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ABSTRACT 

In natural porous media, the wall of each induvial pore is commonly formed by 

chemically different materials to give various surface energies and wettability to fluids. 

In a two-phase capillary system with contrasting wet-surface sections along the capillary, 

when the interface between the invading and receding fluid moves cross each wet-surface 

interface, the dynamics of fluid-fluid-solid contact line is subject to a transition stage, in 

an accelerating (slip) or decelerating (stick) manner, due mainly to the transformation of 

surface, kinetic energy and viscous dissipation. Time and length durations of the slip-

stick process are influenced by fluid properties, capillary geometry, and wettability as 

well as forces driving flow through imposed boundary conditions. The slip-stick process 

can have a strong impact on the dynamics of capillary filling process in individual 

capillaries and therefore subsequent selection of plausible pathways for a fluid to migrate 

through a pore system which is filled by another fluid. This impact is likely to be more 

severe in less-well connected pore systems with strong contrasts in surface wettability 

such as organic-rich shales and coals. However, the transitional dynamics of the contact 

line, the slip-stick process, is poorly understood in a parameter space of practical interest. 

This research fills this knowledge gap through a combined study of numerical modelling 

and analytical analysis. A two-phase multi-relaxation-time colour-gradient lattice-

Boltzmann (LB) model is implemented for simulating contact line movement around 

wettability transitions in 2D. A 1D analytical model for homogenous-wet capillary filling, 

which considers the inertial effects of contrasting fluids, is employed to derive a 

dimensionless model for parameter groups and to perform dimensional analysis on energy 

and forces involved. The LB code is validated using this analytical model and is used to 

simulate capillary filling in 2D channels which contain two sections of different wetting 

surfaces along each channel, for a set of parameters, including respective velocity and 

pressure flow driven boundary conditions. The variation of the viscous dissipation 

generated by the slip-stick processes is analysed and it is found that the transient dynamics 

of the contact line coincides with the temporal variation of the viscous dissipation and 

that duration reflects the time the contact line requires to balance the change of surface 

energy arisen from the wettability change. The time and distance in which the transitional 

dynamics take place are evaluated under low capillary numbers over a wide range of fluid 

and capillary geometric parameters. Using the data obtained from this study, an empirical 

effective capillary filling model is developed. It is shown this model can be used to 

establish a simple rule-based criterion for determining whether an individual pore throat 
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in a pore network is to be invaded or not under given boundary conditions during drainage 

and imbibition processes. Finally, using this criterion, the significant impact of multi-wet 

pore-throats on phase saturation in a simple pore system is demonstrated under quasi-

static displacements. 
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CHAPTER 1 - INTRODUCTION 
 

1.1. Background and Rationale  

 

The physics of the contact line dynamics and capillary filling has been widely studied for 

homogeneous-wet capillary channels. Since chemical compositions of organic and 

inorganic matter are vastly different not only between them but also within each of them, 

the wettability of pore surfaces, in terms of contact angle, can be heterogeneous and vary 

greatly in their quantities. Because capillary filling in porous media shares its dynamic 

process with flow in capillary tubes, the capillary tube is a useful system to demonstrate 

these phenomena. Through the mechanism of adhesion, the meniscus moves along the 

solid surface driving the liquid along the capillary tube. 

The Lucas-Washburn equation (Lucas, 1918; Washburn, 1921) describes capillary flow, 

which is sometimes extended to imbibition processes in porous media. The equation is 

derived from the application of Poiseuille’s law for fluid motion in a circular tube:  

𝜕ℎ

𝜕𝑡
= (𝑟4 + 4𝜖𝑟3)

∑𝑃

8𝑟2𝜇𝐿
 

Eq.  1.1 

where   ∑𝑃 is the sum over the participating pressures, such as the atmospheric pressure, 

the hydrostatic pressure and the equivalent pressure due to capillary forces. 𝜇 is 

the viscosity of the liquid, and 𝜖 is the coefficient of slip, which is assumed to be 0 

for wetting materials. 𝑟 is the radius of the capillary, ℎ is the position of the contact line, 

𝑡 is the time and L is the length of the capillary channel. However, this equation does not 

account for inertial forces, or low density and viscosity ratios, which become important 

when the capillary is short in length and a parabolic velocity profile has no time to 

develop.  

When the contact line moves along a single-wet channel, the interface position and 

velocity can be predicted by analytical models developed initially by Washburn (1921). 

Though, once the contact line encounters a different contact angle or surface energy, the 

interface is subject to either a great increase in kinetic energy (drainage-to-imbibition 

process) also known as slip due to the release of surface energy (Wang et al., 2008; Xu 

& Wang, 2011), or stick when the contact line stops due to the pinning mechanisms for a 

certain time (imbibition-to-drainage process) while the interface shape is reconfigured. 

The time the stick process lasts is defined as the transition-stage time (TST). As the 

velocity of the contact line increases dramatically during the slip phenomenon, the contact 
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line moves in short time a distance d defined here as the transition-stage distance, TSD, 

and the fluid gains kinetic energy due to the increase in velocity. On the contrary, when 

the stick phenomenon is present, the contact line reduces its velocity dramatically while 

the kinetic energy is transformed into viscous dissipation and potential energy stored in 

form of surface energy. The stick and slip behaviour are characterised by kinetic energy 

ratio, KER, defined as the ratio of kinetic energy at the start of the stick or slip process to 

the kinetic energy of the fluids after the disturbance caused by the stick-slip process is 

viscously dissipated. For that reason, it is essential to better understand the different forces 

involved in the capillary filling process and the phenomena that the fluid-fluid-solid 

contact line undergoes when passing through a transition zone. The dynamics of the CL 

are determined by a subtle competition between the mutual interfacial energetics of the 

three phases, dissipation, and hydrodynamic flows in the liquid, and the geometrical or 

chemical irregularities of the solid surface (Golestanian & Raphaël, 2001). Fluid system 

parameters such as density ratio, dynamic viscosity ratio, contact line properties, and the 

aspect ratio of the channels play a determinant role in the behaviour of that fluid-fluid 

interface moving along patterned-wet capillaries.  

 

Behaviours of the contact line caused by the change in surface energy have been studied 

on capillary with regular-patterned surface wettability under some limited conditions. 

Wang et al. (2008) and Liu & Chen (2017) studied both stick and slip phenomena with 

analysis of viscous dissipation, but the boundary conditions are limited to velocity-

velocity. Also, the density and viscosities are limited to liquid-gas displacements. 

Diotallevi et al. (2008) studied the stick and slip phenomena under no external boundary 

conditions, only spontaneous imbibition, and analytical analysis. To the best of the 

author’s knowledge, none of these studies has addressed the impact of the density and 

viscosity ratios. The difficulty of addressing this issue is due to the combination of the 

complexity of the phenomena and lack of numerical and analytical methods that describe 

the physics under these complex conditions. Some examples of this complexity lay on 

variables such as channel aspect ratio and contact line elastic properties under different 

types of boundary conditions, which directly affect the effects of the slip-stick phenomena 

on the contact line. Also, to the best of the author’s knowledge, there are not studies in 

the literature addressing the impact of constant pressure drop on the behaviour of the CL 

when undergoing a change in surface energy.   

Hence, this raises the author’s research questions:  
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1. What is the effect of fluid property configurations, capillary channel aspect ratio, 

change of contact angle and type of boundary condition on the stick-slip phenomena 

characterised by TSD, TST and KER relevant for the capillary filling of multi-wet capillary 

surfaces under low capillary numbers?  

2. Based on the knowledge acquired on contact line dynamics due to the factors 

mentioned above, can an empirical model predict the transition-stage distance (during the 

slip process), time (during the stick process) and kinetic energy ratio (during the slip 

process) during the interface reconfiguration process called stick and slip phenomena for 

its implementation on more complex pore networks? 

 

Hence, by answering these posted research questions, and based on the new 

understanding of such impacts of fluid and pore geometry properties such as the 

determination of TSD, TST, and KER, the great implication and impact of this research is 

the development of new empirical models that can be used to study the pore-filling 

mechanisms using empirical useful models, if the conditions are favorable, that allow the 

characterization of more complex settings such as multiple pore-throat systems with 

variable wettability patches.  

 

In order to analyse the behaviour of the contact line in these patterned-wet capillaries, a 

numerical two-phase flow lattice Boltzmann method (Ba et al., 2016; Leclaire et al., 2017; 

Liu et al., 2015; Xu et al., 2017) was implemented to solve the Navier-Stokes equations. 

The lattice Boltzmann (LB) approach is an effective means of dealing with multiphase 

flow problems whose scales are too small for the continuum mechanics and too large for 

molecular methods. Its capabilities range from dealing with high density and viscosity 

ratios while being able to easily represent surface property heterogeneities and have a 

decent computational time compared to other methods such as Direct Numerical 

Simulations (DNS) and Molecular Dynamics (MD). Although dimensionless equations 

present difficulty at understanding physical scales, as a dimensionless method, the lattice 

Boltzmann method can easily handle any physical scale down to the micrometre and 

simulate any scaled physical system, where multiphase Navier-Stokes equations still 

apply, allowing the dimensionless analysis of pore filling mechanisms and contact line 

behaviour via simulations of the slip-stick phenomena. Besides, the use of a modified 

analytical capillary filling equation based on the works of  Maggi & Alonso-Marroquin 

(2012) facilitates the validation of the lattice Boltzmann numerical model and the 



   
 

4 
 

development of empirical models that predict the impact of instabilities caused to the 

contact line by the slip-stick processes.    

 

This research evaluates the effect of variable-wettability of chemically patterned channels 

on the capillary filling time as well as the impact of fluid property configurations and 

geometric channel aspect ratios on the dynamics of the contact line when undergoing a 

stick-slip process by numerical simulations and analytical analysis. The determination of 

the simulations number and parametric study is based on applications this work is 

concerned with, such as type of fluids, wettability configuration and boundary conditions. 

This thesis will be bounded by the application of the model to small pore-throat systems 

such as shale gas and coal bed methane porous media. As mentioned before, chemical 

compositions of organic and inorganic matter are vastly different not only between them 

but also within each of them, the wettability of pore surfaces, in terms of contact angle, 

can be heterogeneous and vary greatly in their quantities. This gives rise to a variable -

wettability condition on individual pores. Zheng et al. (2019) characterised the pore-

throat geometry of a Marcellus shale core sample using scanning electron microscope 

with a resolution of 4nm. The pore-throat length has a minimum value of 1nm and 

maximum of 500nm while the pore-throat radius ranges from 2nm to 55 nm. This 

information limits the scope of this thesis in terms of capillary channel aspect ratio, 

although the numerical model may simulate the same aspect ratios but down to the 

micrometre. Also, the fluid properties influencing the stick-slip phenomena such as 

density and viscosity ratios, will be defined by water-methane, water-light hydrocarbon 

displacement pairs due to the fluids contained in the shale and tight formations as well as 

the average reservoir pressure for these porous media which limit the scope further in 

terms of density and viscosity ratios (density ratio up to 50 and dynamic viscosity ratio 

up to 72). This work will address only low capillary numbers due to the capillary 

dominated nature of tight porous media, where viscous fingers do not develop. This 

assumption allows the simplification of the parameter space. The dynamic contact angle 

will not be modelled in this work due to the low capillary numbers and slow 

displacements, where the dynamic contact angle is similar to the static contact angle. This 

assumption also helps to minimise the variables when analysing stick-slip transitions for 

the empirical model.       

To properly accomplish this goal, first, a multiphase LB tool was developed to meet the 

fluid properties and wettability requirements. Afterwards, the research focused on the 
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behaviour of the contact line in homogeneous channels, studying the forces involved in a 

capillary filling process and how the fluid configuration and geometry characteristics of 

the channel may affect the prediction of filling time using conventional analytical models. 

Subsequently, we modified the dimensionless equation for capillary filling developed by 

Maggi & Alonso-Marroquin (2012), which includes the inertial forces and dissipative 

forces due to the rearrangement of the vector field at the entrance of the capillary, into a 

dimensionless form that allows us to study the relative impact of fluid properties and 

aspect ratio on the balance of forces within the capillary, since the reconfiguration of the 

fluid-fluid interface due to the stick-slip phenomena increases the effect of inertial forces. 

Then, the author studies the viscous dissipation generated by the slip-stick processes 

under velocity and pressure boundary conditions for different fluid configurations, since 

the viscous dissipation generated by the propagation of capillary waves (Zhou & Sheng, 

1990) controls the TSD, TST and KER. . Consequently, the author proposed fluid, 

geometric and wettability configurations under low capillary numbers and evaluate their 

impact on the slip-stick distance and time using a parametric space study based. Based on 

the parametric study, we developed a new empirical model that describes the transition-

stage distance and kinetic energy ratio after the slip phenomenon as well as the loss in 

kinetic energy (KER) due to the stick process for low capillary numbers (𝐶𝑎 < 0.0001). 

These empirical correlations are implemented in an empirical model for multi-wet 

capillary channels, that through simple rules and correlations, and use of the modified 

Maggi’s equation in which pressure boundary conditions are used, determine whether a 

multi-wet pore-throat is invaded during drainage or imbibition processes when using a 

quasi-static PNM. Finally, this new empirical model is implemented in a simplified 

pore/pore-throat junction system where it is demonstrated the multi-wet nature of a pore-

throat has significant impact on the saturation of the phases in quasi-static displacements. 

1.2. Literature Review 

 

1.2.1. Contact Line Dynamics and Concepts 
 

The contact line is defined as the line where the solid meets the capillary surface (fluid-

fluid interface (Sui et al., 2014). The Young condition stipulates that the fluid-fluid 

interface meets the solid with a static contact angle (Lichter et al., 2004). However, the 

moving contact line poses a problem defined as the application of a non-slip wettability 

boundary condition yield a nonintegrable stress singularity (Bonn et al., 2009; Wang & 
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Wu, 2015). Based on this research, Zhou & Sheng (1990) demonstrated that besides the 

effects of the viscous stress there is a frictional force produced by capillary waves at the 

fluid-fluid interface. They developed a model based on the slip wettability condition and 

matched their analytical model to experimental data. Then, Ferrari & Lunati (2014) 

studied the sudden jump of a contact line exiting out of  cylindrical and squared shaped 

pores, where they found by doing an energy balance analysis, that the rearrangement of 

the contact line due to the geometric perturbation of surface energy release produced 

capillary waves that were dissipated through viscous dissipation mechanisms as well as 

converted into kinetic energy (as a “jump”) of the contact line. Also, they found that as 

long as the interface does not change shape, inertial forces can be neglected in a capillary 

filling process. However, once the interface shape undergoes reconfiguring, the inertial 

forces become important. Wang et al. (2008) analyse four different types of dissipation 

when diffuse interface numerical approach is used and focused on the viscous dissipation 

to analyse contact line transitions phenomena during the stick-slip process on chemically 

patterned surfaces. They alleged capillary waves were formed due to the release of surface 

energy. Bachas, Le Doussal, & Wiese (2007) argued that the perturbation of the contact 

line is quasi-local, meaning that the length scales of the capillary channel detach from the 

short-wavelength deformations of the capillary waves of the contact line. They calculated 

the interaction between two opposite parallel surfaces and computed the minimal energy 

of the system. Dubé et al. (2001) investigated the effects of the pinning of the contact line 

in a spontaneous imbibition due to evaporation and gravity, while including a statistical 

roughness parameter controlling the solid wall. They examined the capillary filling curves 

and times and concluded that after the early time behaviour where inertial forces are 

important, the interface position approaches exponentially in time the pinning height, in 

agreement with mean-field theory.   

Capillary filling mechanisms share their nature with flow in porous media, being both 

processes resisted by viscous forces. A common physical system to describe this 

phenomenon is the capillary tube with adhesion and external forces driving the invading 

and defending fluids. Washburn (1921) and Lucas (1918) first described the penetration 

of liquids into cylindrical capillaries and derived an equation that predicts the distance 

penetrated by the liquid flowing under capillary pressure and/or pressure gradient 

(Eggers, 2004). They verified their theoretical model with experiments using water, 

mercury, among others. Moreover, the mathematical model developed by Lucas-

Washburn could be used as a dynamic method of measuring surface tension. When a drop 
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encounters a substrate, the drop motion is driven by a transformation of surface energy. 

The release of energy can also be stated as the work done by the fluid-fluid interface or 

energy dissipation through viscosity and friction (van Lengerich & Steen, 2012). van 

Lengerich & Steen (2012) used the Boundary Integral Method to obtain the flow field 

where polydimethylsiloxane spreads on a hydrophobic surface, computing the slip length, 

velocity, shear rates, contact line shape and pressure gradient.  

Under dynamic conditions, a phenomenon known as contact angle hysteresis is observed 

(de Gennes, 1985). The contact angle hysteresis is defined as the difference between the 

advancing and receding contact angles(Eggers, 2005; Ding et al., 2007; Fermigier & 

Jenffer, 1991). The advancing angle is particularly used for investigating solid surfaces 

when the fluid is re-wetting a solid surface, while the receding contact angle occurs on 

the de-wetting process (Thompson & Robbins, 1989). Although the static contact angle 

is modified by the fluid velocity and surface heterogeneities (Cox, 1986; Tanner, 1979; 

Voinov, 1977), the dynamic contact angle can be calculated using Tanner-Cox-Voinov 

law (Marsh et al., 1993). Hilpert (2010) derived a new analytical solution for liquid 

imbibition into a gas-filled capillary tube connected to a reservoir held at constant 

pressure. They generalised the Lucas-Washburn implementing a dynamic contact angle 

and compared their results to data reported in the literature. Nevertheless, neither the 

original Lucas-Washburn’s equation nor the generalised equation by Hilpert (2010) 

account for inertial forces that are predominant at early times in the capillary filling 

process. Diotallevi et al. (2009) derived an equation for 2D and 3D based on the 

Washburn equation that includes inertial forces and validated their model using a lattice 

Boltzmann method. They demonstrated that at early times the system exhibits a transient 

behaviour and it may cause considerable deviation from the Washburn law. Maggi & 

Alonso-Marroquin (2012) presented a model that explores the implications of the 

gas/liquid phase and the balance of the different forces (viscous, inertial, gravitational, 

surface, dissipative and boundary) acting on a capillary filling process. It is vital to 

understand such balance of forces to properly analyse the impact of fluid properties (i.e. 

density and viscosity ratios) on the displacement. The authors tested their model against 

several experiments with a wide range of fluids with contrasting properties including 

water, ethanol, dodecane, diethyl ether and silicon displacing air. Their model also 

accounts for dynamical effects due to a dynamic contact angle. The inclusion of all these 

effects showed great improvement with respect to the Lucas-Washburn equation as 

inertial effects prove important during the force balance analysis, especially when 
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different density and viscosity ratios are studied (water-ethanol), which supported the 

assumption that liquid-related effects cannot be neglected in modelling capillary 

processes.  

1.2.2. Multi-wet Capillary Channels 
 

Contact line dynamics for capillary filling systems on chemically heterogeneous surfaces 

has been studied by Wang et al. (2008), Diotallevi et al. (2008), Diotallevi et al. (2009), 

Diotallevi et al., (2009b), Ren (2011), Xu & Wang (2011), Varagnolo et al. (2013), 

Kusumaatmaja & Yeomans (2007), Liu & Chen (2017) and Xia et al. (2020) analytically 

and numerically . Nikolayev & Beysens (2003) derived an equation that describes the 

triple solid-fluid-fluid contact line for arbitrary distributions of patches on a solid surface. 

However, the contact line is assumed to be deformed slightly by the patches and the 

solution becomes non-linear when contact angle varies along the direction of the average 

contact line velocity vector. In this case, the stick-slip phenomena is neglected due to the 

size of the patches. Wang et al. (2008) simulated the contact line in two-dimensional 

patterned channels using a diffuse-interface model with the generalised Navier Boundary 

Condition. The behaviour of the contact line exhibits a stick-slip pattern inside the 

channel, which causes an oscillatory motion that increases fast with the wettability 

contrast of the pattern. This oscillatory phenomena is observed by Mondal et al. (2014) 

as well. They studied the interfacial dynamics due to the interplay of the surface 

characteristics and a flow pulsating boundary condition in a similar chemically patterned 

capillary channel to the one proposed by Wang et al. (2008). By manipulating the 

frequency and amplitude of the pulsation boundary condition (pulses are set when the 

contact line is going through drainage and BC is turned off when the contact line is 

passing through an imbibition patch), they were able to control the velocity flow using a 

phase-field model and the pulsating boundary conditions.   

Diotallevi et al. (2008) elaborated a procedure to analyse where the contact line gets 

pinned in a drainage patch after a series of imbibition and drainage intercalated patches. 

Because no external force is driving the fluid, all fluid motion is driven by spontaneous 

imbibition, then the drainage patches must be small enough. This analytical analysis was 

succeeded by mapping the equations of front motion onto the dynamics of a dissipative 

driven oscillator, deriving an analytical criterion based on a modified Lucas-Washburn 

equation. Diotallevi et al. (2009) generalised the model for capillary filling with randomly 

coated walls using a stochastic approach. The average space-time trajectory inside the 
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channel can be predicted using both F. Diotallevi et al. (2008) and Diotallevi et al. (2009) 

models, however, this numerical method does not account for external forces driving the 

fluids such as pressure or flow velocity boundary conditions. Liu & Chen (2017) 

investigated the contact line moving through intercalated hydrophobic and hydrophilic 

patterns using a lattice Boltzmann two-phase approach. The stick-slip process is studied 

using a phase-field LB variation, where the evolution of the contact line velocity is 

analysed through viscous dissipation and numerical models. In the “stick” process, energy 

is extracted to build the new meniscus profile. The contact line is de-pinned when then 

apparent contact angle surpasses the dynamic contact angle. Meanwhile, for the “slip” 

process, the velocity of the contact line depends on the balance between unbalanced 

Young’s capillary force and viscous drag. A model based on the dynamics of an 

overdamped spring-mass system was proposed to model the fluid-fluid interface 

evolution. The results show that the capillary flows in a channel with heterogeneous wall 

can be described generally with the Poiseuille flow superimposed by the transient flow 

(Liu & Chen, 2017). Yet, only velocity-velocity boundary conditions were used at the 

inlet and outlet of the capillary. Because the nature of the velocity-velocity boundary 

conditions, in the case of an imbibition process, the pressure drop across the system will 

change to balance the forces inside the capillary channel so the velocity boundary 

condition is preserved. This condition will create an opposing force, hence the velocity 

of the contact line keeps congruent with the velocity imposed as boundary condition at 

the inlet and outlet. For this reason, the implementation of a pressure-pressure boundary 

condition where the pressure drop is kept constant across the channel, will change 

dramatically the dynamics and behaviour of the contact line during the imbibition, 

drainage and stick-slip processes.     

1.2.3. Multiphase Modelling and Fluid Dynamics Models and Methodology 
 

The lattice Boltzmann method is known for having many advantages over other 

computational fluid dynamics methods, i.e. in handling complex geometries and changing 

boundary conditions in space and time (Martys & Chen, 1996). In addition, the LB 

method is equivalent to the finite element method, and also provides accurate results in 

comparison by the provided by the method of finite differences (Ladd, 2006). The 

simulation of multi-phase flow using the LB approach has successfully demonstrated the 

ability to reproduce and simulate complex processes in porous media as imbibition and 

drainage (Chen, 2011). Despite the numerical simulation of multiphase flow is a 
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challenging problem due to the difficulty of modelling the dynamics of interfaces, the LB 

method provides a flexible way of battling it (Chen & Doolen, 1998). 

Various multi-phase flow models have been developed in the framework of the LB 

method, among which are the following (Chen, 2011): the colour-gradient model was 

proposed first by Gunstensen, Rothman, Zaleski, & Zanetti (1991), and subsequently 

improved by Grunau, Chen, & Eggert (1993). In this model, the phases are named by 

different colours (e.g. blue, red) where the collision operator is affected by a second term 

dependent on the gradient of the phase and the strength of the fluid-fluid interface. Then, 

the density distribution of molecules are redistributed according to the colour-gradient (It 

will be discussed later). There is the Shan-Chen model (Shan & Chen, 1993), which is 

based on the interactions of each node with its surrounding nodes. In this model, there are 

different forces of interaction: fluid-fluid and fluid-solid, which depend on the function 

of "effective mass", determined by the density of the fluid and the Green function of the 

potential between the phases. Some equations of state have been used for the 

determination of the effective mass of the model function. There are other difficulties 

with the Shan-Chen model and the "effective mass" such as the surface tension produced 

is a numerical artefact rather than a physical property (He & Doolen, 2002). Despite its 

limitations, the Shan-Chen model is easy to implement and can capture many of the 

physical properties of the multi-phase flow. In addition, there is the free energy model, 

which is a "top-down" methodology (unlike the other "bottom-up" methodology, starting 

with intermolecular interactions) considering first, the entire system free energy. Swift et 

al. (1996) first proposed this model and was subsequently improved by Zheng et al. 

(2006) . The method considered to solve the Navier-Stokes equations with the Lattice-

Boltzmann method and the chemical potential of the phases, which are later discretized 

with a centred layout and are solved numerically. To bring up the wettability, an 

additional term of energy must be added to the total energy of the system (Niu et al., 

2007). 

Understanding the phenomena taking place at the pore scale is the key to correctly 

estimate macroscopic properties. Zhang et al. (2014) used a multiphase Lattice 

Boltzmann method to debate the application of Cassie equation for microscopic droplets 

when their dimension is of the same order of magnitude of the size of the substrate 

heterogeneities. They found a wide distribution of contact angles depending on the patch 

size and the contact line width. The origin of this variety of contact angles is the pinning 

of the contact line due to substrate heterogeneities. Micromodels have been developed to 
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observe the underlying physics at the pore scale. Zhao et al. (2016) varied systematically 

the wetting properties of a microfluidic porous medium. They concluded the displacement 

is dominated by the creation of wetting films on the solid surfaces for all wettability 

conditions at high capillary numbers.  

1.2.4. Lattice-Boltzmann models for modelling high contrasting fluid flow 
 

Some multiphase LMB models suffer from instability when fluids possess highly 

contrasting properties in density and/or viscosity such as  water-gas systems. Liu et al. 

(2016) reviewed several multiphase lattice Boltzmann methods: inter-particle potential, 

colour-gradient, free energy and stabilized diffused-interface model and their numerical 

stability. They found the stabilized diffuse-interface model is most suitable to simulate 

flow problems with high-density ratio, while the colour-gradient model is most suitable 

to simulate flows at moderate to high-viscosity ratio and less expensive computationally. 

The multiphase colour-gradient model is widely used for immiscible systems. 

Furthermore, surface tension and wettability heterogeneities are implemented 

straightforwardly. Although it was first developed only for small density ratios, several 

improvements have been introduced over the last few years to increase the range of 

density ratio applicability. Leclaire et al. (2012) proposed a new recolouring algorithm to 

avoid lattice pinning present in the Reis and Phillips model (Reis & Phillips, 2007). When 

the density ratio is not unity, the proposed model increases accuracy and reduces errors 

generated in the surface tension by Reis & Phillips (2007) recolouring operator. Liu, 

Valocchi et al. (2013) developed a model derived from Lee & Liu (2010), extended to 

simulate immiscible multiphase flows in porous media. Not only can this model simulate 

high-density ratios, but also correctly impose wetting boundary conditions for concave 

and convex corners. In this model, the gas-liquid flow was simulated in a homogeneous 

pore network to study the influence of capillary number, viscosity ratio and Bond number 

on the three main flow regimes: stable displacement, capillary and viscous fingering. 

Despite the model’s ability to simulate high-density ratios, this model is computationally 

expensive. Leclaire et al. (2013) modified the equilibrium distribution function to 

properly reproduce the momentum profile of the two-phase stratified Couette flow with 

variable density ratios. In this work, non-zero surface tension and the curved interface 

were simulated using an oscillating droplet with variable density ratio, obtaining good 

agreement with analytical results up to density ratios of O(1000). However, when 

wettability boundary conditions are used, the ability of the model to simulate density 
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ratios is reduced to O(100). This model improves the error up to one order of magnitude 

lower than the original colour-gradient model. However, in the unsteady regime, the 

density ratio limits the range of application. Liu et al. (2015) proposed a colour-gradient 

model for high viscosity ratios. Several benchmark tests were run to validate the model 

with analytical solutions. Additionally, the contact angle hysteresis effect was studied and 

the implications of viscosity ratios on droplet behaviour in a T-junction. The model uses 

a multiple-relaxation-time approach and a harmonic average approximation for viscosity 

transition across the interface. Additionally, they simulated ratios up to O(100) viscosity 

ratios.  

Ba et al. (2016) developed a three-dimensional colour-gradient lattice Boltzmann method 

and simulated two-phase flow on topologically structured surfaces. They reduced 

spurious currents by the implementation of a new wetting boundary condition, increasing 

the accuracy of the model. Wenzel and Cassie's states were tested leading to very good 

agreement with the analytical contact angle solutions. Besides, by applying shear flow to 

the droplets, they studied the slipping and breakup mechanisms. They found that in Cassie 

state, the critical capillary number at which the droplet starts sliding is reduced and 

therefore, contact angle hysteresis is small. However, in the Wenzel state, the critical 

capillary number is increased because contact angle hysteresis is very high due to the 

roughness of the material. Finally, droplet mobility was found to be easily reached in 

Cassie state, while low mobility is recognised in Wenzel state. Leclaire et al. (2016) 

simulated realistic binary systems: water-mercury, water-hexane using the enhanced 

colour-gradient model. Several benchmark cases were conducted: two-phase Poiseuille 

flow with variable density and viscosity ratios, two-phase flow subject to hydrostatic 

pressure, two-dimensional bubble dynamics and capillary-gravity wave. Most of the cases 

used real liquid properties for density and viscosity ratios. They found that this model can 

predict a critical Bond number at the transition between a trapped and a non-trapped 

droplet in a single pore. Leclaire et al. (2016) developed a new approach to setting the 

contact angle as a Dirichlet boundary condition. It is capable of reproducing contact 

angles in case of straight and curved boundaries, even when variable density and viscosity 

ratios are considered. Ba et al. (2016) proposed a colour-gradient model to simulate high-

density ratios. The model applies a multiple-relaxation time collision operator to enhance 

the stability of the simulation. The equilibrium distribution function and the collision 

operator are modified by adding a source term derived from the Chapman-Enskog 

analysis. Several benchmarking cases were simulated including static surface tension 
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droplet tests and stratified channel flow with density ratios up to 1000. Additionally, 

unsteady flows were tested in Rayleigh-Taylor instability and droplet splashing on a thin 

film, obtaining very good agreement with the analytical solutions.  Leclaire et al. (2017) 

proposed a generalized three-dimensional colour-gradient framework for the simulation 

of fluid-fluid immiscible compounds in complex geometries. By implementing a new 

approach to set contact angles, they managed to avoid non-physical mass transfer along 

the solid wall, important for imbibition processes. In addition, they formulated a new 

implementation of inlet and outlet boundary conditions for displacement processes. 

Washburn’s law and capillary waves were used to validate the model. Furthermore, they 

simulate imbibition and drainage successfully in a Berea sandstone micro-CT image, 

reproducing three flow regimes: stable displacement, capillary and viscous fingering. Xu 

et al. (2017) developed a new algorithm for imposing a contact angle on the solid surface 

using the colour-gradient model. The capillary valve effect is studied with the proposed 

approach and the simulation results were compared with an experimental micromodel 

displacement for both imbibition and drainage. They found very good agreement between 

the experimental and the model results.  

The recent development of unconventional reservoirs such as coalbed methane and shale 

gas has revolutionised the oil and gas industry. However, the complex geometry of these 

systems makes the modelling of the processes associated with these tight reservoirs 

challenging. As a source rock, the presence of organic matter in the shale matrix adds 

complexities in gas flow simulation and brings in new fluid transport mechanisms to shale 

gas reservoir. Gas transport in nano-pores inside the kerogen involves 

adsorption/desorption as well as surface diffusion due to strong molecular interactions 

between gas and kerogen. Since chemical compositions of organic and inorganic matter 

are very different not only between them but also within each of them, the wettability of 

pore surfaces, in terms of contact angle, can be heterogeneous and vary greatly in their 

quantities. This gives rise to a variable -wettability condition on individual pores. Zheng 

et al. (2019) characterised the pore-throat geometry of a Marcellus shale core sample 

using scanning electron microscope with a resolution of 4nm. Pore-throat radii and length 

were obtained as well as average reservoir pressure to calculate density and viscosity 

ratios for water-gas and water-light hydrocarbon displacements.  

