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Abstract

In this thesis, we explore various themes relating to the emergence of geometry in (ensembles of
random) graphs in connection with the notion of Ollivier curvature, a synthetic generalisation of the
manifold Ricci curvature. In particular we study the problem of computing the Ollivier curvature
in classes of graphs, presenting the most general valid explicit expressions available. These exact
expressions greatly facilitate the analytic and numerical study of a model of random graphs dubbed
combinatorial quantum gravity by its initiator Trugenberger [282], essentially defined by a formal
discretisation of the Einstein-Hilbert action. Restricting to a configuration space of cubic graphs
allows us to show both analytically and numerically that there is a geometric phase consisting of
a discrete cylinder/Möbius strip. The scaling limit—formally a Gromov-Hausdorff limit—of these
configurations turns out to be the circle, while numerical evidence suggests that the transition
to this geometric phase is continuous. The critical temperature appears to be asymptotically
nonfinite. Higher degree results are less conclusive and the phase transition appears to become
first-order, but there are good analytical and numerical indications that configurations retain a
nearly geometric phase. We also develop a geometric convergence theory for the Ollivier curvature
in discrete graphs that approximate (compact) Riemannian manifolds in the sense of Gromov-
Hausdorff and find a convergent discrete Einstein-Hilbert action. Our results thus present some
of the best concrete models of geometrogenesis in discrete structures and show that the Ollivier
curvature can be used as the basis for a regularisation of classical Euclidean spacetime in terms of
networks.
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Chapter 1

Introduction

Quantum gravity names a putative self-consistent theory of quantum mechanics and (Einstein)
gravity. In precise terms, the challenge is to make sense of a certain natural quantum parti-
tion function defined as a sum over spacetime structures weighted by some classical gravitational
action. As is well known, the standard techniques of quantum field theory—viz. perturbative
renormalisation—here break down [130, 131, 155] and one is forced to develop alternative methods
for the (nonperturbative) quantisation of gravity. Different approaches abound1 but it is fair to say
that the problem remains open despite decades of concerted work on the subject by the theoretical
physics community.

One key idea introduced by Weinberg [296] relying on ideas and intuitions coming from effective
field theory is that while gravity might not be renormalisable it could still be asymptotically safe.
The basic idea—see Ref. [102] for a nice recent review—is that one has the description of a theory
at a given (energy) scale in terms of an effective field theory : in general quantum fluctuations will
lead to a scale dependence of the physical couplings of a theory through the spontaneous generation
of interactions. Typically, we expect quantum fluctuations to generate all possible interactions of
a theory, i.e. a term corresponding to any conceivable scattering event must appear in the action
unless there is some physical obstacle to it—e.g. a superselection rule or symmetry principle.
In this way one obtains an effective description of the behaviour of the system at some scale by
providing the strengths of the couplings for an infinite set of physical quantities. In many cases
one obtains a finite dimensional (truncated) effective theory by only considering terms relevant
at a given (low) energy scale; the ultraviolet divergences in conventional perturbative quantum
field theory are then an indication of the breakdown of this effective description e.g. due to the
ultraviolet triviality of the theory (Landau pole) or due to the emergence of new physics that the
effective description fails to take into account.

Nonetheless, one can study the emergence of new physics in this manner by varying the energy scale
of the system, generating a flow in the infinite dimensional manifold of coupling parameters; this is
referred to as a renormalisation group flow. An ultraviolet fixed point of this renormalisation group
flow is a scale invariant theory that acts as an attractor for low energy dynamics, thus enforcing
universal infrared behaviour. A critical surface of relevant parameters corresponds to directions in
the coupling manifold that take the theory away from the fixed point. Thus in an approach to the
UV fixed point from the infrared, the relevant parameters spanning the critical surface must be
appropriately fixed to ensure that the flow reaches the fixed point. Hence the dimensionality of the
critical surface specifies the number of adjustable parameters in a theory as it is extrapolated to
high energies. Predictability of the theory requires that the critical surface be finite-dimensional:
an infinite number of adjustable parameters places essentially no constraints on the types of new

1See Refs. [183, 244] for some good preliminary overviews. Perhaps the most important approaches—certainly
the most widely known to the general public—are string theory [136, 248] and loop quantum gravity [257, 258, 278].
We shall largely ignore these approaches in the rest of this thesis so we bring attention to them here. An approach
to quantum gravity that has a rather similar technical flavour to the programme of combinatorial quantum gravity
discussed here is causal set theory: c.f. [28, 44, 275] for a review and some major developments. The underlying
philosophy, however, could hardly be more different. We shall discuss dynamical triangulations and asymptotic
safety programmes in more detail shortly.
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Chapter 1: Introduction

physics that may emerge at higher energies and such a theory is at best phenomenological. Note
that renormalisability is a particular instance of asymptotic safety where the UV fixed point is
described by a free theory (a so-called Gaussian fixed point).

How does this help with the renormalisation problem of gravity? This answer is obvious if we
interpret the former as a problem of predictability, i.e. where we need to adjust an infinite number
of counterterm coupling parameters to absorb divergences of the theory arising at each loop order
of the perturbative expansion due (for instance) to self-energy contributions. In more concrete
terms, we note that below the Planck scale only a finite number of counter terms contribute [95]
while higher order terms cannot be correctly evaluated in perturbation theory due to the failure on
general grounds of the asymptotic expansion to converge to the underlying (presumably analytic)
distribution [96]. In this way the perturbative nonrenormalisability of gravity fails to exclude the
possibility that the ultraviolet structure of quantum gravity might be governed by a non-Gaussian
fixed point with finite dimensional critical surface. This insight gave rise to the asymptotic safety
programme in quantum gravity, which was significantly reinvigorated when Reuter [253] gave a
highly suggestive nonperturbative analysis of the effective field theory for quantum gravity and
demonstrated that—at least for the 2D truncation to the Einstein-Hilbert terms (Ricci scalar and
volume form)—Newton’s constant appeared to be governed by a fixed point. Recently it has been
shown that the Goroff-Sagnotti counterterm—responsible for the perturbative nonrenormalisability
of pure Einstein Gravity at two-loop order—is asymptotically safe [125]; this was a crucial test of
the asymptotic safety programme since it demonstrated that asymptotically safe gravity remains
valid at the first hurdle where perturbative quantum gravity fails.

Crucial difficulties remain however: while in an asymptotically safe theory the number of relevant
terms is finite, these terms cannot be obtained a priori via power-counting arguments as in the
asymptotically free (renormalisable) case, since residual UV interactions may lead to modifications
of the effective (mass) dimension of the terms in question from the canonical one. On the other hand
practical difficulties in studying asymptotically safe gravity at both the numerical and analytical
level require one to adopt truncations of the full infinite dimensional effective theory; in this
scenario it becomes very possible that results are in fact truncation artefacts rather than physical
properties of quantum gravity. Robustness of certain properties under distinct truncations may of
course be interpreted as evidence for their persistence in full quantum gravity, and a systematic
application of this type of argument in conjunction with a continuity principle has led to a bootstrap
strategy [110, 112] for studying the presumed gravitational fixed point: to make a term with large
canonical mass dimension relevant at a UV fixed point, quantum corrections must also be large
in order to modify the sign of the effective dimension; in this way the iterative inclusion of terms
with successively larger canonical mass dimensions is expected to have a diminishing effect on the
dynamics of the system and an infinite dimensional limit can be taken. This style of analysis in
the context of f(R)-gravity has led to the conclusion that the gravitational fixed point is three-
dimensional (including the Einstein-Hilbert terms and an R2 term) [110, 112, 113], a conclusion
which is only augmented by the inclusion of Ricci curvature invariants [114] and is consistent with
an analysis of higher derivative gravity [111].

As suggestive as these results are, the bootstrap strategy relies essentially on a continuity hypoth-
esis viz. the continued applicability of the canonical mass dimension for the stability analysis of
high-order terms in the action. While this is natural, especially for a weakly interacting theory,
independent corroboration is desirable. In the context of Euclidean gravity this may be obtained
through the statistical analysis of discrete systems. One first discretises the path integral and
notes that in the Euclidean framework the resulting theory can be tackled using the methods of
statistical mechanics. The demonstration of the existence of a nontrivial UV fixed point then
simply amounts to an analysis of the phase structure of the system; given a continuous transition,
the scale invariance of the critical theory implies the existence of a universal continuum limit and
one has an effective construction of the UV fixed point in question.

Perhaps the most prominent approach to quantum gravity in this direction is the dynamical tri-
angulations approach [11, 14] which specifies its path integral on suitable classes of (equilateral)
piecewise linear structures, evaluating the curvature and the gravitational Einstein-Hilbert action
with the Regge calculus [72, 252]. There are two main variants of this approach,2 the Euclidean and
the causal theories. Euclidean dynamical triangulations was particularly investigated in the 1980s
and 1990s as one approach to two-dimensional Euclidean quantum gravity (coupled to conformal
matter) [14] or equivalently noncritical string theory [249]. (Many of the investigations used an

2See Ref. [143] for another approach using simplicial approximations to manifolds in a slightly different way.
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Chapter 1: Introduction

essentially dual formulation in terms of matrix models [118].) Using a modern language, it was
found that the structure of emergent quantum spacetime on the sphere in pure gravity (i.e. not
coupled to matter) is described by the Brownian map, essentially a highly fractal topological sphere
defined as the scaling limit of random planar triangulations. Recently this problem has been ex-
tensively investigated by mathematicians, with rigorous proofs of many of the results from physics
now available; see Ref. [224] for a review of the main developments. When coupled to conformal
matter with central charge c, a so-called branched polymer phase appears above the so-called c = 1
barrier. The branched polymer—again a highly fractal object—has been characterised by Aldous
as a continuum random tree [4–6] and is thus a pathological model of 2D quantum spacetime. In
fact the branched polymer phase is typically interpreted as the discrete form of a tachyonic instabil-
ity that arises in quantum Liouville theory—a continuum formulation of 2D-quantum gravity—for
the relevant values of the central charge [14, 64, 90, 189]. In higher dimension the situation is even
worse: the Euclidean dynamical triangulations or random tensor models interpolate between a
highly crumpled phase of infinite Hausdorff dimension and the branched polymer phase [139–141].
Finally the phase transition in this theory was found to be first-order, making it hard to guarantee
the existence of a continuum limit [21, 34, 254].

The causal theory [11, 209] significantly improves matters: in two-dimensions, for instance, causal
dynamical triangulations is equivalent to Hořava-Lifschitz gravity [162] and spacetime is far less
fractal in nature [16, 98]. Again building causal structure into the dynamical triangulations model
a priori leads to substantial improvements in the geometric character of one of the phases in
three dimensions [8], while in four dimensions there is both a richer phase structure and at least
one phase of reasonably geometric configurations [11, 12, 17]. From a practical point of view,
the causal dynamical triangulations formalism represents a restriction of configuration space to a
particular (non-spherical) topology in order to escape the universality classes of the Brownian map
and the branched polymer; in particular, in the causal framework, there is a privileged foliation of
spacetime which makes the quantum spacetimes obtained in (for instance) 2D causal dynamical
triangulations homotopy cylinders with vanishing Euler characteristic. For compact surfaces, this
is an essential condition for the existence of a Lorentzian metric [239], so it is perhaps no surprise
that standard Euclidean models which are dominated by contributions of genus zero give distinct
non-Lorentzable results.

Insofar as the configurations in the gravitational path integral are (pseudo-)Riemannian manifolds,
the approach to asymptotically safe quantum gravity via discretised path integrals sketched above
is essentially a paradigm for studying the emergence of continuum geometries from random discrete
systems. However, there is no obvious reason that the discrete structures in question should be
manifold triangulations. Indeed, graphs [94] are perhaps the simplest discrete objects that can
support geometric structure. In particular, certain classes of graph—e.g. the skeleta of simplicial
complexes—can clearly be treated as discrete models of continuum space in line with the above. In
this way, network structures can act as the basis of regularisations of quantum gravity, provided that
suitable physical and geometric notions such as curvature are available. Most random ensembles
of graphs, however, have a typical structure that is decidedly nongeometric [43, 167, 300]. Thus
the problem of geometrogenesis [2, 7]—viz. the study of the onset and emergence of geometric
structure in random systems of graphs—as well as the problem of characterising network geometry
[42, 116, 195, 196, 289] becomes a fundamental problem of network science with profound links to
quantum gravity. This point has not been lost on the community and there is a burgeoning field of
network gravity: c.f. Refs. [2, 20, 35, 74, 81, 116, 124, 129, 132, 179, 181, 192, 193, 210, 281, 282,
289, 298] for a selection of recent relevant work. Note that network models may differ significantly
in their underlying ontologies: Gorard [129], for instance, seems to take spacetime discreteness as
fundamental whereas it is essentially a methodological assumption for the present author.

This thesis is dedicated to the development of the research programmes of network gravity in gen-
eral and combinatorial quantum gravity in particular. The latter phrase will refer to two distinct
but related notions in this thesis. Firstly it will refer to a concrete statistical model of random
graphs, studied in chapter 4, that is defined via a formal discretisation of Euclidean quantum
gravity and displays some nice features relating to the emergence of geometry. More broadly it
will refer to the research programme initiated by Trugenberger [282] in which one uses notions
of network curvature to define regularisations of Riemannian manifolds—and Euclidean quantum
gravity thereafter—in terms of (random) graphs. The key technical insight in combinatorial quan-
tum gravity will be that the Ollivier curvature [240–242] of optimal transport theory [247, 285, 286]
is defined for discrete objects like graphs and permits for the coarse description of spacetime struc-
ture in terms of metric-measure structure. In this way it is a natural extension of the programme
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Chapter 1: Introduction

of metric geometry [31, 47, 54, 55, 135] associated particularly with the name of Gromov. As such
we will develop many of these ideas in chapter 2 below, dedicated ultimately to the mathematical
theory of what might be called rough Euclidean spacetimes.

Thus equipped with the notion of Ollivier curvature, we conduct a systematic study of its expression
in simple graphs. This is the topic of chapter 3 and appendix D. The main result of the chapter is
a formula giving the exact value of the Ollivier curvature in terms of local combinatorial variables
which will be the fundamental basis of the material in chapter 4 on combinatorial quantum gravity.
In particular the exact expression derived has allowed for both the analytic study of combinatorial
quantum gravity and led to vast improvements in numerical run times.

Chapter 4 is the core of the thesis. It is concerned with the particular model of combinatorial
quantum gravity, introduced in the bipartite case by Trugenberger [282] and first studied in full
generality in Ref. [179], following the work described in chapter 3. We work with d-regular graphs
(see appendix A) satisfying an additional quasilocal constraint. The results largely divide into two
classes. For d = 3 the model is essentially solvable: the geometric configurations can be analytically
deduced and classified and their scaling limit taken. It is found that the geometric configurations
converge to the circle. Moreover, there is good numerical evidence for the existence of a continuous
phase transition between a random and geometric phase. This gives an essentially complete model
of emergent geometry from random networks and thus perhaps provides circumstantial evidence
for the random structure of spacetime at microscopic level. For higher degree the results are less
conclusive. While there is still apparently a phase transition between a random and a geometric
phase, the geometric phase is less completely characterised than in the 3-regular case and the phase
transition appears to be first-order.

Chapter 5 is the final chapter in this thesis with real content; it is concerned with classical aspects
of combinatorial quantum gravity and in particular we succeed in finding a discrete Einstein-Hilbert
action that converges to its continuum counterpart on sequences of graphs that converge suitably
to some Riemannian manifold. Chapter 5 can be thought of as an extension of the work of van der
Hoorn et al. [156, 158] on the convergence of the Ollivier curvature in random geometric graphs in
two distinct directions. In particular we develop a geometric convergence theory. in contrast to the
random convergence theory developed by van der Hoorn et al., that is strong enough to prove the
convergence of the Ollivier curvature to the Ricci curvature of a Riemannian manifold but weak
enough to incorporate nontrivial contexts. We also show how to specify a discrete Einstein-Hilbert
action given the Ollivier curvature.

We end this thesis—in chapter 6—with some conclusions and reflections on future avenues to be
pursued. The appendices A, B, C provide some mathematical background that will prove central
throughout this thesis. Appendix D extends some of the ideas developed in chapter 3.
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Chapter 2

Optimal Transport, Synthetic

Curvature and Rough Spacetimes

2.1 Introduction

In this chapter we introduce the main mathematical concepts we shall use throughout the rest of
the thesis viz. optimal transport theory, Ollivier curvature and Gromov-Hausdorff convergence.
These are all concerned with the description of rough spacetime structures, a loose term here used
to refer to any mathematical object without differentiable structure that nonetheless plausibly
encodes key geometric information about spacetime. Examples include piecewise linear structures,
causal sets and—crucially for our purposes—metric-measure spaces as defined below. None of the
material in this chapter is new, and some of it—though certainly not all—is quite elementary; we
emphasise that all of it will nonetheless be of fundamental significance for the rest of the thesis.

2.2 Smooth Structure and Metric Geometry

In this section we consider the major ramifications of smooth structure for the description of
spacetime structures and consider coarse generalisations thereof, in particular in terms of the
metric structure of spacetime.

2.2.1 On Smooth and Other Mathematico-Physical Structures of Space-

time

Classical D-dimensional spacetime in the theory of general relativity is typically described by a
D-dimensional smooth connected pseudo-Riemannian manifold M.1 Its mathematical description
thus involves the following structures:

(i) A point set M giving the set of all spacetime events. Since any point can be relabelled
with no consequences for any dynamical purposes, the only essential structure of the point
set M is its cardinality; this is of course the only essential structure that a set possesses.
If M is a discrete collection of ‘atoms’ of spacetime, it seems scarcely conceivable that
M has some fixed finite cardinality since, e.g. we expect quantum fluctuations to lead to

1In this section we shall discuss several elementary mathematical ideas in set theory, point set topology and
differential geometry. Citations for each of these facts would rather overburden the text, so we merely direct the
reader to some of the author’s favourite texts in these subjects: on set theory [168]; on point-set topology [45, 121];
on differential geometry [165, 267].
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fluctuations in this number. There are thus three obvious regimes, which would appear to
be mutually exclusive:2 M finite, M denumerably infinite, and M nondenumerably infinite.
All three can perhaps in principle be related to theories in which spacetime is to be taken as
fundamentally discrete, but only the latter can accommodate continuous models of spacetime.
Fundamental discreteness is a facet of major quantum gravity approaches such as causal set
theory [275], and loop quantum gravity [257, 258]: in the former case discreteness is a basic
tenet of the approach while in the latter case discreteness may arise either at the level
of the (quantum) spectrum of area and volume operators or in the definition of spinfoam
states when regarded as quantisations of (classical) triangulated manifolds. For causal set
theorists, then, discreteness is an essentially quantum phenomenon, while in loop quantum
gravity discreteness may be quantum and physical as in the causal set case—when discreteness
comes out in the spectrum of the volume operator—or it may be classical and nonphysical—
when, for instance, working in the piecewise linear category has no operational consequences
that allow it to be distinguished from the smooth category.3

It is worth pointing out that nonlocality in causal set theory forces the number of spacetime
atoms to be infinite: the basic intuition relates to some classic results due to Hawking,
King and McCarthy [147] and Malament [216] that essentially states that the geometry of
spacetime is determined by causal structure and the class of timelike curves. As such a
discrete partially ordered set C which can approximate this structure for some Lorentzian
manifold M will also approximate M itself.4 It is intuitively clear—but hard to prove since
there seems to be no general geometric convergence theory for causal sets—that a finite
causal set can only approximate a compact spacetime. But a classical result demands that
a smooth manifold admits a Lorentzian metric iff it is noncompact or has vanishing Euler
characteristic, while compact Lorentzian manifolds necessarily contain closed timelike curves
[239]. Thus in a causal set scenario one is essentially forced to choose between the existence
of (denumerable) infinities or causality violations.

In fact the argument can be made stronger; the point to note is that the causal structure in
fact only determines the geometry of spacetime up to a conformal factor, which is recovered
by the requirement that the counting measure of subset of a causal set approximates the
continuum volume inhabited by those causal set points in continuum approximation. Now
we note that for any ‘atom’ of spacetime the locus of nearest neighbour points—which are a
distance of order one Planck length away—will inhabit a region that is in the local Minkowski
space approximation described by a noncompact hyperboloid of infinite volume [275]. Thus
each atom of spacetime has an infinite number of nearest neighbours; causal set theorists
refer to this infinite valency of the nearest neighbour graphs (Hasse diagrams) as nonlocality,
which is argued to be more or less essential for providing energy-entropy balance [28]. That is
to say, nomologically ontic infinities are not only preferred to causality violations but required
for the consistency of the entire approach. As seen in chapter 5, a similar requirement would
hold in combinatorial quantum gravity if it were to be regarded as a fundamentally discrete
theory. We suspect that this connection between fundamental discreteness and necessary
infinities in fact holds generally.

From a conventional field theory perspective, difficulties arise if discreteness is a fundamental
physical feature of spacetime. In particular discreteness means that local Lorentz invariance
is violated and one has issues in either accounting for Nambu-Goldstone or Higgs modes—
which might stand as a partial prediction of the discrete quantum gravity theory—or in
explaining the efflorescence of finely tuned effective field parameters in the renormalisation
group analysis. This is of course not a problem for theories in which discreteness is simply a
regularisation procedure of no physical import itself.

2One can perhaps imagine a ‘large’ quantum fluctuation that interpolates between the finite and denumerably
infinite cases.

3This perhaps deserves further comment. Firstly, it has been argued [235] that any discreteness in spin network
states is not an expression of naive spacetime discreteness with in fact the construction of such states relying on the
existence of an underlying spacetime continuum. Secondly, we note that the kinematic spinfoam states obtained
by modding out isomorphisms in the smooth and piecewise linear categories lead to a nonseparable and separable
kinematic Hilbert spaces of spacetime states respectively. In the latter case the underlying continuum spacetime is
in some sense discrete but it seems plausible that one can approximate states in the separable Hilbert space by states
in a weakly discontinuous representation of the nonseparable Hilbert space, in much the same way as described in
Ref. with regards to a naively more different separable Fock space (with diffeomorphism dependent vacuum).

4The author should perhaps point out that causal set theorists talk of the continuum spacetime approximating
the causal set rather than the causal set approximating spacetime. It is however possible to treat approximation as
an equivalence relation, a neutral stance that the author adopts here.
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It is perhaps worth pointing out that if spacetime is fundamentally continuous then we have
perhaps equally fundamental issues, though of a more qualitative and philosophical kind
than the broken symmetry problems for discrete spacetimes discussed above. To paraphrase
George Ellis,5 it is not entirely clear that it is even meaningful to claim that there are a
nondenumerable infinity of points in some region of spacetime. See Ref. [103] for a discussion
of some relevant issues. The main issue, as we see it, relates to the operational characterisation
of nondenumerable infinities: since operational procedures are necessarily finitary, it is hard
to see how one can operationally characterise nondenumerable infinities. Note that this is
not true for deciding between finite and infinite sets: by definition a set is infinite iff it is
strictly bigger than any finite set, while for any finite number N , it is (in principle) possible
to check whether a given collection of enumerable objects contains less than N elements in
an operational manner. Similar remarks hold for sequential limits: for any sequence of real
(rational) numbers {xn }n∈N, one can verify that the claim limn→∞ xn = x fails in a finite
number of steps as long as the statement is in fact false. As such one can in Popperian mode
tentatively accept the conclusion until it is demonstrated to be in contravention with empirical
fact. A similar argument suggests that the Cauchy property of sequences is operationally
falsifiable and in this way one can in principle construct an arbitrary real number.

Consideration of some rather more mathematical issues suggests that there are perhaps other
reasons why one might find difficulty in assigning direct meaning to characterisations of sets
as nondenumerably infinite viz. the well-known difficulties associated with the continuum
hypothesis and the identification of the cardinality of the continuum c = |p(N)| in the sequence
of aleph numbers: working in the Zermelo-Fraenkel axioms of set theory with choice (ZFC),
one knows that the smallest cardinal number greater than ℵ0 = |N| is ℵ1, the cardinality of
the set of all countable ordinals; more generally one has for any ordinal α an infinite cardinal
ℵα via transfinite recursion. Cantor famously suggested the continuum hypothesis:

c
?
= ℵ1. (2.1)

This problem was famously resolved by Paul Cohen in 1963 via his development of the tech-
nique of forcing [78];6 specifically this allowed him to show that the problem was independent
of ZFC, which in practice means that there exist models of ZFC for which the statement holds
and models for which the statement fails. (In fact, Gödel had already given a model of ZFC in
which the continuum hypothesis holds—viz. his so-called constructible universe—so Cohen’s
challenge was in specifying a model of set theory for which the continuum hypothesis fails.)

Forcing itself is a technique that enables one to ensure that any extension Ṽ of a given
model V of ZFC (or any other sufficiently rich axiomatic system) compatible with certain
forcing conditions F will satisfy some statement φ that cannot be shown to hold in V . The
key point is that the forcing conditions F can be given totally internally to V and so these
forcing conditions represent a kind of spectral indicator of the validity of φ in Ṽ . The only
difficulty, then, in forcing—other than the ‘artistic’ problem of specifying a model V of ZFC
that has forcing conditions F for the statement φ—is the problem of proving that a model
Ṽ exists which in fact both extends V and is compatible with the forcing conditions F .
Now this can be guaranteed if the model is countable, and since any model has a countable
submodel (Lowenheim-Skolem theorem) the restriction of forcing to countable models is a
powerful tactic, a tactic Cohen employed in his Fields medal winning work.

It is not clear what the (physical) ramifications of this independence result are with regards
to the continuum hypothesis. It could mean that the question is not mathematically mean-
ingful in any real sense—a somewhat unnatural position from the position of set theoretic
axiomatics since it would appear to grant special ontological/epistemological status to the
ZFC axioms vis-á-vis possible extensions. Alternatively, it might suggest that the cardinality
of the continuum is simply a matter of convention since we can equally well work in models of
ZFC where it both holds and fails; from this perspective, it would appear difficult for a physi-
cist to avoid something like Ellis’ position expressed above. At one extreme, it could mean
that the framework of ZFC fails to suffice in this context since, e.g., physics somehow tells us
the precise cardinality of the continuum. There is then, however, a difficult question about

5At a talk at the DICE2018 conference, Castiglioncello, Italy 2018.
6He shared the 1966 Fields medal with Michael Atiyah, Alexander Grothendieck and Stephen Smale, a group

that stands out from even the illustrious crowd of Fields medallists.
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how results from physics might force us into such a conclusion. More likely is that certain
mathematical constructions require a particular position on the continuum hypothesis—we
shall see a very far reaching example of such below. In this context a physical theory may
strongly suggest a particular cardinal value of the continuum through the (necessary) use of
some structure that implies e.g. c = ℵ2.

Before rejecting this admittedly rather speculative position off-hand, let us note that some-
thing similar may already be on the table in the case of so-called measurable cardinals. The
existence of such cardinals is independent of ZFC—they are ‘too large’ for their existence
to be guaranteed by ZFC—and in this way the existence of measurable cardinals would ap-
pear to be as remote from physical concerns as establishing the precise cardinality of the
continuum. However, measurable cardinals enable the construction of certain mathematical
objects which do have ramifications for physical theory: the nonexistence of large (measur-
able) cardinals plays a fundamental role in Sen’s derivation of local differentiable structure
from causal topologies [265]. Sen essentially uses a causal order to construct a topology for
spacetime regarded as a set of events. By showing that the space is Tychonoff and assum-
ing the nonexistence of large cardinals, Sen applies Shirota’s theorem [265, Theorem A4.27]
to show that the space may be regarded as a closed connected subset of RD and uses this
imbedding to obtain a local differentiable structure on the space. Another set of measurable
cardinal results relates to the existence of certain exotic (probability) measures: for instance a
metric space with Borel probability measure of nonseparable support exists iff there is a non-
measurable cardinal. Again such measures have become distinctly possible in loop quantum
gravity, where the kinematic Hilbert space obtained by ‘modding out’ smooth morphisms is
nonseparable [278]. From a similar perspective, the existence of certain singular states in
the space B(H) of bounded operators on Hilbert space guarantees the existence of certain
infinitely additive von Neumann algebras which could conceivably play a role in physical
theory [38]. Of course the existence of measurable cardinals is independent of the continuum
hypothesis [204] so these results have no exact bearing on the matter of the continuum hy-
pothesis discussed above, but they do indicate a possible avenue by which physical theory
may be of significance for the subject.

Let us now return to the mathematical ‘evidence’ for various cardinal assignments of the
continuum.7 Both Gödel [128] and Cohen [78] appear to have believed that the continuum
hypothesis is false: Gödel was impressed by the force of natural constructions given the
assignment

c = ℵ2, (2.2)

while Cohen takes an even more naive view: c is constructed from N via the power set axiom,
while ℵ1 as the successor cardinal to ℵ0 is essentially constructed via the axioms of pairing,
union, choice and the replacement scheme. These axioms are independent of one another
and thus the sets c and ℵ1 rely on totally different principles for their construction; as such
there seems to be no good reason to identify the two cardinals.

A forcing result due to Easton rather suggests that there is a strong conventional component
in the characterisation of the size of a cardinal number. First we will need the following
definition:

Definition 2.2.1. Let Card denote the class of cardinal numbers. The cofinality of cardinal

number χ ∈ Card is defined as

cf(χ) := min

{
|K| ∈ Card : χ =

∑
k∈K

υk where υk ∈ Card and υk < χ for all k ∈ K

}
.

(2.3)

Then a cardinal χ ∈ Card is said to be regular iff χ ≤ cf(χ).

7A rather more technical summary with useful references up to the end of the 1990s is [280].
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Fact 2.2.2 (Easton’s Theorem). Let G : U ⊆ Ord → Card be a class function where Ord is

the class of ordinals such that:

(a) G is increasing.

(b) G(α) is regular for every α ∈ U .

(c) cf(ℵα) ≤ cf(ℵG(α)) for all α ∈ U .

Then there is a model of ZFC such that

|p(ℵα)| = ℵG(α) (2.4)

for all existing ordinals α.

That is to say, except the minor constraint that c ≥ ℵ0 and some natural—and rather
mild—restrictions on the cofinality of cardinals under consideration there are essentially no
limitations on the possible continuum cardinalities.

On the other hand, the nature of forcing arguments in set theory appears to imply certain
constraints on the size of the continuum. Recall that forcing is a technique that allows one to
ensure that a certain statement is valid in any suitable extension of a given model of known
axioms. In most applications—where countable models do not suffice—the key difficulty lies
in showing that the ‘suitable extension’ mentioned above in fact exists. Martin’s maximum
is an axiom of set theory which removes this problem: it essentially states that extensions
exist for any set of forcing conditions (a minor caveat: the forcing condition must satisfy
the so-called countable cochain condition). It turns out that Martin’s maximum implies that
c = ℵ2. This position has recently gained more support with the demonstration that Martin’s
maximum implies another rather different axiom (Woodin’s axiom) that suggests that the
cardinality of the continuum is ℵ2. See Ref. [19] for more details.

(ii) A topology on M specifying a family of open sets; this topology governs the convergence
and continuity properties of sequences and functions on M respectively. With a view to the
fact that M is later to be defined as a smooth manifold, the topology is connected, Haus-
dorff, locally Euclidean and second-countable (equivalently paracompact). Connectedness is
essentially a mathematical convenience that has the additional benefit of making physical
sense. The Hausdorff property guarantees the uniqueness of limits (of filters/nets in gen-
eral); local Euclidean structure is the requirement that M can be covered with open sets
homeomorphic to open subsets of RD, for some D ∈ N. More specifically we say that a pair
(U,φ) is a D-dimensional chart for M iff U is an open subset of M and φ : U → R is a
topological imbedding, i.e. a homeomorphism onto its image φ(U) ⊆ RD, which is open in
RD. A D-dimensional atlas in M is a family of D-dimensional charts A = { (Uα, φα) }α∈A

such that M =
⋃

α∈A Uα. Note that by invariance of domain it is not possible for an atlas
in a connected space to contain charts of different dimension. Local Euclidean structure
essentially makes M a topological manifold. Nonetheless, in this context second-countability
(paracompactness) implies several important properties: the existence of (smooth) partitions
of unity, the metrisability of M by Urysohn’s theorem, the separable and Lindelöf properties
of M. Many of these properties are essentially desirable so that the topology is countably
characterisable in some way: this is directly manifest in the separable and Lindelöf proper-
ties, but metrisability is also significant insofar as every metrisable space is sequential and
Fréchet-Urysohn, i.e. to test for continuity it is sufficient to verify preservation of sequential
limits by the former, and the closure is simply given by the sequential closure by the latter.
Partitions of unity are particularly important insofar as they permit the ‘globalisation’ of
local structures, i.e. one obtains a structure defined everywhere on a manifold by using the
partitions of unity to ‘patch’ together local structures defined in a particular system of local
coordinates. An example of this is the integral of a continuous D-pseudoform in a topological
D-manifold [236]. From a physical perspective, these axioms essentially ensure that the topo-
logical structure of spacetime (a) can be pieced together from more or less local information
which is (b) operationally characterisable.
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(iii) Since M is a topological manifold, one can specify a smooth structure on M. Recall that a
function

f : U ⊆ Rm → V ⊆ Rn f : x = (x1, ..., xm) 7→ (f1(x), ..., fn(x)) (2.5)

for U and V open is Ck iff all the kth order partial derivatives

∂k
µ1···µk

fν :=
∂k

∂xµ1 · · · ∂xµk
fν , µ1, ..., µk ∈ { 1, ...,m } n ∈ { 1, ..., n } (2.6)

exist and are continuous, while f is smooth or C∞ iff it is Ck for all k ∈ N. In practical
terms, a Ck-structure, k ∈ N ∪ {∞}, on M is an atlas A = { (Uα, φα) }α∈A such that for
any α, β ∈ A with Uα ∩ Uβ ̸= ∅ we have that the transition functions

φα ◦ φ−1
β : ϕβ(Uα ∩ Uβ) ⊆ RD → φα(Uα ∩ Uβ) ⊆ RD (2.7a)

φβ ◦ φ−1
α : ϕα(Uα ∩ Uβ) ⊆ RD → φβ(Uα ∩ Uβ) ⊆ RD (2.7b)

are Ck. A C∞-structure will also be called a smooth structure. A differentiable structure
will be a Ck-structure for any finite or infinite k > 0. (In fact this definition of smooth
structure is not quite adequate since it depends on a choice of open cover but this technical
problem will be of no concern to us here; this is a somewhat naive approach to take but no
lesser mathematician than Nigel Hitchin [150] has advocated for this very naivety, though in
a rather more involved context. The standard approach around this defect is to simply note
that there is an equivalence between atlases that differ only by mutually compatible charts,
and in particular that each atlas is equivalent to a unique maximal atlas; technically, it is
only in this maximal atlas that we can use any possible local coordinate description of the
space in question.)

There is a major difference in the available structures for topological and differentiable man-
ifolds viz. the existence of a local linear structure in the form of a natural vector bundle
(tangent bundle) associated to the manifold. That is to say we have a tangent bundle

TM :=
⊔

p∈M
TpM (2.8)

where
⊔

denotes the disjoint union and TpM ∼= RD, the tangent space at p ∈ M, denotes
a D-dimensional vector space which is to be regarded as a description of the local linear
structure at p. We need not be concerned with the precise construction of each tangent
space TpM here, and direct the interested reader to any textbook on differential geometry.
The key technical point to note is that local linear structure provides us with local tensors.
Partitions of unity can then be used to globalise these local structures, as indicated above
[172].

More generally we can specify fibre bundles over the Ck-manifold M; in general a Ck-bundle
over M will be a surjective Ck-mapping π : E → M where E is a Ck-manifold referred to as
the total space of the bundle. π is called the bundle projection and M the base space of the
bundle. The set π−1(p), p ∈ M, is the fibre at p. A Ck-fibre bundle is a Ck-bundle equipped
with a standard fibre F that is Ck-isomorphic to each of the fibres π−1(p). In physics we
are typically concerned with vector bundles—where the standard fibre is a vector space and
the Ck-isomorphisms are further linear isomorphisms—or principal G-bundles: here we have
a bundle π : E → M and a Lie group G that acts regularly (from the right) on the fibres
of the total space. In this way each fibre is a principal homogeneous space for the group—
hence the principal fibre bundles are in fact fibre bundles with standard space G—and M is
Ck-isomorphic to the quotient of the total space by the group action.

Why is smooth structure needed for (canonical) local linear structure? Essentially the idea
is that (a) smooth functions are precisely locally linear functions by definition while (b)
merely continuous functions and/or homeomorphisms can be highly nonlinear mappings.
This should be obvious given the homeomorphism x 7→ tan(π||x||/2)x/||x|| between the open
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unit ball BD
1 (0) ⊆ RD and RD, but is reinforced once we learn of a rich theory of nonlinear

geometry in Banach space [30].

(iv) Note that the construction of the tangent bundle via the disjoint union described above is
essentially a canonical way of globalising linear constructions, i.e. any sufficiently universal
construction on continuous linear spaces has an essentially unique vector bundle analogue for
any manifold. (The formal statement is essentially that for any Ck-functor between subcate-
gories of Banach spaces there is a natural transformation to a functor between subcategories
of the Ck-vector bundles over M that preserves triviality and the operation of taking fibres;
c.f. Theorems 4.1 and 4.2 of Ref. [199].) This means that the fibres (tangent spaces) of
a vector bundle (the tangent bundle) at different points are in the strict topological sense
disconnected. An explicit consequence of this is that no sequence (more generally filter) in
one tangent space can have a limit in another space. That is to say there are no intrinsic
continuity properties available in the tangent space that would allow us to lift ‘horizontal’
trajectories in the manifold to the tangent bundle. Even less likely are any algebraic prop-
erties: while any two vector spaces of the same dimension over the same field are linearly
isomorphic, it is well known that the isomorphisms are not canonical and instead depend
on a choice of basis. We thus have a freedom measured by the linear group GL(D) in the
algebraic identification of distinct fibres in a vector bundle. The upshot of this discussion is
that if one wishes to identify points in ‘adjacent fibres’ in order to lift continuous trajectories
in the manifold to the ‘parallel’ trajectory in some vector bundle over the manifold, one is
required to specify additional structure. The structure in question is referred to as an affine
connection.

It seems that the ability to lift trajectories from the manifold to the tangent bundle (and
its various tensor generalisations) is of paramount importance for the study of dynamics
in spacetime: assuming that local dynamical structures may be described by tensor fields
at a point, the evolution of these dynamical structures in spacetime must be specified in
terms of the choice of spacetime connection, at least insofar as the dynamical evolution of
the dynamical structures in question is coupled to spacetime structure. (It seems scarcely
possible to assume otherwise.)

It can be shown that in a pseudo-Riemannian manifold (M, g) with an associated space of
vector fields X(M), any connection ∇ admits a canonical decomposition:

∇ = ∇LC + K∇ + Q∇ (2.9)

where ∇LC is the Levi-Civita connection K∇ and Q∇ are respectively the contorsion and
metric obstruction tensors, defined essentially via (braided) cyclic combinations of the torsion
and nonmetricity tensors:

T∇(X,Y ) = ∇XY −∇Y X − [X,Y ] N∇(X,Y, Z) = (∇Xg)(Y,Z)

for all X, Y, Z ∈ X(M), where [·, ·] is the Lie bracket of vector fields. In fact, the torsion
and nonmetricity tensors are respectively complete local invariants for the characterisation
of the contorsion and metric obstruction components of the affine connection ∇, in the sense
that contorsion K∇ and metric obstruction Q∇ are fixed for given torsion and nonmetricity.
In conventional general relativity, it is assumed that the connection is metric compatible and
torsion free, i.e. that Q∇ = 0 and K∇ = 0 respectively. Physically the vanishing of these
quantities is justified by the equivalence principle: nonmetricity affects even geodesic motion
while arbitrarily small accelerated motions in a local inertial frame are discernibly modified in
the presence of torsion. Since there appears to be no fundamental reason for the equivalence
principle to persist in very dense regimes it is possible that torsion and nonmetricity have a
role to play. Still, in most regimes the choice of (Levi-Civita) connection can be identified
with the choice of metric. From another perspective this means that—at the very least—the
choice of dynamical structure in general relativity involves allowing the metric to vary.

(v) Curvature is the principal local invariant for the Levi-Civita connection. Thus in the context
of ordinary gravity, curvature is the principal local invariant for the dynamical description

11
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of spacetime. In fact the Einstein-Hilbert action

AEH =
1

κ

∫
M

d vol(x)(R(x) − 2Λ), (2.10)

is the unique most general action compatible with the following constraints [59]:

(a) Locality : the action is an integral over spacetime of some local differential form L called
the Lagrangian:

AEH =

∫
M

L. (2.11)

(b) Background independence: the Lagrangian L depends only on the local pseudoRieman-
nian geometry of the manifold M. In particular the Lagrangian has the form

L = d volML (g) (2.12)

where L (g) is some scalar function called the Lagrangian density totally determined by
the metric g of the pseudoRiemannian manifold M.

(c) Ostrogradsky constraint: the Lagrangian density L appearing in equation 2.12 above
contains at most a term linear in second-derivatives of the metric. Otherwise, we expect
the theory to be susceptible to Ostrogradsky instabilities, leading to rapid vacuum
decay in the classical case and loss of unitarity at the quantum level [299]. In fact,
this theorem only holds for nondegenerate Lagrangian systems, i.e. those Lagrangian
densities L = L (q, q̇) such that:

det

(
∂2L

∂q̇k, ∂q̇ℓ

)
= 0. (2.13)

This condition can be interpreted variously as (locally) guaranteeing the existence and
invertibility of the Legendre transformation between Lagrangian and Hamiltonian for-
malisms or a condition for the accelerations q̈k to be uniquely defined in terms of the
positions and momenta alone. Various examples of degenerate Lagrangian system exist
including gauge theories: since one can take a gauge transformation at any point along
the evolving trajectory of the system, the future evolution of the system is not uniquely
defined for any given initial condition and any gauge system must be described by multi-
ple equivalent Hamiltonians related by gauge constraints [149]. This means in particular
that the Legendre transformation is not uniquely defined and gauge systems must be
degenerate. Similar remarks obviously go for generally covariant theories in which there
is no canonical time dimension. The correct generalised prescription is then given by
Lovelock gravity [213]; for D = 4 the Lovelock prescription happens to agree with the
Einstein-Hilbert action and so, perhaps, for most empirical purposes the Ostrogradsky
constraint is in fact sufficient.

The key constraint is the Ostrogradsky constraint: there is no nonconstant scalar that can be
directly constructed from the metric—essentially one has functions of the trace of the metric
(the dimension). Scalars φ = φ(∂g) determined by first-derivatives of the metric do not exist:
at any point p ∈ M, one can choose an inertial frame about p in which ∂g = 0. φ is then a
function of 0 at p and is thus a constant at p that does not depend on g; since φ is a scalar
this holds in all coordinate frames at all p ∈ M, i.e. φ is a function independent of g and thus
background dependent. The Ricci scalar is the only scalar determined by second-derivatives
of the metric that is linear in second-derivatives and so (up to a constant factor), any second
derivative terms in the Lagrangian must be the Ricci scalar.

12
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2.2.2 On Gromov-Hausdorff Distances and Convergence

We have thus seen that smooth structure appears to be responsible for various key physical and
mathematical properties of spacetime; this makes it difficult to account for how spacetimes might
be described by coarser or even discrete structures. Nonetheless, it is well known that this is
possible to a large extent. The dynamical triangulations formalism for instance uses the idea that
every smooth structure admits a piecewise linear formulation and uses deficit angles to calculate
smooth structure. Causal set theorists also use deep results on geometric reconstruction due to
Hawking, McCarthy, King and Malament mentioned above to reduce the problem of approximating
smooth spacetimes to the problem of approximating causal structure and volume. We shall not
cover these well known topics here but instead look to major developments in the field of metric
geometry [54, 135] to motivate the basic treatment of metric spaces as coarse Euclidean spacetimes.
In particular a Riemannian manifold can be defined as a length space such that each point has a
neighbourhood isometric to some region of RD, where the length of a curve γ in this region is given

L(γ) =

∫
γ

dt
√
Q(q̇(t)) (2.14)

for some quadratic form Q : RD → R. Smooth structure is not needed in this description: one only
needs metric space isometries, algebraic structure (quadratic forms) and a suitable interpretation of
the integral 2.14.8 Note that for two points p1, p2 ∈ M, the associated open neighbourhoods may
be isometric to regions of RD equipped with different quadratic forms. See chapter 5 of Ref. [54]
for a discussion of Riemannian manifolds from this synthetic perspective.

The basic notions required for this synthetic approach to Riemannian manifolds—i.e. metric and
length spaces—are described in appendix B. In this mathematical section we extend the discussion
of metric geometry and introduce a fundamental tool used in the rest of this thesis viz. the
Gromov-Hausdorff metric. This is a metric between isometry classes of compact metric spaces and
thus allows us to formulate the convergence of metric spaces. In particular one (compact) metric
space approximates another if it is close in the Gromov-Hausdorff metric, and this is the technical
content behind the idea of a regularised coarse spacetime: a metric space is a coarse regularisation
of a Euclidean spacetime manifold M if it is Gromov-Hausdorff close to M. Much of the material
is standard—c.f. [54, 135]—but it is less well known by physicists and so we develop the material
in full.

We begin with the notion of the Hausdorff distance between subsets of a metric space.

Definition 2.2.3. Let (X, ρX) be a metric space.

(i) For any x ∈ X and any A ⊆ X, we define

ρX(x,A) := inf
y∈A

ρX(x, y). (2.15)

(ii) For any sets A, B ∈ p(X), we define the Hausdorff distance between A and B in X as:

ρXH(A,B) := max { sup
x∈A

ρX(x,B), sup
y∈B

ρX(A, y) } . (2.16)

Corollary 2.2.4. Let (X, ρX) be a metric space. We have

ρXH(A,B) = inf { ε > 0 : B ⊆ Aε and A ⊆ Bε } (2.17)

8For instance one could take the curve γ to be Lipschitz continuous and use rigidity (Rademacher’s theorem) to
make sense of the derivative. Alternatively one could slightly generalise the definition of the length of a rectifiable
curve, taking q̇(t) to be (up to normalisation) the relevant straight line segment at time t for any given partition of
the domain of γ. More generally, one can use these intuitions to develop measure theoretic notions of differentiation
that do not use smooth structure: see, e.g. chapter 6 of Ref. [108].
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for all A, B ⊆ X.

Proof. Fix A, B ⊆ X and take x ∈ A, y ∈ B; clearly x ∈ Bε (y ∈ Aε) for all ε > ρX(x,B)

(ε > ρX(A, y)). Thus ε ∈ { ϵ > 0 : B ⊆ Aε and A ⊆ Bε } iff ε > ρX(x,B) and ε > ρX(y,A) for all

(x, y) ∈ A×B so by taking suprema of x and y we have ρXH(A,B) ≤ ε. Taking the infimum gives

the desired equality.

Remark 2.2.5. The Hausdorff distance thus defined obviously satisfies the positivity, symmetry and

semidefinite properties of a (pseudo)metric. Symmetry must be built in by taking the maximum

over ρX(x,B) and ρX(A, y); to see this consider the case of two balls A := Br(x) and B := BR(x)

both centred at the same point x ∈ X with r < R. Clearly A ⊆ Bε for all ε > 0 since A ⊆ B but

B ⊆ Aε only if ε > R − r > 0, i.e. ρXH(A,B) = R − r. Thus we need only show subadditivity to

prove the following:

Corollary 2.2.6. The Hausdorff distance ρXH is a pseudometric on p(X) for any metric space

(X, ρX).

Proof. Suppose that A ⊆ Bε and B ⊆ Cδ; then A ⊆ Bε ⊆ Cδ+ε. Symmetrising and taking the

infimum as per corollary 2.2.4 gives the desired result.

Recall that any pseudometric space gives rise to a metric space by identifying all distinct points
which are a distance zero apart (example B.2.(iii)). The following proposition then shows that the
equivalence classes of the pseudometric space may be represented by closed sets:

Proposition 2.2.7. Let (X, ρX) be a pseudometric space.

(i) ρXH(A, cl(A)) = 0 for all A ⊆ X.

(ii) Let A and B ⊆ X be distinct and closed in the metric topology. Then ρXH(A,B) > 0.

(iii) If ρX is finite, then ρXH(A,B) is finite for A, B ⊆ X bounded.

Proof. For (i) we note every point in cl(A) adheres to A, i.e. x ∈ cl(A) iff each open neighbourhood

of x meets A. In particular Bε(x) ∩ A ̸= ∅ for any ε > 0, i.e. ρX(x,A) < ε for all ε > 0; hence

ρX(x,A) = 0 for all x ∈ cl(A). At the same time A ⊆ cl(A) so ρXH(x, cl(A)) = 0 for all x ∈ A

trivially.

(ii) Since A and B are distinct we may assume without loss of generality that there is an x ∈ B

such that x /∈ A. Since A is closed, it is equal to its own closure, and x does not adhere to A. Thus

we may find an open set containing x that is disjoint from A. Since the open balls form a base

for the metric topology, there is an ε > 0 such that Bε(x) ∩ A = ∅, i.e. B ̸⊆ Aδ for any strictly

positive δ < ε since x /∈ Aδ.

(iii) is trivial.
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Corollary 2.2.8. The Hausdorff distance ρXH defines a definite metric on the closed sets of the

metric topology of X. Hence the Hausdorff distance is a finite metric on the compact sets of X.

With the Hausdorff distance in place, we may now introduce the Gromov-Hausdorff distance:

Definition 2.2.9. Let (X, ρX) and (Y, ρY ) be metric spaces. The Gromov-Hausdorff distance

between (X, ρX) and (Y, ρY ), denoted ρGH(X,Y ), is defined as

ρGH(X,Y ) = inf
(Z,ρZ ,ι1, ι2)

ρZH(ι1(X), ι2(Y )) (2.18)

where the infimum is taken over all 4-tuples (Z, ρZ , ι1, ι2) such that (Z, ρZ) is a metric space and

ι1 : X ↪→ Z and ι2 : Y ↪→ Z are isometric imbeddings of X and Y into Z respectively. The

Gromov-Hausdorff space GH is the space of isometry classes of compact metric spaces equipped

with the Gromov-Hausdorff distance.

Conceptually this definition of the Gromov-Hausdorff distance is rather nice: the Hausdorff distance
is a (more or less canonical) distance between the (compact) subsets of a (pseudo)metric space,
and so the Gromov-Hausdorff distance between compact metric spaces is simply the distance
between these spaces regarded as subsets of some ambient background space. However, we remove
this background dependence by explicitly minimising over all possible backgrounds, a kind of
‘covariance’ property in physics terms. This suggests that there should in fact be an intrinsic
characterisation of the Gromov-Hausdorff distance, i.e. one expects to be able to characterise
ρGH(X,Y ) with essentially only reference to the spaces X and Y themselves. At the same time,
conceptual clarity comes at the cost of concrete impracticality: because we are optimising over
the vast space of all possible backgrounds, it becomes very difficult to use the given definition to
directly show any properties that are simultaneously general and nontrivial. As such, in order
to prove properties of the Gromov-Hausdorff distance and the Gromov-Hausdorff space we shall
on several occasions develop alternative intrinsic characterisations of this quantity: this will help
because the intrinsic nature of the characterisation means we will only optimise over (apparently)
much smaller spaces and we will be able to make recourse to the properties of the sets X and Y
without loss of generality. The following lemma gives the first such alternative characterisation:

Lemma 2.2.10. Let (X, ρX) and (Y, ρY ) be compact metric spaces. Then

ρGH(X,Y ) = inf
ρ
ρH(X,Y ) (2.19)

where the infimum is taken over all pseudometrics ρ on the disjoint union X⊔Y such that ρ|X = ρX

and ρ|Y = ρY , and ρH is the Hausdorff distance associated to the pseudometric ρ.

Proof. Let (Z, ρZ , ι1, ι2) be a 4-tuple appearing in the infimum in definition 2.2.9. Then we note

that this gives rise to a pseudometric ρ on X ⊔ Y via ρ|X = ρX , ρ|Y = ρY and ρ(x, y) = ρ(y, x) =

ρZ(ι1(x), ι2(y)) for all (x, y) ∈ X × Y . The Hausdorff distance in X ⊔ Y between X and Y with

respect to this pseudometric is obviously equal to the Hausdorff distance in Z between ι1(X)

and ι2(Y ). Thus infρ ρH(X,Y ) ≤ ρGH(X,Y ). Conversely, given a pseudometric ρ on X ⊔ Y ,

we may construct the metric space (Z, ρZ) as the metric Kolmogorov quotient of (X ⊔ Y, ρ), i.e.

Z is the set of equivalence classes [x] of points x ∈ X ⊔ Y where x, y ∈ X ⊔ Y are equivalent

iff ρ(x, y) = 0 and ρZ([x], [y]) = ρ(x, y). The mappings ι1 : x 7→ [ιX(x)] and y 7→ [ιY (y)] are
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isometries (ιX : x ∈ X 7→ x ∈ X ⊔ Y and ιY : y ∈ Y 7→ y ∈ X ⊔ Y are the natural imbeddings)

and the Hausdorff distance in X ⊔ Y between two sets A and B with respect to ρ is then clearly

the Hausdorff distance between the sets [A] = { [x] ∈ Z : x ∈ A } and [B] = { [x] ∈ Z : x ∈ B } in

Z. Hence ρGH(X,Y ) ≤ infρ ρH(X,Y ) as required.

Remark 2.2.11. This specification of the Gromov-Hausdorff distance is more convenient than the

definition 2.2.9, but it is somewhat less transparent as to its intuitive content due to the presence of

pseudometrics and due to the choice of a canonical background X⊔Y which depends on the spaces

to be compared. In particular, naively, there appears to be no reason why a quantity by the right-

hand side of equation 2.19 should satisfy the subadditive property since it appears to be concerned

with Hausdorff distances in different background spaces. This is not a defect of the first definition

2.2.9 because it is immediately apparent that the three metric spaces will respect subadditivity

whenever they are all isometrically imbedded in the same background space. Turning this intuition

into a formal proof, however, essentially involves showing that the possibility of imbedding three

metric spaces into the same ambient space is generic: this can be achieved by showing for any

(compact) metric spaces X1 and X2 isometrically imbedded in an ambient space Z and any further

compact metric space Y , we may extend Z in such a way that Y is also isometrically imbedded

in the extended space. Such isometric extensions however are classified by pseudometrics on the

disjoint union that reduce to the original metrics on the appropriate subspaces, and we see we

recover something like lemma 2.2.10 regardless. More precisely, in the language of category theory,

we have that the pseudometric extensions of any pair of metric spaces classify the pullbacks of

pairs of isometric imbeddings. This is perhaps the deepest reason to define pseudometrics at all.

We use this lemma to check that the Gromov-Hausdorff distance is in fact a metric function between
(isometry classes) of compact metric spaces. In particular, we use it to demonstrate subadditivity:

Theorem 2.2.12. The Gromov-Hausdorff space GH is a finite metric space (if GH is a set).

Proof. Assume that GH is a set and let (X, ρX) and (Y, ρY ) be compact metric spaces. Positiv-

ity, symmetry and semidefiniteness are trivial, while the Gromov-Hausdorff distance between two

spaces clearly vanishes iff they are isometric implying definiteness on isometry classes. It only

remains to show subadditivity and finiteness.

For finiteness, note that since X and Y are compact (bounded) they have finite diameters d1

and d2 respectively; pick any k ≥ max(d1, d2)/2 and define ρ : X ⊔ Y → R via ρ|X = ρX ,

ρ|Y = ρY and ρ(x, y) = k for all (x, y) ∈ X × Y . The positivity, symmetry and semidefiniteness

of ρ are trivial. For subadditivity we note that ρ(x, y) ≤ ρ(x, z) + ρ(z, x) whenever x, y, z ∈ X

since ρ|X is a pseudometric; similarly for x, y, z ∈ Y . Also, if x ∈ X and y, z ∈ Y we have

ρ(x, y) = k ≤ k+ρ(z, y) = ρ(x, z)+ρ(z, y) and similarly if x, z ∈ X and y ∈ Y . Finally if x, y ∈ X

and z ∈ Y we have ρ(x, y) ≤ d1 ≤ 2k = ρ(x, z) + ρ(z, y) and similarly for x, y ∈ Y and z ∈ X.

We finally turn to subadditivity; we use the characterisation lemma 2.2.10 of the Gromov-Hausdorff
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distance. Let (Z, ρZ) be a compact metric space and let ρ1 and ρ2 be pseudometrics on X ⊔ Z

and Z ⊔ Y such that ρ1|X = ρX , ρ1|Z = ρ2|Z = ρZ and ρ2|Y = ρY . Then we may define ρ3 on

X ⊔ Y via ρ3|X = ρX , ρ3|Y = ρY and ρ3(x, y) = infz∈Z(ρ1(x, z) + ρ2(z, y)) for all (x, y) ∈ X × Y .

ρ3 is a pseudometric on X ⊔ Y : again, positivity, symmetry and semidefiniteness are trivial and

it remains to show subadditivity. The cases x1, x2, x3 ∈ X and y1, y2, y3 ∈ Y are trivial. Now

consider x1, x2 ∈ X and y ∈ Y ; we find

ρ3(x1, y) ≤ ρ1(x1, z) + ρ2(z, y) ≤ ρ1(x1, x2) + ρ1(x2, z) + ρ2(z, y)

for all z ∈ Z and so by taking the infimum and noting that ρ3(x1, x2) = ρ1(x1, x2) we find

ρ3(x1, y) ≤ ρ3(x1, x2) + ρ3(x2, y). A similar argument shows that ρ3(x, y1) ≤ ρ3(x, y2) + ρ3(y2, y1)

for x ∈ X and y1, y2 ∈ Y . Also, since

ρ3(x1, x2) = ρ1(x1, x2) ≤ ρ1(x1, z) + ρ1(z, x2) ≤ ρ1(x1, z) + ρ2(z, y) + ρ1(x2, z) + ρ2(z, y)

for all z ∈ Z and any y ∈ Y , we may take an infimum over all such z ∈ Z to obtain ρ3(x1, x2) ≤
ρ3(x1, y) + ρ3(y, x2) for x1, x2 ∈ X and y ∈ Y . A similar argument shows subadditivity for x ∈ X

and y1, y2 ∈ Y . Let us now take ραH as the Hausdorff distance with respect to ρα, α ∈ { 1, 2, 3 }.

Then since

ρ3(x, Y ) ≤ ρ3(x, y) ≤ ρ1(x, z) + ρ2(z, y)

for all z ∈ Z for all y ∈ Y for all x ∈ X, by the definition of ρ3 we see by symmetry that

ρ3H(X,Y ) ≤ ρ1H(X,Z) + ρ2H(Z, Y ).

Thus for all pseudometrics on X ⊔ Z and Z ⊔ Y we may find a pseudometric on X ⊔ Y that

satisfies a subadditive property; thus minimising over all pseudometrics on X⊔Y effectively involves

minimising over all pseudometrics on X ⊔Z and Z ⊔ Y in a manner that respects the subadditive

property and we have the desired subadditive property.

Remark 2.2.13. We include the apparently trivial assumption that the Gromov-Hausdorff space is

a set because a priori it is not entirely clear that a space as large as GH is in fact consistent. At

the very least we need the Gromov-Hausdorff space to be noncompact by the axiom of foundation;

a proof of this statement as well as several other elementary properties of the Gromov-Hausdorff

space is given in the pedagogically oriented Ref. [284]. With this in mind, it is worth emphasising

that as far as the author is aware this question has not been settled—in fact, given the typical

style of presentation it is very likely that the Gromov-Hausdorff space is not a set.

The above descriptions of the Gromov-Hausdorff distance remain relatively inconvenient insofar as
they depend rather strongly on the metric structure of the spaces in question. The main issue is that
in definition 2.2.9 we must consider isometric imbeddings of our compact metric spaces X and Y
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into the ambient background and this is an extremely restricted class of maps. It will be found that
we benefit greatly on extending this class of maps to generic nearly isometric imbeddings. This class
of maps is (relatively speaking) extremely rich, and indeed such maps need not even be continuous.
There is a cost, of course, for using this richer class of maps viz. we lose the precise quantification
of the Gromov-Hausdorff distance, instead only being able to find the Gromov-Hausdorff distance
between two compact metric spaces up to a factor of two. Nonetheless, this issue is bypassed on
qualitative questions concerning problems that depend only on the Gromov-Hausdorff topology e.g.
questions of Gromov-Hausdorff convergence. In order to get to this qualitative characterisation
of the Gromov-Hausdorff distance in terms of near isometries, we begin with an intermediate
specification in terms of so-called correspondences:

Definition 2.2.14. A correspondence between two sets X and Y is a relation R ⊆ X × Y such

that for each x ∈ X (y ∈ Y ) there is a y ∈ Y (x ∈ X) such that (x, y) ∈ R. The distortion of a

correspondence between metric spaces (X, ρX) and (Y, ρY ) is defined

dis(R) = sup
(x1,y1), (x2,y2)∈R

|ρX(x1, x2) − ρY (y1, y2)|. (2.20)

Clearly correspondences can be specified without reference to the metric structures of the metric
spaces in question. The following corollary reinforces this point and explicitly gives a relation
between correspondences and general mappings as well as their distortions.

Corollary 2.2.15. Let R be a relation between X and Y . R is a correspondence iff there is a set

Z and surjections f : Z → X, g : Z → Y , such that R = { (f(z), g(z)) : z ∈ Z }. Then

dis(R) = sup
z1, z2∈Z

|ρX(f(z1), f(z2)) − ρY (g(z1), g(z2))|. (2.21)

In particular, every surjection g : X → Y defines a correspondence R = { (x, g(x)) : x ∈ X }; for
such correspondences we have dis(g) = dis(R).

Proof. Since f and g are surjections R = { (f(z), g(z)) : z ∈ Z } is a correspondence; conversely,

a nontrivial correspondence R, the projections f : (x, y) 7→ x and g : (x, y) 7→ y are surjections

onto X and Y such that R = { (f(z), g(z)) : z ∈ R }. The statement about dis(R) is a trivial

consequence of the definition. The final statement follows by taking Z = X and f = IdX .

We now explicate the connection between correspondences and the Gromov-Hausdorff distance.

Proposition 2.2.16. Let (X, ρX) and (Y, ρY ) be compact metric spaces. Then

ρGH(X,Y ) =
1

2
inf
R

dis(R) (2.22)

where the infimum is taken over all correspondences between X and Y .

Proof. Suppose that ρGH(X,Y ) < r; then we have an ambient metric space (Z, ρZ) and isometric

imbeddings ι1 : X ↪→ Z, ι2 : Y ↪→ Z, such that ρZH(ι1(X), ι2(Y )) < r. Define

R = { (x, y) ∈ X × Y : ρZ(ι1(x), ι2(y)) < r } .
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Then for any (x1, y1), (x2, y2) ∈ R we have

|ρX(x1, x2) − ρY (y1, y2)| ≤ ρZ(ι1(x1), ι2(y1)) + ρZ(ι1(x2), ι2(y2)) < 2r,

which follows by identifying ρX(x1, x2) = ρZ(ι1(x1), ι1(x2)) and ρY (y1, y2) = ρZ(ι2(y1), ι2(y2))

and using subadditivity to expand the larger of the two terms on the left-hand side to include the

terms appearing on the right-hand side. Hence dis(R) < 2r, i.e.

1

2
inf
R

dis(R) ≤ ρGH(X,Y )

where the infimum is taken over all correspondences R between X and Y .

Conversely, suppose that we have a correspondence dis(R) < 2r between X and Y . Then define a

pseudometric ρ on X ⊔ Y via ρ|X = ρX , ρ|Y = ρY and

ρ(x, y) = ρ(y, x) = inf
(x̃,ỹ)∈R

(ρX(x, x̃) + ρY (y, ỹ) + r)

for all (x, y) ∈ X × Y . Positivity, symmetry, and semidefiniteness are trivial. For subadditivity,

we note that this is trivial when all elements belong to one of either X or Y , and so we consider

only triples with at least one element of X and one element of Y . First suppose we have x ∈ X

and y ∈ Y . Then for any z ∈ X and any (x̃, ỹ) ∈ R we have

ρ(x, y) ≤ ρX(x, x̃) + ρY (y, ỹ) + r ≤ ρX(x, z) + (ρX(z, x̃) + ρY (y, ỹ) + r)

so taking the infimum over pairs (x̃, ỹ) ∈ R gives the subadditive property. A very similar argument

holds when z ∈ Y . Now suppose we have x1, x2 ∈ X. Then for any y, ỹ1, ỹ2 ∈ Y and any x̃1, x̃2 ∈ X

we have:

ρ(x1, x2) ≤ ρX(x1, x̃1) + ρX(x̃2, x2) + ρX(x̃1, x̃2).

But since ρY (ỹ1, ỹ2) ≤ ρY (ỹ1, y)ρY (y, ỹ2) we have

0 ≤ ρY (y, ỹ1) + ρY (y, ỹ2) − ρY (ỹ1, ỹ2),

and

ρ(x1, x2) ≤ (ρX(x1, x̃1) + ρY (y, ỹ1)) + (ρX(x̃2, x2) + ρY (y, ỹ2)) + (ρX(x̃1, x̃2) − ρY (ỹ1, ỹ2))

≤ (ρX(x1, x̃1) + ρY (y, ỹ1)) + (ρX(x̃2, x2) + ρY (y, ỹ2)) + |ρX(x̃1, x̃2) − ρY (ỹ1, ỹ2)|.
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Since dis(R) < 2r we thus have

ρ(x1, x2) ≤ (ρX(x1, x̃1) + ρY (y, ỹ1) + r) + (ρX(x̃2, x2) + ρY (y, ỹ2) + r)

for all (x̃1, ỹ1), (x̃2, ỹ2) ∈ R. Taking the infimum firstly over all pairs of the first type and then

separately over all pairs of the second type gives the desired subadditive property.

Finally we turn to near isometries:

Definition 2.2.17.

(i) Let (X, ρX) be a metric space. For any ε > 0, a set A ⊆ X is said to be an ε-net in (X, ρX)

iff its ε-thickening covers X, i.e.

Aε = X. (2.23)

(ii) Let (X, ρX) and (Y, ρY ) be metric spaces. For any mapping f : X → Y , the distortion of f

is defined as

dis(f) := sup
(x1,x2)∈X×X

|ρX(x1, x2) − ρY (f(x1), f(x2))|. (2.24)

(iii) Let (X, ρX) and (Y, ρY ) be metric spaces. For any ε > 0, a mapping f : X → Y is said to

be an ε-isometry iff dis(f) ≤ ε and f(X) is an ε-net in Y .

A near isometry will be an ε-isometry for some unspecified but small value of ε.

Remark 2.2.18. The basic idea is that a near isometry almost preserves the distance and is almost

surjective in the sense that both of these properties hold up to some error controlled by the value

ε > 0. Clearly a mapping is an isometry iff it is a 0-isometry in the sense of near isometries.

Theorem 2.2.19. Let X and Y be compact metric spaces. If ρGH(X,Y ) ≤ ε then there is a

2ε-isometry f : X → Y . Similarly if there is a ε-isometry f : X → Y then ρGH(X,Y ) ≤ 3
2ε.

Proof. Suppose that ρGH(X,Y ) ≤ ε; then by proposition 2.2.16 there is a correspondence R ⊆
X × Y such that dis(R) ≤ 2ε. We may construct a mapping f : X → Y as a choice function

f : X → ⊔
x∈X { y ∈ Y : (x, y) ∈ R }. Clearly dis(f) ≤ dis(R) ≤ 2ε. To see that f(X) is a 2ε-net

in Y , for each y ∈ Y choose an x ∈ X such that (x, y) ∈ R. Then

ρY (f(x), y) = ρY (f(x), y) − ρX(x, x) + ρX(x, x)

≤ |ρY (f(x), y) − ρX(x, x)| + ρX(x, x)

≤ ρX(x, x) + dis(R)

≤ 2ε
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as required. Now suppose that f : X → Y is a ε-isometry and construct R ⊆ X × Y by

R = { (x, y) ∈ X × Y : ρY (f(x), y) ≤ ε } .

Clearly (x, f(x)) ∈ R and dom(R) = X; also since f(X) is a ε-net in Y , each y ∈ Y lies within

ε of f(x) for some x ∈ X and cod(R) = Y , i.e. R is a correspondence as required. Now for any

pairs (x1, y1) and (x2, y2) ∈ R we have

|ρY (y1, y2) − ρX(x1, x2)| ≤ ρY (y1, f(x1)) + ρY (f(x2), y2) + |ρY (f(x1), f(x2)) − ρX(x1, x2)|

≤ 2ε + dis(f)

≤ 3ε (2.25)

where we have used subadditivity in the first step and the definition of R and dis(f) in the second,

while the final step follows since f is an ε-isometry and dis(f) ≤ ε. Taking the supremum of

both sides over all pairs (x1, y2), (x2, y2) ∈ R gives dis(R) ≤ 3ε so the required result follows

immediately from proposition 2.2.16

This gives an essentially complete set of methods for estimating the Gromov-Hausdorff distance.
We now turn back to more explicit convergence properties.

We shall show one basic lemma that demonstrates that Gromov-Hausdorff convergence reduces to
convergence of finite subsets:

Definition 2.2.20. Two compact metric spaces X and Y are said to be (ε, δ)-approximations of

one another iff we have finite ε-nets A ⊆ X and B ⊆ Y of cardinality N such that |ρX(xk, xℓ) −
ρY (yk, yℓ)| < δ for all k, ℓ ∈ { 0, ..., N − 1 }.

Lemma 2.2.21. Let X and Y be compact metric spaces. If X is an (ε, δ)-approximation of Y

then ρGH(X,Y ) < 2ε + 1
2δ. Similarly if ρGH(X,Y ) < ε then X is a 5ε-approximation of Y .

Proof. Suppose that X is an (ε, δ)-approximation of Y ; then we have ε-nets A ⊆ X and B ⊆ Y

of cardinality N such that such that |ρX(xk, xℓ) − ρY (yk, yℓ)| < δ for all k, ℓ ∈ { 0, ..., N − 1 }.

by definition. By the latter property, the correspondence R = { (xk, yk) ∈ A×B : k < N } has

distortion dis(R) < δ, i.e. ρGH(A,B) < 1
2δ. Then by subadditivity

ρGH(X,Y ) ≤ ρGH(X,A) + ρGH(A,B) + ρGH(B, Y ) < 2ε +
1

2
δ.

Now suppose that ρGH(X,Y ) < ε and let A = {xn }n<N be a finite ε-net in X. By theorem 2.2.19

we have a 2ε-isometry f : X → Y ; define B = f(A) = { f(xk) }k<N . Now

|ρY (f(xk), f(xℓ)) − ρX(xk, xℓ)| ≤ dis(f) < 2ε

since f is a 2ε-isometry so it is sufficient to show that B is a 5ε-net in Y . In particular, since f(X)
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is a 2ε-net in Y , for each y ∈ Y , there is an x ∈ X such that ρY (y, f(x)) < 2ε, while there is an

xk ∈ A such that ρX(x, xk) < ε since A is a ε-net in X. Thus for some k ∈ { 0, ..., N − 1 } we have

ρY (y, f(xk)) ≤ ρY (y, f(x)) + ρy(f(x), f(xk)) ≤ ρY (y, f(x)) + dis(f) + ρX(x, xk) < 5ε.

Since f(xk) ∈ B this proves the statement.

We may now prove two central results from the perspective of emergent geometry. First note that
if A is an ε-net in X then ρH(A,X) ≤ ε.

Theorem 2.2.22.

(i) Every compact metric space is the Gromov-Hausdorff limit of sequence of finite metric spaces.

(ii) Every compact length space is the Gromov-Hausdoff limit of a sequence of finite weighted

graphs.

Proof. Let X be a compact metric space.

(i) For each n ∈ N+ take a sequence εn → 0 and choose a finite εn-net An ⊆ X; note that it

is possible to choose a finite εn-net for each n because X is compact. Then ρGH(An, X) ≤
ρH(An, X) < εn for each n and we have the desired result i.e. X is the Gromov-Hausdorff

limit of the spaces An.

(ii) See the proof of proposition 7.5.5 in [54].

2.3 Fundamental Features of Optimal Transport Theory

In the previous section and appendix B we introduced various mathematical notions that allow us
to synthetically generalise several basic manifold structures to much coarser contexts than they are
typically used. In particular, the Gromov-Hausdorff distance gives us a precise notion of the extent
to which one compact metric space approximates a Riemannian manifold (any other compact metric
space). The key mathematical structure from the perspective of spacetime dynamics, however, is
the curvature and any attempt to specify a regularisation of Riemannian manifolds (or Lorentzian
spacetime more generally) must be able to at least reproduce the Einstein-Hilbert action. For our
purposes the appropriate notion will be the Ollivier curvature. We introduce this coarse Ricci
curvature in the next section; before we can do so, however, we develop the essential elements of
the field of optimal transport theory, an area of mathematics that has recently undergone massive
developments. It has also become something of a paradigm for thinking about rough Riemannian
geometry.

The purpose of this section is to provide a general overview of the basic theory of optimal transport,
largely in Polish space. We follow mainly Villani’s standard introduction to the topic [286], though
we differ from Villani in many aspects: of course we are less comprehensive—Villani’s tome is near
1000 pages—and certain aspects of the general theory appear less relevant for our purposes; thus
we only develop the Kantorovich duality theory in the context of metric cost functions, leaving
aside the theory of c-convexity and cyclic monotonicity, and following the simpler presentation
of Edwards [100, 101]. Nor are we interested in the deterministic Monge problem, though we
introduce the notion of deterministic transport plans because we shall use these repeatedly in the
subsequent. Even where we essentially follow Villani, we fill in many details not contained in his
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text and cover some of the more or less elementary material that Villani presumes, material that
is not necessarily well known to physicists.

2.3.1 The Optimal Transport Problem

The optimal transport problem at its most general is a theory about the integral of certain privi-
leged cost functions with respect to the couplings of given measures. We shall consider the theory
in the context of Borel measures on Polish spaces, a setting of considerable generality that in prin-
ciple allows us to dispense with the topological niceties. Paradoxically, the author believes that
neglect of these issues obstructs the readability of discussions of optimal transport theory: it may
be clear to mathematicians that one can express lower semicontinuous functions as the pointwise
limit of continuous bounded functions in Polish spaces, but this is likely to strike the physicist as
a somewhat mysterious fact until it is pointed out that in Hausdorff spaces (spaces with unique
limits) this is equivalent to the Tychonoff property, i.e. the existence of ‘enough’ continuous func-
tions to be able to do analysis effectively. See Ref. [45] for the quoted property of Tychonoff space,
Ref. [104] for a good discussion of separation axioms and Ref. [265] for an intuitive characterisation
of various basic notions in general topology and a forceful defence of the Tychonoff property.

2.3.1.1 Some Measure Theoretic Preliminaries

Before continuing let us briefly recall some measure theoretic terminology and notation. We follow
Refs. [41, 119, 173]. Recall that a measurable space is a set X equipped with a privileged family
of measurable sets that belong to a so-called σ-algebra ΣX on X; ΣX satisfies certain prescribed
properties (essentially closure under complements and countable unions). Given a measurable
space (X,ΣX) a measure is a function µ : ΣX → [0,∞] satisfying certain properties including
countable additivity and monotonicity: the former states that given a pairwise disjoint sequence
of measurable sets {Ek }k∈N we have:

µ

(⋃
k∈N

Ek

)
=
∑
k∈N

µ(Ek), (2.26)

while the latter property states that E1 ⊆ E2 implies µ(E1) ≤ µ(E2) for measurable sets E1 and
E2. A triple (X,ΣX , µ) where (X,ΣX) is a measurable space and µ a measure on (X,ΣX) is a
measure space. A measure µ is σ-finite iff X is the union of a countable disjoint family of sets
all with finite measure; µ is finite iff µ(X) < ∞; µ is a probability measure iff µ(X) = 1. Every
finite measure µ gives rise to a probability measure ν via normalisation: ν(E) = µ(E)/µ(X). A
measurable set E ⊆ X will be called null or more properly µ-null iff µ(E) = 0.

Given two measurable space (X,ΣX) and (Y,ΣY ) we may define the product measurable space
(X × Y,ΣX ⊗ ΣY ), where ΣX ⊗ ΣY is called the product σ-algebra. This is the smallest σ-algebra
such that sets of the form EX×EY are measurable where EX ∈ ΣX and EY ∈ ΣY . Generalisations
to infinite products also exist. Given two σ-finite measures µ and ν on the product measurable
space (X×Y,ΣX⊗ΣY ), µ = ν iff µ(EX×EY ) = ν(EX×EY ) for all measurable ‘rectangles’ EX×EY

with (EX , EY ) ∈ ΣX ×ΣY . In particular two probability measures on a product measurable space
that agree on measurable rectangles are the same. This statement is an instance of the so-called
monotone class theorem9 which we shall quote for these purposes henceforth.

The Borel σ-algebra of a topological space is the σ-algebra generated by the topology of the space;
a Borel space is then a triple (X,TX ,ΣX) where (X,TX) is a topological space and ΣX is the
Borel σ-algebra associated to TX . We are generally not in fact interested in the precise topology of
the space in question beyond the fact that it is Polish—i.e. separable and completely metrisable—
and so we will generally assume the topology implicitly. A measure on the Borel σ-algebra of a
topological space will be called a Borel measure and the space of all Borel probability measures
on a topological space X is denoted P(X). Given a countable product of second countable Borel
spaces the product σ-algebra is Borel with respect to the product topology; since Polish spaces are
second-countable this holds for Polish spaces a fortiori.

9Unfortunately, there is an alternative though closely related result in measure theory also and more aptly called
the monotone class theorem while the present result is sometimes called the π-λ theorem or the Dynkin theorem.
None of the terms appeal to the author; we adopt monotone class theorem simply by force of habit.
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Given two measurable spaces (X,ΣX) and (Y,ΣY ) a mapping f : X → Y is said to be measurable
iff f−1(E) ∈ ΣX for any E ∈ ΣY ; for Borel spaces every continuous mapping is measurable. Given
a measure µ on a measurable space (X,ΣX) we may define the integral of a measurable function
f : X → R with respect to µ: for the purposes of this chapter the integral will often be denoted

µ(f) :=

∫
X

dµ(x)f(x). (2.27)

For the integral over a measurable subset E ⊆ X we can consider

µ(f · δE) =

∫
X

dµ(x)f ◦ δX(x) =

∫
E

dµ(x)f(x) (2.28)

where for any set E ⊆ X we define the Dirac mass on E as:

δE : X → R δE(x) =

{
1, x ∈ E
0, x /∈ E

. (2.29)

Note that for any x ∈ X we let δx := δ{ x }. Clearly for a measurable set E ⊆ X the Dirac mass
δE is measurable function, and

µ(δE) = µ(E) (2.30)

where the left-hand side of this equality is an integral and the right-hand side an assignment of
the measure µ. A measurable function f : X → R is said to be integrable—or when confusion is
possible µ-integrable—iff µ(|f |) < ∞. We may also write f ∈ L1(µ) or say that f is L1(µ). Thus
if µ is finite, δE is integrable for all measurable E. Hence if µ and ν are finite and are such that
f ∈ L1(µ) iff f ∈ L1(ν) and µ(f) = ν(f) for all f ∈ L1(µ) = L1(ν) then µ = ν.

We shall repeatedly use the monotone convergence theorem: for any monotonic bounded sequence
of real numbers the sequence is convergent and the limit is given by the infimum/supremum as
appropriate. Indeed, the infimum/supremum characterisation of limits of monotonic sequences
extends beyond the convergent case. There is a corresponding theorem for integrals which follows
from the monotonicity of the integral as a (linear) functional on the space of functions. In par-
ticular, this means that for monotonic sequences of measurable functions converging pointwise we
can exchange limits etc. with the integral operation.

A fundamental construct is the pushforward measure: let (X,ΣX) and (Y,ΣX) be measurable
spaces and let f : X → Y be measurable. Then for any measure µ on ΣX , we can define a
pushforward measure f∗µ : ΣY → [0,∞] via the prescription

f∗µ(E) = µ(f−1(E)) (2.31)

for any E ∈ ΣX ; note that the measurability of f is essential since this guarantees that µ(f−1(E))
is well defined. The key property of push-forward measures is the following: let (X,ΣX , µ) be a
measure space, (Y,ΣY ) a measurable space and f : X → Y a measurable mapping. A measurable
function g : Y → R is f∗µ-integrable iff g ◦ f : X → R is µ-integrable and then:

f∗µ(g) = µ(g ◦ f). (2.32)

We shall need some ideas from the theory of convergence of probability measures; see Ref. [36] for
a classic discussion; this works exclusively in the context of metric (metrisable) spaces. Volume
two of Ref. [41] and volume four of Ref. [119] present the discussion in a more general topological
setting. For our purposes the metrisable setting is sufficient and we follow Ref. [36] closely in the
following; in particular, the proof of every formal statement given here can be found in the first
chapter of that text.

Let us first define weak convergence of probability measures:
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Definition 2.3.1. Let X be a topological space and let Cb(X) denote the family of continuous

bounded functions f : X → R. We say that a sequence {µk }k∈N ⊆ P(X) converges weakly or

converges in distribution to some measure µ ∈ P(X) iff µk(f) → µ(f) for any f ∈ Cb(X). The

weak topology or topology of weak convergence on P(X) is the initial topology on P(X) with respect

to the mappings µ 7→ µ(f), f ∈ Cb(X).

The idea is to define convergence of measures in terms of the convergence of integrals of some
suitable family of test functions; the continuous bounded functions on X provide such a family
because they are both sufficiently general and relatively simple. The following fact captures both
of these properties:

Fact 2.3.2. Let X be metrisable. If µ(f) = ν(f) for all f ∈ Cb(X) for some µ, ν ∈ P(X), then

µ = ν.

We shall need the following fundamental notion:

Definition 2.3.3. Let X be a topological space. A family of measures M ⊆ P(X) is said to be

tight iff for each ε > 0 there is a compact set Kε ⊆ X such that µ(X\Kε) < ε for all µ ∈ M.

Fact 2.3.4. If X is Polish then every µ ∈ P(X) is tight.

Recall that a set is precompact iff its closure is compact. We have the following theorem which will
be central to the proof of the existence of optimal transport plans in the following section:

Fact 2.3.5 (Prokhorov Theorem). Let X be metrisable. Then if a set E ⊆ P(X) is tight with

respect to the topology of weak convergence, E is precompact in this topology. Moreover if X is

Polish any relatively compact set E ⊆ P(X) is tight.

Finally we shall take the following as proved for convenience:

Fact 2.3.6. If X is Polish, so is P(X) equipped with the topology of weak convergence.

2.3.1.2 Transport Plans

The basic notion we shall need for the development of optimal transport theory is that of a transport
plan, which will essentially be an equivalent notion to that of a coupling. The latter terminology is
perhaps more likely to be familiar to physicists due to their basic role in quantum foundations; we
nonetheless prefer the former for the purposes of this section because it accords excellently with
the intuitive content of optimal transport theory.

Definition 2.3.7. Let (X,ΣX) and (Y,ΣY ) be measurable spaces and let µ and ν be probability

measures on X and Y respectively. A transport plan—or sometimes transportation plan—between

µ and ν is a probability measure ξ on the product space (X × Y,ΣX ⊗ ΣY ) such that:

(πX)∗ξ = µ (πY )∗ξ = ν, (2.33)

where πX : (x, y) 7→ x and πY : (x, y) 7→ y are the natural projections. We refer to the equations

2.33 as marginal constraints and µ and ν are then called the marginal distributions of ξ. The set of

all transport plans between µ and ν is denoted Π(µ, ν). A triple (X ×Y,ΣX ⊗ΣY , ξ) is a coupling

of the measure spaces (X,ΣX , µ) and (Y,ΣY , ν) iff ξ ∈ Π(µ, ν).
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Remark 2.3.8. In the above definition it is not necessary to specify the measure ξ as normalised

since by the marginal constraints we have

ξ(X × Y ) = ξ(π−1
X (X)) = (πX)∗ξ(X) = µ(X) = 1 (2.34a)

= ξ(π−1
Y (Y )) = (πY )∗ξ(Y ) = ν(Y ) = 1. (2.34b)

Lemma 2.3.9. Let (X,ΣX) and (Y,ΣY ) be measurable space and let µ : ΣX → [0, 1] and ν : ΣY →
[0, 1] be probability measures. Then for any probability measure ξ : ΣX ⊗ ΣY → R, the following

statements are equivalent:

(i) ξ is a transport plan between µ and ν.

(ii) For all f ∈ L1(µ) and all g ∈ L1(ν), ξ(f) := ξ(f ◦ πX) = µ(f) and ξ(g) := ξ(g ◦ πY ) = ν(g).

(iii) For any measurable sets EX ∈ ΣX and EY ∈ ΣY , we have ξ(EX × Y ) = µ(EX) and

ξ(X × EY ) = ν(EY ).

Proof. (i) =⇒ (ii): Let ξ ∈ Π(µ, ν) and (f, g) ∈ L1(µ) × L1(ν). Then by the properties of the

pushforward

ξ(f) = ξ(f ◦ πX) = (πX)∗ξ(f) = µ(f) ξ(g) = ξ(g ◦ πY ) = (πY )∗ξ(g) = ν(g)

where in both cases we apply the marginal constraints 2.33 in the final step. (ii) =⇒ (iii): let

EX ⊆ X and EY ⊆ Y be measurable and consider:

ξ(EX × Y ) = ξ(δEX×Y ) = ξ(δEX
◦ πX) = µ(EX) ξ(X × EY ) = ξ(δX×EY

) = ξ(δEY
◦ πY ) = ν(EY )

where in the second step we note that δEX×Y (x, y) = 1 iff x ∈ EX and similarly for δX×EY
and

the final step is an application of (ii). (iii) =⇒ (i). Simply note that

(πX)∗ξ(EX) = ξ(π−1
X (EX)) = ξ(EX × Y ) = µ(EX)

(πY )∗ξ(EY ) = ξ(π−1
Y (EY )) = ξ(X × EY ) = µ(EY )

for any EX ∈ ΣX and any EY ∈ ΣY proving the statement.

Remark 2.3.10. Note that by fact 2.3.2, it is possible to promote the integrable functions in point

(ii) of the above to continuous and bounded functions whenever X and Y are metrisable and all

other relevant quantities (σ-algebras, measures etc.) taken as Borel.

We also have the important case of deterministic transport plans:

Definition 2.3.11. Let (X,ΣX , µ) and (Y,ΣY , ν) be measure spaces. A transport plan ξ ∈ Π(µ, ν)
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is said to be deterministic iff there is a measurable function T : X → Y such that

ξ = (IdX , T )∗µ, (2.35)

where generally generally for two mappings f : X → Y and g : X → Z, the mapping (f, g) : X →
Y × Z is defined by (f, g) : x 7→ (f(x), g(x)). T is then called a deterministic transport mapping.

Lemma 2.3.12. Let (X,ΣX , µ) and (Y,ΣY , ν) be measure spaces. Then the following are equiva-

lent:

(i) ξ = (IdX , T )∗µ is a deterministic transport plan between µ and ν with deterministic transport

mapping T .

(ii) There is a measurable function T : X → Y and a transport plan ξ ∈ Π(µ, ν) such that

ξ(EX × EY ) = ξ((EX × EY ) ∩ graph(T )) (2.36)

where

graph(T ) = { (x, y) ∈ X × Y : y = T (x) } . (2.37)

(iii) There is a measurable function T : X → Y such that ν = T∗µ.

Proof. (i) =⇒ (ii): let (EX , EY ) ∈ ΣX × ΣY ). Then note that

ξ(EX × EY ) = ξ((EX × EY ) ∩ graph(T )) + ξ((EX × EY )\graph(T ))

since EX × EY = ((EX × EY ) ∩ graph(T )) ∪ ((EX × EY )\graph(T )) and

((EX × EY ) ∩ graph(T )) ∩ ((EX × EY )\graph(T )) = ∅.

But since (IdX , T )(X) = graph(T ), we have (IdX , T )−1((EX × EY )\graph(T )) = ∅ and

ξ((EX × EY )\graph(T )) = (IdX , T )∗µ((EX × EY )\graph(T ))

= µ((IdX , T )−1((EX × EY )\graph(T )))

= µ(∅)

= 0

as required.
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(ii) =⇒ (iii): Note that

ν(EY ) = ξ(X × EY )

= ξ(X × EY ∩ graph(T ))

= ξ

 ⋃
y∈Ey

(T−1(y) × { y })


= ξ

 ⋃
y∈Ey

(T−1(y) × { y })

+ ξ

 ⋃
y∈Ey

(T−1(y) × (Y \ { y }))


= ξ

 ⋃
y∈EY

T−1(y)

× Y


= µ

 ⋃
y∈EY

T−1(y)


= µ(T−1(EY ))

= T∗µ(EY )

as required. In the first step we have applied a marginal constraint (equation 2.33) and in the second

the assumption (ii); in the third step we have give a decomposition of the set X ×EY ∩ graph(T )

while the fourth step follows from the fact that

ξ

 ⋃
y∈Ey

(T−1(y) × (Y \ { y }))

 = 0

since T−1(y)× (Y \ { y })∩graph(T ) = ∅ trivially. The fifth step uses the additivity of the measure

ξ and simple rearrangement of the unions; the sixth step then uses lemma 2.3.9 and the remaining

steps are trivial.

