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Abstract

In this thesis we consider two problems related to the fractional Laplacian. One of

these is the study of the singular behaviour of solutions of boundary value problems

for the fractional Laplacian in smooth and polygonal domains. We study these

problems in model geometries using a harmonic extension of the solution to the

upper half-space. We then discuss how these problems fit in the theory of edge

pseudodifferential calculus and outline the additional steps necessary to address the

general case.

On the other hand, we study magnitude, a metric invariant of compact metric

spaces, for Euclidean domains or compact manifolds with boundary. We provide a

framework for its analysis, relating it to a boundary problem for a non-local integral

operator, which upon localisation near the diagonal is a negative order parameter-

elliptic pseudodifferential operator coinciding with a negative order fractional Lapla-

cian up to lower order terms. The inverse of this operator, when acting between

suitable Sobolev spaces, is asymptotically computed using Wiener-Hopf factoriza-

tions and methods from semiclassical analysis. As a main result, we obtain an

asymptotic variant of the convex magnitude conjecture by Leinster and Willerton

by explicit computation.
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Chapter 1

Introduction

The fractional Laplacian (−∆)s, s ∈ (0, 1), is defined using the Fourier transform in

Rn by

(−∆)su(x) = F−1
(
|ξ|2sFu(ξ)

)
for u ∈ S(Rn). Up to a smoothing perturbation, it is a pseudo-differential operator

of order 2s with symbol |ξ|2s.

The fractional Laplacian arises in many applications, including image processing

[15], swarm robotic systems [11], and finance [54].

Depending on the context, the fractional Laplacian may be defined in differ-

ent ways. In addition to its definition using the Fourier transform, an equivalent

formulation is its definition as a singular integral operator

(−∆)sf(x) = cn,s

∫
Rn

f(x)− f(y)

|x− y|n+2s
dy

for f : Rn → Rn and where cn,s = (4sΓ(n/2 + s))/(πn/2|Γ(−s)|) is a normalisation

constant. Further equivalent definitions include its realisation via the heat semigroup

and as a generator of a Levy process [43].

The analysis of the fractional Laplacian was popularized when Caffarelli and

Silvestre [10] showed how to express it as the Dirichlet-Neumann operator associated

to a (local) partial differential equation, in what is known as the extension approach.

We use this method in Chapter 6 to study the Dirichlet problem for the fractional
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Chapter 1: Introduction

Laplacian

(−∆)su = f in Ω,

u = 0 in Rn \ Ω,

for an open domain Ω. Recently, there has been much interest in boundary problems

for nonlocal operators such as the fractional Laplacian by Grubb [18], Ros-Oton and

Serra [48] and others. Grubb studies this problem for smooth domains in the context

of Sobolev spaces, using techniques introduced by Hörmander in [22]. Ros-Oton and

Serra on the other hand use non-linear PDE analysis for C1,1 domains. We study

this problem for a smooth Ω, and provide an outline for the extension of this method

to certain piecewise smooth Ω in Chapter 6. This is done using the techniques of

geometric microlocal analysis, as studied by Melrose and Mazzeo [34, 35, 42].

In general, singularities are expected to arise in the presence of corners or a non-

smooth boundary, even in the case of the Laplacian. Such problems are important

in engineering as they arise in numerical methods in polygons. The analysis of

such problems has a long history, and we particularly mention Kondratev [27] and

Costabel and Dauge [33]. More recently, singular analysis and pseudodifferential

techniques have provided a systematic toolbox for their analysis.

In a change of topic, we also study magnitude, a new invariant for metric spaces,

first introduced by Leinster [30]. A motivating problem for this work is the following

question:

Question 1. What is the magnitude of the unit ball in R2?

Before delving deeper into why this makes for an interesting problem, let us

mention that this question has been a long-standing question; it has been numerically

investigated by Willerton [56], and popularised by Leinster and Carbery. We remark

that the magnitude of unit balls in odd dimensions is determined in [57].

To begin with, let us explain precisely what question 1 actually means. We begin

by defining the magnitude of a matrix, and then generalise until we can understand

what we mean by the magnitude of a compact metric space. This is done in detail

in [30].

2



Chapter 1: Introduction

We begin with some preliminary definitions:

Definition 1.0.1. Let Z be an I × J matrix over R. A weighting on Z is a column

vector w ∈ RJ such that Zw = uI . A coweighting on Z is a row vector v ∈ RI such

that vZ = u∗J .

Here, uI denotes the column vector with uI(i) = 1 for all i ∈ I.

A matrix may admit one, multiple, or no weightings. Using notation from the

above definition one can readily see that for any weighting w and coweighting v, it

holds that

∑
j∈J

w(j) = u∗Jw = vZw = vuI =
∑
i∈I

v(i).

Thanks to this property we can unambiguously define the magnitude of a matrix:

Definition 1.0.2. Using the notation from definition 1.0.1, we say that a matrix Z

has magnitude if it admits a weighting w and a coweighting v. Then, its magnitude

is given by

mag(Z) =
∑
j∈J

w(j).

For the remainder of this introduction, we only concern ourselves with positive

definite square matrices, i.e. I = J , and remark that for such a matrix, its magnitude

is the sum of the entries of its inverse. We are now looking to lift this property into

one for finite metric spaces, and we do so using the similarity matrix; for a finite

metric space (A = {a1, . . . , aN}, d), N ∈ N, its similarity matrix ZA is given by

ZAi,j = e−d(ai,aj), i, j ∈ [1, N ]. For the category theoretic motivation behind this

definition see [30] or [28].

Definition 1.0.3. The magnitude of a finite metric space (A, d) is given by the

magnitude of its similarity matrix ZA.

Thus if ZA admits a weighting w then the magnitude of A is given by

mag(A, d) = mag(ZA) =
∑
i

w(i).

3



Chapter 1: Introduction

Furthermore, a finite metric space is positive definite if its similarity matrix is pos-

itive definite. Some special examples include:

1. Trivially, any metric space consisting of one point has magnitude 1.

2. A finite discrete metric space consisting of N points has magnitude N , as the

similarity matrix is simply the N ×N identity matrix.

3. Let A be a complete graph comprised of N points, all at distance T apart.

Then, the similarity matrix is given by ZA = e−(1−δij)T . Noticing that the sum

of each row is 1 + (N − 1)e−T , we deduce that the sum of the entries of the

weighting vector is given by N/(1 + (N − 1)e−T ).

By means of the work of Meckes [41], we can extend this definition to compact

metric spaces, provided they are positive definite, that is, they possess only positive

definite finite subspaces. Then, for a positive definite compact metric space X, we

have that

mag(X) := sup{mag(A) : A ⊆ X is finite}. (1.1)

Based on the work by Meckes, in this thesis we connect magnitude to spectral

geometry. We provide a framework for a refined analysis and explicit computations

when X ⊂M is a smooth, compact subset of a manifold with metric d.

In Chapter 2 we discuss how this framework becomes relevant, and give re-

sults for the magnitude function for manifolds with boundary. This clarifies the

geometric content of the magnitude of X and proves an asymptotic variant of the

Leinster-Willerton conjecture (see Conjecture 2.0.1). Chapter 3 introduces conormal

distributions and parameter-dependent pseudo-differential operators and computes

some examples relevant in Chapter 4. The main results of Chapter 2 are proved in

Chapter 4, where we develop this framework. This is done using recent techniques

for the fractional Laplace operator in combination with classical ideas from semi-

classical analysis. In Chapter 5 we provide a computational algorithm to arrive to

the main results of Chapter 4 which can be used as a black box.

4



Chapter 2

On the magnitude function for

manifolds with boundary

The results in this Chapter are joint work with Heiko Gimperlein and Magnus Gof-

feng.

Instead of the magnitude of an individual set X, it proves fruitful to study the

function MX(R) := mag(X,R · d) for R > 0. Motivated by properties of the Euler

characteristic as well as heuristics and computer calculations, Leinster and Willerton

[29] conjectured a relation to the intrinsic volumes Vi(X):

Conjecture 2.0.1

Suppose X ⊂ Rn is compact and convex. Then

MX(R) =
1

n!ωn
voln(X) Rn +

1

2(n− 1)!ωn−1

voln−1(∂X) Rn−1 + · · ·+ 1

=
n∑
i=0

1

i!ωi
Vi(X) Ri .

In particular, this formula in terms of the intrinsic volumes Vi(X) would imply

continuity properties and an inclusion-exclusion principle for the magnitude. We

refer to [5, 29] for further motivation.

Conjecture 2.0.1 is easily verified for an interval X ⊂ R, where MX(R) =

χ(X) + Length(X)
2

R. As already mentioned, the results of this thesis are motivated

by the notorious example of the magnitude of the unit disk, or more generally a

5



Chapter 2: On the magnitude function for manifolds with boundary

smooth, compact domain.

Recall that a domain X ⊆ Rn is a subset which coincides with the closure of

its interior points. A domain is called smooth if its boundary ∂X is a smooth

hypersurface in Rn. To state the results, for a function f : R+ → C and numbers

cj ∈ C, j = 0, 1, . . ., we write f(R) ∼
∑∞

j=0 cjR
n−j as R→ +∞ if for any M ∈ N,

there is an N ∈ N such that

f(R)−
N∑
j=0

cjR
n−j = O(R−M) as R→ +∞.

Theorem 2.0.2

Let X ⊂ R2 be a smooth compact domain. Then, the following hold:

a) MX admits a meromorphic continuation to C.

b) There exists an asymptotic expansion

MX(R) ∼
∞∑
j=0

cjR
2−j as R→ +∞. (2.1)

d) The first five coefficients are given by

c0(X) =
1

2π
Area(X), c1(X) = αPerim(∂X), c2(X) = β

∫
∂X

H dS,

c3(X) = γ

∫
∂X

H2 dS, c4(X) = δ

∫
∂X

H3 dS,

where H is the mean curvature and α, β, γ, δ ∈ 1
π
Q are independent of X. In par-

ticular, MX is not a polynomial unless H = 0.

Theorem 2.0.2 is a special case of Theorem 2.1.3 and the results of Section 5.3.

In dimension n = 5 Conjecture 2.0.1 was disproved by Barceló and Carbery [5],

who showed thatMB5 is a rational function, not a polynomial. In odd dimensions,

their work related magnitude to a differential boundary problem, which Gimperlein

and Goffeng used to clarify the geometric content of the magnitude function. They

showed an analogue of Theorem 2.0.2 in [16] for compact smooth domains X ⊂ Rn,

n odd: The magnitude function MX is a meromorphic function which admits an

asymptotic expansion MX(R) ∼ 1
n!ωn

∑∞
i=0 ci(X) Rn−i for R → ∞. Furthermore,

6



Chapter 2: On the magnitude function for manifolds with boundary

for i = 0, 1, 2, 3 there exist γn,i ∈ Q independent of X such that ci(X) = γn,iVi(X).

In what follows we extend the results of [16] to even dimensions and to geometric

settings, using a new, unified approach. Theorem 2.0.2 is obtained as a special case

in combination with a computer implementation which allows to calculate higher

ck(X). The general definition in equation (1.1) is not suitable for our methods. Our

starting point is a reformulation by Meckes [39], who considered the operator ZX(R)

as an integral operator on the space M(X) of finite Borel measures on X:

ZX(R) : M(X)→ C(X), ZX(R)µ(x) :=

∫
X

e−Rd(x,y)dµ(y).

Extending the idea of a weight vector, we similarly define a weight measure µR as a

solution to the equation

ZX(R)µR = 1 .

If (X, d) is positive definite and admits a weight measure, Meckes showed that

MX(R) = µR(X). We shall show that for a domain X ⊂ Rn the operator ZX(R) is

a pseudodifferential operator and therefore extends to the Sobolev space H−
n+1
2 (X)

of distributions. The equation ZX(R)uR = 1 on X admits a unique distributional

solution u ∈ H−n+1
2 (X). We relate this approach to Meckes’s work [39], concluding

that MX(R) = 〈uR, 1〉X .

The pseudodifferential framework allows to use methods from semiclassical anal-

ysis to study MX . We summarise the setup and present the main results:

2.1 Setup and main results

The results for the magnitude function all rely on an analysis of the family of integral

operators

ZX(R)u(x) :=
1

R

∫
X

e−Rd(x,y)u(y)dy, R ∈ C \ {0}. (2.2)

Here X is a compact manifold with boundary equipped with a distance function d

and a volume density dy. For all our results we require the minimal assumption

that d2 is smooth in a small neighbourhood of the diagonal x = y. There, in local

7



Chapter 2: On the magnitude function for manifolds with boundary

coordinates it has a Taylor expansion (for any N > 0)

d(x, y)2 = Hd2,x(v) +
N∑
j=3

Cj
d2(x; v) +O(|v|N+1). (2.3)

Here v = x− y, Hd2 is a Riemannian metric on X and Cj
d2 in local coordinates is a

symmetric j-form in v. This condition can be summarized in the terminology that

d2 is regular at the diagonal, see Definition 4.1.2, and for more details on the Taylor

expansion, see Equation (4.4). We fix a function χ ∈ C∞(X ×X) such that χ = 1

on a neighborhood of the diagonal x = y and d2 is smooth on the support of χ. The

localization of ZX to near the diagonal is the integral operator

QX(R)u(x) :=
1

R

∫
X

χ(x, y)e−Rd(x,y)u(y)dy, R ∈ C \ {0}.

We remark that if d2 is smooth on all of X ×X, e.g. for a domain in Rn, it holds

that ZX − QX is smoothing with parameter on any sector Γ ⊆ C+ with opening

angle smaller than π/2.

Theorem 2.1.1

Let X be a compact n-dimensional manifold and d such that d2 is regular at the

diagonal (see Definition 4.1.2). The family of integral operators QX is an elliptic

pseudodifferential operator with parameter R ∈ C+ of order −n−1, and its principal

symbol is

σ−n−1(QX)(x, ξ, R) = n!ωn(R2 + gd2(ξ, ξ))−(n+1)/2,

where gd2 is the dual metric to Hd2 from the Taylor expansion (2.3). The properties

of QX can be summarized as follows:

1. In each coordinate chart, the full symbol of QX can be computed by an iterative

scheme as in Theorem 4.1.9.

2. There exists an R0 such that

QX(R) : Ḣ−
n+1
2 (X)→ H̄

n+1
2 (X)

is invertible for Re(R) > R0 and arg(R) < π/(n+ 1).

3. If ∂X = ∅, then QX(R)−1 is an elliptic pseudodifferential operator of order

8



Chapter 2: On the magnitude function for manifolds with boundary

n + 1 whenever it exists. The full symbol of Q−1
X can be computed by an

iterative scheme as in Theorem 4.1.21.

4. If ∂X 6= ∅, QX is elliptic with parameter of type −(n + 1)/2 and of infinite

regularity in an extended Boutet de Monvel calculus. In particular, there is

a classical parameter dependent parametrix in an extended Boutet de Monvel

calculus of order n+ 1, type (n+ 1)/2 and infinite regularity.

Moreover, if d2 is smooth, then all the properties above hold also for ZX .

Theorem 2.1.1 is found in the bulk of Chapter 4 as follows. The first statement

and item 1. is found in Theorem 4.1.9. Item 2. is proven in Theorem 4.3.1, see also

Corollary 4.1.22 of Theorem 4.1.23 for the simpler case of ∂X = ∅. Item 3. follows

from Theorem 4.1.21 and Corollary 4.1.22. Item 4. is contained in Theorem 4.3.9.

The operator QX is generally better behaved than ZX ; the off-diagonal singular-

ities of d can create problems in considering ZX as a map between Sobolev spaces.

For examples of such phenomena, see Subsection 4.2.4. We impose one of two con-

ditions on d, property (MR) and property (SMR), respectively to ensure that QX

and ZX share common functional analytic features as operators between Sobolev

spaces. The reader can find the precise definition of property (MR) and property

(SMR) in Definition 4.2.3 (for ∂X = ∅) and Definition 4.3.2 (for ∂X 6= ∅). We note

that property (MR) and property (SMR) on any sector Γ ⊆ C \ {0} holds as soon

as d2 is smooth on all of X × X, e.g. for a domain in Rn or more generally for a

compact submanifold with boundary in a complete manifold.

Motivated by the Leinster-Willerton conjecture (see 2.0.1) and for the purposes

briefly mentioned in the discussion following Theorem 2.0.2, we are interested in

precise asymptotic information about solutions to ZX(R)u = f (these will become

clearer in due course, see Corollary 2.3.4). To this end, we were not able to utilize

the extended Boutet de Monvel calculus appearing in Theorem 2.1.1, item 4., but

rather we describe the inverse operator Z−1
X via Wiener-Hopf factorizations.

Theorem 2.1.2

Let X be a compact n-dimensional manifold with boundary and d a distance function

whose square is regular at the diagonal. In the sector Re(R) > R0 and arg(R) <

π/(n + 1), the symbol of Q−1
X has an asymptotic expansion whose terms can be

inductively constructed from the asymptotic expansion of σ(QX).

9



Chapter 2: On the magnitude function for manifolds with boundary

For a proof of this and a description of the terms, see Section 4.1.3.

Theorem 2.1.3

Let X be a compact n-dimensional manifold with boundary and d a distance function

whose square is regular at the diagonal. There exists some R0 > 0, such that for

R > R0 we can write

〈QX(R)−11X , 1X〉 =
∞∑
k=0

ck(X, d)Rn+1−k +O(R−∞), as (R)→∞,

where the coefficients ck are computed using the asymptotic expansion of the inverse

of QX in the interior and at the boundary. We find that the first 3 terms are given

by

c0 =
voln(X)

n!ωn
,

c1 =
(n+ 1)voln−1(∂X)

2 · n!ωn
,

c2 =
αn
n!ωn

∫
X

sd2 dX +
βn
n!ωn

∫
∂X

Hd2 dx′,

where s relates to the scalar curvature and H to the mean curvature, and αn, βn

some rational dimensional constants.

Once again, under property (MR) this can be lifted to ZX as well, and we remind

the reader here that MX(R) = 〈Z−1
X (R)1X , 1X〉. Local expressions for ck, such as

in Theorem 2.0.2, can be mechanically calculated using a computer.

2.2 Geometry of magnitude function and magni-

tude operator

The structural properties and geometric formulas for the expansion coefficients of

the magnitude function as R→∞ shed light on the geometric content of magnitude.

As magnitude was originally motivated as a generalization of the Euler character-

istic, and Leinster-Willerton conjectured that cn equals an Euler characteristic, the

relation between these two quantities is of interest.

10
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Proposition 2.2.1

Let M be a compact Riemannian surface which satisfies (MR). Then the constant

term c2 in the expansion of MM(R) is a multiple of the Euler characteristic of M .

Proof. Recall that c2(M) = γ
∫
M

s, where s is the scalar curvature. The assertion

then follows from the Gauss-Bonnet theorem for surfaces,
∫
M

s = πχ(M).

An analogous relation between magnitude and Euler characteristic fails for do-

mains X ⊂ R3. With H the mean curvature of ∂X, c3(X) = δ
∫
∂X
H2 is a multiple

of the Willmore energy. The Willmore energy, however, can be arbitrarily large on

surfaces of genus 0 and is not determined by the Euler characteristic.

Nevertheless, as first shown in [16] for smooth compact domains in a Euclidean

space of odd dimension, one of the fundamental properties of the Euler characteristic

still holds in an asymptotic form: the inclusion-exclusion principle. The results in

this article imply an inclusion-exclusion principle for smooth compact domains in

manifolds of any dimension.

Proposition 2.2.2

Let M be a manifold with a distance function which satisfies (MR). Let X, Y ⊂ M

smooth compact domains such that X ∪ Y and X ∩ Y are smooth. Then

MX∪Y (R) =MX(R) +MY (R)−MX∩Y (R) +O(R−∞).

Proof. The assertion follows from the local formulas for the expansion coefficients

cj.

In spectral geometry, analogues of the expansion coefficients cj have proven

fruitful to find relationships between geometry and the eigenvalues of the Laplace-

Beltrami operator, see [53] for a recent overview. The guiding question by M. Kac,

“Can you hear the shape of a drum?” has an analogue for the magnitude function:

Does the magnitude functionMX determine a compact domain X up to isometry?

The answer is positive for the magnitude function of a ball:

Proposition 2.2.3

Let B ⊂ Rn a ball. If X ⊂ Rn is a smooth compact domain with MX = MB +

o(Rn−1) for R→∞, then X is isometric to B.

11
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Proof. By assumption

n!ωnMX(R) = voln(X)Rn + n+1
2

voln−1(∂X)Rn−1 + o(Rn−1)

= voln(B)Rn + n+1
2

voln−1(∂B)Rn−1 + o(Rn−1) = n!ωnMB(R) + o(Rn−1).

Therefore voln(X) = voln(B) and voln−1(∂X) = voln−1(∂B). Recalling the isoperi-

metric inequality, nω
1/n
n voln(X)(n−1)/n ≤ voln−1(∂X), with equality if and only if X

is isometric to a ball, it follows that X is isometric to B.

For nonconvex domains, however, a counterexample by Meckes shows that the

answer is negative:

Remark 2.2.4 (Meckes). Let n odd. Consider balls B1, B2 ⊂ Rn of the same diameter

which are contained in the interior of a large ball B. Then MB\B◦1 = MB\B◦2 , but

generically B \B◦1 and B \B◦2 are not isometric.

The proof of Proposition 2.2.3 indicates the opportunities for studying the re-

lationship between the geometry of a domain X and its magnitude function MX

using techniques from spectral geometry, based on the expansion ofMX for R→∞.

Using such techniques we obtain an analogue for magnitude of a theorem by Berger

[6] that for a closed Riemannian surface having constant sectional curvature is de-

termined by the eigenvalues of the Laplace-Beltrami operator.

Proposition 2.2.5

Let X, Y ⊂ Rn be smooth compact domains, and assume that ∂X has constant mean

curvature H. IfMX =MY +o(Rn−3) for R→∞, then also ∂Y has constant mean

curvature H(∂Y ) = H.

The result generalizes Proposition 2.2.3.

Proof. Note that the polynomial pY (z) =
∫
∂Y

(z−H(∂Y ))2 has a real zero if and only

if the mean curvature of ∂Y is constant. Further, there exist constants αn, βn, γn

12
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depending only on the dimension n such that

pY (z) =z2vol(∂Y )− 2z

∫
∂Y

H(∂Y ) +

∫
∂Y

H(∂Y )2

=αnc1(Y )z2 + βnc2(Y )z + γnc3(Y ),

where the terms cj(Y ) are defined as above from the expansion of the magnitude

function. Because cj(Y ) = cj(X) for j ∈ {1, 2, 3}, pY (z) =
∫
∂X

(z −H(∂X))2. With

H(∂X) = H constant, pY vanishes in H, and therefore H(∂Y ) is constant and

equals H.

For a compact metric space (X, d), the geometric relevance of the magnitude op-

erator ZX(R) is not restricted to the magnitude functionMX(R) = 〈ZX(R)−11, 1〉.

Closely related quantities of interest are the meromorphic energy function

BX(z) := F.P.|s=z
∫
X×X

d(x, y)s dx dy ,

and the residue

RX(z) := ress=z

∫
X×X

d(x, y)s dx dy .

The energy BX(z) was first introduced by Brylinski [9] for knots in R3 and by

Fuller and Venmuri [13] for closed submanifolds of Rn. BX(z) and RX(z) may be

expressed in terms of ZX by means of the formula

d−s =
1

Γ(s)

∫ ∞
0

Rs−1e−Rd dR,

valid for Re(s) > 0. Then

∫
X×X

d(x, y)−s dx dy =
1

Γ(s)

∫ ∞
0

Rs−1

∫
X×X

e−Rd(x,y) dx dy dR

=
1

Γ(s)

∫ ∞
0

Rs−1〈ZX(R)1, 1〉 dR .

To understand the relation between the residues of

f(s) =

∫
X×X

d(x, y)−s dx dy

13
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and the expectation value of the magnitude operator,

e(t) = 〈ZX(t)1, 1〉 =

∫
X×X

e−td(x,y)dx dy ,

we divide the integral on the right hand side and set λ = R−1:

f(s) =
1

Γ(s)

∫ 1

0

Rs−1e(R) dR +
1

Γ(s)

∫ ∞
1

Rs−1e(R) dR

=
1

Γ(s)

∫ 1

0

Rs−1e(R) dR +
1

Γ(s)

∫ 1

0

λ−(s−1)e(λ−1) dλ .

The proof of the following proposition is analogous to Proposition 5.1, [14].

Proposition 2.2.6

Assume that e(t) and e(t−1) are holomorphic in Vθ0 (for some θ0 ∈ (0, π
2
)),

Vθ0 = {t = reiθ|2 > r > 0, |θ| < θ0} ,

and e(t) = O(|t|a), e(t−1) = O(|t|b) for t→ 0 in Vδ, any δ < θ0, for some a, b ∈ R.

Then the following properties (a) and (b) are equivalent:

(a) e(t) and e(t−1) have asymptotic expansions for t→ 0,

e(t) ∼
∞∑
j=0

ajt
βj , βj → +∞, (2.4)

e(t−1) ∼
∞∑
j=0

Ajt
γj , γj → +∞, (2.5)

uniformly for t ∈ Vδ, for each δ < θ0.

(b) f(s) is meromorphic on C with the singularity structure

Γ(s)f(s) ∼
∞∑
j=0

aj
βj + s

+
∞∑
j=0

Aj
γj − s

,

and for each real C1, C2 and each δ < θ0,

|f(s)| ≤ C(C1, C2, δ)e
−δ|Im(s)|, |Im(s)| ≥ 1, C1 ≤ |Re(s)| ≤ C2 .
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There is thus a close relation between the expectation value of the magnitude

operator 〈ZX(t)1, 1〉 and the residue for an arbitrary metric space (X, d), under the

assumptions on 〈ZX(t)1, 1〉.

The geometric content discovered for residues of knots, hypersurfaces and do-

mains therefore translates into geometric content for the corresponding magnitude

operator:

Proposition 2.2.7

a) [[9, 13, 44]] Let M be a hypersurface in Rm+1 with principal curvatures κi. Define

‖h‖2 =
∑

i κi
2 and ok the surface area of the unit k-sphere.

1. The first residue is given by RM(−m) = om−1 Vol (M).

2. The second residue is given by

RM(−m− 2) =
om−1

8m

∫
M

(
2‖h‖2 −m2|H|2

)
dx. (2.6)

b) [[44]] Let Ω ⊂ Rn be a compact domain.

RΩ(−n) = on−1Vol (Ω), (2.7)

RΩ(−n− 1) = − on−2

n− 1
Vol(∂Ω), (2.8)

RΩ(−n− 3) =
on−2

24(n2 − 1)

∫
∂Ω

(
3n2H2 − 2s

)
dx, (2.9)

Also an inclusion-exclusion principle was derived for residues [45].

2.3 Weight distributions and magnitude

The work of Meckes [39] relates the magnitude to a certain capacity like definition

for a reproducing kernel Hilbert space defined from (X, d). We here recall this

approach in a form which connects it to the analytic techniques used in Chapter

4. In particular, that our approach does indeed compute the magnitude function.

Let (M, d) be a compact metric space. Consider the vector space FM(M) of finitely

supported complex measures on M . For R ∈ C, we define the form 〈·, ·〉WR
on
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FM(M) by

〈µ, ν〉WR
:=

∫
M×M

e−Rd(x,y)dµ̄(x)dν(y). (2.10)

For real R, 〈µ, ν〉WR
is a sesquilinear form on FM(M). The following result follows

from the definition of a positive definite metric space.

Proposition 2.3.1

Let R > 0. The form 〈·, ·〉WR
is positive definite on FM(M) if and only if (M,Rd)

is positive definite.

When R > 0 satisfies that (M,Rd) is positive definite, we define WR(M) as

the completion of FM(M) in the inner product 〈·, ·〉WR
. Note that for any compact

X ⊆M there is an inclusion of Hilbert spaces

WR(X) ⊆ WR(M).

Let C1/2(M, d) denote the Banach space of functions on M which are Hölder con-

tinuous of exponent 1/2.

Proposition 2.3.2 (Proposition 3.2 of [39])

For R > 0 such that (M,Rd) is positive definite, the operator

Z0(R)µ(x) :=

∫
M

e−Rd(x,y)dµ(x), µ ∈ FM(M)

extends to a continuous mapping

Z0(R) :WR(M)→ C1/2(M, d).

Moreover, for any µ ∈ FM(M), ν ∈ WR(M),

〈µ, ν〉WR
=

∫
M

[Z0(R)ν](x)dµ̄(x). (2.11)

ForR > 0 such that (M,Rd) is positive definite, we defineHR(M) := Z0(R)WR ⊆

C1/2(M, d) topologized as a Hilbert space by declaring Z0(R) : WR(M) → HR(M)

to be a unitary isomorphism. Equation (2.11) shows that there is a canonical iden-
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tification HR(M) =WR(M) given by a pairing

〈f, µ〉L2,R := 〈Z0(R)−1f, µ〉WR
= 〈f,Z0(R)µ〉HR , f ∈ HR(M), u ∈ WR(M).

(2.12)

We call this pairing the L2-pairing because when M is a manifold, the L2-pairing is

independent of R and coincides with the ordinary L2-pairing. By duality, for any

compact X ⊆M the inclusion WR(X) ⊆ WR(M) induces a restriction mapping

HR(M)→ HR(X).

Since WR(X) ⊆ WR(M) as Hilbert spaces, the restriction mapping HR(M) →

HR(X) is a co-isometry. By construction, we have a commuting diagram

WR(X)
Z0(R)−−−→ HR(X)y x

WR(M)
Z0(R)−−−→ HR(M)

We note that since HR ⊆ C1/2(M, d) is a continuous inclusion, for any compact

X ⊆M and h ∈ HR the restriction h|X ∈ C1/2(X, d) is well defined.

Theorem 2.3.3 (Section 3 of [39])

Let X ⊆ M be a compact subset and assume that R > 0 makes (M,Rd) positive

definite. If there is an element uR ∈ WR(X) such that hR := Z0(R)uR ∈ HR(M)

satisfies

hR|X = 1,

then

Mag(X,Rd) = ‖uR‖2
WR
.

Since WR(X) ⊆ WR(M), we trivially have that

‖u‖2
WR(M) = ‖u‖2

WR(X), ∀u ∈ WR(X). (2.13)

We note the following corollary that will play an important role for applications

to manifolds (that possibly have boundary).
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Corollary 2.3.4

Assume (M, d) is a compact metric space and that R0 > 0 is such that (M,Rd) is

positive definite for all R > R0. Let X ⊆ M be a compact subset and assume the

following:

1. There are Hilbert spaces H(M), H(X), W(M) and W(X) such that for all

R > R0,

HR(M) = H(M), HR(X) = H(X), WR(M) =W(M) andWR(X) =W(X),

as vector spaces with equivalent norms.

2. The space H(X) ⊆ C1/2(X, d) contains the constant function 1 (the inclusion

is induced from item (1)).

3. The L2-pairings between W(X) and H(X), and between W(M) and H(M)

induced from item (1) above are independent of R.

Writing ZX(R) for the operator W(X)→ H(X) induced from Z0(R), we then have

that ZX(R) is invertible for R > R0 and the magnitude function is given by

MX(R) = 〈1,ZX(R)−11〉L2 , for R > R0. (2.14)

Moreover, if there is a connected domain R>R0 ⊆ Γ ⊆ C such that R>R0 3 R 7→

ZX(R) ∈ B(W(X),H(X)) extends to a holomorphic Fredholm valued function Γ→

Fred(W(X),H(X)), then the magnitude function MX extends to a meromorphic

function on Γ.

Item 3 listed in the assumptions of Corollary 2.3.4 is purely cosmetic and ensures

that the L2-pairing in Equation (2.14) does not depend on R. To give some context

for this corollary, we remark that we will later use the regularity of d at the diagonal

to prove that when M is a manifold and X ⊆ M is a smooth domain we can take

W and H to be certain Sobolev spaces.

Proof. Since (M,Rd) is positive definite for R > R0, the operator ZX(R) is well

defined and invertible using item (1). By item (2), the constant function 1 on X

is an element of H(X) and we can define uR := ZX(R)−11 ∈ W(X). Note that by

item (1), uR ∈ WR(X) for all R > R0. By Theorem 2.3.3 and Equation (2.12), we
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have that

MX(R) = ‖uR‖2
WR(M) = 〈1, u〉L2,R = 〈1,ZX(R)−11〉L2

In the last equality we used item (3) to remove the dependence of R in the pairing.

The statement concerning the meromorphic extension of the magnitude function

follows from the meromorphic Fredholm theorem which shows that R>R0 3 R 7→

ZX(R)−1 ∈ B(H(X),W(X)) extends to a meromorphic function Γ→ B(H(X),W(X))

which extendsMX(R) = 〈1,ZX(R)−11〉L2 to a meromorphic function of R ∈ Γ.

2.4 Related problems

The techniques developed in Chapter 4 for the semiclassical analysis of magnitude

may also be of interest for classical nonlocal minimization problems. This connection

to minimization problems is obtained by reformulating the magnitude equation

∫
X

e−Rd(x,y)u(y)dy = 1 (2.15)

on X, as a minimization problem for a nonlocal functional:

E(R;X,d) := inf

{∫
X

∫
X

e−Rd(x,y)dµ(x)dµ(y) : µ a signed Borel measure with µ(X) = 1

}
=

(2.16)

= inf

 ∑
x,y∈X

e−Rd(x,y)c(x)c(y) : c : X → R has finite support and
∑

x∈X c(x) = 1

 .

More precisely, if R is such that (X,Rd) is positive definite, then by [39] a solution uR to

Equation (2.15) satisfies ∫
X
uR(x)dx =

1

E(R;X,d)
.

Equation (2.16) corresponds to the ground state energy of a system of interacting particles

with interaction potential e−Rd(x,y).

Related problems concerning ground state energies with nonlocal interaction potentials

arise in the mean field description of interacting particle systems, see for instance [46].

Specifically for log gases, the dependence of the ground state energy on the geometry

has been of interest [2]. In complex geometry, Berman has studied similar minimization
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problems from which geometric structures emerged [7].

Let us finally mention that operators related to the magnitude operator arise in appli-

cations to data science and image processing [3]. Their analysis has also been of interest

in non-geometric settings, such as metric spaces [20].
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Chapter 3

Review of conormal distributions

and parameter dependent

pseudo-differential operators

In this chapter, we write N for the set of natural numbers with 0.

3.1 Overview of conormal distributions

Pseudodifferential operators with parameters will play an important role in our study of

the operators Q and Z, both to prove meromorphic extensions and to compute asymptotic

expansions. We will use an approach to parameter dependence described in terms of

conormal distributions to which the operator Q is susceptible.

First we recall the basics of conormal distributions. We follow the approach of [25,

Chapter 18.2]. For a tempered distribution u ∈ S ′(RN ) we write Fu or sometimes û

for its Fourier transform. We define the following subsets of RN as B1 := B(0, 1) and

Bj := B(0, 2j) \ B(0, 2j−1) for j > 1. For a function u ∈ S ′(RN ) we write u =
∑∞

j=1 uj

in a distributional sense where uj is determined by ûj = ûχBj . Following the notation of

[25, Appendix B], for s ∈ R, we set

∞Hs(RN ) := {u ∈ S ′(RN ) : sup
j∈N+

2sj‖uj‖L2(RN ) <∞}.

Written in terms of the standard notation for Besov spaces, ∞Hs(RN ) = Bs
∞,2(RN ). By

[25, Theorem 18.2.9], the notion of belonging to ∞Hs(RN ) is coordinate invariant for
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compactly supported distributions.

If Z is a smooth N -dimensional manifold, and u ∈ D′(Z) satisfies that for each coor-

dinate chart κ : U → U ′ ⊆ RN and χ ∈ C∞c (U), (κ−1)∗(χu) ∈ ∞Hs(RN ) we say that u is

locally ∞Hs. We define

∞H loc
s (Z) := {u ∈ D′(Z) : u is locally ∞Hs}.

Due to coordinate invariance on compacts of the space ∞Hs(RN ), it holds that

∞H loc
s (RN ) = {u ∈ D′(Rn) : χu ∈ ∞Hs(RN )∀χ ∈ C∞c (RN ).

Due to the locality of the definition, if (κα)α∈I is a locally finite atlas on a smooth manifold

Z and (χα)α∈I a subordinate smooth partition of unity, u ∈ ∞H loc
s (Z) if and only if

(κ−1
α )∗(χαu) ∈ ∞Hs(RN ) for all α ∈ I.

Definition 3.1.1 (Definition 18.2.6 of [25]). Let Z be a smooth N -dimensional manifold

and Y ⊆ Z a smooth submanifold which is closed in the topology of Z. We let Im(Z;Y )

denote the space of conormal distributions of order m. We say that u ∈ D′(Z) is a

distribution conormal to Y of order m if for each collection of first order differential

operator L1, . . . , Lp (with C∞-coefficients) that are tangential to Y , it holds that

L1 · · ·Lpu ∈ ∞H loc
−m−(N−k)/2(Z).

We let Im(Z, Y ) denote the space of distributions conormal to Y of order m.

We here define the order of conormal distributions in such a way that the order of the

conormal distribution matches the order of the operator it will define. Our convention

differs from that in [25] but is consistent with that in [52].

The reader should note that for u ∈ Im(Z, Y ), it holds that u|Z\Y ∈ C∞(Z \ Y ).

Moreover, if L is an arbitrary differential operator (with C∞-coefficients) of order p then

Lu ∈ Im+p(Z, Y ) whenever u ∈ Im(Z, Y ). However, if u ∈ Im(Z, Y ) then for any collection

of first order differential operator L1, . . . , Lp (with C∞-coefficients) that are tangential to

Y , then L1 · · ·Lpu ∈ Im(Z, Y ). By elliptic regularity, we have that

I−∞(Z, Y ) := ∩m∈RIm(Z, Y ) = C∞(Z).

Conormality of a distribution to Y encompasses being a smooth function away from
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Y and a prescribed type of singularity as one approaches Y . The singularity at Y is

characterized by a symbol in the direction normal to Y .

Definition 3.1.2. Let E → Y be a real vector bundle over a k-dimensional smooth

manifold. We say that a ∈ C∞(E) is a symbol of order m ∈ R if for each vector bun-

dle trivialization E|U → U × Rp over an open set U ⊆ Y every compact K ⊆ U and

multiindices β ∈ Nk, γ ∈ Np there is a constant C > 0 such that

|∂βx∂
γ
ξ a(x, ξ)| ≤ C(1 + |ξ|2)(m−|γ|)/2, for (x, ξ) ∈ K × Rp.

Here we have identified a with a function on U×Rp using the trivialization E|U → U×Rp.

We let Sm(E) denote the space of symbols of order m on E → Y . If Y = Rk and

E = Y × Rp, we write Sm(Rk × Rp) instead of Sm(E).

Let Z = RN and Y = Rk embedded into the first factor and write the coordinates on

RN as x = (y, z) where y ∈ Rk and z ∈ RN−k. It was proven in [25, Theorem 18.2.8] that

the map a 7→ u, where

u(x) :=

∫
RN−k

a(y, z, ξ)eiz·ξdξ, (3.1)

defines a surjection Sm(RN × RN−k) → Im(Z, Y ). Moreover, it was also proven in [25,

Lemma 18.2.1] that the map ã 7→ u, where

u(x) :=

∫
RN−k

ã(y, ξ)eiz·ξdξ, (3.2)

defines an isomorphism Sm(Rk × RN−k) → Im(Z, Y ). The relationship between the a

appearing in Equation (3.1) and the ã appearing in Equation (3.2) is stated in [25, Lemma

18.2.1] to be

ã(y, ξ) ∼
∑

α∈NN−k

1

α!
∂αzD

α
ξ a(y, z, ξ)|z=0.

The right hand side is an asymptotic sum, for more details see [25], and is only well defined

up to smooth functions. Here ∼ denotes equality up to smooth errors.

In the case of a general manifold, we need some further set up. Consider a smooth

manifold Z and a smooth submanifold Y ⊆ Z closed in the topology of Z. We define the

conormal bundle N∗Y → Y as the kernel of the restriction mapping T ∗Z|Y → T ∗Y and

the normal bundle NY → Y as the vector bundle NY := TZ|Y /TY . By construction,

N∗Y = (NY )∗ as vector bundles on Y . We equip the normal bundle with a fixed fiberwise

volume density. After making a choice of metric, one can find a tubular neighborhood UY
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of Y ⊆ Z and construct a fiber preserving diffeomorphism ψ : UY → NY mapping Y onto

the zero section of N(Y ). Here we consider the tubular neighborhood to be a ball bundle

over Y . We pick a χY ∈ C∞(UY ) with χY = 1 in a neighborhood of Y such that the

projection mapping supp (χY )
ψ−→ NY → Y is proper. We define the mapping

q : Sm(N∗Y )→ D′(Z),

as the composition of the fiberwise Fourier transform Sm(N∗Y )→ D′(NY ) (with respect

to the volume density), pullback along ψ and multiplication by χY . We can also define

the mapping

σ : Im(Z, Y )→ D′(N∗Y ),

as the composition of multiplication by χY , pullback along ψ and Fourier transform in the

fiber direction (with respect to the volume density).

Theorem 3.1.3

The maps q and σ give well defined maps

q : Sm(N∗Y )→ Im(Z, Y ) and σ : Im(Z, Y )→ Sm(N∗Y ),

that induce isomorphisms

q : Sm(N∗Y )/S−∞(N∗Y )→ Im(Z, Y )/C∞(Z) and

σ : Im(Z, Y )/C∞(Z)→ Sm(N∗Y )/S−∞(N∗Y ).

The qoutient mappings

qm : Sm(N∗Y )/Sm−1(N∗Y )→ Im(Z, Y )/Im−1(Z, Y ) and

σm : Im(Z, Y )/Im−1(Z, Y )→ Sm(N∗Y )/Sm−1(N∗Y ),

are mutual inverses and independent of the choice of ψ and χY .

Proof. The details of the proof can be found in [25, Chapter XVIII.2]. The reader can

also consult [52, Chapter 4], see Theorem 4.3.2 and Theorem 4.3.16.

To digest this theorem, let us consider what this means in practice. Fix a tubular

neighborhood UY of Y inside Z and a bundle isomorphism ψ : UY → NY . It says that
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u ∈ Im(Z, Y ) if and only if u is C∞ outside Y and we for any χ ∈ C∞c (Z) supported in a

small enough open set U ⊆ UY can write

χu(y, z) =

∫
RN−k

a(y, z, ξ)eiz·ξdξ + r(x),

in local coordinates on U for a symbol a ∈ Sm(N∗Y ) and an r ∈ C∞(U). We note that

the order of u is determined by the order of the symbol a.

An important subclass of conormal distributions that we will later make use of are

the classical ones. Classicality simplifies computations and are by definition given by

asymptotic sums, making them highly suitable for studying asymptotics of the magnitude

with. Let us define classicality in the context of both symbols and conormal distributions.

For a vector bundle E → Y and t > 0, we let λt denote the dilation of functions and

distributions in the fiber direction. We say that a function or distribution u is homogeneous

of degree m ∈ C if λtu = tmu for all t > 0.

Definition 3.1.4. Consider a smoothN -dimensional manifold Z and a smooth k-dimensional

submanifold Y ⊆ Z closed in the topology of Z. Fix a tubular neighborhood UY of Y

inside Z, a bundle isomorphism ψ : UY → NY and let m ∈ C.

1. We say that a ∈ C∞(N∗Y ) is a classical symbol of order m if there is a collection

(aj)j∈N ⊆ C∞(N∗Y \Y ), with aj being homogeneous of degree m− j, and a smooth

function χ ∈ C∞(N∗Y ) which is 1 outside a fiberwise precompact neighborhood of

Y , such that

a ∼
∞∑
j=0

χaj .

We let CSm(N∗Y ) denote the space of classical symbols of order m.

2. For m /∈ Z, we say that u ∈ D′(Z) is a classical conormal distribution of order

m if u|Z\Y is smooth and there is a collection (uj)j∈N ∈ D′(NY ), with uj being

homogeneous of degree j −m−N + k, and a smooth function χ ∈ C∞(Z) which is

1 in a neighborhood of Y such that for each l there is an L with

χu−
L∑
j=0

ψ∗uj ∈ C l(Z).

We let CIm(Z, Y ) denote the space of classical conormal distributions of order m.

3. For m ∈ Z, we say that u ∈ D′(Z) is a classical conormal distribution of order

m if u|Z\Y is smooth and there is a collection (uj)j∈N ∈ D′(NY ), with uj being

homogeneous of degree j−m−N + k, a collection (pj)j∈N ∈ C∞(NY ) of fiber wise
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homogeneous polynomials, with each pj being of degree j−m−N+k, and a smooth

function χ ∈ C∞(Z) which is 1 in a neighborhood of Y such that for each l there is

an L with

χu−
L∑
j=0

ψ∗(uj + pj log | · |) ∈ C l(Z).

We let CIm(Z, Y ) denote the space of classical conormal distributions of order m.

Let us make some remarks on the case m ∈ Z. Here log | · | ∈ C∞(NY \ Y ) denotes

the fiberwise logarithm in some choice of Riemannian metric. The reader should note that

pj = 0 if j < m + N − k. The appearance of logarithms is due to the fact that despite

symbols of the form |ξ|−m being classical and homogeneous outside ξ 6= 0, their Fourier

transforms are not homogeneous if m ∈ −N + k − N and contains logarithms. We shall

explore this further in our main example below where the Fourier transform of |ξ|k−N is

precisely the logarithm. This is of relevance to us since the conormal distribution defined

from the operator Q is a logarithm (see Proposition 4.1.5).

Proposition 3.1.5

It holds that CSm(N∗Y ) ⊆ SRe(m)(N∗Y ) and CIm(Z, Y ) ⊆ IRe(m)(Z, Y ). Moreover, the

maps from Theorem 3.1.3 induce mappings

q : CSm(N∗Y )→ CIm(Z, Y ) and σ : CIm(Z, Y )→ CSm(N∗Y ),

that induce isomorphisms

q : CSm(N∗Y )/S−∞(N∗Y )→ CIm(Z, Y )/C∞(Z) and

σ : CIm(Z, Y )/C∞(Z)→ CSm(N∗Y )/S−∞(N∗Y ),

qm : CSm(N∗Y )/CSm−1(N∗Y )→ CIm(Z, Y )/CIm−1(Z, Y ) and

σm : CIm(Z, Y )/CIm−1(Z, Y )→ CSm(N∗Y )/CSm−1(N∗Y )

The last two mappings are independent of the choices of ψ and χY and are mutual inverses.

The reader should note that if we pick a Riemannian metric on N∗Y , the restriction

mapping to the associated sphere bundle SN∗Y ⊆ N∗Y of the leading term induces an

isomorphism CSm(N∗Y )/CSm−1(N∗Y ) ∼= C∞(SN∗Y ). We can as such view σm as an

isomorphism CIm(Z, Y )/CIm−1(Z, Y )→ C∞(SN∗Y ).
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We shall not give the details of the proof of Theorem 3.1.5, but merely note that it

is a trivial consequence of Theorem 3.1.3 in conjunction with homogeneity properties of

the Fourier transform. We shall give the details for the case of interest to us below in

Subsection 3.1.1.

Conormal distributions often arise from the Schwartz kernels of pseudodifferential op-

erators. To study the operator Q, we will need to apply conormal distributions to pseu-

dodifferential operators with parameters. But let us nevertheless provide the reader with

some context first by reviewing pseudodifferential operators from the point of view of

conormal distributions.

Consider a manifold M and set Z := M ×M . We let Y := DiagM ⊆ Z denote the

diagonal. Consider a continuous operator A : C∞c (M) → C∞(M) with Schwartz kernel

KA ∈ D′(M ×M). In terms of conormal distributions, A is called a pseudodifferential

operator of order m ∈ R if KA ∈ Im(M × M,DiagM ). The standard definition of a

pseudodifferential operator is equivalent by Theorem 3.1.3. In the case at hand Y ∼= M via

the projection map and N∗Y = T ∗M . As such, the symbol mapping induces isomorphisms

Im(M ×M,DiagM )/C∞(M ×M) ∼= Sm(T ∗M)/S−∞(T ∗M) and analogous mappings in

the classical setting.

3.1.1 Examples of conormal distributions

In this subsection we consider two examples coming from powers and logarithms of distance

functions in Euclidean space. Both examples will play a pivotal role in our study of the

operator Q. In lack of finding a good reference we have included a large amount of details.

We consider Z = RN and Y = Rk viewed as a submanifold of Z. We write the

Euclidean coordinates as x = (y, z) for y ∈ Y = Rk and z ∈ RN−k. For t ∈ R+, define the

automorphism λt of C∞c (Z) by λtϕ(y, z) := ϕ(y, tz). We define λt on D′(Z) by

〈λtu, ϕ〉 := t−k〈u, λ1/tϕ〉.

Take an α ∈ C and define uα,0 ∈ C∞(Z \ Y ) by uα,0(y, z) := |z|−α. If α /∈ k−N +N, [23,

Theorem 3.2.3] guarantees that uα,0 has a unique extension to a distribution uα ∈ D′(Z)

such that λtuα = t−αuα for all t > 0. A short computation shows that uα depends holo-

morphically on α ∈ C \ (k−N +N). If f = f(w) is a function depending holomorphically

on w in a punctured neighborhood of α, we write F.P.w=αf for the constant coefficient in
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the Laurent expansion of f around w = α. For α ∈ C, we use the notation F.P.|z|−α to

denote the distribution

〈F.P.|z|−α, ϕ〉 := F.P.w=α〈uw, ϕ〉.

It follows from the construction that if α ∈ C\(k−N+N), then F.P.|z|−α is homogeneous

of degree −α, i.e. λt.F.P.|z|−α = t−αF.P.|z|−α for all t > 0. By [23, Theorem 3.2.3],

F.P.|z|−α = uα for α ∈ C \ (k − N + N). The computation [23, Equation (3.2.24), page

76] shows that if α ∈ k −N + N we have for all t > 0 that

λtF.P.|z|−α − t−αF.P.|z|−α = log(t)
∑

β∈Nk: |β|=α+N−k

cβ∂
β
z δY ,

for some coefficients cβ and δY ∈ D′(Z) is the distribution defined by

〈δY , ϕ〉 =

∫
Rk
ϕ(y, 0)dy.

Proposition 3.1.6

Let α ∈ C. Consider the distribution F.P.|z|−α on RN−k as constructed in the preceding

paragraph (for a fixed y). Then F.P.|z|−α is a tempered distribution on RN−k and for

ξ 6= 0, we have that

FF.P.|z|α =


π(N−k)/22α+N−k Γ(α+N−k2 )

Γ(−α2 )
|ξ|−N+k−α, α ∈ C \ (−N + k − 2N),

π(N−k)/2(−1)l

22ll!Γ(N−k2
+l)
|ξ|2l(− log |ξ|2 + βl,N−k), α = −N + k − 2l, l ∈ N,

where

βl,N−k := 2 log(2) +
1

2
ψ((N − k)/2 + l)−Hl − γ,

and ψ(z) := Γ′(z)
Γ(z) , H0 = 0 and Hl :=

∑l
j=1

1
j for l > 0, and γ is the Euler-Mascheroni

constant.

We note that in the case α ∈ 2N, the right hand side of the equality has a zero which

is compatible with that FF.P.|z|α is a sum of distributions supported at ξ = 0. A closely

related computation of 〈FF.P.|z|α, ϕ〉 for test functions ϕ with vanishing moments may

be found in [49], Lemma 25.2. It implies the above result except for the value of βl,N−k.

