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Abstract 
Low Salinity Water Flooding (LSWF) is an emerging enhanced oil recovery (EOR) 

process that has been increasingly studied due to its potential to reduce residual oil saturation 

in oil reservoirs. This thesis focuses on modelling LSWF at the field scale. In particular, it aims 

to improve the representation of flow behaviour and solute transport at the inter well scale. We 

present in depth analyses of numerical issues that may appear in LSWF simulations and derive 

two novel upscaling methods. 

A black oil simulator was used to model this process where the research focused on the 

fluid flow behaviour at the reservoir scale rather than the underlying mechanism. Two sets of 

relative permeability were used to simulate the process. Switching from one set to another was 

salinity dependent. The flow behaviour was first examined in 1D homogenous models. Then, 

2D-layered models were studied. Also, we investigated models where permeability and 

porosity were randomly distributed.   

We found that an interaction between dispersion and effective salinity range led to a 

retardation in the fractional flow solution of LSWF with an outcome similar to that produced 

from adsorption in polymer and other cEOR models. We suggest an empirical correlation to 

predict that effect which was derived later by linking the fractional flow solution with the 

advection-dispersion equation. Also, we observed that salinity was transported faster than 

predicted by the traditional advection-dispersion equation. We modified the advection-

dispersion equation to capture the advection velocity of the salinity front. We extended the 

fractional flow solution of chemical flooding and the advection dispersion equation from 1D to 

2D non-communicating layers where in such systems the frontal velocities vary as a function 

of time. We found that dispersion induced by geological heterogeneity affects fluid flow in a 

manner similar to numerical dispersion. Thus, we can use the numerical dispersion as a proxy 

for the effects of physical dispersion. 

In terms of the numerical issues, we found that LSWF models resulted in pulses, false 

retardation and overestimated recovery factor. Pulses were apparent for stable numerical 

solutions. We analysed the parameters that induce numerical error and examined the resulting 

errors which were reduced by upscaling. Two upscaling methods were developed in this thesis 

where these methods succeeded to control the numerical issues for coarse scale models so that 

the production data matched the fine scale models. A simplified modelling process is another 

outcome of this upscaling method where one can use the traditional water flooding models to 

simulate LSWF.  



 

 
 

Dedication 
 

Dedicated to the cause of the reasons and to the first reason that made this happen.   

I would also like to dedicate this work to my wonderful family:  

to my mother who made everything possible, to my siblings, for their endless support,  

to my gorgeous wife, for being beside me sharing this wonderful time with you and 

to the joy of my life, my daughter, Aleen.



 

Acknowledgements 
 

My first, and biggest, thank you goes to Prof. Karl Stephen. Thank you for your 

absolutely outstanding commitment, to the many hours that you spent teaching me, for the open 

discussions. Thank you for the vast amount of information you have shared. Thank you for 

being patient listening to my scientific arguments. You were always supportive and stood 

beside me during the entire process of my PhD. I would like to thank Prof. Eric Mackay for 

very informative and open discussions. These meetings were an absolute joy. I used to attend 

these meetings with great happiness. Both of you have shaped my scientific life. With great 

honour, I say thank you both. My gratitude goes to Dr. Rink van Dijke, Dr. Ian Collins and Dr. 

Hassan Mahani for the very interesting discussion. You successfully made my viva to be really 

an enjoyable and informative discussion. I would also like to thank British Petroleum and the 

Iraq Ministry of Oil for funding my research. I wish to thank Bilal Rashid and John W. Couves 

from BP global for mentoring my research and very useful meetings. 

I am grateful to Ahmad Odeh, Ali Odeh, Ali Azeez, Mohammed Mohsen for their 

support. Abbas Hameed is particularly thanked for his goodwill. My appreciation goes to Shirley 

Duke and David Thomson for being such nice and kind neighbour.



 

Research Thesis Submission 
 

 

Name: Hasan Hussein Abdulzahra Al-Ibadi  

School: Energy, Geoscience, Infrastructure and Society (EGIS)  

Version:  (i.e. 

First, Resubmission, 

Final) 

Final  Degree 

Sought: 

PhD of Petroleum Engineering  

 

 

Declaration  
 

In accordance with the appropriate regulations I hereby submit my thesis and I declare that: 

   

1. The thesis embodies the results of my own work and has been composed by myself 
2. Where appropriate, I have made acknowledgement of the work of others 
3. The thesis is the correct version for submission and is the same version as any electronic versions 

submitted*.   
4. My thesis for the award referred to, deposited in the Heriot-Watt University Library, should be made 

available for loan or photocopying and be available via the Institutional Repository, subject to such 
conditions as the Librarian may require 

5. I understand that as a student of the University I am required to abide by the Regulations of the 
University and to conform to its discipline. 

6. I confirm that the thesis has been verified against plagiarism via an approved plagiarism detection 
application e.g. Turnitin. 

 

 

ONLY for submissions including published works 

7. Where the thesis contains published outputs under Regulation 6 (9.1.2) or Regulation 43 (9) these are 
accompanied by a critical review which accurately describes my contribution to the research and, for 
multi-author outputs, a signed declaration indicating the contribution of each author (complete) 

8. Inclusion of published outputs under Regulation 6 (9.1.2) or Regulation 43 (9) shall not constitute 
plagiarism.   

 

* Please note that it is the responsibility of the candidate to ensure that the correct version of the thesis 

is submitted. 

 

Signature 

of 

Candidate:  

Date: 1/11/2021 

 

 

 



 

 
 

        Submission  
 

Submitted By (name in 

capitals): 

HASAN AL-IBADI 

Signature of Individual 

Submitting: 

 

Date Submitted: 

 

1/11/2021 

 

 
         For Completion in the Student Service Centre (SSC) 
 

Limited Access  Requested Yes  No  Approved Yes  No  

E-thesis Submitted (mandatory for final theses)  

Received in the SSC by (name in capitals):  Date:  

 



 

 
 

Inclusion of Published Works 

Declaration  

This thesis contains one or more multi-author published works. In accordance with Regulation 6 

(9.1.2) I hereby declare that the contributions of each author to these publications is as follows: 

Citation details Al-Ibadi, Hasan, Stephen, K. and Mackay, E. (2019) 

‘Insights into the fractional flow of low salinity water 

flooding in the light of solute dispersion and effective 

salinity interactions’, Journal of Petroleum Science and 

Engineering. Elsevier B.V., 174(3), pp. 1236–1248. doi: 

10.1016/j.petrol.2018.12.001. 

 

Author 1 (Hasan Al-Ibadi) 

 

Idea, methodology, models, analysis, writing up the 

paper  

Author 2 (Karl Stephen) 

 

Supervision, review and editing the paper  

Author 3 (Eric Mackay) 

 

Supervision, review and editing the paper 

Signature: 

 

Date: 

 

1/11/2021 

 

Citation details Al-Ibadi, H., Stephen, K. and Mackay, E. (2019) ‘Novel 

Observations of Salinity Transport in Low-Salinity 

Waterflooding’, SPE journal, 24(03), pp. 1108–1122. 

 

Author 1 (Hasan Al-Ibadi) 

 

Idea, methodology, models, analysis, writing up the 

paper  

Author 2 (Karl Stephen) 

 

Supervision, review and editing the paper  

Author 3 (Eric Mackay) 

 

Supervision, review and editing the paper 

Signature: 

 

Date: 

 

1/11/2021 

 

 

 



 

 
 

 

Citation details Al-Ibadi, Hasan, Stephen, K. and Mackay, E. (2019) 

‘Extended Fractional Flow Model of Low Salinity Water 

Flooding Accounting for Dispersion and Effective Salinity 

Range’, SPE journal, 24(06). doi: 

https://doi.org/10.2118/191222-PA 

 

Author 1 (Hasan Al-Ibadi) 

 

Idea, methodology, models, analysis, writing up the 

paper  

Author 2 (Karl Stephen) 

 

Supervision, review and editing the paper  

Author 3 (Eric Mackay) 

 

Supervision, review and editing the paper 

Signature: 

 

Date: 

 

1/11/2021 

 

Citation details Al-Ibadi, H., Stephen, K. and Mackay, E. (2020) ‘Semi-

Analytical Solution of Chemical Flooding in 

Heterogeneous Non-Communicating Layers with a Focus 

on Low Salinity Water Flooding’ Transport in Porous 

Media.  

 

Author 1 (Hasan Al-Ibadi) 

 

Idea, methodology, models, analysis, writing up the paper  

Author 2 (Karl Stephen) 

 

Supervision, review and editing the paper  

Author 3 (Eric Mackay) 

 

Supervision, review and editing the paper 

Signature: 

 

Date: 

 

1/11/2021 

 

 

 

 

 

 



 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Citation details Al-Ibadi, Hasan, Stephen, K. and Mackay, E. (2021) 

‘An Analysis of Numerically Induced Pulses in 

Simulations of Low Salinity Water Flooding and 

their Reduction by Flow Upscaling’, SPE journal. 

 

Author 1 (Hasan Al-Ibadi) 

 

Idea, methodology, models, analysis, writing up 

the paper  

Author 2 (Karl Stephen) 

 

Supervision, review and editing the paper  

Author 3 (Eric Mackay) 

 

Supervision, review and editing the paper 

Signature: 

 

Date: 

 

1/11/2021 

Citation details Al-Ibadi, Hasan, Stephen, K. and Mackay, E. (2021) 

‘Upscaling Low Salinity Water Flooding in Heterogenous 

Models’, SPE journal. 

 

Author 1 (Hasan Al-Ibadi) 

 

Idea, methodology, models, analysis, writing up the 

paper  

Author 2 (Karl Stephen) 

 

Supervision, review and editing the paper  

Author 3 (Eric Mackay) 

 

Supervision, review and editing the paper 

Signature: 

 

Date: 

 

1/11/2021 



 

 
 

 

Citation details Al-Ibadi, H., Stephen, K. and Mackay, E. (submitted) 

‘Heterogeneity Effects on Low Salinity Water Flooding’.  

 

Author 1 (Hasan Al-Ibadi) 

 

Idea, methodology, models, analysis, writing up the paper  

Author 2 (Karl Stephen) 

 

Supervision, review and editing the paper  

Author 3 (Eric Mackay) 

 

Supervision, review and editing the paper 

Signature: 

 

Date: 

 

1/11/2021 

 

 

Citation details Al-Ibadi, H., Stephen, K. and Mackay, E. (2021) ‘Pulse 

generation and propagation in the numerical solution of 

low salinity water flooding’, Journal of Petroleum Science 

and Engineering. Elsevier B.V, vol (198).  

 

 

Author 1 (Hasan Al-Ibadi) 

 

Idea, methodology, models, analysis, writing up the paper  

Author 2 (Karl Stephen) 

 

Supervision, review and editing the paper  

Author 3 (Eric Mackay) 

 

Supervision, review and editing the paper 

Signature: 

 

Date: 

 

1/11/2021 

 

 

 



 

Table of Contents 
 

Chapter 1: Introduction ...................................................................................................... 1 

 Overview ................................................................................................................... 1 

 Problem statement and objectives of study............................................................. 2 

 The structure of the thesis ........................................................................................ 4 

 List of Publications .................................................................................................. 19 

Chapter 2: Insights into the Fractional Flow of Low Salinity Water Flooding in the Light of 

Solute Dispersion and Effective Salinity Interactions ....................................................... 23 

Chapter 3: Novel Observations of Salinity Transport in Low Salinity Water Flooding ..... 67 

Chapter 4: Extended Fractional Flow Model of Low Salinity Water Flooding Accounting 

for Dispersion and Effective Salinity Range .................................................................... 102 

Chapter 5: Semi-Analytical Solution of Chemical Flooding in Heterogeneous Non-

Communicating Layers with a Focus on Low Salinity Water Flooding ........................... 141 

Chapter 6: Heterogeneity Effects on Low Salinity Water Flooding ................................ 193 

Chapter 7: Part 1- An Analysis of Numerically Induced Pulses in Simulations of Low 

Salinity Water Flooding and their Reduction by Flow Upscaling ................................... 227 

    Chapter 7: Part 2- Upscaling Low Salinity Water Flooding in Heterogenous Reservoirs

 …………………………………………………………………………………….277 

Chapter 8: Summary, Conclusions and Future Work ..................................................... 325 

Appendix …………………………………………………………………………………………………………………..331 



 

1 
 

Chapter 1: Introduction 
 

 Overview    
 

Multiphase flow in porous media is an interdisciplinary subject that has been of 

interest the research area for its important implications. Chemical Enhanced Oil Recovery 

(cEOR) processes represent a complex multiphase flow where a chemical component alters 

the fluid mobility. Enhanced Oil recovery has been studied intensively as it shows great 

potential to increase oil recovery (Muggeridge et al., 2014). Polymer (Sorbie 2013; Shotton 

et al., 2016), Surfactant (Kamal et al., 2017), Alkaline (Sheng, 2013) and WAG (Gibrata et 

al., 2014; Suramairy et al., 2014) flooding are popular types of EOR flooding among others. 

Recently, Low Salinity Water Flooding (LSWF) has been considered as an EOR process 

(Lager et al., 2008; Muggeridge et al., 2014; Bartels et al., 2019). LSWF refers to injection 

of a reduced salinity brine into reservoirs to improve oil recovery by changing the fluid 

mobility towards favourable displacements. Modifying the ions of the injected water , e.g., 

Ca+2,Mg+2 and SO4-2 , is also used as a LSWF process, however, sometimes the terminology 

of smart or engineered water is utilized to refer to such modification.    

Improved oil recovery by injecting a fresh water was observed as early as the mid of 

the 20th century by Martin (1959). Additional confirmation of incremental of oil recovery 

due to LSWF was reported by Bernard (1967). In the 1990’s, experimental results by 

Morrow’s research group showed great potential of LSWF as an EOR process (Jadhunandan 

and Morrow, 1995; Tang and Morrow 1997; Yildiz et al., 1999). Since then, a rapid increase 

of interest in the research area has shown Low salinity waterflooding as a promising EOR 

process.  

LSWF is a promising process resulting in a lot of research by oil industry due to that: 

(a) it can be considered as an eco-friendly process which does not include adding chemical 

materials (Barnaji et al., 2016), (b) it is cheaper than other cEOR processes which require 

adding expensive chemical materials (Barnaji et al., 2016), (c) some core flooding 

experiments promising incremental oil recovery up to 17 % OOIP (Sheng, 2014; Shaddel 

and Nejad , 2015). It should be noted that some other core results show no positive effect of 

low salinity water flooding (Fjelde et al., 2012).  

Pilot field scale tests of LSWF have been implemented to examine the potential 

increase of oil recovery using this process. For example, evidence from an Alaskan oil field 
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showed improved oil recovery by 6 to 12% of OOIP (Mcguire et al., 2005). Also, a well in 

the Greater Burgan field, Kuwait, showed a reduction in Sor by 6 saturation units (Korrani et 

al., 2019). However, a less positive response (but still influential) was documented for a field 

in north Africa where LSWF reduced Sor by up to 2 of saturation units (Spagnuolo et al., 

2016). Negligible effect has been reported for the Snorre field in north sea (Skrettingland et 

al., 2011).  

The variation in the response to LSWF may come from the complex chemical reaction 

in oil-rock-water system. In fact, the drive mechanism(s) of low salinity water flooding is 

still under debate (Shaddel and Nejad, 2015; Dang et al, 2016). In general, the mechanisms 

result from a rock-fluid interaction, e.g. fine migration hypothesis (Adhunandan and 

Morrow,1995; Zeinijahromi et al., 2015), a fluid-fluid interaction, e.g. microdispersion 

hypothesis (Sohrabi et al., 2017), a fluid-rock-fluid interaction, as the hypothesis of the effect 

of initial wettability and charge of zeta potential (Fjelde et al., 2012; Jackson et al., 2016).   

 

 Problem statement and objectives of study   
 

Many  experimental studies have been documented in literature to address the 

mechanism that drives the improved fluid flow behaviour in LSWF. Various studies 

examined the flow behaviour at diverse scales which covered pore scale, core scale and some 

field scale tests (Sheng, 2014; Bartels et al., 2019). However, the literature reports fewer 

numerical studies at the reservoir scale. For example, the effect of numerical dispersion was 

not well understood for LSWF. Also, the interaction of field scale heterogeneity and 

dispersion on fluid flow during LSWF required more study. Upscaling of fine scale 

geological models to a coarse grid reservoir model is an important process that had to be 

addressed.   

Modelling LSWF at the reservoir scale is an essential forward step to evaluate the 

performance of this process in realistic field applications. Jerauld et al., (2006; 2008) were 

among the first who modelled LSWF using black oil simulator. Their model has been widely 

used in the literature and has been included in many commercial simulators (Schlumberger, 

2020; CMG, 2020). The modelling process utilizes two sets of relative permeability curves. 

One set to simulate the flow behaviour before the effect of LSWF, and the other set is to 

mimic the fluid flow behaviour after the effect of LSWF. Shifting from one set to another is 
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performed using the effective salinity range. The upper limit of this range indicates when the 

low salinity effect starts. The lower limit indicates the concentration below which no further 

salinity dependent changes to mobility occur. This model was utilized in this study to 

investigate the flow behaviour and solute transport at the reservoir scale.  

Some other mechanistic models use active ions to define the shift between the two 

sets of the relative permeability based on various hypothesised underlying drive mechanics, 

e.g. some simulators use Cations (Ca+2, Mg+2) and/ or  Sulphate (e.g. see Al-Shalabi and 

Mohanty 2017; CMG, 2018). Mathematically, these ions are transported downstream by the 

advection-dispersion equation, so that the flow behaviour of these ions would be equivalent 

to that of salinity transport. Also, the models are similar in a sense of using two set of relative 

permeability and shifting between them as a function of concentration. Therefore, a clear 

picture of the flow behaviour as a salinity function is required even for mechanistic models.   

Addressing the flow behaviour, solute transport and upscaling at the reservoir scale 

for such numerical models formed the objectives of this thesis. In order to approach these 

objectives, we started by analysing the flow behaviour. The fractional flow behaviour of 

LSWF was assumed to be similar to that in polymer flooding so that two waterfronts can be 

observed (Jerauld et al., 2008; Zeinijahromi et al., 2013; Chequer et al., 2019). The velocity 

of each waterfront can be determine using the graphical relation of water saturation versus 

fractional flow. However, the documented fractional flow solution assumes negligible 

dispersion. For coarse scale reservoir models, numerical dispersion is significant. Also, the 

geological heterogeneity results in physical dispersion. Therefore, investigating the impact 

of dispersion on the flow behaviour is essential and was part of this thesis.  

The effective salinity range is another important parameter in modelling the LSWF. 

Effective salinity range can be defined as a threshold of salinity below of which the fluid 

mobility changes towards more favourable displacement. In a modelling perspective, it is a 

function that defines switching from one set of relative permeability to another in each given 

grid. We found that the literature provides various effective salinity ranges. So, we examined 

various scenarios of effective salinity range. We aim to investigate the effect of this function 

in the presence of dispersion addressing how the flow behaviour would be affected due to a 

combination of these parameters. This would give us an idea about how to update the 

fractional flow of LSWF including these two parameters. Nevertheless, the flow behaviour 

https://www.sciencedirect.com/science/article/pii/S0920410516301310
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in LSWF is directly linked to the nature of transport of the salinity profile via the effective 

salinity range.  

Salinity transport as an active tracer is another key factor in LSWF process. Studies 

documented in the literature show that changes in the advection velocity was assumed to be 

due to adsorption or desorption (Lager et al., 2008; Sharma and Mohanty, 2018). These 

studies used the principles of the traditional advection-dispersion equations as a reference in 

their work. We aim to evaluate the salinity transport in two phase flow chemical flooding 

environment where there are two waterfronts.   

We also examined LSWF in layered models and randomly distributed permeability 

and porosity models. The layered models were assumed to be non-communicating or 

communicating so that we examined the highest and lowest possible effect of fluid crossflow 

between layers. In such models, the flow behaviour is more complex where the fluid flow 

behaviour in each layer is a function of multiple parameters such as the petrophysical and 

fluid mobility properties. Then, we studied the effect of random distribution of petrophysical 

properties (permeability and porosity) on the flow behaviour. Besides, the effect of 

permeability-porosity cross plot was investigated. Investigating the numerical issues that 

could be apparent in the coarse scale reservoir models will be the other objective of the study.  

Then, we were able to introduce upscaling method(s) that can be used to resolve the 

numerical issues.   

 

 

 The structure of the thesis  
 

The thesis consists of several published peer reviewed articles where each chapter is 

an article. However, chapter seven consists of two articles. Some other peer reviewed articles 

and conference papers are listed below. The structure of the thesis can be seen as follows: 

1- Chapter Two: this chapter covers the main body of the literature review, model set 

up and some new findings about the flow behaviour in LSWF. The review in this 

chapter can be subdivided into: (a) the drive mechanism(s) of LSWF, (b) the effective 

salinity range, (c) the principles of modelling LSWF. Further review can be found in 

chapters 3-7 which was directed to serve the aims of each chapter. We reviewed the 
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literature with a focus on addressing the question: what would be a reasonable 

methodology to model the flow behaviour of LSWF at the reservoir scale? Reviewing 

the effective salinity range showed that there is no single range that can be used for 

all core samples. Instead, various ranges can be observed from core flooding 

experiments. Therefore, we examined models with various ranges. 

In this chapter, we also discussed the underlying mathematical equations and 

numerical method that were used to model the LSWF. The discussion includes how 

to use the effective salinity range to switch from high salinity to low salinity relative 

permeability. The main limitation of this mathematical model is that it assumes that 

there is one mechanism that used to switch between the relative permeability curves. 

We investigated 1D models.  

1. A description of the model set up was given in section ‘Modelling of 

LSWF’ in Chapter 2. This model was used as the reference case in this thesis. The 

model description includes the rock and fluid properties, model dimensions and the 

production control modes. In Chapter 4 we discussed the principles of the fractional 

flow behaviour in such models, see the section ‘Description of the Numerical Model 

of LSWF’ and Fig. 1 in that chapter. The analytical solution of the fractional flow 

theory  is discussed in detail in the section ‘Simulations of LSWF displacement’ in 

Chapter 2 (e.g., see Fig. 1) and the section ‘Analytical solution from fractional flow 

theory’ in Chapter 4. The frontal velocity is given in Eq. 13, 16 in Chapter 2. We refer 

the readers to Pope (1980) for further information about the fractional flow solution 

of chemical flooding. A detailed analysis of partial differential equations of implicit 

numerical scheme is given through Eq. 1 to 12 in the Appendix. Also, in Chapter 7 

section ‘Description of the numerical model’, we elaborated on the governing flow 

equations and how the simulator obtains the numerical solution of LSWF. Several 

assumptions were made to model the process which are explained in Chapter 2, 4 and 

7. An additional assumption to what was aforementioned in these Chapters is that a 

negligible time delay occurs as a result of kinetics, although some documented 

findings show otherwise, see Mahani et al., (2017). Such kinetic effect may cause a 

delay and/or a reduction in the oil recovery if the soaking time of the injected brine 
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was not sufficient.  More useful information about the principles of modelling LSWF 

can be found in Schlumberger (2020).  

