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Abstract

This thesis addresses the development of efficient finite element methods and their

analysis for nonlocal problems, with particular focus on the integral fractional Lapla-

cian. The specific topics addressed in this thesis are: regularity theory of solutions

in polygonal domains, graded and hp versions of the finite element method, oper-

ator preconditioning, space–time adaptive methods for variational inequalities, and

interface problems. The numerical analysis is supplemented by applications to bio-

logical and robotic systems.

The precise regularity theory of the solutions in polygonal domains is first addressed

as a basis for the numerical analysis. It is shown that the solution admits an asymp-

totic expansion with a tensor product decomposition, which leads to the optimal

rate of convergence for finite element discretisations on graded meshes and for the

hp–version on quasi–uniform meshes.

An operator preconditioner for general elliptic pseudodifferential equations in a do-

main is then presented, based on a classical formula by Boggio.

The thesis also considers the a priori and a posteriori analysis of a large class of

space and space–time variational inequalities associated with the fractional Lapla-

cian. The resulting space–time adaptive methods are studied in numerical experi-

ments.

Two further chapters of this thesis study applications to biological and robotic sys-

tems. Analysis and numerical experiments of the resulting continuum nonlocal equa-

tions allow for efficient quantitative characterisation of relevant quantities.
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Chapter 1

Introduction

Every story starts with an idea, but it is the characters

that move this idea forward.

Michael Scott

Contents

1.1 Definitions and notation . . . . . . . . . . . . . . . . . . . 4

1.2 Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

This thesis considers boundary value problems for the integral fractional Lapla-

cian, efficient computational methods and their analysis, as well as applications in

biology and robotics.

The fractional Laplacian is a prototypical example of a nonlocal operator which,

as the generator of the Lévy process, has a physical significance and appears in appli-

cations such as crack propagation [165], ground water flows [67], biological organisms

[43, 57, 89], medicine [68, 69], robotic systems [82], image processing [50, 106, 157],

and finance [229, 240].

The fractional Laplacian has attracted interest from different areas, especially fol-

lowing the recent work of Caffarelli and Silvestre [56]. In analysis some illustrative

references include [32, 55, 207, 218]. Nonlocal problems have also been of increasing

relevance in applied analysis and mathematical modelling [53, 57, 68, 80, 198, 236].

To be specific, throughout this thesis we consider the integral fractional Laplace
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Chapter 1: Introduction

operator (−∆)s, with s ∈ (0, 1). For a function for u ∈ S(Rn), the Schwartz space

of rapidly decaying C∞ functions, we define the integral fractional Laplacian as (see

for example [52, 156])

(−∆)su(x) = cn,sP.V.

∫
Rn

u(x)− u(y)

|x− y|n+2s
dy = cn,s lim

ε→0+

∫
Rn\Bε(x)

u(x)− u(y)

|x− y|n+2s
dy ,

(1.1)

where Bε(x) is a ball of radius ε centered at x and cn,s is a constant related to the

rescaling of the underlying probability process given by

cn,s =

(∫
Rn

1− cos(2πy)

|y|n+2s
dy

)−1

= s
22s

πn/2
Γ
(
n
2

+ s
)

Γ (1− s)
. (1.2)

Equivalently, the fractional Laplacian may be defined in terms of the Fourier trans-

form on Rn as F((−∆)su) = |ξ|2sFu. This expression extends (−∆)s to an un-

bounded operator on L2(Rn) and also shows that (−∆)s is an operator of order 2s.

Note that for s→ 1− one recovers the ordinary Laplace operator [227, Theorem 3].

The model problem considered in this thesis is the Dirichlet problem for the

fractional Laplacian in a bounded Lipschitz domain Ω ⊂ Rn, with f ∈ H−s(Ω):

Find u ∈ Hs(Rn):

(−∆)su = f in Ω,

u = 0 in Rn \ Ω.

(1.3)

More generally, elliptic pseudodifferential operators beyond the fractional Laplacian,

such as div(c(x)∇2s−1u) or the weakly singular V and hypersingular W operators

from boundary integral equations, and associated parabolic problems are of interest.

Note also that variants of the fractional Laplacian have been of recent interest [155],

such as the spectral fractional Laplacian [68, 217], or the regional fractional Lapla-

cian [73].

The efficient numerical approximation of (1.3) by finite element methods involves

several challenges. The solution u exhibits singular behaviour near the boundary or

an interface [120]. Consequently, numerical discretisations on quasi-uniform meshes

lead to unphysical solutions and slow convergence, see Figure 1.1. A precise under-

2



Chapter 1: Introduction

standing of the singular behaviour allows us to recover the convergence rates known

for smooth problems, on appropriately graded meshes.

The use of Galerkin methods to discretise nonlocal operators leads to dense ma-

trices, which results in increased memory requirements and computational costs.

The Galerkin matrices for an operator of order 2s have a condition number of order

O(h
−2|s|
min ), where hmin corresponds to the size of the smallest element of the mesh.

The solution of the resulting linear system by iterative solvers is then slow on fine

meshes. Therefore, efficient preconditioners become relevant.

Beyond the work in this thesis, the numerical analysis of fractional Laplacians

has attracted substantial attention from other authors. We point out the review ar-

ticles [39, 160] for discussion of different fractional Laplacians in bounded domains,

their regularity theory, and numerical implementations.

In a work directly related to this thesis, weighted Sobolev estimates for the solution

in a convex polygon were shown in [6], resulting in optimal convergence rates on

graded meshes. Regularity results have also been obtained for the spectral frac-

tional Laplacian [25, 185], and nonlinear problems have been considered [41]. The

discretisation and efficient assembly of the Galerkin matrices has been considered

in [4, 9]. We employ a similar approach for implementation, building upon work

[210] for the boundary element method. Recent works develop the theory for hp

approximations in 1D [7] and for the spectral fractional Laplacian [25, 175].

Furthermore, additive Schwarz preconditioners of BPX-type were investigated in

[92], and H-matrix compression techniques have been considered in [94]. Alterna-

tive discretisation approaches, such as finite difference methods have been considered

[140].

The numerical analysis of the integral fractional Laplacian in this thesis relates

to classical boundary element methods. Identifying Ω ⊂ Rn with the flat screen

Ω × {0} ⊂ Rn+1, the hypersingular operator W coincides with 1
2
(−∆)s for s = 1

2
,

while the weakly singular operator V coincides with 1
2
(−∆)s for s = −1

2
. This

connection between the fractional Laplacian and boundary integral operators allows

us to exploit ideas from the boundary element literature in order to address these

3



Chapter 1: Introduction

challenges. Conversely, the analysis of general nonlocal operators simplifies and

unifies known results in special cases, see for example Chapter 4.

1.1 Definitions and notation

We recall basic definitions and properties related to the fractional Sobolev spaces of

non-integer order. For further details we refer to [75].

Let Ω ⊂ Rn be a bounded domain, and for s ∈ N0, Hs(Ω) the Sobolev space of

functions in L2(Ω) whose distributional derivatives of order s belong to L2(Ω). For

s ∈ (0,∞), we write m = bsc and σ = s−m and define the Sobolev space Hs(Ω) as

Hs(Ω) = {v ∈ Hm(Ω) : |∂αv|Hσ(Ω) <∞ ∀|α| = m} .

Here | · |Hσ(Ω) is the Aronszajn-Slobodeckij seminorm

|v|2Hσ(Ω) =

∫∫
Ω×Ω

(v(x)− v(y))2

|x− y|n+2σ
dy dx.

Hs(Ω) is a Hilbert space endowed with the norm

‖v‖2
Hs(Ω) = ‖v‖2

Hm(Ω) +
∑
|α|=m

|∂αv|2Hσ(Ω).

Particularly relevant throughout this thesis is the following space

H̃s(Ω) = {v ∈ Hs(Rn) : supp v ⊂ Ω}

of distributions whose extension by 0 belongs to Hs(Rn).

We recall that when Ω is Lipschitz and 1
2
6= s ∈ (0, 1), H̃s(Ω) coincides with the

space Hs
0(Ω), which is the closure of C∞0 (Ω) with respect to the Hs norm. Moreover,

for s ∈ (0, 1
2
), H̃s(Ω) = Hs(Ω) = Hs

0(Ω). All three spaces differ when s = 1
2

[172].

For negative s the Sobolev spaces are defined by duality. Using local coordinates,

the definition of the Sobolev space extends to a bounded domain Ω on a Rieman-

4



Chapter 1: Introduction

nian manifold Γ. For |s| ≤ 1 the definition is independent of the choice of local

coordinates, provided Ω is Lipschitz [232].

For s ∈ (0, 1), the weak form of problem (1.3) is expressed in terms of the bilinear

form a on H̃s(Ω),

a(u, v) =
cn,s
2

∫∫
D

(u(x)− u(y))(v(x)− v(y))

|x− y|n+2s
dy dx (1.4)

where D = (Rn × Ω) ∪ (Ω× Rn).

Note that formally

a(u, v) = 〈(−∆)su, v〉Hs(Rn) −
∫∫

ΩC×ΩC

(u(x)− u(y))(v(x)− v(y))

|x− y|n+2s
dy dx, (1.5)

when u, v ∈ Hs(Rn), and the second term vanishes on H̃s(Ω). The weak form of

(1.3) therefore reads as follows:

Find u ∈ H̃s(Ω) such that

a(u, v) =

∫
Ω

fv dx, (1.6)

for all v ∈ H̃s(Ω).

Note that a is continuous and elliptic in H̃s(Ω) due to Cauchy-Schwarz and

fractional Poincaré inequalities [183].

There exist Ca, α > 0 with

a(u, v) ≤ Ca‖u‖H̃s(Ω)‖v‖H̃s(Ω), a(u, u) ≥ α‖u‖2
H̃s(Ω)

.

By Lax-Milgram theorem, the weak form (1.6) admits a unique solution, and the

solution operator f 7→ u extends to an isomorphism from H−s(Ω) to H̃s(Ω).

For many applications it is crucial to preserve the density of the solution. To that

extent it proves useful to define the relevant generalization of the normal derivative.

The nonlocal flux operator is given for all x ∈ Rn \ Ω [76] by:

Nsu(x) = cn,s

∫
Ω

u(x)− u(y)

|x− y|n+2s
dy . (1.7)

5



Chapter 1: Introduction

It corresponds to a particle which, upon exit of the domain Ω, immediately returns to

any point in Ω with the probability density proportional to |x−y|−n−2s. Alternative

Neumann type conditions based on reflection have been discussed in [22, 23, 30].

We point out that the nonlocal flux Ns arises naturally from the bilinear form (1.4)

and may be understood as a part of an integration–by–parts formula:

cn,s
2

∫∫
D

(u(x)− u(y))(v(x)− v(y))

|x− y|n+2s
dx dy =

∫
Ω

v(−∆)su dy+

∫
Rn\Ω

vNsu dx. (1.8)

In here we address the implementation of the bilinear form a(·, ·) associated with

the fractional Laplacian.

For numerical approximations, we assume the domain Ω to have polygonal boundary

∂Ω. Let Th be a family of shape regular triangulations of Ω and let Vh ⊂ H̃s(Ω)

(resp. Vhp ⊂ H̃s(Ω)) be the space of continuous piecewise linear (resp. polynomial)

functions on Th, which vanish on the boundary. Then the discretised problem reads

as follows:

Find uh ∈ Vh such that for all vh ∈ Vh

a(uh, vh) =

∫
Ω

fv dx. (1.9)

We implement the stiffness matrix K of the bilinear form a(·, ·) in the nodal basis

{ϕi} of Vh. The stiffness matrix K = (Kij) is given by

Kij = a(ϕi, ϕj) = cn,s

∫∫
Rn×Rn

(ϕi(x)− ϕi(y))(ϕj(x)− ϕj(y))

|x− y|n+2s
dy dx . (1.10)

Noting that interactions in Ω× ΩC and ΩC × Ω are symmetric,

Kij = cn,s

∫∫
Ω×Ω

(ϕi(x)− ϕi(y))(ϕj(x)− ϕj(y))

|x− y|n+2s
dy dx

+ 2cn,s

∫∫
Ω×ΩC

ϕi(x)ϕj(x)

|x− y|n+2s
dy dx .

(1.11)

All integrals are treated elementwise and mapped to reference elements. Note that

for any two elements τk, τ` ∈ Th in the triangulation Th their joint support is either

an empty set, a vertex, an edge, or a triangle. Each case of joint support is then

treated separately. The first integral is computed using a composite graded quadra-

6



Chapter 1: Introduction

ture as is standard in boundary element methods [210, Chapter 5]. This method

splits the integral into singular and regular parts. It converts the integral over two

elements, using Duffy–type transformations, into an integral over [0, 1]4 and resolves

the singular part with an appropriate grading. The singular part can be computed

explicitly, and for the regular part we employ numerical quadrature. The second

integral can be efficiently computed by numerical quadrature after transforming it

into polar coordinates. For a discussion of the quadrature see [4].

For higher order polynomial basis we employ standard continuous Lagrange basis

functions. The implementation of the stiffness matrix K employs the same proce-

dure as for piecewise linear basis functions. Whenever possible, the integrals over

[0, 1]4 are computed analytically.

Finite element analysis and implementation of the nonlocal flux Ns and related

problems have been discussed in [8].

We demonstrate that a naive numerical implementation of nonlocal problems

leads to undesired effects, as is clear from a simple example on a unit ball B ⊂ R2:

(−∆)su = 1 in B. (1.12)

u = 0 in BC = R2 \ B. (1.13)

Note that for this problem we obtain the exact solution [52] given by

u(x) = cn,s(1− |x|2)s+. (1.14)

Figure 1.1 shows the solutions uh of the fractional Laplace equation on uniform and

2–graded meshes with s = 0.1. Note that without grading, the solutions near the

boundary are not well approximated, whereas the grading towards the boundary

resolves the boundary singularities.

7



Chapter 1: Introduction
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Figure 1.1: Solution uh of the fractional Laplace equation with s = 0.1 on uniform
(left) and 2–graded (right) meshes.

1.2 Outline

This thesis is structured in several parts:

Chapter 2 discusses the regularity theory of nonlocal operators on polygonal do-

mains. It is well known that solutions to elliptic boundary value problems on polyg-

onal domains exhibit singularities at edges and corners. We discuss the regularity

theory based on techniques developed for elliptic differential equations with mixed

boundary conditions. The solution is shown to admit an asymptotic expansion in a

neighbourhood of the edges and corners. As a consequence, in spite of the singular

behaviour, finite element discretizations on graded meshes converge at the optimal

rate expected for smooth solutions. Numerical experiments illustrate the theoretical

results and study the precise corner behaviour. This chapter is based on a joint work

[111] with H. Gimperlein and E. P. Stephan.

Chapter 3 focuses on the hp–version of the finite element approximations for the

integral fractional Laplacian. Based on the regularity theory and the asymptotic

expansion developed in a previous chapter we show that the hp–version of finite

element methods on quasi–uniform meshes leads to the optimal convergence rate.

Numerical solutions demonstrate the theoretical results on polygonal domains. This

chapter is based on a joint work [111] with H. Gimperlein and E. P. Stephan.

Chapter 4 considers an operator preconditioner for general elliptic pseudodifferen-

tial equations in a domain in either Rn or a Riemannian manifold. For the linear

8



Chapter 1: Introduction

systems of equations arising from low-order Galerkin-Petrov discretisations, we prove

that the condition number is independent of the mesh size and of the choice of bases

for trial and test spaces. The basic ingredient is a classical formula by Boggio for the

fractional Laplacian, extended analytically [3, 38]. In the special case of the weakly

and hypersingular operators on a line segment or a screen, our approach recovers

and unifies a series of results by Hiptmair, Jerez-Hanckes, Nedelec and Urzua-Torres

[133–135, 144], with an independent proof which does not require new explicit so-

lution formulas. Numerical examples illustrate the performance of the proposed

preconditioner. This chapter is based on a joint work [113] with H. Gimperlein and

C. Urzúa–Torres.

Chapter 5 treats a large class of time–independent and time–dependent variational

inequalities associated with the fractional Laplacian. We consider the error analysis

of finite element discretisations and adaptive mesh refinements and obtain a priori

and a posteriori error estimates. We further study the space–time adaptive mesh

refinement strategies. Particular emphasis is also placed on mixed formulations,

which include the contact forces as a Lagrange multiplier. Numerical experiments

for 2-dimensional model problems demonstrate the theoretical results. They indi-

cate the efficiency of the a posteriori error estimates and illustrate the convergence

properties of space-time adaptive, as well as uniform and graded discretisations.

This chapter is based on a joint work [112] with H. Gimperlein.

Chapter 6 derives nonlocal diffusion equations, involving fractional Laplacians in

space and fractional time derivatives, from the microscopic velocity jump models

used to interpret the experiments. Starting from power-law distributions of run and

waiting times, we investigate the relevant parabolic limit of a kinetic equation for

the resting and moving individuals. The analysis and numerical experiments shed

light on how chemokines shorten the average time taken by T cells to find rare tar-

gets, and on the absence of chemotaxis. This chapter is based on a joint work [90]

with G. Estrada–Rodriguez, H. Gimperlein, and K. J. Painter.

Chapter 7 demonstrates the opportunities provided by analysis tools developed

9



Chapter 1: Introduction

for biological systems; continuum models for the efficient quantitative characteri-

zation of robot swarms. They lead to fast methods for the optimization of robot

movement laws to achieve a prescribed collective behaviour. We show how to com-

pute quantities of robotic interest and illustrate the accuracy and efficiency of our

approach for target search and coverage problems. We compute area coverage, re-

spectively hitting times, for Brownian as well as Lévy strategies with a characteristic

long-range movement. Comparisons between the continuum model and robotic sim-

ulations confirm the quantitative agreement and speed up > 100 of our approach.

They show the advantage of Lévy strategies over Brownian motion for target search

and coverage problems. This chapter is based on a joint work [82] with S. Duncan,

M. Dragone, G. Estrada–Rodriguez, H. Gimperlein, and P. A. Vargas.
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Corner singularities for the

fractional Laplacian

In the beginning there was nothing, which exploded.

Terry Pratchett
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This chapter is based on a joint work [111] with H. Gimperlein and E. P. Stephan.

2.1 Introduction

For solutions to elliptic equations in a polyhedral domain, the asymptotic behaviour

near the edges and corners has been studied for several decades [64, 70, 118, 151, 171].

Numerically, the explicit singular expansions allow to recover optimal convergence
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Chapter 2: Corner singularities for the fractional Laplacian

rates for finite [15, 17] and boundary element methods [199, 201].

Sharp results for the regularity of the solutions to such problems in smooth

domains have been obtained by Grubb [120], and for C1,α domains by Ros-Oton

and Serra [207]. A recent alternative approach is given in [107]. In convex polygons,

weighted Sobolev estimates were shown in [6], resulting in optimal convergence rates

on graded meshes. Regularity results have also been obtained for operators like the

spectral fractional Laplacian, with applications to the convergence of hp discretisa-

tions in analytic domains [25].

In this chapter we consider the fractional Dirichlet problem in a polygon Ω,

(−∆)su = f in Ω,

u = 0 in ΩC = R2 \ Ω,

(2.1)

where s ∈ (0, 1). For s = 1
2

and s = 1 the problem has a long history: the Dirichlet

problem for the Laplacian in Ω when s = 1, the hypersingular integral equation

Wu = 2f on the flat screen Ω× {0} ⊂ R3 when s = 1
2
.

We obtain precise asymptotic expansions for the solution u of (2.1) near the

boundary and corners for all s ∈ (0, 1). These expansions allow us to prove optimal

convergence rates for the h-version finite element method on algebraically graded

meshes. Our results generalize classical results for the Laplace equation in polygons

and its numerical approximation by finite and boundary element methods.

The results of Grubb [120] show that near a smooth boundary u
dist(x,∂Ω)ν

is smooth

up to ∂Ω with leading singular exponent ν = s. We obtain a similar asymptotic

behaviour in a corner. There the leading singular exponent λ is determined by a

spectral problem for a perturbation of the Laplace-Beltrami operator on the up-

per hemisphere with mixed boundary conditions. This exponent λ is an increasing

function of s and a decreasing function of the corner angle. The upper and lower

bounds λ < 2s, λ > max{0, s− 1
2
}, are sharp. Generalizing [182, 239] for s = 1

2
, we

12
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numerically approximate the eigenvalue problem for λ to study its behaviour in s

and the corner angle. We also derive an accurate analytical approximation for λ.

The precise asymptotic description of the solution has implications for the ap-

proximation by finite elements. We consider the best approximation of u by piece-

wise polynomial functions Ṽh on a β-graded mesh, graded towards the boundary

and the corners. This generalizes the results of [6]. In 2d, the approximation rate

is therefore determined by the boundary behaviour ν = s of the solution, and inde-

pendent of the corner exponent λ.

Numerical experiments based on a finite element discretisation of (2.1) confirm

the theoretical results for the singular exponents ν, λ and achieve the predicted

convergence rates. In particular, the convergence rate for the solution u in the en-

ergy space H̃s(Ω) is doubled on a 2-graded mesh, when compared to a uniform mesh.

We also determine the corner exponents λ numerically, by determining the lowest

eigenvalue of the spectral problem on the upper hemisphere. As for u, the conver-

gence rate for λ confirms the theoretical predictions. Furthermore, we compute λ

empirically from the asymptotic behaviour of the finite element solutions near corner

points, as well as from the analytical approximation in the Section 2.6. The different

approximations agree quantitatively for all s and all corner angles and confirm the

qualitative predictions. For a corner of opening angle approaching 2π, λ approaches

the analytical lower bound max{0, s− 1
2
}. A table for λ as a function of s and the

corner angle is provided, generalising the classical table of [182] for s = 1
2
.

This chapter is suplemented by Appendix A which discusses decomposition the-

orems for the Laplace equation with mixed boundary conditions in 3D. When s = 1
2
,

one recovers this precise problem for the extension problem. The appendix material

is based on personal notes by E. P. Stephan.
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2.2 Extension problem

Following [56] for Rn, resp. [107] for Ω, we introduce a boundary value problem for a

degenerate partial differential operator in the half space Rn×R+, which is equivalent

to (2.1):

LsU(X, t) := t−α∇ · (tα∇U(X, t)) = ∂2
tU +

1− 2s

t
∂tU + ∆Xu, (2.2)

with α = 1 − 2s. Here (X, t) ∈ Rn × R+. Including the boundary conditions the

model problem (2.1) is equivalent to:

LsU(x, y, t) = 0 in Rn × R+

U(x, y, 0) = 0 in ΩC × {0}

− lim
t→0+

tα∂tU(x, y, t) = f in Ω× {0}.

(2.3)

See Figure 2.1 for a depiction of the geometry of this boundary value problem when

n = 2. Existence and uniqueness of the solution U in the weighted Sobolev space

H1(Rn+1
+ , tα) := {v ∈ L2(Rn+1

+ , tα) : ∇v ∈ L2(Rn+1
+ , tα)} has been discussed in [56].

Here L2(D, tα) is the space of functions v such that
∫
D
|v(x, t)|2tα dx dt <∞.

Let f ∈ H−s(Ω) be so that there exists a function F ∈ {H ∈ H1(Rn+1
+ , tα) :

LsH ∈ L2(Rn+1
+ , tα)} and F = 0 on ΩC × {0} and − limt→0+ tα∂tF = f on Ω× {0}

in the sense of distributions. Define Ũ := U − F and g = −LsF ∈ L2(Rn+1
+ , tα).

Then we may equivalently study the interior source problem, with homogeneous

boundary conditions:

LsŨ(x, y, t) = g in R2 × R+

Ũ(x, y, 0) = 0 in ΩC × {0}

− lim
t→0+

tα∂tŨ(x, y, t) = 0 in Ω× {0}.

(2.4)

For the case of s = 1/2 see [201, Section 2].
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Ω

X 2 R
n

t

Figure 2.1: Geometry of the extension problem in the upper half space.

2.2.1 Edge singularities

Ω

X 2 R
n

t

Figure 2.2: Model geometry for straight boundary.

We first consider the behaviour of u near a point on an edge of ∂Ω away from

any corner. The model problem for edge singularities is given by the half space

Ω = R+ × Rn−1, depicted in Figure 2.2. For behaviour of solutions near a general

smooth boundary see for example [107, 119]. For s = 1/2 see also [202].

The problem now becomes one of finding and analyzing a function U in the upper

half-space Rn+1
+ such that

LsU(x, y, t) = 0 in Rn+1
+

U(x, y, 0) = 0 for x < 0, y ∈ Rn−1

lim
t→0+

t1−2s∂tU(x, y, t) = f for x > 0, y ∈ Rn−1.

(2.5)

The translation invariance of this model Ls in y suggests that we conjugate by the

Fourier transform in y. Denoting by η the variable dual to y, this gives

LsU = ∂2
tU +

1− 2s

t
∂tU + ∂2

xU − |η|2U (2.6)

and the corresponding boundary value problem

15



Chapter 2: Corner singularities for the fractional Laplacian

LsU(x, η, t) = 0 in Rn+1
+

U(x, η, 0) = 0 for x < 0,

lim
t→0+

t1−2s∂tU(x, η, t) = f(x, η) for x > 0, η ∈ Rn−1.

(2.7)

There is a further reduction if we set τ = t|η|, x̃ = x|η| and then divide by |η|2.

This leads to

B(Ls) = ∂2
τ +

1− 2s

τ
∂τ + ∂2

x̃ − 1,

which is called the model Bessel operator. The boundary value problem is now

B(Ls)U(x̃/|η|, η, τ/|η|) = 0 in Rn+1
+

U(x̃/|η|, η, 0) = 0 for x̃ < 0, η ∈ Rn−1

lim
τ→0+

τ 1−2s∂τU(x̃/|η|, η, τ/|η|) = |η|−2sf(x̃/|η|, η) for x̃ > 0, η ∈ Rn−1.

(2.8)

All of the steps above are reversible. In much of the discussion below, we can

treat η simply as a parameter.

Fixing the parameter η, the operator B(Ls) is in the following considered on

functions on the upper half space R2
+. It is obviously singular at τ = 0, but we

are expecting additional singular behaviour of solutions at the point {x = τ = 0}.

To illuminate these, we change the underlying geometry slightly by blowing up the

locus {x = τ = 0}. In this simple setting, this corresponds to replacing this point

with the semicircle of inward-pointing vectors of length one. More concretely, we

introduce polar coordinates (ρ, θ)

τ = ρ sin(θ), x = ρ cos(θ)

in R2
+ and then add the ‘face’ ρ = 0 to R2

+ \ {(0, 0)}. The resulting ‘single space’,

which we denote by (R2
+)0, is diffeomorphic to S1

+ × R+.

We now transfer the problem to this space. The lift of the model Bessel operator
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is

B(Ls) = ∂2
ρ +

2− 2s

ρ
∂ρ +

1

ρ2

(
∂2
θ + (1− 2s) cot(θ) ∂θ

)
− 1. (2.9)

One route toward analyzing B(Ls) is by separation of variables, i.e., by reducing

to a family of ordinary differential equations acting on the different eigenspaces of

Ps = ∂2
θ + (1− 2s) cot(θ)∂θ,

the operator in θ which appears in parentheses in (2.9).

We assume that the solution U is of the form

U = ρνϕ(θ)

where ϕ(θ) is an eigenfunction of the corresponding spectral problem:

Psϕ = −λϕ for θ ∈ (0, π)

lim
θ→0+

θα∂θϕ = 0 for θ = 0

ϕ = 0 for θ = π,

(2.10)

with λ = ν2 + (1 − 2s)ν. We note that the bilinear form b defined on smooth

functions vanishing on the Dirichlet part of the boundary associated to Ps is given

by

b(u, v) = −〈Psu, v〉L2([0,π],sin1−2s(θ)dθ)

=

∫ π

0

∂θu∂θv sin1−2s(θ) dθ,

where the boundary terms vanished due to (2.10). Let Ps be the operator associated

to the closure of the bilinear form b. Since the associated bilinear form b(u, v) is

symmetric, the operator Ps with the mixed boundary conditions above is nonnega-

tive and self-adjoint on L2
(
[0, π], sin1−2s(θ)dθ

)
. The space H̃1

(
[0, π], sin1−2s(θ)dθ

)
is compactly embedded in L2

(
[0, π], sin1−2s(θ)dθ

)
[97, Theorem 4.6]. The domain of

the operator Ps compactly embeds in L2
(
[0, π], sin1−2s(θ)dθ

)
. Then by [13, Propo-
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sition 8.1.8 and Proposition 2.5.7] Ps has a compact resolvent, and the boundary

value problem (2.10) has discrete spectrum [147, Theorem 6.29].

These facts are classical in the special case s = 1
2
, i.e., where Ps = ∂2

θ . Indeed,

here the eigenvalues for the mixed problem are λMj = (j + 1
2
)2 with eigenfunctions

ϕMj (θ) = cos
(
(j + 1

2
)θ
)
.

It is also possible to determine the eigendata for more general values of s explic-

itly, see [107]:

Lemma 2.2.1. The operator Ps with mixed boundary conditions in (2.10) is self-

adjoint and negative definite on L2
(
[0, π], sin1−2s(θ) dθ

)
with discrete spectrum. The

eigenvalues are λM,s
j = (j + 1

2
)2 − (s− 1

2
)2 = (j + s)(j + 1− s) with eigenfunctions

ϕM,s
j (θ) = sins(θ)P s

j (cos(θ)). Here P s
ν are associated Legendre functions.

Under the assumption that U is of the form %νϕ(θ) the solution U of the extended

problem near the edge is of the form ρs sins(θ)
(

1+cos(θ)
1−cos(θ)

)s/2
+U0(ρ, θ) for θ near zero,

where U0 is a less singular part of U .

2.2.2 Corner singularities

Ω X 2 R
n

t

χ

t

χ

'
θ =

π
2

S2+

x

y

θ

θ = 0

Figure 2.3: Model geometry for a corner with the opening angle χ.

We now consider the behaviour of u near a corner point of Ω. The model problem

is then given on R2 by an infinite sector with opening angle χ, with Euclidean

coordinates X = (x, y) in R2. For the extended problem in R3
+ with coordinates

(t, x, y), we introduce spherical coordinates around the corner at the origin (0, 0, 0),

t = r cos(θ), x = r sin(θ) cos(ϕ), y = r sin(θ) sin(ϕ),
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for 0 ≤ θ ≤ π/2 and 0 ≤ ϕ < 2π.

The domain Ω is then defined in spherical coordinates by

Ω = {(r, ϕ) : r > 0, ϕ ∈ (0, χ)} .

From the change of coordinates we know that

∂tU = cos(θ)∂rU −
sin(θ)

r
∂θU,

∂2
tU + ∆XU =

1

r2
∂r(r

2∂rU) +
1

r2 sin θ
∂θ(sin θ∂θU) +

1

r2 sin2 θ
∂2
ϕU

= ∂2
rU +

2

r
∂rU +

1

r2
∆θ,ϕU,

where ∆θ,ϕ is the Laplace-Beltrami operator on the 2-sphere S2, explicitly

∆θ,ϕU =
1

sin(θ)
∂θ(sin(θ)∂θU) +

1

sin2(θ)
∂2
ϕU.

After the change of variables (2.2) is equivalent to the following expression:

LsU(r, θ, ϕ) = ∂2
rU +

3− 2s

r
∂rU +

1

r2
(∆θ,ϕU − (1− 2s) tan(θ)∂θU). (2.11)

We define the operator:

Dθ,ϕU := ∆θ,ϕU − (1− 2s) tan(θ)∂θU. (2.12)

Then by taking the Mellin type transform U = rλû of the operator (2.11) in r,

with Mellin transformed variable λ, we obtain the following spectral problem on the

upper hemisphere parametrised by (θ, ϕ):

Dθ,ϕ û = −µ2 û in S2
+ := S2 ∩ R3

+

lim
θ→π

2

(π
2
− θ
)1−2s

∂θ û = 0, for ϕ ∈ (0, χ),

û = 0 for ϕ /∈ (0, χ), θ = π/2.

(2.13)
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Here we have set µ2 = λ2+(2−2s)λ. We have used the fact that ∂2
rU 7→ λ(λ−1)rλ−2û

and 3−2s
r
∂rU 7→ (3− 2s)λrλ−2û.

Let H := L2(S2
+, cos1−2s(θ) dS), where dS := sin(θ) dθ dϕ. The bilinear form b

on H associated to Dθ,ϕ with the weight function w(θ) := cos1−2s(θ) sin(θ) related

to H, for all smooth functions u, v vanishing on ϕ /∈ (0, χ), θ = π/2 is given by

b(u, v) = −〈Dθ,ϕu, v〉H

= −
∫
S2

+

(
∂2
θu+

1

sin2(θ)
∂2
ϕu+ (cot(θ)− (1− 2s) tan(θ))∂θu

)
vw dθ dϕ

=

∫
S2

+

(
∂θ(wv)∂θu+ ∂ϕ

(
wv

sin2(θ)

)
∂ϕu− wv(cot(θ)− (1− 2s) tan(θ))∂θu

)
dθ dϕ

−
∫
∂S2

+

wv

 ∂θu

∂ϕu

sin2(θ)

 · n dθ dϕ.

We note that by definition of w(θ) the first term simplifies. Furthermore, because

of the boundary conditions (2.13), the second term vanishes for all eigenfunctions

u, and we obtain

b(u, v) =

∫
S2

+

sin(θ) cos1−2s(θ)(∂θu)(∂θv) + sin(θ)−1 cos1−2s(θ)(∂ϕu)(∂ϕv) dθ dϕ

(2.14)

as the bilinear form associated to (2.13). Then let Dθ,ϕ be the operator associated

to the closure of the bilinear form b.
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Lemma 2.2.2. The operator Dθ,ϕ with the mixed boundary conditions in (2.13) is

selfadjoint and negative in H = L2(S2
+, cos1−2s(θ)dS) with discrete spectrum. The

eigenvalues −µ2 of Dθ,ϕ determine the corner exponents λ of the solution u via

µ2 = λ2 + (2− 2s)λ .

For s = 1
2

we recover the classical analysis of the Laplace equation with mixed

boundary conditions, while for s 6= 1
2

the spectral problem involves the operator

Dθ,ϕ instead of the Laplace-Beltrami operator.

Note that (2.13) cannot be simplified further by separation of the coordinates θ and

ϕ, because of the ϕ-dependent boundary condition on the equator.

The proof of the lemma follows from an analysis of the bilinear form b on H

associated to Dθ,ϕ with the weight function w(θ) := cos1−2s(θ) sin(θ). The domain

of the operator Dθ,ϕ compactly embeds in H [97, Theorem 4.6], by [13, Proposi-

tion 8.1.8 and Proposition 2.5.7] −Dθ,ϕ has a compact resolvent, and so −Dθ,ϕ has

a discrete spectrum [147, Theorem 6.29]. Because b is a symmetric bilinear form,

the associated operator is self-adjoint, and its smallest eigenvalue µ2
0 is given by

µ2
0 = min

‖v‖H=1
b(v, v) > 0, (2.15)

for χ ∈ (0, 2π).

Corollary 2.2.3. µ2
0 is a decreasing function of χ ∈ (0, 2π). µ2

0 is a increasing

function of s ∈ (0, 1) with ∂sµ
2
0 > 2.

Proof. We consider the eigenvalue problem (2.15) for various opening angles of χ

and study the dependency of µ2
0 as a function of the opening angle χ. We can argue

in a similar manner as in [162, Proposition 2.3]. The first assertion then follows from

domain monotonicity. The set ΩC on which the solution v vanishes shrinks with χ,

so that the minimum in (2.15) is an increasing set of functions.

For the second assertion we use standard perturbation theory of eigenvalues for

a holomorphic family of operators [147, p. 405]. However, this theory has been devel-

oped for families of operators on a fixed Hilbert space, while hereH = L2(S2
+, cos1−2s(θ)dS)

depends on s through the weighted Lebesgue measure w(θ)dθdϕ = cos1−2s(θ) sin(θ)dθdϕ.
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Instead of Dθ,ϕ, we therefore consider the operator D̃θ,ϕ = T ◦ Dθ,ϕ ◦ T−1, which

acts on the s-independent Hilbert space T (H) = L2(S2
+, dθdϕ), where Tv = vw1/2.

D̃θ,ϕ has the same spectrum as Dθ,ϕ.

Since

w(θ)1/2∂θ(w(θ)−1/2) = −1

2
(cot(θ)− α tan(θ)) ,

w(θ)1/2∂2
θ (w(θ)−1/2) =

3

4
cot2(θ) +

(
s2 − 2s+

3

4

)
tan2(θ)− 1

2
.

D̃θ,ϕ is then explicitly given by

D̃θ,ϕV = w(θ)1/2(Dθ,ϕ(V w(θ)−1/2))

= ∂2
θV +

1

sin2(θ)
∂2
ϕV +

(
cot(θ)− α tan(θ) + 2w(θ)1/2∂θ(w(θ)−1/2)

)
∂θV

+
(
(cot(θ)− α tan(θ))w(θ)1/2∂θ(w(θ)−1/2) + w(θ)1/2∂2

θ (w(θ)−1/2)
)
V

= ∂2
θV +

1

sin2(θ)
∂2
ϕV +

(
cot(θ)− α tan(θ) + 2

[
−1

2
(cot(θ)− (1− 2s) tan(θ))

])
∂θV

+

(
−1

2
(cot(θ)− α tan(θ))2 +

3

4
cot2(θ) +

(
s2 − 2s+

3

4

)
tan2(θ) +

1

2

)
V

= ∂2
θV +

1

sin2(θ)
∂2
ϕV

+

(
−1

2
cot2(θ)−α

2

2
tan2(θ)+α+

3

4
cot2(θ)+

(
s2 − 2s+

3

4

)
tan2(θ)+

1

2

)
V

= ∂2
θV +

1

sin2(θ)
∂2
ϕV +

1

4
cot2(θ)V +

[
(α +

1

2
) +

α

2
(1− α

2
) tan2(θ)

]
V ,

where α = 1 − 2s as above. If Φ0,s denotes an eigenfunction, which depends

analytically on the parameter s, associated to the eigenvalue −µ2
0 for a given s ∈

(0, 1), the derivative of −µ2
0 with respect to s is given according to perturbation

theory by

−∂sµ2
0 = 〈Φ0,s, (∂sD̃θ,ϕ)Φ0,s〉L2(S2

+,dθdϕ) = 〈Φ0,s,−2(1+s tan(θ)2)Φ0,s〉L2(S2
+,dθdϕ) < −2.
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This proves the second part, µ2
0 is an increasing function of s ∈ (0, 1) with ∂sµ

2
0 > 2.

Corollary 2.2.4. The smallest singular parameter λ0 given by µ2
0 = λ2

0 + (2− 2s)λ0

is a decreasing function of χ ∈ (0, 2π). λ0 is an increasing function of s ∈ (0, 1)

with λ0 > max(0, s− 1
2
).

Proof. As µ2 and λ are connected by a monotonous relation, µ2 = λ2 +(2−2s)λ and

µ2
0 > 0 it follows that λ > 0. We further define a function f(s) = 2s−s2−3/4. Note

that λ(s) > s− 1
2

when µ2 > f(s). By Corollary 2.2.3 ∂sµ
2
0(s) > 2 > 2−2s = ∂sf(s)

for all s ∈ (0, 1). Furthermore, since µ2
0(0) = 0 > −3/4 = f(0), it follows that

µ2
0(s) > f(s) for all s ∈ (0, 1). Therefore, λ(s) > max(0, s− 1

2
).

Remark 2.2.5. For s = 1, we note that λ = π
χ
.

2.2.3 Edge-corner singularities

The eigenfunctions ûj of (2.13) are not smooth, but exhibit singularities as θ → π
2
,

because of the mixed boundary conditions and the singular behaviour of the first-

order term (1− 2s) tan(θ)∂θ in the operator Dθ,ϕ.

We first discuss the local behaviour near (θ, ϕ) = (π
2
, 0), where the boundary

conditions jump. The discussion equally applies to the local behaviour near (θ, ϕ) =

(π
2
, χ). For ϕ 6∈ {0, χ}, the trace of ûj on the equator θ = π

2
is smooth, and

the corresponding singularities of the solution U to the extended problem are not

relevant to the solution u of the fractional boundary value problem.

To understand the behaviour around (θ, ϕ) = (π
2
, 0), we introduce polar coordi-

nates (%, ω),
π

2
− θ = % sin(ω), ϕ = % cos(ω) .

The Laplace-Beltrami operator ∆θ,ϕ then becomes

∆θ,ϕ =
1

sin(θ)
∂θ(sin(θ)∂θ) +

1

sin2(θ)
∂2
ϕ

= ∂2
θ + ∂2

ϕ +R1 = ∂2
% +

1

%
∂% +

1

%2
∂2
ω +R1,
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where

R1 = cot(θ)∂θ +

(
1

sin2(θ)
− 1

)
∂2
θ

is of lower order at θ = π
2

and does not affect the singular behaviour.

The second term, (1−2s) tan(θ)∂θ, in the operator Dθ,ϕ is analogous to the edge

case (2.9):

tan(θ)∂θ =
1

π
2
− θ

∂θ +R2

=
1

% sin(ω)

(
− sin(ω)∂% −

1

ρ
cos(ω)∂ω

)
+R2

= −1

%
∂% −

1

%2
cot(ω)∂ω +R2 ,

where R2 = (tan(θ)− 1
π
2
−θ )∂θ vanishes linearly at the boundary and does not affect

the singular behaviour. We conclude that

Dθ,ϕ = ∆θ,ϕ − (1− 2s) tan(θ)∂θ

= ∂2
% +

1

%
∂% +

1

%2
∂2
ω +R1 − (1− 2s)

(
−1

%
∂% −

1

%2
cot(ω)∂ω +R2

)

= ∂2
% +

2− 2s

%
∂% +

1

%2

(
∂2
ω + (1− 2s) cot(ω)∂ω

)
+R1 − (1− 2s)R2

= ∂2
% +

2− 2s

%
∂% +

1

%2
Ps +R1 − (1− 2s)R2 .

Up to terms which vanish at % = 0 and do not affect the singular exponents

[107], near % = 0 we therefore recover an operator as in (2.9), whose spectral data

are given by Lemma 2.2.1. From the discussion following Lemma 2.2.1, we conclude

that near % = 0 the eigenfunctions ûj of Dθ,ϕ admit an expansion with the exponents

νM,s
j = s+ j, so that ûj behaves like

ûj = aevρ
s sins(ω)P s

0 (cos(ω)) + vev0 (ρ, ω) (2.16)

where aev ∈ R, P s
0 (cos(ω)) is the associated Legendre function of first kind, and vev0

is a more regular remainder.
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2.3 Asymptotic expansions and approximation prop-

erties

In this section we summarize the conclusions from the previous section: The solu-

tion to the fractional Laplace equation with Dirichlet boundary conditions near the

boundary or a corner admits a decomposition into the edge, corner and edge-corner

singularities, plus a regular remainder. Such a decomposition allows us to derive

optimal convergence rates on graded meshes.

More precisely, from Section 2.2 the solution to the extended problem (2.1) near

the vertex of Ω = {(r, ϕ) : r > 0, ϕ ∈ (0, χ)} behaves like

U(r, θ, ϕ) = acr
λû(θ, ϕ) + vv0(r, θ, ϕ),

where û are the eigenfunctions corresponding to the spectral problem (2.13), ac ∈ R,

and vv0 is a more regular remainder. The solution to the original fractional problem

(2.1) is given by the trace at θ = π
2
, u(r, ϕ) = U(r, π

2
, ϕ). When ϕ is strictly between

0 and χ, the trace of the eigenfunction û(π
2
, ϕ) is smooth and the solution takes the

form

u(r, ϕ) = acr
λû(π/2, ϕ) + vv0(r, π/2, ϕ). (2.17)

The behaviour at the boundaries ϕ = 0 and ϕ = χ is analogous, and we only

discuss the edge-vertex singularities for ϕ = 0. There the eigenvalues behave like

(2.16). The trace of u at θ = π
2

corresponds to % ∼ ϕ and ω = 0, so that the

eigenfunctions behave like

ûj = ãevϕ
s + vev0 ,

near ϕ = 0 with vev0 being a more regular part. Therefore in this region the solution

u behaves like

u = âevr
λϕs + ṽev0 . (2.18)
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We make the following conjecture about the decomposition of the solution, which

is consistent with the case of s = 1/2 [201].

Assumption 1. Let u ∈ H̃s(Ω) be the solution to (2.1) for f ∈ C∞(Ω) in a

polygonal domain Ω ⊂ R2. Then in polar coordinates in a neighborhood of each

vertex of Ω with the opening angle χ the solution u is of the form

u(r, ϕ) = χ̂(r)avr
λα(ϕ) + χ̂(r)χ̃(ϕ)âev,1r

λ(sin(ϕ))s (2.19)

+ χ̂(r)χ̃(χ− ϕ)âev,2r
λ(sin(χ− ϕ))s + u0(r, ϕ) .

Here α(ϕ) relates to the trace of the eigenfunction û of the spectral problem (2.13)

at θ = π/2, u0 ∈ H3(Ω) is a more regular remainder than the other parts of the

solution, and av, âev,1, âev,2 are real coefficients. Furthermore χ̂, χ̃ ∈ C∞c are cut-off

functions, χ̂ = 1 in the neighbourhood of the vertex and χ̃ = 1 in a neighborhood

of the edges associated to the vertex.

Let Th be a family of shape-regular triangulations of a polygonal domain Ω and

Ṽh ⊂ H̃s(Ω), the associated space of continuous piecewise linear functions on Th,

vanishing at the boundary.

The discretised problem is given by:

Find uh ∈ Ṽh, such that for all v ∈ Ṽh

a(u, v) = (f, v)L2(Ω) .

By coercivity, there exists a unique solution.

This discretised problem is solved on either quasi-uniform or on graded triangu-

lations Th of Ω. To define a β-graded mesh on a square, due to symmetry, it suffices

to consider β-graded meshes on the unit interval [−1, 0]. For the square, we consider

xk = yk = −1 + ( k
N

)β for k = 1, . . . , N and the grading parameter β ≥ 1. The nodes

of the β-graded mesh on a square are then given by (xk, y`), for k, ` = 1, . . . , N and

by symmetry extended onto the whole square. Note that for β = 1 we obtain a

uniform mesh.
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On a disc of radius 1 we take a quasi-uniform mesh with nodes on concentric circles

with radii rk =
(
1− k

N

)
for k = 0, . . . , N − 1. To obtain a β-graded mesh, the radii

rk are shifted towards the boundary. In particular, on the unit disk the radii are

given by rk =
(
1− ( k

N
)β
)

for k = 0, . . . , N − 1. The triangles become narrower near

the boundary with the total number of triangles still proportional to N2.

Examples of 2-graded meshes are depicted in Figure 2.4.

Figure 2.4: β-graded meshes with β = 2 for the unit disc and the unit square.

Figure 2.5: Graded mesh on the triangle F ⊂ Ω. The triangular (resp. parallelo-
gram) block of elements TF (resp. QF ) is the image of the graded mesh on the unit
triangle T̂ (resp. the unit square Q̂).

For the construction of graded meshes on a polygonal domain Ω, we first consider

the case of a triangle. On a general polygon Ω the construction is similar, or one

can first subdivide the polygon into triangles. On a triangle, we first draw three

lines through the centroid and parallel to the sides of Ω. This divides Ω into three

parallelograms and three triangles as in Figure 2.5. Each of the three parallelograms

can be mapped onto the unit square Q̂ = (0, 1)2 by a linear transformation such

that the vertex (0, 0) of Q̂ is the image of a vertex of Ω. Analogously, each of the
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three sub-triangles can be mapped onto the unit triangle T̂ = {(x1, x2); 0 < x1 <

1, 0 < x2 < x1} ⊂ Q̂ such that the vertex (1, 1) of T̂ is the image of the centroid of

Ω. Then the β-graded mesh on Q̂ (and therefore on T̂ ) is generated by the lines

x1 =

(
i

N

)β
x2 =

(
j

N

)β
i, j = 0, 1, . . . , N,

for given refinement level N . Mapping each cell of these meshes back onto Ω, we

obtain a β-graded mesh of triangles and parallelograms on F as in Figure 2.5. The

diameter of the largest element of this mesh is proportional to βN−1.

Provided that the solution is of the form of Assumption 1, the following theorem

will be proven in the following section.

Theorem 2.3.1. Let u ∈ H̃s(Ω) be a solution to (2.1) with the decomposition as

in Assumption 1 and Πhu be the best approximation by p.w. linear functions on a

β-graded mesh in the H̃s(Ω) norm.

Then for β > 2(2− s) and ε > 0

‖u− Πhu‖H̃s(Ω) ≤ Cβ,εh
2−s−ε.

Corollary 2.3.2. Let u ∈ H̃s(Ω) be a solution to (2.1) with the decomposition as

in Assumption 1 and uh ∈ H̃s(Ω) be the finite element approximation by p.w. linear

functions on β-graded meshes.

Then for β > 2(2− s) and ε > 0

‖u− uh‖H̃s(Ω) ≤ Cβ,εh
2−s−ε.

This generalizes approximation results [6, Theorem 4.11] for convex domains.

2.4 Approximation results in polygons

This section provides the proof of Theorem 2.3.1.

We first recall the following 1d approximation result from Satz 3.10 [199]:
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Theorem 2.4.1. For a > 0 and s ∈ [0, a+ 1
2
) there holds on a β–graded mesh with

the linear interpolant Π1
yy

a of ya and with ε > 0

‖ya − Π1
yy

a‖H̃s([0,1]) ≤ Ch2−s−ε ,

provided β > 2−s
a+ 1

2
−s for some positive constant C.

To discuss the approximation properties of graded meshes, we introduce anisotropic

Sobolev spaces.

Definition 2.4.2. Let Q be a Lipschitz domain. The spaces H(1,0)(Q), H(0,1)(Q)

denote the closure of C∞(Q) in the respective norms

‖u‖2
H(1,0)(Q) := ‖u‖2

L2(Q) + ‖ux‖2
L2(Q),

‖u‖2
H(0,1)(Q) := ‖u‖2

L2(Q) + ‖uy‖2
L2(Q).

We define the anisotropic spaces H(σ,0)(Q), H(0,σ)(Q) by complex interpolation [199,

Section 3.6.1][35, Theorem 6.4.5]:

H(σ,0)(Q) :=
(
L2(Q), H(1,0)(Q)

)
σ
, H(0,σ)(Q) :=

(
L2(Q), H(0,1)(Q)

)
σ

Note that for the homogeneous Sobolev spaces we have for σ > 0 [199, Section

3.6.1]

Hσ(Q)≡H(σ,0)(Q) ∩H(0,σ)(Q)

and

‖u‖Hσ(Q) ≤ C‖u‖H(σ,0)(Q) + C‖u‖H(0,σ)(Q).

