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Abstract

The semi-geostrophic equations constitute a mathematical model used to study the

evolution of rotation-dominated atmospheric and oceanic flows on large horizontal

scales. Although it was introduced in the late 1950s, the system attracted the

attention of the mathematical community only in the late 1990s, when its connection

with optimal transport theory was discovered.

In this thesis, we present an overview of the main formulations and the main

results in the literature of the analysis of the semi-geostrophic equations. It follows

an account of the author’s contribution to this theory.

Firstly, we discuss the analysis of the surface semi-geostrophic equations, which

model a semi-geostrophic flow in regime of constant potential vorticity. The system

consists of an active scalar equation, whose activity is determined by way of a

Neumann-to-Dirichlet map associated to a fully nonlinear second-order Neumann

boundary value problem on the infinite strip R2 × (0, 1). We present the results on

the local-in-time existence and uniqueness of classical solutions of this active scalar

equation in Hölder spaces.

Secondly, we consider a class of steady solutions of the semi-geostrophic equations

on the whole space and derive the linearised dynamics around such solutions. The

linearised equation consists of a transport equation featuring a pseudo-differential

operator of order 0. We study well-posedness of this equation in L2(R3,R3) intro-

ducing a representation formula for the solutions, and extend the result to the space

of tempered distributions on R3. We investigate stability of the steady solutions

of the semi-geostrophic equations by looking at plane-wave solutions of the associ-

ated linearised problem, and discuss differences in the case of the quasi-geostrophic

equations.

We conclude with an overview of the main open questions that arise from the

theory presented in this thesis.
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Chapter 1

Introduction

The semi-geostrophic equations constitute a mathematical model used in meteorol-

ogy to study the evolution of mid-latitude atmospheric and oceanic flows on large

horizontal scales. Although widely used in numerical simulations, their mathemat-

ical analysis is far from complete, and it has attracted the attention of the math-

ematical community, particularly due to its connection with the theory of optimal

transport.

From the mathematical prospective, the incompressible inviscid semi-geostrophic

equations on a domain Ω ⊆ R3 consists of the semi-linear transport equation
∂

∂t
∇P + (u · ∇)∇P = J(∇P − idΩ),

∇ · u = 0,

(1.1)

in the unknown conservative vector field ∇P , which can be seen as a modified

pressure gradient, and the incompressible velocity field u. We will introduce the

notation and discuss the nature of the equation in the next chapter, but it is worth

emphasising this first noticeable difference with the Navier–Stokes and the Euler

equations, which consist of evolution equations in the velocity field u.

1.1 The contribution of the thesis

In this thesis, the author presents their contribution to the mathematical analysis

of the semi-geostrophic equations. Specifically, the problems addressed in this work

are the following:
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Chapter 1: Introduction

1. existence of smooth solutions of the surface semi-geostrophic equations on the

torus T2;

2. linearisation of the semi-geostrophic equations on the whole space R3, existence

of solutions for the linearised equation, and stability of the steady solutions.

The analysis of the problems above was presented in the published articles [39, 40]

respectively, written in collaboration with Dr. Mark Wilkinson. We present here a

brief introduction to the two problems, and discuss their contribution to the semi-

geostrophic theory and they connection with other problems in mathematical fluid

mechanics.

1.1.1 The surface semi-geostrophic equations

The surface semi-geostrophic equations were introduced in the 1970s, as a reformu-

lation of the semi-geostrophic equations in a different set of coordinates and in a

regime of constant potential vorticity. This is a physically reasonable assumption, as

the potential vorticity, a formally-conserved scalar quantity of the system, is approx-

imately uniform in each layer of the atmosphere. The system is formally equivalent

to the well-known surface quasi-geostrophic equations and the 2-D incompressible

Euler equation in the vorticity formulation: those three models consist of an active

scalar transport equation on a 2-dimensional domain, namely
∂

∂t
θ + w · ∇θ = 0,

w(·, t) = ∇⊥T [θ(·, t)].
(1.2)

The activity of the system is determined through the operator T , which is defined

differently in each of the three sets of equations. In the case of the vorticity Euler and

surface quasi-geostrophic equations, the operator T is morally an inverse (fractional)

Laplacian. However, in the surface semi-geostrophic equations, the operator T is

associated to a fully-nonlinear boundary value problem on the infinite strip R2 ×

(0, 1). Although this model has been known for over 40 years, its mathematical

analysis has not been tackled before. Despite the formal similarity with the 2-D

Euler equation in vorticity form and the surface quasi-geostrophic equation, the

analysis of (1.2) in the semi-geostrophic theory requires very different techniques,

2



Chapter 1: Introduction

due to the nonlinear nature of the operator T . In [39], we presented the analysis

of the fully-nonlinear boundary value problem associated to T in spaces of Hölder

continuous functions, and we established local-in-time existence of classical solutions

of (1.2).

1.1.2 The linearised semi-geostrophic equations

We consider steady solutions of (1.1) on the whole space R3 that correspond to a

quadratic strictly convex map P defined on R3 as

P (x) =
1

2
x · Ax, A ∈ Sym+(3,R). (1.3)

We provide a formal linearisation of the semi-geostrophic equation at such steady

solutions, which leads to the linear abstract Cauchy problem
d

dt
φ = L φ,

φ(0) = φ0,

(1.4)

in the unknown time-dependent vector field φ, where the linear operator L depends

on the choice of the matrix A that defines the steady solution (1.3). A rigorous lin-

earisation would require an existence theory of weak solution of the semi-geostrophic

equations, which is not available at the moment, as we will discuss when we com-

ment on the existing literature. However, to the best of the author’s knowledge,

[40] is the first attempt to a linear stability analysis of the semi-geostrophic equa-

tions. In [40], we establish an existence theory for strong solutions of (1.4) in the

space of tempered distributions, providing an explicit representation formula, and

comment on the long-time behaviour of plane-wave-like solutions. We will see that

the long-term behaviour of such solutions depends on the nature of the matrix A in

(1.3). Furthermore, we discuss how a similar theory can be developed for the quasi-

geostrophic equations, and we compare the behaviour of common steady solutions

of the semi-geostrophic and the quasi-geostrophic equations.

3



Chapter 1: Introduction

1.2 Outline of the thesis

The thesis is structured as follows.

• In Chapter 2, we introduce the semi-geostrophic equations in Eulerian and La-

grangian physical coordinates. We then present the formulation in geostrophic

coordinates, also known in the literature as dual formulation, which was intro-

duced in the late 1990s in order to apply results from the Optimal Transport

theory to establish the first existence results in the semi-geostrophic theory.

We present an account of the literature relevant to this thesis, commenting on

the main open questions.

• Chapter 3 is based on the published article [39], and tackles the analysis of

the surface semi-geostrophic equations (1.2).

• Chapter 4 is based on the published article [40], and deals with the linearised

semi-geostrophic equations (1.4), discussing derivation, existence of solutions

and implications for stability.

• In Chapter 5 we summarise the questions that we answered in this thesis, and

we comment on those that are left for future work.

• In Appendix A and Appendix B, the author reports a few auxiliary results that

were used in Chapter 3 and Chapter 4 respectively. These include variations

of known results, adapted to the context in which we operated in the main

chapters.

4



Chapter 2

The semi-geostrophic equations

The semi-geostrophic equations (SG in what follows) govern the large-scale dynamics

of atmospheres and oceans which are dominated by rotational effects and stratifica-

tion. The equations take the form of an active transport equation in an unknown

conservative vector field, and can be considered as a formal high-rotation-rate limit

of the well-known primitive equations. SG has attracted considerable attention from

the mathematical community over the past 20 years as their analysis can be tackled

using tools from optimal transport theory and the regularity theory of Alexandrov

solutions of the Monge-Ampère equation.

In this work, we focus on the mathematical analysis of SG: understanding the

properties of the solutions is fundamental for a sensible use of the equations to model

real-world phenomena through numerical simulations. In fact, the importance of a

rigorous analysis of SG is twofold: physically, SG is one of the mathematical models

used at the Met Office in Exeter, UK, to improve weather predictions in the UK.

Mathematically, SG is one of the few fluid equations that has very few rigorous

results on existence of weak solutions. The main results regarding the existence of

solutions to SG make use of a change of coordinates in order to rewrite the system

in a way that makes it easier to study.

After providing some physical interpretation of the semi-geostrophic approxima-

tion, we present the main formulations of SG and discuss the existence theory that

was developed in the past 20 years or so.

5



Chapter 2: The semi-geostrophic equations

2.1 Physical interpretation and geostrophic ap-

proximations

As mentioned in Chapter 1, SG models the dynamics of geophysical fluids (e.g.

oceans and atmosphere) on large scales. Oceanic and atmospheric flows are mainly

dominated by gravity and planetary rotation. In particular, the strength of rota-

tional effect is measured by a dimensionless quantity, called Rossby number, which

is defined as

Ro :=
U

fL
,

where U and L are the characteristic velocity and length scales respectively, whereas

f is the Coriolis frequency. The Coriolis frequency depends on the latitude φ as

f ∼ sinφ, therefore it vanishes along the equator and attains its maximum value

in magnitude at the poles. Since we are interested in rotation-dominated flows, we

consider a high Coriolis frequency, i.e. a small Rossby number. When the Rossby

number is small, the Coriolis effect on the flow is strong and the dynamics can reach

the so-called geostrophic balance. This is the ideal balance between the pressure

gradient and Coriolis force, such that the flow velocity is parallel to the isobars (i.e.

horizontal level curves of constant pressure). The geostrophic balance corresponds

to Ro → 0 and the flow velocity u is horizontal and perpendicular to the pressure

gradient −∇p. We call the velocity in geostrophic balance geostrophic velocity ug,

which is the solution to the static equation

fe3 × u = −∇p,

where e3 = (0, 0, 1). Therefore, the geostrophic velocity ug is defined as

fug =


− ∂p
∂x2

∂p
∂x1

0

 . (2.1)

The geostrophic balance is a mathematical concept, as the effect of the planetary

rotation is not strong enough to reach a balance with the pressure gradient. There

6



Chapter 2: The semi-geostrophic equations

Figure 2.1: In absence of rotational effect, the fluid moves from high-pressure regions
to low-pressure ones, in the direction of the pressure gradient −∇p, perpendicularly
to the isobars. The Coriolis force causes a rotation of the direction of motion: a
−π/2-rotation corresponds to the geostrophic balance with the flow velocity given
by ug. In the geostrophic approximations like SG and QG (quasi-geostrophic equa-
tions), the full flow velocity u is a perturbation of ug.

are various reasons for which this is the case, including the non-negligible effect of

other forces, such as inertia, which is responsible for the nonlinear term (u · ∇)u in

the Euler and Navier-Stokes equations. However, when the Rossby number is small,

the full flow velocity u can be approximated as a perturbation of the geostrophic

velocity ug:

u = ug + ua,

where the correction term ua is called ageostrophic velocity and is generally non-

horizontal. See Figure 2.1 for a graphic horizontal representation of the geostrophic

balance. In Figure 2.1, we assumed positive Coriolis frequency f in the definition

(2.1), corresponding to dynamics in the Northern hemisphere. We can observe

that the Figure explains why cyclones (air masses that rotate around low-pressure

centres) spin anti-clockwise in the Northern hemisphere, whereas anticyclones (air

masses that rotate around high-pressure centres) spin clockwise, and vice-versa in

the Southern hemisphere.

7



Chapter 2: The semi-geostrophic equations

2.2 Different formulations of SG

By drawing a brief analogy with the theory of water waves, or the free-surface Euler

equations (see [37]), in the study of SG it is useful to rewrite the governing equations

in different coordinate systems, with the hope of constructing some solution of the

formally equivalent system therein. Let us now present the main versions of SG that

have been studied to date and discuss their relationships briefly.

SG in Eulerian coordinates

In Eulerian physical coordinates and in the regime of an incompressible and inviscid

flow, SG was derived from the primitive equations for the first time in [24]. For

a formal derivation of the equations, we invite the reader to see, for instance, [12,

32]. SG comprises of the following system, on the spatial domain Ω ⊆ R3, of two

transport equations on the geostrophic velocity ug and the potential temperature θ,

and the incompressibility condition on the full flow velocity u:

∂

∂t
ug + (u · ∇)ug = −Jua,

∂

∂t
θ + (u · ∇)θ = 0,

∇ · u = 0,

u · n = 0 on Ω.

(2.2)

As mentioned before, ua is the associated ageostrophic velocity field that can be

seen as the correction added to the geostrophic velocity ug to obtain the full flow

velocity u, namely

u = ug + ua.

Moreover, the matrix J ∈ R3×3 is given by

J =


0 −1 0

1 0 0

0 0 0

 , (2.3)

8



Chapter 2: The semi-geostrophic equations

and n is the outward normal vector to the boundary ∂Ω. The geostrophic velocity ug

and potential temperature θ are not independent quantities, but rather are realised

as the gradient of a scalar pressure p, namely

∇p =


fug2

−fug1
g

θ0

θ

 ,

where f is the Coriolis frequency that we introduced in the previous section, θ0

is the constant reference potential temperature and g the magnitude of the Earth

gravity acceleration. In this work, we renormalise the constants as f = g = θ0 = 1,

although some work has been done with a more physically-relevant non-constant

Coriolis frequency. As we mentioned in the previous section, a positive Coriolis

frequency corresponds to phenomena in the Northern hemisphere: f = −1 would

be appropriate to study phenomena in the Southern hemisphere, which we do not

consider in this thesis.

One can immediately notice that SG (2.2) consists of a transport equation on

the gradient of the pressure, rather than on the full flow velocity fields as is common

in other fluid equations (e.g. Euler equation). We can exploit this feature in order

to rewrite the system (2.2) as a transport equation on a conservative vector field.

By introducing the scalar field P defined as

P (x, t) := p(x, t) +
1

2
(x2

1 + x2
2), (x, t) ∈ Ω× R, (2.4)

often called the generalised pressure or generalised geopotential, the system (2.2) is

equivalent to an active transport equation in the unknown conservative vector field

∇P ,
∂

∂t
∇P + (U [∇P ] · ∇)∇P = J(∇P − idΩ), (2.5)

where the operator U : ∇P 7→ u is the solution operator associated to the div-curl

system 
∇× (D2Pu) = ∇× J(∇P − idΩ),

∇ · u = 0,

(2.6)

9



Chapter 2: The semi-geostrophic equations

endowed with the boundary condition u · n = 0 on ∂Ω. We observe that the curl

equation in (2.6) is an elliptic PDEs if the function P is strictly convex. We will

discuss why this is a sensible assumption in semi-geostrophic theory later on, when

discussing Cullen’s convexity principle. In (2.5) and (2.6), idΩ denotes the identity

map on Ω, idΩ : x 7→ x.

The reader can observe that the coefficients of the first derivatives of ∇P in (2.5)

depend on the unknown in a non-local way, namely through the system (2.6). For

this reason, SG does not fit into the classic definitions of quasi-linear or semi-linear

equations. However, as the coefficients of the first derivative of ∇P are functions of

∇P , we choose to see SG as semi-linear equation.

SG in Lagrangian coordinates

One formally equivalent formulation of SG considered in the literature is that in so-

called Lagrangian coordinates. We consider the Lagrangian flow map Fu associated

to the vector field u, defined as the solution of the initial value problem
∂

∂t
Fu(x, t) = u(Fu(x, t), t),

Fu(x, 0) = x,

(2.7)

and observe that the incompressibility condition on u implies that Fu(·, t) is a for-

mally volume-preserving map for all t. Indeed, by Euler’s formula, namely,

∂

∂t
detDFu(x, t) = detDFu(x, t)∇ · u(x, t),

we have that detDFu(·, t) = detDFu(·, 0) = 1. Also, if we consider a domain Ω with

boundary ∂Ω, the no-slip condition u · n = 0 on ∂Ω guarantees that Fu(·, t)(Ω) = Ω

for any time t. The flow map Fu is locally-in-time well-defined if the vector field

u is locally Lipschitz in the spatial variable x ∈ Ω, and in this case Fu(·, t) is a

volume-preserving diffeomorphism on Ω.

We formally define the vector-valued map T : Ω× R→ R3 by

T (x, t) := ∇P (Fu(x, t), t). (2.8)

10
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and a straight-forward formal calculation shows that

∂

∂t
T = J(T − Fu). (2.9)

The equations (2.7), (2.8), (2.9) with the incompressibility condition ∇ · u = 0

constitute SG in Lagrangian coordinates.

Evidently, the equivalence between the Lagrangian formulation and the previous

Eulerian one depends on the regularity of the unknown velocity vector field u, i.e.

on the regularity of the solutions that we construct.

SG in geostrophic coordinates

One other formally equivalent formulation is expressed in so-called geostrophic co-

ordinates, as studied for instance in the well-known work of Benamou and Brenier

[6]. Indeed, if we assume that the map ∇P (·, t) : Ω → R3 is a diffeomorphism for

any t > 0, then the scalar field α defined as

α(·, t) := detD2P ∗(·, t) (2.10)

satisfies an active transport equation, namely
∂

∂t
α + (W · ∇)α = 0,

W (·, t) := J(idR3 −∇P [α(·, t)]).
(2.11)

The operator P : α 7→ P ∗ is the Brenier solution operator associated to the time-

independent Monge–Ampère equation (2.10) with the boundary condition

∇P ∗(R3) ⊆ Ω, (2.12)

i.e. for any t ∈ R

∫
Ω

f(∇P (x, t)) dx =

∫
R3

f(y)α(y, t) dy, ∀f ∈ Cc(R3), (2.13)

or, equivalently, α(·, t)LR3 := ∇P (·, t)#LΩ is the push-forward of the Lebesgue

measure on Ω through the map ∇P (·, t).

11
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As is standard, we use the notation f ∗ to denote the Legendre transform of the

function f : Ω→ R, defined as

f ∗(y) := sup
x∈Ω

(x · y − f(x)), ∀y ∈ R3,

while idR3 : x 7→ x denotes the identity map on R3. We remind the reader that, for

a differentiable function f , the Legendre transform satisfies the following identities:

∇f ∗ ◦ ∇f = idΩ, ∇f ◦ ∇f ∗ = idR3 .

We present here a formal derivation of the equation (2.11). Recalling that the

Lagrangian flow map Fu associated to the Eulerian velocity field u is a volume-

preserving on Ω, we can write from (2.13) the identities

∫
Ω

f(T (x, t)) dx =

∫
Ω

f(∇P (x, t)) dx =

∫
R3

f(y)α(y, t) dy,

for any f ∈ Cc(R3) and time t, where the map T was defined in (2.8). If the pair

(P, u) is a global-in-time smooth solution of SG (2.5) in Eulerian coordinates and

we consider any test function f ∈ C∞c (R3 × [0,∞)), then we have that

0 =

∫ ∞
0

∫
Ω

[
∂

∂t
∇P (x, t) +

(
u(x, t) · ∇

)
∇P (x, t)− J

(
∇P (x, t)− x

)]

· ∇f(∇P (x, t), t) dx dt

=

∫ ∞
0

∫
Ω

∂

∂t
T (x, t) · ∇f(T (x, t), t) dx dt

−
∫ ∞

0

∫
Ω

J
(
T (x, t)− Fu(x, t)

)
· ∇f(T (x, t), t) dx dt

=

∫ ∞
0

∫
Ω

[
∂

∂t

(
f(T (x, t), t)

)
− ∂

∂t
f(T (x, t), t)

]
dx dt

−
∫ ∞

0

∫
Ω

J
(
T (x, t)− Fu(x, t)

)
· ∇f(T (x, t), t) dx dt

=
�������������

lim
τ→+∞

∫
Ω

f(T (x, τ), τ) dx−
∫

Ω

f(T (x, 0), 0) dx

12
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−
∫ ∞

0

∫
Ω

∂

∂t
f(T (x, t), t) dx dt

−
∫ ∞

0

∫
Ω

J
(
T (x, t)− Fu(x, t)

)
· ∇f(T (x, t), t) dx dt

= −
∫
R3

f(y, 0)α(y, 0) dy −
∫ ∞

0

∫
R3

∂

∂t
f(y, t)α(y, t) dy dt

−
∫ ∞

0

∫
R3

J(y −∇P ∗(y, t)) · ∇f(y, t)α(y, t) dy dt.

Therefore, we formally derived the weak formulation of the equation (2.11), namely,

for any test function f ∈ C∞c (R3 × [0,∞)),

∫ ∞
0

∫
R3

[
∂

∂t
f(y, t) + J(y −∇P ∗(y, t)) · ∇f(y, t)

]
α(y, t) dy dt

= −
∫
R3

f(y, 0)α(y, 0) dy.

We can observe that this is yet a new way of writing SG as an active scalar

equation, where the activity is determined by way of a weak solution of the second

boundary-value problem for the Monge-Ampère equation. We refer to the system

(2.11) as the semi-geostrophic equations in geostrophic coordinates : the reason for

this becomes clear once one notices that the vector field W corresponds to the

geostrophic velocity written in the new coordinates. In fact, the vector field W is

defined in the geostrophic coordinates y = ∇P (x, t), therefore

W (∇P (x, t), t) = J(∇P (x, t)−∇P ∗(∇P (x, t), t)) = J(∇P (x, t)− x)

= J(∇p(x, t)) = ug(x, t). (2.14)

We now discuss the results in the literature regarding the well-posedness of the

previous formulations of SG.

13



Chapter 2: The semi-geostrophic equations

2.3 State of the art of the semi-geostrophic theory

In [6], Benamou and Brenier provided the first result on existence of weak solutions

to SG in geostrophic coordinates (2.11). The main theorem proved in [6] is the

following:

Theorem ([6])

Let Ω ⊂ R3 be a bounded Lipschitz open set and α0 ∈ Lp(R3) be of compact support.

For any τ > 0 and p > 3, there exist

(i) R > 0 with B := B(0, R) ⊂ R3;

(ii) α ∈ L∞([0, τ ], Lp(B));

(iii) P ∈ L∞([0, τ ],W 1,∞(Ω)) with P (·, t) convex and P ∗ ∈ L∞([0, τ ],W 1,∞(R3));

and

(iv) W ∈ L∞([0, τ ], L∞loc(R3,R3) ∩BVloc(R3,R3))

such that (α,W ) furnishes a distributional solution of the equations (2.10) and

(2.11), with α(·, 0) = α0 in Lp(R3).

The sense in which the quantities above solve the Cauchy problem is the follow-

ing: for almost any t ∈ [0, τ), ∇P ∗(·, t) is a Brenier solution of the Monge–Ampère

equation (2.10) coupled with the boundary condition (2.12), namely,

∫
Ω

f(∇P (x, t)) dx =

∫
B

f(y)α(y, t) dy, ∀f ∈ C(B),

and (α,W ) is a weak solution of the active scalar equation SG in geostrophic coor-

dinates (2.11), i.e. for any test function f ∈ C∞c (R3 × [0, τ)) the following identity

is satisfied:

∫ τ

0

∫
R3

[
∂

∂t
f(y, t) +W (y, t) · ∇f(y, t)

]
α(y, t) dy dt

= −
∫
R3

f(y, 0)α0(y) dy.

In [6], the authors perform a time-stepping argument, and solve the Monge-

Ampère equation at each time step using the ground-breaking Polar Factorisation

Theorem, presented by Brenier in [8]. This result is the first clear connection between

the semi-geostrophic equations and the theory of optimal transport.
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The result in [6] is compatible with the independently-derived Stability Principle

of Cullen and Shutts in [22], then formally reinterpreted as a Convexity Principle

by Cullen in [17, Ch. 3] and rigorously derived for the free-surface SG in [20]. In

[22], the authors claim that stable solutions (P, u) of SG (2.5) are those that for any

t are minimisers of the geostrophic energy functional E

E [∇P (·, t)] :=

∫
Ω

[
1

2
|J(∇P (x, t)− x)|2 − x3

∂

∂x3

P (x, t)

]
dx

with respect to the rearrangements of particles and conserve the quantity∇P . In the

monography [17], Cullen formally reinterprets the principle as a convexity condition

on the geopotential P .

Definition 2.1 (Definition 3.2 in [17]). An admissible solution (P, u) of SG in

Eulerian coordinates (2.5) is characterised by a convex P (·, t).

The definition above is justified by a formal argument in [17], but Cullen, Kuna,

Pelloni and Wilkinson provide in [20] a rigorous interpretation of the concept of

stability in the sense of first and second inner variation of the energy functional E .

Definition 2.2 (Definition 2.6 in [20]). A global-in-time weak solution of the free-

surface SG is stable if the geostrophic energy functional E has zero first inner vari-

ation and non-negative second inner variation at ∇P (·, t) for a.e. t > 0.

The authors then prove that stable global-in-time weak solutions of the free-

surface SG correspond to those that are critical points of the energy functional E

and admit a convex-in-space geopotential P . We invite the reader to see Section 2.5

in [20] for details and the definitions of the inner variations.

In [19], Cullen and Gangbo extend the result by Benamou and Brenier to the

shallow water regime, which requires constant potential temperature θ on a free-

surface. In [21], Cullen and Maroofi further extend the results from [6, 19] to the

case of fully compressible semi-geostrophic flow. These results deal with SG in

geostrophic coordinates, as the regularity of the obtained solutions is not sufficient

to construct solutions in physical coordinates, either Eulerian or Lagrangian.

In [18], Cullen and Feldman make use of the theory by Ambrosio [3] on the

transport equation and ODEs with vector fields of bounded variation, to prove
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existence of weak solutions to SG in Lagrangian coordinates (2.9), both in domains

in R3 and in the regime of shallow water. The main result by Cullen and Feldman

is the following.

Theorem ([18])

Let Ω ⊂ R3 be an open bounded subset. Let P0 be a bounded convex function on Ω

and assume that ∇P0#LΩ � LR3 with density in Lq(R3), for some 1 < q < ∞.

Then for any τ > 0 there exist

(i) r ∈ [1,∞);

(ii) P ∈ L∞ ([0, τ ],W 1,∞(Ω)) ∩ C([0, T ),W 1,r(Ω)) with P (t, ·) convex for any t ∈

[0, T ); and

(iii) F : [0, τ)→ Lr(Ω,R3) Borel map

such that (P, F ) is a weak Lagrangian solution of SG in Ω× [0, τ).

The sense in which the pair (P, F ) solves SG is explained in Definition 2.4 in

[18], which we report here.

Definition ([18]). Let Ω ⊂ R3 be an open bounded set, and T > 0. Let P0 ∈

W 1,∞(Ω) be convex, r ∈ [1,∞) and P ∈ L∞([0, T ),W 1,∞(Ω)) ∩ C([0, T ),W 1,r(Ω))

such that P (·, t) is convex in Ω for each t ∈ [0, T ). Let F ∈ C([0, T ), Lr(Ω,R3)) be

a Borel map. Then the pair (P, F ) is a weak Lagrangian solution of SG in Ω× [0, T )

if

(i) F (0, x) = x and P (0, x) = P0(x) for a.e. x ∈ Ω;

(ii) for each t > 0 the mapping Ft := F (·, t) : Ω → Ω is Lebesgue measure

preserving, in the sense that Ft#LΩ = LΩ;

(iii) there exists a Borel map F ∗ : Ω× [0, T )→ Ω such that for every t ∈ [0, T ) the

map F ∗t := F ∗(·, t) : Ω → Ω is Lebesgue measure preserving, i.e. F ∗t #LΩ =

LΩ, and satisfies [F ∗t ◦ Ft](x) = [Ft ◦ F ∗t ](x) = x for a.e. x ∈ Ω;

(iv) the function T (x, t) = ∇P (Ft(x), t) is a weak solution of (2.9) with T (·, 0) =

∇P0 on Ω, i.e.

∫ T

0

∫
Ω

[
T (x, t) · ∂

∂t
f(x, t) + J

(
T (x, t)− F (x, t)

)
· f(x, t)

]
dx dt

= −
∫

Ω

∇P0(x) · f(x, 0) dx,
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for any vector-valued test function f ∈ C1
c (Ω× [0, T ),R3).

It is also worth mentioning the work by Faria, Lopes Filho and Nussenzveig-

Lopes [25], in which the authors extend the result in [18] to the borderline Lebesgue

index q = 1, i.e. the case in which ∇P0#LΩ has density in L1(R3). It is still not

clear if one might use these solutions to construct a solution in Eulerian coordinates.

Uniqueness of these weak solutions also remains an open question.

The problem of uniqueness of solutions was addressed for the first time by Loeper

in [41], in which the author answers various questions regarding SG. Firstly, the au-

thor proves existence of global-in-time measure-valued solutions of SG in geostrophic

coordinates (2.11) with a compactly supported initial measure, and their stability,

in the sense of compactness of the solutions.

Definition (Definition 2.2 in [41]). For a fix T > 0, the measure-valued map α :

[0, T ]→ P(R3) is a weak measure solution of SG (2.11) on [0, T ] if we have that

(i) α ∈ C([0, T ],P) with respect to the weak∗-topology;

(ii) there exists a non-decreasing map R : [0, T ] → [0,∞) such that suppα(t) ⊂

B(0, R(t));

(iii) for any test function f ∈ C∞C (R3 × [0, T ]) we have

∫ T

0

∫
R3

∂

∂t
f(y, t) dα(t)(y) dt−

∫ T

0

∫
Ω

∇f(∇P (x, t), t) · Jx dx dt

+

∫ T

0

∫
R3

∇f(y, t) · Jx dα(t)(y) dt =

∫
R3

f(·, T )dα(T )−
∫
R3

f(·, 0) dα(0).

If the properties above hold for any T > 0, then α is a global weak measure solution

of SG (2.11).

Observe that the property (iii) is weaker than the classical notion of weak solu-

tion, which would require instead

∫ T

0

∫
R3

∂

∂t
f(y, t) dα(t)(y) dt−

∫ T

0

∫
R3

∇f(y, t) · J∇P ∗(y, t) dα(t)(y) dt

+

∫ T

0

∫
R3

∇f(y, t) · Jx dα(t)(y) dt =

∫
R3

f(·, T )dα(T )−
∫
R3

f(·, 0) dα(0),

for any test function f ∈ C∞C (R3× [0, T ]). The issue is that if α(t) is not absolutely
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continuous for a.e. t ∈ [0, T ], then the gradient ∇P ∗(·, t) of the Alexandrov solution

P ∗(·, t) of the Monge–Ampère equation

detD2P ∗(·, t) = α(t),

is unlikely to be continuous, and the integral

∫
R3

∇f(y, t) · J∇P ∗(y, t) dα(t)(y)

could be undefined.

Theorem (Theorem 2.3 in [41])

1. Let α0 be a compactly supported probability measure on R3, then there exists

a global weak measure solution α to SG in geostrophic coordinates (2.11), in the

sense of the definition above.