The fractional flow behaviour of LSWF was investigated under various 

effective salinity ranges and levels of numerical dispersion. We compared the 

analytical solution of the fractional flow equation versus the numerical results of 

LSWF fractional flow. The fractional flow of chemical flooding was investigated 

previously by Patton (1971) and Claridge and Bondor (1974), then Pope (1980) 

discussed the mathematics of the analytical solution. This fractional flow model was 

originally derived for polymer flooding, which was then used for LSWF.    

The analytical solution of the fractional flow tells us that two shock fronts 

move downstream during the chemical flooding. The leading shock front is the 

formation waterfront while the second is the chemical (low salinity) waterfront. Then, 

the second front is followed by a rarefaction wave, which consists of a gradual 

increase in the water saturation until reaching residual oil saturation. Thus, the flow 

behaviour can be predicted using the saturation-fractional flow graph, where in 

chemical flooding cases there will be two fractional flow curves. One curve, with less 

favourable criteria, reflects the flow behaviour in the absence of the chemical flooding 

and the other curve is for the fluid flow at maximum concentration of active solute.  

However, the analytical solution does not include the effect of dispersion nor 

the effective salinity range. It is well known that dispersion could be a very important 

factor at the reservoir scale. For instance, dispersion will be significant due to coarse 

gridding. Also, geological heterogeneity may result in dispersion. In general, 

dispersion leads to spreading of the chemical components. It also can affect the 

sharpness of the waterfronts. Nevertheless, in LSWF, the impact of dispersion could 

be even more pronounced due to the presence of effective salinity range. Therefore, 

we examined models with various dispersion coefficients, which was in this study 

due to numerical dispersion, effective salinity ranges, and how these parameters 

altered the fractional flow behaviour. This work assessed the impact of simulating 

flow at very fine scales where it gives us information about the properties that should 

be captured at the coarse scale to avoid numerical errors. 
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Numerous simulations of LSWF were carried out at the reservoir scale to 

investigate the flow behaviour for various effective salinity range, weighting function 

and dispersion coefficients. We examined the effective salinity range over which the 

weighting function is applied as well as considering various shapes. Dispersion was 

varied to represent physical and numerical effects. These have been compared to 

analytical solutions from fractional flow theory.  

A main finding of this work is that we showed that a retardation effect can be 

apparent for physical reasons such as dispersion. However, the literature only 

documents chemical reasons for retardation, such as adsorption. The retardation 

effect reduced the velocity of the chemical waterfront (the second shock front) and 

sped up the formation (leading) waterfront. In LSWF model, this retardation effect 

can be observed when the effective salinity range lies below the midpoint of the 

salinity profile for models affected by dispersion. This is an effective retardation 

effect. We related this to an effect equivalent to adsorption in the fractional flow 

theory and could measure it in a similar way. A simplified, easy to use, correction 

factor was suggested in this work to predict this retardation effect. We also observed 

an acceleration effect which can be observed when the effective salinity range was 

set to be higher than the midpoint of the salinity profile. Again, the literature shows 

only chemical reasons of acceleration effect, such as desorption.  

We also showed that the fractional flow of the oil bank is the same in 

secondary and tertiary flooding. This behaviour is in line with the principles of 

fractional flow. We pointed out the relative importance of various parts of the relative 

permeability curves. For example, we showed that if low salinity water flood was 

secondary, i.e., started from the very early injection process, the high salinity relative 

permeability curve for saturations above the formation water saturation had no effect 

on the flow behaviour. For the low salinity relative permeability curve (i.e., the 

second set of relative permeability), the simulators did not use the relative 

permeability values for the range of saturations between irreducible water saturation 

and the saturation of low salinity waterfront. However, the presence of these 

unnecessary parts of the relative permeability curves can cause serious numerical 

issues for coarse grid models, as shown in Chapter 7.   
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Another finding of this work is that the velocity of the second (chemical) 

waterfront is directly linked to the velocity of the mid-point of the effective salinity 

range, while the upper and lower limits of effective salinity results in further 

spreading to the low salinity waterfront. Thus, in order to obtain a more 

comprehensive understanding of the flow behaviour during LSWF, we studied the 

salinity transport in terms of advection and dispersion. We addressed this effect in 

Chapter 3.  

The paper citation is Al-Ibadi, H. Stephen, K. D., Mackay, E. (2019) “Insights 

into the Fractional Flow of Low Salinity Water Flooding in the Light of Solute 

Dispersion and Effective Salinity Interactions”. Journal of petroleum science and 

engineering, 174(03), 1236-1248. 

Contribution  

The literature review was carried out by the candidate and discussed in detail 

with the supervisors. The model set up was built by the candidate and discussed step 

by step with the supervisors. All the related analyses were conducted by the candidate. 

The retardation/ acceleration effect was observed and analysed by the candidate, and 

then he suggested to use the retardation (D) factor presented in the fractional flow to 

express retardation due to the combination of dispersion and effective salinity range.  

 

2- Chapter Three: The transport of salinity was the focus of the study in this chapter, 

which is based on a published article. The transport of salinity has a crucial effect on 

the performance of LSWF. The literature contains limited attention on the transport 

of salinity during LSWF, particularly at the large scale. We compared salinity 

movement against the analytical solution of the conventional dispersion-advection 

equation. The advection velocity is equivalent to the mean velocity of the salinity 

profile, which is the velocity of the midpoint of the salinity profile. The term 

dispersion of salinity refers to the mixing process that occurs between high salinity 

water and low salinity water which results in spreading the salinity profile. We 

examined the dispersion behaviour and the advection velocity of the salinity profile 

individually.  
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The traditional analytical solution of the advection-dispersion equation does 

not take into account the impact of the effective salinity range, which is a key 

parameter in the LSWF numerical model. The effective salinity range results in part 

of the salinity front moving within the fast-formation water and the other part within 

the slow low salinity water.  

The article reported simulations where the numerical dispersion of the salinity 

profile was predictable using the dispersion equation of the implicit numerical 

scheme. Also, in advection dominated flow, the salinity profile moved at the speed 

of the injected water. However, as dispersion increased, the mixing zone fell under 

the influence of the faster moving formation water and thus sped up. To predict the 

salinity profile as a simplified analytical solution, we modified the advection term of 

the analytical solution as a function of formation and injected water velocities, Peclet 

number and effective salinity range.  

The modified advection-dispersion equation enabled prediction of the salinity 

transport during LSWF. The analysis may also be applicable to other cEOR processes 

that use two sets of relative permeability as a function of concentration and saturation 

to simulate the flow behaviour. Thus, we can quantify the salinity transport from the 

model input parameters.  

 The newly derived equation gives insights into the interactions between the 

various parameters and how that would affect the solute transport in such system. In 

particular, it shows how a combination of parameters can result in a faster advection 

velocity of the salinity. This knowledge was new to the literature, and we highlighted 

that should be considered whenever explanations of the solute transport in LSWF was 

discussed.  For instance, the time lag between an active ion and a passive (inert) tracer 

was hypothesised to be due to adsorption alone. We show an example of  how the 

dispersion and effective salinity range should be taken into consideration to explain 

the difference in time between these two solutes. Similar to the analytical solution of 

the advection-dispersion equation, the model does not include an explicit 

representation of geochemical reactions such as adsorption and ion exchange. 

Nevertheless, we utilized this model to predict Cations transports, e.g., Ca2+ and 

Mg2+, during LSWF for sandstone core samples.  
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Another direct implication of this analysis is that the numerical dispersion can 

result in changes in the velocity of salinity front, and this effect should be considered 

for coarse grid models. However, the results in this work raised a question which is: 

how does the physical dispersion affect the flow behaviour at the reservoir scale? Can 

we use the numerical dispersion to represent the physical dispersion? By physical 

dispersion we particularly focused on dispersion of the salinity profile due to reservoir 

heterogeneity. This analysis will be discussed in Chapter 5. After observing and 

modelling the changes in the advection velocity of the salinity profile, with this new 

understanding, we need to modify the fractional flow model of LSWF to be 

representative by including the variation in the advection velocity where that was 

assumed to be constant in the literature. This analysis will be investigated in Chapter4.  

The paper citation is: Al-Ibadi, H. Stephen, K. D., Mackay, E. (2019) “Novel 

Observations of Salinity Transport in Low Salinity Water Flooding”. SPE journal, 24 

(03), 1,108-1,122. 

Contribution  

The research idea and the methodology were suggested and developed by the 

candidate. The candidate observed the changes of the advection velocity and 

examined the various factors that affects this velocity. He also observed that the 

dispersion coefficient was as predicted by the dispersion term of implicit numerical 

schemes. All the work related to modifying the advection-dispersion equation was 

derived by the candidate. Then, the work was discussed in detail with the supervisors.  

He examined the results from the numerical models against the derived equation. He 

also wrote up the paper. The work was conducted under supervision of Prof. Karl 

Stephen and Prof. Eric Mackay.   

3- Chapter Four: We observe from the literature the importance of the analytical 

solution of the fractional flow as a reference case of the chemical flooding (Pope, 

1980; Lake 1989; 2014; Jerauld et al., 2008). Therefore, in this article, we introduce 

an extension to the fractional flow analysis of LSWF which captures the effect of 

dispersion and effective salinity range. Consequently, acceleration and retardation 

effects which were induced because of dispersion were included in the fractional flow 

equation. It includes an explicit representation of the effective salinity range. This 
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analysis also takes into account the changes of the advection velocity of salinity 

profile during LSWF. 

As we discussed for Chapters 2 and 3, the effective salinity range and the 

dispersion have a double effect where they change the flow velocity of fluids (i.e., 

the velocity of both waterfronts) and the advection velocity of the salinity profile. 

Dispersion can lead to either acceleration or retardation of the waterfronts. This was 

modelled by including a D factor in the fractional flow model. Pope (1980) used the 

D factor to model the retardation in the polymer models induced by adsorption, while 

we used the D factor to model the retardation and acceleration induced by dispersion. 

On the other hand, the combination of effective salinity range and dispersion could 

only result in increasing the advection velocity of the salinity profile (see Chapter 4). 

This means that if the effective salinity range was set to be less the formation water 

salinity, the salinity profile would be transported downstream faster than predicted by 

the advection velocity of single phase flow. This is the effect that was modelled by 

including a correction factor in the advection-dispersion equation. 

To model this complex feedback between the salinity profile and the 

fractional flow model, we modelled the advection-dispersion equation together with 

the fractional flow model via the effective salinity range function. This feedback 

effect was modelled considering the nature of effective salinity range where the 

velocity of the low salinity waterfront was equivalent to the velocity of the midpoint 

of effective salinity range. We compared models where there was negligible 

dispersion against models where there was dispersion. This was modelled by 

simulating fine and coarse grid cases. We quantified the D factor for the semi-

analytical solution as a function of dispersion. The results were compared against the 

numerical solution for models had various effective salinity range and dispersion 

coefficient.  

Such analysis to quantify the effect of dispersion and effective concentration 

range on the fractional flow solution was a new addition to the literature. This analysis 

could help to upscale simulation of LSWF, where high numerical dispersion of coarse 

grid models can produce significantly erroneous results that can be misleading. More 



Chapter 1: Introduction  
 

12 
 

details on how to use this knowledge to upscale LSWF will be discussed in Chapter 

7.  It also gives an indicator about the potential effect of physical dispersion, as will 

be discussed in Chapter 6. The analysis does not include the effect of gravity nor an 

explicit representation of capillary pressure. An implicit effect of capillary pressure 

was represented by the residual oil saturation. Incompressibility and immiscibility of 

the fluids were other assumptions in this work. The modified fractional flow solution 

does not consider models where there is a pulse-like behaviour in oil bank, while we 

see in Chapter 7 that the numerical solution can result in pulse-like behaviour. Also, 

we assumed 1D models, therefore extension of this work to 2D and 3D models was 

another important forward step. We would like to mention that a semi-analytical 

solution of 2D-non communicating layers is given in Chapter 5 and a fully analytical 

solution in Al-Ibadi et al., (2021).   

The paper citation is Al-Ibadi, H. Stephen, KD., Mackay, E. (2019) “Extended 

Fractional Flow Model of Low Salinity Water Flooding Accounting for Dispersion 

and Effective Salinity Range”. SPE journal, 24(06), 2874-2888. 

 

Contribution  

The research idea and the methodology were suggested and developed by the 

candidate. The candidate derived the mathematics of the updated fractional flow. He 

then set up and ran the numerical models, examined the results and wrote up the 

paper. Prof. Karl Stephen and Prof. Eric Mackay reviewed the paper and evaluated 

the results.   

 

4- Chapter Five: this chapter introduces a semi-analytical solution of chemical flooding 

in a reservoir consisting of non-communicating layers. Previously, Stiles (1949) and 

Dykstra and Parsons (1950) investigated piston-like displacement of traditional 

waterflooding in non-communicating layer models. Lake (1989) and Lake et al., 

(2014) used the same principles to analysis the traditional water flooding in such 

system. El-khatib (2001) modified that work to predict the performance of a non-

piston-like displacement of the traditional waterflooding. We improved the previous 

studies to predict the fluid flow during chemical flooding. We considered models of 
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layered reservoirs where variation in the static and dynamic properties of rocks and 

fluids occurred between layers, although each layer was assumed to be internally 

homogenous. We also considered the retardation effect during chemical flooding. We 

assumed that salt was totally dissolved in the water phase and there was a negligible 

salinity diffusion between layers as the flow was viscous dominated. However, 

diffusion effect can be more pronounced for very low flow rates as for some of 

experimental conditions of core flooding and pore scale analyses. In such a system, 

the velocity of the waterfronts varied in time. The inlet flow rate in each layer was 

also a function of time, although the total was constant. The numerical results showed 

that the fluid flow was significantly affected by the contrasts in properties between 

layers. Our analysis included predicting the waterfronts, solute transport, injected 

pore volume (dimensionless time). In Al-Ibadi et al., (2021) we also introduced scale 

group and dimensionless terms that were used to quantify the flow behaviour in such 

models.  

The analysis that we followed was started from solving the flow behaviour of 

piston-like displacement. Then, we extended the analysis to more general Buckley-

Leverett type problems where unfavourable displacement may occur. We derived the 

solution to the chemical flooding cases.  

The analysis utilized the principles of Darcy’s law, mass conservation and 

fractional flow theory to relate the relative locations of each waterfront. The 

retardation factor (D factor) was included in the analysis. While various mechanisms 

can be the underlying reasons for the D factor, such as adsorption/ desorption, we 

examined models affected by retardation due to dispersion. The formulae were 

examined against the numerical solution of LSWF as an example of EOR process. 

The analytical methods can also be used to assess the effect of crossflow in 

models with communicating layers (Lashaway et al., 2017; Al-Ibadi, et al., 2019a). 

Further, evidence indicates that with fully-communicating layers, when the mobility 

ratio across the waterfront is more than one, then the flow is similar to that in the non-

communicating case (for more details see Al-Ibadi et al., 2019a).  
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The paper citation is Al-Ibadi, H. Stephen, KD., Mackay, E. (submitted) 

“Mathematical Modelling of Multi-phase Flow During Chemical Flooding in Non-

communicating Layer System”. 

 

Contribution  

The research idea and the methodology were suggested and developed by the 

candidate. He derived the mathematical equations of all the related flow equations. 

Karl Stephen provided an important guide to falsify the mathematics. Then, the 

candidate suggested the use of the volumetric method to predict the time of 

breakthrough. The extension of the solute transport, pressure drop was also the 

candidate’s work. Then he extracted the scaling group and dimensionless numbers, 

which can be used to evaluate the effect of the properties contrast between layers. 

After, he carried out the numerical models and examined the numerical results against 

the analytical findings. Writing up the paper was also the candidate responsibility. 

Review the paper and evaluate the result were done under supervision of Prof. Karl 

Stephen and Prof. Eric Mackay.  

 

5- Chapter Six: We considered in this Chapter LSWF in 2D where the petrophysical 

properties were randomly distributed with spatial correlation. We investigated fluid 

flow behaviour, solute transport and recovery factor in such heterogeneous models. 

This study showed how the flow behaviour response to the changes in dispersion 

resulted from geological heterogeneity. 

We simulated low salinity induced wettability changes in field scale. We 

examined a wide range of geological realisations which mimic various degrees of 

geological heterogeneity. Sandstone was simulated using a log-linear porosity-

permeability relation with fairly good correlation. An analogue of a carbonate 

reservoir from the Middle East was simulated where a weaker correlation of porosity-

permeability was represented. The salinity of formation water was set to typically 

observed values for the sandstone and carbonate cases. A number of simulations were 

then carried out to assess the flow behaviour. 
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We found that the general trend of permeability-porosity correlation has a key 

role that could mitigate or aggravate the impact of spatial distributions of 

petrophysical properties. Simulations showed that Sandstone models were more 

likely to be directly affected by the spatial distribution more than models with a power 

law permeability-porosity correlation, which is often reported for flow units of 

carbonate reservoirs. The scatter of data in the permeability-porosity correlations had 

a relatively small impact on the flow performance. On the other hand, the impact of 

heterogeneity decreased as the width of the effective salinity range was reduced. It is 

well known that carbonate reservoirs are very complex with high uncertainty in the 

spatial distribution of the petrophysical properties. However, our work showed that 

by considering flow units to distribute the petrophysical properties we can 

significantly reduce the effect of the uncertainty in the inter well petrophysical 

properties if they were within the classified flow units.  

Overall, the incremental oil recovery due to LSWF was higher in the 

carbonate models than the sandstone cases. We observed from uncertainty analysis 

that the formation waterfront was less fingered than the low salinity waterfront and 

the salinity concentration. The dispersivity of the salinity front and the water cut can 

be estimated for models with various degrees of heterogeneity. We only considered 

a simple sector models without having a realistic complexity of the reservoir 

geometry. 2D models were considered while the reality is that the flow in oil 

reservoirs is three dimensional. A negligible effect of gravity can be a reasonable 

assumption for thin reservoirs while with thicker reservoirs the gravity effect is 

important. A line drive well pattern was assumed, whereas the directional flow of 

quarter five spot can be another important pattern that should be examined. We 

examined models with oil viscosity up to 8 cp, while a more viscous oil can be found 

in many reservoirs around the globe.    

 

Contribution  

The candidate collected the data and designed the geological models for various 

permeability and porosity distributions using Petrel simulator package. Then, he ran 

the reservoir dynamic models using Eclipse simulator. He suggested the process of 
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analysis and evaluated the results for the various models. The paper was written by 

the candidate. All the analyses were discussed in detailed and closely supervised by 

Prof. Karl Stephen and Prof. Eric Mackay. They also reviewed and edited the paper.  

 

6- Chapter Seven: This Chapter consists of two main parts based on two published 

journal articles. In the first part (article), we investigated the potential numerical 

obstacles that may appear during modelling LSWF. We particularly examined 1D 

models. The work covered three main subjects which are (a) the precision of the 

numerical solution, (b) stability analysis of the numerical solution for models that 

showed pulse-like behaviour, (c) introduce two novel upscaling methods that can be 

used to resolve these issues. The upscaling methods were essentially developed based 

on the modified fractional flow solution and the modified advection-dispersion 

equation that was developed in Chapters 3 and 4 respectively.   

An implicit finite difference numerical solver was used to simulate LSWF. 

The stability and precision of the numerical solution were examined as a function of 

changing the grid cell size and time step. We used the Peclet number to characterise 

numerical dispersion. The effect of time step size was compared with the Courant 

condition, which is traditionally related to explicit numerical schemes. We also 

investigated some of the nonlinear elements of the simulation model such as the 

differences between the salinity of formation water and the injected brine, effective 

salinity range and the shape of the relative permeability curves. 

We observed that numerical solution of LSWF tends to be stable, albeit with 

pulses occurring as a function of the range of effective salinity relative to the salinity 

of the initial formation and the injected water. The pulses appeared as a sequence of 

peaks and troughs in the water saturation profile for the interval between the 

formation and the low salinity waterfront. We also reported that the Courant condition 

is necessary but not sufficient to avoid these pulses. By definition, the precision of 

the numerical solution decreased when increasing numerical dispersion, but this also 

resulted in slowing down the injected low salinity water and increased the velocity of 

the formation water further reducing precision. These numerical problems mainly 

depend on fluid mobility as a function of salinity. We conclude that the width and the 
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mid-value of the effective salinity range appears to affect the numerical pulses and 

precision of the numerical solution, respectively. 

The underlying reasons for the numerical pulses were explained for the first 

time in this work. We found that the numerical pulses occurred as a function of how 

we model the change of wettability and the impact of relative permeability. We found 

that a rapid jump from high salinity to low salinity fractional flow curves can occur. 

This effect was a source of a pulse in the fractional flow solution. such effect was 

clear for coarse grid models especially when the effective salinity range was relatively 

short. Once created, the propagation of the pulses is predicted by analytical theory 

and fine grid models. Further, the resulting pulses vary in character, including 

amplitude, width and velocity, from one cell to another due to dispersion combined 

with the effective salinity range. More details of the mathematical background of 

these pulses can be found in (Al-Ibadi et al., 2021), which is the Appendix in this 

thesis. The initial magnitude of the pulse and the propagation are controlled by the 

effective salinity range, and the relative permeability curves.  

 In this work, we have also developed two approaches that can be used to 

upscale simulations of LSWF and tackle the numerical pulses problems. The first 

method is based on a mathematical formula that gives the relationship between the 

fractional flow, effective salinity range and the Peclet number. The second method 

establishes a novel proxy method equivalent to pseudo relative permeabilities. A 

single table of pseudo relative permeability data may be used for a waterflood instead 

of two tables as is usual for LSWF. We also remove the need for relative permeability 

interpolation during the simulation.  

After successfully applying the upscaling methods in 1D models, we then 

considered 2D models where the models consisted of layers as well as correlated 

random permeability. This analysis is discussed in the second paper which forms Part 

two of this chapter. Fine scale simulations were compared to coarsened models 

(averaging permeability appropriately). We analysed the effect of other properties in 

such heterogenous models, including the impact of effective salinity range on the 

appearance of numerical pulses. A number of scenarios were considered such as 

varying the grid resolution in both directions, changing the degree of the permeability 
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heterogeneity (defined by the coefficient of variation) for random distribute 

permeability cases and tuning the effective salinity range.  

Numerical pulses were observed in layered models as a consequence of 

crossflow in a combination with the effective salinity and the  cell aspect ratio. 

Upscaling by shifting effective salinity range of the coarse model gave a good match 

to the fine case scale, while considerable mismatch was observed for coarse models 

using traditional averaging. For highly coarsened models where numerically induced 

pulses are generated, this method of upscaling offers partial mitigation. On the other 

hand, upscaling by using single (pseudo) relative permeability gave a more robust 

result with a very good match to the fine grid case. This method also solved the 

numerical pulses issue.  

These methods of upscaling showed promising results where they were used 

to upscaling fully communicating, non-communicating layers and simulations with 

random permeability models. These methods can be equally applied for EOR models 

that utilize two sets of relative permeability as a function of concentration to model 

the effect of the chemical components, e.g., surfactant and alkaline models. Further 

analysis for these upscaling methods is required to examine 3D models. This was 

recently investigated in our paper  Al-Ibadi et al., (2021). The absence of the gravity 

effect in these upscaling methods is a limitation that required further analysis to 

generalize these upscaling methods for various field applications. Also, we examined 

the applicability of the pseudoisation method for polymer models with very 

promising results. Nevertheless, application of these method in surfactant, alkaline 

and nano flooding is required for the sake of generalizing this work for various EOR 

methods. In this work we assumed immiscible fluids. A further analysis of the 

upscaling methods against real full-field data with complex geological structure is 

recommended.    