Remark 2.4.3. We note that even though we use complex interpolation method, the

real and complex interpolation methods for homogeneous Sobolev spaces coincide,

see [35, Section 6.4, Theorem 6.4.5].

Remark 2.4.4. We note that for u ∈ H̃s the norms Hs and H̃s are equivalent for

s 6= 1/2.

Further we shall need Sobolev spaces with a Dirichlet boundary condition im-

posed on a part of the boundary.
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Definition 2.4.5 ([199, Definition 3.12]). Let Q be a Lipschitz domain, Γ0∩Q ⊂ ∂Q

be a part of the boundary of Q of positive measure, 0 ≤ σ ≤ 1. Then we define the

anisotropic Sobolev spaces with a Dirichlet boundary condition imposed on a part

of the boundary as

◦
H

1

Γ0
(Q) :=

{
u ∈ H1(Q)| u|Γ0

= 0
}

H̃σ
Γ0

(Q) :=
(
L2(Q),

◦
H

1

Γ0
(Q)
)
σ

For σ 6= 1/2 we can estimate the norm of a function by the norms in the

subdomains, but with constants depending on the domains using a result from

[199, Lemma 3.13] which we state without a proof. Analogous estimates hold for

u ∈ Hσ(Q).

Lemma 2.4.6 ([199, Lemma 3.13]). Let Q,Q1, Q2 be Lipschitz with Q = Q1

⋃
Q2,Γ0 =

∂Q1 ∩ ∂Q2, ∂Q1 = Γ0

⋃
Γ1, ∂Q2 = Γ0

⋃
Γ2, 0 ≤ σ ≤ 1, σ 6= 1

2
. Then there exists a

constant c > 0 such that for all u ∈ H̃σ(Q) there holds

‖u‖H̃σ(Q) ≤ c‖u‖H̃σ
Γ1

(Q1) + c‖u‖H̃σ
Γ2

(Q2) .

Similary, there exists a constant c > 0 such that for all u ∈ H̃(0,σ)(Q) there holds

‖u‖H̃(0,σ)(Q) ≤ c‖u‖
H̃

(0,σ)
Γ1

(Q1)
+ c‖u‖

H̃
(0,σ)
Γ2

(Q2)
.

We now consider the approximation by bilinear functions on a rectangle.

Lemma 2.4.7 (Lemma 7.7, [123], Lemma 3.14, [199]). Let Q = [0, h1]× [0, h2], u ∈

H3(Q), p the bilinear interpolant of u at the vertices of Q. Then there holds

‖u− p‖L2(Q) ≤ C
(
h2

1‖uxx‖L2(Q) + h2
2‖uyy‖L2(Q) + h2

1h2‖uxxy‖L2(Q)

)
, (2.20)

‖(u− p)x‖L2(Q) ≤ C
(
h1‖uxx‖L2(Q) + h2

2‖uxyy‖L2(Q)

)
, (2.21)

‖(u− p)y‖L2(Q) ≤ C
(
h2‖uyy‖L2(Q) + h2

1‖uxxy‖L2(Q)

)
. (2.22)
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Remark 2.4.8. We note the lack of symmetry in the estimates of Lemma 2.4.7. This

is purely an artifact of the proof and could be easily remedied, see [123, Lemma 7.7].

We introduce the following useful result without a proof. The proof is analogous

to [199, Lemma 3.2].

Lemma 2.4.9. Let Q = (0, 1)2 be a domain and v ∈ H̃s(Q). Let T be a mesh

generated by the families of lines {xk}, {yl}, 0 < xk < 1 and 0 < yl < 1. Let {Qj}

be a partition of Q of nonoverlapping domains obtained by a union of elements of

T . Let {χk,l} be a family of bilinear functions on T , which is 1 at node (xk, yl) and

0 at all other nodes. Let χj =
∑
{χk,l : suppχk,l ⊂ Qj} and ξj = ∂Qj \ ∂Q. Then

‖
∑
j

χjv‖2
H̃s(Q)

≤
∑
j

‖χjv‖2
H̃s
ξj

(Qj)
.

We can now begin the proof of the approximation theorem, Theorem 2.3.1. After

a linear change of coordinates we may assume that we consider a function u on a

rectangular domain, see p. 247 in [201]. The decomposition near a corner of the

domain Ω in Assumption 1 then becomes

u(x, y) = χ̂(r)avr
λα(ϕ) + χ̂(r)χ̃(ϕ)āev,1x

λ−sys (2.23)

+ χ̂(r)χ̃(χ− ϕ)āev,2y
λ−sxs + u0(r, ϕ) ,

and we discuss the approximation of the individual terms below. Combining the

individual estimates, one needs to be mindful that the boundary conditions are

indeed satisfied. We will abstain from discussing this for the case of the fractional

Laplacian here. For the case of the ordinary Laplacian see [70, 199]. While we

use triangular meshes in our computations, for the ease of presentation we first

discuss the approximation properties of graded meshes with rectangular elements.

Reference [199] shows how to deduce approximation results on triangular meshes

from the rectangular case. We refer to Appendix A for the case of the ordinary

Laplacian in R3.
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2.4.1 Approximation of regular part

Let p ∈ Sβh denote the interpolant of u0, where Sβh are the piecewise linear functions

on the graded mesh xj = (jh)β, yk = (kh)β. Hence on rectangles Rjk = (xj−1, xj)×

(yk−1, yk) due to Lemma 2.4.7

‖u0 − p‖2
L2(Q) =

N∑
j,k=1

‖u0 − p‖2
L2(Rjk) ≤

N∑
j,k=1

(
h4
j‖u0xx‖2

L2(Rjk) + h4
k‖u0yy‖2

L2(Rjk)

+ h4
jh

2
k‖u0xxy‖2

L2(Rjk)

)
≤ Ch4‖u0‖2

H3(Q),

for some C1 > 0.

‖u0 − p‖2
H1(Q) =

N∑
j,k=1

‖u0 − p‖2
H1(Rjk) ≤

N∑
j,k=1

c
(
h2
j‖u0xx‖2

L2(Rjk) + h2
k‖u0yy‖2

L2(Rjk)

+ h4
j‖u0xxy‖2

L2(Rjk) + h4
k‖u0xyy‖2

L2(Rjk)

)
≤ Ch2‖u0‖2

H3(Q),

for some C2 > 0. Interpolation yields ‖u0−p‖Hs+ε(Q) ≤ Ch2−s−ε‖u0‖H3(Q) for ε ≥ 0.

2.4.2 Approximation of corner singularity

First we recall that the corner exponent λ > 0. The singular function near a corner

is given by u = rλα(ϕ) with α ∈ H3([0, π/2]). We divide the square Q = [0, 1]2 in

N − 1 overlapping domains Aj, j = 1, . . . , N − 1.

Aj =
⋃
{Rkl|j ≤ k ≤ j + 1, l ≤ k or j ≤ l ≤ j + 1, k ≤ l}

1

1

xjx1 x2

x1

x2
A1

xj
Aj

Figure 2.6: The domains Aj.
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Further we take a partition of unity {χj} on Q w.r.t. the sets Aj, e.g. let χkl

the piecewise bilinear function on the mesh, which is 1 at (xk, xl) and 0 at all other

nodes. We take χj =
∑
{χkl|suppχkl ⊂ Aj}. Then |(χj)x| ≤ h−1

j , |(χj)y| ≤ h−1
j .

We estimate the approximation error in each Aj in L2 and H1; then interpolation

gives an upper bound for χj(u− p) in H̃s. This is then used to derive the estimate

on Q.

For j > 1 with hk ≤ hj+1 when Rkl ⊂ Aj we have

‖u− p‖2
L2(Aj)

=
∑
Rkl

‖u− p‖2
L2(Rkl)

≤
∑
Rkl

c
(
h4
k‖uxx‖2

L2(Rkl)
+ h4

l ‖uyy‖2
L2(Rkl)

+ h4
kh

2
l ‖uxxy‖2

L2(Rkl)

)

≤ c
(
h4
j+1‖uxx‖2

L2(Aj)
+ h4

j+1‖uyy‖2
L2(Aj)

+ h6
j+1‖uxxy‖2

L2(Aj)

)
,

‖u− p‖2
H1(Aj)

≤ c
(
h2
j+1‖uxx‖2

L2(Aj) + h2
j+1‖uyy‖2

L2(Aj)

+ h4
j+1‖uxxy‖2

L2(Aj)
+ h4

j+1‖uxyy‖2
L2(Aj)

)
This implies with u = rλα(ϕ)

‖u− p‖2
L2(Aj)

≤ (C hj+1xj+1)
(
h4
j+1x

2λ−4
j−1 + h6

j+1x
2λ−6
j−1

)
‖u− p‖2

H1(Aj)
≤ (C hj+1xj+1)

(
h2
j+1x

2λ−4
j−1 + h4

j+1x
2λ−6
j−1

)
.

We note that

‖χj(u− p)‖2
L2(Aj)

≤ ‖u− p‖2
L2(Aj)

,

‖χj(u− p)‖2
H1(Aj)

≤ ‖u− p‖2
H1(Aj)

+ h−2
j ‖u− p‖2

L2(Aj)
,

and also note that χj vanishes on ζj := ∂Aj \ ∂Q. Hence interpolation yields

‖χj(u− p)‖2
H̃s
ζj

(Aj)
≤ (C hj+1xj+1)

(
h4−2s
j+1 x

2λ−4
j−1

)
,
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where H̃s
ζj

(Aj) was defined in Definition 2.4.5. Since rλ ∈ H1(Q), for λ > 0, we have

for j = 1 with ζ1 := ∂A1 \ ∂Q

‖u− p‖2
L2(A1) ≤ Cx2λ+2

2 , ‖u− p‖2
H1(A1) ≤ C x2λ

2 ,

hence

‖χ1(u− p)‖2
H̃s
ζ1

(A1)
≤ C x2λ+2−2s

2 .

Since the terms χj(u− p) with even and odd j have disjoint supports and vanish on

ζj with use of Lemma 2.4.9, there holds for some C > 1

‖ · ‖2
Hs(Q) ≤ C‖

∑
j odd

χj(·)‖2
H̃s(Q)

+ C‖
∑
j even

χj(·)‖2
H̃s(Q)

≤ C
∑
j odd

‖χj(·)‖2
H̃s
ζj

(Aj)
+ C

∑
j even

‖χj(·)‖2
H̃s
ζj

(Aj)
.

Due to hk ≤ βx
(1−1/β)
k h the terms for j = 2, . . . , N − 1 are bounded by

C
N−1∑
j=2

h5−2s
j+1 x

2λ−3
j+1 ≤ C h4−2s

1∫
x2

x2λ−3+(4−2s)(1−1/β)dx = O(h4−2s) for β >
2− s

λ+ 1− s
,

with some C > 1. Also the term with j = 1 is of same order. Hence in total for the

corner singularity we have convergence rate h2−s in Hs(Q). We note that one can

carry the estimates for the corner singularity analogously in Hs+ε(Q) with ε ≥ 0 to

obtain the convergence rate h2−s−ε.

2.4.3 Approximation of singular edge functions

The solution near an edge is of the following form:

f(x, y) = xλ−νyνχ̃(ϕ) (2.24)

with corner exponent λ, edge exponent ν, with λ > max(0, ν − 1/2), and cut-off

function χ̃ with χ̃(ϕ) = 1 near ϕ = 0 and χ̃(ϕ) = 0 near ϕ = π/2. We divide
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Q = (0, 1)2 into 2 triangles

A := {(x, y) ∈ Q|y ≤ x} , B := {(x, y) ∈ Q|y > x} ,

and estimate the interpolation error on each triangle in Hs+ε, 0 ≤ ε ≤ 1−s. Lemma

2.4.6 yields error bound in Hs+ε(Q) for s+ ε 6= 1/2.

On triangle B there holds in polar coordinates f(x, y) = rλw(ϕ) with w(ϕ) smooth

on [π
4
, π

2
]. Extend w(ϕ) to a smooth function w̃(θ) on [0, π

2
] and define f̃(x, y) :=

rλw̃(ϕ). Now f̃ can be approximated on Q like a corner singularity and for its

interpolant p̃ there holds

‖f̃ − p̃‖Hs+ε(Q) ≤ c h2−s−ε

yielding, by restriction to B,

‖f − p‖Hs+ε(B) ≤ c h2−s−ε.

On triangle A we estimate the approximation error separately in the anisotropic

spaces H(σ,0) and H(0,σ) with σ 6= 1/2. Consider the larger domain Ã with (see

Figure 2.7)

A ⊂ Ã :=
⋃
{Rkl|l ≤ k + 1}

1

1

xjx1 x2

x1

x2

Ã

Aj

Figure 2.7: The rectangles Aj

Let χj(x) be piecewise linear on 0 < x1 < · · · < xN−1 < 1 with χj(xj) = 1 and

vanishing in the other nodes, j = 2, . . . , N−2. χ1 pw. linear with χ1(0) = χ1(x1) = 1

and χ1(xj) = 0 for j > 1. χN−1 pw. linear with χN−1(xN−1) = χN−1(1) = 1

and χN−1(xj) = 0 for j < N − 1. Divide Ã into overlapping rectangles Aj =
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[xj−1, xj+1]× [0, xj+1], j = 1, . . . , N − 1. With

gj :=

(f(x, y)− p(x, y))χj(x) on Aj

0 else

(2.25)

there holds f − p =
N−1∑
j=1

gj. With χ̃(ϕ) ≡ 1 on A2, ..., AN−1 in (2.24) we have

f(x, y) = f1(x)f2(y) with f1(x) := xλ−ν , f2(y) := yν . Let ζj denote the left and

right boundary of Aj for j = 2, . . . , N − 2; ζ1 the right boundary of A1, ζN−1 the left

boundary of AN−1. Then for some C > 1 we have

‖
N−1∑
j=1

gj‖2
H(σ,0)(Ã)

≤ C‖
∑
j odd

gj‖2
H(σ,0)(Ã)

+ C‖
∑
j even

gj‖2
H(σ,0)(Ã)

≤ C
∑
j odd

‖gj‖2

H̃
(σ,0)
ζj

(Aj)
+ C

∑
j even

‖gj‖2

H̃
(σ,0)
ζj

(Aj)

Now for j > 2 we have with the interpolant pj of fj for some c̃ > 1:

‖gj‖2

H̃
(σ,0)
ζj

(Aj)
≤ c̃‖χjf1‖2

H̃σ([xj−1,xj+1])
‖f2 − p2‖2

L2([0,xj+1])

+ c̃‖χj(f1 − p1)‖2
H̃σ([xj−1,xj+1])

‖p2‖2
L2([0,xj+1]) =: B1 +B2

Let us first consider the term B1.

We have the following estimates:

‖χjf1‖2
L2([xj−1,xj+1]) ≤ ‖f1‖2

L2([xj−1,xj+1]) ≤ Chjx
2(λ−ν)
j ,

‖χjf1‖2◦
H

1
([xj−1,xj+1])

≤ ‖f ′1‖2
L2([xj−1,xj+1]) + h−2

j ‖f1‖2
L2([xj−1,xj+1])

≤ Chjx
2(λ−ν−1)
j + Ch−1

j x
2(λ−ν)
j .

Interpolation then gives

‖χjf1‖H̃σ([xj−1,xj+1]) ≤ c h
1/2−σ
j xλ−νj
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On the other hand we use the one dimensional approximation result [199, Satz 3.10]

for γ = 1− 1/β which yields

‖f2 − p2‖L2([0,xj+1]) ≤ c

(
xj+1

j + 1

)2

x−2γ
j+1‖f ′′2 (x)x2γ‖L2([0,xj+1]).

With xj+1/(j + 1) ≤ hj+1 this implies for f2(x) = xν

‖f2 − p2‖2
L2([0,xj+1]) ≤ c h4

jx
−4γ
j+1x

2ν−3+4γ
j+1

if 2ν − 4 + 4γ > −1, i.e. γ = 1− 1
β
> 3−2ν

4
, hence β > 4

2ν+1
. Altogether

N−1∑
j=2

‖χjf1‖2
H̃σ([xj−1,xj+1])

‖f2 − p2‖2
L2([0,xj+1]) ≤ C

N−1∑
j=2

h1−2σ
j x

2(λ−ν)
j h4

jx
2ν−3
j

≤ Cβh4−2σ

N−1∑
j=2

hjx
2λ−3+(4−2σ)γ
j

≤ C̃h4−2σ

1∫
0

x2λ−3+(4−2σ)γdx <∞

(2.26)

for σ < s+ ε with ε sufficiently small and β > 2−s
λ+1−s .

Next, we consider the term B2. First we note

‖f1 − p1‖L2([xj−1,xj+1]) ≤ Ch2
j‖f ′′1 ‖L2([xj−1,xj+1])

‖χj(f1 − p1)‖L2([xj−1,xj+1]) ≤ C‖f1 − p1‖L2([xj−1,xj+1])

‖f1 − p1‖H1([xj−1,xj+1]) ≤ Chj‖f ′′1 ‖L2([xj−1,xj+1])

‖χj(f1 − p1)‖2
H1([xj−1,xj+1]) ≤ C‖f1 − p1‖2

H1([xj−1,xj+1]) + h−2
j ‖f1 − p1‖2

L2([xj−1,xj+1])

and by interpolation with f1(x) = xλ−ν

‖χj(f1 − p1)‖2
H̃σ([xj−1,xj+1])

≤ c h4−2σ
j hjx

2(λ−ν−2)
j .
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With f2(x) = xν

N−1∑
j=2

‖χj(f1 − p1)‖2
H̃σ([xj−1,xj+1])

‖f2‖2
L2([0,xj+1]) ≤ C

N−1∑
j=2

h5−2σ
j x2λ−2ν−4

j x2ν+1
j ,

which one can estimate like (2.26) above.

Finally, consider g1 in (2.25) on A1. We estimate it by a scaling argument: The

square A1 = [0, x2]2 is mapped onto [0, 1]2 using x̃ = x−1
2 x, ỹ = x−1

2 y, and we write

|g1(x, y)| = |g1(x2x̃, x2ỹ)| = xλ2 |g̃(x, y)| for g̃(x, y) = χ̃(x, y)
(
rλw(θ)− p̃

)
. Here χ̃, p̃

are independent of h. Interpolation shows that for σ ∈ [0, 1]

‖g1(·, ·)‖H(σ,0)[0,x2]2 ≤ x1−σ
2 ‖g1(x2·, x2·)‖H(σ,0)[0,1]2

and therefore as in the case of the vertex singularity with rλ ∈ H1(Q) we have

‖g1(·, ·)‖H(σ,0)[0,x2]2 ≤ C x1−σ+λ
2 ≤ C ′ hβ(1−σ+λ) .

Given β > 2−s
λ+1−s , σ = s+ ε, and ε̃ > 0, one can choose ε > 0 sufficiently small such

that

‖f − p‖H(s+ε,0)(A) ≤ C h2−s−ε̃

Next, we estimate f − p in H(0,σ)(Ã). In the x-direction only L2-regularity is used

and we subdivide Ã in the same manner as for the H(σ,0)(Ã) estimate:

‖
N−1∑
j=1

gj‖2
H(0,σ)(Ã)

≤ C‖
∑
j odd

gj‖2
H(0,σ)(Ã)

+ C‖
∑
j even

gj‖2
H(0,σ)(Ã)

≤ C
∑
j odd

‖gj‖2

H̃
(0,σ)
ζj

(Aj)
+ C

∑
j even

‖gj‖2

H̃
(0,σ)
ζj

(Aj)

for σ 6= 1
2
.

On each rectangle Aj with j ≥ 2 we have the following for some c̃ > 1:

‖gj‖2
H̃ζj

(0,σ)(Aj)
≤ c̃‖χjp1‖2

L2([xj−1,xj+1])‖f2 − p2‖2
Hσ([0,xj+1])

+ c̃‖χj(f1 − p1)‖2
L2([xj−1,xj+1])‖f2‖2

Hσ([0,xj+1]).
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We can estimate each of the separate terms as before:

‖χjp1‖L2([xj−1,xj+1]) ≤ ‖p1‖L2([xj−1,xj+1]) ≤ Ch
1/2
j xλ−νj ,

‖χj(f1 − p1)‖L2([xj−1,xj+1]) ≤ ‖f1 − p1‖L2([xj−1,xj+1]) ≤ Ch2
j‖f ′′1 ‖L2([xj−1,xj+1]) ≤ Ch

1/2
j h2

jx
λ−ν−2
j ,

Using one dimensional result [199, Satz 3.10] we can estimate

‖f2 − p2‖2
Hσ([0,xj+1]) ≤ Ch4−2σ‖f ′′2 (y)y(2−σ)γ‖2

L2([0,xj+1]) ≤ Ch4−2σ
j x

2ν−3+(4−2σ)γ
j ,

‖f2‖2
H̃σ([0,xj+1])

≤ Cx
2(ν−σ+1/2)
j ,

with γ = 1 − 1
β
. The first estimate is true provided that γ > 3−2ν

4−2σ
or equivalently

β > 4−2σ
1−2σ+2ν

and the second estimate holds when σ < 1
2

+ ν.

Hence,
N−1∑
j=2

‖gj‖2

H̃
(0,σ)
ζj

(Aj)
≤ C h4−2σ

N−1∑
j=2

hjx
2λ−3+(4−2σ)γ
j ,

which we already estimated in (2.26) and holds for β > 2−s
λ+1−σ .

The remaining term on A1 can be estimated by the above similarity arguments as

earlier in the H(σ,0) norm, leading to

‖g1‖H(0,σ)(A1) ≤ C h2−σ−ε̃

Altogether we have ‖f − p‖H(0,s+ε)(A) ≤ c h2−s−ε̃, and collecting the estimates obtain

with Lemma 2.4.6 on Q = A
⋃
B: ‖f − p‖Hs+ε(Q) ≤ c h2−s−ε̃.

2.4.4 Approximation of regular edge functions

The regular edge functions are of the form f̃(x, y) = χ(θ)b(x)yν , b(x) ∈ H3
0 (I) with

χ ≡ 1 near θ = 0. Due to b ∈ H3
0 (I) there holds (1−χ(θ))b(x)yν ∈ H3(Q) and hence

it can be approximated like the regular part. We set f(x, y) = b(x)yν =: f1(x)f2(y)

and p(x, y) = p1(x)p2(y) with pw. linear interpolants pj of fj. Hence for 0 ≤ s <
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1
2

+ ν with some constant C > 1 with use of [199, Equation (3.183)]

‖f − p‖Hs(Q) ≤C
(
‖p1‖L2(I)‖f2 − p2‖Hs(I) + ‖p1‖Hs(I)‖f2 − p2‖L2(I)

+‖f1 − p1‖L2(I)‖f2‖Hs(I) + ‖f1 − p1‖Hs(I)‖f2‖L2(I)

)
. (2.27)

We now use the 1D approximation result, Theorem 2.4.1, to obtain for suitable

constants C > 0

‖f1 − p1‖L2(I) ≤ Ch2

‖f1 − p1‖Hs(I) ≤ Ch2−s

‖f2 − p2‖L2(I) ≤ Chmin{β(ν+ 1
2

)−ε,2}

‖f2 − p2‖Hs(I) ≤ Chmin{β(ν−s+ 1
2

)−ε,2−s} .

Substituting these into (2.27), we conclude

‖f − p‖Hs(Q) ≤ c h2−s,

for β > 2−s
ν+ 1

2
−s . We note that analogous estimates can be carried out for Hs+ε(Q)

with ε ≥ 0 to obtain the convergence rate h2−s−ε.

Collecting all the above estimates completes the proof of Theorem 2.3.1.

2.5 Numerical approximation of corner exponents

This section discusses the numerical approximation of the generalised eigenvalue

problem (2.13), which determines the corner exponent λ.

Let b(u, v) be the bilinear form defined in (2.14), d(u, v) = 〈u, v〉H , where

H = L2(S2
+, cos1−2s(θ)dS). We denote byHb the closure of {u ∈ C∞(S2

+) : u(π
2
, ϕ) =

0 for ϕ ∈ (χ, 2π)} with respect to the norm ‖u‖Hb := b(u, u)1/2.

Consider the variational formulation of the eigenvalue problem (2.13):
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Find µ ∈ R and u ∈ Hb, nonzero, such that

b(u, v) = µ d(u, v) for all v ∈ Hb. (2.28)

Recall from Lemma 2.2.2 that (2.28) admits an orthonormal basis of eigenfunctions

{ûi}, with associated eigenvalues {µi}, so that

b(ûi, ûj) = µid(ûi, ûj) = µiδij, i, j ∈ N. (2.29)

To discretise (2.28), we consider the finite dimensional subspace Vh ⊂ Hb of

piecewise linear, continuous functions on a triangulation of S2
+. The discretised

eigenvalue problem reads as follows:

Find µh ∈ R and uh ∈ Vh, nonzero, such that

b(uh, vh) = µh d(uh, vh) for all vh ∈ Vh. (2.30)

Being selfadjoint, the discretised eigenvalue problem (2.30) admits an orthonor-

mal basis of eigenfunctions {ûh,i}, with associated eigenvalues {µh,i}:

b(ûh,i, ûh,j) = µh,id(ûh,i, ûh,j) = µh,iδij, i, j ∈ {1, . . . , dim(Vh)}. (2.31)

The following key identity may be found in [18]:

Lemma 2.5.1. Suppose that (µ, û), (µh, ûh) are eigenpairs of the eigenvalue prob-

lems (2.28) and (2.30), respectively, with ‖û‖H = ‖ûh‖H = 1. Then,

|µh − µ| = ‖ûh − û‖2
Hb
− µ‖ûh − û‖2

H . (2.32)
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Proof. Direct computation shows that

|µh − µ| = µhd(ûh, ûh)− µd(ûh, ûh)

= b(ûh, ûh)− µd(ûh, ûh)

= b(ûh − û, ûh − û) + b(û, ûh − û) + b(ûh, û)− µd(ûh, ûh)

= b(ûh − û, ûh − û)− µd(ûh − û, ûh − û) + b(ûh, û)− µd(ûh, û)

= b(ûh − û, ûh − û)− µd(ûh − û, ûh − û)

= ‖ûh − û‖2
Hb
− µ‖ûh − û‖2

H .

Graded meshes on the upper hemisphere S2
+ are β–graded towards the equator

as well as the meridians at ϕ = 0, χ, see Figure 2.9. An example of a 2–graded mesh

for χ = π/3 is given in Figure 2.9.

As for Corollary 2.3.2 the discussion in Section 6 shows that on a β-graded mesh

‖ûh − û‖Hb ≤ Ch2−s, provided β > 2(2− s). We conclude following [18]:

Corollary 2.5.2. Let µ be an eigenvalue of the eigenvalue problem (2.28), µh the

approximate value from the discretised eigenvalue problem (2.30). For a discretisa-

tion by a β–graded mesh with β > 2(2− s) and ε > 0,

|λh − λ| ≤ Cβ,εh
2(2−s)−ε.

For a discretisation by a quasi-uniform mesh,

|λh − λ| ≤ Ch1.

Remark 2.5.3. In addition to the finite element approximation of the spectral prob-

lem, analytical approximations of λ prove useful to understand its qualitative be-

haviour, for example the limits χ → 0 and χ → 2π. An analytical approximation,

generalizing results of Noble [184] for mixed boundary value problems for the Laplace
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equation (s = 1
2
), is obtained in the Section 2.6: λ is a solution to the nonlinear

equation (2.46). The different approximations obtained for λ are illustrated and

compared in Section 2.8.

2.6 Semianalytic approximation of singular expo-

nents

In the following section we derive an analytical approximation of the lowest eigen-

value of the spectral problem (2.13), and therefore to the corner exponent λ. Our

analysis generalises the classical approximation [184] for s 6= 1
2
.

Recall the spectral problem (2.13), with boundary conditions posed symmetri-

cally around ϕ = π:

∂2
θ û+

1

sin2(θ)
∂2
ϕû+ (cot(θ)− (1− 2s) tan(θ)) ∂θû+ µ2û = 0,

lim
θ→π

2
−

cosα(θ)∂θ û = 0 for ϕ ∈
(
π − χ

2
, π +

χ

2

)
,

û = 0 for ϕ /∈
(
π − χ

2
, π +

χ

2

)
, θ = π/2.

(2.33)

An eigenfunction associated to the smallest eigenvalue will be even in ϕ, so that

∂ϕû = 0, forϕ = 0, π, and θ ∈ (0, π/2),

and the boundary conditions in (2.33) may be considered only for ϕ ∈
(
π − χ

2
, π
)
,

respectively ϕ ∈
(
0, π − χ

2

)
. We look for eigenfunctions to (2.33) using separation

of variables û(θ, ϕ) = Φ(ϕ) w(θ). We note that Φ satisfies the following equation:

∂2
ϕΦ = −r2Φ,

where in the following section r is an integer.

Then the equation for w(θ) is given by

∂2
θw + (cot(θ)− (1− 2s) tan(θ)) ∂θw + µ2w − r2

sin2(θ)
w = 0. (2.34)
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Under the change of variables z = sin2(θ) the above equation becomes

z(1− z)∂2
zw + (1− (2− s)z)∂zw +

µ2

4
w − r2

4z
w = 0.

We further rewrite the equation using the transformation w(z) = zr/2w̃(z):

zr/2
(
z(1− z)∂2

z w̃ + ((1 + r)− (2 + r − s)z)∂zw̃ −
r2 + 2r(1− s)− µ2

4
w̃

)
= 0.

(2.35)

Noting that the expression in the bracket of (2.35) is the Hypergeometric differential

equation, we obtain the general solution w(z):

w(z) = zr/2

(
C1 2F1

(
1− s+ r +

√
(1− s)2 + µ2

2
,
1− s+ r −

√
(1− s)2 + µ2

2
; 1 + r; z

)

+C2z
−r

2F1

(
1− s− r +

√
(1− s)2 + µ2

2
,
1− s− r −

√
(1− s)2 + µ2

2
; 1− r; z

))
.

For convenience, we use a transformation for the hypergeometric function [116, Eq.

9.131]:

2F1(a, b; c; z) = (1− z)c−a−b2F1(c− a, c− b; c; z),

and obtain the following form of the solution:

w(z) = C1(1− z)s zr/22F1

(
1 + s+ r +

√
(1− s)2 + µ2

2
,
1 + s+ r −

√
(1− s)2 + µ2

2
; 1 + r; z

)

+C2(1− z)sz−r/22F1

(
1 + s− r +

√
(1− s)2 + µ2

2
,
1 + s− r −

√
(1− s)2 + µ2

2
; 1− r; z

)
,

or equivalently, recalling that µ2 = λ2 + (2− 2s)λ,

w(θ) =C1 cos2s(θ) sinr(θ)2F1

(
1 +

r + λ

2
, s+

r − λ
2

; 1 + r; sin2(θ)

)

+ C2 cos2s(θ) sin−r(θ)2F1

(
1− r − λ

2
, s− r + λ

2
; 1− r; sin2(θ)

)
.

(2.36)
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The general solution for û is then given by:

û(θ, ϕ) =
∞∑
r=0

ar wr(θ) cos(rϕ), (2.37)

where we use wr(θ) to highlight the dependency on r.

Application of the boundary conditions (2.33) to the solution gives:

lim
θ→π

2
−

∞∑
r=0

ar cosα(θ) ∂θwr (θ) cos(rϕ) = 0 for ϕ ∈
(
π − χ

2
, π
)
,

∞∑
r=0

ar wr

(π
2

)
cos(rϕ) = 0 for ϕ ∈

(
0, π − χ

2

)
.

(2.38)

The asymptotic expansion of the hypergeometric function 2F1(a, b; c; z) near z = 1

is given by [1]:

2F1(a, b; c; z) ∼ Γ(c)Γ(c− a− b)
Γ(c− a)Γ(c− b)

(
1− ab(z − 1)

1 + a+ b− c
+O((z − 1)2)

)

+
Γ(c)Γ(a+ b− c)

Γ(a)Γ(b)
(1− z)c−a−b

(
1 +

(a− c)(−b+ c)(z − 1)

1− a− b+ c
+O((z − 1)2)

)
.

(2.39)

provided that c − a − b /∈ Z. We also recall that the derivative of 2F1(a, b; c; z) is

given by:

∂z2F1(a, b; c; z) =
a b

c
2F1(a+ 1, b+ 1; c+ 1; z). (2.40)
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Thus,

cos1−2s(θ)∂θwr (θ) =

C1

(
−2s sinr+1(θ) + r cos2(θ) sinr−1(θ)

)
2F1

(
1 +

r + λ

2
, s+

r − λ
2

; 1 + r; sin2(θ)

)

+ C1 cos2(θ) sinr+1(θ)
(1 + s+ r)2 − (λ+ 1− s)2

2(1 + r)

2F1

(
2 +

r + λ

2
, 1 + s+

r − λ
2

; 2 + r; sin2(θ)

)

+ C2

(
−2s sin−r+1(θ)− r cos2(θ) sin−r−1(θ)

)
2F1

(
1− r − λ

2
, s− r + λ

2
; 1− r; sin2(θ)

)

+ C2 cos2(θ) sin−r+1(θ)
(1 + s− r)2 − (λ+ 1− s)2

2(1− r)

2F1

(
2− r − λ

2
, 1 + s− r + λ

2
; 2− r; sin2(θ)

)
.

(2.41)

We conclude that wr(θ) near θ = π
2

is given by

wr(θ) ∼ C1
Γ(1 + r)Γ(s)

Γ(1 + r+λ
2

)Γ(s+ r−λ
2

)
+ C2

Γ(1− r)Γ(s)

Γ(1− r−λ
2

)Γ(s− r+λ
2

)
+O

(π
2
− θ
)
,
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and

cos1−2s(θ)∂θwr (θ) ∼

C1

(
(−2s)

Γ(1 + r)Γ(s)

Γ(1 + r+λ
2

)Γ(s+ r−λ
2

)

+
(1 + s+ r)2 − (λ+ 1− s)2

2(1 + r)

Γ(2 + r)Γ(1 + s)

Γ(2 + r+λ
2

)Γ(1 + s+ r−λ
2

)

)(π
2
− θ
)−2s

C2

(
(−2s)

Γ(1− r)Γ(s)

Γ(1− r−λ
2

)Γ(s− r+λ
2

)

+
(1 + s− r)2 − (λ+ 1− s)2

2(1− r)
Γ(2− r)Γ(1 + s)

Γ(2− r−λ
2

)Γ(1 + s− r+λ
2

)

)(π
2
− θ
)−2s

+

(
C1(−2s)

Γ(1 + r)Γ(−s)
Γ( r−λ

2
)Γ(1− s+ r+λ

2
)

+ C2(−2s)
Γ(1− r)Γ(−s)

Γ(− r+λ
2

)Γ(1− s− r−λ
2

)

)

+O
((π

2
− θ
)2−2s

)
.

(2.42)

Noting that the prefactors for the singular terms vanish due to the functional equa-

tion of the Gamma function, Γ(1 + x) = xΓ(x), the only terms of interest are the

constant terms in the third bracket.

For convenience we set

Q1 = C1
Γ(1 + r)Γ(s)

Γ(1 + r+λ
2

)Γ(s+ r−λ
2

)
+ C2

Γ(1− r)Γ(s)

Γ(1− r−λ
2

)Γ(s− r+λ
2

)
,

Q2 = C1
Γ(1 + r)Γ(1− s)

Γ( r−λ
2

)Γ(1− s+ r+λ
2

)
+ C2

Γ(1− r)Γ(1− s)
Γ(− r+λ

2
)Γ(1− s− r−λ

2
)
.

Furthermore, let br = arQ2 and Rr(λ) = Q1/Q2. Then we write the boundary

conditions from (2.38) as

∞∑
r=0

br cos(rϕ) = 0 for ϕ ∈
(
π − χ

2
, π
)
,

∞∑
r=0

brRr(λ) cos(rϕ) = 0 for ϕ ∈
(

0, π − χ

2

)
.

(2.43)
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The quantity Rr(λ) can be further simplified:

Rr(λ) =
Γ(s)

Γ(1− s)

C1
Γ(1+r)

Γ(1−r)Γ(1+ r+λ
2

)Γ(s+ r−λ
2

)
+ C2

1
Γ(1− r−λ

2
)Γ(s− r+λ

2
)

C1
Γ(1+r)

Γ(1−r)Γ( r−λ
2

)Γ(1−s+ r+λ
2

)
+ C2

1
Γ(− r+λ

2
)Γ(1−s− r−λ

2
)

=
Γ(s)

Γ(1− s)

1
Γ(1− r−λ

2
)Γ(s− r+λ

2
)

1
Γ(− r+λ

2
)Γ(1−s− r−λ

2
)

=
Γ(s)

Γ(1− s)
Γ(− r+λ

2
)Γ(1− s− r−λ

2
)

Γ(1− r−λ
2

)Γ(s− r+λ
2

)

=
Γ(s)

Γ(1− s)
Γ( r−λ

2
)Γ(1− s+ r+λ

2
)

Γ(1 + r+λ
2

)Γ(s+ r−λ
2

)
,

where we used the fact that Γ(1+r)
Γ(1−r) = 0 for r ∈ N and repeatedly used of Γ(1 + x) =

xΓ(x). We then rewrite (2.43) as

b0 +
∞∑
r=1

br cos(rϕ) = 0 for ϕ ∈
(
π − χ

2
, π
)
,

R0(λ)b0 +
∞∑
r=1

brRr(λ) cos(rϕ) = 0 for ϕ ∈
(

0, π − χ

2

)
.

(2.44)

Suppose that the first equation of (2.44) equals to an unknown function f(ϕ). The

coefficients br are given by

b0 =

∫ π−χ/2

0

f(u)du,

br = 2

∫ π−χ/2

0

f(u) cos(ru)du.

Then (2.44) becomes

R0(λ)

∫ π−χ/2

0

f(u)du+ 2
∞∑
r=1

Rr(λ)

∫ π−χ/2

0

f(u) cos(ru)du cos(rϕ) = 0. (2.45)

We seek a function that has a correct behaviour near ϕ = π ± χ
2
. One possibility is
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to choose

f(u) =

(
1−

(
u

π − χ
2

)2
)s−1

.

Note that for such choice of f(u) the integrals in (2.45) are explicitly computable.

∫ π−χ/2

0

f(u)du =
(2π − χ)

√
πΓ(s)

4Γ(s+ 1
2
)

,

∫ π−χ/2

0

f(u) cos(ru)du =
(2π − χ)

√
πΓ(s)

4

(
(2π − χ)r

4

) 1
2
−s

Js− 1
2

(
(2π − χ)r

2

)
,

where Js(z) is Bessel function of the first kind.

Remark 2.6.1. It is important to note that the choice of f(u) is rather arbitrary.

We chose such f due to the correct behaviour near ϕ = π ± χ
2

and simplicity of

the expression. One may be inspired to choose more exotic functions such as a

modification of [184, Equation (21)]. We will abstain from a further discussion of

the choice of f , however it may be of future interest.

We further integrate the expression in ϕ and obtain a transcendental equation

for λ:

R0(λ) =

− 8

2π − χ

∞∑
r=1

sin
(

(2π−χ)r
2

)
r

Rr(λ)Γ

(
s+

1

2

)(
(2π − χ)r

4

) 1
2
−s

Js− 1
2

(
(2π − χ)r

2

)
.

(2.46)

We can employ this equation to approximate values of the leading singular exponents

λ near a corner of a polygonal domain. Note that for λ = 0 we obtain:

Rr(0) =
2Γ(s)Γ(1− s+ r

2
)

rΓ(1− s)Γ(s+ r
2
)
. (2.47)
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Alternatively, for λ = s− 1
2

we obtain:

Rr

(
s− 1

2

)
= 22s Γ(s)Γ

(
1
2

+ r − s
)

Γ(1− s)Γ
(

1
2

+ r + s
) . (2.48)

Since analysis in Corollary 2.2.4 establishes that λ ≥ max
(
0, s− 1

2

)
, we will use one

of these quantities as an approximation for Rr(λ) for all λ. Equation (2.46) can be

approximated numerically by truncation of the series and using (2.47) or (2.48) for

r = 1, 2, 3, . . . .

We compare the approximate results of (2.46) with the corner exponents obtained

by numerical approximation as well as the generalised eigenvalue problem.

Remark 2.6.2. Note that for χ→ 0 the equation (2.46) reduces to:

Γ(−λ
2
)Γ(1− s+ λ

2
)

Γ(1 + λ
2
)Γ(s− λ

2
)

= 0.

This equation is satisfied when λ = 2s.

2.7 Further algorithmic details

Apart from implementation of the bilinear form a discussed in Chapter 1 we im-

plement the bilinear form b introduced in (2.14) associated with the generalised

eigenvalue problem (2.13) on the upper hemisphere S2
+. In the nodal basis {ψi} of

Ṽh the stiffness matrix A = (A)ij is given by

Aij = b(ψi, ψj)

=

∫
S2

+

sin(θ) cos1−2s(θ)(∂θψi)(∂θψj) + sin(θ)−1 cos1−2s(θ)(∂ϕψi)(∂ϕψj) dθdϕ .

Similarly, the mass matrix M = (M)ij is given by

Mij = d(ψi, ψj) =

∫
S2

+

sin(θ) cos1−2s(θ)ψi ψj dθdϕ .

For a given discretisation on a quasi–uniform or a graded mesh, the eigenvalues of

the generalised eigenvalue problem (2.13) are then computed using the standard
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MATLAB routine eigs.

2.8 Numerical experiments

The following numerical experiments illustrate the convergence of finite element

approximations on graded meshes, as predicted in Sections 6 and 7. We explore the

behaviour of the singular exponents ν, λ at the boundary, respectively at a corner, as

a function of the fractional order s and the corner angle χ. Due to implementation

reasons we use only 2-graded meshes. For numerical results and further discussion

of β-graded meshes with large β we refer to [123].

Example 2.8.1. We consider the discretisation of the Dirichlet problem (2.1) with

f = 1 as discussed in Section 2.7 in the L-shaped domain Ω = (−1, 3)2 \ [1, 3]2 ⊂ R2

and on triangular domains Ω with an angle χ varied between π/12 to 5π/12 on

uniform and algebraically 2–graded meshes.

An example of a 2–graded mesh for the L-shaped domain is depicted in Figure 2.8

along with a numerical solution for s = 7
10

on a mesh with 86400 elements. We note

that the extra refinements in the interior of the domain is unnecessary and is solely

an artifact of the method used for generation of the graded meshes.

Figure 2.8: Algebraically 2–graded mesh for L–shaped domain. Numerical solution
with s = 7

10
.

Example 2.8.2. We consider the discretisation of the generalised eigenvalue problem

(2.13) employing the bilinear form b(u, v) discussed in Section 2.7. As the computa-

tional domain we consider the unit upper hemisphere S2
+ and design quasi–uniform
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and graded meshes for the opening angle χ. Examples of quasi–uniform and graded

meshes are depicted in Figure 2.9. The shape regularity constant cR for all meshes

is kept cR > 3/10. The meshes are also adjusted around the north pole θ = 0, as

shown in the figure.

Figure 2.9: Examples of a quasi–uniform and graded meshes for the upper hemi-
sphere for χ = π/3.

The convergence rates predicted by Corollary 2.3.2 are illustrated in Figure 2.10.

The figure examines convergence in the energy norm for two distinct values of s = 1
2

and s = 7
10

, compared to a benchmark solution on a fine 2-graded mesh. The ob-

served rates of convergence for uniform meshes are −0.253 (s = 1
2
) and −0.261

(s = 7
10

). In terms of h, this corresponds to 0.506 (s = 1
2
) and 0.522 (s = 7

10
). For

2-graded meshes we observe rates −0.493 (s = 1
2
) and −0.500 for (s = 7

10
) in terms of

DOF , while in terms of h we obtain 0.986 (s = 1
2
) and 1.000 for (s = 7

10
). The rates

agree with the theoretical approximation results, which predict an approximation

error proportional to DOF−1/2 on the 2-graded mesh, and an approximation error

proportional to DOF−1/4 on a uniform mesh.

Furthermore, the convergence rate to the first eigenvalue for Example 2.8.2 is pre-

sented in Figure 2.11 for s = 0.3 and s = 0.7 and the opening angle χ = π
2
, compared

against the benchmark values given in Table 2.1. The observed convergence rates in

the degrees of freedom on uniform meshes are −0.512 (s = 3
10

) and −0.492 (s = 7
10

).

In terms of h, this corresponds to a convergence rate of 1.024 (s = 3
10

) and 0.984

(s = 7
10

). Similarly, the convergence rates observed on graded meshes are −0.987

(s = 3
10

) and −1.012 (s = 7
10

), corresponding to 1.974 (s = 3
10

) and 2.024 (s = 7
10

)

in terms of h. The rates agree with the theoretical approximation results and are
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approximately twice the convergence rates for the solutions in the energy norm.
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Figure 2.10: Convergence of the energy norm on a quasi–uniform and 2–graded
meshes for s = 1

2
(left) and s = 7

10
(right) for Example 2.8.1.
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Figure 2.11: Convergence plot of the first eigenvalue for s = 0.3 and 0.7 on uniform
and β–graded meshes with β = 2 with opening angle χ = π/2 for Example 2.8.2.

We compute the singular exponents of the solutions near a corner with opening

angle χ by fitting the numerically computed solution to a straight line in a log–

log plot. For s = 1
2

we recover the exponents known for screen problems for the

Laplacian [182].

Figures 2.12 and 2.13 give examples for the slopes summarized in Table 2.1. They

display the asymptotic behaviour of the solution near corners with angle χ = 3π
2
, π

2
,

respectively, for different values of s in a loglog plot on the L-shape depicted in Fig-

ure 2.8. Figure 2.12 specifically examines the detailed singular behaviour near the

re-entrant corner at (x, y) = (1, 1). It shows the solution along cross sections x = y,

y = 1 and y = 2 − x. Near the corner, the slope of the solution is approximately
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0.297 (s = 1
2
) and 0.44 (s = 7

10
). It is independent of the direction from which the

corner is approached, as expected.

Similarly, Figure 2.13 shows the solution as a function of the distance to three dis-

tinct right-angled corners located at (x, y) = (−1,−1), (3, 1), (3,−1). Near the

corners, the slope of the solution is approximately 0.815 (s = 1
2
) and 1.17 (s = 7

10
),

for all corners.

For completeness, we illustrate the edge behaviour in Figure 2.14. The solution

is plotted in a log-log plot near the edge of the domain at (0,−1), where a straight

line is expected with slope of the edge exponent ν = s. The numerically observed

slopes of the solution near the boundary are 0.498 (s = 1
2
) and 0.697 (s = 7

10
), in

good agreement with theory.
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Figure 2.12: Asymptotic behaviour of the solution near the re-entrant corner for
s = 1

2
(left) and s = 7

10
(right) in Example 2.8.1.

More generally, Figure 2.15 shows the corner exponents as a function of χ for

values of s from 0.1 to 0.9 for the values obtained from the numerical solution and

from the generalised eigenvalue problem. As expected, the singular exponents de-

crease as a function of the angle in all cases. We summarise the values of singular

exponents for different values of s and the opening angle χ in Table 2.1 for both the

numerical slopes and numerically obtained eigenvalues.

Finally, Figure 2.16 shows a comparison of the numerically obtained values for the

singular exponents using the numerical and eigenvalue problems with the asymptotic
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Figure 2.13: Asymptotic behaviour of the solution near corners at (x, y) for different
corners with s = 1

2
(left) and s = 7

10
(right) in Example 2.8.1.
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Figure 2.14: Asymptotic behaviour of the solution near the boundary at (0,−1) for
different values of s = 1

2
and s = 7

10
in Example 2.8.1.

expansion presented in Section 2.6. The values are in a good agreement for all three

methods. Figure 2.17 illustrates the corner exponents for the opening angle near

χ = 2π. It indicates that the singular exponents behave behave like max{0, s− 1
2
}

and demonstrates the sharpness of the lower bound for λ in Corollary 2.2.4. Curves

for the asymptotic expansion are obtained by truncating the sum in (2.46) at 107

terms and using (2.47) or (2.48) as an approximation for Rr(λ). The deviation for

s ≥ 0.8 may be attributed to these latter approximations.
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Figure 2.15: Corner exponents for varied opening angle χ and different values of s
obtained from numerical solution of Example 2.8.1 (left) and the eigenvalue problem
of Example 2.8.2 (right).
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Figure 2.16: Corner exponents for varied opening angle χ and different values of s
obtained from the asymptotic expansion (2.46) for the solution (left) and comparison
of the curves obtained from the numerical solution Example 2.8.1, the eigenvalue
problem Example 2.8.2, and the asymptotic expansion for different values of s using
(2.46) (right).

0 0.2 0.4 0.6 0.8 1

0

0.1

0.2

0.3

0.4

0.5

Figure 2.17: Corner exponents for different values of s from 0.1 until 1 obtained
from the asymptotic expansion (2.46) of the solution at the opening angle χ = 2π.
The theoretical value λ = 1

2
is used for s = 1.
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χ/π 1/12 1/6 1/4 1/3 1/2 1 3/2
s Num. Eig. Num. Eig. Num. Eig. Num. Eig. Num. Eig. Num. Eig. Num. Eig.

0.1 0.1984 0.1919 0.1875 0.1881 0.1816 0.1652 0.1748 0.1553 0.1604 0.1446 0.0941 0.1042 0.0540 0.0538
0.2 0.3993 0.3891 0.3898 0.3813 0.3816 0.3684 0.3651 0.3392 0.3263 0.2939 0.1921 0.2021 0.1102 0.0985
0.3 0.5993 0.5962 0.5882 0.5804 0.5752 0.5618 0.5491 0.5378 0.4865 0.4605 0.3032 0.2985 0.1685 0.1478
0.4 0.7998 0.7997 0.7872 0.7882 0.7693 0.7683 0.7336 0.7247 0.6447 0.6218 0.3992 0.4017 0.2292 0.2167
0.5 0.9984 0.9957 0.9880 0.9821 0.9585 0.9586 0.9228 0.9251 0.8153 0.7853 0.4985 0.4993 0.2927 0.3037
0.6 1.2013 1.1944 1.1900 1.1880 1.1687 1.1826 1.1186 1.1423 0.9718 0.9489 0.6111 0.5984 0.3596 0.3613
0.7 1.3996 1.3978 1.3913 1.3853 1.3731 1.3794 1.3209 1.3478 1.1454 1.1093 0.6971 0.7001 0.4288 0.4103
0.8 1.5935 1.5997 1.5891 1.5837 1.5767 1.5810 1.5279 1.5345 1.3274 1.2591 0.8094 0.8012 0.5167 0.5316
0.9 1.7812 1.7988 1.7804 1.7901 1.7752 1.7732 1.7357 1.7119 1.5185 1.4213 0.9050 0.9003 0.5765 0.6289

Table 2.1: Corner exponents for different values of s and different opening angles χ
obtained from the numerical solutions as well as the generalised eigenvalue problem.
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3.1 Introduction

In this chapter we consider the model fractional Dirichlet problem (1.3) in a polyg-

onal domain Ω for s ∈ (0, 1),

(−∆)su = f in Ω,

u = 0 in ΩC = Rn \ Ω.