Proof. The distribution F.P.|z|α is polynomially bounded and therefore a tempered distri-

bution. To compute its Fourier transform, we first assume that α /∈ −N + k− 2N. In this

case, F.P.|z|α is homogeneous of degree α, so its Fourier transform must be homogeneous
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of degree −N + k− α. Moreover, F.P.|z|α is O(N − k)-invariant, so its Fourier transform

must be O(N − k)-invariant. The space of O(N − k)-invariant tempered distributions of

degree α /∈ −N + k− 2N is one-dimensional and therefore there is a constant cα such that

FF.P.|z|α = cαF.P.|ξ|−N+k−α if α /∈ (−N + k − 2N) ∪ 2N and FF.P.|z|α is supported

at ξ = 0 if α ∈ 2N. To verify that cα = π(N−k)/22α+N−k Γ(α+N−k2 )
Γ(−α2 )

one restricts to α in

the range (−N + k,−(N − k)/2) and integrates against the standard Gaussian (see [50,

Exemple 5, Chapitre VII.7] but beware of the non-standard convention with 2π in the

Fourier transform of [50]).

The case that α ∈ −N + k− 2N follows from that the Fourier transform is continuous

and therefore commutes with taking finite part values. Let us compute the details. Near

αl = −N + k − 2l we have that

cα =
2al

α− αl
+ bl +O(α− αl),

where

al =
π(N−k)/2(−1)l

22ll!Γ
(
N−k

2 + l
) and bl =

π(N−k)/2(−1)l

22ll!Γ
(
N−k

2 + l
)βl,N−k.

The expressions for al and bl follows from the fact that the Γ-function has no zeroes and

its poles are situation in ζ ∈ −N where

Resζ=−kΓ(ζ) =
(−1)k

k!
and F.P.ζ=−kΓ(ζ) =

(−1)k+1

k!
(γ +Hk).

Taking the finite part of FF.P.|z|α = cαF.P.|ξ|−N+k−α at α = αl, gives us for ξ 6= 0 that

FF.P.|z|−N+k−2l = bl|ξ|2l − 2al|ξ|2l log |ξ| = bl|ξ|2l − al|ξ|2l log |ξ|2,

which produces the expression in the statement of the proposition.

Write CSm,k for the class of log-classical symbols and CIm,k for the corresponding

class of log-classical conormal distributions, see more in [32].

Proposition 3.1.7

Let Z = RN , Y = Rk and α ∈ C \ {0}. The distribution F.P.|z|−α constructed in the

preceding paragraph satisfies that F.P.|z|−α ∈ CIα−N+k,j(Z, Y ), where j ∈ {0, 1} and
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j = 1 if and only if α ∈ N − k + 2N, and

σα−N+k

(
F.P.|z|−α

)
(y, ξ) =


π(N−k)/22−α+N−k Γ(−α+N−k2 )

Γ(α2 )
|ξ|−N+k+α, α ∈ C \ (N − k + 2N),

π(N−k)/2(−1)l

22ll!Γ(N−k2
+l)
|ξ|2l(− log |ξ|2 + βl,N−k), α = N − k + 2l, l ∈ N.

Proof. For notational simplicity, set u := F.P.|z|−α. Pick a compactly supported χ0 ∈

C∞c (RN−k) with χ = 1 near z = 0. Write u = u1 + u2 where û1 = χû and u2 = u − u1.

The distribution u1 is constant in the y-direction. By Proposition 3.1.6, u1 is the Fourier

transform in the z-direction of the compactly supported distribution cαχF.P.|ξ|−N+k+α,

so u1 is smooth. It therefore suffices to prove that u2 ∈ CIα−N+k(Z, Y ). Consider

the classical symbol a(ξ) := (1 − χ(ξ))û(ξ). By viewing a as a constant function of

x = (y, z) ∈ Rn, we have that a ∈ CS−N+k+α,j(RN × RN−k) by the computation of

Proposition 3.1.6. Moreover,

u2(y, z) =

∫
RN−k

a(y, z, ξ)eiz·ξdξ,

so u2 ∈ CIα−N+k(Z, Y ) by Proposition 3.1.5.

For Z = RN and Y = Rk, with coordinates x = (y, z) for y ∈ Y = Rk and z ∈ RN−k,

we define the function u(y, z) := log |z|2. This function is locally integrable and defines a

distribution. Let us turn to studying its singularity at Y . First we need an elementary

Fourier transform computation that follows from Proposition 3.1.6.

Proposition 3.1.8

The function ũ(z) := log |z|2 on RN−k is a tempered distribution and for ξ 6= 0,

F ũ = −2π(N − k − 1)!ωN−k−1|ξ|k−N ,

where ωN−k−1 denotes the volume of the unit ball in dimension N − k − 1.

Proof. Since ũ is locally integrable and polynomially bounded, it is a tempered distribu-

tion. To compute its Fourier transform, we note that λtũ− ũ = log(t). In other words, ũ

is homogeneous of degree 0 up to a constant function. In particular, F ũ must therefore

be homogeneous of degree −n + k up to a multiple of δ0. Moreover, ũ is O(N − k)-

invariant, so F ũ must be O(N−k)-invariant. The space of O(N−k)-invariant elements of

S ′(RN−k)/Cδ0 that are homogeneous of degree −N + k is one dimensional and is spanned

by the equivalence class defined from F.P. 1
|ξ|N−k . It is clear that F ũ is not compactly
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supported, so its class in S ′(RN−k)/Cδ0 is non-zero. It follows from the computation in

Proposition 3.1.7 that for ξ 6= 0,

F ũ = −2N−kπ(N−k)/2Γ

(
N − k

2

)
|ξ|k−N .

A short computation, as in Proposition 4.1.8, gives that

Γ

(
N − k

2

)
Γ

(
N − k − 1

2
+ 1

)
=
√
π

(N − k − 1)!

2N−k−1
.

Therefore we have that

2N−kπ(N−k)/2Γ

(
N − k

2

)
= 2π(N − k − 1)!

π(N−k−1)/2

Γ
(
N−k−1

2 + 1
) = 2π(N − k − 1)!ωN−k−1.

Proposition 3.1.9

Let Z = RN and Y = Rk. The distribution log |z| satisfies that log |z| ∈ CI−N+k(Z, Y )

and

σ−N+k (log |z|) (y, ξ) = −2π(N − k − 1)!ωN−k−1|ξ|k−N , ξ 6= 0.

The proof is analogous to that of Proposition 3.1.7 and is therefore omitted.

For g ∈ C∞(Z) and a submanifold Y ⊆ Z with a prescribed tubular neighborhood

U ∼= NY , we define the transversal Hessian of g in y ∈ Y as the symmetric bilinear form

on (NY )y defined from the Hessian at the zero section of g restricted to (NY )y along the

tubular neighborhood.

Proposition 3.1.10

Assume that Y ⊆ Z is an k-dimensional smooth submanifold of an N -dimensional smooth

manifold. Let G̃ ∈ C∞(Z) be a smooth function such that

• G̃ and dG̃ vanishes on Y ;

• G̃(x) > 0 for x /∈ Y ; and

• for each y ∈ Y , the transversal Hessian HG̃ of G̃ (defined as in Definition 4.1.1) is

a positive definite quadratic form on the transversal tangent bundle of Y ⊆ Z.

Then log G̃ ∈ CI−N+k(Z;Y ) and its principal symbol σ−N+k

(
log G̃

)
∈ C∞(N∗Y \ Y ) is

given by

σ−N+k

(
log G̃

)
(y, ξ) = −2π(N − k − 1)!ωN−k−1|gG̃(ξ, ξ)|−(N−k)/2, ξ 6= 0,
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where gG̃ is the metric dual to the transversal Hessian HG̃.

Proof. The statement is local, so we can assume that there is an open set U ⊆ Rn con-

taining 0 such that Z = U and Y = U ∩ Rk. Since dg vanishes on TY , we can consider

its restriction to Y to be a section dg|Y : Y → N∗Y . Under the assumption that the

transversal Hessian of g is non-degenerate in all points of Y , we can assume that U is

taken small enough to be able to choose coordinates (ỹ, z̃) on U such that g(ỹ, z̃) = |z̃|2

for z̃ 6= 0. For notational simplicity, we assume that g(y, z) = |z|2 and that Z = U = RN

and Y = Rk. The proposition now follows from Proposition 3.1.9.

3.2 Parameter dependent pseudodifferential op-

erators

The reason for the above adventure through the seven circles of conormal distributions is

that it simplifies our description of the magnitude operator as a pseudodifferential operator

with parameter. We shall make heavy use of parameter dependent pseudodifferential

operators, so let us recall their definition and describe their kernel structure. In this

subsection we only consider classical symbols and operators.

Definition 3.2.1. Let Γ ⊆ C be a conical subset, m ∈ C and n, p ∈ N. A function

a = a(x, ξ,R) ∈ C∞(Rp×Rn×Γ) is said to be a classical symbol with parameter of order

m if there exists a sequence (aj)j∈N ⊆ C∞(Rp×((Rn×Γ)\{0})) of functions homogeneous

of degree m− j in the sense that

aj(x, tξ, tR) = tm−jaj(x, ξ,R), ∀t > 0,

and a χ ∈ C∞c (Rn × Γ) such that

a ∼
∑
j

(1− χ)aj .

We write CSm(Rp × Rn; Γ) for the space of classical symbols with parameter of order m.

For an n-dimensional manifold M , we define CSm(M ; Γ) ⊆ C∞(T ∗M ⊕ Γ) as the

space of functions a ∈ C∞(T ∗M ⊕ Γ) such that in each local chart φ : U ⊆M → Rn and

χ ∈ C∞c (U), (Dφ)∗(χa) ∈ CSm(Rn × Rn; Γ).

Remark 3.2.2. Let us clarify what we mean by a ∼
∑

j(1−χ)aj . We write a ∼
∑

j(1−χ)aj

when for any α ∈ Np, β ∈ Nn, k,N ∈ N and compact K ⊆ Rp there is a constant C > 0
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and an N0 ∈ N such that∣∣∣∣∣∣∂αx ∂βξ ∂kR
a− N0∑

j=0

(1− χ)aj

 (x, ξ,R)

∣∣∣∣∣∣ ≤ C(1 + |ξ|+ |R|)−N , x ∈ K, ξ ∈ Rn, R ∈ Γ.

If this condition is satisfied, one can in fact take N0 to be any natural number ≥ N −

|β| − k + Re(m). Conversely, if (aj)j∈N ⊆ C∞(Rp × ((Rn × Γ) \ {0})) is a sequence of

functions homogeneous of degree m− j then for any χ ∈ C∞c (Rp × Γ) which equals 1 in a

neighborhood of 0 ∈ Rn × Γ there exists an a ∈ CSm(Rp × Rn; Γ) with a ∼
∑

j(1− χ)aj .

Remark 3.2.3. We use the notation S−∞(Rp×Rn; Γ) for the space of smoothing symbols,

i.e. the space of a ∈ C∞(Rp × Rn × Γ) satisfying that for any α ∈ Np, β ∈ Nn, k,N ∈ N

and compact K ⊆ Rp there is a constant C > 0 such that

∣∣∣∂αx ∂βξ ∂kRa∣∣∣ ≤ C(1 + |ξ|+ |R|)−N .

Note that S−∞(Rp × Rn; Γ) = ∩m∈RCSm(Rp × Rn; Γ). For a, b ∈ C∞(Rp × Rn × Γ) we

write a ∼ b if a− b is a smoothing symbol.

Remark 3.2.4. For an n-dimensional manifold M , we shall implicitly use a Riemannian

metric on M and write S(T ∗M ⊕ Γ) → M to denote fiber bundle of elements (ξ,R) ∈

T ∗M⊕Γ such that |ξ|2+|R|2 = 1. An element a ∈ CSm(M ; Γ) is determined modulo lower

order terms (i.e. CSm−1(M ; Γ)) by its principal symbol. In other words, if a ∼
∑

j(1−χ)aj

then a−a0 ∈ CSm−1(M ; Γ). Since a0 is homogeneous of degree m, it is determined by its

restriction to S(T ∗M ⊕ Γ). We deduce that a 7→ a0|S(T ∗M⊕Γ) defines an isomorphism

CSm(M ; Γ)/CSm−1(M ; Γ) ∼= C∞(S(T ∗M ⊕ Γ)).

We will mainly be interested in the case p = 2n or p = n where n is the dimension of

the underlying manifold. If Γ = R our definition coincides with that of classical symbols

on Rp × Rn+1.

Let us turn to the quantization of symbols to operators. We can consider an element

K ∈ S−∞(R2n × {0}; Γ) ⊆ C∞(R2n × Γ) as a family of operators K = K(R) : C∞c (Rn)→

C∞(Rn) defined by

K(R)f(x) :=

∫
Rn
K(x, y,R)f(y)dy.

Such a family of operators is called a smoothing operator with parameter. We write

Ψ−∞(Rn; Γ) for the space of smoothing operators with parameters. If a = a(x, y, ξ, R) ∈
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CSm(R2n×Rn; Γ) we can associate a family of operators Op(a) = Op(a)(R) : C∞c (Rn)→

C∞(Rn) defined by

Op(a)(R)f(x) :=

∫
Rn

∫
Rn
a(x, y, ξ, R)f(y)eiξ·(x−y)dydξ.

We note that in this order of integration, both integrals are well defined for f ∈ C∞c (Rn).

Alternatively, we can consider this as an oscillatory integral in which the order of inte-

gration is irrelevant. A family of operators A = A(R) : C∞c (Rn) → C∞(Rn) is called

a classical pseudodifferential operator of order m with parameter if there is a classical

symbol a ∈ CSm(R2n × Rn; Γ) and a smoothing operator K ∈ Ψ−∞(Rn; Γ) such that

A = Op(a) +K.

We write Ψm
cl (Rn; Γ) for the space of classical pseudodifferential operators of order m with

parameter. For two operators A1, A2 : C∞c (Rn)→ C∞(Rn) we write A1 ∼ A2 if A1−A2 is

smoothing with parameter. If A ∈ Ψm
cl (Rn; Γ) satisfies A = χAχ′ for some χ, χ′ ∈ C∞r (Rn),

we say that A is compactly supported.

Proposition 3.2.5

Let m ∈ C and consider a conical subset Γ ⊆ C. Then the following holds:

1. Assume that Γ = R and let A ∈ Ψm
cl (Rn;R) be a classical pseudodifferential operators

of order m with parameter. There is an A′ ∈ Ψm
cl (Rn;R) with A ∼ A′ such that

the family of Schwartz kernels KA′(R) ∈ D′(Rn × Rn) satisfies that FR→ηKA′ ∈

CIm(Rn × Rn × R;Rn × {0}), where FR→ηKA′ denotes the Fourier transform in

the R-direction and we identify Rn × {0} ⊆ Rn × Rn × R as a submanifold via the

diagonal inclusion Rn → Rn × Rn.

2. Let A = Op(a) +K ∈ Ψm
cl (Rn; Γ) for an a ∈ CSm(R2n × Rn; Γ). For

ã(x, ξ,R) :=
∑
α∈Nn

1

α!
∂αyD

α
ξ a(x, y, ξ, R)|x=y ∈ CSm(Rn × Rn; Γ),

we have that Op(a) ∼ Op(ã). In particular, we can write A = Op(ã) + K̃ for an

ã ∈ CSm(Rn × Rn; Γ) and a smoothing operator with parameter K̃.

3. An element A as in 2. is uniquely determined up to smoothing operators by ã modulo

smoothing symbols. In particular, the mapping

Ψm
cl (Rn; Γ)/Ψ−∞(Rn; Γ)→ CSm(Rn; Γ)/S−∞(Rn; Γ), A 7→ ã,
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is a well defined isomorphism.

4. If A = Op(ã) ∈ Ψm
cl (Rn; Γ) and B = Op(b̃) ∈ Ψm′

cl (Rn; Γ) for ã ∈ CSm(Rn; Γ) and

b̃ ∈ CSm′(Rn; Γ) then AB ∈ Ψm+m′

cl (Rn; Γ) and AB ∼ Op(a#b) where

a#b(x, ξ) ∼
∑
α

1

α!
Dα
ξ a(x, ξ,R)∂αx b(x, ξ,R) ∈ CSm+m′(Rn × Rn; Γ).

Proof. For 1. we take A′ to be the classical pseudodifferential operator defined from that

KA′ = χKA where χ ∈ C∞(Rn × Rn) is defined from χ(x, y) = χ0(|x − y|2) for some

χ0 ∈ C∞c (R) with χ0 = 1 in a neighborhood of 0. It is clear from standard arguments

with oscillatory integrals that KA′ −KA ∈ Ψ−∞(Rn;R). Since KA′ is properly supported,

we can write A′ = Op(a) for an a ∈ CSm(R2n × Rn;R). It follows from the arguments

around Equation (3.1) that

[FR→ηKA′ ](x, y, η) =

∫
Rn+1

a(x, y, ξ, R)ei(x−y)ξ−iηRdRdξ,

defines an element of CIm(Rn × Rn × R;Rn × {0}).

Items 2., 3. and 4. follow as in the case of no parameters, see [51, Theorem 3.1], [52,

Theorem 4.3.2] (with ρ = 1 and δ = 0), and [51, Theorem 3.4], respectively.

Remark 3.2.6. With regards to item 1. in Proposition 3.2.5, we refer to a ∈ CSm(R2n ×

Rn; Γ) as a “two-variable symbol” and ã ∈ CSm(Rn × Rn; Γ) as a “one-variable symbol”.

In the applications we are concerned with, the two-variable symbol is easily obtained. Due

to item 3., i.e. that the two variable symbol is not determined by the operator, and item

4. we shall need to use the transition from two-variable symbols to one-variable symbols.

The isomorphism in item 3. of Proposition 3.2.5 is called the full symbol isomorphism.

For the remainder of this subsection let M denote an n-dimensional smooth manifold.

For simplicity we assume that M is compact. For m ∈ C and a conical subset Γ ⊆ C,

an family of operators A = A(R) : C∞(M) → C∞(M) is a classical pseudodifferential

operators of order m with parameter if for any coordinate chart φ : U ⊆ M → U ′ ⊆ Rn,

and any χ, χ′ ∈ C∞c (U ′) the composition of operators defined on f ∈ C∞c (Rn) as

f 7→ φ∗(χf) 7→ Aφ∗(χf) 7→ (φ−1)∗(χ′Aφ∗(χf)) ∈ C∞(Rn),

is a classical pseudodifferential operators of order m with parameter on Rn. We write

Ψm
cl (M ; Γ) for the space of classical pseudodifferential operators of order m with parameter
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on M . The space of smoothing operators Ψ−∞(M ; Γ) is by definition isomorphic to the

space S(Γ;C∞(M ×M)) consisting of Schwartz functions from Γ into the Fréchet space

of smoothing operators C∞(M ×M).

Since the full symbol of a pseudodifferential operator with parameter is uniquely de-

termined modulo smoothing symbols in local coordinates, we obtain a full symbol isomor-

phism

Ψm
cl (M ; Γ)/Ψ−∞(M ; Γ) ∼= CSm(M ; Γ)/S−∞(M ; Γ).

The next theorem contains well known statements that summarize the properties of

pseudodifferential operators with parameter we shall make use of. First, let us introduce

some notation. The 2n + 1-dimensional manifold M × M × R carries an R-action by

translation in the third factor. We shall assume that Z ⊆ M ×M × R is an R-invariant

open neighborhood of DiagM ×{0} ⊆M ×M ×R, i.e. that there is an open neighborhood

U ⊆M ×M of DiagM such that Z = U × R. From Proposition 3.2.5 and the coordinate

transformation laws of pseudodifferential operators we deduce the following theorem.

Theorem 3.2.7

Let m ∈ C and let Γ ⊆ C be a sector.

1. Assume that Γ = R. Item 1. of Proposition 3.2.5 and the full symbol mapping,

respectively, induce isomorphisms

CIm(Z; DiagM × {0})/C∞(Z) ∼= Ψm
cl (M ; Γ)/Ψ−∞(M ; Γ) ∼=

∼= CSm(M ; Γ)/S−∞(M ; Γ),

and

CIm(Z; DiagM × {0})/CIm−1(Z; DiagM × {0}) ∼=

∼= CSm(M ; Γ)/CSm−1(M ; Γ) ∼= C∞(S(T ∗M ⊕ Γ)).

2. The principal mapping that maps a pseudodifferential operator with parameter to its

leading homogeneous term defines an isomorphism

σm : Ψm
cl (M ; Γ)/Ψm−1

cl (M ; Γ)→ CSm(M ; Γ)/CSm−1(M ; Γ) ∼= C∞(S(T ∗M ⊕ Γ)).

3. If A ∈ Ψm
cl (M ; Γ) and B ∈ Ψm′

cl (M ; Γ), then AB ∈ Ψm+m′

cl (M ; Γ). The full symbol
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a#b of AB is computed in local coordinates from the full symbols a and b of A and

B, respectively, and the formula

a#b(x, ξ) ∼
∑
α

1

α!
Dα
ξ a(x, ξ,R)∂αx b(x, ξ,R) ∈ CSm+m′(M ; Γ).

Definition 3.2.8. Let m ∈ C, M be a compact manifold and A ∈ Ψm
cl (M ; Γ). We say

that A is elliptic if σm(A) ∈ C∞(S(T ∗M ⊕ Γ)) is an invertible element.

Remark 3.2.9. The reader should beware that in item 3. of Theorem 3.2.7, the full symbol

depends on the choice of coordinates.

The following proposition follows from item 2. of Theorem 3.2.7 and asymptotic com-

pleteness of the space of pseudodifferential operators with parameter.

Proposition 3.2.10

Let A ∈ Ψm
cl (M ; Γ) be an operator with full symbol a ∈ CSm(M ; Γ). The following are

equivalent:

• A is elliptic

• There exists b ∈ CS−m(M ; Γ) with ab = 1 outside a compact subset of T ∗M ⊕ Γ.

• There exists B ∈ Ψ−mcl (M ; Γ) such that AB − 1, BA− 1 ∈ Ψ−∞(M ; Γ).

We recall that we have implicitly used a Riemannian metric on M . Using this metric,

we also define the scale of Hilbert spaces Hs(M) := (1 + ∆)−s/2L2(M) for s ∈ R, where ∆

is the Laplace operator defined from the Riemannian metric. We also consider the scale

Hs
R(M) := (R2 + ∆)−s/2L2(M) defined for R ∈ R \ {0} and s ∈ R. We note that elliptic

regularity implies that Hs(M) = Hs
R(M) as vector spaces with equivalent norms, but their

Hilbert space structure differs in a non-uniform way as R varies. The difference in Hilbert

space structure is best seen from the mapping properties of pseudodifferential operators

with parameters, which is made precise in the following theorem.

Theorem 3.2.11

Let Γ ⊆ Γα(0) ∪ −Γα(0) be a bisector with opening angle < α ∈ [0, π/2), and A ∈

Ψm
cl (M ; Γ). For any s, t ∈ R with t ≤ s − Re(m) there is a constant Cs,t > 0 such

that for R ∈ Γ \ {0}

‖Af‖Ht
|R|
≤ Cs,t(1 + |R|)t−s+Re(m)‖f‖Hs

|R|
, ∀f ∈ Hs(M).

Moreover, A : Hs
|R|(M) → Ht

|R|(M) is compact if t < s − Re(m). In particular, if A is

37



Chapter 3: Review of conormal distributions and parameter dependent
pseudo-differential operators

elliptic then there are for any s ∈ R constants Cs, R0 > 0 such that for |R| > R0

1

Cs
‖f‖Hs

|R|
≤ ‖Af‖

H
s−Re(m)
|R|

≤ Cs‖f‖Hs
|R|
, ∀f ∈ Hs(M).

Proof. It is clear that A : Hs
|R|(M) → Ht

|R|(M) is compact if t < s − Re(M) by the

corresponding statement without parameters. We start by showing the norm estimate

‖Af‖Ht
|R|
≤ Cs,t(1 + |R|)t−s+Re(m)‖f‖Hs

|R|
. Since Γ does not contain the imaginary axis,

the operator (R2 + ∆)m/2 ∈ Ψm
cl (M ; Γ) is an invertible elliptic element. Assume that

α ∈ [π/4, π/2). Since there is a positive angle between Γ and the imaginary axis we have

a lower quadratic form estimate

(R2 + ∆)∗(R2 + ∆) ≥ (1− cos2(2α))|R|4, for R ∈ Γ.

It therefore follows by interpolation that

‖(R2 + ∆)m/2f‖Ht
|R|
≤ Cs,t(1 + |R|)t−s+Re(m)‖f‖Hs

|R|
, f ∈ Hs(M). (3.3)

By combining Equation (3.3) with item 4. of Theorem 3.2.7 we can reduce to t = s =

m = 0. To prove the theorem in the case t = s = m = 0, we need to show that point

evaluation in R defines a continuous representation Ψ0
cl(M ; Γ)→ B(L2(M)) with uniform

seminorm bounds. This statement follows from the fact that point evaluations in R defines

a continuous mapping Ψ0
cl(M ; Γ) → Ψ0

cl(M) in the respective Fréchet topologies with

uniform seminorm bounds and the Calderón-Vaillancourt theorem implies that the action

of zero order pseudodifferential operators on L2(M) defines a continuous representation

Ψ0
cl(M)→ B(L2(M)).

Fix an s ∈ R. We want to show that for some R0 and Cs, we have the estimates

1
Cs
‖f‖Hs

|R|
≤ ‖Af‖

H
s−Re(m)
|R|

≤ Cs‖f‖Hs
|R|

for |R| > R0. By the preceding paragraph, the

upper estimate holds. To show the lower estimate we note that if A ∈ Ψm
cl (M ; Γ) is elliptic,

then there is a B ∈ Ψ−mcl (M ; Γ) such that AB−1, BA−1 ∈ Ψ−∞(M ; Γ). Write As for the

continuous operator Hs
|R|(M)→ H

s−Re(m)
|R| (M) defined from A and Bs for the continuous

operator H
s−Re(m)
|R| (M) → Hs

|R|(M) defined from B. From the preceding paragraph, we

have that ‖1−AsBs‖, ‖1−BsAs‖ = O(R−∞) so there is an R0 such that Bs(R)−As(R)−1

is a smoothing operator for |R| > R0. We conclude from the preceding paragraph that

there is a C ′ such that ‖Bsg‖Hs
|R|
≤ C ′‖g‖

H
s−Re(m)
|R|

for all g ∈ Hs−Re(m)
|R| (M). This shows

that 1
C′ ‖f‖Hs

|R|
≤ ‖Af‖

H
s−Re(m)
|R|

for all f ∈ Hs
|R|(M) and |R| > R0, and we conclude the
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lower estimate.

Corollary 3.2.12 (G̊arding inequality)

Let Γ ⊆ Γα(0)∪−Γα(0) be a bisector with opening angle < α ∈ [0, π/2), and A ∈ Ψm
cl (M ; Γ)

a formally self-adjoint operator with strictly positive principal symbol, i.e. for some ε > 0,

σ(A)(x, ξ,R) ≥ ε for all |ξ|2 + |R|2 = 1 and x ∈M .

Then for large R, the quadratic form f 7→ 〈Af, f〉L2 is continuous, positive and coercive

on H
Re(m)/2
|R| . To be precise, there is an R0 > 0 and a C > 0 such that

1

C
‖f‖

H
Re(m)/2
|R|

≤ 〈Af, f〉L2 ≤ C‖f‖
H

Re(m)
|R|

, ∀f ∈ Hs(M), |R| > R0.

Proof. It follows in the same way as in [51, Proposition 6.1], that there is aB ∈ Ψ
m/2
cl (M ; Γ)

such that r := A−B∗B ∈ Ψ−∞(M ; Γ). It is clear that B is elliptic and that r is self-adjoint,

so the previous theorem implies that for some C0 > 0,

1

C
‖f‖

H
Re(m)/2
|R|

− 〈rf, f〉L2 ≤ 〈Af, f〉L2 ≤ C‖f‖
H

Re(m)
|R|

+ 〈rf, f〉L2 , ∀f ∈ Hs(M).

Since r ∈ Ψ−∞(M ; Γ), we have that ‖r(R)‖L2→L2 = O(|R|−∞) and the corollary follows.

One of the reasons for introducing conormal distributions above was that it will give

us a direct way of verifying that the magnitude operator is an elliptic pseudodifferential

operator with parameter. We will next present the relevant technical result needed for

such an endeavour. For a compact smooth n-dimensional manifold, identified with its

diagonal in M ×M , we let Z = U × R ⊆ M ×M × R denote an R-invariant tubular

neighborhood of the diagonal of M . After fixing some metric on M that we for notational

simplicity assume to have injectivity radius < 1, we can assume that we have exponential

coordinates on Z identifying Z with the ball bundle

BM ⊕ R = {(x, v, η) ∈ TM ⊕ R : |v| < 1}.

This is the ball bundle in the normal bundle of DiagM×{0} ⊆ Z under the identification of

M with its diagonal. We denote the coordinate in the R-direction by η since for conormal

distributions it plays the role of a dual variable (cf. item 1. of Proposition 3.2.5). In the

situation at hand, the conormal bundle of DiagM × {0} ⊆ Z is under the identification of

M with its diagonal given by T ∗M ⊕ R → M . We denote coordinates in the fiber of the
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conormal bundle by (ξ,R). We note that under these identifications, we have a canonical

isomorphism

CSm(N∗(DiagM × {0} ⊆ Z)) ∼= CSm(M ;R). (3.4)

Compare this to Theorem 3.2.7. A problem we need to address is that the correspondence

between operators and symbols is only well behaved modulo smoothing terms, and the

notions of smoothing symbols and operators in the setting of conormal distributions differ

from that in the setting of the parameter dependent calculus. To address the issue at

the level of operators, instead of equivalence classes, we introduce a uniform notion of

asymptotic expansions.

Assume that K ∈ CIm(Z;M ×{0}) in exponential coordinates has a classical asymp-

totic expansion of the form K ∼
∑∞

j=0 χKj as in Definition 3.1.4. Here χ ∈ C∞c (U) is a

function with χ = 1 near the diagonal. In the above choice of coordinates, Kj is a smooth

function on TM⊕R\(M×{0}). If m /∈ Z, Kj is homogeneous of degree −m−j−n−1. If

m ∈ Z, Kj = uj + pj log(|v|2 + η2) where uj is homogeneous of degree −m− j−n− 1 and

pj is a homogeneous polynomial in (v, η) of degree −m− j − n− 1 (in particular pj = 0 if

j < −m− n− 1).

Definition 3.2.13. We shall say that K ∈ CIm(Z;M×{0}) has a uniform asymptotic

expansion if for any α ∈ Np, β ∈ Nn, k,N ∈ N there is a constant C > 0 and an N0 ∈ N

such that for R 6= 0 ∣∣∣∣∣∣∂αx ∂βv ∂kη
K − N0∑

j=0

χKj

∣∣∣∣∣∣ ≤ C(1 + |v|+ |η|)−N .

For x ∈ M , we write expx : TxM → M for the exponential map. Note that under

our assumption on the injectivity radius, expx : BxM → M is a diffeomorphism onto its

range.

Proposition 3.2.14

Let M be a smooth n-dimensional manifold and Z is as in the preceding paragraphs.

Assume that K ∈ CIm(Z;M × {0}) admits a uniform asymptotic expansion. Then there

is a pseudodifferential operator with parameter A ∈ Ψm(M ;R) such that for any R, the

Schwartz kernel of A(R) is given by Fη→RK. In other words, for f ∈ C∞(M), A(R)f is

defined as the oscillatory integral

A(R)f(x) :=

∫
BxM⊕R

K(x, v, η)f(expx(v))eiηRdvdη.
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In particular, the full symbol of A in CSm(M ;R)/S−∞(M ;R) coincides with the full sym-

bol of K in CSm(N∗(DiagM ×{0} ⊆ Z))/S−∞(N∗(DiagM ×{0} ⊆ Z)) under the isomor-

phism (3.4).

Proof. If the uniform asymptotic expansion of K only contains one term, i.e. K = K0, the

statement of the proposition holds by homogeneity properties of the Fourier transform.

As such, the proposition is in fact a statement concerning the asymptotic completeness of

the space of pseudodifferential operators with parameters. This is proven just as in the

usual setting (see [25, Proposition 18.1.3]).
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Chapter 4

Semiclassical analysis of a nonlocal

boundary value problem related to

magnitude

The results in this Chapter are joint work with Heiko Gimperlein and Magnus Goffeng.

Notational conventions

To avoid confusion, we will use the terms Riemannian metrics and distance function to

separate the notions of metrics that appear in Riemannian geometry and metric geometry,

respectively.

We write N0 = {0, 1, 2, 3, . . .} for the set of natural numbers with 0.

The Fourier transform on Rn is denoted by F . We use the convention that

Dx = −i ∂
∂x
.

For α = (α1, . . . , αn) ∈ Nn0 , we write |α| =
∑

j αj , D
α
x = Dα1

x1 · · ·D
αn
xn and xα = xα1

1 · · ·xαnn .

In this convention, for a Schwartz function f on Rn,

F(Dα
xf)(ξ) = ξαFf(ξ) and F(xαf)(ξ) = (−Dξ)

αFf(ξ),

and the product of pseudodifferential symbols is up to smoothing operators defined from
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a symbol of the form

p#q ∼
∑
α

1

α!
∂αξ pD

α
x q =

∑
α

1

α!
Dα
ξ p∂

α
x q.

We write M for a manifold and X for a compact manifold with boundary, or occasion-

ally a general compact metric space. We let n denote the dimension of M or X and use

the notation

µ :=
n+ 1

2
.

We write DiagM := {(x, x) : x ∈ M} for the diagonal in M ×M .We use the definition of

positive definite metric spaces as in Chapter 2. In addition, if (X,Rd) is positive definite

for all R > 0, we say that (X,d) is stably positive definite.

For a manifold M , we write C∞c (M) for the Fréchet space of compactly supported

smooth functions and D′(M) for its topological dual – the distributions on M . If X is a

compact manifold with boundary, it can always be embedded as a domain in a manifold

M and we write C∞(X) ⊆ C(X) for the restrictions to X of elements in C∞(M).

A sector Γ ⊆ C is a conical subset, i.e., λΓ ⊂ Γ for all λ > 1. Standard examples we

use throughout the chapter are C+ = {z ∈ C : Re(z) > 0} and

Γα(R0) := {z ∈ C : |Arg(z)| < α,Re(z) > R0}.

If we make a claim concerning R → +∞, it is implicitly assumed to be a limit along the

real line. We also note that for sectors Γ ⊆ C+ of opening angle α < π/2, there is a

Cα > 0 with C−1
α |R| ≤ Re(R) ≤ Cα|R|.

For two Banach spaces V1 and V2, we write B(V1, V2) for the space of bounded operators

V1 → V2 and K(V1, V2) for the space of compact operators V1 → V2. Both form Banach

spaces in the norm topology.

4.1 The symbolic structure near the diagonal

To better understand the operator Z (where for simplicity we have dropped the subscript

X for the time being) we first consider the case of a manifold M . This analysis describes

compact manifolds (see Subsection 4.1.4 and Section 4.2) and we carry it over to the

interior of a compact manifold with boundary below in Section 4.3 and 4.4. We formulate
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our results in terms of the operator

Z(R)f(x) :=
1

R

∫
M

e−Rd(x,y)f(y)dy, (4.1)

whose dependence on R 6= 0 is holomorphic under suitable assumptions studied in Section

4.2 below. Here we are implicitly using a volume density on M , and the operator depends

on this choice. We shall later fix a certain choice adapted to the distance function. We

shall specify the domain and codomain of this operator more precisely later on. For now,

we can consider Z an operator C∞c (M)→ D′(M) by setting

〈Zϕ,ψ〉 =
1

R

∫
M×M

e−Rd(x,y)ϕ(y)ψ(x)dxdy, for ϕ,ψ ∈ C∞c (M).

4.1.1 On a class of pseudodifferential operators with param-

eter

We pick a function χ ∈ C∞(M ×M) such that χ = 1 near DiagM and is supported in

a small neighborhood of DiagM . The precise choice of χ will not play an important role,

but we shall later specify conditions on its support. The operator Z decomposes as

Z = Q+ L, where Q(R)f(x) :=
1

R

∫
M
χ(x, y)e−Rd(x,y)f(y)dy. (4.2)

We call the operator Q the localization of Z near the diagonal. In this section we focus our

attention to Q. Distance functions might be non-smooth away from the diagonal despite

being quite regular at the diagonal and this off-diagonal behavior of the distance function

dictates whether or not L is negligible. The remainder L will be studied further in Section

4.2.

This subsection is devoted to proving that the localized part Q of Z is a parameter-

dependent pseudodifferential operator, for a brief overview thereof, see Section 3.2. We

will treat a slightly more general class of operators than Q. Consider a family of operators

that take the form

QG,χ(R)f(x) :=
1

|R|Mc

∫
M
χ(x, y)e−|R|Mc

√
G(x,y)f(y)dV (y). (4.3)

Here we have written

|R|Mc :=


R, Re(R) > 0,

−R, Re(R) < 0,
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for the McIntosh modulus which extends the absolute value to a holomorphic function

in C \ iR. We shall mainly be concerned with the cases R ∈ R and R ∈ C+. The cut-

off function χ is as above with the additional constraint that G is smooth on supp(χ).

The function G : M ×M → [0,∞) should be regular at the diagonal as made precise in

Definition 4.1.2 below: to define this notion we first introduce further terminology. Note

that T (M×M) = p∗1TM⊕p∗2TM where pj : M×M →M , j = 1, 2, denotes the projection

onto the j:th factor. Over the diagonal DiagM , the map Dp1⊕Dp2 : T (M ×M)|DiagM →

TM ⊕ TM is an isomorphism. We define the transversal tangent bundle to the diagonal

to be

TtraDiagM := ker(Dp1 +Dp2 : T (M ×M)|DiagM → TM) ⊆ T (M ×M)|DiagM .

The restriction Dp1| : TtraDiagM → TM is an isomorphism.

Definition 4.1.1. For a smooth function G defined in a neighborhood of DiagM , we define

the transversal Hessian HG as the quadratic form on TtraDiagM obtained from restricting

the Hessian of G over the diagonal to the transversal tangent bundle.

Definition 4.1.2. A function G : M ×M → [0,∞) is said to be regular at the diagonal

if there is a tubular neighborhood U of the diagonal DiagM such that G|U ∈ C∞(U) is a

smooth function satisfying that

• G|U and dG|U vanish on DiagM ⊆ U ;

• G(x) > 0 for x ∈ U \DiagM ; and

• the transversal Hessian HG is positive definite in all points of DiagM .

Remark 4.1.3. The prototypical example of a function G regular at the diagonal is G =

d2 for suitable distance functions d. The function d2 is regular at the diagonal for the

Euclidean distance, or when d is the geodesic distance on a Riemannian manifold (see

Example 4.1.18 below) or more generally a distance function induced from pulling back a

geodesic distance along an embedding of M (see Example 4.1.17 below for an example).

To show that QG,χ(R) is an elliptic pseudodifferential operator with parameter, and to

describe its full symbol, we shall use a slight detour. The basic idea used in computing the

full symbol of QG,χ(R) is to do an inverse Fourier transform in R, and then Fourier trans-

form all conormal variables. When we Fourier transform in the R-variable the Schwartz

kernel – depending on (x, y,R) – transforms to a conormal distribution on U ×R (conor-

mal to DiagM × {0}) – depending on (x, y, η) – that we then Fourier transform in all the
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transversal directions (v, η) where v = x − y, thus producing the full symbol depending

on (x, ξ,R). To compute the Fourier transform in the R-direction, we use the following

elementary proposition.

Proposition 4.1.4

For a parameter a ≥ 0, and Fa(R) := F.P. e
−a|R|

|R| , we have that

FFa(η) = − log(η2 + a2) + log(2)− 2γ,

where γ is the Euler-Mascheroni constant.

Proof. By taking a derivative in the parameter a and using that the Fourier transform of

R 7→ e−a|R| is 2a(η2 + a2)−1, we see that

∂

∂a
FFa(η) = −2a(η2 + a2)−1.

As such, FFa(η) = − log(η2 +a2)+c0(η) for some tempered distribution c0. Setting a = 0

and using Proposition 3.1.8, we see that c0 is a constant. By Proposition 3.1.6 we have

that

c0 = β0,1 = 2 log(2) +
1

2
ψ(1/2)− γ = log(2)− 2γ.

Proposition 4.1.5

Let G : M ×M → [0,∞) be a function which is regular at the diagonal, see Definition

4.1.2. For a neighborhood U of DiagM on which G is smooth, define G̃ ∈ C∞(U × R) by

G̃(x, y, η) := η2 +G(x, y),

and the conormal distribution log(G̃) ∈ I−n−1(U × R; DiagM × {0}) as in Proposition

3.1.10. Then there exists a canonical metric gG on T ∗M such that

σ−n−1(log(G̃))(x, ξ,R) = −2πn!ωn(R2 + gG(ξ, ξ))−(n+1)/2.

The canonical metric gG is dual to the transversal Hessian of G under the isomorphism

Dp1| : TtraDiagM → TM .

In the following, unless specified otherwise we shall consider M endowed with the

Riemannian metric gG. This allows, in particular, to define a Laplace operator on M .
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Proof. Since G is regular at the diagonal, the function G̃ satisfies the assumptions of

Proposition 3.1.10 and the result follows therefrom.

To compute the full symbol of QG,χ we use a Taylor expansion in the direction transver-

sal to the diagonal. Consider a function G : M × M → [0,∞) which is regular at

the diagonal, see Definition 4.1.2. Consider a coordinate chart U0 ⊆ M . The coordi-

nates on U0 induce coordinates (x, y) on U0 × U0 and we can identify a neighborhood of

DiagM ∩ (U0 × U0) with a neighborhood of the zero section in TtraDiagM |U0 via the map

(x, y) 7→ (x, x−y). If the coordinate chart U0 on M satisfies that G is smooth on U0×U0,

Taylor’s theorem implies that for any N ∈ N0 we can on U0 × U0 write

G(x, y) = HG,x(x− y) +
N∑
j=3

C
(j)
G (x;x− y) + rN (x, x− y), (4.4)

for |x − y| small enough, where rN is a smooth function with rN (x, v) = O(|v|N+1) as

v → 0, HG is the transversal Hessian of G, and C
(j)
G : U0 → Symj(TtraDiagM |U0) takes

values in the symmetric j-forms on the transversal tangent bundle TtraDiagM |U0 . A short

computation shows that HG indeed is a Riemannian metric on M under the isomorphism

Dp1| : TtraDiagM → TM . However, each C
(j)
G depends on the choice of coordinates, we

nevertheless suppress this dependence in the notation.

Since there is a canonical isomorphism TtraDiagM |U0
∼= TM |U0 , the symmetric j-form

C
(j)
G : U0 → Symj(TtraDiagM |U0) appearing in the Taylor expansion (4.4) of G defines a

j:th order differential operator

C
(j)
G (x,−Dξ) : C∞(T ∗M |U0)→ C∞(T ∗M |U0),

obtained by quantizing the coordinate functions, i.e. C
(j)
G (x,−Dξ) acts as multiplication

operators by C
(j)
G (x, v) under the fiberwise inverse Fourier transform (in the v-direction).

For a k ∈ N and a multiindex γ ∈ Nk≥3, we can define a differential operator C
(γ)
G (x,−Dξ)

on T ∗M |U0 by

C
(γ)
G (x,−Dξ) :=

k∏
l=1

C
(γl)
G (x,−Dξ).

Since each C
(γl)
G (x,−Dξ) acts as multiplication operators under the inverse Fourier trans-

form, the differential operators C
(γl)
G (x,−Dξ), l = 1, . . . , k, commute. The order of

47



Chapter 4: Semiclassical analysis of a nonlocal boundary value problem related to
magnitude

C
(γ)
G (x,−Dξ) is |γ| :=

∑k
l=1 γl. For j ∈ N, define the finite set

Ij := {γ ∈ ∪∞k=1Nk≥3 : |γ| = j + 2k}.

For instance, we have that

I1 = {3}, I2 = {(3, 3), 4}, and I3 = {(3, 3, 3), (4, 3), (3, 4), 5}.

The role of Ij will become clear in Theorem 4.1.9 below describing the full symbol of QG,χ

from Equation (4.3) in a coordinate chart. For γ ∈ Nk, we set rk(γ) := k. In other words,

γ ∈ ∪∞k=1Nk≥3 belongs to Ij if and only if j = |γ| − 2rk(γ). We remark that |γ| ≥ 3 and

rk(γ) > 0 is implicit for γ ∈ Ij since Ij ⊆ ∪∞k=1Nk≥3. The number of elements in Ij ∩ Nk≥3

is the same as the number of ways to write j − k as a sum of k natural numbers, and so

#(Ij ∩ Nk≥3) =

j − 1

k − 1

 .

The properties of Ij listed below follow from this.

Proposition 4.1.6

Let j > 0. The set Ij ⊆ ∪k>0Nk≥3 satisfies the following

• max{|γ| : γ ∈ Ij} = 3j and is attained at γ = ~3 ∈ Nj.

• max{γi : γ ∈ Ij} = j + 2 and is attained at γ = j + 2 ∈ N1.

• #Ij = 2j−1.

For notational purposes, we introduce the following notation.

Definition 4.1.7. For an integer n ∈ N0 ∪ −2N0 − 1, we write

ωn :=
πn/2

Γ
(
n
2 + 1

) .
If n > 0, then ωn is the volume of the unit ball in n-dimensions.

To simplify the computations in the subsequent theorem, we note the following rela-

tions for the Γ-function.

Proposition 4.1.8

For natural numbers n, k ∈ N such that n > 2k + 1, we have that

Γ

(
n+ 1

2
− k
)

Γ

(
n− 2k

2
+ 1

)
=
√
π

Γ(n− 2k + 1)

2n−2k
=
√
π

(n− 2k)!

2n−2k
.
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Moreover, we have the identities

(−1)k+1

k!
π(n−1)/22n−2kΓ

(
n+ 1

2
− k
)

=(−1)k+1(n− 2k)!ωn−2kω2k for 2k < n,

(−1)k+1

k!
π(n−1)/22n−2kΓ

(
n+ 1

2
− k
)

=
(−1)n/2+1ω2k

(2k − n)!ω2k−n
= for 2k − n ∈ 2N0,

=
(−1)n/2+1(2k − n+ 1)

2(2π)2k−n ω2k−n+1ω2k

(−1)
n+1
2 π(n−1)/2

22k−n
(
k − n+1

2

)
!k!

=
(−1)

n+1
2

(2π)2k−nω2kω2k−n−1 for 2k − n ∈ 2N0 + 1.

Proof. The Legendre duplication formula Γ(ζ)Γ(ζ + 1/2) = 21−2ζ√πΓ(2ζ) applied to ζ =

n − 2k + 1 implies the first stated identity, and the second one follows from the identity

Γ(1/2 − m) = (−4)mm!/(2m)!. Combining these identities with the definition of ωn

produces the first and second identities. The third identity follows from the definition of

ωn.

We now arrive at the main result of this subsection, describing the full symbol of

QG,χ. The reader should keep in mind that we are primarily interested in the function

G(x, y) := d(x, y)2 for a distance function d such that d2 is regular at the diagonal. In this

case QG,χ(R) = Q(R) is the localization of Z at the diagonal for Re(R) > 0. We therefore

formulate our results on the sector C+, albeit for QG,χ they hold in the sector C \ iR.

Theorem 4.1.9

Let M be an n-dimensional manifold and G : M ×M → [0,∞) a function which is regular

at the diagonal. We denote the Riemannian metric on T ∗M dual to the transversal Hessian

HG by gG, as in Proposition 4.1.5. Consider the operator

QG,χ(R)f :=
1

|R|Mc

∫
M
χ(x, y)e−|R|Mc

√
G(x,y)f(y)dy,

where χ ∈ C∞(M ×M) is a function with χ = 1 near DiagM and supported only where G

is smooth, and we use the Riemannian volume density defined from gG.

We have that QG,χ ∈ Ψ−n−1
cl (M ;C+) is a classical elliptic pseudodifferential operator

with parameter of order −n− 1 with principal symbol

σ−n−1(QG,χ)(x, ξ,R) = n!ωn(R2 + gG(ξ, ξ))−(n+1)/2.

49



Chapter 4: Semiclassical analysis of a nonlocal boundary value problem related to
magnitude

In a coordinate chart U0 on M , the full symbol q of QG,χ has a classical asymptotic

expansion q ∼
∑∞

j=0 qj computed from the Taylor expansion (4.4) and each qj is the

homogeneous symbol of degree −n− 1− j which for j > 0 and for n odd is given by

qj(x, ξ,R) =
∑

γ∈Ij ,rk(γ)<(n+1)/2

crk(γ),nC
(γ)
G (x,−Dξ)(R

2 + gG(ξ, ξ))−(n+1)/2+rk(γ)+

−
∑

γ∈Ij ,rk(γ)≥(n+1)/2

crk(γ),nC
(γ)
G (x,−Dξ)

[
(R2 + gG(ξ, ξ))−(n+1)/2+rk(γ) log(R2 + gG(ξ, ξ))

]
,

and for n even given as

qj(x, ξ, R) =
∑
γ∈Ij

crk(γ),nC
(γ)
G (x,−Dξ)(R

2 + gG(ξ, ξ))−(n+1)/2+rk(γ)

Here the coefficients are computed as

ck,n :=


(−1)k(n− 2k)!ωn−2kω2k, for 2k < n

(−1)1−n/2ω2k

(2k−n)!ω2k−n
, for 2k − n ∈ 2N0

(−1)
n+1
2

(2π)2k−n
ω2kω2k−n−1, for 2k − n ∈ 2N0 + 1

Remark 4.1.10. Exact expressions for q1 and q2 are given below in Proposition 4.1.14 and

4.1.15, respectively.

Remark 4.1.11. From the expression for qj in Theorem 4.1.9, it is not clear that qj is

homogeneous of degree −n− 1− j when n is odd. We shall see in the proof that this is in

fact the case, and that there are no terms with logarithmic behaviour for any qj .

Proof of Theorem 4.1.9. By Proposition 4.1.4, the Schwartz kernel 1
|R|χ(x, y)e−|R|

√
G(x,y)

of QG,χ is the Fourier transform in the η-direction of

K(x, y, η) = − 1

2π
χ(x, y) log(η2 +G(x, y)).

The extra 2π is coming from Fourier inversion in one dimension.

Let U denote a neighborhood of the diagonal DiagM on which G is smooth. It follows

from Proposition 4.1.5 (cf. Proposition 3.1.10) that K ∈ I−n−1(U ×R; DiagM ×{0}) with

principal symbol

σ−n−1(K)(x, ξ,R) = n!ωn(R2 + gG(ξ, ξ))−(n+1)/2.
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Define K0(x, y, η) := log(η2 + G(x, y)) ∈ I−n−1(U × R; DiagM × {0}). We compute in

a coordinate chart U0 that K0 ∈ CI−n−1(U × R; DiagM × {0}) and using a uniform

asymptotic expansion we use Proposition 3.2.14 to show that the Fourier transform in the

η-direction of K is the Schwartz kernel of a pseudodifferential operator with parameter.

In a coordinate chart U0, we introduce the coordinates (x, v) = (x, x− y) on U0 × U0.

Using Equation (4.4), we can write

K0(x, y, η) = − log(η2 +HG(v, v))− log

(
1 +

∑N
j=3C

(j)
G (v, v) + rN (x, v)

η2 +HG(v, v)

)
.

