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Abstract

Using mathematical methods to understand and model crime is a recent idea that
has drawn considerable attention from researchers during the last fifteen years.
From the plethora of models that have been proposed, perhaps the most successful
one has been a diffusion-type partial differential equations model that describes
how the number of criminals evolves in a specific area. We propose a number of
versions of this model that allow for two distinct criminal types associated with
serious and minor crime. Additionally, we examine stochastic variants of the
model and present numerical solutions. Our model’s assumptions are supported
by analysing spatiotemporal data of criminal activity in England and the
USA.
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∣∣∣∣
(x0,y0)
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A random variable x that follows a distribution Φ will be denoted by x ∼ Φ and
distributions in general will be denoted by capital letters. Expectations of variables
will be denoted by E so the expectation of the random variable x given y is
E(x|y).
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Chapter 1

Introduction

1.1 Literature Review
1.1.1 Ordinary Differential Equation models
Mathematical models based on ordinary differential equations have been, for the
last 15 years, a basic tool researchers use to model crime. In the vast majority of
cases, the authors are inspired from ecological and biologicalmodelling ideas such as
predator - prey and Susceptible - Infected - Recovered (SIR) models. A characteristic
example can be seen inNuño et al. [56] where the authors use amodified version of a
predator-prey model to describe the evolution of the number of criminals in an area.
More precisely, the model is based on the assumption that the criminals ‘prey’ on
the owners and are ‘preyed’ upon by security guards. Consequently, an oscillatory
behaviour emerges that exhibits intervals of lower crime - fewer security guards and
periods of higher crime - more security guards. This type of behaviour is indeed
the norm for many ecological and biological systems but has not been consistently
observed as far as the evolution of criminals is concerned.

An epidemiological approach, where crime is a viewed as a disease, is used in [50].
The authors make use of a modified version of the well-known SIR model where the
active criminals are considered as ‘infected’whereas the ones arrested play the role of
the ‘recovered’. Susceptible agents become criminals through interaction with other
criminals and, once arrested, may either relapse or simply become susceptible again.
Policemen are also included in the model, their goal being the arrest of criminals as
well as the minimisation of criminal immigration from other areas. Using stability
analysis the authors show that if the authorities are successful in both maintaining

1



Chapter 1: Introduction

a constant baseline number of policemen and minimising criminal immigration to
a certain (parameter-depending) degree, the number of criminals can be controlled.
The same approach in a slightly different context is explored in a paper by Nizamani
et al. [55] where the familiar SIR model is adopted in an attempt to describe a burst
of public violence in a population.

The SIR model with an additional socio-economic aspect is used in Nuño et al. [63].
Apart from the familiar ‘infected’ (criminals), ‘recovered’ (arrested) and police
agents, the authors include a number of extra ODEs by partitioning the
‘susceptible’ (noncriminal) class into further subclasses according to the percent
each agent contributes to the total wealth of the society. The model allows
(noncriminal) agent flow between classes as their wealth changes and uses the
assumption that a percentage of the agents in lower income classes will turn into
criminals, irrespective of whether they interact with other criminals or not. These
two differences aside, the model is otherwise qualitatively similar to the one
presented in [50]. The authors use stability analysis to examine whether the
possibility of a crime-free society exists and, given that that is not the case, to
compare two alternative strategies for crime control: increased police efficiency
and promoting lower level social classes to upper level ones.

1.1.2 Partial Differential Equation models
Perhaps the most influential piece of research to date regarding models with partial
differential equations (PDEs) is that of Short et al. [69]. A combination of
mathematicians and criminologists proposed a statistical model that places a
criminal (burglar) at each point of an n × n orthogonal lattice. The criminals move
according to a weighted random walk, exhibiting preference towards places that
have just been burgled. This preference of criminals towards repeatedly
victimising specific properties and their neighbouring ones is known as the ‘broken
window effect’ and has been well examined by criminologists and social scientists.
The behaviour of the criminals according to this random walk is expressed in a
difference equation which is then turned into a PDE through appropriate limiting
techniques commonly used in biological-chemotactic models. The quantity that
drives the evolution of the number of criminals is named ‘attractiveness’ and
evolves in time as well. The attractiveness is taken to diffuse around properties that
have just been victimised, being boosted by the number of crimes being committed
and decaying to a baseline level in the absence of crime. Under these assumptions,
the following system of strongly nonlinear, coupled PDEs is formed:

2



Chapter 1: Introduction

∂B
∂t = η∇2B+ ρ (A+ B)− B

∂ρ
∂t = ∇ ·

[
∇ρ− 2ρ

A+ B∇ (A+ B)
]
− ρ (A+ B) + γ

In the equations above, A represents the intrinsic attractiveness of the area whereas
B represents the dynamic attractiveness that evolves according to the actions of the
criminals. Criminal density in the area is denoted by ρ and all other parameters (γ, η)
are positive. The criminals diffuse in the absence of attractiveness andmove towards
areas with higher attractiveness. They are also removed from the system according
to the −ρ (A+ B) term and added to it with a constant rate (γ).

The authors analyse this resulting system of PDEs by performing stability analysis
and numerical simulations. These show that the solution of the equations results in
hotspot formations that persist in time (given a suitable parameter regime),
although they may move around or change in size. They also calculate an
approximate scale for hotpot separation. Seeing that the formation of hotspots of
higher criminal activity in actual cities is well established, it is only logical that the
aforementioned model (‘UCLA model’ from now onward) has been subsequently
used both by its authors and other researchers (including the author of this work)
as a basis for more sophisticated analysis. To mention a few examples, the authors
of the UCLA model use actual data from Long Beach in California, USA to test the
‘broken window effect’ they base their model on (see [72]). The addition of law
enforcement agents in the model is explored both from its authors in [38] and in a
paper by Pitcher [58]. The authors of the UCLA model use weakly nonlinear
stability analysis in a number of different lattice geometries to confirm the
existence of both subcritical and supercritical bifurcations that may lead to hotspots
and compare the varying levels of success of actual attempts to combat these
hotspots. Conditions for (global and local) existence and uniqueness of the
solutions to the equations of the UCLA model are established in Rodriguez and
Bertozzi [61] whereas in Manasevich et al. [46] the authors prove global existence
for the Pitcher model [58] that includes police when the domain is a square and
under realistic assumptions regarding the parameter regime. Finally, the idea of
criminals executing a weighted random walk is modified in Chaturapruek et
al. [14]. The authors assume that the criminals move according to a biased Levy
flight with step sizes according to a power law. They then proceed to propose a
system of discrete equations which are then converted to PDEs using the same

3
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procedure as in the UCLA model, performing both stability analysis and numerical
simulations to explore the effect the exponent of the underlying power law has on
the stability and number of emerging hotspots.

A completely different approach is taken in the work of Brantingham et al. [12, 73].
A spatiotemporal Lotka-Volterra model is used to derive hypotheses about
competition-driven territory formation between street gangs. The authors use
actual data from Los Angeles, USA to test their model and confirm that not only
does violence cluster along the boundaries between gang territories but also that
even small amounts of competition between gangs are able to shape the regions of
a gang’s influence. A further approach that utilises PDEs but varies significantly
from the UCLA model can be seen in Berestycki et al. [9]. The authors construct a
function that describes the propensity of an individual to commit a crime and
describe its rate of change in time through certain assumptions. These include,
among others, the cost-benefit analysis an individual performs before deciding to
strike and the pressure to commit a crime due to external factors such as economic
hardship and peer pressure. This procedure results in a system of partial
integro-differential equations which is used both for analytical and numerical
analysis to examine the effect the aforementioned assumptions have on the overall
crime in the region. The authors also prove the existence of a self-organised critical
state where a place that would otherwise be a hotspot (as in the UCLA model) is
reduced to a ‘warm spot’, i.e. a place where the propensity of an individual to act is
significant but the deterrence from internal and external factors is large enough to
keep the overall criminal activity to a minimum.

Another novel mathematical approach can be seen in the paper of Mohler and
Short [51] where the authors attack a well known criminological problem, that of
geographical profiling. Their objective is to estimate the probability density of the
‘anchor point’ of a criminal offender (such as house or work) using spatial locations
where he/she committed a crime. The model is implemented by making use of the
Fokker-Planck equation with various assumptions for the drift and the diffusion
coefficients to estimate the probability the offender commits a crime (or crimes) at
point x given an anchor point z. Then, the authors use Bayes’ theorem to find the
probability density of the anchor point z given that crimes were committed at
point(s) x.

4
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1.1.3 Agent-based and probabilistic models
An introductory agent-based model examining civil violence is presented in
Epstein [21], whereas in Gordon et al. [26] the authors adopt a different approach
by modelling the level of law enforcement necessary in a society to keep overall
crime under specific limits. The basic assumption of the Gordon et al. model,
namely that punishment has a deterrent effect on criminality, leads to the
conclusion (backed by numerical simulations) that smaller scale crimes should not
be left unpunished as this may result in an avalanche effect on overall crime in the
society. This is not only supported from existing crime literature but also seen in
the analysis that will follow (Chapter 2). A more specific crime type, residential
burglary, is modelled in a series of papers from Malleson et al. [43–45]. The
characteristic distinction of this work is the incorporation of a realistic behavioural
framework that governs the agents’ actions. More specifically, the model accounts
both for variation in the behaviour of the agents from day to day and for other
environmental effects. The authors construct a domain loosely based on Leeds, UK
and perform simulations with realistic results. Actual data regarding residential
burglaries are then used to both evaluate the performance of the model and enable
the authors to include socio-economic factors in their modelling.

A different approach is followed in the work of Nadal et al. [54]. All agents in the
society are assumed to have a certain ‘honesty index’, which may increase (resp.
decrease) after successful (resp. unsuccessful) victimization attempts. Each agent
has a probability to commit a crime based both on his honesty index and the
probability of being punished. The existence of a critical line in the parameter
regime is confirmed, giving rise to two basic scenarios: low honesty index for
everyone and subsequently vast amounts of crime and increasing honesty indexes
for all agents that leads to a stabilisation to the total crime rate.

Agent-based models are often able to capture and reproduce complex behaviours
such as crime significantly better than an ODE or PDE model, albeit at the cost of
less insight as to the reason behind these behaviours. A characteristic example is
the work of Davies et al. [19] where an agent-based model is set up based on a
network that represents the actual road network of Toulouse, France. Numerical
simulations show the positive effect the inclusion of a road network has not only
on the reproduction of realistic scenarios regarding street crime but also on the
analysis of policy interventions.
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1.1.4 Game theory and point processes models
One of the most novel approaches in crime modelling is the use of game theory.
One could arguably consider these types of models as a middle way between
differential equations models and agent-based modelling, as what they typically
lack in terms of realism compared to ODE and PDE models is offset by the
significantly more opportunities for analysis they offer, compared to that of an
agent-based model. An illustrative example is the work of Short et al. that
describes both the overall distribution of crime in an area [47] and the
self-formation of clusters of criminal coalitions [47]. These types of models view
crime through the lens of an adversarial evolutionary game and partition the
players into groups with specific properties, such as ‘paladins’ (law-abiding
citizens), ‘villains’ (active criminals), ‘apathetics’ (lawful but unwilling to cooperate
with police) and ‘informants’ (criminals that cooperate with police). The authors
propose rules for the behaviour of the players and analyse the resulting model
mainly by transforming it into a system of ODEs and performing stability analysis.
Numerical simulations show that significant reduction in overall crime can be
achieved by increasing the number of ‘informants’, i.e. the percentage of citizens
willing to cooperate with the police, even though these are criminals themselves.
The authors further explore this result in [68] by posing the natural question ‘how
many informants are needed to obtain the desired reduction in overall crime’. This
is expressed in terms of an optimal control problem which is solved numerically
for a variety of parameter sets and player strategies, leading to findings consistent
with sociological literature.

A completely different approach, inspired by forecasting of physical phenomena,
makes use of point processes to model crime. An obvious similarity exists between
earthquakes and crime in that both usually evolve via a contagion-like process. It is
highly probable that a residential burglary will be followed in the immediate future
by a series of other burglaries nearby (‘broken windows effect’ again), the same
way that an earthquake will be succeeded by a series of aftershocks, typically of
lower intensity. This similarity is explored in a number of papers by Mohler et
al. [52, 71] in which actual crime data are fitted to a Hawkes process, resulting in an
estimation of the underlying background crime rate. For example, after a
residential burglary, the risk of repeat victimisation remains elevated for
approximately a week, reverting to a lower level and remaining there for a time
interval of the order of several hundred days before finally decaying completely to
the baseline rate. This result is in agreement not only with literature on repeat
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victimisation but also with the UCLA model [72]. The same process is also used to
fit gang activity data and estimate the intensity rates of inter-gang violence in Los
Angeles, USA [71].

1.1.5 Miscellaneous models
In the crime modelling literature one may find models that do not fit explicitly in
one of the previous categories, although almost all of them are influenced by some
of the aforementioned models. A characteristic example can be seen in the paper of
Davies et al. [20] that models the London riots that took place in August 2011. The
authors propose a mixed model that incorporates elements from epidemiological
approaches (in particular SIR tomodel citizens turning into rioters) and probabilistic
models (e.g. higher probability of rioting in more deprived areas) to construct and
simulate a number of equations that describe rioting.

1.2 Aims of this research
With this piece of research we attempt to build upon the already established base of
ODE and PDE models. However, we intend for our models to be based on actual
data rather than base the assumptions of our models on criminological theories. If
we are able to confirm that a data-based model leads to results that are consistent
with a theory-based model, then this reinforces the view that the model is solid and
can be possibly utilised for predictive purposes.

As a secondary point, we also want to avoid looking at a crime as a single, uniform
entity. Instead, we opt to look at (arbitrarily defined) categories such as serious and
minor crime, in an attempt to see whether these categories are correlated, what is
their evolution in space and time andwhethermore information about the behaviour
of one category can lead to better understanding of the other category.
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Data Analysis

2.1 Introduction
Before we propose a model that aims to describe criminal evolution in an area, it
would be sensible to examine data on criminal activity. We should mention though
that what will follow is not a traditional exploratory data analysis, but rather an
attempt to extract temporal and (to a lesser extent) spatial patterns in criminal
activity, patterns that we can use as a basis for a mathematical model. Our goal is a
model that describes the relationship between two different crime types, serious
and minor crime. To this end, we use a dataset which contains all crimes, as
reported by the police, in England for a period of three years and three months,
obtained from the UK police website (https://data.police.uk). Each criminal
activity is categorised into one of sixteen different types. Apart from this
categorisation, the month each crime is committed as well as an approximate
location is available. The fact that the location of each crime is only approximate
(mainly for data privacy reasons) does not render our analysis invalid - to mitigate
this, we will look at the data at a metropolitan area level (in terms of area), rather
than focusing on the exact geography of a city. Communication with police officers
has also confirmed that the police recorded data massively underestimate the true
amounts of crime in an area. This does not worry us as we will mainly attempt to
extract qualitative characteristics of the data and focus on the similarities and
differences of specific crime categories. When the quality of the dataset and the
uncertainty about its representativeness is important (such as when the data will be
used for parameter estimation purposes in the following chapter), this limitation
will be specifically accounted for. In general, despite the uncertainty present in the
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dataset (monthly basis instead of daily, imprecise locations), we may safely use it
for an initial macroscopic analysis of crime patterns, as evidenced in [76].

2.2 Examining Serious and Minor Crime
Serious Minor Discarded
Burglary Public disorder & weapons Drugs
Robbery Shoplifting Other crime

Criminal damage & arson Vehicle crime Anti-social behaviour
Violent crime Other theft

Violence & sexual offences Theft from person
Public order

Possession of weapons
Bicycle theft

Table 2.1: Categorisation of criminal activities present in the data into
serious and minor crime.

As a first approach, let us examine the distribution of crime in time in some
metropolitan areas in England. At this point, it’s important to mention that the
datasets for these metropolitan areas do not only cover strict city areas but also the
areas nearby. More concrete details will be provided later at this chapter
(Section 2.5) when we examine the spatial distribution of crime in Manchester. To
proceed with our analysis, we merge all datasets for each area and aggregate the
number of crimes of each type on a monthly basis. Because of the large number of
categories available, we combine some of these into two larger, arbitrarily defined
categories, serious and minor crime, to simplify the analysis. Discarding some
crime types is also useful, due to their ambivalent nature. Communication with
crime scientists indeed confirmed that labels such as “drugs” tend to be unclear
and should best be omitted within the context of an initial analysis. The detailed
categorisation is shown in table 2.1. An alternative (and potentially more objective)
categorisation could have been created by using the Cambridge Crime Harm Index
(CCHI), where the severity of each crime is equal to the minimum number of days
in prison, as suggested in England and Wales (see [65] for more). However, we
opted against this approach as the categorisation of crime types present in the data
differs significantly from the CCHI categorisation. For example, while our dataset
contains only one type of ‘burglary’ event, the CCHI contains 13 distinct categories
associated with burglary. It is worth keeping in mind that not all e.g. serious crime
has the same degree of not only severity but also reoccurrence. A typical example
is a homicide (something that an individual criminal would typically only commit
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once) vs a burglary (where repeat victimisation is quite common). This is
accounted for in our modelling process by people being defined as ‘criminals’ only
for a specific time window - not a perfect solution, as a criminal could potentially
act more than once during this window, but a satisfactory one for an initial data
analysis.

After the data have been cleaned and formatted, we can plot time series which
describe the evolution of the total number of crimes (serious and minor) in a
specific area on a monthly basis, as shown in Figure 2.1. The first impression one
gets from studying the time series is the way serious crime mimics the behaviour of
minor crime (and vice versa). Local maxima (resp. minima) of serious crime
coincide with those of minor crime in the overwhelming majority of cases. This
trend is very strong in all metropolitan areas examined and is something that
should definitely be taken into account when modelling this situation. A further
trend that is evident in a number of cities, albeit to a different degree, is that of
periodicity on a yearly basis. This phenomenon is not nearly as strong as the first
trend we noticed and needs additional testing to confirm. We will further examine
the periodicity of the time series later in this chapter. In general though, the
literature on crime and seasonality suggests that this is usually the case (see [28] for
seasonality in property theft and [5] for more crime categories).

2.2.1 Looking at crime as time series
Our goal is to propose a model where serious and minor crime have a causal
relationship. The time series graphs certainly point towards a causal link, as both
serious and minor crime seem to have the same qualitative behaviour. To further
test this observation, we can calculate correlation coefficients in our sample. We
mainly use Pearson’s r, a coefficient ranging from −1 to 1 which shows trends of
linear relationship between two variables and is defined as

rxy =
∑n

i=1(xi − x)(yi − y)√∑n
i=1(xi − x)2(yi − y)2

(2.1)

where x and y are two random variables (here e.g. serious and minor crime), n is the
number of samples (here the number of data points per crime type or the number of
months, in a monthly resolution) and x and y are the average values of x and y. A
value of +1 or −1 indicates that the relationship between two variables is perfectly
described by a linear function of the form y = ax+b. Conversely, smaller (in absolute
value) coefficients indicate weaker or no correlation at all. Additionally to Pearson’s
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Figure 2.1: Total serious (red) and minor (blue) criminal activity per month
between September 2011 and January 2014 (urban areas).
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r, we calculate Spearman’s ρ, a more general measure of statistical dependence that
ranges from−1 to 1, which assesses howwell the relationship between two variables
can be described using a monotonic function. This is defined by

ρxy = 1− 6∑n
i=1 d2i

n(n2 − 1) , (2.2)

where n is again the number of samples and di is the pairwise distance of the ranks
of xi and yi. These distances are calculated by sorting the raw data first by e.g. x and
calculating the difference between the ranks of each xi and yi. For example, if the
first point is (x1, y1), then sorting by xmeans that x1 will have (by definition) rank 1
whereas y1 will have rank, e.g. k (where k = 1 is a possibility). Then we have that
d1 = 1− k.