(3.1)

with s ∈ (0, 1). For s = 1 one recovers the classical Dirichlet problem for the Lapla-

cian in Ω, whereas for s = 1
2

one obtains the hypersingular equation on the flat

screen Ω× {0} ⊂ R3.

We exploit the asymptotic expansions in Theorem 2.19 from Chapter 2 for the

solution u of (3.1) near singular points of the domain for all values s ∈ (0, 1). Such

expansions allow us to prove optimal convergence rates for the hp–version finite el-

ement methods on quasi–uniform meshes as known for finite element methods for

elliptic differential problems.

The p and hp approximations of elliptic equations in polyhedral domains and

their optimal rates of convergence have been studied for several decades for finite

element methods [19–21, 77, 78] and boundary element methods [36, 110, 130, 209,

213, 214, 224]. Related to this work exponential convergence of the hp–version for

boundary element methods has been investigated in [129, 131, 138].

For the fractional Laplacian, recent works develop the theory in 1D [7] and hp

methods for the spectral fractional Laplacian [25, 103, 175]. This chapter addresses

the 2D case exploiting the decomposition developed in Chapter 2.

3.2 Discretisation

In this section we briefly describe the discretisation for hp-approximation of the

problem (3.1). Throughout this chapter, we denote the mesh size h > 0 and the

polynomial degree p ≥ 1. For a polygonal domain Ω ⊂ R2 we consider a family of
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shape regular and quasi-uniform meshes {Th} with Th = {τk : k = 1, . . . , K}, where

τk are triangular or rectangular elements. Examples of quasi–uniform meshes for

the disc and L–shaped domains are given in Figure 3.1. Let hk denote size of the

element τk and let h = maxk{hk}.

Figure 3.1: Examples of quasi-uniform meshes for the unit disc and L–shaped do-
main.

Let V,E denote the sets of vertices and edges, respectively, of the polygonal

domain Ω. Further, let E(v) denote the set of edges connected to v.

Let Pp(τk) denotes the set of polynomials of degree up to p on the element τk.

Furthermore, we consider the space of continuous, piecewise polynomials of degree

p on a mesh Th

Ṽh,p(Ω) = {v ∈ C0(Ω) : v|∂Ω = 0, v|τk ∈ Pp(τk)}.

We recall the continuous weak formulation (1.6):

Find u ∈ H̃s(Ω) such that

a(u, v) =

∫
Ω

fv dx, (3.2)

for all v ∈ H̃s(Ω).

We then consider the discretised problem (3.2):

Find uhp ∈ Ṽh,p(Ω) such that

a(uhp, vhp) = 〈f, vhp〉 (3.3)

for all vhp ∈ Ṽh,p(Ω).

60



Chapter 3: hp–version finite element approximation

Recall that by continuity and coercivity, there exists a unique solution.

3.3 Asymptotic expansion and approximation prop-

erties

We first recall the structure of the solution of the problem (3.2) with a sufficiently

smooth forcing function f . The solution with Dirichlet boundary conditions near

the boundary or a corner admits a decomposition into the regular part and edge,

corner, and edge-corner singularities as was shown in Theorem 2.19 Chapter 2. Here

we solely state the main decomposition and for further discussion refer to Chapter 2.

Remark 3.3.1. We recall that for the Fractional Laplacian, the singular exponent

for the edge is s and for the corners the following holds: λ > max{0, s− 1
2
}.

The following conjecture generalizes the decomposition for the related hypersin-

gular operator in boundary integral equations [36, 201]. The proof of this conjecture

is an ongoing work with H. Gimperlein and E. P. Stephan. Even though we do not

prove this result here, the result seems plausible as indicated by results from Chapter

2.

Conjecture 3.3.2. Let V, E, E(v) be the sets of Ω, as introduced in Section 3.2.

Then, for sufficiently smooth f the solution of (3.1) has the form:

u = ureg +
∑
e∈E

ue +
∑
v∈V

uv +
∑
v∈V

∑
e∈E(v)

uev, (3.4)

where using local coordinate systems (rv, θv) and (xe1 , xe2) with origin at v, there

exists the following representation:

1. The regular part ureg ∈ Hk for some k > s.

2. The edge singularities ue of the form

ue =
me∑
j=1

 sej∑
σ=0

bejσ (xe1) |log xe2|σ
x

γej
e2χ

e
1 (xe1)χe2 (xe2) , (3.5)

where γej+1 ≥ γej ≥ s and me, s
e
j are integers. Here, χe1, χ

e
2 are C∞ cut-off

functions where χe1 = 1 away from the endpoints and zero at the end points.
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Furthermore, χe2 = 1 for 0 ≤ xe2 ≤ δe and zero for xe2 ≥ 2δe for δe ∈ (0, 1/2).

The functions bejsχ
e
1 ∈ Hm(e) for arbitrarily large m.

3. The vertex singularities uv of the form

uv = χv (rv)
nv∑
i=1

qvi∑
t=0

Bv
it |log rv|t r

λvi
v w

v
it (θv) , (3.6)

where λvi+1 ≥ λvi > max{0, s − 1
2
}, nv, qvi ≥ 0 are integers, and Bv

it are real

numbers. The C∞ cut-off function χv = 1 for 0 ≤ rv ≤ τv and χv = 0 for

rv ≥ 2τv with τv ∈
(
0, 1

2

)
. The functions wvit ∈ Hq (0, ωv) for arbitrarily large

q. Further ωv denotes the interior angle between the edges at v.

4. The edge-vertex singularities uev of the form

uev = uev1 + uev2 , (3.7)

where

uev1 =
me∑
j=1

nv∑
i=1

 sej∑
σ=0

qvi∑
t=0

s∑
l=0

Bev
ijltσ |log xe1|σ+t−l |log xe2|l

x
λvi−γej
e1 x

γej
e2χ

v (rv)χ
ev (θv) ,

(3.8)

uev2 =
me∑
j=1

sej∑
σ=0

Bev
jσ (rv) |log xe2|σ x

γej
e2χ

v (rv)χ
ev (θv) , (3.9)

and

Bev
jσ (rv) =

σ∑
l=0

Bev
jσl (rv) |log rv|l . (3.10)

Here qvi , s
e
j , λ

v
i , γ

e
j , χ

v are as above, Bev
ijltσ are real numbers, and χev is a C∞

cut-off function with χev = 1 for 0 ≤ θv ≤ βv and χev = 0 for 3
2
βv ≤ θv ≤ ωv

with βv ∈ (0,min {ωv/2, π/8}]. The functions Bev
jσl can be chosen so that

Bev
jσ (rv)χ

v (rv)χ
ev (θv) = χjσ (xe1, xe2)χe2 (xe2) , (3.11)
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where the extension of χjσ by zero on R2
+ lies in Hm(R2

+) for m arbitrarily

large.

P

!v

θv
v

xe2

xe1

rv

e

Figure 3.2: Diagram of the local coordinates near a vertex v and edge e.

3.4 Approximation of singular functions

In the following subsections we state the approximation results for the edge-vertex,

vertex, and edge singular functions from Conjecture 3.3.2. The results follow from

[36, Theorems 5.1, 5.2, 6.1] and will be used for establishing the hp approximation

for general value of s ∈ (0, 1).

3.4.1 Approximation of edge-vertex singularities

Let e ∈ E be the edge of Ω with neighbouring vertices v, w. Let Ae be the union

of all elements at the edge e. We denote by `v and `w the edges of ∂Ae such that

¯̀
v ∩ ē = {v} and ¯̀

w ∩ ē = {w}.

Let us consider the cut-off functions χv and χev which appear in the expressions

for the edge-vertex singularities uev1 and uev2 . We take the supports of these cut-off

functions as follows:

suppχv ⊂ [0, 2τv] with 0 < τv < min

{
1

4
dist{v, w}, 1

2

}

suppχev ⊂
[
0,

3

2
βv

]
with 0 < βv ≤ min

{
1

2
θ0,

1

2
ωv,

π

8

} (3.12)

where θ0 is the minimal angle of the triangles τh in the mesh Th. Then uev1 and uev2

vanish outside the sector S =
{

(rv, θv) ; 0 < rv < 2τv, 0 < θv <
3
2
βv
}
, in particular,

uev1 = uev2 = 0 on `v ∪ `w.
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Theorem 3.4.1 (Theorem 5.1 [36]). Let u = uev1 be the edge-vertex singular function

as in Conjecture 3.3.2. Then there exists uhp ∈ Ṽh,p(Ω) with p ≥ min{λ, γ− 1
2
} such

that for s ∈ [0,min{λ+ 1, γ + 1
2
})

‖u− uhp‖Hs(Ω) ≤ Chmin{λ+1,γ+1/2}−sp−2(min{λ+1,γ+ 1
2
}−s) (1 + log(p/h))β+ν ,

where λ = λv1 > −1/2, γ = γe1 > 0,

β =

 qv1 + se1 + 1
2

if λv1 = γe1 − 1
2

qv1 + se1 otherwise

ν =

 1
2

if p = min
{
λ, γ − 1

2

}
0 otherwise

Theorem 3.4.2 (Theorem 5.2 [36]). Let u = uev2 be the edge-vertex singular function

as in Conjecture 3.3.2. Then there exists uhp ∈ Ṽh,p(Ω) with p ≥ γ− 1
2

such that for

s ∈ [0,min{1, γ + 1
2
})

‖u− uhp‖Hs(Ω) ≤ Chγ+1/2−sp−2(γ+ 1
2
−s) (1 + log(p/h))β+ν ,

where γ = γe1 > 0, β = se1 ∈ N0, ν = 1
2

if p = γ − 1
2

and ν = 0 otherwise.

Remark 3.4.3. Note that since the cut–off functions in uev2 can be rewritten by using

(3.11), we can apply Theorem 3.4.2 to estimates for ue the edge singular functions.

3.4.2 Approximation of vertex singularities

In here we approximate the vertex singularities uv as in Conjecture 3.3.2. Let v ∈ V

be a vertex of Ω.
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Theorem 3.4.4 (Theorem 6.1 [36]). Let u = uv be the vertex singularity function

as in Conjecture 3.3.2. Then there exists uhp ∈ Ṽh,p(Ω) with p ≥ λ such that for

s ∈ [0, 1]

‖u− uhp‖Hs(Ω) ≤ Chλ+1−sp−2(λ+1−s)(1 + log(p/h))β+ν

where λ = λv1 > 0, β = qv1 ∈ N0, ν = 1
2

if p = λ and ν = 0 otherwise.

3.4.3 Approximation of edge singularities

As stated in Remark 3.4.3 estimates for the edge singularities ue can be derived in

the same way as for uev2 . Thus we solely state the result for the edge singularities

below.

Theorem 3.4.5 (Theorem 5.2 [36]). Let u = ue be the edge singular function as

in Conjecture 3.3.2. Then there exists uhp ∈ Ṽh,p(Ω) with p ≥ γ − 1
2

such that for

s ∈ [0,min{1, γ + 1
2
})

‖u− uhp‖Hs(Ω) ≤ Chγ+1/2−sp−2(γ+ 1
2
−s) (1 + log(p/h))β+ν ,

where γ = γe1 > 0, β = se1 ∈ N0, ν = 1
2

if p = γ − 1
2

and ν = 0 otherwise.

3.5 Approximation of the regular part

In this section we review results for the approximations of smooth and singular

functions. We recall the result for sufficiently smooth functions from [36, Proposi-

tion 4.1].
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Lemma 3.5.1 (Proposition 4.1 [36]). Let u ∈ Hm(Ω) ∩ H̃1(Ω) with m > 1. Then

there exists uhp ∈ V h,p
0 (Ω) such that for s ∈ [0, 1]

‖u− uhp‖Hs(Γ) ≤ Chµ−sp−(m−s̃)‖u‖Hm(Γ), (3.13)

where µ = min{m, p+ 1} and

s̃ =


1/2 s ∈ [0, 1/2)

1/2 + ε s = 1/2

s s ∈ (1/2, 1].

(3.14)

3.6 hp–approximation

By combination of the approximation results from [36] outlined in Sections 3.4 and

3.5 for the singularities and regular parts, the following estimates holds for the hp

finite element approximation (3.3) of the problem (3.2), see [36, Theorem 7.1.].

Remark 3.6.1. Recall that the edge exponent γ = s and the corner exponent λ is

related to the first eigenvalue of degenerate Laplace–Beltrami problem with mixed

boundary values on S2
+. In particular, the following estimate holds λ > max{0, s−1

2
}.

Theorem 3.6.2. Let u ∈ H̃s(Ω) be the solution to (3.1) of the form as given in

Conjecture 3.3.2 with a regular part in Hk(Ω) for k > s and Πh,pu be the best

approximation by piecewise polynomial functions of degree p on a quasi-uniform

mesh Th. Then,

‖u− Πh,pu‖H̃s(Ω) ≤ C max

{
hmin{k,p+1}−s

pk−s̃
,
h

1
2

p
(1 + log

(
ph−1

)
)β

}
,

where β = qv1 + se1 as in Conjecture 3.3.2 and s̃ as in Lemma 3.5.1.

Corollary 3.6.3 (Theorem 7.1 [36]). Let u ∈ H̃s(Ω) be a solution to (3.1) and

uhp ∈ Ṽh,p(Ω) be the hp-approximation on a quasi-uniform mesh Th of (3.3). Then,

‖u− uhp‖H̃s(Ω) ≤ C max

{
hmin{k,p+1}−s

pk−s̃
,
h

1
2

p
(1 + log

(
ph−1

)
)β

}
,

where β = qv1 + se1 as in Conjecture 3.3.2 and s̃ as in Lemma 3.5.1.
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Figure 3.3: Examples of quasi–uniform (left) and 2–graded (right) meshes for the
square domain in Example 3.7.1.

Figure 3.4: Solution for s = 0.75 and p = 1 with 392 elements on 2–graded meshes
of the square domain in Example 3.7.1.

3.7 Numerical experiments

Example 3.7.1. We consider the discretization of the Dirichlet problem (3.1) with

f = 1 in the square domain Ω = (−1, 1)2 ⊂ R2 depicted in Figure 3.3 using quasi-

uniform and 2–graded meshes. We examine fractional exponents s = 1
4
, 1

2
, 3

4
, 9

10
. A

numerical solution on a 2–graded mesh with 392 elements for s = 3
4

and p = 1 is

shown in Figure 3.4.

The convergence rates predicted by Corollary 3.6.3 are illustrated in Figures 3.5

and 3.6. Figure 3.5 examines h–convergence in the energy norm for s = 3
4

for

different values of polynomial degree p = 1, 2, 3 on quasi–uniform and 2–graded

meshes. The observed rates of convergence for quasi–uniform meshes is 0.5 and for

2–graded meshes is 1. The rates agree with the theoretical approximation results,

which predict an approximation error proportional to h1 on the 2–graded mesh, and

an approximation error proportional to h1/2 on a uniform mesh.

Furthermore, the p–convergence is examined in Figure 3.6 for different values of
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Figure 3.5: Convergence in h for s = 0.75 and different values of p on quasi–uniform
and 2–graded meshes for Example 3.7.1.

s = 1
4
, 1

2
, 3

4
, 9

10
for a fixed quasi–uniform mesh with hmin = 0.14 and a 2–graded

mesh with hmin = 0.014. The observed convergence rates in the polynomial degree

p on the quasi–uniform mesh are −1.01 (s = 1
4
), −0.996 (s = 1

2
), −1.00 (s = 3

4
),

−1.01 (s = 9
10

). Similarly, the observed convergence rates in the polynomial degree

p on the 2–graded mesh are −1.03 (s = 1
4
), −1.00 (s = 1

2
), −1.02 (s = 3

4
), −1.02

(s = 9
10

). The rates agree with the theoretical approximation results, which predict

an approximation error proportional to p−1.

We point out that the condition numbers for the stiffness matrix for s = 3
4

on uni-

form meshes are 13, 362, 19208 for p = 1, 4, 8, respectively. Similarly, on 2–graded

meshes, the condition numbers for the stiffness matrix for s = 3
4

are 16, 725, 39544

for p = 1, 4, 8, respectively.

Example 3.7.2. We consider the discretization of the Dirichlet problem (3.1) with

f = 1 in the L-shaped domain Ω = (−1, 3)2 \ [1, 3]2 ⊂ R2 depicted in Figure 3.7

using quasi-uniform and 2–graded meshes. We examine fractional exponents s =

1
4
, 1

2
, 3

4
, 9

10
. A numerical solution on a mesh with 3968 elements for s = 0.75 and

p = 1 is shown in Figure 3.8.

The convergence rates predicted by Corollary 3.6.3 are illustrated in Figures 3.9

and 3.10. Figure 3.9 examines h–convergence in the energy norm for s = 3
4

for

different values of polynomial degree p = 1, 2, 3 on quasi–uniform and 2–graded

meshes. The observed rates of convergence for quasi–uniform meshes is ∼ 0.5 and

for 2–graded meshes is ∼ 1. The rates agree with the theoretical approximation
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Figure 3.6: Convergence in p for different values of s on a quasi–uniform mesh (top)
and 2–graded meshes (bottom) in Example 3.7.1.
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Figure 3.7: Examples of quasi–uniform (left) and 2–graded (right) meshes for the
L–shaped domain in Example 3.7.2.

Figure 3.8: Solution for s = 0.75 and p = 1 with 3968 elements on 2–graded meshes
of the L–shaped domain in Example 3.7.2.

results, which predict an approximation error proportional to h1 on the 2–graded

mesh, and an approximation error proportional to h1/2 on a uniform mesh.

Furthermore, the p–convergence is examined in Figure 3.10 for different values of s =

1
4
, 1

2
, 3

4
, 9

10
for a fixed quasi–uniform mesh with h = 0.16. The observed convergence

rates in the polynomial degree p on uniform meshes are −1.012 (s = 1
4
), −1.014

(s = 1
2
), −1.004 (s = 3

4
), −1.017 (s = 9

10
). The rates agree with the theoretical

approximation results, which predict an approximation error proportional to p−1 on

quasi–uniform meshes.

Remark 3.7.3. Even though we do not address computational efficiency in this work,

it is worth mentioning that the p-version requires a significant computational effort

for higher values of p and may not be of interest for applications.
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Figure 3.9: Convergence in h for s = 0.75 and different values of p on quasi–uniform
and algebraically graded meshes in Example 3.7.2.
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Figure 3.10: Convergence in p for different values of s on quasi–uniform meshes in
Example 3.7.2.
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Preconditioning of

pseudodifferential operators

When a philosopher says something that is true then it is

trivial. When he says something that is not trivial then it

is false.

Carl Friedrich Gauss

Contents

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . 72

4.2 Dirichlet problem for the fractional Laplacian . . . . . . 75

4.3 Pseudodifferential Dirichlet problems . . . . . . . . . . . 81

4.4 Preconditioning and discretisation . . . . . . . . . . . . . 83

4.5 Stability on adaptively refined meshes: R–G, NVB . . . 90

4.6 Numerical experiments . . . . . . . . . . . . . . . . . . . . 98

This chapter is based on a joint work [113] with H. Gimperlein and C. Urzúa–

Torres.

4.1 Introduction

This chapter considers the Dirichlet problem for an elliptic pseudodifferential oper-

ator A of order 2s in a bounded Lipschitz domain Ω, where Ω is either a subset of
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Rn, or, more generally, in a Riemannian manifold Γ:Au = f in Ω,

u = 0 in Γ \ Ω.

(4.1)

Such pseudodifferential boundary value problems are of interest in several applica-

tions. For instance, the integral fractional Laplacian A = (−∆)s and its variants

A = div(c(x, u)∇2s−1u) in a domain Ω ⊂ Rn arise in the pricing of stock options

[240], image processing [106], continuum mechanics [80], and in the movement of

biological organisms [89] or swarm robotic systems [82, 88]. By considering Ω ⊂ Γ

(with Γ a Riemannian manifold), one can also study the equations for the weakly

singular (A = V) or hypersingular (A = W) operators arising from boundary integral

formulations of the first kind for an elliptic boundary problem on curve segments or

on open surfaces [210]. Another interesting example would be in potential theory,

where boundary value problems of negative order arise for the Riesz potential [156].

On the one hand, the bilinear form associated to A is nonlocal, and its Galerkin

discretisation results in dense matrices. On the other hand, the condition number

of these Galerkin matrices is of order O(h−2|s|), where h is the size of the smallest

cell of the mesh. Therefore, the solution of the resulting linear system via iterative

solvers becomes prohibitively slow on fine meshes.

The preconditioning of pseudodifferential equations has been considered in dif-

ferent contexts. Classically, boundary element methods have been of interest, where

multigrid and additive Schwarz methods [10, 93, 210, 231], as well as operator pre-

conditioners [223] have been studied. A popular choice is operator preconditioning

based on an elliptic pseudodifferential operator of the opposite order−2s, yet it leads

to growing condition numbers when boundary conditions are not respected. Indeed,

in the case s = ±1
2
, the achieved condition number grows like log(h) [62, 173]. We

prove that this growth is even larger for |s| > 1
2

of order O(h1−2|s|), as we discuss

in Section 4.4. Therefore, the “opposite order” strategy for A in (4.1) could be far

from optimal. This motivates the approach we pursue here, which incorporates the

boundary conditions.

The aforementioned suboptimality was recently overcome for the weakly singular

and hypersingular operators V and W on open 2d surfaces [135] and curve segments
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[133], respectively. The proposed preconditioners were based on new exact formulas

for the inverses of these operators on the flat disk [134] and interval [−1, 1] [144].

It is important to mention that, in this context, this article provides a novel and

independent approach to the preconditioners used in [134, 135]: As discussed in Re-

mark 4.2.7, by identifying Ω ⊂ Rn with the flat screen Ω×{0} ⊂ Rn+1, W coincides

with the fractional Laplacian 1
2
(−∆)s for s = 1

2
, while V coincides with 1

2
(−∆)s for

s = −1
2
. Boggio’s classical formula (Equation (4.4) below) for the fractional Lapla-

cian in the unit ball of Rn, respectively its analytic extension to s ∈ C, therefore

recovers the exact formulas for V−1 and W−1 from [134, 144] as a special case. This

connection between the fractional Laplacian and boundary integral equations was

only known in 1D [144], and we extend it to arbitrary dimension. As a consequence,

we obtain a unified and general preconditioning strategy for pseudodifferential prob-

lems, which includes V, W and (−∆)s.

Recently, the fractional Laplacian has attracted interest in itself. Multigrid pre-

conditioners have been briefly mentioned in [9], while additive Schwarz precondi-

tioners of BPX-type are starting to be investigated [92]. Applied to this particular

operator A, our results lead to the first operator preconditioner. This offers the

advantage of benefiting from all the rigorous results of the operator preconditioning

theory, including its applicability to non-uniformly refined meshes, while being eas-

ily implementable. Indeed, solutions to (4.1) feature edge singularities, analogous to

those for the fractional Laplacian [120]. Therefore, when discretising with low-order

finite elements, one requires local refinement to recover optimal convergence rates.

Hence, it becomes mandatory that preconditioners can deal with these non-uniform

meshes.

Our main result for preconditioning can be found in Theorem 4.4.1; the proposed

preconditioner P is optimal in the sense that the bound for the condition number

neither depends on the mesh refinement, nor on the choice of bases for trial and test

spaces.

In particular, we verify that the preconditioner may be used on shape regu-

lar algebraically graded meshes, which lead to quasi-optimal convergence rates for
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piecewise linear elements. We prove that the required mesh assumptions also hold

for a natural class of adaptively refined meshes. By doing this, we show for the

first time that operator preconditioning with standard primal-dual finite element

discretisation does apply to these adaptive meshes. Our proof in fact shows the

H1(Ω)-stability of the generalized (Petrov-Galerkin) L2(Ω) projection on low-order

finite element spaces, which may also have applications beyond preconditioning.

4.2 Dirichlet problem for the fractional Laplacian

In this chapter the homogeneous Dirichlet problem for the fractional Laplacian plays

a special role as an “auxiliary problem”, which will help us construct preconditioners

for (4.1).

We recall that the Dirichlet problem (1.3) for a bounded Lipschitz domain Ω ⊂

Rn and f ∈ L2(Ω), it is given by:

(−∆)su = f in Ω,

u = 0 in Rn \ Ω.

(4.2)

Furthermore, we note that formally

a(u, v) = 〈(−∆)su, v〉Hs(Rn) −
∫∫

ΩC×ΩC

(u(x)− u(y))(v(x)− v(y))

|x− y|n+2s
dy dx,

when u, v ∈ Hs(Rn), and the second term vanishes on H̃s(Ω). We also recall that

the weak formulation of (4.2) reads as follows:

Find u ∈ H̃s(Ω) such that

a(u, v) =

∫
Ω

fvdx, ∀v ∈ H̃s(Ω). (4.3)

From Chapter 1 we know that by the Lax-Milgram theorem the variational problem

(4.2.5) admits a uniques solution.

75



Chapter 4: Preconditioning of pseudodifferential operators

4.2.1 Solution operator in the unit ball

Let us write B1 for the unit ball B1(0) ⊂ Rn. When Ω = B1, explicit solution

formulas are available. For s > 0, the Green’s function in this case is given by

Gs(x, y) = kn,s|x− y|2s−n
∫ r(x,y)

0

ts−1

(t+ 1)n/2
dt, ∀x, y ∈ Rn, x 6= y. (4.4)

Here r(x, y) :=
(1− |x|2)+(1− |y|2)+

|x− y|2
and kn,s :=

21−2s

|∂B1|Γ(s)2
.

For s ∈ (0, 1), Formula (4.4) goes back to [38] and has long been known in po-

tential theory and Lévy processes, see e.g. [156]. The extension to arbitrary order

s > 0 is more recent and may be found in [3].

By definition of a Green’s function, (4.4) defines the integral kernel of the solution

operator to (4.2). We therefore have the following explicit formula for the solution

of the Dirichlet problem for the fractional Laplace operator in the unit ball B1:

Theorem 4.2.1 ([3]). Let s, α > 0, 2s + α 6∈ N, m = bsc, and σ = s − m. For

f ∈ Cα(B1), define

u(x) =

0, for x ∈ Rn \ B1∫
B1
Gs(x, y)f(y) dy, for x ∈ B1

.

Then u ∈ C2s+α(B1), δ1−σu ∈ Cm,0(B1) and

(−∆)su = f in B1, u = 0 in Rn \ B1 .

Here δ(x) = dist(x, ∂B1) for x in a neighborhood of ∂B1.

The previous theorem motivates us to

� derive formulas for Gs(x, y) which are easily computable for use as a precon-

ditioner; and

� extend the aforementioned formula to negative values of s.

With these purposes in mind, the following Lemma shows that Boggio’s formula

(4.4) can be implemented efficiently for general values of n and s:
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Lemma 4.2.2. Let s > 0. Then

Gs(x, y) = s−1kn,s|x− y|2s−nr(x, y)s 2F1

(n
2
, s; s+ 1;−r(x, y)

)
,

where 2F1 is the hypergeometric function.

Proof. We need to prove

∫ r

0

ts−1

(t+ 1)n/2
dt =

rs

s
2F1

(n
2
, s; s+ 1;−r

)
.

This, however, follows directly from the integral representation of 2F1 [197],

2F1

(n
2
, s; s+ 1;−r

)
= B(s, 1)−1

∫ 1

0

ts−1(1 + tr)−
n
2 dt

= sr−s
∫ r

0

ts−1

(1 + t)
n
2

dt .

Here, B(s, 1) is the beta function.

Remark 4.2.3. Computational libraries are available to efficiently evaluate the hy-

pergeometric function 2F1, see for example [197].

The following result provides an explicit formula for the holomorphic contin-

uation of the integral kernel Gs from (4.4). We restrict ourselves to the case

Re(s) > −n
2

relevant for applications.

Lemma 4.2.4. The map (0,∞) 3 s 7→ Gs(x, y) ∈ D′(B1×B1) extends to a holomor-

phic family of distributions for s > −n
2
. For N ∈ N0, the holomorphic continuation

of Gs(x, y) to the half-plane Re(s) > max{−N − 1,−n
2
} is given by

Gs(x, y) = kn,s |x− y|2s−n
{(

N∏
j=0

n
2

+ j

s+ j

) ∫ r(x,y)

0

ts+N

(t+ 1)1+N+n/2
dt

+
N∑
k=0

(
k−1∏
j=0

n
2

+ j

s+ j

)
r(x, y)s+k

(s+ k)(r(x, y) + 1)k+n/2

}
. (4.5)

Proof. Using integration by parts, for Re(s) > 0 we observe the identity

∫ r(x,y)

0

ts−1

(1 + t)n/2
dt =

n

2s

∫ r(x,y)

0

ts

(1 + t)1+n/2
dt +

r(x, y)s

s(r(x, y) + 1)n/2
. (4.6)
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Together with (4.4), we obtain for any u, v ∈ C∞c (B1)

Gs(x, y) = kn,s|x− y|2s−n
(
n

2s

∫ r(x,y)

0

ts dt

(1 + t)1+n/2
+

r(x, y)s

s(r(x, y) + 1)n/2

)
(4.7)

with the right hand side defined for s 6= 0, Re(s) > max{−1,−n
2
}. Because Γ(s)

has simple poles for s ∈ −N0, but no zeros, and kn,s =
21−2s

|∂B1|Γ(s)2
, for x 6= y the

kernel Gs(x, y) extends holomorphically to s = 0, with a simple zero in s = 0. The

asserted formula follows for N = 0.

The proof for general N follows by induction: We assume that (4.5) holds for

N ∈ N0. Note that for Re(s) > max{−N − 1,−n
2
},

∫ r(x,y)

0

ts+N

(1 + t)1+N+n/2
dt =

n
2

+N + 1

s+N + 1

∫ r(x,y)

0

ts+N+1

(1 + t)2+N+n/2
dt

+
r(x, y)s+N+1

(s+N + 1)(r(x, y) + 1)1+N+n/2
.

The right hand side of (4.6) is defined for s 6∈ −N0, Re(s) > max{−N − 2,−n
2
}.

We conclude,

(
N∏
j=0

n
2

+ j

s+ j

) ∫ r(x,y)

0

ts+N

(t+ 1)1+N+n/2
dt +

N∑
k=0

(
k−1∏
j=0

n
2

+ j

s+ j

)
r(x, y)s+k

(s+ k)(r(x, y) + 1)k+n/2

=

(
N∏
j=0

n
2

+ j

s+ j

) {
n
2

+N + 1

s+N + 1

∫ r(x,y)

0

ts+N+1

(1 + t)2+N+n/2
dt

+
r(x, y)s+N+1

(s+N + 1)(r(x, y) + 1)1+N+n/2

}
+

N∑
k=0

(
k−1∏
j=0

n
2

+ j

s+ j

)
r(x, y)s+k

(s+ k)(r(x, y) + 1)k+n/2
.

Equation (4.5) for N + 1 follows. As above, (4.5) extends to s = −N − 1 because

the simple pole in the denominator is cancelled by the zero of the prefactor kn,s.
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Lemma 4.2.5. Let Re(s) > −n
2

and f ∈ C∞0 (B1). Then the distribution us =

op(Gs)f ∈ D′(B1) defined by

〈op(Gs)us, v〉B1 = 〈Gs, u⊗ v〉B1⊗B1 , ∀v ∈ C∞0 (B1),

belongs to H̃Re(s)(B1) and satisfies the weak formulation

a(us, v) =

∫
Ω

fvdx, ∀v ∈ H̃Re(s)(Ω).

Here, (−∆)s is defined by the continuation of F((−∆)s) = |ξ|2sF(u).

Proof. From Theorem 4.2.1, note that for s ∈ (0, 1) the function us satisfies (−∆)sus =

(−∆)s (op(Gs)f) = f in H−s(Ω), i.e. us satisfies the weak formulation (4.2.5) where

we use notation of [119]. As both the operator (−∆)s with Dirichlet exterior con-

ditions and op(Gs) are holomorphic for s in the connected set Re(s) > −n
2
, the

identity extends from s ∈ (0, 1) to Re(s) > −n
2
.

For numerical applications, we require the bilinear form of the solution operator

op(Gs). It is defined as

bs(u, v) = P.V.

∫
B1

∫
B1

Gs(x, y)u(y)v(x) dy dx, (4.8)

for u, v ∈ C∞(B1).

The continuity and ellipticity of bs in H̃s(B1) for all s > 0 follow from the

continuity and ellipticity of c, as its inverse bilinear form. From the density of

C∞(B1) in H−s(B1), we conclude:

Lemma 4.2.6. Let s > −n
2
. The bilinear form bs extends to a continuous and

elliptic bilinear form bs : H−s(B1) × H−s(B1) → R. More precisely, there exist

Cbs , βbs > 0, such that

bs(u, v) ≤ Cbs‖u‖H−s(B1)‖v‖H−s(B1) , bs(u, u) ≥ βbs‖u‖2
H−s(B1).

At the time of writing this article, such explicit solution formulas are known

for very few specific domains other than B1: the full space Rn (from the Fourier

transform of |x|−s), and the half space Rn
+ (by antisymmetrization).
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Remark 4.2.7. Problem (4.2) is closely related to boundary integral formulations for

the Laplace equation. By identifying Ω ⊂ Rn with the flat screen Ω× {0} ⊂ Rn+1,

the hypersingular operator W coincides with 1
2
(−∆)s for s = 1

2
, while the weakly

singular operator V coincides with 1
2
(−∆)s for s = −1

2
. Indeed, for a flat screen W is

a multiple of the Dirichlet-Neumann operator of the Laplace equation in the exterior

domain Rn+1 \ Ω × {0} [123], as is (−∆)1/2 [119]. Similarly, V and (−∆)−1/2 are

both multiples of the Neumann-Dirichlet operator. In these cases, (4.4) and (4.7)

recover recent formulas for the inverses of V and W, which have been of interest in

boundary integral equations. Let us compute these simplifications for the relevant

values of n, s:

a) n = 2, s = 1
2
: In this case

∫ r
0

ts−1

(t+1)n/2
dt = 2 arctan(

√
r), so that

G1/2(x, y) =
1

π2
|x− y|−1 arctan

(√
r(x, y)

)
.

Note that G1/2 coincides, up to a factor 2, with the kernel of the operator V for

the flat circular screen in 3d [134].

b) n = 1, s = 1
2
: Here

∫ r
0

ts−1

(t+1)n/2
dt = 2arsinh(

√
r), and hence

G1/2(x, y) = 2k1,1/2arsinh(
√
r(x, y)) = 2k1,1/2 ln

(√
r(x, y) +

√
1 + r(x, y)

)
.

Writing ω(x) =
√

1− x2, one obtains

√
r(x, y) +

√
1 + r(x, y) =

ω(x)ω(y)

|x− y|
+

√
1 +

ω(x)2ω(y)2

|x− y|2
=
ω(x)ω(y) + 1− xy

|x− y|

=
1
2

((y − x)2 + (ω(x) + ω(y))2)

|x− y|
.

This agrees with the kernel of the operator V from [133, 144] up to a factor 2.

Note that k1,1/2 = 1
π
, and see [51] for a detailed discussion of the prefactor kn,s in

the degenerate case n = 2s.

c) n = 2, s = −1
2
: We obtain

G−1/2(x, y) = − 1

π2

 1√
r(x, y)|x− y|3

+
arctan

(√
r(x, y)

)
|x− y|3

 .
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Again, G−1/2 recovers, up to a factor 2, the kernel of the operator W for the flat

circular screen in 3d [134].

d) n = 1, s = −1
2
: In this case n

2s

∫ r
0

ts

(1+t)1+n/2 dt = − 2
√
r√

1+r
, so that

G−1/2(x, y) = −
√

1 + r(x, y)

π|x− y|2
√
r(x, y)

=
xy − 1

π|x− y|2ω(x)ω(y)
.

G−1/2 matches, up to a factor −2, the kernel of the operator W for the interval

in 2d, Formula (4.21) in [144].

Remark 4.2.8. For the numerical experiments below the cases when n = 2 and

s = 1
4
, 7

10
, and s = 3

4
, are also relevant. There we obtain:

G1/4(x, y) =− 2k2,1/4|x− y|−3/2e3iπ/4
(
arctan

(
4
√
reiπ/4

)
+ artanh( 4

√
reiπ/4)

)
,

G7/10(x, y) =− 2k2,7/10|x− y|−3/5
(
arctan

(
10
√
r
)

+ e3iπ/10artanh( 10
√
reiπ/10)

+e9iπ/10artanh( 10
√
re3iπ/10) + eiπ/10artanh( 10

√
re7iπ/10)

+e7iπ/10artanh( 10
√
re9iπ/10)

)
,

G3/4(x, y) = 2k2,3/4|x− y|−1/2eiπ/4
(
arctan

(
4
√
reiπ/4

)
− artanh( 4

√
reiπ/4)

)
.

Remark 4.2.9. Similar explicit formulas are available for other rational values of s, in

terms of the Lerch Phi function [2] when n = 2 and in terms of elementary functions

for special values of s.

4.3 Pseudodifferential Dirichlet problems

Let A : Hs(Γ)→ H−s(Γ) be a continuous operator of order 2s on an n-dimensional

Cm,σ-regular Riemannian manifold Γ, |s| ≤ m + σ. Examples include pseudodiffer-

ential operators of order 2s [123], as well as their generalizations like the weakly or

hypersingular operators on a manifold Γ with edges or corners, or Riesz potentials

in potential theory.
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Recall the Dirichlet problem for A in a domain Ω ⊂ Γ from (4.1), which is

formally given by Au = f in Ω,

u = 0 in Γ \ Ω.

The weak formulation of Problem (4.1) involves the bilinear form aA on C∞0 (Ω),

defined by

aA(u, v) = 〈Au, v〉Γ = 〈Au, v〉Ω . (4.9)

From the mapping properties of A and the fact that H̃s(Ω) ⊂ Hs(Γ), we note

|aA(u, v)| ≤ CA‖u‖H̃s(Ω)‖v‖H̃s(Ω) .

Thus, by continuity, aA extends to a bilinear form on H̃s(Ω). Then, for f ∈

H−s(Ω), we obtain the following weak formulation of the homogeneous Dirichlet

problem (4.1): Find u ∈ H̃s(Ω), such that

aA(u, v) = 〈f, v〉 , ∀v ∈ H̃s(Ω). (4.10)

We assume that aA satisfies the inf-sup condition

supv∈H̃s(Ω)

aA(u, v)

‖v‖H̃s(Ω)

≥ βA‖u‖H̃s(Ω) (4.11)

for all v ∈ H̃s(Ω), and some βA > 0, as well as the compatibility of the right hand

side f : 〈f, v〉 = 0 for all v ∈ K = {w ∈ H̃s(Ω) : aA(·, w) = 0}.

Under these assumptions, the variational problem (4.10) admits a unique solution

u ∈ H̃s(Ω), and the solution operator f 7→ u is continuous from the subspace

K0 ⊂ H−s(Ω), the polar set of K, of compatible right hand sides to H̃s(Ω).

Remark 4.3.1. We remind the reader that ellipticity of the bilinear form aA is suf-

ficient for the inf-sup condition (4.11) to hold. Ellipticity of nonlocal Dirichlet

problems is discussed in [95], for example.

On the other hand, coercive pseudodifferential boundary value problems, as the

boundary integral formulations of the Helmholtz equation, also satisfy the inf-sup
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condition (4.11). Indeed, G̊arding inequalities are easily discussed when A is a

pseudodifferential operator of order 2s on Γ with symbol pA(x, ξ) [121]. If A satisfies

pA(x, ξ) ≥ c|ξ|2s with c > 0, then for any s̃ < s the associated bilinear form satisfies

a G̊arding inequality on Γ,

〈Au, u〉Γ ≥ c̃A‖u‖2
Hs(Γ) − C̃A‖u‖2

H s̃(Γ)

for some c̃A, C̃A > 0, see [123, Theorem B.4]. By restriction to u ∈ H̃s(Ω), a G̊arding

inequality is satisfied by aA, and the inf-sup condition (4.11) then holds outside a

finite dimensional kernel.

In the following we assume that Ω is diffeomorphic to the unit ball B1 ⊂ Rn

under a Cm,σ-diffeomorphism χ : B1 → Ω. For |s| ≤ m + σ, by the chain rule it

induces an isomorphism χ∗ : H−s(Ω)
∼−→ H−s(B1) by composition with χ. From χ∗

and the bilinear form b on B1 defined by Boggio’s kernel (4.4), we obtain a bilinear

form on Ω:

bχ(u, v) := b(χ∗u, χ∗v). (4.12)

The proof of the following Lemma then follows from the continuity and ellipticity

of the bilinear form b, shown in Lemma 4.2.6.

Lemma 4.3.2. bχ extends to a continuous and elliptic bilinear form bχ : H−s(Ω)×

H−s(Ω)→ R. More precisely, there exist Cχ, βχ > 0, such that

bχ(u, v) ≤ Cχ‖u‖H−s(Ω)‖v‖H−s(Ω) , bχ(u, u) ≥ βχ‖u‖2
H−s(Ω).

Given its mapping and pseudospectral properties, the operator Bχ : H−s(Ω)
∼−→

H̃s(Ω) associated to bχ will be used to build a suitable preconditioner for the ho-

mogeneous Dirichlet problem (4.10).

4.4 Preconditioning and discretisation

As we saw in the previous section, the bilinear forms aA and bχ are continuous and

satisfy inf-sup conditions in their corresponding spaces. Moreover, their associated
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operators A and Bχ are isomorphisms which map in opposite directions. Their

composition BχA : H̃s(Ω)→ H̃s(Ω) therefore is an endomorphism.

In this section, we discuss the missing piece to properly apply the operator pre-

conditioning theory: We look for adequate discretisations such that the composition

BχA remains well-conditioned in the discrete setting, and thereby defines an optimal

operator preconditioner. We follow the approach from [62, 132].

Define the bilinear form d : H̃s(Ω)×H−s(Ω)→ R as

d(v, ϕ) = 〈v , ϕ〉Ω , v ∈ H̃s(Ω), ϕ ∈ H−s(Ω),

where 〈· , ·〉Ω denotes the extension of the L2(Ω)-duality pairing.

Let Ṽh ⊂ H̃s(Ω) and Wh ⊂ H−s(Ω) be conforming finite element spaces. We

assume that the restrictions of the bilinear forms aA and d to these finite dimensional

spaces satisfy an inf-sup condition uniformly in h:

sup
vh∈Ṽh

aA(uh, vh)

‖vh‖H̃s(Ω)

≥ βA‖uh‖H̃s(Ω), for all uh ∈ Ṽh, (4.13)

sup
ϕh∈Wh

d(vh, ϕh)

‖ϕh‖H−s(Ω)

≥ βd‖vh‖H̃s(Ω), for all vh ∈ Ṽh, (4.14)

with βA, βd > 0 independent of h. Due to ellipticity, an analogous inf-sup condition

for bχ holds by Lemma 4.3.2.

Then, for any sets of bases

Ṽh = span {ψi}Ni=1 and Wh = span {φj}Mj=1

such that

N := dim Ṽh = dimWh =: M, (4.15)

the Galerkin matrices

Ai,j := aA(ψi, ψj), Bi,j := bχ(φi, φj), Di,j := d(ψi, φj),
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satisfy the following bound for the spectral condition number

κ
(
D−1BD−TA

)
≤ CχCA‖d‖2

βAβχβ2
d

. (4.16)

Here ‖d‖ is the operator norm of d [132].

We propose the preconditioner

P := D−1BD−T , (4.17)

and point out that we only need to choose Ṽh and Wh such that (4.14) and (4.15)

are guaranteed.

As a consequence of the general framework for operator preconditioning [132, The-

orem 1] we obtain:

Theorem 4.4.1. Let A be the Galerkin matrix of A and P the preconditioner in

(4.17). Then there exists a constant C > 0 independent of h and such that for

any discretisation satisfying (4.13), (4.14) and (4.15) the spectral condition number

κ (PA) is bounded by C.

In the following, we illustrate how these assumptions can be met on common

discretisations by non-uniform triangular meshes.

4.4.1 Discretisation

For simplicity of notation, assume that Γ is a polyhedral surface and Ω has a polyg-

onal boundary. Let Th be a family of triangulations of Ω, and let Sp(Th) the finite

element spaces consisting of piecewise polynomial functions of degree p on a mesh

Th (continuous for p ≥ 1). We choose Ṽh = Sp(Th) ∩ H̃s(Ω).

When |s| ≤ 1, the requirements (4.14) and (4.15) are known to be satisfied for a

wide class of discretisations based on dual meshes T ′h of Th, with Wh = Sq(T ′h) [222].

We note that they include quasi-uniform meshes and shape regular algebraically

2-graded meshes when |s| ≤ 1. Adaptively refined meshes have remained an open

question in operator preconditioning except for the case when Wh = Ṽh for s > 0,

where the stability (4.14) holds [27]. We dedicate the next section to address this

question.
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On the other hand, recent work by [225, 226] offers an alternative yet suitable

construction for Ṽh and Wh which avoids the dual mesh approach. It works for

p = 0, 1 and also higher order polynomials. Furthermore, it can also tackle non-

uniform meshes with the advantage that it requires no mesh conditions besides the

so-called K-mesh property.

For s > 1, there have been no results to the best of the authors’ knowledge.

4.4.2 Opposite order preconditioning

As an alternative to our preconditioner, if A is of order 2s, one may consider to

use the bilinear form a−s arising from the Dirichlet problem (4.9) for the operator

(−∆)−s to build a preconditioner for aA. In the case of boundary integral equations

this approach is well-established as Calderón preconditioning, specially on closed

surfaces. For the boundary value problems here, we note that the resulting spectral

condition number will not be h-independent, due to the mismatch of the mapping

properties of the operators. Indeed, the condition number will blow up for small h,

as stated in the next result. In the limit case s = ±1
2

a logarithmic growth of the

condition number in h is well-known for Calderón preconditioning on screens, and

we find faster growth here.

Proposition 4.4.2. Let |s| ∈ (1/2, 1] and set Ṽh = Sp(Th) ∩ H̃s(Ω), p = 0, 1. Let

Ãs be the Galerkin matrix induced by a−s. Then, the following bound on the spectral

condition number is satisfied when h is sufficiently small:

κ
(
D−1ÃsD

−TA
)
≤ O(h−2|s|+1)

CγCA‖d‖2

βAβγβ2
d

, (4.18)

where Cγ and βγ are the continuity and ellipticity constants of a−s.

The idea for the proof is like in [62] where the case Wh = Ṽh is shown. Here

we generalize the proof to different discrete test and trial space. For the sake of

brevity we will discuss the case when s ∈ (1/2, 1] and remark that the proof for

s ∈ [−1,−1/2) follows analogously. We remind the reader that in this setting

H̃s(Ω) ≡ Hs
0(Ω) 6= Hs(Ω).

Let Th, Sp(Th), p ∈ N be as in Section 4.4. Moreover, we recall that for this setting

we consider the finite element spaces Ṽh = S1(Th) ∩ H̃s(Ω) and Wh ⊂ H−s(Ω).
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Additionally, we denote Vh = S1(Th) ⊂ Hs(Ω) and note that Ṽh ⊂ Vh. Indeed, Ṽh

is the space of affine continuous functions that are zero on the boundary, while Vh

is analogous to Ṽh, but admits non-zero values on ∂Ω.

Let us introduce the generalized L2-projection Q̃h : L2(Ω) → Ṽh for a given

u ∈ L2(Ω), as the solution of the variational problem

〈
Q̃hu , ψh

〉
Ω

= 〈u , ψh〉Ω , ∀ψh ∈Wh. (4.19)

From [222, Chapter 2] [136], we know that it satisfies

‖Q̃hu‖H̃s(Ω) ≤ β−1
d ‖u‖H̃s(Ω), ∀u ∈ H̃s(Ω). (4.20)

where βd is the inf-sup constant from (4.14).

Given that we are interested in the case where we have a space mismatch, i.e.

when u ∈ Hs(Ω) but u /∈ H̃s(Ω), we additionally prove the following:

Lemma 4.4.3. The projection Q̃h satisfies

‖Q̃huh‖Hs(Ω) ≤ (1 +
c2

s− 1/2
h1/2−s)‖uh‖Hs(Ω), ∀uh ∈ Vh, (4.21)

with c2 > 0 and independent of h.

Proof. Set u0
h ∈ Ṽh to be the function defined by

u0
h :=

uh, in all interior nodes,

0, on ∂Ω.

(4.22)

Then, by definition

‖uh − Q̃huh‖L2(Ω) = ‖uh − u0
h‖L2(Ω) ≤ h1/2‖uh‖L2(∂Ω),

where the last inequality holds by basic computations (c.f. [62, Eq. (1.3.27)]).

From the trace theorem, we have that ‖uh‖L2(∂Ω) ≤
ctt

s− 1/2
‖uh‖Hs(Ω), with

ctt > 0 independent of h.
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Therefore, combining all the above, we obtain

‖Q̃huh‖Hs(Ω) ≤ ‖uh‖Hs(Ω) + ‖Q̃huh − uh‖Hs(Ω)

≤ ‖uh‖Hs(Ω) + c1h
−s‖Q̃huh − uh‖L2(Ω)

≤
(

1 +
c1ctt

s− 1/2
h1/2−s

)
‖uh‖Hs(Ω).

Now, let us also introduce the finite element space W̃h ⊂ H̃−s(Ω). We consider

the generalized L2-projection P̃h : L2(Ω) → W̃h for a given ϕ ∈ L2(Ω), as the

solution of the variational problem

〈
P̃hϕ , vh

〉
Ω

= 〈ϕ , vh〉Ω , ∀vh ∈ Vh. (4.23)

Then, in analogy with Lemma 4.4.3, we have that

Lemma 4.4.4. The projection P̃h satisfies

‖P̃hΦh‖H−s(Ω) ≤ c3(1 +
c2

s− 1/2
h1/2−s)‖Φh‖H−s(Ω), ∀Φh ∈Wh, (4.24)

with c2, c3 > 0 and independent of h.

