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Abstract

Femtosecond pulses in the deep ultraviolet region (DUV, 200-400 nm) are in high
demand for time-resolved studies in several fields of research such as quantum chem-
istry (UV photoelectron spectroscopy), material sciences (lithography in semiconduc-
tors, polymers) and biology (protein analysis, DNA sequencing, cell imaging). When
combined with external polarization control, they can provide excellent tools for chiral
molecule analysis and ultrafast magnetism studies.

A well-established route for the generation of linearly polarized pulses in the DUV has
been via frequency up-conversion in bulk materials such as nonlinear crystals or gases.
However, the former suffer from limited transmission range, narrow phase-matching band-
widths and low intensity damage thresholds while the latter require high-peak power and
provide low frequency up-conversion efficiencies. For circularly polarized pulses in the
DUV, an additional stage for polarization conversion is required, commonly implemented
by using phase retarders in the ultraviolet. This induces unwanted dispersion that com-
promises ultra-short duration and achromatic phase retardation.

This thesis focuses on the experimental generation of high-energy, ultrashort DUV
pulses with controlled polarization using two alternative frequency up-conversion tech-
niques in hollow capillary fibres; four-wave mixing and resonant dispersive wave emis-
sion. Using the first technique, record-breaking energy conversion efficiency up to 50%
and large spectral bandwidths in the DUV with high pulse energy are demonstrated with
linear polarization. This scheme is then extended to achieve direct generation of DUV
pulses with circular polarization without the need for dispersive optics in the UV. Using
resonant dispersive wave emission, high energy, circularly polarized pulses tunable across
the DUV are generated when driven by circularly polarized 800 nm pulses.

These studies allow to experimentally verify the polarization-induced dynamics with
respect to fundamental science such as the angular momentum conservation and the en-
ergy scaling of nonlinearity. Although this work is focused on DUV generation, the same
techniques can be applied to other spectral regions such as the vacuum-ultraviolet (VUV,
100-200 nm) and the mid-infrared (mid-IR, 3-8 µm) by proper selection of the driving
frequencies, and can be scaled up in output energy using larger fibre systems.
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1. Motivation

Nonlinear optics is a broad field in physics and engineering with many applications
such as the modification of optical pulses (pulse and spectral shaping), optical amplifi-
cation in communications systems or nonlinear oscillators, and for optical switches or
transistors. It is also used for the creation of light sources at wavelengths unavailable
directly from commercial lasers. The well-established laser technology [1, 2] in the near-
infrared (near-IR, 750-1400 nm) provides an excellent platform to reach other spectral
regions and the foundation for the work presented in this thesis.

The development of pulsed lasers has also provided the temporal resolution required
to probe atomic and molecular dynamics in the femtosecond regime (1 fs=10−15s). This
is achieved using the pump-probe technique [3], where the pump photons excite the
molecule under consideration and the probe photons sample the excitation output us-
ing a controlled relative delay. The measured output quantity varies depending on the
spectroscopic tool used for excitation, with transient absorption spectroscopy requiring
the use of ultrafast pump pulses in various spectral regions, including the ultraviolet (UV,
100-400 nm). Absorbing resonances are very common in organic compounds across the
UV [4], and ultrashort UV pulses have been used to study the excited state dynamics in
DNA components [5] and organic polymers [6].

Certain molecular structures used in chemistry and biology studies are chiral, whereby
non-superimposable mirror images of themselves exist (similar to the human hand). These
structures exhibit the same physical and chemical properties unless they interact with a
chiral pump, such as circularly polarized light. In that case, the chiral molecules will
produce different absorption spectra upon excitation with circularly polarized pulses of
opposite handedness (right or left) [7]. In addition, many biological samples exhibit broad
spectral features (> 10 nm) that can be readily mapped with large spectral bandwidths of
UV light [8]. Thus, ultrafast and broadband circularly polarized pulses in the UV can pro-
vide a sensitive detection tool for time-resolved chirality changes in photochemistry [9],
and applications in plasmonics [10].
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Motivation

Ultrafast ultraviolet pulses with high beam quality and energy (tens of µJ) can also be
used for surface micro-machining [11] due to the higher spatial resolution compared to
longer wavelengths. The ultrashort pulse durations allow for precise ablation in short time
frames with minimum thermal effects [12], paving the way for nano-machining applica-
tions [13]. Similar pulse energy requirements in the DUV are very efficient in molec-
ular cross-linking [14]. When combined with external control over their polarization
state, these pulses can be used to drive circular HHG and generate attosecond waveforms
with selective polarization handedness [15] or to induce magnetic fields in ring-shaped
molecules [16].

The above-mentioned applications highlight the importance of building table-top light
sources that fulfill certain conditions; offering ultra-short pulse duration for temporal res-
olution, emitting tunable and/or broadband spectral output in the UV to excite the corre-
sponding molecular transition, and allowing for controlled switching between linear and
circular polarization to probe chiral properties. In addition, high power and efficient fre-
quency conversion are key aspects in contemporary laser source engineering. The goal
of this work is to generate such pulses in the deep ultraviolet (DUV, 200-400 nm) by up-
converting the laser frequency and to identify routes for extension to shorter wavelengths
such as the vacuum ultraviolet (VUV, 100-200 nm).

The most conventional tool to achieve frequency up-conversion of a near-IR laser
pulse to the DUV is a cascading process requiring second harmonic generation (SHG)
in a nonlinear crystal followed by phase-matched sum frequency generation (SFG) be-
tween the second harmonic and the fundamental in a separate nonlinear crystal to obtain
third harmonic generation (THG). A similarly cascading process using beta barium borate
(BBO) crystals has been demonstrated to generate 180 fs pulses at the fourth harmonic
(200 nm) of 150 fs Ti:Sapphire laser pulses centered at 800 nm in [17] with second, third
and fourth harmonic energy conversion efficiency of 28%, 6% and 1.5% relative to the
fundamental frequency, respectively. Direct THG from 1050 nm, combining contribu-
tions from the second- and third order susceptibility, was reported in [18] using a single
BBO crystal with 6% conversion efficiency to 350 nm. The third order THG can be
isolated using centrosymmetric crystals (α-BBO), producing narrow-band 37 µJ pulses at
266 nm with 2.5% conversion efficiency from the fundamental 800 nm, 120 fs pulses [19].

The extension of these approaches to the sub-20 fs regime is limited by the sensi-
tivity of bulk crystals to optical damage and the high group-velocity mismatch induced
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by the severe dispersion in the UV spectral range for transparent media. In addition, the
broad spectrum of ultrashort pulses requires thin crystals for achromatic phase-matching,
thus limiting the energy conversion efficiency. Achromatic phase-matching can also be
achieved if a broadband input pulse is angularly dispersed and re-collimated before and
after harmonic generation by appropriate double-prism configurations [20] resulting in
broadband (44 nm) DUV generation [21].

The use of a noncollinear optical parametric amplifier (NOPA) pumped by a Ti:Sapphire
laser [22] allows for pumping the nonlinear crystal at visible frequencies so that tunable
DUV generation occurs through SHG. When combined with chirp compensation systems,
sub-10 fs UV pulses can be generated with high conversion efficiency (20%), but low
DUV energy (250 nJ) [23]. Using similar techniques, pulse energies in the micro-joule
level and sub-20 fs pulse durations have been achieved for the spectral range between
250-310 nm with conversion efficiency up to 5% [24] and for 300-400 nm using SFG
techniques with NOPA inputs [25].

A different route towards slightly tunable DUV generation (255-275 nm) with sub-
20 fs pulse duration in bulk crystals is using noncollinear FWM between the fundamental
IR pulse (signal) and its second harmonic (pump). This was demonstrated in SiO2 [26]
and CaF2 plates [27] with DUV pulse energies around 5 µJ and pump-to-idler energy con-
version efficiency at 4%. Despite the progress in achieving achromatic phase-matching
and sub-20 fs pulse duration in bulk crystals, the complexity of the experimental setup
and the low pulse energies provide inherent limitations.

The use of gas media has been thoroughly investigated as an alternative to solid bulk
media due to their negligible dispersion in the UV spectral region. In the simplest ex-
perimental layout, third harmonic generation occurs by focusing the laser beam directly
into a gas cell filled with gas [28]. Initial demonstrations in the sub-20 fs regime were re-
ported for the generation of 16 fs pulses at 266 nm in air with 0.1% conversion efficiency
through direct THG [29]. Using few-cycle NIR driving pulses in neon targets, generation
of polarization-controlled 3.7 fs DUV pulses was reported with low efficiency (0.6%)
[30], later improved to sub-3 fs pulse duration [31]. The pulse duration limit was further
pushed to 2 fs with 160 nJ energy in the DUV using argon and laser-fabricated gas cells
in [32] with very low conversion efficiency (0.001%). The transparency of gaseous media
in shorter wavelengths allows generation in the vacuum and extreme ultraviolet (XUV,
10-100 nm) spectral regions by means of four wave mixing (FWM) in argon [33–36] with
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pulse energies up to 2.5 µJ and sub-50 fs duration at 160 nm [35]. In this geometry, pulses
at 266 nm with 220 µJ were generated in a tripling stage with 11% conversion efficiency
and were used to pump FWM with 0.01% pump-to-idler (fifth harmonic, 160 nm) energy
conversion.

The low nonlinear susceptibility of gaseous media stimulating weak nonlinear re-
sponse requires long interaction lengths to achieve efficient frequency up-conversion and
high output energy. The most common geometries that can provide long interaction
lengths are filaments and optical fibres. Through filamentation, idler pulses at 266 nm
with 20 µJ pulse energy and at 200 nm with 2 µJ were generated via cascading FWM
of fundamental (800 nm, 25 fs) and second harmonic (400 nm, 30 fs) in neon [37]. The
266 nm pulse were estimated at 12 fs duration, with 4% energy conversion efficiency from
the second harmonic. Pulse energies above 300 µJ at 268 nm and sub-20 fs durations were
reported by spectrally broadening a 900 µJ THG signal in an argon filament followed by a
prism compressor, with two BBO crystals generating the THG signal from a 7 mJ, 135 fs
near-IR input [38].

The alternative geometry for long interaction lengths is provided by optical fibres
which exhibit unique properties for light propagation that are not present in free space
and bulk media. The most fundamental aspect is that the spatial structure of light is re-
stricted to a set of fibre modes, often just a single mode. This greatly simplifies analysis
and numerical modelling, whilst delivering a key criterion of an effective light source:
high quality of the mode profile. Another unique feature is the diversity in fibre en-
gineering that allows different guiding mechanisms and filling materials in the case of
hollow waveguides. The latter delivers inherent tunability in the dispersion of the prop-
agating light pulses which can become important for the stimulation of many nonlinear
effects. Fibres can also allow for polarization-maintaining propagation of light and are
very commonly-used for the enhancement of weak nonlinear effects, owing to the high
intensity length profiles when tightly-focused guidance occurs. This becomes challenging
in bulk media where the interaction length is usually much shorter.

In nonlinear fibre optics, it is more common to use hollow-core photonic crystal fibres
(PCFs) or hollow-core capillary fibres (HCFs). The former are waveguides with geo-
metrical structures and usually small core sizes, mainly used in low-power experiments,
while the latter are essentially bore tubes, with larger core-sizes and high damage thresh-
olds, thus mostly used in high-power experimental regimes. Both types of fibres allow for
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gas or liquid filling enabling the manifestation of a wide palette of nonlinear phenomena.
In this work, gas-filled HCFs are used in all experiments to generate bright, ultrashort
DUV pulses with controlled polarization via FWM and resonant dispersive wave (RDW)
emission.

The use of FWM in gas-filled HCFs was first reported by Durfee et al. [39] in 1997
testing Krypton and Argon in HCFs with 130-150 µm inner diameter and various lengths
(30–60 cm). They generated idler pulses at 270 nm with energies up to 4 µJ and 13%
energy conversion efficiency relative to the second harmonic pump. This was later im-
proved to 10 µJ pulse energy at 270 nm with 20% conversion efficiency, and the DUV
pulses were subsequently compressed to 8 fs with a grating pair [40]. In 2001, the same
group reported an extension of this technique to the VUV, by generating pulses at 160-
200 nm via cascading FWM in HCFs. The conversion efficiency of the DUV idler was
30-40% with energy up to 10 µJ at the output of a 125 µm inner diameter, 80 cm long
argon-filled HCF [41]. In 2005 [42], the generation of 8.5 µJ pulses at 266 nm was re-
ported with 13% pump-to-idler conversion efficiency using FWM in 30 cm long, 75 µm
diameter argon-filled HCF. During this thesis, Belli et al. [43] reported 38% pump-to-idler
conversion efficiency via FWM in a gas-filled PCF with spectral bandwidths supporting
sub-15 fs pulse durations and sub-µJ output energy in the DUV.

One of the main objectives in the work performed for this thesis was to create a FWM-
based source of higher DUV pulse energy (tens of µJ), whilst demonstrating similar or
higher energy conversion efficiency compared to that reported in the literature for FWM-
based experiments. The corresponding experimental work is presented in chapter 4. This
work also inspired the extension of this technique to the circular polarization regime so
that bright, polarization-controlled pulses in the DUV are generated directly, without the
need for polarization conversion in the UV. This experimental work is presented in chap-
ter 5.

A different technique used for frequency up-conversion in this thesis, based on soliton-
induced dynamics, is resonant dispersive wave (RDW) emission. Its physical origin is
discussed in section 6.1 and it is a product of optical soliton effects. RDW emission
was introduced as an efficient up-conversion technique for spectrally tunable pulses by a
numerical analysis in PCF predicting 20% conversion efficiency to the VUV/DUV (120-
350 nm) with pulse energy of a few tens of µJ and sub-10 fs pulse duration [44]. Ini-
tial experimental demonstration was performed in an argon-filled PCF [45] with tunable
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DUV pulses (200-320 nm) generated with 8% conversion efficiency. Extension to the
VUV spectral region was reported in PCF with noble gases (Ar [46], He [47]) and hydro-
gen [48] with pulse energies below 100 nJ and maximum VUV conversion efficiency of
6% at 182 nm [48]. To increase the generated DUV energy to the µJ level, laser systems
with MHz repetition rates were used together with gas-filled PCF stages [49]. Temporal
resolutions have been measured at 3-4 fs using the XFROG geometry for broadband DUV
pulses generated in PCF [50] and HCF [51].

The extension of soliton dynamics in gas-filled capillary fibres provided for the en-
ergy up-scaling of the up-converted pulses together with landmark compression of the
driving 10 fs pulses to sub-fs pulse duration, as demonstrated in Travers et al. [52] during
this thesis. The up-converted pulses were tunable across the vacuum and deep UV (110-
400 nm) with high output energy (up to 16 µJ). This work pioneered further exploration
of soliton-induced dynamics using pressure gradient configurations [53], compact HCF
setups [54] and drivers centered deeper into the infrared (1.8 µm) [55]. It also inspired
work performed for this thesis for the extension of this technique to the circular polar-
ization regime in order to show the direct generation of tunable, ultrashort and circularly
polarized UV pulses. This work has also provided the opportunity to study and compare
the scaling of soliton effects with polarization and it is presented in chapter 6.

This thesis is structured as follows. Chapter 2 provides a general background to light
propagation in free space and in fibres. The key experimental methods are described
in chapter 3. Chapters 4 and 5 present experimental results, obtained using frequency
up-conversion via four-wave mixing with linear and circular polarization, respectively.
In chapter 6, experimental results are shown using resonant dispersive wave emission to
convert the frequency of circularly polarized input pulses and produce tunable light across
the ultraviolet with circular polarization. Finally, an overview of the experimental work
and future outlook is proposed in chapter 7.
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2. General background

In this chapter, a brief overview of the theoretical framework describing pulses of light
(section 2.1) and the properties of free space light propagation under linear (section 2.2)
and nonlinear (section 2.3) conditions is presented. Section 2.4 describes the propagation
of ultrashort pulses in waveguides including the case of arbitrary polarized input pulses.

2.1 The wave equation

Light in the form of ultrashort laser pulses is described, as every electromagnetic wave,
by a set of differential equations, the Maxwell equations. In the International System of
Units (SI), Maxwell’s equations are [56]

∇ × E = −∂B
∂t
, (2.1.1)

∇ ×H = J +
∂D
∂t
, (2.1.2)

∇ · D = ρ f , (2.1.3)

∇ · B = 0, (2.1.4)

where E and H are the electric and magnetic field vectors, D and B are the corresponding
electric and magnetic flux densities and ∇ is the gradient operator, defined in terms of
partial derivative operators, with ∇ = ∂

∂x + ∂
∂y + ∂

∂z for cartesian coordinates. J and ρ f are
the current and charge densities, which are absent in the case of dielectric media, such
that J = ρ f = 0. Here and for the rest of the thesis, all bold characters denote vectors.

The relation between the flux densities (D and B) and the fields (E and H) is given by

D = ε0E + P, (2.1.5)

7



2.1. The wave equation General background

B = µ0H + M, (2.1.6)

where ε0 is the vacuum permittivity, µ0 is the vacuum permeability, and P and M are
the induced electric and magnetic polarizations, with M = 0 for non-magnetic materials.
Taking the curl of eq. 2.1.1 and using equations 2.1.2, 2.1.5 and 2.1.6 we can write 1

∇2E − 1
c2

∂2E
∂t2 = µ0

∂2P
∂t2 , (2.1.7)

where c is the speed of light in vacuum with µ0ε0 = 1/c2. This is the well-known electro-
magnetic wave equation and provides the basic platform to describe light-matter interac-
tions. In fact, it relates the electric field applied to a medium with the medium response
expressed via the induced polarization term. The induced polarization vector is propor-
tional to the applied electric field and in the general case it can be written as

P = ε0

(
χ(1) · E + χ(2) : EE + χ(3)...EEE + · · ·

)
, (2.1.8)

where χ( j)( j = 1, 2 . . .) is the jth order electric susceptibility of the medium.
Both the electric field E and polarization P described above are functions of a spatial

coordinate r and time t, such that E = E (r, t) and P = P (r, t). The frequency domain
representation of the electric field E is given by its Fourier transform as

Ẽ (r, ω) =

∫ ∞

−∞
E (r, t) eiωtdt = F

[
E (r, t)

]
, (2.1.9)

where F denotes forward Fourier transform and the inverse Fourier transform F −1 repro-
duces the temporal field

E (r, t) =
1

2π

∫ ∞

−∞
Ẽ (r, ω) e−iωtdω = F −1

[
Ẽ (r, ω)

]
. (2.1.10)

Solutions to the wave equation (eq. 2.1.7) can be found in the form of plane waves
describing infinite plane surfaces of constant phase that are perpendicular to the direction
of propagation. Of course, plane waves do not occur in reality, but can effectively describe
the field in free-space propagation, including vacuum and/or transparent, homogeneous
media. For such solutions to occur, we need to consider a weak laser field, so that the first

1Using ∇ × ∇ × E ≡ ∇ (∇ · E) − ∇2E = −∇2E and have approximated ∇ · E = 0.
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2.1. The wave equation General background

term of the polarization equation (eq. 2.1.8), governed by χ(1), is sufficient to describe
light propagation and the intensity of the field is not high enough to probe the higher-
order susceptibility terms. The wave equation (eq. 2.1.7) then reduces to

∇2E (r, t) − n2

c2

∂2E (r, t)
∂t2 = 0, (2.1.11)

where n =
√

1 + χ(1) =
√
ε is the refractive index of the linear medium and ε is the

dielectric constant. This form of the wave equation allows for field solutions in the form
of a superposition of plane waves

E (r, t) =

∫
k
α (k) ei(k·r−ωt) + c.c., (2.1.12)

where c.c. is the complex conjugate and α (k) is the complex amplitude of the plane wave
and represents a continuous function in k-space with k the wave vector and its magnitude
in Cartesian coordinates is k = |k| =

√
k2

x + k2
y + k2

z . The wave vector k is associated
with the wavelength λ and angular frequency ω though the expressions k = 2π/λ and
k = nω/c, with k = nk0 where k0 = ω/c is the vacuum wavevector.

In the absence of spatio-temporal coupling effects, we can isolate the time-dependent
field from the spatial components to define the pulse profile E(t) and the spectral profile
Ẽ(ω), obtained as the Fourier reciprocal of the temporal field. These are expressed as

E (t) = A (t) e−i[ω0t+φ(t)] + c.c., (2.1.13)

Ẽ (ω) = Ã (ω) eiφ(ω) + c.c., (2.1.14)

where A(t) and Ã (ω) are the temporal and spectral amplitudes, φ (t) and φ (ω) are the
temporal and spectral phases and ω0 is the carrier frequency. The total phase of the field
in the time domain contains information about the spectral content of the pulse via the
instantaneous frequency ω (t) defined as the negative time gradient of the total phase

ω (t) = − d
dt

[− (ω0t + φ (t))
]

= ω0 +
dφ(t)

dt
. (2.1.15)

This term describes the variation of the carrier frequency around the central frequency ω0,
so that for a constant temporal phase the instantaneous equals the carrier frequency.
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2.1. The wave equation General background

In the frequency domain, the spectral phase is commonly approximated with a Taylor
expansion around the central frequency ω0 as

φ (ω) =
∑
m≥0

1
m!

∂mφ (ω)
∂ωm

∣∣∣∣∣
ω0

[ω − ω0]m =
∑
m≥0

φm (ω0)
m!

[ω − ω0]m

= φ0 + φ1 (ω0) (ω − ω0) +
φ2 (ω0)

2
(ω − ω0)2 +

φ3 (ω0)
6

(ω − ω0)3 + · · · ,
(2.1.16)

where the mth-order phase terms are defined as φm(ω) ≡ ∂m
ωφ(ω) atω0. The zero order term

φ0 (ω0) is a constant offset which does not change the temporal field. The first order term
φ1 (ω0) is the group delay (GD), which simply adds a delay on the field without changing
its shape. The second order term φ2 (ω0) is the group delay dispersion (GDD), which
is the derivative of the group delay φ1 (ω0) with respect to frequency. In the presence
of GDD a frequency-dependent delay is introduced to the different spectral components
resulting to a time-dependent instantaneous frequency, a phenomenon known as chirp.
Pulse chirping is induced by all orders of dispersion above m = 2, including the m = 3
term known as third order dispersion (TOD), causing pulse stretching in the time domain.

A Fourier transform-limited (FTL) pulse is the shortest pulse obtainable for a given
spectral content, with zero chirp. The temporal duration of the pulse corresponds to a
width factor in the temporal evolution of the optical power. The optical power is the
modulus square of the temporal amplitude A(t) so that for a gaussian pulse

|A (t) |2 = A2
0 exp

{−t2

τ2
0

}
, (2.1.17)

where A0 is an amplitude constant and τ0 is the 1/e pulse width. In this thesis, the pulse
width is expressed via the full width at half maximum (FWHM) which for Gaussian pulses
relates to τ0 as

τFWHM = 2
√

ln 2τ0 = 1.665τ0. (2.1.18)

The relation between the spectral bandwidth (ωFWHM) and temporal width (τFWHM) is
expressed via the time-bandwidth product which is indicative of the pulse proximity to its
transform-limited shape and for a Gaussian pulse it is defined as

ωFWHMτFWHM ≥ 0.441. (2.1.19)
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2.2. Dispersion General background

2.2 Dispersion

Since the linear medium response to the field excitation is described by the first-order
induced polarization term, in the frequency domain it is

P (ω) = ε0χ
(1) (ω) Ẽ (ω) , (2.2.1)

where χ(1) (ω) = n2 (ω) − 1. Here, the frequency dependence of the susceptibility and
refractive index of the medium is introduced, which was neglected in the derivation of
the wave equation 2.1.7, and is responsible for the linear propagation effect known as
dispersion.

Assuming a linearly polarized laser field with the direction of propagation of the plane
waves (2.1.12) coinciding with the z axis, we can decompose the field into its transverse
Ẽ(x, y) and longitudinal components Ẽ(z), so that the axial field propagation through a
medium of thickness L in the frequency domain is expressed as

Ẽ (L, ω) = Ẽ (0, ω) eikzL = Ẽ (0, ω) eiωc n(ω)L, (2.2.2)

where Ẽ (0, ω) is the axial field at z = 0. This shows that propagation through linear
elements only imposes phase shifts related to the z component of the wave vector kz,
without changing the spectral content of the pulse.

A common notation for the axial wavevector kz is the propagation constant β(ω) which
can be approximated in a Taylor series around ω0, similarly to the spectral phase φ(ω)
such that

β (ω) =
∑
m≥0

βm (ω0)
m!

[ω − ω0]m

= β0 + β1 (ω0) (ω − ω0) +
β2 (ω0)

2
(ω − ω0)2 +

β3 (ω0)
6

(ω − ω0)3 + · · · .
(2.2.3)

Several interesting physical terms are associated with the propagation constant coeffi-
cients. While the zero-order term only describes a phase shift, the β1 (ω0) coefficient is
the group delay per unit length related to the group velocity ug = β−1

1 which describes the
speed of the whole wavepacket (envelope) consisting of many monochromatic sinusoidal
waves. The speed at which a given frequency component ω moves is given by the phase
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Figure 2.1: (a) Temporal field envelope, (b) temporal phase, (c) chirp (δω) and (d) spectral
profile of a Gaussian 800 nm pulse with 15 fs FWHM duration before (blue) and after
(orange) propagating a 3 mm thick SiO2 sample.

velocity up = ω/β. The second order term β2 (ω0) is the group delay dispersion per unit
length, defined as group velocity dispersion (GVD).

The shape and magnitude of GVD is crucial in ultrafast optics and it can be catego-
rized into two regimes; the normal dispersion (β2 > 0) and the anomalous dispersion
(β2 < 0) regime. In normal dispersion, longer wavelengths (red) travel faster that shorter
wavelengths (blue), while the opposite occurs for the anomalous regime. Most optical
elements in the visible frequencies deliver normal dispersion to propagating pulses. This
causes the pulses to acquire positive chirp and stretch in the time domain.

The effect of normal dispersion is shown in fig. 2.1 for the case of a light pulse cen-
tered at 800 nm with 15 fs FWHM duration propagating a 3 mm thick SiO2 medium, with
β2 = 36.16 fs2/mm. Dispersion induces temporal broadening and a parabolic temporal
phase, resulting to a linear chirp across the pulse profile. On the other hand, the pulse
spectrum remains unaffected. Since anomalous dispersion induces opposite effects on the
propagating pulse, it can be applied to compress the stretched pulse to its original short
duration. However, to achieve anomalous dispersion special optics configurations are re-
quired, such as negative dispersive mirrors (chirped mirrors) [57, 58] and diffraction grat-
ings [59]. Chirped mirrors induce anomalous dispersion by allowing spectral components
to travel uneven distances inside their coatings and grating compressors are very com-
mon in high-power laser systems operating with the chirped pulse amplification (CPA)
technique, discussed in section 3.1. In the ultrashort regime, third order effects are also
significant and need to be considered for pulse compression, as they impose cubic phase
contributions which are manifested through the formation of pre- and post- pulses [60].
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2.3. Nonlinear effects General background

A figure of merit for the importance of dispersion in a given medium of length L is
the dispersion length LD,

LD =
τ2

0

|β2 (ω)| , (2.2.4)

where for L << LD dispersion effects become negligible. This is a useful parameter to
evaluate the dispersion when working with media with long interaction lengths, i.e. in
waveguides.

