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Abstract 

A critical review of literature on thermal barrier coatings (TBC) with an emphasis on the 

stochastic nature of TBC failure data is undertaken. The Characteristic Life Equation, first 

proposed by Professor John R Nicholls in modelling the influence thermally grown oxides have 

on TBC spallation is devised. The works of A.G Evans and co-workers on the mechanics of failure 

of thin, brittle layers on ductile substrates during thermal cycling was applied to the thermally 

grown oxide layer within a TBC system where plate theory is used to analytically derive forces 

acting on initial defects allowing to analytically determine the critical height required for an 

induced delamination to cause buckling leading to spallation failure. The probabilistic models 

proposed as part of the ‘Characteristic Life Equation’ allows for the coefficients of Weibull 

Stochastic models of TBC spallation failure to be related in strain-energy and material property 

terms through modelling the mechanics of crack propagation within the thermally grown oxide 

of a TBC system.  

X-Ray Diffraction (XRD), Raman spectroscopy, Digital Image Correlation (DIC) and THz radiation 

in the form of a reflection based polariscope were reviewed to investigate whether these NDE 

techniques have the potential to evaluate TBC ‘performance’ using the characteristic life 

equation. A preliminary sensitivity analysis of the characteristic life equation was carried out. 

DIC was assessed for its suitability to non-destructively evaluate both in and out-of-plane 

displacements on a TBCs surface. The observed range in DIC data for the range of speckle 

patterns and system parameter settings explored was found to be able to reliably resolve out-

of-plane measurements of 0.03069mm with an associated error of 2.87𝑥10−7𝑚𝑚.  

XRD, Raman, DIC and THz radiation, potentially in combination with other non-destructive 

evaluation techniques as well as the characteristic life equation may ultimately aid develop a 

methodology by which the remaining life of a TBC may be non-destructively assessed. Should 

this goal be achieved - probing the Characteristic Life Equation non-destructively may prove 

invaluable as a tool in the improvement and development of TBCs. 
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1 Introduction 
 Thermal barrier coatings (TBCs) are an enabling technology allowing designers, 
researchers and engineers to increase the performance, improve efficiency, and lower the 
emissions of, modern gas turbines. To fully utilize this capability, one must be able to accurately 
predict the lifetime of these coatings under conditions relevant to gas turbine service. The need 
to improve engine combustion efficiency while reducing emissions has become increasingly 
important considering the extent to which they are used and the environmental impact such 
engines have on the planet. The need for improved efficiency has caused a rise in operating 
temperatures within the turbine section of gas-turbine engines, whether aero, industrial, or 
marine. These temperatures have increased consistently during the last 30 years [1]. For aero 
engines, the average blade temperatures experienced are approximately around 1050ᴼC, with 
peak temperatures of more than 1150ᴼC [2]. Under industrial and marine service conditions, 
average operating temperatures are slightly lower, at around 800–950ᴼC, but more severe 
environments can be encountered. Increasing operational temperature has become critical to 
compete with today’s high efficiency turbine engines, a trend which continues to advance today. 
The progression of this trend between the 1970’s and 2000 can be seen Figure 1. This graph 
highlights the increase in efficiency, 12% since 1970, associated with raising the turbine entry 
temperature to 2000 K (1723ᴼC) from approximately 1800K (1600℃) along with the overall 
pressure ratio increase. The ratio is defined as the stagnation pressure at the compressor stage 
outlet to the pressure at the fan inlet. Operating temperatures of modern jet engines are 
typically above the melting point of most common metal alloys from which turbine blade 
substrates are typically made of [3]. The accepted upper operating temperature of such turbines 
is now approximately 1200ᴼC [4]. The upper operating temperature limit is influenced by several 
factors; it is therefore important to understand these factors, mainly, how ageing and erosion 

interactions affect TBCs thoroughly if we wish to optimise and ensure safe operation of jet 
turbines.  
 

Figure 1 - Improvement in efficiency with increasing turbine operating temperatures and pressures for a family of 

Rolls-Royce engines developed during the period 1970–2000.  SFC is specific fuel consumption. Overall pressure ratio 

is the ratio of compressor exit pressure relative to ambient. Temperatures are turbine entry gas temperatures, 

measured in Kelvin. Data points are engine operating conditions during the test. A “civil type test” is an engine 

performance evaluation criterion applied to civil aircraft engines. [1] 
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The commercial drive has pushed both aero and industrial turbines to be lifetime dependent on 
TBC performance resulting from the elevated operated temperatures induced to increase 
operating efficiency of such engines. TBCs are therefore considered to be “prime reliant” 
components, [2]. However, the prediction of the durability of TBC systems has proved difficult, 
with lifetimes varying from sample to sample and component to component. One factor 
controlling this is the inability to measure accurately the bond coat/ceramic interface 
temperature when buried under a TBC. In operating engines, this is further exacerbated by the 
fact that such TBC systems operate in strong temperature gradients since critical components 
are cooled, [5]. TBC’s are a great way of dissipating heat, giving designers a means of thermally 
controlling the temperatures a turbine blade experiences, thereby increasing safe operating 
temperatures limits, in turn increasing operational efficiencies of turbines and extending 
operational life span, [6].  

Thermal barrier coatings do more than thermally protect turbine blade substrates by dissipating 
extreme temperature gradients across its thickness, in doing so, TBC’s are the ‘working surface’ 
of turbine blades. TBC’s are therefore subject to the high velocity, high temperature working 
fluid and all the interactions which result as a consequence of high temperatures gradients and 
air impurities causing thermal degradation, [7]–[9] and molten silicate deposits commonly 
referred to as calcium-magnesium-alumino-silicate (CMAS), [10]–[13]. Understanding, 
characterising and quantifying implications of such interactions has naturally been a goal 
researchers’ have pursued since the first TBCs were first conceptualized and manufactured.  

The advanced manufacturing processes involved in the manufacture TBCs, mainly air plasma 
spraying (APS) or electron beam physical vapour deposition (EB-PVD), [14] are complex in 
nature. Their effectiveness and repeatability depend on and is sensitive to many quality 
controlling parameters such as surface roughness [15], substrate and bond coat chemical and 
molecular characteristics and impurities [16], [17], temperature gradient induced thermal 
expansion mismatches between the TBC and the substrate [18], [19] as well many other 
parameters influence resulting TBC performance, these aspects are covered in the TBC failure 
mechanisms section. Such control mechanisms cause thermal barrier coatings to be prone to 
variances in performance within the same production batch, [20]. Studies in relation to TBC 
lifetime so far have typically produced data which is stochastic in nature. Statistical models 
which help predict TBC failure have been developed between Cranfield University and Rolls 
Royce in collaborative programmes. Figure 2 illustrates such stochastic data of cyclic oxidation 
induced TBC failure.  

Figure 2 - Weibull TBC lifetime modelling, [21]. 
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The green line represents data collected from the global supply chain for a TBC system on a 
platinum aluminide bond coat. This bond coat system is used internationally by many engine 
manufactures and is recognised as a representative state-of-the-art system, [21]. Red data 
points are from a previous study carried out by Rolls Royce as a partner with Cranfield University, 
aiming to develop and evaluate an improved bond coat system for a TBC. The green curve (for 
the platinum aluminide bond coat) demonstrates that under the accelerated oxidation tests on 
a TBC on top of a platinum aluminide bond coat, within the same manufacture batch, could 
survive 400 hours at its best, and 30h at its worst – a factor of thirteen in lifetime. If the coating 
system is prime reliant, then Rolls Royce cannot afford TBC failure. That means they must 
assume a minimum life of the blade (30h in this case), when the best of the blades manufactured 
could have lasted thirteen times longer. As each blade cost’s over £1,000 to produce, this early 
retirement of hardware before the end of component life has a significant financial impact for 
the manufacturer. On average, if using a platinum aluminide bond coat, if the quality of each 
component post-manufacture could be evaluated, each blade’s life could be increased by a 
factor of around six from the trend illustrated in Figure 2. A second benefit relates to the red 
curve. Here a new bond coat system, patented by Rolls Royce plc gives increased life, but more 
importantly it is more reproducible in manufacture. In-situ tools with the ability to non-
destructively assess blade quality would allow this optimisation process to proceed more 
efficiently. It is therefore desirable to develop non-destructive evaluation techniques which are 
capable of using electromagnetic radiation, in combination with an understanding of failure and 
degradation modes as well as how strain energy manifests itself within TBCs in order to help 
characterize performance and predict component life span post production, [22].  

There are several non-destructive evaluation (NDE) techniques, otherwise known as non-
destructive testing techniques, (NDTs) which have been developed attempting to provide such 
capabilities. Each NDE technique makes use of different frequency bands within the 
electromagnetic spectrum and its specific characteristics to reveal certain characteristics of 
matter. With the exception of acoustic emission, which as the name suggests, is acoustic in 
nature, [23]–[25], techniques such as impedance and Raman spectroscopy [26]–[30], 
thermography [31]–[33], XRD [34], [35] and time domain spectroscopy (TDS) [36], [37] make use 
of the EM spectrum how it interacts with matter to detect, locate and characterize both 
mechanical and electrochemical characteristics such as surface defects, subsurface defects, 
impurities, residual stresses, strains as well as stress and strain optic coefficients, [38].  

Despite all recent advances made with NDE methods, currently, no non-destructive-testing 
(NDT) approach exists which can quantify the quality of TBCs produced post manufactured 
which can be related to their potential service life. Additionally, there is no method for in-service 
inspection that can assess any remaining life of a service-exposed TBC component. Current 
practice is that a proportion of coatings from manufacture are tested under accelerated, high 
temperature, conditions through a number of techniques in order to induce TBC failure and from 
the obtained data, statistical life prediction models are developed and updated. As such, there 
is still a need for a technique which is able non-destructively evaluate the quality of a TBC. 

1.1 Thesis Objective and Outline 
As explained in the introductory paragraphs, modern high-performance gas turbines are reliant 
on a ceramic thermal barrier coating, plus its bond coat to prevent first stage, high pressure 
turbine blades from failing due to exposure to high temperatures and stresses in modern high-
performance gas turbines. Combustion gas temperatures can, and often do, exceed 1,600°C. 
Without cooling and the use of thermal barrier coating technology the blade could melt as this 
temperature is typically higher than the melting temperature of most metal super alloys used in 
the aviation industry. Therefore, it has been agreed that thermal barrier coatings must now be 
considered as a prime reliant, with respect to the high temperature performance of such 
engines.  
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Currently, a lack of non-destructive-testing (NDT) approaches exist to measure the quality of 
TBCs, which can be related to their potential service life. Additionally, there is no method for in-
service inspection that can assess the remaining life of a service-exposed TBC component. 
Current practice is that a proportion of coatings from manufacture are tested under accelerated, 
high temperature, conditions to induce TBC failure and from this data, life prediction models are 
developed and updated. TBC lifetime data is therefore stochastic in nature. Statistical models 
that help predict failure have been developed between Cranfield University and Rolls Royce in 
previous EPSRC funded programmes. A methodology enabling the assessment of quality of both 
as-manufactured and in-service thermal barrier coating systems offering a means of quality 
control to aid improve and accelerate the optimization of thermal barrier coating and new bond 
coat systems is investigated within this work. In-situ non-destructive evaluation techniques 
which may be employed to assess blade quality would allow this optimisation process to 
proceed much more rapidly, with a faster insertion of new technology into mass manufacture 
and into Rolls Royce’s supply chain. 

