonlin-

ear valuation system grows exponentially. As the number of risk factors usually

indicates the number of dimensions, the exponential growth on the computational

cost is also called the “curse of dimensionality10”. Recently, the deep backward

stochastic differential equation (BSDE) method, advocated by a series of papers

including [4], [26] and [27], has demonstrated promising performance in overcoming

the curse of dimensionality for high dimensional dynamic models. In the deep BSDE

method, the dynamic model (usually a partial differential equation (PDE) problem)

is reformulated into a BSDE problem. Then, applying a standard simulation and

discretisation to the BSDE problem, one can obtain an optimisation problem associ-

8For the studies about DVA, FVA and XVA, see for example [73–76].
9The sources of risk factors would be macroeconomic factors (e.g., interest rates), market in-

dices (e.g., S&P 500 index), the credit ratings of the investors and their counterparties, and the
randomness of assets (e.g. multi-asset, or stochastic volatility models), etc.

10See, e.g., [77].
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ated with the terminal value. Finally, neural networks are employed to approximate

the unknown gradients of the optimisation problem.

The deep BSDE method has been applied to risk management11. Building on

[4], [84] develops a primal-dual method for the valuation of counterparty credit risk.

Combining the dynamic programming, [85] develops a new deep BSDE solver which

targets to approximate the value function. Based on the deep BSDE method, [86]

designs an XVA12 solver and deduce a posteriori bounds on the error of the neu-

ral network approximations. [87], with a BSDE formulation and GPU computing,

proposes a deep learning regression method for the credit risk valuation. In the

existing deep BSDE solvers for credit risk valuation, the decision variables, usually

the value functions and their gradients, are viewed as a sequence of functions of

state variables, and each function at a time step is attached to a fully connected

(FC) neural network. For ease of reference, we refer to such a deep BSDE solver

as a multi-FC deep BSDE solver. [88], [89] and [29], on the other hand, develop a

single-network-based deep BSDE method. Because of the dramatic decrease of the

number of trainable parameters, [88] introduces a method that allows more delicate

neural network architectures to be applied in the deep BSDE solver. The reported

numerical experiments in [90] show that the single-network-based method with a

proper neural network could improve the results compared with the multi-FC deep

BSDE solver.

Motivated by [29], we develop a deep BSDE algorithm for the calculation of CVA

with replacement closeout. In contrast to the existing literature on credit risk valu-

ation via the deep BSDE method, our algorithm is single-network-based. Moreover,

instead of using the multi-FC solver in [4], we approximate the gradient function

by the long-short term memory (LSTM) neural network. The LSTM network is

originally proposed by [30] and has been shown to have impressive power in solving

real-world problems with sequence data13. The numerical tests suggest that our pro-

posed solver produces satisfactory efficiency and yields better convergence stability

11Besides the deep BSDE method, there are also several other attempts to approximate the high
dimensional dynamic models in various areas, See for example [78–81]. We refer readers interested
in this direction to literature surveys in [82] and [83].

12XVA is an umbrella term referring to different valuation adjustments such as CVA, DVA, FVA,
etc.

13For example, the LSTM neural network has been successfully used in time series prediction
([31]), speech recognition ([32]) and rhythm learning ([33]).
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than the multi-FC deep BSDE solver. Finally, we compare the computational cost

for calculating CVA under both risk-free and replacement closeout. We test our

algorithm on the valuations of a defaultable claim with risk-free and replacement

closeout, respectively. Because of the computational efficiency of the single-network-

based algorithm in calculating the replacement closeout, it only requires about half

of the computational time compared to that with the risk-free closeout. Therefore,

our single-network-based algorithm effectively alleviates the curse of dimensionality

and enhances the practical application of the replacement closeout.

This chapter is organised as follows. In Section 4.2, we present some deep learning

preliminaries and introduce our single-network-based deep BSDE solver and test it

with some examples from [4]. In Section 4.3, we recall the valuation of a general

defaultable financial claim with replacement closeout introduced in [5]. We provide

numerical examples of defaultable claims with the risk-free and replacement closeout

in Section 4.4. We conclude the chapter in Section 4.5.

4.2 The deep BSDE solver

This section introduces a single-network-based deep learning algorithm for solving

semilinear PDE problems. We work within the deep BSDE framework established

by [4, 26]. We first reformulate the PDE problem into a stochastic control problem

with the Feynman-Kac formula and the Euler scheme to apply the deep learning

algorithms. [4] and [26] treat the gradient of the value function as a sequence of

functions of state x at different time steps and use a sequence of different neural

networks to approximate the gradient in each time step. On the other hand, our

algorithm considers the gradient to be a function of both time t and state x thus

allowing us to approximate the gradient using a unified neural network over different

time steps.

Before we detail the deep BSDE solvers, we give some preliminary knowledge of

neural networks in the next part.
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4.2.1 Preliminaries of deep learning and neural networks

The overwhelmingly popular topic, deep learning, is a technique for implementing

machine learning based on neural networks. A typical deep learning application is

supervised learning which consists of the inputs, outputs and loss function. Our

algorithm is also an application of supervised learning. A neural network is a math-

ematical and computer model that mimics the way biological neurons signal to one

another.

A direct copy of a biological neuron is the dense layer, the simplest layer in

neural networks. A dense layer is a linear transformation followed by an activation

function. The process can be formulated as

y = a(wx+ b).

Here x and y are the input and output, respectively; The weight w and bias b are

trainable parameters in the dense layer; The function a is an activation function.

Intuitively, an activation function determines whether neurons are activated and how

much they are activated. From a mathematical point of view, activation functions

introduce nonlinearity to neural networks allowing them to approximate complex

dependence between different dimensions of the inputs. Stacking dense layers is

meaningless without activation functions because multiple linear transformations

are equivalent to just one. A neural network consisting of multiple dense layers is a

deep neural network which is the so-called fully connected neural network used in

[4].

Depending on the applications, there are several activation functions to choose

from, e.g., a sigmoid function for binary classification, a ReLU function in a hidden

dense layer or a hyperbolic tangent (tanh) function in an LSTM layer. Table 4.1

gives the three most popular activation functions.

Name Function Range
Logistic (sigmoid) σ(x) = 1

1+e−x
(0, 1)

Rectified linear unit (ReLU) max{0, x} (0,∞)

Hyperbolic tangent (tanh) tanh(x) = ex−e−x
ex+e−x

(−1, 1)

Table 4.1: Some commonly used activation functions
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The fully connected networks are flexible and easy to implement. However, it

cannot handle sequence data. Compared with dense layers, an LSTM network has

the nature to deal with the time dimension. We draw the internal structure of the

LSTM layer in Figure 4.1.

There are three “inputs” of an LSTM layer: the external input xt and two internal

memory states at and ct. The “cell state” ct−1 stores the long-term “memory” of all

previous steps and passes it to the next step. The “hidden state” at−1 is the output

from last step and stores only the short-term “memory”. Inside an LSTM layer,

there are three “gates”, with a sigmoid function activating each gate. The output

of a sigmoid function takes a value between 0 and 1 thus can be interpreted as a

probability. In other words, the three gates calculate three probabilities:

1. “Forget gate”: to forget the previous short-term memory;

2. “Update gate”: to update memory with the preliminary output c̃t;

3. “Output gate”: to pass the new memory to the output.