The citation of the paper in the first part of this Chapter is as follows: Al-

Ibadi, H. Stephen, KD., Mackay, E. (2021) “An Analysis of Numerically Induced 

Pulses in Simulations of Low-Salinity Waterflooding and Their Reduction by Flow 

Upscaling”. SPEJ.  
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The citation of the paper in the second part of this Chapter is as follows: Al-

Ibadi, H. Stephen, KD., Mackay, E. (2021) “Scaling Up Low-Salinity Waterflooding 

in Heterogenous Reservoirs”. SPEJ.  

 

 

Contribution  

The methodology and the paper structure were suggested and carried out by 

the candidate. The upscaling methods were suggested and developed by the 

candidate. The stability analysis was suggested by Prof. Karl Stephen and 

implemented by the candidate. The candidate then introduced the idea of why the 

numerical pulses appear in the simulations. The static geological models and the 

dynamic reservoir model were implemented by the candidate. Evaluating the flow 

behaviour, observations and writing up the paper were also carried out by the 

candidate. Prof. Karl Stephen and Prof. Eric Mackay supervised each step of the 

analysis, edited, and reviewed these articles.   

 

7- Chapter Eight: a brief conclusion that obtained from each chapter and the thesis in 

general are listed in this chapter. A list of recommendations that can be useful for a 

future work is discussed.  
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Chapter 2:  Insights into the Fractional Flow of Low Salinity 

Water Flooding in the Light of Solute Dispersion and Effective 

Salinity Interactions*   

 
Abstract   

The objective of Low Salinity Water Flooding (LSWF) is to improve oil recovery. 

While a significant number of laboratory tests have been carried out to investigate the impact 

of LSWF, field scale modelling is often reported in the form of sector models with relatively 

coarse cells. This paper assesses the impact of simulating flow at very fine scales and informs 

on the properties that should be captured at the coarse scale to avoid numerical errors. We 

have found that the weighting function that is used to control changes to fluid mobility 

combines with numerical and physical diffusion to induce a retardation/acceleration effect. 

This is a physical effect rather than part of a chemical reaction. 

In this study, numerous simulations of LSWF have been carried out at the reservoir 

scale to investigate flow behavior for various salt concentration (salinity) weighting functions 

and dispersion coefficients. We have examined the effective salinity range over which the 

weighting function is applied as well as considering various shapes. Dispersion was varied 

to represent physical and numerical effects. These have been compared to analytical solutions 

from fractional flow theory.  

We also observed that the fractional flow of the oil bank will be same for both the 

secondary and tertiary flooding. We point out the relative importance of various parts of the 

relative permeability curves. An important finding of this work is that by spreading the 

salinity front through dispersion and setting a low value at which salinity impacts mobility, 

we saw the injected low salinity front advance more slowly while the high salinity front of 

formation water moves more quickly. This is an effective retardation effect. We related this 

to an effect equivalent to adsorption in the fractional flow theory and could measure it in a 

similar way. We were also able to develop a prediction of the effect using the analytical 

solution to the advection-diffusion equation. 

 

 

 

 

* This is a preprint version of the paper Al-Ibadi, Hasan, Stephen, K. D. and Mackay, E. (2019) ‘Insights 

into the fractional flow of low salinity water flooding in the light of solute dispersion and effective salinity 

interactions’, Journal of Petroleum Science and Engineering. Elsevier B.V., 174(3), pp. 1236–1248. doi: 

10.1016/j.petrol.2018.12.001. 

We updated a reference mentioned in this paper from Al-Ibadi et al., ( in press) to Al-Ibadi et al., (2019) 
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The outcome is that we can estimate a corrective term for the flow behavior in 

situations where the dispersion is quite strong, particularly in numerical simulations. We 

consider that this enable corrections to be made for numerical dispersion effects in field scale 

models. 

 

2. Introduction 

a. Background 

 

Injection of low salinity water into oil filled cores has been reported by a number of 

researchers and has been found to increase oil recovery. It is now considered as an option for 

Enhanced Oil Recovery (EOR) as Low Salinity Water Flooding (LSWF). The mechanisms 

which bring about the improvement in recovery are also a subject of much research.  

Martin (1959) proposed that clay swelling was the dominant process in LSWF, and 

Bernard (1967) considered that the effect was due to the presence of clay in the core sample. 

It has been reported that a reduction in the salinity of the injected water actually causes 

formation damage (Mungan, 1965; Porter, 1989; Azari and Leimkuhler 1990; Galliano et al., 

2002), and thus it was considered undesirable. The advantages of LSWF were better 

appreciated in the 1990s (Yildiz and Morrow, 1996, 1995; Jadhunandan and Morrow, 1995; 

Tang and Morrow, 1997; Morrow et al., 1998; Tang and Morrow, 1999; Yildiz et al., 1999) 

as a useful process for EOR.  Moreover, LSWF has been reported to delay water 

breakthrough and accelerate oil recovery (Thyne and Gamage, 2011; Shaddel and Nejad, 

2015) with improved recovery of up to 17 % OOIP (Shaddel and Nejad, 2015).  It is more 

efficient in terms of field process implementation (Dang et al., 2016), can be combined with 

surfactant materials (Alagic and Skauge, 2010), is more eco-friendly as it does not contain 

toxic materials and can be cheaper (Dang et al., 2013; Barnaji et al, 2016) compared to other 

EOR chemicals. 

Field scale studies have been successful (Robertson, 2009; Jerauld et al., 2010) 

although Masalmeh et al. (2014) reported that the 20% increase in oil recovery that they 

observed at the lab scale could be over optimistic due to differences in conditions where the 

lab flow is more capillary dominated. This is consistent with the observations of Thyne and 
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Gamage (2011) for a range of EOR techniques, using polymer, CO2 and surfactant as injected 

solvents or solutes. 

Besides these worries, the mechanisms that give rise to incremental oil recovery by 

LSWF are still under debate (Shaddel and Nejad, 2015; Dang et al, 2016). Furthermore, 

research to investigate how to model these mechanisms remains limited (Dang et al., 2016), 

particularly in the role that water salinity has on macroscopic flow functions (Shojaei et al., 

2015). This is the focus of our research. 

 This paper will address the movement of LSWF fronts and how we can use them to 

understand the impact of relative permeability and, in particular, how the function of effective 

salinity range affects water and salinity front movement. The aim of this paper is to deepen 

our knowledge about LSWF behaviour at the reservoir scale and develop appropriate 

modelling strategies, rather than focus on the chemical mechanisms at play. This will be 

helpful to predict the displacement of LSWF fronts and open a new window on how to best 

incorporate lab measurements of LSWF. 

 

b. LSWF Mechanisms  

  

Several mechanisms have been suggested to explain the effects of LSWF and these 

are still topics of active research (Zeinijahromi et al., 2015; McMillan et al., 2016). 

Permeability reduction was one of the earlier explanations for the apparent increased oil 

recovery during LSWF (Martin, 1959; Bernard, 1967), particularly in sandstones that contain 

clay. Formation damage could be due to clay fines migration (Jadhunandan and 

Morrow,1995; Tang and Morrow, 1997,1999; (Zeinijahromi et al., 2013, 2014, 2015; 

Hussain et al., 2013;) or due to clay swelling (Shaddel and Nejad, 2015; Pouryousefy et al., 

2016; Dang et al., 2016;). Fines migration results in plugging of pores in the invaded zone, 

diverting subsequently injected water and thereby increasing sweep efficiency (Li, 2011). 

Lab tests have shown that the release of clay fines reduced permeability in the swept zone 

(Zhang and Morrow, 2006; Pu et al., 2010; Morrow and Buckley, 2011) as well as increased 

differential pressure in the rock matrix (Shaddel and Nejad, 2015). The benefits from LSWF 

have been seen without evidence of formation damage, however (Mcguire et al., 2005; 

Seccombe et al., 2008).  
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Observations of the link between pH change and formation damage during LSWF 

have been reported Mungan (1965). Austad (2008) has shown that pH could be increased as 

a result of clay dilution by the formation and due to dissolution of carbonate components 

(Shojaei et al., 2015) which can produce an in-situ surfactant. It is controlled by the chemical 

interaction between water and rock (Thyne and Gamage, 2011), which leads to the reduction 

of interfacial tension between water and crude oil, releasing the latter. It has been observed 

that pH affects wettability in carbonate formations during LSWF (Shojaei et al., 2015). In 

contrast, the benefits of LSWF were evident in lab tests using crude oil at an acid number 

less than 0.05 KOH/g while it is well known that at least 0.2 KOH/g is required to generate 

the necessary amount of surfactant to change the wettability of rock (Jensen and Radke, 1988; 

Dang et al., 2016). Moreover, LSWF benefits have been observed even when pH remained 

neutral (Pouryousefy et al., 2016).  

Osmosis has been suggested as a potential factor. A sharp change in salinity between 

the injected and formation water is thought to lead to the generation of an osmosis movement 

that leads to greater in-situ pressure, resulting in an increased oil mobility (Fredriksen et al., 

2016). 

It has been hypothesised that the rock wettability is altered from hydrophobic to 

hydrophilic during LSWF as a result of either multi-component ion exchange or the effect of 

double layer expansion (Aladasani et al., 2012; Zeinijahromi et al., 2013; 2015). This is a 

widely popular explanation. Austad (2008) explained that clay could act as a cation 

exchanger, where cations are replaced in order, as follow; 

Li+< Na+ < K+ < Mg2+ < Ca2+<H+ 

Shaddel and Nejad (2015) stated that increased oil recovery was observed when the 

original wettability of the rock is more oil wet. This concept is broadly reported for carbonate 

formations (Aladasani et al., 2012, 2014; Al-Shalabi et al., 2013), and for carbonate field 

scale studies, such as in the Ekofisk field in the North Sea (Zhang et al., 2007). Thyne and 

Gamage (2011) support this through simulations and showed that anhydrite (CaSO4) found 

in carbonate rock, plays an important role.  

Desorption of oil from the pore surface, where the negative charge of the oil 

molecules is reduced so that they become repulsed, has been suggested as a mechanism by 
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Ligthelm et al. (2009). This is a different process from ion exchange, which depends on the 

idea that bridge elements could build around the rock to attract oil, and entials a change in 

the rock itself rather than the oil. Shojaei et al. (2015) have reported that clay/rock surfaces 

became increasingly water wet through desorption of polar components. Also, Austad et al. 

(2010) reported that polar oil components adsorb on clay minerals due to the low salinity in 

injected water. 

Several of the above mentioned processes may be taking place during LSWF 

(Mcguire et al., 2005; Salehi et al., 2016;  Zeinijahromi et al., 2013; Shojaei et al., 2015). 

Various factors could be present in different situations, such as:  

• formation type where sandstone or carbonate rock affect the presence of clay and 

divalent cations such as Ca2+ and Mg2+;  

• crude oil type which controls the presence and the concentration of polar 

components in oil, i.e. acid group and acid number (Shaddel and Nejad, 2015; 

Dang et al., 2016); 

• brine salinity and brine composition (Yildiz and Morrow, 1996);  

• formation heterogeneity and the clay distribution (Shaddel and Nejad, 2015). 

• initial wettability of the rock (Fjelde et al., 2012; Al-Shalabi and Sepehrnoori 

2017), which can be identified by the initial charge of the rock using zeta potential 

(Jackson et al., 2016) 

Al-Shalabi & Sepehrnoori (2015) suggested that the mechanism behind increased oil 

recovery from LSWF seems to be more complex in sandstone than in carbonates due to a 

combination of many factors, such as fines migration, pH increase, multicomponent ion 

exchange, which are all in agreement with the findings of Austad (2008). There are other 

plausible mechanisms, such as limited release of mixed wet particles, salinity shock, mineral 

dissolution, emulsification/ snap-off, saponification, and particle-stabilized 

interfaces/lamellae. For all the complexities and uncertainties about the mechanisms of 

LSWF, it seems clear that after LSWF the flooded formation behaves in a more water wet 

manner than was observed during High Salinity Water Flooding (HSWF) (Jadhunandan and 

Morrow, 1995; Hughes et al., 2012; Al-Shalabi et al., 2013).  This creates the potential to 

simplify the modelling process, avoiding the need to model the physical and chemical 
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mechanisms in detail, but instead to honour the change in wettability and thus the change in 

relative permeability functions that will occur when changing from HSWF to LSWF.  

However, caution is needed to ensure that the velocity of the front that instigates the change 

in wettability is correctly modelled, as there may be retardation effects arising from the 

physical and chemical mechanisms. 

 

c. Effective salinity range  

It is evident from the literature that the change in flow behaviour due to LSWF takes 

place at certain concentrations which is called the effective salinity range, and from this work 

we will see that this is a crucial factor in modelling these processes. Previous work has shown 

that the salinity profile has an advection velocity that depends on the interaction between 

effective salinity range and dispersion (Al-Ibadi et al. 2018a; 20191). In Black Oil models, 

LSWF is modelled using two sets of relative permeability functions, one representing 

displacement using water with similar salinity to the formation water salinity, while the other 

represents the impact of the injected low salinity water. The simulation requires a process for 

switching between relative permeability curves, and this is defined using the effective salinity 

range. The upper limit of this range indicates when the low salinity effect starts. The lower 

limit indicates the concentration below which no further salinity dependent changes to 

mobility occur.  

However, just as there are disagreements about the nature of the LSWF mechanisms, 

there remains a difference of observations and opinion about this effective salinity range. 

Zhang & Morrow (2006) have suggested that the concentration ranges vary from one 

reservoir to another, and depend on the crude oil composition and the type of rock. The 

evidence of the effective range of low salinity is available from laboratory experiments as 

well as from field observations, and various data have been used in modelling LSWF.  

[1] Reference updated from “in press” to complete the citation. 
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Figure 1. Comparison of effective salinity ranges reported in the literature, indicating 

on a log scale where the effect of salinity is variable. Changes to the salinity outside of 

the range had no noticeable effect. The arrows indicate groups of rock type which are 

carbonates (black), sandstone (red) and synthetic data (yellow). The bars are colour 

coded for the mechanisms identified in the references.  

Figure 1 summarises the different ranges of concentrations that have been observed or 

simulated. It is clear from the literature that the effective salinity range is thought to vary 

with a number of factors (mineral compositions, formation water compositions, wettability 

condition amongst others) just as the low salinity process itself does, as described above. It 

is generally accepted that incremental oil can be obtained from sandstone samples when the 

injected salinity brine was <10,000 mg/L, though this is not always the case, while carbonate 

reservoirs could give incremental oil even at relatively high salinity, i.e. >35,000 mg/L. With 

carbonate samples, it is believed that optimal injected water should have low concentrations 

of Ca2+ and Mg2+ and high concentrations of SO4
2- (Puntervold et al., 2015), however that 
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will be a function of initial wettability of the rock (Jackson et al., 2016). We do not discuss 

the various effects explicitly here, as in some cases these are hypothesised rather than proven. 

We do show in Figure 1 the different formation type (carbonate versus sandstone), which 

also controls the effects. 

 

d. Modelling of LSWF 

Despite the differences of opinions about the mechanisms of LSWF it is generally 

accepted that the process should be modelled as a wettability alteration effect represented 

through a change of relative permeability (i.e. mobility). Even those who suggest fines 

migration and changes to interfacial tension as the main mechanisms have adjusted relative 

permeability curves to match their experimental data (Aladasani et al., 2012). This is 

reasonable as the relative permeability curve is itself a proxy model for pore scale behaviour. 

 Jerauld et al., (2006, 2008) introduced a model of LSWF that is currently used in many 

black oil simulators, while Dang et al., (2015 and 2016) introduced a mechanistic model 

based on ion exchange that captures geochemical interactions in a compositional simulator. 

Basically, the black oil model of LSWF consists of the standard mass conservation equations 

reduced to oil and water phases along with dynamic modifications of relative permeability 

and capillary pressure curves corresponding to high and low salinity behaviour, with salinity 

change being tracked as a conservative tracer. For each grid cell at each time step, the 

simulator interpolates between the two curves based on the salinity in that grid cell at that 

time.  Change in salinity is modelled using a mass conservation equation and depends on oil 

and water velocities. Several experiments have been history matched by changing relative 

permeability data (Aladasani et al., 2012a, 2012b, 2014; Shojaei et al., 2015). The high 

salinity flooding process is represented by either oil wet or mixed wet relative permeability 

data, while low salinity displacement is represented by more water wet relative permeability 

data. Jerauld et al., (2006; 2008) have suggested the approach for modifying relative 

permeability and this is used in commercial simulators (e.g. Schlumberger ECLIPSE 2015; 

CMG STARS 2015); we describe and apply this methodology here. 
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It has been reported that it is not just the water salinity itself that controls the mobility 

change and we could use the salinity mechanism to represent other specific solutes such as 

Ca2+ or Mg2+ (Puntervold et al., 2015). The model and our results could equally be applied 

provided the weighting function is adjusted appropriately. In addition to water composition 

and geochemistry, other sources of reaction can also have an impact. The only additional 

complexity, which we do not address, is that if the other solutes are involved in reactions that 

lead to retardation, then that could impact the velocity at which the concentration front 

travels.  

A mixing parameter is used to interpolate between the relative permeabilities and defines 

the concentration weighting function: 

Ѳ = 1 − 
𝐶𝑆−𝐶𝑠

𝐿𝑆 

𝐶𝑆
𝐻𝑆−𝐶𝑆

𝐿𝑆  for CS
LS < CS < CS

HS                [1] 

Where Cs is the in situ salinity and Ѳ = 1 for CS ≤ CS
LS and Ѳ =0 for CS ≥ CS

HS. In this 

formulation the function is linear but simulators typically allow a tabular form and we later 

explore various non-linear representations of the concentration weighting function.  

An effective end point is defined based on the concentration such that: 

𝑆𝑜𝑟𝑤 = 𝑆𝑜𝑟𝑤
𝐻𝑆 + Ѳ(𝑆𝑜𝑟𝑤

𝐿𝑆 − 𝑆𝑜𝑟𝑤
𝐻𝑆 )                 [2] 

where 𝑆𝑜𝑟𝑤
𝐿𝑆  and 𝑆𝑜𝑟𝑤

𝐻𝑆  are the residual oil saturations of the low and high salinity relative 

permeability curves, respectively. Other end points may be scaled equivalently. 

The effective saturation, 𝑆∗, for a grid cell is calculated as: 

𝑆∗ =
𝑆𝑜− 𝑆𝑜𝑟𝑤

1−𝑆𝑤𝑟−𝑆𝑜𝑟𝑤
                                                            [3] 

The effective relative permeability and Pc curves are calculated from 

krw = Ѳ 𝑘𝑟𝑤
𝐿𝑆 (𝑆∗)  + (1-Ѳ) 𝑘𝑟𝑤

𝐻𝑆(𝑆∗)                [4] 

kro = Ѳ 𝑘𝑟𝑜
𝐿𝑆 (𝑆∗)   + (1- Ѳ) 𝑘𝑟𝑜

𝐻𝑆(𝑆∗)                           [5] 

Pcow = Ѳ 𝑃𝐶𝑂𝑊
𝐿𝑆 (𝑆∗)    + (1- Ѳ) 𝑃𝐶𝑂𝑊

𝐻𝑆 (𝑆∗)                  [6] 
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The superscripts LS and HS indicate low and high salinity curves, respectively. In 

this formulation, the relative permeabilities, kro and krw for oil and water, respectively, as 

well as the Pc curves are end-point scaled to the new effective residual oil saturation such 

that they are stretched or contracted, mapping to the new end-point. Then they are averaged 

using the weighting function, as in Equations 4-6. 

 Tripathi & Mohanty (2008) have suggested a very similar model. They also 

considered that the relative permeability curves could be represented using Corey exponents 

(Brooks and Corey 1966; Delshad and Pope, 1989) to define the shape with different 

exponents for either low or high salinity water. The exponents can be mixed linearly using a 

function similar to Equation 2. Relative permeability and Pc curves can be scaled according 

to wettability as well. Various combinations of just exponents, just scale terms and all 

combined were examined. 

Despite it being generally accepted that the salinity weighting function should be 

expressed as a single linear function, the issue is still a matter of debate. For instance, Al-

Shalabi et al. (2015) have suggested two weighting factors to simulate the wettability 

alteration during LSWF, reflecting different effects on oil and water. In fact, it is possible to 

suggest a myriad of different shapes and forms of the salinity weighting factors; e.g. in some 

cases, oil relative permeability curve should be adjusted due to LS flooding and water relative 

permeability curve will be fixed (Shojaei et al., 2015), while it is widely accepted that both 

curves should be adjusted to fit laboratory results (Brodie and Jerauld, 2014; Jerauld et al., 

2008). 

 Relative permeability functions are used in the numerical representation of the mass 

conservation equations for oil, water and salinity. For a grid cell the mass conservation 

equation is:  

∆

∆𝑡
(
𝑉 𝑆𝑤 

𝐵𝑤
) =  ∑ (

𝑇 𝑘𝑟𝑤

𝐵𝑤 µ𝑤 
(𝛿𝑃𝑤 − 𝜌𝑤 𝑔 𝐷𝑧))𝑎𝑙𝑙 𝑓𝑎𝑐𝑒𝑠 + 𝑄𝑤                       [7] 

for water, with a similar equation for oil.  

Since the salt component is assumed to be fully and exclusively dissolved in the 

aqueous phase, it will be transported based on the mass conservations equation: 
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∆

∆𝑡
(
𝑉 𝑆𝑤 𝐶𝑆 

𝐵𝑤
) =  ∑(

𝑇 𝑘𝑟𝑤

𝐵𝑤 µ𝑠 𝑒𝑓𝑓
(𝛿𝑃𝑤 − 𝜌𝑤  𝑔 𝐷𝑧)) 𝐶𝑆 + 𝑄𝑤𝐶𝑆                          [8] 

In Eq. 7 and 8, 𝑉is the block pore volume,  𝑆𝑤 is the water saturation, 𝐶𝑆 is the salinity in the 

aqueous phase, 𝐵𝑤 is the water formation volume factor, ∑ is the summation over the 

different directions on the grid, 𝑇 is the transmissibility for the traditional block centred form, 

𝑘 𝑟𝑤 is the water relative permeability, µ𝑤 is the viscosity of water, 𝛿𝑃𝑤 is the difference in 

the water pressure between grid cells, 𝜌𝑤 is the water density, 𝑔 is the acceleration due to 

gravity, 𝐷𝑧 is the depth of the cell centre, 𝑄𝑤 is the water production rate at the surface 

(provided there is a well connection in the cell). 𝐶𝑆 is assumed to be a single component, i.e. 

it behaves as a single species.  

3. Simulation model description 

In this work, we focussed on the behaviour of LSWF at the reservoir scale. For this 

purpose, we have adopted a one dimensional Cartesian model (Fig. 2a), and to achieve better 

precision, the model was divided into 3500 grid blocks, each of which is 0.3048 m long. To 

tackle the problem of model stability due to numerical problems, the magnitude of the time 

step was kept small at 0.25 days. This enabled the simulation to resolve the movement of the 

fronts across the cells. Producer and injector wells were set at the extreme ends of the model. 

We used two sets of relative permeability data (Figure 2b) to simulate that behaviour, as 

suggested by (Jerauld et al., 2006; Schlumberger, 2015), with capillary pressure set to zero.  
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Figure 2: (a) 3D representation of the 1D model with dimensions. Colours indicate 

saturation of oil as the two fronts pass through and (b) the input relative permeability 

curves for both high and low salinity cases, taken from Jerauld et al. (2006).  