(iii) =⇒ (i): We wish to prove that the measure ξ = (IdX , T )∗µ is a deterministic transport

plan with deterministic transport mapping T ; clearly it is sufficient to prove that ξ is a transport

plan since it has the form of a deterministic plan by construction. To see this consider functions

(f, g) ∈ L1(µ) × L1(ν). Then:

ξ(f) = ξ(f ◦ πX) = (IdX , T )∗µ(f ◦ πX) = µ(f ◦ πX ◦ (IdX , T )) = µ(f)

ξ(g) = ξ(g ◦ πY ) = (IdX , T )∗µ(g ◦ πY ) = µ(g ◦ πY ◦ (IdX , T )) = µ(g ◦ T ) = T∗µ(g) = ν(g)

which gives us the required result by lemma 2.3.9.

Corollary 2.3.13. Let T1 and T2 be deterministic transport maps for the transport plan ξ ∈
Π(µ, ν). Then T1 and T2 are equal µ-almost everywhere.
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Proof. We note that if ξ = (IdX , T )∗µ for some measurable mapping T : X → Y then

ξ(EX × EY ) = (IdX , T )∗µ(EX × EY ) = µ((IdX , T )−1(EX × EY )) = µ(EX ∩ T−1(EY )).

Thus given ξ1 = (IdX , T1)∗µ and ξ2 = (IdX , T2)∗µ we have

ξ1(EX × EY ) = µ(EX ∩ T−1
1 (EY ))

= µ(EX ∩ T−1
1 (EY )) + µ(EX ∩ (T−1

2 (EY )\T−1
1 (EY )))

− µ(EX ∩ (T−1
2 (EY )\T−1

1 (EY )))

= µ(EX ∩ (T−1
1 (EY ) ∪ (T−1

2 (EY )\T−1
1 (EY ))) − µ(EX ∩ (T−1

2 (EY )\T−1
1 (EY )))

= µ(EX ∩ (T−1
1 (EY ) ∪ T−1

2 (EY ))) − µ(EX ∩ (T−1
2 (EY )\T−1

1 (EY )))

= µ((EX ∩ T−1
2 (EY )) ∪ (EX ∩ (T−1

1 (EY )\T−1
2 (EY ))))

− µ(EX ∩ (T−1
2 (EY )\T−1

1 (EY )))

= µ(EX ∩ T−1
2 (EY )) + µ(EX ∩ (T−1

1 (EY )\T−1
2 (EY )))

− µ(EX ∩ (T−1
2 (EY )\T−1

1 (EY )))

= ξ2(EX × EY ) + µ(EX ∩ (T−1
1 (EY )\T−1

2 (EY ))) − µ(EX ∩ (T−1
2 (EY )\T−1

1 (EY ))).

Thus ξ1 = ξ2 iff

µ(EX ∩ (T−1
1 (EY )\T−1

2 (EY ))) − µ(EX ∩ (T−1
2 (EY )\T−1

1 (EY )) = 0

for all (EX , EY ) ∈ ΣX ⊗ ΣY . This is clearly true if T1 and T2 are equal µ-almost everywhere.

Conversely by choosing EX = T−1
1 (EY ) and EX = T−1

2 (EY ) we see that this condition reduces to

µ(T−1
1 (EY )\T−1

2 (EY )) = 0 and µ(T−1
2 (EY )\T−1

1 (EY )) = 0 respectively. Then for any set E on

which T1(x) ̸= T2(x), x ∈ E, we can take EY ⊆ Y as a measurable envelope of T1(E) ∪ T2(E) and

the condition implies that E is a subset of a null set.

Remark 2.3.14. Let us make some remarks about the intuitive interpretation of transport plans.

We have the following set-up: suppose we have a constant finite mass of some substance in a space

X distributed according to µ. We wish to redistribute this substance according to ν in the space

Y . A transport plan ξ is then a set of instructions telling us how to go about this redistribution

process. In particular for any measurable sets EX ⊆ X and EY ⊆ Y , ξ(EX × EY ) is interpreted

as the amount of substance at EX that is to be transported to EY .

Note that with this interpretation ξ(EX × Y ) is the amount of substance transported from EX

to somewhere in Y and ξ(X × EY ) is the entire amount of substance transported from X to EY .

If we assume that all of the substance is transported and that no amount of substance is lost or

destroyed in the process then we require ξ(EX×Y ) = µ(EX): the entire mass at EX is transported

to somewhere in Y . On the other hand if Y has no substance prior to transportation then we have
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ξ(X × EY ): the entire mass of substance at EY comes from X. By lemma 2.3.9 these are our

marginal constraints used to define transport plans. As a consequence µ(X) = ν(Y ) < ∞ and after

normalisation we can assume that µ and ν are probability measures without loss of generality.

In the case of a deterministic transport plan ξ = (IdX , T )∗µ the entire set of instructions is

determined by a single measurable function T . Essentially the idea is that all the mass at a

(measurable) site EY ⊆ Y can be sourced from some minimal measurable set EX = T−1(EY ) ∈
ΣX . The interpretation becomes starkest in discrete systems, i.e. where all subsets of the spaces in

question are measurable. In this set-up the deterministic transport map tells us to transport the

entire mass at a point x ∈ X to the point T (x) ∈ Y . On the other hand, when a transport plan

is non-deterministic it may instruct us to transport the mass at a single point x ∈ X to multiple

points y ∈ Y .

Example 2.3.15. Let µ and ν be probability measures on (X,ΣX) and (Y,ΣY ) respectively. The

product measure µ × ν ∈ Π(µ, ν) is not deterministic in general.

Proof. A product measure µ× ν for µ and ν is by definition a measure on (X × Y,ΣX ⊗ΣY ) such

that

µ× ν(EX × EY ) = µ(EX)ν(EY )

for all EX ∈ ΣX , EY ∈ ΣY ; such a measure always exists by the Carathéodory construction and is

unique since (X,ΣX , µ) and (Y,ΣY , ν) are σ-finite. Taking EX = X and EY = Y while noting that

µ and ν are probability measures gives the marginal constraints by lemma 2.3.9. Let T : X → Y

be measurable and let ξ = (IdX , T )∗µ ∈ Π(µ, ν) be deterministic; then

ξ(EX × EY ) = (IdX , T )∗µ(EX × EY ) = µ((IdX , T )−1(EX × EY )) = µ(EX ∩ T−1(EY )).

For any measurable EY ⊆ Y , it is always possible to choose EX = T−1(EY ) so in this case we have

ξ(EX×EY ) = µ(EX). But if ξ = µ×ν then for any EY ∈ ΣY we may find an EX = T−1(EY ) ∈ ΣX

such that

µ(EX)ν(EY ) = µ× ν(EX × EY ) = ξ(EX × EY ) = µ(EX)

i.e. either ν(EY ) = 1 or ν(EX) = µ(EX) = 0 for all measurable EY ⊆ Y .

Thus we always have at least one transport plan, but it is not clear that deterministic transport
plans exist in general. In fact it is simple enough to see that they do not exist in general:

Example 2.3.16. Let X and Y be discrete measure spaces with |X| = m and |Y | = n and let

µX and νY be the uniform measures on X and Y respectively. There is a deterministic transport

mapping f : X → Y iff m ≥ n and (m/n) ∈ N+.
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Proof. By definition µX(EX) = |EX |/m and νY (EY ) = |EY |/n for any EX ⊆ X, EY ⊆ Y . In

particular we may consider the singleton sets Ex := {x } for any x ∈ X and similarly for y ∈ Y .

There is a deterministic transport mapping f : X → Y iff νY = f∗µX , i.e.

1

n
= νY (Ey) = µX(|f−1(y)|) =

|f−1(y)|
m

This is only possible if f−1(y) ̸= ∅, i.e. f is surjective and m/n is integral. Conversely if m/n is

integral we can define a surjective mapping f : X → Y such that (m/n) elements of X are assigned

to each y ∈ Y which is a deterministic transport map.

2.3.1.3 Transport Costs

We shall now introduce the notion of a transport cost and the basic optimal transport problem.

Definition 2.3.17. Let X and Y be Polish spaces.

(i) A cost function for X and Y is a mapping c : X × Y → R such that c(x, y) ≥ 0 for all

(x, y) ∈ X × Y .

(ii) An optimal transport problem is a triple (µ, ν, c) where µ ∈ P(X) and ν ∈ P(Y ) are Borel

probability measures on X and Y respectively and c is a cost function for X and Y .

(iii) Given an optimal transport problem (µ, ν, c), the transport cost of a transport plan ξ ∈
Π(µ, ν) is defined:

Tc(ξ) := ξ(c). (2.38)

The mapping Tc : ξ 7→ Tc(ξ) is known as the transport cost function; the domain of this

function readily extends from Π(µ, ν) to P(X × Y ).

(iv) The optimal transport cost is defined:

Tc(µ, ν) := inf
ξ∈Π(µ,ν)

Tc(ξ). (2.39)

A transport plan ξ ∈ Π(µ, ν) is said to be optimal iff Tc(ξ) = Tc(µ, ν). We call an optimal

transport plan a solution to the optimal transport problem (µ, ν, c).

Remark 2.3.18. Assuming that X = Y , then for any cost function c : X×X → [0,∞), the optimal

transport cost Tc : (µ, ν) 7→ Tc(µ, ν) defines a function P(X) × P(X) → [0,∞] which follows from

the lower-boundedness of the cost function. Note that here positivity is not required. In fact this

is generally the case: positivity is a convenient assumption but most of the subsequent discussion

continues to apply essentially unmodified as long as the cost function is bounded below by an

upper semicontinuous function (we shall discuss this notion more below). Positivity, however, is a

natural requirement given the terminology (negative costs are not particularly natural), while it is
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simultaneously sufficient for our purposes and slightly simplifies the presentation.

The essential idea is to find conditions on the cost function such that the optimal transport problem
can be solved, i.e. such that we can guarantee the existence of an optimal transport plan. Our
basic aim will be to apply general results on the attainment of infima arising due to continuity
properties of the objective function and the structure of the optimisation domain. About the most
general result for our purposes involves the notion of lower semicontinuity:

Definition 2.3.19. Let X be a topological space. A function f : X → [−∞,∞] is said to be lower

semicontinuous at a point x ∈ X iff for every real α < f(x) there is an open neighbourhood U ⊆ X

of x such that f(y) > α for all y ∈ U . f is then lower semicontinuous iff it is lower semicontinuous

at every point x ∈ X.

Lemma 2.3.20. A mapping f : X → [−∞,∞] is lower semicontinuous iff the sets

Kα := {x ∈ X : f(x) ≤ α } (2.40)

are closed for all α ∈ [−∞,∞].

Proof. Suppose that f is lower semicontinuous and consider a net {xk } ⊆ Kα for some α ∈
[−∞,∞]. We wish to show that if xk → x then x ∈ Kα. Since f is lower semicontinuous at x,

we have for every r < f(x) that there is a neighbourhood Ur ⊆ X of x such that r < f(y) for all

y ∈ Ur; since xk → x the net xk is eventually in Ur and we have for any r < f(x) a k(r) in the index

set of the net such that xk(r) ∈ Kα and xk(r) ∈ Ur. If f(x) ≤ f(xk(r)) for any choice of r < f(x)

then f(x) ≤ f(xk(r)) ≤ α and the statement is proved. Conversely, if r < f(xk(r)) < f(x) for all r,

we can obtain a net (sequence) of points xk(r) → x such that f(xk(r)) is monotonically increasing

and f(xk(r)) → f(x) by taking r → f(x). Thus by monotone convergence f(x) = sup f(xk(r)) ≤ α

as required.

Conversely suppose that the set Kα is closed for every α ∈ [−∞,∞]. First note that for any x ∈ X,

if f(x) = −∞ then there is no α ∈ [−∞,∞] such that α < f(x) and f is lower semicontinuous at

x trivially. Conversely, if f(x) > −∞ for some x ∈ X, then we can consider Kα for any α < f(x).

Clearly x /∈ Kα by construction, i.e. x ∈ U := X\Kα which is open. But f(y) > α for any y ∈ U

by definition and f is lower semicontinuous.

The basic idea is that the infimum of a lower semicontinuous function attains its minimum on a
compact set:

Fact 2.3.21. Let X be a topological space and let us consider the lower semicontinuous mapping

f : X → (−∞,∞]. If U ⊆ X is compact then there is an x ∈ U such that f(x) = inf f(U) > −∞.

Proof. For each ε > 0 and each x ∈ X we may pick εx > 0 such that εx < ε; then by the lower

semicontinuity of f , we can find open neighbourhoods Ux ∋ x such that f(x)−ε < f(x)−εx < f(u)

for all u ∈ Ux; the Ux cover U so by compactness we can find a finite set of points x1, ..., xn such

that U ⊆ ⋃n
k=1 Uxk

. Then if αε := mink=1,...,n(f(xk) − ε) we have αε < f(x) for all x ∈ U ;

this holds since any x ∈ U belongs to at least one of Ux1 , ..., Uxn and αε ≤ f(xk) − ε < f(x)
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for a suitable k. Thus αε ≤ inf f(U) ≤ f(x) for all x ∈ U for all ε > 0. Also note that

inf f(U) ≥ αε > −∞ since each of the f(xk)− ε > −∞ and we only minimise over a finite number

of such terms to obtain αε. Now, for any δ > 0, we may choose an ε > 0 such that ε < δ; then

there is at least one xδ ∈ U such that |αε − f(xδ)| < δ since if we pick xδ = xk for the xk that

minimises (f(xk) − ε) we have |αε − f(xδ)| = ε. Essentially, the result now follows by taking the

limit δ → 0: by choosing a net δn ↓ 0, we can choose a net εn > 0 such that εn < δn for all n

and a net xn := xδn with αn := αεn ≤ inf f(U) ≤ f(xn) while |αn − f(xn)| < δn. Thus, since

| inf f(U)−f(xn)| < |αn−f(xn)| < δn we have a net of points xn ∈ U such that f(xn) → inf f(U).

By the compactness of U we may extract a subnet yn of xn that converges to a point x ∈ U ; this

subnet yn gives rise to a subnet f(yn) of f(xn) and since the latter converges to inf f(U) so does

the former, i.e. we have a net of points yn → x ∈ U and a net f(yn) → inf f(U). It remains to

show that in this case f(x) = inf f(U). To see this first note that by lower semicontinuity at x, we

can pick for every α < f(x) a β such that α < β < f(x), and we have a neighbourhood Ux ⊆ X of

x such that f(y) > β for all y ∈ Ux; but since yn → x, there is some nU ∈ N such that yn ∈ U for

all n > nU and f(yn) > β > α for all n > nU . f(yn) ≥ inf f(U) for all n so since f(yn) → inf f(U)

we have inf f(U) ≥ β > α for all α < f(x); taking α → f(x) gives inf f(U) ≥ f(x). But since

x ∈ U , f(x) ≥ inf f(U) and the statement is proven.

Remark 2.3.22. The above proof can be much simplified given the machinery of limit inferiors; we

have favoured this clumsier proof because (a) it avoids this machinery, (b) it is entirely constructive

and (c) it is almost entirely elementary: the only required results that perhaps go beyond standard

definitions are some elementary properties of nets (a space is compact iff every net has a convergent

subnet and a net converges to a limit iff every subnet converges to the same limit).

The idea then is simple: if we can show that the transport cost function Tc is lower semicontinuous
with respect to the weak topology on P(X ×Y ) and that Π(µ, ν) is compact for each pair (µ, ν) ∈
P(X) × P(Y ), then optimal transport plans must exist.

Fact 2.3.23. Let X be a Hausdorff topological space. A lower semicontinuous function f : X →
[−∞,∞] is the supremum of an increasing family of bounded continuous functions fk : X →
[−∞,∞] iff there is an upper semicontinous function g : X → [−∞,∞] such that g ≤ f and X is

completely regular.

Proof. The corollary to theorem 4, number 2, §6 in chapter 4 of Ref. [45] gives sufficiency. For

necessity see proposition 5 of number 6 §1 in chapter 9 of the same text. Boundedness follows from

the remark immediately following this proposition; the theorem is given in terms of uniformisability,

but the Hausdorff assumptions stated above means we can promote this to complete regularity (c.f.

e.g. Definition 4 of number 5, §1, Chapter 9 of Ref. [45]).

Lemma 2.3.24. Let X and Y be completely regular topological spaces and let c : X × Y → [ 0 , ∞ ]

be a cost function. If c is lower semicontinuous, then the associated transport cost function
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Tc : P ( X × Y ) → [ 0 , ∞ ] is also lower semicontinuous, where P(X × Y ) is given

the topology of weak convergence.

Proof. Consider the set Kα defined, mutatis mutandis, as in lemma 2.3.20 for some α ∈ [0,∞].

(If α ∈ [−∞, 0) then Kα = ∅ by the lower boundedness of the cost function c and is thus closed

trivially.) Let { ξk } ⊆ Kα ⊆ P(X × Y ) be a sequence of probability distributions on X × Y

that converges weakly to some ξ ∈ P(X × Y ). Since c is not continuous and bounded it does not

automatically follow that Tc(ξk) → Tc(ξ). To get around this problem we note that we can express

c as a pointwise increasing limit of a sequence bounded continuous functions cℓ as long as X × Y

is completely regular by fact 2.3.23 (note that we have used the fact that c is bounded below by

a continuous function (x, y) 7→ 0). We use monotone convergence to convert the supremum into a

limit. But the product of completely regular spaces is completely regular and X × Y satisfies the

required properties. Then

Tc(ξ) = ξ(c) = lim
ℓ→∞

ξ(cℓ) = lim
ℓ→∞

lim
k→∞

ξk(cℓ).

For each k and each ℓ we have

ξk(cℓ) = ξk(|cℓ|) ≤ ξk(|c|) = ξk(c) ≤ α

where the first inequality follows since c bounds cℓ from above and c, cℓ are positive, while the

second limit follows from the fact that ξk ∈ Kα. Thus

0 ≤ Tc(ξ) = lim
k→∞

lim
ℓ→∞

ξk(cℓ) ≤ lim
k→∞

lim
ℓ→∞

α = α

and ξ ∈ Kα. Thus Kα is closed and Tc is lower semicontinuous by lemma 2.3.20.

Lemma 2.3.25. Let X and Y be Polish spaces. Π(µ, ν) is a compact convex subset of P(X × Y )

equipped with the topology of weak convergence.

Proof. We begin by showing that Π(µ, ν) is a closed convex subset of P(X × Y ). The point is

simply that the marginal constraints 2.3.9 are stable under limits and convex combinations. For

limits suppose we have a net of transport plans ξk ∈ Π(µ, ν) converging to some ξ ∈ P(X × Y ).

In particular we note that for any closed and bounded functions (f, g) ∈ Cb(X) × Cb(Y ) we have

xk(f) = µ(f) → ξ(f) = µ(f) and ξk(g) = ν(g) → ξ(g) = ν(g) trivially. Similarly for any λ ∈ (0, 1)
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and any ξ1, ξ2 ∈ Π(µ, ν) we have:

(πX)∗(λξ1 + (1 − λ)ξ2)(EX) = λξ1(π−1
X (EX)) + (1 − λ)ξ2(π−1

X (EX))

= λ(πX)∗ξ1(EX) + (1 − λ)(πX)∗ξ2(EX)

= λµ(EX) + (1 − λ)µ(EX)

= µ(EX)

(πY )∗(λξ1 + (1 − λ)ξ2)(EY ) = λξ1(π−1
Y (EY )) + (1 − λ)ξ2(π−1

Y (EY ))

= λ(πY )∗ξ1(EY ) + (1 − λ)(πY )∗ξ2(EY )

= λν(EY ) + (1 − λ)ν(EY )

= ν(EY )

for all EX ∈ ΣX and all EY ∈ ΣY .

Thus the statement follows if Π(µ, ν) is precompact, i.e. its closure is compact. By the Prokhorov

theorem 2.3.5 this is the case as long as Π(µ, ν) is tight, that is, as long as for every ε > 0 there

is a compact set Kε ⊆ X × Y such that ξ(Kε) > 1 − ε for every ξ ∈ Π(µ, ν). Fix µ ∈ P(X) and

ν ∈ P(Y ); since X and Y are Polish we have that µ and ν are tight by fact 2.3.4, i.e. for any δ > 0

we have compact subsets KX
δ ⊆ X and KY

δ ⊆ Y such that µ(KX
δ ) > 1 − δ and ν(KY

δ ) > 1 − δ.

Since

X × Y \KX
δ ×KY

δ ⊆ (X\KX
δ ) × Y ∪X × (Y \KY

δ )

we have

ξ(X × Y \KX
δ ×KY

δ ) ≤ ξ(X\KX
δ ) × Y ∪X × (Y \KY

δ )

≤ ξ(X\KX
δ ) × Y ) + ξ(X × (Y \KY

δ ))

= µ(X\KX
δ ) + ν(Y \KY

δ )

< 2δ

for all ξ ∈ Π(µ, ν), where we have applied monotonicity in the first step, (sub)additivity in the

second, the marginal constraints in the third and the definitions of KX
δ and KY

δ in the final step.

Thus choosing δ < ε/2 gives the desired result.

Remark 2.3.26. The convexity property of the optimisation domain Π(µ, ν) is not essential in the

general theory; nonetheless it becomes of some significance in the discrete theory, where the linear-

ity of the cost function, the decomposition of the optimisation domain into a convex combination of

the extreme points of Π(µ, ν) and some basic geometric properties of convex sets (e.g. the Farkas

lemma) together imply a concrete algorithm for solving the discrete optimal transport problem

(the simplex algorithm of linear programming). See Ref. [263] for more detail.
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We thus have the following:

Theorem 2.3.27. Let X and Y be Polish and let (µ, ν, c) be an optimal transport problem in X

and Y . Then if c is lower semicontinuous, (µ, ν, c) has a solution.

Proof. Apply fact 2.3.21 in light of lemmas 2.3.24 and 2.3.25.

2.3.2 Metric Cost Functions

In this section we introduce the Wasserstein distances, defined in terms of the optimal transport
problem for metric cost functions, and consider the Kantorovich duality theory in this special case.

2.3.2.1 The Wasserstein Distance

Definition 2.3.28. Let (X, ρX) be a Polish metric space. Then for any p ≥ 1, the Wasserstein

p-distance is the mapping Tp : P(X) × P(X) → [0,∞] defined by the assignment:

Tp(µ, ν) := p

√
Tρp

X
(µ, ν) =

(
inf

ξ∈Π(µ,ν)

∫
X

dξ(x, y)ρpX(x, y)

) 1
p

(2.41)

for all µ, ν ∈ P(X). We will also let Tp(ξ) := Tρp
X

(ξ) for any ξ ∈ P(X ×X).

That is to say, the Wasserstein p-distance is the pth root of the optimal transport cost when the
cost function is given by the pth power of the metric. It turns out that the Wasserstein distance
defines a metric on P(X). First note the following lemmas:

Lemma 2.3.29. Let the metric space (X, ρX) be Polish. The Wasserstein p-distance is positive

definite and symmetric for all p ∈ [1,∞).

Lemma 2.3.30. For any Polish metric space (X, ρX), the Wasserstein p-distance Tp is subadditive,

i.e.

Tp(µ, ν) ≤ Tp(µ, λ) + Tp(λ, µ) (2.42)

for all λ, µ, ν ∈ P(X).

As these lemmas simply restate the definition of metric functions, they immediately imply:

Theorem 2.3.31. Let (X, ρX) be a Polish metric space. For all p ≥ 1, the Wasserstein p-distance

defines an infinite metric on P(X).

The first of the lemmas can be proven immediately:

Proof of Lemma 2.3.29. We need to show positivity, definiteness, symmetry and subadditivity.

Positivity is trivial since ρX ≥ 0 and every transport plan is a positive measure. Semidefiniteness

is also elementary: if µ = ν, then we have a deterministic transport plan—see lemma 2.3.12 for the

requisite properties of deterministic transport plans—ξ = (IdX , IdX)∗µ since ν = (IdX)∗µ = µ.

But then ξ is concentrated on graph(IdX) = △X ; on the other hand by semidefiniteness the cost
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function ρpX vanishes on △X and

0 ≤ Tp(µ, ν) ≤ Tp(ξ) = 0

i.e. Tp(µ, ν) = 0. For full definiteness, suppose that Tp(µ, ν) = 0; the function ρpX is continuous

and thus lower semicontinuous, so by theorem 2.3.27 the optimal transport problem (µ, ν, ρpX) has

a solution ξ. This solution satisfies Tp(ξ) = 0, which is only possible if ξ is concentrated in the

diagonal △X since the cost function ρpX is strictly positive for any pair (x, y) ∈ X ×X with x ̸= y

by the definiteness of ρX . But then the measure is concentrated on the graph of the identity and by

lemma 2.3.12 ν = (IdX)∗µ = µ. For symmetry, simply note that for any transport plan ξ ∈ Π(µ, ν)

we have a symmetric transport plan ξT ∈ Π(ν, µ) defined by:

ξT (E1 × E2) = ξ(E2 × E1)

for any measurable E1, E2 ⊆ X. Clearly Tp(ξ) = Tp(ξT ) so by taking the infimum we obtain the

desired result.

It thus remains to show the triangle inequality (lemma 2.3.30). To prove this statement we shall
apply some standard techniques in probability theory, viz. disintegration and gluing. The basic
idea is that if two distributions ξ1 and ξ2 have a common marginal λ, we can ‘disintegrate’ ξ1 and ξ2
along λ and then ‘glue’ the pieces together to construct a joint distribution for ξ1 and ξ2. Note that
general disintegration theory—which the author takes to include the theory of regular conditional
probability—is one of the most important facets of contemporary probability theory: Kallenberg
[173] suggests that ‘modern probability theory can be said to begin with the notions of conditioning
and disintegration.’ As a consequence the theory has developed into one of considerable subtlety
and generality: c.f. e.g. chapter 10 of Ref. [41] or the comprehensive chapter 45 of Ref. [119]. We
shall specialise to the context of direct relevance for our purposes:

Definition 2.3.32. Let (X,ΣX , µ) be a probability space and let (Y,ΣY ) be a measurable space.

Given any measurable mapping f : X → Y , a disintegration of µ along f is a family of probability

measures {µy }y∈Y such that

µy(X\f−1(y)) = 0 (2.43)

for all y ∈ Y and such that

µ(E) =

∫
Y

df∗µ(y)µy(E) (2.44)

for all measurable E ⊆ X.

For our purposes the disintegration theorem takes on the following form (which we state without
proof; it can be reconstructed with a little effort from the references cited above):

Fact 2.3.33. Let X be a Polish space and let ξ ∈ Π(µ, ν) for µ, ν ∈ P(X). Then ξ has a

disintegration along the projections π1 : (x, y) 7→ x and π2 : (x, y) 7→ y.

Remark 2.3.34. The disintegration of a transport plan ξ can be readily interpreted. First let
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{µx }x∈X and { νx }x∈X be disintegrations of ξ along π1 and π2 respectively. Then since π−1
1 (x) =

{x }×X and π−1
2 (x) = X ×{x } we can re-express the disintegration conditions 2.43 and 2.44 as

µx((X\ {x }) ×X) = 0 ξ(E1 × E2) =

∫
X

dµ(x)µx(E1 × E2) =

∫
E1

dµ(x)µx({x } × E2) (2.45a)

νx((X\ {x }) ×X) = 0 ξ(E1 × E2) =

∫
X

dν(y)νy(E1 × E2) =

∫
E2

dν(y)νy(E1 × { y }), (2.45b)

and similarly for ν. Note that the sets E1 ×{x } and {x }×E2 are measurable since the singleton

sets {x } are Borel measurable in any topological space where points may be separated by closed

neighbourhoods (which is certainly true for metrisable spaces). These forms give us a precise

interpretation of the disintegrations {µx }x∈X and { νy }y∈Y : for each x ∈ X, µx({x } × E2) is

the proportion of mass at x that the transport plan moves to E2; similarly νx(E1 × {x }) is the

proportion of mass at x that comes from E1 given the transport plan ξ.

We now turn to the so-called gluing lemma, again adapted to our circumstances.

Fact 2.3.35 (Gluing Lemma). Let X be Polish with Borel σ-algebra ΣX and let λ, µ, ν ∈ P(X).

Consider ξ1 ∈ Π(µ, λ) and ξ2 ∈ Π(λ, ν). Then there is a joint distribution ζ ∈ P(X × X × X)

defined via the assignment

ζ(E1 × E2 × E3) =

∫
E2

dλ(x)µx(E1 × {x })νx({x } × E3). (2.46)

for all E1, E2 E3 ∈ ΣX where {µx }x∈X ⊆ P(X ×X) and { νx }x∈X ⊆ P(X ×X) are obtained by

disintegrating ξ1 and ξ2 along π2 and π1. ζ then satisfies the following properties:

(π1)∗ζ = µ (π2)∗ζ = λ (π3)∗ζ = ν (π12)∗ζ = ξ1 (π23)∗ζ = ξ2 (π13)∗ζ ∈ Π(µ, ν), (2.47)

where π1 : (x, y, z) 7→ x, π2 : (x, y, z) 7→ y, π3(x, y, z) 7→ z, π12 : (x, y, z) 7→ (x, y), π13 : (x, y, z) 7→
(x, z) and π23 : (x, y, z) 7→ (y, z) are the natural projections.

Proof. By construction the families {µx }x∈X and { νx }x∈X satisfy

µx(X ×X\π−1
2 (x)) = µx(X ×X\X × {x }) = 0

νx(X ×X\π−1
1 (x)) = νx(X ×X\ {x } ×X) = 0

and

ξ1(E1 × E2) =

∫
E2

dλ(x)µx(E1 × {x }) ξ2(E1 × E2) =

∫
E1

dλ(x)νx({x } × E2)

for all measurable E1, E2 ⊆ X. Now let ζ be defined by equation 2.46. To prove that this does

indeed define a measure on X × X × X, we note that the product σ-algebra ΣX ⊗ ΣX ⊗ ΣX is

the σ-algebra generated by sets of the form E1 × E2 × E3, E1, E2, E3 ∈ ΣX . It turns out that
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such sets form a structure known as a semialgebra (c.f. e.g. Ref. [41, Definition 1.2.13]) and by

standard extension theorems [41, Proposition 1.3.10, Theorem 1.5.6] ζ extends to a unique measure

on ΣX⊗ΣX⊗ΣX as long as ζ is countably additive. The most general pairwise disjoint sequence in

ΣX ×ΣX ×ΣX has the form {E1
kℓ

× E2
kℓ

× E3
kℓ
}
ℓ∈N ⊆ ΣX ×ΣX ×ΣX where for each α ∈ { 1, 2, 3 }

we have {Eα
k }k∈N ⊆ ΣX ; the double subscript kℓ is required because it is possible for a set Eα

k

to appear more than once in a pairwise disjoint family consisting of triples in ΣX × ΣX × ΣX .

Then without loss of generality we may assume that the families {Eα
k }k∈N are pairwise disjoint,

α ∈ { 1, 2, 3 }: otherwise we replace the sequence {Eα
k }k∈N by the sequence { Ẽα

k }k∈N defined

recursively via

Ẽα
0 = Eα

0 Eα
k+1 = Ek+1\

k⋃
ℓ=0

Eℓ.

Now suppose we have a pairwise disjoint family {E1
kℓ

× E2
kℓ

× E3
kℓ
}
ℓ∈N ⊆ ΣX × ΣX × ΣX such

that

∞⋃
ℓ=0

E1
kℓ

× E2
kℓ

× E3
kℓ

= E1 × E2 × E3.

Clearly Eα =
⋃∞

ℓ=0 E
α
kℓ

and possibly after eliminating elements in {Eα
k }k∈N we have Eα =⋃∞

k=0 E
α
k . Then we can take

∞⋃
ℓ=1

(E1
kℓ

× E2
kℓ

× E3
kℓ

) =

∞⋃
k1=0

∞⋃
k2=0

∞⋃
k3=0

E1
k1

× E2
k2

× E3
k3
,

and if ζ is countably additive we have

ζ

( ∞⋃
ℓ=1

(E1
kℓ

× E2
kℓ

× E3
kℓ

)

)
= ζ

( ∞⋃
k1=0

∞⋃
k2=0

∞⋃
k3=0

E1
k1

× E2
k2

× E3
k3

)

=

∞∑
k1=0

∞∑
k2=0

∞∑
k3=0

ζ(E1
k1

× E2
k2

× E3
k3

).

But by equation 2.46 we have

ζ

( ∞⋃
ℓ=1

(E1
kℓ

× E2
kℓ

× E3
kℓ

)

)
= ζ(E1 × E2 × E3)

=

∫
E2

dλ(x)µx(E1 × {x })νx({x } × E3)

=

∫
⋃∞

k2=0 E2
k2

dλ(x)µx

( ∞⋃
k1=0

E1
k1

× {x }
)
νx

(
{x } ×

∞⋃
k3=0

E3
k3

)

=

∞∑
k1=0

∞∑
k2=0

∞∑
k3=0

ζ(E1
k1

× E2
k2

× E3
k3

)

as required.

It thus remains to show that ζ satisfies the desired pushforward properties displayed in equation
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2.47. First note:

(π12)∗ζ(E1 × E2) = ζ(π−1
12 (E1 × E2))

= ζ(E1 × E2 ×X)

=

∫
E2

dλ(x)µx(E1 × {x })νx({x } ×X)

=

∫
E2

dλ(x)µx(E1 × {x })

= ξ1(E1 × E2)

for all E1, E2 ∈ ΣX as required, where we have used the fact that νx({x }×X) = 1 for all x ∈ X.

Similarly, noting that µx(X × {x }) = 1 for all x ∈ X, we have:

(π23)∗ζ(E1 × E2) = ζ(π−1
23 (E1 × E2))

= ζ(X × E1 × E2×)

=

∫
E1

dλ(x)µx(X × {x })νx({x } × E2)

=

∫
E1

dλ(x)νx({x } × E2)

= ξ2(E1 × E2)

for all E1, E2 ∈ ΣX as required. From this it immediately follows that

(π1)∗ζ = (π1)∗(π12)∗ζ = (π1)∗ξ1 = µ

(π2)∗ζ = (π2)∗(π12)∗ζ = (π2)∗ξ1 = λ

(π2)∗ζ = (π1)∗(π23)∗ζ = (π1)∗ξ2 = λ

(π3)∗ζ = (π2)∗(π23)∗ζ = (π2)∗ξ2 = ν.

But then

(π1)∗(π13)∗ζ = (π1)∗ζ = µ (π2)∗(π13)∗ζ = (π3)∗ζ = ν

and (π13)∗ζ ∈ Π(µ, ν) as required.

With this in mind we can now prove subadditivity:

Proof of Lemma 2.3.30. Suppose that for λ, µ, ν ∈ P(X), ξ1 ∈ Π(µ, λ) and ξ2 ∈ Π(λ, ν). By

the gluing lemma (fact 2.3.35), we have a joint distribution ζ(ξ1, ξ2) ∈ P(X ×X ×X) such that
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(π13)∗ζ(ξ1, ξ2) ∈ Π(µ, ν). Thus, for any (ξ1, ξ2) ∈ Π(µ, λ) × Π(λ, ν) we have

(Tp((π13)∗ζ(ξ1, ξ2)))
1
p =

(∫
X×X

d(π13)∗ζ(ξ1, ξ2)(x1, x3)ρpX(x1, x3)

) 1
p

=

(∫
X×X×X

dζ(ξ1, ξ2)(x1, x2, x3)ρpX(x1, x3)

) 1
p

≤
(∫

X×X×X

dζ(ξ1, ξ2)(x1, x2, x3)(ρX(x1, x2) + ρX(x2, x3))p
) 1

p

≤
(∫

X×X×X

dζ(ξ1, ξ2)(x1, x2, x3)ρpX(x1, x2)

) 1
p

+

(∫
X×X×X

dζ(ξ1, ξ2)(x1, x2, x3)ρpX(x2, x3)

) 1
p

=

(∫
X×X

d(π12)∗ζ(ξ1, ξ2)(x1, x2)ρpX(x1, x2)

) 1
p

+

(∫
X×X

d(π23)∗ζ(ξ1, ξ2)(x2, x3)ρpX(x2, x3)

) 1
p

=

(∫
X×X

dξ1(x1, x2)ρpX(x1, x2)

) 1
p

+

(∫
X×X

dξ2(x2, x3)ρpX(x2, x3)

) 1
p

= Tp(ξ1) + Tp(ξ2)

where we have used subadditivity in the third step and the Minkowski inequality in the fourth

step. Hence

Tp(µ, ν) = inf
ξ∈Π(µ,ν)

Tp(ξ)

≤ inf
(ξ1,ξ2)∈Π(µ,λ)×Π(λ,ν)

Tp((π13)∗ζ(ξ1, ξ2))

≤ inf
(ξ1,ξ2)∈Π(µ,λ)×Π(λ,ν)

(Tp(ξ1) + Tp(ξ2))

= Tp(µ, λ) + Tp(λ, ν)

as required.

Remark 2.3.36. Thus the Wasserstein distance defines a metric on P(X) and provides us with

a notion of convergence of probability measures; in the space Pp(X), i.e. the space of Borel

probability measures µ on X with finite pth moments:

∫
X

dµ(x)ρpX(x0, x) < ∞ (2.48)

for any (and hence all) x0 ∈ X, convergence with respect to Tp turns out to be equivalent to the

weak convergence of measure. Whilst this is conceptually enlightening it is of no great significance

for our purposes and we simply state this result without proof; the interested reader is directed

to theorem 6.9 of Ref. [286]. Note that the finite moment condition is essential: the Wassertein

p-distance is only lower semicontinuous on the full space P(X) which follows since the metric Tp is
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not finite on measures in P(X)\Pp(X). In the rest of this thesis we shall really be interested in the

Wasserstein 1-distance and weak convergence will in fact be shorthand for convergence with respect

to the Wasserstein 1-distance. This terminology becomes consistent if we adopt the convention

P(X) := P1(X), which will hold henceforth unless we specify otherwise. Note that the proof Villani

gives for the equivalence between Wasserstein and weak convergence uses a lemma that requires

aspects of the duality theory we develop below (Villani develops the duality theory in a more general

context than for metric cost functions and so avoids the apparent circularity in presentation). Fact

2.3.6 can be proven in terms of Wasserstein distances: c.f. theorem 6.18 of Ref. [286]. In the

process of the proof it is shown that the discrete probability measures (probability measures of

finite support with rational coefficients) are a dense subset of the associated Wasserstein space.

2.3.2.2 Kantorovich Duality

We finally look at the duality theory for optimal transport. This has a slightly simplified form in
the case of metric cost functions, which will be of sufficient generality for our purposes.

Definition 2.3.37. Let (X, ρX) be a metric space. For any µ, ν ∈ P(X), the Kantorovich profit

of a Borel measurable function f : X → R is defined as

Kµ,ν
X (f) :=

∫
X

dµ(x)f(x) −
∫
X

dν(x)f(x). (2.49)

Let OD be a subset of the measurable real-valued functions on X. The Kantorovich-Rubinstein

distance with optimisation domain OD between µ and ν is then defined

KOD
X (µ, ν) = sup

f∈OD
Kµ,ν

X (f). (2.50)

If the optimisation domain is not specified then we let OD = L1(X,R), the set of all short (1-

Lipschitz) mappings of X into R, i.e. the set of all mappings such that |f(x) − f(y)| ≤ ρX(x, y)

for all x, y ∈ X. A mapping f : X → R in OD is called optimal in OD for µ, ν ∈ P(X) iff

Kµ,ν
X (f) = KOD

X (µ, ν). (2.51)

For our purposes the Kantorovich duality theorem is the following:

Theorem 2.3.38 (Kantorovich Duality). Let (X, ρX) be Polish and let OD = L1(X,R). Then

KX(µ, ν) = TX(µ, ν) (2.52)

for all µ, ν ∈ P(X), where TX is the Wasserstein 1-distance. Moreover, there is an optimal short

map f : X → RD.

Remark 2.3.39. The above duality theorem is really one instance of a variety of similar results that
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express

Tc(µ, ν) = sup
(f,g)

(µ(f) − ν(g)) (2.53)

where the challenge is to take the space X and the cost function c as general as possible whilst

simultaneously taking the supremum over as restricted a set of mappings as possible; as an imme-

diate restriction on the latter, we note that we typically demand:

f(x) − g(y) ≤ c(x, y). (2.54)

Villani [286, Theorem 5.10] proves such a result for c lower semicontinuous and f and g continuous

and bounded, though his method of proof reveals that one can take f = g ∈ L1(X,R) if the cost

function is a metric. He gives a different proof in his earlier [285]. We have specialised to the case

that the cost function is a metric. Another special case is the discrete duality theory which we

shall make use of in chapter 3. Here Kantorovich duality is simply an expression of the standard

strong duality of linear programming [32, 263]; the continuous version can be obtained from this

discrete form as a (formal) limit [107].

Generalisations of the scenario considered by Villani are discussed in Ref. [101]. Following Edwards

[100, 101] we give a much more elementary proof in the case that the cost function is continuous

and bounded; many of the details of the proof are similar to Villani’s in Ref. [285] but morally

the approach is quite different. First let us note that roughly speaking we have three ‘variables’

in this problem: the topology of the space X, the regularity and form of the cost function c and

the structure of the optimisation domain OD. The fundamental structure of the proof is, perhaps

not surprisingly, the same in each case. First one proves a suitably general form of the duality

theorem, allowing a certain amount of freedom in the form of the cost function and the topology

of the space X. This generality is compensated for by a large associated optimisation domain

of functions; the key result for deriving theorem 2.3.38 from a more general duality theorem is

to show that in the case of metric cost functions the optimisation domain can be restricted to

1-Lipschitz functions. This latter step is standard and relatively simple; as such we start with

this result which is given in lemma 2.3.41 below. The differences arise in the demonstration of

the general duality theorem applied. Villani first proves a duality theorem in an easy case—X

compact and c continuous and bounded—and then develops an approximation theory for lower

semicontinuous cost functions in general (i.e. noncompact) Polish spaces. Edwards [100] gives a

considerably simpler proof of a general duality theorem for general metric spaces with the cost

function continuous and bounded, and applies a similar though not identical approximation theory

to extend this to lower semicontinuous cost functions. We follow Evans for the proof of the duality

theorem, but shall not develop those features related to an extension to lower semicontinuous costs

here. The interested reader is directed to the references above.
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Note that here, in contrast to the existence proof above, insisting that c is lower semicontinuous

involves substantially more work than the case with c simply continuous, where the required general

results we apply are already stated in terms of lower semicontinuous functions.

We first show that the statement on maximising over short maps can be weakened to continuous
bounded functions. It will be convenient to introduce the following notation:

Notation. Let (X, ρX) be a metric space. Recall that Cb(X) and L1(X,R) are the sets of contin-

uous bounded and 1-Lipschitz real-valued functions respectively; also let Meas(X) and Measb(X)

denote the sets of measurable and bounded measurable functions on X respectively. For any maps

f, g : X → R let

f ⊕ g : X ×X → R f ⊕ g : (x, y) 7→ f(x) + g(y). (2.55)

Then let

F (X) = { (f, g) ∈ RX × RX : f ⊕ g ≤ ρX } . (2.56)

Also define

Kµ,ν
X (f ⊕ g) = µ(f) + ν(g) (2.57)

for any f, g ∈ Meas(X). In this way Kµ,ν
X (f) = Kµ,ν

X (f ⊕ (−f)).

We will also use the following fact:

Fact 2.3.40. Let (X, ρX) be a metric space. For any bounded mapping f : X → R the mapping

g(x) = inf
y∈X

(ρX(x, y) − f(y)) (2.58)

is 1-Lipschitz.
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Proof. For any x, y ∈ X we may take g(x) ≥ g(y) without loss of generality. Then

|g(x) − g(y)| = g(x) − g(y)

= g(x) − inf
a∈X

(ρX(y, a) − f(a))

= g(x) + sup
a∈X

(f(a) − ρX(y, a))

= sup
a∈X

(g(x) + f(a) − ρX(y, a))

= sup
a∈X

( inf
b∈X

(ρX(x, b) − ρX(y, a) + f(a) − f(b)))

≤ sup
a∈X

(ρX(x, a) − ρX(y, a))

≤ sup
a∈X

(ρX(x, y) + ρX(y, a) − ρX(y, a))

= ρX(x, y)

where we have picked b = a for each a ∈ X in deriving the first inequality and applied the triangle

inequality in the second.

Lemma 2.3.41. Let (X, ρX) be a metric space and let µ, ν ∈ P(X) = P1(X). Then if

Fb(X) = { f ∈ Cb(X) : (f,−f) ∈ F (X) } (2.59)

we have

KL1(X,R)
X (µ, ν) = KFb(X)

X (µ, ν) = sup
(f,g)∈L1(µ)×L1(ν)∩F(X)

Kµ,ν
X (f ⊕ g). (2.60)

Proof. By definition µ and ν have finite first moments and

∫
X

dµ(x)ρX(x0, x) < ∞
∫
X

dν(x)ρX(x0, x) < ∞

for any x0 ∈ X. But by the 1-Lipschitz property,

f(x0) − ρX(x, x0) ≤ f(x) ≤ f(x0) + ρX(x0, x)

for any x0, x ∈ X for all f ∈ L1(X,R). Integrating the above inequalities with respect to µ

and ν shows that L1(X,R) ⊆ L1(µ) ∩ L1(ν). Also since the measures µ and ν are probabil-

ity measures (i.e. finite) every bounded continuous functions is µ-integrable (ν-integrable), i.e.

Cb(X) ⊆ L1(µ) ∩ L1(ν). (Note that we can remove the continuity argument and apply the same

argument to note that Measb(X) ⊆ L1(µ) × L2(ν).) Then

{ (f,−f) : f ∈ Fb(X) } ⊆ L1(µ) × L1(ν) ∩ F (X)
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by definition. Also for any f ∈ L1(X,R) we have

(f ⊕ (−f))(x, y) = f(x) − f(y) ≤ |f(x) − f(y)| ≤ ρX(x, y),

and we have (f ⊕ (−f)) ∈ L1(µ) × L1(ν) ∩ F (X) for all f ∈ L1(X,R). Then

KL1(X,R)
X (µ, ν) ≤ sup

(f,g)∈L1(µ)×L1(ν)∩F(X)

Kµ,ν
X (f ⊕ g)

KFb(X)
X (µ, ν) ≤ sup

(f,g)∈L1(µ)×L1(ν)∩F(X)

Kµ,ν
X (f ⊕ g).

We now wish to demonstrate the reverse inequalities. For any mapping f : X → R let

f ∧ α : X → R f ∧ α : x 7→ f(x) ∧ α = min { f(x), α } .

This function is measurable for any α ∈ R and any f ∈ Meas(X). Clearly the sequence { f ∧ n : n ∈ N }
is an increasing sequence of measurable functions taking f as the pointwise limit as n → ∞; then

by monotone convergence µ(f ∧ n) → µ(f) and similarly for ν so

sup
(f,g)∈L1(µ)×L1(ν)∩F(X)

Kµ,ν
X (f ⊕ g) = sup

(f,g,n)∈A

Kµ,ν
X ((f ∧ n) ⊕ (g ∧ n))

with A = (L1(µ)×L1(ν)∩F (X))×N). However, f ∧n ≤ n for each n ∈ N and so we can assume

that we are optimising over pairs

(f, g) ∈ L1(µ) × L1(ν) ∩ F (X)

with both f and g bounded above. Mutatis mutandis, the same argument shows we can take f and

g bounded below where we now consider sequences { f ∨ −n : n ∈ N }, { g ∨ −n : n ∈ N }, where

f ∨ α : X → R f ∨ α : x 7→ f(x) ∨ α = max { f(x), α } .

Thus we can take

sup
(f,g)∈L1(µ)×L1(ν)∩F(X)

Kµ,ν
X (f ⊕ g) = sup

(f,g)∈A

Kµ,ν
X (f ⊕ g) (2.61)

where A := Measb(X) × Measb(X) ∩ F (X). Now pick a pair (f, g) ∈ A and define h : X → R via

the assignment

h(x) = inf
y∈X

(ρX(x, y) − g(y)).

h is 1-Lipschitz and thus continuous by fact 2.3.40. Moreover h is bounded so we have h ∈
Cb(X) ∩ L1(X,R). To see this note that f ⊕ g ≤ ρX , f(x) + g(y) ≤ ρX(x, y) for all x, y ∈ X and
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f(x) ≤ ρX(x, y) − g(y) for all x ∈ X. Thus f ≤ h; but h(x) ≤ ρX(x, y) − g(y) for all y ∈ X, so

taking y = x gives h(x) ≤ −g(x). Thus h is bounded above and below by the bounded functions

−g and f respectively and h is bounded as stated. At the same time, since f ≤ h and g ≤ −h we

have:

Kµ,ν
X (f ⊕ g) = µ(f) + ν(g) ≤ µ(h) + ν(−h) = µ(h) − ν(h) = Kµ,ν

X (h)

and

sup
(f,g)∈A

Kµ,ν
X (f ⊕ g) ≤ sup

f∈Cb(X)∩L1(X,R)

Kµ,ν
X (f).

But Cb(X) ∩ L1(X,R) ⊆ Cb(X), L1(X,R) trivially and

sup
f∈Cb(X)∩L1(X,R)

Kµ,ν
X (f) ≤ KL1(X,R)

X (µ, ν) sup
f∈Cb(X)∩L1(X,R)

Kµ,ν
X (f) ≤ KFb(X)

X (µ, ν)

which give us the required reverse inequalities.

Lemma 2.3.42. Let (X, ρX) be a metric space and let OD be closed under multiplication by

−1. The Kantorovich-Rubinstein distance KOD
X is a pseudometric on P(X) for any metric space

(X, ρX).

Proof. For positivity we note that Kµ,ν
X (−f) = −Kµ,ν

X (f) for any µ, ν ∈ P(X). Positivity then

follows by the supremum; note that this also proves symmetry since −Kµ,ν
X (f) = Kν,µ

X (f). Semidef-

initeness is trivial: Kµ,µ
X (f) = 0 for all measurable functions f : X → R for all µ ∈ P(X). For the

triangle inequality we simply note that for any µ, ν, λ ∈ P(X) we have

Kµ,ν
X (f) = µ(f) − ν(f) = µ(f) − λ(f) + λ(f) − ν(f) = Kµ,λ

X (f) + Kλ,ν
X (f).

Taking the supremum over functions f in the optimisation domain thus gives

KOD
X (µ, ν) = sup

f∈OD
Kµ,ν

X (f)

= sup
f∈OD

(Kµ,λ
X (f) + Kλ,ν

X (f))

≤ sup
f∈OD

(Kµ,λ
X (f)) + sup

g∈OD
(Kλ,ν

X (g))

= KOD
X (µ, λ) + KOD

X (λ, ν)

as required.

Corollary 2.3.43. Let (X, ρX) be a metric space and let OD be closed under multiplication by

−1. The Kantorovich-Rubinstein distance KOD
X is a metric in X iff µ(f) = ν(f) for all f ∈ OD
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implies µ = ν for all µ, ν ∈ P(X).

Proof. We know that KOD
X is a pseudometric so it is a metric iff it is definite i.e. KOD

X (µ, ν) = 0

implies µ = ν for all µ, ν ∈ P(X). But KOD
X (µ, ν) = 0 iff µ(f) = ν(f) for all f ∈ OD, i.e.

Kµ,ν
X (f) = 0 for all f ∈ OD.

Proposition 2.3.44. Let (X, ρX) The Kantorovich distance is a definite metric when the optimi-

sation domain includes the short maps.

Proof. Suppose that KX(µ, ν) = 0; in particular this means that µ(f) = ν(f) for all f ∈ L1(X,R),

a fact we shall use later. Let U ⊆ X be a nonvoid closed set and define f(x) = ρX(x, U) =

infy∈U ρX(x, y). Pick any x, y ∈ X and assume without loss of generality that f(x) ≥ f(y). Then

|f(x) − f(y)| = ρX(x, U) − ρX(y, U) ≤ ρX(x, y)

which follows if we note that subadditivity extends to the case of ρX(x, U): ρX(x, U) ≤ ρX(x, y) +

ρX(y, U) which follows because the triangle inequality ρX(x, z) ≤ ρX(x, y) + ρX(y, z) holds for

all z ∈ U . Thus f is 1-Lipschitz. We can then define fn = nf ∧ 1 for all n ∈ N; fn ≤ 1 for all

n ∈ N. But if f(x) ̸= 0, i.e. if x /∈ U while f(x) = 0 and hence fn(x) = 0 for all x ∈ U trivially.

Thus fn ↑ δX\U as n → ∞ where δE is the Dirac mass at E ⊆ X and µ(fn) → µ(X\U) and

ν(fn) → ν(X\U). But, assuming f(x) ≥ f(y) for an arbitrary pair of points x, y ∈ X, we have

∣∣∣∣ 1nfn(x) − 1

n
fn(y)

∣∣∣∣ =
1

n
|nf(x) ∧ 1 − nf(y) ∧ 1| =

1

n
(nf(x) ∧ 1 − nf(y) ∧ 1).

We have several scenarios; if nf(x) ≥ 1 and nf(y) ≥ 1 then the right-hand side of the above

vanishes and the left-hand side is bounded above by ρX(x, y); if nf(x) ≥ 1 and ng(y) < 1 then the

right-hand side becomes

1

n
(1 − nf(y)) ≤ 1

n
(nf(x) − nf(y)) = f(x) − f(y) ≤ ρX(x, y)

since f ∈ L1(X,R). Finally we suppose that nf(y) ≤ nf(x) < 1. Then the right-hand side

becomes f(x) − f(y) and n−1fn is 1-Lipschitz. But then

µ(fn) = µ(nn−1fn) = nµ(n−1fn) = nν(n−1fn) = ν(fn)

for all n ∈ N where the central step above is an expression of the fact that µ and ν agree on short

maps. Then

µ(X\U) = lim
n→∞

µ(fn) = lim
n→∞

ν(fn) = ν(X\U)

i.e. µ and ν agree on open sets. They thus agree on the Borel σ-algebra of X, i.e. µ = ν as
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required.

It thus remains to prove the duality part of the Kantorovich duality. By restricting to the case
of continuous bounded cost function we can essentially prove duality with only standard material
from functional analysis. In particular we will need the Hahn-Banach theorem and a generalisation
of the Riesz-Markov-Kakutani representation theorem. We state them both in the required form:

Fact 2.3.45 (Hahn-Banach Theorem). Let V be a Banach space. Recall that a functional f : V →
R is sublinear iff f(αu) = αf(u) for all α ≥ 0 for all u ∈ V and f(u + v) ≤ f(u) + f(v) for all

u, v ∈ V . Now let U be a linear subspace of V , let f : U → R be a linear functional on the subspace

U and let g : V → R be a sublinear functional on V . If f(u) ≤ p(u) for all u ∈ U then there exists

a linear functional f̃ : V → R that f̃ |U = f and f̃(u) ≤ p(u) for all u ∈ V .

Fact 2.3.46. Let X be a Polish space. Let Λ : Cb(X) → R be a continuous linear functional

satisfying the following property: for every ε > 0 there is a compact set Kε ⊆ X such that if

f |Kε = 0 for any f ∈ Cb(X) then |Λf | ≤ ε||f ||∞, where || · ||∞ is the uniform norm. Then there

exists a unique measure µΛ on X such that

Λf =

∫
X

dµΛ(x)f(x) (2.62)

for all f ∈ Cb(X).

Remark 2.3.47. The Hahn-Banach theorem is found in every book on functional analysis and

topological vector spaces; the formulation we have stated is directly suited to our purposes but

also appears to have become the standard incarnation of the Hahn-Banach theorem. c.f. e.g.

Theorem 6.2 in chapter 3 of Ref. [82]. Nonetheless older forms in terms of pseudonorms still apply

to metric cost functions by lemma 2.3.42. Fact 2.3.46 is essentially theorem 7.10.6 of [41]; we

have made stronger assumptions than is necessary (Polish rather than completely regular) and

consequently slightly simplified the statement of the theorem. The property of linear functionals

introduced in this fact will be called tightness.

We now prove the following:

Proposition 2.3.48. Let (X, ρX) be Polish and consider a continuous bounded cost function

c : X ×X → [0,∞]. Then if we let

F (c) = { (f, g) ∈ Cb(X) × Cb(X) : f ⊕ g ≤ c(x, y) } , (2.63)

we find that

inf
ξ∈Π(µ,ν)

ξ(c) = sup
(f,g)∈F(c)

(µ(f) + ν(g)). (2.64)

Proof. First note that if ξ ∈ Π(µ, ν) then by the marginal constraints we have

µ(f) + ν(g) = ξ(f ⊕ g) ≤ ξ(c),
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for any f, g ∈ F (c). Thus

sup
(f,g)∈F(c)

(µ(f) + ν(g)) ≤ inf
ξ∈Π(µ,ν)

ξ(c).

We now turn to the reverse inequality. First note that the function

p : Cb(X ×X) → R p : c 7→ p(c) = sup
(f,g)∈F(c)

(µ(f) + ν(g))

is sublinear by the same argument that makes KOD
X subadditive in lemma 2.3.42. It is also increasing

and satisfies p(f ⊕ g) = µ(f) + ν(g) for all f, g ∈ Cb(X) trivially. As argued above p(c) ≤ ξ(c) and

the latter is finite since c is bounded. Moreover since c ≥ 0, we can take f = g = 0 and note that

p(c) ≥ µ(0) + ν(0) = 0 and p(c) is bounded. By the Hahn-Banach theorem we may find a linear

functional Λ : Cb(X ×X) → R such that Λc = p(c) and Λf ≤ p(f) for all f ∈ Cb(X ×X). Since

Λ ≤ p we have −p ≤ Λ and Λ is bounded; thus Λ is continuous. Moreover Λ is tight: for ε > 0

choose compact sets Kµ
ε and Kν

ε such that

µ(X\Kµ
ε ) <

ε

2
ν(X\Kν

ε ) <
ε

2
.

This is possible since every probability measure on a Polish space is tight. Now consider a linear

functional h ∈ Cb(X ×X) such that h|Kµ
ε ×Kν

ε = 0 and define

f(x) = ||h||∞δX\Kµ
ε

(x) g(x) = ||h||∞δX\Kν
ε
(x).

By construction h ≤ f ⊕ g so

Λh ≤ p(h) ≤ p(f ⊕ g) = µ(f) + ν(g) = ||h||∞(µ(X\Kµ
ε ) + ν(X\Kν

ε )) < ε||h||∞

and Λ is tight as stated above.

Since Λ is a tight continuous linear functional, then by fact 2.3.46 we have some measure ξΛ on

X × X such that Λh = ξΛ(h) for all h ∈ Cb(X × X). We show that ξΛ ∈ Π(µ, ν). Since the

marginal constraints imply normalisation it is sufficient to show the former. But for any functions

f, g ∈ Cb(X) we have

ξΛ(f ⊕ g) = Λ(f ⊕ g) ≤ p(f ⊕ h) = µ(f) + ν(g).

Multiplying both sides by −1 gives

µ(−f) + ν(−g) = −µ(f) − ν(g) ≤ −ξΛ(f ⊕ g) = ξΛ((−f) ⊕ (−g)).

Since f, g ∈ Cb(X) iff −f, −g ∈ Cb(X) the above pair of inequalities are in fact reverse inequalities

50



Chapter 2: Optimal Transport, Synthetic Curvature and Rough Spacetimes

and

ξΛ(f ⊕ g) = µ(f) + ν(g)

for all f, g ∈ Cb(X). This is equivalent to the marginal constraints by point (ii) of lemma 2.3.9,

where we can promote Cb(X) × Cb(X) to L1(µ) × L1(ν) by fact 2.3.2.

Proof of Theorem 2.3.38. Simply apply lemma 2.3.41 in conjunction with proposition 2.3.48.

2.4 Synthetic and Ollivier Curvature

In this section we develop a synthetic approach to curvature using optimal transport theoretic ideas.
Our main aim will be to first develop some intuition about the geometric meaning of curvature
as we consider the standard definition of curvature in general smooth manifolds before using the
Jacobi equation to derive asymptotic estimates that provide further intuition in the Riemannian
context. The material in this section is entirely elementary but often overlooked in introductory
courses in differential geometry and general relativity and so we shall develop the content in some
detail. It also helps us to reinforce the basic idea behind the Ollivier curvature [240–242] which
will be the basic notion of combinatorial curvature applied in this thesis.

2.4.1 Intuitive Accounts of Curvature

2.4.1.1 Heuristics for the Riemann Curvature

Notation. For any real-valued functions on some space X we write f = O(g) iff there is a positive

constant C > 0 such that |f(x)| ≤ Cg(x) for all x in some limit or some region of x. Typically we

take X = R and take limits x → 0, ∞.

We begin with a brief discussion on the intuitive interpretation of various elementary geometric
notions, in a manner analogous to e.g. Ref. [243] or the pictorial technique described in Ref. [226].
Let us first recall the notion of a vector field V ∈ X(M): such a structure is a smooth assignment
of a vector Vp ∈ TpM to each p ∈ M. Moreover, by definition, each tangent vector at p is the
tangent (velocity) of some (smooth) curves γ : [−a, a] → M with γ(0) = p, and by the Picard-
Lindelöf theorem this curve is unique for a sufficiently small. When the parameter a is maximal,
such a curve is called an integral curve for V at p ∈ M. Let γp

V denote the integral curve for V at
p ∈ M; we may define the flow associated with the vector field V as the one parameter family of
diffeomorphisms M → M specified by the following assignment:

φt
V (p) = γp

V (t) (2.65)

for any t ∈ R with |t| sufficiently small. Clearly φ0
V = IdM and (φt

V )−1 = φ−t
V .

This information can be used to define a notion of derivation for vector fields in an open set. In
particular, for any vector fields X, Y ∈ X(M), the Lie derivative of X and Y defined

LX(Y ) = [X,Y ] = XY − Y X, (2.66)

satisfies the following property:

LX(Y ) = lim
ε→0

(φε
X)∗Y − Y

ε
, (2.67)
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where (φε
X)∗ is the pullback :

(φε
X)∗p : Tφε

X(p)M → TpM. (2.68)

Thus we can take

(φε
X)∗Y = Y + εLX(Y ) + O(ε2). (2.69)

This is to be interpreted as the vector in TpM that results from Yp if we let it flow along X a
distance ε > 0. Given an affine connection ∇ we also have a notion of parallel transport of vector
fields along other vector fields. We first note that infinitesimally the quantity

Γε
X(Y ) = Y + ε∇XY + O(ε2) (2.70)

where Γε
X(Y ) is the result of parallelly transporting Y at the point φε

X(p) back along X to p ∈ M.
Pictorially, [X,Y ] and ∇XY are displayed in figure 2.1: we thus see that the Lie bracket [X,Y ]
expresses the failure of the tetrahedron defined by X and Y to close, while ∇XY and ∇Y X express
the departure from parallelism that parallel transport introduces.

This allows us to interpret the torsion. Recall that this is defined

T (X,Y ) = ∇XY −∇Y X − [X,Y ] = ∇XY −∇Y X − LXY. (2.71)

For a torsion-free connection T (X,Y ) = 0 we thus have

∇XY −∇Y X = [X,Y ]. (2.72)

In this way for a torsion-free connection the failure of quadrilaterals to close is entirely accounted
for by the departure from parallelism introduced by parallel transport and we have a triangle with
sides given by the vectors ∇XY , −[X,Y ] and −∇Y X. Hence torsion can be interpreted as an
obstruction to the closure of this triangle. Figure 2.2 displays the relevant diagrams for both a
torsion-free and non-torsion free connection.

We now turn to the Riemann curvature:

Riem(X,Y )Z = ∇X∇Y Z −∇Y ∇XZ −∇[X,Y ]Z, (2.73)

for the vector fields X, Y, Z ∈ X(M). The Ricci and scalar curvatures are obtained from the
Riemann curvature by successive suitable traces; as such the Ricci and scalar curvatures can
be regarded as derivative quantities that contain somewhat less information than the Riemann
curvature which will be our main focus here. Returning to the definition, the idea is to parallel
transport the vector Z around the closed pentagon defined by X and Y , where recall the Lie bracket
[X,Y ] is required to close the tetrahedron defined by X and Y . Riem(X,Y )Z then measures the
nonidentity of Z after this procedure. Slightly more precisely we have the following:

(i) Start with the vector field Z at p ∈ M. We can parallel transport Z along the vector field
Y a distance ε to obtain

Z 7→ Γε
Y (Z) = Z + ε∇Y Z + O(ε2),

at the point φε
Y (p).

(ii) Now let us parallelly transport parallel Γε
Y (Z) along X

Γε
Y (Z) 7→ Γε

X(Γε
Y (Z)) = Z + ε(∇Y Z + ∇XZ) + ε2∇X∇Y Z + O(ε2),

to the point φε
Z(φε

Y (p)).
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εY

εX

φε
X(p)

Γε
X(εY )

(φε
X)∗(εY )

φε
Y (p)

Γε
Y (εX)

(φε
Y )∗(εX)

ε2[X,Y ]

.
Graphical depiction of the Lie bracket.
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φε
X(p)

Γε
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ε2∇XY
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ε2∇Y X
Γε
Y (εX)

.
Graphical depiction of the covariant derivative.

Figure 2.1: Pictoral illustration of some tensor derivations. Quantities of interest are in blue.
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ε2∇Y X

ε2∇XY

.
Graphical depiction of a torsion free connection.
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φε
Y (p)
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2 ∇ Y

X

(φε
Y )∗(εX)

.
Graphical depiction of torsion.

Figure 2.2: Pictorial illustration of connections with and without torsion. Quantities of interest
are in blue. Comparing figures 2.2a and 2.2b, we see that the torsion arises as an obstruction to
the closure of the blue triangle in figure 2.2a.
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(iii) Note that to close the tetrahedron defined by εX and εY , we must traverse the Lie bracket
[εX, εY ] = ε2[X,Y ]. Thus we can parallelly transport along ε2[Y,X] to obtain

Γε
X(Γε

Y (X)) 7→ Γε2

−[X,Y ](Γ
ε
X(Γε

Y (X))) = Z + ε(∇Y Z + ∇XZ) + ε2(∇X∇Y Z −∇[X,Y ]Z) + O(ε2).

(iv) By substitution of X ↔ Y in step (ii) we can directly obtain the result for parallelly trans-
ported along Y and along X a distance ε in both cases:

Z 7→ Γε
Y (Γε

X(Z)) = Z + ε(∇XZ + ∇Y Z) + ε2∇X∇Y Z + O(ε2).

(v) Since

φε
−[X,Y ]φ

ε
X(φε

Y (p)) = φε
Y (φε

X(p))

we can compute

Γε2

−[X,Y ](Γ
ε
X(Γε

Y (X))) − Γε
Y (Γε

X(Z)) = ε2(Riem(X,Y, Z) + O(1)) (2.74)

and in fact a more refined analysis can be used to show that the term O(1) vanishes in the
limit ε → 0.

This procedure is presented in figure 2.3.

An alternative way of specifying curvature in general Riemannian manifolds is sectional curvature;
while there are few technical advantages to this approach, the construction gives a rather different
intuition about the Riemannian curvature. This definition requires us to develop the notion of
Gauss curvature for imbedded surfaces.

Let Σ be a surface smoothly imbedded in R3. For any point p ∈ Σ we have a unit normal
vector N (p) perpendicular to the tangent plane at p. Explicitly, we find N (p) e.g. by taking a
parametrisation

x : U ⊆ R2 → Σ x : (u, v) 7→ x(u, v)

and computing

N (p) =
∂ux ∧ ∂vx

||∂ux ∧ ∂vx||
, (2.75)

where ∧ denotes the exterior produt. The mapping

N : Σ → S2 N : p 7→ N (p) (2.76)

is called the Gauss map. The Gaussian curvature of the surface Σ at a point p is then

KΣ(p) = det(dNp) (2.77)

where the differential dNp : R2 ∼= TpΣ → TN (p)S
2 ∼= R2 is treated as a linear mapping on the

plane. Roughly speaking, the tangent plane at a point p is a local linear approximation to the
surface Σ at p so the Gauss curvature is a scalar measure of the rate of change of the local linear
approximation to the surface Σ at p ∈ Σ. Moreover, since dNp is clearly the identity at each point
p ∈ S2, the Gauss curvature is normalised to unit value on the 2-sphere. Figure 2.4 displays the
basic set-up for the Gauss map for an imbedded torus.

Remarkably the Gauss curvature is an intrinsic quantity insofar as it is preserved by local isometries
of the induced metric of the surface. Perhaps the simplest way to see this is to note that given the
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p

εX

εY

εY

εX

ε2[X,Y ]
Z

ε2Riem(X,Y )Z

.

Figure 2.3: Depiction of the Riemann curvature. In this manifestation it represents the noncom-
mutativity of transport around a closed loop. For simplicity we have taken the connection to be
torsion free; black dashed lines represent parallel transport of the vector Z while blue dotted lines
represent actual (pullback) transport.
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x
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z

x
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z

N
p

N (p)

1

Figure 2.4: Example of the Gauss map at a point p ∈ T2 where the latter is some imbedded 2-torus.

above parametrisation, the vectors

E = { e1, e2,N } (2.78)

form an orthonormal basis for R3, where { e1, e2 } are obtained from { ∂ux, ∂vx } by the Gram-
Schmidt procedure. Letting the indices k, ℓ, p ∈ { 1, 2 } and using the Einstein summation conven-
tions we can thus express

∂2
kℓx = Γp

kℓep + αkℓN ∂kN = βk
ℓeℓ (2.79)

where we use the fact that ⟨∂kN ,N⟩ = 0, where ⟨·, ·⟩ is the natural inner product in R3. But the
matrix dN is obviously entirely determined once the coefficients βk

ℓ are known. Differentiating
the orthonormality conditions

⟨N , ek⟩ = 0, (2.80)

we see that

⟨∂kN , eℓ⟩ = −⟨N , ∂2
keℓ⟩ . (2.81)

From this equation we have

αkℓ = ⟨∂2
kℓx,N⟩ = −⟨∂kN , eℓ⟩ = −βk

ℓ

so knowledge of the matrix dN is equivalent to knowledge of the coefficients αkℓ. Also note that
the Christoffel symbols can be determined

Γp
kℓ = ⟨∂2

kℓx, ep⟩ (2.82)
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where the right-hand side is totally internal to the surface Σ. Thus if we can solve for the αkℓ

coefficients in terms of the Christoffel symbols, the differential of the Gauss map dN and hence
the Gauss curvature can be determined in terms of the Christoffel symbols which are intrinsic to
the surface. But we can find relations between the Christoffel symbols and the coefficients αkℓ by
solving the system of equations

∂k∂
2
kℓx = ∂ℓ∂

2
kkx ∂2

kℓN = ∂2
ℓkN . (2.83)

See chapter 4 of Ref. [62] for the full details.

How does this extend to the general sectional curvature: first we note that any pair of linearly
independent tangent vectors u, v ∈ TpM define a plane in TpM obtained by taking all linear
combinations of u and v. The image of the (intersection of) this plane (with the domain of expp)
gives a surface Σ which can be smoothly and isometrically imbedded in R3 such that the image
of p is the origin. The sectional curvature K(u, v) for these vectors is thus the Gauss curvature
KΣ(0). Any parametrisation of this imbedded surface is then a coordinate chart for the surface as
a submanifold of M, and explicit comparison of the Christoffel symbols shows that

K(u, v) = ⟨Riem(u, v)v, u⟩ , (2.84)

where we have taken u and v perpendicular for convenience. The symmetries of the Riemann
tensor ensure that knowledge of the right-hand side of the above equation entirely determines the
Riemann tensor and we have the required equivalence between Riemann and sectional curvature.

2.4.1.2 Asymptotic Estimates for Geometric Quantities

We now help to develop the intuition for other types of curvature by deriving asymptotic estimates
for various geometric quantities.10 It will be found that the curvature emerges in each case as the
leading correction to Euclidean behaviour; the asymptotic estimates themselves essentially follow
from asymptotic estimates for the local metric and the appearance of curvature can be traced back
to its presence in the Jacobi equation. Independently of its intrinsic interest, the material in this
section is good preparation for the derivation of the basic asymptotic estimate used to derive the
Ollivier curvature in the next section. We will also use these asymptotic estimates at various times
throughout the rest of this thesis, particularly in chapter 5.

First fix p ∈ M and recall that by definition, for any sufficiently small t ∈ [0,∞) and any vector
u ∈ TpM, there is a radial geodesic γu : [−a, a] → M such that γu(0) = p and γ̇u(0) = u is given
by γu(s) = expp(su). With this in mind we use the following:

Definition 2.4.1. Let γ : [0, a] → M be a geodesic. A Jacobi field along γ is a vector field

J ∈ X(M) such that

J̈(t) + RJ(t) = 0 RJ(t) := Riem(J(t), γ̇(t))γ̇(t). (2.85)

Equation 2.85 is called the Jacobi equation.

Fact 2.4.2 (Jacobi fields).

(i) Let p ∈ M. Now for u ∈ dom(expp) and some v ∈ Tu(TpM) ∼= TpM, let v(s) be a curve in

TpM such that v(0) = u and v̇(0) = v. Consider the parametrised surface:

F (s, t) = expp(tv(s)), (2.86)

10Throughout this section and the next we assume that the reader is comfortable with the use of the exponential
map in Riemannian geometry; the reader is directed to chapters 3 and 5 of Ref. [62] for a standard exposition or to
Ref. [203] for a recent pedagogically oriented text.
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defined for s and t sufficiently small. Then the vector field

J(t) := d expp(tv) := (d expp)u(tv) =
∂F

∂s
(0, t) (2.87)

is a Jacobi field along γu(t) = expp(tu) for t sufficiently small.

(ii) More generally, let γs : t 7→ γs(t) be a smooth one-parameter family of geodesics and define

the surface F (s, t) = γs(t). Then

J(t) =
∂F

∂s
(0, t) (2.88)

is a Jacobi field along γ0. As an example consider the case

F (s, t) = expp(t(u + sv)) (2.89)

for some vectors u, v ∈ TpM.

Remark 2.4.3. The typical scenario we are concerned with is related to some parametrised surface

F = F (s, t) ⊆ M obtained by smoothly ‘sweeping out’ some geodesic (parametrised e.g. by

s) along another one (parametrised by t). This essentially means that the families of curves

{ γs(t) = F (s, t) }s and { γt(s) = F (s, t) }t parametrised by s and t respectively, with elements of

the families obtained by holding s and t constant respectively, are in fact mutually transverse

families of geodesic curves. The derivatives

∂sF (s, t) = γ̇t(s) ∂tF (s, t) = γ̇s(t)

can thus be interpreted as vector fields expressing the variation of the geodesics γs and γt respec-

tively.

We wish to prove the following:

Theorem 2.4.4. For any p ∈ M let u, v, w ∈ TpM with ||u|| = ||v|| = ||w|| = 1 and u ∈
dom(expp). Let

Jα(t) = d expp(tα) (2.90)

be a Jacobi field along γu(t) = expp(tu) for α ∈ { v, w }. Then

⟨Jv(s), Jw(t)⟩ = st cos θ − 1

6
⟨Riem(v, u)u,w⟩ (s3t + st3) + O(f5(s, t)) (2.91)

where f5(x, y) is some linear combination of terms that are fifth-order in x and y, and θ is the

angle between v and w in TpM.

Remark 2.4.5. Before continuing let us briefly attempt to make sense of the left-hand side of
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equation 2.91 since the two Jacobi fields appear to belong to different tangent spaces for s ̸= t, i.e.

to Texpp(su)
M and Texpp(tu)

M respectively since they are Jacobi fields along γu. In the case s = t

we can assume that both Jv(t) and Jw(t) belong to Texpp(tu)
M; then we obtain:

⟨Jv(s), Jw(s)⟩ = ⟨sv, sw⟩
RD − 1

3
⟨Riem(sv, su)su, sw⟩ + · · · (2.92)

where ⟨·, ·⟩
RD is the Euclidean inner product, by essentially the same argument with no ambiguity

about about the tangent spaces involved. Moreover this holds with no restrictions on the absolute

values of the vectors u, v and w except that u ∈ dom(expp), though as these increase the range of

values of s decreases. It is thus possible to rescale

u 7→ t

s
u w 7→ t

s
w (2.93)

to obtain the situations where s ̸= t. There are a priori two possibilities: we rescale both u and

w—which can alternatively be regarded as a rescaling of v alone—or only w is rescaled so setting

||u|| = ||v|| = ||w|| = 1 a posteriori and isolating the scales s and t mean we have two possible

contributions at this order, one with a factor st3 and another with a factor s3t. Symmetry demands

that these terms must be equally weighted and agreement with the case s = t fixes the expression

2.91 at quartic order in s and t. The expression is thus naively correct, and in a system of local

normal coordinates the entire procedure has an immediate rigorous interpretation. From another

perspective, one can identify distinct tangent spaces using parallel transport to circumvent the

problem—a solution that should be unproblematic for metric compatible connections. Needless

to say these two solutions to the interpretation of the expression ⟨Jv(s), Jw(t)⟩ are essentially the

same.

Proof. Define

h(s, t) = ⟨Jv(s), Jw(t)⟩ := ⟨Jv(s), Jw(t)⟩p . (2.94)

Taylor expanding gives

h(s, t) = h(0, 0) + s
∂h

∂s
(0, 0) + t

∂h

∂s
(0, 0) +

1

2

(
s2

∂2h

∂s2
(0, 0) + t2

∂2h

∂t2
(0, 0) + 2st

∂2h

∂s∂t
(0, 0)

)
+

1

6

(
s3

∂3h

∂s3
(0, 0) + t3

∂3h

∂t3
(0, 0) + 3s2t

∂3h

∂s2∂t
(0, 0) + 3st2

∂3h

∂s∂t2
(0, 0)

)
+ · · · (2.95)

To fill out more detail we need to calculate terms of the form

∂k+ℓh

∂sk∂tℓ
=

∂k+ℓh

∂tℓ∂sk
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for arbitrary positive integers k and ℓ. In fact, if we define

J (k)
α (s) :=

Dk

∂sk
Jα(s)

for α ∈ { v, w }, we have:

∂k+ℓh

∂sk∂tℓ
=

∂k+ℓh

∂tℓ∂sk
= ⟨J (k)

v (s), J (ℓ)
w (t)⟩ . (2.96)

We prove this statement via induction: clearly this is true for k = 0 and ℓ = 0; assume this is true

for k = 0 and ℓ = m, i.e.

∂(m)h

∂tm
= ⟨Jv(s), J (m)

w (t)⟩ .

Then

∂(m+1)h

∂tm+1
=

∂

∂t
⟨Jv(s), J (m)

w (t)⟩ =

〈
D

Dt
Jv(s), J (m)

w (t)

〉
+

〈
Jv(s),

D

Dt
J (m)
w (t)

〉
= ⟨Jv(s), J (m+1)

w (t)⟩

since D
DtJv(s) = 0, and the statement is true for k = 0 and all ℓ. Now assume the statement is

true for k = m and some ℓ, i.e.

∂(m+ℓ)h

∂sm∂tℓ
= ⟨J (m)

v (s), J (ℓ)
w (t)⟩ .

Then

∂(m+1+ℓ)h

∂sm+1∂tℓ
=

∂

∂s
⟨J (m)

v (s), J (ℓ)
w (t)⟩

=

〈
D

∂s
J (m)
v (s), J (ℓ)

w (t)

〉
+

〈
J (m)
v (s),

D

∂s
J (ℓ)
w (t)

〉
= ⟨J (m+1)

v (s), J (ℓ)
w (t)⟩

and the statement is proven by induction.

By equation 2.96, we have

∂kh

∂sk
(0, 0) =

∂kh

∂tk
(0, 0) = 0

for all k since Jv(0) = Jw(0) = 0; in particular the zeroth and first order contributions to the

Taylor expansion 2.95 vanish. To find the nontrivial second-order contributions we need:

J̇α(t) =
D

∂t
Jα(t) =

D

∂t
d expp(tα) =

D

∂t

(
td expp(α)

)
= d expp(α) + t

D

∂t
d expp(α),
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which implies that

J̇v(0) = v J̇w(0) = w.

Hence if θ is the angle between v and w we have

∂2h

∂s∂t
(0, 0) = ⟨J̇v(0), J̇w(0)⟩ cos θ

and the nontrivial second-order contribution is st cos θ.

For the third-order contributions we need the fact that the fields Jα are Jacobi fields along γu;

then the Jacobi equation allows second-derivatives J
(2)
α (t) to be transformed into terms of the form

RJα(t) = Riem(Jα(t), γ̇u(t))γ̇u(t).

But clearly given τα > 0 such that ατα ∈ dom(expp) we have

Jα(t) = Jα

(
t

τα
τα

)
= d expp

(
t

τα
ταα

)
=

t

τα
d expp(ταα) =

t

τα
Jα(τα).

We will find it convenient to adopt the short-hand Jα(1) := Jα(τα)/τα. Then, in particular

Jα(0) = 0 and RJα(0) = 0; thus

∂3h

∂s2∂t
(0, 0) = ⟨J (2)

v (0), J (1)
w (0)⟩ = 0

∂3h

∂s∂t2
(0, 0) = ⟨J (1)

v (0), J (2)
w (0)⟩ = 0

and the third-order contributions vanish. By this same reasoning, the only contributions to fourth-

order that are potentially non-zero are

∂4h

∂s3∂t
(0, 0) = ⟨J (3)

v (0), J (1)
w (0)⟩ ∂4h

∂s∂t3
(0, 0) = ⟨J (1)

v (0), J (3)
w (0)⟩

To calculate these terms we note that:

J (3)
α (t) =

D

∂t
J (2)
α (t) = −D

∂t
RJα(t)

= −D

∂t
(tRiem(Jα(1), γ̇(t))γ̇(t))

= −Riem(Jα(1), γ̇(t))γ̇(t) − t
D

∂t
Riem(Jα(1), γ̇(t))γ̇(t)

i.e.

J (3)
α (0) = −Riem(Jα(1), γ̇(0))γ̇(0).

62



Chapter 2: Optimal Transport, Synthetic Curvature and Rough Spacetimes

Noting that we may identify Jv(1) = v and Jw(1) = w and γ̇(0) = u, we have

∂4h

∂s3∂t
(0, 0) = −⟨Riem(v, u)u,w⟩ ∂4h

∂s∂t3
(0, 0) = −⟨Riem(w, u)u, v⟩ = −⟨Riem(v, u)u,w⟩ .

Hence, up to a sign, the fourth-order contributions are

1

4!
⟨Riem(v, u)u,w⟩ (4s3t + 4st3) =

1

6
⟨Riem(v, u)u,w⟩ (s3t + ts3).

All subsequent terms in the Taylor expansion are clearly O(f5(s, t)) for f5(s, t) a linear combination

of terms fourth order in s and t.

Corollary 2.4.6. Let g be the metric tensor on M. We shall work in normal coordinates x = xαeα

at p ∈ M.

(i) The metric g has the asymptotic estimate:

gαβ = δαβ − 1

3
Rαρσβx

ρxσ + O(|x|3) (2.97)

where Rαρσβ is the coordinate form of the Riemann tensor Riem.

(ii) The infinitesimal volume form has the asymptotic estimate:

d volM(x) = dDλ(x)

(
1 − 1

6
Rαβx

αxβ + O(|x|3)

)
(2.98)

where dDλ is the infinitesimal Lebesgue measure and Rαβ is the coordinate form of the Ricci

tensor Ric.

(iii) The volume of a geodesic ball BM
ε (p) is

volM(BM
ε (p)) = ωDεD

(
1 − 1

6(D + 2)
Rε2 + O(ε4)

)
(2.99)

where ωD is the volume of the Euclidean unit D-ball centred at the origin.

Proof.

(i) Choose s = t = |x| and |x|u = |x|v = |x|w = xpep for some orthonormal basis ep; then note

that

⟨x, x⟩ = ⟨xpep, x
qeq⟩ = ⟨ep, eq⟩xpxq = gpqx

pxq
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since gpq := ⟨ep, eq⟩ by definition. Thus

gpqx
pxq = ⟨x, x⟩

= δpqx
pxq − 1

3
⟨Riem(xpep, x

rer)xses, x
qeq⟩ + O(|x|5)

= δpqx
pxq − 1

3
⟨Riem(ep, er)es, eq⟩xpxqxrxs + O(|x|5)

=

(
δpq −

1

3
Rprsqx

rxs + O(|x|3)

)
xpxq

which gives the desired result.

(ii) In coordinate form we have

dvolM = dDλ
√

det(gαβ)

so the statement follows if we have the appropriate expression for
√

det(gαβ). det(gαβ) can

be computed using the standard trick from first-courses in general relativity:

det(gαβ) = det (exp(log(gαβ))) = exp(tr(log(gαβ)))

where we have used the fact that (up to small terms) the metric gαβ is symmetric in normal

coordinates. For any matrix A sufficiently close to the identity we have

log(A) = (A− Id) − 1

2
(A− Id)2 + · · ·

so for small coordinates x we have

log(gαβ) = −1

3
Rαρσβx

ρxσ + O(|x|3)

i.e.

tr(log(gαβ)) = −1

3
Rρσx

ρxσ + O(|x|3)

and so by using the fact exp(a) ≈ 1 + a we have

det(gαβ) = 1 − 1

3
Rαβx

αxβ + O(|x|3)

and the desired result follows from the binomial expansion.

(iii) This result follows directly from part (ii) by integrating with respect to d volM(x) over the

region BM
ε (p) in normal coordinates; since the exponential map is a radial isometry this is

equivalent to integrating the volume form in part (ii) over the Euclidean ball BD
ε (0). Odd

terms in x in the expansion vanish because the integration domain is symmetric about the
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origin. It is most natural to integrate in spherical coordinates (r, φ1, ..., φD−1) with volume

element

dDλ(x) = dvolD(x) = d|x|dφ1 · · · dφD−1|x|D−1 sinD−2(φ1(x)) sinD−3(φ2(x)) · · · sin(φD−2(x)).

(2.100)

This means that the Ricci curvature term in
√

det(g) is multiplied by a factor |x|D−1 and

integrating this term contributes the factor (D + 2)−1. Then we use the fact, of some

significance in chapter 5, that

tr(T ) =
1

ωD

∫
SD−1

dvolSD−1(x)T (x, x)

for any symmetric bilinear form T where SD−1 is the Euclidean unit (D − 1)-sphere at the

origin. This may be verified directly by an elementary if tedious calculation.

Corollary 2.4.7. Let p ∈ M and let u, v ∈ TpM be unit vectors. For s, t ∈ R sufficiently small,

we have

ρ2M(expp(su), expp(tv)) = s2 + t2 − 2st cos θ − 1

3
⟨Riem(u, v)v, u⟩ s2t2 + · · · (2.101)

Then, in particular, we have for every p ∈ M and every sufficiently small ε > 0 a distortion

dis(expp |BD
ε ) = O(ε3), (2.102)

where expp |BD
ε is the exponential map restricted to the Euclidean ball of radius ε.

Proof. The idea is to specify a smooth one-parameter family of geodesics γs(τ) with associated

parametrised surface F (s, τ) such that for any sufficiently small s > 0 the Jacobi field J(τ) =

∂sF (0, τ) along γ0 is the velocity of the geodesic γ starting at expp(su) and issuing in the direction

of expp(tv) i.e. suchh that γ(0) = expp(su) and γ(t) = expp(tv). Parametrising γ by the arc-length

we can then use the theorem 2.4.4 to find an asymptotic expansion of ρ2M(expp(su), expp(tv)) =

⟨J(t), J(t)⟩.

In particular, let γu(s) = expp(su) be the geodesic defined at p by u, let

γ̇u(s) := u(s) = d expp(su) ∈ Tγu(s)M

be the velocity of the geodesic γu at the point γu(s). Then we note that any point p̃ ∈ M that is
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sufficiently near to p is uniquely written as

p̃ = expγu(σ(p̃))(te(p̃))

where σ(p̃) ∈ R and e(p̃) ⊥ uσ(p̃) is a vector in Tγ(σ(p̃))M. Note that t is fixed so e(p̃) will have

varying norm in general. At the same time, let us define the parametrised surface

F (σ, τ) = expγu(σ)(τe(σ)).

Since the mapping γσ : τ 7→ F (σ, τ) is a geodesic for each σ, the vector field

J(τ) =
∂F

∂σ
(0, τ) (2.103)

is a Jacobi field for γ0.