The green curve in figure 2 (for the platinum aluminide bond coat) demonstrates that under the 

accelerated oxidation test programme, a TBC with a platinum aluminide bond coat could survive 

400 hours at its best, but 30h at its worst – a factor of thirteen in lifetime. If the coating system 

is prime reliant, then Rolls Royce cannot afford TBC failure. That means they must assume a 

minimum life of the blade (30h in this case), when the best of these blades could have lasted 

thirteen times longer. As each blade costs over £1,000 to produce, this early retirement of 

hardware before the end of life has a significant financial impact for the manufacturer. On 

average, if using a platinum aluminide bond coat, if the TBCs ‘quality’ as-manufacture could be 

assessed non-destructively then each blade’s life could have been increased by a factor of six in 

the case of these two EPSRC studies presented in figure 2. This early retirement of hardware 

before the end of component life has a significant financial impact for the manufacturer in 

addition to frequent servicing costs. A means of reducing lifetime distribution variances by 

assessing TBC quality would allow engineers to safely specify servicing intervals closer to the 

mean coating lifetime which would aid in reducing costs significantly [39]. This has led to 

research efforts to better characterize TBC performance or ‘health’ through Weibull lifetime 

variation plots and various non-destructive evaluation techniques to specify better service 

intervals. To allow TBC performance evaluation, John R. Nicholls from Cranfield University has 

proposed an alternative means to assess TBC performance in terms of probabilistic lifetime 

variances. Exploring this suggestion was subject within this work, where a methodology was 

investigated, and the proposed characteristic life equation was devised and loosely assessed 

with respects to several non-destructive evaluation techniques including DIC and a THz 

reflection based polariscope with the aim to non-destructively assess material parameters 

within a TBC to probe the characteristic life equation for usefulness and applicability.  
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2 Characteristic life equation - Thermal barrier coating failure  
TBCs fail through the gradual degradation of bond-coat properties through the growth of an 

oxidation layer referred to as a thermally grown oxide layer (TGO) which forms on top of the 

bond coat layer [1] [2]. This bond coat/TGO layer interface plays a major role in the initiation of 

buckling delaminations, eventually causing spallation of the heat resistive ceramic topcoat, 

regardless of whether the TBC has been manufactured via atmospheric plasma spray technique 

(APS) or through electron-beam physical vapour deposition (EB-PVD). In this paper I will address 

EB-PVD deposited TBC’s, Figure 3 [42].  

Mechanisms combine to contribute to the overall degradation of a TBC. Erosion is defined as 

the gradual chipping away of the TBC, where damage is confined to the top surface of the coating 

up to a certain depth, usually considered to be around  30𝜇𝑚 from the coating surface [43]. 

Compaction damage causes densification of the top surface of a TBC coating lowering its 

capacity to resist thermal damage [41]. Foreign object damage (FOD) is caused by impurities 

ingested in the airflow such as large volcanic ash particles [46] [47] which melt and deposit 

themselves between columns on a TBC, reducing strain tolerance properties of a TBC, commonly 

referred to as calcium magnesium alumina silicates, CMAS attacks. Similarly, under FOD but 

varying from CMAS attacks is a ballistic impact event. This is where foreign particles are ingested 

into the engine and hit a TBC at high velocity which may lead to compaction damage at the 

impacts’ lower boundary with possible lateral/shear crack development due to the large strains 

introduced during impaction and at its upper bound, extensive plasticity and densification occur. 

Inter-columnar sintering is driven by changes in both interface energy and the stored elastic 

modulus in the EB-PVD micro columns. Sintering rates are sensitive to the in-plane elastic 

modulus as well as to the imposed thermal mismatch strains, interfacial energies and 

diffusivities [45]–[47]. Crack coalescence of TBC coatings lead to a drop in in-plane stress within 

the coating and thereby to accelerated sintering rates [4], [47]. Calcium-magnesium-alumino-

silicates (CMAS) attacks, deemed the second most common failure mode after spallation, caused 

by the ingestion of particles which melt at engine operating temperatures and partially infuse 

into the TBC topcoat in-between the EB-PVD micro columns, leading to a reduction in its 

insulation and strain tolerance properties, which in turn increase the rate at which the TGO layer 

develops [6] [12]–[14].  

Figure 3 - EB-PVD Microstructure of TBC, [42]. 
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Compressive stresses manifest in the TGO layer where it has been observed to amplify 

imperfections near the substrate to bond coat interface [15] [16]. Substrate surface roughness 

and curvature both contribute to TBC ‘health’ resulting from their effects in amplifying stress 

concentrations associated with TGO growth by amplifying imperfections and initiating local 

failure, leading to micro cracking at the crests of undulations in the bond coat/TGO [15]. 

Stresses concentrated at the ceramic/bond coat interface increase with increasing thickness of 

the ceramic layer and reduce the life of a TBC system [18] [19]. Coating thickness is often difficult 

to measure through conventional methodologies such as micrometres and callipers, etc., due to 

complex component shapes such as compressor aerofoil blades or piston heads [53], [55]. 

Furthermore, complex component shapes present difficulties in maintaining uniform coating 

thickness considering the line-of-sight deposition techniques used to fabricate TBC’s [20] [23]. 

Durability of TBC top coats follow a function of the thickness of the oxidation resistant bond coat 

[18], [57], [58]. Thin bond coats are unable to provide adequate oxidation protection to the 

component for extended periods of time and tend to provide shorter TBC lifespans. 

The main mechanisms through which spallation is initiated are sequentially discussed below. 

Note, the failure of TBCs under thermal cycling is a highly complex process involving an interplay 

between several general phenomena listed below. 

1. Thermal-expansion mismatch stress  

2. Growth of TGO at undulating interface between bond-coat and TBC ceramic as result of 

oxidation in the bond-coat, arising from yttria phase transformations upon cooling both 

post-manufacture and during component use [17] [28] [29] 

3. Cyclic creep of the bond coat  

4. Depletion of bond coat properties through oxidation leads to localized formations of 

brittle oxides, [30] [31] 

5. Sintering of the porous TBC and the associated deterioration of strain tolerance and 

thermal resistivity [11] [32] [33] 

6. Degradation of the metal substrate - ceramic interface toughness [28] [34]  

7. Delamination through buckling leading to cracking 

8. Crack coalescence  

9. Spallation  TBC Failure  

TBC failure mechanisms are highly system, and application specific, where one or more of the 

above phenomena can dominate leading to de-bonded regions facilitating crack initiation and 

propagation. A study reviewing and considering all TBC failure mechanisms has summarized 

them into three overarching principles which govern TBC systems, Figure 4 [35] [36]. 

I. The TGO layer in a TBC experiences large in-plane compressions during thermal cycling 

[37] [38]. An addition of stresses results from phase transformations during the cooling 

stage of the cycle [24] [28]. As with most thin films, this compressive stress causes the 

TGO layer to attempt to alleviate the stress and associated strain energy density by 

lengthening itself through out-of-plane displacements [70]–[73]. This has been 

observed to happen in one of two ways: buckling and visco-plastic deformations of the 

bond coat, causing positively and negatively charged ions to contribute to nucleation  

[74] [75]. 

II. Imperfections present post-manufacture and/or formed during service in proximity of 

the TGO interface induce tensional stresses normal to the bond coat/TGO interface as 

well as within the ceramic topcoat. These stresses exacerbate nucleation to form local 

cracks which coalesce to form larger networks leading to TBC spallation failure [76]. 



10 
 

III. TBC’s are sufficiently stiff to supress local small scale spalling through buckling in the 

TGO [74]. TBC failure occurs through large scale buckling after a sufficient coalescence 

of crack networks has formed leading to large scale TBC failure [77]–[79]. TBC durability 

is evaluated through time/thermal cycles required for crack networks to coalesce into 

sufficiently large areas, typically several mm in diameter, through a nucleation, 

propagation and coalescence sequence driven by energy densities within the bond 

coat/TGO as well as imperfections caused during TBC manufacture [43] [48]. 

Yttria stabilized Tetragonal Zirconia Polycrystalline (YTZP) ceramics are generally used when a 
material needs to be very strong, chemically inert, wear resistant and have a high fracture 
toughness. Especially in biomedical applications, the relatively low Young’s Modulus of YTZP 
promotes a more elastic behaviour with high hardness and a bending strength that are also 
useful. Thanks to these useful properties, YTZP ceramics are selected for a variety of applications 
ranging from dentistry to aerospace. The actual reason to the utility of these sophisticated 
zirconia materials is the way that their strengths have been considerably enhanced. A 
phenomenon called “transformation toughening” has described zirconia materials as “the 
ceramic analogue of steel". This guarantees that the material will be much more resistant to 
fracture than many other ceramics presently available.  

 
Materials science research in the literature tells us that for polycrystalline materials such as 
YTZP, the tetragonal crystal structure is the most important influence on the mechanical 
properties. Zirconia is generally alloyed with small quantities of a metal oxide such as Yttrium 
oxide (Y2O3). Whenever a crack develops, a related stress field around the crack is also 
produced. This can be sufficient to promote the transformation of one crystal structure to 

Figure 4- Schematic of overarching TBC failure principles, [76].  
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another which possesses an approximate volume expansion of 3%. This means that when a crack 
starts to propagate in YTZP ceramics, the crystal transformation caused by the applied stress 
leads to a resistance to further crack growth. YTZP ceramics are part of a special family of 
transformation toughened ceramics that possess this toughening phenomenon at work within 
their microstructures.  
 

2.1 Fracture mechanics and strain energy considerations for buckling driven 

delaminations 
Residual stresses develop during the deposition process itself as a result of the high thermal 
gradients employed whilst manufacturing coatings [47]. Additionally, residual stress is induced 
during cooling when a thermal expansion mismatches exist between the TBC film and its 
constituent layers as well as the substrate [51] [52]. Oxidation layers are formed through inward 
diffusion of oxygen through the TBC topcoat which induce and contribute to compressive 
stresses in the film [83]. Figure 5 illustrates the relationship between oxidation time and 
compressive stress for several TBC compositions. Thin layers containing such large residual 
compressions are susceptible to delamination and spalling [84] [85].  
 

Intrinsic stresses are distinct from thermal stresses in that they are the stresses associated with 
the deposition temperature at which coatings are manufactured. The mechanisms which 
generate intrinsic stresses have not been characterized quantitatively [72]. Thermal stresses 
arise due to changes in temperature when a thin film and substrate, or multilayers making up a 
TBC have different coefficients of thermal expansion (CTE). Such stresses can be on the order of 
several GPa, as seen on Figure 5, and are frequently attributed to being the driving force for 
mechanical failure through mechanisms such as ratcheting [31] [47]. When the temperature is 
different from the deposition temperature, residual stresses comprise of both intrinsic and 
thermal contributions. Buckling delamination induced through thermally grown oxides in 
combination with the mismatch deformation is one of the most common failure modes in TBC 
system [86]. Other failure modes of film–substrate systems include wrinkling, tunnel cracking 
and interface debonding [87] [58] [59]. 
 
Internal layers of a multilayer system can undergo cracking and interface debonding, or a 

combination of both when the ratio of toughness of the layer and interface is within a certain 

range for a given TBC state and composition. Interface toughness and its magnitude relative to 

that of adjoining layers is central to understanding if a crack will propagate or kink into an 

adjoining layer [72], [90], [91]. Plasticity accompanying crack growth can also have a major 

impact, either increasing resistance to crack growth in some cases and enhancing crack growth 

in others.  

Figure 5 - Ambient residual compression stresses in TGO for several alloy systems, [100] 
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For failure to occur it requires the bond coat/TGO interface to buckle away from the substrate 

in a region where adhesion is poor/non-existent. With respects to TBCs this can be observed in 

regions in the bond coat where brittle oxides are formed more extensively with thermal cycles 

through oxidation, and/or where the substrate surface roughness causes tensile stresses at the 

crests of the undulating surface to exceed the bonding properties of that region, initiating 

cracking [73].  

Failure couples both buckling and interfacial crack propagation to cause spalling of the TBC. It is 

worth noting that in the presence of small cracks or separations in the interfaces between a 

substrate and a thin film in compression, an interface crack parallel to the free surface, Figure 

6(a), does not disturb a stress field which itself acts parallel to the surface. Therefore, a stress 

concentration at the edge of the crack is not induced. However, when the film buckles from the 

substrate, Figure 6(b), the resulting separations generate large tensile stresses at the perimeter 

of the interfacial crack which may induce crack extension leading to coalescence [92].  

 
Figure 6 - Schematic representation of delamination in thin film/substrate systems, [92]. 
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2.1.1 Stresses in thin film/thick substrate systems 

The approach to buckling driven delamination of thin films under compression is taken from 

Section VI of the review article by Hutchinson and Suo [87] in combination with a separate 

publication from Hutchinson, Thouless and Liniger [93].  

First, the problem is defined by considering a thin film on a thick substrate, (
ℎ

𝐻
≪ 1), as shown 

in Figure 7, where the film and substrate are each considered isotropic with (𝐸, 𝑣, 𝛼) and 

(𝐸𝑠,  𝑣𝑠,  𝛼𝑠) as the respective Young's modulus, Poisson's ratio and coefficient of thermal 

expansion (CTE). 