 

1.2.5. Impact of variable wettability on porous media multiphase flow properties 
 



   
 

14 
 

Several studies have assessed the impact of the wettability through networks of pores. 

Dixit et al. (2013) used networks of interconnected capillaries of variable diameters to 

evaluate the impact of the changes of wettability on the recovery of hydrocarbons through 

incremental recovery and capillary pressure curves. Zhao et al. (2010) used this type of 

models to predict the effects of samples of mixed wettability alteration in the recovery of 

oil. In this study, models were calibrated with a sample of Berea sandstone, and 

subsequently, four different pore networks were carried out, finding that the amount of 

recovered oil is more sensitive to the areas where the rock is oil-wet. Kallel et al., (2016) 

simulated two-phase flow on a Berea sandstone and a heterogeneous microporous 

carbonate network. Results show that wettability impact is higher on the carbonate 

sample, as the wettability of the micropores controls the oil recovery. Kallel et al. (2017) 

implemented a diffusion/adsorption mechanism, which triggers a wettability alteration 

from initially water-wet to intermediate-wet conditions in a quasi-static pore-network 

model. This model reproduced correctly experimental observations during primary 

drainage.  

However, the simplification made to the complex pore space while extracting a pore 

network can lead to a large discrepancy in local conductance and phase displacement 

(Caubit et al., 2009). Thus, the latter strategy mentioned above has also been taken widely 

to maintain the ‘true’ arrangement of a porous medium. Some methods take a binary 

image of a medium as an input model without simplifying it further (Leclaire et al., 2017; 

Xu et al., 2015), while some others may have to represent pores by smoothed surface 

mesh (VOF). Of the former, the lattice Boltzmann method is one of the best known and 

a number of multi-phase lattice Boltzmann models have been successfully implemented 

for determining capillary pressure and relative permeability curves.  

1.2.6. Applications for pore-network models 
 

The concrete example of the former strategy is the pore Network model (PNM) method. 

This method was initially introduced by Fatt (1956) who used a network of resistors for 

calculating relative permeability and capillary pressure for a two-phase drainage 

displacement. This can simplify a complex porous medium using networks of connected 

pore elements, nodes of specific shapes (e.g. spheres), and bonds, capillary tubes with 

specific-shaped cross-sections, facilitating the solution of the Navier-Stokes equations 

efficiently. To model multi-phase displacement, two types of PNM exist: the quasi-static 

flow model and the dynamic flow model. The former applies in cases dominated by low 
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capillary numbers, where the interfacial forces dominate. In this model, an initial capillary 

pressure is assigned across the network of pores. Subsequently, the static final state of all 

fluid-fluid is calculated (Bryant et al., 1990). The capillary-dominant quasi-static PNM 

can account for a wider range of physical states: two- or three-phase occupation in each 

pore element for which thermo-dynamic conditions have been determined and 

implemented in PNM simulation codes (Al-Dhahli et al., 2013; Soligno et al., 2014; van 

Dijke & Sorbie, 2002). On the other hand, the dynamic approach allows capturing the 

essence of viscous forces and capillary effects (Joekar-Niasar et al., 2010).  Joekar-Niasar 

et al. (2010) demonstrated that the traditional capillary pressure-saturation relationship is 

not valid under dynamic conditions, as predicted by the theory. Moreover, the model is 

not limited to low capillary numbers. However, the dynamic approach is more time-

consuming due to its dynamic nature and can suffer numerical instability arisen from 

strong non-linear flow response to pressure changes. Li et al. (2017) capture the effects 

of viscosity ratio and capillary numbers on imbibition processes using the dynamic pore-

scale network model, including phenomena such as swelling and snap-off.   

The workflow for the modelling of pore-networks begins with 3D images obtained by 

computerized micro-tomography Ray X (Micro-CT). Then, using image-processing 

software, the micro-CT images are segmented into pore and non-pore images, of which a 

3D pore network can be extracted with the node and bond properties being estimated from 

that image. At this point, each pore network may be validated by comparing network 

properties, such as the distribution of the coordination number, pore size and porosity 

with the experimental results, while used to calculate transport and flow properties (e.g. 

absolute permeability, relative permeability curves, capillary pressure curves). These 

results are compared to properties measured at the laboratory for the later calibration of 

the parameters of the model. Jia et al. (2007) presented the characterization of four 

samples of rock and the calculation of the petrophysical properties for imbibition and 

drainage through the network modelling. The parameters of the constitutive equations 

were adjusted to calibrate the model and, subsequently, compared with experimental 

results. These results compare favourably after a historic setting with experimental 

results. However, the absolute permeability was underestimated in all samples. Al-

Kharusi & Blunt (2008) carried out similar studies, who simulated the behaviour of 

multiphase flow in carbonates through the modelling of pore networks extracted from 

images obtained by scanning SEM. For the reconstruction of the porous medium in 3D, 

from which the pore network is extracted, the method of the effective means was used 
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(method based on statistical models of multiple points). The results obtained in this type 

of rock were more satisfactory than the results of the study carried out by Jia et al. (2007). 

The fits with experimental data are more assertive for capillary pressure curves as relative 

permeability curves carry some differences with the experimentally measured data. This 

is possibly a consequence of the assumptions made in the reconstruction algorithm.   

By the development of suitable numerical models that allow a wide range of fluid 

contrasts and analysing the physics of the contact line passing along chemically 

homogeneous and heterogeneous surfaces.  This thesis will allow the reader to predict 

pore filling dynamics in chemically heterogeneous symmetric coated surfaces, which will 

be useful in the modelling of multiphase flow in unconventional hydrocarbon reservoirs 

using quasi-static and dynamic pore-network models.  

1.3. Thesis Objectives and Outline 

 

In the case of a high density and viscosity ratios fluid configuration, when the 

denser fluid displaces the lighter fluid inside a chemically heterogeneous 

patterned capillary tube, and pressure-pressure boundary conditions are imposed 

to drive the fluids, the contact line undergoes disturbances caused by the change 

of surface energy inside the capillary also known as stick-slip phenomena. The 

aim of this research is to evaluate the effect of high contrast fluids and geometric 

aspect ratios on the transition-stage distance, time and kinetic energy ratios that 

characterise the stick-slip phenomena, while an empirical model is developed 

based on the parametric mapping of such variables and implemented to a simple 

quasi-static pore-network system.  

 

 In Chapter 1, the introduction, background and motivation for doing this 

research are laid out, together with a literature review that studies the complexity 

of shale gas and coal-bed methane multiphase flow. We focused on the 

heterogeneous wettability nature of these reservoirs, and present a thorough 

analysis of the literature in terms of contact line dynamics, multiphase numerical 

methods, pore-network extraction, capillary filling dynamics and wettability 

heterogeneity. We also reviewed several LB two-phase methods and chemically 

heterogeneous-coated surfaces in capillary filling systems.    

In Chapter 2, we developed a multiphase LB tool, addressing the impact of 

variable-wettability, high-density and high-viscosity ratios on multiphase flow, 
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and to gain understanding of the effect of variable-wettability on the pore filling 

process.  

Afterwards, in Chapter 3, the research focuses on the behaviour of the contact 

line in homogeneous channels, studying the forces involved in a capillary filling 

process and how the fluid configuration and geometry characteristics of the 

channel may affect the prediction of filling time using conventional analytical 

models.  Subsequently, we modified the dimensionless equation for capillary 

filling, which allows us to study the impact of fluid properties and aspect ratio on 

the balance of forces within the capillary.  

In Chapter 4, we studied the impact of slip-stick phenomena under different 

boundary conditions: velocity-velocity and pressure-pressure for water-gas and 

water-light hydrocarbon displacements. For each case, we analysed the viscous 

dissipation to determine the transition-stage distance and time where Maggi’s 

equation cannot predict the position of the contact line. Finally,   

In Chapter 5, we created a parameter space that contains our study within the 

water-hydrocarbon displacement in shale and coal-bed methane small pores-

throats. Having the parameter space defined, the transition-stage distance, time 

and kinetic energy ratio are obtained within the parameter space. From this study, 

we developed a new empirical model that predicts the filling time for different 

configurations of fluid properties, aspect ratios and symmetric coated mineral 

patterns using a piecewise function based on Maggi’s equation for capillary 

filling.   

Finally, in Chapter 6, we present the conclusions of this research and the future 

work that could emanate from this thesis.  
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CHAPTER 2 - LATTICE BOLTZMANN MODEL FOR HIGH-

CONTRASTING TWO-PHASE FLUIDS 
 

Derived from the Boltzmann kinetic equation, the lattice Boltzmann equation (LBE) is a 

reduced form of the former, meant to simulate the behaviour of fluid flows dynamically 

without the need to solve the continuum equations of fluid mechanics. By the use of 

fictitious ensembles of particles with a dramatic reduction of the degrees of freedom by 

the limitation of the velocity space using a “lattice”, macroscopic fluid properties and 

dynamics emerge (Chen & Doolen, 1998). These ensembles of particles relax towards a 

local minimum (equilibrium function), which is the lattice equivalent to a local 

Maxwellian in the model first proposed by Boltzmann (1964). As the laws of mass, 

momentum and energy conservation are satisfied, the continuum equations of motion can 

be reproduced from the LBE by performing a Chapman-Enskog expansion in the limit of 

long wavelengths as compared to the lattice scale (Chapman & Cowling, 1952). For the 

purpose of this work, we use the colour-gradient multiphase lattice Boltzmann method 

(CG-MLBM) with some modifications proposed by Ba et al. (2016) and Liu et al. (2015) 

for high density, high viscosity and contact angle applications.    

2.1. From the discretized Boltzmann equation to BGK formulation 

 

The fluid is described as a continuous particle probability distribution function. The LBM 

is based on the discretized Boltzmann equation and consists of two steps: the streaming 

step and the collision step.   

𝑓𝑖(�⃗� + 𝑐𝑖⃗⃗⃗∆𝑡, 𝑡 + ∆𝑡) − 𝑓𝑖(�⃗�, 𝑡) = Ω𝑐𝑜𝑙𝑙           Eq.  2.1 

The Navier-Stokes equations can be reproduced by solving the discretized Boltzmann 

equation where the main variable is the particle probability distribution fi (x, t), being x 

the position and t the time. The subscript i denotes each of the different directions, which 

are defined by a vector of speed, 𝑐𝑖⃗⃗  and Ω𝑐𝑜𝑙𝑙 defines the collision operator 

The Lattice-Boltzmann equation is apparently linear, but the nonlinearity is embedded in 

the left-hand side of the LBE. The non-linear advection term in the macroscopic approach 

is replaced by linear streaming process in LBM, similar to characteristic methods for 

solving compressible flows (Mohamad, 2011). Since the streaming and collision 

processes are local, the LBM can be easily used in parallel processor machines.  
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One of the main problems in solving the Boltzmann equation is the complicated nature 

of the collision integral. Bhatnagar-Gross-Krook approximation is used and the LBE can 

be written as (Bhatnagar et al., 1954): 

𝑓𝑖(�⃗� + 𝑐𝑖⃗⃗⃗, 𝑡 + 1) = 𝑓𝑖(�⃗�, 𝑡) [1 −
1

𝜏
] +

1

𝜏
𝑓𝑖

𝑒𝑞(�⃗�, 𝑡) 
Eq.  2.2 

  

Where 𝑐𝑖⃗⃗  are the local particle velocities that constrain the motion of particles on the 

lattice, τ is the relaxation time, Δt = 1 and fi
eq is the equilibrium distribution function, 

defined by (Mohamad, 2011), which describes the probability for the distribution of the 

states in a system having different energies: 

𝑓𝑖
𝑒𝑞 = 𝑤𝑖𝜌 [1 +

𝑐𝑖 ⋅ 𝑢

𝑐𝑠
2

+
9

2

(𝑐𝑖 ⋅ 𝑢)2

𝑐𝑠
4

−
3

2

𝑢2

𝑐𝑠
2
] 

 Eq.  2.3 

Where cs
2 is the squared sound speed, and is equal to 1/3, the lattice weights for a D2Q9 

scheme are defined by: 

𝑤𝑖 {

4/9, 𝑖 = 1
1/9, 𝑖 = 2,3,4,5
1/36, 𝑖 = 6,7,8,9

 

Eq.  2.4 

  

And the ci particle direction velocity is defined by: 

𝑐𝑖 =
𝛥𝑥

𝛥𝑡
𝑖 +

𝛥𝑦

𝛥𝑡
𝑗, 

Eq.  2.5 

  

Figure 2.1 shows the lattice topology and velocity indexing for a D2Q9 scheme.  

 

Figure 2.1. Velocity space distribution D2Q9. 

c3 

c7 c4 

c1 

c5 
c2 

c6 

c0 

c8 



   
 

20 
 

The first and second moments of the particle distribution functions are the macroscopic 

density and the momentum of the fluid: 

𝜌 = ∑ 𝑓𝑖 ,
8
𝑖=0      𝜌𝑢 = ∑ 𝑐𝑖𝑓𝑖

8
𝑖=0  Eq.  2.6 

Hence, solving for density and the velocity vector. The kinematic viscosity is defined as 

𝑣 = 𝑐𝑠
2 (𝜏 −

1

2
) ∆𝑡. 

Poiseuille flow was simulated and compared with the analytical solution. Figure 2.2 

shows the results from the Navier-Stokes single-phase flow simulations inside a tube. A 

body force is applied to the fluid in order to generate its movement. The boundary 

conditions were set to be periodic at the inlet and outlet boundaries.    

 

Figure 2.2. Poiseuille flow velocity profile. LBM simulated velocity is compared to the analytical 

solution of Poiseuille flow. 

2.1.1. Bounce-Back Boundary Condition 

Bounce-back is used to model solid stationary or moving boundary conditions, non-slip 

condition, or flow-over obstacles. The method implies that an incoming particle towards 

the solid boundary bounces back into the domain. The scheme used in this work is based 

in the location of the wall at half the distance from the lattice sites (see Figure 2.1). f8, f5 

and f9 are known from the streaming process. It is assumed that, when these known 

distribution functions hit the wall, bounce back to the solution domain. Therefore, f2 = f4, 
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f5 = f7 and f6 = f8. The bounce back ensures conservation of mass and momentum at the 

boundary (Mohamad, 2011). 

 

 

 

 

 

 

 

2.2. Colour-gradient Multiphase lattice-Boltzmann model  

In the colour-gradient model for two-phase flows, two distribution functions are defined: 

Ri and Bi for ‘red’ or ‘blue’ in order to identify the different fluids. The total PDF at (x, t) 

is: 

𝑁𝑖(𝑥, 𝑡) = 𝑅𝑖(𝑥, 𝑡) + 𝐵𝑖(𝑥, 𝑡) Eq.  2.7  

  

where x and t are the position and time. Each phase has three steps in the colour-gradient 

model: streaming, collision, and recoloring. If the time step is Δt =1, the following 

evolution equations are used:  

𝑅𝑖(�⃗� + 𝑐𝑖⃗⃗⃗, 𝑡 + 1) = 𝑅𝑖(�⃗�, 𝑡) + 𝛺𝑖
𝑅(𝑅𝑖(�⃗�, 𝑡))    Eq.  2.8 

𝐵𝑖(�⃗� + 𝑐𝑖⃗⃗⃗, 𝑡 + 1) = 𝐵𝑖(�⃗�, 𝑡) + 𝛺𝑖
𝐵(𝐵𝑖(�⃗�, 𝑡))   Eq.  2.9 

Where x is the position, t is the time, 𝑐i⃗⃗  is the lattice velocity in the i th direction and the 

collision operator is the result of the combination of three sub operators (Ba et al., 2016; 

Liu et al., 2015) 

𝛺𝑖
𝑘 = (𝛺𝑖

𝑘)
(3)

[(𝛺𝑖
𝑘)

(1)
+ (𝛺𝑖

𝑘)
(2)

] 
Eq.  2.10 

The evolution equation is solved in four steps, as follows:  

I. Single-phase collision step –BGK operator 

9 8 

4 

5 

7 

1 3 

Flow 

Solid boundary 

8 

5 6 2 

0 

Figure 2.3. Bounce back scheme. 
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The first sub operator is the standard BGK operator of the single-phase 

LBM. We present the standard BGK model for the collision step 

implemented on the CG-MLBM proposed by (Bhatnagar et al., 1954), 

where the distribution functions are relaxed towards a local equilibrium in 

which ωR and ωB are the relaxation factors for R and B respectively. 

However, in this work the author used a multiple-relaxation time operator 

proposed by (Ba et al., 2016) to improve the numerical stability of the 

model and will be presented later in this section. 

𝑅𝑖 = 𝑅𝑖 − 𝜔𝑅(𝑅𝑖 − 𝑅𝑖
𝑒𝑞) Eq.  2.11 

𝐵𝑖 = 𝐵𝑖 − 𝜔𝐵(𝐵𝑖 − 𝐵𝑖
𝑒𝑞) Eq.  2.12 

The first moment of the distribution functions gives the density of each 

fluid: 

𝜌𝑅 = ∑ 𝑅𝑖𝑖 = ∑ 𝑅𝑖
𝑒𝑞

𝑖  Eq.  2.13 

𝜌𝐵 = ∑ 𝐵𝑖𝑖 = ∑ 𝐵𝑖
𝑒𝑞

𝑖  Eq.  2.14 

  

where the superscript (eq) denotes de equilibrium state. Also, the second 

moment of the distribution function defines the momentum of each fluid: 

 

𝜌�⃗⃗� = ∑ (𝑅𝑖 + 𝐵𝑖)𝑖 ⋅ 𝑐𝑖⃗⃗⃗ = ∑ (𝑅𝑖
𝑒𝑞 + 𝐵𝑖

𝑒𝑞)𝑖 ⋅ 𝑐𝑖⃗⃗⃗ Eq.  2.15 

where �⃗⃗� is the density weighted average velocity of the fluids. Then, 

following the principles of mass and momentum, the equilibrium functions 

are defined by (Ba et al., 2016): 

𝑅𝑖
𝑒𝑞 = 𝜌𝑅 (휁𝑖

𝑅 + 𝑤𝑖 [3𝑐𝑖⃗⃗⃗ ⋅ �⃗⃗� +
9

2
(𝑐𝑖⃗⃗⃗ ⋅ �⃗⃗�)2 −

3

2
(�⃗⃗�)2]) Eq.  2.16 

𝐵𝑖
𝑒𝑞 = 𝜌𝐵 (휁𝑖

𝐵 + 𝑤𝑖 [3𝑐𝑖⃗⃗⃗ ⋅ �⃗⃗� +
9

2
(𝑐𝑖⃗⃗⃗ ⋅ �⃗⃗�)2 −

3

2
(�⃗⃗�)2]) Eq.  2.17 

The weights wi are those of a D2Q9 lattice (Ba et al., 2016): 
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𝑤𝑖 = {

4/9, 𝑖 = 0
1/9, 𝑖 = 1,2,3,4
1/36, 𝑖 = 5,6,7,8

 Eq.  2.18 

And, 

휁𝑖
𝑘 = {

𝛼𝑘, 𝑖 = 0
(1 − 𝛼𝑘)/5, 𝑖 = 1,2,3,4
(1 − 𝛼𝑘)/20, 𝑖 = 5,6,7,8

 Eq.  2.19 

with k = R, B. As proposed by (Ba et al., 2016), the density radio is defined 

as: 

𝛾 =
𝜌𝑅

𝜌𝐵
=

1−𝛼𝐵

1−𝛼𝑅
 Eq.  2.20 

Also, the pressure, calculated from the equation of state (Leclaire et al., 

2017), of the fluid of color k = R, B is: 

𝑝𝑘 =
3𝜌𝑘(1−𝛼𝑘)

5
= 𝜌𝑘(𝑐𝑠

𝑘)2 Eq.  2.21 

Either αR or αB represents a free parameter, and cs
k is speed of sound in the 

fluid of color k. The relaxation parameter is given by 𝜔𝑘 = 1/(3𝑣𝑘 + 0.5). 

This relaxation parameter is unknown at the transition between the two 

fluids, when the viscosities of the fluids are different. In this case, an 

interpolation is applied to define the relaxation parameter. In order to do 

this, the color field is introduced (Leclaire et al., 2017): 

𝜌𝑁 =

𝜌𝑅

𝜌𝑅0 − 
𝜌𝐵

𝜌𝐵0

𝜌𝑅

𝜌𝑅0 + 
𝜌𝐵

𝜌𝐵0

   Eq.  2.22 

where ρR0 and ρB0 are the initial densities of the red and blue fluid, 

respectively. The color field takes its values between -1 and 1, depending 

on whether it is evaluated at a position that contains only the red fluid or 

only the blue fluid.  

Multiple-relaxation-time (MRT) operator 

The MRT model (multi-relaxation time) has better numerical stability than 

the BGK operator model (Ba et al., 2016). The collision operator can be 

re-written as:  
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(Ω𝑖
𝑘)1 = ∑ (𝑀−1𝑆)𝑖𝑗(𝑚𝑗

𝑘 − 𝑚𝑗
𝑘,(𝑒𝑞)

) + ∑ (𝑀−1)𝑖𝑗𝐶𝑗
𝑘

𝑗𝑗  Eq.  2.23 

 where S is the diagonal matrix given by 

𝑆 = 𝑑𝑖𝑎𝑔(𝑠1, 𝑠2, 𝑠3, 𝑠4, 𝑠5, 𝑠6, 𝑠7, 𝑠8, 𝑠9) Eq.  2.24 

= 𝑑𝑖𝑎𝑔(0, 𝑠𝑒 , 𝑠𝜍, 0, 𝑠𝑞 , 0, 𝑠𝑣, 𝑠𝑣) 

And 𝐶𝑘 = [0, 𝐶1
𝑘, 0,0,0,0,0, 𝐶7

𝑘 , 0],  

where 𝐶1
𝑘 = 3(1 − 𝑠𝑒/2)(𝜕𝑥𝑄𝑥 + 𝜕𝑦𝑄𝑦), 𝐶7

𝑘 = 3(1 − 𝑠𝑣/2)(𝜕𝑥𝑄𝑥 −

𝜕𝑦𝑄𝑦), 𝑄𝑥 = (1.8𝛼𝑘 − 0.8)𝜌𝑘𝑢 𝑥 and 𝑄𝑦 = (1.8𝛼𝑘 − 0.8)𝜌𝑘𝑢 𝑦 

where 𝑠𝑖 are the relaxation parameters. When all relaxation parameters are 

equal, the model becomes the BGK operator model. The parameters are 

chosen as 𝑠𝑒 = 1.25, 𝑠𝜍 = 1.14, 𝑠𝑞 = 1.6 after a spurious currents analysis 

(configurations that reduced spurious currents the most) and 𝑠𝑣 is obtained 

from the dynamic viscosity of the fluids. M is a linear transformation 

matrix that projects the probability density function (PDF) into the 

momentum space. The momentum space equilibrium functions can be 

obtained as follows: 

𝑚𝑘,(𝑒𝑞) = 𝜌𝑘(1,−3.6𝛼𝑘 − 0.4+. 𝑢2, 5.4𝛼𝑘 − 1.4 − 3𝑢2, 𝑢𝑥, (−1.8𝛼𝑘 −

0.2)𝑢𝑥, 𝑢𝑦, (−1.8𝛼𝑘 − 0.2)𝑢𝑦, 𝑢𝑥
2 − 𝑢𝑦

2 , 𝑢𝑥𝑢𝑦)
𝑇
 Eq.  2.25 

When the fluids have different viscosity, dynamic viscosity of the mixture 

can be computed as (Liu et al., 2015): 

1

𝜇(𝜌𝑁)
=

1 + 𝜌𝑁

2𝜇𝑅
+

1 − 𝜌𝑁

2𝜇𝐵
 

Eq.  2.26 

where 𝜌𝑁 is the color-field and 𝜇 the dynamic viscosity of the mixture. 

Then 𝑠𝜈
𝑘 can be calculated by 𝑠𝜈

𝑘 =
1

(
𝜇𝑘

𝑝𝑘+0.5)
.  

II. Perturbation step 

Also, a continuum surface force (CSF) model presented by Ba et al. (2016) 

is implemented to reduce spurious currents at the fluid-fluid interface and 

increase stability under high density ratio conditions. The perturbation 

operator is defined as:  
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(𝛺𝑖
𝑘)

(2)
= 𝐴𝑘𝑤𝑖 (1 −

𝜔𝑘

2
) [3(𝑐𝑖 − 𝑢) + 9(𝑐𝑖 ∙ 𝑢)𝑐𝑖] ∙ 𝐹𝑠 Eq.  2.27 

  

where 𝐴𝑘 is the fraction of interfacial tension influenced by fluid k, 𝐹𝑠 is 

the interfacial tension force where 𝐴𝑅 = 𝐴𝐵 = 0.5. In this work, the 

continuum surface force (CSF) is implemented, which reduces spurious 

currents at the fluid-fluid interface.  

𝐹𝑠⃗⃗  ⃗ = −
1

2
𝜎𝐾𝛻𝜌𝑁  Eq.  2.28 

where 𝜎 is the interfacial tension coefficient and K is the local curvature 

of the interface given by  

𝐾 = 𝑛𝑥𝑛𝑦 (
𝜕

𝜕𝑦
𝑛𝑥 +

𝜕

𝜕𝑥
𝑛𝑦) − 𝑛𝑥

2 𝜕

𝜕𝑦
𝑛𝑦 − 𝑛𝑦

2 𝜕

𝜕𝑥
𝑛𝑥 Eq.  2.29 

where �⃗� = −
∇𝜌𝑁⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗

|∇𝜌𝑁⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗|
 is the outward-pointing unit normal vector of the fluid-

fluid interface in 2D.  

In this model, the color gradient is defined by: 

𝛻𝜌𝑁⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ =
𝜕𝜌𝑁(𝑥 )

𝜕𝑥𝛿
=

3

𝑐2
[∑𝑤𝑖𝜌

𝑁(𝑥 + 𝑐𝑖⃗⃗ )𝑐𝑖𝛿

𝑖

] 
Eq.  2.30 

All derivatives can be calculated using the nine-point isotropic finite 

difference approximation: 

𝜕𝛿Φ(𝑥) =
3

c2
𝑠
∑ wiΦ(x⃗ + ci⃗⃗ )ci𝛿i  Eq.  2.31 

III. Recolouring step 

 

The recoloring step operator is used to maximize the amount of red fluid 

at the interface sent to the red fluid region, and the amount of blue fluid 

sent to the blue region. The recoloring step is defined as (Leclaire et al., 

2017): 
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𝑅𝑖 =
𝜌𝑅

𝜌
𝑁𝑖 + 𝛽

𝜌𝑅𝜌𝐵

𝜌2
𝑐𝑜𝑠(𝜑𝑖)∑ 𝑁𝑖

𝑘(𝑒𝑞)(𝜌𝑘, 0, 𝛼𝑘)𝑘  Eq.  2.32 

𝐵𝑖 =
𝜌𝐵

𝜌
𝑁𝑖 − 𝛽

𝜌𝑅𝜌𝐵

𝜌2 𝑐𝑜𝑠(𝜑𝑖)∑ 𝑁𝑖
𝑘(𝑒𝑞)(𝜌𝑘 , 0, 𝛼𝑘)𝑘  Eq.  2.33 

where β is a free parameter and ϕi is the angle between the color gradient 

𝛻ρN and the direction  𝑐𝑖⃗⃗⃗ . The parameter β influences the thickness of the 

interface and it ranges from 0 to 1 in order to remain the distribution 

functions positive. In this step, colour but not mass is distributed to 

minimize the diffusion of colour across the interface (Gunstensen et al., 

1991).   

 

IV. Streaming step 

 

The streaming operator is the same operator as for single-phase flow 

applied to each of the distribution functions. 

𝑅𝑖(�⃗� + 𝑐𝑖⃗⃗⃗, 𝑡 + 1) = 𝑅𝑖(�⃗�, 𝑡) Eq.  2.34 

𝐵𝑖(�⃗� + 𝑐𝑖⃗⃗⃗, 𝑡 + 1) = 𝐵𝑖(�⃗�, 𝑡) Eq.  2.35 

2.2.1. Interfacial Tension Validation 
 

Huang et al. (2014) simulated the interfacial tension of a droplet immersed in another 

fluid. They reported the magnitude of the maximum spurious current as functions of β. 

The smaller the β value, the better the isotropy of the simulated droplet. However, if β is 

small the interface becomes thick. Also, β does not change the interfacial tension, it only 

affects the interface thickness and the magnitude of spurious currents.  

Several bubble tests were performed in order to reassemble interfacial tension. The CSF 

is used in order to benchmark the interfacial tension of the two fluids. Different radii are 

simulated, and interfacial tension could be computed from Laplace’s law: 

𝑃𝑐 =
𝜎

𝑅
 Eq.  2.36 

Figure 2.4 shows the capillary pressure for different radii. The interfacial tension was 

successfully simulated for two different values of interfacial tension σ. Interfacial tension 

can be computed from the slope of each curve using Eq.  2.36 
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Figure 2.4. Capillary pressure for different radii. Interfacial tension is calculated from the slope of 

the curves. 

Plotting the capillary pressure against multiplicative inverses of different radii, the 

resulting curve should be a straight line as shown in Figure 2.4, where its slope is the 

interfacial tension. Therefore, the colour-gradient multiphase LB model has the ability of 

reassembling interfacial tension. 

In this work, simulations have been run to test the limits of this model. Several surface 

tension droplet tests were simulated at different density ratios up to 100. Table 2.1 shows 

the simulation results for surface tension and maximum spurious currents. 

Density Ratio Theoretical IFT Calculated IFT 

[lb units] 

Max. Spurious 

currents [lb units] 

1 0.01 0.01006 8.9e-6 

10 0.01 0.01005 3.7e-5 

100 0.01 0.01002 4.6e-5 

1 0.1 0.1009 6.7e-5 

10 0.1 0.1008 2.1e-4 

100 0.1 0.1008 4.1e-4 

Table 2.1. Interfacial tension simulation results at different density ratios and spurious currents. 

Figure 2.5 shows the colour field and velocity vectors caused by spurious velocities of a 

droplet simulated under steady conditions. The interface thickness is 4 nodes and it 

depends on the parameter beta at the re-colouring operator.  
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Figure 2.5. Colour field and velocity vectors for a density ratio of 10. 

The convergence of surface tension is tested for different density ratios. It is found that 

the higher the density ratio, the longer the simulation takes to reach convergence due to 

the numerical nature of the colour-gradient lattice Boltzmann model (Leclaire et al., 2017) 

(see Figure 2.6).  

 

Figure 2.6. Interfacial tension convergence for several density ratios. On the right, early times IFT 

convergence. 

2.2.2. High Viscosity Ratios Validation and Wettability Condition 
 

High viscosity ratios are simulated by implementing the harmonic average of viscosities 

at the interface proposed by Liu et al. (2015) using Eq.  2.26. In terms of the wettability 

boundary condition, the author of this work implemented the model proposed by Xu et 

al. (2017), based on the work of Leclaire et al. (2016), where the orientation of the colour 

gradient is modified at the contact line. This model for high viscosity ratios and 

wettability condition was implemented in this thesis for the capillary channel simulations 

in Chapters 3, 4 and 5. 
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In order to test the harmonic average of the dynamic viscosity at the interface we 

computed the highest spurious currents registered at viscosity ratio = 1 and viscosity ratio 

= 100 (see Table 2.2). Table 2.2. shows that when simulating high kinematic viscosity 

ratios and when contact angles greatly deviate from 90º, the spurious currents increase 

various orders of magnitude. Care should be taken when simulating these limiting cases 

so spurious currents do not interfere with the physics of the system.  

Viscosity Ratio Contact Angle = 30 Contact Angle = 90 Contact Angle = 150 

1 1.5e-4 3.5e-5 2.1e-4 

100 1.2e-3 6.8e-4 1.28e-3 

Table 2.2. Maximum spurious currents for contact angles at different viscosity ratios. 

