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Abstract

The research in this thesis is the culmination of four separate studies on periodic
travelling wave generation in three ecological systems: cyclic predator-prey inter-
actions, intertidal mussel beds and semi-arid vegetation. Patterns in space and time
generated in mathematical models are analysed with the aim of identifying the un-
derlying mechanisms in real-world ecosystems, and determining the impact of eco-
logical change and variation. In particular, pattern formation theory is extended to
include more realistic and justifiable model assumptions about population dispersal.
In Chapter 1, we discuss the general ideas behind pattern formation theory; provid-
ing ecological examples and an overview of important mathematical techniques. In
Chapter 2, we derive an equation for the amplitude of periodic travelling waves gen-
erated by an ecological invasion in cyclic predator-prey systems when populations
disperse at different rates. In Chapter 3, we demonstrate how both stripe and spot-
ted patterns can arise in intertidal mussel beds as a result of algal dispersal via tidal
flow by performing an analysis in two space dimensions. In Chapter 4, we discover
that the non-local seed dispersal of banded vegetation in semi-arid regions can in-
crease ecosystem resilience to climate change via oscillating peaks of vegetation and
stationary patterns. In Chapter 5, we return to invasive predator-prey systems and
locate the transition from periodic travelling waves to spatio-temporal irregularity
when populations disperse at different rates. In Chapter 6, we provide a summary of
our conclusions.
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Introduction 1

In this thesis, four main chapters are presented in the area of mathematical ecology, each of
which is based on a novel paper. The unifying theme between them is large scale spatio-
temporal patterns and how they are impacted by a different rate, or type, of population
dispersal; and the associated ecological implications. This is accomplished by performing
analytic and numerical analysis on various mathematical models which take the form of
reaction-diffusion, advection-reaction-diffusion or integro-differential reaction-diffusion
equations; depending on the way a given population might disperse.

Dispersal is usually a complicated process that involves both the characteristics of a
given species and the physical properties of its habitat, and so modelling studies must iden-
tify key features in order to simplify mathematical analysis. For instance, intertidal mussel
beds, the focus of Chapter 3, are contingent upon the dispersal of suspended algae—their
primary food source—which is replenished with the incoming tide. It, therefore, seems
sensible to model algae dispersal using a one dimensional flow acting in a perpendicular
direction to the shore. Insights into pattern formation can still be gained using relatively
simple models compared with the high complexity of most ecosystems, though it can
inevitably hide more complicated phenomena. Hence, it can be valuable to reintroduce
previously disregarded features of a modelling study. As another example, consider veg-
etation whose next generation is located according to where its seeds, subjected to wind,
rain and animal transport, happen to settle. Many studies treat seed dispersal as a local pro-
cess, but we analyse a model which uses a probability distribution of dispersal distances
to better capture the non-local nature of seed dispersal in Chapter 4, leading to interesting
conclusions about desertification; the process that leads to bare, unproductive landscape.
Another aspect of dispersal is the rate at which it occurs—we address this throughout
the entirety of this thesis but in particular, Chapters 2 and 5 examine the differences in
spatio-temporal patterning when a predator population disperses at a different rate than its
prey.
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CHAPTER 1. INTRODUCTION

®rst two peaks in mean density was 3 years, whereas

that between the two most recent peaks was 4 years.

The amplitude of the ¯uctuation averaged over all

sampling sites was approximately 10-fold with mini-

mum and maximum mean densities of 25 voles haÿ 1

and 215 voles haÿ 1, respectively, or 2´5±18´7 voles

per 100 snap-trap nights. The minimum and maxi-

mum vole densities encountered at a single site were

14 and 333 voles haÿ 1, respectively (the minimum

values correspond to the intercept of the regression

for 0 vole per trap night or no positive quadrat out

of 25). S-index values calculated with sign indices

converted to number of individuals per 100 snap-

trap nights range between 0´25 and 0´42 (med-

Fig. 3. Fluctuations in the abundance of ®eld voles in Kielder Forest (averaged over 14±18 sampling sites) for vole sign

indices calibrated to densities. 95% con®dence intervals are shown and estimates for spring (white), summer (grey) and

autumn (black) are plotted for each year.

Table 1. Linear regressions between vole sign indices (VSI), vole snap trap indices (VTI) and live trapping estimation of

density. Values in brackets are standard errors of parameter estimates

Season Regression n R2 F P

Snap trap index

All seasons VTI=1´18*VSI+1´55 19 0´67 34´98 <0´001

Vole density

Spring (March±May) N haÿ 1=13´10(1´76)*VSI+9´96(11´16) 36 0´62 55´12 <0´001

Summer (June±August) N haÿ 1=14´11(1´33)*VSI+14´60(9´34) 48 0´71 111´76 <0´001

Autumn (September±October) N haÿ 1=13´48(1´52)*VSI+23´17(12´67) 32 0´72 77´96 <0´001

Fig. 2. Relationship between vole sign indices and vole density estimates derived from live trapping during the summer

(grey). The line depicts the linear relationship from a least squares regression. Observations for spring (white), and autumn

(black) are also shown

110
Correlates of

cyclicity in voles

# 2000 British

Ecological Society

Journal of Animal

Ecology, 69,

106±118

(a) (b)

F 1.1: Cyclic vole populations in the Kielder Forest, UK. The plot in (a) is repro-
duced from [63] and shows the population is cyclic (with a period of roughly four years)
by recording the number of field voles trapped per hectare over the years 1984-1998. The
bars are 95% confidence intervals and the season is recorded using coloured circles for
spring (white), summer (grey) and autumn (black). Panel (b) is adapted from the mod-
elling study of [109] and shows four snapshots in time of the spatial distribution of field
voles using a numerical simulation. The white shape in the middle of the plots represents
a reservoir called Kielder Water, and is thought to be a hostile boundary due to increased
predation by the water’s edge. This induces fluctuations in population density; warm/cold
colours represent high/low densities.

Of course, spatio-temporal pattern formation requires other ingredients—as well as
dispersal one must also consider the growth and interaction within the ecosystem, and it is
the interplay between these three processes that determines whether patterns are generated.
For instance the growth of, and interaction between, a population and its environment can
be such that cycles occur with a period of the order of years. The Kielder Forest field voles
(Microtus agrestis) in the United Kingdom show clear temporal oscillations in abundance
as shown in Figure 1.1(a). In such cyclic systems it is well established that populations
usually do not oscillate uniformly; instead, spatial heterogeneity is the rule rather than
the exception [10; 64; 109], and indeed this is the case for the vole system [62]. A nu-
merical simulation of a model for cyclic field voles can be seen in Figure 1.1(b) which
shows spatio-temporal fluctuations in population density. An important solution type in
this thesis and in pattern formation theory in general are periodic travelling waves (PTWs),
where peaks in population density are observed to move with constant speed and shape
across the domain. PTWs can be generated in cyclic systems by particular ecological
events—in the vole system the water’s edge acts as a hostile boundary due to increased
predation by raptors, and it has been suggested that this generates the PTWs seen in the
vole population. Another important mechanism of periodic travelling wave generation
in cyclic systems is invasive species. In Chapters 2 and 5 we consider a general cyclic
predator–prey interaction whose initial set up is a prey only environment. We then intro-
duce a small predator population at the boundary of the domain inducing PTWs. These

2



CHAPTER 1. INTRODUCTION
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F 1.2: Examples of self-organisation in ecology. A: labyrinth pattern of the peren-
nial grass Paspalum vaginatum in the northern Negev, Israel; reproduced from [132]. B:
banded vegetation patterns (tiger bush) near Niamey, Niger; the image data used was from
Google and DigitalGlobe. C: labyrinth pattern of mussels in a laboratory experiment; re-
produced from [67]. D: banded mussel bed in the Dutch Wadden Sea; reproduced from
[27].

waves can be stable; persisting across the habitat, or unstable; leading to the generation
of spatio-temporal irregularity.

Another recipe for pattern formation is due to Turing in 1952 [124], who showed
that a combination of the dispersal and non-linear interaction of two species can generate
patterns. We describe this phenomenon using a specific ecological example which is the
focus of Chapter 4. Firstly, consider an ecosystem comprising vegetation on a hillside in
a semi-desert. Though rainfall tends to be heavy, its infrequency allows the intense heat
of the sun to bake the upper layer of soil into a hardened crust, slowing the permeation of
water into the soil and leading to rainwater run-off down the slope. Let us “zoom in” to
a single plant whose roots are already embedded into the soil. The roots allow increased
filtration of water into the lower soil layers—increasing water uptake by the plant—and
softening the surrounding soil; making successful germination and growth of new plant
generations more likely. The plant has modified the environment in favour of its own
survival and others, which in turn leads to more plants in its immediate vicinity. This is

3



CHAPTER 1. INTRODUCTION

an example of a “positive feedback loop” and on its own would lead to unbounded plant
growth, and the transformation of a desert into a forest. In drylands, however, rainfall
is the limiting factor for plant growth and the water supply originating from the uphill
direction is quickly absorbed and depleted, leading to an absence of water (and therefore
vegetation) further downhill. A vegetation patch has formed with bare soil either side,
and extrapolating laterally one would expect a long band of vegetation. If we now “zoom
out” to see the ecosystem from a birds’ eye view one will observe a pattern similar to
that in Figure 1.2B. This combination of short-range activation and long-range inhibition
is commonplace across a variety of ecosystems [91] including mussel beds like that in
Figure 3.2D, which we discuss in detail in Chapter 3.

Patterns can form at multiple spatial scales. In mussel beds, an aerial view of the
ecosystem shows stripe patterns running parallel to the shore, but a close-up of a single
band will reveal nested small scale patterns like the labyrinth pattern in Figure 1.2C. Al-
though studies exist that attempt to reconcile both the large and small scale patterns [68],
in this thesis we focus on large scale (or ecosystem scale) spatio-temporal patterning. Veg-
etation patterns can also form on a smaller scale as shown in Figure 1.2A, though there is
no relationship between this system and that in Figure 1.2B.

We now describe two main mathematical techniques that are employed in this the-
sis. We analyse model ecosystems corresponding to distinct partial (integro-)differential
equations, for which pattern formation arises through an instability of a uniform steady
state. An interesting result about pattern formation theory is that models which undergo
the same type of instability behave similarly close to the instability point, and so one can
derive a general set of “normal form” equations (sometimes called “amplitude equations”)
which are more easily analysed mathematically, but also allow us to derive analytic results
about pattern formation in the full model. PTWs generated in cyclic predator–prey sys-
tems have a range of possible amplitudes. Studying the associated normal form equations
yield results applicable to small amplitude solutions only—with accuracy increasing with
decreasing amplitude. In Chapters 2 and 5 we analyse the complex Ginzburg-Landau
equation, which is not directly relevant for ecological applications, however, applying
rescalings allows one to relate results to our ecological models of interest.

Unavoidably, one must at some point turn to numerical techniques for a more com-
prehensive understanding of pattern forming systems, and an important technique in this
thesis is numerical continuation which we implement in all instances using the software
package, AUTO 07p [33]. The general idea behind numerical continuation is to take an
initial solution, which can be a “good guess”, and continue it in parameter space using it-
erative methods. This technique is particularly useful for bifurcation analysis as it allows
one to vary a model parameter, tracking the solution profile and its stability along a branch.
The method demands the input of a first order system of ordinary differential equations;
we can recast a PDE model as a set of ODEs by assuming a travelling wave solution. In

4



CHAPTER 1. INTRODUCTION

particular, we are then able to locate bifurcation points starting from a uniform steady
state; continue the bifurcation point as a curve (locus) in parameter space, mapping out
regions of pattern existence; generate 1D pattern solution profiles along a branch starting
from a bifurcation point (these profiles can be used as initial conditions for numerical sim-
ulation of the PDE model); and using recent techniques due to Rademacher et al [87] we
can determine the stability of solutions which is key to understanding pattern transitions.

In Chapter 2 we focus on invasive, cyclic predator–prey systems where PTWs are
generated behind the invasion front, and use normal form theory to derive analytic results
for small amplitude solutions. In Chapter 3 we use numerical continuation to investigate
two-dimensional patterns in a model for mussel beds; we consider how stripe patterns
in intertidal mussel beds are affected by transverse, two-dimensional disturbances. In
Chapter 4 we, again, use numerical continuation to investigate the resilience of banded
vegetation patterns for non-local seed dispersal and apply our results to desertification.
Chapter 5 follows on from Chapter 2—we consider convectively unstable patterns where
PTWs are able to persist as a fixed width band between the invasion front and spatio-
temporal irregularity. We detail how one can measure the band width when PTWs are
of small amplitude in the case of unequal population dispersal rates. A summary of our
conclusions can be found in Chapter 6.

5



Periodic travelling waves generated by invasion in
cyclic predator–prey systems: the effect of unequal
dispersal 2

Periodic travelling waves (wavetrains) have been an invaluable tool in the understanding
of spatio-temporal oscillations observed in ecological data sets. Various mechanisms are
known to trigger this behavior, but here we focus on invasion, resulting in a predator–
prey type interaction. Previous work has focused on the normal form reduction of PDE
models to the well understood λ–ω equations near a Hopf bifurcation, though this is valid
only when assuming an equal rate of dispersal for both predators and prey—an unrealistic
assumption for many ecosystems. By relaxing this constraint, we obtain the complex
Ginzburg–Landau normal form equation, which has a one parameter family of periodic
travelling wave solutions, parametrised by the amplitude. We derive a formula for the
wave amplitude selected by invasion before investigating the stability of the solutions.
This gives us a complete description of small amplitude periodic travelling waves in the
governing model ecosystem.

This chapter is based on a paper of the same name [6] published in the SIAM Journal on Applied
Mathematics, and co-authored by Jonathan A. Sherratt.

6



CHAPTER 2. PERIODIC TRAVELLING WAVES IN CYCLIC PREDATOR–PREY SYSTEMS

2.1 Introduction

It is well known that populations can cycle under certain ecological conditions, meaning
there are temporal oscillations in abundance. Mathematical modeling has provided insight
into the mechanisms that drive cyclic behavior [126], though the spatial nature of the pro-
cess is less well understood. In some cases, cyclic populations oscillate uniformly across
their habitat, but spatio-temporal patterning is also well documented [2; 62; 123] and has
been known to severely disrupt some ecosystems. As an example, North America has
an ongoing problem with spatially heterogeneous cyclic mountain pine beetle outbreaks
that spread through and destroy vast areas of woodland. In the Rocky Mountain region of
British Columbia alone, approximately 17 million acres of forest were infested by moun-
tain pine beetles in 2004 compared to 0.4 million in 1999 [137], with impacts ranging
from fire hazards to changes in the carbon cycle [51].

One important type of spatio-temporal patterning is periodic travelling waves (PTWs);
peaks in population density move across the domain with constant shape and speed. In
field data, such a pattern might manifest itself via peak and trough population densities
being observed simultaneously at different locations—the two locations would appear to
oscillate out of phase. spatio-temporal data is difficult and costly to obtain, but there are a
number of data sets that provide evidence of periodic travelling wave phenomena [62; 90;
116]. For instance, data has been collected on larch budmoth populations demonstrating
that waves in budmoth population density propagate across the Swiss Alps at an estimated
speed of 210 kmper year toward the northeast [10]. To be clear, thesewaves are not a result
of individuals migrating across the landscape at 210 km per year but are a consequence of
the governing cyclic nature of the budmoth’s overall population, coupled with an intrinsic
spatial dependence of the individuals. The same phenomenon is observed in oscillatory
chemical reactions such as the Belousov–Zhabotinsky reaction [40].

The mathematical theory of PTWs has been instrumental in the understanding of
waves observed in cyclic populations. A PTW is defined mathematically as a periodic
function of both (one dimensional) space and time. We model our populations using a set
of partial differential equations; spatial terms are added to a set of coupled ordinary dif-
ferential equations with a (stable) limit cycle. If a PTW solution exists for a given model,
general theory implies that there exists a family of possible solutions [88], of which one
is selected by imposed initial and boundary conditions that correspond to a particular eco-
logical situation. This means one can know all parameter values in a model but be unable
to predict the characteristics of PTWs seen in practice. It is, therefore, instructive to focus
both on one specific type of ecological interaction and one pattern generating scenario
relevant to that interaction.

In this chapter, we focus on predator–prey interactions. There are a number of ecolog-
ical situations one could consider in a predator–prey system that would generate PTWs,

7



CHAPTER 2. PERIODIC TRAVELLING WAVES IN CYCLIC PREDATOR–PREY SYSTEMS

0 100 200 300 400 500 600 700 800 900 1000

F 2.1: An illustration of invasion of predators into prey for cyclic populations. Nu-
merical solutions of (2.23) are plotted as functions of space, x, at successive times, t. The
vertical separation between plots is proportional to the time interval, with time increasing
up the plot. Advancing and receding wave fronts of predator and prey, respectively, move
from left to right, behind which is a band of periodic travelling waves. Parameter values
are A = 2, B = 3, C = 5, δ = 1; initial conditions correspond to a prey only state
everywhere except for a small perturbation at the left-hand boundary.

including heterogeneous habitats [10; 54], hostile boundaries [100], migration driven by
pursuit and evasion [9], and an invasion of alien species [76]. In this chapter, we con-
sider the latter of these mechanisms. Geographic features such as oceans, mountains, and
forests prevent the interaction of species in different locations. Natural events can cause
these divides to be bypassed, but humans especially are responsible for the introduction
of foreign species today [20; 121]. Understanding invasions and the behavior left in their
wake is therefore of considerable practical importance.

We model the predator–prey interaction in one space dimension using a reaction–
diffusion system. Let Y(x, t) ∈ R2 represent predator and prey population densities
dependent on space, x, and time, t. A general two species predator–prey system can
be written as

∂Y
∂t

= F(Y;µ) + D∂
2Y
∂x2

, (2.1)

where D is a constant, diagonal 2 × 2 matrix of diffusion coefficients and F : R2 → R2

is a function describing the interaction. Typically, F will involve a number of ecological
parameters, but we focus on one of them that we denote µ, so that we may control whether
dY/dt = F has a limit cycle. Figure 2.1 illustrates how PTWs can be generated by an
invasion in (2.1), with F specified using the well known Rosenzweig–MacArthur model
[94]. In this case, the generated waves are stable, but for some parameter values they may
be unstable and will evolve into spatio-temporal irregularity.

Cyclic behavior arises as a result of a Hopf bifurcation associated with F, which we as-
sume is supercritical, giving rise to a stable limit cycle. In this chapter, we show how one

8



CHAPTER 2. PERIODIC TRAVELLING WAVES IN CYCLIC PREDATOR–PREY SYSTEMS

can derive analytic results about waves behind invasion using the theory of normal forms,
a valid approximation close to a supercritical Hopf bifurcation. When close to the bifurca-
tion point, waves have a small amplitude with near sinusoidal oscillations, and so one can
consider a simpler yet topologically equivalent set of normal form equations. From the
viewpoint of applications, the restriction to small amplitude waves is a severe limitation
since most ecological studies are concerned with large amplitude cycles. However, the
generation of large amplitude PTWs remains an open problem mathematically, and the
study of small amplitude waves provides an important framework for the interpretation of
simulation based studies of the larger amplitude case. Previous work on small amplitude
cycles has focused on the special case where D = I, for which the normal form can be
written as

∂u

∂t
= (1− r2)u+ αr2v +

∂2u

∂x2
,

∂v

∂t
= (1− r2)v − αr2u+

∂2v

∂x2
, (2.2)

with r2 = u2 + v2, an equation of λ–ω type first described by Kopell and Howard [58]. α
is an expression containing the original model parameters in (2.1) and is determined via a
normal form calculation that we will describe in Section 2.2. Kopell and Howard showed
that (2.2) have a one parameter family of PTW solutions of the form

u = r0 cos
(
±
√
1− r20x− αr20t

)
, v = r0 sin

(
±
√

1− r20x− αr20t

)
, (2.3)

for all r0 such that 0 ≤ r0 ≤ 1. Furthermore, they showed that the generated waves are
linearly stable as a solution of (2.2) if and only if

2(1− r20)(1 + α2)− r20 ≤ 0. (2.4)

Sherratt [97] derived an amplitude formula for PTWs generated by invasion in the λ–ω
equations,

r0 =

[
2

α2

(√
1 + α2 − 1

)] 1
2

, (2.5)

which, together with (2.3) and (2.4), give a complete description of small amplitude waves
generated by invasion in a predator–prey model given by (2.1) with D = I.

In Section 2.2, we review the theory of normal forms, showing that the normal form
of (2.1) for general D is the cubic complex Ginzburg–Landau equation, giving explicit
formulae for its coefficients. One way of obtaining the λ–ω normal form equations is
to have D = I, implying that predator and prey dispersal rates are equal (an unrealistic
assumption in many ecosystems). We prove the existence of alternative model constraints
for a normal form reduction of λ–ω type in Section 2.3, allowing one to study the effects
of unequal dispersal using the established theory detailed in this section. The most general
case is considered thereafter; in particular, a formula for the wave amplitude is derived
for PTWs generated by invasion in the complex Ginzburg–Landau equations in Section
2.4, allowing us to draw conclusions about stability in Sections 2.5 and 2.6. This work
allows us to study small amplitude PTWs for general F and D, i.e., for any model in the
form (2.1). In Section 2.7, we illustrate our results via an example.