A film deposited at temperature 𝑇0, has intrinsic stresses 𝜎11 = 𝜎22 = 𝜎𝐼, which may vary 
with 𝑥3. Assuming an elastic response, the effect of varying temperature from 𝑇0 to T 
where ∆𝑇 = 𝑇 − 𝑇0 is considered. Letting ∆𝜎𝑖𝑗 be the associated thermal stress change such 

that the total stress at temperature, T will be 𝜎𝑖𝑗 = 𝜎𝐼
𝑖𝑗 + ∆𝜎𝑖𝑗 and let 휀𝑖𝑗  be the strains relative 

to the state at 𝑇0. For  
ℎ

𝐻
≪ 1 , the film has little effect on the substrate and the substrate 

imposes its’ in plane strains on the film. Therefore, away from edges, 
 

(휀𝜑𝛽)
𝑓𝑖𝑙𝑚

= (휀𝜑𝛽)
𝑠𝑢𝑏𝑠𝑡𝑟𝑎𝑡𝑒

     𝜑 = 1,2;    𝛽 = 1,2  Equation 1 

There is no bending. The substrate expands freely, uninfluenced by the film. By Equation 1, for 
both the film and substrate, 
 

휀𝜑𝛽 = 𝛼𝑠𝛥𝑇𝛿𝜑𝛽            𝜑 = 1,2;    𝛽 = 1,2  Equation 2 

This is valid if the coefficient of thermal expansion, 𝛼𝑠 is independent of 𝑇. If 𝛼𝑠 depends on 
temperature  𝑇, then ∆𝑇 should be replaced with the integration 
 

∫ 𝛼𝑠𝑑𝑇
𝑇

𝑇0
     Equation 3 

The strain component 휀33 in the film is unconstrained on the top surface, therefore 𝜎33 = 0, 
corresponding to plane stress conditions. In plane components (φ = 1,2;  𝛽 = 1,2) in the film 
satisfy 
 

휀𝜑𝛽 =
1+𝑣

𝐸
𝛥𝜎𝜑𝛽 −

𝑣

𝐸
𝛥𝜎𝛾𝛾𝛿𝜑𝛽 + 𝛼𝛥𝑇𝛿𝜑𝛽  Equation 4 

Figure 7 - thin film on a thick substrate, [92]. 
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With inverse 

𝛥𝜎𝜑𝛽 =
𝐸

(1−𝑣2)
[(1 − 𝑣)휀𝜑𝛽 + 𝑣𝜖𝛾𝛾𝛿𝜑𝛽] −

𝐸𝛼𝛥𝑇

1−𝑣
𝛿𝜑𝛽  Equation 5 

 
Imposition of Equation 2 gives the thermal stresses in the film away from the edges, 
 

𝛥𝜎𝜑𝛽 =
𝐸𝛥𝛼𝛥𝑇

1−𝑣
𝛿𝜑𝛽 ,     𝛥𝜎33 = 0    Equation 6 

Where the CTE mismatch is Δ𝛼 ≡ ∆𝛼𝑠 − 𝛼. Equation 6 is rigorous for temperature dependent 
CTEs if Δ𝛼 is taken to be the average on the interval 𝑇0 to T. In summary, the interior of the film 
is subject to an equi-biaxial in-plane stress state; 
 

𝜎𝑅 = 𝜎𝐼 +
𝐸∆𝛼∆𝑇

1−𝑣
          Equation 7 

Closed form results for stresses near the edges or corners of the film are not available.  

 
2.1.2 Forces acting on buckling thin film/substrate systems 
Consider the free-standing bilayer in Figure 8 under residual stresses as determined above.  In 
the un-cracked, pre-stressed state, the residual stress distribution is equivalent to equal and 
opposite forces (per unit thickness in the out-of-plane direction) P and moments (per unit 
thickness) 𝑀1 and 𝑀2. The forces act through the mid points of the respective layers with the 
sign convection illustrated below. The method below is outlined in detail in Section III of [87]. 
The forces acting on the thin film can be evaluated, by equilibrium,  
 

𝑀1 + 𝑃(ℎ + 𝐻)
2

⁄ = 𝑀2    Equation 8 

For delamination along the interface, top right reduced problem in Figure 8, the interface crack 
is shown advancing from the left edge of the bilayer. The bilayer is unconstrained, therefore the 
resultant force and moment on each layer behind the crack tip equal zero. As depicted in Figure 
8, the delamination problem is the combination of the pre-stressed state plus the reduced 
problem. The interface stress intensity factor of the delamination problem and the reduced 
problem are identical [92]. It is therefore convenient to use the reduced problem to determine 
the stress intensity factors and the energy release rate, where the problem is defined as 
depicted in Figure 9.  

Figure 8 - Definition of the reduced problem for interface delamination of a free-standing bilayer under a residual 
stress state, [92].  
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When a crack in the interface has penetrated well into the interior of a bilayer (i.e. at least 
several times h or H, whichever is smaller, from the edge), it attains steady-state such that the 
energy release rate, G and mode mixity angel, Ψ (or, equivalently, 𝐾𝐼 & 𝐾𝐼𝐼) are independent of 
crack length. The forces, P and M are related to the through-thickness stress distribution 𝜎(𝑧) 
in the film by 
 

𝑃 = ∫ 𝜎(𝑧)𝑑𝑧
ℎ

0
  &  𝑀 = ∫ 𝜎(𝑧) (𝑧 −

ℎ

2
) 𝑑𝑧

ℎ

0
 Equation 9 

If an initially debonded interface region exists in the interior of the film/substrate interface, that 
region will buckle away from the substrate if the residual stress in the thin film is large enough. 
Prior to buckling there is no stress intensity at the edge of the interface crack. Once the film 
buckles, however, elastic energy stored in the film is released and the interface crack is subject 
to mixed mode conditions governed by G and 𝜓. If the stress is sufficiently large, or, equivalently, 
if the initially debonded region is large enough, interface crack growth will occur and a debonded 
blister will spread. The dependence of interface toughness on the mixed mode measure 𝜓 is 
essential in understanding buckle driven delamination. Without the strong mode dependence 
discussed relating to Figure 10, a delaminated blister would completely delaminate from the 
film once it started to spread. The highly unusual morphologies displayed by buckling 
delaminations, e.g. "telephone cord" blisters, wiggly circular blisters and straight-sided blisters 
would not exist without mode-dependent interface toughness Γ𝑐(𝜓). 
 
The measure of the mode mixity angel, Ψ of the relative proportion of  𝐾𝐼 & 𝐾𝐼𝐼 requires a 
complete elasticity analysis of the problem. The elastic mismatch is determined by the two 
Dundurs parameters below [94] [95].  
 

𝛼𝐷 =
𝐸1̅̅̅̅ −𝐸2̅̅̅̅

𝐸1̅̅̅̅ +𝐸2̅̅̅̅
,         𝛽𝐷 =

1

2

𝜇1(1−2𝑣2)−𝜇2(1−2𝑣1)

𝜇1(1−𝑣2)+𝜇2(1−𝑣1)
    Equation 10 

Where �̅� = 𝐸/(1 − 𝑣2) and is the plane strain modulus and 𝜇 = 𝐸/[2(1 + 𝑣)] is the shear 

modulus. Cracks propagate according to mixed mode conditions when 𝛽𝐷 is non-zero. 

When 𝛽𝐷 = 0, the stresses at the crack tip are the same as for homogenous solids [92]. 

Interface toughness, Γ𝑐 is defined as the critical strain energy value of G needed to advance a 

crack, assuming it propagates in the interface. It has been found that the interface toughness 

depends strongly on mode mixity angle, Ψ for interfaces for which experimental data exists. This 

is emphasized by denoting the interface toughness as Γ𝑐(Ψ). Data for an epoxy/glass interface 

is presented in Figure 10 [96]. The lowest toughness for this specific interface, and others for 

which data is available, is the mode I interface toughness, i.e. opening mode, a tensile stress 

normal to the plane of the crack. In this case, for epoxy/glass, the near mode II toughness is 

nearly ten times larger, mode II being sliding mode, where a shear stress acts parallel to the 

Figure 9 - Reduced delamination problem for bilayer, [92]. 
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plane of the crack perpendicular to the crack front. The toughness values presented in Figure 10 

correspond to "steady-state" toughness for which the initial resistance to growth, G increasing 

with crack length, a, is overcome and the crack propagates at a constant value of G. 

The steady-state result can be used to determine a criterion which excludes interface toughness. 

The steady-state energy release rate G for the reduced problem in Figure 9 can be obtained by 
elementary means. First, energy accounting provides G by regarding P and M as prescribed loads 
such that in Figure 9, the potential energy per unit thickness of the system, denoted as PE, and 
the elastic strain energy, SE, for a given crack length, a, can be expressed as 
 

𝑃𝐸(𝑎) = −𝑆𝐸(𝑎)    Equation 11 

Equation 12 states that the potential energy downstream must equal the surface energy 
required to form two new surfaces at the crack front per unit extension. 
 

𝐺 = −
𝑑𝑃𝐸

𝑑𝑎
=

𝑑𝑆𝐸(𝑎)

𝑑𝑎
    Equation 12 

The steady-state energy release rate, 𝐺𝑠𝑠 can be obtained by taking the difference between the 
strain energy, SED, (per unit length per unit thickness) far ahead of the crack tip from that far 
behind,  
 

𝐺𝑠𝑠 = (𝑆𝐸𝐷)𝐷𝑂𝑊𝑁 − (𝑆𝐸𝐷)𝑈𝑃   Equation 13 

Since  (𝑆𝐸𝐷)𝑈𝑃 = 0, 𝐺𝑠𝑠 is just the sum of strain energy in the two beam arms far down behind 
the tip per unit thickness per unit length, this can be computed rigorously by employing beam 
theory. The result is given in Section IILB.4 of [87]. An equivalent expression follows from plate 
theory. 

 

Figure 10 - Toughness,  𝛤𝑐(𝛹), of glass/epoxy interface as dependent on the mode mixity, 𝛹, [96] 
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2.1.3 Determining Forces, M and ∆N – Plate theory 
Plate theory is a two-dimensional mathematical model which is useful to determine 

stresses and deformations in thin plates subject to forces and moments relative to their planar 

dimensions. Plate theory takes advantage of the disparity in length scale when buckling is 

observed with reference to the original unbuckled film to reduce the full three-dimensional solid 

mechanics problem to an equivalent two-dimensional problem.  

The two main failure modes for thin films under uniform equi-biaxial compression, 𝜎11 = 𝜎22 =

−𝜎, are edge delamination and buckling driven delamination. The approach to buckling driven 

delamination of thin films is taken from Section VI of the review article [87] and separate 

publications  by [93], [97], [98]. The auxiliary buckling problem is schematically represented in 

Figure 11. Considering a wide plate, infinite in the x-direction, clamped along its edges and 

subject to edge compression, T, (𝑁/𝑚). If the film were cut away from the substrate and 

unloaded along its edges it would have a width 2𝑏(1 − 휀), where 

휀 =
1−𝑣1

2

𝐸1
𝜎     Equation 14 

The top plate in Figure 11 must be ‘squeezed’ back to its original length, 2b, for it to effectively 
‘fit’ back in place with respects to the substrate. The solution to the auxiliary plate buckling 
problem is elementary where the deflection, w(y), must satisfy; 
 

𝐷𝑤′′′′ + 𝑇𝑤′′ = 0   ;   𝑤 = 𝑤′ = 0   @   𝑦 = ±𝑏   Equation 15 

Where, 

 𝐷 =
𝐸1ℎ3

[12(1−𝑣1
2)]

     Equation 16 

Equation 16, although linear in w, is exactly what is obtained without approximation from the 
fully nonlinear von Karman plate equations. The solution is as follows and is presented in section 
6.1 of [99]. 

 
For 𝑇 < 𝑇𝑐, when the plate is unbuckled.  