The statistical significance of both correlations can be tested using the Fisher
transformation and calculating the relevant p-values. For a specific Pearson’s r, the
Fisher transformation is defined as follows:

F(r) = 1
2 ln

(1+ r
1− r

)
. (2.3)

This results in z being approximately normally distributed with a mean of

E(F(r)) = 1
2 ln

(1+ ρ
1− ρ

)
(2.4)

and a standard error of (n− 3)−1/2, where ρ is the true value of Pearson’s correlation
coefficient r and n is the sample size. To calculate the p-value for the null hypothesis
that r = r0 = 0, we then use the following transformation:

z = F(r)− F(r0)√n− 3 =
F(r)− 0√n− 3 . (2.5)

The p-value for a specific value of z, e.g. z0, can now be obtained from the normal
cumulative density function

Φ(z) = 1√
2π

∫ z

−∞
e−t2/2dt (2.6)

and will be equal to p = 2Φ(z) with z = z0 fixed by equation (2.5) on taking r given
by the statistically estimated value of the (true) parameter ρ. Now the standard
hypothesis testing can be applied, with a p-value lower than a certain threshold
(here chosen to be 0.05) signifying that we can reject the null hypothesis of r = 0
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and therefore of the variables being independent. A very similar process can be
used to obtain p-values for Spearman’s ρ, again by using the Fisher transformation
in equation (2.3). In the case of the null hypothesis where ρ = 0, equation (2.5)
becomes

z =
√

n− 3
1.06 F(ρ) (2.7)

where z is approximately normally distributed (see [16]) and therefore the p-value
is calculated as in the case of Pearson’s r, i.e. p = 2Φ(z) for z given in
equation (2.7).

Some results of the calculations can be seen in table 2.2, whereas the full results can
be seen in tables 6.1 and 6.2. S andM denote serious and minor crime respectively,
whereas ΔS and ΔM are forward differences such that if Si is the total crime rate
for month i, we have ΔSi = Si+1 − Si. One can think of these forward differences as
approximate discrete derivatives that provide a way of measuring the rate of change
of S andM. Hence, correlations between them and S andM can indicate a possible
functional dependence of these derivatives on serious and minor crime.

Each half of the first two columns in table 2.2 indicates that there exists a strong
negative correlation between S and ΔS (resp. M and ΔM). Hence, when serious
crime S increases, its rate of change ΔS will tend to decrease whereas when S
decreases, ΔS will increase. Therefore, a negative feedback loop is formed for these
variables, which will revert S to its mean value whenever it jumps significantly.
This kind of behaviour can be explained by having criminals being removed from
the system more rapidly as the crime rate increases; more crime leads to more
arrests and sentencing [40]. The same reasoning can explain the relation betweenM
and ΔM as well. It is important to mention that this is a causal explanation for what
is not necessarily a causal relationship between serious and minor crime - after all,
both r and ρ indicate correlation and not causation. Nevertheless, these findings
give us no reason to preclude the existence of a causal relationship.

The third and fourth columns in table 2.2 reinforce our initial impressions from the
time series as it shows the existence of a strong linear correlation between serious
and minor crime, with a Pearson’s r of 0.69 for the aggregated data. ΔS and ΔM
exhibit the same kind of relation, indicating that the serious and minor crime rate
vary in the same way. Finally, we have calculated the correlations between S and
ΔM and between M and ΔS. These computations aim to see if there is any
correlation between one crime type and the rate of change of the other, which
seems to be the case but only for the S-ΔM coefficient, as most coefficients for the
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Pearson’s r

S− ΔS M− ΔM S−M ΔS− ΔM S− ΔM M− ΔS
Birmingham −0.58 0.01 −0.48 0.02 0.67<0.01 0.58<0.01 −0.56 0.01 −0.09 0.69
Manchester −0.52 <0.01 −0.52 <0.01 0.58<0.01 0.80<0.01 −0.58 <0.01 −0.29 0.13
Leeds -
Bradford −0.47 0.01 −0.55 <0.01 0.58<0.01 0.71<0.01 −0.46 0.01 −0.22 0.26

Liverpool -
Merseyside −0.58 <0.01 −0.66 <0.01 0.67<0.01 0.71<0.01 −0.35 0.07 −0.55 <0.01

Newcastle -
Sunderland −0.54 <0.01 −0.55 <0.01 0.61<0.01 0.56<0.01 −0.22 0.26 −0.38 0.04

Nottingham -
Derby −0.53 <0.01 −0.57 <0.01 0.57<0.01 0.45 0.02 −0.51 0.01 0.01 0.98

Entire dataset −0.61 <0.01 −0.60 <0.01 0.69<0.01 0.87<0.01 −0.65 <0.01 −0.43 0.02

Table 2.2: Pearson’s r calculated using data from September 2011to
December 2014. The coefficients are in the left columns whereas the
respective p-values are on the right. S and M represent serious and minor
crime respectively and ΔS and ΔM are forward differences, e.g. ΔSJune =
(Total amount of serious crime in July) - (Total amount of serious crime in
June).

other case are not statistically significant. This suggests that serious crime in an
area will tend to influence minor crime, a phenomenon which is frequently
observed in areas where organised crime is present. For instance, members of
gangs may “control” the amount of minor crime taking place in areas where they
are active. We shall propose, in the following chapter, a mechanism by which one
crime type can have effect, albeit indirect, on the other.

At this point, it should be mentioned that this analysis was also carried out for a
number of rural areas as well. As can be see in Figure 2.2, there are no obvious
differences in the temporal distribution of crime between urban and rural areas (see
also tables 6.1 and 6.2). A calculation of the correlation coefficients yields similar
results to those of the metropolitan areas, although the significant correlations tend
to have a slightly lower absolute value. At the moment it is unclear whether this
is a significant differentiation which would lead us to treat rural areas differently.
Within the context of this piece of research, wewill focus on the findings for themore
densely populated, urban areas. We hope to be able to carry out a more extensive
comparison between the two types of areas in the future.
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Figure 2.2: Total serious (red) and minor (blue) criminal activity per month
between September 2011 and January 2014 (rural areas).
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2.2.2 Periodicity - seasonality
It has long been known that most crime types exhibit some type of periodicity, both
of a spatial and of a temporal-seasonal form (see e.g. [18]). This phenomenon is
even stronger if we focus on specific crime types such as burglaries and robberies
([42]). When attempting to extract information from a time series and leverage this
information to build a model, knowledge of any inherent periodicity can be very
important. We will attempt to see if there is any periodicity in our time series and, if
that is the case, to also estimate it. We will mainly use two methods, one of which is
based on analytical calculations while the other is graphical. Let us begin with the
former, namely fitting a model to the data.

2.2.2.1 Fitting an autoregressive model

Themain idea of this method is to determine the dominant frequency from a spectral
analysis of the time series. The process is as follows:

1. Remove the linear trend from the time series.

2. Fit a number of autoregressive models of the following form:

Xt = c+
p∑

i=1
φiXt−i + εt (2.8)

Here, Xt is the value of our time series at time t, φ are the parameters of the
model, c is a constant and ε is white noise. It is also implicitly assumed that
p < n, i.e. the number of parameters in the model is strictly smaller than the
number of data points of our time series (here, the number of months).

3. Choose the best model by some model-selecting method. Here, we used the
Akaike Information Criterion (AIC = 2k − 2 ln(Lmax), where k is the number
of estimated parameters in the model and Lmax is the maximum value of its
likelihood function) [2]. The model with the lowest AIC is the preferred.

4. Calculate the autocovariance function of the selected model, and take its
Fourier transform to obtain the spectral density function.

5. Find a (possibly local) maximumω of the spectral density function. The period
then is estimated to be T = 1/ω, rounded to the nearest integer.

As an example, we will show the derivation of the spectral density function for the
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simplest autoregressive model, which is obtained by setting p = 1:

Xt = c+ φXt−1 + εt, (2.9)

with εwhite noise (zero mean and constant variance σ2ε). Taking expectations in the
equation of the model above and denoting by μ the mean E(Xt) gives us

μ =
c

1− φ . (2.10)

The autocovariance function is

K(Xt+n,Xt) = E(Xt+nXt)− μt+nμt =
σ2ε

1− φ2φ|n| = Kn, (2.11)

where t, t + n are moments in time. Finally, taking the Fourier transform of the
equation above gives us

Φ(ω) = 1√
2π

∞∑
n=−∞

Kne−iωn =
1√
2π

( σ2ε
1− 2φ cosω+ φ2

)
(2.12)

and we can then find the points of its maxima, say ωi, which will give us an estimate
of the periodicities Ti = 1/ωi.

We can now implement this methodology for the best autoregressive model (after
this has been chosen by the AIC) and subsequently calculate the maximum of the
respective spectral density gives us an approximation of the period of the time
series. This method is quite robust and can be used on a variety of generic time
series, without assuming any prior knowledge about the existence of periodicity
and/or its approximate value. By using this method for both crime types in all of
the urban areas, we can get an estimate of the period, shown in table 2.3. Both
crime types in most areas exhibit yearly seasonality. Newcastle is a notable
exception with an estimated period of 6 months for both crime types, whereas
minor crime in Nottingham has no detected periodicity - at least with the method
that we have used and the data at our disposal. It is important to mention that our
goal is not an accurate measurement of periodicity, but rather a confirmation of
what we saw when plotting the time series, namely that the existence of periodicity
in our data is a strong possibility. It is for this reason that we use two different
methodologies.
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City Period (months) City Period (months)

Birmingham 12 Manchester 12
Leeds 12 Newcastle 6

Liverpool 12 Nottingham 12
Birmingham 12 Manchester 12

Leeds 12 Newcastle 6
Liverpool 6 Nottingham 1

Table 2.3: Periods estimated by the autoregressive model. The top half of
the table is for serious crime while the bottom is for minor.

2.2.2.2 Calculating the X 2 periodogram

Another well known method for estimating the period is the X 2 periodogram. The
main idea is to construct a graph of the power spectrum of the time series versus a
number of frequencies. The frequency ω that corresponds to the maximum of the
power spectrum is the dominant one and the period is again estimated as T = 1/ω.
Usually these maxima are discovered by looking at the graph but it is possible to
automate this method so that the location and value of the (possibly local) maxima
can be returned by a computer program. Here we have used Welch’s method (see
[59]) which is well-known for its robustness as it has been routinely used in very
noisy data that have inherently stable periodicity, such as circadian data, even
though it is not without limitations (e.g. underestimating periods lower than a
specific limit - see ([75] for more). The main idea behind Welch’s method is to first
divide the signal into a number of overlapping segments of equal length (adding
extra zeroes if needed). We then compute the periodogram for each segment after
having applied a window function to it and, finally, we take the average of all
periodograms. The segments need to be overlapping as most windows functions
provide more information about the data at the centre of the window compared to
the boundaries - making sure that the segments overlap mitigates this.

Looking at Figures 2.3 and 2.4, it is evident that in 4 out of 6 major cities, a power
spectrum peaks at a frequency of either ω0 = 0.167 or ω0 = 0.083, resulting in a
period T0 = 1/ω0 = 6 or 12 months respectively. In the case of 12 months, this
means that there is a repeating trend in e.g. serious crime every January. This is
consistent with what we observed when plotting the time series, where
peaks/valleys would repeat around the same month every year. The other case,
that of T = 6 months, is almost identical to the one from the method above - the
fitting of an autoregressive model. What this result means is that if e.g. serious
crime in these cities tends to peak around January, it will also do so in July and not
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Figure 2.3: X 2 periodogram usingWelch’s method. The frequency is on the
x axis while the power spectrum is on the y axis (which is in log10 scale).
The location of the maximum (apart from the obvious one at the origin) is
an indication of the frequency of the time series.
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Figure 2.4: X 2 periodogram usingWelch’s method. The frequency is on the
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The location of the maximum (apart from the obvious one at the origin) is
an indication of the frequency of the time series.
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only in January of the following year. The reasons behind this behaviour, if our
estimation of the period is indeed correct, are not entirely clear. One possible
explanation is that there exist two separate processes the drive the overall temporal
behaviour of crime in these specific areas, one of them working on a 12 month cycle
while the other on a 6 month cycle. It is also possible that this is the case for the
other 4 cities where we calculated a period of 12 months, the difference being that
the effect of the 6 month cycle process is too small for our methods and our data to
detect. In any case, the resulting periods are exactly the same in all cases for serious
and minor crime, even though the graphs vary slightly, reinforcing our assumption
that there is no reason to treat both crime categories differently, at least on a
temporal level.

Overall, while this analysis on periodicity is far from exhaustive, it can give us
some pretty good indications on existing trends and patterns, at least on a monthly
resolution. What is also evident though is that different cities can have different
periods and therefore any realistic model of criminal activity in a specific city
should also have the period as a parameter specific for this city.

2.3 Comparison with USA data
2.3.1 Time series and correlation
It would be interesting to know whether the analysis above is specific to the UK
only or translates reasonably well in a different setting. To this end, we now turn
our attention to the United States of America. We have sourced crime data for three
large cities from the respective police departments: Chicago [62], Houston [34] and
San Francisco [62]. While these three datasets would definitely fall under the ’urban’
category we have used thus far, there are many differences with the UK cities we
have examined. Specifically, both their population and their areas are significantly
larger than the typical large UK city (e.g. Manchester or Birmingham).

The data for the US cities are in a different format from that of the UK. The two
main differences are the daily (rather than monthly) resolution as well as the list of
possible crime categories. To name a few, Chicago data have 31 different categories
while Houston only 7. Even thoughwe have tried to group these categories into two
large serious/minor groups that are as close as possible to the UK categorisation, it is
obvious that a complete one to one correspondence between the two nations’ data is
not possible. After our serious/minor groups are defined, we aggregate everything

21



Chapter 2: Data Analysis

70
08

00
90
01
00
011

00

Oc
t Jan Ap

r Jul Oc
t Jan Ap

r Jul Oc
t Jan Ap

r Jul Oc
t

Houston

20
0
40
0
60
0
80
0

Jan Ap
r Jul Oc

t Jan Ap
r Jul Oc

t Jan Ap
r Jul Oc

t

Chicago

50
70

90
11
0

Oc
t Jan Ap

r Jul Oc
t Jan Ap

r Jul Oc
t Jan Ap

r Jul Oc
t

San Francisco

30
50

70
90

Jan Ap
r Jul Oc

t Jan Ap
r Jul Oc

t Jan Ap
r Jul Oc

t

Chicago - Serious crime scale 10−1
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on amonthly basis as someUSAdata have daily resolution. We also discard data that
are not from the same time frame as for theUK analysis (September 2011toDecember
2014).

Let us begin by plotting the time series of Serious and Minor crime (Figure 2.5).
The graphs for Houston and San Francisco look qualitatively similar to those of
most English cities, with both crime types increasing and decreasing at the same
time. Chicago on the other hand looks quite different: the top left graph of
figure 2.5 shows a difference of an order of magnitude between the two crime
types. In an attempt to see if the temporal evolution is similar to other cities’
despite the difference in scale, we have plotted the same graph below, having
decreased the amount of serious crime by a factor of 10. This graph looks quite
close to what we’ve seen so far - the spikes of the two crime types may differ in
magnitude but the temporal evolution is consistent with the overall pattern.
Generally speaking, it is not easy to identify a single reason behind this difference
in amount of crime. Data quality issues, different crime type categorisation or
simply an inherent trait of this particular location are all valid reasons. The fact
that, if we disregard this difference in amount, the temporal evolution profile does
not differ significantly from what we expected, is quite reassuring and gives us no
particular reason to exclude Chicago as a candidate city for a mathematical model
with the characteristics identified thus far in this chapter.

2.3.2 Periodicity - seasonality
Using the methods of Section 2.2.2, we will try to examine the seasonality for these
three US cities. Let us begin with the X 2 periodogram (Figure 2.6). The results are
interesting: minor crime in Chicago shows the usual yearly seasonality. However,
there are plenty of cases where the 6/12 month pattern breaks, such as serious
crime in Chicago with a period of approximately 4.8 months or serious crime in
San Francisco, with an estimated period of 8 months. Finally, calculations for
Houston show estimated periods of 6 and 8 months for serious and minor crime,
respectively. If we now estimate the period by fitting an autoregressive model, the
waters are muddied even further (see table 2.4). Minor crime in Chicago and
serious crime in Houston are the only cases where the two methods agree but apart
from that, it is hard to get a clear picture. Serious crime in Chicago with a period of
3 months could correspond to the second local maximum in Figure 2.6, where the
frequency is ω = 0.3, but it is unclear whether that is indeed the true period or it is
because of some other reason (e.g. some data peculiarity in this specific city). In the
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same figure, minor crime in San Francisco has a very pronounced peak at
ω = 0.208, giving us the period of 4.8 months which not only have we never seen
before in a different city but is also quite distinct from the period of 6 months that
the autoregressive method estimates. Finally, in 4 out of 6 graphs, there is a peak at
ω = 0.417, resulting in a period of 2.4 months or 1/5 of a year. It is difficult to
attribute this periodicity to seasonal effects. Further analysis in more cities would
be required to see if there is indeed a cycle of 2.4 months present before attempting
to understand its origin. Furthermore, seasonality in the USA is strongly driven by
the weather. Bearing in mind that the weather patterns can vary wildly between
two different USA cities (as compared to UK cities where the weather is much more
uniform overall), it is not surprising that no strong and consistent seasonality
emerges from our analysis for these three cities. Overall, it seems that estimating
seasonality for US data can be significantly more tricky than the UK and we would
be ill advised to do generalisations or build models based on this information. For
this reason, when we start build a model at Chapter 3, we will assume that yearly
seasonality is a realistic assumption, as our findings give us no reason not to do
so.

Serious crime Minor crime
City Period (months) City Period (months)

Chicago 3 Chicago 12
Houston 6 Houston 2

San Francisco 6 San Francisco 12

Table 2.4: Periods estimated by the autoregressive model. The top half of
the table is for serious crime while the bottom is for minor.

2.4 Examining acquisitive and non-acquisitive
crime

2.4.1 Time series and correlation
We now turn our attention to an alternative method for partitioning crime in two
categories. We will separate all criminal acts according to whether they are
acquisitive or non-acquisitive. To be more precise, every crime committed that
aims to gain possession is acquisitive. All other crime types will be labelled as
non-acquisitive and we will again disregard any ambiguous crime types. This
categorisation can be seen in table 2.5. Our goal is to see which, if any, findings
thus far could also hold in this different context. We will only focus on the urban
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areas in England mentioned above, beginning by examining the temporal
evolution of acquisitive and non-acquisitive crime. The time series can be found in
Figure 2.7.

Acquisitive Non acquisitive Discarded
Burglary Criminal damage & arson Drugs
Robbery Violent crime Other crime
Shoplifting Violence & sexual offences Anti-social behaviour

Theft from person Public disorder & weapons
Other theft Vehicle crime
Bicycle theft Public order

Possession of weapons

Table 2.5: Categorisation of criminal activities present in the data
(acquisitive versus non-acquisitive crime.)

It is easy to see that, for most areas, the overall behaviour of acquisitive and non-
acquisitive crime resembles the behaviour of the serious and minor crime plots of
Figure 2.2. Both crime types tend to increase and decrease simultaneously, compared
to their values at the previous month. If we also calculate the correlation coefficients
(table 2.6), one can see a similar trend. Both acquisitive A and non-acquisitive N
crime have a strong negative correlationwith their rate of changewhile also showing
a strong positive correlation with each other, as is the case for ΔS and ΔM.

2.4.2 Periodicity - seasonality
Given the similarity in behaviour of the time series is in the serious-minor and
acquisitive-non-acquisitive cases, it would not be surprising to observe something
similar for the periodicities too. However, when applying the X 2 periodogram
method for estimating the period, the results look definitely different (Figures 2.8
and 2.9). In almost all areas examined, the dominant frequencies seem to be
ω = 0.25 and ω = 0.125, resulting in an estimated period T = 4 or T = 8 months.
This finding is true for both acquisitive and non-acquisitive crime and is not easy to
interpret from a seasonal point of view. One possible explanation is that some
other cause, rather than seasonality, is the main driving force behind the temporal
evolution of the two crime categories. Alternatively, a period of 4 months could
indeed be the case for this crime categorisation - maybe the temporal evolution is
indeed influenced by shorter cycles.

All things considered, apart from the periodicity, there are no strong signs that we
should treat the categorisation of acquisitive and non-acquisitive crime differently
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Pearson’s r

A− ΔA N− ΔN A−N ΔA− ΔN A− ΔN N− ΔA
Birmingham −0.53 <0.01 −0.49 <0.01 0.62<0.01 0.66 0.00 −0.41 0.01 −0.19 0.27
Manchester −0.52 <0.01 −0.34 0.05 0.58<0.01 0.73 0.00 −0.40 0.02 −0.24 0.17
Leeds -
Bradford −0.51 0.01 −0.61 <0.01 0.80 0.00 0.83 0.00 −0.47 0.01 −0.45 0.02

Liverpool -
Merseyside −0.54 <0.01 −0.67 <0.01 0.72 0.00 0.66<0.01 −0.54 <0.01 −0.25 0.21

Newcastle -
Sunderland −0.53 <0.01 −0.58 <0.01 0.64<0.01 0.56<0.01 −0.43 0.02 −0.21 0.29

Nottingham -
Derby −0.57 <0.01 −0.56 <0.01 0.66<0.01 0.52<0.01 −0.12 0.56 −0.49 0.01

Table 2.6: Pearson’s r calculated using data from September 2011to
December 2014. The coefficients are in the left columns whereas the
respective p-values are on the right. A and N represent acquisitive and
non-acquisitive crime respectively and ΔA and ΔN are forward differences,
e.g. ΔAJune = (Total amount of acquisitive crime in July) - (Total amount of
acquisitive crime in June).

compared to the serious-minor case. Therefore, we will continue using the latter
categorisation as a basis for building a model in Chapter 3.