Note that all three gates and the tanh in the rectangle are indeed dense layers

with the same inputs [at−1, xt] but different activation functions. The mathematical

expressions for an LSTM layer are as follows

Preliminary output: c̃t = tanh(wc[at−1, xt] + bc)

Update gate: Γu = σ(wu[at−1, xt] + bu)

Forget gate: Γf = σ(wf [at−1, xt] + bf )

Output gate: Γo = σ(wo[at−1, xt] + bo)

New long-term memory: ct = Γu ◦ c̃t + Γf ◦ ct−1

Output and new short-term memory: at = Γo ◦ tanh(ct),

where the operator ◦ represents the element-wise product, and wi and bi for i ∈

{c, u, f, o} are weights and bias, respectively.

We start the story of deep BSDE solvers from here.
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Forget
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at−1
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xtInput

ct

Next cell state

at

Next hidden state

atOutput

Figure 4.1: An LSTM Layer

4.2.2 The BSDE framework and the stochastic control prob-

lem

In this part, we recall the BSDE framework in [4]. We first assume that X satisfies

a well-defined SDE that reads

dXt = µ(t,Xt)dt+ σ(t,Xt)dWt (4.1)

with an initial state X0 = x ∈ Rm and an n-dimensional Brownian motion W . Next,

we consider a well-defined nonlinear PDE of the form

Lu+ f(t, x, u(t, x),∇u(t, x)) = 0 and

u(T, x) = φ(x),

(4.2)

where u ∈ C1,2([0, T )×Rm) ∩C([0, T ]×Rm) is the unique solution, ∇u(t, x) is the

gradients of u in x, f and g are real valued functions satisfying suitable assumptions.

The infinitesimal Markov generator L associated with X is defined by

L :=
∂

∂t
+

m∑
i=1

m∑
j=1

aij(t, x)
∂2

∂xi∂xj
+

m∑
i=1

µi(t, x)
∂

∂xi
,
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where aij(t, x) = 1
2

∑n
k=1 σik(t, x)σjk(t, x). We give full assumptions on the dynamics

and the PDE in Section 4.3.

It follows from the Feynman–Kac formula14 that the nonlinear PDE problem

(4.2) is related to a BSDE that reads

u(t,Xt) = φ(XT ) +

∫ T

t

f(s,Xs, u(s,Xs),∇u(s,Xs))ds

−
∫ T

t

∇u(s,Xs)
Tσ(s,Xs)dWs.

(4.3)

Next, we apply a time discretisation to (4.1) and (4.3). We consider a partition

of the time interval [0, T ] such that 0 = t0 < t1 < · · · < tN = T . Then applying the

Euler schemes for i ∈ {0, 1, 2, ..., N − 1} results in that

Xti+1
≈ Xti + µ(ti, Xti)(ti+1 − ti) + σ(ti, Xti)(Wti+1

−Wti) (4.4)

and

u(ti+1, Xtn+1) ≈ u(ti, Xti)− f(ti, Xti , u(ti, Xti),∇u(ti, Xti))(ti+1 − ti)

+∇u(ti, Xti)
Tσ(ti, Xti)(Wti+1

−Wti).

(4.5)

We take u(t0, Xt0) and ∇u as the decision variables and obtain the stochastic

control problem that reads

min
u(t0,Xt0 ),∇u

E|u(tN , XtN )− φ(XtN )|2. (4.6)

To solve the control problem (4.6), we approximate the gradient ∇u(ti, Xti) for

i ∈ {0, 1, 2, ..., N − 1} in (4.5) by neural networks.

4.2.3 The multi-FC solver in [4] and our single-LSTM solver

In [4], for each i > 0 the gradient ∇u(ti, Xti) is approximated by a fully connected

neural network, which means there is N − 1 networks in total. Denote the neu-

ral network of time step i by Ni : Xti 7→ ∇û(ti, Xti), then the approximation of

14See [91] for example.
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∇u(ti, Xti) for i ∈ {1, 2, ..., N − 1} reads

∇u(ti, Xti) ≈ Ni(Xi|θi),

where θi represents a set of the trainable parameters in neural network Ni. For

i = 0, they use the trainable parameters θ0,0 and θ0,1 to approximate the initial

value u(t0, Xt0) and ∇u(t0, Xt0), respectively. Let Θ̄ = {θ0,0, θ0,1, θ1, θ2, · · · , θN−1}

be the collection of all trainable parameters. We refer their multiple fully connect

deep BSDE solver as the “multi-FC deep BSDE solver”.

Motivated by [29], we approximate the gradients in all time steps by a single

LSTM network, i.e., for i ∈ {0, 1, ..., N − 1} the approximation reads

∇u(ti, Xti) ≈ N (ti, Xti |θ),

where θ is the set of trainable parameters in the single neural network N . We

approximate the initial value u(t0, Xt0) by a trainable parameter θ0 and we denote

the collection of all trainable parameters as Θ = {θ0, θ}. We name our algorithm as

the “single-LSTM deep BSDE solver”.

Then we apply Monte Carlo to simulate L paths of (Xti)i∈{0,1,...,N−1} using (4.4).

Replace Xti , u(ti, Xti) and ∇u(ti, Xti) in (4.5) with simulated values and approxi-

mations then (4.6) becomes a loss function that reads

min
Θ

1

L

L∑
l=1

(
û
(
tN , X

(l)
tN

)
− φ

(
X

(l)
tN

))2

,

where û is the estimated terminal value of u. We apply the “Adam” optimiser15 to

seek the optimal solution, in other words, to train the neural network. We summarise

the steps in Algorithm 1.

Figures 4.2 and 4.3 show the architectures of the two algorithms and highlight

the differences between them. In particular, we label the multiple networks as FC

Network 1 to FC Network N − 1 and draw them in different colours in Figure 4.2,

while we use one colour for the same LSTM network used in different time steps in

15The Adam optimiser is an improved version of the stochastic gradient descent (SGD) initially
introduced in [92] in 2014. It then becomes one of the most popular optimisers of deep learning.
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Algorithm 1 The single-LSTM deep BSDE solver

1: function DBSDE(N , L, SDE, BSDE, return theta=False): . N time steps, L

paths, SDE (4.4) and BSDE (4.5)

2: Design the single-LSTM architecture N .

3: Initialise trainable parameters Θ.

4: for j = 1 to n do: . n iterations for training

5: Simulate (X
(l)
ti )1≤l≤L. . Monte Carlo method

6: Compute û(ti, Xti) until û(tN , XtN ). . Feed forward the network

7: Compute the loss

1

L

L∑
l=1

(û(tN , X
(l)
tN

)− φ(X
(l)
tN

))2,

8: Update parameters Θ using the Adam optimiser. . Backward

propagation

9: end for

10: if return theta=True then

11: return Θ∗.

12: else

13: return u(t0, Xt0)← θ0.

14: end if

15: end function

Figure 4.3. Moreover, we clearly state the trainable parameters at t0. In Figure 4.2

both u and ∇u are approximated by trainable parameters while in Figure 4.3 it is

only u.