The wettability condition implementation used in this thesis is presented thoroughly by 

Xu et al. (2017). The algorithm is defined as follows: 

1. Separate the lattice nodes into two different categories: fluid (F) and solid (S) 

nodes. 

2. Separate each category into two subcategories: 

a. Fluid nodes with no solid neighbours (Fns). 

b. Fluid nodes with at least one solid neighbour (Fs). 

c. Solid nodes with no fluid neighbours (Snf). 

d. Solid nodes with at least one fluid neighbour (Sf). 

3. Calculate 𝜌𝑁in Sf  using Eq.  2.37 

 

𝜌𝑁(𝑥) =
∑ 𝑤𝑖𝜌

𝑁(𝑥 + 𝑐𝑖𝛿𝑡)𝑖:𝑥+𝑐𝑖𝛿𝑡𝜖𝐹𝑠

∑ 𝑤𝑖𝑖:𝑥+𝑐𝑖𝛿𝑡𝜖𝐹𝑠

, 𝑥 ∈ 𝑆𝑓 
Eq.  2.37 

 

where 𝜌𝑁 is the colour-field, and 𝜔𝑖 is the eighth-order weight function which is 

given by (Sbragaglia et al., 2007). 

4. Calculate the predicted colour gradient ∇𝜌𝑁∗ using Eq.  2.30 

𝛻𝜌𝑁⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ = 𝜕𝜌𝑁(𝑥 )𝜕𝑥𝛿 =
3

𝑐2
[∑ 𝑤𝑖𝜌

𝑁(𝑥 + 𝑐𝑖⃗⃗ )𝑐𝑖𝛿𝑖 ] Eq.  2.30 

5.  at all fluid lattice nodes F. In order to reproduce the desired contact angle, the 

predicted colour gradient should be modified by modifying its orientation 

6. The orientation of the colour gradient can be calculated by  

 

n∗ =
∇𝜌𝑁∗

|∇𝜌𝑁∗|
 Eq.  2.38 

 

 

7. Evaluate the normal vector of the solid surface by  
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n𝑠(𝑥) =
∑ 𝜔(|e𝑗|

2
)𝑠(𝑥+e𝑗𝛿𝑡)e𝑗𝑗

|∑ 𝜔(|e𝑗|
2
)𝑠(𝑥+e𝑗𝛿𝑡)e𝑗𝑗 |

, 𝑥 ∈ 𝐹𝑠 Eq.  2.39 

 

where e𝑗 is the jth mesoscopic velocity associated with the eighth-order isotropic 

discretization (Sbragaglia et al., 2007; Xu et al., 2017), 𝑠(𝑥) is an indicator 

function that is “0” for all fluid nodes F and “1” for all solid nodes S. 𝜔 (|e𝑗|
2
) 

is the eighth-order weight function given by (Sbragaglia et al., 2007) 

 

𝜔 (|e𝑗|
2
) =

{
 
 
 

 
 
 

4
21⁄           |e𝑗|

2
= 1

4
45⁄           |e𝑗|

2
= 2

1
60⁄           |e𝑗|

2
= 4

2
315⁄         |e𝑗|

2
= 5

1
5040⁄      |e𝑗|

2
= 8

 Eq.  2.40 

The suppression of spurious currents is better in an eighth-order isotropic 

discretization for curved solid boundaries as stated by Xu et al. (2017). 

8. Calculate the two possible unit vectors that are normal to the fluid interface 

denoted by  

 

n1 = (𝑛𝑠,𝑥 cos 𝜃 − 𝑛𝑠,𝑦 sin 𝜃 , 𝑛𝑠,𝑦 cos 𝜃 + 𝑛𝑠,𝑥 sin 𝜃) Eq.  2.41 

n2 = (𝑛𝑠,𝑥 cos 𝜃 + 𝑛𝑠,𝑦 sin 𝜃 , 𝑛𝑠,𝑦 cos 𝜃 − 𝑛𝑠,𝑥 sin 𝜃) Eq.  2.42 

 

where 𝑛𝑠,𝑥 and 𝑛𝑠,𝑦 are the x and y components of ns.  

9. Calculate the Euclidean distances D1 and D2 defined by  

 

𝐷1 = |n∗ − n1| Eq.  2.43 

𝐷2 = |n∗ − n2| Eq.  2.44 

10. Select the vector normal to the interface 

 

n = {
n1        𝐷1 < 𝐷2

n2        𝐷1 > 𝐷2

n𝑠        𝐷1 = 𝐷2

      Eq.  2.45 

11. Calculate the modified colour gradient in Fs by  

 

∇𝜌𝑁 = |∇𝜌𝑁∗|n Eq.  2.46 

The contact angle is reproduced by modifying the colour gradient at the solid interface so 

its effect on the collision, perturbation and recolouring step makes the interface take the 

form of the imposed contact angle. The procedure described before to implement the 

wettability condition is introduced in the CG-LBM algorithm after the computation of the 

macroscopic variables and before the collision step. The details of this wettability 
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condition implementation can be found in the works of Xu et al. (2017), Leclaire et al. 

(2016) and Sbragaglia et al. (2007). 

Figure 2.7 shows the validation of the wettability boundary condition proposed by Xu et 

al. (2017) and the model for large viscosity ratios by Liu et al., (2015) at different contact 

angles and viscosity ratios for contact angles of 30°, 90° and 150° on a flat surface. The 

contact angles simulated are in good agreement with the analytical solution for both unity 

viscosity ratio and 100 viscosity ratio. 

 

Figure 2.7. Contact angles at different viscosity ratios: 1 and 100. 

We also tested the contact angle solution on curved surfaces and the results were 

satisfactory (Figure 2.8). Figure 2.8 shows two different cases of curved boundary solids, 

each domain of 200x200 nodes consists of a droplet of “Red” fluid immersed in a “Blue” 

fluid reservoir. The droplet is initially deposited on the solid surface of 30° and 150° 

contact angles, respectively. The droplet stabilises according to the static contact angle 

imposed on the surface. These simulations also agreed with those shown by Xu et al. 

(2017).    

30
o
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o
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o
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M= 100 
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Figure 2.8. Contact angles at different viscosity ratios: 1 and 100. Simulation results are in good 

agreement with the analytical solution. 

2.2.3. Two-phase Stratified Flow Validation 
 

Two-phase layered flow was validated with the analytical velocity profile. The analytical 

solution is given by: 

 

  

                                                

Figure 2.9 shows the fluids distribution in a 100x10 channel to test the analytical solution.  

 

Figure 2.9. Phase distribution in two-phase layered flow. 

The benchmarking results are presented in Figure 2.10. Four cases were run for different 

density ratios (D.R. = ρR / ρB) and viscosity ratios (V.R. = νR / νB). The first case is D.R.= 

2 and V.R. = 1. Second case is D.R. = 0.5 and V.R. = 1.0. Third case is D.R. = 1000 and 

V.R. = 1000 and finally D.R. = 0.001 and V.R. = 25, demonstrating the ability of the 

model to simulate a wide range of density and kinematic viscosity ratios when no 

capillary forces are involved. However, the implementation of contact angles or 

𝑢(𝑥) =
𝐹

2𝜈𝐵𝜌𝐵
(𝐿2 − 𝑎2) +

𝐹

2𝜈𝑅𝜌𝑅
(𝐿2 − 𝑥2)                      Eq.  2.47 

 0< |𝑥| < 𝑎 

𝑢(𝑥) =
𝐹

2𝜈𝐵𝜌𝐵
(𝐿2 − 𝑥2)                                                     Eq.  2.48 

 𝑎 < |𝑥| < 𝐿 

a 

L 

flow 

R fluid region 

B fluid region 
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wettability condition reduces the range of density and viscosity ratios that the numerical 

model implemented in this study can simulate.  

 

Figure 2.10. Benchmarking cases for high density-high viscosity ratios, density ratios ranging from 

2 to 1000 and viscosity ratios ranging from 1 to 1000. 

2.2.4. Capillary Channel Filling Validation 
 

Capillary tube filling in a 2D slit pore was validated using a modified Washburn law 

given by Diotallevi et al. (2009) and Liu et al. (2015), where gravity and inertial effects 

are neglected: 

𝜎 𝑐𝑜𝑠 𝜃 =
6

𝑅
[𝜇𝑑𝑖𝑠ℎ + 𝜇𝑑𝑒𝑓(𝐿 − ℎ)]

𝜕ℎ

𝑑𝑡
 

Eq.  2.49 

The initial conditions are set as shown in Figure 2.11. 

 

Figure 2.11. Initial conditions for capillary tube filling validation. 

The density ratio is set to 1, kinematic viscosities νR = νB = 0.35, surface tension is 5x10-

3, r = 21 and L= 200. The velocity generated inside the tube is only produced by capillary 

forces.  

B fluid R fluid 

D.R. = 2 

 V.R. = 1 

D.R. = 0.5  
V.R. = 1 

D.R. = 1000 

V.R. = 1000 

D.R. = 0.001 

V.R. = 25 
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Figure 2.12 shows the capillary intrusion profile matched against the analytical solution 

in Eq.  2.49. Also, the contact angle used in the analytical solution to validate the lattice 

Boltzmann model is the measured contact angle from the simulation. The simulation 

results fit the analytical solution. 

 

Figure 2.12. Capillary tube intrusion profile benchmarking. 

The author developed a multiphase LB model, addressing the impact of variable-

wettability, high-density and high-viscosity ratios on multiphase flow systems. Several 

droplet cases were performed in order to validate this model with the results present in 

the literature. Surface tension tests show good agreement with their analytical 

counterparts for capillary pressure with low spurious currents for a wide range of density 

ratios. The implementation of the contact angle developed by Xu et al. (2017) allowed 

our model to simulate both flat and curved solid boundaries with good agreement for low 

and high viscosity ratios. The two-phase stratified flow comparison to the analytical 

solutions were in incredibly good agreement, even for high density and viscosity ratios 

(up to 1000). However, the implementation of the wettability condition reduces the range 

of density and viscosity ratios at which the model can correctly predict the flow 

behaviour. The author also simulated a capillary intrusion process using the colour-

gradient multiphase LB method and compared it to the analytical solution obtained from 

the modified Washburn equation for 2D slit pore capillary action. They are in good match, 

which reassures the capability of the numerical method used in this study to simulate 

capillary action. However, there are flow properties such as density and viscosity ratios, 

boundary conditions and capillary aspect ratios that directly affect the filling time and the 
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behaviour of the contact line inside a capillary tube. In chapter 3, we will study the 

mechanics of the contact line in chemically homogeneous capillary channels, as well as 

the equations governing the physics of this phenomena with its comparisons to LB 

simulations.  
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CHAPTER 3 - CAPILLARY ACTION IN HOMOGENEOUSLY 

WETTED CHANNELS 
 

3.1. Introduction 

 

In this chapter, we will discuss the balance of forces in capillary filling systems and the 

contribution of fluid configurations to this balance. Consequently, we will present the 

modification of the capillary action equation formulated by Maggi & Alonso-Marroquin 

(2012) and how it compares to the Lucas-Washburn equation. Thus, the validation of the 

two-phase lattice Boltzmann model developed in Chapter 2 is presented, where three 

different cases are analysed. Posteriorly, the author proposed the parameter space that 

represents the pore-throats aspect ratios and water-hydrocarbon systems frequently 

encountered in shale systems. In order to accomplish this goal, a new expression is 

developed, which allows the study of capillaries with complex symmetrically and 

asymmetrically heterogeneous patterned surfaces, described by simple dimensionless 

variables.   

3.2. Balance of forces in a homogeneous-surface capillary 

 

3.2.1. Equation of capillary action 
 

If a uniform circular capillary of radius R and length L is considered (see Figure 3.1.), 

and we assume that the meniscus at the fluid-fluid interface moves within the capillary 

driven by surface tension, viscous, conservative, non-conservative and boundary forces, 

then, the change of momentum will be equal to the sum of the forces moving the fluids 

(Maggi & Alonso-Marroquin, 2012). According to the second Newton’s law, we can 

express the change of momentum as: 

 

𝑑𝑀(𝑡)

𝑑𝑡
= ∑ 𝐹

𝑝𝑑𝑖𝑠,𝑝𝑑𝑒𝑓

+ ∆𝐸𝑥𝐹 + 𝐷 + 𝑇 
Eq.  3.1 

where 𝑀(𝑡) is the total momentum of the fluids defined by 
𝑑𝑀(𝑡)

𝑑𝑡
= 𝜌(ℎ)

𝑑𝑉𝐶𝐿(𝑡)

𝑑𝑡
, with VCL 

as the velocity of the contact line and 𝜌(ℎ) the density of the fluid at the position h; the 

summation collects the viscous forces 𝐹 inside the displacing and defending phases. 

Δ𝐸𝑥𝐹 is the external force that generates a pressure difference between the inlet and outlet 



   
 

37 
 

of the capillary tube. 𝐷 is a dissipative force located within an entrance length 𝐿𝐷 =

0.06(2𝑅)𝑅𝑒, with 𝑅𝑒 = 𝑉𝐶𝐿2𝑅/𝜈, of the capillary occurring either in the displacing or 

defending phases, depending on the flow direction; and 𝑇 is the tension caused by the 

capillary force. Gravity forces are neglected in this study. The tension for a cylinder in 

1D is represented by  

𝑇 = 2𝜋𝑅𝜎𝑐𝑜𝑠𝜃 Eq.  3.2 

where 𝜎 is the surface tension between the displacing and defending phases, and 𝜃 the 

static contact angle between the displacing phase and the capillary walls. Although in this 

work no implementation of dynamic contact angle is used for the sake of simplicity as 

mentioned in Ch1.  

 

Figure 3.1. Capillary action domain system where the Red fluid is displacing the Blue fluid. The 

contact angle is modified by the velocity of the contact line creating a dynamic contact angle. 

The viscous forces are inferred using the Poiseuille laminar flow assumption, where the 

velocity gradient is proportional to the shear stress across the capillary section area. The 

velocity profile is represented by a parabolic velocity profile in the displacing and 

defending fluids. The viscous dissipation forces are: 

𝐹𝑑𝑖𝑠 = −8𝜋𝜇𝑑𝑖𝑠𝑣(𝑡)ℎ(𝑡) Eq.  3.3 

𝐹𝑑𝑒𝑓 = −8𝜋𝜇𝑑𝑒𝑓𝑣(𝑡)(𝐿 − ℎ(𝑡)) Eq.  3.4 

for a 1D system, and: 

𝐹𝑑𝑖𝑠 = −6𝜋𝜇𝑑𝑖𝑠𝑣(𝑡)ℎ(𝑡) Eq.  3.5 

𝐹𝑑𝑒𝑓 = −6𝜋𝜇𝑑𝑒𝑓𝑣(𝑡)(𝐿 − ℎ(𝑡)) Eq.  3.6 

for a 2D system. Where 𝜇𝑑𝑖𝑠 and 𝜇𝑑𝑒𝑓 are the displacing and defending dynamic fluid 

viscosities, respectively. For the homogeneous wettability capillary intrusion, a 

�⃗� 
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dissipative force 𝐷 was included to account for the effect of the streamlines at the 

capillary entrance where the Poiseuille is no longer valid (Sparrow, Lin, & Lundgren, 

1964). Maggi & Alonso-Marroquin (2012) defined this dissipative force based on the 

assumed streamlines converging toward the capillary centre at the entrance of the 

capillary. They hypothesised that the force D dissipates the kinetic energy of the 

streamlines from the radial flow to the parabolic profile and using Bernoulli’s equation 

they calculated the force D as 

𝐷 = −
𝜋

6
𝑅2𝜌𝑑𝑖𝑠𝑣(𝑡)2             𝑣(𝑡) ≥ 0  Eq.  3.7 

  

                                             

𝐷 =
𝜋

6
𝑅2𝜌𝑑𝑖𝑠𝑣(𝑡)2                 𝑣(𝑡) < 0  Eq.  3.8                                                         

where 𝑣(𝑡) is the velocity of the contact line. ∆𝑃 is the external force defined as the 

difference of pressures at the inlet and outlet of the capillary: ∆𝑃 = 𝑃𝑖𝑛𝑙𝑒𝑡 − 𝑃𝑜𝑢𝑡𝑙𝑒𝑡. If a 

velocity boundary condition is used instead, the pressure difference can be calculated by 

the expression developed by Dreyer et al. (1994) and Xiao et al. (2006). Maggi & Alonso-

Marroquin (2012) also developed an expression to obtain the pressure gradient from the 

mean velocity of the contact line. If we combine the forces defined in Eq.  3.3- Eq.  3.8 

with Eq. 3.1, and the total momentum of the fluids defined as 
𝑑𝑀(𝑡)

𝑑𝑡
= 𝜌(ℎ)

𝑑𝑉𝐶𝐿(𝑡)

𝑑𝑡
=

𝜌(ℎ)
𝑑2ℎ(𝑡)

𝑑𝑡2 , an expression for the contact line position and time is obtained for 1D 

cylinder channel domains 

2σ cos𝜃

𝑅
−

8[𝜇𝑑𝑖𝑠ℎ+𝜇𝑑𝑒𝑓(𝐿−ℎ)]

𝑅2

𝑑ℎ

𝑑𝑡
±

1

6
𝜌𝑑𝑖𝑠 (

𝑑ℎ

𝑑𝑡
)
2

+ ∆𝑃 =  
Eq.  3.9 

= [𝜌𝑑𝑖𝑠ℎ + 𝜌𝑑𝑒𝑓(𝐿 − ℎ)]
𝑑2ℎ

𝑑𝑡2
  

and  

2σ cos𝜃

𝑅
−

6[𝜇𝑑𝑖𝑠ℎ+𝜇𝑑𝑒𝑓(𝐿−ℎ)]

𝑅2

𝑑ℎ

𝑑𝑡
±

1

6
𝜌𝐿 (

𝑑ℎ

𝑑𝑡
)
2

+ ∆𝑃 =  
Eq.  3.10 

= [𝜌𝑑𝑖𝑠ℎ + 𝜌𝑑𝑒𝑓(𝐿 − ℎ)]
𝑑2ℎ

𝑑𝑡2   

for 2D rectangular channel domains or slit pore geometries (Pavuluri et al., 2018). Where 

σ is the interfacial tension, 𝜃 is the contact angle between the displacing fluid and the 

surface, μdis and μdef are the dynamic viscosities of the displacing and defending fluid, 

respectively. R is the radius of the capillary (1D cylinder) (Eq.  3.9) or half the width of 

the rectangular channel (2D slit pore) (Eq.  3.10), L is the length of the capillary, 𝜌𝑑𝑖𝑠 and 
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𝜌𝑑𝑒𝑓 are the densities of the displacing and defending fluid, respectively. ∆𝑃 is the 

pressure difference across the channel and h is the position of the contact line along the 

length of the channel. Eq.  3.10 is the same equation presented by Maggi & Alonso-

Marroquin (2012) without the gravity term. Eq.  3.10 differentiates from the Lucas-

Washburn’s equation by the inclusion of the inertial forces and dissipation at the entrance 

of the channel due to radial flow. The inertial forces are predominant at early stages in the 

capillary filling process and hence the importance of the density ratio at these stages of 

the process. The 3rd term on the LHS of Eq.  3.10. is positive or negative depending on 

the direction of flow (negative if ℎ′ ≥ 0, positive if ℎ′ < 0). Diotallevi et al. (2009) 

deduced an expression for the 2D rectangular capillary channel (slit pore) flows based on 

Lucas (1918) and Washburn (1921) where only capillary and viscous forces are 

considered as follows:  

2𝜎 cos(𝜃) −
6[𝜇𝑑𝑖𝑠ℎ + 𝜇𝑑𝑒𝑓(𝐿 − ℎ)]

𝑅

𝑑ℎ

𝑑𝑡
= 0 

Eq.  3.11 

Figure 3.2 shows the comparison between Eq.  3.10 and Eq.  3.11 for unity density ratios 

and 1 different viscosity ratios. On the LHS of the figure, the unity density and viscosity 

ratios are reflected on the straight-line behaviour of the interface position against time. 

However, when the dynamic viscosity ratio changes, the average dynamic viscosity varies 

along the capillary, so do the viscous forces and a curved response is observed (see Figure 

3.2 b.). As the other forces involved are kept constant, the change in the shape of the 

curve is due to the change of density and viscosity ratios only.     

 

Figure 3.2. Comparison between equation 3.7. and 3.8. for unity density ratios and different 

viscosity ratios. a. The dynamic viscosity ratio is μdef/μdis =1.0. b. The dynamic viscosity ratio is 

μdef/μdis =0.01. 
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The main discrepancy between Eq.  3.10 and Eq.  3.11 relies on the energy dissipation 

forces at the entrance of the capillary (see Eq.  3.7 and Eq.  3.8), which depends on the 

density of the invading fluid and the velocity of the contact line; and the inertial forces 

absent in Eq.  3.11. If a density ratio other than the unity is imposed, Eq.  3.11 will have 

the same results as the unity density ratio case. Though, if Eq.  3.10 is used, the non-unity 

density ratio is going to be reflected in the capillary filling curve. Figure 3.3. shows two 

scenarios where the same dynamic viscosity ratio is used for both cases 
𝜇𝑑𝑒𝑓

𝜇𝑑𝑖𝑠
= 0.01, but 

the density ratio changes from 
𝜌𝑑𝑒𝑓

𝜌𝑑𝑖𝑠
= 0.1 to  

𝜌𝑑𝑒𝑓

𝜌𝑑𝑖𝑠
= 0.01. Figure 3.3 shows good 

agreement between both equations for medium and late times. However, in the early times 

where the impact of inertial forces is important, a greater discrepancy is observed between 

Eq.  3.10 and Eq.  3.11 (see Figure 3.4). Figure 3.5 presents the impact of high viscosity 

and density ratios on the capillary filling curve computed by Eq.  3.10 and Eq.  3.11. As 

a conclusion, the role of inertial forces in a capillary filling system increases as the density 

ratio becomes greater. Although inertial effects are important in the early times of the 

process, they can impact severely the final capillary filling time if the channel is short 

enough so viscous forces cannot predominate.    

 

Figure 3.3. Comparison of Eq. 3.11. and 3.12 of a non-unity density ratio. Capillary filling curve of 

the solution of Eq. 3.11 and 3.12 for a density ratio of 0.1 and dynamic viscosity ratio of 0.01. 
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Figure 3.4.  Zoom into the early times of the capillary filling for a density ratio of 0.1 and 

dynamic viscosity ratio of 0.01. 

As show in Figure 3.4., the zoomed early times of the curves reproduced by the analytical 

modified Maggi et al. (2012) and Diotallevi et al. (2009) capillary action equations, the 

early times show significant differences, these can be attributed to the inclusion of inertial 

forces.  

 

Figure 3.5. Capillary filling curve of the solution of Eq. 3.11 and 3.12 for a density ratio of 0.01 and 

dynamic viscosity ratio of 0.01. 

Figure 3.5. shows the great impact of a higher density ratio on the inertial forces as the 

modified Maggi et al. (2012) equation (blue line) deviates more from Diotallevi et al. 

(2009) equation than those in Figure 3.3 and 3.4. 

3.3. Development of a Dimensionless equation for homogeneous-surface capillary 

action and analysis of balance forces 
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The balance of forces involved in the capillary filling process described by Eq.  3.10 are 

affected by the properties of the fluids and the geometry of the capillary as well as 

pressure differences at in- and out-lets. In order to compare how different properties of 

the fluid system alter the balance of these forces, a dimensionless form of Eq.  3.10 is 

developed as follows:  

We define ℎ′ =
𝑑ℎ

𝑑𝑡
  and ℎ′′ =

𝑑2ℎ

𝑑𝑡2  for simplicity. Dividing Eq.  3.9 by [𝜌𝑑𝑖𝑠ℎ + 𝜌𝑑𝑒𝑓(𝐿 −

ℎ)] we obtain 

2𝜎 cos(𝜃)

𝑅[𝜌𝐿ℎ + 𝜌𝐺(𝐿 − ℎ)]
−

8[𝜇𝐿ℎ + 𝜇𝐺(𝐿 − ℎ)]

𝑅2[𝜌𝐿ℎ + 𝜌𝐺(𝐿 − ℎ)]
ℎ′ 

±
1

6

𝜌𝐿

[𝜌𝐿ℎ+𝜌𝐺(𝐿−ℎ)]
ℎ′2 +

∆𝑃

[𝜌𝐿ℎ+𝜌𝐺(𝐿−ℎ)]
= ℎ′′  Eq.  3.12 

Subsequently, we define a set of independent and dependent dimensionless variables (see 

Table 3.1)  

Independent Variables Dependent Variables 

 

 

ℎ𝑎 =
ℎ

𝐿
 

Ω =
𝐿

𝑅
 

𝜌𝑎 =
𝜌𝑑𝑒𝑓

𝜌𝑑𝑖𝑠
 

𝜇𝑎 =
𝜇𝑑𝑒𝑓

𝜇𝑑𝑖𝑠
 

 

 

𝑡𝑐 =
𝜌𝐿𝑅

2

8𝜇𝐿
 

𝑡𝑎 =
𝑡

𝑡𝑐
 

ℎ′ =
𝑅

𝑡𝑐
ℎ𝑎

′  

ℎ′′ =
𝑅

𝑡𝑐2
ℎ𝑎

′′ 

∆𝑃𝑎 =
∆𝑃

∆𝑃𝑐
 

∆𝑃𝑐 =
𝜌𝐿𝑅

2

𝑡𝑐2
 

 

Table 3.1. Independent and dependent dimensionless variables. 

Replacing the variables in Table 3.1. into Eq. 3.9., the following equation is found 
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∴
2𝜎𝑐𝑜 𝑠(𝜃)

𝑅2𝜌𝐿[ℎ𝑎 + 𝜌𝑎(𝛺 − ℎ𝑎)]
−

8𝜇𝐿[ℎ𝑎 + 𝜇𝑎(𝛺 − ℎ𝑎)]

𝑅2𝜌𝐿[ℎ𝑎 + 𝜌𝑎(𝛺 − ℎ𝑎)]

𝑅

𝑡𝑐
ℎ𝑎

′  

±
1

6

𝑅

𝑡𝑐
2[ℎ𝑎+𝜌𝑎(𝛺−ℎ𝑎)]

ℎ𝑎
′2 +

𝑅

𝑡𝑐
2[ℎ𝑎+𝜌𝑎(𝛺−ℎ𝑎)]

∆𝑃𝑎 =
𝑅

𝑡𝑐
2 ℎ𝑎

′′ Eq.  3.13 

Dividing by 
𝑅

𝑡𝑐
2 and multiplying by [ℎ𝑎 + 𝜌𝑎(𝛺 − ℎ𝑎)], we obtain 

𝜎 cos(𝜃) 𝜌𝐿𝑅
3

32𝜇𝐿
2𝑅2

− [ℎ𝑎 + 𝜇𝑎(𝛺 − ℎ𝑎)]ℎ𝑎
′ −

1

6
ℎ𝑎

′2 + ∆𝑃𝑎 

= [ℎ𝑎 + 𝜌𝑎(𝛺 − ℎ𝑎)]ℎ𝑎
′′ Eq.  3.14 

We define the dimensionless number κ1 as 
𝜎 cos(𝜃)𝜌𝐿𝑅

32𝜇𝐿
2  and formulate the following 

dimensionless expression with dimensionless variables 

∴ κ1 − [ℎ𝑎 + 𝜇𝑎(𝛺 − ℎ𝑎)]ℎ𝑎
′ ±

1

6
ℎ𝑎

′2 + ∆𝑃𝑎 = [ℎ𝑎 + 𝜌𝑎(𝛺 − ℎ𝑎)]ℎ𝑎
′′ 

Eq.  3.15 

where κ1 represents the dimensionless capillary force, the second term on the LHS of the 

equation is the dimensionless viscous forces, the third term on the LHS is the dissipation 

energy at the entrance of the capillary from radial to parabolic flow, ∆𝑃 is the 

dimensionless external pressure difference between the inlet and outlet pressure boundary 

conditions. The term on the RHS of the equation are the dimensionless inertial forces.   

ℎ𝑎 is the dimensionless filling length, 𝜇𝑎 and 𝜌𝑎 the dynamic viscosity and density ratios, 

respectively; and 𝛺 is the aspect ratio of the capillary defined in Table 3.1.  
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Figure 3.6. Dimensionless balance of forces for two different fluid configurations: ρa=1; μa=1 and 

ρa=0.0012; μa=0.018. T as the surface tension force for both fluid configurations, F as the viscous 

forces, D as the dissipative force at the entrance of the channel, and I as the inertial forces. The 

dashed lines refer to the non-unity density and viscosity ratios and the definitions of the 

dimensionless forces are given by Maggi & Alonso-Marroquin (2012). 

Figure 3.6 shows how density ratio and dynamic viscosity ratio affects the balance of 

dimensionless forces inside the capillary and their relative importance on the contact line 

dynamics. Case 1 and Case 2 used the same parameters, except the density and dynamic 

viscosity ratios. For Case 1, the density ratio is 𝜌𝑎 = 1 and the viscosity ratio is 𝜇𝑎 = 1 

and for Case 2, 𝜌𝑎 = 0.0012 and 𝜇𝑎 = 0.018. Because the dynamic contact angle is not 

implemented in this work, the surface tension force (T) is kept constant in time for both 

cases, in contrast to the dimensionless force balance plot presented by Maggi & Alonso-

Marroquin (2012) where the dynamic contact angle is implemented. In the case of the 

inertial forces (Idis, case 2 and Idef, case 2), it can be shown that the lower the density of the 

displacing fluid (low density ratio), the lower the effect of inertial forces on the total 

balance. On the contrary, if the density ratio is high (displacing fluid density higher than 

the defending fluid density), the inertial forces gain relative importance compared to the 

other forces present. As expected, the inertial force for the denser fluid is higher than the 

less dense fluid. However, when the density ratio is 1, the contribution of each fluid to 

the total inertial force depends on the volume of displacing and defending fluids at a 

certain time. It is also significant that the inertial forces diminish in time as they dominate 

the early stage of the capillary filling process as the second derivative of the velocity of 

the contact line decreases with time. Viscous forces (Fdis, case 1, Fdef, case 1, Fdis, case 2, Fdef, case 



   
 

45 
 

2) are greater when the viscosity ratio departs from 1 as Eq.  3.15 suggests. These forces 

increase in time as the inertial forces lose importance. The energy dissipation forces (D 

case 1, D case 2) due to the change of radial to parabolic flow at the entrance of the capillary 

increase with the square of the velocity of the contact line, scaled by the density of the 

displacing fluid. The discrepancy between Case 1 and Case 2 in terms of these forces lies 

in the velocity of the contact line. Because the capillary filling is faster in Case 2, the 3rd 

term of the LHS in Eq.  3.15 is greater and, consequently, the dissipation of energy 

increases as the velocity of the contact line is augmented. The dissipation effects at the 

inlet of the capillary increase as the capillary number increases. As this study is concerned 

with low capillary numbers and velocities, the effect of these energy dissipation forces is 

minimum in the case of variable-wettability mentioned in Chapter 1 and studied in 

Chapters 4 and 5 of this thesis. However, it is important to include the 3rd term of the LHS 

in Eq.  3.15 in the capillary action models, especially when radial flow is located before 

the inlet of the capillary channel. 

In the special case when velocity-velocity external boundary conditions are used, the 

forces acting inside the capillary are rearranged so the velocity – velocity BC can be 

satisfied. In this case, the term that is balanced in Eq.  3.15 is the dimensionless pressure 

drop ∆𝑃𝑎 that increases or decreases according to the surface and viscous forces acting on 

the capillary action, being reflected on the capillary pressure of the system.  

3.4. Validation of the two-phase lattice Boltzmann method for spontaneous 

capillary action  

Three validation cases were run using the colour-gradient lattice Boltzmann method 

presented in Chapter 2. For all cases, the density ratio is 𝜌𝑎 =
𝜌𝑑𝑒𝑓

𝜌𝑑𝑖𝑠
= 1  and the dynamic 

viscosity ratio 𝜇𝑎 =
𝜇𝑑𝑒𝑓

𝜇𝑑𝑖𝑠
 is 1.0, 0.5 and 0.01. The domain consists of a capillary of 350x20 

nodes. There are two buffers of fluids at the beginning and end of the capillary of 20x24 

nodes each (see Figure 3.7).   