2.5 Spatiotemporal analysis of serious and minor
crime in Manchester

Until now, we have only looked at the temporal evolution of crime in a variety of
different areas and crime categorisations. Let us now examine the distribution of
crime in space in a typical largeUK city - here, Manchester. To get an idea ofwhat the
distribution of crime looks like, let us assume that an e.g. serious criminal activity at
a specific location follows some unknown (continuous) probability density function
(p.d.f.) of two variables, here longitude and latitude. We can estimate the p.d.f. using
kernel density estimation, both for serious and minor crime. To illustrate this, let
us examine the case for serious crime. The kernel density estimator in general is
defined as

fn(x) =
1
n

n∑
i=1

Kh(x− xi) =
1
nh

n∑
i=1

K(x− xi) (2.13)
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where x1, . . . , xn are the observations (here the serious crimes) and K is a kernel, i.e.
a non-negative function. K also depends on h, which is a smoothing parameter. The
choice of kernel is a huge discussion on its own - usually the standard normal density
function is used unless there is a reason to choose something else, and this is what
we will be using here too. Regarding h, ideally one wants to choose it as small as the
data will allow while mindful of the bias-variance trade-off; too large h will result
in an oversmoothed curve, too small h and the curve will resemble a sum of delta
functions placed at the observations. For our estimations we have used the normal
kernel

K(x) = φ(x) = 1√
2πe

− x2
2 (2.14)

and calculated h using the normal reference rule (see [64]):

h = 1.06min(s, IQR/1.34)n− 1
5 . (2.15)

Here s is the (sample) standard deviation, IQR = Q3 − Q1 is the interquartile range
and n is the number of observations. Our goal with this methodology is to try to
get an h so that it is large compared with local variations but small compared with
macroscopic length scales - here scales comparable to the size of Manchester
itself.

We are now able to plot the contours of the two functions superimposed on a map
of Manchester and the nearby areas (top graph in Figure 2.10). As expected, the
bulk of crimes are concentrated in the centre of Manchester itself, along with other
pockets of increased criminal activity at nearby areas that are easy to spot in the
graph. The two distributions seem to coincide almost everywhere in themap, giving
us no reason to believe that there might be areas in our data where serious crime
occurs significantly more frequently than minor crime or vice versa. We have also
plotted the same contours in the smaller central Manchester area (bottom graph) -
over 80% of the total number of crimes occur inside the area of the black box.

To get a glimpse at the temporal evolution too, we have created the same graph for
the greater area after having grouped the data by month (Figure 2.11). The contours
for all months are scaled so that peak intensity remains constant in all graphs. There
is no obvious shift in the shape or the location of the contours frommonth to month,
signalling that most areas have “hotspots” of e.g. increased serious criminal activity
all year long - at least, at this resolution. It’s worth keeping in mind though that our
data only provide an approximate location for each crime.

Because the data for the UK cities cover larger areas than strict city limits, it is
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worth checking if serious and minor crime exhibit the same behaviour observed
when examined from a more zoomed in level. To allow us to do so, we will focus
on Manchester and partition the data in a 5 by 5 grid that fully covers the area of
the original dataset. We will then proceed to examine the temporal evolution of
serious and minor crime in all 25 blocks. Figure 2.12 shows that the evolution of
both crime categories is again similar with the pattern that emerges when viewing
the area as a whole: both time series increasing and decreasing at the same time. It
is interesting that there are areas where minor crime seems to be overall higher
than serious crime, such as in blocks A5 and E5. This is not easy to see from the
contour plots of the area in Figure 2.10. Conversely, the blocks that surround the
Manchester city centre (C2-C4-D2-D4) show both the amount of serious crime
being consistently higher, and the overall amount of crime being higher than the
blocks near the boundaries of the map. The numbers of these central blocks are the
ones that dominate the picture of area when viewed as one entity - as
expected.

2.6 Conclusion
We have examined the temporal evolution of crime in a number of UK urban and
rural areas by grouping criminal activities into serious and minor crimes and using
a monthly resolution of the data. As an alternative categorisation, we grouped
criminal acts according to whether they are of acquisitive or non-acquisitive nature.
This analysis was also carried out for a number of cities in the USA as well. Finally,
we had a look at the spatial distribution of crime in the area of Manchester.

Summing up our findings from analysing the data, there are two main points that
need to be kept in mind while constructing a model that describes the evolution of
serious and minor crime. First, serious crime and minor crime should exhibit the
same qualitative behaviour and secondly, both crime categories should form a
negative feedback loop with their rate of change/time derivative. In the following
chapter, we will propose a continuous model that presents these properties. The
choice of a model that describes acquisitive and non-acquisitive crime instead
would be perfectly valid. We arbitrarily selected the serious/minor case as our
analysis showed little differences between the two categorisations, mainly
regarding periodicity. Analysis of data from the USA also yielded similar results to
those of the UK cities. We will therefore build our model based on the results of the
UK urban areas.
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Ordinary Differential Equation
Models

3.1 Introduction
Research in the mathematics of crime from a differential equations viewpoint has
been a popular area in the last 15 years. While researchers have explored
significantly different aspects of crime modelling with ODEs, a common
denominator in most work to date is the type of crime the research deals with.
More often than not, researchers either use ‘crime’ as a generic term to describe all
crime which can occur or they tend to focus to a specific crime category, e.g.
burglaries. We believe that a visualisation of the way ‘serious’ crime (such as
burglaries or violent crime) and ‘minor’ crime (e.g. shoplifting) evolve and interact
would be interesting and could aid researchers towards a more thorough
understanding of crime. To be more precise, a model describing the temporal
evolution of serious and minor crime will aid enforcement agencies in predicting
medium and long term patterns of crime rate evolution, allowing them to optimise
resource allocation.

The goal of this chapter is to propose a quantitative mathematical model of serious
and minor crime. More specifically, we aim for a model that captures the dynamics
that govern the temporal distribution of serious and minor crime, as identified
through the analysis of the data. We make no attempt to base our model on social
or psychological theories of crime, electing instead to focus on it being consistent
with the results from the data analysis. We consider both deterministic and
stochastic versions of the model and exhibit its suitability in describing crime
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evolution via comparison with the actual data.

Summing up the findings from the data analysis, there are two main points that
need to be kept in mind while constructing the model. First, serious crime and
minor crime should exhibit the same qualitative behaviour. Secondly, both crime
categories should form a negative feedback loop with their rate of change/time
derivative. This assumption must hold not only because of the strong negative
correlation between S − ΔS (resp. for M), but also because the existence of a
positive feedback loop would eventually lead to an area with infinitely large
amounts of crime - a dystopian, unrealistic scenario. We will now propose a
continuous model that presents these properties.

3.2 Deterministic model
Our main goal is to obtain a model that describes the evolution of crime in a certain
area and exhibits behaviour close to the one shown in figures 2.1 and 2.2 and with
the properties of table 2.2. To this end, let us examine a model that consists of two
different types of criminals, serious and minor. We will use ρ1(t) (resp. ρ2(t)) to
denote the number of serious (resp. minor) criminals active in our area at time t. In
the spirit of Short et al. [69], the behaviour of the criminals is driven by a quantity
which we will refer to as the attractiveness of the area. One can think of the
attractiveness as an indicator of how probable it is for a criminal to act at a specific
time. To increase the flexibility of the model, we allow the attractiveness to depend
not only on the behaviour of the active criminals but also on other factors such as
time, characteristics of the area examined, or the type of crime committed. With
this in mind, we split the attractiveness into two parts,

Attractiveness = A(t) + B(t), (3.1)

where A(t) denotes the ‘intrinsic’ part of the attractiveness that depends on factors
other than the behaviour of criminals and B(t) represents the ‘dynamic’ part of the
attractiveness that is caused by criminal activity. To be more concrete, let us
suppose that knowledge of crimes being committed in an area tends to encourage
more crimes to take place. This effect would then be represented by an increase in
the dynamic B(t) term. Conversely, if the number of police officers patrolling a
certain area changes according to the number of crimes taking place, that would be
a negative effect represented again by B(t). On the other hand, changes in
attractiveness due to factors not affected by criminal activity (e.g. time of day or
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seasonality) will be accounted for by the intrinsic attractiveness A(t).

We will now discuss the behaviour of the criminals ρ1 and ρ2. Let us assume that at
a certain time t a number of individuals commit a crime. Some of those are arrested
and therefore removed from the system, whereas others appear in the system,
perhaps due to release from prison or through people becoming criminals. We first
consider how the number of criminals evolve. Because of the way attractiveness is
defined, we assume that the total number of crimes of type i committed at time t is
proportional to the product of the total attractiveness A + B by the number of
criminals ρi. We then take the rate of loss of criminals, through arrest and
conviction, to be a constant multiple of the rate at which crimes are committed,
namely kiρi (A+ B), i = 1, 2. This results in a contribution to the rate of change of
the number of criminals of the form

− kiciρi (A+ B) , i = 1, 2, (3.2)

where ki and ci are constants of proportionality. It is however considerably more
difficult to propose a form for the term which represents the generation of new
criminals. To simplify the analysis to follow, we will consider it as constant and
name it γ1 (γ2) for the creation of serious (resp. minor) criminals. Therefore, the
evolution in time of the number of criminals of either type is described by the
following equation:

dρi
dt = replacement criminals− constant× crime rate, i = 1, 2. (3.3)

These can be rewritten in more detail as two evolution equations for our two types
of criminals:

dρ1
dt = γ1 − k1c1ρ1 (A+ B) , (3.4)

dρ2
dt = γ2 − k2c2ρ2 (A+ B) . (3.5)

Let us now examine the behaviour of the dynamic part of the attractiveness, B(t).
Every crime that is committed increases B(t) and therefore the dynamic
attractiveness is boosted by a term proportional to the total number of crimes of
both categories committed. We use the term

(λ1ρ1 + λ2ρ2
)
(A+ B) (3.6)
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to model this boost, where λ1 and λ2 are constants. Note that we have implicitly
assumed that the dynamic attractiveness B(t) is global rather than local, in the sense
that criminals may exchange information about crimes committed. This is consistent
with the growth part of the attractiveness in the spatio-temporal model in [69]. We
further assume that B decays exponentially in time. Hence, the evolution equation
for this part of the attractiveness is

dB
dt =

(λ1ρ1 + λ2ρ2
)
(A+ B)− ωB, (3.7)

where ω is the (constant) decay rate. This equation, together with equations (3.4)
and (3.5), forms a 3 × 3 nonlinear coupled system of ODEs. Although this model
form is mathematically similar to the one of Short et al. [69], the interpretations of
the two models vary considerably. Whereas the Short model takes into account
diffusion of both criminals and attractiveness as well as local spatial effects, the
model proposed above describes the temporal evolution of two types of criminals
in a larger scale.

To simplify the analysis to follow, let us define Ki = ciki, i = 1, 2. We can now
confirm the existence of a negative feedback between both crime types and their
derivatives, a characteristic we noted in the data analysis section as well. When
serious crime S increases, the

(λ1ρ1 + λ2ρ2
)
(A+ B) term in equation (3.7) will

increase as well. This will boost the dynamic part of the attractiveness B which will
in turn cause the −k1ρ1 (A+ B) term in equation (3.4) to decrease, ultimately
decreasing dρ1/dt. The same hold for ρ2 and its derivative as well. At this point we
should note that the behaviour of ρ1 and ρ2 is, in general, symmetric, mirroring the
behaviour of serious and minor crime in the data analysis. Despite the symmetric
form of all three equations, it is possible to introduce asymmetry in the model in an
indirect way by altering the sizes of λ1 and λ2.

An alternative form of the model can be obtained if we assume that the dynamic
attractiveness B is more ‘personal’, that is information is not shared between
criminals so that only those who have committed a crime are aware it has taken
place. This would replace the

(λ1ρ1 + λ2ρ2
)
(A+ B) term in equation (3.7) with a

term of the form c (A+ B), resulting in an uncoupled equation for the
attractiveness. This simpler version however does not link ρ1 and ρ2 and is
consequently not consistent with the results of the data analysis. Therefore, we will
continue our analysis with the more complicated form of the model because of its
greater flexibility and therefore increased ability to fully grasp the dynamics at
play.

39



Chapter 3: Ordinary Differential Equation Models

3.2.1 Stability
As a first step, we can write the equations of the system in non-dimensional form.
We begin by looking for natural scales of quantities present in the model. A natural
choice for the time scale is τ = 1/ω, as this is the relaxation time for the dynamic
attractiveness B. We also scale ρ1 (resp. ρ2) by ω/λ1 (resp. ω/λ2) as this gives a
balance of the B terms on the right hand side of equation (3.7). Finally, B is scaled in
a way to balance the left hand side (rate of change of serious crime) and the second
term (criminal removal rate) on the right hand side of equation (3.4). We therefore
scale variables as follows, denoting dimensionless quantities with a hat:

t̂ = 1
ωt, ρ̂i =

ω
λi
ρi, B̂ =

ω
K1

B. (3.8)

At the moment, we have limited information on the magnitude of the intrinsic part
of the attractiveness A and will therefore scale it in the same way as the dynamic
attractiveness:

Â =
ω
K1

A. (3.9)

Finally we introduce the dimensionless constants

γ̂i =
ω2

λi
γi, K =

K2
K1

, i = 1, 2 (3.10)

and after dropping the hat notation, the system of equations can now be written
as

dρ1
dt = γ1 − ρ1 (A+ B) , (3.11)

dρ2
dt = γ2 − Kρ2 (A+ B) , (3.12)

dB
dt = (ρ1 + ρ2) (A+ B)− B. (3.13)

For simplicity, let us now consider the above systemwith the intrinsic attractiveness
being constant,A(t) = A. It is easy to see that there exists a unique equilibrium point,
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namely

ρ̄1 =
Kγ1

AK+ Kγ1 + γ2
, (3.14)

ρ̄2 =
γ2

AK+ Kγ1 + γ2
, (3.15)

B̄ =
Kγ1 + γ2

K . (3.16)

We can now use the Routh-Hourwitz criterion to prove that the steady state is stable
for any choice of parameter values. The characteristic polynomial of themodel above
has the form λ3 + a2λ2 + a1λ + a0 and its coefficients evaluated at the steady state
are

a2 =
AK

K (A+ γ1
)
+ γ2

+ (K+ 1)
(A+ γ1

)
+

γ2(K+ 1)
K

a1 = 2γ2
(A+ γ1

)
+ γ1

(
2AK+ γ1K+ 1

)
+ A(AK+ K+ 1) + γ2 +

γ22
K

a0 =
(K (A+ γ1

)
+ γ2

) 2
K .

The first two Routh-Hurwitz conditions state that a2 and a0 must be positive, which
obviously hold in our case. Similarly, the final condition is a2a1 > a0 and, after
substituting and rearranging, this results in

γ1k
(A2(2k(2A(k+ 1) + k+ 2) + 3) + Aγ1(k(6A(k+ 1) + k+ 2) + 3)

+ γ21
(
4Ak(k+ 1) + γ1k(k+ 1) + 1

)
+ A)+ (A+ 1)A2k(k+ 1)(Ak+ 1)

+ γ2
(γ1 (γ1 (3Ak(k+ 1) + γ1k(k+ 1) + 1

)
+ A(k(3A(k+ 1) + k+ 2) + 2)

)
+ A(A(k+ 1)(Ak+ k+ 1) + k)) 1

Ak+ γ2 + γ1k
> 0.

The above inequality holds for all (positive) parameter values, resulting in a single
global stable equilibrium.

Typically nondimensionalisation is used not only to simplify algebraic calculations
(as in the stability analysis) but also to extract valuable information on the behaviour
of the model from themagnitude of the variables in it. This informationmight result
from, among other methods, recovering characteristic properties of the model (such
as an intrinsic minor crime rate) or from an asymptotic analysis. However, due to
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the nature of what we are trying to model in this work (serious/minor crime), it is
almost impossible to use any of these methods. There are no intrinsic quantities that
can be confidently uncovered from the data and asymptotic analysis will not help as
we have very little information on the magnitudes of the parameters in our model.
Assuming that we can obtain realistic parameter values, asymptotic analysis will be
an option (see also section 3.4).

3.2.2 Numerical results
We will now return to the dimensional model in an attempt to see what its solution
looks like. Despite the innocuous form of the equations of the model, finding an
exact solution is very hard due to the nonlinearity in the equations. Thus we resort
to numerical simulations to gain some insight into the behaviour of the model. The
differential equations are integrated using MATLAB’s ODE15 integrator. The
reasoning behind choosing a stiff integrator can be justified by our lack of
information regarding the parameter values and the initial data. For the
simulations presented here, we use a sample collection of parameters that are
similar to those used in [69]. These do not necessarily represent realistic values, as
at this point our main goal is to examine the form of the solutions rather than a
model that accurately describes criminal activity quantitatively.

γ1 γ2 K1 K2 λ1 λ2 ω A(t) Plot
0.02 0.01 1 1 0.7 0.2 0.2 1/30 a
0.2 0.1 2 1 2.5 1.5 1 1/30 b
0.02 0.01 1 1 0.7 0.2 0.2

(
1+ sin πt

6

)
/10 c

0.2 0.1 2 1 2.5 1.5 1
(
1+ sin πt

6

)
/10 d

Table 3.1: Parameter values used for numerical simulations as shown in
figure 3.1.

Example output from the simulations can be seen in figure 3.1. Serious crime ρ1(t)
is represented by a blue line, minor crime ρ2(t) by an orange line and dynamic
attractiveness B(t) by a green line, whereas t denotes time in months. All
simulations were run with initial data away from equilibrium when A is constant,
namely ρ1(0) = ρ̄1 + 0.5, ρ2(0) = ρ̄2 + 0.5 and B(0) = B̄ (see equation (3.14). When
A(t) is periodic, all initial conditions are equal to (ρ̄1, ρ̄2, B̄), where we have taken
the periodic part of A(t) to be equal to zero to get the equilibrium formulas. The
rest of the parameters for these plots are as described in table 3.1.
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Figure 3.1: Numerical simulations using parameters described in table 3.1.
The x-axis represents time in months, the blue line represents serious crime
ρ1, the orange line represents minor crime ρ2 and the green line is the
dynamic attractiveness B. When A is constant, the initial condition for ρ1
(resp. ρ2) is equal to ρ̄1 + 0.5 (resp. ρ̄2 + 0.5). When A is periodic, the initial
conditions for ρ1 and ρ2 are at equilibrium. Initial attractiveness B is always
at equilibrium B̄.
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We observe that when the intrinsic attractiveness A(t) is constant (a-b), all variables
settle down to their equilibrium values after some initial variation. In this initial
variation, the dynamic attractiveness B and the crime densities have opposite
behaviours, with the crime densities decreasing and the attractiveness increasing.
This is mainly because of our choice of initial conditions - both criminal densities
start at values higher than the equilibrium whereas B starts our equilibrium. As
shown in the stability analysis, the nature of the system is to drive the crime
densities down towards their equilibrium values, with B increasing temporarily as
a response. On the other hand, when the intrinsic attractiveness is periodic, it is
obvious that the system is driven by this periodicity (plots c and d). The short-term
behaviour of the system does not change significantly when moving from constant
A to periodic A, as is evident by comparing the left plots (c) and (d) with plots (a)
and (b). The resulting long-term behaviour is close to the way the number of
criminals varies in areas as in figure 2.1 and therefore this type of model should be
considered more realistic than the former. It should be noted that in both models,
the behaviour of the two criminal types is very similar, which was one of the
properties that was strongly evident during the data analysis. At this point, it is
clear that the qualitative behaviour of the model is not far from the behaviour of
the data, given that we are using a deterministic model to describe a process which
is inherently random in nature. In an effort to further increase the flexibility of the
model, we will now examine a stochastic version of it.