For small v, we can Taylor expand

K0(x, y, η) = − log(η2 +HG(v, v))−
N∑
j=1

∑
γ∈Ij

(−1)rk(γ)

rk(γ)

C
(γ)
G (v)

(η2 +HG(v, v))rk(γ)
+ r̃N (x, v, η).

We note that, by the definition of Ij , each term in the second sum
∑

γ∈Ij
(−1)rk(γ)

rk(γ)

C
(γ)
G (v)

(η2+HG(v,v))rk(γ)

is homogeneous of degree j. We also note that r̃N (x, v, η) = O((|η|+ |v|)N+1) and a short

computation gives that ∂αx ∂
β
v ∂kη r̃N = O((|η|+ |v|)N+1−|β|−k) for any multiindices α, β and

k. As such, we have a uniform asymptotic expansion K ∼
∑∞

j=0Kj (cf. Definition 3.2.13)

where

Kj(x, v, η) =


− 1

2π log(η2 +HG(v, v)), j = 0,

1
2π

∑
γ∈Ij

(−1)rk(γ)+1

rk(γ)

C
(γ)
G (v)

(η2+HG(v,v))rk(γ)
, j > 0.

(4.5)

We conclude from Proposition 3.2.14 that QG,χ ∈ Ψ−n−1
cl (M ;R) is a pseudodifferential

operator with parameter. Proposition 3.2.14 implies that

σ−n−1(QG,χ)(x, ξ,R) = σ−n−1(K)(x, ξ,R) = n!ωn(R2 + gG(ξ, ξ))−(n+1)/2.

This is invertible in C∞(S(T ∗M ⊕ R)) so QG,χ is elliptic with parameter. It is readily

seen that σ−n−1(QG,χ)(x, ξ,R) 6= 0 also for R ∈ C+, and the following symbol compu-

tation shows that QG,χ ∈ Ψ−n−1
cl (M ;C+) is an elliptic pseudodifferential operator with

parameter.

Let us turn to the full symbol of QG,χ. We will compute it from Equation (4.5) and

the Fourier transform computations of Subsection 3.1.1. For k > 0, denote the Fourier

transform of (η2 +HG(v, v))−k in the (v, η)-direction by Fk(x, ξ,R), that is

Fk(x, ξ,R) :=

∫
TxM⊕R

e−iξ.v−iRη

(η2 +HG(v, v))k
dvdη.
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Using homogeneity and rotational symmetries, Fk can be computed as in Proposition 3.1.7

to be
π(n+1)/22−2k+n+1Γ

(
n+1

2 − k
)

(k − 1)!
(R2 + gG(ξ, ξ))−(n+1)/2+k,

for 2k − n− 1 /∈ 2N0, and

(−1)k−
n+1
2 π(n+1)/2

22k−n−1
(
k − n+1

2

)
!(k − 1)!

[
(R2 + gG(ξ, ξ))−(n+1)/2+k

(
− log(R2 + gG(ξ, ξ)) + βk−(n+1)/2,n+1

)]
,

for 2k − n− 1 ∈ 2N0. It follows that for γ ∈ Ij , the symbol of the term

C
(γ)
G (v)

(η2 +HG(v, v))rk(γ)
,

is given by C
(γ)
G (x,−Dξ)Frk(γ)(x, ξ,R) which is computed to be

π(n+1)/22−2rk(γ)+n+1Γ
(
n+1

2 − rk(γ)
)

(rk(γ)− 1)!
C

(γ)
G (x,−Dξ)(R

2 + gG(ξ, ξ))−(n+1)/2+rk(γ),

for 2rk(γ)− n− 1 /∈ 2N0, and

(−1)rk(γ)−n+1
2 π(n+1)/2

22rk(γ)−n−1

(
rk(γ)− n+ 1

2

)
!(rk(γ)− 1)!·

C
(γ)
G (x,−Dξ)

[
(R2 + gG(ξ, ξ))−(n+1)/2+rk(γ)

(
− log(R2 + gG(ξ, ξ)) + βrk(γ)−(n+1)/2,n+1

)]
,

(4.6)

for 2rk(γ)− n− 1 ∈ 2N0. We conclude that the symbol qj of Kj , for j > 0, is (up to the

term βrk(γ),n+1) given by the formula in the statement of the theorem for the pre-factors

ck,n:

ck,n =


(−1)k+1

k! π(n−1)/22n−2kΓ
(
n+1

2 − k
)
, for 2k − n− 1 /∈ 2N0,

(−1)
n+1
2 π(n−1)/2

22k−n(k−n+1
2 )!k!

, for 2k − n− 1 ∈ 2N0.

Therefore ck,n takes the form prescribed in the theorem by Proposition 4.1.8.

We finish the proof by showing that βrk(γ)−(n+1)/2,n+1 does not contribute in Equa-

tion (4.6) and that there is no logarithmic term when expanding the ξ-derivatives in

Equation (4.6). If 2rk(γ) − n − 1 ∈ 2N0, then −(n + 1)/2 + rk(γ) ∈ N0 and so (R2 +

gd(ξ, ξ))−(n+1)/2+rk(γ) is a polynomial of degree 2rk(γ) − n − 1 ∈ 2N0 in ξ. For γ ∈ Ij ⊆
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∪kNk≥3, we have that

j + 2rk(γ) = |γ| ≥ 3rk(γ).

Therefore, if 2rk(γ)− n− 1 ∈ 2N0 then C
(γ)
d2 (x,Dξ)(R

2 + gd(ξ, ξ))−(n+1)/2+rk(γ) is a poly-

nomial of degree 2rk(γ) − n − 1 − |γ| ≤ −rk(γ) − n − 1 < 0 and therefore it must be

identically zero. In other words, we have the equality

C
(γ)
G (x,−Dξ)(R

2 + gG(ξ, ξ))−(n+1)/2+rk(γ) = 0, (4.7)

for 2rk(γ) − n − 1 ∈ 2N0. This equality proves that qj cannot contain a term with a

logarithmic factor, and as such qj is homogeneous of degree −n− 1− j for all j, and

C
(γ)
G (x,−Dξ)

[
(R2 + gG(ξ, ξ))−(n+1)/2+rk(γ)

(
− log(R2 + gG(ξ, ξ)) + βrk(γ)−(n+1)/2,n+1

)]
=

= −C(γ)
G (x,−Dξ)

[
(R2 + gG(ξ, ξ))−(n+1)/2+rk(γ) log(R2 + gG(ξ, ξ))

]
.

We note the following corollary that will play a role later in the paper when we consider

manifolds with boundary, and study the inverse of Q in the Boutet de Monvel calculus.

See more in Theorem 4.3.9 and Appendix A.1. Recall that a complete classical parameter

dependent symbol p ∼
∑

l pl of order m on a compact manifold M is said to satisfy the

µ-transmission condition at a hypersurface Y ⊆ M if in local coordinates x = (x′, xn),

with Y being defined by xn = 0, satisfies that

Dβ
xD

α
ξD

j
Rpl((x

′, 0), (0, ξn), 0) = eπi(m−l−2µ−|α|−j)Dβ
xD

α
ξD

j
Rpl((x

′, 0), (0,−ξn), 0).

One sometimes in short says that p is of type µ. A classical pseudodifferential operator

with parameter is said to be of type µ if its symbol is of type µ. See more in [18, Proposition

1], for instance. Item (b) of Theorem 4.2.7 implies the following.

Corollary 4.1.12

Let M be a manifold and G : M ×M → [0,∞) a function which is regular at the diagonal.

Set µ := −(n + 1)/2. The pseudodifferential operator with parameter QG,χ satisfies the

µ-transmission condition along any hypersurface in M . In fact, the asymptotic expansion∑∞
l=0 ql of the full symbol of Q from Theorem 4.2.7 satisfies that

Dβ
xD

α
ξD

j
Rql(x, ξ,R) = (−1)|α|+j+lDβ

xD
α
ξD

j
Rql(x,−ξ,−R),
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for any multiindices α, β ∈ Nn0 , x ∈M and (ξ,R) 6= 0.

Remark 4.1.13. The computation that

q0(x, ξ,R) = n!ωn(R2 + gG(ξ, ξ))−(n+1)/2,

is compatible with known symbol computations in Rn for G(x, y) = |x − y|2 in which

case q = q0 is the full symbol expansion when using Euclidean coordinates. Indeed,

this statement follows from the fact that e−R|v| is the Fourier transform of n!ωn(R2 +

|ξ|2)−(n+1)/2, see for instance [5, Equation (3)]. We remark that the coordinate dependent

symbol computations of Theorem 4.1.9 will be used also in Rn. The reason for using

Theorem 4.1.9 in Rn is due to the fact that in order to describe the operator near the

boundary of a domain with the Wiener-Hopf factorization techniques of Section 4.4 below

we need to “straighten out the boundary”, i.e. choose coordinates in which the boundary

locally looks like a half-space. We make such computations more precise in Subsection

4.1.2 below.

Let us give some further details in computing the symbols q1 and q2. The precise

information contained in q1 and q2 will be used later to compute the first terms in the

inverse of Q and the asymptotics of its expectation values in Section 4.5. Before entering

into the symbol computations of q1 and q2, let us introduce some notation. Since g is a

metric on T ∗M , it can be viewed as a symmetric tensor in TM ⊗ TM and for a covector

ξ, the contraction ιξgG takes values in TM . In the coordinate chart, each CjG takes values

in the symmetric j-forms on TM |U0 . As such, expressions such as C3
G(x, gG ⊗ ιξgG) or

C4
G(x, gG⊗gG), for instance, make sense. The reader should be aware that such expressions

are individually not coordinate invariant, the transformation rules for these expressions

can be deduced either from the Taylor expansion (4.4) or from the transformation rules

for pseudodifferential operators. For computational purposes, we also note that

dξgG(ξ, ξ) = 2ιξgG.

Here dξ denotes the fiberwise exterior differential and we are implicitly using the canonical

identification T ∗(T ∗M) = π∗TM ⊕ π∗T ∗M and that the TM -summand is where dξ maps

to. A useful tool in formulating the computations is the Pochhammer k-symbol. For
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x ∈ R, n ∈ N0 and k ∈ Z, we write

(x)n,k := x(x+ k)(x+ 2k) · · · (x+ (n− 1)k)︸ ︷︷ ︸
n factors

,

with the convention that (x)0,k = 1 for any k and (0)n,k = 1 for any n and k.

A combinatorial argument shows that

C3
G(x,−Dξ)(R

2 + gG(ξ, ξ))−ν =− 3 · 22i(ν)2,1C
3
G(x, gG ⊗ ιξgG)(R2 + gG(ξ, ξ))−ν−2+

+ 23i(ν)3,1C
3
G(x, ιξgG ⊗ ιξgG ⊗ ιξgG)(R2 + gG(ξ, ξ))−ν−3.

C4
G(x,−Dξ)(R

2 + gG(ξ, ξ))−ν =3 · 22(ν)2,1C
4
G(x, gG ⊗ gG)(R2 + gG(ξ, ξ))−ν−2−

− 6 · 23(ν)3,1C
4
G(x, gG ⊗ ιξgG ⊗ ιξgG)(R2 + gG(ξ, ξ))−ν−3+

+ 24(ν)4,1C
4
G(x, ιξg ⊗ ιξgG ⊗ ιξgG ⊗ ιξgG)(R2 + gG(ξ, ξ))−ν−4.

C3
G(x,−Dξ)

2(R2 + gG(ξ, ξ))−ν =

=−24 · 24(ν)4,1C
3
G(x, gG ⊗ ιξgG)2(R2 + gG(ξ, ξ))−ν−4+

+ 6 · 25(ν)5,1C
3
G(x, ιξgG ⊗ ιξgG ⊗ ιξgG)C3

G(x, gG ⊗ ιξgG)(R2 + gG(ξ, ξ))−ν−5−

− 26(ν)6,1C
3
G(x, ιξgG ⊗ ιξgG ⊗ ιξgG)2(R2 + gG(ξ, ξ))−ν−6+

+ 3 · 23(ν)3,1(C3
G ⊗ C3

G)(x, gG ⊗ gG ⊗ gG)(R2 + gG(ξ, ξ))−ν−3.

Proposition 4.1.14

Let M and QG,χ be as in Theorem 4.1.9. In a coordinate chart on M , the term q1

of degree −n− 2 appearing in the full symbol q of QG,χ is given by

q1(x, ξ, R) = −i
(

6C3
G(x, gG ⊗ ιξgG)(R2 + gG(ξ, ξ))−2−

− 8C3
G(x, ιξgG ⊗ ιξgG ⊗ ιξgG)(R2 + gG(ξ, ξ))−3

)
,
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if n = 1, and if n > 1 we have that

q1(x, ξ, R) = −i(n2 − 1)c1,n

(
3C3

G(x, gG ⊗ ιξgG)(R2 + gG(ξ, ξ))−(n+1)/2−1−

− (n+ 3)C3
G(x, ιξgG ⊗ ιξgG ⊗ ιξgG)(R2 + gG(ξ, ξ))−(n+1)/2−2

)
,

where ιξgG denotes the contraction of the metric gG on T ∗M along the covector ξ.

Proof. We note that I1 = {γ ∈ ∪∞k=1Nk
≥3 : |γ| = 1 + 2rk(γ)} = {3}. For n = 1, we

have c1,1 = −1/2 and since we are in the critical case we compute as follows

q1(x, ξ, R) =− ic1,1C
3(x, 1)∂3

ξ log(R2 + gG(ξ, ξ)) = iC3(x, 1)∂2
ξ

ιξgG
R2 + gG(ξ, ξ)

=

=iC3
G(x, 1)

(
− 6gGιξgG

(R2 + gG(ξ, ξ))2
+

8(ιξgG)3

(R2 + gG(ξ, ξ))3

)
,

which proves the case n = 1.

For n > 1, we compute using the identities above that

q1(x, ξ,R) = i(n+ 1)(n− 1)c1,n

(
−3C3

G(x, gG ⊗ ιξgG)(R2 + gG(ξ, ξ))−(n+1)/2−1+

+ (n+ 3)C3
G(x, ιξgG ⊗ ιξgG ⊗ ιξgG)(R2 + gG(ξ, ξ))−(n+1)/2−2

)
.

The next proposition follows from a similar computation.

Proposition 4.1.15

Let M and QG,χ be as in Theorem 4.1.9. In a coordinate chart on M , the term q2

of degree −n−3 appearing in the full symbol q of QG,χ is given as follows; for n = 1

we have that

q2(x, ξ,R) =c2,1C
3(x, 1)2∂6ξ

(
(R2 + gG(ξ, ξ)) log(R2 + gG(ξ, ξ))

)
+ c1,1C

4(x, 1)∂4ξ log(R2 + gG(ξ, ξ)) =

=− C3(x, 1)2

16

(
− 23 · 15g3G

(R2 + gG)2
+

24 · 90(ιξgG)2g2G
(R2 + gG)3

− 24 · 80(ιξgG)4gG
(R2 + gG)4

+
26 · 24(ιξgG)6

(R2 + gG)5

)

− C4(x, 1)

2

(
− 22 · 3g2G

(R2 + gG)2
+

23 · 12(ιξgG)2gG
(R2 + gG)3

− 24 · 6(ιξgG)4

(R2 + gG)4

)
,

56



Chapter 4: Semiclassical analysis of a nonlocal boundary value problem related to
magnitude

and for n = 3, we have that

q2(x, ξ,R) =c2,3C
3(x, ∂ξ)

2
(
log(R2 + gG(ξ, ξ))

)
+ c1,3C

4(x, ∂ξ)(R
2 + gG(ξ, ξ))−1 =

=c2,3240(C3
G ⊗ C3

G)(gG ⊗ gG ⊗ gG)(R2 + gG(ξ, ξ))−3−

− c2,345 · 96C3
G(x, gG ⊗ ιξgG)2(R2 + gG(ξ, ξ))−4+

+ c2,3120 · 96C3
G(x, ιξgG ⊗ ιξgG ⊗ ιξgG)C3

G(x, gG ⊗ ιξgG)(R2 + gG(ξ, ξ))−5−

− c2,380 · 96C3
G(x, gG ⊗ ιξgG)2(R2 + gG(ξ, ξ))−6+

+ c1,324C4(x, gG ⊗ gG)(R2 + gG(ξ, ξ))−3−

−c1,3288C4(x, gG ⊗ ιξgG ⊗ ιξgG)(R2 + gG(ξ, ξ))−4+

+c1,3192C4(x, ιξgG ⊗ ιξgG ⊗ ιξgG ⊗ ιξgG)(R2 + gG(ξ, ξ))−5

and finally for n 6= 1, 3, we have that

q2(x, ξ,R) =− c2,nC
3(x, ∂ξ)

2(R2 + gG(ξ, ξ)))−(n−3)/2 + c1,nC
4(x, ∂ξ)(R

2 + gG(ξ, ξ))−(n−1)/2 =

=−24c2,n(n+ 3)4,−2C
3(x, gG ⊗ ιξgG)2(R2 + gG(ξ, ξ))−(n+1)/2−2+

+6c2,n(n+ 5)5,−2C
3(x, ιξgG ⊗ ιξgG ⊗ ιξgG)C3(x, gG ⊗ ιξgG)(R2 + gG(ξ, ξ))−(n+1)/2−3−

−c2,n(n+ 7)6,−2C
3(x, ιξgG ⊗ ιξgG ⊗ ιξgG)2(R2 + gG(ξ, ξ))−(n+1)/2−4+

+ 3c2,n(n+ 5)5,−2(C3 ⊗ C3)(x, gG ⊗ gG ⊗ gG)(R2 + gG(ξ, ξ))−(n+1)/2−1+

+3c1,n(n2 − 1)C4(x, gG ⊗ gG)(R2 + gG(ξ, ξ))−(n+1)/2−1−

− 6c1,n(n+ 3)3,−2C
4(x, gG ⊗ ιξgG ⊗ ιξgG)(R2 + gG(ξ, ξ))−(n+1)/2−2+

+ c1,n(n+ 5)4,−2C
4(x, ιξgG ⊗ ιξgG ⊗ ιξgG ⊗ ιξgG)(R2 + gG(ξ, ξ))−(n+1)/2−3

where ιξgG denotes the contraction of the metric gG on T ∗M along the covector ξ.
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4.1.2 Examples and further structure in the symbol com-

putations

In the preceding subsection we saw a detailed computation of the full symbol of

Qχ,G in terms of the Taylor expansion. Let us consider a few important special

cases where further structures can be visible in the symbol expansion, and proceed

with a structural statement of for the entries in the full symbol in the general case.

Example 4.1.16 (Symbol computations near a boundary in Euclidean space). We

consider the manifold M = Rn and the function G(x, y) = |x− y|2 which is regular

at the diagonal. This example fits into the bigger picture of the paper seeing that

G(x, y) = d(x, y)2. It will later in the paper be crucial to describe the symbol of

Q = QG,χ near the boundary of a domain X ⊆ Rn with smooth boundary. Fix a

point x0 ∈ ∂X. Up to a rigid motion, we can assume that x0 = 0 and that the normal

vector of ∂X in x0 is orthogonal to the plane xn = 0, where we write x = (x′, xn) for

x′ ∈ Rn−1 and xn ∈ R. There is a neighborhood U0 = U00 × (−ε, ε) of 0 ∈ Rn and a

smooth function ϕ ∈ C∞(U00) such that X ∩U0 = {x = (x′, xn) ∈ U0 : ϕ(x′) < xn}.

Since the normal vector of ∂X in x0 is orthogonal to the plane xn = 0, ∇x′ϕ(0) = 0.

Near x0 = 0, we use the coordinates

(x′, xn) 7→ (x′, xn − ϕ(x′)).

In these new coordinates, the domain X looks like the half-space {(x′, xn) : xn > 0}

locally near x0 = 0. We compute that in these coordinates G = G(x, y) can be

written as

|(x′, xn − ϕ(x′))−(y′, yn − ϕ(y′))|2 = |x′ − y′|2 + (xn − yn − (ϕ(x′)− ϕ(y′)))2 =

=|x− y|2 − 2(xn − yn)(ϕ(x′)− ϕ(y′)) + (ϕ(x′)− ϕ(y′))2 =

=|v|2 +
N∑
j=2

∑
|α′|=j−1

−2∂α
′

x′ ϕ(x′)

α′!
vn(v′)α

′
+

+
N∑
j=2

∑
|α′|+|β′|=j,
|α′|,|β′|>0

∂α
′

x′ ϕ(x′)∂β
′

x′ϕ(x′)

α′!β′!
(v′)α

′+β′ +O(|v|N+1),
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where the sums over α′ and β′ ranges over α′, β′ ∈ Nn−1
0 and we have written

v = x− y, v′ = x′ − y′ and vn = xn − yn. Introducing the notation

∇jϕ(x′; v′) :=
∑
|α′|=j

∂α
′

x′ ϕ(x′)

α′!
(v′)α

′
,

we have in these coordinates that

G(x, y) =|v|2 − 2vn∇ϕ(x′) · v′ + (∇ϕ(x′) · v′)2 +
N∑
j=3

−2vn∇j−1ϕ(x′; v′)

+
N∑
j=3

∑
k+l=j,
k,l>0

∇kϕ(x′; v′)∇lϕ(x′; v′) +O(|v|N+1)

In particular, we can conclude that

HG(v) = |v|2 − 2vn∇ϕ(x′) · v′ + (∇ϕ(x′) · v′)2,

so HG is represented by the n× n-matrix

HG =

1n−1 +∇ϕ(x′)∇ϕ(x′)T −∇ϕ(x′)

−∇ϕ(x′)T 1

 .

Therefore, in the same basis we have that

gG = H−1
G =

 1n−1 ∇ϕ(x′)

∇ϕ(x′)T 1 + |∇ϕ(x′)|2

 .

We note that HG|T∂X is the Riemannian metric on ∂X induced from the Euclidean

metric on Rn and the inclusion ∂X ↪→ Rn. We also conclude that

αjnC
j
G(x; v) = vnC

j,1
G (x; v′) + Cj,0

G (x; v′) (4.8)

for some dimensional constant an that is yet to be determined, where

Cj,1
G (x; v′) := −2∇j−1ϕ(x′; v′) and Cj,0

G (x; v′) :=
∑

k+l=j,k,l>0

∇kϕ(x′; v)∇lϕ(x′; v).
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Therefore, in these coordinates near the boundary of a domain in Rn, we have for

γ ∈ Ij that

α(γ)
n C

(γ)
G (x,−Dξ) =(−1)|γ|

rk(γ)∏
l=1

[ ∑
|α′|=|γl|−1

−2∂α
′

x′ ϕ(x′)

α′!
Dα′

ξ′Dξn

+
∑

|α′|+|β′|=|γl|,
|α′|,|β′|>0

∂α
′

x′ ϕ(x′)∂β
′

x′ϕ(x′)

α′!β′!
Dα′+β′

ξ′

]
.

This gives a method for computing the homogeneous symbol qj of degree −n−1− j

for any j following Theorem 4.1.9.

The principal symbol is computed as in Theorem 4.1.9. By Proposition 4.1.14

we compute for n > 1 that

q1(x, ξ, R) =− α′ni(n2 − 1)c1,n

(
6gG(∇2ϕ)gG(ξ,∇ϕ− en)(R2 + gG(ξ, ξ))−(n+1)/2−1−

− 2(n+ 3)∇2ϕ(ιξgG, ιξgG)gG(ξ,∇ϕ− en)(R2 + gG(ξ, ξ))−(n+1)/2−2

)
=

=α′ni(n
2 − 1)c1,n

(
6ξngG(∇2ϕ)(R2 + gG(ξ, ξ))−(n+1)/2−1−

− 2(n+ 3)ξn∇2ϕ((ξ′ + ξn∇ϕ)⊗2)(R2 + gG(ξ, ξ))−(n+1)/2−2

)
,
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By Proposition 4.1.15 we compute for n 6= 1, 3 that

βnq2(x, ξ,R) =

= −24c2,n(n+ 3)4,−24(gG(∇2ϕ))2(gG(ξ,∇ϕ− en))2(R2 + gG(ξ, ξ))−(n+1)/2−2+

+ 6c2,n(n+ 5)5,−24gG(∇2ϕ)(gG(ξ,∇ϕ− en))2∇2ϕ(ιξgG, ιξgG)(R2 + gG(ξ, ξ))−(n+1)/2−3−

− c2,n(n+ 7)6,−24(∇2ϕ(ιξgG, ιξgG))2(gG(ξ,∇ϕ− en))2(R2 + gG(ξ, ξ))−(n+1)/2−4+

+ 3c2,n(n+ 5)5,−2 · 4(gG(∇2ϕ))2gG(∇ϕ− en,∇ϕ− en)(R2 + gG(ξ, ξ))−(n+1)/2−1+

+3c1,n(n2 − 1)

(
2(gG ⊗ gG)(∇3ϕ⊗ (∇ϕ− en)) + (gG(∇2ϕ))2

)
(R2 + gG(ξ, ξ))−(n+1)/2−1−

− 6c1,n(n+ 3)3,−2

(
2(gG ⊗ ιξgG)(∇3ϕ)gG(ξ,∇ϕ− en)+

+ (gG(∇2ϕ))(∇2ϕ(ιξgG, ιξgG))

)
(R2 + gG(ξ, ξ))−(n+1)/2−2+

+ c1,n(n+ 5)4,−2

(
2(ιξgG)⊗3(∇3ϕ)gG(ξ,∇ϕ− en)+

+ (∇2ϕ(ιξgG, ιξgG))2
)

(R2 + gG(ξ, ξ))−(n+1)/2−3 =

=− 48c2,n(n+ 3)4,−2(gG(∇2ϕ))2ξ2n(R2 + gG(ξ, ξ))−(n+1)/2−2+

+ 24c2,n(n+ 5)5,−2gG(∇2ϕ)ξ2n∇2ϕ((ξ′ + ξn∇ϕ)⊗2)(R2 + gG(ξ, ξ))−(n+1)/2−3−

− 4c2,n(n+ 7)6,−2(∇2ϕ((ξ′ + ξn∇ϕ)⊗2))2ξ2n(R2 + gG(ξ, ξ))−(n+1)/2−4+

+ (12c2,n(n+ 5)5,−2 + 3c1,n(n2 − 1))(gG(∇2ϕ))2(R2 + gG(ξ, ξ))−(n+1)/2−1+

− 6c1,n(n+ 3)3,−2

(
− 2ξn∇3ϕ(1n−1 ⊗ (ξ′ + ξn∇ϕ))+

+ (gG(∇2ϕ))(∇2ϕ((ξ′ + ξn∇ϕ)⊗2)

)
(R2 + gG(ξ, ξ))−(n+1)/2−2+

+ c1,n(n+ 5)4,−2

(
− 2ξn(∇3ϕ)((ξ′ + ξn∇ϕ)⊗3)+

+ (∇2ϕ((ξ′ + ξn∇ϕ)⊗2)2
)

(R2 + gG(ξ, ξ))−(n+1)/2−3,
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and for n = 3 that

γq2(x, ξ,R) =(c2,3240 · 4 + c1,324)(gG(∇2ϕ))2(R2 + gG(ξ, ξ))−3−

− c2,345 · 96 · 4(gG(∇2ϕ))2ξ2
n(R2 + gG(ξ, ξ))−4+

+ c2,3120 · 96 · 4gG(∇2ϕ)ξ2
n∇2ϕ((ξ′ + ξn∇ϕ)⊗2)(R2 + gG(ξ, ξ))−5

− c2,380 · 96 · 4(gG(∇2ϕ))2ξ2
n(R2 + gG(ξ, ξ))−6+

− c1,3288

(
− 2ξn(∇3ϕ)(1n−1 ⊗ (ξ′ + ξn∇ϕ))+

(gG(∇2ϕ))(∇2ϕ((ξ′ + ξn∇ϕ)⊗2))

)
(R2 + gG(ξ, ξ))−4+

+ c1,3192

(
− 2ξn(∇3ϕ)((ξ′ + ξn∇ϕ)⊗3) + (∇2ϕ((ξ′ + ξn∇ϕ)⊗2))2

)
(R2 + gG(ξ, ξ))−5

for constants βn, γ. We note that gG(∇2ϕ)(x0) is (n−1)/2 times the mean curvature

in x0.

Example 4.1.17 (Symbol computations for a submanifold of Euclidean space). We

consider a sub-manifold M ⊆ RN and the function G(x, y) = |x − y|2 which is

regular at the diagonal. This example fits into the bigger picture of the paper seeing

that G(x, y) = d(x, y)2 where d is the distance function on M making the inclusion

M ⊆ RN isometric. To Taylor expand G as in (4.4), we take coordinates around a

point x0 ∈M such that M near x0 is parametrized byxl = xl, l = 1, . . . , n

xl = ϕl(x1, . . . , xn), l = n+ 1, . . . , N

,

for some functions ϕn+1, . . . , ϕN . Write x = (x1, . . . , xn). In these coordinates,

G(x, y) = |x− y|2 +
N∑

l=n+1

|ϕl(x)− ϕl(y)|2 =

= |v|2 +

N0∑
j=2

N∑
l=n+1

∑
|α|+|β|=j,
|α|,|β|>0

∂αxϕl(x)∂βxϕl(x)

α!β!
vα+β +O(|v|N0+1),
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where v = x− y. Therefore, we conclude that

HG(v) = |v|2 +
N∑

l=n+1

(∇ϕl(x) · v)2,

and for j > 2,

αjnC
j
G(x, v) =

N∑
l=n+1

∑
|α|+|β|=j,
|α|,|β|>0

∂αxϕl(x)∂βxϕl(x)

α!β!
vα+β =

N∑
l=n+1

∑
i+k=j,
i,k>0

(∇iϕl ⊗∇kϕl)(v).

Computations similar to those in Example 4.1.16 can be carried out also for sub-

manifolds. To preserve the reader’s sanity, we spare the details.

Example 4.1.18 (Symbol computations for geodesic distances). Consider a manifold

M equipped with a Riemannian metric gM . To avoid having to prescribe the dis-

tance between different components, we assume that M is connected. The geodesic

distance dgeo : M ×M → [0,∞) is defined by

dgeo(x, y) := inf{L(c) : c is a smooth path from x to y},

where the length L(c) of a path c : [0, 1]→M is defined by

L(c) :=

∫ 1

0

√
gM,c(t)(ċ(t), ċ(t))dt.

Here we write ċ : [0, 1]→ TM for the derivative of the path, so ċ(t) ∈ Tc(t)M . For a

suitable neighborhood U ⊆ TM of the zero section, the Riemannian metric defines

an exponential map exp : UUU → M . More precisely, for a small enough v ∈ TxM ,

expx(v) = exp(x, v) ∈ M is defined in local coordinates as expx(v) = wx(v; 1)

where wx(v; ·) : [0, 1]→ TM is the solution to the second order ordinary differential

equation 
ẅx(v, t) + Γwx(v;t)(ẇx(v, t), ẇx(v, t)) = 0,

w(v; 0) = x,

ẇ(v, 0) = −v,

(4.9)

where Γ is the affine connection defined from g, which in local coordinates is a vector

valued symmetric bilinear form on the tangent bundle. In these local coordinates,
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for x and y close enough we have that

dgeo(x, y) = | exp−1
x (y)|2g.

In particular, d2
geo is smooth in a neighborhood of the diagonal.

Let us compute the Taylor expansion of d2
geo as in Equation (4.4) and prove that

d2
geo is regular at the diagonal. We use a coordinate neighborhood as above, and

write v = x − y. We are looking for the Taylor expansion in v of the coordinate

function Xx(v) = exp−1
x (x− v). We Taylor expand

wx(v, t) = x− vt+
N∑
k=2

w
(k)
x (v; 0)

k!
tk +O(|tv|N+1).

We note that v 7→ w
(k)
x (v; 0) is a homogeneous polynomial of degree k, we denote

this by Wk(x; v). It follows from Equation (4.9) that
W1(v) = −v,

W2(v) = −Γ(v, v),

W3(v) = −dΓ(v, v, v)− 2Γ(v,Γ(v, v)).

(4.10)

The higher order terms W4,W5, . . . can be computed inductively from Equation

(4.9). Write the Taylor expansion of the unknown function Xx in v as

Xx(v) =
N∑
k=1

X(k)(x; v) +O(|v|N+1),

where X(k)(x; ·) is a homogeneous polynomial of degree k in v. The identity Xx(v) =

exp−1
x (x− v) is equivalent to expx(Xx(v)) = x− v which implies that

−
N∑
k=1

X(k)(x; v) +
N∑
k=2

Wk(x,
∑N

l=1 X
(l)(x; v))

k!
= −v +O(|v|N+1). (4.11)

Considering the first order term, we see that X(1)(v) = v. The higher order terms
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can be inductively determined by considering each homogeneous term separately:

X(k)(v) =

[
k∑
j=2

Wj(x,
∑k−1

l=1 X
(l)(x; v))

j!

]
(k)

, (4.12)

where [·](k) denotes the homogeneous term of degree k. Using Equation (4.10) and

(4.11), we compute the first terms to be



X(1)(v) = v,

X(2)(v) = 1
2
W2(x; v) = −1

2
Γ(v, v),

X(3)(v) = 1
6
W3(x; v) + 1

2

[
W2

(
x; v − 1

2
Γ(v, v)

)]
(3)

=

= −1
6
dΓ(v, v, v) + 1

6
Γ(v,Γ(v, v)).

We summarize these computations in a proposition.

Proposition 4.1.19

Let M be a manifold equipped with a Riemannian metric gM and let dgeo denote

the geodesic distance. Then d2
geo is regular at the diagonal and in a coordinate

neighborhood the Taylor expansion as in Equation (4.4) takes the form

d2
geo(x, y) = |v|2gM + C3

d2
geo

(x; v) + C4
d2
geo

(x; v) +O(|v|5gm),

where

C3
d2
geo

(x; v) =− gM(v,Γ(v, v)),

C4
d2
geo

(x; v) =
1

4
|Γ(v, v)|2gM +

1

3
(g(v, dΓ(v, v, v))− g(v,Γ(v,Γ(v, v)))) .

The higher order terms Cj
d2
geo

can be computed inductively from Equation (4.12).

Let us return to the general case and describe the overall structure of the terms

appearing in the full symbol expansion of QG,χ.

Lemma 4.1.20

Let M and G be as in Theorem 4.1.9. The entries in the full symbol expansion
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q ∼
∑∞

j=0 qj of QG,χ ∈ Ψ−n−1
cl (M ;C+) take the form

qj(x, ξ, R) =

3j∑
k=0

Pk,j(x, ξ)(R
2 + gG(ξ, ξ))−

n+1+j+k
2 ,

where Pk,j are such that

1. Pk,j is a homogeneous polynomial of degree k in ξ and

Pk,j ≡ 0 if j − k /∈ 2Z.

2. If j − k ∈ 2Z, the polynomial Pk,j takes the form

Pk,j(x, ξ) =
∑
γ∈Ij

ργ,k,jC
(γ)
G (x, ιξgG ⊗ ιξgG︸ ︷︷ ︸

k times

⊗ gG ⊗ · · · ⊗ gG︸ ︷︷ ︸
|γ|−k

2
times

),

for some coefficients ργ,k,j ∈ Qπn/2 +Qπ(n+1)/2 +Qπ(n−1)/2.

In the last item, we note that if j − k ∈ 2Z, then |γ| − k ∈ 2Z for all γ ∈ Ij.

Proof. It follows from the computations in Theorem 4.1.9 that qj can be written as

a finite sum

qj(x, ξ, R) =
∑
k≥0

Pk,j(x, ξ)(R
2 + gG(ξ, ξ))−

n+1+j+k
2 ,

where Pk,j is a polynomial in ξ whose coefficients (as a polynomial in ξ) are all

polynomials in the Taylor coefficients of G at the diagonal. For the degrees to

match, Pk,j must be of degree k. Since the powers R2 + gG(ξ, ξ) must differ from

−(n + 1)/2 by an integer, Pk,j = 0 unless j − k /∈ 2Z. Finally, the largest possible

degree k for which ξα(R2 + gG(ξ, ξ))−
n+1+j+k

2 (with |α| = k) can be a summand

in qj is if the derivative C
(γ)
G (x,Dξ) acts only on (R2 + gG(ξ, ξ))−(n+1)/2+rk(γ) (or

(R2 + gG(ξ, ξ))−(n+1)/2+rk(γ) log(R2 + gG(ξ, ξ)) if 2rk(γ) − n − 1 ∈ 2N0) and in that

case α = γ, so the maximal degree of Pk,j is the size of the largest index in Ij, i.e.

3j. This proves item (1). To prove item (2), one notices that by Theorem 4.1.9, all

possible entries in qj consists of terms of the form

C
(γ)
G (x, ιξgG ⊗ ιξgG︸ ︷︷ ︸

k times

⊗ gG ⊗ · · · ⊗ gG︸ ︷︷ ︸
|γ|−k

2
times

)(R2 + gG(ξ, ξ))−
n+1+j+k

2 ,
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with a coefficient being a rational number times either πn/2, π(n+1)/2 or π(n−1)/2.

4.1.3 The symbol structure of the parametrix

The operator QG,χ ∈ Ψ−n−1
cl (M ;C+) considered in the previous subsection is elliptic

with parameter by Theorem 4.1.9. In particular, it admits a parametrix AG,χ ∈

Ψn+1
cl (M ;C+), that is an operator with parameter so that AG,χQG,χ− 1, QG,χAG,χ−

1 ∈ Ψ−∞cl (M ;C+).

Theorem 4.1.21

Let M be an n-dimensional manifold and G : M ×M → [0,∞) a function which

is regular at the diagonal. The full symbol a in local coordinates of the parametrix

AG,χ ∈ Ψn+1
cl (M ;C+) of QG,χ ∈ Ψ−n−1

cl (M ;C+) has an asymptotic expansion a ∼∑∞
j=0 aj where aj is constructed inductively from the symbol expansion q ∼

∑
j qj of

Theorem 4.1.9 by

aj = −a0

∑
k+l+|α|=j, l<j

1

α!
∂αξ qkD

α
xal.

For n = 1 the first two terms are given by

a0(x, ξ, R) =
1

2
(R2 + gG(ξ, ξ))

a1(x, ξ, R) =− i

2
(∂ξgG)(∂xgG)(R2 + gG(ξ, ξ))−1 +

3i

2
C3
G(x, gG ⊗ ιξgG)−

− 2iC3
G(x, ιξgG ⊗ ιξgG ⊗ ιξgG)(R2 + gG(ξ, ξ))−1

and for n > 1

a0(x, ξ, R) =(q0(x, ξ, R))−1 =
1

n!ωn
(R2 + gG(ξ, ξ))(n+1)/2,

a1(x, ξ, R) =−(n+ 1)2i

n!ωn
gG(dxgG(ξ, ξ), ξ)(R2 + gG(ξ, ξ))(n+1)/2−2+

+
3ic1,n(n2 − 1)

(n!)2ω2
n

C3
G(x, gG ⊗ ιξgG)(R2 + gG(ξ, ξ))(n+1)/2−1−

− ic1,n(n+ 3)3,−2

(n!)2ω2
n

C3
G(x, ιξgG ⊗ ιξgG ⊗ ιξgG)(R2 + gG(ξ, ξ))(n+1)/2−2.
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The homogeneous terms aj each take the form

aj(x, ξ, R) =

3j∑
k=0

P̃k,j(x, ξ)(R
2 + gG(ξ, ξ))

n+1−j−k
2 ,

where P̃k,j are homogeneous polynomials of degree k in ξ and

P̃k,j ≡ 0 if j − k /∈ 2Z.

The coefficients of P̃k,j as a polynomial in ξ are all polynomials in derivatives of the

Taylor coefficients (C
(γ)
G )γ∈∪k≤jIk of G at the diagonal (from Equation (4.4)) of total

degree j.

In the structural statement at the end of the proposition, the total degree refers

to the degree of the polynomial when counting an order i derivative of a Taylor

coefficient C
(γ)
G for γ ∈ Ik to have degree k + i.

Proof. It follows from the parametrix construction for elliptic operators (see e.g. [51,

Chapter I.5]) that a ∼
∑∞

j=0 aj where a0 = q−1
0 and aj := −a0

∑
k+l+|α|=j, l<j

1
α!
∂αξ qkD

α
xal

for j > 0.

Let us prove the structural statement about aj by induction on j. It is clear for

j = 0. Assume that the structural statement holds for l < j+ 1. We then have that

aj+1 =− a0
∑

k+l+|α|=j+1, l<j+1

1

α!
∂αξ qkD

α
xal =

=− 1

n!ωn
(R2 + gG(ξ, ξ))(n+1)/2

∑
k+l+|α|=j+1, l<j+1

N(k)∑
i1=0

Ñ(l)∑
i2=0

1

α!
∂αξ

[
Pi1,k(x, ξ)(R2 + gG(ξ, ξ))−

n+1+k+i1
2

]
·

·Dα
x

[
P̃i2,l(x, ξ)(R

2 + gG(ξ, ξ))
n+1−l−i2

2

]
,

which proves that aj+1 has the claimed structure.

68



Chapter 4: Semiclassical analysis of a nonlocal boundary value problem related to
magnitude

What remains is to compute a1. We write

a1(x, ξ,R) =− a0

∑
|α|=1

∂αξ q0D
α
xa0 − a2

0q1 =

=− 1

n!ωn
(R2 + gG(ξ, ξ))(n+1)/2

∑
|α|=1

∂αξ (R2 + gG(ξ, ξ))−(n+1)/2Dα
x (R2 + gG(ξ, ξ))(n+1)/2

+
i(n2 − 1)c1,n

(n!)2ω2
n

(R2 + gG(ξ, ξ))n+1

(
3C3

G(x, gG ⊗ ιξgG)(R2 + gG(ξ, ξ))−(n+1)/2−1−

−(n+ 3)C3
G(x, ιξgG ⊗ ιξgG ⊗ ιξgG)(R2 + gG(ξ, ξ))−(n+1)/2−2

)
=

=−(n+ 1)2i

n!ωn
gG(dxgG(ξ, ξ), ξ)(R2 + gG(ξ, ξ))(n+1)/2−2+

+
3ic1,n(n2 − 1)

(n!)2ω2
n

C3
G(x, gG ⊗ ιξgG)(R2 + gG(ξ, ξ))(n+1)/2−1−

− ic1,n(n+ 3)3,−2

(n!)2ω2
n

C3
G(x, ιξgG ⊗ ιξgG ⊗ ιξgG)(R2 + gG(ξ, ξ))(n+1)/2−2.

As mentioned in the beginning of this Chapter, we use the notation Γα(R0) :=

{z ∈ C : |Arg(z)| < α,Re(z) > R0} and µ := (n+ 1)/2.

Corollary 4.1.22

Let M be a compact n-dimensional manifold and G : M × M → [0,∞) a func-

tion which is regular at the diagonal. For some R0 > 0, the operator QG,χ(R) ∈

Ψ−n−1
cl (M) is invertible as an operator H−(n+1)/2(M) → H(n+1)/2(M) for any R ∈

Γπ/(n+1)(R0) and

Q−1
G,χ − AG,χ ∈ Ψ−∞cl (M ; Γπ/(n+1)(R0)).

In particular, Q−1
G,χ is a pseudodifferential with parameter in Γπ/(n+1)(R0) whose full

symbol a in local coordinates has an asymptotic expansion a ∼
∑∞

j=0 aj where aj is

as in Theorem 4.1.21.

Corollary 4.1.22 follows from Theorem 4.1.9 and 4.1.21 using standard techniques

for pseudodifferential with parameter. For the convenience of the reader, we include

its proof.
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Proof. Let ∆ denote a positive Laplace operator on M whose principal symbol

coincides with the metric gG dual to the transversal Hessian of G. It follows from

Theorem 4.1.9 that σ−n−1((R2 + ∆)−µ) = σ−n−1(Q). Hence, the operator r(R) :=

1− (R2 + ∆)µ/2Q(R2 + ∆)µ/2 is a parameter-dependent pseudodifferential operator

of order −1. We write

QG,χ = (R2 + ∆)−µ/2(1− r)(R2 + ∆)−µ/2.

The order of r is−1, so by Theorem 3.2.11 (see page 37) we have that ‖r(R)‖L2(M)→L2(M) =

O(Re(R)−1) as Re(R) → ∞. We conclude that there exists an R0 > 1 such that

‖r(R)‖L2(M)→L2(M) ≤ 1
2

for R ∈ Γπ/(n+1)(R0). Since (R2 + ∆)−µ/2 : Hs(M) →

Hs+µ(M) is invertible forR ∈ Γπ/(n+1)(0) and any s ∈ R, we can forR ∈ Γπ/(n+1)(R0)

invertQG,χ as the absolutely convergent series of operatorsHµ(M)→ H−µ(M) given

by

Q−1
G,χ =

∞∑
k=0

(R2 + ∆)µ/2r(R)k(R2 + ∆)µ/2.

It remains to prove that Q−1
G,χ−AG,χ ∈ Ψ−∞cl (M ; Γπ/(n+1)(R0)). By the construc-

tion above, Q−1
G,χ ∈ Ψn+1

cl (M ; Γπ/(n+1)(R0)). Therefore the classes [Q−1
G,χ] and [AG,χ]

in the formal symbol algebra Ψn+1
cl (M ; Γ)/Ψ−∞cl (M ; Γπ/(n+1)(R0)) are both inverses

to

[QG,χ] ∈ ∪k∈ZΨk
cl(M ; Γπ/(n+1)(R0))/Ψ−∞cl (M ; Γπ/(n+1)(R0)).

By the uniqueness of inverses,

[Q−1
G,χ] = [AG,χ] ∈ Ψn+1

cl (M ; Γπ/(n+1)(R0))/Ψ−∞cl (M ; Γπ/(n+1)(R0)).

4.1.4 Analytic results for Q on compact manifolds

The results of the previous subsections have analytic implications in the case that

M is a compact manifold. We consider the scale of Hilbert spaces Hs
R(M) :=

(R2 + ∆)−s/2L2(M) defined for R ∈ R \ {0} and s ∈ R with the Hilbert space

structure making (R2 + ∆)−s/2 : L2(M) → Hs
R(M) unitary. Here ∆ could be any

choice of Laplacian, but for the sake of simplicity we fix the Laplacian associated

with the Riemannian metric associated with a function regular at the diagonal.

By elliptic regularity, Hs(M) = Hs
R(M) as vector spaces with equivalent norms
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independently of the choice of Laplacian, but the Hilbert space structure differs in

a non-uniform way as R varies. At this stage, we shall start to concern ourselves

with extensions of Q to the complex numbers, so we phrase our results in terms of

the operator

Q(R)f(x) :=
1

R

∫
M

χ(x, y)e−Rd(x,y)f(y)dy, (4.13)

where d is a distance function whose square is regular at the diagonal and χ a

function being 1 near the diagonal such that d2 is smooth on the support of χ. We

note that Q(R) = Qd2,χ(R) for Re(R) > 0.

Theorem 4.1.23

Let M be a compact n-dimensional manifold and d : M ×M → [0,∞) a distance

function whose square is regular at the diagonal. The operator

Q(R) : H−µ(M)→ Hµ(M),

defined from the expression (4.13) is a well defined Fredholm operator for all R ∈

C \ {0} and there is an R0 such that Q(R) is invertible for all R ∈ Γπ/(n+1)(R0).

Moreover, the following hold:

a) For each R ∈ C \ {0}, Q(R) ∈ Ψ−n−1
cl (M) is an elliptic pseudodifferential

operator and the family of operators

(Q(R) : H−µ(M)→ Hµ(M))R∈C\{0}

depends holomorphically on R ∈ C \ {0}. Moreover, the holomorphic family

(Q(R)−1 : Hµ(M)→ H−µ(M))R∈Γπ/(n+1)(R0),

extends meromorphically to R ∈ C \ {0}.

b) There is a C > 0 such that

C−1‖f‖2
H−µ|R| (M)

≤ Re〈f,Q(R)f〉L2 ≤ C‖f‖2
H−µ|R| (M)

,

for R ∈ Γπ/(n+1)(R0) and f ∈ H−µ(M). In particular, for R ∈ Γπ/(n+1)(R0),

Q(R) is coercive in form sense on L2(M) and the sesquilinear form Re〈·, Q(R)·〉
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is uniformly equivalent to the inner product of H−µ|R| (M).

Proof. The first statements of the theorem follow from Corollary 4.1.22.

Part a) follows from the meromorphic Fredholm theorem (see Appendix A.2)

upon proving that R 7→ Q(R) ∈ B(H−µ(M), Hµ(M)) is holomorphic with values

in the set of Fredholm operators. We can write Q(R) as the integral operator with

Schwartz kernel

1

R
χ(x, y)e−Rd(x,y) =

χ(x, y)

R
+
∞∑
k=0

Rk

(k + 1)!
χ(x, y)d(x, y)k+1. (4.14)

Using the fact that d2 is regular at the diagonal, an argument as in the proof of

Theorem 4.1.9 shows that Q(R) is an elliptic pseudodifferential operator of order

−n − 1. By Proposition 3.1.7, the principal symbol of Q(R) (for fixed R) is given

by

σ−n−1(Q(R))(x, ξ) = π(n−1)/22nΓ

(
n+ 1

2

)
|ξ|−n−1

gG
= n!ωn|ξ|−n−1

gd2
.

Therefore R 7→ Q(R) ∈ B(H−µ(M), Hµ(M)) takes values in the set of Fredholm

operators. The expression (4.14), and again an argument as in the proof of Theorem

4.1.9, shows that R 7→ Q(R) ∈ B(H−µ(M), Hµ(M)) depends holomorphically on

R ∈ C \ {0}.

Part b) follows from the G̊arding inequality (see Corollary 3.2.12 on page 39)

using that Re(Q) has positive principal symbol as a pseudodifferential operator with

parameter by Theorem 4.1.9 on page 49).

4.1.5 Evaluation at ξ = 0 of some symbols

For later purposes, we will be interested in knowing the value of the homogeneous

component of the full symbol of the parametrix of Q at ξ = 0, constructed as

in Theorem 4.1.21. The following lemma shows that the evaluations of symbols

of operators with parameter provides coordinate invariant expressions, therefore

containing invariants of a pseudodifferential operator with parameter.

Lemma 4.1.24

Assume that M is a manifold and that A ∈ Ψm
cl (M ; Γ) is a properly supported pseu-

dodifferential operator with parameter. Then there exists a sequence (aj,0)j∈N0 ⊆
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C∞(M × Γ) such that

i) Each aj,0 = aj,0(x,R) is homogeneous of degree m− j in R.

ii) In each local coordinate chart,

aj,0(x,R) = aj(x, 0, R),

where a ∼
∑

j aj is a homogeneous expansion of the full symbol of A in that

chart.

Moreover, for any N ∈ N0, we have that

[A(R)1](x) =
N∑
j=0

aj(x,R) + rN(x,R) =
N∑
j=0

aj(x, 1)Rm−j + rN(x,R), (4.15)

where rN ∈ C∞(M × Γ) is a function such that for any compact K ⊆ M it holds

that

sup
x∈K
|∂αx∂kRrN(x,R)| = O(Re(R)m−N+|α|+k), as Re(R)→ +∞.

Proof. Choose a partition of unity (χj)j ⊆ C∞c (M) subordinate to a locally finite

covering by coordinate charts, and choose (χ̃j)j ⊆ C∞c (M) such that χ̃j is supported

in a coordinate chart and χ̃j = 1 on supp(χj). We have that
∑

j χjAχ̃j converges

in weak sense to a properly supported operator, and A−
∑

j χjAχ̃j ∈ Ψ−∞cl (M ; Γ).