To pay more attention to the physical transportation of fluids and dissolved salt through 

the porous media, any chemical reaction with the rock was neglected, and injected dissolved 

salt was treated as a single component. For simplicity, we used a homogenous reservoir 

model with the petrophysical and other parameters shown in Table 1.  

We also ignored the effect of capillary pressure by setting it to zero. This is generally 

valid for coarse scale simulations where the pressure difference from viscous forces is often 

much greater than from capillary forces. Moreover, the flow rates are relatively high in the 

simulation such that for small grid cells, capillary effects are minor. In water wet rocks, 

(a) 

(b) 
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capillary pressure may introduce a form of physical dispersion. In reservoirs where the rocks 

are oil wet to high salinity formation water, the effect of capillary pressure actually 

encourages water fronts to stabilise as sharp discontinuities.  

Apart from these reasonable approximations the aim is to build up our understanding of 

the behaviour relative to the idealised case where fronts are sharp, capillary pressure is 

negligible and the solution is obtained analytically via fractional flow theory. For this reason 

we also focus on flow in one dimension. This helps us to understand how accurately we can 

represent the core plug scale when discretising models with typical cell sizes. The results that 

we present are not without some practical relevance however. In reservoirs consisting of thin 

non-communicating homogeneous beds or layers, the flow is virtually one-dimensional 

during linear drive. This is more so when hydraulic fractures have been generated at wells in 

the direction perpendicular to the induced direction of flow. The results below are likely to 

be useful for five-spot pattern floods too where Buckley Leverett analysis has been shown to 

hold albeit different timings for the fluid movement compared to linear drive. In subsequent 

work we will investigate heterogeneity and gravity effects in more detail. 

Many researchers (Brodie and Jerauld, 2014; Attar et al., 2016) have studied the total 

dispersion of the LSWF salinity front, including numerical and physical dispersion at the 

core scale. However, since physical dispersion is often outweighed by numerical dispersion, 

the former is ignored. 

To characterise dispersion we use the Peclet number (e.g. Sorbie and Mackay, 2000)  

𝑁𝑝𝑒  =  𝑣𝑥/𝐷                   [9] 

where x is the distance from the injector, v is the interstitial velocity of the water, and 𝐷 is 

given by: 

𝐷 =  α𝑡𝑜𝑡𝑎𝑙 ∗ 𝑣                     [10] 

such that we assume molecular diffusion to be negligible compared to dispersion. The total 

dispersivity, α𝑡𝑜𝑡𝑎𝑙, is made up of the physical and numerical dispersivity (Fanchi, 1983): 

α𝑡𝑜𝑡𝑎𝑙=α𝑝ℎ𝑦𝑠𝑖𝑐𝑎𝑙+ α𝑛𝑢𝑚𝑒𝑟𝑖𝑐𝑎𝑙                  [11] 
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Table-1 - parameters of the reservoir model 

Property Value (units) 

Porosity 20% 

Absolute permeability  200 mD 

Net to gross 95% 

Oil density  0.77 kg/L 

Water density  1 kg/L 

Rock compressibility at 

6500psi 

5.843E-05 bar -1 

Datum depth 2461 m 

Initial pressure @datum 448 bar 

𝐒𝒘𝒊 20% 

Depth of Water oil contact 2590 m 

Capillary pressure @WOC 0 bar 

Injection rate 1749 Rm3/day 

Production rate 1749 Rm3/day 

Water viscosity  1 cP 

Oil viscosity  1 cP 

 

where α𝑝ℎ𝑦𝑠𝑖𝑐𝑎𝑙 is a constant measured experimentally or by field test (set to zero in this 

study), while α𝑛𝑢𝑚𝑒𝑟𝑖𝑐𝑎𝑙can be calculated by; 

α𝑛𝑢𝑚𝑒𝑟𝑖𝑐𝑎𝑙 = (
∆𝑥

2
) + 𝑣𝑤  (

∆𝑡

2
)                 [12] 

In the base case fine grid model, the numerical dispersivity was 0.2 m, while the Peclet 

number was 5,000. This means the flow was advection dominated, as the Peclet number was 

greater than 1,000.  

The liquid production rate of 11,000 RB/day was set as the preferred control mode and 

pressure support was maintained by field voidage replacement. Pressure limits were never 

reached. Injected salinity was 1,000 mg/L; anything lower could cause formation damage 
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(Lever and Dawe, 1984). The formation water salinity was 200,000 mg/L, which is a high 

value applicable to deep reservoirs and many Middle East reservoirs (Awadh, 2018). As 

suggested by many researchers, the base case effective salinity range was set to 1,000-7,000 

mg/L as a single linear function. We have considered several different relative permeability 

curves with a base case shown in Figure 2 (from Jerauld et al., 2006). Unless otherwise stated, 

the results were qualitatively similar. These saturation dependent functions were added as a 

look up table in the simulator.   

 

4. Simulations of LSWF displacement  

By ignoring the impact of capillary pressure and the physical dispersion coefficient, 

simulating flow of incompressible fluids in a 1-D homogeneous reservoir can be represented 

using fractional flow theory equivalent to water flooding (Buckley and Leverett, 1942). 

Patton et al. (1971) provide a good explanation of the analysis for polymer flooding, 

which is analogous to LSWF in that fluid mobility is altered by inclusion of a solute which 

itself must be modelled. Jerauld et al. (2006) carried out an equivalent analysis for LSWF 

with similar results. In this analysis it is assumed that the low salinity water enters the 

reservoir and travels with no dispersion, moving at constant speed controlled by the fractional 

flow of water. However, in previous work that related to the concept of modelling fractional 

flow, the analysis did not require nor include the concept of effective salinity which is 

necessary to control water mobility changes. Further, in simulations of EOR processes such 

as polymer flooding, the injected solute controls viscosity in a continuous manner, while in 

LSWF it is somewhat step-like, making LSWF unique.  

Under the conditions described above, the salinity travels in a single front and there 

are two water fronts. A bank of high salinity formation water forms as one front and, with its 

higher mobility, moves faster than the low salinity front. The latter moves at the same speed 

as the salinity front, although we will show that this is not necessarily a good assumption for 

LSWF. The fractional flow analysis can be used to quantify this behaviour, giving the speed 

of the fronts and the saturations and fractional flows at which they travel. The fractional flow 

curves are used (Figure 3) corresponding to the relative permeability curves (Figure 2). For 
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HSWF, the Welge tangent  is used to identify the effective saturation (Sw1) and fractional 

flow (fw1) of the water flood front by drawing a line from the formation water saturation, Swc, 

to the tangent with the high salinity fractional flow curve (Buckley and Leverett, 1942; 

Welge, 1952). A similar approach is used for LSWF (Figure 3). The velocities of the salinity 

and low salinity water flood fronts depend on the fractional flow (fw3) and saturation (Sw3) at 

the water front and can be determined from the flow equations (e.g. Patton, 1971; Pope, 

1980). The constraint of conservation of volume, as used to obtain the Welge tangent for 

HSWF, gives Sw3 and fw3 by drawing a straight line from the origin of the fractional flow plot 

to the tangent of the low salinity fractional flow curve. The dimensionless velocity (i.e. the 

fractional distance moved per pore volume injected) is given by the ratio of fractional flow 

to saturation at the tangent point (i.e fw3/Sw3). The faster moving high salinity front is also 

very sharp. The fractional flow (fw2) and saturation (Sw2) of this front must lie on the high 

salinity fractional flow curve. On the other hand, conservation of volume means that the 

dimensionless velocity of the low salinity front depends on the ratio of change in fractional 

flow to change in saturation, (fw3-fw2)/(Sw3-Sw2), going from the high salinity to low salinity 

front. Since the velocities of the dissolved salinity and LS water fronts are the same, then we 

can equate: 

𝑓𝑤3−𝑓𝑤2

𝑆𝑤3−𝑆𝑤2
= 

𝑓𝑤3

𝑆𝑤3
                        [13] 

Thus fw2 and Sw2 lie at the intersection of the high salinity fractional flow curve and the 

tangent to the low salinity curve through the origin. The dimensionless velocity of the high 

salinity front is also obtained from fw2/(Sw2-Swc) by conservation of volume. 
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Figure 3: The fractional flow plot for LSWF model shows the possible shock fronts. The 

blue and red curves show fractional flow for high and low salinity, respectively, based 

on input relative permeability curves. The tangential line (“BL-front”) from the blue 

curve to the formation water, Swc, is the traditional Welge tangent for HSWF, where 

the saturation and fractional flow at the Buckley-Leverett front are fw1 and Sw1. The 

tangential line from the origin to the red curve gives the fractional flow, fw3, and 

saturation, Sw3, at the low salinity front. By Equation 13, the formation water front 

saturation, Sw2, and fractional flow, fw2, must lie on that the intersection of the LSWF 

tangent with the HS fractional flow curve. 

In this paper we explore the degree to which the above analysis agrees with numerical 

simulations. We find that it is a good approximation but ignores the impact of modelling a 

transition in salinity to change water mobility through the effective salinity range.  

In production of an oil reservoir, it is conventional to refer to depletion as a “primary” 

mechanism and waterflooding as “secondary” due to the order in which these take place 

usually. EOR methods such as LSWF may be considered as a tertiary production process, 

following waterflooding, but they can be applied after depletion (or even before). We 

therefore use the term “secondary” to indicate that no fluids have yet been injected and 

“tertiary” to indicate that high salinity waterflooding has already taken place. In simulations 
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of an undersaturated reservoir as studied here, the “primary” process is modelled merely by 

choosing the initial pressure conditions.  

As a secondary process, the LSWF model normally has two shock fronts (Figure 4). 

For tertiary LSWF, three shock fronts can form (Tripathi and Mohanty, 2008). This is in 

agreement with several laboratory observations (Yildiz and Morrow,1996; Tang and 

Morrow, 1999; Yousef et al., 2011) as well as field scale tests (Zeinijahrami et al., 2015). In 

tertiary LSWF, the first front occurs due to HSWF. The second front forms as a result of oil 

becoming mobilised and flowing in combination with the previously injected high salinity 

water. The third front forms due to the low salinity water.  

 

Figure 4: A comparison between Secondary and Tertiary recovery of LSWF against 

injected pore volume (PVI), where two and three shock fronts were obtained 

respectively. The fractional flow curves from Figure 3 were used. Also, in both cases the 

velocities of LS-front and formation waterfront have not altered. 

The fractional flow of the formation waterfront from secondary LSWF (Figure 5) is 

the same as the fractional flow of the oil bank in tertiary recovery (Figure 6). This follows 

from the fact that the fractional flows of the fronts are the same in both scenarios (Claridge 

and Bondor, 1974). A comparison between the secondary flooding and tertiary flooding has 

been carried out to emphasize this observation (e.g. Figure 4).  
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Because the fronts are self-stabilising, as described above, the resulting mathematical 

and numerical solutions to the flow problem are affected by a subset of all available input 

relative permeability data. In secondary LSWF, only the intersection point of the HS 

fractional flow curve with the tangent line in Figure 4 is needed (Figure 5). Numerically we 

observe that the lower part of the curve may have some influence depending on numerical 

dispersion. Meanwhile the LS fractional flow curve behind the point (Sw3, fw3) is needed 

theoretically. If the level of numerical dispersion is high then the fractional flow curves 

between Sw2 and Sw3 will affect the numerical result. The same applies for tertiary LSWF, 

except that the HS fractional flow curve is required for saturations above Sw1, but the rest of 

the curve is needed if numerical dispersion is high.   

In tertiary LSWF, the HS fractional flow curve (Figure 6) is important for saturations 

above the Buckley Leverett shock front saturation, depending on how much HS water 

invades. For example, Figure 6 displays the case where there is moveable water before 

injecting LS water, where the Buckley Leverett front and the oil has been swept out 

significantly before injecting LS brine. The LS fractional flow curve is important. Note, 

however, that the straight line of fractional flow through the two fronts does not intersect the 

origin; this will be discussed later.  

An important observation from simulations is that the fronts of both the formation 

water and LS-front are related to each other. Depending on the relative permeability curve, 

any condition that alters the velocity of LS-front will also lead to a change in the velocity of 

the formation front. This has been observed for polymer flooding and other injected solutes 

which reduce the mobility of the injected fluid (Pope, 1980). It is also obvious from Figure 

3 that if the shape of the fractional flow curves change then the resulting saturations and 

fractional flow solutions also change. On the other hand, it has been reported that for polymer 

flooding, adsorption also moves the tangential line to cross the saturation axis to the left of 

the origin. We focus on these interactions for the remainder of the paper. 
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Figure 5: The input relative permeability curves and the simulator fractional flow for 

secondary LSWF near the well. The fractional flow passes rapidly to the HS shock front 

saturation, albeit with some numerical dispersion. Later the LS front arrives and the 

saturation and fractional flow rises again. There are more points between shock front 

saturations due to the spread of the salinity. 

 

 

Figure 6: The input relative permeability curves and the simulator fractional flow near 

the well for a case where HSWF is followed by LSWF once much of the initially mobile 

oil has been displaced.  
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5. Effective salinity and the weighting function in simulations 

We now analyse the impact of simulating LSWF with several representations of the 

concentration weighting function (Eq. 1). We considered three scenarios for changing this 

function (Figure 7): 

1. The minimum concentration, Cs
LS was varied but we set the maximum, Cs

HS= Cs
LS + 

6,000 mg/L, keeping the width of the range constant;  

2. The minimum concentration Cs
LS, was fixed at 1000 mg/L and the width of the effective 

salinity range was varied; 

3. Non-linear functions were used to represent the function. 

 

 

Figure 7: Various scenarios of weighting function (Eq. 1) that were investigated (a) Cs
LS 

varied with fixed width of the effective salinity range of 6000 mg/L (b) Cs
LS fixed at 1000 

mg/L and width varied (c) non-linear representation with fixed limits.  

Although some of these scenarios could be unrealistic from the perspective of core flood 

results, studying these scenarios will help us to initiate a dimensionless relationship between 
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the effective salinity on the one hand, and the difference in concentration between the 

formation water and the injected water on the other hand.  

The choice of Cs
LS and Cs

HS control the dynamics of how salinity affects flow by 

focussing on different parts of the concentration front (which is spreading due to numerical 

and/or physical dispersion). Figure 8 shows the evolution of salinity (at the producer well) 

from 3000 to 3500 days (1.06-1.18 PVI). The salinity passes through the range of the 

weighting function (Cs
HS down to Cs

LS) at different times depending on how it is set but also 

depending on the width of the dispersed salinity front. The lower that the range is set relative 

to the formation water salinity, then the longer we wait for the low salinity process to take 

effect. This creates a retardation/acceleration effect analogous to polymer adsorption in the 

fractional flow analysis (Pope, 1980). The behaviour depends critically on the mid-point 

concentration in the salinity front, 𝐶𝑆
𝑚𝑖𝑑 and the mid point concentration of the effective 

saturation range, 𝐶𝑒𝑓𝑓
𝑚𝑖𝑑, which we define as: 

𝐶𝑆
𝑚𝑖𝑑 = (𝐶𝑆

𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛
+ 𝐶𝑆

𝑖𝑛𝑗
)/2               [14] 

where 𝐶𝑆
𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛

 is the formation water salinity prior to LSWF and 𝐶𝑆
𝑖𝑛𝑗

 is the salinity of 

the injected water during LSWF and 

𝐶𝑒𝑓𝑓
𝑚𝑖𝑑 = (𝐶𝑆

𝐻𝑆 + 𝐶𝑆
𝐿𝑆)/2                [15] 

If 𝐶𝑒𝑓𝑓
𝑚𝑖𝑑 is very close to 𝐶𝑆

𝑚𝑖𝑑 then the behaviour is straightforward, with frontal solutions 

given by the fractional flow theory described above, albeit with fronts that are dispersed 

numerically. However, if  𝐶𝑒𝑓𝑓
𝑚𝑖𝑑 is higher than 𝐶𝑆

𝑚𝑖𝑑 then there is a delay with an effect 

equivalent to retardation while acceleration occurs if 𝐶𝑒𝑓𝑓
𝑚𝑖𝑑 is less than 𝐶𝑆

𝑚𝑖𝑑. We will see that 

these effects are particularly evident for the cases where the width of the effective salinity 

range was fixed but Cs
LS was altered (Figure 7a). 
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Figure 8: Illustration of the time dependence of the switch from HS to LS behaviour. 

The diffusion spreads the salinity front. The change in salinity has no effect until the 

Cs
HS is reached and then the full LS effect is observed when Cs

LS is met. The coloured 

lines indicate the times these are reached and their duration for Cs
LS to Cs

HS range of 

1000 to 7000 mg/L (orange), 93,000 to 10,000 mg/L (green) and 193,000 to 200,000 mg/L 

(red).  

The relative permeability curves in Figure 9 illustrate the role of the weighting 

function when switching from the HS to the LS curves. In the fractional flow theory (Patton 

et al., 1971), it is assumed that the jump from the formation water bank to the LS front is 

instantaneous. The data here shows that it is gradual and dependent on the spread of 

concentrations in the weighting function and how long concentration takes to change, through 

dispersion. The jump between curves is slowed down.  

The results of varying the concentration functions according to Figure 7a are shown 

in Figure 10. In this figure we see that although the model was advection dominated (with 

Peclet number > 4,500 in which cell size was 0.3048 m) the waterfront velocities were still 

affected by varying the effective salinity ranges. With more dispersion the impact will be 

pronounced even further, but then the stability of the numerical solution may be 

compromised (Al-Ibadi et al., 2018b). 
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Figure 9: Relative permeability values for a grid cell in the model as the waterflood 

passes through indicating, first, the rise to the formation water bank (red) as numerical 

dispersion spreads the front and the HS relative permeability values are used. Next, the 

LS front begins to arrive and the relative permeabilities in the cell move over to the LS 

curves (green). Finally the cell uses the LS relative permeability values (yellow) until all 

mobile oil is displaced.  

The trend is that the lower Cs
LS was set, then the later the arrival time of the LS front 

and the earlier the arrival of the HS front. The saturation of the HS front also increased with 

this trend. The volume of water in the HS front appears to be greater but this is because it 

now included some of the injected water for which the LS effect had not yet taken place. A 

similar retardation effect was described by Pope (1980) for polymer adsorption, such that the 

tangent to the polymer affected fractional flow is drawn from a point to the left of the origin, 

modifying the analytical solutions from Figure 3. The tangent only goes through the origin 

for zero adsorption. The adsorption slows down the movement of the polymer front. 

However, the water injection rate is unaffected, and since the polymer front slows down, then 

to maintain material balance the formation water bank speeds up and contains some of the 

injected water, albeit stripped of polymer.  
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Figure 10: Water cut against injected pore volume (PVI) for various concentration 

weighting functions in Fig 7a where the Cs
LS, is changed and the width of the range is 

fixed, for base case model in which Peclet number>4,500.  

We can see the effect of the retardation on fractional flow numerically (Figure 6 and 

Figure 11). The fractional flow in the cells follows the behaviour consistent with drawing the 

tangent to a point on the x-axis that corresponds to an effective retardation. On the other 

hand, we see an acceleration when 𝐶𝑒𝑓𝑓
𝑚𝑖𝑑 > 𝐶𝑆

𝑚𝑖𝑑  . The amount of retardation or acceleration 

was clearly affected by the dispersion, and since this increased as the front moved through 

the reservoir, so did the retardation or acceleration. We note that an adsorption like effect 

such as cation exchange would further increase retardation, as would physical dispersion. 

Figure 12a shows the impact of changing the width of the weighting function while 

fixing Cs
LS. The shortest range is the same case as the model with the lowest value of Cs

LS in 

Figure 10. The retardation effect is strongest for the lowest range but reduces as the range is 

increased. The effect of salinity on mobility begins earlier but it also takes longer for it to 

fully switch on. Thus the salinity front is somewhat delayed compared to the case with short 

width of effective salinity range and the impact on the high salinity water front is also 

reduced. Figure 12b compares two cases where  𝐶𝑒𝑓𝑓
𝑚𝑖𝑑 equals 𝐶𝑆

𝑚𝑖𝑑 and the width of the 

effective salinity range is varied. The speed of the concentration front is relatively unchanged, 
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and we only see the spread of the LS front in the case of the broader weighting function. The 

HS frontal velocity and saturation are unaffected. 

 

Figure 11: The input fractional flow (blue and purple lines) and the simulator output 

fractional flow of the two models, where each model has different weighting function 

and that affects the velocities of shock fronts. Both models had Peclet number = 64 

where ∆x = 21.336 m and ∆t= 28 day.  

The result of using the non-linear weighting functions from Figure 7c are shown in 

Figure 13. In these cases, the range is quite small and 𝐶𝑒𝑓𝑓
𝑚𝑖𝑑 is close to 𝐶𝑆

𝑚𝑖𝑑. When we keep 

the same with of the effective salinity range and change Cs
LS we see the same 

retardation/acceleration effects described above, but otherwise there is little variation 

between the non-linear functions. The effect of the non-linearities is negligible. We deduce 

that the shape of the weighting function is much less important than where the mid-

concentration of the weighting function lies relative to the formation and injection water 

salinities. 

We have so far described the delay or early onset of the salinity effect due to 

dispersion as a retardation or acceleration effect. We now examine this effect in relation to 

the fractional flow theory to determine whether or not we can predict it. 
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Pope (1980), derived the velocity of a sharp polymer concentration front and 

associated shock front of water as:  

(
𝜕𝑥

𝜕𝑡
)𝐶𝑖 = 

𝑞

𝐴∅

𝑓𝑤

𝑆𝑤+𝐷𝑊𝐹
                    [16]  

where x is the distance the front has moved relative to the injector, q is the volumetric 

injection rate of the water phase, A is the cross sectional area, ∅ is the porosity, fw is the 

fractional flow of water, Sw is the saturation and 𝐷𝑊𝐹 is a retardation term slowing down the 

fronts due to adsorption. We develop a term equivalent to 𝐷𝑊𝐹 for LSWF. We can measure 

it for simulations but we can also predict it using analytical solutions. This provides a method 

of using the simpler tangent solution from fractional flow theory to estimate the behaviour 

without doing full simulations.  

We define a reference case where  𝐶𝑒𝑓𝑓
𝑚𝑖𝑑 equals 𝐶𝑆

𝑚𝑖𝑑 such that the front velocities 

have not been affected by retardation or acceleration. Before discussing the analysis, we first 

describe the calculated velocities of the LS-front and formation water front and plot them in 

Figure 14 for the models above where 𝐶𝑒𝑓𝑓
𝑚𝑖𝑑was varied. The velocities are anti-correlated as 

observed above and the velocities have a sigmoidal shape, suggestive of the dispersion effect.  

 

Figure 12: Water cut from models with different weighting function (a) Fig 7b (fixed 

range) (b) ranges centred around the mid concentration of the salinity front. 
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Figure 13: Water cuts from models with weighting functions from Figure 7c.  

  

Figure 14: Shows the velocities of both LS and formation water fronts from models 

calculated from simulator outputs at different 𝑪𝒆𝒇𝒇
𝒎𝒊𝒅.   