The chromatic dispersion in waveguides becomes even more important when two or
more pulses with different carrier frequencies are used at the input. One should then
consider the temporal separation of these pulses as they propagate inside the waveguide
with different speeds due to the mismatch on their group velocities (ug = β−1

1 ). This
corresponds to the group-velocity mismatch (GVM) which for the case of two pulses
centered at ω1 and ω2 is defined as the inverse of their group velocity

GVM =
1

ug1

− 1
ug2

, (2.2.5)

measured in units of seconds per meter. Group velocity mismatch can be detrimental in
nonlinear processes requiring preservation of spatio-temporal overlap between the input
pulses to occur. The length in which pulse interaction ceases to occur is called the walk-off

length

Lw =
τ0

GVM
. (2.2.6)

2.3 Nonlinear effects

The discussion in the previous section was focused on weak electric fields that do not
stimulate a nonlinear response from the medium during light-matter interaction. In this
section, the electric field is assumed strong enough so that the medium response becomes
intensity-dependent, leading to nonlinear pulse propagation. This affects the temporal,
spectral and spatial properties of light and can result to generation of new frequency com-
ponents, in contrast to linear optics which are mainly manifested though phase shifts (see
eq. 2.2.2).

When nonlinearity is included, the higher-order induced polarization terms in eq. 2.1.8
need to be taken into account, namely the second and third order terms which are propor-
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2.3. Nonlinear effects General background

tional to the second χ(2) and third χ(3) order susceptibilities, respectively. These terms
provide much weaker contribution to the net polarization compared to the linear term and
are usually treated as perturbations. Higher-order terms (χ( j), j ≥ 4) are neglected since
they are usually very weak. The second-order susceptibility χ(2), which is responsible for
nonlinear effects such as second-harmonic generation (SHG) or sum-frequency genera-
tion (SFG), vanishes for centro-symmetric media, such as inert gases and silica, which is
the most common material in fibre manufacturing. As a result, these media do not exhibit
second-order nonlinear effects and the leading nonlinearity contribution originates from
the third-order susceptibility χ(3).

Most of the nonlinear optical processes that are considered in this work are parametric
processes, denoting that the quantum state of the medium remains unchanged after the end
of the nonlinear interaction. In this framework, the energy levels used by nonlinear effects
are virtual levels, existing only under the uncertainty principle, with lifetime durations of

∆τvirt ≈ ~

2∆E
, (2.3.1)

where ~ = 1.0545 × 10−34 J·s is the reduced Planck’s constant and ∆E is the energy dif-
ference between the virtual and the closest real level. The virtual level lifetime at optical
frequencies is small enough (below 1 fs) to permit the assumption that the nonlinear re-
sponse (encoded in the nonlinear susceptibilities) is instantaneous and thus independent
of frequency. Non-parametric processes display slower response, often associated with
nonlinear absorption effects and molecular (vibrational and/or rotational) contributions to
χ(3) (Raman response). The latter are not present in this work as only inert (noble) gases
are used.

The instantaneous electronic nonlinearity is manifested through the optical Kerr ef-

fect which describes the refractive index change of an isotropic medium when an intense
electric field is applied. It is induced by the third-order polarization term which was in-
troduced in eq. 2.1.8 and can be written as

P(3)
i (t) = ε0

3∑
j=1

3∑
k=1

3∑
l=1

χ(3)
i jklE j (t) Ek (t) , El (t) (2.3.2)

where χ(3)
i jkl is the third-order susceptibility with i, j, k, l = x, y, z. This is a fourth-rank
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tensor of which the frequency and spatial dependence is neglected. Assuming linearly
polarized light along the x axis, the corresponding third-order induced polarization com-
ponent is

P(3)
x (t) = ε0χ

(3)
xxxxE3

x (t) . (2.3.3)

Writing the field as Ex = 1
2

[
E (t) e−iω0t + c.c.

]
, then the above equation becomes

P(3)
x (t) = χ(3)

xxxx
ε0

8

[
E3 (t) e−3iω0t + 3 |E (t)|2 E (t) e−iω0t + c.c.

]
. (2.3.4)

We can neglect the first term responsible for third harmonic generation, as it requires
phase-matching. Thus, eq. 2.3.4 can be approximated as P(3)

x (t) ≈ ε0εNLEx(t) with εNL

corresponding to the nonlinear contribution to the dielectric constant in the form of

εNL =
3
4
χ(3)

xxxx |E (t)|2 . (2.3.5)

The modulation of the dielectric constant modifies the refractive index through ε = εL +

εNL = (n + ∆n)2 with εL = 1 + χ(1), so that the refractive index change due to Kerr
nonlinearity is

∆n =
εNL

2n
=

3
8n
χ(3)

xxxx |E (t)|2 = nE
2 |E (t)|2 , (2.3.6)

using the approximation ε = (n+∆n)2 ≈ n2+2n∆n and introducing the nonlinear refractive
index nE

2 in units of m2/V2. A more common notation for the nonlinear refractive index
can be obtained using the intensity of the electric field I = cnε0|E|2/2 [61] so that

n2 =
3χ(3)

xxxx

4cε0n2 , (2.3.7)

expressed in units of cm2/W and for silica glass n2 ≈ 2.2×10−16cm2/W [60]. The effective
refractive index is then

neff = n + ∆n = n + n2I. (2.3.8)

From eq. 2.3.8 it is clear that the Kerr effect increases the refractive index experienced
by propagating light compared to the linear propagation case (∝ n) by a factor which is
intensity-dependent (∝ n2I). Assuming a laser pulse with 1012 W/cm2 intensity propa-
gating a silica glass, the refractive index change is n2I ≈ 2.2 × 10−4, while n ≈ 1.45 at
visible frequencies. This refractive index change might appear small, but it is sufficient to
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stimulate nonlinear dynamics originating from the intensity variation. The magnitude of
nonlinear dynamics is commonly evaluated using the nonlinear coefficient γ expressed as

γ =
n2ω

cAeff
, (2.3.9)

where Aeff is the effective area which can be approximated relative to the beam radius w

as Aeff = πw2/2 [60] and it is accurately defined in eq. A.1.8 as part of the derivation of
the generalized nonlinear Schrödinger equation (GNLSE).

2.3.1 Self-focusing

The variation of the refractive index across the spatial profile of a laser beam can be
expressed, based on eq. 2.3.8, as

neff (r) = n + n2I (r) . (2.3.10)

Since for most laser beams the intensity is higher at the center of the beam, the effective
refractive index at the center of the beam profile is increased compared to the edges in
the Kerr effect. Similar behaviour is observed in focusing lenses, hence the frequently-
used term Kerr lensing for the self-focusing effect. The self-focused laser beam further
contributes to the intensity increase, since energy is concentrated on a smaller spot, thus
leading to further enhancement of the self-focusing effect in a run-away effect, until beam
and material breakdown, unless the optical peak power is kept under the critical power
expressed as [62]

Pcrit =
αTλ

2

4πnn2
, (2.3.11)

where αT = 1.896 for Gaussian beams.

2.3.2 Self-phase modulation

In the time domain the Kerr effect (eq. 2.3.8) is expressed as

neff (t) = n + ∆n (t) = n + n2I (t) , (2.3.12)
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where ∆n(t) = n2I(t) is the time-dependent nonlinear contribution to the refractive index.
This refractive index change with time can be over the course of the pulse and creates
nonlinear time-dependent phase modulations. Since the pulse modulates its own phase,
the effect is called self-phase modulation (SPM).

In linear propagation, described in section 2.2, dispersion-induced phase shifts are
proportional to the wave-vector kz along the propagation axis z, such that φtot = kzz, with
kz = k0n and k0 = ω/c. In the nonlinear regime n → neff and the pulse profile, defined
in eq. 2.1.13, that propagates a nonlinear medium of length L can be described in the
absence of dispersion as

E(L, t) = A(t)ei(k0nL−ω0t)eiφNL , (2.3.13)

so that the time-dependent induced nonlinear phase shift is

φNL (t) =
ω0

c
n2LI (t) . (2.3.14)

The change in the instantaneous frequency ω (t), defined in eq. 2.1.15, at the output of the
medium with length L becomes

δω (t) = −ω0

c
n2L

dI (t)
dt

, (2.3.15)

which implies that the frequency spectrum of the pulse is shifted and new frequencies are
generated.

In fig. 2.2 the effects of self-phase modulation from a 3 mm thick silica glass are
shown, with n2 = 2.2 × 10−16 cm2/W, on a propagating pulse centered at 800 nm with
15 fs FWHM duration, 5 µJ pulse energy and a beam radius of 150 µm, corresponding
to 9 × 1011 W/cm2 peak intensity. Although the pulse profile in time remains unaffected,
a nonlinear temporal phase is induced. The temporal evolution of the nonlinear instanta-
neous frequency term is shown in fig. 2.2(c) denoting that the leading edge of the pulse
extends to lower frequencies (red-shift) and the trailing edge to higher frequencies (blue-
shift) which leads to spectral broadening, as shown in fig. 2.2(d).

SPM is a coherent effect, meaning it reproduces the exact same output for a given
input pulse. Typical SPM spectra exhibit a characteristic oscillatory structure originat-
ing from the fact that there are frequency components contributing from two different
temporal positions over the course of the pulse, as seen in fig. 2.2 (c). These contribu-
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Figure 2.2: SPM effects on a Gaussian 800 nm pulse with 15 fs FWHM duration and
9 × 1011 W/cm2 peak intensity before (blue) and after (orange) propagating a 3 mm thick
SiO2 sample. (a) Temporal field envelope, (b) temporal phase, (c) chirp (δω) contribution
and (d) spectral profile.

tions interfere constructively or destructively forming fringes in the frequency domain.
A common observation in SPM-broadened spectra is a slight asymmetry favouring the
blue-shifting edge. This is due to the self-steepening effect in which the peak of the pulse
in the temporal domain lags behind compared to the wings and thus shifts towards the
trailing edge of the pulse. This creates a steep slope for the pulse shape at the trailing
edge which delivers increased spectral broadening at the blue side while the gentler slope
at the leading edge suppresses the red-shifting broadening.

The use of self-phase modulation is very common in the ultrafast community as it al-
lows us to coherently extend the optical bandwidth of a pulse in the quest of subsequently
minimizing the pulse duration. One of the most efficient pulse compression techniques
is based on the two-step process of SPM-induced spectral broadening in waveguides, fol-
lowed by a post-compression stage designed with chirped mirrors inducing anomalous
dispersion for phase compensation [63].

2.3.3 Photoionization

When very high field intensities are present (> 1013 W/cm2), an additional change to
the refractive index should be taken into consideration due to ionization of the medium.
At higher optical frequencies (high photon energy) multi-photon ionization (MPI) uses
multiple quanta of light to overcome the ionization barrier and liberate an electron, with
the MPI rate increasing with intensity [64]. At lower optical frequencies (low photon
energy), tunnel ionization is more common. In this case, the field is strong enough to
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bend the atomic potential and create a barrier through which the electron can escape. The
induced refractive index change in both cases of ionization of the medium is [65]

∆n = − ωp

2nω
, (2.3.16)

where ωp is the plasma frequency such that

ωp =

√
e2Ne

ε0me
, (2.3.17)

where Ne is the free electron density and e,me are the electron charge and mass, respec-
tively. The minus sign in eq. 2.3.16 shows that the presence of free electrons due to ion-
ization leads to a decrease of the effective refractive index in contrary to the Kerr-induced
modulation, and thus the effect is also known as plasma defocusing [66]. The presence
of plasma effects is imprinted on the output spectrum of a laser pulse via an asymmetric
blue-shifting evolution [67].

Many formalisms have been developed for the reproduction of ionization dynamics,
based on the fundamental Keldysh model [68]. A generalized description is provided
in [69], known as the PPT model (from the authors’ initials), that predicts the ionization
rate (probability of ionization) in both the multi-photon regime and the tunnel regime.
For tunneling ionization, a simplified model based on PPT has been reported [70], known
as the ADK model (also from authors’ initials). This model has been tested for arbitrary
pulses in waveguides [71, 72] and accurately predicts the ionizing dynamics. In this thesis,
the ADK formalism is used in section 6.2 to include ionization in numerical simulations.

2.3.4 Cross-phase modulation

Discussion up to this point has been limited to the case of a driving electric field in the
form of a single laser pulse. In the general case, the driving field can consist of several
pulses (waves at different carrier frequencies and/or polarization states). Nonlinear effects
are then manifested through interaction with the medium and the mixing of the pulses
with each other, resulting in an enhancement of nonlinearity compared to single-pulse
propagation.

Intense co-propagating pulses are commonly used for the development of efficient
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wavelength conversion sources. In chapters 4 and 5, the co-propagating 800 nm laser
pulse and its second harmonic (400 nm) generate new spectral components at 266 nm via
four-wave mixing (FWM). Before reviewing the unique dynamics of FWM (presented
in section 4.1), cross-phase modulation (XPM) is considered. XPM describes the Kerr-
induced refractive index change when two (or more) co-propagating pulses with different
carrier frequencies or polarization states interact with the medium. This occurs through
phase modulations induced by the intensity of one of the pulses and experienced by the
other(s). For two input pulses centered at ω1 and ω2, with electric field amplitudes E1 and
E2 respectively, the nonlinear part of the effective refractive index can be approximated
as [60]

∆n j ≈ nE
2

(∣∣∣E j

∣∣∣2 + 2
∣∣∣E3− j

∣∣∣2) , (2.3.18)

where j = 1 or 2 and in the derivation of the above equation the linear refractive indices
are assumed equal (n1 ≈ n2) and n j � ∆n j. This refractive index modulation results in a
nonlinear phase shift expressed as

φ j (z) =
nE

2ω j

c

(∣∣∣E j

∣∣∣2 + 2
∣∣∣E3− j

∣∣∣2) z. (2.3.19)

This implies that XPM phase shifts are analogous to those in SPM and double in mag-
nitude for the same intensity. XPM requires spatio-temporal overlap between the co-
propagating pulses to occur and depends on their initial relative delay. In media with
long transmission ranges (i.e. waveguides) pulses at different carrier frequencies should
also have similar group velocities so that the interaction length is not limited by the group
velocity mismatch, defined in eq. 2.2.5. The use of XPM has been reported for pulse com-
pression of weak signals using an intense pump [73, 74] and for optical switching [75].

2.3.5 Phase-matching

When it comes to generating new frequency components using more than one input
pulses, most parametric processes require satisfying the phase-matching condition to oc-
cur or in other words, minimizing the phase mismatch between the interacting waves. In
mathematical form the phase-matched generation of a wave centered at ω3 when using
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two input waves centered at ω1, ω2 is governed by

∆k = 0 =⇒ k3 = ±k1 ± k2, (2.3.20)

where ki are the corresponding wave-vectors and ∆k is the net wave-vector mismatch in
three dimensions. This is in direct relation with the net momentum conservation crite-
rion. If a collinear geometry is used the phase-matching equation reduces to the scalar
k3 = ±k1 ± k2 requiring only longitudinal consideration. However, in many experimental
setups the use of crossing input beams geometry is preferred and in that case a full vector
description is required that includes the transverse contribution to phase-matching. Cross-
ing geometries are used in the pulse measurement techniques performed for this thesis, as
discussed in section 3.6.

The most common platform for phase-matching techniques is a special category of
optical elements, namely the birefringent crystals (calcite, BBO etc.). These crystals
differ from the ordinary isotropic media due to their intrinsic birefringence that can be
used to cancel phase mismatch. Although birefringence can be induced in isotropic me-
dia through application of mechanical stress, their original structure prohibits achieving
phase-matching due to the monotonic increase of their refractive index with frequency
[76]. This can be easily understood by considering the second harmonic generation pro-
cess where ω2 = 2ω1 and the phase-matching condition is k2 = 2k1. This requires that
n(ω2) = n(ω1) which is not feasible in isotropic media.

In birefringent materials the effective refractive index depends on the direction of po-
larization of the electric field. For polarization perpendicular to the crystal axis (defined as
the single axis of rotational symmetry for uniaxial crystals), propagating light experiences
an ordinary refractive index no(ω) and for polarization parallel to the crystal axis light ex-
periences an extraordinary index ne(ω). For polarization in-between axes, the refractive
index is given by [77]

n =

[
cos2 (θ)

n2
o

+
sin2 (θ)

n2
e

]− 1
2

, (2.3.21)

where θ is the angle between the polarization direction and the crystal axis. For θ = 0,
n→ no and for θ = π/2, n→ ne.

Exploiting the birefringent properties of nonlinear crystals to satisfy the phase-matching
criterion in second order processes is usually performed in one of two ways; using the
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type-I phase-matching where the fundamental fields have the same polarization which is
perpendicular to that of the generated wave or by using the type-II phase-matching where
the polarization of the fundamental fields is different.

Despite offering a compact and straightforward route to nonlinear mixing interactions,
birefringent crystals suffer from limited bandwidth conversion. This can be understood
from the derivation of the phase-matching condition in eq. 2.3.20 where monochromatic
fields are considered, so in the case of an ultrashort pulse consisting of many frequency
components and corresponding wave-vectors, it is impossible for all of them to be simul-
taneously phase-matched. The resulting bandwidth acceptance is inversely proportional
to the thickness of the crystal to which the conversion efficiency is proportional. As a
result, when using nonlinear crystals a trade-off between bandwidth and conversion effi-
ciency needs to be considered.

2.4 Ultrafast optics in fibres

Many of the nonlinear effects in light-matter interaction, discussed in section 2.3, were
first reported in bulk media of solid, liquid and gas state where the free-space propagation
allows a converging laser beam to reach the required intensity to stimulate a nonlinear
response from the material. However, the interaction length is limited by the Rayleigh
length of the focused beam and a platform that can provide beam confinement and main-
tain high intensities over long propagation distances was needed.

This kind of structure is an optical fibre and its use enabled the community to harvest
long interaction lengths while also providing an enhancement of weak nonlinear effects
due to the lower intensity threshold requirements compared to free space propagation,
with excellent beam quality due to the structured geometry. Yet the most important ad-
vantage of fibres is their versatility in nonlinear medium selection, since they can be made
with solid material in their core or with hollow cores which can be filled with liquids or
gases. Gas-filled hollow fibres are of particular interest since the gas species and pressure
adjustment in the fibre allows control over the dispersive and nonlinear pulse properties.

The standard solid-core fibre is the most common type of optical waveguide, used
in telecommunications (transmission around 1550 nm). Its guiding mechanism is based
on total internal reflection between the solid core and cladding, with their corresponding
refractive indices ncore and nclad satisfying ncore > nclad so that light remains confined
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within the core along the fibre length. The use of solid-core fibres in nonlinear optics
has been reported for low pulse energies (order of nJ) [78], yet the strong nonlinearity of
the glass in the core leads to material damage in the higher energy regime, leading to the
requirement for hollow core structures.

The simplest hollow-core fibre is the hollow capillary fibre (HCF) which consists
of a circular bore made of glass (silica) [79] and has been used in pioneering works to
demonstrate guided nonlinear propagation of light [80, 81]. In hollow fibres, the refractive
index of the core corresponds to the refractive index of the filling material, hence the
core index is always smaller than that of the cladding glass so it is a different guiding
mechanism that enables light propagation. In this scheme, light bounces at grazing angles
of incidence in the core-cladding interface and due to the large index difference it remains
largely confined within the core [79]. However, a small percentage of light is leaked along
the transverse direction due to refraction so propagation is inherently lossy [82].

Another class of hollow waveguides is the hollow-core photonic crystal fibre (HC-
PCF) [83]. The guiding mechanism in these fibres can be interpreted based on their
cladding structure [84] with photonic band-gap [85] and anti-resonant PCF [86] being
among the most popular structures. HC-PCFs offer inherent dispersion tunability based
on their design and low-loss guidance despite their small core sizes (typically ≈ 20 µm).
However, their micro-structured lattice can limit broadband vacuum-ultraviolet propaga-
tion and the fibre lifetime due to a fractional portion of propagation in the glass [87].

In the following, a brief overview of the propagation properties of guided light is pre-
sented (sections 2.4.1 and 2.4.2) and the role of polarization is addressed (section 2.4.3)
in order to provide a fundamental background for chapters 4-6 where experimental pulse
generation with controlled polarization in hollow capillary fibers is discussed.

2.4.1 Modal expansion

In fibre structures, space is optimally described using cylindrical coordinates (radial r,
azimuthal θ) along with the longitudinal z axis. The guided electric field can be expanded
as a sum of transverse field modes êµ (r, θ, ω) characterized by the number µ and expressed
in the form of

Ẽ (r, θ, z, ω) =
∑
µ

α̃µ (z, ω) êµ (r, θ, ω) eiβµ(ω)z + c.c. (2.4.1)

23



2.4. Ultrafast optics in fibres General background

Here, µ is an index assigned to a unique mode, enclosing information about the modal po-
larization, its complex spectral amplitude α̃µ (z, ω) and the direction of propagation, based
on the sign of the modal propagation constant βµ(ω) (forward for βµ(ω) > 0 and backward
for βµ(ω) < 0). The transverse modes êµ (r, θ, ω) are normalized to unity through

êµ (r, θ, ω) =
eµ (r, θ, ω)√

Nµ (ω)
, (2.4.2)

where Nµ is the normalization constant given by

Nµ(ω) =
1
2

∫ a

0

∫ 2π

0

(
eµ × h∗µ

)
· ẑrdrdθ, (2.4.3)

where hµ are the magnetic modal fields, defined similarly to the electric ones, forming
together an orthogonal set of basis functions.

Performing the inverse Fourier transformation of eq. 2.4.1, we get the real electric
field in the time domain and in physical units of V/m, as

E (r, θ, z, t) =
∑
µ

∫ ∞

−∞
α̃µ (z, ω) êµ (r, θ) eiβµ(ω)ze−iωt dω

2π
+ c.c.

=
∑
µ

êµ (r, θ)
∫ ∞

−∞
Ãµ (z, ω) e−iωt dω

2π
+ c.c.

=
∑
µ

êµ (r, θ) E (z, t) + c.c.,

(2.4.4)

where we have defined the modal spectral amplitude Ãµ (z, ω) = α̃µ (z, ω) eiβµ(ω)z and its
reciprocal real-valued and carrier-resolved temporal amplitude E (z, t), which describes
the modal field waveform and is expressed in units of

√
W. At this point we can also

define the modal analytic signal Eµ (z, t) as:

Eµ (z, t) = 2
∫ ∞

0
Ãµ (z, ω) e−iωt dω

2π
. (2.4.5)

Eµ (z, t) is a complex-valued field quantity, derived using positive-only frequency content.
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Figure 2.3: Amplitude (gray) and envelope (red) of the electric field as defined in equa-
tions 2.4.6 and 2.4.7, respectively.

In the time domain, the analytic signal is related to the real amplitude E (z, t) as

E (z, t) =
1
2

(
Eµ (z, t) + E∗µ (z, t)

)
= Re

{
Eµ (z, t)

}
. (2.4.6)

Using the analytic signal, we can also define the complex pulse envelope A(z, t) at a
central frequency ω0, by removing the fast cycling ω0t and β(ω0)z phases, so that

A (z, t) = Eµ (z, t) eiβ(ω0)z−iω0t. (2.4.7)

In the general case, fibres can support a finite number of modes whose transverse
fields eµ (r, θ) are solutions to the wave equation and can be described using Bessel func-
tions. These modes are the transverse electric (TE0m), transverse magnetic (TM0m) and the
hybrid HEnm modes. In HEnm modes the fields are three-dimensional with an additional
small longitudinal component and mode index n , 0. The general solution for the modal
HEnm fields in an HCF at a given frequency ω can be expressed as [79]:

enm (r, θ) = Jn−1 (κnmr) sin (nθ)r̂ + Jn−1 (κnmr) cos (nθ)θ̂, r ≤ a (2.4.8)

where Jn−1 is the first kind Bessel function of (n−1) order, κnm is the transverse wavevector
and a is the core radius, assuming that a is much larger than the free-space wavelength λ.
The normalized intensity profiles |enm (r, θ) |2 of the HE11, HE12 and HE13 hybrid modes
are shown in fig. 2.4.
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Figure 2.4: Intensity profiles of the HE11, HE12 and HE13 modes in a hollow fibre.

The modal field solutions are given by the boundary conditions at the core-cladding
interface. For the transverse wavevector κnm, the approximation of the vanishing field at
the interface (r = a) [79] leads to κnm = unm/a, where unm is the mth root of Jn−1. From
this solution for the transverse wavevector κnm we can derive the real part of the axial
wavevector which is the modal propagation constant βnm (ω) relative to the mode indices
subscripts n,m, with

βnm (ω) =

√
k2 − κ2

nm =

√
ω2

c2 ncore (ω)2 − u2
nm

a2 '
ω

c

(
ncore (ω) − 1

2
c2u2

nm

ω2a2

)
, (2.4.9)

where ncore (ω) is the modal refractive index in the core and the final approximation is
for the expansion of the square root to first order. It is clear from the terms in eq. 2.4.9
that two sources of dispersion are present in guided propagation; the material dispersion,
which as in free-space propagation originates from the frequency dependence of the re-
fractive index, and the waveguide dispersion, which is due to the geometric structure of
the waveguide and it is anomalous. In HCFs, the waveguide dispersion is commonly weak
(about 15 fs2/m at 800 nm for a 100 µm core radius) and material dispersion is provided
by the filling gas. For a pressure p of a given gas species at temperature T , the refractive
index in the HCF core corresponds to the gas index ngas and scales as [88]:

ngas (ω, p,T ) =
√

1 + χ(1) (ω) ' 1 + δ (ω)
ρ (p,T )

2ρ0
, (2.4.10)

where δ(ω) is the Sellmeier expansion for the gas under consideration, ρ is the gas density
at pressure p and temperature T and ρ0 is the reference density, corresponding to an ideal
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gas at standard pressure p0 and temperature T0 conditions with ρ/ρ0 = pT0/p0T [88].
The imaginary part of the modal propagation constant βnm in a HCF is associated to

the frequency-dependent attenuation coefficient αnm (ω) which is expressed as [79]

αnm (ω) =

( c
ω

)2 u2
nm

a3

v2 + 1√
v2 − 1

, (2.4.11)

where v is the ratio of the refractive indices of the cladding (silica) and core material,
such that v = nsilica/ngas. The propagation losses scale proportionally to the square of
the central wavelength λ2 and the mode index u2

nm and inversely proportional to the cube
of the core radius a3. This establishes certain features for the HCF, corresponding to
higher transmission losses at longer wavelengths and for smaller core sizes. Another
consequence of eq. 2.4.11 is that higher-order modes are largely suppressed and single-
mode propagation inherently prevails producing clean spatial profiles at the HCF output.

Another source of attenuation in HCFs originates from the bending losses (αb) gov-
erned by the bend radius Rb, with αb ∝ (ω/Rb)2 [79]. Bend losses exhibit opposite
behaviour compared to transmission losses and can become more important at shorter
wavelengths. This imposes a strict requirement on the straightness of the HCF during in-
stallation to minimize these losses. Several experimental stretching techniques have been
implemented and reported [89, 90] overcoming this issue by providing HCF support at
the two ends instead of over the full fibre length (rigid fibre configuration). This forms a
catenary that is easy to stretch even for long distances delivering the smallest bend radius
possible. A detailed experimental implementation of the stretching technique used in this
work, which is also based on the catenary principle, is described in section 3.2.

The energy coupling efficiency of an incident focused beam E (r) to the modal fields
enm (r) can be calculated by performing their overlap integral ηnm [91] as

ηnm =

(∫ a

0
E (r) e∗nm (r) rdr

)2∫ ∞
0
|E (r) |2rdr

∫ a

0
|enm (r) |2rdr

. (2.4.12)

We can assume a Gaussian shape for the converging beam, such that E (r) ∝ exp
{
−r2/w2

}
,

with w corresponding to the 1/e2 waist parameter (spot size). The highest energy coupling
efficiency is found to be ηnm ' 98% for the fundamental mode HE11, corresponding to a
beam waist to bore radius ratio of w/a ' 0.64 [92].
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The power in a HEnm mode can be calculated at a given axial position z relative to the
incident power (P0) at z = 0 using the coupling efficiency and the modal attenuation as

P (z) = ηnmP0e−αnmz. (2.4.13)

2.4.2 Modal propagation

The formalism for guided light propagation introduced in the previous section described
linear dispersive effects and propagation losses of the hybrid HEnm modes. In the pres-
ence of intense fields, light propagation in waveguides is highly efficient in stimulating
nonlinear effects, introduced in section 2.3, since lower intensities are generally required
compared to free-space propagation.