9
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2.2 Normal form coefficients: a review

There is a large, well established volume of work that involves reducing (2.1) in the ab-
sence of diffusion to a topologically equivalent “normal” form under the assumption of
small amplitude limit cycles [46; 60]. This corresponds to being close to a Hopf bifur-
cation parameter in order to obtain near sinusoidal oscillations. We consider solutions of
(2.1) that are close in parameter space to this homogeneous oscillatory solution. Kuramoto
[59] uses a method of multiple scales applied to space and time variables in order to reduce
(2.1) to normal form. The Stuart–Landau equations are first derived for the homogeneous
solution before results are extended to include diffusion terms. We give a brief review of
the calculation, but a complete and detailed treatment can be found in Kuramoto’s book.

Let us assume that Y0(µ) is a homogeneous steady state of (2.1) so that F(Y0(µ);µ)

= 0. One can express (2.1) in terms of u = Y− Y0 as a Taylor series expansion,

∂u
∂t

=

(
J+ D ∂2

∂x2

)
u+Muu+ Nuuu+ . . . , (2.6)

where J is the standard Jacobian matrix evaluated atY0. Muu andNuuu denote quadratic
and cubic terms in u, respectively, where the ith element is given by

(Muu)i =
1

2!

∑
j,k

∂2Fi

∂Yj∂Yk

∣∣∣∣
Y0

ujuk, (Nuuu)i =
1

3!

∑
j,k,l

∂3Fi

∂Yj∂Yk∂Yl

∣∣∣∣
Y0

ujukul. (2.7)

M is sometimes referred to as the Hessian matrix. We denote elements of vectors us-
ing subscripts so that, for example, Fi is the ith element of F. The stability of Y0 for
spatially independent perturbations is determined by the eigenvalues associated with J.
We let λ(µ) = σ(µ) + iω(µ) denote an eigenvalue that is becoming critical with com-
plex conjugate, λ̄(µ), and beyond the critical parameter value, µcrit, the steady state, Y0,
becomes unstable, generating a limit cycle in the homogeneous system. For the nonho-
mogeneous case, we assume the same—that instability is a result of a complex conjugate
pair of eigenvalues associated with J becoming purely imaginary at µcrit. In assuming this,
we are neglecting the possibility of diffusion driven instability, i.e. Turing patterns.

Near µcrit, one can expand the quantities defined above in terms of a convenient pa-
rameter we label ε,

u = εu1 + ε2u2 + . . . , J = J0 + ε2χJ1 + ε4J2 + . . . ,

λ = λ0 + ε2χλ1 + ε4λ2 + . . . , M = M0 + ε2χM1 + ε4M2 + . . . , (2.8)

N = N0 + ε2χN1 + ε4N2 + . . . ,

where ε2χ = (µ − µcrit), χ = sgn(µ − µcrit), and λν = σν + iων . χ is introduced here
because we have not yet specified whether a limit cycle is generated for µ < µcrit or
µ > µcrit, and so we ensure that ε is always well defined. The quantities J0, M0, and N0

are the matrices J,M, and N, respectively, evaluated at µcrit. Our assumptions imply that

10
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σ0 = 0 in order to ensure that eigenvalues associated with the homogeneous linearised
problem are purely imaginary when µ = µcrit. LetU andU∗ be right and left eigenvectors,
respectively, associated with J0 and the eigenvalue λ0. Then λ0 = iω0 = U∗J0U and

λ1 = σ1 + iω1 = U∗J1U. (2.9)

We have used the fact that the eigenvectors are normalised such that U∗U = Ū∗Ū = 1,
where a bar denotes a complex conjugate. Also, note the standard relationship U∗Ū =

Ū∗U = 0.
The eigenvalue λ has a small real part of order ε2, and so we introduce a scaled time

variable defined by τ = ε2t. A slow space dependence is also anticipated due to the
slow spatio-temporal dynamics close to the Hopf bifurcation point, and so we write u =

u(t, τ, s), scaling space as s = εx. It can then be shown [59] by substitution of (2.8) into
(2.6) that Y(t, τ, s) is approximated close to the Hopf bifurcation point by the equation

Y(t, τ, s) = Y0 + ε
(
W (τ, s)eiω0tU+ W̄ (τ, s)e−iω0tŪ

)
, (2.10)

whereW (τ, s) is some complex amplitude that satisfies the unscaled complex Ginzburg–
Landau equation

∂W

∂τ
= χλ1W − g|W |2W + d

∂2W

∂s2
, (2.11)

with d = U∗DU, (2.12a)

and g = −2U∗M0UV0 − 2U∗M0ŪV+ − 3U∗N0UUŪ, (2.12b)

where V+ = −(J0 − 2iω0)
−1M0UU and V0 = −2J0−1M0UŪ. The real and imaginary

parts of W represent predator and prey population densities. With this result, we have
outlined the calculations necessary to obtain the normal form coefficients (2.9) and (2.12),
so that close to a Hopf bifurcation, one can reduce (2.1) to (2.11). Notice that (2.11) has
no dependence on the control parameter µ due to the scalings we have made in space
and time. We can further reduce the equation to the scaled complex Ginzburg–Landau
equation (CGLE)

∂W

∂τ
= W − (1 + iα) |W |2W + (1 + iβ)

∂2W

∂s2
, (2.13)

where
α =

Im(g)

Re(g)
, β =

Im(d)

Re(d)
. (2.14)

One obtains (2.13) by performing the change of variables:

τ → 1

σ1
τ , s→

√
Re(d)
σ1

s , W →
√

σ1
|Re(g)|

e
iω1
σ1

τ
W. (2.15)

All predator–prey models of the form (2.1) can be reduced to (2.13) with the assump-
tions detailed above, and so we can now safely focus our attention on the CGLE with the
knowledge that results are related directly via (2.15).
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In general, a predator–prey model of the form (2.1) gives nonzero α and β. However,
in some special cases, one can obtain β = 0, and then (2.13) is simply the λ–ω equations
(2.2), for which the results outlined in Section 2.1 apply. Note that in this scenario, any
diffusion coefficients in the original model are scaled out via (2.15). We now consider
what features of (2.1) result in β = 0 and, hence, a normal form of λ–ω type.

2.3 Conditions for equations of λ–ω type

Predator–prey interactions in which populations tend to move about their habitats at sim-
ilar rates can be represented in our model ecosystem by setting the dispersal coefficient
of the predator population equal to that of the prey, i.e., D = I. This is appropriate for
many aquatic micro-organisms [48], but the ratio of predator to prey dispersal rates will
be significantly greater than one for most mammalian systems [11] and, also, for macro-
scopic marine species [135]. When D = I, one can clearly see that (2.12a) collapses to
d = U∗IU = 1 and implies β = 0 in (2.13), yielding λ–ω type equations (2.2). We now
show that D = I is sufficient but not necessary in order to obtain equations of λ–ω form,
allowing one to study the effects of unequal diffusion using theory described in Section
2.1. We prove the following theorem:

Theorem 2.1 Consider (2.1) and let F(Y;µ) := (F1(Y;µ), F2(Y;µ))T be such that pop-
ulations represented by Y(x, t) := (Y1(x, t), Y2(x, t))

T are cyclic as a result of a super-
critical Hopf bifurcation. A normal form reduction then yields equations of λ–ω type if at
least one of the following conditions hold:

(i) D = I,

(ii)
∂F1

∂Y1

∣∣∣∣
Y0,µcrit

=
∂F2

∂Y2

∣∣∣∣
Y0,µcrit

= 0.

Proof 2.1 For β = 0, we need Im(d) = 0. We consider equation (2.12a) and write U, J0,
and D in terms of their components:

U :=

(
u1 + iv1

u2 + iv2

)
, J0 :=

(
j1 j2

j3 j4

)
, D :=

(
δ1 0

0 δ2

)
, (2.16)

where u1, u2, v1, v2, j1, j2, j3, j4, δ1, δ2 ∈ R. Note that since J0 is at criticality, i.e.,
µ = µcrit, we express the purely complex eigenvalues associated with J0 as

λ, λ̄ = ±i
√
j1j4 − j2j3, (2.17)

with j1j4 − j2j3 > 0 and j1 + j4 = 0. (2.18)
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The left eigenvalue U∗ can be calculated in terms of u1, u2, v1, v2 so that (2.12a) implies

d =
1

2(u1v2 − u2v1)

(
v2 + iu2

−v1 − iu1

)T (
δ1 0

0 δ2

)(
u1 + iv1

u2 + iv2

)
, (2.19)

the imaginary part of which can be written as

Im(d) =
1

2

(u1u2 + v1v2)(δ2 − δ1)

(u1v2 − u2v1)
. (2.20)

For Im(d) = 0, we require δ1 = δ2 (i.e., D = I), or

u1u2 + v1v2 = 0. (2.21)

One can easily show that the eigenvectors associated with J0 and (2.17) are given by

j2(u2 + iv2) =
(
i
√
j1j4 − j2j3 − j1

)
(u1 + iv1) , (2.22a)

j3(u1 + iv1) =
(
i
√
j1j4 − j2j3 − j4

)
(u2 + iv2) . (2.22b)

Without loss of generality, choose u1+ iv1 = j2 and u2+ iv2 = i
√
j1j4 − j2j3− j1. Then

(2.21) implies that j1j2 = 0. Together with (2.18), we have j1 = 0 and j4 = 0 with either
j2 < 0 and j3 > 0, or j2 > 0 and j3 < 0. Note that j2 ̸= 0 because (2.18) would not
be satisfied. Recall that J0 is simply the Jacobian matrix evaluated at both Y = Y0 and
µ = µc, so j1 = ∂F1/∂Y1

∣∣
Y0,µcrit

and j4 = ∂F2/∂Y2
∣∣
Y0,µcrit

.

We have discussed Theorem 2.1(i) and its ecological significance. We now provide an
example of a widely used predator–prey model for which Theorem 2.1(ii) applies.

Example: the Rosenzweig–MacArthur model

In order to reduce the number of parameters that need to be considered, we present the
well-known Rosenzweig–Macarthur model [94] in its nondimensionalised form

∂p

∂t
=
∂2p

∂x2︸︷︷︸
dispersal

+

benefit from predation︷ ︸︸ ︷
cph

b(1 + ch)
− p

ab︸︷︷︸
death

, predators (2.23a)

∂h

∂t
= δ

∂2h

∂x2︸ ︷︷ ︸
dispersal

+

logistic growth︷ ︸︸ ︷
h(1− h)− cph

1 + ch︸ ︷︷ ︸
predation

. prey (2.23b)

The scaled predator and prey densities p and h, respectively, are functions of space, x, and
time, t. The omitted nondimensionalisation means that parameters a, b, c, δ correspond
to ratios of ecological quantities. a is the ratio of predator birth rates and death rates, b is
the ratio of prey and predator birth rates, c is the product of prey carrying capacity and a
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F 2.2: A plot to show the relationship between the wavelength of PTWs generated
in (2.23) with the diffusion coefficient, δ. Points and lines indicate numerical simulation
and analytic approximation, respectively. Parameter values are set to a = 3 and b = 4,
giving a Hopf bifurcation point at ccrit = 2. We consider three different values of c:c = 3
(dot-dashed line and squares), c = 2.4 (dashed line and circles), and c = 2.1 (solid line
and crosses)—to show the convergence of the analytic approximation to the numerical
simulation as the Hopf bifurcation point is approached.

rate associated with how fast prey consumption saturates as the number of prey increases,
and δ is the ratio of prey and predator disperal coefficients. For a full model description
see, for example, [98].

There exists one coexistence steady state (p, h) = (ps, hs), where hs = 1/c(a − 1)

and ps = ahs(1− hs). The Jacobian at (ps, hs) is then given by

J =

 0
ac− c− 1

acb

−1

a

ac− a− c− 1

ac(a− 1)

 . (2.24)

One can easily see that the upper left entry is a zero because the rate of change of
predator population density is linear in p, neglecting spatial terms. Let c be our control
parameter without loss of generality. At criticality, we see that the bottom right entry is
forced to be zero by definition, with the critical value of the parameter given by ccrit =
(a+ 1)/(a− 1), and so we have satisfied Theorem 2.1(ii).

In a similar way, we obtain a normal form reduction of λ–ω type if, for arbitrary func-
tions gp, gh : R → R, either the predator kinetics have the form p ·gp(h) like (2.23a) or the
prey kinetics have the form h ·gh(p). In such cases, we can make predictions about PTWs
via (2.3)–(2.5), noting the scalings made in Section 2.2. Figure 2.2 illustrates the effect of
dispersal on the wavelength of PTWs. Close to the Hopf bifurcation, the theory describes
PTWs well, and analytic predictions match numerical simulations accordingly. Farther
away, accuracy is lost as PTWs become larger and less sinusoidal. Theorem 2.1(ii) turns
out to be a common feature of many predator–prey models, but the remainder of this chap-
ter considers the more general case when (2.1) satisifes none of the conditions inTheorem
2.1, with the aim of giving a comprehensive method for studying low-amplitude PTW so-
lutions generated by invasion.
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2.4 Amplitude behind invasion in the CGLE

As discussed in Section 2.2, the normal form of (2.1) in general is the CGLE. Here, we
return to the standard x and t notation for the analysis of (2.13). The CGLE is particularly
well studied in the physics community due to its rich dynamics and varied applications
[3]. One of the simplest pattern structures that one can generate are PTWs (sometimes
called plane waves) given by

W = r0e
i(qx+ρt), (2.25)

where r20 = 1 − q2 > 0 and ρ = (β − α)q2 + α. This family of solutions is effectively
parametrised by the amplitude of the PTW, and so in this section we aim to derive an
amplitude equation corresponding to an invasion. Let us first be more precise about what
we mean by an invasion. In ecological terms, we want a prey only environment with a
small introduction of predators near the edge of the habitat. This prey only environment
would be the unstable steady state of the predator–prey model; however, the CGLE has
a zero unstable steady state obtained via a recentering in the normal form calculation.
Mathematically, for some small p ∈ R, we consider initial conditions of the form

W (x, 0) =

p, x = 0,

0, x > 0,
(2.26a)

on a semi-infinite domain [0,∞). The physical interpretation becomes apparent when
one considers the complex counterparts that make up W ; Re(W ) and Im(W ) can be in-
terpreted as predator and prey equations, respectively. We specify boundary conditions
as

∂W

∂x
= 0 at x = 0 and W → 0 as x→ ∞; (2.26b)

however, numerical simulations show that the left-hand boundary condition affects the
behavior of the solution only locally so that one may consider a different condition at
x = 0 without affecting the generated PTWs.

To simplify analysis, we represent the complex amplitude W in terms of its real am-
plitude and phase,

rt = rxx − β (rθxx + 2rxθx)− rθ2x + r(1− r2) (2.27a)

θt = θxx + β
(rxx
r

− θ2x

)
+

2rxθx
r

− αr2, (2.27b)

by letting r = |W | and tan(θ) = Im(W )/Re(W ). Observing numerical simulations of
r (Figure 2.3(a)) reveals a transition wave moving across the domain in the positive x
direction, which changes the amplitude of the solution from zero to that of the generated
PTW. One would not expect the same behavior when plotting θ, but previous analysis of
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F 2.3: Typical solutions for (a) r(x, t), (b) ψ(x, t) = θx, and (c) ϕ(x, t) = −rx/r.
We plot the solution at equally spaced time intervals, revealing a transition wave that
moves across the domain in the positive x direction. Ahead of the wave front, r → 0,
ψ → ψ0, and ϕ → ϕ0; constants that are easily determined analytically, the details of
which can be found in the text. The constant value behind the transition front in (a), (b),
and (c) corresponds to a particular PTW, selected by an invasion given by (2.26). We use
parameter values α = 1, β = 0.4 and plot solutions until r is of the order 10−15. The
amplitude of periodic travelling waves generated by an invasion (behind the wave front
in (a)) can be expressed in terms of parameter values as (2.37). This formula gives the
amplitude as 0.827 to three significant figures.

the CGLE, for example, [3] (and also of the λ–ω equations [58]), prompts us to consider
the phase gradient ψ := θx, plotted in Figure 2.3(b). A transition wave in ψ can clearly
be seen moving in parallel with that of r, and so we seek a travelling wave solution of the
form r(x, t) = r̃(x− ct) and ψ(x, t) = ψ̃(x− ct), which implies θ(x, t) = Ψ̃(x, t)+ f(t),
where Ψ̃ is some indefinite integral of ψ̃ and f is a function to be determined. We get two
second order ordinary differential equations,

r̃′′ + cr̃′ + r̃ − r̃3 − r̃ψ̃2 − β
(
r̃ψ̃′ + 2r̃′ψ̃

)
= 0 (2.28a)

ψ̃′ + cψ̃ − αr̃2 +
2r̃′ψ̃

r̃
− β

(
ψ̃2 − r̃′′

r̃

)
− f ′(t) = 0, (2.28b)

where a prime denotes differentiation with respect to z = x−ct. We define a new variable
ϕ = −r̃′/r̃, following for example [130], in order to reduce the system to three first order
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differential equations,

r′ = −rϕ, (2.29a)

ϕ′ = ϕ2 − β(ψ′ − 2ϕψ)− ψ2 − cϕ+ 1− r2, (2.29b)

ψ′ = f ′(t) + β(ψ2 − ϕ2 + ϕ′) + 2ϕψ − cψ + αr2, (2.29c)

where tildes have been dropped. Figure 2.3 illustrates how all variables tend toward con-
stant values, r → 0, ψ → ψ0, and ϕ → ϕ0 as x → ∞, where ψ0 and ϕ0 are constants.
Examining the behavior of the system for large xwill give us an expression for f , allowing
us to calculate the steady states of (2.29) in terms of α and β.

The quantities ϕ0, ψ0, and c can be derived using the theory of front propagation into
unstable steady states, for which a detailed review has been collated by van Saarloos [131].
Equation (2.13) has a linearly unstable steady state atW = 0, implying that our localised
initial condition (2.26a) will grow and spread in the positive x direction, as we have seen.
There are two classes of travelling front that can develop: either a “pulled” front or a
“pushed” front, both of which travel at different speeds in the limit t → ∞. Our initial
conditions are sufficiently “steep” (see [131]) for a pulled front to develop, and therefore c
is the asymptotic linear spreading speed associated with the dynamical equations obtained
by linearising the CGLE. It is easily calculated from the linear dispersion relation along
with ϕ0 and ψ0. If one decomposesW into Fourier modes, we can write

W̃ (k, t) =

∫ ∞

−∞
W (x, t)e−ikxdx (2.30)

and calculate the linear dispersion relation, ω(k) via the substitution of the ansatz,

W̃ (k, t) = W̄ (k)e−iω(k)t, (2.31)

giving ω(k) = (β − i)k2 + i. The inverse Fourier transform and (2.31) can then be used
to write

W (x, t) =
1

2π

∫ ∞

−∞
W̄ (k)eikx−iω(k)tdk, (2.32)

where W̄ is just the Fourier transform of the initial condition.
Consider two observers initially located at x = 0 who move off in the positive x direc-

tion along with the wave front. The first observer is moving at some speed greater than c
and so will eventually see the unstable zero steady state that is being invaded, whereas the
observer moving at some speed less than c will eventually see the invasive stable steady
state, which in our case takes the form of PTWs. If we consider a moving frame of refer-
ence z = x− ct, the front should neither grow nor decay. Then (2.32) becomes

W (z, t) =
1

2π

∫ ∞

−∞
W̄ (k)eikz−i[ω(k)−ck]tdk, (2.33)
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which can be evaluated using the method of steepest descent (saddle point approximation)
due to the large time limit. The saddle point, k∗, is given by

d[ω(k)− ck]

dk

∣∣∣∣
k∗

= 0 =⇒ c =
dω(k)
dk

∣∣∣∣
k∗

= 2(β − i)k∗. (2.34)

Furthermore, the dominant term in the integral becomes ei[ω(k∗)−ck∗]t because of the ex-
pansion in the exponent associated with the saddle point approximation. Hence, to ensure
that this term neither grows nor decays, we also have the condition

Im(ω(k∗))− c Im(k∗) = 0, (2.35)

which together with (2.34) gives us an expression for the asymptotic speed of the transi-
tion front. The values of ψ0 and ϕ0 are the real and imaginary parts of the saddle point,
respectively, and so we obtain the expressions

c = 2
√
1 + β2, ϕ0 =

1√
1 + β2

, ψ0 =
β√

1 + β2
. (2.36)

Returning to (2.29), we let x → ∞, implying that r → 0, ϕ → ϕ0, ψ → ψ0, and the
speed of the wave front approaches c, so we calculate via (2.36) that f ′(t) = β; it is not
necessary to calculate f(t) in order to proceed. The steady states (r, ϕ, ψ) = (rs, ϕs, ψs)

must satisfy rsϕs = 0 from (2.29a). rs = 0 is the steady state ahead of the wave front, and
so we assume ϕs = 0 with rs = r0 > 0. The steady state behind the wave front must then
satisfy 1− r20 − ψ2

s = 0 and β(1 + ψ2
s)− cψs + αr20 = 0, and by solving these equations

we obtain the amplitude

r0 =

[
2

(α− β)2

(√
(1 + α2)(1 + β2)− (1 + αβ)

)] 1
2

(2.37)

of PTWs given by (2.25), generated by an invasion described by (2.26), which is the
analogue of (2.5).