To calculate 𝐷𝑊𝐹 for the different scenarios of weighting function, we observed that 

from fractional flow theory (e.g. Pope, 1980) the effective velocity of the salinity front (i.e. 

where salinity takes effect) is the same as the LS water front. From the same considerations 

and nomenclature as before that gave Equation 13: 

𝑓𝑤3−𝑓𝑤2

𝑆𝑤3−𝑆𝑤2
= 

𝑓𝑤3

𝑆𝑤3+𝐷𝑊𝐹
               [17] 
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fw’s and Sw’s are defined the same as in Figure 3 except that they will now be numerically 

different. In the base case DWF = 0 and we can calculate the two terms from the model. In 

other cases, the left side can be calculated from the model and with the other fractional flow 

and saturations similarly available. DWF can then be estimated. Figure 15 illustrates these 

“measured” values of 𝐷𝑊𝐹 against 𝐶𝑒𝑓𝑓
𝑚𝑖𝑑. The retardation constant is zero for the reference 

case. Negative values of 𝐷𝑊𝐹 indicate an acceleration. The shape of 𝐷𝑊𝐹 versus mid-

concentration weighting function is sigmoidal and similar to the shape of the salinity front. 

Therefore, it is possible to infer there is a direct link between salinity diffusion and 𝐷𝑊𝐹. 

 

Figure 15: 𝐷WF for models with different mid concentration of the weighting function 

(scaled relative to the range of salinity).  

To predict the value of  𝐷𝑊𝐹 without carrying out simulations, we need to understand 

the relationship between the velocity of the salinity profile and the LS water fronts when the 

weighting function is changed. Figure 16 shows the relationship for the models indicating a 

correlation between velocities. The correction factor is 1.02 and 1.04 in Figure 16a and 16b 

respectively. This correction factor could be due to numerical error. Thus, we would assume 

that the LS-waterfront is always equal to the salinity velocity of the mid- concentration of 

the weighting factor.  
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Figure 16: Comparison between the velocity of salinity and the velocity of LS-water 

front for two locations: (a) 𝒙 =0.1L, where the Peclet number is about 40, and (b) at the 

end of the model, x=L, where the Peclet number is about 4500, i.e. advection dominates. 

L is the distance between injector and producer. Both graphs show correlation between 

the velocities of salinity and LS-water front with acceptable error of (a) 0.02 and (b) 

0.04. 

We find empirically that for these models, it is possible to predict the value of  𝐷𝑊𝐹 

by considering the difference between 𝑉𝑖(𝐶𝑆
𝑚𝑖𝑑), the number of pore volumes of fluid 

injected to ensure the salinity reaches 𝐶𝑆
𝑚𝑖𝑑 , and 𝑉𝑖(𝐶𝑒𝑓𝑓

𝑚𝑖𝑑), the volume required to ensure 

the salinity reaches 𝐶𝑒𝑓𝑓
𝑚𝑖𝑑  at a particular point in the reservoir.  

The volumes are calculated using the analytical solution to the dispersion-advection 

equation in a semi-infinite medium assuming a single advection velocity (e.g. Brigham, 

1974); 

𝐶 = 𝐶𝑆
𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛

− 𝐶𝑆
𝑚𝑖𝑑𝑒𝑟𝑓𝑐 (

𝑥−𝑣𝑡

2√D𝑡
) = 𝐶𝑆

𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛
− 𝐶𝑆

𝑚𝑖𝑑𝑒𝑟𝑓𝑐 (
1−𝑉𝑖/𝑉𝑝

2√𝑉𝑖/(𝑉𝑝𝑁𝑝𝑒)

)          [18] 

Where v is the salinity front velocity of the base case, 𝐷 is the total dispersion coefficient. In 

the second form, Vi is the volume injected to get an undispersed front to reach x.  
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We also used the Peclet number to express the total salinity dispersion, i.e. physical 

dispersion added to numerical dispersion. We suggest the following term to estimate the 𝐷𝑊𝐹 

term: 

𝐷𝑊𝐹 =  12 ∗ (
𝑉𝑖(𝐶𝑆

𝑚𝑖𝑑)−𝑉𝑖(𝐶𝑒𝑓𝑓
𝑚𝑖𝑑) 

√𝑁𝑝𝑒
)                 [19] 

This form has been tested with various simulator results to calculate the new form of 

𝐷𝑊𝐹 in multiple salt dispersion conditions. Figure 17 shows a comparison between predicted 

values of  𝐷𝑊𝐹 (Eq. 19) and actual results from the simulations models (derived by estimating 

DWF from fractional flow plots via Eq. 17). Figure 17a is for models with advection controlled 

transportation, while Figure 17b is for dispersion dominated models. The calculation shows 

a very good match, particularly for advection dominated cases. The remaining mismatch may 

be due to numerical errors.  

The velocity of the salinity is a function of the Peclet number and so is the DWF. The 

apparent value of DWF is a function of model length and longitudinal dispersion, because the 

front spreads as it propagates. Figure 18 shows that the impact of the mid-concentration of 

the weighting function is greater in the first quarter of the reservoir compared with the 

extreme end because the Peclet number is linear with model distance. The relative velocities 

of the fronts will be changing as they propagate with the difference decreasing in time. There 

may be a greater retardation or acceleration effect in strongly heterogeneous models and/ or 

high physical diffusion where the Peclet number is small. 
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Figure 17: A comparison of predicted DWF and actual results from simulator versus 

mid-concentration of the weighting function for (a) advection dominated and (b) 

diffusion dominated flow.  

 

Figure 18: A comparison of the salinity front velocities at the producer and nearer the 

injector at different mid concentration weighting functions.  
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6. Discussion 

This study has examined the movement of saturation and salinity fronts in various LSWF 

models at the reservoir scale and the impact of effective salinity range has been investigated. 

We focused on the shape and velocity of the shock fronts in the LSWF model, and thus we 

can infer the dominant intervals of the relative permeability curves. We also interpreted the 

relationship between effective salinities and shock front velocity to calculate the expected 

values in the LSWF model. For those who work on core experiments, this relationship could 

be extendable to their work where they could estimate the effective salinity by calculating 

the velocity of the water fronts. 

The aim of this paper was to perform a theoretical study of a fairly light oil case. We 

chose equal viscosities for simplicity. We have examined higher viscosities for oil. The 

effects are quantitatively different but the final analysis is the same. The effect of increasing 

oil viscosity is to shift the fractional flow curves to the left and reduce the saturations of the 

formation and low salinity water fronts. The analytical solutions are not affected 

mathematically although the computed solutions change. The alterations to the fractional 

flow behaviour are also based on the same correction factor. We found that similar results 

are found when we change the relative permeability data. In this paper we used curves that 

were obtained from history matching of coreflood experiments that are presented in the 

literature. These were read into the simulator as tables. We have used more generic relative 

permeability data based on Corey exponents. The results are not shown here but the main 

effect is to alter the fractional flow curves. The numerical solutions change while the general 

pattern is preserved, and the same mathematical form of the correction factors arise. 

The main result of this study shows the relationship between the effective salinity and the 

frontal velocities. We showed that both LS and formation waterfront velocities are functions 

of the mid-salinity of the weighting function relative to the overall concentration range. The 

lower the salinity at which the mobility change effect begins, the later this will happen in 

time when combined with numerical or physical dispersion of the dissolved salt. This slows 

the movement of the low salinity water and speeds up the high salinity water. The outcome 

is similar to a retardation effect, which we have related to fractional flow theory.  
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We have derived and tested an empirical approach to predicting the strength of the 

retardation effect. If we assume that the salinity front moves according to the injection 

volume, then the analytical solution provides an estimated retardation constant. We have 

tested this approach. This gives a method of predicting the strength of the effect of 

retardation, particularly as an effect of numerical dispersion. It also offers a numerical means 

of correcting simulation results of coarser scale models.  

In order to obtain a precise empirical form, the main numerical results that were obtained 

in this work were for the base case model which is advection dominated. With more 

dispersive models, fractional flow of water and frontal velocities will be affected more 

strongly by salinity dispersion. At this point the effects are more strongly pronounced 

requiring proper analysis. However, with dispersed models, stability of the numerical 

solution will be an issue that needs to be addressed (Al-Ibadi et al., 2018b).  

The fractional flow analysis of LSWF has been discussed in the literature previously 

(Jerauld et al., 2008; Tripathi and Mohanty, 2008; Attar, 2017). In that work, analytical 

solution of fractional flow supposed to be correct though they had misfit for cases affected 

by dispersion. However, mismatching was explained in different ways, such as due to 

fingering effect (Tripathi and Mohanty, 2008), numerical error (Jeruald et al., 2008) or 

because of trapped oil and chemical retardation (Alexeev, 2015). Tripathi and Mohanty 

(2008) saw a spread in predicted waterfronts but no change in the velocity. We have been the 

first to report that physical or numerical dispersion can lead to a retardation effect on 

waterfronts with a feedback to the salinity profile. In other work, any apparent retardation 

effect was always linked with chemical reactions and utilized to interpret the drive 

mechanism of low salinity (e.g. Sharma and Mohanty, 2018) without considering dispersion. 

We show clearly that the evolution of the mixing zone will lead to this retardation effect due 

to the fact that the transition to low salinity behaviour occurs over a limited effective salinity 

range. This is significant since dispersion in low salinity models can be induced by different 

factors such as fingering (Tripathi and Mohanty, 2008), heterogeneity (Attar, 2017) and 

numerically (Al-Ibadi et al., 2018b).  

By analyzing the fractional flow behavior, we can identify which parts of the relative 

permeability data are important for simulation of LSW. Depending on whether or not the 
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flood is secondary or tertiary, only certain parts of the flow curves are required when 

dispersion is minimal. As a secondary process, LSWF requires the lower saturations data of 

the high salinity fractional flow curves and higher saturations of the low salinity curves. 

Tertiary LSWF requires more precise description of the whole of the high salinity fractional 

flow curve. This has implications for history matching of core flood modelling also.  

In this work we have explained the relationship between the salinity profile and fractional 

flow. We also give insights into the relationship between ion fronts, e.g. Ca2+ and Mg2+, and 

fractional flow where ions are transported in the same manner as the salinity mixing zone at 

the continuum scale. We do not consider chemical adsorption or desorption of ions but these 

could be added. The physical effects that we report would still be observed, albeit altered. 

For more details see (Al-Ibadi et al., 2019). Of course, adding chemical reactions such as ion 

exchange would add further complications to the model and the behaviour.     

Heterogeneity at the field scale will also result in physical dispersion. Replacing physical 

dispersion by numerical dispersion seems reasonable. Recently Ghanbari et al. (2018) 

reported an approach to relate numerical dispersion on a coarse grid to the dispersion that 

would be observed in miscible flooding on a fine grid due to heterogeneity effects. This 

followed work by Gelhar (1983) and Garmeh and Jones (2010) who were able to relate the 

length scale and magnitude of heterogeneity of random distributions of permeability to the 

equivalent numerical dispersion coefficient in advection-dispersion processes. It is apparent 

that a straight replacement of physical dispersion with a numerical equivalent remains non-

trivial and is dependent on cell size compared to physical dispersivity.  

The outcomes of this work can be used to produce a more precise numerical model. For 

instance, Al-Ibadi et al., (2018b) showed that increased numerical dispersion (by coarsening) 

will lead to slow down/or speed up the low salinity waterfront depending on the effective 

salinity range relative to the midpoint of salinity front. In our work, here, we show that the 

speed of LS-waterfront is also a function of effective salinity, thus we can tune the effective 

salinity range to mitigate (upscale) the effect of numerical dispersion for a coarse case 

scenario.  
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7. Conclusions 

We arrive at the following conclusions which are of importance in the simulation of Low 

Salinity Water Flooding (LSWF) and how dispersion can be represented better at the field 

scale: 

• The full representation of the relative permeability data are not required for 

simulation suggesting a more reliable form to match experiments of low salinity 

water flooding.  

• Effective salinity is important when combined with dispersion, and it affects the 

speeds of the low salinity and high salinity water fronts. 

• An effective retardation effect is introduced which is applicable for most cases. 

• The fractional flow analysis can be augmented based on this information using a 

predicted effective retardation term. 

• Although this study highlighted the impact of the salinity front on the fractional 

flow, this impact of the salinity front can be replaced by any ion front, e.g. Ca2+ 

or Mg2+.  
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Chapter 3: Novel Observations of Salinity Transport in Low 

Salinity Water Flooding*  
  

 
Abstract   

Low Salinity Water Flooding (LSWF) is a promising process that could lead to 

increased oil recovery. To date, most attention has been paid to the complex oil-water-rock 

chemical reactions that may explain the mechanisms of LSWF and it is generally accepted 

that these result in behaviour equivalent to changing oil and water mobility. This behaviour 

is modelled using an effective salinity range and weighting function to gradually switch from 

high to low salinity relative permeability curves. There has been limited attention on physical 

transport of fluids during LSWF, particularly at the large scale. We focus on how the salinity 

profile interacts with water fronts through the effective salinity range and dispersion to alter 

the transport behaviour and change the flow velocities, particularly for the salinity profile.  

We examined a numerical simulation of LSWF at the reservoir scale. Various 

representations of the effective salinity range and weighting function were also examined. 

The dispersion of salinity was compared with a theoretical form of numerical dispersion 

based on input parameters. We also compared salinity movement with the analytical solution 

of the conventional dispersion-advection equation.  

We observed from simulations that salinity is dispersed as predicted analytically 

although the advection velocity may be changed. In advection dominated flow, the salinity 

profile moves at the speed of the injected water. However, as dispersion increases, the mixing 

zone falls under the influence of the faster moving formation water and thus speeds up. To 

predict the salinity profile theoretically, we have modified the advection term of the 

analytical solution as a function of formation and injected water velocities, Peclet number 

and effective salinity range.  

 

 

 

 

* This is a preprint version of the paper Al-Ibadi, H., Stephen, K. D. and Mackay, E. (2019) ‘Novel 

Observations of Salinity Transport in Low-Salinity Waterflooding’, SPE journal, 24(03), pp. 1108–1122. 
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This important result enables prediction of the salinity transport by this newly derived 

modification of the analytical solution for one dimensional flow. We can understand the 

correction to the flow behavior and quantify it from the model input parameters. At the 

reservoir scale we typically simulate flow on coarse grids which introduces numerical 

dispersion or must include physical dispersion from underlying heterogeneity. The 

corrections to the equations can contribute to improving the precision of coarse scale models. 

More generally the suggested form of the correction can also be used to calculate the 

movement of any solute that transports across an interface between two mobile fluids. We 

can also better understand the relative behaviours of passive tracers and those which are 

adsorbed. 

 

Introduction 

 

Low Salinity Waterflooding (LSWF) involves the injection of water with a salinity 

that is much reduced compared to the formation water so that oil can be displaced more 

efficiently (Tang and Morrow, 1999; Lager et al., 2008; Yousef et al., 2011). The benefits of 

this process are now becoming more fully appreciated even if the exact causal mechanisms 

are not fully known (Bernard 1967; Buckley and Morrow 1990; Yildiz and Morrow 1996; 

Webb et al. 2003). It is generally accepted that the mobility of the injected water is lower 

than that of the formation water as suggested by the analytical solution of chemical flooding 

via fractional flow theory (Jerauld et al., 2008). This would be the case for a wettability 

change which is commonly attributed to the effect, especially in carbonate reservoirs (Mahani 

et al., 2015; Jackson et al., 2016). Since the reservoir contains high salinity formation water, 

the movement of salinity must be modelled as a component within the water phase. A key 

element of the model is the definition of the concentrations at which the change of mobility 

takes effect, and this is captured via an effective salinity range with a weighting function that 

mixes the relative permeability and capillary pressure curves of high and low salinity water 

accordingly. Note that the weighting function may be linear or non-linear in shape, for more 

details see Al-Ibadi et al., (2019). While the form of this model has become accepted over 

the last few years, we find that its behaviour and effect in the model are still under-reported.  
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To understand salinity transport, we first need to explain the behaviour of the velocity 

of the water. In work that we report elsewhere, (Al-Ibadi et al., 2018) we have observed that 

the parameters of the effective salinity range have a significant impact on the fractional flow 

of LSWF. In that work, the effective salinity range affected the velocity of the two fronts that 

formed. These include the formation waterfront, which moves quickly with higher mobility, 

and the injected low salinity waterfront, which moves more slowly. By definition, if the 

effective salinity range is set far below the mid-point of the salinity profile, then a greater 

reduction in salinity is required before mobility changes occur. This effectively slows down 

the impact of the low salinity front and makes the formation waterfront move more quickly. 

However, we observed that the changes in velocity also affect the concentration front itself 

and we focus on this aspect here. Since salinity transport in LSWF occurs in the aqueous 

phase only, we have compared the simulation of this displacement process to the advection-

dispersion equation of single-phase flow. 

The transport of salinity within an injected fluid has been studied in single phase flow 

for many years. Taylor (1953) was one of the first to model this process as an advection-

dispersion system with many follow-on studies. Various mathematical forms of the model 

were suggested to predict the shape of the salinity profile during miscible displacement in 

porous media (Brigham et al., 1961). Later  these forms were updated to be more precise due 

to the impact of dispersion (Ogata, 1970; Brigham, 1974). In the literature, infinite or semi-

infinite boundary conditions are often assumed for a homogeneous medium where a single-

phase flow at constant velocity. Under these assumptions, the mid-point concentration, which 

lies between the initial and injected concentrations, travels according to advection only while 

other concentrations spread out, depending on dispersion. Numerical dispersion in finite 

difference models has the same effect (Lake 1989; Idesman, 2017). This model can be 

extended to two phase flow, such as waterflooding of an oil reservoir, to represent change of 

concentration of a benign solute, such as a tracer. Formation water is mobilised ahead of the 

injected waterfront with a mixing front following behind. The water phase moves at a 

relatively constant velocity (particularly if the waterflood is "favourable" and the front is 

piston-like) so the dispersion-advection equation is applicable. Similar effects were 

somewhat expected in LSWF, but here we report some additional implications for this model. 
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Previously, (Al-Ibadi et al., 2018b), we found that the salinity profile did not behave 

as was expected analytically. Increased dispersion resulted in the salinity profile moving 

more quickly. We observe from the literature that getting the simulation to match either the 

analytical solution or observed data from laboratory experiments has been difficult in many 

cases. The solution has often been to explain the source of the mismatch as coming from 

various processes, including retardation of ion exchange (Dang et al., 2016), physical 

dispersion (Attar et al., 2016), numerical error (Jerauld et al., 2008), the geological 

heterogeneity (Sorop et al., 2015) and due to effective salinity range (Al-Ibadi et al., 2018a; 

b). Others just accept the differences in salinity profile movement between the analytical 

solution and the output of the LSWF model as a minor variation (Aladasani et al., 2012).  

This study will examine the impact of effective salinity range on salinity profile 

behaviour. We also show how dispersion can affect the solute transport speed in the presence 

of the effective salinity conditions. We examine the nature of the salinity dynamics and 

determine that we can represent it in the form of a modified advection-dispersion equation, 

provided that the velocity of advection of salinity is set appropriately.  

 

Model description and verification  

 

For the purpose of this work, we built a homogenous, Cartesian 1-D model to be 

comparable with the analytical solution of the salinity front. Model dimensions are described 

in Fig. 1. Generally, a 1D  homogenous model is a useful tool that can be used to explain a 

general concept, such as solute transport between a source, e.g. injector, and a sink, e.g. 

producer, which is the aim of this study. In real life, such models are also used to simulate 

coreflooding, or in macro-scale they can be used to mimic linear drive in a case where the 

reservoir is fractured at the wells in the direction perpendicular to flow. In such cases, a wide 

reservoir will see instantaneous pressure connectivity in the transverse direction. We also 

assume that vertical permeability is very low and the results are equivalent to a scenario 

where there are stacked layers of equal permeability. We could equally relax the requirement 

for low vertical permeability and assume a single thin layer, neglecting gravity effects. The 

results that follow are scaled to enable this.  
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A fully implicit scheme within a black oil simulator (Schlumberger 2015) has been 

used for the purpose of this study. The petrophysical properties of this model are shown in 

Table 1. Two sets of relative permeability curves were used, one each for low and high 

salinity water, as shown in Fig. 2. The shape of relative permeability curves were chosen to 

mimic wettability alteration-like behaviour. The low salinity relative permeability curves 

were designed to be similar to a water wet rock while at high salinity a more oil or mixed wet 

condition is assumed. Such curves have been used and derived from coreflood history 

matching in the literature (Nasralla et al., 2016; Jerauld et al., 2008; Tripathi and Mohanti, 

2008). These curves have been used also by researchers who believe that LSWF is affected 

by different mechanisms such as lowered capillary pressure, decreased interfacial tension 

and increased sweeping efficiency (Aladasani et al., 2014). We also neglect capillary pressure 

effects here setting the values to zero in the input tables.  

 

Fig. 1: Model dimensions and fluid distribution after injecting water where we will have 

a mobile oil and irreducible water saturation, Swi, followed by mobile formation water 

and mobile oil and then injected low salinity brine and residual oil saturation, Sor.   

We injected low salinity brine from time zero. As a base case, a fine scale model was 

used where the reservoir length of 1066.8 m was divided into 0.3048 m cells. Numerical 

dispersion was minimised as much as possible, particularly for a time step of 0.125 days. The 
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injection rate was equal to the production rate (in reservoir units) at 1,749 Rm3/day (=0.126 

PVI/year). The pressure limits were set so that they were avoided, but were still reasonable. 

  

Fig. 2: Relative permeability curves used to simulate LSWF, solid lines are for high 

salinity relative permeability which were used to simulate fluid flow ahead of the 

injected low salinity water, while dashed curves, i.e., low salinity permeability, 

mimicked fluid flow behind low salinity waterfront. For all LSWF models in this paper, 

𝑺𝒐𝒓 for high the salinity relative permeability curve was 0.25 while for low salinity it 

was 0.1.     