2. For any T > 0, if {αn}n∈N is a sequence of weak measure solutions to SG on

[0, T ] with initial data {α0
n}n∈N supported on B(0, R) for some R > 0 independent on

n, then the sequence {αn}n∈N is precompact in C([0, T ],P) with respect to the weak∗-

topology, and every converging subsequence converges to a weak measure solution of

SG.

In the work [41], Loeper proves both existence of local-in-time continuous solu-

tions in the periodic setting, relying on the C2-regularity of Alexandrov solutions of

the Monge–Ampère equation with Dini continuous right-hand side, and uniqueness

in the case of Hölder continuous solutions. Finally, in Section 6 in [41], the author

explores analytical similarities between SG in geostrophic coordinates (2.11) and the

well-known 2-D incompressible Euler equations in vorticity formulation, namely
∂

∂t
ω +∇ · (ωv) = 0,

v = ∇⊥Φ,

∆Φ = ω,

(2.15)

showing convergence of weak and Lipschitz strong solutions of the 2-D rescaled SG

to solutions of (2.15).

The continuous solutions constructed on T3 by Loeper admit the property that
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∇P (·, t) is a diffeomorphism, whence smooth solutions in geostrophic coordinates of

(2.11) can be used to construct solutions of SG in Eulerian coordinates (2.5). This

is the first result on existence of Eulerian solutions, however the condition of having

supp(∇P (·, t)#LΩ) = R3 implies that the vector field ∇P (·, t) cannot lie in L∞(Ω)

for any time t. This poses an issue if one is interested in the physical application of

the model SG, as such solutions correspond to an unbounded potential temperature,

which is given by ∂
∂x3
P (·, t) = θ(·, t), up to multiplicative constant.

Existence of global-in-time weak solutions in geostrophic coordinates for any

arbitrary compactly-supported initial measure was recently shown also in [7], where

the authors used techniques from semi-discrete optimal transport: the novelty in

this work is given by the simplicity of the proof and the fact that it provides an

explicit interpretation of the flow in Eulerian coordinates through the use of Laguerre

tessellation.

Following the result of De Philippis and Figalli [23] on higher regularity of

Alexandrov solutions to the Monge–Ampère equation, it became possible to improve

the regularity of weak solutions ∇P (·, t) constructed by Benamou and Brenier to

the class W 1,1. Indeed, in [4, 5], Ambrosio, Colombo, De Philippis and Figalli prove

the existence of global weak solutions of SG (2.5) in Eulerian coordinates in the case

of a convex 3-D domain Ω and on the 2-D torus T2 respectively, in the case in which

∇P (·, t)#LΩ is assumed bounded above and away from zero.

In [26], Feldman and Tudorascu demonstrate that weak solutions in Eulerian co-

ordinates have the property that the measure ∇P (·, t)#LΩ has no atomic part. In

order to allow such a case, which is physically pertinent as it corresponds to partic-

ular frontal singularities, the authors define a notion of generalised weak solution of

SG in Lagrangian coordinates and prove the existence thereof. The authors improve

upon this result in [27], in which they prove existence of relaxed Lagrangian solutions

to SG on a domain in R3 with any general initial data P0 ∈ H1(Ω) which is convex.

Finally, in [28], Feldman and Tudorascu address the problem of uniqueness of solu-

tions of SG. In particular, they demonstrate weak-strong uniqueness in Lagrangian

coordinates under the assumptions of boundedness of the Eulerian velocity field u

and uniform convexity of P ∗. In [47], Wilkinson proves existence of local-in-time

classical solutions of (2.2) in Eulerian coordinates on 3-dimensional smooth bounded
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simply-connected domains. The technique used relies on the theory of the so-called

div-curl systems, and it is consistent with the Stability/Convexity Principle.
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Chapter 3

Smooth solutions of the surface

semi-geostrophic equations

This chapter is based on the published paper [39]: we discuss existence of local-in-

time classical solutions to the surface semi-geostrophic equations.

3.1 Introduction

In [32], Hoskins considers the semi-geostrophic flows on the infinite strip Ω := R2×

(0, 1) in the regime of constant potential vorticity. These are referred to as surface

semi-geostrophic equations (SSG in what follows), and they are modelled by the

following active scalar equation on the boundary ∂Ω of the strip Ω in the unknown

buoyancy anomaly θ, namely
∂

∂t
θ + (w · ∇)θ = 0 on ∂Ω,

w = ∇⊥T [θ] on ∂Ω,

(3.1)

where ∇⊥ is the π/2-rotated gradient operator on R2, and T is the Neumann-

to-Dirichlet map associated to the following time-independent second-order fully-

nonlinear Neumann boundary value problem given by
F (D2Φ) = 0 on Ω,

∂

∂n
Φ = θ on ∂Ω.

(3.2)
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The function F : R3×3 → R is defined pointwise by F (A) := A11 + A22 + A33 −

A11A22 + A12A21 for all A ∈ R3×3, and n denotes the outward normal vector to

the surface ∂Ω = R2 × {0, 1}; namely, n = (0, 0,±1) on the upper/lower boundary,

respectively. The reader will notice that the system (3.1) is formally equivalent to

the surface quasi-geostrophic model (SQG in short) and to the 2-D Euler equations

in vorticity formulation (2.15), except that the operator T is given by (−∆)−1/2 in

SQG (see [13]) and (−∆)−1 for 2-D Euler respectively.

In [39], we construct local-in-time smooth solutions of system (3.1) by way of a

double fixed point argument in spaces of Hölder continuous functions. The analysis

of system (3.2) is tackled, in the regime of small boundary data, by means of clas-

sical elliptic theory. Although our main existence result provides only local-in-time

smooth solutions of (3.1), as opposed to global-in-time smooth solutions thereof, it is

natural to expect that the dynamics of the system produces discontinuous solutions

in finite time. Indeed, in the original widely-cited work of Hoskins and Brether-

ton [33], the authors provide evidence of finite-time singularity generation of the

semi-geostrophic equations through a numerical study on the infinite strip Ω.

3.1.1 Main result

The main result in [39] is the existence and uniqueness of classical solutions of the

initial value problem associated to (3.1) for given smooth initial data. As a minor

simplification of the full model originally introduced in Hoskins [32], we restrict our

interest to the case in which θ = 0 on the lower boundary R2×{0} ⊂ ∂Ω, so that one

need only deal with a single evolution equation (3.1) on the upper boundary R2×{1},

as opposed to two coupled equations on the disconnected set ∂Ω. We comment

further on this point in the derivation of the surface semi-geostrophic model from

the full semi-geostrophic equations in Section 3.2 below. We also restrict ourselves

to considering SSG on the flat torus T2, instead of the unbounded plane R2.

In all that follows, we consider the following notion of solutions to SSG (3.1).

Definition 3.1. The pair of maps (θ, w) is a local-in-time classical solution of SSG

(3.1) associated to initial datum θ0 if there exists a time τ > 0 such that θ ∈

C1(T2 × [0, τ ]), w ∈ C0([0, τ ], C1
σ(T2,R2)), with θ and w solving (3.1) pointwise

everywhere in T2 × [0, τ ], together with θ(·, 0) = θ0.
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We use here the notation C1
σ(T2,R2) to indicate the space of divergence-free

functions in C1(T2,R2). The main result of [39] is the following theorem.

Theorem 3.2 (Local-in-time existence and uniqueness of classical solutions

to SSG)

Given k ∈ N and α ∈ (0, 1), there exist a radius ρk = ρk(α) > 0 and a time τk =

τk(α) > 0 such that given any initial datum θ0 ∈ Ck+1,α(T2) with ‖θ0‖Ck+1,α ≤ ρk

and
∫
T2 θ0 = 0, there exists a local-in-time classical solution (θ, w) of SSG (3.1) on

T2× [0, τk] corresponding to the initial datum θ0. Moreover, the classical solution is

unique for k ≥ 2.

As we have presented above, the active vector field w depends on the unknown θ

through the Neumann-to-Dirichlet operator associated to the Neumann BVP for the

fully-nonlinear equation (3.2). Therefore, an important part of our proof consists in

proving that such an operator is well-defined and admits useful analytical properties.

Remark 3.3. Whilst we believe it is possible to establish the analogue of Theorem

3.2 in the case that θ0 is smooth and non-periodic on R2, we do not do this here.

3.1.2 Structure of the chapter

The chapter is structured as follows. In Section 3.2, we present the derivation

of SSG from SG, as originally performed in [32]. In Section 3.3, we introduce a

construction of the Neumann-to-Dirichlet operator T defined on Hölder spaces, and

discuss some of its relevant properties. In Section 3.4, we prove Theorem 3.2 through

an application of Schauder’s fixed point theorem, making use of classical estimates

on the solutions of passive transport equations on T2. In the closing Section 3.5, we

discuss some natural generalisations of our result.

3.1.3 Notation

Before discussing the proofs presented in [39], we introduced some of the nota-

tion that we use in the current chapter. Real-valued functions defined on the 2-

dimensional torus T2 are simply functions that are periodic in the x1 and x2 vari-

ables with period 1. The space Ck,α(T2) of Hölder continuous real-valued functions
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on T2 is the space of periodic functions f with

‖f‖Ck,α(T2) :=
k∑
j=0

‖Djf‖C0(T2) + [f ]k,α;T2 < +∞,

where ‖ · ‖C0(T2) is simply the supremum norm

‖f‖C0(T2) = sup
x∈T2

|f(x)|,

and [·]k,α;T2 is the Hölder seminorm defined as

[f ]k,α;T2 = [Dkf ]0,α;T2 := sup
x,y∈T2

x 6=y

|Dkf(x)−Dkf(y)|
|x− y|α

.

We will mostly use the notation ‖ · ‖k,α in place of ‖ · ‖Ck,α(T2), and [·]k,α instead of

[·]k,α;T2 . All the definitions above extend to the case of functions with values in R2.

We use the standard notation ∇f for the gradient of a real-valued function f

defined on Rn: it will be clear from the context whether we work with n = 2 or

n = 3. In this thesis, the number 0 belongs to the set N of natural numbers, and

we use the notation N+ = N \ {0} for the set of positive natural numbers.

When we deal with functions f = f(x, t) defined on Rn × R, sometimes we use

the notation f(t) to indicate the map f(·, t) defined on Rn.

3.2 Derivation of SSG from SG

The surface semi-geostrophic equations were derived from the semi-geostrophic equa-

tions by Hoskins in [32] in 1975. They arise when one considers the special case of

solutions of SG which admit spatially-homogeneous potential vorticity. We repro-

duce a derivation of this model here, starting from classical solutions of SG (2.2) in

Eulerian coordinates (which are assumed, but are not known, to exist). It will be

helpful in the sequel to consider the system (2.2) expressed in all its components,
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namely 

(
∂

∂t
+ u · ∇

)
ug1 − fu2 +

∂p

∂x1

= 0,(
∂

∂t
+ u · ∇

)
ug2 + fu1 +

∂p

∂x2

= 0,(
∂

∂t
+ u · ∇

)
θ = 0,

g

θ0

θ =
∂p

∂x3

,

ug1 = − 1

f

∂p

∂x2

,

ug2 =
1

f

∂p

∂x1

,

div u = 0,

(3.3)

where f > 0 is the Coriolis parameter, assumed to be f = 1 in what follows. We

also assume g = 1 and θ0 = 1. Moreover, the Eulerian velocity field u is subject to

the no-flux constraint u(·, t) ·n = 0 on ∂Ω for all times t, where n : ∂Ω→ S2 denotes

the outward unit normal map. As we shall see below, this no-flux assumption is

crucial in the derivation of the surface semi-geostrophic equations. We define the

vorticity ζg associated to the dynamics of system (3.3) by

ζg :=

(
−∂u

g
2

∂x3

,
∂ug1
∂x3

, 1 +
∂ug2
∂x1

− ∂ug1
∂x2

)

+

(
∂(ug1, u

g
2)

∂(x2, x3)
,
∂(ug1, u

g
2)

∂(x3, x1)
,
∂(ug1, u

g
2)

∂(x1, x2)

)
, (3.4)

where we use the notation

∂(φ, ψ)

∂(x, y)
:=

∂φ

∂x

∂ψ

∂y
− ∂φ

∂y

∂ψ

∂x
,

and one may readily check that ζg satisfies the following vorticity equation, namely

(
∂

∂t
+ u · ∇

)
ζg = (ζg · ∇)u− e3 ×∇θ,
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pointwise in the classical sense on space-time. If one in turn defines the potential

vorticity qg of the geostrophic flow as

qg := ζg · ∇θ, (3.5)

it follows from a calculation that the potential vorticity is conserved along La-

grangian particle trajectories, namely

(
∂

∂t
+ u · ∇

)
qg = 0.

As such, if one furnishes the system (3.3) with initial data (ug1,0, u
g
2,0, θ0) whose

associated potential vorticity is spatially inhomogenous, then the corresponding so-

lution (ug1, u
g
2, θ, u) also formally has this property. It was discovered by Hoskins

that solutions which admit constant potential vorticity on Ω admit a rather beauti-

ful structure in another coordinate system (to which we henceforth refer as Hoskins’

coordinates), details of which we now provide.

3.2.1 Transformation of coordinates

Suppose smooth initial data (ug1,0, u
g
2,0, θ0) for the dynamics formally generated by

(3.3) are given. In [32], Hoskins consider the associated 1-parameter family {Ht}t≥0

of smooth maps Ht : Ω→ Ω defined by

Ht(x) :=


x1 + ug2(x, t)

x2 − ug1(x, t)

x3

 , for x ∈ Ω. (3.6)

Observe that we can write Ht in terms of the pressure p or the geopotential P defined

in (2.4) as

Ht(x) :=


x1 +

∂

∂x1

p(x, t)

x2 +
∂

∂x2

p(x, t)

x3

 =



∂

∂x1

P (x, t)

∂

∂x2

P (x, t)

x3

 , for x ∈ Ω.
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Remark 3.4. In particular, we notice that the first and second components of the

transformation correspond to the first two components of the transformation y =

∇P (x, t) from Eulerian to geostrophic coordinates that we mentioned in Section

2.2. The coordinanates introduced by Hoskins in [32] are almost the full geostrophic

ones used by Benamou and Brenier in [6]. Without further assumptions, the time-

dependent map ∇P (·, t) : x 7→ ∇P (x, t) maps the domain Ω into a possibly time-

dependent domain in R3, whereas the map Ht maps Ω into Ω. This is a key feature

for the derivation of SSG, as we shall see below.

For each time t, the map Ht is assumed to be a C1-diffeomorphism in what fol-

lows. In the sequel, we shall use capital Roman letters, namely X = (X1, X2, X3) ∈

Ht(Ω), to denote the independent variable for maps defined on Ω considered as the

range space of the coordinate transformation Ht for any t. Our aim in the sequel

is to close a system of equations for a number of ‘natural’ quantities in the coor-

dinate system determined by {Ht}t≥0. In this pursuit, we begin with the following

proposition.

Proposition 3.5

For any smooth map Ψ : Ω× R→ R, it holds that

(
∂

∂t
+ u(x, t) · ∇x

)
(Ψ(Ht(x), t)) =

(
∂

∂t
+ U(Ht(x), t) · ∇X

)
Ψ(Ht(x), t),

where

U(X, t) :=
(
ug1(H−1

t (X), t), ug2(H−1
t (X), t), u3(H−1

t (X), t)
)
, (3.7)

for any X ∈ Ω and time t.

Proof. We begin by noticing that for any smooth map Ψ = Ψ(X, t), the material

derivative of the composition (x, t) 7→ Ψ(Ht(x), t) (with respect to the Eulerian

velocity field u) in Eulerian coordinates is given by

(
∂

∂t
+ u(x, t) · ∇x

)
(Ψ(Ht(x), t))

=
∂

∂t
Ψ(Ht(x), t) +

∂

∂t
Ht(x) · ∇XΨ(Ht(x), t)
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+ (DxHt(x))Tu(x, t) · ∇XΨ(Ht(x), t)

=
∂

∂t
Ψ(Ht(x), t)

+

[
∂

∂t
Ht(x) +

(
DxHt(x)

)T
u(x, t)

]
· ∇XΨ(Ht(x), t)

=
∂

∂t
Ψ(Ht(x), t)

+

[
∂

∂t
Ht(x) +

(
u(x, t) · ∇

)
Ht(x)

]
· ∇XΨ(Ht(x), t).

As such, the corresponding velocity field that advects the flow in Hoskins’ coordinate

system is given simply by

(
∂

∂t
+ u(x, t) · ∇

)
Ht. We consider the material derivative

of Ht = (H
(1)
t , H

(2)
t , H

(3)
t ) component-wise and make use of (3.3) and (3.6) to write

(
∂

∂t
+ u(x, t) · ∇x

)
H

(1)
t (x) = u1(x, t) +

(
−u1(x, t)− ∂p

∂x2

(x, t)

)

= − ∂p

∂x2

(x, t) = ug1(x, t),

(
∂

∂t
+ u(x, t) · ∇x

)
H

(2)
t (x) = u2(x, t)−

(
u2(x, t)− ∂p

∂x1

(x, t)

)

=
∂p

∂x1

(x, t) = ug2(x, t),

(
∂

∂t
+ u(x, t) · ∇x

)
H

(3)
t (x) = u3(x, t).

Then, it holds that

(
∂

∂t
+ u(x, t) · ∇x

)
Ht(x) = (ug1(x, t), ug2(x, t), u3(x, t)) = U(Ht(x), t),

whence follows the proof of the claim.

The proposition above implies that Lagrangian invariants with respect to the

Eulerian flow u are conserved in Hoskins’ coordinates, as in the following corollary.

Corollary 3.6

Suppose (ug, θ, u) is a smooth solution of SG in Eulerian coordinates (3.3) on Ω×R.
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It follows that both the maps Θ and Q defined pointwise in Hoskins’ geostrophic

coordinates as

Θ(X, t) := θ(H−1
t (X), t) and Q(X, t) := qg(H

−1
t (X), t)

are smooth solutions of the transport equations

(
∂

∂t
+ U · ∇

)
Θ = 0, (3.8)

(
∂

∂t
+ U · ∇

)
Q = 0, (3.9)

where the time-dependent vector field U is defined in Proposition 3.5.

Remark 3.7. The previous proposition shows that the velocity U defined in (3.7)

in Hoskins’ coordinates corresponds to the geostrophic velocity ug in the horizontal

components, but not in the vertical one. This is a difference with the velocity in the

full geostrophic coordinates that we considered in Section 2.2, where we showed in

(2.14) that the vector field W is indeed the geostrophic velocity ug expressed in the

new coordinate system.

It will be helpful in what follows to note that the matrices DxHt and DXH
−1
t

are explicitly given by the following expressions:

DxHt(x, t) =


1 + p11(x, t) p12(x, t) 0

p12(x, t) 1 + p22(x, t) 0

p13(x, t) p23(x, t) 1

 ,

and

j(x, t)DXH
−1
t (Ht(x))

=


1 + p22 −p12 0

−p12 1 + p11 0

−p13 + (p12p23 − p13p22) −p23 + (p12p13 − p11p23) j

 (x, t), (3.10)
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where we used the notation pkl =
∂2p

∂xk∂xl
and j denotes the Jacobian of Ht, namely

j(x, t) := detDxHt(x) = (1 + p11(x, t)) (1 + p22(x, t))− (p12(x, t))2

= 1 + p11(x, t) + p22(x, t) + p11(x, t)p22(x, t)− p12(x, t)2.

We shall also employ the notation J(X, t) := j(H−1
t (X), t) in what follows.

Remark 3.8. By the definition of vorticity ζg in (3.4) and the form of the matrix

DXH
−1
t in (3.10), one observes that the third row of DXH

−1
t is given simply by a

multiple of the vorticity ζg, namely

ζg(x, t) = j(x, t)(DXH
−1
t (Ht(x))T e3.

For any smooth map ψ : Ω→ R, the gradient of its composition with H−1
t is given

by

∇X

[
ψ(H−1

t (X))
]

= DH−1
t (X)∇xψ(H−1

t (X)), (3.11)

therefore the derivative in the X3 direction can be written as

∂

∂X3

(
ψ(H−1

t (X))
)

=
1

J(X, t)
ζg(H

−1
t (X), t) · ∇xψ(H−1

t (X)).

In particular, if ψ(x) = θ(x, t) we have that

∂Θ

∂X3

(X, t) =
∂

∂X3

(
θ(H−1

t (X), t)
)

=
1

J(X, t)
ζg(H

−1
t (X), t) · ∇xθ(H

−1
t (X), t)

=
1

J(X, t)
qg(H

−1
t (X), t)

=
1

J(X, t)
Q(X, t), (3.12)

by the definition of potential vorticity (3.5).

The study of Q and Θ in the coordinate system determined by {Ht}t≥0 will, in
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some sense, ‘replace’ the study of u and ∇P in Eulerian coordinates. To see how

this is the case, we introduce an important streamfunction originally due to Hoskins.

3.2.2 A new streamfunction in geostrophic coordinates

An important observation of Hoskins was that there exists a time-dependent po-

tential Φ which ‘stores’ all salient features of the dynamics in Hoskins’ coordinates.

Indeed, following [32, Section 4], we define a streamfunction Φ : Ω × R → R in

Hoskins’ coordinates by

Φ(Ht(x), t) := p(x, t) +
1

2

(
ug1(x, t)2 + ug2(x, t)2

)
= p(x, t) +

1

2

(
p1(x, t)2 + p2(x, t)2

)
,

for (x, t) ∈ Ω× R, where again we used the notation pi = ∂p
∂xi

. The streamfunction

Φ can be written in terms of P as

Φ(Ht(x), t) = P (x, t) +
1

2

(
P1(x, t)2 + P2(x, t)2

)
− x1P1(x, t)− x2P2(x, t),

where Pi = ∂P
∂xi

. From (3.11), one shows that

DxHt(x)∇XΦ(Ht(x), t) = ∇xp(x, t) + p1(x, t)∇xp1(x, t) + p2(x, t)∇xp2(x, t)

= ∇xp(x, t) +


p11(x, t) p12(x, t) 0

p12(x, t) p22(x, t) 0

p13(x, t) p23(x, t) 0

∇xp(x, t)

= DxHt(x)∇xp(x, t).

Therefore, by the assumption that Ht be a diffeomorphism of Ω for all times t, we

have that the following identity between the gradients of the streamfunction Φ and

the pressure p holds true:

∇XΦ(X, t) = ∇xp(H
−1
t (X), t).
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It is this identity which furnishes the link between the semi-geostrophic equations in

Eulerian coordinates and the so-called surface semi-geostrophic equations in Hoskins’

coordinates. In order to understand the dynamics of Φ in Hoskins’ coordinates, we

observe the following identities which relate the second derivatives of the pressure p

to those of the streamfunction Φ:

1 + p11(H−1
t (X), t) = J(X, t)

∂

∂X2

H−1
t (X) · e2

= J(X, t) (1− Φ22(X, t)) ,

1 + p22(H−1
t (X), t) = J(X, t)

∂

∂X1

H−1
t (X) · e1

= J(X, t) (1− Φ11(X, t)) ,

p12(H−1
t (X), t) = −J(X, t)

∂

∂X1

H−1
t (X) · e2

= −J(X, t)Φ12(X, t),

where we use the notation Φkl =
∂2Φ

∂Xk∂Xl

. By taking products and differences in

the above, we may identify an equation for the determinant J , namely

J = J2

{
(1− Φ11) (1− Φ22)− Φ2

12

}
.

One can rewrite the determinant in the equation above in terms of the geostrophic

potential vorticity Q and the derivative ∂Θ
∂X3

= Φ33 to obtain

1 = (Φ11 + Φ22) +
1

Q
Φ33 −

(
Φ11Φ22 − Φ2

12

)
. (3.13)

It is the conservation laws (3.8) and (3.9) and the equation (3.13) which comprise

Hoskins’ formulation of the semi-geostrophic equations in the coordinate system
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determined by {Ht}t≥0, namely



(
∂

∂t
+ U · ∇

)
Θ = 0,(

∂

∂t
+ U · ∇

)
Q = 0,

1 = Φ11 + Φ22 +
1

Q
Φ33 −

(
Φ11Φ22 − Φ2

12

)
,

(3.14)

where the geostrophic velocity field U is given by

U =

(
− ∂Φ

∂X2

,
∂Φ

∂X1

, u3 ◦H−1
t

)
,

consistently with (3.7), and the temperature Θ and the streamfunction Φ satisfy

Θ =
∂

∂X3

Φ.

From a structural point of view, system (3.14) constitutes a fully nonlinear PDE

(possibly of elliptic type) with non-constant coefficients which is coupled to a pair

of transport equations associated to the geostrophic velocity field U . Moreover, the

boundary condition u3 = 0 on both components of ∂Ω is equivalent to U3 = 0 on

∂Ω in Hoskins’ geostrophic coordinates. At this moment, we do not know that this

system is closed, in the sense that the IBVP associated to (3.14) admits a unique

solution in any sense. It is at this point it is prudent to employ the additional

assumption that initial data (ug1,0, u
g
2,0, θ0) are taken such that the value of qg,0 given

by is constant on Ω. This allows us to eliminate the transport equation for the

geostrophic potential vorticity Q and ensure that the fully nonlinear equation for Φ

in (3.14) admit constant coefficients. We outline the structure of the corresponding

system below.

3.2.3 Surface semi-geostrophic flow

As intimated above, the equations (3.14) that we obtain in Hoskins’ geostrophic

coordinates are not easily studied. We make the additional important assumption
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of constant potential vorticity at time t = 0, namely

qg,0 = N2 ⇐⇒ Q0 := qg,0 ◦H0 = N2, (3.15)

where the constant N is the Brunt–Väisälä frequency of the fluid, which cannot

be chosen independently on f . Although the assumption of an uniform initial po-

tential vorticity might appear to be unnecessarily restrictive at first glance, it is in

fact a good approximation when studying real-world atmospheric flows (see [36]).

Mathematically on the other hand, we consider the rescaling

Φ̃(X, t) = Φ
(
B−1X, t

)
− X2

3

2
, for (X, t) ∈ Ω× R,

where B := diag(1, 1, N) is a diagonal matrix. Some simple calculus allows us to

derive the equations for Φ̃: starting from (3.13), with the assumption (3.15), we

have that

1 = Φ11(X, t) + Φ22(X, t) +
1

N2
Φ33(X, t)

−
[
Φ11(X, t)Φ22(X, t)− Φ12(X, t)2

]

= Φ̃11(B−1X, t) + Φ̃22(B−1X, t) + Φ̃33(B−1X, t) + 1

− Φ̃11(B−1X, t)Φ̃22(B−1X, t)− Φ̃12(B−1X, t)2.

We also rewrite the conservation of Θ in terms of Φ̃, but first observe that

∇ ∂

∂X3

Φ̃(X, t) = ∇
[

1

N

∂

∂X3

Φ(B−1X, t)−X3

]

=
1

N
B−1∇ ∂

∂X3

Φ(B−1X, t)− e3,

hence,

∂

∂t

∂

∂X3

Φ̃(X, t) =
1

N

∂

∂t

∂

∂X3

Φ(B−1X, t)
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= − 1

N
U(B−1X, t) · ∇ ∂

∂X3

Φ(B−1X, t)

= − 1

N
U(B−1X, t) ·

[
NB∇ ∂

∂X3

Φ̃(X, t) +N2e3

]

= −
(
BU(B−1X, t) · ∇

) ∂

∂X3

Φ̃(X, t)−NU3(B−1X, t)

= −
(
Ũ(X, t) · ∇

) ∂

∂X3

Φ̃(X, t)− Ũ3(X, t),

where we define a rescaled velocity

Ũ(X, t) := BU(B−1X, t)

=

(
− ∂

∂X2

Φ̃(X, t),
∂

∂X1

Φ̃(X, t), Nu3(H−1
t (B−1X), t)

)
.

By renaming Φ̃ = Φ and Ũ = U , the system (3.14) reduces to the following set of

coupled equations:


(
∂

∂t
− ∂Φ

∂X2

∂

∂X1

+
∂Φ

∂X1

∂

∂X2

+ U3
∂

∂X3

)
∂Φ

∂X3

= −U3,

∆Φ =
∂2Φ

∂X2
1

∂2Φ

∂X2
2

−
(

∂2Φ

∂X1∂X2

)2

,

together with the boundary condition U3 = 0 on ∂Ω. It turns out that in this setting

of spatially inhomogeneous potential vorticity, one need only solve the transport

equation on each of the boundary planes ∂Ω, as opposed to on the entire interior of

the domain Ω. Indeed, the nomenclature surface semi-geostrophic equations comes

from the fact that the dynamics in geostrophic coordinates in the bulk is determined

by the dynamics on the upper and lower boundary planes. Of course, in our work,

as the dynamics on the lower boundary portion is trivial, it suffices to understand

the evolution of the geostrophic buoyancy on the upper boundary plane alone.
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3.3 Construction and properties of the Neumann-

to-Dirichlet operator

Our first step in the proof of our main result, namely Theorem 3.2, is to demonstrate

that the Neumann-to-Dirichlet map (whose formal definition is given in (3.17) below)

associated to the fully nonlinear equation is well defined and admits useful analytical

properties. Indeed, this pursuit is captured by the following theorem.

Theorem 3.9

For any k ∈ N and α ∈ (0, 1), there exists a Fréchet differentiable map S defined

on a ball Y(k,α) ⊂ Ck+1,α(T2) such that, for any θ ∈ Y(k,α), S[θ] is a Ck+2,α-classical

solution of 

∆Φ =
∂2Φ

∂x2
1

∂2Φ

∂x2
2

−
(
∂2Φ

∂x1x2

)2

on Ω,

∂Φ

∂x3

= 0 on Γ0,

∂Φ

∂x3

= θ on Γ1,∫
Ω

Φ = 0,

(3.16)

on the domain Ω := T2 × (0, 1) with upper boundary Γ1 := T2 × {1} and lower

boundary Γ0 := T2 × {0}.

We use the notation ∆ = ∂2

∂x21
+ ∂2

∂x22
+ ∂2

∂x23
for the 3-D Laplacian, and Ω = T2×[0, 1]

for the closure of the set Ω. In the natural way, we say that Φ is a Ck+2,α-classical

solution of (3.16) if Φ ∈ Ck+2,α(Ω) solves the PDE pointwise everywhere on Ω,

and its restriction to the boundary ∂Ω satisfies the given boundary conditions. The

zero-mean requirement on Φ is prescribed to guarantee uniqueness of solution to the

boundary value problem. Associated to this solution map is the operator defined

below, which determines the activity in the surface semi-geostrophic equation (3.1).

Definition 3.10. The Neumann-to-Dirichlet operator T associated to system

(3.16) is defined to be

T := R ◦ S : Ck+1,α(T2)→ Ck+2,α(T2), (3.17)

whereR : Ck,α(Ω)→ Ck,α(T2) is the classical restriction operator to the set T2×{1},
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and S is the solution operator constructed in Theorem 3.9.