Therefore, we can assume that A is supported in a coordinate chart. In a coor-

dinate chart, and a homogeneous expansion a ∼
∑

j aj of the full symbol of A,

the method of stationary phase (see for instance [23, Chapter VII.7]) implies that

[A(R)1](x) =
∑N

j=1 aj(x, 0, R) + rN(x,R) as in Equation (4.15). It is clear that that

the function A(R)1 ∈ C∞(M) and its asymptotic expansion is independent of choice

of coordinates, and the lemma follows.

Lemma 4.1.25

Let M be an n-dimensional manifold, G : M ×M → [0,∞) be a function regular at

the diagonal, and (aj,0)j∈N0 ⊆ C∞(M×C+) the sequence defined as in Lemma 4.1.24

from AG,χ ∈ Ψn+1
cl (M ;C+) (cf. Theorem 4.1.21). The functions aj,0 are determined

in local coordinates by the properties that

aj,0(x,R) = 0, for all j odd,
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and for even j, aj,0(x,R) is determined inductively from a0,0(x,R) = 1
n!ωn

Rn+1 and

for j > 0,

aj,0(x,R) = − 1

n!ωn
Rn+1

∑
k+2l+p=j
2l<j, 2|k+p

ipqk,p(x,R).∇p
xaj−2k,0(x,R), (4.16)

where qk,p(x,R) denotes the p-linear form

qk,p(x,R).v :=
∑
|α|=p

∂αξ qk(x, ξ, R)vα|ξ=0 = ∂pt qk(x, tv, R)|t=0.

Proof. By Lemma 4.1.24, we can perform all computations in a coordinate chart.

The structural description of aj from Lemma 4.1.21 implies that for any (x, ξ, R)

and j ∈ N0 it holds that

aj(x,−ξ, R) = (−1)jaj(x, ξ, R).

We conclude that aj(x, 0, R) = 0, and even that∇p
xaj,0(x,R) = 0 for any p, when j is

odd. To compute aj for even j, we note that since aj = −a0

∑
k+l+|α|=j, l<j

1
α!
∂αξ qkD

α
xal,

the formula (4.16) follows using that the only contributions are for even l, and even-

ness of j implies that 2|k + p.

Remark 4.1.26. The formulas in Theorem 4.1.9 shows that for n odd, and j even,

qj,0(x,R)

R−n−1−j =
∑

γ∈Ij ,rk(γ)<(n+1)/2

crk(γ),n(−1)rk(γ)−1 (|γ|/2)!(n+ 1− 2rk(γ))|γ|/2,−2C
(γ)
G (x, g

⊗|γ|/2
G )−

−
∑

γ∈Ij ,rk(γ)≥(n+1)/2

crk(γ),n(−1)rk(γ)−1 (|γ|/2)!(n+ 1− 2rk(γ))|γ|/2−1,−2C
(γ)
G (x, g

⊗|γ|/2
G ),

and for n even, and j even,

qj,0(x,R) =R−n−1−j
∑
γ∈Ij

crk(γ),n(−1)rk(γ)−1 (|γ|/2)!(n+ 1− 2rk(γ))|γ|/2,−2C
(γ)
G (x, g

⊗|γ|/2
G ),

and crk(γ),n is as in Theorem 4.1.9. Note that by definition of the set Ij, γ ∈ Ij

satisfies that |γ| is even if and only if j is even.
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Theorem 4.1.27

Let M be an n-dimensional manifold, G : M ×M → [0,∞) be a function regular at

the diagonal, and (aj,0)j∈N0 ⊆ C∞(M ×C+) the restriction to 0 of the full symbol of

AG,χ. Then for each j > 0, aj,0 is a polynomial in (C
(γ)
G )γ∈∪k≤jIk and its derivatives

contracted by the metric gG and its derivatives of total degree j where each C
(γ)
G ,

γ ∈ Ik, has degree k, the metric has degree zero and x-derivatives increase the order

by 1.

In the special case j = 0 we have

a0,0(x,R) =
1

n!ωn
Rn+1,

and for j = 2 and n = 3, we have that

a2,0(x,R) = − 24R2

(3!ω3)2

(
10c1,3C

4
G(x, gG ⊗ gG)− c2,3(C3

G ⊗ C3
G)(x, gG ⊗ gG ⊗ gG)

)
,

while for j = 2 and n 6= 1, 3, we have that

a2,0(x,R) = − 3Rn−1

(n!ωn)2

(
c1,n(n2 − 1)C4

G(x, gG ⊗ gG)− (4.17)

− c2,n(n+ 5)5,−2(C3
G ⊗ C3

G)(x, gG ⊗ gG ⊗ gG)

)
,

and for for j = 4 we have the identity

a4,0(x,R) = − R2n+2

(n!ωn)2
q4,0(x,R)− n+ 1

R2
gG(∇2

xa2,0(x,R))−

− c1,n(n2 − 1)

R2n!ωn
(C3

G ⊗∇xa2,0)(gG ⊗ gG)− Rn+1

n!ωn
q2,0(x,R)a2,0(x,R).

(4.18)

Proof. The structural statement about aj,0(x,R) is readily deduced from Lemma

4.1.25 and induction by using the property that if γ ∈ Ij and γ′ ∈ Ij′ then (γ, γ′) ∈

Ij+j′ .

The equation for a0,0 is immediate from Lemma 4.1.21. Using Lemma 4.1.25, we
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have that a2,0(x,R) = −a2
0,0q2,0 and the formula (4.17) follows from

q2,0(x,R) =3c1,n(n2 − 1)C4
G(x, gG ⊗ gG)R−n−3 + 3c2,n(n+ 5)5,−2(C3

G ⊗ C3
G)(x, gG ⊗ gG ⊗ gG)R−n−3,

for n 6= 1, 3 and a similar expression for n = 3.

Let us compute a4,0(x,R). By Lemma 4.1.25 we have that

a4,0(x,R) =− Rn+1

n!ωn

( 4∑
k=0

i−kqk,4−k(x,R).∇4−k
x

Rn+1

n!ωn
−

2∑
k=0

i−kqk,2−k(x,R).∇2−k
x a2,0(x,R)

)
=

=
Rn+1

n!ωn

(
q0,2(x,R).∇2

xa2,0(x,R)− iq1,1(x,R).∇xa2,0(x,R)− q2,0(x,R)a2,0(x,R)

)
−

− R2n+2

(n!ωn)2
q4,0(x,R),

and the computation is complete upon using Proposition 4.1.14.

Remark 4.1.28. The full expression for a4,0 can be computed from Equation (4.18).

We omit the full details, but let us note an expression for q4,0. Since

I4 = {6, (3, 5), (4, 4), (5, 3), (3, 3, 4), (3, 4, 3), (4, 3, 3), (3, 3, 3, 3)},

we have that

q4,0(x,R) =R−n−5c1,n3!(n− 1)3,−2C
6
G(x, g⊗3

G )−R−n−5c2,n4!(n− 3)4,−2C
(3,5)
G (x, g⊗4

G )−

−R−n−5c2,n4!(n− 3)4,−2C
(4,4)
G (x, g⊗4

G )−R−n−5c2,n4!(n− 3)4,−2C
(5,3)
G (x, g⊗4

G )+

+R−n−5c3,n5!(n− 5)5,−2C
(3,3,4)
G (x, g⊗5

G ) +R−n−5c3,n5!(n− 5)5,−2C
(3,4,3)
G (x, g⊗5

G )+

+R−n−5c3,n5!(n− 5)5,−2C
(4,3,3)
G (x, g⊗5

G )−R−n−5c4,n6!(n− 7)6,−2C
(3,3,3,3)
G (x, g⊗6

G ).

Example 4.1.29 (Evaluations of symbols for domains in Euclidean space). Let us

return to the computations on Euclidean space from Example 4.1.16. We con-

sider G(x, y) = |x − y|2 – the square of the Euclidean distance. Since q(x, ξ, R) =

n!ωn(R2 + |ξ|2)−(n+1)/2 is a full symbol of QG,χ in Euclidean coordinates, a(x, ξ, R) =
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1
n!ωn

(R2 + |ξ|2)(n+1)/2 is a full symbol of AG,χ. Therefore

aj,0(x,R) =


1

n!ωn
Rn+1, j = 0,

0, j > 0.

(4.19)

By Lemma 4.1.25 this holds in any coordinate system on Euclidean space. We

remark that the bulk of computations carried out in Example 4.1.16 will mainly be

of interest when inverting Q near the boundary of a domain, while the computation

(4.19) relates to interior terms.

Example 4.1.30 (Evaluations of symbols for submanifolds of Euclidean space). We

return to sub-manifolds M ⊆ RN and the function G(x, y) = |x − y|2 which is

regular at the diagonal as in Example 4.1.17 above. We take coordinates as in

Example 4.1.17. By Theorem 4.1.27 we have that a0,0(x,R) = 1
n!ωn

Rn+1 and

a2,0(x,R) =− 3c1,n(n2 − 1)

(n!ωn)2

N∑
l=n+1

∑
i+k=4,
i,k>0

(∇iϕl ⊗∇kϕl)(g⊗2G )Rn−1−

− 3c2,n(n+ 5)3,−2
(n!ωn)2

N∑
l1,l2=n+1

∑
i1+k1=i2+k2=3,
i1,i2,k1,k2>0

(∇i1ϕl1 ⊗∇k1ϕl1 ⊗∇i2ϕl2 ⊗∇k2ϕl2)(x, g⊗3G )Rn−1,

where gG is the dual metric to the transversal Hessian:

HG(v) = |v|2 +
N∑

l=n+1

(∇ϕl(x) · v)2.

Example 4.1.31 (Evaluations of symbols for geodesic distances). Consider the geodesic

distance on a Riemannian manifold M as in Example 4.1.18. Let gM denote the Rie-

mannian metric, and recall from Example 4.1.18 that gM coincides with the transver-

sal Hessian of d2
geo at the diagonal. We can compute a2,0 in this case by means of

known Riemannian curvatures. We fix a point x and choose coordinates so that Γ

vanishes in that point (normal coordinates). In these coordinates, C3
d2
geo

(x, v) = 0

and C4
d2
geo

(x, ·) is a third of the Riemannian curvature in x by Proposition 4.1.19.

By Theorem 4.1.27 we conclude that for n = 3, we have that

a2,0(x,R) = − 80R2

(3!ω3)2
sg(x),
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while for n 6= 1, 3, we have that

a2,0(x,R) = − Rn−1

(n!ωn)2
c1,n(n2 − 1)sg(x),

where sg denotes the scalar curvature.

4.1.6 Localization of solutions to A1 and boundary terms

Let us provide an immediate consequence of Lemma 4.1.24 that highlights how the

solution to the equation RZ(R)U = 1 inside a manifold can be described explicitly

by means of the symbol of the parametrix A. An interesting situation to keep in

mind is when M = X◦ is the interior of a manifold with boundary.

Corollary 4.1.32

Let M be an n-dimensional manifold equipped with a distance function d whose

square is smooth and Γ ⊆ C+ a sector with positive angle to iR. Write (aj,0)j∈N0 ⊆

C∞(M×C+) for the sequence defined as in Lemma 4.1.24 from Ad2,χ ∈ Ψn+1
cl (M ;C+)

(cf. Theorem 4.1.21 and Lemma 4.1.25).

Assume that (uR)R∈Γ ⊆ D′(M) a family of weak solutions to

∫
M

e−Rd(x,y)uR(y)dy = 1, x ∈M.

Then (uR)R∈Γ ⊆ C∞(M) and for any N ∈ N0 and any compact K ⊆ M , there is a

C > 0 such that∣∣∣∣∣uR(x)−
n+N∑
j=0

aj,0(x, 1)Rn−j

∣∣∣∣∣ ≤ C(1 + |R|)−N , for all x ∈ K.

Remark 4.1.33. In the special case that M = X◦ is the interior of a compact domain

in Rn and d is the Euclidean distance then for any N ∈ N0 and any compact K ⊆M ,

there is a C > 0 such that∣∣∣∣uR(x)− Rn

n!ωn

∣∣∣∣ ≤ C(1 + |R|)−N , for all x ∈ K.

We note that for n being odd, the results of [39] show that uR = 1
n!ωn

(R2 −

∆)n+1hR for a uniquely determined hR ∈ H(n+1)/2(Rn) solving (R2 −∆)n+1hR = 0
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in Rn \X and satisfying hR = 1 in X◦. Therefore

uR(x) =
Rn

n!ωn
for all x ∈ X◦.

Since uR ∈ H−(n+1)/2(Rn) is supported in X, uR − Rn

n!ωn
is supported on ∂X. If n is

even, it is not clear if uR − Rn

n!ωn
is supported on ∂X.

4.2 Global behavior of Z on compact manifolds

In the previous section we studied the localization Q of Z near the diagonal. Here

Z is the operator with parameter R defined from a distance function as in Equation

(4.1). We now turn to study Z by considering distance functions for which L :=

Z −Q in a certain sense is negligible so that Q dominates.

4.2.1 Controlling the off-diagonal part of Z

In this subsection we shall study the remainder L = Z −Q. We note that

L(R)f(x) =
1

R

∫
M

(1− χ(x, y))e−Rd(x,y)f(y)dy.

We start making two initial observations concerning the remainder term L. The

first observation concerns the behavior of the remainder term in L2.

Proposition 4.2.1

Let M be a compact manifold and d : M ×M → [0,∞) a distance function on M .

Then

C \ {0} 3 R 7→ L(R) ∈ L2(L2(M)),

defines a holomorphic Hilbert-Schmidt valued function. Moreover, L satisfies that

‖L(R)‖L2(L2(M)) = O(Re(R)−∞) as Re(R)→ +∞.

By the standard norm estimates, ‖K‖B ≤ ‖K‖L2 , the statement in the proposi-

tion also holds in the operator norm. We remark that by Theorem 4.1.9 and 3.2.11,
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the localization to the diagonal satisfies

‖Q(R)‖Lp(L2(M)) = O(Re(R)
n
p
−n−1) as Re(R)→ +∞,

for any p > 1 + 1/n (the bound is not uniform in p).

Proof. The function C \ {0} 3 R 7→ 1
R

(1 − χ(·, ·))e−Rd(·,·) ∈ C(M ×M) is clearly

holomorphic in the norm on C(M ×M). Since χ = 1 in a neighborhood of the diag-

onal, compactness of M implies that ‖ 1
R

(1− χ(·, ·))e−Rd(·,·)‖C(M×M) = O(Re(R)−∞)

as Re(R) → +∞. Since M is compact, an integral operator K with kernel k ∈

C(M × M) satisfies the estimate for the Hilbert-Schmidt norm ‖K‖L2(L2(M)) ≤

vol(M)‖k‖C(M×M). The proposition follows.

The second observation concerns how an a priori estimate with respect to the

off-diagonal remainder L affects distributional solutions to the magnitude equation

Zu = 1.

Proposition 4.2.2

Let M be a compact manifold and d : M ×M → [0,∞) a distance function on M

such that d2 is regular at the diagonal. Let N ∈ N0 and Γ be a sector. Assume that

f ∈ C∞(M) and that (uR)R∈Γ ⊆ D′(M) is a family of solutions to

Z(R)uR = f

satisfying that 〈L(R)uR, ψ〉 = O(Re(R)−N) as Re(R) → +∞ in Γ for all ψ ∈

C∞(M). Then for large enough Re(R),

uR = Q(R)−1f + vR,

where (vR)R∈Γ ⊆ D′(M) is a family satisfying that 〈vR, ψ〉 = O(Re(R)−N+n+1) as

Re(R)→ +∞ in Γ for all ψ ∈ C∞(M). In particular, for any ψ ∈ C∞(M),

〈uR, ψ〉 = 〈Q(R)−1f, ψ〉+O(Re(R)−N+n+1), as Re(R)→ +∞ in Γ.
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Proof. The equation Z(R)uR = f implies that

uR = Q(R)−1f −Q(R)−1L(R)uR.

Consider the distribution vR := −Q(R)−1L(R)uR ≡ uR − Q(R)−1f . For ψ ∈

C∞(M), we have that

〈vR, ψ〉 = 〈L(R)uR, Q(R)−1ψ〉 = O(R−N+n+1),

because of the assumption on L(R)uR = O(Re(R)−N) in a weak sense and the fact

that Q(R)−1 is a pseudodifferential operator with parameter of order n+1 preserving

C∞(M) with uniform norm estimates ‖Q(R)−1f‖Ck ≤ Ck(1 + Re(R))n+1‖f‖Cn+k+1 .

Proposition 4.2.1 implies that L is small as an operator on L2, and Proposition

4.2.2 implies that the resulting remainder term will not alter the asymptotic prop-

erties of solutions given an a priori estimate. However, as Q is of negative order and

acts compactly on L2, well-posedness of the problem in L2 is not assured. We shall

circumvent this problem by imposing a regularity assumption on the distance func-

tion that forces the magnitude equation naturally into a Sobolev space framework.

We discuss examples satisfying this assumption, as well as counterexamples, below

in the Subsections 4.2.2 and 4.2.4, respectively.

Definition 4.2.3 (Property (MR) of distance functions). LetM be an n-dimensional

compact manifold and d : M ×M → [0,∞) a distance function on M such that

d2 is regular at the diagonal. For a sector [1,∞) ⊆ Γ ⊆ C, we say that d has

property (MR) on Γ if for any R ∈ Γ, L(R) extends to a continuous mapping

H−µ(M)→ Hµ(M) with

‖L(R)‖H−µ(M)→Hµ(M) = O(Re(R)−∞), as Re(R)→ +∞ in Γ.

If L(R) : H−µ(M)→ Hµ(M) is a compact operator for R ∈ Γ and

Γ 3 R 7→ L(R) ∈ K(H−µ(M), Hµ(M)),
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is holomorphic in norm sense, we say that d has property (SMR) on Γ.

The acronyms MR and SMR stand for magnitude regularity and strong mag-

nitude regularity, respectively. Assuming these properties, the operator Z inherits

relevant analytic and geometric properties from Q. Property (MR) will be used to

compute asymptotic solutions to the magnitude equation RZu = 1, while property

(SMR) will be used for constructing meromorphic extensions of Z−1. If Γ is a sector

on which a distance function has property (MR), it is clear that 0 /∈ Γ. We consider

such results for compact manifolds below in Subsection 4.2.3.

4.2.2 Examples of distance functions satisfying property (MR)

and (SMR)

Let us give a method to produce distance functions with property (SMR):

Proposition 4.2.4

Let M be a compact manifold embedded into a Riemannian manifold i : M → W

such that the square of its geodesic distance d2
geo,W is smooth, for instance W = RN ,

W = HN,R or W = HN,C, for some N ∈ N0.

The distance function d : M ×M → [0,∞), d(x, y) := dgeo,W (i(x), i(y)) satisfies

i) d2 is smooth on M ×M and regular at the diagonal.

ii) L ∈ Ψ−∞(M ;C+) and L(R) ∈ Ψ−∞(M) for any R ∈ C \ {0}.

iii) d has property (SMR) on C \ {0}.

Proof. Since d2
geo,W is smooth, it is clear that d2 is smooth on M ×M . It follows

from Proposition 4.1.19 that d2 is regular at the diagonal, and in fact gd2 is the

pullback metric i∗gW from the Riemannian metric gW on W . Therefore the singular

support support of d is the diagonal, and the integral kernel of L(R) is smooth so

L(R) extends to a continuous mapping L(R) : Hs(M) → H t(M) for any s, t ∈ R.

Moreover, for any vector fields X1, . . . , Xm on M ×M we can estimate

∣∣X1 · · ·Xm

(
(1− χ)e−Rd

)∣∣ ≤ Cm|R|m−1e−εRe(R),

with ε := inf{d(x, y) : (x, y) ∈ χ−1(1)} > 0. In particular, we readily can deduce
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that L ∈ Ψ−∞(M ;C+), and for any s, t ∈ R,

‖L(R)‖Hs(M)→Ht(M) = O(Re(R)−∞), as Re(R)→ +∞.

Therefore d has property (SMR) on C \ {0}.

In light of Proposition 4.2.4, we note the following corollary of Theorem 4.1.23.

Corollary 4.2.5

Let M be a compact manifold equipped with a distance function d : M × M →

[0,∞) such that d2 is smooth, e.g. a subspace distance as in Proposition 4.2.4.

Then Z(R) ∈ Ψ−n−1
cl (M) is an elliptic pseudodifferential operator for any R ∈ C \

{0}. Furthermore, Z ∈ Ψ−n−1
cl (M ;C+) is elliptic with parameter and its full symbol

coincides with that of Q as given in Theorem 4.1.9.

Another example of distance functions with property (MR) arises on spheres.

Proposition 4.2.6

Let d denote the geodesic distance on a sphere Sn in its round metric. The distance

function d has property (MR) on C \ {0} but fails to satisfy property (SMR) on any

sector.

Proof. The square of the geodesic distance is regular at the diagonal by Proposition

4.1.19. We note that d is smooth on {(x, y) ∈ Sn × Sn : x 6= ±y}. Consider the

operator Uf(x) := f(−x). The operator U acts via pullback along the antipodal

mapping ϕ(x) := −x which acts isometrically due to O(n)-invariance of the Rie-

mannian metric on Sn. The operator U extends to a unitary on all Sobolev spaces

Hs(Sn), s ∈ R. Since it holds that d(x, y) = π−d(x, ϕ(y)) we can conclude that the

integral kernel of L(R)U is given by χϕe−Rde−πR, where χϕ(x, y) := 1− χ(x, ϕ(y)).

In particular, since χϕ satisfies that χϕ = 1 on the diagonal and χϕ = 0 on a neigh-

borhood of the off-diagonal singularities of d, the operator L(R)UeπR is an elliptic

pseudodifferential operator with parameter of order −n − 1 by the same argument

as in Theorem 4.1.9. It follows that property (SMR) fails on any sector. Using that

U is unitary, L(R) extends to a continuous operator H−µ(Sn)→ Hµ(Sn) with

‖L(R)UeπR‖H−µ(Sn)→Hµ(Sn) = O(1),
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as Re(R)→∞. Since U is unitary, we deduce that

‖L(R)‖H−µ(Sn)→Hµ(Sn) = O(e−πRe(R)) = O(Re(R)−∞) as Re(R)→∞.

4.2.3 Analytic results for the operator Z

We are now ready to extend the results of Section 4.1 for Q to results on the

operator Z for compact manifolds with a distance function satisfying property (MR)

as defined in Definition 4.2.3.

Theorem 4.2.7

Let M be a compact n-dimensional manifold and d : M ×M → [0,∞) a distance

function on M with property (MR) on the sector Γ. Then there is an R0 ≥ 0 such

that

Z(R) : H−µ(M)→ Hµ(M),

is invertible for all R ∈ Γ ∩ Γπ/(n+1)(R0). Moreover, for R ∈ Γ ∩ Γπ/(n+1)(R0)

Z−1 = Q−1 +R,

where Q−1 ∈ Ψn+1
cl (M ; Γπ/(n+1)(R0)) is the elliptic pseudodifferential operator with

parameter constructed in Corollary 4.1.22 and R : Hµ(M) → H−µ(M) is a family

of operators parametrized by R ∈ Γ ∩ Γπ/(n+1)(R0) such that

‖R‖Hµ(M)→H−µ(M) = O(Re(R)−∞), as Re(R)→ +∞ in Γ ∩ Γπ/(n+1)(R0).

Moreover, there is a constant C > 0 such that

C−1‖f‖2
H−µ|R| (M)

≤ Re〈f,Z(R)f〉L2 ≤ C‖f‖2
H−µ|R| (M)

, (4.20)

for R ∈ Γ∩Γπ/(n+1)(R0) and f ∈ H−µ(M). In particular, for R ∈ Γ∩Γπ/(n+1)(R0),

Z(R) is coercive in form sense on L2(M) for the H−µ-norm.
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Proof. The operator Q is invertible by Corollary 4.1.22. We can therefore write

Q−1Z = 1 +Q−1L,

as operators on H−µ(M). Since Q−1 is a pseudodifferential operator with parameter,

we have that

‖Q(R)−1L(R)‖
H−

n+1
2 (M)→H−

n+1
2 (M)

= O(Re(R)−∞), (4.21)

as Re(R)→ +∞ in Γ ∩ Γπ/(n+1)(R0).

Therefore, for Re(R) >> 0 the operator (1+Q−1L)−1Q−1 exists and is a left inverse

to Z. By an analogous argument,

‖L(R)Q(R)−1‖
H
n+1
2 (M)→H

n+1
2 (M)

= O(Re(R)−∞), (4.22)

as Re(R)→ +∞ in Γ ∩ Γπ/(n+1)(R0),

and Z has the right inverse Q−1(1 + LQ−1)−1 for Re(R) >> 0. Therefore (1 +

Q−1L)−1Q−1 = Q−1(1 + LQ−1)−1 and this operator is an inverse to Z. By the

estimates (4.21) and (4.22), it follows that

R = Z−1 −Q−1 = Q−1
(
(1 + LQ−1)−1 − 1

)
=
∞∑
k=0

(−1)kQ−1(LQ−1)k,

as a norm convergent sum and has the required decay property as Re(R)→ +∞.

The estimate (4.20) follows from the decay property of R and Theorem 4.1.23.

The following result is immediate from Lemma 4.1.24 and Theorem 4.2.7.

Corollary 4.2.8

Let M be a compact n-dimensional manifold and d : M ×M → [0,∞) a distance

function on M with property (MR) on the sector Γ. Take the sequence of homoge-

neous functions (aj,0)j∈N0 ⊆ C∞(M × Γ ∩ C+) as in Lemma 4.1.25. Then, for any
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N ∈ N0, we have that

[Z(R)−11](x) =
N∑
j=0

aj(x,R) + rN(x,R), (4.23)

where rN ∈ C(Γ ∩ C+, H
−µ(M)) is a function such that

‖rN(·, R)‖H−µ(M) = O(Re(R)n+1−N), as Re(R)→ +∞ in Γ.

Remark 4.2.9. We remark that the role that property (MR) plays in Corollary 4.2.8

is to ensure existence of a distributional solution to Z(R)uR = 1. For computing

the integrated asymptotics 〈1,Z(R)−11〉, property (MR) is not necessary. Indeed,

with no assumptions of property (MR), but assuming that d : M ×M → [0,∞) is a

distance function on M such that d2 is regular at the diagonal and that (uR)R>R0 ⊆

D′(M) is a family of solutions to

Z(R)uR = 1

satisfying that 〈L(R)uR, ψ〉 = O(Re(R)−N) as Re(R) → +∞ for all ψ ∈ C∞(M),

we have that

〈uR, 1〉 =
N∑
j=1

∫
M

aj(x,R)dx+O(Re(R)n+1−N),

for any N . This follows from Lemma 4.1.24 and Proposition 4.2.2.

One instance where solutions to Z(R)uR = 1 exist, yet the distance function

need not satisfy property (MR), is the geodesic distance on a compact symmetric

space M = G/H. See Proposition 4.2.17 below for examples of symmetric spaces

failing to satisfy property (MR). The problem Z(R)uR = 1 was studied for compact

symmetric spaces in [58]. For a compact symmetric space M = G/H, we use the

normalized G-invariant measure induced by the Haar measure. By symmetry, the

function

uR(x) =
1∫

G/H
e−Rd(x,y)dy

,

is constant and therefore solves Z(R)uR = 1. It is readily verified that L(R)uR =

O(R−∞) in distributional sense. We conclude that each aj(x,R) is constant and
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that

uR(x) = uR(eH) =
N∑
j=0

aj(eH,R) +O(Re(R)n+1−N),

for any N . For examples of computations of uR for compact symmetric spaces, see

[58].

The next result poses an obstruction to property (MR) for distance functions

and should be viewed as complementary to Theorem 4.2.16. Recall the following

terminology from [41]: a compact metric space (X, d) is said to be positive definite if

for any finite subset F ⊆ X, the matrix (e−d(x,y))x,y∈F is positive definite. If (X,Rd)

is positive definite for all R > 0, we say that (X, d) is stably positive definite.

Corollary 4.2.10

Assume that d is a distance function on a compact manifold M with property (MR)

on [1,∞). Then there exists an R0 ≥ 0 such that (M,Rd) is positive definite for all

R > R0.

Proof. Consider the quadratic form qR(u) = 〈u,Z(R)u〉L2 , u ∈ H−µ(M). By The-

orem 4.2.7, qR is positive definite for R > R0, for some R0 ≥ 0. In particular, for

any subspace V ⊆ H−µ(M) the restriction of qR to V is also positive definite for

R > R0. For a finite subset F ⊆ M , consider the subspace VF ⊆ H−µ(M) spanned

by {δx : x ∈ F}. In the basis (δx)x∈F , the quadratic form qR|V is represented by the

|F | × |F |-matrix (e−Rd(x,y))x,y∈F and so it is positive definite for R > R0.

Remark 4.2.11. It was proven in [41, Subsection 3.2] that if M is a compact Rieman-

nian manifold with π1(M) 6= 0, the geodesic distance is not stably positive definite,

i.e. there exists an R > 0 and a finite subset F ⊆ M such that (e−Rdgeo(x,y))x,y∈F

fails to be positive definite. The manifold M = S1 is not simply connected, and

therefore fails to be stably positive definite. Nevertheless Proposition 4.2.6 implies

that M = S1 with its geodesic distance has property (MR). Therefore, property

(MR) does not imply stably positive definiteness of the metric space but only an

asymptotic version thereof.

Theorem 4.2.12

Let M be an n-dimensional compact manifold with a distance function d having
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property (SMR) on Γ. Then the operator

Z(R) : H−µ(M)→ Hµ(M),

is a well defined Fredholm operator for all R ∈ Γ invertible for R ∈ Γ∩Γπ/(n+1)(R0).

Moreover, the operator Z(R) : H−µ(M) → Hµ(M) depends holomorphically on

R in Γ and Z(R)−1 : Hµ(M) → H−µ(M) depends holomorphically on R ∈ Γ ∩

Γπ/(n+1)(R0) and admits a meromorphic extension to Γ.

Proof. By Theorem 4.1.23, Q is a holomorphic function on Γ with values in the

Fredholm operators and by property (SMR), L is a compact valued holomorphic

function on Γ. Therefore Z defines a holomorphic function on Γ with values in

the Fredholm operators. Since Z is invertible for a large enough R, see Theorem

4.2.7, the theorem follows from the meromorphic Fredholm theorem, see Appendix

A.2.

Remark 4.2.13. To ensure holomorphicity of Z and Z−1 on sectors, the full property

(SMR) is not needed. Indeed, if d has property (MR) on a sector Γ and Γ 3 R 7→

L(R) ∈ B(H−µ(M), Hµ(M)) is additionally holomorphic (in norm sense) then by

Theorem 4.2.7, for some R0 ≥ 0, the mapping

Γ ∩ Γπ/(n+1)(R0) 3 R 7→ Z(R) ∈ B(H−µ(M), Hµ(M))

is a holomorphic family of invertible operators. These properties are inherited by

its inverse,

Γ ∩ Γπ/(n+1)(R0) 3 R 7→ Z(R)−1 ∈ B(Hµ(M), H−µ(M)).

By the proof of Proposition 4.2.6, this discussion applies to Sn showing that for

some R0, Z(R)−1 is holomorphic for R ∈ Γ ∩ Γπ/(n+1)(R0) in this case.

The following result follows from Corollary 4.2.5 and Theorem 4.2.12.

Theorem 4.2.14

Let M be a compact manifold with a distance function d such that d2 is smooth on

M ×M and regular at the diagonal (cf. Proposition 4.2.4), then Z(R) : H−µ(M)→
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Hµ(M) depends holomorphically on R ∈ C\{0} and the operator Z(R)−1 : Hµ(M)→

H−µ(M) extends meromorphically to C \ {0}.

4.2.4 Examples of distance functions that fail to satisfy prop-

erty (MR)

Property (MR) of a distance function, as defined in Definition 4.2.3, is a notable

restriction on the singular support and singularity structure of the distance function.

We remark here that by a singular point, we mean any point in the singular support,

i.e. one in which the function is not C∞. To better understand how these singulari-

ties affect the operator theoretic properties of L, the reader is encouraged to review

the proof of Proposition 4.2.6 where a crucial feature used in the proof is that the

geodesic distance on spheres near an off-diagonal singularity has the same singular

features as it has near the antipode of the singularity. An important property used

there can be stated as having control of the dimension of the off-diagonal singular

support of the metric. We make an elementary observation that follows from the

smoothness of the function (0,∞) 3 t 7→
√
t ∈ (0,∞).

Proposition 4.2.15

Let d be a distance function on a manifold M . Then it holds that

singsupp(d) \DiagM = singsupp(d2) \DiagM .

Let us give a sufficient condition for a distance function (regular at the diagonal)

not to satisfy property (MR). We note that an additional obstruction was provided

above in Proposition 4.2.10.

Theorem 4.2.16

Let M be a compact manifold and d a distance function such that d2 is regular

at the diagonal. Assume that there exists a submanifold N ⊆ M ×M with N ⊆

singsupp(d2)\DiagM such that any point z0 ∈ N admits a neighborhood U0 in M×M

and a coordinate chart

ϕ : Rdim(N)
t × Rdim(M)−dim(N)

s → U0,
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with ϕ(0) = x0, ϕ−1(U0 ∩ N) = Rdim(N)
t × {0} and (t, s) 7→ ϕ∗d(t, s) − |s| being

smooth in a neighborhood of 0. Then L(R) does not extend to a continuous operator

H−µ(M)→ Hs(M),

for any s > (3 dim(M) + 1)/2− dim(N) where µ = (dim(M) + 1)/2. In particular,

if dim(N) > dim(M) then d does not have property (MR) (see Definition 4.2.3) on

any sector containing a half-ray [R0,∞).

Proof. We pick a point (x0, y0) ∈ N and neighborhoods U1 and U2 of x0 and y0

respectively, such that there exists a coordinate chart ϕ asabove on U0 = U1 × U2.

Pick functions χ1 ∈ C∞c (U1) and χ2 ∈ C∞c (U2) such that χ1 = 1 near x0, χ2 = 1

near y0 and such that (t, s) 7→ ϕ∗d(t, s)−|s| is smooth on ϕ−1(supp(χ1)×supp(χ2)).

Clearly, it suffices to prove that for any R > 0, the operator χ1L(R)χ2 does not

extend to a continuous operator H−µ(M) → Hs(M) for any s > (3 dim(M) +

1)/2− dim(N).

Set k = dim(N) and n = dim(M). The Schwartz kernel of χ1L(R)χ2 is a

distribution on M × M supported in U0 = U1 × U2 and pulling this kernel back

along ϕ, we arrive at the distribution

K(t, s) = χ0(s, t)e−R|s|,

where χ0 = ϕ∗[(χ1 ⊗ χ2)(1 − χ)]e−Rψ ∈ C∞c (R2n) for ψ(t, s) = ϕ∗d(t, s) − |s|. It

follows from Proposition 3.1.7 and combining a Taylor expansion with asymptotic

completeness, that K ∈ CIk−2n−1(R2n,Rk). We conclude that χ1L(R)χ2 is a Fourier

integral operator of order k − 2n− 1 and this operator is elliptic in a neighborhood

of (x0, y0). Therefore, since χ1L(R)χ2 is elliptic near (x0, y0) of order k − 2n− 1 it

does not extend to a continuous operator H−(n+1)/2(M)→ Hs(M) for any

s > −(n+ 1)/2− (k − 2n− 1) = (3n+ 1)/2− k.

Proposition 4.2.17

Let n > 1. The geodesic distance on the n-dimensional torus M = Tn or the
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real projective space M = RP n fails to satisfy property (MR) (see Definition 4.2.3)

on any sector containing a half-ray [R0,∞). In fact, L(R) does not extend to a

continuous map H−µ(M)→ Hs(M) for s > −n/2 + 3/2.

Proof. The proofs for both cases follow the same lines and rely on Theorem 4.2.16.

For RP n we give a more geometric argument, and for Tn we give a coordinate

oriented argument.

We first prove the result for real projective space. The projective space RP n is

the quotient of Sn by the antipodal map x 7→ −x. This quotient map is a covering

map, and it is locally isometric with respect to the geodesic distance. For x ∈ RP n,

the equator Ẽ(x) ⊆ Sn is defined by

Ẽ(x) = {v ∈ Sn : v · x = 0}.

The condition v ·x = 0 being invariant under the antipodal map, Ẽ(x) only depends

on x ∈ RP n and not on a choice of pre-image of x in Sn. We let E(x) ⊆ RP n

denote the image under the quotient map. The off-diagonal singular support of the

geodesic distance on RP n is the set

{(x, y) ∈ RP n × RP n : y ∈ E(x)}.

Indeed, any geodesic in RP n from a point x lifts uniquely up to a geodesic on Sn up

until the point it crosses E(x) where the geodesic distance dgeo(x, ·) has a kink. The

projection mapping p1 : singsupp(dgeo) \DiagRPn → RP n is a locally trivial RP n−1-

bundle on RP n. Therefore, N = singsupp(dgeo) \ DiagRPn → RP n is a manifold of

dimension 2n− 1 > n and suitable local trivializations of p1 : N → RP n satisfy the

assumptionsin Theorem 4.2.16. We conclude from Theorem 4.2.16 that L(R) has no

bounded extension to an operator H−µ(RP n)→ Hs(RP n) for any s > −n/2 + 3/2.

We now prove the result for the n-dimensional torus Tn. Write Tn = Rn/Zn.

While Tn is a symmetric space, i.e. Tn = G/H for G = Tn and H = 1, it is

instructive to consider d(x, y) for x = 0. We have that d(0, y) = |y| where we

represent y by as an element of the fundamental domain [−1/2, 1/2)n, and Tn 3 y 7→

d(0, y) as a function on Tn is the Zn-periodic extension of [−1/2, 1/2)n 3 y 7→ |y|.

Therefore y 7→ d(0, y) has kinks on the image of ∂ ([−1/2, 1/2)n) in Tn. In particular,
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we see that the off-diagonal singular support of d is the set

{(x, y) ∈ Tn × Tn : x− y ∈ ∂ ([−1/2, 1/2)n) + Zn}.

Consider the submanifold N0 := {1/2}×(−1/4, 1/4)n−1 ⊆ Rn and define the 2n−1-

dimensional submanifold

N := {(x, y) ∈ Tn × Tn : x− y ∈ N0 + Zn} ⊆ singsupp(d2) \DiagTn .

Consider a point

x0 = (x, 1/2, y′) ∈ N.

On the open ball of radius 1/4 centred at x0, we introduce the coordinates u =

x1 − y1 − 1/2 and t = (t′, y) where t′ = x′ − y′ in terms of standard coordinates

x = (x1, x
′) and y = (y1, y

′). In these coordinates, we have that

d(x, y) =

√(
1

2
− |u|

)2

+ |t′|2 =

√
−|u|+ |t′|2 +

1

4
+ |u|2.

By shrinking the neighborhood of x0, we can Taylor expand

√
−|u|+ |t′|2 +

1

4
+ |u|2 =

√
|t′|2 +

1

4
+ |u|2

√
1− |u|
|t′|2 + 1

4
+ |u|2

=

=
∞∑
k=0

αααk
|u|k

(|t′|2 + 1
4

+ |u|2)k−1
=

=|u|
∞∑
k=0

ααα2k+1
|u|2k

(|t′|2 + 1
4

+ |u|2)2k︸ ︷︷ ︸
g(u,t′)

+
∞∑
k=0

ααα2k
|u|2k

(|t′|2 + 1
4

+ |u|2)2k−1︸ ︷︷ ︸
g̃(u,t′)

.

The functions g and g̃ are smooth near 0. Since g(0, 0) 6= 0, we can define the

new coordinate s := ug̃(u, t′). We conclude that in these coordinates d(x, y)− |s| is

smooth. We conclude from Theorem 4.2.16 that L(R) has no bounded extension to

an operator H−µ(Tn)→ Hs(Tn) for any s > −n/2 + 3/2.

Remark 4.2.18. The analytical issues arising from the remainder term L reflect fun-

damental problems in Riemannian geometry. The singular support of the geodesic
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distance is akin to the conjugate locus of the Riemannian metric, which in general

is hard to describe, see [8, 55] and for related technical issues arising in the X-ray

transform on a Riemannian manifold see [21]. Furthermore, Theorem 4.2.16 shows

that even when the singular support is a tractable set, i.e. when it looks like a

submanifold near some point, dimensional obstructions to property (MR) appear.

This gives rise to the analytic problem that the operator L in the decomposition

Z = Q+ L is in general of order higher than −n− 1 in the Sobolev order, while it

is infinitely decaying in the parameter R. In this case L is of higher order than Q,

which is elliptic with parameter of order −n− 1 and which determines the analytic

and geometric properties of Z in this article.

4.3 The operator Z on Sobolev spaces for a man-

ifold with boundary

We now turn to compact manifolds with boundary. For simplicity, we tacitly assume

that X is a compact domain in a manifold M and, for the purposes of this section,

it suffices to assume that X has a C0-boundary. Recall that a domain is said to

have C0-boundary if its boundary can be realized as the graph of a continuous

function. We call such spaces X a compact manifold with C0-boundary. We may

then study the operators Z and Q in M and deduce results in X by restriction

to distributions supported in X. In this section we study analytic properties and

meromorphic extensions. Asymptotic properties are studied in the following section

under additional regularity assumptions on the boundary. For notational clarity, we

indicate the manifold on which an operator is defined by a subscript, e.g. ZX and

ZM for the corresponding operator on X and M , respectively.

We shall make use of the following scales of Sobolev spaces. For s ∈ R and

R > 0, write

Ḣs
R(X) := {u ∈ Hs

R(M) : supp(u) ⊆ X}, and H
s

R(X) := Hs
R(M)/Ḣs

R(M \X).

An approximation argument shows that C∞c (X◦) ⊆ Ḣs
R(X) is dense for any s ∈ R,

see [38, Theorem 3.29]. We equip these Sobolev spaces with Hilbert space structure
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induced from Hs
R(M), i.e. Ḣs

R(X) ⊆ Hs
R(M) as a subspace and H

s

R(X) as a quotient.

We note that for s = 0, Ḣ0
R(X) = H

0

R(X) = L2(X). The L2-pairing between Ḣs
R(X)

and H
−s
R (X) is a perfect pairing and induces an isomorphism Ḣs

R(X)∗ ∼= H
−s
R (X)

(uniformly in R). For R = 1, we omit R from the notation. We remark that any

pseudodifferential operator with parameter A ∈ Ψm
cl (M ; Γ) induces a continuous

operator

AX : Ḣs(X)→ H
s−m

(X),

defined by the composition

Ḣs(X) ↪→ Hs
c (M)

A−→ Hs−m
loc (M)→ H

s−m
(X).

Here the last map is the quotient map, Hs
c (M) denotes the space of compactly

supported distributions that are s-Sobolev regular and Hs−m
loc (M) denotes the space

of distributions that are locally s−m-Sobolev regular.

Let us make two remarks regarding the operator AX : Ḣs(X) → H
s−m

(X).

Firstly, for any s ∈ R, density ensures that AX : Ḣs(X)→ H
s−m

(X) is determined

by continuity and the restriction AX : C∞c (X◦) → C∞(X). Secondly, if s = −m/2

and A is formally self-adjoint, then AX is determined from the polarization identity

by the continuous quadratic form

qAX (u) := 〈u,Au〉L2 , u ∈ Ḣ−m/2(X),

defined from A and the perfect L2-pairing Ḣm/2(X)×H−m/2(X)→ C.

The analogue of Theorem 4.1.23 for QX is the following theorem.

Theorem 4.3.1

Let X be a compact n-dimensional manifold with C0-boundary and d a distance

function on X such that d2 is regular at the diagonal. Then the family of operators

QX := QM |X : Ḣ−µ(X)→ H
µ
(X),

is a well defined family of Fredholm operators for all R ∈ C\{0}. For some R0 ≥ 0,

QX(R) is invertible for all R ∈ Γπ/(n+1)(R0). Moreover, the following holds:
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a) The family of operators

(QX(R) : Ḣ−µ(X)→ H
µ
(X))R∈C\{0},

depends holomorphically on R ∈ C \ {0}. Moreover, the holomorphic family

(QX(R)−1 : H
µ
(X)→ Ḣ−µ(X))R∈Γπ/(n+1)(R0),

extends meromorphically to R ∈ C \ {0}.

b) There are C,R0 > 0 such that

C−1‖f‖2
Ḣ−µ|R| (X)

≤ Re〈f,QX(R)f〉L2 ≤ C‖f‖2
Ḣ−µ|R| (X)

,

for R ∈ Γπ/(n+1)(R0) and f ∈ Ḣ−µ(X). In particular, for R ∈ Γπ/(n+1)(R0),

the operator QX(R) is coercive on L2 in the form sense and the sesquilinear

form 〈·, QX(R)·〉L2 is uniformly equivalent to the inner product of Ḣ−µR (X).

Proof. We first prove part b). This is a direct consequence of adapting Theorem

4.1.23, part b), to compactly supported distributions that are −µ-Sobolev regular

and using that Ḣs
|R|(X) ⊆ Hs

|R|(M) is an isometric inclusion.

To prove part a), we note that for R ∈ C \ {0}, QM(R) is a lower-order pertur-

bation of QM(R0) for any R0 >> 0. Therefore, the Rellich lemma implies that the

quadratic form

qQ,R(u) := 〈u,Q(R)u〉L2 ≡ 〈u,QX(R)u〉L2 , u ∈ H−µ(X),

is a compact perturbation of qQ,R0 . Therefore, the difference

QX(R)−QX(R0) : Ḣ−µ(X)→ H
µ
(X),

is a compact operator. Since part b) implies that QX(R0) is invertible for a large

enough R0 >> 0, we conclude that (QX(R) : Ḣ−µ(X) → H
µ
(X))R∈C\{0} is a Fred-

holm family.

It remains to prove the assertion for the inverse of QX(R) The family of opera-

tors (QX(R) : Ḣ−µ(X)→ H
µ
(X))R∈C\{0} is obtained from the holomorphic family of
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operators (QM(R) : H−µc (M) → Hµ
loc(M))R∈C\{0} (see Theorem 4.1.23, part a)) via

inclusions and projections, so it is also holomorphic. As such, (QX(R)−1 : H
µ
(X)→

Ḣ−µ(X))R∈Γπ/(n+1)(R0) extends meromorphically to C\{0} by the meromorphic Fred-

holm theorem (see Appendix A.2).

Similarly to the ideas in Section 4.2, we shall transfer the results of Theorem 4.3.1

to the operator ZX using property (MR). For a domain, let us make the notion of

property (MR) more precise.

Definition 4.3.2. Let X be a compact manifold with C0-boundary and d a distance

function on X such that d2 is regular at the diagonal. For a sector [1,∞) ⊆ Γ ⊆ C,

we say that d has property (MR) on Γ if (X, d) is isometrically embedded as a

domain with smooth boundary in a manifold M equipped with a distance function

dM , such that d2
M is regular at the diagonal and and for any R ∈ Γ, L(R) extends

to a continuous mapping H−µc (M)→ Hµ
loc(M) with

‖L(R)‖Ḣ−µ(K)→H̄µ(K′) = O(Re(R)−∞), as Re(R)→ +∞ in Γ,

for any compact subsets K,K ′ ⊆M .

If, for any compact subsets K,K ′ ⊆M , the operator L(R) : Ḣ−µ(K)→ H
µ
(K ′)

is compact for R ∈ Γ and

Γ 3 R 7→ L(R) ∈ K(Ḣ−µ(K), H
µ
(K)),

is holomorphic in norm sense, we say that d has property (SMR) on Γ.

In the absence of a boundary, the definition of property (MR) for a manifold

with boundary (Definition 4.3.2) is readily seen to be equivalent to property (MR)

for a compact manifold (Definition 4.2.3). The reader is encouraged to think of the

definition of property (MR) for a manifold with boundary as the distance function

having “property (MR) on a neighborhood of the manifold with boundary”. Let us

consider two examples of distance functions with property (SMR).

Example 4.3.3 (Domains in Riemannian manifolds with small diameter). Assume

that X ⊆M is a compact domain with C0-boundary in a Riemannian manifold with

geodesic distance dgeo,M . If the diameter of X is strictly smaller than the injectivity
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radius of M , d2
geo,M is smooth on a neighborhood of X. The same argument as

in Proposition 4.2.4 shows that the distance function dgeo := dgeo,M |X on X has

property (SMR) on C \ {0}. In fact, in this case, L ∈ Ψ−∞(X;C+) and L(R) ∈

Ψ−∞(X) for any R ∈ C \ {0}.

Example 4.3.4 (Submanifolds with boundary). Assume thatX is a compact manifold

with C0-boundary embedded in a manifold i : X → W and dW is a distance function

on W such that the square d2
W is smooth on W ×W and regular at the diagonal.

This arises for instance for W = RN , W = HN,R or W = HN,C, for some N ∈ N0,

with their geodesic distance.

The subspace distance function d : X × X → [0,∞), d(x, y) := dW (i(x), i(y))

will then satisfy

i) d2 is smooth on X ×X and regular at the diagonal.

ii) L ∈ Ψ−∞(X;C+) and L(R) ∈ Ψ−∞(X) for any R ∈ C \ {0}.

iii) d has property (SMR) on C \ {0}.

This follows by the same arguments as in Proposition 4.2.4 by choosing a submani-

fold M ⊆ W in which i(X) is a compact domain (with C0-boundary).

For a distance function with property (MR), we tacitly assume that the manifold

with C0-boundary is embedded into the manifold M implementing property (MR).

The next result is proven exactly as Theorem 4.2.7 but using Theorem 4.3.1 instead

of Corollary 4.1.22.

Theorem 4.3.5

Let X be a compact n-dimensional manifold with C0-boundary and d a distance

function on X with property (MR) on the sector Γ. Then there is an R0 ≥ 0 such

that

ZX(R) : Ḣ−µ(X)→ H
µ
(X),

is invertible for all R ∈ Γ ∩ Γπ/(n+1)(R0). Moreover,

Z−1
X = Q−1

X +RX ,

where Q−1
X is the inverse of QX (existing by Theorem 4.3.1) and R : H

µ
(X) →
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Ḣ−µ(X) is a family of operators such that

‖R‖Hµ
(X)→Ḣ−µ(X) = O(Re(R)−∞), as Re(R)→ +∞ in Γ ∩ Γπ/(n+1)(R0).

Moreover, there is a C > 0 such that

C−1‖f‖2
Ḣ−µ|R| (X)

≤ Re〈f,ZX(R)f〉L2 ≤ C‖f‖2
Ḣ−µ|R| (X)

, (4.24)

for R ∈ Γ ∩ Γπ/(n+1)(R0) and f ∈ Ḣ−µ(X). In particular, for R ∈ Γ ∩ Γπ/(n+1)(R0),

ReZX(R) is positive in form sense on L2(X) for the H−µ-norm.

The next result poses an obstruction to property (MR) for distance functions on

manifolds with boundary. It is proven in the same way as Corollary 4.2.10 but using

Theorem 4.3.5 instead of Theorem 4.2.7.

Corollary 4.3.6

Assume that d is a distance function on a manifold with C0-boundary X with prop-

erty (MR) on [1,∞). Then there exists an R0 ≥ 0 such that for all finite subsets

F ⊆ X the |F | × |F |-matrix (e−Rd(x,y))x,y∈F is positive definite for all R > R0.

Using Theorem 4.3.1 instead of Theorem 4.2.7, the next result is proven ad

verbatim as Theorem 4.2.12.