Now let γ be the geodesic such that γ(0) = γu(s) and γ(t) = expp(tv), which can be obtained

from the geometric object γ given some suitable choice of parametrisation. Furthermore, given an

appropriate choice of the curve e(σ) and possibly after a reparametrisation we can obtain

γ(σ) = γσ(t) = expγu(σ)(te(σ)) (2.104)

for t-fixed. Taylor expanding ||γ̇||2, applying the Jacobi equation and integrating gives the desired

result in a manner analogous to the proof of theorem 2.4.4 gives the desired result.

Remark 2.4.8. Essentially we have shown the following: curvature is the leading local obstruction

to Euclidean behaviour, with different curvatures controlling different aspects of the departure from

Euclidean structure. In particular, the Riemann curvature corrects the line element and so controls

distances and angles, while the Ricci and scalar curvatures control volumes at various degrees of

refinement. In particular positive Riemann curvature means that the line element (infinitesimal

distance along a curve) is reduced and positively curved spaces tend to collapse in on themselves.

Note that we have not reproduced the rather tedious process of actually calculating the precise

coefficients in the Taylor expansion here. These are anyway well known and it is the set-up in

terms of Jacobi fields that is key for conceptual purposes.

2.4.2 Ollivier Curvature

We now come to the key technical notion from the perspective of this chapter, viz. the Ollivier
curvature. This is a coarse generalisation of the Ricci curvature to arbitrary metric-measure spaces.
It was introduced by Ollivier in Ref. [241] (also see Refs. [240, 242]), though it had implicitly been
presented previously by Sturm and Von Renesse [274] as a lower bound for the Ricci curvature;
one particularly attractive feature of the Ollivier curvature is that it is well defined and relatively
simple to compute in discrete spaces which has led to a series of applications in combinatorics and
network theory: see e.g. Refs [115, 171, 234, 250, 260, 261, 266, 291–294, 297] for a by no means
comprehensive selection. We shall have much more to say about the discrete Ollivier curvature in
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the rest of this thesis, especially chapter 3, but for present purposes we are interested in its relation
to the Ricci curvature in the smooth context.

We shall start with a definition and develop the key approximation result for Riemannian manifolds.

Definition 2.4.9. Let (X, ρX) be a metric space. A metric-measure structure or Markov chain

in X is a family {µx }x∈X ⊆ P(X); a triple (X, ρX , {µx }x∈X) where {µx }x∈X is a metric-measure

structure on X is called a metric-measure space. Given any metric-measure space (X, ρX , {µx }x∈X),

the measure µx, x ∈ X, belonging to the metric-measure structure on (X, ρX) is called the local

measure at X.

Remark 2.4.10. In much of the literature, a metric-measure space is simply a metric space equipped

with an additional Borel measure. We have followed Ollivier in significantly enriching the presumed

structure in defining metric-measure spaces. For general applications of the Ollivier curvature this

additional freedom in the choice of local measures (measures indexed at particular points) is useful

but for the purposes of this thesis we shall always assume that the local measures have a prescribed

form. In fact, for the purposes of Ollivier curvature computations we shall always be concerned

with uniform measures on open balls, though we shall have occasion to compare these uniform

measures to slightly modified local measures which do not have a prescribed form. The uniform

measures in question are given below:

Example 2.4.11.

(i) Let G be a locally finite graph, i.e. the degree of every vertex in G = (V (G), E(G)) is finite.

The measure with uniform transition probabilities at u ∈ V (G), or simply the uniform

measure at u ∈ V (G) is the measure defined by the assignment

mG
u (E) =

|E ∩NG(u)|
du

(2.105)

for any (measurable) subset E ⊆ V (G), where NG(u) is the set of neighbours of u and

du := |NG(u)| is the degree of the vertex u. The set {mG
u }u∈V (G) is obviously a Markov

chain in (G, ρG) where ρG is the standard geodesic distance. This will be called the standard

metric-measure structure on a simple graph.

(ii) Let M be a Riemannian manifold. The standard metric-measure structure at scale δ > 0 on

M is the family {µδ
p }p∈M ⊆ P(X) where

µδ
p(E) =

volM(E ∩BM
δ (p))

volM(BM
δ (p))

(2.106)

is called the uniform measure of scale δ at p for every p ∈ M.

Definition 2.4.12. Let (X, ρX , {µx }x∈X) be a metric-measure space. The Ollivier curvature on
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(X, ρX , {µx }x∈X) is the mapping

κX(x, y) = 1 − TX(µx, µy)

ρX(x, y)
(2.107)

for any x ̸= y.

For our purposes the fundamental theorem about the Ollivier curvature is the following:

Theorem 2.4.13. Let M be a Riemannian manifold equipped with its standard Markov chain at

scale δ for some δ > 0. Then for any p ∈ M and any q = expp(ℓV ), ℓ > 0 for some unit tangent

vector V ∈ TpM, we have

∣∣∣∣κM(p, q) − δ2

2(D + 2)
Ricp(V, V )

∣∣∣∣ = O(δ2(δ + ℓ)) (2.108)

for δ and ℓ sufficiently small.

Remark 2.4.14. Note that one can reconstruct Ric from its diagonal components since the latter is

symmetric, i.e. by applying the polarisation identity for quadratic forms. As such local knowledge

of the Ollivier curvature is equivalent to knowledge of the Ricci tensor.

The proof of theorem 2.4.13 essentially follows from an asymptotic estimate for the distance be-
tween two nearby parallel geodesics:

Lemma 2.4.15. Let M be a manifold. For any p ∈ M let u ∈ TpM, ||u|| = 1, and let q = expp(ℓu)

for some small ℓ > 0. Let v ∈ TpM with ||v|| = 1 and ṽ ∈ TqM be such that ṽ is obtained from v

by parallel transport along the geodesic γu(s) = expp(su). Then

ρM(expp(δv), expq(δṽ)) = ℓ

(
1 − 1

2
δ2 ⟨Riemp(v, u)u, v⟩ + O(δ2(δ + ℓ))

)
(2.109)

for all sufficiently small ℓ and δ > 0.

Proof. The initial part of the proof is almost identical to that of corollary 2.4.7. Explicitly, let

γu(t) = expp(tu), ut = γ̇u(t), and let e(t) ∈ Tγu(t)M be the unique vector such that e(t) ⊥ ut and

such that γ(t) = expγu(t)(δe(t)) for some geodesic γ that starts somewhere in u⊥ ⊆ TpM and ends

at xq = expq(δṽ). Then we have an asymptotic expansion

|γ̇(t)| = 1 +
1

2
ε2||ė(t)||2 − 1

2
⟨R(e(t), ut)ut, e(t)⟩ + O(δ3).

Noting that we can have γ(0) = xp = expp(δu) while ė(t) = 0, we see that

ρM(xp, xq) =

∫ ℓ

0

dt|γ̇(t)| =

∫ ℓ

0

dt

(
1 − 1

2
⟨Riem(e(t), ut)ut, e(t)⟩

)
+ O(δ3).

Evaluating this integral is relatively inconvenient since the vectors e(t) and ut depend on t. However

one can Taylor expand the Riemann tensor Riem about (v, u, u, v) introducing an error of order

O(t) in the process. The integral turns terms in t into terms in ℓ and has no further effect.
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Proof of Theorem 2.4.13. Note that the statement follows if we show that

TM(µδ
p, µ

δ
q) = ρM(p, q)

(
1 − 1

2(D + 2)
δ2Ricp(V, V ) + O(δ2(δ + ℓ))

)
. (2.110)

We first show that

TM(µδ
p, µ

δ
q) ≤ ρM(p, q)

(
1 − 1

2(D + 2)
δ2Ricp(V, V ) + O(δ2(δ + ℓ))

)
.

In particular let µδ
p and µδ

q denote the uniform probability measures on M as in example 2.4.11.

Let T : BM
δ (p) → BM

δ (q) denote the mapping defined by parallel transport along γV (t) = expp(tV )

from p to q, i.e.

T (p̃) = expq(Γℓ
0(exp−1

p (p̃))) (2.111)

where Γt
s : Texpp(sV )M → Texpp(tV )M denotes the parallel transport map along the geodesic

γ(t) = expp(tV ). If ξT denotes the deterministic transport cost associated to T we then have:

TM(ξT ) =

∫
M

dµδ
p(x)ρM(x, T (x))

=
1

volM(BM
δ (p))

∫
BM

δ (p)

dvolMρM(x, T (x))

=
1

ωDδD(1 −O(δ2))

∫
BM

δ (p)

dDλ(x)(1 −O(δ2))ρM(x, T (x))

=
ℓ(1 + O(δ2))(1 −O(δ2))

ωDδD

∫ δ

0

dr rD−1

×
∫
SD−1

d volSD−1(u)

(
1 − 1

2
r2 ⟨Riemp(V, u)u, V ⟩ + O(δ2(δ + ℓ))

)
(2.112)

where we use points (iii) and (iv) of corollary 2.4.6 in moving to the third line and substitute the

lemma 2.4.15 in moving to the fourth line above. Recall that ℓ = ρM(p, q); the constant term

1 + O(δ2(δ + ℓ)) in the integrand gains a factor ωDδD while integrating the r2 term corresponds

to taking a trace; the reciprocal factor (D + 2) in this term comes from the fact that we have an

overall power rD+1 in the integrand at this level. Putting this all together we have

TM(ξT ) = (1 + O(δ2))(1 −O(δ2))ℓ

(
1 − 1

2(D + 2)
δ2Ricp(V, V ) + O(δ2(δ + ℓ))

)
.

Since TM(µδ
p, µ

δ
q) ≤ TM(ξT ), this proves the statement up to the errors (1 ± O(δ2) that come

from the modified densities in corollary 2.4.6; naively multiplying these errors leads to the desired

expression with an additional term O(δ2), a term which must cancel if we are to have the desired

expression. A more careful treatment where we retain the second order terms in the volume element

corrections in full allows us to show that this term does in fact cancel at the order δ2; specifically,
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by corollary 2.4.6, the correction to the term volM(BM
δ (p)) appearing in the denominator is

− 1

6(D + 2)
Rδ2

where this is directly obtained by integrating the correction

−1

6
Ric(V, V )

over the ball BM
δ (p); but the latter is the correction to infinitesimal volume element d volM

appearing at order δ2 and we obtain two identical correction terms due to the deformation of the

volume element at order δ2. Since the correction to volM(BM
δ (p)) appears in the denominator,

it picks up a minus sign in the asymptotic estimate (binomial expansion) and the two terms thus

cancel as required.

To show the reverse inequality we use the Kantorovich dual form of the optimal transport problem.

Let E = V ⊥ ⊆ TpM where V ∈ TpM is the direction along which we approach q; E is a (D − 1)-

dimensional hyperplane in TpM and thus separates points along the V -direction; let E± be the

two halves of TpM separated by E and let Eq = E± iff q ∈ E±. Then we define the mapping

f(x) =

 ρM(x, expp(E)), x ∈ Eq

−ρM(x, expp(E)), x /∈ Eq

(2.113)

with f(x) = 0 for all x ∈ E. Let us consider two points x and y; if they are on the same side of E

we have

|f(x) − f(y)| = |ρM(x, expp(E)) − ρM(y, expp(E))| ≤ ρM(x, y)

by the triangle inequality. If they are on opposite sides of the boundary E, then there is a geodesic

between x and y that intersects E at some point z; by definition ρM(x, y) = ρM(x, z) + ρM(z, y)

but ρM(x, expp(E)) ≤ ρM(x, z) and similarly for y and

|f(x) − f(y)| = ρM(x, expp(E)) + ρM(y, expp(E)) ≤ ρM(x, y).

Then f is 1-Lipschitz as required.

Let us compute the Kantorovich profit Kµδ
p,µ

δ
q

M (f). In particular recall

Kµδ
p,µ

δ
q

M (f) = µδ
p(f) − µδ

q(f)
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where in more detail

µδ
p(f) =

g(p)

volM(BM
δ (p))

µδ
1(f) =

g(q)

volM(BM
δ (q))

g(p) :=

∫
BM

δ (p))

dvolM(x)f(x).

Thus

Kµδ
p,µ

δ
q

M (f) =

(
g(p)

volM(BM
δ (p))

− g(q)

volM(BM
δ (q))

)

)
=

1

ωDδD

(
g(p)

(
1 − δ2

6(D + 2)
R(p) + O(δ3)

)−1

− g(q)

(
1 − δ2

6(D + 2)
R(q) + O(δ3)

)−1
)

=
1

ωDδD

(
g(p)

(
1 +

δ2

6(D + 2)
R(p) + O(δ3)

)
− g(q)

(
1 +

δ2

6(D + 2)
R(q) + O(δ3)

))
=

1

ωDδD

(
(g(p) − g(q)) +

δ2

6(D + 2)
(g(p)R(p) − g(q)R(q)) + O(δ3)

)
=

1

ωDδD

(
(g(p) − g(q))

(
1 +

δ2R(p)

6(D + 2)

)
+ O(δ2(δ + ℓ))

)

where in the final step we have Taylor expanded R(q) = R(p) + O(ℓ) about R(p).

It is thus sufficient to deduce (g(p) − g(q)). But noting that if T is the parallel transport map as

above we have

µδ
q = T∗µ

δ
q,

and so

g(q) = µδ
q(f) = T∗µ

δ
p(f) = µδ

p(f ◦ T ).

f(x) is the distance from a point x to expp(E) and f(T (x)) is the distance from the point T (x) to

expp(E) where T (x) is obtained by parallelly transporting x along γu. But since E =⊥u we have

f(T (x)) = f(x) + ρM(x, T (x)) i.e. f(x) − f(T (x)) = −ρM(x, T (x)) and

g(p) − g(q) = −
∫
BM

δ (p))

d volM(x)ρM(x, T (x)).

Thus since the space of 1-Lipschitz mappings L1(M,R) is closed under taking negatives, we have

Kµδ
p,µ

δ
q

M (−f) = ρM(p, q)

(
1 − 1

2(D + 2)
δ2Ricp(V, V ) + O(δ2(δ + ℓ))

)

by lemma 2.4.15. Since

Kµδ
p,µ

δ
q

M (−f) ≤ KM(µδ
p, µ

δ
q) = TM(µδ

p, µ
δ
q),

the statement is proved.
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2.4.3 Some Further Comments

Before finishing this chapter let us make a few remarks about relevant topics we have not dis-
cussed here in any detail. For standard technical introductions to Riemannian geometry we suggest
Refs. [63, 203]. We largely ignore global features of the curvature, be it for topological purposes—
e.g. Chern-Weil theory representing characteristic classes in terms of polynomials of curvature
forms [225]—or other results relating to global curvature bounds such as the Bishop-Gromov the-
orem. A magisterial and conceptually oriented review of most of these developments is Ref. [31].
Notions of curvature initially developed in the context of the theory of plane curves and surfaces;
Berger [31] and Spivak [267, Volume 2] both contain useful reviews of these topics but the most
comprehensive discussion of these elementary aspects of differential geometry is given in the text
Ref. [62].

General approaches to discrete curvature are undergoing active development at present in the fields
of network theory and discrete differential geometry. We shall have much to say about the former
in the subsequent, but a good review of general developments in the area of discrete curvature is the
volume by Najman and Romon [232]. Discrete differential geometry primarily examines discrete
analogues of smooth notions, driven by applications in computer science, especially computer
graphics and mesh processing [39, 84, 85], but also more loosely as a natural extension of methods
of discrete topology (discrete Morse theory and combinatorial algebraic topology [194, 264]) to e.g.
topological data analysis [61].

One basic aspect of curvature absent in the following relate to spectral features, i.e. those facets
of curvature that relate to the properties of the Laplace-Beltrami operator or its relations. Good
references on Riemannian geometry from this perspective are Refs. [23, 70, 71]. Bakry and Émery
used this perspective on curvature to develop a synthetic notion of curvature for general metric-
measure spaces equipped with a suitable notion of Laplacian [22, 23]. This theory has profound
links to the standard optimal transport theoretic approach to curvature, developed first by Sturm
[272, 273] and independently by Lott and Villani [211]; the latter theory is more or less compre-
hensively developed in part 3 of Villani’s tome [286], which also supplies early references, though
Ref. [67] contains a major recent result extending the theory as discussed by Villani. Roughly
speaking Villani develops the theory of synthetic lower curvature bounds in terms of a so-called
weak curvature-dimension condition CD(K,D) regarded as the set of all metric-measure spaces
with (Ricci) curvature lower bounded by K and dimension bounded above by D; crucially this
condition is stable under measured Gromov-Hausdorff limits, i.e. a notion convergence for metric-
measure spaces that includes both notions of Gromov-Hausdorff convergence and weak convergence
of probability measures. In Ref. [67], Cavalletti and Milman prove a globalisation result for a local
form of the curvature-dimension inequality and show that it is sufficient to verify the condition
locally, a significant technical simplification. The deep connection to the Bakry-Émery theory
mentioned above was also elucidated in the time since Villani published his work. First we note
that Finsler manifolds can arise as the Gromov-Hausdorff limit of a sequence of Riemannian mani-
folds satisfying the weak CD(K,D) condition; motivated by this fact, Ambrosio, Gigli and Savaré
[18] provided a modified weak curvature-dimension condition which excludes Finsler geometries
a priori. Remarkably, this modified weak CD(K,D) condition turns out to be equivalent to an
alternative approach to curvature-dimension bounds based on the Bakry-Émery theory [214].

The optimal transport theoretic approach to curvature described by Villani is primarily concerned
with time-dependent optimal transport for quadratic metric cost functions,11 i.e. we deal with the
Wasserstein 2-metric and the Wasserstein 2-space. The time-dependent form of optimal transport,
called displacement interpolation, is well formed (given suitable regularity constraints) whenever
the cost function is defined via an action principle over a suitable family of continuous curves in
the space in question; these curves are of course simply geodesics if the cost is (any power of)
a metric cost function, and the space in question is a length space. The basic idea is that—
again under suitable conditions—such geodesics (more generally action minimising curves) lift to
geodesics (action minimising curves) in the Wasserstein 2-space. That is to say, given a suitable
space X, rather than simply considering transport plans ξ ∈ Π(µ, ν), one considers a random curve
ξ : [0, 1] → X, ξ : t 7→ ξt such that the distribution of ξ0 is µ and the distribution of ξ1 is ν; such
a dynamical transport plan is optimal iff the pushforward of its law with respect to the mapping
ξt 7→ (ξ0, ξ1) is an optimal transport plan between µ and ν. The main utility of quadratic cost
functions is that under quite general conditions, the Wasserstein 2-space P2(X) is equipped with a

11See Chapter 7 of Ref. [286] for a review of the relevant ideas.
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formal tangent space at each measure µ ∈ P2(X) which in particular allows one to apply a formal
calculus known as Otto calculus to suitable functionals on the space X (functions of P2(X)). These
formal constructions become rigorous for X smooth. Remarkably, it turns out that a generalised
form of convexity of entropy functionals along suitable displacement interpolations is equivalent
to lower curvature bounds. This is the essence of the Sturm-Lott-Villani approach to synthetic
curvature.

From the perspective of discrete curvatures this approach is seriously defective insofar as for discrete
spaces the Wasserstein 2-space P2(X) does not contain geodesics, i.e. it is not possible to lift action
minimising curves in X to displacement interpolations. Erbar and Maas [106] have advocated that
many of these problems can be overcome if one replaces the Wasserstein 2-metric on P2(X) with
an alternative metric previously introduced by Maas [215]. Despite the self-consistent nature of
this procedure, it appears to be very difficult to say anything substantial about this notion of
curvature12 and so we have tended to avoid further investigations along these lines.

Much of this work on synthetic Ricci curvature generalises older ideas of Gromov others in the
context of metric geometry [54, 135]. Here the emphasis was less on the measure-theoretic structure
and studied synthetic sectional curvature by looking at the behaviour of small triangles; in fact, for
spaces with lower curvature bounds, there are globalisation (Topogonov) theorems which imply that
the triangles involved can be large. The approach is that of comparison geometry : for an arbitrary
metric (length) space, one can deduce geometric properties by comparing certain geometric features
with those of a corresponding manifold of constant curvature. In particular it will be helpful to
be equipped with a comparison class of model surfaces with constant curvature K; such a surface
will be called a K-plane. Then given any triangle in a length space, one can consider a comparison
triangle in the K-plane as any triangle with sides of the same length. Useful notions of upper
and lower sectional curvature bounds can then be formulated by looking at the metric properties
of points in the triangles in comparison with the corresponding point in the comparison triangle.
See chapters 4, 9 and 10 of Ref. [54] for an introduction to these ideas and Ref. [73] for a classic
review of smooth comparison geometry. There is a rich theory for negatively curved spaces, and
nearly all the classical results of Riemannian geometry extend to metric (length) spaces in this
context: see Ref. [47] for a comprehensive review. The essential idea in this generalisation is that
most of the classic properties of negatively curved spaces depend on convex rather than smooth
structure. There is also a rich theory for Alexandrov spaces i.e. (locally compact) length spaces
with curvature bounded below. See, for instance, the classic paper Ref. [55].

As a final remark on curvature we point to a totally different perspective on curvature arising in
string theory via the formalism of double field theory [163] or generalised geometry. The latter is
really a mathematical approach to complex geometry—see Refs. [137, 151, 152] for some standard
reviews—but has ample applications to a variety of string theoretic topics including: flux com-
pactifications [133], T-duality and mirror symmetry [25, 26, 66], M-theory and supergravity [79,
80, 164]. We shall focus on the latter application here.

In this approach to supergravity—we focus on the material in Ref. [79]—one develops classical field
theories (for the purposes of subsequent quantisation) on an exotic generalised tangent bundle:

E ∼= TM⊕ T ∗M (2.114)

where the congruence ∼= indicates locally identity, i.e. we may identify E with TM⊕ T ∗M up to
a global twist. Remarkably, by specifying a) a suitable topology

E = e−B(TM⊕ T ∗M) (2.115)

for some global 2-form field B, and choosing b) a suitable gauge structure on E—e.g. a

CO(D − 1, 1) × CO(D − 1, 1)

reduction of the structure group of the generalised tangent bundle—one specifies a canonical gen-
eralised metric such that the generalised Einstein-Hilbert action associated with this generalised
metric automatically encodes the dynamics of sectors of supergravity theories. In particular, a

12Personal communication, Supanat ‘Phil’ Kamtue.
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CO(9, 1)×CO(9, 1) structure allows one to encode the bosonic massless (NS−NS) sector of type
II supergravity theories in ten spacetime dimensions, which is also the massless sector of a closed
supersymmetric string theory [248]. This sector contains a dilatonic field (hence the conformal
structure), a two-form B-field with field strength H = dB, and a graviton field g. Remarkably,
generalised diffeomorphisms automatically encode supersymmetry transformations in this formal-
ism.

The relevance of this to our discussion on curvature is that several difficulties arise in the definition
of generalised curvatures, here understood as any generalised tensor specified in terms of second
derivatives of the generalised metric satisfying the appropriate tensorial symmetries (Bianchi iden-
tities etc) encoding associated conservation laws and topological constraints. It turns out that
the naive prescription for the generalised Riemann tensor is not tensorial and in fact it does not
appear to be possible to specify an uncontracted generalised tensor in two derivatives of the metric
defined in terms of only three generalised vector fields. Nor does it seem to be possible to define a
unique torsion free metric compatible connection as in the standard Riemannian case. Nonetheless
this does not provide a fundamental obstruction to the definition of a generalised Einstein-Hilbert
action, insofar as the restriction to certain subbundles known as Dirac structures is tensorial and
uniquely defined; moreover the restriction to such subbundles determines the contraction to the
generalised Ricci tensor—and hence the Ricci curvature—uniquely [138]. (Strictly speaking the
specification of the generalised Ricci scalar also requires the promotion of the conformal orthogonal
structure to an analogous spin structure on E [79].) Hohm and Zwiebach [153] specify a well-defined
generalised Riemann tensor with the desired symmetries. An essentially independent coordinate
free derivation is given in Ref. [177].

2.5 Conclusion

In this chapter we have reviewed some fundamental mathematical ideas in the fields of metric
geometry, optimal transport theory and the intuitive characterisation of curvature. In particular
we have shown that the key structure required for (Euclidean) gravitational dynamics—viz. Ricci
curvature—generalises to a much coarser context that the Riemannian one. This motivates the
basic programme in which the Ollivier curvature is used to define a regularisation of Euclidean
(quantum) gravity. The rest of this thesis is dedicated to some initial steps in this programme:
in particular we study geometrogenesis in a formal discretisation of Euclidean quantum gravity in
chapters 3 and 4 and show that there is a regularisation of gravity that pertains at least at the
classical level in chapter 5.
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Chapter 3

Computing the Ollivier Curvature

in Simple Graphs

3.1 Introduction

In this chapter we consider the Ollivier curvature in the context of simple, unweighted random
graphs. In view of the convergence results discussed in chapter 5 this is perhaps a somewhat
uninteresting case; for instance, as was shown by Jost and Liu [171], the Ollivier curvature of an
edge in such graphs belongs to the interval (−2, 1) and as such, any limiting manifolds cannot be
too curved. Nonetheless, such models prove to be relatively computable insofar as we can make
fairly explicit statements about both the bounds and—for certain restricted classes of graph—
the exact form of the Ollivier curvature in this context, aiding both conceptual understanding
and numerical analysis of Ollivier curvature driven random graph models. Moreover, numerical
studies discussed in the next chapter show that random graph models with Ollivier curvature
based dynamics nonetheless display many interesting features such as emergent flat geometry
and continuous phase transitions. In this sense, simple unweighted random graphs provide a
relatively controllable context in which to discuss Ollivier curvature driven random graph models
with potential ramifications for Euclidean quantum gravity in the Ricci flat or near Ricci flat
sectors.

The material in this chapter is very technical—by which we mean both requiring a lot of detailed
analysis and somewhat lacking in conceptual depth—and was motivated largely as a basis for work
done in the next chapter on combinatorial quantum gravity. Part of the motivation of much of this
work was the belief that certain claimed exact results by Bhattacharya and Mukherjee [33] would
significantly generalise, and the realisation that their methods were incorrect has meant that the
eventual results were rather less significant than was originally hoped. The main ideas and results
presented in this chapter are as follows:

� In section 3.2, we give a self-contained formulation of the optimal transport problem in simple
unweighted graphs and define the Ollivier curvature; we argue that the existence of discrete
optimal transport plans follows from existence results in linear optimisation theory.

� We give explicit counterexamples (counterexample 3.3.9) showing that the Bhattacharya-
Mukherjee exact results [33] are false (section 3.3).

� We derive exact results for the Ollivier curvature in graphs with independent short cycles
(section 3.5). In addition to this result a rather labour intensive extension of the method
developed in this chapter allows for the derivation of the Ollivier curvature in graphs with low
degree; we will only apply these results briefly in chapter 4 for the purposes of classifying the
classical phase of combinatorial quantum gravity. Our main interest in that chapter, however,
is in combinatorial quantum gravity satisfying the independent short cycle condition and so
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the key results can actually be derived using the result of independent short cycles already
mentioned. In view of the already highly technical nature of the proof in the much simpler
case of independent short cycles we have relegated the discussion of these low degree exact
expressions to the appendix D.

The main result of this chapter is thus:

The edge Ollivier curvature for graphs with independent short cycles

Let G = (V (G), E(G)) be a graph with independent short cycles (a notion we define below).

Also for any α, β ∈ R let:

α ∧ β = min {α, β } α ∨ β = max {α, β } [α]+ := α ∨ 0.

Then for any edge uv ∈ E(G), the Ollivier curvature κG(uv) of the edge uv is given:

κG(uv) = mu ∧mv△uv − [1 −mu −mv −mu ∧mv△uv −mu ∧mv□uv]+

− [1 −mu −mv −mu ∨mv△uv −mu ∧mv□uv −mu ∧mvDuv]+ (3.1)

where mu = d−1
u , mv = d−1

v , △uv, □uv and Duv are the number of triangles, squares and

pentagons supported on the edge uv respectively. See theorem 3.5.2 below for a full discussion.

Most of the of the original work in this chapter is concentrated in sections 3.4–3.5, though the
counterexamples 3.3.9 given in section 3.3—as well as the general realisation that the Bhattacharya
and Mukherjee claims 3.3.8 are false—are also due to the author. The original material largely
comes from the work Ref. [178], though one discussed derivation of the Ollivier curvature for graphs
with independent short cycles was presented in Ref. [179].

Before continuing we note that throughout this chapter we use some elementary notions from graph
theory. Required notions are defined in appendix A. We also repeatedly refer to short cycles.1

Notation. An n-cycle in a simple graph will be said to be short iff n ∈ { 3, 4, 5 }, i.e. iff the cycle

in question is either a triangle, a square or a pentagon.

The significance of short cycles should become more apparent in the subsequent.

3.2 The Ollivier Curvature in Simple Graphs

3.2.1 The Graph Optimal Transport Problem

Recall that a simple unweighted graph G = (V,E) can be entirely encoded in terms of its adjacency
matrix A = (auv)u, v∈V : auv = 1 iff uv := {u, v } ∈ E, while au,v = 0 otherwise. Since the graph
is simple (no loops) the diagonal of the adjacency matrix vanishes. Note the following elementary
fact:

Fact 3.2.1. Let G be a simple unweighted graph with adjacency matrix A. The number of walks

(paths with possible repetitions of edges and vertices) of length n between two vertices u, v ∈ V is

given by (An)uv.

Proof. The proof is by induction. The statement is true by definition for n = 1. Assume that the

1Not to be confused with short (i.e. 1-Lipschitz) maps.
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statement is true for n = m and note that each (m + 1)-walk from u to v is defined by an m-walk

from u to a neighbour of v. Letting Nn
uv denote the number of n-walks from u to v, we find that

Nm+1
uv =

∑
w∼v

(Nm)uw =
∑
w∼v

(Am)uw =
∑
w∈V

(Am)uwAwv = (Am+1)uv

as required, where we have used the inductive hypothesis in the second step and the definition of

A in the third.

Suppose that the adjacency matrix A of a graph G is given

A = (Av1 , ...,AvN ) (3.2)

where Avk is the column vector defined by the vkth column of the adjacency matrix. Clearly for
any u ∈ V the column vector Au encodes information about the neighbours of u, i.e. (Au)v = 1 iff
uv ∈ E while (Au)v = 0 otherwise. The set of neighbours of any vertex u ∈ V is denoted NG(u)
while the degree dGu := |NG(u)| of any vertex u ∈ V is the number of neighbours of u; this is clearly
given dGu =

∑
v∈V (Au)v. We will find it convenient do define mG

u := 1/dGu . Note that we may drop
the super/subscript G if the graph in question is obvious from the context. With these definitions
we have:

Definition 3.2.2. Let A be the adjacency matrix for some graph G = (V,E). A transport plan

from u to v is a du × dv-dimensional positive matrix ξ indexed by the set N(u) ×N(v) such that

the following marginal constraints are satisfied:

ξ1du
= mv1dv

ξT1dv
= mu1du

(3.3)

where the du and dv-dimensional column vectors are indexed by N(u) and N(v) respectively. The

set of all transport plans from u to v is denoted Π(u, v).

Corollary 3.2.3. Let ξ ∈ Π(u, v) for two vertices u and v in a graph G. It then follows that∑
x∈N(u)

∑
y∈N(v) ξ = 1.

Proof. Clearly

∑
y∈N(v)

∑
x∈N(u)

ξ = 1Tdv
ξ1du

= mu1
T
dv
1dv

= 1

as required.

Remark 3.2.4. The idea is that we have a uniform distribution of mass at the neighbours of u and

we wish to transport this to a uniform distribution of mass at the neighbours of v. A transport

plan ξ thus assigns a proportion ξxy of the total mass to be transferred from the vertex x ∈ N(u)

to the vertex y ∈ N(v).
∑

y∈N(v) ξxy is the total proportion of the mass at u transferred out

of the vertex x, and the requirement that all the mass at x is transported to some neighbour

of v demands
∑

y∈N(v) ξxy = mu; similarly the total mass transported into some y ∈ N(v) is∑
x∈N(u) ξxy and the requirement that the point contains as much mass as it possibly can requires
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∑
x∈N(u) ξxy = mv. These two requirements are equivalent to the marginal constraints 3.3 which

explains their significance. From this perspective the normalisation result 3.2.3 expresses the idea

that the entire mass at u is transported to one of the neighbours of v.

Definition 3.2.5. Let G = (V (G), E(G)) be a graph with adjacency matrix A. For any u, v ∈
V (G), and any ξ ∈ Π(u, v) the transport cost of ξ is defined as

TG(ξ) = ξ · D(u, v) (3.4)

where the distance matrix D(u, v) is a du × dv-dimensional matrix indexed by NG(u) × NG(v)

such that [D(u, v)]xy = ρG(x, y) where ρG(x, y) is the natural geodesic distance in G. The optimal

transport cost for a pair of vertices u, v ∈ V is defined

TG(u, v) := inf
ξ∈Π(u,v)

TG(ξ). (3.5)

We also call the optimal transport cost the (L1-)Wasserstein distance between u and v. A transport

plan ξ ∈ Π(u, v) is said to be optimal iff TG(u, v) = TG(ξ). The triple (G, u, v) may be referred

to as a discrete optimal transport problem and an optimal transport plan ξ ∈ Π(u, v) is called a

solution to the discrete optimal transport problem.

Corollary 3.2.6. Let G be a graph. For any u, v ∈ V , the optimal transport cost TG(u, v) exists

and is positive.

Proof. Since the entries of both ξ and D(u, v) are positive, TG(ξ) ≥ 0 for all ξ ∈ Π(u, v). Com-

pleteness of the real line thus ensures the existence of TG(u, v).

Definition 3.2.7. Let G = (V,E) be a graph. For any u, v ∈ V we define the Ollivier curvature

of G as the mapping κG : V × V → R via the assignment:

κG(u, v) = 1 − TG(u, v)

ρG(u, v)
, (3.6)

where we take κG(w,w) = 1 for all w ∈ V . Similarly, for any edge uv ∈ E we let

κG(uv) := κG(u, v) = 1 − TG(u, v). (3.7)

As shown in appendix C, the general discrete optimal transport problem is a linear programme
with bounded optimisation domain; as such it may be solved using standard methods of linear op-
timisation theory such as the simplex algorithm or interior point methods [32, 263], most of which
come preprogrammed with most numerical software packages. (Matlab for instance has a linear
programme solver that implements the simplex method.) In particular, the linear programming
methods show that one can attack the discrete optimal transport problem using almost entirely
distinct methods from the general optimal transport problem: for instance, convexity of the op-
timisation domain becomes much more fundamental than compactness, though, perhaps, it could
be argued that compactness enters implicitly insofar as we do more or less use the fact that the
optimisation domain is closed and bounded. Nonetheless the methods have a distinctly geometric
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or algebraic flavour and the topological or analytically oriented tools employed in the solution of
the general optimal transport problem in Polish spaces become superfluous. As such, despite the
technicality of the results in this chapter, the basic theory should strike the physicist as much more
elementary in character. It is also worth noting that as a consequence of the above, this chapter is
strictly independent of the material in the previous chapter. This will be of conceptual significance
in chapter 5 where we give sufficient topological constraints for the optimal transport problem
between measures of finite support to be equivalent to the discrete optimal transport problem
as specified above; the key point is that these sufficient topological constraints are considerably
weaker than the Polish assumption employed in chapter 2 and we thus show that an important
class of optimal transport problems can be solved in a class of spaces that is more general than is
typically employed.

Returning to the discrete optimal transport problem, we note that the general linear programming
duality takes on a specific form for discrete optimal transport problems:

Definition 3.2.8. Let G = (V (G), E(G)) be a graph. For any u, v ∈ V (G) we define the

Kantorovitch or transport profit of a function f : G → R at (u, v) ∈ V (G) × V (G) to be

Ku,v
G (f) := mu

∑
x∈NG(u)

f(x) −mv

∑
y∈NG(v)

f(y). (3.8)

The Kantorovitch or transport profit at (u, v) ∈ V (G) × V (G) is then defined

KG(u, v) := sup
f∈L1(G,R)

Ku,v
G (f) (3.9)

where recall that for any metric spaces X and Y , LK(X,Y ) denotes the set of K-Lipschitz maps

f : X → Y . A 1-Lipschitz mapping f : G → R is said to be optimal at (u, v) ∈ V (G) × V (G) iff

Kuv
G (f) = KG(u, v). (3.10)

Remark 3.2.9. Let G = (V (G), E(G)) be a graph. For any u ∈ V (G), it will be convenient to

identify the mapping mu : V (G) → R such that

mu(x) =


1
dG
u
, x ∈ NG(u)

0, x /∈ NG(u)
(3.11)

with the value of the mapping mG : u 7→ mG
u = 1/dGu . In this way we see that the transport profit

at (u, v) ∈ V (G) × V (G) as defined above is in fact a reduced form of the expression

Ku,v
G (f) =

∑
x∈V (G)

f(x)(mu(x) −mv(x)). (3.12)

We will comment no further on this abuse of notation in the subsequent.

The discrete Kantorovitch duality theory is summarised in the following theorem which as argued
in appendix C is a consequence of the strong duality of linear optimisation theory:

Theorem 3.2.10. Let G = (V (G), E(G)) be a locally finite graph. For any u, v ∈ V (G), an
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optimal short map f ∈ L1(G,R) at (u, v) exists. Moreover

TG(u, v) = KG(u, v) (3.13)

for all u, v ∈ V (G).

Corollary 3.2.11. Let G = (V (G), E(G)) be a graph. For any u, v ∈ V (G) and any α ∈ R there

is an optimal short map f : G → R at (u, v) ∈ V (G) × V (G) such that f(u) = α.

Proof. This essentially follows from translation invariance of the Kantorovitch profit:

Ku,v
G (f + c) = mu

∑
x∈N(u)

(f + c)(x) −mv

∑
y∈N(v)

(f + c)(y) = K(f) + c− c = Ku,v
G (f),

for any constant function c : G → R, c : x 7→ c̃ ∈ R for all x ∈ V (G). Thus if f is optimal and

c̃ = α− f(u), f + c is optimal with (f + c)(u) = f(u) + c(u) = f(u) + α− f(u) = α.

3.2.2 Ollivier Curvature in Graphs

In this section we derive the basic properties of the Ollivier curvature in graphs. These in particular
are locality and discreteness. We illustrate the form both of these results take shortly.

Definition 3.2.12. Let G = (V,E) be a graph and consider an edge uv ∈ E. We take (a, b) ∈
{ (u, v), (v, u) }.

(i) Nv(u) := N(u)/ { v } and Nu(v) := N(v)/ {u }.

(ii) △(uv) := N(u) ∩N(v). △uv := |△(uv)|.

(iii) □(a) ⊆ N b(a) is the set of neighbours of a that lie on a square supported by uv but not on

a triangle supported by uv. We let □a := |□(a)|.

(iv) D(a) ⊆ N b(a) denotes the set of neighbours of a that lie on a pentagon supported by uv but

not on either a square or a triangle supported by uv. Also

D(u, v) := { a ∈ G : ρ(a, u) = 2 and ρ(a, v) = 2 } .

Note that both elements of D(u) and elements of D(v) necessarily neighbour elements of

D(u, v). We let Da := |D(a)|.

(v) We define Fr(a) := N b(a)/(△(uv)∪□(a)∪D(a)). These are the neighbours of a that do not

lie on any short (3, 4 or 5) cycles supported by uv. We denote na := |Fr(a)|.

(vi) R := △(uv) ∪ □(u) ∪ □(v) ∪ D(u) ∪ D(v) ∪ D(u, v). The induced subgraph of G specified

by R will consist of K connected components R1, ..., RK . We let △k(u, v) := Rk ∩ △(u, v),

□k(a) := Rk∩□(a) and Dk(a) := Rk∩D(a) for every k ∈ { 1, ...,K }. Then △k
uv := |△k(u, v)|,

□k
a := |□k(a)| and Dk

a := |Dk(a)|. Let us also define Nk(a) := N(a) ∩ Rk. Finally we define
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R0
k := △k(u, v) ∪ □k(u) ∪ □k(v) and R−1

k := Rk/D(u, v) for each k ∈ { 1, ...,K } and then

define R0 :=
⋃K

k=1 R
0
k and R−1 :=

⋃K
k=1 R

−1
k = R/D(u, v).

(vii) cnb(uv) := N(u)∪N(v)∪D(u, v). cnb(uv) is the set of all vertices that either neighbour the

edge uv or that lie on a short cycle supported by uv. The induced subgraph of G defined by

cnb(uv) will be called the standard core neighbourhood of the edge uv.

We begin with the discreteness property. We give two proofs, one following Bourne et al. [46] and
another following Bhattacharya and Mukherjee [33]. We start with the approach due to Bourne
et al. [46]; here we shall need the following notation and facts:

Notation. Recall that for any α ∈ R we define

⌊α⌋ := sup {n ∈ Z : n ≤ α } ⌈α⌉ := inf {n ∈ Z : n ≥ α } , (3.14)

i.e. ⌊α⌋ and ⌈α⌉ denote respectively the greatest integer smaller than α and the least integer larger

than α respectively. Then, for any function f : X → R define the functions

⌊f⌋ : X → Z ⌊f⌋ : x 7→ ⌊f(x)⌋ ⌈f⌉ : X → Z ⌈f⌉ : x 7→ ⌈f(x)⌉. (3.15)

Fact 3.2.13. Let G = (V (G), E(G)) be an unweighted graph.

(i) Let f : G → R be short. Then the mappings ⌊f⌋ and ⌈f⌉ are also 1-Lipschitz.

(ii) Let f ∈ L1(G,R) be optimal at (u, v) ∈ V (G) and let ξ ∈ Π(u, v) be an optimal transport

plan. Then ξ(x, y) ̸= 0 implies that (f(x) − f(y)) = ρG(x, y).

Proof.

(i) For any u ∈ V (G) let ∆u := f(u)−⌊f(u)⌋; clearly ∆u ∈ [0, 1). Then for any u, v ∈ V (G) we

have

|⌊f(u)⌋ − ⌊f(v)⌋| = |f(u) − ∆u − f(v) + ∆v| ≤ |f(u) − f(v)| + |∆u − ∆v| < ρG(u, v) + 1

where the final step holds since (∆y−∆x) ∈ (−1, 1) and f is short. Note the strict inequality.

The left-hand side takes its values in the integers by construction, while ρG(u, v) ∈ N for

unweighted graphs, i.e. the right-hand side also takes its values in the integers. Thus

|⌊f(u)⌋ − ⌊f(v)⌋| ≤ ρG(u, v)

and ⌊f⌋ is 1-Lipschitz as required. Mutatis mutandis, i.e. choosing ∆u = ⌈f(u)⌉ − f(u), the

same argument proves the statement for ⌈f⌉.
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(ii) By equation 3.12 and optimality of f and ξ we have

∑
x, y∈V (G)

ξ(x, y)ρG(x, y) = TG(u, v) = KG(u, v) =
∑

x∈V (G)

f(x)(mu(x) −mv(x)).

But if we substitute into the right-hand side of the above the marginal constraints

mu(x) =
∑

y∈V (G)

ξ(x, y) mv(y) =
∑

x∈V (G)

ξ(x, y),

we find that

∑
x, y∈V (G)

ξ(x, y)ρG(x, y) =
∑

x∈V (G)

f(x)

 ∑
y∈V (G)

(ξ(x, y) − ξ(y, x))

 =
∑

x, y∈V (G)

ξ(x, y)(f(x) − f(y)).

Subtracting the right-hand side from the left gives

0 =
∑

x, y∈V (G)

ξ(x, y)(ρG(x, y) − (f(x) − f(y))).

Since f is short, (f(x)− f(y)) ≤ |f(x)− f(y)| ≤ ρG(x, y) and (ρG(x, y)− (f(x)− f(y))) ≥ 0,

while ξ ≥ 0 by definition. Hence we require

ξ(x, y)(ρG(x, y) − (f(x) − f(y))) = 0

for all x, y ∈ V (G) which suggests that if ξ(x, y) ̸= 0 then ρG(x, y) = (f(x) − f(y)) as

claimed.

We now prove discreteness:

Theorem 3.2.14 (Discreteness). Let G = (V (G), E(G)) be a (locally finite) loopless unweighted

graph. For any u, v ∈ V (G), there is an integer-valued optimal short map.

Proof. Let f ∈ L1(G,R) be optimal at (u, v) ∈ V (G) and let ξ ∈ Π(µ, ν) be optimal. Then by the

marginal constraints

mu(x) =
∑

y∈V (G)

ξ(x, y) mv(y) =
∑

x∈V (G)

ξ(x, y),

and equation 3.12, we can rewrite the Kantorovitch profit at (u, v) as

KG(u, v) =
∑

x∈V (G)

f(x)(mu(x) −mv(x)) =
∑

x, y∈V (G)

ξ(x, y)(f(x) − f(y)),
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as we did previously in the proof of part (ii) of fact 3.2.13. But then

KG(u, v) =
∑

x, y∈V (G), ξ(x,y)̸=0

ξ(x, y)(f(x) − f(y))

trivially. By part (ii) of fact 3.2.13, for all such pairs (x, y) ∈ V (G) × V (G), i.e. all pairs (x, y) ∈
V (G) such that ξ(x, y) ̸= 0, have (f(x) − f(y)) = ρG(x, y); in particular (f(x) − f(y)) ∈ N. But if

we define

∆x = f(x) − ⌊f(x)⌋

for all x ∈ V (G), we see that

(f(x) − f(y)) = (⌊f(x)⌋ − ∆x − ⌊f(y)⌋ + ∆y) = (⌊f(x)⌋ − ⌊f(y)⌋) + (∆y − ∆x).

Thus if the left-hand side is integral, the right-hand side is integral, and since (⌊f(x)⌋ − ⌊f(y)⌋) is

integral so is (∆y − ∆x). But ∆x ∈ [0, 1) for all x ∈ V (G), and (∆y − ∆x) ∈ (−1, 1), i.e. the only

integral value it can take is 0. Hence

KG(u, v) =
∑

x, y∈V (G), ξ(x,y)̸=0

ξ(x, y)(f(x) − f(y))

=
∑

x, y∈V (G),ξ(x,y)̸=0

ξ(x, y)((⌊f(x)⌋ − ⌊f(y)⌋) + (∆y − ∆x))

=
∑

x, y∈V (G),ξ(x,y)̸=0

ξ(x, y)(⌊f(x)⌋ − ⌊f(y)⌋)

=
∑

x, y∈V (G)

ξ(x, y)(⌊f(x)⌋ − ⌊f(y)⌋)

=
∑

x∈V (G)

⌊f(x)⌋
∑

y∈V (G)

(ξ(x, y) − ξ(y, x))

=
∑

x∈V (G)

⌊f(x)⌋(mu(x) −mv(x))

= Ku,v
G (⌊f⌋).

Thus, since ⌊f⌋ is short by part (i) of fact 3.2.13, it is also optimal, proving the statement.

Corollary 3.2.15. Let G = (V (G), E(G)) be a simple graph. Then we have:

KG(u, v) = sup
f∈L1(G,Z)

Ku,v
G (f), (3.16)

for any u, v ∈ V (G).

Corollary 3.2.16. κG(E(G)) ⊆ Q for any simple graph G = (V (G), E(G)).

We now turn to the second proof which relies on some fairly advanced notions in linear program-
ming.
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Notation. Recall that the incidence matrix of a graph G = (V (G), E(G)) is a { 0, 1 }-valued

matrix M indexed by E(G) × V (G) such that Meu = 1 iff the edge e is incident to the vertex u.

For G directed, the incidence matrix is defined such that M(u,v)w = 1 iff w = u, M(u,v)w = −1

iff w = v and M(u,v)w = 0 otherwise. A matrix M is unimodular iff it is integer valued and has

det(M) = ±1. A matrix M is totally unimodular iff every square invertible submatrix of M is

unimodular.

We state the following without proof:

Fact 3.2.17.

(i) The incidence matrix of a directed graph is totally unimodular.

(ii) Let (k,M ,v) be a (D-dimensional) linear programme with M totally unimodular and v

integer valued. Then any solution x of the linear programme is integral, i.e. x ∈ ZD.

With this in mind, we have the following:

Second Proof of Theorem 3.2.14. Fix uv ∈ E(G). Let M be the incidence matrix of the directed

graph defined by G, i.e. each edge of G is replaced by a pair of directed edges, one in each direction.

For any x ∈ R|V | we note that

(Mx)(a,b) =
∑

c∈V (G)

M(a,b)cxc = xa − xb

for any edge ab ∈ E(G). Thus the constraint

Mx ≤ 12|E(G)|

implies that |xa − xb| ≤ 1 for all {u, v } ∈ E(G); hence, by recursion, the mapping a 7→ xa is

1-Lipschitz. Also, if we define the vector k via

ka = mu(a) −mv(a)

then

k · x =
∑

a∈V (G)

xa(mu(a) −mv(a)).

Comparison with equation 3.12 thus means that solving the linear programme (k,M, 12|E(G)|) is

equivalent to maximising the cost Ku,v
G (f) for short mappings f : a 7→ xa. But the constraint vector

12|E(G)| is integral and the constraint matrix M is totally unimodular so this linear programme

has an integral solution.

Finally, we turn to locality. We can prove this statement directly:
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Theorem 3.2.18 (Locality). Let G = (V (G), E(G)) and consider an edge uv ∈ E(G). Let C(uv)

be the standard core neighbourhood of the edge uv, i.e. C(uv) is the induced subgraph of G with

vertex set V (C(uv)) = cnb(uv). Then

TG(u, v) = TC(uv)(u, v). (3.17)

Proof. Since transport plans are defined on the sets NG(u) × NG(v) ⊆ cnb(uv) ⊆ V (G), the

possible transport plans are the same for both graphs. Thus it is sufficient to verify that ρG(x, y) =

ρC(uv)(x, y) for all (x, y) ∈ NG(u) ×NG(v). Since C(uv) ⊆ G, every path in C(uv) belongs to G

and ρG(u, v) ≤ ρC(uv)(u, v). On the other hand, since for any (x, y) ∈ NG(u) ×NG(v) we have a

3-path xuvy in both C(uv) and G, so ρC(uv)(x, y) = ρG(x, y) unless, perhaps, ρG(x, y) ∈ { 1, 2 }.

But if ρG(x, y) = 1, then there is an edge xy ∈ G, and since x, y ∈ cnb(uv) and since C(uv)

is the induced subgraph of G on cnb(uv) we see that xy ∈ E(C(uv)). Similarly if ρG(x, y) = 2,

there is a 2-path xzy, and consequently a pentagon uvyzx supported on uv ∈ E(G). Thus xzy

will belong to the induced subgraph on the set of vertices cnb(uv) = NG(u)∪NG(v)∪D(u, v) and

ρC(uv)(x, y) = 2 as required.

Lemma 3.2.19. Let G = (V (G), E(G)) be a graph and H = (V (H), E(H)) an induced subgraph

of G. If f is 1-Lipschitz with respect to the metric space (V (H), ρG|V (H)) then there is a Lipschitz

extension of f , i.e. a short map f̃ : V (G) → R such that f̃ |V (H) = f .

Proof. The statement follows by induction: consider the induced subgraph of G on V (H) ∪ {x }
where x ∈ V (G)\V (H) such that xy ∈ E(G) for some y ∈ V (H). Then defining f̃ : (V (H) ∪
{x }) → R via f̃ |V (H) = f and f̃(x) = α where α ∈ R is chosen in the following manner: let

A = { f(y) ∈ R : y ∈ NG(x) ∩ V (H) }. Since f is 1-Lipschitz and since for any y1, y2 ∈ A we have

a 2-path y1xy2 and so |f(y1) − f(y2)| ≤ 2 for any y1, y2 ∈ A. Thus there is some α ∈ R such that

|f(y) − α| ≤ 1 for all y ∈ A so we choose f̃(x) = α and f̃ is 1-Lipschitz on V (H) ∪ {x }.

Second Proof of Theorem 3.2.18. By lemma 3.2.19, it is sufficient to note that if f : C(uv) → R is 1-

Lipschits with respect to the metric space (cnb(uv), ρC(uv)). But ρC(uv) = ρH |cnb(uv) by the same

argument as in the first proof and f is then short on the metric space (cnb(uv), ρG|cnb(uv)).

3.3 A Review of Exact Results

As has already been mentioned, curvatures using optimal transport theoretic notions have also
been introduced by Sturm-Lott-Villani and Erbar-Maas, but the Ollivier curvature has several
crucial advantages over these notions in the context of combinatorics: unlike the former it is well
defined for graphs, and unlike the latter the Ollivier curvature admits a rather explicit formulation
in the discrete setting that allows much to be said about the Ollivier curvature. Indeed it is found
that for certain classes of finite simple graphs the Ollivier curvature can be computed exactly in
terms of combinatorial quantities. For our purposes these exact results have allowed us both to
improve the speed of numerical simulations and develop improved understanding of the dynamical
behaviour of the random graph models we consider in the next chapter. An important part of
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the author’s early work on this project was a derivation of an exact expression for the Ollivier
curvature for graphs satisfying the so-called independent short cycle constraint and as such we
review the general development of exact results here.

The applicability of his curvature in discrete settings such as graphs had clearly been an important
motivation for Ollivier from the outset [241], and while introducing his curvature he demonstrated
that it worked well in arbitrary graphs and calculated the first exact expression for the Ollivier
curvature in graphs by showing that Zn was Ricci flat. This was not the only important motivation
for Ollivier, however, and it was Lin and Yau [205] who first seriously studied the Ollivier curvature
in general classes of graphs, as part of their wider programme studying discrete curvatures. In the
process they managed to derive a general lower bound for the Ollivier curvature of an arbitrary
pair of points u, v ∈ V (ω):

Proposition 3.3.1 (Lin and Yau, Proposition 1.5 [205]). Let G = (V,E) be a graph. We have

−2 (1 −mu −mv) ≤ κG(u, v) (3.18)

for all distinct u, v ∈ V .

Proof. By proposition 19 of [241] it is sufficient to show that the above holds for uv ∈ E. Then,

since κG(u, v) = 1 − TG(u, v), it is sufficient to show that

K(f) := mu

∑
x∈NG(u)

f(x) −mv

∑
y∈NG(v)

f(y) ≤ 3 − 2mu − 2mv

for all 1-Lipschitz mappings f : V → R, since by the Kantorovitch dual form for TG we have

TG(u, v) = sup
f∈L1(G,R)

mu

∑
x∈NG(u)

f(x) −mv

∑
y∈NG(v)

f(y)

 .

The rest follows from a simple algebraic manipulation and the observation that

(f(x) − f(u)), (f(v) − f(y)), (f(u) − f(v)) ≤ 1

for all x ∈ NG(u) and all y ∈ NG(v):

K(f) = mu

∑
x∈NG(u)

f(x) −mv

∑
y∈NG(v)

f(y)

= muf(v) −mvf(u) + mu

∑
x∈Nv

G(u)

f(x) −mv

∑
y∈Nu

G(v)

f(y)

= muf(v) −mvf(u) + mu

∑
x∈Nv

G(u)

(f(u) + f(x) − f(u)) −mv

∑
y∈Nu

G(v)

(f(v) + f(y) − f(v))

= (1 −mu −mv) (f(u) − f(v)) + mu

∑
x∈Nv

G(u)

(f(x) − f(u)) + mv

∑
y∈Nu

G(v)

(f(v) − f(y))

≤ (1 −mu −mv) + (1 −mu) + (1 −mv)

= (3 − 2mu − 2mv)

as required.
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Fr(u) u v Fr(v)

.

Figure 3.1: A subgraph of all graphs G defined on the vertex set NG(u) ∪ NG(v). This is the
induced subgraph on the core neighbourhood set cnb(uv) = NG(u)∪NG(v)∪D(uv) for each edge
uv iff G is locally tree-like, i.e. has girth at least 6.

There are two key-points to note about this proof: firstly, long-range curvature inequalities follow
from edge-curvature inequalities due to proposition 19 of Ref. [241], motivating the general focus
on edge curvature, and secondly the Lipschitz constraint on the mappings used to define the
Wasserstein distance in the Kantorovich dual form easily permit inequalities to be obtained.

Given the general lower bound 3.18, it is natural to ask if this is tight for any class of graphs. Jost
and Liu [171] answer this question in the affirmative for a slightly improved bound:

Theorem 3.3.2 (Jost and Liu, Theorem 2 and Proposition 2 [171]). For any graph G = (V,E)

and any edge uv ∈ E, we have

−2 [1 −mu −mv]+ ≤ κG(u, v) ≤ 1 (3.19)

for all u, v ∈ G, where for any α ∈ R we let [α]+ := max(α, 0). Equality holds for graphs of girth

g ≥ 6.

Remark 3.3.3. Jost and Liu give two proofs for the improved lower bound 3.19. The first is a mild

modification of the Lin-Yau proof above and we thus do not give it here. The second proof obtains

the bound via a direct evaluation of a given transport plan and inso doing helps to clarify the

meaning of bracketed term and the subscript +. Jost and Liu also only show that equality holds

for trees, while the statement for graphs of girth 6 is first explicitly made by Cho and Paeng [77].

However the statement for locally tree-like graphs (graphs of girth 6) follows from the statement

for trees by locality; this is contained in Remark 8 of [171], and as such we feel that the result for

locally tree-like graphs is at least implicit in the Jost-Liu paper. The upper bound is not discussed

by Jost and Liu, but it is trivial and as such we do not discuss it further.

Proof of Theorem 3.3.2. Let us denote NG(u) and NG(v) via the block-form vectors (v,Nv
G(u))

and (u,Nu
G(v)) respectively; diagrammatically we know that we have a subgraph as shown in

figure 3.1. Indexing matrices by NG(u) ×NG(v), we thus have:

D(u, v) ≤

1 1

1 3


where equality holds iff the graph is locally tree-like. Now consider the transport plan:

ξ0 =

mv − (1 −mu) 1 −mv

1 −mu 0

 .
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We verify the marginal constraints:

ξ01dv =

(mv − (1 −mu)) + (1 −mv)

1 −mu

 = mu

 1

du − 1


ξT0 1du

=

(mv − (1 −mu)) + (1 −mu)

1 −mv

 = mv

 1

dv − 1


as required.

The transport plan ξ0 says that we should move the entire mass mu(du − 1) = 1 − mu at the

vertices Nv
G(u) to the vertex u ∈ NG(v); we then fill up u with mass at v ∈ NG(u) and move any

remaining mass at v to Nv
G(u). This is of course only possible if u can accommodate the entire

mass at Nv
G(u), i.e. if 1 −mu ≤ mu. The quantity [1 −mu −mu]+ is thus the obstruction to the

existence of the transport plan ξ0. The cost of the transport plan ξ0 is

TG(u, v) ≤ T (ξ0) = ξ · D(u, v) ≤ (mu − (1 −mu)) + (1 −mu) + (1 −mu) = 1

so when the obstruction [1 −mu −mu]+ vanishes we have 0 ≤ κG(u, v) in line with inequality

3.19.

We now suppose that the obstruction [1 −mu −mu]+ > 0, i.e. ξ0 does not exist. Physically this

means that there is more mass at Nv
G(u) than the vertex u ∈ NG(v) can accommodate. In this

scenario consider the transport plan

ξ1 =

 0 mu

mv 1 −mu −mv

 .

Again we verify the marginal constraints:

ξ11dv =

 mu

mv + (1 −mu −mv)

 = mu

 1

du − 1

 ξT1 1du =

 mv

mu + (1 −mu −mv)

 = mv

 1

dv − 1

 .

The transport cost is

TG(u, v) ≤ T (ξ1) = mu + mv + 3(1 −mu −mv) = 3 − 2mu − 2mv

and the inequality 3.19 holds.

We now wish to show that equality holds for graphs of girth at least 6. To do so it is sufficient to

show that there is a 1-Lipschitz map f : NG(u)∪NG(v) → R such that K(f) = 3−2mu−2mv if the

obstruction [1−mu−mv]+ > 0 and K(f) = 1 otherwise. In particular if G is locally tree-like (more

generally if the edge uv does not support short cycles) then the core neighbourhood of uv takes

the form of figure 3.1 and the following assignment is well defined (since there are no triangles)
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and obviously 1-Lipschitz on the core neighbourhood:

f0(x) =

 1, x ∈ NG(u)

0, x ∈ NG(v)

which has a Kantorovitch profit K(f0) = mudu = 1. Similarly let us specify the manifestly 1-

Lipschitz mapping:

f1(x) =



1, x ∈ Nv
G(u)

0, x = u

−1, x = v

−2, x ∈ Nu
G(v)

.

The Kantorovitch dual profit is

K(f1) = mu

∑
x∈NG(u)

f1(x) −mv

∑
y∈NG(v)

f1(y) = mu(du − 2) + 2mv(dv − 1) = 3 − 2mu − 2mv.

Thus, noting that 3− 2mu − 2mv = 1 + 2(1−mu −mv), we find that K(f1) > K(f0) iff [1−mu −
mv]+ > 0 while TG(u, v) ≥ K(f) for any 1-Lipschitz f , proving the statement.

The process of deriving this lower bound is rather elementary and does not take into account any
of the local structure of the core neighbourhood as described by short cycles. Clustering, however,
is known to be an important feature of networks [295], and as Jost and Liu [171] remark, triangles
should correspond to positive curvature since they imply that short geodesics issuing out from a
vertex u approach one another. It thus seems desirable to derive an improved lower bound taking
triangles into account:

Theorem 3.3.4 (Jost and Liu, Theorems 3 and 4 and Remark 5 [171]). Let G = (V,E) be a graph

and consider an edge uv ∈ V .

△uv

du ∨ dv
−
[
1 −mu −mu − △uv

du ∧ dv

]
+

−
[
1 −mu −mu − △uv

du ∨ dv

]
+

≤ κG(uv) ≤ △uv

du ∨ dv

(3.20)

where for any α, β ∈ R we denote α ∧ β := inf {α, β } and α ∨ β := sup {α, β }. Both inequalities

reduce to the inequalities given in theorem 3.3.2 for graphs with girth g ≥ 4; the lower bound is

sharp whenever the graph has no squares and no pentagons.

Proof. The proof is very similar to that of theorem 3.3.2. Let us denote the ordered sets NG(u)

and NG(v) by (v,△(u, v), A(u)) and (u,△(u, v), A(v)) respectively where we define A(w) :=

Nx
G(w)/△(uv) for (w, x) ∈ { (u, v), (v, u) }. Since figure 3.2 depicts a subgraph of G defined for all
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Fr(u) u v Fr(v)

uv

.

Figure 3.2: A subgraph of all graphs G defined on (at least) the vertex set NG(u)∪NG(v). This is
the induced subgraph on the core neighbourhood set cnb(uv) = NG(u) ∪NG(v) ∪ D(uv) for each
edge uv iff G is has no squares and no pentagons.

G, we have:

D(u, v) ≤


1 1 1

1 0 2

1 2 3


where the matrix is indexed by the set NG(u) ×NG(v). Moreover since the subgraph depicted in

3.2 is the induced subgraph on the core neighbourhood vertices cnb(uv) = NG(u)∪NG(v)∪D(uv)

whenever uv supports no squares and no pentagons, equality holds in that instance. The remainder

of the proof of the lower bound is identical to that of theorem 3.3.2 with

ξ0 =


mv − (1 −mu −mu ∨mv△uv) 0 1 −mv −mu ∨mv△uv

0 mu ∧mv△uv [(mu −mv)△uv]+

1 −mu −mu ∨mv△uv [(mv −mu)△uv]+ 0



ξ1 =


0 0 mu

0 mu ∧mv△uv [(mu −mv)△uv]+

mv [(mv −mu)△uv]+ 1 −mu −mv −mu ∨mv△uv



f0(x) =


1, x ∈ NG(u)/△(uv)

0, x ∈ NG(v)/△(uv)

θmu,mv
, x ∈ △(uv)

f1(x) =



2, x ∈ A(u)

1, x = u

0, x = v

−1, z ∈ A(v)

θmu,mv
, x ∈ △(uv)

finding

T (ξ0) ≤ 1 −mu ∧mv△uv T (ξ1) ≤ 3 − 2mu − 2mv − (mu ∨mv + 2mu ∧mv)△uv

K(f0) = 1 −mu ∧mv△uv K(f1) = 3 − 2mu − 2mv − (mu ∨mv + 2mu ∧mv)△uv
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and a simple rearrangement gives the desired result. If we note that f0 is well defined and 1-

Lipschitz on all graphs we see that the inequality for K(f0) gives the desired upper bound. To

guarantee the Lipschitz continuity of f1 we require no squares and pentagons.

Corollary 3.3.5 (Jost and Liu, Example 1 [171]). Let G be the complete graph on N -vertices.

Then:

κG(uv) =
N − 2

N − 1
(3.21)

for all edges uv of G.

Proof. A complete graph on N -vertices is regular with degree N −1 and each edge supports N −2

triangles. Then for any edge uv of G we have mu = mv and

1 − 2mu −mu△uv = − N

N − 1
< 0

so by theorem 3.3.4 we have mu ∧mv△uv ≤ κG(uv) ≤ mu ∧mv△uv which gives the desired result

on substituing the desired quantities for △uv and mu = mv.

From this analysis it should be clear that most important properties of the Ollivier curvature
in graphs with regards to exact calculations were already apparent in Ref. [171]. Indeed, Jost
and Liu explicitly use duality to prove exact expressions in particular cases, which was also the
strategy we adopted in proving exact expressions in Ref. [179]. We shall discuss this result as
well as an alternative proof first given in Ref. [178] in section 3.5 below. There is however, one
additional feature that is useful for the purposes of exact expressions which needs to be derived.
This is the discreteness of the Ollivier curvature in graphs, which first appears to have been
noted by Bhattacharya and Mukherjee [33], though it was proven independently2 in a slightly
more general setting by Bourne et al. [46] using different methods. Both proofs have been given
in section 3.2.2 above. Precisely speaking, discreteness takes the form that it is sufficient to
calculate the Wasserstein distance in the Kantorovitch dual form by optimising over integer-valued
1-Lipschitz maps (c.f. theorem 3.2.14 and corollary 3.2.15). Also recall that the Kantorovitch
profit is translation invariant: corollary 3.2.11. Thus it is sufficient to optimise over integer-valued
Lipschitz maps such that f(u) = 0; for all such maps we have f(v) ∈ {−1, 0, 1 } which suggests
the following definition:

Definition 3.3.6. Let G = (V,E) be a graph. For each uv ∈ E we define

L α
1 (G,Z) := { f ∈ L1(G,Z) : f(u) = 0 and f(v) = α } (3.22)

for each α ∈ {−1, 0, 1 }. Then we define

T α
G (u, v) = sup

f∈L α
1 (G,Z)

KG(f) (3.23)

where again α ∈ {−1, 0, 1 }.

2Personal communication.
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Lemma 3.3.7. For any graph G we have

TG(u, v) = T −
G 1(u, v) ∨ T −

G 0(u, v) ∨ T 1
G(u, v) (3.24)

for all edges uv of G.

Proof. The sets L α
1 (G,Z), α ∈ {−1, 0, 1 } partition L1(G,Z) so T −

G 1(u, v)∨T −
G 0(u, v)∨T 1

G(u, v) is

equal to the supremum of KG(f) over all f ∈ L1(G,Z). But the latter is the Wasserstein distance

by discreteness and the statement is proved.

Bhattacharya and Mukherjee [33] claim to have found exact expressions for the Ollivier curvature
for all bipartite graphs and graphs with cycles of girth 5 as well as a number of asymptotic results
in random bipartite graph and Erdös-Rényi models. The strategy they employ does not exploit
duality; instead they work in the Kantorovitch dual formulation exclusively and use lemma 3.3.7
which is implicit in their work. We may state their claims as follows:

Claim 3.3.8 (Bhattacharya and Mukherjee, Theorem 3.1 and 3.3 [33]). Let G be a graph and

let uv be an edge of G. Let Fr(u) ⊆ N(u) and Fr(v) ⊆ N(v) respectively denote elements of

the core neighbourhood of uv that do not lie on any short cycles supported by uv. Also let R :=

cnb(uv)/(Fr(u)∪Fr(v)). The induced subgraph on R splits into K connected components R1, ..., Rk.

We define

□k(w) := □(w) ∩Rk
D

k(w) := D(w) ∩Rk □k
w := |□k(w)| D

k
w = |Dk(w)| (3.25)

for w ∈ {u, v }. Then

(i) If G is bipartite then define:

TBM (u, v) := 1 + 2

[
1 −mu −mv −mu□u −mv□v +

K∑
k=1

(mu□
k
u) ∨ (mv□

k
v)

]
+

. (3.26)

(ii) Let the girth of G be strictly greater than 4. Then for every edge uv ∈ E(G), we define:

TBM (u, v) = 1 + [1 −mu −mv]+

+

[
1 −mu −mv −muDu −mvDv +

K∑
k=1

(muD
k
u) ∨ (mvD

k
v)

]
+

. (3.27)

In both cases Bhattacharya and Mukherjee claim that TG(u, v) = TBM (u, v).

Unfortunately, these claims are incorrect: we have found explicit counterexamples, first given in
Ref. [178]:

Counterexample 3.3.9.

(i) Consider the bipartite graph in figure 3.3a, where U is a family of vertices such that N(ũ) =

{ v, v2 } for each ũ ∈ U . By equation 3.26 we have TBM (u, v) = 1 for any nonvoid set U ;

92



Chapter 3: Computing the Ollivier Curvature in Simple Graphs

0.45
(a) t

v v1 v2

u u1 U

.
Counterexample to theorem 3.1. of Ref. [33]. 0.45

(b) t

u v

p1u

Q

P

p2u pv

q2

q3

.
Counterexample to Theorem 3.3 of Ref. [33].

Figure 3.3: Counterexamples to claims by Bhattacharya and Mukherjee [33] on exact expressions
for the Ollivier curvature in certain classes of graph.
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however the mapping

f(a) =



1, a = v1,

0, a ∈ {u, u1 }
−1, a ∈ { v, v2 }
−2, a ∈ U

(3.28)

is a Lipschitz function and has profit

Tuv(f) =
5|U | − 2

3|U | + 6
(3.29)

and Tuv(f) > TBM (u, v) for any |U | > 4.

(ii) Consider the graph in figure 3.3b, where Q and P denote families of vertices such that each

q ∈ Q is incident two exactly two edges p1uq and qpq with pq ∈ P , and each p ∈ P is also

incident to exactly two edges qpp and pv where qp ∈ Q. Equation 3.27 gives

TBM (u, v) =
5|P | + 7

3|P | + 6
; (3.30)

however the mapping

f(a) =



1, a = p2u

0, a ∈ {u, p1u, q3 }
−1, a ∈ { v, pv, q2 } ∪Q

−2, a ∈ P

(3.31)

is a Lipschitz function and has profit

Tuv(f) =
2|P | + 1

|P | + 2
. (3.32)

This implies Tuv(f) > TBM (u, v) if |P | > 4.

Proof.

(i) The graph manifestly has the bipartition V1 = {u, u1 } ∪ U and V2 = { v, v1, v2 }. Clearly

du = 3 and dv = |U | + 2 while □(u) = { v1, v2 } and □(v) = {u1 } ∪ U while R is a single

connected component since {u1 } ∪ U ∈ N(v2) and v1, v2 ∈ N(u1). Given this we have

TBM (u, v) = 1 + 2

[
1 − 1 + 2

3
− 1 + (|U | + 1)

|U | + 2
+

(
2

3

)
∨
( |U | + 1

|U | + 2

)]
+

= 1 + 2

[(
2

3

)
∨
( |U | + 1

|U | + 2

)
− 1

]
+

= 1.
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To note that f is Lipschitz continuous it is sufficient to recognise that U ∩ (N(u) ∪N(u1) ∪
N(v1)) = ∅ and { v, v2 } ∩N(v1) = ∅. Then f has the transport profit

Tuv(f) =
1

3
(−1 + 1 − 1) − 1

|U | + 2
(0 + 0 − 2|U |) =

2|U |
|U | + 2

− 1

3
=

5|U | − 2

3|U | + 6

as required. It is then easily verified that (5|U | − 2)/(3|U | + 6) > 1 iff |U | > 4 and so any

such graph provides a counterexample to the expression from Bhattacharya and Mukherjee.

(ii) The graph is manifestly of girth 5 by construction, while Du = 2, Dv = |P | + 1, du = 3 and

dv = |P | + 2. Then:

TBM (u, v) = 1 +

[
1 − 1

3
− 1

|P | + 2

]
+

+

[
1 − 1

3
− 1

|P | + 2
− 2

3
− |P | + 1

|P | + 2
+

(
2

3

)
∨
( |P | + 1

|P | + 2

)]
+

= 1 +

[
1 − |P | + 5

3(|P | + 2)

]
+

+

[(
2

3

)
∨
( |P | + 1

|P | + 2

)
− 1

]
+

= 1 +
2|P | + 1

3|P | + 6

=
5|P | + 7

3|P | + 6

as required. f is a Lipschitz function because

ρ(p2u, v) = ρ(p2u, pv) = ρ(u, p) = ρ(p1u, p) = 2 ρ(p2u, q3) = ρ(p2u, q) = ρ(q3, p) = 3

for all p ∈ P and q ∈ Q. It has the transport profit

Tuv(f) =
1

3
(1 + 0 − 1) − 1

|P | + 2
(0 − 1 − 2|P |) =

2|P | + 1

|P | + 2
.

We have Tuv(f) > TBM (u, v) iff

6|P | + 3 > 5|P | + 7 iff |P | > 4.

Since counterexamples to the expressions of Bhattacharya and Mukherjee exist, there must be an
error in the proofs. As mentioned previously, Bhattacharya and Mukherjee’s overall strategy is to
evaluate T −1

G , T 0
G and T 1

G independently; the error comes in the evaluation of T 0
G and T −1

G . It will
be enlightening if we examine this error a little more carefully.

Let us first consider the correct case of T 1
G. Here we are maximising over Lipschitz mappings f

such f(u) = 0 and f(v) = 1. The Lipschitz property implies the following:

f(a) ∈ {−1, 0, 1 } f(b) ∈ { 0, 1, 2 } (3.33)

for all a ∈ Nv(u) and all b ∈ Nu(b). Noting that in this case, the transport profit of a mapping is
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given by

K(f) = mu

∑
a∈N(u)

f(a) −mv

∑
b∈N(v)

f(b)

= mu + mu

∑
a∈Nv(u)

f(a) −mv

∑
b∈Nu(v)

f(b), (3.34)

we see (by inspection) that the Kantorovitch profit of an arbitrary mapping f satisfying the
constraint 3.33 is maximised by choosing f(a) = 1 for all a ∈ Nv(u) and f(b) = 0 for all b ∈ Nu(v).
This impliese the bound:

K(f) ≤ mu + mu(du − 1) −mv(dv − 1) · 0 = 1 (3.35)

for all mappings satisfying the constraints 3.33, and ipso facto for all mappings in L 1
1 (G,Z). Note

that we cannot immediately deduce equality since it is not clear that every mapping satisfying the
constraints 3.33 is in fact Lipschitz-continuous. The mapping

g(a) =

{
1, a ∈ N(u)
0, a ∈ N(v) ∪D(u, v)

(3.36)

is well defined since bipartite graphs and graphs of girth at least 5 have no triangles, while g is
Lipschitz continuous trivially. The transport profit of g is given K(g) = 1 and T 1

G(mu,mv) = 1 as
required.

The point to take away is that for T 1
G(u, v), one may specify an optimal mapping by maximising

the profit while taking into account a priori constraints on the values of f(a), a ∈ Nv(u) ∪
Nu(v), imposed by Lipschitz continuity and the fact that a ∈ Nv(u) ∪ Nu(v). These a priori
constraints give an a priori upper bound on the Kantorovitch profit which can be deduced directly
by maximising over all possible maps that satisfy the constraints. At the same time, the upper
bound is not necessarily tight because not every mapping that satisfies the a priori constraints is
necessarily Lipschitz continuous; if the a priori bound can be saturated by a Lipschitz map then
we have obtained the optimal transport cost. In the case T 0

G this latter scenario happens to hold.

On the other hand, in the case of T 0
G, this latter scenario does not hold. Here we have the a priori

constraints:

f(u) = f(v) = 0 f(a), f(b) ∈ {−1, 0, 1 } (3.37)

for all a ∈ Nv(u) and all b ∈ Nu(b). By inspection, it is clear that the mapping g given by:

g(a) =

 1, a ∈ Nv(u)
0, a ∈ {u, v } ∪D(u, v)

−1, a ∈ Nu(v)
(3.38)

is the unique mapping on the core neighbourhood cnb(uv) that maximises the Kantorovitch profit
K(f) in the family of maps that satisfy the a priori constraints 3.37. (g is well defined for bipartite
graphs and graphs of girth at least 5 since triangles are absent.) This leads to an a priori bound

K(f) ≤ K(g) = 2 −mu −mv (3.39)

on Lipschitz maps f ∈ L 0
1 (G,Z). However the mapping g is not Lipschitz continuous if there are

any squares, since we have a pair (a, b) ∈ □(u)×□(v) such that ρ(a, b) = 1 while |g(a)− g(b)| = 2.
As such it is not possible to saturate the bound 3.39 with a Lipschitz continuous mapping.

Very little information about the structure of the core neighbourhood cnb(uv) went into the spec-
ification of the a priori constraints 3.37 and it seems clear that one may be able to obtain an
improved bound for K(f) if one considers a more refined system of constraints, depending more on
the combinatorial structure of the graph near uv. Indeed suppose that we further partition Nv(u)
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and Nu(v) into □(u) ∪ (Nv(u)/□(u)) and similarly for v, where we recall that □(w) is the set of
all elements of Nv(u) ∪ Nu(v) that neighbour w ∈ {u, v } and lie on a square supported by uv.
Assuming mu ≥ mv then we have an obvious ansatz:

g(a) =

 1, a ∈ Nv(u)
0, a ∈ {u, v } ∪□(v) ∪D(u, v)

−1, a ∈ Nu(v)/□(v)
(3.40)

which is manifestly 1-Lipschitz, and indeed Bhattacharya and Mukherjee state—without further
comment or proof—that this ansatz maximises the Kantorovitch profit. It is this assumption that is
false in the Bhattacharya and Mukherjee proof as can be immediately verified by comparison with
part (i) of counterexample 3.3.9 immediately demonstrates. The point is that—given mu ≥ mv—
while changing f(a) from 1 to 0 leads to a reduction in the cost of mu, it allows every b ∈ □(v)
that neighbours a alone to change from f(b) = 0 to f(b) = −1; if there are n such vertices this
leads to a gain nmv and this will always exceed mu if n is sufficiently large. Very similar remarks
hold for the case T −1

G which we shall hence not discuss further.

While Bhattacharya and Mukherjee have made a mistake in their ansatz, and consequently given
incorrect expressions for the Ollivier curvature in bipartite graphs and graphs of girth at least 5, it is
not clear whether or not their method does in fact allow for the derivation of new exact expressions
if carried out correctly. We pursued this question in [178] and showed that the problem amounted
to solving a family of reduced linear programmes defined on certain connected subgraphs of the
core neighbourhood. While this does not amount to a full resolution or the problem it does provide
a new starting point (theorem 3.4.13) from which exact expressions can be derived. Indeed we may
readily derive the exact results of Jost and Liu [171] and [179] by specialising from theorem 3.4.13.
We show this in section 3.4. Specialisation from theorem 3.4.13 also permits for the derivation of
exact expressions in regular graphs of low degree. We have explicitly given expressions for d-regular
graphs with d ∈ { 3, 4 } in appendix D; these expressions were first derived in [178].

We should mention that Loisel and Romon [206] derived exact expressions for the Ollivier curvature
on many polyhedral surfaces. From the perspective of exact results, this paper introduces no new
methodological points of interest (though the actual results are, of course, very interesting).

3.4 A Reduced Linear Optimisation Problem

In this section we show that by taking into account a more refined characterisation of the core neigh-
bourhood we may reduce the problem of finding exact expressions to solving linear programmes
defined on certain reduced classes of graph. Note that at this point, it might be opportune for the
reader to reacquaint themselves with the notation introduced in definition 3.2.12.

The overall strategy is given by lemma 3.3.7, i.e. we seek to maximise the expressions T −1
G , T 0

G and
T 1
G as defined in definition 3.3.6. We shall try to maximise each expression in turn by specifying

optimal Lipschitz maps. The following lemma shall make the specification of Lipschitz mappings
on the core neighbourhood of an edge a little simpler:

Lemma 3.4.1. Let G be a graph, uv an edge of G and let f, g : cnb(uv) → Z be 1-Lipschitz. Then

f |N(u) ∪ N(v) and g|N(u) ∪ N(v) are 1-Lipschitz and if f |N(u) ∪ N(v) = g|N(u) ∪ N(v) then

K(f) = K(g). Conversely given a 1-Lipschitz map on f̃ : N(u) ∪ N(v) → Z (where N(u) ∪ N(v)

is equipped with the subspace metric) there is a 1-Lipschitz map on f : cnb(uv) → Z such that

f |N(u) ∪N(v) = f̃ .

Proof. The first statement is a trivial consequence of the definition of K while the second follows

from the existence of Lipschitz extensions (lemma 3.2.19).

The point, of course, is We note that the case T 1
G can be solved immediately without further

comment:
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Proposition 3.4.2. Let G be a graph. We have

T 1
G(u, v) = 1 −mu ∧mv△uv (3.41)

for all edges uv of G.

Proof. Extending the considerations that led to equation 3.33 for bipartite graphs and graphs of

girth at least 5, Lipschitz continuous mappings f : G → Z such that f(u) = 0 and f(v) = 1 satisfy

the a priori constraints

f(a) ∈ {−1, 0, 1 } f(b) ∈ { 0, 1, 2 } f(c) ∈ { 0, 1 }

for all a ∈ Nv(u)/△(uv), b ∈ Nu(v)/△(uv) and all c ∈ △(uv). Noting that

K(f) = mu

∑
x∈N(u)

f(x) −mv

∑
y∈N(v)

f(y)

= mu + mu

∑
x∈Nv(u)/△(uv)

f(x) −mv

∑
y∈Nu(v)

f(y) + (mu −mv)
∑

z∈△(uv)

f(z),

we see that the mapping

g(x) =


1, x ∈ N(u)/△(uv)

0, x ∈ N(v)/△(uv)

θmu,mv
, x ∈ △(uv)

maximises K among mappings f that satisfy the a priori constraints. g, however, is manifestly

1-Lipschitz and its cost is K(g) = 1 −mu ∧mv△uv as required.

Remark 3.4.3. The mapping g defined above is also the mapping f0 in the proof of theorem 3.3.4.

The other cases are not quite as elementary. We first consider the case T 0
G and begin with a lemma

that gives us improved constraints satisfied by optimal 1-Lipschitz maps:

Lemma 3.4.4. Let G = (V,E) be a graph, let uv ∈ E and let f ∈ L 0
1 (cnb(uv),Z) be such that

f(a) = −1 for some a ∈ □(u) (f(a) = 1 for some a ∈ □(v)). Then the mapping g : cnb(uv) → Z

defined by g(x) = f(x) for all x ̸= a and g(a) = 0 belongs to L 0
1 (cnb(uv),Z) while K(f) ≤ K(g).

Proof. We simply note that since f(a) = −1, f(b) ∈ {−1, 0 } for all b ∈ N(a) ∩ (N(u) ∪N(v)) by

the Lipschitz continuity of f . g is clearly 1-Lipschitz unless we have a b ∈ N(a) ∩ (N(u) ∪N(v))

such that |g(a) − g(b)| > 1; but g(b) ∈ {−1, 0 } for all b ∈ N(a) ∩ (N(u) ∪N(v)) by construction,

and since g(a) = 0 we have |g(a) − g(b)| ≤ 1 as required.

Corollary 3.4.5. Every optimal 1-Lipschitz map in L 0
1 (cnb(uv),Z) satisfies the following con-
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straints:

f(a) ∈ {−1, 0, 1 } f(b) ∈ { 1, 0 } f(c) ∈ {−1, 0 } (3.42)

for all (a, b, c) ∈ △(uv) ×□(u) ×□(v).

Definition 3.4.6. Let G be a graph and fix an edge uv of G. Suppose that the set R (see

definition 3.2.12) consists of K connected components R1, ..., Rk and recall the definition of R0
k =

△k(uv) ∪ □k(u) ∪ □k(v). For each k ∈ { 1, ...,K } and any mapping f : R0
k → Z define the

Kantorovitch profit of f as

K0
k(f) := mu

∑
x∈□k(u)

f(x) −mv

∑
y∈□k(v)

f(y) + (mu −mv)
∑

x∈△k(uv)

f(x) (3.43)

The kth reduced linear programme for T 0
G(u, v) is defined as the linear programme

K0
k(uv) := supK0

k(f) (3.44)

where the supremum is taken over all 1-Lipschitz f : R0
k → Z satisfying the constraint 3.42 for all

(a, b, c) ∈ △k(uv) ×□k(u) ×□k(v).

Remark 3.4.7. Note that we may take Lipschitz continuity of the mappings f : R0
k → Z to be

with respect to the induced subgraph metric on R0
k. This is because the largest difference between

possible values of f at distinct vertices is two—since Im(f) ⊆ {−1, 0, 1 }—i.e. Lipschitz continuity

only ‘bites’ as a constraint for neighbouring vertices in R0
k. But the distance between adjacent

vertices is 1 in both the metric subspace and the induced subgraph metric allowing us to take the

latter without loss of generality.

Proposition 3.4.8. Let G be a graph with edge uv. Then

T 0
G(u, v) = mu(Du + nu) + mv(Dv + nv) +

K∑
k=1

K0
k(uv), (3.45)

where the sum is taken over the K connected components R1, ..RK of R.

Proof. For each k ∈ { 1, ...,K }, suppose that the mapping fk : R0
k → Z is a solution to the kth

reduced linear programme for T 0
G(u, v), i.e. K0

k(fk) = K0
k(uv). It is immediately verified that the

right-hand side of equation 3.45 is realised as the Kantorovitch profit of the mapping

f(x) =



1, x ∈ D(u) ∪ Fr(u)

0, x ∈ {u, v }
−1, x ∈ D(v) ∪ Fr(v)

fk(x), x ∈ R0
k
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for each k ∈ { 1, ...,K }. Also f(u) = f(v) = 0 by construction so we wish to show that it is

1-Lipschitz and optimal.

To see the former, we note that most potential problems with Lipschitz continuity are immediately

discarded since f(cnb(uv)) ⊆ {−1, 0, 1 } and supa,b |f(a) − f(b)| ≤ 2. In particular if vertices lie

in distinct connected components of cnb(uv)/ {u, v } then they are at least a distance two apart,

while ρ(a, b) = 2 for (a, b) ∈ D(u) × D(v) by definition. Similarly, there are clearly no problems

if a, b ∈ D(w) ∪ Fr(w), w ∈ {u, v }, since f(a) = ±1 = f(b) in this case. The only remaining

possible problems are if a, b ∈ R0
k for some k and if a ∈ D(u) ∪ D(v) and b ∈ R0

k for some k; the

former poses no problem due to the Lipschitz continuity of fk. In the latter case we see that there

is no problem if a neighbours u and b neighbours v (or vice versa) since ab ∈ E would imply that

auvb was a 4-cycle. Thus the only remaining problem is if a ∈ D(w) and b ∈ □k(w) ∪△(uv). For

b ∈ △(uv) we would have a square abvu which is not possible by the definition of D(w). In this

case we rely on the constraint 3.42 to show that |f(a)−f(b)| ≤ 1. For a slightly different approach

to proving Lipschitz continuity see remark 3.4.12 below.

For optimality we suppose that g is some element of L 0
1 (cnb(uv),Z) and note that g(a) ∈ {−1, 0, 1 }

for all a ∈ N(u) ∪N(v). Then

K(f) −K(g) = mu

∑
x∈N(u)

(f(x) − g(x)) −mv

∑
y∈N(v)

(f(y) − g(y))

= mu

∑
x∈D(u)∪Fr(u)

(1 − g(x)) + mv

∑
y∈D(v)∪Fr(v)

(1 + g(y)) +

K∑
k=1

(
K0

k(fk) −K0
k(g|R0

k)
)
.

1 − g(x), 1 + g(x) ≥ 0 for all x ∈ cnb(uv) so the right-hand side of the above is positive as long as

K0
k(fk) ≥ K0

k(g|R0
k). g|R0

k is evidently 1-Lipschitz so by the assumption that fk solves K0
k(uv), this

holds as long as g satisfies the constraints 3.42; but we may assume this without loss of generality

by corollary 3.4.5 and the statement holds.

We finally consider the case T −1
G : we begin with the lemma analogous to lemma 3.4.4

Lemma 3.4.9. Consider a Lipschitz continuous mapping f : N(u)∪N(v) → Z such that f(u) = 0

and f(v) = −1. Suppose that f(a) = −1 for some a ∈ D(u) (f(a) = 0 for some a ∈ D(v)).