We use three stacked LSTM layers as hidden layers and a linear transformation

(a dense layer without activation) as the output layer to implement our solver, as

shown in Figure 4.4.

The number of trainable parameters in [4] is given by

1 +m+ (N − 1)(2m(m+ 10) + (m+ 10)2 + 4(m+ 10) + 4m). (4.7)

And the number in our network is calculated by

1 + 4((m+ 4)(m+ 10) + 5(m+ 10)2) +m(m+ 10) +m. (4.8)

Here m is the input dimension. Our algorithm’s number of trainable parameters
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u(t0) ≈
θ0,0

u(t1) · · · u(tN−1) u(tN)

∇u(t0) ≈
θ0,1

∇u(t1) · · · ∇u(tN−1)

FC
Network 1

· · ·
FC

Network
N-1

Xt0 Xt1 · · · XtN−1

∆Wt0 ∆Wt1 · · · ∆WtN−1

Figure 4.2: The multi-FC architecture in [4]

u(t0) ≈ θ0 u(t1) · · · u(tN−1) u(tN)

∇u(t0) ∇u(t1) · · · ∇u(tN−1)

Single
Network

Single
Network

Single
Network

t0, Xt0 t1, Xt1 · · · tN−1, XtN−1

∆Wt0 ∆Wt1 · · · ∆WtN−1

Figure 4.3: Our single-LSTM architecture

does not depend on the number of time steps. We list the numbers in Table 4.2. We

put the numbers of trainable parameters of our LSTM network in the last column

and use the rest columns for the fully connected network. The number of trainable

parameters strongly influences the efficiency of training neural networks because

more trainable parameters lead to longer training time and more computer memory

to save the value. Luckily, our LSTM network has a fixed number of trainable

parameters. So it allows a large number of time steps with limited computing

resources.

We summarise the differences between the two neural network architectures are

as follows.

1. We only approximate ut0,Xt0 by a trainable parameter, while approximate the
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∇u

∇u
Dense

(for all t)

Dense 3
(BN)

LSTM 3
(Tanh)

Dense 2
(BN, ReLU)

LSTM 2
(Tanh)

Dense 1
(BN, ReLU)

LSTM 1
(Tanh)

X t,X

Figure 4.4: Detailed layers in [4] (left) and our network (right)

N 10 20 30 50 100 LSTM
FC(m = 10) 8291 17491 26691 45091 91091 9331
FC(m = 50) 90411 190811 291211 492011 994011 88011
FC(m = 100) 314561 663961 1013361 1712161 3459161 298861

Table 4.2: Numbers of trainable parameters in different architectures

gradients at t0 by the same network for other time steps.

2. We do not use batch normalisation techniques in our network. Batch normal-

isation is usually used to solve over-fitting problems. However, we find that in

our applications, the over-fitting problem is not a primary concern based on a

number of trials when designing the neural network architecture.

3. We choose the hyperbolic tangent function rather than a ReLU as the acti-

vation function. The ReLU activation returns a non-negative value which is

unrealistic for gradients to be only positive.

4. The number of trainable parameters is fixed in our network while increasing

with N in the fully connected network.

4.2.4 Testing the single-LSTM solver with example PDEs

In this part, we test our single-LSTM deep BSDE solver with some examples from

[4]. For each example, the result is an average of 5 independent runs.
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Allen-Cahn Equation

Our first example is a 100-dimensional Allen-Cahn PDE with a cubic nonlinearity16.

We set m = 100, T = 0.3, N = 20, µ(t, x) = 0, σ(t, x) =
√

2, X0 = (0, 0, · · · , 0) ∈

Rm, f(t, x, y, z) = y − y3 and φ(x) = (2 + 0.4||x||22)
−1

. The solution u of (4.2)

satisfies for all t ∈ [0, T ), x ∈ Rm that u(T, x) = φ(x) and

Lu(t, x) + u(t, x)− u3(t, x) = 0.

The exact solution u(0, X0) = 0.052802 is given in Section 4.2, [4]. We train the

LSTM network for 2000 iterations with a fixed learning rate 0.0008 and perform 5

independent runs. The average value of u(0, X0) is 0.052859 and the average relative

L1-approximation error after 5 independent runs is 0.0011. Parameters for training

the fully connected neural networks are imported from [4]. Figure 4.5 shows the

trend of u(0, X0) during training using both algorithms. When we stop training

after 2000 iterations, the LSTM network returns a satisfying result while the fully

connected network has not converged yet.

Figure 4.5: Allen-Cahn Equation: Value of u(0, X0) = y0 against the number of
iterations

16See Section 4.2, [4]

84



Chapter 4: Deep learning in credit valuation adjustment with replacement closeout

An Hamilton-Jacobi-Bellman Equation

We give a second example with a 100-dimensional Hamilton-Jacobi-Bellman(HJB)

equation with an explicit solution17. We set m = 100, T = 1, N = 20, µ(t, x) =

0, σ(t, x) =
√

2, X0 = (0, 0, · · · , 0) ∈ Rm, f(t, x, y, z) = −||z||22 and φ(x) =

ln (0.5 + 0.5||x||22). The solution u of (4.2) satisfies for all t ∈ [0, T ), x ∈ Rm that

u(T, x) = φ(x) and

Lu(t, x)− ||∇u(t, x)||22 = 0.

The exact solution u(0, X0) = 4.5901 is given in Section 4.3, [4]. We train the

LSTM network for 2000 iterations with a scheduled learning rate 0.05 for the first

1000 iterations and 0.005 for the rest and perform 5 independent runs. The average

value of u(0, X0) is 4.5988 and the average relative L1-approximation error after 5

independent runs is 0.0019. Similar to Figure 4.5, Figure 4.6 shows again that when

we stopped training after 2000 iterations, the LSTM reaches a satisfying result while

the fully connected network has not converged.

Figure 4.6: HJB Equation: Value of u(0, X0) = y0 against the number of iterations

17See Section 4.2, [93]

85



Chapter 4: Deep learning in credit valuation adjustment with replacement closeout

A PDE with quadratically growing derivatives and an explicit solution

The third example we used is originally given in [94] and modified by [4]. We set

m = 100, T = 1, N = 30, µ(t, x) = 0, σ(t, x) = 1, α = 0.4, X0 = (0, 0, · · · , 0) ∈ Rm,

ψ(t, x) = sin
(
(T − t+ 0.01||x||22)

α)
,φ(x) = sin (100−α||x||2α2 ) and

f(t, x, y, z) = ||z||22 − ||∇ψ(t, x)||22 − Lψ(t, x).

The solution u of (4.2) satisfies for all t ∈ [0, T ), x ∈ Rm that u(T, x) = φ(x) and

Lu(t, x) + ||∇u(t, x)||22 = Lψ(t, x) + ||∇ψ(t, x)||22

The exact solution u(0, X0) = 0.84147 is given in [4]. We train the LSTM network

for 2000 iterations with a scheduled learning rate 0.01 for the first 1000 iterations

and 0.005 for the rest and perform 5 independent runs. The average value of u(0, x)

is 0.84083 and the average relative L1-approximation error after 5 independent runs

is 0.0008. Figure 4.7 confirms the observation of previous examples that the LSTM

converges after fewer iterations than the fully connected network.