An ideal numerical solver for pulse propagation in HCF would include direct ana-
lytical solutions from the Maxwell’s equations. This has been tested using the finite-
difference method [93] and delivered accurate results at the cost of large and impractical
computational resources required. To circumvent this, the nonlinear Schrodinger equa-
tion (NLSE) [94] can be used for modelling singe-mode fibre experiments, although it
requires several approximations and fails in the ultrafast regime [95]. In the single-mode
approximation, models based on the pulse envelope propagation using a generalized ver-
sion of the NLSE (GNLSE) have been reported with accurate predictions even for pulse
durations shorter than a single optical cycle (sub-cycle) [96]. Subsequent studies extended
the numerical models to the multi-mode regime [97, 98] establishing a unifying platform
to model ultrafast dynamics in waveguides.

Starting from Maxwell’s equations, the mathematical formalism to derive the GNLSE
is discussed in appendix A.1. The GNSLE is then expressed as

∂zA (z, t) =
∑
m≥2

βµ,m (ω0)
m!

i(m+1) ∂
m

∂tm A (z, t) + iγ
(
1 +

i
ω0

∂

∂t

)
|A (z, t)|2 A (z, t) , (2.4.14)

and it corresponds to a propagation equation for the temporal envelope A (z, t) (as defined
in eq. 2.4.7) at a central frequency ω0 where βµ,m (ω0) is the result of the Taylor expansion
of the modal dispersion, expressed relative to the mode index µ and dispersion order m

for m ≥ 2 and γ is the nonlinear coefficient introduced in eq. 2.3.9.
From the GNLSE, it is very convenient to derive the simplified nonlinear Schrödinger
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equation (NLSE). For this expression, we neglect the higher-order terms (dispersion terms
of third order and above and self-steepening) to obtain

∂zA (z, t) = −i
β2

2
∂2

∂t2 A (z, t) + iγ |A (z, t)|2 A (z, t) . (2.4.15)

In this model the envelope evolution is solely based on the GVD (1st term) and SPM
(2nd term) effects. This equation allows obtaining analytical solutions in the form of
solitons, which are discussed in chapter 6.

Neglecting the dispersion term, the NLSE (eq. 2.4.15) can be solved for

A (z, t) = A (0, t) eiγ|A(z,t)|2z = A (0, t) eiφNL(t), (2.4.16)

where φNL (t) = γ |A (z, t)|2 L is the temporal nonlinear phase shift acquired by a propa-
gating pulse after a fibre length L due to SPM. Since the pulse envelope is only phase
modulated and remains unchanged upon propagation, the nonlinear phase shift can be
written relative to the input modular amplitude (|A(z = 0, t)|2) such that

φNL (t) = γ |A (0, t)|2 L. (2.4.17)

The maximum SPM phase shift is then obtained for |A(0, t)|2 = P0 where P0 is the input
peak power of the pulse so that

φmax = γP0L =
L

LNL
, (2.4.18)

where LNL is the nonlinear length that determines the length scale over which nonlinear
effects are important (requiring L � LNL) and it is defined as

LNL =
1
γP0

. (2.4.19)

Equation 2.4.18 reproduces the free-space SPM-induced phase shift introduced in eq. 2.3.14
for P0 = I0Aeff where I0 is the peak intensity of the pulse.

When GVD is included in the NLS equation (eq. 2.4.15), pulse propagation is gov-
erned by the interplay between dispersion and SPM. In this case, the soliton order N
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determines which term dominates, defined as [60]

N2 =
LD

LNL
=
γP0τ

2
0

|β2| , (2.4.20)

using the dispersion and nonlinear length defined in equations 2.2.4 and 2.4.19, respec-
tively. For N � 1 dispersion dominates and nonlinearity can be neglected and the op-
posite stands for N � 1. When N ≈ 1, both effects need to be taken into account in
pulse propagation and the sign of the GVD term is important. When dispersion is normal
(β2 > 0), linear chirp adds up to the SPM-induced chirp. However, the temporal elonga-
tion of the pulse due to GVD results to a reduced peak intensity of the pulse so that the
magnitude of SPM is reduced compared to the dispersion-free propagation case. When
dispersion is anomalous, the chirp contributions act against each other and under suitable
conditions can balance perfectly, leading to the formation of solitons which are discussed
in chapter 6.

2.4.3 Polarization effects

In the framework used up to this point, pulses with linear polarization along a principal
transverse axis exciting the fibre modes have been considered. Assuming an arbitrary
polarized pulse coupled in an HCF, two modes with orthogonal polarization and same
spatial distribution are excited so that in cartesian coordinates polarization components
are projected on both x and y principal axes. This configuration can describe both linearly
polarized input pulses at an angle θ relative to a principal axis and elliptically/circularly
polarized input pulses.

The two orthogonally polarized modes are degenerate if the waveguide is isotropic (no
birefringence) so that the refractive index at the two principal axes is the same. However,
one should anticipate slight birefringence as a result of shape variations across the fibre
length during manufacturing and mechanical stress induced in fibre installation. In that
case, the fibre exhibits modal birefringence Bm, defined as

Bm = |nx − ny|. (2.4.21)

Assuming nx > ny, we can label the two principal axes x and y as the slow and fast axis,
respectively, based on the time required for light to travel in the fibre when polarized at
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either. In stretched HCFs the special care required to avoid bend losses and keep the fibre
straight contributes to a reduced and constant Bm across the fibre length as the stress factor
is suppressed.

The electric field of an arbitrary polarized pulse can be written as

E (r, t) =
1
2

(
x̂Ex + ŷEy

)
exp{−iω0t} + c.c., (2.4.22)

where Ex, Ey are the complex amplitudes at the corresponding principal axis and ω0 is the
carrier frequency and the nonlinear polarization takes the same form, so that

PNL (r, t) =
1
2

(
x̂Px + ŷPy

)
exp{−iω0t} + c.c., (2.4.23)

and the polarization amplitudes Px and Py are expressed as

Pi =
3ε0

4

∑
j=x,y

(
χ(3)

xxyyEiE jE∗j + χ(3)
xyxyE jEiE∗j + χ(3)

xyyxE jE jE∗i
)
, (2.4.24)

where i, j = x or y with i , j and χ(3)
i jkl are the third-order susceptibility elements that are

independent of one another. For isotropic materials they are related by [99]

χ(3)
xxxx/3 = χ(3)

xxyy = χ(3)
xyxy = χ(3)

xyyx, (2.4.25)

where χ(3)
xxxx is the co-polarized third-order susceptibility used in the derivation of the

nonlinear refractive index in eq. 2.3.7. Substituting in eq. 2.4.24, we get

Px =
3ε0

4
χ(3)

xxxx

[(
|Ex|2 +

2
3

∣∣∣Ey

∣∣∣2) Ex +
1
3

(
E∗xEy

)
Ey

]
, (2.4.26)

Py =
3ε0

4
χ(3)

xxxx

[(∣∣∣Ey

∣∣∣2 +
2
3
|Ex|2

)
Ey +

1
3

(
E∗y Ex

)
Ex

]
. (2.4.27)

In the above equations we can identify an SPM term (first term) and an XPM-like term
(second term) induced by the one polarization component to the other. The last term is a
mixing term between the orthogonal polarization components.

Using only the SPM and XPM terms, the induced modulation on the effective refrac-
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tive index at x and y axes is then

∆nx = nE
2

(
|Ex|2 +

2
3

∣∣∣Ey

∣∣∣2) ∆ny = nE
2

(∣∣∣Ey

∣∣∣2 +
2
3
|Ex|2

)
. (2.4.28)

This coupling between the two polarization components through the XPM contribution
is similar to the XPM coupling between pulses at different carrier frequencies. Here,
it induces nonlinear birefringence when the field amplitudes Ex, Ey do not have equal
magnitudes, which is the case in elliptical polarization. When an elliptically polarized
beam is launched into a fibre, the two polarization components develop different nonlinear
phase shifts (defined in eq. 2.3.14) so that [60]

φx = γ

(
|Ex|2 +

2
3
|Ey|2

)
L φy = γ

(
|Ey|2 +

2
3
|Ex|2

)
L. (2.4.29)

The relative phase difference is then

∆φ =
γL
3

(
|Ex|2 − |Ey|2

)
. (2.4.30)

One can easily notice that the induced phase shifts are uneven when |Ex|2 , |Ey|2. Thus,
nonlinearity can rotate the input state of polarization and modify its evolution with propa-
gation, unless pure linearly or circularly polarized pulses are used at the input [100]. The
effect of input polarization and the nonlinear polarization evolution in a gas-filled capil-
lary fibre is further studied in chapter 5 using circularly polarized input pulses to drive
four-wave mixing.
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3. Experimental methods

In this chapter, a review of the experimental systems used to access and characterize
ultrafast nonlinear dynamics in hollow capillary fibres is reported. Starting with a brief
description of the fundamental principle of operation of the laser system (section 3.1), a
description of the technique used for HCF stretching and installation into the optical table
follows (section 3.2). The processes of calibrating the spectrometer and the waveplates
used in this work are described in sections 3.3 and 3.4. Through the calibration of these
devices one can directly obtain pulse energy measurements at the input and output of the
HCF in a fast and effective scheme. In section 3.5 an experimental technique for char-
acterizing the polarization of ultrashort pulses is presented, using a spectrum-averaged
ellipticity factor. Lastly, in section 3.6 the principle of operation of one of the most
frequently-used methods for measuring ultrashort pulses, the frequency-resolved optical
gating (FROG) device is discussed and a description of the home-built FROG assemblies
that are used in this work is provided.

3.1 Laser system

The laser system is a commercial (Coherent Legend Elite Duo USX) complete system
operating under the principle of chirped pulse amplification (CPA) and consisting of a
Ti:Sapphire oscillator, a pulse stretcher, a regenerative amplifier, a single-pass amplifier
and a pulse compressor, as shown in fig. 3.1.

The CPA technique is used to reach high optical intensities and simultaneously sup-
press self-focusing effects that can cause pulse distortions and optical damage. It is based
on stretching a low-energy, short-duration input seed pulse before reaching the amplifi-
cation stage so as to reduce its peak intensity and effectively the strength of self-focusing
effects. Then, after amplification the pulse gets re-compressed to its initial short duration.

A commercial (Coherent Vitara T) Ti:Sapphire oscillator is used to seed the main
system with 0.5 W pulses at 80 MHz repetition rate of tunable central wavelength (set at
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Figure 3.1: Sketch diagram of the Ti:Sapphire laser system operation based on the princi-
ple of chirped pulse amplification. At the output, 8 W of pulses centered at 800 nm with
25 fs FWHM duration are available.

∼ 800nm) and bandwidth (set at ∼80 nm). These pulses support a duration of less than
12 fs. After the oscillator, pulses are stretched up to about 150 ps using a single-grating
stretcher. The stretched pulses are injected into the regenerative amplifier stage (RGA), an
optical resonator (cavity) mainly consisting of a gain medium (Ti:Sapphire crystal) and
an optical switch consisting of two Pockels cells and a quarter-wave plate (QWP). The
high repetition rate of the seed pulses dictates the selective pulse amplification through
polarization manipulation performed using the first Pockels cell and the QWP. The pulses
to-be-amplified are trapped inside the cavity and perform multiple passes through the
gain medium. Having acquired the desired energy level (∼7 W), they are released from
the cavity using the second Pockels cell. The frequency of pulse injection into the RGA
determines the repetition rate of the laser (1 kHz).

The amplified pulses are sent to a second amplification stage which is a Ti:Sapphire
single-pass amplifier (SPA) used to provide an additional energy boost. Thus, the power
at the output of the SPA reaches ∼10 W. Finally, pulses emerging from the SPA are com-
pressed to a near-transform limited 25 fs duration by a double-grating compression stage
which can be externally controlled to optimize on a day-to-day operation. This is achieved
by maximizing for the SHG signal in the four-wave mixing apparatus, described in chap-
ter 4. The power at the output of the compression stage and effectively of the laser system
is around 8 W.
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3.2 Fibre installation

Hollow-core capillary fibres require considerable care during installation which is per-
formed in a step-by-step procedure to ensure fibre stretching and straightness in order to
minimize transmission and curvature losses, as described in section 2.4.1. Prior to fibre
installation, the focused beam spot size is optimized and the beam path is set to be as
straight as possible to facilitate coupling once the HCF installation is completed.

In contrast to conventional rigid HCF layout designs where the fibre is mounted on
a mechanical support over the full fibre length or at several positions including the two
ends, stretched HCF configuration requires support solely at the two fibre ends. In this
work, end fibre support is provided by two custom gas cell assemblies (C1, C2) and their
pedestals (delivering 4-inch height level), as shown in fig. 3.2. The two gas cells are
connected with a stainless steel tube to form an enclosed system for the fibre.

Figure 3.2: Sketch of the assembly used for HCF installation and stretching, consisting
of the main gas cells (C1, C2) inside which the HCF will be housed connected with a
steel tube, two ancillary cells (C3, C4) with C4 mounted on a translation stage for HCF
stretching and two four-inch posts (P1, P2).

Two additional cells (C3, C4) are placed and fixed outwardly of C1 and C2 in order to
be used for the HCF stretching process. One of the two additional cells (C4) is mounted
on a linear translation stage. Two 4-inch tall posts (P1, P2) are also placed outwardly of
the outer cells to complete the apparatus, making sure that all optics are aligned and on
the same height level. Each cell contains a fibre chuck engraved with a V-groove, upon
which the fibre can be positioned. The chuck is aligned to the optical axis by a slot in the
bottom of the cell and can be fixed at different positions along the cell length to facilitate
reaching the desired HCF length.
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Fibre preparation

From the HCF coil, a fibre piece sufficiently long to match the assembly length when
unraveled is extracted and it is loosely placed on top of the stretching system. The posi-
tions along the fibre that will rest on top of the V-groove holders are those where gluing
needs to be applied and are marked accordingly using a commercial marker. At these
positions, the fibre is stripped of its plastic protective coating, as the glue adheres better
to glass and metal than plastic. This is performed with a butane blowtorch that burns the
plastic away. The remaining burned bits are removed using alcohol wipes. This process
requires care to avoid fibre melting and/or bending. To avoid bending, the HCF is held
from one end so that it is free to hang without any pressure applied, especially during
wipe cleaning. To avoid melting (signs of HCF melting are exhibited by kinks along its
length), the blowtorch is operated at reduced heat with care to avoid pointing the flame
for an extended amount of time at a given HCF spot and to provide sufficient time for the
glass to cool down. Once the coating is removed from the marked areas, the HCF is ready
for installation.

Fibre stretching

The stripped fibre is gently fed into the gas cells assembly shown in fig. 3.2 passing
through the steel tube and resting on top of the four V-groove supports and the outer
posts. A preliminary coarse stretching is applied and the fibre ends are taped at the top
surface of the posts (P1,P2). Ensuring that the fibre is straight and still comfortably lays
within the V-grooves of all four chucks, an initial gluing is performed at the two outer
cells (C3,C4), using a commercial UV-curing adhesive (Norland Optical Adhesive 61)
that is spread on the top surface of the chuck. Each glued surface is subsequently cured
with a commercial UV LED lamp for about 20 minutes. Once the glued surfaces in the
outer cells are cured, the 4-inch post support becomes redundant and the fiber is cleaved
both ways (outwardly of C3 and C4) with a commercial ruby cleaving pen.

Up to this point only a coarse HCF stretching has been applied during the initial
positioning. The fine adjustment of the fibre stretch is performed using the translation
stage, laying underneath one of the outer cells (C4 in fig. 3.2), which now constitute the
main fibre supports. The displacement of the stage pulls the fibre until full stretching is
achieved. Although experimentally quantifying the tension level induced is rather chal-
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lenging, stretching below the fibre snapping threshold can be realised empirically. Then,
another gluing is performed, this time at the chucks of the inner cells (C1,C2). Once the
glue is cured, the fibre is cleaved outwardly of C1 and C2. This time, cleaving determines
both the resulting fibre length and the facet quality at the two fibre ends, so it is performed
with care. Finally, the external cells (C3, C4) are removed and the remaining cells (C1,
C2) are covered with 10-mm thick acrylic lids, using nitrile O-rings to seal the cell-lid
interface.

Axial pressure sealing and optical access is provided by glass windows. Due to the
commonly high intensities present at the two HCF ends, windows are placed as far away
as possible from the two HCF ends and are connected to the cells with tubes of appropriate
length. To avoid beam clipping, windows with clear aperture larger than 10 mm are used.

3.3 Spectrometer calibration

The calibration of the spectrometer allows for extracting the energy density of a calibrated
spectrum by integrating over the corresponding spectral region. Such calibration requires
a direct measurement of the spectral response provided by the spectrometer assembly
consisting of an optical fibre and an integrating sphere, when exposed to a commercial
(PTB) traceable deuterium (D) lamp for the short wavelength regime (200-400 nm) and
a quartz-tungsten (W) halogen lamp for longer wavelengths (400-1000 nm), traceable to
the United States National Institute of Standards and Technology (NIST).

For each lamp, the manufacturer provides the absolute spectral irradiance (power per
unit area per unit wavelength) for a range of wavelengths at a given operating distance.
The spectral resolution for the deuterium lamp is ∼ 2 nm and that for the tungsten lamp
is ∼ 10 nm. Before measuring the spectral response, a normalisation of the spectral ir-
radiance to the area of the integrating sphere aperture is required. The half-inch inner
diameter adapter (SM05) used at the input facet of the integrating sphere forms a πα2

sphere

surface (αsphere is the metric radius) which gets multiplied with the spectral irradiance to
convert into units of W/nm.

The spectral response of each lamp is measured separately in a dark room environment
and the dark trace is subtracted to ensure minimal background noise. To increase the
signal-to-noise ratio, the spectrometer exposure time is set to the maximum available
signal acquisition rate below saturation levels. For the deuterium lamp measurements,
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the clear aperture of the integrating sphere is placed at a distance of 200 mm from, and
parallel to the front surface of the lamp. For the tungsten lamp, operation is referenced at
6.5 A and approximately 30 V, and the integrating sphere’s aperture is placed at 500 mm
distance.
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Figure 3.3: (a) Raw signal obtained from deuterium (D) and tungsten (W) calibration
lamps. The signal of the D lamp is magnified by × 20 for visual purposes. (b) Total re-
sponse curve (dashed black) obtained using contributions from both lamps. (c) Correction
factor (dashed black) for calibrating raw spectra.

After recording the spectrum for each lamp, the raw signal is normalized in units
of counts by taking the spectrometer integration time into account (approximately a few
seconds for both lamps) thus obtaining the shapes shown in fig. 3.3(a), with the deuterium
lamp irradiance magnified by a factor of 20 for visual purposes. Then, the fraction of the
time-normalized raw data over the interpolated, area-normalized spectral irradiance is
calculated for each lamp to obtain two response curves in units of counts per unit time
per (W/nm). Using the deuterium lamp response for λ < 315 nm, the tungsten lamp
response for λ > 340 nm and their averaged contributions for the in-between components
(315 < λ < 340 nm), the total response curve for the spectrometer is shown with dashed
black in fig. 3.3(b).

The inverse of the response function shown in fig. 3.3(c) is the correction factor that
can be applied to calibrate a raw spectrum. This converts raw spectrum into spectral en-
ergy density (SED), so that the pulse energy at a given spectral band can be extracted
by simply performing a trapezoid integration with an appropriate spectral window. This
process allows the direct energy measurement of several spectral bands simultaneously,
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without the need for filtering in case of collinear propagation. To verify this energy mea-
surement technique, a cross-calibration at various spectral bands is performed using a
thermal power meter and a calibrated photodiode.

3.4 Waveplate calibration

In the experimental work described in this thesis, input power control is provided via com-
bination of motorized half-wave plates (λ/2) and reflective thin-film polarizers (TFP).
The half-wave plate is responsible for rotating the direction of polarization of the lin-
early polarized light emerging from the amplifier, while a polarizer separates light based
on the electric field direction relative to the plane of incidence, thus splitting light into
s-polarized and p-polarized components for perpendicular and parallel field direction rel-
ative to the plane of incidence, respectively. For a reflective TFP positioned at optimal
angle of incidence (usually provided by the manufacturer), the reflected light has van-
ishing p-polarization components, so that the combination of a λ/2 and a TFP forms a
variable attenuator operating through a continuous rotation of the HWP and delivering
clean s-polarized output light with varying pulse energy.

Figure 3.4: Sketch of the experimental implementation for the calibration of half-wave
plates (λ/2) using thin-film polarizers (TFP) in the case of (a) linear propagation (χ(1))
and (b) nonlinear propagation (χ(2)) before power measurements with a thermal power-
meter (PM).

Mathematically, rotation of the λ/2 by an angle θ corresponds to a rotation of polar-
ization by 2θ, so that light at the output of the variable attenuator can be expressed via a
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Figure 3.5: Calibration curves for the half-wave plates used in the FWM experiments.
(a) Power measured at the fundamental frequency and fitted with eq. 3.4.1. (b) Power
measured at the second harmonic frequency and fitted with eq. 3.4.2.

field amplitude factor A0 oscillating with an angular dependence of cos(2θ). By squaring,
we get the variable attenuator output power P as

P = A2
0 cos2(2θ − θ0) + P0, (3.4.1)

where θ0 and P0 are the offset angle and power constants, respectively, with the latter rep-
resenting the residual of the extinct p-polarization. This expression for the output power
corresponds to the case of linear propagation, governed by χ(1), between the TFP and the
measurement position as shown in fig. 3.4(a). In the case that a frequency-conversion
stage is present before measuring the power emitted from the variable attenuator, it needs
to be taken into account. In fig. 3.4(b), this is shown for the case of second-harmonic
generation (SHG), a χ(2) nonlinear process where P (2ω) ∝ P (ω)2. Then, the measured
power becomes

PSHG = A4
0 cos4(2θ − θ0) + P0. (3.4.2)

The optimal values for the constants A0, θ0, P0 in both cases are retrieved using non-
linear least squares fitting based on the measured pairs of λ/2 rotation angle θ and output
power (obtained using a thermal power-meter). Then, they are fed back to the corre-
sponding power expression (eq. 3.4.1 or 3.4.2) to obtain the power-calibrated evolution
of the half-wave plate, allowing to set the power to any given value by calculating the
corresponding angle. Fig. 3.5 shows the retrieved calibration from data measured at the
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fundamental (a) and second-harmonic (b) frequency for the two half-wave plates used in
the four-wave mixing experiments, presented in chapters 4 and 5.

A useful quantity for numerical models is the power (or energy) coupled into a fibre
Pc. Although not directly measurable, it can be estimated using the input Pin and output
Pout powers which are available using the waveplate and spectrometer calibration tech-
niques described in this chapter. As shown in eq. 2.4.13, the fibre transmission is given
by

Pout = ηPine−αL, (3.4.3)

where η is the overlap integral defined in 2.4.12, α is the attenuation constant defined
in 2.4.11 and L is the fibre length. By measuring the transmission ratio Pout/Pin and
calculating α (assuming negligible bend losses due to fiber stretching), we get the overlap
factor η from eq. 3.4.3 and use it to estimate the power coupled into the fibre as

Pc = ηPin. (3.4.4)

The resulting coupled power is corrected for the losses at the windows of the fibre system,
accounting for a total of four reflections. Each reflection attenuates the total power by a
factor of t ' 0.975 for the case of MgF2 at 800 nm. The coupled power is then multiplied
by t2 to get the corrected value.

3.5 Polarization characterization

A big portion of the experimental work presented in this thesis is focused on generating
circularly polarized pulses at different spectral regions. To this end, a robust technique
for polarization characterization is essential. Especially when broadband pulses are to be
measured, this requires knowledge of the spectral dependence of polarization to assess
the polarization purity of the generated pulses.

The technique used here is based on the operation of a commercial (Edmund op-
tics) linear BBO Rochon polarizer, consisting of two birefringent prisms. As shown in
fig. 3.6(a), assuming an arbitrary polarized input beam, its principle of operation is based
on the beam propagating undeviated through the first prism, before its orthogonal com-
ponents (ordinary and extraordinary) separate upon entering the second prism. The ex-
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traordinary beam experiences a refractive index change that causes it to deviate in contrast
to the ordinary beam that exits the polarizer undeviated. The separation angle is subject
to the optic material and the input wavelength and should be large enough to allow for
isolation of the ordinary component during data acquisition.

Figure 3.6: (a) Operation of Rochon polarizer splitting the input beam into an ordinary
and an extraordinary beam through birefringence. (b) Schematic of polarization measure-
ments using a quarter-wave plate (λ/4), a neutral density (ND) filter, a Rochon polarizer
(RP) and a calibrated spectrometer to record the spectral energy density (SED) of the
ordinary beam after blocking the extraordinary with an aperture.

To measure the polarization of a given pulse, an optics configuration as sketched in
fig. 3.6(b) is arranged. The clean, s-polarized laser pulses emerging from the variable
attenuator, described in section 3.4, are input to a quarter-wave plate (λ/4) which can
be rotated to maintain linear polarization or convert to circular polarization. At the de-
sired measurement position, a Rochon polarizer mounted on a motorized rotation stage is
placed after a neutral-density (ND) filter (positioned at normal incidence) to avoid optical
damage. The spectral energy density (SED) of the ordinary output beam is measured with
respect to the Rochon polarizer rotation, using a calibrated spectrometer, placed after an
aperture that blocks the deviating extraordinary beam.

The transmission of a linear polarizer can be inferred from the generalized Malus law
and it varies as [101],

T (∆θ) =
cos2 ∆θ + ε2 sin2 ∆θ

1 + ε2 , (3.5.1)

where ∆θ is the rotation angle of the Rochon polarizer with respect to the angle of maxi-
mum transmission and ε is the ellipticity which is defined as the ratio of the semi-minor
to semi-major axis of the polarization ellipse and ranges from 0.0 for linear polarization
to 1.0 for circular polarization.

The angle- and wavelength-dependent polarizer transmission is fed in eq. 3.5.1, to
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Figure 3.7: Polarization measurements of a linearly (a-c) and circularly polarized (d-f)
pulse centered at 405 nm. (a, d) Normalized SED relative to Rochon polarizer rotation.
(b, e) Spectral power (black) and ellipticity (blue), with ε̄ corresponding to the spectrum-
averaged ellipticity. (c, f) Normalized SED (black dots) and fitting to eq. 3.5.1 (red) for
the central wavelength (405 nm) relative to polarizer rotation in a polar plot.

obtain a wavelength-dependent ellipticity array ε(λ). This is subsequently weighted with
respect to the power spectrum in order to calculate an averaged ellipticity (ε̄) for the spec-
tral band under consideration. This technique allows measuring the ellipticity of multiple
spectral bands simultaneously. The procedure is visualized in fig. 3.7 for a linearly po-
larized (a-c) and a circularly polarized (d-f) pulse centered at 405 nm. The measured
transmission for a full rotation of the polarizer is plotted in fig. 3.7(a, d). The correspond-
ing spectral ellipticity profile (blue) is plotted together with the power spectrum (black) in
fig. 3.7(b, e), so that the spectrum-averaged ellipticity ε̄ in linear and circular polarization
is 0.13 and 0.92, respectively. In fig. 3.7(c, f), the polarizer transmission at the central
wavelength is plotted in polar coordinates (black dots) with respect to the polarizer ro-
tation to assess the polarization through the shape and/or shift of the fitting curve (red).
This representation is thoroughly used in chapter 6 to observe polarization rotations.