Many results derived about PTWs generated in the CGLE are hinged on the assump-
tion that the amplitude is a known parameter value. In empirical data sets, this is an
unlikely premise due to the difficulties in recording spatio-temporal data. In numerical
simulations of a mathematical model, the calculation of an amplitude is more feasible,
though an accurate reading can require large computation times and would need to be re-
peated with each new set of parameter values. In both cases, it is a necessary requirement
that PTWs have already been generated, though from simulations (see Figure 2.7) one can
see that a certain amount of time is needed before one starts to observe oscillatory behav-
ior. The use of (2.37) allows one to predict PTWs analytically from the system’s initial
conditions rather than examining existing PTWs in order to derive further characteristics.
This is of particular benefit to ecologists making predictions about newly invading species.
The following section describes how one can use (2.37) to determine the stability of PTWs
with respect to model parameter values.
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2.5 Stability of PTWs in the CGLE

For certain parameter values, irregular wakes occur behind invasion (see Figure 2.4),
making the notion of an amplitude irrelevant. In order for (2.37) to be of any use, we
must be able to say in terms of our choice of parameters whether one will generate sta-
ble PTWs or spatio-temporal irregularity. Stability can be loosely described as follows:
a solution is stable if any small perturbation decays over time. In contrast, a solution
is unstable if some small perturbation grows over time. To investigate the stability of
PTWs in the CGLE, we consider (2.27) and linearise about the PTW solution given by
(r, θ) = (r0,

√
1− r20x + [(α− β)r20 + β] t), yielding a set of equations for small pertur-

bations r̂, θ̂,

r̂t = r̂xx − βr0θ̂xx − 2
√
1− r20(βr̂x + r0θ̂x)− 2r20 r̂ (2.38a)

θ̂t = θ̂xx −
βr̂xx
r0

+ 2
√
1− r20

(
r̂x
r0

− βθ̂x

)
− 2αr0r̂, (2.38b)

with constant coefficients. In a standard way, one then looks for solutions of (2.38) in
the form (r̂, θ̂) = (r̄, θ̄)exp(λt + ikx). Note that although we are considering an infinite
spatial domain, the perturbations r̂, θ̂ may be either spatially extensive or localised by
an appropriate combination of Fourier modes. After some manipulation, one obtains the

0 50 100 150 200 250

F 2.4: An illustration of instability of PTWs generated in the CGLE by an invasion
of the unstable zero steady state. Numerical solutions of (2.23) are plotted as functions of
space, x, at successive times, t. The vertical separation between plots is proportional to the
time interval, with time increasing up the plot. A band of PTWs can be seen immediately
behind the invasion, before waves destabilise into spatio-temporal irregularity. Parameter
values are α = 5, β = 0.4, and initial/boundary conditions are given by (2.26).
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dispersion relation as

0 = D(λ, k) : = λ2 + 2λ

[
k2 + 2ikβ

√
1− r20 + r20

]
+ k2

[
(1 + β2)k2 + (4β2 + 2αβ + 6)r20 + 4(1− β2)

]
+ 4ik(β − α)r20

√
1− r20. (2.39)

For stability, we must take k ∈ R and consider the set containing values of λ such that
D(λ, k) = 0; this is known as the “essential spectrum.” Note that the essential spectrum
with respect to (2.39) necessarily goes through the origin for all r0 since D(0, 0) = 0,
reflecting the neutral stability of waves to translation. Therefore, the condition for stability
is that Re(λ) < 0 for all λ in the essential spectrum, except λ = 0. Ideally, one would
like to derive an analytic condition for stability in terms of parameter values, analogous to
(2.5) for the λ–ω equations, though in the CGLE this is possible only in the small k limit.

If one expands the growth rate λ in powers of k, giving

λ = −2iq(α− β)k −
[
1 + αβ − 2q2(1 + α2)

r20

]
k2 +O(k3), (2.40)

one can then easily see that PTWs are stable to long-wave perturbations when

1 + αβ − 2(1− r20)(1 + α2)

r20
> 0, (2.41)

which is known formally as the Eckhaus criterion [38]. In many situations, Eckhaus sta-
bility does indeed imply that PTWs are stable. A more rigorous stability analysis has
been carried out by Matkowsky and Volpert [70] that considers the case when (2.41) is
not sufficient for stability. In particular, they demonstrate that for smaller values of r0,
waves can destabilise for larger values of k—this is sometimes known as a “Hopf” type
instability, illustrated in Figure 2.5. Figure 2.5(a) demonstrates, in parameter space, how
Eckhaus curves given by (2.41) can differ significantly from the true stability boundary,
which we calculate numerically. By setting r0 = 0.72, we select PTWs with amplitude
small enough for destabilisation via Hopf instability. Since k = 0 when λ = 0, as men-
tioned, small values of k correspond to the elements of the essential spectrum near the
origin in the complex λ plane; these values determine whether a wave is Eckhaus stable.
Figures 2.5(b)–(d) are plots of the essential spectrum for a Hopf instability; in particular,
Figure 2.5(c) is the spectrum of an unstable wave that is Eckhaus stable, demonstrating
that the Eckhaus criterion is valid only in the limit k → 0. For the models considered in
this chapter, we always have the Eckhaus case, but in general one must be careful to rule
out the possibility of a Hopf destabilisation mechanism as shown in Figure 2.5.

2.6 Absolute and convective instabilities

We now focus on unstable PTWs, distinguishing between absolute and convective insta-
bilities. If a perturbation grows in time at every fixed point in the domain, we say the
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solution is “absolutely unstable.” The issue is that in a spatially dependent system, a per-
turbation may move in space while it grows, meaning that the perturbation may decay at
the point at which it is applied but grow overall. If perturbations decay at every fixed point
but the overall norm of the perturbation grows, then we say the solution is “convectively
unstable.” In our specific case, a convective instability allows a band of PTWs to be seen
behind invasion, before they appear to destabilise. This is because, for an invasion, we
consider a finite domain with separated boundary conditions so that perturbations mov-

F 2.5: Plots to illustrate a Hopf type instability in the CGLE in terms of ecological
parameters relating to (2.43) defined in Section 2.7, with δ = −0.68 (note this is an eco-
logically insignificant parameter choice). In (a), we can see the difference in the Eckhaus
curve (dashed line), calculated using (2.41), and the true stability line (solid line), which
is calculated numerically and separates unstable (shaded) and stable (white) regions of the
a-b parameter plane. (b)–(d) are plots of essential spectra for different parameter values.
Point (U) in (a) represents parameter values a = 0.71, b = 0.07, and gives the spectrum in
(b), implying unstable (and Eckhaus unstable) PTWs. Similarly, point (ES) represents pa-
rameters a = 0.74, b = 0.04, and is associated with spectrum (c). In this case, Re(λ) < 0
close to the origin, implying the PTW is stable to perturbations with large wavelength
but unstable overall due to larger k values located away from the origin in the complex
λ plane. Point (S) represents a PTW with parameter values a = 0.78, b = 0.03, that is
stable, as seen in the corresponding spectrum (d).
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ing away from one boundary do not reenter at the other. Figure 2.4 illustrates how a fixed
width band of PTWs is generated behind the invasion front. From an ecological viewpoint,
one would wish to be able to predict whether PTWs observed in practice will eventually
destabilise.

A few methods exist that calculate whether an unstable steady state is absolutely or
convectively unstable, some of which are very complicated [12; 115], and so we proceed
with a method that uses the notion of an “absolute spectrum,” a term coined by Sandstede
and Scheel [96]. To explain the absolute spectrum, we refer back to the dispersion relation,
D(λ, k) = 0, as given by (2.39)—a fourth-order polynomial in k. Now though, it is
necessary to let k ∈ C. For a given λ, we obtain four roots for k that we label ki(λ)
(i = 1, 2, 3, 4) such that

Im(k1) ≤ Im(k2) ≤ Im(k3) ≤ Im(k4). (2.42)

For a system of two coupled reaction-diffusion equations (in our case the real and imag-
inary parts of (2.13)), the “absolute spectrum” is the set of λ values such that Im(k2) =

Im(k3) (for details of this, we refer the reader to the proofs in [96]). Whether a solution
is absolutely or convectively unstable can be determined by the branch points in the ab-
solute spectrum [96]—if all branch points have Re(λ) < 0, the solution is convectively
unstable, whereas if there exists a branch point with Re(λ) > 0, the solution is absolutely
unstable. In principal, the absolute spectrum can cross into the right-hand half of the com-
plex plane even when all branch points are in the left-hand half; the solution would then
have “remnant” instability [96; 111], with growing perturbations travelling in both space
directions. This is extremely rare—we know of only one documented example [87]—and
we have seen no evidence for behavior of this type in our simulations. Figure 2.6 shows
the division of the parameter plane into absolutely and convectively unstable cases via the
calculation of branch points of the absolute spectrum.

2.7 Example: the Leslie–May model

We now put the theory described in Sections 2.4–2.6 into practice via an example. A well
established model, sometimes known as the Leslie [65] or May [71] model for predators,
p(x, t), and prey, h(x, t), can be written in its nondimensionalised form as

∂p

∂t
=
∂2p

∂x2︸︷︷︸
dispersal

+

benefit from
predation︷︸︸︷
cp − cp2

h︸︷︷︸
death

, predators (2.43a)

∂h

∂t
= δ

∂2h

∂x2︸ ︷︷ ︸
dispersal

+

logistic growth︷ ︸︸ ︷
h(1− h)− aph

b+ h︸ ︷︷ ︸
predation

, prey (2.43b)
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F 2.6: The effect of diffusion on PTWs generated by invasion in (2.43). (a)–(c)
show the stable (white) and unstable (shaded) regions of the parameter space, separated
by the Eckhaus stability boundary (black line) calculated using (2.41), for different values
of the diffusion coefficient, δ. The light shaded region represents convective instability in
the generated PTWs (see Section 2.6) and indicates that a band of PTWs will be observed
before destabilisation. The dark shaded region represents absolutely unstable behaviour
for which no PTWs are observed. The absolute stability boundary is calculated numeri-
cally by finding branch points in the absolute spectrum (see Section 2.6 for details). (b)
represents the λ–ω case discussed in Sections 2.1 and 2.3. Crosses relate to Figure 2.7. In
(d), we plot wavelength against δ to compare analytic predictions (lines) with numerical
simulations (points) for different values of the control parameter, c. We set a = 0.76,
b = 0.04, giving a Hopf bifurcation point at ccrit ≈ 0.29 (see (2.46)), below which cyclic
behavior occurs. We plot for c = 0.24 (solid line and crosses), c = 0.19 (dashed line and
circles), and c = 0.13 (dot-dashed line and squares). As we approach ccrit, our analytic
predictions converge to numerical simulations.

where a, b, c, and δ are positive constants from which we, again, select c as our control
parameter. There are two coexistence homogeneous steady states, and so, without loss of
generality, we consider

ps =
1

2

(
1− a− b+

√
((1− a− b)2 + 4b)

)
, hs = ps. (2.44)

Although the Leslie–May model appears similar to (2.23), the key difference is in the
predator equation; due to a logistic type growth of predators, the kinetic part of (2.43a) is
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(a) a = 0.71, b = 0.01, δ = 0.2, t = 850.

(b) a = 0.75, b = 0.08, δ = 1, t = 2550.

(c) a = 0.79, b = 0.07, δ = 3, t = 3000.

F 2.7: Numerical simulations to show the effect of parameter values, illustrated in
Figure 2.6, on stability. We fix c− ccrit = 0.05 so that we are a constant distance from the
Hopf bifurcation. Note that (a) is related to parameters represented by a cross in Figure
2.6 (a) and, similarly, that (b) and (c) relate to Figures 2.6(b) and 2.6(c), respectively. In
(a), the selected PTW is absolutely unstable, and irregular behavior is observed immedi-
ately behind invasion due to stationary modes. In (b), the selected PTW is convectively
unstable, allowing a band of PTWs to develop before perturbations grow large enough to
be observed at x = 220. In (c), a stable PTW is selected.

no longer linear in p. To be clear, one can calculate the associated Jacobian as

J =

 −c c

− ahs
(b+ hs)

1− 2hs −
aps
b+ hs

+
apshs

(b+ hs)2

 , (2.45)

which, when evaluated at the Hopf bifurcation point

ccrit = 1− 2hs −
aps
b+ hs

+
apshs

(b+ hs)2
, (2.46)

no longer satisfies Theorem 2.1(ii) in Section 2.3. Therefore, when Theorem 2.1(i) does
not hold, we must proceed by reducing (2.43) to the CGLE. We do not give the nor-
mal form expressions explicitly since they are long and awkward, but they can be eas-
ily calculated using a computer algebra package via (2.14), giving us α = α(a, b) and
β = β(a, b, δ). These expressions can be substituted into (2.37), allowing one to specify
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the PTW selected by invasion from (2.25) in terms of the original model parameters. We
have investigated a wide range of ecologically significant parameter choices and find, in
all cases, that PTWs destabilise via an Eckhaus instability so that (2.41) determines stabil-
ity. For other methods of wave generation, PTWs could destabilise via Hopf instability,
and one would have to calculate stability numerically (see Section 2.5)—we give an ex-
ample of this for (2.43) in Figure 2.5(a) for a fictional method of wave generation that
generates PTWs of amplitude r0 = 0.72.

Figures 2.6(a)–(c) use (2.41) to calculate stable and unstable regions of the parameter
plane. In addition, we calculate absolutely unstable regions (where spatio-temporal irregu-
larity is observed immediately behind invasion) and convectively unstable regions (where
PTWs are observed but then destabilise after some time) by calculating branch points in
the absolute spectrum. Assuming that PTWs are observed, we can make predictions about
their characteristics: Figure 2.6(d) demonstrates the effect of δ on the wavelength while
highlighting the importance of being close to the Hopf bifurcation. Close to ccrit, our
predictions agree well with numerical simulations, but as c moves away from ccrit, they
become less accurate, though, in accordance with normal form theory.

2.8 Discussion

Our amplitude equation (2.37) enables us to specify explicit solution forms for a more
general class of ecological models (2.1), giving accurate predictions of PTW characteris-
tics near a Hopf bifurcation. We have shown that dispersal has a significant effect on the
general stability of PTWs and for unstable waves employed the notion of absolute and
convective instabilities to predict the existence of a band of waves prior to destabilisation
into spatio-temporal irregularity. Furthermore, by combining theory from [110] with the
results in this chapter, one can calculate the bandwidth of a band of PTWs, which we
implement in Chapter 5.

We suggest three directions for future work:

• Large amplitude PTWs. Our work has assumed that PTWs must necessarily be of
the small amplitude type by fixing a control parameter close to the Hopf bifurcation
point. Ecologists, in general, would be interested in large amplitude PTWs that
have a more significant impact on the surrounding ecosystem. This is the natural
direction for future work on PTW selection—little has been done in this area, with
the exception of recent work byMerchant andNagata [72; 73], who developed a new
method of PTW prediction that retains accuracy further from the Hopf bifurcation
by assuming the existence of a front between the spatially homogeneous steady state
and the selected PTW.

• Non-local dispersal. For many natural populations, diffusion is considered to be a
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crude representation of movement, failing to capture instances of rare long distance
dispersal events. Recent work [104; 105], instead, uses spatial convolution with a
dispersal kernel, which is more accurate in many systems. In [104; 105], it is as-
sumed throughout that parameters are close to a Hopf bifurcation and that dispersal
terms are the same for predators and prey, enabling one to approximate the model
via the λ–ω equations. Instead, one could allow dispersal coefficients to vary, re-
sulting in a CGLE normal form and allowing one to apply the results in this chapter
to models with non-local dispersal. A much harder problem, though, would be to
study the dynamics for different dispersal kernels, which would give a completely
different and, likely, more complicated normal form equation.

• Two dimensional perturbations. Our focus with regards to the stability of PTWs
has been on one dimensional patterns. In reality, ecological systems are more accu-
rately represented in two space dimensions, the implication being that PTWs that
are stable to one dimensional perturbations may or may not be stable when trivially
extended as striped patterns. This is because of additional transverse two dimen-
sional perturbations. Siero et al. [112] have done work in this area with respect to
banded vegetation patterns observed in semiarid desert regions. The authors iden-
tify that the resilience of these striped patterns is greater on a steeper incline by
numerically computing stability regions, and show that the destabilisation process
leads to “dashed” vegetation patterns before desertification. The consideration of
two dimensional perturbations in relation to PTWs in cyclic populations could re-
veal interesting new pattern formations that are as yet undiscovered due to a lack of
empirical data.
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Large scale patterns in mussel beds:
stripes or spots? 3

An aerial view of an intertidal mussel bed often reveals large scale striped patterns aligned
perpendicular to the direction of the tide; dense bands of mussels alternate periodically
with near bare sediment. Experimental work led to the formulation of a set of coupled
partial differential equations modelling a mussel-algae interaction, which proved pivotal
in explaining the phenomenon. The key class of model solutions to consider are one-
dimensional periodic travelling waves (wavetrains) that encapsulate the abundance of
peak and trough mussel densities observed in practice. These solutions may, or may not,
be stable to small perturbations, and previous work has focused on determining the ecolog-
ically relevant (stable) wavetrain solutions in terms of model parameters. The aim of this
chapter is to extend this analysis to two space dimensions by considering the full stripe
pattern solution in order to study the effect of transverse two-dimensional perturbations—
a more true to life problem. Using numerical continuation techniques, we find that some
striped patterns that were previously deemed stable via the consideration of the associated
wavetrain solution, are in fact unstable to transverse two-dimensional perturbations; and
numerical simulation of the model shows that they break up to form regular spotted pat-
terns. In particular, we show that break up of stripes into spots is a consequence of low
tidal flow rates. Our consideration of random algal movement via a dispersal term allows
us to show that a higher algal dispersal rate facilitates the formation of stripes at lower
flow rates, but also encourages their break up into spots. We identify a novel hysteresis
effect in mussel beds that is a consequence of transverse perturbations.

This chapter is based on a paper of the same name [7] published in the Journal of Mathematical Biology,
and co-authored by Jonathan A. Sherratt.

We would like to thank Johan van de Koppel for kindly providing the photograph in Figure 3.1.
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3.1 Introduction

Blue mussels (Mytilus edulis) are often known as the common mussel because of their per-
sistence in abundance across various intertidal regions. They usually play important roles
in biodiverse ecosystems as major food sources for aquatic and terrestrial animals, and
also form the foundations of many shallow water, benthic habitats. One important role is
the circulation of nutrients via filter feeding—water is siphoned over the gills where sus-
pended biomass, such as algae, enters the digestive system. The excrements provide nutri-
ents for other marine animals, and bi-products (pseudofaeces) become a form of enriched
sediment, thought to increase species diversity [26]. A comprehensive overview of the
blue mussel has been collated in an online archive [125] by TheMarine Biological Associ-
ation. The ecological and agricultural significance of the bluemussel has prompted numer-
ous empirical [16; 18; 32; 47; 53; 82], as well as mathematical [14; 43; 52; 66; 105; 128],
studies on mussel aggregation. Though sessile for the majority of their lives, individuals
are able to reposition themselves—they anchor onto substrate by extending new byssus
threads, which are shortened so that the main body of the mussel is dragged into position.
Young mussels are particularly mobile, often settling away from older mussels to limit
competition for food [80], and, collectively, forming large beds on soft sediment by ad-
hering to one another and ocean debris. Their local movement creates the opportunity for
self organisation into large scale patterns. In this chapter, we focus on periodic striped
patterns in soft sediment mussel beds, observed in both the Dutch Wadden Sea [128] and
the Menai Strait (UK) [42]. We demonstrate howmussels can reorganise themselves from
striped formations into spotted, patchy formations when the bed is subject to ecological
change, providing insight into the origin of patterns such as that shown in Figure 3.1,
which is an aerial photograph taken over the Wadden Sea.

In this chapter, we study a mathematical model based on the “reduced losses” hypoth-
esis for striped mussel beds, which was proposed by van de Koppel et al [128]. Mussels
adopt a “strength in numbers” approach by forming dense aggregations to reduce their
dislodgement by waves, and defend against predation. Soft-sediment beds are heavily
influenced by the algal concentration in the benthic boundary layer, and this is the limit-
ing factor for mussel growth [35; 81]. Therefore, tidal currents play a significant role in
pattern formation: the algal supply is simultaneously depleted and transported with the
tide, inducing a long range inhibition between mussels. This, coupled with a short range
activation to reduce losses, is the origin of periodic striped patterns, whereby a balance
is struck between cooperation and competition between individual mussels. Before pro-
ceeding, we comment that there is an alternative “sediment accumulation” hypothesis for
stripe formation in mussel beds, proposed by Liu et al [66].