Figure 4.7: Quadratic Gradient: Value of u(0, X0) = y0 against the number of
iterations
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Pricing of derivatives with different interest rates for borrowing and lend-

ing

The fourth example is to price a financial derivative where the risk-free rates for

borrowing and lending are different18. We set m = 100, T = 0.5, N = 20, µ(t, x) =

0.06 · x, σ(t, x) = 0.2 · diagm×m(x1, x2, · · · , xm), X0 = (100, 100, · · · , 100) ∈ Rm and

f(t, x, y, z) = −0.04y − 0.1
m∑
i=1

zi + 0.02 max

{
5

m∑
i=1

zi, 0

}

φ(x) = max

{
max

1≤i≤100
{xi} − 120, 0

}
− 2 max

{
max

1≤i≤100
{xi} − 150, 0

}
.

The solution u of (4.2) satisfies for all t ∈ [0, T ), x ∈ Rm that u(T, x) = φ(x) and

Lu(t, x)− 0.04u(t, x)− 0.1
m∑
i=1

(∇u)i(t, x) + 0.02 max

{
5

m∑
i=1

(∇u)i(t, x), 0

}
= 0.

The exact solution u(0, X0) = 21.299 is given in Section 4.4, [4]. We train the

LSTM network for 4000 iterations with a scheduled learning rate 0.01 for the first

2000 iterations and 0.005 for the rest and perform 5 independent runs. The average

value of u(0, X0) is 21.073 and the average relative L1-approximation error after 5

independent runs is 0.0106. Unlike the three examples above, Figure 4.8 presents

unstable outputs using both algorithms for this example. The losses on the right-

hand side indicate that the training suffers a vanishing gradients problem and the

networks have hardly improved after 2000 iterations. This example is worth showing.

It reminds us that neural networks are sensible to hyperparameters such as learning

rate, number of dimensions in hidden layers, initialisation of trainable parameters

and number of time intervals.

The learning rates are chosen based on a number of trials with initial random

picking and then fine-tuning according to training results.

We have introduced the single-LSTM deep BSDE solver and compared the per-

formance with the multi-FC deep BSDE solver in [4] with some nonlinear PDEs

as examples. We show by numerical results that the LSTM network needs fewer

training iterations before obtaining a satisfying accuracy. And we also illustrate the

18See [95].
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Figure 4.8: Pricing with different interest rates: Value of u(0, X0) = y0 and loss
against the number of iterations truncated after 2000 iterations

sensitivity of neural networks to hyperparameters. In the following section, we intro-

duce a counterparty credit risk framework for defaultable claims with a replacement

closeout. Then we apply our single-LSTM deep BSDE solver and price the default-

able claims while overcoming the “curse of dimensionality” in high dimensions.

4.3 CVA with the replacement closeout in [5]

This section gives general setups of the counterparty credit risk model with replace-

ment closeout introduced in [5]. Note that the framework in this section is not part

of the original work of this thesis. We repeat it here for readers convenience. We

first introduce the market dynamics and define the default process and hazard rates.

Next we describe cash flows and define pre-default values. Then we calculate CVA

by subtracting the pre-default value from the risk-free value.

4.3.1 The dynamics

We start this part with a filtered probability space (Ω,F , {Ft}t≥0,P) which satisfies

the usual conditions. Let W = (W1,W2, · · · ,Wn)T defines an n-dimensional Brow-

nian motion adapted to the filtration {Ft}t≥0. The filtration {Ft}t≥0 captures all

accessible information generated by a family of Markov process X = Xx parame-

terised by the initial state X0 = x ∈ Rm and governed by the following stochastic
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differential equation (SDE),

dXt = µ(t,Xt)dt+ σ(t,Xt)dWt, (4.9)

with two functions µ : (R+,Rm) → Rm and σ : (R+,Rm) → Rm×n. We suppose

that µ and σ are Lipschitz continuous functions, i.e., for x 6= y, t 6= s, there exists

an L > 0 such that

|g(t, x)− g(s, y)| ≤ L(|t− s|+ |x− y|), (4.10)

where g ∈ {µ, σ} and |A| :=
√∑m

j=1

∑n
i=1A

2
ij, for all A ∈ Rn,m and n,m ∈ N+.

Condition (4.10) guarantees the existence and uniqueness of the strong solution

to SDE (4.9). Moreover, it follows from standard arguments in SDE (e.g., Chapter

1, [96]) that, for any T > 0, p > 1, there is a constant L, such that

E

[
sup
t∈[0,T ]

|Xt|p
]
≤ L(|x|p + 1), (4.11)

where L depends on T, p.

We define the infinitesimal Markov generator associated with X by

L :=
∂

∂t
+

m∑
i=1

m∑
j=1

aij(t, x)
∂2

∂xi∂xj
+

m∑
i=1

bi(t, x)
∂

∂xi
,

where aij(t, x) = 1
2

∑n
k=1 σik(t, x)σjk(t, x).

We suppose that L is uniformly parabolic for any T > 0, i.e., there is a positive

constant λ, such that for any ξ = (ξ1, ξ2, · · · , ξm)T ∈ Rm, and (t, x) ∈ [0, T ]× R

m∑
i=1

m∑
j=1

aij(t, x)ξiξj ≥ λ|ξ|2.

4.3.2 Default times and hazard rates

In this part, we let τ be a non-negative random variable on (Ω,F ,P) that captures

the default time. Note that τ and X do not necessarily need to be independent19. We

define the associated default indicator process by Ht = 1τ≤t. Let {Ht}t≥0 denote the

19See, Chapter 5 in [97], for example.
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filtration generated by {Ht}t≥0. We suppose that all information in the market at

time t, defined by σ− algebra Gt, comprises the accessible information represented

by Ft and the information generated by the observation of the occurrence of the

default up to t, i.e., Gt = Ft ∨Ht.

Next, we denote Gt = P(τ > t|Ft) so that Gt represents the survival process of

the default time τ with respect to the reference filtration {Ft}t≥0. We define the

hazard rate associated with Gt by λt, e.g., Gt = exp{−
∫ t

0
λsds}, where {λt}t≥0 is a

non-negative progressively measurable process with respect to {Ft}t≥0 and with inte-

grable sample paths. In order to keep the Markov property of the model, throughout

this chapter we suppose that λt = λ(t,Xt), where λ : R+ × Rm → R+. is a Borel

function.

4.3.3 Cash flows, pre-default values and CVA

To describe the cash flows in this part, we first consider a defaultable claim maturing

at time T . The holder of the claim pays or receives a payment flow with rate ct

depending on the type of the contract20 until the default time τ or the maturity time

T , whichever comes earlier. At the maturity time T , the holder pays or receives21

the terminal payoff φT if the default event has not occurred yet. If there is a default

before time T , then the holder receives a lump-sum payoff fτ , referred to as closeout

amount, at the default time τ . We denote the risk-free rate by rt. We suppose

that ct, φT , fτ and rt are given by c(t,Xt), φ(XT ), f(τ,Xτ ) and r(t,Xt) respectively,

where c : R+×Rm → R, φ : Rm → R, f : R+×Rm → R and r : R+×Rm → R+ are

Borel functions. Then the discounted payoff process of the defaultable claim reads

Pt =

∫ τ∧T

t

c(s,Xs)e
−

∫ s
t r(u,Xu)duds+ 1t<τ≤Tf(τ,Xτ )e

−
∫ τ
t r(s,Xs)ds

+ 1τ>Tφ(XT )e−
∫ T
t r(s,Xs)ds.