𝑇𝑐 =
𝜋2

12

𝐸1ℎ

(1−𝑣1
2)

(
𝑏

ℎ
)

2
    Equation 17 

Figure 11 - Auxiliary problem for determining 𝛥𝑁 and M, [92]. 
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And for 𝑇 = 𝑇𝑐, buckled solutions exist given by; 

𝑤(𝑦) =
1

2
𝛿[1 + 𝑐𝑜𝑠 (

𝜋𝑦

𝑏
)]         Equation 18 

Where 𝛿 is the buckling deflection @ 𝑦 = 0. A wide plate can experience any amplitude of 
buckling when 𝑇 = 𝑇𝑐  according to nonlinear plate theory. The shortening of the plate relative 
to its unstressed length 2𝑏(1 − 휀) is; 

∆𝐿 =
2𝑏(1−𝑣1

2)𝑇𝑐

𝐸1ℎ
+

1

2
∫ (𝑤′)2𝑑𝑦 

𝑏

−𝑏
=

2𝑏(1−𝑣1
2)𝑇𝑐

𝐸1ℎ
+

𝜋2

8𝑏
𝛿2  Equation 19 

For the auxiliary plate to fit back in place, we must impose ∆𝐿 = 2𝑏휀 where 휀 is given by 
Equation 14. From Equation 19, this requires 
 

𝛿2 =
16𝑏2

𝜋2

(1−𝑣1
2)

𝐸1
(𝜎 − 𝜎𝑐)           Equation 20 

Where,  

𝜎𝑐 =
𝑇𝑐

ℎ
=

𝜋2

12

𝐸1

(1−𝑣1
2)

(
ℎ

𝑏
)

2
           Equation 21 

If 𝜎 < 𝜎𝑐, the film is unbuckled and therefore Equation 20 does not apply. If 𝜎 > 𝜎𝑐, Then, 
from 𝑀 = 𝐷𝑤′′@ 𝑦 = 𝑏, 

𝑀 =
𝜋2𝛿

2𝑏2 =
1

2
𝜎𝑐ℎ2 (

𝛿

ℎ
)        Equation 22 

The released edge force, defined as the change due to buckling is given by ∆𝑁 – it’s only the 
change in forces which contribute to the stress intensity factor at the interface 
 

∆𝑁 = (𝜎 − 𝜎𝑐)ℎ        Equation 23 

2.2 Buckling driven delamination for thin films under residual compression  
With reference to Figure 12, a thin film on an infinitely deep substrate which has a debonded 
region on the interface specified by |𝑦| ≤ 𝑏 & |𝑥| < ∞. The focus in the following regards 
conditions on straight sides of a debonded region along 𝑦 = ±𝑏. When the film is unbuckled, 
the stress in the film is everywhere equi-biaxial compression 𝜎. There are no tractions on the 
interface and 𝐺 = 0. When the film buckles up from the substrate however, the compression in 
the film near the edge at 𝑦 = 𝑏 is partially relieved and a moment, M, per unit length in the x-
direction develops. If the average stress release through the film thickness is denoted by 
∆𝑁, force per unit length Figure 122. The energy release rate, 𝐺 and the mode mixity 𝜓 along 
the edge of the buckled blister can be determined if ∆𝑁 and 𝑀 are known. The derivation of M 
and ∆𝑁 at the blister edge can be performed using plate theory to represent the buckled film as 
presented in the preceding section. 

 
 

Figure 12 - Geometry of the straight-sided blister, and conventions for the elasticity solutions characterizing 
conditions along the straight edge of the interface crack [175]. 
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2.2.1 Edge Delamination – Straight Sided Blisters 
 
Identifying ∆𝑁 with - P in the solution to the reduced delamination problem for a bilayer in 
Equation 8 for the problem in Figure 8. Algebraic reduction for 𝜎 ≥ 𝜎𝑐 gives 
 

𝐺 =
(1−𝑣1

2)ℎ

2𝐸1
(𝜎 − 𝜎𝑐)(𝜎 + 3𝜎𝑐)    Equation 24 

And  

𝑡𝑎𝑛 𝜓 =  
4+√3𝜉 𝑡𝑎𝑛 𝜔

−4 𝑡𝑎𝑛 𝜔+√3𝜉
             Equation 25 

Where  

𝜉 ≡
𝛿

ℎ
= [

4

3
(

𝜎

𝜎𝑐
− 1)]

1
2⁄
          Equation 26 

The result for 𝜎 ≫ 𝜎𝑐 is the result for edge delamination 
  

𝐺 → 𝐺0 =
(1−𝑣1

2)ℎ𝜎2

2𝐸1
    Equation 27 

Plots of 𝐺 𝐺0
⁄  and 𝜓 as functions of  𝜎 𝜎0⁄  are given in Figure 13. The energy release rate attains 

a maximum 
4𝐺0

3⁄   𝑎𝑡 𝜎
𝜎0⁄ = 3, and then slowly decays to 𝐺0. More significantly, the mode 

mixity angel, 𝜓 becomes dominantly mode II as 𝜎 𝜎𝑐⁄  increases. At the onset of buckling when 
𝜎

𝜎𝑐⁄   is only slightly above unity, the interface experiences a higher proportion of mode I to 

mode II, implying that a spreading blister will encounter increased resistance to propagation due 
to increasing interface toughness, given the strong mixed mode dependence, toughness,  Γ𝑐(𝜓), 
was shown to have in relation to Figure 10. 
 

2.2.2 Bulk delamination – Circular Blisters 
The scheme for determining G and 𝜓 for a circular blister of radius, R is similar to that derived 
above. An important difference is that the auxiliary buckling problem for the circular plate is 
nonlinear in deflection and must be solved numerically. Details are presented in [93]. Plots of G 
and 𝜓 are given in Figure 13 for the edges of a straight sided blister and Figure 14 for a circular 
blister, where σc and G0 are given by Equation 21 and Equation 27 respectively [88], where now 
 

𝐺0 =
(1−𝑣1)ℎ𝜎2

𝐸1
               Equation 28 

and 

𝜎𝑐 = 1.2235
𝐸1

1−𝑣1
2 (

ℎ

𝑅
)

2
       Equation 29 

Note that 𝐺0 is the elastic strain energy per unit area stored in the bi-axially stressed film in the 

unbuckled state. Qualitatively, the trends for the circular blister are similar to those for the 

straight-sided blister. However, G increases monotonically with increasing 𝜎 𝜎𝑐⁄  as 𝜓 approaches 

mode II more gradually than for a straight - sided blister figure 14 [92].  
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Figure 14 - G and ψ for a circular blister. Where 𝜎0 and 𝐺0 are defined by Equation 28 and Equation 29 respectively [87] 

 

Figure 13 – G and 𝜓 along the edges of a straight sided blister where 𝜎𝑐 and 𝐺0  are given by Equation 21 and Equation 27 
respectively [87]. 
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2.3 Evaluating TBC lifetime 
Variations in the manufacturing process parameters of TBCs lead to material and therefore 

interface characteristic variations from point to point. These variations are exacerbated by 

aspects such as substrate surface roughness variations [100]–[102]. Within a closely controlled 

manufacturing batch there are large component lifetime variances Figure 2 illustrates stochastic 

data of cyclic oxidation tests used to induced TBC failure of a given manufacturing batch. Weibull 

life distribution models have been implemented for a set of TBC system compositions from 

which predictive lifetime models may be developed and refined [67] [68]. TBCs are regularly 

replaced to ensure safety and reliability. Mean lifetimes are calculated from data gathered 

during pre-and post-use destructive testing. Time intervals between servicing are based on 

calculated coating lifetime distributions. However, such tests produce statistical distributions 

with variances, depicted and discussed around Figure 2, forcing engineers to specify servicing 

intervals based on the lowest lifetime distribution plus a safety factor.  

2.3.1 Modelling TBC lifetime  
Different bond coat compositions and substrate combinations result in equally different TGO 

characteristics and properties [105], leading to lifetime variances in turn feeding stochastic 

lifetime models to help account for such variances, aiding quantification of how well TBC’s 

perform with respects to certain manufacturing parameters and engine running environments 

[20].  

TBC’s have been determined to fail through buckling, induced in the Bond Coat/TGO interface 

resulting from oxide growth to critical thicknesses initiating crack coalescence leading to 

spallation failure. TGO growth profiles for a given set of TBC compositions can be seen in Figure 

15 [106]. It may reasonable to directly set the critical bond coat/TGO thickness required to cause 

buckling as the characterisation parameter in a Weibull life distribution for a given TBC 

composition in order to investigate its performance, as proposed by John R Nicholls. 

 

Figure 15 - Volume increase associated with TGO growth resulting from oxidation and phase changes, [106] 
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It is not evident to assess when cracks coalesce post buckling as a result from such TGO growth 

profiles to form regions large enough to cause spalling of a TBC region. John R. Nicholls has 

schematically illustrated the overarching principles causing degradation of stability in a TBC as a 

function of thermal cycling, Figure 16, which comprises of three main parts, [106];  

1. The energy associated with TGO growth resulting from oxide thickening and phase 

transformations causing TGO growth,  

2. The energy in the YSZ ceramic topcoat resulting from sintering thickness reductions  

3. The energy release rate in the TBC as a function of thermal cycling reducing the ability 

for the TBC to resist fracture.  

The point at which the energy released within a TBC, the blue curve, crosses the sum of both the 

energy increase in the YSZ ceramic layer and in the TGO layer is where unstable crack 

propagation conditions occur [41] [73] [74]. At this critical point, the energy within the TBC 

resisting cracking is insufficient to withstand the energy stored in the TBC induced during 

thermal cycling.  

The point at which failure is observed can be defined as the critical strain energy value for a 

given TBC coating, conceptually, the intersection point refered to above. As mentioned, this 

theoretical point has proven difficult to asses analytically or through the conventional use of 

NDE techniques as well as through theoretical modelling.  

Figure 16 - John R. Nicholls TBC Energy Stability Diagram, [106]. 
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2.3.2 Weibull  Cumulative distribution function for statistical lifetime analysis 
John R Nicholls has proposed that by employing a cumulative distribution function to model 

lifetime Weibull distributions formulated from experimental TBC lifetime cyclic tests, it is 

possible to formulate TBC lifetime distributions in strain energy terms. This is justified as a result 

of the following findings with respects to TBCs which have been discussed previously. The most 

notable reason why TBCs fail, is through spallation which is iniatiated through buckling, this was 

most comonly found to occur at the bond coat/TGO interface where brittle oxides had formed 

more extensively as a result of the many features involved in the interplay between failure 

mechanisms. Figure 17 illustrates such a Weibull distribution for a closely controlled TBC 

manufacture batch. As discussed, there is a large distribution in lifetime from component to 

component, despite being identically manufactured within acceptable manufacturing tolerance 

limits for parameters of importance. 

 

Experimental distributions in TBC lifetime are plotted on logarithmic axes:  ln(− ln(1 − 𝑝(𝑓))) 

vs ln(𝑓) [106]. Experimental data is formulated thorugh the inverse cumulative distribution 

function,  

𝑄(𝑝; 𝑘, 𝜆) = 𝜆(− 𝑙𝑛(1 − 𝑝(𝑓))1/𝑘            Equation 30 

Where Q represents the probability of failure in terms of cumulative damage, p is a probability 

of failure, 0 ≤ 𝑝 < 1, k is a shape parameter and 𝜆 is a scale parameter. In the case of Figure 

17, above, both k and 𝜆 are 1, leading to 

𝑄(𝑝) = (− 𝑙𝑛(1 − 𝑝(𝑓)))        Equation 31 

In order to linearize this expression, the natural log is taken which allows for the cumulative 

damage distribution function to be linearized allowing for a straight line to be fitted to the 

experimental data; 

𝑙𝑛 (𝑄(𝑝)) = 𝑙𝑛(− 𝑙𝑛(1 − 𝑝(𝑓)))              Equation 32 

Figure 17 - Weibull Distribution of lifetime data for TBC's, taken from J. R. Nichols., [106] 
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John R. Nicholls has then plotted this against the natural log of the time taken for a TBC to fail, 

providing a probabilistic relationship. By approximating the cumulative distribution 

characteristic life as; 

𝜂0 = (
ℎ𝑐

𝑛

𝑘0
)               Equation 33 

Where ℎ𝑐 is the thermally grown oxide thickness at the onset of failure, n is the oxidation rate 

exponent and 𝑘0 is the oxidation rate constant [106], characterized by 

ℎ𝑐
𝑛 = 𝑘0𝑡𝑐 + 𝑐                  Equation 34 

re-arranging for 𝑘0 

𝑘0 =
ℎ𝑐

𝑛

𝑡𝑐
− 𝑐                 Equation 35 

Where tc is time and c is the coefficient of integration. The critcal oxide thickness required to 

cause buckling was presented following plate theory results, and can found from Equation 27 

and 28 respective to edge delamination and bulk. Equation 27 and 28 have been re-arranged to 

obtain expressions for the critical thickness required to cause buckling, ℎ𝑐 leading to 

For edge delamination:   𝐺𝑐 =
(1−𝑣1

2)ℎ𝑐𝜎2

2𝐸1
  ℎ𝑐 =

2𝐺𝑐𝐸

𝜎0
2(1−𝑣2)

  

 Equation 36 

 

For bulk delamination:   𝐺𝑐 =
(1−𝑣1)ℎ𝑐𝜎2

𝐸1
  ℎ𝑐 =

𝐺𝑐𝐸

𝜎0
2(1−𝑣)

                 

Equation 37 

2.3.3 Characteristic life equation 
Substituting Equation 36 and 37, for the critical oxide thickness required to cause buckling, 

bearing in mind the respective regions of interest in a TBC, into  Equation 33, for hc, leads to 

Equation 38 and 39 respectively [106]. These relationships statistically relate lifetime 

distributions of a given TBC composition for a given manufacturing batch, in terms of strain 

energy, stress and elastic material constants such as young’s modulus and poissons ratio. 