 

Figure 3.7. Domain size and initial condition of displacing and defending fluids for a spontaneous 

imbibition case. The pressure boundary value is set to be the same at the inlet and outlet, so no 

external force drives the fluids. The static contact angle is set to be the same at the inlet and outlet, 

so no external force drives the fluids. The static contact angle is set to 𝜽 = 𝟔𝟎°. 

20 

390 

350 

20 24 

20 
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Table 3.2 shows the densities, kinematic and dynamic viscosities, surface tension, contact 

angle and interface thickness parameter for each of the three cases. Since the simulation 

domain is a 2D model, the results were compared to Eq.  3.10. 

Case 1 Case 2 Case 3 

𝜌𝑑𝑖𝑠 = 998.0 

𝜌𝑑𝑒𝑓 = 998.0 

𝜈𝑑𝑖𝑠 = 0.028507 

𝜈𝑑𝑒𝑓 = 0.028507 

𝜇𝑑𝑖𝑠 = 28.45 

𝜇𝑑𝑖𝑠 = 28.45 

𝜎 = 0.08 

𝜃 = 60° 

𝛽 = 0.9 

𝜌𝑑𝑖𝑠 = 998.0 

𝜌𝑑𝑒𝑓 = 998.0 

𝜈𝑑𝑖𝑠 = 0.028507 

𝜈𝑑𝑒𝑓 = 0.0142535 

𝜇𝑑𝑖𝑠 = 28.45 

𝜇𝑑𝑖𝑠 = 14.22 

𝜎 = 0.08 

𝜃 = 60° 

𝛽 = 0.9 

 

𝜌𝑑𝑖𝑠 = 998.0 

𝜌𝑑𝑒𝑓 = 998.0 

𝜈𝑑𝑖𝑠 = 0.028507 

𝜈𝑑𝑒𝑓 = 0.0028507 

𝜇𝑑𝑖𝑠 = 28.45 

𝜇𝑑𝑒𝑓 = 2.845 

𝜎 = 0.08 

𝜃 = 60° 

𝛽 = 0.9 

 

Table 3.2. Simulation parameters used to compare the lattice Boltzmann model developed in 

Chapter 2 with Eq. 3.11. 

The simulation set-up consists of a capillary being filled by a phase that, as it invades the 

channel due to capillary forces, it displaces the defending phase. A zero-gradient pressure 

boundary condition is used. This behaviour is accurately captured by the lattice 

Boltzmann simulations, predicting the capillary filling length and time. Figure 3.8 shows 

the results of Cases 1, 2 and 3 and their analytical counterpart and the simulation results 

are in good agreement with the analytical solution given by Eq.  3.15. The analytical 

solution was obtained by a numerical differential equation solver built in MATLAB.  
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Figure 3.8. Validation of the two-phase lattice Boltzmann method with the analytical equation for 

capillary spontaneous imbibition. 

3.5. Parameter Mapping for Capillary Filling Systems 

 

In this section, the author transforms further the dimensionless equation Eq.  3.15 

developed in this research and obtains a new dimensionless equation as a tool to track the 

shape of the interface during the simulations so viscous fingering is not developed to 

maintain the scope of this thesis. Hence, the comparison of  Eq.  3.15 and the newly 

developed equation should reveal if a viscous finger is being develop during the 

simulation.   

3.5.1. Substitution of variables in the dimensionless capillary filling equation 
 

In order to replace the dimensionless capillary filling length ℎ𝑎 present in Eq.  3.15, we 

define a new parameter 𝛼, which is the volume of fluid of the displacing phase divided 

by the total volume of the capillary under static contact angles and low capillary numbers 

and no viscous fingering. Then, it is especially important when analysing on-going 

simulations to check for viscous fingering since the simulation parameter 𝛼 would deviate 

from the analytical equation when the interface changes shape drastically. The author will 

use the area of the displacing phase divided by the total area of the channel in 2D instead 

of the volume since this study is bounded by a 2D domain. The transition between 1D 

cylinder pore and 2D slit pore can be easily done for the homogeneous-surface capillary 

by changing the scaling factor on the viscous force term (i.e. 8 for the cylinder pore, 6 for 
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the 2D slit pore as Eq.  3.9 and Eq.  3.10). The area of the displacing phase 𝐴𝑑𝑖𝑠  can be 

calculated as the combination of the area marked in Figure 3.9. as 𝐴1 and 𝐴𝑐. For the 

drainage case, the area of the displacing fluid is defined as 𝐴𝑑𝑖𝑠 = 𝐴1 + 𝐴𝑐 while in the 

imbibition case, 𝐴𝑑𝑖𝑠 = 𝐴1 − 𝐴𝑐. 

 

Figure 3.9. a.) Scheme and definition of variables for the new dimensionless equation for drainage. 

b.) Scheme and definition of variables for the new dimensionless equation for imbibition. 

The author assumes the interface follows the shape of a circular arc with radius 𝑤, 𝜑 is 

the angle made by the arc at the centre of the circle. 𝜃 is related to 𝜑 by the expression 

𝜃 =
𝜋

2
−

𝜑

2
. Also, 𝑤 and 𝜑 are related to the radius of the capillary by  𝑅 = 𝑤 sin

𝜑

2
 and 

the area of the circular segment 𝐴𝑐 is defined by 𝐴𝑐 =
1

2
𝑤2(𝜑 − sin𝜑). We can also 

define 𝐴1 as 𝐴1 = 2𝑅ℎ. Combining the equations above, we obtain 

𝛼 =
𝐴1+𝐴𝑐

𝐴𝑇
=

2𝑅ℎ+
1

2
𝑊2(𝜑−sin𝜑)

2𝑅𝐿
  Eq.  3.16 

Replacing 𝜑 and W for 𝜃 and R in Eq.  3.17, the following expression for 𝛼 

𝛼 =
𝐴1 + 𝐴𝑐

𝐴𝑇
=

2𝑅ℎ +
1
2

𝑅2

𝑠𝑖𝑛2(
𝜋
2 − 𝜃)

(𝜋 − 2𝜃 − 𝑠𝑖𝑛(𝜋 − 2𝜃))

2𝑅𝐿
 

Eq.  3.17 

Because sin 2𝜃 = sin (𝜋 − 2𝜃), and dividing by R we obtain 𝑅 

a. 

Ac 

Ac 

b. 
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𝛼 =
ℎ

𝐿
+

𝑅(
𝜋

2
−𝜃−𝑐𝑜𝑠𝜃)

4𝐿𝑐𝑜𝑠2𝜃
=

ℎ

𝑅
𝐿

𝑅

+
𝑅

𝑅
(
𝜋

2
−𝜃−𝑠𝑖𝑛 2𝜃)

4
𝐿

𝑅
𝑐𝑜𝑠2𝜃

 Eq.  3.18 

∴ ℎ𝑎 = 𝛺𝛼 −
𝜋 − 2𝜃 − 𝑠𝑖𝑛 2𝜃

4𝑐𝑜𝑠2𝜃
 

The author defines the dimensionless parameter κ2 as 
𝜋−2𝜃−𝑠𝑖𝑛2𝜃

4𝑐𝑜𝑠2𝜃
. Changing the variable 

ℎ𝑎 to 𝛼  

κ1+𝛥𝑃𝑎 − [Ω𝛼 − κ2 + 𝜇𝑎(Ω − Ω𝛼 + κ2)]Ω𝛼′ ±
Ω

6
𝛼′2 = 

= [𝛺𝛼 − κ2 + 𝜌𝑎(𝛺 − 𝛺𝛼 + κ2)]𝛺𝛼′′ Eq.  3.19 

Expanding and rearranging the terms and dividing by Ω 

κ1+𝛥𝑃𝑎

𝛺
− [Ω(𝛼 + 𝜇𝑎 − 𝜇𝑎𝛼) + κ2(𝜇𝑎 − 1)]𝛼′ ±

Ω

6
𝛼′2 =  Eq.  3.20 

= [𝛺(𝛼 + 𝜌𝑎 − 𝜌𝑎𝛼) + κ2(𝜌𝑎 − 1)]𝛼′′  

 

where κ1 describes the ratio of capillary forces and viscous forces. Ω is the capillary 

aspect ratio. 𝜌𝑎 and 𝜇𝑎 are the density and dynamic viscosity ratios, respectively and 𝛼 is 

the fraction of area/volume occupied for the displacing phase at a certain dimensionless 

time 𝑡𝑎 . The parameter 𝛼 ranges from 0 to 1, which facilitates the analysis and 

comparison of capillary filling times for different configurations of channels.  

Eq.  3.20 was tested and matched against two lattice Boltzmann simulations.  The author 

simulated the same system modelled in Figure 3.2. The simulation results are in good 

agreement with Eq.  3.20. The dynamic viscosity ratios were 𝜇𝑎 = 1 and the extreme 

case 𝜇𝑎 = 100, while the density ratio is unity for both cases as the dynamic viscosity is 

the parameter affecting the most the filling mechanisms (see Figure 3.10).  
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Figure 3.10. Comparison of the dimensionless capillary filling equation and two-phase lattice 

Boltzmann simulations of two different dynamic viscosity ratios. 

Eq.  3.20 can evaluate the parameter space designed to study the capillary filling time in 

chemically homogeneous and heterogeneous channels. Furthermore, it provides the 

means for mapping empirical models obtained in a 2D slit pore domain, into a general 

rule in a 1D cylindrical pore system.  

3.6. Analysis of the dimensionless equation in terms of other known dimensionless 

numbers  

 

Because Eq.  3.15 is a dimensionless equation with dimensionless variables, its 

coefficients can be represented by dimensionless numbers already reported in the 

literature. The parameter κ1 measures the capillary forces against the viscous forces. The 

Laplace number represents the ratio of surface tension to the momentum-transport forces. 

If we consider the Laplace number as 𝐿𝑎 =
𝜎𝜌𝑑𝑖𝑠𝑅

𝜇𝑑𝑖𝑠
2 , we found that 

κ1 =
𝜎𝑐𝑜𝑠 (𝜃)𝜌𝑑𝑖𝑠𝑅

32𝜇𝑑𝑖𝑠
2 =

𝑐𝑜𝑠(𝜃)

32
𝐿𝑎 Eq.  3.21 

The parameter ∆𝑃𝑎 is the dimensionless pressure difference across the channel. The Bejan 

number is a dimensionless measure of a pressure drop along a channel. If we consider the 

Bejan number as Be =
∆𝑃𝐿2

𝜇𝑑𝑖𝑠𝜈𝑑𝑖𝑠
, being L the length of the channel. Taking the 
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dimensionless variables defined in Table 3.1. and manipulating them algebraically, it is 

possible to demonstrate that the dimensionless pressure difference is related to the Benjan 

number as follows  

∆𝑃𝑎 =
∆𝑃

∆𝑃𝑐
=

∆𝑃

𝜌𝐿𝑅2

𝑡𝑐2

=
∆𝑃𝑡𝑐

2

𝜌𝐿𝑅2
 

∴ ∆𝑃𝑎 =
∆𝑃𝜌𝐿

2𝑅4

64𝜌𝐿𝜇𝐿
2𝑅2

=
∆𝑃𝜌𝐿𝑅2

64𝜇𝐿
2 =

∆𝑃𝜌𝐿𝑅2

64𝜇𝐿𝜇𝐿
| Eq.  3.22 

Because 𝑅2 =
𝐿2

𝛺2 and combining the definition of the Bejan number defined before 

∴ ∆𝑃𝑎 =
∆𝑃𝑅2

64𝜇𝐿𝜈𝐿
=

∆𝑃𝐿2

64𝛺2𝜇𝐿𝜈𝐿
 

∴ ∆𝑃𝑎 =
1

64𝛺2
𝐵𝑒 Eq.  3.23 

Eq.  3.20 can also be expressed as  

cos(𝜃)

32𝛺
𝐿𝑎+

1

64𝛺3
𝐵𝑒 − [Ω(𝛼 + 𝜇𝑎 − 𝜇𝑎𝛼) + κ2(𝜇𝑎 − 1)]𝛼′ ±

Ω

6
𝛼′2 = 

= [𝛺(𝛼 + 𝜌𝑎 − 𝜌𝑎𝛼) + κ2(𝜌𝑎 − 1)]𝛼′′       Eq.  3.24 

3.7. Parameter space definition and scope linked to fluid properties and pore-

throat aspect ratios 

 

In order to analyse the impact of fluid configurations and geometry on the capillary filling 

process in chemically homogeneous and heterogeneous channels, it is important to limit 

the scope of the parameters that are going to be evaluated. Zheng, Wang, & Reza (2019) 

characterised the pore-throat geometry of a Marcellus shale core sample using scanning 

electron microscope with a resolution of 4nm. The pore-throat length has a minimum 

value of 1nm and maximum of 500nm while the pore-throat radius ranges from 2nm to 

55 nm.    
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Figure 3.11. Figure taken from Zheng et al. (2019) that showed the pore throat length and pore 

throat radius distribution of 4 Marcellus shale subsamples. 

Figure 3.11 shows a Gaussian distribution of pore-throat lengths with a mode around 

55nm, while the pore-throat radius distribution is very uniform on the range from 5nm to 

30nm. In this work, we decided to use 100nm as the upper limit to test the response in 

terms of capillary filling time and length and vary the radius of the capillary from 5nm to 

20nm. This means the aspect ratio of the capillary will move in the range of Ω =
100𝑛𝑚

20𝑛𝑚
=

5 to 
100𝑛𝑚

5𝑛𝑚
= 20. In terms of fluid configurations, the most extreme cases are represented 

by water displacing methane and methane displacing water. The water properties are fixed 

as follows: 𝜌𝑤 = 998 kg/m3, 𝜈𝑤 = 4.135x10−7𝑚/𝑠  and 𝜇𝑤 = 4.126x10−4𝑁𝑠/𝑚2. 

The most extreme scenario for the gas properties was obtained at 1450 psi and 160 °F. 

The methane properties are at that thermodynamic state are 𝜌𝑚 = 30 kg/m3, 𝜈𝑚 =

2.334x10−7𝑚/𝑠  and 𝜇𝑚 = 7.002x10−6𝑁𝑠/𝑚2. We now can infer the lower and upper 

limits of the key parameters affecting the filling time. Table 3.3 shows the scope of the 

parameter space for chemically homogeneous and heterogeneous surface capillary action.  

Parameter Lower Limit Upper Limit 

𝜌𝑎 =
𝜌𝑑𝑒𝑓

𝜌𝑑𝑖𝑠
 

0.03 33.28 

𝜇𝑎 =
𝜇𝑑𝑒𝑓

𝜇𝑑𝑖𝑠
 

0.0173 58 

Ω =
𝐿

𝑅
 

5 20 

Υ =
Δ𝑃𝑎

𝑘1
 

0.0 1.05 

Table 3.3. Parameter space definition, lower and upper limits. 
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The balance of forces changes as fluid properties of the defending and displacing phases 

are varied. The role of inertial forces in a capillary filling system increases as the density 

ratio becomes greater. Although inertial effects are important in the early times of the 

process, they can impact severely the final capillary filling time if the channel is short 

enough so viscous forces cannot predominate. On the contrary, viscous forces become 

predominant when the velocity parabolic profile is developed, and the dynamic viscosity 

ratio has a great impact on the contact line velocity at this stage.  

The colour-gradient lattice Boltzmann method developed in this research can accurately 

simulate capillary filling processes in chemically homogeneous capillaries for high 

density and viscosity ratios. Simulations results were compared to the modified capillary 

motion equation formerly proposed by Maggi & Alonso-Marroquin (2012) and they are 

in very good agreement. However, the study of the fluid configuration and geometry 

aspect ratio of the capillaries impact on the filling length and time becomes difficult when 

chemically heterogeneous patterned surfaces are in place, due to the complex behaviour 

of the contact line passing through these patterned surfaces. Consequently, a new 

dimensionless equation was derived based on Maggi & Alonso-Marroquin (2012), that 

replaces the capillary length with a fraction of the area/volume of the displacing fluid 

with respect to the total area/volume of the capillary under low capillary numbers, static 

contact angle conditions and no viscous fingering. This change facilitates the study of the 

advancement of the displacing front since any deviation from the analytical solution of  

fraction 𝛼 advancement would indicate viscous fingering or severe deformation of the 

contact line , and hence, more predictable than the shape and position of the contact line.  

Also, by doing a dimensionless analysis of Eq.  3.24, it can be demonstrated that the terms 

associated to capillary forces and external forces are related to the Laplace and Bejan 

numbers, respectively.  

Subsequently, a parameter space that represents a Marcellus shale sample and the possible 

fluid configurations is presented for homogeneous capillary channels. The new parameter 

space is based on shale microchannels, fluids and pressures normally present in the 

physical system (Zheng et al., 2019). In Chapter 4, the author will study the behaviour 

of the contact line in chemically patterned capillary channels. Not only are water, 

compressed gas and light hydrocarbons mapped into a parameter space, but also the 

aspect ratio of the pore-throats, which together can shed light into the filling process of 

symmetrically heterogeneous patterned surfaces. 
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CHAPTER 4 - CONTACT LINE BEHAVIOUR AT THE 

TRANSITION STAGE DURING THE SLIP-STICK PHENOMENA 
 

4.1. Introduction 

 

The lack of understanding of how the contact line behaves when the energy between the 

fluids and the solid surface is subject to a change causing the unbalance of forces, renders 

the predictions for capillary filling inaccurate, especially when the pore-throat aspect ratio 

(lengthpore-throat/diameterpore-throat) is closer to the unity. In Chapter 3, the main mechanics 

and physics of capillary action are studied as well as the modification of analytical 

equations that predict the behaviour of the contact line. We use the understanding of 

chemically homogeneous capillary channel filling acquired in Chapter 3, to analyse the 

perturbation of the interface that produces the slip-stick phenomena.   

In order to study this phenomenon, a systematic study of the variables affecting the 

contact line shape at the point where different surface minerals meet is presented in this 

chapter. First, we will show the concepts involving slip-stick phenomena in chemically 

patterned surfaces. Then, two different processes are analysed: imbibition-to-drainage 

(ItD) and drainage-to-imbibition (DtI), where the distinction between slip and stick 

phenomena arises. Furthermore, the analysis of these processes is performed under two 

different boundary conditions (BCs): velocity-velocity and pressure-pressure.  

4.2. Concepts involving Slip and Stick phenomena 

 

Several simulations have been carried out to analyse the behaviour of the contact line at 

the point of contact angle change from drainage-to-imbibition and vice versa, using 

velocity and pressure boundary conditions. 

As discussed on Chapter 3, when the surface is chemically homogeneous, the process of 

capillary filling follows the course of capillary action. However, when the surface is 

patterned due to chemical heterogeneity, the contact line movement is complex and 

difficult to predict. Pore-throats are bounded to have different mineral configurations, 

which gives rise to the representation of patches of different surface energies along a 

capillary tube. The Contact Line (CL) is the line that intersects the interface of the two 

fluids and the solid surface.  
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Variables that have direct impact on the CL behaviour in a homogenous wet-surface 

capillary has been discussed in the previous chapter. For a capillary containing two wet-

surface sections along the capillary, the point of Contact Angle Change (PCAC) is then 

defined at the interface between the two sections. When the wettability of the two sections 

is not the same, the contact line suffers deformations due to the change of surface energy. 

In the case of an imbibition process occurring in the first contact angle patch switching 

to a drainage process at the PCAC, the contact line stops while the kinetic energy is 

transformed into surface potential energy through the interface change of shape. On the 

other hand, when a drainage process is occurring first, the CL undergoes a dramatically 

fast release of surface potential energy and the CL velocity increases creating capillary 

waves, as proved by Zhou & Sheng (1990) and Ferrari & Lunati (2014), viscous 

dissipation. This gives rise to the stick and slip phenomena. The deformation of the 

meniscus passing through a mineral defect on the surface induces an elastic restoring 

force per unit length. 

 

Figure 4.1. Schematics of solid surface configurations in a drainage-to-imbibition process. The 

darker grey-coloured fluid has affinity to patch B while the lighter grey-coloured fluid has affinity 

to patch A. 
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In order to study the stick-slip phenomena, the rate variation of mechanical energy 

(surface free energy and kinetic energy) is defined as (Ferrari & Lunati, 2014) 

𝜕

𝜕𝑡
(
1

2
𝜌𝑑𝑖𝑠u

2 + 𝜓) = ∇ ∙ [(
1

2
𝜌𝑑𝑖𝑠u

2 + 𝜓)𝐮] +  Eq.  4.1 

∇ ∙ [(−𝑝𝑰 + 2𝜇𝑑𝑖𝑠휀̇ + 𝜸) ∙ 𝐮] − 2𝜇𝑑𝑖𝑠휀̇: 휀̇   

 where 𝜌𝑑𝑖𝑠 is the density of the displacing fluid, 𝜓 is the free-energy density, u the 

average velocity of the fluids, 휀̇ =
1

2
(∇𝐮 + ∇𝐮𝑇) is the rate-of-strain tensor, 𝛾 =

𝜎(𝑰 − 𝒏𝒏) is the surface-stress tensor that describes the effects of the surface tension 𝜎 

and 𝜸: ∇𝐮 =
𝜕

𝜕𝑡
𝜓 + ∇ ∙ (𝜓𝐮) is the free energy density relationship for an incompressible 

isothermal fluid (Landau et al., 1984).  

The first term on the RHS of Eq.  4.1 is the advection energy flux, the second term is the 

work by external forces such as pressure boundary conditions, and the third term is the 

effect of viscous dissipation. If Eq.  4.1 is integrated over the volume of the system, the 

energy balance equation results as (Ferrari & Lunati, 2014) 

𝑑𝐸𝑘

𝑑𝑡
+

𝑑𝐹

𝑑𝑡
= 𝑃 − 𝛷 

Eq.  4.2 

where 𝐸𝑘 = ∫
1

2
𝜌𝑑𝑖𝑠u

2𝑑𝜔
.

𝑉
 is the kinetic energy, 𝐹 = ∫ 𝜓𝑑𝜔

.

𝑉
 is the surface free energy, 

𝑃 = ∫ [(−𝑝𝐈 + 2𝜇𝑑𝑖𝑠휀̇ + 𝜸) ∙ 𝐮] ∙ 𝐧 𝑑𝑠
.

𝑆=𝜕𝑉
 is the power produced by external forces and 

𝛷 = 2∫ 𝜇𝑑𝑖𝑠휀̇: 휀̇ 𝑑𝜔
.

𝑉
 ≥ 0 is the viscous dissipation rate. The advective energy flux is 

neglected because of low capillary numbers and the fluid-fluid interface stays within the 

system. As low capillary numbers and slow flow is considered, under a homogeneous 

surface, the kinetic energy and viscous dissipation terms are neglected, and all work done 

by external forces is converted into surface energy. However, if the velocity is large - as 

it happens when the contact line touches a surface with a lower energy (slip process) – 

the inertial and viscous dissipation effects become important and the rapidly released 

energy is transformed into kinetic energy and viscous dissipation as shown by Eq.  4.2 

(see Figure 4.1). On the contrary, when the fluid-fluid interface touches a surface with a 

higher energy, the kinetic energy available and external force are transformed into surface 

energy and viscous dissipation while the contact line is pinned at the PCAC (see Figure 

4.2).  

As described by Zhou & Sheng (1990) , Wang et al. (2008) and Ferrari & Lunati (2014) 

the change in surface energy generates capillary waves on the fluid-fluid interface, which 
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dissipate exhibiting a damped-oscillator behaviour, and produce the extra viscous 

dissipation jumps observed by Wang et al. (2008) and Liu & Chen (2017). Although the 

rate of energy dissipation in two-phase diffusive interface numerical methods contains 

four different sources: shear viscosity Rv, the contact line slip Rs, and diffusion by the 

phase field in the bulk caused by the nature of the diffusive interface Rd , and the 

wettability condition at the solid surface Rr, which accounts for the diffuse-interface 

interfacial slip at the vicinity of the CL even if the no-slip boundary condition is satisfied. 

Wang et al. (2008) found the shear viscosity dissipation Rv is the source that contributes 

the most to the total energy dissipation. Hence, the viscous dissipation is defined as (X. 

Wang et al., 2008) 

𝑅𝑣 = ∫𝑑𝑟 [
𝜈𝑑𝑖𝑠

2
(𝜕𝑖u𝑗 + 𝜕𝑗u𝑖)

2
] 

Eq.  4.3 

 

Figure 4.2. Schematics of solid surface configurations in an imbibition-to-drainage process. The 

darker grey-coloured fluid has affinity to patch B while the lighter grey-coloured fluid has affinity 

to patch A. 
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Minimising the surface energy of the system, the evolution of the contact angle at the 

PCAC can be predicted analytically as proposed by Xu & Wang (2011). However, 

because the pseudo-model did not study the impact of boundary conditions, or density-

viscosity ratios on the behaviour of the CL at the transition stage, that model is not 

sufficient for the purposes of this work.  

4.3. Impact of boundary conditions and density-viscosity ratios on the slip and 

stick phenomena – design of cases 

 

The behaviour of the Contact Line (CL) is the subject of study in this section under 

different multiphase properties and flow conditions. Table 4.1. shows the fluid 

configurations based on water-hexane and water-methane displacements using velocity-

velocity and pressure-pressure boundary conditions.  For all velocity-velocity boundary 

conditions, a constant velocity is imposed at the inlet and outlet of the domain. In Cases 

1-4, the velocity boundary condition was set to u𝑖𝑛 = u𝑜𝑢𝑡 = 0.0001. Whereas the 

pressure-pressure boundary conditions (Cases 5-8) were set so the pressure drop ∆𝑃 =

1.1𝑃𝑐, where 𝑃𝑐 is the capillary pressure of the system. The contact angle chosen to 

calculate 𝑃𝑐 is the drainage part contact angle. The boundary conditions were 

implemented using the model proposed by Leclaire et al. (2017). 

Note that cases where (ρR, µR) = (0.1, 0.05) are referred low-density and low-viscosity, 

LD-LV while cases where (ρR, µR) = (0.02, 0.01) high-density and high-viscosity, HD-

HV in this section. The simulations are performed on a 350x100 capillary channel. The 

main objective of this section is to analyse the behaviour of the CL during the slip and 

stick phenomena. This analysis clarifies the role of density-viscosity ratios as well as the 

impact of having a constant pressure drop along the channel by studying the viscous 

dissipation Rv.   

Case 
𝝆𝑹 =

𝝆𝒅𝒆𝒇

𝝆𝒅𝒊𝒔
 𝝁𝑹 =

𝝁𝒅𝒆𝒇

𝝁𝒅𝒊𝒔
 

Fluid 

Contrasts 

BC Type Process 

Case 1 0.1 0.05 LD-LV Vel-Vel ItD 

Case 2 0.1 0.05 LD-LV Vel-Vel DtI 

Case 3 0.02 0.01 HD-HV Vel-Vel ItD 

Case 4 0.02 0.01 HD-HV Vel-Vel DtI 
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Case 5 0.1 0.05 LD-LV Pres-Pres ItD 

Case 6 0.1 0.05 LD-LV Pres-Pres DtI 

Case 7 0.02 0.01 HD-HV Pres-Pres ItD 

Case 8 0.02 0.01 HD-HV Pres-Pres DtI 

Table 4.1. Fluid configuration and BC type for different cases. 

4.3.1. Case 1: Low-Density Low-Viscosity Ratio Imbibition-to-Drainage Displacement 

using Velocity-Velocity Boundary Conditions 

 

The first case to be analysed is a low-density low-viscosity ratio fluid configuration under 

a constant velocity boundary condition at the west and east boundaries. Liu & Chen 

(2017) studied how the CL transitions from one contact angle surface to another where 

the boundary conditions used were limited to velocity (inlet)-velocity (outlet) and a light 

fluid being displaced by a denser one. However, they did not address fluid properties such 

as density-viscosity ratios, geometric aspect ratio of the channel, nor the influence of 

boundary conditions such as pressure-pressure at the inlet/outlet, which as demonstrated 

by Eq.  4.2, have great influence on the stick-slip phenomena.  

 

Figure 4.3. a. Dimensionless CL position for the LD-LV case, with velocity boundary conditions and 

velocity of the CL using velocity boundary conditions. 

Figure 4.3 a. shows the dimensionless position of the CL vs. dimensionless time. Three 

different areas can be identified: first, the imbibition period from ta = 0.0 to ta = 127, 

where Maggi’s equation accurately predicts the capillary filling profile, until patch A is 

reached and the CL reduces its velocity dramatically, also known as the stick 
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phenomenon. In these simulations, although the CL should physically stop and get 

pinned, the CL does not completely stop because the numerical model is based on a 

diffuse interface as stated by Wang et al. (2008), where the diffuse-interface provides  an 

effective interfacial slip at the vicinity of the CL even if the no-slip boundary condition 

is satisfied. Whereas a sharp interface description would yield a completely different 

dynamic behaviour. Figure 4.4 a. illustrates how the dimensionless CL position evolves 

in contrast to the parameter α, which does not show the stick phenomenon of the CL due 

to the constant evolution of the area invaded by the displacing fluid (from ta = 127 to ta = 

232). In Figure 4.4 b., the behaviour of the surface area of the interface between the two 

fluids S is plotted against the dimensionless time, indicating the shift in surface energy 

due to the change of contact angle from 60° to 120° (imbibition to drainage). In this case, 

the arc length formed as the meniscus is reduced as the contact angle grows until the 

interface is flat. Then, as the contact angle surpasses 90°, the arc length starts to increase 

again, as shown in Figure 4.4 b., until the static contact angle of strip A is reached. 

Consequently, the drainage process begins, and the CL starts moving (from ta = 232).  

 

Figure 4.4. a. Comparison between the dimensionless CL position and the α parameter vs 

dimensionless time. b. Interface surface area vs dimensionless time. 

As the boundary condition (BC) used in this simulation is constant velocity (constant 

flux) at the inlet and outlet boundaries, the pressure drop severely adjusts for the nature 

of the process at hand (imbibition or drainage) and the pressure drop is negative for the 

imbibition part of the simulation as mentioned in Chapter 3. At the 90° contact angle, 

the forces will be balanced to satisfy a given BC. If the surface force is introduced to act 

on the displacing fluid flow positively or negatively, that force would accelerate or 

decelerate the fluid and alter the velocity. Given the velocity BC, a force negative or 

positive must be induced so that the velocity BC can be maintained. As a result, the 

pressure drop will be adjusted accordingly. The pressure drop decreases or increases for 

a. b. 
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imbibition and drainage, respectively. In the same manner, as the fluid system transitions 

from imbibition to drainage due to the change of contact angle on the solid surface, the 

pressure drop switches from negative to positive as the invading fluid shifts into a 

drainage process. So the Bejan number (Be), which characterises the ratio of the pressure 

drop force over the viscous force, is used to characterise the variations of the two forces 

in (dimensionless) time for this case as shown in Figure 4.5 It is noted that the sign of 

the Be changes from negative to positive as an indication of change of process (imbibition 

to drainage) and that the absolute value of the Be is almost the same for both imbibition 

and drainage, this may be because the contact angle in strip A and B are equidistant from 

90° (60° and 120°) and the pressure drop is adjusted to satisfy the constant velocity 

boundary condition.   

 

Figure 4.5. Bejan number vs dimensionless time. 

In terms of surface energy, when the CL approaches the start of strip A at ha = 0.5, part 

of the kinetic energy is transformed into surface energy as shown by Eq.  4.2, as the 

interface area changes as illustrated in Figure 4.4 b., and part of that kinetic energy is 

viscously dissipated into the fluids. Figure 4.6 demonstrates the viscous dissipation (Rv) 

due to the transition from imbibition to drainage. The viscous dissipation Rv is minimum 

when pure imbibition and drainage are proceeding and Maggi’s equation predicts the 

behaviour of the CL, while Rv has its maximum when the CL is transitioning between 

these two processes. The minimum viscous dissipation observed is a consequence of the 

small spurious currents caused by the LB method used in this work, but the simulations 
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velocity profile still fits the parabolic analytical solution velocity profile along the 

channel.  

 

Figure 4.6. Viscous dissipation vs dimensionless time. 