We analyse an extended version of the original reduced losses model [128]—the non-
dimensionalised equations for algal and mussel densities, a(x, y, t) andm(x, y, t), respec-
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F 3.1: An image of large scale patterning in a mussel bed in the Dutch Wadden Sea.
The image was taken from a topological map featured on BAG viewer, an interactive map
powered by Kadaster, and is reproduced under the licence CC-BY Kadaster.

tively, are given by

∂a

∂t
=

transfer to/from
upper water layer︷ ︸︸ ︷
α(1− a) −

consumption
by mussels︷︸︸︷
am︸ ︷︷ ︸

=: f(a,m)

+

tidal
advection︷︸︸︷
β
∂a

∂x
+

algal
dispersal︷︸︸︷
ν∆a (3.1a)

∂m

∂t
=

birth︷︸︸︷
δam −

dislodgement
by waves︷ ︸︸ ︷
µm

1 +m︸ ︷︷ ︸
=: g(a,m)

+

mussel
dispersal︷︸︸︷
∆m, (3.1b)

where α > 0 is the renewal rate of algae; β is the tidal flow rate; δ > 0 is the scaled
potential growth rate of mussels; µ > 0 is the maximal mussel mortality rate (see van
de Koppel’s paper [128] for details of dimensional parameters along with their physical
units). In this chapter we analyse (3.1) in both one space dimension (x, t) and two space
dimensions (x, y, t) in subsequent sections. The x–coordinate is parallel to the direction
of advection, with the y–coordinate acting perpendicular—in the direction of the shore.
We take β to be constant on the basis that the influx of algae with the incoming tide is
the dominant effect; it would be more realistic to allow for oscillations in β, but doing
so is significantly more complicated mathematically [108]. However, we do take β as a
control parameter in our prospective numerical analysis, which is therefore relevant for
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slowly varying β. We allow β to be negative or non-negative reflecting the bi-directional
nature of tidal flow, so that β = 0 corresponds to the tide changing direction at either high
or low tide. That being said, the symmetry of (3.1) in the positive and negative x directions
implies that solutions for β < 0 will be symmetric to solutions for β > 0. The parameter
ν ≫ 1 is a ratio of algal and mussel dispersal rates. In the original reduced losses model
[128] algal movement is solely described by an advection term that mimics tidal flow and
the transport of algae along with it. Cangelosi et al [14] extended the model by assuming
a random movement of algae by including a diffusive term, but their subsequent work
focused on the special case where β = 0. Equation (3.1) is the extended version of the
reduced losses model, including both transport and dispersal terms.

We can study pattern formation by considering pattern solutions of (3.1). Mathemat-
ically, we do this by changing coordinate system to a frame of reference that moves in
the direction of the pattern. This allows (3.1) to be reduced to a set of ordinary differen-
tial equations that are more easily analysed. In the real world, mussel beds are subject
to disturbances, which we can model by adding small perturbations to our solutions. We
are interested in determining which striped patterns are stable to these small disturbances,
since they will persist in the disorderly and changeable setting of real mussel beds. For
simplicity, we can categorise perturbations as either 1D—acting in the direction of wa-
ter flow, or, 2D—acting, additionally, in a direction parallel to the shoreline. Previous
work [100; 133] has focused on the effects of 1D disturbances and the determination of
ecologically relevant patterns by means of analysing (3.1), though we are unaware of any
advances that consider stability to both 1D and 2D perturbations—a more accurate repre-
sentation of the real world problem. Specifically, we study how the flow rate and algal
dispersal rate affect stability. We pose the question; of those striped patterns that are sta-
ble to 1D disturbances, which are stable to 2D disturbances, and what is the fate of the
2D unstable patterns? We use numerical continuation techniques to determine those 1D
striped patterns that will persist in their 2D setting, and verify that regular spotted patterns
arise from those that are 2D unstable; we do this through numerical simulation of (3.1).
In all numerical simulations we solve (3.1) on the two-dimensional periodic domain; util-
ising a spectral method (we used the fft2 and ifft2 routines from the Python library,
NumPy) to remove the stiffness associated with diffusion terms, and an exponential time-
differencing Runge-Kutta scheme which is described in [23]. Our work builds on a study
of the stability of banded vegetation patterns observed in semi-arid desert regions by Siero
et al [112].

In Section 3.2 we discuss the necessary conditions for the formation of striped patterns
from a homogeneous steady state of (3.1). The remainder of the chapter focuses on the
stability of existing striped patterns and in Section 3.3 we detail a numerical methodology
for testing 2D stability of striped mussel beds. In particular we produce a graphical repre-
sentation of the rationale behind the process which we implement in Section 3.4 to obtain
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results about how tidal flow affects stability, and carry out numerical simulations of (3.1)
to validate our analysis. We discuss the ecological implications of our findings in Section
3.5.

3.2 Onset of striped patterns in the extended reduced
losses model

Equations (3.1) have two homogeneous steady states; an algae only steady state, (a,m) =

(1, 0); and a co-existence steady state,

(as,ms) =

(
µ− δα

δ(1− α)
,
α(δ − µ)

µ− δα

)
, (3.2)

which we require to be positive. For the ecologically relevant parameters used in our
study (1, 0) is a saddle point, and therefore not of interest when considering the pattern
forming tendencies of the model—we focus on (3.2). Mathematically, pattern solutions
of (3.1) arise through a Turing-Hopf bifurcation (Turing bifurcation when β = 0). For
this, we require (3.2) to be stable against homogeneous perturbations, and unstable to
heterogeneous perturbations. A simple sufficient condition for (3.2) to be positive and
stable to homogeneous perturbations is

4 > δ > µ > δα (3.3)

(see [108] for a detailed explanation).
At this point, we mention that we are able to neglect 2D perturbations when determin-

ing the onset of pattern formation. Siero et al [112] proved, for a general class of systems
that includes (3.1), that primary destabilisation of (3.2) occurs for perturbations that are
constant in the y–direction. Consequently, these perturbations grow quickest and, with
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F 3.2: Pattern onset in (3.1) with (3.5) for two values of algal dispersal rate, ν. We
calculate the dispersion relation given by the determinant of (3.4) and plot the maximum
real part of the eigenvalues, λ, as a function of wavenumber, k. We show plots for different
tidal flow rates, β = 0, 10, 20, in both panels, with the arrow denoting increasing β. In
(a), a critical β exists that marks the onset of pattern formation, before which, no patterns
will be observed; in (b), pattern formation is independent of β and occurs for all values.
Note that due to symmetry, onset of patterns for β < 0 is equivalent.
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our assumption of a supercritical Turing-Hopf bifurcation, form a striped pattern perpen-
dicular to the direction of advection. Hence, we take ∆ = ∂2/∂x2, since the onset of
patterns in 1D is identical to the onset of patterns in 2D. We perform a Turing analysis by
linearising (3.1) about (3.2), and substituting (a− as,m−ms) = exp(ikx)(ã, m̃), which
yields an equation of the form, (∂/∂t)(ã, m̃)T =M(ã, m̃)T , where

M =

(
−α−ms + iβk − νk2 −as

δms δas − µ/(1 +ms)− µms/(1 +ms)
2 − k2

)
, (3.4)

and k is the wavenumber of perturbations in the x-direction. Non-trivial solutions require
det(M − λI) = 0, and this gives the decay rate of perturbations, λ, as a function of
the various model parameters and k. In previous studies, it was shown that the onset of
pattern formation occurs at a critical flow rate. In the extended model this is the case for
low values of algal dispersal as seen in Figure 3.2(a), however for larger values pattern
formation is independent of flow rate, and patterns exists for all β, as seen in Figure 3.2(b).

Thus, we can determine the origin of striped patterns in terms of parameters. For the
remainder of this chapter, we aim to study how they are affected by tidal flow and algal
dispersal, and so we fix the parameters α, δ and µ; specifically

α = 0.6667, δ = 0.15, µ = 0.1333. (3.5)

These parameters were calculated by Wang et al [133], based on estimates of their con-
stituent ecological quantities, and satisfy condition (3.3), giving a co-existence state that
is stable to homogeneous perturbations. Striped patterns may then be generated but they
may not be stable; in the subsequent sections we aim to show how β and ν affect their
stability.

3.3 Methodology

Through a Turing-Hopf instability of the homogeneous steady state, we explained the
origin of striped patterns in Section 3.2. Such solutions may or may not be stable in their
own right, and consequently we now focus on the stability of the heterogeneous striped
pattern solution. The tidal flow rate, β, is likely to be the most variable parameter of (3.1),
as it reflects the periodic advancing and receding of the ocean. Accordingly, we make β
our primary concern by selecting it as a control parameter, with the aim of establishing how
stability changes when β is varied. We can assess how the dispersal rate of algae affects
stability by repeating the methodology described in this section for different values of ν.

In this section, we first review 1D stability by taking a = a(x, t), m = m(x, t) and
∆ = ∂2/∂x2 in (3.1). We shall see how the results can be used as a starting point for our
main calculation of 2D stability in Section 3.3.2. For simplicity, we transform to a moving
frame of reference ξ = x − ct, where c is the speed of the migrating pattern. Travelling
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waves, a(x, t) = A(ξ) andm(x, t) =M(ξ), of (3.1) are then solutions of

0 = ν
d2A
dξ2

+ (c+ β)
dA
dξ

+ f(A,M) (3.6a)

0 =
d2M
dξ2

+ c
dM
dξ

+ g(A,M). (3.6b)

Note this rescaling yields an advection-diffusion equation, with advection terms now fea-
turing in both component equations of (3.6). By assuming a travelling wave solution form,
we can automatically impose the boundary condition A(L) = A(0), M(L) = M(0),
where L is the wavelength. Therefore, without loss of generality, we take our domain
length to include one period of the solution by letting 0 < ξ < L. Travelling wave so-
lutions now depend not only on β, but also on c. For each fixed value of β, a family of
limit-cycle solutions (i.e. periodic patterns) exist beyond a critical value of c.

3.3.1 1D stability: the spectrum

In one space dimension, striped pattern solutions of (3.1) are periodic travelling waves
and the associated stability problem is equivalent to that of the travelling wave solutions
of (3.6). In general, to assess the (linear) stability of a solution, one must first apply small,
spatio-temporal perturbations. In our moving frame of reference solutions of (3.6) are
time-independent solutions of

∂â

∂t
= ν

∂2â

∂ξ2
+ (c+ β)

∂â

∂ξ
+ f(â, m̂) (3.7a)

∂m̂

∂t
=
∂2m̂

∂ξ2
+ c

∂m̂

∂ξ
+ g(â, m̂), (3.7b)

where â = â(ξ, t), m̂ = m̂(ξ, t). For small ā(ξ) and m̄(ξ), substitution of the perturbed
travelling wave solutions

â(ξ, t) = A(ξ) + ā(ξ) eλt, m̂(ξ, t) =M(ξ) + m̄(ξ) eλt, (3.8)

into (3.7), applying (3.6) and subsequently linearising about A(ξ),M(ξ) gives the eigen-
function equations,

λā = ν
∂2ā

∂ξ2
+ (c+ β)

∂ā

∂ξ
+ ā

∂f

∂a
(A,M) + m̄

∂f

∂m
(A,M), (3.9a)

λm̄ =
∂2m̄

∂ξ2
+ c

∂m̄

∂ξ
+ ā

∂g

∂a
(A,M) + m̄

∂g

∂m
(A,M), (3.9b)

where λ is an eigenvalue and ā, m̄ are eigenfunction components; these are all complex-
valued. The notation ∂f

∂a
(A,M) (for example) is the derivative of f with respect to a,

evaluated at the travelling wave solutionA(ξ),M(ξ). Whilst the travelling wave solution
of (3.7) must be periodic by definition, the eigenfunction need not be. That being said,
although we pose the problem on 0 < ξ < L, our results must hold on an infinite domain.
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F 3.3: Spectra of the travelling wave solutions of (3.6) with ν = 300. In (a), β = 10
and the spectrum is contained in the left of the complex λ plane indicating that the solu-
tion is stable. In (c), β = 50 which corresponds to an unstable solution since there exist
perturbations with positive growth rate. In (b), β = 16.22 and the solution is marginally
stable. The transition (a)–(c) is an illustration of an Eckhaus instability, where destabili-
sation occurs via a change of curvature at the origin. One can trace out contours of zero
curvature in parameter space as in Figure 3.5 to mark the boundary between 1D stable and
unstable solutions.
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One can derive appropriate boundary conditions for ā, m̄ using Floquet theory [31; 41;
87]—for some real valued constant γ,

ā(L) = ā(0) eiγ, m̄(L) = m̄(0) eiγ . (3.10)

This ensures that the complex amplitude of the eigenfunction is the same at both ends of
the domain, preventing unbounded growth when applied to the infinite domain case. A
phase shift is, however, permissible via the imaginary exponent—because of the coupling
in (3.9) the phase shift must be identical across all real and imaginary parts of the eigen-
function components. This means that for a given travelling wave solution defined on
0 < ξ < L, a perturbation can be characterised by γ, and we can assess whether it grows
or decays by studying the associated λ. It now becomes clear that numerical continuation
is a powerful way of testing stability since one can track the values of λ by using γ as a
continuation variable.

Stability can be determined by calculating the spectrum; for general spatio-temporal
solutions, this will contain both the discrete “point spectrum” and the continuous “essential
spectrum”, but in the specific case of travelling wave solutions, the point spectrum is
empty (see Chapter 3.4.2 in [41]). Therefore, the spectrum is just the essential spectrum
given by the set of λ values such that (3.9) with (3.10) has a non-trivial solution. We
plot some spectra of travelling wave solutions in Figure 3.3. For all, we observe that the
spectrum passes through the origin, which is the case for all travelling wave solutions and
reflects the neutral stability of waves to translation. Therefore, we assert that a solution is
(spectrally) stable if Re(λ) < 0 for all λ except λ = 0 (all perturbations will decay over
time), and unstable if λ values exist with Re(λ) > 0 (a range of perturbations will grow
over time). Points in the complex λ plane that satisfy max(Re(λ)) = 0 (excluding the
origin) indicate a marginally stable solution. In Figure 3.3(a), we have a stable solution,
meaning that the corresponding solution of the original PDE model will persist. In many
cases, destabilisation is a result of a change of curvature at the origin, and so it is sufficient
to examine the spectrum close to the origin. This type of destabilisation mechanism is
known as an “Eckhaus” or “sideband” instability and is illustrated in Figure 3.3. We
mention that in general instability can also be of “Hopf” type, meaning that destabilisation
occurs away from the origin; however, numerical work suggests that for (3.1) we need only
consider the Eckhaus case.

3.3.2 2D stability: the envelope of the spectrum

To motivate this section, we give a brief analogy. Consider learning to ride a bicycle, in
particular, the stability of the cyclist. One might start by using stabilisers—this is now a
1D problem and all the cyclist has to worry about is falling forwards or backwards. Hope-
fully, the cyclist is 1D stable, and can eventually remove their stabilisers, opening them
up to a whole new set of perturbations acting in a perpendicular direction to the motion of
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the bicycle. This is the full 2D problem and though the cyclist may be stable to 1D pertur-
bations, they could be unstable to 2D perturbations, causing them to fall sideways. In this
section, we describe the basic framework necessary for 2D stability by using a simple 2D
analogue of (3.9). We then describe how this new equation can be analysed numerically,
using (3.9) as a starting point.

We begin by taking a = a(x, y, t),m = m(x, y, t), and∆ = ∂2/∂x2+∂2/∂y2 in (3.1).
Since striped patterns are constant in the y–direction, they are solutions of (3.6) with a
trivial redefinition A(ξ, y), M(ξ, y). In contrast, to determine stability we must assume
the solution is non-constant in the y–direction due to the addition of small perturbations.
Therefore, in the same vein as Section 3.3.1, striped pattern solutions are t–independent,
y–independent solutions of

∂â

∂t
= ν

(
∂2â

∂ξ2
+
∂2â

∂y2

)
+ (c+ β)

∂â

∂ξ
+ f(â, m̂), (3.11a)

∂m̂

∂t
=
∂2m̂

∂ξ2
+
∂2m̂

∂y2
+ c

∂m̂

∂ξ
+ g(â, m̂), (3.11b)

where â = â(ξ, y, t), m̂ = m̂(ξ, y, t). Like the periodic travelling waves considered in
Section 3.3.1, striped patterns are periodic in the x–direction and perturbations must be
represented by a general eigenfunction equation. However, because of the homogeneity
in the y–direction, one can decompose the eigenvector (see Section 3.2), and represent
corresponding perturbations using the wavenumber, ℓ. Thus we perturb the striped pattern
solution as

â(ξ, y, t) = A(ξ, y) + ā(ξ) eiℓy+λt, m̂(ξ, y, t) =M(ξ, y) + m̄(ξ) eiℓy+λt, (3.12)

for small ā(ξ), m̄(ξ). The linear eigenvalue problem is obtained by substituting (3.12)
into (3.11) and linearising about the striped pattern solution, giving,

λā = ν

(
∂2ā

∂ξ2
− ℓ2ā

)
+ (c+ β)

∂ā

∂ξ
+ ā

∂f

∂a
(A,M) + m̄

∂f

∂m
(A,M), (3.13a)

λm̄ =
∂2m̄

∂ξ2
− ℓ2m̄+ c

∂m̄

∂ξ
+ ā

∂g

∂a
(A,M) + m̄

∂g

∂m
(A,M). (3.13b)

This is simply a generalisation of (3.9): when ℓ = 0, perturbations are constant in the y–
direction, and the problem is equivalent to the 1D case already considered in (3.9). These
inherently 1D perturbations now work in tandem with a heterogeneity in the transverse
direction when ℓ ̸= 0, with certain pairings having a possible positive growth rate, leading
to destabilisation of the solution. The aim now is to determine which combination of
1D and 2D perturbations has the maximum Re(λ)—if this maximum is negative, we can
conclude that the solution is stable in both 1D and 2D, otherwise the solution is either
1D stable and 2D unstable, or, unstable in both 1D and 2D. We now outline a numerical
algorithm that can be used to test stability.
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Outline of numerical computation

To begin with, we rewrite the equations described in previous sections for numerical
continuation—all our continuations are implemented using AUTO 07p [33], for which
equations must be in the form u′ = H(u). We are not aware of any publications detailing
this calculation, though related work is described by Siero et al [112]. We can easily write
(3.6) and (3.13) as first order systems, respectively:

dA
dξ

= B,
dM
dξ

= N

dB
dξ

= −1

ν
((c+ β)B + f(A,M)) ,

dN
dξ

= − (cN + g(A,M)) ,


(3.14)

dā
dξ

= b̄,
dm̄
dξ

= n̄,

db̄
dξ

=
1

ν

(
λā+ ℓ2ā− (c+ β)b̄− ā

∂f

∂a
(A,M)− m̄

∂f

∂m
(A,M)

)
,

dn̄
dξ

= λm̄+ ℓ2m̄− cn̄− ā
∂g

∂a
(A,M)− m̄

∂g

∂m
(A,M),


(3.15)

with boundary conditions calculated from (3.10). Note that AUTO 07p does not allow for
the continuation of complex variables, meaning that (3.15) corresponds to eight equations
when one takes the constituent real and imaginary parts.

Parameters can be numerically continued, but the method first requires an initial so-
lution from which to start the computation. To find one, we note that for γ = 0 (3.9)
can be discretised in ξ and written as a matrix eigenvalue problem. Standard numerical
techniques can then be implemented to obtain a discrete set of approximated eigenvalues.
For stability, we are only interested in the eigenvalues that have the largest Re(λ). Sort-
ing the numerically computed eigenvalues with respect to Re(λ) and choosing the largest
10 (say), together with their corresponding eigenvectors, gives us a set of starting points
for continuation. The blue points in Figure 3.4(a) are our initial eigenvalues with γ = 0,
and using the method of Rademacher et al [87], continuation of each of these points in
0 < γ < 2π allows us to “fill in the gaps”, and trace out the full spectrum.

The reason one must perform a continuation from each initial λ is that the spectrum is
often not made up of one continuous curve; instead, it consists of several branches. In fact,
isolated islands of spectrum are common (see Figure 3.4(a)), especially near the critical
region for the determination of stability. Consequently, we are assuming the following:
for every disconnected subset of spectrum, there exists at least one eigenvalue with γ = 0

contained within it. In principle, this assumption might not hold, however, we are not
aware of any examples where this is not the case and in simpler systems the existence of
such islands has been disproved [87].
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We can now calculate the spectrum for any fixed ℓ, and the starting point for 2D stabil-
ity is the spectrum that determines 1D stability, for which ℓ = 0. Suppose we have a 1D
stable solution; one could generate spectra for different fixed values of ℓ until one finds
a perturbation that destabilises the solution. It can then be concluded that this specific
pattern is 1D stable, 2D unstable. Aside from this being a long and tedious process, a
conclusion cannot be drawn about 2D stability unless one can determine such a value of
ℓ. Instead, we must be able to calculate the most unstable point of the spectrum, over all
values of ℓ. We implement this idea by letting ā, m̄, b̄, n̄ and λ be dependent on both γ
and ℓ. Then we can consider the quantity λl := ∂λ/∂ℓ through a third set of equations:

dāl
dξ

= b̄l,
dm̄l

dξ
= n̄l,

db̄l
dξ

=
1

ν

(
λlā+ λāl + 2ℓā+ ℓ2āl − (c+ β)b̄l

− āl
∂f

∂a
(A,M)− m̄l

∂f

∂m
(A,M)

)
,

dn̄l

dξ
= λlm̄+ λm̄l + 2ℓm̄+ ℓ2m̄l − cn̄l

− āl
∂g

∂a
(A,M)− m̄l

∂g

∂m
(A,M),



(3.16)

that are obtained by differentiating (3.15) with respect to ℓ—subscripts denote partial dif-
ferentiation. Together with (3.14) and (3.15), and noting again that (3.16) contains com-
plex quantities, this gives us a set of twenty real equations in total to be used in the con-
tinuation. The required boundary conditions for (3.16) can be obtained by differentiating
(3.10) with respect to ℓ.