𝜂0 = (
(

2𝐺𝑐𝐸

𝜎0
2(1−𝑣2)

)
𝑛

𝑘0
)      edge delamination      Equation 38 

     𝜂0 = (
(

𝐺𝑐𝐸

𝜎0
2(1−𝑣)

)
𝑛

𝑘0
)     bulk delamination           Equation 39 

To asses the contribution from each layer making up a TBC, John R. Nicholls has proposed an 

adaption to strain energy, equation 28 for bulk delamination, by summing up the energy 

contribution by each layer individually. It provides a quantitative estimate allowing for several 

NDE methods to assess the energy associated within each layer making up a TBC and how it 

develops with time. Doing so aids with interpretating findings in relation the charateristic life 

equations 38 and 39 with respects to bulk or edge delamination to investigate TBC failure as well 

as provides a non-destructively obtainable 𝐺𝑐 estimate which may be used as an input variable 

parameter in the characteristic life equations. 



25 
 

Starting with the strain energy for an edge delamination scenario, in order to individually take 

into account each layer to quantify its contribution to strain energy with respects to number of 

cycles and cycle duration,  sum both top and bottom, 

𝐺0 =  ∑
(1−𝑣1)ℎ𝜎2

𝐸1
𝑖     Equation 40 

Noting that the term (1 − v1)  involves the poissons ratio, it can be assumed to remain constant 

for a given layer therefore it is possible to extract it from the summation. Similarly, the youngs 

modulus, E1 can be assumed constant for each layer, these assumptions lead to the following 

approximation for edge delamination, 

𝐺0 =
𝐺0

(1−𝑣1)𝐸1
= ∑ ℎ𝜎2    Equation 41 

Typical poissons ratio for bulk ceramic YSZ top coat is approximately 0.1 [74], for the TGO layer, 

approximately 0.21, and for the bond coat approximately 0.3 [109]. Therefore, the mean of the 

poissons ratio term (1 − v1) for each of the layers making up a TBC can be estimated to be a 

value of 0.203, reducing the term (1 − v1) to 0.78. Introducing thickness by multiplying both 

top and bottom by ℎ introduces a parameter which can be measured indivudally with time for 

each layer, 

𝐺0

(1 − 𝑣1)
=

∑ ℎ𝜎2

∑ 𝐸1
𝑥

ℎ

ℎ
 

𝐺0

(1−𝑣1)
= ∑ (

(ℎ𝑖𝜎)2

𝐸1ℎ𝑖
)𝑖                Equation 42 

Omitting the poissons ratio underestimates the total strain energy in the system by 

approximately 22%, therefore, it is not reasonable to neglect the summation of poissons ratio 

for each layer making up a TBC as stated. However, non-destrutively assesing poissons ratio of 

each layer making up a TBC may, in practice, introduce uncertainties relating to the 

measurement technique used to non-destructively measure poissons ratio of each layer 

individually. To investigate the Characteristic life equation using the derived relations, it requires 

the critical strain energy, 𝐺𝑐 as well as young’s modulus, 𝐸, poisons ratio, or a reasonable 

estimate of it as well as stress 𝜎0 to be known/tracked, preferably non-destructively.  𝐺𝑐 is the 

critical value of  𝐺0 when ℎ = ℎ𝑐. The oxidation rate constant and exponent terms fallout from 

Weibull lifetime characterization tests for a given TBC composition and manufacturing 

parameters with respects to the sample set used in the Weibull lifetime analysis.  
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Figure 18 depicts several NDE techniques of interest capable of probing layers within TBCs. X-

ray diffraction, (XRD) may be used to look at surface strains on the TBC topcoat surface, typically 

up to depths of 5𝜇𝑚 [77] [78]. High energy dispersive XRD may also be used to assess through 

thickness strains, however this requires samples to be destroyed in order to probe the TBC 

through its cross section to determine strains as a function of depth [34] [112]. Raman 

spectroscopy can be used to investigate bond coat and TGO properties, the use of luminescence 

peak shifts allows for the quantification of bond coat/TGO strains in a TBC [77], [81], however 

this technique is limited to EB-PVD deposited TBC’s as the micro columnar structure act as crude 

waveguides allowing for the penetration through the TBC to its bond-coat. THz radiation may 

effectively average through thickness strains of a TBC using strain optic characterization tests in 

combination with an extensometer to apply known forces/strains and digital image correlation 

(DIC) may be used to assess how bulk strains are transferred from substrate to TBC top surface 

by applying a speckle pattern. Such considerations are further explored below. 

2.4 Using characteristic life equations to evaluate TBC lifetime 
TBC system failure usually ends the same way, with spallation of the top coat through buckling. 

But several possible underlying causes could be responsible for causing TBC failure. Each 

possible cause is dependent on several inherent material properties and external process 

parameters discussed earlier. Many NDE techniques used to evaluate TBC health can detect 

large flaws and defects, but these tend to appear near the end of a TBC life and thus render 

them inadequate for use to inspect prime reliant components such as TBCs. 

2.4.1 Existing non-destructive techniques in relation to TBC’s 
NDE techniques, such as x-ray diffraction [8] [92]–[94], Scanning electron microscopy (SEM) [95] 

[96], impedance and Raman spectroscopy [97]–[101], thermography [121], THz-TDS [122] as 

well as infrared imaging [97] [104], and acoustic emission systems [25], are currently utilized to 

help give engineers insight into how intrinsic material properties, manufacturing process 

parameters and thermal cycling relate to the development of internal TBC strains and stresses 

which inevitably lead to TBC failure. However, in an international materials review journal, an 

article giving a critical review of thermal barrier coatings emphasised the challenges and 

prospects which face TBCs for optimum operation. The authors stated, “there are currently no 

effective non-destructive evaluation methods used in industry that can act as quality control 

and/or to monitor remaining life” [20]. However, the characteristic life equation proposed by 

J.R Nicholls [106] and developed herein offers a means of statistically relating material 

parameters to TBC lifespan, allowing for the first time for different NDE techniques to be 

Figure 18 – NDE techniques and their applicability to specific regions of interest within TBCs 
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employed and fed into one relationship which takes them all into account with respects to which 

portion of a TBC each NDE technique looks at. 

2.4.2 X-Ray Diffraction, XRD 

XRD is a commonly used method for residual stress measurements. However, the penetration 
depth of these X-rays (typically 8–17 keV) is very limited due to the high density and high 
absorption of the top coat of a TBC [124]. Therefore, non-destructively measuring the strain 
distribution across the thickness of an as-manufactured coating, typically ~250𝜇𝑚 is not possible 
with this method. Surface strains, up to typically 5𝜇𝑚 are determinable through conventional 

XRD. Oxidation induced strain growth [125] and associated microstructural changes have 
been evaluated with respects to a range of TBCs as they age through the use of both 
conventional and unconventional XRD techniques [126]. Some typical values of interest 
from such studies are listed, referenced and their findings summarized below.  

Strains were determined in a set of TBC’s as a function of depth using high energy synchrotron 

x-rays as a means of non-destructively evaluating TBC strains and employing SEM and Raman to 

quantify their results, illustrated in Figure 19 [112]. To overcome the difficulties associated with 

the lack of penetration depth of conventional XRD, the group has developed a method to 

precisely measure the strain distribution in a TBC top coat as a function of depth in 25μm steps 

[155]. The group used high energy monochromatic synchrotron radiation using a small beam 

cross-section coupled with an area detector where the whole Debye–Scherrer ring pattern is 

measured. This gave the capability to separate in-plane and out-of-plane strain components. 

Rietveld refinement was presented and used to analyse the recorded data to reveal strain 

distributions in the TBC as a function of depth. The decreasing trend of strain in Figure 19 

indicates an increase of compressive stress state inside the top coat, which for the reasons 

outlined earlier in this text is to be expected. The constraint on the top coat comes from the 

substrate below where the surface is expected to be free to relax, as a result, the stress is also 

expected to increase from surface to the interface, resulting in a decreasing trend as a function 

of thickness. If the young's modulus of the top coat is taken as 60𝐺𝑃𝑎, which is a typical value 

Figure 19- The in-plane strain as a function of depth in a group of plasma deposited TBC’s. This compressive, non-
uniform trend was observed in all the groups undamaged, heat treated samples. The corresponding change in strain is 
shown normalized to the surface state, [122]. 
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being reported [114] [115], the stress value at the interface could be estimated to be around 

600MPa.  

XRD was used to determine TBC surface stresses [129], where it was assumed that any changes 
in the interfacial stresses would be reflected in the measured surface residual stress. The group 
tested this both in as-deposited states as well as after thermal cycling. Their results, Figure 20, 
indicate that there is an increase in the compressive stress after thermal cycling as compared to 
their as-manufactured state.  

In a separate study, TBC bond coat strength and stress were analysed [130]. Figure 21 is a 

schematic proposed by the group which represents their model. Although simplistic in nature, 

by not taking into account a fracture mechanics approach involving changes in interface 

toughness and the strain energy release rate, the group found that with time and thermal cycles, 

the bond strength degrades whilst the bond stress increases. Where the increased tensile stress 

meets the reduced interface strength, localized debonding was observed to occur. 

 

Figure 21 - spallation model based on changes in bond strength and bond stress as a function of thermal cycling, 
[130]. 

Figure 20- Typical d-spacing of YSZ phase as a function of varying tilts of the sample, measured on surface in a group 
of plasma deposited TBCs. Two measurements are shown, one for an as-deposited TBC and the other after thermal 
cycling, [142]. 
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Figure 22 shows the as-coated bond strength of two EB-PVD TBCs, one Pt-Al, the other MCrAlY-

I. The average bond coat strength for the Pt-Al bond coat was found to be 76 MPa and for the 

coating on the MCrAlY-I bond coat was 64 MPa. Figure 23 shows the bond strength for the Pt-Al 

EB-PVD deposited TBCs as a function of thermal cycling. It was suggested that either a 

continuous decline with cycling, or an initial plateau followed by a decline was the general trend 

observed. Oxidation-induced stresses were measured in situ using synchrotron radiation in a 

NiCrAlY bond coat alloy between 950℃ and 1100℃, [131]. In all cases the group found that  𝜃 −

𝐴𝑙2𝑂3 was the first phase to form but then transforms to the more stable and denser 𝛼 − 𝐴𝑙2𝑂3 

polymorph upon thermal cycling with emphasis on the cooling stage of a cycle [29] [118]. The 

generation of stresses in the TGO due to its association with a large volume increase upon 

transforming is attributed to this transformation. These tensile growth stresses were found to 

develop in the oxide layer at all temperatures, with corresponding tensile stresses between 75 

and 200 MPa [131]. The general trend was found to decrease with time at the higher 

temperatures due to stress relaxation. Stress relaxation was most marked in the 1100℃ 

samples. Stress relaxation in 𝛼 − 𝐴𝑙2𝑂3 was found to occur but only at the higher temperatures 

between 1050℃  and 1100℃. It was proposed this may involve dislocation plasticity in 𝛼 −

𝐴𝑙2𝑂3, exacerbated by diffusion creep. Due to the phase transformations which occur at 

~1000℃ and above, compressive stresses at room-temperature are much larger in the 1050℃ 

and 1100℃ samples than in those oxidized at lower temperatures.  