Theorem 4.3.7

Let X be an n-dimensional compact manifold with C0-boundary and assume that

distance function d has property (SMR) on Γ. There is an R0 ≥ 0 such that the

operator

ZX(R) : Ḣ−µ(X)→ H
µ
(X),

is a well defined Fredholm operator for all R ∈ Γ and invertible for R ∈ Γ ∩

Γπ/(n+1)(R0). Moreover, the operator ZX(R) : Ḣ−µ(X) → H
µ
(X) depends holo-

morphically on R in Γ and ZX(R)−1 : H
µ
(X)→ Ḣ−µ(X) depends meromorphically

on R ∈ Γ.

Similarly to Corollary 4.2.5, we deduce the following special case of Theorem

4.3.7.

Corollary 4.3.8
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Let X be an n-dimensional compact manifold with C0-boundary and assume that

d is a distance function satisfying that d2 is smooth on X × X and regular at the

diagonal (e.g. as in Example 4.3.3 or 4.3.4). Then the family of operators

(ZX(R) : Ḣ−µ(X)→ H
µ
(X))R∈C\{0},

depends holomorphically on R ∈ C \ {0} and for some R0 the family

(ZX(R)−1 : H
µ
(X)→ Ḣ−µ(X))R∈Γπ/(n+1)(R0),

is holomorphic and extends meromorphically to R ∈ C \ {0}.

The above results in this subsection provide a functional analytic description

of Z and its dependence on R. The following result gives a slightly more precise

description of Z in terms of an extended Boutet de Monvel calculus; for its proof

we refer to Appendix A.1. This result requires the boundary to be smooth. Let us

remark that while this result describes the inverse of Z in terms of a well studied

pseudodifferential calculus, we merely include it as an observation as it is not used for

computations below. The next section is devoted to an even more direct asymptotic

construction of the inverse of Z that is put to use in the subsequent section.

Theorem 4.3.9

Let X be an n-dimensional compact manifold with boundary and consider a distance

function d such that d2 is regular at the diagonal. The operator

QX : Ḣ−µ(X)→ H
µ
(X),

is an elliptic pseudodifferential operator with parameter R of order −n − 1, type

and factorization index −µ, and of infinite regularity in R in the Boutet de Monvel

calculus. In particular, QX admits a classical parameter dependent parametrix in an

extended Boutet de Monvel calculus (made precise in Appendix A.1).

If moreover d has property (MR) on a sector Γ, then for R ∈ Γ ∩ Γπ/(n+1)(R0),

Z−1 differs from a classical parameter dependent operator in an extended Boutet de

Monvel calculus by an operator R : H
µ
(X) → Ḣ−µ(X) of infinitely low order in R
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in the sense that

‖R‖Hµ
(X)→Ḣ−µ(X) = O(Re(R)−∞), as Re(R)→ +∞ in Γ ∩ Γπ/(n+1)(R0).

Remark 4.3.10. If d is the distance function pulled back along an embedding X ↪→

W , where the distance function on W is smooth off-diagonally, then also Z is an

elliptic pseudodifferential operator with parameter R of order −n − 1, type and

factorization index −µ, and of infinite regularity in R in the Boutet de Monvel

calculus and admits a classical parameter dependent parametrix in an extended

Boutet de Monvel calculus. In particular, Z−1
X is a classical parameter dependent

operator in an extended Boutet de Monvel calculus if X is a domain in Euclidean

space or real/complex hyperbolic space.

4.3.1 Taylor expansion at R = 0

Recent results of Meckes [40] computes the derivative of the magnitude function of

a convex body in Rn in terms of an intrinsic volume. In light of Theorem 4.2.12 and

4.2.14, it is therefore of interest to study series expansions of solutions toRZ(R)uR =

1 near R = 0. The following provides a partial description under a constraint on

the distance function similar to property (MR).

Theorem 4.3.11

Let X be a compact manifold with C0-boundary with a distance function d such that

d2 is regular at the diagonal and that L(R) defines a holomorphic family of operators

L(R) : Ḣ−µ(X)→ H
µ
(X),

for R in a punctured neighborhood of R = 0, for instance if d2 is smooth. Assume

furthermore that the operator

Z1 : Ḣ−µ(X)→ H
µ
(X), Z1u(x) :=

∫
X

d(x, y)u(y)dy

is invertible. Then there is a unique holomorphic family (uR)|R|≤δ−1 ⊆ Ḣ−µ(X), for
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some δ > 0, which solves the equation

RZ(R)uR = 1.

The holomorphic family (uR)R admits an expansion at R = 0 as an absolutely norm-

convergent power series uR =
∑∞

k=0 ukR
k ∈ Ḣ−µ(X). The coefficients (uk)k ⊆

Ḣ−µ(X) are constructed from

u0 := λ1Z−1
1 (1), and λ1 :=

1∫
X
Z−1

1 (1)dx
,

defining uk+1 and an auxiliary parameter λk+2 from u0, . . . , uk and λk+1 as

uk+1 =
k∑
l=0

(−1)k−lZ−1
1 Zk+2−lul + λk+2g,

and

λk+2 =
λk+1 −

∑k
l=0(−1)k−l

∫
X
Z−1

1 Zk+2−luldx∫
M
Z−1

1 (1)dx

where Zku(x) := 1
k!

∫
X

d(x, y)ku(y)dy, g := Z−1
1 (1), k ≥ 0.

Proof. We can decompose

Zk = Qk + Lk,

where Qk(R)u(x) = 1
k!

∫
X
χ(x, y)d(x, y)ku(y)dy is an elliptic pseudodifferential op-

erator of order −n − k for odd k and smoothing for even k by the same argument

as in Theorem 4.1.23. We introduce the notation L0 = 0 and

Z0u(x) = Q0u(x) :=

∫
X

u(y)dy,

for the projection onto the constant function, which is a smoothing operator. More-

over, we can write

RZ(R) =
∞∑
k=0

(−1)kRkZk,

and

RQ(R) =
∞∑
k=0

(−1)kRkQk, and RL(R) =
∞∑
k=0

(−1)kRkLk.

A short argument bounding the norm on Qk with Calderon-Vaillancourt’s theorem
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shows that the expansion for RQ(R) is an absolutely convergent Taylor expansion

on a neighborhood of R = 0. Since we have assumed that L(R) is a holomorphic

function, the expansion for RL(R) and RZ(R) are absolutely convergent Taylor

expansions in a neighborhood of R = 0.

We search for an absolutely norm-convergent power series solving RZ(R)uR = 1.

We make the formal ansatz uR =
∑∞

k=0 ukR
k in which RZ(R)uR = 1 is equivalent

to L0u0 = 1 and
k∑
l=0

(−1)k−lZk−lul = 0, k > 0. (4.25)

Note that the range of Z0 consists only of constants. We write λk := Z0uk, note

that λ0 = 1. We can rewrite Equation (4.25), using that Z1 is invertible, as

uk−1 =
k−2∑
l=0

(−1)k−lZ−1
1 Zk−lul + λkg.

Therefore, uk can be determined inductively as follows. We find u0 as u0 = λ1g, and

then we determine λ1 from λ1Z0(g) = 1. The induction step is obtained as follows:

say we have determined u0, . . . , uk and λ0, . . . , λk+1 we then define uk+1 as

uk+1 =
k∑
l=0

(−1)k−lZ−1
1 Zk+2−lul + λk+2g,

where λk+2 is defined from λk+2Z0(g) = λk+1 −
∑k

l=0(−1)k−lZ0Z−1
1 Zk+2−lul.The

fact that the Taylor expansion of RZ(R) converges implies that the series uR =∑∞
k=0 ukR

k is absolutely norm convergent in a neighborhood of R = 0.

Remark 4.3.12. In Theorem 4.3.11, the result relies on the right hand side of the

equation RZ(R)u = 1 being the constant function. Indeed, since RZ(R) evaluates

to the projection onto the constant functions at R = 0, there is no holomorphic

family of solutions to RZ(R)u = f unless f is constant.

Problem 1. For a compact domain X ⊆ Rn, does it hold true that the operator

Z1 : Ḣ−µ(X)→ H
µ
(X), Z1u(x) :=

∫
X

|x− y|u(y)dy,

is invertible? Standard techniques with G̊arding inequalities show that Z1 is a
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Fredholm operator with vanishing index. Indeed, we can write

〈Z1u, u〉L2(X) =

∫
Rn
g(ξ)|û(ξ)|2dξ, u ∈ Ḣ−µ(X),

where g is the Fourier transform of x 7→ |x|. By Proposition 3.1.6, and some

homogeneity considerations, we have that

g(ξ) = −π
n−1
2 2nΓ

(
n+ 1

2

)
F.P.|ξ|−n−1.

Therefore this problem could be susceptible to explicit quadratic form estimates.

Were the problem to have a positive solution for the unit ball X = Bn for odd n,

[40, Theorem 4] implies that

∫
X

Z−1
1 1dx =

2

V1(X)
, (4.26)

where V1(X) denotes the first intrinsic volume of X = Bn. The claim in [40, Con-

jecture 5] is that the identity (4.26) holds for all compact convex domains X.

4.4 Structure of the inverse operator in the pres-

ence of a boundary

Consider a compact manifold with boundary X equipped with a distance function

d whose square is regular at the diagonal. As above, we set µ := (n + 1)/2 where

n := dim(X). If d has property (MR), Theorem 4.3.5 ensures that computations

for QX relate to computations for ZX up to a term of infinitely low order in R

(as Re(R) → ∞), so we focus on the operator QX . As proved in Theorem 4.3.1

above, the localized operator QX : Ḣ−µ(X) → H
µ
(X) is an isomorphism for large

enough R in the sector Γπ/(n+1). We shall now describe the inverse of QX in more

precise terms under the assumption that the boundary is smooth. The inverse

Q−1
X : H

µ
(X)→ Ḣ−µ(X) will be computed as a sum of

• a pseudodifferential operator (with parameter) in the interior;

• a composition of two mixed order pseudodifferential operator near the bound-

ary, where the two factors are obtained from inverting a Wiener-Hopf factor-
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ization of the magnitude operator at the boundary; as well as

• an error term that acts as order 2µ, mapping H
µ
(X)→ Ḣ−µ(X), whose norm

is O(|R|−∞) as R→∞.

Asymptotically, only the two first terms play a role, and in the next section we

compute the asymptotics of conditional expectations from the symbols of these first

two terms. To describe the decomposition, we shall need further terminology.

4.4.1 Mixed order symbols and Sobolev spaces

Definition 4.4.1. Let s, t ∈ R and n ∈ N. Write coordinates in Rn as ξ = (ξ′, ξn) ∈

Rn−1 × R. We define the Sobolev space of mixed order (s, t) as

Hs,t(Rn) :=

{
f ∈ S ′(Rn) :

∫
Rn
〈ξ〉s〈ξ′〉t|f̂(ξ)|2dξ <∞

}
.

If Ω ⊆ Rn is a domain (so Ω = Ω◦), we define

Ḣs,t(Ω) := {f ∈ Hs,t(Rn) : supp(f) ⊆ Ω}, and H
s,t

(Ω) := Hs,t(Rn)/Hs,t(Ωc).

We also define Ḣs,t
c (Ω) and H

s,t

c (Ω) as the elements with compact support. The

local Sobolev spaces of mixed orders are defined as

Ḣs,t
loc(Ω) := {f ∈ S ′(Rn) : χf ∈ Ḣs,t(Ω)∀χ ∈ C∞c (Rn)},

H
s,t

loc(Ω) := Hs,t
loc(R

n)/Hs,t
loc(Ω

c).

We note that Ḣs,t(Ω) ⊆ Hs,t(Rn) is a closed subspace. We call the quotient

mapping Ḣs,t(Rn) → H
s,t

(Ω) the restriction mapping. For large enough s > 0,

we can identify Ḣs,t(Ω) with a subspace of H
s,t

(Ω) (but not for small s < 0). A

standard computations with Fourier transforms shows that the the identity operator

induces continuous mappings H
s,t

(Ω) → H
s′,t′

(Ω) and Ḣs,t(Ω) → Ḣs′,t′(Ω) if and

only if s ≥ s′ and t ≥ t′ (which is locally compact if and only if s > s′ and t > t′).

Definition 4.4.2. Let u,m ∈ R and n ∈ N. Let Γ ⊆ C be a sector and U ⊆ Rn

an open subset. Write coordinates in Rn as ξ = (ξ′, ξn) ∈ Rn−1 × R. We say that

a ∈ C∞(U × Rn × Γ) is a symbol with parameter of mixed order (u,m) if for any
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compact K ⊆ U , k ∈ N0, α ∈ Nn
0 and β ∈ Nn

0 there is a constant C > 0 such that

sup
x∈K

∣∣∣∂kξn∂β(ξ′,R)∂
α
xa(x, ξ′, ξn, R)

∣∣∣ ≤ C〈(ξ, R)〉u−k〈(ξ′, R)〉m−|β|,

for all (ξ, R) ∈ Rn+1. We let Su,m(U ; Γ) denote the space of symbols with parameter

of mixed order (u,m). We set Su,−∞(U ; Γ) := ∩m∈RSu,m(U ; Γ).

For a ∈ Su,m(U ; Γ) we define

Op(a) : C∞c (U)→ C∞(U), Op(a)f(x) :=
1

(2π)n

∫
Rn
a(x, ξ, R)f̂(ξ)dξ.

Let Ψu,m(U ; Γ) denote the linear space of operators C∞c (U) → C∞(U) spanned

by {Op(a) : a ∈ Su,m(U ; Γ)} and smoothing operators with parameter. We set

Ψu,−∞(U ; Γ) := ∩m∈RΨu,m(U ; Γ).

Example 4.4.3. Assume that 0 /∈ Γ. Suppose that a(x, ξ, R) = b(x, ξ′, R)(ξn −

h(x, ξ′, R))u where b is a homogeneous symbol with parameter of order m and h

is a homogeneous symbol with parameter of order 1. A short computation shows

that ∂kξn∂
β
(ξ′,R)∂

α
xa is a sum of terms of the form b̃(x, ξ′, R)(ξn − h(x, ξ′, R))u−k−l

where b̃ is homogeneous of order m− |β|+ l. Therefore a ∈ Su,m(U ; Γ), and in fact

a ∈ Su0,m+u−u0(U ; Γ) for any u0 ≤ u.

We note that since differentiation in the (ξ′, R)-direction improves the order of

decay, we have for a ∈ Su,m(U ; Γ) and f ∈ C∞c (U) that

Op(a)f(x) :=
1

(2π)n

∫
Rn×Rn−1

a(x, ξ, R)Fyn→ξnf(y′, ξn)eiξnxn+iξ′(x′−y)′dy′dξ,

as an oscillatory integral. Moreover, we can conclude the following result from

standard techniques of oscillatory integrals (cf. [51, Chapter I.1]).

Proposition 4.4.4

Assume that A ∈ Ψu,m(U ; Γ). Then for any χ, χ′ ∈ C∞(U) with χχ′ = 0 it holds

that χAχ′ ∈ Ψu,−∞(U ; Γ). In particular, if χ, χ′ ∈ C∞c (U) satisfies χχ′ = 0 then

‖χAχ′‖Hs→Hs′ = O(|R|−∞) as R→∞ for all s ≥ s′ + u.

The last statement of the proposition follows from the next theorem.

Theorem 4.4.5
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Let u,m, s, t, s′, t′ ∈ R and n ∈ N. Let A ∈ Ψu,m(Rn; Γ). Then A extends to a

continuous operator

A : Hs,t
c (Rn)→ Hs′,t′

loc (Rn),

if s ≥ s′+u and t ≥ t′+m. In this case, we have for any χ, χ′ ∈ C∞c (Rn) that there

exists a C = C(s, s′, A, χ, χ′) > 0

‖χAχ′‖Hs,t(Rn)→Hs′,t′ (Rn) ≤ C(1 + |R|)t′−t+m.

Proof. The first part follows from the Calderón-Vaillancourt theorem. The second

part follows from noting that Calderón-Vaillancourt’s theorem proves the case t′ +

m = t and for A ∈ Ψu,m(Rn; Γ) compactly supported, then (R2 + ∆′)(t−t′−m)/2A ∈

Ψu,t−t′(Rn; Γ) (where ∆′ denotes the Laplacian in the x′-direction).

Theorem 4.4.6

Let u,m, s, t, s′, t′ ∈ R and n ∈ N. Let a ∈ Su,m(Rn; Γ) be compactly supported in

the x-direction and assume that a extends to a holomorphic function in Im(ξn) < 0.

Set A := Op(a) Then A restricts to and induces, respectively, continuous operators

Ȧ : Ḣs,t(Rn
+)→ Ḣs′,t′(Rn

+) and A : H
s,t

(Rn
−)→ H

s′,t′

(Rn
−),

if s ≥ s′ + u and t ≥ t′ +m.

Proof. Follows from the Paley-Wiener theorem.

Remark 4.4.7. Under the assumptions of Theorem 4.4.6, Theorem 4.4.5 implies that

for any s and s′ with s ≥ s′ + u there is a C > 0 such that for t ≥ t′ +m

‖A‖Ḣs,t(Rn+)→Ḣs′,t′ (Rn+) ≤ C(1+|R|)t′−t+m and ‖A‖
H
s,t

(Rn−)→Hs′,t′
(Rn−)
≤ C(1+|R|)t′−t+m.

Definition 4.4.8. Let u ∈ R. Consider a sequence (aj)j∈N0 of mixed order sym-

bols with aj ∈ Su,mj(U ; Γ) for a sequence mj → −∞. Set m := maxjmj. If

a ∈ Su,m(U ; Γ) satisfies that for any N , there is an M such that a −
∑M

j=0 aj ∈

Su,−N(U ; Γ), we write

a ∼
∞∑
j=0

aj,
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and call a the asymptotic sum of (aj)j∈N0 .

Proposition 4.4.9

Let u ∈ R. For any sequence (aj)j∈N0 of mixed symbols with aj ∈ Su,mj(U ; Γ) for a

sequence mj → −∞, the asymptotic sum a ∼
∑∞

j=0 aj exists in Su,m(U ; Γ), where

m := maxjmj. The asymptotic sum is uniquely determined modulo Su,−∞(U ; Γ).

Proof. The proof of this proposition is carried out ad verbatim as in [25, Proposition

18.1.3] upon replacing the ξ in [25] with (ξ′, R).

Again, using that differentiation in the (ξ, R)-direction improves the order of

decay, we can conclude several results from the standard situation (cf. [51, Chapter

I]). For instance, the analogue of [51, Theorem 3.1, Chapter I.3] extends modulo

Ψu,−∞ to Ψu,m which implies asymptotic expansions of products and adjoints.

Proposition 4.4.10

Let A ∈ Ψu,m(U ; Γ) and B ∈ Ψu′,m′(U ; Γ) be mixed order pseudodifferential opera-

tors out of which at least one is properly supported. Then AB ∈ Ψu+u′,m+m′(U ; Γ)

is a mixed order pseudodifferential operator. Moreover, if a ∈ Su,m(U ; Γ) and

b ∈ Su′,m′(U ; Γ) are symbols with A−Op(a) and B−Op(b) being smoothing with pa-

rameter, then AB −Op(c) is smoothing with parameter where c ∈ Su+u′,m+m′(U ; Γ)

is uniquely determined modulo Su+u′,−∞(U ; Γ) as the asymptotic sum

c ∼
∑
α∈Nn0

1

α!
∂αξ aD

α
x b.

4.4.2 Wiener-Hopf factorization of QX near the boundary

Using the machinery of the previous subsection, we shall now factorize the operator

QX near the boundary into factors that extend holomorphically into the upper

respectively lower half-plane, and use Theorem 4.4.6 to (near the boundary) invert

these individual factors as operators Ḣ−µ(X) → L2(X) and L2(X) → H
µ
(X),

respectively. The reader should recall the structure of the full symbol of Q from

Theorem 4.1.9. We shorten the notation and write Cj for Cj
d2 , where Cj

d2 are the

Taylor coefficients of d2 as in Equation (4.4).

As above, we consider a compact manifold with boundary X a distance function

d on X whose square is regular at the diagonal (cf. Definition 4.1.2). We tacitly
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fix a manifold M containing X as a smooth compact domain to which d extends as

a distance function whose square is regular at the diagonal. In particular, we can

Taylor expand d2 near any point in the diagonal as in Equation (4.4) and its Taylor

coefficients enter the full symbol of Q as in Theorem 4.1.9. To study the behavior at

the boundary, we first reduce to the model case that X = ∂X × [0,∞), as a domain

in ∂X ×R. We remark that ∂X × [0,∞) is not compact, but we shall later on only

use the constructed operators in a form localized to near the compact boundary.

Proposition 4.4.11

Let X be a compact manifold with boundary with a distance function d whose square

is regular at the diagonal, embedded into a manifold M as in the preceding paragraph.

Consider the compact manifold Y = ∂X and choose a tubular neighborhood U ⊆M

of ∂X and a diffeomorphism ϕ : U → Y × (−1, 1), with ∂X = ϕ−1(Y × {0}).

Then there exists a classical elliptic pseudodifferential operator with parameter Q∂ ∈

Ψ−n−1
cl (Y × R;C+) and a number ε > 0 such that

• Q∂ is translation invariant outside a compact subset in the sense that there

exists a t0 > 0 such that if f ∈ C∞c (Y × R) is supported in {(y, t) : ±t > t0}

then [Q∂f ](· ∓ s) = Q∂[f(· ∓ s)] for all s > 0.

• For all f ∈ C∞c (Y × (−ε, ε)) it holds that Q(ϕ∗f) is supported in U and

Q(ϕ∗f) = ϕ∗(Q∂f).

• the principal symbol of Q∂ is given by

σ−n−1(x, ξ, R) = c(R2 + g(ξ, ξ))−µ,

where g is a Riemannian metric on Y × R which is translation invariant in

the R-direction outside a compact and coincides with ϕ∗gd2 on Y × (−1, 1).

Proof. Construct g from interpolating between gd2 near 0 and something at infinity.

Construct Q∂ from interpolation along the real line between Q near 0 and (R2 +

∆g)
−µ at infinity. The second part follows from that Q by construction has small

propagation.

Henceforth, we shall fix a choice of Q∂ and g as in Proposition 4.4.11.
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Remark 4.4.12. To fix a choice of a diffeomorphism ϕ : U → Y × (−1, 1) is (up to a

self-diffeomorphism of Y ) equivalent to choosing a vector field defined near Y = ∂X

which is transversal to the boundary. This choice of vector field, or equivalently,

the last entry of ϕ : U → Y × (−1, 1), gives rise to a coordinate that we denote by

xn : U → (−1, 1). We remark that it is always possible to use the transversal vector

field to be the metric normal to the boundary, in which case we have that on ∂X:

gd2 = dx2
n + g∂X,d2 ,

where g∂X,d2 is the induced Riemannian metric on ∂X. For computational purposes,

it becomes clumsy to restrict to the the case when the transversal vector field is

orthogonal to the boundary but for some considerations it simplifies the formulas.

Following the notation of Subsection 4.4.1, we write xn for this transversal co-

ordinate and x′ for coordinates on ∂X. Similarly, ξn denotes the cotangent variable

in the transversal direction and ξ′ denotes the cotangent variables along ∂X.

We let q∂ ∈ S−2µ
cl (Y × R; Γ) denote the full symbol of Q∂. We note that q∂ ∼∑∞

j=0 q
∂
j in S−2µ(Y × R;C) where each q∂j ∈ S−2µ−j(Y × R;C) is a homogeneous

symbol in (ξ, R) of order −2µ− j = −n− 1− j and near t = 0, we have in any local

coordinates on Y that q∂j = qj where qj is computed as in Theorem 4.1.9 using the

coordinates induced from Y and ϕ.

Proposition 4.4.13

There are unique homogeneous degree 1 symbols

h± = h±(x, ξ′, R) ∈ S1(T ∗Y × R, Y × R;C),

that determine the complex solutions to the equation R2 + gx((ξ
′, ξn), (ξ′, ξn)) = 0

for fixed (x, ξ′, R) with ±Im(ξn) > 0. Furthermore, there is a unique function h0 ∈

C∞(Y × R,R>0) such that

R2 + g(ξ, ξ) = h0(x)(ξn − h+(x, ξ′, R))(ξn − h−(x, ξ′, R)).
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Moreover, we have that

h±(x, ξ′, R) = −ξ
′(b(x))

h0(x)
± i
√
R2 + gY (ξ′, ξ′)− (ξ′(b))2√

h0(x)
,

for suitable b and gY determined from the metric.

Proof. It is not hard to see that h0 and h± are well defined and unique, but let us

construct them explicitly. We can decompose

g =

h0 b

bT gY

 , (4.27)

where gY is a metric on Y on each slice, and b ∈ C∞(Y × R, TY ). Since g is

translation invariant outside a compact, h0, b and gY are translation invariant outside

a compact. We have that

R2 + g(ξ, ξ) = R2 + h0ξ
2
n + 2ξ′(b)ξn + gY (ξ′, ξ′).

We see that h0 in the above definition is the h0 in Equation (4.27) and that the

complex roots are as prescribed. The proposition follows.

Theorem 4.4.14

Let q∂ ∈ S−2µ
cl (Y × R; Γ) be as above. Then there exists q∂± ∈ S−µ,0(Y × R; Γ) that

are translation invariant outside a compact such that

1. q∂± ∈ S−µ,0(Y × R; Γ) admits asymptotic expansions (in S−µ,0 in the sense of

Definition 4.4.8)

q∂± ∼
∞∑
j=0

q∂±,j,

where q∂±,0 ∈ S−µ,0 and for j > 0,

q∂±,j(x, ξ, R) =

j−1∑
k=−1

b±,j,k(x, ξ
′, R)(ξn − h±(x, ξ′, R))−µ−j+k ∈ S−µ−1,−j+1,

where b±,j,k is homogeneous of degree −k in (ξ′, R) and can be computed by an

iterative scheme of partial fraction decompositions as a homogeneous rational
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function in derivatives of h0, h+ and h−. The first terms are given by

q∂+,0 =n!ωn(ξn − h+)−µ, (4.28)

q∂−,0 = h−µ0 (ξn − h−)−µ,

and q±,1 are computed in Proposition 4.4.16 below.

2. The mixed order symbols q∂± ∈ S−µ,0(Y × R; Γ) and q∂±,j ∈ S−µ−1,−j+1 admit

holomorphic extensions to ∓Im(ξn) > 0.

3. It holds that

q∂ =
∑
α

1

α!
∂αξ q

∂
−D

α
xq

∂
+ mod S−2µ,−∞.

Proof. Let us first massage the statements of the theorem. We want to construct

q∂± ∼
∑∞

j=0 q
∂
±,j ∈ S−µ,0 admitting holomorphic extensions to ∓Im(ξn) > 0 and

satisfying q∂ =
∑

α
1
α!
∂αξ q

∂
−D

α
xq

∂
+ mod S−2µ,−∞. We remark that to ensure item 2.,

i.e. the holomorphic extension of q∂±, it suffices to construct each q∂±,j so that it

admits a holomorphic extension to ∓Im(ξn) > 0. We also note that the requirement

on the composition is equivalent to

q∂j =
∑

k+l+|α|=j

1

α!
∂αξ q

∂
−,kD

α
xq

∂
+,l. (4.29)

We take the formula (4.28) as a definition, and note that q∂±,0 satisfy the structural

statement in item (1), extends holomorphically to ∓Im(ξn) > 0 and q∂0 = q∂−,0q
∂
+,0.

Using an idea described in [24], Equation (4.29) is for j > 0 equivalent to

q∂+,j
q∂+,0

+
q∂−,j
q∂−,0

=
q∂j
q∂0
− 1

q∂0

∑
k+l+|α|=j
k,l<j

1

α!
∂αξ q

∂
−,kD

α
xq

∂
+,l

We proceed by induction. Assume that we have constructed q±,k for k < j

satisfying the statements of items (1), (2), and (3) in the relevant degrees. Using

Lemma 4.1.20 and item (1) for q±,k for k < j, we can use Lemma A.3.1 to uniquely
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partial fraction decompose

q∂j
q∂0
− 1

q∂0

∑
k+l+|α|=j
k,l<j

1

α!
∂αξ q

∂
−,kD

α
xq

∂
+,l = q+,j + q−,j,

where q±,j by Proposition 4.1.6 and Theorem 4.1.9 takes the form

q±,j(x, ξ, R) =

j−1∑
k=−1

b±,j,k(x, ξ
′, R)(ξn − h±(x, ξ′, R))−j+k ∈ S−1,−j+1,

where b±,j,k is homogeneous of degree −k in (ξ′, R) and can be explicitly computed

from the results of Appendix A.3 and Theorem 4.1.9. We now define

q∂±,j := q∂±,0q±,j,

and note that it by construction satisfies items (1), (2), and (3) in the relevant

degrees.

Remark 4.4.15. As noted in Proposition 4.4.13, the symbols h+ and h− are directly

determined from the metric and the choice of transversal to the boundary. Moreover,

as the proof of Theorem 4.4.14 shows, each of the symbols b±,j,k = b±,j,k(x, ξ
′, R)

depends

1. polynomially on (C
(γ)
G )γ∈∪k≤jIk and its derivatives contracted by gG and ιngG

and its derivatives

2. polynomially on h+, h− and rationally on h+ − h− and h
−1/2
0 ,

The total degree is j where each C
(γ)
G , γ ∈ Ik, has degree k, the metric and h0 have

degree zero, h+ and h− have degree 1 and x-derivatives increase the order by 1.

Proposition 4.4.16

For n > 1, the terms q±,1 appearing in the expansion of q± in Theorem 4.4.14 are

given by:

q∂+,1 =n!ωna0,+(x, ξ′, R)(ξn − h+)−µ−1 + n!ωna1,+(x, ξ′, R)(ξn − h+)−µ−2,

q∂−,1 =a0,−(x, ξ′, R)h−µ0 (ξn − h−)−µ−1 + a1,−(x, ξ′, R)h−µ0 (ξn − h−)−µ−2,
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where the homogeneous symbols a+,0 (of degree 0) and a+,1 (of degree 1) are explicitly

given in Equation (4.30) and (4.31) below, and the homogeneous symbols a−,0 (of

degree 0) and a−,1 (of degree 1) are explicitly given in Equation (4.32) and (4.33)

below.

Proof. Let us first make some preliminary computations with the decomposition

from Lemma A.3.1 using the explicit forms in Corollary A.3.4. We let ιn denote

contraction by the unit normal. We can write

C3(x, g ⊗ ιξg) = C3(x, g ⊗ ιng)ξn + C3(x, g ⊗ ιξ′g).

Using Corollary A.3.4 we decompose

C3(x, g ⊗ ιξg)(R2 + gd(ξ, ξ))
−1 =

h−1
0 C3(x, g ⊗ ιng)

h+ − h−
[
h+(ξn − h+)−1 − h−(ξn − h−)−1

]
+ C3(x, g ⊗ ιξ′g)

h−1
0

h+ − h−
[
(ξn − h+)−1 − (ξn − h−)−1

]
.

We can write

C3(x, ιξg ⊗ ιξg ⊗ ιξg) =C3(x, ιng ⊗ ιng ⊗ ιng)ξ3
n + 3C3(x, ιξ′g ⊗ ιng ⊗ ιng)ξ2

n+

+ 3C3(x, ιξ′g ⊗ ιξ′g ⊗ ιng)ξn + C3(x, ιξ′g ⊗ ιξ′g ⊗ ιξ′g).
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Using Corollary A.3.4 we decompose

C3(x, ιξg ⊗ ιξg ⊗ ιξg)(R2 + gd(ξ, ξ))
−2 =

C3(x, ιng ⊗ ιng ⊗ ιng)h−2
0

(h+ − h−)2

[
h3

+(ξn − h+)−2 + h3
−(ξn − h−)−2+

+
h2

+(h+ − 3h−)

h+ − h−
(ξn − h+)−1 −

h2
−(h− − 3h+)

h+ − h−
(ξn − h−)−1

]

+
3h−2

0 C3(x, ιξ′g ⊗ ιng ⊗ ιng)

(h+ − h−)2

[
h2

+(ξn − h+)−2 + h2
−(ξn − h−)−2−

− 2h+h−
h+ − h−

(
(ξn − h+)−1 − (ξn − h−)−1

) ]

+
3h−2

0 C3(x, ιξ′g ⊗ ιξ′g ⊗ ιng)

(h+ − h−)2

[
h+(ξn − h+)−2 + h−(ξn − h−)−2−

− h+ + h−
h+ − h−

(
(ξn − h+)−1 − (ξn − h−)−1

) ]

+
h−2

0 C3(x, ιξ′g ⊗ ιξ′g ⊗ ιξ′g)

(h+ − h−)2

[
(ξn − h+)−2 + (ξn − h−)−2−

− 2

h+ − h−
(
(ξn − h+)−1 − (ξn − h−)−1

) ]
.

Using Proposition 4.1.14, we compute that

q∂1
q∂0
− 1

q∂0

∑
|α|=1

1

α!
∂αξ q

∂
−,0D

α
xq

∂
+,0 =

=− 3ic1,n(n2 − 1)

n!ωn
C3(x, g ⊗ ιξg)(R2 + gd(ξ, ξ))−1+

+
ic1,n(n+ 3)3,−2

n!ωn
C3(x, ιξg ⊗ ιξg ⊗ ιξg)(R2 + gd(ξ, ξ))−2+

+
i(n+ 1)2h0

4
(∇ξ′h− · ∇x′h+ − ∂xnh+)(R2 + gd(ξ, ξ))−1.
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Decomposing as in the paragraphs above, we obtain

q+,1 =n!ωna0,+(x, ξ′, R)(ξn − h+)−µ−1 + n!ωna1,+(x, ξ′, R)(ξn − h+)−µ−2,

where

a0,+(x, ξ′, R) =− 3ic1,n(n2 − 1)

n!ωn

(
C3(x, g ⊗ ιng)h+ + C3(x, g ⊗ ιξ′g)

) h−1
0

h+ − h−
+ (4.30)

+
ic1,n(n+ 3)3,−2

n!ωn

h−2
0

(h+ − h−)3

[
C3(x, ιng ⊗ ιng ⊗ ιng)h2

+(h+ − 3h−)−

− 6h+h−C
3(x, ιng ⊗ ιng ⊗ ιξ′g)− 3(h+ + h−)C3(x, ιng ⊗ ιξ′g ⊗ ιξ′g)

− 2C3(x, ιξ′g ⊗ ιξ′g ⊗ ιξ′g)

]
+
i(n+ 1)2

4

(∇ξ′h− · ∇x′h+ − ∂xnh+)

h+ − h−
,

and

a1,+(x, ξ′, R) =
ic1,n(n+ 3)3,−2

n!ωn

h−2
0

(h+ − h−)2
(4.31)

[
C3(x, ιng ⊗ ιng ⊗ ιng)h3

+ + 3h2
+C

3(x, ιξ′g ⊗ ιng ⊗ ιng)+

+ 3h+C
3(x, ιξ′g ⊗ ιξ′g ⊗ ιng) + C3(x, ιng ⊗ ιξ′g ⊗ ιξ′g)

]
.

We also obtain

q−,1 =a0,−(x, ξ′, R)h−µ0 (ξn − h−)−µ−1 + a1,−(x, ξ′, R)h−µ0 (ξn − h−)−µ−2,

where

a0,−(x, ξ′, R) =
3ic1,n(n2 − 1)

n!ωn

(
C3(x, g ⊗ ιng)h− + C3(x, g ⊗ ιξ′g)

) h−1
0

h+ − h−
− (4.32)

− ic1,n(n+ 3)3,−2

n!ωn

h−2
0

(h+ − h−)3

[
C3(x, ιng ⊗ ιng ⊗ ιng)h2

−(h− − 3h+)−

− 6h+h−C
3(x, ιng ⊗ ιng ⊗ ιξ′g)− 3(h+ + h−)C3(x, ιng ⊗ ιξ′g ⊗ ιξ′g)−

− 2C3(x, ιξ′g ⊗ ιξ′g ⊗ ιξ′g)

]
+
i(n+ 1)2

4

(∇ξ′h− · ∇x′h+ − ∂xnh+)

h+ − h−
,
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and

a1,−(x, ξ′, R) =
ic1,n(n+ 3)3,−2

n!ωn

h−2
0

(h+ − h−)2

[
C3(x, ιng ⊗ ιng ⊗ ιng)h3

−+ (4.33)

+ 3h2
−C

3(x, ιξ′g ⊗ ιng ⊗ ιng) + 3h−C
3(x, ιξ′g ⊗ ιξ′g ⊗ ιng)+

+ C3(x, ιng ⊗ ιξ′g ⊗ ιξ′g)

]
.

The stated formulas follow.

Lemma 4.4.17

The operators Q∂
± := Op(q∂±) ∈ Ψ−µ,0(Y × R; Γ) satisfy that

1. Q−Q−Q+ ∈ Ψ−2µ,−∞(Y × R; Γ);

2. Q+ restricts to a well defined operator Ḣ−µ(Y ×[0,∞)→ L2(Y ×[0,∞)) which

is invertible for large R;

3. Q− restricts to a well defined operator L2(Y × [0,∞))→ H
µ
(Y × [0,∞)) which

is invertible for large R.

Proof. Part (1) follows from Proposition 4.4.10 and Theorem 4.4.14. Parts (2) and

(3) follow from Theorem 4.4.5 and Theorem 4.4.6.

Definition 4.4.18. Define w±,j ∈ Sµ,−j inductively by

w±,0(x, ξ, R) := (q∂±,0)−1 =


1

n!ωn
(ξn − h+(x, ξ′, R))µ, for +,

h0(x)µ(ξn − h−(x, ξ′, R))µ, for −,

and then

w±,j := −w±,0
∑

k+l+|α|=j, l<j

1

α!
∂αξ q

∂
±,kD

α
xw±,l.

We also define w± :=
∑

j w±,j ∈ Sµ,0(Y ×R; Γ) and W± ∈ Ψµ,0(Y ×R; Γ) is defined

as a properly supported modification of Op(w±) with the same full symbol which is

translation invariant outside a compact subset.

Lemma 4.4.19

Let w± ∈ Sµ,0(Y × R; Γ) be as above. Then
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1. The asymptotic expansion (in Sµ,0 in the sense of Definition 4.4.8) of w± ∈

Sµ,0(Y × R; Γ)

w± ∼
∞∑
j=0

w±,j,

can for j > 0 be expanded in a finite sum

w±,j(x, ξ, R) =

j−1∑
k=0

w±,j,k(x, ξ
′, R)(ξn − h±(x, ξ′, R))µ−j+k ∈ Sµ−1,−j+1,

where w±,j,k is homogeneous of degree −k in (ξ′, R) and can be computed by

an iterative scheme as a rational function of derivatives of h0, h+ and h−.

2. The mixed order symbols w± ∈ Sµ,0(Y × R; Γ) and w±,j ∈ Sµ−1,−j+1 admit

holomorphic extensions to ∓Im(ξn) > 0.

3. The symbols w±,j,k = w±,j,k(x, ξ
′, R) depends

(a) polynomially on (C
(γ)
G )γ∈∪k≤jIk and its derivatives contracted by gG and

ιngG and its derivatives

(b) polynomially on h+, h− and rationally on h+ − h− and h
−1/2
0 ,

The total degree is j where each C
(γ)
G , γ ∈ Ik, has degree k, the metric and

h0 have degree zero, h+ and h− have degree 1 and x-derivatives increase the

order by 1.

Proof. Items (1) and (2) follow from a short induction argument with the construc-

tion (in Definition 4.4.18) and Theorem 4.4.14.

We now compute w±,1. By definition, we have that

w±,1 = −w2
±,0q

∂
±,1 − w±,0

∑
|α|=1

∂αξ q
∂
±,0D

α
xw±,0.

A short algebraic manipulation with the computation of q±,1 from Proposition 4.4.16

gives the following formulas.

Proposition 4.4.20

For n > 1, the terms w±,1 appearing in the expansion of w± in Lemma 4.4.19 are
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given by:

w+,1(x, ξ′, ξn, R) =− 1

n!ωn
a0,+(x, ξ′, R)(ξn − h+)µ−1 − 1

n!ωn
a1,+(x, ξ′, R)(ξn − h+)µ−2−

− i(n+ 1)2

4 · n!ωn
(∂xnh+ −∇ξ′h+ · ∇x′h+)(ξn − h+)µ−2,

w−,1(x, ξ′, ξn, R) =− a0,−(x, ξ′, R)hµ0(ξn − h−)µ−1 − a1,−(x, ξ′, R)hµ0(ξn − h−)µ−2−

− i(n+ 1)2

4
(∂xnh− −∇ξ′h− · ∇x′h−)hµ0(ξn − h−)µ−2−

− i(n+ 1)2

4
(∂xnh0 −∇ξ′h− · ∇x′h0)hµ−1

0 (ξn − h−)µ−1,

where the homogeneous symbols a+,0 (of degree 0) and a+,1 (of degree 1) were ex-

plicitly given in Equation (4.30) and (4.31) above, and the homogeneous symbols

a−,0 (of degree 0) and a−,1 (of degree 1) were explicitly given in Equation (4.32) and

(4.33) above.

Lemma 4.4.21

The operators W± ∈ Ψµ,0(Y × R; Γ) satisfy that

1. 1−W±Q∂
±, 1−Q∂

±W± ∈ Ψ0,−∞(Y × R; Γ);

2. W− preserves supports in Y × (−∞, 0] and restricts to a well defined operator

H
µ
(Y × [0,∞))→ L2(Y × [0,∞) which is invertible for large R;

3. W+ preserves supports in Y × [0,∞) and restricts to a well defined operator

L2(Y × [0,∞))→ Ḣ−µ(Y × [0,∞) which is invertible for large R.

In particular, the operators

S0 := 1−W+W−Q
∂ : Ḣ−µ(Y × [0,∞))→ Ḣ−µ(Y × [0,∞)), and

S1 := 1−Q∂W+W− : H
µ
(Y × [0,∞))→ H

µ
(Y × [0,∞)),

are normbounded by O(R−∞).

Proof. Part (1) follows from Proposition 4.4.10 and Lemma 4.4.19. Parts (2) and

(3) follow from Theorem 4.4.5 and Theorem 4.4.6.
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4.4.3 Decomposition of the inverse magnitude operator

Theorem 4.4.22

Let X be an n-dimensional compact manifold with boundary and d a distance func-

tion whose square is regular at the diagonal. Let QX : Ḣ−µ(X) → H
µ
(X) denote

the restriction of Qχ,d2 to X and let A ∈ Ψn+1
cl (X;C+) denote a parametrix of Qχ,d2.

For some R0 ≥ 0 and any R ∈ Γπ/(n+1)(R0), we can write

Q−1
X = χ1Aχ

′
1 + χ2(ϕ−1)∗W+W−ϕ

∗χ′2 + S,

where χ1, χ
′
1 ∈ C∞c (X◦), and χ2, χ

′
2 ∈ C∞(X) are functions supported in a collar

neighborhood U0 of ∂X in X such that

χ1 + χ2 = 1 and χ′j|supp(χj) = 1, j = 1, 2,

ϕ : ∂X × [0, 1) → U0 is a collar identification, and the operators S, W− and W+

satisfy the following:

1. S : H
µ
(X)→ Ḣ−µ(X) is a continuous operator with

‖S‖Hµ
(X)→Ḣ−µ(X) = O(R−∞), as R→∞.

2. W+ : L2(∂X×[0,∞))→ Ḣ−µ(∂X×[0,∞)) is the properly supported pseudodif-

ferential operator of mixed order (µ, 0) from Definitions 4.4.18 which is invert-

ible for large R > 0 and in local coordinates has an asymptotic expansion mod-

ulo Sµ,−∞ as in Lemma 4.4.21 and preserves support in ∂X×[0,∞) ⊆ ∂X×R.

Moreover, for χ, χ′ ∈ C + C∞c (∂X × [0,∞)) with χχ′ = 0, it holds that

‖χW+χ
′‖L2(∂X×[0,∞))→H−µ(∂X×R) = O(R−∞), as R→∞.

3. W− : H
µ
(∂X × [0,∞)) → L2(∂X × [0,∞)) is the properly supported pseu-

dodifferential operator of mixed order (µ, 0) from Definitions 4.4.18 which is

invertible for large R > 0 and in local coordinates has an asymptotic expansion

modulo Sµ,−∞ as in Lemma 4.4.21 and preserves support in ∂X × (−∞, 0] ⊆
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∂X × R. Moreover, for χ, χ′ ∈ C + C∞c (∂X × R) with χχ′ = 0, it holds that

‖χW−χ′‖Hµ(∂X×R)→L2(∂X×R) = O(R−∞), as R→∞.

Proof. The properties of W+ and W− listed in items (2) and (3) follow from the

results of Subsection 4.4.1. We note that it follows from the previous subsection

that

χ1Q
−1
M χ′1 + χ2(ϕ−1)∗W+W−ϕ

∗χ′2 : H
µ
(X)→ Ḣ−µ(X),

is a well defined continuous operator. Pick a χ3 supported close to ∂X with χ3 = 1

on supp(χ′2). We compute that

(χ1Q
−1
M χ′1+χ2(ϕ−1)∗W+W−ϕ

∗χ′2)QX =

=χ1 + χ1Q
−1
M (χ′1 − 1)QX + χ2(ϕ−1)∗W+W−ϕ

∗QXχ3+

+ χ2(ϕ−1)∗W+W−ϕ
∗(χ′2 − 1)QXχ3 + χ2(ϕ−1)∗W+W−ϕ

∗χ′2QX(1− χ3) =

=χ1 + χ1Q
−1
M (χ′1 − 1)QX + χ2(ϕ−1)∗W+W−Q

∂ϕ∗χ3+

+ χ2(ϕ−1)∗W+W−ϕ
∗(χ′2 − 1)QXχ3 + χ2(ϕ−1)∗W+W−ϕ

∗χ′2QX(1− χ3) =

=χ1 + χ1Q
−1
M (χ′1 − 1)QX + χ2 + (ϕ−1)∗S0ϕ

∗χ3+

+ χ2(ϕ−1)∗W+W−ϕ
∗(χ′2 − 1)QXχ3 + χ2(ϕ−1)∗W+W−ϕ

∗χ′2QX(1− χ3) =

=1 + χ1Q
−1
M (χ′1 − 1)QX︸ ︷︷ ︸

=:S2

+(ϕ−1)∗S0ϕ
∗χ3+

+ χ2(ϕ−1)∗W+W−ϕ
∗(χ′2 − 1)QXχ3︸ ︷︷ ︸

=:S3

+χ2(ϕ−1)∗W+W−ϕ
∗χ′2QX(1− χ3)︸ ︷︷ ︸

=:S4

.

Since χ1(χ′1 − 1) = 0, S2 is a smoothing operator with parameter. Similarly, since

χ′2(1 − χ3) = 0, S4 is a smoothing operator with parameter. Using Proposition

4.4.4 and Lemma 4.4.21, respectively, we conclude that S3 : Ḣ−µ(X) → Ḣ−µ(X)
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and (ϕ−1)∗S0ϕ
∗χ3 : Ḣ−µ(X) → Ḣ−µ(X) are continuous with norms bounded by

O(R−∞) as R→∞. In particular,

S5 := (χ1Q
−1
M χ′1 + χ2(ϕ−1)∗W+W−ϕ

∗χ′2)QX − 1,

satisfies that S5 : Ḣ−µ(X) → Ḣ−µ(X) is continuous and ‖S5‖Ḣ−µ(X)→Ḣ−µ(X) =

O(R−∞) as R →∞. We conclude that (1 + S5)−1 exists for large R and ‖1− (1 +

S5)−1‖Ḣ−µ(X)→Ḣ−µ(X) = O(R−∞) as R→∞. We therefore have that

Q−1
X = (1+S5)−1(χ1Q

−1
M χ′1+χ2(ϕ−1)∗W+W−ϕ

∗χ′2) = χ1Q
−1
M χ′1+χ2(ϕ−1)∗W+W−ϕ

∗χ′2+S,

where

S := (1− (1 + S5)−1)(χ1Q
−1
M χ′1 + χ2(ϕ−1)∗W+W−ϕ

∗χ′2).

Since ‖1 − (1 + S5)−1‖Ḣ−µ(X)→Ḣ−µ(X) = O(R−∞) as R → ∞, the same holds for S

and the proof is complete.

By combining Theorem 4.3.5 with Theorem 4.4.22, we arrive at the following

corollary.

Corollary 4.4.23

Let X be an n-dimensional compact manifold with boundary and d a distance func-

tion with property (MR) on Γ. For some R0 ≥ 0 and any R ∈ Γπ/(n+1)(R0) ∩ Γ, we

can write

Z−1
X = χ1Aχ

′
1 + χ2(ϕ−1)∗W+W−ϕ

∗χ′2 + S̃,

where A, W+, W− and χ1, χ1, χ2, χ
′
2 ∈ C∞(X) are as in Theorem 4.4.22 and S̃ :

H
µ
(X)→ Ḣ−µ(X) is a continuous operator with

‖S̃‖Hµ
(X)→Ḣ−µ(X) = O(Re(R)−∞), as Re(R)→∞ in Γ.

4.5 Conditional expectations of Q−1
X and Z−1

X

A large motivation for the analysis presented in this Chapter is the relation of the

operator ZX with magnitude. For that purpose, we shall be interested in com-

puting conditional expectations of Q−1
X and Z−1

X against the constant function 1.
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In Corollary 2.3.4 (equation (2.14)), we prove that this conditional expectation of

(RZX(R))−1 coincides with the magnitude function. We begin by studying the case

of no boundary.

4.5.1 Asymptotic expansions for compact manifolds

Let us consider the case that X = M is a compact manifold. Starting from Lemma

4.1.24 we compute the asymptotics of 〈Q(R)−11, 1〉 as R → ∞ for a pseudodiffer-

ential operator with parameter R. Let vold(M) denote the volume of M in the

Riemannian metric defined from the transversal Hessian of d2 at the diagonal.

Theorem 4.5.1

Let M be an n-dimensional compact manifold with a distance function d whose

square is regular at the diagonal. Let (aj,0)j∈N0 ⊆ C∞(M ;C+) denote the sequence

of homogeneous functions obtained from restriction to ξ = 0 of the full symbol of

Q−1
M , as in Lemma 4.1.24. It holds that

〈1, QM(R)−11〉 ∼
∞∑
k=0

ck(M, d)Rn+1−k +O(Re(R)−∞), as Re(R)→ +∞,

where

ck(M, d) =

∫
M

ak,0(x, 1)dx.

Here dx is the Riemannian volume density defined from gd2. The functions ak,0(x, 1)

depend on the Taylor expansion (4.4) as described in Theorem 4.1.27 and can be

computed inductively using Lemma 4.1.25. In particular,

ck(M, d) =


0, when k is odd,

vold(M)
n!ωn

, when k = 0,

n+1
2·n!ωn

∫
X
sd2dx, when k = 2,

where sd2 in local coordinates is computed as the polynomial in the Taylor coefficients
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of d2 at the diagonal given as

sd2(x) :=3C4(x, g ⊗ g)− 3
c2,n(n+ 5)(n2 − 9)

c1,n

(C3 ⊗ C3)(x, g ⊗ g ⊗ g), if n 6= 1, 3

sd2(x) :=3

(
10C4

G(x, gG ⊗ gG)− c2,3

c1,3

(C3
G ⊗ C3

G)(x, gG ⊗ gG ⊗ gG)

)
, if n = 3

Proof. The asymptotic expansion

〈Q−1
M 1, 1〉 =

∞∑
k=0

ck(M, d)Rn+1−k +O(R−∞),

where ck(M, d) =
∫
M
ak,0(x, 1)dx follows directly from Lemma 4.1.24 and the fact

that Q−1
M is of order n+ 1. It follows from Lemma 4.1.25 that ak(x, 0, 1) = 0 for odd

k. It follows from Theorem 4.1.27 that c0 and c2 take the prescribed form.