We begin by picking a starting point on the 1D spectrum corresponding to a specific
1D perturbation. These points are represented in Figure 3.4(a) as coloured circles. From
a practical point of view, a fundamental function of AUTO 07p is the ability to detect and
save user defined restart information from which a subsequent continuation can be done.
We perform continuations in the ℓ parameter for fixed γ, and look for turning points by
detecting solutions with Re(λℓ) = 0. Of the turning points, the value of λ with the largest
real part must be saved as a new starting point for the next stage in the algorithm. Of
course, for cases where there is more than one maximum, care must be taken to select the
largest. This is a particular issue in the neighbourhood of the origin.

A visual representation of these ℓ continuations can be seen in Figure 3.4(b) as coloured
curves, the end points of which represent the most unstable point for each fixed γ. If no
maximum is detected, one must assume the maximum occurs at ℓ = 0. Once a maximum
is determined, we can fix Re(λℓ) = 0, and trace out the envelope of the spectrum with
a continuation in γ, which is illustrated in Figure 3.4(c). If the envelope overlaps into
the right hand half of the λ complex plane, this implies that a range of perturbations with
a transverse heterogeneity are the source of instability. This is the case in Figure 3.4(c)
and we can conclude that the solution is 1D stable and 2D unstable. If the envelope is
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contained within the left half of the λ complex plane, we have stability against both 1D
and 2D perturbations, meaning the striped pattern will persist.

3.4 Results and simulation

The envelope of the spectrum (see Section 3.3) allows one to calculate the most unstable
2D perturbation for any given striped pattern, from which one can infer stability. For each
fixed β a range of stable solutions may exist that can be characterised by their wavenum-
ber. Previous work [87; 99; 101] has detailed how one can map out marginal stability
boundaries associated with 1D solutions in parameter space. In this section we explore
how the flow rate affects the 2D stability of striped patterns by mapping stable solutions
in the (β, k) parameter plane, where k is the wavenumber of the initial striped pattern.
To determine the 2D stable patterns we first must consider the set of 1D stable patterns,
and so in Figure 3.5 we trace out the Eckhaus marginal stability curve that separates 1D
stable and unstable patterns. We now must partition the 1D stable region into 2D stable
and unstable regions.

The calculation of the 1D (Eckhaus) boundary is dependent on the fact that all spectra
of travelling waves pass through the origin of the complex λ plane. In contrast, for 2D
stability we consider the envelope where this is not necessarily the case (see Figure 3.4(c)).
Suppose we calculate the envelope for a particular stripe pattern solution—this will tell
us the stability of that solution for a particular fixed β. Iterating this process with a grad-
ual change in β will slowly alter the shape and position of the envelope until we obtain a
solution that is marginally stable to 2D perturbations, i.e. max(Re(λ)) = 0. This solution
marks the boundary between stable and unstable striped patterns and we observe that it
occurs at λ = 0, exactly. To be clear, unlike 1D Eckhaus stability where one observes
a change in curvature at the origin of the spectrum (see Figure 3.3), we find that 2D in-
stability occurs via a translation of the envelope through the origin. More concretely, we
find that marginal stability always seems to occur for points on the envelope where either
γ = 0 or γ = π, which has previously been reported (for a different model) by Siero et
al [112], and in particular the points on the 1D spectrum from which they originate are:
λ = 0 (γ = 0), or the value of λ ̸= 0 obtained after one continuation of γ ∈ [0, π]

from λ = 0. The consideration of the corresponding points on the envelope alone, which
we illustrate in Figure 3.4(c) with coloured crosses, allows us to simplify our calculation
considerably. Computationally, we deal with these two points separately. Once we have
found the most unstable 2D perturbation for our chosen fixed β, we impose the condition
Re(λℓ) = 0 and vary β (allowing ℓ to vary) until we find a critical value where λ = 0.
Finally, continuation in both β and k with the additional constraints that λ = 0 and λℓ = 0

traces out marginal stability boundaries as seen in Figure 3.5. We trace out the boundaries
for both the γ = 0 and γ = π cases which separates the 1D stable region into 2D stable
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F 3.5: Stability of existing striped patterns in young mussel beds. Striped pattern
solutions of (3.1) are represented in terms of their tidal flow rate, β, and their wavenumber,
k, as a pair in (β, k) parameter space for different algal dispersal rates, ν. The thin black
curves are Turing-Hopf bifurcation loci that bound the pattern forming region (union of all
coloured sub-regions). The thick black line is the Eckhaus curve that separates 1D stable
patterns (union of green and dark grey sub-regions) from 1D unstable patterns (light grey
sub-region). Patterns unstable in 1D are also unstable in 2D. The red/blue curves form
the basis of this chapter, and partition the 1D stable region into 2D stable (green) and 2D
unstable (dark grey) sub-regions. Striped patterns in the dark grey region destabilise and
form spotted patterns.
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and 2D unstable sub-regions.
Through numerical simulation of (3.1) we find that perturbed 1D stable, 2D unstable

stripe solutions break up to form regular spotted pattern. The striped solution is periodic
and stable in the x direction, and homogeneous but unstable in the y direction, with the
instability (similar to onset discussed in Section 3.2) inducing an additional periodicity in
the y direction. The two γ–destabilisation mechanisms initiate two distinct types of break
up of stripes. For γ = 0 ‘square’ break-up occurs meaning that spots align in both the x
and y directions. For γ = π ‘rhombic’ break-up occurs which generates a spotted pattern
where columns of spots are out of phase in the x direction; this is visible in Figure 3.6(c)
and Figure 3.7(b),(h),(n), for example. Tracing out the γ-curves reveals that for our chosen
parameter set the primary break up mechanism is almost always the γ = π curve (giving
rhombic patterns); this is the curve that (almost always) bounds the 2D unstable region in
Figure 3.5. This is confirmed in numerical simulations of (3.1), which also reveals that
rhombic break up is the dominant mechanism if both destabilisation criteria are met. For
very large wavelength stripes the curves briefly intersect in Figures 3.5(b) and (c), and
the γ = 0 destabilisation mechanism becomes relevant, presenting the opportunity for
square break up; however the relevant region for spotted patterns is insignificantly small
and corresponds to very weakly unstable solutions. Numerical simulations in this region
do generate faint square 2D patterns, but full break up never occurs so that spots are not
seen in practice.

In Figure 3.5 we find that the 2D unstable region is always present at comparatively

(a) β = 5.9 (b) β = 6.65 (c) β = 7.15 (d) β = 10.28 (e) β = 11.21

0 ms 2ms 3ms 4ms 5ms

Mussel
density

F 3.6: Onset of pattern formation in 2D for ν = 100 corresponding to Figure 3.5(a).
Initially we have the stable homogeneous steady state (a) given by (3.2) that we subject to
increasing flow rates by varying β at a constant rate of 10−5. A Turing-Hopf bifurcation
exists at β ≈ 5.93, beyond which a striped pattern is generated perpendicular to the direc-
tion of advection (b) with k = 0.0877. Note that immediately after onset the pattern is 2D
stable but for an insignificantly small range of small amplitude patterns—approximately
β ∈ (5.93, 6.18). As β increases the solution becomes unstable to transverse 2D pertur-
bations and a rhombic spotted pattern is generated (c)–(d), though full break up does not
occur. A striped pattern of the same wavenumber reforms with larger amplitude (e). Note
thatms is the homogeneous steady state defined in (3.2) which is unchanged as β is varied.
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F 3.7
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F 3.7: 2D hysteresis effects in mussel beds caused by changing tidal currents for
ν = 300. Panels are snapshots of a single numerical simulation of (3.1), where β varies at
a constant rate of 10−4 back and forth between β = ±40. The relevant stability diagram
can be seen in Figure 3.5(b). Initially, we have a pattern with wavenumber k = 0.04
repeated fivefold (a). As the flow weakens, a spotted pattern emerges (b), breaks up (c)–
(d) and forms a new regular spotted pattern (e). As the direction of flow changes and
strengthens, a striped pattern begins to reform with defects (f) that subsequently disappear
leaving a pattern with k = 0.064 (g). As β is varied from −40 to 40 we see spots (h) that
become distorted into droplet shapes (i) and destabilise (j)–(k) into a different spotted
pattern (l). This pattern reforms into a striped pattern with k = 0.088 (m). Repeating
the process using the solution in (m) as a starting point generates spotted patterns like
those in (n)–(o), but the reformed striped pattern (p) is identical to that in (m). Note that
in the absence of history dependence one would expect the same patterns for ±β due
to symmetry in (3.1). Therefore, the red boxed panels demonstrate three distinct striped
patterns for, essentially, the same flow rate.

low flow rates, implying that stripe break up into spots may be a significant process in
mussel beds when considering the oscillatory nature of the tide. A realistic rate of algal
dispersal is difficult to determine, in part due to its obvious simplification of algal move-
ment. Cangelosi at al [14] argue the rough estimate ν = 300, though there is no concrete
evidence to support this. In this regard, we assess the effect that algal dispersal has on
stability by considering a few different values of ν. When algal dispersal is low and a
critical flow rate for pattern formation must be achieved (see Figure 3.5(a)), patterns are
2D stable immediately after onset, but this region is too small to be relevant in real mussel
beds. When the algal dispersal rate is increased patterns are generated for all flow rates,
however the 2D unstable region becomes larger. Increasing ν makes striped pattern for-
mation more likely, but also increases the critical tidal flow rate for which the patterns
will be resilient to transverse disturbances, making spotted patterns relevant for a wider
range of flow rates. We conclude from Figure 3.5 that spotted patterns are a consequence
of low tidal flow rates, and the persistence of striped patterns requires higher rates of flow
than previously expected. We highlight a key point: although the 2D stability boundaries
in Figure 3.5 can be used to determine when stripes become spots, they do not apply to
the converse situation—i.e. a spotted pattern that is subject to an increased rate of flow
may persist into the 2D stable stripe region.

Figure 3.6 shows a numerical simulation for a relatively low rate of algal dispersal, and
pattern formation does not occur until a critical flow rate is reached. Suppose the mussel
bed is initially at its homogeneous steady state given by (3.2), and the flow rate begins to
increase from β = 0 as in Figure 3.6. For flow rates below a critical value β = β0 the
steady state is stable, but for β > β0 stripes begin to form. Immediately after onset we
find that striped patterns are 2D stable, though as mentioned for a very limited range of β
values. Increasing β further still, stripes become unstable to transverse 2D perturbations
giving rise to spotted patterns, before the flow becomes strong enough for spots to reform
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into stripes.
We investigated history dependence in mussel beds by using Figure 3.5(b) to inform

our numerical simulations. Figure 3.7 shows the results of a simulation in whichwe slowly
oscillated β between maximum and minimum flow rates at a constant rate, which reveals
that a number of distinct striped patterns can exist for the same β. This hysteresis effect is
novel due to the fact that transitions are purely a result of transverse instabilities and are
consequently unreported in the literature. If one considered a 1D treatment of the problem
resulting in the Eckhaus curve alone, one would conclude that the transformation from one
striped pattern to another would be a consequence of high flow rates. In contrast, our re-
sults provide a more relevant destabilisation mechanism when considering the transition
between flood and ebb currents during a period of tidal oscillation. Figure 3.7 also demon-
strates that spotted patterns themselves are not necessarily stable; the spotted pattern in
Figure 3.7(b) breaks up, and a new spotted pattern emerges in Figure 3.7(e).

3.5 Ecological implications and discussion

We have analysed an extended reduced losses model (3.1) for striped mussel beds that was
originally posited in two space dimensions [128]. Nonetheless, much of the mathematical
analysis has focused on the one dimensional case; assuming results can be applied triv-
ially in 2D. The one dimension solutions are periodic travelling waves which we extend
in two space dimensions as stripe patterns, and analyse using numerical continuation tech-
niques and simulation. Specifically we have examined how the tidal flow rate affects the
resilience of stripes, and we summarise the ecological implications as follows.

(i) Our main result is that large scale spotted patterns in mussel beds are a consequence
of low tidal flow rates. Once a striped pattern has formed, a critical minimum flow
rate must be attained for ecological resilience, otherwise, the striped pattern is an
effective transitional phase in the formation of spotted patterns. An ecologist inter-
ested in determining resilient striped patterns should note that β must be stronger
than previously thought in this regard. If not, stripes will break up and a patchy ap-
pearance of the mussel bed may be observed in practice, as seen in Figure 3.1. The
original study in [112] determined that striped vegetation patterns in semi-deserts
were more resilient on steeper slopes (an equivalent advection coefficient to β is
used to increase the flow rate of water down the slope); in this regard our results are
in correspondence.

(ii) A higher rate of algal dispersal in the lower water layer permits the generation of
periodic stripe patterns at lower flow rates, though additionally it encourages their
break up. Although the model we consider incorporates a simple approximation of
true algal movement, we can still hypothesise what physical attributes of the sys-
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tem might influence ν. The random movement of algae is determined by complex
mixing processes in the ocean caused by turbulence—primarily on the millimetre
scale. Physical properties of the ecosystem that might influence these processes in
intertidal regions include: temperature, roughness of the seabed and wave action
[36].

(iii) We have identified a new type of hysteresis affect in mussel beds that is a result of
small disturbances perpendicular to the direction of tidal flow. Building on previous
work [101], our consideration of transverse 2D perturbations of stripes has revealed
new destabilisation mechanisms which cause their break up. With guidance from
the stability map in Figure 3.5 we simulated (3.1) numerically for slowly varying β
in two space dimensions and find that transitions between distinct striped patterns
occur as a consequence of the 2D instability. Each striped pattern is dependent upon
the previous state of the system.

The factors mentioned in (ii) that influence the dispersal of algae occur concurrently to
generate eddies that affect the mixing of algae in a complicated way, the variation of which
is crudely reflected in (3.1) with a change in algal dispersal rate. Due to the obvious model
simplification ν is very difficult to estimate, therefore we performed our calculations for
a range of values. An interesting direction for further work in this regard would be to
incorporate a more realistic model for the random movement of algae, not only in the x
and y directions, but also between water layers. Experimental work could also aid in the
determination of a more informed choice of ν that could be used in our calculations. Nev-
ertheless, an extension of the original reduced losses model to include a simplistic random
movement term for algae is a more accurate representation of the real world problem, and
the consideration of a range of dispersal rates leads us to the conclusion set out in (ii).

The most changeable parameter in (3.1) is the tidal flow rate, though our analysis
has focused on the case where β is constant; making our results most relevant when β
varies slowly. In reality, the flow rate in intertidal regions oscillates much faster and in a
more sinusoidal fashion. Furthermore, a unidirectional flow causes a constant collective
pattern migration in the opposite direction, though there is no evidence to support this. An
oscillatory, bidirectional flow ensures that no net migration occurs [105]. Simulations of
(3.1) for a sinusoidal flow rate with maximum amplitude βmax reveals that stripes may
withstand brief intervals of low flow rate. This is dependent on βmax which, assuming a
constant period of oscillation, affects the rate of change of β and the duration that stripes
are subject to the low, destabilising flow rates. Figure 3.8 shows how βmax affects the long
term evolution of stripes when subject to tidal oscillation, and demonstrates how Figure
3.5 can be used to roughly gauge the outcome. Note that apart from β this simulation is
identical to that in Figure 3.7 and we find that the same wavelength pattern is generated
in Figure 3.8(a) as seen in Figure 3.7(l). For more rigorous results, further work could
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(a) βmax = 40 (b) βmax = 25 (c) βmax = 10
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F 3.8: The effects of oscillating tidal flow are shown through simulation of (3.1)
with β = βmax cos(2πt/T ) for three different values of βmax. Parameters and domain
size are identical to that in Figure 3.8 with the exception of β, and we use Figure 3.5(b) to
inform our choices of βmax. We assume a semi-diurnal tide where two tidal oscillations
occur per day, which corresponds to the nondimensionalised time period: T = 2000.
Panels are the solutions after 100 tide oscillations (50 days) with the addition of random
noise every few time steps. In all cases a pattern with wavenumber k = 0.088 (identical to
that observed in Figure 3.7(m)) emerges quickly. After this: (a) stripes persist despite short
intervals of low flow rate, (b) stripes break up to form a spotted pattern which maintains
its structure during subsequent oscillations, (c) stripes break up to form a spotted pattern
with defects that persist.

focus on performing our analysis on (3.1) with β = β(t). Despite this shortcoming in our
analysis, we believe that (iii) will still be significant in real mussel beds because of slower
tidal variations throughout the year. Of course, there is a regular oscillation of the tidal
flow rate during a day, but there are also biweekly spring and neap tides known for their
more extreme tide highs and lows that result in larger and smaller βmax, respectively [61].
Additionally, the relative position of the Earth and Moon in their collective elliptic orbit
of the Sun gives rise to both abnormally strong perigean and weak apogean currents that
occur three or four times annually [17]. This means that a striped pattern that is resilient
to an oscillatory flow with a particular βmax may be susceptible to break up later on in the
year because of a change in βmax. One might therefore expect to see a larger proportion of
striped mussel beds around the time of a perigean spring tide, and spotted/patchy mussel
beds around the time of an apogean neap tide. This slow variation in βmax presents the
opportunity for break up and reformation of stripes and the possibility of observing the
history dependence that we have reported.

In general, testing theoretical predictions about mussel beds is certainly more plau-
sible than for many other ecological systems, e.g. spotted patterns in coral reefs [29],
rows of trees in the ribbon forest [5], banded vegetation in semi-arid desert regions [57].
This is because pattern generation in young mussel beds is relatively fast and small-scale
in comparison with the previous examples. Mussel patterns actually occur on multiple
spatial scales [68] and previous experiments on small-scale mussel patterns have been
possible under lab conditions [129]. Though harder to implement at the ecosystem scale,
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recent work [29] has included the seeding of mussel beds into various initial formations of
large and small scale patterns in order to observe how mussel numbers are affected over
time—this enabled the authors to validate the theoretical prediction that self–organisation
increases the resistance of mussel beds to disturbances. We believe a similar field exper-
iment could be implemented to test (i)—the key feature of this would be to control and
measure maximum flow rate. We point out that spotted patterns will be unlikely to form at
very low flow rates since the replenishment of algae would be minimal in reality, leading
to the breakdown of the model and, hence, of our predictions.
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Long-distance seed dispersal affects the resilience
of banded vegetation patterns in semi-deserts 4

Landscape-scale vegetation stripes (tiger bush) observed on the gentle slopes of semi-arid
regions are useful indicators of future ecosystem degradation and catastrophic shifts to-
wards desert. Mathematical models like the Klausmeier model—a set of coupled partial
differential equations describing vegetation and water densities in space and time—are
central to understanding their formation and development. One assumption made for
mathematical simplicity is the local dispersal of seeds via a diffusion term. In fact, a
large amount of work focuses on fitting dispersal ‘kernels’, probability density functions
for seed dispersal distance, to empirical data of different species and modes of dispersal.
In this chapter we address this discrepancy by analysing an extended Klausmeier model
that includes long-distance seed dispersal via a non-local convolution term in place of dif-
fusion, and assessing its effect on the resilience of striped patterns. Many authors report a
slow uphill migration of stripes; but others report no detectable migration speed. We show
that long-distance seed dispersal permits the formation of patterns with a very slow (pos-
sibly undetectable) migration speed, and even stationary patterns which could explain the
inconsistencies in the empirical data. In general, we show that the resilience of patterns
to reduced rainfall may vary significantly depending on the rate of seed dispersal and the
width of the dispersal kernel, and compare a selection of ecologically relevant kernels to
examine the variation in pattern resilience.

This chapter is based on a paper of the same name [8] published in the Journal of Theoretical Biology,
and co-authored by Jonathan A. Sherratt.

Wewould like to thankDaniele Avitabile for helpful discussions on the implementation of our numerical
methods.
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CHAPTER 4. NON-LOCAL SEED DISPERSAL AND BANDED VEGETATION PATTERNS

4.1 Introduction

4.1.1 Ecological background

The first scientific documentation of banded vegetation (or “tiger bush”) was in Somalia
in the 1950s [69]. Regular bands of vegetation alternating with near bare desert were
observed to run parallel to the contours of gentle slopes (0.2 − 2% incline [127]). Over
the years, it has become clear that banded vegetation is a global phenomenonwith recorded
observations in the African Sahel [77; 117], the Mulga Lands in East Australia [37; 75;
122], the States of Nevada [84] and Texas [85] in the United States, the Sonoran Desert
in northern Mexico/southern United States [1], the Negev in Israel [132] and Ladakh in
India [138]. The common theme is a semi-arid climate where the heat and lack of rainfall
creates a hostile environment in which plants must compete for water—the limiting factor
for vegetation growth. When rainfall does occur, it is often torrential and runs off the
bare, crusted ground downhill towards the vegetation where roots allow for increased
infiltration; promoting plant growth on the uphill edge and plant loss on the downhill
edge. Sometimes called the “water redistribution hypothesis” [120], the process generates
stripes (typically 20-200m in width [127]) that slowly migrate uphill at reported speeds in
the region of 0.2m to 1.5m per year [50; 74; 127; 136].