 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

Figure 22- As-coated bond strength of two EB-PVD TBC's, [143]. 

Figure 23- Bond strength of EB-PVD TBC's as a function of thermal cycling, [143]. 
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2.4.3 THz radiation and its potential for NDE of TBCs 
Thermal Barrier coatings are typically made from ceramic materials [1] [133], which are 

dielectric. When a dielectric is placed in an electric field, electric charges do not flow through 

the material as they do in a conductor. Instead, they slightly shift from their average equilibrium 

positions causing dielectric polarization [134]. This creates an internal electric field that reduces 

the overall field within the dielectric itself. When TBCs are formed, it could be said that in this 

state they exhibit their optimum molecular configuration, when a TBC is in service and ages 

through thermal cycling the dielectric ceramic topcoat, serving as the thermal barrier, degrades 

as will its bonded molecules, which the TBC is made of. Those molecules, as a result of the 

material properties discussed briefly above will not only become polarized, but also reorient so 

that their symmetry axes align to the field [134]. This process has been linked, in part, to the 

stress optic law [38] which makes TBCs an interesting subject when considering implementing 

THz radiation to non-destructively evaluate TBCs. This is because most ceramics are optically 

opaque but are more or less transparent at THz frequencies. 

A THz based reflection polariscope system may be used to non-destructively assess strain, which 

is inherently correlated to stress and Young’s modulus, could be calibrated to allow non-

destructive assessments which can be used to probe the characteristic life equation. The goal 

being to use THZ radiation to non-destructively assess stress equivalents through strain in 

conjunction with accepted values for parameters such as young’s modulus, E and Poisson’s ratio, 

𝑣  from the literature to attempt to relate them statistically to TBC lifetime probabilities through 

the characteristic life equation as proposed by John R Nicholls. 

 

 
Figure 24– In-situ strain measurements as a function of cycling duration, [146]. 
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Table 1 [78], illustrates typical material properties for a set of EB-PVD deposited TBC’s which 

may prove useful to investigate the characteristic life equation as above. Similarly, 𝐺𝑐 may be 

tracked through Equation 42 in conjunction with aforementioned NDE techniques to estimate 

the strain energy present in each layer of the TBC, the summation of which is a close estimation 

of 𝐺𝑐 - a critical parameter in the characteristic life equation. The respective thicknesses of each 

layer as a function of thermal cycling may be characterised a number of ways with the use of 

NDE techniques as well as with techniques such as SEM. However, during artificial thermal 

cycling in a furnace, the temperatures employed, ~1100℃ are not high enough to induce 

significant sintering of the ceramic topcoat, hence the thickness of the ceramic may be assumed 

constant, helping isolate thickness changes which are tricky to obtain non-destructively. Bond-

coat/TGO interface growth characteristics have been investigated in the literature, results of 

which are illustrated in Figure 15 with respects to thermal cycling, from which thicknesses may 

be approximated, after an initial sharp increase, the TGO growth profile reaches steady-state 

(parabolic or sub parabolic oxidation) until failure, hence, it may be mathematically modelled to 

approximate both the initial oxidation of the TGO layer as well as when it reaches its steady 

state. There are no convenient and/or adequate means of non-destructively measuring the 

thickness of a TBC interface at this time, however, TGO thickness can be measured from mass 

gain in a carefully designed experiment. 

2.4.4 Raman Spectroscopy 
Upon cooling, monoclinic phase transformations occur which are associated with the volume 

increase associated with TGO growth [29] [118] [123]. TGO growth is closely linked to TBC 

failure, and is a governing parameter in the characteristic life relationships [82] [125]. Tracking 

phase shifts as a function of thermal cycling using Raman spectroscopy can allow for the bond 

coat/TGO growth profile over time to be known up to failure.  

Table 1 - Summary of Material Properties for a set of EB-PVD TBCs. Taken from 
[78]. 
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A blue laser Raman system has been employed to probe the bond-coat making up a TBC to 

produce luminescence shift maps, as depicted in Figure 26 [72]. The blue excitation light takes 

advantage of the microcolumns present in EB-PVD deposited TBCs as waveguides to reach down 

to the bond coat of a TBC.  Such a map helps visualize TGO growth and rumpling within the bond-

coat, giving insight into areas of interests and a detailed view of the bond-coat/TGO interface. 

Several separate studies set about investigating the relationship between Raman peak shifts and 

an applied uniaxial stress on freestanding TBC specimens, Figure 26 [27]. This relationship was 

found to be linear and was employed to determine in-plane bi-axial residual stresses within the 

groups experimental TBC samples [27]. 

Several studies have used Raman spectroscopy to study residual stress and how they vary within 

TBC’s through the influence of surface finish on oxidation or the effect of phase transformations 

within the ceramic material itself [15] [87] [98] [127] [128] [135]. Figure 27 shows typical Raman 

shift vs applied stress values for EB-PVD deposited zirconia coatings [35]. Peaks were found to 

Figure 26 -luminescence shift map produced by a blue laser Raman spectrometer system, [72] 

Figure 25 - Raman Peak shift vs applied uniaxial compressive stress, [27]. 
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be located at approximately 640 𝑐𝑚−1 and recognized to be the tetragonal phase. Remembering 

that TBC’s are under large compressive stresses at room temperature, it is worth noting when 

applying a tensile stress, the effective coating residual stress is the sum of the external applied 

tensile stress plus the intrinsic compressive stress. 

 

  

Figure 27 -  Raman peak shift vs applied stress, [35]. 
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2.5 Strain energy and fracture mechanics approach conclusion 
In conclusion, to develop NDE methodologies capable of furthering our understanding of TBCs, 

researchers have worked to find means of measuring/monitoring critical parameters of 

investigation which need to be understood to correctly evaluate TBC condition and/or remaining 

life. TBC failures arise from a dynamic mix between one or more failure mechanisms, hence, the 

parameters of investigation follow a similar trend. In an attempt to correlate investigative 

parameters, such as strain, stress, subsurface defects, refractive index, and permittivity as well 

as other parameters, researchers have worked on developing and investigating TBC damage 

mechanisms, the commonalities between which have led John R Nicholls to the devised 

characteristic life equation investigated previously. 

Ideal strain measurements are tricky to obtain practically. The characteristic life equation 

statistically models all failure and damage mechanisms related through the critical thickness 

required for the bond coat/TGO layer to undergo local buckling, eventually coalescing to form 

large enough crack networks to cause a TBC failure through spallation. This is statistically related 

through experimentally obtained data which is formulated through cumulative damage Weibull 

probability lifetime analysis for a given TBC composition and manufacturing parameters. The 

characteristic life relationships, Equation 38 and 39 are expressed in terms of material 

parameters which can be non-destructively evaluated. Namely young’s modulus, stress, layer 

thickness and poissons ratio.  

The combination 𝐸/𝜎2
0 is a measure of strain energy and may be tracked using THz radiation 

through the elastic relationship stress and strain have through the young’s modulus, known 

values for young’s modulus may be found from the literature in respective of the TBC 

composition. 𝑘0 & 𝑛 fallout from Weibull analysis experiments as a result of the performance of 

the tested TBC sample batch and are related to bond coat oxidation and 𝐺𝑐 can be tracked 

through XRD, Raman and THz radiation as per Figure 18, by employing the strain energy release 

rate relationship derived, Equation 42. The effect of poisons ratio, 𝑣 is relatively small, their 

contribution in the characteristic life equation and the strain energy release rate equation 

underestimate the theoretical value by approximately 4% for edge delaminations, equation 38, 

and 22% for bulk delamination, equation 39. However, an estimation may be made using DIC in 

combination with known values from the literature with respects to each layer making up a TBC 

and could in effect be used to assess the sensitivity of poissons ratio with respects to the 

characteristic life equation. The main material properties of interest are strain, individual layer 

thickness and Youngs modulus. Absolute thickness is of greater importance with respects to post 

manufacture characterisations, whereas a thickness change, relative to the as manufactured 

characterisation may be of greater importance for post service TBC characterisation attempts. 

3 Analytical methods under development 
Researchers have aimed to develop non-destructive evaluation techniques which may aid in 

assessing TBC’s. One such technique which is optically based is known as digital image 

correlation (DIC) and may be used to assess surface strains on a TBC. When used in conjunction 

with other NDE techniques, this novel technique may be helpful to quantify and/or isolate 

material parameters. A digital image correlation system from LaVision is assessed with respects 

to TBC’s below to help assess such a techniques applicability and its associated performance.   

3.1 Digital Image Correlation 
Digital image correlation (DIC) is a white light optical technique based on the comparison of 

images before, during and after deformation changes on or of a specimen [143]–[146]. Images 

are analysed by dividing them into a grid of subsets containing a finite number of pixels. The 
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spatial resolution and accuracy of DIC displacements are limited by the total number of pixels 

within the images and is also influenced by the magnification. DIC calculates displacements 

between images by analysing subsets through correlation algorithms identifying areas of 

matching grey scale values between the speckle pattern in each subset of the deformed and un-

deformed images [147]. The point at which the correlation function is maximised in the 

deformed image corresponds to the deformation experienced between it and the initial image 

in the sequence. 

To facilitate such correlations, stochastic speckle patterns are commonly applied to test 

specimen surfaces to provide random greyscale variations, the quality of which is fundamental 

to the accuracy of the measured strain data [132] [133] [149]. Spatial resolution is maximised by 

reducing the subset size, however as the subset size is decreased, so does uncertainty in strain 

magnitude calculations as a result of reductions in the number of trackable features within a 

subset for a given speckle pattern [148]–[152]. An ideal pattern should be highly contrasted, 

stochastic, and isotropic [151]. In addition, the speckle pattern should have an average size that 

exceeds the image pixel size by a factor of 3–5 [152], smaller speckles cause poor contrast, larger 

speckles cause poor spatial resolution. 

3.1.1 Sources of Error in DIC 
Quantitative evaluations of the errors of DIC measurements are usually limited to situations 

dealing with homogeneous mechanical transformations, namely, rigid body translations, planar 

rotations, or out-of-plane rigid body motions [153]–[157]. Some authors used synthetic images 

that mimic real patterns to compute displacements in the Fourier [157], or space domains [143], 

[158]. Some other authors record a speckle image of an actual experiment and apply artificially 

imposed displacements [156]. In [159], the mean of the standard displacement uncertainties 

were shown to decrease as the subset size increases according to a power law variation, 

resulting in a compromise between displacement uncertainty and the spatial resolution.  

Errors related to specimen, loading and imaging 

Speckle pattern. 

The measurement of DIC is closely related to the quality of the speckle pattern on the specimen 

surface, which may demonstrate distinctly different grayscale distribution characteristics, such 

as different image contrasts or speckle sizes. Different parameters, such as mean speckle size 

[152], subset entropy [150] and sum of square of subset intensity gradients (SSSIG) [160], have 

been proposed to evaluate the quality of the speckle pattern. The speckle pattern quality 

directly affects the selection of subset size as will be discussed later. For some speckle patterns 

a large subset must be chosen to provide a reliable result, while for some speckle patterns with 

sharp contrast, a very small subset containing sufficiently distinctive intensity pattern yields a 

satisfactory result. 

Figure 28 - DIC sources of Error. 
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Errors related to the correlation algorithm 

Algorithm details, such as the correlation criterion, shape function, subset size and sub-pixel 

interpolation scheme involved in an iterative spatial domain cross-correlation algorithm for an 

optimization correlation criterion have an effect in the final displacement measurement [161]. 

To better investigate the various correlation algorithms, numerical experiments are typically 

utilized to isolate possible errors caused by things like image acquisition system, imperfect 

loading and fluctuations in illumination during image capturing, etc. As a result, errors of the 

computed displacements of the DIC method associated with a specific correlation algorithm can 

be decomposed into two components, systematic errors, or mean bias error (i.e. accuracy) and 

the standard deviation error or random error (i.e. precision) [162]. 

Subset size.  

In subset-based DIC, users manually select a subset size. Since the subset size directly 

determines the area being used to track the displacements between the reference and target 

image, it’s critical to the accuracy of the measured displacements. To achieve a reliable 

correlation analysis in DIC, a subset size should be large enough so that there is a sufficiently 

distinctive intensity pattern contained in the subset to distinguish itself from other subsets. 