Proof. Let us use the norms’ properties and write

‖P̃hΦh‖H−s(Ω) ≤ ‖P̃hΦh‖H̃−s(Ω) = sup
0 6=u∈Hs(Ω)

〈
P̃hΦh , u

〉
Ω

‖u‖Hs(Ω)

.

Then, using the definition of Q̃h and the estimates above, we get

‖P̃hΦh‖H−s(Ω) ≤ (1 +
c2

s− 1/2
h1/2−s) sup

06=u∈Hs(Ω)

〈
P̃hΦh , Q̃hu

〉
Ω

‖Q̃hu‖Hs(Ω)

≤ (1 +
c2

s− 1/2
h1/2−s) sup

06=uh∈Ṽh

〈
P̃hΦh , uh

〉
Ω

‖uh‖Hs(Ω)

.
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Now, by definition of P̃h, and since Ṽh ⊂ Vh, we have

‖P̃hΦh‖H−s(Ω) ≤ (1 +
c2

s− 1/2
h1/2−s ) sup

06=uh∈Ṽh

〈Φh , uh〉Ω
‖uh‖Hs(Ω)

≤ c3(1 +
c2

s− 1/2
h1/2−s )‖Φh‖H−s(Ω).

Lemma 4.4.5. Let s ∈ (1/2, 1). Then, the following inf-sup condition holds

sup
φh∈W̃h

〈vh , φh〉Ω
‖φh‖H−s(Ω)

≥ βd
c3

(
1 +

c2

s− 1/2
h1/2−s

)−1

‖vh‖H̃s(Ω), ∀vh ∈ Ṽh, (4.25)

with c3, c2 > 0 and independent of h.

Proof. Let us introduce the operator Πs
h : H̃s(Ω) → Wh ⊂ H−s(Ω) for s ∈ (0, 1],

defined by the variational formulation

〈Πs
hu , vh〉Ω = (u, vh)H̃s(Ω), ∀vh ∈ Ṽh, (4.26)

where (·, ·)H̃s(Ω) denotes the H̃s(Ω)-inner product. This operator is analogous to

[222, Eq. (1.75)] [135, Eq. (4.22)], and thus it verifies

‖Πs
hu‖H−s(Ω) ≤ β−1

d ‖u‖H̃s(Ω), ∀u ∈ H̃s(Ω). (4.27)

Next, we have that for any vh ∈ Ṽh

‖vh‖H̃s(Ω) =
(vh, vh)H̃s(Ω)

‖vh‖H̃s(Ω)

=
〈vh , Πs

hvh〉Ω
‖vh‖H̃s(Ω)

≤ β−1
d

〈vh , Πs
hvh〉Ω

‖Πs
hvh‖H−s(Ω)

= β−1
d

〈
vh , P̃hΠ

s
hvh

〉
Ω

‖Πs
hvh‖H−s(Ω)

,

where in the last step we used that Ṽh ⊂ Vh and the definition of P̃h.

Now, let us use our previous estimates to derive

‖vh‖H̃s(Ω) ≤
c3

βd
(1 +

c2

s− 1/2
h1/2−s)

〈
vh , P̃hΠhvh

〉
Ω

‖P̃hΠs
hvh‖H−s(Ω)

.
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Set ϕh := P̃hΠ
s
hvh and note that ϕh ∈ W̃h. Therefore, this gives

‖vh‖H̃s(Ω) ≤
c3

βd
(1 +

c2

s− 1/2
h1/2−s )

〈vh , ϕh〉Ω
‖ϕh‖H−s(Ω)

≤ c3

βd
(1 +

c2

s− 1/2
h1/2−s ) sup

φh∈W̃h

〈vh , φh〉Ω
‖φh‖H−s(Ω)

.

Finally, move the factors to the other side and one gets the desired result.

Proof of Proposition 4.4.2 . First notice that in this context the inf-sup constant of

d is

β̃d :=
βd
c3

(
1 +

c2

s− 1/2
h1/2−s

)−1

.

Then, we plug this in (4.16) and get

κ
(
D−1ÃsD

−TA
)
≤
CγCA‖d‖2c2

3

(
1 +

c2

s− 1/2
h1/2−s

)2

βAβγβ2
d

∼ O(h1−2s). (4.28)

4.5 Stability on adaptively refined meshes: R–G,

NVB

In this section, we prove that the stability requirement (4.14) is satisfied for a class of

adaptively refined meshes, when the preconditioner is discretised on a dual mesh as

proposed in [222], which verifies (4.15) by construction. While other preconditioners

have been extensively studied on locally refined meshes [10, 92, 93, 166], we here

show for the first time that operator preconditioning with standard primal-dual

finite element discretisation leads to bounded condition numbers. Our result also

implies the H1–stability of a generalized L2–projection, a fundamental question of

independent interest [27, 58, 221].

Although an extensive presentation of adaptivity is outside the purposes of this

chapter (and we refer the reader to [187] for an overview), in order to study the

inf-sup condition (4.14), we briefly introduce some definitions related to adaptive

refinements.

Given an initial triangulation T (0), the adaptive algorithm generates a sequence

T (`) of triangulations based on error indicators η(`)(τ), τ ∈ T (`), a refinement crite-
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rion and a refinement rule, by following the established sequence of steps:

SOLVE→ ESTIMATE→ MARK→ REFINE.

The algorithm is given as follows:

Algorithm A.

Inputs: Triangulation T (0), refinement parameter θ ∈ (0, 1), tolerance ε > 0, data

f .

For ` = 0, 1, 2, . . .

1. Solve problem (4.1), for uh on T (`).

2. Compute error indicators η(`)(τ) in each triangle τ ∈ T (`).

3. Stop if
∑

k η
(`)(τk) ≤ ε.

4. Find η
(`)
max = maxτ η

(`)(τ).

5. Mark all τ with η(`)(τ) > θη
(`)
max.

6. Refine each marked triangle to obtain new mesh T (`+1).

end

Output: Solution uh.

In step 6, we use red-green refinement subject to the 1–irregularity and 2–

neighbour rules [26]:

Definition 4.5.1. a) A triangle τ is red refined by connecting edge midpoints of

τ , thus splitting τ into 4 similar triangles.

b) A triangle τ is green refined by connecting an edge midpoint with the opposite

vertex of τ , thus splitting τ into 2 triangles.

Definition 4.5.2. a) A triangulation T (`) is called 1-irregular if the property

| lev(τk)− lev(τm)| ≤ 1,

holds for any pair of triangles τk, τm ∈ T (`) such that τk ∩ τm 6= ∅. Here lev(τk)

corresponds to the number of refinement steps required to generate τk from the

initial triangulation T (0).

b) The 2–neighbour rule: Red refine any triangle τk with 2 neighbours that have

been red refined.
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Red-green refinement for a triangulation T (`) proceeds as follows:

Algorithm B. Inputs: Triangulation T (`), error indicators η(`).

1. Remove edges from all triangles that have been green refined.

2. All marked triangles are red refined.

3. Any triangles with 2 or more red refined neighbours are red refined, by 2–

neighbour rule.

4. Any triangles that do not fulfill 1–irregularity rule are further refined.

5. Any triangles with hanging nodes generated during the refinement are green

refined.

Output: Triangulation T (`+1).

For further description of the refinement rules, we refer to [26].

In the case of the discretisations based on dual meshes, (4.14) is a consequence

of three regularity conditions on the mesh T (`), see [222, Chapters 1 and 2]. Let us

introduce some notation to state them: For each triangle τk ∈ T (`) we define its area

∆k :=
∫
τk
dx, local element size hk := ∆

1/n
k , and diameter dk := supx,y∈τk |x − y|.

Let ϕj be the piecewise linear basis function, and let us write ωj := supp ϕj. Then,

its associated local mesh size ĥj is defined as

ĥj :=
1

#I(j)

∑
m∈I(j)

hm. (4.29)

Here, I(j) :=
{
m ∈ {1, . . . ,#T (`)} : τm ∩ ωj 6= ∅

}
, for j = 1, . . . , N, is the index

set of triangles τm where the basis function ϕj is not identically zero.

The following conditions on a triangulation T then imply assumption (4.14):

(C1) Shape regularity: There exists cR > 0 such that for all τk ∈ T

0 < cR <
hk
dk

< 1.
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(C2) Local quasi-uniformity. For all τk, τm ∈ T with τk ∩ τm 6= ∅

hk
hm
≤ cL.

(C3) Local s-dependent condition: For all τ ∈ T

51

7
−
√ ∑

j∈J(m)

ĥ2s
j

∑
j∈J(m)

ĥ−2s
j ≥ c0 > 0,

with J(m) := {i ∈ {1, . . . , N} : ωi ∩ τm 6= ∅} for m = 1, . . . ,#T , the index set

of basis functions ϕi which are partially nonzero on triangle τm.

Lemma 4.5.3. Consider a shape regular triangulation T (0) such that for the con-

stant from (C2),

c
(0)
L ≤

1

2
4|s|

√
1129

49
≈ 2.191/|s|

2
.

Then (C1), (C2) and (C3) hold for all T (`) generated by the adaptive refinement

described in Algorithm A for some constants cR, cL, c0 > 0, independent of ` ∈ N.

In particular, the inf-sup condition (4.14) holds for |s| ≤ 1, Ṽh = S1(Th) ∩ H̃s(Ω),

Wh = S0(T ′h), and for all T (`) independent of `.

Proof. The proof proceeds by induction on `. By hypothesis, the initial triangulation

T (0) satisfies (C1) and (C2). Therefore, for the initial triangulation T (0) we only

need to check (C3).

For the sake of convenience, let us re-label the basis functions j ∈ J(m) by mi,

with i = 1, . . . ,#J(m). We note that maxm #J(m) = 3 and that this is our worst

case scenario. Therefore, it suffices to verify (C3) in this case:

51

7
−

√√√√ 3∑
i=1

ĥ2s
mi

3∑
i=1

ĥ−2s
mi
≥ c0 > 0.
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Without loss of generality, let ĥm1 ≥ ĥm2 ≥ ĥm3 . Then

3∑
i=1

ĥ2s
mi

3∑
i=1

ĥ−2s
mi

= 3 +
(
ĥm1

ĥm2

)2|s|
+
(
ĥm2

ĥm3

)2|s|
+
(
ĥm3

ĥm1

)2|s|

+
(
ĥm1

ĥm3

)2|s|
+
(
ĥm2

ĥm1

)2|s|
+
(
ĥm3

ĥm2

)2|s|

≤ 3 + 2

((
ĥm1

ĥm3

)2|s|
+
(
ĥm2

ĥm2

)2|s|
+
(
ĥm3

ĥm1

)2|s|
)
≤ 7 + 2

(
ĥm1

ĥm3

)2|s|
,

(4.30)

where we use the rearrangement inequality. We conclude that (C3) is satisfied for

T (0) provided that (
ĥm1

ĥm3

)2|s|
< 1129

49
. (4.31)

A simple calculation using the mesh conditions yields
ĥm1

ĥm3

≤ (c
(0)
L )2, so that (4.31)

holds and (C3) is satisfied for T (0).

For the inductive step, assume that conditions (C1)–(C3) are satisfied on an adap-

tively refined triangulation T (`) using red-green refinements subject to 1–irregularity

and 2–neighbour rules. In order to generate a new triangulation T (`+1), the appro-

priate triangles are marked.

We note that red-refinement does not change the shape regularity constant, but

green refinement worsens the shape regularity constant by at most a factor of 1√
2
.

However, due to the removal of green edges, the constant does not degenerate as

`→∞. Thus condition (C1) is satisfied with c
(`+1)
R ≥ 1√

2
c

(0)
R for T (`+1).

Condition (C2) remains satisfied due to the 1–irregularity condition in the re-

finement procedure. This restriction guarantees that hi
hj
≤ c

(`+1)
L ≤ 2c

(0)
L .

As for the initial triangulation T (0), we know that condition (C3) is satisfied

for T (`+1) when (4.31) holds. Due to the 1–irregularity condition, we have that

ĥm1

ĥm3

≤ (2c
(0)
L )2, so the estimate (4.31) is satisfied provided c

(0)
L < 1

2

(
1129
49

)1/4|s|
. We

conclude that (C1), (C2), (C3) are satisfied for {T (`)}∞`=0 independently of `.

Remark 4.5.4. a) We note that the estimates in Lemma 4.5.3 are not sharp. Still,

the local quasi-uniformity assumption on the initial triangulation T (0) becomes more

restrictive as |s| increases. Thus, the initial mesh needs to be of increasingly higher
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regularity for higher values of |s|.

b) Let Γ ∈ Rn a polyhedral domain which satisfies an interior cone condition. Then

the assumptions in Lemma 4.5.3 can be satisfied for a sufficiently fine T (0).

From [222] conditions (C1), (C2), (C3) also imply that a generalized L2–projection

onto Ṽh is Hs-stable for s ∈ [0, 1]. Namely given a triangulation T and u ∈ L2(Ω),

we define a generalized L2–projection Q̃h,T : L2(Ω) → Ṽh ⊂ L2(Γ) by a Galerkin–

Petrov variational problem,

〈
Q̃h,T u,wh

〉
L2(Ω)

= 〈u,wh〉L2(Ω) for all wh ∈Wh . (4.32)

As a direct consequence of Lemma 4.5.3 and [222], we obtain:

Corollary 4.5.5. Consider a shape regular triangulation T (0) such that for the

constant from (C2),

c
(0)
L ≤

1

2
4|s|

√
1129

49
≈ 2.191/|s|

2
.

Then Q̃h,T (`) is bounded on Hs(Ω), with operator norm ‖Q̃h,T (`)‖L(Hs(Ω)) < C for all

` ∈ N with a constant C independent of `.

Related results for the orthogonal L2–projection have been of interest, e.g. in the

analysis of adaptive mesh refinement procedures.

For the numerical experiments below, we use the residual error indicators intro-

duced in [9, 112] for s < 3/4 as the residual rh is required to be in L2. For α > 0, we

approximate the dual norms ‖vh‖H−α and ‖vh‖Hα by the scaled L2-norms hα‖vh‖L2

and h−α‖vh‖L2 , respectively. We define the local error indicators η(`)(τk) for all

elements τk ∈ T (`):

η(`)(τk)
2 =

∑
i∈Nh

h2s
i ‖(rh − r̄h)ϕi‖2

L2(ωi)
,

where, Nh is the set of all vertices in T (`), rh = f − (−∆)suh, and r̄h =

∫
ωi
rhϕi∫

ωi
ϕi

for

the interior vertices i ∈ Nh, and r̄h = 0 otherwise. Here, ϕi is a piecewise linear

basis function in the span of Ṽh and ωi := suppϕi. All integrals are evaluated using

a Gauss-Legendre quadrature.
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4.5.1 Stability for newest vertex bisection

In this section, we prove that the stability requirement (4.14) is satisfied for a class

of adaptively refined meshes using the newest vertex bisection algorithm, when the

preconditioner is discretised on a dual mesh as proposed in [222], which verifies

(4.15) by construction. The result of this section are of particular interest for the

weakly singular V and hypersingular W operators for the boundary element method.

We briefly outline the newest vertex bisection procedure. Let T (0) and E (0) be

the initial mesh and the set of edges of T (0). For each triangle τ ∈ T (0), we choose

a reference edge e ∈ E (0). The refinement procedure for the newest vertex bisection

then follows these steps:

1. Any τ ∈ T (`) is refined by bisecting τ along the midpoint xe of the reference

edge e and the opposite vertex of τ .

2. Two new triangles τ1 and τ2 are generated, whose reference edges lie opposite

to the newest vertex xe.

For further details on the refinement procedures see [26].

We introduce some basic assumptions and results for meshes generated by the newest

vertex bisection refinement.

Definition 4.5.6. The generation gen(τk) of a triangle τk ∈ T (`) is defined to be

the number of bisections needed to obtain τk from the parent triangle τ0 ∈ T (0).

The following elementary observation will be useful.

Lemma 4.5.7. For τk ∈ T (`) with a parent triangle τ0 ∈ T (0), we have

hk = 2− gen(τk)/2h0,

and for any zk ∈ P (`)
h

#I(k) ≤

8 ifzk ∈ P(`) \P(0)

2α0 ifzk ∈ P(0),
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where α0 = max{#I(k)|zk ∈ P(0)}.

In order to avoid hanging nodes, it is customary to impose a compatibility con-

dition on the triangulation [146]. We assume that the triangulation is compatibly

divisible.

Assumption 2. Suppose that τk, τm ∈ T (0) are direct neighbours such that τk∩τm =

E ∈ E (0). Then E is a refinement edge for both or for neither of τk, τm.

Remark 4.5.8. We note that as a consequence of Assumption 2 we know that any

direct neighbours τk, τm ∈ T (`), such that they share an edge, satisfy

| gen(τk)− gen(τm)| ≤ 1. (4.33)

We note that the main difficulty for proving an analogue of Lemma 4.5.3 from the

conditions outlined earlier is (C3). Provided that the initial mesh T (0) is sufficiently

shape regular with constant c
(0)
R , which will be specified later, the newest vertex

bisection refinement worsens the shape regularity constant cR at most by a factor of

1
2

independent of the level of refinement. However, due to the four similarity classes

on each triangle, generated by the refinement algorithm, the constant does not

degenerate as ` → ∞. In particular, the condition (C1) is satisfied with c
(`)
R ≥

c
(0)
R

2

for T (`). It may also be shown that (C1) implies (C2).

In order to show condition (C3), we may modify the argument from the proof of

Lemma 4.5.3. We recall the estimate (4.30):

3∑
i=1

ĥ2s
mi

3∑
i=1

ĥ−2s
mi
≤ 7 + 2

(
ĥm1

ĥm3

)2|s|

.

We again conclude that condition (C3) is satisfied precisely when estimate (4.31)

holds.

Note that by the definition of the local mesh size ĥj in (4.29), the following holds:

(
ĥk

ĥm

)2

=

∑
i∈I(k) h

2
i∑

j∈I(m) h
2
j

=

∑
i∈I(k)

(
hi
h`

)2

∑
j∈I(m)

(
hj
h`

)2 . (4.34)
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Because of Assumption 2, Lemma 4.5.7, and the estimate (4.33), we find

(
ĥk

ĥm

)2

≤ (c
(0)
L )4

∑
i∈I(k) 2gen(τ`)−gen(τi)∑
j∈I(m) 2gen(τ`)−gen(τj)

≤ (c
(0)
L )4 2

∑α0

i=0 2i

2
∑α0

j=0 2−j
= 2α0(c

(0)
L )4 . (4.35)

Therefore, from estimate (4.31) we require that

(
(2α0(c

(0)
L )4

)s
≤ 1129

49
, (4.36)

or equivalently that

c
(0)
L ≤ 2−α0/2 4|s|

√
1129

49
. (4.37)

The case s = ±1
2

is of particular relevance to boundary element methods [58, 136,

144, 146]. In this context we point out that conditions (C1), (C2), (C3) also imply

the H1/2–stability of the generalized L2–projection Q̃h,T (`) from equation (4.32). The

condition (C3) is clearly satisfied whenever c
(0)
R ≥ 1/2 and c

(0)
L ≤ 1.2. We may now

conclude the following lemma:

Lemma 4.5.9. Consider a shape-regular, locally quasi-uniform triangulation T (0)

such that c
(0)
R := infτk∈T (0)

hk
dk
≥ 1

2
and c

(0)
L ≤ 1.2 on T (0).

Then the inf-sup condition (4.14) holds for s = ±1
2

uniformly for the sequence of

triangulations T (`) generated by the adaptive NVB refinement.

Furthermore the L2–projection Q̃h,T (`) is bounded on H1/2(Ω), with operator norm

‖Q̃h,T (`)‖L(H1/2(Ω)) < C for all ` ∈ N with a constant C independent of `.

4.6 Numerical experiments

In order to test our preconditioner, we study different pseudodifferential operators

A and implement their bilinear forms aA in Ṽh = S1(Th) ∩ H̃s(Ω) as described in

[9, 112]. The bilinear form bχ is implemented in Wh = S0(T ′h) on the corresponding

(barycentric) dual mesh [136].

When operators have singular kernels, as it is the case for bχ, the implementations

of the bilinear forms split the integral into a singular part near x = y and a regular

complement. The singular integral is evaluated using a composite graded quadrature

rule, which converts the integral over two elements into an integral over [0, 1]4 and
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resolves the singular integral with a geometrically graded composite quadrature

rule. The regular part is evaluated using a standard composite quadrature rule.

This approach is standard in boundary element methods [210, Chapter 5].

Numerical results for the weakly singular and hypersingular operators on open

curves and surfaces, where s = ±1
2
, may be found in [133, 135].

Here we perform numerical experiments for pseudodifferential operators related

to the fractional Laplacian on quasi-uniform; on graded triangular meshes, which

lead to quasi-optimal convergence rates [6, 123]; and on adaptively generated trian-

gular meshes obtained using Algorithm A. In all cases we report the achieved spectral

condition numbers (denoted as κ) iterations needed to solve the linear system (la-

beled It.). We use conjugate gradient (CG) when A is symmetric, and GMRES when

it is not. N denotes the number of degrees of freedom (dofs). The CG/GMRES

iterations were counted until the relative Euclidean norm of the residual was 10−10.

(a) Quasi-uniform (b) 2-graded (c) adaptively generated

Figure 4.1: Meshes for B1.

Example 1. We consider the discretisation of the Dirichlet problem (4.10) with

A = (−∆)s and f = 1 in the unit disk B1 ⊂ R2. The exact solution for this

problem is given by u(x) = an,s(1 − |x|2)s, where an,s =
Γ(n/2)

22sΓ(1 + s)Γ(s+ n/2)
. B1

is approximated by three meshes: quasi-uniform, 2-graded, and adaptively generated

triangular meshes as depicted in Figure 4.1. We consider fractional exponents s =

1
4
, 7

10
, 3

4
, to indicate the general applicability of our methods.

Tables 4.1–4.3 show the results of the Galerkin matrix A and its preconditioned

form PA for the different fractional exponents on the three families of meshes under

consideration (see Figure 4.1).

On all three classes of meshes, the condition number and the number of solver

iterations for A show the expected strong growth when increasing N , while they
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are small and bounded for PA. We remark that the reduction of CG iterations

achieved by our preconditioner is significant, with a higher reduction for larger s.

Furthermore, κ(PA) remains almost constant across the refinement levels when s =

1
4
. We note, however, a very slow growth for s = 7

10
and s = 3

4
for the considered dofs.

Even though we use the exact inverse on the unit disk to build our preconditioner,

it is worth noticing that in this case PA achieves only an approximate identity after

discretisation. This approximation error, together with the tolerance of 10−10 for

the residual, explain why condition numbers and CG iteration counts are larger than

1.

Table 4.1: Condition numbers and CG iterations on quasi-uniform mesh (Fig-
ure 4.1a), Example 1.

s = 1/4 s = 7/10 s = 3/4

N A PA A PA A PA

κ It. κ It. κ It. κ It. κ It. κ It.
123 1.98 12 1.16 6 6.85 15 1.50 9 8.24 16 1.54 10
492 2.65 13 1.20 7 20.87 28 1.52 10 26.99 30 1.54 10
1968 4.11 16 1.25 7 62.10 47 1.56 10 87.24 51 1.72 11
7872 6.34 21 1.26 7 176.19 79 1.76 11 268.02 92 2.14 12
31488 9.36 27 1.28 7 478.78 135 1.93 11 784.22 160 2.57 12

Table 4.2: Condition numbers and CG iterations on 2-graded mesh (Figure 4.1b),
Example 1.

s = 1/4 s = 7/10 s = 3/4

N A PA A PA A PA

κ It. κ It. κ It. κ It. κ It. κ It.
123 8.41 20 1.14 6 4.53 16 1.72 11 5.17 16 1.94 12
1068 23.33 36 1.21 7 28.33 32 2.42 14 33.57 34 2.92 14
4645 41.63 44 1.25 7 106.53 70 2.85 14 133.26 75 3.65 15
13680 63.52 48 1.27 7 282.57 99 2.97 14 364.14 116 3.87 16

To gain further insight about this small growth in κ(PA), we also inspect the

eigenvalues of A and PA for the two families of meshes where this behaviour is

more notorious. These are displayed in Figure 4.2. We see in plots (a), (c), (e) that

the spectra on quasi-uniform meshes are as expected, while on graded meshes, plots

(b), (d), (f) reveal that the clustering of eigenvalues for the preconditioned matrix

still increases slowly with the dofs. As the slope of this small growth tends to 0

when augmenting the number of dofs, we attribute it to the preasymptotic regime.
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Table 4.3: Condition numbers and CG iterations on adaptively generated meshes
(Figure 4.1c), Example 1.

s = 1/4 s = 7/10 s = 3/4

N A PA A PA A PA

κ It. κ It. κ It. κ It. κ It. κ It.
123 1.98 12 1.16 6 6.85 15 1.50 10 8.24 16 1.54 9
238 5.39 22 1.17 6 7.82 21 1.60 10 9.22 21 1.67 11
518 15.46 37 1.20 7 11.27 28 1.76 11 12.55 29 1.89 12
1098 45.30 58 1.21 7 17.53 37 1.83 11 18.15 38 2.01 12
2278 131.77 85 1.23 7 28.28 48 1.91 12 27.17 48 2.16 13
4658 386.95 121 1.26 8 46.65 65 2.00 12 41.48 61 2.35 14
9438 1138.72 165 1.27 8 78.41 85 2.08 13 64.30 77 2.50 14

The next example illustrates the performance of the preconditioner defined by

the bilinear form (4.12) on a domain bi-Lipschitz to B1.

Example 2. We consider the discretisation of the Dirichlet problem (4.10) with

A = (−∆)s and f = 1 in the L-shaped domain Ω = (−1, 3)2 \ [1, 3]2 ⊂ R2 depicted

in Figure 4.4a. We examine fractional exponents s = 1
4
, 1

2
, 3

4
on quasi-uniform,

geometrically and algebraically graded meshes, see Figure 4.3 for an illustration. A

numerical solution on a mesh with 3968 elements is shown in Figure 4.4b. The

preconditioner is computed using the radial projection χ from the L-shaped domain

to B1. Here,

χ : Ω→ B1, χ(x) =
1

r(x)

x

|x|
,

where r(x) = sup{λ ∈ [1,∞) : λx ∈ Ω}.

Tables 4.4–4.7 display the results of the Galerkin matrix A and its precondi-

tioned form PA on a sequence of corresponding meshes. As in the unit disk B1 in

Example 1, the condition number and the number of solver iterations for A show

a strong increase with augmenting the dofs N , while the growth is small and of

slope tending to 0 for PA. We also note that the size of the condition numbers is

slightly bigger than those from Example 1. This is a consequence of the fact that

the preconditioner is no longer defined from an exact solution operator to the con-

tinuous problem, and thus the bound on the condition number is h-independent, yet

larger than in the previous example. Indeed, as predicted by the theory, we see that

the condition numbers and CG iterations obtained with the preconditioner remain
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(a) Uniform mesh, s = 1
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(b) 2–graded mesh, s = 1
4

(c) Uniform mesh, s = 7
10 (d) 2–graded mesh, s = 7

10

(e) Uniform mesh, s = 3
4 (f) 2–graded mesh, s = 3

4

Figure 4.2: Eigenvalues of A (blue), resp. PA (red), Example 1.

small and bounded on quasi-uniform and geometrically graded meshes. However,

the condition numbers of PA for the algebraically graded meshes (Figure 4.3c) do

not remain bounded. This is consistent with the theory, which applies to shape reg-

ular meshes, a condition not satisfied here. In order to illustrate this further, we also

study a shape regular variant of the algebraically graded meshes (Figure 4.3d). The

obtained results are reported in Table 4.7, which reveals that the condition numbers

are bounded again. We point our that while the algebraically graded meshes from

Figure 4.3c) violate (C1) (and also (C3) for s = 3
4
), all other meshes considered
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satisfy all mesh conditions from Section 4.5.

(a) Quasi-uniform (b) Geometrically
graded

(c) Algebraically
2-graded

(d) Algebraically
2-graded shape regular

Figure 4.3: Meshes used for L-shaped domain, Example 2.

Table 4.4: Condition numbers and CG iterations on quasi-uniform meshes for L-
shape (Figure 4.3a), Example 2.

s = 1/4 s = 1/2 s = 3/4

N A PA A PA A PA

κ It. κ It. κ It. κ It. κ It. κ It.
248 2.35 15 1.24 8 4.00 16 1.48 9 8.90 23 2.35 12
992 2.86 16 1.27 8 8.22 24 1.58 9 26.22 40 2.68 13
3968 4.25 19 1.30 8 17.02 36 1.65 10 77.35 70 2.92 13
15872 6.73 24 1.32 8 35.00 52 1.69 10 226.56 118 3.11 14

Table 4.5: Condition numbers and CG iterations on 2–graded (geometrically) meshes
for L-shape (Figure 4.3b), Example 2.

s = 1/4 s = 1/2 s = 3/4

N A PA A PA A PA

κ It. κ It. κ It. κ It. κ It. κ It.
288 4.28 20 1.24 8 7.08 21 1.51 9 14.06 26 2.36 13
720 12.53 34 1.29 8 18.65 34 1.60 10 35.02 38 2.46 14
1632 36.44 53 1.33 9 47.03 50 1.68 11 82.34 57 2.56 15
3504 105.28 76 1.37 9 114.49 76 1.75 11 185.29 83 2.67 15
7296 302.23 111 1.39 10 271.20 109 1.79 12 403.92 122 2.75 15
14928 862.91 162 1.39 10 628.32 155 1.76 11 859.51 172 2.84 15

Example 3. We consider the discretisation of the Dirichlet problem (4.10) with

A = (−∆)s and f = 1 in rectangular domains (−a, a) × (−1, 1) ⊂ R2 with varying

aspect ratio a : 1. We examine fractional exponents s = 1
4
, 1

2
, 3

4
on quasi-uniform

meshes, see Figure 4.5 for illustration. The preconditioner is computed using the

radial projection χ from the rectangular domain to B1(0).
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Table 4.6: Condition numbers and CG iterations on 2–graded (algebraically) meshes
for L-shape (Figure 4.3c), Example 2.

s = 1/4 s = 1/2 s = 3/4

N A PA A PA A PA

κ It. κ It. κ It. κ It. κ It. κ It.
384 12.49 34 1.36 9 8.91 28 1.78 12 28.72 37 4.30 22
1536 41.86 61 1.64 10 21.51 46 2.81 16 146.66 82 26.52 46
4704 105.76 94 1.94 12 47.29 67 3.76 18 559.48 159 91.34 161
16224 283.50 153 2.65 13 124.63 104 5.17 19 2726.63 486 695.92 443

Table 4.7: Condition numbers and CG iterations on 2–graded (algebraically shape
regular) meshes for L-shape (Figure 4.3d), Example 2.

s = 1/4 s = 1/2 s = 3/4

N A PA A PA A PA

κ It. κ It. κ It. κ It. κ It. κ It.
528 13.12 36 1.28 8 12.99 31 1.67 11 25.12 33 2.64 15
912 19.15 44 1.30 8 19.78 37 1.71 11 42.33 43 2.87 16
2736 43.93 66 1.34 9 44.51 58 1.78 12 111.22 76 4.01 19
4920 63.79 79 1.36 9 67.06 73 1.79 12 183.65 99 4.22 19
9072 97.20 96 1.37 9 102.45 91 1.76 12 306.14 129 4.39 20
14784 140.13 114 1.38 9 142.72 108 1.73 11 458.32 161 4.49 20

(a) (b)

Figure 4.4: Numerical solutions for Example 2 (a) and Example 4 (b) with s = 3
4
.

(a) 2 : 1 (b) 4 : 1

Figure 4.5: Meshes for rectangles with varied aspect ratio.

Tables 4.8–4.10 display the results of the Galerkin matrix A and its precondi-

tioned form PA on a sequence of corresponding meshes. In most cases, the pre-
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conditioner performs qualitatively the same as we already observed for Example 2:

the condition numbers and the number of solver iterations for PA tend to remain

constant with respect to h.

The novelty here is how results change when the aspect ratio a : 1 increases.

Indeed, as expected from the theory, condition numbers, and consequently CG it-

eration counts, grow when the “distortion” from the unit disk is more significant,

i.e. for bigger aspect ratios. Moreover, how the transformation impacts condition

numbers depends on the related Sobolev norms, which is a reason why they are

actually s-dependent. This is clearly reflected in our experiments where the differ-

ence between the results when the aspect ratio is 1 : 1 and 16 : 1 is relatively small

for s = 0.25, but notorious for s = 0.75. Nevertheless, as the original system for

these distorted geometries are more ill-conditioned, PA still reduces the number of

iteration counts in a meaningful manner.

Although it is hard to draw general conclusions, with these results we expect

to convey two messages: On the one hand, we highlight the robustness of this

preconditioning approach. On the other hand, we warn the reader that there may

be geometries for which, despite of the quasi-uniform mesh on the original geometry,

“the mapping trick” from (4.12) can lead to large, yet bounded, condition numbers

and thereby may no longer be a practical strategy to construct a preconditioner.

Table 4.8: Condition numbers and CG iterations on quasi-uniform mesh with s =
0.25 and varied aspect ratio a : 1, Example 3.

1 : 1 2 : 1 4 : 1 8 : 1 16 : 1

h A PA A PA A PA A PA A PA

κ It. κ It. κ It. κ It. κ It. κ It. κ It. κ It. κ It. κ It.
1

5
√
2

1.90 12 1.98 11 2.06 12 2.05 11 2.22 12 2.16 12 2.30 13 2.29 12 2.34 14 2.43 13
1

10
√
2
2.54 12 2.05 11 2.91 13 2.12 12 3.14 14 2.25 12 3.26 16 2.41 13 3.32 18 2.56 14

1
15

√
2
3.11 13 2.09 12 3.57 15 2.15 12 3.85 16 2.28 12 4.00 19 2.45 13 4.15 20 2.62 14

1
20

√
2
3.59 14 2.10 12 4.12 16 2.17 12 4.45 18 2.31 12 4.62 20 2.49 14 4.78 21 2.67 14

As a final example, we apply the preconditioner to a non-symmetric model prob-

lem motivated by the fractional Patlak-Keller-Segel equation for chemotaxis [89].

Example 4. We consider the discretisation of the Dirichlet problem (4.10) with

A = (−∆)s + c · ∇, c = (0.3, 0)T and f = 1 on the unit disk B1 ⊂ R2 with

s = 1
2
, s = 7

10
and s = 3

4
. Quasi-uniform and algebraically 2-graded meshes are

considered. A numerical solution on a uniform mesh with 7872 elements is depicted
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Table 4.9: Condition numbers and CG iterations on quasi-uniform mesh with s =
0.50 and varied aspect ratio a : 1, Example 3.

1 : 1 2 : 1 4 : 1 8 : 1 16 : 1

h A PA A PA A PA A PA A PA

κ It. κ It. κ It. κ It. κ It. κ It. κ It. κ It. κ It. κ It.
1

5
√
2

4.35 14 1.81 11 5.64 17 1.92 11 6.37 20 2.25 12 6.68 23 2.74 13 6.80 27 3.41 15
1

10
√
2

8.70 20 1.83 11 11.30 25 1.96 12 12.79 30 2.32 13 13.42 35 2.91 15 13.72 40 3.64 17
1

15
√
2
13.07 25 1.84 11 16.98 31 1.97 11 19.22 37 2.36 13 20.19 45 2.99 15 20.63 49 3.77 17

1
20

√
2
17.44 29 1.85 11 22.66 36 1.99 12 25.66 42 2.39 14 26.97 52 3.05 15 27.48 54 3.86 17

Table 4.10: Condition numbers and CG iterations on quasi-uniform mesh with s =
0.75 and varied aspect ratio a : 1, Example 3.

1 : 1 2 : 1 4 : 1 8 : 1 16 : 1

h A PA A PA A PA A PA A PA

κ It. κ It. κ It. κ It. κ It. κ It. κ It. κ It. κ It. κ It.
1

5
√
2

13.16 22 1.70 11 19.06 30 1.99 12 22.13 37 3.62 14 23.23 44 11.56 17 23.60 53 39.03 25
1

10
√
2

37.19 37 1.75 12 53.94 51 2.05 14 62.68 62 3.99 16 65.87 76 17.33 20 67.36 91 18.12 30
1

15
√
2

68.36 50 1.81 13 99.16 68 2.11 15 115.27 83 4.21 17 121.21 103 21.58 22 123.93 124 20.09 34
1

20
√
2
105.28 62 1.87 14 152.74 85 2.15 15 177.61 107 4.35 18 186.92 129 24.94 24 189.17 147 21.84 36

in Figure 4.4.

Tables 4.11 and 4.12 display the condition numbers of the Galerkin matrix A and

its preconditioned form PA for the different fractional exponents on sequences of

quasi-uniform meshes, and on algebraically graded meshes. The number of GMRES

iterations is given for this non-symmetric problem.

As in the earlier examples, on both quasi-uniform and graded meshes the condi-

tion number and the number of solver iterations for A show a strong increase with

N . For PA they are bounded with a slight growth, with numbers very close to those

in Example 1 for s = 7
10
, 3

4
. Note that for s = 1

2
the gradient term is of the same

order as (−∆)s.

Table 4.11: Condition numbers and GMRES iterations on quasi-uniform mesh, Ex-
ample 4.

s = 1/2 s = 7/10 s = 3/4

N A PA A PA A PA

κ It. κ It. κ It. κ It. κ It. κ It.
123 3.11 14 1.08 12 6.69 17 1.48 11 8.11 18 1.49 11
492 7.02 22 1.15 12 20.39 29 1.50 11 26.59 32 1.53 11
1968 15.08 35 1.19 12 60.87 48 1.54 11 85.93 55 1.71 11
7872 31.85 54 1.22 13 172.73 83 1.77 11 264.01 95 2.15 12
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Table 4.12: Condition numbers and GMRES iterations on graded mesh, Example 4.

s = 1/2 s = 7/10 s = 3/4

N A PA A PA A PA

κ It. κ It. κ It. κ It. κ It. κ It.
123 3.31 19 1.17 12 4.42 17 1.70 12 5.07 18 1.93 12
1068 14.24 31 1.26 12 27.78 36 2.39 14 33.07 38 2.91 15
4645 44.15 54 1.34 12 104.49 69 2.84 15 131.43 79 3.64 16
13680 101.41 73 1.37 12 277.05 103 2.96 15 358.78 117 3.87 16
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You’ve got to jump off cliffs all the time and build your

wings on the way down.

Ray Bradbury
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inequalities

5.1 Introduction

This chapter considers the systematic error analysis of the four standard parabolic

variational inequalities [203] associated to the fractional Laplacian as a nonlocal

model operator: obstacle problems and friction, both in the domain and on the

boundary. Particular emphasis is placed on their mixed formulation, which com-

putes the contact forces as a Lagrange multiplier. Numerical experiments present

the efficient space-time adaptive mesh refinement procedures obtained from the a

posteriori error estimates. Corresponding results are obtained for the respective el-

liptic counterparts.

Variational inequalities for time-dependent nonlocal differential equations have

attracted recent interest in a wide variety of applications. Classically, parabolic

obstacle problems arise in the pricing of American options with jump processes

[229, 240]; current advances include their regularity theory [32, 206, 218] and the

a priori analysis of numerical approximations [42, 122]. Mechanical problems natu-

rally involve contact and friction at the boundary with surrounding materials. For

nonlocal material laws, they are intensely studied in peridynamics [53, 165, 215],

but even for local material laws boundary integral formulations give rise to nonlocal

problems [84, 109, 123]. Friction also plays a role in nonlocal evolution equations in

image processing [50, 106, 157], and obstacle problems arise in the study of nonlocal

interaction energies in kinetic equations [57].

For local differential equations, the pure and numerical analysis of variational

inequalities has a long history [203], especially motivated by contact problems in me-

chanics [137, 148, 241]. Of particular current interest in numerical analysis have been

dynamic contact problems for time-dependent equations, including adaptive mesh

refinements [125, 141], high-order [29] and Nitsche methods [54, 61]. Their analysis

is crucial for applications from tyre dynamics [125] to blood flow in aortic valves [14].

To be specific, let Ω ⊂ Rn be a bounded, n-dimensional Lipschitz domain with

boundary ∂Ω. We recall that the integral fractional Laplacian (−∆)s of order 2s ∈

(0, 2) with Dirichlet boundary conditions is associated with the bilinear form a(·, ·).
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For f ∈ H−s(Ω) the associated energy is given by

E(v) =
1

2
a(v, v)− 〈f, v〉 , (5.1)

where 〈·, ·〉 denotes pairing between H̃s(Ω) and H−s(Ω). We study the elliptic and

parabolic 1-phase and 2-phase problems associated to the minimization of E.

Given χ ∈ Hs(Ω) with χ ≤ 0 in ΩC = Rn \ Ω, the time-independent obstacle

(1–phase) problem for (−∆)s minimizes the energy over Ko = {v ∈ H̃s(Ω) : v ≥

χ a.e. in Ω}:

Problem A. Find u ∈ Ko such that E(u) ≤ E(v) for all v ∈ Ko.

For s ∈ (1
2
, 1), the Signorini (thin 1–phase) problem corresponds to an obstacle

g ∈ Hs− 1
2 (Γ̃) on a codimension 1 subset of Ω. Let Hs

Γ̃C
(Ω) := {v ∈ Hs(Ω) : v =

0 on Γ̃C}. With Ks(Ω) = {v ∈ Hs
Γ̃C

(Ω) : v|Γ̃ ≥ g a.e. on Γ̃}:

Problem B. Find u ∈ Ks such that E(u) ≤ E(v) for all v ∈ Ks.

For friction (2–phase) problems, the energy contains a Lipschitz continuous func-

tional with F ≥ 0,

jS(v) =

∫
S

F|v|dx , F ∈ L∞(Ω) , S ⊂ Ω open , (5.2)

jΓ̃(v) =

∫
Γ̃

F|v|ds , F ∈ L∞(Γ̃).

Problem C. Find u ∈ H̃s(Ω) such that

E(u) + jS(u) ≤ E(v) + jS(v), ∀v ∈ H̃s(Ω).

The frictional contact (thin 2–phase) problem again requires s ∈ (1
2
, 1):

Problem D. Find u ∈ Hs
Γ̃C

(Ω) such that

E(u) + jΓ̃(u) ≤ E(v) + jΓ̃(v), ∀v ∈ Hs
Γ̃C

(Ω).
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The parabolic variants are given by the corresponding gradient flows, see Sec-

tion 5.5.

In this generality, this chapter discusses the finite element discretisations for

the associated elliptic and parabolic variational inequalities. We discuss a time-

dependent discontinuous Galerkin formulation for the variational inequalities and a

mixed discontinuous Galerkin formulation. In space, continuous low-order elements

are used. Key results of the chapter present a unified error analysis for the differ-

ent problems: An a priori error estimate is obtained in Theorem 5.5.14 (mixed),

respectively Theorem 5.5.2 (variational inequality), while for f ∈ L2(Ω) an a pos-

teriori error estimate is the content of Theorem 5.5.18, respectively Theorem 5.5.4.

Corresponding results for the time-independent problem are presented in Section 5.4.

The a posteriori error estimates lead to fast space and space-time adaptive mesh

refinement procedures. Numerical experiments in Section 5.7 provide a detailed

study of these procedures for both the time-independent and time-dependent prob-

lems. For obstacle and friction problems they confirm the reliability and efficiency

of the estimates and compare to discretisations on graded and uniform meshes. In

the model problems, the adaptive method converges with twice the convergence rate

of the uniform method.

Variational inequalities for time-dependent nonlocal differential equations have

attracted recent interest in a wide variety of applications. Classically, parabolic

obstacle problems arise in the pricing of American options with jump processes

[229, 240]; current advances include their regularity theory [32, 218] and the a pri-

ori analysis of numerical approximations [42, 122]. Mechanical problems naturally

involve contact and friction at the boundary with surrounding materials. For non-

local material laws, they are intensely studied in peridynamics [53, 165, 215], but

even for local material laws boundary integral formulations give rise to nonlocal

problems [84, 109, 123]. Friction also plays a role in nonlocal evolution equations in

image processing [50, 106, 157], and obstacle problems arise in the study of nonlocal

interaction energies in kinetic equations [57].

111



Chapter 5: Space-time adaptive finite elements for nonlocal parabolic variational
inequalities

For local differential equations, the pure and numerical analysis of variational

inequalities has a long history [203], especially motivated by contact problems in me-

chanics [137, 148, 241]. Of particular current interest in numerical analysis have been

dynamic contact problems for time-dependent equations, including adaptive mesh

refinements [125, 141], high-order [29] and Nitsche methods [54, 61]. Their analysis

is crucial for applications from tyre dynamics [125] to blood flow in aortic valves [14].

For time-independent problems, adaptive methods have long been studied as fast

solvers for the nonlocal boundary element formulations of contact problems [123].

Boundary element procedures for time-dependent problems lead to integral equa-

tions in space-time [109], unlike the evolution equations considered in this chapter.

An a posteriori error analysis for nonlocal obstacle problems has been studied in

[188], based on the associated variational inequality. For motivations from contin-

uum mechanics see [80].

Throughout this chapter, let H be a Hilbert space corresponding to H̃s(Ω) or

Hs
Γ̃
(Ω) for respective problems and let H∗ be the dual space of H. Note that the

spaces H,L2, H∗ form a Gelfand triple.

For the analysis of time-dependent problems, the Bochner spaces W(0, T ) prove

useful [154, Definition 3.3.4.]:

W(0, T ) = {v ∈ L2(0, T ;H) : ∂tv ∈ L2(0, T ;H∗)} .

It is a Hilbert space with norm

‖v‖2
W(0,T ) =

∫ T

0

{
‖∂tv‖2

H∗ + ‖v‖2
H

}
dt +‖v(T )‖2

L2(Ω)

and continuously embeds into C0(0, T ;L2(Ω)).

Furthermore, let 〈·, ·〉 denote the pairing between H and H∗, or H
1
2
−s and Hs− 1

2

where appropriate.
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5.2 Elliptic and parabolic variational inequalities

In this section we introduce a large class of elliptic and parabolic variational inequal-

ities associated with the fractional Laplacian.

5.2.1 Variational inequality formulation

Let a(·, ·) be the bilinear form associated with the fractional Laplacian, and K ⊆ H,

be a closed convex subset. We then consider the following problems:

Problem 5.2.1. Find u ∈ K with f ∈ H∗ such that

a(u, v − u) ≥ 〈f, v − u〉, for all v ∈ K.

Given j : H → R convex and lower semi-continuous, we further consider:

Problem 5.2.2. Find u ∈ H, with f ∈ H∗ such that

a(u, v − u) + j(v)− j(u) ≥ 〈f, v − u〉, for all v ∈ H.

The friction functionals jS and jΓ̃ from (5.2) are of particular interest. Existence

and uniqueness to both Problems 5.2.1 and 5.2.2 can be found in [149, Chapter II,

Theorem 2.1], [115, Theorems 2.1, 2.2].

Also for time-dependent variational inequalities, K denotes a nonempty closed con-

vex subset of H. We define WK(0, T ) = {v ∈W(0, T ) : v(t) ∈ K, a.e. in t ∈ (0, T )}.

For a given initial condition u0 ∈ K we obtain the problem:

Problem 5.2.3. Find u ∈WK(0, T ) with f ∈ L2(0, T ;H∗) and u(0) = u0 such that

∫ T

0

〈∂tu, v − u〉+ a(u, v − u) dt ≥
∫ T

0

〈f, v − u〉 dt for all v ∈ WK(0, T ).

Furthermore, let j(·) be convex, lower semi-continuous and integrable for all

v ∈WK(0, T ).
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Problem 5.2.4. Find u ∈ W(0, T ) with f ∈ L2(0, T ;H∗), u(0) = u0, and j(u0) <

∞ such that

∫ T

0

〈∂tu, v−u〉+a(u, v−u) dt +

∫ T

0

j(v)−j(u) dt ≥
∫ T

0

〈f, v−u〉 dt for all v ∈W(0, T ).

Existence and uniqueness of solutions to Problems 5.2.3 and 5.2.4 follows from

[83, Ch.1 Section (5.2)] and [46, Ch.2 Section (2.1)]. In later sections we provide a

unified treatment of the above problems, both in the time-independent and time-

dependent case.

5.2.2 Strong formulations

For the a posteriori error estimates derived later in this work, the strong formula-

tion of Problems A–D proves relevant. Problems A and B correspond to the weak

formulation in Problem 5.2.1, and we refer to [218] for a discussion of their strong

formulations:

Problem I (strong form of Problem A). Find u such that

(−∆)su ≥ f in Ω

u = 0 in ΩC

u ≥ χ, (u− χ)((−∆)su− f) = 0 in Ω.

(5.3)

Problem II (strong form of Problem B). Find u such that

(−∆)su ≥ f in Ω

u = 0 in ΩC

u ≥ g, (u− g)σ(u) = 0 on Γ̃.

(5.4)

Here σ(u) = (−∆)su− f .

We now consider the strong formulation of the friction problems C and D, cor-

responding to the weak formulation in Problem 5.2.2. They read:
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Problem III (strong form of Problem C). Find u such that

(−∆)su=f in Ω \ S̄

u = 0 in ΩC

|(−∆)su− f | ≤ F , u((−∆)su− f) + F|u| = 0 in S ⊆ Ω.

(5.5)

Problem IV (strong form of Problem D). Find u such that

(−∆)su=f in Ω \ ¯̃
Γ

u = 0 in ΩC

|σ(u)| ≤ F , uσ(u) + F|u| = 0 on Γ̃.

(5.6)

Here σ(u) = (−∆)su− f .

For suitably smooth functions we will show equivalence of the strong formulation

with the weak formulation for frictional type problems. We follow ideas from [167,

Theorem 1] and [148, Chapter 9].

Lemma 5.2.5. a) If u is a sufficiently smooth solution in Rn to Problem C, then

u satisfies Problem III. Conversely, a solution to Problem III is also a solution to

Problem C.

b) If u is a sufficiently smooth solution in Rn to Problem D, then u satisfies Problem

IV. Conversely, a solution to Problem IV is also a solution to Problem D.

Proof. a) We use the formulation of Problem C as a variational inequality, i.e. Prob-

lem 5.2.2. Let v = u+ ξ with ξ ∈ C∞c (Ω \ S). Then Problem 5.2.2 becomes

a(u, ξ) + j(u+ ξ)− j(u) ≥ 〈f, ξ〉 .