We define the value process of the defaultable claim by E[Pt|Gt], then it follows from

the standard arguments in the literature on credit risk (e.g, Chapter 8, [97]) that

20For example, for a buyer of a CDS the payment is a continuous premium to the protection
seller, or a contract holder of an option the payment is zero.

21For example, a CDS contract has a zero terminal payoff, while for an option it is non-zero.
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E[Pt|Gt] = 1τ>tV̄ (t,Xt), where V̄ is referred to as the pre-default value function that

reads

V̄ (t, x) = E

[∫ T

t

(c(s,Xs) + λ(s,Xs)f(s,Xs)) e
−

∫ s
t r(u,Xu)+λ(u,Xu)duds

+ φ(XT )e−
∫ T
t r(s,Xs)+λ(s,Xs)ds|Xt = x

] (4.12)

We suppose that c, λ, f, φ, r have polynomial growth in x, uniformly in t, i.e., for all

(t, x) ∈ [0, T ]× Rm, there exist some constants L > 0 and n > 0, such that

|g(t, x)| ≤ L(|x|n + 1), (4.13)

where g ∈ {c, λ, f, φ, r} and L, n depend on T .

Moreover, we suppose that c, λ, f, φ and r are continuous functions of (t, x) and

c, λ, f and r are locally Hölder continuous in x, uniformly in t, to guarantee the C1,2

regularity of V̄ , i.e., for any compact set E ⊂ [0, T ]×Rm and t, x, y ∈ E, there exist

some constants L > 0 and α ∈ (0, 1) such that

|g(t, x)− g(t, y)| ≤ L|x− y|α,

where g ∈ {c, λ, f, r} and L, α depend on E.

We denote U(t, x) as the risk-free value of the defaultable claim, then it can be

obtained from (4.12) via setting τ →∞, or equivalently λ(t, x) = 0; i.e.,

U(t, x) = E
[∫ T

t

c(s,Xs)e
−

∫ s
t r(u,Xu)duds+ φ(XT )e−

∫ T
t r(s,Xs)ds|Xt = x

]
. (4.14)

Recall that CVA measures the value of credit risk. We define the CVA for a default-

able claim by the difference between the risk-free value and the pre-default value of

the financial claim as

CV A := U(t, x)− V̄ (t, x). (4.15)
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4.3.4 Closeout functions

Recall that the closeout payoff f defined in the previous part is a function of time

and state value (t, x). In this part we extend this definition to allow for further de-

pendence on the claim value and denote the closeout payoff by a continuous function

f(t, x, y) : R+ × Rm × R→ R, where t, x and y represent the time, state value and

claim value, respectively. We further assume that f is locally Hölder continuous in x,

uniformly in t and y. To rule out the moral hazard in the financial claim, we suppose

that the closeout payoff is no more than the value of the claim, i.e., f(t, x, y) ≤ y

for (t, x, y) ∈ R+ × Rm × R and that the closeout function f and the loss function

y− f(t, x, y) are increasing in y, i.e., for y1 < y2 ∈ R and (t, x) ∈ R+×R.m we have

0 ≤ f(t, x, y2)− f(t, x, y1) ≤ y2 − y1. (4.16)

Condition (4.16) is referred to as incentive compatibility in the literature on (re)insurance22

and links to the general revelation principle in economics23. This condition applies

to most closeout functions in credit modelling. In particular, it is easy to verify that

all the closeout functions used in the calculations of CVA, DVA, FVA and XVA fall

into this general category.

4.3.5 Linear valuation with risk-free closeout

As a benchmark, we set the value in the closeout function as a risk-free value of the

defaultable claim. We define this value of the defaultable claim by V0. The closeout

function is given by f(t, x, U(t, x)), where U is the risk-free value of the claim,

given by (4.14). Furthermore, V0 can be obtained from (4.12) after the substitution

22See for example [98, 99]. Moreover, see [100–102] for the impact of condition (4.16) on the
optimal (re)insurance contract design in static and dynamic models.

23See for example [103, 104].
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f = f(t, x, U(t, x)), i.e.,

V0(t, x) = E

[∫ T

t

(c(s,Xs) + λ(s,Xs)f(s,Xs, U(s,Xs))) e
−

∫ s
t r(u,Xu)+λ(u,Xu)duds

+ φ(XT )e−
∫ T
t r(s,Xs)+λ(s,Xs)ds|Xt = x

]
(4.17)

We denote Π0(t, x) the CVA calculated from the risk-free closeout. Then it follows

from the definition of CVA (4.15) that

Π0(t, x) = U(t, x)− V0(t, x).

4.3.6 Nonlinear valuation with replacement closeout

Under the replacement closeout convention, the closeout function f depends on the

pre-default value of the defaultable claim. Thus, the representation (4.12) of the

pre-default value is no longer in an explicit form. Instead, it becomes a nonlinear

equation of the pre-default value.

Let V be the pre-default value obtained under the replacement closeout conven-

tion. Then we obtain V from (4.12) by substituting f with f(t, x, V (t, x)), i.e.,

V (t, x) = E

[∫ T

t

(c(s,Xs) + λ(s,Xs)f(s,Xs, V (t,Xs))) e
−

∫ s
t r(u,Xu)+λ(u,Xu)duds

+ φ(XT )e−
∫ T
t r(s,Xs)+λ(s,Xs)ds|Xt = x

]
.

(4.18)

The solvability of the valuation equation (4.18) is proved in [5] and is not part

of the original work of this thesis. We recall it as Theorem 4.2 in Appendix without

a proof.

Let Π(t, x) denotes the CVA calculated from the replacement closeout. Then it
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follows from the definition of CVA (4.15) that

Π(t, x) = U(t, x)− V (t, x).

4.4 Numerical results of credit risk framework

We first introduce step-by-step algorithms for calculating CVA with risk-free and

replacement closeout using a single-LSTM deep BSDE solver.

4.4.1 Algorithms for calculating pre-default values and CVA

Recall our single-LSTM deep BSDE solver for the stochastic control problem (4.6).

We approximate ∇V (t, x) by a single neural network N , i.e., for i ∈ {0, 1, ..., N −1}

we have

∇V (ti, Xti) ≈ N (ti, Xti|θ),

where θ is the set of trainable parameters in N . Moreover, we approximate the

initial value of V by a trainable parameter θ0 and let Θ = {θ0, θ} be the set of all

trainable parameters in our algorithm.

We equip the discretised BSDE (4.5) with N and approximated values V̂ , then

(4.5) becomes

V̂ (ti+1, Xti+1
) = V̂ (ti, Xti)− F (ti, Xti , V̂ (ti, Xti))(ti+1 − ti)

+N (ti, Xti |θ)Tσ(ti, Xti)(Wti+1
−Wti) and

V̂ (t0, Xt0) = θ0,

(4.19)

where F (t, x, y) = c(t, x) + λ(t, x)f(t, x, y) − (r(t, x) + λ(t, x))y. Next, we replace

the objective function (4.6) with a loss function ι(Θ) that reads

ι(V̂ , φ|Θ) =
1

L

L∑
l=1

(
V̂ (tN , X

(l)
tN

)− φ(X
(l)
tN

)
)2

. (4.20)

Here L is the number of simulated paths of X. Then we have the control problem
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that reads

min
Θ
ι(V̂ , φ|Θ), (4.21)

subjecting to (4.4)) and (4.19).

