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Abstract

The geometry of para-Hermitian vector bundles is introduced and generalised met-

rics are defined on such vector bundles. In particular, the properties of Born metrics

are demonstrated. Their application to classical Lagrangian dynamics is highlighted.

Metric algebroids are presented and their existence problem is addressed to-

gether with their compatibility with para-Hermitian structures. The example of

pre-Courant algebroids is thoroughly discussed and applied to the special case of

Courant algebroids. In this setting the notion of Dirac structure is recalled in order

to introduce Dirac-Riemannian foliations.

Para-Hermitian manifolds endowed with a Born metric and their compatible

metric algebroid structure are used to define sigma-models in a duality-symmetric

formulation. Their Lie algebroid gauging is studied and the geometric interpretation

of the gauging conditions as Dirac-Riemannian structures is presented. In particular,

a detailed analysis of gauged sigma-models for regularly foliated manifolds is given.

This construction is applied to describing a geometric picture of generalised T-

duality, where the para-Hermitian manifold is supposed to admit different maximally

isotropic foliations so that T-dual sigma models are recovered on their leaf spaces,

which represent the physical space-times. The main examples presented in this

work are given by Lie groups endowed with invariant para-Hermitian structures and

the doubled twisted torus. In particular, for the latter its full T-duality chain is

recovered by using these techniques.



Perseus wore a magic cap that

the monsters he hunted down might not see him.

We draw the magic cap down over eyes and ears

as a make-believe that there are no monsters.

K. Marx, Das Kapital, Vol. 1
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Chapter 1

Introduction

The aim of this work is the description of the geometric structures known as met-

ric algebroids, defined by weakening one of the hypothesis characterising Courant

algebroids, and their relation with para-Hermitian geometry. This will lead to the

formulation of sigma-models induced by the metric algebroid structure associated

with the para-Hermitian geometry of their target space. This new framework will

prove to be useful in the description of the T-duality transformations characterising

such sigma-models. Furthermore, it will be given relevance to the application of

such formulation to well-known examples wildely discussed in literature. In partic-

ular, this new perspective gives a geometric interpretation of T-duality, as it will

emerge in the later chapters, and the examples discussed later on will provide a solid

starting point in order to refine the proposed interpretation of T-duality.

Exact Courant Algebroids and Metric Algebroids

Exact Courant algebroids [1–4] are the cornerstone of this thesis work. They en-

compass a wide range of mathematical structures, allowing for many applications

to physics. In particular, they naturally arise in the description of two-dimensional

variational problems such as non-linear sigma-models [4].

In order to understand the structure of such geometric objects, it is useful to

introduce standard Courant algebroids. They were originally considered in [5] to give

a geometric description of integrable evolution equations. The original construction
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Chapter 1: Introduction

given in [5] was given by the vector bundle

TQ = TQ⊕ T ∗Q , (1.1)

over a smooth manifold Q, called the generalised tangent bundle, endowed with the

natural Dorfman bracket

JX + α, Y + βK = [X, Y ] + £Xβ − ιydα, (1.2)

for all vector fields X, Y ∈ Γ(TQ) and 1-forms α, β ∈ Γ(T ∗Q); here [X, Y ] denotes

the usual Lie bracket of vector fields, £X denotes the Lie derivative in the direction of

X, and ιX is the contraction with X. Notice that this bracket is not skew-symmetric

and satisfies the Jacobi identity.

Such structures were also considered in [1] to give a geometric interpretation of

Dirac’s theory of constrained dynamical systems. The generalised tangent bundle

TQ was equipped with the skew-symmetrisation of the Dorfman bracket, which

violates the Jacobi identity by the exterior derivative of the associated Nijenhuis

tensor.

The general definition of a Courant algebroid is modeled on the properties of

TQ [2]: A Courant algebroid is a vector bundle E → Q of even rank endowed

with a fibre-wise split signature metric η together with a bracket J · , · KE called a

Dorfman bracket, whose skew-symmetrization is called a Courant bracket, which

satisfies the Jacobi identity and is compatible with the split signature metric. It

is also equiped with an anchor map ρ : E → TQ which is a bracket-preserving

homomorphism between the Dorfman bracket on E and the Lie bracket on TQ,

such that the Dorfman bracket satisfies an anchored Leibniz rule. Notice that the

Jacobi identity yields that the anchor is a bracket-preserving homomorphism.

Exact Courant algebroids are those Courant algebroids E → Q which also fit

into the following short exact sequence of vector bundles

0 −→ T ∗Q −−→ E −−→ TQ −→ 0 . (1.3)

The main result concerning exact Courant algebroids is that, by choosing any maxi-

2



Chapter 1: Introduction

mally isotropic splitting of this short exact sequence, E is isomorphic to the standard

Courant algebroid TQ = TQ⊕ T ∗Q with Dorfman bracket mapped into

JX + ξ, Y + νKHE = [X, Y ] + £Xν − ιY dξ +H(X, Y ) (1.4)

which is the standard Dorfman bracket (1.2) ‘twisted’ by a closed 3-form H ∈ Ω3(Q).

Each distinct isotropic splitting of (1.3) is associated with a different 3-form H up

to B-transformations by closed 2-forms. Generic B-transformations [3, 6] of exact

Courant algebroids are generated by arbitrary 2-forms b ∈ Ω2(Q) and preserve the

fibre-wise metric. They also preserve the Dorfman bracket if b is a closed 2-form.

When b is not closed the corresponding Courant algebroid with Dorfman bracket

twisted by H+ db is associated with a different splitting of the short exact sequence

(1.3), but with the same de Rham cohomology class [H] ∈ H3(Q,R). Hence the

exact Courant algebroid structures on Q are classified by the elements in H3(Q,R),

which are called the Ševera classes of E [4].

Metric algebroids appeared first in [7], defined by a weakening of the assumptions

characterising a Courant algebroid, e.g. the Dorfman bracket was no longer supposed

to satisfy the Jacobi identity. In this instance, the so-called pre-Courant algebroids

were considered, given by an anchored pseudo-Euclidean vector bundle endowed with

a metric-compatible bracket J · , · KD such that the anchor is a bracket-preserving

homomorphism. In this case, this was a crucial assumption, since it could not

descend from the Jacobi identity of the bracket J · , · KD.

Another important structure that can be defined on any pseudo-Euclidean vector

bundle E, hence on both Courant and metric algebroids, is a generalised metric. A

generalised metric can be regarded as a choice of a sub-bundle of E which is positive-

definite in the fibre-wise split signature metric on E. This is equivalent to defining a

fibre-wise Riemannian metric on E [3]. For the particular case of an exact Courant

algebroid, any generalised metric corresponds to a pair (g, b) of a Riemannian metric

g on Q and a 2-form b ∈ Ω2(Q). These data represent the dynamical fields in the

bosonic sector of the low-energy effective supergravity theory on Q underlying the

string theory. Type II supergravity was formulated in terms of the generalised

geometry of exact Courant algebroids in [8, 9].

The key facts about exact Courant algebroids which will motivate the structure

3



Chapter 1: Introduction

of this work are the following. Firstly, a maximally isotropic splitting of (1.3) and a

generalised metric on E uniquely define a two-dimensional sigma-model with target

spaceQ [10]. Secondly, topological T-duality can be implemented as an isomorphism

between exact Courant algebroids [11, 12]; however, factorized T-dualities are not

manifest symmetries of supergravity in this context.

Para-Hermitian Manifolds

The modern inspirations of para-Hermitian geometry come from its complex ana-

logue — Hermitian geometry — and the differential geometry of exact Courant

algebroids which are central to generalised geometry and its applications to super-

gravity.

Para-Hermitian structures first appeared in [13] in order to describe the geometry

of Euclidean supersymmetric models. It has been rediscovered in [7] in relation to the

description of a ‘Courant-like’ structure and used in [14, 15] as a top-down approach

to the geometric description of double field theory. The origins of this approach

can be traced back to the mathematical structures suggested by Hull [16] in the

context of doubled torus fibrations, where the terminology ‘pseudo-Hermitian’ was

used instead of ‘para-Hermitian’. More recent developments have been discussed

along these lines in [17–22].

The perspective on para-Hermitian geometry adopted in this work allows for

the introduction of structures resembling standard Courant algebroids directly on

the tangent bundle TM of a smooth manifold M of even dimension. In particular,

the main objects needed to define a para-Hermitian structure are a split signature

metric η and an automorphism K ∈ Aut1(TM) such that K2 = 1, which defines

a splitting TM = L+ ⊕ L− where L± are the ± 1-eigenbundles of K which are

maximally isotropic with respect to η. These structures are compatible in the sense

that they satisfy the condition

η
(
K(X), K(Y )

)
= −η(X, Y ) , (1.5)

for all X, Y ∈ Γ(TM). The triple (M,K, η) is called an almost para-Hermitian man-

ifold. This compatibility condition defines a 2-form ω on M called the fundamental

4



Chapter 1: Introduction

2-form of the almost para-Hermitian structure, which is almost symplectic by con-

struction. When ω is closed, (M,K, η) is called an almost para-Kähler manifold.

Any pseudo-Riemannian manifold can be endowed with a metric-compatible

bracket satisfying the Leibniz rule, i.e. a D-bracket. In particular, any almost

para-Hermitian manifold admits a unique D-bracket for which both eigenbundles

L± are involutive. This gives the tangent bundle TM the structure of a metric

algebroid [14, 17–20, 22–24] with the identity map 1TM as the anchor. Clearly, a

different D-bracket is associated to each para-Hermitian structure (K, η) on the same

manifold M . When one of the eigenbundles L± is Frobenius integrable and so gives

a foliation of M, one can construct a standard Courant algebroid on each leaf of

the foliation. It is shown in [17–19] that the metric η induces a bracket-preserving

isomorphism between the D-bracket on TM and the Dorfman bracket associated

with the standard Courant algebroid on the foliation.

The main application of para-Hermitian geometry is the following [17–19]. When

both eigenbundles L± are integrable, then L± = TF± and locally the para-Hermitian

manifold is of the form S+×S−, where S± ⊂ F± are leaves of the foliations F± with

local coordinates XI = (xi, x̃i) adapted to S± that can be thought of as spacetime

and winding coordinates, respectively; the D-bracket then recovers the D-bracket of

double field theory.

As discussed in [19], one can also consider almost para-Hermitian manifolds

that admit a Riemannian metric H which is compatible with the para-Hermitian

structure in the sense that it satisfies the conditions

H−1 = η−1 ◦ H ◦ η−1 = −ω−1 ◦ H ◦ ω−1 . (1.6)

The quadruple (M,K, η,H) is called a Born manifold. The metric H is a special

case of the generalised metrics introduced in [14] which are constrained only by the

first equality. In the integrable case, a Born metric is equivalent to the introduction

of a metric on the subbundle L+.

In this thesis, the main application of such geometry is given by the introduction

of a non-linear sigma-model for a foliated para-Hermitian manifold whose coupling to

background fields on the target space is uniquely determined by the para-Hermitian

structure. When permitted, the gauging of this sigma-model using the techniques

5



Chapter 1: Introduction

of [25, 26] gives a worldsheet description of the quotient space represented by the

leaf space of the foliation. This leaf space is interpreted as the physical background,

and the gauging will be part of the geometric interpretation of the relation, called

generalised T-duality, between two such backgrounds obtained from different quo-

tients with respect to foliations associated with different para-Hermitian structures

on the same manifold. This is a novel approach to the problem of understanding

the reductions of theories for spaces admitting a ‘doubled geometry’ to the physical

space-time backgrounds.

Doubled Sigma-Models

The formulation and analysis of two-dimensional non-linear sigma-models for para-

Hermitian manifolds is one of the main goals of this work. The approach proposed

here is largely inspired by Hull’s doubled formalism for local torus fibrations [16, 27],

in which dual coordinates conjugate to winding modes of the closed string are in-

troduced alongside the torus fibre coordinates conjugate to momentum modes. Fur-

thermore the geometric data defining such sigma-models will prove extremely useful

in the description of their (generalised) T-duality transformations. This provides a

very general geometric realization of the duality-symmetric formulations of string

theory via doubled sigma-models, see e.g. [16, 28]. In this sense it might be ar-

gued that para-Hermitian target spaces are the building blocks for the worldsheet

approach to double field theory.

It is important to stress that target space dualities in these sigma-models will

be described as a consequence of vector bundle automorphisms which preserve the

split signature metric η and map para-Hermitian structures into para-Hermitian

structures. In particular, a new interpretation of the topological term via the unique

D-bracket associated with each para-Hermitian structure of the target space will give

a new perspective on how the generalised T-duality transformations are formulated

in [20, 21]. This construction will yield a new point of view on the doubled sigma-

models for group manifolds, twisted tori and nilmanifolds which were originally

developed in [29, 30].

One of the key concepts in this depiction of T-duality is provided by the for-

mulation of gauged sigma-models given in [25, 26, 31]. This will be the natural

6



Chapter 1: Introduction

framework providing the conditions such that a quotient of the target space ex-

ists and can be interpreted as a physical space-time together with the background

induced on it by the Born geometry of the target space. Gaugings of doubled sigma-

models were considered by [27, 30, 32, 33] which implement the strong constraint of

double field theory in the form of a chirality constraint on the worldsheet fields. In

these worldsheet formulations, the choice of polarisation is achieved by the gauging

and the subsequent quotient yields a conventional description of a physical string

background.

Another approach to doubled sigma-models involves generalised para-Kähler

structures. They appear in [34] as target space geometries for doubled sigma-models

with N = (2, 2) twisted supersymmetry, similarly to the appearence of affine and

projective versions of the special para-Kähler geometry of rigid and local N = 2

vector multiplets in Euclidean space-times [13]. Born structures further appear in

target spaces for sigma-models with N = (1, 1) supersymmetry in [34, 35], where

their non-integrability leads to non-geometric string backgrounds and as the target

geometries of N = 2 hypermultiplets in Euclidean signature [36].

Outline

The main goal of this work is to propose a geometric description of T-duality. This

is achieved by discussing the properties of para-Hermitian structures in order to

investigate a completely new formulation of non-linear sigma-models whose target

space is given by an almost para-Hermitian manifold. Furthermore, the existence

of a metric algebroid structure related to the almost para-Hermitian one is a new

feature proposed in this work to complete the description of these sigma-models

with a suitable topological term. In order to present this perspective starting from

its mathematical foundations, this thesis is organised as follows.

In Chapter 2 para-Hermitian structures on vector bundles are presented high-

lighting the special features of para-Hermitian manifolds. Moreover generalised met-

rics on para-Hermitian vector bundles are introduced and the special case of Born

geometries is discussed. Lastly isomorphisms of para-Hermitian structures are de-

fined, their action on Born geometries is shown together with the main example

given by B-transformations.

7
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Chapter 3 is aimed at the description of metric algebroids. In particular, the

problem of their existence is discussed and how this relates to the construction of

metric algebroids on para-Hermitian vector bundles which satisfy some compatibil-

ity with the para-complex structure. Particular relevance is given to pre-Courant

algebroids and their morphisms in order to specialise this to the well-known case

of Courant algebroids. Dirac structures are also introduced with the main goal of

describing Dirac-Riemannian foliations.

The graded geometry of metric algebroid is the main topic of Chapter 4. In

particular, it is addressed from the perspective of double vector bundles, known

as the geometrisation of degree 2 manifolds. Their relation with involutive double

vector bundles is highlighted in order to give a geometric description of degree 3

functions on degree 2 manifolds. Lastly it will be shown that metric algebroids are

in one-to-one correspondence with symplectic degree 2 manifolds endowed with a

degree 3 function.

In Chapter 5 sigma-models for para-Hermitian manifolds endowed with a Born

geometry are defined. A review of the gauging procedure of sigma-models due to

Kotov and Strobl is given. The special case of gauged sigma-models for Riemannian

manifolds with regular foliations is thoroughly discussed. The gauging procedure it

then applied to the Born sigma-model and the models obtained by applying para-

Hermitian morphisms to the original one in order to interpret T-duality in this

framework.

Chapter 6 provides the main applications of the construction discussed in Chap-

ter 5. In particular, sigma-models on para-Hermitian Lie groups and their gauging

are analysed. This leads to the presentation of the main example coming from

string theory, e.g. the Born sigma-model for the doubled twisted torus. In this case,

each para-Hermitian structure on the double twisted torus is associated with a Born

sigma-model and their quotient is discussed. They are interpreted as T-dual sigma-

models yielding an example of the proposed geometric construction of generalised

T-duality.

8



Chapter 2

Para-Hermitian Geometry

This chapter concentrates on the introduction of the basic concepts and construc-

tions of para-Hermitian geometry that shall be needed throughout the thesis, follow-

ing [13, 20, 36] for the most part. A notion of generalized metric in para-Hermitian

geometry shall also be introduced which extends the more familiar structure from

generalized geometry [3, 37].

2.1 Para-Hermitian Vector Bundles

Definition 2.1. Let π : E → Q be a real vector bundle with rank(E) = 2n. A para-

complex structure on E is a vector bundle automorphism K ∈ Aut1(E)a covering the

identity such that K2 = 1 and K 6= ±1, and the ± 1-eigenbundles of K have equal

rank; the pair (E,K) is a para-complex vector bundle. If E admits a split-signature

fibre-wise metric 〈 · , · 〉E, i.e. η ∈ Γ(�2
E∗), b such that

ηq
(
K(e1), K(e2)

)
= −ηq(e1, e2) , (2.2)

for all e1, e2 ∈ E with π(e1) = π(e2) = q, then the pair (K, η) is a para-Hermitian

structure on E and the triple (E,K, η) is a para-Hermitian vector bundle.

The symbols 〈 · , · 〉E and η will be used interchangeably to denote the fibre-wise

metric on E. The musical isomorphisms induced by the fibre-wise metric on E will

be denoted by η[ : E → E∗ and η] : E∗ → E.

aAut1(E) denotes the group of vector bundle automorphisms of E covering the identity.
bThe symmetric tensor product is denoted by �, with e1 � e2 = e1 ⊗ e2 + e2 ⊗ e1.

9



Chapter 2: Para-Hermitian Geometry

Remark 2.3. The para-complex structure K admits two eigenbundles L± ⊂ E with

eigenvalues ± 1, so that

E = L+ ⊕ L− , (2.4)

which are maximally isotropic with respect to the fibre-wise metric η. K also yields

the projectors Π± : E → L± given by

Π± =
1E ±K

2
. (2.5)

In the following a splitting (2.4) induced by K will also be called a choice of polari-

sation.

The following well-known Proposition yields a result on the existence of para-

Hermitian structures on pseudo-Euclidean vector bundles.

Proposition 2.6. Let (E, 〈 · , · 〉E) be a 2n-rank pseudo-Euclidean vector bundle

with split-signature fibre-wise metric and i : L → E a maximally isotropic sub-

bundle such that there is the following short exact sequence of vector bundles over

Q

0 −→ L
i−−→ E

ρ−−→ H −→ 0 , (2.7)

for some vector bundle H. (2.7) admits a maximally isotropic splitting.

Proof. Let s0 : H → E be any splitting of (2.7). Since L is maximally isotropic, the

pairing between Im(s0) and L must be non-degenerate. Hence, for any v, w ∈ H,

there is a vector bundle morphism β : H → H∗ such that

〈s0(v), s0(w)〉E = ιwβ(v) = ιvβ(w) . (2.8)

Notice that β must be a vector bundle morphism because 〈 · , · 〉E is C∞(Q)-bilinear.

Consider the dual sequence of (2.7)

0 −→ H∗
ρt−−→ E∗

it−−→ L∗ −→ 0 , (2.9)

then H∗ is a sub-bundle of E∗ and the musical isomorphism η] : E∗ → E, induced

by 〈 · , · 〉E, restricted to H∗ yields the isomorphism H∗ ' L. Thus η] ◦ β : H → L.

10
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Define a new splitting

s(v) := s0(v)− 1

2
η](β(v)) (2.10)

for all v ∈ H, since ρ ◦ η] ◦ β = 0. Then

〈s(v), s(w)〉E =〈s0(v), s0(w)〉E −
1

2
〈s(v), η](β(w))〉E −

1

2
〈η](β(v)), s(w)〉E (2.11)

=ιwβ(v)− 1

2
ιvβ(w)− 1

2
ιwβ(v) = 0 , (2.12)

for all v, w ∈ H. In other words, s : H → E defined by Equation (2.10) is a maximally

isotropic splitting.

Corollary 2.13. The vector bundle E of Proposition 2.6 always admits a para-

Hermitian structure compatible with the metric 〈 · , · 〉E.

Remark 2.14. Let E → Q be a vector bundle of rank 2n endowed with a split

signature metric η and L a maximally isotropic sub-bundle of E. Then the short

exact sequence

0 −→ L −→ E −→ E/L −→ 0 , (2.15)

always admits a maximally isotropic splitting by Proposition 2.6. This determines a

para-Hermitian structure on E. All the maximally isotropic splittings of the above

short exact sequence give isomorphic para-Hermitian structures.

The case E = TM for an (almost) para-Hermitian manifold M is particularly

relevant because it allows one to formulate conditions for the integrability of the

eigenbundles, and hence on the possibility that M is a foliated manifold.

Example 2.16. Let π : M −→ Q be a surjective submersion with fibres of even

dimension 2d with dim(Q) = d. The surjective submersion π induces a short exact

sequence of vector bundles on M given by

0 −→ Lv(M)
i−−→ TM

π̂−−→ π∗(TQ) −→ 0 (2.17)

where Lv(M) = Ker(π∗) is the vertical sub-bundle of TM, i : Lv(M) ↪−→ TM is the

inclusion map and π∗(TQ) is the pullback of the tangent bundle of Q to M by the

11
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projection π. The surjective map π̂ : TM → π∗(TQ) is induced by the differential

of the projection π∗ : TM → TQ. A splitting of the short exact sequence (2.17) is

given by the choice of a right inverse to π̂, called an Ehresmann connection

s : π∗(TQ) −→ TM with π̂ ◦ s = 1π∗(TQ) . (2.18)

Then there is a decomposition

TM = Im(s)⊕ Lv(M) (2.19)

which is associated with an almost para-complex structure, since Whitney sums of

vector bundles are in one-to-one correspondence with almost product structures. In

other words, there is an automorphism Ks ∈ Aut1(TM) such that K2
s = 1TM which

is given by

Ks

(
s(X) +Xv

)
= s(X)−Xv , (2.20)

with X ∈ Γ(TQ) and Xv ∈ Γ(Lv(M)); thus Im(s) is the +1-eigenbundle of Ks

and Lv(M) is the −1-eigenbundle. The distribution Lv(M) is always involutive and

its integral manifolds are the fibres of M, while Im(s) is generally non-integrable.

Hence the choice of a splitting s is equivalent to a GL(d,R)× GL(d,R)-reduction of

the structure group of the frame bundle of M. Since a splitting of the exact sequence

(2.17) can always be found, an almost para-complex structure on M can always be

defined. This also implies that a metric η of signature (d, d), or equivalently an

O(d, d)-reduction of the structure group, always exists on TM. However, Ks and η

do not necessarily satisfy any kind of compatibility condition.

Remark 2.21. It is straightforward to see that the compatibility condition between

η and K in Definition 2.1 is equivalent to

ηq
(
K(e1), e2

)
= −ηq

(
e1, K(e2)

)
, (2.22)

for all e1, e2 ∈ E with with π(e1) = π(e2) = q. The para-Hermitian vector bundle

E is therefore endowed with a skew-symmetric non-degenerate fundamental (0, 2)-

tensor ω given by

ωq(e1, e2) = ηq
(
K(e1), e2

)
, (2.23)

12
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for all e1, e2 ∈ E with with π(e1) = π(e2) = q, i.e. ω ∈ Γ(∧2E∗). The eigenbundles

L± ⊂ E are maximally isotropic with respect to ω.

Example 2.24. Let E = TQ be the generalised tangent bundle

TQ = TQ⊕ T ∗Q (2.25)

over a manifold Q. It is naturally endowed with a fibre-wise split signature metric

〈v + ξ, w + ν〉TQ = ιXν + ιY ξ , (2.26)

for all v+ ξ, w+ ν ∈ TQ. The natural para-complex structure K0 of TQ is given by

K0(v + ξ) = v − ξ , (2.27)

for all v+ξ ∈ TQ, so that TQ and T ∗Q are the respective ± 1-eigenbundles. Clearly

η and K are compatible in the sense of Definition 2.1, and the bundles TQ and T ∗Q

are maximally isotropic with respect to η. Thus the fundamental (0, 2)-tensor is

given by

ω(v + ξ, w + ν) = ιvν − ιwξ , (2.28)

for all v + ξ, w + ν ∈ TQ, which is the additional natural non-degenerate pairing

that can be defined in this case [3].

2.2 Generalised Metrics

In the following generalised metrics compatible with an almost para-Hermitian struc-

ture are introduced, see also [3, 10, 19, 38].

Definition 2.29. Let π : E → Q be a vector bundle endowed with a fibrewise

pseudo-Euclidean metric η. A generalised metric on E is an automorphism I ∈

Aut1(E) with I2 = 1 and I 6= ±1 which defines a fibrewise Riemannian metric

Hq(e1, e2) = ηq
(
I(e1), e2

)
,

for all e1, e2 ∈ E with with π(e1) = π(e2) = q.

13
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The automorphism I ∈ Aut1(TM), together with the split signature metric η, is

called a ‘chiral structure’ in [19] where it is denoted by J . Thus a chiral structure

defines a generalised metric on a para-Hermitian vector bundle.

This definition has an equivalent formulation given below, see e.g. [38].

Definition 2.30. Let E → Q be a vector bundle endowed with a fibrewise pseudo-

Euclidean metric η. A generalised metric on E is a sub-bundle V+ ⊂ E which is

maximally positive-definite with respect to η.

In this equivalence the eigenbundles of I are V+ associated to the eigenvalue +1

and V−, the orthogonal complement of V+ with respect to the metric η, associated

to the eigenvalue −1. A generalised metric determines a decomposition

E = V+ ⊕ V− , (2.31)

and the restriction of η to V− is negative-definite, so that

H = η|V+ − η|V− (2.32)

is indeed a Riemannian metric on E.

Remark 2.33. Definition 2.29 can also be recast in a different form. Any generalised

metric induces a vector bundle isomorphism H[ ∈ Hom(E,E∗) which satisfies the

condition

ηq(e1, e2) = η−1
q

(
H[(e1),H[(e2)

)
. (2.34)

Using the induced vector bundle isomorphisms η],H] ∈ Hom(E∗, E), this can be

recast in the form

η]
(
H[(e)

)
= H]

(
η[(e)

)
, (2.35)

for all e ∈ E, so that η] ◦ H[ ∈ End(E). In Definition 2.29 this is nothing but

I = η] ◦H[ ∈ Aut1(E), and (2.35) implies that η] ◦H[ squares to the identity map in

End(E). The tensor induced by this map can be regarded as a section I ∈ Γ(E∗⊗E).

Proposition 2.36. ([39]) Let (E,K, η) be a para-Hermitian vector bundle with

eigenbundles L±. A generalised metric V+ ⊂ TM defines a unique pair (g+, b+) of

14
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a fibrewise Riemannian metric g+ ∈ Γ(�2
L∗+) on the sub-bundle L+ ⊂ E and a 2-

form b+ ∈ Γ(∧2L∗+). Conversely, any such pair (g+, b+) uniquely defines a generalised

metric.

Proof. Since L+ and L− are both maximally isotropic with respect to η, and V+ is

maximally positive-definite, it follows that L+ ∩ V+ = L− ∩ V+ = 0. The orthogonal

complement V− is maximally negative-definite with respect to η, so also L+ ∩ V− =

L−∩V− = 0. Thus given any vector bundle isomorphism γ ∈ Hom(L+, L−) covering

the identity, V+ can be regarded as the bundle

V+ =
{
eV = e+ + γ(e+)

∣∣ e+ ∈ L+

}
. (2.37)

Positive-definiteness of V+ also implies

ηq(eV , eV ) = ηq
(
e+ + γ(e+), e+ + γ(e+)

)
= 2 η

(
γ(e+), e+

)
≥ 0 , (2.38)

for all e+ ∈ E such that π(e) = q ∈ Q.

Since γ ∈ Hom(L+, L−) is a vector bundle isomorphism covering the identity,

consider the associated tensor γ ∈ Γ(L∗+ ⊗ L−) and decompose it into a symmetric

part and a skew-symmetric part with respect to η : γ = γg + γb, where γg, γb ∈

Γ(L∗+ ⊗ L−) induce vector bundle morphisms γg, γb such that

ηq
(
γg(e1 +), e2 +

)
= ηq(e1 +, γg(e2 +)

)
(2.39)

and

ηq
(
γb(e1 +), e2 +

)
= −ηq

(
e1 +, γb(e2 +)

)
, (2.40)

for all e1 +, e2 + ∈ L+ such that π(e1 +) = π(e2 +) = q. Then

ηq(eV , eV ) = 2 ηq
(
γg(e+), e+

)
≥ 0 , (2.41)

and γg is non-degenerate. Thus the symmetric part of γ ∈ Γ(L∗+ ⊗ L−) defines a

fibrewise Riemannian metric on L+, which is denoted by g+ ∈ Γ(�2
L∗+), such that

g+ q(e1 +, e2 +) = ηq
(
γg(e1 +), e2 +

)
, (2.42)

15
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for all e1 +, e2 + ∈ L+ such that π(e1 +) = π(e2 +) = q. Similarly, the inverse map

γ−1
g : L− → L+ induces a fibre-wise metric on L− which is denoted by g− ∈ Γ(�2

L∗−).

The fibre-wise metrics g+ and g− are not independent, since

g− q(e1−, e2−) = g−1
+ q

(
η[(e1−), η[(e2−)

)
, (2.43)

for all e1−, e2− ∈ L−. The skew-symmetric part of γ defines a 2-form b+ ∈ Γ(∧2L∗+),

such that

b+ q(e1 +, e2 +) = ηq
(
γb(e1 +), e2 +

)
(2.44)

for all e1 +, e2 + ∈ L+ such that π(e1 +) = π(e1 +) = q.

The automorphism I ∈ Aut1(TM) is thus given by

I =

 −γ−1
g ◦ γb γ−1

g

γg − γb ◦ γ−1
g ◦ γb γb ◦ γ−1

g

 , (2.45)

in the splitting (2.4) defined by K. It is straightforward to show that I2 = 1, and

that the eigenbundles of I are V+ and its orthogonal complement V− with respect

to η. Notice that the eigenbundle V− can be regarded as

V− =
{
e+ + (−γg + γb)(e+)

∣∣ e+ ∈ L+

}
. (2.46)

Thus the corresponding Riemannian metric H, as in Definition 2.29, is given by

16
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Hq(e1, e2) =ηq
(
I(e1), e2

)
(2.47)

=ηq
(
γg(e1 +), e2 +

)
− ηq

(
γb(γ

−1
g (γb(e1 +))), e2 +

)
− ηq

(
γ−1
g (γb(e1 +)), e2−

)
+ ηq

(
γb(γ

−1
g (e1−)), e2 +

)
+ ηq

(
γ−1
g (e1−), e2−

)
(2.48)

=g+ q(e1 +, e2 +) + g− q
(
γb(e1 +), γb(e2 +)

)
− g− q

(
γb(e1 +), e2−

)
− g− q

(
e1−, γb(e2 +)

)
+ g− q(e1−, e2−) (2.49)

for all e1, e2 ∈ E such that π(e1) = π(e2) = q, where the skew-symmetry of γb has

been used from (2.40). In matrix form, by fixing the splitting (2.4) of E associated

with K, the generalised metric reads

H =

(
g+ + γt

b g− γb −γt
b g−

−g− γb g−

)
, (2.50)

where γt
b : L∗− → L∗+ is the transpose map.

Conversely, starting with a pair (g+, b+), the generalised metric H can be written

in (2.50) and then identify the sub-bundle V+ by using the inverse of the metric η.

Example 2.51. Let M = SL(2,C) regarded as a six-dimensional real Lie group. As

a complex Lie group, it has a non-degenerate Cartan-Killing form

Tr: SL(2,C) −→ C . (2.52)

As a real Lie group, SL(2,C) inherits two distinct non-degenerate real pairings

2 Im ◦ Tr and 2Re ◦ Tr. The former has split signature and defines the Manin

triple polarisation

SL(2,C) = SU(2) on SB(2,C) , (2.53)

17
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where on denotes that SL(2,C) is the Drinfel’d double of SU(2) and SB(2,C), the

Borel subgroup of 2× 2 upper triangular complex matrices, while the latter defines

a generalised metric on the tangent bundle TSL(2,C).

For this, recall that, in a suitable basis of the Lie algebra sl(2,C), the generators

satisfy the commutation relations

[Ti, Tj] = 1
2
εij

k Tk , (2.54)

[Ti, T̃
j] = 1

2
εki

j T̃ k − 1
2
εkjl εl3i Tk (2.55)

[T̃ i, T̃ j] = 1
2
εijl εl3k T̃

k . (2.56)

The splitting of the Lie algebra

sl(2,C) = su(2)⊕ sb(2,C) (2.57)

as a vector space induces a left-invariant para-complex structure on SL(2,C). The

O(d, d)-invariant metric η compatible with the para-complex structure is obtained

from the Cartan-Killing form as 〈a, b〉 = 2 Im
(
Tr(a b)

)
, for a, b ∈ sl(2,C), which

gives the duality pairing between the Lie subalgebras su(2) and sb(2,C), with re-

spective generators {Ti} and {T̃ i}, and hence realizes SU(2) and SB(2,C) as dual

Lie subgroups of the Drinfel’d double SL(2,C).c Writing

e±i = 1√
2

(
Ti ± (δij ± εij3 T̃ j)

)
, (2.58)

from the isotropy of su(2) and sb(2,C) it follows that

〈e+
i , e

+
j 〉 = δij = −〈e−i , e−j 〉 (2.59)

and

〈e+
i , e

−
j 〉 = 0 . (2.60)

cSee [20] for further details regarding para-Hermitian structures on Drinfel’d double Lie groups.
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On the other hand, there is also

〈e±i , e±j 〉 = ± 2Re
(
Tr(e±i e

±
j )
)
. (2.61)

The generalised metric H is therefore obtained from the other natural inner product

(a, b) = 2Re
(
Tr(a b)

)
(which does not define a Manin triple polarisation), for which

one writes

HIJ =

 δij εj3i

−εij3 δij + εil3δ
lkεjk3

 , (2.62)

with respect to the basis {Ti, T̃ j}. The scalar product 2Re
(
Tr( · )

)
thus identifies a

generalised metric: the sub-bundle V+ ⊂ TSL(2,C) spanned by e+
i which is defined

via the map γ : su(2)→ sb(2,C) given by

γ = (δij + εij3)T ∗i ⊗ T̃ j . (2.63)

Expanding this out with respect to the splitting sl(2,C) = su(2) ⊕ sb(2,C), and

comparing with (2.50), then identifies the metric (g+)ij = δij as the Cartan-Killing

metric and the 2-form (b+)ij = εij3 on su(2), which lead to the standard round

metric and Kalb-Ramond field (whose H-flux is the volume form) on the 3-sphere

SU(2) = S3; see [40, 41] for further details.

Example 2.64. Let E = TQ = TQ⊕ T ∗Q be the generalised tangent bundle over

a manifold Q. A generalised metric V+ ⊂ TQ is equivalent to a Riemannian metric

g+ and a 2-form b+ on Q. See [3, 38] for further details.

Remark 2.65. A generalised metric on an almost para-Hermitian manifold can also

be related to a generalised metric on a generalised tangent bundle. For this, assume

that the eigenbundle L− of the almost para-Hermitian manifold is involutive, i.e. it

admits integral manifolds given by the leaves of a regular foliation F−. A generalised

tangent bundle TS− = TS−⊕T ∗S− can be constructed on a leaf S− of the foliation.

There is a morphism from TS− to TM covering the inclusion S− ↪→ M , which is

induced at the level of sections by the split signature metric η through

p− : Γ(TS−) −→ Γ(TM) , X + ξ 7−→ p−(X + ξ) = X + η](ξ) . (2.66)
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This pulls back a generalised metric on a foliated almost para-Hermitian manifold,

with the foliation associated with the almost para-complex structure, to a gener-

alised metric on the generalised tangent bundle TS− constructed on a leaf S− of the

foliation F−. This description differs from that of [17–20] where the whole foliation

F− was used instead of a single leaf S−.d

2.2.1 Born Geometry

Generalised metrics are the natural arena to connect this work to the formalism of

[19], starting with the following notion.

Definition 2.67. A compatible generalised metric on a para-Hermitian vector bun-

dle (E,K, η) is a generalised metric H on E which is compatible with the funda-

mental 2-form ω in the sense that

ω]
(
H[(e)

)
= −H]

(
ω[(e)

)
, (2.68)

or equivalently

ω−1
q

(
H[(e1),H[(e2)

)
= −ωq(e1, e2) , (2.69)

for all e, e1, e2 ∈ E with π(e1) = π(e2) = q. The triple (η, ω,H) is a Born geometry

on E.

Remark 2.70. The definition 2.67 is equivalent to the original definition of [19]

where the compatibility conditions are written as

η] ◦ H[ = H] ◦ η[ and ω] ◦ H[ = −H] ◦ ω[ . (2.71)

A Born metric can be regarded as a G-structure on M with

G = O(d, d) ∩ Sp(2d,R) ∩ O(2d) = O(d) . (2.72)

A Born geometry is also a special type of generalised metric, as shown in [19, 39].

dSee also [42] for a similar approach to this relation in the setting of exact Courant algebroids.
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Proposition 2.73. A Born structure on an almost para-Hermitian vector bundle

(E,K, η) is a generalised metric H specified solely by a fibre-wise metric g+ on the

eigenbundle L+.

Proof. A generalised metric on (M,K, η) satisfies η] ◦ H[ = H] ◦ η[ by definition.

Using (2.50) it is then easy to see that the condition ω] ◦ H[ = −H] ◦ ω[ holds if

and only if γb = 0, i.e. b+ = 0.

In other words, the compatible Riemannian metric H can be regarded as a choice

of a metric on the sub-bundle L+ in the splitting associated with K. In this polar-

isation, any element in E decomposes as e = e+ + e− ∈ E , where e+ ∈ L+ and

e− ∈ L−, with π(e) = π(e±) = q and thus one writes

Hq(e1, e2) = g+q(e+, e+) + g−q(e−, e−) , (2.74)

where g+ is a fibre-wise metric on the sub-bundle L+ and g− = η](g−1
+ ) e. In matrix

notation, the compatible generalised metric reads

H =

(
g+ 0

0 g−

)
,

in the splitting given by K.

Example 2.75. Let π : M → Q be a fibred manifold and define a splitting of

TM = Im(s) ⊕ Lv(M) as in Example 2.16. Suppose that TM is endowed with a

fibre-wise split signature metric η and choose an isotropic splitting of the short exact

sequence (2.17) with respect to η. In other words, choose an Ehresmann connection

s : π∗(TQ) → TM for which the almost para-complex structure Ks induced by

the splitting and the split signature metric η on TM are compatible in the sense of

Definition 2.1, i.e. TM carries an almost para-Hermitian structure (Ks, η). Assume

that the base Q is a Riemannian manifold with metric g. The horizontal lift of g,

defined by

g+

(
s(X), s(Y )

)
= g(X, Y ) , (2.76)

for all X, Y ∈ Γ(TQ), gives a fibrewise Riemannian metric on Im(s). This then

eHere η] : E → E∗ is extended to the tensor product bundles.
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defines a Born geometry on M with compatible generalized metric H given by

H
(
s(X) +Xv, s(Y ) + Yv

)
= g+

(
s(X), s(Y )

)
+ g−(Xv, Yv) , (2.77)

for all X, Y ∈ Γ(TQ) and Xv, Yv ∈ Γ(Lv(M)). In other words, the pullback g+ = π∗ g

defines a compatible generalized metric on TM. This is the standard example of a

bundle-like metric obtained from the lift of structuresf from the base Q to the total

space M ; such a metric is characterised by the property of having a horizontal

component which is constant along the fibres, and these will play a prominent role

in the discussions of gauged sigma-models later on. Since any manifold Q admits

a Riemannian metric, we can always define a Born structure of this type for any

almost para-Hermitian structure on TM, where M → Q is a fibreed manifold.

2.3 O(E)-Transformations

This section is dedicated to the characterisation of the metric-preserving automor-

phism of a pseudo-Euclidean vector bundle. The main focus will be on the de-

scription of such automorphism for the generalised tangent bundle and the tangent

bundle of a para-Hermitian manifold.

Definition 2.78. An automorphism of a vector bundle π : E → Q is a pair ϑ =

(f̄ , f), where f : Q → Q is a diffeomorphism and f̄ : E → E is a vector bundle

isomorphism for which the diagram

E E

Q Q

f̄

π π

f

commutes, i.e. π ◦ f̄ = f ◦ π. The map f̄ is a covering of f. The set of automor-

phisms of E forms a group under composition of diffeomorphisms of Q and bundle

isomorphisms of E, which is denoted by Aut(E).

Remark 2.79. The action of an element ϑ = (f̄ , f) ∈ Aut(E) extends to sections

of E by the C∞(Q)-module morphism f̄ ′ : Γ(E)→ Γ(E) given by

f̄ ′(X) := f̄ ◦X ◦ f−1 (2.80)

fSee [43] for the lifts to tangent bundles as Sasaki metrics.
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for all X ∈ Γ(E). Notice that another C∞(Q)-module morphism is obtained by

considering the fibre-wise inverse of f̄ . This is the inverse morphism of the one

defined above and will be denoted by f̄ ′ −1.

An important subgroup of Aut(E) is given by the automorphisms of E covering

the identity, which as before will be denoted by Aut1(E). Denoting by Diff(Q) the

group of diffeomorphisms of the manifold Q, these fit into the sequence of groups

1 −→ Aut1(E) −→ Aut(E) −→ Diff(Q) . (2.81)

Definition 2.82. Let E → Q be a vector bundle with rank(E) = 2d which is

endowed with a fibre-wise metric η of signature (d, d). Let O(E) be the subgroup of

the automorphism group Aut(E) which preserves η, i.e. ϑ = (f̄ , f) ∈ Aut(E) is an

element of the subgroup O(E) ⊂ Aut(E) if and only if

(f̄ ∗η)q(e1, e2) = ηf(q)

(
f̄(e1), f̄(e2)

)
= ηq(e1, e2) , (2.83)

for all e1, e2 ∈ E such that π(e1) = π(e2) = q ∈ Q. An element ϑ of O(E) is called

a para-Hermitian automorphism.

For the case E = TM, where M is a para-Hermitian manifold, the subgroup

O(TM) ⊂ Aut(TM) is the natural group of isometries of the almost para-Hermitian

manifold (M,K, η), which will be called the generalised T-duality group. The ele-

ments of this subgroup are also called changes of polarisation for reasons that will

become apparent later on.

Example 2.84. A particularly relevant class of elements in O(TM) arise from

diffeomorphisms of M . Let f ∈ Diff(M) be a diffeomorphism of the base space M

whose pullback f ∗ preserves the metric η, i.e. f ∗η = η. Then f induces an element

ϑ ∈ O(TM) given by ϑ = (f∗, f), where f∗ : TM → TM is the pushforward by f. In

the following there will be discussed other classes of elements belonging to O(TM),

particularly B-transformations which are examples of automorphisms covering the

identity.

The action induced by Aut(E) on End(E), i.e. on smooth (1, 1)-tensor fields,

is particularly relevant for the description of para-Hermitian automorphisms. Let
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ψ ∈ End(E) and ϑ = (f̄ , f) ∈ Aut(E). Then the pullback ψϑ ∈ End(E) is defined by

the commutative diagram

E E

E E

f̄

ψϑ ψ

f̄

which implies

ψϑ = f̄−1 ◦ ψ ◦ f̄ . (2.85)

Similarly, the pushforward ψϑ ∈ End(E) is defined by the commutative diagram

E E

E E

f̄

ψ ψϑ

f̄

so that

ψϑ = f̄ ◦ ψ ◦ f̄−1 . (2.86)

It then follows that

ψϑ = ψϑ−1 (2.87)

and

ψϑ = ψϑ
−1

, (2.88)

for all ϑ = (f̄ , f) ∈ Aut(E).

Proposition 2.89. ([39]) Let (E,K, η) be a para-Hermitian vector bundle over Q

with fundamental 2-form ω, and let ϑ = (f̄ , f) ∈ O(E). Then the pullback of K by

ϑ, Kϑ = f̄−1 ◦K ◦ f̄ , and η form an almost para-Hermitian structure (Kϑ, η) on E

whose fundamental 2-form is ωϑ = f̄ ∗ω.

Proof. It is proved first that Kϑ is a para-complex structure on E. Since K ∈

Aut1(E) and ϑ = (f̄ , f) ∈ Aut(E), it follows that f̄−1 ◦ K ◦ f̄ ∈ Aut1(E), and

therefore Kϑ ∈ Aut(E). Then

K2
ϑ = f̄−1 ◦K ◦ f̄ ◦ f̄−1 ◦K ◦ f̄ = f̄−1 ◦K2 ◦ f̄ = 1 , (2.90)

where K2 = 1 has been used. In this way Aut(E) maps the para-complex structure

K into the para-complex structure Kϑ.
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The next step is to prove that (Kϑ, η) satisfies the compatibility condition (2.2):

ηq
(
Kϑ(e1), Kϑ(e2)

)
= ηq

(
f̄−1K(f̄(e1)), f̄−1K(f̄(e2))

)
(2.91)

=
(
(f̄−1)∗η

)
f(q)

(
K(f̄(e1)), K(f̄(e2))

)
(2.92)

= ηf(q)

(
K(f̄(e1)), K(f̄(e2))

)
(2.93)

= −ηf(q)

(
f̄(e1), f̄(e2)

)
(2.94)

= −(f̄ ∗η)q(e1, e2) (2.95)

= −ηq(e1, e2) , (2.96)

for all e1, e2 ∈ E such that π(e1) = π(e2) = q, by using the compatibility condition

(2.2) for (K, η) in the fourth equality, and the isometry conditions (f̄−1)∗η = η and

f̄ ∗η = η in the third and sixth equalities respectively. This shows that (E,Kϑ, η) is

a para-Hermitian vector bundle.

It can finally be shown that ωϑ = f̄ ∗ω. The fundamental 2-form of (Kϑ, η) is

given by

ωϑ q(e1, e2) = ηq(Kϑ(e1), e2), (2.97)

for all e1, e2 ∈ E such that π(e1) = π(e2) = q. Then

(f̄ ∗ω)q(e1, e2) = ωf(q)

(
f̄(e1), f̄(e2)

)
(2.98)

= ηf(q)

(
K(f̄(e1)), f̄(e2)

)
(2.99)

=
(
(f̄−1)∗η

)
f(q)

(
K(f̄(e1)), f̄(e2)

)
(2.100)

= ηq
(
f̄−1K(f̄(e1)), e2

)
(2.101)

= ηq
(
Kϑ(e1), e2

)
(2.102)

= ωϑ q(e1, e2) , (2.103)

for all e1, e2 ∈ E such that π(e1) = π(e2) = q, where in the third equality η = (f̄−1)∗η
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has been used.

Corollary 2.104. The projectors Π± = 1
2

(1 ± K) associated with K transform

under ϑ = (f̄ , f) ∈ O(E) to

(Πϑ)± = f̄−1 ◦ Π± ◦ f̄ . (2.105)

Corollary 2.106. Let (M,K, η) be an almost para-Hermitian manifold. An element

ϑ = (f, f∗) ∈ O(TM) preserves the exterior derivative of the fundamental 2-form,

and hence it maps an almost para-Kähler structure (K, η, ω) into another almost

para-Kähler structure (Kϑ, η, ωϑ) with ωϑ = f ∗ω.

A similar statement holds for the pushforward of an almost para-Hermitian struc-

ture.

Proposition 2.107. Let (E,K, η) be a para-Hermitian vector bundle with funda-

mental 2-form ω, and let ϑ = (f̄ , f) ∈ O(E). Then the pushforward of K by ϑ,

Kϑ = f̄ ◦ K ◦ f̄−1, and η form an almost para-Hermitian structure (Kϑ, η) on E

with fundamental 2-form ωϑ = (f̄−1)∗ω.

Proof. Replace ϑ with ϑ−1 in Proposition 2.89, and use Kϑ = Kϑ−1 .

Example 2.108. Consider the generalised tangent bundle TQ = TQ ⊕ T ∗Q with

its natural fibre-wise metric 〈 · , · 〉TQ. Any f ∈ Diff(Q) induces the vector bundle

isomorphism f̄ = (f∗, (f
−1)∗) ∈ Aut(TQ) such that

f̄(v + ν) = f∗(v) + (f−1)∗(ν) , (2.109)

for any v ∈ TQ and ν ∈ T ∗Q. It follows that f̄ defined by (2.109) preserves the

metric 〈 · , · 〉TQ, i.e. f̄ ∈ O(TQ) :

〈f̄(v + ν), f̄(w + ξ)〉TQ =ιf∗(v)(f
−1)∗(ξ) + ιf∗(w)(f

−1)∗(ν) (2.110)

=ιvξ + ιwν = 〈v + ν, w + ξ〉TQ , (2.111)

for any v + ν, w + ξ ∈ TQ.
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Moreover the natural para-complex structure K0 on TQ defined in Example 2.24

is preserved by f̄ (2.109):

f̄−1(K0(f̄(v + ν))) =((f∗, (f
−1)∗) ◦K0)(f∗(v) + (f−1)∗(ν)) (2.112)

=(f∗, (f
−1)∗)(f∗(v)− (f−1)∗(ν)) (2.113)

=v − ν = K0(v + ν) , (2.114)

for all v ∈ TQ and ν ∈ T ∗Q. Hence f̄ = (f∗, (f
−1)∗) is a symmetry of the para-

Hermitian structure (〈 · , · 〉TQ, K0) on TQ.

An automorphism ϑ = (f̄ , f) ∈ Aut(E) does not necessarily preserve the splitting

E = L+ ⊕ L− induced by the almost para-complex structure K. Thus Kϑ can have

different eigenbundles from K.