The main idea of the proof of Theorem 3.9, and thereby the demonstration that

T is well defined, is to employ the Banach Fixed Point theorem to guarantee both

existence and uniqueness of solutions to (3.16), inspired by the numerical work [44]

by Badin and Ragone on SSG. Indeed, for a given θ ∈ Ck+1,α(T2) we define the

operator T (θ) : Ck+2,α(Ω)→ Ck+2,α(Ω) as

T (θ) := Aθ ◦M, (3.18)

where the Monge-Ampère-type operator M : Ck+2,α(Ω)→ Ck,α(Ω) is defined as

M[φ] :=
∂2φ

∂x2
1

∂2φ

∂x2
2

−
(

∂2φ

∂x1x2

)2

. (3.19)

The operatorAg : Ck,α(Ω)→ Ck+2,α(Ω) is simply the inverse Laplacian associated to

the Neumann data (0, g) on the boundaries Γ0,Γ1 respectively, i.e. it is the solution

operator Ag : f 7→ u associated to the linear Neumann boundary value problem on

Ω given by 

∆u = f on Ω,

∂u

∂x3

= 0 on Γ0,

∂u

∂x3

= g on Γ1,∫
Ω

u = 0,

(3.20)

for a given g ∈ Ck+1,α(T2). It follows that a fixed point of T (θ) is a classical solution

of (3.16) on Ω of class Ck+2,α.

The fact that all boundary value problems under study in the sequel are, roughly

speaking, periodic in two coordinate directions and non-periodic but of bounded

extent in the other makes their analysis slightly awkward. For instance, in the case

of the pure Poisson Neumann boundary value problem, one cannot simply apply

routine techniques from [29] to understand their well-posedness. One could, for

instance, employ techniques from the monograph [30] in order to employ a Method of

Reflections-type argument for elliptic equations on the unbounded strip R2×(0, 1) ⊂

R3. This is not the approach we adopt in this work, however.
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We begin our approach to the proof of Theorem 3.9 by showing well-posedness

of the linear BVP (3.20) in Section 3.3.1. Following this, we look to verify the

hypotheses of the Banach Fixed Point Theorem to the operator T (θ) on a suitable

ball in Ck+2,α(Ω) in Section 3.3.2 thereafter.

3.3.1 Analysis of the Poisson problem (3.20)

We begin by recalling the necessary compatibility condition that needs to be satisfied

by the inhomogeneity f and the boundary datum g for the well-posedness of the

Poisson problem (3.20).

Lemma 3.11 (Compatibility condition)

A necessary condition for the problem (3.20) to have a classical C2-solution on Ω is

that f and g are compatible in the sense that

∫
Ω

f =

∫
T2

g.

Proof. Let u ∈ C2(Ω) be a solution of (3.20), then an application of the Fundamental

Theorem of Calculus and the periodicity of u in x′ = (x1, x2) allows us to write the

following:

∫
Ω

f dx =

∫ 1

0

∫
T2

∆u dx′ dx3 =

∫
T2

[
∂u

∂x3

]x3=1

x3=0

dx′ =

∫
T2

g dx′

The well-posedness of the system (3.20), and hence the well-posedness of the

operator Ag, is proved by means of Schauder theory. Let us first state the various

notions of solution to the Poisson problem with which we work in the sequel.

Definition 3.12. Given f ∈ L2
loc(Ω) and g ∈ H1

loc(T2), a function u is said to be:

(i) a weak solution of (3.20) if u ∈ H1
loc(Ω) and

−
∫

Ω

∇u · ∇φ+

∫
T2

gφ|Γ1 =

∫
Ω

fφ ∀φ ∈ C∞c (Ω);

(ii) a strong solution of (3.20) if

(a) u ∈ H2
loc(Ω),
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(b) ∆u = f in L2
loc(Ω),

(c) TrΓ1

[
∂u
∂x3

]
= g and TrΓ0

[
∂u
∂x3

]
= 0 in L2

loc(T2),

where Tri is the trace operator TrΓi : H1(Ω)→ L2(Γi), for i ∈ {0, 1}.

We now state the expected result on existence and uniqueness of classical solu-

tions of the Poisson problem (3.20).

Theorem 3.13 (Existence and uniqueness of classical solutions to the Pois-

son problem)

Given α ∈ (0, 1), k ∈ N, f ∈ Ck,α(Ω) and a compatible g ∈ Ck+1,α(T2), there exists

a unique classical solution u ∈ Ck+2,α(Ω) of (3.20). Furthermore, there exists a

constant C̃k,α > 0 such that

‖u‖Ck+2,α(Ω) ≤ C̃k,α

(
‖f‖Ck,α(Ω) + ‖g‖Ck+1,α(T2)

)
. (3.21)

Outline of the proof

I. Existence of weak solutions. First of all, we prove existence of weak solutions

u = v + w to the BVP (3.20), by constructing the solution v of the Poisson

problem with zero Neumann data and the solution w of the Laplace prob-

lem with inhomogeneous Neumann data, as in (3.22) below. For the former,

we prove existence of weak solution by applying the Lax-Milgram Theorem,

whereas for the latter we construct a solution by providing a representation

formula in terms of its Fourier series.

II. Higher regularity and uniqueness of solutions. We then show that the solution

constructed in the step I is indeed a classical solution, for given compatible

f ∈ Ck,α(Ω) and g ∈ Ck+1,α(T2). In order to do so, we cannot directly apply

classical results from elliptic theory as in [29], as the particular nature of the

2/3-periodic domain Ω requires some technical adjustments. We also notice

that uniqueness of classical solutions follows from simple energy estimates.

III. Schauder estimate. We conclude the proof by showing that the solution satis-

fies the expected Schauder-type estimate (3.21), by proving the results for the

additive terms v and w constructed in the step I.

Proof. I. Existence of weak solutions. For the existence of weak solutions of the
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Poisson boundary value problem, we consider the following two auxiliary problems:

(i)


∆v = f on Ω,

∂v

∂x3

= 0 on ∂Ω,∫
Ω

v = 0,

(ii)



∆w = 0 on Ω,

∂w

∂x3

= 0 on Γ0,

∂w

∂x3

= g on Γ1,∫
Ω

w = 0.

(3.22)

The existence of a weak solution v ∈ H1(Ω) to the problem (i) above is guaranteed

by a standard application of the Lax-Milgram Theorem (see for instance [29, § 5]).

Briefly, we consider the bounded and coercive bilinear form

B[φ, ψ] :=

∫
Ω

∇φ · ∇ψ,

on the Hilbert space H :=
{
φ ∈ H1(Ω) :

∫
Ω
φ = 0

}
. By the Lax-Milgram Theorem,

for any f ∈ L2(Ω) there exists a unique v ∈ H such that B[v, φ] = −
∫

Ω
fφ for any

φ ∈ H, i.e. v is a weak solution of the Poisson problem (3.22)(i) in the sense of

Definition 3.12, with g = 0.

For the solution w of (3.22)(ii), the aim is to show that the function formally

defined on Ω by

w(x′, x3) =
∑
k∈Z2

k 6=(0,0)

ĝk cosh(2π|k|x3)

2π|k| sinh(2π|k|)
e2πik·x′ , ∀(x′, x3) ∈ T2 × (0, 1),

is a weak solution of such BVP (in the sense of Definition 3.12, with f = 0), where

x′ := (x1, x2) and ĝk is the kth Fourier coefficient of g for k ∈ Z2 defined as

ĝk :=

∫
T2

g(x′)e−2πik·x′ dx′.

Applications of the Cauchy-Schwarz inequality, Plancherel lemma and Maclaurin–

Cauchy test for series show that w ∈ L∞(Ω) and admits the following bound

‖w‖L∞(Ω) ≤
√
π coth(2π)‖g‖H1(T2). (3.23)
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To see this, we start observing that∣∣∣∣cosh(2π|k|x3)

sinh 2π|k|

∣∣∣∣ ≤ | coth(2π|k|)| ≤ coth(2π),

for any x3 ∈ (0, 1) and k ∈ Z2 \ {(0, 0)}, and we can apply the Cauchy-Schwarz

inequality to write

|w(x′, x3)| ≤ coth(2π)

2π

∑
k∈Z2

k 6=(0,0)

|ĝk|
|k|

≤ coth(2π)

2π

√∑
k∈Z2

|kĝk|2︸ ︷︷ ︸
=:S1

√√√√√ ∑
k∈Z2

k 6=(0,0)

1

|k|4

︸ ︷︷ ︸
=:S2

.

The first series S1 is convergent: by Plancherel theorem, we have that

S2
1 =

1

4π2
‖∇̂g‖2

l2(Z2) =
1

4π2
‖∇g‖2

L2(T2) ≤
1

4π2
‖g‖2

H1(T2).

The second series S2 is also convergent by the Maclaurin–Cauchy test for series:

S2
2 ≤

∫
R2\B(0,1)

1

|x|4
dx = π.

This proves the bound (3.23), therefore w ∈ Lp(Ω) for p ∈ [1,∞]. In order to show

that w is a weak solution of (3.22)(ii), we have to show that w ∈ H2(Ω). We consider

the following sequence of approximated BVPs for M ∈ N:



∆wM = 0 on Ω,

∂wM
∂x3

= 0 on Γ0,

∂wM
∂x3

= gM on Γ1,∫
Ω

wM = 0,

(3.24)
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where gM is the projection of g onto its set of M th-order Fourier modes, namely

gM(x′) :=
∑
k∈Z2

0≤|k|≤M

ĝke
2πik·x′ ∀x′ ∈ T2, ∀M ∈ N,

with |k| = k1 + k2. In particular, the functions defined as

wM(x′, x3) :=
∑
k∈Z2

0<|k|≤M

ĝk cosh(2π|k|x3)

2π|k| sinh(2π|k|)
e2πik·x′ (3.25)

for (x′, x3) ∈ T2 × (0, 1) and M ∈ N, are classical solutions of the corresponding

problem (3.24), and we have that wM → w in L2(Ω) by construction. The sequence

{wM}M∈N is uniformly bounded in H2(Ω), owing to the fact that one can show that∥∥∥∥ ∂2

∂xi∂xj
wM

∥∥∥∥
L2(Ω)

≤ C‖g‖H1(T2),

for i, j ∈ {1, 2, 3}, where the constant C > 0 does not depend on the truncation

parameter M . By a suitable version of Poincaré’s inequality for functions which

are periodic in only two coordinate directions (see Theorem A.1 in the Appendix),

we conclude that {wM}N∈N is weakly precompact in H2(Ω), and thereby infer the

existence of a (relabelled) convergent subsequence to an element in H2(Ω). By

uniqueness of the strong L2-limit, the H2-weak limit is w. It is therefore only left to

show that w is a weak solution of the Neumann boundary value problem (3.22)(ii).

Indeed, as we have that wM ⇀ w in H2, for any φ ∈ C∞(Ω) it follows that

∫
Ω

∆wφ = lim
M→∞

∫
Ω

∆wMφ = 0.

As far as the boundary conditions are concerned, we check that for any φ ∈ C∞(Ω),

the following holds true:

0 = lim
M→∞

∫
Ω

∆wMφ = lim
M→∞

(
−
∫

Ω

∇wM · ∇φ+

∫
Γ1

gMφ|Γ1

)

= −
∫

Ω

∇w · ∇φ+

∫
Γ1

gφ|Γ1 =

∫
Γ1

(
g − TrΓ1

[
∂w

∂x3

])
φ|Γ1 .
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In particular, for any ψ ∈ C∞(T2) we have that

∫
T2

(
g − TrΓ1

[
∂w

∂x3

])
ψ = 0,

therefore g = TrΓ1

[
∂w
∂x3

]
in L2(T2), and we deduce that w is a weak solution of the

given boundary value problem (3.22)(ii). By the reasoning above, we conclude that

the function u := v+w ∈ H1(Ω) is a weak solution of the Neumann boundary value

problem (3.20), in the sense of Definition 3.12.

II. Higher regularity and uniqueness of solutions. We now show that u is a

classical solution of (3.20), for given compatible f ∈ C0,α(Ω) and g ∈ C1,α(T2),

in the sense of Definition 3.12. By elliptic interior regularity (Theorem 9.19 in [29,

§ 9.6]), we know that u ∈ C2,α(Ω). By Theorem 5.54 in [38, § 5] applied in the setting

of the smooth unbounded domain R2 × (0, 1), the weak solution u belongs also to

C1,α(Ω). Hence, u ∈ C2,α(Ω) ∩ C1,α(Ω). We now consider u as a function defined

on R2 × (0, 1) that is 1-periodic in the x1 and x2 directions, and apply Theorem

6.26 from [29, § 6.7] to show that u is twice differentiable up to the upper and lower

boundaries of Ω, i.e. u ∈ C2,α(Ω). In the more general case that f ∈ Ck,α(Ω) and

g ∈ Ck+1,α(T2), Theorem 7.3 in [1] allows one to show that u ∈ Ck+2,α(Ω).

Uniqueness of smooth solutions of the BVP (3.20) follows by standard energy

methods applied to differences of candidate solutions: given a classical solution u of

(3.20) with f = 0 and g = 0, we have that

0 =

∫
Ω

u∆u = −
∫

Ω

|∇u|2,

therefore u is constant with zero mean, which implies u = 0. By linearity, this

proves that the solution to (3.20) is unique for any suitable f and g.

III. The Schauder estimate. We conclude the proof of the theorem by demon-

strating the claimed Schauder estimate (3.21). It is a well known fact (see [1, Thm.

7.3]) that the Ck+2,α solution u to (3.20) satisfies the following estimate

‖u‖Ck+2,α(Ω) ≤ Ck,α

(
‖f‖Ck,α(Ω) + ‖g‖Ck+1,α(T2) + ‖u‖C0(Ω)

)
,

for a constant Ck,α that depends on α and k. All that remains is the construc-
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tion of a bound on the C0-norm of u. We have proved in (3.23) that ‖w‖L∞(Ω) ≤
√
π coth(2π)‖g‖Ck+1,α(T2). We now derive an analogous bound for the other additive

contribution v to u, i.e. we show that

‖v‖L∞(Ω) . ‖f‖L2(Ω).

By the Sobolev Embedding Theorem and the Poincaré inequality (Theorem A.1),

one has that

‖v‖L∞(Ω) . ‖v‖H2(Ω) . ‖D2v‖L2(Ω).

Since v ∈ C2(Ω) by the step II, an application of integration by parts yields that

‖v‖L∞(Ω) . ‖D2v‖L2(Ω) = ‖∆v‖L2(Ω) = ‖f‖L2(Ω).

This concludes the proof of the theorem.

3.3.2 Proof of Theorem 3.9

We now aim to prove Theorem 3.9 using a fixed point argument. We first note that

if φ ∈ C3(T2), then it holds that

∫
T2

M[φ] = 0,

where the operator M was defined in (3.19), by a straightforward application of

integration by parts. This result can be extended to functions φ ∈ C2(T2) through

a density argument. By the definition (3.18) of the operator T (θ), the operator Aθ is

evaluated at M[Φ], which has zero mean and hence the compatibility condition for

solvability of the Neumann problem (3.16) requires us to defineAθ for θ ∈ Ck+1,α(T2)

such that ∫
T2

θ = 0.

Secondly, we note that the Schauder estimate (3.21) implies the following estimate

on the operator Ag:

‖Ag[f ]‖Ck+2,α(Ω) ≤ C̃k,α(‖f‖Ck,α(Ω) + ‖g‖Ck+1,α(T2)), (3.26)
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for any zero-mean f ∈ Ck,α(Ω) and g ∈ Ck+1,α(T2). In turn, the following proposi-

tion follows from an easy calculation.

Proposition 3.14

Let k ∈ N and α ∈ (0, 1). For any f1, f2 ∈ Ck+2,α(Ω), one has that

‖M[f1]‖k,α ≤ 2‖f1‖2
k+2,α, (3.27)

and

‖M[f1]−M[f2]‖k,α ≤ 2 (‖f1‖k+2,α + ‖f2‖k+2,α) ‖f1 − f2‖k+2,α. (3.28)

With these observations in hand, we now present the proof of the main theorem

of this section, in which we make use of the following notation. For any k ∈ N and

α ∈ (0, 1), consider the ball in Ck+2,α(Ω) defined by

X(k,α) :=

{
φ ∈ Ck+2,α(Ω) : ‖φ‖Ck+2,α ≤ R1(k, α),

∫
Ω

φ = 0

}
, (3.29)

and the ball in Ck+1,α(T2) given by

Y(k,α) :=

{
θ ∈ Ck+1,α(T2) : ‖θ‖Ck+1,α ≤ R2(k, α),

∫
T2

θ = 0

}
, (3.30)

with the radii R1(k, α) and R2(k, α) satisfying

R1(k, α) =
1

8
(C̃k,α)−1, R2(k, α) =

1

16
(C̃k,α)−2, (3.31)

where C̃k,α is the constant in the Schauder estimate (3.26). Observe that R1(k, α) =

2C̃k,αR2(k, α).

Outline of the proof

I. Existence and Uniqueness of classical solutions of (3.16). We show that we

can apply Banach Fixed Point theorem to the operator T (θ) defined in (3.18) on

the space X(k,α), for any θ ∈ Y(k,α). This proves the existence and uniqueness

of solutions in X(k,α) of (3.16), and therefore define the solution operator S

associated to the fully-nonlinear BVP (3.16).
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II. Continuity of the operator S. We prove that the operator S : Y(k,α) → X(k,α)

is Lipschitz continuous.

III. Fréchet differentiability of the operator S. We conclude by showing that the

operator S is not only continuous, but also Frèchet differentiable on X(k,α).

Proof of Theorem 3.9. We proceed by steps, as outlined above.

I. Existence and Uniqueness. In order to prove existence and uniqueness of

solutions in Ck+2,α(Ω) we use a Banach fixed point argument by showing that the

operator T (θ) = Aθ ◦M defined in (3.18) is a contraction on X(k,α). The estimate

(3.26) on the operator Ag and Proposition 3.14 imply that for any φ ∈ X(k,α) and

θ ∈ Y(k,α), one has that

‖T (θ)[φ]‖Ck+2,α(Ω) = ‖Aθ[M[φ]]‖Ck+2,α(Ω)

≤ C̃k,α

(
‖M[φ]‖Ck,α(Ω) + ‖θ‖Ck+1,α(T2)

)
≤ C̃k,α

(
2R1(k, α)2 +R2(k, α)

)
≤ R1(k, α).

In addition, T (θ)[φ] has zero mean over T2 × (0, 1), therefore T (θ)(X(k,α)) ⊆ X(k,α).

For any φ, ψ ∈ X(k,α) and θ ∈ Y(k,α), it holds that

‖T (θ)[φ]− T (θ)[ψ]‖Ck+2,α(Ω) = ‖A0

[
M[φ]−M[ψ]

]
‖Ck+2,α(Ω)

≤ C̃k,α‖M[φ]−M[ψ]‖Ck,α(Ω)

≤ 4C̃k,αR1(k, α)‖φ− ψ‖Ck+2,α(Ω)

=
1

2
‖φ− ψ‖Ck+2,α .

Therefore, it follows that T (θ) is a contraction on the complete metric space X(k,α),

and by the Banach Fixed Point Theorem we deduce the existence of a unique fixed

point Φ for T (θ) in X(k,α). Owing to this observation, we define the operator S :

Y(k,α) → X(k,α) pointwise by S[θ] := Φ, where Φ is the unique fixed point of T (θ) in
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X(k,α).

II. Continuity of the Operator S. We can prove that S is Lipschitz continuous

by considering φ, ψ ∈ Y(k,α) and the corresponding Φ := S[φ],Ψ := S[ψ] ∈ X(k,α).

We have that the difference Φ−Ψ satisfies the following BVP:



∆(Φ−Ψ) =M[Φ]−M[Ψ], on Ω,

∂

∂x3

(Φ−Ψ) = 0 on Γ0,

∂

∂x3

(Φ−Ψ) = φ− ψ on Γ1,∫
Ω

(Φ−Ψ) = 0.

Therefore, the Schauder estimate (3.26) for the inverse Laplacian Aφ−ψ and the

estimate (3.28) for M allow us to show that

‖Φ−Ψ‖Ck+2,α(Ω) ≤ C̃k,α

(
‖M[Φ]−M[Ψ]‖Ck,α(Ω) + ‖φ− ψ‖Ck+1,α(T2)

)
≤ C̃k,α‖φ− ψ‖Ck+1,α(T2) + 4C̃k,αR1(k, α)‖Φ−Ψ‖Ck+2,α(Ω),

therefore, by definition of R1(k, α) in (3.31), we have that

‖S[φ]− S[ψ]‖Ck+2,α(Ω) ≤ 2C̃k,α‖φ− ψ‖Ck+1,α(T2). (3.32)

In particular, S is globally Lipschitz on Y(k,α) with Lipschitz constant 2C̃k,α.

III. Fréchet Differentiability of the Operator S. Let us now demonstrate the

Fréchet differentiability of S : Y(k,α) → X(k,α). For any θ ∈ Y(k,α), define the linear

operator Lθ : Y(k,α) → Ck+2,α(Ω) as the solution operator on X(k,α) associated to

the following linear boundary value problem:



∆u = γ(u,S[θ]) on Ω,

∂u

∂x3

= 0 on Γ0,

∂u

∂x3

= h on Γ1,∫
Ω

u = 0,

(3.33)
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in the unknown u, where the bilinear symmetric map γ : Ck+2,α(Ω)× Ck+2,α(Ω)→

Ck,α(Ω) is defined as

γ(f, g) =
∂2f

∂x2
1

∂2g

∂x2
2

+
∂2f

∂x2
2

∂2g

∂x2
1

− 2
∂2f

∂x1x2

∂2g

∂x1x2

.

The operator Lθ is well-defined as the BVP (3.33) admits a unique solution in X(k,α)

for any h, θ ∈ Y(k,α) such that θ + h ∈ Y(k,α). This can be easily shown through an

application of the Banach Fixed Point Theorem in a similar fashion as in the step

I, therefore we do not present the details here.

One notices that for f1, f2 ∈ Ck+2,α(Ω), it holds that

‖γ(f1, f2)‖Ck,α ≤ 4‖f1‖Ck+2,α‖f2‖Ck+2,α , (3.34)

and in turn that

‖Lθ[h]‖k+2,α = ‖Ah
[
γ(Lθ[h],S[θ])

]
‖k+2.α

≤ C̃k,α (‖h‖k+1,α + ‖γ(Lθ[h],S[θ])‖k,α)

≤ C̃k,α‖h‖k+1,α + 4C̃k,αR1(k, α)‖Lθ[h]‖k+2,α,

which is a consequence of the Schauder estimate (3.21). By the definition of the

radius R1(k, α) in (3.31), we have that

‖Lθ[h]‖Ck+2,α(Ω) ≤ 2C̃k,α‖h‖Ck+1,α(T2), (3.35)

for any θ, h ∈ Y(k,α) such that θ+h ∈ Y(k,α). Let us now show that Lθ is the Fréchet

derivative of S. For any θ, h ∈ Y(k,α) such that θ + h ∈ Y(k,α), we consider the

nonlinear operator Nθ : h 7→ S[θ + h]− S[θ]−Lθ[h], which is the solution operator

associated to the following BVP
∆n =M [Lθ[h]] +M[n] + γ (n,Lθ[h] + S[θ]) on Ω,

∂n

∂x3

= 0 on Γ0 ∪ Γ1,∫
Ω

n = 0,
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in the unknown n. The above is proved by writing S[θ + h] = S[θ] + Lθ[h] +Nθ[h]

and considering the equation for Lθ[h] in (3.33): we have that

∆S[θ + h] =M[S[θ + h]]

=M [S[θ] + Lθ[h] +Nθ[h]]

=M [S[θ]] +M [Lθ[h]] +M [Nθ[h]]

+ γ(S[θ],Lθ[h]) + γ(S[θ] + Lθ[h],Nθ[h])

= ∆S[θ] +M [Lθ[h]] +M [Nθ[h]]

+ ∆Lθ[h] + γ(S[θ] + Lθ[h],Nθ[h]),

therefore ∆Nθ[h] = ∆S[θ+h]−∆S[θ]−∆Lθ[h], which gives the equation above for

n = Nθ[h]. In order to claim that Lθ is the Fréchet derivative of S at θ, it remains

to show that

lim
h∈Y(k,α)

‖h‖→0

‖Nθ[h]‖Ck+2,α(Ω)

‖h‖Ck+1,α(T2)

= 0.

By the estimates (3.26), (3.27) and (3.34) for Ag, M and γ respectively, the norm

of the operator Nθ admits the bound given by

‖Nθ[h]‖Ck+2,α(Ω) =

∥∥∥∥A0

[
M[Lθ[h] +M[Nθ[h]] + γ(Nθ[h],Lθ[h] + S[θ])

]∥∥∥∥
k+2,α

≤ 2C̃k,α‖Lθ[h]‖2
k+2,α + 2C̃k,α‖Nθ[h]‖2

k+2,α

+ 4C̃k,α‖Nθ[h]‖k+2,α‖S[θ] + Lθ[h]‖k+2,α.

This estimate can be rewritten simply as

βθ(h)‖Nθ[h]‖Ck+2,α(Ω) ≤ 2C̃k,α‖Lθ[h]‖2
Ck+2,α(Ω)

,

where

βθ(h) : = 1− 2C̃k,α‖Nθ[h]‖k+2,α − 4C̃k,α
∥∥S[θ] + Lθ[h]

∥∥
k+2,α
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= 1− 2C̃k,α
∥∥S[θ + h]− S[θ]− Lθ[h]

∥∥
k+2,α

− 4C̃k,α‖S[θ] + Lθ[h]‖k+2,α.

As h→ 0 in Ck+1,α(T2), we have that

lim
‖h‖→0

βθ(h) = 1− 4C̃k,α‖S[θ]‖k+2,α≥1− 4C̃k,αR1(k, α) =
1

2
,

by continuity of the operator S : Y(k,α) → X(k,α) and the definition of the radius

R1(k, α). Hence, if h is taken to be in a sufficiently-small ball around the zero map,

it follows that βθ(h) ≥ 1
4

and using the bound (3.35) on the norm of Lθ, we infer

that

‖Nθ[h]‖k+2,α

‖h‖k+1,α

≤ 8C̃k,α
‖Lθ[h]‖2

k+2,α

‖h‖k+1,α

≤ 32C̃3
k,α‖h‖k+1,α.

This concludes the proof of Theorem 3.9.

TO summarise, we constructed the Fréchet differentiable solution operator S,

which allows us to construct the Neumann-to-Dirichlet operator T in (3.1) as in

(3.17).

3.4 Existence and uniqueness of classical solutions

of SSG

By the work of the previous section, we have constructed the Neumann-to-Dirichlet

operator that determines the activity in the active scalar equation that defines SSG,

namely equation (3.1). However, in order to demonstrate the local-in-time existence

of classical solutions of the active scalar equation itself, we perform a Schauder fixed

point argument. In broad strokes, given a suitable time-dependent and spatially-

incompressible vector field w, we first construct a solution θw to the IVP associated

to the passive scalar equation given by
∂

∂t
θw + (w · ∇)θw = 0,

θw(·, 0) = θ0,

(3.36)
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with given fixed initial datum θ0 that is independent of w, and in turn build a new

time-dependent vector field w̃(·, t) := ∇⊥T [θw(·, t)] pointwise in time by way of the

Neumann-to-Dirichlet map T . Any fixed point of the operator W : w 7→ w̃ (in an

appropriate space) furnishes a classical solution to the active scalar equation (3.1).

We build the functional framework on which we apply the Schauder Fixed Point

Theorem [9, p. 179]. For a fixed k ∈ N, suppose that θ0 ∈ Ck+1,α(T2) with zero mean

and such that ‖θ0‖Ck+1,α(T2) ≤ ρk, for a positive radius ρk = ρk(α) > 0. We also

consider the maximum time of existence τk = τk(α) > 0, and we will explain how

to choose these quantities in the proof of Theorem 3.2. We define the topological

space of time-independent divergence-free vector fields

Z(k,α,α′) :=
{
w ∈ Ck+1,α′

σ (T2,R2) : ‖w‖Ck+1,α(T2,R2) ≤ R1(k, α)
}

(3.37)

endowed with the topology inherited from Ck+1,α′(T2,R2), for any k ∈ N and 0 <

α′ < α < 1. In Lemma A.3 we prove that Z(k,α,α′) is compact in such topology. We

consider the set

Dk :=
{
w ∈ C0

(
[0, τk], C

k+1,α′

σ (T2,R2)
)

: ‖w‖C0([0,τk],Ck+1,α) ≤ R1(k, α)
}
, (3.38)

endowed with the norm

‖w‖Dk = ‖w‖
C0
t C

k+1,α′
x

= max
t∈[0,τk]

‖w(t)‖k+1,α′ .

Our principle operator of interest W is defined pointwise on Dk as

(W [w])(t) := ∇⊥T [θw(·, t)] (3.39)

for all t ∈ [0, τk], where T = R◦S is the Neumann-to-Dirichlet operator constructed

in the Section 3.3, and θw denotes the unique classical solution of the passive IVP

(3.36) on T2 × [0, τk].

While the claimed result, Theorem 3.2, holds true for any integer k ≥ 0, for the

sake of clarity of presentation we only present in details the argument pertaining

to the local-in-time existence of classical solutions θ ∈ C0([0, τ0], C1,α(T2)) of the

active scalar equation (3.1) with θ0 ∈ C1,α(T2), for some τ0 > 0 that will be fixed in
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the proof. A similar argument can be employed to prove the existence of solutions

θ ∈ C0([0, τk], C
k+1,α(T2)) with initial data θ0 ∈ Ck+1,α(T2), for k ≥ 1 and time of

existence τk > 0, of which we provide only the main idea. We shall, however, include

the proof of uniqueness of classical solutions in the case that the initial datum θ0

lies in a suitable small ball in Ck+1,α(T2) for k ≥ 2.

Outline of the proof

I. Estimates on the Lagrangian flow associated to w ∈ D0. We start by estab-

lishing estimates on the Lagrangian flow F associated to a given vector field

w ∈ D0. We recall that the generalised flow map F associated to a time-

dependent vector field w is the solution of the Cauchy problem
∂

∂t
F (t, s;x) = w(F (t, s;x), t),

F (s, s;x) = x,

(3.40)

for any t, s ∈ [0, τ0] and x ∈ T2.