Fig. 3.8 shows independent average ellipticity measurements of an arbitrary polarized
pulse centered at 405 nm in order to test the measurement stability. Energy fluctuations
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Figure 3.8: (a) Central wavelength (405 nm) SED relative to polarizer rotation for an ar-
bitrary polarized pulse. (b) Relative SED change at 405 nm and at a given polarizer angle
and (c) averaged ellipticity (ε̄) for 20 independent measurements under same experimental
conditions. Annotated are the relative standard deviations (σr).

during data acquisition are shown in fig. 3.8(b) for the central wavelength (405 nm) at a
given polarizer angle and account for a relative standard deviation of σr = 0.025, with
σr defined as the standard deviation over the mean value of the samples. The spectrum-
averaged ellipticity change due to the energy fluctuations is shown in fig. 3.8(c) and it is
measured at σr = 0.007.

3.6 Frequency-resolved optical gating

Pulse measurement techniques are used to determine the full time-dependent electric field
and provide information on both the pulse duration and the spectral phase. The most well-
known and commonly used technique for such measurements is the frequency-resolved
optical gating (FROG) [102]. This is due to its versatility in terms of the broad duration,
bandwidth and wavelength range of pulses that it can measure.

Although most time-resolved measurement techniques are based on the principle that
for a short event to be measured, a shorter one is required to act as a gate and sample
its content, in the case of ultrashort pulses such techniques cannot be applied as there is
usually no shorter event available than the pulses themselves. The way to overcome this is
by nonlinear mixing the pulse to be measured (test pulse) with a delayed replica of itself
(gate pulse) in a nonlinear medium. However, using such an apparatus and measuring
the power of the generated signal as a function of the relative delay only provides for the
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second-order intensity autocorrelation S AC (τ) which can be written as

S (2)
AC (τ) =

∫ ∞

−∞
|E (t) E (t − τ)|2dt ∝

∫ ∞

−∞
I (t) I (t − τ) dt, (3.6.1)

where E(t), E(t − τ) are the electric fields of the test and gate pulse and I(t), I(t − τ) are
the corresponding intensities. The autocorrelation trace requires knowledge of the pulse
shape to allow for extracting the test pulse duration and does not contain any information
about its phase, thus it cannot fully reconstruct the time-dependent field [102]. The phase
ambiguity prohibits to uniquely recover the pulse that generates the autocorrelation trace
in what is known as the one-dimensional phase retrieval problem [103].

With the FROG technique this ambiguity is resolved by recording the spectral en-
ergy density of the generated signal instead of the time-integrated energy [104] using a
spectrometer and the rest of the experimental apparatus is the same as for the autocorre-
lator. The resulting spectrogram-like trace is a function of both delay and frequency and
is expressed (for the case of SHG FROG) as:

S SHG
FROG (ω, τ) =

∣∣∣∣∣∫ ∞

−∞
E (t) E (t − τ) eiωtdt

∣∣∣∣∣2. (3.6.2)

The information stored on the FROG trace suffices to reconstruct the full electric field
of the test pulse, as the insertion of the extra dimension (frequency) converts the phase
retrieval problem to a two-dimensional one which is solvable provided the definition of an
addition constraint [105]. This constraint is about the type of nonlinear gating mechanism
used to generate the recorded signal with the second harmonic generation (SHG) and self-
diffraction (SD) being among the most common types.

3.6.1 Second harmonic FROG

Second harmonic FROG (SHG FROG) is based on a χ(2) nonlinear process and is the most
common technique to measure pulses in the near-IR, by generating the second harmonic
signal in a nonlinear crystal and scanning the relative delay of the input pulses at the
fundamental wavelength. The expression for the SHG FROG measured trace is the one
shown in eq. 3.6.2. SHG FROG provides high energy sensitivity as it is based on a lower
order of nonlinearity compared to other FROG apparatuses and the small effort required
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Figure 3.9: Sketch of the SHG FROG built on an breadboard (annotated with a frame).
800 nm pulses are picked off with a flip steering mirror (SM1) and are sent via SM2
to a beam shaper (mask) consisting of two equally-sized pinholes. Using a translation
stage on mirror M1, a fixed mirror (M2) and a concave mirror (CM2), the two beams are
focused onto a 10 µm BBO crystal. The SHG signal is isolated using an aperture (A) and
is coupled with an imaging lens (L) into the spectrometer’s fibre tip for trace acquisition.

to construct it allows for a robust field characterization scheme. In this work, a home-
built SHG FROG is used to characterize the 800 nm input pulses originating from the
Ti-Sapphire laser system.

As shown in fig 3.9, the SHG FROG is built on a optical breadboard plate to allow
for incorporating it into larger optical systems with ease. In the experiments performed
in this work, the 800 nm beam is picked off with a flip steering mirror (SM1) and is sent
towards the SHG FROG device. SM1 and a second steering mirror (SM2) are used to
carefully map the beam profile onto a spatial beam shaper (mask), which contains two
equally-sized pinholes at its center, so that two parallel beam-lines exit the mask with
lower energy and smaller beam size compared to the the input beam. The two beam-lines
reflect off a delay stage consisting of two D-shaped mirrors (M1, M2), one of which is
mounted on a motorized translation stage (M1) to introduce a delay difference between
the two beam-lines. Using a f = 30 mm concave mirror (CM2), the two beams are
focused into the nonlinear medium, a 10 µm thick BBO crystal cut for type-I phase-
matching. Spatial overlap of the beams at the focal plane is ensured before placing the
BBO crystal by using a camera. Once spatio-temporal overlap is achieved and optimized,
bright SHG signal is available. Using a variable aperture (A) and a focusing lens (L) as
a re-imaging element further along the optical path to allow for easier beam separation,
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Figure 3.10: Sketch of the SD-FROG built on a breadboard (annotated with a frame).
Input pulses are picked off with a flip steering mirror (SM1) and are sent via SM2 to a
beam shaper (mask) consisting of two equally-sized pinholes. Using a translation stage on
mirror M1, a fixed mirror M2 and a concave mirror (CM2) the beams from the mask are
focused onto a 100 µm thick SiO2 sample, generating a diffraction pattern shown in the
inset. and The first-order diffracted beam is isolated using an aperture (A) and is coupled
with an imaging lens (L) into the spectrometer’s fibre tip for trace acquisition.

allows to filter the fundamental 800 nm beams and couple the converging SHG signal
into the spectrometer fibre tip for acquisition of the FROG trace. This is performed by
scanning the delay through the motorized M1 stage and recording the SED at every delay
step. The dispersive optic (L) used for re-imaging purposes is not affecting the retrieved
pulse duration, as it is placed after the nonlinear interaction, occurring in the BBO crystal.

3.6.2 Self-diffraction FROG

The SD FROG geometry allows for measuring pulses at various spectral regions provided
high energies are available, as its gating mechanism is based on a χ(3) medium. Inside
the medium, a nonlinear refractive index grating is generated. This causes the two in-
put beams (test and gate) to diffract and one of the diffracted beams is selected to be
spectrally recorded as a function of the relative delay. It is more practical that the first
order diffracted beam is selected on either side of the fundamental beams due to increased
brightness compared to higher-order diffracted beams. The expression for the SD FROG
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trace is

S SD
FROG (ω, τ) =

∣∣∣∣∣∫ ∞

−∞
E (t)2E∗ (t − τ) eiωtdt

∣∣∣∣∣2, (3.6.3)

where E∗ (t − τ) is the complex conjugate delayed field and the signal in a third-order
intensity autocorrelator is

S (3)
AC (τ) ==

∫ ∞

−∞
I2 (t) I (t − τ) dt. (3.6.4)

A sketch of the home-built SD FROG is shown in fig. 3.10 and in this work it is used
to measure pulses centered at 400 nm and 266 nm. A flip steering mirror (SM1) is used
to pick the beam off the main setup and send it towards the SD FROG assembly which
is mounted on an optical breadboard to facilitate its transportation. The optics used are
similar to those for the SHG FROG delivering two converging beam-lines at a crossing
angle with controlled relative delay. At the focal plane, an ultra-thin 100 µm silica sample
is placed that creates a diffraction grating, as shown in the inset of fig. 3.10 that depicts
the fundamental and the first and second order diffracted beams. Using an aperture one
of the first order diffracted beams is selected. Then, it is coupled with a lens into the
spectrometer fibre tip for trace recording.

3.6.3 Experimental considerations and retrieval

The most common considerations when recording FROG traces are mainly related to the
optimization of certain experimental conditions, most important being the phase-matching
of the nonlinear process yielding the signal pulse [106]. As seen in sec. 2.3.5, achieving
perfect phase-matching conditions in nonlinear crystals for all wavelength components
forming an ultrashort pulses is impossible, thus a limited phase-matching bandwidth
might emerge on the FROG trace. This can be fixed either by applying a spectral fil-
ter correction to the acquired FROG traces [107] or by using very thin nonlinear samples
(few tens of micrometer thickness) at the expense of signal brightness.

A known issue in SHG FROG measurements is the ambiguity in the direction of time,
originating from the fact that the gate function used is the full electric field including
the phase of the pulse, as can be seen in eq. 3.6.2. As a result, the emerging trace is
always symmetrical with respect to the delay axis. This can be corrected by performing an
additional FROG measurement after inserting a glass material of well-defined thickness
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in the beam path. The field retrieved from the initial trace is then numerically forward
propagated to account for the amount of glass added in the second measurement. If the
numerical result reproduces the experimental supplementary measurement the temporal
axis was assumed correctly, otherwise the field must be phase conjugated to obtain the
correct direction of time.

Another common issue arises in non-collinear focusing geometries if the crossing
angle used to focus the two fundamental beams is not shallow enough, as a steep crossing
angle can create geometric smearing effects that distort the FROG trace and elongate the
retrieved pulse duration. A way to alleviate this problem is by choosing the smallest
possible crossing angle in order to reduce smearing to around one optical cycle [102]
or to re-image the focal plane onto the slit of the spectrometer and filter out all but the
central portion of the beam profile. While this reduces the recorded signal, it also secures
the removal of unwanted smearing effects.

Several FROG retrieval algorithms can be used to characterize the electric field of the
pulse under consideration. The main objective in all these algorithmic methods is to find
an electric field that satisfies two main constraints; the data constraint as incorporated
in the measured trace and a constraint imposed by the particular nonlinear process that
generates the signal pulse (form constraint) [108]. This is obtained by starting with an ar-
bitrary guess for the electric field and continuously updating it by projecting it on the two
constraints in order to produce a test field closer to that of the measured trace. The data
constraint is applied in the frequency domain (N points) and the form constraint, applied
in the time domain (N points), is used to obtain the next guess, thus completing a full it-
eration with N2 variables. This process is repeated for as many iterations as required until
the difference between the test (reconstructed) trace and the measured trace is minimized.
The smallest difference obtained through all iterations is saved and it is used to evaluate
the success of the retrieval. It is known as the FROG error and it is qualitatively expressed
using the RMS notation such that

G =

√√√
1

N2

N∑
i, j

∣∣∣∣S recon

(
ωi, t j

)
− αS meas

(
ωi, t j

)∣∣∣∣2, (3.6.5)
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where α is a real number chosen to minimize the error given by [109]

α =

∑
i, j S meas

(
ωi, t j

)
S recon

(
ωi, t j

)
∑

i, j S 2
meas

(
ωi, t j

) . (3.6.6)

The first projection-based algorithm was introduced in [110] and satisfies the data con-
straint by replacing the magnitude of the current test field with the square root of the
measured trace, while for the form constraint an integration over the delay is carried out
to obtain subsequent guesses for the field. Despite being fast, this method faces stagnation
problems and in many circumstances fails to converge, thus an advanced projection-based
technique using generalized projections (GP) was developed [111]. In this modified algo-
rithm, the form constraint is applied through a distance function as

Z =

N∑
i, j

∣∣∣E(k)
recon − E(k+1)

recon

∣∣∣2, (3.6.7)

where E(k)
recon is the current field and E(k+1)

recon is the field in the following (k + 1) iteration
upon which the form constraint is imposed. The minimization is performed via the gra-
dient descent method; obtaining the negative gradient of Z with respect to the field in the
following iteration E(k−1)

recon [108]. This implementation allows for larger projection steps
which might stall the retrieval algorithm, yet overcome the stagnation issues encountered
in the preceding projections technique. In this work, the commercial projections-based
software ”FROG” by Femtosoft [112] was used to reconstruct pulse profiles in chapters 4
and 6.
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4. Intense DUV pulses via FWM

One of the most prominent nonlinear effects used for frequency up-conversion is four-

wave mixing (FWM). It is widely used for both frequency conversion and pulse ampli-
fication and it is one of the two fundamental mechanisms used in this work to generate
ultrashort pulses in the deep ultraviolet using capillary fibres. In this chapter, a fundamen-
tal description of FWM is given in section 4.1, focusing on phase-matching intense input
pulses. The experimental work for the generation of intense pulses in the DUV with high
energy conversion efficiency is presented in section 4.2 and it was reported in [113].

4.1 Four-wave mixing

In a simple energy level picture, FWM can be understood as the annihilation of two pump
photons of central frequencies ω1, ω2 and the simultaneous generation of two photons at
central frequencies ω3 and ω4 during a parametric interaction in a χ(3) nonlinear medium,
such that

ω1 + ω2 = ω3 + ω4, (4.1.1)

according to the net energy conservation requirement. The notation used in eq. 4.1.1
characterizes the non-degenerate FWM where the input pump waves have different central
frequencies. For a degenerate input pump at a single frequency ωp, it follows that ω1 =

ω2 = ωp, and eq. 4.1.1 becomes

2ωp = ωs + ωi, (4.1.2)

where we can define ωs = ω3 as the signal frequency and ωi = ω4 as the idler fre-
quency, assuming for definiteness that ω3 < ω4. In the case that only the pump waves are
driving the FWM process, the signal and idler waves are generated from noise and form
symmetrical sidebands relative to the pump frequency. The location of the sidebands is
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determined by the frequency shift Ωs, such that

Ωs = ωp − ωs = ωi − ωp. (4.1.3)

When the signal or idler wave is also incident with the pump, the FWM process becomes
seeded and the seed wave gets amplified. FWM is a phase-matched process requiring that
the propagation constants of the three waves (pump, signal, idler) satisfy

∆k = βs + βi − 2βp = 0, (4.1.4)

with the above equation constituting the momentum conservation criterion for the degen-
erate pump case.

The formalism that describes the propagation equations and solutions in FWM for
the case of weak signal and idler waves and under the assumption of pump waves that
remain undepleted during the FWM interaction is discussed in appendix A.2. Using these
assumptions, the nonlinear contribution to the effective phase-mismatch κ is solely pump-
dependent such that

κ = ∆k + 2γPp, (4.1.5)

where Pp is the peak power of the pump and γ is the nonlinear coefficient introduced in
eq. 2.3.9. This expression governs the efficiency and the parametric gain in FWM. From
the solutions for the weak signal and idler fields (see appendix A.2), the parametric gain
is expressed as

g =

√(
γPp

)2 −
(
κ

2

)2
, (4.1.6)

which for the case of optimal phase-matching conditions (κ = 0) reduces to

gmax = γPp. (4.1.7)

A more general expression for the effective phase-mismatch, formulated in [114], includes
the nonlinear contributions from the signal and idler waves. Assuming degenerate FWM
seeded at the signal frequency, the effective phase-mismatch can be approximated by

κ ≈ ∆k + γ
(
2Pp − Ps − Pi

)
, (4.1.8)
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Figure 4.1: Simulated FWM in a He-filled, 135 cm long HCF with 75 µm core radius and
40 fs FWHM input pulses. Effective phase-mismatch (κ) and parametric gain (g) for (a)
varying pump and fixed seed energy (2 µJ) and (b) varying seed (signal) and fixed pump
energy (170 µJ). (c) FWM parametric gain (g) relative to linear phase-mismatch (∆k) for
increasing pump energies and fixed seed energy (2 µJ).

where P j is the peak power of the j wave with p, s, i corresponding to the pump, seed (sig-
nal) and idler. This sideband (signal and idler) contribution was assumed negligible in the
initial derivations for the effective phase mismatch (eq. 4.1.5) but needs to be considered
in the case of intense, seeded-FWM.

The FWM response to the variation of the input pump and seed energies is studied in
fig. 4.1. This is obtained using the corrected effective phase-mismatch κ (see eq. 4.1.8, the
parametric gain g (see eq. 4.1.6) and assuming pump and seed propagation in the funda-
mental modes of a 75 µm core radius, 135 cm long HCF filled with helium. The helium
refractive index is calculated using the modified Sellmeier equation described in [47],
where the density is expressed relative to 1 bar at 273 K. Both pulses are 40 fs FWHM in
duration. In figures 4.1(a, c) the pump energy is varied in the range of 25-170 µJ and a
fixed seed energy at 2 µJ is applied. In fig. 4.1(b), the seed energy is varied in the range of
2-150 µJ and a fixed pump energy at 170 µJ is applied. The generated idler pulse energy
is set to be 1/3 of the applied pump energy, corresponding to a typically high conversion
efficiency (33%).

When the pump energy is increased, the applied pressure needs to be decreased in
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order to achieve optimum phase-matching (κ = 0), as shown in fig. 4.1(a). The situation
is reversed for increasing seed energy (see fig. 4.1(b)) where phase-matching occurs at
higher pressure. The tuning of the phase-matching pressure relative to the seed energy is
pivotal in optimizing the idler generation as will become evident in the experimental work
that follows. Finally, the maximum parametric gain occurs for negative and decreasing
linear phase-mismatch (∆k) to compensate for the increasing nonlinear contribution from
the pump, as shown fig. 4.1(c).

4.2 Experimental work

The aim of this project was to produce ultrashort pulses in the DUV by means of linearly
polarized four-wave mixing (FWM) in HCFs with high pulse energy (tens of µJ), whilst
maintaining or increasing the energy conversion efficiency reported in previous works
(30-40%) using similar techniques [41]. The concept was conceived by Federico Belli
who previously developed a FWM-based source in PCF [43].

In the experiment, part of the output of a 1 kHz, 30 fs FWHM, 800 nm Ti:sapphire
laser source (see section 3.1) was split it into two replicas with the use of a 50-50 re-
flective beam-splitter (BS1), thus creating two beam-lines (see fig. 4.2). The first acted
as the fundamental seed (signal), while the second was frequency-doubled to 400 nm in
a 100 µm thick type-I β-Barium borate (BBO) crystal and acts as the degenerate pump.
The energy conversion efficiency to the second harmonic was around 35%. Both pump
and seed beam lines were equipped with a motorized half-wave plate (HWP) and a thin-
film polarizer (TFP) for power control and conversion to vertical linear polarization with
a polarization extinction ratio of 10−4. In the seed line, a phase compensation system
was implemented consisting of a pair of anti-reflection coated BK7 wedges and a pair of
chirped mirrors (HD58, Ultrafast Innovations) with the latter inducing a net group delay
dispersion (GDD) of -550 fs2 (-275 fs2 at each bounce). One of the wedges was mounted
on a translation stage to adjust the inserted glass thickness and provide phase fine-tuning.
The optimal wedge position was decided upon optimizing the idler energy and remained
fixed throughout the experiment.

Concave mirrors (FM) were used as focusing optics to avoid temporal dispersion and
chromatic aberration, and three dichroic mirrors in the pump line were used after the
focusing optic to filter out the fundamental 800 nm pulse. The converging beams were
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Figure 4.2: Sketch of the FWM experimental setup. The output of a 1 kHz, 30 fs FWHM,
800 nm Ti:sapphire laser was split with a beam-splitter (BS1) to generate two beam-lines,
both of which undergo polarization control (λ/2: half-wave plate, TFP: thin film polar-
izer). One (pump) underwent frequency conversion (BBO crystal), followed by spectral
filtering to remove the fundamental frequency and the other (seed) passed through a delay
stage and a phase control stage consisting of BK7 wedges and chirped mirrors (CM). The
two beams recombined at BS2 after focusing with concave mirrors (FM), before the input
facet of a 1.35 m, 150 µm diameter stretched hollow capillary fibre (HCF).

combined using a 3 mm thick dichroic beam-splitter (BS2) made of SiO2 before propa-
gating to the input of the capillary fibre. A motorized delay stage placed in the seed line
allowed to perform delay scans and optimize the temporal overlap of the two pulses.

Using the fibre stretching technique described in section 3.2, a 1.35 m long HCF with
a 150 µm inner core diameter was positioned in a sealed gas system that allowed for both
evacuation and gas fill via independent ports. The diameter of the fibre was chosen to be
small enough to allow for high intensity pulses and large enough to reduce attenuation
losses at 800 nm. The length of the fibre was tested at 60 and 100 cm before settling
to 1.35 m which delivered the highest output energy in the DUV among the three. The
gas pressure was controlled and stable to within 1 mbar. Optical access to the fibre and
pressure sealing was provided by two 1 mm thick magnesium fluoride (MgF2) windows.
MgF2 was preferred over other materials due to its high optical transparency and low
group velocity dispersion. The pulses exiting the capillary were spectrally resolved with a
commercial CCD spectrometer for spectral energy density (SED) measurements as shown
in section 3.3.
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Figure 4.3: Diagnostics of the linearly polarized FWM experiment at the output of the
HCF stage. Highly reflective mirrors at 266 nm (HR266) and 400 nm (HR400) are used
for spectral filtering and beam steering to spectral energy density (SED) or temporal pro-
file (SD FROG) measurement devices.

The temporal profiles of the input 800 and 400 nm pulses were measured using the
home-built SHG and SD FROG, respectively, as discussed in section 3.6. In the case of
the 800 nm pulse, the beam was picked off before the focusing optic with a flip mirror
(see fig. 4.2). The SD FROG was placed at the HCF output in order to allow for temporal
characterization of both the 400 nm pulse and the generated 266 nm pulse, according to
the optics arrangement shown in fig. 4.3. When measuring the 400 nm pulses, two highly
reflective 400 nm optics (HR400) were used as steering mirrors. For measurements of the
266 nm pulses, the unwanted collinear 400 and 800 nm beams were removed using four
highly reflective mirrors (HR266) at 266 nm.

The SHG FROG retrieval of the 800 nm input seed pulse is shown in fig. 4.4. The
temporal and spectral resolution of the FROG trace is 2 fs and 0.5 nm, respectively. The
measured and retrieved traces appear almost identical and the optimal FROG error (G)
is 0.15% on a 256 × 256 time-frequency grid. The retrieved pulse is 39 fs FWHM long
and it is numerically forward propagated to include transmission through the 3 mm SiO2

beam-combiner (BS2) and the 1 mm thick MgF2 input window, so that the pulse duration
at the input HCF facet is 38 fs. The retrieved Fourier transform-limited duration is 22 fs.
The retrieved spectral profile is compared against an external spectrum measurement with
good agreement and the retrieved spectral phase is fitted with a third order polynomial to
obtain the group delay dispersion at -143 fs2 and the third order dispersion at 587 fs3.
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Figure 4.4: SHG FROG of the input 800 nm pulse.(a, b) Measured and reconstructed
traces in logarithmic scale, with 0.15% FROG error. (c) Retrieved (39 fs, orange), numer-
ically forward propagated to the HCF input (38 fs, solid black) and Fourier transform-
limited (22 fs, dashed black) pulse profiles. (d) Retrieved (orange), and externally mea-
sured power spectrum (dashed black), retrieved (solid red) and polynomial fitted (dashed
red) spectral phase.

The temporal profile of the 400 nm input pulse was measured at the HCF output by
launching the 400 nm beam separately into the evacuated HCF and numerically back-
propagating the retrieved field to the input facet of the HCF. The FROG retrieval of the
400 nm input pump pulse is shown in fig. 4.5. Optimal reconstruction is obtained for
a FROG error of G = 0.44% on a 64 × 64 grid. Here, the temporal resolution is 3 nm
and the spectral resolution is 0.5 nm. The retrieved pulse is 52 fs FWHM long and it
is numerically back-propagated to account for the transmission through the 100 µm thick
silica sample, the 1 mm thick MgF2 exit window of the HCF stage and the air path between
the two. Hence, the pulse duration at the input facet of the HCF reduces to 39 fs. The
retrieved spectral bandwidth is 10.5 nm corresponding to FTL pulses of 20 fs duration.
The retrieved spectral profile centered at 405 nm agrees well with the externally measured
spectrum and the spectral phase polynomial fitting delivers a group delay dispersion of
-640 fs2 and a third order dispersion of 1250 fs3.

The pump and seed energy were controlled via motorized variable attenuators that
allowed for fast and precise energy scans. As discussed in section 3.4, using the HCF
transmission (see eq. 2.4.11) and the output spectral energy density (obtained from the
calibrated spectrometer), one can closely estimate the pulse energy coupled into the HCF.
Here, the coupled pump energy is up to 170 µJ and the coupled seed energy is up to
200 µJ. At this point, it is useful to define a weak (seed energy Es < 60 µJ) and a strong
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Figure 4.5: SD FROG of the input 400 nm pulse performed at the output of the evacuated
HCF. (a, b) Measured and reconstructed traces in logarithmic scale, with 0.44% FROG
error. (c) Retrieved (52 fs, orange), numerically back-propagated to the input HCF facet
(39 fs, solid black) and retrieved Fourier transform-limited (20 fs, dashed black) pulse
profiles. (d) Retrieved (orange) and externally measured power spectrum (dashed black),
retrieved (solid red) and polynomial fitted (dashed red) spectral phase.

(seed energy Es > 100 µJ) seeding regime with respect to the maximum pump energy and
study their effect on FWM performance separately.

4.2.1 Weakly-seeded FWM

In the weak seeding regime, the seed energy was set at 2 µJ and the pump energy at
160 µJ (close to the maximum). The HCF was filled with helium at 1.60 bar, which
was the pressure that maximized idler generation for this input energy configuration, as
predicted in fig. 4.1(a). Helium was chosen because it is the hardest to ionize among noble
gases. Varying the delay position between the pump and seed and recording the energy
density at the output of the HCF stage, the results shown in fig. 4.6(a) were obtained.
Here, for negative delays the pump pulse preceded the seed pulse and for positive delays
the situation was reversed.

At the zero delay position (determined by the maximum idler energy), the idler is gen-
erated with 40 µJ pulse energy, corresponding to 25% pump-to-idler conversion efficiency
(CE, defined as the energy ratio of the generated idler to the coupled pump throughout the
text) and the seed output energy is 8.5 µJ, which translates to a net seed amplification of
more than a factor of four. The energy required to drive the FWM process (seed amplifi-
cation and idler generation) is provided by the depletion of the pump, which at zero delay
accounts for 55% of the coupled pump energy.
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Figure 4.6: Output of optimized weakly-seeded FWM at 1.60 bar of helium. (a) Idler
UV (blue) generation with respect to the time delay between pump (black) and seed (red)
output. Pump and seed coupled energies are 160 µJ and 2 µJ, respectively. At zero
delay, the idler energy is 40 µJ corresponding to 25% conversion efficiency relative to the
coupled pump. (b) Seed (top), pump (middle) and idler (bottom) spectral energy density
(SED) with varying time delay in logarithmic (dB) scale.

The spectral evolution of the pump, seed and idler with respect to the delay between
the input pulses is shown in fig. 4.6(b). In the region within temporal overlap, the seed
(top) exhibits spectral re-shaping due to amplification and cross-phase modulation from
the co-propagating pump and idler pulses. On the other hand, the pump (middle) is de-
pleted around the central wavelength and shows negligible spectral modulations at the
wings. The smooth spectral profile of the pump at temporal overlap is due to the absence
of seed-induced cross-phase modulation effects as the seed energy applied here is weak.
The generated idler spectrum (bottom) is determined by the input wavelength components
mixing at the temporal overlap and in the weakly-seeded FWM case exhibits a smooth
evolution relative to the delay.