Replacing ξ with −ξ we obtain

a(u, ξ)− j(u− ξ) + j(u) ≤ 〈f, ξ〉.
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It follows that since ξ ∈ C∞c (Ω \ S),

a(u, ξ) = 〈f, ξ〉,

or (−∆)su = f in Ω \ S.

Furthermore, let v = u+ ξ for ξ ∈ C∞c (Ω). We then have

0 ≤ a(u, ξ) + j(u+ ξ)− j(u)− 〈f, ξ〉

≤ a(u, ξ) + j(ξ)− 〈f, ξ〉
(5.7)

where we used the triangle inequality. Since F ≥ 0, using the above inequality with

ξ and −ξ we conclude

|a(u, ξ)− 〈f, ξ〉| ≤ j(ξ) =

∫
S

F|ξ|.

As this holds for all ξ, the first asserted inequality in S follows. Finally, to deduce

the complementarity condition in S, we use the first inequality (5.7) with ξ = ±u

to obtain

a(u, u) + j(u)− 〈f, u〉 = 0.

Therefore ∫
S

u((−∆)su− f) + F|u| dx = 0.

As the integrand is non-negative, it vanishes almost everywhere. This concludes the

first part fo the assertion.

We now show that a solution of the strong Problem III satisfies the weak formu-

lation. To do so, we need to show that the quantity

a(u, v − u)− 〈f, v − u〉+ j(v)− j(u)

=

∫
Ω\S

((−∆)su− f)(v − u) dx+

∫
S

((−∆)su− f)(v − u)F(|v| − |u|) dx

= I1 + I2

(5.8)
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is nonnegative. Due to the first equation of Problem III we know that I1 = 0. It

remains to show that the quantity I2 is nonnegative. We will do so by showing that

the integrand

((−∆)su− f)(v − u)F(|v| − |u|) ≥ 0.

If |(−∆)su−f | < F in a point x ∈ S, then by the friction condition u(x) = 0. Thus,

((−∆)su− f)(v − u) + F(|v| − |u|) = ((−∆)su− f)(v) + F|v|

≥ −|(−∆)su− f ||v|+ F|v|

≥ 0.

On the other hand, if |(−∆)su − f | = F in a point x ∈ S, then by the friction

condition there exists µ ≥ 0 such that u = −µ((−∆)su− f). Therefore,

((−∆)su− f)(v − u) + F(|v| − |u|) = ((−∆)su− f)v + F|v|+ µ|(−∆)su− f |2 − µF|(−∆)su− f |

≥ −|(−∆)su− f ||v|+ F|v|

≥ 0.

In either case the integrand of I2 is nonnegative and so I2 ≥ 0. We conclude that u

satisfies Problem 5.2.2.

b) The corresponding proof for the frictional contact Problem IV is analogous to

part a), with the additional key observation:

Lemma 5.2.6. Assume Λ : Hs(Ω) → C is continuous and Λ(ϕ) = Λ(ψ) whenever

ϕ|Γ̃ = ψ|Γ̃. Then there exists a unique, continuous λ : H̃s− 1
2 (Γ̃)→ C such that

λ(ϕ) = Λ(Eϕ),

where E : H̃s− 1
2 (Γ̃)→ Hs(Ω) is any extension operator.

Proof. As a composition of continuous maps, λ(ϕ) = Λ(Eϕ) defines a continuous

functional λ on H̃s− 1
2 (Γ̃).

Concerning uniqueness, if E1, E2 : H̃s− 1
2 (Γ̃) → Hs(Ω) are two extension operators,
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(E1ϕ)|Γ̃ = (E2ϕ)|Γ̃ = ϕ. By assumption on Λ, we conclude Λ(E1ϕ) = Λ(E2ϕ), so

that Λ ◦ E1 = Λ ◦ E2 defines a unique λ : H̃s− 1
2 (Γ̃)→ C.

From the Lemma one obtains that the distribution (−∆)su− f is supported on

Γ̃. In order to belong to H̃s− 1
2 (Γ̃), it must be proportional to δΓ̃ [139, Theorem

2.3.5].

5.3 Discretisation

For simplicity of notation, we assume that Ω has a polygonal boundary. Let Th be a

family of shape-regular triangulations of Ω and Ṽh ⊂ H̃s(Ω), s ∈ (0, 1), the associ-

ated space of continuous piecewise linear functions on Th, vanishing at the boundary.

Furthermore, let VΓ̃C

h ⊂ Hs(Ω) be the space of continuous piecewise linear functions

on Th, vanishing on Γ̃C . Let MH be the space of piecewise constant functions on

TH . We denote the set of nodes of Th by Ph (including the boundary nodes) and

the nodal basis of Ṽh (resp. VΓ̃C

h ) by {ϕi}. Let Si be the support of the piecewise

linear hat function associated to node i.

Let Kh be the discrete counterpart of K. That is, for Problems A and B,

Koh := (Ko(Ω))h = {vh ∈ Ṽh : vh ≥ χh a.e. in Ω}, (5.9)

and

Ksh := (Ks(Ω))h = {vh ∈ VΓ̃C

h : vh|Γ̃ ≥ gh a.e. on Γ̃}. (5.10)

The set Kh is nonempty, closed and convex. To simplify the presentation, we

assume a conforming discretisation Kh ⊂ K. In the case of the obstacle problem this

holds if χ ∈ Ṽh, while for the thin obstacle problem this holds if gh is the restriction

to Γ̃ of a function in Vh. The appropriate spaces of restricted function on Γ̃ are

denoted by Vh or MH . See [237] for the adaptations necessary for nonconforming

discretisations.

For the time discretisation we consider a decomposition of the time interval I =

[0, T ] into subintervals Ik = [tk−1, tk) with time step τk. The associated space of

piecewise polynomial functions of degree q = 0, 1 is denoted by Tτ . We define
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W̃hτ (0, T ) = Ṽh ⊗ Tτ and MHτ (0, T ) = MH ⊗ Tτ . For the adaptive computations,

also local time steps are considered. We denote these discrete local-in-time spaces

by Whτ (0, T ), respectively MHτ (0, T ). Similarly to the time-independent case, let

WΓ̃

hτ (0, T ) and MΓ̃

Hτ (0, T ) be the spaces of discrete functions vanishing on Γ̃C .

The discrete elliptic problems associated to the two classes of variational inequal-

ities 5.2.1 and 5.2.2 are:

Problem 5.3.1. Find uh ∈ Kh such that for all vh ∈ Kh,

a(uh, vh − uh) ≥ 〈f, vh − uh〉.

Problem 5.3.2. Find uh ∈ Ṽh such that for all vh ∈ Ṽh,

a(uh, vh − uh) + j(vh)− j(uh) ≥ 〈f, vh − uh〉.

For the discrete parabolic problem we introduce the space-time bilinear form

BDG(·, ·) given by

BDG(u, v) =
M∑
k=1

∫
Ik

〈∂tu, v〉+ a(u, v) dt . (5.11)

Here the subscript DG denotes the discontinuous Galerkin in time. Similarly as

in the elliptic case, the discrete parabolic obstacle problem associated with Prob-

lem 5.2.3 is given by:

Problem 5.3.3. Find uhτ ∈ Khτ such that for all vhτ ∈ Khτ ,

BDG(uhτ , vhτ − uhτ ) +
M∑
k=1

〈[uhτ ]k−1 , (vhτ − uhτ )+〉

≥
M∑
k=1

∫
Ik

〈f, vhτ − uhτ 〉 dt .

Here vn+ = lims→0+ u(tn + s) and [v]n = vn+ − vn. As the obstacle is assumed

to be independent of time, the convex subset Khτ is defined in a similar manner as

Kh. The discretisation of parabolic friction problems associated with Problem 5.3.4
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reads:

Problem 5.3.4. Find uhτ ∈ W̃hτ (0, T ) such that for all vhτ ∈ W̃hτ (0, T ),

BDG(uhτ , vhτ − uhτ ) +
M∑
k=1

∫
Ik

j(vhτ )− j(uhτ ) dt +
M∑
k=1

〈[uhτ ]k−1 , (vhτ − uhτ )+〉

≥
M∑
k=1

∫
Ik

〈f, vhτ − uhτ 〉 dt .

We conclude the section with a variant of [212, Lemma 2.7] adapted to fractional

operators. It establishes the coercivity of the bilinear form BDG(·, ·) in combination

with the jump terms. Note that the proof in [212] uses only the coercivity of the

bilinear form a(·, ·) and therefore applies to both local and nonlocal problems, in the

appropriate function spaces.

Lemma 5.3.5. Let BDG(·, ·) be defined as in (5.11). Let vhτ ∈ W̃hτ (0, T ). Then,

BDG(vhτ , vhτ ) +
M∑
k=1

〈[vhτ ]k−1, vk−1
hτ+〉 ≥

α‖vhτ‖2
L2(0,T ;H) +

1

2
‖v0

hτ+‖2
L2(Ω) +

1

2

M−1∑
k=1

‖[vhτ ]k‖2
L2(Ω) +

1

2
‖vMhτ−‖2

L2(Ω).

5.4 Elliptic problems

In this section we discuss the error analysis of elliptic variational inequalities intro-

duced in Section 5.2. We address a priori and a posteriori error estimates for such

problems both for the variational inequality and a mixed formulation. Combined

with known regularity results the a priori estimates allow us to deduce convergence

rates for the specific problems introduced in Section 5.1.

5.4.1 A priori error estimates for variational inequalities

We first discuss a priori error estimates for fractional elliptic variational inequalities

corresponding to contact problems in the domain. Corresponding results for the

thin problems can be derived analogously. Observe an analogue of Falk’s lemma for

elliptic variational inequalities [91], as adapted to Problem 5.2.1:
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Lemma 5.4.1. Let u ∈ K and uh ∈ Kh be solutions of Problem 5.2.1 and 5.3.1,

respectively. Then,

‖u− uh‖2
H . inf

v∈K
{‖f − (−∆)su‖H∗‖uh − v‖H}

+ inf
vh∈Kh

{‖f − (−∆)su‖H∗‖u− vh‖H + ‖u− vh‖2
H}.

Accounting for j(·), a similar result holds for Problem 5.2.2.

Lemma 5.4.2. Let u ∈ H and uh ∈ Ṽh be solutions of Problem 5.2.2 and 5.3.2,

respectively. Let j(·) be a proper, convex, l.s.c. functional on H. Then,

‖u− uh‖2
H . inf

v∈H
{‖f − (−∆)su‖H∗‖uh − v‖H + j(uh)− j(v)}

+ inf
vh∈Ṽh

{‖f − (−∆)su‖H∗‖u− vh‖H + j(u)− j(vh) + ‖u− vh‖2
H}.

Remark 5.4.3. If equality holds in the variational inequality, the residual f−(−∆)su

vanishes and we recover Cea’s lemma. In the general case, f − (−∆)su does not

vanish and the convergence rate reduces by a factor 2. Since we assume thatKh ⊂ K,

Ṽh ⊂ H, we have the internal approximation of the variational inequalities, thus

we can choose v = uh and so the first infimum in Lemma 5.4.1 and Lemma 5.4.2

vanishes.

We briefly discuss explicit convergence rates for the elliptic problems. Under

the assumption that u ∈ H`
0(Ω) for some ` > s, we can use standard interpolation

argument to establish a convergence rate of discrete solution. Note that for the

obstacle problem as defined in Problem A, Ko = {v ∈ H̃s(Ω) : v ≥ χ} and Koh =

{vh ∈ Ṽh : vh ≥ χ}.
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Lemma 5.4.4. Let f ∈ L2(Ω) ∩ Ṽh and χ ∈ Ṽh. Let u ∈ Ko and uh ∈ Koh be

solutions of Problem 5.2.1, 5.3.1. Then,

‖u− uh‖H̃s(Ω) ≤ Ch
`−s

2 ‖u‖H`(Ω), (5.12)

for 0 < s < 1 ≤ `.

Remark 5.4.5. Provided that f ∈ Hr
0(Ω) for some r ≥ −s and ∂Ω ∈ C∞, the solution

u ∈ H̃s(Ω) of the unconstrained problem

a(u, v) = 〈f, v〉, v ∈ H̃s(Ω),

belongs to

u ∈

H
2s+r, s+ r<1

2

Hs+ 1
2
−ε, s+ r ≥ 1

2

for ε > 0 arbitrarily small. This implies that for f ∈ L2(Ω), we may expect the

solution u to have up to s+ 1
2
−ε derivatives in L2(Ω). We conclude from the estimate

in (5.12) that ‖u− uh‖H̃s(Ω) ≤ O(h1/4−ε). The smoothness of the solution is limited

by the behaviour near the Dirichlet boundary ∂Ω, where u(x) ∼ d(x, ∂Ω)s. This

behaviour has been exploited in [6] who showed that the solution admits 1 + s− ε

derivatives in an appropriate weighted Sobolev space. For further discussion of the

expected regularity of solutions of variational inequalities, see [46], as well as [40, 42]

for refined estimates in the case of the nonlocal obstacle problem.

5.4.2 A posteriori error estimate for variational inequalities

In this section we discuss a posteriori error estimates of elliptic variational inequal-

ities in Problems 5.2.1 and 5.2.2. We provide a careful analysis of Problems A and

C with contact in the interior of the domain Ω, so that corresponding bounds for

the thin contact Problems B and D readily follow. For simplicity, we consider data

f, χ ∈ Ṽh in the finite element space; for the modifications to general f, χ see

[188, 237].
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Consider Problem A. We define the Lagrange multiplier σ ∈ H∗ as

〈σ, v〉 = 〈f, v〉 − a(u, v), ∀v ∈ H. (5.13)

Let σh ∈ Ṽh be the discrete Lagrange multiplier defined by 〈σh, vh〉 = 〈f, vh〉 −

a(uh, vh) for vh ∈ Ṽh. Also let rh = f − (−∆)suh. Then the following result holds:

Lemma 5.4.6 (Obstacle problem). Let u, uh be solutions of Problem 5.2.1 and

5.3.1, respectively, associated with Problem A. Assume that f ∈ Ṽh and χ ∈ Ṽh.

Then,

‖u− uh‖2
H̃s(Ω)

+ ‖σ − σh‖2
H−s(Ω) . ‖rh − σh‖2

H−s(Ω) − 〈σh, uh − χ〉.

Proof. By definition of σ and σh the following equality holds

a(u− uh, v) + 〈σ − σh, v〉 = 〈f, v〉 − a(uh, v)− 〈σh, v〉 = 〈rh, v〉 − 〈σh, v〉. (5.14)

Choosing v = u− uh in (5.14), we obtain

‖u− uh‖2
H̃s(Ω)

≤ 1

2
‖rh − σh‖2

H−s(Ω) +
1

2
‖u− uh‖2

H̃s(Ω)
− 〈σ − σh, u− uh〉.

We note that for any w ∈ H̃s(Ω)

〈σ − σh, w〉 = a(uh − u,w) + 〈rh − σh, w〉,

which leads to estimate

‖u− uh‖2
H̃s(Ω)

+ ‖σ − σh‖2
H−s(Ω) . ‖rh − σh‖2

H−s(Ω) − 〈σ − σh, u− uh〉. (5.15)

To determine a computable bound for the second term, for the obstacle problem

here, we note that 〈σ, u − uh〉 ≥ 0. In addition, since u ≥ χ and σh ≤ 0 [237,

Equation (2.14a)],

〈σh, u− uh〉 = 〈σh, u− χ〉 − 〈σh, uh − χ〉

≤ −〈σh, uh − χ〉.
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The result follows by combining the above estimates.

Remark 5.4.7. The thin obstacle problem falls into the same framework. Here, the

convex set K ⊂ Hs
Γ̃C

(Ω) is replaced by

Ks(Ω) = {v ∈ Hs
Γ̃C

(Ω) : v|Γ̃ ≥ g a.e. on Γ̃}. (5.16)

Estimate (5.15) then holds verbatim, if the second term on the right hand side is

taken on Γ̃. Note that 〈σ, u|Γ̃ − g〉 = 0 and u|Γ̃ − g ≥ 0 almost everywhere on Γ̃, so

that

〈σh − σ, u|Γ̃ − uh|Γ̃〉 ≤ 〈σh, g − uh|Γ̃〉. (5.17)

This implies:

Lemma 5.4.8 (Signorini problem). Let u, uh be solutions of Problems 5.2.1 and

5.3.1, respectively, associated with Problem B. Assume that f ∈ Ṽh and g ∈ Ṽh.

Then,

‖u− uh‖2
Hs

Γ̃C
(Ω) + ‖σ − σh‖2

H−s(Ω) . ‖rh − σh‖2

H−s+
1
2 (Γ̃)
− 〈σh, g − uh|Γ̃〉.

For the interior friction problem, let σ be defined as in Equation (5.13) and let

σh to be the discrete counterpart of σ.

Lemma 5.4.9 (Interior friction problem). Let u, uh be solutions of Problems 5.2.2

and 5.3.2, respectively, associated with Problem C. Assume that f ∈ Ṽh. Then,

‖u− uh‖2
H̃s(Ω)

+ ‖σ − σh‖2
H−s(Ω) .‖rh − σh‖2

H−s(Ω) + ‖(|σh| − F)+‖2
H−s(Ω)

+ 〈(|σh| − F)−, |uh|〉 − 〈σh, uh〉+ 〈|σh|, |uh|〉.

Proof. As in the proof of Lemma 5.4.6 we obtain the following estimate:

‖u− uh‖2
H̃s(Ω)

+ ‖σ − σh‖2
H−s(Ω) . ‖rh − σh‖2

H−s(Ω) − 〈σ − σh, u− uh〉. (5.18)

In order to estimate the last term of the right hand side, we exploit the fact that
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〈σ, u〉 = 〈F , |u|〉 and 〈σ, uh〉 ≤ 〈F , |uh|〉,

〈σ − σh, uh − u〉 ≤ −〈F , |u|〉+ 〈σh, u〉+ 〈F , |uh|〉 − 〈σh, uh〉

≤ 〈(|σh| − F)+, |u|〉+ 〈F , |uh|〉 − 〈σh, uh〉

≤ 〈(|σh| − F)+, |u− uh|〉+ 〈(|σh| − F)+ + F , |uh|〉 − 〈σh, uh〉

≤ ‖(|σh| − F)+‖H−s(Ω)‖u− uh‖H̃s(Ω) + 〈(|σh| − F)−, |uh|〉

− 〈σh, uh〉+ 〈|σh|, |uh|〉.

(5.19)

The result follows by combining the estimates above.

Similarly, we have the following result for the friction problem:

Lemma 5.4.10 (Friction problem). Let u, uh be solutions of Problem 5.2.2 and

5.3.2, respectively, associated with Problem D. Assume that f ∈ Ṽh. Then,

‖u− uh‖2
Hs

Γ̃C
(Ω) + ‖σ − σh‖2

H−s+
1
2 (Γ̃)

.‖rh − σh‖2
H−s(Ω) + ‖(|σh| − F)+‖2

H−s+
1
2 (Γ̃)

+ 〈(|σh| − F)−, |uh|Γ̃|〉 − 〈σh, uh|Γ̃〉+ 〈|σh|, |uh|Γ̃|〉.

Remark 5.4.11. In the absence of contact, the a posteriori estimate reduces to a

standard residual error estimate as in [9], since σ, σh vanish.

Remark 5.4.12. In line with the literature on integral equations, e.g. [123, 188], in

this chapter we find reliable a posteriori estimates for the error of the numerical

solution. The estimates are found to be efficient in numerical experiments, but even

for boundary element methods only partial theoretical results for their efficiency are

available [123], Chapters 10 and 12.

5.4.3 Mixed formulation

It proves useful to impose the constraints on the displacement only indirectly. To

do so, we reformulate the variational inequality as an equivalent mixed system in

which the stress σ enters as a Lagrange multiplier. We denote it in this context by
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λ = f − (−∆)su to emphasize its role. Physically, it corresponds to the contact

forces and indicates the contact area within the computational domain, see also

[16, 47]. We focus mainly on the mixed formulations for problems with contact in

the whole domain, thin problems follow in a similar way.

Let a(·, ·) be the bilinear form associated with the fractional Laplacian and let

b(·, ·) be a continuous bilinear form given by the duality pairing

b(λ, v) = 〈λ, v〉,

where

b(λ, v) = 〈f, v〉 − a(u, v).

Let Λ be closed convex subset of H∗. For f ∈ H∗ and w ∈ H, we consider the

mixed formulation:

Problem 5.4.13 (Mixed formulation). Find (u, λ) ∈ H × Λ such that

a) a(u, v) + b(λ, v) = 〈f, v〉

b) b(µ− λ, u) ≤ 〈µ− λ,w〉,
(5.20)

for all (v, µ) ∈ H × Λ.

Theorem 5.4.14. Let f ∈ H∗, χ ∈ H̃s(Ω), g ∈ Hs− 1
2 (Γ̃), jS : Hs

0(Ω) → R and

jΓ̃ : Hs
Γ̃
(Ω)→ R be convex lower semi-continuous functionals defined in (5.2).

Suppose that Λ and w in Problem 5.4.13 is given by:

(i) Λo = {µ ∈ H−s(Ω) : ∀v ∈ H̃s(Ω), v ≤ 0, 〈µ, v〉 ≥ 0}, w = χ,

(ii) Λs = {µ ∈ H̃
1
2
−s(Γ̃) : ∀v ∈ Hs− 1

2 (Γ̃), v ≤ 0, 〈µ, v〉 ≥ 0}, w = g,

(iii) ΛI = {µ ∈ H−s(Ω) : ∀v ∈ H̃s(Ω), 〈µ, v〉 ≤ 〈F , |v|〉}, w = 0,

(iv) ΛΓ̃ = {µ ∈ H
1
2
−s(Γ̃) : ∀v ∈ H̃s− 1

2 (Γ̃), 〈µ, v〉 ≤ 〈F , |v|〉}, w = 0.
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Then the variational inequality formulation in Problem 5.2.1, respectively 5.2.2, is

equivalent to Problem 5.4.13 for Problems A–D.

Let ΛH be closed convex subset of MH . The discrete mixed formulation reads as

follows:

Problem 5.4.15 (Discrete mixed formulation). Find (uh, λH) ∈ Vh×ΛH such that

(a) a(uh, vh) + b(λH , vh) = 〈f, vh〉

(b) b(µH − λH , uh) ≤ 〈µH − λH , w〉,
(5.21)

holds for all (vh, µH) ∈ Vh × ΛH .

Remark 5.4.16. For problems A–D the corresponding ΛH and w in Problem 5.4.15

are given by:

(i) ΛoH = {µH ∈MH : µH ≤ 0}, w = χ,

(ii) ΛsH = {µH ∈MH : µH ≤ 0}, w = g,

(iii) ΛIH = {µH ∈MH : |µH | ≤ F}, w = 0,

(iv) ΛΓ̃H = {µH ∈MH : |µH | ≤ F}, w = 0.

For completeness, we recall the proof of Theorem 5.4.14 for obstacle (i) and

interior friction (iii) problems. The proof for Signorini (ii) and friction (iv) problems

is similar.

Proof of (i). First note that the variational inequality is equivalent to: Find u ∈ K

such that for all v ∈ K a) a(u, u) = 〈f, u〉

b) a(u, v) ≥ 〈f, v〉 .
(5.22)

To see a), we set v = 2u, respectively v = 0, in the variational inequality:

a(u, u) ≥ 〈f, u〉 , resp. a(u, u) ≤ 〈f, u〉 , (5.23)
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which shows a). Part b) follows by adding (5.23) to the variational inequality.

Conversely, the variational inequality follows by subtracting (5.22a) from (5.22b).

Further observe that u ∈ H̃s(Ω) and λ ∈ H−s(Ω) satisfy (5.20b) if and only if

u ∈ K and b(λ, u) = 〈χ, λ〉. (5.24)

Indeed, (5.24) implies (5.20b). Conversely, if (5.20b) holds, we may choose µ = 0

and µ = 2λ to obtain (5.24).

We now show the equivalence of (5.22) and (5.20):

(5.22) ⇒ (5.20): If we set λ = f − (−∆)su we have by (5.22b): 〈f, v〉 − a(u, v) ≤ 0

for all v ∈ Hs
0(Ω) and therefore λ ∈ Λo. The first line in (5.20) holds trivially.

By (5.22a) we have that b(λ, u) = 〈λ, χ〉 and furthermore, there exists û ∈ K such

that b(µ, û) = 〈µ, χ〉. Also, 2u− û ∈ K and so from (5.22) we get,

a(u, û− u) = 〈f, û− u〉. (5.25)

Substituting v = û− u into (5.20a) gives us

b(λ, û− u) = b(λ, v)− 〈λ, χ〉 = 0. (5.26)

As u ∈ K and by (5.24) we conclude that (5.20b) holds.

(5.20) ⇒ (5.22): Now let (u, λ) ∈ Hs
0(Ω)× Λo be the solution to (5.20). By (5.24),

we know that u ∈ K. Furthermore, by (5.20a) and (5.24) we have

a(u, v−u) = 〈f, v−u〉−b(λ, v−u) = 〈f, v−u〉+〈λ, χ〉−b(λ, v) ≥ 〈f, v−u〉. (5.27)

Proof of (iii). We begin by showing that (5.2.2) ⇒ (5.4.13). From the variational

formulation in Problem 5.2.2 we observe that we seek u ∈ H̃s(Ω) such that

a(u, u) + jS(u) = 〈f, u〉, (5.28)

a(u, v) + jS(v) ≥ 〈f, v〉, (5.29)
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for all v ∈ H̃s(Ω). We define µ ∈ ΛI to be a Lagrange multiplier given by jS(v) =

supµ∈ΛI
b(µ, v).

The first line of (5.4.13) hold immediately. In order to show that (5.20b) holds

we notice that combining (5.20a) with (5.28) gives

jS(u) = b(λ, u). (5.30)

(5.4.13) ⇒ (5.2.2)

Now let (u, λ) ∈ H̃s(Ω)× ΛI be the solution to (5.4.13). By (5.20a) we know that

a(u, v − u) = 〈f, v − u〉 − b(λ, v − u)

= 〈f, v − u〉 − b(λ, v) + b(λ, u)

= 〈f, v − u〉 − b(λ, v) + jS(u)

≥ 〈f, v − u〉 − jS(v) + jS(u),

(5.31)

where we used the definition of j(v). The result follows.

Note that we allow for possibly different meshes for the displacement u and the

Lagrange multiplier λ.

As typical for mixed problems, this is crucial in order to assure the discrete

inf-sup condition:

Lemma 5.4.17 (Discrete inf-sup condition). There exist constants C, β̂ > 0 such

that for H ≥ Ch

β̂‖µH‖H∗ ≤ sup
vh∈Ṽh

b(µH , vh)

‖vh‖H
, ∀ µH ∈MH . (5.32)

In practice, for our choice of Ṽh, MH a constant C = 2 is sufficient. See, for

example, [128] for details.

5.4.4 A priori error estimates for mixed formulations

In this section, we present a priori error estimates for the elliptic problem with

contact in the domain; results for thin problems follow almost verbatim.
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Lemma 5.4.18. Let (u, λ), (uh, λH) be solutions of Problems 5.4.13 and 5.4.15,

respectively. Suppose that ΛH ⊂ Λ. Then

‖u− uh‖2
H .‖u− vh‖2

H + ‖λ− µH‖2
H∗ + ‖λ− λH‖2

H∗

+ b(λ− µH , u)− 〈λ− µH , w〉,
(5.33)

for all (vh, µH) ∈ Ṽh × ΛH .

Proof. Using the coercivity of the bilinear form a(·, ·), (5.20a) and (5.21a),

α‖u− uh‖2
H ≤ a(u− uh, u− uh) = a(u, u) + a(uh, uh)− a(u, uh)− a(uh, u)

≤ a(u, v) + b(λ, v)− b(µ, u) + 〈f, u− v〉+ 〈µ− λ,w〉+ 〈µh − λh, w〉

+ a(uh, vh) + b(λH , vh)− b(µH , uh) + 〈f, uh − vh〉 − 2a(u, uh)

= a(uh − u, vh − u) + b(λH − λ, vh − u)− b(µH − λ, uh − u)

− b(µ− λH , u)− b(µH − λ, u) + 〈µH − λ,w〉+ 〈µ− λH , w〉.

By boundedness of a and b and using Young’s inequality

α‖u− uh‖2
H ≤ C1ε‖u− uh‖2

H + C1/ε‖u− vh‖2
H + C2/ε‖u− vh‖2

H

+ C2ε‖λ− λH‖2
H∗ + C2ε‖u− uh‖2

H + C2/ε‖λ− µH‖2
H∗

− b(µ− λH , u)− b(µH − λ, u) + 〈µH − λ,w〉+ 〈µ− λH , w〉.

Choosing ε > 0 sufficiently small, the result follows by combining the terms involving

‖u− uh‖2
H .
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Theorem 5.4.19. Let (u, λ), (uh, λH) be solutions of Problems 5.4.13 and 5.4.15,

respectively. Suppose that ΛH ⊂ Λ. Then

‖u− uh‖2
H .‖u− vh‖2

H + ‖λ− µH‖2
H∗ + ‖λ− λH‖2

H∗ ,

‖λ− λH‖H∗ . ‖u− uh‖H + ‖λ− µH‖H∗ ,

for all (vh, µH) ∈ Ṽh × ΛH .

The theorem adapts the classical error analysis for mixed formulations of varia-

tional inequalities for second-order elliptic operators [48, 49]. Optimal convergence

rates depend on the regularity of solutions for the different variational inequalities.

This regularity analysis is well understood for obstacle problems, see Remark 5.4.5.

Proof. For the first estimate we use Lemma 5.4.18. For the second part, we use the

discrete inf-sup condition

β̂‖λH − µH‖H∗ ≤ sup
vh∈Ṽh

b(µH − λH , vh)
‖vh‖H

.

On the other hand, from (5.20a) and (5.4.15a)

b(µH − λH , vh) = b(µH , vh)− b(λH , vh)

= b(µH , vh) + a(uh, vh)− 〈f, vh〉

= b(µH , vh) + a(uh, vh)− a(u, vh)− b(λ, vh)

= b(µH − λ, vh) + a(uh − u, vh)

≤ c (‖λ− µH‖H∗ + ‖u− uh‖H) ‖vh‖H .

Together with the inf-sup condition we conclude

‖λH − µH‖H∗ . ‖λ− µH‖H∗ + ‖u− uh‖H .

The assertion follows from the triangle inequality.
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5.4.5 A posteriori error estimates for mixed formulations

In this section, we present a unified approach to derive a posteriori error estimates

for elliptic contact problems. The contact condition only enters in the estimate for

b(λH − λ, u− uh) below.

Theorem 5.4.20. Let (u, λ), (uh, λH) be solutions of Problems 5.4.13 and 5.4.15,

respectively. Then

‖u− uh‖2
H + ‖λ− λH‖2

H∗ . ‖rh − λH‖2
H∗ + b(λH − λ, u− uh).

Proof. From the coercivity and the definitions of λ, respectively λH

‖u− uh‖2
H̃s(Ω)

. a(u− uh, u− uh) = a(u− uh, u− vh) + a(u− uh, vh − uh)

= a(u− uh, u− vh)− b(λ− λH , vh − uh)

= 〈f, u− vh〉 − a(uh, u− vh)− b(λ, u− vh)− b(λ− λH , vh − uh)

= 〈rh, u− vh〉 − b(λH , u− vh) + b(λH − λ, u− uh)

. ‖rh − λH‖H∗‖u− vh‖H + b(λH − λ, u− uh).

The estimate for u follows from Young’s inequality. For λ, we note

b(λ− λH , v) = b(λ− λH , v − vh)− a(u− uh, vh)

= 〈f, v − vh〉 − a(uh, v − vh)− b(λH , v − vh) + a(uh − u, v)

= 〈rh, v − vh〉 − b(λH , v − vh) + a(uh − u, v)

. ‖rh − λH‖H∗‖v − vh‖H + ‖u− uh‖H‖v‖H .

for all vh.

Choosing vh = 0 we obtain

b(λ− λH , v) . (‖rh − λH‖H∗ + ‖u− uh‖H)‖v‖H .
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The assertion follows from the inf-sup condition.

The following lemma provides computable estimates for the term b(λH−λ, u−uh)

in case of Problems A–D.

Lemma 5.4.21. Let (u, λ), (uh, λH) be solutions of Problems 5.4.13 and 5.4.15,

respectively, associated with Problems A–D. Suppose that ΛH ⊂ Λ. Then, for the

respective problems,

(i) b(λH − λ, u− uh) ≤b(λH , χ− uh),

(ii) b(λH − λ, u− uh) ≤b(λH , g − uh),

(iii) b(λH − λ, u− uh) ≤‖(|λH | − F)+‖H−s(S)‖u− uh‖H̃s(S) − b((|λH | − F)−, |uh|)

+ b(|λH |, |uh|)− b(λH , uh),

(iv) b(λH − λ, u− uh) ≤‖(|λH | − F)+‖H1/2−s(Γ̃)‖u− uh‖Hs−1/2(Γ̃) − b((|λH | − F)−, |uh|)

+ b(|λH |, |uh|)− b(λH , uh).

for Problems A–D, respectively.

Proof. (i) In the case of the obstacle problem, we use the fact that b(λ, u− uh) ≥ 0

and the constraint u− χ ≥ 0 to obtain

b(λH − λ, u− uh) = b(λH , u− uh)− b(λ, u− uh)

≤ b(λH , u− χ)− b(λH , uh − χ)

≤ b(λH , χ− uh).

(ii) In the case of the Signorini problem, we notice that b(λ, u−g) = 0 and b(λH , u−

g) ≤ 0. The estimate follows directly as in the case of the obstacle problem I.

(iii) In the case of the interior friction, we notice that b(λ, u) = j(u) and
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b(λ, uh) ≤ j(uh) to obtain the computable estimate

b(λH − λ, u− uh) = b(λH , u)− b(λH , uh)− b(λ, uh) + b(λ, u)

≤ b(λH , u)− b(λH , uh) + j(uh)− j(u)

≤ j(uh)− b(λH , uh) + b((|λH | − F)+, |u|)

≤ j(uh)− b(λH , uh) + b((|λH | − F)+, |u− uh|)

+ b((|λH | − F)+, |uh|)

= b((|λH | − F)+, |u− uh|)− b(λH , uh) + b(|λH |, |uh|)

− b((|λH | − F)−, |uh|)

≤ ‖(|λH | − F)+‖H−s(S)‖u− uh‖H̃s(S) − b(λH , uh) + b(|λH |, |uh|)

− b((|λH | − F)−, |uh|).

We conclude by using Young’s inequality for the first term.

(iv) In the case of the friction problem, we proceed as in the case of interior friction.

The only difference is in the estimate of the duality pairing in the last line of (5.4.5).

Note that in the absence of constraints, the a posteriori error estimate reduces

to a standard residual error estimate as in [9]. In order to be able to compute

the negative Sobolev norm of order −s on the right hand side of the estimate we

can employ localization arguments as in [59, 188]. The following result provides a

computable estimate of the negative norms.
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Lemma 5.4.22. Let R ∈ L2(Ω) which satisfies 〈R,ϕi〉 = 0 for all i ∈ Ph. Then for

s ∈ (0, 3/4)

‖R‖2
H−s(Ω) .

∑
i∈Ph\Ch

h2s
i ‖R‖2

L2(Si)
,

where hi := diam(Si) and Ch is the contact region.

This estimate goes back to [59, Theorem 4.1.] in the absence of contact. For

contact problems such estimates are commonly used away from the contact area,

see for example [28].

Note, however, that for sufficiently large 0 < s < 1 the residue rh − λH does not

lie in L2(Ω), but only in H−ε(Ω) for some ε > 0. [188] extends the above arguments

to rh − λH ∈ Lp, with 1 ≤ p <∞. In our setting, this leads to an a posteriori error

estimate as in Theorem 5.4.20:

‖u− uh‖2
H̃s(Ω)

+ ‖λ− λH‖2
H−s(Ω) .

∑
i∈Ph\Ch

h
2s+d(1− 2

p
)

i ‖(rh − λH − rhi + λHi)ϕi‖2
Lp(Si)

+ b(λH − λ, u− uh),

where gi =

∫
Si
giϕi∫

Si
ϕi

for the interior nodes i ∈ Ph and gi = 0 otherwise.

Remark 5.4.23. The implicit constants in the error estimates depend on s through

the continuity and coercivity of the bilinear form, the trace theorem for Sobolev

spaces, and properties of the triangulation as in [59]. In particular, they remain

bounded for s→ 1−.

5.5 Parabolic problems

In this section we discuss the time-dependent counterparts to the elliptic variational

inequalities. The time dependence introduces additional difficulties in the analysis.

5.5.1 A priori error estimate for variational inequalities

We begin by the extension of Falk’s lemma for parabolic Problems 5.2.3 and 5.2.4.

We present the proof only for Problem 5.2.4. The proof for Problem 5.2.3 holds
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verbatim, omitting terms related to j(·).

Lemma 5.5.1. Let u ∈WK(0, T ) and uhτ ∈ Khτ be solutions of Problem 5.2.3 and

5.3.3, respectively. Let v ∈WK(0, T ) and vhτ ∈ Khτ ∩ C(0, T ;H). Then,

‖u− uhτ‖2
L2(0,T ;H) + ‖(u− uhτ )0

+‖2
L2(Ω) +

M−1∑
k=1

‖[u− uhτ ]k‖2
L2(Ω) + ‖(u− uhτ )M− ‖2

L2(Ω)

. inf
v∈K
{‖f − Au− ∂tu‖L2(0,T ;H∗)‖uhτ − v‖L2(0,T ;Hs)}

+ inf
vhτ∈Khτ

{‖(u− vhτ )M− ‖2
L2(Ω) + ‖f − Au− ∂tu‖L2(0,T ;H∗)‖u− vhτ‖L2(0,T ;H)

+ ‖∂t(u− vhτ )‖2
L2(0,T ;H∗) + ‖u− vhτ‖2

L2(0,T ;H)}.

Lemma 5.5.2. Let u ∈W(0, T ) and uhτ ∈ W̃hτ (0, T ) be solutions of Problem 5.2.4

and 5.3.4, respectively. Let v ∈W(0, T ) and vhτ ∈ W̃hτ (0, T ) ∩ C(0, T ;H). Then,

‖u− uhτ‖2
L2(0,T ;H) + ‖(u− uhτ )0

+‖2
L2(Ω) +

M−1∑
k=1

‖[u− uhτ ]k‖2
L2(Ω) + ‖(u− uhτ )M− ‖2

L2(Ω)

. inf
v∈K

{
‖f − Au− ∂tu‖L2(0,T ;H∗)‖uhτ − v‖L2(0,T ;H) +

M∑
k=1

∫
Ik

j(uhτ )− j(v) dt

}

+ inf
vhτ∈Khτ

{
‖(u− vhτ )M− ‖2

L2(Ω) + ‖f − Au− ∂tu‖L2(0,T ;H∗)‖u− vhτ‖L2(0,T ;H)

+‖∂t(u− vhτ )‖2
L2(0,T ;H∗) + ‖u− vhτ‖2

L2(0,T ;H) +
M∑
k=1

∫
Ik

j(u)− j(vhτ ) dt

}
.
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Proof. Adding together the continuous and discrete problems gives us

BDG(u, u)+BDG(uhτ , uhτ ) +
M∑
k=1

〈[uhτ ]k−1, uhτ
k−1
+ 〉

≤
∫ T

0

〈f, u− vhτ 〉+ 〈f, uhτ − v〉 dt +BDG(u, v) +BDG(uhτ , vhτ )

+
M∑
k=1

∫
Ik

j(u)− j(vhτ ) dt +

∫
Ik

j(uhτ )− j(v) dt

+
M∑
k=1

〈[uhτ ]k−1, vhτ
k−1
+ 〉+ 〈u0, (uhτ − vhτ )0

+〉.

Subtracting the mixed terms BDG(u, uhτ ) +BDG(uhτ , u) +
∑M

k=1〈[uhτ ]k−1, uk−1
+ 〉 and

using the fact that the jump terms of the continuous problem are zero,

BDG(u− uhτ , u− uhτ )−
M∑
k=1

〈[u− uhτ ]k−1, u− uhτ k−1
+ 〉

≤
∫ T

0

〈f, u− vhτ 〉+ 〈f, uhτ − v〉 dt

−BDG(u, u− vhτ )−BDG(u, uhτ − v)

+
M∑
k=1

∫
Ik

j(u)− j(vhτ ) dt +

∫
Ik

j(uhτ )− j(v) dt

+
M∑
k=1

〈[u− uhτ ]k−1, vhτ − uk−1
+ 〉+BDG(u− uhτ , u− vhτ ).
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Due to the coercivity of the left hand side by Lemma 5.3.5,

‖u− uhτ‖2
L2(0,T ;H) + ‖(u− uhτ )0

+‖2
L2(Ω) +

M−1∑
k=1

‖[u− uhτ ]k‖2
L2(Ω) + ‖(u− uhτ )M− ‖2

L2(Ω)

. ‖f − Au− ∂tu‖L2(0,T ;H∗)

(
‖u− vhτ‖L2(0,T ;H) + ‖uhτ − v‖L2(0,T ;H)

)
+

M∑
k=1

∫
Ik

j(u)− j(vhτ ) dt +

∫
Ik

j(uhτ )− j(v) dt

+
M∑
k=1

∫
Ik

〈−u+ uhτ , ∂t(u− vhτ )〉+ a(u− uhτ , u− vhτ ) dt

−
M∑
k=1

〈(u− uhτ )k−, [u− vhτ ]k〉.

We can choose vhτ ∈ C(0, T ;H) and so

‖u− uhτ‖2
L2(0,T ;H) + ‖(u− uhτ )0

+‖2
L2(Ω) +

M−1∑
k=1

‖[u− uhτ ]k‖2
L2(Ω) + ‖(u− uhτ )M− ‖2

L2(Ω)

. ‖f − Au− ∂tu‖L2(0,T ;H∗)

(
‖u− vhτ‖L2(0,T ;H) + ‖uhτ − v‖L2(0,T ;H)

)
+ ‖u− uhτ‖L2(0,T ;H)(‖∂t(u− vhτ )‖L2(0,T ;H∗) + ‖u− vhτ‖L2(0,T ;H))

+
M∑
k=1

∫
Ik

j(u)− j(vhτ ) dt +

∫
Ik

j(uhτ )− j(v) dt,

and applying Cauchy-Schwarz yields the result.

Remark 5.5.3. In order to obtain explicit convergence rates for the discrete solution

we would like to know the regularity of the solutions. In the case of the unconstrained

problem, we know that if f = 0 and u0 ∈ H̃s(Ω), then the solution u ∈ W(0, T ) of

the parabolic problem

∫ T

0

〈∂tu, v〉+ a(u, v) dt =

∫ T

0

〈f, v〉 dt, v ∈ L2(0, T ; H̃s(Ω)), (5.34)

satisfies u ∈ L2(0, T ; H̃s(Ω)∩Hs+`(Ω)), where ` = min{1/2− ε, s}. We refer to [46]

details related to the classical cases.
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The regularity theory of the variational inequalities discussed here is less developed

than for the local elliptic case of the Laplacian. This in particular applies to the

thin obstacle and friction problems, and even for the standard parabolic obstacle

problem regularity is only understood under strong hypotheses [55]. See [42, 218] for

regularity results in the elliptic case and [79] for the challenges of optimal a priori

estimates for the classical Signorini problem.

5.5.2 A posteriori error estimate for variational inequalities

In this section we discuss a posteriori error estimates for the parabolic variational

inequalities in Problems 5.2.3 and 5.2.4. As before, we assume that f as well as the

constraint belongs to the finite element space.

Since a posteriori estimates require the precise formulation of the problem to deter-

mine a fully computable bound, we restrict ourselves to Problems A–D.

We begin by discussing the parabolic obstacle problem. We define the Lagrange

multiplier σ for the parabolic problem in the following fashion as in the elliptic case,

〈σ, v〉 = 〈f, v〉 − a(u, v)− 〈∂tu, v〉, ∀v ∈ L2(0, T ;H). (5.35)

Furthermore, we set the residual rhτ of the parabolic problem in a similar fashion

as for the elliptic problems,

rhτ = f − (−∆)suhτ − ∂tuhτ , (5.36)

and we define σhτ ∈ W̃hτ (0, T ) to be the discrete counterpart of σ given by

〈σhτ , vhτ 〉 = 〈f, vhτ 〉 − a(uhτ , vhτ )− 〈∂tuhτ , vhτ 〉, ∀vhτ ∈ W̃hτ (0, T ). (5.37)

We will restrict ourselves to the discussion of the piecewise constant discretisation

in time. However, generalisation of the arguments follows directly. To this end we

consider a piecewise linear interpolant ũ in time, defined by

ũ(t) = uk+ +
tk − t
τk

(uk− − uk+), (5.38)
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for all t ∈ (tk−1, tk]. This allows us to carry out a similar analysis as in the case of

elliptic variational inequalities. We avoid unnecessary repetition of the arguments

here and present the estimates directly.

Theorem 5.5.4 (Obstacle problem). Let u, uhτ be solutions of Problems 5.2.3 and

5.3.3, respectively, associated to the parabolic version of obstacle problem A. Assume

that f ∈ W̃hτ (0, T ) and χ ∈ Ṽh. Then the following computable abstract error

estimate holds

‖(u− uhτ )(T )‖2
L2(Ω) +

∫ T

0

‖u− uhτ‖2
H̃s(Ω)

+ ‖∂t(u− uhτ )‖2
H−s(Ω) + ‖σ − σhτ‖2

H−s(Ω) dt

. ‖(u− uhτ )(0)‖2
L2(Ω) +

∫ T

0

‖ũhτ − uhτ‖2
H̃s(Ω)

+ ‖rhτ − σhτ‖2
H−s(Ω) dt

−
∫ T

0

〈σhτ , uhτ − χ〉 dt .

(5.39)

Theorem 5.5.5 (Signorini problem). Let u, uhτ be solutions of problems in Prob-

lems 5.2.3 and 5.3.3, respectively, associated to the parabolic version of Signorini

problem B. Assume that f ∈ W̃hτ (0, T ) and g ∈ Ṽh. Then the following computable

abstract error estimate holds

‖(u− uhτ )(T )‖2
L2(Ω) +

∫ T

0

‖u− uhτ‖2
Hs

Γ̃C
(Ω) + ‖∂t(u− uhτ )‖2

H−s(Ω) + ‖σ − σhτ‖2

H−s+
1
2 (Γ̃)

dt

. ‖(u− uhτ )(0)‖2
L2(Ω) +

∫ T

0

‖ũhτ − uhτ‖2
Hs

Γ̃C
(Ω) + ‖rhτ − σhτ‖2

H−s(Ω) dt

−
∫ T

0

〈σhτ , uhτ − g〉 dt .

(5.40)
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Theorem 5.5.6 (Interior friction problem). Let u, uhτ be solutions of Problems 5.2.4

and 5.3.4, respectively, associated to the parabolic version of interior friction prob-

lem C. Assume that f ∈ W̃hτ (0, T ). Then the following computable abstract error

estimate holds

‖(u− uhτ )(T )‖2
L2(Ω) +

∫ T

0

‖u− uhτ‖2
H̃s(Ω)

+ ‖∂t(u− uhτ )‖2
H−s(Ω) + ‖σ − σhτ‖2

H−s(Ω) dt

. ‖(u− uhτ )(0)‖2
L2(Ω) +

∫ T

0

‖ũhτ − uhτ‖2
H̃s(Ω)

+ ‖rhτ − σhτ‖2
H−s(Ω) dt

+

∫ T

0

‖(|σh| − F)+‖2
H−s(Ω) + 〈(|σh| − F)−, |uh|〉

− 〈σh, uh〉+ 〈|σh|, |uh|〉 dt .

(5.41)

Theorem 5.5.7 (Friction problem). Let u, uhτ be solutions of Problems 5.2.4 and

5.3.4, respectively, asssociated to the parabolic version of friction problem D. Assume

that f ∈ W̃hτ (0, T ). Then the following computable abstract error estimate holds

‖(u− uhτ )(T )‖2
L2(Ω) +

∫ T

0

‖u− uhτ‖2
Hs

Γ̃C
(Ω) + ‖∂t(u− uhτ )‖2

H−s(Ω) + ‖σ − σhτ‖2

H−s+
1
2 (Γ̃)

dt

. ‖(u− uhτ )(0)‖2
L2(Ω) +

∫ T

0

‖ũhτ − uhτ‖2
Hs

Γ̃C
(Ω) + ‖rhτ − σhτ‖2

H−s(Ω) dt

+

∫ T

0

‖(|σh| − F)+‖2

H−s+
1
2 (Γ̃)

+ 〈(|σh| − F)−, |uh|Γ̃|〉

− 〈σh, uh|Γ̃〉+ 〈|σh|, |uh|Γ̃|〉 dt .

(5.42)

5.5.3 Mixed formulation of the parabolic problems

Similarly as for the elliptic problem, it proves to be useful to impose the constraint

condition indirectly. Thus we reformulate the variational inequality into a mixed

formulation. The Lagrange multipliers λ provide a measure to what extent is the

equality violated. Note that both Problems 5.2.3 and 5.2.4 are covered by this re-

formulation. We present results for parabolic version of Problems A–D.
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Let f ∈ H∗ and w ∈ H. Let a(·, ·) be the bilinear form associated with the frac-

tional Laplacian and let b(µ, v) be a continuous bilinear form defined analogously as

for the elliptic problems. We define the continuous and discrete mixed formulation

in the following way:

Problem 5.5.8. Find (u, λ) ∈W(0, T )× Λ̃ such that,

a)
∫ T

0
〈∂tu, v〉+ a(u, v) + b(λ, v)dt =

∫ T
0
〈f, v〉dt,

b)
∫ T

0
b(µ− λ, u)dt ≤

∫ T
0
〈µ− λ,w〉dt,

(5.43)

for all v ∈W(0, T ) and µ ∈ Λ̃.

Theorem 5.5.9. Let f ∈ H∗, χ ∈ H̃s(Ω), g ∈ Hs− 1
2 (Γ̃), jS : Hs

0(Ω) → R and

jΓ̃ : Hs
Γ̃
(Ω)→ R be a convex lower semi-continuous functionals defined in (5.2).