The justification for the notation sd2 in Theorem 4.5.1 comes from Example

4.1.31 which shows that for the geodesic distance on a Riemannian manifold, sd2 is

the scalar curvature. We further conclude the following corollary.

Corollary 4.5.2

Let M be a compact Riemannian manifold equipped with its geodesic distance. Then

〈1, QM(R)−11〉 =
vold(M)

n!ωn
Rn+1+

n+ 1

n!ωn

∫
M

sdxRn−1+O(Re(R)n−3), as Re(R)→ +∞,

where s denotes the scalar curvature of M .

Combining Theorem 4.2.7 with Theorem 4.5.1 we arrive at the following corol-

lary.

Corollary 4.5.3

Let M be an n-dimensional compact manifold with a distance function d with prop-

erty (MR) on Γ. It holds that

〈1,ZM(R)−11〉 ∼
∞∑
k=0

ck(M, d)Rn+1−k +O(Re(R)−∞), as Re(R)→ +∞ in Γ,
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where ck(M, d) is as in Theorem 4.5.1.

4.5.2 A lengthy exercise in integration by parts

To study the asymptotic expansions of 〈1, Q−1
X 1〉 in the presence of a boundary, we

need a series of smaller lemmas. The reader should recall the notation from Theorem

4.4.22.

Lemma 4.5.4

Let X be an n-dimensional compact manifold with boundary and d a distance func-

tion whose square is regular at the diagonal. It holds that

〈Q−1
X 1, 1〉L2(X) = 〈A1, χ1〉L2(X) + 〈W−1, (W+)∗(χ2 ◦ ϕ)〉L2(∂X×[0,∞)) +O(R−∞).

Proof. We first note that W− preserves supports in ∂X × (−∞, 0] ⊆ ∂X × R by

Lemma 4.4.21 and (W+)∗ preserves supports in ∂X × (−∞, 0] ⊆ ∂X × R since W+

preserves supports in ∂X × [0,∞) by Lemma 4.4.21. Therefore, viewing 1 as an

element of H
µ

loc(∂X × [0,∞)) and χ2 ◦ ϕ as an element of H
µ

c (∂X × [0,∞)), the

images W−1 ∈ L2
loc(∂X × [0,∞)) and (W+)∗(χ2 ◦ ϕ) ∈ L2

c(∂X × [0,∞)) are well

defined and 〈W−1, (W+)∗(χ2 ◦ ϕ)〉L2(∂X×[0,∞)) is well defined. By the same token,

〈A1, χ1〉L2(X) is defined as the inner product of χ1 ∈ L2(X) with the restriction of

A1M ∈ L2(M) to X.

Since χ′j|supp(χj) = 1, for j = 1, 2, it follows that

〈A1, χ1〉L2(X) = 〈Aχ′1, χ1〉L2(X) +O(R−∞) and

〈W−1, (W+)∗(χ2 ◦ ϕ)〉L2(∂X×[0,∞)) = 〈W−(χ′2 ◦ ϕ), (W+)∗(χ2 ◦ ϕ)〉L2(∂X×[0,∞)) +O(R−∞).

The last equality follows from Proposition 4.4.4. Therefore, Theorem 4.4.22 reduces

the statement of the theorem to the property that 〈S1, 1〉L2(X) = O(R−∞). This is

clear from the property of S that ‖S‖Hµ→Ḣ−µ = O(R−∞).

Lemma 4.5.5

Let X be an n-dimensional compact manifold with boundary and d a distance func-

tion whose square is regular at the diagonal. Let (aj,0)j∈N0 ⊆ C∞(M ;C+) denote
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the sequence of homogeneous functions obtained from restriction to ξ = 0 of the full

symbol of A, as in Lemma 4.1.24. It holds that

〈A1, χ1〉 =
∞∑
k=0

ck,χ1(X, d)Rn+1−k +O(R−∞),

where

ck,χ1(M, d) =

∫
X

χ1(x)ak,0(x, 1)dx.

Here dx is the Riemannian volume density defined from gd2.

Proof. The lemma follows immediately from Lemma 4.1.24 since χ1 has compact

support in X◦.

Lemma 4.5.6

Let a = a(x′, ξ) ∈ C∞(Rn−1 × Rn) be a polynomially bounded smooth function with

compact support in x′, and χ ∈ S(Rn) a real even Schwartz function. Then as

R→ +∞,

1

(2π)n

∫
Rn−1

∫
Rn
a(x′, ξ)Rnχ̂(−Rξ)e−Rix′ξ′dξdx =

=
∑
α∈Nn0

Dα
xχ(0)

α!

∫
Rn−1

Dα
ξ=0

(
a(x′, ξ)e−ix

′ξ′
)

dxR−|α| +O(R−∞).

In particular, if χ is locally constant near 0, then

1

(2π)n

∫
Rn−1

∫
Rn
a(x′, ξ)Rnχ̂(−Rξ)e−Rix′ξ′dξdx = χ(0)

∫
Rn−1

a(x′, 0)dx+O(R−∞).

Proof. Consider the distribution uR(ξ) := Rnχ̂(−Rξ). For any test function ϕ ∈

S(Rn), we compute that

(uR, ϕ) =

∫
Rn
χ̂(−ξ)ϕ(ξ/R)dξ =

∑
α∈Nn0

Dα
xϕ(0)

α!

∫
Rn
χ̂(−ξ)ξαdξR−|α| +O(R−∞) =

= (2π)n
∑
α∈Nn0

Dα
xχ(0)

α!
R−|α|(δα, ϕ) +O(R−∞)
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We conclude that in S ′(Rn), we have an asymptotic expansion

uR = (2π)n
∑
α∈Nn0

Dα
xχ(0)

α!
R−|α|δα +O(R−∞).

Using standard methods for oscillatory integrals, we see that the same expansion

holds also for in the weak topology against polynomially bounded smooth functions.

We compute that

1

(2π)n

∫
Rn−1

∫
Rn
a(x′, ξ)Rnχ̂(−Rξ)e−Rix′ξ′dξdx =

1

(2π)n

∫
Rn−1

∫
Rn
a(x′, ξ)uR(ξ)e−Rix

′ξ′dξdx

=
∑
α∈Nn0

Dα
xχ(0)

α!
R−|α|

∫
Rn−1

(δαξ , a(x′, ξ)e−ix
′ξ′)dx+O(R−∞) =

=
∑
α∈Nn0

Dα
xχ(0)

α!

∫
Rn−1

Dα
ξ=0

(
a(x′, ξ)e−ix

′ξ′
)

dxR−|α| +O(R−∞).

Lemma 4.5.7

Let X be an n-dimensional compact manifold with boundary and d a distance func-

tion whose square is regular at the diagonal. We denote the symbols of W± by w±

(as in Definition 4.4.18 and Lemma 4.4.18). Then it holds that

〈W−1,W ∗
+χ2〉 =

∞∑
k=0

ck,χ2(X, d)Rn+1−k +O(R−∞),

where

ck,χ2(X,d) =

∫
X
χ2(x)ak,0(x, 1)dx+

+
∑

k=|β|+γn+j+l
γn>0

i|β|+|γn|(−1)|β|+1

β′!(βn + γn)!

∫
∂X

∂βxw−,j(x
′, 0, 0, 1)∂γn−1

xn ∂
β+(0,γn)
ξ w+,l(x

′, 0, 0, 1)dx′.

Here dx is the Riemannian volume density on X defined from gd2 and dx′ the induced

Riemannian volume density on ∂X.

Proof. The computation can be reduced to one in local coordinates, so we can

assume that w+ and w− are symbols of mixed order (−µ, 0) in Rn, and up to
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O(R−∞) we can treat W+ and W− as compactly based. As such, we replace M by

Rn and X by Rn
+ in all computations. Let w∗+ denote the symbol of W ∗

+. By the

same arguments as in [51, Chapter I.3], we have that

w∗+(x, ξ, R) ∼
∑
α

1

α!
∂αξD

α
xw+(x, ξ, R), (4.34)

in the sense of Definition 4.4.8. We note that Equation (4.34) only identifies w∗+

up to Sµ,−∞ but this suffices as symbols from Sµ,−∞ will only contribute to the

conditional expectation with O(R−∞).

Using that W− and W ∗
+ preserves supports in Rn

−, we can consider χ2 as an

element of C∞c (Rn), and write

〈W−1,W ∗
+χ2〉L2(Rn+) =

∫
Rn+

[W−1](x)[W ∗
+χ2](x)dx,

where

W ∗
+χ2(x) :=

1

(2π)n

∫
Rn
w∗+(x, ξ, R)χ̂2(ξ)dξ,
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is computed from the action of (Q−1
+ )∗ on χ ∈ C∞c (Rn). We compute that

〈W−1,W ∗+χ2〉L2(Rn
+) =

1

(2π)n

∫
Rn

+

∫
Rn

w−(x, 0, R)w∗+(x, ξ,R)χ̂2(ξ)eixξdξdx =

=
1

(2π)n

∫
Rn

+

∫
Rn

w−(x, 0, R)w∗+(x, ξ,R)χ̂2(−ξ)e−ixξdξdx =

=
∑
α

(−1)|α|

(2π)nα!

∫
Rn

+

∫
Rn

w−(x, 0, R)∂αξ D
α
xw+(x, ξ,R)χ̂2(−ξ)e−ixξdξdx+O(R−∞) =

=
∑
α

(−1)αn

(2π)nα!

∫
Rn

+

∫
Rn

Dα′

x′ (w−(x, 0, R)e−ixξ)Dαn
xn
∂αξ w+(x, ξ,R)χ̂2(−ξ)dξdx+O(R−∞) =

=
∑
α

∑
γ′+β′=α′

(−1)αn

(2π)nβ′!γ′!αn!

∫
Rn

+

∫
Rn

Dβ′

x′w−(x, 0, R)Dαn
xn
∂αξ w+(x, ξ,R)(−iξ′)γ

′
χ̂2(−ξ)e−ixξdξdx+

+O(R−∞) =

=
∑
γ,β

1

(2π)nβ!γ!

∫
Rn

+

∫
Rn

Dβ
xw−(x, 0, R)∂γ+βξ w+(x, ξ,R)(−iξ)γχ̂2(−ξ)e−ixξdξdx+

+
∑
γ,β,
γn>0

βn∑
k=0

bγ,β,k

∫
Rn−1

∫
Rn

Dβ−(0,k)
x w−(x′, 0, 0, R)Dγn−1

xn
∂β+γξ w+(x′, 0, ξ, R)(iξ)(γ

′,k)χ̂2(−ξ)e−ix
′ξ′dξdx+

+O(R−∞).

where

bγ,β,k =
i(−1)|γn|+1βn!

(2π)nβ′!γ′!(βn + γn)!k!(βn − k)!

By the composition formula for pseudodifferential operators (see [51, Chapter

I.3]), we have that

∑
γ,β

1

(2π)nβ!γ!

∫
Rn+

∫
Rn
Dβ
xw−(x, 0, R)∂γ+β

ξ w+(x, ξ, R)(−iξ)γχ̂2(−ξ)e−ixξdξdx =

=

∫
Rn+
χ2(x)a(x, 0, R)dx+O(R−∞) = 〈Q−1

M 1, χ2〉L2(Rn+) +O(R−∞).
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We can therefore continue our calculation

〈W−1,W ∗+χ2〉L2(Rn
+) = 〈Q−1M 1, χ2〉L2(Rn

+)+

+
∑
γ,β,
γn>0

βn∑
k=0

bγ,β,k

∫
Rn−1

∫
Rn

Dβ−(0,k)
x w−(x′, 0, 0, R)Dγn−1

xn
∂β+γξ w+(x′, 0, ξ, R)(iξ)(γ

′,k)χ̂2(−ξ)e−ixξdξdx+

+O(R−∞)

To obtain an asymptotic expansion, we expand w± in its defining homogeneous

expansion w± ∼
∑
w±,l from Definition 4.4.18 (see also Lemma 4.4.21). We see that

∑
γ,β,
γn>0

βn∑
k=0

bγ,β,k

∫
Rn−1

∫
Rn

Dβ−(0,k)
x w−(x′, 0, 0, R)Dγn−1

xn
∂β+γξ w+(x′, 0, ξ, R)(iξ)(γ

′,k)χ̂2(−ξ)e−ixξdξdx =

=
∞∑
i=0

∑
i=|β|+|γ|+j+l,

γn>0

βn∑
k=0

bγ,β,k

∫
Rn−1

∫
Rn

Dβ−(0,k)
x w−,j(x

′, 0, 0, R)·

·Dγn−1
xn

∂β+γξ w+,l(x
′, 0, ξ, R)(iξ)(γ

′,k)χ̂2(−ξ)e−ix
′ξ′dξdx

Let us consider each of the terms

∑
i=|β|+|γ|+j+l,

γn>0

βn∑
k=0

bγ,β,k

∫
Rn−1

∫
Rn

Dβ−(0,k)
x w−,j(x

′, 0, 0, R)·

·Dγn−1
xn

∂β+γξ w+,l(x
′, 0, ξ, R)(iξ)(γ

′,k)χ̂2(−ξ)e−ix
′ξ′dξdx =

= R2µ−i
∑

i=|β|+|γ|+j+l,
γn>0

βn∑
k=0

bγ,β,k

∫
Rn−1

∫
Rn

Dβ−(0,k)
x w−,j(x

′, 0, 0, 1)·

·Dγn−1
xn

∂β+γξ w+,l(x
′, 0,

ξ

R
, 1)(iξ)(γ

′,k)χ̂2(−ξ)e−ix
′ξ′dξdx.
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We can compute each of the terms using Lemma 4.5.6 which implies that

1

(2π)n

∫
Rn−1

∫
Rn

Dβ−(0,k)
x w−,j(x

′, 0, 0, 1)·

·Dγn−1
xn

∂β+γξ w+,l(x
′, 0, ξ, 1)(iξ)(γ

′,k)Rnχ̂2(−Rξ)e−Rix
′ξ′dξdx =

=

O(R−∞), if (γ′, k) 6= 0,∫
Rn−1 D

β
xw−,j(x

′, 0, 0, 1)Dγn−1
xn

∂
β+(0,γn)
ξ w+,l(x

′, 0, 0, 1)dx+O(R−∞), if (γ′, k) = 0

We conclude that

〈Q−1
− 1, (Q−1

+ )∗χ2〉L2(Rn+) − 〈Q−1
M 1, χ2〉L2(Rn+) =

= R2µ
∞∑
i=0

∑
i=|β|+γn+j+l,

γn>0

i(−1)|γn|+1R−i

β′!(βn + γn)!

∫
Rn−1

Dβ
xw−,j(x

′, 0, 0, 1)·

·Dγn−1
xn ∂

β+(0,γn)
ξ w+,l(x

′, 0, 0, 1)dx+O(R−∞).

After using D = −i∂, the boundary contributions have been computed.

The lemma now follows from Lemma 4.1.24 giving the asymptotic expansion

〈Q−1
M 1, χ2〉L2(Rn+) =

∑
k

Rn+1−k
∫
Rn+
χ2(x)ak(x, 0, 1)dx.

4.5.3 Asymptotic expansions for compact manifolds with

boundary

We now study asymptotic expansions of 〈1, Q−1
X 1〉 for a compact manifold with

boundary, and give a procedure to compute the coefficients. An important difference

to the case of empty boundary is the boundary contributions: we identify the from

Lemma 4.5.7 as follows.

Definition 4.5.8. If X is an n-dimensional compact manifold with boundary and

d a distance function whose square is regular at the diagonal, then we define the
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sequence of functions (Bd2,k)k>0 ⊆ C∞(∂X) by

Bd2,k(x
′) :=

∑
k=|β|+γn+j+l

γn>0

i|β|+|γn|(−1)|β|+1

β′!(βn + γn)!
∂βxw−,j(x

′, 0, 0, 1)∂γn−1
xn ∂

β+(0,γn)
ξ w+,l(x

′, 0, 0, 1).

For notational simplicity, we set B0 := 0.

Proposition 4.5.9

Let X be an n-dimensional manifold with boundary, d a distance function whose

square is regular at the diagonal, and (Bd2,k)k>0 ⊆ C∞(∂X) as in Definition 4.5.8.

Then for each k > 0, Bd2,k is a polynomial in (C
(γ)
G )γ∈∪k≤jIk and its derivatives

contracted by the metric gG, its contraction along the normal to the boundary, and

its derivatives of total degree j where each C
(γ)
G , γ ∈ Ik, has degree k, the metric has

degree zero and x-derivatives increase the order by 1.

Computing from the results of Appendix A.4, we can describe the special cases

k = 1 and k = 2.

Proposition 4.5.10

Let (X, d) be as in Proposition 4.5.9. Then

Bd2,1(x′) =
(n+ 1)

2 · n!ωn
√
h0(x′)

.

In particular, if xn is the transversal coordinate defined from the unit normal to ∂X

(in gd2), then

Bd2,1(x′) =
(n+ 1)

2 · n!ωn
.

Proof. By definition, we have that

Bd2,1(x′) =− iw−,0(x′, 0, 0, 1)∂ξnw+,0(x′, 0, 0, 1) =

=− i

n!ωn
h0(x′)µ(−h−(x′, 0, 1)))µ∂ξn [(ξn − h+(x, 0, 1))µ] |ξn=0 =

=− i(n+ 1)

2 · n!ωn
h0(x′)µ(−h−(x′, 0, 1)))µ(−h+(x, 0, 1))µ−1 =

=− i(n+ 1)

2 · n!ωn
h0(x′)(−h−(x′, 0, 1))) =

(n+ 1)

2 · n!ωn
√
h0(x)

.
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Here we have used the identities of Lemma A.4.1. If xn is the transversal coordinate

defined from the unit normal to ∂X, then h0 = 1.

Proposition 4.5.11

Let (X, d) be as in Proposition 4.5.9. Then

Bd2,2(x) =− µ(3µ2 − 1)

2 · n!ωn
∂xnh0(x′)− 5µ2(µ− 1)

4 · n!ωn

b(x′)

h0(x′)
· ∇x′h0(x′)+

+
9µc1,n(n2 − 1)(n+ 3)

2(n!ωn)2h0(x′)
C3(x, ιng ⊗ ιng ⊗ ιng) +

c1,n(n2 − 1)

2(n!ωn)2
C3(x, g ⊗ ιng).

In particular, if xn is the transversal coordinate defined from the unit normal ∂n to

∂X (in gd2), then

Bd2,2(x′) =
9µc1,n(n2 − 1)(n+ 3)

2(n!ωn)2h0(x′)
C3(x, ∂n ⊗ ∂n ⊗ ∂n) +

c1,n(n2 − 1)

2(n!ωn)2
C3(x, g ⊗ ∂n).

Proof. By definition, we have that

Bd2,2(x) =
1

2
w−,0(x′, 0, 0, 1)∂xn∂

2
ξnw+,0(x′, 0, 0, 1)− 1

2
∂xnw−,0(x′, 0, 0, 1)∂2

ξnw+,0(x′, 0, 0, 1)−

− iw−,1(x′, 0, 0, 1)∂ξnw+,0(x′, 0, 0, 1)− iw−,0(x′, 0, 0, 1)∂ξnw+,1(x′, 0, 0, 1)+

+∇x′w−,0(x′, 0, 0, 1) · ∇ξ′∂ξnw+,0(x′, 0, 0, 1).

This expression was computed in Lemma A.4.7. If xn is the transversal coordinate

defined from the unit normal to ∂X, then h0 = 1 and b = 0.

Proposition 4.5.12

Let X ⊆ Rn be a domain with smooth boundary equipped with the Euclidean distance.

Then

Bd2,2 =
n2 − 1

4 · n!ωn
H,

where H denotes the mean curvature of the boundary.

Proof. We compute that

c1,n(n2 − 1)

2(n!ωn)2
= −(n− 2)!ωn−2ω2(n2 − 1)

2(n!ωn)2
= −(n− 1)!

(n− 1)!

2πωn−2

nωn

n+ 1

4 · n!ωn
= − n+ 1

4 · n!ωn
.
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Fix a point x0 ∈ ∂X and choose coordinates as in Example 4.1.16; in other words we

write ∂X as the graph of a function ϕ = ϕ(x′) with ∇ϕ(x0) = 0. The computations

in Example 4.1.16 show that h0(x′) = 1 + |∇ϕ(x′)|2 is xn-independent and that

b(x0) = ∇ϕ(x0) = 0. Moreover, C3(x, v) is a first order order polynomial in vn, so

C3(x, ιng ⊗ ιng ⊗ ιng) = 0. A short computation using Equation (4.8) gives us that

C3(x0, g ⊗ ιng) = −2αngx0(∇2ϕ(x0)) = −(n− 1)H(x0),

where H denotes the mean curvature and αn some constant to be determined. We

conclude that

Bd2,2(x0) = αn
n2 − 1

4 · n!ωn
H(x0).

Combining Lemmas 4.5.4, 4.5.5 and 4.5.7 we arrive at the following theorem:

Theorem 4.5.13

Let X be an n-dimensional compact manifold with boundary and d a distance func-

tion whose square is regular at the diagonal. Denote the Riemannian volume density

on X defined from gd2 by dx and the induced Riemannian volume density on ∂X by

dx′. It holds that

〈1, Q−1
X 1〉L2(X) =

∞∑
k=0

ck(X, d)Rn+1−k +O(R−∞), as R→ +∞, (4.35)

where the coefficients ck(X, d) are given as

ck(X, d) =

∫
X

ak,0(x, 1)dx+

∫
∂X

Bd2,k(x)dx′,

where

1. ak,0(·, 1) ∈ C∞(X) is an invariant polynomial in the entries of the Taylor ex-

pansion (4.4) as described in Theorem 4.1.27 and can be computed inductively

using Lemma 4.1.25, with ak,0 = 0 if k is odd; and

2. Bd2,k ∈ C∞(∂X) is an invariant polynomial in the entries of the Taylor coef-

ficients of d2 at the diagonal in X near ∂X as described in Proposition 4.5.9

and can be inductively computed using Lemma 4.4.19.
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In particular, we have that

c0(X, d) =
vol(X)

n!ωn
(4.36)

c1(X, d) =
(n+ 1)vol(∂X)

2n!ωn
, (4.37)

c2(X, d) =
n+ 1

2 · n!ωn

∫
X

sd2dx+ αn
n2 − 1

4 · n!ωn

∫
∂X

Hd2dx′. (4.38)

where the scalar curvature sd2 is defined as in Theorem 4.5.1 and the mean curvature

Hd2 of the distance function is defined as

Hd2 :=
3µ2 − 1

(n− 1)
∂xnh0(x′) +

5µ(µ− 1)

2(n− 1)

b(x′)

h0(x′)
· ∇x′h0(x′)−

− 9µ(n+ 3)

(n− 1)h0(x′)
C3(x, ιng ⊗ ιng ⊗ ιng)− 1

(n− 1)
C3(x, g ⊗ ιng).

Our notation Hd2 in Theorem 4.5.13 is justified by Proposition 4.5.12 showing

that Hd2 = H is the mean curvature if X is a domain in Euclidean space.

Proof. The expression in Equation (4.35) follows from Lemma 4.5.4 by adding to-

gether the computation of Lemma 4.5.5 with that in Lemma 4.5.7.

The computation (4.36) follows from the fact that a0,0(x, 1) = 1
n!ωn

(see Theorem

4.1.27). The computation (4.37) follows from Proposition 4.5.10. The computation

(4.38) is a consequence of Theorem 4.1.27 (computing the interior contribution) and

Proposition 4.5.11 (computing the boundary contribution).

Combining Theorem 4.3.5 with Theorem 4.5.13 we arrive at the following corol-

lary.

Corollary 4.5.14

Let X be an n-dimensional compact manifold with boundary and d a distance func-

tion with property (MR) on [R0,∞), for some R0 ≥ 0. It holds that

〈1,Z−1
X 1〉L2(X) =

∞∑
k=0

ck(X, d)Rn+1−k +O(R−∞), as R→ +∞,

where the coefficients ck(X, d) are as in Theorem 4.5.13.
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Remark 4.5.15. If n = 2m− 1 is odd then

c0(X, d) =
vol(X)

n!ωn

c1(X, d) =
mvol(∂X)

n!ωn
,

which is compatible with the computations of [16].
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Algorithm for coefficients in the

expansion of the Magnitude

function

As discussed in the preceding chapters, the expansion of MX(R) is given by

MX(R) =
∞∑
k=0

ck(X, d)Rn+1−k +O(R−∞),

for X ⊆M satisfying the relevant assumptions, and the coefficients ck can be com-

puted for various geometric contexts. We present here an outline of the procedure

along with some special geometric examples for calculating ck for k ∈ N. Each stage

of this procedure has been already presented and proved in Chapter 4.

For the convenience of the reader, we repeat some preliminary computations and

definitions:

Ij := {γ ∈ ∪∞k=1Nk
≥3 : |γ| = j + 2k}, rk(γ) = k for γ ∈ Nk

ck,n :=


(−1)k(n− 2k)!ωn−2kω2k, for 2k − n− 1 < 0

(−1)1−n/2ω2k

(2k−n)!ω2k−n
, for 2k − n− 1 ∈ 2N + 1

(−1)
n+1
2

(2π)2k−n
ω2kω2k−n−1, for 2k − n− 1 ∈ 2N

,

qk,p(x,R).v :=
∑
|α|=p

∂αξ qk(x, ξ, R)vα|ξ=0 = ∂pt qk(x, tv, R)|t=0;
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By C
(γ)
G (x,−Dξ) we denote the |γ|-th order differential operator arising from the

Taylor expansion of G : M × M → [0,∞] (see (4.4)) and write gG for the dual

metric to HG. Using these definitions, we calculate ck in the following steps.

1. Calculate terms qj in the expansion of q for j = 0, . . . , k

q denotes the symbol of the operator QG,χ and it has an asymptotic expansion

q ∼
∑

j qj, see Theorem 4.1.9. This is the operator we use to establish results

corresponding to the interior of X.

The first term is given by

q0(x, ξ, R) = (R2 + gG(ξ, ξ))−(n+1)/2,

and for j > 0 and n odd we have that

qj(x, ξ,R) =
∑

γ∈Ij ,rk(γ)<(n+1)/2

crk(γ),nC
(γ)
G (x,−Dξ)(R

2 + gG(ξ, ξ))−(n+1)/2+rk(γ)+

−
∑

γ∈Ij ,rk(γ)≥(n+1)/2

crk(γ),nC
(γ)
G (x,−Dξ)

[
(R2 + gG(ξ, ξ))−(n+1)/2+rk(γ) log(R2 + gG(ξ, ξ))

]
,

and for n even

qj(x, ξ, R) =
∑
γ∈Ij

crk(γ),nC
(γ)
G (x,−Dξ)(R

2 + gG(ξ, ξ))−(n+1)/2+rk(γ).

When M ⊆ RN is an n-dimensional submanifold of RN , we determine C
(γ)
G in

the following way: take coordinates around some x0 ∈ M such that M near

x0 is parametrised byxl = xl, l = 1, . . . , n

xl = ϕl(x1, . . . , xn), l = n+ 1, . . . , N

,

for some functions ϕN+1, . . . , ϕn. Writing x = (x1, . . . , xN), we have that

HG(v) = |v|2 +
N∑

l=n+1

(∇ϕl(x) · v)2
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and

Cj
G(x, v) =

N∑
l=n+1

∑
|α|+|β|=j,
|α|,|β|>0

∂αxϕl(x)∂βxϕl(x)

α!β!
vα+β, j > 2.

This is explained in Example 4.1.17.

In the special case that X ⊂ M = Rn is a domain, in Euclidean coordinates

G(x, y) = |x − y|2 is simply the Euclidean distance. This means that qj = 0

for j > 0 and consequently q = q0 = (R2 + |ξ|2)−(n+1)/2.

2. Calculate terms aj in the expansion of a at ξ = 0 for j = 0, . . . , k

By AG,χ we denote the parametrix to QG,χ in the interior of X, and its symbol

is denoted by a. It has an asymptotic expansion a ∼
∑

j aj, and at ξ = 0, we

write aj,0(x,R) := aj(x, 0, R). As described in Lemma 4.1.25 the first term is

given by

a0,0(x,R) =
R(n+1)/2

n!ωn
,

and for j > 0 the terms are determined inductively by

aj,0(x,R) =


0 j odd,

− 1
n!ωn

Rn+1
∑

k+2l+p=j
2l<j, 2|k+p

ipqk,p(x,R).∇p
xaj−2k,0(x,R) j even.

In the case that X is a domain in Rn, aj = 0 for j > 0 since q = q0, thus

implying in a similar manner that a = a0.

In the case that M is an n-dimensional submanifold of RN , we use the same

parametrisation by ϕn+1, . . . , ϕN as in the previous step, see Example 4.1.30.

3. Calculate the terms q∂j in the expansion of q∂ near the boundary for

j = 0, . . . , k − 1

By Q∂ we denote the localisation of Q near the boundary of X, and we denote

its symbol by q∂, see Proposition 4.4.11. It has an asymptotic expansion

q∂ ∼
∑

j q
∂
j where q∂j = qj using the coordinates induced by localising near the

boundary.

When X = M is a boundary-less submanifold of RN it is immediate that there

are no contributions from this operator.

In the presence of a boundary when X ⊂ M = Rn, write x = (x′, xn) ∈

Rn−1 × R (resp. ξ = (ξ′, ξn)) and determine Q∂ in the following way: fix a
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point x0 on the boundary where the normal vector is orthogonal to the plane

xn = 0. Without loss of generality, this point can be x0 = 0. Pick a smooth ϕ

on the boundary such that ϕ(x′) < xn in a neighbourhood of x0 that belongs to

X. Make a change of coordinates to (x′, xn) 7→ (x′, xn−ϕ(x′)). This procedure

is described in more detail in Example 4.1.16.

In these new coordinates,

gG = H−1
G =

 1n−1 ∇ϕ(x′)

∇ϕ(x′)T 1 + |∇ϕ(x′)|2


and

C
(γ)
G (x,−Dξ) = αn(−1)|γ|

rk(γ)∏
l=1

[ ∑
|α′|=|γl|−1

−2∂α
′

x′ ϕ(x′)

α′!
Dα′
ξ′Dξn

+
∑

|α′|+|β′|=|γl|,
|α′|,|β′|>0

∂α
′

x′ ϕ(x′)∂β
′

x′ϕ(x′)

α′!β′!
Dα′+β′

ξ′

]
.

Here, αn is some dimensional constant. We note that we use αn = 1 in our

application of this algorithm, which does not correspond to a parametrisation

suitable for Rn.

4. Factorize Q∂ near the boundary into terms supported in the upper

(+) and lower (−) half planes

The next thing we have to do is factorize Q∂ as Q−Q+, where Q± is supported

in the upper resp. lower half plane. We denote the symbols of Q± by q± and

they have an asymptotic expansion q± ∼
∑

j q
∂
±,j, see Theorem 4.4.14. Start

by defining

q∂+,0 :=n!ωnh
−µ
0 (ξn − h+)−µ,

q∂−,0 :=(ξn − h−)−µ,
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and construct q∂±,j inductively by

q∂j
q∂0
− 1

q∂0

∑
k+l+|α|=j
k,l<j

1

α!
∂αξ q

∂
+,kD

α
xq

∂
−,l = q+,j + q−,j, (5.1)

q∂±,j := q∂±,0q±,j.

Here, the terms h0(x), h±(x, ξ′, R) are determined from

R2 + gG(ξ, ξ) = h0(ξn − h+)(ξn − h−),

see Proposition 4.4.11.

Split the LHS of (5.1) using a partial fraction decomposition into terms that

have denominators that are powers of (ξn − h+) resp. (ξn − h−). The former

belong to q+,j and the latter to q−,j. We note here that Appendix A.3 contains

general results for these decompositions.

5. Calculate the terms w±,j in the expansion of w± near the boundary

for j = 0, . . . , k − 1

By W± we denote the inverse of Q∂, see Lemma 4.4.21. We denote its symbol

by w± and it has an asymptotic expansion (see Lemma 4.4.19) w± ∼
∑∞

j=0w±,j

where w±,j is constructed inductively by

w±,j := −w±,0
∑

k+l+|α|=j, l<j

1

α!
∂αξ q

∂
±,kD

α
xw±,l

with

w±,0(x, ξ, R) := (q∂±,0)−1 =


1

n!ωn
h0(x)µ(ξn − h+(x, ξ′, R))µ for +,

(ξn − h−(x, ξ′, R))µ for −.

6. Compute the coefficient of Rn+1−k

We label this coefficient by ck. It is calculated by

ck =

∫
X

ak,0(x, 1)dx+

∫
∂X

Bd2,k(x)dx′
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where

Bd2,k(x
′) :=

=
∑

k=|β|+γn+j+l
γn>0

i|β|+|γn|(−1)|β|+1

β′!(βn + γn)!
∂βxw−,j(x

′, 0, 0, 1)∂γn−1
xn ∂

β+(0,γn)
ξ w+,l(x

′, 0, 0, 1).

The details of this calculation are in Section 4.5.

When X has no boundary there are no boundary contributions and conse-

quently ck =
∫
X
ak dx.

On the other hand, when X is a domain in Rn, if k > 0 then ck =
∫
∂X
Bd2,kdx

′

as the only contribution from the interior comes from a0.

5.1 Pseudocode for special examples

Example 5.1.1 (X ⊂M = Rn with boundary).

Input:

• n: dimension of M

• (x, ξ, R) ∈ Rn × Rn × R

• k: n+ 1− k is the degree of term to be determined

• ϕ(x′): parametrise near ∂X

Definitions:

• Dt = −i∂t
• Ij := {γ ∈ ∪∞k=1Nk

≥3 : |γ| = j + 2k}

• rk(γ) =length(γ)

•

cm,n :=


(−1)m(n− 2m)!ωn−2mω2m, for 2m− n− 1 < 0

(−1)1−n/2ω2m

(2m−n)!ω2m−n
, for 2m− n− 1 ∈ 2N + 1

(−1)
n+1
2

(2π)2m−n
ω2mω2m−n−1, for 2m− n− 1 ∈ 2N

,

• a0 = 1
n!ωn

, aj = 0∀j > 0
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•

CjG(x,−Dξ) = αjn(−1)|γ|
rk(γ)∏
l=1

 ∑
|α′|=|γl|−1

−2∂α
′

x′ ϕ(x′)

α′!
Dα′

ξ′ Dξn +
∑

|α′|+|β′|=|γl|,
|α′|,|β′|>0

∂α
′

x′ ϕ(x′)∂β
′

x′ϕ(x′)

α′!β′!
Dα′+β′

ξ′


• gbdy: metric near the boundary of X

gbdy =

 1n−1 ∇ϕ(x′)

∇ϕ(x′)T 1 + |∇ϕ(x′)|2


• h0 := 1

• h+ := ξ′(∇ϕ(x′))
h0

+ i

√
R2+ξ′2(1+|∇ϕ(x′)|2)−(ξ′(∇ϕ(x′)))2

√
h0

• h− := ξ′(∇ϕ(x′))
h0

− i
√
R2+ξ′2(1+|∇ϕ(x′)|2)−(ξ′(∇ϕ(x′)))2

√
h0

• q∂0 := (R2 + gbdy)
−(n+1)/2

• q∂+,0 := n!ωn(ξn − h+)−(n+1)/2

• q∂+,0 := h
−(n+1)/2
0 (ξn − h−)−(n+1)/2

• w+,0 := 1/q∂+,0

• w−,0 := 1/q∂−,0

Steps to compute ck:

1. For j = 1, . . . , k − 1 calculate q∂j by

q∂j (x, ξ, R) =
∑

γ∈Ij ,rk(γ)<(n+1)/2

crk(γ),nC
(γ)
bdy(x,−Dξ)(R

2 + gbdy(ξ, ξ))
−(n+1)/2+rk(γ)+

−
∑

γ∈Ij ,rk(γ)≥(n+1)/2

crk(γ),nC
(γ)
bdy(x,−Dξ)

[
(R2 + gbdy(ξ, ξ))

−(n+1)/2+rk(γ) log(R2 + gbdy(ξ, ξ))
]
,

for n odd, and for n even by

q∂j (x, ξ, R) =
∑
γ∈Ij

crk(γ),nC
(γ)
bdy(x,−Dξ)(R

2 + gbdy(ξ, ξ))
−(n+1)/2+rk(γ).
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2. For j = 1, . . . , k − 1 calculate

q∂j
q∂0
− 1

q∂0

∑
k+l+|α|=j
k,l<j

1

α!
∂αξ q

∂
+,kD

α
xq

∂
−,l. (5.2)

3. Using a partial fraction decomposition, partition the terms of (5.2) into ones

including factors of (ξn − h+) and (ξn − h−). Call the sum of the former q+,j

and the latter q+,j.

4. Set q∂±,j := q∂±,0q+,j

5. For j = 1, . . . , k − 1 calculate w±,j by

w±,j = −w±,0
∑

k+l+|α|=j, l<j

1

α!
∂αξ q

∂
±,kD

α
xw±,l.

6. Calculate Bd2,k by

Bd2,k(x
′) :=

∑
k=|β|+γn+j+l

γn>0

i|β|+|γn|(−1)|β|+1

β′!(βn + γn)!
∂βxw−,j(x

′, 0, 0, 1)∂γn−1
xn ∂

β+(0,γn)
ξ w+,l(x

′, 0, 0, 1).

For k = 0 this is 0.

7. Calculate ck by

ck(M, d) =

∫
X

ak,0(x, 1)dx+

∫
∂X

Bd2,k(x)dx′.

Example 5.1.2 (X = M ⊂ RN without boundary).

Input:

• n: dimension of M

• N : dimension of Euclidean space

• (x, ξ, R) ∈ RN × RN × R

• k: n− k is the degree of term to be determined

• ϕl(x1, . . . , xn) for l ∈ [n+ 1, N ]: parametrise near a point in M

Definitions:

• Dt = −i∂t
• Ij := {γ ∈ ∪∞k=1Nk

≥3 : |γ| = j + 2k}
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• rk(γ) =length(γ)

•

cm,n :=


(−1)m(n− 2m)!ωn−2mω2m, for 2m− n− 1 < 0

(−1)1−n/2ω2m

(2m−n)!ω2m−n
, for 2m− n− 1 ∈ 2N + 1

(−1)
n+1
2

(2π)2m−n
ω2mω2m−n−1, for 2m− n− 1 ∈ 2N

,

•

Cj
G(x, v) =

N∑
l=n+1

∑
|α|+|β|=j,
|α|,|β|>0

∂αxϕl(x)∂βxϕl(x)

α!β!
vα+β.

•

qk,p(x,R).v :=
∑
|α|=p

∂αξ qk(x, ξ, R)vα|ξ=0 = ∂pt qk(x, tv, R)|t=0.

Steps:

1. For j = 1, . . . , k calculate qj by

q∂j (x, ξ, R) =
∑

γ∈Ij ,rk(γ)<(n+1)/2

crk(γ),nC
(γ)
bdy(x,−Dξ)(R

2 + gbdy(ξ, ξ))
−(n+1)/2+rk(γ)+

−
∑

γ∈Ij ,rk(γ)≥(n+1)/2

crk(γ),nC
(γ)
bdy(x,−Dξ)

[
(R2 + gbdy(ξ, ξ))

−(n+1)/2+rk(γ) log(R2 + gbdy(ξ, ξ))
]
,

for n odd, and for n even by

q∂j (x, ξ, R) =
∑
γ∈Ij

crk(γ),nC
(γ)
bdy(x,−Dξ)(R

2 + gbdy(ξ, ξ))
−(n+1)/2+rk(γ).

2. For j = 1, . . . , k calculate aj by

aj,0(x,R) =


0 j odd,

− 1
n!ωn

Rn+1
∑

k+2l+p=j
2l<j, 2|k+p

ipqk,p(x,R).∇p
xaj−2k,0(x,R) j even.

3. Calculate ck by

ck(M, d) =

∫
X

ak,0(x, 1)dx.

144



Chapter 5: Algorithm for coefficients in the expansion of the Magnitude function

5.2 Implementation of algorithm for 2-dimensional

Euclidean domains

The algorithm above was implemented in Python, for the case of a 2-dimensional

Euclidean domain. This was done with the use of the module sympy, a package

used in python for symbolic manipulation. The reason for doing this, is that as k

increases, the terms ck become increasingly difficult to compute by hand due to the

large number of terms involved.

We present first in Listing B.1 a script that follows the steps in Example 5.1.1

to the letter. Apart from exceptional cases, this script cannot be executed in finite

time for any ck with k ≥ 2. The glossary and preliminaries are up to line 190; task

1 in lines 209-231; tasks 2 - 4 in lines 234-387; task 5 in lines 390-427; task 6 in lines

431-469. This gives the boundary integrand, and in order to obtain ck, one needs to

integrate the outcome from task 6 over the boundary of the desired domain.

The algorithm computes the coefficient ck for arbitrary k, with two limitations:

The dimension n is fixed, and the computational effort required to compute ck

increases rapidly with k, as well as resulting memory problems. The main compu-

tational effort is around the partial fraction decomposition, which is task 3.

All the code presented in this thesis is for a domain in 2 dimensions, which is the

simplest (even) case. General n should be possible with abstract data structures,

but this generality would further increase the required computational effort. This

is a suitable approach when one wants to determine results for an explicit case. It

is however not suitable for understanding the general structure of the magnitude

function. We expect that with some modifications and some more human input,

this procedure can be generalised to any n by splitting x into tangential and normal

directions, by x = (x′, xn). There will have to be adjustments from the human side

to account for the constants that come as a result of the Leibniz rule, and possibly

adjustments for the program.

We compute ck up to k = 4 and do not expect this code to be used beyond k = 5.

That is because of the huge increase in computational memory required for ck+1 in

comparison to ck. An illustration of this is the fact that there is 6-fold increase in

memory required to calculate q±,1 as opposed to q±,2, and a 40-fold increase from
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q±,2 to q±,3. This increase is further amplified in the following steps of the algorithm.

The total number of terms requiring a partial fraction decomposition for c3 is a bit

less than 1000, whereas for c4 this number is approximately 110000.

We thus get around these obstacles by dividing the work into smaller parts, with

careful memory management. Since the method is iterative, we store the terms

created at each step using the module cloudpickle. In order to bypass the

trouble associated with very large terms, we break down longer expressions into

smaller ones, and save the bigger term as a list of the smaller terms. This requires

more work from the user, but that is only up to the extent of creating the lists

and subdividing them for greater computational efficiency. An example of how to

split up a long expression as a list of smaller terms is shown in Listing B.2 for q∂±,2.

The corresponding part in Listing B.1 is in lines 345-395. For this same example,

the list was split into 9 parts for efficiency. This can be seen in Listing B.3. Each

part is then dealt with separately, as shown in Listing B.4. The partial fraction

decomposition is done using lines 252-342 in Listing B.1.

Thus for k > 2 we divide the work into the following files: create_qpm1.py,

create_list_qpmX.py, pf_qX.py, create_qpmX.py, create_wterms.py,

create_c.py. Here, the instance of X should be repeated for every X∈ [2, k − 1],

for calculating ck.

In create_qpm1.py, we create the terms q∂±,1. This is not a costly operation.

However, as mentioned already, this quickly becomes computationally expensive.

Starting with X= 2, we create a list of all the terms that occur in the expres-

sion (5.2) in create_list_qpmX.py. In this file, this list is also divided into

smaller lists, in order to decrease computation time and memory required. Then,

in pf_qX.py, we perform the partial fraction decomposition on each list that was

outputted from create_list_qpmX.py. We note once again that this is the

most costly operation. The result of each list is then stored into lists containing the

terms of ± support. In create_wterms.py we combine (add) all the terms from

all the ± lists, to create q±,X. This is then repeated until we have created q±,k−1. We

then use all the previous results in create_wterms.py to produce the w±,j terms

for j ∈ [0, k − 1]. Finally, we combine all the previous results in create_c.py to

produce Bd2,k. Since this is an iterative procedure, these files cannot be run at the
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same time. We summarise the procedure in the flowchart below:

create_qpm1

X=1

X+=1

create_list_qpmX

pf_qX

create_qpmX

X=k-1

create_wterms

create_c

True

False

5.3 Results

Using the procedure for the case described above, we arrive to the following results:

c1 =
3

4π
vol(∂X)

c2 =
3

8π

∫
∂X

H dx

c3 =
9

32π

∫
∂X

H2dx

c4 =
1143

128π

∫
∂X

H3dx.

We emphasise here that these are the results for a parametrisation for some 2-

dimensional Euclidean manifold which does not correspond to the results in R2,

which differ by a rational constant.
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Boundary Value Problems for the

Fractional Laplacian

The results in this Chapter are joint work with Heiko Gimperlein and Rafe Mazzeo.

For a domain Ω ⊂ Rn we consider the problem

(−∆)su = f in Ω ⊆ Rn

u = 0 in Rn \ Ω

(6.1)

with s ∈ (0, 1) and u = u(X), X = (x1, . . . , xn). Here we define (−∆)s on Ω via

restriction, i.e. for an operator P defined on Rn and for u supported in Ω, its action

on Ω is defined by r+Pe+u.

Instead of working directly through the definition of (−∆)s, we use an alternate

and equivalent definition, as presented by Caffarelli and Silvestre in [10]. This

method provides the basis for this work. Even though such techniques have been

widely used in the past by the scattering theory community, the work by Caffarelli

and Silvestre applies directly to our framework.

Using this approach, we can realize (−∆)s as a generalisation of a Dirichlet-

Neumann operator for a degenerate elliptic problem in Rn+1
+ . Explicitly, this is
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given by

LsU(X, t) := t2s−1∇ ·
(
t1−2s∇U(x, t)

)
= ∂2

tU +
1− 2s

t
∂tU + ∆XU in Rn+1

+ ,

U(X, 0) = u(X) in Rn,

where (X, t) ∈ Rn × R+. It is easy to see that for the classical case when s = 1/2,

the operator T : f 7→ −∂tU(X, 0) can be realized as (−∆)1/2 by applying it to f

twice, i.e.

T · Tf(X) = −∂2
tU(X, 0) = ∆XU(X, 0).

It is then shown in [10] that for any s ∈ (0, 1),

C(−∆)su = lim
t→0+
−t1−2s∂tU

for some constant C depending on n and s.

We present the model case in a half-space for smooth and polyhedral domains

based on this approach in Sections 6.1 and 6.3 respectively. Transferring this prob-

lem into the framework of the edge calculus, see [34], would lift this study from the

half-space to bounded domains. We present this idea in Section 6.2.

For smooth Ω, Grubb shows that the solution u to (6.1) with f ∈ C∞(Ω) is

such that u ∈ e+d(X)sC∞(Ω), where d(X) is some generalised distance function

[18]. This in turn is based on previous work by Hörmander, and relies on the Boutet

De Monvel calculus and Hörmander’s Hµ(s) spaces (see [22]). Such techniques were

discussed in the previous chapter (see A.1 and [18]). Ros-Oton and Serra arrive to

similar results using potential theoretic methods[47, 48]. The method we present is

independent of both of these, and recovers these results in a half-space. This study

in part aims to extend these results to singular domains, and make a connection

between the results by Grubb resp. Hörmander and the language of geometric

microlocal analysis.
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6.1 The model case

We begin our analysis of the general problem by studying the model case where Ω

is the half-space Rn
+ with coordinates X = (x, y), x > 0 and y ∈ Rn−1. The problem

now becomes one of finding and analyzing a function U in the upper half-space Rn+1
+

such that

LsU(x, y, t) = 0 in Rn+1
+ ,

U(x, y, 0) = 0 for x < 0,

lim
t→0+

t1−2s∂tU(x, y, t) = f(x, y) for x > 0.

(6.2)

This is shown in Figure 6.1. The most useful feature of this model case is that it

Figure 6.1: Model problem (6.2) in a half space.

has many symmetries. It is invariant under translations in y, and using this we can

reduce this study to a 2-dimensional model problem. Furthermore, it has constant

coefficients with respect to x and it is homogeneous under scaling in t. Using the

latter, we also make the observation that we can write Ls as

Ls =
1

t2
(
(t∂t)

2 + (2− 2s)(t∂t)
)

+ ∆X (6.3)

As we now explain, taking advantage of these, we arrive at a problem that is

easier to analyze.
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The translation invariance of this model Ls in y suggests that we conjugate by

the Fourier transform in y. Denoting by η the variable dual to y, this gives

L̂sÛ = ∂2
t Û +

1− 2s

t
∂tÛ + ∂2

xÛ − |η|2Û (6.4)

and the corresponding boundary problem

L̂sÛ(x, η, t) = 0 in Rn+1
+ ,

Û(x, η, 0) = 0 for x < 0,

lim
t→0+

t1−2s∂tÛ(x, η, t) = f̂(x, η) for x > 0.

(6.5)

There is a further reduction if we set τ = t|η|, x̃ = x|η| and then divide by |η|2.

This leads to

B(Ls) = ∂2
τ +

1− 2s

τ
∂τ + ∂2

x̃ − 1,

which is called the model Bessel operator. The boundary problem is now

B(Ls)Û(x̃/|η|, η, τ/|η|) = 0 in Rn+1
+ ,

Û(x̃/|η|, η, 0) = 0 for x̃ < 0,

lim
τ→0+

τ 1−2s∂τ Û(x̃/|η|, η, τ/|η|) = |η|2sf̂(x̃/|η|, η) for x̃ > 0.

(6.6)

We shall also consider the Dirichlet boundary problem:

B(Ls)Û(x̃/|η|, η, τ/|η|) = 0 in Rn+1
+ ,

Û(x̃/|η|, η, 0) = 0 for x̃ < 0,

Û(x̃/|η|, η, τ/|η|) = |η|2sf̂(x̃/|η|, η) for x̃ > 0.

(6.7)

This highlights the differences between the Neumann and Dirichlet Poisson extension

operators.

Now our operator is one that is independent of any parameters, as the only

dependence on η is on the right hand side of the boundary conditions. We ignore
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this parameter for now, and only at the end, when we wish to trace our steps back

to the original problem and take the inverse Fourier transform, is it important to

understand this parameter.

6.1.1 Indicial roots of B(Ls) and spectral theory

The operator B(Ls) acts on functions on Rn+1
+ . It is obviously singular at τ = 0, but

we are expecting additional singular behavior of solutions at the point {x̃ = τ = 0}

due to the jump in the boundary conditions. We resolve these latter singularities

by changing the underlying geometry, by blowing up the locus {x̃ = τ = 0}. In this

simple setting, this corresponds to replacing this point with the semicircle of inward-

pointing vectors of length one. More concretely, we introduce polar coordinates (ρ, θ)

τ = ρ sin(θ), x̃ = ρ cos(θ)

in R2
+ and then add the ‘face’ ρ = 0 to R2

+ \ {(0, 0)}. The resulting space which will

resolve the singularities of Û in (6.6), which we denote by (R2
+)0, is diffeomorphic

to S1
+ × R+.

We now transfer the problem to this space. The lift of the model Bessel operator

is

B(Ls) = ∂2
ρ +

2− 2s

ρ
∂ρ +

1

ρ2

(
∂2
θ + (1− 2s) cot(θ) ∂θ

)
− 1. (6.8)

We analyse B(Ls) by separation of variables, i.e. by looking for solutions of the

form U = R(ρ)Θ(θ). This reduces (6.8) to a family of ordinary differential equations

in ρ acting on the different eigenspaces of

Ps(θ) := ∂2
θ + (1− 2s) cot(θ)∂θ.