The output spectra obtained at zero delay are shown in fig. 4.7. The broad (19 nm
FWHM bandwidth) idler spectrum peaks at 267 nm with 2 µJ/nm of energy density while
the rest is smoothly distributed on a Gaussian-like shape. The pump and seed output
spectra at zero delay (solid lines) are plotted along with the corresponding output spectra
obtained away from temporal overlap (dashed lines). This allows to separate the spec-
tral modulations originating from mixing processes (FWM, XPM) from those inherent to
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Figure 4.7: Output spectra of optimized weakly-seeded FWM at 1.60 bar of helium for the
idler (left), pump (middle) and seed (right) as obtained at the zero time delay of fig. 4.6.
Dashed lines indicate the output spectra away from pump and seed temporal overlap.

single-pulse propagation (SPM and linear transmission losses). In the pump, we observe
higher depletion at shorter and central wavelengths and in the seed shorter wavelengths
are those that get substantially amplified, while longer components remain relatively con-
stant. Besides the FWM-induced nonlinear interaction, the spectra of the two input waves
undergo strong self- and cross-phase modulation effects that also induce spectral reshap-
ing. This is evident when comparing the output spectra with those at the input shown in
fig. 4.5 for the pump and in fig. 4.4 for the seed.

Experimental results shown up to this point were obtained with the helium pressure
that maximized the idler energy in weakly-seeded FWM. Using the same coupled seed
energy (2 µJ) and varying both the helium pressure in the range of 1.40 to 2.20 bar and
the pump energy within its full range, the output spectra were recorded at discrete delay
increments. At the optimal delay position (the position of maximum idler energy for each
energy and pressure combination), the corresponding output spectrum was extracted.

Fig. 4.8 shows the output idler spectrum evolution with pressure and energy, with each
pressure set normalized to its peak energy. The pressure increase causes a shift of the idler
towards longer wavelengths at higher pump energies, thus extending the generation win-
dow to 295 nm at 2.20 bar of helium. At lower pump energies (< 50 µJ), idler generation
occurs at 266 nm for all helium pressures. This emission wavelength dependence on the
pump energy is due to the nonlinear contribution to the effective phase-mismatch (see
eq. 4.1.8), which is negligible at low energy. Lastly, the pump energy required to initiate
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Figure 4.8: Evolution of idler output spectrum with pump energy at constant seed energy
of 2 µJ for helium pressure in the range of 1.40 to 2.20 bar. Spectra at each pressure set
are normalized to their corresponding peak.

FWM decreases with increasing pressure. This can be seen by comparing the idler gener-
ation at the two pressure extremes (at 1.40 bar and 2.20 bar) appearing at 75 µJ and 25 µJ,
respectively. This is due to the higher gas nonlinearity at higher pressures.

As shown in fig. 4.8, pressure tuning leads to spectrally tunable idler generation. This
is more explicitly shown in fig. 4.9(a), where the highest idler energy spectra at each
pressure are plotted together. One can identify clean, Gaussian-shaped spectra spanning
from 265 to 295 nm and pulse energies ranging from 11 µJ at 2.20 bar of helium to 40 µJ
at 1.60 bar of helium. Fig. 4.9(b) shows the far-field spatial profile of the idler pulse at
1.60 bar of helium, captured with a CCD camera after spectral filtering the HCF output
with four highly reflective mirrors at 266 nm as shown in fig. 4.3. The quality of the beam
profile is due to the waveguide geometry allowing smooth, spatially filtered outputs.

The effect of pressure tuning on the pump depletion in the weak seeding regime is
investigated in fig. 4.10. The spectra shown here are obtained by subtracting the pump
output spectrum at zero delay position from that captured away from temporal overlap, so
that higher values (yellow) represent higher pump depletion. As before, the spectra at a
given pressure are normalized to their corresponding peak. Similar to the idler generation,
pump depletion is mainly observed at central wavelength components (∼ 405 nm) when
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Figure 4.9: (a) Spectral tuning in weakly-seeded FWM (seed energy at 2 µJ) via pressure
tuning. Idler spectra and output energy (annotated) at optimal pump energy for each
helium pressure. (b) Far-field spatial profile of the generated idler at 1.60 bar of helium.

low pump energies (< 50 µJ) are used. At these energy levels, the linear contribution of the
phase-matching is dominant. On the other hand, at higher pump energies the nonlinear
contribution shifts the location of maximum depletion towards longer wavelengths for
increasing pressure.

The pressure and pump energy evolution of seed amplification in weakly-seeded FWM
is investigated in fig. 4.11. The amplified seed spectra are obtained by subtracting the
seed output measured away from temporal overlap from that at zero delay. At each pres-
sure, the resulting spectrum is normalized to its corresponding peak. Here, the strong
co-propagating pump and idler pulses induce XPM-driven spectral shifts, thus the seed
evolution is dictated by more complicated dynamics compared to the pump evolution,
where the seed energy was small enough to assume negligible seed-induced XPM. In this
framework, dark regions denoting attenuation of wavelength components at zero delay
appear at the pressure extremes (1.40 and 2.20 bar of helium), though one is still able to
identify that the location of maximum seed amplification shifts slightly at high pump en-
ergy in the same way as the pump depletes: towards shorter wavelengths at low pressures
(1.40 and 1.60 bar) and longer wavelengths at high pressures (2.00 and 2.20 bar).
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Figure 4.10: Evolution of the pump depletion with pump energy at constant seed energy
of 2 µJ for helium pressure in the range of 1.40 to 2.20 bar. Spectra at each pressure set
are normalized to their corresponding peak.
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Figure 4.11: Evolution of the seed amplification with pump energy at constant seed energy
of 2 µJ for helium pressure in the range of 1.40 to 2.20 bar. Spectra at each pressure set
are normalized to their corresponding peak.
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4.2.2 Strongly-seeded FWM

The FWM output shown up to this point is based on using weak seed energies, so that the
seed-induced nonlinearity is negligible. In the strong seeding regime, seed energy reaches
and exceeds the energy of the pump and thus contributes to the net nonlinearity inside the
HCF and alters the FWM response.
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Figure 4.12: Output of strongly-seeded FWM at 1.9 bar of helium. (a) Idler UV (blue)
generation with respect to the time delay between pump (black) and seed (red) output.
Pump and seed coupled energies are 170 µJ and 127 µJ, respectively. At zero delay, the
idler energy is 72 µJ corresponding to 42% conversion efficiency relative to the coupled
pump. (b) Seed (top), pump (middle) and idler (bottom) spectral energy density (SED)
with varying time delay in logarithmic (dB) scale.

As predicted by the effective phase-mismatch dependence on the seed energy (see
fig. 4.1), the optimal phase-matching pressure shifts to higher values for increasing seed
energy. By optimizing the pump and seed energy and the pressure, the conditions for the
most efficient FWM response were determined as those presented in fig. 4.12(a). Using
a helium pressure of 1.90 bar, pump energy at maximum available (170 µJ) and seed
energy at 127 µJ, a bright idler pulse with 72 µJ energy is generated with 42% conversion
efficiency relative to the coupled pump, which depletes by 80% at zero delay.

The seed pulse amplification due to the FWM process is 15 µJ, obtained when sub-
tracting the output seed energy away from temporal overlap from the output energy at
zero delay (position of idler energy maximum). However, the net seed energy balance is
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Figure 4.13: Output spectra of strongly-seeded FWM at 1.9 bar of helium for the idler
(left), pump (middle) and seed (right) as obtained at the zero time delay of fig. 4.12.
Dashed lines indicate the output spectra away from pump and seed temporal overlap.

negative as the HCF propagation losses at 800 nm cause a 45% attenuation of the coupled
seed energy coupled. Even the large FWM amplification does not compensate for this.

Fig. 4.12(b) shows the output spectral energy density of the pump, seed and idler with
respect to the relative delay between the input pulses on a logarithmic color scale. Com-
pared to the corresponding plot for the weakly-seeded FWM regime shown in fig. 4.6(b),
the spectral modulations near temporal overlap (0 to 75 fs) are more pronounced, espe-
cially at the spectral wings of the pump (middle plot), due to the stronger cross-phase
modulation from the seed. Furthermore, as shown in the bottom plot of fig. 4.12(b) the
zero delay position that corresponds to maximum idler energy is not located at the center
of the overlap region as was the case in fig. 4.6. It is instead shifted towards the leading
edge of the overlap region, where the pump precedes the seed pulse.

At zero delay, the idler spectra are generated through the nonlinear mixing of the
shorter seed wavelength components and the depleted pump components. As the relative
delay shifts within the overlap region, the idler output differs in central wavelength and
bandwidth based on the relative mixing of pump and seed components to satisfy the en-
ergy conservation criterion. Thus, the tuning of the relative delay provides an additional
control on the generated idler output.

The output pump, seed and idler spectral energy density at zero delay is shown in
fig. 4.13. The idler exhibits a strong peak at 270 nm and the mixing of the shorter seed
components with the longer pump wavelengths (at around 420 nm) forms a small pedestal
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Figure 4.14: Evolution of idler output spectra with the pump energy at constant seed
energy of 113 µJ for helium pressure in the range of 1.40 to 2.20 bar. Each pressure set is
normalized to its peak SED.

at around 280 nm. The pump and seed output spectra at zero delay are plotted along
with the corresponding output spectra obtained away from temporal overlap. The pump
exhibits a uniform spectral energy reduction at temporal overlap, only slightly higher
at shorter wavelengths as already seen in fig. 4.12(b). The seed spectrum shows more
evident shifts due to XPM-induced spectral broadening and FWM amplification at shorter
wavelengths.

In determining the input parameters (pump energy, seed energy, pressure) for efficient
strongly-seeded FWM, coarse scans were initially performed to approximate the region of
maximum idler generation before correcting with finer scans for each parameter. In these
initial measurements, a seed energy of 113 µJ was used (optimal is 127 µJ) to measure
64 µJ of idler energy (optimal is 72 µJ) at 170 µJ pump energy and 1.90 bar of helium with
identical spectral output between the two configurations. Since the two seed energies are
close and the difference in idler energy is small, the following strong seeding FWM out-
puts are plotted using 113 µJ of seed energy instead of the optimal 127 µJ for consistency
purposes.

Using the same routine as in the weak seeding regime, the evolution of the idler gener-
ation, pump depletion and seed amplification is studied when varying the helium pressure

66



4.2. Experimental work Intense DUV pulses via FWM

50

100

150

1.40 bar1.40 bar1.40 bar1.40 bar1.40 bar1.40 bar1.40 bar1.40 bar1.40 bar1.40 bar1.40 bar1.40 bar1.40 bar1.40 bar1.40 bar 1.60 bar1.60 bar1.60 bar1.60 bar1.60 bar1.60 bar1.60 bar1.60 bar1.60 bar1.60 bar1.60 bar1.60 bar1.60 bar1.60 bar1.60 bar 1.73 bar1.73 bar1.73 bar1.73 bar1.73 bar1.73 bar1.73 bar1.73 bar1.73 bar1.73 bar1.73 bar1.73 bar1.73 bar1.73 bar1.73 bar 1.80 bar1.80 bar1.80 bar1.80 bar1.80 bar1.80 bar1.80 bar1.80 bar1.80 bar1.80 bar1.80 bar1.80 bar1.80 bar1.80 bar1.80 bar

375 405 435

50

100

150

1.85 bar1.85 bar1.85 bar1.85 bar1.85 bar1.85 bar1.85 bar1.85 bar1.85 bar1.85 bar1.85 bar1.85 bar1.85 bar1.85 bar1.85 bar
375 405 435
1.90 bar1.90 bar1.90 bar1.90 bar1.90 bar1.90 bar1.90 bar1.90 bar1.90 bar1.90 bar1.90 bar1.90 bar1.90 bar1.90 bar1.90 bar

375 405 435
2.00 bar2.00 bar2.00 bar2.00 bar2.00 bar2.00 bar2.00 bar2.00 bar2.00 bar2.00 bar2.00 bar2.00 bar2.00 bar2.00 bar2.00 bar

375 405 435
2.20 bar2.20 bar2.20 bar2.20 bar2.20 bar2.20 bar2.20 bar2.20 bar2.20 bar2.20 bar2.20 bar2.20 bar2.20 bar2.20 bar2.20 bar

0.0

0.2

0.4

0.6

0.8

1.0

Pu
m

p
de

pl
et

io
n

(a
.u

.)

Pu
m

p
en

er
gy

(µ
J)

Wavelength (nm)

Figure 4.15: Evolution of the pump depletion with the pump energy at constant seed
energy of 113 µJ for helium pressure in the range of 1.40 to 2.20 bar. Each pressure set is
normalized to its peak SED.

and the pump energy. Fig. 4.14 shows the normalized output idler spectra where just as
in the weak seeding regime (see fig. 4.8), longer wavelengths are generated with increas-
ing pressure. However, the idler appears less broadband, with spectra grabbed at 1.60-
1.90 bar and at higher pump energies forming sharp peaks at the central wavelength and
weak pedestals at the wings, as also observed in fig. 4.13, due to the stronger cross-phase
modulation.

The pump depletion is presented in fig. 4.15 with the normalized pump spectra ob-
tained by subtracting the pump output at zero delay from that away from temporal overlap.
In contrast to the depletion in the weak-seeding regime (see fig. 4.10), where increasing
the gas pressure shifts the location of highest depletion towards longer wavelengths at
higher energies, here the situation is reversed and shorter wavelengths are mostly de-
pleted with increasing pressures. At lower pump energies depletion occurs around the
central wavelength of the input pulse (405 nm) due to the negligible pump nonlinearity.

The seed amplification is presented in fig. 4.16 by subtracting the output obtained
away from temporal overlap from that at zero delay and normalizing to the maximum at
each pressure with negative values denoting wavelength components that get attenuated
at zero delay and appearing in all pressure data-sets. As with the evolution of the pump,
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Figure 4.16: Evolution of the seed amplification with the pump energy at constant seed
energy of 113 µJ for helium pressure in the range of 1.40 to 2.20 bar. Each pressure set is
normalized to its peak SED.

a pressure and energy increase shifts the optimum amplification region towards shorter
wavelengths. This is contrary to the amplification in the weak seeding regime (shown in
fig. 4.11) where the increasing pressure favored the amplification of longer wavelengths.

In order to fully assess the FWM output with the 135 cm long, 150 µm core diameter
HCF, a larger and finer seed energy grid is used that includes energies of weak (2 µJ)
and strong (113 µJ) seeding described above. The summarized output is presented in
fig. 4.17, where for each column (corresponding to coupled seed energy Es), the following
are plotted against the pump energy for helium pressures between 1.20 and 2.40 bar; the
output idler energy, the energy conversion efficiency, the amplified seed energy at the
output and the central wavelength of the idler.

At Es = 113 µJ, we identify the 1.90 bar curve reaching 64 µJ idler energy (later opti-
mized to 72 µJ using Es = 127 µJ) at highest pump energy, also delivering the maximum
seed amplification (15 µJ) among all input configurations. At Es = 2 µJ we can also
identify the optimal weak-seeding parameters, as obtained in fig. 4.6. The increasing seed
energy boosts all FWM performance measures (generation, conversion and amplification)
until Es = 196 µJ where FWM performance declines possibly due to photoionization ef-
fects, discussed in section 2.3.3.
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Figure 4.17: Overview of FWM output using a 135 cm long, 150 µm core diameter HCF
and different coupled seed energies (Es).

69



4.2. Experimental work Intense DUV pulses via FWM

4.2.3 DUV characterization
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Figure 4.18: Measured SD FROG traces of the generated idler (top), third-order autocor-
relation (AC) profiles (bottom, orange curves) and FTL pulses (bottom, dashed curves) at
the FROG output when varying the pump energy (Ep) at fixed seed energy (Es = 2 µJ) and
pressure (1.60 bar He). Annotated is the AC duration and in parenthesis the deconvoluted
duration assuming Gaussian pulses.

Using the optics configuration shown in fig. 4.3, the idler beam was filtered and steered
into the SD FROG assembly to measure the DUV pulses. The HCF was filled with 1.60
bar of helium and FROG traces were recorded for varying pump and seed energies to
determine the duration evolution of the idler pulse. The temporal and spectral resolution
of the measured FROT traces were 1.5 fs and 0.5 nm, respectively. Here, due to an
ambiguity in the FROG retrievals, the DUV pulse characterization is restricted to the
use of the third order intensity autocorrelation (AC), introduced in eq. 3.6.4, which can be
calculated by integrating over the frequency axis of the measured trace. The deconvoluted
pulse duration τd at the FROG output is estimated assuming Gaussian pulses, with (τAC =

1.22τd) [115]. All pulse durations are expressed in FWHM notation.
The seed energy was initially fixed at Es = 2 µJ and the pump energy was varied

within a range that yields sufficient FROG signal (80 µJ to 170 µJ). At each input energy,
the delay position that maximized the idler energy was selected. Fig. 4.18 shows the cap-
tured FROG traces and the third-order AC profiles of the idler pulses for increasing pump
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Figure 4.19: Measured SD FROG traces of the generated idler (top), third-order autocor-
relation (AC) profiles (bottom, orange curves) and FTL pulses (bottom, dashed curves) at
the FROG output when varying the seed energy (Es) at fixed pump energy (Ep = 170 µJ)
and pressure (1.60 bar He). Annotated is the AC duration and in parenthesis the deconvo-
luted duration assuming Gaussian pulses.

energy. The deconvoluted pulse durations are shown in parenthesis. The measurement at
maximum pump energy corresponds to the idler pulse obtained under the optimal weak
seeding conditions, as defined in fig. 4.6. It is shown that increasing the pump energy
increases the idler pulse duration from 21 to 30 fs. On the other hand, the calculated FTL
pulses become shorter from 14 fs at Ep = 80 µJ to 7.5 fs at Ep = 170 µJ due the increased
DUV bandwidth at higher pump energies. Fig. 4.19 shows FROG traces using the max-
imum pump energy (170 µJ) and varying the seed energy. Here, the idler pulse duration
increases from 26 fs at Es = 0.5 µJ to 30 fs at Es = 45 µJ and the FTL pulses become
shorter with 8.5 fs duration at 0.5 µJ and 5.5 fs at 45 µJ seed energy due to the increased
idler bandwidth at high seed energies.

Although the third order autocorrelation provides a good estimate of the pulse duration
of the generated idler pulses, the full reconstruction of their temporal profiles is a priority
among future work.
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4.2.4 FWM in compact fibre

Scale-invariant optical processes are highly desirable as they can be accessed with differ-
ent input parameters, thus providing fewer restrictions on experimental implementation.
The reproduction of nonlinear effects based on gas systems with appropriate scaling of
input parameters was reported in [116]. In this experiment, a compact HCF stage was
built to study the scaling properties of FWM and attempt to further increase the energy
conversion efficiency.

Figure 4.20: Sketch of the apparatus for FWM in compact setup. The large HCF stage of
the previous experiment is set in vacuum and a second HCF stage with 5.5 cm length and
50µm core diameter is built. Output light from the large HCF is coupled into the second
HCF with a focusing mirror (FM).

Implementing the scaling laws of [116] in HCF-based systems requires that if the
HCF core size is scaled by a factor η, then the original propagation dynamics (except
for transmission losses) can be reproduced, provided the fibre length and the input peak
power are scaled by η2 and the gas pressure is scaled by 1/η2.

To test this, a second HCF stage was built at the output of the main HCF, thus forming
the setup shown in fig. 4.20. The new HCF was considerably more compact with 5.5 cm
length and 50 µm core diameter. The core size was selected to be as small as possible
(limited by attenuation at 800 nm) and the length was decided upon testing the idler output
energy for 3, 5.5 and 10 cm long HCFs. In order to couple the pump and seed into the
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Figure 4.21: SD FROG measurement of the 400 nm pulse performed at the output of the
evacuated second HCF stage. (a, b) Measured and reconstructed traces shown in loga-
rithmic scale, with a FROG error of 0.95%. (c) Retrieved (64 fs, orange) and numerically
back-propagated to the input HCF facet (43 fs, black) pulse profiles. (d) Retrieved (or-
ange) and externally measured (dashed black) spectral shape with phase (red).

second HCF stage, the collinear output of the first HCF stage was used, while evacuated,
to allow for transmission free from nonlinearity. The output was collected with a highly
reflective mirror at 400 nm and 800 nm and was steered towards a concave mirror (FM)
delivering tightly focused pump and seed beams at 25 cm focal length. The input facet of
the second HCF was placed at the focal plane and the gas cell containing the HCF was
mounted on a stage, used to optimize coupling as it provided XYZ (axial and transverse)
translation. The HCF system was sealed with two 2 mm thick MgF2 windows to allow for
gas fill or evacuation. The doubling in window thickness was to accommodate the higher
pressure required for phase-matching in the second HCF.

The seed pulse duration at the input facet of the second HCF is obtained by nu-
merically forward-propagating the pulse measured before the first HCF stage, shown in
fig. 4.4. The retrieved SHG FROG pulse was 39 fs long, corrected to 38 fs by including
transmission through the combining optic (BS2, see fig. 4.20) and the input window of
the first HCF stage. Applying further numerical forward propagation to include the output
and input window of the first and second HCF stage, respectively and the corresponding
air path results in 37 fs seed pulse duration at the second HCF input. Similarly for the
pump pulse, the retrieved pulse duration at the output of the evacuated first HCF stage
was 39 fs, as shown in fig. 4.5. By numerically forward propagating the retrieved field to
include transmission through the input 2 mm MgF2 window of the second HCF stage, the
pump at the input facet of the second HCF becomes 42 fs long.
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In order to confirm the above calculation, a new SD FROG measurement is performed,
this time at the output of the evacuated second HCF stage. The pulse retrieval output is
shown in fig. 4.21. A 128 × 128 time-frequency grid is used and the optimum error is
0.95%, as shown in the retrieved trace. Here, the temporal and wavelength resolutions of
the FROG trace are 4 fs and 0.5 nm, respectively. The retrieved pulse is 64 fs FWHM long
and it is numerically back-propagated to remove transmission through the fused silica
FROG sample (1 mm thick in this case), the output window of the HCF stage (2 mm
thick) and the air path between the HCF output and the FROG sample. This results to
a 43 fs pump pulse duration at the input of the second HCF, with a retrieved Fourier
transform-limited pulse duration at 14.5 fs. The retrieved spectral profile is compared
with an external measurement of the power spectrum and they agree very well. The
retrieved spectral phase is fitted with a third-order polynomial to extract a group delay
dispersion of 350 fs2 and a third order dispersion of -1300 fs3.

The energy available to couple into the second HCF (including the coupling losses) is
up to 75 µJ for the pump and up to 30 µJ for the seed. The reduction in energy compared
to that available in the first HCF is mainly due to the transmission through the first HCF.
However, since the HCF core size is three times smaller, according to the scaling laws the
input energies should be nine times lower. Since the best driving energies in the first HCF
stage were those determined in the strong-seeding regime (pump at 170 µJ and seed at
127 µJ), equivalent idler generation in the second HCF stage should occur around 20 µJ
pump energy and 14 µJ seed energy. This consideration is valid assuming that the input
pulse durations in the two cases remain constant, so that the peak intensity is not altered.
Since the pump pulses are slightly longer in the second HCF compared to the first (pump;
39 fs to 43 fs and seed; 38 fs to 37 fs), slightly higher pump energies than those determined
by the scaling laws would be required to match the intensity delivered in the larger HCF.
Higher energies should also be expected for the seed due to transmission losses, which do
not abide to the scaling laws and increase for smaller core sizes (see eq. 2.4.11).

A scaling of the gas pressure also needs to be accounted for, as the pressure scales with
1/η2, so optimal phase-matching in the second HCF stage should occur close to 16 bar of
helium. Measurements were recorded around this pressure while varying the pump and
seed energy. The output of these scans is shown in fig. 4.22 for coupled seed energies
up to 4 µJ and in fig. 4.23 for seed energies up to 27 µJ. As before, each pump and seed
energy configuration with pressure is shown for the delay position yielding maximum
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Figure 4.22: FWM output using a 5.5 cm long, 50 µm core diameter HCF at coupled seed
energies (Es) ranging from 0.5 to 4 µJ.

idler energy. At this point, it is important to note that the gas pressures used in the two
figures are different, so they should be read with care.

In fig. 4.22 higher idler generation, conversion efficiency and seed amplification were
obtained with increasing seed energy while tuning the helium pressure from 11 to 16.5 bar.
At seed energy Es = 4 µJ, maximum pump energy (75 µJ) and 13.3 bar, pulses with
18.5 µJ energy were generated centered at 265 nm while the seed was amplified by 3.3 µJ.
The central wavelength of the generated idler shifted via pressure tuning from 265 nm
at lower pressures to 280 nm at higher pressures with sufficiently high energies (up to
5 µJ at longer wavelengths). In fig. 4.23 the seed energy was further increased up to
the maximum available limit (Es = 27 µJ). At Es = 7 µJ and 13 bar of helium, the
global maxima for idler generation (22 µJ) and seed amplification (3.3 µJ) were recorded.
At higher seed energies (Es =16, 22 and 27 µJ), the idler generation saturates at 20 µJ
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Figure 4.23: FWM output using a 5.5 cm long, 50 µm core diameter HCF at coupled seed
energies (Es) ranging from 7 to 27 µJ.

and the seed amplification gradually decreases. However, for these seed energies very
high pump-to-idler energy conversion efficiency were recorded when reducing the pump
energy to around 25 µJ and a helium pressure of 15.4 bar was used. This selection of input
parameters delivered a maximum of 50% energy conversion efficiency when seeding at
Es = 16 µJ, which corresponds to record-high conversion efficiency in FWM systems.

The pump and seed driving energies used to achieve 50% conversion efficiency are
only slightly higher than those predicted (20 µJ for the pump and 14 µJ for the seed) by
the scaling properties of HCF-based systems [116]. The slight underestimation of the
optimal energies was also anticipated due to the slightly longer pump pulses at the input
of the second HCF stage and the high transmission losses at 800 nm. This provides a
good indication of the validity of scaling dynamics in FWM-based systems in HCFs.

Fig. 4.24(a) shows the pump, seed and idler output energy with varying delay between
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Figure 4.24: Output of compact FWM at 15.4 bar of helium. (a) Idler (blue) generation
with varying delay between pump (black) and seed (red) output. Pump and seed coupled
energies are 25 µJ and 16 µJ, respectively. At zero delay, the output idler energy is 12.5 µJ
corresponding to 50% conversion efficiency. (b) Seed (top), pump (middle) and idler
(bottom) spectral energy density (SED) with the delay in logarithmic (dB) scale.

the driving pulses for the configuration that delivers 50% conversion efficiency according
to fig. 4.23. The coupled pump and seed energies are 25 µJ and 16 µJ, respectively. At
zero delay, the idler energy is 12.5 µJ and the seed is amplified by 2.2 µJ. Fig. 4.24(b)
shows the output spectra with the delay displaying a smooth pump depletion (reaching
76% of the coupled pump energy) at temporal overlap. This is in contrast to the more
complicated temporal evolution shown in fig. 4.12 for the larger HCF.

The output spectra at zero delay are shown in fig. 4.25 for the pump, seed and idler and
are compared with those away from temporal overlap (for the pump and seed). The idler
is generated with a large 24.5 nm FWHM bandwidth centered at 270 nm. In the pump
case, the spectrum at zero delay is heavily depleted and slightly broadened compared to
that away from temporal overlap. In the seed, amplification and cross-phase modulation
cause the spectrum to shift towards shorter wavelengths, similarly to the amplification
output at the large HCF, shown in fig. 4.13.