Banded vegetation patterns are not just a fascinating example of landscape scale self-
organisation; they are an important stage in the process of desertification in response to
climate change. Evidence of expanding deserts is clear, with recent work [118] showing
a substantial advancement of the Sahara desert over the last century. A common school
of thought is that desertification is a transition of uniform steady states; from a vegetation
rich state to a barren ‘zero’ steady state where vegetation is scarce. In this regard, mathe-
matical modelling has been instrumental in identifying the intermediate (heterogeneous)
states in between, and for devising early warning signals that aid the management of ex-
panding deserts [22; 55; 93]. For instance, the gradual changes in spatial characteristics
of bands can indicate an imminent regime shift [56]—reduced rainfall leads to narrowing
bands and widening gaps between them. Certain changes could be an indication that the
current configuration is reaching a tipping point, whereupon a switch to a new pattern of
vegetation will begin; a significant increase in rainfall is then needed to restore the previ-
ous state. This process can repeat itself for a predictable sequence of patterns ending with
a bare desert state, as we demonstrate in Figure 4.1 in one space dimension. Recent work
has focused on the colonisation of bare desert by vegetation [106], though in this chapter
we assume a starting point of uniform vegetation.

Experimental work on vegetation patterns is difficult due to their large spatial scale
and slow evolution which occurs over decades. Moreover, banded patterns have never
been recreated under laboratory conditions. Mathematical models are an inexpensive tool
for investigating the affects of environmental change, with models that focus on the wa-
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F 4.1: An illustration of desertification in one space dimension. For simplicity,
rainfall slowly decreases at a constant rate from A = 3.5 to A = 0. At the beginning
of the simulation uniform vegetation is sustainable but as rainfall is decreased, a pattern
emerges at around t = 750. Patterns then transition with longer wavelengths observed
for lower levels of rainfall. A single island of vegetation develops near t = 3000 which
vanishes suddenly into bare desert. Notice the slowing down of uphill migration before
each pattern transition—a useful warning signal of an imminent regime shift in practice.
The numerical simulation approximates the non-local Klausmeier model (4.4) when seeds
disperse according to the Laplace kernel (4.6) with a = 1. Other parameters are given in
the main body of the text.

ter redistribution hypothesis [44; 45; 92; 132] being popular for analysis. This chapter
is based on the Klausmeier model [57] which when suitably non-dimensionalised is the
reaction-advection-diffusion system

∂u

∂t
=

plant growth︷︸︸︷
u2w −

plant loss︷︸︸︷
Bu +

local
plant dispersal︷︸︸︷
∂2u

∂x2
, (4.1a)

∂w

∂t
= A︸︷︷︸

rainfall

− w︸︷︷︸
evaporation

− u2w︸︷︷︸
water uptake
by plants

+ v
∂w

∂x︸︷︷︸
water flow
downhill

+ d
∂2w

∂x2︸ ︷︷ ︸
water

diffusion

, (4.1b)

where the plant density u(x, t) and surface water density w(x, t) are functions of space
x and time t. The one-dimensional domain is perpendicular to the contours of the slope,
which we assume to be of constant gradient. A large amount of empirical evidence sug-
gests that water infiltration in semi-arid regions is positively correlatedwith plant coverage
due to the presence of root networks. This process forms a positive feedback loop—more
vegetation leads to increased infiltration of water, which stimulates further growth of vege-
tation. This justifies the non-linearity in (4.1) which is one of the main drivers for pattern
formation. Of course, on its own this would lead to unbounded growth and spread of
vegetation, however, surface water is limited and acts as an inhibitor over long range via
advection and diffusion terms. These actions are responsible for pattern formation in (4.1).
The original Klausmeier model did not include water diffusion but this has now become
a common addition since it allows the formation of patterns on flat ground as reported by
some authors [37]. The parameters A > 0, B > 0, v > 0, d > 0 are rates that represent
the extent of rainfall, plant loss due to natural death and herbivory, the gradient of the
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slope, and water diffusion, respectively. We refer to (4.1) throughout the text as the “local
Klausmeier model”.

4.1.2 Modelling non-local seed dispersal

Recent modelling studies have focused on better understanding the role of long-range dis-
persal in ecological pattern formation [15; 39; 86], for instance, it was recently shown
that movement of mussels via a Lévy walk creates patterns that increase ecological re-
silience [28]. Almost all model analysis for patterned vegetation assumes local dispersal
of plants via a diffusion term, which is rarely an accurate representation of a particular
plant species, but a convenient mathematical simplification. Diffusion is widely believed
to be inadequate for modelling plant dispersal due to frequent long range dispersal events.
The distance a seed can travel from its source is influenced by external factors such as
wind, as well as species specific characteristics, e.g. height of plant, seed weight—some
plant species can even disperse seeds ballistically [13]. Secondary dispersal via animal or
water transport can also affect the distance a seed can travel from its source [79].

This long range reproductive behaviour can be modelled using a ‘dispersal kernel’,
which is a probability density function, ϕ(x, t), describing the distribution of distances
travelled by seeds originating from a single parent. As before, we let u(x, t) describe
the plant density at location x at time t. Suppose individual plants (seeds) disperse in-
stantaneously from their current location x to a new location y at rate C > 0. We can
describe this process via convolution of ϕ and u and formulate the non-local analogue of
the classical diffusion equation:

∂u

∂t
(x, t) = C (I(x, t)− u(x, t)) , (4.2)

where I(x, t) = (ϕ ∗ u)(x, t) =
∫ ∞

−∞
ϕ(x− y)u(y, t)dy. (4.3)

One can derive (4.2) in a stochastic setting as a point jump or kangaroo process—see for
example, [83]. The probability density function ϕ(x) has the property

∫∞
−∞ ϕ(x)dx = 1,

and since (4.2) has no births or deaths, we expect the total plant population to be conserved
across the domain: the second term in (4.2), −Cu, ensures ∂

∂t

∫∞
−∞ u(x, t)dx = 0.

This gives us a non-local description of seed dispersal and so we now define the non-
local Klausmeier model,

∂u

∂t
=

plant growth︷︸︸︷
u2w −

plant loss︷︸︸︷
Bu +

non-local
plant dispersal︷ ︸︸ ︷
C(I − u), (4.4a)

∂w

∂t
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rainfall

− w︸︷︷︸
evaporation

− u2w︸︷︷︸
water uptake
by plants

+ v
∂w

∂x︸︷︷︸
water flow
downhill

+ d
∂2w

∂x2︸ ︷︷ ︸
water

diffusion

, (4.4b)

by replacing the diffusion term in (4.1) with the non-local convolution term in (4.2). In this
chapter, our primary concern is the rainfall parameter, A, and so if not explicitly stated
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we fix B = 0.45, v = 182.5, d = 1. Also of interest is the effect that seed dispersal
has on pattern formation via variation of parameters a and C. We shall see that varying
C appropriately with a allows the local and non-local Klausmeier models to be easily
compared for special dispersal kernels. All parameter choices are in accordance with
recent work [39] deriving analytic results on pattern existence in (4.4).

4.1.3 Pattern existence

We begin by examining the stability of the homogeneous steady states—those relevant
for pattern formation are linearly stable to homogeneous perturbations and unstable to
heterogeneous perturbations. The non-local Klausmeier model has either one or three
homogeneous steady states: a bare desert state (0, A) that is always linearly stable, and
two coexistence steady states

(u±, w±) =

(
A±

√
A2 − 4B2

2B
,
A∓

√
A2 − 4B2

2

)
, (4.5)

that exist only when A ≥ 2B, i.e. when the rate of rainfall is sufficient to support the
ecosystem. The steady state (u−, w−) is always unstable, while (u+, w+) is locally stable
to homogeneous perturbations when B < 2. It is therefore the (in)stability of (u+, w+)

that is of primary interest when studying pattern formation. Note that when B > 2, oscil-
latory dynamics can occur that are not observed in practice. Here, we assume B < 2 to
analyse Turing-like patterns that are generated in response to (u+, w+) becoming unstable.
Specifically, pattern solutions of (4.4) (and (4.1)) develop in response to a “Turing-Hopf”
bifurcation which, unlike the classic (stationary) Turing pattern, gives rise to a constant
uphill migration of the pattern—a standard feature of models with directed transport.

To investigate how rainfall influences pattern formation, we take A to be a control pa-
rameter. Suppose the rainfall is sufficient to support a uniform covering of vegetation, i.e.
(u+, w+) is stable to heterogeneous (and homogeneous) perturbations. Suppose also that
climate change causes the rainfall in our model ecosystem to gradually decline. At some
critical value of A ≥ 2B, (u+, w+) becomes unstable to heterogeneous perturbations de-
spite remaining stable to homogeneous perturbations. This critical rainfall rate, ATH , is
a Turing-Hopf bifurcation. In general for both (4.1) and (4.4) an analytic expression for
ATH in terms of model parameter alone cannot be derived, however, leading order expres-
sions for large v (steep slopes) have been calculated. In the local model a result of this type
can be found for d = 0 in [102], while recent work yields an expression for the non-local
Klausmeier model for the case when ϕ is the Laplacian kernel [39]. These calculations
rely on expansions of the ‘dispersion relation’ which associates spatially heterogeneous
perturbations with their respective growth rates. The difficulty with the non-local case is
that one obtains the Fourier transform of the dispersal kernel within the dispersion relation.
The Fourier transform of the Laplace kernel is simple enough algebraically to permit fur-
ther analysis, but this is not the case for the vast majority of ecologically relevant kernels.
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The existence of patterns for A < 2B, i.e. when a uniform covering of vegetation is
no longer sustainable, reflects the increased resilience of pattern forming vegetation. The
minimum rainfall supporting patterned vegetation,Amin, cannot be calculated analytically,
though a leading order expression for large v and d = 0 in the local model can been found
in [103]. In this chapter we calculate the boundaries of pattern existence numerically, and
our results for ATH are in agreement with the leading order expressions in [39].

4.1.4 Aims

In this chapter we are concerned with existing striped patterns and their resilience to eco-
logical change. Previous work with respect to pattern stability and resilience has focused
on the local Klausmeier model and is well understood thanks to the numerical continua-
tion methods developed in [87]. The basis of this method is to be able to reduce the model
to a set of ordinary differential equations. In general, the complication when considering
non-local seed dispersal is that the convolution integral makes (4.4) non-reducible in this
sense, and obtaining results similar to the local case for general ϕ is still an open problem.
That being said, kernels with certain properties are reducible and this is the focus of Sec-
tion 4.2, where we analyse (4.4) when ϕ is the Laplace kernel—an ecologically relevant
kernel [13; 19]. In this special case we can gain insight into the effects that long range
seed dispersal has on the resilience of patterns.

Although rigorous results for general ϕ are beyond the scope of this chapter, we at-
tempt to compare kernels in Section 4.3 by discretising the non-local Klausmeier model
in space. The size of the resulting system of ordinary differential equations would be too
large for accurate results to be computationally feasible using similar methods to those
employed in Section 4.2. To facilitate computation, we use a fixed coarse spatial grid
for our discretisation, and analyse the resulting system for various ϕ. The assumption is
that the error associated with the discretisation should be roughly the same regardless of
the specified kernel, making the qualitative results comparable. We will show that our re-
sults in this section are surprisingly accurate by running the computations for the known
diffusion and Laplace cases.

4.2 Laplace kernel

4.2.1 Local equations for a non-local model

There are numerous studies on the analysis of pattern solutions of the local Klausmeier
model, with the method of Rademacher [87] being a powerful tool to test pattern stabil-
ity. A prerequisite for this method is a local PDE model which one can reduce to a set
of first order ordinary differential equations. This means that analysis of the non-local
Klausmeier model calls for a different approach when considering the convolution inte-
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gral in its full generality. That being said, dispersal kernels with special properties allow
the non-local problem (4.4) to be recast as a set of local equations, facilitating the use of
existing methods.

The Laplace kernel, often presented as the equivalent negative exponential kernel in
the ecology literature [19], is given by

ϕ(x) =
a

2
exp (−a|x|), a > 0, (4.6)

and has frequently been used to fit empirical data on seed dispersal [13]. For this choice
of kernel we can reduce (4.4) to a local PDE model, following work by other authors
[4; 73; 105]. First, note that the Fourier transform of ϕ is ϕ̂(ξ) = a2/(a2 + ξ2). Taking
the Fourier transform of the second derivative of I(x, t) and then rearranging gives,

∂̂2I

∂x2
(ξ, t) = −ξ2(̂ϕ ∗ u)(ξ, t)

= − a2ξ2

a2 + ξ2
û(ξ, t)

= a2
(

a2

a2 + ξ2
− 1

)
û(ξ, t) (4.7)

and now taking the inverse Fourier transform of this equation yields,

∂2I

∂x2
(x, t) = a2(I(x, t)− u(x, t)). (4.8)

The convolution integral (4.3) with ϕ(x) given by (4.6) can therefore be represented in-
stead by the addition of a third equation so that we can write (4.4) as the local PDE model:

∂u

∂t
= u2w −Bu+ C(I − u), (4.9a)

∂w

∂t
= A− w − u2w + v

∂w

∂x
+ d

∂2w

∂x2
, (4.9b)

0 = a2(u− I) +
∂2I

∂x2
. (4.9c)

Solutions of (4.9) are in direct correspondence with the solutions of (4.4).
In the interest of model comparison with (4.1), we can setC = a2 = 2/σ(a)2, where σ

is the standard deviation of the Laplace kernel. This ensures that in the limit a→ ∞, the
non-local Klausmeier model with ϕ given by (4.6) will converge to the local Klausmeier
model. This is because Cϕ approaches a δ function as a becomes large, i.e. seed dispersal
becomes progressivelymore locally concentrated. This assumption requires the restriction
a >

√
B to ensure the existence of a maximum rainfall level for pattern formation.

4.2.2 Methods

The key to understanding desertification is the transition of patterns due to instability
driven by low rainfall rates, and in this section we show how one can create a map of

55



CHAPTER 4. NON-LOCAL SEED DISPERSAL AND BANDED VEGETATION PATTERNS

(a)

(b)

(c)

(d)

F 4.2: Periodic travelling wave solution profiles of (4.10) as rainfall is decreased,
along with the rightmost part of their spectra. Solutions all have a wavelength of 40 and
are depicted in Figure 4.3(c) as green points along the constant wavelength contour. In
(a) c = 1.7 and the pattern is unstable due to an Eckhaus instability. In (b) c = 1 and
the pattern is stable. In (c) c = 0.1 and the pattern becomes unstable again but this time
due to a Hopf-type instability. In (d) c = 0.01 and the pattern becomes stable again. Our
results suggest that as c approaches its minimum value along the contour, u approaches a
δ function.

56



CHAPTER 4. NON-LOCAL SEED DISPERSAL AND BANDED VEGETATION PATTERNS

stability using numerical continuation and bifurcation analysis. This enables us to assess
the differences in the critical rainfall thresholds in the presence of non-local dispersal. The
study of pattern solutions of (4.9) is made significantly easier with a coordinate transfor-
mation to a moving frame of reference z = x−ct, so that travelling waves u(x, t) = U(z),
w(x, t) = W (z), I(x, t) = J(z) are solutions of

0 = U2W −BU + a2(J − U) + cU ′ (4.10a)

0 = A−W − U2W + (c+ v)W ′ + dW ′′ (4.10b)

0 = a2(U − J) + J ′′. (4.10c)

Here, prime denotes differentiation with respect to z, and c is the wave speed of the pattern.
Using the numerical continuation software package AUTO 07p [33] one can vary a model
parameter, c say, and detect Hopf bifurcations in (4.10)—the birth of periodic patterns. In
Figure 4.2 we show some solution profiles along a branch emanating from a detected Hopf
bifurcations. Note that the reduction of (4.9) to (4.10) greatly simplifies analysis, but in
doing so introduces an extra parameter c so that, instead of a pattern forming interval
A ∈ (Amin, ATH) described in Section 4.1.3, we must consider a pattern forming region
in the A–c parameter plane.

Though we are able to numerically generate patterns of different wave speeds using
(4.10), they may or may not be stable as solutions of (4.9). To test the stability of patterns
consider the perturbed travelling waves

u(ξ, t) = U(ξ) + ū(ξ, t) exp(λt),

w(ξ, t) = W (ξ) + w̄(ξ, t) exp(λt), (4.11)

I(ξ, t) = J(ξ) + Ī(ξ, t) exp(λt).

Substitution of (4.11) into (4.9) and linearising about the travelling wave solution yields
the eigenvalue problem:

λū = (2UW − b)ū+ U2w̄ + a2(Ī − ū) + cū′, (4.12a)

λū = −2UWū− (1 + U2)w̄ + a2(Ī − ū) + (c+ v)ū′ + dū′′, (4.12b)

0 = a2(ū− Ī) + Ī ′′ (4.12c)

Here, λ and the associated eigenvectors ū, w̄, Ī are complex valued. The values of λ
that satisfy (4.12) determine whether small disturbances will grow or decay, and is known
as the spectrum. It is common practice to visualise spectra in the complex plane as we
do in Figure 4.2 for different travelling wave solutions of (4.10). We use the method of
Rademacher to plot the spectra associated with (4.12)—for details we refer the reader to
[87; 99]. Note that the method involves discretising the eigenvalue problem in order to
find approximate initial values of λ from which a numerical continuation can be started.
For this, a minor complication is that (4.12) is a ‘generalised’ eigenvalue problem since
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(4.10c) has no time derivative. This is easily dealt with using a simple reformulation to
the ‘ordinary’ case [99].

All spectra of travelling waves go through the origin in the complex λ plane (reflecting
the neutral stability of the wave to translation) and so we must omit λ = 0 in the following
definition of stability: if Re(λ) < 0 for all λ ̸= 0 the solution is linearly stable; if there
exists a λ with Re(λ) > 0 the solution is unstable. Figures 4.2(b,c) show stable solutions
of 4.9, whereas Figures 4.2(a,c) show unstable solutions. The transition in Figures 4.2(a-
d) is obtained by decreasing A; this affects the shape and stability of solutions. Consider
the solution in Figure 4.2(b). Increasing the rainfall will eventually result in the solution
in Figure 4.2(a) which is unstable as a result of an ‘Eckhaus’ (or ‘sideband’) instability—a
change of curvature at the origin of the spectrum. This is a standard and well documented
feature of the Klausmeier model and is the key to explaining the transition of vegetation
patterns. A banded pattern that becomes unstable via Eckhaus instability switches to a
pattern of longer/shorter wavelength. Decreasing the rainfall eventually gives the solution
in Figure 4.2(c) which is unstable due to a ‘Hopf’ type instability. This has interesting
implications on the future of an unstable pattern—for instance, instead of a transition to
a different wavelength pattern as with an Eckhaus instability, the wavelength is preserved
and temporal oscillations can be observed [24]. We address the ecological significance of
this in the following section.

Using the ideas described so far we are able to map out existence and stability bound-
aries for banded vegetation patterns in the A–c parameter plane in Figure 4.3. We cal-
culate stability boundaries via continuation of marginally stable solutions in parameter
space. For an Eckhaus instability boundary, this involves finding a solution with zero
curvature at λ = 0 in the spectrum. In contrast, a Hopf instability boundary is calculated
via continuation of solutions with a double root for Re(λ) = 0 away from the origin.

4.2.3 Results

We have discussed the methods employed in this section for determining the existence and
stability of solutions. We now examine the ecological implications of Figure 4.3. Results
for the local Klausmeier model in Figure 4.3(a) are not novel, but we include them so
a comparison may be made with results for the non-local Klausmeier model in Figure
4.3(b) and (c). As mentioned, when C = a2 the non-local model approaches the local in
the large a limit. We have repeated our numerical analysis for large a and obtain results
indistinguishable from Figure 4.3(a), validating the predicted convergent behaviour.

In Figure 4.3(b,c) we map out pattern existence and stability in the A–c parameter
plane for moderate values of a. Previous work [39] has focused only on the existence
of patterns, concluding that the tendency for pattern formation increases as a decreases
(with C = a2). The Turing-Hopf bifurcation locus, from which patterns of constant wave-

58



CHAPTER 4. NON-LOCAL SEED DISPERSAL AND BANDED VEGETATION PATTERNS

F
4.
3:

Ex
ist
en
ce

an
d
sta

bi
lit
y
of

str
ip
ed

ve
ge
ta
tio

n
pa
tte
rn
sf
or

(a
)t
he

lo
ca
lK

la
us
m
ei
er
m
od
el
,(
b)
,(
c)
th
en

on
-lo

ca
lK

la
us
m
ei
er
m
od
el
w
ith

La
pl
ac
e

ke
rn
el

an
d
C

=
a
2
.
Th

ic
k
bl
ac
k
cu
rv
e:

Tu
rin

g-
ho
pf

lo
cu
s.