3.3 Stochastic models
Let us begin by identifying possible sources of randomness in our model. Some
obvious candidates for that role would be the intrinsic attractiveness A (due to
random fluctuations in the attractiveness of the area examined) or the coefficients
Ki (random fluctuations in the effectiveness of enforcement agencies). For the sake
of simplicity, we will incorporate the randomness in the criminal generation rates,
γ1 and γ2. Indeed, from a criminological point of view, there is no reason why the
‘generation’ of new criminals should not be a random process. To model this, let us
rewrite the equations for the number of criminals with the criminal generation
rates being stochastic instead of constant:

dρ1 = γ1dt+ δ1dWt − K1ρ1 (A+ B) dt,

dρ2 = γ2dt+ δ2dWt − K2ρ2 (A+ B) dt.
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Our original system now consists of one deterministic and two Itō stochastic
differential equations with constant diffusion coefficients, where Wt is the usual
Wiener process (Brownian motion). These can be solved numerically using one of
the standard SDE integrators such as Euler-Maruyama or the higher order Milstein
method. For the simulations to follow, we used the Euler-Maruyama method with
an extra modification. If the magnitude of either stochastic criminal generation rate
δi is such that it would drive either ρi to a value smaller than 10% of that at steady
state, then this parameter is set to zero for that specific step. For all simulations run,
the noise strengths δi were equal to γi/10. In plots (a-d) of figure 3.2, we present
sample output from the stochastic simulations for the parameter values used in the
deterministic case (left column). We also present plots of the total number of crimes
per month as predicted by the model (right column). This is achieved by
summing

kiρi(A+ B), i = 1, 2 (3.17)

over 30 days.

It is evident from the simulations that the behaviour of the stochastic system is
close to that of the deterministic, as expected. Altering δ1 and δ2 will change the
amount of stochasticity present in the system and can be possibly used to improve
agreement with data. We also note that the behaviour of both crime rates per
month is qualitatively very similar to that of the actual time series, a promising fact
for the ability of the model to approximate the data.

We will now further modify the criminal generation rates γi by allowing for ‘jumps’
in the number of criminals added at a certain time t. It is generally accepted in the
crime literature that criminal activity shows jumps in its behaviour. To model this
behaviour, we will use the compound Poisson process while at the same time
keeping the Wiener process in our equations. Let us define a compound Poisson
process as follows:

J(t) =
N(t)∑
i
Di. (3.18)

In this equation, the Di (the jumps) are independent and identically distributed
random variables drawn from a distribution function G. The number of jumps
occurring in a given interval [0, t] is equal to N(t), where N is a Poisson process
with an intensity rate of λ. We should also mention that the both the timing of the
jumps and the jumps themselves are independent of N(t), as the jump times are
drawn from the uniform distribution U(0, t) whereas the jumps are drawn from G,
which is also independent from N(t). It is only the number of the jumps that
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Figure 3.2: Numerical simulations of stochastic model using parameters
described in table 3.1. In the left column we plot ρ1 (red), ρ2 (blue) and
B (green), where the x-axis represents time in months. In the right column,
we plot the monthly crime rate and the x-axis represents time in months.
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depends on the Poisson process. Our system of equations for the number of
criminals can now be written as

dρ1 = γ1dt+ δ1dWt + f1dJ1t − K1ρ1 (A+ B) dt,

dρ2 = γ2dt+ δ2dWt + f2dJ2t − K2ρ2 (A+ B) dt.

For our model, we will take the distribution function of the jumps to be the normal
distribution N (0, 1). We also need the intensity rate λ for the Poisson distribution
N(t) which we will take equal to 1, as we have no further information on the
distribution. At this point, we should note that the expected value of our stochastic
ODEs for the number of criminals is the same as that of the deterministic equations,
given the distributions and parameters discussed above. This is obvious for the
addition of the Wiener process Wt as E(W) = 0 and it is also easy to prove for the
compound Poisson process. According to the law of total expectation for the
random variables J and N, we have E(J) = E (E(J|N)). We can now use Wald’s
identity to show that

E(J|N) = E(J1 + . . .+ JN|N) = E(J1|N)E(N|N) = E(G)E(N) = λtE(G) = 0 (3.19)

and therefore E(J) = 0. Simulations of the Poisson process models are shown in
figure 3.3. We can see that, while the overall behaviour of serious crime ρ1, minor
crime ρ2 and attractiveness Β is similar to the Wiener process model, it is clear that
the jumps present are both higher in number and more pronounced than those in
figure 3.2. The behaviour of the monthly crime rates (right column in figure 3.3) is
qualitatively very close to the crime rate time series discussed in the Data Analysis
chapter. It should be noted though that if any numerical comparison is to be made,
a realistic set of parameter values is needed.

A different way of assesing how accurately the stochastic models represent the time
series data is through the examination of Pearson’s correlation coefficients. In table
3.2 we present coefficients for serious and minor crime rates that were calculated
from simulations of both the Wiener process model and the Poisson process model.
A comparison with the same data for Manchester from table 2.2 shows a number of
interesting phenomena. First, the (positive) correlation between serious and minor
crime (S −M) is very strong in both stochastic simulations, a result consistent with
the crime rate data. The same observation holds for the derivatives of these variables
(ΔS− ΔM), as again the correlation in both simulations is very high.
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Furthermore, there is strong negative correlation between crime rates and their
rates of change (S − ΔS and M − ΔM) in the crime data (although not as strong as
in the S − M case). Simulations for both stochastic models do show negative
correlation for both pairs (see cases b and d in table 3.2), albeit at a smaller strength
when the time frame examined is longer (cases a and c in table 3.2). This behaviour
is to be expected due to the way our stochastic models are formed. To illustrate this,
consider S and its correlation with its derivative. Looking at the equations for
serious crime, we observe that the derivate dS/dt is influenced by at least one
source of randomness (two in the Poisson model), apart from the influence from B,
which is itself influenced by the minor crime M. Finally, M is again influenced by
either one or two sources of randomness. Considering that the Wiener noise and
the Poisson noise use different seeds in the random number generator for the
simulations, we see that the relationship between S and its derivative dS/dt is
influenced by four different sources of randomness. Therefore, the resulting
correlation coefficients are understandably smaller in absolute strength. The same
reasoning applies for correlations between S− ΔM andM− ΔS.

Overall, we can say that the behaviour of both stochastic models closely resembles
that of the crime rate data with a significant degree of confidence, at least as far as
correlations between serious/minor crime and their rates of change are concerned.
It is considerably more difficult though to compare the suitability of the two
stochastic models for a number of reasons including an absence of reliable metrics
that are compatible with our dataset. To be more precise, the evaluation of our
model performance would be much easier if we were actually able to count the
number of criminals in an area. However, the most important difficulty lies in the
fit of the model to the data. Due to the nature of the datasets at our disposal (coarse
data) and the form of the model equations (no one-to-one correspondence between
parameter set and crime rates), the parameter estimation for our models is not
straightforward, as will be seen in the next section. If the dataset was larger and its
resolution higher (such as crimes per day instead of per month), we would be able
to better calibrate the stochastic models and see if the jumps (their number, timing
and magnitude) of the Poisson model better describe the actual crime rate or if the
simpler Wiener model is sufficient. At the moment this is not feasible and therefore
the performance of both models should be considered equal.
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Figure 3.3: Numerical simulations of stochastic jump - diffusion model
using parameters described in table 3.1. In the left column we plot ρ1 (red),
ρ2 (blue) and B (green), where the x-axis represents time in months. In the
right column, we plot the monthly crime rate and the x-axis represents time
in months.
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Pearson’s r

Plot S− ΔS M− ΔM S−M ΔS− ΔM S− ΔM M− ΔS
a −0.25 <0.01 −0.28 <0.01 1.00 <0.01 0.99 0.00 −0.30 <0.01 −0.23 <0.01
b −0.55 <0.01 −0.48 <0.01 0.89 <0.01 0.80 <0.01 −0.24 <0.01 −0.57 <0.01
c −0.38 <0.01 −0.42 <0.01 0.99 <0.01 0.99 <0.01 −0.42 <0.01 −0.37 <0.01
d −0.59 <0.01 −0.49 <0.01 0.89 <0.01 0.79 <0.01 −0.26 <0.01 −0.58 <0.01
a −0.24 <0.01 −0.27 <0.01 0.95 <0.01 0.94 <0.01 −0.19 0.06 −0.12 0.04
b −0.51 <0.01 −0.43 <0.01 0.80 <0.01 0.74 <0.01 −0.16 <0.01 −0.41 <0.01
c −0.28 <0.01 −0.31 <0.01 0.91 <0.01 0.90 <0.01 −0.25 0.06 −0.19 0.04
d −0.53 <0.01 −0.41 <0.01 0.83 <0.01 0.72 <0.01 −0.18 <0.01 −0.39 <0.01

Table 3.2: Correlation coefficients (left columns) and their respective
p-values (right columns) calculated from the output of the stochastic
simulations shown in figures 3.2 and 3.3. The top part of the table contains
coefficients from the Wiener process simulations whereas the second part
contains coefficients form the compound Poisson process simulations.

3.4 Parameter estimation
An inherent problem in most types of social models is that of estimating the value
of the parameters used, coupled with the quantification of the uncertainty
regarding their knowledge. When faced with such a problem, one would usually
employ techniques such as nondimensionalisation and experimentation to reduce
the complexity of the model and obtain an estimate for the values of the
parameters. Unfortunately, in many cases this procedure may not be especially
helpful or it may even be impossible to follow at all. For example, in this model,
while nondimensionalisation significantly reduces the number of parameters from
8 to 4, it fails to help with the estimation of parameters as we have no information
regarding the baseline values of the constants that were used for the
nondimensionalisation (e.g. typical time scale). Due to the nature of the model,
experimentation is not a valid approach either. Therefore, to obtain a realistic
parameter regime, it is important to make full use of the crime data at our
disposal.

We begin by choosing perhaps the simplest procedure that yields an estimate for
the parameter values, minimising an objective function. In general, inverse
problems associated with minimising functions can be hard to solve consistently as
they are usually not well-posed. Instability of solutions is usually the culprit and
this is something that must be noted when performing this kind of parameter
estimation, as it may significantly affect uncertainty regarding the estimates
obtained. Keeping this in mind, we define an objective function F , the arguments
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k1 k2 λ1 λ2 γ1 γ2 ω c1 c2 ρ1(0) ρ2(0) B(0) A Fmin

0.50 1.05 0.30 0.08 0.81 0.77 0.03 1.05 1.23 0.91 0.33 0.53 1.40 0.06
0.69 1.87 0.54 0.69 0.35 0.66 0.01 0.46 1.05 0.38 0.11 2.17 1.18 0.07
0.34 0.87 0.11 0.69 0.92 2.18 0.02 1.19 3.45 1.00 0.31 1.55 0.98 0.07

Table 3.3: Parameter estimation for 29 months, each month being
represented by a data point for every crime category. The first row shows
the minimiser obtained from the TNC method, the second row from the
BFGS method and the third row from the SLSQP.

of which are the parameters whose value we want to estimate. This function will
quantify the difference between the total monthly crime rates from the data
analysis and that predicted by our model. One simple form for our function is the
following:

F =
∑

All months
(Serious crimedata − Serious crimemodel)2+

∑
All months

(Minor crimedata −Minor crimemodel)2 .

While executing the parameter estimation, the objective function is evaluated as
follows:

1. Fix initial data ρ1(0), ρ2(0), B(0), and an initial guess for the vector of
parameters to be estimated, defined as
p0 = (k01, k02,λ01,λ02,γ01,γ02,ω0, c01, c02,ρ1(0),ρ2(0),B(0)).

2. Solve the deterministic model numerically.

3. Evaluate Serious crimedata (resp. Minor crimedata) by calculating k1ρ1(A + B)
(resp. k2ρ2(A+ B)).

4. Substitute into the objective function and calculate its value.

5. Solve the minimisation problem, coupled with the constraint that all
parameters must be greater than zero.

The minimisation was carried out using a plethora of solvers, such as Sequential
Least Squares Quadratic Programming (SLSQP), Truncated Newton Constrained
(TNC) and the low-memory version of the BFGS algorithm (which is normally
used for unconstrained optimisation, but can handle box constraints). A general
observation is that the minimisation of F is not easy as the minimisers obtained
may vary significantly depending on the initial guess as well as the algorithm
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chosen. One possible explanation would be the existence of lots or hills and/or
valleys in the graph of F , where most Newton-based algorithms struggle. Due to
the nature of the problem, experimentation with the step size does not help either.
Despite these difficulties in the minimisation procedure, it is possible to obtain
estimates for the values of the parameters. Using these estimates (table 3.3) we can
solve the equations numerically and compare the actual crime rates with the
model-predicted ones.
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Figure 3.4: Comparison between actual crime data (dots) and deterministic
model simulation (solid lines) for the Manchester area, using parameter
values obtained from the minimisation procedure, as shown in table 3.3.
Plots in the left column were created with A constant, whereas its periodic
form was used for plots in the right column. The x-axis represents time
in months. Red colour represents serious crime and blue represents minor
crime.

In figure 3.4 we present example output from the simulations of the model. We
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performed two minimisations, first keeping the intrinsic attractiveness A constant
(left column), and then using the parameter values obtained for ki,λi,γi, ci and ω to
estimate parameters for a more general periodic form of A with a period of one
year, namely A1 + A2 sin (πt/6+ A3) (right column). We observe that the
deterministic model is a satisfactory approximation to the (random) data.
However, due to the number of parameters estimated (either 9 for constant A or 12
for periodic A), coupled with 3 initial conditions, the issue of possible parameter
redundancy has to be considered. Indeed, it is possible to obtain the same total
crime rates while altering the equations of the model. To illustrate this, let us
arbitrarily choose two positive numbers a1, a2 and consider the following
scaling:

ρi → aiρi, ki → ki/ai, γi → aiγi, ci → aici, i = 1, 2. (3.20)

It is now easy to see that the equations of the model have been modified but the
total crime rates kiρi (A+ B) remain the same. This scaling shows that there cannot
possibly be a set of unique parameters that serves as a global best fit to the crime
rate, as we can always alter parameters by a1, a2 but leave everything else
unchanged.

The availability of larger datasets would be a significant asset in improving model
training, as would be a dataset of higher resolution (e.g. crimes reported daily
instead of monthly). Furthermore, we performed the procedure above for areas
other than Manchester, obtaining qualitatively similar results in the output of the
simulations. The value of the objective function at its minimum was always
consistent with the one is Manchester’s case, ranging from 0.078 (Liverpool) to
0.045 (Southampton).

Finally, we can use the parameters obtained above for the stochastic model as well.
We used the same parameters as for the deterministic simulations and added
Gaussian noise. After running a number of simulations for each parameter set and
averaging them, we present example output in figure 3.5. We expect that, for a
large enough number of simulations, the outcome of the stochastic model should
be approximately the same as the deterministic one. Indeed, it is obvious that the
stochastic simulations are qualitatively similar to the deterministic ones, as both
crime rates fluctuate above and below their equilibrium values. A direct
comparison however between the deterministic and the stochastic model is harder
to make, as it is not easy to quantify their performance. We believe that the
deterministic model should be considered as a tool for indicating the mean
behaviour of both crime rates in the long run, whereas the output of the stochastic
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one indicates the expected variation in serious and minor crime and is qualitatively
closer to the data.

All plots and simulations in this chapter use crime data from Manchester
exclusively. In the appendix, the reader can find simulations from areas of the
same size (Birmingham) as well as smaller in population, rural areas
(Cambridgeshire). As we found out in the data analysis chapter, there is significant
homogeneity in the crime data as far as location is concerned, enabling us to focus
on Manchester. It is important to note that all main points presented on this
chapter will be valid for every one of the areas examined in Chapter 2.
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Figure 3.5: Comparison between actual crime data (dots) and stochastic
model simulation (solid lines) for the Manchester area, using the same
parameter values as in figure 3.4 with δi = γi/10 andA periodic. Red colour
represents serious crime and blue represents minor. For the plots in the left
column, 10 runs were executed and then averaged, as opposed to 100 runs
in the right column.
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Figure 3.6: Comparison between actual crime data (dots) and jump-
diffusion model simulation (solid lines) for the Manchester area, using the
same parameter values as in figure 3.4 with δi = γi/10 and A periodic. Red
colour represents serious crime and blue represents minor. For the plots in
the left column, 10 runs were executed and then averaged, as opposed to
100 runs in the right column.
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Alternative methods for parameter estimation
Least squares based estimators, such as the one used above, are not the only way
of estimating parameters in ODE models. In fact, Bayesian methods of inference
have vastly grown in popularity recently as they typically result in accurate and
robust estimates. However, we have decided against using Bayesian methods in our
model for two reasons. Firstly, the number or parameters to be estimated is large (9
parameters coupledwith 3 initial conditions) compared to the number of data points
at our disposal (39 points for each crime rate) . Secondly, we have absolutely no
knowledge on the true values of the parameters we wish to estimate and therefore
no usable basis to build our prior distributions on.

3.5 Conclusion
In this chapter we proposed a deterministic mathematical model based on ODEs
that describes the temporal evolution of serious and minor crime in a specific area.
We based our model both on the results of the data analysis chapter and on the
work of Short et al., consequently extending the model to a stochastic version to
improve its ability to describe an inherently stochastic process, such as crime rate
evolution. We then performed a parameter estimation to allow us to compare the
model to the data. As mentioned above though, it is not straightforward to say
whether our model (or any model) is ‘good’ or ‘poor’ on its own. Every model
attempts to model a phenomenon and its performance should consequently be
judged primarily on how well the phenomenon is described. In our case, the
deterministic model should be judged as a tool for indicating the mean behaviour
of serious and minor crime rates in the long run. In this respect, the deterministic
model performs well, as the system evolves to a stable steady state, equivalent to
the mean crime rate in our datasets. The stochastic models on the other hand
should be able to show the expected variation in serious and minor crime on a
monthly basis. While it is obviously unrealistic to expect that a stochastic model
will be able to perfectly predict the future, the monthly variation in crime rate that
our stochastic simulations produce is both similar to the crime rate time series from
a graphical point of view and results in correlation coefficients that are very close to
the actual ones.

There are a number of ways our model can be improved in the future. For example,
it would be reasonable to directly incorporate randomness in the static attractiveness
A instead of define it as a function of time only. A larger dataset would also ease a

56



Chapter 3: Ordinary Differential Equation Models

potential implemetation of Bayesian parameter estimation techniques. We believe
that enforcement agents or anyone with access to more detailed data will be able to
better calibrate our models and use them for medium and long term prediction of
crime evolution.
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Chapter 4

Partial Differential Equation
Models

4.1 Extension of our ODE model to PDE model
So far, we have only modelled the temporal evolution of crime in a specific area. We
now turn our attention to the spatial evolution too, being particularly interested in
seeing whether the hotspots of increased criminal activity that were observed in the
Short et al. model ([69]) will be observed here too. Let us start by considering our
ODE model of the previous chapter:

dρ1
dt = γ1 − K1ρ1 (A+ B) , (4.1)

dρ2
dt = γ2 − K2ρ2 (A+ B) . (4.2)

dB
dt =

(λ1ρ1 + λ2ρ2
)
(A+ B)− ωB. (4.3)

We begin by extending the dynamic attractiveness B(t) to a function of space too,
B(x, y, t). The evolution of B in this context obeys similar rules as with the temporal
model: the attractiveness at point (x, y) increases according to the amount of criminal
activity that occurs there at time t. It also diffuses with a diffusion coefficient of η,
similar to the Short model. Finally, it decreases with a decay rate of ω, resulting in
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an equation of the form

∂B(x, y, t)
∂t = η∇2B(x, y, t) + (λ1ρ1(x, y, t) + λ2ρ2(x, y, t)

)
(A+ B(x, y, t))− ωB(x, y, t).

(4.4)
Let us now examine the behaviour of the two types of criminal density that we now
also view as functions of space and time. We extend the equations of our ODEmodel
to the following partial differential equations.

∂ρ1
∂t = D1∇2ρ1 − C1∇ ·

(ρ1∇(A+ B))− K1ρ1(Α+ Β) + γ1 (4.5)

∂ρ2
∂t = D2∇2ρ2 − C2∇ ·

(ρ2∇(A+ B))− K2ρ2(Α+ Β) + γ2 (4.6)

The crime density ρi increases according to the criminal generation rate γi and it
reduces proportionally to the number of crimes committed at (x, y) at time t.
Criminals of type i also exhibit diffusive motion with coefficient Di as well as
convective motion via reaction with the environment, i.e. the total attractiveness
A + B. In a physical system, these convection terms represent criminals moving
towards areas of higher total attractiveness. The format for the equations
governing both densities is

rate of change of crime density = criminals diffusing − advection − constant
× crime rate + replacement criminals,

(4.7)

resulting in the equations 4.5 and 4.6. These two together with equation 4.4 form a
three by three system of nonlinear reaction-diffusion-advection equations.