The FWM output was studied by comparing the evolution with pump energy and
pressure of the data shown in fig. 4.23. The output spectra were measured at several
delay positions and the spectrum corresponding to the delay position of maximum idler
energy at each pressure, pump and seed energy configuration was selected. The resulting
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Figure 4.25: Output spectra of compact FWM system at 15.4 bar of helium for the idler
(left), pump (middle) and seed (right) as obtained at the zero time delay of fig. 4.24.
Dashed lines indicate the output spectra away from pump and seed temporal overlap.

spectra were grouped in pressure sets and normalized with respect to their corresponding
peak. Here, the helium pressure is varied between 13 and 18.1 bar and measurements are
obtained for seed energy set initially at 7 µJ and then at 27 µJ.

The idler evolution with pump energy and helium pressure is shown in fig. 4.26 for
7 µJ (top panels) and 27 µJ (bottom panels) seed energy. As observed in the larger HCF
and reproduced here, the increase of the helium pressure leads to idler generation at longer
wavelengths. The central wavelength tuning extends from 265 to 290 nm, similar to the
spectral range measured in the larger HCF (265 to 295 nm). Here however, the idler
output around optimal phase-matching pressures (15.1-16.4 bar) at 27 µJ seed energy is
more broadband than its equivalent in the larger HCF, shown in fig. 4.14.

Fig. 4.27 shows the normalized seed amplification evolution in the small HCF with
varying pressure and pump energy for 7 µJ (top panels) 27 µJ (bottom panels), using
spectra obtained by subtracting the seed output measured away from temporal overlap
from that at zero delay and dark regions representing areas of attenuation at zero delay.
At 7 µJ seed energy, the amplification location shifts towards longer wavelengths and at
27 µJ seed energy towards shorter wavelengths for increasing helium pressure. This is
similar to the weak and strong seeding amplification output of the large HCF, shown in
fig. 4.11 and fig. 4.16, respectively. In addition, the bottom panels show high attenuation
at central wavelengths and at zero delay similar to those observed in the large HCF for
strong-seeding FWM.
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Figure 4.26: Evolution of idler generation with pump energy and helium pressure for seed
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seed energy set at 7 µJ (top row) and at 27 µJ (bottom row). Spectra at each set are
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4.2.5 Summary

To summarize, this chapter centered on experimental investigations of seeded-FWM in
a large HCF (150 µm core diameter, 135 cm length) aiming to produce a source of in-
tense DUV pulses (tens of µJ), whilst maintaining high pump-to-idler energy conversion
efficiency (≥ 30 − 40%).

In order to understand the process, the seed energy dependence in FWM was initially
studied. When seeding with low energy (2 µJ), efficient FWM occurred at 1.60 bar of
helium to generate high energy (up to 40 µJ) idler pulses at 267 nm corresponding to 25%
conversion efficiency and excellent mode profiles, as shown in section 4.2.1. Further-
more, the gas pressure tuning allowed extension of the idler generation spectral window
to 295 nm with sufficient pulse energy (11 µJ). The FWM output (pump depletion, seed
amplification) was studied with respect to the gas pressure and pump energy, with de-
pletion (pump) and amplification (seed) occurring within the central wavelengths of the
input pulses at low pump energies, driven by the linear phase-matching contribution. At
higher pump energies, the location of highest depletion and amplification shifted towards
longer wavelengths with increasing gas pressure.

The desired FWM output occurred when the seed energy was increased and was set
close to that of the pump and the helium pressure was tuned to 1.90 bar, as shown in
section 4.2.2. This resulted to the generation of very bright idler pulses (72 µJ measured
energy) in the DUV, with high pump-to-idler energy conversion efficiency (42%). The
temporal evolution of the generated DUV idler pulses was studied with increasing pump
(full range) and seed (up to 45 µJ) energy at 1.60 bar of helium using the home-built SD
FROG (see section 4.2.3). However, due to ambiguities in the retrieval process, the output
pulse durations were approximated using the third order autocorrelation to the sub-30 fs
regime, with FTL durations becoming shorter (down to 5.5 fs) at higher energies due to
the increasing bandwidth. The evolution of the FWM output in the pump (depletion) and
seed (amplification) with the pump energy and gas pressure was opposite to the weak-
seeding regime with shorter wavelengths exhibiting larger depletion and amplification at
higher pressures and pump energies.

Since the milestone for high energy DUV pulses was achieved, a smaller HCF was
built (50 µm core diameter, 5.5 cm length) to test whether a further increase of the con-
version efficiency was feasible and to compare the FWM output in different HCF length
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and core size scales. The smaller setup, described in section 4.2.4, delivered bright (more
than 10 µJ) pulses in the DUV with record-high 50% conversion efficiency. This conver-
sion efficiency is at least 10% higher than that reported in the literature for similar idler
output energy [41]. In addition, the input parameters (driving energies and pressure) used
to optimize FWM in the smaller setup were very close to those predicted by scaling laws
in gases [116], providing a good experimental validation. The scaled system exhibited
similar FWM response with the original system in terms of spectral evolution of the idler
generation and seed amplification when varying the pressure and pump energy. The re-
sults obtained in the small HCF establish that FWM-based sources can also be used for
efficient light conversion without requiring long (> 1 m) setups. This can be useful in
many bio-chemistry studies where the delivered pulse energy suffices to perform various
spectroscopic techniques.

Overall, this technique can be extended to provide pulse generation at different spec-
tral regions by simply changing the driving frequencies. For VUV generation, one pos-
sible configuration would require pump pulses at 266 nm and seed pulses at 400 nm, so
that idler pulses at 200 nm are generated.
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5. Circularly polarized DUV pulses via
FWM

In chapter 4, an efficient scheme for the generation of ultrashort, high-energy pulses
in the DUV with high energy conversion efficiency was presented using linearly polarized
pulses to perform FWM in HCFs. Here, this technique is extended to the generation of cir-
cularly polarized DUV pulses which can be very useful in studies with chiral molecules,
as discussed in chapter 1.

The main concept involves the use of circularly polarized pump (400 nm) and seed
(800 nm) pulses to drive the FWM process and generate circularly polarized pulses in
the DUV (∼ 266) via polarization transfer dictated by the spin angular momentum con-
servation. This approach deviates from the conventional route of generating such pulses,
which is a two-step process: using frequency up-conversion in a nonlinear medium to
generate linearly polarized DUV pulses, followed by polarization conversion in quarter-
wave plates. The conventional technique suffers from the crystal limitations affecting the
phase-matching bandwidth, the ultrashort duration and the achromatic phase retardation
required for smooth polarization conversion of all spectral components. Control of po-
larization in DUV pulses has also been demonstrated using shallow-incidence reflections
from metal surfaces instead of phase retarders [30].

As discussed in chapter 1, the crystal-induced limitations are not present in HCFs.
Furthermore, in FWM the polarization state of the generated DUV pulse is dictated by
the polarization state of the driving 800 nm and 400 nm pulses, where material dispersion
is less dramatic compared to the DUV region and higher-quality phase-retarders are com-
mercially available. This technique further benefits from the spectral tunability offered by
FWM and can be extended for the direct generation of circularly polarized pulses in the
VUV. In this chapter, the vector properties of FWM in HCFs are discussed in section 5.1
and the experimental work, which was published in [117], is presented in 5.2.
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5.1 Polarization effects in FWM

Following the description in [118] for FWM driven by arbitrary polarized pulses, this
section considers the degenerate pump case assuming that the modal birefringence is neg-
ligible and the fibre exhibits perfect cylindrical symmetry, as is the case in HCFs. The
total electric field has field components from the pump (p), signal (s) and idler (i) as

E =
1
2

(
Ep exp

{
−iωpt

}
+ Es exp{−iωst} + Ei exp{−iωit}

)
+ c.c., (5.1.1)

where E j are the complex amplitudes at the corresponding carrier frequency ω j with j =

p, s, i. The induced nonlinear polarization can be obtained by substituting the field in the
vector form of polarization eq. 2.3.3. This leads to the following polarization terms at the
pump frequency

Pp

(
ωp

)
=
ε0χ

(3)
xxxx

4

[(
Ep · Ep

)
E∗p + 2

(
E∗p · Ep

)
Ep

]
, (5.1.2)

while for the signal and idler frequencies

P j

(
ω j

)
=
ε0χ

(3)
xxxx

2

[
2
(
E∗p · Ep

)
E j + 2

(
Ep · E j

)
E∗p + 2

(
E∗p · E j

)
Ep

+ 2
(
E∗m · Ep

)
Ep +

(
Ep · Ep

)
E∗m

]
,

(5.1.3)

where j,m = s or i, whilst j , m, and χ(3)
xxxx is the single third-order susceptibility term us-

ing eq. 2.4.25. The induced polarization at the pump frequency originates from eq. 2.4.24,
as derived for single-pulse vector propagation, since the formalism here includes the pump
self- and cross-phase modulation effects and neglects those induced by the idler and signal
pulses, so that the pump remains undepleted in FWM.

We can decompose the field and use the slowly-varying amplitudes which can be
expressed as 2-D Jones vector (

∣∣∣A j(z)
〉
) for the two principal axes of polarization (x, y) at

axial position z with j = p, s, i so that for the pump it is

∣∣∣Ap(z)
〉

=
√

Pp

 cos θ
i sin θ

 exp
{
iβpz

}
, (5.1.4)
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where Pp is the input pump power, θ is the angle that determines the ellipticity of the pump
and βp is the pump propagation constant. To obtain the pump evolution with propagation,
we substitute eq. 5.1.2 in the wave equation (eq. 2.1.7) and neglect second-order axial
terms using the slowly-varying envelope approximation so that

∂z

∣∣∣Ap

〉
= iβp

∣∣∣Ap

〉
+

iγ
3

(
2
〈
Ap

∣∣∣Ap

〉
+

∣∣∣A∗p〉 〈
A∗p

∣∣∣) ∣∣∣Ap

〉
, (5.1.5)

with 〈A| and |A∗〉 being the Hermitian and complex conjugates of |A〉. The |A∗〉 amplitude
describes polarization of same ellipticity with |A〉 and opposite handedness. The evolution
of the signal and idler is described by

∂z

∣∣∣A j

〉
= iβ j

∣∣∣A j

〉
+

2iγ
3

(〈
Ap

∣∣∣Ap

〉
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〉 〈
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∣∣∣ +
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A∗p
∣∣∣) ∣∣∣A j

〉
+

iγ
3

(
2
〈
Am

∣∣∣Ap

〉 ∣∣∣Ap

〉
+

〈
A∗p

∣∣∣Ap

〉 ∣∣∣A∗m〉)
exp{−i∆kz},

(5.1.6)

where j,m = s or i, with j , m and ∆k is the scalar linear phase mismatch defined
in eq. 4.1.4. Here, the nonlinear parameter γ is assumed the same for all three waves.
The first three nonlinear terms in the signal and idler propagation equation correspond to
cross-phase modulation effects and the last two terms originate from FWM.

To observe the polarization-dependent FWM effects, we consider the idler generation
in the absence of cross-phase modulation and write the complex amplitudes as ket vectors
in the basis of circular polarization so that∣∣∣A j

〉
= L j |	〉 + R j |�〉 , (5.1.7)

where |	〉 and |�〉 represent left and right circular polarization states and L j and R j are
the relative field amplitudes for j = p, s, i. In the case of elliptical polarization, the field
is described by both left and right states appearing with unequal components and phases.
Substituting eq. 5.1.7 in eq. 5.1.6 for the idler wave and assuming perfect phase-matching
∆k = 0, we get the evolution of the two orthogonal states

∂zLi = iβiLi +
2iγ
3

(
L2

pL∗s + 2LpRpR∗s
)

(5.1.8)

∂zRi = iβiRi +
2iγ
3

(
R2

pR∗s + 2LpRpL∗s
)
. (5.1.9)
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These equations describe the fundamental selection rules for idler generation in vector
FWM in accordance to the spin angular momentum conservation. In this picture, left
and right circularly polarized states carry intrinsic spin angular momentum associated
with +~ and −~, respectively [119]. Generation of idler components with pure circular
polarization is obtained solely through the first nonlinear term in equations 5.1.8 and 5.1.9.
The generation mechanism in this case is driven by co-polarizing the input polarization
state of the pump and signal, so that left (right) circularly polarized pump and signal
pulses generate left (right) circularly polarized idler pulses.

The last terms in the equations above provide additional routes for idler generation
when arbitrary polarized pump pulses are used. In these configurations, pump photons
carry both Lp and Rp amplitudes and generate left (right) circularly polarized idler com-
ponents when paired with right (left) circularly polarized signal components. This is
because the net angular momentum of the pump is zero and opposite angular momentum
for the signal and idler is required in order to conserve the total spin.

Using the weak-sidebands approximation in scalar FWM (studied in appendix A.2),
the parametric gain and the effective phase-mismatch were introduced. When the pump
and signal waves have circular state of polarization at the input with same handedness the
FWM parametric gain becomes [120]

gc =

√(
2
3
γPp

)2

−
(
κc

2

)2
, (5.1.10)

where Pp is the peak power of the pump, κc is the effective phase-mismatch for circular
polarization with

κc = ∆k +
4
3
γPp, (5.1.11)

so that the maximum gain occurs when κc = 0 and corresponds to gc
max = 2

3γPp. Com-
paring the values of the effective mismatch and maximum gain for linear and circular
polarization one can notice the scaling of nonlinearity induced by the input polarization.
For linear polarization, the nonlinear contribution to the phase matching (eq. 4.1.5) is pro-
portional to 2γPp and the maximum gain obtained at the optimal phase matching position
(eq. 4.1.7) is γPp. The scaling of these effects by a factor of 2/3 is due to a generalized
scaling of nonlinearity with polarization, as shown in appendix A.3 and experimentally
verified in chapter 6 through soliton effects in HCFs.
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5.2 Experimental work

5.2.1 Input system

The apparatus used in this experiment is shown in fig. 5.1 and it is identical to the one
for linearly polarized FWM (see fig. 4.2) with the addition of a quarter-wave plate (QWP,
λ/4) at each beam to convert to circular polarization. In brief, the output of a 1 kHz,
30 fs FWHM, 800 nm Ti:sapphire laser source was split in order to create two beam-lines
which were used to obtain frequency doubled pulses (400 nm line) and control over the
relative delay (800 nm line). The two colors underwent separate polarization conversion
stages and focusing geometries using QWPs and concave mirrors appropriate for their
spectral range and were subsequently combined before a 1.3 m long, 150 µm core di-
ameter stretched HCF which was sealed in a home-built gas system, with the HCF input
placed at the focal point of the converging beams. The alignment of the pump QWP
was slightly tilted from normal incidence to finely optimize phase retardation around the
central wavelength.

Figure 5.1: Sketch of the circularly polarized FWM experimental setup which is identical
to that for linearly polarized FWM experiments, with the addition of quarter-wave plates
(λ/4) at either beam-line to allow for conversion to circular polarization.

A second apparatus modification performed for this experiment was the use of calcium
fluoride windows (CaF2) at the two ends of the sealed gas system containing the HCF
instead of MgF2. Here, CaF2 was preferred as it induces minimum birefringence, even
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Figure 5.2: Experimental spectra (black) and theoretical retardance (blue) for the pump
(left) and seed (right). Annotated are the ellipticity values as derived from retardance data
at various wavelength components. The spectrum-averaged ellipticities are 0.97 for the
pump and 0.95 for the seed.

in the UV spectral region [121]. The window thickness was doubled to 2 mm to secure
effective pressure sealing and avoid stress-induced birefringence.

Using the method described in section 3.5 for polarization characterization and the
QWPs phase retardance as provided by the manufacturers’ specifications, it was possible
to estimate the spectrum-averaged ellipticity of the pulses emerging from the QWPs by
interpolating the theoretical retardance on the experimentally captured pump and seed
spectra, as shown in fig. 5.2, assuming normal incidence. The zero-order pump QWP
delivers pure circular polarization at the peak of the spectrum where phase retardance is
0.25 waves and ellipticity is 1.0. At the spectral wings, a slight ellipticity decrease (down
to 0.93) is observed, so that the pump averaged ellipticity reduces to 0.97. In the seed
beam-line, an achromatic (690-1200 nm) QWP was used to achieve phase retardance as
flat as possible across the broadband 800 nm pulse. Thus, most of the spectrum portion is
calculated at 0.95 ellipticity, except for the shorter wavelengths (0.96 ellipticity), so that
the seed spectrum-averaged ellipticity is 0.95.

The pump and seed spectrum-averaged ellipticities calculated here provide initial es-
timates of the actual experimental values which can be different if the QWPs are not
properly aligned relative to incident light. These results highlight the importance of
spectral-dependent ellipticity measurements and the limits imposed by material dispersion
in achieving flat phase retardance and pure circular polarization over broad bandwidths.
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5.2.2 FWM with circular polarization
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Figure 5.3: (a) Idler (blue) generation with respect to the delay between pump (black)
and seed (red) for co-polarized inputs. At zero delay, a DUV idler with 27 µJ energy is
generated with 27% conversion efficiency. (b) Cross-polarized and (c) co-polarized input
configuration spectral energy density (SED) at zero delay. (d) Output spectra (black)
and corresponding polarization profiles (blue) for co-polarized inputs. Annotated are the
spectrum-averaged ellipticities (ε̄). Dashed grey lines indicate the input spectra.

By simultaneously optimizing for both the conversion efficiency and the polarization
purity of the generated DUV idler, the configuration that achieved optimal FWM perfor-
mance required that the pump was set at 100 µJ, the seed at 27 µJ and the HCF was filled
with 1.8 bar of helium. This way, 27 µJ of idler energy were generated at the zero delay
position, as shown in fig. 5.3(a), with 27% pump-to-idler conversion efficiency and the
seed amplification was about 3 µJ at zero delay.

As shown in section 5.1, the conservation of the spin angular momentum requires that
the two circularly polarized input pulses have the same handedness for FWM to occur.
This corresponds to both input pulses being right or left circularly polarized, as for oppo-
site handedness the idler generation is inhibited. This was experimentally verified and it
is presented in fig. 5.3(b, c). The cross-polarized input configuration was implemented by

88



5.2. Experimental work Circularly polarized DUV pulses via FWM

simply rotating the optical axis of the pump QWP by 90 degrees in order to induce oppo-
site circular polarization, while ensuring that the spatio-temporal overlap was in place and
same energy and pressure conditions applied as with the co-polarized input configuration.
The resulting output spectra show that idler generation was completely suppressed (see
fig. 5.3(b)) when the angular momentum conservation criterion was not satisfied. This
result is also a good indication that the stretched HCF does not exhibit birefringence.

The polarization measurements of the three output pulses in the co-polarized input
configuration yielded a spectrum-averaged ellipticity of 0.95 for the idler and seed pulse
and 0.93 for the residual pump. These ellipticity values indicate that the polarization
of the driving pulses was conserved and efficiently transferred to the generated DUV
idler. The polarization profiles of the three output pulses are flat across their spectrum, as
shown in fig. 5.3(d). The output pump and seed spectra are shown and compared against
their corresponding input shapes to highlight that polarization is conserved despite the
strong spectral shifts induced by self- and cross-phase modulation in addition to the pump
undergoing strong energy depletion (mostly around its central portion).

Increasing the pump and seed input energy enhances the magnitude of nonlinear ef-
fects, which for imperfectly circularly polarized light (ε , 1.0) can modify its polarization
state by inducing nonlinear phase shifts and polarization rotation [100]. Such nonlinear
polarization evolution can lead to a decreased ellipticity and/or non-flat spectral polar-
ization profiles, while in FWM it can hamper the idler generation through the angular
momentum conservation. In fig. 5.4, the evolution of the energy conversion and polar-
ization transfer efficiency to the DUV is shown when varying the energy of either the
pump or the seed while keeping the other fixed. In the pump energy scan, the seed energy
level was fixed at 27 µJ (same as in fig. 5.3) and in the seed energy scan the pump energy
was fixed at 80 µJ, slightly lower compared to fig. 5.3 (100 µJ), seeking to increase the
conversion efficiency.

In the pump energy scan (fig. 5.4a, c), maximum conversion efficiency occurs for
the conditions shown in fig. 5.3 (27% for 100 µJ of coupled pump energy, 0.95 idler
ellipticity), whilst the idler energy increases up to 35 µJ for pump energies beyond 150 µJ
at the cost of reduced conversion efficiency (∼ 20%) and spectrum-averaged ellipticity
(∼ 0.90). The output pump and seed polarization seems to remain largely unaffected by
the increase in the pump energy, as indicated by their nearly constant ellipticity values at
∼0.93 and ∼0.95, respectively. The idler ellipticity evolution with pump energy exhibits
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Figure 5.4: Pump (left-hand side) and seed (right-hand side) energy scans with seed and
pump coupled energy fixed at 27 µJ and 80 µJ, respectively. (a, b) Pump-to-idler energy
conversion efficiency (CE, black) and output idler pulse energy (blue). (c, d) Averaged
ellipticity measurements for the pump (black), seed (red) and idler (blue). (e-j) Output
spectra and polarization profiles of pump, seed, idler for pump and seed energy yielding
maximum idler energy (e-g) and broad idler spectra (h-j).

high and constant ellipticity values (∼0.95) up to 100 µJ, before a slight decrease to 0.91
at higher energies.

In the seed energy scan, shown in fig. 5.4(b, d), both the conversion efficiency and the
idler energy increase for seed energies up to 100 µJ, reaching 30% and 35 µJ, respectively,
before slightly declining for energies > 100 µJ. The ellipticity of the idler pulses gradually
decreases to 0.86 for increasing seed energy. On the other hand, the pump and seed
ellipticities exhibit small changes (slight decrease by 0.01) with respect to the seed energy
increase, similar to their response to the increasing pump.

In order to obtain a more thorough insight to the polarization of the output pulses, the
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spectral polarization profiles at specific points of interest are shown in figures 5.4(e-j).
From the pump energy scan, the energy point selected is the one yielding the highest idler
energy (35 µJ) obtained for 160 µJ pump energy and from the seed scan the one at max-
imum seed energy. The strong spectral shifts associated with the nonlinear propagation
effects are evident in both cases when compared with their input shapes (gray lines), yet
in the strong pump case the idler polarization is not only conserved in terms of the high
ellipticity values (0.91), but also with respect to the flatness of its spectral ellipticity pro-
file. Flat profiles similar to those obtained in fig. 5.3 and high ellipticities (above 0.93)
are measured for the output pump and seed pulses, too.

In the strong-seeding case, a broadband (27 nm FWHM) DUV idler with 0.86 ellip-
ticity and flat polarization profile is generated with ∼30% conversion efficiency and pulse
energy above 20 µJ. The bandwidth generated here is sufficient to support a 4 fs pulse
duration. This result is indicative of the advantage that this technique offers in deliver-
ing flat polarization profiles even for broadband DUV pulses without compromising the
phase-matching bandwidth and the achromatic retardance.

5.2.3 SPM-induced polarization evolution

Further investigation was carried out with respect to the polarization at the HCF output
and the nonlinear polarization evolution induced by each pulse upon itself. These were
obtained by launching the input pulses separately in vacuum and in 1.8 bar of helium
and measuring the output polarization. Using the evacuated HCF allows for obtaining
the closest estimate to the polarization of the input pulses as both the HCF and the CaF2

windows induce negligible birefringence. On the other hand, using the gas-filled HCF
for each beam separately allows to effectively decouple the contribution of self-phase
modulation (SPM) from the polarization evolution due to cross-phase modulation and
FWM.

Fig. 5.5(a, b) shows and compares the spectrum-averaged ellipticities of fig. 5.4 ob-
tained for the output of FWM with those obtained after launching the beams separately in
vacuum (ellipticity of input pulses) and in 1.8 bar of helium (ellipticity evolution due to
SPM), whilst varying the input energy. Here, the two propagation regimes that correspond
to separate beam launching (input and SPM labels) show similar polarization evolution
at each color with a slightly increasing gradient for the pump (from 0.93 to 0.94) and
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Figure 5.5: Spectrum-averaged ellipticity evolution with energy for the pump (a) and
seed (b) in vacuum (input), in 1.8 bar of helium (SPM) and in FWM. (c) Spectra and
polarization profiles of pump (c) and seed (d) at maximum energy in vacuum (input,
dashed lines) and in 1.8 bar of helium (SPM, solid lines).

a decreasing one for the seed (0.95 to 0.92). Especially in the pump case, many input
and SPM ellipticity points are equal within the measurement error (±0.007, as defined in
section 3.5).

In the FWM measurements, the pump and seed spectrum-averaged ellipticities follow
the same evolution with energy (slightly increasing for the pump and slightly decreasing
for the seed). However, the pump FWM ellipticities are lower compared to the input and
SPM cases and the opposite occurs for the seed FWM ellipticities. This can be under-
stood by considering that the seed amplification is mostly driven by the depletion of the
optimally polarized pump components and the pump FWM output includes the residual
components.

Fig. 5.5(c, d) shows pump and seed output spectra and the corresponding polarization
profiles, obtained with single color propagation first in vacuum and then in 1.8 bar of
helium at maximum energy. The pump spectrum broadens in gas and its polarization
profiles becomes slightly more flat compared to that in vacuum. In the seed spectra, the
spectral broadening is less pronounced and the ellipticity increase seems to occur at the
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Figure 5.6: (a) Tunable circularly polarized idler generation relative to the fill pressure
applied, with pulses generated at 255 nm (dark blue, 0.88 ellipticity for 1.65 bar He) and
at 280 nm (purple, 0.84 ellipticity for 1.95 bar He). Dashed black curve shows the idler
generation shown fig. 5.3 for 1.80 bar He (b, c) Output energy scans with respect to pump
and seed relative delay at 1.65 and 1.95 bar He, with idler energies up to 24 µJ and 20 µJ,
respectively.

wavelength components around 800 nm. Although hard to interpret, these data provide a
spectral insight to nonlinear polarization evolution, and based on the ellipticity evolution
with and without gas, it is safe to suggest that the contribution of self-phase modulation
to the polarization evolution is negligible in this system.

To conclude, as also shown in chapter 4, an intrinsic advantage in using FWM with
broadband input pulses for frequency up-conversion is the fine-tuning of the central wave-
length of the generated pulse, offered by phase-matching different spectral components
among the input pulses. The spectral tunability, controlled via the applied gas pressure,
was presented for linearly polarized FWM in fig. 4.9 and is reproduced here for circu-
lar polarization in fig. 5.6. Apart from the already demonstrated generation at 266 nm,
idler pulses at 255 nm with circular polarization (0.88 ellipticity) and 24 µJ output energy
(corresponding to 26% conversion efficiency) were measured, as shown in fig. 5.6(b) by
using 1.65 bar of helium and 90 µJ pump and 170 µJ seed energy. Increasing the helium
pressure to 1.95 bar and reducing the seed energy to 65 µJ, generation of clean idler pulses
occurred at 280 nm with 0.84 ellipticity and 20 µJ output energy, corresponding to 21%
conversion efficiency, as shown in fig. 5.6(c).
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5.2.4 Summary

In summary, this chapter focused on the demonstration of a novel technique for the di-
rect generation of circularly polarized DUV pulses via four-wave mixing in gas-filled
capillary fibres, using circularly polarized drivers centered at 800 nm and 400 nm. This
was achieved without the need for polarization conversion stages in the DUV which pro-
vide detrimental material dispersion. Pulses centered at 266 nm were generated with flat
polarization profiles and high ellipticity (0.95), high pulse energy (27 µJ) and 27% pump-
to-idler conversion efficiency. The decrease of the conversion efficiency compared to the
linear polarization was expected due to the reduced nonlinearity with circular polariza-
tion.

Although the pulse duration of the DUV pulses was not measured, broadband circu-
larly polarized (0.86 ellipticity) spectra centered at 266 nm were generated at high seed
energy supporting 4 fs pulse duration, without compromising the energy conversion effi-
ciency (26%). This result paves the way for efficient generation of bright and ultrashort
circularly polarized light in the DUV with appropriate phase compensating techniques.