Remark 2.115. Let (M,K, η) be a para-Hermitian manifold. If K is an integrable

para-complex structure, so that NK = 0, then an arbitrary element ϑ ∈ Aut(TM)

need not preserve the integrability of the para-complex structure, i.e. NKϑ 6= 0.

This also means that such transformations neither generally preserve the (Frobenius)

integrability of the eigenbundles, nor the closure of the fundamental 2-form.

Nevertheless, there is a simple case in which something concrete can be said about

the integrability of the transformed (almost) para-complex structure, as asserted

through

Proposition 2.116. ([39]) Let (M,K) be an almost para-complex manifold and

f ∈ Diff(M). Then the tangent bundle automorphism induced by the differential

of f, ϑ = (f∗, f) ∈ Aut(TM), maps the Nijenhuis tensor NK of K to the Nijenhuis

tensor NKϑ = f∗NK of the pulled back almost para-complex structure Kϑ.

Proof. The crux of the proof is the naturality of the Lie bracket of vector fields,

i.e. f ′∗[X, Y ] = [f ′∗(X), f ′∗(Y )], for all f ∈ Diff(M) and X, Y ∈ Γ(TM). It is also

easy to show that the only Lie bracket-preserving tangent bundle automorphisms

are given by (f∗, f), with f ∈ Diff(M) (see e.g. [3]).
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Since Kϑ = f−1
∗ ◦K ◦ f∗, the Nijenhuis tensor of Kϑ reads

NKϑ(X, Y ) = [X, Y ] +
[
f ′ −1
∗ K

(
f ′∗(X)

)
, f ′ −1
∗ K

(
f ′∗(Y )

)]
− f ′ −1

∗ K f ′∗
([
f ′ −1
∗ K(f ′∗(X)), Y

]
+
[
X, f ′ −1

∗ K(f ′∗(Y ))
])

(2.117)

= f ′ −1
∗
(
f ′∗[X, Y ] +

[
K(f ′∗(X)), K(f ′∗(Y ))

]
−K([K(f ′∗(X)), f ′∗(Y )] + [f ′∗(X), K(f ′∗(Y ))])

)
(2.118)

= f ′ −1
∗
(
NK(f ′∗(X), f ′∗(Y ))

)
, (2.119)

for all X, Y ∈ Γ(TM), by using the naturality of the Lie bracket in each step.

Corollary 2.120. Let (M,K) be a para-complex manifold, i.e. NK = 0. Then

a tangent bundle automorphism ϑ = (f∗, f) maps K into another para-complex

structure Kϑ with NKϑ = 0.

This proof relies on the naturality of the Lie bracket of vector fields under the

pushforward by any diffeomorphism of M. This property holds only for pushfor-

wards and not for generic elements ϑ ∈ Aut(TM), so it is not possible to find any

general relation between the Nijenhuis tensors of an almost para-complex structure

K, and the associated pullback Kϑ and pushforward Kϑ under ϑ. Hence the (lack

of) integrability of an almost para-complex structure is not generally preserved by

an automorphism of the tangent bundle TM.

Remark 2.121. The vector bundle so(E) over Q consists of vector bundle endo-

morphisms ψ ∈ End(E) for which

ηq
(
ψ(e1), e2

)
= −ηq

(
e1, ψ(e2)

)
(2.122)

for all e1, e2 ∈ E such that π(e1) = π(e2) = q. Any element ψ ∈ so(E) can be

decomposed with respect to the splitting E = L+ ⊕ L− as

ψ =

(
A B−

B+ −A∗

)
, (2.123)
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where A ∈ End(L+) and A∗ ∈ End(L−) is defined via

A∗ = η] ◦ At ◦ η[, (2.124)

with At ∈ End(L∗+) transpose of A, while B+ : Γ(L+) → Γ(L−) and B− : Γ(L−) →

Γ(L+) are skew morphisms in the sense that

ηq(B±(e1), e2) = −η(e1, B±(e2)) . (2.125)

By identifying L− with L∗+ using the split signature metric η, B+ can be regarded

as a 2-form in Γ(∧2L∗+) and B− as a bivector in Γ(∧2L+), so that

so(E) = End(L+)⊕ ∧2L∗+ ⊕ ∧2L+ . (2.126)

In Section 2.3.2 the discussion will concern the important class of O(E)-transformations

generated by the last two summands, which are called B-transformations.

2.3.1 O(E)-Transformations of Born Geometry

Applying the transformations of Section 2.3 to Born geometry can be described by

starting from the pullback of a Born structure by an automorphism ϑ = (f̄ , f) ∈

O(E). First it must be shown that an O(E)-transformation of a generalised metric

V+ ⊂ TM gives another generalised metric, as asserted by

Proposition 2.127. Let V+ ⊂ E be a generalised metric on a para-Hermitian vector

bundle (E,K, η), and let ϑ = (f̄ , f) ∈ O(E). Then the pullback of V+ given by

Vϑ+ = f̄(V+) =
{
e′+ = f̄(e+)

∣∣ e+ ∈ V+

}
(2.128)

is a generalised metric on (E,K, η).

Proof. The proof is straightforward:

ηf(q)(e
′
1 +, e

′
2 +) = ηf(q)

(
f̄(e1 +), f̄(e2 +)

)
= ηq(e1 +, e2 +) ≥ 0 , (2.129)
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for all e′1 +, e
′
2 + ∈ Vϑ+, with π(e′1 +) = π(e′2 +) = f(q), since e1 +, e2 + ∈ V+, with

π(e1 +) = π(e2 +) = q.

The generalised T-duality transformations of a Born structure are characterised

through

Proposition 2.130. [39] Let (K, η,H) be a Born geometry on a vector bundle

E with fundamental 2-form ω, and let ϑ = (f̄ , f) ∈ O(E). Then (Kϑ, η,Hϑ) =

(f̄ ◦K ◦ f̄−1, η, f̄ ∗H) is a Born geometry on M with fundamental 2-form ωϑ = f̄ ∗ω.

Proof. It has already be shown that (Kϑ, η) is an almost para-Hermitian structure

on E with fundamental 2-form ωϑ in Proposition 2.89. It remains to prove that

Hϑ = f̄ ∗H satisfies the compatibility conditions

η] ◦ Hϑ
[ = H]

ϑ ◦ η
[ (2.131)

and

ω−1
ϑ

] ◦ Hϑ
[ = −H]

ϑ ◦ ωϑ
[ . (2.132)

The first check is that the inverse of Hϑ is given by

H−1
ϑ = f̄∗H−1 , (2.133)

where

(f̄∗H−1)q(ν, ξ) = H−1
f(q)

(
(f̄−1)∗(ν), (f̄−1)∗(ξ)

)
, (2.134)

for all ν, ξ ∈ E∗ such that p(ν) = p(ξ) = q, where p : E∗ → Q is the surjective

submersion of the dual vector bundle E∗. The expression

ιe2Hϑ
[(e1) = Hϑ q(e1, e2) = Hf(q)

(
f̄(e1), f̄(e2)

)
= ιe2

(
f̄ ∗H[(f̄(e1))

)
, (2.135)

for all e1, e2 ∈ E with π(e1) = π(e2) = q, is also needed, so that

Hϑ
[ = f̄ ∗ ◦ H[ ◦ f̄ . (2.136)
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Then

ι(f̄∗H]◦Hϑ[)(e)ν = f̄∗H−1
q

(
Hϑ

[(e), ν
)

(2.137)

= f̄∗H−1
q

(
f̄ ∗H[(f̄(e)), ν

)
(2.138)

= H−1
f(q)

(
H[(f̄(e)), (f̄−1)∗ν

)
(2.139)

= ιf̄(e)

(
(f̄−1)∗ν

)
(2.140)

= ιe(ν) (2.141)

for all e ∈ E and ν ∈ E∗, such that π(e) = p(ν) = q, which shows

H−1
ϑ = f̄∗H−1. (2.142)

It can now be proved the first compatibility condition (2.131) between η and Hϑ.

Since η] ◦ Hϑ
[ ∈ End(TM), it follows that

ι(η]◦Hϑ[)(e)ν = η−1
q

(
Hϑ

[(e), ν
)

(2.143)

= η−1
q

(
f̄ ∗H[(f̄(e)), ν

)
(2.144)

= (f̄−1
∗ η−1)f(q)

(
H[(f̄(e)), (f̄−1)∗ν

)
(2.145)

= η−1
f(q)

(
H[(f̄(e)), (f̄−1)∗ν

)
(2.146)

= H−1
f(q)

(
η[(f̄(e)), (f̄−1)∗ν

)
(2.147)

=
(
f̄∗H−1

)
q

(
η[(e), ν

)
(2.148)

= ι(H]ϑ◦η[)(e)
ν (2.149)

for all e ∈ E and ν ∈ E∗ such that π(e) = p(ν) = q, where in the fifth equality the

compatibility condition

η] ◦ H[ = H] ◦ η[ (2.150)
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for the original Born geometry has been used. This is basically a more complicated

way of proving that a generalised metric is mapped into a generalised metric under

ϑ ∈ O(E). It is useful to also prove it in this way, which is more in the spirit of the

original definition given in [19], because checking the second compatibility condition

between ωϑ and Hϑ is then straightforward: The required relations are

ω−1
ϑ = f̄∗ω

−1 (2.151)

and

ωϑ
[ = f̄ ∗ ◦ ω[ ◦ f̄ . (2.152)

The proof then follows exactly the same steps taken for the first compatibility con-

dition.

2.3.2 B-Transformations

The notion of a B-transformation for an almost para-Hermitian vector bundle

(E,K, η) can now be introduced. Let E = L+ ⊕ L− be the splitting induced by K.

In this polarisation, any element e ∈ E decomposes as

e = e+ + e− (2.153)

with e+ ∈ L+ , e− ∈ L−.

Definition 2.154. Let (E,K, η) be an almost para-Hermitian vector bundle. A

B+-transformation is an isometry

eB+ : E → E (2.155)

of η covering the identity which is given by

eB+(e) = e+ +B+(e+) + e− , (2.156)
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for all e ∈ E, or in matrix notation

eB+ =

(
1 0

B+ 1

)
: E −→ E (2.157)

in the chosen splitting induced by K, where B+ : L+ → L− is a smooth skew map

in the sense that it satisfies

ηq
(
B+(e1), e2

)
= −ηq

(
e1, B+(e2)

)
, (2.158)

for all e1, e2 ∈ E with π(e1) = π(e2) = q.

The endomorphism B+
g defines both a 2-form b+ and a bivector β− by

ηq
(
B+(e1), e2

)
= b+ q(e1, e2) = β− q

(
η(e1), η(e2)

)
. (2.159)

for all e1, e2 ∈ E such that π(e1) = π(e2) = q. The 2-form b+ is of type (+2,−0)

while the bivector β− is of type (+0,−2) with respect to K. This will be relevant to

understanding how the fundamental 2-form ω changes under a B+-transformation.

The inverse map is given by e−B+ : E → E. Its transpose is given by

ιe
(
(eB+)∗ν

)
= ιeB+ (e)ν , (2.160)

for all e ∈ E and ν ∈ E∗ such that π(e) = p(ν) = q. The splitting of the vector

bundle E = L+ ⊕ L− induces a splitting of the dual bundle E∗ = L∗+ ⊕ L∗−, thus an

element ν ∈ E∗ decomposes as

ν = ν+ + ν− (2.161)

with ν+ ∈ L∗+ , ν− ∈ L∗−. Then the induced B+-transformation on E∗ reads

ιe
(
(eB+)∗ν

)
= ιe+ν+ + ιB+(e+)ν− + ιe−ν− . (2.162)

Since B+ is a map from L+ to L−, its transpose is a map Bt
+ : L∗− → L∗+. This means

gB+ is a vector bundle morphism covering the identity, so the same symbol is used to denote
its induced C∞(M)-module morphism Γ(L+)→ Γ(L−).
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that ν−(B+(e+)) can also be written as

ιB+(e+)ν− = ιe+(Bt
+(ν−)) , (2.163)

thus the B+-transformation of ν can be written as

ιe
(
(eB+)∗ν

)
= ιe+

(
ν+ +Bt

+(ν−)
)

+ ιe−ν− . (2.164)

This implies that (eB+)∗ takes the same matrix form (2.157) as (eB+)t in the chosen

polarisation.

Remark 2.165. Let (E, 〈 · , · 〉E, L) be a pseudo-Euclidean vector bundle together

with a maximally isotropic sub-bundle as in Proposition 2.6. Then the maximally

isotropic splittings of the short exact sequence (2.7) are mapped into each other via

B+-transformations which preserve L. In particular, let s1 : H → E be a maximally

isotropic splitting and B : H → L a vector bundle morphism covering the identity

such that

〈B(v), s1(w)〉E = −〈s1(v), B(w)〉E , (2.166)

for all v, w ∈ H. Then the new splitting

s2(v) := s1(v) +B(v) (2.167)

is maximally isotropic:

〈s2(v), s2(w)〉E = 〈s1(v), B(w)〉E + 〈B(v), s1(w)〉E = 0 , (2.168)

because of the condition (2.166). The B+ transformation associated with B is given

by

B+ := B ◦ ρ : E → E (2.169)

such that satisfies the skew-symmetry condition (2.158) because (2.166) holds.

A B+-transformation induces two almost para-complex structures from the al-

most para-Hermitian vector bundle (E,K, η). Let us choose the splitting E =

L+⊕L− induced by K, with the corresponding decompositions e = e+ +e− ∈ E and
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ν = ν+ + ν− ∈ E∗. Recall that K ∈ Aut1(E), in this polarisation, can be written as

K = 1L+ − 1L− . Then the pullback of K by a B+-transformation is

ιKB+
(e)ν = ιK(eB+ (e))(e

−B+)∗(ν) (2.170)

= ιK(e++B+(e+)+e−)

(
ν+ −B+(ν−) + ν−

)
(2.171)

= ιe+ν+ − ιe−ν− − 2 ιB+(e+)ν− (2.172)

= ι(K−2B+)(e)ν . (2.173)

Hence

KB+ = K − 2B+ , (2.174)

which can be cast in the form

KB+ = e−B+ ◦K ◦ eB+ =

 1 0

−2B+ −1

 . (2.175)

Then it follows that K2
B+

= 1, since

B+(K(e)) = −K(B+(e)) (2.176)

and

B+(B+(e)) = 0, (2.177)

for all e ∈ E, and KB+ satisfies the compatibility condition

ηq(KB+(e1), KB+(e2)) = −ηq(e1, e2) (2.178)

with η because of the skew-symmetry property of B+. Thus (KB+ , η) is an almost

para-Hermitian structure, as expected.

The fundamental 2-form ωB+ of (KB+ , η) is given by ωB+ = (eB+)∗ω. Thus it
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follows that

ωB+q
(e1, e2) =ωq

(
eB+(e1), eB+(e2)

)
(2.179)

=ωq(e1−, e2+) + ωq(e1+, e2−)

+ ωq
(
B+(e1+), e2+

)
+ ωq

(
e1+, B+(e2+)

)
(2.180)

=ωq(e1−, e2+) + ω(e1+, e2−)− 2 ηq
(
B+(e1+), e2+

)
(2.181)

=(ω − 2 b+)q(e1, e2) , (2.182)

for all e1, e2 ∈ E, with π(e1) = π(e2) = q, by using the isotropy of L+ and L− with

respect to ω, and the skew-symmetry property of B+. This shows that

ωB+ = ω − 2 b+ . (2.183)

The same result can also be obtained by computing

ωB+ q(e1, e2) = ηq(KB+(e1), e2) . (2.184)

As a consequence, a B+-transformation does not generally preserve the closure of

the fundamental 2-form.

In a similar fashion, the pushforward of the almost para-complex structure K is

given by

ιKB+ (e)ν = ιK(e−B+ (e))(e
B+)∗(ν) , (2.185)

for all e ∈ E and ν ∈ E∗. Then a similar computation to the case of the pullback

yields

KB+ = eB+ ◦K ◦ e−B+ = K + 2B+ , (2.186)

or in matrix notation

KB+ =

(
1 0

2B+ −1

)
, (2.187)

with respect to the splitting E = L+ ⊕ L−. One easily has (KB+)2 = 1, while the
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skew-symmetry property of B+ implies the compatibility condition

ηq(K
B+(e1), KB+(e2)) = −ηq(e1, e2) . (2.188)

In the conventions of [18], the definition of a B+-transformation is given by the

pushforward of K by eB+ ; this convention is adopted in this work unless otherwise

stated. The fundamental 2-form is then given by

ωB+ =
(
e−B+

)∗
ω = ω + 2 b+ , (2.189)

so that such transformations also may not preserve the closure of the fundamental 2-

form. A completely analogous discussion can be carried out for a B−-transformation,

defined by a skew-symmetric map B− : L− → L+ in the sense described in Defini-

tion 2.154, by interchanging the roles of the eigenbundles L+ and L−.

To summarise, the main effect of a B+-transformation is that the splitting E =

L+ ⊕ L− changes, i.e. eB+ maps the polarisation L+ ⊕ L− to a new polarisation

L
B+

+ ⊕ LB+

− . The transformed projections are given by

Π
B+

+ = 1
2

(
1 +KB+

)
=

(
1 0

B+ 0

)
(2.190)

and

Π
B+

− = 1
2

(
1−KB+

)
=

(
0 0

−B+ 1

)
.

Hence decomposing any element in E with respect to the splitting associated with

K as e = e+ + e− ∈ E, where e± ∈ L±, the new distributions are obtained by using

the transformed projections to get

Π
B+

+ (e) = e+ +B+(e+) (2.191)

and

Π
B+

− (e) = e− −B+(e+) , (2.192)

where Π
B+

− (e) ∈ L− since B+ maps L+ to L−, thus L
B+

− = L−. On the other hand,

the same reasoning applied to Π
B+

+ (e) shows that it is not an element of L+, thus
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L
B+

+ 6= L+. Therefore only the −1-eigenbundle is preserved by a B+-transformation,

while the +1-eigenbundle changes.

The concluding discussion of this section concerns the B-transformations of

a compatible generalised metric of a Born geometry. A compatible generalised

metric H of the almost para-Hermitian structure (K, η) transforms under a B+-

transformation to the compatible generalised metric HB+ of the pullback almost

para-Hermitian structure (KB+ , η) on M. Recalling that H takes the diagonal form

(2.74), it follows that

HB+q
(e1, e2) =

(
eB+
)∗Hq(e1, e2) (2.193)

=Hq

(
eB+(e1), eB+(e2)

)
(2.194)

=g+q(e1+, e2+) + g−q
(
B+(e1+), B+(e2+)

)
+ g−q

(
B+(e1+), e2−

)
+ g−q

(
e1−, B+(e2+)

)
+ g−q(e1−, e2−) , (2.195)

for all e1, e2 ∈ E with π(e1) = π(e2) = q. Similarly, the B+-transformation of a

compatible generalised metric with respect to the pushforward of an almost para-

Hermitian structure (KB+ , η) takes the form

HB+
q(e1, e2) =

(
e−B+

)∗Hq(e1, e2) (2.196)

=Hq

(
e−B+(e1), e−B+(e2)

)
(2.197)

=g+q(e1+, e2+) + g−q
(
B+(e1+), B+(e2+)

)
− g−q

(
B+(e1+), e2−

)
− g−q

(
e1−, B+(e2+)

)
+ g−q(e1−, e2−) , (2.198)

for all e1, e2 ∈ E with π(e1) = π(e2) = q.

It has been thereby shown

Proposition 2.199. A generalised metric V+ ⊂ E on an almost para-Hermitian

vector bundle (E,K, η) corresponds to the choice of a Born geometry (K, η,H) and
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a B+-transformation.

2.4 Example: Classical Dynamics

A clarifying examples of para-Hermitian geometry comes from Lagrangian dynam-

ics, i.e. from the tangent lift of the dynamics to the tangent bundle of the config-

uration space with a sufficiently regular function, defined on this bundle, encoding

the equations of motion. In this section, a widely known subject such as classical

dynamics is inspected under a new light by describing the geometry arising from reg-

ular functions on a manifold, such as Lagrangians and Hamiltonians, as an instance

of para-Hermitian geometry. In [44] a discussion of Lagrangian and Hamiltonian

geometry can be found in terms of Finsler geometry.

2.4.1 Lifting Dynamics

In order to understand the lifting procedure, the definition for a dynamical system

is needed. In particular, the focus will be on Newtonian dynamical systems [45].

Definition 2.200. A Newtonian dynamical system is given by a smooth n-dimensional

manifold Q, called configuration space, and a second order differential equation

given, in a local chart with coordinates {qi}, by

d2qi

dt2
= Φi(q, q̇), (2.201)

with t real parameter, q̇ = dq
dt

and Φi(q, q̇) a function of (q, q̇) assigning a time

evolution law.

A trajectory of the dynamical system is a curve g : R → Q, given, in a local

patch (Uα, φα), by φα ◦ g : R 3 t → {qi(t)} ∈ Rn, such that the qi(t)’s are solution

of the differential equation (2.201).

Equation (2.201) does not separate the trajectories on Q, i.e. we have an infinite

number of trajectories passing through each point in Q for any initial condition,

which implies that a different description of the dynamical system is needed in

order to find a unique solution to equation (2.201) for any set of initial conditions.
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Roughly speaking, an equivalent system of first order differential equations must

be found by enlarging the space on which they are defined so that enough initial

conditions are given to state a well posed Cauchy problem, yielding a unique solu-

tion. From a geometric point of view, this means that, on this enlarged manifold

M , a vector field Σ ∈ Γ(TQ) must be specified in such a way that its with com-

ponents locally define first order differential equations, thus its integral curves can

be projected onto the trajectories of the dynamical system on Q. This leads to the

definition of lift of the dynamics.

Definition 2.202. A lift of the dynamics is the association of an equivalent first

order dynamics Σ ∈ Γ(TM) on a carrier manifold M to the Newtonian dynamics

on Q. The inverse procedure of mapping integral curves of the first order dynamics

Σ to trajectories of the original problem is called projection.

This definition shows that fibre bundles with base space the configuration space

Q are a natural choice for lifting the dynamics. In particular, the projection plays

a crucial role in the description of the geometry of such lifts.

The most common choices for a carrier manifold are given by the tangent and

the cotangent bundle of the configuration space Q. In particular, the description

of the dynamics on the carrier manifold is associated with a choice of a horizontal

subbundle on T (TQ) with respect to the projection Tπ : T (TQ) → TQ, where

π : TQ → Q is the surjective submersion defining the tangent bundle.

In order to understand how the horizontal subbundle encodes the information

about the dynamics, the canonical lift to the tangent bundle of the configuration

space will be discussed.

Definition 2.203. The canonical lift on TQ of a Newtonian dynamical system on

Q is given by the correspondence to the equations (2.201) of a second order vector

field Σ ∈ ΓT (TQ) such that:

1. integral curves of Σ are obtained as tangent lift of trajectories on Q, i.e.

h(t) = Tg(t, 1) ∈ TQ where h(t) is an integral curve of Σ and g : R→ Q;

2. having π : TQ → Q, π ◦ h(t) ∈ Q is a trajectory of the dynamical system on

Q, for any integral curve h of Σ.

This uniquely defines the second order vector field Σ, whose expression in local
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coordinates (qi, vi) on TQ is

Σ = vi
∂

∂qi
+ Φi(q, v)

∂

∂vi
, (2.204)

such that the equivalent first order differential equation system is

dqi

dt
= vi,

dvi

dt
= Φi(q, v). (2.205)

On the other hand, the vertical lift wv ∈ V ⊂ T (TQ) of w ∈ TQ is defined as

follows. Consider any curve R 3 t → x0 + tw ∈ TQ, with starting point x0 ∈ TQ

such that π(x0) = q. Then

wvx0 :=
d

dt
(x0 + t)

∣∣
t=0

, (2.206)

where Tπ(wvx0) = x0. This defines a vector bundle morphism ρ : TQ → V which, in

local coordinates, reads

ρ : X = X i ∂

∂qi
→ Xv = (π∗X i)

∂

∂vi
, (2.207)

where the components π∗X i are functions constant along the fibres.

In order to discuss the horizontal distribution induced by Σ on T (TQ), the

canonical vertical endomorphism of T (TQ) must be introduced.

Definition 2.208. The vertical endomorphism S ∈ End(T (TQ)) is the (1, 1)-tensor

field defined as the composition of the vertical lift and the tangent projection: S :=

ρ ◦ Tπ, as shown in the following diagram.

T (TQ) TQ

T (TQ)

Tπ

S ρ

S is called vertical endomorphism because, if it acts on vector fields, Ker(S)=Im(S) =

Γ(V ) and S2 = 0, which also implies that, in local coordinates, S is given by

S = dqi ⊗ ∂

∂vi
. (2.209)

It can be proved ([45]) that (£ΣS)2 = 1. It is also shown in [45] that L+ = V is
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the +1-eigenbundle of £ΣS. The horizontal subbundle L− = H is the−1-eigenbundle

of £ΣS and its elements, as horizontal lifts of vector fields X ∈ Γ(TQ), take the

form Xh = 1
2
([Xv,Σ] + Xc), where Xc is the complete lift h of X. Moreover, the

rank of V is n and, since H is the complementary subbundle of V, it also has rank n.

Thus we have that the second order vector field Σ and the naturally defined maps

ρ, Tπ define an almost para-complex structure K = £ΣS on T (TQ).

In local coordinates an horizontal lift reads

Xh = (π∗X i)ui, ui = (
∂

∂qi
)h =

∂

∂qi
+

1

2

∂Φk

∂vi
∂

∂vk
, (2.210)

where ui is a basis element spanning Γ(H). This easily shows that H is not an

integrable distribution,

[ui, uj] =
1

2

[ ∂2Φk

∂qi∂vj
− ∂2Φk

∂vi∂qj
+

1

2

( ∂2Φk

∂vj∂vm
∂Φm

∂vi
− ∂2Φk

∂vi∂vm
∂Φm

∂vj

)] ∂

∂vk
, (2.211)

i.e. [ui, uj] ∈ Γ(V ).

The local expression of the 1-forms τ i, αi dual to the local basis for of Γ(V ) and

Γ(H) is obtained as follows. By imposing the duality conditions

τ i(
∂

∂vj
) = αi(uj) = δij, τ i(uj) = αi(

∂

∂vj
) = 0, (2.212)

it follows that

αi = dqi, τ i = dvi − 1

2

∂Φi

∂vj
dqj. (2.213)

Hence the local expression of the dynamical almost para-complex structure is

K = £ΣS =
∂

∂vi
⊗ τ i − ui ⊗ dqi. (2.214)

Similarly the projections P± = 1
2
(1±£ΣS) are locally given by

P+ =
∂

∂vi
⊗ τ i, P− = ui ⊗ dqi. (2.215)

hLet X ∈ Γ(TQ) and ϕt be the local one-parameter group of diffeomorphisms on Q generated
by X, see [45]. The infinitesimal generator Xc ∈ Γ(T (TQ)) of the local one-parameter group of
diffeomorphisms on TQ defined by the canonical lift ϕc

t = Tϕt is called the complete lift of X.

42



Chapter 2: Para-Hermitian Geometry

Finally it is straightforward to show that the Nijenhuis tensor associated to K =

£ΣS is

NK = 2[ui, uj]⊗ dqi ⊗ dqj, (2.216)

where once more is shown that the integrability of the para-complex structure is

violated by the horizontal eigenbundle.

2.4.2 Lagrangian Formalism and Born Geometry

The aim of this Subsection is to connect this completely general discussion to a

specific case, the description of dynamical systems admitting a regular Lagrangian.

In this framework a simple instance of para-Hermitian geometry will emerge.

Recall first some useful notions about the Lagrangian formalism.

Definition 2.217. Let L ∈ C∞(TQ) be a smooth function. The 1-form θL =

S∗(dL) is called Cartan 1-form associated with L. The closed 2-form ΩL = −dθL

is called Lagrangian 2-form. L is said to be a regular Lagrangian if and only if ΩL

is non degenerate, hence a symplectic form.

Notice from this definition that the Cartan 1-form is horizontal. Given any

X ∈ Γ(T (TQ)), S(X) ∈ Γ(V ) is a vertical vector field, then

ιS(X)θL = ιS(X)(dL ◦ S) = ιS2(X)dL = 0. (2.218)

In local coordinates (qi, vi) on TQ, the Cartan 1-form reads

θL =
∂L
∂vi

dqi (2.219)

and the Lagrangian 2-form is

ΩL =
∂2L
∂vi∂vj

dqi ∧ dvj +
1

2

( ∂2L
∂vi∂qj

− ∂2L
∂qi∂vj

)
dqi ∧ dqj. (2.220)

The local expression of θL explicitly shows that it is a horizontal 1-form, while the

local form of ΩL gives another formulation of the regularity requirement for the
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Lagrangian. In fact, ΩL is non-degenerate if

Ker(ΩL) = {X ∈ Γ(T (TQ)) : iXΩL = 0} = {0}. (2.221)

Hence, given any vector field X = X i ∂
∂qi

+ X̃ i ∂
∂vi
∈ Γ(T (TQ)), we compute

iXΩL =
∂2L
∂vi∂vj

X idvj +
[( ∂2L
∂vi∂qj

− ∂2L
∂qi∂vj

)
X i − ∂2L

∂vi∂vj
X̃ i
]
dqj. (2.222)

This shows that iXΩL 6= 0 if and only if det
(

∂2L
∂vi∂vj

)
6= 0, for any X 6= 0, i.e. this

matrix has maximum rank (given by dimQ). Hence, a Lagrangian is regular if and

only if the matrix ∂L
∂vi∂vj

has maximum rank.

It can also be shown [45] that

ΩL(Xv, Y v) = ΩL(Xh, Y h) = 0, ΩL(Xv, Y h) + ΩL(Xh, Y v) = 0, (2.223)

for all Xv, Y v ∈ Γ(V ), and Xh, Y h ∈ Γ(H). This implies that the local expression of

the Lagrangian 2-form can be written as

ΩL = ηijdq
i ∧ τ j, (2.224)

where ηij = ΩL
(
ui,

∂
∂vj

)
and ηij = ηji.

Equations (2.223) give the compatibility between the almost para-complex struc-

ture K = £ΣS and the Lagrangian 2-form, as stated in the following proposition

Proposition 2.225. ([20]) Let L be a regular Lagrangian on TQ, ΩL the associated

Lagrangian 2-form and K = £ΣS the dynamical almost para-complex structure.

Then the (0,2)-tensor field η defined by

η(X, Y ) = ΩL(K(X), Y )

is a metric tensor with split signature signature, i.e. the vertical and horizontal

distributions are maximally isotropic with respect to η. Thus (TQ, η,K) is an almost

para-Kähler manifold with Kähler form given by the Lagrangian 2-form ΩL.

Proof. The non-degeneracy of η follows from the non-degeneracy of both K and ΩL.
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Recall that K(Xv) = Xv, K(Xh) = −Xh. Hence, it follows that

η(Xv, Y v) = ΩL(K(Xv), Y v) = ΩL(Xv, Y v) = 0; (2.226)

η(Xh, Y h) = ΩL(K(Xh), Y h) = −ΩL(Xh, Y h) = 0; (2.227)

η(Xv, Y h) = ΩL(K(Xv), Y h) = ΩL(Xv, Y h) = ηij(X
v)i(Y h)j; (2.228)

in which (2.223) and the local expression of ΩL have been used. The last equation

yields that η is symmetric. Therefore η defines a compatible metric with K and the

Lagrangian 2-form. It follows as well that the two eigenbundles of K, V and H are

isotropic with respect to η and, since they are both of rank n, are also maximal.

Thus (TQ, η,K = £ΣS) is an almost para-Kähler manifold, since ΩL is symplec-

tic for a regular Lagrangian.

In local coordinates, the metric η takes the form η = ηij(dq
i ⊗ τ j + τ i ⊗ dqj),

where ηij = ∂2L
∂vi∂vj

, showing once more the importance of the regularity condition

for the Lagrangian.

Lastly, recall that the Euler-Lagrange equations read as

£ΣθL − dL = 0, (2.229)

and, by applying the Cartan identity, we obtain

iΣΩL = dEL, (2.230)

where EL = iΣθL −L, showing that Σ is the Hamiltonian vector field of the Hamil-

tonian function EL globally defined on TQ, because directly derived from the La-

grangian function.

Any dynamical system described by a regular Lagrangian L induces an almost

Kähler structure on the tangent bundle TQ (see [45] for a complete review). The

almost complex structure I on the tangent bundle, associated with the second order
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vector field Σ ∈ Γ(T (TQ)), is given by

I = S +
1

2
K ◦ P+ , (2.231)

where K = £ΣS is the almost para-complex structure associated with Σ and P+ =

1+K
2
, its vertical projector. It is easy to show that I(Xv) = −Xh and I(Xh) = Xv,

where Xh, Xv are, respectively, the horizontal and vertical lift of a vector field

X ∈ Γ(TQ). In local coordinates, fixing the splitting T (TQ) = H ⊕ V , the almost

complex structure I reads

I =
∂

∂vi
⊗ dqi − ui ⊗ τ i. (2.232)

Given the properties of the Lagrangian 2-form ΩL, it is compatible with the almost

complex structure I, i.e. they satisfy the relation

ΩL(I(X), Y ) + ΩL(X, I(Y )) = 0, (2.233)

for all X, Y ∈ Γ(T (TQ)). Furthermore we can introduce the Hermitian metric

H = ΩL(I(X), Y ), (2.234)

such that

H(I(X), I(Y )) = H(X, Y ) , (2.235)

for all X, Y ∈ Γ(T (TQ)). In local coordinates, it has expression

H = ηij(dq
i ⊗ dqj + τ i ⊗ τ j), (2.236)

so that, for a regular Lagrangian, this is a Riemannian metric.

Summarizing we have that the Lagrangian almost para-Kähler structure and

almost Kähler structure have the same fundamental 2-form. Moreover, with these

data, it is straightforward to show that the almost para-Kähler structure (TQ,K, η,ΩL)

i and the almost Kähler structure (TQ, I,H,ΩL) satisfy the relations (2.71). Thus

iIt is redundant to write all of the three tensors, but we want to stress what are objects involved
in the considered structures.
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the tangent bundle TQ of the configuration manifold Q, for the dynamics arising

from a regular Lagrangian, is a Born manifold and (TQ, η,ΩL,H) is a Born geome-

try. Furthermore, the chiral structure (η, J) is introduced as usual, i.e. J = η−1H,

so that the triple (I, J,K) forms an almost para-hypercomplex structure [36], [46].

For an explicit description of the vector field Σ inducing the above structures see

[45].

Example 2.237. An example of this geometry [45] is given by the geodesic mo-

tion on any (pseudo) Riemannian manifold with metric tensor g. In this case the

Lagrangian function is given by L = 1
2
gijv

ivj and the second order vector field is

Σ = vi
∂

∂qi
− Γikmv

kvm
∂

∂vi
, (2.238)

where Γikm are the Christoffel symbols of the Levi-Civita connection compatible with

g.
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Metric and Courant Algebroids

The goal of this chapter is to give a complete survey of metric algebroids ([7, 14, 15])

and how their properties specialise to Courant algebroids. In particular, it can be

seen that they have a strong relation with para-Hermitian geometry. As a notable

example, Courant algebroids ([1, 3, 4]) will be introduced, in order to discuss the

geometry of Dirac structures.

3.1 Metric Algebroids

Definition 3.1. A metric algebroid is a vector bundle E over a manifold Q with

a fibrewise non-degenerate pairing 〈 · , · 〉E ∈ Γ(�2
E∗), a vector bundle morphism

ρ : E → TQ called the anchor, and a bracket operation

J · , · KD : Γ(E)× Γ(E)→ Γ(E) (3.2)

called a D-bracket, such that they satisfy the following conditions:

ρ(e) · 〈e1, e2〉E = 〈Je, e1KD, e2〉E + 〈e1, Je, e2KD〉E , (3.3)

〈Je, eKD, e1〉E = 1
2
ρ(e1) · 〈e, e〉E , (3.4)

for all e, e1, e2 ∈ Γ(E).

A metric algebroid morphism from a metric algebroid (E, J · , · KD, 〈 · , · 〉E, ρ) to

a metric algebroid (E ′, J · , · K′D, 〈 · , · 〉E′ , ρ′) is a bracket morphism ψ covering the
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identity which is an isometry, that is, 〈ψ(· ), ψ(·) 〉E′ = 〈 · , · 〉E.

Remark 3.5. Notice that the anchored Leibniz rule for the D-bracket

Je1, f e2KD = f Je1, e2KD +
(
ρ(e1) · f

)
e2 (3.6)

for all e1, e2 ∈ Γ(E) and f ∈ C∞(Q), follows from (3.3).

A metric algebroid (E, J · , · KD, 〈 · , · 〉E, ρ) is called regular if its anchor map ρ :

E → TQ has constant rank, and transitive if ρ is surjective. A split metric algebroid

is a metric algebroid whose underlying vector bundle E → Q is the Whitney sum

E = A⊕ A∗ of a vector bundle A→ Q and its dual A∗ → Q.

Remark 3.7. For any anchored pseudo-Euclidean vector bundle (E, 〈 · , · 〉E, ρ) over

Q there is a map ρ∗ : T ∗Q → E given by

〈ρ∗(α), e〉E := 〈ρt(α), e〉 , (3.8)

for all α ∈ Ω1(Q) and for all e ∈ Γ(E), where ρt : T ∗Q → E∗ is the transpose of ρ;

as before, the bilinear form 〈 · , · 〉 (without subscript) is the canonical dual pairing

between the bundle E and its dual E∗. The map ρ∗ induces a map D : C∞(Q) →

Γ(E) defined by Df = ρ∗df , for all f ∈ C∞(Q), which obeys a derivation-like rule

and is the natural generalisation of the exterior derivative in the algebroid E.

In particular, Condition (3.4) for any metric algebroid structure on (E, 〈 · , · 〉E, ρ)

can be recast as

Je, eKD = 1
2
D〈e, e〉E , (3.9)

for all e ∈ Γ(E). Thus, the symmetric part of the D-bracket [ · , · ]D is given by

Je1, e2KD + Je2, e1KD = D〈e1, e2〉E , (3.10)

for all e1, e2 ∈ Γ(E). Lastly, note that (3.10) together with the anchored derivation

property (3.6) imply the left derivation property

Jf e1, e2KD = f Je1, e2KD −
(
ρ(e2) · f

)
e1 + 〈e1, e2〉E Df , (3.11)

for all f ∈ C∞(Q) and e1, e2 ∈ Γ(E).
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Definition 3.12. An almost D-structure on a metric algebroid (E, J · , · KD, 〈 · , · 〉E, ρ)

is an isotropic vector subbundle L ⊂ E. It is a D-structure if L is also involutive

with respect to the D-bracket J · , · KD, that is, JΓ(L), Γ(L)KD ⊆ Γ(L).

Notice that the definition of D-structure provided in this work differs from the

one given in [19].

3.1.1 Existence of Metric Algebroids

In the following, the notion of Atiyah algebroid for a pseudo-Euclidean vector bundle

is needed. It is introduced by defining first order covariant differential operators.

Definition 3.13. Let E be a vector bundle over Q. An R-linear map D : Γ(E) →

Γ(E) is a first order differential operator ifD(f e)−f D(e) is an element in Γ(End(E)),

for all e ∈ Γ(E) and f ∈ C∞(Q).

It can be shown (see [47], Appendix I) that D is a first order differential operator

if and only if it is associated with an element σ(D) ∈ Γ(Hom(T ∗Q,End(E))) such

that

D(f e)− f D(e) = σ(D)(df ⊗ e) , (3.14)

for all e ∈ Γ(E) and f ∈ C∞(Q), called the symbol of D.

Furthermore, following [47], it can be proved that the space of first order dif-

ferential operators is identified as a C∞(Q)-module with the space of sections of

Hom(J1(E), E). Therefore, first order differential operators can be seen as sections

of a vector bundle, denoted by Diff1(E), over Q. Equation (3.14) yields that there

is a surjective vector bundle morphism

σ : Diff1(E) −→ Hom(T ∗Q,End(E)) . (3.15)

Moreover, Diff1(E) fits the short exact sequence of vector bundles over Q

0 −→ End(E) −−→ Diff1(E)
σ−−→ Hom(T ∗Q,End(E)) −→ 0 . (3.16)

Following [48] the definition of a covariant differential operator can be stated as

follows.
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Definition 3.17. A covariant differential operator is a section of the vector subbun-

dle At(E) ⊂ Diff1(E) defined as the pullback vector bundle that makes the following

diagram commute

At(E) TQ

Diff1(E) Hom(T ∗Q,End(E))

a

i

σ

(3.18)

where the injective map i : TQ → Hom(T ∗Q,End(E)) is given by

i(X) = m ◦ ιX , (3.19)

for all X ∈ Γ(TQ). Here m : C∞(Q) → End(E) is given by m(f)(e) := fe, for all

f ∈ C∞(Q) and e ∈ Γ(E).

It is easy to see that any D ∈ Γ(At(E)) satisfies

D(f e)− f D(e) = (ιa(D)df)e , (3.20)

for all e ∈ Γ(E) and f ∈ C∞(Q). Notice that At(E) is a transitive Lie algebroid with

anchor map given by a, called the Atiyah algebroid of E, see, for instance, [48].

Let (E, 〈 · , · 〉E) be a pseudo-Euclidean vector bundle overQ. The vector subbun-

dle of At(E) given by 〈 · , · 〉E-preserving first order covariant differential operators,

i.e. any D ∈ Gamma(At(E)) such that

a(D) · 〈e1, e2〉E = 〈D(e1), e2〉E + 〈e1, D(e2)〉E , (3.21)

for all e1, e2 ∈ Γ(E), form a transitive Lie subalgebroid called the Atiyah algebroid

At(E, 〈 · , · 〉E), i.e. there is a short exact sequence of Lie algebroids over Q given by

0 −→ so(E)
i−−→ At(E, 〈 · , · 〉E)

a−−→ TQ −→ 0 , (3.22)

where a : At(E, 〈 · , · 〉E) → TQ is the (surjective) anchor of the Atiyah algebroid

and

so(E) := {ψ ∈ End(E) : 〈ψ(e1), e2〉E = −〈e1, ψ(e2)〉E, ∀ e1, e2 ∈ Eq, ∀ q ∈ Q} .

(3.23)
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Notice that, from the above definition, follows the isomorphism so(E) ∼= ∧2E.

Remark 3.24. 〈 · , · 〉E-preserving Koszul connections ∇ on E are in one-to-one cor-

respondence with splittings of the Atiyah sequence (3.22). Furthermore a splitting

of the Atiyah sequence always exists. Hence, (E, 〈 · , · 〉E) always admits a metric

Koszul connection.

Remark 3.25. Given any two 〈 · , · 〉E-preserving connections ∇, ∇′ on E, follows

from the short exact sequence (3.22) that

∇′ −∇ = Ω , (3.26)

for some Ω ∈ Γ(Hom(TQ, so(E))) ∼= Γ(T ∗Q⊗ so(E)). Notice that Ω satisfies

〈Ω(X, e1), e2〉E = −〈e1,Ω(X, e2)〉E , (3.27)

for all e1, e2 ∈ Γ(E) and X ∈ Γ(TQ).

Proposition 3.28. ([14]) Any anchored pseudo-Euclidean vector bundle (E, 〈 · , · 〉E, ρ)

over Q, where ρ : E → TQ is a vector bundle morphism, admits a metric algebroid

structure.

Proof. Recall from Remark 3.24 that a 〈 · , · 〉E-preserving connections ∇ on E al-

ways exists. Define the bracket operation

J·, ·K∇ : Γ(E)× Γ(E)→ Γ(E) (3.29)

by

Je1, e2K∇ := ∇ρ(e1)e2 −∇ρ(e2)e1 + tw(e1, e2) , (3.30)

where tw : Γ(E)× Γ(E)→ Γ(E) is defined by

〈tw(e1, e2), e〉E := 〈∇ρ(e)e1, e2〉E , (3.31)

for all e, e1, e2 ∈ Γ(E). It needs to be checked that the bracket (3.30) satisfies the
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properties (3.3) and (3.4):

〈Je, e1K∇, e2〉E + 〈e1, Je, e2K∇〉E = 〈∇ρ(e)e1, e2〉E + 〈e1,∇ρ(e)e2〉E (3.32)

= ρ(e) · 〈e1, e2〉E , (3.33)

where Eqs. (3.30), (3.31) and

ρ(e) · 〈e1, e2〉E = 〈∇ρ(e)e1, e2〉E + 〈e1,∇ρ(e)e2〉E (3.34)

have been used. This proves property (3.3).

To show that property (3.4) holds notice that

〈Je, eK∇, e1〉E = 〈tw(e, e), e1〉E = 〈∇ρ(e1)e, e〉E . (3.35)

From Eq. (3.34) follows that

〈∇ρ(e1)e, e〉E =
1

2
ρ(e1) · 〈e, e〉E . (3.36)

Hence J·, ·K∇ satisfies property (3.4).

Proposition 3.37. ([14]) Let (E, 〈 · , · 〉E, ρ) be an anchored pseudo-Euclidean vec-

tor bundle over Q endowed with two D-brackets J·, ·K∇′ , J·, ·K∇ induced by the metric

connections ∇′ and ∇, respectively. Then the D-brackets satisfy

〈Je1, e2K∇
′ − Je1, e2K∇, e〉E = F(e1, e2, e) , (3.38)

for all e, e1, e2 ∈ Γ(E), where F ∈ Γ(∧3E∗).

Proof. Remark 3.25 yields that for any anchored pseudo-Euclidean vector bundle

(E, 〈 · , · 〉E, ρ) the difference Ω between any two connections ∇′, ∇ induces

Λ = Ω ◦ ρ ∈ Γ(Hom(E, so(E))) , (3.39)

such that

〈Λ(e, e1), e2〉E = −〈e1,Λ(e, e2)〉E , (3.40)
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for all e, e1, e2 ∈ Γ(E).

By substituting Equation (3.26) into (3.30) follows that

〈Je1, e2K∇
′
, e〉E = 〈Je1, e2K∇, e〉E+〈Λ(e1, e2), e−Λ(e2, e1), e〉E+〈e2,Λ(e, e1)〉E . (3.41)

Thus the 3-form F ∈ Γ(∧3E∗) is given by

F(e1, e2, e) = 〈Λ(e1, e2), e− Λ(e2, e1), e〉E + 〈e2,Λ(e, e1)〉E (3.42)

and Equation (3.38) follows.

Remark 3.43. Proposition 3.37 yields that there is a one-to-one correspondence

between metric algebroid structures on (E, 〈 · , · 〉E, ρ) induced by metric connections

and 3-forms F ∈ Γ(∧3E∗). This correspondence in non-canonical and depends on the

choice of a reference D-bracket on (E, 〈 · , · 〉E, ρ).

Corollary 3.44. There are infinitely many metric algebroid structure on the an-

chored pseudo-Euclidean vector bundle (E, 〈 · , · 〉E, ρ).

Example 3.45. Let (Q, η) be a pseudo-Riemannian manifold, and let ∇LC denote

the Levi-Civita connection of η. Define a bracket operation J · , · KηD : Γ(TQ) ×

Γ(TQ)→ Γ(TQ) by

η(JX, Y KηD, Z) = η(∇LC
XY −∇LC

Y X,Z) + η(∇LC
Z X, Y ) (3.46)

for vector fields X, Y, Z ∈ Γ(TQ).

3.1.2 Metric Algebroids and para-Hermitian Structures

In the following, the construction of a metric algebroid will be specialised to anchored

para-Hermitian vector bundles and then to (almost) para-Hermitian manifolds. In

particular, a notion of compatibility with the para-complex structure will be re-

quired for the D-bracket, i.e. both eigenbundles of the para-complex structure must

be involutive with respect to the D-bracket. This requirement of compatibility is in-

spired by the properties of the standard Courant algebroids, which will be discussed
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in the next Section. In the case of para-Hermitian manifolds this will lead to a result

of existence and uniqueness of a compatible D-bracket.

In order to discuss a notion of compatibility of the para-complex structure based

on the involutivity of its eigenbundles with respect to the D-bracket, the following

generalisation of the Nijenhuis tensor will be useful later on.

Definition 3.47. Let (E, 〈 · , · 〉E, K, ρ) be an anchored para-Hermitian vector bun-

dle, where ρ : E → TQ is the anchor map, endowed with a metric algebroid structure

with D-bracket J · , · KD. The generalised Nijenhuis tensor

NK : Γ(E)× Γ(E) −→ Γ(E) (3.48)

associated with K and J · , · KD is defined by

NK(e1, e2) := Je1, e2KD + JK(e1), K(e2)KD −K
(
JK(e1), e2KD + Je1, K(e2)KD

)
, (3.49)

for all e1, e2 ∈ Γ(E).

It is straightforward to check that NK is a well-defined tensor.

Remark 3.50. Notice that the generalised Nijenhuis tensor induces a 3-form NK ∈

Γ(∧3E∗) given by

NK(e1, e2, e3) = 〈NK(e1, e2), e3〉E , (3.51)

for all e1, e2, e3 ∈ Γ(E). Furthermore, given the splitting E = L+ ⊕ L− induced by

K, the Nijenhuis tensor decomposes as follows

NK(e1 +, e2 +) = 4 Π−
(
Je1 +, e2 +KD

)
(3.52)

for all e1 +, e2 + ∈ Γ(L+), and

NK(e1−, e2−) = 4 Π+

(
Je1−, e2−KD

)
(3.53)

for all e1−, e2− ∈ Γ(L−).

Definition 3.54. Let (E, 〈 · , · 〉E, K, ρ) be an anchored para-Hermitian vector bun-

dle endowed with a metric algebroid structure with D-bracket J · , · KD. Then the
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D-bracket is called compatible with K if NK = 0 and (E, 〈 · , · 〉E, K, J · , · KD, ρ) is

then called a compatible metric algebroid.