We can approximate the value of the default-free claim U and the pre-default

value of the defaultable claim with the replacement closeout V by directly applying

Algorithm 1 for M times and taking the average (i.e., M independent runs), then

calculate the CVA Π. The multiple independent runs are necessary to reduce the

effect caused by the instability of neural networks. We summarise the steps in

Algorithm 2.

Algorithm 2 The CVA solver with the replacement closeout

1: function VALUE REPLACEMENT(N , L, SDE, BSDE, M): . N

time steps, L paths for Monte Carlo loop, SDE defined by (4.4), BSDE defined

by (4.19), and M independent trials.

2: From Algorithm 1 import DBSDE

3: for m = 1 to M do:

4: y∗i ← DBSDE(N , L, SDE, BSDE).

5: end for

6: return V̂ (t0, Xt0)← 1
M

∑M
i=1 y

∗
i .

7: end function

8: function GET REPLACEMENT CVA(N , L, SDE, BSDE, BSDE U, M):.

N time steps, L paths for Monte Carlo loop, SDE defined by (4.4), BSDE defined

by (4.19), BSDE U defined by (4.19) with λ(t, x) = 0 and M independent trials.

9: V̂ (t0, Xt0)← VALUE REPLACEMENT(N , L, SDE, BSDE, M).

10: Û(t0, Xt0)← VALUE REPLACEMENT(N , L, SDE, BSDE U, M).

11: return Π← Û(t0, Xt0)− V̂ (t0, Xt0).

12: end function

Note that Algorithm 1 does not apply to the calculation with the risk-free close-

out because the pre-default value of the defaultable claim with the risk-free closeout

V0 depends on U . To calculate V0 and Π0, we introduce Algorithm 3.

More specifically, to calculate the pre-default value with the replacement closeout

V , we can train only one neural network without knowing the value of U . On the

opposite, the value of U is necessary to calculate the pre-default value with a risk-free

closeout V0 thus we need to train two neural networks, one for U and the other for V0.
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Algorithm 3 The CVA solver with the risk-free closeout

1: function GET RISKFREE CVA(N , L, SDE, BSDE V, BSDE U, M): . N

time steps, L paths for Monte Carlo loop, SDE defined by (4.4),BSDE V defined

by (4.19) with V̂ replaced by Û , BSDE U defined by (4.19) with λ(t, x) = 0 and

M independent trials.

2: From Algorithm 1 import DBSDE

3: for m = 1 to M do:

4: Θ∗ ← DBSDE(N , L, SDE, BSDE U, return theta=True).

5: Û ← BSDE U(Θ∗)

6: BSDE V ← BSDE V(Û)

7: V̂ (t0, Xt0)← DBSDE(N , L, SDE, BSDE V)

8: Π0i ← Û(t0, Xt0)− V̂0(t0, Xt0)

9: end for

10: return Π0 ← 1
M

∑M
i=1 Π0i.

11: end function

Roughly speaking, using the replacement closeout gives a considerable advantage,

saving half of the time than using the risk-free closeout with a deep BSDE solver.

We implement our single-LSTM deep BSDE solver with three stacked LSTM

layers as hidden layers with m + 10 dimensions to test our solver within the credit

risk framework. A universal linear transformation follows each for all time. We set

the number of time steps N = 100, a batch size L = 64 (number of simulated paths

in each batch) and 2000 iterations for training neural networks. We use the Adam

optimiser to update parameters24. We run codes in Python using the TensorFlow

library on a Windows 11 PC with a 2.80GHz Intel Core i5-8400 CPU and an NVIDIA

GeForce RTX 2060 GPU.

4.4.2 A classic CDS with counterparty credit risk

We first check the applicability with a 3-dimensional CDS. We assume a 3-dimensional

CIR model where the dynamics read

dXit = κi(θi −Xit)dt+ σi
√
XitdWit,

24An SGD-type optimiser of machine learning, see [92].

96



Chapter 4: Deep learning in credit valuation adjustment with replacement closeout

where κi = 0.15, θi = 0.08 and σi = 0.1 for i = 1, 2, 3. For the CDS contract, we set

φ(x) = 0 and

f(t, x, y) = −(x1 + x2 + x3)y − c+ x1(1−R1) + x2

(
R2y

+ − y−
)
,

where the recovery rates R1 = 0.4 and R2 = 0.5, and premium c = 0.15. We set the

initial state Xi0 ∈ {0.3, 0.35, · · · , 0.7}. We set N = 100, use a batch size 128 and

train for 4000 iterations with a fixed learning rate 0.0015.

We use the alternating-direction implicit (ADI) method as a benchmark and

present the results in Figure 4.9. Although we design the algorithm for high-

dimensional nonlinear PDEs, it is worth testing it on a 3D example, especially

comparing it with some traditional numerical methods. The results of ADI method

are given in cross points while the results of our solver are given by dot points and

connected by lines. The results plotted in Figure 4.9 surprise us by the stableness

of deep learning solver, i.e., the ADI method suffers a high variance (cross points

vibrate along the lines) while the deep BSDE solver performs similar to a regression

model with smooth trends.

Because the CDS contract is difficult to extend to high dimensions. We consider

a defaultable European option as an example in the next part which allows a more

intuitive explanation of high dimensions.

4.4.3 A high dimensional defaultable European option

We consider a high-dimensional defaultable European put option. We set c(t, x) = 0,

λ(t, x) = λ, r(t, x) = r and

φ(x) =

(
m ·K −

m∑
i=1

xi

)+

and f(t, x, y) = Ry+ − y−,

where K,λ, r and R are positive constants. Moreover, we suppose the underlying

asset follows a multi-dimensional Geometric Brownian motion with the dynamics

read

dXit = µiXitdt+ σiXitdWit
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Figure 4.9: Approximations against the number of iterations with parameters R1 =
0.4, R2 = 0.5, c = 0.15, Xi0 ∈ {0.3, 0.35, · · · , 0.7}, T = 1, M = 1 and a CIR model
with κ = 0.15, θ = 0.08 and σ = 0.1.

where i ∈ {1, 2, . . . ,m}, µi, σi are constants and W = (W1,W2, · · · ,Wn)T is a d-

dimensional Brownian motion.

The nonlinearity resulting from the replacement closeout is regarded as a major

obstacle to the application, especially when the valuation model’s dimension, in

other words, the number of the risk factors, is high. With the deep BSDE solver,

we can calculate the CVA with replacement closeout in high-dimensional scenarios.

We list in Table 4.3 the CVA for the the m-dimensional defaultable European put

option for m ∈ {5, 10, 20, 50, 100}. Results are calculated by the single-LSTM deep

BSDE solver. We calculate the relative difference by Π−Π0

Π0
.