Then the mapping g : N(u) ∪N(v) → Z defined by g(a) = 0 (g(a) = −1) and g(b) = f(b) for all

b ∈ N(u) ∪N(v)/ { a } is Lipschitz continuous and K(g) ≥ K(f).

Proof. K(g) ≥ K(f) by construction so we need to verify the Lipschitz property; this follows

because b ∈ {−1, 0 } for all b ∈ N(a) ∩ (N(u) ∪N(v)).

Definition 3.4.10. For each k ∈ { 1, ...,K }, define the Kantorovitch profit of a mapping f : Rk →
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Z as

K−
k (f) := mu

∑
x∈□k(u)∪Dk(u)

f(x) −mv

∑
y∈□k(v)∪Dk(v)

f(y) + (mu −mv)
∑

x∈△k(uv)

f(x) (3.46)

The kth reduced linear programme for T −
G (u, v) is defined as the linear programme

K−
k (uv) := supK−

k (f) (3.47)

where the supremum is taken over all Lipschitz continuous f : Rk → Z satisfying the constraints:

f(a) ∈ {−1, 0 } f(b) ∈ {−1, 0, 1 } f(c) ∈ { 0, 1 } f(d) ∈ {−2,−1, 0 } f(e) ∈ {−2,−1 }
(3.48)

for all a ∈ △k(u, v), b ∈ □k(u), c ∈ Dk(u), d ∈ □k(v) and e ∈ Dk(v).

Proposition 3.4.11. We have

T −1
G (u, v) = mu(nu − 1) + 2mvnv +

K∑
k=1

K−
k (uv) (3.49)

in any graph G with edge uv such that R has K connected components R1, ..., RK .

Proof. The proof is almost identical to that of proposition 3.4.8: let fk : Rk → Z be optimal for

the kth reduced linear programme for T −1
G (u, v) for all k ∈ { 1, ...,K }. We note that the cost of

the mapping

f(x) =



1, x ∈ Fr(u)

0, x = u,

−1, x = v

−2, x ∈ Fr(v)

fk(x), x ∈ Rk

where k ∈ { 1, ...,K }, gives the right-hand side of the expression in the proposition, so it is

sufficient to show that f is Lipschitz continuous and optimal. Again Lipschitz continuity follows

from a careful case by case analysis of pairs (a, b) ∈ cnb(uv) × cnb(uv) in light of the constraints

3.48, while for optimality we note that

K(f) −K(g) = mu

∑
x∈Fr(u)

(1 − g(x)) + mv

∑
y∈Fr(v)

(2 + g(y)) +

K∑
k=1

(K−
uv(fk) −K−

uv(g|Rk))

for any g : N(u) ∪ N(v) → Z such that g(u) = 0 and g(v) = −1. If g is Lipschitz continuous

then this implies g(x) ∈ {−1, 0, 1 } for all x ∈ N(u) and g(y) ∈ {−2,−1, 0 } for all y ∈ N(v) so

the right-hand side is positive if K−
uv(fk) ≥ K−

uv(g|Rk) for all k ∈ { 1, ...,K }. This follows by the
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definition of fk and lemma 3.4.9.

Remark 3.4.12. The proofs of Lipschitz continuity in propositions 3.4.8 and 3.4.11 rely on a careful

analysis of the definitions of various core neighbourhood sets in light of the constraints 3.42 and

3.48 which define the optimisation domains. For instance we know that an element x ∈ D(u)

cannot neighbour a y ∈ N(v) since uxyv would then be a 4-cycle, contradicting the definition

of D(u) as the set of neighbours of u whose shortest cycles supported on uv are pentagons. A

systematic analysis of these types of constraint leads to the following distance matrix :

D :=

u v △(u, v) □(u) □(v) D(u) D(v) Fr(u) Fr(v) D(u, v)

u 0 1 1 1 2 1 2 1 2 2

v 1 0 1 2 1 2 1 2 1 2

△(u, v) 1 1 0 1 1 2 2 2 2 1

□(u) 1 2 1 0 1 1 2 2 3 1

□(v) 2 1 1 1 0 2 1 3 2 1

D(u) 1 2 2 1 2 0 2 1 3 1

D(v) 2 1 2 2 1 2 0 3 1 1

Fr(u) 1 2 2 2 3 1 3 0 3 2

Fr(v) 2 1 2 3 2 3 1 3 0 2

D(u, v) 2 2 1 1 1 1 1 2 2 0

(3.50)

The matrix D is indexed by pairs of core neighbourhood partition sets, displayed above and to the

left of the matrix. The idea is that Dpq is the least possible distance between a pair of vertices

(x, y) ∈ p × q allowed by the definitions of p anc q. That is to say Dpq = α iff there is a graph

G and a pair (x, y) ∈ p × q ⊆ V (G) × V (G) such that ρG(x, y) = α but no pair (x, y) ∈ p × q

in any graph such that ρ(x, y) < α. The utility in the context of Lipschitz continuity comes from

the fact that for mappings f : cnb(u, v) → Z, it suffices to verify that |f(a) − f(b)| ≤ Dpq for all

(a, b) ∈ p× q.

Putting the propositions 3.4.2, 3.4.8 and 3.4.11 together in light of lemma 3.3.7 gives the following:

Theorem 3.4.13. For any graph G = (V,E) and any edge uv ∈ E we have

TG(u, v) = (1 −△uvmu ∧mv) ∨
(
mu(Du + nu) + mv(Dv + nv) +

K∑
k=1

K0
k(uv)

)

∨
(
mu(nu − 1) + 2mvnv + +

K∑
k=1

K−
k (uv)

)
,

where R has K connected components. The quantities K0
k(uv) and K−

k (uv), k ∈ { 1, ...,K }, may

be obtained by solving the linear programmes specified in definitions 3.4.6 and 3.4.10.

Note that we may obtain the exact expressions of Jost and Liu (stated in theorems 3.3.2 and 3.3.4
above) by specialising from theorem 3.4.13:
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Corollary 3.4.14. Let G be locally tree-like. Then we have

κG(u, v) = −2[1 −mu −mv]+ (3.51)

for any edge uv of G.

Proof. If G is locally tree-like △uv = □u = □v = Du = Dv = 0, dw = 1 + nw, w ∈ {u, v }, and

K0
k(uv) = K−

k (uv) = 0. Thus

TG(u, v) = 1 ∨ (munu + mvnv) ∨ (mu(nu − 1) + 2mvnv)

= 1 + [(munu + mvnv − 1) ∨ (munu −mu + 2mvnv − 1)]+

= 1 + [(1 −mu −mv) ∨ (2(1 −mu −mv))]+

= 1 + 2[1 −mu −mv]+.

Substituting the definition of the Ollivier curvature gives the desired result.

Corollary 3.4.15. Let G = (V,E) have no squares and no pentagons. Then

κG(uv) = mu ∧mv△uv − [1 −mu −mv −mu ∧mv△uv]+ − [1 −mu −mv −mu ∨mv△uv]+

(3.52)

for all uv ∈ E.

Proof. If G has no squares and no pentagons then □u = □v = Du = Dv = 0, dw = 1 + △uv + nw,

w ∈ {u, v }. At the same time the reduced linear programmes K0
k(uv) and K−

k (uv) are readily

obtained as

K0
k(uv) = (mu ∨mv −mv ∨mu)△k

uv K−
k (uv) = [(mv −mu)△k

uv]+ (3.53)

since, for G with no squares and pentagons, Rk = R0
k for each k ∈ { 1, ...,K }, and

K0
k(f) = K−

k (f) = (mu −mv)
∑

x∈△k(uv)

f(x).

Thus respectively, we have the ansatze

fk
0 (x) = 2θmu,mv − 1 fk

−(x) = θmu,mv − 1 (3.54)

for all x ∈ △k(uv), which evidently maximise K0
k and K−

k amongst mappings satisfying the corre-

sponding constraints 3.42 and 3.48. But since these mappings are constant for given mu and mv,
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they are obviously 1-Lipshcitz and are thus optimal. Hence

TG(u, v) = (1 −mu ∧mv△uv) ∨
(
munu + mvnv + (mu ∨mv −mu ∧mv)

K∑
k=1

△k
uv

)

∨
(
munu −mu + 2mvnv + [mv −mu]+

K∑
k=1

△k
uv

)

= (1 −mu ∧mv△uv) ∨ (2 −mu −mv − 2mu ∧mv△uv)

∨ (3 − 2mu − 2mv + ([mv −mu]+ −mu − 2mv)△uv)

= (1 −mu ∧mv△uv) ∨ (2 −mu −mv − 2mu ∧mv△uv)

∨ (3 − 2mu − 2mv − (mu ∨mv + 2mu ∧mv)△uv)

= 1 −mu ∧mv△uv + [A ∨ (A + B)]+

where we define

A = 1 −mu −mv −mu ∧mv△uv B = 1 −mu −mv −mu ∨mv△uv.

We note that A + B ≥ A iff B ≥ 0 and so [A ∨ (A + B)]+ = [A]+ + [B]+, i.e.

TG(u, v) = 1 −mu ∧mv△uv + [1 −mu −mv −mu ∧mv△uv]+ + [1 −mu −mv −mu ∨mv△uv]+

which gives the required result when we substitute κG(uv) = 1 − TG(u, v).

3.5 Independent Short Cycles

In this section we give two distinct proofs of the following theorem:

Definition 3.5.1. An edge uv in a graph G is said to have independent short cycles iff uv is

the only edge shared by two short cycles supported by uv. The graph G is said to satisfy the

independent short cycle condition iff every edge has independent short cycles.

Theorem 3.5.2. Let G be a graph with independent short cycles. Then

κG(uv) = mu ∧mv△uv − [1 −mu −mv −mu ∧mv△uv −mu ∧mv□uv]+

− [1 −mu −mv −mu ∨mv△uv −mu ∧mv□uv −mu ∧mvDuv]+

for all edges uv of G, where □uv := □u = □v and Duv := Du = Dv.

The first proof follows from theorem 3.4.13 by specialisation as per the corollaries 3.4.14 and 3.4.15
in the previous section. The other proof we give was the original proof as given in Ref. [179], and
uses Kantorovitch duality to explicitly show the optimality of certain transport plans (equivalently
Lipschitz continuous maps).

First proof of Theorem 3.5.2. In this proof we follow the strategy of [178], i.e. specialisation from
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theorem 3.4.13.

Since the only edge any two short cycles supported on uv have in common is uv itself, each

connected component Rk has one of the following forms:

(i) Rk = { a } where uva is a triangle.

(ii) Rk = { a, b } where auvb is a square.

(iii) Rk = { a, b, c } where auvbc is a pentagon.

Graphically the connected components take the form of a single vertex, an edge and a two-path.

Also by the same condition

□uv := □u = □v Duv := Du = Dv dx = 1 + △uv + □ +D+ nx

for x ∈ {u, v }.

For any f : Rk → R the cases (i), (ii) and (iii) have Kantorovitch profits

K0
k(f) = K−

k (f) = (mu −mv)f(a) K0
k(f) = K−

k (f) = muf(a) −mvf(b) K−
k (f) = muf(a) −mvf(c)

respectively, where we note that we do not need to deduce K0
k for case (iii). Maximising with

respect to the constraints 3.42 and 3.48 thus gives:

K0
(i)(uv) = mu ∨mv −mu ∧mv K−

(i)(uv) = [mv −mu]+ K0
(ii)(uv) = mu ∨mv

K−
(ii)(uv) = mu + 2[mv −mu]+ K−

(iii)(uv) = mv + mu ∨mv,

where the subscripts (i), (ii) and (iii) denote that Rk is of the form (i), (ii) and (iii) respectively.

Hence

T 0
G(u, v) = mu(Duv + nu) + mv(Duv + nv) +

K∑
k=1

K0
k(uv)

= mu(Duv + nu) + mv(Duv + nv) + (mu ∨mv −mu ∧mv)△uv + (mu ∨mv)□uv

= mu(du − 1 −△uv −□uv) + mv(dv − 1 −△uv −□uv) + (mu ∨mv −mu ∧mv)△uv

+ (mu ∨mv)□uv

= 1 −△uvmu ∧mv + (1 −mu −mv −△uvmu ∧mv −□mu ∧mv)
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and

T −1
G (u, v) = mu(nu − 1) + 2mvnv +

K∑
k=1

K−
k (uv)

= mu(nu − 1) + 2mvnv + [mv −mu]+△uv + (mu + 2[mv −mu]+)□uv + (mv + mu ∨mv)Duv

= mu(du − 2 −△uv −□uv −Duv) + 2mv(dv − 1 −△uv −□uv −Duv)

+ [mv −mu]+△uv + (mu + 2[mv −mu]+)□uv + (mv + mu ∨mv)Duv

= 3 − 2mu − 2mv − (mu ∨mv + 2mu ∧mv)△uv − 2mu ∧mv□uv −mu ∧mvDuv

= 1 −△mu ∧mv + (1 −mu −mv −mu ∧mv△uv −mu ∧mv□uv)

+ (1 −mu −mv −mu ∨mv△uv −mu ∧mv□uv + mu ∧mvDuv).

Thus noting that TG(u, v) is given by an expression of the form

A ∨ (A + B) ∨ (A + B + C) = A + [B ∨ (B + C)]+ = A + [B]+ + [C]+

gives the desired result.

Second Proof of Theorem 3.5.2. In this proof we follow [179] and use Kantorovitch duality to prove

the result.

We fix an edge uv of G and assume it has independent short cycles. Let △ := △uv, □ := □u = □v

and D := Du = Dv and note that

dw = 1 + mw + △ + □ +D+ nw (3.55)

for w ∈ {u, v }. We note that every transport plan is given by a du × dv-dimensional matrix ξ,

where ξuv = ξ(u, v), such that each row sums to mu and each column sums to mv. Using the block

form representations (u,△(uv),□(v),D(v),Fr(v)) and (v,△(uv),□(u),D(u),Fr(u)), we note that

ξ may be represented by a 5 × 5-dimensional block form matrix such that the rows and columns

sum to αmu and αmv respectively, where α denotes the size of the block in question. Given the

block form distance matrix

D(u, v) u △(uv) □(v) D(v) Fr(v)

v 1 1 1 1 1

△(uv) 1 0 2 2 2

□(u) 1 2 1 3 3

D(u) 1 2 3 2 3

Fr(u) 1 2 3 3 3

, (3.56)

we can obtain the transport cost of a block form transport plan ξ by taking ξ · D(u, v) where · is

the Frobenius (element-wise) inner product. We shall work exclusively with block form transport
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plans and inner products in this proof.

Let us begin with some heuristics. Entries of transport plans ξ take values [0, 1] and so D(u, v)

plays a more important role in determining optimality, i.e. optimal transport plans will avoid

transferring earth between distantly separated blocks. In particular any optimal transport plan

will move as much dirt as possible from Fr(u) and v to u and Fr(v) respectively. A key role is thus

played by the ratios:

ru :=
numu

mv
rv :=

nvmv

mu
. (3.57)

ru < 1 essentially says that mass at u fills the hole at Fr(u); analogously, rv < 1 ensures that u

can accommodate the entire mass at Fr(v). If r1, r2 > 1 (the generic situation), then situation

becomes more involved with mass and capacity from elsewhere required to deal with the vertices

Fr(u) and Fr(v).

Naively, the following inequalities specify all distinct possible cases:

ru, rv < 1 ru < 1 ≤ rv rv < 1 ≤ ru 1 ≤ ru, rv.

Not all of these inequalities are feasible, however: first assume without loss of generality that

du ≥ dv, i.e. mv ≥ mu. Substituting 3.55 into 1 = dumu = dvmv and rearranging gives:

(△ + □ +D)(mv −mu) = (numu −mv) − (nvmv −mu)

= mv(ru − 1) −mu(rv − 1). (3.58)

The left-hand side of the above equation is non-negative by assumption; but to ensure that the

right-hand side of the equation is nonnegative when ru < 1 requires rv < 1 and the analysis boils

down to the following three cases:

ru, rv < 1 rv < 1 ≤ ru 1 ≤ ru, rv. (3.59)

We treat each case separately.

(i) ru < 1, rv < 1: Consider the transport plan

ξa1 u △(uv) □(v) D(v) Fr(v)

v 0 △(mv −mu) □(mv −mu) D(mv −mu) + mv − numu nvmv

△(uv) 0 △mu 0 0 0

□(u) 0 0 □mu 0 0

D(u) mv − numu 0 0 (D+ nu)mu −mv 0

Fr(u) numu 0 0 0 0

.
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One immediately checks that the row and column sums are as required by equation 3.55.

The condition rv < 1 is implicit in the above assignment since the entry in the top right

demands nvmv < mu. All terms are trivially positive except mv − numu, mu − nvmv,

D(mv −mu) + (mv − numu) and (D+ nu)mu −mv; the positivity of the three former terms

follows from the case defining conditions. The latter is not necessarily positive, and the

existence of ξa1 requires the additional assumption:

0 ≤ (D+ nu)mu −mv ≤ Dmv (3.60)

where the right-hand side comes from the fact that we are able to transport (D+nu)mu−mv

to D(v). On the other hand it follows trivially since (D+nu)mu−mv = Dmu−(mv−numu) ≤
Dmv − (mv − numu) ≤ Dmv since mv ≥ mu and rv < 1. That is to say, ξa1 exists iff ru < 1,

rv < 1 and the left hand inequality of expression 3.60 holds.

The transport cost associated with ξa1 is:

T (ξa1 ) = ξa1 · D(u, v)

= (−△−□−D− nu + 0△ + □− nu + 2D+ 2nu + nu)mu

+ (△ + □ +D+ 1 + nv + 1 − 2)mv

= (−△ +D+ nu)mu + (△ + □ +D+ nv)mv. (3.61)

We are looking for a short map fa
1 such that T fa

1 (u, v) = T πa
1 (u, v). Recalling that

K(f) = mu

∑
x∈N(u)

f(x) −mv

∑
y∈N(v)

f(y),

we can read off the form of a map with appropriate transport profit from equation (3.61). In

particular, the mapping fa
1 : cnb → Z given by

fa
1 (x) =


1, x ∈ D(u) ∪ Fr(u)

0, x ∈ uv ∪□(u) ∪D(uv)

−1, x ∈ △(uv) ∪□(v) ∪D(v) ∪ Fr(v)

(3.62)

should have the ‘correct’ transport profit. We may check this explicitly:

K(fa
1 ) = mu

∑
x∈N(u)

fa
1 (x) −mv

∑
y∈N(v)

fa
1 (y)

= (D+ nu + 0(1 + □) −△)mu − (0 · 1 −△−□−D− nv)mv

= (−△ +D+ nu)mu + (△ + □ +D+ nv)mv (3.63)
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Comparing equations (3.61) and (3.63) shows that

T1a(u, v) := T (ξ1a)

= K(f1
a )

= (−△ +D+ nu)mu + (△ + □ +D+ nv)mv

= (−△ +D+ nu)mu + (dv − 1)mv

= 1 −△mu + (1 −mu −mv −mu△−mu□) (3.64)

and we have found an expression for the Wasserstein metric in this scenario.

Now consider the case:

(D+ nu)mu −mv < 0. (3.65)

We have an ansatz:

ξb1 u △(uv) □(v) D(v) Fr(v)

v mv − (D+ nu)mu △(mv −mu) □(mv −mu) Dmv nvmv

△(uv) 0 △mu 0 0 0

□(u) 0 0 □mu 0 0

D(u) Dmu 0 0 0 0

Fr(u) numu 0 0 0 0

. (3.66)

This transport plan is well defined given the assumed inequalities;it has a transport cost

T (ξb1) = (−D− nu −△−□ + 0△ + □ +D+ nu)mu + (1 + △ + □ +D+ nv)mv

= −△mu + (1 + △ + □ +D+ nv)mv, (3.67)

which is the Kantorovitch profit of the map:

f b
1(x) =

 −1, x ∈ N(v)

0, x ∈ (N(u)/△(u, v)) ∪D(uv)
. (3.68)

This is obviously 1-Lipschitz and we have a Wasserstein distance

T1b(u, v) := −△mu + (1 + △ + □ +D+ nv)mv

= 1 −△mu. (3.69)

Comparing equations (3.64) and (3.69) in light of the defining inequalities immediately sug-
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gests we take

T1(u, v) := 1 −△mu + [1 −mu −mv −mu△−mu□]+. (3.70)

where [a]+ = max(a, 0); this is a single expression giving the Wasserstein distance whenever

ru, rv < 1.

(ii) rv < 1 ≤ ru: Define

ξa2 u △(uv) □(v) D(v) Fr(v)

v 0 0 0 mu − nvmv nvmv

△(uv) 0 △mu 0 0 0

□(u) 0 0 □mu 0 0

D(u) 0 0 0 Dmu 0

Fr(u) mv △(mv −mu) □(mv −mu) (D+ nv)mv − (1 +D)mu 0

(3.71)

and the Lipschitz continuous mapping:

fa
2 (x) =



0, x ∈ Fr(u)

−1, x ∈ {u } ∪D(u)

−2, x ∈ { v } ∪ △(u, v) ∪□(u) ∪D(uv)

−3, x ∈ □(v) ∪D(v) ∪ Fr(v)

. (3.72)

ξa2 is a transport plan whenever (D+ nv)mv ≥ (1 +D)mu. We have

T2a(u, v) := T (ξa2 )

= K(fa
2 )

= (1 + 0△ + □ + 2D− 2△− 3□− 3D− 3)mu

+ (−nv + nv + mv + 2△ + 3□ + 3D+ 3nv)mv

= −(2 + 2△ + 2□ +D)mu + (1 + 2△ + 3□ + 3D+ 3nv)mv

= 1 −△mu + (1 −mu −mv −mu△−mu□)

+ (1 −mu −mv −mv△−mu□−muD). (3.73)
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If (D+ nv)mv < (1 +D)mu, consider the following transport plan:

ξb2 u △(uv) □(v) D(v) Fr(v)

v 0 0 (1 +D)mu − (D+ nv)mv D(mv −mu) nvmv

△(uv) 0 △mu 0 0 0

□(u) 0 0 □mu 0 0

D(u) 0 0 0 Dmu 0

Fr(u) mv △(mv −mu) □(mv −mu) − (1 +D)mu + (D+ nv)mv 0 0

.

(3.74)

which exists as long as □(mv −mu) ≥ (D+ 1)mu − (D+ nv)mv. ξb2 has cost

T (ξb2) = (1 +D−D+ 0△ + □ + 2D− 2△− 3□− 3 − 3D)mu

+ (−D− nv +D+ nv + 1 + 2△ + 3□ + 3D+ 3nv)mv

= −(2 + 2△ + 2□ +D)mu + (1 + 2△ + 3□ + 3D+ nv)mv (3.75)

and T (ξb2) = T2a(u, v), i.e. ξb2 is optimal by the reasoning for the case ξa2 .

If □(mv −mu) < (D+ 1)mu − (D+ nv)mv but △(mv −mu) ≥ (D+ 1)mu − (D+ nv)mv −
□(mv −mu) then we have the transport plan

ξc2 u △(uv) □(v) D(v) Fr(v)

v 0 (1 +D)mu − (D+ nv)mv −□(mv −mu) □(mv −mu) D(mv −mu) nvmv

△(uv) 0 △mu 0 0 0

□(u) 0 0 □mu 0 0

D(u) 0 0 0 Dmu 0

Fr(u) mv α 0 0 0

(3.76)

where we define

α := △(mv −mu) + □(mv −mu) − (1 +D)mu + (D+ nv)mv. (3.77)

It has cost

T (ξc2) = (1 +D+ □−□−D+ 0△ + □ + 2D− 2△− 2□− 2 − 2D)mu

+ (−D− nv −□ + □ +D+ nv + 1 + 2△ + 2□ + 2D+ 2nv)mv

= −(1 + 2△ + □)mu + (1 + 2△ + 2□ + 2D+ 2nv) (3.78)
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which is the profit of the map

f c
2(w) :=


0, D(u) ∪ Fr(u)

−1, uv ∪□(u) ∪D(uv)

−2, △(uv) ∪□(v) ∪D(v) ∪ Fr(v).

(3.79)

This map is clearly short and so we have a Wasserstein distance

T2c(u, v) := −(1 + 2△ + □)mu + (1 + 2△ + 2□ + 2D+ 2nv)

= −(du + △−D− nu)mu + (2dv − 1)mv

= 1 −△mu + (1 −mu −mv −mu△−mu□) (3.80)

A comparison with T1(u, v) (equation 3.64) implies optimality.

Consider the condition △(mv − mu) ≥ (D + 1)mu − (D + nv)mv − □(mv − mu) for the

existence of the transport plan ξc2; rearranging we obtain

(△ + □ +D+ nv)mv ≥ (1 + △ + □ +D)mu

which implies that 1 − mv ≥ 1 − numu i.e. numu ≥ mv or equivalently ru ≥ 1. This

holds by assumption so ξc2 exists whenever (mv − mu)□ < mu(1 + D) − mv(D + nv). The

current case is thus entirely summarised by the expressions T2a(u, v) and T2c(u, v), that

correspond to situations where □(mv −mu) ≥ (D+ 1)mu − (D+ nv)mv and □(mv −mu) <

(D+ 1)mu − (D+ nv)mv respectively. Rewriting these inequalities we obtain

(1 −mu −mv −mv△−mu□−muD) ≥ 0 (1 −mu −mv −mv△−mu□−muD) < 0

(3.81)

and both scenarios are governed by

T2(u, v) := 1 −△mu + (1 −mu −mv −mu△−mu□)

+ [1 −mu −mv −mv△−mu□−muD]+. (3.82)
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(iii) rv ≥ 1, ru ≥ 1: The transport plan

ξ3 u △(uv) □(v) D(v) Fr(v)

v 0 0 0 0 mu

△(uv) 0 △mu 0 0 0

□(u) 0 0 □mu 0 0

D(u) 0 0 0 Dmu 0

Fr(u) mv △(mv −mu) □(mv −mu) D(mv −mu) nvmv −mu

. (3.83)

always exists. It has cost

T (ξ3) = (1 + 0△ + □ + 2D− 2△− 3□− 3D− 3)mu

+ (1 + 2△ + 3□ + 3D+ 3nv)mv

= −(2 + 2△ + 2□ +D)mu + (1 + 2△ + 3□ + 3D+ 3nv)mv. (3.84)

The fact that T (ξ3) = T (ξa2 ) allows us to compare with the 1-Lipschitz map fa
2 in equation

(3.72) and implies a Wasserstein distance T3(u, v) = T2a(u, v).

We now seek a single expression TH(u, v) for the 3 cases defined in 3.59. Recall:

ru, rv < 1 =⇒ TG(u, v) = 1 −mu△ + [1 −mu −mv −mu△−mu□]+

rv < 1 ≤ ru =⇒ TG(u, v) = 1 −△mu + (1 −mu −mv −mu△−mu□)

+ [1 −mu −mv −mv△−mu□−muD]+.

1 ≤ ru, rv =⇒ TG(u, v) = 1 −△mu + (1 −mu −mv −mu△−mu□)

+ (1 −mu −mv −mv△−mu□−muD).

The first thing to note is that for rv ≥ 1, we have

0 ≤ mvnv −mu

= 1 −mu −mv −mv△−mv□−mvD

≤ 1 −mu −mv −mv△−mu□−muD (3.85)

since mv ≥ mu and cases (ii) and (iii) are both described by the expression for case (ii). Similarly

if ru ≥ 1 we have

1 −mu −mv −mu△−mu□ ≥ 1 −mu −mv −mu△−mu□−muD = munu −mv ≥ 0
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and we have

TG(u, v) = 1 −△mu + [1 −mu −mv −mu△−mu□]+ + [1 −mu −mv −mv△−mu□−muD]+.

Finally we loosen the requirement that du ≥ dv and write in a symmetric form i.e. we make the

replacements mu 7→ mu ∧ mv and mv 7→ mu ∨ mv and substitute the definition of the Ollivier

curvature.

3.6 Conclusion

Despite its length and technicality, the useful original material of this chapter and the associated
appendix D comes down to a few exact expressions, for 3-regular graphs, 4-regular graphs and for
graphs with independent short cycles. In the next chapter we will use these expressions as the
basis of a study of combinatorial quantum gravity, a statistical model of random graphs driven by
the curvature. In particular, the independent short cycle results will be used as the basis for the
numerical analysis of combinatorial quantum gravity, while the exact expressions for low degree
will permit us to understand the structure of the classical phase through results relating to the
structure of Ricci flat graphs.
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Combinatorial Quantum Gravity

4.1 Introduction

In this chapter we study a statistical model of random graphs referred to as combinatorial quan-
tum gravity, introduced by Trugenberger [282] and developed by the author in collaboration with
Trugenberger and Biancalana in a series of papers [179, 181, 182]. Despite the name, the topic
of this chapter is not a theory of quantum gravity proper—even at the Euclidean level—insofar
as the statistical model in question is not defined by an action that converges classically to the
Einstein-Hilbert (or any plausible gravitational) action. Such a discrete Einstein-Hilbert action is
introduced in the next chapter, following Refs. [157, 159, 180]. Nonetheless, the model discussed
here is primarily of interest for several reasons:

� The model is (relatively) tractable permitting several analytic or nearly analytic results
about the structure of the classical phase to be deduced while permitting (again relatively)
computationally inexpensive simulations of the dynamics to be run.

� Despite the general nonconvergence of the model, it may nonetheless be of relevance for the
discussion of the Ricci-flat or near-Ricci-flat sector of a quantum gravity theory proper. The
requisite assumption here is that in the semiclassical limit ℏ → 0 of the (regularised) quantum
gravity theory, the measure is either concentrated on configurations with small absolute values
of the cosmological constant or effects from large absolute values of the cosmological constant
cancel. This assumption is not unnatural given the small observed value of the cosmological
constant but it should be stressed that combinatorial quantum gravity essentially requires the
cosmological constant to be negative, in direct contradiction with observation. Trugenberger
[283] has recently proposed that this is not necessarily a defect of the theory in an interesting
but highly speculative work.

� Combinatorial quantum gravity displays some of the clearest signatures of emergent geometry
in the literature and thus may be of independent interest for studies of geometrogenesis [7]
and network geometry [42].

� The model potentially specifies a new universality class for emergent Euclidean geometries,
i.e. the system appears to escape from the branched polymer and Brownian sphere phases
without any deliberate fixing of the topology (except, indirectly, spacetime dimension).

In this chapter we study various aspects of combinatorial quantum gravity in order to substantiate
the above claims. In particular, in section 4.2 we introduce the general features of the model.
Notably, we will find that discrete spacetimes are to be described by random regular graphs, i.e.
graphs where the degree (number of neighbours) of each vertex is constant, and that the model
itself is essentially characterised by one kinematic parameter: the graph degree d. In this way,
after a discussion of numerical methods in section 4.3, it makes sense to systematically study the
model by varying the degree d. The d = 2 case is trivial and so is summarily dealt with. The case
of so-called cubic graphs (i.e. the d = 3 case) however, is both nontrivial and essentially solvable;
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this makes it an ideal testing ground for the ideas involved in combinatorial quantum gravity.
Here we have a complete characterisation of the classical configurations, an analytic proof that the
scaling limit of any sequence of such configurations is the circle and strong numerical evidence for
a second order phase transition. This gives strong heuristic support for pursuing the programme
of combinatorial quantum gravity further. Cubic graphs are thus the topic of section 4.4, which
is largely based on Ref. [181]. For d > 3, the available analytic results and numerical evidence
paint a much less complete picture of the nature of the model; we discuss the present state of
our understanding of this case in section 4.5. In particular, for d = 4 we have good evidence for
emergent local geometric structure. We then conclude with some reflections on the achievements
of the model as well as those areas that remain lacking in clarity in section 4.6.

4.2 Combinatorial Quantum Gravity

In this section we introduce the essential features of the model dubbed combinatorial quantum grav-
ity by Trugenberger and demonstrate some general properties. In particular we are interested in
the scaling limits of discrete models of random graphs, defined via weak limits of finite-dimensional
Gibbs distributions, which we shall study formally using the standard techniques of statistical me-
chanics. Insofar as this is a model of quantum geometry, previous acquaintance with Euclidean
quantum gravity in its matrix model/dynamical triangulations form suggests that configuration
space will diverge superexponentially unless the graph topology is fixed e.g. via an imbedding
condition. This expectation appears to be born out. We also introduce the so-called independent
short cycle condition which leads to great simplifications in the analytic structure of the model
and plays an important role in stabilising emergent geometric structures.

4.2.1 Statistical Models

We shall assume that any statistical model is determined by the specification of two objects:

(i) A configuration space Ω consisting of allowed configurations ω ∈ Ω. Mathematically this will
be a measure space, i.e. equipped with some σ-algebra and some suitable kinematic measure
µ acting on the measurable subsets of Ω. In a discrete statistical model we will have |Ω| < ∞
and µ =

∑
ω∈Ω δω where δω is the Dirac mass at Ω for each ω ∈ Ω, i.e. µ is the counting

measure µ(E) = |E| for each measurable E ⊆ Ω.

(ii) A dimensionless action

βA : Ω → V (4.1)

where V is some suitable value space for the model. In general one takes V = C but we
shall assume that V = R. It is convenient to regard β and A as independent (dimensionful)
quantities

β : Ω → V A : Ω → V (4.2)

with β = β(ω; β̃) referred to as the thermodynamic beta or inverse temperature and β (more
precisely β̃) taking the role of a variable dynamical parameter of the system. A will then be
a (dimensionful) action—usually referred to as ‘the’ action—that can be assigned a priori
once the features of the configurations ω ∈ Ω are known.

Given this description, configuration space is a kinematical structure and we shall refer to aspects
relating to the specification and properties of Ω as kinematical ; in the same way the structure βA
is dynamical. Given a statistical model (Ω, βA) with kinematic measure µ, the partition function
of the system is

Z =

∫
Ω

dµ(ω) exp(−βA(ω)). (4.3)
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In physics texts this is generally taken as the foundation for a statistical model insofar as the
n-point correlators (phenomenal quantities) can be obtained from a minimally extended partition
function via the functional calculus. From a mathematical point of view, the partition function
defines the normalisation of the associated Gibbs measure—also referred to as the Boltzmann
distribution—specified via

µ(Ω,βA)(E) =
1

Z

∫
E

dµ(ω) exp(−βA(ω)) (4.4)

for any measurable subset E ⊆ Ω.

The prescription above is somewhat formal in the sense that in any given situation it is not clear
that there is a kinematical measure µ which (a) is physically reasonable and (b) ensures that the
Boltzmann distribution is in fact mathematically well defined. The exception, of course, is for
finite-volume systems in which the partition function Z is finite. Of particular concern in our case
will be discrete systems in which we have

Z =
∑
ω∈Ω

exp(−βA(ω)) µ(Ω,βA)(ω) =
1

Z exp(−βA(ω)), (4.5)

where we extend the Gibbs distribution to (measurable) sets E ⊆ Ω in the obvious manner.

Our experience of rigorous statistical mechanics and/or constructive quantum field theory suggests
that the specification of infinite-volume Gibbs measures is somewhat more involved. It is reasonable
to expect that the infinite-volume Gibbs measure should be constructed from well-defined finite-
volume Gibbs measures, but even in the case of free systems the precise approach to adopt is
slightly subtle. Let us begin by briefly reviewing the abstract Wiener space construction of infinite-
dimensional Gaussian measures:1 associated to any (real) Hilbert space H is a canonical (up to
a choice of mean and variance) Gaussian cylindrical set measure γ, i.e. γ projects to a Gaussian
distribution on the finite-dimensional subspaces of H. Such a cylindrical set measure, however, is
not a measure proper insofar as it fails to be countably additive. One can get a heuristic idea of
the difficulty if we consider a finite-dimensional Gaussian distribution:

ND,0,1 =
1√

(2π)D

∫
RD

dDx exp

(
−1

2
||x||2

)
. (4.6)

The expected (squared) distance from the origin of a random element of RD chosen with respect
to this distribution is:

⟨||x||2⟩ =
1√

(2π)D

∫
RD

dDx||x||2 exp

(
−1

2
||x||2

)
=

1√
2π

D∑
k=1

∫ ∞

−∞
dxkx

2
k exp

(
−1

2
x2
k

)
= D.

(4.7)

Thus in the limit D → ∞, ⟨||x||2⟩ → ∞ and a typical vector ‘lives at infinity’; another way of
regarding the above is to claim that the variance of the limiting distribution is infinite. Either way,
the original (infinite-dimensional) Hilbert space is in quite a precise sense too small to accommodate
the infinite-dimensional Gaussian measure associated to the cylindrical set measure γ. To get
around this problem one imagines that there is a Banach space B and a dense imbedding ι : H ↪→ B
such that ι∗γ extends to a countably additive measure on the Borel σ-algebra of B. Such a triple
(H,B, ι) is called an abstract Wiener space and the measure on B which extends ι∗γ is an infinite-
dimensional Gaussian measure.

An example of such an abstract Wiener space is the classical Wiener space:

C0 := { f ∈ C([0, 1],R) : f(0) = 0 } (4.8)

1We follow Refs. [127, 197] closely for our discussion of abstract Wiener spaces.
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consisting of continuous paths in R starting at the origin and equipped with the uniform norm:

||f ||∞ := sup
t∈[0,1]

||f(t)||. (4.9)

The Wiener measure (an infinite-dimensional Gaussian measure) is the distribution of the Wiener
process {Bt }t∈[0,1], a mathematical formalisation of Brownian motion defined by the following
conditions:

(i) B0=0.

(ii) {Bt }t∈[0,1] is almost surely continuous in t.

(iii) {Bt }t∈[0,1] has normally distributed independent increments, i.e. for any t0, t1 ∈ [0, 1] with

t0 < t1 we have that the random variable (Bt1−Bt0) has the Gaussian distribution N1,0,|t1−t0|
and for any t0, t1, t2, t3 ∈ [0, 1] with t0 < t1 < t2 < t3, the random variables (Bt1 −Bt0) and
(Bt3 −Bt2) are independent.

It turns out that abstract Wiener spaces admit a generic construction allowing us to bypass the
details of concrete constructions of infinite-dimensional Gaussian measures; more can be said how-
ever, insofar as this construction is canonical, i.e. every infinite-dimensional Gaussian measure can
be obtained from an abstract Wiener space. The basic idea is to introduce a new weaker norm || · ||
on the original Hilbert space H; if H is infinite-dimensional and the new norm is strictly weaker
than the canonical norm on H, the completion B of H with respect to || · || densely imbeds H via
the inclusion map ι : H ↪→ B. It turns out that the triple (H,B, ι) is then an abstract Wiener
space iff the norm || · || on H is measurable in the following sense: let Πω(H) be the lattice of
finite-dimensional orthogonal projections of H. Then || · || is measurable iff for any ε > 0 there is
a π0 ∈ Π(H) such that

γ({x ∈ H : | |πx|| > ε }) < ε (4.10)

for any π ∈ Π(H) such that π0 ⊥ π.

The abstract Wiener space construction of infinite-dimensional Gaussian measures depends strongly
on the Gaussian nature of the distribution in question insofar as it relies on the Hilbert space struc-
ture of the space in order to define the quadratic form used to specify the Gaussian distribution in
question. In this way it has little prospect to generalise to interacting theories. An alternative way
to construct the Wiener process is to use the Kolmogorov extension theorem. The details are not
so important for present purposes: it is sufficient to note that this theorem ensures the existence of
a measure on the infinite product of σ-algebras given a relatively mild compatibility constraint on
the finite-dimensional projections of the measure. This approach thus has the obvious advantage
that it does not depend strongly on the nature of the resulting distribution and thus seems to be a
more general approach to constructing infinite-volume Gibbs measures than the abstract Wiener
space construction. In many cases, however, the Kolmogorov extension theorem will not in fact
suffice. The basic issue is that the Kolmogorov extension theorem specifies the infinite-volume mea-
sure uniquely, while the thermodynamic limit permits emergent qualitative differentiation (more
is different!) resulting in multiple infinite-volume Gibbs distributions compatible with the same
finite-dimensional projections. For example, broken symmetry effects in the Ising model mean
that the expected value of (e.g.) the magnetisation can take on two possible values at parameter
values β > βc in the infinite-volume limit despite the fact that the finite-volume approximations
are stochastically indistinguishable.

We shall instead adopt an alternative perspective inspired by Donsker’s theorem where we charac-
terise the infinite-volume distribution as the weak limit of a of finite-volume distributions. Since
the discrete measures are dense in the space of Borel probability measures, every measure can in
principle be obtained in this manner. Weak limits, moreover, respect the limiting expectations
of sequences of bounded continuous functions and in this way respect—at least at the level of
expectations—the phenomenal behaviour of physical quantities.

The topology of weak convergence in the space of probability measures on a (Polish) space is metris-
able; hence it is Hausdorff and any convergent sequence has exactly one limit. In this way it seems
as if the weak-limit approach to limiting distributions is no more general than the Kolmogorov
approach. In the theory of lattice gases [120], where configurations are spin configurations σ ∈ ΣΛ
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defined on lattices Λ ⊆ ZD, Σ := ΣZD , the weak-limit characterisation of infinite-volume Boltz-
mann distributions can be rescued because of the dependence on boundary conditions. Essentially,
the approach—due to Dobrushun, Lanford and Ruelle (DLR)—is that any choice of dimensionless
action βA on spin configurations Σ of ZD determines a mapping σ ∈ Σ 7→ µσ

(ΣΛ,βA) for any lattice Λ,
where ΣΛ is the space of spin configurations on Λ and µσ

(ΣΛ,βA) is a Gibbs distribution on the model

(ΣΛ, βA) subject to the boundary condition σ ∈ Σ. (We identify configurations with boundary
conditions in the sense that each Λ ⊆ Z has specified boundary conditions given a choice of σ ∈ Σ.)
We call such a family of mappings a DLR-specification. The mappings of a DLR-specification are
compatible in the following sense: suppose we have regions Λ1 ⊂ Λ2 ⊆ ZD; then the expected
value of a bounded measurable function f : Σ → R2 in the region Λ2 at any boundary condition
can be obtained by averaging over the expectation of f in Λ1 subject to all possible boundary
conditions, i.e. configurations in the region Λ2\Λ1. In this way, any fixed boundary condition
σ ∈ Σ and suitable increasing sequence of lattices ΛN ⊆ ZD defines a sequence of finite-volume
Gibbs measures on the lattice ΛN subject to the boundary condition σ. It is possible to specify
a notion of compatibility between infinite-volume Gibbs measures and DLR-specifications in such
a way that the weak limit of any DLR-sequence at fixed boundary condition (if it exists) defines
a compatible Gibbs measure. The compactness of the space of measures allows one to extract
a convergent subsequence from every sequence and so guarantees the existence of a compatible
infinite-volume Gibbs measure for any given DLR-specification. The notions of compatibility and
weak limit are not quite identical with the former more general in the spin lattice context [83],
but the weak-limit approach applies generally whereas DLR-specifications are only defined in the
context of lattice gases (as far as the author is aware).

Let us reiterate the point: the Kolmogorov extension theorem defined via compatibility with a
family of finite-volume marginal distributions necessarily specifies a unique infinite-volume Gibbs
distribution compatible with these marginals. In the weak-limit approach, however, one can obtain
multiple limits because we may specify multiple sequences of conditional finite-volume distributions
and take their limit for distinct conditions. Of course in combinatorial quantum gravity it is not
clear how to impose boundary conditions as in the lattice gas case but fundamentally the point is
not so much the choice of boundary conditions as the way one can ‘disintegrate’ an infinite-volume
Gibbs measure into a family of conditional finite-volume Gibbs measures. On the other hand this
advantage is somewhat academic insofar as we have not in fact found a way to condition on any
quantity in our analysis.

4.2.2 Regularisations of Euclidean Quantum Gravity, Topological Ex-

pansion and Wick Rotation

The basic idea of combinatorial quantum gravity—now regarded as a research programme rather
than a particular statistical model—is to define a regularisation of (Euclidean) quantum gravity
via the specification of a partition function on the class of graphs. More precisely let ΩQG be
the class of (isometry classes of connected) Riemannian manifolds; formally Euclidean quantum
gravity is specified by the partition function

ZQG =

∫
ΩQG

D(M) exp (−AEH(M)) (4.11)

where D is some suitable measure on ΩQG and AEH is the (Euclidean) Einstein-Hilbert action:

AEH(M; Λ) = −1

g

∫
M

dvolM(x)(R(x) − 2Λ) (4.12)

where g is some gravitational coupling parameter, volM is the natural volume form on M, R the
scalar curvature and Λ the cosmological constant. Note that we let AEH(M) := AEH(M; 0). As
specified above, however, ZQG is not well defined (in particular it is nonrenormalisable) and we
should perhaps not attach too much meaning to this formal assignment itself; nonetheless, given
our understanding of quantum mechanics and general relativity it provides a powerful starting
point for discussions of Euclidean quantum gravity.

A regularisation of this statistical model will consist of the following data:
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(i) A class of discrete structures Ω such that each M ∈ ΩQG can be identified as (the limit of)
a suitable sequence of elements of Ω.

(ii) A discrete Einstein-Hilbert action ADEH : Ω → R such that ADEH(ω) → AEH(M) as
ω → M.

If we assume that Ω is a metric space and let Ω∞ denote the completion of Ω we see that ΩQG ⊆ Ω∞;
moreover if we define

ΩN := {ω ∈ Ω : | ω| = N } (4.13)

we see that ADEH specifies a sequence of statistical models (ΩN , βADEH) := (ΩN , βADEH |ΩN ),
N ∈ N. The weak limit of the Gibbs measures µ(ΩN ,βADEH) is then a Gibbs measure µ(Ω∞,AEH)

on the configuration space Ω∞, where AEH is formally extended to the entirety of Ω∞—recall
that above it has only been defined for ΩQG—by taking the limit of ADEH . We shall call such a
statistical model a Euclidean quantum gravity theory.

Before continuing let us briefly remark on the use of the Einstein-Hilbert action in the above.
From the perspective of asymptotically safe gravity, this insistence on the Einstein-Hilbert action
is somewhat dogmatic, since from the perspective of effective field theory it is desirable to include all
terms specifiable by some basis of curvature invariants, while at the very least an extrapolation to
the UV would appear to require the inclusion of all independent terms with relevant couplings. On
the other hand the Newton and cosmological constant are clearly relevant parameters and ‘correct’
performance on the Einstein-Hilbert terms is a reasonable minimal requirement to enforce. At any
rate, for the purpose of this thesis we have limited ourselves to a one dimensional truncation, in
view of the difficulties and rich structure this truncation already appears to present.

Above we have been fairly loose in our treatment of topological structure. At one level it is de-
sirable to allow the topology of possible spacetimes considered in the partition function ZQG to
vary arbitrarily, at least insofar as as all relevant dynamical structures remain well defined, as
an extension of standard background independence considerations. On the other hand this seems
dauntingly difficult. For instance, it does not seem to be possible to let spacetime dimension vary
arbitrarily in any approach to quantum gravity. In string theory, for instance, Weyl anomalies
arising from local worldsheet scale invariance automatically cancel in certain critical spacetime
dimensions (26 for the bosonic theory and 10 for the supersymmetric theory) [136, 269]. Outside
of the critical dimension one is additionally forced to solve the quantum Liouville theory, a 2D
completely integrable conformal field theory with central charge c = D − 1, with D the dimen-
sion of the background spacetime [249]. The integrability of the theory makes this an a priori
promising avenue, but unfortunately significant difficulties arise in the Euclidean theory in relation
to the development of a tachyonic mode above the so-called c = 1 barrier; in Euclidean dynam-
ical triangulations this tachyonic mode is generally interpreted as the continuum version of the
manifestly pathological branched polymer phase [14, 65, 91, 190]. Even in fixed spatial dimension
there are severe mathematical difficulties. For high dimensional manifolds (D ≥ 5) it is impossible
to determine whether two given (piecewise linear) manifolds are homeomorphic (diffeomorphic),
while for D = 4 there exist manifolds for which the homeomorphism (diffeomorphism) problem is
undecidable [76]. The basic idea in these proofs is that any finitely presented group can be realised
as the fundamental group of a D-manifold for D ≥ 4, and since the word problem for groups
is undecidable [270] it is in general undecidable whether two distinct 4-manifolds share the same
fundamental group—nevermind the homeomorphism type.

Low dimensional manifolds are more rigid and in fact admit homeomorphism-type classifications
[198, 271]. However, even in the simplest case of closed surfaces the issue of topological fluctuations
remains significant. It is convenient to examine this question from the perspective of the matrix
model approach to 2D gravity.2 Here it is convenient to rewrite the partition function ZQG as

ZQG =

∞∑
h=0

∫
D[S] exp (−g0A(S) + g1χ(S)) (4.14)

where g0 and g1 are independent couplings, A(S) is the area of the surface S and χ(S) = 2−2h(S)
is the Euler characteristic of the surface, i.e. h(S) is the number of handles in the surface. The

2We follow Refs. [14, 118] for the following discussion of matrix models and the topological expansion.
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point is that in 2D, the Gauss-Bonnet theorem states that

χ(S) =
1

4π

∫
S

dvolS(x)R(x) (4.15)

so the coupling g1 is up to a multiplicative constant given by the (inverse) of the gravitational
coupling g, while the area is given

A(S) =

∫
S

dvolS (4.16)

so g0 depends additionally on the cosmological constant. Classically this theory is trivial insofar
as it depends only on global quantities but the possibility of topological fluctuations means that
the quantum theory is more involved. It turns out that this corresponds to the continuum limit of
the matrix model

exp(Z) =
√
N

∫
dM exp

(
−1

2
Ntr(M2) + λNtr(M3)

)
(4.17)

where the integral is taken over the space of N × N Hermitian matrices. (Strictly speaking, the
integral on the right-hand side diverges and is to be taken as properly defined only after analytic
continuation of the coupling parameter λ.) Essentially the idea is that the right-hand side has a
diagrammatic expansion dual to surface triangulations. In particular, by analogy with ordinary
field theory, the integrand has a perturbative expansion in the coupling λ which has a diagrammatic
expansion analogous to the ordinary Feynman diagram; thus the quadratic term in M contributes
lines and the cubic term contributes 3-point interactions. Matrix diagrams have more structure
than scalar field interactions, however, because information is carried by the matrix indices; in
particular lines may be replaced by pairs of arrows pointing in opposite directions corresponding
to upper and lower matrix indices respectively, where external legs on the Feynman diagrams are
labelled by indices 1, ..., N and internal closed lines (faces) correspond to sums over matrix indices.
This additional diagrammatic structure allows us to specify oriented faces in the ‘Feynman’ graphs
of the matrix model. The dual graph to such diagrams are oriented triangulations of surfaces
and so correspond to a triangulated discretisation of quantum gravity. The exponential on the
left-hand side is required because each surface in ZQG is connected and so we are interested in the
connected Feynman diagrams.

Each diagram will contribute some power of N to the partition function; in particular, since
the cubic term couples to N each 3-point vertex contributes a factor N . Edges correspond to
propagators which in turn behave as the inverse of the quadratic term and thus contribute a factor
N−1. Faces correspond to sums over matrix indices which go as N . Thus a diagram (polyhedral
surface) with V vertices, E edges and F faces, contributes a factor

Nχ = NV−E+F (4.18)

to the partition function, where we have used the well-known fact

χ = V − E + F. (4.19)

Hence the partition function Z admits a topological expansion

Z(λ) =

∞∑
h=0

N2−2hZh(λ) (4.20)

where Zh is the partition function for the sector corresponding to surfaces with genus h. By the
nature of the topological expansion the limit N → ∞ only leads to contributions from spherical
topologies (planar graphs with h = 0); however each of the partition functions Zh can in turn
be expanded in the value of the coupling λ, and all diverge at the same critical coupling λc. In
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this way it is possible let N → ∞ and λ → λc simultaneously in such a way that the entropic
suppression of higher genus terms in the topological expansion due to the divergence N → ∞ is
compensated for by the divergence of the partition functions Zh as λ → λc. This is the so-called
double scaling limit. In particular one keeps the quantity

γ̃ =
1

N
(λ− λc)

1
2 (γstr−2) (4.21)

fixed, where γstr = −1/2 is the string coupling constant for pure gravity. More generally, for
gravity coupled to a unitary minimal conformal field theory with central charge c (the so-called
unitary discrete series) the string coupling takes on the value:

γstr =
1

12
(c− 1 −

√
(c− 1)(c− 25). (4.22)

Note the fact that γstr appears in the double scaling limit as a critical exponent is retrospective
evidence that the original matrix model is in fact a regularisation of Euclidean string theory. It is
also worth mentioning that γ̃ can be regarded as a renormalised string coupling constant and is
related to a renormalised gravitational coupling constant g̃ by

γ̃ = e−
1
g̃ . (4.23)

The double scaling limit described above provides one method of dealing with distinct topologies
in the case of (pure) 2D gravity. Unfortunately the result appears to be of limited physical value.
For instance in the case of pure gravity, it turns out that the partition function can be expressed

Z(z) ∼ −
∫ z

N− 2
5

dx(z − x)u(x) (4.24)

where u(x) is a function determined by the so-called Painlevé equation:

z = u2(z) − 1

3

d2u

dz2
(4.25)

and z = γ̃− 4
5 is some scaling of the renormalised string coupling. The topological expansion

corresponds to the large z limit while the spherical topology corresponds to a solution that goes
as

√
z. One thus has an asymptotic expansion

u(z) =
√
z

(
1 −

∑
h=1

uhz
− 5h

2

)
(4.26)

where the uh are real, positive and diverge as (2h)! for large h. The asymptotic expansion 4.26
is not Borel summable suggesting that the solution is at best perturbative. Similar conclusions
apply when gravity is coupled to a unitary minimal conformal field theory (any of the so-called
unitary discrete series). The asymptotic expansion 4.26 can be substituted back into 4.24 and
thus governs the perturbative behaviour of Z. Since the coefficients uh diverge factorially in h,
so too does the asymptotic expansion for Z and we see that allowing for arbitrary genus leads to
superexponential (factorial) growth in the number of geometries at fixed volume (fixed N). Hence
topology changing configurations dominate in the partition function and the expected geometry of
spacetime near the Planck scale becomes highly exotic in this scenario. (Things are perhaps better
in Lorentzian signature; see Ref. [208] for a discussion.)

The upshot of this discussion is that we expect to fix the topology of spacetime more or less strin-
gently in any regularisation. Thus if we look ahead to the next section we find that a restriction of
ΩQG to compact spacetimes is not particularly stringent a priori. From a technical mathematical
point of view this restriction is quite natural: it is not clear that AEH(M) is well defined for
M noncompact and typically one would attempt to define this quantity by taking the limit on a
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sequence of compact subsets of M. At a more physical level, however, compactness does present
real problems relating to causal structure. In particular any compact Lorentzian spacetime admits
closed timelike curves [146, Proposition 6.4.2]. Noncompactness is thus a weak causality constraint
on spacetime. Meanwhile a smooth compact manifold admits a Lorentzian metric iff it has vanish-
ing Euler characteristic [239] and so even the idea of specifying a Lorentzian metric on a compact
Riemannian manifold involves fairly stringent topological conditions.

In the view of the author the problem is perhaps not so much an issue with compact manifolds per
se as an issue with the approach to ‘Wick rotations’ in curved spacetime. In Minkowski spacetime it
is simple enough to analytically continue to imaginary time for a variety of field theories of interest,
i.e. we can take t 7→ −it as long as the path-integral integrand does not admit poles in the top-
right and bottom left quadrant. From a more mathematical perspective, Osterwalder and Schrader
have given axioms for Euclidean Green’s functions which, when satisfying a condition known as
reflection positivity give rise to a quantum field theory satisfying the Wightman axioms [127]. In
curved spacetime, however, a variety of difficulties arise: in general relativity there is in general
no privileged time coordinate along which we can analytically continue and analytic continuation
becomes a coordinate dependent procedure, while the action in general becomes complex [288].
Visser [288] has suggested that one instead defines Wick rotation via a deformation of the metric
along a nowhere vanishing timelike vector field V :

g 7→ gε = g +
V ⊗ V

g(V, V )
. (4.27)

This in fact does succeed in resolving several problems with the naive Wick rotation prescription
t 7→ −it. Such a procedure, however, requires the existence of a nowhere vanishing timelike
vector field V , and as is well known such a vector field exists iff the manifold admits a Lorentzian
metric, i.e. the Euclidean path integral cannot be specified a priori. There are perhaps good
methodological reasons for accepting this position, but it also gives up any attempt to explain
the presence/emergence of causal structure in nature. Such a conclusion strikes the author as
a little hasty, and in the view of the author it remains worth speculating about more involved
Wick rotation procedures that would give rise to an adjunction between the Euclidean and the
Lorentzian path integrals. For instance, it is natural to treat the 2D torus T2 not as a compact
manifold admitting a causality violating Lorentzian metric but instead as a Euclidean version of
R×S1 with compactified time dimension. Trugenberger has long advocated this kind of position.3

The present author’s position is that Euclidean quantum gravity defined over all Riemannian
manifolds is of sufficient independent interest as a statistical field theory to be worth pursuing,
regardless of its precise ramifications for the problem of Lorentzian quantum gravity.

4.2.3 Defining Combinatorial Quantum Gravity and the Growth of Con-

figuration Space

Combinatorial quantum gravity is a naive attempt to specify a regularisation of Euclidean quantum
gravity in terms of random graphs. In particular we use the fact discussed in chapter 2 that every
compact length space—including every compact Riemannian manifold—is the Gromov-Hausdorff
limit of a sequence of finite weighted graphs. In this way we can define a regularisation of Euclidean
quantum gravity—or at least the compact sector thereof—by specifying an action stable under
Gromov-Hausdorff limits. The approach of combinatorial quantum gravity is fundamentally to
utilise the Ollivier curvature to define such a discrete Einstein-Hilbert action. In particular we
define:

Definition 4.2.1. A statistical model (Ω, βA) is a combinatorial quantum gravity model iff Ω ⊆ G
where G is the class of locally finite graphs and the action

ACQG(ω) = −1

2

∑
u∈ω

∑
v∈Nω(u)

κω(uv) (4.28)

3Personal communication.
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where κω is the edge Ollivier curvature of the graph ω ∈ Ω. The Gibbs measure for a combinatorial

quantum gravity model with configuration space Ω ⊆ ΩN will be denoted µN
CQG unless specified

otherwise.

Remark 4.2.2. Note that, throughout this section, when we say graph we are—at least in principle—

referring to abstract graphs. In practice abstract graphs are somewhat difficult to work with and

simulations will in fact work with labelled graphs. For an abstract graph G with N vertices, the

number of labellings is N !/|Aut(G)| where Aut(G) is the group of automorphisms of G. Thus, at

fixed N , each configuration in the partition function is overcounted a fixed number of times unless

global symmetries are present. Since a graph typically has no nontrivial automorphisms we are

free in practice to neglect this latter consideration.

4.2.3.1 Evaluating the Entropy of Combinatorial Quantum Gravity

In direct contradiction to the motivation thus far, combinatorial quantum gravity models as defined
above are not regularisations of Euclidean quantum gravity, essentially because the action 4.28
does not in general converge to the Einstein-Hilbert action. Indeed we shall see in the next chapter
that a genuinely convergent action must have a form that is essentially different from the action
4.28 in crucial—if limited—ways. Let us make these statements somewhat more precise: consider
a sequence of weighted graphs {ωn }n∈N converging to a Riemannian manifold M; unweighted
graphs can be incorporated into this context by assuming that all edges are weighted by some
uniform scale ℓ which goes to zero as N → ∞. Naively we wish to define an action in terms of the
Ollivier curvature κ according to a formal assignment

A(ωn) ∼ −
∑
u∈ωn

∑
v∼u

κωn
(uv) (4.29)

where v ∼ u above does not (necessarily) mean that v is adjacent to u and instead is a loose symbol
used to indicate that v is somehow near to u—the v may have to satisfy additional constraints.
The idea is that we have naive identifications

∑
u∈ωn

→
∫
M

∑
v∼u

→ tr κω → Ric (4.30)

so as a whole we have A(ωn) → AEH . In this context we show in chapter 5 that—in analogy with
the nonlocality of causal set theory as discussed in section 2.2.1—the convergence of some action
defined in terms of the Ollivier curvature on such a sequence of graphs to the Einstein-Hilbert
action requires the cardinality of some small neighbourhood of each graph vertex to diverge: this
is required to eliminate errors picked up both in relating the graph Ollivier curvature to the
manifold Ollivier curvature and in order to ensure that the sum

∑
v∼u can be related to the

trace. In the process, regardless of whether the graphs are uniformly or nonuniformly weighted,
the combinatorial structure of the (generically weighted) graphs is essentially discarded for the
metric structure: open balls are to be considered rather than sets of neighbours. None of these
requirements are taken into account in the definition of combinatorial quantum gravity given above.

Nonetheless combinatorial quantum gravity is a model of random graphs displaying some inter-
esting properties relating to geometrogenesis and of potential interest as a description of the near
Ricci-flat sector of quantum gravity proper: in the Ricci flat sector any action of the form described
above converges trivially to the Einstein-Hilbert action and there is plausibly some connection in
this context. Moreover combinatorial quantum gravity admits a fairly explicit formulation for
certain choices of configuration space which permits us to study the model in considerable detail.

Before continuing, however, let us recall that we are ultimately interested in the emergence of
geometry for a physical coupling β ∝ (ℏg)−1. We can obtain some insight into this problem if we
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consider the free energy of the system:

β(N)F = β(N) ⟨A⟩ − S (4.31)

where

S = −
∑

ω∈ΩN

µN
CQG(ω) logµN

CQG(ω). (4.32)

Since we have an Ollivier curvature bound

−2 ≤ κω ≤ 1, (4.33)

a simplification of the Jost and Liu bound described in theorem 3.3.2, the action satisfies the
bounds

−∆ ≤ 1

N
ACQG(ω) ≤ 1

2
∆, (4.34)

where ∆ is the maximum degree of ω; this in turn satisfies the uniform bound ∆ ≤ (N − 1) for all
ω ∈ ΩN , since any vertex of ω can take up to the (N−1) remaining vertices as its neighbours. The
absolute value of the action |ACQG| is thus uniformly bounded above by ∆N = N(N−1) = O(N2).
Hence if

β(N) ∼ Na (4.35)

we naively have:

β(N) ⟨A⟩ ∼ N2+a. (4.36)

Similarly since |ACQG| is uniformly bounded above, and the Boltzmann factor exp (−βACQG(ω)) ∈
[0,∞) cannot be made arbitrarily small or large; thus we have positive real constants p0 and p1
such that

p0 ≤ exp (−βACQG(ω)) ≤ p1. (4.37)

Then

p0|ΩN | ≤ Z ≤ p1|ΩN | (4.38)

and

p0
p1

|ΩN |−1 ≤ µN
CQG(ω) ≤ p1

p0
|ΩN |−1. (4.39)

This allows us to find the bounds

p0
p1

log
p0
p1

+
p0
p1

log |ΩN | ≤ S ≤ p1
p0

log
p1
p0

+
p1
p0

log |ΩN | (4.40)

and we can conclude that the entropy grows as

S ∼ log |ΩN |. (4.41)
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Hence if

ΩN ∼ expNb

(4.42)

the free energy goes as

β(N)F ∼ N2+a −N b. (4.43)

Phase transitions occur in the thermodynamic limit because there is competition between the
‘energy’ βACQG and the entropy: as the parameter β is increased from zero the free energy goes
from an entropy dominated phase to an energy dominated phase. This competition is required
for phase transitions to take place. On the other hand, if one of the terms (energy/entropy)
dominates in the thermodynamic limit because it diverges faster with N then no competition can
take place. In order to observe a phase transition, we thus require the following energy-entropy
balance constraint to hold:

2 + a = b. (4.44)

Since a determines the growth of the parameter β with N this can effectively be chosen freely and
energy-entropy balance can always be preserved.

In ordinary statistical mechanics we expect a = 0. For instance in the D-dimensional Ising model,
a typical bulk spin has a fixed set of possible interactions for all system sizes. (A boundary
spin variable may change its set of interactions as the system size is increased depending on the
boundary conditions, but such boundary effects become negligible in the thermodynamic limit.)
Since long range order in the Ising model emerges from short-range local interactions alone, the
effect of varying β will be the same on all bulk spins regardless of system size. As such we expect
β ̸= β(N); such systems are said to be finite dimensional.

In contrast to classical statistical mechanics, the statistical mechanics of networks is generically
infinite dimensional [3, 245]. That is to say, the cardinality of the set of local interactions of a
typical element of the system diverges as we take the thermodynamic limit. Since ‘local’ interactions
in network models are simply edges, this is merely the statement that every vertex gains an
additional possible edge as we add a new vertex to the network. It is perhaps more suitable to
say that interactions in networks are intrinsically nonlocal. Either way, this infinite dimensionality
of network systems means that in general a ̸= 0 and β must depend on N for energy-entropy
balance. One way to see this is to note that because the possible local interactions of all existing
vertices change on the addition of new vertices, there is a considerably larger increase in the entropy
resulting from an increase in the system size than in the finite-dimensional case, where the entropy
change comes from the new vertices and previous boundary vertices; thus if the action is of the
same type as the finite-dimensional case the growth of β with N is required to compensate for
this additional entropy. From a slightly different perspective, it is only by suppressing thermal
fluctuations by increasing β that the local configuration of a vertex in the network might look the
same at system size Ñ as it did at system size N ≪ Ñ . Otherwise the local configuration of a
vertex in a system of size Ñ ≫ N will contain far more thermal fluctuations than at system size N
and so the vertex experiences the increase in system size as an increase in temperature (decrease
in β).

The generic N dependence of the ‘parameter’ β is in fact quite natural for those acquainted with the
mathematical theory of random graphs [43, 94, 167]. Let GN (p) be a model of random graphs on
N vertices depending on some parameter p; in the standard Erdös-Renyi model p is the connection
probability of an edge but p may better be regarded as the degree in a model of random regular
graphs. A threshold function for a graph property P is a function T : N→ R such that

lim
N→∞

P(G ∈ P) =

{
0, p/T → 0 as N → ∞
1, p/T → ∞ as N → ∞ , (4.45)

where P(G ∈ P) denotes the probability that a random graph drawn according to the model GN (p)
will satisfy the graph property P. Threshold functions exist for any monotonic graph property, i.e.
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any graph property P such that if G has P then so does any graph H that contains G. The idea,
of course, is to treat β = β(N) as a threshold function.

While the threshold function approach to β solves any problems of energy-entropy balance, es-
sentially by introducing an effective nonlocality, we note that such a threshold function does lead
to severe drawbacks in the physical interpretation of the parameter β. In particular, given any
threshold function T for some property P, the function T̃ = cT , c > 0, is also a threshold function
for the property P and in infinite-dimensional systems one cannot determine the physical value
of key parameters. In this sense the requirement that energy-entropy balance holds with a = 0 is
central to the physical interpretation of the model. (It is conceivable that even with β dependent
on N there is a reasonable physical interpretation in terms of unimodular gravity, i.e. gravity
constrained with fixed volume element.)

Thus let us turn to the computation of b, i.e. the power of entropy growth in N . This can be
estimated if we have an estimate for the size of configuration space. When ΩN = GN we simply
note that there are (

N

2

)
=

1

2
N(N − 1) (4.46)

possible edges in a graph with N -vertices and so

|GN | = 2
1
2N(N−1). (4.47)

In this case the entropy thus grows as

S ∼ N2 (4.48)

and b = 2. Here the graphs are not necessarily connected but since an unlabelled graph is k-
connected (and hence a fortiori connected) almost surely for any integral k ≥ 1 this distinction
has no substantial effect on the enumeration problem [290].

Naively, then, it would appear to give the desired result: energy-entropy balance with β constant
in N . In fact, this desired result has arisen because of the somewhat careless treatment in the
characterisation of the growth of ⟨ACQG⟩ in N above. The basic point is that while there are
indeed graphs such that ∆ ∼ N , the number of such graphs is very small. To see this let us again
consider the Erdös-Renyi model GN (p) at fixed parameter p ∈ [0, 1). It can be shown that the
maximum degree is pN < N with probability qN for some q ∈ [0, 1) that is independent of the
constant p [255]; as such the uniform probability distribution is concentrated on configurations with
∆ = pN ≪ N and it is not possible to obtain energy-entropy balance with a = 0 for ΩN = GN .

From a practical point of view, the previous chapter suggests that there are two possible constraints
we might wish to impose on ΩN viz. regularity and the independent short cycle condition. Both
allow us to formulate the Ollivier curvature of an edge explicitly in terms of combinatorial variables
(at least for low regular degree). We thus define:

Definition 4.2.3. A combinatorial quantum gravity model (ΩN,d, βACQG) is standard iff ΩN,d ⊆
GISC
N,d where GISC

N,d is the class of d-regular graphs on N vertices satisfying the independent short

cycle condition.

Henceforth we shall consider standard combinatorial quantum gravity models. Let us try to mo-
tivate this restriction in a little more detail. Firstly for random graphs, the independent short
cycle condition leads to a macroscopic reduction in the size of configuration space. Let us begin by
noting that the independent short cycle constraint is equivalent to a (finite number of) excluded
subgraph condition(s): a graph has independent short cycles iff it does not contain any of the
abstract graphs in figure 4.1 as a subgraph. Erdös-Renyi graphs contain such subgraphs asymp-
totically almost surely [94]: let H be a graph with |H| ≪ N and let GN (H) (GN,d(H)) denote
the family of (d-regular) graphs on N vertices that contain H as a subgraph. Since N ≥ |H| it is
certainly possible for a random graph G ∈ GN (p) to contain (a copy of) H and so if we consider an
induced subgraph U ⊆ G with |U | = |H| there is some probability r > 0 that U = H. It is possible
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0.3 (△,□) 0.3

(□,□) 0.3

(△,D), (□,D) 0.3

(□,D), (D,D) 0.3

(D,D)

Figure 4.1: Excluded subgraphs characterising graphs satisfying the independent short cycle con-
dition. Pairs labelling the subgraphs indicate combinations of short cycles sharing more than a
single edge excluded due to the subgraph in question.
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to consider up to ⌊N/|H|⌋ such induced subgraphs U if we insist that the subgraphs are disjoint,
while disjointness means that the probability that any one of these subgraphs is isomorphic to H
is independent of the probability that any other of these subgraphs is isomorphic to H. Hence for
an arbitrary choice of ⌊N/|H|⌋ induced subgraphs with |H| vertices, the probability that none of
these subgraphs is isomorphic to H is

PN := (1 − r)⌊ N
|H|⌋ (4.49)

which vanishes in the limit N → ∞ for fixed H. But the probability that a random graph
G ∈ GN (p) does not contain H is bounded above by PN since we only require some particular
choice of ⌊N/|H|⌋ induced subgraphs on |H| vertices to contain H. The upshot is that

lim
N→∞

|GN\GN (H)|
|GN | = lim

N→∞

|GN | − |GN (H)|
|GN | = 1 − lim

N→∞

|GN (H)|
|GN | = 0, (4.50)

i.e. the proportion of graphs that do not contain H is asymptotically vanishing. Allowing p to vary
makes the problem more difficult. The problem crucially depends on a threshold function defined
in terms of a known quantity on H. In particular let:

m(H) := max

{ |E(H ′)|
|V (H ′)| : H ′ ⊆ H

}
. (4.51)

Then we have [43, 167]:

lim
N→∞

P(H ⊆ GN (p)) =

{
0, p ≪ N− 1

m(H)

1, p ≫ N− 1
m(H)

. (4.52)

Since the threshold function decays as N → ∞, excluded subgraph constraints have a macroscopic
effect on the size of configuration space in this context in the same way as for p-fixed.

At the same time it is hard to imagine that a quasilocal constraint like the independent short
cycle condition can lead to genuinely severe reductions in the size of configuration space. For
instance, let GBip

N (V0) denote the class of unlabelled graphs on N vertices with a fixed bipartition
V0 ⊂ { 0, ..., N − 1 } and V1 = { 0, ..., N − 1 } \V0. (Recall a bipartite graph G has a bipartition
of the vertex set V (G) into two disjoint subsets V0 and V1, V (G) = V0 ∪ V1, such that each edge
uv ∈ E(G) has u ∈ V0 and v ∈ V1 or vice versa.) Defining n = |V0|, |V1| = N − n, we note that
any edge of a bipartite graph can be identified with an ordered pair (u, v) ∈ V0 × V1 indicating
that there are n(N −n) possible edges in a bipartite graph. A bipartite graph is given by a subset
of these possible edges so the number of bipartite graphs for the fixed bipartition above is given

|GBip
N (V0)| = 2n(N−n). (4.53)

At n = N/2 we thus see that the entropy still goes as N2. Noting that a graph is bipartite iff
it has no odd cycles, we see that bipartiteness is equivalent to the exclusion of an infinite family
of subgraphs, so macroscopic reductions in the size of phase space do not imply reductions in the
asymptotic behaviour of the entropy. Nonetheless it is not inconceivable that excluded subgraph
constraints could lead to corrections to the entropy by e.g. a logarithmic factor.

Regularity leads to several advantages: firstly it specifies the dynamics essentially uniquely. Sec-
ondly, the basic paradigm of a flat manifold is ZD, a 2D-regular graph, so it is plausible that a
restriction to regular graphs is of no great significance insofar as we are interested in the near Ricci-
flat sector. Thirdly, regularity should lead to a significant simplification in the running time of the
code used to calculate the Ollivier curvature of an edge. In particular, recalling that the Ollivier
curvature of an edge in a locally finite graph may be computed by solving a linear programme
defined on the core neighbourhood of an edge we have the following:

Proposition 4.2.4. Let G be a graph and let τ(e) be the number of elementary steps required to
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calculate to Ollivier curvature κω(e) of the edge e ∈ E(G). Then if ∆ = sup { du ∈ N : u ∈ G } we

have

τ(e) = O(p(∆(∆ − 1))) (4.54)

for some polynomial p. Hence the time τACQG
(G) required to calculate the action for the graph G

is given

τACQG
(G) = O(max {Np(∆(∆ − 1)), τΣ(N) }) (4.55)

where τΣ(N) is the time required to perform a sum of N values.

Proof. The point is that we can calculate κω by solving a linear programme defined by the incidence

matrix of the core neighbourhood; the number of variables in the linear programme is (up to some

constant factor) given by the number of elements in the core neighbourhood which in turn is

bounded by 2∆(∆ − 1) since the core-neighbourhood of an edge uv is a subset of all the points

in the union of metric balls BG
2 (u) ∪ BG

2 (v). We have |BG
2 (u)|, , |BG

2 (v)| ≤ ∆(∆ − 1) since the

latter holds if, e.g., u has ∆(∆ − 1) neighbours and each of those vertices has an additional ∆ − 1

neighbours. The second statement follows from the definition of ACQG where we assume we first

calculate the Ollivier curvature for each edge and then sum the edges.

The above proposition suggests that generically, we get significantly improved worst-case running
times for single edge curvature calculations if we restrict consideration to a class ΩN of graphs
with maximum degree bounded by ∆ ≪ N . This is of course the case for d-regular graphs with
∆ = d ≪ N . In this sparse limit, however, we also have an asymptotic enumeration for the number
of d-regular graphs on N -vertices:

|GN,d| ∼
(dN)!(

1
2dN

)
!2

1
2dN (d!)N

exp

(
1 − d2

4
+ O

(
1

N

))
. (4.56)

Using the Stirling approximation

n! ∼ expn logn (4.57)

for factorials, and assuming that ΩN,d := ΩN = GN,d we have:

|ΩN,d| ∼ exp

(
1

2
dN(log(N) − log(d) − log 2) +

1 − d2

4
+ O

(
1

N

))
, (4.58)

i.e. the entropy is given

S ∼ 1

2
dN logN + O(N). (4.59)

On the other hand, by the edge Ollivier curvature bound 4.33, the action grows as:

| ⟨A⟩ | ∼ dN. (4.60)
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Thus again in the regular graph case the entropy dominates the free energy. However the term

S

| ⟨A⟩ | ∼ logN (4.61)

only diverges logarithmically and it is conceivable that energy-entropy balance can be achieved
through the imposition of an additional quasilocal constraint such as the independent short cycle
condition. This point of view is naively supported by Kim and Vu’s sandwich conjecture [122, 184],
which crudely put states that we expect

G0 ⊆ G ⊆ G1 (4.62)

for G ∈ GN,d and Gk ∈ GN (pk), k ∈ { 0, 1 }, where

p0 =
d

N
(1 − o(1)) p1 =

d

N
(1 + o(1)). (4.63)

This position was implicit in Refs. [179, 181] by the author and collaborators.

Unfortunately, the sandwich conjecture does not ensure that random regular graphs also experience
a macroscopic reduction in the size of configuration space when we impose suitable excluded
subgraph constraints. Indeed for fixed regular degree d we find that a random regular graph
G ∈ GN,d excludes a graph H asymptotically almost surely as long as m(H) > 1 [300, Lemma 2.7].
(m(H) > 1 for every excluded subgraph in the independent short cycle condition.) For d = d(N)
we have

lim
N→∞

P(H ⊆ GN,d) =

{
0, d ≪ N1− 1

m(H)

1, d ≫ N1− 1
m(H)

(4.64)

for any H with m(H) ≥ 1 [144]. Here, m(H) ≥ 1 so d(N) must diverge as N → ∞ to ensure that
H is contained asymptotically almost surely. In this way the entropy of the configuration space
ΩISC

N,d of d-regular graphs on N vertices satisfying the independent short cycle condition is given
by equation 4.59. This taken in conjunction with equation 4.60 on the growth of the action in this
context implies that:

β(N) = β̃ logN (4.65)

where β̃ will be a (nonphysical?) parameter that we may vary to investigate different limits of the
model. Note that this prescription contradicts conclusions drawn in Ref. [181] by the author on
the basis of numerical studies, though the present conclusions are also easily seen to be consistent
with the numerical evidence provided in view of the size of the errors. This conclusion forces us to
accept that the interpretation of β ∝ (ℏg)−1 as a physical coupling is not appropriate without some
additional principle fixing the overall scale. From a numerical perspective it means that nonlocal
effects due to the N -dependence of β are hard to distinguish from finite-size effects and as such do
not seriously impair our ability to study the model as a model of geometrogenesis.

4.2.3.2 Fixing Topologies

There is perhaps still reason to hope that a relatively minor modification of configuration space
could lead to exponential growth of configuration space, since one only requires a correction to the
entropy by a logarithmic factor. At another level the fact that entropy continues to dominate is
perhaps no surprise in view of our discussion of the topological expansion above. As we shall see
below, there appears to be a close connection between regularity and dimension in this model: our
paradigm for discrete D-dimensional space is ZD which is a 2D-regular space.

This is corroborated if we take ΩN to be the class of 2-regular graphs on N -vertices. The only
such graph on N vertices is the N -cycle CN , a Ricci flat graph for all N . The entropy is thus
log(1) = 0 and the expected action also vanishes. This trivial model thus has no phase structure
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while the (essentially) unique scaling limit (in the sense of a Gromov-Hausdorff limit) of possible
configurations is the circle S1

R of radius R. This is in line with the fact that the circle is the unique
closed 1-manifold. In higher degree—and hence higher dimension—the number of configurations
diverges superexponentially if we do not fix the topology of spacetime as we argued in the discussion
of the topological expansion above. The independent short cycle condition does not appear to do
this and as such there is perhaps no surprise that β lacks a physical interpretation.

How does one fix the topology of a graph. In the case of a two-dimensional model—roughly
speaking degree 4-graphs—one can demand that the graph G is imbeddable in some closed surface
S: i.e. there is a mapping f : G → S that maps an edge uv ∈ E(G) into a line segment in S
bounded by f(u) and f(v) in such a way that no two edges cross. The simplest such graphs are
planar graphs imbeddable in the sphere. It is a famous and early result of topological graph theory
that such graphs have a complete characterisation. We shall need the following notion [94]:

Definition 4.2.5 (Graph Minors).

(i) A graph H = (V (H), E(H)) is a contraction of a graph G = (V (G), E(G)) iff there is a

surjective mapping f : V (G) → V (H) such that the induced subgraphs on the vertex sets

f−1(u) are connected and we have an edge uv ∈ E(H) iff we have vertices x ∈ f−1(u) and

y ∈ f−1(v) such that xy ∈ E(G).

(ii) A graph H is a minor of a graph G iff G has a subgraph for which H is a contraction.

(iii) A graph property P is said to be minor closed iff for every graph G ∈ P every minor of G

also belongs to P.

There is a profound relation between topological imbeddings of mappings and graph minors cap-
tured in its greatest generality by the so-called graph minor theorem of Robertson and Seymour.
This is one of the deepest results in contemporary graph theory completed in a series of over
twenty papers that were published in a period lasting over two decades; section 12.7 of Ref. [94]
and Refs. [175, 212] are accessible introductions to the theory and further references. The graph
minor theorem can be stated as follows:

Theorem 4.2.6 (Graph Minor Theorem). For any minor closed property P there is a a minimal

set of excluded minors EM(P) with |EM(P)| < ∞ and such that G ∈ P iff G no H ∈ EM(P)

is a minor of G.

There are two important corollaries of this theorem for our purposes. The first relates to the fact
that imbeddability into a surface of genus g is a minor closed property:

Corollary 4.2.7. For any surface S, there is a finite set EM(S) of excluded minors such that G

is imbeddable in S iff G has no minor in EM(S).

One can detect minors in polynomial time so minor closed properties can also be tested efficiently:

Corollary 4.2.8. Every minor closed property P can be tested in a time O(N3) for a graph G

with N vertices.

In relation to planar graphs the set of excluded minors is known [94, Theorem 4.4.6], and is one of
the classic theorems of topological graph theory:

Theorem 4.2.9 (Kuratowski). A graph G is planar graph iff it does not contain the complete

graph K5 or the complete bipartite graph K3,3 as minors (see figure 4.2).

The Kuratowski theorem is an exception rather than the rule: the only other surface for which
the entire set of excluded minors known appears to be the projective plane where imbeddability is
characterised by 35 excluded minors [229]. As far as the author is aware the entire class of excluded
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0.45
(a) t

The complete graph on 5-vertices K5. 0.45
(b) t

The complete bipartite graph with a bipartition of size (3, 3).

Figure 4.2: Excluded minors for the planarity property of graphs.
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minors is not known for any other surface, and there are strong indications that the number of
excluded minors will be large for most surfaces. For instance in the case of the torus the full list
of excluded minors is not known, though there are at least 17533 [231]. The constants appearing
in the run-time for the test of minor closed properties in corollary 4.2.8 depend on the size of
the minimal excluded minor set, so large excluded minor sets mean that excluded minor algorithm
tests for minor closed properties may be relatively impractical in practice, despite relatively efficient
scaling in the graph size. (In fact for dynamical purposes, even testing for planarity is likely to be
impractical, though a linear time algorithm exists using alternative principles [160]. Linear time
algorithms also existing for testing and constructing graph imbeddings into arbitrary surfaces [176,
227, 228].)

From the perspective of entropy bounds, however, excluded minor constraints appear to have a
significant effect. For instance, Giménez and Noy [126] have shown that the number of unlabelled
planar graphs goes asymptotically as:

|Gpl
N | ∼ αN− 7

2 γN (4.66)

for α ≈ 4.260938569×10−6 and γ ≈ 27.2268777685 a constant governing the growth rate of planar
graphs; note that Gpl

N is the set of planar graphs on N vertices. (In fact Giménez and Noy show

that the expression for labelled graphs goes as |Gpl
N |N ! but we use the fact that every graph G with

N vertices has N !/|Aut(G)| labellings and most graphs have no nontrivial automorphisms.) Hence
we have an entropy:

S(Gpl
N ) ∼ N + O(logN). (4.67)

The results for planar graphs have been generalised to graphs imbeddable in surfaces of arbitrary
genus [69]:

|Gg
N | ∼ αgN

− 1
2 5(g−1)−1γN . (4.68)

The entropy remains the same since the genus only modifies constant terms or terms in front of
logN in the entropy. (In the above the surfaces are assumed to be orientable Chapuy et al. [69]
also give an expression for nonorientable surfaces which differs in the entropy only at the level of
logN .)

These expressions are of course expressions for arbitrary graphs rather than regular graphs and it
is conceivable, if implausible, that the regularity constraint at fixed topology reduces the entropy
to sublinear growth in N allowing the action to dominate at large N . Some results in this direction
are known for cubic (3-regular) graphs [40, 237] which suggest that 3-regularity, connectedness,
and triangle freeness do not affect the exponential growth of configuration space with N . Results
for higher degree do not appear to be known, though some preliminary results for 4-regular graphs
have been found very recently [238].

Let us now consider higher dimensions. Every graph may be imbedded in three (or more) dimen-
sions without edge crossings so we are concerned with alternative notions of natural imbeddings
into RD, D > 2. For D = 3 an appropriate notion is a linkless imbedding :

Definition 4.2.10. Let f1 : S1 → R3 and f2 : S1 → R3 be continuous injections. Then the knots

f1 and f2 are said to be unlinked iff there is an homotopy of f2 into the plane of f1 without f2

crossing itself or f1.

Just as with planar graphs, linklessly imbeddable graphs have an excluded minor characterisation
in line with the Robertson-Seymour graph minor theorem [256]:

Theorem 4.2.11. A graph is linklessly imbeddable iff H has no minor in the Petersen family (see

figure 4.3).

Moreover, as with planarity, linkless imbeddability is a property that can be tested efficiently
(quadratically in graph size): c.f. Ref. [174]. No enumeration of the linklessly imbeddable graphs
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Figure 4.3: The Petersen family of graphs; this family forms the excluded minor set for linklessly
imbeddable graphs. All graphs in this family are connected by sequences of so-called ∆ − Y -
transformations, i.e. transformations where a triangle is replaced by vertex with three edges (a
graph shaped like the letter Y ) or vice versa; such transformations are indicated by blue lines
between graphs. This image was obtained from Ref. [105].
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appears to be known. The author is unaware of any natural notions that would correspond to
higher-dimensional analogues of imbeddings into topologically nontrivial surfaces.

In higher dimension still, even less is clear since—unlike linkless imbeddability in three dimensions—
there does not appear to be an obvious analogue of planarity. Perhaps the best analogue is specified
in terms of the de Verdière invariant dV(G) of a graph G [154], a positive number characterising
graphs which generalises the notions of planarity and linkless imbeddability. In particular, we have
the following:

(i) dV(G) = 0 iff G is the empty graph or the unique simple graph with one vertex.

(ii) dV(G) ≤ 1 iff G is the disjoint union of paths.

(iii) dV(G) ≤ 2 iff G is outerplanar, i.e. G admits a planar imbedding for which every vertex
belongs to the boundary of the imbedding.

(iv) dV(G) ≤ 3 iff G is planar.

(v) dV(G) ≤ 4 iff G is linklessly imbeddable.

The property that dV(G) ≤ n is minor closed for any n ∈ N and we have an excluded minor
characterisation for graphs with bounded de Verdière invariant in analogy with the Kuratowski
theorem. In this way it is reasonable to suppose that the natural imbedding dimension of a graph
G is D(G) = dV(G) − 1. Van der Holst has explicitly made this assumption for graphs with
dV(G) ≤ 5, found a family of 78 excluded minors associated with this property—the so-called
Heawood family—and conjectured that this set of excluded minors is exhaustive [154]. We shall
not be overly concerned with the details of the de Verdière parameter, and merely note that it
offers the best prospect of generalising planarity to dimensions higher than three known to the
author.

To summarise the main conclusions of this section: there is a natural notion of a good imbedding
of a graph into any surface which can be used to specify the topology of a two-dimensional (4-
regular?) graph. In particular we call a graph planar iff it has a good imbedding in the sphere
(plane). The property of imbeddability into a surface S has an excluded minor characterisation in
line with the graph minor theorem, an efficient (linear time) test, and also leads to a reduction in
the size of configuration space which ensures that entropy does not dominate the free energy. In
three dimensions, linkless imbeddability provides a natural analogue of planarity which admits both
an excluded subgraph characterisation and an efficient (quadratic time) test, but little is known
about the enumeration of linklessly imbeddable graphs. The literature on linkless imbeddings
in more general 3-manifolds is sparse. For dimensions higher than 3, it is not clear that there
is any appropriate notion of graph imbedding, but there is perhaps a natural formulation of a
generalisation of planarity and linkless imbeddability in terms of the so-called de Verdière invariant
of a graph. This generalisation has been explicitly formulated and is the basis of a conjecture by
van der Holst [154] in D = 4. As such there is real hope that combinatorial quantum gravity might
say something physical about the Ricci-flat sector of 2D-quantum gravity for fixed topology if
augmented by a suitable imbeddability condition. We have not pursued this line of thought in this
thesis, partly due to lack of time, but it makes it more heuristically reasonable to reason about
combinatorial quantum gravity using ideas and arguments drawn from quantum gravity proper
and vice versa. Note that since it seems unlikely that the action can ‘see’ excluded minors which
will in general only appear at a highly coarse-grained level, we do not believe that the addition of
such an excluded minor constraint will severely affect the dynamics of the system.