II. Estimates on the solution to the passive transport equation with vector field

in D0. Given a w ∈ D0, we look at the estimates on the solution θw of the

transport equation (3.36). In fact, given that θ0 ∈ C1,α(T2) and w ∈ D0, the

unique solution θw can be written as

θw(x, t) = θ0(F (0, t;x)), ∀(x, t) ∈ T2 × [0, τ0]. (3.41)

III. Existence of classical solutions of SSG. We show that we can apply Schauder

Fixed Point Theorem [9, p. 179] to the operator W formally described above

in (3.39) in the Banach space D0, for τ0 = τ0(α) > 0 appropriately chosen,

for a fixed θ0 ∈ C1,α(T2) with ‖θ0‖1,α ≤ ρ0(α). In particular, we show that

the operator W is continuous from D0 to D0, and that its image set W(D0) is

precompact in D0.

IV. Higher regularity of classical solutions of SSG. We comment on the case of an

initial data θ0 such that ‖θ0‖Ck+1,α(T2) ≤ ρk, for k > 0 and ρk = ρk(α) > 0.

V. Uniqueness of classical solutions of SSG. We prove that the classical solution

is unique when θ0 ∈ Ck+1,α(T2), for k ≥ 2, by applying Grönwall’s inequality.
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Proof of Theorem 3.2. As the proof is quite long, we break it in shorter steps, as

outlined above.

I. Estimates on the Lagrangian flow associated to w ∈ D0. As it will appear

clear in the next steps, we will need to establish bounds on the C0
t C

1,α
x -norm of

the solution θw of the transport equation (3.36). By looking at the representation

formula (3.41) for such solution, it is clear that we will need some bounds on the

growth of the generalised Lagrangian flow F (0, t; ·) defined through the IVP (3.40).

We start looking at the estimates on F (r, t; ·), for r ≤ t. In what follows, we write

‖w‖ in place of ‖w‖C0
t C

1,α
x

, and R1 in place of R1(0, α).

a) ‖F (r, t; ·)‖C0 ≤ Ca, for 0 ≤ r ≤ t ≤ τ0.

By an application of the Fundamental Theorem of Calculus, we can write

F (r, t;x) = F (t, t;x)−
∫ t

r

w(F (τ, t;x), τ) dτ,

therefore

|F (r, t;x)| ≤ |x|+
∫ t

r

|w(F (τ, t;x), τ)| dτ

≤ diam(T2) + (t− r)‖w‖C0
t C

0
x
,

and the claimed estimate holds for Ca :=
√

2 + τ0R1.

b) ‖DF (r, t; ·)‖C0 ≤ Cb, for 0 ≤ r ≤ t ≤ τ0.

Again, we use the fact that F solves the IVP (3.40) to write

DF (r, t;x) = DF (t, t, ;x)−
∫ t

r

D[w(F (τ, t;x), τ)] dτ

= I −
∫ t

r

DF (τ, t;x)Dw(F (τ, t;x), τ) dτ.

Hence, for r ∈ [0, t] we have that

g(r) : = |DF (r, t;x)| ≤ 3 +

∫ t

r

|DF (τ, t;x)||Dw(F (τ, t;x), τ)| dτ

≤ 3 + ‖w‖C0
t C

1
x

∫ t

r

g(τ) dτ.
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We conclude by Grönwall Lemma, with Cb := 3eτ0R1 .

c) [DF (r, t; ·)]0,α ≤ Cc, for 0 ≤ r ≤ t ≤ τ0.

We have that

DF (r, t;x)−DF (r, t; y) = −
∫ t

r

[
DF (τ, t;x)Dw(F (τ, t;x), τ)

+DF (τ, t; y)Dw(F (τ, t; y), τ)
]
dτ

= −
∫ t

r

DF (τ, t;x) [Dw(F (τ, t;x), τ)−Dw(F (τ, t; y), τ)] dτ

−
∫ t

r

[DF (τ, t;x)−DF (τ, t; y)]Dw(F (τ, t; y), τ) dτ.

Hence, for any 0 ≤ r ≤ t ≤ τ0, we have that

g(r) : = |DF (r, t;x)−DF (r, t; y)|

≤
∫ t

r

|DF (τ, t;x)| |Dw(F (τ, t;x), τ)−Dw(F (τ, t; y), τ)| dτ

+

∫ t

r

|DF (τ, t;x)−DF (τ, t; y)| |Dw(F (τ, t; y), τ)| dτ

≤ Cb‖w‖C0
t C

1,α
x

∫ t

r

|F (τ, t;x)− F (τ, t; y)|α dτ

+ ‖w‖C0
t C

1
x

∫ t

r

g(τ) dτ

≤ C1+α
b (t− r)‖w‖|x− y|α

+ ‖w‖
∫ t

r

g(τ) dτ.

Again, we conclude by Grönwall’s Lemma, for Cc := 9τ0R1e
3τ0R1 .

We now look at estimates of the difference F (r, t; ·)−F (r, s; ·), for r ≤ s, t. Without

loss of generality, we can assume s ≤ t.

d) ‖F (r, t; ·)− F (r, s; ·)‖C0 ≤ Cd|t− s|, for any 0 ≤ r ≤ s, t ≤ τ0.
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We use again the Fundamental Theorem of Calculus and write

F (r, t;x)−F (r, s;x) = F (t, t;x)−
∫ t

r

w(F (τ, t;x), τ) dτ

− F (s, s;x) +

∫ s

r

w(F (τ, s;x), τ) dτ

= −
∫ s

r

[w(F (τ, t;x), τ)− w(F (τ, s;x), τ)] dτ

−
∫ t

s

w(F (τ, t;x), τ) dτ.

Therefore, for any r ∈ [0, s] we have

g(r) : = |F (r, t;x)− F (r, s;x)|

≤ ‖w‖C0
t C

1
x

∫ s

r

|F (τ, t;x)− F (τ, s;x)| dτ

+ (t− s)‖w‖C0
t C

0
x

= ‖w‖
∫ s

r

g(τ) dτ + ‖w‖(t− s).

We conclude again by Grönwall Lemma, for Cd := R1e
τ0R1 .

e) ‖DF (r, t; ·)−DF (r, s; ·)‖C0 ≤ Ce|t− s|α, for any 0 ≤ r ≤ s ≤ t ≤ τ0.

Similarly to the estimates (c) and (d), we observe that

DF (r, t;x)−DF (r, s;x) =

∫ t

r

DF (τ, t;x)Dw(F (τ, t;x), τ) dτ

+

∫ s

r

DF (τ, s;x)Dw(F (τ, s;x), τ) dτ

= −
∫ s

r

[
DF (τ, t;x)Dw(F (τ, t;x), τ)

−DF (τ, s;x)Dw(F (τ, s;x), τ)
]
dτ

−
∫ t

s

DF (τ, t;x)Dw(F (τ, t;x), τ) dτ
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= −
∫ s

r

[DF (τ, t;x)−DF (τ, s;x)]Dw(F (τ, t;x), τ) dτ

−
∫ s

r

DF (τ, s;x) [Dw(F (τ, t;x), τ)−Dw(F (τ, s;x), τ)] dτ

−
∫ t

s

DF (τ, t;x)Dw(F (τ, t;x), τ) dτ.

Hence, for any r ∈ [0, s] we have that

g(r) : = |DF (r, t;x)−DF (r, s;x)|

≤
∫ s

r

|DF (τ, t;x)−DF (τ, s;x)| |Dw(F (τ, t;x), τ | dτ

+

∫ s

r

|DF (τ, s;x)| |Dw(F (τ, t;x), τ)−Dw(F (τ, s;x), τ)| dτ

+

∫ t

s

|DF (τ, t;x)||Dw(F (τ, t;x), τ | dτ

≤ ‖w‖C0
t C

1
x

∫ s

r

g(τ) dτ

+ Cb‖w‖C0
t C

1,α
x

∫ s

r

|F (τ, t;x)− F (τ, s;x)|α dτ

+ (t− s)‖w‖Cb

≤ ‖w‖
∫ s

r

g(τ) dτ

+ Cb(s− r)‖w‖Cα
d (t− s)α

+ (t− s)‖w‖Cb

≤ ‖w‖
∫ s

r

g(τ) dτ

+ (t− s)α
[
CbC

α
d τ0R1 + Cbτ

1−α
0 R1

]
.

We conclude again by the Grönwall Lemma, and the constant Ce := 3R1e
τ0R1[

e(1+α)τ0R1τ0R
α
1 + τ 1−α

0 eτ0R1
]
.
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Consider now two vector fields w, v ∈ D0 and their respective Lagrangian flows Fw

and Fv.

f) ‖Fw(r, t; ·)− Fv(r, t; ·)‖C0 ≤ Cf‖w − v‖C0
t C

0
x
, for any 0 ≤ r ≤ t ≤ τ0.

By the Fundamental Theorem of Calculus, for any 0 ≤ r ≤ t ≤ τ0 we can

consider the following:

g(r) : = |Fw(r, t;x)− Fv(r, t;x)|

≤
∫ t

r

|w(Fw(τ, t;x), τ)− v(Fv(τ, t;x).τ)| dτ

≤
∫ t

r

|w(Fw(τ, t;x), τ)− w(Fv(τ, t;x), τ)| dτ

+

∫ t

r

|w(Fv(τ, t;x), τ)− v(Fv(τ, t;x), τ)| dτ

≤ ‖w‖C0
t C

1
x

∫ t

r

g(τ) dτ + (t− r)‖w − v‖C0
t C

0
x
.

We conclude by the Grönwall Lemma, for Cf := τ0e
τ0R1 .

g) ‖DFw(r, t; ·)−DFv(r, t; ·)‖C0 ≤ Cg‖w − v‖αC0
t C

1
x
, for 0 ≤ r ≤ t ≤ τ0.

As we did above, we can write

DFw(r, t;x)−DFv(r, t;x) = −
∫ t

r

[
DFw(τ, t;x)Dw(Fw(τ, t;x), τ)

−DFv(τ, t;x)Dv(Fv(τ, t;x), τ)
]
dτ

= −
∫ t

r

[
DFw(τ, t;x)−DFv(τ, t;x)

]
Dw(Fw(τ, t;x), τ) dτ

−
∫ t

r

DFv(τ, t;x)
[
Dw(Fw(τ, t;x), τ)−Dw(Fv(τ, t;x), τ)

]
dτ

−
∫ t

r

DFv(τ, t;x)
[
Dw(Fv(τ, t;x), τ)−Dv(Fv(τ, t;x), τ)

]
dτ.

Hence,

g(r) : = |DFw(r, t;x)−DFv(r, t;x)|
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≤
∫ t

r

|DFw(τ, t;x)−DFv(τ, t;x)||Dw(Fw(τ, t;x), τ)| dτ

+

∫ t

r

|DFv(τ, t;x)|
∣∣Dw(Fw(τ, t;x), τ)−Dw(Fv(τ, t;x), τ)

∣∣ dτ
+

∫ t

r

|DFv(τ, t;x)|
∣∣Dw(Fv(τ, t;x), τ)−Dv(Fv(τ, t;x), τ)

∣∣ dτ
≤ ‖w‖C0

t C
1
x

∫ t

r

g(τ) dτ

+ Cb‖w‖C0
t C

1,α
x

∫ t

r

∣∣Fw(τ, t;x)− Fv(τ, t;x)
∣∣α dτ

+ Cb(t− r)‖w − v‖C0
t C

1
x

≤ ‖w‖C0
t C

1
x

∫ t

r

g(τ) dτ

+ Cb‖w‖C0
t C

1,α
x

(t− r)Cα
f ‖w − v‖αC0

t C
0
x

+ Cb(t− r)‖w − v‖C0
t C

1
x

≤ R
(0,α)
1

∫ t

r

g(τ) dτ

+

[
CbR1τ0C

α
f + Cbτ0(2R1)1−α

]
‖w − v‖αC0

t C
1
x

By the Grönwall Lemma, we have the wanted estimate, with the constant

Cg := eτ0R1
[
CbR1τ0C

α
f + Cbτ0(2R1)1−α].

II. Estimates on the solution to the passive transport equation with vector field

in D0. For a given zero-mean initial datum θ0 ∈ C1,α(T2) with ‖θ0‖1,α ≤ ρ0(α),

and a time-dependent vector-field w ∈ D0, we consider the solution θ = θw of

the corresponding homogeneous transport equation, defined by the representation

formula (3.41). We keep using the notation ‖w‖ = ‖w‖C0
t C

1,α
x

and R1 = R1(0, α).

A) ‖θ(·, t)‖C0 ≤ ‖θ0‖1,α, for any t ∈ [0, τ0].

This follows immediately by (3.41).

B) ‖∇θ(·, t)‖C0 ≤ ‖θ0‖1,αCb, for any t ∈ [0, τ0].
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As θ0 and w are differentiable in x, we have that

∇θ(x, t) = DF (0, t;x)∇θ0(F (0, t;x)).

We conclude by the estimate (b) in the step I.

C) [θ(·, t)]1,α ≤ CC‖θ0‖1,α, for any t ∈ [0, τ0].

We can write the difference ∇θ(x, t)−∇θ(y, t) as

∇θ(x, t)−∇θ(y, t) = DF (0, t;x)∇θ0(F (0, t;x))−DF (0, t; y)∇θ0(F (0, t; y))

= [DF (0, t;x)−DF (0, t; y)]∇θ0(F (0, t;x))

+DF (0, t; y) [∇θ0(F (0, t;x))−∇θ0(F (0, t; y))] .

Therefore, for any t ∈ [0, τ0] and x, y ∈ T2 we use estimates (b) and (c) in step

I to write

|∇θ(x, t)−∇θ(y, t)| ≤ |DF (0, t;x)−DF (0, t; y)||∇θ0(F (0, t;x))|

+ |DF (0, t; y)||∇θ0(F (0, t;x))−∇θ0(F (0, t; y))|

≤ ‖θ0‖1,αCc|x− y|α

+ Cb‖θ0‖1,α|F (0, t;x)− F (0, t; y)|α

≤ ‖θ0‖1,αCc|x− y|α

+ ‖θ0‖1,αC
1+α
b |x− y|α.

We introduce the constant CC := Cc + C1+α
b .

D) ‖θ(·, t)‖1,α ≤ CD‖θ0‖1,α, for any t ∈ [0, τ0].

From the estimates (A), (B) and (C), we conclude by using the definition

‖θ(·, t)‖1,α := ‖θ(·, t)‖C0 + ‖∇θ(·, t)‖C0 + [θ(·, t)]1,α.

We conclude by setting CD :=
[
1 + Cb + C1+α

b + Cc].
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We now consider t, s ∈ [0, τ0] and look at the difference θ(·, t)− θ(·, s). Without loss

of generality, we can assume s ≤ t.

E) ‖θ(·, t)− θ(·, s)‖C0 ≤ Cd‖θ0‖1,α|t− s|, for any 0 ≤ s, t ≤ τ0.

Once again, we make use of the representation formula (3.41) for θ:

θ(x, t)− θ(x, s) = θ0(F (0, t;x))− θ0(F (0, s;x)),

therefore, by the estimate (d) in step I, we have that

|θ(x, t)−θ(x, s)| = |θ0(F (0, t;x))− θ0(F (0, s;x))|

≤ ‖θ0‖1,α|F (0, t;x)− F (0, s;x)|

≤ ‖θ0‖1,αCd(t− s).

F) ‖∇θ(·, t)−∇θ(·, s)‖C0 ≤ CF‖θ0‖1,α|t− s|α, for any 0 ≤ s, t ≤ τ0.

Similarly to the previous steps, we consider

∇θ(x, t)−∇θ(x, s)

= DF (0, t;x)∇θ0(F (0, t;x))−DF (0, s;x)∇θ0(F (0, s;x))

= [DF (0, t;x)−DF (0, s;x)]∇θ0(F (0, t;x))

+DF (0, s;x) [∇θ0(F (0, t;x))−∇θ0(F (0, s;x))] .

Therefore, by the estimates (b), (d) and (e) in the step I, we have that

|∇θ(x, t)−∇θ(x, s)|

≤ |DF (0, t;x)−DF (0, s;x)| |∇θ0(F (0, t;x))|

+ |DF (0, s;x)| |∇θ0(F (0, t;x))−∇θ0(F (0, s;x))|

≤ ‖θ0‖1,α(t− s)αCe
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+ Cb‖θ0‖1,α |F (0, t;x)− F (0, s;x)|α

≤ ‖θ0‖1,α(t− s)αCe

+ ‖θ0‖1,αCbC
α
d (t− s)α

= ‖θ0‖1,α(t− s)α[Ce + CbC
α
d ].

Hence, we denote CF := Ce + CbC
α
d .

G) [θ(·, t)− θ(·, s)]1,α′ ≤ CG‖θ0‖1,α|t− s|α−α
′
, for any 0 ≤ s, t ≤ τ0.

This estimate can be obtained as an interpolation between the estimates (F)

and (C). We define Q := |∇θ(x, t)−∇θ(x, s)−∇θ(y, t) +∇θ(y, s)|, and write

Q = QγQ1−γ for a suitable γ ∈ (0, 1). We consider the following two bounds

on Q.

• By the estimate (F), we have the following:

Q ≤ |∇θ(x, t)−∇θ(x, s)|+ |∇θ(y, t) +∇θ(y, s)|

≤ 2‖∇θ(·, t)−∇θ(·, s)‖C0

≤ 2CF‖θ0‖1,α(t− s)α.

• On the other hand, the estimate (C) gives us:

Q ≤ |∇θ(x, t)−∇θ(y, t)|+ |∇θ(x, s)−∇θ(y, s)|

≤ ([θ(·, t)]1,α + [θ(·, s)]1,α)|x− y|α

≤ 2CC‖θ0‖1,α|x− y|α.

Therefore, we see that

Q = QγQ1−γ

≤ 2‖θ0‖1,α(t− s)αγ|x− y|α(1−γ)Cγ
FC

1−γ
C .
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We choose γ = 1− α′

α
∈ (0, 1), in order to have α(1−γ) = α′. With this choice

of γ, we see that the Hölder seminorm [θ(·, t)− θ(·, s)]1,α′ is given by

[θ(·, t)− θ(·, s)]1,α′ ≤ 2C
1−α

′
α

F C
α′
α
C ‖θ0‖1,α(t− s)α−α′ .

The constant CG := 2C
1−α

′
α

F C
α′
α
C depends on α and α′.

H) ‖θ(·, t)− θ(·, s)‖1,α′ ≤ CH‖θ0‖1,α|t− s|α−α
′
, for 0 ≤ s, t ≤ τ0.

By the estimates (E), (F) and (G), we have that

‖θ(·, t)− θ(·, s)‖1,α′ = ‖θ(·, t)− θ(·, s)‖C0 + ‖∇θ(·, t)−∇θ(·, s)‖C0

+ [θ(·, t)− θ(·, s)]1,α′

≤ ‖θ0‖1,αCd(t− s) + ‖θ0‖1,αCF (t− s)α

+ ‖θ0‖1,αCG(t− s)α−α′

≤
[
Cdτ

1−α+α′

0 + CF τ
α′

0 + Cg

]
(t− s)α−α′ ,

so we denote CH := Cdτ
1−α+α′

0 + CF τ
α′
0 + Cg.

Finally, we consider two vector fields w, v ∈ D0, where we keep using the notation

‖w‖ = ‖w‖C0
t C

1,α
x

. We look at the difference of the solutions θw, θv of the transport

equations corresponding to w and v respectively, with θw(·, 0) = θv(·, 0) = θ0. As in

the step I, we denote by Fw and Fv the generalised Lagrangian flows associated to

w and v respectively.

I) ‖θw(·, t)− θv(·, t)‖C0 ≤ Cf‖θ0‖1,α‖w − v‖C0
t C

1
x
, for t ∈ [0, τ0].

We use the formula (3.41) and the estimate (f) in step I to write

|θw(x, t)− θv(x, t)| = |θ0(Fw(0, t;x))− θ0(Fv(0, t;x))|

≤ ‖θ0‖1,α|Fw(0, t;x)− Fv(0, t;x)|

≤ ‖θ0‖1,αCf‖w − v‖C0
t,x
.

J) ‖∇θw(·, t)−∇θv(·, t)‖C0 ≤ CJ‖θ0‖1,α‖w − v‖αC0
t C

1
x
, for t ∈ [0, τ0].
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We can write explicitly

∇θw(x, t)−∇θv(x, t)

= DFw(0, t;x)∇θ0(Fw(0, t;x))−DFv(0, t;x)∇θ0(Fv(0, t;x))

=
[
DFw(0, t;x)−DFv(0, t;x)

]
∇θ0(Fw(0, t;x))

+DFv(0, t;x)
[
∇θ0(Fw(0, t;x))−∇θ0(Fv(0, t;x))

]
.

We use the estimates (g), (b) and (f) in the step I to estimate

|∇θw(x, t)−∇θv(x, t)|

≤
∣∣DFw(0, t;x)−DFv(0, t;x)

∣∣|∇θ0(Fw(0, t;x))|

+ |DFv(0, t;x)|
∣∣∇θ0(Fw(0, t;x))−∇θ0(Fv(0, t;x))

∣∣
≤ ‖θ0‖1,αCg‖w − v‖αC0

t C
1
x

+ Cb‖θ0‖1,α|Fw(0, t;x)− Fv(0, t;x)|α

≤ ‖θ0‖1,α‖w − v‖αC0
t C

1
x

[
Cg + CbC

α
f

]
.

K) [θw(·, t)− θv(·, t)]1,α′ ≤ CK‖θ0‖1,α‖w − v‖α−α
′

C0
t C

1
x
, for any t ∈ [0, τ0].

For this estimate, we interpolate between the estimates (C) and (J). We define

Q := |∇θw(x, t) − ∇θv(x, t) − ∇θw(y, t) + ∇θv(y, t)| and write Q = QγQ1−γ,

where it will be convenient choosing the constant γ = 1− α′

α
. We make use of

the estimate (J) and (C) to write

|∇θw(x, t)−∇θv(x, t)−∇θw(y, t) +∇θv(y, t)|

≤
(

2‖∇θw(·, t)−∇θv(·, t)‖C0

)1−α
′
α

(
[θw(·, t)]1,α + [θv(·, t)]1,α|x− y|α

)α′
α

≤ 2C
1−α

′
α

J C
α′
α
C ‖θ0‖1,α‖w − v‖α−α

′

C0
t C

1
x
|x− y|α′
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≤ CK‖θ0‖1,α‖w − v‖α−α
′

C0
t C

1
x
|x− y|α′ ,

where the constant CK := 2C
1−α

′
α

J C
α′
α
C depends on α and α′.

L) ‖θw(·, t)− θv(·, t)‖1,α ≤ CL‖θ0‖1,α‖w − v‖α−α
′

C0
t C

1
x
, for any t ∈ [0, τ0].

Again, this is proved by putting together the estimates (I), (J), (K). Therefore,

the constant CL := (2R1)1−α−α′Cf + (2R1)α
′
CJ + CK depends on α, α′.

This concludes the estimates that we need on the solution θw of the passive

transport equation with initial datum θ0 and vector field w.

III. Existence of classical solutions of SSG. In order to apply the Schauder Fixed

Point Theorem [9, p. 179] to the operator W (3.39) on the space D0 (3.38), we need

to make a few observations:

(i) the set D0 defined in (3.38) is a non-empty closed and convex subspace of the

Banach space C0([0, τ0], C1,α′(T2,R2)), as α′ < α;

(ii) the operator W (3.39) is well-defined on D0 for appropriate choices of the

maximum time of existence τ0 and the radius ρ0 of the ball in C1,α(T2) where

we choose the initial datum θ0. In particular, we can choose τ0 and ρ0 such

that W(D0) ⊂ D0.

(iii) The image set W(D0) is precompact in D0.

(iv) The operator W : D0 → D0 is continuous with respect to the norm ‖ · ‖D0 =

‖ · ‖
C0
t C

1,α′
x

.

The closedness of the set D0 defined in (3.38) is a consequence of Lemma A.3.

In order to demonstrate that the operator W , formally defined in (3.39), is well

defined on D0, we need to ensure that for any w ∈ D0, the solution θw of the

transport equation (3.36) satisfies the following property:

θw(·, t) ∈ Y(0,α)

for any t ∈ [0, τ0], where Y(0,α) was defined in (3.30). By the estimate (D) in step

II, we know that there exists a constant CD(α, τ) depending only on α and τ such

that

‖θw(·, t)‖1,α ≤ CD(α, τ0)‖θ0‖1,α (3.42)
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for all t ∈ [0, τ0]. In the estimates in steps I and II, we saw that CD(α, τ) can be

chosen to be

CD(α, τ) := 1 + 3eτR1(0,α) + 31+αe(1+α)τR1(0,α) + 9τR1(0, τ)e3τR1(0,α).

For instance, we can choose

τ0 ≤
ln 2

3R1(0, α)
and ρ0 ≤

R2(0, α)

37
, (3.43)

in order to have that CD(α, τ0) < 37, hence

‖θw(·, t)‖1,α ≤ CD(α, τ0)‖θ0‖1,α ≤ R2(0, α),

for any t ∈ [0, τ0]. In Theorem 3.9, we constructed the solution operator S associated

to the fully nonlinear BVP (3.2) for boundary data θ ∈ Y(0,α): we showed that

‖S[θ]‖C2,α(Ω) ≤ 2C̃0,α‖θ‖C1,α(T2) ≤ R1(0, α), therefore we must have that

‖W [w](t)‖C1,α(T2,R2) = ‖∇⊥RS[θw(·, t)]‖C1,α(T2,R2)

≤ ‖S[θw(·, t)]‖C2,α(Ω) ≤ R1(0, α),

for any w ∈ D0 and t ∈ [0, τ0]. This shows that W [w](t) ∈ Z(0,α,α′). Moreover,

for any w ∈ D0, the map W [w] is continuous from [0, τ0] to Z(0,α,α′). Indeed, for

t, s ∈ [0, τ0], Lipschitz continuity of the operator S constructed in Theorem 3.9 and

the estimate (H) in the step II allow us to see that

‖W [w](t)−W [w](s)‖1,α′ ≤ 2C̃0,α′‖θw(·, t)− θw(·, s)‖1,α′

≤ 2C̃0,α′‖θ0‖1,αCH |t− s|α−α
′

≤ 2C̃0,α′ρ0CH |t− s|α−α
′
,

for any t, s ∈ [0, τ0], where the constant CH depends on α and α′. This proves that

the W [w] is continuous. Furthermore, we proved that W(D0) ⊂ D0 is a subset of

uniformly equicontinuous functions in C0([0, τ0], C1,α′(T2,R2)).
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By Arzelà–Ascoli Theorem (see Theorem A.2), the set W(D0) is precompact in

D0, because it is a set of equicontinuous functions, the set {W [w](t) : w ∈ D0} ⊂

Z(0,α,α′) is precompact for any t ∈ [0, τ0], and the space D0 is closed.

The last part that needs to be verified is the continuity of the operatorW . Given

w, v ∈ D0, we can use Lipschitz continuity of the operator S constructed in Theorem

3.9 and estimate (L) in step II to show that

‖W [w]−W [v]‖
C0C1,α′

x
≤ max

t∈[0,τ0]
‖S[θw(·, t)]− S[θv(·, t)]‖2,α′

≤ 2C̃0,α′ max
t∈[0,τ0]

‖θw(·, t)− θv(·, t)‖1,α′

≤ 2C̃0,α′CL‖θ0‖1,α‖w − v‖α−α
′

D0
.

Hence, the operator W is continuous with respect to the topology induced by the

C0([0, τ0], C1,α′(T2,R2))-norm. In fact, the operator satisfies a Hölder-type inequal-

ity on D0 with exponent α− α′.

III. Higher regularity of classical solutions of SSG. For a given k ∈ N, we can

consider the space Dk defined in (3.38), for a positive τk to be fixed, and show that

we can apply Schauder Fixed Point Theorem to the same operator W defined on

Dk. The proof is tedious as it involves an induction argument for the estimates in

steps I and II, and we only comment on the idea here, rather than presenting the

details. Given w ∈ Dk, we can use the Faà di Bruno formula [31] for higher order

chain rule to write the expression for the jth derivative of the generalised flow map

F defined in (3.40), for 2 ≤ j ≤ k and 0 ≤ r ≤ t ≤ τk:

DjF (r, t; , x) = −
∑
m∈Nj∑j
i=1 imi=j

j!∏j
i=1mi!i!mi

∫ t

r

D
∑j
i=1miw(F (τ, t;x), τ)

j∏
i=1

(
DiF (τ, t;x)

)mi dτ.
We can then use an induction argument to show similar estimates to those in the step

I for DjF (r, t; ·), for any k ∈ N and j ∈ N, with j ≤ k. Similarly, the representation

formula (3.41) allows us to apply the Faà di Bruno formula to estimate the nth
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derivative of the solution θ of the passive transport equation (3.36) with initial

datum θ0 ∈ Ck+1,α(T2) and vector-field w ∈ Dk: for n ∈ N with n ≤ k, we have that

Dnθ(x, t) =
∑
m∈Nn∑n
i=1 imi=n

n!∏n
i=1mi!i!mi

D
∑n
i=1miθ0(F (0, t;x))

n∏
i=1

(
DiF (0, t;x)

)mi .
IV. Uniqueness of the dynamics. For k ≥ 2, let w, v ∈ Dk be two vector fields

and θw, θv ∈ C0([0, τk], C
k+1,α(T2)) be such that (θw, w) and (θv, v) are solutions

of the active scalar equation (3.1) with initial condition θw(·, 0) = θv(·, 0) = θ0 ∈

Ck+1,α(T2), in the sense of Definition 3.12. We prove that ‖θw(·, t)− θv(·, t)‖1,α′ = 0

by demonstrating that

‖θw(·, t)− θv(·, t)‖1.α′ .
∫ t

0

‖θw(·, τ)− θv(·, τ)‖1,α′ dτ. (3.44)

The claimed uniqueness result then follows by Grönwall’s Lemma.

Let us denote the flow map associated with w by Fw and that associated to v

by Fv. In what follows, for notational brevity we write ‖w‖ := ‖w‖Dk ≤ R1(k, α)

and ‖θ0‖ := ‖θ0‖k+1,α. We make use of the fact that the operator S constructed in

Theorem 3.9 is globally Lipschitz on Y(k,α), and

‖w(·, t)− v(·, t)‖1,α′ ≤ 2C̃0,α′‖θw(·, t)− θv(·, t)‖1,α′ .