Th
ic
k
gr
ey

cu
rv
e:

lo
cu
s
of

ho
m
oc
lin

ic
so
lu
tio

ns
.
Th

in
gr
ey

cu
rv
es
:
co
nt
ou
rs

of
co
ns
ta
nt

w
av
el
en
gt
h.

Bl
ue

cu
rv
e:

Ec
kh
au
si
ns
ta
bi
lit
y
bo
un
da
ry
.R

ed
cu
rv
e:

H
op
fi
ns
ta
bi
lit
y
bo
un
da
ry
.G

re
en

cu
rv
e:

lo
cu
so

ff
ol
ds
.Y

el
lo
w
/g
re
y
re
gi
on
si
nd
ic
at
e

sta
bl
e/
un
sta

bl
e
so
lu
tio

ns
.G

re
en

po
in
ts
re
pr
es
en
ts
ol
ut
io
ns

in
Fi
gu
re
4.
2.

m
ig
ra
tio

n
sp
ee
d,
c

(a) local dispersal

m
ig
ra
tio

n
sp
ee
d,
c

(b) non-local dispersal, a = 1

rainfall, A

m
ig
ra
tio

n
sp
ee
d,
c

(c) non-local dispersal, a = 0.75

59



CHAPTER 4. NON-LOCAL SEED DISPERSAL AND BANDED VEGETATION PATTERNS

length emanate, bounds the right-hand side of the pattern forming region; with a locus
of homoclinic orbits bounding the left. Patterns can either be stable or unstable and we
divide the pattern forming region accordingly. Suppose one has a stable pattern; as one
varies A the pattern evolves following a contour of constant wavelength (see Figure 4.1
for an illustration of this in a numerical simulation of the model). The pattern can become
unstable as a result of either an increase, or a decrease in rainfall. In this chapter, we refer
to a pattern becoming unstable due to increased rainfall as a ‘transition towards uniform
vegetation’, and decreased rainfall as a ‘transition towards desert’. Our numerical analy-
sis in Figure 4.3 shows that the parameter region for stable patterns grows as a decreases.
Additionally, one can see that a transition towards desert occurs at lower rainfall levels
along the wavelength contours. Interestingly, a transition towards uniform vegetation re-
mains largely unchanged relative to the Turing-Hopf bifurcation locus. This reflects the
increased resilience of patterns at low rainfall when a is small, and a preference of the sys-
tem to transition towards uniform vegetation as soon as the rainfall is sufficient to permit
it.

For very long range dispersal (still with C = a2), the mechanism of destabilisation
can change completely from an Eckhaus instability to a Hopf instability, though only in
the region relevant to a transition towards desert. The ecological implications of this can
be observed in numerical simulation of (4.4). Figure 4.4 shows time simulations of two
initially unstable striped patterns for different a and otherwise identical parameter values.
The first is unstable because of an Eckhaus instability and quickly transitions to a longer
wavelength pattern corresponding to a shift towards the desert state. This behaviour is a
key component of the original Klausmeier model and is well established in the literature.
The second is unstable because of a Hopf-type instability and as time evolves, the peaks

a = 1

a = 0.75

F 4.4: Resilience of patterns in the non-local Klausmeier model. The figure shows
time simulations of two initially unstable patterns for different a. When a = 1 the initial
pattern of wavelength 20 quickly destabilises to form a pattern of wavelength 40; this is
because of an Eckhaus instability. When a = 0.75 temporal oscillations due to a Hopf
instability are visible but the wavelength of the pattern remains the same and a small
increase in rainfall regenerates a stable pattern with the same initial wavelength.
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of vegetation begin to oscillate in time. The wavelength of the pattern is preserved and
a modest increase in rainfall allows a stable pattern to emerge. Intuitively, this seems a
valid ecological strategy: if the amount of rainfall cannot sustain the pattern, peaks of
vegetation alternate their density to compensate for the lack of water in the overarching
ecosystem. This ensures its structure is not lost so that when rainfall is increased, a stable
pattern of the same (shorter) wavelength may persist.

In Figure 4.5 we show a similar time simulation of a pattern becoming unstable, again
due to a Hopf type instability, though with slightly different parameters. In this case we
have an initially stable pattern that migrates uphill at a constant speed. As the rainfall
is reduced the pattern begins to slow as expected close to destabilisation, and becomes
unstable at approximately A = 0.5. This results in high density, stationary peaks of
vegetation that remain at the same wavelength as the initial stable pattern. This is an
unusual prediction for a model with directed transport. The most important feature for
both of these observations—oscillating peaks and stationary patterns—is the ability of
the ecosystem to endure the same arid conditions that would normally lead to catastrophe,
according to the local Klausmeier model.

Finally in this section we comment that we are not aware of any ecological evidence
for choosing C = a2 = 2/σ(a)2—we did so simply because of the associated conver-
gence properties of (4.4) in the large a limit that allow for model comparison. Therefore,
for completeness we performed our calculations for varying a with a fixed value of C,

F 4.5: Stationary patterns in the non-local Klausmeier model. Initially we have a
stable pattern. As the rainfall is reduced the pattern becomes unstable due to a Hopf type
instability. This causes the pattern to halt its migration up the slope and stationary, high
density peaks are observed. As rainfall increases back to its initial value, the initial stable
pattern returns, highlighting the increased resilience of the system. This simulation was
done with a = 0.75 and d = 100.
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(a) Varying a with C = 1
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(b) Varying C with a = 1

C = 3

C = 1

C = 0.7 C = 0.5

F 4.6: The variation in the Eckhaus stability boundary for (a) varying kernel width
with fixed dispersal rate; (b) varying dispersal rate with fixed kernel width. The range of
stable striped patterns grows as the Eckhaus boundary moves to the right. In (a) the Eck-
haus boundary recedes to the left as the width of the kernel increases. In (b) the Eckhaus
boundary grows to the right as the seed dispersal rate increases. All curves terminate at a
point on the locus of homoclinic orbits (not shown) to the left of the plot, except for the
curves in (b) with C = 0.7 and C = 0.5 which turn around and move towards the right.
Here, a Hopf instability (not shown) becomes the primary destabilisation mechanism sim-
ilarly to that shown in Figure 4.3(c).

and vice versa. The Eckhaus stability boundary is particularly informative because it not
only bounds the right hand side of the stable pattern forming region, but it must neces-
sarily pass through the maximum A supporting pattern formation, and so for brevity we
compare Eckhaus curves for various combinations of a and C in Figure 4.6. We discuss
the separate cases: for fixed C, increasing the width of the dispersal kernel limits the
range of stable patterns, with uniform vegetation being sustainable at much lower levels
of rainfall. When patterned vegetation is observed for small a it is likely to have a faster
migration speed, in contrast to large a values; for which vegetation is likely to have a low
migration speed. For a fixed kernel width, a decreased dispersal rate will yield greater
pattern forming tendencies, and in some cases the Eckhaus boundary may be replaced by
a stability boundary of Hopf-type, changing the behaviour of unstable solutions as previ-
ously discussed. A comprehensive statistical assessment [13] of various ecological data
sets suggests a range of C and a combinations that may occur for different plant species
and dispersal modes. Although the relationship C = a2 cannot in general be assumed, the
parameter choices in Figure 4.3(c) along with subsequent conclusions are still relevant.
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4.3 A comparison of kernels

4.3.1 Methods

The analysis of the non-local Klausmeier model for general seed dispersal kernels is very
difficult and we are not aware of any methods that allow the insight and accuracy gained in
Section 4.2, though efficient numerical simulations of integro-differential equation mod-
els are still possible (when the non-local term is a convolution) via use of fast Fourier
transforms (FFTs)—see, for instance, [21; 89]. One approach used in the past has been
to discretise the system in space in order to obtain a large system of ordinary differential
equations [107]. The immediate drawback of this is the increased computational expense
of any numerical analysis, and in particular, testing the stability along solution branches
is time consuming. The computation is, however, feasible on a coarse spatial grid at the
expense of numerical accuracy. Therefore, the results in this section are qualitative and
are intended for the purposes of comparison. In 2007 in [107], the local Klausmeier model
was analysed in the same way, with the computation being feasible on a grid spacing of
∆x = 2. With the increase in computational power we are able to use a finer grid for
a more complicated set of equations in this section. As computational power increases
further it will become feasible to use these methods to obtain more accurate results.

The spatial discretisation of the non-local Klausmeier model gives the following sys-
tem of ODEs:

∂ui
∂t

= u2iwi −Bui + C(Ii − ui), (4.13a)

∂wi

∂t
= A− wi − u2iwi + v

wi+1 − wi

∆x
+ d

wi+1 − 2wi + 2wi−1

∆x2
(4.13b)

for i = (1, ..., N) and where Ii is an approximation of the infinite integral. We con-
sider periodic boundary conditions u0(t) = uN(t), uN+1(t) = u1(t), w0(t) = wN(t),
wN+1(t) = w1(t) for simplicity. If one truncates the integral to be evaluated on the inter-
val [−L,L], we can work on the same grid as (4.13) and defineM points for the integral
approximation as yj = −L+ (j − 1)∆x with j = (1, ...,M) andM = 2L/∆x+ 1. The
set of points yj is then a subset of xi and we can use, for example, the trapezoidal rule to
obtain the following approximation:

Ii(t) =
∆x

2

M∑
j=1

(ϕ(yj−1)u(xi − yj−1, t) + ϕ(yj)u(xi − yj, t)) . (4.14)

Some kernels we studied required Simpson’s rule for a more accurate approximation. L
must be carefully chosen—not too large so as to needlessly increase computational cost,
and not too small so that one obtains a poor approximation of the infinite integral. For
instance, if the width of the kernel in question is small in comparison with the length of the
spatial domain, one can takeM to be significantly less thanN , reducing the computation
time.
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Our approach to balance accuracy and efficiency was as follows: we chose a dispersal
kernel and calculated an accurate ‘true’ evaluation of

∫ L

−L
ϕ(x)dx to verify that the trun-

cation is sufficiently close to 1, keeping L as small as possible. We then calculated the
numerical approximation on our coarse grid spacing and compared it with the true result.
Clearly one can choose a kernel which is not well approximated with such a course grid
spacing, though the kernels and parameters we used were ‘nice’ enough for this method.
Assuming a well approximated kernel is obtained, one can begin the analysis of (4.13)
which we do, again, by numerical continuation with AUTO 07p [33].

Our analysis begins with the stable homogeneous steady state of uniform vegetation.
For the spatially discretised system of equations, as one decreases the rainfall parameter
the homogeneous steady state becomes unstable, and one detects a number of Hopf bifur-
cations corresponding to a selection of specific pattern modes which depend on the size
of the spatial domain—in this chapter we take the domain size to be 60, and with a grid
spacing of∆x = 1 this gives us 120 equations to analyse. One then numerically continues
periodic solutions from each detected Hopf bifurcation allowing AUTO to test stability as
the rainfall parameter varies along the solution branch.

We study (4.4) for three ecologically relevant kernels, along with the diffusion case
(4.1), for which this analysis was applied for d = 0 in [107]. Together with the Laplace
kernel (4.6) we consider a Gaussian kernel

ϕ(x) =
ag√
π
e−a2gx

2

, ag > 0, (4.15)

and a power law kernel

ϕ(x) =
(b− 1)ap

2(1 + ap|x|)b
, ap > 0, b > 3. (4.16)

The standard deviations for the Laplace, Gaussian and power law kernels are σ(a) =
√
2/a, σ(ag) = 1/(

√
2ag) and σ(ap) = (

√
b2 − 5b+ 6ap), respectively. Since the power

law kernel is a two-parameter kernel we fixed b = 10. For comparison we take C = 1

and choose kernel parameters such that σ =
√
2 in each case, so that a = 1, ag = 0.5 and

ap ≈ 0.134. AUTO will not distinguish between an Eckhaus or a Hopf type instability
so we choose C not too small so as not to generate a Hopf-type instability (see Figure
4.6(b)). To be clear, we are now comparing between the shape of the kernel, as opposed
to its width as in Section 4.2.

4.3.2 Results

The functional form of the dispersal kernel has a minimal influence on the formation and
evolution of striped patterns as seen in Figure 4.7, and more significant differences are
observed when one varies the width of the kernel and the rate of dispersal. Consequently,
the conclusions set out in Section 4.2 become more important; now being relevant to a
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(b) Laplace kernel
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F 4.7: Existence and stability results for various dispersal kernels using (4.13) are
plotted in orange with solid/dashed curves representing stable/unstable solutions. Known
results for the Hopf locus (black) and Eckhaus stability boundary (blue) obtained using
the methods in Section 4.2.2 are superimposed in (a) and (b). The standard deviation and
dispersal rates in (b)-(d) were kept constant: σ2 = 2, C = 1.

wider variety of plant species that disperse seeds according to a range of dispersal kernels.
We do however discuss the small variations that occur when one changes ϕ.

We overlay the known results for diffusion and Laplace kernel cases in Figure 4.7(a,b),
allowing one to gauge the accuracy of the discussed spatial approximation. We retain
surprising levels of accuracy despite the coarseness of the spatial grid, especially when ϕ is
the Laplace kernel. Note that the maximum rainfall for pattern formation (the intersection
of Eckhaus andHopf-locus curves) is only relevant for periodic boundary conditions when
the domain size is divisible by the pattern wavelength—a quasi-periodic solution would
be unstable as a solution of the underlying model and patterns would not be observed.
Qualitatively, the existence and stability of patterns is the same regardless of the shape of
the dispersal kernel, assuming a fixed kernel width. The main difference is the existence
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mode 4

mode 3

mode 5

mode 2

mode 1

F 4.8: A comparison of the relevant stable patterns according to their wavelength for
a range of dispersal kernels. Parameters are C = 1, σ2 = 2 with other model parameters
given in the main body of the text. Solid/dashed lines represent stable/unstable patterns.

of additional pattern modes when one considers non-local dispersal as opposed to local
dispersal, though these are mostly unstable and therefore irrelevant in applications. There
is also a difference in this respect when one changes the shape of the kernel, with the least
pattern modes being observed for a Gaussian kernel, and the most for a power law kernel.

Because the differences are slight, it is more convenient to view the threshold exis-
tence and stability values as a function of the pattern wavelength, as we show in Figure
4.8 for the relevant stable patterns only. We find that the power law and Laplace kernels
in particular increase the pattern forming tendencies as well as resilience. For the Laplace,
Gaussian and diffusion cases the onset of pattern formation generates a mode 4 pattern but
for the power law kernel, a mode 5 pattern becomes relevant at onset. In ecological terms,
plants that disperse their seeds according to a power law distribution are more likely to
form shorter wavelength patterns with increased resilience. The unfortunate downside
of the increased resilience observed in the Laplace and power law cases is the additional
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rainfall needed for ecosystem restoration. For instance, consider the mode 1 pattern cor-
responding to an oasis on the periodic domain of length 60. It is true that the Laplace
and power law distributions allow the pattern to persist at lower rainfall levels than the
Gaussian and diffusion cases. However, upon increasing the rainfall the system is more
easily restored in the Gaussian and diffusion cases meaning a trade off exists, with a price
to pay for increased resilience.

4.4 Discussion

Striped patterns are strongly influenced by non-local seed dispersal. Our findings in Sec-
tion 4.2 reveal that non-local dispersal can increase the resilience of striped vegetation in
two ways: the first by permitting stable patterns at levels of rainfall that would otherwise
be unsustainable if seeds dispersed locally. The second is more interesting; patterns un-
dergo the usual slowing down when rainfall approaches critically low levels, but in certain
instances patterns that become ‘unsustainable’ do not lead to a sudden shift of the ecosys-
tem towards desert, as previous theory suggests. Instead the model predicts alternative
coping strategies such as fluctuations of vegetation peak densities in time (see Figure 4.4)
and even stationary patterns (see Figure 4.5). In both cases a small increase in rainfall
regenerates the previous stable pattern, which demonstrates the increased resilience of the
vegetation as a consequence of long-distance seed dispersal.

A key finding of our work is the existence of slow moving and stationary patterns as
a result of non-local dispersal. There is much evidence to support the uphill migration
of vegetation stripes, both mathematical [102] and empirical [30; 102]. However, con-
tradictory field observations also exist that suggest patterns can be stationary on slopes
[134; 136] with the local Klausmeier model being inconsistent with such evidence. Other
theoretical models have been proposed that do permit stationary solutions [95; 119]—they
include the transport of seeds via run-off water in the downhill direction. It has also been
posited that stationary patterns could be explained by compacted, weathered bands of soil
that make colonisation difficult [37]. The original Klausmeier model was deemed to be
in order-of-magnitude agreement with field observations [57] and gave predictions of mi-
gration speeds in the range 0.4 − 1.9 m year−1. With the addition of non-local dispersal,
patterns may be permitted at c < 0.2 in some cases (see Figure 4.6(a)) corresponding to
speeds of< 0.1myear−1—themovement of vegetation would be practically undetectable
over the time span of the available data. Although (4.4) is not intended to be quantitatively
accurate, we believe the model provides a good explanation for why patterns may be ob-
served as stationary in practice.

The motivation for studying the affects of dispersal kernel shape was the wide extent
of factors affecting dispersal distance (e.g. vegetation species, habitat, dispersal mode).
Certainly a single kernel cannot be fitted to every data set across all plant species. In
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particular, a main feature of many ecologically relevant dispersal kernels are their ‘fat’
tails—these are often called ‘leptokurtic’ kernels. The power law kernel can be viewed
as fat tailed due to its algebraic decay away from the mean, contrary to the exponential
decay of the ‘thin’ tailed Gaussian and Laplace kernels. In general, however, we find that
existence and stability are very similar regardless of kernel which suggests that kernel
width and seed dispersal rate are more relevant in the study of patterned vegetation, and
the kernel shape can be neglected for qualitative studies. This strengthens our results that
assume Laplace distributed seed dispersal in Section 4.2.

A direction for further studies could be the (possible) existence of stable stationary
patterns in the non-local Klausmeier model as suggested by Figure 4.3(c). For the local
model the homoclinic orbit locus terminates at the Hopf bifurcation locus, though despite
our efforts we were unable to determine whether this non-occurrence in Figures 4.3(b-c)
was a numerical issue or a genuine feature of the model; wavelength contours do appear
to terminate very close to a zero migration speed. One can observe similar behaviour for
the spatially discretised system in Figure 4.7. We were unable to verify the behaviour in
time simulations of the model due to the sharpness of the vegetation peaks which lead to a
poor approximation in our numerical scheme—a more sophisticated algorithm is required
here, e.g. dynamically varying mesh. Furthermore, an interesting direction would be to
try and estimate the kernel parameters and dispersal rate in a specific instance of banded
vegetation as a case study. In particular, one could estimate the parameters for vegetation
that has been shown to exhibit uphill migration, and vegetation shown to be stationary.
Feeding these parameters into the model could help verify our theory as to why some
patterns move, and some do not.
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How do dispersal rates affect the transition from
periodic to irregular spatio-temporal oscillations in
invasive predator-prey systems? 5

When one considers the spatial aspects of a cyclic predator-prey interaction, ecologi-
cal events such as invasions can generate periodic travelling waves (PTWs)—sometimes
known as wavetrains. In certain instances PTWs may destabilise into spatio-temporal ir-
regularity due to convective type instabilities, which permit a fixed width band of PTWs
to develop behind the propagating invasion front. In this chapter we detail how one can
locate this transition when one has unequal predator and prey dispersal rates. We do this
by using absolute stability theory combined with a recent derivation of the amplitude of
PTWs behind invasion. This work is applicable to a wide range of reaction-diffusion type
predator-prey models, but in this chapter we apply it to a specific set of equations (the
Leslie-May model). We show that the width of the PTW band increases/decreases when
the ratio of prey and predator dispersal rates is large/small.

This chapter is based on a paper of the same name currently under review for publication in a peer
reviewed journal, and co-authored by Jonathan A. Sherratt.
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5.1 Introduction

Ecological invasion has become an increasingly common occurrence due to a rise in hu-
man activity over the last century; directly because of increased globalisation across com-
mercial industries that lead to the accidental introduction and spread of foreign species,
and indirectly through processes such as climate change which drives species into non-
native environments [49]. Invasive species threaten native wildlife through predation,
outcompeting for resources and spreading disease which ultimately affects ecosystem bio-
diversity [34]. It is therefore important for themanagement and control of invasive species
to understand not only how invasive populations establish and spread through a new habi-
tat, but also the behaviour of the system in the wake of invasion. One possibility is that
an invasive predator-prey interaction is cyclic in nature, which permits the generation of
interesting spatial phenomena including PTWs [109], where peaks in population density
slowly migrate across the habitat. Another type of phenomena observed behind invasion
in cyclic systems is spatio-temporal irregularity, which sometimes occurs immediately
behind invasion, and sometimes after an initial seemingly stable band of PTWs. When
PTWs are observed before destabilisation, the band of waves grows before eventually at-
taining a constant width which we refer to as the band width. Our aim in this chapter is to
investigate how predator and prey dispersal rates affect the band width of PTWs.