The spectral problem with the induced boundary conditions from the mixed problem

(6.6) is given by

Psϕ(θ) = −λϕ for θ ∈ (0, π),

lim
θ→0

θ1−2s∂θϕ(θ) = 0,

ϕ(π) = 0,

(6.9)

152



Chapter 6: Boundary Value Problems for the Fractional Laplacian

and correspondingly for the problem with Dirichlet boundary conditions (6.7) by

Psϕ(θ) = −λϕ for θ ∈ (0, π),

ϕ(0) = 0,

ϕ(π) = 0.

(6.10)

The first observation is that Ps either with Dirichlet or mixed boundary conditions at

θ = 0, π is non-positive and self-adjoint on the space H := L2
(
[0, π], sin1−2s(θ)dθ

)
.

This is easy to see by considering the bilinear form

b(u, v) := −〈Psu, v〉 = −
〈

1

sin1−2s θ
∂θ sin1−2s θ∂θu, v

〉

on H for smooth u, v such that u satisfies the relevant boundary conditions and

v(π) = 0:

b(u, v) = −
∫ π

0

(∂2
θu+ (1− 2s) cot(θ)∂θu)v sin1−2s(θ) dθ

=

∫ π

0

(∂θu)(∂θv) sin1−2s(θ) dθ −
[
(∂θu)v sin1−2s(θ)

]π
θ=0

=

∫ π

0

(∂θu)(∂θv) sin1−2s(θ) dθ.

This defines a bilinear form b on H associated to (6.10) or (6.9), depending on

the boundary conditions imposed on u. As b is symmetric and b(u, u) ≥ 0, the

operator associated to the closure of b is self-adjoint and non-negative. The space

Ḣ1([0, π], sin1−2s(θ)) is compactly embedded in H [12, Theorem 4.6] The domain of

the closure of b compactly embeds in H and by [4, Proposition 8.1.8 and Proposition

2.5.7] this operator has a compact resolvent. By [26, Theorem 6.29] it has a discrete

set of non-negative, real eigenvalues λj.

These facts are classical in the special case s = 1
2
, i.e., where Ps = ∂2

θ . Indeed,

here the eigenvalues for the Dirichlet problem are λDj = j2 with eigenfunctions

ϕDj (θ) = sin(jθ), while for the mixed problem the eigenvalues are λMj = (j + 1
2
)2

with eigenfunctions ϕMj (θ) = cos((j + 1
2
)θ).
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Fortunately, it is also possible to determine the eigendata for more general values

of s explicitly.

Lemma 6.1.1

The Dirichlet eigendata for the operator Ps on L2
(
[0, π], sin1−2s(θ) dθ

)
consists of

the eigenvalues

λD,sj = (s+ j + 1
2
)2 − (s− 1

2
)2, j ∈ N

and eigenfunctions

ϕD,sj (θ) = sins(θ)
(
π
2

cot(πs)P s
s+j(cos(θ))−Qs

s+j(cos(θ))
)
.

For the problem with mixed boundary conditions, the eigenvalues are

λM,s
j = (j + 1

2
)2 − (s− 1

2
)2 = (j + s)(j + 1− s), j ∈ N0

with eigenfunctions

ϕM,s
j (θ) = sins(θ)P s

j (cos(θ)).

Here, P s
ν and Qs

ν are the associated Legendre functions and j ∈ N0.

Proof. Writing ϕ(θ) = ψ(θ) sins(θ) gives

Psϕ = sins−2(θ)
{

sin2(θ) ∂2
θ + sin(θ) cos(θ) ∂θ − s(1− s) sin2(θ)− s2

}
ψ,

so Psϕ = −λϕ becomes

sin2(θ) ∂2
θψ + sin(θ) cos(θ) ∂θψ +

(
(λ− s(1− s)) sin2(θ)− s2

)
ψ = 0.

Changing variables to τ = cos(θ) ∈ (−1, 1), we have that

∂θψ = − sin(θ) ∂τψ , ∂2
θψ = (1− τ 2)∂2

τψ − τ∂τψ.

In these new coordinates, the eigenvalue problem becomes

(1− τ 2)∂2
τψ − 2τ∂τψ +

(
(λ− s(1− s))− s2

1− τ 2

)
ψ = 0.
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This is the associated Legendre equation, which typically is written

(1− τ 2)∂2
τψ − 2τ∂τψ +

(
ν(ν + 1)− s2

1− τ 2

)
ψ = 0.

With this notation its solutions are, by definition, the associated Legendre functions

P s
ν and Qs

ν . To match coefficients, we have ν2 + ν = λ+ s(s− 1), or equivalently

(ν + 1
2
)2 = λ+ (s− 1

2
)2. (6.11)

We have now shown that the general solution to Psϕ = −λϕ takes the form

ϕ(θ) = sins(θ) (a1P
s
ν (cos(θ)) + a2Q

s
ν(cos(θ))) .

We next determine the constraints on ν and a1, a2 so that the solution satisfies ei-

ther the Dirichlet or mixed boundary conditions. For this we require the asymptotic

expansions of the associated Legendre functions [1]. First, for θ → 0+:

P s
ν (cos θ) ∼ 2s

Γ(1− s)
θ−s(1 +O(θ2)),

Qs
ν(cos θ) ∼ 2s−1π cot(πs)

Γ(1− s)
θ−s(1 +O(θ2))− 2−s−1π(ν − s+ 1)2s

sin(πs)Γ(1 + s)
θs(1 +O(θ2)) .

Note in particular that there is no θs term in P s
ν . Similarly, for θ → π−:

P s
ν (cos θ) ∼ −2sΓ(s) sin(πν)

π
(π − θ)−s(1 +O((π − θ)2))

− 2−sΓ(−s)
Γ(−s− ν)Γ(1− s+ ν)

(π − θ)s(1 +O((π − θ)2)),

Qs
ν(cos θ) ∼ −2s−1 cos(πν)Γ(s)(π − θ)−s(1 +O((π − θ)2))

− 2−s−1(ν − s+ 1)2sΓ(−s) cos(π(ν + s))(π − θ)s(1 +O((π − θ)2)).

This last formula for Qs
ν holds when ν 6∈ Z, and will only be needed in this case.

In both of the boundary conditions we are considering, ϕ(π) = 0. Using the expan-

155



Chapter 6: Boundary Value Problems for the Fractional Laplacian

sions above, this condition is equivalent to

2s−1Γ(s)

(
2

π
sin(πν)a1 + cos(πν)a2

)
= 0. (6.12)

On the other hand, the Dirichlet condition at θ = 0 yields

2s−1

Γ(1− s)

(
2a1 + π cot(πs)a2

)
= 0. (6.13)

Taking these two equations together, we deduce that ν must be chosen so that

the system  2
π

sin(πν) cos(πν)

2 π cot(πs)

a1

a2

 =

0

0


has a nontrivial solution; equivalently, 2 sin(πν) cot(πs) = 2 cos(πν), or finally, that

in this Dirichlet case,

νD,sj = s+ j, j ∈ N0. (6.14)

As for the mixed condition at θ = 0, we compute (recalling crucially that P s
ν has

no θs term) that

θ1−2s∂θϕ(θ) ∼ (s+ ν)

(
2−sπsΓ(ν + s− 1)

sin(πs)Γ(1 + s)Γ(ν − s+ 1)

)
a2 +O(θ2−2s). (6.15)

This implies immediately that a2 = 0 since its coefficient never vanishes. The linear

system thus reduces to the single equation sin(πν) = 0, which gives

νM,s
j = j, j ∈ N0. (6.16)

We have now established that the eigenvalues of Ps are given by:λ
D,s
j = (s+ j + 1

2
)2 − (s− 1

2
)2, Dirichlet case,

λM,s
j = (j + 1

2
)2 − (s− 1

2
)2, mixed case,

j ∈ N0. (6.17)

Let us return now to the operator B(Ls). Separation of variables determines the

rates of blowup or decay of solutions to B(Ls)u = 0 as ρ → 0. Indeed, let ϕ be an
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eigenfunction with eigenvalue λ for either set of boundary conditions for Ps, that is

Psϕ = λϕ. Then for any γ ∈ R,

B(Ls)ρ
γϕ =

(
∂2
ρ +

2− 2s

ρ
∂ρ +

1

ρ2
Ps − 1

)
ργϕ

= (γ2 + (1− 2s)γ − λ)ϕργ−2 − ϕργ;

so although exact solutions are not of this simple form, this calculation indicates

the necessary condition that if a solution has an expansion with leading part ργϕ,

then necessarily the coefficient of ϕργ−2 must be 0 and thus the indicial equation

γ2 + (1 − 2s)γ − λ = 0 must be satisfied. The roots of this polynomial are called

indicial roots. We thus have that

Corollary 6.1.2

The indicial roots for B(Ls) for either of these boundary problems equal

γ±j = (s− 1
2
)±

(
(s− 1

2
)2 + λj

)1/2
,

and these reduce to:γ
±
j = 2s+ j,−j − 1, Dirichlet case,

γ±j = s+ j, s− j − 1, mixed case,

j ∈ N0.

This Corollary is the key ingredient that leads us to deduce that the solution to

B(Ls)U = 0 with either Dirichlet or mixed boundary conditions has an asymptotic

expansion near ρ = 0 given by

U ∼
∑
j

cjρ
λjϕj

where λj = λD,sj or λM,s
j and ϕj = ϕD,sj or ϕM,s

j respectively.
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6.2 Edge Calculus

In this section, we want to put the problem studied in the previous section into a

framework suitable for singular spaces. We do this in the manner of singular analysis

as studied in [34, 35, 42]. See [17] for a more comprehensive introduction to this.

The operator B(Ls) is a particularly simple example of an elliptic “incomplete

iterated edge operator”. This terminology is motivated as follows. Recall first that

the key example of an elliptic incomplete edge operator is the Laplacian on a cone

C(Z) over some compact manifold Z, which is called the cross-section of the cone,

or slightly more generally, on the product of this cone with a Euclidean space,

C(Z) × Rk. More generally still, the cone can be replaced by a Riemannian space

with isolated conic singularities, and the product can be replaced by a fibration by

conic spaces over a smooth base manifold. This class of operators is analyzed in

detail in [34]. The extra qualifier ‘iterated’ refers to the fact that the cross-section

Z is no longer a closed manifold, but can be a more general stratified space. In

the present example, Z is just the interval [0, π] and the fibration is the trivial one

over a point. Finally, the qualifier ‘incomplete’ means simply that these operators

correspond to Laplacian-type operators for incomplete metrics.

In our analysis below, it is important to understand the global behavior of B(Ls)

on the entire space (R2
+)0. This is because when we rescale back, reinserting the

η dependence, we shall need to understand precise behavior both as η → ∞ and

η → 0.

It is proved in [34] that B(Ls) is Fredholm as a map between weighted L2 spaces,

when the weight lies in an interval determined from the indicial roots (see Corollary

6.1.2 and below). We write its inverse as B(Gs) and the inverse to Ls as Gs.

Eventually we want to translate the results for the solution operator to the

degenerate local problems in Rn+1
+ into a detailed analysis of the solution operator to

the fractional Laplace problem (6.1). In other words, we aim to understand the fine

properties of the inverse of the appropriate Dirichlet-Neumann operator for (6.2).

To do so, the analysis of the extended problem given by Ls, needs to be combined

with an understanding of extension operators from Rn to Rn+1
+ (i.e. from t = 0 to

t > 0). The goal of the theory described in what follows is the generalisation of the

model problem in a half-space to a general smooth domain Ω. This theory is valid
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on the level of conormal distributions, but we would further want to understand this

question on different function spaces.

6.2.1 Extension operators and homogeneous boundary prob-

lems

For j ∈ N0 we label the indicial roots for Dirichlet resp. mixed boundary problem

by γDj resp. γMj and study the four closely related problems

B(Ls)Ũ(ρ, θ) = 0, Ũ(ρ, 0) = ργ
D
j , Ũ(ρ, π) = 0, (6.18a)

B(Ls)Ũ(ρ, θ) = 0, lim
θ→0

θ1−2s∂θŨ(ρ, 0) = ργ
M
j , Ũ(ρ, π) = 0, (6.18b)

and

B(Ls)Ũ(ρ, θ) = F̃ , Ũ(ρ, 0) = 0, Ũ(ρ, π) = 0, (6.19a)

B(Ls)Ũ(ρ, θ) = F̃ , lim
θ→0

θ1−2s∂θŨ(ρ, 0) = 0, Ũ(ρ, π) = 0. (6.19b)

The Schwartz kernel for (6.18a) directly transfers, by rescaling and inverse Fourier

transform, to the Schwartz kernel for the original operator u 7→ ∆su, while that

for (6.18b) leads to the Schwartz kernel of the inverse map f 7→ u where ∆su = f .

These two problems are studied in turn using the solution operators for the problems

(6.19a) and (6.19b). Indeed, given the inverses B(G1
s), B(G2

s) for (6.19a), (6.19b),

we solve (6.18a), (6.18b) as follows. First choose a cutoff function χ(θ) which is

nonnegative, equals 1 for θ < π/8 and vanishes for θ > π/4. Next define Fa(ρ, θ) :=

B(Ls)χ = ρ−2Psχ(θ)−χ(θ), where Ps = ∂2
θ + (1−2s) cot(θ) ∂θ. Notice that Fa = 0

for θ > π/4 and Fa = −1 for θ < π/8. Then the solution to (6.18a) is

Ũa = ργ
D
j χ(θ)−G1

s(Fa)(ρ, θ).

Similarly, defining Fb(ρ, θ) := B(Ls)(ρ
γMj θ2sχ(θ)), then the solution to (6.18b) is

Ũb = ργ
M
j θ2sχ(θ)−G2

s(Fb)(ρ, θ).

159



Chapter 6: Boundary Value Problems for the Fractional Laplacian

These reductions show that it is sufficient to determine the operators Gi
s and then

their sharp mapping properties.

Work on general extension operators is still in progress, but the above suffices

for the study of asymptotic expansions.

6.2.2 The inverse of B(Ls)

We now return to the central problem of solving B(Ls)u = f with mixed or Dirichlet

homogeneous boundary conditions, where we have for notational simplicity substi-

tuted u, f for Ũ , F̃ .

Reducing to the jth eigenspace of Ps, this problem reduces to one of solving each

of the ordinary differential equations B(Ls)juj = fj where

B(Ls)j = ∂2
ρ +

2− 2s

ρ
∂ρ −

(
λj
ρ2

+ 1

)

and λj = λM,s
j or λD,sj . On the level of Schwartz kernels, this amounts to writing

u(ρ, θ) =

∫
B(Gs)(ρ, ρ̃, θ, θ̃)f(ρ̃, θ̃)ρ̃ dρ̃dθ̃, (6.20)

where

B(Gs) =
∑
j

B(Gs)j(ρ, ρ̃)ϕj(θ)ϕj(θ̃) (6.21)

is the Schwartz kernel for the inverse of the jth one-dimensional problem.

We can write B(Gs)j explicitly using the explicit solutions

ρs−
1
2 Iνj(ρ)ϕj(θ) and ρs−

1
2Kνj(ρ)ϕj(θ)

to B(Ls)juj = 0, where νD,sj = s+ j + 1
2

and νM,s
j = j + 1

2
. Here Iν and Kν are the

Macdonald functions (Bessel functions of imaginary argument); these satisfy

Iν(ρ) ∼ ρν , ρ↘ 0, Iν(ρ) ∼ ρ−1/2eρ, ρ↗∞,

Kν(ρ) ∼ ρ−ν , ρ↘ 0, Kν(ρ) ∼ ρ−1/2e−ρ, ρ↗∞.
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In terms of these solutions,

B(Gs)j(ρ, ρ̃) = (ρρ̃)s−
1
2

(
H(ρ̃− ρ)Iνj(ρ)Kνj(ρ̃) +H(ρ− ρ̃)Kνj(ρ)Iνj(ρ̃)

)
. (6.22)

The expression (6.21) does establish the existence of the inverse, but is not

effective in establishing the sharp pointwise and asymptotic regularity theory that

is needed. Note that the asymptotic information for the functions Iν and Kν are

not uniform as ν →∞. There do exist some recent and relatively difficult estimates

which do exhibit dependence on ν, but it is simpler to follow another route, using

geometric microlocal methods. We explain the strategy for such a route, but the

details are work in progress.

Before explaining these, first note that (6.21) and the asymptotics of the func-

tions Iν and Kν seem to indicate that

λ 7→ B(Gs)(λρ, θ, λρ̃, θ̃)

decreases exponentially when ρ 6= ρ̃. This is clearly valid for each j, but as just

noted, the estimate is not uniform in j, so it would take more work to establish this

for the infinite sum. Similarly, considering each B(Gs)j in a strip ρ < 1, ρ̃ ≥ 2,

we see that these summands have an expansion as ρ → 0 with coefficients which

decay exponentially in ρ̃, and similarly in the region ρ̃ ≤ 1, ρ ≥ 2. Unfortunately,

none of these heuristics provide any compelling evidence for the behavior of B(Gs)

as ρ = ρ̃ → ∞, θ 6= θ̃. These asymptotics are important because our study of the

Schwartz kernel of the operator Gs corresponding to the inverse problem u = Gsf

relies on the integral

Gs(r, θ, r̃, θ̃, y − ỹ) =

∫
Rn−1

ei(y−ỹ)·ηB(Gs)(r|η|, θ, r̃|η|, θ̃)(r|η|)p dη

and we require some sort of decay estimates to understand this integral (here p is

some exponent yet to be determined).

With this preamble, let us now turn to an explanation of the methods needed

to obtain these asymptotics. Our main claim is that, apart from its standard pseu-

dodifferential singularity along the diagonal {ρ = ρ̃, θ = θ̃}, the lift of B(Gs) to a
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certain resolution of (R+× [0, π])2 is polyhomogeneous at all boundaries and decays

exponentially as ρ and ρ̃ tend to infinity in certatin asymptotic regions.

By definition, this resolved space, which will be denoted by Z2
iie, is obtained from

(R+ × [0, π])2 by a sequence of three blowups. In the first, we blow up the fiber

diagonal

fdiagb = {ρ = ρ̃ = 0}.

The notation suggests that this is the standard b-blowup, or intuitively that the

map preserves smoothness up to the boundary (see [34] for more details). It would

be the only blowup needed if we were considering the simpler case θ ∈ S1 rather

than θ ∈ [0, π]. To understand behaviour as either θ or θ̃ approach the boundaries

of this interval, we blow up the two submanifolds

diag0,0 := {θ = θ̃ = 0, ρ = ρ̃} t diagπ,0 := {θ = θ̃ = π, ρ = ρ̃}.

The first index on the left in each definition indicates the boundary (θ = 0 or π) and

the second indicates that this is the standard blowup in the 0-calculus. We write

this iterative process as

Z2
iie =

[
Z2; fdiagb; diag0,0 t diag0,π

]
.

This space is a manifold with corners. Each blowup produces a new boundary

hypersurface, and we call these the ‘front faces’ of Z2
iie. Thus the face associated to

the first blowup is denoted ff̂ρ and the other two faces are written ff̂θ = ˆffθ,0 t ˆffθ,π.

We now introduce coordinates near these front faces. This is easiest to do using

projective coordinates; polar coordinates are better in that they are fully nonsingular

on Z2
iie, but lead to very messy formulas. Near ff̂ρ we use ρ̃ and R = ρ/ρ̃. These

are singular near the face ρ̃ = 0, but are smooth up to ff̂ρ. Indeed, this front face is

defined by ρ̃ = 0, and has induced coordinates (R, θ, θ̃). For the second blowup, near

ffθ,0, we take θ̃ as a defining function, and ω = θ/θ̃ and S = (R − 1)/θ̃. Thus ffθ,0

is defined by θ̃ = 0 and has induced coordinates ω, S and ρ̃. The description near

ffθ,π is similar. The two θ-diagonals, ffθ,0 and ffθ,π intersect ffρ at the submanifolds

{R = 1, θ = θ̃ = 0} and {R = 1, θ = θ̃ = π}. Thus ffρ has two extra boundary faces

162



Chapter 6: Boundary Value Problems for the Fractional Laplacian

obtained by blowing up these submanifolds:

ffρ = [[0,∞]R × [0, π]2; {R = 1, θ = θ̃ = 0} t {R = 1, θ = θ̃ = π}].

The first key advantage of this definition is that the full diagonal in Z2 lifts to

a submanifold diagiie ⊂ Z2
iie which intersects each of these front faces transversely,

at the submanifolds {R = 1, θ = θ̃} and {ω = 1, S = 0}, respectively. This makes

it possible to describe the pseudodifferential singularity along diagiie as being ‘ex-

tendible’ across these three front faces.

Next, consider the lift of B(Ls) to Z2
iie from the left. This can be computed in

any of the coordinate systems above. In particular, near ffρ,

B(Ls) = ρ̃−2

(
∂2
R +

2− 2s

R
∂R +

1

R2
Ps − 1

)
.

Near ffθ,0, it takes the form

(ρ̃θ̃)−2

(
∂2
S +

2− 2s

S
∂S +

1

S2

(
∂2
ω + (1− 2s) θ̃ cot(θ̃ω)∂ω

)
− 1

)
.

Removing the singular prefactors, we see that these expressions restrict to these two

front faces as:

B(Ls)|ffρ =

(
∂2
R +

2− 2s

R
∂R +

1

R2
Ps

)
, and

B(Ls)|ffθ,0 =

(
∂2
S +

2− 2s

S
∂S +

1

S2

(
∂2
ω + (1− 2s)

1

ω
∂ω

))
.

We shall sketch the idea for the construction of the inverse for B(Ls) below, but

we note that the motivation for these constructions is that each of these restricted

problems on each front face is of a simpler type that we know how to solve already

by [34]. The result we are claiming is the following:

Property 6.2.1

The distribution B(Gs) lifts to Z2
iie to have the following structure: It has a pseu-

dodifferential singularity of order −2 along the lifted diagonal; this singularity is

extendible across the union of the front faces. This lift is also polyhomogeneous at

163



Chapter 6: Boundary Value Problems for the Fractional Laplacian

all boundary faces. Furthermore, the coefficients of the expansion of B(Gs)(ρ, θ, ρ̃, θ̃)

as ρ→ 0 decrease exponentially as ρ̃→∞, and similarly for ρ̃→ 0 and ρ→∞.

To show this one would need to proceed in the spirit of [34], by constructing a

parametrix for B(Ls), the Schwartz kernel of which is in the iterated edge calculus

on Z2
iie. This parametrix shows that B(Ls) is Fredholm on certain weighted spaces,

and we can then improve it to an exact generalized inverse, which is also in the

iterated edge calculus. What remains is to then examine the decay properties of

this generalised inverse along various rays.

More concretely, this is done by addressing the problem of solving the equation

B(Ls)H = Id

on the level of Schwartz kernels and its restriction to the various faces.

We make a note here, that it is a misnomer to talk about “the inverse” of B(Ls)

for the simple reason that this omits mention of which function spaces are being

used. The approach above is very well adapted to L2 and with a bit more work,

to L2-based Sobolev spaces. As is well-known, for degenerate operators such as

B(Ls), it is often necessary to work not just on L2, but on weighted analogues of

these spaces, e.g. ρδL2 for various δ ∈ R. Then B(Ls) is invertible for certain

weights, but only Fredholm for other weights, and for a certain exceptional set of

‘bad weights’ is not even Fredholm. Unfortunately, the representations of the Green

function above are poorly adapted to understanding mapping properties for other

regularity types, e.g. weighted Hölder spaces. The geometric microlocal approach

treats those more easily.

6.2.3 Outlook: Function spaces and mapping properties

The spaces on whichB(Ls) acts naturally are determined by its degenerate structure.

To describe this, we observe that

ρ2 sin2(θ)B(Ls) = (sin(θ)ρ∂ρ)2 + (1− 2s) sin(θ)(sin(θ)ρ∂ρ) + (sin(θ)∂θ)
2

− 2s cos(θ)(sin(θ)∂θ)− ρ2 sin2(θ)
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is a “complete” iterated edge operator: it is locally a sum of smooth multiples of

the vector fields sin(θ)ρ∂ρ and sin(θ)∂θ. Observe that these form a basis (over C∞)

of the space of vector fields on [0, π] × R+ which are tangent to ρ = 0 and which

vanish at θ = 0, π. Much will be made of this structure below. This is commonly

called a b-structure near ρ = 0 and a 0-structure near the other two boundaries.

We consider Sobolev and Hölder spaces based on these vector fields. First, for

k = 0, 1, 2, . . .,

Hk
ie([0, π]× R+) = {u ∈ L2 : (sin(θ)ρ∂ρ)

j(sin(θ)∂θ)
`u ∈ L2(ρdρdθ), j + ` ≤ k}.

The spaces Hs
ie where s is non-integral or negative can be defined by interpolation

and duality. Similarly,

Ck,αie ([0, π]× R+) = {u ∈ Ck,αie : (sin(θ)ρ∂ρ)
j(sin(θ)∂θ)

`u ∈ C0,α
ie j + ` ≤ k},

where u ∈ C0,α
ie means that sup |u| ≤ C and,

sup
|u(ρ, θ)− u(ρ′, θ′)||(ρ+ ρ′)α(sin θ + sin θ′)α

(θ + θ′)|ρ− ρ′|α + (ρ+ ρ′)α|θ − θ′|α
< C .

For any given γ, γ′, δ, δ′ ∈ R we also define the weighted spaces

ρδ(sin θ)δ
′
Hs

ie, ργ(sin θ)γ
′Ck,αie .

We now define spaces ρδ(sin θ)δ
′
Hs

ie−u and ργ(sin θ)γ
′Ck,αie−u by the requirement that

u lies in one of these spaces if χu lies in ρδ(sin θ)δ
′
Hs

ie and ργ(sin θ)γ
′Ck,αie respectively.

Here, χ ∈ C∞ is a nonnegative cutoff function which equals 1 for ρ ≤ 10 and vanishes

for ρ ≥ 20, while (1 − χ)u lies in the ordinary unweighted Hs or Ck,α spaces, i.e.,

satisfies the appropriate estimates uniformly for ρ ≥ 10.

It is clear from these definitions that the maps

B(Ls) : ρδ(sin θ)δ
′
Hs

ie−u −→ ρδ−2(sin θ)δ
′−2Hs−2

ie−u ,

B(Ls) : ργ(sin θ)γ
′Ck,αie−u −→ ργ−2(sin θ)γ

′−2Ck−2,α
ie−u ,

(6.23)

are bounded for every set of weight parameters and every s, k. However, it is easy
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to check that for many values of weight parameters these maps do not have closed

range. Indeed, this is the case when δ = 2s + j + 1 or −j, j ∈ N0 when Dirichlet

conditions are imposed at the sides, and δ = s + j + 1, s − j in the case of mixed

conditions, and similarly, when γ = 2s+ j or −j − 1, or γ = s+ j, −j − 1.

Using arguments from Mazzeo and Montcouquiol in [36], in work in progress we

show that the solution operator to (6.6) is Fredholm in appropriate weighted function

spaces with non-indicial weights, and that the integral kernel of the solution operator

lifts to a conormal distribution on the blown up space. From this it follows that

solutions to (6.1) with f ∈ C∞(Ω) are in dsC∞(Ω), cf. [18, 47].

6.3 Model problem for polyhedral domains

In this last section we discuss the model problem for a polyhedral domain. Here,

the original problem is given by

(−∆)su = f in Ω ⊆ Rn,

u = 0 in Rn \ Ω,

(6.24)

with Ω some domain with corners. A full development of Section 6.2 would be able

to extend these results to the original Dirichlet problem.

6.3.1 Edge Singularities

Localisation near a smooth point of the boundary reduces this case to a half-space

problem. This is identical to the discussion near the boundary of a smooth domain,

see Section 6.1. We conclude that solutions near a smooth boundary point have

an asymptotic expansion in terms of ρλjϕj(θ), where ρ and θ are the usual polar

coordinates.

6.3.2 Corner singularities in 2 dimensions

Let us now examine the model case for a corner of opening angle β, with the model

geometry shown in Figure 6.3.2.
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Figure 6.2: Model geometry for the corner problem.

We parametrise the domain using spherical coordinates, by

t = ρ cos(θ), x = ρ sin(θ) cos(φ), y = ρ sin(θ) sin(φ).

Remark 6.3.1. We note that this is akin to blowing up the full t−axis, which would

cause problems at θ = 0. We are, however, blind to these singularities for the

purposes of studying the behaviour near the equator, and thus such a choice of

coordinates does not affect the present discussion.

The lift of the Ls operator is given by

L̃sU(ρ, θ, φ) = ∂2
ρU +

3− 2s

ρ
∂ρU +

1

ρ2
(∆θ,φU + (1− 2s) tan(θ)∂θU)

where

∆θ,φU =
1

sin(θ)
∂θ(sin(θ)∂θU) +

1

sin2(θ)
∂2
φU

is the Laplace-Beltrami operator on S2.

We adopt a similar technique as before; denote the operator in parentheses by

P̃s(θ, φ) and notice that

L̃sU = ∂2
ρU +

3− 2s

ρ
∂ρU +

1

ρ2
P̃s(θ, φ).
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We are again seeking solutions using separation of variables. This is equivalent to

taking the Mellin transform, defined by

{Mf}(λ) =

∫ ∞
0

rλ−1f(r) dr.

We obtain the spectral problem

P̃s(θ, φ)Û = −µ2Û in S2
+,

lim
θ→π

2

(π
2
− θ
)1−2s

∂θÛ = 0 for φ ∈ (0, β),

Û = 0 for θ =
π

2
, φ /∈ (0, β).

(6.25)

Here we denote Mρ→λU = Û and set µ2 = λ2 + (2− 2s)λ.

We define similarly to above a bilinear form b(u, v) := −〈P̃su, v〉 on H :=

L2
(
S2

+, cos1−2s(θ)dS
)

for smooth u, v, requiring that u satisfies the mixed bound-

ary conditions and v = 0 for θ = π/2, φ /∈ (0, β). We denote by Ps the operator

associated to the closure of b. We can deduce

Lemma 6.3.2

The operator Ps(θ, φ) is self-adjoint and nonpositive in H := L2
(
S2

+, cos1−2s(θ)dS
)

with discrete spectrum. The eigenvalues −µ2 determine the corner exponents λ via

µ2 = λ2 + (2− 2s)λ.

This follows similarly to above, where now the associated bilinear form can be

simplified to

b(u, v) =

∫
S2
+

sin(θ) cos1−2s(θ)(∂θu)(∂θv) +
cos1−2s(θ)

sin(θ)
(∂φu)(∂φv) dθdφ.

We solve a similar and more general problem in what follows, so skip the details of

this proof for now.

The solutions Ûj to (6.25) are not smooth, as they exhibit singularities as θ →

π/2 where there is a jump in the boundary conditions. To understand this behaviour

we focus near the jump at (θ, φ) = (π/2, 0) (a similar discussion is valid for φ = β)
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and make another change of variables by

π

2
− θ = r sinω, φ = r cosω.

Under these transformations near the point of the singularity, P̃s is of the form

∂2
r +

2− 2s

r
∂r +

1

r2

(
∂2
ω + (1− 2s) cot(ω)∂ω

)
up to terms that vanish at r = 0 and do not affect the singular exponents. This

is precisely the operator that was studied for the edge singularities in the previous

section, implying by [37] that near r = 0 the solutions Ûj to the spectral problem

(6.25) have an asymptotic expansion

Ûj ∼
∑
k

lk∑
l=0

cj,k,lr
s+k log(r)lϕM,s

k

where lk depends on the multiplicity of the corresponding indicial root.

6.3.3 Corner singularities of higher co-dimension

Here, we consider the model problem for a corner of arbitrary co-dimension.

Following suit from the sections leading up to this, we consider the harmonic

extension of u(X), which we denote by U(x0, X). This now gives rise to the degen-

erately elliptic boundary value problem equivalent to (6.24) given by

LsU(x0, X) = x2s−1
0 ∇ · (x1−2s

0 ∇U(x0, X)) = 0 in R+ × Rn,

U(0, X) = 0 in Rn \ Ω,

− lim
x0→0+

x1−2s
0 ∂x0U(x0, X) = f(X) in Ω,

(6.26)

where we require that U ∈ H1,2(Rn+1
+ , x1−2s

0 ).

Without loss of generality, we place the corner of interest at the origin. The

operator Ls is singular at x0 = 0, and we further expect that it is singular as

this corner is approached from all directions. In order to better illustrate these

singularities, we modify the geometry at the corner by blowing up the locus at the
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origin by replacing it with a hemisphere of inward pointing vectors of length one.

Explicitly, in a neighbourhood of the corner we introduce spherical coordinates

(r, φ1, . . . , φn) =: (r, φ1,Φ2) ∈ R+ × [0, π
2
]×G by

x0 = r cos(φ1)

x1 = r sin(φ1) cos(φ2)

x2 = r sin(φ1) sin(φ2) cos(φ3)

...

xn−1 = r sin(φ1) · · · sin(φn−2) cos(φn)

xn = r sin(φ1) · · · sin(φn−1) sin(φn)

where G ⊂ Sn−1 is specified according to the corner. Once again, the use of spherical

coordinates at this point results to an unwanted blowup, which however does not

affect our discussion (see Remark 6.3.1).

In these new coordinates, we obtain the modified Ls:

LsU = (r cosφ1)2s−1(∇(r cosφ1)1−2s) · ∇U + ∆U

= (
1− 2s

r
∂rr̂ −

1− 2s

r
tanφ1∂φ1φ̂1) · ∇U + ∆U

=
1− 2s

r
∂rU −

1− 2s

r2
tanφ1∂φ1U + ∆U.

The spherical Laplacians in n+ 1 dimensions is explicitly given by

∆U(r, φ) = r−n∂r(r
n∂rU) + r−2∆SnU

where ∆Sn is the Laplace-Beltrami operator. Under these transformations, we obtain

LsU(r, φ) = ∂2
rU +

n+ 1− 2s

r
∂rU +

1

r2
(∆SnU + (1− 2s) tan(φ1)∂φ1U) . (6.27)
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Remark 6.3.3. The Laplace-Beltrami operator can be defined iteratively by

∆Sn = sin1−n φ1∂φ1
(
sinn−1 φ1∂φ1

)
+ sin−2 φ1∆Sn−1 .

Expanding the above form shows that it can be expressed by

∆Sn =
n−1∑
k=1

1∏k−1
i=1 sin2 φ1

sink−n φk∂φk(sin
n−k φk∂φk) +

1∏n
i=1 sin2 φi

∂2
φn .

Even though this form is not particularly illuminating, it will prove useful for explicit

calculations.

Define Ds := ∆Sn + (1− 2s) tan(φ1)∂φ1U . LsU = 0 gives

r2∂2
rU + (n+ 1− 2s)r∂rU = −DsU.

Similarly to the 1-dimensional case, we see that we can reduce this problem using

separation of variables in the radial and angular directions, or equivalently taking

the Mellin transform Mr→λU = û. This gives the eigenvalue problem

Dsû = −µ2û φ ∈ Sn+

lim
φ1→π

2

(π
2
− φ1

)1−2s

∂φ1û = 0 Φ2 ∈ G

û = 0 Φ2 ∈ Sn−1 \G, φ1 =
π

2

(6.28)

with µ2 = λ2 + (n− 2s)λ, Φ2 := (φ2, . . . , φn).

As above, we define a bilinear form on H := L2(Sn+, cos1−2s φ1dS) associated

to (6.28) given by b(u, v) = −〈Dφu, v〉 for u satisfying the boundary conditions of

(6.28) and v vanishing on {π
2
} × Sn−1 \G. We denote by Ds the closure of b.

Proposition 6.3.4

The operator Ds is a negative, self-adjoint operator in H = L2(Sn+, cos1−2s φ1dS)

with discrete spectrum. The eigenvalues −µ2 determine the corner exponents λ via

µ2 = λ2 + (n− 2s)λ.

Proof. We have that dS =
∏n−1

j=1 sinn−j φjdφ1 . . . dφn, and we define the weight
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w(φ1) := cos1−2s φ1 . For v satisfying the boundary conditions, we have that

b(u, v) =

∫
Sn+

(Dsu)v wdS

=

∫
Sn+

(∆Snu+ (1− 2s) tanφ1∂φ1u) v
1

sinn−1 φ1

wdS

=

∫
Sn+

(
∂φ1
(
sinn−1 φ1∂φ1u

)
+ (1− 2s) tanφ1∂φ1u

)
v

1

sinn−1 φ1

wdS+

+

∫
Sn+

sin−2 φ1 (∆Sn−1u) v wdS

=−
∫
Sn+

∂φ1u∂φ1v wdS +

∫
Sn+

1

sin2 φ1 sin2 φ2

(∆Sn−2u)v wdS

+

∫
Sn+

sin−2 φ1w
(
∂φ2(sin

n−2 ∂φ2u)
) 1

sinn−2 φ2

dS

=−
∫
Sn+

[
(∂φ1u)(∂φ1v) +

n∑
i=2

(∂φiu)(∂φiv)

(
i∏

j=2

1

sin2 φj−1

)]
wdS.

As above, we conclude that this is self-adjoint and has discrete spectrum.

From this it also follows that the smallest eigenvalue µ0 satisfies

µ2
0 = min

||v||H=1
b(v, v) > 0 (6.29)

which implies that

Corollary 6.3.5

The smallest eigenvalue µ2
0 is a decreasing function of G in the sense that if G1 ⊆ G2,

µ2
0G2
≤ µ2

0G1

where µ0Gj
is the eigenvalue corresponding to Gj for j = 1, 2. Consequently, the

smallest corner exponent λ0 is a decreasing function of G too.

Proof. Consider G1, G2 ⊂ Rn such that G1 ⊆ G2. This means that Rn\G2 ⊆ Rn\G1
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and as a result

min
v:||v||H(G2)

=1
b(v, v) ≤ min

v:||v||H(G1)
=1
b(v, v)

where H(Gj) is the domain corresponding to Gj for j = 1, 2. By (6.29), this implies

that µ2
0 is a decreasing function of G.

That this property carries over to λ0 can be seen from the fact that µ2 = λ2 +

(n− 2s)λ is a monotone relation for n ≥ 2.

Thus the solutions U near the corner have an asymptotic expansion in terms

of rλj ûj(φ), where λj and ûj are the eigenvalues and eigenfunctions of the spectral

problem (6.28).

6.3.4 Singularities from the mixed boundary conditions

The jump at the boundary conditions and the singular behaviour of tanφ1 at φ1 =

π/2 suggest that the eigenfunctions ûj of (6.28) exhibit singularities as φ1 → π/2.

We study what happens locally by studying the local behaviour of each of the terms

of Dsu = sin1−n φ1∂φ1(sin
n−1 φ1u) + 1

sin2 φ1
∆Φ2u+ (1− 2s) tanφ1∂φ1u as φ1 → π

2
−.

First, we have

sin1−n φ1∂φ1(sin
n−1 φ1u) = ∂2

φ1
u+ (n− 1) cotφ1∂φ1u =: ∂2

φ1
u+R1.

where R1 is of lower order since cotφ1 vanishes as φ1 → π
2
−.

Next,

1

sin2 φ1

∆Φ2u = ∆Φ2u+

(
1

sin2 φ1

− 1

)
∆Φ2u =: ∆Φ2u+R2

where R2 is of lower order as
(

1
sin2 φ1

− 1
)

vanishes in the desired limit.

Finally in the same manner we have

tanφ1∂φ1u =
1

π
2
− φ1

∂φ1u+

(
tanφ1 +

1

φ1 − π
2

)
∂φ1u =:

1
π
2
− φ1

∂φ1u+R3

where R3 vanishes linearly and is consequently of lower order.
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Setting R := R1 +R2 +R3 we conclude that

Dsu = ∂2
φ1
u+ ∆Φ2u+

1− 2s
π
2
− φ1

∂φ1 +R

in the desired region, where R is a first order operator in the algebra of differential

operators tangent to the equator φ1 = π/2.

We focus in an open neighbourhood of the jump at φ1 = π
2
,Φ2 = 0 and again

change the geometry by blowing up the locus. We similarly introduce the new

coordinates by

π

2
− φ1 = ρ cos(ω1)

φ2 = ρ sin(ω1) cos(ω2)

...

φn−1 = ρ sin(ω1) · · · cos(ωn−1)

φn = ρ sin(ω1) · · · sin(ωn−1)

with (ρ, ω1, . . . , ωn−1) ∈ R+ × [0, π
2
] × G̃ where G̃ ⊂ Sn−2 is the intersection of G

with the equator at φ1 = π/2.

We can thus see that to leading order, Ds is given by

D̃u = ∂2
ρu+

n− 2s

ρ
∂ρu+

1

ρ2
(∆Sn−1 + (1− 2s) tanω1∂ω1u)

in these new coordinates.

We see that this is analogous to the operator Ls as shown in (6.27), in one

dimension lower. It is thus possible to describe the singular behaviour of the ûj at

the jump at φ1 = π/2 in (6.30) to leading order by studying the original problem

(6.24) in one dimension lower.

The spectral data for the problem of codimension 1 are described in Lemma

6.1.1, and we have shown in Section 6.3.2 that the problem of codimension 2 can be

described up to lower order in terms of the eigenfunctions in Lemma 6.1.1. The trace
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of ûj is smooth when Φ2 is away from the edges and consequently the singularities

at Φ2 /∈ ∂G of the extended problem (6.26) are irrelevant to the original problem

(6.24). It thus follows that the singular behaviour of the ûj near the corner is given

by

ûj ∼
∑
k,l

rλj log(r)lΘj,k(φ) (6.30)

where Θj,k(φ) has an asymptotic expansion containing all the singularities up to the

corner of codimension n, and λj is determined from the last spectral problem (6.28)

by µ2 = λ2 + (n− 2s)λ.
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Outlook

This thesis is centred around two main problems: one pertaining to boundary value

problems relating to the fractional Laplacian in piecewise smooth domains, and one

to the magnitude of metric spaces for Euclidean domains or compact manifolds with

boundary.

For the former, we solve a problem in model geometry, and outline how one

can address the general case, but the technical details remain work in progress.

Questions concerning the mapping and Fredholm properties remain to be clarified.

A key ingredient is the analysis of suitable extension operators from the boundary to

the half-space. Eventually, with the development of this approach one would hope

to relate the function spaces used by Hörmander and later Grubb, to the language

of edge pseudodifferential calculus. Our approach therefore connects their work to

the language of modern pseudodifferential approaches to singular analysis.

The results for magnitude introduce semiclassical methods for the analysis of

nonlocal boundary problems, which here allowed to calculate explicit asymptotic

expansions. The developed methods may be relevant to study other nonlocal mini-

mization problems, as outlined in Section 2.4.

A number of open questions remain for the magnitude of manifolds, particularly

if condition (MR) is not satisfied. We mention one specific open problem which

arose in recent work [3], concerning the precise structure of the weight distribution,

more specifically to the study of

∫
X

e−Rd(x,y)uR(y)dy = 1. (7.1)
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Consider the case X ⊆ Rn. Corollary 4.1.32 implies that for any compact K ⊆

X◦ and N > 0, there is a constant C > 0 such that∣∣∣∣uR(x)− Rn

n!ωn

∣∣∣∣ ≤ C(1 +R)−N ∀x ∈ K.

Even more precisely, by Theorem 4.3.11 there is a distribution u∂,R supported on

∂X such that for any ϕ ∈ C∞(X),

∫
X

uR(x)ϕ(x)dx =
Rn

n!ωn

∫
X

ϕ(x)dx+

∫
∂X

u∂,R(x)ϕ(x)dS(x) +O(R−∞), (7.2)

as R → +∞. Can more precise information be prescribed? For instance, can

we asymptotically write uR =
∑∞

j=0R
n−juj + O(R−∞) where u0 = 1

n!ωn
and uj ∈

Ḣ−µ(X) is supported on ∂X or has some prescribed type of singularity on ∂X?
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Appendix for Chapter 4

In this appendix, we write N for the set of natural numbers with 0.

A.1 Inverting Q in an extended Boutet de Monvel

calculus

In this Appendix we prove Theorem 4.3.9. More generally, we discuss the magnitude

operator ZX(R) in the context of general techniques which have been developed

for elliptic pseudodifferential boundary problems. While ZX(R) is not always a

pseudodifferential operator, for distance functions having property (MR), Theorem

4.3.5 shows that ZX(R) closely relates to the pseudodifferential operator QX(R).

While there is an extensive theory for boundary problems for elliptic differential

operators, developed over many decades, boundary problems for pseudodifferential

operators pose severe difficulties since the operators are nonlocal. Much of the

recent study was motivated by fractional powers of the Laplacian. In particular, for

a larger class of operators pseudodifferential methods were developed starting with

[19], under the assumption that the operator satisfies a µ-transmission condition at

the boundary. They allowed to show, for example, regularity results for solutions of

elliptic Dirichlet problems and integration by parts formulas. A basic observation is

that such problems could be reduced to problems in the Boutet de Monvel calculus,

originally developed for differential boundary problems [19]. While the results in

this Appendix are not directly used in this thesis, they complement the specific

analysis of Z(R) by results and challenges for a large class of related problems. We
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refer to [18, 19] for further context and notation.

As the techniques are local, it is sufficient to prove Theorem 4.3.9 for X ⊂⊂ Rn.

Consider the Dirichlet problem

r+PRuR = f in X

uR = 0 in Xc .

(A.1)

Generalizing QX(R), here PR is a parameter dependent, classical pseudodifferential

operator on X which is elliptic of order −m = −n − 1, of type −m/2 and has

factorization index −m/2. We make the further assumption that it is of infinite

regularity.

We reduce (A.1) to a problem of type and order 0 in the Boutet de Monvel

calculus, where a parametrix can be constructed using classical techniques. The

reduction relies on the following operators to raise the order of PR, while preserving

support in X, see [19, Section 2.5]:

Definition A.1.1. For l ∈ 1
2
Z, define λl± ∈ Ψl

cl(Rn; Γ)

λl−(ξ, R) =

(
〈ξ′, R〉ψ

(
ξn

b〈ξ′, R〉

)
− iξn

)l
, λl+(ξ, R) = λl−(ξ, R) .

Here ψ ∈ S(R) with suppF−1ψ ⊂ R− and ψ(0) = 1, and b ≥ 2 sup |∂tψ(t)|. We set

Λl
±,R := Op

(
λl±(ξ, R)

)
.

The symbols λl± are uniformly parameter-elliptic on Rn × Rn+1
+ of order l, and

they are of factorization index and type l, respectively 0.

Composition of (A.1) on the left with r+Λ
m
2
−,Re+ gives

r+Λ
m
2
−,Re+r+PRuR = r+Λ

m
2
−,RPRuR = r+Λ

m
2
−,Re+f.

Letting vR := r+Λ
−m

2
+,RuR, equivalently uR = Λ

m
2

+,Re+vR, and denotingAR := Λ
m
2
−,RPRΛ

m
2

+,R

gives the following problem for vR:

r+ARe+vR = r+Λ
m
2
−,Re+f in X

vr = 0 in M \X.
(A.2)
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We next show that (A.2) is a problem in the Boutet de Monvel calculus, based

on arguments in [19, Section 2.5]:

Proposition A.1.2

The operator AR is an elliptic parameter-dependent pseudodifferential operator of

order, type, and factorization index 0.

Using a parametrix constructed in this calculus, one recovers the solution to

the original problem (A.1) by the transformation uR = Λ
m
2

+,Re+vR. In particular,

this implies the assertions about QX(R) in Theorem 4.3.9. Unfortunately, for the

purposes of this thesis the general properties of the parametrix after composition

with Λ
m
2

+,R are not currently understood sufficiently to directly yield results for the

magnitude problem.

The second part of Theorem 4.3.9, about ZX(R), then follows from the decom-

position ZX(R)−1 = QX(R)−1 +RX(R) in Theorem 4.3.5.

Proof. That it is a pseudodifferential operator follows from the fact that it is a

composition of honest pseudodifferential operators. It is immediate that it is of

order m
2
−m+ m

2
= 0 and factorization index −m

2
+ m

2
= 0.

All that is left to show is that the composition λ
m/2
−,R#σ#λ

m/2
+,R is of type 0, where

by σ we denote the symbol of AR.

By our assumption on PR and due to the nature of the Λ operators, we see that

we can regard Ã(x, (ξ′, R), ξn) = AR(x, ξ, R) as a classical elliptic ψdo, with the

parameter R absorbed in the ξ′ variable. For easier notation, we still write the new

variable as ξ′, and use v and w to denote the symbols λ
m
2
−,R and λ

m
2

+,R respectively.

We first show that the composition σ#w is of type 0.

Since σ is of type −m
2

, we have that

∂βxD
α
ξ σ−m−j(x, ξ

′,−N) = (−1)(−m−2(−m2 )−j−|α|)∂βxD
α
ξ σ−m−j(x, ξ

′, N) (A.3)

for all multiindices β, α, where σj are the terms in the polyhomogeneous expansion.

Similarly, since w is of type m
2

it satisfies

∂βxD
α
ξ wjm2 −j(x, ξ

′,−N) = (−1)(
m
2
−2(m2 )−j−|α|)∂βxD

α
ξ wm

2
−j(x, ξ

′, N) (A.4)
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for all multiindices β, α, where wj are the terms in the polyhomogeneous expansion.

Similarly to above, denoting the terms in the polyhomogeneous expansion of

σ#w by [σ#w]l, we have that

[σ#w]−m
2
−l =

[∑
α

1

α!
(Dα

ξ σ−m−j)(∂
α
xwm

2
−k)

]
−m

2
−l

=
∑

α:|α|=l−k−j

1

α!
(Dα

ξ σ−m−j)(∂
α
xwm

2
−k)

and thus

∂βxD
γ
ξ [σ#w]−m

2
−l =

∑
α:|α|=l−k−j

1

α!
∂βxD

γ
ξ

[
(Dα

ξ σ−m−j)(∂
α
xwm

2
−k)
]

=
∑

α:|α|=l−k−j

1

α!
∂βx

[∑
ν:ν≤γ

(
γ

ν

)
(Dα+ν

ξ σ−m−j)(D
γ−ν
ξ ∂αxwm

2
−k)

]

=
∑

α:|α|=l−k−j

1

α!

∑
ν:ν≤γ
ν′:ν′≤β

(
β

ν ′

)(
γ

ν

)
(∂β−ν

′

x Dα+ν
ξ σ−n−1−j)(∂

α+ν′

x Dγ−ν
ξ wm

2
−k).

By (A.3) and (A.4), we have that

∂β−ν
′

x Dα+ν
ξ σ−m−j(x, ξ

′,−N) = (−1)(−j−|α+ν|)∂β−ν
′

x Dα+ν
ξ σ−m−j(x, ξ

′, N)

and

∂α+ν′

x Dγ−ν
ξ wm

2
−k(x, ξ

′,−N) = (−1)(−
m
2
−k−|γ−m|)wm

2
−k(x, ξ

′, N).
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We thus have that

∂βxD
γ
ξ [σ#w]−m

2
−l(x, ξ

′,−N)

=
∑

α:|α|=l−k−j

1

α!

∑
ν:ν≤γ
ν′:ν′≤β

(
β

ν ′

)(
γ

ν

)
(−1)(−

m
2
−(j+k)−(|α+γ|))

(∂β−ν
′

x Dα+ν
ξ σ−m−j(x, ξ

′, N))(∂α+ν′

x Dγ−ν
ξ wm

2
−k(x, ξ

′, N))

= (−1)(−
m
2
−l−γ)

∑
α:|α|=l−k−j

1

α!
∂βxD

γ
ξ

[
Dα
ξ σ−m−j(x, ξ

′, N)∂αxwm
2
−k(x, ξ

′, N))
]

= (−1)(−
m
2
−l−γ)∂βxD

γ
ξ [σ#w]−m

2
−l(x, ξ

′, N)

and we see that this symbol is of type 0.