Addressing the viscous dissipation of the system is of great importance because it allows 

the calculation of the transition time, by addressing the aperture of the disturbance 

generated by the change of state (imbibition to drainage). In this case, the transition time 

using Rv correlates with the time the interface gets pinned at the PCAC in Figure 4.3Figure 

4.5. (from ta = 127 to ta = 232). Consequently, as soon as the contact line starts moving, 

Maggi’s equation can be used to predict the position and time of the CL as it includes 

inertial forces and dissipation forces at the entrance of the capillary channel. Figure 4.7 

shows the velocity vector field and the phase field showing the position of the two fluid 

phases. The heavier displacing fluid is represented by dark grey and the lighter displaced 

fluid is represented by light grey. The meniscus at 𝑡𝑎 = 59.76 shows an imbibition 

process, with small spurious currents around the fluid-fluid interface, specially at the 

lighter fluid bulk near the fluid-fluid interface. At 𝑡𝑎 = 175.3, the interface is mostly flat, 

and the velocity of the CL is nearly zero. However, the interface is constantly changing 

shape, causing the viscous dissipation to increase to its maximum at this point. After the 

interface stops changing shape, capillary waves dissipate, and the interface adopts the 

drainage shape. The CL starts moving, the parabolic velocity profile is formed again and 

Maggi’s equation becomes valid again, while the near-interface small spurious currents 

remain until the end of the displacement.  
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Figure 4.7. Velocity vector field a different ta. a. Imbibition. b. Imbibition-to-

drainage transition. c. Drainage. Oscillation of the interface is not observed in this 

imbibition-to-drainage case. 

4.3.2. Case 2: Low-Density Low-Viscosity Ratio Drainage-to-Imbibition Displacement 

using Velocity-Velocity Boundary Conditions  

 

In this section, the behaviour of the CL is studied under a velocity-velocity boundary 

condition in a drainage-to-imbibition process. The fluid configuration corresponds to a 

low-density-low-viscosity-ratio system under a constant velocity boundary condition at 

the west and east boundaries. The transition of the CL from patch A to patch B, resembles 

a drainage-to-imbibition process (DtI), where the displacing fluid is the denser one as in 

the ItD case analysed before.  

Due to the slip phenomenon described in section 4.2, the CL undergoes a fast “jump” 

from patch A to patch B and the interface area is deformed due to the change in contact 

a. 𝑡𝑎 = 59.76 

b. 𝑡𝑎 = 175.3 

c. 𝑡𝑎 = 310.8 
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angle. Depending on the interfacial tension, dynamic viscosity ratio, capillary radius and 

change in contact angle, the interface shape will behave and take its steady meniscus 

shape at a different pace according to these parameters. As the capillary waves dissipate, 

the CL has jumped a distance d and the transition period ends. Figure 4.8 a. and b. show 

the CL position and velocity in time. It illustrates an interesting phenomenon that, to the 

best of my knowledge and the literature review done for this thesis, has not been studied 

before. As shown in Figure 4.8 a., at 𝑡𝑎 = 198, the interface experiences the so-called 

slip. Although this process is almost instantaneous, from 𝑡𝑎 = 198 to 𝑡𝑎 = 207 both the 

CL position and velocity experience a damped-oscillator behaviour, trending to the 

constant velocity imposed by the boundary conditions.  This phenomenon was observed 

by Liu & Chen (2017) as an over-damped-oscillator where no oscillation occurs for a 

high-density-high-viscosity-ratio system. However, the results of the simulations done in 

this study suggest that the density-viscosity ratios influence the type of oscillation of the 

contact line position and velocity, damped by viscous dissipation.  

 

Figure 4.8. a. Dimensionless CL position and CL velocity for the LD-LV DtI case. b. Zoom-in into 

the CL position and velocity of the transition stage. 

Figure 4.8 a. shows the dimensionless position and velocity of the CL vs. dimensionless 

time. Three different areas can be identified as well as in the ItD case: first, the drainage 

period from ta = 0.0 to ta = 198, where Maggi’s equation accurately predicts the capillary 

filling profile, until strip B is reached and the CL increases its velocity dramatically.  

Figure 4.9 a. illustrates how the dimensionless CL position evolves in contrast to the 

parameter α, which also reassembles the slip phenomenon of the CL. However, the 

disturbance in the latter is weaker.  

In  

b. a. 
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Figure 4.9 b., the behaviour of the arc length of the interface between the two fluids S is 

plotted against the dimensionless time, indicating the drop in surface energy of the fluids 

with the solid surface due to the change of contact angle from 120° to 60° (drainage to 

imbibition), and consequently, its transformation into kinetic energy and viscous 

dissipation. In this case, the arc length is almost instantly changed (from 𝑡𝑎 = 198  to 

𝑡𝑎 = 207), the CL contact angle switches to match the strip B static contact angle, while 

the disturbance along the interface propagates to reach the centre of the meniscus the 

interface is deformed into a combination of shapes (convex on the edges and concave in 

the middle from the perspective of the displacing fluid). Then, the interface shape 

becomes fully convex reassembling the imbibition process. Consequently, Maggi’s 

equation can be applied from 𝑡𝑎 = 207.  

 

 

 

 

 

 

 

Figure 4.9. a. Comparison between the dimensionless CL position and the α parameter vs 

dimensionless time. b. Interface arc length vs dimensionless time. 

As the boundary condition (BC) used in this simulation is constant velocity (constant 

flux) at the inlet and outlet boundaries, the pressure drop severely adjusts for the nature 

of the process at hand (drainage to imbibition) and the pressure drop (∆𝑃 = 𝑃𝑖𝑛𝑙𝑒𝑡 −

𝑃𝑜𝑢𝑡𝑙𝑒𝑡) is positive during the drainage stage of the simulation. In the same manner, as the 

fluid system transitions from drainage to imbibition due to the change of contact angle on 

the solid surface, the pressure drop switches from positive to negative as the invading 

fluid shifts into an imbibition process. This is consistent with the simulations done under 

the same conditions for the ItD case.  

Figure 4.10 illustrates the variation of the Bejan number (Be) in dimensionless time. In 

this case, a damped-oscillator behaviour is observed immediately after the switching of 

contact angles due to the propagation of capillary waves predicted by Zhou & Sheng 

(1990) and Ferrari & Lunati (2014). The pressure drop is more susceptible to this 

a. b. 
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phenomenon, also observed in the CL position and velocity probably because the wave 

propagation effect is being amplified by the severe change in magnitude of the pressure 

drop. 

 

Figure 4.10. Bejan number vs dimensionless time. 

In terms of surface energy, when the CL approaches the start of strip B at ha = 0.5, a 

fraction of the excess in surface energy is transformed into kinetic energy as shown by 

Eq.  4.2, as the interface arc length changes as illustrated in  

Figure 4.9 b., and another fraction of that excess in surface energy is viscously dissipated 

into the fluids.  

Figure 4.11 demonstrates the viscous dissipation (Rv) due to the transition from drainage 

to imbibition. The viscous dissipation Rv is minimum when pure drainage and imbibition 

are proceeding and Maggi’s equation predicts the behaviour of the CL, while Rv has its 

maximum when the CL is transitioning between these two processes. As observed in the 

ItD case before, the minimum viscous dissipation observed is a consequence of the small 

spurious currents caused by the LB method used in this work, but the simulations velocity 

profile still fits the parabolic analytical solution velocity profile along the channel.  
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Figure 4.11. a. Viscous dissipation vs dimensionless time. b. Viscous dissipation vs dimensionless 

position associated to the dimensionless time. 

Figure 4.11 is congruent with the viscous dissipation presented by Wang et al. (2008), 

while the work of Liu & Chen (2017) shows a steadily increasing Rv, the latter may be 

attributed to their implementation of the velocity-velocity boundary conditions or the 

dynamic contact angle model implemented by Liu & Chen (2017). Addressing the 

viscous dissipation of the system is of great importance because it allows the calculation 

of the transition distance d, since the process is practically instant as shown in Figure 4.11 

a., the transition time is very small and can be neglected. However, the CL due to the fast 

switch moves a considerable distance. By addressing the magnitude of the disturbance 

generated by the change of state (drainage to imbibition) in a Rv vs ha plot, the transition 

stage can be studied. In this case, the transition distance d using Rv correlates with the 

distance the interface travel during the transition between drainage and imbibition, as 

shown in Figure 4.11 b. (from ℎ𝑎 = 0.5 to ℎ𝑎 = 0.555). Consequently, as soon as the 

viscous dissipation reaches its minimum, Maggi’s equation can be used to predict the 

position and time of the CL.  

Figure 4.18. shows the velocity vector field and the phase field showing the position and 

area invaded by the two fluid phases. The heavier displacing fluid is represented by dark 

grey and the lighter displaced fluid is represented by light grey. The concave meniscus at 

𝑡𝑎 = 55.77 shows a drainage process, with small spurious currents around the fluid-fluid 

interface, specially at the right-hand side of the CL (where the less dense fluid is). At 

𝑡𝑎 = 199.93, the interface is a mixture of convex (near the solid) and concave (at the 

middle of the channel) shapes, and the velocity of the CL is at its maximum.  

a. b. 
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Moreover, the interface is constantly changing shape, causing the viscous dissipation to 

increase to its maximum at this point as shown by Eq.  4.2. Vortexes are created due to 

the capillary waves generated by the slip process and are quickly dispersed through the 

domain  (Zhou & Sheng, 1990). Figure 4.12. d. shows two consecutive pair of vortexes 

of different magnitude, even though the shape of the interface is already formed 

completely. When Rv reaches a minimum again, capillary waves completely dissipate. 

The CL reduces its velocity dramatically, and the parabolic velocity profile is formed 

again rendering Maggi’s equation valid, while the near-interface small spurious currents 

remain until the end of the displacement (Figure 4.12. e.).  

 

Figure 4.12. Velocity vector field at different stages. a. Initial drainage stage. b. Drainage-to-

imbibition stage, interface as a mixture of convex and concave shapes. c. Intermediate contact 

angle, with fully convex interface and capillary waves propagating through the domain. d. Vortexes 

formed after the interface is fully developed into the new imbibition shape with strip B static 

contact angle. d. Final imbibition stage. 

4.3.3. Case 3: High-Density High-Viscosity Ratio Imbibition-to-Drainage 

Displacement using Velocity-Velocity Boundary Conditions  
 

The transition of the CL from patch B to patch A, corresponds to an imbibition-to-

drainage process (ItD) as well as Case 1, where the displacing fluid is the denser one. Due 

to the stick phenomenon, the CL is pinned at the intersection between patch B and patch 

a. 𝑡𝑎 = 55.77 b. 𝑡𝑎 = 199.93 

c. 𝑡𝑎 = 200.10 d. 𝑡𝑎 = 200.61 

e. 𝑡𝑎 = 302.78 
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A while the interface area changes from an imbibition to a drainage meniscus as the 

contact angle increases.  

The CL is de-pinned when the static contact angle of patch A is reached, and Maggi’s 

equation starts to govern again the CL movement.  

 

Figure 4.13. a. Dimensionless CL position for the ItD-HD-HV case and velocity of the CL using 

velocity boundary conditions. 

Figure 4.13 a. shows the dimensionless position of the CL vs. dimensionless time. Three 

different areas can be identified: first, the imbibition period from ta = 0.0 to ta = 99, where 

Maggi’s equation accurately predicts the capillary filling profile, until strip A is reached 

and the CL reduces its velocity dramatically, also known as the stick phenomenon. In 

these simulations, the CL does not completely stop because the numerical model is based 

on a diffuse interface as expressed in Case 1. Figure 4.14 a. illustrates how the 

dimensionless CL position evolves in contrast to the parameter α, which does not show 

the stick phenomenon of the CL due to the constant evolution of the area invaded by the 

displacing fluid (from ta = 99  to ta = 251).  

In Figure 4.14 b, the behaviour of the surface area of the interface between the two fluids 

S is plotted against the dimensionless time, indicating the shift in surface energy due to 

the change of contact angle from 60° to 120°. The arc length formed is reduced as the 

contact angle increases until the interface is flat just as the LD-LV case. Then, as the 

contact angle surpasses 90°, the arc length starts to increase again, as shown in Figure 
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4.14 b., until the static contact angle of strip A is reached. Consequently, the drainage 

process begins, and the CL starts moving (from ta = 251).  

 

Figure 4.14. a. Comparison between the dimensionless CL position and the α parameter vs 

dimensionless time in an ItD HD-HV case. b. Interface surface area vs dimensionless time for the 

same case. 

As the boundary condition (BC) used in this simulation is constant velocity (constant 

flux) at the inlet and outlet boundaries, the pressure drop severely adjusts for the nature 

of the process at hand (ItD) and the pressure drop is negative for the imbibition part of 

the simulation. This means the spontaneous imbibition is faster than the enforced 

inlet/outlet velocity boundary condition, and the pressure drop needs to be negative so it 

can deaccelerate the fluids to match the imposed BC velocity as stated in the LD-LV case.  

Figure 4.15 illustrates the Bejan number (Be). It is noted that the absolute value of the 

Be is almost the same for both imbibition and drainage, this may be because the contact 

angle in patch A and B are equidistant from 90° (60° and 120°) and the pressure drop is 

adjusted to satisfy the constant velocity boundary condition.  Also, the Bejan numbers are 

the same for both systems LD-LV and HD-HV since the more viscous fluid has the same 

dynamic viscosity in both cases. 

a. b. 
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Figure 4.15. Bejan number vs dimensionless time in an ItD high-density-high-viscosity-ratios case. 

As the kinetic energy is transformed into surface energy when the CL approaches the start 

of strip A at ha = 0.5, the interface arc length changes as portraited in Figure 4.14 b., 

where part of the kinetic energy is diffused into the fluids by viscous dissipation. Figure 

4.16. demonstrates the viscous dissipation (Rv) due to the transition from imbibition to 

drainage. The viscous dissipation Rv shares its behaviour with the LD-LV case, where it 

has its minimum when pure imbibition and drainage are proceeding and Maggi’s equation 

predicts the behaviour of the CL, while Rv has its maximum when the CL is transitioning 

between these two processes.  

 

Figure 4.16. Viscous dissipation vs dimensionless time in an ItD HD-HV-R case. 

The transition time (aperture of the disturbance) using Rv correlates with the time the 

interface gets pinned at the PCAC in Figure 4.13. (from ta = 99 to ta = 251). 

Consequently, as soon as the interface starts moving, Maggi’s equation can be used to 
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predict the position and time of the CL. Figure 4.17 shows the velocity vector field and 

the phase-field showing the position of the two fluid phases. The denser displacing fluid 

is represented by dark grey and the lighter displaced fluid is represented by light grey. 

The meniscus at 𝑡𝑎 = 59.76 shows an imbibition process, with small spurious currents 

around the fluid-fluid interface, specially at the right-hand side of the CL. At 𝑡𝑎 =

163.34, the interface is mostly flat, and the velocity of the CL is nearly zero. However, 

the interface is constantly changing shape, causing the viscous dissipation to increase to 

its maximum at this point. After the interface stops changing shape, capillary waves 

dissipate, and the interface adopts the drainage shape. The CL starts moving, the parabolic 

velocity profile is formed again, and Maggi’s equation becomes valid, while the near-

interface small spurious currents remain until the end of the displacement.  
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Figure 4.17. Velocity vector field of an ItD HD-HV process at different ta. a. Imbibition. b. 

Imbibition-to-drainage transition. c. Drainage. 

4.3.4. Case 4: High-Density High-Viscosity Ratio Drainage-to-Imbibition 

Displacement using Velocity-Velocity Boundary Conditions  
 

In this case, a drainage-to-imbibition process is studied, where velocity boundary 

conditions were imposed at the east and west boundaries to study the slip phenomenon 

and the impact of density and viscosity ratios on the CL behaviour.  

As mentioned before, Liu & Chen (2017) suggested a filament-based model for a gas-

liquid system to represent the slip process. Their mathematical model for the velocity of 

a.        𝑡𝑎 = 59.76 

b.      𝑡𝑎 = 163.34 

c.       𝑡𝑎 = 318.72 
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the CL is based on an over-damped oscillator which is also the behaviour observed in this 

work for the high density and viscosity ratios. The transition of the CL from patch A to 

patch B, resembles a drainage-to-imbibition process (DtI), where the displacing fluid is 

the denser one as in the ItD case analysed before. After the CL jumps a distance d, the 

capillary waves dissipate through the system by viscous dissipation. Then, the velocity-

velocity boundary condition adds an additional opposing force to the flow while the CL 

starts an imbibition process, where Maggi’s equation starts to predict again the CL 

behaviour. 

Figure 4.18 shows the CL position and velocity in time. As shown in Figure 4.18 a., at 

𝑡𝑎 = 221.5, the interface experiences the slip phenomenon. Although this process is 

almost instantaneous, from 𝑡𝑎 = 221.5 to 𝑡𝑎 = 223 both the CL position and velocity 

experience an over-dumped-oscillator behaviour, trending to the constant velocity 

imposed by the boundary conditions. This phenomenon was observed by Liu & Chen 

(2017) as well where an over-damped  oscillation occurs for a high-density-high-

viscosity-ratio system.  

 

Figure 4.18. a. Dimensionless CL position and CL velocity for the HD-HV DtI case. b. Zoom-in into 

the CL position and velocity of the transition period. 

Figure 4.19 a. illustrates how the dimensionless CL position evolves in contrast to the 

parameter α, which also reassembles the slip phenomenon of the CL. In Figure 4.19 b., 

the behaviour of the arc length of the interface between the two fluids S is plotted against 

the dimensionless time, indicating the drop in surface energy due to the change of contact 

angle from 120° to 60° (drainage to imbibition), and consequently, its transformation into 

kinetic energy and viscous dissipation as it occurred in the DtI LD-LV case. Then, the 

interface shape becomes fully convex reassembling the imbibition process.  

b. a. 
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Figure 4.19. a. Comparison between the dimensionless CL position and the α parameter vs 

dimensionless time in a DtI HD-HV case. b. Interface arc length vs dimensionless time. 

As the boundary condition (BC) used in this simulation is constant velocity (constant 

flux) at the inlet and outlet boundaries, the pressure drop severely adjusts for the nature 

of the process and the pressure drop (∆𝑃 = 𝑃𝑖𝑛𝑙𝑒𝑡 − 𝑃𝑜𝑢𝑡𝑙𝑒𝑡) is positive during the 

drainage stage of the simulation. The pressure drop switches from positive to negative as 

the invading fluid shifts into an imbibition process so it can deaccelerate the fluids to 

match the imposed BC velocity as it occurs in the DtI LD-LV case.   

Figure 4.20 illustrates the Bejan number (Be). It is noted that the absolute value of the 

Be is almost the same for both imbibition and drainage, this may be because the contact 

angle in strip A and B are equidistant from 90° (60° and 120°). Also, an over-damped-

oscillator behaviour is observed immediately after the switching of contact angles. The 

pressure drop is more susceptible to this phenomenon, also observed in the CL position 

and velocity, showing the effect analysed before in this section caused by the capillary 

waves generated by the slip of the CL. 

 

Figure 4.20. Bejan number vs dimensionless time in a DtI HD-HV case. 

 

a. b. 
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Figure 4.21 shows the viscous dissipation (Rv) due to the transition from drainage to 

imbibition. The viscous dissipation Rv is minimum when pure drainage and imbibition 

are proceeding and Maggi’s equation predicts the behaviour of the CL, while Rv has its 

maximum when the CL is transitioning between these two processes. As observed in the 

DtI LD-LV case before, the minimum viscous dissipation observed is a consequence of 

the small spurious currents caused by the LB method used in this work, but the 

simulations velocity profile still fits the parabolic analytical solution velocity profile 

along the channel.  

 

Figure 4.21. a.Viscous dissipation vs dimensionless time in a DtI HD-HV case. b. Viscous dissipation 

vs dimensionless position associated to the dimensionless time. 

The transition time is exceedingly small and can be neglected. Instead, a distance d shown 

in Figure 4.21 b. is identified to characterise the transition between the two phenomena. 

In this case, the transition distance d using Rv correlates with the distance the interface 

travel during the transition between drainage and imbibition, as shown in Figure 4.18 b. 

(from ℎ𝑎 = 0.5 to ℎ𝑎 = 0.595). Therefore, Maggi’s equation can be used to predict the 

position and time of the CL as soon as the viscous dissipation reaches its minimum,  

Figure 4.22 shows the velocity vector field and the phase field showing the position and 

area invaded by the two fluid phases. The heavier displacing fluid is represented by dark 

grey and the lighter displaced fluid is represented by light grey. The concave meniscus at 

𝑡𝑎 = 59.76 shows a drainage process, with small spurious currents around the fluid-fluid 

interface, where most of these currents are on the right-hand side of the CL (where the 

less dense and viscous fluid is).  

At 𝑡𝑎 = 221.49, the interface is a mixture of convex (near the solid walls) and concave 

(near the centre of the channel) shapes, and the velocity of the CL is at its maximum. 

a. b. 



   
 

77 
 

Vortexes are created due to the capillary waves generated by the slip process and are 

dispersed through the domain. Even though the shape of the interface has fully developed 

in Figure 4.22  d. two consecutive pair of vortexes of different magnitude can be seen, as 

well as the DtI LD-LV case. When Rv reaches a minimum again, capillary waves 

completely dissipate. The CL reduces its velocity dramatically, and the parabolic velocity 

profile is formed again rendering Maggi’s equation valid, while the near-interface small 

spurious currents remain until the end of the displacement (Figure 4.22  e.).  

 

Figure 4.22. Velocity vector field at different stages. a. Initial drainage stage. b. Drainage-to-

imbibition stage, interface as a mixture of convex and concave shapes. c. Intermediate contact 

angle, with fully convex interface and capillary waves propagating through the domain. d. Vortexes 

formed after the interface is fully developed into the new imbibition shape with strip B static 

contact angle. d. Final imbibition stage. 

4.3.5. Case 5: Low-Density Low-Viscosity Ratio Imbibition-to-Drainage Displacement 

using Pressure-Pressure Boundary Conditions  
 

To the best of my knowledge, there is not a study in the literature addressing the impact 

of constant pressure drop on the behaviour of the CL when undergoing a change in surface 

energy. The transition of the CL from patch B to patch A, corresponds to an Imbibition-

to-Drainage process (ItD), where the displacing fluid is the denser one.  

a. 𝑡𝑎 = 59.76 b. 𝑡𝑎 = 221.49 

c. 𝑡𝑎 = 222.86 

d. 𝑡𝑎 = 330.67 

e. 𝑡𝑎 = 223.55 
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Figure 4.23. a. Dimensionless CL position for the LD-LV case, and velocity of the CL using 

pressure boundary conditions. b. Zoom into the transition stage. 

Figure 4.23 a. and b. show the dimensionless position of the CL vs. dimensionless time. 

Three different stages can be identified also in this simulation: first, the imbibition period 

from ta = 0.0 to ta = 1.5, where Maggi’s equation accurately predicts the capillary filling 

profile with increasing contact angle and acceleration due to the high velocity of the CL 

and the nature of the pressure boundary condition even at low pressure gradients, the CL 

velocity would be high due to the action of the capillary force during imbibition, until 

patch A is reached in a second stage and the CL reduces its velocity dramatically as 

experienced in the velocity-velocity-controlled boundary condition ItD cases. Also, the 

CL does not stop completely due to the diffuse interface nature already discussed in this 

work. Then, a capillary filling drainage pattern with constant pressure drop is shown 

(from 𝑡𝑎 = 1.9 to 𝑡𝑎 = 39.5) and well represented by Maggi’s solution.  

It is important to address the length the CL is able to advance in this drainage zone 

according to: first, the momentum of the CL when the change in surface energy affects 

the interface (Xu & Wang, 2011), and second, the pressure drop and its relative value to 

the capillary pressure and viscous dissipation force. Because this stage is a homogeneous 

contact angle region, the CL obeys Maggi’s equation and the maximum length the CL 

can reach can be calculated analytically as shown by Diotallevi et al. (2008). Figure 4.24 

a. illustrates how the dimensionless CL position evolves in contrast to the parameter α. 

The constant evolution of the area invaded by the displacing fluid during the transition 

stage does not permit the stick phenomenon to be represented (from ta = 1.4 to ta = 1.9).  

In Figure 4.24  b., the behaviour of the surface area of the interface between the two 

fluids S is plotted against the dimensionless time, indicating the shift in surface energy 

due to the change of contact angle. Due to the high velocity of the imbibition process with 

the additional force provided by the external pressure boundary condition, the contact 
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angle is increased according to Cox’s law during the imbibition process. Consequently, 

the drainage process begins, and the CL starts moving (from ta = 1.9).  

 

Figure 4.24. a. Comparison between the dimensionless CL position and the α parameter vs 

dimensionless time. b. Interface surface area vs dimensionless time. 

 As the boundary condition (BC) used in this simulation is a constant pressure drop across 

the inlet and outlet boundaries, the velocity of the CL severely adjusts for the nature of 

the process (imbibition or drainage) and the velocity is extremely high for the imbibition 

stage, causing an apparent contact angle greater than the imposed static contact angle. As 

the fluid system transitions from imbibition to drainage due to the change of contact angle 

on the solid surface, the momentum is quickly reduced as the invading fluid shifts into a 

drainage process. The surface energy changes constantly as the apparent contact angle 

increases with velocity (on B surface) due to the velocity of the imbibition process and 

the small pressure drop imposed as external BC. When the CL approaches the start of 

strip A at ha = 0.5, part of the kinetic energy is transformed into surface energy, and part 

of that kinetic energy is viscously dissipated into the fluids.  

Figure 4.25 shows the viscous dissipation (Rv) due to the transition from imbibition to 

drainage. The viscous dissipation Rv is increased as it advances through the imbibition 

part of the system because the CL changes its shape (see Figure 4.24 b.) to match the 

apparent contact angle produced by the high velocity of the CL. When the CL encounters 

strip A, the viscous dissipation reaches its maximum value, to subsequently decrease 

dramatically to a constant minimum value during the drainage stage. Although it is 

difficult to obtain the start of the transition stage using the viscous dissipation, Rv can be 

useful to acquire the end time of the transition stage, in this case being 𝑡𝑎 = 7.1. This 

behaviour differs from the one observed under velocity-velocity boundary conditions 

with the same fluid configuration (Case 1). In Case 1, as soon as the contact angle reached 
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the static contact angle of strip A, the CL started moving with a steady interface shape 

and length. However, in this case of study (Case 5), under pressure-pressure boundary 

conditions, the CL is deformed and elongated before restoring itself to a steady interface 

shape. This phenomenon happens due to the high momentum the CL has at the moment 

it reaches strip A, where the momentum force acting on the centre of the interface is 

higher than the surface force acting on the contact line. Thus, the CL starts moving 

forward and a steady shape is formed. Figure 4.24 b. shows this process from 𝑡𝑎 = 2.4 

to 𝑡𝑎 = 7.1 where S is increased (elongated interface), and then restored to a constant 

value.    Moreover, the start of the transition stage can be obtained using the filling profile 

shown in Figure 4.23Figure 4.10 a. where the CL is pinned at 𝑡𝑎 = 1.5.  

 

Figure 4.25. Viscous dissipation vs dimensionless time. 

Consequently, as soon as the interface reaches a steady shape (𝑡𝑎 = 7.1), Maggi’s 

equation can be used to predict the position and time of the CL. Figure 4.26 shows the 

velocity vector field and the phase field showing the position of the two fluid phases. The 

heavier displacing fluid is represented by dark grey and the lighter displaced fluid is 

represented by light grey. The meniscus at 𝑡𝑎 = 0.9163 shows an imbibition process, 

with small spurious currents around the fluid-fluid interface, specially at the right-hand 

side of the CL. At 𝑡𝑎 = 1.7131, the interface is mostly flat, and the velocity of the CL is 

nearly zero. However, the interface is constantly changing shape, causing the viscous 

dissipation to increase to its maximum at this point. At 𝑡𝑎 = 2.1115, the interface length 

is increased due to the high momentum of the fluids, and moves faster than the CL, 

making the interface to elongate, then it is restored to the minimum level of surface energy 
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imposed by the new contact angle. The CL starts moving with a parabolic velocity profile 

again and Maggi’s equation becomes valid to describe the behaviour of the CL, while the 

near-interface small spurious currents remain until the end of the displacement.  

 

Figure 4.26. Velocity vector field a different ta. a. Imbibition. b. Imbibition-to-drainage transition. 

c. Drainage. 

4.3.6. Case 6: Low-Density Low-Viscosity Ratio Drainage-to- Imbibition 

Displacement using Pressure-Pressure Boundary Conditions  
 

In this section, the behaviour of the CL is studied in a drainage-to-imbibition process, 

also known in the literature as the slip phenomenon. The fluid configuration represents a 

a. 𝑡𝑎 = 0.9163 

b. 𝑡𝑎 = 1.7131 

c. 𝑡𝑎 = 2.1115 

d. 𝑡𝑎 = 11.1552 
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low-density-low-viscosity-ratio system under a constant pressure boundary condition at 

the west and east boundaries.  

As the capillary waves dissipate, the CL has jumped a distance d and the transition stage 

ends as predicted by Xu & Wang (2011) and Diotallevi et al. (2008). Then, Maggi’s 

equation starts to govern again the CL movement in an imbibition process with additional 

driving force caused by the pressure-pressure boundary condition, increasing the velocity 

of the CL abruptly. Figure 4.27. shows the CL position and velocity filling profiles. As 

shown in Figure 4.27, at 𝑡𝑎 = 63.78, the interface experiences the slip phenomenon. In 

contrast to the velocity boundary conditions cases, from 𝑡𝑎 = 63.78 to 𝑡𝑎 = 64.46 both 

the CL position does not experience a damped-oscillator behaviour, a positive pressure 

gradient is acting constantly on the fluid and the velocity builds up from the moment the 

slip process occurs.  

 

Figure 4.27. a. Dimensionless CL position and CL velocity for the LD-LV DtI case under pressure 

boundary conditions. b. Zoom-in into the CL position and velocity of the transition stage. 

Three different stages can be identified in the DtI case: first, the drainage period from ta 

= 0.0 to ta = 63.78, where Maggi’s equation accurately predicts the capillary filling profile, 

until strip B is reached and the CL increases its velocity abruptly. Figure 4.28 a. illustrates 

how the dimensionless CL position evolves in contrast to the parameter α, where a 

noticeable difference is observed. While the CL position shows the slip phenomena. 

In Figure 4.28 b., the behaviour of the arc length of the interface between the two fluids 

S is plotted against the dimensionless time, indicating the drop in surface energy due to 

the change of contact angle from 120° to 60° (drainage to imbibition), and consequently, 
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its transformation into kinetic energy and viscous dissipation. The arc length is almost 

instantly changed (from 𝑡𝑎 = 63.78  to 𝑡𝑎 = 64.46), the CL contact angle switches to 

match the strip B static contact angle, while the disturbance along the interface propagates 

to reach the centre of the meniscus (see Figure 4.30). Then, the interface shape becomes 

fully convex reassembling the imbibition process. However, due to the high pressure drop 

and the nature of the imbibition process, the apparent contact angle differs from the static 

contact angle as the velocity increases according to Cox’s law. Consequently, Maggi’s 

equation can be applied from 𝑡𝑎 = 64.46, assuming a dynamic contact angle is used 

instead.  

 

Figure 4.28. a. Comparison between the dimensionless CL position and the α parameter vs 

dimensionless time. b. Interface arc length vs dimensionless time under pressure boundary 

conditions. 

As the boundary condition (BC) used in this simulation is constant pressure at the inlet 

and outlet boundaries, the velocity is adjusted (drainage to imbibition) and is low during 

the drainage stage. As expected, as the fluid system transitions from drainage to 

imbibition due to the change of contact angle on the solid surface, the velocity of the CL 

increases dramatically, and the pressure drop acts as an additional force driving the fluids 

as the BC was set to ∆𝑃 = 1.1𝑃𝑐, where 𝑃𝑐 is the capillary pressure. When the CL 

approaches the start of patch B at ha = 0.5, as explained for Cases 2 and 4, a fraction of 

the excess in surface energy is transformed into kinetic energy. The interface arc length 

changes as illustrated in Figure 4.28 b., and another fraction of that excess in surface 

energy is viscously dissipated into the fluids.  