The numerical model that we used to simulate LSWF (Schlumberger 2015) was based on 

solving mass conservation equations for the oil and water phases as well as for the salinity 

(Jerauld et al., 2008). The phase mobilities were calculated based on mixing relative 

permeability and capillary pressure curves for two extreme cases of high salinity (equivalent 

to the formation water) and low salinity water injection. The mixing was based on a 

weighting function defined across the effective salinity range. Thus the weighting term is 

calculated from: 

Ѳ =  1 −
𝐶𝑆−𝐶𝑠

𝐿𝑆 

𝐶𝑆
𝐻𝑆−𝐶𝑆

𝐿𝑆  for CS
LS < CS < CS

HS        [1] 
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Table-1 - parameters of the reservoir model 

Property Value (units) 

Porosity 20% 

Absolute permeability  200 mD 

Net to gross 95% 

Oil density  0.77 kg/L 

Water density  1 kg/L 

Rock compressibility at 6500psi 5.843E-05 bar -1 

Datum depth 2461 m 

Initial pressure @datum 448 bar 

𝐒𝒘𝒊 20% 

Depth of Water oil contact 2590 m 

Capillary pressure @WOC 0 bar 

Injection rate 1749 Rm3/day 

Production rate 1749 Rm3/day 

Water viscosity  1 cP 

Oil viscosity  1 cP 

 

where Cs is the in-situ salinity. CS
LS < CS < CS

HS defines the effective salinity range. When 

salinity is outside this range, there is negligible change in behaviour and Ѳ = 1 for CS ≤ CS
LS 

and Ѳ = 0 for CS ≥ CS
HS. In this formulation the function is linear but simulators typically 

allow a tabular form. We have explored non-linear weighting functions elsewhere (Al-Ibadi 

et al., Submitted 2018 and 2018a). We observed that the midpoint of the effective salinity 

range relative to the mid point of the salinity profile is the dominant property and for this 

paper we use the linear form in Eq. 1. Once Eq. 1 has been evaluated, it can be used to mix 

the relative permeability functions. For example, the end point saturation is calculated to 

reflect the possibility that the residual oil saturation is changed by reduced salinity. It has 

been reported (Aladasani et al., 2014; Sheng, 2014; Jackson et al., 2016; Mohani et al., 2017) 

that residual oil is reduced with decreasing salinity. This makes physical sense if the oil 

attached to the pore walls is then released, though others reported no change in residual oil 
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saturation (Nasralla et al., 2018). The salinity dependent residual oil is then calculated during 

the transition from: 

𝑆𝑜𝑟𝑤 = 𝑆𝑜𝑟𝑤
𝐿𝑆 + (1 − Ѳ)(𝑆𝑜𝑟𝑤

𝐻𝑆 − 𝑆𝑜𝑟𝑤
𝐿𝑆 )                [2] 

where 𝑆𝑜𝑟𝑤
𝐿𝑆  and 𝑆𝑜𝑟𝑤

𝐻𝑆  are the residual oil saturations of the low and high salinity relative 

permeability curves respectively from the data in Fig. 2. The relative permeability and 

capillary pressure curves for both high and low salinity are effectively end-point scaled to 

this new residual saturation. Then they are mixed linearly. For example, the relative 

permeability for water becomes: 

krw = (1-Ѳ) 𝑘𝑟𝑤
𝐻𝑆  + Ѳ 𝑘𝑟𝑤

𝐿𝑆                   [3] 

where 𝑘𝑟𝑤
𝐻𝑆 and 𝑘𝑟𝑤

𝐿𝑆  are the relative permeabilities at the mixed end-point saturations (i.e. 

after applying Eq. 3 to shift the end points) for high and low salinity water, respectively.  

In this work, we therefore ignore any explicit representation of ion exchange. Thus 

the transition from high salinity relative permeability toward low salinity relative 

permeability was only controlled by the weighting function of the effective salinity (Eq. 1-

3).  

The formation water salinity was set to 200,000 mg/L (similar to the salinity of deep 

reservoirs) and we injected brine that had a salinity of 1,000 mg/L. As a base case, the 

effective salinity range was 1,000 to 7,000 mg/L, as suggested by many researchers (for 

example Jerauld et al., 2008; Tripathi and Mohanty, 2008). This effective salinity range can 

be used to simulate LSWF in sandstone (Tang and Morrow, 1999; Austad et al., 2010), while 

others have shown responses at higher effective salinity (Al-saedi et al., 2018). In carbonate 

resevoirs a wide variation of effective salinity ranges has been reported (Kilybay et al., 2017; 

Jackson et al., 2016).  For a review of the range of measurements of effective salinity, see 

Al-Ibadi et al. (Submitted, 2018). A linear interpolation was used across this range in this 

paper to mix the relative permeability curves as in Eq. 1. To match the analytical calculations 

of models based on the assumption of a semi-infinite medium, we made the initial salinity of 

connate water constant throughout the reservoir. We studied the effect of dispersion by 

considering numerical dispersion only. Other researchers have considered physical 

dispersion as well (Brodie and Jerauld, 2014; Attar et al., 2016).  
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The salinity profile from the simulator output was compared with the analytical 

solution of the dispersion-advection equation to verify stability of the result. The numerical 

Peclet number was then used to control the behavior. The Peclet number is dimensionless 

and represents the ratio of rate of advection to dispersion through the advection velocity, 

model length and the longitudinal dispersion coefficient. In the LSWF model, salinity was 

treated as a single component which is completely miscible in the water phase.  

In a homogenous, isothermal model, where a solute is travelling in a solution at a 

constant velocity, solute transport in an advection-dispersion system can be given by:  

 
𝜕𝐶𝑆

𝜕𝑡
+ 𝑣 

𝜕𝐶𝑆

𝜕𝑥
=  D  

𝜕2𝐶𝑆

𝜕𝑥2
                  [4] 

where, CS is the solute concentration, D   is the dispersion coefficient, and v is the solute front 

velocity. In a dimensionless form Eq. 4 will be: 

𝜕𝐶𝐷

𝜕𝑡𝐷
+ 

𝜕𝐶𝐷

𝜕𝑥𝐷
= 

1

𝑁𝑝𝑒
  
𝜕2𝐶𝐷

𝜕𝑥𝐷
2                   [5] 

where 𝑁𝑝𝑒 is the Peclet number. Up to nine forms can be used to calculate this number 

(Huysmans and Dassargues, 2005). However, for the purpose of this work, the following 

form is used to express the total physical dispersion coefficient: 

𝑁𝑝𝑒 = 
𝑣𝐿

D
                     [6] 

where L is the total model length. Generally, D𝑡𝑜𝑡𝑎𝑙= D𝑝ℎ𝑦𝑠𝑖𝑐𝑎𝑙 + D𝑛𝑢𝑚𝑒𝑟𝑖𝑐𝑎𝑙, but we assume 

D𝑝ℎ𝑦𝑠𝑖𝑐𝑎𝑙 = 0, thus D𝑡𝑜𝑡𝑎𝑙= D𝑛𝑢𝑚𝑒𝑟𝑖𝑐𝑎𝑙. Now, to calculate the numerical dispersion 

coefficient, the following form was  used (Sorbie and Mackay, 2000) for an implicit 

numerical scheme, as used here: 

D𝑛𝑢𝑚𝑒𝑟𝑖𝑐𝑎𝑙= 𝑣 ∗ 𝛼𝑛𝑢𝑚 = 𝑣 ∗ (
∆𝑥

2
+  𝑣

∆𝑡

2
)                [7] 

where 𝛼𝑛𝑢𝑚is the dispersivity, ∆𝑥 is the grid size length and ∆𝑡 is the time step length. Thus, 

𝑁𝑝𝑒 for numerical dispersion is as follows: 

 𝑁𝑝𝑒 = 
𝑣∗𝐿

𝑣(
∆𝑥

2
+ 𝑣

∆𝑡

2
)
=

𝐿

(
∆𝑥

2
)+ 𝑣(

∆𝑡

2
)
                   [8] 



Chapter 3: Novel Observations of Salinity Transport … 
 

76 
 

where 𝑣 is the velocity of the injected water for the single phase case. However, when ∆x >> 

v∆t, then 𝑁𝑝𝑒 would be given as follows: 

𝑁𝑝𝑒 =
2𝐿

∆𝑥 
                  [9] 

Eq. 5 has an analytical solution for flow in a semi-infinite medium (Marle, 1981). The 

original form may be defined as follows Brigham (1974): 

𝐶𝐷 =
1

2
 𝑒𝑟𝑓𝑐 (

𝑥𝐷−𝑡𝐷

2√
𝑡𝐷
𝑁𝑝𝑒

) + 
𝑒(𝑥𝐷𝑁𝑝𝑒)

2
 𝑒𝑟𝑓𝑐 (

𝑥𝐷+𝑡𝐷

2√
𝑡𝐷
𝑁𝑝𝑒

)           [10a] 

Eq. 10a describes cases where the initial condition is such that at t = 0, 𝐶𝐷(0, x) =0, and the 

boundary condition is such that at x = 0, 𝐶𝐷(t, 0) =1 and at x→ ∞, 𝐶𝐷(t, ∞) = 0. However, in 

LSWF and for semi-infinite medium, the initial condition is as follows: at t = 0, 𝐶𝐷(0, x) = 1, 

and the boundary condition is: at x = 0, 𝐶𝐷(t, 0) = 0 and at x→ ∞, 𝐶𝐷(t, ∞) = 1. Therefore, 

Eq. 10a can be written for LSWF models as follows: 

𝐶𝐷 = 1 −
1

2
 𝑒𝑟𝑓𝑐 (

𝑥𝐷−𝑡𝐷

2√
𝑡𝐷
𝑁𝑝𝑒

) − 
𝑒(𝑥𝐷𝑁𝑝𝑒)

2
 𝑒𝑟𝑓𝑐 (

𝑥𝐷+𝑡𝐷

2√
𝑡𝐷
𝑁𝑝𝑒

)        [10b] 

where 𝑥𝐷 , 𝑡𝐷 is and 𝐶𝐷 are the dimensionless length, time and salinity respectively. It can be 

difficult to evaluate the second term as a product (whether or not it is significant or negligible) 

because the value of the complementary error function term tends to be quite small, while 

the exponential term is very large (Brigham, 1974). The solution is to use an asymptotic 

expansion. In general, the second term in Eq. 10a and Eq. 10b approaches zero exponentially 

as 𝑥𝐷 grows, even if  𝑁𝑝𝑒 is relatively small (Lake, 1989). In practice, we have found that at 

the outlet cell (𝑥𝐷=1) the second term is almost negligible even when 𝑁𝑝𝑒 was reduced to 40. 

Therefore, for simplicity, we will take our observations from the extreme end grid block 

(𝑥𝐷=1), so that we can ignore the second term from the calculations. Thus, the solution may 

be given as follows: 
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𝐶𝐷 = 1 −
1

2
 𝑒𝑟𝑓𝑐 (

𝑥𝐷−𝑡𝐷

2√
𝑡𝐷
𝑁𝑝𝑒

)                [11] 

Eq. 9 has been widely used to estimate the effect of the numerical dispersion on many 

models including LSWF model (Sorbie and Mackay, 2000; Jerauld et al., 2006; 2008). 

However, in this research, we must retain the time step duration, ∆𝑡, in the calculations of 

the numerical dispersion coefficient for two reasons. The first reason is that, in practice, we 

have found that the stability of the LSWF model is very sensitive to the time step length. 

Secondly, from Eq. 8 numerical dispersion is also a function of the time step which depends 

on water velocity.  

In the analysis that follows we consider that there are two ways of describing the 

dispersion of a system. On the one hand there is an “input” Peclet number for the simulation 

which we call 𝑁𝑝𝑒
𝑖𝑛𝑝𝑢𝑡

. For LSWF simulations we ignore physical dispersion and derive the 

numerical value from Eq. 8 based on the cell size and time step. In this case, the advection 

velocity that we use in the calculation is the speed at which the low salinity front moves when 

the conditions are correct for piston-like displacement. In contrast, when we observe the 

behaviour of a system displaying both dispersion and advection, we can “measure” Peclet 

number. We can then compare this measured value of Peclet number (𝑁𝑝𝑒
𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑) to the input 

value.  

The following form will be used to calculate the measured Peclet number (Brigham, 

1974): 

𝑁𝑝𝑒
𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑  = (

2.38

𝑈80−𝑈20
)2                  [12] 

where 𝑈80, 𝑈20 are volume modifying functions and depend on the number of pore volumes 

injected to reach concentrations of 80% and 20% of the salinity profile respectively. 𝑈 is 

defined as follows:  

𝑈 =
( 𝑉𝑖/𝑉𝑝 – 1 )

√𝑉𝑖/𝑉𝑝
                   [13] 

where Vi is the volume injected and Vp is the pore volume. 
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Simulations 

In previous work (Al-Ibadi et al., 2018), we compared the numerical simulations of 

LSWF to the analytical solutions that can be obtained from fractional flow theory assuming 

sharp fronts (e.g. Pope 1980). The analytical solution worked well when the mid-point of the 

effective salinity range was the same as the mid-point of the salinity profile. However, as 

these mid points diverge, a non-linear interaction takes place. We illustrate this in Fig. 3 for 

the base case model described above. There was sufficient dispersion to spread the salinity 

front. However, the system is advection dominated with Npe at 1750, and the point at which 

mobility changed was controlled by the effective salinity range. The waterfronts were 

strongly affected. The quicker the switch to low salinity, the faster the low salinity front 

moved while the formation front moved more slowly. In this paper we examine the change 

in salinity profile behaviour in the context of these interactions. 

 

Fig. 3: Water saturation versus injected pore volume injected (PVI) at a fixed point (xD 

= 1) for various simulations using different ranges for the effective salinity, illustrating 

the effect on the velocity of the waterfront. The first front, at around 0.5 PVI, indicates 

the arrival of the formation water and the second front, around 0.9 PVI, the arrival of 

the injected low salinity water. A low effective salinity range results in a slower low 

salinity front and faster formation waterfront, and vice versa.  
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We now consider a situation where only water is flowing through the model described 

above. We can use Eq. 11 as an analytical tool to predict the movement of the salinity profile 

(i.e. the mixing zone) as we change dispersion for different models. Since Eq. 11 was derived 

for a single-phase case, we use a single relative permeability curve (low salinity) so that the 

model contains residual oil at a fixed saturation. The high salinity formation water is 

displaced by low salinity water, but no extra oil is mobilized. This allows us to compare the 

flow behaviour to subsequent LSWF simulations which also has residual oil. In the absence 

of residual oil, the mid-point of the salinity profile reaches the outlet (or well) at PVI=1.0 

regardless of changes to dispersion. In our case, the mid-point salinity reaches the outlet at 

PVI = (1- Sor) while for Buckley-Leverett fronts it is  PVI ≈ (1 − 𝑆𝑤̿̿̿̿ ), where 𝑆𝑤̿̿̿̿  is the 

average water saturation behind the low salinity waterfront (Welge, 1952).  We also set the 

advection velocity to be the speed of the injected, low salinity, waterfront. Fig. 4a shows that 

the mid-point of salinity travels with the same speed (i.e. the same advection velocity which 

is the velocity of the injected water) while the profiles spread out with increasing dispersion.  

We can compare the single-phase situation to LSWF in Fig. 4b. The effective salinity 

range was set to be 1,000 to 7,000 mg/L. In the advection dominated case, the salinity profile 

is very sharp and moves almost exactly as is given by the analytical solution in Fig. 4a. 

Dispersion leads to a spreading of the mixing zone, however. At higher dispersion values, it 

took longer for the salinity to drop to the required level to affect water mobility and hence 

the velocity of the mixing zone changed.  

We now wish to check whether the shape of the salinity profile conforms to that 

defined by the Peclet number for numerical dispersion (Eq. 8). The input Peclet number relies 

on an advection velocity from the low salinity waterfront. As mentioned above we use the 

velocity of the low salinity waterfront under shock front conditions. This can be obtained 

from fractional flow theory and we can apply the value to Eq. 5. This is an approximation in 

the case of the numerical simulation. 
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Fig. 4: (a) Salinity profiles at the end of a one-dimensional single phase model obtained 

from the analytical solution (Equation 11) for various Peclet numbers (Npe), 

corresponding to different dispersion coefficients, indicating that the lines intersect at 

the middle concentration and (b) equivalent simulator output from an example LSWF 

simulation under otherwise identical conditions and using the same Peclet numbers, the 

intersection point of the lines occurs below the mid-concentration. Note in the above 

simulations the pore volume includes immobile residual oil in both cases. This leads to 

a breakthrough of the low salinity waterfront at a PVI = 1-𝑺𝒘̿̿̿̿   but enables comparison 

between the cases.  

As we see in Fig. 3, the injected waterfront speed varies depending on dispersion 

coefficient combined with the effective salinity range. For the model we should use the actual 

waterfront velocity. However, this is hard to parameterise. We want to write the speed 

correction in terms of a Peclet number based on a fixed speed for later estimation from the 

input parameters of the model. The shock-front version is adopted here as a convention and 

we will see the benefits of this later. The results in Fig. 5 show a comparison between 

𝑁𝑝𝑒
𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑 calculated using Eq. 12 and 𝑁𝑝𝑒

𝑖𝑛𝑝𝑢𝑡
 from Eq. 8, for the base case LSWF model 

with different cell sizes and time steps. In this figure, we note that the 𝑁𝑝𝑒
𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑 is slightly 

less than 𝑁𝑝𝑒
𝑖𝑛𝑝𝑢𝑡

 for the advection dominated case, while it tends to be slightly higher when 

the Peclet number is less than 500, i.e. the system is dispersion controlled. This mismatch 

could be due to numerical rounding, especially in the case when we were changing the length 

of time step (as in Fig. 5a), or it could be by influence of the weighting function. However, 

by coarsening the grid, the differences between the 𝑁𝑝𝑒
𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑 and 𝑁𝑝𝑒

𝑖𝑛𝑝𝑢𝑡
 were reduced to a 

minor level, and it is possible to neglect them. From now on, we consider models (in Fig. 
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5b) to be numerically correct since they match 𝑁𝑝𝑒
𝑖𝑛𝑝𝑢𝑡

. We observe that Peclet number is 

conserved between theory and model.  

 

Prediction of salinity velocity  

 

We compared the salinity transport obtained from the LSWF simulator with that 

acquired from the analytical solution for different dispersion coefficients (from Eq. 11) in 

Fig. 6. These are for the base case model where the effective salinity range was between 

1,000-7,000 mg/L, which lies significantly below the mid-point of the salinity profile which 

was about 100,000 mg/L. The water velocity in the analytical solution of single phase flow 

(Eq. 11)  was chosen from the speed of the low salinity water displacement front, derived 

from conventional fractional flow theory (Patton et al. 1971; Jerauld et al. 2008), and 

corresponds to the simulation result when the system is advection dominated (Fig. 6a). 

 

Fig. 5: A comparison of Peclet number between the Input (𝑵𝒑𝒆
𝒊𝒏𝒑𝒖𝒕

) and that obtained 

from the LSWF simulator output (𝑵𝒑𝒆
𝒎𝒆𝒂𝒔𝒖𝒓𝒆𝒅), where we changed (a) time step (∆t) only 

and (b) grid size only. In all models in this work a fixed time step was used.  

Although the fluid viscosities are equal, the shape of the relative permeability curves 

lead to an unfavourable displacement and non-piston-like behaviour. We acknowledge that 

using the analytical solution, Eq. 11, here is at best an approximation, since the mixing zone 

spreads across the low salinity front, part in the more quickly moving formation water and 

part in the injected water which moves more slowly. We observe that there is a difference in 
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the velocity of the salinity profiles between the two models which grew as the Peclet number 

decreased in Fig. 6a to the lowest value in Fig. 6c. 

The simulator results in Fig. 6 seem to be affected by dispersion and follow the 

behaviour of water fronts in the LSWF model. It is commonly predicted (e.g. Fig. 3) and 

observed that the LSWF model normally has two fronts, one for the low salinity (LS) water 

and one for the faster moving and more mobile formation water  (Jerauld et al, 2008; Tripathi 

and Mohanty 2008). In traditional chemical flooding, the chemical reactions take place along 

the concentration front of the injected solute (and may include a retardation effect, Pope, 

1980). However, the effective salinity function (weighting function) of Eq. 1 is only apparent 

in LSWF. 

In simulations where the effective salinity range was below the formation water 

salinity, as simulated here, part of the low salinity profile (i.e. the mixing zone) moves in the 

formation water. Since the formation water is moving faster (Tripathi and Mohanty, 2008) 

we may also expect the salinity profile to travel faster than the theoretical speed suggested in 

Eq. 4. However, from Fig. 6, this effect appears only when there is a large dispersion effect, 

i.e. the Peclet number is low. Thus, we consider that the advection-dispersion equation should 

be adjusted to calculate the salinity profile for models that have more than one waterfront, 

especially when the system is dispersion controlled. The adjustment was derived somewhat 

empirically but is based on some rational organisation of the flow parameters. 

We suggest that Eq. 4 should include an additional variable, ∆𝑣, which represents the 

increase in the velocity of the salinity profile, so it may be written as follows: 

𝜕𝐶𝑆

𝜕𝑡
+ {𝑣𝐿𝑆 + ∆𝑣}

𝜕𝐶𝑆

𝜕𝑥
=  D 

𝜕2𝐶𝑆

𝜕𝑥2
              (14) 

∆𝑣 is a function of the difference in velocity between the LS- water front and HS-water front 

as given by fractional flow theory, so ∆𝑣 may be given as: 

 ∆𝑣 = 𝑓 (𝑣𝐻𝑆 − 𝑣𝐿𝑆)                  (15) 

where, 𝑣𝐻𝑆 is the water velocity of the HS (formation water) front, while 𝑣𝐿𝑆  is the velocity 

of the low salinity waterfront and "f" is a function to be derived. Both 𝑣𝐻𝑆 and 𝑣𝐿𝑆 will be 
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taken when the system is advection dominated, and are calculated either approximately by 

the conventional fractional flow theory (e.g. Pope 1980), or precisely by Al-Ibadi et al (2018). 

 

Fig. 6: A comparison between the velocity dependent salinity front from the LSWF 

simulator and the analytical model in cases where Npe is (a) 5100, (b) 350 (c) 53. The 

mismatch grows as Npe decreases. We analyse the black curve to calculate an Npe and 

then use that in Eq. 11 to calculate the green curve using the velocity of the LS front. 

We saw in Fig. 6 that the salinity profile is faster than that calculated analytically 

only when the Peclet number is low, especially in a dispersive system. This means that ∆𝑣 is 

also a function of the Peclet number (𝑁𝑝𝑒) which is calculated using the low salinity 

waterfront velocity under conditions of shock-front behaviour, (𝑣𝐿𝑆). From Brigham (1974) 

we note that the inverse square root of the Peclet number, 
1

√𝑁𝑝𝑒
, is what affects the salinity 

velocity for single phase flow. Thus, we posited that ∆𝑣 would be more like: 

∆𝑣 =  
1

√𝑁𝑝𝑒
(𝑣𝐻𝑆 − 𝑣𝐿𝑆 )                (16) 

Consequently, with this form, substitution Eq.16 in Eq.14 gives: 

𝜕𝐶𝑆

𝜕𝑡
+ {𝑣𝐿𝑆 + 

(𝑣𝐻𝑆−𝑣𝐿𝑆 ) 

√𝑁𝑝𝑒
}
𝜕𝐶𝑆

𝜕𝑥
=  D ( 

𝜕2𝐶𝑆

𝜕𝑥2
)               (17) 
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Now, we can derive the mass conservation equation to calculate salinity at each position as 

suggested by Taylor (1953), and so the following form could be acquired: 

𝐶𝑆 = [1 −
1

2
erfc (

𝑋−{𝑣𝐿𝑆+(
(𝑣𝐻𝑆−𝑣𝐿𝑆)

√𝑁𝑝𝑒
)}𝑡

√4D𝑡
)] (𝐶𝑆

𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛
−  𝐶𝑆

𝑖𝑛𝑗
) + 𝐶𝑆

𝑖𝑛𝑗
                    (18) 

where 𝐶𝑆
𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛

 is the formation water salinity and 𝐶𝑆
𝑖𝑛𝑗

 is the injected salinity and the 

conditions after infinite time. 

Eq. 18 was compared against the simulator results. Fig. 7 shows a comparison of the 

salinity profile for the simulator output, the conventional mass conservation solution (Eq. 11) 

and the suggested analytical form of the salinity profile in the LSWF system (Eq. 18). It 

appears that Eq. 18 gives results closer to the simulator curve than Eq. 11, especially when 

𝑁𝑝𝑒 was small (Fig. 7c).  