4.2.4 Phase Structure

Ignoring for the moment the macroscopic divergence of β with N , we note that the parameter β
can be varied at fixed N to control the phase of the system. In particular, by taking the limit
β̃ = 0 we have the limit β → 0. In this limit, the Boltzmann distribution goes as

lim
β→0

µN
CQG =

1

|ΩN |
∑

ω∈ΩN

δω (4.69)

where δω is the Dirac mass at ω ∈ ΩN ; this is the uniform measure on ΩN for any statistical model.
The β → 0 limit thus corresponds to a random phase in any statistical model where each possible
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configuration is assigned a uniform probability. In particular, given ΩN = ΩN,d or ΩN = ΩISC
N,d we

see that at β = 0 we have the standard models of random regular graphs or random regular graphs
satisfying the independent short cycle constraint. Such models can be specified independently of
any dynamical considerations relating to the simulation of Gibbs distributions at arbitrary β, a
fact that makes this phase a useful ‘initial condition’ for the numerical study of Gibbs distributions
at arbitrary β.

In the opposite limit β → ∞ the measure is exponentially concentrated on minima of the action and
as such is referred to as the classical limit.4 In the present context, the exponential concentration
of the Gibbs distribution about minima of the action in the limit β → ∞ is a consequence of the
Laplace approximation [27]. In particular let

ClassCQG(ΩN ) := {ω0 ∈ ΩN : ω ∈ ΩN implies ACQG(ω0) ≤ ACQG(ω) } (4.70)

be the set of action-minimising configurations. We shall refer to elements of ClassCQG(ΩN ) as
classical configurations. Now let us consider the ratio

µN
CQG(ω)

µN
CQG(ω0)

= exp(−β(ACQG(ω) −ACQG(ω0)) = exp(−β|ACQG(ω) −ACQG(ω0)|), (4.71)

where ω ∈ ΩN and ω0 ∈ ClassCQG(ΩN ). This decays exponentially in β unless ACQG(ω) =
ACQG(ω0), i.e. unless the configuration ω ∈ ClassCQG(ΩN ). Hence, if ω0 ∈ ClassCQG(ΩN ) we
have

lim
β→∞

µN
CQG(ω0) = lim

β→∞

exp (−βACQG(ω0))

Z
= lim

β→∞

1∑
ω∈ΩN

exp (−β(ACQG(ω) −ACQG(ω0))

= lim
β→∞

 ∑
ω∈ClassCQG(ΩN )

exp (−β(ACQG(ω) −ACQG(ω0))

+
∑

ω∈ΩN\ClassCQG(ΩN )

exp (−β(ACQG(ω) −ACQG(ω0))

−1

=
1

|ClassCQG(ΩN )| + limβ→∞
∑

ω∈ΩN\ClassCQG(ΩN ) exp (−β(ACQG(ω) −ACQG(ω0))

=
1

|ClassCQG(ΩN )| . (4.72)

Similarly, taking ω0 ∈ ClassCQG(ΩN ) and ω1 ∈ ΩN\ClassCQG(ΩN ) we have

lim
β→∞

µN
CQG(ω1) = lim

β→∞

exp (−βACQG(ω1))

Z

= lim
β→∞

exp (−β(ACQG(ω1) −ACQG(ω0)))

exp (βACQG(ω0))Z

=
limβ→∞ exp (−β(ACQG(ω1) −ACQG(ω0)))

|ClassCQG(ΩN )|
= 0. (4.73)

4There is a bit of terminological inertia in the use of the phrase ‘classical limit’ in this context; originally this
limit was interpreted as a physical limit ℏ → 0, an identification which becomes difficult once it is recognised that β
cannot be a physical quantity due to the superexponential divergence of configuration space. At any rate, it should
be stressed that this ‘classical limit’ is a terminological shorthand that has very little to do with the difficult question
of obtaining classical phenomenology from a quantum system which anyway has little to do with the (semi)classical
ℏ → 0 limit and more to do with, say, states (such as coherent states) of an infrared effective field theory that
saturate various uncertainty relations.
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Thus we expect the limiting distribution

lim
β→∞

µN
CQG =

1

|ClassCQG(ΩN )|
∑

ω∈ClassCQG(ΩN )

δω. (4.74)

The fundamental claim of combinatorial quantum gravity is that the classical configurations of this
model admit emergent geometric structure in the thermodynamic limit. We shall be concerned
with establishing this claim in more detail in the subsequent.

At this point it is perhaps worth making a few comments on terminology and the relation to quan-
tum gravity. We have somewhat carelessly called the configurations in ClassCQG(ΩN ) the classical
configurations on the basis that they minimise the action. Of course, in classical mechanics the
dynamical configurations extremise rather than minimise the action, a technicality that becomes
of some significance when we note that that the Euclidean Einstein-Hilbert action can be made
arbitrarily small if we allow the conformal mode to vary arbitrarily quickly. Hence there are no
global minima in the action landscape of classical Euclidean gravity and the classical Euclidean
action has no ‘classical configurations’ as we have defined them above.

At one level this problem is somewhat incidental: we know that combinatorial quantum gravity
as defined above is not convergent and that configuration space grows too quickly to interpret β
as a physical parameter i.e. there is no particularly good reason a priori to believe that problems
with Euclidean gravity will appear in the continuum limit of this model. Even if we could identify
this model with Euclidean quantum gravity in the continuum limit—as was originally hoped—the
curvature bounds 4.33 suggest that we could only expect to study the near Ricci-flat sector of
Euclidean quantum gravity. This sector, we might suggest, would exclude those configurations
that spoil the positive-definiteness of the classical continuum action essentially by definition.

This reply breaks down on two fronts: firstly the bounds 4.33 do not prevent the action from
diverging as N : below (figure 4.7b) we will give an example of a configuration that plausibly
represents a discretisation of a conformal mode pathology in the cubic (3-regular) graph context
insofar as the action becomes arbitrarily negative in the thermodynamic limit. Secondly, even
if the bounds 4.33 did imply the absence of conformal mode divergences, the above reply—on
its own—would be a little disingenuous: despite the obvious defects of combinatorial quantum
gravity as discussed above it is hoped that it could nonetheless help to shed some light on the
problem of quantum gravity proper. There appear to be two possibilities for addressing the issue
of the unbounded kinetic term of the conformal mode: firstly one notes that in asymptotically safe
gravity, it is possible that near a non-Gaussian UV fixed point, unbounded configurations do not
govern the behaviour of the system as the lattice cutoff is removed due to e.g. the presence of
(for instance) higher-derivative terms that compensate for the conformal mode divergence, though
in this scenario one is faced with a loss of unitarity due to the associated Ostrogradsky instabil-
ities [Stelle-ClassHDG]. In fact, it seems as if unbounded configurations can be compensated
for nonperturbatively, without adding explicit terms to the action: the idea is that the effective
Euclidean action contains an entropic term arising due to the presence of action degeneracies in
the path integral; if this entropic term has sufficient relative weight, then it may be found that
unbounded configurations are entropically suppressed. See Ref. [11] for more on this argument. On
the other hand, Dasgupta [88, 89] has argued that the conformal mode problem may be an artefact
of gauge redundancy and that the Euclidean action can be made positive-definite if one includes
appropriate Faddeev-Popov ghosts, obtained from a somewhat exotic gauge fixing procedure. For
our purposes the details of Dasgupta’s prescription are not particularly important; the key point
is that in this scenario the conformal mode problem can be removed with an appropriate choice of
path integral measure.

There appears to be circumstantial evidence that something like the former scenario is realised
in combinatorial gravity: Ollivier-Ricci curvature bounds can be used to show that any action
that becomes arbitrarily negative in the thermodynamic limit requires a macroscopic number
of triangles. However, as we are about to show in the next section, triangles are dynamically
suppressed in the random phase given the hard core condition. Since the suppression takes place
at the level of the classical action it does not appear to be related to problems in the specification
of the path-integral measure. Moreover the entire construction is a priori designed to be gauge
invariant and it seems implausible that the ‘conformal mode’ configuration figure 4.7b is a gauge
redundancy.
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4.2.5 More on the Independent Short Cycle Condition

Despite its failure to prevent the superexponential growth of configuration space with system size,
the independent short cycle condition does present considerable advantages for the analytic study
of the statistical model in question due to our ability to derive an explicit expression for the action
in terms of combinatorial variables. This also allows for substantial temporal speed-ups in the
running of code. We discuss these aspects of the independent short cycle condition in section
4.2.5.1. At a more general level the hard-core condition plays an important role in the generation
of geometry. Roughly speaking, the hard core condition on its own does much to ensure the
generation of geometry in graphs, a point made by Akara-pipattana et al. [2] in the context of
exponential random graphs. In particular it appears to help stabilise geometry without leading
to over-crumpled configurations, a typical defect of random graph models with high clustering.
On the other hand, a systematic study of a dynamical model of random graphs based on a kind
of mean-field approximation of combinatorial quantum gravity by Gorsky and Valba [132] shows
the independent short cycle condition alone is not sufficient to prevent crumpling or even worse
fracturing. Nonetheless these pathologies are absent from the model with the exact action for the
simple reason that such configurations are no longer dynamically favoured in the exact action. In
this way the precise dynamical structure of combinatorial quantum gravity remains central to the
generation of geometry in the present model.

4.2.5.1 Analytic Expression of the Action

Recall (c.f. equation 3.1) that the curvature is given

κω(uv) =
1

d

(
△uv − [d− 2 − (△uv + □uv)]+ − [d− 2 − (△uv + □uv +Duv)]+

)
for any edge uv ∈ E(ω) for any d-regular graph ω satisfying the independent short cycle condition;
△uv, □uv and Duv denote the numbers of triangles, squares and pentagons supported on the edge
uv respectively and we use the notation [α]+ = max(α, 0) for any real α. We wish to substitute
this into the action 4.28 to obtain an explicit expression for ACQG.

To a first approximation we can ignore the subscript + symbols in the expression for the Ollivier
curvature:

κ̃ω(uv) :=
1

d
△uv −

1

d
(d− 2 − (△uv + □uv)) − 1

d
(d− 2 − (△uv + □uv +Duv))

= −1

d
(2(d− 2) − 3△uv − 2□uv −Duv) (4.75)

Then defining:

AMF (ω) := −1

2

∑
u∈V (ω)

∑
v∈Nω(u)

κ̃ω(uv), (4.76)

we readily find that

AMF (ω) =
1

d
(Nd(d− 2) − 9△ω − 8□ω − 5Dω) , (4.77)

where △ω, □ω and Dω denote the number of triangles, squares and pentagons in the graph ω
respectively. We have used the fact that

△u =
1

2

∑
v∼u

△uv □u =
1

2

∑
v∼u

□uv Du =
1

2

∑
v∼u

Duv (4.78)

where △u, □u and Du denote the number of triangles, squares and pentagons intersecting the
vertex u ∈ V (ω). This follows because the sum on the right-hand side of each expression counts
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each short cycle intersecting u twice, once for an ‘incoming’ vertex and once for an ‘outgoing’
vertex of the cycle. We also use the fact that

△ω =
1

3

∑
u∈V (ω)

△u □ω =
1

4

∑
u∈V (ω)

□u Dω =
1

5

∑
u∈V (ω)

Du (4.79)

where the factors of 1/3, 1/4 and 1/5 arise because we count each triangle, square and pentagon
3, 4 and 5 times respectively in the sum on the right-hand side of the above expressions. We thus
see that approximating κω by κ̃ω is a kind of mean-field approximation insofar as it is defined in
terms of purely global quantities N , d, △ω, □ω and Dω. Indeed we can define the combinatorial
variables:

φω
△(uv) :=

△uv

d− 2
φω
□(uv) :=

□uv

d− 2
φω
D

(uv) :=
Duv

d− 2
, (4.80)

which are simply a normalised form of the number of short cycles supported on an edge. Taking
their average over edges we obtain the mean fields:

ϕ△(ω) := ⟨φω
△(uv)⟩

E(ω)
ϕ□(ω) := ⟨φω

□(uv)⟩E(ω) ϕD(ω) := ⟨φω
D

(uv)⟩
E(ω)

, (4.81)

where ⟨·⟩E(ω) denotes an average over edges. Explicitly, we obtain:

ϕ△(ω) =
△ω

1
6Nd(d− 2)

ϕ□(ω) =
□ω

1
8Nd(d− 2)

ϕD(ω) =
Dω

1
10Nd(d− 2)

. (4.82)

These mean fields are thus the global variables △ω, □ω and Dω normalised against the number of
relevant cycles in configurations with an average of (d − 2) cycles per edge. In the case of square
lattices, we are thus normalising against the lattice ZD. In terms of these mean-field variables the
mean-field action is:

AMF (ω) = N(d− 2)

(
1 − 3

2
φ△(ω) − φ□(ω) − 1

2
φD(ω)

)
. (4.83)

Let us now turn to the calculation of ACQG proper. To do so it will be convenient to define the
edge sets:

E1(ω) := {uv ∈ E(ω) : △uv + □uv > d− 2 } (4.84a)

E2(ω) := {uv ∈ E(ω) : △uv + □uv +Duv > d− 2 } . (4.84b)

Note that E1(ω) ⊆ E2(ω). The point is that on these edge sets, the terms in square brackets in
equation 3.1 vanish, and the mean-field action thus incorrectly includes contributions of magnitude

−1

d
(d− 2 − (△uv + □uv)) −1

d
(d− 2 − (△uv + □uv +Duv))

for edges in E1(ω) and E2(ω) respectively. We can thus obtain ACQG(ω) by subtracting these
contributions from AMF . In particular we have:

ACQG(ω) = AMF (ω) + A1(ω) + A2(ω) (4.85a)
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where

A1(ω) := −1

2
(d− 2)

∑
uv∈E1(ω)

(1 − φω
△(uv) − φω

□(uv)) (4.85b)

A2(ω) := −1

2
(d− 2)

∑
uv∈E2(ω)

(1 − φω
△(uv) − φω

□(uv) − φω
D

(uv)). (4.85c)

We thus have local correction terms on edges in E1(ω) and E2(ω) that compensate for overcounting
in the mean-field term.

A word of caution is perhaps in order: combinatorial quantum gravity was first introduced in
Trugenberger’s Ref. [282] where a simplified form of the hard core condition was also introduced
(the hard core condition for bipartite graphs). There Trugenberger mistakenly assumed that the
hard-core condition implies that the subscript + in the Ollivier curvature could be neglected,
i.e. that the action reduced to its mean-field approximation. To see that this is not the case
simply consider the tesseract G4

□, a 4-regular bipartite graph on 16 vertices that satisfies the
independent short cycle constraint and has three squares on each edge. The mean-field action of
this configuration is

AMF (G4
□) =

1

4
(16 · 4 · 2 − 8 · 24) = −16. (4.86)

On the other hand the combinatorial quantum gravity action simply evaluates to 0. That is to say,
there are allowed configurations for which the mean-field and exact action are distinct. Though
this error was soon corrected [179, 182], it is still worth emphasising. For instance, Ref. [132] by
Gorsky and Valba, independently studies combinatorial quantum gravity and comes to conclusions
that appear to substantially conflict with ours; in fact we are largely in agreement with the proviso
that Gorsky and Valba studied combinatorial quantum gravity in the mean-field approximation,
something they do not appear to recognise.

In the β → 0 limit, combinatorial quantum gravity begins to behave like the model of random
regular graphs; in particular short cycles become asymptotically sparse and the mean-field variables
vanish:

ϕω
△, ϕω

□, ϕ
ω
D

→ 0. (4.87)

The sets |E1(ω)| ≪ N and |E2(ω)| ≪ N in this limit for the same reason and:

ACQG → AMF → N(d− 2), (4.88)

as N becomes large.

4.2.5.2 Dynamical Suppression of Odd Short Cycles

Equation 4.88 suggests that we can analyse the behaviour of combinatorial quantum gravity near
the random phase (for large β) by looking at the mean-field dynamics. Here we can simply count
the number of short cycles. From the relative contribution of triangles, squares and pentagons to
the mean-field action 4.83, we expect pentagons to be favoured above longer cycles, squares to be
favoured over pentagons and triangles to be favoured over squares. This naive dynamic appears
to hold true for cycles of length greater than three, and in particular pentagons are dynamically
suppressed deep into the random phase. The situation, however, is more subtle for triangles since
the above argument in terms of the mean-field dynamics overlooks certain kinematic constraints
that relate to the excluded subgraph formulation of the hard-core constraint.

In particular, the excluded subgraphs shown in figure 4.4—in addition to preventing short cycles
from sharing more than a single edge—inevitably prevent triangles from sharing an edge with
other triangles or squares. That is to say, by figure 4.4b, squares and triangles have a mutually
excluding dynamic which means that the proliferation of one of these types of short cycle species
implies the decline of the other short cycle species. By figure 4.4a, however, triangles are also
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(a) t

(△,△) 0.49
(b) t

(△,□)

Figure 4.4: Two of five of the graphs excluded by the independent short cycle condition. Against
the naive dynamics of the mean-field action, the exclusion of the above subgraphs leads to an
effectively triangle freeness of combinatorial quantum gravity. Brackets (α, β), α, β ∈ {△,□ }
indicate the combinations of short cycles sharing a single edge excluded by the above subgraphs.

self-repellent while squares can ‘condense’ implying that the modest local dynamical advantage of
triangles over squares can be offset by the cooperative properties of square formation, leading to
an overall competitive advantage of squares.

We can make this point more quantitative. Let us begin with a rough analysis in terms of the
mean-field theory. Here an edge e△ with a triangle can reduce the action by at most:

δACQG(e△) :=
1

d
(9 + 5(d− 2)) (4.89)

where the 9 comes from the coefficient of △ω in AMF and the term 5(d−2)/d comes from the fact
that we can formulate at most (d − 2) additional pentagons on the edge e△ and each pentagon
couples to the action by a factor 5/d. Note that we assume that d ≥ 3 so δACQG(e△) ≥ 14/3.
Similarly an edge e□ can lead to a maximal reduction of the action by a magnitude:

δACQG(e□) :=
1

d
8(d− 1). (4.90)

We have

δACQG(e□) ≥ δACQG(e△) (4.91)

iff

8d− 8 ≥ 5d− 1 (4.92)

i.e. as long as

d ≥ 7

3
. (4.93)

Since we have already assumed that d ≥ 3, this constraint holds automatically.

In fact we can conduct a more exact analysis: clearly an edge uv contributes an amount −κω(uv)
to the action. Since triangles and squares are mutually exclusive and since we can have at most
one triangle on an edge we have:

−κω(e△) =
1

d
((d− 4) + [d− 3 −De△ ]+). (4.94)
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Figure 4.5: Decay of odd short cycles in the random phase for d-regular graphs with N = 100
vertices, d ∈ { 5, 6 }. It only takes of order 1000 sweeps for all odd short cycles to disappear at the
high temperature β = 10−5. Similar results apply for different values of N .
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An edge e□ that supports at least (d− 2) squares, however, automatically contributes nothing to
the action and so such edges are necessarily favoured over edges with triangles as long as d > 4.
Figure 4.5 shows this dynamical suppression taking place at very high temperatures (β = 10−5)
over a relatively short time-scale (2000 sweeps) for d = 5 and d = 6.

The situation for d = 3 and d = 4 is more subtle in the exact analysis. For instance, let us note
that a priori we may find action minimising configurations that contain triangles:

Example 4.2.12. There are arbitrarily large everywhere non-Ricci flat 3-regular configurations ω

satisfying the independent short cycle condition with (a) A(ω) = 0 and (b) A(ω) < 0.

Proof. Non-Ricci flat 3-regular configurations satisfying the independent short cycle condition with

A(ω) = 0 and A(ω) < 0 are given by figures 4.6b and 4.7b respectively. Both figures are obtained

by iteratively gluing together copies of certain units displayed in figures 4.6a and 4.7a in a manner

compatible with the hard core constraint.

In particular for (a), i.e. for figure 4.6, we glue copies of figure 4.6a to an existing configuration

either by identifying one or two triangles in the copy of 4.6a with triangles in the existing configu-

ration. It is possible to introduce squares—though not pentagons—according to these rules so we

must condition the gluing process on not introducing any such squares. Then each red edge has

curvature 1/3 and each blue edge curvature −2/3. In a 3-regular graph each vertex intersects two

red-edges and one blue edge so the contribution of each vertex to the action is 0 and A(ω) = 0 as

required. It is readily verified that many different configurations can be obtained in this manner,

with some becoming arbitrarily large: for any n use ⌊n/6⌋ + 1 copies of figure 4.6a to obtain a

configuration by iteratively identifying one triangle in the copy with one-triangle in the existing

configuration. This will satisfy the desired property except perhaps 3-regularity. It is conceivable

that there are sequences of gluing operations such that this process does not halt after any finite

number of steps. In this situation, however, the infinite graph resulting from this procedure can be

taken to be 3-regular; it is more likely, though we have not been able to prove this, that any graph

obtained after a finite number of steps in this manner can be completed into a 3-regular graph.

The positive curvature case (b) can be made arbitrarily large trivially: one constructs configurations

by gluing green lines in copies and any ‘cycle’ of units is cubic. Blue lines have curvature −1/3,

red lines +1/3 and green lines −2/3; each unit has two green lines but each green line is shared

between two units so as far as curvature contributions are concerned a unit can be taken as having

a single green line. It also has five blue lines and nine red lines meaning that each unit contributes

2/3 to the total curvature.

On the other hand the numerical evidence is clear: simulations show that even at the very high
temperature β = 10−5, triangles (and pentagons) decay rapidly, i.e. after a few hundred sweeps.
See figure 4.8 for some relevant plots at a variety of graph sizes. It is not entirely clear to the author
why triangles should be dynamically suppressed in the 3-regular case since positive curvature
(negative) action configurations exist in this limit. However, as we have seen above, Ricci flat
and and negative action configurations require a fairly complex structured pattern of triangles to
be in place for the overall configuration to be realised. Since, moreover, triangles appear to be
more or less incompatible with squares, positive curvature configurations can only appear if the
Monte Carlo simulation takes a highly peculiar walk through configuration space, i.e. a walk that
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0.49
(a) t

Unit of construction. 0.49
(b) t

Example of a Ricci-flat cubic graph satisfying the independent short cycle condition.

Figure 4.6: Without the triangle free property it is possible to obtain arbitrarily large graphs
with vanishing total curvature and everywhere nonzero Ricci curvature. For example one can
appropriately glue together copies of figure 4.6a by identifying triangles to obtain graphs satisfying
the desired property; figure 4.6b is an example of such a graph satisfying the hard core condition.
Blue lines and red lines have curvatures of −2/3 and 1/3 respectively.
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0.45

Unit of construction. 0.45

A cubic graph with total curvature N/3 > 0.

Figure 4.7: Cubic graphs with total curvature at least 0 and with edges of strictly negative cur-
vature. Both graphs are of a type that easily extends to larger numbers of vertices. Green lines,
blue lines and red lines have respectively curvatures of −2/3, −1/3 and +1/3.

146



Chapter 4: Combinatorial Quantum Gravity

not only avoids squares but places triangles in the ‘right’ positions. In this way it seems likely
that configurations with many triangles are suppressed for entropic reasons. This is not entirely
dissimilar to the suggestion in Causal Dynamical Triangulations that the conformal anomaly is
suppressed due to an entropic contribution to the effective action [11]. Similar remarks should also
hold for 4-regular graphs, and we have the same numerical evidence as in the cubic case (c.f. figure
4.9).

We end this section with a proof that the classical configurations of the model are Ricci flat
configurations if configuration space is triangle free, i.e. allowed configurations contain no triangles.
Since no cosmological constant term has been included in the action, Ricci flatness is a natural
requirement. Triangle freeness has been motivated by the discussion in this section. At any rate,
triangle freeness can be imposed by fiat on configuration space—perhaps a more natural constraint
would be to assume the configurations are bipartite—if the dynamical suppression of triangles is in
any doubt. All of the simulations presently run support the conclusion that configurations out of
the random phase are spontaneously triangle free however, and the author feels that this triangle-
free constraint does very little to limit the model beyond the independent short cycle condition.
With this in mind we have the following:

Theorem 4.2.13. Let ω be a triangle-free graph. Then

0 ≤ ACQG(ω) (4.95)

where equality holds iff ω is Ollivier-Ricci flat.

Proof. If ω is triangle free then the Jost-Liu upper bound given in theorem 3.3.4 reduces to κ(e) ≤ 0

for all e ∈ E(ω). This immediately implies the bound 4.95. Clearly equality holds if ω is Ricci-flat.

On the other hand if ω is not Ricci flat it must contain at least one edge with strictly negative

curvature while triangle freeness means that no edges have strictly positive curvature. Hence the

total curvature of ω is strictly negative and ACQG(ω) > 0.

4.2.5.3 Independent Short Cycles and the Generation of Geometry

One of the basic issues in contemporary network theory is the problem of geometrogenesis: what
is responsible for the emergence of geometric structure in random networks. See Refs. [7, 42] for
some basic reviews. Following Krioukov [195], one basic intuitions is that geometric structure
follows from clustering. In the context of random regular graphs where sparseness of short cycles
implies local tree-like structure, significant clustering clearly indicates departure from the random
regular structure. The connection between Ollivier curvature and clustering—highlighted by Jost
and Liu [171]—and Krioukov’s basic intuition is responsible for the utility of Ollivier curvature
in the context of geometrogenesis. On the other hand clustering is clearly not the whole story:
already in the classic analysis of Watts and Strogatz [295], one can obtain small-world networks
with high clustering coefficients and logarithmic growth of the characteristic path length with
volume (number of vertices). The latter property implies that such graphs have infinite Hausdorff
dimension, a characteristic feature of nongeometricity. This collapse phenomenon applies also in
the context of exponential random graphs: c.f. Ref. [2] for a discussion.

One of the main justifications for the hard-core condition is that it helps to prevent such collapse
phenomena; this was a primary motivation for its introduction by Trugenberger [282]. In our work
the independent short cycle condition has been implemented rigidly as a kinematic reduction of
configuration space. Following our work, however, Akara-pipattana, Chotibut and Evnin [2] have
generalised the hard-core condition to the content of exponential random graphs by introducing
terms in the Hamiltonian that institute the hard-core condition and similar generalisations dy-
namically. Qualitatively their conclusions substantially agree with ours: promotion of clustering
in the context of the independent short cycle constraint (whether kinematically or dynamically
implemented) leads to characteristic properties of geometric graphs viz. finite mean degree, power
law growth of characteristic distances with N , high clustering coefficients and short cycle fractions.
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Figure 4.8: Decay of odd short cycles for d = 3 in the random phase (β = 10−5)) for a variety of
graph sizes. Once the odd cycles are completely suppressed they appear to remain suppressed for
the rest of the evolution.
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Figure 4.8: Decay of odd short cycles for d = 3 in the random phase (β = 10−5)) for a variety of
graph sizes. Once the odd cycles are completely suppressed they appear to remain suppressed for
the rest of the evolution.
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Figure 4.9: Decay of odd short cycles for d = 4 in the random phase (β = 10−5)) for a variety
of graph sizes. As in the case for d = 3 and d > 4, odd cycles disappear in a time of order 1000
sweeps. Once the odd cycles are completely suppressed they appear to remain suppressed for the
rest of the evolution.
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Figure 4.9: Decay of odd short cycles for d = 4 in the random phase (β = 10−5)) for a variety
of graph sizes. As in the case for d = 3 and d > 4, odd cycles disappear in a time of order 1000
sweeps. Once the odd cycles are completely suppressed they appear to remain suppressed for the
rest of the evolution.
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Figure 4.10: Disconnected hypercubes appearing spontaneously in the mean-field approximation
of the model; for the above image we chose d = 4, and the hypercubes are tesseracts.

At the same time, Akara-pipattana, Chotibut and Evnin stress that geometricity follows from
clustering plus the independent short cycle condition alone, with the Ollivier curvature itself not
playing any role in their model. From their perspective, the Ollivier curvature is nothing other
than a stand in for a number of (significantly less onerous) methods of promoting clustering. (To
be completely fair, this is perhaps a strengthening of the position of Akara-pipattana, Chotibut
and Evnin to the extent that it becomes a straw man position: their actual point is probably better
understood as noting that clustering and the hard-core condition alone play a significant role in
causing the emergence of geometry while the use of the Ollivier curvature as in combinatorial
quantum gravity might involve at least a partial commitment to a view of quantum gravity that
Akara-pipattana, Chotibut and Evnin are not currently willing to endorse, mainly due to difficulties
in convergence at the level of the combinatorial quantum gravity action. We continue the discussion
with these caveats in mind, which only serves to lessen the rhetorical force of the argument rather
than the logic.)

Results from the mean-field study of combinatorial quantum gravity, first examined by Kelly,
Trugenberger and Biancalana in Ref. [179] and more comprehensively studied by Gorsky and
Valba [132] suggest that this conclusion is perhaps overly hasty. For simplicity we may consider
a bipartite approximation to combinatorial quantum gravity on d-regular graphs. In this context
the mean-field action takes on the form

AMFB(ω) =
1

d
(Nd(d− 2) − 8□ω). (4.96)

This action simply promotes the formation of squares for fixed d and N . It hence very much
favours clustering. As we indicate in Ref. [179] and Gorsky and Valba [132] demonstrate, in the
mean-field approximation combinatorial quantum gravity exhibits a first order transition from a
random phase with sparse squares and infinite Hausdorff dimension to either:

(i) A fragmented phase mainly constituted of multiple disconnected copies of the d-dimensional
hypercube if the model is allowed to separate.

(ii) A phase of ‘weakly-interacting’ hypercubes if we constrain the model to remain connected.

The former case is a clear pathology from the perspective of geometrogenesis while the latter case
appears to result in large cycles punctuated by small regions of high clustering (the hypercubes).
This effective S1 topology at arbitrary degree also does not accord with our lattice interpretation
of the random geometries, but gives a significant improvement over the spontaneously disconnected
phase.

In the exact action we have, in addition to the mean-field term AMF , the local compensation terms
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A1 and A2. While of negligible significance in the random phase, these lead to a significantly
modified dynamics for high β vis-á-vis the mean-field approximation, manifest, for instance, in
significantly different frequency histograms for edges organised into bins defined by number of
supported squares or in the fact that spontaneous disconnections no longer appear to arise. As
such—at the very least—the precise form of the Ollivier curvature leads to the suppression of a
fragmentation pathology exhibited by many random graph models that arises due to the over-
promotion of clustering while being permitted by the hard-core condition. We shall consider these
properties in more detail in section 4.5 below.

4.3 An Outline of the Numerics

In this section we briefly review the main numerical methods employed in the study of combi-
natorial quantum gravity models. Fundamentally, the code employed divaricates along the kine-
matic/dynamic divide. Dynamical aspects of the numerical simulations adopt standard methods
in computational statistical mechanics; c.f. e.g. Ref. [233] for an overview. Kinematic aspects
are related to the generation and structural analysis of graphs with specified properties. We shall
discuss both aspects in more detail in the subsequent. All code has primarily been written in
MATLAB, but Python and Julia have also been utilised for certain purposes.

4.3.1 Dynamics

In this section we summarise the basic principles behind the numerical dynamics, the definitions of
relevant physical quantities to be calculated and numerical methods for distinguishing first-order
and second-order phase transitions. For the former two topics we rely heavily on Newman and
Barkema’s standard introduction to computation statistical mechanics [233] while for the latter we
have primarily used Refs. [37, 166].

4.3.1.1 The Monte Carlo Method

The numerical study of combinatorial quantum gravity is ultimately related to the investigation of
the phase structure of the model: does the model exhibit a phase transition, and if so is the phase
transition continuous? To investigation of such questions essentially reduces to the problem of the
approximate computation of expectation values:5

E(f) =
1

Z
∑

ω∈ΩN

exp (−βA(ω)) f(ω) (4.97)

for (physical) quantities f : ΩN → R. In general, even for discrete models, the exact computation
of expectations 4.97 is prohibitively difficult, at the very least when |ΩN | is large. Nonetheless high
quality estimates for the quantity E(f) can be calculated by taking average of values of f on a much
smaller sample drawn according to the Boltzmann distribution. In particular let {ωt }t<T ⊆ ΩN

be a family of random configurations such that for each t, the probability that ωt = ω for any
configuration ω ∈ ΩN is given

P(ωt = ω) =
1

Z exp (−βA(ω)) . (4.98)

Then our estimate for E(f) will be given:

⟨f⟩ :=
1

T

T−1∑
t=0

f(ωt). (4.99)

The aim, then, is to generate families {ωt }t<T ⊆ ΩN sampled according to the Gibbs distribution.

5The remarks in this section apply to all statistical models (ΩN , βA) and so the discussion is in terms of the
latter rather than combinatorial quantum gravity.
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Drawing on conventional computational statistical mechanics we obtain such distributions via
Monte Carlo techniques. The general principle is simple enough. First let us assume that we know
(a) how to encode configurations ω ∈ ΩN and (b) that we can evaluate A(ω) numerically—we
shall have more to say about these matters in the next section. We then construct a (Markovian)
stochastic process {ωt }t<T for integral t ≥ 0 where we begin with some appropriately sampled
initial configuration ω0 ∈ ΩN and recursively construct ωt+1 from ωt according to the following
prescription:

(i) Given ωt, randomly construct a configuration ω ∈ ΩN from ωt according to some specified
update rule that depends on the nature of the configurations. Essentially the only constraints
on the update rule is that we can in principle interpolate between any two configurations
of ΩN by applying the update rule a finite number of times and that the updates satisfy
detailed balance.

(ii) If A(ω) ≤ A(ωt) identify ωt+1 = ω.

(iii) If A(ω) > A(ωt) then set ωt+1 = ω with probability exp (−β(A(ω) −A(ωt))) and set ωt+1 =
ωt otherwise.

For our purposes, configuration space is ΩISC
N,d i.e. the class of d-regular graphs on N vertices

satisfying the independent short cycle condition. For such configurations it is natural take the
update procedure as an edge-switch (up to verification of the independent short cycle condition):
we begin with a configuration ωt, randomly select two edges uv, xy ∈ E(ωt) and construct ω̃ as
the graph with edges

E(ω̃) = (E(ωt)\ {uv, xy }) ∪ {ux, vy } . (4.100)

If ω̃ satisfies the independent short cycle condition we take ω = ω̃, and repeat the construction of
ω̃ otherwise. Concretely speaking we are randomly selecting two edges, breaking them and forming
new edges from the same vertices in such a way that regularity is preserved before and after the
update procedure. One then imposes the independent short cycle condition. Other constraints
(such as bipartiteness) can be dealt with in a similar manner to the independent short cycle
condition, though depending on the condition it may be possible to implement the condition mode
directly. In the case of bipartite graphs, for instance, one can simply ensure that the reformed
edges ux and vy in the update procedure 4.100 respect the bipartition, i.e. we select u and y from
the same half of the bipartition.

The parameter t which counts the number of updates in the Markov chain {ωt }t<T defines a kind
of system time. The difference between ωt and ωt+1 is negligible in the thermodynamic limit,
however, and is not an appropriate timescale for displaying macroscopic behaviours of the system.
In this way it is better to consider an alternative unit of ‘time’: we specify a reduced stochastic
process { ω̄τ }τ<Θ, Θ = T/N , where ω̄τ = ωNt and we define:

f(ω̄τ ) =
1

N

(N+1)τ−1∑
t=Nτ

f(ωt). (4.101)

With the above (abuse of) notation, it should be clear that:

⟨f⟩ =
1

T

T−1∑
t=0

f(ωt) =
1

NΘ

Θ−1∑
τ=0

(N+1)τ−1∑
t=Nτ

f(ωt) =
1

Θ

Θ−1∑
τ=0

f(ω̄τ ). (4.102)

A time step τ 7→ τ + 1 corresponding to N elementary Monte Carlo updates will be called a sweep.
A major advantage of measuring (simulation) time in terms of sweeps is that intensive quantities
may change over the course of a single time-step in the thermodynamic limit.

An issue with the discussion thus far relates to the selection of the initial configuration ω0 of
the Markov chain. In general it is not possible to directly draw ω0 according to the Boltzmann
distribution µ(ΩN ,βA) for arbitrary β. In the limit β → 0 however the Boltzmann distribution
becomes the uniform distribution on ΩN ; often it is in fact possible to sample configurations
ω ∈ ΩN uniformly. For other values of β, it is generally sufficient to initially sample according

154



Chapter 4: Combinatorial Quantum Gravity

to the uniform distribution and then run the code as if it was at the desired β value; a certain
amount of time will then be required for the system to equilibrate at the appropriate β but once
the system has thermalised one can take the Markov chain as appropriately sampled. In general,
however, it is difficult to directly ‘quench’ from β = 0 to β → ∞ since the system will typically be
trapped in a quasistable region (local minimum) of the thermodynamic energy landscape. Instead
one slowly ‘anneals’ the system by iteratively varying β by a small amount and allowing the system
to equilibrate at each fixed value of β.

Finally we briefly discuss the bootstrap method, a resampling method which permits for the efficient
calculation of errors in measured quantities. Crucially, this method of error calculation is relatively
robust to the lack of independence between sampled events, permitting for reduced annealing
times in the evaluation of numerical quantities. Suppose we have a sample {ωτ }τ<Θ and we are
interested in finding ⟨f⟩ and the associated error σf for some f : ΩN → R. According to the
bootstrap method, σf is deduced in the following manner:

(i) For some n we produce the sequence f1, ..., fn where for each k ∈ { 1, ..., n },

fk =
1

Θ

∑
τ∈Ek

f(ωτ ) (4.103)

where Ek is a random selection of Θ integers in the set { 1, ...,Θ }, with duplicates permitted.

(ii) Let f̄ denote the mean of the quantities f1, ..., fn and let f̄2 denote the mean of the quantities
f2
1 , ..., f

2
n. For n sufficiently large, σf is given as the standard deviation of the set f1, ..., fn:

σf =

√
f̄2 − f̄2. (4.104)

Unless otherwise stated, numerical errors for dynamical quantities in the subsequent are calculated
via the bootstrap method in conjunction with standard error propagation techniques. Note that
this means there are several potential issues in error estimates: we have not, for instance, done a
serious analysis of sources of possible systematic error though, at the very least, we expect some
thermalisation bias. We have also not checked the adequacy of the bootstrap method in any of
the present contexts, though the bootstrap distribution can in principle differ from the underlying
and sample distributions.

4.3.1.2 Dynamical Quantities

We are primarily interested in calculating the following quantities:

(i) The expected value of the action A and various powers thereof. Closely related to this are
various discrete fields relating to the number of squares at a given edge/vertex/graph etc.
Thermodynamically, the expected action is given

⟨A⟩ =
∂(βF)

∂β
(4.105)

i.e. as the first derivative of the free energy so if ⟨A⟩ displays a discontinuity the system
exhibits a first-order phase transition.

(ii) The specific heat is defined

c =
β

N
⟨(A2⟩ − ⟨A)2⟩ =

β

N
(⟨A2⟩ − ⟨A⟩2). (4.106)

This satisfies

c = − 1

β2

∂2(βF)

∂β2
(4.107)
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and so is a second derivative of the free energy. In second-order phase transitions, c diverges
at the critical value of β. As such, c will be one of the main quantities under consideration.

(iii) Autocorrelation times: for any quantity f : ΩN → R we define the time-displaced correlation
function

χf (τ) =

∫
dσ(f(ω̄σ) − ⟨f⟩)(f(ω̄σ+τ ) − ⟨f⟩)). (4.108)

The idea is that the quantity (f(ω̄σ)−⟨f⟩) measures the fluctuation of the quantity f about
the mean at the fixed time σ, while (f(ω̄σ+τ − ⟨f⟩) measure the fluctuation at a time τ
later. If the fluctuations are in the same direction the product of these quantities is positive
while if they fluctuate in different directions the product is negative. By integrating over
σ one essentially averages this quantity over time in the sense that if the fluctuation at a
time σ + τ is totally uncorrelated to the fluctuation at the time σ then the time-displaced
autocorrelation function will vanish. For τ large, we expect the system to forget its initial
conditions (except for values of conserved quantities) as it equilibrates. In this way the
characteristic time taken for the autocorrelation function to vanish, the autocorrelation time
ατ , gives a measure of the equilibration time. Events ωσ and ωσ+ατ

can then be treated as
effectively independent. In fact since the process is Markovian we expect the autocorrelation
function to decay exponentially:

χf (τ) ∼ exp

(
− τ

ατ

)
. (4.109)

It is perhaps worth mentioning that if f is the sum over vertices of a local quantity that de-
pends on the combinatorial structure of ωt, then f(ωt) and f(ωt+1) remain highly correlated
simply because in a single update we modify the configuration only locally. By measuring
the time in sweeps, every vertex has on average been modified and { f(ω̄τ ) }τ<Θ also behaves
like a Markovian process. The main significance of autocorrelation time calculations is that
they provide a lower bound on required annealing times when running simulations.

(iv) Correlation lengths. We suppose that we have a physical quantity f : ΩN → R defined by

f(ω) =
1

N

∑
u∈ω

fω(u) (4.110)

where for each ω ∈ ΩN we have fω : ω → R. For instance fω might be the function that
assigns to each u ∈ ω the number of squares at u. Note that the above implies

⟨f⟩ =

〈
1

N

∑
u∈ω

fω(u)

〉
= ⟨fω⟩ . (4.111)

We can assume that all ω ∈ ΩN share the same vertex set. In standard statistical mechanics,
the correlation function is defined

Gf (r) =
1

N

∑
uv∈E(ω)

(
⟨fω(u)fω(v)⟩ − ⟨f⟩2

)
(4.112)

for each r ∈ N. Unfortunately, this definition will not suffice in our context since the graph
structure is itself being averaged over. We shall instead define the correlation function via
the assignment:

Gf (r) =
1

N

〈 ∑
uv with ρω(u,v)=r

(fω(u)fω(v) − ⟨f⟩2)

〉
. (4.113)

The appearance of the sum inside the expectation is, as noted above, a consequence of the fact
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that the set of vertex pairs at distance r depends on the configuration in question. The term
⟨f⟩2 must also belong to the summand if, for instance, G1(r) = 0 for all r where 1 : ω 7→ 1
is the function assigning a value one to each ω ∈ Ω.

As with the time-displaced autocorrelation function, it is typically assumed that the corre-
lation function Gf (r) satisfies:

Gf (r) ∼ exp

(
− r

αr

)
(4.114)

where the αr defines a characteristic length for which fluctuations in f are correlated. αr

is referred to as a correlation length. Heuristically we see that this immediately arises if we
assume that interactions are short range. In particular let

G̃f (r) :=
Gf (r)

Gf (0)
. (4.115)

Note that by construction G̃f (r) is a dimensionless quantity with G̃f (0) = 1. We note
that if interactions are short range and fall of smoothly then the correlation function will in
general decrease since there is no way for fluctuations at different points to communicate. In
particular if we assume that the correlation function Gf (r) is smooth, we see that

G̃f (ε) = 1 − ε

αr(f)
(4.116)

for sufficiently small ε where αr > 0 is a characteristic length used to ensure that G̃f (ε)
remains dimensionless. In more physical terms, we need αr(f) because the proportional loss
in correlation over the distance ε should depend on ε—and smoothness and the smallness of
ε conspire to make this dependence linear—but cannot be totally characterised by ε since it
should depend on the quantity f in question also. If we assume that r = nε we then find
that

G̃f (r) =

(
1 − ε

αr(f)

)n

=

(
1 − r

αr(f)n

)n

. (4.117)

Taking the joint limit n → ∞, ε → 0, holding r = nε constant and noting that

lim
n→∞

(
1 +

x

n

)n
= exp(x) (4.118)

we see that

G̃f (r) = exp

(
− r

αr(f)

)
. (4.119)

The basic inputs into the above argument are (a) the finite range of interactions and (b)
analyticity (or at least smoothness) of the interactions and correlation functions. Analyticity
of the latter implies that the free energy and partition function are also analytic in the relevant
regions. One realisation of the converse of this claim is well known: in a second-order phase
transition at criticality the free energy is not analytic and the decay form 4.114 breaks down
since the correlation length diverges. (This makes correlation lengths a major point of concern
for the study of the order of a phase transition.) At any rate the heuristic considerations above
can be made more rigorous, and Penrose and Lebowitz [246] have proven that analyticity of
the free energy and short-range interactions are in fact sufficient to prove the exponential
decay of correlation functions in many systems. Alternatively, in many standard lattice gases
one can use cluster expansion techniques to obtain a convergent series expansion of the free
energy of the system in various regions of thermodynamic parameter space; this information
can subsequently be used to obtain the exponential decay of the correlation functions [120].
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Cluster expansion techniques can be applied whenever the system (ΩN , βA) can be expressed
as a polymer model : here we have a (finite) class of polymers Ω, where each polymer ω ∈ Ω is
given some weight w(ω) and we allow polymers to have pairwise interactions f : Ω×Ω → R.
Polymer models than have partition functions of the form

Z =
∑

E⊆Ω with |E|<∞

∏
ω∈E

w(ω)
∏

{ω0,ω1 }⊆E

f(ω0, ω1). (4.120)

In fact we can go further: the very fact that Gf (r) → 0 as r → ∞ appears to depend on the
finite range of the interactions and the analyticity of the free energy. To see this let us first
rewrite the correlation function in terms of vertices u and v:

Gf (u, v) = ⟨fω(u)fω(v)⟩ − ⟨f⟩2 . (4.121)

The cluster decomposition principle states that

⟨fω(u)fω(v)⟩ → ⟨fω(u)⟩ ⟨fω(v)⟩ (4.122)

as ρω(u, v) → ∞.

The main point to take away from the above is the following: the correlation function of a
system will decay exponentially at large distances and vanish in the infinite distance limit
either (a) because interactions are short range and the free energy is analytic in large regions
of the thermodynamic parameter space or (b) because the partition function takes on the
special polymer model form. Indeed Penrose and Lebowski [246] show that if interactions
are long range then correlations can decay slower than any exponential. The author is not
at all clear that (b) holds in our case and in view of its special separable form it seems to the
author that it is not in fact safe to assume that some kind of cluster expansion is available to
us. On the other hand in network models interactions are not in general short range. Similar
remarks hold for cluster decomposition: this principle is very natural for local field theories,
but in theories with strong nonlocal effects or involving sums over geometries the principle
becomes much less natural. We are thus faced with the very real possibility that correlation
lengths are not well defined in combinatorial quantum gravity. To make matters worse, our
systems will typically have relatively small diameters (for instance random regular graphs
have diameters that grow logarithmically with system size) and and we often run into the
finite size of the system before we can observe high quality exponential decay (assuming it
was developing in the first place).

These difficulties notwithstanding, we shall attempt to evaluate correlation lengths for our
system simply in view of the canonical role that the correlation length and real-space scaling
arguments play in most discussions of continuous phase transitions. In particular we expect
there to be some divergent length scale near criticality for the simple reason that this diverging
length scale permits us to take the continuum limit of the model and obtain an emergent
continuum geometry. At the same time, in view of the difficulties described above, it will
perhaps be wise not to attach too much significance to correlation length results.6

This essentially completes our discussion of the dynamical quantities of concern. Note that we
shall be concerned with the dynamical evolution of other quantities such as the expected number
of squares or the spectral dimensions of the configurations in question, but these are primarily of
interest as dynamical quantities insofar as they approximate quantities listed above and will often
be of more use for the (kinematic) characterisation of different phases.

4.3.1.3 The Order of a Phase Transition

Phase transitions are typically classified into discontinuous and continuous transitions. In the
former—also referred to as first-order transitions—the action (energy) is a discontinuous function
of the thermodynamic parameters (β) and the size of the discontinuity is a measure of the latent

6We shall operate somewhat irrationally: when the correlation length behaviour supports our desired conclusion
we present them as good evidence in favour of our position; when they do not support our conclusions we use the
above arguments to conclude that they are not worth paying attention to...
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heat released by the system at the transition point. The specific heat, which is given by the
derivative of the action with respect to β, thus evinces a divergence at the critical value βc. In such
a system, ergodicity is broken and the thermodynamic limit is characterised by multiple infinite-
volume Gibbs measures. Continuous transitions correspond to higher (than first) order transitions
in the Ehrenfest classification i.e. a transition is nth order iff there is a discontinuity in the nth
derivative of the free energy βF with respect to β (the thermodynamic parameters generally). A
characteristic feature of such continuous transitions is that one can interpolate between phases via
purely continuous modifications of the thermodynamic parameters. In practice we shall really be
concerned with second-order transitions in which the expected action is continuous but the specific
heat discontinuous (divergent) at the critical β. In this way the critical value βc can be determined
by taking the value for which the specific heat diverges for both first and second-order transitions.
Thus the most elementary observations we can make to try and establish the order of a phase
transition are to try and establish whether the expected action is continuous in β and whether the
correlation length diverges.

Unfortunately these naive observations rarely suffice with any reliability. Typically, the free energy
is given at finite volume as an analytic function of the thermodynamic variables and so the infinite
volume (thermodynamic) limit must be taken if the free energy is to develop a nonanalyticity and
ipso facto a phase transition. This limit obviously cannot be instantiated in concrete simulations
which can make the numerical detection and characterisation of phase transitions nontrivial. Fur-
thermore finite-size effects can non-negligibly distort the behaviour of the system compounding
potential difficulties in the analysis. Concretely this means that even in scenarios where finite-size
effects are relatively benign, we find that divergent quantities are smoothed into finite peaks and
apparent discontinuities may simply be an expression of a too coarse choice of sampling parame-
ters. For instance, we do not actually see divergences in the specific heat in first or second-order
transitions; instead, we only observing large and relatively sharp peaks in the distributions of the
specific heat with β. The critical value βc is then estimated as the value for which the specific
heat is maximised. It is not clear, however, whether a finite peak is a smoothed divergence arising
from the finite-volume approximation or simply an expression of a (relatively peaked) analytic dis-
tribution. As such it is convenient to have some more robust methods of characterising numerical
phase transitions. We shall develop some candidates below following Refs. [37, 166].

First, however, it is helpful to consider the theory of first-order phase transitions in a little more
detail; c.f. for instances sections 4.5 and 8.7 of Ref. [68]. Let us consider a physical system with free
energy F dependent on some (scalar) order parameter φ. In a Landau style analysis we expand
the free energy in powers of φ compatible with the symmetries of the system and truncate at an
appropriate low order. In the direct vicinity of the critical point only those terms that govern the
universal behaviour of the phase transition are relevant, justifying this truncation. Assume the
free energy is bounded below and normalising to remove any constant terms we can obtain

1

N
F =

1

2
aφ2 +

1

3
bφ3 +

1

4
cφ4 (4.123)

as a universal model of first-order phase transitions. Note that for stability we require that this
quantity diverges positively as φ → ±∞ and so we assume that c > 0. Then, free-energy minima
can be found by analysing the local minima of the system. The first and second derivatives are
given:

1

N

dF
dφ

= φ(a + bφ + cφ2)
1

N

d2F
dφ2

= a + 2bφ + 3cφ2. (4.124)

Thus the free energy has an extremum φ0 at φ = 0 which is a local minimum if a > 0. The nature
of other extrema depends on the parameter values of a, b ad c. In particular, if b2 < 4ac then the
quadratic

q(x) = cx2 + bx + a (4.125)

has no roots and φ0 = 0 is the unique global minimum of the system. On the other hand if
b2 = 4ac, there is an additional extremum φ1 = −b/2c whose sign depends on the sign of b since
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c > 0. We see that

1

N
F(φ1) =

(
1

2
− 5

12c

)
a2

1

N

d2F
dφ2

(φ1) = a + 2bφ1 + 3cφ2
1 = a− 4a + 3a = 0 (4.126)

and φ1 is an inflection point with positive free energy for all c > 5/6. Finally, if b2 > 4ac we have
two additional extrema:

φ± =
−b

2c
± 1

2c

√
b2 − 4ac. (4.127)

One of these is a local minimum and the other a local maximum of the free energy, with the precise
assignment depending on the sign of b: for instance, assuming for concreteness that b < 0 we see
that φ+ is the other minimum.

Thus depending on the relative values of the parameters a, b and c the energy-landscape of the
system changes. If these parameters depend on β we can come to an explanation of first-order
phase transitions as β varies. For convenience, let us assume that b ̸= b(β), c = 1 ̸= c(β) and
a = a(β) is a continuous monotonic (decreasing) function of β. If we imagine starting at β near
0 such that a > 0 and b2 < 4ac we are in the unique minimum of the system at φ = φ0 = 0.
Let us assume that we may increase β while keeping a > 0 such that b2 → 4ac. In particular for
β∗ such that b2 = 4ac we see the onset of a metastable state, robust against thermal fluctuations
but with strictly positive free energy. Since the system is already in a global minimum and the
metastable state is robust to small fluctuations, we will not see the onset of the metastable state
at β∗ during this cooling process unless we strongly perturb the system. Nonetheless for β > β∗

we have two local minima φ0 and φ+; further increasing β decreases the value of the second local
minimum F(φ+) until we reach a critical value β = βc such that the two minima are degenerate,
i.e. F(φ0) = F(φ+). For β > βc we have F(φ+) < F(φ0) and so as we vary β from β∗ < β < βc to
β > βc the system must ‘jump’ to from the minimum φ0 to the minimum φ+. Since |φ+−φ0| > 0
this transition is discontinuous in the order parameter φ and the transition is thus first-order.

How does the system jump from the minimum φ0 to the minimum φ+? Initially (before equili-
brating) for β > βc the system is in the metastable state φ0. Over long enough times, thermal
fluctuations will create ‘droplets’ of the φ+ phase in a background φ0 phase which will act as
nucleation centres for the growth of the φ+ equilibrium phase. This continues as we increase β
until the limit of cooling metastability β = β∗∗ > βc defined by a(β∗∗) = 0. If we now reverse
the process and start with large β and a unique global minimum at φ+ and heat the system (i.e.
decrease β we will again see a first-order transition from the metastable minimum φ+ to the new
global minimum φ0 at β < βc through the same type of nucleation process. This occurs until the
limit of heating metastability β∗, introduced earlier,is reached.

As the above account of a first-order phase transition hopefully makes clear, the onset of a new
phase during a first-order phase transition involves the nucleation and growth of the new phase
from droplets of the equilibrium state in a metastable background. Since the equilibrium state and
the metastable background are different during the processes of cooling and heating one does not
expect to observe the onset of the phase transition in the same manner as we increase and decrease
β. In particular, when we anneal for a time that is too short to observe the large fluctuations
required for the formation of nucleation sites, we only expect to see the phase transition occur
when we surpass the relevant limit of metastability as we heat and cool the system. In this way, in
a first-order transition, we expect to see hysteresis phenomena and these can in fact be observed in
simulations. If it seems likely that apparent hysteresis persists in the thermodynamic limit, then
we have one of the key indications that a putative phase transition is first-order. Contrarily, the
absence of hysteresis is an indication that an apparent phase transition is continuous. Here we
should maintain a cautionary note: the absence of observable hysteresis does not prove that the
system is first-order since it is quite conceivable that the limits of metastability β∗ and β∗∗ are too
close together to be distinguished; another way of looking at this is that the characteristic lifetime
of the metastable states in question are much shorter than the annealing times.

Another key feature of first-order transitions is phase coexistence at the critical β = βc. Here the
system essentially behaves as if it were in a superposition of the two degenerate free-energy minima,
which we shall characterise by their values A0 and A1 of the expected action. In particular, if we
regard the stochastic sample {A(ωτ ) }τ<Θ at β = βc, we expect the frequency distribution of the
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action to be of the form:

PA = αP0 + (1 − α)P1 (4.128)

for some α ∈ (0, 1) where P0 and P1 are distributions describing the system in the minima A0 and
A1 respectively. For Θ sufficiently large we expect by the central limit theorem for the distributions
P0 and P1 to behave as Gaussian’s:

PA = αN1,A0,σ0
+ (1 − α)N1,A1,σ1

(4.129)

for some suitable standard deviations σ0 and σ1, where recall ND,µ,σ denotes the D-dimensional
normal distribution with mean µ and standard deviation σ. In a continuous transition, on the other
hand, there is no superposition of distinct states in the expected action since it is a continuous
function and PA will take the form of a single Gaussian for large Θ.

In numerical simulations the above discussion is additionally complicated by the fact that the
action spectrum is necessarily discrete. As such PA may take on the appearance of multiple
superimposed Gaussians with this being a mere effect of discretisation. We are thus interested
in investigating whether the two (multiple) distinct approximate Gaussian’s appear to collapse or
remain distinct in the thermodynamic limit. This can be observed directly by comparing frequency
histograms for various values of A as given by the sample {A(ωτ ) }τ<Θ for various different graph
sizes. Alternatively, we can try and establish the N -dependence of the following Binder cumulant

B =
1

3

(
1 −

⟨A4⟩β
⟨A2⟩2β

)
. (4.130)

In a continuous transition governed by a single Gaussian, this quantity—Binder originally gives
a different normalisation—vanishes and takes on an asymptotically nonzero value for first-order
transitions at the critical temperature. This shall be our key quantity for the purpose of analysing
the order of a phase transition.

4.3.2 Numerical Studies of Graphs

4.3.2.1 Analysis of Graphs

The number of structural features of graphs we shall be interested in is relatively limited. Graphs
themselves will be encoded by the adjacency matrix:

Definition 4.3.1. Let G = (V (G), E(G)) be a graph. The adjacency matrix of G is a matrix

A = (auv) indexed by V (G) × V (G) such that

auv =

 1, uv ∈ E(G)

0, uv /∈ E(G)
(4.131)

for all (u, v) ∈ V (G) × V (G).

Corollary 4.3.2. For a simple undirected graph with no loops the adjacency matrix is symmetric

and has vanishing diagonal.

Corollary 4.3.3. The degree u ∈ V (G) is given by

du =
∑

v∈V (G)

Auv =
∑

v∈NG(u)

Auv. (4.132)
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As was shown in the previous chapter, the Ollivier curvature of an edge is totally determined by the
number of short cycles and vertex-degrees of that edge once the independent short cycle condition
is imposed. Other quantities of interest are related to distances between vertices in graphs. Both
ultimately can be related to counts of paths of a given length between any two vertices. We use
the following fundamental lemma:

Lemma 4.3.4. Let G = (V (G), E(G)) be a graph with adjacency matrix A. For all ℓ ∈ N number

of ℓ-walks from u ∈ V (G) to v ∈ V (G) is given by (Aℓ)uv.

Proof. This is trivially true for ℓ = 0 and ℓ = 1. If it is true for ℓ = n then we note that

(An+1)uv = (An ◦A)uv =
∑

w∈V (G)

(An)uwAwv =
∑

w∈NG(v)

(An)uw

where ◦ denotes ordinary matrix multiplication. Since (An)uw is the number of n-walks from u to

w for any w by the inductive hypothesis, the right-hand side of the above is the total number of

walks from u to a neighbour of v which is the total number of (n + 1)-walks from u to v.

Corollary 4.3.5. For any (u, v) ∈ V (G) × V (G) we have

ρG(u, v) = inf { ℓ ∈ N : (Aℓ)uv ̸= 0 } . (4.133)

Proof. If inf { ℓ ∈ N : (Aℓ)uv ̸= 0 } = n then there is an n-walk but no shorter-walk from u to v;

but this walk is a path since if a vertex w was repeated u...w...w...v the segment w...w could be

replaced by w alone giving a shorter walk from u to v.

Corollary 4.3.6. If there is a pair (u, v) ∈ V (G)× V (G) such that (Aℓ)uv = 0 for all ℓ ≤ N then

G is not connected.

Proof. The condition that (Aℓ)uv = 0 for all ℓ ≤ N means that the shortest path between u and

v has length at least N + 1; but no such paths exist since there are only N distinct vertices and

paths cannot repeat vertices.

These corollaries define direct (though not particularly efficient) algorithms for finding distances
between vertices and determining whether the graph is connected. A better algorithm using a
so-called breadth-first search is known; MATLAB comes with an inbuilt graph package that allows
one to (a) specify graphs via their adjacency matrices and (b) determine distances between vertices
and connectedness of graphs using the superior breadth-first search algorithm.

More importantly, using lemma 4.3.4 we can find matrices counting the short cycles on an edge:

Theorem 4.3.7. Let G = (V (G), E(G)), N := |V (G)|, be a graph with adjacency matrix A.

(i) The matrix

△(G) := A2 ·A (4.134)
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is such that [△(G)]uv is the number of triangles on the edge uv ∈ E(G).

(ii) Let dG denote column vector indexed by V (G) such that dG
u = du for all u ∈ V (G). Also let

DG = [dG, · · · ,dG︸ ︷︷ ︸
N

]. (4.135)

Then the matrix

□(G) = (A3 −DG −DT
G + A) ·A (4.136)

counts the number of squares per edge, i.e. [□(G)]uv is the number of squares on the edge

uv ∈ E(G).

(iii) Let DG be as above, let T be the column vector indexed by V (G) such that

T u =
1

2

∑
v∈V (G)

[△(G)]uv (4.137)

and let

△G = [T , · · · ,T︸ ︷︷ ︸
N

] △̃G := △G −△(G). (4.138)

Then the matrix

D(G) = (A4 − 5△(G) − 2△̃G − 2(△̃G)T − (DG − 2) · △G − (DT
G − 2) · △G −A(A · (DG − 2)T )) ·A

(4.139)

counts the number of pentagons in G.

In each of the above · denotes the Frobenius inner product of matrices.

Proof.

(i) (A2)uw is the number of 2-walks from u to w; if w = v for some v /∈ NG(u) then (A2 ·A)uv = 0

while if v ∈ NG(u), (A2 · A)uv = (A2)uv is the number of 2-walks going from u to some

v ∈ NG(u). But this is nothing other than the number of triangles on the edge uv.

(ii) By analogy with part (i) we want to count the number of squares on the edge uv by counting

the number of 3-paths from u to v where v is a neighbour of u. The latter constraint is

imposed with the Frobenius inner product with A so the claim reduces to the statement that

[A3 − DG − DT
G + A]uv gives the number of 3-paths from u to v, for v ∈ NG(u). To see

this we note that for each neighbour w ∈ NG(u) we have a 3-walk uwuv from u to v and

for each neighbour w ∈ NG(v) we have the 3-walk uvwv from u to v neither of which are

3-paths from u to v. On the other hand it only takes a moments reflection to see that these
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are the only possible 3-walks from u to a neighbour v that are not 3-paths. We thus need

to subtract du and dv from (A3)uv which is achieved by subtracting DG and DT
G. We have,

however, subtracted the 3-walk uvuv twice which is why we add back in a factor A.

(iii) Again the Frobenius product with A on the outside ensures the matrix gives edge-counts and

we are subtracting the 4-walks that are not 4-paths from A4. The term 5△(G) comes from

the fact that for each triangle uvw on an edge uv we have five 4-walks from u to w: uwvuv,

uwvwv, uwuwv, uvwuv, uvuwv. T u is the number of triangles that intersect with u so △̃G
uv

is the number of triangles at u that are not supported on the edge uv. For any such triangle

uxy we have the 4-walks uxyuv and uyxuv from u to v which need to be subtracted; the

same goes for triangles vxy not supported on uv. Together this accounts for the term 2△̃G

and its transpose. The term (DG − 2)△G accounts for walks uxuwv for x ∈ NG(u) such

that x does not intersect a triangle supported by uv and uvw is a triangle supported by uv.

Similarly the term (DT
G − 2)△G is introduced to remove walks uwvxv for x ∈ NG(v) not

intersecting a triangle supported on uv. The final term A(A · (DG − 2)T ) accounts for walks

of the form uwxwv.

4.3.2.2 Hausdorff and Spectral Dimension

Some of the most basic measurable quantities in the context of quantum gravity and discrete
models are the Hausdorff and spectral dimensions [10, 13–15, 24, 56, 60, 97, 98, 142, 170, 201,
202]. Roughly speaking, the former measures the rate of growth of balls in a metric space while the
latter measures the dimension experienced by a particle diffusing in the space. Both dimensions can
take on nonintegral values, which is taken as a clear signature of fractality [217]. Ultimately this
explains their utility in quantum gravity: both the Hausdorff and spectral dimensions take on their
natural values in smooth manifolds and so fractality is a measure of the loss of smooth structure.
But in quantum gravity the smooth structure of spacetime is lost due to the presence of quantum
fluctuations and the spectral and Hausdorff dimension are thus a measure of the significance of
quantum effects. One of the major recent insights in quantum gravity extending this line of though
was the observation of dynamical reduction of the spectral dimension in the UV limit of quantum
gravity in a variety of different approaches [9, 60, 161, 200]; this offers the potential for a kind of
spontaneous renormalisation technique since 2D-gravity is well defined.

The Hausdorff dimension (as we shall specify it) controls the scaling of the volume in a space. In
particular suppose we have a metric space (X, ρX) with background (Borel) measure µ. Then we
define

dH(X) := lim
r→R

logµ(BX
r (x))

log r
(4.140)

where we assume the dimension does not depend on x ∈ X and we take some suitable limit of r,
i.e. R ∈ { 0,diam(X) }. Naively the idea is that since µ defines a notion of volume on the space
then if we have the (asymptotic) scaling form

µ(BX
r (x)) ∼ rdH(X) (4.141)

we find the linear equation equation

logµ(BX
r (x)) = dH log r + log µ(BX

1 (x)). (4.142)
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The Hausdorff dimension can thus be regarded as the gradient of a suitable log-log plot in a region
for which it is approximately linear. We shall often adopt this latter perspective because it gives us
a reasonable characterisation of the Hausdorff dimension in discrete spaces where it is easy to see
that dH(X) → 0 in both limits r → 0 and r → ∞. One nice feature of the Hausdorff dimension is
that it agrees with the canonical topological dimension of a Riemannian D-manifold. In particular
we already know that we have an asymptotic expression:

volM(BM
ε (p)) = volD(BD

ε (0))

(
1 − R

6(D + 2)
ε2 + O(ε4)

)
=

π
1
2DεD

Γ(D + 1)

(
1 − R(p)

6(D + 2)ε2
+ O(ε4)

)
(4.143)

for all p and for small ε > 0, where Γ is the gamma function and R is the scalar curvature. Thus

log(volM(BM
ε (p))) = D log ε + log

[
π

1
2D

Γ(D + 1)

(
1 − R(p)

6(D + 2)
ε2 + O(ε4)

)]
(4.144)

or

dH(M) = lim
ε→0

log(volM(BM
ε (p)))

log ε

= D + lim
ε→0

1

log ε
log

[
π

1
2D

Γ(D + 1)

(
1 − R(p)

6(D + 2)
ε2 + O(ε4)

)]
= D. (4.145)

Thus in manifolds both methods 4.140 and 4.142 are appropriate methods for evaluating the
Hausdorff dimension, leading to the correct manifold value.

The spectral dimension is a more involved quantity. It is defined for spaces on which a Laplacian
L is given and controls the scaling properties of the eigenvalues λ of L. Denoting the spectrum of
L by σ(L) and assuming that the Laplacian is a finite-dimensional operator, we may then define
the heat kernel trace as the function

K(t) = tr exp(−Lt) =
∑

λ∈σ(L)

exp(−λt), (4.146)

where t takes values in some open subset of R. We may then define the spectral dimension function:

ds(t) = −2
d logK(t)

d log t
. (4.147)

The spectral dimension of the space on which the Laplacian is defined is then defined as ds(t) in
some limit of t or for some range of values of t. Again concrete difficulties in specifying the spectral
dimension for graphs has led us to this ambiguity in the definition of the spectral dimension at
this point.

For Riemannian manifolds M, for instance, we are interested in the small t asymptotics of the
heat kernel trace. Let us recall that the Laplace-Beltrami7 operator on M is (informally) given by
the implicit assignment:

LMf := ∇2f (4.148)

for all f ∈ C∞(M) where ∇ is the Levi-Civita connection. Assuming that M is closed and oriented

7For a comprehensive study of the basic spectral theory in a Riemannian context see Ref. [70].
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we define the spectrum of LM via:

σ(M) := {λ ∈ R : LMφ = −λφ for φ ∈ C∞(M)\ { 0 } } . (4.149)

The spectrum can be ordered as an increasing sequence: σ(M) = {λk : k ∈ N }. Weyl [97] proved
that with this ordering the eigenvalues go as

λk ∼ k
2
D . (4.150)

Then we have

K(t) =

∞∑
k=0

exp(−λkt)

∼
∞∑
k=0

exp(−k
2
D t)

∼
∫ ∞

0

dk exp(−k
2
D t)

= t−
1
2D

∫ ∞

0

dx exp
(
−x

2
D

)
∼ t−

1
2D. (4.151)

Hence for small t

ds(t) = D (4.152)

and we can take the limit t → 0 to obtain the desired result.

In a graph G = (V (G), E(G)), N = |V (G)|, with adjacency matrix A, we take the Laplacian to be

LG = DG −A (4.153)

where DG is the N × N -dimensional diagonal matrix with the graph degree sequence on the
diagonal. The spectrum is given by the solutions of the following eigenvalue equation:

LGu = λu u ∈ RD. (4.154)

Such solutions necessarily exist since LG is real and symmetric. Also note the following:

Fact 4.3.8. Let M be an n×n a Hermitian matrix with diag(M) ⊆ (0,∞) and such that mkℓ ≤ mkk

for all k, ℓ ∈ { 1, ..., n }. Then M is positive semidefinite, i.e. all its eigenvalues are positive.

Proof. See [51, Lemma 2.10.1].

This means that σ(G) ⊆ (0,∞) and for all t, K(t) ≤ N and ds(t) → 0 as t → ∞. Conversely, we
can formally rewrite equation 4.147 as

ds(t) = 2t

∑
λ∈σ(G) λ exp(−λt)

K(t)
. (4.155)

The fractional part of the above expression goes to some constant (the mean value of λ ∈ σ(G)) as
t → 0 so ds(t) → 0. Thus in graphs neither of the natural limits gives a useful spectral dimension.

Following Oriti, Calcagni and Thürigen [56], one approach is to define effective dimensions for
different regions of the parameter t where the spectral dimension curve plateaus. This can be
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Figure 4.11: Spectral dimension curves for discrete homogeneous torii TD, D ∈ { 1, 2, 3 }. The
expression for the asymptotic limit, displayed via the dashed lines, is taken from Ref. [56].
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Figure 4.11: Spectral dimension curves for discrete homogeneous torii TD, D ∈ { 1, 2, 3 }. The
expression for the asymptotic limit, displayed via the dashed lines, is taken from Ref. [56].

compared with analytic solutions for some suitable standard geometry such as the D-dimensional
torus with radii (R1, ..., RD); Oriti, Calcagni and Thürigen then begin a systematic classification
of discreteness and quantum effects on the spectral dimension. Their results are extremely useful
and work for the interpretation of emergent flat geometries discussed in section 4.4. See figure 4.11
for plots of the spectral dimension curves for discrete tori TD, D ∈ { 1, 2, 3 }, where the radii of all
circles constituting TD are equal. The formation of plateaus in the spectral dimension curve at the
correct value is easy to observe, especially in low dimension. It is worth noting, though, that even
in this extremely simple case, a good approximation of the asymptotic regime becomes difficult
for even relatively modest degree. Indeed let ds(t;T

D) denote the spectral dimension curve for the
discrete homogeneous D-dimensional torus. It was shown in Ref. [56] that

ds(t) = 2t

(
1 − I1

(
t
D

)
I0
(

t
D

)) , (4.156)

where Iν is a modified Bessel function of the first kind.8 The figure for D = 1 (figure 4.11a) shows
that in this low dimension, relatively small graphs approximate the asymptotic solution for a large
range of the parameter t. On the other hand figure 4.11 shows that already for the rather modest
degree d = 6, D = 3 = d/2, one needs to look at prohibitively large graphs (N = 163 ∼ 4000)
before even the plateau in the asymptotic result starts to become discernible.

8In fact, according to equations 4.6 and 4.10 of Ref. [56], Oriti, Calcagni and Thürigen actually claim that

ds(t) = 2Dt

(
1−

I1(t)

I0(t)

)
(4.157)

for the discrete D-torus. This equation does not fit the small t behaviour of the torus well; a hint to the correct result
however is given in the same text: in particular equation 4.14 of the same shows that the heat kernel trace obtained
by solving the discrete heat equation on the infinite lattice ZD is not only the Dthe power of the one-dimensional
result but also requires one to scale t 7→ t/D. Scaling the equation 4.157 gives the result in equation 4.156 which
fits the small t behaviour of the empirical spectral dimension curve excellently.
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Moreover, the conclusions of Oriti, Calcagni and Thürigen, perhaps rely overmuch on the use of
the torus as their classical model of geometry. Analytic estimates on the spectral properties of
Riemannian manifolds show that classically the shape of the spectral dimension curve is highly
sensitive to the presence of (negative) curvature [92, 93, 134] and it may in fact be more appropriate
to fit against known estimates for negative curvature. For instance in D-dimensional hyperbolic
space HD, Davies and Mandouvalos [93, Theorem 3.1] showed that the heat kernel KD

H
on this

space has a uniform upper and lower bound:

KD
H (t, r) = Θ

(
t−

1
2D exp

(
−1

4
(D − 1)2t− 1

4t
r − 1

2
Dr

)
(1 + r + t)

1
2 (D−2)(1 + r)

)
(4.158)

where generally f = Θ(g) means that there are constants c1 and c2 > 0 such that c1g ≤ f ≤ c2g
holds for all suitable values of the variables on which f and g depend. Equation 4.158 continues to
hold for asymptotically hyperbolic spaces that are additionally simply connected and have every-
where negative curvature—asymptotic hyperbolicity does not rule out a compact subset of positive
curvature—i.e. so-called asymptotically hyperbolic Cartan-Hadamard manifolds [75]. (Ref. [134,
Section 7.4] explicitly extends this estimate to the case of HD

K , i.e. the case of hyperbolic space
with constant negative curvature −K.)

The author is unaware of any prior work in this direction; in the present context, there are some
preliminary indications that this prescription leads to concrete advantages, though the strength
of the numerical evidence perhaps leaves something to be desired. See Ref. [283] for relevant
discussions. It is at least worth considering that the running spectral dimension of quantum
gravity has its roots in the effective (quantum) curvature of the system. Indeed our simulations
appear to suggest that even in a classically flat model there will be residual curvature for degree
d > 3—roughly speaking corresponding to spacetime dimension D ≥ 2—findings that have been
corroborated by similar results due to Brunekreef and Loll [53]—dubbed quantum flatness by
them—in the context of Loll’s programme of quantum Ricci curvature [52, 186–188].

4.3.2.3 The Generation and Structure of Random Regular Graphs

The first problem in relation to random regular graphs is their generation. Unlike the Erdös-Renyi
model which can be implemented without any real thought, regularity imposes a severe constraint
on random graphs that makes their construction significantly more difficult. In the literature there
are two principle approaches: exact methods which in the case of random regular graphs roughly
speaking involve the configuration model refined by so-called switching techniques following the
pioneering work McKay and Wormald [222], and approximate techniques relying on, for instance,
Monte Carlo methods [169]; as far as the author is aware, the state of the art on the generation of
random regular graphs is discussed in Ref. [123].

We shall roughly discuss the basic algorithm due to McKay and Wormald [222] for the generation

of random regular graphs which works for degrees d = O(N
1
3 ). In fact, in practice we implement

a much simpler algorithm which strictly is uniform only asymptotically [185] for d = O(N
1
3−ε),

ε > 0, which we shall also discuss. Since we are concerned only with d constant and small, the
constraints on the size of d with respect to N are rather academic.

It will be helpful to begin with a discussion of the configuration model. First suppose we are
interested in creating a graph on N -vertices with degree sequence d = (d1, ..., dN ):

(i) Specify an auxiliary vertex set Ṽ with
∑N

k=1 dk points and a partition {Uk }1≤k≤N of Ṽ

such that |Uk| = dk. Recall that a matching on Ṽ is a set of (undirected) edges Ẽ such that
uv ∈ Ẽ and uw ∈ Ẽ implies that w = u. A perfect matching is a matching such that each
vertex in Ṽ appears in some edge of Ẽ. Pick Ẽ as a random perfect matching of Ṽ .

(ii) Generate a (potentially non-simple) graph G = (V (G), E(G)) with N vertices v1, ..., vN in
the following manner: vkvℓ ∈ E(G) iff there is an edge u1u2 ∈ Ẽ such that u1 ∈ Uk and
u2 ∈ Uℓ.

(iii) G clearly has degree sequence d. If G is simple and has no loops then return G. Otherwise
return to step (i).

Generating a random perfect matching simply involves iteratively picking a random edge in the
vertex sets Ṽ0, Ṽ1, ..., where Ṽ0 = Ṽ and Ṽn+1 = Ṽn\ {uv } if uv is the random edge chosen from Ṽn.
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Figure 4.12: Frequency histograms for cycles of length c in random d-regular graphs with N = 500
vertices; solid lines correspond to the asymptotic Poisson distribution. We observe a good fit for
all values of c and d considered.
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Figure 4.12: Frequency histograms for cycles of length c in random d-regular graphs with N = 500
vertices; solid lines correspond to the asymptotic Poisson distribution. We observe a good fit for
all values of c and d considered.
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Figure 4.13: Mean number of short cycles in d-regular graphs of various sizes for d ∈ { 3, 4, 5, 6 }.
Shaded regions are the 95% confidence intervals calculated according to the asymptotic Poisson
distribution.
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Figure 4.13: Mean number of short cycles in d-regular graphs of various sizes for d ∈ { 3, 4, 5, 6 }.
Shaded regions are the 95% confidence intervals calculated according to the asymptotic Poisson
distribution.
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Clearly the running time required to choose a perfect matching in this way is linear in Ndmax where
dmax = max { d1, ..., dN } is the maximum degree. Intuitively speaking we are treating elements of
Uk in the partition of Ṽ as ‘half-edges’ issuing from the vertex vk ∈ V (G) and the matching Ẽ
specifies how we connect half-edges to form complete edges. A loop is formed if both half-edges
belong to the same partition element Uk whereas if we pick two pairs of half-edges uv and xy such
that u, x ∈ Uk and v, y ∈ Uℓ we have multiple edges between vk and vℓ. It turns out that the
probability that a graph G obtained from a perfect matching in this way goes as

P(G is simple) ∼ exp

(
−1

4
(dmax − 1)2

)
(4.159)

and so the number of iterations of the choice of matchings grows superexponentially in the maxi-
mum degree. McKay and Wormald [222] refine the above configuration model to obtain an algo-

rithm that generates a random d-regular graph in running time O(Nd3) for d = O(N
1
3 ). Their

essential idea is to use so-called switchings to eliminate edges in the random perfect matching that
will result in loops and multiple edges.

In practice implementing these switchings is relatively difficult so we introduce another rather
natural algorithm: here we select our matching in a constrained manner such that we necessarily
end up with a simple random regular graph with no loops. This is perfectly simple to implement:
as we iteratively choose half-edges u ∈ Ṽ and v ∈ Ṽ to connect in the matching Ẽ we constrain our
choice of v given u such that v does not belong to the same part of the partition as u and such that
v does not lead to a multi-edge (pair of vertices with more than a single edge). It turns out that for

d-regular graphs this algorithm can be implemented in time O(Nd2) and that for d = O(N
1
3−ε)

it results in an asymptotically uniform distribution. It is this algorithm we adopt in practice; an
alternative implementation of this algorithm exists as a separate MATLAB package [251].

Let us briefly review some properties of random regular graphs that can be observed in simulations.
Many of these have been deduced formally. For instance, it is known [300, Theorem 2.5] that the
random variables Xd

3 , X
d
4 , ... such that Xd

k is the number of k-cycles in a random d-regular graph
with N -vertices is a sequence of asymptotically independent Poisson random variables with mean

λk =
1

2k
(d− 1)k (4.160)

for all fixed d. Similarly we have [300, Theorem 2.13]:

1 +
⌊
logd−1 N

⌋
+

⌊
logd−1

(
(d− 2)

6d
logN

)⌋
≤ diam(G) ≤ 1 +

⌊
logd−1 ((2 + ε)dN logN)

⌋
(4.161)

almost asymptotically surely for ε > 0 small, where diam(G) is the diameter of the graph G.
Both of these properties can be observed directly in the simulations: c.f. figures 4.12 and 4.13
for the good fit of the cycle distributions with the Poissonion model. Similarly, 4.14 demonstrates
the logarithmic scaling of characteristic distances (diameter and mean length) in random regular
graphs. Random regular graphs also have a known asymptotic eigenvalue distribution [221]:

Eig(x) =

{
d
√

4(d−1)−x2

2π(d2−x2) , |x| ≤ 2
√
d− 1

0, |x| > 2
√
d− 1

(4.162)

Unfortunately reproducing this distribution numerically involves selecting the ‘correct’ number of
bins when counting the frequency of eigenvalues and thus has a strongly conventional element; we
have thus avoided using this distribution as a characteristic property of random regular structure
in the subsequent.

Finally we note that in general we are not interested in generating simple random regular graphs
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Figure 4.14: Scaling of the diameter and mean distance in random d-regular graphs. Solid lines
correspond to logarithmic functions and thus show that distances scale logarithmically in random
regular graphs.
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Figure 4.14: Scaling of the diameter and mean distance in random d-regular graphs. Solid lines
correspond to logarithmic functions and thus show that distances scale logarithmically in random
regular graphs.
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Figure 4.15: Frequency histograms for cycles of length c in random d-regular graphs with N = 500
vertices and independent short cycles; solid lines correspond to the asymptotic Poisson distribution
for random regular graphs. We observe a good fit for all squares but see significant departure for
3 and particularly 5-regular graphs in all dimensions considered here.
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Figure 4.15: Frequency histograms for cycles of length c in random d-regular graphs with N = 500
vertices and independent short cycles; solid lines correspond to the asymptotic Poisson distribution
for random regular graphs. We observe a good fit for all squares but see significant departure for
3 and particularly 5-regular graphs in all dimensions considered here.
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Figure 4.16: Mean number of short cycles in d-regular graphs with independent short cycles of
various sizes for d ∈ { 3, 4, 5, 6 }. Shaded regions are the 95% confidence intervals calculated
according to the asymptotic Poisson distribution. Here we see significant departure from random-
regular phenomenology only in the case of pentagons with the size of this departure decreasing as
N increases as expected.
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Figure 4.16: Mean number of short cycles in d-regular graphs with independent short cycles of
various sizes for d ∈ { 3, 4, 5, 6 }. Shaded regions are the 95% confidence intervals calculated
according to the asymptotic Poisson distribution. Here we see significant departure from random-
regular phenomenology only in the case of pentagons with the size of this departure decreasing as
N increases as expected.
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Figure 4.17: Scaling of the diameter and mean distance with graph size for graphs with independent
short cycles; solid lines are logarithmic curves and show that the growth of these quantities is
logarithmic as in the random regular graph case.
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but instead random regular graphs with independent short cycles. In practice this involves cre-
ating a random regular graph and then randomly switching edges that lead to a violation of the
independent short cycle condition until the graph obeys the independent short cycle condition.
Asymptotically the independent short cycle condition holds for random regular graphs so we ex-
pect this generation algorithm to lead to an asymptotically uniform distribution on the space of
regular graphs satisfying the independent short cycle condition. Note that this asymptotic eigen-
value distribution actually holds for any sequence of large d-regular graphs where the number of
cycles vanishes and so should also describe the eigenvalue distribution of graphs with independent
short cycles independently of the regular graph result. Repeating the analysis of scaling and cycle
distributions for random regular graphs above with random graphs with independent short cycles
indicates that there are no substantial differences in the observed properties of the distributions for
the range of parameters investigated: triangle and square distributions behave almost identically
to the random regular graph case while pentagons are significantly curtailed for small graphs with
independent short cycles—this is intuitively natural: it is difficult to have lots of nonintersecting
long cycles in a small graph—but asymptotically appears to approach the random regular graph
case; see figures 4.15 and 4.16 for the full comparisons. We have relevant scaling data for d = 3
and d = 4 displayed in figure 4.17. Direct comparison with the random regular case in d = 3 and
d = 4 shows the asymptotic equivalence of the scaling behaviour: c.f. figure 4.18.

4.4 Cubic Graphs

In this section we examine combinatorial quantum gravity for cubic or 3-regular graphs. We begin
with a discussion of analytic results relating to the structure of the classical phase and the continue
to discuss the properties of the phase transition.

4.4.1 The Classical Phase of Combinatorial Quantum Gravity with Cu-

bic Graphs

4.4.1.1 Classification of Classical Configurations

The Ricci-flat 3-regular configurations have been classified by Cushing et al. [86]. We shall first
need some definitions:

Definition 4.4.1. Consider the chain of n-squares given in figure 4.19.

(i) The ladder graph of length n, denoted Ln, is any graph isomorphic to figure 4.19.

(ii) The prism graph of length n, denoted Pn, is the graph obtained from figure 4.19 by identifying

u ∼= x and v ∼= y.

(iii) The Möbius ladder Mn of length n is the graph that results from gluing u ∼= y and v ∼= x in

figure 4.19.

We now have the following classification of Ricci flat graphs (in fact everywhere Ricci positive
graphs):

Theorem 4.4.2. A 3-regular graph has positive curvature for all of its vertices iff it is a prism

graph Pn or a Möbius ladder Mn for some integer n. Moreover Pm and Mn are Ollivier-Ricci flat

unless m = 3 and n = 2 respectively.

Proof. C.f. theorems 5.2 and 5.3 of Ref. [86]. The claims follow by simple, if tedious, combinatorial

arguments given the following fact: consider an edge e let Ck denote the shortest cycle on e. It

then follows that: (i) κ(e) ≥ 1/3 iff n = 3; (ii) κ(e) = 0 iff n = 4; (iii) κ(e) < 0 iff n ≥ 5. This can
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Figure 4.18: Comparison of the scaling of mean distances and diameters with graph sizes for random
regular graphs and random regular graphs with independent short cycles. There is significant
overlap in both distributions for both degrees. In d = 4 there are minor deviations in the mean
distances for small graph sizes and in the diameters near ‘transition points’.
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Figure 4.19: A chain of n-squares. We also refer to this graph as the ladder graph of length n,
denoted Ln.

be proven independently (see lemma 5.1 of Ref. [86]) but it also follows from our exact expression

for the Ollivier curvature of an edge in a 3-regular graph (proposition D.11) given in the previous

chapter.

In particular suppose that we have a 3-regular graph G with κG(e) ≥ 0 for all e ∈ E(G). Then

every edge of G lies on a square or a triangle; if we have at least one edge with κG(e) > 0 then

G contains at least one triangle uvw. Since G is cubic u has an additional neighbour x and either

v ∼ x or there is an additional vertex y ∼ v. Suppose that v ∼ x; w currently has degree 2 and so

we require an additional edge e incident to w: e ∼ w. This edge must lie on a square or triangle

supported by w; but for e to lie on a triangle the edge e must be incident to a neighbour of u or v,

i.e. either u, v or x. Since du = dv = 3 the only possibility in this case is w ∼ x and we have the

complete graph K4 = M2. On the other hand if e lies on a square it must be incident on a vertex

a connected to w by a 3-path that does not intersect e. Since no new edges other than e can be

added to w we have that a ∈ {u, v, x } which implies a = x and again we have K4 = M2.

Now suppose that x /∈ NG(v) and instead we have an additional vertex y ∼ v. Again, currently

dw = 2 so we need to add an edge to w; there are two (isomorphically) distinct options: (a) we

have x ∼ w (equivalently w ∼ y or (b) we have w ∼ z for some new vertex z. In case (a) dx = 2 so

we need to append an edge ex to x which must lie on a triangle or square. The current neighbours

of x, u and w, have degree two so it is not possible for ex to lie on a triangle. But for ex to lie on a

square we require ex ∼ y. Then dy = 2 with all other vertices of degree 3 and so it is not possible

to append an edge ey to y in such a way that ey supports a triangle or a square and case (a) is

impossible. Thus we turn to case (b) where we have a new vertex z ∼ w. We need to append two

edges to z; the other neighbours of w, u and v, have degree three so the new edges incident to z

must lie on squares which implies that z ∼ x and z ∼ y. Then dx = dy = 2 while all other vertices

have degree 3; since we have a 2-path xzy the only way for the additional edges incident to x and

y to lie on a triangle is is x ∼ y, while we can append to distinct edges ex and ey if they are both

incident to a new common vertex a. The former case gives P3 while the latter case is not possible

since a becomes a vertex with da = 2 and there is no way to append an edge ea to a such that ea

lies on a triangle or square.

We have thus shown that the only 3-regular configurations with positive curvature on each edge

with some edges with strictly positive curvature are M2 = K4 and P3 i.e. the tetrahedron and the
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triangular prism. It remains to show that the prism graphs Pm and Möbius ladders Mn exhaust

the Ricci flat configurations for m > 2 and n > 3. That such configurations are in fact Ricci flat

follows immediately from the fact that they are triangle free and each edge supports a square.