Conversely however, the underlying deformation field of a small subset can readily and 

accurately be approximated by a first-order or second-order subset shape function, whereas a 

larger subset size typically leads to larger errors in the approximation of the underlying 

deformations [148], [149], [163]. For this reason, to guarantee a reliable displacement 

measurement, a small subset size is preferable in DIC. As mentioned, there is a trade-off 

between using large and small subset sizes. By assuming that the adopted shape function can 

accurately depict the underlying local deformation field and that the grey intensity gradients of 

image noise are much lower than that of the speckle pattern, a theoretical model has been 

derived for predicting the displacement measurement precision of DIC and a novel parameter, 

the SSSIG, has been recommended to select proper subset size for suppressing the influence of 

noise [160].  

 

3.1.2 Second order effects 

Image distortions.  

For DIC, the recorded image may be contaminated by both spatial and drift distortions. Little 

work has been performed to remove these distortions except the recent experiments performed 

by Sutton et al [164], [165]. In their work, spatial distortion removal is performed using a 

methodology that employs a series of in-plane rigid body motions and a generated warping 

function, and drift distortion removal is performed using multiple, time-spaced images to extract 

the time-varying relative displacement field throughout the experiment.  

Noise.  

Illumination lighting fluctuation may occur during image capture. However, the influence of 

illumination lighting fluctuation can be alleviated by using a proper correlation criterion [166]. 

In DIC, to obtain the displacements of each point of interest, a correlation criterion must be 

predefined to evaluate the similarity between the reference subset and the target subset. The 

correlation criterion is of fundamental importance in DIC, and various correlation criteria have 

been designed and used in literature. Particularly, the zero-mean normalized sum of squared 

difference (ZNSSD) or zero-mean normalized cross-correlation (ZNCC) correlation criterions 

which are insensitive to the offset and linear change of illumination lighting. Shot noise, thermal 
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noise, cut-off noise as well as other sources are unavoidable in digital images. Recently, Wang 

et al [167] developed a theoretical model to evaluate the influence of noise where it is shown 

that the random error in the measured displacement will proportionally increase with the noise 

variance and can be quantified by standard deviation error. Image noise can be somewhat 

alleviated through the use of high-performance hardware such as a cooled CCD In addition to 

frame averaging during image acquisition. 

 
Second order effects in relation to the correlation algorithm, the interpolation scheme as well 

as the shape function are assumed to have been minimized in the DIC system from LaVision, as 

such will not be discussed in detail in this work. 

 

3.1.3 DIC error normalization 
The accuracy of measurements using DIC depend on both the performance of hardware and the 

correlation algorithm. It is difficult or impossible to isolate one error source from the others, so 

the effects of these factors (e.g. speckle pattern, out of- plane displacement, lens distortion, 

noise, subset size, sub-pixel registration algorithm, shape function, interpolation scheme) have 

been separately investigated in previous studies. Currently, there still lacks a theoretical model 

which can predict the accuracy and precision of DIC measurements. Based on the previous 

discussions, the following measures are recommended to be taken for achieving best accuracy 

in displacement measurement using DIC. 

 

Experimental conditions: 

 
• maximise contrast of the speckle pattern; 

• guarantee parallelism between the CCD target and the test specimen; 

• use a telocentric lens to minimise lens distortion; 

• use a high-quality low noise CCD camera and keep stable and even illumination during 

loading. 

 
The minimum speckle size should be 3–5 pixels in order to over-sample features in each speckle 

pattern [168]–[171]. Smaller speckles are poorly detected as they tend to result in a grey image 

as opposed to the desired high contrast speckle pattern. The speckles ideally should have limited 

variability in terms of size [160] because in areas with small speckles, small subset sizes can yield 

accurate displacements, whereas in areas with big speckles, larger subsets are required, 

irrespective of the digital image correlation algorithm used [172]. 

 
Subset size is a crucial parameter in DIC analysis [173]. Subset size should be large enough that 

each subset contains at least three speckles [168]. Increasing subset size improves the 

correlation solution, meaning it increases the degree of similarity in grey level distribution in the 

target subset of an image sequence [150], [160]. Unfortunately, increasing the subset size also 

decreases the spatial resolution and the accuracy in measuring high displacement or strain 

gradients [149]. There is an optimal speckle size that can be calculated [148]–[151], however, in 

practice, applying optimal speckle patterns is difficult. 
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3.2 DIC calibration experiments 
A script was written to generate a speckle pattern in terms of pixel size for a given camera field 

of view and magnification for our LaVision DIC system [174]. This was done to controllably 

produce and vary speckle density and spot size, allowing the quantification of the idealized 

accuracy of DIC measurements for a given set-up, however this was limited by the resolution of 

the printer. Speckle patterns with speckle spot sizes lower, at and above an ideal speckle size 

were created at varying densities, example patterns of which are illustrated in Figure 29. An 

understanding of systematic errors within the system may be gained with respects to speckle 

size, speckle pattern density and subset size [150]–[152]. The ideal speckle pattern depicted in 

Figure 30 is recommended by LaVision [174].  

Additionally, speckle patterns were applied on samples experimentally by flicking black paint on 

them using a toothbrush, Figure 31. This was done to compare the performance of the DIC 

system with the idealized patterns as compared to experimentally applied patterns, where 

variations are introduced randomly. The idealized performance of the DIC system is presented 

in Table 2 and plotted, Figure 38 [174]. 

Figure 29 – Print Patterns - small spot size (1 pixel) with varying density (high to low, left to right respectively) 

Figure 30- LaVision optimal speckle pattern, [187] 
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In order to assess a speckle pattern applied experimentally, a fractal box count was carried out 

on initial images captured during the DIC sequence using ImageJ, Figure 32, left. This was carried 

out to obtain the average spot size, and number of spots in each pattern. A region of interest 

(ROI) was selected and cropped out of the image and then converted to greyscale, the 

saturation, contrast and threshold was then optimized in order for the fractal box count to be 

optimized, Figure 32, middle. The fractal box count algorithm was then run on the cleaned 

image, which returns the average spot diameter and the number of spots, Figure 32, right. The 

patterns were then non-dimensionalised where the statistical speckle density was defined as 

𝑆𝑝𝑒𝑐𝑘𝑙𝑒 𝑑𝑒𝑛𝑠𝑖𝑡𝑦, 𝜌 =  
𝐴𝑠 𝑥 𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑠𝑝𝑜𝑡𝑠

𝑊𝑖𝑛𝑑𝑜𝑤 𝐴𝑟𝑒𝑎
 

Where 𝐴𝑠 is the spot area – the spot area was calculated from the spot diameter obtained from 

the fractal box count by assuming a circular shape spot shape. This assumption is reasonable as 

the speckle patterns were applied from above the flat sample surface, however it does not take 

into account overlaps, therefore it is a slight underestimation. The window area is defined in the 

DIC analysis software. The speckle density is effectively a ratio of grey scale pixels to white 

background pixels. Then the average number of spots per subset was then defined as the speckle 

density multiplied by the subset area, 𝐴𝑠𝑠 and divided by the spot area, 𝐴𝑠; 

𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑆𝑝𝑜𝑡𝑠 𝑝𝑒𝑟 𝑆𝑢𝑏𝑠𝑒𝑡 =  
𝜌𝑥𝐴𝑠𝑠

𝐴𝑠
 

This statistical quantity attempts to assess how many spots are present in a typical subset and 

was calculated for each pattern using the methodology outlined above. The quantities were 

non-dimensionalised using the calibration data from the DIC software, Figure 33, normalizing in 

terms of pixels to analyse the accuracy of the system so that the calibration of errors is not 

specific to a given set-up and magnification. 

 

Figure 31 - Experimentally applied speckle pattern, applied using toothbrush 
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Figure 33 - DIC calibration parameters for both camera 1 and camera 2 

Figure 32 - Speckle pattern assessment procedure through fractal box count using ImageJ 
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3.2.1 Rigid Body Motion 
An electronic Standa stage was employed to linearly, accurately and repeatedly apply a specified 

uniform displacement to the speckle patterns to minimise user-based sources of error. Three 

orientations were considered, X, Z and 𝜃, rotation. X displacements were laterally across the 

pixel plane of the camera, Z displacements moved out of plane, and rotations were parallel to 

the image plane.  

Errors were quantified by taking the standard deviation of each subset over the mean magnitude 

of all subsets, given the movement was a uniform for each subset, this gave the error associated 

with the measurement for a given pattern. Figure 34 and 35 illustrate the measured strain 

uncertainty in X with respects to the normalized speckle pattern quantification mentioned 

above. 

 

Figure 34 - errors in X - Print pattern  

Figure 35 - errors in X - Speckle pattern 
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Figures 36 and 37 show the uncertainty associated with out-of-plane Z-displacements for 

speckle patterns and print patterns respectively. These results, Figures 34 – 37 could be 

employed when a speckle pattern is applied to a TBC test specimen in the following manner. 

The speckle pattern can be non-dimensionalised using the methodology discussed above, where 

then the optimum DIC parameters, the combination of spot size in relation to subset size will be 

chosen to minimise errors associated with the measured DIC strains. 

Figure 38 illustrates the idealized strain uncertainty associated with an idealized print pattern 

supplied by the system developers [174]. For the experimentally applied speckle patterns, the 

performance of the DIC is comparable to expected values at approximately 0.35 pixels by 

comparing the idealised speckle pattern verses the experimentally applied speckle patterns, 

Figure 34 and 35, however there are variations in the trend as compared to the idealized trend, 

Figure 38. Print patterns were limited by the resolution of the printer, as a result, the uncertainty 

is higher at around 0.45 pixels deviation average but the trend seems to be less random, which 

may be linked to the nature of the print patterns as compared to the experimentally applied 

speckle patterns. Variations observed at lower number of spots per subset result from a smaller 

number of data points where the DIC algorithm was unable to converge results due to the 

Figure 37 - errors in Z - Print pattern 

Figure 36 - errors in Z - Speckle pattern  
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combination of poor speckle size, density and image contrast between images to correlate given 

subsets within the specified region of interest. 

 

Table 2 - expected ideal uncertainty error, [174]. 

3.2.2 Rotation 
A 1-degree rotation in 0.04-degree steps was applied to the experimental applied speckle 

patterns. Initial tests illustrated a larger rotation, up to 20 degrees in 2-degree rotation steps 

were applied to correlate when the measured displacement no longer correlated to expected 

theoretical values using polar coordinates from the rotation centre, an example graph of data 

obtained is given, Figure 39, where this data is zoomed in to a lower scale end of the correlation. 

From the data it was seen that the correlation was strong and weakens with the lower 

displacements, this was the reason for repeating the rotation experiments with a smaller angular 

rotation in smaller step sizes, 1-degree total in 0.04-degree steps using a polariscope rotation 

stage. Example graphs of the lower limit of an acceptable correlation with variances of the 

analysis are shown in Figures 40 and 41, these are with respects to speckle pattern 4. Blue data 

points represent measured DIC displacements, measured across vertically (𝑉𝑦) and horizontally 

Figure 38 - expected ideal uncertainty error 
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(𝑉𝑥) using masked lines which span across a given data set. As a result of the strong correlation 

between gradients across all masked lines, one line was fitted to all data points. Using polar 

coordinates to obtain the theoretical gradients for both x and y vector components for a given 

rotation step models ideal performance to help correlate expected vs measured displacements. 

For the example results given in figures 40 and 41, the corresponding gradients were -0.00967 

and -0.00963 respectively. The results correlated reasonably across the whole sample set at or 

above the stated minimum angles in Table 3, total angle displacements lower than this, 

exacerbated the errors associated with the smallest vector component, 𝑉𝑥  at extremities of the 

dat set, Figure 39, these points can be seen deviating from the fitted line, which is fitted over all 

masked lines from which the standard deviation is obtained, hence the no 0,0 crossing point, as 

the smallest desplacement moved could not resolve to 0,0 and the fitted line was fitted over 

that data to investigate deviations. This mimum angle correlates to the minimum strain 

sensitivity of the DIC system for a given set of optimal processing parameters and speckle 

pattern quality. It is worth noting that the DIC parameters used to analyse the rotation data 

were the ideal subset size and step size deduced from the bulk translation tests with respects to 

that speckle pattern. The point at which the measured DIC rotation data was determined to be 

acceptable is the point correlating to the lowest experimental strain sensitivity for the DIC 

system for the given range of experimentally applied speckle patterns.  