The construction of a metric algebroid on the anchored pseudo-Euclidean vector

bundle (E, 〈 · , · 〉E, ρ) given in the proof of Proposition 3.28 yields a similar result

for compatible metric algebroids on para-Hermitian vector bundles. In particular,

a compatible D-bracket can be defined from Equation (3.30) by using a Koszul

connection ∇pH preserving the para-Hermitian structure, i.e. ∇pH preserves both

〈 · , · 〉E and K.

Remark 3.55. Notice that a para-Hermitian connection on the para-Hermitian

vector bundle (E, 〈 · , · 〉E, K) over Q preserves the splitting E = L+ ⊕ L− induced

by K. In particular, ∇pH
XK = 0, for all X ∈ Γ(TQ), yields that

K(∇pH
X e±) = ±∇pH

X e± , (3.56)

for all X ∈ Γ(TQ) and e± ∈ Γ(L±).

Proposition 3.57. ([14]) Let (E, 〈 · , · 〉E, K, ρ) be an anchored para-Hermitian vec-

tor bundle endowed with a para-Hermitian connection ∇pH. The D-bracket structure

given by

Je1, e2KpH := ∇pH

ρ(e1)e2 −∇pH

ρ(e2)e1 + tw(e1, e2) , (3.58)

where tw is given by

〈tw(e1, e2), e〉E := 〈∇pH

ρ(e)e1, e2〉E , (3.59)

as in Proposition 3.28, is compatible with K, i.e. NK = 0.

Proof. A straightforward calculation gives

NK(e1 +, e2 +, e) =2
(
〈∇pH

ρ(e1+)e2 + −∇pH

ρ(e2+)e1 +, e〉E + 〈∇pH

ρ(e)e1 +, e2 +〉E (3.60)

− 〈K
(
∇pH

ρ(e1+)e2 + −∇pH

ρ(e2+)e1 +

)
, e〉E + 〈K

(
∇pH

ρ(e)e1 +, e2 +

)
〉E
)
,

for all e1 +, e2 + ∈ Γ(L+) and e ∈ Γ(E). Because of Equation (3.56), it follows that

NK(e1 +, e2 +, e) = 0 . (3.61)

56



Chapter 3: Metric and Courant Algebroids

Similarly, one has that

NK(e1−, e2−, e) = 0 , (3.62)

for all e1−, e2− ∈ Γ(L−) and e ∈ Γ(E). Hence, NK = 0, i.e. J · , · KpH is a compatible

D-bracket.

It will be shown next that a compatible metric algebroid structure exists for any

anchored para-Hermitian vector bundle.

Proposition 3.63. ([14]) Let (E, 〈 · , · 〉E, K, ρ) be an anchored para-Hermitian vec-

tor bundle. Then E always admits a para-Hermitian connection, hence a compatible

metric algebroid structure.

Proof. Recall that the Atiyah sequence (3.22) always admits a splitting, hence

(E, 〈 · , · 〉E) can always be endowed with a metric-preserving connection ∇. Given

the projectors Π± induced by K, define

∇com := Π+ ◦ ∇ ◦ Π+ + Π− ◦ ∇ ◦ Π− . (3.64)

It is straightforward to see that ∇com is a linear connection. Furthermore ∇com

preserves 〈 · , · 〉E, i.e. it is associated with a different splitting of (3.22). It shall

be shown that ∇com preserves K as well. Notice that (3.64) straightforwardly gives

(3.56). Hence ∇com preserves K.

Lastly, by using ∇com to construct the D-bracket (3.58) of Proposition 3.57, it

follows that (E, 〈 · , · 〉E, K, ρ) always admits a compatible metric algebroid structure.

The construction of a compatible metric algebroid can be applied to the (almost)

para-Hermitian manifold (M, η,K) by considering its tangent bundle TM as an

anchored para-Hermitian vector bundle with anchor map given by the identity 1TM

([17, 19]). Moreover a notion of compatibility between the D-bracket and the Lie

bracket can be established as follows.

Definition 3.65. Let (M, η,K) be an almost para-Hermitian manifold and consider

the anchored para-Hermitian vector bundle (TM, η,K,1TM) endowed with a D-
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bracket J · , · KD. Then the D-bracket is said to be canonical if

JX+, Y+KD = Π+([X+, Y+]) , (3.66)

for all X+, Y+ ∈ Γ(L+), and

JX−, Y−KD = Π−([X−, Y−]) , (3.67)

for all X−, Y− ∈ Γ(L−).

Notice that, by definition, the sub-bundles L± are both involutive with respect

to a canonical D-bracket.

Proposition 3.68. ([17]) Let (M, η,K) be an almost para-Hermitian manifold.

Then there exists a unique canonical compatible D-bracket induced by a metric

connection for the para-Hermitian vector bundle (TM, η,K,1TM).

Proof. In order to prove uniqueness, let J · , · K′D, J · , · KD be canonical compatible

D-brackets on (TM, η,K,1TM). It has been shown in Proposition 3.37 that the

difference of two D-brackets induced by different metric connections is given by

η(JX, Y K′D − JX, Y KD, Z) = F(X, Y, Z) , (3.69)

for all X, Y, Z ∈ Γ(TM), where F ∈ Γ(∧3T ∗M). From the conditions (3.66), (3.67)

and (3.4), it follows that

F(X+, Y+, Z) = F(X−, Y−, Z) = 0 (3.70)

for all X+, Y+ ∈ Γ(L+), X−, Y− ∈ Γ(L−) and Z ∈ Γ(TM). Thus F = 0, i.e. there is

at most one canonical compatible D-bracket on (TM, η,K,1TM).

The existence of a canonical compatible D-bracket can be shown as follows.

Recall that there always exists the Levi-Civita connection ∇LC preserving η. Thus

construct the canonical para-Hermitian connection

∇can := Π+ ◦ ∇LC ◦ Π+ + Π− ◦ ∇LC ◦ Π− . (3.71)
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as in the proof of Proposition 3.63 and consider its associated D-bracket J · , · KcanD .

Hence, by Proposition 3.57, the associated D-bracket is compatible with the para-

Hermitian structure. Furthermore, notice that

η
(
JX+, Y+KcanD , Z

)
=η
(
Π+(∇LC

X+
Y+ − Π+(∇LC

Y+
X+), Z

)
+ η
(
Y+,Π+(∇LC

Z X+)
)

=η
(
Π+([X+, Y+]), Z

)
, (3.72)

for all X+, Y+ ∈ Γ(L+) and Z ∈ Γ(TM), where the facts that ∇LC is torsionless and

L+ is maximally isotropic have been used. Clearly, this proves (3.66). A similar

proof holds for (3.67). Hence J · , · KcanD is a canonical compatible D-bracket.

Notice that (TM, η,K, J · , · KcanD ,1TM) is a regular metric algebroid.

Example 3.73. Let (M, η,K) be a para-Kähler manifold. Then ∇LC is a para-

Hermitian connection for (η,K) and the canonical compatible D-bracket structure

is the one given in Example 3.45.

3.1.3 Pre-Courant Algebroids

An important class of metric algebroid is obtained by imposing the homomorphism

property of the anchor [7, 49, 50].

Definition 3.74. A metric algebroid (E, J · , · KD, 〈 · , · 〉E, ρ) over a manifold Q is a

pre-Courant algebroid if its anchor map ρ : E → TQ is a bracket morphism:

ρ(Je1, e2KD) = [ρ(e1), ρ(e2)]TQ , (3.75)

for all e1, e2 ∈ Γ(E).

Notice that the metric algebroid (TQ, J · , · KηD, η,1TQ) defined in Example 3.45

is not a pre-Courant algebroid.

Lemma 3.76. ([51]) Let (E, J · , · KD, 〈 · , · 〉E, ρ) be a pre-Courant algebroid over a

manifold Q. Then

ρ ◦ ρ∗ = 0 . (3.77)
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Proof. Property (3.4) yields

0 = ρ(Je, eKE) =
1

2
ρ(D〈e, e〉E) =

1

2
(ρ ◦ ρ∗)(d〈e, e〉E) , (3.78)

for all e ∈ Γ(E). Thus

ρ ◦ D = 0. (3.79)

Since Γ(Im(D)) generates Γ(Im(ρ∗)), Equation (3.77) follows.

Proposition 3.80. ([51]) Let (E, J · , · KD, 〈 · , · 〉E, ρ) be a pre-Courant algebroid

over a manifold Q with constant rank anchor map. Then Im(ρ∗) is a coisotropic

subbundle.

Proof. From Lemma 3.76 follows that

Im(ρ∗) ⊆ Ker(ρ) . (3.81)

Furthermore

Im(ρt) = Ann(Ker(ρ)) (3.82)

and, because of the fibrewise metric 〈 · , · 〉E,

Im(ρ∗) ∼= Im(ρt) = Ann(Ker(ρ)) ∼= Kerρ⊥ . (3.83)

Hence from Equations (3.81) and (3.83) follows that

Kerρ⊥ ⊆ Kerρ . (3.84)

Proposition 3.85. ([51]) Let (E, J · , · KD, 〈 · , · 〉E, ρ) be a pre-Courant algebroid over

a manifold Q. Then

Je, ρ∗(α)KD = ρ∗
(
£ρ(e)α

)
, (3.86)

Jρ∗(α), eKD = −ρ∗
(
ιρ(e)dα

)
, (3.87)

for all e ∈ Γ(E) and α ∈ Γ(T ∗Q).
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Proof. To prove Equation (3.86) notice that Equation (3.3)

ρ(e1) · 〈ρ∗(α), e2〉E = 〈Je1, ρ
∗(α)KD, e2〉E + 〈ρ∗(α), Je1, e2KD〉E , (3.88)

yields

ρ(e1) · (ιρ(e2)α) = 〈Je1, ρ
∗(α)KD, e2〉E + ιρ(Je1,e2KD)α , (3.89)

for all e1, e2 ∈ Γ(E) and α ∈ Γ(T ∗Q). Thus Equation (3.89) gives

〈Je1, ρ
∗(α)KD, e2〉E = ιe2(£ρ(e1)α) = 〈ρ∗(£ρ(e1)α), e2〉E , (3.90)

because ρ is a bracket homomorphism. Since Equation (3.89) holds for any e2 ∈

Γ(E), Equation (3.86) follows.

In order to show that Equation (3.87) holds, Equation (3.10) is used:

Je, ρ∗(α)KD + Jρ∗(α), eKD = D〈e, ρ∗(α)〉E = ρ∗d(ιρ(e)α) . (3.91)

Hence, by using Equation (3.86) and Cartan’s formula, Equation (3.87) follows.

Corollary 3.92. ([51]) Let (E, J · , · KD, 〈 · , · 〉E, ρ) be a pre-Courant algebroid. Then

Im(ρ∗) is an abelian (two-sided) ideal with respect to the D-bracket.

Proof. Proposition 3.85 implies that

Jρ∗(α), eKE ∈ Γ(Im(ρ∗)) , (3.93)

for all e ∈ Γ(E) and α ∈ Γ(T ∗Q). Furthermore Proposition 3.85 gives

Jρ∗(α), ρ∗(β)KE = 0 , (3.94)

for all α, β ∈ Γ(T ∗Q), because of Equation (3.77).
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3.1.4 Exact pre-Courant Algebroids

Let (E, J · , · KD, 〈 · , · 〉E, ρ) be a pre-Courant algebroid over a manifold Q. It follows

from ρ ◦ ρ∗ = 0 that there is the following chain complex

0 −→ T ∗Q ρ∗−−→ E
ρ−−→ TQ −→ 0 . (3.95)

Definition 3.96. The pre-Courant algebroid (E, J · , · KD, 〈 · , · 〉E, ρ) is said to be

exact if (3.95) is a short exact sequence.

The short exact sequence of an exact pre-Courant algebroid always admits a

maximally isotropic splitting, as shown in Proposition 2.6.

Example 3.97. Let TQ = TQ⊕T ∗Q be the generalised tangent bundle of Q. Then

TQ is endowed with the exact pre-Courant algebroid structure given by the natural

pairing 〈 · , · 〉TQ, anchor map pr1 : TQ⊕T ∗Q → TQ, pr1(v+ ξ) = v, for all v ∈ TQ

and ξ ∈ T ∗Q, and D-bracket

JX + α, Y + βKHD = [X, Y ]TQ + £Xβ − ιY dα + ιY ιXH , (3.98)

for all X, Y ∈ Γ(TQ) and α, β ∈ Γ(T ∗Q) and H ∈ Γ(∧3T ∗Q). This is called standard

pre-Courant algebroid associated with H.

Proposition 3.99. ([4]) Any exact pre-Courant algebroid (E, J · , · KD, 〈 · , · 〉E, ρ)

over Q is isomorphic to the pre-Courant algebroid TQ = TQ⊕ T ∗Q endowed with

the pairing (2.26), the anchor pr1 : TQ → TQ and the bracket (3.98)

JX + α, Y + βKHD = [X, Y ]TQ + £Xβ − ιY dα + ιY ιXH , (3.100)

for all X, Y ∈ Γ(TQ) and α, β ∈ Γ(T ∗Q) and H ∈ Γ(∧3T ∗Q).

Proof. By choosing any maximally isotropic splitting s : TQ → E of the short exact

sequence

0 −→ T ∗Q ρ∗−−→ E
ρ−−→ TQ −→ 0 . (3.101)

the isomorphism ψ : TQ⊕ T ∗Q → E covering the identity 1Q can be defined by

ψ(v + ν) := s(v) + ρ∗(ν) , (3.102)
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for all v ∈ TQ and ν ∈ T ∗Q. Furthermore

〈s(v) +ρ∗(ν), s(w) +ρ∗(ξ)〉E = 〈s(v), ρ∗(ξ)〉E + 〈ρ∗(ν), s(w)〉E = ιvξ+ ιwν , (3.103)

for all v, w ∈ TQ and ν, ξ ∈ T ∗Q.

To prove Equation (3.98) notice that

Jψ(X + α), ψ(Y + β)KD =Js(X) + ρ∗(α), s(Y ) + ρ∗(β)KD (3.104)

=Js(X), s(Y )KD + Js(X), ρ∗(β)KD

+ Jρ∗(α), s(Y )KD + Jρ∗(α), ρ∗(β)KD , (3.105)

where

Jρ∗(α), ρ∗(β)KD = 0 , (3.106)

from Corollary 3.92. Proposition 3.85 gives

Js(X), ρ∗(β)KD = ρ∗
(
£ρ(s(X))β

)
= ρ∗

(
£Xβ

)
(3.107)

and

Jρ∗(α), s(Y )KD = −ρ∗
(
ιρ(s(Y ))dα

)
= −ρ∗

(
ιY dα

)
. (3.108)

Lastly recall that

s(Js(X), s(Y )KD) = [X, Y ] , (3.109)

thus

Js(X), s(Y )KD = s([X, Y ]) + ρ∗H(X, Y ) , (3.110)

where H(X, Y ) ∈ Γ(T ∗Q) is defined as follows

H(X, Y, Z) = 〈Js(X), s(Y )KD, s(Z)〉E , (3.111)
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for all X, Y, Z ∈ Γ(TQ). In order to show that H ∈ Γ(∧3T ∗Q) notice that

H(X, fY, Z) =f〈Js(X), s(Y )KD, s(Z)〉E + (X · f)〈s(Y ), s(Z)〉E (3.112)

=fH(X, Y, Z) , (3.113)

because Im(s) is maximally isotropic. Similarly

H(fX, Y, Z) =f〈Js(X), s(Y )KD, s(Z)〉E − (Y · f)〈s(X), s(Y )〉E

+ 〈s(X), s(Y )〉E〈Df, s(Z)〉E (3.114)

=fH(X, Y, Z) , (3.115)

where Equation (3.11) has been used together with Im(s) being maximally isotropic.

H is C∞(Q)-linear in the third entry as well because 〈 · , · 〉E is C∞(Q)-bilinear.

From Equation (3.10) follows that

Js(X), s(Y )KD + Js(Y ), s(X)KD = D〈s(X), s(Y )〉E = 0 , (3.116)

i.e. J · , · KD is skew-symmetric on Im(s). Hence H is skew-symmetric in the first two

entries.

Equation (3.3) yields

H(X, Y, Z) =〈Js(X), s(Y )KD, s(Z)〉E (3.117)

=X · 〈s(Y ), s(Z)〉E − 〈s(Y ), Js(X), s(Z)KD〉E (3.118)

=H(X,Z, Y ) . (3.119)

Hence H is fully skew and C∞(Q)-linear in all its entries, thus H ∈ Γ(T ∗Q).

Therefore

Jψ(X + α), ψ(Y + β)KD =s([X, Y ]) + ρ∗(ιY ιXH) + ρ∗
(
£Xβ

)
− ρ∗

(
ιY dα

)
(3.120)

=ψ(JX + α, Y + βKHD ) . (3.121)
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Notice that the anchor maps satisfy

ρ ◦ ψ = pr1 . (3.122)

Remark 3.123. The isomorphism of Proposition 3.99 depends on the choice of

maximally isotropic splitting of the short exact sequence (3.101). In particular any

two maximally isotropic splittings are related by a B-transformation, as discussed

in Remark 2.165.

Definition 3.124. Let (E, J · , · KD, 〈 · , · 〉E, ρ) be a metric algebroid. The map

JacD : Γ(E)× Γ(E)× Γ(E) −→ Γ(E)

given by

JacD(e1, e2, e3) := Je1, Je2, e3KDKD − JJe1, e2KD, e3KD − Je2, Je1, e3KDKD (3.125)

is called Jacobiator.

Remark 3.126. The Jacobiator JacD measure the violation of the Jacobi identity

of any D-bracket.

In particular, for an exact pre-Courant algebroid, given a maximally isotropic

splitting s : TQ → E, the Jacobiator becomes

JacD(s(X) + ρ∗(α), s(Y ) + ρ∗(β), s(Z) + ρ∗(ξ)) = ιZιY ιXdH , (3.127)

for all X, Y, Z ∈ Γ(TQ) and α, β, ξ ∈ Γ(T ∗Q).

Example 3.128. A natural extension of Example 2.24 is given by an exact pre-

Courant algebroid (E, J · , · KD, 〈 · , · 〉E, ρ) on Q specified by the short exact sequence

0 −→ T ∗Q ρ∗−−→ E
ρ−−→ TQ −→ 0 . (3.129)

The para-Hermitian structure of E is given by the choice of a maximally isotropic
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splitting of (3.129):

s : TQ −→ E with ρ ◦ s = 1TQ . (3.130)

It follows that

E = Im(s)⊕ Im(ρ∗) (3.131)

with associated para-complex structure defined by

Ks

(
s(v) + ρ∗(ξ)

)
= s(v)− ρ∗(ξ) , (3.132)

for all v ∈ TQ and ξ ∈ T ∗Q. The para-complex structure Ks is compatible with

the metric 〈 · , · 〉E, and thus E is endowed with a para-Hermitian structure. This

para-Hermitian structure of an exact pre-Courant algebroid is isomorphic to the

para-Hermitian structure of the generalised tangent bundle TQ from Example 2.24.

Notice that the 3-form H measures the violation of involutivity of Im(s) ' TQ

with respect to the D-bracket. Thus Im(s) is an almost D-structure. On the other

hand, it follows from Proposition 3.92 that Im(ρ∗) ' T ∗Q is involutive with respect

to J · , · KD, hence is a D-structure.

3.1.5 Exact pre-Courant Algebroid Isomorphisms

Proposition 3.99 suggests how isomorphisms of metric algebroids can be defined in

full generality.

Definition 3.133. Let (E1, 〈 · , · 〉E1 , J · , · KE1
D , ρ1) and (E2, 〈 · , · 〉E2 , J · , · KE2

D , ρ2) be

metric algebroids over Q and F : E1 → E2 a vector bundle isomorphism covering

f ∈ Diff(Q). F is a metric algebroid isomorphism if

〈F (e1), F (e2)〉E2, f(q) = 〈e1, e2〉E1, q , (3.134)

for all e1, e2 ∈ E1 such that π1(e1) = π1(e2) = q, where π1 : E1 → Q1, and

JF ′(e1), F ′(e2)KE2
D = F ′(Je1, e2KE1

D ) , (3.135)

66



Chapter 3: Metric and Courant Algebroids

for all e1, e2 ∈ Γ(E1)a

Here and in the following the word isomorphism refers to maps between different

metric algebroid structures, even if defined on the same vector bundle.

Remark 3.136. The above Definition 3.133 for F : E1 → E2 metric algebroid iso-

morphism together with the anchored Leibniz rule gives the following compatibility

condition with the anchor maps:

ρ2 ◦ F = f∗ ◦ ρ1 , (3.137)

where F covers f ∈ Diff(Q).

Remark 3.138. Let (E, 〈 · , · 〉E be a pseudo-Euclidean vector bundle over Q. The

subgroup of vector bundle automorphisms which are metric algebroid isomorphisms

is denoted by OD(E) ⊂ O(E).

Example 3.139. Let (TQ, J · , · KHD , 〈 · , · 〉TQ, pr1), be a standard pre-Courant alge-

broid over Q with H ∈ Γ(∧3T ∗Q). For any f ∈ Diff(Q) consider the induced vector

bundle automorphism f̄ = (f∗, (f
−1)∗ ∈ O(TQ) covering f as in Example 2.108.

Then it is straightforward to see that the D-bracket (3.98) transforms as

f̄−1(Jf̄(X + α), f̄(Y + β)KHD ) = JX + α, Y + βKf
∗H

D , (3.140)

for all X + α, Y + β ∈ Γ(TQ). In other words, f̄ is an isomorphism between

(TQ, J · , · KHD , 〈 · , · 〉TQ, pr1), and (TQ, J · , · Kf
∗H

D , 〈 · , · 〉TQ, pr1), i.e. f̄ ∈ OD(T). Ex-

ample 2.108 shows also that f̄ preserves the natural para-Hermitian structure on

TQ. Thus there are many isomorphic metric algebroid structures associated with a

given para-Hermitian structure.

Notice that if f ∗H = H, then f̄ preserves the D-bracket and, hence, f̄ is an

automorphism of the standard pre-Courant algebroid (TQ, J · , · KHD , 〈 · , · 〉TQ, pr1).

B+-transformations for a split exact pre-Courant algebroid are another example

of isomorphisms of exact pre-Courant algebroids. Their construction follows from

Subsection 2.3.2.

aIn Equation (3.135) F ′ denotes the extension of F to sections as discussed in Remark 2.79.
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Let (E, J · , · KD, 〈 · , · 〉E, ρ) be a split exact pre-Courant algebroid isomorphic to

(TQ, J · , · KHD , 〈 · , · 〉TQ, pr1), where H is the 3-form characterising the D-bracket on

TQ which depends on the choice of splitting. A B+-transformation is given by any

2-form B ∈ Γ(∧2T ∗Q) which induces the vector bundle morphism B[ : TQ → T ∗Q

given by B[(X) = ιXB, for all X ∈ Γ(TQ). Thus eB : TQ → TQ is given by

eB(X + α) = X +B[(X) + α, (3.141)

for all X ∈ Γ(TQ) and α ∈ Γ(T ∗Q).

Recall that graph(B) = Im(eB) ⊂ TQ is a maximally isotropic sub-bundle

〈eB(X), eB(Y )〉TQ = ιXB
[(Y ) + ιYB

[(X) = 0 , (3.142)

and is compatible with the anchor pr1, i.e.

pr1(eB(X + α)) = X , (3.143)

for all X, Y ∈ Γ(TQ) and α ∈ Γ(T ∗Q).

Furthermore eB ∈ O(TQ), as discussed in 2.3.2.

Proposition 3.144. ([3]) Let (TQ, J · , · KHD , 〈 · , · 〉TQ, pr1) be the standard pre-Courant

algebroid with H ∈ Γ(∧3T ∗Q). For all B ∈ Γ(∧2T ∗Q), then eB transforms the D-

bracket (3.98) as

JeB(X + α), eB(Y + β)KHD = eB(JX + α, Y + βKHD ) + ιY ιXdB , (3.145)

for all X + α, Y + β ∈ Γ(TQ), i.e. eB is a metric algebroid isomorphism between

(TQ, J · , · KHD , 〈 · , · 〉TQ, pr1) and (TQ, J · , · KH+dB
D , 〈 · , · 〉TQ, pr1).

Furthermore eB is an isomorphism of (TQ, J · , · KHD , 〈 · , · 〉TQ, pr1) if dB = 0.
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Proof.

JeB(X + α), eB(Y + β)KHD =JX + α + ιXB, Y + β + ιYBKHD (3.146)

=JX + α, Y + βKHD + £X(ιYB)− ιY d(ιXB) (3.147)

=JX + α, Y + βKHD + ι[X,Y ]B + ιY ιXdB (3.148)

=eB(JX + α, Y + βKHD ) + ιY ιXdB , (3.149)

for all X + α, Y + β ∈ Γ(TQ).

Notice that the above calculation also gives

JeB(X + α), eB(Y + β)KHD = JX + α, Y + βKH+dB
D , (3.150)

i.e. eB ∈ OD(TQ).

Remark 3.151. Notice that, as discussed in Subsection 2.3.2, B-transformations do

not preserve the para-Hermitian structure on TQ. All these para-Hermitian struc-

tures are isomorphic and, for B ∈ Ω2
cl(Q), they all have the same D-bracket.

Proposition 3.152. ([3]) Let F ∈ OD(TQ) covering f ∈ Diff(Q) be a symme-

try of (TQ, J · , · KHD , 〈 · , · 〉TQ, pr1) the standard pre-Courant algebroid with H ∈

Γ(∧3T ∗Q). Then F can always be expressed as a composition of a B-transformation

and a map f̄ induced by the diffeomorphism f, i.e. F = f̄ ◦ eB, for some closed

B ∈ Γ(∧2T ∗Q) and f ∗H = H.

Proof. Define Φ := f̄−1 ◦ F ∈ OD(TQ) covering 1Q. Then it follows that

pr1 ◦ Φ = pr1 , (3.153)

see Remark 3.136. Thus (3.153) gives

〈e,Φ−1(dg)〉TQ = 〈Φ(e), dg〉TQ = ιpr1(Φ(e))dg = ιpr1(e)dg = 〈e, dg〉TQ (3.154)

for all e ∈ Γ(TQ) and g ∈ C∞(Q). This shows that Φ−1 acts as the identity on

T ∗Q. Therefore Φ = eB for some B ∈ Γ(∧2T ∗Q), because Φ ∈ OD(TQ). Since Φ is
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a D-bracket homomorphism, B must be a closed 2-form and f ∈ Diff(Q) must be

such that f ∗H = H.

The next result helps understanding how the transformation of standard pre-

Courant algebroids is related to the isomorphism of exact pre-Courant algebroids.

Proposition 3.155. ([3]) Let (E1, J · , · KE1
D , 〈 · , · 〉E1 , ρ1), (E2, J · , · KE2

D , 〈 · , · 〉E2 , ρ2)

be exact pre-Courant algebroids over Q and F : E1 → E2 covering f ∈ Diff(Q)

an isomorphism of metric algebroids. Consider H1, H2 ∈ Γ(∧3T ∗Q) defining the

brackets of the standard pre-Courant algebroids isomorphic to E1, E2 respectively,

and denote again by F the map induced by F : E1 → E2 between the standard

pre-Courant algebroids. Then F maps the D-bracket on TQ determined by H1 into

the D-bracket determined by

f ∗H2 = H1 − dB , (3.156)

for some B ∈ Γ(∧2T ∗Q).

Proof. By choosing splittings for E1 and E2, it follows that they are isomorphic

to TQ endowed with D-brackets J · , · KH1
D and J · , · KH2

D , respectively. Then, with a

slight abuse of notation, F is such that

F (Je1, e2KH1
D ) = JF (e1), F (e2)KH2

D , (3.157)

for all e1, e2 ∈ Γ(E1). As discussed in Proposition 3.152, F can be written as F =

f̄ ◦ eB, for some B ∈ Γ(∧2T ∗Q) and f̄ = (f∗, (f
−1)∗). Therefore Equation (3.157)

gives that

eB(Je1, e2KH1
D ) = f̄−1(Jf̄(eB(e1)), f̄(eB(e2))KH2

D ) . (3.158)

Recall from Example 3.139 that

f̄−1(Jf̄(e1), f̄(e2)KH2
D ) = Je1, e2Kf

∗H2
D . (3.159)
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Hence Equations (3.158) and (3.159) yield

eB(Je1, e2KH1
D ) =JeB(e1), eB(e2)Kf

∗H2
D (3.160)

=eB(Je1, e2Kf
∗H2

D ) + ιpr1(e2)ιpr1(e1)dB , (3.161)

which gives Equation (3.156).

Thus the group of “weak” automorphisms of a standard pre-Courant algebroid

is characterised as follows.

Proposition 3.162. Let (TQ, J · , · KHD , 〈 · , · 〉TQ, pr1) be a standard pre-Courant al-

gebroid determined by H ∈ Γ(∧3T ∗Q). Then

OD(TQ) := {F = f̄ ◦ eB|f ∈ Diff(Q), B ∈ Γ(∧2T ∗Q) : f ∗H = H − dB} (3.163)

forms a group with composition law

F1 ◦ F2 = f̄1 ◦ f̄2 ◦ eB2+f∗2B1 . (3.164)

OD(TQ) is called here the group of weak automorphisms of the standard pre-

Courant algebroid.

Proof. This is a consequence of Propositions 3.152 and 3.155 by noticing that

f ∗2 (f ∗1H + dB1) = H − dB2 . (3.165)

Corollary 3.166. The Lie algebra of the group OD(TQ) is given by

oD(TQ) = {X +B ∈ Γ(TQ⊕ ∧2T ∗Q) : £XH = −dB} (3.167)

with Lie bracket

[X1 +B1, X2 +B2] = [X1, X2]TQ + £X1B2 −£X2B1 . (3.168)
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Proof. Let Ft = f̄t ◦ eBt be a one-parameter family of automorphisms in OD(TQ)

with t ∈ [0, 1] and F0 = 1TQ. It follows that

f ∗t H = H − dBt (3.169)

and its derivative at t = 0 gives

£XH = −dB , (3.170)

with

X =
∂ft
∂t

∣∣∣∣
t=0

, B =
∂Bt

∂t

∣∣∣∣
t=0

. (3.171)

Conversely, for any X + B ∈ Γ(TQ ⊕ ∧2T ∗Q) satisfying (3.170), define the one-

parameter family of automorphisms Ft = f̄t ◦ eB̂t , where ft is the one-parameter

family of diffeomorphisms generated by X and

B̂t =

∫ t

0

f ∗sB ds . (3.172)

Thus Ft is well-defined:

dB̂t =

∫ t

0

f ∗s (dB) ds = −
∫ t

0

f ∗s (£XH) ds = H − f ∗t H . (3.173)

Notice that the action by conjugation of OD(TQ) on itself is

F−1 ◦ Ft ◦ F = ¯f−1 ◦ ft ◦ f ◦ eB+f∗Bt−(f−1◦ft◦f)∗B , (3.174)

thus

AdF−1(X2 +B2) = f ∗X2 + f ∗B2 + £f∗X2B . (3.175)

Similarly, by setting F = Fs in the above equation and taking its derivative at s = 0,

it follows that

adX1+B1(X2 +B2) =[X1 +B1, X2 +B2] (3.176)

=[X1, X2]TQ + £X1B2 −£X2B1 . (3.177)
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Remark 3.178. It follows from Proposition 3.155 that the group of automorphisms

Sym(E) ⊂ OD(E) of an exact pre-Courant algebroid (E, J · , · KD, 〈 · , · 〉E, ρ) isomor-

phic to (TQ, J · , · KHD , 〈 · , · 〉TQ, pr1) is a central extension of the subgroup of diffeo-

morphisms DiffH(Q) preserving H ∈ Γ(∧3T ∗Q) by Ω2
cl(Q), i.e.

0 −→ Ω2
cl(Q) −→ Sym() −→ DiffH(Q) −→ 1 . (3.179)

Similarly its Lie algebra sym() is an abelian extension of Γ(TQ) by closed 2-forms,

i.e.

0 −→ Ω2
cl(Q) −→ sym() −→ Γ(TQ) −→ 0 . (3.180)

3.2 Courant Algebroids

Definition 3.181. A Courant algebroid is a metric algebroid, see Definition 3.1,

such that the bracket J · , · KD satisfies the Jacobi identity, i.e.

Je, Je1, e2KDKD = JJe, e1KD, e2KD + Je1, Je, e2KDKD (3.182)

for all e, e1, e2 ∈ Γ(E). In this case J · , · KD is called Dorfman bracket and from now

on will be denoted by J · , · K.

Remark 3.183. Notice that the Jacobi identity (3.182) and the anchored Leibniz

rule (3.6) give that the anchor ρ is a bracket homomorphism, i.e.

ρ(Je1, e2K) = [ρ(e1), ρ(e2)]TQ , (3.184)

for all e1, e2 ∈ Γ(E). This is a feature of all Courant algebroids and does not need

to be imposed as in Definition 3.74.

Notice that all the results presented in Subsection 3.1.3 hold for Courant alge-

broids as well.

Example 3.185. Let TQ = TQ ⊕ T ∗Q be the generalised tangent bundle over

Q endowed with the natural pairing 〈 · , · 〉TQ as in Example 2.24. The standard
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Courant algebroid structure on TQ is given by

JX + α, Y + βK = [X, Y ]TQ + £Xβ − ιY dα (3.186)

for all X + α, Y + β ∈ Γ(TQ), together with the anchor map pr1 : TQ → TQ,

pr1(X+α) = X. Notice that the standard Dorfman bracket (3.186) can be obtained

from the construction presented in Proposition 3.28 by choosing any torsionless

connection ∇ on TQ. This straightforwardly extends to a connection ∇gen on TQ

by ∇gen
X (Y + β) = ∇XY +∇Xβ, for all X ∈ Γ(TQ) and Y + β ∈ Γ(TQ). Thus one

has

〈JX + α, Y + βK, Z + γ〉TQ :=〈∇gen

pr1(X+α)(Y + β)−∇gen

pr1(Y+β)(X + α), Z + γ〉TQ

+ 〈∇gen

pr1(Z+γ)(X + α), Y + β〉TQ , (3.187)

for all X + α, Y + β, Z + γ ∈ Γ(TQ). It is easy to show that (3.187) yields (3.186),

as shown in [18]. Furthermore ∇gen is a para-Hermitian connection for the para-

Hermitian structure defined in Example 2.24. Hence J · , · K is a compatible D-

bracket, as it can also be seen by checking that the eigenbundles TQ, T ∗Q are both

involutive with respect to (3.186).

Clearly the standard Courant algebroid is a standard pre-Courant algebroid with

H = 0.

Example 3.188. The set of standard pre-Courant algebroids, discussed in Example

3.97, contains the so-called twisted standard Courant algebroids. From Remark 3.126,

it follows that a standard pre-Courant algebroid associated with H ∈ Γ(∧3T ∗Q) is

a twisted standard Courant algebroid if dH = 0.

3.2.1 Exact Courant Algebroids and Their Classification

Exact Courant algebroids clearly are a subset of exact pre-Courant algebroids. Their

definition follows from Definition 3.96 and, for the sake of clarity, is stated below.

Definition 3.189. A Courant algebroid (E, J · , · K, 〈 · , · 〉E, ρ) over Q is said to be
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exact if it fits the following short exact sequence of vector bundles

0 −→ T ∗Q ρ∗−−→ E
ρ−−→ TQ −→ 0 . (3.190)

Remark 3.191. Notice that all the results stated in Subsections 3.1.4 and 3.1.5

hold for exact Courant algebroids as well.

An important result on the classification of exact Courant algebroids, due to

Ševera, can be stated by introducing a special class of isomorphisms of Courant

algebroids.

Definition 3.192. Let (E1, 〈 · , · 〉E1 , J · , · KE1 , ρ1) and (E2, 〈 · , · 〉E2 , J · , · KE2 , ρ2) be

Courant algebroids over Q and F : E1 → E2 a Courant algebroid isomorphism

covering f ∈ Diff(Q). (F, f) is said to be small if f lies in the identity component of

Diff(Q). E1 and E2 are said to be in the same small isomorphism class if they are

isomorphic via a small isomorphism.

Theorem 3.193. ([4]) For any smooth manifold Q the small isomorphism classes of

exact Courant algebroids over Q are in one-to-one correspondence with the classes

of the de Rham cohomology group H3
dR(Q), called the Ševera class of the exact

Courant algebroid.

Proof. Let (E1, J · , · KE1 , 〈 · , · 〉E1 , ρ1) be an exact Courant algebroid over Q and

s : TQ → E1 a maximally isotropic splitting of (3.190) such that E is isomorphic to

(TQ, J · , · KHs
1 , 〈 · , · 〉TQ, pr1) with Hs

1 ∈ Ω3
cl(Q).

It shall be shown that a small isomorphism class is associated with the Ševera

class [Hs] ∈ H3
dR(Q). This does not depend on the choice of splitting. In particular,

let s′ be another splitting of (3.190) giving the isomorphism with the twisted stan-

dard Courant algebroid (TQ, J · , · KHs′
1 , 〈 · , · 〉TQ, pr1) with Hs′ ∈ Ω3

cl(Q). Then, from

Remark 2.165, there is a B-transformation eB, for some B ∈ Γ(∧2T ∗Q), giving the

isomorphism between (TQ, J · , · KHs
1 , 〈 · , · 〉TQ, pr1) and (TQ, J · , · KHs′

1 , 〈 · , · 〉TQ, pr1).

Thus Hs′
1 = Hs

1 + dB, i.e. Hs′ and Hs are in the same cohomology class [Hs
1 ] =

[Hs′
1 ] = [H1]. In other words, the Ševera class does not depend on the splitting.

Let (E2, J · , · KE2 , 〈 · , · 〉E2 , ρ2) be another exact Courant algebroid over Q, iso-

morphic to (TQ, J · , · KH2 , 〈 · , · 〉TQ, pr1) with H2 ∈ Ω3
cl(Q), such that there is a small
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Courant algebroid isomorphism F : E1 → E2 covering f ∈ Diff(Q). Then it follows

from Proposition 3.155 that

f ∗H2 = H1 − dB . (3.194)

Because F is a small Courant isomorphism, i.e. f is in the identity component

of Diff(Q), there exists a one-parameter group of diffeomorphisms ft, generated by

X ∈ Γ(TQ), such that f0 = 1Q and f1 = f, with t ∈ [0, 1]. Therefore, by using

Moser’s trick for H2 ∈ Ω3
cl(Q), i.e.

∂

∂t
(f ∗t H2) = f ∗t (£XH2) , (3.195)

it follows that

f ∗H2 −H2 =

∫ 1

0

∂

∂t
(f ∗t H2)dt =

∫ 1

0

f ∗t (dιXH2)dt = dB̂ (3.196)

where

B̂ =

∫ 1

0

f ∗t (ιXH2)dt ∈ Γ(∧2T ∗Q) . (3.197)

Combining (3.194) and (3.196) yields

H2 = H1 − d(B + B̂) , (3.198)

thus [H1] = [H2] ∈ H3
dR(Q).

Remark 3.199. Let Diff0(Q) be the component connected with the identity of

Diff(Q) and denote by MC(Q) = Diff(Q)/Diff0(Q) the mapping class group of

Q. Notice that, by Theorem 3.193, the Ševera classes of exact Courant algebroids

over Q are in one-to-one correspondence with H3
dR(Q)/Diff(Q), where Diff(Q) acts

on H3
dR(Q) by pullback. Since Diff0(Q) acts trivially on H3

dR(Q), the isomor-

phism classes of exact Courant algebroids are in one-to-one correspondence with

H3
dR(Q)/MC(Q).
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3.2.2 Dirac Structures

The notion of Dirac structure for exact Courant algebroids will be introduced to-

gether with the main properties of these mathematical objects.

Definition 3.200. Let (E, J · , · K, 〈 · , · 〉E, ρ) be an exact Courant algebroid. A

generalised sub-bundleb LD ⊂ E is a Dirac structure if it is maximally isotropic, i.e.

Lagrangian, and involutive with respect to the Dorfman bracket, i.e.

JΓ(LD), Γ(LD)K ⊆ Γ(LD) . (3.201)

A Dirac structure LD is said to be regular if its rank is constant. Dirac structures

for the twisted Courant algebroid (TQ, J · , · KH , 〈 · , · 〉TQ, pr1) are also called H-

twisted Dirac structures.

Example 3.202. Let (TQ, J · , · K, 〈 · , · 〉TQ, pr1) be the standard Courant algebroid.

Then TQ and T ∗Q are Dirac structures. Notice that, for any exact Courant alge-

broid, only T ∗Q is a Dirac structure.

Remark 3.203. For any Lagrangian subbundle LD ⊂ E there exists the tensor

Υ(e1, e2, e3) := 〈Je1, e2K, e3〉TQ , (3.204)

for any e1, e2, e3 ∈ Γ(LD), i.e. Υ ∈ Γ(∧3L∗D). Then LD is a Dirac structure if and

only if

Υ(e1, e2, e3) = 0 , (3.205)

for all e1, e2, e3 ∈ Γ(LD). Thus, for a Dirac structure LD, the tensor Υ allows to

reformulate the integrability condition (3.201) as a vanishing condition Υ = 0.

Example 3.206. Let ω ∈ Ω2(Q) be a 2-form and (TQ, J · , · K, 〈 · , · 〉TQ, pr1) the

standard Courant algebroid. Then the sub-bundle

Lω := graph(ω]) = {v + ιvω ∈ TQ : v ∈ TQ} (3.207)

bHere generalised sub-bundle means non-constant rank sub-bundle.
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of TQ is Lagrangian. Furthermore the tensor Υ reads

Υ(X1 + ω](X1), X2 + ω](X2), X3 + ω](X3)) = ιX3ιX2ιX1dω , (3.208)

for all X1 +ω](X1), X2 +ω](X2), X3 +ω](X3) ∈ Γ(Lω). Hence Lω is a Dirac structure

if and only if ω is a pre-symplectic 2-form. Notice that Lω ∩ T ∗Q = {0}.

On the other hand, let L ⊂ TQ be a Lagrangian sub-bundle such that L ∩

T ∗Q = {0}. Since Ker(pr1)|L = L ∩ T ∗Q = {0}, pr1|L : L → TQ is a vector bundle

isomorphism. Hence L can be written as

L = {v + ϕ(v) : v ∈ TQ} , (3.209)

where ϕ : TQ → T ∗Q is a vector bundle morphism. Notice that, because L is

Lagrangian, ϕ must be skew-symmetric, i.e.

ιvϕ(w) + ιwϕ(v) = 0 , (3.210)

for all v, w ∈ TQ; in other words, ϕt = −ϕ. There is a one-to-one correspondence

between skew-symmetric vector bundle morphisms and 2-forms and the 2-form ω

induced by ϕ is given by

ιvω := ϕ(v) , (3.211)

for all v ∈ TQ. Therefore L = Lω and it is clear that there is a one-to-one correspon-

dence between Lagrangian sub-bundles such that transverse to T ∗Q and 2-forms on

Q. Furthermore Equation (3.208) yields a one-to-one correspondence between Dirac

structures transverse to T ∗Q and pre-symplectic 2-forms.

Example 3.212. Similarly to Example 3.206, any bivector field π ∈ Γ(∧2TQ)

defines a Lagrangian sub-bundle Lπ of TQ by

Lπ = {π](α) + α : α ∈ T ∗Q} , (3.213)

such that Lπ ∩ TQ = {0}. Lπ is a Dirac structure if and only if π is a Poisson

structure.

Conversely, any Lagrangian sub-bundle L ⊂ TQ such that L ∩ TQ = {0} is
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associated with a bivector field π. Thus there is a one-to-one correspondence between

Poisson structures on Q and Dirac structures transverse to TQ.

Example 3.214. Let F ⊂ TQ be a regular distribution and (TQ, J · , · K, 〈 · , · 〉TQ, pr1)

the standard Courant algebroid. Then LF = F ⊕ Ann(F ) ⊂ TQ is a Lagrangian

sub-bundle. It can be shown that LF is a Dirac structure if and only if F is involu-

tive, i.e. by Frobenius’ theorem, any foliation of the base manifold Q is associated

with a Dirac structure. For any X, Y ∈ Γ(F ) and α, β ∈ Γ(Ann(F )) compute

JX + α, Y + βK = [X, Y ] + ιXdβ − ιY dα , (3.215)

where ιXdβ − ιY dα ∈ Γ(Ann(F )). Hence JX + α, Y + βK ∈ Γ(LF ) if and only if

[X, Y ] ∈ Γ(F ). Notice that LF is a regular Dirac structure.

Definition 3.216. Let (E, J · , · K, 〈 · , · 〉E, ρ) be an exact Courant algebroid. A

small Dirac structure is a sub-bundle Ls ⊂ E which is isotropic with respect to

〈 · , · 〉E and involutive.

A small Dirac structure is called regular if it has constant rank.

This extension of the notion of Dirac structure will prove to be useful later on

when discussing the Courant algebroid approach to the gauging of sigma models.

Following [52], small Dirac structures can be used to introduce a weakening of the

definition of generalised metrics.

Definition 3.217. Let (E, J · , · K, 〈 · , · 〉E, ρ) be an exact Courant algebroid over Q

and Ls a regular small Dirac structure. A sub-bundle W ⊂ E with rank(W ) =

dim(Q) is a Ls−transverse generalised metric if Ls ⊂ W ⊂ L⊥s ,

〈w,w〉E > 0 , (3.218)

for all w ∈ W such that w /∈ Ls, and W is invariant with respect to Ls, i.e.

JΓ(Ls), Γ(W )K ⊆ Γ(W ) . (3.219)

Remark 3.220. Recall that, in a given splitting, a generalised metric V+ ⊂ E for
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an exact Courant algebroid can be seen as

V+ = graph(g +B) = {v + ιv(g +B) ∈ TQ : v ∈ TQ} , (3.221)

where g is a Riemannian metric on Q and B ∈ Ω2(Q). Thus, by applying a B-

transformation, it follows that there is a unique splitting such that V+ = graph(g).

Similarly, for an Ls-transverse generalised metric W ⊂ E, there is a (degenerate)

symmetric bilinear pairing h such that there exists a unique splitting of E ' TQ in

which

W = graph(h) = {v + ιvh ∈ TQ : v ∈ TQ} . (3.222)

Furthermore, in this splitting, D ' Ker(h) non-constant rank sub-bundle of E.

The following result will be crucial in the description of gauged sigma models.

Proposition 3.223. ([52]) Let (E, J · , · K, 〈 · , · 〉E, ρ) be an exact Courant algebroid

over Q and Ls a regular small Dirac structure such that ρ|Ls : Ls → TQ is injective,

i.e. the image of Ls is an involutive distribution F = ρ(Ls) with associated foliation

F . Suppose that the leaf space B := Q/F is a smooth manifold, hence there is a

unique survective submersion p : Q → B such that its fibres are the leaves of F . Then

any Ls-transverse generalised metric W ⊂ E induces a unique splitting E ' TQ

such that the isomorphic twisted Courant algebroid is classified by p∗HB, for some

HB ∈ Ω3
cl(B), and W = graph(p∗gB), where gB is a Riemannian metric on the leaf

space B.

Proof. From Remark 3.220 it follows that there is a unique splitting E ' TQ such

that W = graph(h), for some (degenerate) symmetric bilinear pairing h, and D '

F = Ker(h) integrable distribution.

The invariance condition (3.219) yields that

JX, Y + ιY hKH =[X, Y ] + £X(ιY h) + ιY ιXH

=[X, Y ] + ιY £Xh+ ι[X,Y ]h+ ιY ιXH , (3.224)
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for all X ∈ Γ(F ) and Y ∈ Γ(TQ), i.e. JX, Y + ιY hKH ∈ Γ(W ) if and only if

£Xh = 0 ιXH = 0 , (3.225)

for all X ∈ Γ(F ). Since H ∈ Ω3
cl(Q), it follows that H = p∗HB, for some closed

3-form HB on B. Similarly, since ιXh = 0, because F = Ker(h), together with the

semi-positivity of h, there is a Riemannian metric gB on B such that h = p∗gB.

This result allows an interpretation in terms of Riemannian submersions.

Definition 3.226. Let (Q, g) and (B, gB) be Riemannian manifolds. Let p : Q → B

be a surjective submersion, so that the orthogonal complement Ker(p∗)
⊥ ⊂ TQ

defines the horizontal sub-bundle complementary to Ker(p∗). Then p is a Riemannian

submersion if the isomorphism p∗ : Ker(p∗)
⊥ → TB is an isometry:

g(Xh, Yh) = gB
(
p∗(Xh), p∗(Yh)

)
, (3.227)

for all Xh, Yh ∈ Γ(Ker(p∗)
⊥). In other words, g|Ker(p∗)⊥ = p∗gB.

Remark 3.228. Definition 3.226 can be reformulated as follows in terms of small

Dirac structures on the standard Courant algebroid TQ. Define h := g|Ker(p∗)⊥ and

set V := graph(g), which is a compatible generalised metric, and W := graph(h).

The submersion p : Q → B induces the small Dirac structure

Lp := {v ∈ TQ ⊂ TQ : p∗(v) = 0} ' Ker(p∗) , (3.229)

thus L⊥p ' Ker(p∗)
⊥, where L⊥p is defined with respect to the metric h and Ker(p∗)

⊥

is taken with respect to the metric g. Hence

W = Lp ⊕ (L⊥p ∩ V ) (3.230)

is an Lp-transverse generalised metric.

Notice that this construction extends to any Riemannian manifold (Q, g) en-

dowed with a foliation F such that g⊥ := g|TF⊥ is leaf-invariant, i.e.

£Xg⊥ = 0 , (3.231)
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for all X ∈ Γ(TF). In other words, (Q, g⊥,F) is a Riemannian foliation. By setting

h := g|TF and LF ' TF as a small Dirac structure of TQ, it is easy to see that

W = graph(h) = LF ⊕ (L⊥F ∩ V ) (3.232)

is an LF -transverse generalised metric.

Remark 3.228 motivates the following definition.

Definition 3.233. Let (E, J · , · K, 〈 · , · 〉E, ρ) be an exact Courant algebroid en-

dowed with a generalised metric V+ ⊂ E and a small Dirac structure Ls. The triple

(E, V+, Ls) is a Dirac-Riemannian foliation if and only if WLs := Ls ⊕ (L⊥s ∩ V+) is

an Ls-transverse generalised metric.