Suppose that Λ̃ and w in Problem 5.5.8 is given by:

(i) Λ̃o = {µ ∈W∗(0, T ) : ∀v ∈W(0, T ), v ≤ 0, 〈µ, v〉 ≥ 0 a.e. t ∈ (0, T )}, w = χ,

(ii) Λ̃s = {µ ∈ L2(0, T ;H
1
2
−s(Γ̃)) : ∀v ∈ L2(0, T ;Hs− 1

2 (Γ̃)), v ≤ 0, 〈µ, v〉 ≥ 0, a.e. t ∈ (0, T )}, w = g,

(iii) Λ̃I = {µ ∈W∗(0, T ) : ∀v ∈W(0, T ), 〈µ, v〉 ≤ 〈F , |v|〉 a.e. t ∈ (0, T )}, w = 0,

(iv) Λ̃Γ̃ = {µ ∈ L2(0, T ;H
1
2
−s(Γ̃)) : ∀v ∈ L2(0, T ;Hs− 1

2 (Γ̃)), 〈µ, v〉 ≤ 〈F , |v|〉, a.e. t ∈ (0, T )}, w = 0.

Then the variational inequality formulation in Problem 5.2.3, respectively 5.2.4 is

equivalent to Problem 5.5.8.

In our case, discretisation in time is done by discontinuous Galerkin of order

q = 0 as in the case for variational inequalities. However, the analysis holds for an

arbitrary q with minor adjustments. For extensions of q to higher degree, see [208].
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Find (uτ , λτ ) ∈Wτ (0, T )× Λ̃oτ such that:

M∑
k=1

∫
Ik

〈∂tuτ , vτ 〉+ a(uτ , vτ ) + b(λτ , vτ )dt+
M∑
k=1

〈[uτ ]k−1 , vk−1,+
τ 〉 =

M∑
k=1

∫
Ik

〈f, vτ 〉dt,

(5.44)

M∑
k=1

∫
Ik

b(λτ − µτ , uτ )dt ≤
M∑
k=1

∫
Ik

〈λτ − µτ , uτ 〉dt,

(5.45)

for all uτ ∈ Wτ (0, T ) and µτ ∈ Λ̃oτ , where Λ̃oτ is the time discrete counterpart of

piecewise constant approximations in time of Λ̃o.

Eventhough, one can consider the continuous parabolic problem pointwise, discreti-

sation in time by discontinuous elements introduces additional jump terms which

imply that the semidiscrete formulation cannot be treated pointwise. However, we

can focus on one time step only:

∫
Ik

〈∂tuτ , vτ 〉+ a(uτ , vτ ) + b(λτ , vτ )dt+ 〈[u]k−1 , vk−1,+
τ 〉 =

∫
Ik

〈f, vτ 〉dt.

Note that as before, we can use the definition of BDG(·, ·) to and write the semi-

discrete and discrete problem in the mixed formulation:

Problem 5.5.10. Find (uh, λH) ∈ W̃h(0, T )× Λ̃H such that,

BDG(uh, vh) +

∫ T

0

b(λH , vh) dt =

∫ T

0

〈f, vh〉 dt, (5.46)

∫ T

0

b(λH − µH , uh)dt ≤
∫ T

0

〈λH − µH , wh〉dt, (5.47)

for the fully discrete problem for all vh ∈ W̃h(0, T ) and µH ∈ Λ̃H .

Problem 5.5.11 (Discrete mixed formulation). Find (uhτ , λHτ ) ∈ W̃hτ (0, T )× Λ̃Hτ
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such that,

BDG(uhτ , vhτ ) +
M∑
k=1

∫
Ik

b(λHτ , vhτ ) dt +
M∑
k=1

〈[uhτ ]k−1 , vk−1,+
hτ 〉 =

M∑
k=1

∫
Ik

〈f, vhτ 〉 dt,

(5.48)

M∑
k=1

∫
Ik

b(λHτ − µHτ , uhτ )dt ≤
M∑
k=1

∫
Ik

〈λHτ − µHτ , whτ 〉dt,

(5.49)

for the fully discrete problem for all vhτ ∈ W̃hτ (0, T ) and µHτ ∈ Λ̃Hτ .

Remark 5.5.12. For problems A–D the corresponding Λ̃Hτ and w in Problem 5.5.11

are given by:

(i) Λ̃oHτ = {µHτ ∈MHτ : µHτ ≤ 0 a.e. t ∈ (0, T )}, w = χ,

(ii) Λ̃sHτ = {µHτ ∈MΓ̃

Hτ : µHτ ≤ 0 a.e. t ∈ (0, T )}, w = g,

(iii) Λ̃IHτ = {µHτ ∈MHτ : |µHτ | ≤ F a.e. t ∈ (0, T )}, w = 0,

(iv) Λ̃Γ̃Hτ = {µHτ ∈MΓ̃

Hτ : |µHτ | ≤ F a.e. t ∈ (0, T )}, w = 0.

5.5.4 A priori estimates for mixed formulations

We turn our attention to the parabolic mixed problem. In order to avoid unnec-

essary repetition, we denote Λ̃o, Λ̃s, Λ̃I , Λ̃Γ̃ by Λ̃ as well as their respective semi-

discrete and discrete counterparts by Λ̃H , Λ̃τ , and Λ̃Hτ . The results are presented

for problems with the constraint imposed in the domain only. The arguments for

thin problems follow directly.

Note that standard DG theory applies and we can introduce the following result.

See for example [230].
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Lemma 5.5.13. Let (uh, λH), (uhτ , λHτ ) be solutions to Problems 5.5.10 and 5.5.11,

respectively. Then

‖uh(T )−uMhτ‖2
L2(Ω)+

∫ T

0

‖uh−uhτ‖2
Hdt .

M∑
k=1

τ 2q
k

∫
Ik

‖∂qt uh‖2
Hdt+

M∑
k=1

∫
Ik

‖λH−λHτ‖2
H∗dt.

Proof. Let ũ(t, ·) be an interpolant in time of degree q of uh(t, ·) such that

ũ(tk, ·) = uh(tk, ·), ∀ k,∫
Ik

(ũ(t, ·)− uh(t, ·))t` dt = 0, for ` ≤ q − 2.

By standard arguments for all t ∈ Ik,

‖ũ(t, ·)− uh(t, ·)‖2
L2(Ω) ≤ Cτ 2q−1

k

∫
Ik

‖∂qt uh‖2
H dt . (5.50)

Writing uh − uhτ = (uh − ũ) + (ũ− uhτ ) = e1 + e2, we note that

‖e1‖2
L2(Ω) ≤ C

M∑
k=1

τ 2q−1
k

∫
Ik

‖∂qt uh‖2
H dt . (5.51)

Therefore, we only need to establish a bound on e2. By modified Galerkin orthogo-

nality for suitable v,

∫
Ik

(∂te2, v) + a(e2, v) + b(λ− λτ , v) dt +([e2]k−1 , vk−1,+) = (5.52)

−
∫
Ik

(∂te1, v) + a(e1, v) dt−([e1]k−1, vk−1,+). (5.53)

Since for all v ∈ W̃hτ (0, T ),

∫
Ik

(∂t e1, v) dt +([e1]k−1, vk−1,+) = 0,

the equation (5.52) becomes

∫
Ik

(∂te2, v) + a(e2, v) + b(λ− λτ , v) dt +([e2]k−1 , vk−1,+) = −
∫
Ik

a(e1, v) dt .
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Furthermore, note that

2

∫
Ik

(∂t e2, e2) dt +2([e2]k−1, ek−1,+
2 ) = ‖ek2‖2

L2(Ω) − ‖e
k−1,+
2 ‖2

L2(Ω)

+ 2‖ek−1,+
2 ‖2

L2(Ω) − 2(ek−1
2 , ek−1,+

2 )

≥ ‖ek2‖2
L2(Ω) − ‖ek−1

2 ‖2
L2(Ω).

Thus,

‖ek2‖2
L2(Ω) − ‖ek−1

2 ‖2
L2(Ω) + 2

∫
Ik

a(e2, e2) + b(λH − λHτ , e2) dt ≤ 2

∫
Ik

|a(e1, e2)| dt,

and by iterating through the time intervals,

‖eM2 ‖2
L2(Ω)+2

M∑
k=0

∫
Ik

a(e2, e2) dt ≤ ‖e0
2‖2
L2(Ω)+2

M∑
k=0

∫
Ik

|a(e1, e2)|+b(λHτ−λH , e2) dt .

Using coercivity and continuity of bilinear forms

‖eM2 ‖2
L2(Ω) +

M∑
k=0

∫
Ik

‖e2‖2
H dt

. ‖e0
2‖2
L2(Ω) +

M∑
k=0

∫
Ik

‖e1‖2
H + ‖e2‖2

H + ‖λHτ − λH‖2
H∗ + ‖e2‖2

H dt .

Thus,

‖eM2 ‖2
L2(Ω) +

∫ T

0

‖e2‖2
L2(Ω) dt .

∫ T

0

‖e1‖2
H dt +

∫ T

0

‖λH − λHτ‖2
H∗ dt .

The conclusion follows from the triangle inequality and estimate (5.51).
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Lemma 5.5.14. Let (u, λ) and (uh, λH) be solutions of Problems 5.5.8 and 5.5.10,

respectively. Then,

‖(u− uh)(T )‖2
L2(Ω) + ‖u− uh‖2

L2(0,T ;H)

. ‖∂t(u− vh)‖2
L2(0,T ;H∗) + ‖u− vh‖2

L2(0,T ;H)

+ ‖λ− λH‖2
L2(0,T ;H∗) + ‖λ− µH‖2

L2(0,T ;H∗)

−
∫ T

0

b(µH − λ, u)− 〈µH − λ,w〉 dt

−
∫ T

0

b(µ− λH , u)− 〈µ− λH , w〉 dt,

for all (vh, µH) ∈Wh(0, T )× Λ̃H , where Λ̃H is the corresponding semidiscrete space

related to Problems A–D.
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Proof. By coercivity of the bilinear form BDG(·, ·),

‖u− uh‖2
L2(0,T ;H) . BDG(u− uh, u− uh) +

∫ T

0

b(λ− λH , u− uh) dt

−
∫ T

0

b(λ− λH , u− uh) dt

= BDG(u− uh, u− vh) +

∫ T

0

b(λ− λH , u− vh) dt

−
∫ T

0

b(λ− λH , u− uh) dt

≤ BDG(u− uh, u− vh) +

∫ T

0

b(λ− λH , u− vh) dt

−
∫ T

0

b(µ− λH , u) dt−
∫ T

0

b(µH − λ, uh) dt

+

∫ T

0

〈µ− λH , w〉 dt +

∫ T

0

〈µH − λ,w〉 dt

= BDG(u− uh, u− vh) +

∫ T

0

b(λ− λH , u− vh) dt

+

∫ T

0

b(µH − λ, u− uh) dt−
∫ T

0

b(µ− λH , u) dt

−
∫ T

0

b(µH − λ, u) dt +

∫ T

0

〈µ− λH , w〉 dt +

∫ T

0

〈µH − λ,w〉 dt,

where we have used the constraint on b(·, ·). Then integration by parts in time for

the bilinear form BDG(·, ·) yields the result.

Remark 5.5.15. Let U be a fully discrete solution of degree q in time. Then there

exists a piecewise polynomial function U ∈ W(0, T ) of degree q + 1 such that it

interpolates U at the local points,

U(τ jk) = U(tjk), for all j = 1, . . . , q + 1. (5.54)
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Furthermore, imposing continuity gives

U(tk−1) = U−k−1. (5.55)

Thus U is uniquely defined as

U|Ik :=

q+1∑
j=0

Lj
(
t− tk−1

τk

)
U(tjk), (5.56)

where Lj are Lagrange polynomials. Then from integration by parts in time, observe

that (5.44) is equivalent to

∑
k

∫
Ik

〈∂tU , V 〉+ a(U, V ) + b(Λ, V ) dt =
∑
k

∫
Ik

〈f, V 〉 dt, (5.57)

where V is a piecewise polynomial function of degree q in time.

Lemma 5.5.16. Let (u, λ), (uhτ , λHτ ) be solutions of Problems 5.5.8 and 5.5.11,

respectively. Under the assumption that the discrete inf-sup condition holds,

‖λ−λHτ‖2
L2(0,T ;H∗) . ‖λ−µHτ‖2

L2(0,T ;H∗) +‖u−uhτ‖2
L2(0,T ;H) +‖∂t(u−uhτ )‖2

L2(0,T ;H∗),

for all µHτ ∈ Λ̃Hτ .

Proof. By Remark 5.5.15 we consider the bilinear form pointwise in time using

interpolant U . Then,

b(µHτ − λHτ , vhτ ) = b(µHτ , vhτ )− b(λHτ , vhτ )

= b(µHτ , vhτ ) + 〈∂tU , vhτ 〉+ a(uhτ , vhτ )− 〈f, vhτ 〉

= b(µHτ − λ, vhτ ) + ∂t(U − u), vhτ 〉+ a(uhτ − u, vhτ )

. (‖µHτ − λ‖H∗ + ‖∂t(U − uhτ )‖H∗

+‖∂t(u− uhτ )‖H∗ + ‖u− uhτ‖H) ‖vhτ‖H .

Using standard approximation properties, the discrete inf-sup condition and inte-

grating in time yields the desired result.
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5.5.5 A posteriori analysis of mixed formulation

Similarly as in the case of the elliptic mixed problem, we begin by estimating the

error of the approximate and exact solution in the energy norm. We begin by

pointing out an estimate for the bilinear form from [186].

Lemma 5.5.17. Let a(·, ·) be a continuous and coercive bilinear form. Then,

a(u− v, w − v) ≥ α

4

(
‖u− v‖2 + ‖w − v‖2

)
− C

2
‖u− w‖2.

Proof. Since a(·, ·) is coercive

0 ≤ a(u− v, u− v) + a(w − v, w − v)

= a(u− v, 2w − u− v) + a(w − v, 2u− v − w) + 2a(u− w, u− w)

= 4a(u− v, w − v)− a(u− v, u− v)− a(w − v, w − v) + 2a(u− w, u− w)

≤ 4a(u− v, w − v)− α‖u− v‖2 − α‖v − w‖2 + 2C‖u− w‖2

where we used the coercivity and continuity of the bilinear form.

Theorem 5.5.18. Let (u, λ), (uhτ , λHτ ) be solutions of Problems 5.5.8 and 5.5.11,

respectively. Furthermore, let U be interpolant of uhτ defined in Remark 5.5.15. Let

rhτ = f − ∂tU − (−∆)suhτ . Then,

‖(u− U)(T )‖2
L2(Ω) +

M∑
k=1

∫
Ik

‖∂t(u− U) + (λ− λHτ )‖2
H∗ + ‖u− U‖2

H + ‖u− uhτ‖2
H dt

. ‖(u− U)(0)‖2
L2(Ω) +

M∑
k=1

∫
Ik

b(λHτ − λ, u− U) dt

+
M∑
k=1

∫
Ik

‖rhτ − λHτ‖2
H∗ + ‖uhτ − U‖2

H dt .

Proof. We note that for all v ∈ H,

〈rh, v〉 − b(λHτ , v) = 〈∂t(u− U , v〉+ a(u− uh, v) + b(λ− λHτ , v). (5.58)

150



Chapter 5: Space-time adaptive finite elements for nonlocal parabolic variational
inequalities

By choosing v = u− U we obtain

1

2

d

dt
‖u− U‖2

L2(Ω) + a(u− uhτ , u− U) = 〈rh − λHτ , u− U〉+ b(λHτ − λ, u− U).

Using the estimate from Lemma 5.5.17, we obtain

1

2

d

dt
‖u− U‖2

L2(Ω) +
α

4

(
‖u− v‖2

H + ‖w − v‖2
H

)
≤ C

2
‖u− w‖2

H + 〈rh − λHτ , u− U〉+ b(λHτ − λ, u− U).

Additionally, using (5.58) and continuity of the bilinear pairs gives

‖∂t(u− U) + (λ− λHτ )‖2
H∗ . ‖rh − λHτ‖2

H∗ + ‖u− uhτ‖2
H .

Combining these estimates and integrating in time yields the result.

Remark 5.5.19. We note that the last term is not yet computable. For a specific

problem, we use different estimates dependent on the precise formulation of the

problem. As an example of treatment of such term see [28] for contact problems.

Noting that the integration in time over time does not introduce any additional

issues we can treat the b(·, ·) terms is similar as in the case of the elliptic problems

and only then integrate in time. Therefore, in order to avoid repetition, we refer the

reader to Lemma 5.4.21 and only state the resulting computable error estimates for

the b(·, ·) term.

Lemma 5.5.20. Let (u, λ), (uhτ , λHτ ) be solutions of Problems 5.5.8 and 5.5.11,

respectively, associated with problem A–D. Suppose that Λ̃Hτ ⊂ Λ̃. Then, for the
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respective problems,

(i)
M∑
k=1

∫
Ik

b(λHτ − λ, u− U) dt ≤
M∑
k=1

∫
Ik

b(λHτ , χ− U) dt,

(ii)
M∑
k=1

∫
Ik

b(λHτ − λ, u− U) dt ≤
M∑
k=1

∫
Ik

b(λHτ , g − U) dt,

(iii)
M∑
k=1

∫
Ik

b(λHτ − λ, u− U) dt ≤‖(|λHτ | − F)+‖L2(0,T ;H−s(S))‖u− U‖L2(0,T ;H̃s(S))

−
M∑
k=1

∫
Ik

b((|λHτ | − F)−, |U|) + b(|λHτ |, |U|)− b(λHτ ,U) dt,

(iv)
M∑
k=1

∫
Ik

b(λHτ − λ, u− U) dt ≤‖(|λHτ | − F)+‖L2(0,T ;H1/2−s(Γ̃))‖u− U‖L2(0,T ;Hs−1/2(Γ̃))

−
M∑
k=1

∫
Ik

b((|λHτ | − F)−, |U|) + b(|λHτ |, |U|)− b(λHτ ,U) dt .

for the parabolic version of problems A–D, respectively.

Remark 5.5.21. As the discrete constraint λHτ is imposed on a coarser mesh, in

order to simplify the implementation, it would be useful to be able to impose λHτ

on the same mesh as the solution uhτ . To this end one could try to attack this

problem using stabilization techniques as discussed for example in [31].

5.6 Algorithmic aspects

In this section we address the implementation of the bilinear form a(·, ·) associated

with the fractional Laplacian, an Uzawa algorithm for the solution of the variational

inequality, as well as adaptive mesh refinement procedures.

Recall that in the nodal basis {ϕi} of Ṽh the stiffness matrix K = (Kij) is given by

Kij = a(ϕi, ϕj) = cn,s

∫∫
Rn×Rn

(ϕi(x)− ϕi(y))(ϕj(x)− ϕj(y))

|x− y|n+2s
dy dx .

Details of implementation of the bilinear form are outlined in Chapter 1.

In order to solve problems associated to the mixed formulation of variational in-
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equalities, we use an Uzawa algorithm similar to [108]. Let PΛH be the orthogonal

projection onto ΛH . In practice we choose H = 2h; stabilized methods with H = h

will be the content of future work.

Algorithm C (Uzawa). Inputs: Choose λ0
H ∈ ΛH .

1. For n ≥ 0 find unh ∈ Ṽh such that

a(unh, vh) + b(λnH , vh) = 〈f, vh〉

for all vh ∈ Ṽh.

2. For appropriately chosen ρ > 0 set

λn+1
H = PΛ(λnH + ρ(Bunh − g))

3. Repeat 1. and 2. until convergence criterion is satisfied.

Output: Solution (un+1
h , λn+1

h ).

Note that for the time-dependent problems, f involves information from the previ-

ous time step.

Because the bilinear form a is coercive with coercivity constant α, a standard

argument shows that the Uzawa algorithm converges for 0 < ρ < 2α. See, for exam-

ple, Lemma 22 in [109]. The optimal choice for the parameter ρ is 2
λmax+λmin

, where

λmax, λmin correspond to the largest, respectively smallest eigenvalues of BA−1BT ,

and this value for ρ is used in the numerical experiments below.

The adaptive algorithm follows the established sequence of steps:

SOLVE→ ESTIMATE→ MARK→ REFINE.

The precise algorithm for time-independent problems is given as follows:

Algorithm D (Adaptive algorithm 1). Inputs: Spatial meshes Th and TH , refine-

ment parameter θ ∈ (0, 1), tolerance ε > 0, data f .

1. Solve problem 5.4.15, for (uh, λH) on Th × TH .
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2. Compute error indicators η(∆) in each triangle ∆ ∈ T .

3. Find ηmax = max∆ η(∆).

4. Stop if
∑

i η(∆i) ≤ ε.

5. Mark all ∆ with η(∆i) > θηmax.

6. Refine each marked triangle to obtain new mesh Th.

7. Repeat until convergence criterion is satisfied.

Output: Solution (uh, λH).

Here, we define the local error indicators η(∆) for all elements ∆ using the right

hand side of the a posteriori estimate of Theorem 5.4.20. We approximate the dual

norm ‖µH‖H−α by the scaled L2-norm Hα‖µH‖L2 as well as ‖vh‖Hα by h−α‖vh‖L2

for α > 0, as standard for boundary element methods [28]:

η(∆)2 =
∑

Si∩∆ 6=∅
i/∈Ch

h2s
i ‖(rh − λH − r̄h + λ̄H)ϕi‖2

L2(Si)
+ b(λH − λ, u− uh) .

Here, r̄h =

∫
Si
rhϕi∫

Si
ϕi

for the interior nodes i ∈ Ph, and r̄h = 0 otherwise. Similarly,

λ̄H =

∫
Si
λHϕi∫
Si
ϕi

for the interior nodes i ∈ Ph, and λ̄H = 0 otherwise. The bilinear

form b is estimated using Lemma 5.4.21 for the given problem. All integrals are

evaluated using a numerical Gauss-Legendre quadrature. Note that we can use the

local error indicators in this form for s ∈ (0, 3/4) as discussed in Lemma 5.4.22.

An algorithm for time-dependent problems is given by:

Algorithm E (Adaptive algorithm 2). Inputs: Space-time meshes Sh = Th×
⋃
k Ik

and SH = TH ×
⋃
k Ik, refinement parameter θ ∈ (0, 1), tolerance ε > 0, data f, u0.

1. Solve the problem 5.5.11, for (uhτ , λHτ ) on Sh × SH .

2. Compute error indicators η(∆) in each space-time prism ∆ ∈ Sh.

3. Find ηmax = max∆ η(∆).

4. Stop if
∑

i η(∆i) ≤ ε.

5. Mark all ∆ with η(∆i) > θηmax.

6. Refine each marked space-time prism to obtain new mesh Sh, keeping τ
h2s fixed.

7. Repeat until convergence criterion is satisfied.

Output: Solution (uhτ , λHτ ).
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The error indicators η(∆) are evaluated analogous to the time-independent case,

using the right hand side of Theorem 5.5.18 and Lemma 5.5.20 to estimate the

bilinear form b for the given problem:

η(∆)2 =
∑

Si∩∆ 6=∅
i/∈Ch

(
M∑
k=1

τkh
2s
i ‖rhτ − λHτ − r̄hτ + λ̄Hτ‖2

L2(Si)
+ τkh

−2s
i ‖ukhτ − uk−1

hτ ‖
2
L2(Si)

+‖(u− U)(0)‖2
L2(Si)

+
M∑
k=1

τk b(λHτ − λ, u− U)

)
.

Note that we can use the local error indicators in this form for s ∈ (0, 3/4) as

discussed in Lemma 5.4.22.

Remark 5.6.1. Special attention has to be paid to evaluation of (−∆)suh, which is a

part of the residual rh. Pointwise values can be computed at the quadrature points

of an appropriate quadrature rule, see [9]. Evaluation of the negative Sobolev norm

in the a posteriori estimates is done by localization of the norm and extraction of

powers of h see [59, 188].

5.7 Numerical results

This section illustrates the a posteriori error estimates from Theorem 5.4.20 and

5.5.18 and shows the efficiency of the resulting adaptive mesh refinements from Al-

gorithms D and E.

5.7.1 Time-independent problems

Before doing so, we consider as a reference the fractional Laplace equation.

(−∆)su = f in Ω. (5.59)

u = 0 in ΩC . (5.60)
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Figure 5.1: Solution uh of the fractional Laplace equation with s = 0.5 on graded
meshes.

Its weak formulation reads:

Find u ∈ H̃s(Ω) such that

a(u, v) =

∫
Ω

fvdx, (5.61)

for all v ∈ H̃s(Ω).

Example 5.7.1. We consider the fractional Laplace equation (5.59) in Ω = B with

s = 0.5 and f = 1. The exact solution is given by u(x) = (1− |x|2)s+. We compare

the solution to the Galerkin solution to (5.61) by piecewise linear finite elements

on uniform, graded, and adaptively refined meshes to the exact solution. Figure

5.1 shows the numerical solution on a 2-graded mesh. Figure 5.2 plots the error in

the Hs(Ω) norm for the different meshes in terms of the degrees of freedom. The

rate of convergence in terms of degrees of freedom is −0.252 for uniform meshes,

−0.540 for 2-graded meshes, and −0.510 for adaptively generated meshes. This

corresponds to a convergence rate of 0.504 (uniform), 1.08 (2-graded), respectively

1.02 (adaptive), in terms of the mesh size h. For the uniform and graded meshes this

is in agreement with the theoretically predicted rates of 0.5 (uniform) and 1.0 (2-

graded), respectively. For the adaptive algorithm it agrees with the rates observed

for integral operators in stationary and time-dependent problems [6, 59].

We now consider an elliptic obstacle problem:
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Figure 5.2: Error in the energy norm for the fractional Laplace equation with s = 0.5.

Example 5.7.2. We consider the mixed formulation of the fractional obstacle Prob-

lem 5.4.13 in Ω = B with s = 0.5, f = 1 and obstacle χ depicted in Figure 5.3.

We compare the Galerkin solution to (5.4.15) by piecewise linear finite elements

on uniform, graded, and adaptively refined meshes with a benchmark solution on

an adaptively generated mesh with 237182 degrees of freedom. Figures 5.4 and

5.5 show the numerical solutions on a uniform and on an adaptively refined mesh,

respectively. Note that due to the strong boundary singularity of the solution the

adaptive refinement is particularly strong near the boundary, as well as near the free

boundary. This observation underlines the recent analysis of the obstacle problem

in [42]. Figure 5.7 shows the error in the Hs(Ω) norm for the different meshes in

terms of the degrees of freedom. The error indicators capture the slope of the error

in the adaptive procedure, indicating the efficiency and reliability of the a posteriori

error estimates. The rate of convergence in terms of degrees of freedom is −0.245 for

uniform meshes, −0.498 for 2-graded meshes, and −0.363 for adaptively generated

meshes. This corresponds to a convergence rate of 0.490 (uniform), 0.996 (2-graded)

in terms of the mesh size h. We note that the graded meshes double the convergence

rate of the uniform meshes, as has been recently discussed in [42] for the obstacle

problem. Figure 5.6 depicts the 1, 3, 8 and 15th mesh created by the adaptive

algorithm. They show strong refinement near the boundaries, as well as refinement

near the contact boundary.

Remark 5.7.3. Algebraically graded meshes are known to lead to quasioptimal con-

vergence rates for the boundary singularities near the Dirichlet boundary. However,
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Figure 5.3: Obstacle χ for the elliptic and parabolic obstacle problem.

for large grading parameter their accuracy for integral equations is often limited by

floating point errors, and related works consider 2-graded meshes [6]. Furthermore,

graded meshes do not refine near the free boundary, which becomes relevant for the

absolute size of the error as in Figures 5.11 and 5.13, even if not for the convergence

rate.

On the other hand, the flexibility of adaptive meshes in complex geometries proves

useful in applications. Adaptively generated meshes moreover resolve space-time in-

homogeneities and singularities of solutions, as seen in Figures 5.11 and 5.13. Even

though adaptive meshes are locally quasi-uniform, the associated convergence rates

can be slower than for the anisotropic graded meshes, which involve arbitrarily thin

triangles near the boundary. A heuristic explanation for the substantially higher

rates of anisotropic graded meshes can be found in [59].

Example 5.7.4. We consider the mixed formulation of the fractional friction problem

(5.4.13) in Ω = B, with s = 0.6 and f = 1. We compare the Galerkin solution

to (5.4.15) by piecewise linear finite elements on uniform, graded, and adaptively

refined meshes with a benchmark solution on an adaptively generated mesh with

228140 degrees of freedom. Figure 5.8 displays the solution of the friction problem.

Note that the Lagrange multiplier is discontinuous in places where u changes sign.

Figure 5.9 shows the error in the Hs(Ω) norm for different meshes in terms of

the degrees of freedom. The rate of convergence in terms of degrees of freedom is

158



Chapter 5: Space-time adaptive finite elements for nonlocal parabolic variational
inequalities

0

1

0.2

0.4

0.5 1

0.6

0.5

0.8

0

0

1

-0.5
-0.5

-1 -1

Figure 5.4: Solution uh of Example 5.7.2 on uniform mesh.

Figure 5.5: Solution uh of Example 5.7.2 using adaptive mesh refinement.

Figure 5.6: Adaptively refined meshes for Example 5.7.2 after 0, 2, 7, 14 refine-
ments.
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Figure 5.7: Error in the energy norm for the variational inequality in Example 5.7.2.

Figure 5.8: Solution uh (left) and λH (right) of Example 5.7.4 on a mesh with 142719
degrees of freedom.

−0.220 for uniform meshes, −0.454 for 2-graded meshes, and −0.429 for adaptively

generated meshes. This corresponds to a convergence rate of 0.440 (uniform), 0.908

(2-graded) in terms of the mesh size h.

5.7.2 Dynamic contact problems

In order to keep τ
h2s fixed, we choose the time step τ ≈ h2s for uniform meshes,

τ ≈ 0.5h2s
max for graded meshes, and local time steps τ ≈ h2s for adaptively generated

meshes. We first consider a parabolic obstacle problem:

Example 5.7.5. We consider the mixed formulation of the fractional obstacle prob-

lem (5.5.8) in Ω = B, with s = 0.5, f = 0, and two different initial conditions

u0 = 1, ũ0 = 2. We set T = 1, and the obstacle χ is defined as in Example 5.7.2
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Figure 5.9: Error in the energy norm for the variational inequality in Example 5.7.4.

and depicted in Figure 5.3. We compare the Galerkin solution to (5.5.11) by piece-

wise linear finite elements on uniform, graded and adaptively refined meshes with

a benchmark solution on an adaptively generated mesh with 29894663 degrees of

freedom. Figure 5.10 displays the solution of the obstacle problem at time T = 1 on

an adaptively refined mesh. Figure 5.13 shows the error in the Hs(Ω) norm for dif-

ferent meshes in terms of the number of degrees of freedom. Again error indicators

capture the slope of the error in the adaptive procedure. The rate of convergence

in terms of number of degrees of freedom is −0.173 for uniform meshes, −0.325 for

2-graded meshes, and −0.319 for adaptively generated meshes. This corresponds to

a convergence rate of 0.519 (uniform), 0.975 (2-graded) in terms of the mesh size h.

Figure 5.12 depicts the slices at t = 0, 0.4, 0.8, 1 of the meshes 3, 8, 15 created by

the adaptive algorithm. They show strong refinement near the boundaries, as well as

refinement near the contact boundary. Figure 5.11 shows the error indicators of the

adaptive algorithm in time for several iterations with the initial condition ũ0 = 2.

While for the initial condition u0 = 1 the contact with the obstacle is present from

time t = 0, for initial condition ũ0 the solution first touches the obstacle at time

t ≈ 0.5. The error increases rapidly at the time of first contact with the obstacle.

After several iterations the adaptive algorithm equilibrates the error in space and

time by refinements of space-time mesh, as shown in Figure 5.11.

Like for the elliptic problems, we note that the convergence closely mirrors the

theoretical convergence rates [42].
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Figure 5.10: Solution uhτ of the parabolic obstacle problem from Example 5.7.5 at
T = 1.
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Figure 5.11: Error indicators of adaptively refined meshes in time with the initial
condition given by ũ0.

We finally consider a parabolic interior friction problem:

Example 5.7.6. We consider the mixed formulation of the interior fractional friction

problem (5.5.8) in Ω = B, with s = 0.6, f = 0, u0 = (|x| − 1)(|x| − 0.6), T = 1, and

F = 0.1 in the whole domain Ω. We compare the Galerkin solution to (5.5.11) by

piecewise linear finite elements on uniform, graded and adaptively refined meshes

with a benchmark solution on an adaptively generated mesh with 29366872 degrees

of freedom. Figure 5.14 shows the numerical solution of the problem at times t =

0, 0.2, 0.4, 0.8. Figure 5.15 shows the error in the Hs(Ω) norm for different meshes in

terms of the degrees of freedom. The error indicators capture the slope of the error

in the adaptive procedure. The rate of convergence in terms of degrees of freedom is
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(a) (b) (c)

Figure 5.12: Adaptively refined meshes for Example 5.7.5 after 3, 8, 15 refinements
at t = 0, 0.4, 0.8, 1, from bottom to top, respectively.
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Figure 5.13: Error in the energy norm for the variational inequality in Example 5.7.5.

−0.156 for uniform meshes, −0.322 for 2-graded meshes, and −0.323 for adaptively

generated meshes. This corresponds to a convergence rate of 0.499 (uniform), 1.030

(2-graded) in terms of the mesh size h. The free boundary, where λ is discontinuous,

moves out of the domain as time evolves.
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(a) t = 0 (b) t = 0.2

(c) t = 0.4 (d) t = 0.8

Figure 5.14: Solution (uhτ , λHτ ) of the interior friction problem from Example 5.7.6
at times t = 0, 0.2, 0.4, 0.8 on a mesh with 139905 degrees of freedom.
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Figure 5.15: Error in the energy norm for the friction problem from Example 5.7.6.
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Chapter 6

Modelling of space-time fractional

diffusion in biological systems

All my life through, the new sights of Nature made me

rejoice like a child.

Marie Sk lodowska Currie
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6.1 Introduction

Modelling biological movement has received significant attention, with a large body

of work devoted to deriving macroscopic (PDE) equations for the mean behaviour

of some underlying microscopic movement model. A common description assumes

movement follows a velocity-jump random walk, an alternating sequence of runs

(movement with a fixed velocity) and reorientations (choosing a new velocity). When

the movement is subject to an external bias, such as a chemical attractant, a series of

studies dating to Patlak [196] has generated solid understanding on how microscopic

detail translates into a diffusion-advection type equation. [33, 192] Many derivations

follow a fairly standard set of assumptions on individual behaviour, such as negligible

waiting times between jumps and that the distribution of runtimes follows a Poisson

distribution, as observed for classic studies on cells such as E. coli. [34] Under these

assumptions, the macroscopic diffusion is of classic Fickian form.

Yet these assumptions do not apply universally, such as when searching for

sparsely distributed targets. Recent years have witnessed reports on the tendency

towards long-range diffusion, where a particle’s motion follows the characteristics of

a Lévy flight: occasional non-localised flights that interrupt local movements. Intu-

itively, the probability of remaining stuck in non-productive regions decreases and

the mean time taken to find rare targets is reduced. Non-Brownian search strategies

have been reported for microorganisms, including E. coli [152] and Dictyostelium,

[159] immune cells, [127] and large organisms (e.g. mussels, [71] marine predators

[142, 219] and monkeys [205]). The natural strategies have been adopted for robots.

[153]

Motivated by the movements of immune cells in chronically infected brain tissue,

[127] here we derive the macroscopic model for a microscopic velocity-jump random

walk (Section 6.3) in which both the runtime distance and waiting time between re-

orientations follow long-tail (approximate Lévy) distributions. The delay is the key

new ingredient from a modelling perspective, observed in experiments. [127, 179] We

derive the appropriate kinetic-transport equation, where the collision term describes

the nonlocal motion. Solving an equation for the resting population introduces a

nonlocal delay in time for the moving population and, via a perturbation argument

and appropriate space/time scaling, obtain the following nonlocal equation for the
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population density (utot):

C
t D

κutot = ∇ ·
(
Cα,κ∇α−1utot

)
. (6.1)

In the above, Ct D
κ is the fractional time derivative in the sense of Caputo, κ ∈ (0, 1),

while ∇α−1 denotes a fractional gradient for α ∈ (1, 2), see the Definition in 6.8.2.

In the physical regime α
κ
∈ [1, 2]: this ranges from ballistic motion for α = κ = 1,

with a resulting fractional heat equation governed by a Lévy process, to standard

diffusion for α = 2, κ = 1. The population is governed by a diffusion term with

coefficient Cα,κ that represents a random component to motility. As described in

greater detail below, experimental data on immune cell movements lead to α = 1.15

and κ = 0.7. [127] While our approach is often applied in the context of chemotaxis,

it is noted that (6.1) does not contain a chemotactic component; this is in agreement

with [127] where the immune cells do not appear to exhibit directional migration on

the experimental time/length scales.

The simple structure of Eq. (6.1) allows analytic insights not directly visible from

the microscopic model. In particular, in Section 6.5.1 we explicitly write down the

fundamental solution in Rd and, as direct applications, we discuss hitting and mean

first passage times. Numerical experiments are presented in Section 6.6, allowing

efficient quantitative description and a basis for parametric studies into immune cell

search strategies.

6.2 Background and data

Toxoplasma gondii (T. gondii) is a species-crossing parasitic pathogen [37] with

high seroprevalence in humans. Acute infection is followed by chronic infection,

with the parasite taking up lifetime residence in the host’s central nervous system

(CNS). While regarded as generally symptomless, infected individuals with compro-

mised immune systems are at greater risk of life-threatening recurrence and chronic

infection has also been linked to altered neurological behaviour. [195] Long term

immunity and control of chronic T. gondii infection primarily relies on CD8+ T cells,

[143] which continuously search for and eliminate infected cells through contact. A

recent study of CD8+ dynamics in infected brain tissue has revealed a number of
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insights into their chemical control and movement patterns. [127] At a chemical

level, the CXCL10/CXCR3 chemokine signalling system controls both the initial re-

cruitment and subsequent maintenance of a CD8+ population [127]: anti-CXCL10

treatments lower the resident population of T cells and increase parasite densities.

Further, CXCL10 appears to act as a chemokinetic agent during the chronic phase,

with anti-CXCL10 treatment reducing average cell velocities. [127]
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Figure 6.1: Reproduction of CD8+ T cell tracking data in [127], indicating gener-
alized Lévy diffusive behaviour in the central nervous system. (a) mean squared
distance for CD8+ T cells in control tissue (blue) and two treatments that impact
on chemokine signalling (mice treated with anti-CXCL10 antibodies, red, and mice
treated with PTX, a chemokine signalling inhibitor, black). (b) Spatial scaling factor
of the self-similar diffusion.

Analyses of CD8+ T cell tracks in [127] suggests that they follow a generalised

Lévy walk. We reproduce the mean squared distances showing superdiffusive be-

haviour (〈x2〉 ∼ t1.4) in Figure 6.1a. Yet, dependence of the spatial scaling on time

(Figure 6.1b) is inconsistent with a Lévy walk in the absence of waiting times. In

[127] various models for T cell migration are examined, including random walks,

persistent random walks and Lévy walks, with the conclusion that the experimental

results are best described by a generalized Lévy walk. The microscopic description

is as follows: (1) cells make straight runs with fixed velocity but random orientation,

where the run distance is chosen randomly from a Lévy distribution (Lµ(`) ∼ `−µ)

with exponent µrun = 2.15; (2) following each run, cells pause for a time that is

also distributed according to a Lévy distribution with exponent µpause = 1.7. Lévy

distributions for the distance ` and times τ are drawn from the following expressions

Zµ =
sin((µ− 1)X)

(cosX)1/(µ−1)

(
cos((2− µ)X)

Y

)(2−µ)/(µ−1)
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where X is a uniform random variable on the interval [−π/2, π/2] and Y = − lnX ′

with X ′ a uniform random variable on the interval [0, 1] [127]. For runs, once a

distance ` is chosen, the walker moves in a randomly chosen direction for a time

`/v, where v is the velocity of the walker. For pauses, once a time τ is chosen, the

walker remains stationary for that length of time.

While anti-CXCL10 treatments reduce CD8+ T cell speed and/or increase pauses,

other migration statistics of the T cells remain the same: µrun = 2.15 and µpause =

1.7, as in the control case. Thus, CXCL10 appears to operate as a chemokinetic

agent through increasing the rate at which patrolling CD8+ T cells encounter their

sparsely distributed targets, with CXCL10 (and other chemokines) shortening cap-

ture time through faster movement speeds. [127]

6.3 Microscopic model description

We model a population of CD8+ T cells moving in a medium in Rn. It is noted

that for the experimental system of [127], the resident T cell population numbers

somewhere between 300, 000 and 450, 000 across a volume of 3.2 − 4.4 × 1011µm3,

motivating a continuum description for their collective movement. Microscopically,

we assume each individual performs a generalized Lévy walk with the following

properties:

1. The interactions between individuals are taken to be negligible. This assump-

tion appears reasonable, given the relatively low densities of T cells.

2. Starting at position x and time t, we assume an individual runs in direction

θ for some time τ , called the run time. This run time is selected from a

distribution ψ.

3. During runs, individuals are assumed to move with constant forward speed c

and take a straight line motion between reorientations.

4. Each time the individual stops it selects a new direction η according to a

distribution k(x, t, θ; η) which only depends on |θ − η|, after waiting for some

time r. The choice of new direction is taken to be independent of chemical

concentrations/gradients.

5. The reorientation time r follows a Lévy distribution ψr(r).
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Note that assumptions (3-4) derive from the experimental conditions of CD8+ T

cells in [127]: while the speed c is a function of CXCL10, other walk statistics are

unaffected. Without explicit data stating otherwise CXCL10 is assumed here to be

(approximately) uniformly distributed at the spatial scale of observed tissue, and

hence c is taken as spatially constant. Investigations into the impact of anti-CXCL10

treatments can be recreated through changing the size of c.

6.3.1 Turn angle distribution

To describe the motion of T cells we assume, following [127], that the new direction

is chosen independently of the target’s position. Thus, we take

k(x, t, θ; η) = `(x, t, |η − θ|) (6.2)

where the new direction η is symmetrically distributed with respect to the previous

direction θ, according to the symmetric distribution `. [11] |η − θ| denotes the

distance between two directions on the unit sphere S. More generally, immune

cells can orient in response to environmental factors, such as attractant gradients

or the structure of the extracellular matrix. In the absence of data suggesting that

such guidance cues play any (significant) role in the behaviour observed in [127], we

presently exclude this possibility.

6.3.2 Running probability and resting times

As described in [127], the motion of CD8+ T cells is characterized by long runs, dis-

tributed according to a Lévy distribution, combined with resting times r. Within our

microscopic description, we therefore assume the following power-law distribution

for the running probability

ψ(x, τ) =

(
τ0(x)

τ0(x) + τ

)α
, for 1 < α < 2 , (6.3)

while resting times are distributed according to

ψr(r) =

(
r0

r0 + r

)κ
for 0 < κ < 1 . (6.4)
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ψ describes the probability that a moving cell stops after time τ . The resting time

distribution, ψr, gives the probability that a cell does not move for a time r.

The running and waiting probabilities, ψ and ψr, are related to the stopping and

waiting frequency β and βr, via

ψ(x, τ) = exp

(
−
∫ τ

0

β(x + csθ, s)ds

)
and (6.5)

ψr(r) = exp

(
−
∫ r

0

βr(s)ds

)
. (6.6)

Moreover, explicit expressions for both rates, β(x, τ) and βr(r), can be computed

from the relations:

β(x, τ) =
ϕ(x, τ)

ψ(x, τ)
=
−∂τψ
ψ

=
α

τ0 + τ
, (6.7)

βr(r) =
φ(r)

ψr(r)
=
−∂rψr
ψr

=
κ

r0 + r
. (6.8)

6.4 Modelling equations

Considering the assumptions in Section 6.3 and following the approach of [11], den-

sities of moving σ(x, t, θ, τ) and resting σ0(x, t, θ, τ) populations are described by

the following system of equations:

(∂τ + ∂t + cθ · ∇)σ(·, θ, τ) = −β(x, τ)σ(·, θ, τ) , (6.9)

(∂t − ∂τ )σ0(·, θ, τ) = Tβ(x, τ)σ(·, θ, τ) , (6.10)

σ(·, θ, 0) = σ0(·, θ, 0) , (6.11)

where the dot denotes dependence in space, x, and time t. Here the turn angle

operator T , given by

Tφ(η) =

∫
S

k(·, θ; η)φ(θ)dθ , (6.12)
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describes the effect of changing from direction θ to a new direction η. The initial

condition for the particles that start a new run at τ = 0 is given by

σ(·, η, 0) =

∫ t

0

φ(r)

∫ t−r

0

dτ

∫
S

β(x, τ)σ(x, t− r, θ, τ)k(·, θ; η)dθdr . (6.13)

The left hand side of equation (6.9) describes the temporal variation and transport

of the density σ(·, θ, τ), while the right hand side gives the density of individuals that

are left behind due to reorientation. These particles reappear in the resting mode

described by (6.10), where stopping with frequency β(x, τ) eventually generates a

new run (τ = 0) following a pause of some time r, with a probability given by the

probability density function φ(r). This is described by equations (6.11) and (6.13).

6.5 Fractional space–time equation

In this section we first state the derived space–time fractional macroscopic equation,

for detailed derivation we refer to [90, Section 4, 5]. Then we derive the fundamental

solution of the space–time fractional diffusion equation and address analytical ap-

proximations for biologically relevant quantities. We consider the kinetic equations

(6.9)– (6.11) in a parabolic scaling limit, with

tn = εt , xn =
εx

s
, cn = ε−γc0 , rn = ε%r , and τn = τεµ , (6.14)

for µ > 0, γ > 0 and % > 0. Let utot = ū+ ū0 be the macroscopic density where

ū0(x, t) =
1

|S|

∫
S

σ̄0(·, θ)dθ ,

with S a unit sphere and ū defined as in Lemma 6.8.1.
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Theorem 6.5.1 (formal). As ε → 0, the macroscopic density utot satisfies the

following fractional diffusion equation

C
t D

κutot = ∇ ·
(
Cα,κ∇α−1utot

)
, (6.15)

with

Cα,κ =
τ0

rκ0 (1− α)

nπτα−1
0 (α− 1)

sin(πα)Γ(α)

(n2ν1 − |S|)
n|S|(ν1 − 1)

cα0 . (6.16)

Remark 6.5.2. As previously noted, equation (6.15) does not contain a chemotactic

component: this lies in agreement with [127], where CD8+ T cells do not exhibit

directional migration on the time and length scales relevant to their experiments.

Remark 6.5.3. From the analysis in the previous section, relevant scaling parameters

satisfy the following relations:

µ =
1− α(1− γ)

α− 1
, % =

αγ

κ(α− 1)
− 1 , (6.17)

for 0 < κ < 1 and 1 < α < 2. We may conclude that

κ− κ

α
< γ < 1− 1

α
.

For α = 1.15 and κ = 0.7 as in [127], 0.092 < γ < 1.15. Choosing γ = 0.5 then

µ ≈ 3.8 and % ≈ 4.47.

In this regime, the scaling of the long runs (µ) and the scaling of the waiting times

(%) are of similar order.

6.5.1 Fundamental solution

Assuming that the stopping rate ψ is independent of the position of the particle, we

can write (6.15) as

C
t D

κ utot = Cα,κ∇ ·
(
∇α−1utot

)
= C̃α,κ(−∆)α/2utot. (6.18)
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Here, according to (6.44) in two dimensions, for 1 < α < 2,

C̃α,κ = −2
√
πCα,κ cos

(πα
2

) Γ
(
α+1

2

)
Γ
(
α+2

2

) .
Following [81], the fundamental solution of (6.18) in Rn, with initial condition δ0 and

diffusion constant Cα,κ,, can be found with the help of the Fourier-Laplace transform

Ĝ(λ, ξ) =
λκ−1

λκ + C̃α,κ|ξ|α
. (6.19)

Note that the Laplace transform of the Mittag-Leffler function is

L Eκ(ctκ) =
λκ−1

λκ − c
. (6.20)

Thus,

Ĝ(t, ξ) = Eκ(−C̃α,κ|ξ|αtκ). (6.21)

Using the formula for the inverse transformation of a radial function, we obtain

G(t,x) =
|x|1−n/2

(2π)n/2

∫ ∞
0

Eκ(−C̃α,κταtκ)τn/2Jn/2−1(τ |x|)dτ, (6.22)

where Jr(z) is a Bessel function. Passing through the Mellin and inverse Mellin

transform we conclude

G(t,x) =
1

πn/2|x|n
H2,1

2,3

(
|x|α

2αC̃α,κtκ

∣∣∣(1,1);(1,κ)

(n/2,α/2);(1,1);(1,α/2)

)
, (6.23)

where H2,1
2,3 (z) is a Fox H-function. Useful identities and asymptotics may be found

in [44] and [170]. In particular by Theorem 3 in [44] for 1 < α < 2, 0 < κ <

1, and α < 2κ,

G(t,x) ' 1

|x|n

(
|x|α

2αC̃α,κtκ

)q

(6.24)

when |x|α

C̃α,κtκ
� 1, where q = 1. In the limit |x|α

C̃α,κtκ
� 1, we have q = −1. Note that

these estimates hold in the regime of the experiments in [127] discussed above, as

well as for examples of superdiffusion without waiting times, [89] relevant for certain

studies of E. coli and Dictyostelium discoideum.
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Other regimes generate the exponentially small tails known for Brownian motion,

including the presence of waiting times. For example, for Brownian motion with

waiting times, corresponding to α = 2 and κ < 1, we obtain the fundamental

solution

G(t,x) =
1

2πn/2|x|n
H2,0

1,2

 |x|

2

√
C̃1,κtκ/2

∣∣∣(1,κ/2)

(1,1/2);(n/2,1/2)

 . (6.25)

It has exponentially small tails as |x|t−κ/2 →∞:

G(t,x) ' 1

|x|n

 |x|

2

√
C̃2,κtκ/2

− n
2−κ

exp

2(
κ

2
− 1)κ

κ
2−κ

 |x|

2

√
C̃2,κtκ/2

 2
2−κ
 .

(6.26)

In particular, the range in which the asymptotics (6.24) holds shrinks to 0 when

α and κ approach the boundary of the admissible region 1 < α < 2, 0 < κ <

1, and α < 2κ.

6.5.2 Hitting times

The fundamental solution of the continuum model derived in the previous subsection

allows us to extract analytical approximations for biologically relevant quantities.