We can also define initial conditions for our model that will have the following
form:

ρ1(x, y, t) = ρ01(x, y) at t = 0, ∀(x, y) ∈ Ω, (4.8)

ρ2(x, y, t) = ρ02(x, y) at t = 0, ∀(x, y) ∈ Ω, (4.9)

B(x, y, t) = B0(x, y) at t = 0, ∀(x, y) ∈ Ω, (4.10)

(4.11)

where Ω is the spatial domain of interest. There are two main forms of realistic
boundary conditions that could be considered for this model, no-flux and periodic.
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Using no-flux conditions would mean we assume that there are no criminals
entering or leaving the domain Ω and similarly no attractiveness B can diffuse into
or out of Ω. Periodic boundary conditions on the other hand are generally suited
better for approximating large domains as they try to ‘mimic’ the characteristics of
an infinite domain. This would be useful for a model that covers cities/large areas,
as is the case for most UK data examined in Chapter 2.

4.1.1 Linear stability analysis
Let us begin by nondimensionalising our model. We scale our two independent and
three dependent variables as follows:

B̃ =
C1
D1

B, ρ̃i =
λiC1
K1D1

ρi, t̃ = K1D1
C1

t, x̃ =

√
K1
C1
x, (4.12)

where we have denoted dimensional variables with a tilde. Comparing these
scalings with those of the ODE model is quite interesting. For example, whereas in
the ODE case the dynamic attractiveness B is scaled with ω/K1, here B is scaled by
the inverse Péclet number for serious crime 1/Pe, where Pe1 = C1/D1.
Qualitatively, this means that a natural scale for B in the ODE model is dominated
by the coefficients that describe how the (serious) criminal density decreases
because of the crime rate (K1) and how the dynamic attractiveness relaxes (ω). On
the other hand, the scaling for B in the PDE version is defined by the ratio of the
effects of advection and diffusion of the (serious) criminal density ρ1. As a further
difference between the two cases, in the ODE model, time is scaled with a quantity
that is agnostic of the crime type, namely 1/ω , which is a natural relaxation time
for B. In the PDE model, time is scaled with C1/K1D1, i.e. the Péclet number for
serious crime (C1/D1) divided by the serious crime rate constant K1.

Using the scalings above, the equations of the model can now be written in the
form

∂B
∂t = F∇2B+

(ρ1 + ρ2
)
(A+ B)− GB (4.13)

∂ρ1
∂t = ∇2ρ1 − ρ1∇2(A+ B)−∇ρ1 · ∇(A+ B)− ρ1(Α+ Β) + γ1 (4.14)

∂ρ2
∂t = D∇2ρ2 − Cρ2∇2(A+ B)− C∇ρ2 · ∇(A+ B)− Kρ2(Α+ Β) + γ2 (4.15)
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where we have also introduced the following constants:

Ã =
C1
D1

A, D =
D2
D1

, C =
C2
C1

, K =
K2
K1

, F =
η
D1

, G =
ωC1
D1K1

, γ̃i =
λiC2

1
K2
1D2

1
γi.

(4.16)
If we now ignore any spatial variation, the equations of our model become

dB
dt =

(ρ1 + ρ2
)
(A+ B)− GB, (4.17)

dρ1
dt = γ1 − ρ1(Α+ Β), (4.18)

dρ2
dt = γ2 − Kρ2(Α+ Β), (4.19)

where we have dropped the tildes fromA, γ1 and γ2. It is easy to see that there exists
a unique equilibrium, namely

B̄ =
Kγ1 + γ2

GK ,

ρ̄1 =
GKγ1

AGK+ Kγ1 + γ2
, (4.20)

ρ̄2 =
Gγ2

AGK+ Kγ1 + γ2
,

and because all of the parameters present are positive, the equilibrium is positive as
well. Anything different would not make sense as it would not be realistic to have
an equilibrium with negative criminal densities or attractiveness. Let us now check
the stability of the equilibrium as solutions of the ODE system. Ourmodel linearised
about the equilibrium can be written as

 Ḃ
ρ̇1
ρ̇2

 =


− AG2K

AGK+γ2+γ1K
A+

γ2+γ1K
GK A+

γ2+γ1K
GK

− γ1GK2
AGK+γ2+γ1K

−AGK+γ2+γ1K
GK 0

− γ2GK
AGK+γ2+γ1K

0 −AGK+γ2+γ1K
G


 B− B̄
ρ1 − ρ̄1
ρ2 − ρ̄2

 . (4.21)

Since all the coefficients in thematrix above are constant parameters, we can nowuse
the Routh-Hurwitz criterion. As the characteristic polynomial of the relation above
has the form x3 + a2x2 + a1x+ a0, all its roots will be in the left open half plane if and
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only if a2 > 0, a0 > 0 and a2a1 > a0. The first two inequalities are

a2 =
AG2K

AGK+ γ2 + γ1K
+
2K (AG+ γ1

)
G +

2γ2
G > 0 (4.22)

and
a0 =

K2 (AG+ γ1
) 2

G +
2γ2K

(AG+ γ1
)

G +
γ22
G > 0 (4.23)

which hold automatically. The third inequality is a bit more involved but it can be
written as

a2a1 − a0 =
AG2K(AK+ G) + (γ2 + γ1K

) (
2AGK+ γ2 + γ1K

)
G3 (AGK+ γ2 + γ1K

)
·
(
2AG2K(AK+ G) + (γ2 + γ1K

) (G(4AK+ G) + 2γ2 + 2γ1K
))

> 0, (4.24)

which also obviously holds for all positive parameter values. The existence of an
asymptotically stable equilibrium to the ODE system is a necessary condition if the
solutions of the equations of our PDE model are to exhibit pattern formation
properties, such as hotspots (see [53]).

Let us now continue with looking at the stability of the uniform equilibrium as a
solution of the PDE system. We will examine the behaviour of solutions of the
following form:

B(x, y, t) = B̄+ δΒeσt+iλ·x, (4.25)

ρ1(x, y, t) = ρ̄1 + δρ1eσt+iλ·x, (4.26)

ρ2(x, y, t) = ρ̄2 + δρ2eσt+iλ·x (4.27)

where λ is the wavenumber. We can now substitute these solutions into the
equations of our model to getρ̄1 + ρ̄2 − G− F |λ|2 A+ B̄ A+ B̄

ρ̄1(|λ|2 − 1) −
(A+ B̄)− |λ|2 0

ρ̄2(C |λ|2 − 1) 0 −K(A+ B̄)−D |λ|2


δΒ
δρ1
δρ2

 = σ

δB
δρ1
δρ2


(4.28)

We can calculate the characteristic polynomial to get the dispersion relation z(|λ|2) =
0, where z are the eigenvalues corresponding to the system above - however, this is
not helpful as the calculations are quite involved and the dispersion relation itself
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very hard tomanipulate. Even ifwe consider the simplest possible parameter regime
with all parameters equal to 1, the dispersion relation is

− 1
3
(
|λ|2 + z+ 3

)(
3 |λ|4 + 3z2 + 2 |λ|2 (3z+ 2) + 10z+ 9

)
= 0. (4.29)

A natural question that arises is whether hotspot formation is still possible if the
dynamic attractiveness B does not diffuse. In this case, the diffusivity F of B would
be 0. Keeping all other parameters at 1 for simplicity, we can use the dispersion
relation to find the eigenvalues:

z1 = − |λ|2 − 3, (4.30)

z2,3 =
1
6

(
−3 |λ|2 − 10±

√
9 |λ|4 + 120 |λ|2 − 8

)
, (4.31)

and it is easy to see e.g. graphically that both stability and instability are possible. It
is also obvious that the function max(z1, z2, z3) (as a function of ∥λ∥2) is unbounded
and therefore there is no wavenumber that leads to a maximum growth mode.

We now turn to the Routh-Hurwitz theorem on the characteristic polynomial of the
coefficient matrix above to find the values of |λ|2 that lead to stability or instability
in general. The necessary and sufficient conditions for stability are a2 > 0, a0 > 0
and a2a1 > a0. For instability (and therefore pattern formation as well) to be
possible, we need to show that there exist parameter values so that at least one of
the inequalities above does not hold for all wavenumbers λ. Let us examine these
inequalities in more detail. The first one, upon substitution of the values of ρ1, ρ2
and B at equilibrium is

a2 =
AGK+ AG+ γ1 +DG |λ|2 + FG |λ|2 + G |λ|2 + γ1K

G

+
AG2K

AGK+ γ2 + γ1K
+

γ2(K+ 1)
GK > 0 (4.32)

which obviously holds for all positive parameter values and all wavenumbers.

We can prove that there always are parameter values that lead to instability for
sufficiently large wavenumbers. Due to the large number of parameters in our
model (A,C,D,F,G,K,γ1,γ2) it is not possible to prove stability or instability with all
of them as free parameters. We will instead give a number of scenarios that
illustrate the conditions where spatial instability, and therefore pattern formation,
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is possible.

• Scenario A: here we consider the parameter regime where A = C = D = F =

G = γ1 = γ2 = 1. In this case, it is easy to see that the condition a0 > 0 does
not hold for specific values of K (e.g. K ≤ 0.2) and specific wavenumbers - see
figure 4.1. This means that pattern formation is possible - we will see later on
in numerical simulations that the shape of the pattern is a square.

While this parameter regime looks trivial from a numerical point of view, it
is actually interesting if we consider what it means for the behaviour of the
crime densities. Having a K of e.g 0.2 means that K1 = 5K2, hence the terms
in the equations for the two criminal densities that remove criminals from the
system are different. Concretely, there is a difference in how much each crime
rate contributes to the removal of criminals from the system. Qualitatively, this
could be explained by the fact that criminals of a specific crime type (e.g. minor
crime) are less deterred by the number of crimes occurring compared to serious
crime. This sounds possible if we consider that there are more possibilities for
easyminor crime (e.g. a bike theft) so that a high number of bike thefts is not as
high a deterrent compared to e.g. a high number of burglaries - an activity that
is both considerably more difficult to achieve and with a significantly smaller
number of easy targets.

• Scenario B: here we consider the parameter regime where we keep C as a free
parameter and we fix A = K = D = F = G = γ1 = γ2 = 1. In this case,
it is easy to see that again the condition a0 > 0 is violated for specific values
of C (e.g. C = 4) and specific wavenumbers - see figure 4.2. The shape of the
pattern formed is again that of a square - see figure4.6. From a qualitative point
of view, this scenario assumes that the advection coefficients for the two types
of criminals differ significantly. Judging from the results of our data analysis,
we have no reason to preclude the movement of serious and minor criminals
affecting the temporal evolution of serious andminor crime density differently,
so this is again a realistic scenario.

• Scenario C: we now consider the parameter regime where both criminal
generation rates γ1 and γ2 are free parameters and we fix
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Figure 4.1: Contour plot of the value of a0 for Scenario A, for a range of
wavenumbers squared |λ|2 and a range of parameter values K. Here, 0.12 ≤
K ≤ 20. It is easy to see that there are regions in the (K, |λ|2) plane where a0
is negative and therefore pattern formation is possible.
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Figure 4.2: Contour plot of the value of a2a1−a0 for Scenario B, for a range of
wavenumbers squared|λ|2 and a range of parameter values C. Here, 3.8 ≤
C ≤ 4.8. It is easy to see that there are regions in the (C, |λ|2) plane where
a2a1 − a0 < 0 and therefore pattern formation is possible.
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A = K = D = F = G = C = 1. In this case, the condition a0 > 0 becomes

a0 = γ1 |λ|4 + 2γ1 |λ|2 + γ21 + 2γ1 + |λ|6 + 2 |λ|4 + 3 |λ|2 + 1 (4.33)

+
|λ|4

γ1 + γ2 + 1 + γ2 +
(
2γ1 + |λ|4 + 2 |λ|2 + 2

)
+ γ22 > 0 (4.34)

which means we only have the final condition to worry about, namely
a2a1 − a0 > 0. This is now written as

a2a1 − a0 = 14γ1 |λ|4 + 9γ21 |λ|2 + 21γ1 |λ|2 + 2γ31 + 7γ21 + 11γ1 + 8 |λ|6

+ 16 |λ|4 + 21 |λ|2 + 7γ22
(
6γ1 + 9 |λ|2 + 7

)
+ γ2

(
18γ1 |λ|2 + 6γ21 + 14γ1 + 14 |λ|4 + 21 |λ|2 + 11

)
+ 2γ32 +

8 |λ|4 + |λ|2 + 1
γ1 + γ2 + 1 +

2 |λ|2(γ1 + γ2 + 1
) 2 > 0 (4.35)

This inequality is automatically satisfied for all γ1 and γ2 and all
wavenumbers |λ|2. Hence, no matter how different the criminal generation
rates γ1 and γ2 are, there can never be patterns forming under this regime.
This is not a surprise given the additive nature of these two parameters in the
equations of the model - changes in γi simply change the respective ∂ρi/∂t by
the same amount, leading to no difference in the spatial dynamics of the
system.

Overall, despite the inherent difficulty in proving conclusive general conditions for
pattern formation for all parameters, it is easy to see that our model is quite flexible.
Even the simplest parameter regimes such as the ones discussed in scenarios A and B
can still lead to pattern formation. Under these regimes, it is not hard to calculate the
wavenumbers that lead to the maximum growth mode. Let us calculate this mode
for scenarios A and B and, where all parameters apart from one are fixed and equal
to 1 with the others as free parameters.

We will start with scenario B as the calculations are simpler. We have shown that
there are parameter values for C near 4 such that there exist wavenumbers that lead
to pattern formation. Let us define by s the maximum growth rate of perturbations
about the spatially invariant equilibrium state for a given wavenumber λ. This
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means that
s = max(z1, z2, z3), (4.36)

where the eigenvalues of our linearised system are

z1 = −(|λ|2 + 4), (4.37)

z2,3 =
1
8

(
−8 |λ|2 − 17±

√
128C |λ|2 + 64 |λ|2 + 33

)
. (4.38)

We can now plot s as function of the wavenumber |λ| for a range of values of C close
to C = 4 so we are close to the stability-instability borderline. It is interesting that
the maximum growth rate occurs at different wavenumbers for different values of
C. The results are shown in figure 4.3.
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Figure 4.3: Examples of the growth rate s for a linearly unstable system as
a function of the wavenumber squared |λ|2. Parameter values are those of
scenario B (C as free parameter, all other parameters equal to one.) Solid
lines depict the real component while dashed lines the imaginary (equal
to zero for all three values of C in this case). The real component is only
positive over a finite interval of wavenumbers and has amaximum at |λ|2max,
which is the maximum growth mode. There are no wavenumbers that
lead to growing oscillations in our model, as the imaginary component is
nonzero only for wavenumbers for which the real component is negative.

If we now examine scenario A, we have K as a free parameter and all other
parameters fixed at 1 . We know that pattern formation is possible for values of K
near 0.2. If we define the maximum growth rate of perturbations about the
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equilibrium as before (now allowing for complex roots), we can calculate the
eigenvalues with the help of a computer algebra program, as they are quite
involved. We now provide equivalent plots to those for Case B (figure 4.4). The
behaviour of s is similar to scenario B: a finite number of wavenumbers will lead to
instability and hotspot formation. It’s worth noting that the growth rate of
perturbations about the equilibrium is monotonic (non-oscillatory).
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Figure 4.4: Examples of the growth rate s for a linearly unstable system as
a function of the wavenumber squared |λ|2. Parameter values are those of
scenario B (K as free parameter, all other parameters equal to one.) Solid
lines depict the real component while dashed lines the imaginary. The real
component is only positive over a finite interval of wavenumbers and has
a maximum at |λ|2max, which is the maximum growth mode. As we can see,
the imaginary component is nonzero only for wavenumbers for which the
real component is negative, showing us that under this parameter regime
there are no wavenumbers that lead to growing oscillations in our model.

4.1.2 Numerical simulations
Since an exact solution to the equations of our model is toomuch to hope for, we will
resort to numerical simulations to examine the behaviour of the criminal densities
and the attractiveness. We will solve an Initial Boundary Value Problem (IBVP) that
is formed by equations 4.4, 4.5 and 4.6 coupled with periodic boundary conditions
and some initial data. Our spatial domain will be a square of side L (nondimensional
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units). In more detail, our IBVP is defined as follows:

∂B
∂t = F∇2B+

(ρ1 + ρ2
)
(A+ B)− GB, (4.39)

∂ρ1
∂t = ∇ ·

(
∇ρ1 − ρ1∇ (A+ B))− ρ1(Α+ Β) + γ1, (4.40)

∂ρ2
∂t = D∇ ·

(
∇ρ1 −

C
Dρ1∇ (A+ B)

)
− Kρ2(Α+ Β) + γ2,

(4.41)

with initial data

B(x, y, 0) = B0x, y), (4.42)

ρ1(x, y, 0) = ρ01(x, y), (4.43)

ρ2(x, y, 0) = ρ02(x, y), (4.44)

and boundary conditions

∂xB(x, y, t)|x=0 = ∂xB(x, y, t)|x=L , ∂yB(x, y, t)
∣∣
y=0 = ∂yB(x, y, t)

∣∣
y=L ,

(4.45)

∂xρ1(x, y, t)
∣∣
x=0 = ∂xρ1(x, y, t)

∣∣
x=L , ∂yρ1(x, y, t)

∣∣
y=0 = ∂yρ1(x, y, t)

∣∣
y=L ,

(4.46)

∂xρ2(x, y, t)
∣∣
x=0 = ∂xρ2(x, y, t)

∣∣
x=L , ∂yρ2(x, y, t)

∣∣
y=0 = ∂yρ2(x, y, t)

∣∣
y=L .

(4.47)

Our numerical scheme is based on the method of lines, where our IBVP is
discretised in the two spatial dimensions, resulting in a number of Initial Value
Problems (IVPs) that are then integrated with one of the well-known IVP solvers,
such as Runge-Kutta-Fehlberg (RK45) for general purpose integrations or
Adams-Bashforth for stiff systems. The solutions of the IVPs are then stitched
together to give us an approximation of B, ρ1 and ρ2 at a number of points (x, y, t).
For our simulations, the length of our domain in both dimensions is L = 10. Our
initial data are functions close to the equilibrium with some noise added on top.
Concretely, let’s see how B0(x, y) is defined.
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1. Define B0(x, y) = B̄ everywhere at the boundary.

2. For an (arbitrarily chosen) number of points (xi, yj), defineB0(xi, yj) as the value
of a random variable drawn from a uniform distribution with limits at (1−a)B̄
and (1+ a)B̄. Therefore, B0(xi, yj) ∼ U ((1− a)B̄, (1+ a)B̄). In our domain with
length L = 10 we used i = j = L − 1 so we used a total of 92 = 81 randomly
generated values. We also fixed a = 0.01 for the definition of our distribution.

3. Define B0 as a bilinear interpolation between all of the points above and the
points at the boundaries. B0 is obviously not smooth but this is something our
solver can handle. If smooth initial data are necessary, we can always increase
the interpolation order.

The same process with similar parameters was used to define the initial data for
ρ01 and ρ02. The results of the numerical solutions can be see in figures 4.5, 4.6 and
4.7.