Proposition 3.234. ([52]) Let (E, J · , · K, 〈 · , · 〉E, ρ) be an exact Courant algebroid

endowed with a generalised metric V+ ⊂ E and a small Dirac structure Ls. In the

splitting E ' TQ associated with H ∈ Ω3
cl(Q) such that V+ = graph(g), where g is

a Riemannian metric on Q, WLs = Ls ⊕ (L⊥s ∩ V+) is an Ls-transverse generalised

metric if and only if

£Xg + ιXH − dα ∈ Γ(L+
s ⊗ T ∗Q+ T ∗Q⊗ L−s ) , (3.235)

for all X + α ∈ Γ(Ls), where L±s are, respectively, the images of the injective maps

p±g : Ls → T ∗Q given by

p±g (X + α) = α± ιXg . (3.236)

Proof. Recall that

V ⊥+ = V− := {v− = v − ιvg ∈ TQ : v ∈ TQ} (3.237)

and

W⊥
Ls = Ls ⊕ (L⊥s ∩ V−) . (3.238)

Then, because of the involutivity of Ls with respect to J · , · K, and

L⊥s ∩ V± = {v± : v ∈ Ann(L±s )} , (3.239)
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the invariance property of WLs (3.219) can be rewritten as

〈JX + α, v+KH , w−〉TQ = 0 (3.240)

for all X + α ∈ Γ(Ls) and v+ = v + ιvg, w− = w − ιwg ∈ Γ(L⊥s ). By directly

computing the Dorfman bracket one obtains

JX + α, v+KH =[X, v] + £X(ιvg)− ιvdα + ιvιXH

=[X, v] + ι[X,v]g + ιv(£Xg − dα + ιXH) . (3.241)

Hence

〈JX + α, v+KH , w−〉TQ = ιwιv(£Xg − dα + ιXH) , (3.242)

which yields the condition (3.235).

The above proposition will be used to discuss when a sigma-model with Wess-

Zumino term can be gauged [52].
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Graded Geometry of Metric

Algebroids

In order to complete the description of metric algebroids, their graded geometry

picture is proposed in this chapter, following [53].

A weakening of the graded geometry picture of Courant algebroids, showed by

Roytenberg in [54, 55], represents the main starting point to introduce its metric

algebroid generalisation. In particular, following [55], it is easy to see that metric

algebroids should correspond to symplectic degree 2 manifolds endowed with a de-

gree 3 function. Although, in order to obtain more information about the geometry

of metric algebroid, a different approach is proposed based on double vector bun-

dles. Starting from the geometrisation of degree 2 manifolds it is possible to see how

double vector bundles naturally arise in graded geometry. In particular, we discuss

the implications of Batchelor’s Theorem for degree 2 manifolds, see [56].

Definition 4.1. Let Q be a smooth manifold with dim(Q) = n together with

a sheaf A of associative, unital, graded-commutative N-graded algebras such that

M = (Q,A) is a locally ringed space and let (nj)j∈N be a sequence of non-negative

integers. M is called an N-graded manifold of dimension (nj)j∈N if there is a local

isomorphism of sheaves M' (Rn,ARn), where, given an N-graded vector space W,

for any subset U ⊂ Rn, ARn(U) := C∞(U)⊗�•W.

A particularly relevant class of N-graded manifolds is given by split N-manifolds.

Definition 4.2. Let E1, E2, ...En be vector bundles over Q with ranks r1, r2, ...rn
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respectively. Consider the graded vector bundles Ei[i] obtained by shifting the

degree of their fibres for all i = 1, 2, ...n. A split degree n-manifold M is given by

the locally ringed space M = (Q, Γ(E1[1]⊕ E2[2]⊕ ...En[n])).

Batchelor’s Theorem can now be stated.

Theorem 4.3. Any degree n manifold is (non-canonically) isomorphic to a split

degree n manifold.

This theorem can be spelled out explicitly for a degree 2 manifold M = (Q,A)

over a smooth manifold Q, where A is its sheaf of functions. The subsheaves A1

and A2 of A, consisting of functions of degree 1 and 2, respectively, are locally free

finitely-generated C∞(Q)-modules. Hence there exist vector bundles E → Q and

F̄ → Q such that A1 ' Γ(E∗) and A2 ' Γ(F̄ ∗). Abusing notation slightly, the

subalgebra of A generated by C∞(Q)⊕ Γ(E∗) is isomorphic to Γ(∧•E∗). Thus

Γ(∧•E∗) ∩ Γ(F̄ ∗) ' Γ(∧2E∗) (4.4)

is a proper C∞(Q)-submodule of Γ(F̄ ∗). Since Γ(F̄ ∗)/Γ(∧2E∗) is again a locally free

finitely-generated C∞(Q)-module (see [56], Proof of Theorem 3.2), there is a vector

bundle F over Q such that

Γ(F̄ ∗)
/

Γ(∧2E∗) ' Γ(F ∗) . (4.5)

This gives a short exact sequence of C∞(Q)-modules

0 −→ Γ(∧2E∗) −→ Γ(F̄ ∗) −→ Γ(F ∗) −→ 0 ,

which yields a short exact sequence of the underlying vector bundles over Q:

0 −→ ∧2E∗
i−−→ F̄ ∗

p−−→ F ∗ −→ 0 . (4.6)

A choice of splitting of either of these sequences gives an isomorphism

M' (Q, Γ(E[1]⊕ F [2])).

This construction also yields a one-to-one correspondence (up to isomorphisms)

between degree 2 manifolds and pairs of vector bundles (E, F̄ ) with a surjective
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vector bundle morphism p̄ : F̄ → ∧2E. In other words, degree 2 manifolds are in one-

to-one correspondence with involutive sequences (see [47]), i.e. short exact sequences

of the form

0 −→ F −−→ F̄
p̄−−→ ∧2E −→ 0 , (4.7)

where F = Ker(p̄). This in turn aids in understanding the correspondence between

degree 2 manifolds and involutive double vector bundles, and hence the correspon-

dence with metric double vector bundles [47, 48, 56].

In order to understand the geometric picture of degree 2 manifolds, involutive

sequences and involutive double vector bundles will be discussed in the next section.

4.1 Involutive Double Vector Bundles

The main goal of this section is the construction of the double vector bundle corre-

sponding to a degree 2 manifold. This correspondence emerges from the associated

involutive sequence (4.7) of a degree 2 manifold which can be recovered by introduc-

ing an involutive structure on a double vector sequence. For details about double

vector bundles and double vector sequences see Appendix A.

Definition 4.8. Let (F̃
p−→ E ⊗E;Q)F be a double vector sequence. An involutive

structure on (F̃
p−→ E⊗E)F is given by a para-complex structure I, i.e. an automor-

phism I ∈ Aut(F̃ ) covering the identity such that I2 = 1F̃ , such that the following

diagram commutes

F F̃ E ⊗ E

F F̃ E ⊗ E

i

1F

p

I −t

i p

(4.9)

where −t(φ) = −φt is the negative of the transpose map, for all φ ∈ E ⊗ E. A

double vector sequence endowed with an involutive structure is called an extended

involutive sequence and is denoted by (F̃
p−→ E ⊗ E, I;Q)F .

Definition 4.10. Let (F̃1
p1−→ E1 ⊗ E1, I1;Q1)F1 and (F̃2

p2−→ E2 ⊗ E2, I2;Q2)F2 be

extended involutive sequences sequences. A DVS morphism

(Φ;ϕA, ϕB;ϕQ) : (F̃1
p1−→ E1 ⊗ E1;Q1)F1 −→ (F̃2

p2−→ E2 ⊗ E2;Q2)F2 (4.11)
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where ϕA, ϕB : E1 → E2 covering ϕQ, is an extended involution morphism if

Φ ◦ I1 = I2 ◦ Φ . (4.12)

Remark 4.13. For an extended involution morphism (Φ;ϕA, ϕB;ϕQ) it can be

shown that ϕA = ϕB. Thus it will be denoted by (Φ;ϕ;ϕQ), where ϕ := ϕA = ϕB.

Notice that the extended involutive sequences together with the extended invo-

lution morphisms form a category.

Remark 4.14. Let (F̃
p−→ E ⊗E, I;Q)F an extended involutive sequence. Then its

dual sequence is such that the following diagram commutes

E∗ ⊗ E∗ F̃ ∗ F ∗

E∗ ⊗ E∗ F̃ ∗ F ∗

p∗

−t

i∗

It 1F∗

p∗ i∗

(4.15)

where It is the transpose of I and is a para-complex structure as well.

The relation between double vector sequences (see Appendix A) and extended

involutive sequences can now be discussed.

Proposition 4.16. ([47]) A double vector sequence (F̃
p−→ E ⊗ E;Q)F admits a

para-complex structure I ∈ Aut(F̃ ) such that the diagram (4.9) is commutative if

and only if F̃ ∗ = �2E∗ ⊕ F̄ ∗, where

F̄ ∗ := {ζ ∈ F̃ ∗ | It(ζ) = ζ} , (4.17)

i.e. F̄ ∗ is the +1-eigenbundle of It.

Proof. The para-complex structure It yields the projector

P̄ :=
1

2
(1F̃ ∗ − I

t) . (4.18)

Hence F̃ ∗ = Ker(P̄ ) ⊕ Im(P̄ ), where Ker(P ) = F̄ ∗ because P̄ (ξ) = 0 if and only if

It(ξ) = ξ, with ξ ∈ F̃ ∗. Notice that, for any ε ∈ �2E∗,a It(ε) = −εt = −ε. Thus

aHere and in the following elements of �2E∗ will be identified with their images in F̃ ∗ obtained
from the map p∗.
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P̄ (ε) = ε, i.e. �2E∗ ⊆ Im(P̄ ). Moreover

− (P̄ (ξ))t = It(P̄ (ξ)) = −P̄ (ξ) , (4.19)

for all ξ ∈ F̃ ∗. Therefore P̄ (ξ) is symmetric, i.e. P̄ (ξ) ∈ �2E∗, and Im(P̄ ) ⊆ �2E∗.

Thus Im(P̄ ) = �2E∗.

Conversely, given the splitting F̃ ∗ = �2E∗ ⊕ F̄ ∗, define It ∈ Aut(F̃ ∗) by

It(ε+ ζ) = −ε+ ζ , (4.20)

for all ε ∈ �2E∗ and ζ ∈ F̄ ∗.

Remark 4.21. Notice that the decomposition F̃ ∗ = �2E∗⊕ F̄ ∗ is equivalent to the

decomposition F̃ = Ann(F̄ ∗)⊕ F̄ , where F̄ ' Ann(�2E∗).

Remark 4.22. The decomposition F̃ ∗ = �2E∗⊕F̄ ∗ can also be deduced by choosing

any splitting of the short exact sequence

0 −→ E∗ ⊗ E∗ p∗−−→ F̃ ∗
i∗−−→ F ∗ −→ 0 (4.23)

yielding F̃ ∗ = �2E∗ ⊕ ∧2E∗ ⊕ F ∗, which, in turn, implies that F̄ ∗ = ∧2E∗ ⊕ F ∗.

Furthermore, let s∗ : F ∗ → F̃ ∗ be a splitting of the short exact sequence (4.23).

Then for any φ ∈ F ∗,

φ = i∗(It(s∗(φ))) , (4.24)

because i∗ = i∗ ◦ It holds. This together with

s∗ =
(
i∗
∣∣
Im(s∗)

)−1
(4.25)

yields that It(s∗(φ)) = s∗(φ), for all φ ∈ F ∗, i.e. Im(s∗) ' F ∗ is a sub-bundle of F̄ ∗,

because it is the +1-eigenbundle of It. Similarly, for any ε ∈ ∧2E∗,

It(ε) = −εt = ε , (4.26)

because of It ◦ p∗ = p∗ ◦ −t. Hence ∧2E∗ ⊂ F̄ ∗ such that ∧2E∗ ∩ F ∗ = {0}. Notice
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that ∧2E∗ ⊂ Ker(i∗), hence any element ζ ∈ F̄ ∗ can be written as

ζ = ε+ φ , (4.27)

where ε ∈ ∧2E∗ and φ ∈ F ∗, such that i∗(ζ) = φ. Thus there is the following short

exact sequence

0 −→ ∧2E∗
p∗−−→ F̄ ∗

i∗−−→ F ∗ −→ 0 (4.28)

whose dual sequence is given by

0 −→ F
i−−→ F̄

p−−→ ∧2E −→ 0 (4.29)

called the linear involutive sequence of the extended involutive sequence (F̃
p−→

E ⊗ E, I;Q)F . The existence of the linear involutive sequence (4.29) can be shown

directly from the definition of extended involutive sequence.

Remark 4.30. It can be shown that the category of double vector sequences and the

category of extended involutive sequences are equivalent. Furthermore, any short

exact sequence of the form

0 −→ E∗ ⊗ E∗ −→ F̃ ∗ −→ F ∗ −→ 0 (4.31)

admits an involutive structure if and only if F̃ ∗ admits a sub-bundle F̄ ∗ such that

the following short exact sequence exists

0 −→ ∧2E∗ −→ F̄ ∗ −→ F ∗ −→ 0 . (4.32)

Definition 4.33. A double vector bundle (D;E,E;Q)F given by the commutative

diagram of vector bundles

D E

E Q

q1

q2 qE

qE

(4.34)

endowed with a double vector bundle morphism I : D → D such that I2 = 1D,

q1 ◦ I = q2, q2 ◦ I = q1 and core morphism −1F : F → F is called an involutive

double vector bundle.
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Remark 4.35. Let D1 be the horizontal vector bundle q1 : D → E in (4.34). Then

the space of fibre-wise linear functions C∞lin(D1) is endowed with a vector bundle

structure such that its dual F̂ := C∞lin(D1)∗ fits into the short exact sequence

0 −→ F −−→ F̂ −−→ E ⊗ E −→ 0 . (4.36)

It straightforwardly follows that

F̂ '�2
E ⊕ F̄ . (4.37)

A similar construction holds for the vertical vector bundle of (4.34). This also pro-

vides the starting point to proving that there is a one-to-one correspondence between

involutive double vector bundles and extended involutive sequences, because a dou-

ble vector bundle can be reconstructed from its double vector sequence associated

with its double linear bundle C∞lin(D) (see Appendix A, Section A.4, Remark A.155

and references therein).

This discussion clearly establishes a correspondence between degree 2 manifolds

and involutive double vector bundles.

Remark 4.38. LetM = (Q,A) be a degree 2 manifold. Consider the corresponding

involutive double vector bundle (D;E,E;Q)F with involution I. Its linear sequence

is given by

0 −→ Hom(E,F ) −−→ Ê −−→ E −→ 0 , (4.39)

where Γ(Ê) ' Γlin(D), the linear sections of D, that is, the sections of q1 which

are bundle morphisms from the vertical bundle qE to q2 covering sections of the

horizontal bundle qE, and Γ(F ) ' Γcore(D), the core sections ofD. It has been shown

in [47] that the degree −1 and −2 vector fields onM are given by X−1(M) ' Γ(Ê)

and X−2(M) ' Γ(F ).

Following [47], a tensor W ∈ Γ(�2
Ê∗ ⊗ F̄ ) can be defined as follows. Choose

any splitting of (4.39). Then any section ê ∈ Γ(Ê) can be written as

ê = τ + e , (4.40)
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with τ ∈ Γ
(
Hom(E,F )

)
and e ∈ Γ(E). Now set

W (ê1, ê2) := τ1(e2) + τ2(e1) . (4.41)

It is proven in [47] that this definition does not depend on the choice of splitting.

Notice that W (ê1, ê2) ∈ Γ(F ) and identify F with its image in F̄ from (4.7). Again

in [47] it is further shown that

W (ê1, ê2) = [ê1, ê2] ∈ X−2(M) ' Γ(F ) (4.42)

where we regard ê1 and ê2 as degree −1 vector fields on M.

The analogue of the construction proposed in [54, 55] can now be discussed,

within the weakened setting appropriate for later considerations concerning metric

algebroids. For this, notice that the subsheaf A3 of degree 3 functions is similarly

isomorphic to Γ(D̄∗) for some vector bundle D̄ → Q. This induces a short exact

sequence of vector bundles given by

0 −→ ∧3E∗
i−−→ D̄∗ −−→ E∗ ⊗ F ∗ −→ 0 . (4.43)

The following result, proven in [47], provides the characterisation of degree 3 func-

tions on degree 2 manifolds.

Theorem 4.44. ([47]) Let M = (Q,A) be a degree 2 manifold. Then there is a

one-to-one correspondence between degree 3 functions γ ∈ A3 and pairs of vector

bundle morphisms

γ1 : F −→ E∗ and γ2 : Ê −→ F̄ ∗ (4.45)

satisfying

1. 〈γ1(φ), ê〉 = 〈γ2(ê), φ〉 , for all φ ∈ F and ê ∈ Ê, where, on the right hand

side, γ1(φ) is paired with the E-component of ê (see Equation (4.40)), and,

on the left hand side, φ is paired with the F ∗-component of γ2(ê);
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2. For all τ ∈ Hom(E,F ),

γ2 ◦ τ = (γ1 ◦ τ)∗ − γ1 ◦ τ ∈ ∧2E∗ , (4.46)

where Hom(E,F ) is identified with its image in Ê;

3. The symmetric part of γ2 is controlled by W :

〈γ2(ê1), ê2〉+ 〈γ2(ê2), ê1〉 = γ1

(
W (ê1, ê2)

)
, (4.47)

for all ê1, ê2 ∈ Ê.

Remark 4.48. The morphisms in Theorem 4.44 can be defined as follows. Choosing

a splitting of the short exact sequence (4.43), any degree 3 function γ ∈ A3 can be

written as

γ = γ1 + γ2 (4.49)

where γ1 ∈ Γ(E∗ ⊗ F ∗) and γ2 ∈ Γ(∧3E∗). Then we define

γ1(φ) := 〈φ, γ1〉 ∈ Γ(E∗) , (4.50)

where φ ∈ Γ(F ) and here 〈 · , · 〉 is the duality pairing between F and the F ∗-

component of E∗ ⊗ F ∗. Given a splitting of the linear sequence (4.39), for any

ê = e+ τ ∈ Γ(Ê) with e ∈ Γ(E) and τ ∈ Γ(E∗ ⊗ F ), set

γ2(ê) :=
(
(γ1 ◦ τ)∗ − γ1 ◦ τ − ιeγ2

)
+ γ∗1(e) ∈ Γ(∧2E∗ ⊕ F ∗) ' Γ(F̄ ∗) . (4.51)

Notice that only the definition of γ2 depends on the choice of splitting of (4.39), but

it is shown in [47] that it is well-defined under changes of splitting. It is straight-

forward to see that the pair (γ1,γ2) defined in (4.50) and (4.51) satisfy all three

properties (1)–(3) of Theorem 4.44.

Remark 4.52. The pair of vector bundle morphisms (γ1,γ2) corresponding to

γ ∈ A3 can also be characterised in terms of the identifications X−1(M) ' Γ(Ê)

and X−2(M) ' Γ(F ) as

γ1(φ) = −φ · γ and γ2(ê) = −ê · γ , (4.53)
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where on the right-hand sides φ ∈ Γ(F ) acts as a degree −2 derivation and ê ∈ Γ(Ê)

as a degree −1 derivation on γ.

4.2 Poisson Structures and VB-Algebroids

To give further structure to the involutive sequences corresponding to degree 2

manifolds, it shall be now required that the graded manifolds are endowed with a

Poisson structure.

Definition 4.54. [47, 56] A degree n Poisson manifold is a degree n manifold

M = (Q,A) together with a degree −n Poisson structure, i.e. an R-bilinear map

{ · , · } : A×A → A satisfying

|{f, g}| = |f |+ |g| − n , (4.55)

{f, g} = (−1)(|f |+n) (|g|+n)+1 {g, f} , (4.56)

{f, g h} = {f, g}h+ (−1)(|f |+n) |g| g {f, h} , (4.57)

{f, {g, h}} = {{f, g}, h}+ (−1)(|f |+n) (|g|+n) {g, {f, h}} , (4.58)

for all homogeneous functions f, g, h ∈ A of degree |f |, |g| and |h|, respectively.

Let CDO(E)→ Q denote the Lie algebroid of covariant differential operators on

a vector bundle E → Q, i.e. its sections are differential operators acting on Γ(E).

Theorem 4.59. There is a one-to-one correspondence between degree −2 Poisson

brackets on a degree 2 manifold M = (Q,A) and the following structures on its

involutive sequence of vector bundles (4.6):

1. A symmetric bilinear pairing 〈 · , · 〉E∗ on E∗;

2. A Lie algebroid (F̄ ∗, [ · , · ]F̄ ∗ , ā) over Q;

3. A Lie algebroid action Ψ: F̄ ∗ → CDO(E∗) preserving 〈 · , · 〉E∗ such that

[ζ, ε1 ∧ ε2]F̄ ∗ =
(
Ψ(ζ) · ε1

)
∧ ε2 + ε1 ∧

(
Ψ(ζ) · ε2

)
, (4.60)

and

Ψ(ε1 ∧ ε2) · ε = 〈ε2, ε〉E∗ ε1 − 〈ε1, ε〉E∗ ε2 , (4.61)
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for all ε, ε1, ε2 ∈ Γ(E∗) and ζ ∈ Γ(F̄ ∗).

Proof. Let { · , · } be a degree −2 Poisson bracket on M, and define

〈ε1, ε2〉E∗ := {ε1, ε2} , (4.62)

for all ε1, ε2 ∈ Γ(E∗). Then 〈 · , · 〉E∗ is symmetric and bilinear by the graded skew-

symmetry (4.56) and the graded derivation rule (4.57). This gives (1).

For any degree 2 function ζ ∈ Γ(F̄ ∗), the graded derivation rule (4.57) implies

that {ζ, · } ∈ Der(C∞(Q)) is a derivation of the algebra of functions C∞(Q), and a

vector bundle morphism ā : F̄ ∗ → TQ can be defined in terms of the corresponding

morphism of C∞(Q)-modules ā : Γ(F̄ ∗)→ Γ(TQ) by

ā(ζ) · f := {ζ, f} , (4.63)

where ā(g ζ) · f = g ā(ζ) · f for all f, g ∈ C∞(Q) also because of (4.56) and (4.57).

The vector space Γ(F̄ ∗) can be endowed with the bracket

[ζ1, ζ2]F̄ ∗ := {ζ1, ζ2} (4.64)

for any degree 2 functions ζ1, ζ2 ∈ Γ(F̄ ∗), because {A2,A2} ⊆ A2. This is a skew-

symmetric bracket because of (4.56) and it satisfies the (ungraded) Jacobi identity

because the Poisson bracket does on degree 2 functions, i.e. [ · , · ]F̄ ∗ is a Lie bracket.

Lastly, ā : Γ(F̄ ∗)→ Γ(TQ) is a bracket homomorphism:

ā([ζ1, ζ2]F̄ ∗) · f ={{ζ1, ζ2}, f}

={ζ1, {ζ2, f}} − {ζ2, {ζ1, f}} (4.65)

=[ā(ζ1), ā(ζ2)]TQ · f ,

for all ζ1, ζ2 ∈ Γ(F̄ ∗) and f ∈ C∞(Q), where in the second equality we used the

graded Jacobi identity (4.58). Thus (F̄ ∗, [ · , · ]F̄ ∗ , ā) is a Lie algebroid over Q. This

gives (2).
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Define the vector bundle morphism Ψ: F̄ ∗ → CDO(E∗) by

Ψ(ζ) · ε := {ζ, ε} (4.66)

for all ζ ∈ Γ(F̄ ∗) and ε ∈ Γ(E∗), where {A2,A1} ⊆ A1 has been used. The graded

derivation rule (4.57) implies that Ψ takes values in CDO(E∗) with symbols given

by ā:

Ψ(ζ) · (f ε) ={ζ, f ε}

=f {ζ, ε}+ {ζ, f} ε (4.67)

=f
(
Ψ(ζ) · ε

)
+
(
ā(ζ) · f

)
ε .

Furthermore, Ψ is a Lie algebroid morphism:

Ψ([ζ1, ζ2]F̄ ∗) · ε =Ψ(ζ1) ·
(
Ψ(ζ2) · ε

)
−Ψ(ζ2) ·

(
Ψ(ζ1) · ε

)
=[Ψ(ζ1),Ψ(ζ2)]◦ · ε , (4.68)

as a result of the graded Jacobi identity (4.58). The graded Jacobi identity also

gives

ā(ζ) · 〈ε1, ε2〉E∗ = 〈Ψ(ζ) · ε1, ε2〉E∗ + 〈ε1,Ψ(ζ) · ε2〉E∗ , (4.69)

and so the Lie algebroid action Ψ preserves the symmetric bilinear pairing 〈 · , · 〉E∗ .

Lastly, the equations (4.60) and (4.61) are immediate consequences of the graded

derivation rule (4.57). This gives (3).

Conversely, given (1)–(3), define the Poisson brackets {A2,A2} and {A2,A0}

from the Lie algebroid on F̄ ∗, {A2,A1} from the 〈 · , · 〉E∗-preserving Lie algebroid

action of F̄ ∗ on E∗, {A1,A1} from the symmetric bilinear form 〈 · , · 〉E∗ on E∗, and

set {A1,A0} = 0. These brackets are then extended to arbitrary functions by the

graded derivation rule.

Corollary 4.70. Under the correspondence of Theorem 4.59, the involutive se-

quence

0 −→ ∧2E∗
i−−→ F̄ ∗

p−−→ F ∗ −→ 0 (4.71)
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is a short exact sequence of Lie algebroids.

Proof. The equations (4.60) and (4.61) give

[ε1 ∧ ε2, ε3 ∧ ε4]F̄ ∗ = 〈ε2, ε3〉E∗ ε1 ∧ ε4 − 〈ε1, ε3〉E∗ ε2 ∧ ε4

+ 〈ε2, ε4〉E∗ ε3 ∧ ε1 − 〈ε1, ε4〉E∗ ε3 ∧ ε2 , (4.72)

hence ∧2E∗ is a Lie subalgebroid of F̄ ∗. Thus ∧2E∗ is a Lie algebroid ideal of F̄ ∗

because of the involutivity of ∧2E∗ and (4.60). The restriction of the anchor map ā

to ∧2E∗ vanishes:

ā(ε1 ∧ ε2) · f = {ε1 ∧ ε2, f} = {ε1, f} ∧ ε2 + ε1 ∧ {ε2, f} = 0 (4.73)

because {ε1, f} = {ε2, f} = 0 for degree reasons. Hence F ∗ can be endowed with a

Lie algebroid given by the bracket

[p(ζ1), p(ζ2)]F ∗ := p([ζ1, ζ2]F̄ ∗) (4.74)

and anchor a : F ∗ → TQ through which ā : F̄ ∗ → TQ factors:

ā = a ◦ p . (4.75)

Therefore (4.6) is a short exact sequence of Lie algebroids.

Remark 4.76. Notice that Equation (4.72) yields that the restriction of the Lie

algebroid bracket to F ∗ is tensorial and coincides with the bracket on so(E) under

the canonical isomorphism.

Recall [48] the following definition of VB-algebroid.

Definition 4.77. A VB-algebroid is a double vector bundle (D;A,B;Q)C equipped

with a Lie algebroid structure ([ · , · ]D, ρDB) on qB : D → B such that the anchor

map ρDB : D → TB is a DVB morphism covering ρA : A→ TQ and the Lie bracket

[ · , · ]D : Γ(DB)× Γ(DB) −→ Γ(DB) (4.78)
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is such that

[Γlin(DB), Γlin(DB)]D ⊆ Γlin(DB) , (4.79)

[Γlin(DB), Γcore(DB)]D ⊆ Γcore(DB) , (4.80)

[Γcore(DB), Γcore(DB)]D = 0 . (4.81)

Remark 4.82. Notice that any VB-algebroid (D;A,B;Q)C endowed with ([ · , · ]D, ρDB)

induces a unique map ρA : A→ TQ such that the diagram

D TB

A TQ

ρDB

qA qB∗

ρA

(4.83)

commutes. The VB-algebroid induces a Lie algebroid structure on A as follows.

For any l1, l2 ∈ Γlin(DB) covering a1, a2 ∈ Γ(A) respectively, define the Lie bracket

[ · , · ]A on Γ(A) by

[a1, a2]A := qA([l1, l2]D) . (4.84)

This yields a Lie algebroid structure on qA : A → Q with anchor ρA (see [47],

Appendix E for a proof of this result).

Furthermore, notice that the Lie algebroid structure on DB induces the standard

Lie algebroid differential on the dual D∗B, here denoted by

dD : Γ(∧•D∗B)× Γ(∧•D∗B) −→ Γ(∧•D∗B) . (4.85)

Remark 4.86. Theorem 4.59 implies that the horizontal dual to the involutive

double vector bundle (4.34), that is, the double vector bundle

D∗E E

F ∗ Q

qE

qF∗ qE

qF
∗

(4.87)

with core bundle E∗ → Q (see Appendix A, Sections A.1 and A.3), corresponding

to a degree 2 Poisson manifold can be endowed with a VB-algebroid structure as
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follows: The anchor map aD : D∗E → TE is defined by

aD(ε1) · f :=0 , (4.88)

aD(ε1) · ε2 := 〈ε1, ε2〉E∗ , (4.89)

aD(ζ) · f :=ā(ζ) · f , (4.90)

aD(ζ) · ε1 :=Ψ(ζ) · ε1 , (4.91)

for all f ∈ C∞(Q), ε1, ε2 ∈ Γ(E∗) and ζ ∈ Γ(F̄ ∗); here the identification Γ(E∗) '

C∞lin(E) has been used. The VB-algebroid bracket is given by

[ε1, ε2]D :=0 , (4.92)

[ζ1, ε1]D :=Ψ(ζ1) · ε1 , (4.93)

[ζ1, ζ2]D :=[ζ1, ζ2]F̄ ∗ , (4.94)

for all ε1, ε2 ∈ Γ(E∗) and ζ1, ζ2 ∈ Γ(F̄ ∗); here the following identification is used

Γ(E∗) ' Γcore(D
∗
E) and the VB-algebroid bracket is extended to any section of

F̂ ∗ '�2
E∗⊗ F̄ ∗ by the derivation rule. For a general statement about the one-to-

one correspondence between degree 2 Poisson manifolds and metric VB-algebroids,

see [47, 56].

In the following the notion of double linear Poisson structure will play a promi-

nent role in the description of the geometric structures associated with VB-algebroids.

In order to define it, notice that the algebra of homogeneous functions on a double

vector bundle (D;A,B;Q)C induces a canonical bigrading: one given by the ho-

mogeneity with respect to the fibration DA, the other with respect to DB. Denote

by C∞p,q(D) the space of functions which are homogeneous of degree p over A and

homogeneous of degree q over B.

Definition 4.95. A Poisson structure { · , · } on D is called a double linear Poisson
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structure if it is linear over both A and B, i.e.

{C∞p,•(D), C∞p′,•(D)} ⊂ C∞p+p′−1,•(D) (4.96)

and

{C∞•,q(D), C∞•,q′(D)} ⊂ C∞•,q+q′−1(D) . (4.97)

Remark 4.98. In order to give an example of double linear Poisson structure,

consider the double vector bundle (TE;E, TQ;Q) such that the following diagram

commutes
TE E

TQ Q

qE

qE∗ qE

qE
∗

(4.99)

where qE : E → Q is a vector bundle and qE∗ is the differential of qE. Notice that

the core bundle is given by

C = Ker(qE) ∩ Ker(qE∗ ) = E . (4.100)

From Appendix A, Section A.1, it follows that one of the dual DVBs of (TE;E, TQ;Q)

is given by

T ∗E E

E∗ Q

q∗E

qE∗ qE

qE
∗

(4.101)

with core bundle T ∗Q. Then the Poisson bracket defined by the canonical symplectic

structure on T ∗E is double linear, see [48].

For later purposes, the linear bundles of the above DVBs shall be introduced. The

linear bundle of qE : TE → E corresponds to the bundle of linear vector fields, i.e.

those vector fields preserving the linearity of a function on E. Since C∞lin(E) = Γ(E∗),

linear vector fields on E are identified with the covariant differential operators on

E∗. Thus the linear bundle of qE : TE → E is given by At(E∗) with corresponding

linear sequence

0 −→ End(E∗) −→ At(E∗) −→ TQ −→ 0 . (4.102)

By duality, the linear bundle of q∗E : T ∗E → E is given by At(E∗)∗. See [47] for more
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details.

Following [47], it can be shown that the linear sequence corresponding to qE∗ : TE →

TQ is given by

0 −→ T ∗Q⊗ E −−→ J1(E) −−→ E −→ 0 , (4.103)

because of the correspondence between e∗ : TQ → TE, the differential of e ∈ Γ(E),

and j1e, the first jet prolongation of e. It follows from Remark A.120 that the linear

sequence corresponding to q∗E : T ∗E → E∗ is given by

0 −→ E ⊗ T ∗Q −−→ J1(E) −−→ E −→ 0 . (4.104)

4.3 Symplectic 2-Algebroids and Symplectic Al-

most Lie 2-Algebroids

In order to establish a correspondence with pseudo-Euclidean vector bundles, a

further requirement is introduced: the graded manifold shall be endowed with a

symplectic structure.

Definition 4.105. A symplectic degree n manifold is a degree n manifold M =

(Q,A) with degree −n Poisson structure { · , · } such that, for all x ∈ Q, there

is an open subset U ⊂ Q containing x and local coordinates (xi, wα), where xi are

degree 0 coordinates and wα are coordinates of degrees 1, . . . , n, such that the matrix

of the degree 0 components of the Poisson bracket at x,
{

(xi, wα), (xj, wβ)
}0

(x), is

non-degenerate.

Theorem 4.106. ([55]) LetM = (Q,A) be an N-graded manifold equipped with a

symplectic structure ω of degree |ω| = n > 0, and associated graded Poisson bracket

{ · , · } of degree −n. Then there is a one-to-one correspondence between integrable

functions on M of degree n+ 1 and homological symplectic vector fields.

Proof. Let ε be the Euler vector field. Since

£εω = nω , (4.107)

100



Chapter 4: Graded Geometry of Metric Algebroids

the Cartan homotopy formula £ε = ιε ◦ d + d ◦ ιε implies

ω = 1
n

dιεω . (4.108)

Let Q ∈ X1(M) be a symplectic vector field of degree 1. Then [ε, Q] = Q and

£Qω = dιQω = 0, which gives

ιQω =ι[ε,Q]ω

=[£ε, ιQ]◦(ω) (4.109)

=£ειQω − ιQ(nω) ,

where the Cartan structure equations have been used in the second equality, and

[ · , · ]◦ is the usual commutator bracket of endomorphisms of a vector space. This

yields

ιQω = 1
n+1

dιειQω . (4.110)

Hence Q is a Hamiltonian vector field with Hamiltonian γ = 1
n+1

ιειQω ∈ An+1. The

graded Jacobi identity for the Poisson bracket implies

{γ, {γ, f}} = {{γ, γ}, f} − {γ, {γ, f}} (4.111)

for all f ∈ C∞(Q). Thus

Q2 = X 1
2
{γ,γ} , (4.112)

where X 1
2
{γ,γ} is the Hamiltonian vector field corresponding to 1

2
{γ, γ} ∈ An+2.

Hence Q2 = 0 if and only if {γ, γ} = 0 because { · , · } is non-degenerate.

Conversely, given any integrable function γ ∈ An+1, set Q := {γ, · }. These two

constructions are inverse to each other.

Remark 4.113. The proof of Theorem 4.106 shows that every symplectic vector

field of degree 1 on an N-graded symplectic manifold (M, ω) with |ω| = n > 0 is

given by a Hamiltonian of degree n+ 1.

It is now possible to discuss the correspondence between symplectic degree 2
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manifolds and pseudo-Euclidean vector bundles together with their gauge symme-

tries, through a result due to Roytenberg [55].

Proposition 4.114. ([55]) There is a one-to-one correspondence between symplectic

degree 2 manifolds (M, { · , · }) and pseudo-Euclidean vector bundles (E∗, 〈 · , · 〉E∗).

The associated Lie algebroid (F ∗, [ · , · ]F ∗ , a) is isomorphic to the tangent Lie alge-

broid (TQ, [ · , · ]TQ,1TQ), and its involutive sequence of Lie algebroids

0 −→ ∧2E∗
i−−→ F̄ ∗

p−−→ F ∗ −→ 0 (4.115)

is isomorphic (as Lie algebroids) to the Atiyah sequence of (E∗, 〈 · , · 〉E∗):

0 −→ so(E∗) −−→ At(E∗, 〈 · , · 〉E∗) −→ TQ −→ 0 . (4.116)

Proof. Let (xi, εa, ζµ) be local coordinates onM = (Q,A) of degrees (0, 1, 2). Since

the Poisson bracket { · , · } is symplectic, it follows that

det
(
{ζµ, xi}(x)

)
6= 0 and det

(
{εa, εb}(x)

)
6= 0 , (4.117)

for all x ∈ Q, where the range of the indices µ and i is the same. The second

condition in (4.117) implies that the symmetric bilinear pairing 〈 · , · 〉E∗ on E∗

constructed in Theorem 4.59 is non-degenerate, so it endows E∗ with the structure

of a pseudo-Euclidean vector bundle overQ. The first condition in (4.117) shows that

the anchor map a : F ∗ → TQ defined in Corollary 4.70 is an isomorphism. From

Theorem 4.59 and Corollary 4.70 there is a morphism of Lie algebroid sequences

given by

∧2E∗ F̄ ∗ F ∗

so(E∗) At(E∗, 〈 · , · 〉E∗) TQ

i p

Ψ a (4.118)

From the non-degeneracy of 〈 · , · 〉E∗ it follows that ∧2E∗ ' so(E∗). Since this

is a commutative diagram and a is an isomorphism, it follows that Ψ: F̄ ∗ →

At(E∗, 〈 · , · 〉E∗) is an isomorphism as well.

Conversely, the brackets {A1,A1}, {A2,A0}, {A2,A1}, and {A2,A2} are defined

from the Lie algebroid and pseudo-Euclidean vector bundle data given in the state-
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ment. This bracket is graded skew-symmetric because of the symmetry of 〈 · , · 〉E∗ ,

the skew-symmetry of [ · , · ]F ∗ and the Leibniz rule. The Jacobi identity for func-

tions in A0, A1 and A2 follows from the Jacobi identity of [ · , · ]F ∗ together with the

fact that a is a bracket-preserving homomorphism and that Ψ preserves 〈 · , · 〉E∗ .

The Poisson bracket is then extended by induction to the whole sheaf of functions

A by using the Leibniz rule and the graded skew-symmetry.

Remark 4.119. Since a symplectic degree 2 manifold is associated with a pseudo-

Euclidean vector bundle (E∗, 〈 · , · 〉E∗), the constructions here and in the following

can be made directly on the vector bundle E, as discussed in [55], because of the

isomorphism E ' E∗ induced by the pseudo-Euclidean metric.

The correspondence with metric algebroids can finally be explored.

Definition 4.120. A symplectic n-algebroid is a symplectic degree n manifold

(M, { · , · }) endowed with a degree n + 1 function γ ∈ An+1, or equivalently (by

Remark 4.113) a degree 1 symplectic vector field Q ∈ X1(M).

Example 4.121. A symplectic Lie n-algebroid is precisely a symplectic n-algebroid

such that Q2 = 0.

Remark 4.122. Symplectic n-algebroids are called ‘symplectic nearly Lie n-algebroids’

(for n = 2) in [57]. In [58] they are refered to as ‘symplectic pre-NQ-manifolds of

degree n’, while in [59] they are called ‘pre-QP-manifolds’.

Remark 4.123. The Poisson structure discussed in Remark 4.98 can be used to

characterise the double linear Poisson structure of (D;E,E;Q)F corresponding to a

metric VB-algebroid structure on its dual D∗F ∗ , as shown in [47], Proposition 6.27. In

particular, this is achieved by considering the isomorphism Φ: F̂ → At(E∗)∗ defined

by

Φ(ω + λ) = (Ψ−1)∗(ω) + (η[ ⊗ 1E)(λ) , (4.124)

for all ω ∈ F̄ and λ ∈ �2E, where F̂ = F̄ ⊕ �2E, Ψ is the vector bundle mor-

phism defined in Theorem 4.59 and η[ is the musical isomorphism induced by the

metric 〈 · , · 〉. Notice that (Φ; η[,1E;1Q) is a double vector sequence isomorphism

considering the double vector sequences associated with F̂ and At(E∗)∗, see Section

A.4.
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As discussed in Section A.4, the above double vector sequence isomorphism yields

the DVB isomorphism

(D(Φ); η[,1E;1Q) : D(F̂ ) −→ T ∗E

given by

D(Φ)(ω + λ, e1, e2) = ((Ψ−1)∗(ω) + (η[ ⊗ 1E)(λ), η[(e1), e2) , (4.125)

for all ω + λ ∈ F̂ ⊕ �2E and e1, e2 ∈ E, where T ∗E ' D(At(E∗)∗), because

C∞lin(T
∗E) ' At(E∗) and D(F̂ ) = D. It has been shown in [47], Proposition 6.27,

that the Poisson structure on D is the pullback by D(Φ) of the canonical Poisson

structure on T ∗E. A consequence of this isomorphism is that the module of linear

sections Γlin(D) ' Γ(Ê) is spanned by sections of the form dDε, with ε ∈ Γ(E∗),

since Γ(E∗) = C∞lin(E), while the module of core sections Γcore(D) ' Γ(F ) is spanned

by sections of the form df, with f ∈ C∞(Q).

All the tools have been now presented for them to be used to explore the interplay

between degree 3 functions and symplectic degree 2 manifolds.

Proposition 4.126. ([47]) Let γ ∈ A3 be a degree 3 function on a symplectic degree

2 manifold (M, { · , · }), and let (γ1,γ2) be its characteristic pair of vector bundle

morphisms. Then

γ1(df) = {γ, f} and γ2(dDε) = {γ, ε} , (4.127)

for all f ∈ C∞(Q) and ε ∈ Γ(E∗).

Proof. Choosing a splitting of the short exact sequence (4.43), γ ∈ A3 can be written

as

γ = ε0 ⊗ ζ + ε1 ∧ ε2 ∧ ε3 , (4.128)

where εi ∈ Γ(E∗) and ζ ∈ Γ(F̄ ∗). Then

{γ, f} = {ε0 ⊗ ζ, f} = ε0 {ζ, f} = ε0 〈ζ, df〉 = γ1(df) , (4.129)

where df is identified with its corresponding section of F , and here 〈 · , · 〉 is the
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duality pairing between df and the F ∗-component of ζ. The last equality follows

from (4.50).

The second equality is obtained from calculating

{γ, ε} = 〈ε0, ε〉E∗ ζ − ε0 ∧ {ζ, ε}+ 〈ε, ε1〉E∗ ε2 ∧ ε3

− 〈ε, ε2〉E∗ ε1 ∧ ε3 + 〈ε, ε3〉E∗ ε1 ∧ ε2 . (4.130)

On the other hand, by identifying dDε with its corresponding section in Γ(Ê) and

using (4.51), it follows that

γ2(dDε) = 〈ε0, ε〉E∗ ζ − ε0 ∧ 〈ζ, dDε〉+ 〈ε, ε1〉E∗ ε2 ∧ ε3

− 〈ε, ε2〉E∗ ε1 ∧ ε3 + 〈ε, ε3〉E∗ ε1 ∧ ε2 . (4.131)

The second equality now follows from

{ζ, ε} = 〈ζ, dDε〉 , (4.132)

where here 〈 · , · 〉 is the duality pairing between F and F ∗ for the component of dDε

in Γ(E∗ ⊗ F ).

In [47], Chapter 6, the one-to-one correspondence between integrable degree 3

functions on symplectic degree 2 manifolds and Courant algebroids, due to Royten-

berg [55], is discussed in terms of the geometrisation of graded manifolds. This

approach inspired the following Theorem.

Theorem 4.133. There is a one-to-one correspondence between symplectic 2-algebroids

and metric algebroids.

Proof. Let (M, { · , · }, γ) be a symplectic 2-algebroid, and consider its involutive

sequence of Lie algebroids. By Proposition 4.114, the vector bundle E∗ → Q is

endowed with a fibrewise pseudo-Euclidean metric 〈 · , · 〉E∗ . Define

ρ(ε) · f := −{{γ, ε}, f} , (4.134)
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for all ε ∈ Γ(E∗) and f ∈ C∞(Q). By the derivation property of the Poisson bracket,

this defines a map

ρ : Γ(E∗) −→ Der(C∞(Q)) , (4.135)

which is a morphism of C∞(Q)-modules and thus induces a vector bundle morphism

ρ : E∗ −→ TQ . (4.136)

The D-bracket on E∗ is given by

Jε1, ε2KD := −{{γ, ε1}, ε2} (4.137)

for all ε1, ε2 ∈ Γ(E∗). The compatibility conditions (3.3) and (3.4) of Definition 3.1

follow straightforwardly from the graded Jacobi identity for the graded Poisson

bracket. As a further check, the anchored derivation property (3.6) for J · , · KD follows

from the graded derivation property of the Poisson bracket. Thus (E∗, J · , · KD, 〈 · , · 〉E∗ , ρ)

is a metric algebroid on Q.

Conversely, let (E∗, J · , ·KD, 〈 · , · 〉E∗ , ρ) be a metric algebroid over Q. By Propo-

sition 4.114, the underlying pseudo-Euclidean vector bundle corresponds to a sym-

plectic degree 2 manifold (M, { · , · }). Define the pair of vector bundle morphisms

(γ1,γ2) by the dual pairings

〈γ1(df), dDε〉 := ρ(ε) · f , (4.138)

〈γ2(dDε), df〉 := ρ(ε) · f , (4.139)

〈γ2(dDε1), dDε2〉 := Jε1, ε2KD . (4.140)

It shall be proven that the pair (γ1,γ2) satisfies the properties (1)–(3) of Theo-

rem 4.44, and hence characterises a degree 3 function γ on M. Property (1) of

Theorem 4.44 follows immediately from the definitions (4.138) and (4.139).
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For property (2), compute

〈(ε1 ⊗ df)∗ ◦ γ∗1 − γ1 ◦ (ε1 ⊗ df), dDε2〉 = −〈γ1(df), dDε2〉 ε1 + γ1(df) 〈ε1, ε2〉E∗

= −
(
ρ(ε2) · f

)
ε1 +Df 〈ε1, ε2〉E∗ ,

(4.141)

where the usual definition of the generalised exterior derivative D in the metric

algebroid, given by

〈Df, ε〉E∗ := ρ(ε) · f , (4.142)

has been used. On the other hand, from the Leibniz rule for the Lie algebroid

differential dD and the left derivation property (3.11) of the D-bracket, it follows

that

〈γ2(ε1 ⊗ df), dDε2〉 = 〈γ2(dD(f ε1)− f dDε1), dDε2〉

= Jf ε1, ε2KD − f Jε1, ε2KD

= −
(
ρ(ε2) · f

)
ε1 +Df 〈ε1, ε2〉E∗ , (4.143)

and hence (4.46) follows.

Finally, for property (3) of Theorem 4.44, (3.10) is used to get

〈γ2(dDε1), dDε2〉+ 〈γ2(dDε2), dDε1〉 = Jε1, ε2KD + Jε2, ε1KD = D 〈ε1, ε2〉E∗ . (4.144)

On the other hand, the linear sequence (4.104) yields the decomposition of dDε

given by dDε = (dDε−∇ε) +∇ε, where ∇ε ∈ Γ(E∗ ⊗ T ∗Q) is defined by a metric

connection ∇ on (E∗, 〈 · , · 〉E∗). Then it follows that

W (dDε1, dDε2) = 〈∇ε1, ε2〉+ 〈∇ε2, ε1〉 = d 〈ε1, ε2〉E∗ , (4.145)

which gives

γ1

(
W (dDε1, dDε2)

)
= D 〈ε1, ε2〉E∗ , (4.146)

and therefore (4.47) follows.
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Remark 4.147. By the definition of the vector bundle morphism γ2 in (4.139) and

(4.140), there is

〈γ2(dDε1), dD(f ε2)〉 = Jε1, f ε2KD = f Jε1, ε2KD +
(
ρ(ε1) · f

)
ε2 . (4.148)

This is consistent with the Leibniz rule for the Lie algebroid differential dD:

〈γ2(dDε1), dD(f ε2)〉 = 〈γ2(dDε1), f dDε2 + ε2 ⊗ df〉 = f Jε1, ε2KD +
(
ρ(ε1) · f

)
ε2 .

From Proposition 4.126 it also follows that the structure maps of the metric

algebroid can be written in terms of γ2 using the Poisson bracket and the Lie

algebroid differential as

ρ(ε) · f = −{γ2(dDε), f} and Jε1, ε2KD = −{γ2(dDε1), ε2} . (4.149)

Remark 4.150. The map

JacD : Γ(E∗)× Γ(E∗)× Γ(E∗) −→ Γ(E∗) (4.151)

which measures the failure of the Jacobi identity for the D-bracket J · , · KD can be

introduced as follows. It is defined by

JacD(ε1, ε2, ε3) := Jε1, Jε2, ε3KDKD − JJε1, ε2KD, ε3KD − Jε2, Jε1, ε3KDKD , (4.152)

for ε1, ε2, ε3 ∈ Γ(E∗). Similarly, the map

homρ : Γ(E∗)× Γ(E∗) −→ Γ(TQ) (4.153)

which measures the failure of the anchor map ρ : E∗ → TQ from being a bracket

morphism to the Lie bracket of vector fields is defined by

homρ(ε1, ε2) := ρ
(
Jε1, ε2KD

)
−
[
ρ(ε1), ρ(ε2)

]
TQ . (4.154)

The map (4.152) is given in terms of third order higher derived brackets generated
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by {γ, γ} as

JacD(ε1, ε2, ε3) = −1
2
{{{{γ, γ}, ε1}, ε2}, ε3} (4.155)

on the corresponding symplectic 2-algebroid (M, { · , · }, γ), while (4.154) is given

by

homρ(ε1, ε2) · f = 1
2
{{{{γ, γ}, f}, ε1}, ε2} , (4.156)

for all f ∈ C∞(Q).