Suppose we have a Ricci flat (hence triangle free) 3-regular graph G and pick some edge uv ∈ E(G).

Let NG(u) = { v, u1, u2 } and NG(v) = {u, v1, v2 }; NG(u) ∩ NG(v) = ∅ since G is triangle free.

Since uv lies on a square we may assume without loss of generality that u1 ∼ v1. Then we note

that the edges uu2 and vv2 also lie on squares by Ricci flatness, which requires either u2 ∼ v2 or

u2 ∼ v1 and v2 ∼ u1. In both cases we have a subgraph isomorphic to L3: L3 ⊂ G. Now suppose

that Ln ⊆ G and suppose that the end-points are labelled as in figure 4.19. By regularity the

vertices u and v must have neighbours a and b respectively such that the edges ua and vb are not

displayed in figure 4.19. There are three possibilities:

(i) If a = x and b = y, then we have Pn ⊂ G. But since G is connected, and since it is not

possible to append a vertex to Pn such that the new graph remains both connected and

3-regular, V (Pn) = V (G). But by regularity Pn = G as required.

(ii) Mutatis mutandis, the same argument as part (i) shows that G = Mn if a = y and b = v.

(iii) a, b /∈ {x, y }. If we append a vertex a such that a ∼ u, then for au to lie on a square

there must be a 2-path to a neighbour of u distinct from a not intersecting with u. The only

possibility is v: a must be adjacent to a neighbour of v distinct from u. This requires us to

append a new vertex b ∼ v such that a ∼ v. Hence Ln+1 ⊆ G.

Induction on the length n proves the statement.

This gives us a complete classification of the classical configurations in a triangle free configuration
space:

Corollary 4.4.3. Let (ΩN , βACQG) be a combinatorial quantum gravity model. Then ClassCQG(ΩN ) =

{Pn,Mn } for N = 2n if ΩN is triangle free, i.e. each ω ∈ ΩN is triangle free.

Figure 4.20 demonstrates that these calculations are more than academic: as a rule Möbius ladders
and prism graphs are the observed classical configurations appearing in Monte Carlo simulations
of the system for cubic graphs.

4.4.1.2 The Scaling Limit of Classical Configurations

In the above section we have shown that the classical configurations of combinatorial quantum
gravity given a triangle free configuration space are prism graphs and Möbius ladders. In this
section we show that asymptotically the scaling limit of these graphs is given by the circle S1

R of
radius R > 0, in the form of a proof that this is the Gromov-Hausdorff limit of any sequence of
classical configurations. We first display numerical dimensional evidence which indicates that both
the spectral and Hausdorff dimensions of classical configurations are asymptotically one.

The range of spectral dimension curves as β is varied is displayed for a variety of graph sizes
in figure 4.21. We observe the formation of a clear plateau at ds(t) = 1 in the high β regime
for each graph size, indicating that the limiting geometry is a flat configuration with spectral
dimension one. Hausdorff dimension calculations are presented in figure 4.22. These also indicate
that the asymptotic Hausdorff dimension is approximately one. Note that the Hausdorff dimension
calculations were obtained from the gradient log-log plot of the variation of the volume of the r-ball
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0.7

Mobiüs ladder on 50 vertices. 0.7

Prism graph on 100 vertices.

Figure 4.20: Observed classical configurations for N = 50 and N = 100 after running simulations in
a configuration space consisting of 3-regular graphs satisfying the hard core condition. As expected
we have a prism graph and a Möbius ladder. Larger configurations also follow this pattern.
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Figure 4.21: Spectral dimension curves for a variety of graph sizes N . Observe the formation of a
plateau at ds(t) ≈ 1 as β is increased.
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Figure 4.22: Variation of the Hausdorff dimension of observed classical configurations with N .

with r as per equation 4.142. We find that the linear approximation of this curve is a good one,
as indicated by figure 4.23.

The fact that both the spectral and Hausdorff dimensions are asymptotically integral and equal
is a strong indicator that the scaling limit is a smooth one-dimensional connected structure. Such
structures have been completely classified [287]:

Theorem 4.4.4. Let M be a smooth connected 1-manifold. Then up to homeomorphism (diffeo-

morphism) we have the following:

(i) If M is noncompact and without boundary then M = R.

(ii) If M is noncompact and has a nonvoid boundary then M = R+.

(iii) If M is closed, i.e. compact and without boundary then M = S1.

(iv) If M is compact with boundary then M = [0, 1].

The boundaries of 1-manifolds are 0-manifolds i.e. discrete sets of points: { 0, 1 } = ∂[0, 1] and
{ 0 } = ∂R+. Such boundary points must be picked out specially and presumably must be identified
at the level of discrete classical configurations if such boundary 0-manifolds are to be identified
in the limit. This cannot be the case insofar as we regard our classical configurations as abstract
graphs without roots and the limiting geometries are without boundary. Thus on the basis of
purely dimensional data and kinematic considerations we can identify the scaling limit of classical
configurations as either S1 or R.

Since we are taking the scaling limit of discrete spaces, it is natural to assume that the limit is
compact. This also accords with identifying (abstract) graphs as discrete compact length spaces
and taking scaling limits in the Gromov-Hausdorff topology. This will be the procedure we adopt.
Still, it is easy to see that the limiting geometry depends on the precise limit procedure. Suppose,
for instance, that we have a cylinder [0, ℓ] × S1

r , where ℓ > 0 and S1
r is the circle of radius r > 0.

We may discretised the cylinder in terms of a prism graph Pn with the radius

r =
nℓ

2π
. (4.163)

188



Chapter 4: Combinatorial Quantum Gravity

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5
6

6.5

7

7.5

8

8.5

9

9.5

10

10.5

11

Figure 4.23: The volume growth of ball Br(u) centred at a vertex u in an observed classical
configuration with 300 vertices as the radius r is varied. The log-log relationship is approximately
linear. Other graph sizes have similarly good fits.

This amounts to a uniform weighting of each edge of the prism graph with an edge length ℓ.
A priori, we have two natural choices in the thermodynamic limit: for ℓ constant, r diverges as
n → ∞, while r constant requires ℓ → 0 as n diverges. The former corresponds to the non-compact
limit [0, 1] × R which is two-dimensional and ruled out by the arguments above. The latter, on
the other hand, corresponds to a one-dimensional compact limit S1

r ; it is also heuristically more
in line with the idea that Pn is a lattice regularisation of the underlying geometry [0, ℓ] × S1

r . In
particular, insofar as ℓ is a lattice cutoff we wish to take ℓ → 0 as n → ∞. Roughly speaking, the
limiting geometry is simply defined as the limit of cylinders [0, ℓ] × S1

r as the width ℓ → 0, which
is of course simply the circle S1

r . Similar considerations hold for Möbius strips.

These heuristic considerations have a rigorous formulation in terms of Gromov-Hausdorff limits.

Definition 4.4.5. For each n ∈ N+, let Cyln = S1
r × [−ℓ(n)/2, ℓ(n)/2] where S1

r is the circle of

radius r > 0 where r is some fixed radius and ℓ(n) is defined as:

ℓ(n) =
2πr

n
. (4.164)

Also let Mobn denote the Möbius strip obtained by gluing the strip [0, ℓ(n)n] × [0, ℓ(n)] along

the boundary lines (0, t) ∼= (ℓ(n)n, ℓ(n) − t), t ∈ [0, ℓ(n)]. The space Cyln may be regarded as

Riemannian manifolds (with boundary) and thus as metric spaces when equipped with a metric

defined via the line element

ds2 = r2dθ2 + dz2, (4.165)

where (θ, z) ∈ (−π, π] × [−ℓ(n)/2, ℓ(n)/2]. Since Möbius strips and cylinders are locally identical,

mutatis mutandis the same holds for the spaces Mobn.

Proposition 4.4.6. Let {Mn }n∈N+ denote a sequence of metric spaces such that Mn ∈ {Cyln,Mobn }
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for each n ∈ N+. Then

lim
n→∞

Mn = S1
r (4.166)

where convergence is in the sense of Gromov-Hausdorff.

Proof. If we imbed ι : S1
r ↪→ Mn as the central circle then we have

ρGH(S1
r ,Mn) ≤ ρH(ι(S1

r ),Mn) =
1

2
ℓ(n) =

πr

n
(4.167)

since ι(S1
r ) ⊆ Mn is an R-net in Mn for all R > ℓ(n)/2 but the (ℓ(n)/2)-thickening of ι(S1

r ) does

not cover (the boundary of) Mn. Thus if we choose

N =
⌈πr
ε

⌉
for any ε > 0, this ensures that

1

2
ℓ(n) =

πr

n
< ε

for all n > N as required.

This formalises the naive intuition that as the width of a cylinder/Möbius strip vanishes we end
up with a circle. Essentially the same result carries over for prism graphs and Möbius ladders:

Lemma 4.4.7. Let {ωn }n>3 be a sequence of graphs such that ωn ∈ {P ℓ(n)
n ,M

ℓ(n)
n } for each

value of n, where ℓ(n) is given as in equation 4.164 and P
ℓ(n)
n and M

ℓ(n)
n are the graphs Pn and

Mn respectively, with each edge weighted ℓ(n). The Gromov-Hausdorff limit of this sequence is S1
r .

Proof. We have

ρGH(ωn, S
1
r ) ≤ ρGH(ωn,Mn) + ρGH(Mn, S

1
r ) =

πr

n
+ ρGH(ωn,Mn)

where Mn is Cyln if ωn = P
ℓ(n)
n and Mn = Mobn if ωn = M

ℓ(n)
n ; to obtain the right-hand

side we have applied subadditivity and used equation 4.167 calculated in the course of the proof

of proposition 4.4.6. It thus remains to bound ρGH(ωn,Mn); consider the natural imbedding

ι : ωn ↪→ Mn of ωn into the boundary. For any two points u, v ∈ ωn that lie in the same circle

S1
r × {− 1

2ℓ(n) } or S1
r × { 1

2ℓ(n) }, the distance in both graphs is simply given by the length of

the shorter circle segment connecting the two points and ρωn
(u, v) = ρMn

(ι(u), ι(v)). However if

u and v lie in distinct circles, i.e. u ∈ S1
r × {− 1

2ℓ(n) } and v ∈ S1
r × { 1

2ℓ(n) } we have a graph

distance ρωn
(u, v) = ℓ(n) + rθ where θ is the smaller angle between u and v, while

ρMn(ι(u), ι(v)) =
√
ℓ(n)2 + r2θ2.
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Thus

|ρMn
(ι(u), ι(v)) − ρωn

(u, v)| = (ℓ(n) + rθ) −
√
ℓ(n)2 + r2θ2.

Maximising over pairs u, v ∈ ωn gives

sup |ρMn
(ι(u), ι(v)) − ρωn

(u, v)| ≤ πr

(
1 −

√
1 +

ℓ(n)

rπ

)
+ ℓ(n) = πr

(
1 −

√
1 +

2

n

)
+

2πr

n
.

For n > 2 we may use the binomial expansion to obtain

sup |ρMn(ι(u), ι(v)) − ρωn(u, v)| =
πr

n
+

∞∑
k=2

1 · (1 − 2) · · · (1 − 2(k − 1))

k!
n−k.

Thus

ρGH(ωn, S
1
r ) ≤ 2πr

n
+

∞∑
k=2

1 · (1 − 2) · · · (1 − 2(k − 1))

k!
n−k

for all n > 2. The right-hand side converges to 0 as n → ∞ which shows that ρGH(ωn, S
1
r ) → 0 as

n → ∞ which proves the statement.

We thus have the essential convergence result viz. any sequence of prism graphs/Möbius ladders
converges to S1. In conjunction with corollary 4.4.3 we thus have:

Theorem 4.4.8. For each N = 2n let ΩN denote the space of 3-regular triangle free graphs

satisfying the independent short cycle condition on N vertices. Then any sequence {ωN } with

ωN ∈ ClassCQG(ΩN ) = {Pn,Mn } with each edge-weighted by ℓ(n) as given in equation 4.164.

Then ωn → S1
r in the sense of Gromov-Hausdorff as N → ∞.

4.4.2 Phase Transition

4.4.2.1 More Evidence for the Nontrivial Phase Structure of Combinatorial Quantum

Gravity

On general grounds we argued in section 4.2.4 that combinatorial quantum gravity—or indeed any
statistical model—would exhibit two distinct phases: a random phase at β = 0 and a ‘classical’
phase at β → ∞. The structure of the random phase was explored in section 4.3.2.3, while in
section 4.4.1 above it was shown that for cubic graphs the classical phase has a quite distinct
geometric structure: figure 4.20 gives a clear visual signal that the classical phase is not equivalent
to the phase of random geometric graphs, but the evidence of the finite integral Hausdorff and
spectral dimensions—c.f. figures 4.21 and 4.22 respectively—also indicates that that we have global
geometric structure in the classical phase that is wholly absent in the random phase.

We begin this section on the detailed phase structure of combinatorial quantum gravity for cubic
graphs by first adducing some additional facts demonstrating the clear presence of two distinct
phases as β is varied for all (finite) N . Let us first consider the variation of the expected action;
by the rapid decay of odd short cycles in the random phase demonstrated in section 4.2.5.2, this
is essentially determined by the number of squares in the graph. We first note that a preliminary
exponential sweep of the parameter β—displayed in figure 4.24—shows two clear regimes: in the
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Figure 4.24: The action over an exponential range of the parameter β. There are two clear regimes
displayed with A/N ∼ 1 and A/N ∼ 0.

random phase one has a regime of nonzero ⟨ACQG⟩ at low β, with the quantity

⟨ACQG⟩
N(d− 2)

asymptotically approaching 1 as β → 0, N → ∞ as predicted by equation 4.88; for high β, however,
we have a regime of vanishing expected action at high β. This exponential sweep also suggests
that the critical regime should be approximately in the interval β ∈ [0, e2). The same conclusions
follow from a similar analysis of the variation of the total number of squares with this exponential
sweep of β (see figure 4.25): this quantity more or less vanishes in the random phase and goes to
N/2 in the classical phase as predicted (recall that a prism graph/Möbius ladder with N = 2n
vertices has n squares).

A closer focus on the critical regime—which in practice we can take to be the interval [0, 4] or even
smaller—corroborates this position: see figure 4.26 for example graphs with N = 500 vertices at a
variety of different values of β, and figures 4.27 and 4.28 for plots of the action and total number
of squares in the critical regime respectively. We can also consider the vertex and edge square
frequency distributions, displayed for a variety of values of β in figures 4.29 and 4.30 respectively,
for a graph with N = 500 vertices: in particular we see that the system interpolates between the
expected Poisson distribution in the random phase to a classical phase distribution governed by
the structure of the prism graph (equivalently Möbius ladder) on N vertices: each vertex lies on
two squares while a third of edges support two squares while the remaining two thirds of edges
support a single square. A similar pattern is displayed for other values of N . The scaling properties
also undergo considerable variation: figure 4.31 shows the variation of a variety of characteristic
scales (mean distance and diameter) of the system with graph size and β. Figure 4.32 shows how
the volume growth of balls changes in character from a logistic-style growth model9 to the power
law (in fact linear) growth that is necessary to obtain good Hausdorff dimension results for the
system in the geometric phase. Collectively this hopefully provides fairly conclusive evidence that
the system displays at least two distinct phases.
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Figure 4.25: Variation of the square order parameter over an exponential range of the thermody-
namic parameter β.

4.4.2.2 Expected Action, Specific Heat and βc

We now turn to the characterisation of the order of the phase transition. We begin by considering
plots of the dimensionless expected action β ⟨ACQG⟩, the specific heat in figure 4.33. The expected
action β ⟨ACQG⟩ appears to behave continuously while the specific heat C appears to be forming
a divergence as N → ∞ and thus the most primitive attempts to characterise the order of the
phase transition come out on the side of a continuous transition. Either way, the fact that the
latter appears to be diverging suggests that the system is either undergoing a first or second order
transition and the critical thermodynamic parameter βc = βc(N) can be identified as the value of β
that maximises the specific heat C. Figure 4.34 gives the variation of βc(N) with N . As suggested
by the graph enumeration results discussed in section 4.2.3.1, this quantity grows logarithmically
with N ; note that the errors, calculated as the difference in β of the two values of β that give
the the next two largest values of β on opposite sides of βc(N), do not significantly constrain
the qualitative behaviour of βc(N), and indeed on the basis of the same numerical evidence it
was previously [181] concluded that βc(N) ∼ βc + O(N−1) since this functional form provided a
marginally improved fit for the observed values of βc.

Factoring out the N -dependence of βc allows us to evince good collapse of the dimensionless
expected action and normalised specific heat vis-á-vis unnormalised variants: see figure 4.35. The
specific heat then appears to diverge as

1

N
Cmax ∼ Nλ, (4.168)

for λ = 0.58±0.18; see figure 4.36. All of this is qualitatively in line with the behaviour of a system
undergoing a second-order phase transition.

Another test of the order of the phase transition is a test for hysteresis. The results of such a test
are displayed in figure 4.37 which indeed suggests that the system does not display a hysteresis, at
least for the range of parameters investigated here, though unfortunately we have only investigated
graphs of size N ∈ { 50, 100 } and so the conclusion cannot be said to be on the basis of a systematic
investigation.

9This is simply a descriptive and not quantitative statement
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Figure 4.26: Examples of configurations arising in combinatorial quantum gravity for d = 3 at a
variety of different β.
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Figure 4.27: The action for various graph sizes for 3-regular graphs plotted against β and β/ log(N);
note that we see collapse in the region of (β/ log(N)) ∼ 0.4.
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Figure 4.28: The phase transition in terms of the square order parameter.
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Figure 4.29: Change in the frequency histograms displaying squares per vertex with the variation
of β.
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Figure 4.30: Frequency histograms showing squares per edge for a variety of values of β.
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Figure 4.31: Variation of various graph distances with the thermodynamic parameter β for a 3-
regular graph with N = 500 vertices. As with all other quantities above we observe two clear
regimes at different values of β.

4.4.2.3 Binder Cumulant and Phase Coexistence Analysis

In this section we present numerical evidence related to phase coexistence phenomena that are
expected to be observed in first-order transitions. In particular, qualitative inspection of time-series
data at the identified critical value of β indicates that distinct Gaussian mean values—signals of
phase coexistence and the first-order nature of the transition—approach one another as N → ∞
suggesting that the phase transition is second-order: see figure 4.38 for a direct presentation of the
Monte-Carlo time series data corresponding to the frequency histograms displayed in figure 4.39.
This qualitative analysis can be made quantitative through the computation of Binder cumulants
as discussed in section 4.3.1.3; see figure 4.40 for a representation of the asymptotic behaviour of
the Binder cumulant as measured in combinatorial quantum gravity for cubic graphs at criticality.
Again this approaches the desired value of 0 as 1/N → 0 and numerical results strongly indicate
that the phase transition in combinatorial quantum is second-order.

4.4.2.4 Correlation Functions

In this section we briefly discuss numerical data derived from correlation functions such as the
autocorrelation time and correlation length.

The autocorrelation time is calculated with respect to the action. In particular, given an evenly
spaced set of time samples of the action ACQG up to some maximum time tmax, we find—following
Newman and Barkema [233, eq. 3.21]—that the time displaced correlation function is given by the
expression

χ(t) =
1

tmax − t

tmax−t∑
τ=0

ACQG(τ)ACQG(t + τ) − 1

(tmax − t)2

tmax−t∑
σ, τ=0

ACQG(t + σ)ACQG(t + τ).

(4.169)

As described previously the time displaced correlation function tends to decay from a positive value
exponentially; naively we expect to observe this behaviour in examining the expression above,
but we are somewhat hampered by the tendency of the above expression to break down when
fluctuations in the value of the action become sufficiently large, and it is not unusual to observe
time-displaced correlation functions taking on negative values or even increasing for a period.
The key point to note is that in such a regime, fluctuations are large vis-à-vis the value of the
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Figure 4.32: Volume growth of balls with their radius at various different values of the parameter
β in a 3-regular graph with N = 500 vertices. Figure 4.32a displays this in terms of absolute
distances and numbers of points and figure 4.32b normalised the ball radius and the fraction of
points against N for ease of comparison. It is clear that the geometric configuration at β = 2.5
has power law (linear) scaling of the volume with distance as we expect from a configuration with
Hausdorff dimension 1. Other values of β displayed have a very different scaling form.
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Figure 4.33: Basic thermodynamic quantities of the model; the dimensionless action β ⟨A⟩ appears
to be continuous while the specific heat appears to be diverging, providing some early indications
that cubic combinatorial quantum gravity undergoes a continuous phase transition.
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Figure 4.34: Variation of the value of βc(N), the value of β that maximises C for graphs with N
vertices. Up to a small offset error at N = 0 we see that βc(N) ∼ log(N).

time-displaced correlation function and as such, we can take it that the time-displaced correlation
function has already effectively decayed. This permits us to obtain a primitive estimate for the
correlation time. For our purposes it is more important to show that the correlation time is short
in comparison to the annealing time than to calculate the correlation time precisely. As such
this primitive estimation method suffices for present ends. Figure 4.41 displays plots of the time-
displaced autocorrelation function for a variety of values of β for the largest graph size we consider
in the critical regime. These all indicate that fluctuations become large at times substantially
smaller than the annealing time of 1000 sweeps.

Correlation lengths, on the other hand, are calculated by considering correlations in fluctuations
in the square order parameter. That is to say the function fω appearing in the definition 4.113 of
the correlation function Gf (r) is simply the function

fω(u) = □u, (4.170)

where □u is the number of squares in ω intersecting with u ∈ ω. The correlation length results
give excellent apparent divergences at a range of different graph sizes (c.f. figure 4.43). In view of
the good evidence for the second-order nature of the transition presented above, this suggests that
the difficulties discussed in section 4.3.1.2 relating to the calculation of the correlation length are
somewhat academic, at least for the case d = 3.

4.5 Higher Degree

4.5.1 The Classical Phase

4.5.1.1 Analytic Classification of (Mainly) 4-Regular Ricci Flat Graphs

As was shown above, every finite 2-regular graph is simply a cycle and hence Ricci flat while the
Ricci-flat 3-regular graphs are either prism graphs obtained by gluing the opposite ends of a chain
of squares, or Möbius ladders, obtained in the same way except one glues opposite ends of the chain
after an additional twist. Topologically speaking, it is tempting to view the Ricci-flat 3-regular
graphs as square tessellations of S1 × [0, 1] and the Möbius strip respectively.
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Figure 4.35: Collapse of the intensive dimensionless action and specific heat when we factor out
the N -dependence of β.
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Figure 4.36: Divergence of critical value of the specific heat.

For 4-regular graphs10 the classification is more involved. The cylinder and Möbius strip models
of the 3-regular case generalise to the 2-torus T2 and various deformations thereof in the 4-regular
case, obtained by gluing opposite ends of various rectangles in Z2. However these considerations
far from exhaust the possibilities of 4-regular Ricci-flat graphs. We begin with some local criteria:

Lemma 4.5.1. Let G be a Ricci-flat 4-regular graph, i.e. κG(uv) = 0 for every uv ∈ E(G).

(i) An edge uv ∈ E(G) supports at most one triangle; if △uv = 1 then □u = □v = 0 and

(Du +Dv) ≥ 1.

(ii) If uv ∈ E(G) has □(u) ∪ □(v) ̸= ∅ then it must support at least two squares and does not

support a triangle.

Proof. We note that

4κG(uv) = △uv −A−B

where

A :=

[
2 −△uv −

∑
k

□k
u ∧□k

v +
∑
k

[ℓ0k − 3]+

]
+

B :=

[
2 −△uv −

∑
k

(□k
u +Dk

u) ∧ (□k
v +Dk

v) +
∑
k

[ℓ−1
k − 3]+

]
+

.

If △uv ≥ 2 then both A and B vanish which leaves 4κG(uv) ≥ 2 so △uv ∈ { 0, 1 }. Suppose that

△uv = 1; then 4κG(uv) gains a positive contribution of 1 which must be cancelled with A and B;

since A and B take integer values where B ≤ A, this requires A = 1 and B = 0. Noting that the

10A similar analysis to that conducted here for a slightly different notion of graph curvature—the Lin-Lu-Yau
curvature—is given in Ref. [148]. The Ollivier curvature case appears to be significantly richer.
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Figure 4.37: N = 50.
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Figure 4.38: N = 100.

Figure 4.39: Absence of hysteresis for cubic graphs with N = 50 and N + 100.
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Figure 4.40: Time series data for ⟨ACQG⟩ /N at the critical βc(N) for a variety of graph sizes.

terms
∑

k[ℓ0k − 3]+ and
∑

k[ℓ0k − 3]+ only contribute when one has a single connected component

Rk containing no triangles, we also have that

A =

[
1 −

∑
k

□k
u ∧□k

v

]
+

B =

[
1 −

∑
k

(□k
u +Dk

u) ∧ (□k
v +Dk

v)

]
+

in this case and A = 1, B = 0 iff □(u)∪□(v) = ∅ and we have at least one vertex in Nv(u)∪Nu(v)

that lies on a pentagon supported by uv and no shorter cycles. For (ii) note that if we have

□(u)∪□(v) ̸= ∅ then △(uv) = ∅ by part (i) and κG(u, v) = 0 iff A and B both vanish. B vanishes

as long as A vanishes since B ≤ A, while A cannot vanish unless we have □k
u, □

k
v ≥ 2.

By lemma 4.5.1 we thus have the following:

Proposition 4.5.2. Let G be a 4-regular graph. For any uv ∈ E(uv) we have κG(uv) = 0 iff

exactly one of the following holds:

(i) uv supports exactly one triangle, at least one pentagon and no squares.

(ii) uv supports exactly 2 squares and no triangles or pentagons.

(iii) uv supports at least 3 squares and no triangles or pentagons.

(iv) uv supports at least two squares and a pentagon but no triangles.

The following examples shows that each of the above cases are required:

Example 4.5.3.

(i) The icosidodecahedron is Ollivier-Ricci flat and 4-regular with every edge supporting exactly

one triangle, one pentagon and zero squares. See figure 4.44.
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Figure 4.41: Tests of phase coexistence through an analysis of the asymptotic behaviour of the
frequency histograms of ⟨ACQG⟩ /N . In a first-order transition we expect the distribution to
converge to two superimposed Gaussian distributions asymptotically due to phase coexistence,
whereas we expect a single Gaussian to dominate in the case of a continuous transition. We
appear to be closer to the latter scenario.
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Figure 4.42: Asymptotic behaviour of the Binder cumulant at criticality. Since this approaches 0
as N → ∞ the system does not appear to exhibit phase coexistence asymptotically and the phase
transition is continuous.
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Figure 4.43: Time-displaced correlation functions for a variety of values of β for a graph with
N = 500 vertices. Clearly, fluctuations become large well below the typical annealing time of 1000
sweeps.
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Figure 4.44: Unnormalised β.
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Figure 4.45: Correlation lengths at various graph sizes. This quantity appears to diverge at
β/ log(N) ∼ 0.4.
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Figure 4.46: The icosidodecahedron is a Ricci-flat 4-regular graph with no squares. Image obtained
via Wolfram Mathematica Online [298].

(ii) Take a rectangle in Z2 and glue the opposite ends. If the rectangle is of length m × n, then

the resulting toroidal graph Tmn = Cm × Cn is Ricci-flat, where Ck denotes the k-cycle.

(iii) The complete bipartite graph K4,4 is 4-regular and Ricci-flat with each edge supporting 9 ≥ 3

squares.

(iv) The toroidal graph T5n = C5 × Cn is a Ricci-flat 4-regular graph in which certain edges

support two squares and a pentagon.

We now turn to two global results of Ricci-flat graphs. Both require the following lemma:

Lemma 4.5.4. Let G be a Ricci flat 4-regular graph. If u ∈ V (G) lies on a triangle uvw, it also

lies on a triangle uxy with v, w, x and y all distinct and such that x, y /∈ N(v) ∪ N(w). That

is to say, the closed unit ball of a vertex which lies on a triangle in a Ricci-flat 4-regular graph is

isomorphic to the graph given in figure 4.45.

Proof. We will repeatedly use the fact derived in lemma 4.5.1 that an edge which supports a

triangle and has vanishing Ricci curvature cannot support a square or more than one triangle.

Suppose we have a triangle uvw; since κG(uv) = 0, there must be a pentagon uvabc be a pentagon

supported on uv by lemma 4.5.1. First let us note that a, c ̸= w since otherwise we would have

squares uwbc and vwba on the edges uw and vw respectively. Then neither of a or c can lie on a

triangle or square supported by uv since this would violate Ricci-flatness and a ∈ D(v), c ∈ D(u).

Now let x := c and consider the edge ux; if we have a triangle uxy then then x /∈ N(w) since

then uw would support two triangles. Similar arguments show that y /∈ N(w) and x, y /∈ N(v).

Then we have the situation described in the statement of the proposition. But ux must support a
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.

Figure 4.47: Abstract graph of the closed unit ball of a vertex u ∈ V (G), for any Ricci-flat 4-regular
graph with no squares. The central point is identified with u.

triangle since otherwise, in order to satisfy Ricci-flatness, uv would need two support at least two

squares by lemma 4.5.1. But this is impossible since two of the three remaining edges on edges on

u (i.e. uv and uw) support triangles and thus cannot support squares by Ricci-flatness.

The first global consequence of this lemma is that triangles and squares are mutually exclusive in
Ricci-flat graphs:

Proposition 4.5.5. A Ricci-flat 4-regular graph contains triangles iff it contains no squares.

Proof. Let G be a Ricci-flat 4-regular graph containing a triangle uvw. Then by lemma 4.5.4 each

edge incident with any of the vertices of u lies on a triangle and in turn each edge incident with

a neighbour of u lies on a triangle etc. Since G is connected this shows that every edge in G lies

on exactly one triangle by lemma 4.5.1. Thus □(u) ∪□(v) = ∅ for any uv ∈ E(G) and any square

uvxy requires x, y ∈ △(uv). But then the edges ux and vy support two triangles and cannot have

vanishing Ollivier curvature which contradicts Ricci-flatness. Conversely, if G contains no squares

and is Ricci-flat, lemma 4.5.1 immediately implies that G must contain a triangle.

Lemma 4.5.1 also gives us an alternative perspective on the classification of Ricci-flat 4-regular
graphs without squares:

Proposition 4.5.6. The Ricci-flat 4-regular graphs without squares on 3N vertices are in one-to-

one correspondence with the 3-regular graphs of girth 5 on N vertices such that each edge lies on

a pentagon.

Proof. One constructs a 3-regular graph H of girth 5 such that each edge lies on a pentagon from

a 4-regular Ricci-flat graph G with no squares in the following manner: for each triangle of G

identify a vertex of H. Connect two vertices of H by an edge iff the corresponding triangles in

G share a vertex. Figure 4.46 shows that the resulting graph has girth 5 and that each edge lies

on a pentagon. Conversely starting with a 3-regular graph H of girth 5 with each edge lying on a

pentagon, one obtains a Ricci-flat 4-regular graph G without squares by reversing the construction,

i.e. for each vertex of H one prepares a copy of a triangle and glues the triangles together along a

vertex iff the corresponding vertices in H are adjacent.
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Figure 4.48: Example constructions of proposition 4.5.6 with black coloured graphs representing
(subgraphs of) 4-regular graphs and blue coloured graphs representing the associated 3-regular
graphs obtained by identifying triangles with vertices and connecting an edge when two triangle
share a vertex. Since in Ricci-flat 4-regular graphs edges cannot support two triangles or a triangle
and a square, figures 4.46a and 4.46b demonstrate that the associated 3-regular graphs must
be girth 5. Since any edge supporting a triangle with vanishing curvature must also support
a pentagon, figure 4.46c shows that each edge of the associated 3-regular graph must lie on a
pentagon.
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There is an extensive literature on regular graphs of given girth, with particular emphasis on cages,
i.e. regular graphs of given girth and minimal order; see Ref. [109] for a review and Ref. [1] for
a recent study going beyond the study of cages. Closely related to these studies are studies on
the efficient numerical construction of d-regular graphs of girth g, with d = 3 attracting particular
attention: see, for example, Refs. [49, 50, 223]. These efficient numerical methods may be mobilised
towards an enumeration of Ricci-flat 4-regular graphs without squares. Table 4.1 displays numbers
of (abstract) 3-regular graphs of girth 5 as well as the number of those with each edge lying on a
pentagon on N vertices for all even N in the range [10, 26]; by proposition 4.5.6 this is equivalent
to the number of Ricci-flat graphs on 3N vertices with no squares. The latter figures were obtained
by direct test of all 3-regular graphs of girth 5, made available at Ref. [48], which also contains
more information on the methods used to construct these graphs. Figure 4.47 shows the growth

N 3-Regular Graphs of Girth 5 Ricci-Flat Graphs with No Squares
10 1 1
12 2 2
14 9 4
16 49 3
18 455 7
20 5783 9
22 90938 9
24 1620479 25
26 31478582 45

Table 4.1: Numbers of abstract 3-regular graphs of girth 5 and Ricci-flat graphs with no squares
on 3N vertices. Values in the second column of this table were taken from [48], while values in the
third column were calculating from graph data made available at the same reference.

of Ricci-flat 4-regular graphs without squares with the number of vertices as enumerated above.
Given the growth of (abstract) cubic graphs with graph size, we expect the number of graphs to
grow superexponentially—more precisely as N logN—with the graph size N ; fitting a functional
form y = exp(mx log x + c) gives us

m = (5.51 ± 0.49) × 10−2 c = −1.068 ± 0.279. (4.171)

Thus we may estimat that these configurations contribute to the entropy as

S ∼ (5.51 ± 0.49) × 10−2N logN. (4.172)

Let us now turn to triangle free Ricci flat 4-regular graphs. Here we can exploit the strong rigidity
of the lattice Z2, which ensures that locally Z2 graphs are essentially quadrangulations of the torus
or Klein bottle [29, 218, 279]. More precisely and following the formulation of Benjamini and Ellis
[29] we have the following:

Definition 4.5.7. A 4-regular graph G is said to have the 4-cycle wheel property iff each vertex

has a neighbourhood isomorphic to the abstract rooted graph in figure 4.48.

One then has the following powerful result:

Fact 4.5.8 (Thomassen [279], Marquez et al. [218], Benjamini and Ellis [29]). Let G be a finite

connected graph with the 4-cycle wheel property. Then there is a subgroup G ⊆ Aut(Z2) such that

G is isomorphic to the quotient Z2/G and such that R2/G is either a torus or Klein bottle.

Amazingly, the 4-cycle wheel property is essentially equivalent to Ollivier-Ricci flatness in conjunc-
tion with the independent short cycle condition:

Lemma 4.5.9. Let G be a 4-regular Ricci-flat graph such that □uv = 2 for all uv ∈ E(G). G
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Figure 4.49: Number of square free Ricci-flat 4-regular graphs. A fit of N agains exp(mN logN+c)
implies that the entropy of this configuration goes as S ∼ (5.51 ± 0.49) × 10−2N logN .

.

Figure 4.50: Abstract rooted graph that defines the 4-cycle wheel property: a graph has the 4-cycle
wheel property iff each vertex has a neighbourhood isomorphic to this graph, where the vertex in
question is identified with the root of the above graph i.e. the central vertex in blue.
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satisfies the 4-cycle wheel condition iff it has independent short cycles.

Proof. If G satisfies the 4-cycle wheel condition then each edge supports exactly two squares sharing

a single edge and no other short cycles so it satisfies the hard core condition. Conversely, suppose

that G is Ricci flat with two squares per edge. Pick a point u ∈ V (G) and consider its neighbours

v1, v2, v3, v4 ∈ NG(u). The edge uv1 supports two squares and by the independent short cycle

condition both squares cannot share any other edges, i.e. we must have two other neighbours v2

and v3 of u such that uv2 supports a square on uv1 and similarly for uv3. This gives, e.g., the

right-hand side of figure 4.48; similar reasoning for the remaining edge uv4 gives the left-hand

side of the diagram, where no square supported on uv4 is supported on uv1 since uv1 would then

support three squares.

Theorem 4.5.10. A Ricci-flat 4-regular graph with two squares per edge is a discrete torus or

Klein bottle iff it satisfies the independent short cycle condition.

Proof. This follows immediately from the application of the rigidity theorem for Z2 (fact 4.5.8) in

light of lemma 4.5.9.

Proposition 4.5.11. If a 4-regular triangle free Ricci flat connected graph G satisfies the hard

core condition and contains a pentagon, then G can be obtained from a gluing of the opposite faces

of the pentagonal prism C5 × pn where pn is the path graph on n-vertices. In particular G is a

discrete torus or Klein bottle.

Proof. G contains at least one pentagon by assumption; also, because G is triangle free, each edge

of the pentagon must support at least two squares by proposition 4.5.2. Consider an edge uv on

a pentagon in G; each of u and v have two neighbours lying on the pentagon; by the independent

short cycle condition the other two edges uu1 and uu2 at u (similarly for the edges vv1 and vv2

at v) cannot intersect with the pentagon supporting uv. The edge uv must support at least two

squares however and, by the independent short cycle condition, these squares must be supported

on the remaining edges uu1, uu2, vv1 and vv2 at u and v respectively. Without loss of generality

one of these squares can be tak as u1uvv1; by the independent short cycle condition the remaining

square is then u2uvv2. Thus the edge uv is the central line in a ladder graph L3 intersecting the

pentagon ‘tangentially’ so to speak; this holds for every edge uv and so for a triangle free graph G,

the presence of a pentagon implies that G contains C5 × p3 as a subset; by induction this means

that there is some positive integer n such that the pentagonal prism C5 × pn ⊆ G as a graph and

V (C5 × pn) = V (G). All vertices have degree 4 except the vertices on the pentagonal boundary

faces of the prism C5 × pn which all have degree 3; by the independent short cycle condition they

must be matched with vertices on the opposite boundary face in such a way that we each such

boundary pentagon edge lies on two squares which completes G. This implies that every edge lies

on exactly two squares and the graph G is a discrete Klein bottle or torus by theorem 4.5.10.
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The only remaining situation is that G has no odd cycles and contains at least two squares per
edge with some edges supporting strictly more than two edges. First note the following fact:

Lemma 4.5.12. Let G be a d-regular graph satisfying the independent short cycle condition. An

edge uv ∈ G supports at most (d− 1) short cycles.

Proof. We have (d − 1) available edges at both u and v; the independent short cycle constraint

ensures that any of these available edges supports at most one independent short cycle supported

on uv so without loss of generality the edges at u and v can be paired to form up to (d− 1) short

cycles.

Corollary 4.5.13. An edge in a 4-regular graph satisfying the hard core constraint supports at

most 3 squares.

Thus we are interested in 4-regular configurations G where □uv ∈ { 2, 3 } for all uv ∈ E(G).
The author is not aware of any relevant existing results in the literature and has not managed to
establish any of utility. For further insight into the structure of the classical phase we need to turn
to numerical results.

4.5.1.2 Numerical Structure of the Classical Phase

We now study the structure of the ground phase for d = 4. Note that in the mean-field theory this
has been studied at higher degree by Gorsky and Valba [132]. Unfortunately, for certain purposes
such as evaluating the Hausdorff dimension we were forced to examine rather large graphs making
progress in the d = 4 case relatively slow.

Again an exponential sweep of the variable β indicates that we have two phases with the high β
phase approximately geometric: see figure 4.49. Note that the graph considered there is very large
(N = 2000). For high β, the total action more or less vanishes11 and the phase has approximately
the correct number of squares per vertex and squares per edge to be a lattice; by theorem 4.5.10
above, this alone (given the hard core constraint) ensures that that the system is a lattice. The
correspondence is not perfect however: figure 4.50 shows the frequency histograms for the number
of squares per edge in the configuration at log(β) = 10 on N = 2000 vertices. Here it can be
seen that there is a small but decidedly nonnegligible fraction of vertices/edges with the ‘incorrect’
number of squares for the application of theorem 4.5.10. The configurations in question are thus
perhaps best described as locally nearly lattice like. A visualisation (c.f. figure 4.51) of the graph in
question shows that globally, locally nearly lattice-like is much less rigid a constraint than strictly
locally lattice-like.

Spectral and Hausdorff dimension calculations confirm this perspective. Calculations of the Haus-
dorff dimension do appear to indicate that the configurations in question do indeed (almost) have
the ‘correct’ asymptotic dimension but the spectral dimension results are far less conclusive: see
figure 4.52. In the latter case no clear plateau appears to form at any value of β and as such—
following the remarks in section 4.3.2.2, we should perhaps fit against the spectral dimension curves
ds(t) of smooth manifolds with constant negative curvature. Unfortunately, even for a graph as
large as N = 2000, the region of the (diffusion) ‘time’ parameter t over which such a fit is valid
appears to be very small: for low t discreteness effects dominate in line with the discussion of Oriti,
Calcagni and Thürigen [56], while for large t finite-size effects dominate (the diameter of this large
configuration is only 27). While one can in fact obtain a rather good fit against an expression
deduced from known expressions for asymptotic heat kernels on Cartan-Hadamard manifolds [92,
93, 134], this fit is over too small a region of t for the author to have much confidence in the result.
Trugenberger has nonetheless advocated this position in a recent work [283].

11In fact even here in this rough exponential sweep of β parameters we see that there is some residual curvature
in the high β phase. We shall see below that this persists on a closer examination of the vicinity of the critical βc

and adduce some possible explanations of this phenomenon below.
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Figure 4.51: Variation of the intensive action and number of squares per vertex for d = 4 for an
exponential sweep of parameters β. For this figure, N = 2000.
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Figure 4.52: Histograms displaying the number of squares per vertex/edge for a large (N = 2000)
geometric (log(β) = 10) configuration. While the histograms are clearly concentrated on the values
associated with Z2, there is a nonnegligible departure from this distribution.
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Figure 4.53: A large locally nearly lattice-like configuration. Clearly, in its global structure this
graph is not particularly lattice like, although it is decidedly not random.

4.5.2 The Phase Transition

First consider figure 4.53 above; this displays graphs appearing in combinatorial quantum gravity
at a variety of temperatures for N = 500. The differences in nature between the graphs at β = 0
and β = 4 are palpable at the level of this visualisation indicating again that there is indeed a
phase transition as above. As previously this was also apparent in the change in the behaviour of
spectral dimension curves (formation of a second mound) the edge and vertex square distributions
and the behaviour of the action (square order parameter).

We thus investigate the nature of the transition more closely. Figure 4.54 displays the behaviour
of the action in the critical region. We observe that the action minimising phase is not reached
since the action does not vanish, perhaps suggesting that the system becomes arrested in some
metastable state. This perspective is corroborated by the observation of small but apparently
persistent hysteresis loops in the action 4.55. This suggests that the phase transition is first-order,
though in view of the smallness of the hysteresis loops it is not clear that this is indeed sufficient
evidence to draw a definitive conclusion. On the other hand, this residual curvature could point to
a connection with the discover of what Brunekreef and Loll [53] have termed ‘quantum flatness’,
a somewhat mysterious quantum effect that is observed in a model based on Loll’s quantum
Ricci curvature. Trugenburger [283] dissents from this interpretation, advocating instead for what
is effectively an emergent cosmological constant of entropic origin. It seems difficult to decide
between these alternatives given the present evidence, though the first is by far the least exotic,
and a more complete study of the classical phase of 4-regular combinatorial quantum gravity is
perhaps desirable. Unfortunately, this has not been possible given present time constraints. Earlier
reported results on the nature of the phase transition in Ref. [179] came to the opposite conclusion
on the basis of a correlation length plot; in view of the difficulties associated with correlation
length calculations discussed in section 4.3.1.2 we also feel as if this is an insufficient basis to come
to a definitive conclusion—particularly in the light of contrary evidence. Moreover, in Ref. [179]
correlation lengths were obtained in a somewhat unusual manner: an ensemble at each temperature
was obtained by repeated runs of the code. While this ensures that all compared configurations
are independent it did mean that the resulting ensemble was rather small and the author no longer
feels entirely confident in this result. The specific heat also appears to diverge (see figure 4.56)
though this could be a manifestation of the fact that the derivative at the discontinuity is the Dirac
δ.
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Figure 4.54: Hausdorff and spectral dimension of combinatorial quantum gravity configurations
for d = 4. The Hausdorff dimension plot indicates that this quantity is asymptotically (1/N → 0)
2.1 ± 0.3; on the other hand the spectral dimension curves do not demonstrate the formation of
a clear plateau and so the appropriate fitting model appears to be the spectral dimension of a
comparison smooth geometry with constant negative curvature.
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Figure 4.55: Visualisation of graphs in combinatorial quantum gravity for d = 4 at different values
of β. By β = 4 it is clear that the graphs are no longer random regular graphs.
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Figure 4.55: Visualisation of graphs in combinatorial quantum gravity for d = 4 at different values
of β. By β = 4 it is clear that the graphs are no longer random regular graphs.
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Figure 4.56: The combinatorial quantum gravity action in the critical regime for d = 4. We observe
that the action does not reach its minimum possible value and that any collapse that occurs in
the dimensionless intensive form of the action with the N dependence of β factored out does not
evidently collapse.
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Figure 4.58: Hysteresis loops for combinatorial quantum gravity in d = 4.
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Figure 4.58: Hysteresis loops for combinatorial quantum gravity in d = 4.
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Figure 4.58: Hysteresis loops for combinatorial quantum gravity in d = 4.
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Figure 4.59: Specific heat curves. There is an apparent divergence.
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4.6 Conclusion

Let us conclude with a brief summary of the main findings of this chapter. Combinatorial quantum
gravity is a statistical model of random d-regular graphs inspired by Euclidean quantum gravity and
driven by an action which is essentially the (negative of the) total (integrated) Ollivier curvature of
the graph. We impose an additional constraint on configuration space—the so-called independent
short cycle condition—which plays a fundamental role in making the model amenable to analytic
study and vastly simplifies the problem of calculating the Ollivier curvature numerically. The
model interpolates between a random phase essentially given by the standard random regular
graph model—characterised by low clustering and logarithmic scaling—and a more apparently
geometric phase—characterised by both higher clustering and larger characteristic lengths than in
the random regular case. Unfortunately with these constraints alone, configuration space grows
superexponentially and thus entropy dominates the free energy of the system in the thermodynamic
limit. Concretely this means that we observe a running thermodynamic parameter β that diverges
logarithmically in system size. In particular any phase transitions observed in finite numerical
simulations will asymptotically take place at zero temperature. Nonetheless, enumeration results
for graphs imbeddable on surfaces of given genus mean that for two-dimensional systems one can
overcome this problem if one additionally fixes the topology of the graphs in question. It is hoped
that imposing such an additional constraint would not seriously affect the observed behaviour of
the model as it has been presented in this chapter. This supposition seems to be a reasonable one:
it is rather implausible that the dynamics of a system that depends essentially on the number of
squares supported on each edge of a graph will be seriously affected by the inclusion or exclusion
of graphs that contain a suitable minor after coarse-graining.

Turning to some more concrete results we have an essentially complete description of 3-regular
combinatorial quantum gravity, a fairly good description of the 4-regular theory and very little
of value for higher degrees. In the cubic case the action minimising configurations can be totally
classified—assuming that configuration space is effectively triangle free as appears to be the case—
and simulations give good evidence for a second order phase transition. Moreover, the scaling
limit of classing configurations can be computed analytically and is found to be the circle. In
the d = 4 case less is known about the structure of the classical phase but it can be shown that
the torus is a ground state of the action, and moreover essentially the unique ground state with
a homogeneous cycle distribution.12 The observed geometric phase does not, however, appear
to have this structure since most configurations in the high-temperature phase appear to exhibit
residual total curvature; nonetheless there is good evidence that this phase is more geometric in
character than the random phase, since it exhibits relatively high clustering and apparent power-
law scaling. The Hausdorff dimension of such configurations appears to be approximately two—the
‘correct’ value—but the presence of curvature makes the spectral dimension difficult to evaluate;
there are however no indications that the spectral dimension is the appropriate value in this case
and it seems more plausible that the classical configurations are rather fractal. Numerical evidence
suggests that any phases transition for the d = 4 case is first order.

12Assuming that the configurations are triangle free, the only vacuum configurations in d = 4 with homogeneous
cycle distributions are toroidal configurations and the tesseract; only the former can be made arbitrarily large.
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Chapter 5

Convergence of Combinatorial

Gravity

5.1 Introduction

The purpose of this chapter is two-fold: firstly, the aim is to develop a geometric convergence theory
for the Ollivier curvature compatible with the results of van der Hoorn et al. [156, 158] on the
convergence of Ollivier curvature in random geometric graphs. The second aim is to demonstrate
that it is possible to define a discrete action, in some ways akin to the combinatorial quantum
gravity action, that converges on configurations that converge to some underlying manifold in the
sense of Gromov-Hausdorff. Much of the material of this chapter, especially section 5.3 follows
Ref. [180]. Some of section 5.2 is implicit in Refs. [156, 158, 241, 286] but as far as the author is
aware, most of the material that is not explicitly referring to published results does not appear to
have appeared in print previously. Much of the work in this chapter was inspired by the work of
van der Hoorn et al. [156, 158] though ultimately we have taken a rather different approach.

Throughout this chapter we will essentially be concerned with the situation that a graph G is
Gromov-Hausdorff close to some (compact) Riemannian manifold M; we can thus consider a nearly
isometric imbedding ι : G ↪→ M. As argued in chapter 2, however, metric structure is not sufficient
to study the full geometry of rough spacetimes, with measure theoretic structures also playing a
fundamental role. The basic difficulty throughout this chapter is then that metric proximity alone
does not guarantee proximity at the level of measures or, in more colloquial terms, it is possible
to sample a manifold M with a high degree of fidelity at the level of distances whilst nonetheless
sampling the manifold in a highly uneven manner. The task of this chapter, then, is to develop
strategies to get around this uneven sampling. At a local level, the universal structure of manifolds
imposed by local Euclideanity and smoothness as well as the asymptotic structure of the metric
tensor enable one to extract a priori suitable local subgraphs that sample local neighbourhoods
of given points evenly in a somewhat tedious process. It is this ultimately that ensures that we
may use the graph Ollivier curvature to approximate the manifold Ricci curvature, as well as take
the trace of the Ricci curvature to obtain a scalar curvature using operations that are intrinsic to
the graph. It is not possible to extract subgraphs in a similar way at the global level because of
the considerable variation in the global geometry and topology of Riemannian manifolds, unless
of course the manifold geometry is already known. Since we wish to learn about the manifold
geometry from the approximating graph, however, this approach is somewhat circular. Instead we
need to impose some restrictions on the variation in density of sampling with graph size; in this
way we can assume that the graph samples the manifold sufficiently evenly to ignore the failure of
metric compatibility. No generality is lost in this process since any compact Riemannian manifold
can be approximated arbitrarily closely for sufficiently high N .
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Notation. P(X) will variously denote standard spaces of probability measures on a space X: if

X has no topological structure P(X) will simply be the space of probability measures while if X

is a topological space the probability measures in P(X) will be Borel; if X is a metric space P(X)

will additionally be the restricted set of measures with finite first moment i.e.

∫
dµ(x)ρX(x0, x) < ∞ (5.1)

for all x0 ∈ X for every µ ∈ P(X).

5.2 Convergence of the Ollivier Curvature

The basic purpose of this section is to demonstrate that, up to some scaling factor and under
suitable conditions, we have

κG → Ric (5.2)

as G → M for G a graph, M a Riemannian manifold, κG the Ollivier curvature on G and Ric
the Ricci tensor on M. We begin with a few comments on the general set-up and philosophy of
our approach which involves the development in some detail of a geometric convergence theory for
the Ollivier curvature. This will involve a section where we develop the technical mathematical
problem of looking at the deformation of the optimal transport problem under the pushforward
map (section 5.2.2); the material in this section is fairly elementary, but much of it appears to
be original since we work under weaker topological constraints than is typical or alternatively
derive improved bounds on the distortion caused by the pushforward map. Unfortunately, for our
purposes, these improvements appear to be merely technical rather than conceptual—in the sense
that the key conceptual results follow from the weaker bounds—though we perhaps should not rule
out future scenarios where the improvements provided are desirable. Section 5.2.3 is original: it
provides us with a geometric counterpart to the semidiscrete Poisson matching results of Talagrand
and others [276] used by van der Hoorn et al. in their proof of Ollivier curvature convergence in
random geometric graphs.

5.2.1 On Approximating the Ricci Curvature in Graphs

5.2.1.1 Topologies for Ollivier-Ricci Stability

Recall that the Ollivier curvature is defined for compact metric-measure structures (X, ρX , {mux }x∈X)
where (X, ρX) is a metric space and {µx }x∈X a family of Borel probability measures on X. Thus
a convergence theory for the Ollivier curvature will essentially amount to a convergence theory for
metric-measure spaces. Several such notions exist and are discussed by Gromov [135] and Villani
[286, Chapters 27–28]. As shown by the latter, the most suitable notion from the perspective
of synthetic curvature is the notion of measured Gromov-Hausdorff convergence, introduced by
Villani [286, Definition 27.30] in the context of metric spaces equipped with a single measure but
easily generalisable to our context:

Definition 5.2.1 (Measured Gromov-Hausdorff Convergence). Let { (Xk, ρk, µk) }k∈N denote a

family of metric spaces equipped with a canonical Borel probability measure. We say this space

converges to a space (X, ρX , µ) in the measured Gromov-Hausdorff topology iff there is a sequence

εk → 0 and a family { fk : Xk → X }k∈N of εk-isometries such that

(fk)∗µk → µ (5.3)
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weakly as k → ∞.

As a consequence,1 one can develop a notion of weak curvature dimension condition which charac-
terises metric-measure spaces with curvatures bounded below. In particular, recall that a Rieman-
nian D-manifold M is said to satisfy the curvature dimension condition CD(K,N) iff RicM ≥ K
and D ≤ N for K ∈ R and N ∈ N+. The connection of this condition to the properties of the
Laplace operator on a manifold have long been emphasised by Bákry and Emery [22, 23], but fol-
lowing the pioneering work of Sturm [272, 273] and Lott and Villani [211], it has become clear that
there is an alternative characterisation of lower Ricci curvature bounds using optimal transport
theory with quadratic metric cost functions. See Chapters 29 and 30 of Ref. [286] for the general
theory and early references; the subject has exploded since Villani’s standard review [286], but we
point to several key contributions that have appeared since: noting that Finsler geometries can
arise as the limit of a sequence of CD(K,N) manifolds, Ambrosio, Gigli and Savaré [18] provide
a modified weak CD(K,N) condition that is stable under measured Gromov-Hausdorff limits and
rules out non-Riemannian Finsler limits. Crucially this modified weak curvature dimension condi-
tion is equivalent to the Bḱry-Emery approach to curvature-dimension bounds [214]. Very recently,
there has been a significant contribution to the synthetic curvature-dimension theory in the proof
by Cavalletti and Milman [67] that the global weak curvature dimension condition can be verified
locally.

As rich as this general theory is, it has several essential defects from our perspective. Firstly, the
theory is formulated in terms of the notion of displacement convexity, which is related to a deformed
notion of convexity of certain (entropy) functionals along so-called displacement interpolations,2

i.e. paths of probability measures solving a continuous-time generalisation of the optimal transport
problem. In this formulation the metric space is assumed to be a length space and the cost function
is defined by some minimum action principle over a space of admissible paths; when the cost is given
ρpX for p > 1—note that this inequality is strict—a continuous curve {µt } ⊆ Pp(X) of probability
measures in the Wasserstein p-space of probability measures (i.e. the space of probability measures
with finite pth moment metrised by the Wasserstein p-distance) is a geodesic in Pp(X) iff there is
a random geodesic in X that defines a dynamical optimal transport plan. This formulation gives
a rich structure which can be exploited to much purpose in the continuous and smooth case, but
in the discrete setting the Wasserstein p-space does not have continuous geodesics for p > 1; this
problem can be addressed to a certain extent by substituting the metric on Pp(X), p = 2, as has
been advocated by Erbar and Maas [106], but little concrete has been deduced in this scenario.
Thus if we wish to consider the discrete case an alternative approach must be adopted.

A second point is that the curvature-dimension approach above is essentially about lower curvature
bounds and not about full characterisations of the curvature. From a mathematical point of view,
lower curvature bounds are a central property for the proof of a variety of significant results; this
is a theme that runs through, e.g. the beautiful review by Berger [31] or the more targeted and
strictly relevant review by Cheeger [72]. In general no analogue for this theory applies for manifolds
of Ricci curvature bounded above since in this case any compact Riemannian manifold may be
approximated by a sequence of manifolds with arbitrarily large negative curvature [286, Remark
29.30]. In fact, from a mathematical point of view, the stability of the curvature-dimension bound
under measured Gromov-Hausdorff limits arises precisely because one does not in general have a
convergent Ricci tensor. This of course is of no use if we are interested in characterising continuous
curvatures by discrete regularisations of their manifolds.

These points change significantly in the case p = 1. Sturm and Von Renesse demonstrated the
equivalence of a lower bound on the Ricci curvature with a particular local asymptotic inequality on
the Wasserstein distance between two metric balls. This characterisation of the curvature is highly
robust since it only depends on the metric-measure structure of the manifold and is applicable in
a variety of contexts. Ollivier [240, 241] showed that this characterisation could be strengthened
to a local equality and thus provided prospect for a full characterisation of the curvature. This of
course has been at the basis of much of this thesis. Crucially, Ollivier claimed that his curvature
was stable under Gromov-Hausdorff limits in the following topology:

Definition 5.2.2. Let { (Xk, ρk, {µk
x }x∈X) }

k∈N be a compact metric-measure space. We say this

converges to the metric-measure space (X, ρX , {µx }x∈X) in the sense of Ollivier, or in the Ollivier

1The following discussion recapitulates themes that we developed in section 2.4.3.
2See Chapter 7 of Ref. [286] for a discussion.
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topology of metric-measure spaces, iff there is a sequence εk → 0 and a family { fk : Xk → X }k∈N
of εk-isometries such that

TX((fk)∗µ
k
x, µfk(x)) ≤ εk (5.4)

for all x ∈ Xk, where TX denotes the Wasserstein 1-distance on X.

Stability takes on the following form:3

Theorem 5.2.3 (Ollivier Stability). Let (Xk, ρk, {µk
x }x∈X) → (X, ρX , {µx }x∈X) in the Ollivier

topology as given by the sequence { fk : Xk → X } of εk-isometries, εk → 0. Then if we have a

sequence of points { (xk, yk) ∈ Xk ×Xk }k∈K such that (fk(xk), fk(yk)) → (x, y) ∈ X×X, we have

κk(xk, yk) → κX(x, y) (5.5)

where κk denotes the Ollivier curvature on Xk for all k.

This proposition was stated without proof, and as far as the author is aware no proof exists in
the literature. We shall develop the proof to a similar statement to the above restricted to certain
special classes of metric-measure spaces.

The Ollivier and measured Gromov-Hausdorff topologies are very different a priori: the latter
merely requires that we have metric spaces that converge in the sense of Gromov-Hausdorff and
local measures that converge weakly. This does not rule out scenarios where, for instance, the
local measures converge at a rate that is arbitrarily more slow than the rate of Gromov-Hausdorff
convergence; there is also no need for a uniform constraint on the rate of convergence of distinct
local measures. The Ollivier topology on the other hand requires the measures to converge at least
as fast as the metric spaces, which first of all means all of the measures must converge uniformly.

Van der Hoorn et al. [156, 158] have recently demonstrated that the Ollivier curvature converges for
random geometric graphs in Riemannian manifolds. We shall not discuss their explicit construction
in any detail in this thesis since and suffice to summarise some key features. Perhaps the most
important point for present purposes is that their demonstration of convergence is not in the
Ollivier topology since the local measures converge rather more slowly than the random geometric
graphs do. Nor, however, do they run into the difficulties associated with the general measured
Gromov-Hausdorff topology on metric-measure spaces because the form of the local measures are
prescribed in advance. The result for random geometric graphs, however, depends crucially on the
random nature of the construction—in particular it relies heavily at several crucial moments on the
fact that the governing distribution is Poisson—which leads to difficulties for the interpretation
of convergence in dynamical models governed by a Gibbs distribution defined by (e.g.) some
discrete Einstein-Hilbert action. That is to say, a random convergence theory will likely depend on
the precise probability distribution at work in the problem and this precise dependence strongly
limits the application of the convergence theory to kinematic aspects. It seems fairly clear that
a kinematic convergence theory that is potentially compatible with a generic dynamical model
will have to be geometric. As such we attempt to formulate a geometric convergence theory for
Ollivier curvature in graphs that is compatible with the van der Hoorn et al. result. We succeed,
though we shall find that for the purposes of developing a convergent Einstein-Hilbert action, we
need to consider scenarios that do not accord with the convergence of Ollivier curvature in random
geometric graphs.

3c.f. proposition 47 of Ref. [241].
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5.2.1.2 General Structure of the Proof

We have the following set-up: let G be a (weighted) graph with metric

ρG(u, v) = inf

{∑
e∈p

|w(e)| : p ∈ P (u, v)

}
, (5.6)

for all u, v ∈ V (G), where w(e) is the weight assigned to e for any e ∈ E(G) and P (u, v) is the set
of paths from u to v. The uniform measure on the ball of radius δ > 0 centred at u ∈ V (G) will
be denoted:

mδ
u(E) =

|E ∩BG
δ (u)|

|BG
δ (u)| (5.7)

for any E ⊆ V (G). We also have a Riemannian D-manifold M with standard geodesic distance
ρM, volume form vol and Ricci tensor Ric. The uniform measure on the metric ball of radius δ > 0
centred at p ∈ M is given

µδ
p(E) =

vol(E ∩BM
δ (p))

vol(BM
δ (p))

. (5.8)

The Wasserstein 1-distances on G and M will be denoted TG and TM respectively. Similarly we
have the Ollivier curvatures

κδ
G(u, v) = 1 − TG(mδ

u,m
δ
v)

ρG(u, v)
κδ
M(p, q) = 1 − TM(µδ

p, µ
δ
q)

ρM(p, q)
(5.9)

on G and M respectively.

For some p ∈ M, let V ∈ TpM be a unit vector and let ℓ > 0 be small; at least this means that
ℓV ∈ dom(expp), or even better in a convex neighbourhood of the origin in dom(expp). If we let
q = expp(ℓV ) then, as was emphasised in section 2.4.2, we find that:

κδ
M(p, q) =

δ2

2(D + 2)
Ric(V, V ) + O(δ2(δ + ℓ)).

The idea is that if we have a graph G that approximates M, the Ollivier curvature of G approxi-
mates the Ricci curvature of M if the error is of order O(δ2(δ + ℓ)):

Definition 5.2.4. Let f : G → M be an ε-isometry. For any δ > 0, we say that κG σ-approximates

the Ricci curvature at u, v ∈ V (G) iff ℓ = ρM(f(u), f(v)) is sufficiently small, ε ≪ δ, ℓ and

|κδ
G(u, v) − κδ

M(f(u), f(v))| = O(σ), (5.10)

for some σ > 0 such that σ ≪ δ2.

Corollary 5.2.5. Let f : G → M be an ε-isometry for some ε > 0, and for u, v ∈ V (G) let

V ∈ Tf(u)M, with ||V || = 1, such that f(v) = expf(u)(ℓV ) for some ℓ > 0. If ℓ is sufficiently small

and κδ
G σ-approximates the Ricci curvature at u, v then:

∣∣∣∣2(D + 2)

δ2
κδ
G(u, v) − Ric(V, V )

∣∣∣∣ = O
(

max
( σ

δ2
, δ + ℓ

))
. (5.11)
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Proof. By subadditivity we have

∣∣∣∣2(D + 2)

δ2
κδ
G(u, v) − Ric(V, V )

∣∣∣∣ =

∣∣∣∣2(D + 2)

δ2
(
κδ
G(u, v) − κδ

M(f(u), f(v)) + κδ
M(f(u), f(v))

)
− Ric(V, V )

∣∣∣∣
≤ 2(D + 2)

δ2
|κδ

G(u, v) − κδ
M(f(u), f(v))|

+

∣∣∣∣2(D + 2)

δ2
κδ
M(f(u), f(v)) − Ric(V, V )

∣∣∣∣
= O(δ + ℓ)

where the final line follows if we substitute |κδ
G(u, v)− κδ

M(f(u), f(v))| = Oσ) in the first term on

the right-hand side in the penultimate line and we find that the second term is equal to O(δ + ℓ)

by rearranging equation 5.10.

The point, then, of definition 5.2.4 is that as we take δ, ℓ → 0 we have some scaling of the Ollivier
curvature κδ

G → Ric since both (σ/δ2), (δ + ℓ) → 0 in this limit (recall σ ≪ δ2). Our aim is
thus to develop conditions under which we may show that κG approximates the Ricci curvature
at u, v ∈ V (G). The first point to note is that this essentially reduces to a constraint on the
Wasserstein distances:

Lemma 5.2.6. Let the notation be as in definition 5.2.4. If

|TG(mδ
u,m

δ
v) − TM(µδ

f(u), µ
δ
f(v))| = O(αℓ), (5.12)

then κG σ-approximates the Ricci curvature at u, v ∈ V (G) for

σ := max
(
α,

ε

ℓ2

)
≪ δ2, (5.13)

as long as

α ≪ δ2 ε ≪ δ2ℓ2. (5.14)

Proof. Substituting the equations 5.9 into |κδ
G(u, v) − κδ

M(f(u), f(v))| we obtain

|κδ
G(u, v) − κδ

M(f(u), f(v))| =

∣∣∣∣∣
(

1 − TG(mδ
u,m

δ
v)

ρG(u, v)

)
−
(

1 −
TM(µδ

f(u), µ
δ
f(v))

ρM(f(u), f(v))

)∣∣∣∣∣
=

∣∣∣∣∣TM(µδ
f(u), µ

δ
f(v))

ρM(f(u), f(v))
− TG(mδ

u,m
δ
v)

ρG(u, v)

∣∣∣∣∣ .
Since ℓ = ρM(f(u), f(v)) and ρG(u, v) ∈ (ℓ− ε, ℓ+ ε) we can maximise |κδ

G(u, v)−κδ
M(f(u), f(v))|

by choosing ρG(u, v) appropriately. In particular if we have:

TM(µδ
f(u), µ

δ
f(v))

ρM(f(u), f(v))
≥ TG(mδ

u,m
δ
v)

ρG(u, v)
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then

|κδ
G(u, v) − κδ

M(f(u), f(v))| ≤ 1

ℓ

∣∣∣∣TM(µδ
f(u), µ

δ
f(v)) − TG(mδ

u,m
δ
v)
(

1 +
ε

ℓ

)−1
∣∣∣∣

=
1

ℓ

∣∣∣TM(µδ
f(u), µ

δ
f(v)) − TG(mδ

u,m
δ
v)
(

1 + O
(ε
ℓ

))∣∣∣
=

1

ℓ

∣∣∣TM(µδ
f(u), µ

δ
f(v)) − TG(mδ

u,m
δ
v)
∣∣∣+ O

( ε

ℓ2

)
= O

(
max

(
α,

ε

ℓ2

))
.

Essentially the same argument gives the same result if

TM(µδ
f(u), µ

δ
f(v))

ρM(f(u), f(v))
<

TG(mδ
u,m

δ
v)

ρG(u, v)
.

Thus identifying σ = max(α, ε/ℓ2) we see that κG σ-approximates the Ricci curvature in M for

σ ≪ δ2 as long as α ≪ δ2 and ε ≪ δ2ℓ2 as claimed in the statement.

The next proposition then justifies the structure of our approach. First let us specify some conve-
nient notation:

Notation. Let the notation be as in definition 5.2.4. Then we define the pushforward error along

f at u, v ∈ V (G) as:

δTf (u, v) := |TG(mδ
u,m

δ
v) − TM(f∗m

δ
u, f∗m

δ
v)| δT∗(f) := sup

u,v∈V (G)

δTf (u, v) (5.15)

and the semidiscrete error at u ∈ V (G) as

δTSD(f, u) := TM(f∗m
δ
u, µ

δ
f(u)) δTSD(f) := sup

u∈V (G)

δTSD(f, u). (5.16)

Proposition 5.2.7. Let the notation be as in definition 5.2.4. Then if the pushforward and

semidiscrete errors are given

δT∗(f) = O(α1ℓ) δTSD(f) = O(α2ℓ) (5.17)

for α1, α2 > 0, α := max(α1, α2), σ := max(α, ε/ℓ2), with

αℓ ≪ δ2ℓ ε ≪ δ2ℓ2, (5.18)

then κG σ-approximates the Ricci curvature at u, v ∈ V (G) for all sufficiently nearby u, v ∈ G.
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Proof. By the subadditivity of the absolute value we have:

|TG(mδ
u,m

δ
v) − TM(µδ

f(u), µ
δ
f(v))| = |TG(mδ

u,m
δ
v) − TM(f∗m

δ
u, f∗m

δ
v)

+ TM(f∗m
δ
u, f∗m

δ
v) − TM(µδ

f(u), µ
δ
f(v))|

≤ |TG(mδ
u,m

δ
v) − TM(f∗m

δ
u, f∗m

δ
v)|

+ |TM(f∗m
δ
u, f∗m

δ
v) − TM(µδ

f(u), µ
δ
f(v))|

= δTf (u, v) + |TM(f∗m
δ
u, f∗m

δ
v) − TM(µδ

f(u), µ
δ
f(v))|.

If

TM(f∗m
δ
u, f∗m

δ
v) ≥ TM(µδ

f(u), µ
δ
f(v)),

we may use the triangle inequality to expand

TM(f∗m
δ
u, f∗m

δ
v) ≤ TM(f∗m

δ
u, µ

δ
f(u)) + TM(µδ

f(u), f∗m
δ
v)

≤ TM(f∗m
δ
u, µ

δ
f(u)) + TM(µδ

f(u), µ
δ
f(v)) + TM(µδ

f(v), f∗m
δ
v)

i.e.

|TM(f∗m
δ
u, f∗m

δ
v) − TM(µδ

f(u), µ
δ
f(v))| ≤ TM(f∗m

δ
u, µ

δ
f(u)) + TM(µδ

f(v), f∗m
δ
v) = δTSD(f, u) + δTSD(f, v).

Mutatis mutandis, the same argument leads to the same result if

TM(f∗m
δ
u, f∗m

δ
v) < TM(µδ

f(u), µ
δ
f(v)), .

Thus

|TG(mδ
u,m

δ
v) − TM(µδ

f(u), µ
δ
f(v))| ≤ δTf (u, v) + δTSD(f, u) + δTSD(f, v)

≤ δT∗(f) + 2δTSD(f)

= O(α1ℓ) + O(α2ℓ)

which simply becomes O(αℓ) if we identify α := max(α1, α2). This holds for all u, v ∈ V (G) so

the statement holds by lemma 5.2.6.

It is thus sufficient to show that we can control the pushforward error and the semidiscrete error.
This will be the purpose of the next couple of sections.

5.2.2 Pushing Transport Plans Forward

In this section we are concerned with demonstrating that the pushforward error δT∗(f) = O(ε) for
an ε-isometry f . In this way, comparison with proposition 5.2.7 suggests that α1 = ε/ℓ ≪ δ2, as
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long as

ε ≪ δ2ℓ. (5.19)

This is implied by the constraint ε ≪ δ2ℓ2 since ℓ ≪ 1 so this result does not impose any constraints
beyond those that are already required.

The claim that δT∗(f) = O(ε) actually can be formulated in rather more transparent geometric
terms. We are aiming to prove the following:

Theorem 5.2.8. Let (X, ρX) and (Y, ρY ) be finite Polish metric spaces. If f : X → Y is an

ε-isometry, then the pushforward mapping

f∗ : P(X) → P(Y ) f∗ : µ 7→ f∗µ

is an O(ε)-isometry.

Roughly speaking, every ε-isometry between Polish metric spaces lifts to an O(ε)-isometry between
the associated Wasserstein spaces. In fact since we have split the main problem into pushing
forwards a discrete measure and separately evaluating a semidiscrete error, it is sufficient for the
moment to show that:

Theorem 5.2.9. Let (X, ρX) and (Y, ρY ) be Polish. If f : X → Y is an ε-isometry, then the

pushforward mapping

f∗ : Pω(X) → P(Y ) f∗ : µ 7→ f∗µ

is an O(ε)-isometry, where Pω(X) ⊆ P(X) is the subset of P(X) of measures with finite support.

This latter theorem clearly follows from the apparently more general theorem 5.2.8; the two theo-
rems are, however equivalent, essentially because the denseness of the discrete measures in P(X)
(see remark 2.3.36) allows us to promote theorem 5.2.9 to theorem 5.2.8. This approach is more
involved, but it will turn out to have a slight advantages over the standard approach as seen in
e.g. the proof to proposition 28.7 of Ref. [286], or the standard proof of theorem 5.2.8 given below.
Essentially the point is that we have much better control over the constant factor appearing in
O(ε) for theorem 5.2.9 if we tackle this theorem directly; moreover improved control at the level
of discrete measures gives us improved control in general. Specifically, by constructing an explicit
‘pullback’ for every discrete transport plan we can derive that every ε-isometry between X and
Y lifts to an ε-isometry on Pω(X). To extend this to P(X) we have to weaken the isometry to a
3ε-isometry, but this is a significant improvement over the standard proof which can only show that
an ε-isometry lifts to a 10ε-isometry. If we look at distortions and ε-nets separately, we have even
better improvements: the standard method can only show that f∗(P(X)) is an ε-net in P(Y ) if f
is an ε-isometry. Using the denseness of Pω(Y ) in P(Y ) we can show that f∗(Pω(X)) is an ε-net in
P(Y ) for any ε > 0 for any measurable mapping f . There is an additional pedagogical advantage
to the pullback approach: in the context that really matters to us, i.e. with one of the spaces
discrete, the approach using pullbacks does not run into any problems regarding the measurability
of near isometries employed. It cannot be said that this is necessarily the case otherwise: most
of the literature seems to assume that any near isometry is measurable without loss of generality,
and Ref. [211] claims this explicitly when the near isometry is between Polish spaces. The author,
however, has been unable to prove this statement, and is unaware of any demonstration as to this
effect in the literature.

Conceptually, we can tackle the problem of proving theorem 5.2.9 from a totally different point
of view. The idea is to exploit the robustness of the discrete optimal transport problem: given
very minor topological constraints on the ambient spaces in which we are studying the optimal
transport problem, the discrete optimal problem for fixed cost has a universal form which without
loss of generality has been described in the Euclidean context in chapter 3. Since the optimal
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transport cost function is smooth as we smoothly vary the cost matrix, this allows us to control
the pushforward error in terms of the size of the deformation of the cost matrix; in our context this
can be related to the distortion ε > 0 of a given measurable mapping which proves the theorem.
Unfortunately this approach does not give an a priori bound on the constant in front of the
distortion ε in O(ε) in theorem 5.2.9 since it depends on the size of the support of the measures
µ, ν ∈ Pω(X) which can become arbitrarily large. Nonetheless we feel that this is quite a nice topic
to discuss for several reasons: (a) it allows us to explicitly connect the discussion of the discrete
optimal transport problem in chapter 3 to the general discussion of optimal transport in chapter
2; (b) we show that the linear programming results on the discrete optimal transport problem
introduced in chapter 3 allow us to solve certain optimal transport problems in spaces that are
not Polish, i.e. it allows us to go beyond the standard setting of optimal transport theory; (c)
the substance of this approach to proving theorem 5.2.9 is elementary, requiring essentially none
of the Gromov-Hausdorff conceptual machinery. Also, we can use this discussion as an excuse to
introduce various basic facts and properties of discrete measures in Polish spaces used later in the
section. For all of these reasons we begin with a discussion of the robustness of discrete optimal
transport.

5.2.2.1 Robustness of Discrete Optimal Transport

In this section we discuss the discrete optimal transport problem and show that—given some
relatively mild topological constraints—its optimisation domain is independent of the structure of
space. We begin with the notion of the support of a measure:

Definition 5.2.10. Let µ be a measure on the Borel σ-algebra of a topological space X. For each

x ∈ X let T (x) denote the set of open neighbourhoods of x. Then the support of µ is defined as

the set

supp(µ) := {x ∈ X : U ∈ T (x) implies µ(U) > 0 } . (5.20)

µ is said to be discrete or to have finite support iff supp(µ) is a finite set. The set of all Borel

probability measures of finite support on X is denoted Pω(X).

Fact 5.2.11. X/supp(µ) is the union of all open sets of measure zero. Hence supp(µ) is closed.

Proof. x ∈ X/supp(µ) iff every open set containing x has measure zero. Then X/supp(µ) is a

union of open sets and thus open; hence supp(µ) is closed.

Now recall the Lindelöf property of spaces, a generalisation of compactness: a space X is Lindelöf
iff every open cover of X has a countable subcover (equivalently refinement). Every closed subset
of a Lindelöf space is Lindelöf; a space X is then said to be hereditarily Lindelöf iff every open
subset of X is Lindelöf. Note that a metrisable space is Lindelöf iff it is separable iff it is second-
countable. The fundamental reason that discrete optimal transport is indifferent to the ambient
structure of the space—given certain minor topological constraints—is the following fact showing
that the measure of a set depends only on its intersection with the support:

Fact 5.2.12. Let X be a topological space and let µ be a Borel measure on X. If X is hereditarily

Lindelöf then for any measurable E1, E2 ⊆ X such that E1 ∩ supp(µ) = E2 ∩ supp(µ) we have

µ(E1) = µ(E2).

Proof. By fact 5.2.11 X/supp(µ) is the union of open sets of null measure; this can be taken as

the union of a countable collection of open sets by the Lindelöf property and µ(X/supp(µ)) = 0 by

countable additivity. Further, by monotonicity and positivity, µ(E) = 0 for any E ⊆ X/supp(µ).
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Now let E1 and E2 be measurable subsets of X with E1 ∩ supp(µ) = E2 ∩ supp(mu). Clearly

E1/supp(µ), E2/supp(µ) ⊆ X/supp(µ) and thus have null measure. Hence:

µ(E1) = µ ((E1 ∩ supp(µ)) ∪ (E1/supp(µ)))

= µ(E1 ∩ supp(µ)) + µ(E1/supp(µ))

= µ(E1 ∩ supp(µ))

= µ(E2 ∩ supp(µ))

= µ(E2 ∩ supp(µ)) + µ(E2/supp(µ))

= µ ((E2 ∩ supp(µ)) ∪ (E2/supp(µ)))

= µ(E2)

as required.

As an immediate consequence we have the following characterisation of probability measures in
Hausdorff hereditarily Lindelöf spaces:

Corollary 5.2.13. Let X be a topological space satisfying the Hausdorff and hereditarily Lindelöf

properties. A probability measure µ ∈ P(X) has finite support A ⊆ X iff there is a function

m : A → [0, 1] satisfying the normalisation condition:

∑
a∈A

m(a) = 1, (5.21)

such that

µ =
∑
a∈A

m(a)δa. (5.22)

Proof. µ as defined by equation 5.22 is a Borel measure trivially while the normalisation 5.21

ensures that it is a probability measure. Now suppose that µ is a probability measure with finite

support A; by the Hausdorff property we may pick a pairwise disjoint family of open sets {Ua }a∈A

such that a ∈ Ua for each a ∈ A. Define m(a) = µ(Ua) for each a ∈ A. By point (ii) of fact 5.2.12

we have

µ(E) = µ

 ⋃
a∈E∩supp(µ)

Ua

 =
∑

a∈E∩supp(µ)

µ(Ua) =
∑

a∈E∩supp(µ)

m(a) =
∑

a∈supp(µ)

m(a)δa(E)

as required.

This form is preserved by the pushforward:

Fact 5.2.14. Let X be a topological space and let µ =
∑

a∈supp(µ) m(a)δa be a Borel probability

measure with finite support in X. Then for any measurable space Y , and any measurable mapping
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f : X → Y , the pushforward f∗µ ∈ Pω(Y ) and

f∗µ =
∑

a∈supp(µ)

m(a)δf(a). (5.23)

Also note that supp(f∗µ) = f(supp(µ)).

Proof. Noting that

δa(f−1(E)) =

 1, a ∈ f−1(E)

0, a /∈ f−1(E)

 =

 1, f(a) ∈ E

0, f(a) /∈ E

 = δf(a)(E)

for any a ∈ X, we see that

f∗µ(E) =
∑

a∈supp(µ)

m(a)δa(f−1(E)) =
∑

a∈supp(µ)

m(a)δf(a)(E)

for all measurable E ⊆ X as required. This automatically ensures that f∗µ ∈ Pω(Y ). It also

ensures that supp(f∗µ) = { f(a) : a ∈ supp(µ) } = f(supp(µ)).

Remark 5.2.15. Note that this proof only requires the discrete measure µ to have a representa-

tion µ =
∑

a∈supp(µ) m(a)δa and follows from the way that the Dirac masses behave under the

pushforward. In particular we do not assume that the ambient space is Hausdorff and hereditarily

Lindelöf.

Let us now turn to an extension of the above results to transport plans. This is not trivial a priori
since the product of Lindelöf spaces need not be Lindelöf [268]. It turns out, however, that it is
sufficient for X to be Lindelöf for transport plans to inherit nice discretisation properties due to
the marginal constraints. Consider first the following extension of fact 5.2.12:

Lemma 5.2.16. Let X be a hereditarily Lindelöf space and let µ, ν ∈ P(X). For any ξ ∈ Π(µ, ν)

and any measurable set E ⊆ X, we have ξ(E1 ×E) = ξ(E2 ×E) for any measurable sets E1, E2 ∈
Σ(X) such that E1 ∩ supp(µ) = E2 ∩ supp(µ). Similarly if we have E1, E2 ∈ Σ(X) such that

E1 ∩ supp(ν) = E2 ∩ supp(ν) then ξ(E × E1) = ξ(E2 × E) for all measurable E ⊆ X.

Proof. We prove the statement for the case E1 ∩ supp(µ) = E2 ∩ supp(µ) since the proof for the

case E1 ∩ supp(ν) = E2 ∩ supp(ν) is, mutatis mutandis, identical. First note that if A ∈ Σ(X) has

µ(A) = 0 we have

0 ≤ ξ(A× E) ≤ ξ(A×X) = µ(A) = 0
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and ξ(A× E) = 0 for all measurable E ⊆ X. Then

ξ(E1 × E) = ξ (((E1 ∩ supp(µ)) × E) ∪ ((E1/supp(µ)) × E))

= ξ((E1 ∩ supp(µ)) × E) + ξ((E1/supp(µ)) × E)

= ξ((E1 ∩ supp(µ)) × E)

= ξ((E2 ∩ supp(µ)) × E)

= ξ((E2 ∩ supp(µ)) × E) + ξ((E2/supp(µ)) × E)

= ξ (((E2 ∩ supp(µ)) × E) ∪ ((E2/supp(µ)) × E))

= ξ(E2 × E)

as required.

Proposition 5.2.17 (Discrete Optimal Transport). Let X be Hausdorff and hereditarily Lindelöf

and further let µ, ν ∈ Pω(X) with representations:

µ =
∑

a∈supp(µ)

m(a)δa ν =
∑

b∈supp(ν)

n(b)δb, (5.24)

as per corollary 5.2.13. A probability measure ξ ∈ P(X) is a transport plan from µ to ν iff there

is a function ξ̃ : supp(µ) × supp(ν) → [0, 1] satisfying the marginal constraints

∑
b∈supp(ν)

ξ̃(a, b) = m(a)
∑

a∈supp(µ)

ξ̃(a, b) = n(b), (5.25)

such that the representation

ξ =
∑

(a,b)∈supp(µ)×supp(ν)

ξ̃(a, b)δ(a,b) (5.26)

holds.

Proof. Let µ, ν ∈ Pω(X) with representations 5.24 and let ξ be defined as per equation 5.26; then

(π1)∗ξ(E) = ξ(E ×X)

=
∑

(a,b)∈supp(µ)×supp(ν)

ξ̃(a, b)δ(a,b)(E ×X)

=
∑
a∈E

∑
b∈supp(ν)

ξ̃(a, b)

=
∑
a∈E

m(a)

= µ(E)

for each measurable E ⊆ X where we have used one of the marginal constraints 5.25 in the
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penultimate step. Essentially the same argument shows that (π2)∗ξ(E) = ν(E) and the ξ ∈ Π(µ, ν)

as required. Now let ξ ∈ Π(µ, ν). By the Hausdorff property choose pairwise disjoint families

{Ua }a∈supp(µ) and {Vb }b∈supp(ν) such that Ua is an open neighbourhood of a and Vb is an open

neighbourhood of b for each a ∈ supp(µ) and each b ∈ supp(ν). Then define ξ̃ : supp(µ)×sup(ν) →
[0, 1] via the assignment:

ξ̃(a, b) = ξ(Ua × Vy),

for each pair (a, b) ∈ supp(µ) × supp(ν). By lemma 5.2.16 we have

ξ(E1 × E2) = ξ

 ⋃
(a,b)∈supp(µ)×supp(ν)∩E1×E2

Ua × Vb


=

∑
(a,b)∈supp(µ)×supp(ν)∩E1×E2

ξ(Ua × Vb)

=
∑

(a,b)∈supp(µ)×supp(ν)∩E1×E2

ξ̃(a, b)

=
∑

(a,b)∈supp(µ)×supp(ν)

ξ̃(a, b)δ(a,b)(E1 × E2)

for all measurable sets E1, E2 ⊆ X. By the monotone class theorem, this ensures that the

representation 5.26 holds. Then the marginal constraints follow since

∑
b∈supp(ν)

ξ̃(a, b) =
∑

(c,b)∈supp(µ)×supp(ν)

ξ̃(c, b)δ(c,b)(Ua ×X) = ξ(Ua ×X) = µ(Ua) = m(a)

∑
a∈supp(µ)

ξ̃(a, b) =
∑

(a,d)∈supp(µ)×supp(ν)

ξ̃(a, d)δ(a,d)(X × Vb) = ξ(X × Vb) = ν(Vb) = n(b).

Also note that transport plans pushforward to transport plans:

Fact 5.2.18. Let X be a measurable spaces, µ, ν ∈ P(X) and let ξ ∈ Π(µ, ν). Given a measurable

space Y and measurable maps f, g : X → Y , we have (f × g)∗ξ ∈ Π(f∗µ, g∗ν).

Proof. We equip Y × Y with the product σ-algebra and note that if f, g : X → Y are measurable

then so is f × g : X ×X → Y × Y . ξ is a probability measure on X ×X so we may consider the

pushforward (f × f)∗ξ. We show that this is a transport plan. For any measurable E ⊆ Y we
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have:

(π1)∗(f × g)∗ξ(E) = (f × g)∗ξ(E × Y )

= ξ((f × g)−1(E × Y ))

= ξ(f−1(E) ×X)

= (π1)∗ξ(f−1(E))

= µ(f−1(E))

= f∗µ(E).

Similarly:

(π2)∗(f × g)∗ξ(E) = (f × g)∗ξ(Y × E)

= ξ((f × g)−1(E))

= ξ(X × g−1(E))

= (π1)∗ξ(g−1(E))

= ν(g−1(E))

= g∗ν(E)

as required.

Proposition 5.2.19. Let the notation be as in proposition 5.2.17 and let Y be a hereditarily

Lindelöf space. Given a measurable mapping f : X → Y , we see that a transport plan ζ ∈
Π(f∗µ, f∗ν) iff there is a ξ ∈ Π(µ, ν) such that

ζ = (f × f)∗ξ =
∑

(a,b)∈supp(µ)×supp(ν)

ξ̃(a, b)δ(f(a),f(b)). (5.27)

Proof. If ζ = (f × f)∗ξ for some ξ ∈ Π(µ, ν) then the conclusion follows immediately if we

combine fact 5.2.14, with proposition 5.2.17 and fact 5.2.18. Conversely, since by fact 5.2.14

f∗µ, f∗ν ∈ Pω(Y ), we can write

ζ =
∑

(ã,b̃)∈supp(f∗µ)×supp(f∗ν)

ζ̃(ã, b̃)δ(ã,b̃)

by proposition 5.2.17, and so by choosing ξ̃ such that

ζ(ã, b̃) =
∑

a∈f−1(ã)

∑
b∈f−1(b̃)

ξ̃(a, b)

for each (ã, b̃) ∈ supp(f∗µ) × supp(f∗ν) we obtain the desired result.
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The representation results corollary 5.2.13 and proposition and proposition 5.2.17 immediately
imply the following, given a comparison with our characterisation of discrete optimal transport in
chapter 3:

Theorem 5.2.20. Let the notation be as in proposition 5.2.17. ξ ∈ Π(µ, ν) is a solution to the

optimal transport problem (µ, ν, c) for some cost function c : X ×X → [0,∞] iff ξ̃ is a solution to

the discrete optimal transport problem (m,n,M) where M is a matrix indexed by supp(µ)×supp(ν)

such that Ma,b = c(a, b) for any (a, b) ∈ supp(µ) × supp(ν).