Figure 4.5 was produced according to scenario A (K = 0.2) while figure 4.6 was
produced according to scenario B (C = 4). In both cases, all other parameters were
fixed at 1. In both graphs the formation of hotspots (areas of increased criminal
activity) is evident, however it is interesting that the time scale for hotspot
formation differs considerably - in the first case it takes less than 10
(non-dimensional) time units while in the second case it is in the order of hundreds
of time units. The size of the peaks of the hotspots also differ compared to the
respective equilibria. The formation of hotspots in both cases is consistent with the
stability analysis. For example, we see from figure 4.4, for scenario A with K = 0.2,
the maximum growth rate corresponds to a squared wave number of about
|λ|2 = 3.5. This compares with east-west and north-south hotspot separations of 5,
shown in figure 4.3, from the numerical simulation where non-linear effects and
the finite region width of L = 10 will be important, giving a squared wavenumber
of λ2x + λ2y = 2(2π)2/25 ≃ 3.2. The nature of the hotspots is quite stable in a
temporal sense - these hotspots are formed based on the initial data and then
persist in time. This behaviour is close to how actual hotspots of criminal activity
are formed in an area and it is also similar to the simulations of the Short et al.
model. The locations of the hotspots is obviously heavily dependent on the
geography of the area - for example, a hotspot near a central train station would
make sense, given the increased amount of people passing through. In a numerical
simulation, this would be accounted for by having a spatially heterogeneous A. It
would also be interesting to see whether a model of stochastic PDEs could also
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Figure 4.5: Numerical simulation of the Initial Boundary Value Problem
described in this section, with parameters according to scenario A (K = 0.2).
Here we plot B(x, y, t)/B̄ as a function of space.
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Figure 4.6: Numerical simulation of the Initial Boundary Value Problem
described in this section, with parameters according to scenario B (C = 4).
Here we plot B(x, y, t)/B̄ as a function of space.
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Figure 4.7: Numerical simulation of the Initial Boundary Value Problem
described in this section, with parameters according to scenario C (γ1 =
2γ2 = 1). Here we plot B(x, y, t)/B̄ as a function of space.
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exhibit a third type of behaviour identified in Short et al., that of dynamic hotspots.
These hotspots are formed, they may move around and are then dissolved. Their
existence in a non-stochastic version of our model is impossible though (as is the
case for the Short model), as they are the results of random effects and are
discarded when taking limits and moving to the continuous case. Finally, the
seasonality present in our dataset would also have an effect on the size of the
hotspots. Their location might also be affected, if for example there were areas with
significantly higher concentration of people at specific times of the year - e.g. a
beachfront during summer months. It’s worth mentioning that even static - due to
their location - hotspots, such as a train station, will not be completely unaffected
by seasonality. For example, the amount of commuters passing through a train
station could vary significantly between the summer and winter months.

A completely different view of the attractiveness can be seen in figure 4.7, where the
parameters are those of scenario C with γ1 = 2γ2 = 1. Here, there are no spatial
instabilities and therefore no hotspots forming - instead, the attractiveness decays
down to its equilibrium level everywhere in the domain. Concluding, it is obvious
that the parameter regime heavily influences the behaviour of both criminals and
attractiveness. Estimating the parameter values from the actual data would be a
very important first step towards comparing the results of the model with actual
criminal behaviour.

4.2 Alternative form of advection term
Wewill now examine a different version of our PDEmodel. The main difference lies
in the advection term in the equations for the criminal densities, where we will now
use a form inspired by the Short et al. model. The equations of this model are:
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∂B
∂t = η∇2B+

(λ1ρ1 + λ2ρ2
)
(A+ B)− ωB, (4.48)

∂ρ1
∂t = D1∇2ρ1 − C1

ρ1∇2(A+ B)
A+ B − C1

∇ρ1 · ∇(A+ B)
A+ B

+ C1
ρ1(∇(A+ B))2

(A+ B)2 − k1ρ1(Α+ Β) + γ1, (4.49)

∂ρ1
∂t = D2∇2ρ2 − C2

ρ2∇2(A+ B)
A+ B − C2

∇ρ2 · ∇(A+ B)
A+ B

+ C2
ρ2(∇(A+ B))2

(A+ B)2 − k2ρ2(Α+ Β) + γ2. (4.50)

All other terms remain exactly the same, whereas the advection term is now (if
combined with the diffusion)

∇ ·
(
Di∇ρi − Ci

ρi
A+ B∇ (A+ B)

)
=

Di∇2ρi − Ci
ρ−∇

2(A+ B)
A+ B − C1

∇ρ− · ∇(A+ B)
A+ B + Ci

ρ−(∇(A+ B))2
(A+ B)2 , i = 1, 2.

(4.51)

Whereas in the model of the previous section the convective terms represented
criminals moving towards areas of higher A + B, here the presence of the A + B
term in the denominator effectively puts a damper on how easily a criminal moves
- criminals being in areas with low attractiveness will move towards areas of higher
attractiveness more easily than criminals already in fairly attractive areas, who
have less motivation to do so.

4.2.1 Linear stability analysis
Let us begin by nondimensionalising our model. We scale our two independent and
three dependent variables as follows:

B̃ =
ω
K1

B, Ã =
ω
K1

A, ρ̃i =
ω
λi
ρi, t̃ = 1

ωt, x̃ =

√
D1
ω x, (4.52)
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where we have denoted dimensional variables with a tilde. It’s worth noting that
these scalings are identical to the ones of the ODE model (with the addition of the
scaling for x) and therefore differ significantly with the scalings of the PDE model
in section 4.1. By applying the scalings above, the equations of the model can be
written as follows:

∂B
∂t =

η
D1

∇2B+
(ρ1 + ρ2

)
(A+ B)− B, (4.53)

∂ρ1
∂t = ∇2ρ1 − c1

ρ1∇2(A+ B)
A+ B − c1

∇ρ1 · ∇(A+ B)
A+ B

+ c1
ρ1(∇(A+ B))2

(A+ B)2 − ρ1(Α+ Β) + γ1, (4.54)

∂ρ2
∂t = D∇2ρ2 − c2

ρ2∇2(A+ B)
A+ B − c2

∇ρ2 · ∇(A+ B)
A+ B

+ c2
ρ2(∇(A+ B))2

(A+ B)2 − Kρ2(Α+ Β) + γ2, (4.55)

where we have dropped the tildes and introduced the following constants:

F =
η
D1

, c1 =
C1
D1

, c2 =
C2
D2

, K =
K2
K1

, γ̃i =
λ1
ω2γi (4.56)

If we now ignore spatial variation, it is easy to see that there exists a unique
equilibrium, namely

B̄ =
Kγ1 + γ2

K ,

ρ̄1 =
Kγ1

AK+ Kγ1 + γ2
, (4.57)

ρ̄2 =
γ2

AK+ Kγ1 + γ2
,

,

which is the same as the equilibrium for the model of the previous section if we set
G = 1. Obviously, the equilibrium here is positive too. Let us now check the stability
of the equilibrium as solutions of the ODE system. Linearising the equations of the
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model about the equilibrium, we obtain
 Ḃ
ρ̇1
ρ̇2

 =


− AK

AK+γ2+γ1K
A+ γ1 +

γ2
K A+ γ1 +

γ2
K

− γ1K
AK+γ2+γ1K

−AK+γ2+γ1K
K 0

− γ2K
AK+γ2+γ1K

0 −AK− γ2 − γ1K


 B− B̄
ρ1 − ρ̄1
ρ2 − ρ̄2

 . (4.58)

Since all the coefficients in the matrix above are constant parameters, we can again
use the Routh-Hurwitz criterion. The characteristic polynomial of the equation
above has the form x3 + a2x2 + a1x + a0 and all its roots will be in the left open half
plane if and only if a2 > 0, a0 > 0 and a2a1 > a0. The first two inequalities are
automatically satisfied:

a2 =
AK

K (A+ γ1
)
+ γ2

+ (K+ 1)
(A+ γ1

)
+

γ2(K+ 1)
K > 0, (4.59)

a0 =
(K (A+ γ1

)
+ γ2

) 2
K > 0. (4.60)

The third inequality can be written as

a2a1 − a0 > γ1
(γ1 (3AK(K+ 1) + γ1K(K+ 1) + 1

)
+ A(K(3A(K+ 1) + K+ 2) + 2)

)
+

γ22
(
3A(K+ 1) + 3γ1(K+ 1) + K)

K +
AK (A− γ1(K− 1)

)
K (A+ γ1

)
+ γ2

+
γ32(K+ 1)

K2

+
γ2
(γ1 (6A(K+ 1)K+ K2 + 3γ1(K+ 1)K+ 1

)
+ (3A+ 2)AK(K+ 1) + A)

K

+ A(A(K+ 1)(AK+ K+ 1) + K) > 0, (4.61)

which also holds for all positive parameter values and therefore the existence of an
asymptotically stable equilibrium is confirmed. This is expected as the ODE
equations that are derived by ignoring spatial terms are the same with those of the
model of section 4.1 if we set G = 1.

Let us now continue with looking at the stability of the uniform equilibrium as a
solution of the PDE system. Wewill examine the behaviour of planar wave solutions
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of the following form:

B(x, y, t) = B̄+ δΒeσt+iλ·x, (4.62)

ρ1(x, y, t) = ρ̄1 + δρ1eσt+iλ·x, (4.63)

ρ2(x, y, t) = ρ̄2 + δρ2eσt+iλ·x (4.64)

where λ is the wavenumber. Substituting these solutions into the equations of our
model, we get

−F |λ|2 + ρ1 + ρ2 − 1 A+ B A+ B
ρ1
(
c1 |λ|2 − 1

)
−A− B− |λ|2 0

ρ2
(
c2 |λ|2 − K

)
0 −K(A+ B)−D |λ|2


δΒ
δρ1
δρ2

 = σ

δB
δρ1
δρ2


(4.65)

We will now use the Routh-Hurwitz theorem on the characteristic polynomial of the
coefficient matrix above to find the values of |λ|2 that lead to stability or instability.
For instability (and therefore pattern formation as well) to be possible, we need to
show that there exist parameter values so that at least one of the inequalities above
does not hold for all wavenumbers λ. The first inequality, upon substitution of the
values of ρ1, ρ2, and B at equilibrium is

a2 = A
(

K
K (A+ γ1

)
+ γ2

+ K+ 1
)
+ |λ|2 (D+ F+ 1) + γ1(K+ 1) + γ2

( 1
K + 1

)
> 0

(4.66)
which is automatically satisfied for all positive parameter values and all
wavenumbers. As in the case of the model of the previous section, we can use the
other two Routh-Hurwitz inequalities to prove that there always exist parameter
values that lead to instability for sufficiently large wavenumbers. As an example,
let us consider the parameter regime where we keep c2 as a free parameter and we
fix the values of all other parameters at one. In this case, it is easy to see that again
the condition a0 > 0 is violated for specific values of c2 (e.g. c2 = 10) and specific
wavenumbers - see figure 4.8. From a qualitative point of view, this scenario
assumes that the convection coefficient of minor crime (C2) is significantly higher
than the diffusion coefficient of serious crime D1.

Themaximumgrowth rate of perturbations about the spatially invariant equilibrium

78



Chapter 4: Partial Differential Equation Models

state, s, for a given wavenumber λ is given by

s = max(z1, z2, z3), (4.67)

where the eigenvalues of our linearised system are

z1 = −(|λ|2 + 3), (4.68)

z2,3 = −5− 3 |λ|2 ±
√
−2+ 81 |λ|2. (4.69)

We can easily see that the maximum growth rate is given by s = z2. It is very
interesting that in this parameter regime, the maximum growth rate does not
depend on the free parameter c2 - this was not the case for any of the scenarios of
the model of section 4.1 we examined.
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Figure 4.8: Contour plot of the value of a0 for a range of wavenumbers
squared|λ|2 and a range of parameter values c2. Here, 9.5 ≤ c2 ≤ 10.5.
It is easy to see that there are regions in the (c2, |λ|2) plane where a0 < 0 and
therefore pattern formation is possible.

Concluding, we have seen that this variant of the model is largely similar
quantitatively to the model of section 4.1. Even though the equations and the
scalings are different, both models allow for instability and pattern formation with
planar wave solutions. Numerical simulations also showed results very close to the
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ones of section 4.1 and, because of their similarity, we do not present them
here.

4.3 Conclusion
In this chapter we have examined two main variants of a spatiotemporal model of
criminal activity. Bothmodels have sufficient flexibility that enables them to describe
criminal activity similarly to the data. It is interesting that while the two versions
look similar, their derivation is quite different. The second version of the model is
based on the work of Short et al., which in turn was based on a statistical model of
residential burglary. On the other hand, the first version of the model is an extension
of the ODE model of the previous chapter, the assumptions of which were in turn
based on the results of the data analysis in Chapter 2. Nevertheless, both are able to
capture similar dynamics of criminal behaviour.

A direct comparison between these two (but also in general all) models is not at all
straightforward. Firstly, there has not been an attempt for robust parameter
estimation based on actual data. We mentioned the issues that can arise in the
parameter estimation process for the ODE model (curse of dimensionality) -
moving to the spatiotemporal domain only exacerbates these issues. Additionally,
estimating the parameters for a PDE model would be much more expensive
computationally. As an example, solving just one IBVP such as the one above on a
(not very fine) 100x100 grid takes about 4 orders of magnitude more time than
solving an IVP for an ODE model. The parameter estimation process can typically
require 103 solutions of the IBVP, thus rendering the whole attempt infeasible.
Generally speaking, detailed statistical knowledge would be required to decide if
one of these two models (or some other model) is significantly better.

Specific characteristics of both models examined above further hinder a direct
comparison. For example, without a concrete interpretation of the attractiveness
variable B it is not entirely clear how its diffusion and the subsequent criminal
transport it produces should be best modelled. Furthermore, there may be
significant dynamics at play in the phenomenon we are trying to model that are
currently not well accounted for by either version of the model - periodicity being
an obvious one. The existence of deterrence to criminals (such as in the form of
police officers) is another example. Work has been done on this as an extension to
the Short et al. model (see [58]) and we hope to be able to examine deterrence in
our models of serious and minor crime too in the future.
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Conclusion

In this piece of research we have shown how mathematical modelling can be
another arrow in the quiver of tools for combating crime. It is obvious that no
single model will ever be able to fully grasp the dynamics of all types of criminal
activity. Here, we have attempted to extract information based on the relationship
between serious and minor crime, two arbitrarily defined categories that were
mainly based on data on criminal activities in the United Kingdom. We examined
the data at a monthly resolution, trying to identify patterns and behaviours that
could be used to build a mathematical model of serious and minor criminal activity.
Time series analysis revealed that the two crime types were strongly correlated. We
also saw the existence of correlation between e.g. serious crime and its rate of
change, signalling the existence of a feedback loop that prevents serious crime from
increasing uncontrollably. We were also able to confirm the existence of yearly
periodicity for both crime types. Both the existence of correlation between crime
types and the existence of periodicity confirms the results of existing research and
its temporal evolution. We then generalised our analysis by covering data from
three major cities in the USA, discovering similarities (all correlation types) and
also differences (periodicity). Finally, we had a look at the distribution of crime in
space too by looking at the monthly evolution of crime in the Greater Manchester
area.

Armed with the results of the data analysis, we proposed a mathematical model
based on ODEs that describes the temporal evolution of serious and minor crime
along another variable, attractiveness. The evolution of this variable allows the two
crime types to interact. We also examined a stochastic version of the same model,
looking at whether the existence of noise in the model is compatible with the
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behaviour of both crime types described above. Finally, we had a first attempt at
estimating realistic parameter values for our model by comparing the crime rates
present in the equations of our model with actual crime data. From a
criminologist’s point of view, the deterministic model can be used as a tool for
describing the long term mean behaviour of serious and minor crime rates. The
extension to the stochastic model can be seen as a prediction of the expected
monthly variation in serious and minor crime.

A natural extension of our model was to include a spatial aspect too. We
constructed a PDE based model that allowed both criminals and the attractiveness
to move around in an area while also experiencing diffusion. Two versions of this
model was combined, one being a direct extension of our ODE model while the
other had a modified way which described the advection of criminals and
attractiveness, based on the seminal work of Short et al. We performed linear
stability analysis on both models and examined specific parameter regimes,
proving the possibility or impossibility of existence of pattern formation. We then
showed some numerical results and compared these with the results of the stability
analysis. Overall, we saw very good agreement between both versions of the
models and the original Short et al. model. While a direct numerical comparison
between the output of the models is practically impossible due to the inherent
difficulty of estimating parameters from our dataset, both models showed
qualitative results that are consistent not only with theories of criminal evolution
but also with the results of most PDE models that describe crime. The existence of
hotspots of increased criminal activity has long been known and the fact that the
simulations of our models exhibit hotspot-like behaviour is reassuring. The
difference in the convective terms between the two models may seem innocuous at
first but is actually very important, as it provides two different types of modelling
the motivation of criminals to move from their current location. Both types lead to
valid results (hotspot formation) however the simpler convective term will
typically result in less stable hotspots (in time) - obviously, if the parameter regime
allows hotspot formation in the first place.

The flexibility of the models examined means that it is possible to perform a more
sophisticated parameter estimation (given good quality data) which will arm
criminologists with a tool that describes the mean evolution of serious and minor
crime in a specific area. Adding more knowledge about the area itself is also
possible buy calibrating the static part of the attractiveness A to better mimic the
intrinsic characteristics of the area examined, leading to even better short and long
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term predictions.

Most models that have been proposed to date have been based on criminological
theories. For example, themain basis for the Short et al model is the theory of broken
windows effect for residential burglary. In contrast, we have not based ourmodels in
any specific theories. Instead, we started by looking at actual data and the findings
of this analysis then became the main assumptions of our models. The fact that the
model we proposed is similar to Short et al. is encouraging as it shows not only that
both model-building approaches are valid but also that these types of models that
are based on criminological theories do not disagree significantly with what the data
are showing.

Given the plethora of data sources now readily available, there are countless
possibilities not only of new models being proposed but also of existing models
being tested, adapted, and refined. It is very encouraging that there are already
cities and police departments around the world, such as e.g. in Los Angeles, that
use mathematical models to inform their resource allocation. This will lead to
increased interaction between modellers and law enforcement, a considerable
benefit to both parties.

Finally, we should mention that there is a lot of scope for improving traditional
differential equation models if more and better quality data are available. One
obvious example is using time series modelling to more accurately estimate the
periodicity for an area of interest and then use this information in a differential
equations setting. In general, good partial differential equation models excel at
capturing spatial dynamics of a phenomenon whereas time series models focus on
temporal effects. Therefore, different predictions from a variety of differential
equation models can be mixed with predictions from time series models with the
aim being to combine these predictions into a single one that better captures the
dynamics of the phenomenon overall (ensemble learning).
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Appendix

In this chapter, the reader can find tables, graphs and data that are omitted from the
main text.