As noted in [57] (see also [60]), the maps (4.152) and (4.154) are related by

LeibD(ε1, ε2, f ε3)− f LeibD(ε1, ε2, ε3) = −
(
homρ(ε1, ε2) · f

)
ε3 ,

for all f ∈ C∞(Q). In other words, the lack of tensoriality of LeibD in its third

entry measures the failure of the anchor map from being a bracket homomorphism.

Similarly

homρ(f ε1, ε2)− f homρ(ε1, ε2) = 〈ε1, ε2〉E∗ ρ(Df) , (4.157)

so the lack of tensoriality of homρ in its first entry measures the violation of the

condition ρ ◦ D = 0.

Remark 4.150 and Definition 3.74 motivate the following notion [57].

Definition 4.158. A symplectic 2-algebroid (M, { · , · }, γ) is a symplectic almost

Lie 2-algebroid if

{{γ, γ}, f} = 0 , (4.159)

for all f ∈ C∞(Q), or in other words if the square Q2 of the corresponding Hamil-

tonian vector field Q = {γ, · } preserves the sheaf of functions of degree 0.

Corollary 4.160. There is a one-to-one correspondence between symplectic almost

Lie 2-algebroids and pre-Courant algebroids.
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T-duality for Para-Hermitian

Manifolds

In this chapter O(TM)-transformations will be related to generalised T-duality from

the perspective of closed string sigma-models whose target spaces are para-Hermitian

manifolds endowed with a generalised metric. Special cases where at least partial

integrability of the para-Hermitian structure is preserved will then allow to derive

a sigma-model on the leaf space of the foliated para-Hermitian manifold. These

sigma-models are thought of as emerging from the para-Hermitian geometry after

a quotient along a foliation of a para-Hermitian manifold in a given polarisation.

A T-duality transformation will then be an O(TM)-transformation. It is worth

noting that the following description shows strong analogies with the formulation of

T-duality for Courant algebroids ([11, 61, 62])

5.1 Sigma-Models for Para-Hermitian Manifolds

The aim of this section is to define worldsheet sigma-models for para-Hermitian

manifolds using, whenever it exists, a generalised metric or a compatible Born ge-

ometry. This will allow to see how generalised T-duality transformations relate

different sigma-models and how, in turn, they give a relation between sigma-models

obtained by reduction on foliated para-Hermitian manifolds.

The definition of a sigma-model for a para-Hermitian manifold can be stated by

recalling how the so-called Dirichlet functional is obtained by endowing the space of
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maps dφ : TΣ→ φ∗TM, for all φ ∈ C∞(Σ,M), with a norm defined by H, regarded

as a metric on the vector space of sections of the pullback φ∗TM of the tangent

bundle TM to Σ by φ, and the inverse metric h−1 on T ∗Σ. This gives a well-defined

norm ‖ dφ ‖h,H for sections dφ ∈ Γ(T ∗Σ⊗φ∗TM) which allows to write the Dirichlet

functional as

S0[φ] =
1

4

∫
Σ

h−1 (H̄(dφ, dφ)) dµ(h) =:
1

4

∫
Σ

‖ dφ ‖2
h,H dµ(h) , (5.1)

where H̄ = φ∗H is the pullbacka metric on φ∗TM, H̄(dφ, dφ) ∈ Γ(T ∗Σ ⊗ T ∗Σ)

and

dµ(h) = ? 1 (5.2)

is the area measure induced by h.

Definition 5.3. A sigma-model for a para-Hermitian manifold is given by the ac-

tion functional (5.1) where Σ is a closed oriented surface endowed with a (pseudo)

Riemannian metric h and (M,K, η,H) is an almost para-Hermitian manifold with

a generalised metric H.

A Born sigma model is a sigma-model for a para-Hermitian manifold with target

manifold endowed with a Born metric, i.e. a compatible generalised metric in the

sense of Section 2.2.1.

The equations of motion of such sigma-model are obtained by looking for the

critical points of (5.1). Their solutions are harmonic functions on the target mani-

fold.

The local expression of the Dirichlet functional (5.1) is obtained as follows. Let

U ⊂ Σ be an open subset with a chart for Σ with local coordinates (σ, τ) and

consider an open subset U ⊂ M such that φ(U) ⊆ U. The local components of φ

are given by φI ∈ C∞(U ,R). A frame {ZI} for TU, i.e. a local frame for TM, can

be found such that dφ is locally written as

dφ|(U ,U) =
2n∑
I=1

Z̄I ⊗ dφI , (5.4)

aHere and in the following a bar on a field on M denotes its pullback to the worldsheet Σ by
the map φ.
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where Z̄I = φ∗ΘI is the pullback local frame for φ∗TM and d is the de Rham

differential for Σ. Then the action functional (5.1) becomes

S0[φ] =
1

4

∫
Σ

φ∗(H(ZI , ZJ)) dφI ∧ ? dφJ =
1

4

∫
Σ

H̄IJ dφI ∧ ? dφJ , (5.5)

where the Hodge duality operator ? is defined with respect to the worldsheet metric

h, which for definiteness is taken to be Lorentzian so that ?2 = 1.

It will also be considered a topological term of the form

Stop[φ] =
1

2

∫
Σ

ω̄ , (5.6)

where ω is the fundamental 2-form of the almost para-Hermitian manifold M. Its

local form is given by

Stop[φ] =
1

2

∫
Σ

φ∗(ω(ZI , ZJ)) dφI ∧ dφJ =
1

2

∫
Σ

ω̄IJ dφI ∧ dφJ . (5.7)

For curved worldsheets, the general form of a two-dimensional sigma-model also

involves a Fradkin-Tseytlin term

SΨ[φ] =
1

2π

∫
Σ

R(2)(h) Ψ̄ dµ(h) , (5.8)

where the smooth function Ψ : M → R is a scalar dilaton field and R(2)(h) is

the scalar curvature of the metric h on Σ; since the metric h is locally conformally

equivalent to a flat metric on Σ, this term can be (classically) set to 0 by a conformal

transformation of the worldsheet and will not be considered any further in the

ensuing analysis.

A Born sigma-model given by the sum of (5.5) and (5.6) will usually be denote

by S(H, ω), i.e. its action functional will be

S[φ] = S0[φ] + Stop[φ] . (5.9)

The notation stresses that the defining data for a Born sigma-model are given by

the fundamental geometric structures of a Born manifold. Written in this way, the

Born sigma-model is a direct generalisation of the sigma-models for doubled torus
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fibrations that were introduced in [27].

On the other hand, S(g, b) denotes a non-linear sigma-model with target space

any Riemannian manifold (Q, g) with Kalb-Ramond field b ∈ Ω2(Q) which is not a

Born manifold:

S[φ] =
1

2

∫
Σ

ḡij dφi ∧ ? dφj +

∫
Σ

b̄ , (5.10)

where here φ is a map from (Σ, h) to (Q, g). Unlike the fundamental 2-form ω on M ,

the Kalb-Ramond field b is not always a globally defined 2-form on Q. Generally b is

only locally defined because the sigma-model is characterised by a topological Wess-

Zumino term given by a closed 3-form HQ with integer cohomology class [HQ] ∈

H3(Q,Z), which is geometrically the Dixmier-Douady class of a gerbe on Q with

connection b so that HQ = db only locally. In this case, a three-dimensional manifold

V with boundary ∂V = Σ needs to be introduced and then extend the maps φ to

V . The action functional of the sigma-model is thus written as

S[φ] =
1

2

∫
Σ

ḡij dφi ∧ ? dφj +

∫
V

H̄Q , (5.11)

where H̄Q is the pullback of the 3-form H to V . In the quantum theory, the con-

tribution of the B-field amplitude exp(2π i
∫
V
H̄) to the functional integral is well-

defined, i.e. independent of the choice of three-dimensional manifold V bounded by

Σ, by virtue of the assumption that H has integer periods.

5.1.1 Topological Terms from Canonical Metric Algebroids

A similar action to (5.11) can be written as well for a Born sigma model (Definition

5.3) by considering the metric algebroid structure of the almost para-Hermitian

manifold representing the target space of the model and associating with it a 3-

form. In particular, recall from Proposition 3.37 that the difference between two D-

brackets defining different metric algebroids with respect to the same split-signature

metric is indeed a 3-form.

Notice that the almost para-Hermitian structure admits a unique canonical com-

patible D-bracket (Proposition 3.68). Hence, by choosing a reference metric alge-

broid structure, it is possible to obtain a 3-form associated with the unique canoni-

cal compatible D-bracket. The most natural choice is given by the metric algebroid
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structure induced by the Levi-Civita connection associated with the split signature

metric (Example 3.45). In other words, the canonical topological term associated

with the para-Hermitian manifold (M, η,K) is given by

HD(X, Y, Z) := η(JX, Y KLC − JX, Y Kcan, Z) , (5.12)

for all X, Y, Z ∈ Γ(TM). Clearly HD is not necessarily a closed 3-form. Hence a

selection of the para-Hermitian structures admitting a suitable topological term for

the Born sigma-model is needed.

Definition 5.13. An almost para-Hermitian structure (η,K) for the manifold M

is called admissible if the 3-form HD defined by Equation (5.12) is closed.

In the following only admissible almost para-Hermitian structures will be con-

sidered.

Moreover, notice that two of the components of HD are characterised by the

integrability of the eigenbundles of K, i.e.

H±(X±, Y±, Z±) =
1

2

(
η([X±, Y±], Z±) + cycl. perm.

)
, (5.14)

for all X±, Y±, Z± ∈ Γ(L±).

5.1.2 Topological Sigma-Models and Courant Algebroids

It is possible to discuss the geometric picture of the 2-dimensional variational prob-

lem given by the topological term of the action functional (5.11), i.e. SH : C∞(Σ,Q)→

R/Z defined by

SH [φ] :=

∫
V

φ∗VH , (5.15)

withH ∈ Ω3
cl(Q) representing the cohomology class [H] ∈ H3(Q,Z), and φV : V → Q

any smooth extension of φ ∈ C∞(Σ,Q) to V. Recall that the space of the Lagrangian

densities of the action functional SH is given by Ω3
cl(Q). In particular, it will be shown

how exact Courant algebroids naturally arise in this framework (see, for instance,

[4, 10, 63]).

A variation of the action functional SH (5.15) generated by X ∈ Γ(TQ) with

pullback Xφ ∈ Γ(φ∗TQ), which is identified with a tangent vector in TφC
∞(Σ,Q),
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is given by

δXSH [φ] :=

∫
V

φ∗V
(
£Xφ

V
H
)

=

∫
Σ

φ∗ιXH , (5.16)

where Xφ
V ∈ Γ(φ∗V TQ) is the pullback by the extension φV . Notice that Equation

(5.16) holds for any H ∈ Ω3
cl(Q), so it might not be required for H to have integral

period.

The solutions (critical points) of the variational problem

δXSH [φ] = 0 (5.17)

are given by the maps φ ∈ C∞(Σ,Q) such that, for all X ∈ Γ(TQ), there exists

ᾱ ∈ Γ(T ∗Σ) such that

φ∗
(
ιXH

)
= dᾱ . (5.18)

Consider now a section X + α ∈ Γ(TQ). Then Equation (5.18) is satisfied if

ιXH = dα , (5.19)

where (5.18) is obtained by pulling back (5.19) by φ. Equation (5.19) can be inter-

preted as giving the tangent directions on C∞(Σ,Q) along which SH is constant. It

shall be discussed whether these directions are related with some symmetries of the

action functional SH (5.15).

In order to discuss the symmetries of SH , define the action of Diff(Q) on C∞(Σ,Q)

as

A : Diff(Q)× C∞(Σ,Q) −→ C∞(Σ,Q) (5.20)

given by

Af (φ) := f ◦ φ , (5.21)

for all f ∈ Diff(Q) and φ ∈ C∞(Σ,Q). Similarly, consider G = Diff(Q)nΩ2(Q) with

group structure given by

(f1, B1) · (f2, B2) := (f1 ◦ f2, B2 + f ∗2B1) , (5.22)

for all (f1, B1), (f2, B2) ∈ G. Then the action by pushforward of Diff(Q) on the space
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of Lagrangian densities Ω3
cl(Q) extends to a G-action

T : G × Ω3
cl(Q) −→ Ω3

cl(Q) (5.23)

defined by

T(f,B)(H) = f∗(H − dB) , (5.24)

for all (f,B) ∈ G and H ∈ Ω3
cl(Q). Notice that this action yields an alternative

form of the condition characterising an automorphism OD(TQ) of a twisted Courant

algebroid (see Proposition 3.155). Moreover the group action (5.24) yields a trans-

formation of the action functional SH given by

SH′ [φ] = SH [f−1 ◦ φ]−
∫

Σ

φ∗(f∗B) , (5.25)

where H ′ = f∗(H − dB). This can be summarised in the following

Lemma 5.26. Consider H ∈ Ω3
cl(Q), where Q is a smooth manifold. Then the

isotropy group GH ⊂ G of H for the action T of G on Ω3
cl(Q) is equal to the group of

automorphisms OD(TQ) of the twisted Courant algebroid (TQ, 〈 · , · 〉TQ, J · , · KH , pr1).

The interpretation of the condition (5.19) is as follows. Let

Lie(G) = Γ(TQ⊕ ∧2T ∗Q) (5.27)

be the Lie algebra of G with Lie bracket

[X1 +B1, X2,+B2]G = [X1, X2] + £X1B2 −£X2B1 , (5.28)

for all X1, X2 ∈ Γ(TQ) and B1, B2 ∈ Γ(∧2T ∗Q). Then the Lie algebra of the isotropy

group GH , for any H ∈ Ω3
cl(Q), is given by

Lie(GH) = {X +B ∈ Lie(G) : d(ιXH +B) = 0} . (5.29)

Then the condition (5.19) appears in this case by characterising a normal Lie sub-

algebra of Lie(GH).
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Lemma 5.30. For any H ∈ Ω3
cl(Q),

Lie(GH)n = {X + dα− ιXH : X ∈ Γ(TQ) , α ∈ Γ(T ∗Q)} (5.31)

is a normal Lie subalgebra of Lie(GH).

Proof.

[X1 + dα1 − ιX1H,X2 +B2]G =[X1, X2] + £X1B2 −£X2(dα1 − ιX1H)

=[X1, X2] + d(ιX1B2 −£X2α1)− ι[X1,X2]H , (5.32)

for all X2 +B2 ∈ GH . Thus [X1 + dα1 − ιX1H,X2 +B2]G ∈ Lie(GH)n.

Notice that Lie(GH)n is parametrised by elements in Γ(TQ). Furthermore Γ(TQ)

yields a natural representation of G given by

(f,B) · (X + α) = f∗(X + α + ιXB) , (5.33)

for all (f,B) ∈ G.

By introducing the GH-equivariant map Ψ: Γ(TQ)→ Lie(GH)n given by

Ψ(X + α) = X + dα− ιXH , (5.34)

for all X + α ∈ Γ(TQ), the Dorfman bracket J · , · KH is obtained by considering the

Lie algebra action (5.33), induced by the representation of G, restricted to Im(Ψ)×

TQ ⊂ Lie(G)× TQ, i.e.

Ψ(X + α) · (Y + β) = [X, Y ] + £Xβ − ιY dα + ιY ιXH = JX + α, Y + βKH , (5.35)

for all X + α, Y + β ∈ Γ(TQ). Notice that the Jacobi identity for J · , · KH can be

seen, in this case, as a consequence of the GH-equivariance of Ψ.

Then the condition (5.19) naturally arises from the definition of Ψ by looking at

all the sections X+α ∈ Γ(TQ) such that Ψ(X+α) = X, i.e. ιXH−dα = 0. Therefore

the infinitesimal action associated with the variation generated by X ∈ Γ(TQ) is

given by the differential operator JX + α, · KH , for any X + α ∈ Γ(TQ) such that
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Ψ(X +α) = X, which are the elements associated with the tangent directions along

which SH is constant. It can be shown that this construction is related to the

reduction of Courant algebroids [64].

5.2 Gauged Sigma-Models for Foliated Manifolds

In this section the formalism for the gauging of a sigma-model is briefly reviewed.

In particular gaugings which involve regular foliations of the target space will be

closely analysed, following the general treatment of [25, 26] which also applies to

singular foliations.

5.2.1 The Standard Isometric Gauging

Let φ : (Σ, h) → (M,H) be a sigma-model.b Suppose that the Riemannian metric

H, defining the action functional S0[φ] in the form (5.5), has isometry group G with

Lie algebra g = Lie(G). Then there is a Lie algebra homomorphism

a : g −→ Γ(TM) (5.36)

such that the Killing vector X = a(x) corresponding to every x ∈ g satisfies

£XH = 0 . (5.37)

This homomorphism can also be regarded as a bundle map

a : M × g −→ TM , (p, ξ) 7−→ a(ξ)
∣∣
p
∈ TpM (5.38)

covering the identity. The left action of G on M by isometries is a rigid symmetry of

the sigma-model S0[φ]. Gauging this symmetry reduces the sigma-model for M to a

sigma-model for the quotient M/G. For this, a new gauged action functional S0[φ,A]

is obtained by considering the trivial principal G-bundlec Σ×G→ Σ and choosing a

bFor the present discussion, (M,H) is a Riemannian manifold but not necessarily a Born man-
ifold, unless specified explicitly.

cThis discussion extends to any choice of principal G-bundle on Σ. In this section only the trivial
G-bundle is considered for the sake of simplicity.
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G-connection on it. This gives a g-valued connection 1-form A ∈ Γ(T ∗Σ ⊗ g) which

can be used as the gauge field in S0[φ,A]. This worldsheet gauge field is incorporated

by minimal coupling, i.e. by “covariantising” the map dφ : TΣ → φ∗TM in the

following way.

The connection 1-form A, together with φ, can be regarded as a bundle map

Ā : TΣ→M × g covering φ, i.e. Ā is the map defined by the commutative diagram

TΣ M × g

Σ M

Ā

φ

The trivial vector bundle M × g→M has a natural Lie algebroid structure with a

as anchor map, given by the action algebroid associated with the action of g on M

(see, for instance, [48]): The sections of M × g are naturally identified with smooth

g-valued functions on M , and given f, g ∈ C∞(M, g) their Lie bracket is defined by

[f, g](p) =
[
f(p), g(p)

]
g

+ a
(
f(p)

)∣∣
p
g − a

(
g(p)

)∣∣
p
f (5.39)

for all p ∈M , where [ · , · ]g is the Lie bracket of g.

For the sake of simplicity, assume that a has constant rank. Then there is a

composition of bundle maps

TΣ
Ā−−→M × g

a−−→ TM (5.40)

and the image Im(a ◦ Ā) is a vector sub-bundle of TM. By considering the pullback

bundle φ∗Im(a ◦ Ā) on Σ, which is a sub-bundle of φ∗TM, it follows that a ◦ Ā

induces a bundle map a(A) : TΣ→ φ∗Im(a ◦ Ā) covering the identity.

Now define a new vector bundle map by

DAφ = dφ− a(A) : TΣ −→ φ∗TM , (5.41)

which is regarded as the “covariantisation” of dφ. The bundle map a(A) gives a

tensor a(A) ∈ Γ(T ∗Σ ⊗ φ∗TM). Thus DAφ is associated with an element DAφ ∈

Γ(T ∗Σ ⊗ φ∗TM). Recalling that the vector space of sections Γ(T ∗Σ ⊗ φ∗TM) is

endowed with a norm induced by the metric H, the gauged action functional can be
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written as

S0[φ,A] =
1

4

∫
Σ

H̄IJ DAφI ∧ ?DAφJ =
1

4

∫
Σ

‖DAφ ‖2
h,H dµ(h) , (5.42)

where the norm ‖DAφ ‖h,H is defined as in (5.1). This two-dimensional field theory

is invariant under infinitesimal gauge transformations in C∞(Σ, g), which is the

Lie algebra of sections of the pullback of the action algebroid (M × g, a) by φ.

A Lie groupoid integrating the action algebroid is given by the action groupoid

G nM ⇒ M associated with the smooth left G-action on M , whose orbit space is

M/G, and sections of its pullback form the group of gauge transformations C∞(Σ,G)

leaving (5.42) invariant.

The gauging of the action (5.9) with topological term (5.6) is completely analo-

gous, provided that the 2-form ω satisfies the condition

£X ω = 0 , (5.43)

where X = a(x), for all x ∈ g. The gauged topological term then reads

Stop[φ,A] =
1

4

∫
Σ

ω̄IJ DAφI ∧DAφJ , (5.44)

where ωIJ are local smooth functions on M given by the components of the 2-form

ω, and subsequently pulled back to Σ by φ.

5.2.2 The Kotov-Strobl Gauging

The isometric gauging may be generalised by replacing the action algebroid M × g

with any Lie algebroid A over M and replacing the worldsheet gauge field A with

an A-valued 1-form. This generalisation is discussed in [25, 26]. In this instance

the covariantisation of the map dφ coming from a Lie algebroid connection may be

constructed, yielding the generalisation of the isometry conditions which allow such

gauging. Let A → M be a Lie algebroid with anchor map a : A → TM which is

endowed with an connection

∇ : TM × A −→ A . (5.45)
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By definition it satisfies the Leibniz rule

∇X(f a) = £X(f) a + f ∇Xa (5.46)

for all X ∈ Γ(TM), f ∈ C∞(M) and a ∈ Γ(A). Consider the short exact sequence

of vector bundles

0 −→ T ∗M ⊗ A −→ J1(A) −→ A −→ 0 (5.47)

where J1(A) is the first jet bundle of smooth sections of A. Splittings

s : A −→ J1(A) (5.48)

of this short exact sequence are in one-to-one correspondence with linear connections

∇ on A and for every j1(a) ∈ Γ(J1(A)) with a ∈ Γ(A) one has

j1(a) = s(a)−∇a , (5.49)

where ∇a ∈ Γ(T ∗M ⊗ A) (here the conventions of [26] are adopted). The (local)

A-valued 1-form A ∈ Γ(T ∗M ⊗ A) associated with the linear connection ∇ may

be considered, which together with φ, gives a bundle map A : TΣ → A covering

φ : Σ→M which generalises the map Ā discussed in Section 5.2.1.

In order to extend the covariantisation of dφ, consider the case in which a has

constant rank. Then there is a composition of vector bundle maps

TΣ
φ∗A−−→ A

a−−→ TM (5.50)

where φ∗A is obtained from A by pulling back the T ∗M factor to Σ, so that the

image Im(a ◦ φ∗A ) is a vector sub-bundle of TM. This is pulled back to Σ in order

to obtain the vector sub-bundle φ∗Im(a ◦ φ∗A ) of φ∗TM. Thus a ◦ φ∗A induces a

bundle map a(A) : TΣ → φ∗Im(a ◦ φ∗A ) covering the identity, which in turn can

be regarded as a tensor a(A) ∈ Γ(T ∗Σ⊗φ∗TM). Hence the map dφ is covariantised

by considering

D∇φ = dφ− a(A) (5.51)

and a gauged action of the form (5.1) can be written by regarding D∇φ as a tensor
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D∇φ ∈ Γ(T ∗Σ⊗ φ∗TM), which has a well-defined norm ‖D∇φ ‖h,H induced by the

metric H.

Following [26], the generalisation of the isometry conditions shall be discussed

next by introducing the induced A-connection

τ∇ : Γ(A)× Γ(TM) −→ Γ(TM) (5.52)

on the tangent bundle TM by

τ∇aX =
[
a(a), X

]
+ a(∇Xa) , (5.53)

where X ∈ Γ(TM) and a ∈ Γ(A). The superscript refers to the canonical represen-

tation τ of the jet bundle J1(A) on TM which, when combined with the connection

∇, gives the A-connection τ∇ (see [26, 65, 66] for details). This provides the last

ingredient needed to generalise the isometric gauging construction.

Definition 5.54. Let (A, a) be a Lie algebroid over a Riemannian manifold (M,H)

endowed with an connection ∇. Then ∇ and H are compatible if

τ∇H = 0 , (5.55)

where τ∇ is defined in (5.53). When this condition holds, the triple (A,∇,H) is a

Killing Lie algebroid.

In particular, by setting A = M × g, the action algebroid on (M,H) for the

Lie algebra g of Killing vector fields of the metric H, then it follows that (5.55) is

exactly the Killing equation (5.37), see [26].

The compatibility condition (5.55) can be rewritten in the following form. Let

{ai} be a local basis of Γ(A) with i = 1, . . . , rank(A). Then (5.55) can be written as

£a(ai)H = Ωj
i � ιa(aj)H , (5.56)

where Ωj
i are defined by the action of the connection ∇ on basis sections, ∇ai =

Ωj
i ⊗ aj ∈ Γ(T ∗M ⊗ A), so that the connection coefficients Ωj

i are 1-forms on M .

The condition (5.56) is an immediate generalisation of the Killing equation (5.37).
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The image of the anchor map a : A → TM defines a generalised distribution on

TM which is integrable in the sense of the Stefan-Sussman Theorem, therefore M is

foliated by a singular foliation F . The main idea behind (5.56) is to give a condition

stating that the components of the Riemannian metric H transverse to the leaves,

which induces a metric on the leaf space, must be constant along the leaves. In the

following, only constant rank anchor maps a will be considered, for the main goal

of this Chapter is the description of the gauging of the Born sigma-model.

In the case of a regular foliation F of M, there is a short exact sequence of vector

bundles

0 −→ TF i−−→ TM
q̄−−→ NF −→ 0 (5.57)

where NF = TM/TF is the normal bundle of F and q̄ : TM → NF is the quotient

map. An orthogonal splitting

s⊥ : NF −→ TM (5.58)

of this exact sequence with respect to H, so that Im(s⊥) = TF⊥ can always be

chosen and

TM = TF ⊕ TF⊥ , (5.59)

where TF⊥ ' NF is the orthogonal complement of TF in the metric H. This also

induces a splitting of the cotangent bundle T ∗M = T ∗F⊕(TF⊥)∗, where (TF⊥)∗ '

N∗F with N∗F the conormal bundle of F . Then the metric H is decomposed as

H = g‖ + g⊥ , (5.60)

where g‖ is a fibrewise metric on the sub-bundle TF and g⊥ is a fibrewise metric on

TF⊥. This allows to rephrase the condition (5.56) by saying that the Lie derivative

£X‖H, for every vector field X‖ ∈ Γ(TF), can only have components in Γ(T ∗F ⊗

T ∗F), Γ(T ∗F ⊗ (TF⊥)∗) and Γ((TF⊥)∗ ⊗ T ∗F), i.e. (£X‖H)⊥ = 0 on Γ((TF⊥)∗ ⊗

(TF⊥)∗). It is easy to see that this constraint is equivalent to

£X‖g⊥ = 0 , (5.61)
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for all X‖ ∈ Γ(TF). This implies that the component g⊥ of the metricH is transverse

invariant. In other words, the fibrewise metric g⊥ induced by H satisfies Ker(g⊥) =

TF and also (5.61) whenever the gauging is possible. These gauging constraints are

simply the defining conditions for (M, g⊥,F) to be a Riemannian foliation [67].

It will be shown that this statement about the gauging of sigma-models is equiva-

lent to saying that (M,H,F) is a foliated manifold with a bundle-like metric [68, 69]

whenever the foliation is regular.

Definition 5.62. A Riemannian metric H on a foliated manifold (M,F) is bundle-

like if

£X‖H(Y⊥, Z⊥) = 0 , (5.63)

for all X‖ ∈ Γ(TF) and Y⊥, Z⊥ ∈ Γ(TF⊥).

The leaf holonomy invariance of bundle-like metrics is discussed in [69]. The

motivating example for this structure is given by the compatible generalised metrics

of Example 2.75.

It is possible to show explicitly how the Kotov-Strobl gauging works for totally

geodesics bundle-like metrics. In particular, the notion of Bott connection on the

TM is required.

Proposition 5.64. Let (M,H) be a Riemannian manifold endowed with a totally

geodesics, Riemannian foliation with respect to H⊥, where H⊥ is the restriction of

H to the orthogonal sub-bundle TF⊥. Then there exists a unique affine connection

∇B on TM, called the Bott connection, such that

1. ∇BH = 0 ;

2. ∇B
X⊥
Y⊥ ∈ Γ(TF⊥), for all X⊥, Y⊥ ∈ Γ(TF⊥) ;

3. ∇B
X‖
Y‖ ∈ Γ(TF), for all X‖, Y‖ ∈ Γ(TF) ;

4. T B(X⊥, Y⊥) ∈ Γ(TF⊥), for all X⊥, Y⊥ ∈ Γ(TF⊥) ;

5. T B(X‖, Y‖) = 0, for all X‖, Y‖ ∈ Γ(TF) ;

6. T B(X⊥, Y‖) = 0, for all X⊥ ∈ Γ(TF⊥) and Y‖ ∈ Γ(TF) ,

where T B is the torsion tensor associated with ∇B.

The proof of Proposition 5.64 as well as more details on the construction of the

above Bott connection can be found in [70].
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Theorem 5.65. ([39]) Let M be a manifold endowed with a Riemannian metric H

a totally geodesics, Riemannian, regular foliation F as in Proposition 5.64. Then

the gauging condition (5.55) holds if and only if H is bundle-like.

Proof. Suppose that H is a bundle-like metric. Let A = TF be the Lie algebroid

with anchor map given by the inclusion i : TF ↪→ TM. Choose the Lie algebroid

connection ∇ to be the unique Bott connectiond ∇B defined by (M,H,F) restricted

to TF :

∇B : Γ(TM)× Γ(TF) −→ Γ(TF) (5.66)

given by ∇B
XY‖ ∈ Γ(TF), for all X ∈ Γ(TM) and X‖ ∈ Γ(TF). The restriction

is always well-defined as a Lie algebroid connection since this reflects one of the

properties of the Bott connection. To show that (5.55) holds, the representation

τ∇B for this restriction of the Bott connection is given by using (5.53):

τ∇B
Y‖
X = [Y‖, X] +∇B

XY‖ . (5.67)

The only non-zero component of the torsion tensor T B of a Bott connection is

T B(X⊥, Y⊥) ∈ Γ(TF), i.e. T B(X⊥, Y‖) = T B(X‖, Y‖) = 0. This implies

∇B
XY‖ = ∇B

Y‖
X + [X, Y‖] , (5.68)

which when substituted in (5.67) gives

τ∇B
Y‖
X = ∇B

Y‖
X . (5.69)

Since ∇B is a metric connection for the bundle-like metric H, the compatibility

condition (5.55) follows.

Conversely, it has already been shown above that (5.55) is equivalent to the

condition (5.61), which is the defining condition of a bundle-like metric.

To understand when the condition (5.55) allows to recover a sigma-model for

the quotient space of a foliation, recall Definition 3.226 of a Riemannian submersion

Π : M → Q between Riemannian manifolds (M,H) and (Q, g).

dSee [70, 71] for background on Bott connections on foliated Riemannian manifolds. In this
case the Bott connection on the tangent bundle is used rather than the one on the normal bundle.
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Whenever the quotient Q = M/F of a foliated manifold (M,F) equipped with a

bundle-like metric H is smooth, (TF⊥)∗ ' N∗F can be identified with T ∗Q and find

that g⊥ induces a metric g on the quotient manifold Q. This describes a Riemannian

submersion of (M,H) onto (Q, g). The Riemannian submersion (M,H)→ (Q, g) is

interpreted as a way to relate a sigma-model S(H) for a foliated Riemannian mani-

fold (M,H) to a sigma-model S(g) for the leaf space Q endowed with a Riemannian

metric g obtained from H through the gauging. From this point of view, the con-

straint (5.61) is simply a condition for the metric g⊥ to be well-defined on the leaf

space Q.

Under these conditions, the gauged sigma-model thus constructed is invariant

under the Lie algebra of sections of the pullback to Σ of the Lie algebroid (TF , i) on

M , which is a Lie subalgebroid of the tangent algebroid (TM,1TM). An integrating

Lie groupoid for TM is given by the pair groupoid M×M ⇒M of the manifold M ,

with orbit space M , while TF is integrated by the Lie subgroupoid of M ×M given

by the graph of the equivalence relation on M defined by the surjective submersion

M → Q [72], with orbit space M/F = Q. The pullback of this to Σ determines the

groupoid of gauge transformations which leaves the resulting gauged sigma-model

invariant.

5.2.3 Gauging the Topological Term

Finally, the inclusion of a topological term in the action functional of the sigma-

model is discussed. This extension of the present formalism has been introduced

and developed in [26, 31, 52].

Definition 5.70. Let (A, a) be a Lie algebroid over (M,Φ), where Φ ∈ Γ(T ∗M ⊗

T ∗M) is a non-degenerate bilinear form. Endow A with a connection ∇ and let

ψ ∈ Γ(T ∗M ⊗ End(A)). Then (A,∇, ψ) and (M,Φ) are compatible if

(τ∇+ ⊗ 1 + 1⊗ τ∇−)(Φ) = 0 , (5.71)

where

∇± = ∇± ψ (5.72)

and τ∇ is given in (5.53).
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This construction is applied first to the case of a sigma-model with topologi-

cal term given by a 2-form. In particular, the local expression of (5.71) shall be

introduced. Denoted by Sym{Φ} = H and Alt{Φ} = ω the symmetric and skew-

symmetric parts of the (0, 2)-tensor Φ respectively, and let {ai} be a local basis of

Γ(A) such that

∇ai = Ωj
i ⊗ aj and ψ(ai) = ψji ⊗ aj , (5.73)

where Ωj
i and ψji are 1-forms on M . Then (5.71) can be cast in the form

£a(ai)H = Ωj
i � ιa(aj)H + ψji � ιa(aj)ω , (5.74)

£a(ai)ω = Ωj
i ∧ ιa(aj)ω + ψji ∧ ιa(aj)H . (5.75)

These equations represent the generalisation of (5.56), thus the condition expressed

by (5.71) is usually referred to as a generalised isometry or as the condition for a

Lie algebroid gauging.

Notice that the generalised isometry conditions (5.74) and (5.75) can be rewritten

in the global expressions

Sym
(
∇((ι ◦ a)H) + ψ∗((ι ◦ a)ω)

)
= 0 , (5.76)

Alt
(
(ι ◦ a)(∇ω) +∇((ι ◦ a)ω)± ψ∗((ι ◦ a)H)

)
= 0 , (5.77)

where, with a slight abuse of notation, ∇ represents the extension of the dual con-

nection of the one on A to any tensor power of A∗ and T ∗M by the Levi-Civita

connection of H. Moreover, Equation (5.76) allows a further reformulation by intro-

ducing the tensor a[ ∈ Γ(A∗ ⊗ T ∗M) induced by the composition of vector bundle

morphisms (covering the identity)

a[ := H[ ◦ a : A→ T ∗M . (5.78)

Then (5.76) becomes

Sym
(
∇a[ + ψ∗((ι ◦ a)ω)

)
= 0 . (5.79)

The above equations will be useful to extend the gauging procedure to sigma-models
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whose topological term is given by a closed 3-form.

A relevant example for the purposes of this chapter is given by a sigma-model

on a foliated manifold. Let (M,Φ) be a manifold foliated by F . Then one naturally

considers as Lie algebroid A = TF . The gauging of the corresponding sigma-model

is possible if (5.71) is satisfied and the bilinear form Φ induces a bilinear form ΦQ

on N∗F . Whenever the quotient Q = M/F is smooth, the bilinear form ΦQ defines

a section of T ∗Q⊗ T ∗Q.

The gauging of the sigma-model with topological term induced by H ∈ Ω3
cl(M)

can now be discussed. Following [52], the variational problem of this gauged sigma-

model is given by

S[φ,A] =
1

4

∫
Σ

‖D∇φ ‖h,H dµ(h) +
1

2

∫
Σ

φ∗〈α ∧, dφ− 1

2
a(A)〉+

∫
V

φ∗H , (5.80)

where α ∈ Γ(T ∗M) and the other terms follow the definitions given in Subsection

5.2.2. It has been shown in [31] that the action (5.80) can be gauged if the following

local conditions hold

£a(ai)H =Ωj
i � ιa(aj)H + ψji � ιa(aj)ω , (5.81)

ιa(ai)H =dαi − Ωj
i ∧ αj − ψ

j
i ∧ ιa(aj)H . (5.82)

The equivalent global expressions are given by

Sym
(
∇a[ − ψ∗(α)

)
= 0 , (5.83)

(ι ◦ a)H = ∇α− ψ∗(a[) . (5.84)

Following [52], the above equations can be geometrically interpreted in terms of

small Dirac structures and transverse generalised metrics (see Subsection 3.2.2).

The data characterising the variational problem given by a sigma-model with

Wess-Zumino-Witten topological term are equivalent to having an exact Courant

algebroid (E, J · , · K, 〈 · , · 〉E, ρ) over M endowed with a generalised metric V+ ⊂ E

and a small Dirac structure Ls. By choosing the splitting E ' TM that makes V+ =

graph(H), the inclusion Ls → TQ yields a section (ρ
Ls
, α) ∈ Γ(L∗s ⊗ TM ⊕ T ∗M)
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obtained by considering the tensor ρ
Ls

associated with the restriction of the anchor

map to the small Dirac structure ρLs : Ls → TQ and the T ∗Q component of each

element in Ls. Furthermore, define the vector bundle morphism

ρ[Ls := ι ◦ ρLs ◦ H[ , (5.85)

yielding the tensor field ρ[
Ls
∈ Γ(L∗s ⊗ T ∗M). Then the sigma-model defined by

(E, V+, Ls) can be gauged if Ls admits two connections ∇± := ∇ ± ψ, with ψ ∈

Γ(T ∗M ⊗ End(Ls)) such that the following compatibility conditions are satisfied

([31, 52])

Sym
(
∇ρ[

Ls
− ψ∗(α)

)
= 0 , (5.86)

Alt
(
∇α− ψ∗(ρ[

Ls
)− 1

2
(ι ◦ ρLs)H

)
= 0 , (5.87)

which are clearly equivalent to (5.83) and (5.84) by noticing that ρLs is a Lie alge-

broid anchor. The variational problem (5.80) can be understood in this framework

by considering vector bundle morphisms ALs : TΣ→ Ls covering φ : Σ→M. the as-

sociated 1-form ALs on Σ valued in the pullback bundle φ∗Ls yields the connection

1-form A, given by its φ∗(TM)-component, and the 1-form α, i.e. its φ∗(T ∗M)-

component.

The gauging conditions can thus be understood in terms of Dirac-Riemannian

foliations ([52]).

Proposition 5.88. ([52]) Let (E, J · , · K, 〈 · , · 〉E, ρ) be an exact Courant algebroid

over M endowed with a generalised metric V+ ⊂ E and a small Dirac structure Ls.

They define a Dirac-Riemannian foliation if and only if there exist connections ∇±

such that the compatibility conditions (5.86) and (5.87) hold.

Proof. By Proposition 3.234, WLs = Ls ⊕ (L⊥s ∩ V+) is an Ls-transverse generalised

metric if and only if Equation (3.235) holds, i.e.

£XH + ιXH − dα ∈ Γ(L+
s ⊗ T ∗Q+ T ∗Q⊗ L−s ) . (5.89)

By choosing a local frame ei = Xi+αi for Γ(Ls), with β±i = p±g (ei), Equation (3.235)
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reads

£XiH + ιXiH − dαi = β+
j ⊗ (Ω+)ji − (Ω−)ji ⊗ β−j , (5.90)

where (Ω±)ji are some local 1-forms. They define the connection coefficients of

some linear connections ∇±. The global existence of such connections follows from

a standard partition of unity argument.

Corollary 5.91. The sigma-model defined by the exact Courant algebroid E and

the generalised metric V+ can be gauged if there exists a small Dirac structure Ls

inducing a Dirac-Riemannian foliation.

The main concern of this chapter is with the conditions that the geometry of the

target space must satisfy in order to admit a gauging of the generalised isometry.

For a discussion involving the structure of the pullback gauge Lie algebroid on the

worldsheet Σ, see [73].

5.3 Gauged Sigma-Models for para-Hermitian Man-

ifolds

In this section sigma-models associated with para-Hermitian structures will be dis-

cussed. In particular, the focus will be on sigma-models whose topological term is

given by the fundamental 2-form of the para-Hermitian structure. This will lead to

a notion of generalised T-duality inspired by [30].

Let (M,F−, η, ω,H) be a foliated Born manifold with splitting of its tangent

bundle

TM = TF− ⊕ L+ (5.92)

induced by the almost para-complex structure K. The compatible generalised metric

is

H = g+ + g− (5.93)

in this splitting, where g+ and g− are fibrewise metrics on L+ and TF−, respectively,

which are related by (2.43). This splitting can be thought of as the bundle map

s : NF− −→ TM (5.94)
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that splits the short exact sequence of vector bundles

0 −→ TF− −→ TM −→ NF− −→ 0 (5.95)

which is maximally isotropic with respect to the split signature metric η and orthog-

onal to TF− in the compatible generalised metric H. By assuming that (M, g+,F−)

is a Riemannian foliation, the associated Born sigma-model S(H, ω) can be reduced

to a conventional non-linear sigma-model S(g+, ω|L+) for the leaf space Q if there

exists a Riemannian submersion

Π : (M,H, ω) −→ (Q, g+, ω|L+) . (5.96)

Notice that by applying a B+-transformation, which preserves TF− and is gen-

erated by a basic 2-form b+ ∈ Γ(∧2L∗+) (as discussed in Section 2.3.2), to the almost

para-Hermitian structure defining the sigma-model for M, one obtains a reduced

sigma-model on the leaf space which has the same kinetic term as the original

one. The B+-transformed Born structure is given by (KB+ , η,HB+ , ωB+), where

ωB+ = ω + 2 b+ and KB+ = K + 2B+ with B+ a bundle map from L+ to TF−. It

induces the splitting

TM = TF− ⊕ LB+

+ (5.97)

that can be regarded as a different choice of splitting

sB+ : NF− −→ TM (5.98)

of the short exact sequence (5.95) such that Im(sB+) is still maximally isotropic

with respect to η, which naturally follows from the fact that s changes by a B+-

transformation.

Consider now the action of the foliation-preserving B+-transformation on the

compatible generalised metric. It can easily be shown that an F−-preserving B+-

transformation is an isometry of the fibrewise metric g+ on L+: any section X+ ∈

Γ(L+) transforms as

X
B+

+ = eB+(X+) = X+ +B+(X+) , (5.99)
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so that

g+

(
X
B+

+ , Y
B+

+

)
= g+(X+, Y+) . (5.100)

Thus the eigenbundle L
B+

+ of KB+ , whose sections are of the form X
B+

+ , inherits

the fibrewise Riemannian metric g+, and the structure of (M, g+,F−) as a Rie-

mannian foliation is preserved. It can also be shown that the only effect of the

B+-transformation on the compatible generalised metric H is to introduce a new

fibrewise metric on TF−. In other words, the fibrewise metric g− on TF− does not

have L
B+

+ as its kernel:

g−
(
X
B+

+ , Y
B+

+

)
= g−

(
B+(X+), B+(Y+)

)
, (5.101)

and so the change of sub-bundle L
B+

+ is associated with a change of fibrewise met-

ric on TF−, now given by g
B+

− such that Ker(g
B+

− ) = L
B+

+ . The B+-transformed

compatible generalised metric thus reads

HB+ = g+ + g
B+

− (5.102)

in the polarisation TM = TF− ⊕ LB+

+ defined by KB+ , i.e. by the splitting sB+ of

(5.95) which is now orthogonal to TF− with respect to HB+ .

Since the B+-transformation preserves the Riemannian foliation and the 2-form

b+ is basic, it can still be obtained a well-defined Riemannian submersion from M

to the leaf space Q given by

ΠB+ : (M,HB+ , ωB+) −→ (Q, g+, ω|L+ + 2 b+) . (5.103)

Then the sigma-models S(g+, ω|L+) and S(g+, ω|L+ + 2 b+), each defined with the

same leaf space Q as target space, are equivalent. They have the same dynamical

content, as they are defined by the same metric g+, whereas the topological term

changes by a basic 2-form. In particular, Classically they have the same local degrees

of freedom.

On the other hand, a T-dual sigma-model of S(g+, ω|L+) may be thought of as
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induced by a maximally isotropic splitting

sϑ : NFϑ− −→ TM (5.104)

with respect to η of the short exact sequence

0 −→ TFϑ− −→ TM −→ NFϑ− −→ 0 (5.105)

for ϑ ∈ O(d, d)(M), which corresponds to an almost para-Hermitian structure

(Kϑ, η, ωϑ) on M . The compatible generalised metric Hϑ decomposes as

Hϑ = gϑ+ + gϑ− , (5.106)

where gϑ+ is a fibrewise metric on Lϑ+ such that (M, gϑ+,Fϑ−) is a Riemannian foliation.

The definition of T-dual models in this framework will be discussed later on.

5.3.1 Gauging the Born Sigma-Model

The discussion of Section 5.2 can be applied to a Born manifold (M,K, ω,H) simply

by setting

Φ = H + ω (5.107)

in Γ(T ∗M ⊗ T ∗M), which is non-degenerate by construction. It shall be assumed

that one of the eigenbundles L± of K is integrable, i.e. M admits a foliation F±.

Then the map (M,Φ)→ (Q,ΦQ), where Q = M/F± and

ΦQ = g + b , (5.108)

can be regarded as a reduction of a Born sigma-model S(H, ω) to a sigma-model

S(g, b) for the leaf space Q. The specialisation of the general formalism for the

gauging for a foliated manifold comes from the compatibility conditions that the

Riemannian metric H now satisfies with the para-Hermitian structure.

In the following the local construction of the gauging of a Born sigma-model will

be discussed. From now on H will be the compatible generalised metric on a Born

manifold M and ω will be its fundamental 2-form. To apply the theory of gauged
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sigma-models with generalised isometry reviewed in Section 5.2, a foliated target

space M is needed. Since the target space of a Born sigma-model is an almost

para-Hermitian manifold (M,K, η), the tangent bundle is given by the splitting

TM = L+ ⊕ L−. Recall that one of the eigenbundles L± of K is required to be

integrable, say L− for definiteness. Then M is foliated by the leaves of F− such that

TF− = L−. The bundle L− is a Lie subalgebroid of the tangent algebroid TM with

the anchor map given by the inclusion i : L− ↪→ TM . When the space of leaves is

a smooth manifold, L− is integrated by the Lie subgroupoid of the pair groupoid

M ×M ⇒ M given by the graph of the equivalence relation on M defined by the

surjective submersion M → Q = M/F−. It is natural to use this Lie algebroid in the

application of the formalism of Section 5.2, and investigate under which geometric

constraints the generalised isometry conditions (5.74) and (5.75) are satisfied for

a Born sigma-model with a foliated para-Hermitian target space. For this, the

existence of a Lie algebroid connection on L− is required; as discussed in the proof

of Theorem 5.65, a natural candidate is the Bott connection ∇B.

The traditional approach to the gauging of a generalised isometry involves ap-

plying a non-standard variation of the dynamical fields φ and A of the gauged Born

sigma-model, where A is the L−-valued connection 1-form on M . Since the anchor

map is the inclusion i of L− in TM, the Lie algebroid bracket is locally given by

[Z̃m, Z̃n] = Qk
mn Z̃k , (5.109)

where {Z̃m} is a local frame for L−. The map dφ is covariantised upon introducing

DAφI = dφI − īIj Āj , (5.110)

where ī is the pullback of i along φ. The gauged sigma-model with topological term

is thus written as

S[φ,A] =
1

4

∫
Σ

H̄IJ DAφI ∧ ?DAφJ +
1

4

∫
Σ

ω̄IJ DAφI ∧DAφJ , (5.111)

and the variations of the fields φ and A under the infinitesimal gauge transformations
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generated by the vector fields Z̃i read

δεφ
I = īIj εj , (5.112)

δεĀi = dεi + Q̄i
jk εk Āj + Ω̄k

iJ εk DAφJ + ψ̄kiJ εk ? DAφJ , (5.113)

where εi ∈ C∞(Σ). It can be verified that the gauged action functional (5.111) is

invariant under these transformations:

δεS[φ,A] = 0 , (5.114)

if and only if the conditions (5.74) and (5.75) are satisfied [74].

In the Born sigma-model, the almost para-Hermitian structure appears solely in

the topological term. In the sigma-model without topological term, the generalised

isometry condition for H only involves the assumption that M must be foliated and

does not capture deeper information about the almost para-Hermitian manifold;

in [16] the topological term was introduced for doubled torus bundles in order to

maintain invariance under large gauge transformations in the corresponding gauged

sigma-model and found to play an important role in the quantum theory [27]. To

understand how the generalised isometry conditions (5.74) and (5.75) specialise to

a Born sigma-model, the local reduction of a Born sigma-model S(H, ω) to a sigma-

model S(g, b) for the leaf space shall be discussed.

Let (xi, x̃i) be coordinates on the para-Hermitian manifold M adapted to the

foliation F−, where x̃i are the leaf coordinates, the local frame and dual coframe

which respectively span Γ(TM) and Γ(T ∗M), and which diagonalise the almost

para-complex structure K, are given in the form

Zi =
∂

∂xi
+Nij

∂

∂x̃j
and Z̃i =

∂

∂x̃i
, (5.115)

for local functions Nij on M , since there always exists a local completion {Z̃i} of

the holonomic frame for Γ(TF−), and

Θi = dxi and Θ̃i = dx̃i −Nji dx
j , (5.116)
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which form a local basis for L∗+ and L∗− respectively. The split signature metric η

assumes the form

η = ηij
(
(dx̃i −Nki dx

k)⊗ dxj + dxj ⊗ (dx̃j −Nkj dxk)
)
, (5.117)

while the fundamental 2-form ω reads

ω = ηji dxi ∧ dx̃j − ηkj Nik dxi ∧ dxj . (5.118)

Finally, a compatible generalised metric H on (M,K, η) is equivalent to specifying

a fibrewise metric g+ on L+, which locally reads

g+ = (g+)ij dxi ⊗ dxj . (5.119)

Then the complete local expression for H is given by

H =
(
(g+)ij + (g−)klNikNjl

)
dxi ⊗ dxj + (g−)ij dx̃i ⊗ dx̃j

− (g−)jkNik dxi ⊗ dx̃j − (g−)ikNjk dx̃i ⊗ dxj , (5.120)

where g− is defined in (2.43).