Dimension 5 10 20 50 100
Riskfree CVA 0.04334 0.0858 0.1758 0.4408 0.8145

Replacement CVA 0.04487 0.0876 0.1794 0.4495 0.8288
Relative difference 3.53% 2.19% 2.05% 1.99% 1.75%

Table 4.3: CVA of the defaultable European put option with the parameters r =
0.03, µ = 0.05, σ = 0.2, λ = 0.1, R = 0.4, K = 1, Xi0 = 0.8, i = 1, 2, · · · , d, T = 1
and M = 5.

Comparison of two solvers using counterparty credit risk framework

In this part, we show the accuracy and efficiency of our algorithm by comparing

it with the multi-FC deep BSDE solver in [4], whose validation for evaluating the
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defaultable claims have been examined by [86].

Table 4.4 compares the pre-default values of the defaultable European put option,

calculated by both the multi-FC deep BSDE solver and our single-LSTM deep BSDE

solver. The relative difference are given by
∣∣∣VS−VMVM

∣∣∣, where VM and VS are the pre-

default values calculated with the multi-FC deep BSDE solver and the single-LSTM

deep BSDE solver, respectively. While the results obtained from multi-FC deep

BSDE serve as a benchmark, Table 4.3 and 4.4 demonstrate the ability of the single-

network-based algorithm in providing accurate numerical approximations even for

dimensions as high as 100.

Figure 4.10 compares the single-LSTM solver with the multi-FC solver in terms

of the iteration number required for the convergence and the convergence stability

with a 100-dimensional case. The left panel shows that our single-LSTM deep BSDE

solver requires fewer iterations to reach the convergence than the multi-FC deep

BSDE solver. The right panel presents the convergence status of the approximations.

The shaded areas depict the means and the ranges of the 20 independent runs of

each algorithm. The figures clearly show that our single-LSTM solver is more stable

than the multi-FC solver.

Dimension 5 10 20 50 100
Multi-FC 0.7378 1.4578 2.9082 7.2663 14.5331

Single-LSTM 0.7285 1.4548 2.9013 7.2690 14.5273
Relative Difference 1.26% 0.21% 0.24% 0.04% 0.04%

Table 4.4: The pre-default values of the defaultable European put option with pa-
rameters r = 0.03, µ = 0.05, σ = 0.2, λ = 0.1, R = 0.4, K = 1, Xi0 = 0.8, i =
1, 2, · · · , d, T = 1 and M = 5.

Computational cost with risk-free and replacement closeout

The pre-default value of a defaultable claim with the replacement closeout is ob-

tained by at least three iterations when using traditional numerical methods such

as the ADI method. The second iteration gives the value with the risk-free closeout.

Thus, it suggests that the valuation with the replacement closeout is computation-

ally more burdensome than the risk-free. However, the deep BSDE framework gives

a different pattern on the computational cost. A distinctive feature of deep BSDE

solvers is that this algorithm tackles the nonlinear problem directly, rather than lin-
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Figure 4.10: Approximation of the pre-default value of the option against the number
of iterations with parameters m = 100, r = 0.03, µ = 0.05, σ = 0.2, λ = 0.1, R =
0.4, K = 1, Xi0 = 0.8, i = 1, 2, · · · , d, T = 1 and M = 20.

earising the problem using iterations. Furthermore, the deep learning solvers cannot

deal with the risk-free closeout without knowing the value of the default-free claim.

As a result, computing the replacement closeout with deep learning techniques is

computationally more efficient in theory compared with the risk-free closeout. The

numerical results in Table 4.5 confirm that the running time for the valuation of the

defaultable option with the replacement closeout is less than half of the correspond-

ing risk-free closeout. The saving in running time holds consistently over different

dimensions.

Dimension 5 10 20 50 100
Replacement closeout 318s 352s 405s 599s 857s

Risk-free closeout 668s 751s 873s 1299s 1879s

Table 4.5: The running time for the computation of the pre-default values of the
defaultable option with the risk-free and replacement closeout conventions respec-
tively with parameters r = 0.03, µ = 0.05, σ = 0.2, λ = 0.1, R = 0.4, K = 1, X0 =
0.8, T = 1 and M = 5.

4.5 Conclusions

In this chapter, we have developed a single-network-based deep BSDE solver, in

contrast to the existing BSDE algorithm in the credit risk literature, under the

general credit risk framework to underpin the replacement closeout in the valuation

of defaultable claims and counterparty credit risk. The majority of the chapter
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focuses on numerically handling the nonlinear valuation system attributed to the

replacement closeout while the theoretical credit risk framework is introduced in [5]

and is not part of the original work of this thesis. The nonlinearity arising from the

replacement closeout poses a computing challenge for high-dimensional valuation

models.

We have shown by several numerical examples that our algorithm works satis-

factorily in high-dimensional models and offers better convergence stability than the

conventional multi-network-based algorithm. Our results support the use of LSTM

networks for sequence data.

Moreover, we have implemented our method and shown its usefulness in cal-

culating CVA of defaultable financial claims with two examples. Specifically, We

have compared the performance in accuracy with traditional numerical methods for

lower-dimensional cases with a CDS as an example. We have tested our method

with a defaultable European option for higher-dimensional cases where the “curse

of dimensionality” appears.

Finally, we have conducted a numerical analysis to show the impact of the re-

placement closeout on the computational cost. Numerical results show that the

calculation with the replacement closeout consumes half the running time than the

risk-free closeout for the valuation of defaultable claims. Thus, the deep BSDE type

algorithms would help clear the obstacles for applying the replacement closeout.

We suggest further research in two directions. First, investigate the efficiency

of both the multi-FC solver and the single-LSTM solver, particularly the impact

of increasing time intervals and the number of hidden layers. Second, we suggest

improving the neural network’s architecture while developing new algorithms to

address different initial states without retraining the neural network.
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4.A Appendix

4.A.1 Solvability of (4.18)

In this part, we recall some contents regarding the solvability of (4.18) in [5] for

readers convenience. To construct the solution to the valuation equation (4.18), we

define

V (k)(t, x) := E

[∫ T

t

(
c(s,Xs) + λ(s,Xs)f(s,Xs, V

(k−1)(s,Xs))
)
e−

∫ s
t r(u,Xu)+λ(u,Xu)duds

+ φ(XT )e−
∫ T
t r(s,Xs)+λ(s,Xs)ds|Xt = x

]
,

where V (0)(t, x) := U(t, x).

We have that V (k) for k ≥ 0 is well-defined and has a polynomial growth in x,

uniformly in t. The following proposition asserts that {V (k)}k≥0 is a monotonically

decreasing sequence of functions.

Proposition 4.1

Under the polynomial growth conditions and other assumptions throughout this chap-

ter, for k ≥ 1 and (t, x) ∈ [0, T ]× Rm we have

V (k)(t, x) ≤ V (k−1)(t, x).

The following theorem originally introduced in [5] demonstrates the solvability

of the valuation equation (4.18).

Theorem 4.2

Under the polynomial growth conditions and other assumptions throughout this chap-

ter, there is a unique V ∈ C1,2([0, T )×Rm)∩C([0, T ]×Rm) with a polynomial growth,

such that the valuation equation (4.18) holds. Moreover, for (t, x) ∈ [0, T ]× Rm we

have that

V (t, x) = lim
k→∞

V (k)(t, x).