6.1 Data Analysis
In the two tables below, the reader can find the correlation coefficients for all areas
examined in Chapter 2. Pearson’s r is in Table 6.1 whereas Spearman’s ρ is in
Table 6.2.
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Pearson’s r
S− ΔS M− ΔM S−M ΔS− ΔM S− ΔM M− ΔS

Birmingham -0.6045 0.0000 -0.3955 0.0127 0.6609 0.0000 0.6342 0.0000 -0.5434 0.0004 -0.1540 0.3493
Manchester -0.4266 0.0068 -0.3996 0.0117 0.7643 0.0000 0.8171 0.0000 -0.4380 0.0053 -0.2391 0.1426
Leeds -
Bradford -0.4407 0.0050 -0.5377 0.0004 0.4817 0.0016 0.7213 0.0000 -0.3928 0.0134 -0.3656 0.0221

Liverpool -
Merseyside -0.4057 0.0104 -0.6305 0.0000 0.7334 0.0000 0.6892 0.0000 -0.3392 0.0346 -0.3798 0.0171

Southampton -
Portsmouth -0.3519 0.0280 -0.4368 0.0054 0.6789 0.0000 0.4701 0.0025 -0.2222 0.1740 -0.2534 0.1196

Newcastle -
Sunderland -0.3566 0.0259 -0.5613 0.0002 0.5976 0.0000 0.6437 0.0000 -0.2481 0.1278 -0.3858 0.0153

Nottingham -
Derby -0.4488 0.0042 -0.5698 0.0002 0.5607 0.0002 0.5021 0.0011 -0.4003 0.0116 -0.1075 0.5147

Sheffield -0.5531 0.0003 -0.5249 0.0006 0.4159 0.0076 0.5452 0.0003 -0.4419 0.0049 -0.1533 0.3513
Suffolk -0.3698 0.0205 -0.4478 0.0043 0.8335 0.0000 0.5918 0.0001 -0.1851 0.2594 -0.3620 0.0236
Norfolk -0.3735 0.0192 -0.3758 0.0184 0.7934 0.0000 0.4093 0.0097 -0.1919 0.2419 -0.1392 0.3980
Cambridgeshire -0.3544 0.0268 -0.4780 0.0021 0.3779 0.0162 0.4936 0.0014 -0.2494 0.1257 -0.2524 0.1211
Lincolnshire -0.5418 0.0004 -0.5732 0.0001 0.8274 0.0000 0.8629 0.0000 -0.5502 0.0003 -0.4116 0.0092
Cumbria -0.4505 0.0040 -0.4748 0.0023 0.6975 0.0000 0.5506 0.0003 -0.2670 0.1004 -0.2546 0.1179
San Fransisco -0.7507 0.0000 -0.4982 0.0015 -0.0373 0.8238 0.0994 0.5527 -0.1394 0.4039 0.0020 0.9904
Chicago -0.0747 0.6698 -0.3528 0.0377 0.3001 0.0799 0.3423 0.0442 -0.1131 0.5175 0.3049 0.0749

Table 6.1: Pearson’s r calculated using data from September 2011 to January
2014. The coefficients are in the left columns whereas the respective p-
values are on the right. S and M represent serious and minor crime
respectively and ΔS and ΔM are forward differences, e.g. ΔSJune = (Total
amount of serious crime in July) - (Total amount of serious crime in June).
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Spearman’s ρ
S− ΔS M− ΔM S−M ΔS− ΔM S− ΔM M− ΔS

Birmingham -0.5502 0.0003 -0.4163 0.0084 0.6680 0.0000 0.6702 0.0000 -0.5329 0.0005 -0.1685 0.3051
Manchester -0.4247 0.0070 -0.3837 0.0159 0.7340 0.0000 0.7881 0.0000 -0.4179 0.0081 -0.2437 0.1349
Leeds -
Bradford -0.3725 0.0195 -0.5121 0.0009 0.4987 0.0011 0.6957 0.0000 -0.3028 0.0609 -0.3593 0.0247

Liverpool -
Merseyside -0.5275 0.0006 -0.6247 0.0000 0.7756 0.0000 0.7307 0.0000 -0.4196 0.0078 -0.4320 0.0060

Southampton -
Portsmouth -0.4403 0.0050 -0.3629 0.0232 0.5701 0.0001 0.5929 0.0001 -0.1916 0.2426 -0.2717 0.0943

Newcastle -
Sunderland -0.4121 0.0091 -0.5660 0.0002 0.7052 0.0000 0.5433 0.0004 -0.2691 0.0976 -0.4096 0.0096

Nottingham -
Derby -0.5224 0.0006 -0.5295 0.0005 0.5946 0.0001 0.4472 0.0043 -0.4515 0.0039 -0.1214 0.4617

Sheffield -0.5737 0.0001 -0.4903 0.0015 0.3585 0.0231 0.5611 0.0002 -0.4241 0.0071 -0.0953 0.5638
Suffolk -0.3124 0.0528 -0.4336 0.0058 0.8214 0.0000 0.5169 0.0008 -0.1761 0.2835 -0.3257 0.0430
Norfolk -0.4937 0.0014 -0.4061 0.0103 0.7148 0.0000 0.2724 0.0934 -0.2466 0.1302 -0.1209 0.4635
Cambridgeshire -0.3570 0.0257 -0.4475 0.0043 0.3460 0.0287 0.5355 0.0004 -0.2254 0.1677 -0.2678 0.0993
Lincolnshire -0.4522 0.0039 -0.4931 0.0014 0.7488 0.0000 0.7342 0.0000 -0.5065 0.0010 -0.2608 0.1088
Cumbria -0.4563 0.0035 -0.4993 0.0012 0.6324 0.0000 0.5394 0.0004 -0.2957 0.0676 -0.2590 0.1113
San Fransisco -0.7122 0.0000 -0.3186 0.0512 -0.0522 0.7555 0.1323 0.4284 -0.1917 0.2490 0.0228 0.8920
Chicago -0.2146 0.2157 -0.4091 0.0147 0.2538 0.1413 0.2275 0.1887 -0.0681 0.6976 0.2460 0.1543

Table 6.2: Spearman’s ρ calculated using data from September 2011 to
January 2014. The coefficients are in the left columnswhereas the respective
p-values are on the right. S and M represent serious and minor crime
respectively and ΔS and ΔM are forward differences, e.g. ΔSJune = (Total
amount of serious crime in July) - (Total amount of serious crime in June).
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Using mathematical methods to understand and model crime is a recent idea that has drawn

considerable attention from researchers during the last five years. From the plethora of models

that have been proposed, perhaps the most successful one has been a diffusion-type differen-

tial equations model that describes how the number of criminals evolves in a specific area. We

propose a more detailed form of this model that allows for two distinct criminal types associ-

ated with major and minor crime. Additionally, we examine a stochastic variant of the model

that represents more realistically the ‘generation’ of new criminals. Numerical solutions from

both models are presented and compared with actual crime data for the Greater Manchester

area. Agreement between simulations and actual data is satisfactory. A preliminary statistical

analysis of the data also supports the model’s potential to describe crime.

Key words: Crime, differential equations, mathematical model

1 Introduction

Crime has always been an inherent part of every human society. It is not surprising

that researchers expend a considerable amount of time and resources in an attempt to

understand the way crime is generated and shaped [2]. Mathematical modelling is a

newcomer in the fight against crime, with a number of models being proposed during the

last five years that use a variety of approaches to model crime. These vary from agent-

based models [5, 13], population dynamics models [16] and epidemiological models [23]

to game-theoretic [14, 19] and probabilistic models [7, 15, 22].

Lately, a significant amount of research has been conducted on the spatial and temporal

distribution of crime [3, 6]. Specifically, the formation of areas of increased criminal

activity (hotspots) and their evolution in time and space has drawn the attention of crime

scientists [9, 10]. A novel mathematical modelling approach in attacking this problem

is presented in a series of papers by Short et al. [18, 20, 21], where the authors derive

a continuous model that captures the behaviour of burglars and which leads to the

formation of hotspots.

A common denominator in most work to date is the type of crime the research deals

with. More often than not, researchers either use ‘crime’ as a generic term to describe all



404 A. A. Lacey and M. N. Tsardakas

Table 1. Categorisation of criminal activities present in the data

Serious Minor Discarded

Burglary Public disorder & weapons Drugs

Robbery Shoplifting Other crime

Criminal damage & arson Vehicle crime Anti-social behaviour

Violent crime Other theft

Violence & sexual offences Theft from person

Public order

Possession of weapons

Bicycle theft

crime which can occur or they tend to focus to a specific crime category, e.g. burglaries.

We believe that a visualisation of the way ‘serious’ crime (such as burglaries or violent

crime) and ‘minor’ crime (e.g. shoplifting) evolve and interact would be interesting and

could aid researchers towards a more thorough understanding of crime.

The goal of this paper is twofold. First, we aim to explore the relation between

serious and minor crime in an area from a data-analysis viewpoint. Second, we propose

a quantitative mathematical model that captures the dynamics that govern the temporal

distribution of serious and minor crime, as identified through the analysis of the data.

We make no attempt to base our model on social or psychological theories of crime,

electing instead to focus on it being consistent with the results from the data analysis. We

consider both deterministic and stochastic versions of the model and exhibit its suitability

in describing crime evolution via comparison with the actual data. Finally, parameter

values for the model are extracted from the data using a least squares fit.

2 Data analysis

Examining data of criminal activities of more than one type could be illuminating and

help set the basis for our model. To this end, we use a dataset which contains all reported

crimes in England for a period of two and a half years, obtained from the UK police

website [4]. Each criminal activity is categorised into one of 16 different types. Apart

from this categorisation, the month each crime is committed as well as an approximate

location is available. Despite the uncertainty present in the dataset (monthly basis instead

of daily, imprecise locations), we may safely use it for an initial macroscopic analysis of

crime patterns, as evidenced in [24].

As a first approach, let us examine the distribution of crime in time in some metropolitan

areas. We therefore merge all datasets for each area and aggregate the number of crimes

of each type on a monthly basis. Because of the large number of categories available, we

combine some of these into two larger, arbitrarily defined categories, serious and minor

crime, to simplify the analysis. Discarding some crime types is also useful, due to their

ambivalent nature. Communication with crime scientists indeed confirmed that labels

such as ‘drugs’ tend to be unclear and should best be omitted within the context of an

initial analysis. The detailed categorisation is shown in Table 1. After the data have been

cleaned and formatted, we can plot time series which describe the evolution of the total
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Figure 1. Total serious (red) and minor (blue) criminal activity per month between

September 2011 and January 2014.

number of crimes (serious and minor) in a specific area on a monthly basis, as shown in

Figure 1.

The first impression one gets from studying the time series is the way serious crime

mimics the behaviour of minor crime (and vice versa). Local maxima (resp. minima) of

serious crime coincide with those of minor crime in the overwhelming majority of cases.

This trend is very strong in all metropolitan areas examined and is something that should

definitely be taken into account when modelling this situation. A further trend that is

evident in a number of cities, albeit to a different degree, is that of periodicity on a yearly

basis. This phenomenon is not nearly as strong as the first trend we noticed and needs

careful statistical testing to confirm. However, the literature on crime and seasonality

generally suggests that this is usually the case (see [8] for seasonality in property theft

and [1] for more crime categories).
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Table 2. Pearson’s r calculated using data from September 2011 to January 2014. The

coefficients are in the left columns whereas the respective p-values are on the right. S and

M represent serious and minor crime respectively and ΔS and ΔM are forward differences,

e.g. ΔSJune = (Total amount of serious crime in July) − (Total amount of serious crime in

June)

Pearson’s r

S − ΔS M − ΔM S − M ΔS − ΔM S − ΔM M − ΔS

Birmingham −0.58 0.01 −0.48 0.02 0.67 <0.01 0.58 <0.01 −0.56 0.01 −0.09 0.69

Manchester −0.52 <0.01 −0.52 <0.01 0.58 <0.01 0.80 <0.01 −0.58 <0.01 −0.29 0.13

Leeds–Bradford −0.47 0.01 −0.55 <0.01 0.58 <0.01 0.71 <0.01 −0.46 0.01 −0.22 0.26

Liverpool–Merseyside −0.58 <0.01 −0.66 <0.01 0.67 <0.01 0.71 <0.01 −0.35 0.07 −0.55 <0.01

Newcastle–Sunderland −0.54 <0.01 −0.55 <0.01 0.61 <0.01 0.56 <0.01 −0.22 0.26 −0.38 0.04

Nottingham–Derby −0.53 <0.01 −0.57 <0.01 0.57 <0.01 0.45 0.02 −0.51 0.01 0.01 0.98

Entire dataset −0.61 <0.01 −0.60 <0.01 0.69 <0.01 0.87 <0.01 −0.65 <0.01 −0.43 0.02

To further test the observation that both crime types have the same qualitative beha-

viour, we can calculate correlation coefficients in our sample. We mainly use Pearson’s

r, a coefficient ranging from −1 to 1 which shows trends of linear relationship between

two variables. A value of 1 or −1 indicates that the relationship between two variables

is perfectly described by a linear function, whereas smaller (in absolute value) coefficients

indicate lower correlation. Additionally, we calculate Spearman’s ρ, another measure of

statistical dependence that ranges from −1 to 1, which assesses how well the relationship

between two variables can be described using a monotonic function. The statistical signi-

ficance of both correlations can be tested using the Fisher transformation and calculating

the relevant p-values. A p-value lower than a certain threshold (here 0.05) signifies that

we can reject the null hypothesis of the variables being independent. Some results of the

calculations can be seen in Table 2, whereas the full results can be seen in Table A 1. S

and M denote serious and minor crime respectively, whereas ΔS and ΔM are forward

differences such that if Si is the total crime rate for month i, we have ΔSi = Si+1 − Si. One

can think of these forward differences as approximate discrete derivatives that provide a

way of measuring the rate of change of S and M. Hence, correlations between them and

S and M can indicate the functional dependence of these derivatives on S and M.

Each half of the first two columns in Table 2 indicates that there exists a strong negative

correlation between S and ΔS (resp. M and ΔM). Hence, when serious crime S increases,

its rate of change ΔS will tend to decrease whereas when S decreases, ΔS will increase.

Therefore, a negative feedback loop is formed for these variables, which will revert S to its

mean value whenever it jumps significantly. This kind of behaviour can be explained by

having criminals being removed from the system more rapidly as the crime rate increases;

more crime leads to more arrests and sentencing [11]. The same reasoning can explain

the relation between M and ΔM as well.

The third and fourth columns in Table 2 reinforce our initial impressions from the time

series as it shows the existence of a strong linear correlation between serious and minor

crime, with a Pearson’s r of 0.69 for the aggregated data. ΔS and ΔM exhibit the same

kind of relation, indicating that the serious and minor crime rate vary in the same way.
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Finally, we have calculated the correlations between S and ΔM and between M and ΔS .

These computations aim to see if there is any correlation between one crime type and the

rate of change of the other, which seems to be the case but only for the S−ΔM coefficient,

as most coefficients for the other case are not statistically significant. This suggests that

serious crime in an area will tend to influence minor crime, a phenomenon which is

frequently observed in areas where organised crime is present. For instance, members of

gangs may ‘control’ the amount of minor crime taking place in areas where they are

active. We shall propose, in the following section, a mechanism by which one crime type

can have effect, albeit indirect, on the other.

At this point, it should be mentioned that this analysis was also carried out for

a number of rural areas as well. While a full presentation and comparison with the

metropolitan areas analysis is outside the scope of this paper, it is important to state

that there are no significant differences in the temporal distribution of crime between

urban and rural areas (see Table A 1). A calculation of the correlation coefficients yields

similar results to those of the metropolitan areas, although the significant correlations

tend to have a slightly lower absolute value. At the moment, it is unclear whether this is

a significant differentiation which would lead to a different model. Initially, we will focus

on the findings for the metropolitan areas and we hope to carry out a more extensive

comparison between the two types of areas in the future.

Summing up this preliminary data analysis, there are two main points that need to be

kept in mind while constructing the model. First, serious crime and minor crime should

exhibit the same qualitative behaviour and second, both crime categories should form a

negative feedback loop with their rate of change/time derivative. We will now propose a

continuous model that presents these properties.

3 Deterministic model

3.1 Overview

Our main goal is to obtain a model that describes the evolution of crime in a certain

area and exhibits behaviour close to the one shown in Figure 1 and with the properties

of Table 2. To this end, let us examine a model that consists of two different types of

criminals, serious and minor. We will use ρ1(t) (resp. ρ2(t)) to denote the number of

serious (resp. minor) criminals active in our area at time t. In the spirit of Short et

al. [21], the behaviour of the criminals is driven by a quantity which we will refer to

as the attractiveness of the area. One can think of the attractiveness as an indicator of

how probable it is for a criminal to act at a specific time. To increase the flexibility of

the model, we allow the attractiveness to depend not only on the behaviour of the active

criminals but also on other factors such as time, characteristics of the area examined, or

the type of crime committed. With this in mind, we split the attractiveness as follows:

Attractiveness = A(t) + B(t).

Here, A(t) denotes the ‘intrinsic’ part of the attractiveness that depends on factors other

than the behaviour of criminals and B(t) represents the ‘dynamic’ part of the attractiveness

that is caused by criminal activity. To be more concrete, let us suppose that knowledge



408 A. A. Lacey and M. N. Tsardakas

of crimes being committed in an area tends to encourage more crimes to take place. This

effect would then be represented by the dynamic B(t) term. Conversely, if the number

of police officers patrolling a certain area changes according to the number of crimes

taking place, that would be a negative effect represented again by B(t). On the other hand,

changes in attractiveness due to factors not affected by criminal activity (e.g. time of day

or seasonality) will be accounted for by the intrinsic attractiveness A(t).

We will now discuss the behaviour of the criminals ρ1 and ρ2. Let us assume that at

a certain time t a number of individuals commit a crime. Some of those are arrested and

therefore removed from the system, whereas others appear in the system, perhaps due to re-

lease from prison or through people becoming criminals. We first consider how the number

of criminals evolve. We take the rate of lost criminals, through arrest and conviction, to be

a constant multiple of the rate at which crimes are committed, namely kiρi (A + B), i = 1, 2.

Because of the way attractiveness is defined, we assume that the total number of crimes

of type i committed at time t is proportional to the product of the total attractiveness by

the number of criminals, resulting in a contribution to the rate of change of the form

−kiciρi (A(t) + B(t)) , i = 1, 2,

where each ki and ci are constants of proportionality. It is however considerably more

difficult to propose a form for the term which represents the generation of new criminals.

To simplify the analysis to follow, we will consider it as constant and name it γ1 (γ2) for

the creation of serious (resp. minor) criminals. Therefore, the evolution in time of the

number of criminals of either type is described by the following equation:

dρi

dt
= replacementcriminals−constant×criminals who are committing a crime, i = 1, 2.

These can be rewritten in more detail as two evolution equations for our two types of

criminals:

dρ1

dt
= γ1 − k1c1ρ1 (A + B) , (3.1)

dρ2

dt
= γ2 − k2c2ρ2 (A + B) . (3.2)

Let us now examine the behaviour of the dynamic part of the attractiveness, B(t). Every

crime that is committed increases B(t) and therefore the dynamic attractiveness is boosted

by a term proportional to the total number of crimes of both categories committed. We

use the term

(λ1ρ1 + λ2ρ2) (A + B)

to model this boost, where λ1 and λ2 are constants. Note that we have implicitly assumed

that the dynamic attractiveness B(t) is global rather than local, in the sense that criminals

may exchange information about crimes committed. This is consistent with the growth part

of the attractiveness in the spatio-temporal model in [21]. We further assume that B decays

exponentially in time. Hence, the evolution equation for this part of the attractiveness is

dB

dt
= (λ1ρ1 + λ2ρ2) (A + B) − ωB, (3.3)
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where ω is the (constant) decay rate. This equation, together with equations (3.1) and

(3.2), forms a 3 × 3 non-linear coupled system of ODEs. Although this model form is

mathematically similar to the one of Short et al. [21], the interpretations of the two

models vary considerably. Whereas the Short model takes into account diffusion of both

criminals and attractiveness as well as local spatial effects, the model proposed above

describes the temporal evolution of two types of criminals in a larger scale.

We can now confirm the existence of a negative feedback between both crime types

and their derivatives, a characteristic we noted in the data analysis section as well. When

serious crime S increases, the (λ1ρ1 + λ2ρ2) (A + B) term in equation (3.3) will increase as

well. This will boost the dynamic part of the attractiveness B which will in turn cause the

−k1c1ρ1 (A + B) term in equation (3.1) to decrease, ultimately decreasing dρ1/dt. The same

hold for ρ2 and its derivative as well. At this point, we should note that the behaviour of

ρ1 and ρ2 is, in general, symmetric, mirroring the behaviour of serious and minor crime

in the data analysis. Despite the symmetric form of all three equations, it is possible to

introduce asymmetry in the model in an indirect way by altering the sizes of λ1 and λ2.

An alternative form of the model can be obtained if we assume that the dynamic attract-

iveness B is more ‘personal’, that is information is not shared between criminals so that

only those who have committed a crime are aware it has taken place. This would replace

the (λ1ρ1 + λ2ρ2) (A + B) term in equation (3.3) with a term of the form c (A + B), resulting

in an uncoupled equation for the attractiveness. This simpler version however does not link

ρ1 and ρ2 and is consequently not consistent with the results of the data analysis. There-

fore, we will continue our analysis with the more complicated form of the model because

of its greater flexibility and therefore increased ability to fully grasp the dynamics at play.

3.2 Model analysis

As a first step, we can write the equations of the system in non-dimensional form. To

simplify the analysis to follow, let us define Ki = ciki, i = 1, 2. We begin by looking for

natural scales of quantities present in the model. A natural choice for the time scale is

τ = 1/ω, as this is the relaxation time for the dynamic attractiveness B. We also scale ρ1

(resp. ρ2) by ω/λ1 (resp. ω/λ2) as this gives a balance of the B terms on the right-hand

side of equation (3.3). Finally, B is scaled in a way to balance the left-hand side (rate of

change of serious crime) and the second term (criminal removal rate) on the right-hand

side of equation (3.1). We therefore scale variables as follows, denoting dimensionless

quantities with a hat:

t̂ =
1

ω
t, ρ̂i =

ω

λi
ρi, B̂ =

ω

K1
B.

At the moment, we have limited information on the magnitude of the intrinsic part of the

attractiveness A and will therefore scale it in the same way as the dynamic attractiveness:

Â =
ω

K1
A.

Finally, we introduce the dimensionless constants

γ̂i =
ω2

λi
γi, K =

K2

K1
, i = 1, 2
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and after dropping the hat notation, the system of equations can now be written as

dρ1

dt
= γ1 − ρ1 (A + B) ,

dρ2

dt
= γ2 − Kρ2 (A + B) ,

dB

dt
= (ρ1 + ρ2) (A + B) − B.

For simplicity, let us now consider the above system with the intrinsic attractiveness

being constant, A(t) = A. It is easy to see that there exists a unique equilibrium point,

namely

ρ̄1 =
Kγ1

AK + Kγ1 + γ2
,

ρ̄2 =
γ2

AK + Kγ1 + γ2
,

B̄ =
Kγ1 + γ2

K
.