Then the gauged Born sigma-model in an adapted local frame reads

S[φ,A] =
1

4

∫
Σ

((
(ḡ+)ij + N̄ik (ḡ−)kl N̄jl

)
dφi ∧ ? dφj

− 2 (ḡ−)ik N̄jk DAφi ∧ ? dφj + (ḡ−)ij DAφi ∧ ?DAφj

)
+

1

2

∫
Σ

(
η̄ji dφi ∧DAφj − η̄kj N̄ik dφi ∧ dφj

)
. (5.121)

To recover a reduced sigma-model on the leaf space, impose the constraint obtained

from the equation of motion for the worldsheet gauge field A,

δS[φ,A]/δAi = 0 , (5.122)
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which appears quadratically as an auxiliary field. It is given explicitly by

DAφi = N̄ki dx̄
k + (ḡ−1

− )il η̄
l
k ? dφk . (5.123)

By using (5.117) and (5.120), (5.123) can be written in a more covariant form as

DAφ = (η̄] ◦ H̄[)(? dφ) , (5.124)

which for A = 0 is the immediate generalisation of the self-duality constraint written

in [16, 27, 30]. By substituting the constraint (5.123) in (5.121), the local expression

S[φ] =
1

2

∫
Σ

(ḡ+)ij dx̄i ∧ ? dx̄j +

∫
Σ

N̄ik η̄
k
j dx̄i ∧ dx̄j (5.125)

follows. In the quantum theory, integrating out Ai in the functional integral formally

generates a determinant involving det(ḡ−) = det(ḡ+)−1 which contributes a Fradkin-

Tseytlin term with dilaton field

Ψ = −1
2

log det(g+) (5.126)

in the sigma-model action functional; this gives the required generalised T-duality

invariant correction to the dilaton.

It follows that the reduced sigma-model (5.125) is well-defined on the leaf space

if the condition

£X−g+ = 0 (5.127)

holds for all X− ∈ Γ(L−), so that H is a bundle-like metric; in other words, £X−H ∈

Γ(T ∗M ⊗ L∗−), and (M, g+,F−) is a Riemannian foliation. If ψji ∈ Γ(L∗−), then the

Lie derivative of H along any vector field in Γ(L−) is still an element of Γ(T ∗M⊗L∗−)

and hence the condition (5.74) still holds, since ιX−ω ∈ Γ(L∗+), for all X− ∈ Γ(L−).

The topological term of the reduced sigma-model (5.125) can be obtained as

follows. The conditions under which the 2-form

b = Nik η
k
j dxi ∧ dxj (5.128)
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is at least locally well-defined on the leaf space Q = M/F− are needed to understand

such construction. This 2-form arises from a local frame spanning the sub-bundle

L+, so it involves the locally defined functions Nik which characterise the frame for

L+. To obtain a condition involving these functions, the transverse components to

the foliation of the Lie derivative of ω along vector fields parallel to the foliation

must be considered. Following [26], requre that

τ∇ω = 0 , (5.129)

which implies transversal invariance of the fundamental 2-form, i.e. for all X− ∈

Γ(L−):

£X−ω(Y+, Z+) = 0 , (5.130)

for all Y+, Z+ ∈ Γ(L+). This implies that the split signature metric satisfies the

invariance condition £X−η = 0, and the frame spanning L+ which diagonalises K

is composed of (local) projectable vector fields. By writing any section of L+ in the

local basis diagonalising K, this condition imposes the local constraint

£X−Nik = 0 . (5.131)

It follows that then the local 2-form b = Nik η
k
j dxi ∧ dxj is well-defined on the leaf

space.

Because of the isotropy of L− with respect to ω and its involutivity, it is also

easy to show that

£X−ω(Y−, Z−) = 0 , (5.132)

for all Y−, Z− ∈ Γ(L−). Together with (5.130) this implies that £X−ω, like ω, is

an element of Γ(L∗+ ∧ L∗−). It follows that the Lie derivative of ω along any vector

field from Γ(L−) satisfies (5.75) if the connection coefficients of ∇ satisfy Ωj
i ∈

Γ(L∗−). Combining this constraint with the constraint obtained from the generalised

isometry condition for H, the Bott connection ∇B may still be considered as the Lie

algebroid connection on TF− and restrict it further to get a map

∇B : Γ(TF−)× Γ(TF−) −→ Γ(TF−) , (5.133)
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so that ∇B ± ψ with ψ ∈ Γ(L∗− ⊗ End(TF−)) give well-defined connections on TF−.

This restriction of ∇B is well-defined because of the properties of Bott connections.

The above naive description of a gauged Born sigma-model yields a surprising

result. Despite ω not having any Γ(∧2L∗+)-component, i.e. a component that could

be seen as the pull-back of a 2-form on the leaf space, one still obtains a locally

defined 2-form b from the gauging procedure. In order to understand this, it is

useful to apply the construction implemented in [52] to the Born sigma-model with

topological term HD defined by the canonical compatible D-bracket on (M, η,K). In

the following a local approach will be discussed. In particular, the local expression

of HD can be obtained from the frame (5.115) in the coordinates adapted to the

foliation. A lengthy calculation yields that

η(JZi, ZjKLC, Zk) = 3ηlk(∂[iNjl] +N[i|m∂̃
mN|jl]) (5.134)

and

ηJ(Zi, ZjKLC, Z̃k) = 3ηkl ∂̃
lNij , (5.135)

whereas the other components of the D-bracket associated with the Levi-Civita

connection preserving η vanish. Similarly, all the components of the unique canon-

ical compatible D-bracket J · , · Kcan associated with (η,K) vanish. Hence the local

expression of the 3-form HD is given by

HD = 3
(
ηlk(∂[iNjl] +N[i|m∂̃

mN|jl])dx
i ∧ dxj ∧ dxk + ηkl ∂̃

lNijdx
i ∧ dxj ∧ Θ̃k

)
, (5.136)

where recall that Θi = dxi.

The sigma-model defined by the Born metricH and the 3-form HD can be gauged

if HD is closed and its associated exact Courant algebroid endowed with the gener-

alised metric defined by H and the small Dirac structure given by the foliation (see

Subsection 3.2.2) define a transverse generalised metric, as discussed in Subsection

5.2.3. This happens if the conditions £X−g+ = 0 and ιX−HD = 0, for all X− ∈ Γ(L−)

hold. In particular, notice that dHD = 0 and ιX−HD = 0 hold if the components ηlk

are locally constant and Nij satisfy Equation (5.131). Therefore one obtains that,
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locally,

HD = db , (5.137)

where b is defined by Equation (5.128) and, for a smooth leaf space, can be seen as

the pullback of a 3-form defined on the quotient. This can be read as an alternative

way of finding a relation between the components of dω and the Nijenhuis tensor of

K, see [18] for more details.

A first step towards extending this gauging procedure to further include open

string sigma-models can be performed following the formalism of Hamiltonian Lie

algebroids [75].

5.3.2 Generalised T-duality

To introduce the concept of generalised T-duality in the context of gauged Born

sigma-models, consider first O(TM)-transformations which relate Born structures

(η,K, ω,H) and (η,Kϑ, ωϑ,Hϑ) for which bothK andKϑ have at least one integrable

eigenbundle, which without loss of generality it may be assumed to correspond to

the same eigenvalue −1 Denote by L− the integrable sub-bundle of K and Lϑ− the

integrable sub-bundle of Kϑ. Then the Born manifold (M, η,K,H) is foliated by F−
such that L− = TF− and (M, η,Kϑ,Hϑ) is foliated by Fϑ− such that Lϑ− = TFϑ−.

In this case, topological terms given by the fundamental 2-forms are considered.

Whenever the backgrounds defining both Born sigma-models S(H, ω) and S(Hϑ, ωϑ)

for M satisfy the generalised isometry conditions, both sigma-models can be gauged

to reduce them to two distinct non-linear sigma-models S(g, b) and S(gϑ, bϑ) for the

leaf spaces M/F− and M/Fϑ− respectively. The reduced sigma-models are defined,

respectively, by the Riemannian metric g and the 2-form b induced by (H, ω) on

M/F−, and the metric gϑ and 2-form bϑ induced by (Hϑ, ωϑ) on M/Fϑ−. The non-

linear sigma-models S(g, b) and S(gϑ, bϑ) recovered in this way are said to be T-dual

to each other.

This prescription can be pictured through the diagram

(M,H, ω) (M,Hϑ, ωϑ)

(M/F−, g, b) (M/Fϑ−, gϑ, bϑ)

ϑ

Π Πϑ

T
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where ϑ ∈ O(d, d)(M), and the dashed arrow T is not a map but rather the gen-

eralised T-duality relation between the sigma-models S(g, b) and S(gϑ, bϑ) defined

by the backgrounds on the respective leaf spaces. The vertical arrows are the Rie-

mannian submersions Π of (M,H, ω) onto (M/F−, g, b), which is physically defined

by imposing the dynamical self-duality constraint δS(H, ω)/δAi = 0, and Πϑ of

(M,Hϑ, ωϑ) onto (M/Fϑ−, gϑ, bϑ) which is similarly defined by the self-duality con-

straint δS(Hϑ, ωϑ)/δAi = 0. These constraints relate derivatives of the pullback of

the leaf coordinates x̃i to derivatives of the pullback of the physical coordinates

xi on the space of leaves as in (5.123), and together with the generalised isometry

conditions they constitute the generalization of the strong constraint of double field

theory.

Remark 5.138. Notice that a similar notion of T-duality can be defined for sigma-

models whose topological term is induced by the canonical compatible metric alge-

broid associated with the para-Hermitian structure of the target space. In particular

this can be explored following the discussion presented at the end of Subsection 5.3.1.

The topology of the reduced sigma-models may also be used to geometrically

characterise the different terminology used in physics literature. When the leaf space

Q = M/F− is a smooth manifold and the reduced sigma-model S(g, b) involves well-

defined background fields on Q, it corresponds to a geometric background and the

corresponding splitting defined by the almost para-Hermitian structure is called a

geometric polarisation. Otherwise, if the leaf space Q does not admit a smooth

structure but the background fields (g, b) are still well-defined on Q, i.e. they come

from a background (H, ω) satisfying the generalised isometry conditions for the Born

sigma-model, it is called a locally geometric background. Using the terminology of

[16], such leaf spaces will be referred to as T-folds, and the corresponding polarisa-

tion defining the Born sigma-model which leads to a T-fold will be called a T-fold

polarisation. In contrast to common lore, initiated by [76], it is possible for both

geometric and non-geometric backgrounds in this sense to have non-vanishing ‘Q-

flux’, as (5.109) and the general analysis of Subsection 5.3.1 shows. That Q-flux is

not necessarily an obstruction to global geometry was also highlighted by [77].

An interesting special class of T-folds which admit a precise geometric descrip-

tion are the foliated Born manifolds whose leaves are compact. Since the gener-
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alised isometry condition for the compatible generalised metric H = g+ +g− implies

that (M, g+,F−) is a Riemannian foliation, in these cases the leaf space admits the

structure of an orbifold with isotropy group given by the leaf holonomy group, and

Π : M → Q is an orbifold submersion, see [67, 78, 79] for further details.

The other scenario which can arise is when a generalised T-duality ϑ ∈ O(d, d)(M)

maps a Born manifold (M, η,K,H) with an integrable eigenbundle L− ⊂ TM of K

into another Born manifold (M, η,Kϑ,Hϑ) with eigenbundle Lϑ− ⊂ TM of Kϑ which

is no longer integrable; this is the case of non-vanishing ‘R-flux’ Rmnk 6= 0. In this

case, there is still a well-defined Born sigma-model S(Hϑ, ωϑ) which is related to

the Born sigma-model S(H, ω) by an O(d, d)(M)-transformation. However, even

if a frame spanning Γ(Lϑ−) and S(Hϑ, ωϑ) satisfy the generalised isometry condi-

tions, a gauging of S(Hϑ, ωϑ) which recovers a conventional spacetime description is

not possible since M is no longer a foliated manifold: there is no submersion from

(M,Hϑ, ωϑ) because there is no leaf space in this case. This situation is summarized

by the diagram

(M,H, ω) (M,Hϑ, ωϑ)

(M/F−, g, b) ( · , · , · )

ϑ

Π

T

The vertical dashed arrow here indicates the impossibility of recovering any conven-

tional background, even locally.

In this instance one could try to implement a similar version of the gauging of

the Born sigma-model S(Hϑ, ωϑ) upon introducing the analogue of a covariantised

map DAφ which is defined by the bundle maps

TΣ
Ā−−→ Lϑ−

i−−→ TM (5.139)

where Ā : TΣ→ Lϑ− is a bundle map which is not generally induced by the pullback

of a Lie algebroid connection, since Lϑ− is not naturally a Lie algebroid in this

case. There is again the pullback bundle φ∗Im(i ◦ Ā ) ⊂ φ∗TM and the induced

map i(A) : TΣ → φ∗TM which permits us to write the analogue of the covariant

derivative

DAφ = dφ− i(A) . (5.140)
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This map induces the tensor field DAφ ∈ Γ(T ∗Σ⊗ φ∗TM). A “gauged-like” sigma-

model can still be defined with this map since the norm ‖DAφ ‖h,H is well-defined on

the vector space of sections Γ(T ∗Σ⊗φ∗TM). This construction depends on the choice

of bundle map Ā. As it is clear from the lack of a Lie algebroid, this sigma-model

cannot be gauged, i.e. it is impossible even to write down any form of generalised

isometry conditions.

To give a physical meaning to this construction, the analogue of a covariant

derivative for only half of the coordinates is introduced upon choosing local coor-

dinates; however these coordinates now have no particular geometric significance.

A self-duality constraint δS(Hϑ, ωϑ)/δAi = 0 can now be written down, but the

solution to this constraint does not eliminate the dependence of the background

fields on the “gauged coordinates”, and is moreover expected to involve a non-local

expression. This means that it is not possible to find even a locally defined conven-

tional background on some open subset of M. Thus there is no reduced sigma-model

that can be recovered, since there is no well-defined quotient and hence no physical

spacetime to serve as a target for a reduced sigma-model. The polarisation in which

this happens can thus only be described in the full doubled formalism based on the

Born manifold (M,Hϑ, ωϑ); using the terminology of [80], we say that this polar-

isation is associated with an essentially doubled space, and call the corresponding

polarisation an essentially doubled polarisation.

5.3.3 A Simple Example: Sigma-Models for the Cotangent

Bundle

Para-Hermitian manifolds which are fibre bundles endowed with a generalised metric

provide a large class of examples which are well-suited to explicit realization of the

formalism introduced in this chapter. These examples naturally supply Riemannian

submersions from the total space M to the base space Q, which can be regarded

as the smooth quotient M/F of the total space with respect to the foliation F of

the bundle given by the fibres. A different quotient will also be discussed, which

will be used to give a geometric interpretation of the prototypical T-folds in this

framework. In this case the cotangent bundle T ∗Q will be endowed with the (almost)

para-Kähler structures naturally compatible with the canonical symplectic structure,
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which can be thought of as the phase space for a closed string with target space Q.

This nicely ties the worldsheet formalism introduced in this chapter with the old

sigma-models for duality-symmetric string theory based on phase space targets [81]

and with more recent discussions of phase spaces as instances of doubled geometry

[23, 58, 59, 82–86].

Para-Kähler Structure on the Cotangent Bundle

First recall how to define a Born structure on the cotangent bundle of any smooth

manifold by specializing the general discussion of Examples 2.16 and 2.75. Let Q

be a smooth manifold with dim(Q) = d. Its cotangent bundle is the vector bundle

π : T ∗Q −→ Q , (5.141)

where π is the canonical projection and the typical fibre at q ∈ Q is T ∗qQ. Since π

is a surjective submersion, there is a short exact sequence of vector bundles

0 −→ Lv(T
∗Q)

i−−→ T (T ∗Q)
π̂−−→ π∗(TQ) −→ 0 (5.142)

where Lv(T
∗Q) = Ker(π∗) = Ker(π̂) is the vertical sub-bundle defined by the differ-

ential of the projection and π∗(TQ) is the pullback bundle of TQ over T ∗Q along

π. The map i : Lv(T
∗Q)→ T (T ∗Q) is the canonical inclusion of the vertical vector

sub-bundle into T (T ∗Q). The vertical sub-bundle is integrable and its foliation is

the one given by the fibres. The bundle map π̂ : T (T ∗Q) → π∗(TQ) is surjective

and covers the identity.

An almost para-complex structure on T ∗Q can be defined by choosing a splitting

of the short exact sequence (5.142), i.e. by fixing a right inverse sC of π̂:

T (T ∗Q) π∗(TQ)
π̂

sC

(5.143)

so that T (T ∗Q) = Im(sC)⊕Ker(π̂). The sub-bundle Im(sC) = LCh (T ∗Q) is one of the

possible choices of horizontal distribution: the map sC is usually understood as a

horizontal lift of sections of TQ to T (T ∗Q). This defines an Ehresmann connection
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on T ∗Q, with

T (T ∗Q) = LCh (T ∗Q)⊕ Lv(T
∗Q) . (5.144)

The horizontal lift sC thus defines a vector sub-bundle LCh (T ∗Q) of T (T ∗Q), which

is generally not involutive. A splitting (5.143) of T (T ∗Q) is equivalent to a choice

of an almost para-complex structure KC ∈ Aut1(T (T ∗Q)) given by

KC

∣∣
LCh (T ∗Q)

= 1LCh (T ∗Q) and KC

∣∣
Lv(T ∗Q)

= −1Lv(T ∗Q) . (5.145)

T ∗Q is endowed with a canonical symplectic 2-form ω0 with respect to which

Lv(T
∗Q) is maximally isotropic. Then, in order to construct an almost para-Kähler

structure, a compatibility condition between the almost para-complex structure KC

and the canonical symplectic 2-form ω0 must be satisfied yielding a split signature

metric on T ∗Q. In other words, one may ask for conditions ensuring existence of a

split signature metric compatible with KC , in the sense of almost para-Hermitian

structures, such that ω0 is the corresponding fundamental 2-form. Recall that the

requisite compatibility condition is

ω0

(
KC(X), Y

)
+ ω0

(
X,KC(Y )

)
= 0 , (5.146)

for all X, Y ∈ Γ(T (T ∗Q)). It is straightforward to check that (5.146) holds if and only

if the chosen splitting is isotropic with respect to ω0. Since Lv(T
∗Q) is maximally

isotropic because it is in the kernel of the tautological 1-form on T ∗Q, the splitting

C must be such that LCh (T ∗Q) is isotropic with respect to ω0. The split signature

metric given by such a choice is denoted by ηC :

ηC(X, Y ) = ω0

(
KC(X), Y

)
, (5.147)

for all X, Y ∈ Γ(T (T ∗Q)). Hence an almost para-Kähler structure on T ∗Q compat-

ible with the canonical symplectic structure is given by (KC , ηC , ω0).

Remark 5.148. This construction generalises to any fibre bundle π : M → Q,

with dim(M) = 2 dim(Q), which is endowed with a Liouville 1-form [87]. For this,

consider again the short exact sequence of vector bundles (2.17) from Example 2.16.

A Liouville 1-form α ∈ Γ(T ∗M) is a horizontal 1-form on M, i.e. ιXv
α = 0, for all
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Xv ∈ Γ(Lv(M)), such that Ker(α) = Lv(M). Then the foliation given by the fibres

of M is Lagrangian with respect to the symplectic 2-form ω = dα associated with

α. Any choice of an isotropic splitting s : π∗(TQ) → TM of (2.17) with respect to

ω defines an almost para-Kähler structure on M.

Example 5.149. Recall the discussion carried on in Section 2.4. Let Q be the

configuration space of a dynamical system and consider the tangent bundle π :

TQ → Q as a carrier space of the dynamics. The equations of motion of the system

are thus defined by a second order vector field Σ ∈ Γ(T (TQ)). A regular Lagrangian

L ∈ C∞(TQ) for the dynamical system, when it exists, defines a Liouville 1-form

given bye θL = −S∗(dL ), since Ker(αL ) = Ker(S) = Lv(TQ). This gives the

Lagrangian symplectic 2-form ωL = dθL .

The dynamical vector field Σ ∈ Γ(T (TQ)) induces an isotropic splitting, with

respect to ωL , of the canonical short exact sequence (2.17) of vector bundles from

Example 2.16 with M = TQ. Hence (TQ,L ) admits a para-Kähler structure. One

can also show that the Lagrangian L induces a compatible generalised metric on

TQ [20]. The symplectomorphism induced by a regular Lagrangian, given by the

Legendre transform from TQ to T ∗Q, is a vector bundle isomorphism covering

the identity which induces a map from the dynamical para-Kähler structure to an

isotropic splitting of (5.142); see [20, 45] for further details.

In order to give a local description of the almost para-Kähler structure (ηC , KC , ω0),

choose any open subset U ⊂ Q such that π−1(U) ' U × Rn, then the splitting

sC : π∗(TQ)
∣∣
π−1(U)

−→ T (T ∗Q)
∣∣
π−1(U)

is identified with π−1
∗ , where π−1

∗ (π−1(U)) ' U × Rn × R2n, i.e.

sC(v) = π∗(v) + C(v) , (5.150)

for all v ∈ TqQ, where C : π∗(TQ)m → Lv(T
∗Q)m is a local map with m ∈ T ∗Q

such that π(m) = q. Then the compatibility condition (5.146) locally reads as

ω0(π∗(v), C(w))− ω0(C(v), π∗(w)) = 0 , (5.151)

eIn this context, θL is usually called the ‘Cartan 1-form’.
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for all v, w ∈ TqQ. This can be used to give a local description the horizontal lift of

a holonomic frame
{

∂
∂qi

}
of TQ, where qi are local coordinates on Q (pulled back

from Q to T ∗Q by the projection π). As discussed in [20], by using (5.150), the

horizontal lift of a holonomic frame is given by the vector fields

hi = C
( ∂

∂qi

)
=

∂

∂qi
+ Cij

∂

∂pj
∈ Γ

(
LCh (T ∗Q)

)
(5.152)

where (qi, pi) are local Darboux coordinates on T ∗Q, and Cij are the components of

the map C in the Darboux chart. This gives a local basis of sections of the horizontal

sub-bundle. Then it is straightforward to see that LCh (T ∗Q) is maximally isotropic

with respect to

ω0 = dqi ∧ dpi (5.153)

if and only if Cij = Cji is symmetric.

To write down a Born sigma-model for T ∗Q a compatible generalised metric HC

for the almost para-Kähler structure (KC , ηC , ω0) needs to be defined. Following

Example 2.75, endow the base manifold Q with a Riemannian metric g. Then a

fibre-wise metric g+ on LCh (T ∗Q) is given by the pullback g+ = π∗g:

g+

(
Xh, Yh

)
= g(X, Y ) , (5.154)

where Xh = sC(X) and Yh = sC(Y ), for all X, Y ∈ Γ(TQ), i.e. Xh and Yh are

arbitrary horizontal lifts. This gives a compatible generalised metric for the almost

para-Kähler structure (KC , ηC , ω0) which takes the form

HC = g+ + g− (5.155)

in the splitting induced by KC , with

g−(Xv, Yv) = g−1
+

(
ηC

[(Xv), ηC
[(Yv)

)
(5.156)

for all Xv, Yv ∈ Γ(Lv(T
∗Q)).
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Cotangent Bundle Born Sigma-Model and its Gauging

The cotangent bundle Born sigma-model S(HC , ω0) is given by

S0[φ] =
1

4

∫
Σ

(
(ḡ+)ij dq̄i ∧ ? dq̄j + (ḡ−)ij ζ̄i ∧ ? ζ̄j

)
(5.157)

and

Stop[φ] =
1

2

∫
Σ

dq̄i ∧ dp̄i , (5.158)

where φ is a map from the closed string worldsheet Σ to the phase space T ∗Q. Here

the compatible generalised metric HC has been written as

HC = (g+)ij dqi ⊗ dqj + (g−)ij ζi ⊗ ζj , (5.159)

with dqi and

ζi = dpi − Cij dqj (5.160)

dual 1-forms to hi and ∂
∂pi

respectively, and (g+)ij = gij. The local expression dqi ∧

ζi = dqi ∧ dpi has also been used in writing the topological term. The topological

term is defined by the symplectic 2-form ω0 = −dα, where α is the tautological

1-form on T ∗Q (in a Darboux chart, α = pi dq
i). Since ω0 is exact, by assuming

that Σ is closed, the topological term vanishes. However, even in the case when Σ

has a non-empty boundary, since ω0 does not have a component in Γ(∧2Lv(T
∗Q)∗)

no topological term is expected to arise in the reduced sigma-model. In order to

give a simple example the topological term will be kept explicit in the following.

This sigma-model can be gauged by considering the vertical distribution Lv(T
∗Q)

as a Lie algebroid. In this case Lv(T
∗Q) is the Lie algebroid of symmetries of the

Born sigma-model S(HC , ω0), since

£Zv
g+ = 0 , (5.161)

for all Zv ∈ Γ(Lv(T
∗Q)), because £Zv

Xh ∈ Γ(LCh (T ∗Q)) with Xh the horizontal lift

of a vector field X ∈ Γ(TQ), and because (5.154) holds. The gauging is also possible

since £Zv
ω0 has vanishing component in Γ(∧2LCh (T ∗Q)∗). Then the connection 1-

form A on T ∗Q obtained from the Lie algebroid of generalised isometries of HC and
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ω0 can be introduced. As discussed in Section 5.2, define the covariant derivatives

DAq̄i = dq̄i and DAp̄i = dp̄i − Āi , (5.162)

where only the pullback of the differential of the leaf coordinates pi is covariantised.

Here a Darboux chart (qi, pi) has been chosen, so that (pi) are coordinates adapted

to the leaves of T ∗Q, as discussed in [25, 31].

The action functional S[φ,A] of the resulting gauged Born sigma-model has two

terms and is given by

S[φ,A] =
1

4

∫
Σ

((
(ḡ+)ij + C̄im (ḡ−)mn C̄jn

)
dq̄i ∧ ? dq̄j (5.163)

+ (ḡ−)ij DAp̄i ∧ ?DAp̄j − 2 (ḡ−)ik C̄jk DAp̄i ∧ ? dq̄j
)

(5.164)

+
1

2

∫
Σ

dq̄i ∧DAp̄i .

Then the self-duality constraints δS[φ,A]/δAi = 0 are given by

? (ḡ−)ij DAp̄j − (ḡ−)ij C̄kj ? dq̄k − dq̄i = 0 . (5.165)

The constraint yields a sigma-model for the quotient T ∗Q/F ' Q with background

given by the Riemannian metric g in which the holonomic basis of TQ is orthogonal,

i.e. the reduced sigma-model S(g, b) is given by

S[φ] =
1

2

∫
Σ

(ḡ+)ij dq̄i ∧ ? dq̄j , (5.166)

where here φ is the harmonic map with its image projected to the leaf space Q and

(g+)ij = gij. Thus the sigma-model S(g, b) for Q is characterised by the metric

g = gij dqi ⊗ dqj on Q, which is not surprising since the compatible generalised

metric HC is defined as a horizontal lift of g to T ∗Q. However, what was not

obvious from the start is that the reduced sigma-model has vanishing Kalb-Ramond

field b = 0, i.e. even starting with a topological term, in the almost para-Kähler

case the reduced sigma-models involve a background with vanishing B-field on Q.

This also means that the Riemannian submersion (T ∗Q,HC , ω0) → (Q, g, b = 0) is
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simply given by the bundle projection π : T ∗Q → Q, as expected.

The properties of the class of examples described in this section extend more

generally to arbitrary choices of compatible generalised metric, given by a fibrewise

metric g+ ∈ Γ(�2
LCh (T ∗Q)∗) such that £Zv

g+ = 0, for all Zv ∈ Γ(Lv(T
∗Q)). Al-

though this simple class of examples gives the obvious result, it aids in understanding

how to deal with the gaugings in general.

B-Transformations

Moving towards a description of T-dual sigma-models for the background (Q, g, b =

0), it might be useful to discuss equivalent sigma-models by considering a B+-

transformation of the Born structure introduced above, which is a pushforward

of (KC , ηC ,HC) by eB+ . For this, recall that eB+ ∈ O(d, d)(T ∗Q) is generated by

a skew map B+ : LCh (T ∗Q) → Lv(T
∗Q) such that the new almost para-complex

structure K
B+

C has Lv(T
∗Q) and LCB+

(T ∗Q) as its eigenbundles, where LCB+
(T ∗Q) is

the sub-bundle obtained from LCh (T ∗Q) after the B+-transformation as discussed in

Subsection 2.3.2:

LCB+
(T ∗Q) =

{
Xh +B+(Xh)

∣∣ Xh ∈ LCh (T ∗Q)
}
. (5.167)

Since aB+-transformation preserves the vertical sub-bundle, the sub-bundle LCB+
(T ∗Q)

may be thought of as the horizontal distribution defining a new splitting (5.143) of

the short exact sequence of vector bundles (5.142):

T (T ∗Q) = LCB+
(T ∗Q)⊕ Lv(T

∗Q) , (5.168)

which represents a different Ehresmann connection

CB+ : π∗(TQ) −→ T (T ∗Q) . (5.169)

Thus given an isotropic splitting of the short exact sequence (5.142) with respect

to ω0, non-isotropic splittings may be obtained by acting with B+-transformations,

which preserve the vertical distribution. The splittings obtained in this way are

maximally isotropic with respect to the split signature metric ηC . The associated
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almost para-Hermitian structure (K
B+

C , ηC , ω
B+

0 ) is obtained as a B+-transformation

of the almost para-Kähler structure (KC , ηC , ω0), whose fundamental 2-form is no

longer the canonical symplectic 2-form on T ∗Q.

It is important to stress that LCB+
(T ∗Q) is not isotropic with respect to ω0, there-

fore the splitting CB+ does not induce an almost para-complex structure which is

compatible with ω0. In fact, the fundamental 2-form of the B+-transformed struc-

ture is not symplectic in general. Recall that, since eB+ ∈ O(d, d)(T ∗Q), the B+-

transformation preserves the metric ηC , but not the fundamental 2-form which trans-

forms to

ω
B+

0 = ω0 + 2 b+ , (5.170)

where b+ is a horizontal 2-form,f i.e. ιXv
b+ = 0, for all Xv ∈ Γ(Lv(T

∗Q)); hence

ω
B+

0 is closed if and only if b+ is closed. Thus (T ∗Q, KB+

C , ηC) is generally only an

almost para-Hermitian manifold.

In a local description, regard LCB+
(T ∗Q) as the sub-bundle locally spanned by

sections

h
B+

i = CB+

( ∂

∂qi

)
=

∂

∂qi
+
(
Cij + (b+)ij

) ∂

∂pj
, (5.171)

where Cij + (b+)ij is not symmetric. The map B+ can be regarded as a tensor

B+ ∈ Γ(LCh (T ∗Q)∗ ⊗ Lv(T
∗Q)) such that

B+ = (b+)ij dqi ⊗ ∂

∂pj
, (5.172)

where {dqi} is the local coframe that spans Γ(LCh (T ∗Q)∗), and so is dual to
{
C( ∂

∂qi
)
}
.

Thus the horizontal 2-form b+ reads

b+ = 1
2

(b+)ij dqi ∧ dqj . (5.173)

In summary, a B+-transformation which preserves the vertical sub-bundle needs

to be considered so that Lv(T
∗Q) can still be regarded as the Lie algebroid of

generalised isometries of the new structure.

A B+-transformation of the compatible generalised metric HC with ηC gives

rise to a new compatible generalised metric HB+

C , again with ηC , as in (2.50). The

fb+ is the pullback of a 2-form in Ω2(Q) since the map B+ is constant along the fibres.
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horizontal lift g+ of a Riemannian metric g on Q to T ∗Q is mapped into another

horizontal lift g
B+

+ of the same metric g given by

g
B+

+

(
CB+(X), CB+(Y )

)
= g(X, Y ) , (5.174)

for all X, Y ∈ Γ(TQ). In this case one can write

HB+

C =
(
g
B+

+

)
ij

dqi ⊗ dqj +
(
g
B+

−
)ij
ζ
B+

i ⊗ ζB+

j , (5.175)

where (g
B+

+ )ij = gij and, in the splitting associated with K
B+

C , g
B+

− = η[C ◦ (g
B+

+ )−1 ◦

η[C |L− , where η[C |L− : L− → (L
B+

+ )∗, while

ζ
B+

i = dpi −
(
Cij − (b+)ij

)
dqj (5.176)

is the local coframe spanning Γ(Lv(T
∗Q)∗), i.e. it is dual to ∂

∂pi
in theB+-transformed

polarisation.

Thus there is a new Born sigma-model S
(
HB+

C , ω
B+

0

)
for T ∗Q given by

SB+ [φ] =
1

4

∫
Σ

((
ḡ
B+

+

)
ij

dq̄i∧? dq̄j +
(
ḡ
B+

−
)ij
ζ̄
B+

i ∧? ζ̄
B+

j

)
+

1

2

∫
Σ

dq̄i∧ ζ̄B+

i (5.177)

and it can still be gauged with respect to the generalised isometries generated by the

vertical distribution. Following the same steps as in Subsection 5.3.3, the generalised

isometry condition

£Zv
g
B+

+ = 0 (5.178)

holds for all Zv ∈ Γ(Lv(T
∗Q)) since g

B+

+ is the horizontal lift of a Riemannian

metric g on Q, and the component b+ of the fundamental 2-form ω
B+

0 must satisfy

the condition

£Zv
b+ = 0 , (5.179)

for all Zv ∈ Γ(Lv(T
∗Q)), which follows here since b+ is the pullback of a 2-form on Q.

In the case of a Born structure arising from a B+-transformation one obtains a global

expression for this component of the fundamental 2-form. This is not always the

case, since generally it has a local characterisation in terms of the local expression

of a splitting and therefore the induced 2-form on the leaf space, even when it is
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smooth, is not necessarily globally defined.

The gauging is analogous to the gauging for the Born sigma-model S(HC , ω0) pre-

viously described. In the present case, the self-duality constraint δSB+ [φ,A]/δAi = 0

from gauging reads

?
(
ḡ
B+

−
)ij

DAp̄j − ?
(
ḡ
B+

−
)ij (

C̄kj + (b̄+)kj
)

dq̄k − dq̄i = 0 . (5.180)

Then the sigma-model for Q obtained by imposing these self-duality constraints is

SB+ [φ] =
1

2

∫
Σ

(
ḡ
B+

+

)
ij

dq̄i ∧ ? dq̄j +

∫
Σ

b̄+ . (5.181)

Hence the reduced sigma-model S(g, b+) for the quotient T ∗Q/F ' Q is defined

by the same Riemannian metric g = gij dqi ⊗ dqj as in the previous gauging, and

Kalb-Ramond field given by b+ = 1
2

(b+)ij dqi ∧ dqj. It follows that the only effect of

a B+-transformation, which leaves unchanged the integrable sub-bundle generating

the generalised isometries, is to give a new topological term for this class of sigma-

models which is in the same cohomology class of the starting one. Summarising,

it has been shown that the sigma-models S(g, 0) and S(g, b+) for Q are completely

equivalent, i.e. they are defined by the same kinetic term and their topological term

is given by elements belonging to the same cohomology class.

T-Dual Sigma-Models

An example of how a T-dual sigma-model can be constructed is obtained by con-

sidering a foliation Fϑ of T ∗Q of codimension dim(Q) such that TFϑ is maximally

isotropic with respect to ηC , for ϑ ∈ O(T (T ∗Q)). Thus there is the short exact

sequence

0 −→ TFϑ −→ T (T ∗Q) −→ NFϑ −→ 0 (5.182)

and an isotropic splitting

sϑ : NFϑ −→ T (T ∗Q) (5.183)

with respect to ηC defines an almost para-Hermitian structure with different fun-

damental 2-form ωϑ0 which is not the canonical symplectic 2-form. Whenever the

compatible generalised metric Hϑ
C induces a Riemannian foliation, a reduced sigma-
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model for the leaf space T ∗Q/Fϑ may be obtained.

This discussion is a natural prelude to describing Born geometries associated

with Lagrangian foliations of T ∗Q with respect to ω0. Consider a foliation F ′ of

T ∗Q such that TF ′ is maximally isotropic with respect to ω0. A maximally isotropic

splitting of the short exact sequence (5.182) with respect to ω0 gives an almost para-

Kähler structure (K ′, η′, ω0). Such a splitting has split signature metric η′ which is

in general different from ηC . Therefore this structure cannot be obtained via an

O(T (T ∗Q))-transformation of the canonical almost para-Kähler structure. More-

over, any compatible generalised metric H′ induced by a fibrewise metric gϑ+ giving

rise to a Riemannian foliation defines a Born sigma-model which is not T-dual to the

canonical Born sigma-model introduced in this Section. In this sense, the distinct

T-duality orbits of phase space Born sigma-models, giving rise to distinct T-duality

chains, are classified by Lagrangian foliations and their allowed Riemannian foliation

structures.
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Applications: Lie Groups and the

Doubled Twisted Torus

Another broad class of examples of Born geometries come from Lie groups which can

be endowed with an almost para-Hermitian structure, and their discrete quotients.

In particular, cotangent bundles of Lie groups (and their discrete quotients) furnish

natural examples of doubled groups. Worldsheet theories for these types of doubled

geometries are discussed in [29, 30, 40, 77, 88–94]. These doubled sigma-models are

defined using the natural left-invariant metric and 3-form on the group manifold, so

that quotients by left-acting discrete subgroups of the doubled group can be treated

using the isometric gauging techniques reviewed in Chapter 5. Particular changes

of polarisation of doubled groups are related to non-abelian T-duality and some

aspects of Poisson-Lie T-duality; for instance, Poisson-Lie T-duality for Drinfel’d

double groups was studied in [95–97]. In this chapter gauged sigma-models for

doubled groups (and their discrete quotients) shall be studied from the perspective

of the Lie algebroid gauging of Born sigma-models developed in Chapter 5, and

hence provide a more intrinsic geometric description of them. To this, [21] is closely

followed in the presentation of such topics.
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6.1 Invariant Para-Hermitian Structures on Lie

Groups

A para-Hermitian structure on a Lie group which is invariant under the action of

the group on itself can be defined as follows.

Definition 6.1. A Lie group D of even dimension 2d is a doubled group if it is

endowed with a left-invariant almost para-Hermitian structurea (KL, ηL), so that

L∗γη
L = ηL and Lγ∗ ◦K

L = KL ◦ Lγ∗ (6.2)

for all γ ∈ D, where Lγ : D→ D is the map induced by left multiplication of elements

of D with γ.

Here and in the following bi-invariant para-Hermitian structures will be con-

sidered. They will still be denoted by (KL, ηL). Notice that the above definition

yields that the Lie algebra d = Lie(D) admits a splitting, as a vector space, given

by d = m+ ⊕ m−, where m± are the eigenspaces of KL
e , where e ∈ D is the identity

element, which are not, in general, Lie subalgebras. In other words, let TM , with

M = 1, . . . , 2d, be generators of the Lie algebra d, with the brackets

[TM , TN ] = tMN
P TP . (6.3)

This preserves a constant O(d, d)-invariant metric defined by ηL, and so a doubled

group is a 2d-dimensional subgroup of O(d, d). The polarisation defined by the left-

invariant almost para-complex structure KL splits the generators TM into two sets

Tm, spanning m+, and T̃m, generating m−, with m = 1, . . . , d, such that the Lie

algebra (6.3) takes the form

[Tm, Tn] = fmn
p Tp +Hmnp T̃

p , (6.4)

[T̃m, Tn] = fnp
m T̃ p −Qn

mp Tp , (6.5)

[T̃m, T̃ n] = Qp
mn T̃ p +Rmnp Tp , (6.6)

aOne can also define a doubled group with a right-invariant almost para-Hermitian structure.
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with constant fluxes Hmnp, fmn
p, Qp

mn and Rmnp. The Jacobi identity for the Lie

brackets (6.3) implies a set of algebraic Bianchi identities for the generalised fluxes

which can be found in e.g. [20].

Corresponding to TM there is a global frame of left-invariant vector fields ZM on

D which trivialize the tangent bundle TD ' D×d and generate the right action of D

on itself; they generate the Lie algebra (6.3) with respect to the Lie bracket of vector

fields. The left-invariant Maurer-Cartan one-forms ΘM , dual to the left-invariant

vector fields ZM , form a global coframe trivializing the cotangent bundle T ∗D which

satisfy the Maurer-Cartan equations

dΘM + 1
2
tNP

M ΘN ∧ΘP = 0 . (6.7)

The polarisation selects a splitting of these bases as ZM = (Zm, Z̃
m) and ΘM =

(Θm, Θ̃m). The left-invariant almost para-Hermitian structure (KL, ηL) can then be

expressed in terms of this global frame and coframe as

KL = Θm ⊗ Zm − Θ̃m ⊗ Z̃n and ηL = Θm ⊗ Θ̃m + Θ̃m ⊗Θm , (6.8)

and the corresponding fundamental 2-form is

ωL = Θm ∧ Θ̃m , (6.9)

with field strength

KL = dωL = 1
2

(
Hmnp Θm ∧Θn ∧Θp + fmn

p Θm ∧Θn ∧ Θ̃p

−Qm
np Θm ∧ Θ̃n ∧ Θ̃p +Rmnp Θ̃m ∧ Θ̃n ∧ Θ̃p

)
. (6.10)

The next step is to introduce a suitable notion of left-invariant generalised metric.

Definition 6.11. A generalised metric on a doubled group D is an automorphism

IL ∈ Aut1(TD) such that (IL)2 = 1, IL 6= ±1 and IL ◦ Lγ∗ = Lγ∗ ◦ I
L for all γ ∈ D,

which defines a left-invariant Riemannian metric HL by

HL(X, Y ) = ηL
(
IL(X), Y

)
(6.12)
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for all X, Y ∈ Γ(TD).

An example is provided by the generalised metric (2.62) on D = SL(2,C) from

Example 2.51; see also [93] for a two-parameter family of almost para-Hermitian

structures in this case which arise in the context of integrable deformations of the

principal chiral model.

A left-invariant Born geometry is a compatible generalised metric on D which is

determined in the usual way by choosing a left-invariant fibrewise metric g+ on L+

(or g− on L−), where TD = L+ ⊕ L− is the splitting induced by KL. The simplest

example of a Born metric on D is constructed from the left-invariant 1-forms as

HL = δMN ΘM ⊗ΘN = δmn Θm ⊗Θn + δmn Θ̃m ⊗ Θ̃n . (6.13)

This is the unique left-invariant Riemannian metric on D in which the selected frame

{ZM} is orthonormal and, in the following, will be the main example in order to

discuss the generalised isometry conditions.

6.1.1 Manin Pairs and Drinfel’d Doubles

Here it will be discussed how doubled groups naturally arise from Manin pairs.

In particular, Manin triples, hence Drinfel’d double Lie groups, which generalise

Example 2.51, will provide a fundamental example of such construction. In [98], the

following definition of a Manin pair is given.

Definition 6.14. A Manin pair (d, g) is a 2d-dimensional Lie algebra d endowed

with an invariant symmetric non-degenerate pairing 〈 · , · 〉 of signature (d, d), to-

gether with a Lie subalgebra g ⊂ d which is maximally isotropic with respect to

〈 · , · 〉 .

A short exact sequence of vector spaces is naturally associated with any Manin

pair:

0 −→ g
i−−→ d

i∗−−→ g∗ −→ 0 (6.15)

where i : g ↪→ d is the inclusion map, g∗ is the dual vector space of g, and the map

i∗ is defined by

〈 i(x) , w 〉 = 〈 x , i∗(w) 〉 , (6.16)
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for all x ∈ g and w ∈ d. Recall that an isotropic splitting of the short exact sequence

(6.15) can always be chosen, which is an injective map

j : g∗ −→ d with i∗ ◦ j = 1g∗ . (6.17)

In this case

d = m⊕ g , (6.18)

where m = Im(j) is a maximally isotropic subspace with respect to the pairing

〈 · , · 〉 , but not generally a Lie subalgebra of d. (d, g; j) is called a split Manin pair.

The choice of an isotropic splitting of the short exact sequence (6.15) defines

an almost para-Hermitian structure on the Lie algebra d. It is given by an almost

para-complex structure κ ∈ Aut(d) such that

κ
(
j(x) + i(x̃)

)
= j(x)− i(x̃) , (6.19)

for all x ∈ g∗ and x̃ ∈ g, and the symmetric non-degenerate pairing 〈 · , · 〉 . The al-

most para-complex structure κ is compatible with the pairing 〈 · , · 〉 by construction.

Then the fundamental 2-form W ∈∧2
d∗ induced by κ and the pairing is

W(w, z) = 〈κ(w) , z 〉 , (6.20)

for all w, z ∈ d, which by using isotropy of m and g with respect to the pairing reads

W
(
j(x) + i(x̃) , j(y) + i(ỹ)

)
= 〈 j(x) , i(ỹ) 〉 − 〈 i(x̃) , j(y) 〉 , (6.21)

for all x, y ∈ g∗ and x̃, ỹ ∈ g. Thus the subspaces m and g are also maximally isotropic

with respect to W , so that W ∈ m∗ ∧ g∗.

There is a notion of B-transformations in this case preserving the Lie subalgebra

g which are generated by bivectors Λ ∈ ∧2
g. A splitting j yields a new subspace

mΛ = Im(jΛ), where

jΛ(x) = j(x) + i
(
Λ(x)

)
, (6.22)

for all x ∈ g∗. The subspace mΛ is again isotropic, so this gives a transformation that

maps an isotropic splitting j into another isotropic splitting jΛ. The difference be-
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tween these two splittings is given by the associated almost para-complex structure,

which is formally written as

κΛ = κ+ 2 Λ . (6.23)

Correspondingly, the fundamental 2-form for jΛ reads

WΛ =W + 2 i(Λ) . (6.24)

Generally, transformations ϑ ∈ O(d) of the para-Hermitian structure which map

a split Manin pair (d, g; j) into another split Manin pair (d, gϑ; jϑ) are called non-

abelian T-duality transformations [92].

Suppose now that D is a Lie group which integrates the Lie algebra d, i.e. d =

Lie(D). The corresponding tangent Lie group is the semi-direct product

TD ' D n d (6.25)

by the adjoint action of D on d ' R2d regarded as an abelian Lie group. Thus

D inherits an almost para-Hermitian structure (KL, ηL, ωL) from (κ, 〈 · , · 〉 ,W) by

using the isomorphism between d and the left-invariant vector fields on D, which by

construction is left-invariant with respect to the left action of D on itself. Hence D

is a doubled group. As a vector bundle, the tangent bundle admits a splitting into

left-invariant distributions

TD = Lm(D)⊕ Lg(D) , (6.26)

which corresponds fibrewise to the vector space splitting (6.18). Here Lm(D) is the

sub-bundle of TD associated with the subspace m, and Lg(D) ' TG with G the Lie

subgroup of D whose Lie algebra is g, hence sections of Lg(D) are given by left-

invariant vector fields on G. Clearly Lm(D) is not generally integrable, whereas G

defines a foliation of D.

It follows that a compatible generalised metric HL can always be defined on

such an almost para-Hermitian manifold by considering a left-invariant Riemannian
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metric G on G and setting

g−(X−, Y−) = G
(
XL, Y L

)
, (6.27)

where X−, Y− ∈ Γ(Lg(D)) are the sections of Lg(D) corresponding to the left-

invariant vector fields XL, Y L ∈ Γ(TG) on G. The fibrewise metric g− on Lg(D)

induces a fibrewise metric g+ on Lm(D) in the usual way by

g+(X+, Y+) = g−1
−
(
ηL[(X+), ηL[(Y+)

)
(6.28)

for all X+, Y+ ∈ Γ(Lm(D)). Then the left-invariant compatible generalised metric is

HL = g+ + g− , (6.29)

which is indeed Riemannian.

Remark 6.30. Whenever G is a closed connected Lie subgroup of the doubled

group D, the coset space Q = D/G is a smooth manifold and the quotient map

π : D → Q is a principal G-bundle. In this case, Lg(D) is the induced vertical

distribution and Lm(D) is the horizontal distribution. Then an alternative way of

defining a compatible generalised metric is by lifting a Riemannian metric defined

on Q to D.

Para-Hermitian structures on Drinfel’d doubles now arise naturally from the

above discussion.

Definition 6.31. Let (d, g; j) be a split Manin pair. If g̃ = Im(j) closes a Lie

subalgebra of d, then (d, g, g̃) is a Manin triple. A corresponding triple of integrating

Lie groups (D,G, G̃) is a Drinfel’d double, and is denoted

D = G on G̃ . (6.32)

For further details on Drinfel’d doubles, see [99]. For a Manin triple, in addition

to (6.15) there is also the short exact sequence of vector spaces

0 −→ g∗ −−→ d −−→ g −→ 0 (6.33)
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since a Manin triple corresponds to the Lie bialgebras (g, g̃) and (g̃, g) (see [99] for

the definition of Lie bialgebras). Then there is a canonical para-Hermitian structure

induced by the vector space splitting

d = g̃⊕ g (6.34)

and the non-degenerate symmetric pairing 〈 · , · 〉 . The subgroup of non-abelian T-

duality transformations ϑ ∈ O(d, d)(D) which map a Manin triple (d, g, g̃) into an-

other Manin triple (d, gϑ, g̃ϑ) captures some features of Poisson-Lie T-duality [92].