Figure 4.29 a. and b. show the viscous dissipation (Rv) due to the transition from drainage 

to imbibition. The viscous dissipation Rv has a minimum when pure drainage is taking 

a. b. 
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place while Maggi’s equation predicts the behaviour of the CL. On the other hand, Rv has 

a local maximum when the CL is transitioning between these two processes.  

 

Figure 4.29. a.Viscous dissipation vs dimensionless time. b. Viscous dissipation vs dimensionless 

position associated to the dimensionless time, under pressure-pressure boundary conditions. 

Since the DtI process is practically instant as shown in Figure 4.29 a., the transition time 

is small and can be neglected. Because of the high velocity of the slip phenomenon, the 

CL moves a considerable distance d. By addressing the aperture of the disturbance 

generated by the change of state (drainage to imbibition) in a Rv vs ha plot, the transition 

stage can be studied. The transition distance d calculated by the disturbance of Rv, which 

correlates with the distance the interface travel during the transition between drainage and 

imbibition, as shown in Figure 4.6.1.a. (from ℎ𝑎 = 0.5 to ℎ𝑎 = 0.562). As soon as the 

viscous dissipation reaches a local minimum (when the CL is at ℎ𝑎 = 0.562), Maggi’s 

equation can be used to predict the position and time of the CL.  

Figure 4.30 shows the velocity vector field and the phase field showing the position and 

area invaded by the two fluid phases at different stages. The heavier displacing fluid is 

represented by dark grey and the lighter displaced fluid is represented by light grey. The 

concave (left to right) meniscus at 𝑡𝑎 = 59.76 shows a drainage process, with small 

spurious currents around the fluid-fluid interface, specially at the right-hand side of the 

CL where the dynamic viscosity is lower. This behaviour is consistent with the velocity 

boundary condition DtI cases. At 𝑡𝑎 = 64.0229, the interface is a mixture of convex and 

concave shapes, and the velocity of the CL is at its maximum. Vortexes can be seen at 

𝑡𝑎 = 64.3416 due to the capillary waves generated by the slip process which are 

dispersed through the system. When Rv reaches a local minimum after the slip occurs, the 

viscous dissipation starts to increase again due to the change of the apparent contact angle 

a. b. 
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and the high velocity generating higher spurious currents. The CL velocity increases 

gradually, and Maggi’s equation becomes valid again, while the apparent contact angle 

is increased obeying Cox’s law. Spurious currents increase as the CL velocity increases 

due to the external force generated by the pressure boundary condition (Figure 4.30.e.).  

 

Figure 4.30. Velocity vector field at different stages. a. Initial drainage stage. b. Drainage-to-

imbibition stage, interface as a mixture of convex and concave shapes. c. Intermediate contact 

angle, with fully convex interface and capillary waves propagating through the domain. d. Vortexes 

formed after the interface is fully developed into the new imbibition shape with strip B static 

contact angle. d. Final imbibition stage. 

 

a. 𝑡𝑎 = 59.76 

b. 𝑡𝑎 = 64.0229 

c. 𝑡𝑎 = 64.3416 

d. 𝑡𝑎 = 65.2579 



   
 

86 
 

4.3.7. Case 7: High-Density High-Viscosity Ratio Imbibition-to-Drainage 

Displacement using Pressure-Pressure Boundary Conditions 
 

This case is a high-density high-viscosity ratio fluid configuration under a constant 

pressure drop boundary condition at the west and east boundaries. To the best of my 

knowledge, there is not a study in the literature addressing the impact of constant pressure 

drop on the behaviour of the CL when undergoing a change in surface energy at high-

density-high-viscosity ratios. As the stick phenomenon characteristic, the CL decreases 

its velocity dramatically at the intersection of patch B and patch A while the interface 

shape changes from an imbibition to a drainage meniscus as the contact angle switches.  

 

Figure 4.31. a. Dimensionless CL position for the LD-LV case, and velocity of the CL using 

pressure boundary conditions. b. Zoom into the transition stage. 

Figure 4.31 a. and b. show the dimensionless position of the CL vs. dimensionless time. 

In this simulation, four different areas can be identified: first, the imbibition period from 

ta = 0.0 to ta = 1.434, where Maggi’s equation is valid to predict the filling profile. As 

expected, the apparent contact angle differs from the static contact angle due to the high 

velocity of the CL and the nature of the pressure boundary condition. Then, the CL 

velocity is significantly reduced when strip A is reached.  

A capillary filling drainage pattern with constant pressure drop is shown from 𝑡𝑎 = 7.609 

to 𝑡𝑎 = 39.5 and well represented by Maggi’s solution. Figure 4.32 a. illustrates how the 

dimensionless CL position ℎ𝑎 evolves in contrast to the parameter α. The constant 

evolution of the area invaded by the displacing fluid during the transition stage does not 

show the stick phenomenon (from ta = 1.434 to ta = 1.9).  

In Figure 4.32  b., the behaviour of the surface area of the interface between the two 

fluids S is plotted against the dimensionless time, indicating the shift in surface energy 

b. a. 
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due to the change of contact angle. In this case, the results are similar to the low-density-

low-viscosity-ratio ItD case. The apparent contact angle follows Cox’s law and is 

increased during the imbibition process due to the high velocity produced by the external 

pressure boundary condition.   

 

Figure 4.32. a. Comparison between the dimensionless CL position and the α parameter vs 

dimensionless time. b. Interface surface area vs dimensionless time. 

The transition from imbibition to drainage is controlled by the CL velocity and so is the 

distance d that the CL travels along the drainage stage as the momentum. As the fluid 

system transitions from imbibition to drainage due to the change of contact angle on the 

solid surface, the momentum is quickly reduced as the invading fluid shifts into a drainage 

process. The kinetic energy is transformed into surface energy, providing the necessary 

work to change the interface length when the CL approaches the start of patch A at ha = 

0.5. Figure 4.33 shows the viscous dissipation (Rv) due to the transition from imbibition 

to drainage. Rv is useful to obtain the end time of the transition stage as stated in the LD-

LV-ratio case under pressure-pressure boundary conditions, in this case being 𝑡𝑎 =

7.649. Thus, the CL starts moving forward and a steady shape is formed. Figure 4.32 b. 

shows this process from 𝑡𝑎 = 2.151 to 𝑡𝑎 = 6.852 where S is increased (elongated 

interface), and then restored to a constant value. The maximum interface length is reached 

at 𝑡𝑎 = 3.067 in this case.     

Also, the start of the transition stage can be obtained using the filling profile shown in 

Figure 4.31 b. where the CL is pinned at 𝑡𝑎 = 1.434.  

a. b. 
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Figure 4.33. Viscous dissipation vs dimensionless time. 

Therefore, as soon as the interface reaches a steady shape (𝑡𝑎 = 6.852), Maggi’s equation 

can be used to predict the position and time of the CL. The transition-stage time (TST) is 

defined as the time ∆𝑡𝑎 the CL takes to reach steady state again from the moment the 

surface energy changes (point of intersection between patches A and B). As defined in 

chapter 1, as there is a ∆𝑡𝑎 associated to the TST, there is also a ∆ℎ𝑎 associated to this 

phase. Hence, the transition-stage distance (TSD) is defined as the distance ∆ℎ𝑎 the CL 

advances before reaching a steady state from the point where the surface energy changes.  

From the analysis in this section, the evidence suggests that using velocity-velocity 

boundary conditions in a ItD process, the TST is relevant and the transition-stage distance 

(TSD) can be neglected as seen in sections 4.3.1 and 4.3.3. (LD-LV ItD Vel-Vel BCs and 

HD-HV ItD Vel-Vel BCs). However, if pressure-pressure boundary conditions are used, 

both the TST and TSD are relevant for an accurate description of the ItD transition 

process. For this case of ItD, the 𝑇𝑆𝑇 = 4.701 and 𝑇𝑆𝐷 = 0.2089     

Figure 4.34 shows the velocity vector field and the phase field showing the position of 

the two fluid phases. The heavier displacing fluid is represented by dark grey and the 

lighter displaced fluid is represented by light grey. The meniscus at 𝑡𝑎 = 1.155 shows an 

imbibition process, with small spurious currents in form of vortices around the fluid-fluid 

interface, specially at the right-hand side of the CL. At 𝑡𝑎 = 1.5538, the interface is 

mostly flat, and the velocity of the CL is nearly zero. The CL filling profile can be 
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obtained analytically after 𝑡𝑎 = 6.852 Maggi’s equation becomes valid to describe the 

behaviour of the CL.  

 

Figure 4.34. Velocity vector field a different ta. a. Imbibition. b. Imbibition-to-drainage transition. 

c. Drainage. 

4.3.8. Case 8: High-Density High-Viscosity Ratio Drainage-to-Imbibition 

Displacement using Pressure-Pressure Boundary Conditions  
 

In this section, the behaviour of the CL is studied in a drainage-to-imbibition process, 

also known in the literature as the slip phenomenon. The fluid configuration corresponds 

to a high-density-high-viscosity-ratio system under a constant pressure boundary 

condition at the west and east boundaries. To the best of my knowledge, no study has 

been directed yet to the impact of pressure boundary conditions and high-density-high-

viscosity-ratio fluid systems on the behaviour of the CL at the transition stage from one 

surface energy (contact angle) to another one. Figure 4.35 shows the CL position and 

velocity filling profiles. As shown in Figure 4.35, at 𝑡𝑎 = 221.5, the interface 

experiences the slip phenomenon.  

Contrary to the velocity-velocity boundary condition (vel-vel BCs) cases, from 𝑡𝑎 =

221.5 to 𝑡𝑎 = 230.0, the CL position does not experience a damped-oscillator behaviour, 

a. 𝑡𝑎 = 1.1155 b. 𝑡𝑎 = 1.5538 

c. 𝑡𝑎 = 4.4222 d. 𝑡𝑎 = 7.4102 

e. 𝑡𝑎 = 11.1552 
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nor does the CL velocity. As a positive pressure gradient is acting constantly on the fluid, 

the velocity builds up from the moment the slip process occurs.  

 

Figure 4.35. a. Dimensionless CL position and CL velocity for the HD-HV DtI case under pressure 

boundary conditions. 

Also, three different stages are identified in this DtI case: the drainage period from ta = 

0.0 to ta = 221, where Maggi’s equation accurately predicts the capillary filling profile, 

until strip B is reached and the CL increases its velocity abruptly. Figure 4.36 a. shows 

the dimensionless CL position evolution in contrast to the parameter α, where a noticeable 

difference is observed. It is noted the parameter α does not suffer the slip as strongly as 

the CL position. Figure 4.36  b., shows the arc length of the interface plotted against 𝑡𝑎, 

where the drop in surface energy is shown by the disturbance around 𝑡𝑎 = 221, and 

subsequently, its transformation into kinetic energy and viscous dissipation.  

The arc length is almost instantly changed (from 𝑡𝑎 = 221  to 𝑡𝑎 = 229), the CL contact 

angle switches to match the strip B static contact angle. Due to the high pressure drop and 

the nature of the imbibition process, the apparent contact angle differs from the static 

contact angle as the velocity increases according to Cox’s law and as observed in Figure 

4.8.2.b. the arc length is restored into a lower value due to the change in apparent contact 

angle. Consequently, Maggi’s equation can be applied from 𝑡𝑎 = 229.  
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Figure 4.36. a. Comparison between the dimensionless CL position and the α parameter vs 

dimensionless time. b. Interface arc length vs dimensionless time under pressure boundary 

conditions. 

The velocity is low during the drainage stage as the boundary condition (BC) is constant 

pressure at the inlet and outlet boundaries. When the CL approaches the start of strip B at 

ha = 0.5, the release of surface energy is transformed into kinetic and a fraction is 

dissipated by viscous forces. Figure 4.37 shows the viscous dissipation (Rv) due to the 

transition from drainage to imbibition. The viscous dissipation Rv has a minima when 

pure drainage is taking place and velocity is low while Maggi’s equation predicts the 

behaviour of the CL. On the contrary, Rv has a maxima when the slip process is taking 

place.  

 

Figure 4.37. a. Viscous dissipation vs dimensionless time. b. Viscous dissipation vs dimensionless 

position associated to the dimensionless time, under pressure-pressure boundary conditions. 

The transition-stage time (TST) can be neglected due to the instantaneous nature of the 

slip process. However, the transition-stage distance (TSD) is important for the filling 

profile and needs to be computed. In this case, the TSD is defined as the aperture of the 

disturbance generated by the slip process (from ℎ𝑎ℎ = 0.5 to ℎ𝑎 = 0.6147). The end 

a. b. 

a. b. 

TSD 
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point of the disturbance is calculated using the point of inflection of 𝑅𝑣 𝑣𝑠 ℎ𝑎, hence 

𝑇𝑆𝐷 = 0.1147. Figure 4.38 shows the velocity vector field and the phase field showing 

the position and area invaded by the two fluid phases at different stages. The denser 

displacing fluid is represented by dark grey and the lighter displaced fluid is represented 

by light grey. At time 𝑡𝑎 = 119.52 , the drainage is taking place and the fluid advances 

with small spurious currents around the fluid-fluid interface. Then, at 𝑡𝑎 = 222.70, the 

interface starts to adapt to the new static patch B contact angle at the edges but the 

disturbance has not reached the centre of the fluid-fluid interface. Vortexes are formed 

around the interface during the imbibition process and stay until the end of the simulation 

(see Figure 4.38 c. and d.).  

 

Figure 4.38. Velocity vector field at different stages. a. Initial drainage stage. b. Drainage-to-

imbibition stage, interface as a mixture of convex and concave shapes. c. Vortexes formed after the 

interface is partially developed into the new imbibition shape with patch B static contact angle. d. 

Final imbibition stage with interface fully developed. 

a. 𝑡𝑎 = 119.52 

b. 𝑡𝑎 = 222.70 

c. 𝑡𝑎 = 223.98 

d. 𝑡𝑎 = 247.10 
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4.4. Impact of Boundary Conditions on Slip and Stick phenomena 

The external Boundary Conditions (BCs) are an important factor controlling the 

behaviour of the Contact Line (CL) at the transition zone between stripes of different 

contact angles. Figure 4.39 a. shows the velocity-velocity driven simulations. Because 

the velocity is constant during both drainage and imbibition, dimensionless quantities like 

ha from simulations are similar to each other in order of magnitude and can therefore be 

compared directly. However, when pressure-pressure BCs are used, the comparison 

between simulations is complex due to the difference in CL velocity as shown in  Figure 

4.39 b.  

 

Figure 4.39. a. Velocity-velocity BCs controlled displacement. b. Pressure-pressure BCs controlled 

displacement. 

In order to compare the cases present in this study and analysing impacts of model 

parameters on TST and TSD, a normalisation procedure was applied to each variable of 

interest, relative to the time and distance it took the CL to move along the first patch. 

Thus, a new dimensionless time 𝑡𝑎 was defined as (𝑡𝑎 − 𝑡𝑎0)/(𝑡𝑎ℎ − 𝑡𝑎0), where 𝑡𝑎ℎ is 

the dimensionless time for CL to reach the end of the first patch and 𝑡𝑎0 is an initial 

dimensionless time to be selected arbitrarily. the new ℎ𝑎 was defined as  (ℎ𝑎 −

ℎ𝑎0)/(ℎ𝑎ℎ − ℎ𝑎0), where ℎ𝑎ℎ = 0.5 corresponding to the length of the first patch and  

ℎ𝑎0 is the dimensionless CL position’s first data point. By this normalisation, newly 

normalised ha and ta intersect at coordinates (1,1) corresponding to CL at the end of the 

first patch where the surface energy changes. When normalising the first contact angle 

patch velocity, position and time, the transition stage can be analysed in light of different 

fluid properties such as density and viscosity ratios without the impact that the velocity 

b. a. 
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of the CL may have on the transition stage. The values ℎ𝑎0 and 𝑡𝑎0 may differ in each 

case, but they can be translate into dimensional values through the simple relationships 

stablished in chapter 3. 

 

Figure 4.40. a. Filling profiles without normalisation. b. Normalised filling profiles. 

Figure 4.40. a. and b. show the difference between the non-normalised and normalised 

filling profiles.  

As follows, the impact of BCs and fluid properties on CL behaviours are analysed. 

 

Figure 4.41. Comparison between normalised CL position for LD-LV, ItD under vel-vel and press-

press BCs. 

Figure 4.41 a. shows the CL profiles for LD-LV cases under velocity (vel-vel) and 

pressure(press-press) BCs in an imbibition-to-drainage (ItD) process. As can be seen from 

the Figure 4.26  Although the velocity was normalised, the pressure-pressure BC 

a. b. 
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produced a force that changed the apparent contact angle of the imbibition (from 60° to 

73°), while the vel-vel BC produced a negative pressure drop to keep the velocity of the 

CL constant as well as the apparent contact angle. Hence, the pressure-driven interface 

changed from 73° to 120°. The capillary pressure ratio 𝐶𝑃𝑟 = (𝑃𝑐𝑙 − 𝑃𝑐𝑟)/∆𝑃𝑐,𝑀𝐴𝑋, where 

∆𝑃𝑐,𝑀𝐴𝑋 = 𝑃𝑐,180° − 𝑃𝑐,0° =
𝜎 cos(180°)

𝑅
−

𝜎 cos(0°)

𝑅
, 𝑃𝑐𝑙 is the capillary pressure at the left 

half of the channel and 𝑃𝑐𝑟 is the capillary pressure at the right half of the channel. 

Therefore, 𝐶𝑃𝑟 = −0.5 for the velocity-driven simulation and 𝐶𝑃𝑟 = −0.3962 for the 

pressure-driven simulation. As the 𝐶𝑃𝑟 is lower for the later, the transition stage period 

will be shorter too.   

 

Figure 4.42. a. Comparison normalised CL position for HD-HV, ItD under vel-vel and press-press 

BCs. b. Zoom into the transition stage for the same cases. 

Figure 4.42 a. and b. show CL profiles for HD-HV cases under velocity-velocity (vel-

vel) and pressure-pressure (press-press) BCs in an imbibition-to-drainage (ItD) process. 

As shown in Figure 4.34 while the vel-vel BC produced a negative pressure drop to keep 

the velocity of the CL constant as well as the apparent contact angle as stated in other 

cases. Hence, the pressure-driven interface changed from 77° to 120°. Therefore, 𝐶𝑃𝑟 =

−0.5 for the velocity-driven simulation and 𝐶𝑃𝑟 = −0.3625 for the pressure-driven 

simulation. As the 𝐶𝑃𝑟 is lower for the later, the transition stage period will be shorter too, 

as analysed in the LD-LV case.  

a. b. 
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Figure 4.43. a. Comparison normalised CL position for LD-LV, DtI under vel-vel and press-press 

BCs. b. Zoom into the transition stage for the same cases. 

In the drainage-to-imbibition process, Figure 4.43. a. and b. show the definite difference 

in terms of velocity and transition stage distance (TSD). For pressure-driven 

displacements at the LD-LV ranges, there is no damped-oscillator behaviour after the slip 

phenomenon occurs, as it happens in the velocity-driven displacement. Although the 

pressure-driven displacement has a TSD higher than the velocity-driven case, the latter 

takes longer to dissipate due to the oscillation of the CL. This phenomenon is negligible 

due to the instantaneous nature of the slip process.   

 

Figure 4.44. a. Comparison normalised CL position for HD-HV, DtI under vel-vel and press-press 

BCs. b. Zoom into the transition stage for the same cases. 

For the HD-HV drainage-to-imbibition case (see Figure 4.44. a. and b.), when the 

pressure drop is constant, the velocity is controlled by the density and viscosity ratios. 

Then, the filling profile has a logarithmic behaviour similar to the analytical solution of 

the Washburn equation (Washburn, 1921), in contrast to the velocity controlled 

a. b. 

Pres

s-

Pres

s 

Vel-

Vel 

a. b. 
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displacement, where once the slip process is completed, the CL keeps its velocity 

constant.    

4.5. Comparison Density and Viscosity Ratios 
 

Figure 4.45 a. and b.  compare CL profiles for cases  with LD-LV and HD-HV under 

velocity boundary conditions (BCs), in ItD and DtI, respectively. For both ItD and DtI, 

the impacts of the density and viscosity ratios on TST and TSD are clearly shown. . For 

ItD, TST is shorter for LD-LV than for HD-HV because of faster the momentum transfer 

and more rapid capillary wave-induced  dissipation for the former, , so is TSD For DtI 

TSD is shorter  for  LD-LV than for HD-HV, even though the velocity boundary condition 

keeps the CL moving at the same pace at both imbibition and drainage.   

 

Figure 4.45. a. Comparison normalised CL profile for LD-LV and HD-LV ItD under velocity 

boundary conditions. b. Comparison normalised CL profile for LD-LV and HD-LV DtI under 

velocity boundary conditions. 

Figure 4.45  a. and b. show the comparison for LD-LV and HD-HV ItD under pressure 

BCs. As observed in the velocity-driven displacements, the TST is also shorter for low 

density and viscosity ratios configurations. This process is controlled mostly by the 

momentum the CL has when it reaches ℎ𝑎 = 0.5 (point where the solid surface static 

contact angle changes). Figure 4.46 b. shows that for pressure-driven displacements, the 

TST exhibits the same behaviour as the velocity-driven cases, where the LD-LV TST is 

shorter than those HD-HV fluid configurations. 

a. b. 

𝑇𝑆𝑇𝐿𝐷−𝐿𝑉  

𝑇𝑆𝑇𝐻𝐷−𝐻𝑉  

𝑇𝑆𝐷𝐻𝐷−𝐻𝑉 
𝑇𝑆𝐷𝐿𝐷−𝐿𝑉 
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Figure 4.46. a. Comparison normalised CL position for LD-LV and HD-LV ItD cases under 

pressure-pressure boundary conditions. b. Zoom into the transition stage. 

Figure 4.47 a. and b. show the comparison between LD-LV and HD-HV fluid 

configurations under pressure-pressure boundary conditions in an DtI process. In these 

cases, the TSD is not distinguishable in the HD-HV case as it is in the LD-LV fluid 

configuration due to the logarithmic smooth transition of the HD-HV curve. Hence, it is 

imperative to explore the viscous dissipation Rv to analyse the TSD under HD-HV fluid 

configurations.   

 

Figure 4.47. a. Comparison normalised CL position for LD-LV and HD-LV DtI cases under 

pressure-pressure boundary conditions. b. Zoom into the transition stage. 

 

4.6. Impact of Contact Angle Ratio on the Transition Stage 

 

To analyse the impact of contact angle ratios on TST and TSD in DtI and ItD, additional 

simulations were carried out for fluids with identical density and viscosity in the same 

model domain for three contact angle ratios (CAr) at 3, 2 and 1.5 under pressure-pressure 

boundary conditions. Each of these CAr or 𝜃𝑅 represent a different capillary pressure ratio 

a. b. 

𝑇𝑆𝑇𝐻𝐷−𝐻𝑉 

𝑇𝑆𝑇𝐿𝐷−𝐿𝑉 

a. b. 
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generated by the static contact angle of each stripe defined by 𝐶𝑃𝑟 =
|𝑃𝑐𝑙|

|𝑃𝑐𝑟|
=

|𝜎𝑐𝑜𝑠𝜃𝑙/𝑅|

|𝜎𝑐𝑜𝑠𝜃𝑟/𝑅|
=

|𝑐𝑜𝑠 𝜃𝑙|

|𝑐𝑜𝑠 𝜃𝑟|
, where 𝑃𝑐𝑙 is the capillary pressure generated at the left half of the channel, 𝑃𝑐𝑟 is 

the capillary pressure generated at the right half of the channel, 𝜎 is the interfacial tension 

(IFT),  𝜃𝑙 the static contact angle of the left half of the channel, 𝜃𝑟 the static contact angle 

of the right half of the channel and 𝑅 the radius of the channel. Figure 4.48 a. shows the 

results for all cases with a zoom-in plot in Figure 4.48 b showing the position of the CL 

where the CL starts reassembling Maggi’s equation after the slip process is completed 

(points A, B and C).  

 

Figure 4.48. a. CL position for different contact angle ratios in a DtI process. b. Zoom into the 

transition stage. 

Figure 4.49 a. and b. show profiles of Rv vs ha for all cases. TSD between the CL position 

ℎ𝑎 = 0.5 and the points A, B and C, in Figure 4.54.b, where the slip process finishes for 

each contact angle ratio, are plotted in this figure, demonstrating the effect of CPr on TSD 

in DtI. Hence, the CPr should be included as a key parameter to characterise the drainage-

to-imbibition transition process.   

a. b. 

C 

B 

A 
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Figure 4.49. a. Viscous dissipation for different contact angle ratios in a DtI process. b. Zoom into 

the transition stage. 

Figure 4.50 a. and b. demonstrate the importance of CPr on the ItD process. As it was 

also observed in the DtI process, different contact angle ratios produce accordingly 

various transition stage times (TST) during the stick phenomenon. Points A, B and C in 

Figure 4.50 b. show the time at which the CL reaches ℎ𝑎 = 0.5 in an ItD displacement. 

The dimensionless times obtained by points A, B and C are used to acquire the TST in 

Figure 4.51 b.  

 

Figure 4.50. a. CL position for different contact angle ratios in an ItD process. b. Zoom into the 

transition stage. 

Figure 4.51. b. shows the transition stage time (TST) between the dimensionless time 𝑡𝑎 

at which ℎ𝑎 = 0.5 and the points A, B and C where the stick process finishes for each 

contact angle ratio in a viscous dissipation plot. Figure 4.51 b. demonstrates the effect of 

CPr on the TSTs during the stick phenomenon. Hence, the CPr should be included as a 

key parameter to characterise the imbibition-to-drainage process.   

a. b. 

𝑇𝑆𝐷𝜃𝑅=2 

𝑇𝑆𝐷𝜃𝑅=3 

𝑇𝑆𝐷𝜃𝑅=1.5 

b. a. 

C B A 
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Figure 4.51. a. Viscous dissipation for different contact angle ratios in an ItD process. b. Zoom into 

the transition stage. 

 

4.7. Summary of Dimensionless Parameters affecting the Stick and Slip 

phenomena 

 

4.6.1. Density Ratio 
 

The density ratio has significant inertial effects on the CL behaviour. It is defined as: 

𝜌𝑅 =
𝜌𝑑𝑒𝑓

𝜌𝑑𝑖𝑠
 Eq.  4.4 

where 𝜌𝑑𝑒𝑓 is the density of the defending phase and 𝜌𝑑𝑖𝑠 is the density of the displacing 

phase.  

4.6.2. Dynamic Viscosity Ratio 
 

The dynamic viscosity ratio has great influence on the viscous dissipation, which dictates 

the behaviour of the CL at the transition stage. It is related to the density ratio and it is 

defined as 

𝜇𝑅 =
𝜇𝑑𝑒𝑓

𝜇𝑑𝑖𝑠
=

𝜈𝑑𝑒𝑓𝜌𝑑𝑒𝑓

𝜈𝑑𝑖𝑠𝜌𝑑𝑖𝑠
=

𝜈𝑑𝑒𝑓

𝜈𝑑𝑖𝑠
𝜌𝑅  Eq.  4.5 

where 𝜇𝑑𝑒𝑓 is the dynamic viscosity of the defending phase, 𝜇𝑑𝑖𝑠 is the dynamic viscosity 

of the displacing phase, 𝜈𝑑𝑒𝑓 is the kinematic viscosity of the defending phase and 𝜈𝑑𝑖𝑠 is 

the kinematic viscosity of the displacing phase.  

4.6.3. Capillary Pressure Difference Ratio 
 

a. b. 

𝑇𝑆𝑇𝜃𝑅=0.6 

𝑇𝑆𝑇𝜃𝑅=0.5 

𝑇𝑆𝑇𝜃𝑅=0.428 
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The capillary pressure ratio is related to the proportion between the contact angle at the 

left- and right-hand side of the channel. However, using the expression |𝑃𝑐𝑙|/|𝑃𝑐𝑟|, being 

𝑃𝑐𝑙 the capillary pressure generated at the left half of the channel and 𝑃𝑐𝑙 the capillary 

pressure at the right half of the channel, it is difficult to differentiate if the displacement 

is an imbibition-to-drainage or a drainage-to-imbibition process. Also, the ratio would be 

unity for cases where 𝜃𝑙 = 120, 𝜃𝑟 = 60 and 𝜃𝑙 = 120, 𝜃𝑟 = 120. Hence, a new 

parameter is proposed, the Capillary Pressure Difference Ratio is defined as: 

𝐶𝑃𝐷𝑅 =
𝑃𝑐𝑙−𝑃𝑐𝑟

𝛥𝑃𝑐𝑀𝑎𝑥
=

𝑃𝑐𝑙−𝑃𝑐𝑟

𝑃𝑐,𝜃=0°−𝑃𝑐,𝜃=180°
  Eq.  4.6 

where Δ𝑃𝑐𝑀𝑎𝑥 is the maximum capillary pressure difference 𝑃𝑐,𝜃=0° − 𝑃𝑐,𝜃=180° = 2
𝜎

𝑅
, 

where 𝑃𝑐,𝜃=0° =
𝜎

𝑅
 and 𝑃𝑐,𝜃=0° = −

𝜎

𝑅
.   

The 𝐶𝑃𝐷𝑅 parameter ranges from -1 to 1. A negative 𝐶𝑃𝐷𝑅 represents a transformation 

from surface potential energy to kinetic energy, while a positive 𝐶𝑃𝐷𝑅 represents a 

transformation from kinetic energy to surface potential energy. A drainage-to-imbibition 

process has a negative 𝐶𝑃𝐷𝑅, while an imbibition-to-drainage process has a positive 𝐶𝑃𝐷𝑅.  

4.6.4. Capillary Channel Aspect Ratio 
 

Since the model used in this work is a dimensionless model, the radius of the system is 

embedded into the capillary channel aspect ratio, defined by: 

𝛺 =
𝐿

𝑅
=            Eq.  4.7 

where 𝐿 is the length of the channel. The mapping of Ω and its range will be defined by 

the consulted literature review on porous media pore-throat’s aspect ratio.  

Bejan and Laplace numbers 

The momentum of the fluids when the CL reaches ℎ𝑎 = 0.5 is a decisive parameter in the 

behaviour of the TSD and TST during the slip and stick processes. It controls the rate at 

which the interface switches from one state of surface energy (first half of the channel) to 

the next state of surface energy (right half of the channel). However, when the external 

boundary conditions at the inlet and outlet are defined as constant pressure, two 

dimensionless numbers control the velocity and momentum of the CL, and their 

combination will define if the displacement is capillary or viscous dominated.  

Laplace number 
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Although in porous media drainage displacements it is usual to use the capillary number 

as means of characterising the ratio of viscous to capillary forces, it is difficult to 

characterise this proportion of forces during an imbibition displacement using the 

capillary number 𝐶𝑎.  

Because the capillary number is defined as 𝐶𝑎 = 𝜇𝑉/𝜎, where 𝜇 is the dynamic viscosity, 

𝜎 is the interfacial tension and 𝑉 the mean velocity of the displacement, in the case of a 

spontaneous imbibition where the capillary number should be “zero” as no external force 

is acting on the fluids, the velocity generated by the capillary forces create a fictitious 𝐶𝑎 

that does not represent the ratio of viscous to capillary forces. Therefore, the Laplace 

number 𝐿𝑎 is introduced to this work, in order to characterise capillary to viscous 

dissipative forces ratio in both drainage and imbibition processes. The Laplace number is 

defined as: 

𝐿𝑎 =
𝜎𝜌𝑑𝑖𝑠𝑅

𝜇𝑑𝑖𝑠
2   Eq.  4.8 

where 𝜌𝑑𝑖𝑠 is the density of the displacing fluid, 𝑅 is the radius of the channel, and 𝜇𝑑𝑖𝑠 

the dynamic viscosity of the displacing fluid.  

The Weber number is defined as the measure of the relative importance of the fluids 

inertia to its interfacial tension and calculated as: 

𝑊𝑒 =
𝑅𝑒2

𝐿𝑎
 Eq.  4.9 

where Re is the Reynolds number.  