Hence, we can easily see that

|θw(x, t)− θv(x, t)| ≤ ‖θ0‖C1|Fw(0, t, ;x)− Fv(0, t;x)|, (3.45)

and use the Fundamental Theorem of Calculus and Grönwall Lemma to show that

|Fw(0, t, ;x)− Fv(0, t;x)| .α,α′

∫ t

0

‖θw(·, τ)− θv(·, τ)‖1,α′ dτ. (3.46)

Similarly, we can follow the steps for the estimate (g) in step I. to show that

|DFw(0, t;x)−DFv(0, t;x)| .α,α′

∫ t

0

‖θw(·, τ)− θv(·, τ)‖1,α′ dτ. (3.47)
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The estimates (3.46) and (3.47) allow us to show that

‖∇θw(·, t)−∇θv(·, t)‖C0 . ‖θ0‖2,α

∫ t

0

‖θw(·, τ)− θv(·, τ)‖1,α′ dτ. (3.48)

The reader can observe that we require θ0 ∈ C2,α(T2), in order to avoid the α

exponent that appears in the estimate (J). For the Hölder seminorm [θw(·, t) −

θv(·, t)]1,α′ , we cannot interpolate between other estimates, as this would provide us

with something of the form

[θw(·, t)− θv(·, t)]1,α′ .
(∫ t

0

‖θw(·, τ)− θv(·, τ)‖1,α′dτ

)1−α
′
α

.

Instead, we show that we can prove the required estimate by requiring higher regu-

larity of the solutions (θw, w) and (θv, v), namely choosing the initial data in a ball

in C3,α(T2).

Let us consider the following:

|∇θw(x, t)−∇θv(x, t)−∇θw(y, t) +∇θv(y, t)|

= |DFw(0, t;x)∇θ0(Fw(0, t;x))−DFv(0, t;x)∇θ0(Fv(0, t;x))

−DFw(0, t; y)∇θ0(Fw(0, t; y)) +DFv(0, t; y)∇θ0(Fv(0, t; y))|

=
∣∣ (DFw(0, t;x)−DFv(0, t;x))∇θ0(Fw(0, t;x))

+DFv(0, t;x) (∇θ0(Fw(0, t;x))−∇θ0(Fv(0, t;x)))

+ (DFw(0, t; y)−DFv(0, t; y))∇θ0(Fw(0, t; y))

+DFv(0, t; y) (∇θ0(Fw(0, t; y))−∇θ0(Fv(0, t; y)))
∣∣

≤ |DFw(0, t;x)−DFv(0, t;x)||∇θ0(Fw(0, t;x))−∇θ0(Fw(0, t; y))|

+ |DFw(0, t;x)−DFv(0, t;x)−DFw(0, t; y) +DFv(0, t; y)|

|∇θ0(Fw(0, t; y))|
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+ |DFv(0, t;x)−DFv(0, t; y)||∇θ0(Fw(0, t;x))−∇θ0(Fv(0, t;x))|

+ |DFv(0, t; y)|

|∇θ0(Fw(0, t;x))−∇θ0(Fv(0, t;x))−∇θ0(Fw(0, t; y)) +∇θ0(Fv(0, t; y))|

.α,α′

∫ t

0

‖θw(·, τ)− θv(·, τ)‖1,α′ dτ‖θ0‖3,α|x− y|α

+ ‖θ0‖3,α |DFw(0, t;x)−DFv(0, t;x)−DFw(0, t; y) +DFv(0, t; y)|︸ ︷︷ ︸
=:P

+ |x− y|α‖θ0‖3,α

∫ t

0

‖θw(·, τ)− θv(·, τ)‖1,α′ dτ

+ |DFv(0, t; y)|

|∇θ0(Fw(0, t;x))−∇θ0(Fv(0, t;x))−∇θ0(Fw(0, t; y)) +∇θ0(Fv(0, t; y))|︸ ︷︷ ︸
=:Q

.

Hence, we only need to focus on the terms P and Q above. First, we consider a

generic function φ ∈ C2(T2) and show that

[φ(Fw(r, t; ·))− φ(Fv(r, t; ·))]0,1 .α,α′ ‖φ‖C2

∫ t

r

‖θw(·, τ)− θv(·, τ)‖1,α′ dτ. (3.49)

We define the function η : [0, 1]→ R as

η(λ) := φ(Fw(r, t;λx+ (1− λ)y))− φ(Fv(r, t;λx+ (1− λ)y)),

and observe that it is differentiable and satisfies the Fundamental Theorem of Cal-

culus:

φ(Fw(r, t;x))−φ(Fv(r, t;x))− φ(Fw(r, t; y)) + φ(Fv(r, t; y))

= η(1)− η(0) =

∫ 1

0

η′(λ) dλ.
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The derivative η′ can be calculated in terms of the derivative of φ as

η′(λ) = DFw(r, t;λx+ (1− λ)y)∇φ(Fw(r, t;λx+ (1− λ)y))(x− y)

−DFv(r, t;λx+ (1− λ)y)∇φ(Fv(r, t;λx+ (1− λ)y))(x− y)

=
(
DFw(r, t;λx+ (1− λ)y)−DFv(r, t;λx+ (1− λ)y)

)
∇φ(Fw(r, t;λx+ (1− λ)y))(x− y)

+DFv(r, t;λx+ (1− λ)y) (x− y)

(
∇φ(Fw(r, t;λx+ (1− λ)y))−∇φ(Fv(r, t;λx+ (1− λ)y))

)
.

Therefore,

|η′(λ)| ≤ ‖φ‖C2|x− y||DFw(r, t;λx+ (1− λ)y)−DFv(r, t;λx+ (1− λ)y)|

+ ‖DFv(r, t; ·)‖L∞‖φ‖C2

|Fw(r, t;λx+ (1− λ)y)− Fv(r, t;λx+ (1− λ)y)||x− y|

.α,α′ ‖φ‖C2|x− y|
∫ t

r

‖θw(·, τ)− θv(·, τ)‖C1,α dτ.

Thus, the estimate (3.49) is satisfied. The reader can observe that if we only require

φ ∈ C1,α(T2), then the integral of ‖θw(·, τ) − θv(·, τ)‖C1,α appears in the estimate

above with an exponent α. Moreover, it is clear that the same property holds for

vector-valued and matrix-valued functions φ, rather than scalar-valued.

Through the standard argument that we have seen many times in this chapter,

and by the estimate (3.49) for an appropriate function φ, it is easy to see that

P = |DFw(r, t;x)−DFv(r, t;x)−DFw(r, t; y) +DFv(r, t; y)|

=

∣∣∣∣ ∫ t

r

DFw(τ, t;x)Dw(Fw(τ, t;x), τ)−DFv(τ, t;x)Dv(Fv(τ, t;x), τ)

−DFw(τ, t; y)Dw(Fw(τ, t; y), τ) +DFv(τ, t; y)Dv(Fv(τ, t; y), τ) dτ

∣∣∣∣
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≤
∫ t

r

|Dw(Fw(τ, t;x), τ)−Dw(Fv(τ, t;x), τ)||DFw(τ, t;x)−DFw(τ, t; y)| dτ

+

∫ t

r

|Dw(Fw(τ, t;x), τ)−Dw(Fv(τ, t;x), τ)−Dw(Fw(τ, t; y), τ)

+Dw(Fv(τ, t; y), τ)||DFw(τ, t; y)| dτ

+

∫ t

r

|Dw(Fv(τ, t;x), τ)−Dv(Fv(τ, t;x), τ)||DFw(τ, t;x)−DFw(τ, t; y)| dτ

+

∫ t

r

|Dw(Fv(τ, t;x), τ)−Dv(Fv(τ, t;x), τ)−Dw(Fv(τ, t; y), τ)

+Dv(Fv(τ, t; y), τ)||DFw(τ, t; y)| dτ

+

∫ t

r

|Dv(Fv(τ, t;x), τ)−Dv(Fv(τ, t; y), τ)||DFw(τ, t;x)−DFv(τ, t;x)| dτ

.α,α′

∫ t

r

‖θw(·, τ)− θv(·, τ)‖1,α′ dτ |x− y|α
′
.

Similarly, from the estimate (3.49), one can see that the term Q is also bounded

as

|∇θ0(Fw(0, t;x))−∇θ0(Fv(0, t;x))−∇θ0(Fw(0, t; y)) +∇θ0(Fv(0, t; y))|

.α,α′ ‖θ0‖3,α|x− y|
∫ t

0

‖θw(·, τ)− θv(·, τ)‖1,α′ dτ.

Hence, we have that also the Hölder seminorm of ∇θw(·, t)−∇θv(·, t) is bounded by

[∇θw(·, t)−∇θv(·, t)]0,α′

.α,α′ ‖θ0‖3,α

∫ t

0

‖θw(·, τ)− θv(·, τ)‖1,α′ dτ.

This, together with (3.45) and (3.48), concludes the proof of the estimate (3.44),

and therefore of the uniqueness of classical solutions of SSG (3.1), for initial data in

a suitable ball of C3,α(T2).
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3.5 Closing remarks

In this work, we have constructed local-in-time smooth solutions of the surface semi-

geostrophic equations. Of course, it is desirable to develop a theory of global-in-time

weak solutions of the system, principally due to the expectation that the dynamics

generated by SG develops fronts in a finite time.

One important point upon which we have not touched in this chapter is Cullen’s

Stability Principle and its applications in the setting of the surface semi-geostrophic

equations. Indeed, we have not attempted to show that our local-in-time classical

solutions admit the property that they give rise to local-in-time classical solutions

of the semi-geostrophic equations in Eulerian coordinates. We shall explore this in

future work.
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Chapter 4

Linear dynamics of SG in Eulerian

coordinates on R3

This chapter is based on the published article [40]: we present the linearisation of

SG (2.5) for a class of globally-defined steady solutions corresponding to quadratic

geopotential P , prove existence of solutions to the linearised equation and discuss

stability.

4.1 Introduction

The aim of [40] is to derive and analyse the linearised semi-geostrophic equation

(LSG in what follows) associated to a class of steady solutions of SG (2.5) on

the whole space R3. We present an existence theory for solutions of the derived

LSG, and discuss the stability of this specific family of steady solutions of SG.

For a given steady solution ∇P of SG (2.5) corresponding to a time-independent

quadratic strictly-convex geopotential P , the associated LSG in the conservative

time-dependent vector-field ∇ψ is the passive transport equation

∂

∂t
∇ψ + (u · ∇)∇ψ + ST∇ψ = F−1MmF [∇ψ], (4.1)

where u = U [∇P ] is the time-independent P -dependent Eulerian velocity field

defined through the BVP associated to the div-curl system (2.6), F−1MmF is

a pseudo-differential operator of order 0 with P -dependent symbol m, S is a P -
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dependent matrix and F is the Fourier transform, defined in (4.17). Although the

existence of solutions in L2(R3,R3) follows from the theory of strongly continuous

semigroups on Banach spaces (see Section B.1), we provide a representation for-

mula for the solution. We present and extend the existence result to the space of

tempered distributions S ′(R3,R3), to allow for the treatment of global plane-wave

solutions, which are non-integrable functions on the whole space R3. We also intro-

duce concepts of stability for this family of steady solutions of the semi-geostrophic

equations, by studying the long-term behaviour of wave-like solutions, in analogy

with the results of [14] on the Navier–Stokes equations. Finally, we briefly men-

tion how the same methods can be applied to the quasi-geostrophic equations, and

discuss similarities and differences between the two theories.

4.1.1 Contributions of the paper [40]

The main novelty of [40] is the introduction of an analytical framework in which

one can analyse the linearised semi-geostrophic equations for steady solutions that

are globally defined in space. We consider steady solutions associated to quadratic

strictly-convex geopotential P , and this choice simplifies the derivation, as we will

see in Section 4.2. Moreover, it allows us to write the linearised equation in a

very explicit manner: see (4.1). Our choice of steady solutions allows us to prove

existence of solutions of LSG, and study the stability of the steady solutions, in a

sense that we specify in Definition 4.3. It is important to notice that the derivation

of LSG is only formal here: a rigorous derivation would require a well-posedness

theory for the semi-geostrophic equations on the whole space R3, which is still an

open problem, to the best of the authors’ knowledge.

We believe that the framework presented in [40] can be a first step towards

the understanding of the long-time behaviour of more general steady solutions of

the semi-geostrophic equations, and offer an interesting first comparison between

the behaviour of common steady solutions of the semi-geostrophic and the quasi-

geostrophic model. In fact, in Section 4.5, we discuss how the stability analysis

predicts different behaviour for some of the common steady solutions of the semi-

geostrophic and the quasi-geostrophic equations.

To the best of the authors’ knowledge, [40] is the first analysis of the stability of
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globally-defined steady solutions of the semi-geostrophic equations, although in the

physics literature [45] the author analyses the linear stability of parallel basic flow

in the baroclinic semi-geostrophic equations in geometric coordinates.

4.1.2 Steady solutions and Cullen’s Stability Principle

For our purposes, we shall consider SG in Eulerian coordinates, as in (2.5). We are

interested in the linear dynamics of SG around a specific family of steady solutions

in the whole space, namely Ω = R3. This family of steady solutions is realised by

the gradients of globally-supported quadratic strictly-convex geopotentials: for a

given symmetric positive definite matrix A ∈ Sym+(3,R) ⊂ R3×3, we consider those

steady solutions ∇P of SG (2.5) with P of the form

P (x) :=
1

2
x · Ax, ∀x ∈ R3. (4.2)

Indeed, one can show that ∇P is a steady solution of SG (2.5) with corresponding

velocity field u := U [∇P ] given by

u(x) = Sx, (4.3)

where the matrix S denotes the product

S := A−1J(A− I). (4.4)

The matrix I ∈ R3×3 is the identity matrix, whereas the matrix J is defined in (2.3).

The choice of steady solutions ∇P as in (4.2) allows us to derive the linearised

semi-geostrophic equation by formally taking Fréchet derivatives of SG (2.5) and the

div-curl system (2.6) at∇P in the direction of a smooth time-dependent conservative

vector field ∇ψ (see Section 4.2). Using the fact that the quadratic strictly-convex

P has a positive-definite constant Hessian matrix, we will show that LSG can be

written as an abstract Cauchy problem in the unknown time-dependent vector field

φ, namely 
d

dt
φ = L φ,

φ(0) = φ0,

(4.5)
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where the linear operator L is given by

L φ := −(u · ∇)φ− STφ+ F−1MmF [φ], (4.6)

consistently with (4.1). In the above, the operator Mm is the multiplication operator

Mm : φ 7→ mφ with symbol m : R3 \ {0} → R which depends on the choice of the

matrix A in (4.2) and is given by

m(x) := 2
x · A−1Jx

x · A−1x
, (4.7)

for any x ∈ R3 \ {0}. Observe that m ∈ L∞(R3) ∩ C∞(R3 \ {0}), as the matrix A

is positive-definite.

The primary reason for considering this specific family of steady solutions is due

to the Convexity Principle of Cullen: as we mention in Definition 2.1, Cullen and

collaborators postulate that physically stable solutions of SG are those for which

P (·, t) is a convex function in its spatial variable for any t.

As an interesting consequence of our analysis in [40], we show that whilst steady

solutions of the shape (4.2) are stable in the sense of Cullen, they are formally

dynamically unstable in some natural topologies. An additional structural benefit

to considering steady states of the form (4.2), we show in Section 4.2, is that all

those steady solutions ∇P with constant D2P result in a linearised equation that

involves a pseudo-differential operator of order 0 on R3. In the article [40], we do

not investigate the linearisation of SG around other steady solutions, and we leave

it for future work. It is also worth mentioning that the corresponding problem in

bounded domains Ω ⊂ R3 is substantially harder, with the existence of non-trivial

steady solutions of SG (2.5) on bounded domains being an open problem.

4.1.3 Characterisation of steady flows with quadratic geopo-

tential

We observed that the flow velocity field induced by a geopotential of the form (4.2)

is given by the linear transformation in (4.3). In particular, different choices for

the positive-definite symmetric matrix A will produce different steady Eulerian flow
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fields. To show this, we consider a generic symmetric matrix

A :=


a b c

b d e

c e f

 , (4.8)

with the coefficients a, b, c, d, e, f ∈ R chosen in such a way that A is positive definite.

Then, the flow velocity associated to the geopotential P in (4.2) is given by u(x) =

Sx, with S given by the definition in (4.4). In particular, S can be written in terms

of the coefficients of A as

S =
1

detA


be2−bf(a+d−1)+ce(a−1) −d2f+(e2+f)d−b2f+cbe−e2 −bcf+c2e−def+e3

a2f−ac2+b2f−bce−af+c2 (−c2+f(a+d−1))b−ce(d−1) acf+bef−c3−ce2

−b2e+c(a+d−1)b−ae(a−1) b2c−e(a+d−1)b+cd(d−1) bc2−e(a−d)c−be2

 ,

and it is easily verified that its spectrum is

σ(S) = {0, λA,−λA}, with λA :=

√
µA

detA
, (4.9)

where the quantity µA is given by

µA := af − c2 + df − e2 − f − (adf − ae2 − b2f + 2bce− c2d)︸ ︷︷ ︸
=detA

. (4.10)

Hence, the matrix S has real eigenvalues if and only if µA ≥ 0, and it has two purely

imaginary eigenvalues otherwise. We define the three subsets of Sym+(3,R):

A+ :=
{
A ∈ Sym+(3,R) : µA > 0

}
,

A− :=
{
A ∈ Sym+(3,R) : µA < 0

}
,

A0 := {A ∈ Sym+(3,R) : µA = 0}.

(4.11)

As a result, the set A+ corresponds to hyperbolic flows, whereas the set A− corre-

sponds to elliptic flows. We focus our stability analysis on hyperbolic flows, as they

exhibit a behaviour that seems inconsistent with Cullen’s Convexity Principle.
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4.1.4 Statement of main results

In order to consider plane-wave solutions of LSG, as we outline in the sequel, we

aim to construct solutions of LSG (4.5) in S ′(R3,R3) by duality, thereby considering

the adjoint LSG given by the abstract Cauchy problem
d

dt
ψ = K ψ,

ψ(0) = ψ0,

(4.12)

where the operator K is the adjoint of L , namely

K ψ := (u · ∇)ψ − Sψ + FMmF−1[ψ]. (4.13)

We can observe that the symbol m defined in (4.7) is an even function on R3,

therefore a change of variables shows that FMmF−1 = F−1MmF . This means

that the analysis of the operator K in (4.13) is essentially the same as that of the

operator L defined in (4.6), up to a change of sign in the first term and transposing

the matrix S in the second. In particular, all of the results that we prove for L

hold for K mutatis mutandis.

Remark 4.1. Since the velocity u corresponding the steady solution (4.2) is given

by u(x) = Sx, the associated flow map Fu(x, t) = etSx is a volume-preserving

diffeomorphism of R3 for any time t: in fact, by (4.9), detDFu(x, t) = det etS =

et trS = 1 for any x ∈ R3 and t ∈ R. Therefore, we expect LSG in Eulerian

coordinates to be equivalent to its formulation in Lagrangian coordinates. We will

not comment further on the existence of solutions of the Lagrangian formulation of

LSG here, but we report the proof of existence of strong solutions in L2(R3,R3) by

the theory of evolution systems generated by time-dependent operators in Section

B.2. In fact, LSG in Lagrangian coordinates (up to a rescaling) is given by


d

dt
Φ(t) = A(t)Φ(t),

Φ(0) = Φ0,

(4.14)

78



Chapter 4: Linear dynamics of SG in Eulerian coordinates on R3

where the time-depending operator A(t) is given by

A(t) := F−1Mm̃(t)F ,

with m̃ defined in (4.18). We present a formal derivation of the Lagrangian formula-

tion (4.14) of LSG at the beginning of Section 4.3, when we derive the representation

formula for solutions of LSG in Eulerian coordinates.

As we mentioned above, our purpose is firstly to present the existence theory

of solutions of LSG in L2(R3,R3) and extend it to tempered distributions. The

following is the main existence result of [40].

Theorem 4.2

Given an initial tempered distribution η0 ∈ S ′(R3,R3), there exists a strong solution

η in S ′(R3,R3) of (4.5), in the sense of Definition 4.5 (iv), with η(0) = η0.

The reason we extend the existence theory of LSG to allow for less regular

solutions than those which take values in L2 is so that our solution theory admits

plane-wave solutions of the form

φ(x, t) = a(t)k(t) cos(2πk(t) · x), (4.15)

where a : R → R and k : R → R3 are appropriately chosen functions. The reader

can observe that the function φ is conservative, namely it is the gradient of a scalar

function given by

f(x, t) =
a(t)

2π
sin(2πk(t) · x),

up to an additive constant. Solutions of the form (4.15) are not integrable on R3,

with φ(·, t) /∈ Lp(R3,R3) for any p ∈ [1,∞) and t ∈ R. Nevertheless, we consider the

corresponding time-dependent regular distribution η(t) = ηφ(·,t) and characterise the

functions a and k for which η is a strong solution of LSG in S ′, corresponding to the

initial datum ηφ(·,0). We define the notion of plane-wave solutions in the Definition

4.5 (v). By considering these specific solutions of LSG, we look at the stability of

the steady solutions ∇P (4.2) of SG in the following sense.
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Definition 4.3. We say that the steady solution ∇P defined in (4.2) of SG (2.5) is

stable to plane-wave perturbations if any plane-wave solution φ, as defined in Defini-

tion 4.5 (v), of the LSG associated to∇P , belongs to L∞(R3×R,R3). Otherwise, we

say that ∇P is unstable to plane-wave perturbations, i.e. there exists a plane-wave

solution φ of LSG such that ‖φ(·, t)‖L∞(R3,R3) is unbounded.

With this in place, let us state the main stability result.

Theorem 4.4

The steady solution ∇P defined in (4.2) of SG (2.5) associated to a matrix A cor-

responding to a hyperbolic flow, i.e. A ∈ A+ as in (4.11), is unstable to plane-wave

perturbations.

4.1.5 Notation and main definitions

For the reader’s convenience, we fix here the notation that will be used throughout

the chapter. The space S(R3,R3) is the space of Schwartz functions, i.e. the set of

all smooth functions f ∈ C∞(R3,R3) such that

‖f‖α,β := sup
x∈R3

|xαDβf(x)| <∞, (4.16)

for any α, β ∈ N3 multi-indices, where xα := xα1
1 x

α2
2 x

α3
3 and Dβ = ∂|β|

∂x
β1
1 ∂x

β2
2 ∂x

β3
3

. The

set S(R3,R3) endowed with the weak topology generated by the family of seminorms

{‖ · ‖α,β}α,β∈N3 is a Fréchet space. One can prove that the topology generated by

the family of seminorms is equivalent to the topology generated by the family of

their finite linear combinations (see Proposition B.6 in the Appendix). The space

S ′(R3,R3) is the space of tempered distributions endowed with the weak*-topology:

namely, S ′(R3,R3) is the set of linear continuous functionals on S(R3,R3) and we

say that a sequence of tempered distributions {ηn}n∈N converges to η in S ′(R3,R3)

if

lim
n→∞

〈ηn, φ〉 = 〈η, φ〉 ∀φ ∈ S(R3,R3).

We use the standard notation 〈η, φ〉 to indicate the value of the functional η eval-

uated at φ; moreover, in this chapter we use the notation S and S ′ in place of
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S(R3,R3) and S ′(R3,R3) respectively, unless it is necessary to specify a different

range of the Schwartz functions. The operators F and F−1 denote the Fourier

transform and its inverse respectively. To avoid confusion due to the notation, we

specify that we define the Fourier transform and its inverse on L1(R3,R3) as follows:

F [φ](ξ) :=

∫
R3

φ(x)e−2πiξ·x dx, F−1[φ](x) :=

∫
R3

φ(ξ)e2πiξ·x dξ, (4.17)

and extend these definitions to L2(R3,R3) by density in the usual way.

In order to construct solutions to LSG (4.1), we will need to consider the following

Fourier symbols, defined in terms of the symbol m introduced in (4.7):

m̃(t; ξ) := m(e−tS
T
ξ), M̃(t; ξ) := e

∫ t
0 m̃(r;ξ) dr,

m(t; ξ) := m(etS
T
ξ), M(t; ξ) := e

∫ t
0 m(r;ξ) dr,

(4.18)

where the matrix S is defined in (4.4). Since the symbol m is an even function

on R3, so is m̃(t; ·), therefore F−1Mm̃(t;·)F = FMm̃(t;·)F
−1. The same holds for

m(t; ·), M̃(t; ·) and M(t; ·).

We now introduce the notions of solutions of the abstract Cauchy problem (4.5)

that will be of our interest in what follows.

Definition 4.5.

(i) We say that a function φ : R → L2(R3,R3) is a strong solution in L2(R3,R3)

of LSG (4.5) corresponding to the initial datum φ0 ∈ L2(R3,R3) if φ ∈

C1(R, L2(R3,R3)), and φ(0) = φ0 and (4.1) hold in L2(R3,R3) for all t ∈ R.

(ii) We say that a function φ is a weak solution in L2(R3,R3) of LSG (4.5) cor-

responding to the initial datum φ0 ∈ L2(R3,R3) if φ ∈ C0(R, L2(R3,R3)),

φ(0) = φ0 in L2(R3,R3) and it satisfies the following integral equation

∫
R

∫
R3

φ(x, t) ·
[
∂

∂t
f(x, t) + K [f(·, t)](x)

]
dx dt = 0 (4.19)

for any test function f ∈ C∞C (R3 × R,R3). The operator K in (4.19) is the

adjoint operator of L as defined in (4.13).

(iii) We say that a function φ : R→ S is a strong solution in S of LSG (4.5) with

initial datum φ0 ∈ S if φ ∈ C1(R,S) and it satisfies the differential equation
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and the initial condition in (4.5) pointwise everywhere on R3 for all t ∈ R.

(iv) We say that η : R → S ′ is a strong solution in S ′ of LSG (4.5) with initial

distribution η0 ∈ S ′ if η ∈ C1(R,S ′) and it satisfies the differential equation

and the initial condition in (4.1) in S ′ for all t ∈ R, i.e.

〈
d

dt
η(t), ψ

〉
= 〈L [η(t)], ψ〉 and 〈η(0), ψ〉 = 〈η0, ψ〉 , ∀ψ ∈ S,∀t ∈ R.

The time derivative in the expression above is to be interpreted in the weak*-

sense in S ′, namely

〈
d

dt
η(t), ψ

〉
= lim

h→0

〈η(t+ h), ψ〉 − 〈η(t), ψ〉
h

, ∀ψ ∈ S. (4.20)

(v) A function φ : R3 × R → R3 is a plane-wave solution of LSG if there exist

two functions a ∈ C1(R,R) and k ∈ C1(R,R3) such that φ is of the form

(4.15) and the time-dependent regular distribution ηφ(·,t) is a strong solution

in S ′ of LSG corresponding to the regular initial datum ηφ(·,0), according to

the definition (iv) above.

The operator L defined in (4.6) consists of three additive terms: we will need to

refer to them and the groups of operators that they generate, therefore we list here

their definitions for the reader’s convenience.

Definition 4.6.

(i) We consider the three additive terms that constitute the operator L = L1 +

L2 + L3 defined in (4.6):

L1[φ] := −(u · ∇)φ,

L2[φ] := −STφ,

L3[φ] := F−1MmF [φ].

(ii) We define the families of operators {T1(t)}t∈R, {T2(t)}t∈R and {T3(t)}t∈R as

follows:

T1(t)[φ](x) = φ(e−tSx),
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T2(t)[φ] = e−tS
T

φ,

T3(t)[φ] = F−1MM̃(t)F [φ].

(iii) For any t ∈ R, we define the operator G(t) as G(t)[φ] = T1(t)T2(t)T3(t)[φ], i.e.

G(t)[φ](x) =

∫
R3

e−tS
T

φ̂(ξ)M̃(t; ξ)e2πiξ·e−tSx dξ. (4.21)

The reader can notice that we do not specify in what functional spaces we con-

sider the operators above. With an abuse of notation, we use the same symbol to

denote an operator defined in different topologies. For instance, we denote by L

both the operator in (4.6) defined on the space of smooth functions S and its ex-

tensions to functions in L2(R3,R3) and distributions in S ′. The topology that we

work with will be clear by the context. By this, we mean that if ηf is a regular

distribution corresponding to the function f ∈ L2(R3,R3), then L ηf = ηL f . For

the sake of clarity, we specify that by regular distribution we mean a distribution

η ∈ S ′ such that there exists a function f ∈ Lp(R3,R3) for some p ∈ [1,∞], such

that

〈η, ψ〉 =

∫
R3

f(x) · ψ(x) dx, ∀ψ ∈ S,

and we use the notation η = ηf for the distribution corresponding to the function

f .

Some concepts of the theory of semigroups will be employed throughout the

chapter. The theory of semigroups on Banach spaces is classical (and can be found

in [43]), whilst the theory of semigroups on locally convex topological spaces is

discussed in [48, Ch. IX] and in [2].

4.1.6 Structure of the chapter

We present the proofs of the theorems above in the rest of the chapter, proceeding

as follows: in Section 4.2, we present the formal derivation of LSG for a conser-

vative vector field, starting from SG as written in (2.5), and we comment on the

degeneracy of the symbol m, distinguishing between the matrices A that give rise
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to a trivial pseudo-differential operator and those that do not. In Section 4.3, we

present the existence theory of LSG, starting with solutions in L2(R3,R3), and then

providing the existence result in the space of Schwartz functions S. We conclude

the section with the proof of existence of solutions in S ′, i.e. we prove Theorem

4.2, and we discuss the regularity of solutions with regular initial datum, connecting

the statement with the existence in L2(R3,R3). In Section 4.4, we discuss stability.

We focus on plane-wave solutions of LSG and look at their long-term behaviour

in the case of both elliptic and hyperbolic flows, proving Theorem 4.4. In Section

4.5, we briefly investigate the stability of the same family of steady solutions in the

quasi-geostrophic theory, and draw a comparison of the results in the two cases.

4.2 Derivation of LSG

We provide a formal derivation of LSG (4.1) from SG in Eulerian coordinates (2.5).

We observe that SG can be written as

d

dt
∇P = N [∇P ],

where the nonlinear operator N is formally defined as

N [∇P ] := −(D2P )TU [∇P ] + J(∇P − idR3), (4.22)

so the linearised SG at ∇P is obtained by formally taking the Fréchet derivative of

the operator N at ∇P and it is of the form

d

dt
∇ψ = dN∇P [∇ψ], (4.23)

in the unknown time-dependent conservative perturbation ∇ψ ∈ C∞(R,S).

4.2.1 Derivation in Eulerian coordinates

Proposition 4.7

Given the smooth steady solution ∇P of SG defined in (4.2), the formal Fréchet

derivative of the operator N defined in (4.22) at ∇P acting on a conservative
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vector field ∇ψ can be written as the operator L defined in (4.6).