The increase of the pump energy allowed for idler pulse energies up to 35 µJ at
20% conversion efficiency and 0.91 ellipticity. Spectral tunability of the idler pulse was
achieved by varying the gas pressure with circularly polarized pulses generated at 255 nm
and 280 nm with pulse energy above 20 µJ. Finally, the polarization output of the pump
and seed was studied and compared under four-wave mixing and self-phase modulation
conditions, deducing that in both regimes the effect of nonlinear polarization evolution
was suppressed enough to allow for conservation of the input polarization and its effec-
tive transfer to the generated DUV pulse.

This technique benefits from the advantages of using four-wave mixing in capillary
fibres, so that changing the driving frequencies can provide spectral tunability of the gen-
erated idler pulse at different spectral regions. The demonstrated polarization control over
the idler pulse delivers a source that can readily produce high-energy, circularly polarized
pulses at wavelengths where high-quality commercial phase retarders are not available,
such as in the VUV. In addition, the flat polarization profile of the broadband DUV pulse
demonstrates that this technique offers a viable solution to achromatic phase retardance
for ultrafast pulses with broad spectral content.
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6. Circularly polarized DUV pulses via
soliton effects

In the previous chapters the generation of DUV pulses was performed using seeded
FWM as the principal frequency up-conversion mechanism. In this chapter, a differ-
ent frequency up-conversion mechanism is used that originates from the propagation of
optical solitons in HCFs to generate light across a wide DUV spectral region with ultra-
short pulse duration and controlled polarization. The use of soliton effects in HCFs as
a powerful and efficient technique for pulse compression and frequency up-conversion
was established through a landmark publication from Travers’ group in 2019 [52]. In this
chapter, the fundamental mechanisms in soliton dynamics are described in section 6.1 and
the experimental work in extending the results of [52] to the circular polarization regime
is presented in section 6.2 and it was published in [122].

6.1 Soliton effects

In the context of the nonlinear Schrödinger equation (NLSE), defined in eq. 2.4.15, the
evolution of the pulse envelope A(z, t) is based on group velocity dispersion (GVD) and
self-phase modulation (SPM) effects. Solutions of the NLSE describe fundamental soli-
tons (with soliton order N = 1, defined in eq. 2.4.20) and can be obtained via the inverse
scattering method [123]. Then, the pulse envelope is expressed with a sech shape so that

A (z = 0, t) =
√

P0sech (t/τ0) , (6.1.1)

where P0 is the peak power of the input pulse and τ0 is the 1/e pulse width. A fundamental
soliton remains unchanged in shape as it propagates in the fibre once balance between
dispersion and nonlinearity is achieved. Then, the pulse envelope evolution is described
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by time-independent phase shifts as

A (z, t) =
√

P0sech (t/τ0) exp
{
i
γP0

2
z
}

(6.1.2)

and the peak power required to support a fundamental soliton is obtained by setting N = 1
in eq. 2.4.20 and corresponds to

P0 =
|β2|
γτ2

0

. (6.1.3)

When higher peak powers are applied, N > 1 and formation of higher-order solitons
occurs. Their propagation in the fibre evolves in a periodic manner with SPM and GVD
dominating sequentially within each cycle. The high input peak power procures increased
SPM at the initial stage of propagation which leads to spectral broadening. The larger
pulse bandwidth increases the effect of the anomalous GVD so that the broadened pulse
gets temporally compressed. At the point of maximum compression, GVD and SPM start
acting in the opposite way and chirp the pulse while compressing the spectrum, till the
initial condition is re-produced and the cycle starts over.

After the maximum compression point, the periodic evolution usually gets suppressed
due to higher-order linear and nonlinear effects such as higher-order dispersion and self-
steepening [124]. These effects can lead to pulse break-up, known as soliton fission. The
fibre length scale that determines the fission point is called fission length Lfiss and it is
proportional to [52]

Lfiss ≈ LD

N
∝ α2τFWHM√

I0
, (6.1.4)

where α is the core radius, τFWHM is the FWHM input pulse duration and I0 is the peak
intensity. The above equation shows that a given Lfiss can be reproduced by appropriately
scaling the fibre and pulse input parameters. As a result, soliton dynamics can be accessed
using different sizes and energies [54].

When the third-order dispersion (TOD) term is included, the propagation of a fun-
damental soliton is distorted since TOD alters the pulse shape causing it to deviate from
the initial sech type. This distortion causes the emission of a resonant dispersive wave

(RDW) at a higher frequency (ωRDW). For RDW emission to occur, phase matching be-
tween the soliton and the dispersive wave needs to be achieved. This requires that the
corresponding wavevectors βsol and βRDW satisfy ∆β = βRDW − βsol = 0. Including only
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second and third-order dispersion, the frequency-dependent wavevectors for the soliton
and the dispersive wave can be approximated as [53]

βsol (ω) = β0 + β1∆ω +
γP0

2
(6.1.5)

βRDW (ω) = β0 + β1∆ω +
β2

2
∆ω2 +

β3

6
∆ω3, (6.1.6)

where ∆ω = ω − ω0 is the frequency detuning from the central frequency of the soliton
wave ω0, so that at the phase-matching point we get

γP0

2
=
β2

2
∆ω2 +

β3

6
∆ω3. (6.1.7)

The above equation can have solutions at different central frequencies ω for the dispersive
wave by tuning the input peak power and the dispersion parameters. The latter is achieved
by varying the gas pressure applied inside the fibre, as shown when combining equations
2.4.9 and 2.4.10. This is the origin of the inherent spectral tunability provided by resonant
dispersive wave emission.

6.2 Experimental work

Soliton self-compression of 800 nm pulses to the sub-cycle regime and bright (up to 16 µJ)
RDW emission, tunable across the UV (110-400 nm) were demonstrated in [52] using two
large-core gas-filled HCF stages; one optimized for pre-compression of the driving pulses
to 10 fs and the other for soliton evolution and RDW emission. The polarization of the
driving pulses at the second HCF stage was linear.

In this experiment, the aim was to extend this technique to the circular polarization
regime and to show that this is feasible using the same gas conditions for the soliton
HCF stage as in the linear polarization case. To achieve this, slight modifications to
the experimental apparatus were implemented relative to that used in [52] which was
designed, developed and optimized by John Travers, Teodora Grigorova, Federico Belli,
and Christian Brahms. The modified system allowed to compare the dynamics between
the two polarization regimes and experimentally verify the scaling of nonlinearity in HCFs
based on the input state of polarization, as discussed in appendix A.3.
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6.2.1 Input system

Figure 6.1: Sketch of the experimental setup divided into two main sections; (a) Com-
pression stage and (b) Soliton stage. TFP, HWP and QWP stand for thin-film polarizer,
half-wave plate and quarter-wave plate, respectively.

The pulses emitted from the laser system (30 fs at 800 nm, with energy up to 3 mJ)
were spectrally broadened in a 1.7 m long, 450 µm inner core diameter stretched HCF, as
shown in fig. 6.1, with a helium pressure of around 2.3 bar. A phase compensation system
followed consisting of 12 reflections from chirped mirrors (PC70, Ultrafast Innovations)
and a pair of silica wedges mounted on a translation stage for thickness variation. The
optimal position of the wedges was decided upon optimizing the RDW emission at a given
wavelength (around 290 nm for this experiment corresponding to the center of the DUV
generation window). The compression stage parameters were based on those reported
in [52] in order to compress the 800 nm pulses to around 10 fs.

The ultrashort pulses emerging from the compression stage were energy-controlled
using a motorized HWP (λ/2) and a Brewster-angle silicon plate, forming a variable at-
tenuator. The emerging pulses were converted to circular polarization using an achromatic
QWP (λ/4, Thorlabs) and were either sent to a focusing mirror (SM2) for coupling into
the second HCF stage (soliton stage) or to the SHG FROG apparatus for temporal charac-
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Figure 6.2: Measured (a) and reconstructed (b) SHG-FROG traces of the pump pulse
in logarithmic color scale, with 0.45% retrieval error. (c) Pulse profile after forward-
propagation to the HCF entrance (12 fs, orange) and retrieved Fourier transform-limited
(10 fs, dashed black). (d) Reconstructed (orange) and externally measured (black) spec-
trum with retrieved (solid red) and fitted (dashed red) spectral phase.

terization via a flip steering mirror (SM3). Pulses that were sent to the soliton stage were
focused with a concave mirror (SM2) onto the input facet of a second, 3 m long, 250 µm
diameter HCF, which allowed for light propagation in vacuum and in gas. The gas pres-
sure was controlled and stable to within 1 mbar. Pressure sealing and optical access was
enabled by two 1 mm thick MgF2 windows, placed at each end. In the second HCF stage
(soliton stage), argon was used as the filling gas, based on the input pulse energy availabil-
ity, with pressure varying between 70 and 300 mbar. With helium, higher pulse energies
than those available would be required due to its inherently lower nonlinearity.

The pulses exiting the soliton stage were characterized based on their spectral energy
density (SED) and polarization state with the calibrated CCD spectrometer and the Ro-
chon polarizer, using the methods described in sections 3.3 and 3.5. The coupled pulse
energies were estimated by calibrating the HWP and accounting for the linear HCF at-
tenuation as shown in section 3.4. The coupling efficiency in the soliton stage was about
60%, with the HCF attenuation at 800 nm being 25% of the coupled energy.

The temporal profile of the linearly polarized pump pulse was measured using the
home-built SHG-FROG apparatus, shown in fig. 3.9. The beam emerging from the com-
pression stage was picked off with a flip steering mirror (SM3) while still collimated and
before undergoing focusing in SM2 and eventual coupling in the soliton stage. The FROG
retrieval output for the pump pulses is shown in fig. 6.2. To allow for optimal reconstruc-
tion, the raw FROG trace is de-noised by applying a threshold filter and interpolated onto
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Figure 6.3: (a) Spectrum (black) and polarization profiles (blue) recorded for linearly
(bottom blue) and circularly (top blue) polarized input 800 nm pulses, as measured at the
output of the evacuated HCF. (b, c) Transmission data (dots) and fitting (lines) at 800 nm
with respect to the polarizer rotation for linear and circular polarization, respectively.
Measurements after the QWP are shown in black and those at the output of the evacuated
HCF in blue, with ε̄in and ε̄out the corresponding spectrum-averaged ellipticity.

a square grid (256 × 256 points) of delays and frequencies. The resulting measured trace
is shown in fig. 6.2(a) along with the reconstructed FROG trace in fig. 6.2(b), both nor-
malized on the same logarithmic scale relative to the highest signal. The temporal and
spectral resolution of the measured FROG trace is 2 fs and 0.5 nm, respectively. The
retrieval error is 0.45% verifying the close agreement between the two traces.

The pulse at the input of the HCF was 12 fs long, including the numerical forward
propagation through the QWP and the 1 mm thick MgF2 (accounting for the input window
in the soliton HCF stage), with the retrieved Fourier transform-limited pulse estimated at
10 fs, as shown in fig. 6.2(c). The reconstructed spectral profile as obtained from the
numerically propagated pulse is shown in fig. 6.2(d) and its shape faithfully reproduces
the external spectrum measurement obtained with the CCD spectrometer. The spectral
phase was fitted to a polynomial after removing the constant term to obtain 55 fs2 of
GDD and −260 fs3 of TOD for the coupled pulse.

The polarization state of the pulses was evaluated using the spectrum-averaged ellip-
ticity ε̄ and spectral profile ε(λ), introduced in section 3.5. Polarization measurements
for the driving pulses are shown in fig. 6.3, as recorded initially without the QWP so
that linearly polarized input light was measured and then with the QWP present and set
at optimal position for conversion to circular polarization. In both polarization regimes,
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ellipticity measurements were performed on two different positions to map the polariza-
tion evolution along the input optical path; one (ε̄in) was before the steering mirrors SM1,
SM2 and after the QWP for circular polarization (see fig. 6.1) and the other (ε̄out) at the
output of the evacuated HCF. In the case of circularly polarized input light, measuring di-
rectly after the QWP provides an experimental evaluation of the polarization conversion
efficiency offered by the QWP and it also establishes a reference ellipticity level for the
polarization evolution of the driving pulse and the emitted RDW along the experimental
setup. On the other hand, polarization measurements at the output of the evacuated HCF
offer the closest estimate to the polarization of the coupled pulses, due to the negligible
birefringence induced by the stretched HCF and the MgF2 windows.

Fig. 6.3(a) shows the polarization profile of the linearly polarized (bottom blue curve)
and circularly polarized (top blue curve) input pulse, as measured at the output of the
evacuated HCF, exhibiting uniformly flat shapes except for spectral components around
820 nm (where the spectrum is locally minimised) that display a larger (linear case) and
a smaller (circular case) ellipticity kink, respectively. Fig. 6.3(b, c) shows the angular
transmission (dots) and numerical fit (lines) at 800 nm for linearly and circularly polarized
input and for measurements before the steering mirrors (ε̄in, black) and after the evacuated
HCF (ε̄out, blue).

In the linearly polarized measurements, the spectrum-averaged ellipticity increases
from 0.02 to 0.09 (towards circular) and the angular transmission rotates slightly in the
anti-clockwise direction. On the other hand, for circular polarization the spectrum-averaged
ellipticity slightly decreases from 0.93 after the QWP to 0.90 at the HCF output (towards
linear). The ellipticity comparison between the two measurement positions provides an
estimate of the polarization evolution induced by the shallow incidence of light on the
three steering mirrors placed after the QWP causing uneven reflectively and/or by stress-
induced birefringence on the window. These result to the input polarization state slightly
degrading, which for circular polarization translates to decreased ellipticity and for linear
polarization to increased ellipticity.

6.2.2 RDW emission

The compressed (12 fs) and circularly polarized (0.90 ellipticity) pulses were used to
pump the soliton HCF stage for the generation of tunable circularly polarized pulses. To
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Figure 6.4: Experimental spectra at the output of the soliton stage on a logarithmic scale
with varying input energy and Ar pressures.

this end, the HCF was filled with argon at pressure ranging from 70 to 300 mbar in order
to tune the location of RDW emission.

Fig. 6.4 shows the experimental output spectra obtained by varying the argon pressure
and the input energy. These are plotted on a logarithmic (dB) scale relative to the global
spectrum peak among all traces for all wavelength components measurable with the spec-
trometer (200-1000 nm). The spectral evolution of the pump is similar in all plots and it is
described by an initial spectral broadening due to self-phase modulation and a subsequent
frequency blue-shift [125] at higher energies, resulting in supercontinuum formation.

To highlight the resonant dispersive wave emission, the output spectra are re-plotted
in fig. 6.5 with appropriate spectral filtering (200-500 nm). The normalized energy den-
sity is re-scaled relative to the global peak of the filtered spectra. The RDW emission
occurs at longer wavelengths for increasing gas pressure and it appears at higher input en-
ergy when lower pressures are applied due to the decreased gas nonlinearity. Higher gas
pressures, on the other hand, exhibit a more pronounced blue-shifting of the dispersive
wave at initial emission energies [126]. Weak secondary RDWs are generated at shorter
wavelengths compared to the main wave emission, originating from higher-order modes
that also satisfy the phase-matching criterion [98].

The spectra shown in fig. 6.5 were captured for a broad range of input energies. The
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Figure 6.5: Same as in fig. 6.4, but spectrally filtered to highlight the RDW emission
window and re-normalized to the peak of the RDW spectra.

optimal energy at a given pressure is determined upon a two-fold criterion: (a) obtain-
ing high RDW pulse energy and (b) delivering smooth, Gaussian-like spectral shapes
for the dispersive wave pulse. At the optimal input energy, polarization measurements
were recorded for the emitted RDW to obtain the spectrum-averaged ellipticity (ε̄) and
the transmission at the corresponding central wavelength with respect to the polarizer ro-
tation. This was performed for pressures between 70 and 300 mbar and the results are
shown in fig. 6.6. The selected RDW spectra (middle row) form a continuous (no spectral
gaps) output in the DUV, with central wavelengths spanning from 223 to 383 nm and
smooth energy density profiles.

The corresponding RDW polarization measurements (polar plots in top and bottom
rows of fig. 6.6) show an increasing spectrum-averaged ellipticity from 0.80 to 0.88 and
the polarizer transmissions show a gradual rotation in the clockwise direction for increas-
ing wavelengths (gas pressures). The orientation of the angular transmission especially at
lower gas pressures (top row in fig. 6.6) is consistent with that of the circularly polarized
800 nm pulse measured at the output of the evacuated HCF, shown with blue in fig. 6.3(c).

Fig. 6.7 shows the polarizer transmission at the central wavelength (800 nm) of the
output pump pulses responsible for the RDW spectra of fig. 6.6, as the achromatic polar-
izer allows the simultaneous acquisition of polarization measurements for both the pump
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Figure 6.6: Experimental RDW spectra (middle row) and polar plots (top and bottom
rows) showing the polarizer transmission at the central wavelength obtained by tuning the
argon pressure between 70 and 300 mbar. The spectrum-averaged ellipticity (ε̄) is shown
for each polar plot and dashed curves show fitting to experimental data.

and the RDW spectral regions. The spectrum-averaged ellipticity of the pump is rela-
tively stable at 0.90 for all pressures, except for the first two measurements at 70 and 80
mbar where higher values are measured (0.94 and 0.93, respectively). The orientation of
the angular transmission exhibits a shift towards the clock-wise direction with increasing
pressure similar to the transmissions of the RDW pulses. This is strong evidence that
soliton-driven mechanisms conserve the input pump polarization and efficiently transfer
it to the generated pulses.

The output pulse energy for each of the generated spectra shown in fig. 6.6 is depicted
in fig. 6.8(a). Starting from shorter emission wavelengths, the pulse energy is 5 µJ at
225 nm and gradually increases until reaching 13 µJ at around 300 nm before reducing
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Figure 6.7: Transmission at central wavelength (800 nm) of the output pump pulses with
respect to the polarizer rotation for increasing argon pressure. Top annotation: the cen-
tral wavelength of the corresponding generated RDW. Bottom annotation: the spectrum-
averaged ellipticity of the 800 nm output pulse, with dashed curves showing the fitting to
experimental data.

to about 10 µJ at longer wavelengths. The figure also includes the selected input (pump)
energy used at each emission wavelength. One can observe that on average, higher pump
energies (∼ 250 µJ) are used at shorter wavelengths and lower energies (∼ 200 µJ) at
longer wavelengths. The higher pump energy at shorter wavelengths is responsible for
reducing the ellipticity of the RDW spectra shown in fig. 6.6. This is probably due to
nonlinear polarization evolution [100] that can modify the polarization of the input pulses
when those are not pure circular (ε̄ , 1.0) or pure linear (ε̄ , 0.0). In this experiment
despite the imperfect circular polarization at the input, this effect is weak enough to allow
for polarization-maintaining outputs.

Since current experimental characterization techniques do not allow a direct mea-
surement of the temporal profile of circularly polarized pulse in the DUV, a numerical
approach is required. The pulse propagation model used for numerical simulations in-
cludes a full vector polarization model, linear losses and nonlinear Kerr-induced effects
and it is described in [52]. Ionization is also included using the ADK formalism (see sec-
tion 2.3.3). In this numerical model, the propagation of a fundamental HE11 hybrid mode
of a HCF is simulated using two orthogonally polarized degenerate modes and assuming
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Figure 6.8: (a) Measured RDW energy (black dots) and corresponding coupled energies
(blue dots) across the UV. Experimental (b) and simulated (c) output spectra on a plotted
on a logarithmic scale with varying coupled energy at 70 mbar Ar.

Gaussian shapes centered at 800 nm with 12 fs pulse duration, as measured with the SHG
FROG. The energy coupled into the HCF is evenly distributed into the two orthogonal
modes with a phase difference of π/2, creating pure circularly polarized pulses.

Figures 6.8(b, c) compare the experimental and numerical data for the output spectrum
at 70 mbar Ar with varying pump energy, showing good agreement in describing the key
soliton features. The two main features that are different are the energy in the RDW
and the evolution of the pump. These two seem to be correlated as in the experiment
a considerable portion of the input pump remains within the 800 nm region, reducing
the energy available for the RDW pulse. Indeed, the experimental RDW energy is four
times lower than the numerical one. This is most likely caused by the poor pulse contrast
originating from the laser system leading to a significant fraction of the input energy not
participating in the nonlinear interaction. Still, the main RDW features (onset and spectral
evolution with energy) are reproduced nicely.

To extract the duration of the RDW pulses, the simulated spectra shown in fig. 6.8(c)
are band-pass filtered with 15% relative bandwidth around the peak of the RDW signal.
A Fourier-transform is performed in order to obtain the evolution of the temporal profile
as shown in fig. 6.9(a). Then, the pulse corresponding to the pump energy used in the
experiment (220 µJ at 70 mbar) is extracted. This pump energy is very close to the one
that delivers maximum peak power for the RDW pulse (240 µJ) according to simulations
(see dashed line in fig. 6.9(a)).

106



6.2. Experimental work Circularly polarized DUV pulses via soliton effects

0 25
Time (fs)

100

200

300
E

ne
rg

y
µ

J

0

1

2

3

Pe
ak

po
w

er
(G

W
)

250 500 750
Wavelength (nm)

0

1

2

3

Po
si

tio
n

(m
)

250 500 750
−30

−20

−10

0

SE
D

(d
B

)

−25 0 25
0.0

0.5

1.0

Po
w

er
(a

.u
.)

8.5 fs

224 nm

−25 0 25

12.3 fs

245 nm

−25 0 25

14.1 fs

269 nm

−25 0 25

16.0 fs

317 nm

(a) (b) (c)

(d)

Time (fs)

Figure 6.9: (a) Simulated temporal profile of RDW pulse as extracted from fig.6.8(c).
Dashed line shows the position of maximum peak power. (b, c) Spectral evolution inside
the HCF for 70 and 240 mbar of argon, respectively. (d) Simulated RDW pulses at the
HCF output with central wavelengths and FWHM pulse duration annotated. Dashed lines
indicate the Fourier transform-limited shapes (3.5 fs duration at all pressures).

This routine is performed for other pressures within the 70-240 mbar range to get the
estimated temporal profiles of the pulses exiting the HCF and their Fourier transform-
limited shapes, as shown in fig. 6.9(d). The output pulse duration increases from 8.5 fs at
224 nm (70 mbar) to 16 fs at 317 nm (240 mbar), with transform-limited duration con-
stant at around 3.5 fs for all emission wavelengths. The pulse duration decrease at shorter
wavelengths is due to the RDW emission occurring closer to the HCF exit, thus accu-
mulating less dispersion. This becomes evident when investigating the spectral evolution
inside the HCF, as shown in fig. 6.9(b, c) for 70 mbar and 240 mbar of argon, respectively.
In the former case, RDW emission occurs at 224 nm after around 1.6 m of propagation,
while in the latter case the RDW appears at 317 nm after only 0.7 m of propagation.

Although the duration of the generated DUV pulses is short (< 16 fs), even shorter
pulse durations can be achieved with various options such as optimizing the fibre length
for the spectral region of interest or driving with less energy (thus moving the fission
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length towards the HCF end position). However, the best option would be to implement a
decreasing pressure gradient [53] to avoid dispersion accumulation for the output pulses.

6.2.3 Nonlinearity scaling
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Figure 6.10: Circularly polarized (left) and linearly polarized (right) output spectra for
various argon pressures. Pump energy is up to 300 µJ for circular polarization and up to
200 µJ for linear polarization to match the nonlinearity inside the HCF.

In addition to the generation of tunable, ultrashort pulses in the UV region, this exper-
imental setup allows investigating an interesting scaling property of the Kerr nonlinearity
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originating from the input polarization shaping. Specifically, with circular polarization
the Kerr nonlinearity is 2/3 that of linear polarization [76]. This is numerically shown in
appendix A.3 and has been experimentally verified in [127] through measurements of the
nonlinear phase acquired with self-phase modulation propagation.

Here, the aim is to experimentally verify the nonlinearity scaling through soliton-
driven dynamics by comparing the output spectrum obtained with linear and circular input
polarization. In principle, soliton-induced effects at a given gas pressure should be repro-
duced for linear and circular polarization with appropriate adjustment of the pump energy
to balance the nonlinearity (energy needs to be increased by 3/2 for circular polariza-
tion). This expectation arises from the fact that circular polarization can be decomposed
into two orthogonal linearly polarized modes so that the dispersion in the HCF is the same
as in linear polarization.

Following this approach, the spectral output for circular and linear input polarization
is measured and compared in fig. 6.10 for various Ar pressures within the 70-300 mbar
range. The energy range used with circular polarization is up to 300 µJ and with linear
polarization it is up to 200 µJ to match the nonlinearity. The spectral evolution in the
two polarization regimes is very similar for all pressures applied and the soliton features
are nicely reproduced on both the pump and RDW. These include the blue-shifting soliton
evolution with increasing energy, and the energy onset and the subsequent evolution of the
RDW. The agreement between the two polarization regimes is maintained even at highest
energies and pressures where supercontinuum formation occurs.

6.2.4 Summary

This chapter focused on the efficient experimental generation of bright and tunable pulses
in the UV with circular polarization using resonant dispersive wave emission in gas-filled
HCF. From numerical simulations, the output RDW pulses have a short duration (< 16 fs)
and support 3.5 fs transform-limited durations. This experiment was performed as an
extension of the results obtained with linear polarization using the same apparatus, with
the addition of a quarter-wave plate to drive the process with circularly polarized pulses.

The circular polarization state of the driving 800 nm pulses was transferred to the
generated UV through resonant dispersive wave emission, which offers broad spectral
tunability by tuning the gas pressure. In practice, this source provides not only a route to
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the generation of tunable circularly polarized UV light, but also allows for quick and easy
control over the polarization state of the output pulses by simply rotating the quarter-wave
plate of the input pulse.

This polarization switching allowed to study the polarization scaling of the Kerr non-
linearity by driving RDW emission with linearly and circularly polarized pulses. When
this nonlinearity scaling was balanced through the driving pulse energy (3/2 times higher
energy for circular polarization), very good agreement between output dynamics was ob-
served between the two polarization regimes. This confirmed that light sources based on
soliton-driven dynamics in HCF can be readily extended to deliver circularly polarized
output without changing the key soliton effects observed using linear polarization. These
include the spectral extension of the RDW to the VUV by further tuning the gas pres-
sure [52] and to the NIR by changing the driving wavelength [55]. In addition, soliton
self-compression of the pump pulses to the sub-fs regime, as already demonstrated for
linear polarization [52], should also be feasible with circular polarization.

Scaling of the average power and setup length is also feasible by adjusting the HCF
core diameter [54] and further temporal compression of the RDW pulses can be achieved
using a decreasing pressure gradient [53].
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7. Conclusions and outlook

Ultrafast science relies on the progress and efficiency of sources delivering light pulses
with high energy in the ultrashort temporal regime in various spectral regions. Commer-
cial state-of-the-art techniques have been established in the near-IR region offering capa-
bilities of extreme pulse compression to the sub-cycle regime with mJ-scale pulse energy
and access to other regions of interest, such as the DUV and VUV by means of nonlinear
light-matter interaction using bulk media, filaments and fibres. Such pulses can find many
applications in quantum chemistry, biology and material sciences.