As an example, we derive an expression for the time at which a particle hits some

distant target T with radius a, in the experimentally relevant regime 1 < α < 2, 0 <

κ < 1, and α < 2κ. We seek the first time at which the density of the solution in T

reaches a certain threshold δ. That is, we seek t0 such that

δ =

∫
T

∫
Rn

G(x− y, t0)u0(y)dydx. (6.27)
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Assuming that the initial positions of the particles are given by xi, so that u0(x) =∑
i δxi(x), we obtain

δ =
∑
i

∫
T

G(x− xi, t0)dx

=
∑
i

∫
T

1

πn/2|x− xi|n
H2,1

2,3

(
|x− xi|α

2αC̃α,κtκ0

∣∣∣(1,1);(1,κ)

(n/2,α/2);(1,1);(1,α/2)

)
dx (6.28)

If all initial positions are at distance � (C̃α,κτ
κ)1/α from the target T , we may

use the asymptotic expansion of the H-function [44, Theorem 3] as in the previous

subsection to obtain

δ ' 2αC̃α,κt
κ
0

πn/2

∑
i

∫
T

|x− xi|−α−ndx

' 2αC̃α,κt
κ
0

πn/2
vol(T )

∑
i

|x0 − xi|−α−n,

(6.29)

where x0 is a centre of the target T . Thus,

t0 '

(
δπn/2

2αC̃α,κvol(T )
∑

i |x0 − xi|−α−n

)1/κ

. (6.30)

This formula holds in the regime where the asymptotic expansion (6.24) is valid.

6.6 Numerical methods

In addition to the detailed qualitative information provided by the fundamental

solution, the space-time fractional continuum equation allows efficient quantitative

modelling of immune cell behaviour.

Our numerical approximation of Equation (6.15) uses a finite element discretisation

in space as discussed in Chapter 1 and a time stepping method based on convolution

quadrature as in [5].

Let Ω ⊂ Rn be a bounded domain with polygonal boundary and let f ∈
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C0([0, T )× Ω). For α ∈ (1, 2) and κ ∈ (0, 1), we consider the problem

C
t D

κu+∇ · (Cα,κ∇α−1u) = f in Ω× [0, T )

u = 0 in Ωc × [0, T ) (6.31)

u(·, 0) = u0 in Ω.

Let Th be a shape regular and quasi-uniform triangulation of the region Ω, with

triangles of diameter at most h. Let Vh be the subspace of piecewise linear functions

of H̃α/2(Ω) associated with Th. Then, the semidiscrete weak formulation of the

problem is as follows: Find uh ∈ C0([0, T );Vh) ∩ Cκ([0, T );L2(Ω)) such that

(Ct D
κuh, v) + a(uh, v) = (f, v), (6.32)

uh(0) = u0, (6.33)

for all v ∈ Vh. Here a(·, ·) represents the bilinear form

a(u, v) = (Cα,κ∇α−1u,∇v)

of the fractional Laplacian and, for simplicity, we assume that u0 ∈ Vh. The discrete

fractional Laplace operator Λh is defined as the unique operator satisfying

(Λhuh, vh) = a(uh, vh), for all uh, vh ∈ Vh, (6.34)

and the mass matrix Mh is given by

(Mhuh, vh) = (uh, vh), for all uh, vh ∈ Vh. (6.35)

We conclude a strong reformulation of the semidiscrete problem: Find uh ∈ C0([0, T );Vh)∩
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Cκ([0, T );L2(Ω)) such that

Mh
C
t D

κuh + Λhuh = fh in Ω× [0, T ) (6.36)

uh = 0 in Ωc × [0, T )

u(·, 0) = u0 in Ω .

For the discretisation of this equation in time we follow the approach of [5]. Dividing

the time interval [0, T ) uniformly with time step τ = T/N of size hα/κ, we seek a

numerical approximation of the convolution integral K ∗ g(t) associated with the

Caputo time fractional derivative, by means of a finite sum as

K ∗ g(t) =

∫ t

0

K(s)g(t− s)ds ≈
n∑
j=0

wjg(t− jτ). (6.37)

The weights wj are computed from the Taylor expansion of K(δ(y)/τ). Here, K is

the Laplace transform of the kernel K and δ(y) is the quotient of the generating

polynomials of a multistep method. The wj are calculated from the recursion relation

w0 = τ−α/2,

wj =

(
1− α + 2

2j

)
wj−1.

For full details see [163] and [164].

The fully discrete time stepping scheme for (6.31) is then given as follows: Find

{u1
h, u

2
h, . . . } ⊂ Vh such that

(w0M + A)unh = M

(
(
n∑
j=0

wj)u
0
h −

n∑
j=1

wju
n−j
h + fnh

)
, (6.38)

where u0
h is given. M,A are the mass and stiffness matrices related to the piece-

wise linear basis functions ϕi of Vh defined by Mij = (ϕi, ϕj), Aij = a(ϕi, ϕj), and

fnh =
∑

i(f(·, nτ), φi)φi is the Galerkin projection of f onto Vh at time nτ .

To illustrate the effect of the fractional derivative in time in the biologically rele-
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vant regime, we consider problem (6.31) in (a polygonal approximation of) Ω = B10

with f ≡ 0 and u0(x) = max(exp(−5|x|2) − 0.2, 0), using h ' 0.025 and τ ' hα/κ.

This setup corresponds to a Petri dish with an initial density of cells in the center.

The domain is large enough so that the dominant effects correspond to diffusion

rather than boundary effects, as in the experiment [127]. The solution at time t = 1

is shown for α = 1.15 and κ = 0.7 in Figure 6.2a and for α = 1.15 and κ = 1 in

Figure 6.2b. The figures clearly exhibit the memory effects induced by the fractional

derivative in time. Figure 6.3 shows the width of the cell density as a function of

(a) (b)

Figure 6.2: (a) Solution to (6.31) at time t = 1 for α = 1.15, κ = 0.7 (resting). (b)
Solution to (6.31) at time t = 1 for α = 1.15, κ = 1 (no resting).
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Figure 6.3: Width of solution depending on κ as a function of time for α = 1.15.

time for different κ.
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Cross-sections of solutions of Equation (6.15) with initial condition given by u(0,x) =

max(exp(−5|x|2) − 0.2, 0) are given in Figures 6.4 and 6.5, for time t = 0.02. The

time t = 0.02 is chosen in order to exhibit the long tails of the Lévy diffusion, with

their known slope. The influence of the boundary becomes more relevant for longer

times. Figure 6.4 shows a cross section of the solution for values of κ from 0.6 to

1, for the experimentally obtained α = 1.15 as in [127]. In particular, it depicts

the expected tail of the density with decay |x|−n−α = |x|−3.15, independent of κ, as

well as the Markovian limit κ → 1. Figure 6.5 varies the coefficient α from 1.15 to

2, for κ = 0.7 as in [127]. As long as α < 2, the density again decays like |x|−n−α

away from the initial bump, while it exhibits the faster Gaussian decay for α = 2.

As α → 2− the onset of algebraic decay is only visible on larger and larger spatial

scales. We highlight the fact that the exponent of the decay does not depend on

κ. This is due to the fact that the decay exponent of the fundamental solution for

|x| → ∞ depends only on α, while it is independent of κ, see (6.24).
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Figure 6.4: Cross-section of solution depending on κ for α = 1.15.

6.7 Conclusions

In this chapter we have derived effective macroscopic diffusion equations for organ-

isms exhibiting long-range behaviour and pauses. Beginning with a microscopic

model in which run times and waiting times followed a power-law, as observed

for certain T cell populations controlling chronic infections, we obtained a system

of kinetic equations for the moving and resting particles. The fractional diffusion
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Figure 6.5: Cross-section of solution depending on α for κ = 0.7.

equation (6.15) emerges in a realistic limit. The macroscopic diffusion equation

(6.15) permits analytical insights into the evolution of the density. For example, it

reveals that the microscopic description enters via three parameters: the exponents

α and κ of the run and waiting times and the diffusion constant Cα,κ. Chemotactic

terms are of lower order: the long-range searching strategy is thus not disrupted by

local gradient following. Of course, immune cells are well known for their responses

to chemoattractants [117]: in the context of the T cells studied here, it is possible

that their detection of a local attractant gradient would trigger a conversion from

long range searching behaviour to local gradient following.

The fundamental solution in Rn, (6.23), provides an explicit formula for the prob-

ability distribution for the movement of a single particle. It leads to approximations

for hitting times, (6.30), allows us to study the sensitivity to parameter changes and

provides a step towards the analysis of mean first passage times, see below. On the

other hand, Section 6.6 offers efficient and accurate numerical methods to employ

the fractional PDE (6.15) for parametric studies, despite its nonlocal nature, and

more extensive modelling is addressed elsewhere.

The experiments of [127] specifically studied the effect of the CXCL10 concen-

tration on T cell velocity: CD8+ T cells in mice treated with anti-CXCL10 were, on

average, 23% slower than the cells of a control population with normal responses.

From the fundamental solution of the space-time fractional equation we observe that

velocity changes only alter the time scale of diffusion, corresponding to c
α
κ . Thus, for
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Figure 6.6: Hitting time t0 as function of α and κ in the range of validity of (6.30).

the experimentally determined values α = 1.15 and κ = 0.7, a 23% reduction in the

velocity would yield an approximately 35% reduction in the diffusion timescale, and

hence less efficient searching. In the absence of data stating otherwise, here we have

assumed the CD8+ T cells migrate in an environment with homogeneous CXCL10

levels, and therefore constant velocities c. In the context of organisms searching for

targets, a basic quantity of interest is the mean first passage time. It is defined as

the time taken for a moving organism to reach a target or, more formally [102] as

T (x) =

∫ ∞
0

∫
Ω

p(x′, t | x, 0)dx′ dt .

Here, p(x′, t | x, 0) is the probability that the particle is at x′ at time t provided

that it was at x at time 0, i.e. the Green’s function of the fractional equation. For

the diffusion equation (6.15) two regimes have been considered in one dimension:

For subdiffusion, 0 < κ < 1 and α = 2, it was shown in [242] that T (x)→∞ for a

target in a bounded domain, while for superdiffusion, κ = 1 and 1 < α < 2, T (x)

is finite under the same conditions. [114] It is the nonlocality of the equation here

that generates the challenge, raising as it does the possibility of “leapfrogging” a

target. The analysis in higher dimensions remains open. [242]

From a search-area coverage perspective, a long-tailed distribution of waiting

times makes little sense: Figure 6.6 shows that waiting only increases the hitting

time, and hence decreases the searching efficiency. Of course, such apparent contra-
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dictions can only be explained through considering the underlying problem: follow-

ing a migration, T cells must spend a certain time controlling their local environment

for any antigen presenting (i.e. infected) cells, often detected through direct cell-

cell contact, and hence ‘waiting’ is an intrinsic component of the search/detection

process. While we have followed the data of [127] and assumed independence be-

tween the selection of run and wait times, it is of course possible that a link exists:

for example, a T cell performs a thorough check of some environment (checks a

large number of cells) before embarking on a long run. The extent to which such

considerations impact on the subsequent PDE remain to be explored.

6.8 Appendix: Turn angle and fractional opera-

tors

This section specifies some basic spectral properties of the turn angle operator T

defined in (6.12). Because ` in (6.2) is a probability distribution, it is normalized to∫
S
`(x, t, |θ − e1|)dθ = 1, where e1 = (1, 0, . . . , 0). We immediately observe

∫
S

(1− T )φdθ = 0 (6.39)

for all φ ∈ L2(S). Biologically, (6.39) corresponds to the conservation of the number

of organisms in the tumbling phase. We also require some more detailed information

about the spectrum of T .

Lemma 6.8.1. [Lemma 1 [11]] Assume that ` is continuous. Then T is a sym-

metric compact operator. In particular, there exists an orthonormal basis of L2(S)

consisting of eigenfunctions of T .

With θ = (θ0, θ1, ..., θn−1) ∈ S, we have

φ0(θ) =
1

|S|
is an eigenfunction to the eigenvalue ν0 = 1,

φj1(θ) =
nθj
|S|

are eigenfunctions to the eigenvalue ν1 =

∫
S

`(·, |η − 1|)η1dη < 1.

(6.40)
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Any function σ̄ ∈ L2(Rn ×R+ × S) admits a unique decomposition

σ̄ =
1

|S|
(ū+ nθ · w̄) + ẑ, (6.41)

where ẑ is orthogonal to all linear polynomials in θ. Explicitly,

ū(x, t) =

∫
S

σ̄(x, t, θ)φ0(θ)dθ, w̄j(x, t) =

∫
S

σ̄(x, t, θ)φj1(θ)dθ,

and w̄ = (w̄1, . . . , w̄n).

We recall some basic definitions concerning fractional differential operators, as

well as their relation to the turning operator T .

Definition 6.8.2. For s ∈ (0, 2) and f ∈ C2(Rn) define the fractional gradient of

f as

∇sf(x) =
1

|S|

∫
S

θDs
θf(x)dθ =

1

|S|

∫
S

θ(θ · ∇)sf(x)dθ, (6.42)

where Ds
θ = (θ · ∇)s is the fractional directional derivative of order s [174]. The

fractional Laplacian of f is given by

Dsf(x) =
1

|S|

∫
S

Ds
θf(x)dθ. (6.43)

It is easily shown that in two dimensions, for 1 < α < 2,

Ds = −2
√
π cos

(πα
2

) Γ
(
α+1

2

)
Γ
(
α+2

2

)(−∆)
s/2 . (6.44)

See [174] for further information.
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Chapter 7

Fractional diffusion equations for

swarm robotic systems

Light thinks it travels faster than anything but it is

wrong. No matter how fast light travels, it finds the

darkness has always got there first, and is waiting for it.

Terry Pratchett
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This chapter is based on a joint work [82] with S. Duncan, M. Dragone, G. Estrada–

Rodriguez, H. Gimperlein, and P. A. Vargas.

7.1 Introduction

Search and coverage tasks are the basis for many potential applications for biologically-
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inspired robot swarms, for instance in search and rescue [145], foraging for natural

resources [161], exploration/mapping [168], environmental monitoring [211], coop-

erative cleaning [12], and intruder detection and surveillance scenarios [150].

Multiple robots can spread across an environment in order to sense it from dif-

ferent vantage points and distribute themselves to maximize the rate at which the

environment is explored. Like their biological models, robots in these swarms are

governed by simple reactive behaviours, usually by availing only of local and in-

stantaneous information and requiring limited or no communication with each other

[99]. Since robots do not need to build shared models of their environment, nor

globally agreed plans, target systems can be more robust and fault tolerant, and

potentially more scalable and more suitable to unknown and dynamic environments

than centralised coordination approaches [194].

However, all this flexibility comes at a price. Crucially, the biggest hurdle for

successfully applying swarm robotic approaches in general is the inherent difficulty

in engineering the behaviour of each robot to achieve system-level properties [45].

Behaviour-based, bottom-up design is the most common approach to develop a

swarm robotics system [193]. Control laws for individual robots’ behaviours are im-

plemented and successively improved, usually by relying on soft-computing methods

such as multi-robot reinforcement-learning [169] and evolutionary algorithms used in

evolutionary robotics [189, 235], until the overall swarm exhibits the desired global

behaviour. Simulations are usually necessary, as these methods require many iter-

ations to converge and it would be simply unpractical and take an extremely long

time to run numerous field tests with many real robots. Consequently, the devel-

opment of robotic swarms is usually limited to specific scenarios where both tasks

and environment are strictly defined. Unfortunately, although simulations are much

faster than real experiments, usually do not scale well, for the greater the number

of robots to be simulated, the longer it takes to obtain results. Hence, it is hard to

provide and predict the effect of changes either in each robot’s behaviour, or in the

number of robots in the overall swarm performance.

Math-based approaches such as the one presented in this chapter address these

problems by developing fundamental principles of modeling and control for large

scale robotic swarms, and providing analytical tools that can be used to accelerate
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the design of robot swarms behaviours [180].

Specifically, in the work presented here we tackle these problems using tools

developed for the modelling of biological systems. We start from the movement of the

individual robot, including local communication and interactions. As an example,

we derive a continuum model for Lévy [153] strategies with characteristic long-

range movements. The resulting continuum model describes the evolution of the

probability density of robots in terms of a non-local macroscopic diffusion equation.

It allows efficient quantitative characterization of robot swarms and scalability for

large number of robots since we are not studying the behaviour of each individual

but rather the collective motion of a robot’s density. Macroscopic PDEs not only

provide fast computational approaches, but also provide analytical insights into the

system-level behaviour of the robot collective [158].

The main results in this chapter are the following:

� Robotic quantities of interest such as area coverage and hitting times can be

computed from the macroscopic robot density.

� The experiments illustrate quantitative agreement for these quantities with

individual robot simulations within the statistical margins of error.

� From the numerical experiments we confirm the advantages of strategies char-

acterized by a strong presence of long trajectories (Lévy walks) over Brownian

motion.

� Our numerical implementation provides a fast method to predict the global

performance of a swarm robotic system.

In particular, our analytical models and computational tools allow to efficiently

assess the consequences of swarm robotic design decisions with a complexity in-

dependent of the number of robots, as long as their density is low. This chapter

thereby shows the insights and methods which can be obtained by adapting ideas

from continuum models of realistic interacting particle systems to robotic problems.

Detailed models for concrete applications will be pursued elsewhere.
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7.2 Related work

Simple approaches such as bacterial chemotaxis, phototaxis and run-and-tumble

processes have been applied to individual robots [190]. For searching large areas

for sparse and randomly located targets, a combination of biased random walk and

Lévy strategies has proven to be efficient and robust to changes in the environment,

for instance, in the case of underwater multi-robot systems [228].

From a different perspective, in swarm robotic systems Lévy strategies have also

proven to be effective and provide a controlled model system to understand biological

behaviour. These strategies involve long-range movement, mimicking the behaviour

of T cells [100]. They prove useful for target search problems for sparsely distributed

targets. Further examples where bio-inspired search strategies have been applied to

robots include [74, 234].

For biological systems like flocks of birds or fish schools, self-organization and

pattern formation have motivated the development of mathematical models to re-

produce and analyze the collective behaviour. An influential mathematical model

governing these interacting particle systems was proposed by T. Vicsek et al. [238]

in 1995. In this model, particles move with a constant speed and at each time

step they align their velocity to the average velocity of the neighboring particles

with some random perturbation. Subsequent works like [65] and [72] added realistic

refinements to the mathematical description.

Second order models, where the velocity changes dynamically depending on the

interactions and alignment, have been studied in great length [63, 66, 124], where

also relevant macroscopic systems of equations have been derived.

Applications of these ideas in the context of robotic systems are starting to

emerge. In [180] a proof of principle of the use of macroscopic modelling for the

control of a large system of robots was demonstrated. The main focus was not on

modelling details of the robotic system, but on its optimal control by a centralized

controller. Cues to guide the movement of the robots were included in [126] to direct

the movement of robots. As these first works modeled the actual movement strate-

gies and interactions only in a generic way, discrepancies between the macroscopic

equation and individual particle models were observed.

More detailed models for the aggregation of robots were proposed in [220], while
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neglecting the modelling of the spatial movement. Similarly, [204] started from a

detailed non-spatial model for a search problem, to which diffusive and drift com-

ponents where added.

The first macroscopic models more closely related to our work have only emerged

recently [85, 87, 101, 243]. The focus in these works is towards realistic metrics to

measure the performance of a swarm robotic system, as a basis for its optimization

and control. Non-interacting Brownian robots are studied as the simplest possible

model systems, with a first extension to nonlinear diffusion in [85]. Simple kinetic

models for chemotaxis related to the current work have been studied in [176, 177].

The approach was used for the design of strategies for assembling the robots accord-

ing to a given target probability density. We refer to [86] for the opportunities of

partial differential equation models in robotics.

Our current work initiates the modeling of realistic, complex robot movement

by macroscopic partial differential equations on large spatial and time scales, as rel-

evant for the design of interactions and movement laws. We illustrate the modelling

opportunities for the performance metrics of coverage and hitting times.

7.3 Description of the search strategy

A swarm robotics system consists of a large number of simple independent robots

with local rules, communication and interactions among them and with the environ-

ment, where the local interactions may lead to collective behaviour of the swarm.

In this work, we use a swarm of N e-puck robots [181] in a domain Ω in R2 with

reflective boundary conditions, which provides a specific model system. Each robot

of diameter % > 0 is characterized by its position xi ∈ R2, its run time τi and direc-

tion θi ∈ S = {|xi| = 1} ⊆ R2. We assume that each robots moves according to the

following rules:

A1. The trajectories are characterized by long straight line motion interrupted by

(effectively) instantaneous reorientations, where a new direction of motion is

randomly chosen. This movement is called a velocity jump process. The speed

c of the robots is assumed to be constant.

A2. Starting at position xi at time t, a robot i runs in direction θi for a Lévy
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distributed time τi, called the run time.

A3. The run time τi follows a power-law probability distribution

ψi(xi, τi) =

(
ς0(xi)

ς0(xi) + τi

)α
, α ∈ (1, 2) . (7.1)

It describes the probability that an individual moving in some fixed direction

does not stop until time τi.

A4. After being running for a time τi, the robots stop with a frequency given by

βi(xi, τi) = −∂τiψi
ψi

=
ϕi
ψi

. (7.2)

A5. Each time the robot stops it selects a new direction θ∗i according to a uniform

distribution k(θi; θ
∗
i ) = k̃(|θ∗i −θi|). This describes a bias according to the pre-

vious orientation which incorporates an element of persistence of orientation.

A6. The collisions of two robots are assumed to be elastic. The new direction after

collision is θ′i = θi − 2(θi · ν)ν, where ν =
xi−xj
|xi−xj | is the normal vector at the

point of collision.

The power law behaviour in Assumption 3 describes the long tailed distribution

of run times, instead of the Poisson process in classical velocity jump processes [191].

Note that the assumptions correspond to independent individuals with simple

capabilities relative to typical tasks for swarm robotic systems. They interact only

with their neighbors in a narrow sensing region, and the movement decisions are

based on the current positions and velocities, not information from earlier inter-

actions. This assures the scalability to large numbers of robots, while non-local

collective movement may emerge from local rules [216].

Related movement laws have been used for target search, for example, in the

experiments in [100]. Refined local control laws and the possibility for quantitative

experiments with robots open up novel modeling opportunities. In Section 7.6 we

apply our results and present numerical experiments.

In this chapter microscopic quantities (and equations) are used to refer to in-

dividual robots (and the trajectories of the individual robots), while macroscopic

quantities (and equations) describe the density of robots (and the time evolution of

the density).

190



Chapter 7: Fractional diffusion equations for swarm robotic systems

7.4 Microscopic description for individual move-

ment

In this section we adapt the mathematical description developed in [88] to the specific

experimental set up.

For the N -individual system described in Section 7.3, the microscopic density

σ = σ(xi, t, θi, τi) of robots in position xi at time t moving in the direction θi for

some time τi, evolves according to a kinetic equation

∂tσ +
N∑
i=1

(∂τi + cθi · ∇xi)σ = −
N∑
i=1

βiσ , (7.3)

in the domain ΩN = {(x1, ...,xN) ∈ R2×N : |xi − xj| ≥ % ∀i, j}. The left hand

side of (7.3) describes the trajectories followed by the robots, more specifically, a

straight line motion. The right hand side gives the density of robots that stop with

a frequency βi, given in (7.2).

After stopping, according to Assumption 5 robots choose a new direction of

motion according to the turn angle operator Ti given by

Tiφ(θ∗i ) =

∫
S

k(θi; θ
∗
i )φ(θi)dθi , (7.4)

where the new direction θ∗i is symmetrically distributed with respect to the previous

direction θi, according to the distribution k(θi; θ
∗
i ) = k̃(|θ∗i −θi|) [11]. The expression

(7.4) describes the change in direction θi → θ∗i .

7.4.1 Equation for the two-particle density

The description (7.3) of the N -robot problem a priori requires the understanding

of collisions among the whole system. In this section, however, we aim for a macro-

scopic description for low densities where collisions of more than two individuals may

be neglected [60]. Hence, by neglecting collisions of 3 or more robots we integrate

out robots 3, ..., N from σ. The transport equation which describes the movement
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of two individuals x1, x2 ∈ Ω2, is given by

∂τ1σ + ∂τ2σ + ∂tσ + cθ1 · ∇x1σ + cθ2 · ∇x2σ

= −(β1 + β2)σ . (7.5)

Here σ = σ(x1,x2, t, θ1, θ2, τ1, τ2) is the two-particle density function.

We also define a density independent of τ2 given by

σ̃τ1(x1,x2, t, θ1, θ2, τ1) =

∫ t

0

σdτ2 ,

and similarly we can define σ̃τ2 . Moreover, integrating both run times, τ1, τ2 we

have

˜̃σ(x1,x2, t, θ1, θ2) =

∫ t

0

∫ t

0

σdτ1dτ2 .

After stopping with rate given by β1, robot 1 starts a new run at τ1 = 0 which

is described by

σ̃τ1(x1,x2, t, θ1, θ2, τ1 = 0)

=

∫
S

k(θ∗1; θ1)

∫ t

0

β1σ̃τ1(x1,x2, t, θ
∗
1, θ2, τ1)dτ1dθ

∗
1

= T1

∫ t

0

β1σ̃τ1(x1,x2, t, θ1, θ2, τ1)dτ1 . (7.6)

We can similarly define σ̃τ2(x1,x2, t, θ1, θ2, τ2 = 0).

Integrating (7.5) with respect to τ1 and τ2 and using (7.6) we obtain

∂t ˜̃σ︸︷︷︸
(I)

+ cθ1 · ∇x1
˜̃σ︸ ︷︷ ︸

(II)

+ cθ2 · ∇x2
˜̃σ︸ ︷︷ ︸

(III)

= −(1− T1)

∫ t

0

∫ t

0

β1σdτ1dτ2︸ ︷︷ ︸
(IV)

− (1− T2)

∫ t

0

∫ t

0

β2σdτ1dτ2︸ ︷︷ ︸
(V)

.

(7.7)
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7.4.2 PDE model for interacting robots with Lévy strategies

In applications, the mean run time τ̄ is often small compared with the macro-

scopic time scale T in which the movement of the swarm of robots is observable,

and we aim to study (7.7) for ε = τ̄/T � 1 [11]. We introduce normalized vari-

ables tn, xn, τn, and cn and a diffusion limit of (7.7) is obtained under the scaling

(x, t, τ) 7→ (xns/ε, tn/ε, τn/ε
µ), with cn = ε−γc0 for µ, γ > 0. We further assume

that the diameter of each robot is small, % = εξ, while the number of robots N is

large so that (N − 1)% = εξ−ϑ, with ξ − ϑ < 0.

In the above parabolic scaling, this section obtains a fractional diffusion equation

from (7.7) for the density of robots moving according to the model in Section 7.3.

First, from the two-particle density equation (7.7) we aim to derive an equation

for the one-particle density function

p(x1, t, θ1) =
1

|S|

∫ t

0

∫ t

0

∫
Ω2

∫
S

σdθ2dx2dτ1dτ2 . (7.8)

Here we follow some of the main steps in [88] where we derived a macroscopic PDE

for a system of interacting particles with long-range diffusion and alignment.

We integrate (7.7) with respect to the accessible phase space (x2, θ2) ∈ Ω2 × S,

where Ω2 = Ω2(x1) = {x2 ∈ R2 : |x1 − x2| > %} = R2 \B%(x1) and B%(x1) is a ball

of radius %, centered around x1. Introducing the scaling at the beginning of this

section we obtain

ε∂tp+ ε1−γc0θ1 · ∇p = ε−γ
c0

|S|

∫
∂B%

∫
S

ν · (θ1 − θ2)˜̃σdθ2dx2

− (1− T1)

∫ t

0

Bε(x1, t− s)p(x1 − cθ1(t− s), s, θ1)ds .

(7.9)

The first term in the right hand side of the above expression describes the collision

between the robots, while the second term describes the long-range movement, en-

coded in the operator B.

Up to lower order terms, we expand p(x1, t, θ1) as follows

p(x1, t, θ1) = |S|−1(u(x1, t) + εγ2θ1 · w(x1, t) + o(εγ)), (7.10)
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where

u(x1, t) =

∫
S

pdθ1 and w(x1, t) =

∫
S

θ1pdθ1 .

The quantity u(x1, t) represents a macroscopic density since it does not depend on

individual characteristics of the robots such as the direction of motion θ or the run

time τ . w(x1, t) describes the mean direction of a density of robots.

Substituting (7.10) into (7.9) and integrating with respect to θ1, we obtain the

conservation law for the macroscopic density:

∂tu(x1, t) + 2c0∇ · w(x1, t) = 0 . (7.11)

Note that the first term in the right hand side vanishes due to the symmetry in θ1

and θ2 and in the second one we use the conservation properties.

The final step is to compute the mean direction of motion w and substitute it

into the conservation equation.

Starting with the collision term in (7.9) we can write

˜̃σ(x1,x2, t, θ1, θ2) = ˜̃σ(x1,x1 − ν%, t, θ1, θ2)

since the normal vector ν at the time of collision is given by ν = (x1− x2)/% hence,

x2 = x1 − ν%. The key step to re-write this term is to use the molecular chaos

assumption, which is plausible at low density of robots [60, 98], where collisions

between more that 2 robots is neglected. It states that the velocity of the robots

is approximately independent of each other, so that ˜̃σ approximately factors into

one-particle densities ˜̃σ(x1,x1 ± εξν, t, θ1, θ2) = p(x1, t, θ1)p(x1, t, θ2) +O(εξ).

For the second term in the right hand side of (7.9) we use a quasi-static approx-

imation such that B̂ε(x1, ελ+ ε1−γc0θ1 · ∇) ' B̂ε(x1, ε
1−γc0θ1 · ∇), since γ > 0.

Finally, rewriting the right hand side of (7.9) as described above we multiply by

θ1 and integrate in S to obtain the following result.
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Theorem 7.4.1 (formal). As ε → 0, the macroscopic density u(x, t) satisfies the

following fractional diffusion equation:

∂tu = c0∇ ·
(

1

F (u)
Cα∇α−1u

)
(7.12)

F (u) =
α− 1

ς0|S|
(1− ν1) +

32c3
0

3|S|2
u, (7.13)

Cα = −ς
α−2
0 cα−1

0 (α− 1)2π

sin(πα)Γ(α)

(|S| − 4ν1)

|S|2
. (7.14)

The term F (u) comes from the interactions and Cα is the diffusion coefficient.

To measure the coverage of the domain in the continuum sense, and be able

to compare it with the discrete robotic simulations we define the following time

averaged coverage function, used later in Section 7.6.

Cov(t) =
1

t

∫ t

0

∫
Ω

min(u(x, s), ρ̄)dxds where ρ̄ =
1

|Ω|
. (7.15)

The second quantity of interest that we compare with the Webots simulations is

hitting times which is defined as the time taken for a robot to find a distant target.

We seek the time t0 at which the density of the solution at the target position T,

reaches certain threshold δ, i.e.,

δ =

∫
T

u(x, t0)dx .

In Section 7.6 we use an analytic expression for the solution u in Rn obtained in

[90] as well as a numerical solution.

7.5 Robot simulations

A Lévy search strategy was implemented for the e-puck [181] robot, shown in Figure

7.1, using the Webots [178] 2019a simulator in a arena of dimensions 220cm by

180cm. Each e-puck is a differential wheeled robot with a circular body with a

diameter of 7.5cm and 2 wheels of a diameter of 4.1cm. The robots are initially
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placed at centre of the simulated arena. Specifically, they are placed in a ring and

oriented to face away from one another. For experiments of robot population sizes

5,10,15 and 20 the diameter of these initial positions are 25cm, 30cm, 40cm and

55cm. An example for the initial setup with 5 robots is shown in Figure 7.2.

Figure 7.1: In (a), a photograph of the real e-puck robot [104]. In (b), a diagram
showing the placement of the e-puck robot’s 8 Infrared proximity sensors which are
used in the simulations for obstacle avoidance [105].

To track the coverage of the simulated arena, we discretised the environment by

overlaying a virtual grid of 1cm×1cm cells onto it. Each cell captures the simulation

time at which it was reached by any robot (hit time) and therefore the coverage at

any one time can be computed by simply counting the number of non-empty cells.

Figure 7.3 shows the simulator’s display tool used to visualize visited cells (in white)

and empty cells (in black).

The coverage grid is maintained by a supervisor agent within the simulation,

which is able to access the position of all robots at each step of the simulation. The

supervisor records these positions into the coverage grid. In addition it regularly

computes and saves the current coverage value.

The supervisor computes the coverage as follows [96]:

Coverage =
number of explored cells

total number of cells
. (7.16)

The controller used by each e-puck robot is shown in Algorithm 11.

The robots alternate on-the-spot turns (with rotational velocity fixed at 0.858

1Code available at https://github.com/alaromeny/epuckLevyStrategies.git

196



Chapter 7: Fractional diffusion equations for swarm robotic systems

Figure 7.2: These two images show the placement of the e-puck robots within the
arena for all experiments with 5 robots in the Webots [178] simulator. In (a), a
birds-eye view of the initial positions around the centre of the arena can be seen -
the robots are placed in a ring formation. In (b), a zoomed in side view of the initial
orientations in the same arena - the robots are facing away from each other.

Figure 7.3: This image shows a birds-eye view of the coverage trails left by 5 e-puck
robots within the arena in the Webots [178] simulator after two minutes of execution.
The e-puck robot’s (small green disk) coverage can be visualised by overlaying an
image onto the base of the arena. It can be seen that the robots have left a cluster of
small trails around their initial centre positions, seen in Figure 7.2, before performing
slightly larger movements which have spread the robots out within the arena.
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while True do
(xnew, ynew) = lévyDistribution()
distanceToTravel = norm((xnew, ynew))
angle = atan2((xnew, ynew))
rotateRobot(angle)
while distanceTraveled < distanceToTravel do

if no obstacles are detected then
moveForward()

else
break

end

end

end
Algorithm 1: e-puck Lévy Search controller. This algorithm outlines the be-
haviour of the e-puck robots. The robot’s new position is calculated within the
lévyDistribution() function and calculations required for this are shown in (7.17).

rad/sec) with straight movements (at 6.44 cm/sec) in the direction of target points

that are computed using the Lévy distribution relative to their current position.

The robots stop and compute a new target point whenever their on-board Infrared

(IR) range sensors detect an obstacle (either another robot or the borders of the

arena).

The movement of each e-puck is characterized by long distance runs, where the

run distance r is generated from a Lévy process [127]

r =
sin
(

(µ− 1)X̃1

)
cos
(
X̃1

)1/µ−1

(cos
(

(2− µ)X̃1

)
X̃2

) 2−µ
µ−1

, (7.17)

and the new positions are computed, for θ = πX3, as

xnew − xcurrent = r cos(θ), and ynew − ycurrent = r sin(θ) . (7.18)

Here, the parameter µ ∈ (1, 3), X̃1 = 1/πX1 is a uniform random variable in

the interval [−π/2, π/2], X̃2 = − lnX2 has a unit exponential distribution and X1 =

X2 = X3 are uniformly distributed random variables in the interval (0, 1). Since we

are calculating the new location (x, y) relative to the base of the robot, we can set

xcurrent = ycurrent = 0.

Each experiment is run for T = 20 minutes and coverage values are recorded ev-
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Figure 7.4: Domain for macroscopic simulation as well as Webots individual robot
simulation. Tiles 1 and 2 are highlighted for convenience later.

ery second. The supervisor agent then resets the robots into their original positions,

clears the coverage grid and saves experiment data to a file. These experiments

are run in batches so that data for hundreds of different runs can be captured and

compared. Experiments were run for different parameters; N = 5, 10, 15, 20; and

µ = 2.1, 2.3, 2.5, 2.7, 2.9. Note that α = µ− 1 in the rest of the chapter.

7.6 Comparison between macroscopic model and

individual robot simulations

For the numerical experiments, we solve (7.12) using finite element methods, as

discussed in Chapter 1. We consider a robotics arena given by Ω = [−0.9, 0.9] ×

[−1.1, 1.1] to match the Webots simulation. The initial condition for the continuum

model (7.12) is u0(x) = max
(

0, 1.2 exp
{
−4N |x|2

0.075

}
− 0.2

)
. It approximates the initial

condition for the individual e-puck Webots simulations described in Section 7.5.

From the physical characteristics of the robots described in Section 7.5, we obtain

the scaling parameters, ε = 0.005, cn = 3, γ = 1/2, c0 = 3 · 0.005γ, in Section 7.4.2.

Figure 7.5 compares PDE and Webots individual agent simulations for different

numbers of robots, N = 5, 10, 15, 20 for a Lévy exponent α = 1.3. The coverage

increases with time and N , and the average of the Webots simulations agrees closely

with the PDE solution. Figure 7.6 similarly compares the coverage as a function of
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(a) N = 5 (b) N = 10

(c) N = 15 (d) N = 20

Figure 7.5: Comparison of the Webots simulations with the macroscopic model for
α = 1.3 and varied number of robots N = 5, 10, 15, 20.

α, with N = 20, and finds close agreement between the PDE simulations and the

average of Webots simulations. We note that coverage increases with decreasing α,

showing the advantage of long-range Lévy strategies.

In all cases, as the number of robots N increases we observe an increase in cover-

age efficiency as well as a decrease in the variation of the individual runs. In the

transient regime far from full coverage, the variations are significantly larger for the

longer-ranged Lévy strategies.

Figure 7.7 compares the average time to reach a coverage of 50% for various val-

ues of α for N = 20 robots. Note that the average time increases when α increases.

The macroscopic simulation falls within one standard deviation from the Webots

individual agent simulations, justifying the statistical significance of the results.

In Figure 7.8 we compare the coverage of the Webots simulations with N =

20 against the continuous model for different values of α at the final time T =
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(a) α = 1.1 (b) α = 1.3

(c) α = 1.5 (d) α = 1.7

(e) α = 1.9

Figure 7.6: Comparison of the Webots simulation with the macroscopic model for
N = 20 and various α = 1.1, 1.3, 1.5, 1.7, 1.9.
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Figure 7.7: Comparison of average time to reach 50% coverage for various values of
α and N = 20 robots. The error bars show one standard deviation of the Webots
simulations.

1200s. Note that the continuous model falls within one standard deviation from the

individual robot simulation and exhibits a decreasing trend of coverage as a function

of α.

Figure 7.9 illustrates the hitting time efficiency for different values of α at T = 1200s

for N = 5 robots based on the individual robot simulations. We note that as the

value of α increases the hitting time of each tile increases. In particular, for values of

α close to 2, a significant part of the arena remains to be covered, as shown in black.

As the value of α approaches 1 large expected hitting times (in yellow) are only

observed close to the boundary of the domain. This again underlines the advantage

of long-range Lévy strategies for efficient coverage.

Figure 7.10 shows the increase in the average hitting time for different values of α

for two fixed tiles sized 10×10cm in the arena, centered at (−0.55, 0.55), respectively

(0.55, 0.45) as highlighted in Figure 7.4. Curves for tile 1 and tile 2 are generated

from average of 70 runs for each value of α. The Webots simulations are compared

to the macroscopic model as well as the analytic approximation of the hitting times

given by the following explicit formula obtained in [90]:

t0 '
δπ

2αĈα vol(T)
∑

i |x0 − xi|−α−2
. (7.19)
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Figure 7.8: Comparison of coverage efficiency as a function of α for N = 20 robots at
T = 1200s. The error bars show one standard deviation of the Webots simulations.

Here x0 is the centre of the target T, xi corresponds to the initial positions of the

robots and

Ĉα = −2
√
π cos

(πα
2

) Γ
(
α+1

2

)
Γ
(
α+2

2

)Cα .
The target T is considered to be covered when the solution reaches a prescribed

threshold δ ∈ (0, 1).

Note that the analytic approximation closely matches both the macroscopic and the

individual agent simulations.

The favorable long-range behaviour of Lévy over Brownian strategies is shown

by the increase in coverage for smaller values of α. This is illustrated by the clear

quantitative agreement of macroscopic modelling and Webots individual particle

simulations which falls within one standard deviation of the statistical uncertainty.

In all simulations, the macroscopic modelling is faster and more efficient by or-

ders of magnitude, at least 100, and the numerical results confirm the proposed

definitions of coverage and hitting times. The efficient computation of these quan-

tities is crucial for real-time optimization of robot movement strategies.

We note that statistical deviations are larger for smaller numbers of robots, where

also larger finite size effects are expected to play a role for the macroscopic models

as can be seen in Figure 7.5. During intermediate times, statistical deviations are
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Figure 7.9: Expected hitting times taken from the Webots simulation at T = 1200s
for N = 5 and different α. Yellow colour corresponds to longer hitting times, blue
corresponds to shorter hitting times.
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Figure 7.10: Hitting times with N = 5 robots for two tiles in the domain centered
at (−0.55, 0.55) and (0.55, 0.45), compared to the analytic solution in (7.19).

observed to be larger for small Lévy parameters α. On the other hand, statistical

certainty increases for longer times for values near full coverage. This is illustrated

in Figure 7.8 for which the error bars are largest for intermediate values of α.

7.7 Discussion of results

The simulation results in Section 7.6 show that Theorem 7.4.1 leads to efficient

computations of quantitites like coverage and hitting times. Note, in particular,

that the computational complexity of numerically approximating the differential

equation in Theorem 7.4.1 is independent of the number N of robots. In fact, the

modelling accuracy increases with N , as finite size effects become less important.

The speed up provided by the proposed approach, as compared to the webbots

simulations, allows to assess strategies for robot movement and interactions. The

formulation can be combined with standard optimization solvers [233] to devise

optimal strategies for a given task, as will be explored in forthcoming work.

Beyond the numerical assessment of specific strategies, Theorem 7.4.1 allows

to use techniques from partial differential equations for the qualitative analysis of

different movements strategies. This is exemplified by Equation (7.19) and Figure

7.10, which give an explicit formula for the expected hitting time, in quantitative
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agreement with simulations. It shows that the Lévy parameter should be chosen as

small as possible, and how the hitting time depends on the geometry of the domain

and the initial distribution of robots. Specific robot interactions can be analytically

assessed based on whether and how they affect the resulting differential equation.

For example, one for given interaction and movement laws one may assess the opti-

mal parameter ranges for swarm formation, or impossibility of it, without extensive

simulation.

In this chapter we have shown the opportunities provided by analysis tools de-

veloped for biological systems, like macroscopic modelling, for the assessment and

design of swarm robotic systems. We illustrate our approach on automated search

and area coverage applications. Starting from the behaviour of the individual robot,

these tools allow the fast quantitative prediction of system-level properties and

thereby provide a way towards the optimal engineering of a system for a given

task, including qualitative analytical methods.

From the movement and interaction strategies of the individual robots we de-

rive an effective diffusion equation for the density of robots on macroscopic length

and time scales. We do so for a large class of Lévy strategies with characteristic

long-range movement and compare it to regular diffusive strategies. The effective

description allows the fast and accurate computation of quantities of robotic in-

terest: We show that coverage and expected hitting times agree with the results

of standard individual robot simulations within the statistical error margins of the

latter, at less than 1% of the computational cost. Compared to regular diffusive

strategies, the characteristic long range movement in Lévy strategies leads to faster

exploration of the spatial domain. The results underline the exponential increase of

the hitting time with the Lévy exponent, for constant robot speed, as confirmed by

matching analytical and numerical results.

The fast simulation tools developed in this chapter allow the efficient design

of optimal strategies for a given problem and metric of success. Discretisation of

the continuous strategy then translates into a strategy for the individual robots, as

explored in [87, 243] and in ongoing work. The presented macroscopic approach

thereby provides a way to overcome the computational limitations of particle sim-
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ulations in the design of swarm robotic systems. Work in [45, 101] has started to

investigate metrics relevant to robotics applications. Also direct approaches to the

control of the interacting particle system are a topic of current interest [24].
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Conclusions

If it’s not Here, that means it’s out There.

Winnie the Pooh

This thesis considered the numerical analysis of finite element methods for non-

local problems, in particular for the integral fractional Laplacian. We discussed

the regularity theory of solutions in polyhedral domains, graded and hp versions of

the finite element method, operator preconditioning, space–time adaptive methods

for variational inequalities, and interface problems. Applications to biological and

robotic systems were presented.

The singularities arising near edges and corners lead to reduced convergence

rates of the h–method on quasi–uniform meshes. We obtained optimal convergence

rates on algebraically graded meshes, as well as for the hp–version on quasi–uniform

meshes. We presented an operator preconditioner for general pseudodifferential op-

erators of order 2s, which unified results known for boundary element methods. It

was further shown that the generalized L2 projection is Hs stable on adaptively

refined meshes using red–green and newest vertex bisection refinement procedures.

For nonlinear problems we addressed the a priori and a posteriori analysis of

a large class of space and space–time variational inequalities associated with the

integral fractional Laplacian. Reliable and efficient a posteriori error estimates set

the basis for adaptive mesh refinement procedures in a space-time domain.
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Chapter 8: Conclusions

The methods developed in this thesis allow for efficient and accurate compu-

tations in applications to biological and robotic systems. We used them to study

relevant quantities of interest.

Material presented in this thesis allows for further investigations in various differ-

ent directions. Future work includes, for example, a derivation of the full asymptotic

expansion of the solution in polygonal domains and understanding of nonlinear non-

local problems involving interfaces.
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Appendix A

Decomposition theorems for the

Laplace equation with mixed

boundary conditions in 3D

Contents

A.1 Dihedron problem . . . . . . . . . . . . . . . . . . . . . . . 211

A.2 Polyhedron problem . . . . . . . . . . . . . . . . . . . . . . 229

In this appendix we discuss the precise regularity of the Laplace problem with

mixed boundary conditions in a polyhedral domain Ω ⊂ R2, as a model problem

for the analysis in Chapter 2. This text stems from the notes and [200, 201] of

E. P. Stephan as well as P. Grisvard [118] and M. Dauge [70].

We begin by considering the Dirichlet Laplace problem in an infinite sector K

with an opening angle ω centered at (0, 0) and a ball B:

∆u = f inK ∩B

u = 0 on ∂(K ∩B).

(A.1)

This case has been resolved by P. Grisvard [118] and we only recall the main result.

We are interested in the local regularity of the solution u near the corner (0, 0).

We introduce polar coordinates (r, φ) in K centered at (0, 0). We then have the
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following result:

Theorem A.0.1 (Section 2 [118]). Let f ∈ Hs−1(K ∩B) and s > 0, s 6= mν, where

ν = ω
π

. Then the weak solution u ∈ H1(K ∩ B) in the neighbourhood of the corner

at (0, 0) has the form

u = u0 + χ(r)
∑

0≤mν<s

cmSm(r, φ),

with u0 ∈ Hs+1 and cm ∈ R, where χ(r) is a C∞ cut-off function concentrated near

(0, 0). The singular functions Sm are given by:

Sm (r, φ) =

r
mν sin(mνφ) if mν /∈ N,

rmν (log(r) sin(mνφ) + φ cos(mνφ)) if mν ∈ N.
(A.2)

A.1 Dihedron problem

In order to understand the behaviour of solutions near an edge of a polyhedral

domain, we first introduce a model problem in a dihedron.

We consider the Dirichlet Laplace problem in an infinite wedge Ω = R ×K ⊂ R3,

where K is an infinite sector with opening angle ω centered at (0, 0),

∆u = f in Ω

u = 0 on ∂Ω.

(A.3)

We introduce polar coordinates (r, φ) of (y, z) in K, with r2 = y2 + z2.

We further assume that,

u ∈ H̃1(Ω), ∆u = f ∈ Hs−1(Ω) with u = 0 for r ≥ 1. (A.4)

We can now introduce the folowing decomposition theorem from [70, Theo-

rem 16.9].
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Theorem A.1.1. Let sω
π
/∈ N, s 6= 1

2
. Let χ(r) ∈ C∞0 (R+) with χ(r) = 1 for

sufficiently small r. Then the solution of (A.3) satisfying (A.4) is given by

u = u0 + χ(r)
∑

0<mν<s

Zm(cm) (A.5)

where ν = ω
π

, and u0 ∈ Hs+1(Ω), cm ∈ Hs−mν(R). For mν /∈ N, Zm(cm) is given by

Zm (cm) (x, r, φ) =
∑

062p6s−mν

(
D2p
x cm ∗x Φ

)
(x, r)αm,pr

2pSm(r, φ), (A.6)

with singular functions defined as in (A.2). For mν ∈ N the expansion has additional

terms.

Remark A.1.2. The function Φ(x, r) is given by

Φ(x, r) =
1

r
Ψ
(x
r

)
with Ψ ∈ C∞0 (R) satisfying Ψ̂(0) = 1, where Ψ̂ is the Fourier transform with respect

to x. We also require that Ψ̂ is tangential to 1 at 0 of order [s] + 1. Note that

Fx→ξΦ(x, r) = Ψ̂(r|ξ|).

Remark A.1.3. 1. If one replaces D2p
x cm ∗x Φ by D2p

x cm then one only gets u0 ∈

L2(R, Hs+1(K)).

2. Φ is a regularizing sequence for r → 0, i.e. for cm ∈ Hσ(R), Φ ∗x cm ∈ C∞(R)

for fixed r and Φ ∗x cm → cm in Hσ(R) as r → 0.

Proof of Theorem A.1.1. Let Dx = i∂x, then (∂2
x+∂2

y +∂2
z )u(x, y, z) = −(D2

x+D2
y +

D2
z)u(x, y, z) = L(Dx, Dy, Dz)u(x, y, z). The Laplace equation (A.3) can be written

as

L(Dx, Dy, Dz)u(x, y, z) = f(x, y, z).

Taking the Fourier transform in x→ ξ we obtain

L(ξ,Dy, Dz)û(ξ, y, z) = f̂(ξ, y, z). (A.7)
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After the change of variables (ỹ, z̃) = |ξ|(y, z) with ρ = |ξ|−1 one may write the

problem (A.7) for each ρ a problem as a boundary value problem on K with

Mρ(Dỹ, Dz̃) := ρ2L(ρ−1Dy, ρ
−1Dz):

Mρ(Dỹ, Dz̃) = hρ(ỹ, z̃), (A.8)

(1−D2
ỹ −D2

z̃)vρ(ỹ, z̃) = hρ(ỹ, z̃), (A.9)

where vρ(ỹ, z̃) = û(ξ, y, z) and hρ(ỹ, z̃) = ρ2f̂(ξ, y, z).

For fixed ρ, the equation (A.8) is a 2d problem and from Theorem A.0.1 the following

expansion holds:

vρ = v0
ρ + χ(|ξ|r)

∑
0<mν<s

am,ρ
∑

0≤2p<s−mν

(|ξ|r)2pSm(|ξ|r, φ). (A.10)

Making use of Lemma A.1.4 we have the following a priori estimate for v:

‖v0
ρ‖Hs+1(K∩B) +

∑
0<mν<s

|am,ρ| ≤ C0

(
‖hρ‖Hs−1(K∩B) + ‖vρ‖H1(K∩B)

)
, (A.11)

with C0 independent of ρ.