Proof. Formally, the Fréchet derivative of the operator N defined in (4.22) at ∇P

in the direction ∇ψ is given by

dN∇P [∇ψ] = −(D2P )TdU∇P [∇ψ]− (D2ψ)TU [∇P ] + J∇ψ

= −A dU∇P [∇ψ]−D2ψ u+ J∇ψ, (4.24)

where the linear operator dU∇P is the Fréchet derivative of the solution operator U

associated to the div-curl system (2.6) at the steady solution ∇P . One can show

that v := dU∇P [∇ψ] for coincides with a solution of the div-curl system
∇× (A v) = −∇× (D2ψ u) +∇× J∇ψ,

∇ · v = 0,

(4.25)

by simply considering the formal Fréchet derivative of the div-curl system (2.6). We

consider dN∇P [∇ψ], defined in (4.24), and observe in (4.25) that it is a curl-free

quantity, therefore there exists a scalar function E : R3 → R such that

∇E = dN∇P [∇ψ] = −A dU∇P [∇ψ]−D2ψ u+ J∇ψ.

As the matrix A is positive definite, and dU∇P [∇ψ] is divergence-free, we can write

an elliptic equation for E in divergence form

∇ · (A−1∇E) = F1 + F2 := −∇ · (A−1D2ψ u) +∇ · (A−1J∇ψ). (4.26)

We can use the Fourier transform to derive an explicit formula for E. Formally, we

can write that

F
[
∇ · (A−1∇E)

]
(ξ) =

∫
R3

∇ · (A−1∇E(x))e−2πiξ·x dx

= −
∫
R3

A−1∇E(x) · (−2πiξ)e−2πiξ·x dx

= −2πi

∫
R3

E(x)∇x · (A−1ξe−2πiξ·x) dx
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= −4π2(ξ · A−1ξ)

∫
R3

E(x)e−2πiξ·x dx

= −4π2(ξ · A−1ξ)Ê(ξ).

This allows us to write the Fourier transform of E as:

Ê = Ê1 + Ê2, Êi(ξ) := − 1

4π2 ξ · A−1ξ
F̂i(ξ). (4.27)

We start looking at E1, by considering the Fourier transform of F1:

F̂1(ξ) = −
∫
R3

∇ ·
(
A−1D2ψ(x)Sx

)
e−2πiξ·x dx

= −2πi

∫
R3

(
A−1D2ψ(x)Sx · ξ

)
e−2πiξ·x dx

= −2πi

∫
R3

(
∂2

∂xj∂xk
ψ(x)Sklxl(A

−1ξ)j

)
e−2πiξ·x dx

= 2πi

∫
R3

∂

∂xk
ψ(x)

∂

∂xj

(
Sklxl(A

−1ξ)je
−2πiξ·x

)
dx

= 2πi

∫
R3

∂

∂xk
ψ(x)

(
Skj(A

−1ξ)j − 2πiSklxl(A
−1ξ)jξj

)
e−2πiξ·x dx

= 2πi

∫
R3

SA−1ξ · ∇ψ(x)e−2πiξ·x dx

+ 4π2

∫
R3

Sx · ∇ψ(x)(ξ · A−1ξ)e−2πiξ·x dx

= 2πiSA−1ξ · ∇̂ψ(ξ) + 4π2(ξ · A−1ξ)F [u · ∇ψ](ξ).

By the definition (4.27), one can write the explicit formula for E1 by observing that

∇̂ψ(ξ) = 2πiψ̂(ξ)ξ:

E1(x) = − 1

4π2

∫
R3

F̂1(ξ)

ξ · A−1ξ
e2πiξ·x dξ

=
1

2πi

∫
R3

SA−1ξ · ∇̂ψ(ξ)

ξ · A−1ξ
e2πiξ·x dξ − u(x) · ∇ψ(x)
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=

∫
R3

ξ · SA−1ξ

ξ · A−1ξ
ψ̂(ξ)e2πiξ·x dξ − u(x) · ∇ψ(x).

From this expression, we can take the gradient and find

∇E1(x) =

∫
R3

ξ · SA−1ξ

ξ · A−1ξ
∇̂ψ(ξ) e2πiξ·x dξ − ST∇ψ(x)− (Sx · ∇)∇ψ(x). (4.28)

Similarly, to find E2, we first write the Fourier transform of F2, defined in (4.26),

F̂2(ξ) =

∫
R3

∇ ·
(
A−1J∇ψ(x)

)
e−2πiξ·x dx

=

∫
R3

∂

∂xj

(
A−1
jk Jkl

∂

∂xl
ψ(x)

)
e−2πiξ·x dx

= 2πi

∫
R3

A−1
jk Jkl

∂

∂xl
ψ(x) ξj e

−2πiξ·x dx

= 2πiJTlkA
−1
kj ξj

∫
R3

∂

∂xl
ψ(x) e−2πiξ·x dx

= −2πiJA−1ξ · ∇̂ψ(ξ),

and compute the inverse Fourier transform to find the explicit formula for E2:

E2(x) = − 1

4π2

∫
R3

F̂2(ξ)

ξ · A−1ξ
e2πiξ·x dξ

= − 1

2πi

∫
R3

JA−1ξ · ∇̂ψ(ξ)

ξ · A−1ξ
e2πiξ·x dξ

= −
∫
R3

ξ · JA−1ξ

ξ · A−1ξ
ψ̂(ξ) e2πiξ·x dξ.

By taking the gradient, we find an explicit formula for ∇E2:

∇E2(x) = −
∫
R3

ξ · JA−1ξ

ξ · A−1ξ
∇̂ψ(ξ) e2πiξ·x dξ.

We have now a representation formula for ∇E by the expression above and
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(4.28):

∇E(x) = − (Sx · ∇)∇ψ(x)− ST∇ψ(x) +

∫
R3

ξ · (S − J)A−1ξ

ξ · A−1ξ
∇̂ψ(ξ) e2πiξ·x dξ.

To obtain (4.1), we just need to observe that

ξ · (S − J)A−1ξ = ξ · (A−1J − A−1JA−1 − JA−1)ξ

= ξ · A−1Jξ − A−1ξ · JA−1ξ + ξ ·
(
A−1J

)T
ξ

= 2ξ · A−1Jξ.

Remark 4.8 (Degeneracy of the pseudo-differential operator). The flow of LSG is in-

teresting for the presence of the pseudo-differential operator F−1MmF , so we show

that the action of this operator is not trivial, i.e. we show that the pseudo-differential

operator does not vanish for all choices of the matrix A. In fact, F−1MmF [∇ψ] = 0

for a non-trivial ∇ψ if and only if m = 0 a.e. on R3. Therefore, we have that the

operator F−1MmF is the zero operator if the matrix A belongs to the set of ma-

trices

B :=
{
A ∈ Sym+(3,R) : x · (A−1J)x = 0 ∀x ∈ R3

}
. (4.29)

We denote the complement of B by G := Sym+(3,R) \B. An example of a matrix

in the set B is A = βI, which corresponds to a non-trivial elliptic flow when

β ∈ (0, 1) ∪ (1,∞): indeed, the corresponding steady geopotential and steady flow

velocity are given by

P β(x) =
β

2
|x|2, uβ(x) =

β − 1

β
Jx.

4.3 Existence theory for LSG

In this section, we present the existence results for LSG in L2(R3,R3), then in S, and

finally in S ′, where we define strong solutions by duality. In fact, as we mentioned

before, the operator L defined in (4.6) and the operator L ′ = K defined in (4.13)
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are the same up the a sign and the transposition of the matrix S, therefore any

result for LSG (4.5) can be proved for the abstract Cauchy problem (4.12), with

suitable changes in the notation.

As we mentioned above, the existence of solutions in L2(R3,R3) can be proved

by applying the theory of strongly continuous semigroups on Banach spaces, and we

discuss this in the Appendix B.1. In this section, we provide a direct proof using the

explicit representation formula of the solution. Formally, given the initial datum φ0,

the solution φ can be written as φ(·, t) = G(t)φ0, where the operator G(t) is defined

in (4.21). We provide here a formal derivation of the formula.

First of all, we derive LSG in Lagrangian coordinates, which we introduced in

(4.14). Given φ a solution of LSG (4.5), we define the function

Φ(x, t) := etS
T

φ(etSx, t), (x, t) ∈ R3 × R, (4.30)

and observe that

∂

∂t
Φ(x, t) =

∂

∂t

(
etS

T

φ(etSx, t)
)

= ST etS
T

φ(etSx, t) + etS
T ∂

∂t
φ(etSx, t) + etS

T

(
∂

∂t
etSx · ∇

)
φ(etSx, t)

= etS
T

[
∂

∂t
φ(etSx, t) + STφ(etSx, t) +

(
SetSx · ∇

)
φ(etSx, t)

]

= etS
T [

F−1MmF [φ(·, t)](etSx)
]

= etS
T

∫
R3

∫
R3

m(ξ)φ(y, t)e−2πiy·ξe2πiξ·etSx dy dξ

=

∫
R3

∫
R3

m(ξ)Φ(e−tSy, t)e−2πiy·ξe2πiξ·etSx dy dξ

=

∫
R3

∫
R3

m̃(t; ξ)Φ(y, t)e−2πiy·ξe2πiξ·x dy dξ

= F−1Mm̃(t;·)F [Φ(·, t)](x),

which corresponds to the equation (4.14), where the symbol m̃ was defined in (4.18).

We can now formally take the Fourier transform to write explicitly the solution Φ:
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we have that Φ solves LSG in Lagrangian coordinates (4.14) if and only if Φ̂(·, t)

solves the abstract Cauchy problem
d

dt
Φ̂(·, t) = m̃(t; ·)Φ̂(·, t),

Φ̂(·, 0) = φ̂0,

If we multiply both the sides by the integrating factor M̃(t; ·)−1 = e−
∫ t
0 m̃(r;·) dr, we

see that

∂

∂t

(
M̃(t; ·)−1Φ̂(·, t)

)
= 0.

Therefore, Φ̂(·, t) = M̃(t; ·)φ̂0, which means that Φ(·, t) = F−1[M̃(t; ·)φ̂0] is a solu-

tion of LSG in Lagrangian coordinates (4.14). By the definition of the function Φ

in (4.30), we have that

φ(x, t) = e−tS
T

Φ(e−tSx, t)

=

∫
R3

M̃(t; ξ)e−tS
T

φ̂0(ξ)e2πiξ·e−tSx dξ

= G(t)φ0(x).

The derivation above is formal, and we now prove that G(t)φ0 is indeed a solution

of LSG in the appropriate topologies, starting with L2(R3,R3).

4.3.1 Existence of solutions of LSG in L2(R3,R3)

Theorem 4.9

Given φ0 ∈ L2(R3,R3), the function φ(·, t) := G(t)φ0, where the operator G(t) is

defined in (4.21), is a weak solution in L2(R3,R3) of LSG (4.5). Moreover, if φ0

belongs to the domain D(L ) ⊂ L2(R3,R3) of the operator L , then φ is the unique

strong solution of LSG in L2(R3,R3). Furthermore, if φ0 is conservative, namely

φ0 = ∇f0 for a certain f0 ∈ H1(R3), then G(t)φ0 is conservative for all times t ∈ R.

Remark 4.10. We can observe that the domain D(L ) of the operator L corresponds
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to the dense subset of L2(R3,R3) given by

D(L1) =
{
φ ∈ L2(R3,R3) : L1φ ∈ L2(R3,R3)

}
, (4.31)

where the operator L1 was introduced in Definition 4.6 (i). In fact, the operators

L2 and L3 are globally defined (and bounded) on L2(R3,R3), therefore we have that

the domain of L = L1 + L2 + L3 corresponds to the domain of D(L1).

Before proving the theorem above, we need the following auxiliary results.

Lemma 4.11

The two operators L and G(t), defined in (4.6) and (4.21) respectively, commute

on D(L ), namely,

G(t)L f = LG(t)f, (4.32)

for any f ∈ D(L ) = D(L1).

Lemma 4.12

For any test function f ∈ C∞0 (R3 × R,R3), we have that

∂

∂t
(G(t)[f(t)]) = G(t)

[
∂

∂t
f(t) + L f(t)

]
, (4.33)

where the operators L and G(t) are defined in (4.6) and (4.21) respectively.

Proof of Lemma 4.11. By Definition 4.6, we have that L = L1 + L2 + L3, whereas

G(t) = T1(t)T2(t)T3(t). The reader can observe that L2 and T2(t) are multiplication

operators and commute with all the other operators involved. Therefore, it suffices

to prove that the operator

T1(t)T3(t)L1 + T1(t)T3(t)L3 − L1T1(t)T3(t)− L3T1(t)T3(t) (4.34)

is the zero operator on D(L ) for any t ∈ R.

(i) We start by looking at the first term. For any f ∈ D(L ) we use the Einstein
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summation convention and compute the Fourier transform of L1f :

F [L1f ](ξ) = −
∫
R3

(Sy · ∇)f(y)e−2πiy·ξ dy

= −
∫
R3

Sjkyk
∂

∂yj
f(y)e−2πiy·ξ dy

=

∫
R3

f(y)
∂

∂yj

[
Sjkyke

−2πiy·ξ] dy
=

∫
R3

f(y)Sy · (−2πiξe−2πiy·ξ) dy

+ trSf̂(ξ)

=

∫
R3

f(y)ST ξ · ∇ξe
−2πiy·ξ dy

+ trSf̂(ξ)

= (ST ξ · ∇)f̂(ξ) + trSf̂(ξ).

Hence, the operator T1(t)T3(t)L1 can be written as the following:

T1(t)T3(t)L1[f ](x) =

∫
R3

M̃(t; ξ)F [L1f ](ξ)e2πiξ·e−tSx dξ

=

∫
R3

M̃(t; ξ)(ST ξ · ∇)f̂(ξ)e2πiξ·e−tSx dξ

+ trS T1(t)T3(t)[f ](x),

for any f ∈ L2(R3,R3) and a.e. x ∈ R3.

(ii) The second term in (4.34) is given by the composition of two pseudo-differential

operators: one can show that for any f ∈ L2(R3,R3) the following holds:

T1(t)T3(t)L3[f ](x) =
(
F−1MM̃(t)FF−1MmF [f ]

)
(e−tSx)

=

∫
R3

M̃(t; ξ)m(ξ)f̂(ξ)e2πiξ·e−tSx dξ.
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(iii) For the third term in (4.34), we use the Einstein summation convention and

consider the following:

L1T1(t)T3(t)[f ](x) = −(Sx · ∇)

∫
R3

M̃(t; ξ)f̂(ξ)e2πiξ·e−tSx dξ

= −
∫
R3

M̃(t; ξ)f̂(ξ)Sx · ξ(2πie−tST e2πiξ·e−tSx) dξ

= −
∫
R3

M̃(t; ξ)f̂(ξ)ST ξ · ∇ξe
2πiξ·e−tSx dξ

= −
∫
R3

M̃(t; ξ)f̂(ξ)Skjξk
∂

∂ξj
e2πiξ·e−tSx dξ

=

∫
R3

∂

∂ξj

[
M̃(t; ξ)f̂(ξ)Skjξk

]
e2πiξ·e−tSx dξ

=

∫
R3

ST ξ · ∇M̃(t; ξ)f̂(ξ)e2πiξ·e−tSx dξ

+

∫
R3

M̃(t; ξ)(ST ξ · ∇)f̂(ξ)e2πiξ·e−tSx dξ

+ trS T1(t)T3(t)[f ](x).

(iv) In the last term in (4.34), we have again the composition of two pseudo-

differential operators: by using their definition, one can easily see that

T̂1(t)g(ξ) =

∫
R3

g(e−tSy)e−2πiy·ξ dy

= ĝ(etSξ),

therefore L3T1(t)[g] = F−1[mT̂1(t)g] = T1(t)F−1[m̃(t)ĝ]. By considering g =

T3(t)[f ], one can show that

L3T1(t)T3(t)[f ] = T1(t)F−1Mm̃(t)M̃(t)F [f ].

Therefore, the operator in (4.34) is simply given by the following pseudo-differential
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operator:

(
T1(t)T3(t)L1 + T1(t)T3(t)L3 − L1T1(t)T3(t)− L3T1(t)T3(t)

)
[f ](x)

=

∫
R3

[
M̃(t; ξ)

(
m(ξ)− m̃(t; ξ)

)
− ST ξ · ∇M̃(t; ξ)

]
f̂(ξ)e2πiξ·e−tSx dξ.

The symbol within brackets is null for any ξ ∈ R3 \ {0} and t ∈ R, because

M̃(t; ξ)
(
m̃(t; ξ)−m(ξ)

)
= −ST ξ · ∇M̃(t; ξ),

as one can show by considering the following:

M̃(t; ξ)
(
m̃(t; ξ)−m(ξ)

)
= M̃(t; ξ)

∫ t

0

∂

∂t
m̃(r; ξ) dr

= M̃(t; ξ)

∫ t

0

∂

∂t
m(e−rS

T

ξ) dr

= −M̃(t; ξ)

∫ t

0

ST e−rS
T

ξ · ∇m(e−rS
T

ξ) dr

= −ST ξ ·
(
M̃(t; ξ)

∫ t

0

e−rS∇m(e−rS
T

ξ) dr

)

= −ST ξ ·
(
M̃(t; ξ)∇

∫ t

0

m̃(r; ξ) dr

)

= −ST ξ · ∇M̃(t; ξ).

This ends the proof of the lemma 4.11.

Proof of Lemma 4.12. We start considering the time derivative of G(t)[f(·, t)], for

a given test function f ∈ C∞0 (R3 × R,R3):

∂

∂t
[G(t)f(x, t)] =

∂

∂t

∫
R3

M̃(t; ξ)e−tS
T

f̂(·, t)(ξ)e2πiξ·e−tSx dξ

=

∫
R3

∂

∂t
M̃(t; ξ)e−tS

T

f̂(·, t)(ξ)e2πiξ·e−tSx dξ

− STG(t)[f(·, t)](x) +G(t)

[
∂

∂t
f(·, t)

]
(x)
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+

∫
R3

M̃(t; ξ)e−tS
T

f̂(·, t)(ξ)(−2πiξ · Se−tSx)e2πiξ·e−tSx dξ

=

∫
R3

M̃(t; ξ)m̃(t; ξ)f̂(·, t)(ξ)e2πiξ·e−tSx dξ

+ L2G(t)f(x, t) +G(t)

[
∂

∂t
f(·, t)

]
(x)

+

∫
R3

M̃(t; ξ)e−tS
T

f̂(·, t)(ξ)(−Sx · ∇xe
2πiξ·e−tSx) dξ

=

∫
R3

M̃(t; ξ)m̃(t; ξ)f̂(·, t)(ξ)e2πiξ·e−tSx dξ

+ (L1 + L2)G(t)f(x, t) +G(t)

[
∂

∂t
f(·, t)

]
(x).

Hence, we have that

∂

∂t
[G(t)f(x, t)]−G(t)

[
∂

∂t
f(x, t) + L f(x, t)

]

=
∂

∂t
[G(t)f(x, t)]−G(t)

[
∂

∂t
f(x, t)

]
−LG(t)f(x, t)

=

∫
R3

M̃(t; ξ)m̃(t; ξ)e−tS
T

f̂(·, t)(ξ)e2πiξ·e−tSx dξ

− L3G(t)f(x, t) = 0,

where the last equivalence is due to the step (iv) in the proof of Lemma 4.11 above.

Outline of the proof of Theorem 4.9

I. Estimates on T1(t), T2(t) and T3(t). We start by showing that the operators

T1(t), T2(t) and T3(t), defined in Definition 4.6 (ii), are bounded in L2(R3,R3)

and continuous in t, namely

‖Tj(t)φ‖L2 .t ‖φ‖L2 and ‖Tj(t)φ− Tj(r)φ‖L2 → 0 as r → t,
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for j = 1, 2, 3 and φ ∈ L2(R3,R3), where the symbol ‘.t’ means ‘≤’ up to a

multiplicative constant that could depend on t.

II. Existence of weak solutions. We use the above properties of the families

of operators {T1(t)}t∈R, {T2(t)}t∈R and {T3(t)}t∈R to show that G(t)φ0 :=

T1(t)T2(t)T3(t)φ0 is indeed a weak solution of LSG (4.5) in L2(R3,R3), by

proving its continuity from R to L2(R3,R3), and showing that the integral

equation (4.19) is satisfied for any test function f ∈ C∞C (R3 × R,R3).

III. Existence of strong solutions. The assumption φ0 ∈ D(L ) allows us to show

that the solution φ constructed in the step II belongs to C1(R, L2(R3,R3)),

and it satisfies the abstract Cauchy problem (4.5). Moreover, we can employ

an energy estimate to prove uniqueness of strong solutions.

IV. Conservative solutions. Assuming that φ0 = ∇f0 ∈ L2(R3,R3), we show that

the solution given by the representation formula G(t)∇f0 can be rewritten as

a gradient for any time t ∈ R.

Proof of Theorem 4.9. We proceed by steps, as outlined above.

I. Estimates on T1(t), T2(t) and T3(t). We consider each of the three families of

operators separately.

(i) For the family of operators {T1(t)}t∈R, we notice that ‖T1(t)φ‖L2(R3,R3) =

‖φ‖L2(R3,R3) for any φ ∈ L2(R3,R3), because x 7→ e−tSx is a volume-preserving

diffeomorphism on R3. We can also prove that

lim
r→t
‖T1(t)φ− T1(r)φ‖L2 ≤ lim

h→0
‖T1(h)φ− φ‖L2 = 0, (4.35)

for all φ ∈ L2(R3,R3). In fact, by density of C∞0 (R3,R3) in L2(R3,R3), for

any φ ∈ L2(R3,R3) and for any ε > 0 there exists a function f ∈ C∞0 (R3,R3)

such that ‖φ− f‖L2 < ε. Therefore, we have that

‖T1(h)φ− φ‖L2 ≤ ‖T1(h)(φ− f)‖L2 + ‖f − φ‖L2 + ‖T1(h)f − f‖L2

< 2ε+ ‖T1(h)f − f‖L2 .

Now, since f is smooth, we can apply the mean value theorem and prove the

convergence in (4.35).
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(ii) Regarding the operators T2(t), we clearly have that ‖T2(t)φ‖L2(R3,R3) ≤ e|t||S|‖φ‖L2(R3,R3)

and, as r → t,

‖T2(t)φ− T2(r)φ‖L2(R3,R3) = ‖(e−tST − e−rST )φ‖L2(R3,R3) → 0.

(iii) Finally, by Plancherel theorem, we have that

‖T3(t)φ‖L2(R3,R3) ≤ e|t|‖m‖L∞(R3)‖φ‖L2(R3,R3).

As the symbol M̃ is smooth in t, we also have that

lim
r→t
‖T3(t)φ− T3(r)φ‖L2(R3,R3)

≤ ‖φ‖L2(R3,R3) lim
r→t

∥∥∥M̃(t; ·)− M̃(r; ·)
∥∥∥
L∞(R3)

= 0.

II. Existence of weak solutions. We prove that (i) the operator G(t) is well-

defined for any t ∈ R from L2(R3,R3) to L2(R3,R3), (ii) the function t 7→ G(t)φ0 is

continuous from R to L2(R3,R3), and (iii) the function G(t)φ0 satisfies the integral

equation (4.19).

(i) By using the estimates above, we have that the operator G(t) is defined from

L2(R3,R3) to L2(R3,R3) for any t ∈ R and it is bounded as follows:

‖G(t)φ‖L2(R3,R3) = ‖T1(t)T2(t)T3(t)φ‖L2(R3,R3)

≤ e|t|(|S|+‖m‖L∞(R3))‖φ‖L2(R3,R3),

for any φ ∈ L2(R3,R3).

(ii) The estimates in the part I allow us to show that the function t 7→ G(t)φ0 is

continuous: for r, t ∈ R, one has that

‖G(r)φ0 −G(t)φ0‖L2 ≤ ‖(T1(r)− T1(t))T2(r)T3(r)φ0‖L2

+ ‖T1(t)(T2(r)− T2(t))T3(r)φ0‖L2
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+ ‖T1(t)T2(t)(T3(r)− T3(t))φ0‖L2

≤ e|r|(|S|+‖m‖L∞(R3))‖(T1(r)− T1(t))φ0‖L2

+ e|r|‖m‖L∞(R3)‖(T2(r)− T2(t))φ0‖L2

+ e|t||S|‖(T3(r)− T3(t))φ0‖L2 ,

where each term converges to 0 as r → t by the step I.

(iii) We now prove that G(t)φ0 satisfies the integral equation (4.19) for any test

function f ∈ C∞0 (R3×R,R3). Firstly, we write the integral in (4.19) as follows:

∫
R

∫
R3

G(t)φ0(x) ·
(
∂

∂t
f(x, t) + K f(x, t)

)
dx dt

=

∫
R3

φ0(x) ·
∫
R
G(t)′

(
∂

∂t
f(x, t) + K f(x, t)

)
dt dx,

where G(t)′ is just the adjoint operator to G(t) in L2(R3,R3) for any t ∈ R,

and a straight-forward calculation proves that it is given by

G(t)′[φ](x) =

∫
R3

M(t; ξ)e−tSφ̂(ξ)e2πiξ·etSx dξ, (4.36)

where the symbol M is defined in (4.18). Secondly, we observe that

G(t)′
(
∂

∂t
f(·, t) + K f(·, t)

)
=

∂

∂t
(G(t)′f(·, t)) , (4.37)

for any f ∈ C∞0 (R3 × R,R3), which shows that the integral equation (4.19) is

satisfied for any test function, and G(t)φ0 is indeed a weak solution of LSG in

L2(R3,R3), as in Definition 4.5.

The proof of (4.37) is based on the equivalents of Lemma 4.11 and Lemma

4.12 for the operators G(t)′ and K , which can easily be proved in a similar

way.

III. Existence of strong solutions. We now consider the case of φ0 ∈ D(L ) and

observe that G(t)φ0 is the unique strong solution of LSG. Lemma 4.11 allows us to

infer that G(t)(D(L )) ⊆ D(L ), as LG(t)φ0 = G(t)L φ0 is a well-defined function
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in L2(R3,R3) if φ0 ∈ D(L ). Moreover, the formal time derivative of G(t)φ0 is

square integrable, as we can see by considering the following:

d

dt
G(t)φ0(x) =

∂

∂t

∫
R3

M̃(t; ξ)e−tS
T

φ̂0(ξ)e2πiξ·e−tSx dξ

=

∫
R3

M̃(t; ξ)m̃(t; ξ)e−tS
T

φ̂0(ξ)e2πiξ·e−tSx dξ

+ L2G(t)φ0(x) + L1G(t)φ0(x)

= LG(t)φ0(x),

where the computations are similar to those in the proof of Lemma 4.11. This

shows that t 7→ d
dt
G(t)φ0 belongs to C0(R, L2(R3,R3)), by the continuity of t 7→

G(t)φ0, and d
dt
G(t)φ0 = LG(t)φ0 = G(t)L φ0 in L2(R3,R3), concluding the proof

of existence of strong solutions, as by Definition 4.5.

We only need to comment on the uniqueness of strong solutions: this can be

proved by a classic energy estimate and an application of the Grönwall inequality

in its differential form. Given a strong solution φ ∈ C1(R, L2(R3,R3)) of LSG (4.5)

corresponding to the initial datum φ0 ∈ D(L ), we consider the following for all

t ∈ R

1

2

d

dt
‖φ(·, t)‖2

L2(R3,R3) =

∫
R3

φ(x, t) · ∂
∂t
φ(x, t) dx

≤
∣∣∣∣∫

R3

(Sx · ∇)φ(x, t) · φ(x, t) dx

∣∣∣∣
+

∣∣∣∣∫
R3

STφ(x, t) · φ(x, t) dx

∣∣∣∣
+

∣∣∣∣∫
(R3)3

m(ξ)φ(y, t) · φ(x, t)e−2πiy·ξe2πiξ·x dy dξ dx

∣∣∣∣
≤ |S|‖φ(·, t)‖2

L2(R3,R3)

+

∣∣∣∣∫
R3

m(ξ)φ̂(·, t)(ξ) · φ̂(·, t)(−ξ) dξ
∣∣∣∣
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≤ (|S|+ ‖m‖L∞(R3))‖φ(·, t)‖2
L2(R3,R3).

By the Grönwall’s inequality, in its differential form, we have that

‖φ(·, t)‖2
L2(R3,R3) ≤ e(|S|+‖m‖L∞(R3))‖φ0‖2

L2(R3,R3),

for all t ∈ R. This concludes the proof of uniqueness of the strong solution, as the

equation is linear and the solution φ = 0 is the only strong solution corresponding

to the initial datum φ0 = 0.

IV. Conservative solutions. Finally, we consider a conservative initial datum

φ0 = ∇f0 for a given f0 ∈ H1(R3) and the corresponding weak solution G(t)∇f0

constructed in step II. Through a standard computation, one can show that, for

f0 ∈ C∞0 (R3), we have that

G(t)[∇f0](x) =

∫
R3

M̃(t; ξ)e−tS
T ∇̂f0(ξ)e2πiξ·e−tSx dξ

=

∫
R3

M̃(t; ξ)f̂0(ξ)2πie−tS
T

ξe2πiξ·e−tSx dξ

= ∇
∫
R3

M̃(t; ξ)f̂0(ξ)e2πiξ·e−tSx dξ

= ∇ T1(t)T3(t)[f0](x) (4.38)

In the above, we abuse the notation and denote by T1(t) and T3(t) the operators in

Definition 4.6 acting on scalar-valued functions in L2(R3). The above computation

for smooth f0 suggests that

G(t)[∇f0] = ∇T1(t)T3(t)[f0].

In order to prove that the equivalence holds in L2(R3,R3) for functions f0 ∈ H1(R3),

we only need to comment on the fact that T1(t)T3(t) (H1(R3)) ⊂ H1(R3). This can

be easily proved by observing that the operators T1(t) and T3(t) are bounded in

H1(R3) for any t ∈ R. Hence, all the quantities leading to (4.38) are well defined

and G(t)[∇f0] = ∇T1(t)T3(t)[f0] a.e. in R3. This concludes the proof of Theorem
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4.9.

Remark 4.13. The reader can observe that the our proof for uniqueness of solutions

in step III holds only for strong solutions, as the energy estimate requires ∂
∂t
G(t)φ0 ∈

L2(R3,R3). We do not comment on uniqueness of weak solutions, namely for initial

datum in L2(R3,R3) \D(L ).

4.3.2 Existence of solutions of LSG in S(R3,R3)

We now focus on the well-posedness of LSG in the Fréchet space of vector-valued

Schwartz functions S: as we mentioned in Section 4.1.5, we endow S with the weak

topology generated by the seminorms (4.16). For the well-posedness of LSG in

S, one could apply the theory of locally equicontinuous C0-semigroups on locally

convex topological spaces, show that L1, L2 and L3 are infinitesimal generators of

locally equicontinuous C0-groups, and then apply Trotter formula (see [2, Theorem

20]). The problem with this way of proceeding is that the exponent in (4.39) below

depends on the choice of the seminorm ‖ · ‖α,β. Therefore, we use instead the

representation formula (4.21) and show that this gives a strong solution in S as by

Definition 4.5. In order to do so, we will need estimates for the families of operators

{T1(t)}t∈R, {T2(t)}t∈R and {T3(t)}t∈R on S, in a similar fashion as what we did for

the L2-theory in the previous section.