Bejan number 

The Bejan number is defined as the ratio of inertial forces produced by an external 

pressure drop to the viscous forces. The Bejan number is defined as: 

𝐵𝑒 =
𝛥𝑃𝐿2

𝜇𝑑𝑖𝑠𝜈𝑑𝑖𝑠
=

𝛥𝑃𝜌𝑑𝑖𝑠𝐿
2

𝜇𝑑𝑖𝑠
2  Eq.  4.10 

where Δ𝑃 is the pressure drop along the channel, 𝐿 is the length of the channel, 𝜇𝑑𝑖𝑠 is the 

dynamic viscosity of the displacing fluid, 𝜈𝑑𝑖𝑠 is the kinematic viscosity of the displacing 

fluid and 𝜌𝑑𝑖𝑠 is the density of the displacing fluid.  

When combining the Laplace and Bejan numbers, a new dimensionless number Γ for 

pressure-driven displacements arise, defined as the ratio of external force induced by the 
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pressure drop boundary conditions to the capillary forces. Dividing Eq. 4.6 by Eq. 4.5 the 

following expression is obtained:  

𝛤 =
𝐵𝑒

𝐿𝑎
=

𝛥𝑃𝜌𝑑𝑖𝑠𝐿
2

𝜇𝑑𝑖𝑠
2

𝜎𝜌𝑑𝑖𝑠𝑅

𝜇𝑑𝑖𝑠
2

=
𝛥𝑃𝐿

𝜎

𝐿

𝑅
=

𝛥𝑃𝐿

𝜎
𝛺  Eq.  4.11 

where Ω is the channel aspect ratio. Any two of these three parameters are enough to 

characterise the forces ratio in capillary displacements, as the third is defined by the other 

two, which are of great significance to the development of unstable displacements of a 

more viscous fluid by a less viscous fluid also called viscous fingering, together with the 

dynamic viscosity ratio. The mapping of 𝐿𝑎 is limited by the configuration of fluids found 

inside hydrocarbon tight reservoirs.  

4.7. Impact of gradual contact line transition on the capillary filling profiles 

 

In this section the impact of a gradual transition of contact angles on the overall stick-slip 

transition stage is explored, as well as the size of the gradual contact line transition path 

in comparison to the non-gradual transition from one angle to the other. Although Wang 

et al. (2008) studied the impact of the size of the patches, their study focused on 

alternating wettability patches. This section is performed to analise if a gradual decrease 

or increase of the contact angle would yield the same stick-slip phenomena observed in 

the cases studied in chapter 4, where no gradual change of contact angle has been applied. 

The discretization of the patches is of great importance as the minimun size of the patch 

should be at least 5 nodes, so the width of the diffuse interface is smaller than the shortest 

patch in this simulations.  Figure 4.52 a. and b. show the contact angle configurations for 

a non-gradual transition (0 stripes), and several gradual transitions ranging from paths of 

2 stripes to 50 stripes. Figure 4.52 a. illustrates the contact angle configurations for 

drainage-to-imbibition cases while Figure 4.52 b. shows the contact angle configurations 

for imbibition-to-drainage cases.  
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Figure 4.52. a. Contact angle configurations for drainage-to-imbibition cases. b. Contact angle 

configurations for imbibition-to-drainage cases. 

Figure 4.53 a. and b. show the filling profile of gradual paths composed of 0, 2, 5, 10, 20 

and 50 stripes for ItD cases. The density and viscosity ratios are set to unity for simplicity. 

It is noticeable that for gradual paths of 2, 5, 10, 20, and 50 stripes, the filling profiles are 

similar between them. However, when no gradual path is imposed, the filling profile 

separates from the smooth transition profiles significantly. In the ItD case, because the 

60° contact angle stays for a longer distance, the CL reaches the point of change of contact 

angle much faster than the smooth-path filling profiles.    

 

Figure 4.53. a. Filling profiles for different gradual transition path contact angle configurations in 

an ItD process. b. Zoom into the transition stage of Figure a. 

a. b. 

a. b. 
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Figure 4.54 a. and b. show the filling profiles for several contact angle configurations of 

gradual path transitions in a DtI process. As observed in the ItD displacement, the gap 

between smooth transition and non-gradual transition is also pronounced. The CL takes 

much longer to reach the half of the channel than the smoothed transition. However, the 

gap between the different smooth contact angle configurations themselves is small. 

Therefore, if the size of the gradual transition patch is reduced, the gap between the non-

gradual filling profile and the 2-striped patch will be reduced. As the 2-striped patch 

filling profiles are close to the more refined patches, only the 2-striped patch is compared 

to the non-smoothed transition as the patch size is reduced in the following analysis. This 

analysis is important to determine if the stick-slip phenomena occurs when having smooth 

transitions of contact angles along the solid surface.      

 

Figure 4.54. a. Filling profiles for different gradual path contact angle configurations in a DtI 

process. b. Zoom into the transition stage of Figure a. 

Figure 4.55 a. and b. show the contact angle and 2-striped patch size configurations for 

both ItD and DtI displacements. Several patch sizes were simulated, ranging from 100 

nodes to 12 nodes. If the patch is small enough, the behaviour of the filling profile on the 

non-smoothed transition will be similar to the 2-striped patch. The density and viscosity 

ratios are set to unity for simplification and pressure-pressure boundary conditions were 

used to drive the fluids during the displacements.  

 

 

 

 

a. b. 

a. b. 
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Figure 4.55 as expected, demonstrates the 12-node patch has the closest gap to the non-

smoothed transition. From 24 to 100-node patches, the gap with the non-smoothed 

transition increased proportionally. However, even when a width of 12 (yellow) nodes is 

used, the filling profile differs from the non-smoothed (blue) contact angle configuration. 

As shown in Figure 4.55  and Figure 4.55, the gap between 2 and 50 stripes used in a 

smooth transition is small and it would be even smaller for shorter patches (50, 24 and 

12-node patches).  

 

Figure 4.56. a. Comparison between different 2-striped patch sizes and non-smoothed transition (0 

nodes) in an ItD process. b. Zoom into the transition stage of Figure a. 

Figure 4.55 a. and b. illustrate the same behaviour as the ItD filling profiles in relation to 

the gap between the 2-striped patches and the non-smoothed transition configuration. 

Although the gap is reduced, there is still a significant difference between non-smoothed 

transition and the smallest patch size (12 nodes). 

a. b. 

Figure 4.55. a. Contact angle configurations and different 2-striped patch sizes for ItD 

displacements. b. Contact angle configurations and different 2-striped patch sizes for DtI 

displacements. 
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Figure 4.57. a. Comparison between different 2-striped patch sizes and non-smoothed transition (0 

nodes) in a DtI process. b. Zoom into the transition stage of Figure a. 

In conclusion, the size of a gradual transition patch should be small to be able to 

reassemble the filling profile of a non-smooth transition. The larger and more refined the 

size of the smooth patch, the less impactful the effects of the slip and stick processes on 

the CL behaviour. Hence, the effect of slip and stick processes on the CL within small 

pores (meso- and micro-) multi-wet pores, should be studied when sharp and non-

smoothed transitions are the best representation of realistic multi-wet pores.   

Table 4.2 shows a summary of the cases presented in chapter 4 with some important 

observations.  

Case Fluid 

Contrasts 

BC Type Process Observations 

Case 1 LD-LV Vel-Vel ItD -Stick phenomena observed  

-CL velocity constant except at 

the PCAC where the CL is 

pinned. 

-No oscillations during the 

transition stage observed 

-Rv similar to literature reports. 

Case 2 LD-LV Vel-Vel DtI -Slip phenomena observed 

-CL velocity constant except at 

the PCAC where it increases 

dramatically due to release of 

surface energy. 

a. b. 
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-Damped-oscillations observed 

in CL position, velocity and 

Bejan number 

-Rv similar to literature reports. 

Case 3 HD-HV Vel-Vel ItD -Stick phenomena observed  

-CL velocity constant except at 

the PCAC where the CL is 

pinned. 

-No oscillations during the 

transition stage observed 

-Rv similar to literature reports. 

Case 4 HD-HV Vel-Vel DtI -Slip phenomena observed 

-CL velocity constant except at 

the PCAC where it increases 

dramatically due to release of 

surface energy. 

-Rv similar to literature reports. 

-Over-Damped-oscillator 

observed in CL position, 

velocity and Bejan number. 

-High influence of density and 

viscosity ratios on oscillation 

behaviour 

Case 5 LD-LV Pres-Pres ItD -Stick phenomena observed  

-CL velocity high during 

imbibition, then pinned at the 

the PCAC. Slow drainage  

-No oscillations during the 

transition stage observed. 

-Apparent contact angle differs 

from static contact angle due to 

high velocity of the CL during 

imbibition. 
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-Rv increases during imbibition 

drastically due to acceleration of 

the fluids. 

Case 6 LD-LV Pres-Pres DtI -Slip phenomena observed 

-CL velocity low until it reaches 

the PCAC. CL velocity after the 

transition stage very high due to 

imbibition and external pressure-

pressure BCs.  

-No oscillations observed during 

the transition stage. 

-Apparent contact angle differs 

from static contact angle due to 

high velocity of the CL during 

imbibition. 

-Rv increases during imbibition 

drastically due to acceleration of 

the fluids. 

Case 7 HD-HV Pres-Pres ItD -Stick phenomena observed  

-CL velocity high during 

imbibition, then pinned at the 

the PCAC. Slow drainage just 

as the LD-LH case.  

-No oscillations during the 

transition stage observed. 

-Apparent contact angle differs 

from static contact angle due to 

high velocity of the CL during 

imbibition. 

-Rv increases during imbibition 

drastically due to acceleration of 

the fluids. 
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Case 8 HD-HV Pres-Pres DtI -Slip phenomena observed 

-CL velocity low until it reaches 

the PCAC. CL velocity after the 

transition stage is very high due 

to imbibition and external 

pressure-pressure BCs.  

-No oscillations observed. 

-Apparent contact angle differs 

from static contact angle due to 

high velocity of the CL during 

imbibition. 

-Rv increases during imbibition 

drastically due to acceleration of 

the fluids. 

Table 4.2. Summary of chapter 4 cases. 

In this chapter, we found as contribution to knowledge that velocity-velocity and 

pressure-pressure boundary conditions have severe and distinct impact on the behaviour 

of the contact line of low and high density and viscosity ratios. While velocity-velocity 

boundary conditions create a damped-oscillation of the position of the contact line at low 

density and viscosity ratios during the slip process, an over-damped oscillator behaviour 

is observed at high density and viscosity ratios. In the case of pressure-pressure boundary 

condition, these oscillations are not present, and the contact line accelerates rapidly during 

the slip phenomena due to the change in surface energy. Also, we defined two key 

variables that describe the slip and stick phenomena: transition-stage distance (TSD) and 

transition-stage time (TST), which serve as representation of the distance the contact line 

travels before its behaviour can be predicted using Maggi’s modified equation and the 

time the transition-stage lasts before Maggi’s modified equation can be used again.   

In chapter 5, we will present the mapping of key variables from slip-stick processes based 

on the knowledge obtained in chapter 4 from simulations of water-gas, water-light 

hydrocarbon displacements under velocity-velocity and pressure-pressure boundary 

conditions, especially the key parameters that affect the perturbation of the contact line 
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due to the change in surface energy. Moreover, we use this parameter space to develop a 

new piecewise empirical model based on Maggi’s capillary filling equation.   
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CHAPTER 5 - DERIVATIONS FROM PARAMETER MAPPING 

AND APPLICATIONS USING A NEW EMPIRICAL MODEL 
 

5.1. Introduction 

 

In this chapter, the simulation strategy for the creation of the parameter mapping is 

presented, which is used to study the Transition-Stage Distance (TSD) and the Transition-

Stage Time (TST) of multi-wet capillary channels defined in Chapter 4, as well as a new 

empirical model and a simple application on a quasi-static pore-throat system.   

First, the limits of the parameter mapping are studied, where the scope of the parameter 

mapping is set according to the limits imposed by the physical domain considerations in 

terms of fluid properties and geometry of pore-throats in Chapter 4. Then, the 

dimensionless Transition-Stage Time (TST), Transition-Stage Distance (TSD) and 

Kinetic Energy Ratio (𝐾𝐸𝑅) - where 𝐾𝐸𝑅 is obtained from Eq.  4.2 using the velocity of 

the contact line before and after the transition stage - are evaluated from the simulations 

presented in this chapter for four fluid configurations and evaluated under different 

wettability conditions. The Laplace number is also studied and its influence on the TSD. 

We found linear and exponential correlations for TSD and 𝐾𝐸𝑅 respectively. 

Finally, we present a new empirical model based on the correlations obtained in the 

parametric mapping to obtain TSD, TST and KER that allow closing the bridge 

caused by the slip and stick processes in the use and implementation of Maggi’s 

equation for multi-wet capillary filling processes. Furthermore, by the 

implementation of this model into a simple quasi-static pore throat system, we 

show that the calculation of average saturation in a multi-wet capillary channel 

can be significantly different from a single-wet pore-throat system under a certain 

capillary pressure (pressure drop) imposed as boundary conditions.  

5.2.Parameter Space Sampling 

 

In this section, the parameters affecting the TST and TSD are used to construct a 

parameter space that allows the development of a new empirical model that relates fluid 

properties, capillary channel aspect ratio, Weber number (We) before the slip-stick 

process and capillary pressure difference ratio to the TST, TSD and We after the slip-

stick process.  
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5.2.1. Fluid Properties 
 

Three different fluids are used in this study: water, natural gas, and a light hydrocarbon. 

The fluid properties are listed in the following tables: 

Fluid     \   Property Density –  

kg/m3  

(physical units) 

Dynamic Viscosity 

– Pa.s  

(physical units) 

Kinematic 

Viscosity -m2/s  

(physical units) 

Water 1000 8.900e-4 8.900e-7 

Natural Gas 20 1.270e-5 6.350e-7 

Light 

Hydrocarbon 

500 9.120e-5 1.824e-7 

Table 5.1. Density and viscosity values for different fluids in physical units. 

The lattice Boltzmann units are obtained from Table 5.1. using the techniques presented 

in Leclaire et al. (2017), where several physical and lattice Boltzmann units equivalents 

are shown and studied for different physical problems.  

Fluid     \   Property Density  

(lb units) 

Dynamic Viscosity 

(lb units) 

Kinematic 

Viscosity (lb units) 

Water 1  0.16660 0.1666 

Natural Gas 0.02 0.00238 0.1190 

Light 

Hydrocarbon 

0.50 0.01666 0.0333 

Table 5.2. Density and viscosity values for different fluids in lattice units. 

Table 5.1. shows the density and viscosity properties in physical units, while Table 5.2. 

shows the density and viscosity properties of the fluids in lattice units. In terms of number 

of samples for density and viscosity ratios, four different configurations were accounted 

for: water displacing gas, gas displacing water, water displacing light hydrocarbon and 

light hydrocarbon displacing water. Table 5.3. shows the density and viscosity ratios 

generated for the simulations in this chapter.  
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Fluids Configuration \ 

Density and Viscosity 

Ratios 

𝝆𝑹 =
𝝆𝒅𝒆𝒇

𝝆𝒅𝒊𝒔
 𝝁𝑹 =

𝝁𝒅𝒆𝒇

𝝁𝒅𝒊𝒔
 

Water – Gas 0.02 0.01428 

Gas – Water 50 70 

Water – Light 

Hydrocarbon 

0.5 0.1 

Light Hydrocarbon – 

Water 

2 10 

Table 5.3. Density and dynamic viscosity ratios for four different displacement fluid configurations. 

Where 𝜌𝑑𝑒𝑓 and 𝜇𝑑𝑒𝑓 are the density and viscosity of the defending fluid and 𝜌𝑑𝑖𝑠 and 

𝜇𝑑𝑖𝑠 are the density and viscosity of the displacing fluid, respectively.  

5.2.2. Capillary Channel Aspect Ratio 
 

The capillary channel aspect ratio is defined as =
𝐿

𝑅
, where 𝐿 is half the length of the 

capillary channel in these simulations and 𝑅 the radius of the capillary channel. Three 

different aspect ratios are studied: Ω1 = 16, Ω1 = 8 and Ω1 = 4. The aspect ratio samples 

are chosen based on D. Zheng et al. (2019), where pore-throat radii and pore-throat 

lengths values are shown for tight porous media such as shale and tight sands.  

 

Figure 5.1. Configurations of capillary channel aspect ratios and contact angles. 
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5.2.3. Capillary Pressure Difference Ratio 
 

The capillary pressure difference ratio (𝑃𝑐𝐷𝑅) as presented in Chapter 4, is defined as the 

difference between the capillary pressure produced by the wettability of the channel 

before the stick-slip process (left half of the capillary, represented as purple in Figure 

5.1) and the capillary pressure produced by the change of wettability on the second half 

of the capillary (represented as green in Figure 5.1), divided by the maximum possible 

capillary pressure difference (𝑃𝑐,𝜃=0° − 𝑃𝑐,𝜃=180°).  

𝑃𝑐𝐷𝑅 =
𝑃𝑐𝑙−𝑃𝑐𝑟

𝛥𝑃𝑐𝑀𝑎𝑥
=

𝑃𝑐𝑙−𝑃𝑐𝑟

𝑃𝑐,𝜃=0°−𝑃𝑐,𝜃=180°
=

𝑐𝑜𝑠(𝜃𝑙)−𝑐𝑜𝑠(𝜃𝑟)

2
  Eq.  5.1 

where Δ𝑃𝑐𝑀𝑎𝑥 is the maximum capillary pressure difference 𝑃𝑐,𝜃=0° − 𝑃𝑐,𝜃=180° = 2
𝜎

𝑅
, 

𝑃𝑐,𝜃=0° =
𝜎

𝑅
 and 𝑃𝑐,𝜃=0° = −

𝜎

𝑅
. 𝜃𝑙 and 𝜃𝑟 are the contact angle of the displacing fluid at 

the left half and right half of the capillary channel, respectively.  

Table 5.4. shows the samples of the parameter 𝑃𝑐𝐷𝑅 used in this work, for six different 

multi-wettability configurations including drainage-to-imbibition (negative  

𝑃𝑐𝐷𝑅 and slip phenomena) and imbibition-to-drainage (positive 𝑃𝑐𝐷𝑅 and stick 

phenomena) processes. 

Contact Angle Configuration 𝑷𝒄𝑫𝑹 

𝜃𝑙 = 120 & 𝜃𝑟 = 40 -0.6333 

𝜃𝑙 = 120 & 𝜃𝑟 = 60 -0.5000 

𝜃𝑙 = 120 & 𝜃𝑟 = 80 -0.3368 

𝜃𝑙 = 60 & 𝜃𝑟 = 100 0.3368 

𝜃𝑙 = 60 & 𝜃𝑟 = 120 0.5000 

𝜃𝑙 = 60 & 𝜃𝑟 = 140 0.6333 

Table 5.4. Contact angle configuration and corresponding capillary pressure difference ratio. 

5.2.4. Laplace Number 
 

The Laplace number is the ratio of interfacial tension 𝜎 to the viscous forces, especially 

those related to viscous dissipation. It is defined as: 

𝐿𝑎 =
𝜎𝜌𝑅

𝜇2              Eq.  5.2 
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where 𝜎 is the interfacial tension, 𝜌 is the fluid density, 𝑅 is the radius of the capillary 

channel, and 𝜇 the fluid dynamic viscosity. The elastic properties of the contact line (CL) 

are determined by the interfacial tension and the radius of the channel, which in this work 

is represented by the variation of the Laplace number. Three 𝐿𝑎 are simulated to account 

for the effect of CL elasticity on the TST and TSD after the slip-stick processes.  

5.2.5. Capillary Number 
 

The contact line velocity (𝑉𝐶𝐿) is an important factor affecting the behaviour of the CL at 

the transition stage when the slip-stick process. The capillary number (𝐶𝑎) is defined as 

the ratio of viscous to interfacial tension forces. Although the 𝐶𝑎 is similar to the 𝐿𝑎, they 

differ as the 𝐶𝑎 involves the velocity of the fluids. Hence, the 𝐶𝑎 is used to embody the 

velocity of the CL in the parameter space before the stick-slip process happens. In order 

to simplify this study, only low 𝐶𝑎 are being considered in this parametric study since the 

target application (quasi-static pore-network model) of the empirical model presented in 

this chapter requires 𝐶𝑎 ~1𝑒−5. 

Two different  𝐶𝑎 are considered in this parametric space to assess if the 𝑉𝐶𝐿 has a big 

impact even under low 𝐶𝑎 regimes. The two samples for capillary numbers considered in 

this work are 𝐶𝑎1 = 1𝑒−4 and 𝐶𝑎2 = 1𝑒−5.  

Parameter Number of 

Samples 

Limits of Parameter 

Fluid Configuration – 

Density and viscosity 

ratios 

4 Water-Gas Displacement 

Gas-Water Displacement 

Water-Light hydrocarbon Displacement 

Light hydrocarbon-Water Displacement 

Capillary Channel Aspect 

Ratio: Ω 

3 8-16-32  

Capillary Pressure 

Difference Ratio 

6 120°-60°, 120°-80°, 120°-40° 

60°-120°, 60°-100°, 60°-140° 
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IFT and capillary radius are kept 

constant in this case. 

Ca number 2 1e-5 & 1e-4. Capillary numbers are kept 

low, limiting the scope by application of 

the quasi-static PNM 

La number 3 La=55, La=28 and La=8, only for DtI 

cases 

Total 288  

Table 5.5. Parameter space sampling. 

5.3. Configuration of Simulations 

 

5.3.1. Geometric and Wettability Domain 
 

An analysis performed from the scope of this thesis in chapter 1 in terms of geometry 

aspect ratios, possible fluid property configurations and contact angle ratios, as well as 

model limitations and future applications, several capillary channel domains were created 

to simulate the transition stage of the slip-stick processes (see Table 5.5). A buffer zone 

of 20x34 nodes is placed before the inlet and after the outlet of the capillary channel as 

simulations performed in chapters 3 and 4 so the flow driven by the boundary condition 

is stabilised.   

 

Figure 5.2. Geometric and wettability domain distribution for three different aspect ratios in lattice 

Boltzmann units. 
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The left-hand side surface of the channels (dark purple) acquires a value of contact angle 

of either 120° (drainage) or 60° (imbibition), while the surfaces at the right-hand side of 

the channel can take contact angle values of 80°, 60° and 40° for the slip process or 100°, 

120° and 140° for the stick process. As shown in Figure 5.2., the radius of the channel 

remains constant while the length of the channel changes to account for three different 

aspect ratios: 16, 8 and 4. 

5.3.2. Initial Fluid Distribution and Pressure Boundary Conditions 
 

Figure 5.3. shows the initial boundary conditions for the simulations considered in this 

parametric study. In terms of fluid configurations, we considered water displacing gas, 

gas displacing water, water displacing a light hydrocarbon (LH) and a light hydrocarbon 

displacing water. All fluid configurations are studied under both, slip and stick 

phenomena, since pore-throats in shales and tight sands can be confined under all sorts of 

multi-wet configurations.  

 

Figure 5.3. a. Drainage-to-imbibition displacement initial conditions for a water-gas/LH system and 

its boundary conditions. b. Imbibition-to-drainage displacement initial condition for a water-

gas/LH system. c. Drainage-to-imbibition displacement initial conditions for a gas/LH-water 

system. d. Imbibition-to-drainage displacement initial conditions for a gas/LH-water system. 

Figure 5.3 a. shows the set of boundary conditions used in this study. Inlet and outlet 

boundary conditions are pressure controlled and upper and bottom boundaries are 

considered periodic limited by a solid wall that recreates the capillary channel. The left 

half of this capillary channel has a surface energy that differs from the right half of the 

capillary, so the slip-stick process is enforced. In order to impose a certain capillary 

number Ca << 1E-4, a simplification of Maggi’s equation is used as follows: 

∆𝑃 =
3(2𝐿)(𝜇𝑑𝑖𝑠+𝜇𝑑𝑒𝑓)

2𝑅2 𝑉𝐶𝐿 −
𝜎 𝑐𝑜𝑠 𝜃

𝑅
  Eq.  5.3 

where 𝐿 is the half length of the capillary channel, 𝜇𝑑𝑖𝑠 and 𝜇𝑑𝑒𝑓 are the dynamic 

viscosities of the displacing and defending fluids, respectively. 𝑅 is the radius of the 
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channel, 𝜎 is the interfacial tension between the fluids, 𝑉𝐶𝐿 is the velocity of the contact 

line. 𝜃 is the contact angle of the drainage part of the system i.e. 𝜃 = 𝜃𝑙  when simulating 

the slip process and 𝜃 = 𝜃𝑟 when simulating the stick process, where 𝜃𝑙 and 𝜃𝑟 are the 

contact angles of the left half and right half of the capillary channel, respectively and ∆𝑃 

is the pressure drop across the channel (imposed boundary condition). The velocity of the 

contact line 𝑉𝐶𝐿 can be obtained from the capillary number 𝐶𝑎 imposed as 𝑉𝐶𝐿 =
𝜎𝐶𝑎

𝜇𝑤
, 

where 𝜇𝑤 is the viscosity of the denser fluid, in this case, water. 

5.4. Parameter Mapping of Transition-Stage-Distance and Transition-Stage-Time 

 

5.4.1. Ca vs TSD at low Ca 
 

Two capillary numbers were simulated for all fluid and contact angle configurations to 

measure the impact of the velocity of the contact line at low Ca on the slip and stick 

process.  

 

Figure 5.4. a. TSD for the slip (negative PcDR)-stick (positive PcDR) processes in a water-gas 

displacement. b. TSD for the slip-stick process in a water-light hydrocarbon displacement. 

Figure 5.3 shows the effect of the capillary number for Ca=1E-5 and Ca=1E-4 on the slip-

stick process. At low Ca, the results suggest that the impact of viscous forces on the 

transition-stage distance (TSD) is negligible. This was tested for different fluid 

configurations as well as Capillary Pressure Difference Ratios (PcDR) and all simulations 

points to the irrelevance of different capillary numbers when Ca<<1E-4. This simplifies 

the interpretation of the results and the empirical model that is the purpose of this study.  

5.4.2. Drainage-to-Imbibition or Slip process 
 

a. b. 

PcDR = -0.633 

PcDR = -0.5 

PcDR = -0.34 

PcDR = 0.34 

PcDR = 0.5 

PcDR = 0.633 
PcDR = 0.633 

PcDR = 0.5 

PcDR = 0.34 

PcDR = -0.34 

PcDR = -0.633 

PcDR = -0.5 
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5.4.2.1. La vs TSD and Kinetic Energy Ratio 

 

Three different Laplace numbers were simulated by varying the interfacial tension of the 

fluids since it plays an important role in the elasticity of the contact line only for drainage-

to-imbibition simulations (see Table 5.5). Figure 5.3 shows that at low capillary 

numbers, the transition-stage distance correlates in a linear manner to the Laplace number 

𝐿𝑎. However, as the kinetic energy increases with the square of the velocity of the CL 

𝑉𝐶𝐿, it can be fitted with an exponential behaviour. The density and viscosity ratios 

influence the rate at which the Laplace number 𝐿𝑎 affects the increase in 𝑇𝑆𝐷𝑎. The slope 

of the curve for water displacing gas and gas displacing water are remarkably similar to 

each other. However, they differ from the slope of the trending line for water displacing 

a light hydrocarbon and light hydrocarbon displacing water. As the dynamic viscosity of 

the gas phase is much lower than the light hydrocarbon, the transition-stage distance that 

the interface moves is larger for the same change in surface energy in the high density-

viscosity contrast. This behaviour may be caused by the rate at which the momentum 

dissipates through the channel, which is higher in the cases of water-LH and LH-water 

displacements.    

 

Figure 5.5. a. La vs TSD for the four different fluid configurations considered. b. La vs Kinetic 

Energy Ratio for the four different fluid configurations considered. 

5.4.2.2. Aspect Ratio vs TSD and Kinetic Energy Ratio 

 

The difference in surface energies that causes the slip process produces an instantaneous 

increase in velocity and displacement of the interface where Maggi’s equation cannot 

predict the position of the contact line. Figure 5.3 shows the capillary pressure difference 

ratio and its relation to 𝑇𝑆𝐷𝑎 for different aspect ratios Ω1 = 16, Ω2 = 8 and Ω3 = 4.   
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Figure 5.6. a. Water-Gas displacement. b. Gas-Water displacement. c. Water-LH displacement. d. 

LH-Water displacement 

Figure 5.3 shows a linear correlation between the capillary pressure difference ratio 𝑃𝑐𝐷𝑅 

and 𝑇𝑆𝐷𝑎 in all fluid configuration cases. All trending lines converge to the origin, 

meaning when the capillary pressure difference ratio is “zero”, the 𝑇𝑆𝐷𝑎 is “zero” as well. 

𝑇𝑆𝐷𝑎 values are higher for higher density and viscosity ratios due to the difference of 

kinematic viscosities between the gas and light hydrocarbon phases.  

As shown in Chapter 4, the slip phenomenon increases the velocity of the contact line 

dramatically. The potential surface energy stored during the drainage process is 

transformed into kinetic energy as the surface energy changes during the slip. Figure 5.3 

shows the kinetic energy ratio produced by the slip process. As the velocity of the contact 

line is linearly proportional to the change in surface energy, and the kinetic energy of the 

system increases with the square of the contact line velocity, the kinetic energy ratio also 

increases exponentially with the capillary pressure difference ratio. Exponential and 

linear fitting curves are displayed where the evidence shows the kinetic energy ratio 

trending line increases exponentially. This fact agrees with the increase of kinetic energy 

ratio vs Laplace number shown in Figure 5.3.  

a

. 

b

. 

c

. 

d

. 
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Figure 5.7. a. Capillary pressure difference ratio vs kinetic energy ratio exponential trending line 

for water-gas displacement due to the slip phenomenon. b. Gas-water displacement. c. Water-light 

hydrocarbon (LH) displacement. d. LH-water displacement. 

 

5.4.3. Imbibition-to-Drainage or Stick process 
 

During the imbibition-to-drainage or stick phenomenon, the contact line is pinned at the 

point of change of surface energy while the kinetic energy transforms into potential 

energy and viscous dissipation. We are interested in testing the transition-stage time, 

which is most relevant during the stick process. Figure 5.3 shows the capillary pressure 

difference ratio vs. the dimensionless transition-stage time. The 𝑇𝑆𝑇𝑎 is normalised by 

the drainage filling time 𝑇𝑆𝑇𝑎 =
𝑇𝑆𝑇

𝑡𝑓
, where 𝑇𝑆𝑇 is the transitional-stage time and 𝑡𝑓 the 

drainage-part filling time. From this point of view,  𝑇𝑆𝑇𝑎 ≪ 0.01 except for the most 

extreme case scenario (Ω3 = 4 for a water-gas displacement), where 𝑇𝑆𝑇𝑎 < 0.1. For the 

sake of the simplicity of the empirical model, the 𝑇𝑆𝑇𝑎 will be negligible at low capillary 

numbers due to its small contribution to the total filling time of the capillary channel.  

a. b. 

c. d. 
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Figure 5.8. a. Capillary pressure difference ratio vs transition-stage time for a water-Gas 

displacement during the stick phenomenon. b. Gas-Water displacement. c. Water-LH 

displacement. d. LH-Water displacement. 

 

5.5. Empirical Model Development  

 

The parameter mapping performed in section 5.4. showed useful correlations that 

conform a newly developed empirical model for predictions of transition-stage distances 

and kinetic energy ratios for the slip-stick phenomena. This empirical model is 

constructed by simple rules that allow its implementation towards pore-scale modelling. 

In this work, the empirical model is directed to a quasi-static pore-network model 

application.   