Transforming the decomposition (A.10) back to û we get with û0 = v0

û(ξ, y, z) = û0(ξ, y, z) + χ(|ξ|r)
∑

0<mν<s

am,ρ
∑

0≤2p<s−mν

(|ξ|r)2pSm(|ξ|r, φ). (A.12)

Noting that Sm(|ξ|r, φ) = |ξ|mνSm(r, φ) and defining ĉm(ξ) := |ξ|mνam,ρ, we may

rewrite

am,ρ
∑

0≤2p<s−mν

(|ξ|r)2pSm(|ξ|r, φ) =
∑

0≤2p<s−mν

(|ξ|r)2pĉm(ξ)Sm(r, φ).

On the other hand, making use of [70, Lemma (AA.19)]

‖v‖Hs(K) = |ξ|−s+1‖vξ‖s,K,|ξ| where ‖v‖2
s,K,|ξ| = |ξ|2s‖v‖2

L2(K) + |v|2Hs(K), (A.13)
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we conclude that (A.11) leads to

|ξ|−2s‖û0‖2
s+1,K∩B,|ξ| +

∑
0<mν<s

|ξ|−2mν |ĉk|2 ≤ C0‖hρ‖2
s−1,K∩B,|ξ||ξ|−2s+4 (A.14)

≤ C̃0‖f‖2
s−1,K∩B,|ξ||ξ|−2s. (A.15)

Taking the inverse Fourier transform with Fξ→xχ(|ξ|r) = Φ(x, r) = 1
r
χ̂
(
x
r

)
we obtain

from (A.12):

u(x, y, z) = u0(x, y, z) +
∑

0<mν<s

∑
0≤2p<s−mν

(
D2p
x cm ∗x Φ

)
(x, r)r2pSm(r, φ)

Multiplication with |ξ|2s and using the norms in (A.13) gives

|ξ|2+2s‖û0‖2
L2(K∩B) + |û0|2Hs+1(K∩B) +

∑
0<mν<s

|ξ|2s−2mν |ĉm|2

≤ C0

(
|ξ|2s−2‖f̂‖2

L2(K∩B) + |f̂ |2Hs−1(K∩B)

)
.

Integration with respect to ξ yields the following estimate:

‖u0‖2
Hs+1(R×(K∩B)) +

∑
0<mν<s

‖cm‖2
Hs−mν(R) ≤ C‖f‖2

Hs−1(R×(K∩B)),

where H t(R×K) = H t(R, L2(K)) ∩ L2(R, H t(K)) for t ≥ 0.

In the proof of Theorem A.1.1 we made use of the following lemma:

Lemma A.1.4 (Lemma B.1 [70]). Let A1 ⊂ A0, B1 ⊂ B0 be pairs of Hilbert spaces.

Let M be an operator with index A0 → B0 and M have a closed image A1 → B1

with Mj = M |Aj→Bj . Let E ⊂ A0 with dimE <∞, E ∩ A1 = {0}, and ME ⊂ B1.

Then the following conditions are equivalent:

1. M1 has index and dimE = indM0 − indM1.

2. For all u ∈ A0 with Mu ∈ B1, there exists a decomposition u = v + w with

v ∈ A1 and w ∈ E.

Furthermore, if 2. holds,

‖v‖A1 + ‖w‖A0 ≤ C (‖Mu‖B1 + ‖u‖A0) ,
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with C independent of u.

We will show whether we can localise the singular part near the support of u.

Theorem A.1.5 (Theorem 16.24 [70]). Let s > 0. Let U ⊂⊂ V ⊂ R be two bounded

domains in R. Suppose that u ∈ H̃1(R×K) and ∆u ∈ Hs−1(V ×K) with u = 0 for

r ≥ 1. Then

u = u0 + χ(r)
∑

0≤mν<s

Zm(cm),

where u0 ∈ Hs+1(U × K), cm ∈ Hs−mν(R), with supp cm ⊂ V . Furthermore, the

following estimate holds

‖u0‖Hs+1(U×K) +
∑

0≤mν<s

‖cm‖Hs−mν(R) ≤ CU,V
(
‖u‖H1(V×K) + ‖∆u‖Hs−1(V×K)

)
.

It proves useful to define the following Sobolev spaces.

Definition A.1.6 (Definition (AF.1) [70]). Let s, t ∈ R. The space Hs,t(Rd ×K)

denotes the space spanned by functions u such that

∫
Rd

(1 + |ξ|)2t‖û‖2
s,K,|ξ|+1 dξ <∞

equipped with the corresponding norm and where û denotes the partial Fourier

transform on Rd.

Proof. Step 1 (tangential regularity): Let W be a domain such that U ⊂⊂ W ⊂⊂ V .

We want to show that u ∈ H1,s(W × K). Set T = [s + 1]− and further define a

sequence of cut-off functions {χi}i=0,...,T ∈ C∞0 (R) such that χ0 ≥ χ1 ≥ · · · ≥ χT

with χt = 1 on W and χt ∈ C∞0 (V ) with χtχt−1 = χt.

It is sufficient that by induction that for t = 0, . . . , T −1 : χtu ∈ H1,t(R×K) implies

χTu ∈ H1,s(R×K).

For t = 0 we have χ0u ∈ H1,0(R×K) since u ∈ H̃1(R×K).

Suppose that the assertion holds for t− 1. Then,

∆χtu = χt∆u+ [∆, χt]u,
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and by assumption χt∆u ∈ Hs−1(R×K) ⊂ H−1,s(R×K) due to [70, (AF.1), (AF.2)].

Furthermore, since χt−1u ∈ H1,t−1, we have [∆, χt]χt−1u ∈ H0,t−1. Therefore,

[∆, χt]u ∈ H0,t−1 ⊂ H−1,t,

which implies that ∆χtu ∈ H−1,t(R×K) and so χtu ∈ H1,t(R×K).

Step 2 (decomposition): Let χ̃0 ≥ χ0 ≥ · · · ≥ χ̃J ≥ χJ , with J = [s + 1] be

nested cut-off functions as in the first step with suppχj ⊂ W and let χJ = 1 on

U . For j = 0, . . . , J we introduce a sequence 0 = s0 < s1 < · · · < sJ = s such

that sj − sj−1 ≤ 1 and mν 6= sj. We want to show by induction that there exist

cm ∈ Hs−mν(R) for mν ∈ [sj−1, sj] =: Ij such that:

χj

(
u−

∑
1≤k≤j

wk

)
∈ Hsj+1,s−sj , (A.16)

where wj =
∑

mν∈Ij Zm(cm).

Let wj =
∑

1≤k≤j wk. Then for j = 0 the inclusion (A.16) is satisfied due to the

Step 1.

Suppose that (A.16) holds for j − 1. Then

∆χ̃j(u−wj−1) = χ̃j∆u− χ̃j∆wj−1 + [∆, χ̃j](u−wj−1).

As cm ∈ Hs−mν and ∆Zm(cm) ∈ Hs−1(R×K) we have ∆wj−1 ∈ Hs−1(R×K).

Furthermore, [∆, χ̃j]χ̃j−1 is of order 1 and from the induction hypothesis χj−1(u −

wj−1) ∈ Hsj−1+1,s−sj−1 . This implies that

[∆, χ̃j](u−wj−1) ∈ Hsj−1,s−sj−1 ⊂ Hsj−1,s−sj−1 ⊂ Hsj−1,s−sj ,

due to conditions for sj. It follows then that ∆χ̃j(u − wj−1) ∈ Hsj−1,s−sj . With

the use of edge decomposition in [70, Theorem 16.13] we can deduce that there

exist cm ∈ Hs−mν−1/2(R) such that χ̃j(u − wj−1) = uj,0 +
∑

mν∈Ij Z
sj
m (cm). Also,

Z
sj
m (cm)−Zs

m(cm) ∈ Hsj+1,s−sj . Therefore, χj(u−wj−1) = χjuj,0+χjwj ∈ Hsj+1,s−sj .

Step 3 (Localisation of coefficients): Here we want to show that supp cm ⊂ V . All
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coefficients cm are associated with uj = χju with a compact support C × K ⊂⊂

V ×K. Therefore, the sum

∑
0≤mν<s

Zm(cm) ∈ Hs+1((R×K) \ (C ×K)).

We order the values of mν, respecting their multiplicity. Denote σm = Sm(r, φ) and

let C1, C2, . . . , CN be domains such that

C = C1 ⊂⊂ C2 ⊂⊂ · · · ⊂⊂ CN = V.

We want to show by induction that supp cm ⊂ Cm.

For m = 1, the singularity of σ1 cannot be compensated by any other term of the

expansion of Zm(cm). Since outside C ×K

∑
m≥1

Zm(cm) ∈ Hs+1((R×K) \ (C ×K)),

it follows that c1 = 0 outside C.

Since Φ(x, r) = 1
r
χ̂
(
x
r

)
has a compact support, we may choose r1 small enough with

r ≤ r1 such that supp χ̂ ⊂ C2 and so

Z1(c1) = σ1(y, z, r)(Φ ∗x c1)(x, r)

= σ1(y, z, r)

∫
R

1

r
χ̂

(
x− x′

r

)
c1(x′)dx′

= σ1(y, z, r)

∫
R
χ̂ (x̃− x̃′) c1(x̃′)dx̃′

= σ1(y, z, r)

∫
R
χ̂ (x̃′) c1(x̃− x̃′)dx̃′

= σ1(y, z, r)

∫
supp χ̂

χ̂ (x̃′) c1(x̃− x̃′)dx̃′.

Thus Z1(c1) = 0 for x /∈ C2. Thus,

∑
m≥2

Zm(cm) ∈ Hs+1((R×K) \ (C2 ×K)),
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and σ2 has the strongest singularity. Therefore c2 = 0 outside C2. We can iterate

the argument until N .

We will turn our attention to the singular behaviour along the edges. It proves

useful to define the following weighted Sobolev spaces.

Definition A.1.7 (Definition (AA.2) [70]). For γ ∈ R, Hs
γ(Γ) is the space spanned

by the u such that rγu ∈ Hs
0(Γ).

Theorem A.1.8 (Proposition 17.12 [70]). Let γ ∈ R and s > 0 and s 6= N + 1/2.

Let Γ ∈ R3 be a polyhedral cone with corner at 0 and let Ω = S2 ∩ Γ be its section.

Let V (Ω) be the set of vertices of Ω. Let ωx be the opening angle at x ∈ V (Ω) and

νx = ωx/π as in Theorem A.0.1. Let u ∈ H̃1
γ−s(Γ) such that ∆u ∈ Hs−1

γ (Γ). Then

u = u0 +
∑

x∈V (Ω)

∑
0<mνx<s

Zm,x(cm,x),

with u0 ∈ Hs+1
γ (Γ), cm,x ∈ Hs−mνx

γ−s (R+),

Zm,x(c) = Rx(c)(r1, θ1)σm,x(zx,2)

where σm,x(zx,2) = |zx,2|νx sin
(
νx

zx,2
|zx,2|

)
. Here Rx(c)(r1, θ1) is the smoothing operator

[70, (17.8)] and (r1, θ1) are the polar coordinates associated to the vertex 0 of Γ. In

the neighbourhood of x ∈ V (Ω), θ1 is transformed into zx,2 ∈ R2 by a local chart.

Remark A.1.9. Note that on the cross section Ω, the point x is a corner of Ω.

Remark A.1.10. For more notational details see [70, Definition (2.21) and Sec-

tion 17.B].

Proof. We set η = γ − s + 1/2 and θ = θ1 = z
|z| , t = ln(z) = ln(r1). Further, let

v(t, θ) = u(z) and g(t, θ) = e2tf(z). Then, eηtv ∈ H̃1(R×Ω), by the assumption on

u, and eηtg ∈ H̃s−1(R×Ω). Furthermore, L(θ, ∂t, Dθ)v = g with L = −(∂2
t +∂t+∆θ).

Step 1: We will show that eηtv ∈ H̃1,s(R× Ω).

Let (χk)k be a partition of unity on R such that χk(t) = χ0(t − ak) for a > 0. Let
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J0 be an interval such that suppχ0 ⊂ J0, and so Jk = J0 − ak. We follow the same

approach as in Theorem A.1.5 including a localisation by cut-off functions χk.

Let

v :=
∑
k∈Z

χkv,

be locally a finite sum. Note that

‖eηtv(t, θ)‖2
H1,s(R×Ω) = ‖eηt

∑
k∈Z

χkv(t, θ)‖2
H1,s(R×Ω)

∼=
∑
k∈Z

‖eηtχkv‖2
H1,s(Jk×Ω) <∞.

Step 2: There exist coefficients cm,k with support in Jk such that:

χkv −
∑
mν

Zm(cm,k) ∈ H2,s−1(R× Ω),

where Zm is as in Theorem A.1.5. We then set:

cm =
∑
k∈Z

cm,k,

so that the sum is locally finite.

Step 3: The local estimates for each C allow us to get:

eηtcm ∈ Hs−mν(R).

This is due to

‖eηtcm‖2
Hs−mν(R) ≤ C̃

∑
k∈Z

‖eηtcm,k‖2
Hs−mν(Jk) <∞,

with C̃ > 1. Then

eηt
∑
k

(χkv −
∑
mν

Zm(cm,k)) = eηt(v −
∑
mν

Zm(cm)) ∈ H2,s−1(R× Ω).

Similarly, we go on to proving the other parts:

We obtain v0 ∈ Hs+1
η (R × Ω), the function u0 on Γ is defined by ũ0 = v0 and

u0 ∈ Hs+1
γ (Γ).
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Coefficients cm ∈ Hs−mν(R), the coefficients cm,x on R+ are defined by c̃m,x = cm.

By Lemma A.1.11 in follows cm,x ∈ Hs−mν
γ−s (R+).

For completeness we present two results from [70].

Lemma A.1.11 (Lemma AA.3 [70]). Let Γ be a polyhedral cone. The change of

variables z → (t, θ) where t = log |z| and θ = z
|z| induces an isomorphism from

Hs
γ(Γ) to Hs

η(R×K) with η = γ − s+ n
2
.

Lemma A.1.12 (Lemma AA.24 [70]). Let Γ be a cone and r0 ≥ 2. Let G be an

annulus G := {z ∈ Γ : r−1
0 < |z| < r0}. Then the following equivalence holds:

‖u‖2
Hs
γ(Γ) ∼

∑
ρ=2ν ,ν∈Z

ρ2(γ−s+n/2)‖uρ‖2
Hs(G).

Proof. By change of variables z → (t, θ) by Lemma A.1.11 the function u is trans-

formed to v ∈ Hs
η(R×Ω), where η = γ − s+ n/2. Further note that uρ(x) = u(ρx)

is transformed to v(t+ ln ρ, θ).

Therefore,

‖u‖2
Hs
γ(Γ) ∼ ‖eηtv‖2

Hs(R×Ω).

Set Jν = [ν log 2− log r0, ν log 2 + log r0]. By [70, Lemma AA.5] we then have

‖eηtv‖2
Hs(R×Ω) ∼

∑
ν∈Z

‖eηtv‖2
Hs(Jν×Ω) ∼

∑
ν∈Z

e2ην ln 2‖v‖2
Hs(Jν×Ω).

We set ρ = 2ν and the equivalence follows since

‖v‖Hs(Jν×Ω) = ‖v(t+ ln ρ, θ)‖Hs(Jν×Ω) ∼ ‖uρ‖Hs(G).

In the following we derive a tensor product decomposition for the solution u of

problem (A.3) with the regular part in Hs+1(Ω). We first construct a convolution

function Ψ whose Fourier transform is tangential to 1 at 0 to a sufficiently large

order.
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Lemma A.1.13 (Lemma 1 [200]). For all positive integers N there exists a function

ΨN ∈ C∞0 (R) such that

Ψ̂N(0) = 1,
dk

dξk
Ψ̂N(ξ) = 0 for k = 1, . . . , N.

Proof. We proceed by induction. For N = 0 we define a0 =
∫
R F0(y)dy 6= 0 for some

F0 ∈ C∞0 (R). Then Ψ0 := F0

a0
satisfies Ψ̂0(0) =

∫
R Ψ0(y)dy = 1.

Suppose that the assertion is true for some N . Let χN(x) = ΨN(x
2
). Then

χ̂N(ξ) =

∫
R
e−ixξΨN(

x

2
)dx =

∫
R

2e−2iyξΨN(y)dy = 2Ψ̂N(2ξ),

and

dk

dξk
χ̂N(ξ) = 2k+1 d

k

dξk
Ψ̂N(ξ).

Therefore

ΨN+1(x) := (1− 2−N−1)−1(ΨN − 2−N−2χN),

satisfies the following relations for k = 1, . . . , N + 1:

Ψ̂N+1(0) = (1− 2−N−1)−1(1− 2−N−1)Ψ̂N(0) = 1,

dk

dξk
Ψ̂N+1(ξ)|ξ=0 = (1− 2−N−1)−1(1− 2−N−22k+1)

dk

dξk
Ψ̂N(ξ)|ξ=0 = 0.

For the next theorem we will need the following two lemmas with η = 0.
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Lemma A.1.14 (Lemma 4 [200]). Let s > 0, η ∈ R and eηxc(x) ∈ Hs(R). Let

R(c)(x, r, φ) := [c(x) ∗x Φ(x, r)− c(x)]rαχ(r)g(φ) (A.17)

with g ∈ C∞[0, ω] and α > 0. Let Φ(x, r) = 1
r
ΨN

(
x
r

)
with N > −[−s]− α − 2 and

ΨN as above. Then there holds

‖eηxR(c)‖Hs(R×K) 5M ‖eηxc(x)‖Hs(R) .

Furthermore the assertion holds with additional log r terms.

Proof. Step 1: We first estimate |eηxR(c)|Hs(R,L2(K)).

Applying Fourier transform with respect to x to eηxR(c) yields

Fx→ξ(eηxR(c)) =
(

Ψ̂N((ξ + iη)r)− 1
)
ĉ(ξ + iη)rαχ(r)g(φ).

As ΨN has a compact support, Ψ̂N has a holomorphic extension to C. Let ĉ(ξ+ iη)

be the Fourier transform of eηxc(x). Then

‖eηxR(c)‖2
Hs(R,L2(K))

=

∫
ξ∈R

(1 + |ξ|)2s|ĉ(ξ + iη)|2‖
(

Ψ̂N ((ξ + iη)r)− 1
)
rαχ(r)g(φ)‖2

L2(K)dξ.

Since ΨN has a compact support, Ψ̂N((ξ + iη)r) is bounded for r < 1 and fixed η.

That is

|Ψ̂N((ξ + iη)r)| ≤
∫
x∈R

eηrx|Ψ(x)|dx ≤ e|η|x∗
∫
x∈R
|Ψ(x)|dx ≤ C,

with x∗ = sup{|x| : x ∈ suppΨ}. Therefore

‖eηxR(c)‖2
Hs(R,L2(K)) ≤ ‖r

αχ(r)g(φ)‖2
L2(K)

∫
ξ∈R

(1 + |ξ|)2s|ĉ(ξ + iη)|2dξ

≤M‖eηxc(x)‖2
Hs(R).

Step 2: Secondly we estimate ‖eηxR(c)‖L2(R,Hs(K)).
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Let s1 = −[−s] be the smallest integer greater than or equal to s. We set

a(ξ, r, φ) :=
(

Ψ̂N((ξ + iη)r)− 1
)
rαχ(r)g(φ),

and obtain

‖eηxR(c)‖2
L2(R,Hs1 (K)) =

∫
ξ∈R
|ĉ(ξ + iη)|2‖a(ξ, r, φ)‖2

Hs1 (K)dξ,

‖a(ξ, r, φ)‖2
Hs1 (K) ≤ C

(
‖a(ξ, r, φ)‖2

L2(K) + |a(ξ, r, φ)|2Hs1 (K)

)
,

with the seminorm

|v|2Hs1 (K) =
∑
|β|=s1

‖Dβv‖2
L2(K).

Let Br0 denote a ball of radius r0. We decompose the norm over K into two sets

K1 = K ∩B|ξ+iη|−1 and K2 = K \B|ξ+iη|−1 .

On K1 we have r ≤ |ξ + iη|−1. By definition of ΨN there exists a holomorphic

function Ψ̃(ζ) such that Ψ̂N(ζ)−1 = ζN+1Ψ̃(ζ). For ζ = r(ξ+ iη) and r ≤ |ξ+ iη|−1

it follows that |ζ| ≤ 1 and there exists a C0 such that |DβΨ̃(ζ)| ≤ C0 for |β| ≤ s1.

Then it follows, due to boundedness of derivatives of χ, that

Dβa(ξ, r, φ) =
∑

β1+β2=β

Cβ1,β2D
β1

(
Ψ̃(ξ + iη)r

)
Dβ2

(
rα+N+1χ(r)g(φ)

)
(ξ + iη)N+1,

|Dβa(ξ, r, φ)| ≤
∑

β1+β2=β

Cβ1,β2|ξ + iη||β1|Dβ1

(
Ψ̃(ξ + iη)r

)
CrN+1+α−|β2||ξ + iη|N+1.

It then follows

|a(ξ, r, φ)|2Hs1 (K) ≤ C
∑
|β|=s1

∑
β1+β2=β

|ξ + iη|2(|β1|+N+1)

∫ min(1,|ξ+iη|−1)

0

r2(N+1+α−|β2|)r dr.

The integral exists if 2N+2α−2|β2| > −4, which holds for N > s1−α−2. Therefore

223



Appendix A: Decomposition theorems for the Laplace equation with mixed boundary
conditions in 3D

we have the following estimate

|a(ξ, r, φ)|2Hs1 (K) ≤ C|ξ + iη|2(|β1|+N+1)(|ξ + iη|−1)2(N+α−|β2|+2)

≤ C|ξ + iη|2(s1−α−1).

On K2 we have r > |ξ + iη|−1. Due to ΨN(x) ∈ C∞0 the following estimate holds:

|
(
d

dζ

)β1

Ψ̂N(ζ)| ≤ C̃β1,M |ζ|−M ,

for |ζ| > 1, | Im ζ| ≤ η. Setting ζ = (ξ + iη)r and M = β1 gives

|
(
d

dr

)β1

Ψ̂N((ξ + iη)r)| ≤ C̃β1,β1r
−β1 .

Note that the estimate holds also for Ψ̃ ((ξ + iη)r) − 1 instead of Ψ̂N((ξ + iη)r).

Then for |β| = s1

|Dβa| ≤
∑

β1+β2=β

Cβ1,β2

∣∣∣Dβ1

(
Ψ̂N((ξ + iη)r)− 1

)
Dβ2 (rαχ(r)g(φ))

∣∣∣
≤

∑
β1+β2=β

Cβ1,β2C̃β1,β1r
−|β1|rα−|β2|

≤ Crα−s1 .

Note that a(ξ, r, φ) ≡ 0 for |ξ + iη| ≤ 1 and for r > |ξ + iη|−1 as χ(r) = 0 for r > 1.

For |ξ + iη| > 1 we obtain

|a(ξ, r, φ)|2Hs1 (K1) ≤ C

∫ 1

|ξ+iη|−1

r2(α−s1)rdr ≤ C(1 + |ξ + iη|2(α−s1−1)).

From Step 1 we obtained ‖a(ξ, r, φ)‖L2(K) ≤ C, therefore we get

‖a(ξ, r, φ)‖2
Hs1 (K) ≤ C

(
‖a(ξ, r, φ)‖2

L2(K) + |a(ξ, r, φ)|2Hs1 (K1) + |a(ξ, r, φ)|2Hs1 (K2)

)
≤ C(1 + |ξ|)2 max(0,s1−α−1).
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This yields with σ = max(0, s1 − α− 1):

‖eηxR(c)‖2
L2(R,Hs1 (K)) ≤

∫
R
|ĉ(ξ + iη)|2‖a(ξ, r, φ)‖2

Hs1 (K)dξ ≤ C‖eηxc(x)‖2
Hσ(R).

As s1 > s and s1 − α− 1 < s we may conclude that

‖eηxR(c)‖2
L2(R,Hs(K)) ≤ C‖eηxc(x)‖2

Hs(R).

From Step 1 and 2 we conclude the assertion of the lemma, since

Hs(R×K) = Hs(R, L2(K)) ∩ L2(R, Hs(K)).

Lemma A.1.15 (Lemma 3 [200]). Let α > 0, g ∈ C∞[0, ω], and eηxc(x) ∈ L2(R)

with η ∈ R and Ψ as in Lemma A.1.13. Let χ(r) ∈ C∞0 (R+) denote a cut-off

function with χ(r) = 1 for r small. Then for s < 1 + α we have

h(x, r, φ) = χ(r)eηx
(
c(x) ∗x

1

r
Ψ
(x
r

))
rαg(φ) ∈ Hs(Ω),

h1(x, r, φ) = χ(r)eηx
(
c(x) ∗x

1

r
Ψ
(x
r

))
rα log rg(φ) ∈ Hs(Ω).

Proof. Using the Fourier transform in x gives

ĥ(ξ, r, φ) = χ(r)ĉ(ξ + iη)Ψ̂((ξ + iη)r)rαg(φ).

Here ĉ(ξ + iη) is the Fourier transform of eηxc(x). We first show that h(x, r, φ) ∈

L2(R, Hs(K)). There holds

‖h(x, r, φ)‖2
L2(R,Hs(K)) =

∫
R
‖ĥ(ξ, r, φ)‖2

Hs(K)dξ =

∫
R
|ĉ(ξ + iη)|2‖b1(ξ, r, φ)‖2

Hs(K)dξ.

Here b1(ξ, r, φ) = χ(r)Ψ̂((ξ + iη)r)rαg(φ). If η = 0 and ξ → 0, then b1 converges to

χ(r)rαg(φ) in Hs(K). Hence ‖b1(ξ, r, φ)‖2
Hs(K) is bounded for η = 0 and small ξ.
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Suppose that suppχ ⊂ [0, 1]. Thus we have for a unit ball B1(0):

‖b1(ξ, r, φ)‖Hs(K) ≤ C‖Ψ̂((ξ + iη)r)rαg(φ)‖Hs(K∩B1(0)).

We introduce a change of variables r̃ = |ξ + iη|r and set K1 = K ∩ B|ξ+iη|(0). This

yields with s1 = −[−s] and M sufficiently large:

‖b1(ξ, r, φ)‖2
Hs(K) ≤ |ξ + iη|−2|ξ + iη|2s‖Ψ̂

(
ξ + iη

|ξ + iη|
r̃

)(
r̃

|ξ + iη|

)α
g(φ)‖2

Hs(K1)

≤ |ξ + iη|2(s−1−α)‖Ψ̂
(
ξ + iη

|ξ + iη|
r̃

)
r̃αg(φ)‖2

Hs(K1)

≤ |ξ + iη|2(s−1−α)‖Ψ̂
(
ξ + iη

|ξ + iη|
r̃

)
(1 + r̃)M‖2

Cs1 (K1)‖(1 + r̃)−M r̃αg(φ)‖2
Hs(K).

Since eηxΨ(x) ∈ C∞0 (R), we have (eηxΨ(x))ˆ = Ψ̂(ξ + iη) ∈ S, space of rapidly

decaying functions, hence there exists Cβ,M such that

|DβΨ̂(ζ)| ≤ Cβ,M(1 + |ζ|)−M ,

for | Im ζ| ≤ η. Therefore, for all ξ ∈ R,

‖Ψ̂
(
ξ + iη

|ξ + iη|
r̃

)
(1 + r̃)M‖2

Cs1 (K1) ≤ C.

Since s < 1 + α and ‖b1‖Hs(K) is bounded for small ξ we have

‖h(x, r, φ)‖2
L2(R,Hs(K)) ≤ C‖eηxc(x)‖2

L2(R.

Secondly we show that h ∈ Hs(R, L2(K)). We have

‖h(x, r, φ)‖2
Hs(R,L2(K)) =

∫
R
(1 + |ξ|)2s|ĉ(ξ + iη)|2‖b2(ξ, r, φ)‖2

L2(K)dξ.

Here

b2(ξ, r, φ) = Ψ̂(|ξ + iη|r)rαg(φ)χ(r).
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For η = 0 and ξ small ‖b2‖L2(K) is bounded. Using the change of variables r̃ = |ξ + iη|r

we obtain

‖b2‖2
L2(K) ≤ |ξ + iη|−2‖Ψ̂

(
ξ + iη

|ξ + iη|
r̃

)(
r̃

|ξ + iη|

)α
g(φ)χ

(
r̃

|ξ + iη|

)
‖2
L2(K)

≤ C|ξ + iη|−2(1+α).

Hence,

‖h(x, r, φ)‖2
Hs(R,L2(K)) ≤ C‖eηxc(x)‖2

L2(K).

For h1 we introduce a change of variables which gives

(
r̃

|ξ + iη|

)α
log

(
r̃

|ξ + iη|

)
= |ξ + iη|−αr̃α log r̃ − |ξ + iη|−α log |ξ + iη|r̃α,

and both terms can be treated as above.

We can now show that the solution of (A.3) admits a tensor product decompo-

sition.

Theorem A.1.16 (Theorem 3 [200]). Let A = {mν + 2p : m > 0, p ≥ 0,m, p ∈ N}

with ν = π
ω

and let s0 ∈ A and s1 = max{t ∈ A : t < s0}. Then for f ∈ Hs−1(Ω)

with s ≥ s0 + s1 + 1 and s 6= mν, the solution u of problem (A.3) with (A.4) admits

a decomposition

u = v0 + χ(r)
∑

mν+2p<s0

bm,pr
2pSm(r, φ)

with v0 ∈ H1+s0−ε(Ω) for any ε > 0, bm,p ∈ Hs−mν−2p(R), and Sm(r, φ) as in (A.2).

Proof. By Theorem A.1.1 with f ∈ Hs−1(Ω) we have

u = u0 + χ(r)
∑

0<mν<s

Zm(cm)

with u0 ∈ Hs+1(Ω) and cm ∈ Hs−mν(R). Furthermore, by [200, Corollary 1] we have
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Zm(cm) ∈ H1+mν−ε(Ω) ⊂ H1+s0−ε(Ω) for any s0 ≤ mν < s. So,

u = u∗0 + χ(r)
∑

0<mν<s0

Zm(cm)

with u∗0 ∈ Hs0+1−ε(Ω) and cm ∈ Hs−mν(R). Assume that Zm is as in Theorem A.1.1.

We want to replace the convolution terms by D2p
x cm and so

χ(r)Zm(cm) =
∑

0≤2p≤s−mν

αm,p
(
D2p
x cmr

2pSm(r, φ)χ(r) +Rm,p(D
2p
x cm)

)
(A.18)

where

Rm,p(c)(x, r, φ) = (c(x) ∗x Φ(x, r)− c(x))r2pSm(r, φ)χ(r). (A.19)

By Lemma A.1.15 terms in (A.18) with s0−mν < 2p ≤ s−mν are in Hs0+1−ε(Ω) and

denoted by u∗1. We consider the remaining terms. Note thatD2p
x cm ∈ Hs−mν−2p(R) ⊂

Hs−s1(R) by definition of s1. If s ≥ s0+s1+1 then s−s1 > s0+1−ε and so D2p
x cm ∈

Hs0+1−ε(R). Thus by Lemma A.1.14 it follows that Rm,p(D
2p
x cm) ∈ Hs0+1−ε(Ω) and

v0 = u∗0 + u∗1 +
∑

0≤2p≤s0−mν

αm,pRm,p(D
2p
x cm) ∈ Hs0+1−ε(Ω),

bm,p = αm,pD
2p
x cm ∈ Hs−mν−2p(R).

We may conclude that

u = v0 + χ(r)
∑

mν+2p<s0

bm,pr
2pSm(r, φ).
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A.2 Polyhedron problem

In this section we consider the model case for the singular behaviour of solutions of

the Laplace problem near a corner of a polyhedral domain.

We consider the following problem for f ∈ Hmax{0,s−1}(Ω) in a polyhedral cone

Ω ⊂ R3 with spherical coordinates (r, θj, φj) oriented with respect to the edge γj

and opening angle ωj:

∆ũ = f in Ω,

ũ = 0 on ∂Ω1,

∂nũ = 0 on ∂Ω2.

(A.20)

We first state lemmas needed to show the tensor product decomposition of the

solution u near a corner or the domain.

Lemma A.2.1 (Lemma 2.1 [201]). Let s > 0, s 6= 1
2
, s 6= λk + 1

2
with λk =

−1
2

+
√

1
4

+ µk where µk is an eigenvalue to the Laplace-Beltrami eigenvalue prob-

lem (A.20) with mixed boundary conditions. Let ũ be a solution to (A.20) with zero

boundary conditions and f ∈ Hs−1(Ω). Then there exists a polynomial up and co-

efficients ak such that with vk, the eigenfunction of the Laplace-Beltrami eigenvalue

problem,

w := ũ− up −
∑

0<λk<s− 1
2

akr
λkvk ∈ H1

−s(Ω),

with ∆w ∈ Hs−1
0 (Ω) and w = 0 on ∂Ω1 and ∂nw = 0 on ∂Ω2. If λk ∈ N, w has

additional log terms.

Proof. We begin by rewriting the Laplacian in spherical coordinates (r, θ, φ) near

the vertex of the polyhedral cone and take the Mellin transform in r. We obtain the

following Laplace–Beltrami eigenvalue problem

r2∂2
ru+ 2r∂ru+ ∆θ,φu = r2f(r, θ, φ),
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and

∆θ,φv = −µv onS0

v = 0 onSD0

∂nv = 0 onSN0 .

(A.21)

Therefore we have a boundary value problem with a parameter λ on the spherical

cross-section S0 where λ is the variable of the Mellin transform.

Note that ũ ∈ H1(Ω) with compact supp ũ and so ũ ∈ H1−ε
0 (Ω) for any ε > 0. Thus ˆ̃u

is a holomorphic function for Imλ < −1
2
−ε and square integrable on Imλ = −1

2
−ε.

Hence the problem (A.21) becomes

L(λ)v = g, (A.22)

and v satisfies the boundary conditions

v = 0 on SD0 ,

∂nv = 0 on SN0 ,

where L(λ) = −∆θ,φ + λ2 + iλ, v = ˆ̃u, and g = r̂2f for Imλ < −1
2
. Then the

solution operator L−1(λ) : (H1(S0))′ → H1(S0) given by g 7→ v for this boundary

value problem satisfies for all α, β ∈ R, α < Imλ < β, and |λ| > C

‖L−1(λ)g‖1,S0,|λ| ≤ C̃‖g‖−1,S0,|λ|, (A.23)

for C, C̃ depending on α, β.

For ρ > 0, s ≥ 0

‖v‖2
s,S0,ρ

:= ρ2s‖v‖2
L2(S0) + |v|2Hs(S0).

Therefore, L−1(λ) is meromorphic in C with only simple poles at iλk. Thus L−1(λ)

is analytic for Imλ < 0.

To obtain the decomposition for w we shift the path of integration in (A.22) of

the inverse Mellin transform for ˆ̃u from Imλ < −1
2

to Imλ = s − 1
2
. We then
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need to incorporate the residues at the poles iλk of L−1(λ)r̂2f where λk is either

λk = −1
2

+
√

1
4

+ µk or in N. The residues lead to corner singularities of the form

1∑
q=0

rλk logq rṽk,q(θ, φ).

For λk /∈ Z the singularities have the form rλkvk with vk an eigenfunction of the

eigenvalue problem with µk. For integer λk the singularities may contain polynomials

in R3 corresponding to the first terms of the Taylor series of ũ. Therefore up in the

expansion is defined as the sum of such polynomials.

Finally w ∈ H1
−s(Ω) by taking the inverse Mellin transform of the meromorphic

extension Û(λ) of ˆ̃u(λ):

Û(λ) := L−1(λ)ĥ(λ),

ĥ(λ) := r̂2f = f̂(λ− 2i),

for Imλ = s− 1
2
.

From the estimate (A.23) we obtain the following estimate for Imλ = s− 1
2
, λ 6= iλk:

‖Û(λ)‖1,S0,|λ| ≤ C‖ĥ‖−1,S0,|λ|.

Furthermore, using [70, (AA.27)], for a polygonal, spherical cross section S0 we have

u ∈ H t
γ(Ω) if and only if

∫
Imλ=−η

‖Û(λ)‖2
t,S0,|λ|+1dλ <∞ (A.24)

with η = γ − t + 3
2
. We note that ‖ĥ‖−1,S0,|λ| ∈ L2 on the line Imλ = s− 1

2
due to

f ∈ Hs−1(Ω).

Hence w ∈ H1
−s(Ω) where w in the expansion is the inverse Mellin transform of Û if

we take t = 1, γ = −s thus η = 1
2
−s. Note that w satisfies the boundary conditions

as all the terms satisfy the boundary conditions. Further we have ∆w ∈ Hs−1
0 (Ω)

since ∆up coincides with the first terms of the Taylor series of ∆u.

We need the following result for the remainder term w from Lemma A.2.1.
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Lemma A.2.2 (Lemma 2.2 [201]). Let s > 0, s 6= 1
2
, s 6= mν and let w ∈ H1

−s(Ω)

solve

∆w = f1 ∈ Hs−1
0 (Ω), (A.25)

w = 0 on ∂Ω1, (A.26)

∂nw = 0 on ∂Ω2. (A.27)

Then there holds

w = us +
J∑
j=1

χj(θj)
∑
mνj<s

Z̃j
m(c̃jm)(r, θj, φj),

with us ∈ Hs+1
0 (Ω), c̃jm ∈ H

s−mνj
−mνj (R+) and Z̃j

m given by (A.29) below.

The proof proceeds in the same way as for Theorem A.1.8.

Proof. Converting the problem (A.25) into cylindrical coordinates for an infinite

cylinder R× S0 with the Euler transform r = e−t. Using cut-off functions near the

edges we reduce the problem to an infinite wedge. Applying dyadic decomposition

yields problems for functions with compact support.

For each problem we obtain the decomposition with desired properties by making

use of Theorem A.1.1 and Theorem A.1.5.

We can now glue together the separate expansions of solutions of the decoupled

problems by using a priori estimates for each of the problems and Lemma A.1.12.

Lemma A.2.3 (Lemma 5 [200]). Let (r, θ) be polar coordinates on the n1-dimensional

cone Ω1 with spherical cross section S1 and let g̃(r, θ) be a function on Ω1. Denote

by g(t, θ) the function on the cylinder R× S1 which is defined by g(t, θ) := g̃(et, θ).

Then with η = γ − s+ n1

2
there holds g̃ ∈ Hs

γ(Ω1) if and only if eηtg ∈ Hs(R× S1).

We assume that ũ ∈ H1(Ω) satisfies (A.20) in the variational sense and ∆ũ =

f ∈ Hs−1(Ω), with supp ũ compact.
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Theorem A.2.4 (Theorem 2.4 [201]). Let ũ satisfy the above with f ∈ Hs−1(Ω),

s > 0, s 6= 1
2
, s 6= mνj, s 6= λk+ 1

2
. Then ũ admits with suitable C∞ cut-off functions

χ, χj concentrated near vertex and the edges, respectively, the decomposition

ũ = u0 + χ(r)
∑

0<λk<s− 1
2

akr
λkvk(θ1, φ1) +

J∑
j=1

χj(θj)
∑
mνj<s

Z̃j
m(c̃jm)(r, θj, φj), (A.28)

with u0 ∈ Hs+1(Ω), ak ∈ R, c̃jm ∈ H
s−mνj
−mνj (R+), χj ∈ C∞0 [0, 2π]. Furthermore,

supp c̃jm is compact and vk ∈ H1(S0). When λk ∈ Z there are additional terms

involving log r.

With t = log(r) the terms Z̃j
m(c̃jm)(r, θj, φj) are given by

Z̃j
m(c̃m)(et, θj, φj) =

∑
0≤2p≤s−mνj

D2p
t c̃m(et) ∗t Φ(t, θj)βm,pθ

2p
j S

j
m(θj, φj). (A.29)

Proof. We set u0 = us + up with us as in Lemma A.2.2 and up as in Lemma A.2.1.

We then have u0 ∈ Hs+1(Ω). Combining the decompositions in Lemma A.2.1 and

Lemma A.2.2 yields the result.

As in the case of a dihedron in Theorem A.1.16 we can modify the decomposition

(A.28) for the solution of (A.8) in a polyhedral cone.

Theorem A.2.5 (Theorem 2.5 [201]). Let A = {mνj+2p : m > 0, p ≥ 0, m, p ∈ Z},

B = {λk + 1
2

: k ∈ N} with λk as before, or an integer λk ≥ 2. Let s0 ∈ A ∪ B,

s1 = max{t ∈ A : t < s0} and let f ∈ Hs−1(Ω) with s ≥ s0 +s1 +1 and s 6= mνj, s 6=

λk + 1
2
, s 6= 1

2
. Then the solution ũ ∈ H1(Ω) of (A.20) satisfies

ũ = v0 + χ(r)
∑

λk+1/2

akr
λkvk(θ1, φ1) +

J∑
j=1

χj(θj)
∑

mνj+2p<s0

b̃jm,p(r)θ
2p
j Sm(θj, φj),

(A.30)

with v0 ∈ H1+s0−ε(Ω) for ε > 0 and

b̃jm,p(r) = βm,pc̃
j,(2p)
m +

∑
s0≤λk+1/2<s

cjm,p,kr
λkχ(r),

with c̃
j,(2p)
m ∈ H

s−mνj−2p
−mνj−2p (R+), cjm,p,k ∈ R, ak ∈ R, and χ, χj as in Theorem A.2.4
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and Sm, βm,p as in (A.29). For λk an integer, there are additional terms involving

log r terms. If Q := {t ∈ A : t < s0} = ∅ and f ∈ Hs−1(Ω) with s ≥ s0 then there

are no edge singularities.

Proof. We apply Theorem A.2.4. First we assume that mνj /∈ N. We have to con-

sider the following difference of the convolution singularities and of the corresponding

tensor product singularities:

R̃j
m(c̃(2p)

m )(et, θj, φ) =
(
c̃(2p)
m (et) ∗t Φ(t, θj)− c̃(2p)

m (et)
)
θ2p
j Sm(θj, φ)χj(θj).

Since the functions vk(θ, φ) are the eigenfunctions of the Laplace-Beltrami operator

on S0 := S ∩ Ω, the spherical polygon, there holds a decomposition with a suitable

s2

vk (θ1, φ1) = χj (θj)
J∑
j=1

∑
mνj+2p<s0

cjm,p,kθ
2p
j S

j
m (θj, φj) + wk (θ1, φ1) , (A.31)

with wk ∈ Hs2+1(S0). We use the decomposition (A.31) for all vk in the decomposi-

tion (A.28) with s0 ≤ λk + 1
2
< s and we take s2 = s0 − ε. Then wk ∈ Hs0+1−ε(S0).

Next we show that χ(r)rλkwk ∈ Hs0+1−ε(Ω). Here we apply Lemma A.2.3 with

g(t, θ, φ) = g̃(et, θ, φ) = eλktwk(θ, φ)χ(et). Then eηtg(t, θ, φ) ∈ Hs0+1−ε(R × S0) for

η = −λk+ε̃ for 0 < ε̃ < ε. We obtain g̃ ∈ Hs0+1−ε
γ (Ω) with γ = −λk+ε̃− 1

2
+s0−ε < 0

as λk + 1
2
≥ s0. Therefore the decomposition (A.28) becomes

u = ũ0 + χ(r)
∑

0<λk<s0−(1/2)

akr
λk
k vk (θ1, φ1)

+
∑

{k|s0≤λk+(1/2)<s}

χ(r)
J∑
j=1

χj (θj)
∑

mνj+2p<s0

cjm,p,kθ
2p
j S

j
m (θj, φj) r

λk

+
J∑
j=1

χj (θj)
∑

mνj<s0

Z̃j
m

(
c̃jm
)

(r, θj, φj) ,

(A.32)

with ũ0 = u0+χ(r)
∑

s0≤λk+1/2<s r
λkwk ∈ Hs0+1−ε(Ω) and χj(θj)Z̃

j
m(c̃jm) ∈ Hs0+1−ε(Ω)

for s0 ≤ mνj < s.
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Thus we can rewrite (A.32)

u = ˜̃u0 + χ(r)
∑

0<λk<s0−(1/2)

akr
λk
k vk (θ, φ)

+
∑

s0≤λk+(1/2)<s

χ(r)
J∑
j=1

χj (θj)
∑

mνj+2p<s0

cjm,p,kθ
2p
j S

j
m (θ, φj) r

λk

+
J∑
j=1

χj (θj)
∑

mνj<s0

Z̃j
m

(
c̃jm
)

(r, θj, φj) ,

(A.33)

with ˜̃u0 = ũ0 +
∑J

j=1 χj (θj)
∑

mνj<s0
Z̃j
m (c̃jm) (r, θj, φj) ∈ Hs0+1−ε(Ω).

Now we write (suppressing the upper index j)

Z̃m (c̃m) (r, θj, φj)χj(θj) =
∑

0≤2p≤s−mνj

(
c(2p)
m (t)αm,pθ

2p
j Sm(θj, φj)χj(θj) + αm,pR̃m,p(c̃m)

)
.

Furthermore, we show with Lemma A.2.3 that R̃m,p(c̃m) ∈ Hs0+1−ε(Ω). We observe

that the regularity of a function h(θj, φj)χj(θj) near a corner of the spherical polygon

S0 with the corresponding opening angle ωj is equivalent to regularity of h(ρ, φ)χ(ρ)

of an infinite angular sector with the same opening angle and polar coordinates (ρ, φ).

Then Lemma A.1.14 implies that eηtRm,p(c
(2p)
m ) ∈ Hη0(R × S0) if eηtc

(2p)
m ∈ Hη0(R)

with Rm,p given as in (A.19). By Theorem A.2.4 there holds c̃m ∈ H
s−mνj
−mνj (R+) and

so cm(t) = c̃m(et) satisfies eηtcm(t) ∈ Hs−mνj(R) with η = s − 1
2

by Lemma A.2.3.

Hence eηtc
(2p)
m ∈ Hs−mνj−2p(R) with η = 1

2
− s.

It follows from Lemma A.1.14 that eηtRm,p(c
(2p)
m ∈ Hs−mνj−2p(R× S0) and therefore

R̃m,p(c̃m) ∈ Hs−mνj−2p
γ (Ω) with γ = η + (s−mνj − 2p)− 3

2
= −mνj − 1− 2p < 0.

By hypothesis of the theorem there holds mνj+2p ≤ s1 and s ≥ 1+s0 +s1, therefore

s−mνj − 2p ≥ 1 + s0 and R̃m,p(c̃m) ∈ Hs0+1−ε(Ω).

Therefore all terms R̃m,p can be included into the regular part v0 ∈ Hs0+1−ε(Ω).
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Furthermore, we obtain the decomposition (A.30) by setting

c̃j,(2p)m (r) := cj,(2p)m (log r) ∈ Hs−mνj−2p
−mνj−2p (R+),

b̃jm,p := αm,pc̃
j,(2p)
m +

∑
s0≤λk+1/2<s

cjm,p,kr
λkχ(r),

where cjm,p,k ∈ R. This concludes the proof of the theorem.

As the functions vk(θ, φ) are eigenfunctions of the Laplace–Beltrami problem

(A.21) on the spherical section S0, there holds on S0 the following decomposition:

vk(θ, φ) =
J∑
j=1

∑
mνj+2p<s0

cjm,p,kθ
2p
j S

j
m(θj, φj) + wk(θ, φ), (A.34)

with wk ∈ H1+σ(S0) where σ < min{mνj + 2p : m ∈ N, p ∈ N0, mνj + 2p ≥ s0}.

By inserting this form into (A.30), we obtain the corner singularity rλkwk(θ, φ) with

regular function wk and additional edge singular functions. We note that one can

express the edge singularities in terms of distance ρj to the edge γj instead of the

angle θj by using ρj = r sin θj and θj ∼ sin θj for small θj.

Corollary A.2.6 (Corollary 2.1 [201]). Let the assumptions of Theorem A.2.5 hold

and let χ, χj and Sjm be as in Theorem A.2.4. Then there holds

ũ = u0 + χ(r)
∑

λk+ 1
2
<s0

akr
λkwk(θ, φ) +

J∑
j=1

χj (θj)
∑

mνj+2p<s0

hjm,p(r)ρ
2p
j S

j
m (ρj, φj) ,

(A.35)

where u0 ∈ Hs0+1−ε(Ω), ak ∈ R, wk ∈ H s̃0+1−ε(S0), s̃0 = min{mνj +2p : mνj +2p ≥

s0} ≥ s0,

hjm,p = χ(r)
∑

λk+ 1
2
<s

ajm,p,kr
λk−mνj−2p + kjm,p, k

j
m,p ∈ H

s−mνj−2p
0

(
R+
)
.

There are additional logarithmic terms when λk, mνj are integers.

We conclude with a decomposition theorem for the traces of the solution.
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Theorem A.2.7 (Theorem 2.6 [201]). Let A = {mνj + 2p : m, p ∈ N} and B =

{λk + 1/2 : k ∈ N}. Let s0 ∈ A ∪ B, s0 > 1/2, s1 = max{t ∈ A : t < s0} and

g1 ∈ Hs+1/2(∂Ω1), g2 ∈ Hs−1/2(∂Ω2) with s ≥ 1+s0 +s1 and s 6= mνj, s 6= λk+1/2,

s 6= 1/2. Then the traces (∂nu|∂Ω1 , u|∂Ω2) satisfy

∂u

∂n

∣∣∣∣
∂Ω1

=ψ̃0 + χ(r)
∑

λk+ 1
2
<s0

akr
λk−1∂wk

∂n

∣∣∣∣∣∣
∂S0

+
J∑
j=1

χj (θj)
∑

mνj+2p<s0

hjm,p(r)ρ
2p
j

(
∂

∂n
Sjm

)
(ρj, φj)

∣∣∣∣∣∣
∂Ω1

(A.36)

u|∂Ω2
=ṽ0 + χ(r)

∑
λk+ 1

2
<s0

akr
λkwk

∣∣∣∣∣∣
∂S0

+
J∑
j=1

χj (θj)
∑

mνj+2p<s0

hjm,p(r)ρ
2p
j S

j
m (ρj, φj)

∣∣∣∣∣∣
∂Ω2

(A.37)

where ψ̃0|∂Ω1 ∈ Hs0−1/2−ε(∂Ω1) and ṽ0|∂Ω2 ∈ Hs0+1/2−ε(∂Ω2). For integer λk, mνj

there are additional logarithmic terms.
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