We can now use the Routh–Hourwitz criterion to prove that the steady state is stable

for any choice of parameter values. One of the necessary and sufficient conditions for

stability of the steady state, namely that K (A + B)2 > 0, is automatically satisfied as K

is positive. By substituting the equilibrium values for ρ1, ρ2 and B, the second condition

can be written as

(K + 1)(γ1 + γ2) + A

(
K

K(A + γ1) + γ2
+ K + 1

)
> 0,

which obviously holds as well. Similarly, we can prove that the final condition of the

Routh–Hourwitz criterion holds as well and therefore the steady state is always stable.

4 Numerical results

Despite the innocuous form of the equations of the model, it may be impossible to find

an exact solution. Thus, we resort to numerical simulations to gain some insight into

the behaviour of the model. The differential equations are integrated using MATLAB’s

ODE15 integrator. The reasoning behind choosing a stiff integrator can be justified by

our lack of information regarding the parameter values and the initial data. For the

simulations presented here, we use a sample collection of parameters that are similar to

those used in [21]. These do not necessarily represent realistic values, as at this point our

main goal is to examine the form of the solutions rather than a model that accurately

describes criminal activity quantitatively.

Example output from the simulations can be seen in Figure 2. Serious crime ρ1(t)is

represented by a blue line, minor crime ρ2(t) by an orange line and dynamic attractiveness

B(t) by a green line, whereas t denotes time in days. All simulations were run with initial

data away from equilibrium when A is constant, namely ρ1(0) = ρ̄1 +0.5, ρ2(0) = ρ̄2 +0.5.

When A(t) is periodic, all initial conditions are equal to
(
ρ̄1, ρ̄2, B̄

)
, where we have taken
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Figure 2. Numerical simulations using parameters described in Table 3. The x-axis represents time

in days, the blue line represents serious crime ρ1, the orange line represents minor crime ρ2 and the

green line is the dynamic attractiveness B. When A is constant, the initial condition for ρ1 (resp.

ρ2) is equal to ρ̄1 + 0.5 (resp. ρ̄2 + 0.5). When A is periodic, the initial conditions are at equilibrium.

Initial attractiveness B is always at equilibrium B̄.

the periodic part of A(t) to be equal to zero at the equilibrium formulas. The rest of the

parameters for these plots are as described in Table 3.

We observe that when the intrinsic attractiveness A(t) is constant (plots a and b),

all variables settle down to their equilibrium values after some initial variation. On the

other hand, when the intrinsic attractiveness is periodic, it is obvious that the system is

driven by this periodicity (plots c and d). The short-term behaviour of the system does
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Table 3. Parameter values used for numerical simulations

γ1 γ2 K1 K2 λ1 λ2 ω A(t) Plot

0.02 0.01 1 1 0.7 0.2 0.2 1/30 a

0.2 0.1 2 1 2.5 1.5 1 1/30 b

0.02 0.01 1 1 0.7 0.2 0.2

(
1 + sin

πt

6

)
/10 c

0.2 0.1 2 1 2.5 1.5 1

(
1 + sin

πt

6

)
/10 d

not change significantly when moving from constant A to periodic A, as is evident by

comparing plots (c) and (d). The resulting long-term behaviour is close to the way the

number of criminals varies in areas as in Figure 1 and therefore this type of model should

be considered more realistic than the former. It should be noted that in both models, the

behaviour of the two criminal types is very similar, which was one of the properties that

was strongly evident during the data analysis. At this point, it is clear that the qualitative

behaviour of the model is not far from that of the criminal time series, given that we are

using a deterministic model to describe a process which is inherently random in nature. In

an effort to further increase the flexibility of the model, we will now examine a stochastic

version of it.

4.1 Stochastic model

Let us begin by identifying possible sources of randomness in our model. Some obvious

candidates for that role would be the intrinsic attractiveness A (due to random fluctuations

in the attractiveness of the area examined) or the coefficients Ki (random fluctuations in

the effectiveness of enforcement agencies). For the sake of simplicity, we will begin by

incorporating the randomness of the criminal generation rates, γ1 and γ2. Indeed, from

a criminological point of view, there is no reason why the ‘generation’ of new criminals

should not be a random process. To model this, let us rewrite the equations for the number

of criminals with the criminal generation rates being stochastic instead of constant:

dρ1 = γ1dt + 1dWt − K1ρ1 (A + B) dt,

dρ2 = γ2dt + 2dWt − K2ρ2 (A + B) dt.

Our original system now consists of one deterministic and two stochastic differential

equations with constant diffusion coefficients, where Wt is the usual Wiener process

(Brownian motion). These can be solved numerically using one of the standard SDE

integrators such as Euler–Maruyama or the higher order Milstein method. For the

simulations to follow, we used the Euler–Maruyama method with an extra modification.

If the magnitude of either stochastic criminal generation rate δi is such that it would

drive either ρi to a value smaller than 10% of that at steady state, then this parameter

is set to zero for that specific step. For all simulations run, the noise strengths δi were

equal to γi/10. In plots (a–d) of Figure 3, we present sample output from the stochastic

simulations for the parameter values used in the deterministic case (left column). We also
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Figure 3. Numerical simulations of stochastic model using parameters described in Table 3. In the

left column, we plot ρ1 (red), ρ2 (blue) and B (green), where the x-axis represents time in days. In

the right column, we plot the monthly crime rate and the x-axis represents time in months.
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Table 4. Correlation coefficients (left columns) and their respective p-values (right

columns) calculated from the output of the stochastic simulations shown in Figure 3

Pearson’s r

Plot S − ΔS M − ΔM S − M ΔS − ΔM S − ΔM M − ΔS

a,b −0.25 <0.01 −0.28 <0.01 1.00 <0.01 0.99 0.00 −0.30 <0.01 −0.23 <0.01

c,d −0.55 <0.01 −0.48 <0.01 0.89 <0.01 0.80 <0.01 −0.24 <0.01 −0.57 <0.01

e,f −0.38 <0.01 −0.42 <0.01 0.99 <0.01 0.99 0.00 −0.42 <0.01 −0.37 <0.01

g,h −0.59 <0.01 −0.49 <0.01 0.89 <0.01 0.79 <0.01 −0.26 <0.01 −0.58 <0.01

present plots of the total number of crimes per month as predicted by the model (right

column). This is achieved by summing

kiρi(A + B), i = 1, 2

over 30 days. Calculating Pearson’s r for the same categories as in the data analysis, we

observe that agreement with the correlation coefficients obtained from the data analysis

is in general satisfactory, as seen in Table 4.

It is evident from the simulations that the behaviour of the stochastic system is close

to that of the deterministic, as expected. Altering 1 and 2 will change the amount of

stochasticity present in the system and can be possibly used to improve agreement with

data. We also note that the behaviour of both crime rates per month is qualitatively very

similar to that of the actual time series, a promising fact for the ability of the model to

approximate the data. It should be noted though that if any numerical comparison is to

be made, a realistic set of parameter values is needed.

5 Parameter estimation

An inherent problem in most types of social models is that of estimating the value of

the parameters used, coupled with the quantification of the uncertainty regarding their

knowledge. When faced with such a problem, one would usually employ techniques such

as non-dimensionalisation and experimentation to reduce the complexity of the model

and obtain an estimate for the values of the parameters. Unfortunately, in many cases,

this procedure may not be especially helpful or it may even be impossible to follow at

all. For example, in this model, while non-dimensionalisation significantly reduces the

number of parameters from 8 to 4, it fails to help with the estimation of parameters as

we have no information regarding the baseline values of the constants that were used

for the non-dimensionalisation (e.g. typical time scale). Due to the nature of the model,

experimentation is not a valid approach either. Therefore, to obtain a realistic parameter

regime, it is important to make full use of the crime data at our disposal.

We begin by choosing perhaps the simplest procedure that yields an estimate for

the parameter values, minimising an objective function. In general, inverse problems

associated with minimising functions can be hard to solve consistently as they are usually

not well-posed. Instability of solutions is usually the culprit and this is something that
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Table 5. Parameter estimation for 29 months, each month being represented by a data

point for every crime category

k1 k2 λ1 λ2 γ1 γ2 ω c1 c2 ρ1(0) ρ2(0) B(0) A Fmin Solver

0.50 1.05 0.30 0.08 0.81 0.77 0.03 1.05 1.23 0.91 0.33 0.53 1.40 0.06 TNC

0.69 1.87 0.54 0.69 0.35 0.66 0.01 0.46 1.05 0.38 0.11 2.17 1.18 0.07 BFGS

0.34 0.87 0.11 0.69 0.92 2.18 0.02 1.19 3.45 1.00 0.31 1.55 0.98 0.07 SLSQP

must be noted when performing this kind of parameter estimation, as it may significantly

affect uncertainty regarding the estimates obtained. Keeping this in mind, we define an

objective function F, the arguments of which are the parameters whose value we want

to estimate. This function will quantify the difference between the total monthly crime

rates from the data analysis and that predicted by our model. One simple form for our

function is the following:

F =
∑

All months

(Serious crimedata − Serious crimemodel)
2

+
∑

All months

(Minor crimedata − Minor crimemodel)
2 .

While executing the parameter estimation, the objective function is evaluated as follows:

(1) Fix initial data ρ1(0), ρ2(0), B(0), and an initial guess for the vector of parameters to

be estimated, defined as p0 = (k0
1 , k

0
2 , λ

0
1, λ

0
2, γ

0
1 , γ

0
2 , ω

0, c0
1, c

0
2, ρ1(0), ρ2(0), B(0)).

(2) Solve the deterministic model numerically.

(3) Evaluate Serious crimedata (resp. Minor crimedata) by calculating k1ρ1(A + B) (resp.

k2ρ2(A + B)).

(4) Substitute into the objective function and calculate its value.

(5) Solve the minimisation problem, coupled with the constraint that all parameters must

be greater than zero.

The minimisation was carried out using a plethora of solvers, such as Sequential Least

Squares Quadratic Programming, Truncated Newton Constrained and the low-memory

version of the BFGS algorithm (which is normally used for unconstrained optimisation,

but can handle box constraints). A general observation is that the minimisation of F
is not easy as the minimisers obtained may vary significantly depending on the initial

guess as well as the algorithm chosen. One possible explanation would be the existence

of lots or hills and/or valleys in the graph of F, where most Newton-based algorithms

struggle. Due to the nature of the problem, experimentation with the step size does not

help either. Despite these difficulties in the minimisation procedure, it is possible to obtain

estimates for the values of the parameters. Using these estimates (Table 5), we can solve

the equations numerically and compare the actual crime rates with the model-predicted

ones.

In Figure 4, we present example output from the simulations of the model. We performed

two minimisations, first keeping the intrinsic attractiveness A constant (left column), and
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Figure 4. Comparison between actual crime data (dots) and deterministic model simulation (solid

lines) for the Manchester area, using parameter values obtained from the minimisation procedure,

as shown in Table 5. Plots in the left column were created with A constant, whereas its periodic

form was used for plots in the right column. The x-axis represents time in months. Red colour

represents serious crime and blue represents minor crime.

then using the parameter values obtained to estimate parameters for a more general

periodic form of A with a period of one year, namely A1 + A2 sin
(
πt/6 + A3

)
(right

column). We observe that the deterministic model is a satisfactory approximation to

the (random) data. However, due to the number of parameters estimated (either nine

for constant A or 12 for periodic A), coupled with three initial conditions, the issue of

possible parameter redundancy has to be considered. Indeed, it is possible to change the

total crime rates without altering the equations of the model. To illustrate this, let us
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arbitrarily choose two positive numbers a1, a2 and consider the following scaling:

ρi → aiρi, ki → ki/ai, γi → aiγi, ci → aici, λi → λi/ai, i = 1, 2.

It is now easy to see that all equations of the model and the total crime rates kiρi (A + B)

remain the same. This scaling shows that there cannot possibly be a set of unique

parameters that serves as a global best fit to the crime rate, as we can always alter

parameters by a1, a2 but leave everything else unchanged.

The availability of larger datasets would be a significant asset in improving model

training, as would be a dataset of higher resolution (e.g. crimes reported daily instead

of monthly). Furthermore, we performed the procedure above for areas other than

Manchester, obtaining qualitatively similar results in the output of the simulations. The

value of the objective function at its minimum was always consistent with the one is

Manchester’s case, ranging from 0.078 (Liverpool) to 0.045 (Southampton).

Finally, we can use the parameters obtained above for the stochastic model as well.

We used the same parameters as for the deterministic simulations and added Gaussian

noise. After running a number of simulations for each parameter set and averaging them,

we present example output in Figure 5. We expect that, for a large enough number of

simulations, the outcome of the stochastic model should be approximately the same as

the deterministic one. Indeed, it is obvious that the stochastic simulations are qualitatively

similar to the deterministic ones, as both crime rates fluctuate above and below their

equilibrium values. A direct comparison however between the deterministic and the

stochastic model is harder to make, as it is not easy to quantify their performance. We

believe that the deterministic model should be considered as a tool for indicating the

mean behaviour of both crime rates in the long run, whereas the output of the stochastic

one indicates the expected variation in serious and minor crime and is qualitatively closer

to the data.

6 Conclusions

As far as the actual data are concerned, it is clear that a variety of interesting conclusions

can be drawn even from a preliminary analysis, as was the one conducted here. We based

our model mainly on the high degrees of correlation between serious crime, minor crime

and their rates of change. However, we chose not to incorporate in our model the fact

that serious crime is correlated with the rate of change of minor crime, while there is

no such link in the opposite direction. This observation is consistent with some theories

proposed by criminologists [12, 17] and is something that needs to be further examined

in the future, as it could simplify the model (possibly by imposing a relation between λ1

and λ2).

The transition from a deterministic model to a stochastic one was beneficial as it

increased the flexibility of the model. One disadvantage, though, of this transition is the

higher difficulty associated with estimating parameter values for a stochastic model. This

can be sidestepped by using both versions of the model, estimating parameters from the

deterministic one and then calibrating the amount of randomness present in the stochastic

one to improve agreement with the data.
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Figure 5. Comparison between actual crime data (dots) and stochastic model simulation (solid

lines) for the Manchester area, using the same parameter values as in Figure 4 with δi = γi/10 and

A periodic. Red colour represents serious crime and blue represents minor. For the plots in the left

column, 10 runs were executed and then averaged, as opposed to 100 runs in the right column.

The estimation of parameter values itself is also an area of further improvement. A

clear cut solution to this problem may not be so easy to find although it is certain

that more detailed data, especially in the temporal scale, would be an important as-

set. An objective function that more accurately represents the difference between actual

and predicted crime of both types per month could theoretically improve the con-

sistency of the minimisers obtained. It is also possible to adopt a different approach

altogether in estimating parameter values, such as Bayesian methods, which is work in

progress.
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Finally, it should be mentioned that the framework set in this paper can be expanded to

model crime distribution in space for serious and minor crime, along the lines of [18,20,21].

A model that successfully captures the points mentioned here and expands them to

account for spatial variation as well is also work in progress. This could not only provide

researchers with significantly improved understanding of the dynamics between serious

and minor crime but also enable policy makers and law enforcement agencies to better

predict crime evolution and increase their effectiveness as well as the allocation of their

resources.
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Appendix A

Table A 1. Pearson’s r (top half) and Spearman’s ρ (bottom half) calculated using data

from September 2011 to January 2014 obtained from the UK police website. The coefficients

are in the left columns whereas the p-values are on the right. S and M represent serious

and minor crime respectively and ΔS and ΔM are forward differences, e.g. ΔSJune = (Total

amount of serious crime in July) − (Total amount of serious crime in June)

Pearson’s r

S − ΔS M − ΔM S − M ΔS − ΔM S − ΔM M − ΔS

Birmingham −0.58 0.01 −0.48 0.02 0.67 <0.01 0.58 <0.01 −0.56 0.01 −0.09 0.69

Manchester −0.52 <0.01 −0.52 <0.01 0.58 <0.01 0.80 0.00 −0.58 <0.01 −0.29 0.13

Leeds–Bradford −0.47 0.01 −0.55 <0.01 0.58 <0.01 0.71 0.00 −0.46 0.01 −0.22 0.26

Liverpool–Merseyside −0.58 <0.01 −0.66 <0.01 0.67 <0.01 0.71 0.00 −0.35 0.07 −0.55 <0.01

Southampton–Portsmouth −0.33 0.09 −0.40 0.04 0.66 <0.01 0.44 0.02 −0.17 0.38 −0.22 0.26

Newcastle–Sunderland −0.54 <0.01 −0.55 <0.01 0.61 <0.01 0.56 <0.01 −0.22 0.26 −0.38 0.04

Nottingham–Derby −0.53 <0.01 −0.57 <0.01 0.57 <0.01 0.45 0.02 −0.51 0.01 0.01 0.98

Sheffield −0.57 <0.01 −0.51 0.01 0.44 0.02 0.49 0.01 −0.51 0.01 −0.08 0.67

Suffolk −0.32 0.09 −0.48 0.01 0.85 0.00 0.54 <0.01 −0.17 0.38 −0.25 0.21

Norfolk −0.57 <0.01 −0.52 <0.01 0.54 <0.01 0.21 0.29 −0.11 0.57 −0.15 0.46

Cambridgeshire −0.42 0.03 −0.50 0.01 0.52 <0.01 0.53 <0.01 −0.24 0.22 −0.24 0.22

Lincolnshire −0.49 0.01 −0.51 0.01 0.73 0.00 0.76 0.00 −0.50 0.01 −0.26 0.18

Cumbria −0.51 0.01 −0.51 0.01 0.68 <0.01 0.61 <0.01 −0.38 0.04 −0.28 0.15

Durham −0.45 0.02 −0.50 0.01 0.56 <0.01 0.44 0.02 −0.36 0.06 −0.01 0.95

Sussex −0.69 <0.01 −0.45 0.02 0.77 0.00 0.78 0.00 −0.59 <0.01 −0.33 0.08

Devon–Cornwall −0.53 <0.01 −0.40 0.04 0.66 <0.01 0.71 0.00 −0.47 0.01 −0.21 0.29

Entire dataset −0.61 <0.01 −0.60 <0.01 0.69 0.00 0.87 0.00 −0.65 <0.01 −0.43 0.02

Birmingham −0.47 0.03 −0.58 <0.01 0.66 <0.01 0.57 0.01 −0.63 <0.01 −0.09 0.70

Manchester −0.54 <0.01 −0.53 <0.01 0.55 <0.01 0.77 0.00 −0.60 <0.01 −0.30 0.12

Leeds–Bradford −0.46 0.01 −0.59 <0.01 0.62 <0.01 0.65 <0.01 −0.51 0.01 −0.24 0.23

Liverpool–Merseyside −0.64 <0.01 −0.60 <0.01 0.69 0.00 0.75 0.00 −0.41 0.03 −0.46 0.01

Southampton–Portsmouth −0.47 0.01 −0.39 0.04 0.62 <0.01 0.55 <0.01 −0.14 0.47 −0.26 0.18

Newcastle–Sunderland −0.57 <0.01 −0.56 <0.01 0.71 0.00 0.38 0.04 −0.19 0.33 −0.46 0.01

Nottingham–Derby −0.55 <0.01 −0.54 <0.01 0.45 0.02 0.40 0.03 −0.53 <0.01 0.02 0.94

Sheffield −0.58 <0.01 −0.48 0.01 0.40 0.03 0.55 <0.01 −0.52 <0.01 −0.02 0.92

Suffolk −0.24 0.22 −0.51 0.01 0.84 0.00 0.46 0.01 −0.18 0.35 −0.24 0.22

Norfolk −0.65 <0.01 −0.44 0.02 0.43 0.02 0.18 0.36 −0.20 0.30 −0.08 0.70

Cambridgeshire −0.47 0.01 −0.48 0.01 0.49 0.01 0.58 <0.01 −0.21 0.29 −0.30 0.13

Lincolnshire −0.44 0.02 −0.49 0.01 0.73 0.00 0.71 0.00 −0.50 0.01 −0.29 0.14

Cumbria −0.47 0.01 −0.51 0.01 0.62 <0.01 0.55 <0.01 −0.34 0.08 −0.26 0.19

Durham −0.32 0.09 −0.49 0.01 0.54 <0.01 0.40 0.03 −0.28 0.15 <0.01 0.99

Sussex −0.71 0.00 −0.36 0.06 0.80 0.00 0.75 0.00 −0.56 <0.01 −0.40 0.04

Devon–Cornwall −0.47 0.01 −0.35 0.07 0.69 0.00 0.71 0.00 −0.39 0.04 −0.16 0.43

Entire dataset −0.59 <0.01 −0.54 <0.01 0.64 <0.01 0.90 0.00 −0.64 <0.01 −0.41 0.03
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