Example 6.35. Let G be a d-dimensional Lie group. Its cotangent bundle T ∗G '

G n Rd is a Drinfel’d double Lie group D with G̃ = Rd. Denoting the bundle

projection by π : T ∗G→ G, the canonical short exact sequence of vector bundles

0 −→ Lv(T
∗G) −−→ T (T ∗G) −−→ π∗(TG) −→ 0 (6.36)

corresponds fibrewise to the short exact sequence of vector spaces (6.33). The left-

invariant isotropic splitting with respect to the split signature metric ηL, induced by

the Drinfel’d double structure, of this short exact sequence defines a left-invariant

para-Hermitian structure on T ∗G; note that the associated fundamental 2-form ωL

is not necessarily the canonical symplectic 2-form ω0 on T ∗G, which is not left-

invariant in general. A left-invariant compatible generalised metric HL on T ∗G can

be obtained by the horizontal lift of a left-invariant Riemannian metric G on G

which, in turn, induces a left-invariant Riemannian metric on T ∗G.

6.1.2 Doubled Group Born Sigma-Models

Let D be a doubled group whose Lie algebra d has the structure of a split Manin

pair, and let (KL, ηL) be the associated almost para-Hermitian structure on D. Recall

that there is a natural compatible generalised metric HL induced by a left-invariant

Riemannian metric on the Lie subgroup G ⊂ D, as well as the fundamental 2-form

ωL induced by the almost para-Hermitian structure. Thus the doubled group D

naturally serves as the target space for a Born sigma-model S(HL, ωL). Since D

is foliated by G, one may look for conditions under which the Born sigma-model
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S(HL, ωL) admits a gauging and thereby yields a conventional sigma-model descrip-

tion of the quotient D/G, assuming that G is closed. The problem of the existence of

a gauged Born sigma-model with target space D in a split Manin pair polarisation

will be studied using the general description of the Lie algebroid gauging of Chapter

5.

For this, consider the generators of left-invariant vector fields {ZI} = {Zi, Z̃i}

on D such that {Zi} spans the sections of Lm(D) and {Z̃i} spans the left-invariant

vector fields on G. This frame closes a Lie algebra of the form

[Zm, Zn] = fmn
k Zk +Hmnk Z̃

k ,

[Zm, Z̃
n] = fkm

n Z̃k +Qm
nk Zk , (6.37)

[Z̃m, Z̃n] = Qk
mn Z̃k ,

and admits a dual left-invariant coframe {ΘI} = {Θi, Θ̃i} such that {Θi} spans the

sections of L∗m(D) and {Θ̃i} spans the left-invariant 1-forms on G.

A left-invariant Born metric HL on D is specified by a fibrewise left-invariant

metric g+ on Lm(D). To see when the Lie algebroid of left-invariant vector fields

on G generates the generalised isometries of HL, in other words when Equation

(5.56) holds, it must be checked when the transverse invariance condition for HL is

satisfied. Since the left-invariant vector fields Z̃k generate the right action of G on

D, the vanishing requirement

£Z̃k g+ = 0 (6.38)

from Section 5.3.1 implies that the metric g+ is bi-invariant for the G-action.

The transverse invariance of the fundamental 2-form ωL must be checked as well:

(£Z̃k ω
L)(X+, Y+) = ωL

(
[Z̃k, X+], Y+

)
+ ωL

(
X+, [Z̃

k, Y+]
)

= 0 (6.39)

for all X+, Y+ ∈ Γ(Lm(D)). This holds if and only if the Lie bracketing of the

subspace m ⊂ d is given by

[g,m]d ⊆ m . (6.40)
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When G is connected this implies that the splitting (6.18) is also invariant for the

adjoint action of G.

Generally, the quotient Q = D/G is a homogeneous space and the quotient

map D → Q is a principal G-bundle. The condition (6.40) then implies that Q

is a reductive homogeneous space: it means that there is a natural G-action on D

given by right multiplication, with g the Lie algebra of the isotropy subgroup and

m the generators of infinitesimal translations of Q, see [100] for the definition of

reductive homogeneous space. In this case the gaugeable Born sigma-models from

Section 5.3.1 are in correspondence with G-invariant connectionsb on the principal G-

bundle D→ Q which are maximally isotropic with respect to ηL, the split signature

metric induced by the split Manin pair structure of d = Lie(D). In particular,

in a split Manin pair polarisation one always obtains a geometric background for

the reduced worldsheet sigma-model S(g, b) for Q, where the Riemannian metric g

descends from the G-bi-invariant metric g+ and the Kalb-Ramond field b is given

by the transverse component of the fundamental 2-form ωL. In this setting, a non-

abelian T-duality transformation between Born sigma-models, as a change of split

Manin pair polarisation, is in the same spirit as the Poisson-Lie T-duality of [10].

Example 6.41. The simplest example of a fibrewise metric g− on Lg(D) induced

by a left-invariant metric G on G can be written as

g− = δij Θ̃i ⊗ Θ̃j . (6.42)

Then the fibrewise metric g+ on Lm(D) given by (6.28) reads

g+ = δij Θi ⊗Θj , (6.43)

with HL = g+ + g−. In this case from (6.37) and the Maurer-Cartan equations it

follows that

£Z̃k g+ = δij Ql
kj Θi �Θl , (6.44)

which vanishes when the structure constants Ql
kj are completely skew. For instance,

this condition might hold if the Lie group G is semi-simple, upon an appropriate

bStrictly speaking, for this correspondence one should consider a right-invariant para-Hermitian
structure on D, but this would not affect any of the results above.
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choice of basis, and g+ could be constructed as the lift of the metric on G given by

the Cartan-Killing form

cmn = 1
2
Qp

mqQq
np (6.45)

on g = Lie(G). Notice this is a specific choice, the above construction holds for any

bi-invariant metric on G.

For the fundamental 2-form

ωL = Θi ∧ Θ̃i , (6.46)

in this case the invariance condition reads

£Z̃k ω
L = fij

k Θi ∧Θj . (6.47)

Hence £Z̃k ω
L has only one component which belongs to Γ(∧2

L∗m(D)), so it has to

vanish identically. Notice then that (6.39) is equivalent to

fij
k = 0 , (6.48)

or, in other words, that the Lie bracketing of the subspace m ⊂ d satisfies

[m,m]d ⊆ g , (6.49)

in addition to (6.40). This means that the almost para-complex structure κ defined

by (6.19) endows the splitting (6.18) with a Z2-grading by assigning degree 0 to

elements of g and degree 1 to elements of m. The remaining fluxes in (6.37) are

constrained by the Bianchi identities

Hm[npQl]
km = 0 , (6.50)

where the brackets denote skew-symmetrization of the enclosed indices.

The extra condition (6.49) implies that the reductive homogeneous space Q =

D/G is a symmetric space: the quotient Q is invariant under inversion about any

chosen origin [100]. Symmetric string backgrounds in this case were also found in
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[96, 101] as particular explicit solutions to the strong constraint in the target space

double field theory.

Matrix Lie Groups

To make contact between the para-Hermitian framework and previous treatments

of the geometry of doubled groups in the literature, as well as to work out some

explicit examples, D is now taken as a matrix Lie group. Then the Maurer-Cartan

1-forms are given by

Θ = γ−1 dγ = ΘM TM (6.51)

where γ ∈ D. In a neighbourhood of the identity, consider the local coordinates

XM = (xm, x̃m) (6.52)

on the group manifold of D by using the polarisation to write a general group element

γ ∈ D through the exponential parameterization

γ(X) = σ̃(x̃)σ(x) (6.53)

where

σ(x) = exp
(
xm Tm

)
and σ̃(x̃) = exp

(
x̃m T̃

m
)
. (6.54)

The Born geometry of the doubled group D may then be expressed in this pa-

rameterisation by following [30, 77] to introduce the d-valued 1-form

Ξ = σΘσ−1 = σ̃−1 d(σ̃ σ)σ−1 = dσ σ−1 + σ̃−1 dσ̃ . (6.55)

Then, using the decomposition induced by the splitting, the d-valued 1-forms on the

right-hand side of (6.55) can be expanded as

dσ σ−1 =%m Tm + %m T̃
m , (6.56)

σ̃−1 dσ̃ =˜̀m Tm + ˜̀
m T̃

m . (6.57)
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The component form Ξ = ΞM TM is thus given by

ΞM = (pm, q̃m) (6.58)

where

pm = %m + ˜̀m and q̃m = %m + ˜̀
m . (6.59)

The inverse of this change of coframe, Θ = σ−1 Ξσ, is given by

ΘM = ENM(x) ΞN , (6.60)

where ENM(x) depends only on the local coordinates xm and is given by the adjoint

action of σ−1(x) on the Lie algebra d. The adjoint action preserves the split signature

metric ηL and so E(x) ∈ O(d, d) for each x. Similarly to the discussion in Remark

2.121, it may be parametrised with respect to the splitting of T ∗D associated to the

almost para-complex structure KL as

E =

 e e β

e−1 b e−1

 (6.61)

where e(x) ∈ GL(d,R) while b(x) and β(x) are skew-symmetric d×d matrices which

depend only on the local coordinates xm.

The fundamental 2-form (6.9) can then be expressed in the coframe ΞM as

ωL = 1
2
ω̂MN(x) ΞM ∧ ΞN (6.62)

where

ω̂ =

 2 b 1 + b β

−1− b β −2 β

 , (6.63)

while the compatible generalised metric (6.13) can be written as

HL = ĤMN(x) ΞM ⊗ ΞN (6.64)

167



Chapter 6: Applications: Lie Groups and the Doubled Twisted Torus

where

Ĥ =

 g − b g−1 b g β − b g−1

−β g + g−1 b g−1 − β g β

 . (6.65)

Here g(x) = e(x)t e(x) is a symmetric non-degenerate d× d matrix depending only

on the local coordinates xm.

If the R-flux Rmnp vanishes, then T̃m generate a d-dimensional subgroup G ⊂ D

with the Lie algebra

[T̃m, T̃ n] = Qp
mn T̃ p . (6.66)

In this case ˜̀m = 0, so that pm = %m, and σ̃−1 dσ̃ gives the left-invariant Maurer-

Cartan 1-forms ˜̀
m on G. The Lie group G gives a maximally isotropic foliation of the

doubled group D and the generalised isometry conditions which enable the gauging

of the corresponding Born sigma-model can be analysed.

If the R-flux is non-zero, then the generators T̃m do not close a Lie subalgebra

of d. In this instance there is no foliation and any “gauging” of the Born sigma-

model will yield a reduced sigma-model description that depends explicitly on both

sets of local coordinates xm and x̃m, so that there is no interpretation in terms

of a conventional d-dimensional spacetime. The resulting background is therefore

essentially doubled.

The Born sigma-model S(HL, ωL) for a general doubled matrix Lie group D can

be written using the exponential parameterisation discussed above as

S[φ] =
1

4

∫
Σ

¯̂HMN(x) Ξ̄M ∧ ? Ξ̄N +
1

4

∫
Σ

¯̂ωMN(x) Ξ̄M ∧ Ξ̄N , (6.67)

where the map φ embeds a closed string worldsheet Σ into the doubled group D,

while ĤMN and ω̂MN are the components of the generalised compatible metric given

in (6.65) and of the fundamental 2-form given in (6.63). The sigma-model S[φ] has

a rigid symmetry given by the action of D on itself by left multiplication. Since

the R-flux Rmnp vanishes in a split Manin pair polarisation, pm = %m and ˜̀
m are

the left-invariant Maurer-Cartan 1-forms on G. Since by Example 6.41 the metric

torsion coefficients fmn
p vanish in this case by the generalised isometry constraints,

it follows that

e = 1 and %m = dxm . (6.68)
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The Lie algebroid gauging of the Born sigma-model in this case is achieved by

the minimal coupling of the Maurer-Cartan 1-forms ˜̀
m to a G-invariant connection

1-form Cm, giving the gauged Born sigma-model actional functional

S[φ,C ] =
1

4

∫
Σ

(
δmn + b̄mk δ

kp b̄np
)

dx̄m ∧ ? dx̄n +
1

2

∫
Σ

b̄mn dx̄m ∧ dx̄n

+
1

4

∫
Σ

(
δmn + β̄mk δkp β̄

np
) (

¯̃qm + C̄m

)
∧ ? (¯̃qn + C̄n

)
− 1

2

∫
Σ

β̄mn
(
¯̃qm + C̄m

)
∧
(
¯̃qn + C̄n

)
(6.69)

− 1

2

∫
Σ

(
b̄mk δ

kn − δmk β̄kn
)

dx̄m ∧ ?
(
¯̃qn + C̄n

)
+

1

2

∫
Σ

(
δm

n + b̄mk β̄
kn
)

dx̄m ∧
(
¯̃qn + C̄n

)
.

Varying (6.69) with respect to the gauge fields Cm leads to the self-duality constraints

(
δmn + β̄mk δkp β̄

np
)
?
(
¯̃qn + C̄n

)
− 2 β̄mn

(
¯̃qn + C̄n

)
(6.70)

=
(
b̄nk δ

km − δnk β̄km
)
? dx̄n −

(
δn
m + b̄nk β̄

km
)

dx̄n ,

(6.71)

which are formally solved by the non-local expression

¯̃qm + C̄m =

(
1

(1− β̄ ?)2

)
mn

(
(b̄− β̄)nk dx̄k − (1 + β̄ b̄)nk ? dx̄k

)
. (6.72)

Substituting this into the gauged action functional (6.69) eliminates the dependence

on ¯̃qm, giving a reduced sigma-model that depends only on the leaf space coordi-

nates xm. The complicated non-local dependence on the bivector β owes to the

appearence of Q-flux in the doubled group background; nonetheless, the resulting

physical background is geometric.

It is particularly useful to see how the para-Hermitian geometry of doubled

groups applies to well-know models.

Example 6.73 (The Doubled Torus). The simplest case corresponds to setting the
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structure constants to zero:

Qk
ij = 0 , (6.74)

in addition to fij
k = 0 in (6.37), so that D is a doubled group integrating a Manin

pair corresponding to the abelian Lie group

G = Rd . (6.75)

In this case one finds [30]

%m = 1
2
Hmnp x

p dxn , ˜̀
m = dx̃m , βmn = 0 and bmn = Hmnp x

p . (6.76)

The reduction of the Born sigma-model then yields the standard non-linear sigma-

model S(g, b) with flat metric

g = δmn dxm ⊗ dxn (6.77)

and Kalb-Ramond field b, so that the spacetime is locally Q = Rd. The H-flux of

the B-field agrees with the field strength (6.10) of the fundamental 2-form in this

case:

KL = 1
2
Hmnp dxm ∧ dxn ∧ dxp . (6.78)

After taking the quotient by a cocompact discrete subgroup D(Z), the spacetime

becomes a d-dimensional torus Td = Rd/Zd with H-flux in this split Manin pair

polarisation. Thus in this case the compact space M = D/D(Z) reproduces the

standard doubled torus in the geometric H-flux polarisation [16].

6.1.3 Quotienting by a Discrete Group

Many of the applications of gauged sigma-models come from string theory. In this

framework it is found preferable to work with compact target spaces rather than

non-compact ones. Hence, for a non-compact Lie group G one should introduce

a discrete cocompact subgroup G(Z) ⊂ G and consider instead the compact space

G/G(Z) [102]. If G foliates a doubled group D, then taking the quotient by a discrete

cocompact subgroup D(Z) ⊂ D gives a compact manifold M = D/D(Z), where
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G(Z) ⊂ D(Z) acts only on G and leaves the leaf space D/G invariant. Thus the

doubled group construction in string theory is restricted to Lie groups which admit

a discrete cocompact subgroup. A widely studied class of examples are the nilpotent

Lie groups which can be defined over the rationals, and taking the quotient by a

discrete cocompact subgroup gives a compact nilmanifold.

Taking the subgroup D(Z) to have a left action Lξ : D → D for all ξ ∈ D(Z),

then the left-invariant almost para-Hermitian structure (KL, ηL) and compatible

generalised metric HL descend to a well-defined almost para-Hermitian structure

(K, η) and compatible generalised metric H on the quotient M = D/D(Z). The

group of large diffeomorphisms Diff(M ;Z) is the automorphism group Aut
(
D(Z)

)
of

the lattice D(Z), and in the quantum theory physical T-duality transformations will

then live in a subgroup of the discrete group

O(d, d)(D) ∩ Aut
(
D(Z)

)
(6.79)

of automorphisms of the doubled group D that preserve D(Z) and the split signature

metric ηL. For example, when D = R2d then D(Z) = Z2d with M = D/D(Z) = T2d

and Aut(Z2d) = GL(2d,Z), so that (6.79) is the T-duality group O(d, d)∩GL(2d,Z) =

O(d, d;Z) of string theory on a d-dimensional toroidal compactification.

Gauging the generalised isometry generated by the vector fields Z̃m in the corre-

sponding Born sigma-model then gives a conventional reduced sigma-model for the

quotient space M/G. However, in contrast to the Born structure on the doubled

group manifold D, where the quotient D/G always yields a geometric background,

the geometric nature of the quotient M/G depends on the way in which the sub-

groups G and D(Z) are embedded into D [30, 89]. If the subgroup G ⊂ D commutes

with the action of D(Z), so that

ξ G ⊆ G ξ , (6.80)

for ξ ∈ D(Z), then the quotient space M/G is smooth and describes a conventional

geometric background. On the other hand, if the subgroup G does not commute with

D(Z), then the quotient space M/G is not smooth and the resulting background is

a T-fold. In Section 6.2 a concrete example which illustrates all of these general
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features explicitly from a different geometric point of view shall be studied.

6.2 Born Sigma-Models for Doubled Nilmanifolds

Discrete quotients of the cotangent bundles of the underlying Lie groups, which

are Drinfel’d doubles, yield doubled geometries that contain the original twisted

torus as well as the correspondence space for its geometric T-dual backgrounds, and

are commonly refered to as ‘doubled twisted tori’. The main goal of this section

is to study the simplest example which admits compact fibrations on the three-

dimensional Heisenberg nilmanifold.

6.2.1 The Doubled Twisted Torus

First recall the construction of the doubled twisted torus as a quotient space in

the case of interest here, following [20, 30]; see e.g. [80] for more general cases.

The doubled twisted torus is obtained from the quotient of the Drinfel’d double

DH = T ∗H of the three-dimensional Heisenberg group H with respect to a discrete

cocompact subgroup DH(Z). The nilpotent Lie algebra of T ∗H = H n R3 has non-

vanishing brackets

[Tx, Tz] = mTy , [Tx, T̃
y] = mT̃ z and [Tz, T̃

y] = −mT̃ x , (6.81)

where m ∈ Z. Here the Heisenberg algebra h and the abelian Lie algebra R3

are spanned, respectively, by {Tm} = {Tx, Ty, Tz} and {T̃m} = {T̃ x, T̃ y, T̃ z}, and

together with dh = hnR3 they form a Manin triple. Despite the fact that H is not

semi-simple, a matrix representation for the Lie algebra of the Drinfel’d double T ∗H

can still be given. This will prove useful later on for explicitly writing down the

coordinate identifications defining the global structure of the doubled twisted torus.
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In local coordinates, any element γ ∈ T ∗H may be written as

γ =



1 mx y 0 0 z̃

0 1 z 0 0 −ỹ

0 0 1 0 0 0

0 −m ỹ x̃−mz ỹ 1 mx y + 1
2
m ỹ2

0 0 0 0 1 z

0 0 0 0 0 1


(6.82)

where (x, y, z) are coordinates on the Heisenberg group H and (x̃, ỹ, z̃) are coordi-

nates on the fibre R3. Then the left-invariant 1-forms are given by the Lie algebra

components of the corresponding Maurer-Cartan 1-form

Θ = γ−1 dγ = Θn Tn + Θ̃n T̃
n (6.83)

as

Θx = dx , Θy = dy −mx dz and Θz = dz ,

Θ̃x = dx̃−mz dỹ , Θ̃y = dỹ and Θ̃z = dz̃ +mx dỹ , (6.84)

with dual left-invariant vector fields

Zx =
∂

∂x
, Zy =

∂

∂y
and Zz =

∂

∂z
+mx

∂

∂y
, (6.85)

Z̃x =
∂

∂x̃
, Z̃y =

∂

∂ỹ
+mz

∂

∂x̃
−mx

∂

∂z̃
and Z̃z =

∂

∂z̃
. (6.86)

It follows from (6.85) that {Zn} spans an involutive distribution L+, thus it defines

a foliation whose leaves are given by the Heisenberg group H. Similarly (6.86) means

that {Z̃n} spans an involutive distribution L− whose foliation has leaves are given

by R3, the fibre of the cotangent bundle

π : T ∗H −→ H . (6.87)

Since T ∗H is a Drinfel’d double, it is naturally endowed with a left-invariant
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para-Hermitian structure defined by the para-complex structure

KL = Zn ⊗Θn − Z̃n ⊗ Θ̃n (6.88)

for which L+ is its +1-eigenbundle and L− is its −1-eigenbundle. The split signature

metric is given by

ηL = Θn ⊗ Θ̃n + Θ̃n ⊗Θn , (6.89)

and the fundamental 2-form is

ωL = Θn ∧ Θ̃n (6.90)

with field strength

KL = dωL = −m dx ∧ dz ∧ dỹ . (6.91)

Comparing with (6.10) shows that the only non-vanishing flux in this polarisation

is the metric flux fxz
y = −fzxy = −m.

There further exists a unique left-invariant Riemannian metric HL on T ∗H in-

duced by the horizontal lift g+ = π∗g of the left-invariant Riemannian metric g on

the Heisenberg group H given by

g = δij Θi ⊗Θj , (6.92)

which can be written as

g =


1 0 0

0 1 −mx

0 −mx 1 + (mx)2

 (6.93)

in the holonomic coframe {dx, dy, dz}.c Then the basis {Zn, Z̃n} of left-invariant

vector fields on T ∗H is orthonormal with respect to HL. The fibrewise metric on L−

is given by

g−(X−, Y−) = g−1
+

(
ηL[(X−), ηL[(Y−)

)
(6.94)

cHere there is a slight abuse notation as before and the coordinates on the Heisenberg group are
identified with the pulled back coordinates to T ∗H. The left-invariant 1-forms on H are identified
with the left-invariant 1-forms Θi in (6.84).
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for all X−, Y− ∈ Γ(L−). Then the compatible generalised metric induced by the

horizontal lift of g can be written as

HL = δmn Θm ⊗Θn + δmn Θ̃m ⊗ Θ̃n , (6.95)

and it is easy to show that, together with (KL, ηL, ωL), it defines a left-invariant

Born geometry on T ∗H.

The coordinate identifications defining the global structure of the doubled twisted

torus are obtained via the left action of a discrete cocompact subgroup DH(Z) of

DH = T ∗H. Hence the left-invariant para-Hermitian structure of T ∗H remains well-

defined on the doubled twisted torus

MH = T ∗H
/

DH(Z) . (6.96)

A generic element ξ ∈ DH(Z) is given by

ξ =



1 mα β 0 0 δ̃

0 1 δ 0 0 −β̃

0 0 1 0 0 0

0 −mβ̃ α̃−mδ β̃ 1 mα β + 1
2
mβ̃2

0 0 0 0 1 δ

0 0 0 0 0 1


,

where α, β, δ, α̃, β̃, δ̃ ∈ Z. The group action on coordinates induced by the equiva-

lence relation γ ∼ ξ γ, which defines the quotient MH = T ∗H/DH(Z), leads to the

simultaneous identifications

x ∼ x+ α , y ∼ y +mαz + β and z ∼ z + δ ,

x̃ ∼ x̃+mδ ỹ + α̃ , ỹ ∼ ỹ + β̃ and z̃ ∼ z̃ −mα ỹ + δ̃ . (6.97)

This identifies MH as a T2×T2-bundle over S1×S1, with base coordinates (x, x̃). The

left-invariant 1-forms (6.84), together with the left-invariant vector fields (6.85) and

(6.86), are invariant under the identifications (6.97), hence they globally descend
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to the quotient MH = T ∗H/DH(Z). This also means that the left-invariant para-

Hermitian structure on T ∗H descends to a para-Hermitian structure on MH, which

is denoted by (K, η). Hence the corresponding eigenbundles LZ
+ and LZ

− of K are

both integrable, since their local generators satisfy the Lie bracket relations (6.81);

their integral foliations are characterised, respectively, by the Heisenberg nilmanifold

TH = H/H(Z) and the 3-torus T3 = R3/Z3 as leaves. This is an example of a

transversely parallelizable foliation [79], which implies that the leaf holonomy is

trivial for all leaves, and hence MH admits the structure of a Riemannian foliation.

Thus the Drinfel’d double structure here, in the polarisation given by a Manin

triple, induces a para-Hermitian structure (K, η) on MH. Furthermore, the left-

invariant Riemannian metric on T ∗H descends to a Riemannian metric on MH, that

is denoted byH, which is still compatible with the para-Hermitian structure induced

by the Drinfel’d double. (K, η,H) is called the induced Born geometry on the

doubled twisted torus MH. In the following it will be shown how to recover the well-

known conventional sigma-model descriptions, in the framework of the Lie algebroid

gaugings of Born sigma-models, from the various polarisations of the doubled twisted

torus, thus reproducing the results of [30] from a different geometric perspective.

6.2.2 Nilmanifold polarisation

The starting point is to describe the Born structure defining the polarisation whose

leaf space is the Heisenberg nilmanifold TH. For this, note that the doubled twisted

torus admits the structure of a principal torus bundle, which is inherited from the

vector bundle structure of the cotangent bundle π : T ∗H → H: the typical fibre is

T3 acting freely on MH, giving as base space MH/T3 ' TH, i.e. there is a principal

T3-bundle [30]

π̄ : MH −→ TH . (6.98)

The almost para-Hermitian structure induced by this T3-action is given by an

isotropic splitting

s̄ : π̄∗(TTH) −→ TMH (6.99)
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with respect to the split signature metric η and the fundamental 2-form ω of the

short exact sequence of vector bundles

0 −→ Lv(MH) −→ TMH −→ π̄∗(TTH) −→ 0 . (6.100)

A compatible generalised metric H = g+ +g− is induced by the horizontal lift of the

natural Riemannian metric g on the Heisenberg nilmanifold TH which descends from

(6.92). Having introduced the Born structure on MH associated with this nilmanifold

polarisation, there is a straightforward definition of a corresponding Born sigma-

model, as discussed in Chapter 5, by considering a harmonic map φ : Σ → MH

from a closed string worldsheet Σ to the doubled twisted torus. This sigma-model

is characterised by the pair (H, ω) with H given by (6.95) and ω given by (6.90).

The principal bundle structure of MH is crucial for describing the generalised

isometry for the gauging of the Born sigma-model S(H, ω). The principal bundle

π̄ : MH → TH with fibre T3 admits a bundle-like metric given by (6.95). Therefore

the vertical distribution LZ
− = Lv(MH) is chosen to be the Lie algebroid on MH of

generalised isometries of the sigma-model. With this choice, it is easy to see that

the generalised isometry conditions for a Born sigma-model are satisfied:

£X− g+ = 0 and £X− ω = 0 , (6.101)

for all X− ∈ Γ(LZ
−).

The Lie algebroid gauging discussed in Section 5.3.1 can then be applied to this

case. The Born sigma-model has a rigid symmetry under the left action of the

doubled group DH on the coset MH. For this polarisation it is written in the usual

way as

S[φ] =
1

4

∫
Σ

(
δij Θ̄i ∧ ? Θ̄j + δij ¯̃Θi ∧ ? ¯̃Θj

)
+

1

2

∫
Σ

Θ̄i ∧ ¯̃Θi , (6.102)

and is gauged along the T3 leaves of the foliation, i.e. covariant derivatives on Σ are

introduced only for the coordinates (x̃, ỹ, z̃) adapted to the leaves. The procedure

is formally identical to that described in Section 5.3.3: the self-duality constraint
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δS[φ,A]/δAi = 0 leads to the reduced sigma-model

S[φ] =
1

2

∫
Σ

δij Θ̄i ∧ ? Θ̄j (6.103)

for the nilmanifold TH, with the image of φ projected to the leaf space. In other

words, the Riemannian submersion described by the gauging is given by the bundle

projection

π̄ : (MH,H, ω) −→ (MH/T3, g, 0) (6.104)

where MH/T3 ' TH, with background metric

g = δij Θi ⊗Θj = dx⊗ dx+ (dy −mx dz)⊗ (dy −mx dz) + dz ⊗ dz , (6.105)

and vanishing Kalb-Ramond field b = 0; this reproduces the description of [30]

which was obtained using a different procedure (see also [20]). Hence the natural

background on the Heisenberg nilmanifold has been obtained from the gauging of

a generalised isometry induced by the foliation given by the fibres of the principal

T3-bundle MH.

6.2.3 T-Dual Sigma-Model with H-Flux

It shall now be shown how the expected geometric T-dual background with NS–NS

H-flux emerges within this framework. Again [20, 21, 30] will be closely followed.

For this, the Born structure (K, η,H), characterising the nilmanifold polarisation,

is pulled back by an O(MH)-transformation ϑ to get a polarisation which is defined

as follows. Consider in this case MH as the total space of a bundle over T3 with

fibres diffeomorphic to T3

π̄′ : MH −→ T3 , (6.106)

see [30] for the construction of this bundle. The short exact sequence of vector

bundles induced by this principal bundle is

0 −→ L′v(MH) −→ TMH −→ π̄′∗(TT3) −→ 0 (6.107)
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and an isotropic splitting

s̄′ : π̄′∗(TT3) −→ TMH (6.108)

with respect to η can be chosen. This defines an almost para-Hermitian structure

(K ′, η) on MH. The compatible generalised metric H′ is defined by the horizontal

lift of the standard Euclidean metric on the torus T3.

Locally this polarisation may be described by the Lie algebra

[Z ′x, Z
′
z] = mZ̃ ′ y , [Z ′x, Z

′
y] = −mZ̃ ′ z and [Z ′z, Z

′
y] = mZ̃ ′x (6.109)

of generators for the left-invariant vector fields on MH, with all other brackets van-

ishing; here the generators of the Drinfel’d double group DH = T ∗H have been

rearranged, so that {Z ′m, Z̃ ′m} defines a new frame for the sections of TMH. This

defines a new Born structure (K ′, η,H′). It may be regarded as a different choice

of horizontal sub-bundle of TMH, since the vertical distribution spanned by {Z̃m}

remains unchanged so the fibres are still 3-tori T3. The new eigenbundles are thus

spanned by globally defined vector fields

Z ′x =
∂

∂x
, Z ′y =

∂

∂y
−mx

∂

∂z̃
and Z ′z =

∂

∂z
−my

∂

∂x̃
+mx

∂

∂ỹ
,

(6.110)

Z̃ ′x =
∂

∂x̃
, Z̃ ′ y =

∂

∂ỹ
and Z̃ ′ z =

∂

∂z̃
. (6.111)

The dual 1-forms are given explicitly by

Θ′x = dx , Θ′ y = dy and Θ′ z = dz , (6.112)

Θ̃′x = dx̃+my dz , Θ̃′y = dỹ +mz dx and Θ̃′z = dz̃ +mx dy . (6.113)

Analogously to the discussion in [30], the action of the Lie algebroid represented by

{Z̃ ′ i} on MH generates an action of the foliation given by the T3 fibration on MH.

Such a polarisation is given by an isotropic splitting of the canonical short exact
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sequence of vector bundles associated with any fibre bundle, so that

TMH = L′h(MH)⊕ L′v(MH) . (6.114)

There is a corresponding Born sigma-model S ′(H′, ω′) defined by the new Born

structure on MH obtained from the action of ϑ ∈ O(MH) on the nilmanifold polari-

sation, with

H′ = δij Θ′ i ⊗Θ′ j + δij Θ̃′i ⊗ Θ̃′j and ω′ = Θ′ i ∧ Θ̃′i . (6.115)

The metric H′ is a bundle-like metric obtained from the horizontal lift g′+ = δij Θ′ i⊗

Θ′ j of the standard Euclidean metric on T3. The fundamental 2-form ω′ has non-

trivial monodromies under the identification x ∼ x + 1, y ∼ y + 1 and z ∼ z + 1,

under which it changes by B+-transformations in the group of large diffeomorphisms

of the doubled twisted torus MH. Comparing the corresponding field strength

K′ = dω′ = 3m dx ∧ dy ∧ dz (6.116)

to (6.10) shows that the only non-vanishing flux in this new polarisation is an H-flux

H ′xyz = m.

The Born sigma-model then reads

S ′[φ] =
1

4

∫
Σ

(
δij Θ̄′ i ∧ ? Θ̄′ j + δij ¯̃Θ′i ∧ ?

¯̃Θ′j

)
+

1

2

∫
Σ

Θ̄′ i ∧ ¯̃Θ′i . (6.117)

In this case the sub-bundle L′v(MH) is considered again as the Lie algebroid for the

gauging. It is easy to show that

£X′v g
′
+ = 0 and £X′v ω

′(Yh, Zh) = 0 , (6.118)

for all X ′v ∈ Γ(L′v(MH)) and Yh, Zh ∈ Γ(L′h(MH)). Thus the gauging can be imple-

mented by covariantizing the pullback differentials of the leaf coordinates (x̃, ỹ, z̃) in

the usual way and the reduced sigma-model on the leaf space MH/T3 ' T3 is given
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by S ′(g′, b′) with the background

g′ = dx⊗ dx+ dy ⊗ dy + dz ⊗ dz , (6.119)

and

b′ = −m (x dy ∧ dz + y dz ∧ dx+ z dx ∧ dy) . (6.120)

The Kalb-Ramond field b′ is only locally defined on T3, but the topological term of

the sigma-model can be defined by a Wess-Zumino extension using the corresponding

H-flux

H ′ = db′ = −3m dx ∧ dy ∧ dz , (6.121)

which is a globally defined integral 3-form on T3. In other words, a reduced sigma-

model on the leaf space described by the Riemannian submersion

π̄′ : (MH,H′, ω′) −→ (MH/T3, g′, b′) , (6.122)

has been obtained with MH/T3 ' T3, which is again the projection map of the

principal T3-bundle associated with this polarisation. This is an explicit example

of how standard T-dual geometric backgrounds, in this case (TH, g, b = 0) and

(T3, g′, b′), emerge from this formalism in the spirit of Subsection 5.3.2.

6.2.4 T-Fold polarisation

The standard T-fold background which is T-dual to the TH and T3 backgrounds

shall now be described within the para-Hermitian geometry framework. In this case

it is not possible to work with any fibration, since MH does not admit the structure

of a fibre bundle, similarly to the discussion of [30]. Then it shall be described how

to define the new para-Hermitian structure starting from the natural left-invariant

Riemannian metric H in this polarisation.

For instance, consider the global coframe

Θx = dx , Θy = dy −mx dz̃ and Θz = dz +mx dỹ ,

Θ̃x = dx̃−m z̃ dỹ , Θ̃y = dỹ and Θ̃z = dz̃ ,
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descending from the left-invariant 1-forms on T ∗H, where (x̃, ỹ, z̃) are local coordi-

nates adapted to the TH foliation. Then the Riemannian metric H descending from

the left-invariant Riemannian metric on T ∗H is given in this local basis by

H = δij Θi ⊗Θj + δij Θ̃i ⊗ Θ̃j . (6.123)

To define the new almost para-Hermitian structure associated with the T-fold polar-

isation, consider the natural foliations of the doubled twisted torus, as discussed in

Subsection6.2.2. In that case, there was a natural almost para-Hermitian structure

arising from the principal T3-bundle structure of MH, since there the main poiint

was to discuss the quotient with respect to the T3 foliation. Now the aim is to

discuss the outcome of the other possible quotient, given by the TH foliation.

Since there is no other natural fibre bundle structure in this case, one can use the

left-invariant metric H to define the needed splitting. For this, consider the short

exact sequence of vector bundles associated with the foliation FH by TH:

0 −→ TFH −→ TMH −→ NTH −→ 0 . (6.124)

Then choose an isotropic splitting

s : NTH −→ TMH (6.125)

whose image Im(s) = TF⊥H is the orthogonal complement of the tangent bundle

TFH with respect to H; it is maximally isotropic with respect to the split signature

metric η inherited from the Drinfel’d double structure on T ∗H.

Let {Z̃ ′′ i} = {Z̃ ′′x, Z̃ ′′ y, Z̃ ′′ z} be a basis of left-invariant vector fields on TH with

dual 1-forms {Θ̃′′i } = {Θ̃′′x, Θ̃′′y, Θ̃′′z}. Then Im(s) is locally generated by the vector

fields

Z ′′i =
∂

∂xi
+

1

2
N ′′ij Z̃

′′ j , (6.126)

where

N ′′ =
2mx

1 + (mx)2


0 0 0

0 0 −1

0 1 0

 .
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This basis is completed by the vector fields {Z̃ ′′ j} to form a local frame for Γ(TMH).

Then the dual coframe is given by

Θ′′ i = dxi and Θ̃′′i = Θ̃i − 1
2
N ′′ji dx

j (6.127)

and the Riemannian metric H′′ in this coframe has the form

H′′ =

g′′+ 0

0 g′′−

 ,

where the local expressions for g′′+ and g′′− are

g′′+ =
1

1 + (mx)2


1 + (mx)2 0 0

0 1 0

0 0 1

 and g′′− =


1 0 0

0 1 + (mx)2 0

0 0 1 + (mx)2

 ,

with g′′+ written in the coframe {Θ′′ i} = {dx, dy, dz}, and g′′− written in the coframe

{Θ̃′′i } which is globally defined on the Heisenberg nilmanifold TH. The fibrewise

Riemannian metric g′′+ on TF⊥H = Im(s) is transverse invariant, i.e. £X− g
′′
+ = 0, for

all X− ∈ Γ(TFH), and Ker(g′′+) = Im(s) by definition of the splitting s. Therefore

(MH, g
′′
+,TH) is a Riemannian foliation.

In this local frame, the functions N ′′ij can be used to also write down the local

decomposition of the fundamental 2-form ω′′. Comparing its field strength K′′ = dω′′

with (6.10) identifies both non-vanishing Q-flux and H-flux in this polarisation:

Q′′ yzx = −m and H ′′xyz =
m
(
1− (mx)2

)(
1 + (mx)2

)2 . (6.128)

The local forms of both the compatible generalised metric H′′ and the fundamental

2-form ω′′ should be understood in a continuation of x ∈ [0, 1) to a covering space

Rx of the x-circle S1
x. Under the identification x ∼ x + 1 describing the covering

map Rx → S1
x, they change by an O(3, 3)(MH)-transformation in the group of large

diffeomorphisms of the doubled twisted torus MH.

The Lie algebroid to be used for the gauging is TFH. It is easy to show that

the Born sigma-model S ′′(H′′, ω′′) satisfies the generalised isometry conditions with
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respect to {Z̃ ′′m}, i.e. the Lie derivative of ω′′ also has vanishing orthogonal compo-

nent, with respect to the TH foliation FH, along any vector field on TH. This yields

the Riemannian submersion

Π ′′ : (MH,H′′, ω′′) −→ (MH/TH, g
′′, b′′) (6.129)

with

g′′ =
1

1 + (mx)2


1 + (mx)2 0 0

0 1 0

0 0 1

 and b′′ =
mx

1 + (mx)2


0 0 0

0 0 −1

0 1 0


(6.130)

in the holonomic basis for 1-forms {dx, dy, dz}. In this case the standard non-

geometric background (g′′, b′′) T-dual to the previous TH and T3 backgrounds is

recovered, with H-flux H ′′ = db′′ as in (6.128) (up to a sign). Here the quotient

space MH/TH is an example of a leaf space which does not have the structure of a

smooth manifold. In particular, since (MH, g
′′
+,TH) is a Riemannian foliation with

compact leaves, the leaf space MH/TH is an orbifold [67, 78, 79]. Thus the quotient

map Π ′′ : MH →MH/TH is an orbifold submersion.

6.2.5 Essentially Doubled polarisation

Similarly to the T-fold polarisation, in the essentially doubled polarisation the T3-

bundle π̄′ : MH → T3 is considered. In this case one may try to describe the (now

disallowed) gauging with respect to the distribution Im(s̄′) given by the isotropic

splitting of the short exact sequence of vector bundles (6.107) induced by the prin-

cipal fibration with respect to the split signature metric η. In other words, in this

polarisation there is only one integrable distribution on MH whose induced foliation

has leaves T3, while Im(s̄′) is a non-involutive sub-bundle of TMH. Then the allowed

gauging along the foliation would simply give the naive T-dual of the polarisation

with NS–NS H-flux, obtained locally by interchanging the coordinates (x, y, z) and

(x̃, ỹ, z̃); indeed, it is only from this perspective that the essentially doubled back-

ground satisfies the strong constraint of double field theory, as discussed by [23].

It can explicitly be seen why it is not possible to recover a conventional reduced
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sigma-model even locally. This relies on the fact that the vector sub-bundle L− =

Im(s̄′) is non-integrable in this polarisation, so the only foliation present is given by

L+ = L′v(MH), which gives the naive T-dual of the sigma-model for the spacetime

T3 with H-flux. This polarisation is characterised by globally defined coframes

ΘRx = dx−m z̃ dỹ , ΘRy = dy −mx̃ dz̃ and ΘRz = dz +mx̃ dỹ

(6.131)

for L∗+, and

Θ̃R
x = dx̃ , Θ̃R

y = dỹ and Θ̃R
z = dz̃ (6.132)

for L∗−. The compatible generalised metric is given as usual by

HR = δij ΘR i ⊗ΘRj + δij Θ̃R
i ⊗ Θ̃R

j (6.133)

and the fundamental 2-form is

ωR = ΘR i ∧ Θ̃R
i , (6.134)

with field strength

KR = dωR = 3m dx̃ ∧ dỹ ∧ dz̃ . (6.135)

Comparing with (6.10) thus shows that this polarisation is characterised by a single

non-vanishing R-flux

Rxyz = m . (6.136)

The corresponding Born sigma-model then reads

SR[φ] =
1

4

∫
Σ

(
δij Θ̄R i ∧ ? Θ̄Rj + δij ¯̃ΘR

i ∧ ?
¯̃ΘR
j

)
+

1

2

∫
Σ

Θ̄R i ∧ ¯̃ΘR
i . (6.137)

There is no foliation in this case whose adapted local coordinates are (x̃, ỹ, z̃), and

therefore the gauging of these naive dual coordinates (with no geometric interpre-

tation) can only be forced by introducing “covariantised” maps

DA ¯̃xi = d¯̃xi − Āi , (6.138)
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where Ai are the components of the tensor induced by the vector bundle morphism

Ā : TΣ → φ∗L− covering the identity. The “gauged” Born sigma-model is written

in the usual way and eliminating the auxiliary fields Ai through their equations of

motion δSR[φ,A]/δAi = 0 gives the self-duality constraints

δij R
ikl ¯̃xk ? dx̄j + δij R

ikl ¯̃xk R
jmn ¯̃xm ? DA ¯̃xn + dx̄l +Rikl ¯̃xk DA ¯̃xi = 0 , (6.139)

where the components of the antisymmetric R-flux structure constants are given by

(6.136) and in this equation there is no sum over the indices k,m. Similarly to [30],

solving this constraint for DA ¯̃xi eliminates all dependence on d¯̃xi, but this does not

give a local reduced sigma-model which is independent of the naive dual coordinates

x̃i. Thus the only possible gauging leads to the naive T-dual of the sigma-model for

the 3-torus T3 with H-flux, i.e. the reduced sigma-model SR(gR, bR) obtained from

writing the reduced sigma-model S ′(g′, b′) of Section 6.2.3 locally in the coordinates

(x̃, ỹ, z̃) instead of (x, y, z), so that the background is now given by

gR = dx̃⊗ dx̃+ dỹ ⊗ dỹ + dz̃ ⊗ dz̃ , (6.140)

and

bR = −m (x̃ dỹ ∧ dz̃ + ỹ dz̃ ∧ dx̃+ z̃ dx̃ ∧ dỹ) . (6.141)
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Conclusions

The main result of this work is the introduction of a new geometric picture of

T-duality. In particular, this new picture revolves around the properties of para-

Hermitian structures on vector bundles. For this, in Chapter 2 a notion of generalised

metric on a para-Hermitian vector bundle E is defined, starting from the well-

known definition of generalised metrics on pseudo-Euclidean vector bundles, and

its properties are discussed. In particular, it is shown that generalised metrics on

para-Hermitian vector bundles are in one-to-one correspondence with pairs of a fibre-

wise Riemannian metric g+ on L+ and a 2-form b+ ∈ Γ(∧2
L∗+). This leads to a new

perspective on Born geometry given by showing that compatible Riemannian metrics

H which define Born geometries are a special class of generalised metrics. They are

referred to as compatible generalised metrics with the para-Hermitian structure.

In Chapter 2 the concept of isomorphism of para-Hermitian structures has been

also introduced. These are given by vector bundle automorphisms of E preserving

the split signature metric η. This yields a characterisation of the transformations

mapping Born geometries into Born geometries, which are given precisely by the

isomorphisms of para-Hermitian structures. The group of such transformations is

denoted by O(E), where dim(M) = 2d. They are the crux of our interpretation of

generalised T-duality in the framework of para-Hermitian geometry. As an explicit

example, the B-transformations presented in [18] have been thoroughly analysed.

The example of the Born structure induced by the geometric description of classical

Lagrangian dynamics has been presented. In this framework it would be interesting

to understand how this Born structure and its symmetries relate to the Noether
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theorem.

The other building block of this work is represented by metric algebroids. In

Chapter 3 a new look at these geometric objects has been given. In particular it has

been shown that they always exists on any anchored pseudo-Euclidean vector bundle,

since they are constructed from any metric linear connection on E. Furthermore

the difference between any two D-brackets characterising different metric algebroids

associated with the same pseudo-Euclidean metric is given by a 3-form. This turns

out to be particularly useful when discussing metric algebroid structures on para-

Hermitian manifolds. In this framework the notion of a canonical compatible D-

bracket for a para-Hermitian structure, i.e. a D-bracket such that L± are involutive,

proposed in [17–19], has been discussed again together with its uniqueness. As the

main example of metric algebroids, a new picture of pre-Courant algebroids has been

given together with all their properties.

In order to give a complete picture of metric algebroids, their graded geometry

has been presented in Chapter 4. This has been done by recalling the correspondence

between degree 2 manifolds and involutive double vector bundles. Following [47],

this provided a geometric framework for the analysis of the properties of degree 3

functions on degree 2 manifolds. They are in one-to-one correspondence with pairs

of vector bundle morphisms of the core bundle and the linear bundle. This result

allows to state the correspondence between metric algebroids and symplectic degree

2 manifolds endowed with degree 3 functions which do not satisfy any integrability

condition. This framework might potentially lead to understanding many geometric

aspects of metric algebroids which are yet to be shown. In particular the graded

picture may be deemed more suitable to prove the existence of a reduction procedure

for metric algebroids, since the approach proposed in [64] cannot be adapted to the

case in which the Jacobi identity is violated. Such reduction may be achieved by

introducing an isotropic foliation of the graded manifold and then checking for leaf

invariance conditions for the degree 3 function. This may be used to define a notion

of T-duality mirroring the construction proposed in [103].

In Chapter 5 two-dimensional sigma-models for M associated with a choice of a

Born structure on M have been defined by using the compatible generalised metricH

and the fundamental 2-form ω. It has also been shown how an alternative topological
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term for such sigma-models given by a 3-form HD can be defined from the canonical

compatible D-bracket associated with the para-Hermitian structure. They have

been called Born sigma-models and are proposed as a covariant realisation of the

duality-symmetric formulation of string theory via doubled sigma-models. Born

sigma-models are used to give a more precise geometric interpretation to the notion

of generalised T-duality by starting with the simple observation that T-dual Born

sigma-models are obtained via O(M)-transformations of Born structures.

To explore the connections between this construction and the usual worldsheet

descriptions of conventional string backgrounds, techniques to understand how Born

sigma-models induce a sigma-model on a quotient space are needed. In order to

follow the approach of Kotov and Strobl [25, 26] describing those quotients as ob-

jects related to Lie algebroid gaugings of sigma-models, the cases of almost para-

Hermitian manifolds M which admit a maximally isotropic foliation have been anal-

ysed. The Lie algebroid gauging of sigma-models for foliated manifolds is clearly

a means of obtaining a worldsheet description of the leaf space of the foliation. It

would be interesting to apply this to the Jacobi sigma-models [104, 105].

The characterisation of gauged sigma-models on manifolds admitting a regular

foliation is crucial for understanding the gauged Born sigma-model. In particular,

it has been shown that the generalised isometry condition allowing for the gauging

is equivalent to the existence of a bundle-like metric on M ; in this case the Lie al-

gebroid connection required for the gauging can be naturally chosen to be the Bott

connection on TM defined by the foliation and the Riemannian metric H. The Lie

algebroid gauging of the Born sigma-model also leads to a geometric interpretation

of the usual self-duality constraint imposed on doubled sigma-models [16, 27, 30].

The leaf space of a foliated para-Hermitian manifold M defines the physical space-

time which is recovered from the doubled geometry, i.e. from the para-Hermitian

structure. The spacetime is endowed with a metric and B-field descending from the

Born metric on M via a Riemannian submersion, and in particular from its fibre-

wise component along the sub-bundle L+ of the tangent bundle TM which defines

a Riemannian foliation of M . Furthermore, the naive Lie algebroid gauging proce-

dure for the Born sigma-model (H, ω) has been interpreted in terms of the gauging

conditions for the Born sigma-model (H, HD), since both ω and HD are related to

189



Chapter 7: Conclusions

the Frobenius integrability of the eigenbundles L±.

The role of O(TM)-transformations is crucial in the para-Hermitian picture of

generalised T-duality, since they map Born sigma-models into one another. This be-

comes particularly relevant when discussing target space dualities between reduced

sigma-models. Whenever two dually related Born sigma-models have target spaces

whose associated almost para-Hermitian structures admit at least one integrable

eigenbundle for which the generalised isometry condition is satisfied, a pair of con-

ventional non-linear sigma-models for different leaf spaces has been obtained. These

reduced sigma-models are said to be T-dual to one another. Quantum aspects of

this constructions, which have not been addressed yet, might reveal new relevant

geometric facets of Born sigma-models.