We now want to show that v#σ#w is of type 0. We let s := σ#w and thus all

we want to show is that v#s is of type 0, and the calculation is analogous to the

one above. Both v and s are of type 0 and in addition the composition is of order 0.

As above,

[v#s]−l =

[∑
α

1

α!

(
Dα
ξ v−j

)
(∂αx s−k)

]
−l

=
∑

α:|α|=l−k−j

1

α!

(
Dα
ξ v−j

)
(∂αx s−k)

and similarly

∂βxD
γ
ξ [v#s]−l =

∑
α:|α|=l−k−j

1

α!

∑
ν:ν≤γ
ν′:ν′≤β

(
β

ν ′

)(
γ

ν

)
(∂β−ν

′

x Dα+ν
ξ v−j)(∂

α+ν′

x Dγ−ν
ξ s−k).

Since v is such that

∂βxD
α
ξ v−j(x, ξ

′,−N) = (−1)(−j−|α|)∂βxD
α
ξ v−j(x, ξ

′, N)

and the same for s the calculation follows from above.
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A.2 The meromorphic Fredholm theorem

The meromorphic Fredholm theorem describes the inverse of a holomorphic family

of Fredholm operators. The version we consider can be found in [31, Proposition

1.1.8]. For two Hilbert spaces H1 and H2 let Fred(H1,H2) ⊆ B(H1,H2) denote the

set of Fredholm operators, which is open in the operator norm.

Theorem A.2.1

Let D ⊆ C be a connected domain and T : D → Fred(H1,H2) a holomorphic

function. Assume that T (λ) is invertible for at least one λ ∈ D. Then the set

Z := {z ∈ D : 0 ∈ Spec(T (z))}

is a discrete subset of D, and the function λ 7→ T (λ)−1 exists as a meromorphic

function D → Fred(H1,H2). For λ near any z ∈ Z, λ 7→ T (λ)−1 has a pointwise

norm-convergent Laurent expansion

T (λ)−1 =
∞∑

k=−N

Tk(λ− z)k, (A.5)

where Tk are finite rank operators whenever k < 0.

A.3 Partial fraction decompositions of symbols

We note the following structural result from basic calculus:

Lemma A.3.1

For all l,m ∈ N with m < 2l, there exists homogeneous rational functions (with ra-

tional coefficients) of (h+, h−) denoted by βl,m,0,±, βl,m,1,±, . . . , βl,m,l−1,±, where each

βl,m,j,± = bl,m,j,±(h+, h−) has homogeneous degree m− j − l in (h+, h−), such that

ξmn (ξn − h+)−l(ξn − h−)−l =
l−1∑
j=0

βl,m,j,+(h+, h−)(ξn − h+)j−l+

+
l−1∑
j=0

βl,m,j,−(h+, h−)(ξn − h−)j−l.
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For explicit computations of the first few terms, we require the precise form of

βl,m,j,±:

Proposition A.3.2

Let h+, h− ∈ C be two distinct complex numbers and l ∈ N>0. Then for ξn ∈

C \ {h+, h−}, we have that

(ξn − h+)−l(ξn − h−)−l

=
1

(h+ − h−)l

l−1∑
j=0

(−1)j

(h+ − h−)j

(
l + j − 1

j

)(
(ξn − h+)−l+j + (−1)l−j(ξn − h−)−l+j

)
Proof. We show the assertion by induction in l. The case l=1 is easily checked:

(ξn − h+)−1(ξn − h−)−1 =
1

h+ − h−
(
(ξn − h+)−1 − (ξn − h−)−1

)
.

Assume now that the assertion holds for l. To show it for l + 1, we take derivatives

∂2

∂h+∂h−
on both sides:

∂2

∂h+∂h−
(ξn − h+)−l(ξn − h−)−l = l2(ξn − h+)−l−1(ξn − h−)−l−1 ,

respectively,

∂2

∂h+∂h−
(ξn − h+)−l(ξn − h−)−l

=
l−1∑
j=0

(−1)j
(
l + j − 1

j

)
∂2

∂h+∂h−

{
1

(h+ − h−)l+j
(
(ξn − h+)−l+j + (−1)l−j(ξn − h−)−l+j

)}
.
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Consider

∂2

∂h+∂h−

{
1

(h+ − h−)l+j
(
(ξn − h+)−l+j + (−1)l−j(ξn − h−)−l+j

)}

=

(
∂h+∂h−

1

(h+ − h−)l+j

)(
(ξn − h+)−l+j + (−1)l−j(ξn − h−)−l+j

)
+

(
∂h+

1

(h+ − h−)l+j

)(
(−1)l−j∂h−(ξn − h−)−l+j

)
+

(
∂h−

1

(h+ − h−)l+j

)(
∂h+(ξn − h+)−l+j

)
.

Using that

∂h±(ξn − h±)−l = l(ξn − h±)−l−1 ,

∂h+(h+ − h−)−l = −l(h+ − h−)−l−1, ∂h−(h+ − h−)−l = l(h+ − h−)−l−1,

as well as

∂h+∂h−(h+ − h−)−l = −l(l + 1)(h+ − h−)−l−2 ,

we conclude

∂2

∂h+∂h−
(ξn − h+)−l(ξn − h−)−l

=
l−1∑
j=0

(−1)j
(
l + j − 1

j

){
−(l + j)(l + j + 1)

(h+ − h−)l+j+2

(
(ξn − h+)−l+j + (−1)l−j(ξn − h−)−l+j

)

+
(l − j)(l + j)

(h+ − h−)l+j+1
(ξn − h+)−l+j−1 + (−1)l−j+1 (l − j)(l + j)

(h+ − h−)l+j+1
(ξn − h−)−l+j−1

}
.
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Note that the coefficient of (ξn − h+)−l+k = (ξn − h+)−(l+1)+(k+1) is given by

(−1)k
(
l + k − 1

k

)
(−(l + k)(l + k + 1)) + (−1)k+1

(
l + k

k + 1

)
(l − k − 1)(l + k + 1)

= (−1)k+1

((
l + k − 1

k

)
(l + k) +

(
l + k

k + 1

)
(l − k − 1)

)
(l + k + 1)

= (−1)k+1

(
(l + k − 1)!

k!(l − 1)!
(l + k) +

(l + k)!

(k + 1)!(l − 1)!
(l − k − 1)

)
(l + k + 1)

= (−1)k+1l2
(
l + k + 1

k + 1

)
.

A similar computation applies to the coefficient of (ξn−h−)−l+k = (ξn−h−)−(l+1)+(k+1),

so that

l2(ξn − h+)−l−1(ξn − h−)−l−1 =
∂2

∂h+∂h−
(ξn − h+)−l(ξn − h−)−l

=
1

(h+ − h−)l+1

l∑
j=0

(−1)jl2

(h+ − h−)j

(
l + j

j

)(
(ξn − h+)−l−1+j + (−1)l+1−j(ξn − h−)−l−1+j

)
.

The asserted formula follows for exponent l + 1 after dividing by l2.

More generally, by differentiating with respect to h± we obtain:

Lemma A.3.3

For all l,m ∈ N and two distinct complex numbers h+, h− ∈ C, consider the rational

function:

Km,l(ξn) := (ξn − h+)−m(ξn − h−)−l.

This rational function can be decomposed as

Km,l(ξn) =
m−1∑
j=0

(−1)j

(h+ − h−)l+j

(
l + j − 1

j

)
(ξn − h+)−m+j+

+
l−1∑
j=0

(−1)m

(h+ − h−)m+j

(
m+ j − 1

j

)
(ξn − h−)−l+j .

These following formulas allow us to obtain explicit partial fraction decomposi-

tions for the terms relevant to the factorization of ZR.
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Corollary A.3.4

For all l ∈ N and two distinct complex numbers h+, h− ∈ C,

ξn(ξn − h+)−l(ξn − h−)−l =Kl−1,l(ξn) + h+Kl,l(ξn) ,

ξ2
n(ξn − h+)−l(ξn − h−)−l =Kl−1,l−1(ξn) + h−Kl−1,l(ξn) + h+Kl,l−1(ξn) + h+h−Kl,l(ξn) ,

ξ3
n(ξn − h+)−l(ξn − h−)−l =Kl−2,l−1(ξn) + (2h+ + h−)Kl−1,l−1(ξn)+

+ (h2
− + h2

+ + h+h−)Kl−1,l(ξn) + h2
+h−Kl,l(ξn).

In particular, we have the formulas

(h+ − h−)ξn(ξn − h+)−1(ξn − h−)−1 =h+(ξn − h+)−1 − h−(ξn − h−)−1 ,

(h+ − h−)2ξn(ξn − h+)−2(ξn − h−)−2 =h+(ξn − h+)−2 + h−(ξn − h−)−2−

− h+ + h−
h+ − h−

((ξn − h+)−1 − (ξn − h−)−1) ,

(h+ − h−)2ξ2
n(ξn − h+)−2(ξn − h−)−2 =h2

+(ξn − h+)−2 + h2
−(ξn − h−)−2−

− 2h+h−
h+ − h−

((ξn − h+)−1 − (ξn − h−)−1),

(h+ − h−)2ξ3
n(ξn − h+)−2(ξn − h−)−2 =h3

+(ξn − h+)−2 + h3
−(ξn − h−)−2+

+
h2

+(h+ − 3h−)

h+ − h−
(ξn − h+)−1−

−
h2
−(h− − 3h+)

h+ − h−
(ξn − h−)−1.

A.4 Evaluation of some boundary symbols at (ξ, R) =

(0, 1)

For the purpose of computations in Subsection 4.5.3, we are interested in evaluating

some symbols at ξ = 0 and R = 1. We will use the notations from the Sections 4.4

and 4.5 freely. We tacitly assume that n > 1 to avoid limit cases.
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Recall from Proposition 4.4.13 that

R2 + g(ξ, ξ) = h0(ξn − h+)(ξn − h−),

where h± = h±(x, ξ′, R) ∈ S1(T ∗Y × R, Y × R;C) are of the form

h±(x, ξ′, R) = −ξ
′(b(x))

h0(x)
± i
√
R2 + gY (ξ′, ξ′)− (ξ′(b))2√

h0(x)
.

Here we use the splitting of the metric

g =

h0 b

bT gY

 ,

For xn = 0, i.e. on ∂X, we write x′ instead of (x′, 0). We conclude the following

lemma from elementary computations.

Lemma A.4.1

The following identities hold on ∂X:

h0(x′)ν(−h+(x′, 0, 1))ν(−h−(x′, 0, 1))ν = 1, for all ν ∈ R. (A.6)

h±(x′, 0, 1) = ±ih0(x′)−1/2. (A.7)

∂xnh±(x′, 0, 1) = ∓ i
2

∂xnh0(x′)

h0(x′)3/2
. (A.8)

∇x′h±(x′, 0, 1) = ∓ i
2

∇x′h0(x′)

h0(x′)3/2
. (A.9)

∇ξ′h±(x′, 0, 1) = − b(x′)

h0(x′)
. (A.10)

From Lemma A.4.1 we deduce the following series of lemmas. We use the nota-

tion µ = n+1
2

.

Lemma A.4.2

The following identity holds on ∂X:

w−,0(x′, 0, 0, 1)∂xn∂
2
ξnw+,0(x′, 0, 0, 1) =

µ(µ− 1)(µ− 2)

2n!ωn
∂xnh0(x′).
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Proof. We compute that

w−,0(x′, 0, 0, 1)∂xn∂
2
ξnw+,0(x′, 0, 0, 1) =

=− µ(µ− 1)(µ− 2)

n!ωn
∂xnh+(x′, 0, 1)h0(x)µ(−h−(x′, 0, 1))µ(−h−(x′, 0, 1))µ−3 =

=− µ(µ− 1)(µ− 2)

n!ωn
∂xnh+(x′, 0, 1)h0(x′)3(−h−(x′, 0, 1))3 =

=− µ(µ− 1)(µ− 2)

n!ωn

(
− i

2

∂xnh0(x′)

h0(x′)3/2

)
h0(x′)3(ih0(x′)−1/2)3 =

=
µ(µ− 1)(µ− 2)

2n!ωn
∂xnh0(x′)

Lemma A.4.3

The following identity holds on ∂X:

∂xnw−,0(x′, 0, 0, 1)∂2
ξnw+,0(x′, 0, 0, 1) = −µ

2(µ− 1)

2 · n!ωn
∂xnh0(x′).

Proof. We compute that

∂xnw−,0(x′, 0, 0,1)∂2
ξnw+,0(x′, 0, 0, 1) =

=
µ2(µ− 1)

n!ωn

(
∂xnh0(x′)h0(x′)µ−1(−h−(x′, 0, 1))µ−

− ∂xnh−(x′, 0, 1)h0(x′)µ(−h−(x′, 0, 1))µ−1

)
(−h+(x′, 0, 1))µ−2 =

=
µ2(µ− 1)

n!ωn

(
∂xnh0(x′)

h−(x′, 0, 1)

h+(x′, 0, 1)
+ ∂xnh−(x′, 0, 1)

h0(x′)

h+(x′, 0, 1)

)
=

=
µ2(µ− 1)

n!ωn

(
− ∂xnh0(x′) +

i

2

∂xnh0(x′)

h0(x′)3/2

h0(x′)

ih0(x′)−1/2

)
= −µ

2(µ− 1)

2 · n!ωn
∂xnh0(x′)
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Lemma A.4.4

The following identity holds on ∂X:

w−,1(x′, 0, 0, 1)∂ξnw+,0(x′, 0, 0, 1) =

=
iµc1,n(n2 − 1)

(n!ωn)2

(
3

2
C3(x′, g ⊗ ιng) +

17(n+ 3)

4h0(x)
C3(x′, ιng ⊗ ιng ⊗ ιng)

)
−

− 7iµ3

4 · n!ωn

(
∂xnh0(x′) +

b(x′)

h0(x′)
· ∇x′h0(x′)

)
Proof. Recall the computation of w−,1 from Proposition 4.4.20, and the homoge-

neous symbols a−,0 (of degree 0) and a−,1 (of degree 1) computed in Proposition

4.4.16 and explicitly given in Equation (4.32) and (4.33), respectively. We compute
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that

w−,1(x′, 0, 0, 1)∂ξnw+,0(x′, 0, 0, 1) =

=
µ

n!ωn

(
− a−,0(x′, 0, 1)h0(x)µ(−h−(x′, 0, 1))µ−1 − a−,1(x′, 0, 1)h0(x)µ(−h−(x′, 0, 1))µ−2−

− iµ2(∂xn
h−(x′, 0, 1)−∇ξ′h−(x′, 0, 1) · ∇x′h−(x′, 0, 1))h0(x)µ(−h−(x′, 0, 1))µ−2−

− iµ2(∂xnh0(x′)−∇ξ′h−(x′, 0, 1) · ∇x′h0(x′))h0(x′)µ−1(−h−(x′, 0, 1))µ−1
)
·

· (−h+(x′, 0, 1))µ−1 =

=
µ

n!ωn

(
− a−,0(x′, 0, 1)h0(x)− a−,1(x′, 0, 1)h0(x)(−h+(x′, 0, 1))−

− iµ2(∂xnh−(x′, 0, 1)−∇ξ′h−(x′, 0, 1) · ∇x′h−(x′, 0, 1))h0(x)2(−h+(x′, 0, 1))−

− iµ2(∂xn
h0(x′)−∇ξ′h−(x′, 0, 1) · ∇x′h0(x′))

)
=

=
µ

n!ωn

(
− a−,0(x′, 0, 1)h0(x) + ia−,1(x′, 0, 1)h0(x)3/2−

− iµ2

(
i

2

∂xn
h0(x′)

h0(x′)3/2
+
i

2

b(x′)

h0(x′)
· ∇x

′h0(x′)

h0(x)3/2

)
h0(x)2(−ih0(x′)−1/2)−

− iµ2

(
∂xnh0(x′) +

b(x′)

h0(x′)
· ∇x′h0(x′)

))
=

=
µ

n!ωn

(
− a−,0(x′, 0, 1)h0(x) + ia−,1(x′, 0, 1)h0(x)3/2−

− 3i

2
µ2

(
∂xn

h0(x′) +
b(x′)

h0(x′)
· ∇x′h0(x′)

))
. (A.11)
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Computing with Equation (4.32) and (4.33) gives us

a0,−(x, 0, R) =
3ic1,n(n2 − 1)

n!ωn
C3(x′, g ⊗ ιng)

h0(x′)−1h−(x′, 0, 1)

h+(x′, 0, 1)− h−(x′, 0, 1)
−

− ic1,n(n+ 3)3,−2

n!ωn

h0(x′)−2h−(x′, 0, 1)2(h−(x′, 0, 1)− 3h+(x′, 0, 1))

(h+(x′, 0, 1)− h−(x′, 0, 1))3
·

· C3(x′, ιng ⊗ ιng ⊗ ιng)+

− i(n+ 1)2

4

(∇ξ′h−(x′, 0, 1) · ∇x′h+(x′, 0, 1)− ∂xnh+(x′, 0, 1))

h+(x′, 0, 1)− h−(x′, 0, 1)
=

=− ic1,n(n2 − 1)

n!ωn

(
3

2h0(x′)
C3(x′, g ⊗ ιng) +

4(n+ 3)

h0(x)2
C3(x′, ιng ⊗ ιng ⊗ ιng)

)
+

+
iµ2

4h0(x′)

(
∂xnh0(x′) +

b(x′)

h0(x′)
· ∇x′h0(x′)

)
,

and

a1,−(x, ξ′, R) =
ic1,n(n+ 3)3,−2

n!ωn

h−(x′, 0, 1)3

h0(x)2(h+(x′, 0, 1)− h−(x′, 0, 1))2
C3(x′, ιng ⊗ ιng ⊗ ιng) =

=
c1,n(n2 − 1)(n+ 3)

4 · n!ωnh0(x′)5/2
C3(x′, ιng ⊗ ιng ⊗ ιng)

Continuing from Equation (A.11), we have that

w−,1(x′, 0, 0, 1)∂ξnw+,0(x′, 0, 0, 1) =

=
µ

n!ωn

(
ic1,n(n2 − 1)

n!ωn

(
3

2
C3(x′, g ⊗ ιng) +

4(n+ 3)

h0(x)
C3(x′, ιng ⊗ ιng ⊗ ιng)

)
−

− iµ2

4

(
∂xnh0(x′) +

b(x′)

h0(x′)
· ∇x′h0(x′)

)
+ i

c1,n(n2 − 1)(n+ 3)

4 · n!ωnh0(x′)
C3(x′, ιng ⊗ ιng ⊗ ιng)−

− 3i

2
µ2

(
∂xnh0(x′) +

b(x′)

h0(x′)
· ∇x′h0(x′)

))
=

=
iµc1,n(n2 − 1)

(n!ωn)2

(
3

2
C3(x′, g ⊗ ιng) +

17(n+ 3)

4h0(x)
C3(x′, ιng ⊗ ιng ⊗ ιng)

)
−

− 7iµ3

4 · n!ωn

(
∂xnh0(x′) +

b(x′)

h0(x′)
· ∇x′h0(x′)

)
.
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Lemma A.4.5

The following identity holds on ∂X:

w−,0(x′, 0, 0, 1)∂ξnw+,1(x′, 0, 0, 1) =

=
ic1,n(n2 − 1)

(n!ωn)2

(
− 3(µ− 1)

2
C3(x′, g ⊗ ιng) +

µ(n+ 3)

4h0(x′)
C3(x, ιng ⊗ ιng ⊗ ιng)

)
+

+
iµ2(2µ− 5)

4 · n!ωn

(
∂xnh0(x′) +

b(x′)

h0(x′)
· ∇x′h0(x′)

)
.

Proof. Recall the computation of w+,1 from Proposition 4.4.20, and the homoge-

neous symbols a+,0 (of degree 0) and a+,1 (of degree 1) computed in Proposition

4.4.16 and explicitly given in Equation (4.30) and (4.31), respectively. Note that

193



Appendix A: Appendix for Chapter 4

a+,0, a+,1, h0 and h± are independent of ξn. We compute that

w−,0(x′, 0, 0, 1)∂ξnw+,1(x′, 0, 0, 1) =

=− 1

n!ωn
h0(x′)µ(−h−(x′, 0, 1))µ·

·
(

(µ− 1)a+,0(x′, 0, 1)(−h+(x′, 0, 1))µ−2+

+ (µ− 2)a+,1(x′, 0, 1)(−h+(x′, 0, 1))µ−3+ (A.12)

+ iµ2(µ− 2)(∂xnh+(x′, 0, 1)−

−∇ξ′h+(x′, 0, 1) · ∇x′h+(x′, 0, 1))(−h+(x′, 0, 1))µ−3

)
= (A.13)

=− 1

n!ωn

(
(µ− 1)a+,0(x′, 0, 1)h0(x′)2(−h−(x′, 0, 1))2+

+ (µ− 2)a+,1(x′, 0, 1)h0(x′)3(−h−(x′, 0, 1))3+

+ iµ2(µ− 2)(∂xnh+(x′, 0, 1)−

−∇ξ′h+(x′, 0, 1) · ∇x′h+(x′, 0, 1))h0(x′)3(−h−(x′, 0, 1))3

)
= (A.14)

=
1

n!ωn

(
(µ− 1)a+,0(x′, 0, 1)h0(x′) + i(µ− 2)a+,1(x′, 0, 1)h0(x′)3/2+

+
iµ2(µ− 2)

2

(
∂xnh0(x′) +

b(x′)

h0(x′)
· ∇x′h0(x′)

))
. (A.15)
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Computing with Equation (4.30) and (4.31) gives us

a0,+(x′, 0, 1) =− 3ic1,n(n2 − 1)

n!ωn
C3(x′, g ⊗ ιng)

h+(x′, 0, 1)

h0(x′)(h+(x′, 0, 1)− h−(x′, 0, 1))
+

+
ic1,n(n+ 3)3,−2

n!ωn

h+(x′, 0, 1)2(h+(x′, 0, 1)− 3h−(x′, 0, 1))

h0(x)2(h+(x′, 0, 1)− h−(x′, 0, 1))3
·

· C3(x, ιng ⊗ ιng ⊗ ιng)+

+ iµ2∇ξ′h−(x′, 0, 1) · ∇x′h+(x′, 0, 1)− ∂xnh+(x′, 0, 1)

h+(x′, 0, 1)− h−(x′, 0, 1)
=

=
ic1,n(n2 − 1)

n!ωn

(
− 3C3(x′, g ⊗ ιng)

ih0(x)−1/2

h0(x′)2ih0(x)−1/2
+

+ (n+ 3)
(ih0(x′)−1/2)24ih0(x)−1/2

h0(x)2(2ih0(x′)−1/2)3
C3(x, ιng ⊗ ιng ⊗ ιng)

)
+

+ iµ2

b(x′)
h0(x′)

· i∇x′h0(x′)

2h0(x)3/2
+ i

2
∂xnh0(x′)

h0(x′)3/2

2ih0(x′)−1/2
=

=
ic1,n(n2 − 1)

n!ωn

(
− 3

2h0(x′)
C3(x′, g ⊗ ιng) +

n+ 3

2h0(x′)2
C3(x, ιng ⊗ ιng ⊗ ιng)

)
+

+
iµ2

4h0(x′)

(
∂xnh0(x′) +

b(x′)

h0(x′)
· ∇x′h0(x′)

)

and

a1,+(x′, 0, 1) =
ic1,n(n+ 3)3,−2

n!ωn

h+(x′, 0, 1)3

h0(x)2(h+(x′, 0, 1)− h−(x′, 0, 1))2
C3(x, ιng ⊗ ιng ⊗ ιng) =

=− c1,n(n2 − 1)(n+ 3)

4 · n!ωnh0(x′)5/2
C3(x, ιng ⊗ ιng ⊗ ιng).
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Continuing from Equation (A.15), we have that

w−,0(x′, 0, 0, 1)∂ξnw+,1(x′, 0, 0, 1) =

=
1

n!ωn

(
(µ− 1)

ic1,n(n2 − 1)

n!ωn

(
− 3

2
C3(x′, g ⊗ ιng) +

n+ 3

2h0(x′)
C3(x, ιng ⊗ ιng ⊗ ιng)

)
+

+
iµ2(µ− 1)

4

(
∂xnh0(x′) +

b(x′)

h0(x′)
· ∇x′h0(x′)

)
+

− ic1,n(n2 − 1)(n+ 3)(µ− 2)

4 · n!ωnh0(x′)
C3(x, ιng ⊗ ιng ⊗ ιng)+

+
iµ2(µ− 2)

2

(
∂xnh0(x′) +

b(x′)

h0(x′)
· ∇x′h0(x′)

))
=

=
ic1,n(n2 − 1)

(n!ωn)2

(
− 3(µ− 1)

2
C3(x′, g ⊗ ιng) +

µ(n+ 3)

4h0(x′)
C3(x, ιng ⊗ ιng ⊗ ιng)

)
+

+
iµ2(2µ− 5)

4 · n!ωn

(
∂xnh0(x′) +

b(x′)

h0(x′)
· ∇x′h0(x′)

)
.

Lemma A.4.6

The following identity holds on ∂X:

∇x′w−,0(x′, 0, 0, 1) · ∇ξ′∂ξnw+,0(x′, 0, 0, 1) = −µ
2(µ− 1)

2 · n!ωn

b(x′)

h0(x′)
· ∇x′h0(x′).

196



Appendix A: Appendix for Chapter 4

Proof. We compute that

∇x′w−,0(x′, 0, 0, 1) · ∇ξ′∂ξnw+,0(x′, 0, 0, 1) =

=− µ2(µ− 1)

n!ωn

(
∇x′h0(x′)h0(x′)µ−1(−h−(x′, 0, 1))µ −∇x′h−(x′, 0, 1)h0(x′)µ(−h−(x′, 0, 1))µ−1

)
·

· ∇ξ′h+(x′, 0, 1)(−h+(x′, 0, 1))µ−2 =

=− µ2(µ− 1)

n!ωn

(
∇x′h0(x′) · ∇ξ′h+(x′, 0, 1)

h−(x′, 0, 1)

h+(x′, 0, 1)
+

+∇x′h−(x′, 0, 1) · ∇ξ′h+(x′, 0, 1)
h0(x′)

h+(x′, 0, 1)

)
=

=− µ2(µ− 1)

n!ωn

(
b(x′)

h0(x′)
· ∇x′h0(x′)− b(x′)

2h0(x′)
· ∇x′h0(x′)

)
= −µ

2(µ− 1)

2 · n!ωn

b(x′)

h0(x′)
· ∇x′h0(x′)

Lemma A.4.7

The following identity holds on ∂X:

1

2
w−,0(x′, 0, 0, 1)∂xn∂

2
ξnw+,0(x′, 0, 0, 1)− 1

2
∂xnw−,0(x′, 0, 0, 1)∂2

ξnw+,0(x′, 0, 0, 1)−

− iw−,1(x′, 0, 0, 1)∂ξnw+,0(x′, 0, 0, 1)− iw−,0(x′, 0, 0, 1)∂ξnw+,1(x′, 0, 0, 1)+

+∇x′w−,0(x′, 0, 0, 1) · ∇ξ′∂ξnw+,0(x′, 0, 0, 1) =

=− µ(3µ2 − 1)

2 · n!ωn
∂xnh0(x′)− 5µ2(µ− 1)

4 · n!ωn

b(x′)

h0(x′)
· ∇x′h0(x′)+

+
9µc1,n(n2 − 1)(n+ 3)

2(n!ωn)2h0(x′)
C3(x, ιng ⊗ ιng ⊗ ιng) +

c1,n(n2 − 1)

2(n!ωn)2
C3(x, g ⊗ ιng)

Proof. We compute using the lemmas above that

1

2
w−,0(x′, 0, 0, 1)∂xn∂

2
ξnw+,0(x′, 0, 0, 1)− 1

2
∂xnw−,0(x′, 0, 0, 1)∂2

ξnw+,0(x′, 0, 0, 1)−

− iw−,1(x′, 0, 0, 1)∂ξnw+,0(x′, 0, 0, 1)− iw−,0(x′, 0, 0, 1)∂ξnw+,1(x′, 0, 0, 1)+

+∇x′w−,0(x′, 0, 0, 1) · ∇ξ′∂ξnw+,0(x′, 0, 0, 1) =
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=
1

2

µ(µ− 1)(µ− 2)

2 · n!ωn
∂xnh0(x′) +

1

2

µ2(µ− 1)

2 · n!ωn
∂xnh0(x′)+

+
µc1,n(n2 − 1)

(n!ωn)2

(
3

2
C3(x′, g ⊗ ιng) +

17(n+ 3)

4h0(x)
C3(x′, ιng ⊗ ιng ⊗ ιng)

)
−

− 7µ3

4 · n!ωn

(
∂xnh0(x′) +

b(x′)

h0(x′)
· ∇x′h0(x′)

)
+

+
c1,n(n2 − 1)

(n!ωn)2

(
− 3(µ− 1)

2
C3(x′, g ⊗ ιng) +

µ(n+ 3)

4h0(x′)
C3(x, ιng ⊗ ιng ⊗ ιng)

)
+

+
µ2(2µ− 5)

4 · n!ωn

(
∂xnh0(x′) +

b(x′)

h0(x′)
· ∇x′h0(x′)

)
−

− µ2(µ− 1)

2 · n!ωn

b(x′)

h0(x′)
· ∇x′h0(x′) =

=

(
1

2

µ(µ− 1)(µ− 2)

2 · n!ωn
+

1

2

µ2(µ− 1)

2 · n!ωn
− 7µ3

4 · n!ωn
+
µ2(2µ− 5)

4 · n!ωn

)
∂xnh0(x′)+

+

(
− 7µ3

4 · n!ωn
+
µ2(2µ− 5)

4 · n!ωn

)
b(x′)

h0(x′)
· ∇x′h0(x′)+

+
µc1,n(n2 − 1)(n+ 3)

4(n!ωn)2h0(x′)

(
17 + 1

)
C3(x, ιng ⊗ ιng ⊗ ιng)+

+
c1,n(n2 − 1)

(n!ωn)2

(
3µ

2
− 3(µ− 1)

2

)
C3(x, g ⊗ ιng).
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Code listings

Listing B.1: algorithm-domains.py : A naive application of the theory.

1 #algorithm-domains

2 import numpy as np

3 import sympy as sp

4 from itertools import product

5 from datetime import datetime

6 import sys

7

8 startTime = datetime.now()

9

10

11 #================================================================

12 # Glossarry

13 #================================================================

14 #

15 # Code name |Paper name

16 # n | n

17 # mu | \mu

18 # x | x

19 # K | k

20 # xi | \xi

21 # R | R

22 # I(j) | I_j

199



Appendix B: Code listings

23 # gamma | \gamma

24 # phi | \varphi

25 # gy | g_bdy(2,2)

26 # b | g_bdy(2,1)

27 # rk | rk

28 # C(expr,gamma) | Cˆ{\gamma}expr

29 # c(l,n) | c_{l,n}

30 # omega | \omega

31 # a(j) | a_j(x,\xi,R)

32 # h0 | h_0

33 # hp | h_+

34 # hm | h_-

35 # qd(j) | qˆ\partial_j(x,\xi,R)

36 # whqd(j)[0,-1] | qˆ\partial_{+,j}(x,\xi,R)

37 # whqd(j)[1,-1] | qˆ\partial_{-,j}(x,\xi,R)

38 # w(j,0) | w_{+,j}(x,\xi,R)

39 # w(j,1) | w_{-,j}(x,\xi,R)

40 # bdk | B_{dˆ2,k}

41 #================================================================

42

43

44 #================================================================

45 # introduce variables

46 #================================================================

47 n=2

48

49 mu = (n+1)/2

50

51 K = int(input(’Calculate c_k with k=’))

52 nd_phi = raw_input(’Insert localisation function phi: ’)

53

54 end_phi = sp.sympify(nd_phi)

55

56
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57 R = sp.symbols(’R’, real=True, positive=True)

58 xi = sp.symbols(’xi1:{}’.format(n+1),real=True)

59 x = sp.symbols(’x1:{}’.format(n+1),real=True)

60

61 def D(num,expr,var):

62 return (-1j)**(num)*sp.diff(expr,*var)

63

64 phi = sp.Function(’phi’)(x[0])

65

66 gy = 1 + (sp.Abs(sp.diff(phi,x[0])))**2

67 b = sp.diff(phi,x[0])

68 #================================================================

69

70

71 #================================================================

72 # Define I_j, Cˆ\gamma, rk(\gamma), c(l,n) , \omega_n

73 #================================================================

74 def vec(j):

75 a = [item for item in range(3,j+2+1)]

76 a.append(0)

77 return(a)

78

79 # input j, output set I_j

80 def I(j):

81 i=[]

82 ii = []

83 iii=[]

84 iiii=[]

85 ct = 0

86 #create all j-tuples from vectors

87 allcombs = list(product(vec(j),repeat = j))

88 #check if they satisfy the sum condition

89 for gam in allcombs:

90 k = np.count_nonzero(gam)
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91 if sum(gam)==j+2*k:

92 i.append(gam)

93 #remove zeros

94 for gam in i:

95 ii.append(list(filter(lambda num: num !=0, gam)))

96 #remove duplicates

97 L=[]

98 for gam in ii:

99 if gam not in L:

100 L.append(gam)

101 return L

102

103

104 # rk

105 def rk(gamma):

106 return len(gamma)

107

108

109 # these are the taylor coefficients

110 # subscript is the separation of the

111 # tangential and normal variables i.e. (d\xi’,d\xi_n)

112 def tfunc(b):

113 return tcoeff(b[0],b[1])

114

115

116

117 # only return if an = 0 , 1 even though impossibility by eligible_t

118 def tcoeff(ap,an):

119 if an==1:

120 return ((-1)**(ap+an) * ((-2)/(sp.factorial(ap)))*

121 sp.diff(phi, (x[0], ap)))

122 if an==0:

123 bdiff = 1

124 s_ap_bp = 0
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125 while bdiff<ap:

126 adiff = ap-bdiff

127 s_ap_bp+=( (-1)**(ap)*(1/sp.factorial(adiff))*

128 (1/sp.factorial(bdiff))(sp.diff(phi,(x[0],adiff)))

129 *(sp.diff(phi,(x[0],bdiff))))

130 bdiff+=1

131 return s_ap_bp

132 else:

133 return 0

134

135 # only consider graph setting i.e. if d\xi_n>1 t=0

136 def sumvec(j):

137 arr1 = [item for item in range(0,j+1)]

138 arr2 = list(product(arr1,repeat=n))

139 arr3=[]

140 for item in arr2:

141 if sum(item)==j:

142 arr3.append(item)

143 return arr3

144

145 def eligible_t(j):

146 el =[]

147 for item in sumvec(j):

148 if item[-1]<=1:

149 el.append(item)

150 return el

151

152

153 # Define C

154 def C(expr,gamma):

155 gampart = 1

156 length = len(gamma)

157 final = []

158 for num in gamma:
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159 arrder=[]

160 allf=[]

161 arr3 = eligible_t(num)

162 # create differentiation vec

163 for item in arr3:

164 new= []

165 for number in range(0,n): # differentiate wrt

166 new.append([xi[number]]*item[number])

167 arrder.append(new)

168 #remove list in list make one list

169 arr4 = []

170 for nn in arrder:

171 nnn=[]

172 for tou in range(0,len(nn)):

173 nnn +=nn[tou]

174 arr4.append(nnn)

175 t = len(arr4)

176 # vector of t terms to match corresponding diff

177 tvec = []

178 for item in arr3:

179 tvec.append(tfunc(item))

180 for j in range(0,t):

181 allf.append(tvec[j]*(invD(len(arr4[j]),expr,arr4[j])))

182 print(tvec[j], *arr4[j], gamma)

183 # redefine expr at end of loop so that new tdxi can act

184 # on whatever created

185 expr = sp.nsimplify(sum(allf))

186 return expr

187

188 # define volume of unit ball

189 def omega(k):

190 return (sp.pi**(k/2)/sp.gamma(sp.S(k+2)/2))

191

192 # Define coefficients c(l,n) for n=2
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193 def c(l,n):

194 if 2*l-n-1<0:

195 return (-1)**l*(sp.factorial(n-2*l))*omega(n-2*l)*omega(2*l)

196 else:

197 return omega(2*l)/((sp.factorial(2*l-n))*omega(2*l-n))

198 #================================================================

199

200 #================================================================

201 # Define the q_j in the expansion of Q

202 #================================================================

203 # input j, output q_j

204 def q(j):

205 tot = 0

206 if j==0:

207 tot= sp.factorial(n)*omega(n)*(R**2+g)**(-(n+1)/2)

208 else:

209 for gamma in I(j):

210 expr = (R**2+g)**(-(n+1)/2 + rk(gamma))

211 prod = c(rk(gamma),n) *C(expr,gamma)

212 tot +=prod

213 return tot.doit()

214 #================================================================

215

216

217 #================================================================

218 # Boundary terms qd in the expansion of Qˆ\partial

219 #================================================================

220 h0=1 #graph

221

222 hp = sp.Function(’h_+’,nonzero=True)(*x,*xi[0:-1],R)

223 hm = sp.Function(’h_-’,nonzero=True)(*x,*xi[0:-1],R)

224

225

226
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227 # input j, output qd_j

228 def qd(j):

229 tot = 0

230 if j==0:

231 tot= (sp.factorial(n)*omega(n)*( h0)**(-mu)

232 *(xi[-1]-hp)**(-mu)*(xi[-1]-hm)**(-mu))

233 else:

234 for gamma in I(j):

235 expr = ((h0)**(-mu+rk(gamma))*(xi[-1]-hp)**(-mu+ rk(gamma))

236 *(xi[-1]-hm)**(-mu+rk(gamma)))

237 prod = c(rk(gamma),n) *C(expr,gamma)

238 tot +=prod

239 return tot.doit()

240

241

242 #================================================================

243 # Partial fraction decomposition

244 #================================================================

245 # These ’*split’ functions help split a term into components

246 # containing xi_n or not because the solver used in the function

247 # pfdecomp cannot handle multivariate derivatives.

248 # Also makes the calculation faster as these are very quick

249 def mulsplit(g):

250 print(’mulsplit’)

251 thisone = list(g.as_coeff_Mul())

252 xi2list = []

253 noxi2list = []

254 for item in thisone:

255 if item.has(xi[1]):

256 xi2list.append(item)

257 for item in thisone:

258 if not item.has(xi[1]):

259 noxi2list.append(item)

260 return sp.prod(xi2list), sp.prod(noxi2list)
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261

262 def DOsplit(g):

263 print(’DOsplit’)

264 thisone = list(g.as_coeff_mul(xi[-1]))

265 xi2list = sp.prod(thisone[1])

266 noxi2list = thisone[0]

267 return xi2list, noxi2list

268

269 def addsplit(g):

270 print(’addsplit’)

271 thisone = g.as_coeff_Add()

272 this = list(thisone)

273

274

275

276 vault = {}

277 # partial fraction decomposition, takes in a function and its order.

278 # from calculations we know the highest power

279 # in the denominator has to be j+1

280 # due to expansion, have to calculate with j+3

281 # input expression f and degree of denominator,

282 # output partial fraction decomposition of f

283 def pfdecomp(f,j):

284 hpterm = 0

285 hmterm = 0

286 if f==0:

287 return 0,0

288 # performing some simplifications here

289 # print(’rat1...’)

290 f1 = sp.ratsimp(f)

291 # print(’nsimp...’)

292 f = sp.nsimplify(f)

293 # print(’factor...’)

294 f = sp.factor(f)
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295 do, dont = mulsplit(f)

296 f = sp.expand(do)

297 gg = f.as_ordered_terms()

298 # have sufficiently simplified the term so can pf

299 for item in gg:

300 num = sp.numer(item)

301 den = sp.denom(item)

302 den = sp.factor(den)

303 DO, DONT = DOsplit(num)

304 denDO, denDONT = DOsplit(den)

305 f = DO/denDO

306 powh = j+1

307 # create coefficients to match

308 A = sp.symbols(’A1:{}’.format(powh+1))

309 B = sp.symbols(’B1:{}’.format(powh+1))

310 Acoeff = list(A)

311 Bcoeff = list(B)

312 E = sp.symbols(’E1:{}’.format(powh+3))

313 Ecoeff = list(E)

314 fin = 0

315 for p in range(1,powh+1):

316 fin += Acoeff[p-1]*(xi[-1]-hp)**(-p)

317 for m in range(1,powh+1):

318 fin += Bcoeff[m-1]*(xi[-1]-hm)**(-m)

319 for e in range(0,len(Ecoeff)):

320 fin += Ecoeff[e]*xi[-1]**e

321 if f in vault:

322 solset = vault[f]

323 print(’exists’)

324 else:

325 print(’new’)

326 print(f)

327 print(’solving for pf coefficients A and B and E...’)

328 solset = sp.solve_undetermined_coeffs(sp.Eq(sp.nsimplify(fin), f)
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329 ,[*Acoeff,*Bcoeff, *Ecoeff],xi[-1],list=True,rational=True)

330 if not isinstance(solset,dict): # make sure we have a solution

331 print(f)

332 sys.exit(’Solution set not dict,check terms+orders’)

333 print(’done solving’)

334 vault[f] = solset

335 # print(vault)

336 #do the substitutions

337 for itemm in solset:

338 fin = fin.subs(itemm, solset[itemm]).doit()

339 for JJ in range(1,powh+1):

340 hmterm += DONT*dont*((fin.coeff((xi[-1]-hm),-JJ)

341 * (xi[-1]-hm)**(-JJ))/denDONT )

342 for JJ in range(1,powh+1): # make choice to put positive powers in h_+

343 hpterm += DONT*dont*((fin.coeff((xi[-1]-hp),-JJ)

344 * (xi[-1]-hp)**(-JJ))/denDONT)

345 hpterm += DONT*dont*((fin.coeff(xi[-1],JJ-1)

346 * xi[-1]**(JJ-1))/denDONT)

347 return hpterm, hmterm

348 #================================================================

349

350 #================================================================

351 # Wiener-Hopf near the boundary:Qˆ\partial_\pm,j=whqd[0,j]/whqd[1,j]

352 #================================================================

353

354 # want to do this in array because it is iterative

355 # return as a matrix and use it in the future

356 # input j, output whqd_0,\pm up to whqd_j,\pm

357 def whqd(j):

358 wh = sp.zeros(rows = 2, cols = j+1) #first row (0) +, second(1) -

359 wh[0,0] = sp.factorial(n)*omega(n)*( h0)**(-mu)*(xi[-1]-hp)**(-mu)

360 wh[1,0] = (xi[-1]-hm)**(-mu)

361 for J in range(1,j+1): #controls col

362 tots = []
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363 for k in range(0,J):

364 for l in range(0,J):

365 mod_a = J-k-l

366 if mod_a ==0:

367 print(’doing a=0 at {}’.format(J)) # keep track

368 term = -wh[0,k]*wh[1,l]

369 term /= qd(0)

370 term = sp.expand(sp.nsimplify(term))

371 tlist = term.as_ordered_terms()

372 tots += list(tlist)

373 elif mod_a >0:

374 arr3 = sumvec(mod_a)

375 for item in arr3:

376 xider=[]

377 xder=[]

378 for number in range(0,n):

379 xider += [xi[number]]*item[number]

380 xder +=[x[number]]*item[number]

381 print(’doing derivative {},{} at {}’

382 . format(xider,xder,J))

383 xires = sp.diff(wh[0,k],*xider)

384 term = -((1/(sp.factorial(mod_a)))

385 *(xires)*D(mod_a,wh[1,l],xder))

386 term /= qd(0)

387 term = sp.expand(sp.nsimplify(term))

388 tlist = term.as_ordered_terms()

389 tots += list(tlist)

390 print(’doing lhs1’)

391 term = sp.expand(sp.nsimplify(qd(J))/(qd(0)))

392 tlist = term.as_ordered_terms()

393 tots += list(tlist)

394 pp = 0

395 mm = 0

396 count = 0
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397 for item in tots:

398 count+=1

399 item = sp.factor(sp.nsimplify(item))

400 print(’doing {}/{}’.format(count,len(tots)))

401 pp, mm = pfdecomp(item,J)

402 wh[0,J] += pp

403 wh[1,J] += mm

404 wh[0,J] *= wh[0,0]

405 wh[1,J] *= wh[1,0]

406 return wh

407

408

409 #store result to save computation time

410 qq = wh(K-1)

411 #================================================================

412

413

414 #================================================================

415 # Calculate w terms

416 #================================================================

417 # first col is w_+,j , second is w_-,j since calculation is analogous

418 # input j and sign, output w_{sign,j}

419 def w(j,s): # s is 0 or 1, 0 is + and 1 is -

420 w = sp.zeros(rows = 2, cols = j+1)

421 w[0,0] = 1/(sp.factorial(n)*omega(n))*( h0)**(mu)*(xi[-1]-hp)**(mu)

422 w[1,0] = (xi[-1]-hm)**(mu)

423 for J in range(1,j+1): #this is the index of a in the result

424 w[s,J]=0

425 for l in range(0,J): #this is the index of a inside the sum on RHS

426 for k in range(0,j+1): # this is the index of q

427 mod_a = J-l-k

428 if mod_a==0: #then only possibilities are l+k = J

429 term = (qq[s,k]*w[s,l]).doit()

430 w[s,J]+=term
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431 elif mod_a >0:

432 arr1 = [item for item in range(0,mod_a+1)]

433 arr2 = list(product(arr1,repeat = n))

434 arr3 = []

435 for item in arr2:

436 if sum(item)==mod_a:

437 arr3.append(item)

438 for item in arr3:

439 xider=[]

440 xder=[]

441 for number in range(0,n):

442 xider+= [xi[number]]*item[number]

443 xder +=[x[number]]*item[number]

444 xires = sp.diff(qq[s,k],*xider)

445 # xres = sp.diff(w[s,l],*xder)

446 term = ((1/(sp.factorial(mod_a)))

447 *(xires)*D(mod_a,w[s,l],xder))

448 w[s,J]+=term

449 w[s,J] *= (- w[s,0])

450 return w[s,-1]

451

452

453 #================================================================

454

455

456 #================================================================

457 # Calculate B_d,k boundary integrand for c_j

458 #================================================================

459

460 # input k, output boundary integrand of c_k

461 def bdyc(k):

462 tot = 0

463 for gn in range(1,k+1):

464 for j in range(0,k):
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465 for l in range(0,k):

466 mod_b = k - gn - j - l

467 if mod_b == 0 and gn>1:

468 tot += ((-1)**(mod_b+1)*(1j)**(mod_b+gn)/

469 (sp.factorial(gn))*w(1,j)

470 *(sp.diff(w(0,l),(xi[1],gn),(x[1],gn-1))))

471 elif mod_b == 0 and gn==1:

472 tot += ((-1)**(mod_b+1)*(1j)**(mod_b+gn)

473 *w(1,j)*(sp.diff(w(0,l),xi[1])) )

474 elif mod_b>0 and gn>1:

475 for bp in range(0,mod_b+1):

476 bn = mod_b-bp

477 tot+=( (-1)**(mod_b+1)*(1j)**(mod_b+gn)/

478 (sp.factorial(gn + bn) * sp.factorial(bp))

479 *sp.diff(w(1,j),(x[0],bp),(x[1],bn))

480 *(sp.diff(w(0,l),(xi[1],bn+gn),

481 (xi[0],bp), (x[1],gn-1))))

482 elif mod_b>0 and gn==1:

483 for bp in range(0,mod_b+1):

484 bn = mod_b-bp

485 tot+=( (-1)**(mod_b+1)*(1j)**(mod_b+gn)/

486 (sp.factorial(1 + bn) * sp.factorial(bp))

487 *sp.diff(w(1,j),(x[0],bp),(x[1],bn))

488 *(sp.diff(w(0,l),(xi[1],bn+1),(xi[0],bp))))

489 return tot

490 #================================================================

491

492 bdk = bdyc(K)

493

494

495 bdk = bdk.xreplace({hp:b*xi[0] +

496 1j*sp.sqrt(xi[0]**2*gy+1+(b*xi[0])**2),

497 hm:b*xi[0] - 1j*

498 sp.sqrt(xi[0]**2*gy+1+(b*xi[0])**2)}).doit()
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499 bdk = bdk.xreplace({xi[1]:0, xi[0]:0})

500

501 print(bdk)

Listing B.2: Splitting a long expression as a list of terms.

1 #================================================================

2 # Create list for qpm2 terms

3 #================================================================

4

5 tots = []

6 J=2

7 for k in range(0,J):

8 for l in range(0,J):

9 mod_a = J-k-l

10 if mod_a ==0:

11 print(’doing a=0 at {}’.format(J)) # keep track

12 term = -wh[0,k]*wh[1,l]

13 term /= qd(0)

14 term = sp.expand(sp.nsimplify(term))

15 tlist = term.as_ordered_terms()

16 tots += list(tlist)

17 elif mod_a >0:

18 arr3 = sumvec(mod_a)

19 for item in arr3:

20 xider=[]

21 xder=[]

22 for number in range(0,n):

23 xider += [xi[number]]*item[number]

24 xder +=[x[number]]*item[number]

25 print(’doing derivative {},{} at {}’.

26 format(xider,xder,J))

27 xires = sp.diff(wh[0,k],*xider)

28 xres = sp.diff(wh[1,l],*xider)

29 term = (-(1/(sp.factorial(mod_a)))

30 *(xires)*(1j)**mod_a*(xres))
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31 term /= qd(0)

32 term = sp.expand(sp.nsimplify(term))

33 tlist = term.as_ordered_terms()

34 tots += list(tlist)

35 print(’doing lhs1’)

36 term = sp.expand(sp.nsimplify(qd(J))/(qd(0)))

37 tlist = term.as_ordered_terms()

38 tots += list(tlist)

39

40 #================================================================

Listing B.3: Dividing and storing a list of terms.

1 import cloudpickle as cp

2

3 for i in range(0,9):

4 part = tots[100*i : 100*(i+1)]

5 with open(’q2part{}’.format(i),’wb’) as inf:

6 cp.dump(part,inf)

7

8 part = tots[900:]

9 print(len(part))

10 with open(’q2part9’,’wb’) as inf:

11 cp.dump(part,inf)

Listing B.4: Load a list, solve for partial fraction decomposition, and save result.

1 import sys

2 import cloudpickle as cp

3

4 th = sys.argv[1] # deal with this part

5

6

7 #================================================================

8 # Do pf

9 #================================================================

10 pp = 0
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11 mm = 0

12 count = 0

13 qp = 0

14 qm = 0

15 qp0 = sp.factorial(n)*omega(n)*( h0)**(-mu)*(xi[-1]-hp)**(-mu)

16 qm0 = (xi[-1]-hm)**(-mu)

17 for item in this:

18 count+=1

19 item = sp.factor(sp.nsimplify(item))

20 print(’doing {}/{}’.format(count,len(this)))

21 pp, mm = pfdecomp(item,K+3)

22 qp += sp.factor(sp.nsimplify(qp0*pp))

23 qm += sp.factor(sp.nsimplify(qm0*mm))

24 #================================================================

25

26 #================================================================

27 # Save part

28 #================================================================

29 with open(’qp2part{}’.format(th),’wb’) as inf:

30 cp.dump(qp,inf)

31

32 with open(’qm2part{}’.format(th),’wb’) as inf:

33 cp.dump(qm,inf)

34 #================================================================
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