Speckle Pattern Minimum total Angle 
(degrees) 

Standard Deviation 
Error 

Strain Sensitivity 
(pixels) 

Speckle 1 0.72 7.6334𝑥10−07 0.061 

Speckle 2 0.84 3.326𝑥10−07 0.0713 

Speckle 3 0.92 1.238𝑥10−06 0.0779 

Speckle 4 0.64 3.325𝑥10−07 0.0543 

Speckle 5 0.88 6.193𝑥10−07 0.0746 
Table 3- Strain Sensitivity 

 

Figure 39 – Measured displacement vs expected displacement – large rotation angle steps (2 degree steps up to 
90 degree)) 
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Figure 41  – Y component - Measured displacement (pixel) vs position (pixel) - Gradient = -0.009626 

Figure 40 – X component - Measured displacement (pixel) vs position (pixel) - Gradient = -0.009668 
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3.2.3 Extensometer vs DIC (PTFE) 
To investigate the correlation between the extensometer and DIC system, the same speckle 

pattern samples on PTFE substrates used to investigate the performance, sensitivity and 

reliability of the DIC system were placed in a extensometer and a force was applied in step 

intervals. The DIC system was used to image the surface strain resulting from the applied bulk 

force on the samples. Example correlations from test results are illustrated in figures 42. 

PTFE is a viscoelastic material, as such there are discrepancies in the data with respects to PTFE 

samples resulting from variances in density and how viscoelastic properties manifest from point 

to point within in the sample with respects to the applied force, material thickness and ‘flatness’. 

Green standard deviation bars are relatively large as it was not possible to know at which 

corresponding force a DIC data point, or image was taken whilst the extensometer was ‘holding’ 

constant force, where the viscoelastic properties of the PTFE caused extensive stress relaxation 

which are responsible for the relatively large standard deviation markers as a result of the 

extensometer errors associated with holding constant force whilst under considerable stress 

relaxation of the samples in question. However, as shown in the last section, the performance 

of the DIC was quantified and found to be accurate, as such an elastic sample made from Perspex 

was tested, to allow for comparison with elastic materials, where the extensometer applied 

force will be more constant as a result of the elastic nature of Perspex as compared to 

viscoelastic PTFE. Figure 43 present correlation results of such a test for a Perspex sample. 

Figure 42 – DIC vs Extensometer, top left – Speckle 1, top right – Speckle 3, middle bottom – Speckle 4. 
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The discrepancies observed for PTFE samples, are not present with the Perspex sample, 

implying that with a sample of uniform elasticity, density, flatness and thickness, the 

correlation between DIC and the extensometer is very strong, with a fit coefficient of 0.99. 

3.3 Discussion 
 To investigate the characteristic life equation devised in this paper following John R 

Nicholls suggestion, it requires an estimate of material parameters and the strain energy within 

the TBC to be assessed. This may be achieved using XRD, Raman and a THz based polariscope to 

non-destructively evaluate the condition of a TBC and estimate the strain energy contained 

within it by measuring material parameters of importance, namely, layer thickness, stress and 

young’s modulus. Following is a brief sensitivity analysis of the characteristic life equation for 

both edge and bulk delamination cases using representative values obtained from the literature.  

XRD results from the literature report strains as a function of depth through TBC thickness, figure 

19. The measured in-plane strain through thickness ranged from 0 to -0.012, implying a 

compressive stress over a TBC thickness ranging from 0 to 250𝜇𝑚. Raman peak shifts were 

measured and observed to range from 10-25 after 70 heating and cooling cycles, figure 26. The 

THz based reflection system observed a range from 5.298 – 5.305 in the refractive index of both 

constant thickness and variable thickness TBC samples. Using these ranges as preliminary 

estimates of the resolution which may be expected from the given methodologies to non-

destructively assess TBC parameters, the sensitivity of each parameter with respects to input 

parameters into the characteristic life equation is assessed to determine the relative 

contribution of each parameter. Table 4 illustrates which parameters were varied and 

respectively, which parameter was set to a critical value and kept constant. From the literature, 

it was deemed that stress is the critical material parameter to cause failure, mainly caused due 

Figure 43 – Perspex DIC vs Extensometer. 
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the thermally grown oxides forming the TGO layer, as a result, a critical stress value was set 

constant, and where stress was varied, a critical TGO layer height was set constant. 

Parameter - Varied Parameter held Constant (Failure) 

Stress, 𝜎 Layer Height, ℎ 

Young’s Modulus, 𝐸 Stress, 𝜎 

Layer Height, ℎ Stress, 𝜎 

Poisson’s Ratio, 𝑣 Stress, 𝜎 
Table 4 - Parameters in characteristic life equation which were varied and held constant respectively to assess 

sensitivity of varied parameter. 

Each parameter range and its effect on the characteristic life equation axis range can be seen in 

Table 5. Ranges were taken from reported values in the literature, Table 1. 

Range parameter varied (lower to max extent) Effect on characteristic life equation (CLE) scale 

 Edge Delamination Bulk Delamination 

 𝜎 : 0.5𝑒9 − 1.5𝑒9 Pa 0 − 1.75𝑒−6 0 − 3𝑒−6 

𝐸 : 230𝑒9 − 280𝑒9 Pa 0 − 4𝑒−6 0 − 7𝑒−6 

ℎ_𝑐𝑒𝑟𝑎𝑚𝑖𝑐 : 230𝑒−6 − 300𝑒−6 m 
ℎ_𝑏𝑜𝑛𝑑𝑐𝑜𝑎𝑡  : 23𝑒−6 − 30𝑒−6 m 
ℎ_𝑡𝑔𝑜 : 3𝑒−6 − 4𝑒−6 m 

 
0 − 0.04 

 
0 − 0.07 

𝑣 : 0.18 − 0.23  0 − 4𝑒−6 0 − 7𝑒−6 
Table 5 - Ranges parameters were varied from and to, and its effect on the characteristic life equation scale. 

From Table 5, the limits for bulk failure are consistently larger compared to edge delamination 

failure, as explained following the derivation in the characteristic life equation section of this 

work. Comparing the range of the effect on the characteristic life equation to the greatest range 

of values, namely young’s modulus and poisons ratio, it can be deduced that height and stress 

are the most sensitive input parameters into the characteristic life equation. The height’s effect 

is 4 orders of magnitude bigger than any other parameters effect, where stress, being the second 

most sensitive parameter is still on the range of 4 orders of magnitude less sensitive than layer 

thickness. 

As assessed in the digital image correlation section of this work, the DIC system’s sensitivity and 

errors associated with such sensitivity were assessed. Following a preliminary sensitivity analysis 

of the characteristic life equation, an attempt to assess the suitability of the DIC to non-

destructively measure out-of-plane displacements is given as well as the required sensitivity the 

proposed NDE methodologies should satisfy for the proposed methodology in this work should 

be for the method and theory to be successful in non-destructively assessing TBC’s. From the 

DIC analysis, although variances in performance arise from many discussed contributing factors 

such as speckle pattern, contrast and image noise etc. the observed range in expected DIC 

system performance for the range of speckle patterns and system parameter settings explored 

was found to be on the order of 3.0587𝑥10−3𝑚𝑚 ± 2.97𝑥10−8 for bulk planar displacements 

and 3.069𝑥10−2𝑚𝑚 ±  2.87𝑥10−7 𝑚𝑚 for out-of-plane displacements. At optimal system 

settings and image quality, the best resolution and therefore smallest value the DIC system was 

able to resolve for out-of-plane was 0.03069 mm with an associated error of 2.87𝑥10−7mm. 

The biggest challenge facing the proposed methodology within this work is assessing layer 

thickness non-destructively. The DIC system has proven to reliably and accurately measure 

displacements, as such it may be helpful to characterize systems in combination with it. For 

example, strain optics tests may be carried out to characterize a TBC sample in a THz reflection 

based polariscope whilst optically measuring displacements through DIC, both in and out-of-

plane whilst mechanically applying a strain through a extensometer, as investigated and justified 
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in the Extensometer vs DIC section of this work. Of course, doing so induces more challenges 

such as sample curvature straightening whilst applying a mechanical strain to a sample assuming 

a planar sample is investigated, whereas a curved blade introduces challenges which are out of 

the scope of this work. Separating thickness from refractive index is challenging for THz based 

polariscope multiple frequency scans. It may be achievable through THz-TDS and time of flight 

calculations however, this is again out of the scope and timescale of this work. Assessing 

thickness non-destructively may not be achievable, so far there is no adequate way of non-

destructively assessing TBC layer thickness. It may be inevitable to destructively measure 

thickness profiles of a given TBC batch manufactured with controlled representative 

manufacturing standards through the use of scanning electron microscopy, SEM to formulate 

thickness profiles for a given chemistry between bond coat, substrate, geometry and substrate 

surface roughness as well as manufacturing characteristics, however, this would limit this 

methodology to as-manufactured condition assessments, and not in-service due to the 

destructive nature of thickness profiling. 

4 Conclusion 
A critical review of thermal barrier coatings is undertaken, covering aspects such as the different 

manufacturing methods by which TBCs are deposited, the resulting respective microstructures 

associated with such manufacturing methods as well as how strain effects manifest as a result. 

An emphasis on the stochastic nature of TBC failure data is observed in the literature resulting 

from cyclic oxidation due to the thermal gradients experienced by TBC’s. In this analysis, a review 

of the works of Tony Evans (A.G Evans and co-workers) who have studied the mechanics of 

failure of thin, brittle layers on ductile substrates during thermal cycling was explored which was 

then applied to thermally grown oxides within a TBC system – the layer making up a TBC which 

contributes the most to spallation failure. An understanding of the proposed ‘Characteristic Life 

Equation’, first proposed by Professor John R Nicholls in modelling the influence of thermally 

grown oxides on TBC spallation, deemed to be the most common failure mechanism 

experienced by in-service TBCs. Probabilistic models offer a means by which to statically 

integrate findings through Weibull lifetime modelling results found in literature with the 

‘Characteristic Life Equation’. Thus, coefficients for Weibull Stochastic models for thermal 

barrier coating spallation can be related in strain-energy terms proposed by Tony Evans in 

modelling the mechanics of crack propagation within the thermally grown oxide of a TBC system. 

X-ray diffraction and Raman spectroscopy were reviewed with respects to non-destructive 

assessment of TBCs in the literature. It was found that it is possible to non-destructively measure 

strain in the top 5𝜇𝑚 of a TBC through XRD, and the strain component in the TGO layer may be 

assessed through Raman Spectroscopy. It is proposed that such techniques may be used to non-

destructively assess strain components at various depths throughout a TBCs layered structure 

to serve in assessing TBCs through the characteristic life equation, where; 

• XRD analysis may be obtained at the surface of a TBC, typically up to 5𝜇𝑚 deep.  

• Raman spectroscopy, with respects to EB-PVD deposited TBC’s can be used to probe the 
bond-coat characteristics of a TBC using blue laser as the excitation mode where the 
micro columns act as waveguides transmitting through the thickness of a TBC to the 
bond-coat, where the reflected light may be analysed, and Raman peak shifts may be 
observed and related to strain components non-destructively within the bond-coat.  

Additionally, Digital Image Correlation, DIC may be used to probe surface strain components. To 
investigate the feasibility of such a possibility, a preliminary sensitivity analysis of the 
characteristic life equation was carried out. An attempt to assess the suitability of DIC to non-
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destructively measure in and out-of-plane displacements was given to assess its suitability in 
such an endeavour. From the DIC analysis, although variances in performance were observed 
due to many discussed contributing factors such as speckle pattern, contrast and image noise 
etc. the observed range in DIC system performance for the range of speckle patterns and system 
parameter settings explored was found to be on the order of 3.0587𝑥10−3𝑚𝑚 ± 2.97𝑥10−8 
for bulk planar displacements and 3.069𝑥10−2𝑚𝑚 ±  2.87𝑥10−7 𝑚𝑚 for out-of-plane 
displacements.  

The combination of such non-destructive evaluation techniques and the Characteristic Life 

Equation has the potential to aid develop a NDE methodology allowing for the non-destructive 

evaluation of TBCs. With further development of NDE techniques and Weibull lifetime 

characterizations, the statistical nature of TBC failure rates may allow a methodology to be 

developed whereby the remaining and/or expected life of a TBC could be assessed both in as-

manufactured and in-service conditions.  
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