Theorem 4.14

Given φ0 ∈ S, there exists a unique strong solution φ in S of LSG, in the sense

of Definition 4.5. Moreover, the solution is given by φ(t) = G(t)[φ0], as defined in

(4.21), and we have that φ ∈ C∞(R,S).

The reader can observe that Schwartz functions belong to the domain D(L ),

defined in (4.31). Therefore, given an initial datum φ0 ∈ S, Theorem 4.9 establishes

the existence a unique strong solution of LSG in L2(R3,R3) corresponding to φ0,

and this solution is given through the solution operator G defined in (4.21). We

establish that such a solution is indeed a strong solution with respect to the weak

topology in the Schwartz space: namely, we show that the function t 7→ G(t)φ0

is continuously differentiable from R to S by showing that its time derivative is

sequentially continuous. We first need to show that the operators T1(t), T2(t) and
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T3(t) are bounded in S for any t ∈ R and the functions t 7→ Ti(t)φ0 are continuous,

for i ∈ {1, 2, 3}. This is similar to what we did in the part I of the proof of Theorem

4.9.

Outline of the proof of Theorem 4.14

I. Estimates on T1(t), T2(t) and T3(t). We start by showing that the operators

T1(t), T2(t) and T3(t), defined in Definition 4.6 (ii), are bounded as operators

on S and continuous with respect to t, namely for any seminorm p on S there

exists a seminorm q on S such that

p(Tj(t)φ) .t q(φ), and lim
r→t

p (Tj(t)φ− Tj(r)φ) = 0,

for j = 1, 2, 3 and φ ∈ S. Again, the symbol “.t” means that there exists a

multiplicative constant C(t) that makes the inequality hold.

II. Regularity of the strong solution. We show that the unique strong solution

in L2(R3,R3), defined by t 7→ G(t)φ0, is continuously differentiable from R

to S. The main tools for this proof are the estimates in the step I, and the

observation that L (S) ⊂ S, which allows a bootstrapping argument on the

regularity of the solution.

Proof. I. Estimates on T1(t), T2(t) and T3(t). We look at one family of operators

{Tj(t)}t∈T at the time.

(i) By induction on |β| ∈ N, one can show that for any α, β ∈ N3 there ex-

ist constants C(α) > 0 and M(α, β) ∈ N and a finite family of seminorms{
‖ · ‖α(1),β(1) . . . ‖ · ‖α(M(α,β)),β(M(α,β))

}
such that

‖T1(t)φ‖α,β ≤ e|t| |S|∞(|α|+|β|)C(α)

M(α,β)∑
i=1

‖φ‖α(i),β(i) , (4.39)

for any φ ∈ S and for any t ∈ R. Again, by induction on |β|, one can also

show that ‖T1(t)φ− φ‖α,β → 0 as t→ 0, for any φ ∈ S.

(ii) The operators T2(t) are clearly bounded, as

‖T2(t)φ‖α,β ≤ e|t| |S|∞‖φ‖α,β, (4.40)
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for any φ ∈ S and t ∈ R, and the map t 7→ T2(t)φ is clearly continuous for all

φ ∈ S.

(iii) In order to show that the family of operators {T3(t)}t∈R also satisfies the

wanted properties, the main tool is given by the following estimate for F and

F−1: for any α, β ∈ N3 we have that

‖F [φ]‖α,β ≤
∑
k∈N3

k≤α,β

Cα,β
k

[
‖φ‖β−k,α−k +

3∑
i,j=1

‖φ‖β−k+2ei+2ej ,α−k

]
, (4.41)

where the constant Cα,β
k is defined as

Cα,β
k :=

√
2π2(2π)|β−α|k!

(
α

k

)(
β

k

)
.

The estimate (4.41) is proved in Lemma B.7 in the Appendix. In particular,

the following bound

‖T3(t)φ‖α,β ≤ Ce|t| ‖m‖L∞(R3)

N∑
i=1

‖φ‖α(i),β(i) , (4.42)

holds for any φ ∈ S and t ∈ R. The continuity of the map t 7→ T3(t)φ follows

from the fact that the symbol M̃ is smooth in t.

II. Regularity of the strong solution. The estimates (4.39), (4.40) and (4.42)

allow us to show that for any t ∈ R the operator G(t) maps S into S, as for any

α, β ∈ N3 there exist constants C = C(α, β, t) and M = M(α, β, t) and a finite set

of multi-indices {(α(i), β(i)) ∈ N3 × N3 : i ∈ [1,M ] ∩ N} such that for any φ0 ∈ S

‖G(t)φ0‖α,β ≤ C

M∑
i=1

‖φ0‖α(i),β(i) .

Moreover, the map t 7→ G(t)φ0 = T1(t)T2(t)T3(t)φ0 is continuous from R to S, from

the continuity of the operators Ti(t) for i ∈ {1, 2, 3}. Finally, we conclude that

t 7→ G(t)φ0 is the unique strong solution in S of LSG by observing that it is a

strong solution in L2(R3,R3): by Lemma 4.11, we must have that for any t ∈ R and
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for any x ∈ R3,

d

dt
G(t)φ0(x) = LG(t)φ0(x) = G(t)[L φ0](x),

where clearly L φ0 ∈ S and therefore t 7→ G(t)[L φ0] is continuous from R to

S, showing that G(·)φ0 ∈ C1(R,S). The reader can observe that dn

dnt
G(t)φ0 =

G(t)[L nφ0], therefore a bootstrapping argument allows us to prove that the strong

solution belongs to C∞(R,S). Uniqueness follows from uniqueness of strong solu-

tions of LSG in L2(R3,R3).

As we mentioned above, the adjoint LSG problem (4.12) is mathematically equiv-

alent to LSG (4.5), therefore the proof of Theorem 4.14 can be adapted to show the

following result.

Corollary 4.15

Given ψ0 ∈ S, there exists a unique strong solution ψ ∈ C∞(R,S) to the abstract

Cauchy problem (4.12). Moreover, the solution is given by ψ(t) = F (t)ψ0, where the

operator F (t) is defined as

F (t)[ψ](x) =

∫
R3

M(t; ξ)e−tSψ̂(ξ)e2πiξ·etSx dξ, (4.43)

for any ψ ∈ S and x ∈ R3, with the symbol M defined in (4.18).

The reader can compare the expressions (4.43) and (4.36) and observe that

F (t) = G(t)′, namely F (t) is the adjoint operator of G(t).

4.3.3 Existence of solutions of LSG in S ′(R3,R3)

The existence of strong solutions of the adjoint LSG (4.12) in S allows us to construct

strong solutions to LSG in S ′ and prove the first of the main results of this chapter.

Proof of Theorem 4.2. For any t ∈ R, we consider the operator F (t) defined in

Corollary 4.15, and we prove that t 7→ F (t)′η0 is a strong solution of LSG in S ′, in

the sense of the Definition 4.5. With F (t)′ we denote the operator on S ′ defined by
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duality as

〈F (t)′η, ψ〉 = 〈η, F (t)ψ〉 , ∀ψ ∈ S,

for a distribution η ∈ S ′. In fact, the operator F (t)′ can be seen as an extension

of the operator G(t) to the space of tempered distributions. In order to prove that

F (t)′η0 is a strong solution of LSG, we make use of the commutativity between the

operators F (t) and K on smooth functions, in analogy with Lemma 4.11: in fact,

for any η ∈ S ′ and t ∈ R, the following sequence of identities

〈
d

dt
F (t)′η, ψ

〉
=

〈
η,
d

dt
F (t)ψ

〉

= 〈η,K F (t)ψ〉

= 〈η, F (t)K ψ〉

= 〈L F (t)′η, ψ〉

holds for any test function ψ ∈ S. The reader can check that the first equality

above is consistent with the definition (4.20) of time derivative for maps from R

to S ′. Continuous differentiability of the function t 7→ F (t)′η0 from R to S ′ is a

consequence of the continuous differentiability of t 7→ F (t)ψ0 from R to S for any

ψ0 ∈ S, which was proved in Corollary 4.15.

As we mentioned, F (t)′ is formally an extension of G(t) to S ′. This is clarified

by the following corollary, that connects the L2 theory of Theorem 4.9 and the S ′

theory of Theorem 4.2.

Corollary 4.16

Let η0 be a regular distribution corresponding to the function φ0 ∈ L2(R3,R3). Then

the solution η : t 7→ F (t)′η0 constructed in the proof of Theorem 4.2 is regular

for all times t ∈ R, i.e. there exists a function φ : R → L2(R3,R3) such that

η(t) = ηφ(t). The function φ is given by the representation formula φ(t) = G(t)φ0

defined in (4.21) and therefore is a weak solution of LSG in L2(R3,R3). Moreover, if

φ0 ∈ D(L ) ⊂ L2(R3,R3), then φ is the unique strong solution of LSG in L2(R3,R3).
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Proof. The definition of the solution η that was constructed in the proof of Theorem

4.2 and a standard calculation allow us to write for any test function ψ ∈ S and for

any t ∈ R

〈η(t), ψ〉 = 〈F (t)′η0, ψ〉

= 〈η0, F (t)ψ〉

=

∫
R3

φ0(x) · F (t)[ψ](x) dx

=

∫
R3

G(t)[φ0](x) · ψ(x) dx

=
〈
ηG(t)φ0 , ψ

〉
.

By Theorem 4.9, we have that G(t)φ0 is a weak (strong) solution of LSG (4.1) in

L2(R3,R3) if φ0 ∈ L2(R3,R3) (φ0 ∈ D(L )), and if φ0 is conservative so is G(t)φ0

for all times t ∈ R by Theorem 4.9.

4.4 Stability

As we now have an existence theory of solutions of LSG, we can study the long-

time behaviour of its solutions and comment on stability of the steady solutions ∇P

introduced in (4.2). A comprehensive theory of stability of such solutions is not

the purpose of this work, and we instead consider the particular case of plane-wave

perturbations. We begin by characterising the specific forms of the amplitude a

and frequency k that give rise to solutions of LSG of the form (4.15), writing their

form explicitly in terms of their initial values a(0) and k(0). We then look at their

stability, presenting a proof of Theorem 4.4.

4.4.1 Plane-wave solutions

We now consider a specific type of solutions to LSG: we are interested in solutions φ

of the form (4.15). As such functions are not square-integrable in space for any time,
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the concept of plane-wave solution is clarified in Definition 4.5 (v). It is clear that

not any function of the form (4.15) is a plane-wave solution of LSG: we characterise

the functions a and k that generate plane-wave solutions.

Proposition 4.17

A function φ of the form in (4.15) is a plane-wave solution of LSG, namely it

corresponds to a regular strong solution in S ′, if and only if the functions a and k

are of the form

a(t) = a0M̃(t; k0), k(t) = e−tS
T

k0, (4.44)

for a0 ∈ R and k0 ∈ R3 \ {0}, and M̃ defined in (4.18).

Proof. Let ηφ be the time-dependent regular distribution corresponding to a function

φ of the form (4.15). Then, by Definition 4.5, φ is a plane-wave solution of LSG

if and only if ηφ is a strong solution in S ′ of LSG, which means that for any test

function ψ ∈ S and t ∈ R we have that

0 =

〈
d

dt
ηφ(·,t), ψ

〉
−
〈
ηφ(·,t),K ψ

〉
=

∫
R3

[
∂

∂t
φ(x, t) · ψ(x)− φ(x, t) ·K ψ(x)

]
dx

=

∫
R3

[
∂

∂t
φ(x, t)−L φ(x, t)

]
· ψ(x) dx.

We would like to conclude that we must have
∂

∂t
φ(x, t) − L φ(x, t) = 0 for any

(x, t) ∈ R3 × R, where the operator L is defined pointwise in the obvious way on

smooth functions. We just need to observe that the integral

∫
R3

L φ(x, t) · ψ(x) dx

is well-defined because the test function ψ belongs to S(R3,R3). In fact, using the

notation L = L1 + L2 + L3 introduced in Definition 4.6, we observe that L2[φ(·, t)]

and L3[φ(·, t)] are bounded functions on R3, whereas L1[φ(·, t)] is bounded by a

first-order polynomial in x with t-dependent coefficients. Hence, we consider the
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quantity

∂

∂t
(a(t)k(t) cos(2πk(t) · x))−L [a(t)k(t) cos(2πk(t) · x)]

and find that it is zero if and only if

[
a′(t)|k(t)|2 + a(t)

(
(k′(t) + STk(t)) · k(t)−m(k(t))|k(t)|2

) ]
cos(2πk(t) · x)

= 2π

[
a(t)|k(t)|2

(
k′(t) + STk(t)

)
· x
]

sin(2πk(t) · x)

for all (x, t) ∈ R3×R. Hence, φ is a plane-wave solution of LSG if and only if a and

k solve the following linear initial value problems: a′(t) = m(k(t))a(t),

a(0) = a0,

 k′(t) = −STk(t),

k(0) = k0.

The functions in (4.44) are the unique solutions to the Cauchy problems above.

Using the definition of a and k in (4.44), we notice that we can write the solution

φ as

φ(x, t) = a0M̃(t; k0)e−tS
t

k0 cos(2πk0 · e−tSx),

which formally coincides with G(t)[a0k0 cos(2πk0 · x)] = G(t)[φ(·, 0)], the represen-

tation formula that we found for solutions in L2 and in S.

4.4.2 Stability of the plane-wave solutions

We proceed now to prove Theorem 4.4, investigating stability to plane-wave pertur-

bation, as defined in Definition 4.3, of steady solutions corresponding to hyperbolic

flows, introduced in (4.11).

Proof of Theorem 4.4. We recall that we partitioned the set of positive defined sym-

metric matrices as Sym+(3,R) = B ∪ G , in (4.29), whereas the matrix S is defined

in terms of the matrix A as S = A−1J(A − I), with the skew-symmetric matrix J

defined in (2.3).
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For a matrix A ∈ A+ ∩ G , the spectrum of S is σ(S) = {0, λ,−λ}, with λ > 0,

as we observed (4.9). We denote with k±0 an eigenvector of ST corresponding to the

eigenvalue ±λ respectively, and observe that m̃(t; k±0 ) = ±2λ: in fact,

±λ =
STk±0 · A−1k±0
k±0 · A−1k±0

=
k±0 · SA−1k±0
k±0 · A−1k±0

=
k±0 · (A−1J − A−1JA−1)k±0

k±0 · A−1k±0

=
e∓tλk±0 · A−1Je∓tλk±0
e∓tλk±0 · A−1e∓tλk±0

=
e−tS

T
k±0 · A−1Je−tS

T
k±0

e−tST k±0 · A−1e−tST k±0

=
1

2
m(e−tS

T

k±0 ) =
1

2
m̃(t; k±0 ).

This allows us to write M̃(t; k±0 ) = e
∫ t
0 m̃(r;k±0 ) = e±2tλ and to calculate the L∞-norm

of the solution φ at all times:

‖φ(·, t)‖L∞(R3,R3) = sup
x∈R3

|φ(x, t)|

= |a0|e±2tλe∓tλ|k±0 | sup
x∈R3

| cos(2πe−tS
T

k0 · x)|

= |a0||k±0 |e±tλ.

Hence, if we choose the solution φ corresponding to an initial datum with k0 eigen-

vector corresponding to the positive eigenvalue, the solution grows exponentially

in time. Likewise, if k0 is chosen in the eigenspace corresponding to the negative

eigenvalue, the solution decays exponentially in time (regardless the choice of a0).

If A ∈ A+ ∩B, then a is constant as m = 0, and the solution φ is given by

φ(x, t) = a0e
−tST k0 cos(2πe−tS

T

k0 · x).
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If k±0 is eigenvector of ST with eigenvalue ±λ, then ‖φ(·, t)‖L∞(R3,R3) = |a0|e∓tλ|k0|.

Therefore the solution with initial datum φ0(x) = a0k0 cos(2πk0·x), with k0 eigenvec-

tor of ST corresponding to the negative eigenvalue, grows exponentially in L∞-norm.

4.5 The linearised quasi-geostrophic equation

We now show how a similar analysis can be performed on the family of steady

solutions (4.2) which are solutions of both SG and the quasi-geostrophic equations

(QG). The two models are obtained as asymptotic limits of the 3-D Euler equations

for small Rossby number, and the theory presented in this chapter can be proved

for QG following exactly the same steps. In fact, rather than writing QG in terms

of both full and geostrophic velocities (as presented, for instance, in [46]), one can

show that the equations can be written in terms of the full velocity V [∇φ] and the

gradient ∇φ as follows:

∂

∂t
∇φ+ (J∇φ · ∇)∇φ+BV [∇φ] = J∇φ, (4.45)

where B = diag(1, 1, N2), N is the Brunt–Väisälä frequency and the operator V :

∇φ 7→ u is the solution operator associated to the div-curl system
∇× (Bu) = ∇× J∇φ−∇×D2φJ∇φ,

∇ · u = 0,

endowed with decay conditions on the velocity field. The streamfunction φ is related

to the geopotential P in the semi-geostrophic equation (2.5) through the identity

P (x, t) = φ(x, t) +
1

2
x ·Bx.

Therefore, the steady solutions for QG corresponding to ∇P (4.2) are given by ∇φ,

where

φ(x) =
1

2
x · Ãx, (4.46)
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with Ã = A−B and A a positive definite symmetric matrix. We mention that φ is

not the physical pressure p, which is instead given by p(x, t) = φ(x, t) + N2

2
x2

3, for

any x = (x1, x2, x3) ∈ R3 and t ∈ R.

4.5.1 Linearisation of QG

In a similar fashion as we did in Section 4.2, the quasi-geostrophic equation (4.45)

can be linearised at a steady solution ∇φ, defined in (4.46), and written as the

following linear equation in the unknown vector field ψ : R3 × R→ R3

∂

∂t
ψ + (ug · ∇)ψ +MTψ = F−1MmQGF [ψ], (4.47)

coupled with the initial condition ψ(·, 0) = ψ0. The steady geostrophic velocity ug

is given by ug(x) = Mx, with the matrix M defined as

M := J(A−B), (4.48)

with the matrix J defined in (2.3) and B = diag(1, 1, N2). The symbol mQG has a

similar structure as the symbol m defined in (4.7) for LSG:

mQG(x) := 2
x ·MB−1x

x ·B−1x
. (4.49)

We refer to the equation (4.47) as the linearised quasi-geostrophic equation, or LQG.

For a formal derivation of LQG, following analogous steps as in the derivation of

LSG in Section 4.2.

By studying the spectrum of the matrix M , the reader can show that we can

again identify three possible behaviours: similarly to what we did in the SG case in

(4.9), we have that

σ(M) = {0, λQG,−λQG}, with λQG :=
√
µQG, (4.50)

where the quantity µQG is defined as

µQG = b2 − (a− 1)(d− 1), (4.51)
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where a, b, c, d, e, f are the coefficients of the matrix A, as in (4.8). Therefore the

set of positive definite symmetric matrices can be partitioned into the three disjoint

sets:

A QG
+ :=

{
A ∈ Sym+(3) : µ(A) > 0

}
, (4.52)

A QG
− :=

{
A ∈ Sym+(3) : µ(A) < 0

}
, (4.53)

A QG
0 :=

{
A ∈ Sym+(3) : µ(A) = 0

}
. (4.54)

We call hyperbolic and elliptic, respectively, the flows associated to the first and

second sets, as we do in the SG theory in (4.11).

It is a straight-forward exercise to prove that the existence and stability results

that we prove for LSG in Section 4.3 and Section 4.4, have corresponding analogous

for LQG. In particular, we define the operator

LQGψ := −(ug · ∇)ψ(x)−MTψ(x) + F−1MmQGF [ψ](x), (4.55)

and we can derive the representation formula for the solution associated to the initial

data ψ0 as

ψ(x, t) =

∫
R3

e−tM
T

ψ̂0(ξ)M̃QG(t; ξ)e2πiξ·e−tMx dξ,

where M̃QG is defined depending on the symbol mQG (4.49) as

m̃QG(t; ξ) = mQG(e−tM
T

ξ), M̃QG(t; ξ) = e
∫ t
0 m̃QG(r;ξ) dr.

Theorem 4.18

Given an initial tempered distribution η0 ∈ S ′(R3,R3), there exists a strong solution

in S ′(R3,R3) of (4.47), i.e. there exists a η ∈ C1(R,S ′(R3,R3)) such that for all

t ∈ R we have

〈
d

dt
η(t), ψ

〉
= 〈LQGη(t), ψ〉 , ∀ψ ∈ S(R3,R3),

and η(0) = η0 in S ′(R3,R3).
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We consider plane-wave solutions of LQG (4.47) of the form (4.15), and consider

the corresponding concepts of stability to plane-wave perturbations, as we did in

Definition 4.3.

Theorem 4.19

The steady solution φ of QG (4.45) defined in (4.46) associated to a matrix A corre-

sponding to a hyperbolic flow, i.e. A ∈ A QG
+ as in (4.52), is unstable to plane-wave

perturbations.

4.5.2 Comparison between SG and QG

We observed that hyperbolic flows are unstable to plane-wave perturbations both

in SG and QG theory, according to the Definition 4.5. The definition of hyperbolic

flow depends on the model that we consider: in particular, the sets A+ in (4.11) and

A QG
+ in (4.52) do not coincide. This is easily shown by observing that the matrices


2 0 −1

0 2 0

−1 0 3
4

 ,


1
2

−1 −1

−1 3 3

−1 3 7
2

 ,

belong to the intersections A+ ∩A QG
− and A− ∩A QG

+ respectively.

Although we do not investigate this here, we expect matrices in the two inter-

sections above to correspond to steady solutions that exhibit different behaviours in

the SG and QG theory, in terms of stability to plane-wave perturbations.

4.6 Final remarks

In this chapter, based on [40], we introduced the linearisation of the semi-geostrophic

equation (2.5) for globally-defined conservative steady solutions corresponding to

strictly convex quadratic potentials, and presented existence results on L2(R3,R3),

S(R3,R3) and S ′(R3,R3). We discussed the stability of such steady solutions, by

introducing the concept of stability to plane-wave perturbations, following the ap-

proach in [14]. We also notice that the same techniques can be applied to the

well-known quasi-geostrophic equations.
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We believe that this work is a first step in analysing the dynamical stability of

steady solutions to SG (2.5). In particular, it would be interesting to investigate

the stability of elliptic flows. Even more so, one would like to consider more general

steady solutions: in Section 4.2, the reader can observe that the derivation makes

use of the fact that the Hessian D2P = A of the steady geopotential is constant, and

lifting this assumption would lead to a different and less explicit form for the operator

L defined in (4.6). Another issue is to construct non-trivial steady solutions of SG

(2.5) both on the whole space R3 and on a domain with boundary: steady solutions

corresponding to the gradients of quadratic potentials can be constructed if the

domain is a ball, but more interesting domains require more complicated solutions,

which make it harder to keep calculations as explicit as they are in this chapter.

Another aspect that we would like to develop further is the concept of stabil-

ity: our definition of stability to plane-wave perturbations arises from the idea of

perturbing the steady solution and studying the long-term behaviour of the pertur-

bation in order to infer something about the behaviour of solutions which are “close”

to the steady state. Firstly, we want to remind the reader that a rigorous stability

analysis requires a well-posedness theory for the nonlinear equation (2.5) that is not

available at the moment. Secondly, the concept of stability can be extended to more

general perturbations. Again, this can require a more abstract approach, whereas

the plane-wave solutions considered in [40] allow for a more explicit investigation of

stability.
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Conclusions and prospectives

In this thesis, we offer an introduction on the semi-geostrophic equations and dis-

cuss the results presented in the published articles [39, 40]. An overview on the

semi-geostrophic equations, with their main formulations and the main contribu-

tions to their analysis, is provided in order to contextualise the author’s work. We

do no provide a complete account of the literature in the theory of SG, but rather

focus on those concepts that the author deem essential to anyone who is interested

in the analysis of the equations. The main part of the thesis deals with two main

problems studied by the author: the existence of solutions of SSG (see Chapter 3)

and the linearisation of SG in the whole space (see Chapter 4). The two problems

are not directly related to one another, in the sense that one project was not the

natural question following the other. However, both the articles contributed to the

theory of the semi-geostrophic equations, as each of them is the first introduction of

a functional framework in which SSG and LSG respectively were studied. Further-

more, the analysis of the two models involves different techniques: elliptic theory

and compactness results were fundamental for the construction of solutions of SSG

in Chapter 3, whereas semigroup theory prompted the results in Chapter 4.

In this final chapter, we briefly discuss the natural questions that arised during

the preparation of the articles [39, 40], and on which the author and their collabo-

rators plan to work in the near future.

115



Chapter 5: Conclusions and prospectives

5.1 The surface semi-geostrophic equations

In Chapter 3, we introduced SSG, written as an active scalar equation
∂

∂t
θ + w · ∇θ = 0,

w(·, t) = ∇⊥T [θ(·, t)],
(5.1)

on the 2-dimensional torus T2, where the Neumann-to-Dirichlet map T is the opera-

tor constructed in Section 3.3, associated to the fully-nonlinear Neumann boundary

value problem



∆Φ = ∂2Φ
∂x21

∂2Φ
∂x22
−
(
∂2Φ
∂x1x2

)2
on Ω,

∂Φ
∂x3

= 0 on T2 × {0},

∂Φ
∂x3

= θ on T2 × {1},∫
Ω

Φ = 0,

(5.2)

on the domain Ω = T2 × (0, 1). The results in Theorem 3.9 and Theorem 3.2

naturally prompt the following questions:

1. Can we extend the existence result on smooth solutions of SSG to arbitrary-

large initial data θ0? The main issue in allowing for large initial data is the fact

that the operator T is only defined for small boundary data θ. In order to apply

the Banach Fixed Point Theorem and prove the existence (and uniqueness) of

Ck+2,α-solutions of (5.2), we had to restrict the domain of the operator T to a

ball in Ck+1,α(T2). We believe that, under appropriate concavity assumptions

on the solution Φ, the fully nonlinear equation in (5.2) is strictly elliptic. This

could possibly allow one to make use of the theory of viscous solutions of

fully nonlinear elliptic equations [10, 34, 35]. This approach would require to

investigate the connection between the result in [39] and Cullen’s Convexity

Principle, which we discussed in Chapter 2. However, we did not explore this

route yet, and we hope to do so in the future.

2. Can we construct weak solutions of SSG? Solutions of the BVP (5.2) in Hk(Ω)

can be constructed for k ≥ 4, given a boundary data θ in a ball in Hk−1(Ω).

However, the trace operator on Sobolev functions does not preserve enough
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regularity to allow us to use a fixed point argument to construct solutions of

SSG (5.1). Namely, if we construct the solution Φ ∈ H4(Ω) corresponding

to θ ∈ H3(T2), the Neumann-to-Dirichlet operator T evaluated at θ is given

by T [θ] = Tr |Γ1 [Φ] ∈ H
7
2 (T2). Therefore, the vector field w constructed as

w = ∇⊥T [θ] only belongs to H
5
2 (T2,R2), rather than H3(T2,R2). Of course,

one would like to consider less regular initial data, e.g. θ0 ∈ W 1,p(T2) for some

p ∈ [1,∞).

Figure 5.1: The tropopause Γ(t) is the boundary between the troposphere Ω0 and
the stratosphere Ω1, where we assume constant potential vorticities q0 and q1 re-
spectively.

3. Can we use SSG to study the evolution of the tropopause? The tropopause

is the boundary between the troposphere and the stratosphere, which are the

lowest layers of the atmosphere. The tropopause can be seen as a discontinuity

surface for the temperature, in the sense that there is a abrupt jump in the

temperature profile in terms of the height from the planet surface (see Figure

5.1). It is believed that SG is a good model to study frontogenesis [16], i.e.

the formation of fronts in the temperature profile, therefore we are interested

in writing the semi-geostrophic equations in a regime of constant potential
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vorticities q0 and q1 in the troposphere Ω0 and the stratosphere Ω1 respectively,

in order to understand whether we can derive an equation for the evolution of

the boundary surface Γ. The potential temperature θ would solve a different

set of equations of the form (3.14) in each of the two domains Ω0 and Ω1,

which change in time, together with their common boundary Γ. This idea was

inspired by the work in [15, 33].

5.2 The linearised semi-geostrophic equation

In Chapter 4, we consider a family of globally-defined steady solutions ∇P of SG

(2.5), parametrised by positive-definite symmetric matrices A ∈ R3×3. We provide

a formal but explicit derivation of the linearised semi-geostrophic equation (LSG)

at such steady solutions, and present the existence theory of its solutions on the

space of tempered distributions S ′(R3,R3). We consider plane-wave solutions of

LSG, namely functions of the form

φ(x, t) = a(t)k(t) cos(2πk(t) · x), (5.3)

for suitable choices of the functions a and k, and prove that the choice of the matrix

A that defines the steady solution∇PA give rise to two possible different behaviours.

Of course, the stability analysis of the steady solution is only formal, as a rigorous

analysis would require an existence theory for weak solutions of SG on the whole

space. However, this formal stability analysis suggests a discrepancy between the

concept of stability introduced by Cullen (see Chapter 2) and dynamical stability.

We also perform the same formal analysis on the quasi-geostrophic equations, and

show that we expect some of the common steady solutions to have different be-

haviours in the two geostrophic approximations. Although [40] is a first step in the

linear stability analysis of SG, there are a few generalisations that the author and

their collaborators are interested in investigating in the future. We summarise them

here in the following questions:

1. Can we study the linear stability for more general perturbations? The first

obvious generalisation of the results in Chapter 4 is the stability analysis for

different perturbations, i.e. more general solutions of LSG. Indeed, solutions
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of LSG of the form (5.3) allow for an explicit analysis of their long-term be-

haviour. We did not investigate stability for a generic perturbation given by

a strong solution in S ′ of LSG.

2. Can we consider different steady solutions? Considering steady solutions of

SG of the form ∇P , with

P (x) =
1

2
x · Ax, (5.4)

is quite restrictive, both for the form of the solutions (i.e. gradients of quadratic

functions) and for their domain. However, constructing more general non-

trivial explicit steady solutions of SG is not easy, and the difficulty increases if

we consider solutions on bounded domains. Say Ω ⊂ R3 is a bounded domain,

then we would like to construct an explicit steady solution that satisfies SG

(2.2) on Ω, and admit a non-trivial velocity field u = U [∇P ] defined through

the div-curl system (2.6) endowed with the no-slip boundary condition u·n = 0

on ∂Ω. Although solutions given by the gradient of geopotentials of the form

(5.4) are steady solutions of SG on balls B(0, R) ⊂ R3 for some matrices A,

the derivation of the corresponding LSG would require different tools, as we

derived a representation formula by formally taking the Fourier Transform of

the equation on the whole space. To the best of the author’s knowledge, no

steady solution of SG has been constructed on more general bounded domains.