The Born sigma-model also allows for novel geometric interpretation of non-

geometric string backgrounds. When the leaf space of a reduced sigma-model is

smooth, the sigma-model describes a geometric background; this clearly happens

when the underlying almost para-Hermitian manifold admits a Riemannian surjec-

tive submersion to the leaf space. On the other hand, if the leaf space does not

admit the structure of a smooth manifold, the background is only locally geometric,

and following standard terminology [16] it is called a T-fold. In particular, those

T-folds that arise from foliations with compact leaves and finite leaf holonomy group

have the structure of an orbifold. Finally, it may happen that the gauging condition

for a Born sigma-model holds with respect to a non-involutive eigenbundle of K, so

that the reduction through gauging cannot be performed since there is no foliation

and thus no conventional spacetime even locally. Following the terminology of [80],

the Born sigma-model is said to describe an essentially doubled background.

As the main example, in this Chapter the para-Kähler structures of cotangent

bundles have been characterised, and then used to define the associated Born sigma-

model. This has allowed to describe the gauging and related generalised T-duality of

the associated Born sigma-models. This has given a general extension and covariant

realisation of Tseytlin’s doubled sigma-model approach via the closed string phase

space [81] (see also [82]), and moreover exhibits the main qualitative features of the

gauging of Born sigma-models in a simplified yet explicit setting.

In Chapter 6 invariant almost para-Hermitian structures on Lie groups have been
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introduced, in particular those associated with Manin pairs and Manin triples. This

construction is used to define Born sigma-models on doubled groups. In this con-

text it has been shown that the generalised isometry conditions imply that the leaf

space is a reductive homogeneous space with a bi-invariant metric and the surjective

submersion from the Born manifold is a principal bundle. Furthermore various ex-

amples of the corresponding Born sigma-models have been considered. This includes

the examples of symmetric spaces as special cases, which have previously appeared

as natural and explicit solutions to the strong constraint of double field theory on

doubled groups in [96, 101].

Using the Born structure of the Drinfel’d double T ∗H of the three-dimensional

Heisenberg group H, in Section 6.2 a Born structure on the corresponding doubled

twisted torus has been obtained, i.e. the compact manifold given by the quotient of

T ∗H with respect to the left action of a discrete cocompact subgroup. Starting from

this Born manifold, it has been discussed how to obtain T-dual sigma-models for

the different leaf spaces which reproduces the standard T-duality chain of geometric

and non-geometric backgrounds starting from the torus T3 with NS–NS H-flux [76?

]. This represents a geometric approach to the worldsheet theory for the doubled

twisted torus formalism developed in [30] using standard isometric gauging tech-

niques.
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Double Vector Bundles

Definition A.1. A Double Vector Bundle is a quadruple (D;A,B;Q) of smooth

manifolds such that the following diagram is commutative,

D A

B Q

qA

qB qA

qB

(A.2)

each side is a vector bundle and the following conditions hold

qA(d1 +B d2) = qA(d1) + qA(d2) , (A.3)

qB(d1 +A d3) = qB(d1) + qB(d3) , (A.4)

(d1 +B d2) +A (d3 +B d4) = (d1 +A d3) +B (d2 +A d4) , (A.5)

for all d1, d2, d3, d4 ∈ D such that qA(d1) = qA(d3), qB(d1) = qB(d2), qA(d2) = qA(d4)

and qB(d3) = qB(d4), where +A : D×AD → D, +B : D×B D → D are the addition

operations on D for its two vector bundle structures.

In other words, the maps +A, +B are vector bundle morphisms covering the

addition for A and B respectively. In the following the fibrations qA : D → A,

qB : D → B will be denoted, respectively, by DA and DB. The zero sections of each

vector bundle are denoted by 0A : Q → A, 0A : A→ D, 0B : Q → B and 0B : B → D.

Example A.6. Let A,B,C be vector bundles over Q. Define D := A⊕B⊕C with
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projections qA(a, b, c) = a, qB(a, b, c) = b and addition operations

(a, b, c) +A (a, b′, c′) =(a, b+ b′, c+ c′) , (A.7)

(a, b, c) +B (a′, b, c′) =(a+ a′, b, c+ c′) , (A.8)

for all (a, b, c), (a, b′, c′), (a′, b, c′) ∈ A⊕B⊕C. Then the projections and the addition

operations satisfy the conditions of Definition A.1 and D is a double vector bundle,

called the decomposed DVB.

Definition A.9. Let (D1;A1, B1;Q1), (D2;A2, B2;Q2) be double vector bundles. A

morphism of double vector bundles (DVB morphism) is a map Φ: D1 → D2 which

is a vector bundle morphism with respect to both fibrations.

Remark A.10. A DVB morphism is decomposed as follows

ϕA =qA2 ◦ Φ ◦ 0A1 : A1 → A2 , (A.11)

ϕB =qB2 ◦ Φ ◦ 0B1 : B1 → B2 , (A.12)

both covering the smooth map

ϕQ = qA2 ◦ qA2 ◦ Φ ◦ 0A1 ◦ 0A1 = qB2 ◦ qB2 ◦ Φ ◦ 0B1 ◦ 0B1 : Q1 → Q2 . (A.13)

In other words, (Φ, ϕA) ∈ Hom((D1)A1 , (D2)A2), (Φ, ϕB) ∈ Hom((D1)B1 , (D2)B2),

(ϕA, ϕQ) ∈ Hom(A1, A2) and (ϕB, ϕQ) ∈ Hom(B1, B2).

Moreover, from the Definitions A.1 and A.9 it follows that

ϕA ◦ qA1 =qA2 ◦ Φ: D → A2 , (A.14)

ϕB ◦ qB1 =qB2 ◦ Φ: D → B2 , (A.15)

ϕQ ◦ qA1 ◦ qA1 =qA2 ◦ qA2 ◦ Φ: D → Q2 , (A.16)

ϕQ ◦ qB1 ◦ qB1 =qB2 ◦ qB2 ◦ Φ: D → Q2 . (A.17)

Definition A.18. The core bundle of the double vector bundle (D;A,B;Q) is the

193



Appendix A: Double Vector Bundles

vector bundle C := Ker(qA) ∩ Ker(qB) over Q with projection qC := qA ◦ qA|C =

qB ◦ qB|C .

Remark A.19. Notice that Ker(qA) = DA|0A(Q), where 0A(Q) ' Q, i.e. Ker(qA) is

a vector bundle over Q with vector bundle structure inherited from DA. Similarly

Ker(qB) is a vector bundle over Q. These observations are the key ingredients to

prove that C is a vector bundle over Q.

Furthermore there are the canonical isomorphisms of vector bundles over Q

Ker(qA) ' B ⊕ C and Ker(qB) ' A ⊕ C. In particular these isomorphisms are

constructed as follows. Define the vector bundle morphisms pB : Ker(qA)→ Ker(qA)

by pB(d) := 0B(qB(d)) and pC : Ker(qA) → Ker(qA) by pC(d) := d −B pB(d), for all

d ∈ Ker(qA). It can be shown that pB is a projection onto 0B(B) ' B and pC is a

projection onto C. Then the map (pB, pC) : Ker(qA) → B ⊕ C gives the canonical

isomorphism stated above. A similar construction exists for Ker(qB).

Remark A.20. Ker(qA) and Ker(qB) admit another vector bundle structure in-

duced, respectively, by DB and DA. It can be shown that Ker(qA) ' (qB)∗C with re-

spect to this vector bundle structure with isomorphism given by the map κB : (qB)∗C →

DB defined by κB(b, c) := 0B(b) +A c, for all (b, c) ∈ qB)∗C. Similarly, Ker(qB) is

isomorphic to (qA)∗C.

Lemma A.21. Let (D;A,B;Q) be a double vector bundle with core C. Then D

induces the following short exact sequences of vector bundles:

0 −→ (qA)∗C
κA−−→ DA

(qA,qB)−−−−→ (qA)∗B −→ 0 (A.22)

over A and

0 −→ (qB)∗C
κB−−→ DB

(qB ,qA)−−−−→ (qB)∗A −→ 0 (A.23)

over B. These are called the core sequences of (D;A,B;Q).

Proof. This is a straightforward consequence of Remark A.20.

Remark A.24. Notice that for any d1, d2 ∈ D such that qB(d1) = qB(d2) = b and

qA(d1) = qA(d2) = a there is an element c ∈ C such that

d1 = d2 +A (a, c) , (A.25)
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where (a, c) ∈ A⊕ C ' Ker(qB), and

d1 = d2 +B (b, c) , (A.26)

where (b, c) ∈ B ⊕ C ' Ker(qA).

Proposition A.27. Let Φ: (D1;A1, B1;Q1)C1 → (D2;A2, B2;Q2)C2 be a DVB mor-

phism. Then

Φ(Ker(qA1)) ⊆ Ker(qA2) , (A.28)

Φ(Ker(qB1)) ⊆ Ker(qB2) , (A.29)

Φ(C1) ⊆ C2 . (A.30)

Proof. Recall from Remark A.10 that Φ is a vector bundle morphism in Hom((D1)A1 , (D2)A2)

covering ϕA, thus satisfies ϕA ◦ qA1 = qA2 ◦ Φ. Hence, if d ∈ Ker(qA1), then

0 = ϕA(0) = ϕA(qA1(d)) = qA2(Φ(d)) . (A.31)

Therefore Φ(d) ∈ Ker(qA2). (A.29) follows from a similar argument.

(A.30) follows from (A.28) and (A.29) combined.

Definition A.32. Let (D;A,B;Q) be a double vector bundle with core C. A de-

composition of (D;A,B;Q)C is a DVB isomorphism Θ: D → A ⊕ B ⊕ C inducing

the identity map on A,B,C.

Decompositions of double vector bundles are characterised as follows.

Proposition A.33. A decomposition Θ of (D;A,B;Q)C is equivalent to a vector

bundle morphism qC : D → C, with respect to both vector bundle structures DA

and DB, such that qC ◦ i = 1C , where i : C → D is the inclusion map. Every

decomposition Θ can be written as Θ = (qA, qB, qC).

Proof. Given qC : D → C such that qC ◦ i = 1C , define Θ: D → A ⊕ B ⊕ C by

Θ(d) = (qA(d), qB(d), qC(d)), for all d ∈ D. This map induces the vector bundle

morphisms ΘA : DA → (qA)∗B ⊕ (qA)∗C given by ΘA = (1B,1C), covering 1A, and

ΘB : DB → (qB)∗A⊕ (qB)∗C given by ΘB = (1A,1C), covering 1B.
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Conversely, given a decomposition Θ for (D;A,B;Q), define qC : D → C by

qC := pr3 ◦ Θ, where pr3 : A ⊕ B ⊕ C → C, pr3(a, b, c) = c. By definition qC is a

vector bundle morphism with respect to DA and DB.

Lastly, it must be shown that qA = pr1 ◦ Θ and qB = pr2 ◦ Θ. Notice that,

since Θ: DA → (qA)∗B ⊕ (qA)∗C is a vector bundle morphism, the equality Θ(d) =

Θ(0A(qA(d))), for all d ∈ D. It follows from Definition A.9 that pr1 ◦ Θ ◦ 0A = 1A.

Thus

pr1(Θ(d)) = pr1(Θ(0A(qA(d)))) = qA(d) . (A.34)

A similar proof holds for qB.

Decompositions of a double vector bundle are associated with splittings of its

core sequences, as shown in the following Proposition. Since splittings of a short

exact sequence of vector bundles always exist, it may be deduced that every double

vector bundle admits a decomposition.

Proposition A.35. Let (D;A,B;Q) be a double vector bundle with core C. Then a

splitting sA of the core sequence (A.22), i.e. a vector bundle morphism sA : (qA)∗B →

DA covering 1(qA)∗B such that (qA, qB) ◦ sA = 1(qA)∗B induces a vector bundle

isomorphism Θ: D → A ⊕ B ⊕ C, with respect to the structure DA, such that

Θ = (qA, qb, qC).

Proof. Given a splitting sA of (A.22), for any d ∈ D define d2 = sA((qA, qB)(d)).

Thus, by construction, it follows that qA(d2) = qA(d) and qB(d2) = qB(d). Remark

A.24 yields that there is an element k ∈ C such that

d = d2 +A (qA(d), k) = d2 +B (qB(d), k) . (A.36)

It shall be showed that Θ: D → A⊕B⊕C defined by Θ(d) := (qA(d), qB(d), qC(d)),

where qC(d) := k, is a DVB isomorphism.

Clearly Θ defined above is a vector bundle morphism because qB, qC are vector

bundle morphisms with respect to the vector bundle structure DA, where qC : DA →

C is a vector bundle morphism because sA is a vector bundle morphism with respect

to the fibration over A. In particular, notice that DA and A ⊕ B ⊕ C, as a vector

bundle over A, have the same rank. Hence it suffices to show that Θ is injective.
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Suppose Θ(d) = 0 for some d ∈ D. It follows that qA(d) = qB(d) = 0. Thus

d = k, i.e. it only has a core component, where C is considered as a sub-bundle

of D. Since qC(d) := k = d, d = 0 because Θ(d) = (0, 0, k) = 0. Therefore Θ is an

isomorphism.

Lemma A.37. Let (D;A,B;Q) be a double vector bundle with core C. A splitting

s of the core sequence (A.22) which is also a splitting of (A.23) is equivalent to

a decomposition of D. In other words, a splitting s of (A.22) that preserves the

fibration over B and satisfies

s(a1 + a2, b) = s(a1, b) +B s(a2, b) , (A.38)

for all a1, a2 ∈ A, b ∈ B such that qA(a1) = qA(a2) = qB(b), is equivalent to a

decomposition of D.

Proof. Let s be a splitting of (A.22) satisfying (A.38), then qC : DB → C is a vector

bundle morphism, where qC is induced by s as in the proof of Proposition A.35.

Therefore Θ = (qA, qb, qC) is a decomposition of D because it is a vector bundle

isomorphism with respect to both fibrations.

Conversely suppose that Θ: D → A⊕B⊕C is a decomposition and recall that the

injective map κA : (qA)∗C → DA is given by κA(a, c) = 0A(a)+B c. Then (qA, qC) is a

left inverse of κA, hence it is equivalent to a splitting s of (A.22) defined as follows.

Since (qA, qC) is a left inverse of κA, it follows that DA = (qA)∗C⊕Ker(qA, qC). Thus

s := (qA, qB)|−1
Ker(qA,qC).

Lastly it must be checked that s satisfies the condition (A.38). For all a1, a2 ∈

A and b ∈ B such that qA(a1) = qA(a2) = qB(b), qA(s(a1 + a2, b)) = a1 + a2.

Furthermore, since qC ◦ s = 0, it follows that

Θ(s(a1 + a2, b)) = (a1 + a2, b, 0) = Θ(s(a1, b) +B s(a2, b)) , (A.39)

which is equivalent to (A.38) because Θ is an isomorphism.

Remark A.40. Morphisms of decomposed double vector bundles are characterised

as follows. Let (A1 ⊕ B1 ⊕ C1,Q1) and (A2 ⊕ B2 ⊕ C2,Q2) be decomposed double

vector bundles and Φ: A1 ⊕ B1 ⊕ C1 → A2 ⊕ B2 ⊕ C2 a DVB morphism. It can be
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shown that

Φ(a1, b1, c1) = (ϕA(a1), ϕB(b1), ϕC(c1) + Ψ(a, b)) , (A.41)

for all (a1, b1, c1) ∈ A1⊕B1⊕C1, where Ψ: A1⊕B1 → c2 is a vector bundle morphism

covering the smooth map ϕQ : Q1 → Q2.

This result allows to understand the relation between two decompositions of any

double vector bundle. Let (D;A,B;Q)C be a double vector bundle with decompo-

sitions Θ1, Θ2. Then (A.41) yields that

Θ1 ◦Θ−1
2 = (1A,1B,1C + Ψ) . (A.42)

Since Θ1 is a DVB isomorphism, it follows that qC(d) = pr3(Θ1(d)), for all d ∈ D.

Thus

qC ,1(d) =(pr3 ◦Θ1 ◦Θ−1
2 ◦Θ2)(d)

=(pr3 ◦Θ1 ◦Θ−1
2 )(qA(d), qB(d), qC, 2(d)) (A.43)

=qC, 2(d) + Ψ(qA(d), qB(d)) ,

for all d ∈ D. Therefore, the decompositions Θ1 = (qA, qB, qC, 1), Θ2 = (qA, qB, qC 2)

satisfy

(Θ1 ◦Θ−1
2 )(a, b, c) = (a, b, c+ Ψ(a, b)) , (A.44)

with

qC ,1(d) = qC, 2(d) + Ψ(qA(d), qB(d)) , (A.45)

for all d ∈ D.

A.1 Dual Double Vector Bundles

Let (D;A,B;Q)C be a double vector bundle. Since D has two vector bundle struc-

tures, one over A, the other over B, it admits two dual double vector bundles.

The dual double vector bundle obtained by considering the vector bundle DA

198



Appendix A: Double Vector Bundles

over A is given by

D∗A C∗

A Q

πA
C∗

πA qC
∗

qA

(A.46)

where the map πAC∗ : D∗A → C∗ is defined by

〈πAC∗(λ), c〉 := 〈λ, 0A(πA(λ)) +B c〉 , (A.47)

for all λ ∈ D∗, c ∈ C such that qC(c) = qA(πA(λ)), where on the left hand side 〈 · , · 〉

represents the duality pairing between C and C∗, on the right hand side represents

the duality pairing between DA and D∗A. The addition +C∗ : D∗A ×C∗ D∗A → D∗A on

the fibres of πAC∗ is defined by

πA(λ1 +C∗ λ2) = πA(λ1) + πA(λ2) , (A.48)

〈λ1 +C∗ λ2, d1 +B d2〉A = 〈λ1, d1〉A + 〈λ2, d2〉A , (A.49)

for all λ1, λ2 ∈ D∗A such that πAC∗(λ1) = πAC∗(λ2) and d1, d2 ∈ D such that qA(d1) =

πA(λ1), qA(d2) = πA(λ2) and qB(d1) = qB(d2), where in (A.49) 〈 · , · 〉A is the duality

pairing between DA and D∗A. It is easy to show that +C∗ is well-defined, i.e. 〈λ1 +C∗

λ2, d〉A does not depend on the decomposition d = d1 +B d2. This is a consequence

of Remark A.24.

Lemma A.50. The core bundle of (D∗A;A,C∗;Q) is B∗.

Proof. Recall that Ker(πA ' B∗ ⊕ C∗, πAC∗|Ker(πA)(γ) = γ, for all γ ∈ C∗, and

〈πAC∗|Ker(πA)(β), c〉 = 0, for all β ∈ B∗ and c ∈ C∗. Hence

Ker(πA) ∩ KerπAC∗ = Ker(πAC∗|Ker(πA)) ' B∗ . (A.51)
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The dual double vector bundle of DB is given by

D∗B B

C∗ Q

πB

πB
C∗ qB

qC
∗

(A.52)

where the map πBC∗ : D∗B → C∗ is defined by

〈πBC∗(d), c〉 := 〈d, 0A(πB(d)) +A c〉 , (A.53)

for all d ∈ D, c ∈ C such that qC(c) = qB(πB(d)), where on the left hand side 〈 · , · 〉

represents the duality pairing between C and C∗, on the right hand side represents

the duality pairing between DB and D∗B. As above, the addition +C∗ : D∗B×C∗D∗B →

D∗B on the fibres of πBC∗ is defined by

πB(λ1 +C∗ λ2) = πB(λ1) + πB(λ2) , (A.54)

〈λ1 +C∗ λ2, d1 +A d2〉B = 〈λ1, d1〉B + 〈λ2, d2〉B , (A.55)

for all λ1, λ2 ∈ D∗B such that πBC∗(λ1) = πBC∗(λ2) and d1, d2 ∈ D such that qB(d1) =

πB(λ1), qB(d2) = πB(λ2) and qA(d1) = qA(d2), where in (A.55) 〈 · , · 〉B is the duality

pairing between DB and D∗B. A similar statement to Lemma A.50 holds for D∗B. The

core bundle of D∗B is A∗.

Example A.56. Let D = A ⊕ B ⊕ C be a decomposed double vector bundle. Its

dual double vector bundles are given by D∗A = A⊕C∗⊕B∗ and D∗B = B⊕C∗⊕A∗.

Remark A.57. Let Φ: (D1;A1, B1;Q1)C1 → (D2;A2, B2;Q2)C2 be a DVB mor-

phism. Then

Φ∗A : ((D∗2)A2 ;A2, C
∗
2 ;Q2)B∗2 → ((D∗1)A1 ;A1, C

∗
1 ;Q1)B∗1 (A.58)

and

Φ∗B : ((D∗2)B2 ;C
∗
2 , B2;Q2)A∗2 → ((D∗1)B1 ;C

∗
1 , B1;Q1)A∗1 (A.59)

are both DVB morphisms.
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Notice that if Φ is a DVB isomorphism, then the maps induced by Φ∗A on the

side bundles are given by ϕ−1
A : A2 → A1 , ϕ

∗
B : B∗2 → B∗1 and ϕ∗C : C∗2 → C∗1 , all

covering ϕ−1
Q : Q2 → Q1.

Remark A.60. One of the core sequences of (D∗A;A,C∗;Q)B∗ is given by

0 −→ (qA)∗B∗
κ̄A−−→ D∗A

(πA,π
A
C∗ )

−−−−−→ (qA)∗C∗ −→ 0 (A.61)

dual short exact sequence of (A.22) of vector bundles over A. This can be shown by

proving that

(πA, π
A
C∗) = κ∗A (A.62)

and

κ̄A = (qA, qB)∗. (A.63)

Recall that, by definition, κ∗A : D∗A → (qA)∗C∗ is given by

〈κ∗A(λ), (πA(λ), c)〉 =〈λ, κA(πA(λ), c)〉A

=〈λ, 0A(πA(λ)) +B c〉A (A.64)

=〈πAC∗(λ), c〉

for all λ ∈ D∗A, where (A.47) has been used. Thus (A.62) follows.

In order to prove (A.63) recall that κ̄A : (qA)∗B∗ → D∗A is defined by

κ̄A(a, β) := 0A(a) +C∗ β (A.65)

for all (a, β) ∈ (qA)∗B∗. It follows that, for all (a, β) ∈ (qA)∗B∗, d ∈ D such that

qA(d) = πA(0A(a) +C∗ β) = a and qB(d) = b,

〈κ̄A(a, β), d〉A =〈0A(a) +C∗ β, d+B 0B(b)〉A

=〈0A(a), d〉A + 〈β, 0B(b)〉A (A.66)

=〈β, b〉 .
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On the other hand

〈(qA, qb)∗(a, β), d〉A = 〈(a, β), (qA, qb)(d)〉 = 〈β, b〉 , (A.67)

thus (A.63) follows. Therefore, since (A.61) is the dual sequence of (A.22), a splitting

of (A.22) induces a splitting of (A.61). Moreover, a similar result to Lemma A.37

holds. In particular the other core sequence of (D∗A;A,C∗;Q)B∗ is given by

0 −→ (qC
∗
)∗B∗

κC∗−−→ (D∗A)C∗
(πA
C∗ ,πA)

−−−−−→ (qC
∗
)∗A −→ 0 (A.68)

and a splitting of (A.22) which is also a splitting of (A.23) induces a splitting of

(A.61) and (A.68). The splitting s of (A.22) and (A.23) induces a decomposition

Θ = (qA, qB, qC) of (D;A,B;Q)C which yields a decomposition Θ̃ = (πA, π
A
C∗ , πB∗)

of (D∗A;A,C∗;Q)B∗ , where πB∗ = pr2

∣∣
(qA)∗B∗

◦ s∗.

It may be shown now that D∗A and D∗B are naturally dual as vector bundles over

C∗.

Proposition A.69. (D∗A)C∗ and (D∗B)C∗ are dual vector bundles with duality pair-

ing given by

〈〈λ, ν〉〉 := 〈λ, d〉A − 〈ν, d〉B (A.70)

for all λ ∈ D∗A, ν ∈ D∗B such that πAC∗(λ) = πBC∗(ν) = γ, and d ∈ D such that

qA(d) = πA(λ), qB(d) = πB(ν). This pairing is independent of the choice of d ∈ D.

Proof. It must be shown first that the pairing (A.70) does not depend on the choice

of d. Let d1, d2 ∈ D such that qA(d1) = qA(d2) = πA(λ) = a and qB(d1) = qB(d2) =

πB(ν) = b. Remark A.24 yields that there exists c ∈ C such that

d1 = d2 +B (b, c) (A.71)

and

d1 = d2 +A (a, c) . (A.72)
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Thus

〈λ, d1〉A =〈λ, d2〉A + 〈λ, (a, c)〉A

=〈λ, d2〉A + 〈πAC∗(λ), qC(a, c)〉+ 〈πB∗(λ), qB(a, c)〉 (A.73)

=〈λ, d2〉A + 〈γ, c〉

and, similarly,

〈ν, d1〉B = 〈ν, d2〉B + 〈γ, c〉 . (A.74)

Hence

〈λ, d1〉A − 〈ν, d1〉B = 〈λ, d2〉A − 〈ν, d2〉B , (A.75)

i.e. (A.70) is well-defined. It is easy to see that the pairing (A.70) is bilinear because

of the property (A.49) of +C∗ .

Lastly it must be checked that (A.70) is non-degenerate. Let λ ∈ D∗A be such

that 〈〈λ, ν〉〉 = 0, for all ν ∈ D∗B where πAC∗(λ) = πBC∗(ν) = γ ∈ C∗. Take

ν = 0C∗(γ) +B α , (A.76)

for some α ∈ A∗. Then πB(ν) = 0B(q), where qA
∗
(α) = qC

∗
(γ) = q. Hence the

duality pairing is written as

〈〈λ, ν〉〉 = 〈λ, d〉A − 〈0C∗(γ) +B α, d〉B (A.77)

for some d ∈ D such that qB(d) = πB(ν) = 0B(q), hence d ∈ Ker(qB) ' A ⊕ C. In

other words d = (a, c) for some c ∈ C and a ∈ A such that πA(λ) = a. Therefore

〈0C∗(γ) +B α, d〉B = 〈0C∗(γ) +B α, (a, c)〉B = 〈γ, c〉+ 〈α, a〉 . (A.78)

If c = 0, then d = 0A(a), i.e. d ∈ Ker(qA) ' B⊕C, thus d = (b, 0), and (A.78) yields

0 = 〈〈λ, ν〉〉 = 〈α, a〉 , (A.79)

for all α ∈ A∗. Hence a = πA(λ) = 0, i.e. λ ∈ Ker(πA) ' B∗ ⊕ C∗, thus can be
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written as λ = (β, γ). In particular, if ν = 0B(b) ∈ D∗B, then

0 = 〈〈λ, ν〉〉 = 〈(β, γ), (b, 0)〉A − 〈0B(b), (b, 0)〉B = 〈β, b〉 (A.80)

for all b ∈ B. Therefore β = 0 and λ = (0, γ) = 0C∗(γ). In other words, 〈〈λ, ν〉〉

vanishes for all ν ∈ D∗B if and only if λ is zero.

Remark A.81. Notice that the dual vector bundle of (D∗B;B,C∗;Q)A∗ obtained

by dualising over the vector bundle structure on C∗ is given by ((D∗B)∗;C∗, A,Q)B∗ .

It is easy to show that the non-degenerate duality pairing (A.70) gives a DVB

isomorphisms Υ: (D∗A)C∗ → (D∗B)∗C∗ defined by

〈Υ(λ), ν〉C∗ := 〈〈λ, ν〉〉 (A.82)

for all λ ∈ D∗A, ν ∈ D∗B such that πAC∗(λ) = πBC∗(ν). Υ induces the identity map

between the core bundles B∗ and −1A between the side bundles A.

A.2 Linear Sections and the Linear Bundle of a

DVB

Definition A.83. Let (D;A,B;Q) be a double vector bundle. A linear section

l ∈ Γ(DB) is a vector bundle morphism l : B → DA covering a section a ∈ Γ(A).

The module of linear sections is denoted by Γlin(DB). A similar definition holds for

linear sections of DA.

Remark A.84. Notice that Γlin(DB) is a free, finitely generated C∞(Q)-module,

hence, by the Serre-Swan Theorem, can be identified with the space of sections of

a vector bundle Â over Q, called the linear bundle of DB. The fibres of the linear

bundle are given by

Âq = {σ ∈ Hom(Bq, Da) : a ∈ Aq, qB ◦ σ = 1Bq} . (A.85)

In order to show the properties of the linear bundle, the following result is needed.
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Proposition A.86. Let D = A ⊕ B ⊕ C be a decomposed double vector bundle.

Then Γlin(DB) and Γ(A⊕ Hom(B,C)) are isomorphic as C∞(Q)-modules.

Proof. Consider any linear section l ∈ Γ(DB) covering a ∈ A and define the maps

l1 := pr1 ◦ l : B → A (A.87)

and

l2 := pr3 ◦ l : B → C (A.88)

such that l (b) = (l1(b), b, l2(b)), for all b ∈ Bq, where l1(b) = a(q).

Since l : B → DA is a vector bundle morphism, it follows that

l (b1 + b2) = (l1(b1 + b2), b1 + b2, l2(b1 + b2)) = ((a)(q), b1 + b2, l2(b1 + b2)) , (A.89)

for all b1, b2 ∈ Bq. On the other hand

l (b1) +A l (b2) =(a(q), b1, l2(b1)) +A (a(q), b2, l2(b2))

=(a(q), b1 + b2, l2(b1) + l2(b2)) . (A.90)

Therefore the linearity of l implies that l2 : B → C is a vector bundle morphism

covering the identity. Thus there is a map Ψ : Γlin(DA)→ Γ(A⊕Hom(B,C)) given

by

Ψ(l ) := (a, l2) (A.91)

which is a C∞(Q)-module morphism. The inverse of Ψ is constructed as follows.

Given (a, l2) ∈ Γ(A⊕ Hom(B,C)) define l1 : B → A by

l1 := a ◦ qB . (A.92)

Then

Ψ−1(a, l2)(b) := (l1(b), b, l2(b)) = l (b) . (A.93)

Hence Ψ is an isomorphism of C∞(Q)-modules.

Proposition A.94. The linear bundle Â admits the short exact sequence of vector
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bundles

0 −→ Hom(B,C)
i−−→ Â

pA−−→ A −→ 0 (A.95)

over Q called the linear sequence of DB.

Proof. The surjective vector bundle morphism pA : Â→ A is given by

pA(σ) := qA ◦ σ , (A.96)

for all σ ∈ Â. The injective map i : Hom(B,C)→ Kerp is given by

i(φ)(b) := φ(b) +A 0B(b) (A.97)

for all b ∈ B. Thus i(φ) ∈ Hom(Bq, D0A(q)), because 0B is a vector bundle morphism

covering 0A. It follows from the definition of i(φ) that p(i(φ)) = 0. Hence Â induces

the short exact sequence of vector bundles (A.95).

Remark A.98. Proposition A.94 yields that Â is non-canonically isomorphic to

A ⊕ Hom(B,C) and the isomorphism depends on the choice of splitting of (A.95).

In particular an isomorphism k : Â→ A⊕Hom(B,C) can be written as follows, for

all σ ∈ Âq = Hom(Bq, Da), with qA(a) = q,

k(σ) = (a, qC ◦ σ) . (A.99)

Remark A.100. The linear bundle of DA is given by the vector bundle B̂ over Q

with fibres

B̂q := {τ ∈ Hom(Aq, Db) : b ∈ Bq, qA ◦ τ = 1Aq} . (A.101)

B̂ unduces the short exact sequence of vector bundles over Q

0 −→ Hom(A,C)
i−−→ B̂

pB−−→ B −→ 0 (A.102)

as discussed in Proposition A.94. This gives the non-canonical isomorphism B̂ '

Hom(A,C)⊕B.

The decompositions of double vector bundles can also be described in terms of

splittings of the linear sequences.
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Definition A.103. Let (D;A,B;Q)C be a double vector bundle and consider its

linear bundle Â. A horizontal lift of Â is a vector bundle morphism that splits the

linear sequence (A.95).

A similar definition holds for the linear bundle B̂ and its linear sequence (A.102).

Proposition A.104. A horizontal lift of ψA of Â induces a horizontal lift ψB of B̂

given by

ψB(b)(a) := ψA(a)(b) , (A.105)

for all a ∈ A and b ∈ B.

Proof. Notice that for all a ∈ Aq, b ∈ Bq

(qB ◦ ψB(b))(a) = (qB ◦ ψA(a))(b) = b , (A.106)

hence ψB(b)(a) ∈ (DB)b. Furthermore, since ψA is a vector bundle morphism, ψB

satisfies

ψB(b)(a1 + a2) = ψB(b)(a1) + ψB(b)(a2) . (A.107)

Lastly notice that

(qA ◦ ψB(b))(a) = (qA ◦ ψA(a))(b) = a , (A.108)

thus ψB is a vector bundle morphism. It follows from the definition of pB that

pB(ψB(b)) = (qB ◦ ψB(b))(a) = qB(ψA(a)(b)) = b (A.109)

for all a ∈ Aq and b ∈ Bq. Thus ψB is a horizontal lift of B̂.

Proposition A.110. Let (D;A,B;Q)C be a double vector bundle with linear se-

quences Â and B̂. There is a canonical one-to-one correspondence between horizontal

lifts of Â and decompositions of D.

Proof. Let ψA be a horizontal lift of Â and, by Proposition A.104, ψB the induced

horizontal lift of B̂. We define a splitting sA of the core sequence (A.22) by

sA(a, b) := ψB(b)(a) , (A.111)
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for all (a, b) ∈ (qA)∗B. To check that sA is a splitting of (A.22) notice that

qA(sA(a, b)) = qA(ψB(b)(a)) = a (A.112)

and

qB(sA(a, b)) = qB(ψB(b)(a)) = b . (A.113)

Hence (qA, qB) ◦ sA = 1(qA)∗B. Moreover sA satisfies (A.38) because of the linearity

of ψB(b). Therefore, by Proposition A.35, ψA induces a decomposition of D.

Conversely, let Θ: D → A ⊕ B ⊕ C be a decomposition of D. By Proposition

A.35, there is a splitting s : (qA)∗B → DA that satisfies (A.38). Then define the

map ψB : B → B̂ by

ψB(b)(a) : s(a, b) , (A.114)

for all (a, b) ∈ : (qA)∗B. Notice that, since (qA, qB) ◦ s = 1(qA)∗B, ψB satisfies

qA(ψB(b)(a)) = a (A.115)

and

qB(ψB(b)(a)) = b . (A.116)

ψB is a vector bundle morphism because Θ is a DVB isomorphism, i.e.

ψB(b)(a1 + a2) = s(a1 + a2, b) = s(a1, b) +B s(a2, b) = ψB(b)(a1) +B ψB(b)(a2) .

(A.117)

Lastly, it must be checked that ψ is a splitting of the linear sequence. Thus

pB(ψB(b)) = qB(ψB(b)(a)) = qB(s(a, b)) = b , (A.118)

for all (a, b) ∈ (qA)∗B, i.e. pB ◦ ψB = 1B. Hence ψB is a horizontal lift of B̂.

Remark A.119. Proposition A.110 gives another way to prove that decompositions

of a double vector bundle always exist.

Remark A.120. Let (D;A,B;Q)C be a double vector bundle and consider its dual
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bundle (D∗A;A,C∗;Q)B∗ . The linear sequence induced by Γlin((D
∗
A)C∗) is given by

0 −→ Hom(C∗, B∗) −→ Â∗ −→ A −→ 0 . (A.121)

Similarly the linear sequence associated with Γlin((D
∗
A)A) is

0 −→ Hom(A,B∗) −→ Ĉ∗ −→ C∗ −→ 0 . (A.122)

The isomorphism h : Â∗ → A⊕ Hom(C∗, B∗) is given by

h(ζ) = (a, πB∗ ◦ ζ) , (A.123)

for all ζ ∈ Â∗ q = Hom(C∗q , (D
∗
A)a) with qA(a) = q. Its inverse map can be written in

terms of any decomposition Θ: D → A⊕B ⊕ C by

h−1(a, ζ̄)(γ) = Θ∗A(a, ζ̄(γ), γ) , (A.124)

for all (a, ζ̄) ∈ Aq ⊕ Hom(C∗q , B
∗
q ) and γ ∈ C∗q . This isomorphism, together with

k : Â→ A⊕Hom(B,C) discussed in Remark A.98, yields the isomorphism of linear

sequences T : Â→ Â∗ defined by

T := h−1 ◦ t ◦ k , (A.125)

where t : A⊕ Hom(B,C)→ A⊕ Hom(C∗, B∗) is given by

t(a, σ̄) := (a,−σ̄∗) . (A.126)

Remark A.127. Morphisms of linear bundles can be used to characterise DVB

morphisms. Let (D1;A1, B;Q)C1 and (D2;A2, B;Q)C2 be double vector bundles

with a common side bundle and Φ: D1 → D2 a DVB morphism such that ϕB = 1B.

Then Φ induces a vector bundle morphism Φ̂B : Â1 → Â2 covering ϕQ : Q → Q

given by

Φ̂B(σ) := Φ ◦ σ , (A.128)

for all σ ∈ Hom(Bq, Da) such that qB ◦σ = 1Bq . Conversely any pair of vector bundle
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morphisms ϕC : C1 → C2, ϕÂ : Â1 → Â2 satisfying the compatibility condition

ϕÂ(σ̄) = ϕC ◦ σ̄ ∈ Hom(B,C2) ⊂ Â2 , (A.129)

for all σ̄ ∈ Hom(B,C1), determines a unique DVB morphism Φ: D1 → D2 such that

ϕB = 1B, Φ
∣∣
C1

= ϕC and Φ̂B = ϕÂ.

A.3 Core Sections

Definition A.130. Let (D;A,B;Q)C be a double vector bundle. A core section of

DB is an element c̃B ∈ Γ(DB) such that

c̃B := i ◦ c ◦ qB +A 0B , (A.131)

where i : C → D is the inclusion map and c ∈ Γ(C) is a section of the core bundle

C. The space of core sections of DB is denoted by Γcore(DB).

Similarly a core section of DA is given by

c̃A := i ◦ c ◦ qA +B 0A . (A.132)

The space of core sections of DA is denoted by Γcore(DA).

Remark A.133. The spaces of core sections Γcore(DA) and Γcore(DB) are C∞(Q)-

modules. In particular they are both isomorphic to the C∞(Q)-module Γ(C).

Remark A.134. Let Φ: (D1;A1, B;Q)C1 → (D2;A2, B;Q)C2 a DVB morphism

such that ϕB = 1B. Since Φ(C1) ⊆ C2, its extension to sections c ∈ Γ(C1) is such

that Φ(c) ∈ Γ(C2). Hence

Φ(c̃B) = Φ ◦ i ◦ c ◦ q2B +A2 02B , (A.135)

i.e. Φ(c̃B) is the core section of (D2)B corresponding to Φ ◦ i ◦ c ∈ Γ(C2). Therefore

Φ(Γcore((D1)B)) ⊂ Γcore((D2)B).

The properties of core sections allow to determine completely a DVB morphism

which preserves a common side bundle by its action on linear and core sections.
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Proposition A.136. Let Φ: (D1;A1, B;Q)C1 → (D2;A2, B;Q)C2 a DVB morphism

such that ϕB = 1B. Then there exist the maps Φ̃lin : Γlin((D1)B)→ Γlin((D2)B) and

Φ̃core : Γcore((D1)B) → Γcore((D2)B) completely determining Φ, i.e. for any d ∈ D

there are l ∈ Γlin((D1)B) and c̃B ∈ Γcore((D1)B) such that

Φ(d) = Φ̃lin(l )(qB(d)) +B Φ̃core(c̃B)(qB(d)) . (A.137)

Proof. Given Φ, the existence of Φ̃lin and Φ̃core is guaranteed by Remarks A.127

and A.134. Conversely choose a decomposition Θ: D → A ⊕ B ⊕ C such that

Θ(d) = (a, b, c). Suppose b 6= 0, then there exist σ̄ ∈ Γ(Hom(B,C)) such that

σ̄(q)(b) = c and a ∈ Γ(A) such that a(q) = a. Then by Proposition A.86, there exists

l ∈ Γlin(DB) such that

l = (a, σ̄) ∈ Γ(A⊕ Hom(B,C)) (A.138)

with l (b) = (a(q), b, σ̄(q)(b)) = Θ(d). Thus

Φ(d) = Φ(l (qB(d))) = Φ̃lin(l )(qB(d)) . (A.139)

If b = qB(d) = 0, i.e. d ∈ KerqB, choose c ∈ Γ(C) such that c(q) = c and consider

its associated core section

c̃B = 0B +A c ◦ qB . (A.140)

Then, by setting l = (a, 0) ∈ Γ(A⊕ Hom(B,C)), it follows that

l (qB(d)) +B c̃B(qB(d)) = (a, 0, c) = Θ(d) . (A.141)

Therefore

Φ(d) = Φ(l (qB(d))) +B c̃B(qB(d)) = Φ̃lin(l )(qB(d)) +B Φ̃core(c̃B)(qB(d)) . (A.142)

Linear and core sections are characterised as follows.

Lemma A.143. A section l ∈ Γ(DA) is linear if and only if

211



Appendix A: Double Vector Bundles

1. 〈l , s〉A is a fibre-wise linear function, for all s ∈ Γlin(D
∗
A),

2. 〈l , γ̃〉A is a fibre-wise constant function, for all γ̃ ∈ Γcore(D
∗
A).

A section c̃A ∈ Γ(DA) is core if and only if

1. 〈c̃A, s〉A is a fibre-wise constant function, for all s ∈ Γlin(D
∗
A),

2. 〈c̃A, γ̃〉A = 0, for all γ̃ ∈ Γcore(D
∗
A).

A similar statement holds for sections of DB.

In particular linear sections can be described similarly to DVB morphisms pre-

serving one of the side bundles, as discussed in Remark A.127.

Proposition A.144. There is a one-to-one correspondence between linear sections

in Γlin(D
∗
B) and pairs of linear maps fÂ : Â→ B∗, fC : C → R such that

fÂ(σ̄) = fC ◦ σ̄ , (A.145)

for all σ̄ ∈ Hom(B,C).

Proof. For any s ∈ Γlin(D
∗
B) the functions fÂ and fC are defined, by using Lemma

A.143, by

fÂ(σ) := 〈σ, s〉B , (A.146)

for all σ ∈ Â ' A⊕ Hom(B,C), and

fC(c) := 〈c̃, s〉B , (A.147)

for all c ∈ C, with c̃ corresponding element of c in D. The compatibility condition

is verified by considering σ̄ ∈ Hom(B,C) corresponding to β ⊗ c ∈ B∗ ⊗ C. Then

fÂ(σ̄) = 〈β ⊗ c̃, s〉B = 〈c̃, s〉Bβ = fC(c)β = fC ◦ σ̄ . (A.148)

Conversely suppose that fÂ and fC are linear maps satisfying the condition (A.145).

Notice that for all d ∈ D such that d /∈ Ker(qB), there exists σ ∈ Â such that
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σ(b) = d, for some non-zero b ∈ B. Define λ(b) ∈ (D∗B)b by

〈λ(b), d〉B := fÂ(σ)(b) . (A.149)

On the other hand, for any d ∈ Ker(qB), d = (a, c) ∈ A⊕ C and define

〈λ(0B(q)), (a, c)〉B := fC(c) . (A.150)

Hence this is a linear map λ : B → D. It remains to be checked that it is well-defined.

If there is σ1 ∈ Â such that σ1(b) = σ(b) = d, then qA((σ−σ1)(b)) = qA(d−B d) = 0,

hence qA(σ(b)) = qA(σ1(b)). The compatibility condition yields that σ̄ = σ − σ1 ∈

Hom(B,C) and σ̄(b) = 0. Therefore

fÂ(σ)(b)− fÂ(σ1)(b) = fÂ(σ − σ1)(b) = fÂ(σ̄)(b) = 0 . (A.151)

Hence λ is a linear section of D∗B because it satisfies the conditions of Lemma

A.143.

A.4 Double Vector Sequences

Double linear functions on a double vector bundle are introduced together with their

properties. In particular, it can be seen that the space of double linear functions is

a vector bundle that characterises the double vector bundle.

Definition A.152. Let (D;A,B;Q)C be a double vector bundle. A function µ ∈

C∞(D) is called double linear if it is linear with respect to both vector bundle

structures on D, i.e.

µ(d1 +A d2) = µ(d1) + µ(d2) , (A.153)

for all d1, d2 ∈ D such that qA(d1) = qA(d2), and

µ(d3 +B d4) = µ(d3) + µ(d4) , (A.154)

for all d3, d4 ∈ D such that qB(d3) = qB(d4). The set of double linear functions is

denoted by C∞lin(D).
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Remark A.155. The space C∞lin(D) admits a vector bundle structure over Q, called

the double linear bundle of D, with fibres given by

C∞lin(D)q = {µ|Dq : µ ∈ C∞lin(D)} , (A.156)

for all q ∈ Q, where Dq is the slice of D over q. It can be shown that there is the

following short exact sequence of vector bundles over Q

0 −→ A∗ ⊗B∗ −→ C∞lin(D) −→ C∗ −→ 0 (A.157)

and that C∞lin(D) is isomorphic to both linear bundles Ĉ∗A and Ĉ∗B of D∗A and D∗B

respectively. See [47] for the proof of each statement.

In order to understand how the double linear bundle C∞lin(D) characterises the

double vector bundle D, the following notion must be introduced.

Definition A.158. A double vector sequence is a short exact sequence of vector

bundles over Q taking the form

0 −→ C
i−−→ E

p−−→ A⊗B −→ 0 . (A.159)

A double vector sequence is denoted by (E
p−→ A⊗ B;Q)C . A and B are called the

side bundles and C is the core bundle.

Definition A.160. A DVS morphism

(Φ;ϕA, ϕB;ϕQ) : (E1
p1−→ A1 ⊗B1;Q1)C1 → (E2

p2−→ A2 ⊗B2;Q)C2 (A.161)

is a triple of vector bundle morphisms Φ: E1 → E2, ϕA : A1 → A2 and ϕB : B1 → B2

all covering ϕQ : Q1 → Q2 such that the diagram

E1 A1 ⊗B1

E2 A2 ⊗B2

p1

Φ ϕA⊗ϕB

p2

(A.162)

commutes.
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Remark A.163. It follows from Definition A.160 that the restriction ϕC := Φ◦i1 =

Φ|C1 is a vector bundle morphism ϕC : C1 → C2 covering ϕQ.

One of the main results concerning double vector sequences is the construction

from it of a double vector bundle.

Proposition A.164. Let (E
p−→ A⊗B;Q)C be a double vector sequence. Then its

associated double vector bundle D(E) is given by

D(E) = {(e, a, b) ∈ E ⊕ A⊕B | p(e) = a⊗ b} (A.165)

with surjective submersions qA(e, a, b) = a and qB(e, a, b) = b.

Proof. It must be shown that D(E) → A is a vector bundle. In order to do this,

consider the vector bundle

(qA)∗(A⊗B) = {(a, a⊗ b) ∈ A× A⊗B | q̃(a⊗ b) = qA(a)} (A.166)

where q̃ : A ⊗ B → Q is the standard vector bundle projection arising from the

tensor product of vector bundles, and define the map p̃ : E⊕A⊕B → (qA)∗(A⊗B)

by

p̃(e, a, b) := (a, p− a⊗ b) . (A.167)

Notice that p̃ is a vector bundle morphism covering 1A, because

p̃((e1, a, b1) +A (e2, a, b2)) =p̃(e1 + e2, a, b1 + b2)

=(a, p(e1 + e2)− a⊗ (b1 + b2)) (A.168)

=(a, p(e1)− a⊗ b1) +A (a, p(e2)− a⊗ b2)

=p̃(e1, a, b1) +A p̃(e2, a, b2) .

Thus Ker(p̃) = D(E) which is a vector bundle over A. It can be shown in a similar

fashion that D(E) also admits a vector bundle structure over B. The compatibility

of the maps qA and qB with both addition operations and the interchange law are

straightforward. In other words, (D(E);A,B;Q) is a double vector bundle. Its core
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bundle is given by C because (e, a, b) ∈ Ker(qA) ∩ Ker(qB) if and only if (e, a, b) =

(e, 0, 0), which happens if and only if e = i(c), for any c ∈ C.

It is now possible to discuss the relation between double vector sequences and

double linear bundles. Recall that the double linear bundle C∞lin(D) gives rise to the

short exact sequence (A.157). The dual short exact sequence is given by

0 −→ C −→ C∞lin(D)∗ −→ A⊗B −→ 0 (A.169)

which clearly is a double vector sequence (C∞lin(D)∗ → A ⊗ B;Q)C . Thus the fol-

lowing result holds.

Proposition A.170. Let (E
p−→ A ⊗ B;Q)C be a double vector sequence. Then

there is a canonical isomorphism

(C∞lin(D(E))∗ → A⊗B;Q)C ' (E
p−→ A⊗B;Q)C . (A.171)

Conversely, given a double vector bundle (D;A,B;Q)C , there is an isomorphism

D(C∞lin(D)∗) ' D.

The proof of this proposition is a consequence of Proposition A.164 and can be

found in [47].

Propositions A.164 and A.170 yield an important result concerning the recon-

struction of a double vector bundle from its linear sequence.

Proposition A.172. Let

0 −→ Hom(B,C) −→ Â −→ A −→ 0 (A.173)

be a short exact sequence of vector bundles over Q. Then there is a unique (up to

isomorphisms) double vector bundle (D(Â);A,B;Q) such that Γlin(D(Â)) = Γ(Â).

Proof. The dual short exact sequence of (A.173) is

0 −→ A∗ −→ Â∗ −→ B ⊗ C∗ −→ 0 (A.174)

which is a double vector sequence. By Proposition A.164, the induced double

vector bundle is given by (D(Â)∗;B,C∗;Q)A∗ . It follows from Proposition A.170
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that Â∗ ' C∞lin(D(Â∗))∗, hence Â ' C∞lin(D(Â∗)). Thus Remark A.155 yields that

Γlin(D(Â∗)B) ' Γ(C∞lin(D(Â∗))) ' Γ(Â).

Remark A.175. Propositions A.164 and A.170 yield that the category of double

vector sequences and the category of double vector bundles are equivalent.
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