In this thesis, the capabilities offered by a specific class of optical fibres, the hollow
capillary fibre (HCF) have been used to deliver efficient sources of high-energy, ultrashort
pulses with controlled polarization states across the DUV region. As shown in exper-
imental chapters 4, 5 and 6, this was achieved using two distinct nonlinear frequency
up-conversion processes in gas-filled HCFs; four-wave mixing (FWM) and resonant dis-
persive wave (RDW) emission. FWM was realised in a seeded operation to generate
intense idler pulses with high conversion efficiency through phase-matching of the seed
and pump, corresponding to the 800 nm fundamental laser pulse and its second harmonic
(400 nm), respectively. In RDW emission, which is a soliton-driven effect, frequency up-
conversion occurred by phase-matching the compressed 800 nm pulse with linear waves
in the UV. In both techniques, spectral tunability of the generated pulses was achieved
through the applied gas pressure and the output polarization was controlled by the polar-
ization state of the driving pulses.

Chapter 4 presented experimental implementations of FWM in two HCFs of different
core sizes and lengths, with the goal of matching or overcoming the pump-to-idler energy
conversion efficiency reported in earlier works using similar techniques (up to 40%) [41],
while also aiming for higher output energy in the DUV (tens of µJ). This was achieved
in the large core HCF (150 µm diameter) by carefully adjusting the input energies and
the gas pressure, so that 72 µJ pulses at 266 nm were generated with 42% conversion
efficiency. Even higher energy conversion efficiency (50%, record-high for FWM sources)
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was obtained in the smaller HCF (50 µm diameter) with pulse energies above 10 µJ,
showcasing the option to achieve efficient FWM with compact setups and lower pulse
energy requirements.

The DUV energy in the large HCF was mostly limited by the availability of the pump
energy at 400 nm. Adding the fact that the FWM performance was not improved when
seed energies higher than the pump were used, a straight-forward route for further DUV
energy increase would be to use a beam-splitter with a different reflection and transmis-
sion ratio (instead of a 50/50) for the incoming laser beam, so that the pump energy bud-
get increases. Another possible optimization would be to test the FWM performance in a
shorter HCF piece, whilst keeping the same core size. This would allow for the same pulse
intensities at the input and reduced propagation losses. Although shorter HCF pieces were
actually tested (60 and 100 cm), they were implemented at the start of the project when
the energy-pressure dependence for optimal phase-matching was not systematically taken
into account during data acquisition.

The DUV output was also characterized with respect to its spectral tunability and pulse
duration. In the former case, tunable pulses were generated in the large HCF by varying
the helium pressure within the DUV region (265-295 nm), providing the fine tunability
required for certain spectroscopic regimes. In the latter case, the DUV pulse duration was
only inferred (at sub-30 fs) and not fully characterized, as certain ambiguities in the SD
FROG retrievals required further consideration. This is a critical aspect of this thesis that
needs to be properly addressed and the analysis of these FROG traces remains the main
priority among future work.

Further investigation of the coupled nonlinear dynamics taking place at the spatio-
temporal overlap in FWM can uncover interesting aspects of the mixing effects. One such
example is the spectral phase transfer to the generated idler pulse, as studied in [128]
originating from a phase-modulated seed pulse using a spatial light modulator. Extending
this technique to more complex phase patterns can provide further control on the phase of
the idler pulse and has been considered as an interesting extension of this work.

Chapter 5 focused on the extension of DUV generation through FWM in HCF to the
circular polarization regime, using the apparatus developed for linear polarization by sim-
ply converting the polarization of the driving pulses. This allowed the direct generation
of circularly polarized DUV pulses, conventionally obtained using phase retarding optics
in the UV that induce strong dispersion and chromatic birefringence. This experiment
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incorporated fundamental science with the spin angular momentum conservation dictat-
ing the DUV generation in vector FWM, based on the handedness (right or left) of the
driving circularly polarized pulses. The generated DUV pulses exhibited high ellipticity
(0.95) and flat polarization profiles, even at broad bandwidths, and can find wide applica-
tion in molecular chirality studies, as it readily allows switching the circular polarization
handedness of the DUV pulse by simply rotating the quarter-wave plates at the input.

This project also allowed to assess the role of the nonlinear polarization evolution in
gas-filled HCF. Although it was found that its contribution was negligible with respect to
the output ellipticity for the parameters of the system, it would be interesting to investigate
its response to increased nonlinearity by applying much higher helium pressure (∼ 10 bar)
in the HCF or switching to a heavier gas. In the latter case, the nonlinear polarization
evolution could also be assessed with respect to the FWM response for different gases
using the corresponding phase-matching pressure.

Chapter 6 focused on the generation of highly tunable DUV (225-380 nm) pulses
with circular polarization, using a different up-conversion technique, the resonant dis-
persive wave emission in an argon-filled HCF. This work was inspired by the successful
demonstration of tunable generation across the UV, together with the simultaneous self-
compression of the near-IR pump pulses to the sub-fs regime with linear polarization
in [52]. Here, the extension of this technique was shown for the circular polarization
regime without compromising soliton dynamics, as the dispersion landscape inside the
HCF remains intact irrespective of the input polarization shaping. In contrast to the un-
changed dispersion, nonlinearity scales with input polarization and this was verified by
comparing the spectral output between linear and circular polarization and observing very
similar evolution for appropriately-scaled energies.

From a practical point of view, the work in this thesis has provided novel routes for the
direct generation of circularly polarized pulses in the DUV with polarization conversion
occurring in spectral regions where high-quality optics are available (visible, NIR). Us-
ing state-of-the-art phase-retarders on the input pulses will allow further improvement in
terms of increasing the ellipticities in the DUV and achieving even smoother polarization
profiles. These sources have already started to find applications in time-resolved imaging
spectroscopy [129] and with appropriate energy scaling they could also be used as part of
bichromatic drivers in chiral high harmonic generation [130].

The diverse capabilities offered by HCF can also provide exciting new prospects to in-
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vestigate in future work, such as the frequency tuning of the generated pulses to different
spectral regions and the increase of the pulse energy. In the first case, bright and ultrashort
pulses in the VUV centered at 160 and 200 nm can be readily obtained by pumping the
FWM process with the third harmonic (266 nm) of the laser pulse and seeding with the
fundamental and the second harmonic (400 nm), respectively. This only requires adjusting
the gas pressure at each configuration to satisfy the phase-matching criterion and extend-
ing the light source by connecting a vacuum chamber to allow for VUV detection. The
generation wavelength can be also shifted towards the visible and the near-IR using OPA
extensions for Ti:Sapphire systems (TOPAS). Tunability of the linearly polarized RDW
emission has already been demonstrated in the VUV and the visible and no fundamental
restriction prevents its extension to circular polarization.

A further increase of the pulse energy generated in this work can be delivered using
larger HCFs in length and core size. Both FWM and RDW emission can be scaled to
higher peak power systems where nonlinear dynamics are reproduced with higher output
pulse energy by focusing less tightly to reach the same peak intensities. This property of
HCF-based systems has been demonstrated for soliton dynamics [52] and was validated
in this work for FWM-driven processes in section 4.2.4 using smaller HCF systems. In
conjunction with the high damage threshold of HCF, further scaling of the output en-
ergy to the mJ level can be expected, opening up applications to next generation laser
systems [131].
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Appendices

A.1 Derivation of the GNLSE

Starting from Maxwell’s equations, a unifying reference for many numerical optics simu-
lations is based on the unidirectional propagation equation (UPPE) [132]. For its deriva-
tion, we return to the more generic notation for the waveguide modes µ as defined in
eq. 2.4.1 and scalar multiply Maxwell’s equations with the complex conjugate modal field
component e∗µ(r, θ) and include the phase terms eiωt−iβµ(ω)z. Using eq. (2.4.1 - 2.4.3) and
performing the rigorous computational steps shown in [133], we get for the propagation
of the modal spectral amplitude α̃µ (z, ω)

∂zα̃µ (z, ω) = −1
4

$
eiωt−iβµ(ω)zê∗µ(r, θ) · ∂tPNL (r, θ, z, t) rdrdθdt, (A.1.1)

where PNL (r, θ, z, t) is the total nonlinear polarization term in real space and time. In the
above derivation, the assumption of localized pulse-like solutions in the spatial and tem-
poral domain is made, so that only the z dependence of the field survives after integration.
Using the spectral field Ãµ (z, ω) definition in 2.4.4, the axial propagation relative to the
modal polarization PNL

µ reduces to

∂zÃµ (z, ω) = iβµ (ω) Ãµ (z, ω) + i
ω

4
PNL
µ (z, ω) , (A.1.2)

where we have used the Fourier transform rule for derivatives defined as Ft
[
∂t f (t)

]
=

−iω f (ω) and we have projected the full polarization vector onto the waveguide modes µ
to obtain the scalar modal term PNL

µ

PNL
µ (z, ω) =

"
ê∗µ(r, θ) · PNL (r, θ, z, ω) rdrdθ. (A.1.3)
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The next objective is to find an expression for the modal nonlinear polarization PNL
µ . As

discussed in section 2.3 working with inert gases in HCFs reduces the nonlinear response
to an instantaneous χ(3) contribution. We can then write the full polarization vector as

P(3) (r, θ, z, t) = ε0χ
(3)

[
E (r, θ, z, t)

]3

= ε0χ
(3)

[
E (z, t)

]3∣∣∣êµ∣∣∣2êµ
, (A.1.4)

where E (z, t) is the real-valued, carrier-resolved temporal amplitude, defined in eq. 2.4.4.
The transverse dependencies of the êµ have been omitted for visual purposes. In the
frequency domain, the polarization vector is expressed as

P̃(3) (r, θ, z, ω) = ε0χ
(3)F

[[
E (z, t)

]3
]∣∣∣êµ∣∣∣2êµ, (A.1.5)

using the forward Fourier transform F on the temporal amplitude. Substituting in the
modal polarization (eq. A.1.3), the quantity inside the integral reduces to" ∣∣∣êµ∣∣∣2 êµ · êµrdrdθ '

(
2µ0ω

β (ω)

)2 1
Aeff
µ

. (A.1.6)

For the derivation of the expression above we have used Maxwell’s eq. 2.1.1 and eq. 2.1.6
to obtain hµ = i (µ0ω)−1 ∇ × eµ for the orthonormal fields hµ and eµ. Then, we separate
the transverse and longitudinal components of the electric field such that eµ = e⊥µ + ez

µ and
neglect the longitudinal field ez

µ term, as usually e⊥µ � ez
µ. This allows us to approximate

the field normalization factor Nµ(ω) introduced in eq. 2.4.3 as

Nµ (ω) ' βµ (ω)
2µ0ω

∫ α

0

∫ 2π

0

∣∣∣e⊥µ ∣∣∣2 rdrdθ. (A.1.7)

Plugging eq. A.1.7 into the modal polarization equation (eq. A.1.3) we obtain eq. A.1.6.
Through this process we also deduce an accurate expression for the effective modal area
Aeff
µ as [60]

Aeff
µ =

[! ∣∣∣e⊥µ ∣∣∣2 rdrdθ
]2

! ∣∣∣e⊥µ ∣∣∣4 rdrdθ
. (A.1.8)
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The final form of the UPPE (eq. A.1.2) is then written as

∂zÃµ (z, ω) = iβµ (ω) Ãµ (z, ω) + i
ω3χ(3)

β2
µ (ω) ε0c3Aeff

µ

F
[[

E (z, t)
]3
]
. (A.1.9)

This equation whilst providing little insight to the nonlinear effects taking place in the
waveguide, is an excellent basis for fast and accurate numerical simulations with minimal
approximations required in its derivation.

The expression for the UPPE derived in eq. A.1.9 allows us to reach the GNLSE,
under certain assumptions and approximations. To this end, we expand the propagation
constant in a Taylor series around a reference central frequency ω0 as in eq. 2.2.3, so that

∂zÃµ (z,Ω) = i
∑
m≥0

βµ,m (ω0)
m!

ΩmÃµ (z,Ω) + i
(Ω + ω0) χ(3)

n2 (ω0) ε0c2Aeff
µ

F
[[

E (z, t)
]3
]
, (A.1.10)

where we have introduced Ω = ω − ω0 according to the shifting hypothesis. The treat-
ment of the propagation constant in the above equation is not the same for the two RHS
components. In the linear term, βµ,m (ω0) is the result of the Taylor expansion, expressed
relative to the mode index µ and phase order m. In the nonlinear term, we have initially
approximated that βµ(ω) corresponds to the wavevector in the core (thus considering only
the gas dispersion contribution), so that βµ(ω) ' ωn(ω)/c. This is then followed by the
benign approximation that n(ω) ' n(ω0) when frequency shifting.

At this point, we can shift the spectral field Ãµ (z,Ω) along the z axis to remove the
fast cycling zero order phase βµ,0 (ω0) z from the dispersion sum, with

Ãµ (z,Ω)→ Ãµ (z,Ω) eiβµ,0(ω0)z (A.1.11)

∂zÃµ (z,Ω)→
[
iβµ,0Ãµ (z,Ω) + ∂zÃµ (z,Ω)

]
eiβµ,0z, (A.1.12)

so that eq. A.1.10 becomes

∂zÃµ (z,Ω) = i
∑
m≥1

βµ,m (ω0)
m!

ΩmÃµ (z,Ω) +

i
(Ω + ω0) χ(3)

n2 (ω0) ε0c2Aeff
µ

F
[[

E (z, t)
]3
]
e−iβµ,0z,

(A.1.13)
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Performing the inverse Fourier transform over Ω, we obtain

∂zE (z, t) eiω0t−iβµ,0(ω0)z =
∑
m≥1

βµ,m (ω0)
m!

i(m+1) ∂
m

∂tm E (z, t) eiω0t−iβµ,0(ω0)z

+ i
ω0χ

(3)

n2 (ω0) ε0c2Aeff
µ

(
1 +

i
ω0

∂

∂t

) [
E (z, t)

]3
eiω0t−iβµ,0(ω0)z.

(A.1.14)

At this point, we can express the temporal amplitude E(z, t) using the analytic field defi-
nition (eq. 2.4.6), so that the term inside the Fourier transform becomes

[E (z, t)]3 =
1
8

[
(E)3 + (E∗)3

+ 3 |E|2 E + 3 |E|2 E∗
]
, (A.1.15)

and inserting this back into eq. A.1.14, while neglecting the negative frequencies by omit-
ting terms proportional to E∗, we get

∂z
1
2
E (z, t) eiω0t−iβµ,0(ω0)z =

∑
m≥1

βµ,m (ω0)
m!

i(m+1) ∂
m

∂tm

1
2
E (z, t) eiω0t−iβµ,0(ω0)z

+ i
ω0χ

(3)

n2 (ω0) ε0c2Aeff
µ

(
1 +

i
ω0

∂

∂t

)
× 1

8

[
(E (z, t))3 + 3 |E (z, t)|2 E (z, t)

]3
eiω0t−iβµ,0(ω0)z.

(A.1.16)

From the analytic signal we can get the pulse envelope A (z, t) as defined in eq. 2.4.7, so
that

∂zA (z, t) =
∑
m≥1

βµ,m (ω0)
m!

i(m+1) ∂
m

∂tm A (z, t)

+ i
3ω0χ

(3)

4n2 (ω0) ε0c2Aeff
µ

(
1 +

i
ω0

∂

∂t

)
|A (z, t)|2 A (z, t) ,

(A.1.17)

where we have neglected the (E (z, t))3 term responsible for third harmonic generation,
which is rarely phase-matched in waveguides.

Lastly, we shift to a reference frame moving at the group velocity ug in order to remove
the first order phase βµ,1 (ω0) z from the dispersion term and simplify the nonlinear suffix
using the nonlinear index n2 = 3χ(3)/4ε0cn2 introduced in eq.2.3.7 and then the nonlinear
coefficient γ (ω0) = n2ω0/cAeff

µ introduced in eq. 2.3.9. The temporal transformation is
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performed as

t → t − βµ,1 (ω0) z (A.1.18)

Ãµ (z,Ω)→ Ãµ (z,Ω) eiβµ,1(ω0)z (A.1.19)

∂zÃµ (z,Ω)→
[
iβµ,1Ãµ (z,Ω) + ∂z ˜Aµ (z,Ω)

]
eiβµ,1z, (A.1.20)

so that the final form of the GNLSE is

∂zA (z, t) =
∑
m≥2

βµ,m (ω0)
m!

i(m+1) ∂
m

∂tm A (z, t) + iγ
(
1 +

i
ω0

∂

∂t

)
|A (z, t)|2 A (z, t) . (A.1.21)

This equation describes most of the dynamics associated with optical propagation in
waveguides, including higher order dispersive effects, self-focusing and self- and cross-
phase modulation.

A.2 Approximate solutions in FWM

For the mathematical description of FWM processes in waveguides, we start from the
general non-degenerate pump case and following the formalism in [60], we consider four
distinct co-propagating envelope waves so that

A (z, t) =
∑

j

a j (z, t) eiβ jz−ω jt (A.2.1)

with center frequencies ω j, propagation constants β j

(
ω j

)
and amplitudes a j (z, t), with

j = 1, 2, s, i. Using this expanded envelope definition in the nonlinear term of the NLSE
(eq. 2.4.15), and considering only terms satisfying the energy conservation requirement
(eq. 4.1.1), we end up with four coupled equations, describing the evolution of the two
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pump fields (A1, A2), the signal field (As) and the idler field (Ai) as

∂zA1 = iγ

|A1|2 + 2
∑
j,1

∣∣∣A j

∣∣∣2 A1 + 2iγA∗2AsAiei∆kz (A.2.2)

∂zA2 = iγ

|A2|2 + 2
∑
j,2

∣∣∣A j

∣∣∣2 A2 + 2iγA∗1AsAiei∆kz (A.2.3)

∂zAs = iγ

|As|2 + 2
∑
j,s

∣∣∣A j

∣∣∣2 As + 2iγA1A2A∗i e−i∆kz (A.2.4)

∂zAi = iγ

|Ai|2 + 2
∑
j,i

∣∣∣A j

∣∣∣2 Ai + 2iγA1A2A∗se
−i∆kz (A.2.5)

with the terms inside the brackets annotating the effects of self- and cross-phase modula-
tion. The last term corresponds to the FWM term, which describes the photon emission
and absorption at the corresponding frequency component, based on the conjugation an-
notation (conjugated fields emit, non-conjugated fields absorb). The relation between the
corresponding propagation constants is given by

∆k = βs + βi − β1 − β2 (A.2.6)

and corresponds to the momentum conservation, which is also described here as the
phase-matching condition.

To proceed with our FWM analysis, we need to make certain assumptions for the co-
propagating fields. Initially, the pump fields are assumed to be much more intense than
the signal and idler fields, so that P1,2 � Ps,i, where P j =

∣∣∣A j(0)
∣∣∣2 is the peak power of

the field j at z = 0. We also assume that the pump waves remain undepleted during the
nonlinear interaction. This allows us to simplify the coupled equations by neglecting the
signal and idler terms from the sum in the XPM term and in the FWM term, so that the
pump equations reduce to

∂zA1 = iγ(P1 + 2P2)A1 (A.2.7)

∂zA2 = iγ(P2 + 2P1)A2. (A.2.8)

The solutions of these equations can be inferred, given the corresponding initial conditions
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for the envelopes at z = 0, so that:

A1 (z) = A1 (0) eiγ(P1+2P2)z (A.2.9)

A2 (z) = A2 (0) eiγ(P2+2P1)z. (A.2.10)

These solutions show that the evolution of the pump waves can be solely described by
phase shifts originating from SPM and pump-induced XPM. Substituting in the coupled
equations for the signal and idler waves, we get

∂zAs = 2iγ
[
(P1 + P2) As + A1 (0) A2 (0) e−iθA∗i

]
(A.2.11)

∂zA∗i = −2iγ
[
(P1 + P2) A∗i + A∗1 (0) A∗2 (0) eiθAs

]
, (A.2.12)

where θ =
[
∆k − 3γ (P1 + P2)

]
z. At this point, normalizing the signal and idler envelopes

such that B j (z) = A j (z) e−2iγ(P1+P2)z with j = s, i for the signal and idler, respectively, we
get

∂zBs = 2iγA1 (0) A2 (0) e−iκzB∗i (A.2.13)

∂zB∗i = −2iγA∗1 (0) A∗2 (0) eiκzBs, (A.2.14)

where we have defined the net effective phase-mismatch κ, as

κ = ∆k + 2γP0 (A.2.15)

where Pp = P1 + P2 is the total pump peak power. From this expression, we can identify
the linear ∆k and nonlinear 2γPp phase-matching contributions, with the latter originat-
ing from pump-induced nonlinearity. We can modify eq. A.2.13, A.2.14 to a form that
accommodates solutions by taking the derivative in each equation. We get

∂2
z Bs − iκ∂zBs +

(
4γ2P2

p

)
Bs = 0 (A.2.16)

∂2
z B∗i + iκ∂zB∗i +

(
4γ2P2

p

)
B∗i = 0, (A.2.17)
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and the solutions are [134]

Bs (z) =
(
asegz + bse−gz) e−i κ2 z (A.2.18)

Bi (z) =
(
aiegz + bie−gz) ei κ2 z, (A.2.19)

where as, ai, bs, bi are coefficients which can be determined from the boundary conditions
and g is the amplitude parametric gain, defined relative to the total pump peak power Pp,
as

g =

√(
γPp

)2 −
(
κ

2

)2
, (A.2.20)

which for the case of optimal phase-matching conditions κ = 0, reduces to

gmax = γPp. (A.2.21)

The phase-matched signal and idler components are either generated from noise or
amplified, based on the input configuration. In many experimental investigations (as
in our case), the signal wave is incident on the waveguide along with the pump waves
(seeded FWM) to enhance the FWM efficiency, by increasing the parametric gain (g).
Signal (seed) amplification and idler generation are then the byproducts of the power
transfer from the pump, so that the signal and idler output powers Ps (L) , Pi (L) at the
fibre output (z = L) are expressed as

Ps (L) = Ps (0)
[
1 +

(
1 + κ2/4g2

)
sinh2 (gL)

]
(A.2.22)

Pi (L) = Pi (0)
[
1 +

(
1 + κ2/4g2

)
sinh2 (gL)

]
. (A.2.23)

This solution for the parametric gain is valid under the assumption of the undepleted
pump and restricts the FWM conversion efficiency to relatively small levels. Solutions
outside of the undepleted pump approximations can be acquired in the form of Jacobian
elliptic functions, as discussed in [135].

A.3 Polarization-induced nonlinearity scaling

In this section we consider the scaling in pulse energy relative to the input state of po-
larization. The energy scaling originates from the Kerr-induced nonlinearity scaling by a
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given amount when switching from linear polarization to circular and vice versa and the
nonlinearity scaling traces back to the refractive index modulation that is different for the
two polarization regimes. Assuming linearly polarized light along the x axis so that

E = (Ex, Ey) = Eêx, (A.3.1)

where êx is a unit vector along x and E is the scalar field amplitude, the third order
polarization polarization amplitude of eq. 2.4.24 becomes

P = ε0
3
4
χ(3)

xxxxE3êx. (A.3.2)

For circularly polarized light the field can be decomposed as a Jones vector such that

E = E
1√
2

(1,±i) = Eê±, (A.3.3)

where ê± are the circular polarization unit vectors defined as [76]

ê± =
x̂ ± iŷ√

2
. (A.3.4)

Substituting the field defined in eq. 2.4.22, we obtain [127]

P = ε0
2
4
χ(3)

xxxxE3ê±. (A.3.5)

The Kerr-induced modulation on the effective refractive index is then

n2,L =
3
4
χ(3)

xxxx

ε0cn2 n2,C =
2
4
χ(3)

xxxx

ε0cn2 , (A.3.6)

where on the left it is expressed for linear polarization where we reproduce the nonlinear
index defined in eq. 2.3.7 and on the right for circular polarization. From the ratio of the
two we obtain

n2,C =
2
3

n2,L. (A.3.7)
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Balogh, K. Varjú, A. L’Huillier, A. Couairon, and C. L. Arnold, Scale-invariant

nonlinear optics in gases, Optica, vol. 3, no. 1, pp. 75–81, Jan. 2016, issn: 2334-
2536. doi: 10.1364/OPTICA.3.000075 (cit. on pp. 72, 76, 81).

[117] A. Lekosiotis, F. Belli, C. Brahms, and J. C. Travers, Generation of broadband

circularly polarized deep-ultraviolet pulses in hollow capillary fibers, Optics Let-

ters, vol. 45, no. 20, pp. 5648–5651, Oct. 2020, issn: 1539-4794. doi: 10.1364/
OL.400362 (cit. on p. 82).

[118] Q. Lin and G. P. Agrawal, Vector theory of four-wave mixing: Polarization effects

in fiber-optic parametric amplifiers, JOSA B, vol. 21, no. 6, pp. 1216–1224, Jun.
2004, issn: 1520-8540. doi: 10.1364/JOSAB.21.001216 (cit. on p. 83).

[119] L. Mandel and E. Wolf, Optical Coherence and Quantum Optics. Cambridge Uni-
versity Press, 1995. doi: 10.1017/CBO9781139644105 (cit. on p. 85).

[120] M. E. Marhic, K. K. Y. Wong, and L. G. Kazovsky, Fiber optical parametric

amplifiers with linearly or circularly polarized waves, JOSA B, vol. 20, no. 12,
pp. 2425–2433, Dec. 2003, issn: 1520-8540. doi: 10.1364/JOSAB.20.002425
(cit. on p. 85).

[121] J. Burnett, Z. Levine, and E. Shirley, Intrinsic birefringence in calcium fluoride

and barium fluoride, Physical Review B, vol. 64, no. 24, Nov. 2001, issn: 0163-
1829, 1095-3795. doi: 10.1103/PhysRevB.64.241102 (cit. on p. 87).

[122] A. Lekosiotis, C. Brahms, F. Belli, T. F. Grigorova, and J. C. Travers, Ultrafast

circularly polarized pulses tunable from the vacuum to deep ultraviolet, Optics

Letters, vol. 46, no. 16, pp. 4057–4060, Aug. 2021, issn: 1539-4794. doi: 10.
1364/OL.432228 (cit. on p. 95).

[123] V. E. Zakharov and A. B. Shabat, Exact Theory of Two-dimensional Self-focusing

and One-dimensional Self-modulation of Waves in Nonlinear Media, Soviet Jour-

nal of Experimental and Theoretical Physics, vol. 34, p. 62, 1972, issn: 1063-7761
(cit. on p. 95).

138

https://doi.org/10.1364/OPTICA.3.000075
https://doi.org/10.1364/OL.400362
https://doi.org/10.1364/OL.400362
https://doi.org/10.1364/JOSAB.21.001216
https://doi.org/10.1017/CBO9781139644105
https://doi.org/10.1364/JOSAB.20.002425
https://doi.org/10.1103/PhysRevB.64.241102
https://doi.org/10.1364/OL.432228
https://doi.org/10.1364/OL.432228


[124] P. Beaud, W. Hodel, B. Zysset, and H. Weber, Ultrashort pulse propagation, pulse

breakup, and fundamental soliton formation in a single-mode optical fiber, IEEE

Journal of Quantum Electronics, vol. 23, no. 11, pp. 1938–1946, Nov. 1987, issn:
1558-1713. doi: 10.1109/JQE.1987.1073262 (cit. on p. 96).

[125] M. F. Saleh, W. Chang, P. Hoelzer, A. Nazarkin, J. C. Travers, N. Y. Joly, P. S. J.
Russell, and F. Biancalana, Soliton self-frequency blue-shift in gas-filled hollow-

core photonic crystal fibers, arXiv:1106.5606, Jun. 2011 (cit. on p. 102).

[126] D. R. Austin, C. M. d. Sterke, B. J. Eggleton, and T. G. Brown, Dispersive

wave blue-shift in supercontinuum generation, Optics Express, vol. 14, no. 25,
pp. 11 997–12 007, Dec. 2006, issn: 1094-4087. doi: 10.1364/OE.14.011997
(cit. on p. 102).

[127] D. N. Schimpf, T. Eidam, E. Seise, S. Hädrich, J. Limpert, and A. Tünnermann,
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