5.3 Further questions in the SG theory

The theory of semi-geostrophic equations extends much further the settings pre-

sented in this work. For instance, some work [11] has been done in the analysis of

SG with a variable Coriolis frequency f , which we fixed as f = 1 in Chapter 2.

Moreover, we only considered incompressible flows, although compressible SG can

be studied, too [20, 21]. As we mentioned in Chapter 2, the existence theory of weak

solutions of SG (2.2) that admit bounded potential temperature θ is still an open

question.

119



Chapter 5: Conclusions and prospectives

120



Appendix A

Complementary material to

Chapter 3

A.1 Poincaré’s inequality

In Chapter 3, we make use of a version of the well-known Poincaré inequality for

functions defined on the domain R2 × (0, 1) that are periodic in the x1 and x2

variables, with period 1. We present here a proof of the inequality in this setting.

In the following result, L 2 denotes the 2-dimensional Lebesgue measure, and we

write L2(Ω) to denote both L2(Ω,R) and L2(Ω,R3), in order to consider the two

cases outlined below.

Theorem A.1 (Poincaré’s inequality)

Let Ω := T2 × (0, 1), then there exists a constant C > 0 such that

‖v‖L2(Ω) ≤ C‖∇v‖L2(Ω) (A.1)

for any

(1) v ∈ H1(Ω) such that

∫
Ω

v = 0, or

(2) v such that v = ∇u for some u ∈ H2(Ω) and Tr |E
[
∂u
∂x3

]
= 0 on some E ⊂ ∂Ω

with L 2(E) > 0.

It follows that there exists a constant C such that

‖v‖H2(Ω) ≤ C‖D2v‖L2(Ω), (A.2)

121



Appendix A: Complementary material to Chapter 3

for any v ∈ H2(Ω) such that v satisfies (1) and ∇v satisfies (2).

Proof. By contradiction, assume that for any n ∈ N there exists a vn ∈ H1(Ω)

(satisfying either (1) or (2) respectively) such that

‖vn‖L2 > n‖∇vn‖L2 .

Without loss of generality we can assume ‖vn‖L2 = 1, then

‖∇vn‖L2 <
1

n
,

therefore

‖vn‖H1 <

√
1 +

1

n
≤
√

2.

By weak compactness of H1(Ω), there exists v ∈ H1(Ω) such that vn ⇀ v in H1(Ω),

therefore

‖v‖L2 = lim
n→∞

‖vn‖L2 = 1

‖∇v‖L2 ≤ lim inf
n→∞

‖∇vn‖L2 = 0.

This implies that v is constant a.e. on Ω and ‖v‖L2 = 1.

(1) If v satisfies (1), then it is constant if and only if v = 0, but ‖v‖L2 = 1, which

leads to a contradiction.

(2) If v = ∇u ∈ H1(Ω,R3) satisfies (2), then ∂u
∂xi

is constant for i ∈ {1, 2, 3}. By

the assumptions, ∂u
∂x3

= 0 on part of the boundary, so ∂u
∂x3

= 0 on Ω. Hence,

u(x) = cx1 + dx2. However, u is periodic in x1 and x2, therefore we must have

that u = 0. This implies ∇u = v = 0, which leads to a contradiction.

A.2 Compactness of Hölder spaces

The Hölder spaces are continuously embedded into one another in the following

sense: if f ∈ C0,β(R), then f ∈ C0,α(R) for any 0 < α < β ≤ 1. Moreover, the

embedding in compact, as a consequence of the Arzelà–Ascoli theorem [42, Theorem
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47.1].

Theorem A.2 (Arzelà–Ascoli)

Let X be a locally compact Hausdorff topological space and (Y, d) a metric space.

Let C(X, Y ) be the space of continuous functions from X to Y with the topology of

compact convergence (i.e. uniform convergence on all the compact sets in X). Then

a subset F ⊂ C(X, Y ) is equicontinuous under d and the set {f(x) : f ∈ F} is

precompact in (Y, d) for any x ∈ X if and only if F is precompact in C(X, Y ).

We recall that a set is precompact if it has compact closure. Also, if X is compact,

then the topology of compact convergence on C(X, Y ) coincides with the topology

of uniform convergence. We use Arzelà–Ascoli theorem to prove the following result.

Lemma A.3

For 0 < α′ < α ≤ 1, k ∈ N and R > 0, the space

Z :=
{
w ∈ Ck,α′

σ (T2,R2) : ‖w‖Ck,α(T2,R2) ≤ R
}

is compact in the topology induced by the Ck,α′(T2,R2)-norm.

Proof. We prove the result by induction on k ∈ N.

(k = 0) We first see that Z is a set of equicontinuous functions in C1,α′
σ (T2,R2): this

easily follows from Hölder continuity and boundedness, as for any w ∈ Z we

have that

|w(x)− w(y)| ≤ [w]0,α|x− y|α ≤ ‖w‖0,α|x− y|α ≤ R|x− y|α,

for any x, y ∈ T2. Moreover, for any x ∈ T2, the set {w(x) : w ∈ Z} is bounded

in R2, therefore precompact by Heine-Borel Theorem. By the Arzelà–Ascoli

Theorem, Z is precompact in C0(T2,R2). In order to show that it is compact

in C0,α′(T2,R2), we consider a sequence {wn}n∈N ⊂ Z: by precompactness in

C0(T2,R2), there exists w ∈ C0(T2,R2) such that limn→∞ ‖wn − w‖C0 = 0,

up to relabelling a convergent subsequence. We show that w ∈ Z and that

limn→∞ ‖wn − w‖0,α′ = 0. The former follows from uniform convergence, as
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for any ε > 0 there exists a n ∈ N such that

‖w‖C0 ≤ ‖w − wn‖C0 + ‖wn‖C0 < ε+ ‖wn‖C0 ,

and

|w(x)− w(y)| ≤ 2‖w − wn‖C0 + |wn(x)− wn(y)| < 2ε+ [wn]0,α|x− y|α,

therefore ‖w‖0,α ≤ ‖wn‖0,α ≤ R, which shows that w ∈ Z. Regarding the

convergence, we can assume without loss of generality (i.e. replacing wn with

wn−w ∈ 2Z) that w = 0, namely wn converges uniformly to the zero function.

The reader can easily prove the following estimates: for any f ∈ C0,α(T2)

[f ]0,α′ ≤ diam(T2)α−α
′
[f ]0,α and [f ]0,α′ ≤ 21−α

′
α [f ]

α′
α

0,α‖f‖
1−α

′
α

C0 , (A.3)

for any 0 < α′ < α ≤ 1. The same holds for f ∈ C0,α(Ω). Therefore ‖wn‖0,α′

converges to 0 as n→∞. This concludes the proof of compactness of Z in the

case k = 0.

(k > 0) Assume that the result holds for k ∈ N, i.e. the set

{w ∈ Ck,α′(T2,R2) : ‖w‖k,α ≤ R}

is compact in Ck,α(T2,R2). Let us consider a sequence {wn}n∈N ⊂ {w ∈

Ck+1,α′(T2,R2) : ‖w‖k+1,α ≤ R}: we have that the sequence {wn}n∈N is uni-

formly bounded in Ck,α(T2,R2), therefore, by the induction hypothesis, there

exists v ∈ Ck,α such that ‖wn − v‖k,α′ → 0 as n → ∞, up to relabelling a

convergent subsequence.

We now consider the functions ϕn := Dk+1wn: then, the sequence {ϕn}n∈N is

uniformly bounded in C0,α. By the case (k = 0), there exists a ϕ ∈ C0,α such

that ‖ϕn − ϕ‖0,α′ → 0. Hence, we showed that

‖wn − v‖k,α′ → 0, and ‖Dk+1wn − ϕ‖0,α′ → 0,

which implies by standard results in real analysis that Dk+1v = ϕ and ‖wn −
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v‖k+1,α′ → 0.

The last part left to be proved is that ‖v‖k+1,α ≤ R. This follows again by

uniform convergence and (A.3).
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Appendix B

Complementary material to

Chapter 4

B.1 Existence of solutions of LSG in L2(R3,R3) by

means of semigroup theory

In this section, we provide an alternative proof of existence of weak and strong

solutions in L2(R3,R3) (presented in Theorem 4.9) to the abstract Cauchy problem

LSG (4.5), by applying the classical theory of strongly continuous semigroups on

a Banach space. For more information on the theory of semigroups, we invite the

readers to see [48].

We refer to the notation introduced in Chapter 4, in Definition 4.6. We also

consider the one-parameter family {T̃3(t)}t∈R of operators on L2(R3,R3), defined by

T̃3(t) = F−1 ◦Metm ◦F , (B.1)

where m is the symbol defined in (4.7).

Proposition B.1

The families {T1(t)}t∈R. {T2(t)}t∈R and {T̃3(t)}R are strongly continuous groups

of operators on L2(R3,R3), and their infinitesimal generators are L1, L2 and L3

respectively.

Proof. We look at one group at the time.
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I. The group {T1(t)}t∈R. We check that the family {T1(t)}t∈R forms a group, that

it is strongly continuous, and that L1 is the infinitesimal generator on its domain

D(L1) defined in (4.31) as

D(L1) := {φ ∈ L2(R3,R3) : L1φ ∈ L2(R3,R3)}.

Part of this proof was presented in the proof of Theorem 4.9, but we give a complete

proof here for convenience of the reader.

(i) In order to prove that {T1(t)}t∈R is a group on L2(R3,R3), we only need to

observe that for any φ ∈ L2(R3,R3)

T1(0)φ = φ and T1(t)T1(r)φ(x) = φ(e−tSe−rSx) = T1(t+ r)φ(x),

for any t, r ∈ R.

(ii) In order to prove that the group is strongly continuous, we want to show that

lim
t→0
‖T1(t)φ− φ‖L2(R3,R3) = 0, (B.2)

for any choice of φ ∈ L2(R3,R3). First of all, we observe that T1(t) is a contrac-

tion for all t ∈ R: in fact, x 7→ e−tSx is a volume-preserving diffeomorphism

on R3 and we have that

‖T1(t)φ‖2
L2(R3,R3) =

∫
R3

|φ(e−tSx)|2 dx

=

∫
R3

|φ(x)|2 dx

= ‖φ‖2
L2(R3,R3),

for any function φ ∈ L2(R3,R3). Secondly, due to the density of C∞C (R3,R3)

in L2(R3,R3), for any φ ∈ L2(R3,R3) and for any ε > 0, there exists a f ∈

C∞C (R3,R3) such that

‖φ− f‖L2(R3,R3) < ε.
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Therefore, we have that

‖T1(t)φ− φ‖L2(R3,R3) ≤ ‖T1(t)φ− T1(t)f‖L2(R3,R3)

+ ‖T1(t)f − f‖L2(R3,R3)

+ ‖f − φ‖L2(R3,R3)

< 2ε+ ‖T1(t)f − f‖L2(R3,R3).

The function f is smooth, and so is gx : t 7→ T1(t)f(x) = f(e−tSx) for any fixed

x ∈ R3. Therefore, by the Mean Value theorem, |gx(t)− gx(0)| ≤ |g′x(r)||t| for

some r between 0 and t. We have that g′x(t) = T1(t)L1f(x), hence

‖T1(t)f − f‖2
L2(R3,R3) ≤ t2‖T1(t)L1f‖2

L2(R3,R3)

= t2‖L1f‖2
L2(R3,R3).

Since f ∈ C∞C (R3,R3) ⊂ D(L1), the quantity ‖L1f‖L2(R3,R3) is finite: for

|t| < δ <
√
ε

‖L1f‖L2(R3,R3)
, we have that

‖T1(t)f − f‖2
L2(R3,R3) < ε,

and therefore ‖T1(t)φ− φ‖2
L2(R3,R3) < 3ε, proving the convergence in (B.2).

The reader can observe that the bound

‖T1(t)φ− φ‖L2(R3,R3) ≤ |t|‖L1φ‖L2(R3,R3)

holds for any φ ∈ D(L1).

(iii) We can now show that L1 is the infinitesimal generator of the strongly con-

tinuous group {T1(t)}t∈R. For any function φ ∈ D(L1) ⊂ L2(R3,R3) and

for any x ∈ R3, we can apply the Mean Value Theorem to the function

t 7→ T1(t)φ(x)− tL1φ(x) to write

∣∣T1(t)φ(x)− φ(x)− tL1φ(x)
∣∣ ≤ ∣∣∣∣ ∂∂t (φ(e−tSx)− tL1φ(x)

) ∣∣
t=r

∣∣∣∣|t|
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=
∣∣T1(r)L1φ(x)− L1φ(x)

∣∣|t|,
for r between 0 and t. As φ ∈ D(L1), we have that ψ := L1φ ∈ L2(R3,R3),

and therefore∥∥∥∥T1(t)φ− φ
t

− L1φ

∥∥∥∥2

L2(R3,R3)

=
1

t2

∫
R3

∣∣T1(t)φ(x)− φ(x)− tL1φ(x)
∣∣2 dx

≤
∫
R3

∣∣T1(r)L1φ(x)− L1φ(x)
∣∣2 dx

= ‖T1(r)ψ − ψ‖2
L2(R3,R3),

for some r between 0 and t. By taking the limit as t→ 0, we showed that L1

is the infinitesimal generator of the strongly continuous group {T1(t)}t∈R on

D(L1) ⊂ L2(R3,R3).

II. The group {T2(t)}t∈R. The operator L2 : L2(R3,R3) is a bounded linear

operator, with

‖L2φ‖L2(R3,R3) ≤ |S|‖φ‖L2(R3,R3),

therefore it generates a uniformly continuous group {etL2}t∈R, defined as

etL2φ :=
∑
n∈N

tnLn2φ

n!
=
∑
n∈N

tn(−ST )nφ

n!
= e−tS

T

φ = T2(t)φ,

for any φ ∈ L2(R3,R3). It is easy to show that the group generated by a bounded

linear operator on a Banach space is uniformly continuous, i.e. T (t) → I as t → 0

in the operator norm, as by Theorem 1.2 in [43, Sec. 1.1]. Moreover, the operators

T2(t) satisfy the following:

‖T2(t)φ‖L2(R3,R3) ≤ et|S|‖φ‖L2(R3,R3).

III. The group {T3(t)}t∈R. Similarly, we observe that L3 is a bounded operator

on L2(R3,R3), with

‖L3φ‖L2(R3,R3) = ‖F−1[mφ̂]‖L2(R3,R3)
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= ‖mφ̂‖L2(R3,R3)

≤ ‖m‖L∞(R3)‖φ̂‖L2(R3,R3)

= ‖m‖L∞(R3)‖φ‖L2(R3,R3),

by Parseval’s identity. Therefore, L3 generates an uniformly continuous group

{etL3}t∈R on L2(R3,R3) defined as

etL3φ :=
∑
n∈N

tn(F−1 ◦Mm ◦F )n[φ]

n!

=
∑
n∈N

tnF−1 ◦Mmn ◦F [φ]

n!

= F−1

[∑
n∈N

tnmn

n!
φ̂

]

= T̃3(t)[φ],

for any φ ∈ L2(R3,R3). We also have the following bound:

‖T̃3(t)φ‖L2(R3,R3) ≤ e|t|‖m‖L∞(R3)‖φ‖L2(R3,R3),

for any φ ∈ L2(R3,R3).

This result allows us to prove existence and uniqueness of weak and strong so-

lutions to LSG (4.5) in L2(R3,R3), as defined in Definition 4.5.

Proposition B.2

Given φ0 ∈ L2(R3,R3), there exists a weak solution of LSG (4.5) in L2(R3,R3). If

φ0 ∈ D(L ) = {φ ∈ L2(R3,R3) : L1φ ∈ L2(R3,R3)}, then there exists a unique

strong solution to LSG (4.5).

Proof. We observed in Proposition B.1 that the operators L2 and L3 are bounded

linear operators, therefore L = L1 + L2 + L3 is a bounded perturbation of the

infinitesimal generator L1 of a strongly continuous group {T1(t)} on L2(R3,R3). By

Theorem 1.1 in [43, Sec. 3.1], the operator L is the infinitesimal generator of a
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strongly continuous group {etL }t∈R with ‖etL ‖ ≤ e|t|‖L2+L3‖ ≤ e|t|(|S|+‖m‖L∞(R3)).

Let us consider φ0 ∈ L2(R3,R3), and use the notation φ(·, t) := etLφ0. By

Theorem 2.4 in [43, Sec. 1.2], we have that φ ∈ C0(R, L2(R3,R3)) and the following

hold:

∫ t

0

φ(·, r) dr ∈ D(L ) and L

∫ t

0

φ(·, r) dr = φ(·, t)− φ0. (B.3)

This is equivalent to saying that φ is a weak solution of LSG (4.5) corresponding to

the initial datum φ0.

If we assume that φ0 ∈ D(L ), then φ(·, t) ∈ D(L ) for any t ∈ R and the

following

∂

∂t
φ(·, t) = L φ(·, t)

holds in L2(R3,R3), by Theorem 2.4 in [43, Sec. 1.2].

Moreover, the strong solution is unique, as we proved in the proof of Theorem

4.9 in Chapter 4 by an energy estimate.

B.2 Existence of solutions of LSG in L2(R3,R3) in

Lagrangian coordinates

Another possible way that we explored in order to prove existence of weak/strong

solutions of LSG in L2(R3,R3) is the construction of strong solutions to LSG in

Lagrangian coordinates (4.14). The Lagrangian formulation of LSG allows us to

apply the theory of evolution systems, as presented in [43, Ch. 5]. Heuristically,

evolution systems are the non-autonomous version of semigroups: instead of having

a time-independent generator, evolution systems are generated by a time-dependent

linear operator, and therefore they consist of 2-parameter families. We give the

rigorous definition, as in [43, Ch. 5].

Definition B.3. Given a Banach space X and a real number T > 0, the two-

parameter family of bounded linear operators {U(t, s) : 0 ≤ s ≤ t ≤ T} is an
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evolution system on X if

(i) U(s, s) = I and U(t, r)U(r, s) = U(t, s), for any 0 ≤ s ≤ r ≤ t ≤ T ;

(ii) the map (t, s) 7→ U(t, s) is strongly continuous at any (t, s) with 0 ≤ s ≤ t ≤ T .

The reader can observe that evolution systems generalise the concept of La-

grangian flow associated to a time-dependent vector field, such as the flow Fw that

we considered in (3.40) in Chapter 3.

The existence of strong solutions in L2(R3,R3) of LSG in Lagrangian coordinates

(4.14) is guaranteed by Theorem 5.1 in [43, Ch. 5], which we include below.

Theorem B.4

Let X be a Banach space and {A(t)}t∈[0,T ] a one-parameter family of bounded linear

operators on X. If the map t 7→ A(t) is continuous with respect to the uniform

operator topology, then the initial value problem
d

dt
φ(t) = A(u)φ(t) 0 ≤ s < t ≤ T,

φ(s) = φ0,

has a unique strong solution φ ∈ C1([s, T ], X) for any choice of φ0 ∈ X.

Proposition B.5

Given Φ0 ∈ L2(R3,R3), there exists a unique strong solution Φ in L2(R3,R3) of LSG

in Lagrangian coordinates (4.14).

Proof. For any t ∈ R, the operator A(t) is defined as the Fourier multiplier A(t) =

F−1Mm̃(t)F . Hence, {A(t)}t∈R is a family of uniformly bounded linear operators,

as

‖A(t)φ‖L2(R3,R3) ≤ ‖m̃(t)‖L∞(R3)‖φ‖L2(R3,R3) = ‖m‖L∞‖φ‖L2(R3,R3).

Furthermore, continuity in t of the symbol m̃ implies continuity of the map t 7→ A(t)

with respect to the uniform operator topology, as

‖A(t)−A(s)‖ = sup
φ∈L2

‖φ‖=1

‖A(t)φ−A(s)φ‖L2(R3,R3)

133



Appendix B: Complementary material to Chapter 4

≤ ‖m̃(t)− m̃(s)‖L∞(R3).

By the theorem above, we conclude the proof of the proposition.

Alternatively, one could show that the map Φ(·, t) = F−1[M̃(t; ·)Φ̂0] formally

derived in Section 4.3 is a strong solution of (4.14) and prove uniqueness by an

energy estimate.

B.3 Results on Schwartz functions

Proposition B.6 (Equivalent topologies on the Schwartz space)

The topology on the set S(R3,R3) of Schwartz functions induced by the seminorms

{‖·‖α,β}α,β∈N3, defined in (4.16), is equivalent to the topology induced by their linear

combinations{
N∑
i=1

γi‖ · ‖αi,βi : N ∈ N+, αi, βi ∈ N3, γi ∈ N+ ∀i ∈ [1, N ] ∩ N

}
.

Proof. We show that one topology is contained in the other and viceversa.

(i) Let U ⊂ S be an open set in the topology generated by the seminorms {‖ ·

‖α,β}α,β∈N3 , i.e. for any f ∈ U there exist K ∈ N and ε > 0 such that if

‖g − f‖α,β < ε for any α, β ∈ N3 with |α + β| ≤ K, then g ∈ U . For a fixed

f ∈ U , we choose K ′ = K+1 and ε′ = ε and show that if
∑N

i=1 γi‖g−f‖αi,βi <

ε′ for any choice of
∑N

i=1(γi+ |αi+βi|) ≤ K ′, then we have that ‖g−f‖α,β < ε

for all |α + β| ≤ K, which implies that g ∈ U . In fact, we have that for any

|α + β| ≤ K

‖g − f‖α,β =
1∑
i=1

1‖g − f‖α,β < ε′ = ε

because
∑1

i=1(1 + |α + β|) ≤ 1 +K = K ′. Therefore, g ∈ U and U is open in

the topology generated by the linear combinations of the seminorms.

(ii) Let U be an open set in the topology generated by linear combinations of

the seminorms, i.e. for any f ∈ U , there exist K ∈ N and ε > 0 such that

if
∑N

i=1 γi‖g − f‖αi,βi < ε for any N ∈ N+, {γi}Ni=1 ⊂ NN
+ , {(αi, βi)}Ni=1 ⊂
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(N3 × N3)N with
∑N

i=1(γi|αi + βi|) ≤ K, then g ∈ U . For a fixed f ∈ U ,

we choose K ′ = K and ε′ = ε/K2 and show that if ‖g − f‖α,β < ε′ for any

|α + β| ≤ K ′, then
∑N

i=1 γi‖g − f‖αi,βi < ε for any
∑N

i=1(γi + |αi + βi|) ≤ K,

which implies that g ∈ U . In fact, we have that for any
∑N

i=1(γi+|αi+βi|) ≤ K

N∑
i=1

γi‖g − f‖αi,βi ≤ maxN max
i
γi max

i
‖g − f‖αi,βi < K2ε′ = ε,

since we have that N ≤ K, γi ≤ K and |αi+βi| ≤ K from
∑N

i=1(γi+|αi+βi|) ≤

K. This proves that g ∈ U , and therefore U is open in the topology generated

by the seminorms.

Although it is well-known that the Fourier Transform maps S onto S (see, for

instance, [48, Ch. VI.1.]), we present here a proof of the estimate below. We use the

notation introduced in Section 4.1.5.

Lemma B.7 (Bound of the Fourier transform in S)

For any multi-indeces α, β ∈ N3, there exist constants C > 0 and N ∈ N and a finite

family of multi-indeces {α(1), . . . , α(N), β(1), . . . , β(N)} ⊂ N3 such that

‖F [ψ]‖α,β ≤ C
N∑
i=1

‖ψ‖α(i),β(i) ,

for all ψ ∈ S. Specifically, we have that

‖F [ψ]‖α,β ≤
∑
k∈N3

k≤α,β

Cα,β
k

[
‖ψ‖β−k,α−k +

3∑
i,j=1

‖ψ‖β−k+2ei+2ej ,α−k

]
,

where

Cα,β
k :=

√
2π2(2π)|β−α|k!

(
α

k

)(
β

k

)
.

Proof. We fix α, β and ψ ∈ S, and look at ‖ψ̂‖α,β = sup
ξ∈R3

|ξαDβψ̂(ξ)|:

ξαDβψ̂(ξ) = ξαDβ
ξ

∫
R3

ψ(x)e−2πiξ·x dx
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= (−2πi)|β|ξα
∫
R3

xβψ(x)e−2πiξ·x dx

= (−2πi)|β|−|α|
∫
R3

xβψ(x)
(
(−2πi)|α|ξαe−2πiξ·x)︸ ︷︷ ︸

Dαx e
−2πiξ·x

dx

= (−1)|α|(−2πi)|β|−|α|
∫
R3

Dα
x (xβψ(x))e−2πiξ·x dx. (B.4)

We use the product rule to write explicitly Dα(xβψ(x)): in particular, we use the

formula

dn

dxn
(f(x)g(x)) =

n∑
k=0

(
n

k

)
dk

dxk
f(x)

dn−k

dxn−k
g(x).

We have that

Dα(xβψ(x)) =
∂α1+α2+α3

∂xα1
1 ∂x

α2
2 ∂x

α3
3

(xβψ(x))

=
∂α2+α3

∂xα2
2 ∂x

α3
3

(
∂α1

∂xα1
1

(xβψ(x))

)

=
∂α2+α3

∂xα2
2 ∂x

α3
3

(
α1∑
k1=0

(
α1

k1

)
∂k1

∂xk11

(xβ11 x
β2
2 x

β3
3 )

∂α1−k1

∂xα1−k1
1

ψ(x)

)

=
∂α2+α3

∂xα2
2 ∂x

α3
3

(
α1∑
k1=0

(
α1

k1

)(
dk1

dxk11

xβ11

)
xβ22 x

β3
3

∂α1−k1

∂xα1−k1
1

ψ(x)

)

=

α1∑
k1=0

α2∑
k2=0

α3∑
k3=0

(
α1

k1

)(
α2

k2

)(
α3

k3

)
dk1

dxk11

xβ11

dk2

dxk22

xβ22

dk3

dxk33

xβ33

∂α1−k1

∂xα1−k1
1

∂α2−k2

∂xα2−k2
2

∂α3−k3

∂xα3−k3
3

ψ(x)

=
∑
k∈N3

k≤α

(
α

k

)
DkxβDα−kψ(x),

where k ≤ α for k, α ∈ N3 means that ki ≤ αi for all i ∈ {1, 2, 3} and we define

the binomial of multi-indices as
(
α
k

)
:=
(
α1

k1

)(
α2

k2

)(
α3

k3

)
. The derivative Dkxβ can be
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written explicitly by trivially observing that

db

dxb
xa =

 a!
(a−b)!x

a−b if a ≥ b,

0 if a < b,

and writing for any k, β ∈ N3

Dkxβ =
3∏
j=1

dkj

dx
kj
j

x
βj
j

=
3∏
j=1

βj!

(βj − kj)!
x
βj−kj
j 1[0,βj ](kj)

=
β!

(β − k)!
xβ−k1≤β(k),

where β! = β1!β2!β3! and 1≤β(k) = 1[0,β1](k1) 1[0,β2](k2) 1[0,β3](k3). Using this result,

we can write

Dα(xβψ(x)) =
∑
k∈N3

k≤α,β

(
α

k

)
β!

(β − k)!
xβ−kDα−kψ(x)

=
∑
k∈N3

k≤α,β

(
α

k

)(
β

k

)
k!xβ−kDα−kψ(x).

We substitute this formula in the integral (B.4) and multiply and divide the inte-

grand by 1 + |x|4 = 1 +
∑3

i,j=1 x
2ei+2ej :

ξαDβ
ξ ψ̂(ξ) = (−1)|α|(−2πi)|β|−|α|

∫
R3

Dα(xβψ(x))e−2πiξ·x dx

= (−1)|β|i|β|−|α|
∑
k∈N3

k≤α,β

(2π)|β|−|α|
(
α

k

)(
β

k

)
k!︸ ︷︷ ︸

=: 1√
2π2

Cα,βk

∫
R3

xβ−kDα−kψ(x)e−2πiξ·x dx

= (−1)|β|i|β|−|α|
∑
k∈N3

k≤α,β

1√
2π2

Cα,β
k

∫
R3

(1 + |x|4)xβ−kDα−kψ(x)
e−2πiξ·x

1 + |x|4
dx
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= (−1)|β|i|β|−|α|
∑
k∈N3

k≤α,β

1√
2π2

Cα,β
k

∫
R3

xβ−kDα−kψ(x)
e−2πiξ·x

1 + |x|4
dx

+ (−1)|β|i|β|−|α|
∑
k∈N3

k≤α,β

1√
2π2

Cα,β
k

3∑
i,j=1

∫
R3

xβ−k+2ei+2ejDα−kψ(x)
e−2πiξ·x

1 + |x|4
dx.

Finally, consider the modulus

|ξαDβ
ξ ψ̂(ξ)|

≤
∑
k∈N3

k≤α,β

1√
2π2

Cα,β
k

∫
R3

∣∣∣∣xβ−kDα−kψ(x)
e−2πiξ·x

1 + |x|4

∣∣∣∣ dx

+
∑
k∈N3

k≤α,β

1√
2π2

Cα,β
k

3∑
i,j=1

∫
R3

∣∣∣∣xβ−k+2ei+2ejDα−kψ(x)
e−2πiξ·x

1 + |x|4

∣∣∣∣ dx

≤
∑
k∈N3

k≤α,β

1√
2π2

Cα,β
k sup

x∈R3

|xβ−kDα−kψ(x)|
∫
R3

1

1 + |x|4
dx

+
∑
k∈N3

k≤α,β

1√
2π2

Cα,β
k

3∑
i,j=1

sup
x∈R3

|xβ−k+2ei+2ejDα−kψ(x)|
∫
R3

1

1 + |x|4
dx

=
∑
k∈N3

k≤α,β

1√
2π2

Cα,β
k

[
‖ψ‖β−k,α−k +

3∑
i,j=1

‖ψ‖β−k+2ei+2ej ,α−k

]∫
R3

1

1 + |x|4
dx

=
√

2π2
∑
k∈N3

k≤α,β

1√
2π2

Cα,β
k

[
‖ψ‖β−k,α−k +

3∑
i,j=1

‖ψ‖β−k+2ei+2ej ,α−k

]

=
∑
k∈N3

k≤α,β

Cα,β
k

[
‖ψ‖β−k,α−k +

3∑
i,j=1

‖ψ‖β−k+2ei+2ej ,α−k

]
.

This concludes the proof of the Lemma B.7.
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