  All results in Fig. 7 came from models that had mid-point of the effective salinity range 

close to the injected salinity, i.e. 𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

= 0.017. Varying this range produces different 

outcomes, however. For instance, Fig. 8 shows that each effective concentration range has a 

different salinity profile velocity. In fact, we found that we could only apply Eq. 11 when the 

mid-concentration of the effective salinity range,  𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

, was close to the salinity of 

connate water. We simulated this condition where  𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

  was about 0.99. Fig. 9 

compares the simulator output to concentrations using Eq. 11 at different dispersion 

coefficients. It is clear that Eq. 13 requires no correction in this case. 
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Fig.7: A comparison between the simulator output (green line), the result from the 

suggested alteration to velocity (Eq. 18) (red line) and the result from the conventional 

mass conservation form (Eq. 13) (blue line) where the Peclet number was (a) 5100, (b) 

350, and (c) 53.  

 

Fig. 8: Salinity profile from models with various effective salinity ranges. 
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Fig. 9: A comparison between the simulator output and analytical results (Eq. 13) for a 

model with 𝑪𝒅
𝒎𝒊𝒅−𝒆𝒇𝒇

= 𝟎. 𝟗𝟗. Npe is (a) 5100, (b) 1725, (c) 470 and (d) 85.  

 To predict the salinity profiles in Fig. 8, we observed that Eq. 18 required some further 

modification. Eq. 16, defining the modification to the salinity velocity, needed a factor as a 

function of the effective concentration range. Thus, Eq. 16 is adjusted to be:  

 

∆𝑣 =  𝜆 ∗
(𝑣𝐻𝑆−𝑣𝐿𝑆 )

√𝑁𝑝𝑒
                    (19) 

where 𝜆 is a dimensionless function defining the location of the mid-point of the effective 

salinity range (𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

) according to the total span of the salinity profile (i.e. 𝐶𝑆
𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛

−

 𝐶𝑆
𝑖𝑛𝑗

). The salinity profile is divided by 𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

into two parts, one that moves within the 

formation water and the other part that moves in injected low salinity brine. Thus, 𝜆 was set 

to reflect the relative amount of salinity profile corresponding to low salinity flow behaviour 

at any given dispersion coefficient. Empirically, we find that a cubic form of this salinity 

proportion works very effectively so that 𝜆 was chosen as follows: 

𝜆 = (1 − 𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

 )
3
                (20) 



Chapter 3: Novel Observations of Salinity Transport … 
 

87 
 

where 

𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

=
𝐶𝑒𝑓𝑓
𝑚𝑖𝑑− 𝐶𝑆

𝑖𝑛𝑗

𝐶𝑆
𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛

− 𝐶𝑆
𝑖𝑛𝑗               (21a) 

 𝐶𝑆
𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛

 is the salinity of formation water,  𝐶𝑆
𝑖𝑛𝑗

 is the salinity of the injected water and 

𝐶𝑒𝑓𝑓
𝑚𝑖𝑑 is the mid point of the effective salinity range, given as: 

𝐶𝑒𝑓𝑓
𝑚𝑖𝑑 =

(𝐶𝑆
𝐻𝑆+𝐶𝑆

𝐿𝑆)

2
                  (21b) 

 𝐶𝑆
𝐻𝑆and 𝐶𝑆

𝐿𝑆 are the upper and lower limits that defines the effective salinity range as in Eq. 

1. While the cubic power in Eq. 20 was derived empirically, we recommend that in future, it 

might be worthwhile to study the similarity between 𝜆 and the viscous dissipation term 

(Winter, 1987), where both appear when there is a flow interface between two different 

fluids. The dissipation term is linked to pressure changes which causes variation in flow 

velocity (Badillo and Matar, 2017). 𝜆 is linked with velocity variation between two different 

waters. Further, both have the nature of a cubic power (Gualtieri and Mihailovi´, 2008). Eq.18 

becomes: 

𝐶𝑆 = [1 −
1

2
erfc (

𝑋−{𝑣𝐿𝑆 +((1−𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

)
3
 ∗ 
(𝑣𝐻𝑆−𝑣𝐿𝑆 )

√𝑁𝑝𝑒
   )}𝑡

√4D 𝑡
)] (𝐶𝑆

𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛
−  𝐶𝑆

𝑖𝑛𝑗
) + 𝐶𝑆

𝑖𝑛𝑗
    (22) 

At the outlet end where x= L, we can divide the right-hand terms in Eq. 22 by L to obtain:   

𝐶𝑆 =

[
 
 
 
 
 

1 −
1

2
erfc

(

  
 
1−{

𝑣𝐿𝑆∗𝑡

𝐿
 +
(𝑣𝐻𝑆−𝑣𝐿𝑆 )𝑡

𝐿
∗ 
 (1−𝐶

𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

)
3

√𝑁𝑝𝑒
 }

√
4D 𝑡

𝐿2

)

  
 

]
 
 
 
 
 

(𝐶𝑆
𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛

−  𝐶𝑆
𝑖𝑛𝑗
) + 𝐶𝑆

𝑖𝑛𝑗
      (23) 

For piston-like LSWF, the dimensionless time is Pore Volume Injected (PVI) so 

𝑃𝑉𝐼

(1−𝑆𝑜𝑟)
=

𝑣𝐿𝑆∗𝑡

𝐿
=

𝑉𝑖

(1−𝑆𝑜𝑟)𝑉𝑝
                 (24) 

For a Buckley-Leverett waterfront, we can replace 𝑆𝑜𝑟 by 𝑆𝑤̿̿̿̿  , the average water saturation 

behind the low salinity waterfront (Welge, 1952). By substituting Eq. 24 in Eq. 23, we obtain: 
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𝐶𝑆 =

[
 
 
 
 
 

1 −
1

2
erfc

(

  
 
(1−𝑆𝑜𝑟)−{𝑃𝑉𝐼+∆𝑃𝑉𝐼∗ 

 (1−𝐶
𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

)
3

√𝑁𝑝𝑒
 }

√
4(1−𝑆𝑜𝑟)𝑃𝑉𝐼

𝑁𝑝𝑒

)

  
 

]
 
 
 
 
 

(𝐶𝑆
𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛

−  𝐶𝑆
𝑖𝑛𝑗
) + 𝐶𝑆

𝑖𝑛𝑗
         (25) 

Where the fractional difference in distance moved by the two fronts is: 

 
∆𝑃𝑉𝐼

(1−𝑆𝑜𝑟)
=

∆𝑉𝑖

(1−𝑆𝑜𝑟)𝑉𝑝
= 

(𝑣𝐻𝑆−𝑣𝐿𝑆 )𝑡

𝐿
               (26) 

Eq. 25 is the same as Eq. 22, the only different is that in Eq. 25 we can use dimensionless 

terms, i.e. PVI and 𝑁𝑝𝑒 instead of 𝑣𝐿𝑆 and D  respectively. We tested Eq. 22 at various 

effective salinity ranges and found that it gives a good comparison to the simulator (Fig. 10).  

 

Discussion  
 

In this work we tested the behaviour of the salinity profile in simulations of LSWF. 

We were particularly interested in modelling the behaviour as a function of the dispersion 

coefficient combined with the impact of effective salinity range since we saw different 

responses when we changed these two parameters. Further, the aim of the paper was to 

determine whether or not we could represent the salinity profile movement using an 

analytical solution, albeit with modifications. 

At first, to make sure that the salinity profile behaviour was not erroneous due to 

numerical errors, we calibrated the dispersion coefficient of the salinity profile with those 

produced from simulations that were obtained from the analytical solution. In terms of 

numerical dispersion, the simulator results displayed close matches with the theoretical 

dispersion coefficient, which means these models have a stable salinity profile. The 

numerical mass balance equation was therefore being honoured. We then compared the shape 

of the salinity profile from the simulator with that acquired from the analytical result for 

single phase flow and a single velocity (Eq. 11). The comparison gave a mismatch, where 

the simulator salinity profile was displaced faster than that predicted for the single-phase 

case. Furthermore, the simulator result showed that for lower Peclet number, the salinity 

profile moved faster. To re-calibrate and enable the single-phase analytical solution to be 
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used for the LSWF model, we have suggested a new term to represent advection velocity of 

the salinity profile due to dispersion. The new term has been tested at different Peclet 

numbers. 

Further, the impact of the effective salinity on the salinity profile was examined. 

Simulator predictions indicated that changing the effective salinity range would affect the 

salinity profile velocity. Again, we suggested an additional term to be included in the 

analytical form of the single-phase concentration model so that it better represents the LSWF 

model. The ultimate form was tested at different effective salinities and found to give a good 

prediction of salinity front displacement.  

 

Fig. 10: Plot of simulator output, analytical solution and corrected form from 

Eq. 22 for different effective concentration ranges. A good match between the suggested 

form and the simulator result is obtained. This is particularly the case when 

the 𝑪𝒅
𝒎𝒊𝒅−𝒆𝒇𝒇

= 𝟎. 𝟎𝟐, although all cases have the same Npe = 85.  

This new understanding of the displacement of the salinity front has an important 

application that can be used to re-evaluate component adsorption. In the literature on LSWF, 

to evaluate the degree of adsorption researchers compare the time lag between the active 

component front and that of a passive tracer, such as Br-.  Differences in the time it takes for 

these two fronts to be displaced are stated to be due to the adsorption of the active component 
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(such as cations Ca2+, Mg2+, Na+), e.g. see (Sharma and Mohanty, 2018). However, we 

consider that the degree of adsorption may either be overestimated, or, in some extreme 

scenarios, no adsorption occurs at all. This is because the active ion and the passive tracer 

would be displaced at different velocities in the formation and injected waters, and thereby 

there would be a retardation effect even if there were zero adsorption, just as described by 

Eq. 22 and Eq. 25.  

In order to explain this point, we will give an example using data that was published 

by Al-Saedi et al., (2018). In experiments they prepared cores containing formation water at 

irreducible saturation and aged to change the wettability from water to oil wet. LSWF was 

carried out where injected water contained low levels of Br as a passive tracer. Low levels of 

Ca2+ in the injected water (but absent from the formation water) was observed to give 

behaviour as if wettability was altered so the cores became water wet. The behaviour was 

further complicated by adsorption of Ca2+ which had a retardation effect on the movement of 

the low salinity waterfront. The inactive Br moves faster than the Ca2+. Concentrations of 

these two ions were measured in produced fluids and are shown in Fig. 11a. We illustrate 

here how we can use our modified analytical solution to predict these behaviours. It is 

assumed that the separation of the two mixing zones is due to the adsorption effect alone but 

here we can show that there is some retardation from dispersion and the form of the effective 

salinity range and the weighting function.  

We recall Eq. 25 to model the behaviour of these two ion displacement fronts to 

investigate whether or not the time difference between Ca2+ and Br- fronts is solely due to 

ion adsorption. To use Eq. 25, we need to know the Peclet number of the ion front in Fig. 

11a.  It can be calculated using Eq. 10, and so we calculate that 𝑁𝑝𝑒 = 75. We will use the 

passive tracer front as a reference to estimate ∆𝑃𝑉𝐼 . Since the passive tracer has no role in 

the chemical reaction of low salinity, this means the effective salinity range of the passive 

tracer is equal to zero, i.e.  𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

= 0. Now, ∆𝑃𝑉𝐼 can be estimated by using Eq. 25 to 

match the passive tracer (Br-) location in Fig. 11a and PVI is already provided. Thus, we will 

obtain the purple line in Fig. 11b.  

Now, to estimate the location of the active ion (Ca2+) front assuming zero adsorption, 

we need to know the 𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

 of the active ion. We know that the actual value of the 
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effective concentration range is still uncertain (Al-Ibadi et al. 2018a). Cations play a very 

important role in LSWF as an active ion affect (e.g. see Pouryousefy et al., 2016) and this 

behaviour can be modelled by setting 𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

 close to 1. On the other hand, if it is believed 

that a chemical reaction with the cation, e.g. cation exchange, occurs in an equal manner from 

the very high concentrations of the cation, i.e. 𝐶𝐷 of Ca2+ =1, all the way until very low 

concentrations, i.e. 𝐶𝐷 of Ca2+ =0, in this case 𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

 will be equal to 0.5; this is the value 

we used. Now, all factors in Eq. 25 are defined and can be used to estimate the location of 

the Ca2+ front assuming an adsorption factor equal to zero, which is the green line in Fig 11b 

and compared it to the case with adsorption (blue line in Fig. 11b). We note that adsorption 

causes less than half the time delay of the active ion (Ca2+).  Most of the other half of the 

time delay was caused by ion transport between formation and injected waters, as described 

in Equations 22 and 25, not by adsorption.    

 

Fig. 11: Adsorbed ion (Ca2+) versus passive tracer (Br-), a- is the raw data that was 

published by Al-Saedi et al., (2018) for (core#2, LS),  b-  shows additionally the 

calculated passive tracer (Br- Matched) which was used to estimate 𝑺𝒐𝒓,  and the 

calculated active ion Ca2+ at zero adsorption (Ca2+ Calculated).   

Equations 22 and 25 can also be used to predict the effective salinity range, but that 

will only be achieved if we know the actual retardation that was caused by adsorption of the 

ion. If so, we can calculate the speed of that ionic front for the case of zero adsorption. Then 

we can follow the procedure mentioned above and calculate an appropriate value for 

𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

 that is needed to match this case. 𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

 represents the mid-point of the effective 

concentration of that ion.  For instance, Fig. 12 shows the Ca2+ front at different temperatures 
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for a coreflood experiment that is presented by Al-Saedi et al., (2018). The difference in 

velocity between these two fronts could be due to increasing the adsorption of Ca2+. However, 

it is widely reported that cations will be more active at high temperatures. According to Eq. 

22 this means that 𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

 must be greater the higher the temperature. For both cases, 

𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

 is calculable using Eq. 22 for a known adsorption factor.  

We recommend that experiments and modelling for very high formation water 

salinity cases should be carried out to examine these effects. Thus, we could explore the 

accuracy of the analytical solution and the recommended corrections (Eq. 11 and Eq. 22). 

Understanding the true speed of the salinity front displacement via Eq. 22 could be critical 

for predicting the behaviour of salinity fronts during LSWF. 

   

Fig. 12: Ca2+ front at different temperatures for low salinity coreflood experiment that 

published by Al-Saedi et al., (2018) for (core#2, LS). 

The modified form of Eq. 22 not only provides insight into the behaviour of the 

model, but it is also a useful means of decoupling the behaviour of the solute. When 

simulating behaviour at the larger scale, we may need to alter the relative permeability and 

other parameters to represent properly flow on a coarse grid. The equation used here can be 

used at least as a verification step for simulations, and possibly as an alternative to them. 

The broader conclusions of this work can be seen. In this study we have mainly 

discussed the case where the solute (salt) disperses at the interface between two different 
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systems (high and low salinity waters), where each system has different properties that 

resulted in the different velocities. We highlighted that special calculations should be 

considered to analyse solute transport that disperses at the interface of those systems that 

have different velocities. In such systems, the solute would be transported at an unexpectedly 

faster velocity, essentially when the solute disperses in a non-equilibrium manner (which, in 

our case, was created by the effective salinity function). Non-equilibrium dispersion occurs 

when the solute disperses and dissolves in two different systems (e.g. high and low salinity 

waters). In our case, the non-equilibrium condition can be defined as any case that has an 

effective salinity below the initial in situ (formation) concentration.  

Solute transport is an important phenomenon in mechanical, chemical and petroleum 

engineering, and several applications may be found in geophysics and in the study of fluid 

flow through porous media. Thus, applications of this work might be useful in all these 

disciplines. Examples of applications might include: solute transport in water channels that 

have different velocities due to changing channel water energy (e.g. temperature), channel 

sizes and density or viscosity of water. It seems possible to expand this work to include 

particles that move from air to water, e.g. sand particles in the atmosphere that pass-through 

oceans or seas.  

Applications of the modified analytical equation could be useful in different ways. 

For instance, this work may be used to derive an updated fractional flow model of LSWF 

with respect to changing the velocity of the salinity profile as a function of a combination 

effect of dispersion coefficient and effective salinity. Consequently, simulators should 

consider these differences in salinity velocity to calculate fluid movement in a reservoir. In 

other work we will introduce a new analysis of fractional flow behaviour for LSWF (Al-Ibadi 

et al., Submitted 2018); we have not included the differences in the salinity profile velocity. 

Thus, a revised salinity transport equation can be used along with the updated fractional flow 

model. There is a wider implication of this work, which is that it might be applicable for 

various enhanced oil recovery models including polymer and surfactant flooding. In these 

cases, the adjustment towards a favourable mobility ratio is usually controlled by solute 

concentration. We saw in the LSWF case that there is a feedback on the velocity of the solute 

front, and the same may occur for other solutes, although the form of the equation will vary. 

Finally, consideration of the differences in the salinity front velocity may be utilized in 
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laboratory experiments to estimate the effective salinity, where variations in the effective 

salinity should produce different salinity profile speeds, especially when there is a 

considerable dispersive effect. 

Further work is also required to understand the theoretical aspects of the 

modifications to the equations that have been derived so far. As yet, we are not sure why the 

 term is cubic in nature, for example. At this juncture we hypothesise that this is merely due 

to the general sigmoidal shape of the saturation front resembling part of a cubic curve for the 

range over which salinity changes. 

In this paper we have examined a one-dimensional homogenous model. It represents 

a single thin layer with no capillary or gravity effects. The dispersion effect is purely 

numerical in this case and informs us what is likely to happen if we coarsen the grid. The 

behaviour of the fronts will be altered with stronger dispersion. On the other hand, moderate 

heterogeneity can be expressed as a dispersion effect on a coarse grid too, particularly when 

the length scales are below the size of the grid cells. Therefore, in cases where there is 

negligible fine scale dispersion, the variation of permeability and porosity may introduce 

some dispersion on the coarse grid. Thus, the correct dispersion is required for full field 

simulation. Strong heterogeneity, such as layering, would alter the flow behaviour 

significantly. The model that we have derived cannot be used therefore without further 

consideration. This is being addressed in another paper.  

 

Conclusions 

 

Our conclusions from this work are that; 

• In low salinity waterflooding of a one-dimensional reservoir, the shape of the salinity 

profile is similar to that suggested by the advection-dispersion equation and its 

analytical solution. 

• The analytical solution of single-phase flow works well, even for LSWF, but only 

when the effective salinity range is close to the formation water salinity. 
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• However, the salinity front tends to move faster than predicted by the analytical 

solution when there is strong dispersion.   

• The advection velocity for this equation follows a nonlinear interaction with the water 

behaviour. 

• A combination of dispersion and the properties of the effective salinity alter the 

advection velocity. 

• An equation has been developed to parameterise and estimate the effect of this 

interaction on the advection velocity, such that the evolution of the salinity profile 

can be predicted without full simulation. 

• The derived equation has been tested for a variety of cases for flow that is 

approximately one dimensional in a virtually homogeneous reservoir.  

 

Acknowledgements 

 

Hasan Al-Ibadi would like to extend his appreciation to Iraqi Ministry of Oil, Shell Oil 

Company and Misan Oil Company for supporting his PhD research. Energi Simulation is 

thanked for funding the chair in Reactive Flow Simulation at Heriot-Watt University. We 

thank Schlumberger for use of the Eclipse 100 simulator. 

 

Nomenclature  

 

𝐶𝐷  Dimensionless in situ salinity 

𝐶𝐷
𝑚𝑖𝑑−𝑒𝑓𝑓

 Dimensionless mid-concentration of the effective salinity range 

𝐶𝑒𝑓𝑓
𝑚𝑖𝑑  Mid-concentration of the effective salinity range (mg/L) 

𝐶𝑆
𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛

  Salinity of formation water (mg/L) 

 𝐶𝑆
𝑖𝑛𝑗

  Salinity of injected water (mg/L) 

𝐶𝑆  In situ salinity (mg/L) 

𝐶𝑠
𝐿𝑆  Lower limit of effective salinity range (mg/L) 
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𝐶𝑆
𝐻𝑆  Upper limit of effective salinity range (mg/L) 

D   Dispersion coefficient (m2/day)  

D𝑡𝑜𝑡𝑎𝑙  Total dispersion (m2/day) 

D𝑝ℎ𝑦𝑠𝑖𝑐𝑎𝑙  Solute physical dispersion (m2/day) 

D𝑛𝑢𝑚𝑒𝑟𝑖𝑐𝑎𝑙  Numerical dispersion (m2/day) 

krw  Water relative permeability 

kro  Oil relative permeability  

𝑘𝑟𝑤
𝐻𝑆    Relative permeability of high salinity water  

𝑘𝑟𝑤
𝐿𝑆   Relative permeability of low salinity water  

L  Model length (m) 

𝑁𝑝𝑒  Peclet number  

PVI  Pore volume injected (m3/m3) 

∆PVI  Difference in pore volume injected by piston-like fronts moving at 𝑣𝐻𝑆 and 

𝑣𝐿𝑆 (m3/m3) 

𝑆𝑜𝑟𝑤  Residual oil saturation  

𝑆𝑜𝑟𝑤
𝐿𝑆   Residual oil saturation of low salinity relative permeability function  

𝑆𝑜𝑟𝑤
𝐻𝑆   Residual oil saturation of high salinity relative permeability function 

𝑡  Time (days)  

𝑡𝐷  Time dimensionless  

v  Velocity of solute front (m/day) 

𝑣𝐻𝑆  Velocity of high salinity water front or formation water front (m/day) 

𝑣𝐿𝑆  Velocity of low salinity water front (m/day) 

𝑥𝐷  Length dimensionless  
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α  Dispersivity (m) 

∆𝑡  Time step length (day) 

∆𝑥  Grid block size (m) 

Ѳ  Weighting function of salinity dependence  

𝜆  Correction factor of effective salinity  
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Chapter 4: Extended Fractional Flow Model of Low Salinity 

Water Flooding Accounting for Dispersion and Effective 

Salinity Range*  
  

Abstract   
Low Salinity Water Flooding (LSWF) is an emergent technology developed to increase 

oil recovery. Laboratory scale testing of this process is common but modelling at the 

production scale is less well reported. Various descriptions of the functional relationship 

between salinity and relative permeability have been presented in the literature, as have the 

differences in the effective salinity range over which the mechanisms occur. This paper 

focuses on these properties and their impact on fractional flow of LSWF at the reservoir 

scale. We present numerical observations that characterise flow behaviour accounting for 

dispersion.  

We analysed linear and non-linear functions relating salinity to relative permeability and 

various effective salinity ranges using a numerical simulator. We analysed how numerical 

and physical dispersion of salinity affects the velocity of the waterflood fronts as an 

expansion of fractional flow theory, which normally assumes shock-like behaviour of water 

and concentration fronts. 

We observe that dispersion of the salinity profile affects the fractional flow behaviour 

depending on the effective salinity range. The simulator solution matches analytical 

predictions from fractional flow analysis when the mid-point of the effective salinity range 

lies midway between the formation and injected salinities. However, retardation behaviour 

similar to the effect of adsorption occurs when these mid-point concentrations are not 

coincidental. This alters the velocities of high and low salinity water fronts.  

We derived an extended form of the fractional flow analysis to include the impact of 

salinity dispersion. A new factor quantifies a physical or numerical retardation that occurs. 

We can now modify the effects that dispersion have on the breakthrough times of high and 

low salinity water fronts during LSWF. This will improve predictive ability and also reduces 

the requirement for full simulation. 