Remark 5.2.21. The significance of this result is that the discrete optimal transport problem can

be solved in a family of spaces much weaker than the usual setting of optimal transport due to

the robustness of the discrete problem, i.e. due to its essential identity with the Euclidean discrete

optimal transport problem.

Remark 5.2.22. Recall that if ξ is the matrix representation of the mapping ξ̃ : supp(µ)×supp(ν) →
[0, 1], the transport cost is given

TM (ξ) = ξ ·M (5.28)

for any cost matrix M , where · denotes the element-wise inner product. We can turn this charac-

terisation around: for each discrete transport plan ξ, let Tξ be the function on cost matrices M

given by

Tξ(M) = ξ ·M, (5.29)

This mapping readily extends to a mapping Tξ : R|supp(µ)|·|supp(ν)| → R. This is clearly a smooth

function on its domain so by Taylor expanding Tξ(M1) about Tξ(M0) we immediately find

|Tξ(M0) − Tξ(M1)| = O(||M0 −M1||) (5.30)

where for any matrix M indexed by A×B we have

||M || =

√ ∑
(a,b)∈A×B

M2
ab. (5.31)

Clearly

||M0 −M1|| = O(ε
√
|supp(µ)| · |supp(ν)|) (5.32)

for

ε = sup
(a,b)∈supp(µ)×supp(ν)

|M0
ab −M1

ab|. (5.33)
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With this in mind we have the following:

Theorem 5.2.23. Let X and Y be Hausdorff hereditarily Lindelöf spaces equipped with cost func-

tions cX : X ×X → R and cY : Y × Y → R respectively, and let µ, ν ∈ Pω(X). If

ε = sup
(a,b)∈supp(µ)×supp(ν)

|cX(a, b) − cY (f(a), f(b))| (5.34)

then

|TcX (µ, ν) − TcY (f∗µ, f∗ν)| = O(ε
√

|supp(µ)| · |supp(ν)|). (5.35)

Proof. Assume that µ and ν have representations µ =
∑

a∈supp(µ) m(a)δa and ν =
∑

b∈supp(ν) n(b)δb

as per corollary 5.2.13. Then by theorem 5.2.20, we have TcX (µ, ν) = TM0(m,n) where TM0(m,n)

is the optimal transport cost of the discrete optimal transport problem (m,n,M0) where M0
ab =

cX(a, b) for any (a, b) ∈ supp(µ) × supp(ν). But by fact 5.2.14, proposition 5.2.19 and theorem

5.2.20, TcY (f∗µ, f∗ν) = TM1(m,n) where TM1(m,n) is the optimal transport cost of the discrete

optimal transport problem (m,n,M1) where M1
ab = cY (f(a), f(b)). The result then follows from

remark 5.2.22.

Remark 5.2.24. While theorem 5.2.23 does not suffice to show that the pushforward error is small

in general, it is sufficient if we restrict to measures describing uniform nearest neighbour transitions

in graphs for any class of graphs with some fixed bounded maximum degree. This accords with

the situation in the preceding chapter. For the purposes of taking the trace, however, we shall

require |supp(µ)| and |supp(ν)| to diverge; it is at least conceivable that we can take ε → 0 and

|supp(µ)|, |supp(ν)| → ∞ such that the pushforward error is in fact small—the author would like

to stress that it is not clear that such a scenario is actually possible, and could simply be an

unrealisable potential—but in view of improved results using alternative methods this speculation

is somewhat superfluous.

5.2.2.2 The Standard Approach

The basic structure of the standard proof is to relate the Wasserstein distance calculations using
the pushforward construction. As an immediate consequence of this fact we have the following:

Lemma 5.2.25. Let (X, ρX) and (Y, ρY ) be metric spaces equipped with their respective Borel σ-

algebras. Let µ, ν ∈ P(X) be probability measures with finite first-moment on the Borel σ-algebra

of X and let ξ ∈ Π(µ, ν) be a transport plan from µ to ν such that TX(ξ) < ∞. For any measurable

mapping f : X → Y with dis(f) < ∞, the pushforward (f × f)∗ξ ∈ Π(f∗µ, f∗ν); then we have:

TY ((f × f)∗ξ) ≤ TX(ξ) + dis(f). (5.36)
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In particular if TX(µ, ν) < ∞ and the spaces (X, ρX) and (Y, ρY ) are Polish then

TY (f∗µ, f∗ν) ≤ TX(µ, ν) + dis(f). (5.37)

Proof. (f × f)∗ξ ∈ Π(f∗µ, f∗ν) by fact 5.2.18. Now consider a transport plan ξ ∈ Π(µ, ν) such

that TX(ξ) < ∞. First note that:

∫
X×X

dξ(x1, x2)ρY (f(x1), f(x2)) =

∫
X×X

dξ(x1, x2)|ρX(x1, x2) + ρY (f(x1), f(x2)) − ρX(x1, x2)|

≤
∫
X×X

dξ(x1, x2)(ρX(x1, x2) + |ρY (f(x1), f(x2)) − ρX(x1, x2)|)

≤
∫
X×X

dξ(x1, x2)(ρX(x1, x2) + dis(f))

= TX(ξ) + dis(f).

In the first step we have added 0, then used subadditivity of the norm, before applying the definition

of dis(f). In moving to the final line we have applied the definition TX(ξ) and the fact that ξ is

a probability measure. Since TX(ξ), dis(f) < ∞, the (positive) function ρY ◦ (f × f) is integrable

with respect to ξ, so ρY is integrable with respect to (f × f)∗ξ by standard properties of the

pushforward we have

TY ((f × f)∗ξ) =

∫
Y×Y

d(f × f)∗ξ(y1, y2)ρY (y1, y2)

=

∫
X×X

dξ(x1, x2)ρY (f(x1), f(x2))

≤ TX(ξ) + dis(f)

as required.

Now we assume that (X, ρX) and (Y, ρY ) are Polish; then an optimal transport plan ξ ∈ Π(µ, ν)

exists so if TX(µ, ν) < ∞ we have at least one transport plan ξ ∈ Π(µ, ν) with TX(ξ) < ∞.

Thus:

TY (f∗µ, f∗ν) = inf
ζ∈Π(f∗µ,f∗ν)

TY (ζ)

≤ inf
ξ∈Π(µ,ν)

TY ((f × f)∗ξ)

≤ inf
ξ∈Π(µ,ν)

(TX(ξ) + dis(f))

= TX(µ, ν) + dis(f),

and we have the desired inequality.

With these preliminaries we can directly prove theorem 5.2.8, deriving theorem 5.2.9 as a corollary.

Standard Proof of Theorem 5.2.8. Assume that we have a measurable ε-isometry f : X → Y . We
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wish to show that dis(f∗) = O(ε). Since the metric ρX is finite, the distance TX(µ, ν) < ∞ for

any µ, ν ∈ Pω(X) since in this case the TX(ξ) amounts to a finite sum of finite terms for any

ξ ∈ Π(µ, ν). But for any µ, ν ∈ P(X), we may find discrete µ̃, ν̃ ∈ Pω(X) arbitrarily close to µ

and ν respectively in the Wasserstein metric and by subadditivity:

TX(µ, ν) ≤ TX(µ, µ̃) + TX(µ̃, ν̃) + TX(ν̃, ν) < ∞.

That is to say TX is a finite metric on P(X). Thus we can apply lemma 5.2.25 to find that

TY (f∗µ, f∗ν) ≤ TX(µ, ν) + ε. Since optimal transport plans exist in Polish spaces, we have a

ζ ∈ Π(f∗µ, f∗ν) with TY (ζ) = TY (f∗µ, f∗ν) < ∞. Also, we have an ε-isometry f : X → Y iff we

have a 4ε-isometry g : Y → X; moreover it is possible to choose g such that ρX(g(f(x)), x) ≤ 3ε

and ρY (f(g(y)), y) ≤ ε for all x ∈ X and all x ∈ Y respectively. Thus we may apply lemma 5.2.25

to obtain

TX(g∗f∗µ, g∗f∗ν) ≤ TY (f∗µ, f∗ν) + dis(g)

But the deterministic transport plans (IdX , g ◦f)∗µ ∈ Π(µ, g∗f∗µ) and (IdX , g ◦f)∗ν ∈ Π(ν, g∗f∗ν)

have transport costs TX(IdX , g ◦ f)∗µ, TX(IdX , g ◦ f)∗ν ≤ 3ε and

TX(µ, ν) ≤ TX(µ, g∗f∗µ) + TX(g∗f∗µ, g∗f∗ν) + TX(g∗f∗ν, ν)

≤ TX(µ, g∗f∗µ) + TX(g∗f∗ν, ν) + dis(g) + TY (f∗µ, f∗ν)

≤ TY (f∗µ, f∗ν) + 10ε

and we have that

dis(f∗) ≤ 10ε. (5.38)

We now prove that f∗(P(X)) ⊆ P(Y ) is an ε-net; to see this we note that for any µ ∈ P(Y ), the

measure f∗g∗µ ∈ f∗(P(X)); but the deterministic transport plan (IdY , f ◦ g)∗µ ∈ Π(µ, f∗g∗µ) has

a transport cost TX(IdY , f ◦g)∗µ ≤ ε since ρY (f(g(y)), y) ≤ ε and we have the required result.

Remark 5.2.26. A fundamental assumption we have glossed in the above proof is that we may

take the ε-isometry f : X → Y to be measurable. For present purposes we may get around this

problem by agreeing to see this as an implicit assumption of the theorem. Moreover to apply the

standard proof we also need to be able to have a measurable O(ε)-isometry g : Y → X. Most

literature on the topic also assumes this implicitly, with the only work to comment on this explicitly

known to the author being Ref. [211] where it is claimed without proof that ϵ-isometries between

Polish spaces can be taken to be measurable without loss of generality. This statement appears to

be quite difficult to prove—the author at least has not succeeded—and so let us briefly consider
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our scope for proving key results without it. First, let us note that this problem does not arise

when the domain of the near isometry is discrete; for the case of real interest to us with X = G

a graph and Y = M a Riemannian manifold this means that we can ignore the issue when it

comes to the existence of the measurability of the near isometry f . Using the standard approach

described above, however, we still run into problems in proving the theorem because of difficulties

in guaranteeing that the near isometry g : Y → X is measurable. This is where the approach

via pullbacks described below comes into its own since we only require the measurability of f to

prove the statement. With this in mind, we shall for the remainder of the text simply assume

that the measurability of any near isometries is either guaranteed or implicitly contained in the

assumptions of any statements to be proven.

Remark 5.2.27. The entire approach breaks down for the Wasserstein p-distance with integer

p > 1 when the spaces X and Y are noncompact (have infinite diameter). The point is that one

must modify lemma 5.2.25; letting Tp,X and Tp,Y denote the Wasserstein p-distance on X and Y

respectively we essentially find that

T p
p,Y ((f × f)∗ξ) =

∫
Y×Y

d(f × f)∗ξ(y1, y2)ρpY (y1, y2)

=

∫
X×X

dξ(x1, x2)ρpY (f(x1), f(x2))

=

∫
X×X

dξ(x1, x2)|ρ+X(x1, x2) + ρpY (f(x1), f(x2)) − ρpX(x1, x2)|

≤
∫
X×X

dξ(x1, x2)(ρpX(x1, x2) + |ρpY (f(x1), f(x2)) − ρpX(x1, x2)|)

= T p
p,X(ξ) +

∫
X×X

dξ(x1, x2)|ρpY (f(x1), f(x2)) − ρpX(x1, x2)|.

Noting that

|xp − yp| = |x− y| · (xp−1 + yxp−2 + · · · + yp−2x + yp−1)

for any x, y ∈ R, we have

|ρpY (f(x1), f(x2)) − ρpX(x1, x2)| = |ρY (f(x1), f(x2)) − ρX(x1, x2)|
(

p−1∑
k=0

ρp−1−k
Y (f(x1), f(x2)ρkX(x1, x2)

)

≤ |ρY (f(x1), f(x2)) − ρX(x1, x2)|
(

p−1∑
k=0

diam(Y )p−1−kdiam(X)k

)
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and since diam(Y ) ≤ diam(X) + ε if f : X → Y is an ε-net we have

|ρpY (f(x1), f(x2)) − ρpX(x1, x2)| ≤ |ρY (f(x1), f(x2)) − ρX(x1, x2)|diam(X)p

(
p−1∑
k=0

(
1 +

ε

diam(X)

)k
)

= dis(f)diam(X)p

(
1 + ε

diam(X)

)p
− 1

ε
diam(X)

≤ diam(X)p+1

((
1 +

ε

diam(X)

)p

− 1

)
= O (diam(X)pε) .

Hence

T p
p,Y ((f × f)∗ξ) ≤ T p

p,X(ξ) + O (diam(X)pε)

and

Tp,Y ((f × f)∗ξ) ≤ Tp,X(ξ) + O
(

diam(X)ε
1
p

)
by the Minkowski inequality.

5.2.2.3 Pullbacks of Discrete Optimal Transport Plans

In this section we provide an alternative proof of 5.2.8, in which we first prove 5.2.9 by explicitly
constructing pullbacks of discrete optimal transport plans. The idea is that given the existence of
pullbacks we may show a lower bound for TY ((f × f)∗ξ) in terms of TX(ξ) and dis(f) analogous
to the upper bound derived in lemma 5.2.25:

Definition 5.2.28. Let X and Y be measurable spaces. Let µ and ν be probability measures in

X and consider a measurable mapping f : X → Y . A transport plan ξ ∈ Π(µ, ν) is said to be the

pullback of a transport plan ζ ∈ Π(f∗µ, f∗ν) along f iff ζ = (f × f)∗ξ.

Lemma 5.2.29. Let (X, ρX) and (Y, ρY ) be metric spaces and consider Borel probability measures

µ, ν ∈ P(X). If ζ ∈ Π(f∗µ, f∗ν) has a pullback f∗ζ ∈ Π(µ, ν) and TY (ζ) < ∞ we have:

TX(f∗ζ) ≤ TY (ζ) + dis(f). (5.39)

Then if (X, ρX) and (Y, ρY ) are Polish, TY (f∗µ, f∗ν) < ∞ and every ζ ∈ Π(µ, ν) has a pullback

we have:

TX(µ, ν) ≤ TY (f∗µ, f∗ν) + dis(f). (5.40)
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Proof. Since ρY is a positive function of Y × Y ,

∫
Y×Y

d(f × f)∗f
∗ζ(y1, y2)ρY (y1, y2) =

∫
Y×Y

dζ(y1, y2)ρY (y1, y2)

= TY (ζ)

< ∞,

ρY is thus (f × f)∗f
∗ζ-integrable; then by the pushforward theorem ρY ◦ f × f is f∗ζ-integrable

and

∫
X×X

df∗ζ(x1, x2)ρY (f(x1), f(x2)) =

∫
Y×Y

d(f × f)∗f
∗ζ(y1, y2)ρY (y1, y2) = TY (ζ).

But

TX(f∗ζ) =

∫
X×X

df∗ζ(x1, x2)ρX(x1, x2)

=

∫
X×X

df∗ζ(x1, x2)|ρY (f(x1), f(x2)) + ρX(x1, x2) − ρY (f(x1), f(x2))|

≤
∫
X×X

df∗ζ(x1, x2)(ρY (f(x1), f(x2)) + |ρX(x1, x2) − ρY (f(x1), f(x2))|

≤
∫
X×X

df∗ζ(x1, x2)(ρY (f(x1), f(x2)) + dis(f))

=

∫
X×X

df∗ζ(x1, x2)ρY (f(x1), f(x2)) + dis(f)

= TY (ζ) + dis(f)

as required.

Now assume that (X, ρX) and (Y, ρY ) are Polish; then if TY (f∗µ, f∗ν) < ∞ there is at least

one ζ ∈ Π(f∗µ, f∗ν) such that TY (ζ) < ∞. Then since every ζ ∈ Π(f∗µ, f∗ν) has a pullback

f∗ζ ∈ Π(µ, ν) we have:

TX(µ, ν) = inf
ξ∈Π(µ,ν)

TX(ξ) ≤ inf
ζ∈Π(f∗µ,f∗ν)

TX(f∗ζ) ≤ inf
ζ∈Π(f∗µ,f∗ν)

(TY (ζ) + dis(f)) = TY (µ, ν) + dis(f)

which proves the desired result.

As an immediate consequence of these lemmas we have:

Proposition 5.2.30. Let (X, ρX) and (Y, ρY ) be Polish, let µ, ν ∈ P(X) and suppose that every

ζ ∈ Π(f∗µ, f∗ν) has a pullback along f . Then

|TX(µ, ν) − TY (f∗µ, f∗ν)| ≤ dis(f), (5.41)

if TX(µ, ν), dis(f) < ∞.
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Proof. If TX(µ, ν) < ∞ we can apply lemma 5.2.25 to obtain the inequality 5.37; but then since

TY (f∗ν, f∗µ) ≤ TX(µ, ν) + dis(f) < ∞ we can apply lemma 5.2.29 to obtain the inequality 5.40.

Combining these two inequalities gives the desired result.

Corollary 5.2.31. Let (X, ρX) and (Y, ρY ) be Polish. For any measurable mapping f : X → Y ,

the pushforward map f∗ : µ 7→ f∗µ on P(X) satisfies

dis(f∗|Pω(X)) = dis(f). (5.42)

Proof. This follows immediately from proposition 5.2.30 if we recognise that proposition 5.2.19

implicitly asserts the existence of a pullback for every discrete transport plan.

Proposition 5.2.19 asserts the existence of pullbacks for discrete optimal transport measures; we
can do better and give an explicit construction:

Definition 5.2.32. Let X and Y be topological spaces satisfying the Hausdorff and hereditarily

Lindelöf properties. Also suppose we have two finitely supported measures µ, ν ∈ Pω(X) with

representations:

µ =
∑

a∈supp(µ)

m(a)δa ν =
∑

b∈supp(ν)

n(b)δb. (5.43)

Let f, g : X → Y be measurable mappings. By proposition 5.2.17, for any ζ ∈ Π(f∗µ, g∗ν), there

is a function ζ̃ : supp(f∗µ) × supp(g∗ν) → [0, 1] such that

ζ =
∑

(α,β)∈supp(f∗µ)×supp(g∗ν)

ζ̃(α, β)δ(α,β).

The discrete pullback of ζ ∈ Π(f∗µ, g∗ν) along f and g is the transport plan (f × g)∗ζ ∈ Π(µ, ν)

given by

(f × g)∗ζ =
∑

(a,b)∈supp(µ)×supp(ν)

ζ̃f,g(a, b)δ(a,b) (5.44)

where ζ̃f,g : supp(µ) × supp(ν) → [0, 1] is the function

ζ̃f,g(a, b) =
m(a)n(b)ζ̃(f(a), g(b))(∑

c∈f−1(f(a)) m(c)
)(∑

d∈g−1(g(b)) n(d)
) (5.45)

for each (a, b) ∈ supp(µ) × supp(ν).

Proposition 5.2.33. Let the notation be as in definition 5.2.32 with f = g. Then if f∗ζ :=

(f × f)∗ζ ∈ Π(µ, ν) is the discrete pullback of ζ ∈ Π(f∗µ, f∗ν), f∗ζ is a pullback of ζ along f in

the sense of definition 5.2.28.

Proof. Let ζ̃ be defined as definition 5.2.32; then ζ̃ satisfies certain marginal constraints. If we use
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the pushforward representation of f∗µ and g∗ν as defined in fact 5.2.14, the marginal constraints

do not take on the naive form 5.25 since sup(f∗µ) = f(supp(µ)) and supp(µ) are not necessarily

bijective (i.e. if f is not injective) and similarly for sup(g∗ν) = g(supp(ν)) and supp(ν). In

particular, we have:

f∗µ =
∑

a∈supp(µ)

m(a)δf(a) =
∑

α∈supp(f∗µ)

 ∑
a∈f−1(α)

m(a)

 δα

g∗ν =
∑

b∈supp(ν)

n(b)δg(b) =
∑

β∈supp(g∗ν)

 ∑
b∈g−1(β)

n(b)

 δβ ,

where we have decomposed the sums

∑
a∈supp(µ)

=
∑

α∈supp(f∗µ)

∑
a∈f−1(α)

∑
b∈supp(ν)

=
∑

β∈supp(g∗ν)

∑
b∈g−1(β)

, (5.46)

which is possible since the f−1(α), α ∈ f(supp(µ)) = supp(f∗µ), partition supp(µ) (similarly for

ν). Thus the marginal constraints take the form:

∑
β∈supp(g∗ν)

ζ̃(α, β) =
∑

a∈f−1(α)

m(a)
∑

α∈supp(f∗µ)

ζ̃(α, β) =
∑

b∈g−1(β)

n(b). (5.47)

Now consider ζ̃f,g as defined by 5.45; we see that:

∑
b∈supp(ν)

ζ̃f,g(a, b) =
∑

b∈supp(ν)

m(a)n(b)ζ̃(f(a), g(b))(∑
c∈f−1(f(a)) m(c)

)(∑
d∈g−1(g(b)) n(d)

)
=

m(a)(∑
c∈f−1(f(a)) m(c)

)(∑
d∈g−1(g(b)) n(d)

) ∑
β∈supp(g∗ν)

∑
b∈g−1(β)

ζ̃(f(a), β)n(b)

= m(a),

where we have used one of the sum decompositions 5.46 in moving to the second line and the

relevant marginal constraint 5.47 in the final step. Similarly

∑
a∈supp(µ)

ζ̃f,g(a, b) =
∑

a∈supp(µ)

m(a)n(b)ζ̃(f(a), g(b))(∑
c∈f−1(f(a)) m(c)

)(∑
d∈g−1(g(b)) n(d)

)
=

n(b)(∑
c∈f−1(f(a)) m(c)

) ∑
α∈supp(f∗µ)

∑
a∈f−1(α)

ζ̃(α, f(b))m(a)

= n(b).

Hence ζ̃f,g satisfies the marginal constraints 5.25 as stated in the proposition and thus defines a

transport plan (f × f)∗ζ ∈ Π(µ, ν) via equation 5.44 as per proposition 5.2.17.

It remains to show that (f × g)∗(f × g)∗ζ = ζ. Again using the monotone class theorem it is

sufficient to check that these expressions agree on measurable sets of the form E1 × E2 where E1
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and E2 ⊆ Y are measurable. In particular, letting ξ := (f × g)∗(f × g)∗ζ we find that:

ξ(E1 × E2) = (f × g)∗ζ(f−1(E1) × g−1(E2))

=
∑

(a,b)∈supp(µ)×supp(ν)

ζ̃f,g(a, b)δ(a,b)(f
−1(E1) × g−1(E2))

=
∑

(a,b)∈supp(µ)×supp(ν)∩f−1(E1)×g−1(E2)

ζ̃f,g(a, b)

=
∑

(a,b)∈supp(µ)×supp(ν)∩f−1(E1)×g−1(E2)

m(a)n(b)ζ̃(f(a), g(b))(∑
c∈f−1(f(a)) m(c)

)(∑
d∈g−1(g(b)) n(d)

)
=

∑
(α,β)∈supp(f∗µ)×supp(g∗ν)∩E1×E2

∑
a∈f−1(α)

∑
b∈g−1(β) m(a)n(b)ζ̃(α, β)(∑

c∈f−1(f(a)) m(c)
)(∑

d∈g−1(g(b)) n(d)
)

=
∑

(α,β)∈supp(f∗µ)×supp(g∗ν)∩E1×E2

ζ̃(α, β)

=
∑

(α,β)∈supp(f∗µ)×g∗(ν)

ζ̃(α, β)δ(α,β)(E1 × E2)

= ζ(E1 × E2)

as required.

It does not appear possible to generalise this result to arbitrary measures, at least without signifi-
cantly more work. Nonetheless, we can obtain the theorems 5.2.8 and 5.2.9 using the denseness of
discrete probability measures. In particular let us note:

Lemma 5.2.34. Let f : X → Y be a measurable mapping the Polish metric spaces (X, ρX) and

(Y, ρY ). Then f∗(P(X))—in fact f∗(Pω(X))—is an ϵ-net in P(Y ) for any ϵ > 0.

Proof. First note that f∗(Pω(X)) = Pω(Y ) for any measurable mapping f : X → Y . To see

this we note by fact 5.2.14 that f∗(Pω(X)) ⊆ Pω(Y ); for surjectivity simply note that if we have

µ̃ =
∑

a∈supp(µ̃) m(a)δa ∈ Pω(Y ) we can construct µ ∈ Pω(X) via µ =
∑

a∈A m(a)δa for A ⊆ X

defined such that f(A) = supp(µ̃) and |f−1(a) ∩ A| = 1 for any a ∈ supp(µ̃). Then f∗µ = µ̃ as

required. Now we note that by the denseness of Pω(X) and Pω(Y )—c.f. 2.3.36—we have for any

ϵ > 0 and any µ̃ ∈ P(Y ) a µ ∈ Pω(X) such that TY (f∗µ, µ̃) < ϵ (i.e. we pick ν̃ ∈ Pω(Y ) such that

TY (ν̃, µ̃) < ϵ and then pick µ ∈ Pω(X) such that ν̃ = f∗µ).

Remark 5.2.35. Lemma 5.2.34 is significantly stronger than any corresponding statement in the

standard approach

We can now prove theorems 5.2.8 and 5.2.9. We start with the latter

Proof of Theorem 5.2.9. Applying corollary 5.2.31 and lemma 5.2.34 shows that f∗|Pω(X) is an

ε-isometry if f is an ε-isometry.

Proof of Theorem 5.2.8. For some ϵ > 0 and any µ, ν ∈ P(X), let µ̃, ν̃ ∈ Pω(X) such that
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TX(µ, µ̃) < ϵ/4 and TX(ν̃, ν) < ϵ/4. Then if TX(µ, ν) ≥ TY (f∗µ, f∗ν), since

TX(µ, ν) ≤ TX(µ, µ̃) + TX(ν, ν̃) + TX(µ̃, ν̃)

TY (f∗µ̃, f∗ν̃) ≤ TY (f∗µ̃, f∗µ) + TY (f∗ν̃, f∗ν) + TY (f∗µ, f∗ν)

we have

|TX(µ, ν) − TY (f∗µ, f∗ν)| = TX(µ, ν) − TY (f∗µ, f∗ν)

≤ TX(µ, µ̃) + TX(ν, ν̃) + TX(µ̃, ν̃) − TY (f∗µ̃, f∗ν̃)

+ TY (f∗µ̃, f∗µ) + TY (f∗ν̃, f∗ν)

≤ 2(TX(µ, µ̃) + TX(ν, ν̃) + dis(f)) + |TX(µ̃, ν̃) − TY (f∗µ̃, f∗ν̃)|

< 3ε + ϵ

where we have applied lemma 5.2.25 in moving to the third line. Conversely, by subadditivity we

have

TX(µ̃, ν̃) ≤ TX(µ, µ̃) + TX(ν, ν̃) + TX(µ, ν)

TY (f∗µ, f∗ν) ≤ TY (f∗µ, f∗µ̃) + TY (f∗ν, f∗ν̃) + TY (f∗µ̃, f∗ν̃)

so if TY (f∗µ, f∗ν) ≥ TX(µ, ν) we have:

|TX(µ, ν) − TY (f∗µ, f∗ν)| = TY (f∗µ, f∗ν) − TX(µ, ν)

≤ TY (f∗µ, f∗µ̃) + TY (f∗ν, f∗ν̃) + TY (f∗µ̃, f∗ν̃) − TX(µ̃, ν̃)

+ TX(µ, µ̃) + TX(ν, ν̃)

≤ 2(TX(µ, µ̃) + TX(ν, ν̃) + dis(f)) + |TX(µ̃, ν̃) − TY (f∗µ̃, f∗ν̃)|

< 3ε + ϵ

where again we have applied lemma 5.2.25 in moving to the third line. Thus, taking the limit

ϵ → 0 shows us that

dis(f∗) ≤ 3ε.

The statement then follows by lemma 5.2.34.

5.2.3 The Semidiscrete Discrepancy

Notation. Recall that in any metric space (X, ρX) we have the open r-ball centred at x ∈ X

denoted by BX
r (x), for all r > 0. Also recall that the shell of radius R > 0 and thickness r > 0,

r ≤ R, centred at x ∈ X is the set SX
R,r(x) := BX

R+r(x)\BX
R−r(x). ρD denotes the metric in
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1

Figure 5.1: Deformation of metric balls under near isometries; if the distortion is small, the
deformed ball looks like a ball in the target space with boundary ripples.

Euclidean D-space RD, BD
r the r-ball in RD centred at the origin and ωD denotes the volume of

the unit Euclidean D-ball BD
1 . λ will be the Lebesgue measure and dDλ will be its differential

expression.

We have some fixed scales ε, δ, ℓ > 0, where the latter is a scale of no direct relevance for the

semidiscrete discrepancy but needed in order to establish a suitable notion of smallness for the

proof of Ollivier curvature stability. Thus, following proposition 5.2.7, throughout this section

(section 5.2.3) we shall say that a quantity α is small iff

αℓ ≪ δ2. (5.48)

Note that we assume ε ≪ δ2ℓ2 for ℓ ≪ 1 and ε is small.

Definition 5.2.36. Let G be a graph; for each u ∈ V (G) let nG
δ (u) = |BG

δ (u)|.
The fundamental aim of this section is to prove the following theorem:

Theorem 5.2.37. Let G be a graph, M a compact Riemannian manifold and ι : V (G) ↪→ M an

ε-isometry. The semidiscrete error δTSD(ι) as defined in equation 5.16 is small as long as:

nG
δ (u) = O

((
δ

ε

)D
)

δ4 ≪ ε ≪ δ3ℓ (5.49)

for all u ∈ V (G).

To prove this theorem we shall require a few preliminaries. First note that we are interested in the
behaviour of various uniform measures on open balls under the pushforward with a near isometry.
This pushforward will generally introduce certain geometric complications near the boundary of
the ball because the mapping in question is not an isometry. See figure 5.1 for an illustration of the
problem in the specific case that the measure being pushed forward is mδ

u ∈ P(G). More generally,
for technical reasons we might find that certain geometries of the support are more amenable for
our purposes than others; when the geometries differ only by minor deformations at the boundary,
then we should be able to modify the supports without any loss of generality. The following lemma
makes this intuition precise:
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Lemma 5.2.38. Let (X, ρX) be Polish with σ-algebra ΣX and fix a background Borel probability

measure µ ∈ P(X). For any x ∈ X let µ1 and µ2 be the uniform measures with respect to µ on

the sets U1 and U2 respectively, i.e.

µk(E) =
µ(E ∩ Uk)

µ(Uk)
, (5.50)

k ∈ { 1, 2 }. If we have an x ∈ X and δ, ε > 0 such that

BX
δ−ε(x) ⊆ U1 ⊆ U2 ⊆ BX

δ+ε(x), (5.51)

then

TX(µ1, µ2) ≤ O
(

µ(SX
δ,ε(x))

µ(BX
δ−ε(x))

(δ + ε)

)
(5.52)

Heuristic Proof of Lemma 5.2.38. Define ξ ∈ Π(µ1, µ2) in the following manner:

(i) Since U1 ⊆ U2, µ2(U1) ≤ µ1(U1). Thus we can let ξ leave as much mass at point y ∈ U1 as

possible. Since the mass is not moved in the process this contributes nothing to the transport

cost.

(ii) We have excess mass at each point y ∈ U1; since µ1 and µ2 are probability measures, the

excess mass at U1 will precisely fill the empty space at U2\U1; we can randomly and uniformly

distribute the excess mass at U1 at points in U2\U1. The total mass moved in this step is

µ2(U2\U1) ≤ µ(BX
δ+ε(x)\BX

δ−ε(x))

µ(BX
δ−ε(x))

=
µ(SX

δ,ε(x))

µ(BX
δ−ε(x))

and it is moved a distance at most O(δ + ε) since U1 ⊆ U2 ⊆ BX
δ+ε(x) for some x ∈ X.

The cost of the transport plan ξ is thus

TX(ξ) = O
(

µ(SX
δ,ε(x))

µ(BX
δ−ε(x)))

(δ + ε)

)
,

which proves the statement.

Formal Proof of Lemma 5.2.38. A more formal definition of ξ is as follows:

ξ(E1 × E2) =
µ(U1)

µ(U2)
(IdU1

, IdU1
)∗µ1(E1 × E2) +

µ(E1 ∩ U1)

µ(U1)
· µ(E2 ∩ U2\U1)

µ(U2)

=
µ(U1)

µ(U2)
(IdU1

, IdU1
)∗µ1(E1 × E2) + µ1(E1)µ2(E2\U1).
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To see that this is a transport plan consider

µ(E1 ×X) =
µ(U1)

µ(U2)
(IdU1

, IdU1
)∗µ1(E1 ×X) + µ1(E1)µ2(X\U1)

=
µ(U1)

µ(U2)
µ1(E1 ∩ U1) + µ1(E1)µ2(X\U1)

=
µ(E1 ∩ U1)

µ(U2)
+

µ(E1 ∩ U1)

µ(U1)
· µ(U2\U1)

µ(U2)

=
µ(E1 ∩ U1)

µ(U2)

(
1 +

µ(U2\U1)

µ(U1)

)
=

µ(E1 ∩ U1)

µ(U2)

(
1 +

µ(U2) − µ(U1)

µ(U1)

)
=

µ(E1 ∩ U1)

µ(U2)
· µ(U2)

µ(U1)

= µ1(E1)

and

µ(X × E2) =
µ(U1)

µ(U2)
(IdU1

, IdU1
)∗µ1(X × E2) + µ1(X)µ2(E2\U1)

=
µ(U1)

µ(U2)
µ1(E2 ∩ U1) + µ2(E2\U1)

=
µ(E2 ∩ U1) + µ(E2\U1)

µ(U2)

= µ2(E2)

as required. We have

TX(ξ) =

∫
X×X

dξ(x, y)ρX(x, y)

=
µ(U1)

µ(U2)

∫
△U1

d(IdU1
, IdU1

)∗µ1(x, x)ρX(x, x) +
1

µ(U1)µ(U2)

∫
U1×(U2\U1)

d2µ(x, y)ρX(x, y)

≤ O(δ + ε)

µ(U1)µ(U2)

∫
U1

dµ(x)

∫
U2\U1

dµ(y)

=
µ(U2\U1)O(δ + ε)

µ(U2)

= µ2(U2\U1)O(δ + ε)

≤
µ(SX

δ,ε(x))

µ(BX
δ−ε(x))

O(δ + ε)

= O
(

µ(SX
δ,ε(x))

µ(BX
δ−ε(x))

(δ + ε)

)
.

This lemma will be useful in conjunction with the following fact:

Fact 5.2.39. Let M be a Riemannian manifold. For any p ∈ M and any numbers r, R > 0 we
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have

volM(SM
R,r(p)) = 2DωDrRD−1

(
1 + O(R2) + O

(( r

R

)2))
(5.53a)

volM(SM
R,r(p))

volM(BM
R−r(p))

= 2D
r

R

(
1 + O

( r

R

)
+ O(R2)

)
(5.53b)

O
(

volM(SM
R,r(p))

volM(BM
R−r(p))

(R + r)

)
= O(r) (5.53c)

as long as r ≪ R ≪ 1.

Proof. On a manifold M (with bounded scalar curvature) we have

vol(BM
a (p)) = ωDaD

(
1 + O(a2)

)
for any a > 0 sufficiently small by corollary 2.4.6, so if r ≪ R ≪ 1 we have:

volM(SM
R,r(p)) = ωD

(
(R + r)D(1 + O((R + r)2)) − (R− r)D(1 + O((R− r)2))

)
= ωDRD

((
1 +

r

R

)D
(1 + O(R2)) −

(
1 − r

R

)D
(1 −O(R2))

)
= 2DωDrRD−1

(
1 + O(r2) + O

(( r

R

)2))
.

But then

volM(SM
R,r(p))

volM(BM
R−r(p))

=
2DωDrRD−1

(
1 + O(R2) + O

((
r
R

)2))
ωD(R− r)D(1 + O((R− r)2))

= 2D
r

R

(
1 + O(R2) + O

(( r

R

)2))(
1 − r

R

)−D

(1 + O(R2))−1

= 2D
r

R

(
1 + O

( r

R

)
+ O(R2)

)
and

O
(

volM(SM
R,r(p))

volM(BM
R−r(p))

(R + r)

)
= O

( r

R

(
1 + O

( r

R

)
+ O(R2)

)
(R− r)

)
= O

(
r
(

1 + O
( r

R

)
+ O(R2)

)(
1 − r

R

))
= O

(
r
(

1 + O
( r

R

)
+ O(R2)

))
= O(r).

We shall also find it useful to linearise the problem with the exponential map. Recall that this is
a mapping expp that allows us to smoothly identify small neighbourhoods of p ∈ M with small

neighbourhoods U of the origin in RD: expp : U → M. In particular, expp is a smooth radial
isometry, i.e. ρD(0, v) = ρM(p, expp(v)) for any v ∈ TpM sufficiently close to the origin, where
p = expp(0) by definition. More generally we shall make use of the following fact:
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Fact 5.2.40. Let M be a Riemannian D-manifold of bounded sectional curvature (e.g. a compact

Riemannian manifold). Then for any sufficiently small r > 0,

dis
(
expp |BD

r

)
= O(r3) (5.54)

for all p ∈ M.

This was previously stated in corollary 2.4.7, but we restate it here for the purposes of clarity of
exposition.

Fact 5.2.41. Let µD
δ denote the uniform measure on the ball BD

δ . Then

TM((expp)∗µ
D
δ , µδ

p) = O(δ3). (5.55)

Proof. Note that the exponential map is a diffeomorphism for δ sufficiently small and its inverse

is smooth; hence the exponential map has a measurable inverse and one can define the pullback of

a measure supported in a geodesic ball of p such as µδ
p as the pushforward of that measure with

respect to the inverse of the exponential map:

(expp)∗µδ
p := (exp−1

p )∗µ
δ
p.

We can thus Euclideanise: by theorem 5.2.8 and fact 5.2.40, we have

TM((expp)∗µ
D
δ , µδ

p) = TD(µD
δ , (expp)∗µδ

p) + O(δ3)

and it is sufficient to prove that TD(µD
δ , (expp)∗µδ

p) = O(δ3). This can be shown using the Kan-

torovich dual form of the optimal transport problem: we wish to optimise the expression

KD(f) = µD
δ (f) − (expp)∗µδ

p(f) = µD
δ (f) − µδ

p(f).

Note that for any 1-Lipschitz mapping f , we may consider the mapping f̃ = f − f(0) which is

clearly short and has KD(f) = KD(f̃) and f̃(0) = 0. Thus we may assume that f(0) = 0 without

loss of generality. Now, working in normal coordinates and using the asymptotic estimate for

d volM given in corollary 2.4.6, we have

µδ
p(f ◦ exp−1

p ) =
1

volM(BM
δ (p))

∫
BM

δ (p)

dvolM(q)f ◦ exp−1
p (q)

=
1

ωDδD(1 −O(δ2))

∫
BD

δ

dDλ(x)f(x)

(
1 − 1

6
||x||2Ric

(
x

||x|| ,
x

||x||

)
+ O(||x||3)

)
=

1

ωDδD

∫
BD

δ

dDλ(x)f(x)

(
1 − 1

6
||x||2Ric

(
x

||x|| ,
x

||x||

)
+ O(δ2) + O(||x||3)

)
.
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Thus

KD(f) =
1

ωDδD

∫
BD

δ

dDλ(x)f(x)

(
1

6
||x||2Ric

(
x

||x|| ,
x

||x||

)
+ O(δ2) + O(||x||3)

)
=

O(δ2)

ωDδD

∫
BD

δ

dDλ(x)f(x).

Since f(0) = 0, f(x) = f(x) − f(0) ≤ |f(x) − f(0)| ≤ ||x||, where the last step follows because f

is 1-Lipschitz. Thus
∫
BD

δ
dDλ(x)f(x) ≤ ωDδD+3 and KD(f) = O(δ3) for all short f . Taking the

supremum over these functions gives the desired result.

We can now prove the theorem:

Proof of Theorem 5.2.37. By definition

δTSD(ι) = sup
u∈V (G)

δTSD(ι, u) = sup
u∈V (G)

TM(ι∗m
δ
u, µ

δ
ι(u)),

so we wish to show that TM(ι∗m
δ
u, µ

δ
ι(u)) is small for each u ∈ V (G). We shall first fix u and

attempt to linearise the problem i.e. transform the problem of calculating TM(ι∗m
δ
u, µ

δ
ι(u)) into

the problem of calculating the Euclidean Wasserstein distance TD between two easy measures. Our

main tools in the linearisation procecss will be theorem 5.2.8, fact 5.2.40 about the exponential map

and the subadditive property of the metric that can be used to repeatedly deform the problem until

it becomes amenable to standard computations. Since u ∈ V (G) is fixed henceforth let n := nG
δ (u).

The basic aim in linearising the problem is to replace ι∗m
δ
u and µδ

ι(u) by two simple Euclidean

measures denote for the moment µA and µB . In particular we have

TM(ι∗m
δ
u, µ

δ
ι(u)) =≤ TM(ι∗m

δ
u, (expp)∗µA) + TM((expp)∗µA, (expp)∗µB) + TM((expp)∗µB , µ

δ
ι(u))

= TD(µA, µB) + TM(ι∗m
δ
u, (expp)∗µA) + TM((expp)∗µB , µ

δ
ι(u)) + O(δ3) (5.56)

where we have used subadditivity in the first step and theorem 5.2.8 with fact 5.2.40 in the second.

We now attempt to identify µA and µB guided by the idea that (a) µA and µB should be similar

to ι∗m
δ
u and µδ

ι(u) respectively so the errors arising from subadditivity are small (b) µA and µB

should be relatively simple to allow us to deduce TD(µA, µB) more or less directly. There is no

difficulty in choosing µB ; let µδ
D denote the uniform measure on the Euclidean δ-ball BD

δ . Then

by fact 5.2.41 we have

TM((expp)∗µB , µ
δ
ι(u)) = TM((expp)∗µ

δ
D, µδ

ι(u)) = O(δ3)

i.e.

TM(ι∗m
δ
u, µ

δ
ι(u)) = TD(µA, µ

δ
D) + TM(ι∗m

δ
u, (expp)∗µA) + O(δ3).
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The difficulty thus lies in choosing µA. We know that ι∗m
δ
u is discrete so it seems plausible to

choose µA discrete, but to facilitate the calculation of TD(µA, µ
δ
D) it makes sense to choose µA as

regular as possible. Thus consider a grid G of points in the Euclidean ball BD
R for some R > 0

such that |G| ∼ n and such that the minimal distance between any two points of G is O(n−1/D);

i.e. G may be obtained by rescaling and translating ZD and taking the intersection with BD
R . Let

mG be the uniform discrete measure on G; the idea, of course, is to take µA = G.

Let us first calculate (bound) TM(ι∗m
δ
u, (expp)∗µA). Since ι is an ε-isometry, ι(G) is an ε-net

in M. In particular (expp)∗µA ⊆ Uε for some U ⊆ ι(G). Moreover, we note that ι(BG
δ (u))ε =

(supp(ι∗m
δ
u))ε covers BM

δ−ε(ι(p)) and every a ∈ G can be associated to some f(a) ∈ BG
δ (u) such

that ρM(expp(a), ι(f(a))) < ε. We can thus consider the (deterministic) transport plan ξf that

sends each a to f(a) at cost O(ε) to obtain an error TM(ι∗m
δ
u, (expp)∗µA) = O(ε). There are

two caveats, however: firstly for the transport plan to be deterministic we require the mapping

f to be bijective. If |G| = n it is not clear that this is possible since we may well have some

v ∈ BG
δ (u) such that ι(v) /∈ BM

δ (ι(u)), in which case it certainly does not lie within a distance

O(ε) of expp(a) for some a ∈ G. It thus seems sensible to take |G| = n(1 −O(ε)) since (1 −O(ε))

is essentially the fraction of points of BG
δ (u) contained in BM

δ−ε(ι(p)); here we are implicitly using

the fact that n = O(δD/εD). The second caveat is that even if we have a suitable number of

points in G difficulties may arise because the exponential map is not an isometry; in particular,

points in G may be deformed from their even spacing to become very close together. If this is

the case, multiple points of G may correspond to individual points of BG
δ (u) and the mapping

f : a ∈ G 7→ f(a) ∈ BG
δ (u) may not serve its intended purpose. To avoid this pathology we require

ε ≪ n− 1
D − δ3

since points in G are necessarily separated by a distance O(n−1/D) and the distortion of the

exponential map is O(δ3). Then f is an injection and we can specify the following transport plan:

n(1 − O(ε)) < n so at each expp(a) ∈ expp(G) we have a mass (1 + O(ε))/n > 1/n. We can

thus move a mass 1/n from expp(a) to ι(f(a)) at cost O(ε) for each a ∈ G. We do this for all

n(1 − O(ε)) elements of G and this part of the transport plan contributes O(ε(1 − ε)) = O(ε) to

the total cost. To complete the transport plan the remaining O(ε)/n mass at each a ∈ G must be

moved to appropriate points of ι(BG
δ (u)); we can do this randomly at cost O(δ + ε) = O(δ) for

each vertex; thus this part of the plan contributes O(εδ) to the total cost. Thus the total transport

cost TM(ξf ) = O(ε) and TM(ι∗m
δ
u, (expp)∗µA) = TM(ι∗m

δ
u, (expp)∗mG) = O(ε) which is small.

We now turn to the Euclidean cost TD(µD
δ ,mG). This is essentially an elementary Euclidean

semidiscrete matching problem, a problem that has has been studied extensively, c.f. e.g. [145,

247]. We solve the problem in a very simple manner: since G is some scaling of Z—or perhaps

some other regular lattice, the key is to have equidistant nearest neighbours—-we can specify a

Wigner-Seitz cell Wa for each point a ∈ G (Voronoi tesselation) and define the uniform measure
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µG on the set
⋃

a∈GWa. One possible transport plan sends the entire mass at a Wigner-Seitz cell

Wa to the vertex a for each a ∈ G (in fact this transport plan is optimal, an intuitively obvious

statement). The mass of each cell is 1/ñ and it is moved a distance O(n−1/D); since this must be

repeated for ñ different cells the total transport cost is given

TM(µG,mG) = O
(
n− 1

D

)
.

We must also compute TM(µD
δ , µG). Since

BD
δ−ε−O(n−1/D) ⊆ BD

δ ,
⋃
a∈G

Wa ⊆ BD
δ+ε+O(n−1/D)

we can apply lemma 5.2.38 and fact 5.2.39 to obtain an additional error O(n−1/D + ε).

The statement thus follows if we can appropriately bound n. First note that since we can cover

BM
δ−ε(ι(u)) with

⋃
v∈BG

δ (u) B
M
ε (ι(v)) and since the volume of this set is less than the volume of n

disjoint ε-balls we have

n ≥ BM
δ−ε(ι(u))

BM
ε (ι(u))

=
ωD(δ − ε)D(1 −O((δ − ε)2))

ωDεD(1 −O(ε2))
=

(
δ

ε

)D (
1 + O(ε) + O(δ2)

)
which rearranges to

n− 1
D = O

(ε
δ

)
Since ε ≪ δ3ℓ by the constraint 5.49, the quantity α = n− 1

D /ℓ = ε/δℓ ≪ δ2, i.e. α is small as

required.

It thus remains to show that the constraint ε ≪ n− 1
D − δ3 holds. Note that the expression

n−1/D = O(ε/δ) can only be used to bound n−1/D from above whereas we need to bound it from

below. But in the statement of the theorem we assume that n = O(δD/εD) which gives the desired

lower bound on n in terms of ε/δ. The inequality on n−1/D − δ3 then becomes εδ + δ4 ≪ ε; since

εδ ≪ ε trivially the constraint thus becomes δ4 ≪ ε. But this is assumed in constraint 5.49 and

the theorem is proved.

Remark 5.2.42. Note that in the above proof we compute

δTSD(ι) = O
(ε
δ

+ δ3 + ε
)
. (5.57)

Remark 5.2.43. The difficulty involved in the semidiscrete calculation is essentially two-fold: the

number of points n = |BG
δ (u)| needs to be large to ensure that the semidiscrete error is small, but it

cannot be too large as then the comparison with the grid measure mG would fail. Thus n needs to

be bounded both above and below for all points u to ensure convergence of the Ollivier curvature.
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Roughly speaking, the proof requires that the quasilocal region BM
δ (ι(u)) remains stable as the

graphs converge to M. Using the fact that ι(G) is an ε-net in M it is easy to find a lower bound

for n. Such direct methods do not seem entirely appropriate for upper bounds however, and we

have included the upper bound explicitly in the statement of the theorem.

Nonetheless it seems likely that this can be avoided given a suitably clever application of the finite

Vitali covering theorem (other covering theorems might prove even more helpful).4 The idea is

that we have a finite collection of metric balls B1, ..., Bn (we shall assume for convenience the balls

to all have equal radius ε) that cover some metric space X. It turns out we can pick out a disjoint

subset Bk1
, ..., Bkm

, m < n, such that Bka
capBkb

= ∅ for any a, b ∈ { 1, ...,m } and such that⋃m
ℓ=1 3Bkℓ

covers X where 3Bkℓ
is the ball with the same centre as Bkℓ

and radius 3ε. To see this

we note that since the original set covers X, we can pick any ball B not belonging to the reduced

set Bk1
, ..., Bkm

and find a point x ∈ B that intersects with some Bkℓ
. Any point of B is within a

distance 2ε of x while x is within a distance of the centre of Bkℓ
and the statement follows from

subadditivity.

For our purposes the utility should be clear. We have a cover of any subset of M in terms of n

ε-balls each of volume V and suppose we obtain a disjoint subset of m balls in line with the above.

We can lower bound n by taking the ratio of the volume of the set in question with V , and also

lower bound m by taking the ratio with 3DV . The lower bound for n, however, is an upper bound

for m. At fixed D the scale factor 3D is simply a constant and we can replace the graph G with

the reduced graph obtained via the Vitali lemma in this manner.

5.3 From the Curvature to the Einstein-Hilbert Action

The main result of this section is theorem 5.3.9, which specifies a discrete Einstein-Hilbert action
defined in terms of the Ollivier curvature which converges to the continuum version on configura-
tions that converge suitably to a Riemannian manifold in the sense of Gromov-Hausdorff. We first
present the theorem and proof in a heuristic outline, before giving a more formal presentation.

5.3.1 An Informal Outline of the Main Result

Our result concerns the following situation: recall that G is a graph on N vertices and M is
a compact Riemannian manifold. We assume that we have an ε-isometry ι : G ↪→ M. The
assumption is that G arises from some random dynamical process that does not fix the background
manifold M a priori ; the graph G itself however is a fixed configuration i.e. it has no random
structure that we can appeal to.

At its most elementary our main claim is the following:

Outline of Theorem 5.3.9: If ε = ε(N) is sufficiently small and N sufficiently large,
there is a discrete Einstein-Hilbert action ADEH = ADEH(G) such that the error

δA(G,M) := |ADEH(G) −AEH(M)| (5.58)

is small where AEH is the Riemannian Einstein-Hilbert action. ADEH is defined in
terms of the graph Ollivier curvature.

4See e.g. section 1.5 of Ref. [108] for a discussion.
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The existence of a theorem of this kind is in and of itself of no surprise: the main challenge is to
find the form of ADEH and specify any conditions that need to be satisfied for the above to hold.
A convergence result also follows almost immediately from the above. From a distance, it is clear
that relating the Einstein-Hilbert action to the graph Ollivier curvature requires three steps:

(i) The Einstein-Hilbert action AEH is defined as the integral over M of the scalar curvature
R. Thus, if we can approximate integrals over M via a suitable operation in G, we reduce
the problem of approximating AEH to approximating the Ricci scalar R at each point.

(ii) The Ricci scalar R at a point p ∈ M is defined as the trace of the Ricci curvature Ricp
at p ∈ M. If we can approximate the trace, the problem thus reduces to a finding an
approximation of the Ricci curvature at each point p ∈ M.

(iii) We know that the manifold Ollivier curvature approximates the Ricci curvature. It is thus
sufficient for the purpose of theorem 5.3.9 to show that the graph Ollivier curvature approx-
imates in some sense the manifold Ollivier curvature.

The last of these three steps has already been achieved in section 5.2. The first step is fairly
elementary: since ι(G) is an ε-net in M, the balls BM

ε (ι(u)), u ∈ G, form an open cover of M.
Thus by the definition of integration on manifolds we may define the integral over M as a sum of
local integrals over the balls BM

ε (ι(u)) given some partition of unity. For ε-sufficiently small and f
sufficiently regular (e.g. Lipschitz continuous for some appropriate constant), we may assume that
the integrand is constant over the ball BM

ε (ι(u)) and we have an approximation for the integral of
a smooth function f : M → R in terms over a sum of terms f(ι(u)), u ∈ G, appropriately scaled
by a volume form. Note that this step essentially revolves around the scale ε > 0 associated to the
Gromov-Hausdorff error of the graph. It also involves putting a restriction on the variation of the
density of the sample ι(G) of the ball in order to render the sum over the entire graph a reasonable
integral over the entire manifold.

Two basic steps are required in showing that we may approximate the trace. Fundamentally, we
use the fact that the trace in RD has the following integral representation:

trD(T ) =
1

ωD

∫
SD−1

dvolSD−1(x)T (x, x)

=
1

ωD

∫
SD−1

dDx d(x)T (x, x), (5.59)

where

d(x) = sinD−2(φ1) sinD−3(φ2) · · · sin(φD−2) (5.60)

assigns to x the Jacobean determinant for spherical coordinates evaluated on x/||x||. This can be
checked explicitly with an elementary, if tedious, calculation. The factor ωD arises because the
trace of the constant bilinear form 1 : (x, x) 7→ 1 is D and we have the relation DωD = volD(SD−1).
In fact, with minimal adjustment we can clearly express Eq. 5.59 as an integral over ∂BD

ℓ for any
ℓ > 0:

trD(T ) =
1

ωD

∫
∂BD

ℓ

dDx d(x)T

(
x

||x|| ,
x

||x||

)
. (5.61)

We have thus introduced a scale ℓ > 0 into the problem. The first step in approximating the trace
involves discretising this result; to do so, we note that we may choose a set of points U in RD such
that a sum of the integrand over these points constitutes a Riemann sum for the integral Eq. 5.61.
We shall call any such set a trace grid. It is natural to assume that these points lie in the annulus
SD
ℓ,r—introducing a secondary scale r > 0 that determines the thickness of the shell—and that the

points are regular in the sense that adjacent points have constant separation. Since we wish to use
SD
ℓ,r to approximate ∂BD

ℓ , we have

r ≪ ℓ, (5.62)
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while the distance between points is essentially determined by the size |U | of the set U . In particular
if we let M ∈ N be such that

|U | = 2MD−1, (5.63)

the angular difference between adjacent points of U will be O(M−1). The metric distance between
adjacent points is consequently O((ℓ + r)M−1) = O(ℓM−1). We also find that the discretisation
error is of order O(M−1).

We now turn to the intrinsic characterisation of the trace approximation above.5 The idea is that
for any u ∈ G, we may recursively construct a set Ũ ⊆ SG

ℓ,r(u) ⊆ G such that ι(Ũ) is almost

expp(U), p = ι(u), for some trace grid U ⊆ TpM. When we say that ι(Ũ) is almost expp(U) this
means there is a bijection u 7→ ũ such that ρM(expp(u), ι(ũ)) < ε. In fact we require slightly more

since in the specification of the set Ũ we also need to be able to assign angular coordinates to
elements of Ũ in such a way that the spherical volume element function d can be approximated on
Ũ . Since ι(G) is, by assumption, an ε-net in M it is at some level obvious that we may find a set Ũ
and a (surjective) mapping u 7→ ũ such that ρM(expp(u), ι(ũ)) < ε for a trace grid U . It is a little
harder, however, to ensure that this mapping is a bijection: the point is that while the exponential
map is a radial isometry it is not a full isometry. Hence even though expp(SD

ℓ,r) = SM
ℓ,r(p), we

may find points in U moved closer together by a distance determined by the distortion of the
exponential map. This distortion can be characterised more or less precisely for manifolds with
bounded sectional curvature as per fact 5.2.40:

dis(expp |BD
R ) = O(R3)

for geodesic balls BD
R with radius 0 < R ≪ 1. In particular this means that the points in U

are shifted by a distance O((ℓ + r)3) = O(ℓ3) and adjacent points in expp(U) can be as close as
O(ℓM−1 − ℓ3). Thus if ℓM−1 − ℓ3 ∼ ε we may have several points of expp(U) nearby the same
point of ι(G); if this occurs sufficiently often then the sum over points in G matched to expp(U)
will not approximate the sum over U after all and we require:

(ε + ℓ3)M ≪ ℓ. (5.64)

This constraint is essentially a constraint on M : M must be large since the error arising from
treating Eq. 5.61 via a Riemann sum goes with the inverse of M . However if M is too large, the
points in U become too close together to guarantee that a sum over matching points in G will in
fact approximate the Riemann sum of trD.

The recursive construction of Ũ itself ultimately boils down to being able to specify a notion of
relative angle between points of G, essentially via the cosine rule. For sufficiently nearby points
we have a precise estimate of the error of this assignment when nearly isometrically imbedded in
M; thus if this error is much smaller than the angular separation between adjacent points in U ,
we can reliably pick out elements of G which ‘should be’ adjacent to points v ∈ Ũ . Such points
will exist if G approximates M since such points exist in M. Note, however, that the recursive
construction of Ũ proceeds intrinsically and as such it should be specified in such a way that the
recursion terminates in all graphs; however the recursion will obviously fail to produce a set Ũ
satisfying the above properties if G is not Gromov-Hausdorff close to M since, for instance, there
is no need for the points that ‘should be’ adjacent to v ∈ Ũ to exist.

5.3.2 Approximating Integrals

As remarked above this step is elementary and we may immediately state the key result relating
to approximating integrals over M:

Lemma 5.3.1. Let α > 0 be a constant such that α ≪ 1 and such that the family {BM
ε(1−α)(ι(u)) }

u∈G

is pairwise disjoint. Let f : M → R be a function which is K-locally Lipschitz in the balls

5Note that the following exactly parallels the discussion in the matching between the discrete graph measure
and the discrete measure on the Euclidean grid G in the proof of theorem 5.2.37.
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{BM
ε (ι(u)) }u∈G with bounded uniform norm ||f ||∞ ≤ K̃, where the constants K and K̃ satisfy

Kε ≪ 1 ≪ K K̃α ≪ 1, (5.65)

and let g : G → R be a function such that

|f(ι(u)) − g(u)| = O(σ) (5.66)

for some σ > 0. Then if

ε = N− 1
D , (5.67)

we have ∣∣∣∣∣
∫
M

dvolM(x)f(x) − ωD

N

∑
u∈G

g(u)

∣∣∣∣∣ = O
(

max(Kε, K̃α, σ)
)
. (5.68)

Proof. Recall that any measurable function f can be expressed as a sum f = f+ − f− where

f± are positive measurable functions; in this way
∫
f =

∫
f+ −

∫
f− and to show that we may

approximate
∫
f it is sufficient to show we may approximate

∫
f for f positive. Thus let us assume

that f : M → R is positive without loss of generality.

Now recall that ι : G ↪→ M is an ε-isometry, ι(G) is an ε-net in M and the balls {BM
ε (ι(u)) }u∈G

form an open cover of M. We may choose a partition of unity { ρu }u∈G subordinate to {BM
ε (ι(u)) }u∈G

such that ρu(u) = 1 for all u ∈ G. Since ρu takes values in [0, 1] for all u ∈ G we note that ρuf ≤ f

and

∫
M

dvolM(x)f(x) =
∑
u∈G

∫
BM

ε (ι(u))

dvolM(x)ρu(x)f(x)

≤
∑
u∈G

∫
BM

ε (ι(u))

dvolM(x)f(x)

≤
∑
u∈G

∫
BM

ε (ι(u))

dvolM(x)(f(ι(u)) + |f(x) − f(ι(u))|)

≤
∑
u∈G

∫
BM

ε (ι(u))

dvolM(x)(f(ι(u)) + KρM(ι(u), x))

≤
∑
u∈G

∫
BM

ε (ι(u))

dvolM(x)(f(ι(u)) + Kε)

=
∑
u∈G

(f(ι(u)) + Kε)volM(BM
ε (ι(u)))

= ωDεD
∑
u∈G

(f(ι(u)) + Kε)(1 + O(ε))

=
ωD

N

∑
u∈G

f(ι(u)) + O(Kε). (5.69)

We have used the Lipschitz continuity of f |BM
ε (ι(u)), u ∈ G, in moving to the fourth line, the
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fact that vol(BM
ε (q)) = εDωD(1 + O(ε)) for all q ∈ M in moving to the sixth line, and the

identification N = εD in moving to the final line.

On the other hand, using the fact that the family {BM
r (ι(u)) }u∈G is pairwise disjoint for r = ε(1−

α) we note that there is a partition of unity { ρu }u∈G subordinate to the cover {BM
ε (ι(u)) }u∈G

such that ρu|BM
r (ι(u)) = 1. Then again by the definition of the integral we have

∫
M

dvolM(x)f(x) =
∑
u∈G

∫
BM

ε (ι(u))

dvolM(x)ρu(x)f(x)

≥
∑
u∈G

∫
BM

r (ι(u))

dvolM(x)f(x).

Note also that for every x ∈ BM
ε (ι(u)), we have:

f(ι(u)) −Kε ≤ f(x).

This is trivial if f(ι(u)) ≤ f(x) while if f(ι(u)) > f(x) we have by Lipschitz continuity

f(ι(u)) − f(x) = |f(ι(u)) − f(x)| ≤ KρM(ι(u), x) < Kε.

Thus

∫
M

dvolM(x)f(x) ≥
∑
u∈G

∫
BM

r (ι(u))

dvolM(x)f(x)

≥
∑
u∈G

∫
BM

r (ι(u))

dvolM(x)(f(ι(u)) −Kε)

=
∑
u∈G

(f(ι(u)) −Kε)volM(BM
r (ι(u)))

= ωD

∑
u∈G

(f(ι(u)) −Kε)rD(1 −O(r))

= ωDεD
∑
u∈G

(f(ι(u)) −Kε)(1 − α)D(1 −O(ε))

=
ωD

N

∑
u∈G

(f(ι(u)) −Kε)(1 −O(α))(1 −O(ε)).

Multiplying out the right-hand side and using the fact that

O(α)
ωD

N

∑
u∈G

f(ι(u)) ≤ O(α)
ωD

N

∑
u∈G

K̃ = O(K̃α)

means that we finally have

∫
M

dvolM(x)f(x) ≥ ωD

N

∑
u∈G

f(ι(u)) −O(max(Kε, K̃α)).
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Combining this inequality with inequality 5.69 gives

∣∣∣∣∣
∫
M

dvolM(x)f(x) − ωD

N

∑
u∈G

f(ι(u))

∣∣∣∣∣ = O(max(Kε, K̃α)).

But then by subadditivity we have

∣∣∣∣∣
∫
M

dvolM(x)f(x) − ωD

N

∑
u∈G

g(u)

∣∣∣∣∣ ≤
∣∣∣∣∣
∫
M

dvolM(x)f(x) − ωD

N

∑
u∈G

f(ι(u))

∣∣∣∣∣
+

∣∣∣∣∣ωD

N

∑
u∈G

f(ι(u)) − ωD

N

∑
u∈G

g(u)

∣∣∣∣∣
= O(max(Kε, K̃α)) +

∣∣∣∣∣ωD

N

∑
u∈G

(f(ι(u)) − g(u))

∣∣∣∣∣
≤ O(max(Kε, K̃α)) +

ωD

N

∑
u∈G

|f(ι(u)) − g(u)|

= O(max(Kε, K̃α)) +
ωD

N

∑
u∈G

O(σ)

= O(max(Kε, K̃α)) + O(σ)

= O(max(Kε, K̃α, σ))

as required.

Remark 5.3.2. Let us briefly interpret some of the constraints in the lemma above. In precise

terms the requirement that ‘f is K-locally Lipschitz in the balls {BM
ε (ι(u)) }u∈G’ means that

f |BM
ε (ι(u)) is K-Lipschitz for all u ∈ G. This is a rather weak requirement. For instance, every

smooth function is locally Lipschitz continuous, and so the requirement is simply that K is the

uniform bound on Lipschitz constants for the smooth Lipschitz functions f |BM
ε (ι(u)). In principle

the value of K is restricted by the requirement Kε ≪ 1, but since ε = N−1/D, we can extend to

arbitrarily large K by increasing N . The requirement that 1 ≪ K is also not a real restriction: if

a function is K1-Lipschitz then it is K2-Lipschitz for all K2 ≥ K1.

The assignment ε = N−1/D relates two a priori distinct quantities viz. the size of the graph and

the quality of the Gromov-Hausdorff approximation. Essentially this requirement is that ε has the

‘correct’ scaling to interpret N as a volume. (It is worth noting that we may include a constant

on the right-hand side of Eq. 5.67 at the expense of including it in the denominator in front of

the sum on the left-hand side Eq. 5.68.) This places certain restrictions on the kinds of sequence

of graph for which it is possible to approximate integrals: the graphs cannot converge either too

quickly or too slowly to the manifold in question if the assignment 5.67 is to be maintained.

A much more stringent restriction on the Gromov-Hausdorff sequences we consider is given by

the condition that the family {BM
ε(1−α)(ι(u)) }

u∈G
is pairwise disjoint.This essentially means that

asymptotically the cover defined by the balls {BM
ε (ι(u)) }u∈G is uniformly sparse. It remains to

be seen whether this requirement is too restrictive to deal with practical random models.
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The bound on f in the uniform norm also appears to be quite strict for the simple fact that it

couples to α: K̃α ≪ 1. In fact this restriction is probably best seen as a trade off: the more rapidly

α → 0 the more slack we have on K̃.

5.3.3 Taking the Trace

Again, as described above, taking the trace is rather more involved. In our informal outline we
proceeded by discretising the Euclidean integral representation of the trace 5.59. The idea is to
introduce a set of points in TpM in such a way that summing over these points gives a Riemann
sum for the integral 5.61. More precisely we define Euclidean trace grids as follows:

Definition 5.3.3. Let M ∈ N be a (large) positive integer, and consider the multi-index m =

(m1, ...,mD−1) where m1, ...,mD−2 ∈ { 1, ...,M } and mD−1 ∈ { 1, ..., 2M }. For any ℓ, r > 0 with

r ≪ ℓ, a Euclidean trace grid on 2MD−1 points in the annulus SD
ℓ,r is any set U = { (tm, um) }

indexed by the multi-index m such that

um =
(πm1

M
, · · · , πmD−1

M

)
(5.70)

in spherical coordinates and ℓ− r < tm < ℓ+ r for all m (up to a rigid rotation of the entire grid).

For any trace grid U and any bilinear form T : RD × RD → R we define:

trU (T ) =
πD−1

ωDMD−1

∑
m

d(um)T (um, um). (5.71)

The point of this definition is that it immediately yields the following:

| trD(T ) − trU (T )| = O(M−1), (5.72)

i.e. as long as M is large we may approximate the trace by summing over the points in the trace
grid.

The aim is to characterise trU via a sum over some set in G. This involves (a) intrinsically
specifying a set Ũ ⊆ G such that ι(Ũ) is almost expp(U) for some Euclidean trace grid U ⊆ TpM
and (b) finding a way of characterising the summand d(um)T (um, um) for each multi-index m
via some function on G that can be specified without reference to M. For present purposes, we
shall assume that we can in fact do this for the bilinear form T—this is the substance of the
demonstration that the Ollivier curvature may be approximated—and we need only specify the
spherical volume element function d. It turns out that both of these tasks can be achieved at once:
the idea is that for each u ∈ G, we may recursively construct a mapping θu : SG

ℓ,r(u) → U ∪ { 0 }
where U is a Euclidean trace grid, such that if we take Ũ = θ−1

u (U) ⊆ SG
ℓ,r(u) we have that θu|Ũ

is an injection and expp(U) approximates ι(Ũ). By construction, then, Ũ resolves point (a) and

since θu obviously assigns each u ∈ Ũ an angular coordinate (the coordinate of the corresponding
point in U), we see that the summand of trU can also be well approximated on Ũ .

How does one construct the mapping θu? We begin by noting that given any root point in a
Euclidean trace grid U—which by rotational invariance of the trace we may identify as u(1,...,1) ∈
U—we can recursively obtain the entire trace grid by successively moving to adjacent points in the
grid. In this sense it is sufficient to be able to identify the analogue of adjacent points in the set
Ũ . It turns out that this may be achieved given knowledge of the relative angle between points in
G. More precisely we define the following:

Definition 5.3.4. For any u ∈ G and for suitable ℓ, r > 0 and v1, v2 ∈ SG
ℓ,r(u), we define the
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relative angle between v1 and v2 with respect to u by

θGu (v1, v2) = arccos

(
a2 + b2 − c2

2ab

)
, (5.73)

where a = ρG(u, v1), b = ρG(u, v2) and c = ρG(v1, v2).

We have a precise estimate for the error of the relative angle when G is Gromov-Hausdorff close
to M:

Lemma 5.3.5. Let p = ι(u) ∈ M for u ∈ G and consider v1, v2 ∈ SG
ℓ,r(u) with r, ℓ > 0 and r ≪ ℓ.

For ℓ sufficiently small, we have

∣∣θD(V1, V2) − θGu (v1, v2)
∣∣ =

∣∣θD(V1, V2) − θMp (V1, V2)
∣∣ =

∣∣θMp (V1, V2) − θGu (v1, v2)
∣∣ = O(ℓ2),

(5.74)

where Vk = exp−1
p (ι(vk)) for k ∈ { 1, 2 } and θD(x, y) is the Euclidean angle between any vectors

x, y ∈ RD.

Proof. Let p ∈ M and let γ1 and γ2 be geodesics issuing from p, i.e. γ1(0) = γ2(0) = p. If θ is

the angle between the geodesics γ1 and γ2 at p, i.e. the angle θMp ((γ̇1)0, (γ̇2)0), then for s, t > 0

sufficiently small we have the standard Taylor expansion (see corollary 2.4.7)

ρ2M(γ1(s), γ2(t)) = s2 + t2 − 2st cos θ + O((s, t)4)

where O((s, t)4) means that the error is fourth-order in products of s and t. This follows from

the Jacobi equation. Identifying p = ι(u), γ1(s) = ι(v1) and γ2(t) = ι(v2) for u ∈ G and v1, v2 ∈
SG
ℓ,r(u), we may replace manifold distances by graph distances at the cost of an error of order εℓ

since dis(ι) = ε:

ρG(v1, v2)2 = x2 + y2 − 2xy cos θ + O(max(εℓ, (s, t)4)),

where x = ρG(u, v1) and y = ρG(u, v2). Rearranging this expression gives

cos θ = cos θGu (v1, v2) + O(max(εℓ−1, ℓ2)),

if we note that s, t = O(ℓ+r) = O(ℓ). But ε ≪ δ2ℓ ≪ ℓ3 and ε/ℓ ≪ ℓ2, i.e. cos θ = cos θGu (v1, v2)+

O(ℓ2). The smoothness of arccos then implies that

|θ − θGu (v1, v2)| = O(ℓ2).

But we also have the asymptotic expansion

⟨V1, V2⟩p = ||V1||p · ||V2||p cos θ + O((||V1||p, ||V2||p)4),
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and by the definition of θMp (V1, V2) we have

cos θMp (V1, V2) = cos θ + O(ℓ2)

where we have used ||V1||p = s, ||V2||p = t and s, t = O(ℓ). The smoothness of arccos then gives

|θMp (V1, V2) − θ| = O(ℓ2).

Hence the required result follows from subaddditivity.

We now turn to our recursive construction of θu. Essentially we wish to prove the following:

Theorem 5.3.6. Let G be a graph and let ℓ, r > 0 with r ≪ ℓ. For any positive integer M such

that

Mℓ2 ≪ 1, (5.75)

and for each u ∈ G, we can recursively construct a mapping θu : SG
ℓ,r(u) → RD satisfying the

following properties:

(i) θu(SG
ℓ,r(u)) = U ∪ { 0 } where U ⊆ SD

ℓ,r is a Euclidean trace grid on 2MD−1 points.

(ii) If ρGH(M, G) = ε/2 for some ε ≪ r ≪ ℓ such that

ε ≪ ℓ3 2MD−1 ≤ O
(
rℓD−1

εD

)
, (5.76)

then |θ−1
u (U)| = 2MD−1 and for any ε-isometry ι : G → M we have

ρM(expι(u)(θu(v)), ι(v)) = O(ℓ3) (5.77)

for all v ∈ θ−1
u (U).

To prove this statement it will be helpful to have some terminology:

Notation. Let G be a graph and pick ℓ, r > 0 and the positive integer M as above, i.e. Mℓ2 ≪ 1

and r ≪ ℓ. Fix some u ∈ G.

(i) Two vertices v1, v2 ∈ SG
ℓ,r(u) are said to be (M, ℓ)-adjacent iff

∣∣∣θuG(v1, v2) − π

M

∣∣∣ = O(ℓ2). (5.78)

(ii) Let v1, v2 ∈ SG
ℓ,r(u) be (M, ℓ)-adjacent. A vertex v3 ∈ SG

ℓ,r(u) that is (M, ℓ)-adjacent to v1 is

(M, ℓ)-perpendicular to the pair (v1, v2) iff

∣∣∣θGv1(v2, v3) − π

2

∣∣∣ = O
(
Mℓ2

)
. (5.79)
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(iii) A sequence of points v0, ..., vn such that vk and vk+1 are (M, ℓ)-adjacent for all k ∈ { 1, ..., n− 1 }
are said to be in line iff for all k1, k2, k3 ∈ { 1, ..., n } such that k1 < k2 < k3 we have

θuG(vk1 , vk3) = θuG(vk1 , vk2) + θuG(vk2 , vk3) + O(ℓ2). (5.80)

Proof. Recall that any Euclidean trace grid on 2MD−1 points is given U = {um } for the multi-

index m = (m1, ...,mD−1) where m1, ...,mD−2 ∈ { 1, ...,M } and mD−1 ∈ { 1, ..., 2M }. Thus it is

sufficient to pick out a suitable set V ⊆ SG
ℓ,r(u) such that V = { vm } and then identify

θu(v) =

 um, v = vm

0, otherwise

The recursive construction of the set V must satisfy the following properties if θu is to satisfy

the required properties: the mapping m → vm is injective and ρM(expι(u)(um), ι(vm)) = O(ℓ3)

whenever G is Gromov-Hausdorff close to M, where the precise meaning of this phrase is given by

the conditions on ε in the statement of the theorem.

We now specify the recursive construction of V . First note that the set U ∪ { 0 } can be given a

graph structure in the following manner: connect 0 to every vertex in U and connect two vertices in

U iff they are adjacent i.e. their angular separation is π/M . Thus the notions of (M, ℓ)-adjacency

etc. extend to this graph. Given u(1,...,1) note that we can obtain U (up to a relabelling, or

equivalently a rigid rotation about the axis of u(1,...,1)) recursively in the following manner:

(i) Pick u(2,1,...,1) as any element of U that is (M, 0)-adjacent to u(1,...,1). Assume that we have

picked u(1,...,2,...,1) where the 2 is in the kth position, for all k ≤ K < D−1. Then u(1,...,2,...,1)

with the 2 in the (K + 1)th position is an element of U that is (M, 0)-adjacent to u(1,...,1)

and (M, 0)-perpendicular to u(1,...,2,...,1) with 2 in the kth position for all k ∈ { 1, ...,K }.

(ii) Now assume that we have obtained um for all multi-indices m = (m1, ...,mD−1) such that∑D−1
k=1 mk − (D − 1) = K, K ∈ { 0, 1, ... }. Let m = (m1, ...,mD−1) be a multi-index such

that
∑D−1

k=1 mk − (D− 1) = K + 1. Either um is uniquely specified as the unique vertex that

is both (M, 0)-perpendicular and (M, 0)-adjacent to some family of points already specified,

or it extends a sequence of already specified points that are in line.

We define V by applying the above algorithm to points in SG
ℓ,r(u), where v(1,..,1) can be chosen

arbitrarily and (M, 0)-adjacency and (M, 0)-perpendicularity are replaced with (M, ℓ)-adjacency

etc. There is a caveat insofar as unlike in the case of the graph U ∪ { 0 } it is not clear that the

required ‘adjacent’ point will exist according to this algorithm; in such a situation the algorithm

terminates early (alternatively we set vm = v(1,...,1)) and θu does not have the desired properties

(may not be well defined).

It is clear that the algorithm does not terminate early if G is Gromov-Hausdorff close to a manifold

272



Chapter 5: Convergence of Combinatorial Gravity

M by lemma 5.3.5: the graph U∪{ 0 } pushes forward to a distorted graph in M and so the required

adjacent point exists in SM
ℓ,r(p) as long as we weaken (M, 0)-adjacency etc to (M, ℓ)-adjacency. But

then we can pick points in SG
ℓ,r(u) that are O(ε) close to the relevant points of SM

ℓ,r(p); we pick

up an angular error of O(ε/ℓ) due to the metric distortion of the near isometry ι. Thus ε ≪ ℓ3

ensures that this error is O(ℓ2) and thus that the algorithm does not terminate early. This is not

sufficient to ensure that θu is well defined: the mapping m 7→ vm must also be injective. This is

guaranteed as long as we have

ρM(expι(u)(um), ι(vm)) ∼ R ≪ ℓ

M
− ℓ3

for all m: the quantity on the right-hand side controls (up to scale factors) the distance between

adjacent points of U in M so if R controls the distance between expι(u)(um) and ι(vm) for all m,

then the assignment must be injective since the R-ball at ι(vm) can contain at most one point of

expp(U). Since Mℓ2 ≪ 1 by assumption, ℓ3 ≪ ℓ/M and so 2ℓ3 ≪ ℓ/M i.e. ℓ3 ≪ ℓ/M − ℓ3 and we

may take R = O(ℓ3). It is thus sufficient to prove that the recursion preserves the constraint:

ρM(expι(u)(um), ι(vm)) = O(ℓ3).

Let us consider the case that um is in line with some sequence u1, ..., un ∈ U and pick vm in line

with the corresponding sequence v1, ..., vn and (M, ℓ)-adjacent to vn. By construction, ι(vn) is in

line with expι(u)({u1, ..., un }) which ensures the desired constraint. Similar remarks go for joint

neighbours ((M, ℓ)-perpendicular points.) Note that we use the fact that perpendicular points

in SD
ℓ,r are separated by a distance O(ℓ/M) while they are distorted by the exponential map a

distance O(ℓ3) so the angular error is O(ell3)/O(ℓ/M) = O(Mℓ2). However since all points lie in

the sphere we only have to propagate this angular error a distance O(ℓ/M) leading to an overall

error in the distance O(ℓ3).

Note that the constraint 2MD−1 ≤ O(rℓD−1/εD) is required to ensure that it is indeed possible

to pick a subset of SG
ℓ,r(u) with 2MD−1 points.

Definition 5.3.7. The function θu defined in theorem 5.3.6 above is called the angular assignment

at u ∈ G on n = 2MD−1 vertices. We then define the trace of a function f : SG
ℓ,r(u) → R at u via

the expression

truG(f) :=
πD−1

ωDMD−1

∑
v∈SG

ℓ,r(u)

d(θu(v))f(v), (5.81)

where the sum is over all multi

The point of this definition is ultimately the following which shows that if we have a function on
the graph that approximates a bilinear form on a manifold then the traces agree up to small errors:

Corollary 5.3.8. Let M be a Riemannian manifold and let T be a bilinear form at p ∈ M. Let
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G be a graph and ι : G ↪→ M an ε-isometry with p = ι(u) for some u ∈ G. Let ℓ, r and M be

as in theorem 5.3.6, i.e. we have constraints 5.75 and 5.76. Finally suppose there is a mapping

f : SG
ℓ,r(u) → R such that

|f(v) − T (θu(v), θu(v))| = O(σ) (5.82)

for all v ∈ θ−1
u (U). Then

|trD(T ) − truG(f)| = O(max(M−1, σ)). (5.83)

Proof. This is a simple consequence of subadditivity and the definition of θu. In particular we have

| trD(T ) − truG(f)| ≤ | trD(T ) − trU (T )| + | trU (T ) − truG(g)|

= O(M−1) + | trU (T ) − truG(g)|.

But, assuming that θu is well formed, θu is injective on the set θ−1
u (U) and we have a well-defined

inverse vm = θ−1
u (um) for each multi-index m; thus we see that

∑
v∈SG

ℓ,r(u)

d(θu(v))g(v) =
∑
m

d(θu(vm))g(vm)

=
∑
m

d(um)g(vm),

since by construction θu(v) = 0 (and hence d(θu(v)) = 0) if v /∈ θ−1
u (U). Then by subadditivity we

have:

| trD(T ) − truG(f)| ≤ O(M−1) +
πD−1

ωDMD−1

∣∣∣∣∣∑
m

d(um)(T (um, um) − g(vm))

∣∣∣∣∣
≤ O(M−1) +

πD−1

ωDMD−1

∑
m

d(um) |T (um, um) − g(vm)|

= O(M−1) + O(σ)

which proves the statement.

5.3.4 The Main Theorem

In this section we prove our main theorem, viz. there is a discrete Einstein-Hilbert action that
converges to its counterpart on suitable sequences of graphs that converge to a compact Riemannian
manifold

Theorem 5.3.9. Let G be a graph with N vertices, let M be a compact Riemannian D-manifold,

D > 1, and let ι : G → M be an ε(N)-isometry such that the balls {BM
ε(1−α)(ι(u)) }

u∈G
are

pairwise disjoint for some α > 0 with α ≪ 1. Let R be the Ricci scalar of M and suppose that the

positive constants K and K̃ are such that R|BM
ε (ι(u)) is K-Lipschitz for each u ∈ G, the uniform
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norm ||R||∞ ≤ K̃ and

Kε ≪ 1 ≪ K K̃α ≪ 1. (5.84)

Then let

ε(N) = N− 1
D δ(N) = N−a ℓ(N) = N−b r(N) = N−c M(N) = Nd, (5.85)

and define:

ADEH(G; δ, ℓ, r,M) =
1

Nδ2

∑
u∈G

4πD−1(D + 2)

MD−1

∑
v∈SG

ℓ,r(u)

d (θu(v))κδ
G(u, v), (5.86)

where for each u ∈ G, θu is an angular assignment on 2MD−1 points at u. For N sufficiently

large, any choice of numbers a, b, c, d > 0 such that

b < a, c <
1

D
(5.87a)

(3a + b)D < 1 < 4aD (5.87b)

1

2
d < b ≤ 1 − c

D − 1
− d (5.87c)

ensures that

δADEH = |ADEH(G; δ, ℓ) −AEH(M))|

= O
(

max
(
N−a(3+2b), N− 1−(c+(D−1)b)

D−1

))
(5.88)

holds and is small (≪ 1) for sufficiently large N .

Remark 5.3.10. We have two types of constraint in the statement of the above theorem: the

constraints 5.87 are basically constraints on the relevant scales of the problem required in order

to ensure convergence at various different levels. There is a real possibility a priori that these

constraints are incompatible and part of the proof will precisely be an attempt to show that the

above constraints are in fact compatible. The second type of constraint are given by the inequalities

5.84 and are required due to their role in lemma 5.3.1. Naively, these constraints are essentially

presented as a constraint on the type of limiting manifold for which the above discrete Einstein-

Hilbert action can be shown to converge. Certainly the quantities K and K̃ are defined as bounds

on the Ricci scalar of the manifold. However, as already discussed in remark 5.3.2, it is perhaps

better to interpret these as restrictions on the types of convergent sequence for which the discrete

Einstein-Hilbert action will converge.

Remark 5.3.11. Note that to make the action ADEH intrinsic, we need to be able to specify D

independently of the limiting manifold; noting that involved in the above claim is the fact that

275



Chapter 5: Convergence of Combinatorial Gravity

small balls at each point converge to small balls in the manifold, we see that the intrinsic Hausdorff

dimension—defined as the power relating the radius of a ball to its volume—also converges and

we may characterise D intrinsically in this manner.

As an immediate corollary to the above theorem we thus have:

Corollary 5.3.12. For any space of (weighted) graphs Ω, there is a discrete Einstein-Hilbert action

ADEH : Ω → R given by Eq. 5.86 such that ADEH(ωN ) → AEH(M) for any suitable sequence

of graphs {ωN }N∈N+ ⊆ Ω such that |ωN | = N and ωN → M sufficiently rapidly in the sense of

Gromov-Hausdorff.

First let us collect together the results of section 5.2.3:

Lemma 5.3.13. Let G be a graph, let ι : G ↪→ M be an ε-isometry. Given δ, ℓ, r > 0 such that

δ4 ≪ ε ≪ min(δ2ℓ2, δ3) δ ≪ ℓ, (5.89)

the mapping f : v 7→ 2(D + 2)κδ
G(u, v)/δ2 is a mapping on SG

ℓ,r(u) such that

|Ric(exp−1
p (ι(v)), exp−1

p (ι(v))) − f(v)| = O
(

max
(
ℓ,

ε

δ2ℓ2
,
ε

δ3

))
(5.90)

for all v ∈ SG
ℓ,r(u) where p = ι(u), for all u ∈ G.

Proof. Collect the results from section 5.2, specifically, corollary 5.2.5, proposition 5.2.7, theorem

5.2.8 and theorem 5.2.37, or more properly remark 5.2.42.

Proof of Theorem 5.3.9. Given the conditions in lemma 5.3.13, i.e.

δ4 ≪ ε ≪ min(δ2ℓ2, δ3) δ ≪ ℓ,

and r ≪ ℓ, we have

2(D + 2)

δ2
κδ
G(u, v) = Ric(exp−1

p (ι(v)), exp−1
p (ι(v))) + δκ

where

δκ = O
(

max
(
ℓ,

ε

δ2ℓ2
,
ε

δ3

))
.

But by theorem 5.3.6 we have an angular assignment θu on n = 2MD−1 vertices at u ∈ G such

that

ρM(expι(u) um, ι(vm)) = O(ℓ3)
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as long as

Mℓ2 ≪ 1 2MD−1 = O(rℓD−1/εD).

Then

ρD(um, vm) = O(ℓ3)

and we may Taylor expand Ric about θu(v) for each v ∈ SG
ℓ,r(u) to obtain

Ric(exp−1
p (ι(v)), exp−1

p (ι(v))) = Ric(θu(v), θu(v)) + O(ℓ3)

i.e.

∣∣κδ
G(u, v) − Ric(θu(v), θu(v))

∣∣ = O(max(ℓ3, δκ)).

But noting that

ADEH(G; δ, ℓ, r) =
ωD

N

∑
u∈G

truG(f),

we have by corollary 5.3.8 that

ADEH(G; δ, ℓ, r) =
ωD

N

∑
u∈G

truG(f)

=
ωD

N

∑
u∈G

trD(Ricι(u)) + O(max(ℓ3, δκ,M−1)) (5.91)

=
ωD

N

∑
u∈G

R(ι(u)) + O(max(ℓ3, δκ,M−1))

where R is the scalar curvature. The statement then follows by lemma 5.3.1 and the definition of

AEH = volM(R) as long as ε = N−1/D.

We have thus derived the desired result given the following constraints:

ε = N− 1
D δ4 ≪ ε ≪ min(δ2ℓ2, δ3) ε ≪ δ, r ≪ ℓ Mℓ2 ≪ 1 ≪ M 2MD−1 = O

(
rℓD−1

εD

)
.

Note that these constraints automatically ensure that the error vanishes as N → ∞. We show

that given the definitions 5.85, the constraints above follow from the constraints 5.87: ε = N−1/D

is directly stated in one of these constraints as required. In particular it is easy to see that δ4 ≪ ε

comes from 1 < 4aD which is assumed in constraint 5.87. On the other hand ε ≪ δ3 is equivalent

to 3aD < 1. The condition ε ≪ δ2ℓ2 is equivalent to 2(a + b) < 1. Also δ ≪ ℓ implies a > b so

both of these constraints follow from (3a + b) < 1, which is also assumed in 5.87. ε ≪ r ≪ ℓ gives

c ≪ b < 1/D while a < 1/D implies ε ≪ δ. It thus remains to derive the constraints for M . But

277



Chapter 5: Convergence of Combinatorial Gravity

if 0 < d, 1 ≪ M while Mℓ2 ≪ 1 if d < 2b. Also M = O(rℓD−1/εD) is equivalent to

d(D − 1) ≤ 1 − (D − 1)b− c or b ≤ 1 − c

D − 1
− d

where we have used the fact that d > 0. This gives us the final of the constraints in equation 5.87.

Finally it remains to show that the constraints 5.87 are consistent. Pick some ϵ > 0 such that

ϵ < 1/4 and let

a = c =
1 + ϵ

4D
b =

1 − 4ϵ

4D
.