We refer to [5] for the proofs. It is worth mentioning that the ADI method is
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indeed an application of the series V (k).
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Discussion and Conclusions

5.1 The debate of Mean-variance approximations

to expected utility

The half-century debate of mean-variance approximations of expected utility intro-

duced in [10] between Professor Harry Markowitz and Professor Otto Loistl has

become legendary. Prof. Loistl questions in [41], 1976 and then in [105], 2015 the

affirmative of mean-variance approximations. In particular, from the theoretical

point of view, He mentions that the use of Taylor-series expansion should be care-

fully considered because the infinite series differs from the finite series, especially

after taking expectations. He questions the ignorance of appropriate analysis of Tay-

lor series expansion of expected utility before applying it widely. While In [9] and a

reply to [105], Prof. Markowitz emphasises the usefulness of mean-variance approxi-

mations for practical purposes and points out the wide application of mean-variance

approximations in the real world.

In the first part of the thesis, we have proved that adding more Taylor series

terms to the expected utility does not guarantee better approximations. Numerical

examples in [41] give similar results but without analytical proofs. On the one hand,

Our conclusion somehow supports the mean-variance approximation compared with

higher-order Taylor series expansions. On the other hand, our analysis answers

parts of Prof. Loistl’s question regarding the appropriate analysis of the Taylor

expansion. Indeed we never try to conclude the historical debate of mean-variance
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approximations to expected utility, but to inject some new ideas into it. We suggest

further research in considering other combinations of market assumption and utility

mentioned in [105], such as a market assumption with Gamma return distribution

and an exponential utility. More general settings both for the market model and

the utility function are also required to make this more precise.

5.2 Pricing of cyber insurance

The second part of the thesis is originally the first part of developing a pricing model

for cyber insurance. Thus a better understanding of the short-time behaviour of the

spread process is not enough. We need further models for the occurrence of incidents

and amounts of losses. [7] assumes losses to be exponentially distributed for each

nodes and uses the Poisson process for incidents occurring which is independent to

losses and the spread process.

Unlike the traditional general insurance market, the developing cyber insurance

market has no commonly agreed models. For networks, one type is the individual-

based SIS model in [7]1. Still, there are other networks considered in the literature,

such as a fog network in [107], where they classify devices into different groups,

such as phones, cars and computers. For losses, different researchers take various

liabilities into account, e.g., [7] considers those caused only by the incident while

[59] takes the service cost for recovery into account.

Inspired by the successes of mean-variance approximations of expected utility

and the no claims discount (NCD) system for car insurance, in a practical sense,

we suggest modelling cyber insurance simply and intuitively, which is more imple-

mentable for insurers to use in the market. Thus we recommend further research in

numerically testing new models with our linear approximation to the spread process,

a Poisson approach for the occurrence and exponential distributions for claims.

1Also see for example [59] and [106].
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5.3 Deep learning in insurance and finance

Deep learning has had an explosive development since the introduction of the cutting-

edge neural network - AlexNet - for an image recognition competition2, which had

beaten all traditional machine learning and computer vision approaches at that time.

In the third part of the thesis, we have applied deep learning techniques to solve

nonlinear PDEs in counterparty credit risk valuation. Although there is still no the-

oretical proof of neural networks approximating real functions, repeated numerical

confirmations have shown their capability.

Suppose we are limited to the single-network-based method in this thesis. In

that case, we suggest further research investigating the efficiency of deep BSDE

solvers, particularly the impact of increasing time intervals and the number of hidden

layers. We recommend improving the network architecture to increase stability and

accuracy while developing new algorithms to address different initial states without

retraining the neural network.

The technique is indeed not limited to solving mathematical problems. Nowa-

days, we can find tremendous applications in finance and insurance sectors, such

as instant approval of credit cards and insurance policies, anti-money laundering

and fraud detection, automated insurance claim process, etc. Andrew Ng, one of

the leading proponents of AI, said in an interview for Stanford Business3 that “just

as electricity transformed almost everything 100 years ago, today I actually have a

tough time thinking of an industry that I don’t think AI will transform in the next

several years”.

As researchers and practitioners of actuarial mathematics, we should be prepared

for the upcoming changes in the insurance and finance industry due to the new

“electricity” by developing knowledge and skills in implementing deep learning for

different tasks and topics. To this point, we recommend no specific topics but gaining

the knowledge of deep learning.

2See, for example, [108].
3https://www.gsb.stanford.edu/insights/andrew-ng-why-ai-new-electricity
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5.4 Conclusion

The three topics discussed in this thesis appear unrelated at first glance. However,

approximations are their common core concept. We have gone through different

approximations for different issues.

In Chapter 2, we have approximated the expected utility with Taylor expansion

and used asymptotics analysis to dig deeper into the remainder term to understand

better the capability of higher-order Taylor polynomials in utility optimisation and

portfolio selection. The results clearly show the trade-off between the feasibility

of numerical implementations and making correct portfolio choices for long-term

investments. It is a significant issue for banks, insurance companies, investors, and

policyholders whose benefits depend on such portfolio choices.

In Chapter 3, we have started with short-time asymptotics of the ODE system

generated by the SIS epidemic model for computer networks and cyber threats.

We have examined different approximation methods and made our suggestion for

short-time applications. Our results show that a linear approximation of the spread

process shares the same asymptotics as the origin. It is nontrivial because, compared

with the length of the cyber insurance contract, which is usually months, an infection

occurs within only days. For example, if we set t = 1 as a month, then the time for

one day is t = 0.03, which is indeed in a short time and encourages the use of linear

approximations.

In Chapter 4, we have developed a single-network-based deep learning algorithm

to deal with the nonlinearity and high dimensions within a general framework of

counterparty credit risk with a replacement closeout. The framework is introduced

in [5] where the valuation of defaultable claims depends on the pre-default value,

and the nonlinearity arises. We have illustrated by numerical examples that our

algorithm performs better than traditional numerical methods in lower dimensions

and a multi-network-based algorithm in higher dimensions. We have shown that

implementing a replacement closeout is computationally efficient than a risk-free

closeout.

Our findings imply that approximations are double-sworded. It is required by

the demand of solving real-world problems within an acceptable error range. On

the other hand, approximations have an “un-accurate” nature most of the time.
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We are suffering the dilemma between accuracy and efficiency. Indeed, it is natural

that a complex and advanced approximation should yield better accuracy. However,

when we consider the first two papers, an astonishing result has been revealed: sim-

ple approximations such as mean-variance and linear approximation could perform

better. The first example of the Taylor expansion of the expected utility shows

that the mean-variance approximation is enough in practice for most situations and

negate. The short-time asymptotics in the second paper suggests that lower-order

approximations or even a linear approximation can be helpful. As actuaries work

with approximations in daily work, we must understand approximations better.
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[85] C. Huré, H. Pham, and X. Warin, Some machine learning schemes for high-

dimensional nonlinear PDEs, arXiv preprint arXiv:1902.01599(2019) 2.

[86] A. Gnoatto, C. Reisinger, and A. Picarelli, Deep xVA Solver–A neural network

based counterparty credit risk management framework, Available at SSRN

3594076(2020).

116



BIBLIOGRAPHY
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