Although the velocity of the contact line is of vital importance at mid-high capillary 

numbers, at low capillary numbers, the evidence shows that differences between TSDs 

for Ca = 1E-5 and Ca = 1E-4 are minimum and negligible for a quasi-static pore-system 

model where capillary forces completely dominate. 

a. b. 

c. d. 
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5.5.1. Transition-stage Distance Interpolation for the slip process 
 

For a capillary channel conformed by n strips of width Ln each, we are interested in 

calculating the TSDa generated by the slip phenomenon from L1 to L2. The slip process 

as studied in Chapter 4, depends on the elasticity of the contact line represented by the 

Laplace number La and the change in surface energy represented by the capillary pressure 

difference ratio PcDR. Correlations for La vs TSDa and La vs KER were obtained by the 

parametric mapping study in section 5.4. Being TSDa,n and KER,n the new transition-stage 

distance and kinetic energy ratio we want to compute from strip 1 to strip 2 during a slip 

process, the steps are as follows: 

 

1. The TSDa,n and KER,n are calculated by interpolating between the aspect ratios of 

the system we want to predict Ω𝑛  and Ω1, Ω2 and Ω3 by using the fitted 

correlations 𝑃𝑐𝐷𝑅,𝑛 vs 𝑇𝑆𝐷𝑎,𝑛 to obtain the data points needed for such 

interpolation. The resulting correlations are the following: 

Water-Gas:  

  𝑇𝑆𝐷𝑎,𝐿𝑎=55,Ω1
= −0.06545𝑃𝑐𝐷𝑅,Ω1

 

  𝑇𝑆𝐷𝑎,𝐿𝑎=55,𝛺2
= −0.1667𝑃𝑐𝐷𝑅,𝛺2

                      Eq.  5.4 

  𝑇𝑆𝐷𝑎,𝐿𝑎=55,Ω3
= −0.333𝑃𝑐𝐷𝑅,Ω3

 

 

  𝐾𝐸𝑅,𝑃𝑐𝐷𝑅,𝑛
= 1.992𝐸5𝑒−5.704𝑃𝑐𝐷𝑅 or 

 𝑙𝑛 𝐾𝐸𝑅,𝑃𝑐𝐷𝑅,𝑛
= −5.704𝑃𝑐𝐷𝑅 + 𝑙𝑛 1.992𝐸5    Eq.  5.5 

    

Gas-Water: 

  𝑇𝑆𝐷𝑎,𝐿𝑎=55,Ω1
= −0.038𝑃𝑐𝐷𝑅,Ω1

+ 0.0078 

  𝑇𝑆𝐷𝑎,𝐿𝑎=55,Ω2
= −0.14𝑃𝑐𝐷𝑅,Ω2

+ 0.0093          Eq.  5.6 

  𝑇𝑆𝐷𝑎,𝐿𝑎=55,Ω3
= −0.34𝑃𝑐𝐷𝑅,Ω3

+ 0.022 

 

  𝐾𝐸𝑅,𝑃𝑐𝐷𝑅,𝑛
= 2.016𝐸5𝑒−5.768𝑃𝑐𝐷𝑅 or 

𝑙𝑛 𝐾𝐸𝑅,𝑃𝑐𝐷𝑅,𝑛 = −5.768𝑃𝑐𝐷𝑅 + 𝑙𝑛 2.016𝐸5  Eq.  5.7 
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Water-Light Hydrocarbon: 

  𝑇𝑆𝐷𝑎,𝐿𝑎=55,Ω1
= −0.0358𝑃𝑐𝐷𝑅,Ω1

+ 0.0069 

  𝑇𝑆𝐷𝑎,𝐿𝑎=55,𝛺2
= −0.0474𝑃𝑐𝐷𝑅,𝛺2

+ 0.0208                      Eq.  5.8 

  𝑇𝑆𝐷𝑎,𝐿𝑎=55,Ω3
= −0.1485𝑃𝑐𝐷𝑅,Ω3

+ 0.0387 

 

  𝐾𝐸𝑅,𝑃𝑐𝐷𝑅,𝑛
= 7.0𝐸4𝑒−6.17𝑃𝑐𝐷𝑅  or 

 𝑙𝑛 𝐾𝐸𝑅,𝑃𝑐𝐷𝑅,𝑛 = −6.17𝑃𝑐𝐷𝑅 + 𝑙𝑛 7.0𝐸4                                Eq.  5.9 

 

Light Hydrocarbon-Water: 

  𝑇𝑆𝐷𝑎,𝐿𝑎=55,Ω1
= −0.0224𝑃𝑐𝐷𝑅,Ω1

+ 0.0099 

  𝑇𝑆𝐷𝑎,𝐿𝑎=55,𝛺2
= −0.0514𝑃𝑐𝐷𝑅,𝛺2

+ 0.0127                    Eq.  5.10 

  𝑇𝑆𝐷𝑎,𝐿𝑎=55,Ω3
= −0.1340𝑃𝑐𝐷𝑅,Ω3

+ 0.0146 

 

  𝐾𝐸𝑅,𝑃𝑐𝐷𝑅,𝑛
= 5.50𝐸4𝑒−5.80𝑃𝑐𝐷𝑅 or 

 𝑙𝑛 𝐾𝐸𝑅,𝑃𝑐𝐷𝑅,𝑛
= −5.80𝑃𝑐𝐷𝑅 + 𝑙𝑛 5.50𝐸4        Eq.  5.11 

 

2. Since the curves in Figures 5.6-5.8 are mapped for a Laplace number of La=55, 

once we determine 𝑇𝑆𝐷𝑎,Ω𝑛,𝑃𝑐𝐷𝑅,𝑛
 and 𝐾𝐸𝑅,𝑃𝑐𝐷𝑅,𝑛

, we must shift them to 𝑇𝑆𝐷𝑎,La𝑛
 

and 𝐾𝐸𝑅,La𝑛
 using the correlation obtained from Figure 5.5. This shift can be 

performed by manipulating the correlations found in Figure 5.5. (Eqs. 5.13-5.21) 

as follows: 

 

𝑇𝑆𝐷𝐿𝑎𝑛,𝑃𝑐𝐷𝑅,𝑛
= 𝑎𝐿𝑎𝑛 + 𝑏 − (𝑇𝑆𝐷𝑎,𝐿𝑎=55,𝛺3

− 𝑇𝑆𝐷𝑎,𝐿𝑎=55,𝛺𝑛
)  Eq.  5.12 

where 𝑎 is the slope of the correlation and 𝑏 the y-intercept, 𝑇𝑆𝐷𝑎,𝐿𝑎=55,Ω3
 is the 

value of 𝑇𝑆𝐷𝑎for La=55 in Eqs. 5.13, 5.15 5.17 and 5.20., 𝑇𝑆𝐷𝑎,𝐿𝑎=55,Ω𝑛
 is the 

value of 𝑇𝑆𝐷𝑎,𝐿𝑎=55,Ω𝑛
obtained from the interpolation in step 1.  

To calculate 𝐾𝐸𝑅,La𝑛
, the same procedure is implemented by linearising the 

exponential fitted equation. 
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𝑙𝑛 𝐾𝐸𝐿𝑎𝑛,𝑃𝑐𝐷𝑅,𝑛
= 𝑐𝐿𝑎𝑛 + 𝑑 − 

(𝐾𝐸𝑎,𝐿𝑎=55,𝑃𝑐𝐷𝑅=−0.5
− 𝐾𝐸𝑎,𝐿𝑎=55,𝑃𝑐𝐷𝑅,𝑛

)       Eq.  5.13 

 

𝐾𝐸𝑎,𝐿𝑎=55,𝑃𝑐𝐷𝑅=−0.5
 is obtained directly from Eqs. 5.14, 5.16, 5.18 and 5.20. and 

𝐾𝐸𝑎,𝐿𝑎=55,𝑃𝑐𝐷𝑅,𝑛
 is calculated directly from Eqs. 5.4, 5.6, 5.8 and 5.10. 

Water-Gas:  

𝑇𝑆𝐷𝑎,𝛺3
= 0.002752𝐿𝑎𝛺3

+ 0.01137   Eq.  5.14 

𝐾𝐸𝑅 = 5.262𝐸4𝑒0.0804𝐿𝑎Ω1  or 

𝑙𝑛 𝐾𝐸𝑅 = 0.0804𝐿𝑎𝛺1
+ 𝑙𝑛 5.262𝐸4   Eq.  5.15 

 

Gas-Water: 

𝑇𝑆𝐷𝑎,𝛺3
= 0.002905𝐿𝑎𝛺3

+ 0.04703  Eq.  5.16 

𝐾𝐸𝑅 = 1.179𝐸4𝑒0.1017𝑃𝑐𝐷𝑅  or  

𝑙𝑛 𝐾𝐸𝑅 = 0.1017𝑃𝑐𝐷𝑅 + 𝑙𝑛 1.179𝐸4      Eq.  5.17 

 

Water-LH: 

𝑇𝑆𝐷𝑎,𝛺3
= 0.001235𝐿𝑎𝛺3

+ 0.04444 Eq.  5.18

   

𝐾𝐸𝑅 = 1.369𝐸4𝑒0.0963𝑃𝑐𝐷𝑅  or  

𝑙𝑛 𝐾𝐸𝑅 = 0.0963𝑃𝑐𝐷𝑅 + 𝑙𝑛 1.369𝐸4   Eq.  5.19 

 

LH-Water: 

𝑇𝑆𝐷𝑎,𝛺3
= 0.001210𝐿𝑎𝛺3

+ 0.03072 Eq.  5.20

   

𝐾𝐸𝑅 = 4.262𝐸3𝑒0.105𝑃𝑐𝐷𝑅  or   

𝑙𝑛 𝐾𝐸𝑅 = 0.1050𝑃𝑐𝐷𝑅 + 𝑙𝑛 4.262𝐸3    Eq.  5.21 

 

3. Once 𝑇𝑆𝐷𝐿𝑎𝑛,𝑃𝑐𝐷𝑅,𝑛
 and 𝐾𝐸𝐿𝑎𝑛,𝑃𝑐𝐷𝑅,𝑛

are finally calculated, they can be converted 

into their non-dimensionless form and feed a piecewise Maggi-based equation.  



   
 

128 
 

5.5.2. Transition-stage Time and Intruding Distance for the stick process at low Ca 
 

During the stick process, the contact line undergoes loss of kinetic energy that is 

transformed into potential energy and viscous dissipation. We studied the transition-stage 

time (TST) for different capillary pressure difference ratios 𝑃𝑐𝐷𝑅as well as aspect ratios. 

For this empirical model purposes, although Chapter 4 shows its importance under 

velocity boundary conditions, when using pressure boundary conditions, the impact of 

the TST over the total capillary filling time is negligible. Figure 5.8 shows that even for 

the lowest aspect ratio (the most extreme case), 𝑇𝑆𝑇𝑎 is less than 1% of the total capillary 

filling time for the drainage part of the process. Hence, for the sake of simplicity of this 

model at low Ca, we neglect the transition-stage time.  

However, even when the pressure drop imposed across the system is “nought” (Δ𝑃 = 0), 

the contact line can intrude drainage-like strips (contact angle > 90°) a certain length and 

then, recoil back to the point where the change of contact angle is located. If the width of 

the strip is shorter than the intruding length caused by the imbibition process and contact 

angle configurations, the contact line will go through the pore-throat even though in 

quasi-static PNMs theory, the CL will not advance. On the contrary, when the width of 

the strip is longer than the intruding length, the contact line will not advance as it would 

normally do for a single-wet imbibition pore-throat.  

In order to calculate if the interface will move through the drainage strip after an 

imbibition displacement, Maggi’s equation will be used, where the input parameters are: 

the position of the contact line h or its equivalent α, and the velocity of the contact line 

𝑉𝐶𝐿 after the kinetic energy is transformed into potential surface energy. By modifying 

the surface energy equation presented by Xu & Wang (2011), the change in potential 

energy can be obtained defined the change of surface energy by the following equation: 

∆𝐸𝑠 = 𝜎 [
𝑅(𝜋 − 2𝜃𝑙)

cos 𝜃𝑙
− 2𝑅] + 𝜎 [

𝑅(𝜋 − 2𝜃𝑟)

cos 𝜃𝑟
− 2𝑅] 

∆𝐸𝑠 = 𝜎𝑅 [
𝑅(𝜋−2𝜃𝑙)

cos𝜃𝑙
+

𝑅(𝜋−2𝜃𝑟)

cos𝜃𝑟
− 4𝑅] Eq.  5.22 

𝐾𝐸𝑎𝑓𝑡.𝑠𝑙𝑖𝑝 = 𝐾𝐸𝑏𝑒𝑓.𝑠𝑙𝑖𝑝 − ∆𝐸𝑠 

𝐾𝐸𝑏𝑒𝑓.𝑠𝑙𝑖𝑝 =
1

2
ℎ𝑝𝑅𝜌𝑑𝑖𝑠𝑉𝐶𝐿,𝑏𝑒𝑓.𝑠𝑙𝑖𝑝

2  

𝐾𝐸𝑎𝑓𝑡.𝑠𝑙𝑖𝑝 =
1

2
ℎ𝑝𝑅𝜌𝑑𝑖𝑠𝑉𝐶𝐿,𝑎𝑓𝑡.𝑠𝑙𝑖𝑝

2          Eq.  5.23 
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where ∆𝐸𝑠 is the change in surface energy due to the stick phenomenon, 𝜎 is the interfacial 

tension, 𝜃𝑙 and 𝜃𝑟 are the contact angles of the surfaces at the left and right half of the 

channel, respectively. 𝑅 is the radius of the channel, 𝐾𝐸𝑏𝑒𝑓.𝑠𝑡𝑖𝑐𝑘 and 𝐾𝐸𝑎𝑓𝑡.𝑠𝑡𝑖𝑐𝑘 are the 

kinetic energies before and after the stick process, respectively. ℎ𝑝 is the contact line 

pinning position during the stick process. Finally, 𝑉𝐶𝐿,𝑏𝑒𝑓.𝑠𝑡𝑖𝑐𝑘
2  and 𝑉𝐶𝐿,𝑎𝑓𝑡.𝑠𝑡𝑖𝑐𝑘

2  are the 

velocities of the contact line before and after the stick process.  

Once the 𝑉𝐶𝐿,𝑎𝑓𝑡.𝑠𝑡𝑖𝑐𝑘
2  and ℎ𝑝 are obtained, they are used as initial conditions for Maggi’s 

modified equation Eq.  3.15 to calculate the distance the contact line travels through the 

drainage stage 𝐷𝑝 until all the kinetic energy is “zero” (transformed into potential energy 

and viscous dissipation). If the initial contact line velocity is high enough, and its 

combinations with fluid viscosities and pressure drops, even when ∆𝑃 = 0 or ∆𝑃 < 𝑃𝑐, it 

allows the intrusion of the contact line into drainage strips, that may cause significantly 

differences in terms of saturations under a certain pressure drop in quasi-static pore-

network models.  

5.5.3. Piecewise Multi-wet Capillary Filling Model 
 

After a methodology to calculate TSDa and Kinetic Energy Ratios is established based 

on the parametric mapping performed in this chapter, a new piecewise multi-wet capillary 

filling model is presented. Consider the multi-wet channel conformed by n strips of 

different wettability capillary filling equation taking into account the most important 

mechanisms of contact line movement (Maggi & Alonso-Marroquin, 2012). Each strip 

has a length 𝐿𝑛 and a contact angle 𝜃𝑛. Figure 5.8 shows two different possible 

configurations for water displacing gas/light hydrocarbon, the top channel shows the strip 

𝐿1 has a drainage profile (𝜃1 > 90) while the bottom channel shows the strip 𝐿1 has an 

imbibition profile (𝜃1 < 90). 

 

Figure 5.9. Schematics of a multi-wet capillary channel with n strips along the surface. 

Model Rules and Conditions: 
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1. The dimensionless capillary filling equation (modified Maggi’s equation – see 

Eq.  3.15) can be used in strip n to predict the position of the contact line if 𝐿𝑛 is 

longer than the computed 𝑇𝑆𝐷𝑛 using the correlations in section 5.5.1.  

2. The modified Maggi’s equation can be used for both imbibition and drainage 

displacements.  

3. The initial conditions for the modified Maggi’s equation (initial contact line 

position and velocity) after a slip process are obtained from 𝑇𝑆𝐷𝑛 and 𝐾𝐸𝑅. 

4. The 𝑇𝑆𝑇 is negligible for both slip-stick phenomena under pressure boundary 

conditions. 

5. The initial conditions for the modified Maggi’s equation after the stick process are 

simplified as ℎ𝑜,𝑛 = 𝐿1 + 𝐿2 + ⋯+ 𝐿𝑛−1 and 𝑉𝐶𝐿,ℎ0
= 0.0 when using pressure 

boundary conditions. 

5.6.  Application on a Quasi-static Simple Pore-Throat System 

 

The quasi-static pore-scale network model is based on the invasion-percolation principle. 

All pore-throats have an assigned entry pressure which is checked constantly against the 

pressure drop imposed as boundary condition and the position of the interface inside the 

network. If the pressure drop is larger than the entry pressure of a pore-throat, that pore-

throat is invaded with non-wetting fluid and the adjacent pore body is drained 

(downstream). Then, the interface is placed at the entrance of the pore-throats adjacent to 

the recently drained pore body and the check for entry pressure is repeated. This process 

is repeated until no pore-throats can be invaded anymore by the interface. Once this 

condition is met, the saturation of each phase is computed by counting the number of pore 

bodies and pore-throats invaded by the non-wetting phase. Subsequently, the pressure 

drop is increased by a certain ΔP and the procedure is repeated to obtain a new data point 

in the Sw ~ Pc quasi-static capillary pressure curve until a residual saturation is obtained 

or a pre-defined pressure drop value is reached.  

As an example, four pore-throat systems are presented using different multi-wet 

configurations which directly affect the location of the interface position in the quasi-

static PNM. Consider water displacing a non-wetting fluid (hydrocarbon) in a quasi-static 

process. Figure 5.9 shows 2 cases of imbibition for two pore-throats of different radii. 

Figure 5.9 a. and b. show the instantaneous invasion of the wetting fluid into the two 

ducts when no multi-wet channel configuration is present. However, as a new 

hydrophobic patch is introduced to one of the pore-throats, the new model presented in 
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this work predicts the interface will not pass through the new hydrophobic patch due to 

the combination of interfacial tension, the difference surface energies (contact angles) 

and pressure drop. As shown in Figure 5.9 d., there is a trapped blob of non-wetting fluid 

due to the hydrophobic patch on the multi-wet duct. This blob makes a huge difference 

in calculating the average saturation for that particular pressure drop.  

 

Figure 5.10. a. Single-wet pore-throat system before the interface moves at pressure drop ∆P. b. 

Single-wet pore-throat system after filling D_1 and D_2. c. Dual-wet pore-throat domain before the 

interface moves at pressure drop ∆P. d. Dual-wet pore-throat domain after the interface stabilises 

at pressure drop ∆𝑷. 

 

Now, let us consider a non-wetting fluid (hydrocarbon) displacing water. When using the 

quasi-static pore-network model to simulate a drainage process, the procedure mentioned 

above works well for a single-wet pore-throat channel. Figure 5.9 shows the non-wetting 

fluid entering the wider duct (𝐷2) first at a pressure drop ∆𝑃. Because the radii of 𝐷2 and 

𝐷3 are the same, the non-wetting fluid invades both ducts at the same pressure drop. 

However, because the entry pressure of the less wide duct (𝐷1) is higher than the imposed 

pressure drop boundary condition, the non-wetting fluid will not invade that capillary 𝐷1.  

a. b. 

c. d. 
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Figure 5.11. a. Phase saturations before the interface moves at pressure drop ∆P. b. Phase 

saturations after the interface stabilises at pressure drop ∆P. 

However, when a patch of hydrophobic material is placed at the beginning of pore-throat 

𝐷1, at the same pressure drop ∆𝑃 as Figure 5.9, the interface will move through the 

hydrophilic patch of the duct due to the momentum the contact line gains or kinetic energy 

(see Figure 5.9 a.), even though the imposed pressure drop is smaller than the capillary 

entry pressure of the hydrophilic patch of channel 𝐷1. Due to a combination of interfacial 

tension, pressure drop, contact angle difference and fluid properties, in this case, the 

interface will move through the duct 𝐿2,𝐷1
 making the non-wetting phase invade both 

ducts 𝐷1 and 𝐷2 at the same pressure drop ∆𝑃 as the single-wet drainage case (see Figure 

5.9. b. and c.). The result of having a multi-wet channel highly influences the average 

phase saturation computed at a certain capillary pressure Sw ~ Pc. Comparing the phase 

saturations in Figure 5.9 b. and Figure 5.9 c., as the two duct systems share the same 

pressure drop, the phase saturations deviate greatly from each other as 𝐷1 is completely 

invaded in the multi-wet channel case.  

 

 

a. b. 



   
 

133 
 

 

 

Figure 5.12. a. Phase distribution before the interface starts to move at pressure drop ∆P in a multi-

wet pore-throat system. b. Imbibition in 𝑫𝟏 while slow drainage at 𝑫𝟐. c. Kinetic energy makes the 

non-wetting fluid invade the hydrophilic patch of 𝑫𝟏 and the subsequent pore body. d. Final phase 

distribution after the interface stabilises. 

In conclusion, the different parameters affecting the slip-stick processes were mapped by 

simulating dual-wet capillary channels and measuring the transition-stage distance, time 

and kinetic energy before and after the slip-stick phenomena. We found that under low 

capillary numbers, the pressure drop variation does not have a great impact on the slip-

stick processes since the flow is capillary dominated. This feature allowed the 

simplification of the parameter mapping by obtaining the transition-stage distance, time 

and kinetic energy ratio without varying the pressure drop boundary condition. Moreover, 

the transition-stage distance correlates linearly to the Laplace number as well as the 

capillary pressure difference ratio. These linear correlations agree with the notion of 

change of surface energy in the literature. The kinetic energy ratio varies exponentially 

a. b. 

c. d. 
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with both the Laplace number and capillary pressure difference ratio as the kinetic energy 

increases with the square of the velocity of the contact line.  

We gathered the trending lines equations from the correlations obtained in the parameter 

mapping to feed a new empirical model. This new empirical model was developed to 

predict the position of the contact line and its velocity in a multi-wet capillary channel 

based on Maggi’s capillary filling equation, while considering the modification of the 

contact line position due to the slip-stick phenomena. The new set of rules composing the 

newly developed empirical model are then set to modify a quasi-static pore-network 

model. Two simple single-wet and multi-wet imbibition and drainage displacements are 

presented; they show having the possibility of multi-wet pore-throats can modify greatly 

the final phase saturations calculated in the pore network for both imbibition and drainage 

processes. These provide a base for implementing the model into quasi-state pore network 

models in future work.   
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CHAPTER 6 - SUMMARY & CONCLUSION 
 

The behaviour of the contact line in capillaries with single and two longitudinal 

contrasting variable-wet sections was studied for a range of practical fluid pairs with high 

contrasting properties, variable capillary geometries and both velocity-velocity and 

pressure-pressure flow boundary conditions at in- and out-lets systematically by means 

of analytical and numerical approaches in this thesis. For capillaries with a uniform 

wetting surface, an analytical model that accounts for a fuller set of forces acting on 

capillary filling was employed; based on this model, a dimensionless model was derived 

to carry out dimensional analysis of contact line dynamics over model parameters and 

force evolutions. Moreover, the dimensionless analysis allowed to study 1) the important 

aspects of the partition of the parameter’s space where density (inertial forces) and 

viscosity ratios (viscous forces), Laplace number, and capillary channel aspect ratio 

(capillary forces); 2) the relative importance of the inertial forces during the early stages 

of the capillary filling process and 3) the definition of a parameter α that allows a more 

stable monotonic filling function (no stick phenomena observable for α since the interface 

keeps changing form although the contact line gets pinned) and the early identification of 

viscous fingering during simulations.  

For capillaries having two variable-wet sections, detailed studies on the contact line 

transitional behaviours at the section interface were carried out to examine the 

transitional-stage time and distance quantitively with respect to surface, kinetic and 

viscous dissipation energy transformation. For this, a multi-time-relaxation colour-

gradient LB model for two phase fluids was implemented. Cares were taken to improve 

stability of the code for simulating fluids with high contrasting density and viscosity 

through adopting advanced techniques reported in literature. The code was successfully 

tested against analytical solutions in all benchmark cases for interfacial tension 

reproduction, contact angle wetting boundary condition, and capillary filling and high 

density and viscosity ratios (up to 100 viscosity ratio).  

We addressed the research questions through the systematic study of the movement of 

the contact line along single-wet and multi-wet patterned capillary channels using the 

colour-gradient multiphase lattice-Boltzmann method as the numerical CFD approach. 

We investigated the effect of fluid configurations such as density and viscosity ratios, 

Laplace numbers, boundary conditions and geometry configurations such as the capillary 

channel aspect ratio under low capillary numbers on the slip-stick phenomena. 
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The two-phase stratified flow comparison to the analytical solutions were in very good 

agreement, even for high density and viscosity ratios (up to 100). We also simulated a 

capillary intrusion using the colour-gradient multiphase LB method and compared it to 

the analytical solution obtained from the modified Washburn equation for 2D slit-pore 

capillary action. They are in good match, which reassures the capability of the numerical 

method used in this study to simulate capillary action even for a viscosity ratio of O(100).  

Afterwards, the research focused on the behaviour of the contact line in homogeneous 

channels (see Chapter 3), studying the forces involved in a capillary filling process and 

how the fluid configuration and geometry characteristics of the channel may affect the 

prediction of filling time using conventional analytical models. Subsequently, we 

modified the dimensionless equation for capillary filling developed by Maggi & Alonso-

Marroquin (2012) into a dimensionless form that allows us to study the impact of fluid 

properties and aspect ratio on the balance of forces within the capillary. We found that 

the balance of forces changes as fluid properties of the defending and displacing phases 

are varied. The role of inertial forces in a capillary filling system increases as the density 

ratio becomes greater. Although inertial effects are important in the early times of the 

process, they can impact severely the final capillary filling time if the channel is short 

enough so viscous forces cannot predominate. On the contrary, viscous forces become 

predominant when the velocity parabolic profile is developed, and the dynamic viscosity 

ratio has a great impact on the contact line velocity at this stage.  

Using the LB code developed in this work, the contact line dynamics were simulated for 

representative cases for fluids of water-gas, water-light hydrocarbon involving respective 

slip and stick processes at the wetting interface, under velocity and pressure boundary 

conditions. The transitional stage time and distance of the contact line were analysed from 

simulated data. The variation of the viscous dissipation generated by the stick-slip 

processes is analysed and it is found that the transient dynamics of the contact line 

coincides with the temporal variation of the viscous dissipation and that duration reflects 

the time the contact line requires to balance the change of surface energy arisen from the 

wettability change. Velocity-velocity and pressure-pressure boundary conditions are 

found to have severe but distinct impact on the transitional behaviour of the contact line 

for cases where fluids have low and high density and viscosity ratios, respectively. In the 

case of the slip process, under velocity-velocity boundary conditions, the contact line is 

observed to oscillate but that oscillation is found to be less damped for fluids at lower 

than higher density and viscosity ratios probably because the inertial forces, that become 



   
 

137 
 

important when the interface shape changes, are higher for the low-density ratio case. 

However, under pressure-pressure boundary conditions, no oscillation is shown, and the 

contact line accelerates rapidly. While, during the stick process, not much difference is 

observed between velocity-velocity and pressure-pressure boundary conditions. In both 

cases the interface gets pinned at the PCAC and after the interface adopts the new shape, 

the contact line starts moving with the momentum the interface carries. For pressure-

pressure driven simulations, the TST is much lower since the kinetic energy during 

imbibition is higher than the imposed velocity-velocity boundary condition kinetic 

energy. 

 

Figure 6.1. Summary findings concerning the use of boundary conditions for different density and 

viscosity ratios. 

Also, we defined two key variables that describe the slip and stick phenomena: transition-

stage distance (TSD) and transition-stage time (TST), which serve as representation of 

the distance the contact line travels before its behaviour can be predicted using Maggi’s 

modified equation and the time the transition-stage lasts before Maggi’s modified 

equation can be used again. Both TSD and TST are obtained from the viscous dissipation 

data. The TSD is obtained from the 
𝑑𝑅𝑣

𝑑ℎ𝑎
 data and the TST is obtained from 

𝑑𝑅𝑣

𝑑𝑡𝑎
 , where the 

derivatives of the viscous dissipation are analysed after the stick-slip process.  
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In chapter 5A parametric study was carried to characterise TST and TSD on a 

dimensionless parameter space. This space covers density ratio from 2 to 50, dynamic 

viscosity ratio from 10 to 70. Capillary channel aspect ratio from 8, 16 to 32 and Laplace 

number from 8, 28 to 55 only for drainage to imbibition cases from simulations of water-

gas, water-light hydrocarbon displacements under pressure-pressure boundary 

conditions.   

Based on the parametric study, the author developed a new empirical model that describes 

the transition-stage time and kinetic energy ratio after the slip phenomenon as well as the 

conversion in kinetic energy due to the stick process for low capillary numbers (𝐶𝑎 <

0.0001). The correlations shown in chapter 5 are linear for La vs TSDa and PcDR vs TSDa, 

probably because the transition-stage distance TSD is mostly dependent on the release of 

surface energy due to the change of contact angle. However, the kinetic energy ratio as 

an exponential relationship with the PcDR. This may be due to the fact that the kinetic 

energy increases with the squared of the velocity of the contact line. The empirical 

correlations were obtained using linear regression and used as input for the empirical 

model. For the sake of the simplicity of the empirical model, the 𝑇𝑆𝑇𝑎 will be negligible 

at low capillary numbers due to its small contribution to the total filling time of the 

capillary channel.  

However, even when the pressure drop imposed across the system is “nought” (Δ𝑃 = 0), 

the contact line can intrude drainage-like strips (contact angle > 90°) a certain length and 

then, recoil back to the point where the change of contact angle is located. If the width of 

the strip is shorter than the intruding length caused by the imbibition process and contact 

angle configurations, the contact line will go through the pore-throat even though in 

quasi-static PNMs theory, the CL will not advance. On the contrary, when the width of 

the strip is longer than the intruding length, the contact line will not advance as it would 

normally do for a single-wet imbibition pore-throat.  

These empirical correlations were implemented in an empirical model for multi-wet 

capillary channels, that through simple rules and correlations, and use of the modified 

Maggi’s equation in which pressure boundary conditions are used, determine whether a 

multi-wet pore-throat is invaded during drainage or imbibition processes when using a 

quasi-static PNM. Two simple single-wet and multi-wet imbibition and drainage 

displacements are presented; they show having the possibility of multi-wet pore-throats 

can modify greatly the final phase saturations calculated in the pore network for both 
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imbibition and drainage processes. These provide a base for implementing the model into 

quasi-state pore network models in future work.   

6.1. Future Work 

 

The future work of this thesis is focused on the development of two mainly two fronts: 

the implementation of the model in dynamic pore-network models and the expansion of 

the model to higher capillary numbers (Ca >> 1E-4). 

In order to apply the methodology described in this study to dynamic PNMs, it is 

important to address the effect of viscous fingering in the capillary filling process. Not 

only is the capillary number important, but also the viscosity ratio of the fluids involved 

as well as which fluid is displacing and being displaced. This problem would require a 

special investigation on the effect of dynamic viscosity ratios and aspect ratio on the 

viscous fingering phenomena at different capillary numbers. It becomes difficult to 

analyse the interface, when the balance of viscous forces overcomes the capillary forces 

and the dynamic contact angle is completely different to the static contact angle. As the 

fluid-fluid interface changes its surface area, Maggi’s modified equation cannot predict 

the behaviour of the contact line and the model will not be suitable for such problem. 

However, the contact line could move a distance before developing a finger and Maggi’s 

equation could be used. It will depend on the balance of viscous to capillary forces and 

the aspect ratio of the channel. The determination of viscous fingering development is 

vital to the implementation of the empirical model on dynamic PNMs. 

In case of higher capillary numbers (viscously dominated flows), as mentioned before, 

the contact angle would be modified, and a dynamic contact angle needs to be introduced 

due to the momentum of the fluids. The shape of the contact line changes completely and 

hence the surface energy before and after the slip-stick process. For instance, in the slip 

phenomenon, if the pressure drop imposed as boundary condition is too high, a more 

precise model would be necessary to account for the change in surface energy especially 

during the imbibition process, which would render the empirical model developed in this 

thesis obsolete.  Although more computationally expensive, a phase-field DNS model 

could shed light onto the slip-stick phenomena when the shape of the contact angle is 

distorted at high capillary numbers, where the slip length plays an important role. If the 

methodology developed in this work can be applied to dynamic PNMs and high capillary 

numbers, the impact of multi-wet pore-throats could be measure in bigger networks of 
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pores and upscale properties such as relative permeability curves for highly 

heterogeneous wettability porous media at a very low computational cost.   
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