We consider two-component reaction-diffusion models describing predator and prey
population densities in space x and time t. The equations for predators p(x, t) and prey
h(x, t) are

∂p

∂t
= f(p, h) +

∂2p

∂x2
,

∂h

∂t
= g(p, h) + δ

∂2h

∂x2
, (5.1)

where δ > 0 is the ratio of prey and predator dispersal coefficients, and f , g are functions
describing the predator-prey interaction. We assume that (5.1) has at least two homoge-
neous steady states—an unstable prey-only steady state, and a coexistence steady state.
On a one-dimensional finite domain, an invasion of predators therefore corresponds to
initially having the unstable prey-only steady state everywhere, except for a small pertur-
bation at one boundary. This induces an invasion front that spreads across the domain at
a speed dependent upon model parameters. When, additionally, the coexistence steady
state is unstable due to a standard supercritical Hopf bifurcation corresponding to a stable
limit cycle, a family of PTW solutions of (5.1) exist; invasion then selects one of these
which can be observed behind the invasion front [98].

A useful property of (5.1) is that its normal form valid close to a supercritical Hopf
bifurcation can be written as the complex Ginzburg-Landau equation (CGLE),

∂W

∂t
= W − (1 + iα) |W |2W + (1 + iβ)

∂2W

∂x2
, (5.2)

whereW is a complex function of x and t, and α, β are real parameters. Note that (5.2) is
equivalent to the well known λ-ω equations [58] when β = 0. α and β can be calculated in
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(a) β = −3 (b) β = 0

(c) β = 0.5 (d) β = 2.5

F 5.1: A band of periodic travelling waves in the complex Ginzburg-Landau equa-
tion develops, eventually attaining a fixed band width. We show density plots of r =√
Re(W )2 + Im(W )2 for α = 3 and β given in the panels. Simulations show different

front propagation speed, PTW amplitude and band width. Initially, W = 0 everywhere
except for a small perturbation made at the left-hand boundary. Equation (5.2) was solved
using a semi-implicit finite difference scheme with a grid spacing of 0.2 and a time step
of 0.005, on a domain with zero flux boundary conditions at both ends.

terms of the model parameters of (5.1), and the real and imaginary parts ofW correspond
to weighted sums of predator and prey densities. (5.2) has a one-parameter family of
PTW solutions given byW = A exp (i

√
1− A2x+ iωt) where A =

√
1−Q2 > 0 and

ω = (β − α)Q2 + α. Therefore, we only require the amplitude of the wave in order to
obtain the full solution.

A previous study [110] has detailed how one can locate the transition between regu-
lar and irregular spatio-temporal oscillations for the λ-ω (normal form) equations, which
allowed the authors to draw conclusions about predator-prey models with equal dispersal
rates ((5.1) with δ = 1). This was possible because of a previously derived equation for
the amplitude in terms of parameters which can be found in [97]. A similar study [113]
then allowed one to locate this transition point in (5.2), however, a key shortcoming of that
work was that results were not applied to (5.1). This is because the analogous equation
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for the amplitude was only derived recently in [6]: when initial conditions are such that a
“pulled front” moving with velocity v∗ = 2

√
1 + β2 develops (this includes invasion ini-

tial conditions, see [131] for details) the amplitude can be written in terms of parameters
as A =

[
2
(√

(1 + α2)(1 + β2)− (1 + αβ)
)
/(α− β)

]1/2
[6].

Therefore, subject to normal form rescalings, we can approximate the small amplitude
PTW solutions generated by invasion in (5.1) using (5.2), with increasing accuracy as the
Hopf bifurcation is approached. In Figure 5.1, numerical simulations of (5.2) are shown
as density plots in space and time; the previously discussed prey only steady state now
corresponds to W = 0 and similarly a small perturbation at the left boundary causes a
front to propagate across the domain. A change in δ affects the normal form of (5.1) via
the coefficient β; Figure 5.1 shows how the propagation speed of the front affects the
amplitude of PTWs and therefore the band width observed, as β is varied. In Section
5.2 we will show how one can calculate the band width of PTWs in the CGLE, and in
Section 5.3 we will fill the gaps of previous studies by determining how predator and prey
dispersal affects band width.

5.2 Band width of PTWs in the CGLE

The method described in this section is not novel and so we provide a brief description
only, referring the reader to previous work [25; 110; 113], or Appendix 5.A. The first step
in calculating the band width is to consider the absolute stability of PTWs in a moving
frame of reference; that is, we consider whether small perturbations to the PTW grow or
decay when viewed at a fixed point moving with velocity V . If the wave is absolutely
unstable in a frame of reference V ≥ v∗, perturbations can keep pace with the invasion
front so that PTWs are not observed at all. Therefore we assume the wave is absolutely
unstable in a frame of reference V < v∗ so perturbations cannot catch the invasion front,
allowing for a regular band of PTWs before destabilising modes dominate the solution
leading to spatio-temporal irregularity.

To calculate the band width we first must define its edges; the right-hand edge is just
the invasion front, however the left-hand edge is a little more ambiguous—we define
it to be the point at which perturbations become amplified by a factor F . We denote
λmax(V ) to be the maximum growth rate of perturbations in the frame of reference moving
with velocity V , and with corresponding wavenumber kmax(V ). If we consider a point on
the front (x∗, t∗), perturbations spread out from this point in space and time according
to x = x∗ + (t − t∗)V . Linear modes grow like eRe[λmax(V )]t so that amplification by a
factor F occurs at tcrit(V ) = t∗ + log(F)/Re [λmax(V )] at the location xcrit(V ) = x∗ +

V log(F)/Re [λmax(V )]. The band width is then the minimum distance between the point
(x∗, t∗) and the curve (xcrit(V ), tcrit(V )) which can be shown [110] to occur at V = Vband
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given by solving

(v∗ − Vband) Im [kmax(Vband)] = Re [λmax(Vband)] . (5.3)

The band width itself is given by

L(α, β) = − log(F)/ Im [kmax(Vband] , (5.4)

see [110]. Notice that log(F) is parameter independent. For this reason we define the
quantityW = 1/ Im [kmax(Vband] which we refer to as the band width coefficient.

The key quantity for the band width calculation is λmax(V ) and so we now detail how
one can obtain it using the theory of absolute stability. The linear dispersion relation
D(λ, k;V ) = 0 associated with (5.1) in a moving frame of reference is a fourth order
polynomial in k, and for a given λ we label its four roots k1, . . . , k4 according to the
condition Im(k1) ≤ Im(k2) ≤ Im(k3) ≤ Im(k4). In our case, the “absolute spectrum”
is the set of λ such that Im(k2) = Im(k3), and λmax(V ) is the λ with maximum real
part. “Branch points” are the six values of λ such that ki = ki+1, and branch points in
the absolute spectrum can be used as starting points for numerical continuation to obtain
the full absolute spectrum [87]. For λmax(V ) however, one need only consider branch
points in the absolute spectrum—it can be assumed that the λ in the absolute spectrum
with maximum real part coincides with a branch point, vastly reducing the computation—
one simply obtains all branch points (solutions of D(λ, k;V ) = Dk(λ, k;V ) = 0) along
with corresponding ki; retaining those λ with maxRe(λ) for which k2 = k3. It has been
proved that the most unstable point in the absolute spectrum is a branch point in the case
of the λ-ω equations [114], however, we are not aware of a proof for the CGLE case, and
indeed numerical evidence [87] suggests this is not true for all parameters. Nevertheless,
these cases are not relevant in this chapter since they correspond to “remnant instabilities”
which are not significant when studying bands of PTWs [96].

5.3 Implications for the predator-prey model

We performed numerical simulations for various β in order to vary W and confirm its
linear relationship with the observed band width which we show in Figure (5.2)(a). This
allows one to calculate log(F) which we do using a simple linear regression; this only
needs applying once and indeed one can reuse our calculated value when changing pa-
rameters in (5.1)—in this chapter we obtain log(F) = 29.77. We tested our predictions
of W by solving (5.1) using a semi-implicit finite difference scheme and computing the
band width by viewing the solution as r =

√
Re(W )2 + Im(W )2; we defined the band

by the condition |∂r/∂x| < 1 × 10−3. We estimated the derivative numerically after
applying a Savitzky-Golay smoothing algorithm over a moving window of 9 grid points.
The band width obtained by using this threshold is slightly smaller than that observed by
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visual inspection, and is simply due to the threshold one chooses, which affects the calcu-
lated end points of the band of PTWs. This has implications for the best-fit line shown in
Figure 5.2(a) in which we observe a non-zero intercept in the regression line. This can be
attributed to the excluded regions either side of our numerically calculated band width.

In this chapter we apply our results to the following specific functional forms

f(p, h) = cp
(
1− p

h

)
, g(p, h) = h(1− h)− aph

b+ h
, (5.5)

which makes (5.1) the Leslie-May model [65; 71]. The methodology described in this
chapter is however applicable to any model of the form (5.1) that undergoes a standard
supercritical Hopf bifurcation as a parameter is varied. Since the parameter δ is our pri-
mary focus we refer the reader to, for example, [78, Chapter 3.4] for a full description of
the non-dimensional parameters: a > 0, b > 0, c > 0. Taking (5.5) in (5.1) yields the
prey-only steady state (p, s) = (0, 1), and two coexistence steady states given by

p± =
1

2

(
1− a− b±

√
((1− a− b)2 + 4b)

)
, h± = p±. (5.6)

An invasion of predators into the unstable steady state is shown in Figure 5.3; similarly
to the CGLE one observes a band of PTWs behind an invasion front, and spatio-temporal
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F 5.2: Comparison of the band width coefficient W with numerical simulation of
(5.2). The points and error bars are the mean and standard deviation of a sample of 500
numerically computed band width estimations at distinct time points spaced 0.2 time units
apart. In (a) we plotW against the numerically computed bandwidth and perform a simple
linear regression. The line of best fit has slope logF = 29.77, intercept −0.36, and has
a correlation coefficient of 0.9946. In (b) the same data points are rescaled using the
linear regression constants and the line is the predicted band width coefficient calculated
numerically using the method described in the main text.
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irregularity thereafter.
The first step in determining the band width of PTWs in a predator-prey model is to

calculate α and β in terms of the model parameters. In this chapter we are concerned with
the effect that predator and prey dispersal rates have on the band width via the parameter
δ. For models of the form (5.1) α is always independent of δ. We take c to be a control
parameter: by fixing a = 0.72, b = 0.06 we obtain the Hopf bifurcation point c = ccrit ≈
0.158which gives the normal form coefficient α = 1.441. By fixing these parameters β is
now solely determined by δ. We show how δ affects band width by plotting the number of
wavelengths observed in the band in Figure 5.4(a), along with the associated wavelength
in Figure 5.4(b); this is given by 2π/(1 − A2) subject to normal form rescalings. Note
that δ < 1 corresponds to a system in which predators disperse at a higher rate than their
prey, and vice-versa for δ > 1. We find that a higher predator dispersal rate shortens
the band width by reducing both the wavelength of PTWs and the number of oscillations
observed in the band. One therefore concludes that an increased predator dispersal rate has
a destabilising effect on the regular oscillations behind an invasion front. In contrast an
increased prey dispersal rate increases the bandwidth observed. For larger δ one obtains an
absolutely stable solution where irregular behaviour is not observed, whereas for smaller
δ one obtains an absolutely unstable solution where no PTWs are observed (not shown
in Figure 5.4). Therefore our results are in accordance with what one would expect from
absolute stability theory—PTWs that are close to being absolutely stable will have a longer
band width, whereas PTWs close to being absolutely unstable will have a shorter band
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F 5.3: Convectively unstable periodic travelling waves generated by an invasion in
a cyclic predator-prey interaction. The solution is plotted at equally spaced time intervals
in the range 3099.5 ≤ t ≤ 3200, with successive plots layered above and behind one
another. This visualisation reveals an invasion front moving towards the right boundary,
behind which a band of PTWs moves towards the left, eventually destabilising as a result
of a convective instability. Equation (5.1) with (5.5) was solved using a semi-implicit
finite difference scheme with a grid spacing of 0.2 and a time step of 0.005, on a domain
with zero flux boundary conditions at both ends. Parameters are δ = 0.8, a = 0.77,
b = 0.08, c = 0.0517. Note that the band of PTWs in this Figure is still growing and has
not yet reached its fixed band width.
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F 5.4: Our predicted band width as a function of the ratio of prey and predator
dispersal rates δ. In (a) we plot the number of wavelengths observed in the PTW band,
and in (b) we plot the wavelength of the PTWs in the band. Parameters in the original
model are a = 0.72, b = 0.06 and we set c = ccrit − 0.05.

width.

5.4 Discussion

We considered the PTWs generated by an invasion in a cyclic predator-predator prey sys-
tem. For certain parameter values, the PTWs are convectively unstable, which means a
fixed width band of PTWs is observed before irregular oscillations. We combine theory
developed in [110; 113] with a recent equation for the amplitude of PTWs [6] to deter-
mine how predator and prey dispersal affects the band width of PTWs. By applying the
methodology to the Leslie-May model, we find a monotonically increasing relationship
between the ratio of prey to predator dispersal rates and the band width—see Figure 5.4.
A large predator (or small prey) dispersal rate will therefore have a destabilising effect on
spatio-temporal oscillations and a shorter band width will be observed. Similarly a large
prey (or small predator) dispersal rate will lead to a larger band width.

Though we have made conclusions about the Leslie-May model, Figure 5.2(b) sug-
gests that a monotonic relationship between the dispersal rate and band width may not
always be the case. A different model and parameters will generate different normal form
coefficients, and consequently there may be instances, for example, where an increase/de-
crease in band width will be observed regardless of the direction in which δ varies. One
may also note that for our chosen model we obtain very long band widths—much longer
than any realistic habitat for all δ considered. This suggests that for practical purposes
one need only consider two cases, namely where the PTWs are absolutely stable (uninter-
rupted PTWs) or absolutely unstable (spatio-temporal irregularity observed immediately
behind invasion). Of course, consideration of a different model may reveal shorter band
widths that have more significance, however, previous work [110] that applies the method-
ology described in this chapter to the Rosenzweig-MacArthur model with equal dispersal
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coefficients [94] reaches a similar conclusion.

5.A Details on the band width calculation

In the main body of this chapter we describe how the basis of the band width calculation is
the quantity λmax(V ), which is the growth rate of the most unstable perturbation at a fixed
point moving with velocity V . In Figure 5.5 we plot λmax(V ) which was calculated by
finding all branch points for a given V , determining which were in the absolute spectrum
and selecting the one with maximum real part. This process was then repeated in an
automated way for a range of V using the Python libraries NumPy and SymPy. One can
see that there are a range of velocities (VL, VR) for which λmax > 0. We note that the
existence of the band requires VR < v∗ otherwise growing perturbations will outrun the
front.

Assuming we can obtain λmax(V ) we proceed with the band width calculation. Here
we refer the reader to Figure 5.6 for an illustration of the process. Previously we defined
a fixed point (x∗, t∗) on the front and derived the time and location (xcrit(V ), tcrit(V )) at
which the perturbations originating from (x∗, t∗) are amplified by a factor F . The curve
(xcrit(V ), tcrit(V )) is illustrated by the thick black curve in Figure 5.6 and Vband is the critical
velocity at which the distance between (xcrit(V ), tcrit(V )) and (x∗, t∗) is minimised. Notice
that at this point the gradient of (xcrit(V ), tcrit(V )) is identical to that of the invasion front,
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F 5.5: A plot to show the growth rateλmax(V ) of themost unstable perturbation to the
PTW band in the frame of reference moving with velocity V in the CGLE. The parameters
used are α = 2 and β = 0.5 giving an invasion speed of v∗ = 2

√
5/4. Approximately,

we have VL = 1.306, VR = 1.062 and we calculate Vband = 0.119 using (5.3).
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F 5.6: Schematic diagram of the bandwidth calculation, reproducedwith permission
from [110]. The thick black curve is (xcrit(V ), tcrit(V )) and Vband is the critical speed at
which the distance between this curve and the invasion front is minimised.

v∗. With this in mind we calculate

dxcrit
dtcrit

=
∂xcrit
∂V

∂V

∂tcrit

=

[
log(F)

Re[λmax(V )]
− V log(F)Re[λ′max(V )]

Re[λmax(V )]2

]
× −Re[λmax(V )]2

log(F)Re[λ′max(V )]

= V − Re[λmax(V )]

Re[λ′max(V )]
. (5.7)

However, we still must determine λ′max(V ), which would lead to inaccuracies if calculated
numerically. For the dispersion relation D(λ, k;V ) = 0 we can write, for λ = λmax,
k = kmax, that

∂D
∂λ

λ′max(V ) +
∂D
∂k

k′max(V ) +
∂D
∂V

= 0. (5.8)

Firstly note that λmax is a branch point where ∂D/∂k = 0 so that the second term in (5.8) is
zero. Furthermore, for any reaction-diffusion system one can write D(λ, k;V ) = D(λ−
ikV, k; 0) which implies that ∂D/∂V = −ik∂D/∂λ. Therefore, we obtain the useful
property that λ′max(V ) = ikmax(V ) which when substituted into (5.7) and considering
solutions with dxcrit/dtcrit = v∗ gives equation (5.3) for Vband.

The band width can then be found by considering the distance between (xcrit(Vband),

tcrit(Vband)), and the point on the front obtained after travelling for tcrit(Vband) − t∗ time
units from point (x∗, t∗). We obtain the band width

L(α, β) = x∗ + v∗ [tcrit(Vband)− t∗]− xcrit(Vband) =
log(F)

Im(kmax(Vband))
, (5.9)

as stated in (5.4).
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We now summarise the conclusions contained in this thesis, according to the ecological
systems we have analysed, on the role that dispersal plays in spatio-temporal pattern for-
mation.

Cyclic predator-prey systems (Chapters 2 and 5)

In these chapters we studied the normal form equations of a cyclic predator-prey system—
the complex Ginzburg-landau equation—and the main result in Chapter 2 is equation
(2.37) which is an expression for the amplitude of periodic travelling waves (PTWs) gen-
erated by an invasion in terms of model parameters. This result facilitates future studies
of invasion in cyclic predator-prey systems with unequal dispersal. We remind the reader
of the parameter δ that represents the ratio of prey to predator dispersal rates. For the
Leslie-May model (2.43) we determine that the wavelength of small amplitude PTWs is
monotonically increasing in δ, so that a small δ leads to shorter wavelength PTWs; and a
large δ leads to longer wavelength periodic travelling waves. Of course, we obtain a full
expression for solutions and any quantity of ecological interest is derivable, e.g. speed
of waves. We then used (2.37) to determine the stability of periodic travelling wave solu-
tions: a larger δ has a stabilising effect on PTWs. In Chapter 5 we focused on absolute and
convective instability of PTWs. We use (2.37) in order to locate the transition between a
stable band of PTWs, and spatio-temporal irregularity. We find, for the Leslie-Maymodel,
that the width of the band is monotonically increasing in δ.

Intertidal mussel beds (Chapter 3)

We performed a numerical analysis on a modified model for striped mussel beds in two
space dimensions and found that spotted mussel beds arise through an instability to trans-
verse disturbances, i.e. fluctuations that occur along a band of mussels. These results are
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hidden in a one dimensional analysis, which means previous estimates of a critical flow
rate for striped mussel beds is overestimated. Instead we show that a new (larger) critical
flow rate exists for ecological resilience of stripe patterns, below which stripes destabilise
into regular spotted patterns. The main findings of Chapter 3 are summarised in Figure
3.5 where we map parameter regions for stripes and spots. Numerical simulation of the
mussel bed with slowly varying flow rate reveals a new hysteresis effect in mussel beds,
with transitions between distinct stripe and spot patterns. In reality, tidal flow rates vary
on multiple scales; we discuss how tidal variation throughout the year can lead to instabil-
ity and the evolution of the mussel bed as described. Additionally, in this chapter we lay
out a clear numerical methodology for analysing stripe patterns of reaction-diffusion type
systems in two space dimensions—see Figure 3.4—which was not detailed explicitly in
earlier studies [112].

Semi-arid vegetation (Chapter 4)

The Klausmeier model [57] for banded vegetation is perhaps the most well known model
describing banded vegetation patterns in semi-deserts. However, a key shortcoming is
the poor approximation of seed dispersal which is assumed to be a local diffusion process.
We numerically analysed a modified Klausmeier model which takes into account the seed
dispersal distance by using a dispersal kernel, as in [39]. The highlight of the chapter is
Figure 4.3(c) which details how a Hopf type instability is generated in the presence of
non-local seed dispersal, which has an important impact on the way patterns transition in
the desertification process, i.e. as rainfall is decreased. In fact, instead of a transition be-
tween distinct vegetation patterns (ecosystem degradation)—the standard result obtained
by analysing the local Klausmeier model—patterns have an increased resilience to low
levels of rainfall. Numerical simulations show that peaks of vegetation density may oscil-
late in order to cope with low rainfall, and we even observe stationary vegetation patterns.
These new phenomena are not predicted in the local Klausmeier model. Amodest increase
in rainfall is enough to restore the ecosystem to the previous stable state, confirming the
increased resilience of the ecosystem due to non-local seed dispersal.
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