Clearly, 0 < b < a = c < 1/D trivially. For the second constraint note that.

(3a + b)D = 1 − 1

4
ϵ < 1 < 1 + ϵ = 4aD

as required. For the final inequlity we first note that since b > 0 we can pick any d > 0 such that

d < (1 − 4ε)/2D to obtain the desired result here. On the other hand, since d > 0, (1 − c)/(D −
1) − d > (1 − c)/(D − 1) − 2b and the desired inequality certainly holds if 3b(D − 1) < (1 − c).

Multiplying both sides by 4D we obtain

3(D − 1)(1 − 4ϵ) < 4D − 1 − ϵ or (13 − 12D)ϵ < D + 2.

The left-hand side of the second expression is negative for all D > 1 while the right-hand side is

positive so the desired inequality holds for arbitrary choices of ϵ > 0. On the other hand in D = 1

we required ϵ < 3 which has already been imposed by the choicce ϵ < 1/4.

5.3.5 Klein-Gordon Fields

In this section we briefly summarise our method of dealing with Klein-Gordon fields, defined as
scalar fields which locally satisfy the Euler-Lagrange equations associated with the following Klein-
Gordon Lagrangian:

LKG(φ,dφ) =
1

2
tr(dφ⊗ dφ) +

1

2
mφ2. (5.92)

The point is that previously derived results allow us to approximate the Klein-Gordon action

AKG =

∫
M

d volM(x)LKG(φ(x),dφ(x)) (5.93)

If we have points a, b ∈ M such that ρM(a, b) < δ for δ sufficiently small, then we have a unit
tangent vector V at a for the unique geodesic connecting a and b; by definition this satisfies:

∣∣∣∣dφ(V ) − φ(b) − φ(a)

ρM(a, b)

∣∣∣∣ = O(δ). (5.94)

The following then follows immediately from an application of lemma 5.3.1 and corollary 5.3.8:
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Proposition 5.3.14. Let ωn → M in the sense of Gromov-Hausdorff as above and let fn : ωn → R

be a sequence of functions that converges pointwise to a smooth function φ : M → R. This means

that for any sequence of εn-nets ιn : ωn → M such that εn → 0, and any sequence of points

un ∈ ωn such that ιn(un) → p ∈ M, we have fn(un) → φ(p). If φ is a Klein-Gordon field, i.e. if

it extremises the Klein-Gordon action AKG, then there is a discrete Klein-Gordon action ADKG

such that ADKG(fn) → AKG(φ).

Higher interaction terms can easily be incorporated, but it is not clear how one might go about
approximating higher valence (vector/tensor) fields. The main point is that in order to take the
derivative of such fields one needs to be able to approximate the smooth Levi-Civita connection;
our entire approach, however, has been based around the idea that this can be dispensed with since
the phenomenal quantities of conventional Einstein-Gravity can be determined via the Ricci tensor
alone, something which can be determined by the metric and measure theoretic structure, allowing
us to dispense with the full smooth structure. Presumably, given knowledge of the connection—a
strictly stronger requirement since it would permit us to reconstruct the full Riemann curvature
tensor—we would be much closer to reproducing the full smooth structure of the Riemannian
manifold in question, and it seems unlikely that we have many prospects in this direction. From
this perspective, the fact that we can nonetheless obtain convergent Klein-Gordon (scalar) fields
appears to be something of an accident.

5.4 Conclusions

Let us briefly make some remarks about the significance of the results in this chapter: broadly
speaking this work is part of the combinatorial quantum gravity programme more widely con-
strued than in chapter 4. Without these convergence results, combinatorial quantum gravity is
essentially a suggestive random graph model which displays some particularly clear signatures of
emergent geometric structure including a classical phase dominated by near-lattice configurations
and good evidence of a continuous phase transition. It is not entirely clear how that model re-
lates to Euclidean quantum gravity proper, however, because the action adopted is at best a formal
discretisation of the continuum Einstein-Hilbert action which at most agrees near the Ricci-flat sec-
tor. Indeed, as discussed in our earlier chapter on combinatorial quantum gravity, Akara-pipattana,
Chotibut and Evnin [2] have expressed reservations about the gravitational interpretation of this
work on precisely these grounds.

Here we have attempted to bring combinatorial quantum gravity much closer to standard Euclidean
quantum gravity and the present results are thus a necessary step in the treatment of combinatorial
quantum gravity as a programme rather than as a particular (class of) model(s). It is hoped that
the above convergence results address, or at least clarify, some of the reservations highlighted in
our previous chapter on combinatorial quantum gravity and expressed e.g. by Akara-pipattana,
Chotibut and Evnin. Conceptually, the result shows that if a graph is like a manifold—in the precise
sense that it is Gromov-Hausdorff proximal to a manifold—then the discrete Einstein-Hilbert action
of the graph will be very nearly the continuum Einstein-Hilbert action of the manifold. By extension
such a graph will contribute a similar amount to the partition function as its Gromov-Hausdorff
proximal manifold configurations. The partition function itself of any model of random graphs will
probably look rather different from that of naive Euclidean quantum gravity or—less naively—
of Euclidan dynamical triangulations. As shown by Loisel and Romon [207], discrete notions of
curvature often differ significantly even on the most simple configurations. Ollivier curvature, in
particular, is unlikely to look like Regge calculus in many instances since it is sensitive to the
precise structure of local clustering; for instance if we take a regular triangulation and regular
quadrangulation of the same surface, an Ollivier curvature based action will give very different
results for the two discrete configurations. The configuration spaces on which the models are defined
are also potentially very different. We stress that from our perspective, significant differences from
Regge calculus on discrete configurations is desirable: if Ollivier curvature based models are too
similar to dynamical triangulations models we could hardly avoid pathologies like the branched
polymer phase.

There is a slightly different way of looking at the main result of the present chapter: here we specify
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a viable regularised kinematics for Euclidean quantum gravity. The hope is that the dynamics
give rather different results from Euclidean dynamical triangulations. From this perspective, the
present result is rather similar to the results of Benincasa and Dowker [28] which gives an action
on causal sets that agrees on sprinklings in Lorentzian manifolds. However, while it is not clear
how a dynamical model of random graphs (or causal sets) can result in a random geometric graph
(sprinkling) in some background manifold, it is quite possible to obtain (even spontaneously) graphs
that are Gromov-Hausdorff proximal to particular manifolds as we showed in [181]. This is the
advantage of explicitly formulating a geometric rather than probabilistic convergence theory.

Several key difficulties remain, however. Firstly there is the problem of noncompact manifolds:
the Gromov-Hausdorff metric is only defined on the space of (isometry classes of) compact metric
spaces and the question of noncompact limits immediately arises. In fact there is a sense of pointed
Gromov-Hausdorff convergence for locally compact geodesic spaces, where one considers Gromov-
Hausdorff convergence with respect to some reference family of compact subsets of the space. One
potential issue with this approach is that pointed Gromov-Hausdorff convergence depends on a
choice of reference point, leading to a loss of gauge invariance. Another issue is that the Gromov-
Hausdorff distance is hard to compute [262], so even knowing that a scaling limit exists may be
somewhat uninformative if the structure of the scaling limit is not known.

There is an interesting question about the connection to causal models: all of our work has been
firmly concerned with Euclidean gravity, and due to the significance of metric structure for the
specification of Ollivier curvature it is unclear to the authors how and if the present results extend to
Lorentzian contexts. It is worth noting that Gorard [129] has suggested that the Ollivier curvature
extends to Lorentzian manifolds with little extra work, while there has been some interesting
work on optimal transport in Lorentzian manifolds [99, 220, 230]. Another interesting question is
on the existence of coarse analogues of the Einstein field equations: again, Gorard has suggested
that discrete Einstein-Field equations may be derived using a kind of formal analogue of Chapman-
Enskog theory, though we confess that we have yet to fully understand this argument. Conceptually,
the role of the field equations is to provide a ‘local’ test of extremality in the sense that they
allow one to check extremality (minimality?) without knowledge of any other configurations. As
such, while undoubtedly convenient, it is not clear that the existence of field equations has any
fundamental significance. In summary, we believe that both the problem of Lorentzian coarse
curvature and the problem of rough Einstein field equations are worth pursuing further, but we
have little of interest to say about them at present.
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Conclusion and Future Work

Let us conclude with a few remarks: we have presented some of the main lines of development in
the programme of combinatorial quantum gravity, seeking to use new discrete notions of curvature
to study the problem of (Euclidean) quantum gravity. We have focussed in particular on the
Ollivier curvature of optimal transport theory, studied its realisation in elementary discrete contexts
and used these results to study a concrete statistical model—also dubbed combinatorial quantum
gravity—with several interesting features relating to the emergence of geometric structure. We
have also derived a convergent discrete Einstein-Hilbert action. Many issues, in particular in
relation to the numerical analysis of combinatorial quantum gravity, remain open. For instance,
the properties of the model for high degree d > 4 are almost totally unknown. Unfortunately,
unless qualitatively different methods are applied (probably requiring expertise in computational
physics that the author is not equipped with), the author is not hopeful for their resolution in the
near future.

There is growing interest in a variety of discrete notions of curvature in mathematics, and thus
far applications in physics do not appear to have kept up with developments. Nonetheless, the
Ollivier curvature does has several crucial benefits over its competitors: firstly, unlike the Sturm-
Lott-Villani curvature of optimal transport theory proper, the Ollivier curvature is well defined
for discrete spaces; moreover, unlike the Erbar-Maas curvature, the Ollivier curvature can be
expressed quite explicitly in a variety of contexts. It is moreover a precise characterisation of the
Ricci curvature in a manifold rather than an expression of a lower bound. This is of course central
to its use in a regularisation of gravity as described above. At the same time our understanding of
both the Ollivier curvature and combinatorial gravity may benefit from a more precise comparison
to alternative curvature notions; for instance, the author is inclined to study the Bakry-Émery
curvature in a similar class of graphs to those studied in chapter 4 as a test of universality. There
are already good indications that the Forman curvature [117] is closely related to the Ollivier
curvature [259, 277], while a gravitationally inspired model based on the Forman curvature has
been studied by Lombard [210].

Perhaps a more immediate concern than the study of alternative notions of curvature is to complete
the study of Ollivier curvature. The model of combinatorial quantum gravity presented in chapter
4 has several very interesting features relating to the emergence of geometry, but it also has severe
defects from the perspective of a gravitational theory: superexponential growth of configuration
space, uncertain phase transition order for high degree and most importantly a nonconvergent
action. It was argued in chapter 4 that the first of these problems could be resolved by fixing the
topology of the graphs considered, but it is unclear what effect this would have on the scaling limit
of the theory. A numerical study of the convergent action introduced in chapter 5 in, for instance,
the context of a network growth model could also be very enlightening.

From a totally different perspective, the optimal transport theoretic study of gravity appears to be
in its infancy at best. Other than general results of Riemannian geometry there has been little work
on the topic, despite the fact that optimal transport has become something of a paradigm for the
study of low regularity (Riemannian) geometry. At the quantum level, as far as the author is aware,
work that can be regarded as part of this programme (optimal transport theoretic gravity) has been
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conducted by three groups: the work of the author and collaborators as described above, the work
of Gorard [129] on Ollivier curvature driven Wolfram models [298] and the work of Brunekreef,
Klitgaard and Loll [52, 53, 186–188] on quantum Ricci curvature. Classically the only relevant
studies known to the author are the works of Mondino and Suhr [230] and McCann [220] which are
both concerned with the topic of Lorentzian optimal transport. We shall say more on this topic
shortly. For now we note that optimal transport theoretic ideas have found fruitful application
in noncommutative geometry insofar as the so-called Connes metric is nothing other than the
Wasserstein metric in that particular case [87, 219], and Carfora has conducted an extensive
study of the connection between the renormalisation theory of the nonlinear σ-model and Ricci
flow from an optimal transport theoretic perspective [57, 58]. (One problem begs for immediate
attention: the Sturm-Lott-Villani approach to synthetic curvature characterises lower curvature
bounds via (a slightly modified notion of) convexity of entropy functionals along displacement
interpolations (time-dependent optimal transport). It strikes the author as highly implausible
that this perspective has nothing to elucidate about the Ryu-Takayanagi conjecture which relates
the entanglement entropy of boundary regions to minimal surfaces in the bulk AdS geometry
homologous to the boundary region in question.) At any rate, despite the somewhat scattered
nature of present studies, there is perhaps an incipient field of rough (Euclidean) gravity that
deserves attention.

Perhaps part of the problem has been the nearly total concern with Riemannian rather than
Lorentzian geometry in the optimal transport theoretic literature—and indeed every discussion of
Lorentzian optimal transport known to the author has been explicitly inspired by physics [99, 220,
230]. With brief exceptions, we have quite assiduously avoided the topic of causal structure in
this thesis, and perhaps a few comments are in order. One of the major lessons of the dynamical
triangulations programme is that Lorentzian structure helps to solve several major issues with the
Euclidean approach to quantum gravity and there is perhaps a legitimate question on returning to
the Euclidean framework. There are perhaps two general points of philosophy, one methodological
and one ontological: methodologically, it seems quite clear that a pluralistic approach to scientific
study is the most fruitful in the long run and unless practical contingencies are particularly pressing
it is hoped that funding bodies can accommodate a range of different research interests. From a
more physical perspective, a key motivation throughout has been a hope that research in the
Euclidean case will help to shed light on the possible emergence of causal structure. Trugenberger
[283] has recently put forward an explicit argument to this end on the basis of ideas considered here.
Despite the interesting nature of this proposal, the author feels that it remains a little speculative in
character and it seems fair to say that we have yet to shed any definite light on the idea of emergent
time. A more practical justification of this work is related to recent research trends: the exact
mathematical theory of 2D-quantum gravity has recently undergone spectacular development—
see e.g. Ref. [224]—and thus brought new attention to the field. As argued above, however,
developments in the optimal transport theoretic study of gravity are also a natural consequence of
recent mathematical developments. It would be pleasing to bring these two lines of development
closer together.
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Appendix A

Graph Theory Basics

In this appendix we introduce some basic terminology and notation from graph theory that we
shall use throughout this thesis. We follow Ref. [94].

Definition A.1.

(i) A graph is a pair G = (V (G), E(G)) where V (G) is a set of vertices, nodes or points of G

and E(G) is a set of edges uv := {u, v } ⊆ V (G). We shall often write u ∈ G rather than

u ∈ V (G) for a vertex of a graph G.

(ii) Two vertices u, v ∈ V (G) are said to be neighbours or adjacent in G iff there is an edge

uv ∈ E(G). We may write u ∼ v if u and v are adjacent. A vertex u ∈ V (G) is said to be

incident to an edge e ∈ E(G) (and vice versa) iff u ∈ e. The set of neighbours of a vertex

u ∈ V (G) will be denoted NG(u).

(iii) An edge uu ∈ E(G) is called a loop; a graph is said to be simple iff it has no loops.

(iv) A graph is finite iff |V (G)| is finite.

Notation. Typically, throughout this thesis, we shall let N := |V (G)| for some (unspecified) graph

G. That is to say, the symbol N will be reserved for the number of points in a graph G.

Definition A.2.

(i) A subgraph of a graph G = (V (G), E(G)) is a graph H = (V (H), E(H)) such that V (H) ⊆
V (G) and E(H) ⊆ E(G). We will write H ⊆ G for subgraphs. A subgraph H ⊆ G is the

induced subgraph of G on V (H) iff

E(H) = {uv ∈ E(G) : u, v ∈ V (H) } . (A.1)

(ii) The product of two graphs G and H is the graph with vertex set V (G)×V (H) and such that

(u1, u2) ∼ (v1, v2) iff u1 = v1 and u2 ∼ v2 or u2 = v2 and u1 ∼ v1.
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(iii) A weighted graph is a triple G = (V (G), E(G), w) where (V (G), E(G)) is a graph and w :

E(G) → R is a weight function. w(e) is the weight of the edge e ∈ E(G).

Definition A.3. Let G be a graph.

(i) The degree of a vertex is the number of edges incident to that vertex. It is denoted dGu for

each u ∈ G; clearly dGu = |NG(u)|.

(ii) The degree sequence dG of a graph G is the integral vector indexed by V (G) such that

dG(u) = dGu for each u ∈ V (G).

(iii) G is d-regular iff dGu = d for all u ∈ G; a graph is regular iff it is d-regular for some d ∈ N+.

(iv) A graph G is locally finite iff dGu < ∞ for all u ∈ G.

Definition A.4. Let G be a graph.

(i) A walk of length n ∈ N in G is a sequence (u0, ..., un) such that uk ∈ V (G) for each

k ∈ { 0, ..., n } and uk ∼ ik+1 for all k ∈ { 0, ..., n− 1 }.

(ii) A walk (u0, ..., un) is said to be between to points u, v ∈ V (G) iff u0 = u and un = v. We

shall say that a vertex u intersects a walk (u0, ..., un) iff u = uk for some k ∈ { 0, ..., n }. An

edge uv ∈ E(G) supports a walk (u0, ..., un) iff there is some k ∈ { 0, ..., n− 1 } such that

uv = ukuk+1.

(iii) A walk (u0, ..., un) is said to be closed iff u0 = un. A path is a walk (u0, ..., un) such that

uk ̸= uℓ for any distinct k, ℓ ∈ { 0, ..., n }.

(iv) A graph is connected iff there a finite path between any two vertices in G.

(v) The geodesic or graph distance between two vertices u, v ∈ G is defined

ρG(u, v) = inf
γ∈Γ(u,v)

|γ| (A.2)

where Γ(u, v) is the set of paths between u and v and |γ| is the length of the path γ.

Definition A.5.

(i) A cycle is a closed walk (u0, ..., un) such that (u0, ..., un−1) is a path. We let Cn denote the

n-cycle i.e. the cycle of length n.

(ii) The girth of G is the length of the shortest cycle in G.

(iii) A triangle, square or pentagon in G is a 3, 4 or 5-cycle in G.

(iv) A graph G is a forest iff it is acyclic i.e. has no cycles. It is a tree iff it is a connected forest.
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Metric Spaces and Length Spaces

In this appendix we briefly review some elementary features in the theory of metric spaces and
length spaces.

B.1 A Primer on Metric Topology

In this section we present without proof the main results about metric topology that we shall use
in the subsequent; the material is standard and contained in e.g. [45, 54, 121, 135, 191].

Definition B.1. Let X be a set. A pseudometric on X is a positive mapping ρX : X×X → [0,∞],

ρX : (x, y) 7→ ρX(x, y) satisfying the following properties:

(i) Symmetry: ρX(x, y) = ρX(y, x) for all x, y ∈ X.

(ii) Subadditivity: ρX(x, y) ≤ ρX(x, z) + ρX(z, y) for all x, y, z ∈ X.

(iii) Semidefiniteness: ρX(x, x) = 0 for all x ∈ X.

A pseudometric is said to be a metric iff it satisfies the following additional property:

(iv) Definiteness: ρX(x, y) = 0 implies x = y for all x, y ∈ X.

A pair (X, ρX) where ρX is a (pseudo)metric on X is called a (pseudo)metric space.

Example B.2.

(i) RD equipped with the standard metric

ρD(x, y) =

√√√√ D∑
k=1

(xk − yk)2 (B.1)

is a metric space.

(ii) Let (Ω,Σ, µ) be a measure space. The mapping ρ : Σ × Σ → R defined by

ρ(E1, E2) = µ(E1△E2) (B.2)
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is a pseudometric on Σ, where △ is the symmetric difference.

(iii) Let (X, ρX) be a pseudometric space. We may define an equivalence relation ∼= on X via

x ∼= y iff ρX(x, y) = 0. The metric ρX descends naturally to X/ ∼= since if x ∼= y we have

ρX(x, z) ≤ ρX(x, y) + ρX(y, z) = ρX(y, z) ≤ ρX(y, x) + ρX(x, z) = ρX(x, z) (B.3)

for all z ∈ X by subadditivity and symmetry. After descent ρX is a (definite) metric on

X/ ∼=. We call this the metric Kolmogorov quotient of the pseudometric space (X, ρX).

Definition B.3. Let (X, ρX) be a pseudometric space.

(i) For each x ∈ X and each r > 0, the open (respectively closed) ball of radius r centred at x is

the set

Br(x) := { y ∈ X : ρX(x, y) < r } Br(x) := { y ∈ X : ρX(x, y) ≤ r } (B.4a)

We define the boundary of the open (equivalently closed) ball of radius r centred at x to be

the set:

∂Br(x) := ∂Br(x) := Br(x)/Br(x) = { y ∈ X : ρX(x, y) = r } . (B.4b)

(ii) For any set A ⊆ X and any ε > 0, we define the ε-thickening of A as the set

Aε :=
⋃
a∈A

Bε(a). (B.5)

(iii) For any ε > 0, a set A ⊆ X is called an ε-net in another set B ⊆ X iff B ⊆ Aε.

(iv) The diameter of a set A ⊆ X is defined as the number in [0,∞] given by

diam(A) := sup
x, y∈A

ρX(x, y). (B.6)

A set A is said to be bounded iff it has finite diameter; ρX is said to be finite iff X is bounded.

(v) A set A ⊆ X is said to be totally bounded iff for each ε > 0 there is a finite ε-net in A.

Theorem B.4. Let (X, ρX) be a pseudometric space. The class

⋃
x∈X

{Br(x) ⊆ X : r ∈ Q } (B.7)

forms a neighbourhood base for a topology in X, called the metric topology of (X, ρX).

Corollary B.5. The metric topology of (X, ρX) is first-countable.
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In particular this means that the notions of convergence, closure and continuity are totally deter-
mined by the class of convergent sequences. We summarise this in the following:

Proposition B.6.

(i) Let (X, ρX) be a pseudometric space. For any A ⊆ X, the closure of A is the set of all points

limn∈N xn, where we consider sequences {xn }n∈N ⊆ A.

(ii) Let (X, ρX) and (Y, ρY ) be pseudometric spaces. A mapping f : X → Y is continuous iff

for each convergent sequence {xn }n∈N ⊆ X with limit x, the sequence { f(xn) }n∈N ⊆ Y

converges to f(x).

We also have the following metric characterisations of limit and continuity in metric spaces.

Lemma B.7.

(i) Let (X, ρX) be a pseudometric space. A sequence {xn }n∈N ⊆ X converges to a point x ∈ X

iff for each ε > 0 there is an N ∈ N such that xn ∈ Bε(x) for all n > N .

(ii) Let (X, ρX) and (Y, ρY ) be pseudometric spaces. A mapping f : X → Y is continuous at a

point x ∈ X iff for each ε > 0 there is a δ > 0 such that f(Bδ(x)) ⊆ Bε(f(x)).

Note that sequences in metric spaces but not pseudometric spaces have unique limits:

Proposition B.8. Let (X, ρX) be a pseudometric space. Then the following statements are equiv-

alent:

(i) (X, ρX) is a metric space.

(ii) The metric topology of (X, ρX) is Hausdorff.

(iii) Every convergent sequence in X has a unique limit.

Topological structure is more general than metric structure in the sense that many metrics on a
set determine the same topology:

Proposition B.9. Let X be a set and let ρ1 and ρ2 be pseudometrics on X. The following

statements are equivalent:

(i) The metric topologies induced by ρ1 and ρ2 of X are the same.

(ii) For each x ∈ X, there are positive constants c1, c2 > 0 such that

1

c1
ρ1(x, y) ≤ ρ2(x, y) ≤ c2ρ1(x, y) (B.8)

for all y ∈ X.

(iii) The identity IdX : (X,T1) → (X,T2) is a homeomorphism.

Thus it is appropriate to consider more restricted morphisms than continuous mappings:

Definition B.10. Let (X, ρX) and (Y, ρY ) be pseudometric spaces and consider a mapping f :

X → Y .
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(i) f is said to be uniformly continuous iff for every ε > 0 there is a δ > 0 such that for all

x1, x2 ∈ X, ρX(x1, x2) < δ implies that ρY (f(x1), f(x2)) < y.

(ii) For any K ≥ 0, f is said to be K-Lipschitz iff ρY (f(x1), f(x2)) ≤ KρX(x1, x2) for all

x1, x2 ∈ X. f is Lipschitz continuous iff it is K-Lipschitz for some finite K ≥ 0. If K = 1

we may also say that f is short while if K < 0 we call f a contraction. A bijective bilipschitz

function f is said to be bilipschitz iff it is Lipschitz continuous and its inverse f−1 is also

Lipschitz continuous.

(iii) f is said to be an isometry iff ρX(x1, x2) = ρY (f(x1), f(x2)) for all x ∈ X. If f is a bijective

isometry then we say that (X, ρX) and (Y, ρY ) are isometric. f is a local isometry iff for each

x ∈ X, there is an open neighbourhood U of x such that f |U is an isometry.

Note that every isometry between metric spaces is an injection.

Corollary B.11. Let (X, ρX) and (Y, ρY ) be metric spaces. A surjective mapping f : X → Y is

bilipschitz iff there is a K ≥ 1 such that

1

K
ρX(x1, x2) ≤ ρY (f(x1), f(x2)) ≤ KρX(f(x1), f(x2)). (B.9)

We have the following relations between these notions:

Proposition B.12. Let (X, ρX) and (Y, ρY ) be metric spaces.

(i) Every isometry f : X → Y is short; a bijectives isometry is also bilipschitz. There are short

maps that are not isometries.

(ii) Every Lipschitz continuous function f : X → Y is uniformly continuous. There are uniformly

continuous functions that are not Lipschitz continuous.

(iii) Every uniformly continuous function f : X → Y is continous but the converse does not hold.

One important notion of metric topology is completeness which is not available in general topo-
logical spaces:

Definition B.13. Let (X, ρX) be a pseudometric space. A sequence {xn }n∈N is said to be Cauchy

iff for each ε > 0 there is an N ∈ N such that xm ∈ Bε(xn) for all m, n > N .

The basic idea of a Cauchy sequence is that the points get arbitrarily close to one another as their
index goes to infinity.

Proposition B.14. Every convergent sequence in a metric space is Cauchy.

Example B.15. Consider the metric space (0, 1] where the distance is inherited from R, i.e.

ρ(x, y) = |y − x| for any x, y ∈ (0, 1]. The sequence {xn }n∈N ⊆ (0, 1] defined by xn = (n + 1)−1

is Cauchy but not convergent.

The idea is that the Cauchy sequence in the example should converge to 0 but does not because
the metric space (0, 1] fails to contain the limit. This motivates the following definition:
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Definition B.16. A metric space (equivalently a metric on a set) is said to be complete iff every

Cauchy sequence converges in that space.

It turns out that all divergent Cauchy sequences are like in the example B.15, i.e. the absence of
a limit is the signature that the limit point has been removed from a complete space:

Theorem B.17. Let (X, ρX) be a metric space. There is, up to isometry, a unique least metric

space (X̃, ρ̃X) called the completion of (X, ρX) such that (X̃, ρ̃X) is complete and such that there

is an isometric imbedding X ↪→ X̃.

Let (X,T ) be a topological space. Recall that a set A ⊆ X is dense in a set B ⊆ X iff B belongs
to the closure of A, that (X,T ) is said to be separable iff X has a countable dense subset, and
second-countable iff it has a countable base. Also recall that (X,T ) is said to be compact iff every
open cover of X has a finite subcover while (X,T ) is said to be Lindelöf iff every open cover has
a countable subcover; clearly every compact space is Lindelöf, though the converse need not hold.
We have several important equivalences in a metric context:

Proposition B.18. Let (X, ρX) be a metric space. Then (X, ρX) is separable iff it is second-

countable iff it is Lindelöf.

Theorem B.19. Let (X, ρX) be a metric space. Then the following statements are equivalent:

(i) X is compact in the metric topology.

(ii) X is complete and totally bounded.

(iii) Every sequence in X has a convergent subsequence.

We also note the following:

Lemma B.20. Every compact set is closed and bounded.

We now turn to the question: when can a topological structure be given by a metric?

Definition B.21. A topological space (X,T ) is said to be (completely) metrisable iff there is a

(complete) metric on X such that the metric topology is T . A space is said to be Polish iff it is

separable and completely metrisable.

To characterise these spaces we shall need the following notions:

Definition B.22. Let (X,T ) be a topological space.

(i) (X,T ) is said to be regular iff for each closed set C ⊆ X and each point x ∈ X/C we have

disjoint open sets U, V ∈ T such that C ⊆ U and x ∈ V .

(ii) A family of subsets U ⊆ p(X) is said to be locally finite iff for each point x ∈ X there is

a neighbourhood of x which intersects with at most a finite number of sets in U . A family

of subsets U ⊆ p(X) is said to be countably locally finite iff it is the union of a countable

family of locally finite collections.

(iii) A set A ⊆ X is said to be Gδ iff it is the intersection of a countable family of open sets.

We note the following metrisation theorems:

Theorem B.23.
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(i) A separable topological space is metrisable iff it is Hausdorff, regular and second-countable.

(ii) A topological space is metrisable iff it is regular, Hausdorff and has a countably locally finite

basis.

(iii) A topological space is completely metrisable iff it is metrisable and Gδ in its Stone-Čech

compactification.

B.2 Length Spaces

A length space is a metric space in which the distance between two points is given by minimising the
length of curves between those two points for some suitable class of continuous curves in the space.
We shall need the general notion but most details are not in fact very important for our purposes.
The most general setting involves specifying criteria for the class of admissible curves and criteria
for the notion of length; we give general definitions and results—most without proof—following
chapter 2 of Ref. [54] before elucidating the idea with some explicit examples:

Definition B.1. Let X be a topological space. A set U ⊆ R is called an interval iff it is connected.

A curve in X is a continuous mapping γ : U → X for any interval U ⊆ R. Let XΓ denote the set

of all curves in X. A class of admissible curves for a length structure in X is any class Γ(X) ⊆ XΓ

satisfying the following properties:

(i) If γ ∈ Γ(X) with U = dom(γ) ⊆ R and V ⊆ U is an interval then γ|V belongs to Γ(X).

(ii) Let γ1 and γ2 be curves in X. A curve γ ∈ XΓ is called the concatenation of γ1 and γ2 iff

inf(γ1) ≤ inf(γ2), dom(γ) = dom(γ1) ∪ dom(γ2) and γ|dom(γ1) = γ1, γ|dom(γ2) = γ2. We

let γ1 · γ2 denote the concatenation of γ1 and γ2. Γ(X) is closed under concatenation, i.e. if

γ1, γ2 ∈ Γ(X) then γ1 · γ2 ∈ Γ(X).

(iii) Γ(X) is closed under linear reparamatrisations, i.e. for any γ ∈ Γ(X) with dom(γ) = U ⊆ R,

then if

V = αU + β = {φ(x) = (αx + β) : x ∈ U } (B.10)

with φ : V → U , φ : x 7→ αx + β for α, β ∈ R an affine homeomorphism, the curve

γ · φ ∈ Γ(X).

Remark B.2. In general the degree of regularity of the admissible curves will determine the per-

mitted reparametrisations of curves; we have simply demanded closure under reparametrisation of

curves by scale transformations, rigid translations and combinations of the two (i.e. affine homeo-

morphisms). Thinking of each curve in X as the trajectory of particle in X, such reparametrisations

thus correspond to changes in the unit and start time of the evolution. We shall take the full set

of reparametrisations to be implicitly given in the subsequent.

The canonical example is the class of smooth curves in a Riemannian manifold:

Example B.3. The class of smooth curves Γ(M) in a Riemannian manifold M is a class of ad-
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missible curves for a length structure in M; in particular Γ(M) is closed under smooth reparametri-

sations.

On the other hand it is naively difficult to define classes of admissable curves for discrete spaces:

Fact B.4. No discrete space (space X equipped with the discrete topology p(X)) has any noncon-

stant curves.

Proof. In a discrete space the singletons are open so these are the only connected subsets; the

continuous image of a connected set, however, is connected so the image of an interval under a

continuous mapping must be a singleton.

In fact we can get around this apparent constraint without too much difficulty:

Example B.5. Let X be a topological space. A topological graph in X is a graph G = (V (G), E(G)),

an injective mapping ι : V (G) ↪→ X and a mapping E(G) → XΓ, e 7→ γe, such that dom(γe) is

closed for all e ∈ E(G) and such that

ι(u) = γuv(inf(dom(γuv))) ι(v) = γuv(sup(dom(γuv))) (B.11)

for any uv ∈ E(G). Then a walk u1...un in the graph G is identified with the curve γu1u2 ·γu2u3 · ... ·
γun−1un

. An admissible curve in the topological graph is any curve corresponding to a path u1...un

in G.

Remark B.6. In this way graphs are given a topological structure via an imbedding; this approach

is somewhat unfavourable stylistically since it has a rather extrinsic character. For instance, an

immediate potential problem is that a path in a graph does not self-intersect since it does not

visit any vertex in the walk twice, but the corresponding curve in the topological graph might.

The property of lacking self-intersections in the topological graph is then only preserved if the

topological graph is obtained from the graph G via a good imbedding, i.e. one in which the

edge curves only intersect at vertices. There is a complete theory of good imbeddings of graphs

into surfaces, though little is known of how best to generalise this theory to higher dimensions.

We discuss these matters at more length in section 4.2.3.2 below. On the other hand, it is not

difficult to develop a notion of equivalence between length structures (and especially of classes of

admissible curves for spaces) which shows that the length structure fundamentally depends only

on the combinatorial structure of G. As such it is perhaps sufficient for the purposes of this section

to simply specify a notion of discrete length structure as described by graphs.

Definition B.7. Let X be a topological space and let Γ(X) be a class of admissible curves for a

length structure in X. A length structure for Γ(X) is then a mapping

L : Γ(X) → [0,∞] L : γ 7→ L(γ) (B.12)

satisfying the following constraints:
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(i) Additivity: Let γ ∈ Γ(X) and let U, V ⊆ dom(γ) be intervals such that U ∩ V = ∅. Then

L(γ|U ∪ V ) = L(γ|U) + L(γ|V ). (B.13)

(ii) Continuity: Let γ ∈ Γ(X). For any t ∈ dom(γ) let Ut := {x ∈ dom(γ) : x ≤ t }; then the

mapping

t 7→ L(γ|Ut) (B.14)

is continuous.

(iii) Reparametrisation invariance. Let φ : V → U be a reparametrisation of admissible curves.

Then for any γ ∈ Γ(X) with dom(γ) = U we have

L(γ) = L(γ ◦ φ). (B.15)

(iv) Compatibility : let x ∈ X and consider an open neighbourhood Ux ⊆ X of x. Let

Γ(x, Ux) = { (γ, a, b) ∈ Γ(X) × R2 : a < b ∈ dom(Γ) such that γ(a) = x and γ(b) /∈ Ux } .
(B.16)

Then

0 < inf
(γ,a,b)∈Γ(x,Ux)

L(γ|[a, b]). (B.17)

That is to say, the length of a curve between topologically distinguishable points is nonzero.

A length structure in X is a pair (Γ(X), L) where Γ(X) is a family of admissible curves for a length

structure in X and L is a length structure for Γ(X).

Example B.8.

(i) Let M be a Riemannian manifold with metric ⟨·, ·⟩M and associated line element ds and

consider the class of smooth curves Γ(X). Then the function

LM(γ) =

∫
γ

ds =

∫ t1

t0

dt
√
⟨γ̇(t), γ̇(t)⟩M (B.18)

where t1 = sup(dom(γ)) and t0 = inf(dom(γ)) defines a length-structure invariant under

smoothr reparametrisations.

(ii) Let G = (V (G), E(G)) be a graph and consider a path γ = u0u1 · · ·un be a path between
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u = u0 and v = un. Then we define

LG(γ) = LG(u0...un) = n. (B.19)

(iii) Let (X, ρX) be a metric space and let Γ(X) = XΓ be the class of continuous curves in X. A

partition p of any interval U is any finite sequence p = (u0, ..., un) such that

u0 = inf(U) ≤ u1 ≤ · · ·un−1 ≤ un = sup(U).

The set of all partitions of U is denoted P (U). Then

LX(γ) := sup
(u0,...,un)∈P (U)

(
n−1∑
k=0

ρX(γ(uk), γ(uk+1))

)
(B.20)

defines a length structure on (X, ρX) called the length structure induced by ρX . Note that a

curve γ ∈ XΓ is said to be rectifiable iff LX(γ) < ∞.

We can now define length spaces:

Definition B.9. Let X be a topological space with length structure (Γ(X), L). The intrinsic or

length metric on (X,Γ(X), L) is the function ρXL : X ×X → [0,∞] defined by

ρXL (x, y) = inf {L(γ | [a, b]) : (γ, a, b) ∈ Γ(X) × dom(γ)2 such that a < b, γ(a) = x and γ(b) = y } .
(B.21)

A metric space (X, ρX) is called a length space iff there is some length structure (Γ(X), L) for X

such that ρX = ρXL .

Theorem B.10. Let X be a Hausdorff topological space and let (Γ(X), L) be a length structure

for X. The intrinsic metric is a metric (distance) function on X.

Proof. Positivity is trivial. Now for any x ∈ X, let γ ∈ Γ(X) be such that γ(b) = x for some

b ∈ dom(γ) and assume we have some a, c ∈ dom(γ) such that a < b < c. By the additivity

of L we have L(γ|[a, t)) = L(γ|[a, b]) + L(γ|(b, t)) for any t ≥ b and by positivity we thus have

L(γ|[a, t)) ≥ L(γ|[a, b]); but L(γ|[a, b]) = L(γ|[a, b)) + L(γ|[b, b]) and

L(γ|[a, s)) ≤ L(γ|[a, b)) + L(γ|[b, b]) ≤ L(γ|[a, t))

for s ≤ b ≤ t. Continuity thus implies that L(γ|[b, b]) = 0 and hence that ρXL (x, x) = 0, i.e.

that ρXL is semidefinite. For definiteness, the Hausdorff property implies that ρXL (x, y) > 0 for

x ̸= y since we can find an open neighbourhood Ux ⊆ X of x such that x ∈ Ux and y /∈ Ux;

definiteness then follows by the compatibility condition (iv) of L. For symmetry we note that for

any curve γ such that γ(a) = x and γ(b) = y for some a, b ∈ dom(γ), there is a reparametrisation
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φ : [a, b] → [a, b] given via φ : t 7→ a + (b − t); then we find that γ ◦ φ(a) = y and γ ◦ φ(b) = x

and ρXL (x, y) = ρXL (y, x) by reparametrisation invariance. The triangle inequality follows because

given any curve γ1 between x and y and a curve γ2 from y to z we can take the concatenation to

get a curve from x to z with length L(γ1 · γ2) = L(γ1) + L(γ2).

Example B.11. Riemannian manifolds and graphs are length spaces in this manner.

Not every metrisable topology arises from an intrinsic metric: think any discrete space as above.
In fact it is easy to see that a length space must be locally path-connected: recall that a set U ⊆ X
is said to be path-connected iff there is a curve in U between any two points of U ; in particular U
might not be path-connected despite the existence of a curve γ ∈ XΓ between x ∈ U and y ∈ U
because every such curve exits U (e.g. U is the disjoint union of two open neighbourhoods of x
and y). X is locally path-connected iff every open neighbourhood of a point x ∈ X contains a
path-connected neighbourhoof of X:

Fact B.12. Every length space (X,Γ(X), L, ρXL ) is locally path-connected.

Proof. For any point x ∈ X fix an open ball BX
ε (x). A point y ∈ BX

ε (x) iff δ = ρXL (x, y) < ε. But

since ρXL is defined as an infimum of curve lengths over admissible curves, for any ϵ > 0 we have a

curve γ from x to y such that L(γ) < δ + ϵ so choosing ϵ < ε− δ shows that L(γ) < ε. But then

γ ⊆ BX
ε (x) and each open ball about a point is path-connected.

It is thus clear that the intrinsic metric toplogy can be quite distinct from the original topology:
to see this simply take a metric space that is not locally path connected, and consider the in-
trinsic metric topology associated to the length structure induced by the original metric. Despite
these differences, there are real connections between the original topology and the intrinsic metric
topology:

Proposition B.13. Let (X,T ) be a topological space, let (Γ(X), L) be a length structure on X

and let ρLX be the intrinsic metric for (Γ(X), L).

(i) The intrinsic metric topology is finer than X .

(ii) A curve γ ∈ Γ(X) is continuous with respect to the intrinsic metric topology if it is finite.

Proof.

(i) Let U ∈ T ; for any x ∈ U we have infy∈X\U ρLX(x, y) > 0 for by the compatibility property

of L and we may pick an ε(x) < infy∈X\U ρLX(x, y) such that BX
ε(x)(x) ⊆ U where the ball is

taken with respect to the metric ρLX ; thus we have U =
⋃

x∈U BX
ε(x)(x) and U is the union of

open sets in the intrinsic metric topology as required.

(ii) By definition γ ∈ Γ(x) is continuous at x ∈ dom(γ) with respect to the intrinsic metric

topology if for every ε > 0 there is a δ > 0 such that γ(x− δ, x+ δ) ⊆ BX
ε (γ(x)). But if L(γ)

is finite this holds trivially.

In fact when the original space is a length space the distinction between the original and induced
metric topology disappears.
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Theorem B.14. A metric space (X, ρX) is a length space iff ρX = ρLX where ρLX is the intrinsic

metric associated to the length structure (Γ(X), L) induced by ρX .

Proof. Sufficiency is trivial by theorem B.10. For necessity, let x, y ∈ X and let γ ∈ Γ(X) such that

γ(a) = x, γ(b) = y for x < y ∈ dom(γ). Let p = (u0 = a, u1, ..., un−1, un = b) be a partition of [a, b]

and note that by the triangle inequality we have ρX(x, y) ≤∑n−1
k=0 ρX(γ(uk), γ(uk+1)) this holds for

every partition so ρX(x, y) ≤ L(γ|[a, b]) and this holds for all relevant γ so ρX(x, y) ≤ ρXL (x, y) for

all x, y ∈ X. Conversely, noting that ρXL (γ(uk), γ(uk+1) ≤ L(γ|[uk, uk+1]) for any k ∈ { 0, ..., n− 1 }
for any partition p = (u0, ..., un) of dom(γ) for any γ ∈ Γ(X). Thus by additivivty

n−1∑
k=0

ρLX(γ(uk), γ(uk+1)) ≤
n−1∑
k=0

L(γ|[uk, uk+1]) = L(γ|[u0, un])

so if we take γ as rectifiable and take the supremum over partitions of dom(γ) we note that

L̃(γ|[u0, un]) ≤ L(γ|[u0, un]) where L̃ is the length structure associated to ρLX ; note that we need

γ rectifiable to ensure that L(γ) < ∞ and hence γ continuous with respect to the intrinsic met-

ric topology. By construction ρLX(γ(u0), γ(un)) ≤ L̃(γ|[u0, un]) ≤ L(γ|[u0, un]) so if we identify

γ(u0) = x and γ(un) = y we see that ρLX(x, y) ≤ L(γ|[u0, un]) for any γ ∈ Γ(X) such that γ(u0) = x

and γ(u1) = y. Then taking the infimum over γ shows tht ρLX(x, y) ≤ ρX(x, y) as required.

This gives a complete account of the definition of a length space; we will find that this is sufficient
for our purposes though even the basic theory of length spaces is much richer than is sketched
here.

B.3 Global Symmetries and Smooth Structure

In this section we briefly show that global symmetries of Riemannian manifolds are perfectly well
encoded by the length space structure without reference to differentiable structure. Let us begin
with some terminology:

Definition B.1.

(i) Let (M, g) and (N , h) be Riemannian manifolds. A smooth mapping f : M → N is said

to be a Riemannian isometry iff for each p ∈ M and all u, v ∈ TpM we have gp(u, v) =

hf(p)(f∗u, f∗v).

(ii) Let (X, ρX) and (Y, ρY ) be metric spaces. A local isometry is a continuous mapping f :

X → Y such that for each p ∈ X there is an r > 0 such that f |Br(p) : Br(p) → f(Br(p)) =

Br(f(p)) is an isometry.

(iii) A global isometry or metric isometry is simply an isometry of metric spaces.

We recall the definition of the exponential map in a Riemannian manifold:

Definition B.2. Let (M, g) be a Riemannian manifold and fix a point p ∈ M. We define the

exponential map expp : U → M for each u in some subset U ⊆ TpM by letting expp(u) = γu(1),

where γu is the unique geodesic such that γu(0) = p and γ̇u = u.
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expp restricts to a smooth mapping on Br(0) into Br(p) for r > 0 sufficiently small. Naturality
of the exponential map then takes the following form for any local isometry f : M → M: the
diagram

U ⊆ TpM f∗U ⊆ Tf(p)M

M M

f∗

expp expf(p)

f

(B.22)

commutes for each p ∈ M. Since f is a local isometry, the mapping f∗|Br(0p) : Br(0p) →
f∗(Br(0)) = Br(0f(p)) is an isometry, so f |Br(p) = expf(p) ◦f∗ ◦ exp−1

p |Br(p). Noting that local
isometries also preserve geodesics is enough to ensure that f |Br(p) : Br(p) → Br(f(p)) is an
isometry. The upshot is the following:

Proposition B.3. Let f : M → M be a Riemannian isometry of the Riemannian manifold

(M, g). Then f is a local isometry.

We now turn to local isometries in length spaces. Recall that a length space is a metric space in
which the distance is equal to the infimum over lengths of a class of admissible curves. Both graphs
and Riemannian manifolds are length spaces. More precisely, for any metric space (X, ρX), one
considers a family C of admissible curves γ : [a, b] → X, where γ is at least piecewise continuous.
The length of any admissible curve γ ∈ C is then defined by:

L(γ) = sup

N−1∑
k=0

ρX(γ(tk), γ(tk+1)) (B.23)

where the supremum is taken over finite partitions a = t0 < t1 < · · · < tN = b of the interval
[a, b]. Together with the class C of admissible curves the function L defines a length structure on
X; associated to any length structure is an induced metric ρL : X ×X → R defined by

ρL(x, y) = inf
γ∈C (x,y)

L(γ) C (x, y) = { γ ∈ C : γ(a) = x and γ(b) = y } . (B.24)

We call (X, ρX) a length space for some class of admissible curves C when ρX = ρL.

We show that between length spaces, every local isometry preserves the length of curves:

Proposition B.4. Let (X, ρX) and (Y, ρY ) be length spaces and let f : X → Y be a local isometry

such that each admissible curve in X is mapped to an admissible curve in Y .1 Then LX(γ) =

LY (f ◦ γ) for any admissible curve γ : [a, b] → X.

Proof. Fix some ε > 0 and choose a partition { tk }k≤N of the interval [a, b] such that f |(tk, tk+1)

is an isometry onto its image for each k ∈ { 0, ..., N − 1 } and such that

∑
k

ρX(γ(tk), γ(tk+1)) ≤ LX(γ) <
∑
k

ρX(γ(tk), γ(tk+1)) + ε

∑
k

ρY (f(γ(tk)), f(γ(tk+1))) ≤ LY (f ◦ γ) <
∑
k

ρY (f(γ(tk)), f(γ(tk+1))) + ε.

This is possible because f is a local isometry and the length of an admissible curve is given by the

1Assuming that X is a topological space, Y is a length space and that f is a local homeomorphism there is a
unique length structure on X making f into a local isomorphism mapping admissible curves to admissible curves.
Thus our assumptions present no real restriction on possible length spaces.
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supremum over partitions of the interval. Then

LY (f ◦ γ) − ε <
∑
k

ρY (f(γ(tk)), f(γ(tk+1)))

=
∑
k

ρX(γ(tk), γ(tk+1))

≤ LX(γ)

<
∑
k

ρX(γ(tk), γ(tk+1)) + ε

=
∑
k

ρY (f(γ(tk)), f(γ(tk+1))) + ε

≤ LY (f ◦ γ) + ε.

Since this holds for all ε > 0 we have LX(γ) = LY (f ◦ γ) as required.

In general a local isometry is not a global isometry.

Example B.5. The mapping f : R→ S1 given by

f : t 7→ (cos(t), sin(t))

is a local but not global isometry.

Proof. f obviously restricts to an isometry on any interval (a, b) such that b − a < π, since

ρR(x, y) = |x− y| < π for any x, y ∈ (a, b) while ρS1(x, y) is equal to rθ, where r = 1 is the radius

of S1 and θ the smaller angle between the points f(x) and f(y). Since |x− y| < π, θ = |x− y|. f

is obviously not a global isometry since ρS1(f(0), f(2π)) = 0.

We can show the following, however:

Proposition B.6. Let (X, ρX) and (Y, ρY ) be length spaces.

(i) Let f : X → Y be a local isometry preserving admissible curves. Then f is nonexpanding,

i.e. ρX(x, y) ≤ ρY (f(x), f(y)) for all x, y ∈ X.

(ii) A bijective local isometry preserving admissible curves f : X → Y is a global isometry iff

f−1 : Y → X is a local isometry preserving admissible curves.

Proof.

(i) Since every admissible curve in X is mapped to an admissible curve in Y by f and since ρX

and ρY are given by infima over admissible curves of the lengths of the curves, the fact that

f preserves the length of curves immediately guarantees this statement.

(ii) If f is a global isometry, ρX(x1, x2) = ρY (y1, y2) where y1 = f(x1) and y2 = f(x2) for all

x1, x2 ∈ X so ρY (y1, y2) = ρX(f−1(y1), f−1(y2)) for all y1, y2 ∈ Y . Then f−1 is a global

isometry and thus a local isometry. Conversely, suppose that both f and f−1 are local
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isometries preserving admissible curves. Then since f and f−1 are both nonexpanding we

have ρX(x, y) ≤ ρY (f(x), f(y)) ≤ ρX(f−1(f(x)), f−1(f(y))) = ρX(x, y) and f is a global

isometry as required.

We end with an essential condition for f−1 to be a local isometry:

Proposition B.7. Let (X, ρX) and (Y, ρY ) be length spaces and let f : X → Y be a bijective local

isometry. f−1 : Y → X is a local isometry iff it is continuous.

Proof. Local isometries are continuous by definition so necessity is trivial. For sufficiency note that

since f−1 is continuous, f(U) is open for any open set U of X; in particular if f is an isometry

when restricted to some neighbourhood U of p ∈ X, f−1 restricts to an isometry on the open

neighbourhood f(U) of f(p) making f−1 a local isometry.

Corollary B.8. Every Riemannian isometry f : M → M is a global isometry.

The converse also holds:

Proposition B.9. Every global isometry of a Riemannian manifold M is a global isometry.

Proof. See the detailed instructions in problem 6.7 of Ref. [203].
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Linear Programming

Linear programming or linear optimisation theory is concerned with optimising a linear cost func-
tion over a region defined by linear constraints. We point to the excellent reviews Refs. [263]. There
is a close relation between linear programming and the discrete optimal transport problem—indeed
the latter is a particular instance of the former—and in fact the Soviet economist Leonid Kan-
torovich played a fundamental role in the development of both theories. As such, we review the
most important aspects of linear optimisation theory in this section. This in particular will allow
us to prove the existence of solutions to discrete optimal transport plans without applying to the
general existence result for Polish spaces proved in chapter 2. This in turn ensures that the dis-
crete optimal transport problem admits solutions in a more general context than the Polish space
setting.

We begin by defining linear optimisation problems:

Notation. Given two vectors x, y ∈ Rn, we write x ≤ y iff xk ≤ yk for all k. Similar remarks

hold for the symbols <, ≥, > and if the vectors are substituted with matrices.

Definition C.1.

(i) An n-dimensional linear programme or linear optimisation problem is a triple (k,M , b) where

k ∈ Rn is an n-dimensional vector known as the object vector or Kantorovitch profit vector,

M ∈ Mm,n(R) is an m× n-dimensional real matrix called the constraint matrix and b is an

m-dimensional real vector called the constraint vector.

(ii) The optimisation domain of a linear programme (k,M , b) is the set

OD(M , b) := {x ∈ Rn : Mx ≤ b } . (C.1)

The linear programme (k,M , b) is said to be feasible iff OD(M , b) ̸= ∅.

(iii) Let (k,M , b) be a linear optimisation problem. The objective function or Kantorovitch profit

mapping is defined as the linear mapping

Kc : RD → R Kc : x 7→ Kc(x) = k · x. (C.2)

Kc(x) is the (Kantorovitch) profit associated to any vector x ∈ RD.
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(iv) The optimal Kantorovitch profit of a linear programme (k,M , b) is defined

Kc(M , b) := sup
x∈OD(M ,b)

Kc(x). (C.3)

A solution to the linear programme (k,M , b) is a vector a ∈ OD(M , b) such that

Kc(a) = Kc(M , b). (C.4)

The linear optimisation problem (k,M , b) is said to be solvable iff it has a solution; it is

infeasible or unsolvable otherwise.

Remark C.2. The basic idea is that we wish to maximise some linear objective function Kc subject

to a finite number of linear upper bounds on the possible solutions. Note that the above set-up

is rather more flexible than it might first appear: minimisation problems can be dealt with by

considering k = −c where c is a cost vector. A linear inequality of the form

b̃k ≤
∑

m̃kℓxℓ (C.5)

is of course equivalent to the linear inequality

∑
mkℓxℓ ≤ bk mkℓ = −m̃kℓ bk = −b̃k (C.6)

while a linear equality

∑
m̃kℓxℓ = bk (C.7)

is equivalent to the pair of linear inequalities

bk ≤
∑

m̃kℓxℓ ≤ bk. (C.8)

In this way, linear optimisation theory applies to situations where we wish to optimise some linear

function subject to a finite number of linear constraints, where a linear constraint can be a linear

lower bound, a linear upper bound or a linear equality. Finally we note that we can without loss

of generality assume that a linear programming problem has a positive optimisation domain, i.e.

x ≥ 0; to see this we note that any vector x ∈ Rn can be written

x = x+ − x− (C.9)

where x+, x− ≥ 0. That is to say, at the cost of increasing the dimension of the problem and

adding an additional linear constraint one can guarantee that x ≥ 0. We shall assume that this is

the case henceforth.

300



Appendix C. Linear Programming

Notation. Let σ+ : Rn → Rn denote the permutation

σ+(x) = σ+(x1, ..., xn) = (xn, x1, x2, ..., xn−1) (C.10)

for all vectors x = (x1, ..., xn) ∈ Rn . Thus

σk
+(x) = (xn−k+1, xn−k+2, ..., xn, x1, x2, ..., xn−k). (C.11)

Example C.3. A discrete optimal transport (G, u, v) problem is a linear optimisation problem

(k,M , b) such that

k = −D(u, v) M =


Au

−Au

Av

−Av

 b =


mv1dv

−mv1dv

mu1du

−mu1du

 (C.12)

where D(u, v) is regarded as a (dGu d
G
v )-dimensional (column) vector and Au and Av are dv×(dudv)-

dimensional and du × (dudv)-dimensional matrices respectively defined in the following manner:

Au =



1Tdu
0 · · · 0

0 1Tdu
· · · 0

...
...

. . .
...

0 0 · · · 1Tdu


Av =



1 1 · · · 1

σ+(1) σ+(1) · · · σ+(1)

σ2
+(1) σ2

+(1) · · · σ2
+(1)

...
...

. . .
...

σdu−1
+ (1) σdu−1

+ (1) · · · σdu−1
+ (1)


(C.13)

where 1 = (1, 0, · · · , 0) ∈ Rdu .

Proof. Let a transport plan ξ ∈ Mdu,dv
(R); we have the block form ξT = [ξT1 , ..., ξ

T
du

] where ξk is

a dv-dimensional row vector for each k ∈ { 1, ..., du }. That is to say the component ξkℓ = (ξk)ℓ

by construction. We can thus identify ξ with a (dudv)-dimensional column vector x such that

xT = [ξ1, ...., ξdu
]; in this way xℓ = ξka for ℓ = (k − 1)du + a. Then we simply note that

(Aux)k =
∑
ℓ

(Au)kℓxℓ =

kdu∑
ℓ=(k−1)du+1

xℓ =

du∑
a=1

ξka.

Thus the top two blocks in M implement the constraints

mv = bk ≤
du∑
a=1

ξka ≤ bk = mv
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for all k ∈ { 1, ..., dv }, i.e.

ξ1du
= mv1dv

,

and we have one of the marginal constraints 3.3. Similarly, we can compute

(Avx)k =
∑
ℓ

(Av)kℓxℓ =

dv−1∑
a=0

xadu+k =

dv∑
a=1

ξak

to obtain the second marginal constraint ξT1dv = mu1du from the lower two blocks in M . Hence

we can identify the space of transport plans Π(u, v) with the optimisation domain OD(M , b)—

recall that we are assuming that x ≥ 0 in addition to the above constraints—and maximising the

objective function k · x is equivalent to minimising the transport cost ξ · D(u, v).

It turns out that the following hold:

(i) The optimisation domain of every linear programme is a convex polyhedron. In particular
this means it can be expressed as the (Minkowski) sum of a convex conve and a convex
polytope. Then the optimisation domain of a linear programme is a convex polytope iff it is
bounded.

(ii) Any linear programme with bounded optimisation domain has a solution given by an extreme
point of the optimisation. In particular, this implies the simplex algorithm: start from
any vertex of the convex polytope and move to other vertices under certain conditions. If
this search procedure will traverse all extreme points then this algorithm must return a
solution to the linear programme. While the worst case complexity of the simplex algorithm
is exponential, this is an efficient algorithm for most practical purposes. Note that linear
programmes do have algorithms with polynomial worst-case complexity.

(iii) The optimisation domain of a discrete optimal transport problem is a convex polytope.

Together these ensure that the discrete optimal transport problem has a solution.
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Exact Expressions for the Ollivier

Curvature for Graphs of Low

Degree

D.1 Introduction

In this appendix we show how putting bounds on the degree sequence of the graph allows for the
iterative derivation of exact expressions for the Ollivier curvature. The idea is that the reduced
linear programmes which require solving are defined on certain subgraphs of the core neighbour-
hood, and for low degree these may be completely enumerated and solved separately. In particular
we derive exact expressions for the Ollivier curvature in 3 and 4-regular graphs. We also argue
that as the degree sequence becomes unbounded exact expressions for the Ollivier curvature be-
come arbitrarily complex in the precise sense that they would require an infinite number of terms
depending on quantities which may need to be recursively defined.

D.2 The Derivation

If we are to enumerate all possible graphs that can appear as the domain of a reduced linear
programme of some edge uv in a given graph G, it will be helpful to be able to eliminate some
possible configurations due to their degeneracy with certain simpler configurations. In particular,
consider the following general result:

Proposition D.1.

(i) Let H be the graph obtained from G by deleting all edges ab ∈ E(G) such that either a, b ∈
□(u) or a, b ∈ □(v). Then T 0

G(u, v) = T 0
H(u, v).

(ii) Let H be the graph obtained from G by deleting all edges ab ∈ E(G) such that either a, b ∈
△(u, v), a, b ∈ D(u) or a, b ∈ D(v). Then T −1

G (u, v) = T −1
H (u, v).

Proof.
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(i) H is a subgraph of G and ρ(a, b) ≤ ρH(a, b) for all a, b ∈ V (G) where ρH(a, b) is the geodesic

graph distance in H. Hence, for any A ⊆ V (G), any mapping f : A∩H → Z that is Lipschitz

continuous with respect to the metric space (G, ρ) is Lipschitz continuous with respect to the

metric space (H, ρH) and T 0
G(u, v) ≤ T 0

H(u, v). Consider a mapping h : cnb(uv) → Z that is

Lipschitz continuous with respect to H and such that h(u) = h(v) = 0. If h is optimal for H

in the sense that T 0
H(u, v) = KH(h), then by lemma 3.4.4 h|R0 satisfies the constraint 3.42

and |h(a)−h(b)| ≤ 1 whenever a, b ∈ □(u) or a, b ∈ □(v). Thus for any such pair of vertices

a and b, h remains Lipschitz continuous with respect to the graph obtained by introducing

the edge ab into H and T 0
H(u, v) = KH(h) = KG(u, v) ≤ T 0

G(u, v) as required.

(ii) As in part (i), T −1
G (mu,mv) ≤ T −1

H (mu,mv) since H is a subgraph of G. Similarly, if we

have an optimal mapping h, since h|R−1 satisfies the constraint 3.48 by lemma 3.4.9, and

|h(a) − h(b)| ≤ 1 whenever a, b ∈ △(uv), a, b ∈ D(u) or a, b ∈ D(v). Thus we may add in

edges ab without spoiling the Lipschitz continuity of h, and h remains Lipschitz continuous

with respect to G. Thus T −1
H (u, v) = KH(h) = KG(h) ≤ T −1

G (u, v) as required.

We now turn to the d-regular case: d := du = dv and m := 1/d = mu = mv. The main
simplification that arises in this situation is the ability to neglect triangles:

Lemma D.2. Let G be a graph and suppose that d := du := dv, m := 1/d = mu = mv for some

edge uv of G. For any 1-Lipschitz map f ∈ L 0
1 (cnb(uv),Z), there is a g ∈ L 0

1 (cnb(uv),Z) given

by g(a) = f(a) for all core neighbourhood vertices a /∈ △(uv) and g(b) = 0 for all b ∈ △(uv) such

that K(g) = K(f).

Proof. For K(f) = K(f) simply note that every b ∈ △(uv) contributes (mu − mv)f(b) to the

Kantorovitch profit which vanishes trivially for du = dv. To see that g is 1-Lipschitz we note that

the Lipschitz property for g is trivial if f(b) = 0; if f(b) = 1 (f(b) = −1) for some b ∈ △(uv), then

by the 1-Lipschitz nature of f we have f(c) ∈ { 0, 1 } (f(c) ∈ {−1, 0 }) for all c ∈ N(b) ∩ cnb(uv).

Then g(c) ∈ { 0, 1 } (g(c) ∈ {−1, 0 }) and |g(b) − g(c)| ≤ 1 as required.

In particular, for regular graphs, this means that it is possible to solve the reduced linear programme
for T 0

G(u, v) on connected components of □(u) ∪□(v). This motivates the following definition:

Definition D.3. A (d, 0)-optimisation domain is a bipartite graph G = (V1, V2, E) with |V1|, |V2| ≤
(d− 1). The reduced linear programme on a (d, 0)-optimisation domain G = (V1, V2, E) is

K0(G) := sup
f

K0(f) K0(f) =

∑
x∈V1

f(x) −
∑
y∈V2

f(y)

 (D.1)

where the supremum is taken over all 1-Lipschitz f : V1 ∪ V2 → Z satisfying the constraints:

f(V1) ⊆ { 0, 1 } f(V2) ⊆ {−1, 0 } (D.2)
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The idea is that for a d-regular graph G, by point (i) of proposition D.1, we may assume without
loss of generality that the connected components of the induced subgraph □(u) ∪ □(v) form a
sequence R̃0

1, ..., R̃
0
M of (d, 0)-optimisation domains; then by lemma D.2 and regularity we have

K∑
k=1

K0
k(uv) = m

M∑
k=1

K0(R̃0
k), (D.3)

so we have a solution for the reduced linear programmes for T 0
G(u, v) with G d-regular if we have

an expression for the (d, 0)-optimisation domains. The (d, 0)-optimisation domains, however, can
be easily enumerated for d-small. It will be useful to note the following:

Corollary D.4. Every (d0, 0)-optimisation domain is a (d1, 0)-optimisation domain for any d1 ≥
d0. The reduced linear programme for a (d, 0)-optimisation domain does not depend on the value

of d.

For this reason we will call an optimisation domain essentially (d, 0) iff it is a (d, 0)-optimisation
domain but not a (d− 1, 0)-optimisation domain. In this way we can recursively build up classes
of (d, 0)-optimisation domains as we let d increase. Clearly there are no (0, 0)-optimisation do-
mains while we show all the (3, 0)-optimisation domains in figure D.1, while the essentially (4, 0)-
optimisation domains are shown in figure D.2. Direct inspection of these figures shows:

Lemma D.5. Let H = (□(u),□(v), E) be a (3, 0)-optimisation domain and let □w := |□(w)| for
w ∈ {u, v }. Then

K0(H) = □u ∨□v. (D.4)

Now let ℓ0(H) := | {x ∈ V (H) : | Bc
1(x)/ {x } | = 1 } | denote the number of leaves in H for any

(unweighted) graph H. Then if H = (□(u),□(v), E) is a (4, 0)-optimisation domain we find that

K0(H) = □u ∨□v + [ℓ0(H) − 3]+. (D.5)

We now wish to turn to the analogous results for T −
G (u, v).

Definition D.6. Let G = (V,E,w) be a weighted graph equipped with a partition V1, V2, V3, V4

of V satisfying the following additional assumptions:

(i) w(E) ⊆ { 1, 2 }.

(ii) If a, b ∈ V1 or a, b ∈ V4 then ab /∈ E.

(iii) If ab ∈ E with (a, b) ∈ V1 × V3 ∪ V2 × V4 ∪ V1 × V4 then w(ab) = 2.

(iv) If ab ∈ E with a, b ∈ V2 or a, b ∈ V3, then w(ab) = 1.

Let n be the number of edges ab ∈ E such that a ∈ V2 and b ∈ V3 such that w(ab) = 2. G

as defined above is a (d,−)-optimisation domain, if the maximum degree of G is (d − 1) and

(|V1| + |V2| + n) < d and (|V3| + |V4| + n) < d.

The reduced linear programme associated with a (d,−)-optimisation domain H = (V,E) is defined
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Figure D.1: (3, 0)-optimisation domains H. Squares denote vertices while blue and green shading
denotes membership of the partition elements V1 and V2 respectively. Vertex labels are the values
assigned by a (not necessarily unique) optimal mapping in the feasible set for the reduced linear
programme of the (d, 0)-optimisation domain H; profits for the optimisation domains are given in
captions below the relevant diagrams. Solid lines represent edges and dotted lines denote potential
edges that may be appended without having an affect on the optimal map or the transport profit.
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Figure D.2: Essentially (4, 0)-optimisation domains H. As in figure D.1, squares denote vertices
while blue and green shading denotes membership of □(u) and □(v) respectively. Vertex labels
are the values assigned by a (not necessarily unique) optimal mapping g ∈ L00(H). Solid lines
represent edges and dotted lines denote potential edges that may be appended without having
an affect on the optimal map or the transport profit. Note that the optimisation domains are
connected by assumption so at least one of the potential edges in the figures D.2c and D.2d is
a real edge. Note that figure D.2h is an obstruction to the optimality of the Bhattacharya and
Mukherjee solution (Point (i) of 3.3.8).
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by

K−(H) := sup
f

K−(f) K(f) :=
∑

x∈V1∪V2

f(x) −
∑

y∈V3∪V4

f(y) (D.6)

where the supremum is taken over all Lipschitz continuous maps f : V → Z satisfying the following

constraints

f(V1) ⊆ { 0, 1 } f(V2) ⊆ {−1, 0, 1 } f(V3) ⊆ {−2,−1, 0 } f(V4) ⊆ {−2,−1 } . (D.7)

Remark D.7. The idea is to identify V1 = D(u), V2 = □(u), V3 = □(v) and V4 = D(v); property (ii)

then follows from proposition D.1. △(uv) and D(uv) can be neglected since they do not contribute

to the transport profit—the former by regularity, the latter by definition—as long as we continue

to take into account their effect on metric structure of the graphs in question: hence the existence

of weight 2 edges. That is to say an edge ab ∈ E such that w(ab) = 2 corresponds to a 2-path

acb in a core neighbourhood where c ∈ △(uv) ∪ D(uv). Property (iv) takes into account the fact

that 2-paths between elements of □(u) or □(v) have no effect on the class of maps to be optimised

since they do nothing to affect the Lipschitz continuity of the mappings in question.

We note trivially that there is no combinatorial distinction between (d, 0)-optimisation domains
and (d,−)-optimisation domains H = (V,E) such that V2 = V3 = ∅, where {V1, V2, V3, V4 } is the
partition of V associated to H, i.e. the latter can be represented by bipartite graphs with suitable
restrictions on the size of the bipartition sets. However for the (d,−)-optimisation case each edge
is weighted 2, and the reduced linear programmes have different solutions. These are displayed in
figures D.3 and D.4; as in the case for T 0

G(u, v), except for figure D.4h these all satisfy:

K−(H) = Du +Dv + [Dv −Du]+, (D.8)

which is the assignment corresponding to the Bhattacharya and Mukherjess expression. To incor-
porate figure D.4h we can use the fact that it is the only graph displayed to have more than three
leaves:

K−(H) = Du +Dv + [Dv −Du]+ + [ℓ−(H) − 3]+, (D.9)

Remark D.8. ℓ−(H) is the number of combinatorial leaves in H whereas ℓ0(H) can be regarded as

both the number of combinatorial and the number of metric leaves in H where the latter is defined

as the number of vertices x for which the set { y ∈ H : ρH(x, y) = 1 } is a singleton.

(d, 0)-optimisation domains also constitute (d,−)-optimisation domains such that V1 = V4 = ∅.
The latter family is combinatorially richer than the former since the graphs need no longer be
bipartite, while it is also metrically richer since edges of both weight 1 and 2 are permitted. We
consider these optimisation domains in figures D.5 and D.6

These are displayed in figures D.7 and D.8 for the cases d = 3 and d = 4 respectively. Inspection
of the profits in these figures implies the following:

Lemma D.9. Let H be a reduced (d,−)-optimisation domain for d ∈ { 3, 4 }. Then

K−(H) = (|□(u)| + |D(u)|) ∨ (|□(v)| + |D(v)|) + [ℓ(H) − 3]+ (D.10)
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Figure D.3: (3,−)-optimisation domains H = (V,E) with V2 = V3 = ∅. Blue pentagons denote
elements of V1 while green pentagons denote elements of V4. Vertex labels are the values assigned
by a (not necessarily unique) optimal map. Line labels denote edge weights. Dashed lines denote
potential weight 2 edges that do not change the optimal map or the profit on inclusion.
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Figure D.4: Essentially (4, 0)-optimisation domains with V2 = V3 = ∅. Denotations are as in figure
D.3. Note that all edges (real and potential) are weighted 2.
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Figure D.5: (3,−)-optimisation domains with D(u) = D(v) = ∅.

Figure D.6: Essentially (4,−)-optimisation domains with D(u) = D(v) = ∅.

where the second term vanishes trivially for d = 3.

Remark D.10. ℓ(H) is determined by the combinatorial rather than the metric structure and

neighbours connected by edges of weight 2 still contribute to the leaf count. In this it differs from

ℓ0(H) which counts only ‘metric’ leaves, i.e. vertices with exactly one neighbour at distance 1 from

them.

We are now ready to state some of the exact results for graphs of low degree. First note that there
is a unique 1-regular graph isomorphic to the edge uv which is Ollivier-Ricci flat. Similarly every
finite 2-regular graph is simply an n-cycle and every such graph is also Ollivier-Ricci flat. The first
non-trivial regular case has d = 3:

Proposition D.11. Let G be a 3-regular graph. Then

κG(uv) =
1

3

△uv −
[

1 −△uv −
∑
k

□k
u ∧□k

v

]
+

−
[

1 −△uv −
∑
k

(□k
u +Dk

u) ∧ (□k
v +Dk

v)

]
+

 .

(D.11)

Proof. We first find T 0
G(mu,mv), which involves specifying optimal maps for possible graphs defined

by the sets □k(u)∪□k(v). Since d = 3, □k
u, □

k
v ≤ 2 and in light of proposition D.1, all the distinct

possible structures of the graphs □k(u)∪□k(v) with neither □k(u) nor □k(v) empty are shown in

figure D.1. Inspection immediately shows that the mappings g0 defined therein are optimal and

that the associated cost in each case is given by Kuv(g0) = m(□k
u∨□k

v). If one of □k(u) or □k(v) is

void (which is possible if the remaining corner of the square lies on a triangle) we see immediately

that the maximal profit is again simply m = m(□k
u ∨□k

v). As such, by theorem 3.4.13, we obtain:

T 0
G(mu,mv) = m(Du + nu) + m(Dv + nv) + m

∑
k

(□k
u ∨□k

v)

= m(d− 1 −△uv −□u) + m(d− 1 −△uv −□u) + m
∑
k

(□k
u ∨□k

v)

= 1 −△uvm + m

(
d− 2 −△uv −□u −□v +

∑
k

(□k
u ∨□k

v)

)

= 1 −△uvm + m

(
d− 2 −△uv −

∑
k

(□k
u ∧□k

v)

)

where in moving to the last line we have used the fact that

∑
k

□k
u ∨□k

v =
∑
k

(□k
u + □k

v −□k
u ∧□k

v) = □u + □v −
∑
k

□k
u ∧□k

v .

Now we turn to the case T −1
G (mu,mv). We wish to optimise over maps with domains □k(u) ∪
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Figure D.7: Structure of optimisation domains □k(u)∪□k(v)∪Dk(u)∪Dk(v) for 3-regular graphs.
Squares denote vertices in □k(u) ∪ □k(v) and pentagons denote vertices in Dk(u) ∪ Dk(v). Blue
shading indicates membership of N(u) while green shading membership of N(v). Vertex labels
are the values assigned by a (not necessarily unique) optimal map g−1; profits for the maps g−1

are given in relevant captions. It is immediately verified that edges between vertices of the same
colour not displayed in any of the figures above may be appended without changing the optimal
map.
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Figure D.8: Structure of optimisation domains □k(u)∪□k(v)∪Dk(u)∪Dk(v) for 4-regular graphs.
Blue shaded vertices belong to N(u) while green shaded vertices belong to N(v). Vertex labels are
the values assigned by a (not necessarily unique) optimal mapping g−1. Squares denote elements of
□k(u)∪□k(v) and pentagons denote elements of Dk(u)∪Dk(v). Circles denote vertices that might
might either belong to □k(u) ∪ □k(v) or Dk(u) ∪ Dk(v); note that every square must neighbour
another square so if every neighbour of a square is circular not all can represent pentagons. Solid
lines represent edges, dashed lines represent 2-paths and the double solid-dashed line issuing from
circles represents a solid line when the circle is regarded as a square and a 2-path when the circle
is regarded as a pentagon. Dotted lines represent 2-paths that may be appended without changing
the optimal map or the profit.
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□k(v)∪Dk(u)∪Dk(v). In the case that D(u) = D(v) = ∅ and neither of the sets □k(u), and □k(v)

are void, the possible optimisation domains are again displayed in figure D.1 with α = −1. The

profit in this case is summarised by the expression

Kuv(g−1) = m(□k
u ∨□k

v) + m[□k
v −□k

u]+. (D.12)

The case where only □k(u) ̸= ∅ has maximal profit m, while the case with only □k(v) ̸= ∅ has

maximal profit 2m and we see again that both these cases are compatible with the expression D.12.

Let us now turn to the case □k(u) ∪□k(v) = ∅ and neither Dk(u) nor Dk(v) are void. These are

displayed in figure D.3 and inspection of the costs suggests the general expression

Kuv(g−1) = m(Dk
u +Dk

v + [Dk
v −Dk

u]+) (D.13)

which is immediately verified to also hold for the cases where one of □k(u) or □k(v) is additionally

void.

By combining the expressions D.12 and D.13, we easily see that all cases thus far are summarised

by the single expression:

Kuv(g−1) = m(□k
u ∨□k

v) + mDk
u + mDk

v + m[□k
v +Dk

v −□k
u −Dk

u]+. (D.14)

The remaining ‘mixed’ cases correspond to the situation where neither of the sets □k(u) ∪ □k(v)

nor Dk(u)∪Dk(v) are void, and are shown in figure D.7. One can directly verify that the profit is

compatible with the general expression D.14 in each of these cases.

Thus we have

T −1
G (mu,mv) = m(nu − 1) + 2mnv + m

∑
k

(
□k

u ∨□k
v +Dk

u +Dk
v + [(□k

v +Dk
v) − (□k

u +Dk
u)]+

)
= m(d− 2 −△uv −□u −Du) + 2m(d− 1 −△uv −□v −Dv) + m(Du +Dv)

+ m
∑
k

□k
u ∨□k

v + m
∑
k

[(□k
v +Dk

v) − (□k
u +Dk

u)]+

= 1 −△uvm + m

(
d− 2 −△uv −□u −□v +

∑
k

□k
u ∨□k

v

)

+ m

(
d− 2 −△uv −□v −Dv +

∑
k

[(□k
v +Dk

v) − (□k
u +Dk

u)]+

)

= 1 −△uvm + m

(
d− 2 −△uv −

∑
k

□k
u ∧□k

v

)

+ m

(
d− 2 −△uv −

∑
k

(□k
u +Dk

u) ∧ (□k
v +Dk

v)

)
.
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Then if we define

A := d− 2 −△uv −
∑
k

□k
u ∧□k

v B := d− 2 −△uv −
∑
k

(□k
u +Dk

u) ∧ (□k
v +Dk

v)

we see that

T 0
G(mu,mv) = T 1

G(mu,mv) + A T −1
G (mu,mv) = T 1

G(mu,mv) + A + B B ≤ A

which implies that

TG(mu,mv) = T 1
G(mu,mv) + [A]+ + [B]+.

Recalling that d = 3 in this case we obtain the desired result.

Proposition D.12. Let G be a 4-regular graph. Then

κG(uv) =
1

4
△uv −

1

4

[
2 −△uv −

∑
k

□k
u ∧□k

v +
∑
k

[ℓ0k − 3]+

]
+

− 1

4

[
2 −△uv −

∑
k

(□k
u +Dk

u) ∧ (□k
v +Dk

v) +
∑
k

[ℓ−1
k − 3]+

]
+

(D.15)

Proof. We first consider T α
G (mu,mv) for α = 0. It is immediately verified that Kuv(H) = m(□k

u ∨
□k

v) which was compatible with all the graphs in figure D.1 is also compatible with all graphs in

figure D.2 except figure D.2h. Note that this configuration is the type to spoil the Bhattacharya

and Mukherjee expression. Provisionally, the distinguishing feature of this configuration is the

number of leaves, i.e. vertices with exactly one neighbour. More formally let us define

ℓ0k := | { a ∈ □k(u) : | N(a) ∩□k(v)| = 1 } ∪ { a ∈ □k(v) : | N(a) ∩□k(u)| = 1 } |. (D.16)

Then

Kuv(g0) = m(□k
u ∨□k

v) + m[ℓ0k − 3]+ (D.17)

is compatible with all optimisation domains □k(u) ∪ □k(v) in this case. Hence, comparing with

the proof of proposition D.11 we have

T 0
G(mu,mv) = 1 −△uvm + m

(
d− 1 −△uv −

∑
k

□k
u ∧□k

v +
∑
k

[ℓ0k − 3]+

)
. (D.18)

Now let us consider the case α = −1. As previously, the graphs in figures D.1 and D.2 give the
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optimisation domains □k(u) ∪□k(v) while the expression D.12

Kuv(g−1) = m(□k
u ∨□k

v) + m[□k
v −□k

u]+

which summarises the profit for the optimisation domains in figure D.1 also summarises the profit

for the optimisation domains in figure D.2 except for the figures D.2e and D.2h. Roughly speaking,

we see from figure D.2h that we deal with these cases as in figure D.2e as long as there is a two

path between any of the vertices contributing to ℓ0k. Thus it is helpful to additionally introduce

the quantity

ℓ−1
k (□) := | { a ∈ □k(u) : | Bc

2(a) ∩□k(v)| = 1 } ∪ { a ∈ □k(v) : | Bc
2(a) ∩□k(u)| = 1 } |, (D.19)

where we recall that Bc
r(a) is the closed ball of radius r centred at a. Then it is easily verified that:

Kuv(g−1) = m(□k
u ∨□k

v) + m[□k
v −□k

u]+ + m[ℓ0k − 3]+ + m[ℓ−1
k (□) − 3]+. (D.20)

Moving on we turn to optimisation domains Dk(u)∪Dk(v) assuming neither of the constituent sets

vanish. The relevant graphs along with optimal transport map and associated profits are displayed

in figures D.3 and D.4. The expression D.13

Kuv(g−1) = m(Dk
u +Dk

v + [Dk
v −Dk

u]+)

which describes the profit for each graph in figure D.3 also describes the profit for each graph

in figure D.4 except for figure D.4h, the graph which spoils the Bhattacharya and Mukherjee

expression. Again, the distinguishing feature is the number of leaf-like vertices, so by defining

ℓ−1
k (D) := | { a ∈ Dk(u) : | Bc

2(a) ∩Dk(v)| = 1 } ∪ { a ∈ Dk(v) : | Bc
2(a) ∩Dk(u)| = 1 } |, (D.21)

we see that the expression:

Kuv(g−1) = m(Dk
u +Dk

v + [Dk
v −Dk

u]+) + m[ℓ−1
k (D) − 3]+

describes the profit for all the graphs in figures D.3 and D.4. Comparing with the proof of propo-

sition D.11, we see that the profits for optimisation domains □k(u)∪□k(v) and Dk(u)∪Dk(v) are

all summarised by the single expression

Kuv(g−1) = m(□k
u ∨□k

v) + mDk
u + mDk

v + m[□k
v +Dk

v −□k
u −Dk

u]+ + m[ℓ0k − 3]+ + m[ℓ−1
k − 3]+,

(D.22)
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where we define

ℓ−1
k :=

∣∣∣∣∣∣
⋃

(x,y)∈{ (u,v),(v,u) }

{ a ∈ □k(x) ∪Dk(x) : | Bc
2(a) ∩ (□k(y) ∪Dk(y))| = 1 }

∣∣∣∣∣∣ . (D.23)

The remaining optimisation domains are shown in figure D.8; one can directly verify that each

graph therein is accounted for by the above expression.

Thus, comparing to the proof of proposition D.11, we have

T −1
G (mu,mv) = m(nu − 1) + 2mnv + m

∑
k

(
□k

u ∨□k
v +Dk

u +Dk
v + [(□k

v +Dk
v) − (□k

u +Dk
u)]+

)
+ m

∑
k

([ℓ0k − 3]+ + [ℓ−1
k − 3]+)

= 1 −△uvm + m

(
d− 2 −△uv −

∑
k

□k
u ∧□k

v +
∑
k

[ℓ0k − 3]+

)

+ m

(
d− 2 −△uv −

∑
k

(□k
u +Dk

u) ∧ (□k
v +Dk

v) +
∑
k

[ℓ−1
k − 3]+

)
.

This gives the desired result.

D.3 Higher Degrees?

It is clear that with some patience one can apply the methods above (enumeration of optimisation
domains) to deduce an exact expression for 5-regular graphs and no doubt similarly for 6-regular
graphs also. To what extent can this procedure help for general regular graphs? The principle issue
that arises for arbitrarily large degrees is that possible departures from the naive Bhattacharya
and Mukherjee expression become more and more significant as the degree increases. We illustrate
the problem for the case of α = 0.

For regular graphs in the case α = 0, the Bhattacharya and Mukherjee expression is found simply
by maximising the number of squares in each connected component, i.e. according to Bhattacharya
and Mukherjee, each connected component Rk contributes

m(□k
u ∨□k

v)

to T 0
G(mu,mv), which arises by assigning a value of θ□k

u,□
k
v

to neighbours of u and θ□k
u,□

k
v
− 1 to

neighbours of v. As, for instance, figure D.2h shows, however, these values can be bettered. In both
of these cases, the reason that one does better than the Bhattacharya and Mukjherjee assignment
is because there is an element of □(u) which can be profitably dropped from an assignment of 1
to 0 since it enables two elements of □(v) to take on a value of −1. Here one has the following:

Lemma D.1. Let A ⊆ □k(u)∪□k(v) be the set of all leaves in □k(u)∪□k(v), let B ⊆ □k(u)∪□k(v)

be the set of all elements of □k(u)∪□k(v) which neighbour leaves and let C be the remaining vertices

of □k(u) ∪□k(v). Then given any Lipschitz map f : □k(u) ∪□k(v) → Z such that

f(a) ∈ { 0, 1 } f(b) ∈ {−1, 0 } (D.24)
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1

0

1
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0

-1
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.

Figure D.9: An optimisation domain with no leaves which has a profit exceeding the Bhattacharya
and Mukherjee assignment for α = 0. Blue shaded vertices indicate neighbours of u and green
shaded assignments indicate neighbours of v; vertices are labelled according to an optimal assign-
ment with profit 6m, exceeding the Bhattacharya and Mukherjee assignment of 5m.

for all a ∈ □k(u) and all b ∈ □k(v), the mapping g : □k(u) ∪□k(v) → Z defined by

g(a) =



1, a ∈ A ∩N(u)

0, a ∈ B

−1, a ∈ A ∩N(v)

f(a), a ∈ C

(D.25)

is Lipschitz continuous, while it manifestly satisfies the constraints D.24 and Kuv(g) ≥ Kuv(f).

Proof. Kuv(H)uv(g) ≥ Kuv(f) is an immediate consequence of the fact that f satisfies the con-

straints D.24 and the fact that |A| ≥ |B|; the latter follows because each leaf only has one neighbour,

i.e. we have a surjective mapping A → B that sends every leaf to its unique neighbour. To see

that g is Lipschitz continuous, it is sufficient to note that every a ∈ A is at least distance 2 from

any b ∈ C.

Note that this lemma implies an iterative algorithm for reducing the optimisation domain:

(i) At step 1 define C = □k(u) ∪□k(v). We iteratively define f : □k(u) ∪□k(v) → Z.

(ii) At step n define A as the set of leaves in C and B as the set of neighbours of leaves in C.
Define f |A ∪B according to the assignment for g|A ∪B in lemma D.1.

(iii) In going from step n to step n + 1, we redefine C as C/(A ∪B).

(iv) Terminate the algorithm if C has no leaves.

Note that the algorithm obviously terminates if C is empty or a single point; however it is easy to
see that it may terminate in a less trivial configuration, for instance K2,2, the complete bipartite
graph on 2 + 2 vertices. The mapping is Lipschitz continuous on its domain because at each step
each c ∈ C neighbours either some other element of C or some b ∈ B where the latter places no
constraint on the possible values assigned to c since f(c) ∈ {−1, 0, 1 }.

The key point about this algorithm is not so much its utility in computing the Ollivier curvature,
which is somewhat questionable, as the insight that any exact expression may require terms which
seem to be specifiable only after n-steps of the iteration of an algorithm. For instance, if at the step
n, the domain C has the structure of figure D.2h, then we shall need to count the number of n-leaves
(leaves at step n) to account for the difference with the Bhattacharya and Mukherjee expression.
For arbitrary n it is surely impossible to give an a priori expression for the number of such n-leaves
without some kind of iteration over the optimisation domain. One is then reduced to comparing the
performance of algorithms. For practical purposes, Ollivier curvature calculations seem relatively
well-served by linear programmes, or other more sophisticated numerical methods such as entropic
regularisation. Moreover, as figure D.9 indicates, departures from the Bhattacharya and Mukherjee
assignment are not limited simply to configurations with leaves.
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[136] Michael B Grren, John H Schwarz, and Edward Witten. Superstring Theory. 25th Anniver-

sary Edition. Two Volumes vols. Cambridge: Cambridge University Press, 2012.

[137] Marco Gualtieri. Generalized complex geometry. DPhil Thesis. University of Oxford, 2003.

arXiv:math/0401221 [math.DG].

328

https://arxiv.org/abs/hep-th/9506171
https://doi.org/10.1103/PhysRevLett.116.211302
https://arxiv.org/abs/1601.01800
https://doi.org/10.1090/S0894-0347-08-00624-3
https://doi.org/10.1090/S0894-0347-08-00624-3
https://arxiv.org/abs/math/0501269
https://doi.org/10.2307/2304666
https://arxiv.org/abs/2004.14810
https://doi.org/10.1016/0370-2693(85)91470-4
https://doi.org/10.1016/0550-3213(86)90193-8
https://doi.org/10.1103/PhysRevD.103.106013
https://doi.org/10.1103/PhysRevD.103.106013
https://arxiv.org/abs/2101.04072
https://doi.org/10.1016/j.physrep.2005.10.008
https://arxiv.org/abs/hep-th/0509003
https://doi.org/10.1017/CBO9780511566165.008
https://arxiv.org/abs/math/0401221v1


BIBLIOGRAPHY

[138] Marco Gualtieri. “Branes on Poisson Varieties”. In: The Many Facets of Geometry: A Trib-

ute to Nigel Hitchin. Ed. by Oscar Garcia-Prada, Jean Pierre Bourguignon, and Simon Sala-

mon. Oxford University Press, 2010. doi: 10.1093/acprof:oso/9780199534920.003.0018.

arXiv:0710.2719 [math.DG].

[139] Razvan Gurau. “Invitation to Random Tensors”. In: Symmetry, Integrability and Geome-

try: Methods and Applications (SIGMA) 12.094 (2016). doi: 10.3842/SIGMA.2016.094.

arXiv:1609.06439 [hep-th].

[140] Razvan Gurau. Random Tensors. Oxford University Press, 2017. doi: 10.1093/acprof:

oso/9780198787938.001.0001.

[141] Razvan Gurau and James P Ryan. “Melons are Branched Polymers”. In: Annales Henri
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