 

Introduction  

* This is a preprint version of the paper Al-Ibadi, Hasan, Stephen, K. and Mackay, E. (2019) ‘Extended 

Fractional Flow Model of Low Salinity Water Flooding Accounting for Dispersion and Effective Salinity 

Range’, SPE journal, 24(06). doi: https://doi.org/10.2118/191222-PA 
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In oil and gas reservoirs, water is injected to provide pressure support and help displace 

hydrocarbons. The impact of changing the composition of this injected brine has been widely 

discussed in the literature. While sea water is often injected, a reduction in the salinity is 

often known as Low Salinity Water Flooding (LSWF) and has been found to improve 

recovery factors. A large number of experiments have been carried out, starting in the 1990s, 

to understand how and why LSWF can be beneficial (Jadhunandan and Morrow 1995; Yildiz 

and Morrow 1996; Tang and Morrow 1999). Laboratory findings show that in an idealized 

case, LSWF could increase the ultimate oil recovery volume by up to 14% of the original oil 

in place compared with high salinity water flooding (Sheng, 2014). In some cases, however, 

coreflood experiments showed a negligible or minor increase in oil recovery (Fjelde, et al. 

2012). As many as 17 mechanisms have been suggested as the cause for incremental oil 

recovery during LSWF. Some of these include permeability reduction in the swept zone from 

fines migration, (Tang and Morrow 1997; 1999; Hussain et al. 2013), double layer expansion 

(Nasralla et al. 2014), Multi-ion Exchange (Lager et al. 2006), pH increase (Thyne and 

Gamage 2011), surface charge changes (Jackson et al. 2016), interfacial tension reduction 

(Dang et al. 2016), microdispersion (Sohrabi et al. 2016) and osmosis (Fredriksen et al. 

2016). For a deeper discussion, see (Sheng 2014: Al-Shalabi and Sepehrnoori 2017). The 

resulting increase in oil recovery has been attributed to a combination of more than one of 

the mechanisms (Austad 2008; Al-Shalabi and Sepehrnoori 2015; 2017). Generally, 

however, the mechanisms contribute to wettability alteration such that it changes from more 

oil to more water wet (Austad 2008; Zhang et al. 2007). Given that several mechanisms are 

thought to be behind the wettability change at any time, we do not focus on those in this 

paper. Instead, we use changes to relative permeability curves as a proxy to model the effect 

of the mechanisms and focus on the outcomes of the flow at the macroscale. Two sets of 

relative permeability curves are used, one for high salinity formation water and one for low 

salinity injected water. Since the formation water becomes mobile, we need to represent both, 

and we use a weighting function to “blend” the relative permeability curves depending on 

concentration.  

The “Effective salinity range” is part of the weighting function and introduces two 

parameters that are used to define the threshold salinities between which changes to 

wettability occur. There is a transition from an upper salinity, above which high salinity 
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behavior occurs, down to a lower value below which low salinity behavior is constant. The 

effect of reduced salinity was explored using injected values ranging 2,500 mg/L (Cissokho 

et al. 2010) up to 170,000 mg/L (Salehi et al. 2016). Field tests have shown various responses 

at injected concentrations from around 7,000 mg/L (Webb et al. 2003) up to 170,000 mg/L 

(McGuire et al. 2005). For those who modelled LSWF, the effective salinity range was 

defined using thresholds of 3,000 and 10,000 mg/L (Brodie and Jerauld 2014) while Al-

Shalabi et al. (2015) set thresholds of 1,000 and 5,000 mg/L.  A fuller discussion and other 

examples may be found in (Al-Ibadi et al, 2019a).  

The LSWF simulation model, which includes salinity dependence, was first reported by 

Jerauld et al. (2008) and this model is still used widely (Shojaei et al. 2015; Aladasani et al. 

2015). For 1D models, several researchers (Tripathi and Mohanty 2008; Jerauld et al. 2008) 

have suggested that graphical fractional flow calculations (Patton et al. 1971; Claridge & 

Bondor 1974) can be used for LSWF similar to polymer flooding. The graphical method 

assumes that both solute and water fronts are sharp. This is unrealistic and ignores the 

transition from high to low salinity via the effective range. We show elsewhere (Al-Ibadi et 

al. 2019a) and below that fractional flow of LSWF will actually depend on the effective 

salinity range in combination with dispersion effects. Additional complexities have been 

revealed because the salinity profile itself has variable advection velocity which is a function 

of the effective salinity range and the dispersion coefficient (Al-Ibadi et al. 2019b).  

This work will establish a relationship between the fractional flow on the one hand and 

the effective salinity range and the dispersion coefficient on the other. In this paper we extend 

the work of Al Ibadi et al. (2019a and b) using a commercial simulator (Schlumberger 2018). 

The primary purpose of this work is to study the effect of numerical dispersion and we 

extrapolate our results to the case including physical dispersion.  

 

Description of the Numerical Model of LSWF  

For this work, we used a homogeneous 1D model of a sector of a reservoir that is 3500 

ft long by 1800ft wide and 150 ft thick. To optimize the precision and speed, the grid size 

was set to 1 ft and the timestep was about 0.25 days. Later we will consider upgridding and 
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use cell sizes typical for 3D sector and reservoir scale models to examine numerical 

dispersion effects. The flow of two immiscible phases (oil and water) was simulated while 

salt was completely dissolved in the water phase. Low salinity brine was injected from the 

beginning. Injector and producer wells were located at the edges of the model. Reservoir flow 

rate was set as the control mode for both wells. While pressure limits were set at the wells 

they were not reached. A black oil simulator was used to solve mass conservation equations 

for water, oil and salinity (Schlumberger, 2018). For more discussion and details of the 

model, see Al-Ibadi et al. (2019a). The simulator uses a decoupled implicit method. The 

phase solutions are solved implicitly first then the salinity solution is obtained, also 

implicitly. Such a scheme has been used widely to simulate EOR process (Schlumberger, 

2018; Braconnier et al. 2014; Bao et al. 2016). We have also used a fully implicit simulator 

but we find that the solutions face numerous convergence problems and run times are too 

long.  

While the reservoir model is quite thick, we ignore gravity effects as if it is made of a 

stack of identical non-communicating layers. The results shown here also apply to a thin 

reservoir as we normalise the results. We ignore capillary pressure effects on the basis that 

the reservoir is oil wet to formation water, which will prevent spread of the water front. We 

also observe from simulations that viscous forces dominate at the rates used here (resuls not 

shown). Apart from that the aim is to relate the simulation results to the analytical solution 

from fractional flow theory. The one dimensional model simulates line drive in a sector 

model where the injector wells are close to each other or linked by fractures induced in the 

direction perpendicular to flow. The same would be true for producers. The behaviour shown 

here will be qualitatively similar for a five-spot pattern as is the case with fractional flow 

theory for waterflooding. We leave the analysis of this scenario for another study, however, 

as the sweep efficiency may be more complicated. While the use of the one dimensional 

model is somewhat limiting in practical situations it allows us to relate the simulation resuls 

to the analytical solution for fractional flow and therefore understand better the outcomes 

that have we observed.  

In this paper we present the results of simulations using one viscosity for each of the oil 

and water phases. We discuss the implications for varying viscosity in Al-Ibadi et al. (2019a). 

While the result of the analytical solution changes with viscosity and our results are affected 
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quantitatively, the precision of the results are just as good. In other words, the analysis does 

not change and the equations account for viscosity through the original fractional flow theory. 

One of the areas we wish to study is the impact of numerical dispersion on flow as it may 

appear in sector or reservoir scale models. As the model is coarsened numerical dispersion is 

increased. We discuss and quantify the numerical dispersion coefficient in previous papers 

(Al-Ibadi et al. 2019a and b) and we use that to emulate physical dispersion assuming 

insignificant molecular diffusion. As discussed previously (Al-Ibadi et al. 2019a and b), the 

cell size and time step can be used to give us a dispersion coefficient and Peclet number for 

the flow equivalent to what could be set up as a representation of physical dispersion. For a 

discussion of diffusion and dispersion see Appendix A1. We do not model physical 

dispersion explicitly. The results that we obtain can then be used to minimise the impact of 

numerical dispersion through upscaling.  

Two sets of relative permeability tables (Al-Ibadi et al. 2019a and b and Fig. 1a) were 

used to simulate fluid flow. One set was for the initial reservoir salinity condition and the 

other set for the zone swept by low salinity water. Moving from one set to another is salinity 

dependent and controlled using the “weighting function” which is expressed in linear form 

by:  

𝜃 = 1 − 
𝐶𝑆−𝐶𝑠

𝐿𝑆 

𝐶𝑆
𝐻𝑆−𝐶𝑆

𝐿𝑆  for  CS
LS ≤ CS ≤ CS

HS              [1a] 

𝜃 = 1 for CS ≤ CS
LS                  [1b] 

𝜃 = 0 for CS ≥ CS
HS                  [1c] 

where CS
LS and CS

HS define the effective salinity range. We define the midpoint of the 

effective salinity range as: 

𝐶𝑆
𝑚𝑖𝑑−𝑒𝑓𝑓

 =  
𝐶𝑆
𝐿𝑆+ 𝐶𝑆

𝐻𝑆

2
                 [1d] 

and the domain of the salinity weighting function of Eq. 1a as: 

𝐶𝑆
𝑅−𝑒𝑓𝑓

 = [𝐶𝑆
𝐿𝑆,  𝐶𝑆

𝐻𝑆]                                                  [1e] 



Chapter 4: Extended Fractional Flow Model of Low Salinity… 
 

107 
 

While Eq. 1a is linear, simulators allow nonlinear forms by inputting 𝜃 at each salinity as a 

table. Based on Eq. 1, the salinity dependence of water relative permeability (krw) and oil 

relative permeability (kro) are given as: 

𝑘𝑟𝑤 = (1 - 𝜃) 𝑘𝑟𝑤
𝐻𝑆(𝑆∗)  +  𝜃 𝑘𝑟𝑤

𝐿𝑆 (𝑆∗)                 [2] 

𝑘𝑟𝑜 = (1 - 𝜃) 𝑘𝑟𝑜
𝐻𝑆 (𝑆∗)   +  𝜃 𝑘𝑟𝑜

𝐿𝑆(𝑆∗)                            [3] 

where 𝑘𝑟𝑤
𝐻𝑆 and 𝑘𝑟𝑤

𝐿𝑆  are high and low salinity water relative permeabilities. Although ignored 

here, capillary pressure also depends on salinity as follows: 

Pcow = (1 - 𝜃)𝑃𝐶𝑂𝑊
𝐻𝑆 (𝑆∗)    + 𝜃 𝑃𝐶𝑂𝑊

𝐿𝑆 (𝑆∗)                   [4] 

water saturation at each concentration will be:  

𝑆∗ =
𝑆𝑤− 𝑆𝑜𝑟

1−𝑆𝑤𝑖−𝑆𝑜𝑟
                                                                        [5] 

Sor and Swi are the effective residual oil and irreducible water saturations. These are also 

weighted in a similar fashion to Equations 2-4, and based on the low and high salinity values 

such that the relative permeabilities are end point shifted, effectively. 

In this study we mainly answer the question “what is the relationship between fractional 

flow and salinity dependence and dispersion?” However, this study can also be used also to 

address the relationship between fractional flow and any ion dependence since ion and 

salinity transport via dispersion and advection can be modelled similarly. In such conditions, 

we ignore adsorption and desorption of the ions. 

 

Analytical solution from fractional flow theory  

We now discuss the analytical solution from fractional flow theory. We refer the reader 

to Pope (1980) and Jerauld et al. (2008) for further details. We have discussed this more 

extensively in Al-Ibadi et al. (2019a). Korsandi et al. (2017) also presented the problem for 

polymer flooding with salinity induced wettability alteration and solve it as a Reimann 

problem. In that case and in our work, the analytical solution is obtained by assuming one 

dimensional flow in a homogenous medium and that shock fronts form for water and solute 
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concentrations. Dispersion is ignored as is adsorption, a process usually associated with 

retardation. The analytical solution depends on the input relative permeability curves, which 

are given in Fig. 1a and the resulting shock fronts are indicated in Fig. 1b. Following analysis 

of the mass conservation equations, the analytical solution is obtained by plotting the input 

fractional flow curves for high and low salinity water versus water saturation (Fig. 1c).  We 

draw a line from the origin on this graph to the fractional flow curve for low salinity as a 

tangent (Patton et al. 1971; Claridge and Bondor, 1974; Pope, 1980; Lake 1989, Borazjani et 

al. 2016). This is equivalent to the Welge tangent for a waterflood (see Fig. 1c). The point of 

contact gives the saturation, 𝑆𝑤,𝑐, and fractional flow, 𝑓𝑤,𝑐, of the low salinity front. 

Meanwhile the intercept of the tangent line with the high salinity fractional flow curve gives 

the saturation, 𝑆𝑤,𝑓 , and fractional flow, 𝑓𝑤,𝑓, for the high salinity, formation water front. 

This solution arises because the formation water has a higher mobility than the injected low 

salinity water and moves ahead, forming a front. The low salinity water follows behind, along 

with the salinity front. Mathematically, the chemical front will have dimensionless velocity 

of  𝑓𝑤,𝑐 𝑆𝑤,𝑐⁄  , while the formation water flows according to 𝑓𝑤,𝑓 (𝑆𝑤,𝑓 − 𝑆𝑤𝑖)⁄  (Fig. 1d). We 

can match the saturation solutions from the Welge tangent (Fig. 1c) through the slopes (Fig. 

1d) to the shock fronts (Fig. 1b). We compare the results for this case to the simulator flowing 

under similar, advection dominated, conditions Fig. 2 (obtained at the same time of the 

calculations shown in Fig. b and there is a good match).  Later, we explore how the model 

performs when adding dispersion. 
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Figure 1: Analytical solution of LSWF with zero dispersion showing (a) input relative 

permeability, (b) water saturation (solid black line) and salinity (green dashed line) 

profiles at 0.28 PVI (c) the related fractional flow curves and solutions and (d) 

characteristic path of formation and low salinity fronts. 
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Figure 2: Cross section of simulator results for models under advection dominated flow 

at 𝒕𝑫 = 𝟎. 𝟐𝟖, (a) oil saturation distribution along the model, red indicates the original 

oil saturation, green an oil bank behind the formation water and blue indicates the low 

salinity water, (b) salinity distribution indicating a thin mixing zone from numerical 

dispersion.  

 

 

 

 

 



Chapter 4: Extended Fractional Flow Model of Low Salinity… 
 

111 
 

Numerical solution and effective salinity range  

In this section, we investigate the impact of using various limits of the effective 

salinity range. To this end, we use a dimensionless term, Cd, for the salinity as follows: 

𝐶𝑑  =  
𝐶𝑆 − 𝐶𝑆

𝑖𝑛𝑗

𝐶𝑆
𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛

− 𝐶𝑆
𝑖𝑛𝑗                 [6a] 

Where Cs
formation and Cs

inj are the formation and injected water salinities respectively. We use 

subscript “d” in place of “s” to refer to normalized saturations for the threshold values and 

the mid point salinities in Equation 1c-e. Thus,  

𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

 =  
𝐶𝑠
𝑚𝑖𝑑−𝑒𝑓𝑓

 − 𝐶𝑆
𝑖𝑛𝑗

𝐶𝑆
𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛

− 𝐶𝑆
𝑖𝑛𝑗                [6b] 

𝐶𝑑
𝐿𝑆  =  

𝐶𝑠
𝐿𝑆 − 𝐶𝑆

𝑖𝑛𝑗

𝐶𝑆
𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛

− 𝐶𝑆
𝑖𝑛𝑗                [6c] 

𝐶𝑑
𝐻𝑆  =  

𝐶𝑠
𝐻𝑆 − 𝐶𝑆

𝑖𝑛𝑗

𝐶𝑆
𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛

− 𝐶𝑆
𝑖𝑛𝑗                 [6d] 

Cs
LS and Cs

HS are defined in Eq. 1 as upper and lower limits of the effective salinity range. 

Equation 1e becomes: 

𝐶𝑑
𝑅−𝑒𝑓𝑓 

= [𝐶𝑑
𝐿𝑆, 𝐶𝑑

𝐻𝑆]                 [6b] 

In the following text, the subscript ‘d’ refers to normalized salinity.  

Various sets of effective salinity weighting functions were used in this work to understand 

the impact of:  

• varying the end point salinity, 𝐶𝑑
𝐿𝑆

, with fixed width of 𝐶𝑑
𝑅−𝑒𝑓𝑓 

 (Fig. 3a),  

• varying width of 𝐶𝑑
𝑅−𝑒𝑓𝑓 

 with fixed 𝐶𝑑
𝐿𝑆 (Fig. 3b),  

• varying 𝐶𝑑
𝑅−𝑒𝑓𝑓 

 with the same mid-point, 𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

 , (Fig. 3c), and 

• linear and non-linear weighting functions of effective salinity, (Fig. 3d). 
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Figure 3: Various scenarios of weighting function (Eq. 1 and non-linear forms) and  

dimensionless effective salinity, (Eq. 6) that were investigated with (a) various 𝑪𝒅
𝑳𝑺

, but 

all have the same width of 𝑪𝒅
𝑹−𝒆𝒇𝒇 

 (b) variable width of 𝑪𝒅
𝑹−𝒆𝒇𝒇 

 with fixed 𝑪𝒅
𝑳𝑺

, (c) the 

same mid-concentration although they have varied width of 𝑪𝒅
𝑹−𝒆𝒇𝒇 

 and (d) various 

non-linear forms. The weighting function is only shown for the transition of 

concentration. 

The simulator outcomes of the effective salinity weighting function scenarios shown in 

Fig. 3 are represented in Fig. 4. In all cases the formation water was more mobile and broke 

through early with a later arrival of the low salinity waterfront. The first observation is that 

the velocities of the formation and low salinity water fronts varied between cases, (Fig. 4a), 

as indicated by the breakthrough times. It is also evident that increasing the Cs
LS led to 

increased velocity of the low salinity waterfront and slowed down the formation waterfront. 

This in turn meant that the fractional flow solution of the LSWF model was altered as a 

function of effective salinity range combined with dispersion.  
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The explanation of this behaviour may be given as follows. It is well known, 

mathematically, that salinities have varying velocity due to the effect of diffusion or 

dispersion. The dispersion means that there is a spreading of the salinity values (i.e. a mixing 

zone exists) which determines when the transition from high to low salinity occurs at a given 

point through the effective salinity range (Eq. 1). The change can be retarded or accelerated 

compared to the analytical solution where the salinity moves as a sharp front. Dispersion can 

cause early or delayed onset of the change in wettability depending on Cs
HS. Since this 

transition controls the change of mobility, the salinity therefore affects the speed of the water. 

If the change of mobility is retarded, more of the injected water must also move at the same 

speed as formation water which must move faster. The low salinity water therefore moves 

more slowly according to mass conservation. The salt is dissolved in the water and moves 

with it thereby completing a feedback loop through the advection velocity of salinity. Thus, 

velocities are influenced by the effective salinity range and vice versa. In simulations, the 

velocity of the low salinity waterfront increased as we increased the thresholds of the 

effective salinity range. From fractional flow theory (e.g. Pope 1980), we know that 

increasing the velocity of the less mobile waterfront, will lead to a reduction of the velocity 

of the leading formation waterfront and this relationship holds here. 

Fig. 4b illustrates that simultaneously increasing 𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

 and the width of 

𝐶𝑑
𝑅−𝑒𝑓𝑓 

resulted in spreading out the low salinity waterfront, speeding it up. There was 

negligible effect on the formation waterfront. Fig. 4c shows that the models with the same 

mid-point of the effective salinity range (𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

) all flowed with the same velocities of 

formation and low salinity water fronts. However, the low salinity waterfront was more 

spread out when the effective salinity range was wider. It appears that 𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

controlled 

the velocities as this depended on the salinity at which mobility changed while the width of 

the effective salinity range affected the spread of the front, adding to dispersion. Changing 

from a linear weighting function to something more non-linear had a small effect. The 

variations in Fig. 4d, are mostly due to shifting the mid-point of the effective salinity range, 

which is quite similar to that in Fig. 4c. We also see in Fig. 4d that for the case where the 

weighting function induced an earlier change to the mobility (green line), the low salinity 

water front is observed to break through earlier, and vice versa (blue line). Another 
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observation is that the shape of the non-linear functions have negligible effect on the 

formation waterfront but there was deformation of the low salinity waterfront.  

 

Figure 4: Water cut versus injected pore volume (PVI) from simulations with 

various dimensionless effective salinity ranges (𝑪𝒅
𝑹−𝒆𝒇𝒇

) which are shown in Fig. 3a-d 

for (a)-(d) respectively. The line colours indicate the weighting functions shown in 

Figure 3a-d.   

Numerical dispersion also caused both the saturation fronts and the salinity to spread out, 

creating a mixing zone. It is interesting therefore to consider whether or not the fronts were 

self-sharpening and thus the dispersion was reduced. Shock fronts for waterfloods are thought 

to be self-sharpening depending on the shape of the fractional flow curve (as plotted in Fig. 

3b). Analysis (Buckley Leverett 1942) shows that the speed of each saturation value depends 

on the slope of fractional flow with saturation. In cases where saturations move faster than 

values of lower magnitude then a shock front must form. Even when there is dispersion, the 

fronts then tend to sharpen up. Self-sharpening can also occur for double fronts as observed 

for any displacement affected by an injected solute where mobility changes. Al-Sofi and 

Blunt (2013) examined the self-sharpening of a polymer injection and found that the 

formation water front tends to be self-sharpening. Meanwhile the polymerized front tends to 
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spread out. However, this is most likely because the dispersing polymer concentration results 

in different solutions in as concentration increases in the mixing zone. This was examined in 

more detail by Shotton et al., 2016. The same response was observed when the effective 

salinity range was very broad. The second front appeared to be more smeared out (Fig. 4d). 

When the transition in the effect of salinity was very sharp, the second front was then much 

sharper. The formation waterfront was usually quite sharp unless the cell sizes were very 

large. 

The results above show that the low salinity waterfront velocity was a function of 

𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

, as shown in Fig. 4a, c, with a dependence on dispersion. Fig. 5a shows that water 

front velocities were affected as a function of dispersivity, =D/v where D is the dispersion 

coefficient and v is the velocity of the injected water), or equivalently, Peclet number, 𝑁𝑝𝑒(=

𝐿/𝛼, where L is the length of the model). Dispersion was varied numerically in this case by 

changing the cell size (𝛼=(∆x+v∆t)/2 but the effect would be the same with equivalent 

physical dispersion. The velocity of the low salinity front was then “measured” from the 

simulations and plotted in Fig. 5b for various 𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

values. The cases with 𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

 = 

0.5 showed negligible effect of changing dispersivity. In fact these cases have almost 

identical results to the analytical solution from fractional flow theory (Pope 1980). There was 

no change to the velocity of the front from dispersion. On the other hand, as 𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

 was 

reduced, the salinity dropped further before there was a mobility change. As described above, 

more of the injected water travels at the speed of the mobilized formation water which had 

to speed up to conserve mass transport and the low salinity water slowed down. If 𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

 

is increased the opposite is true. Later we analyse the changes to the velocity and apply it to 

the impact on the advection velocity for salinity.   
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Figure 5: (a) water cut versus dimensionless time for various Peclet numbers 

indicating physical or numerical dispersion indicating the impact on the speed of the 

water fronts for dimensionless effective salinity range 𝑪𝒅
𝑹−𝒆𝒇𝒇

= [0, 0.035], and (b) 

velocity of the simulated low salinity water front when changing dispersivity, α, and 

𝑪𝒅
𝒎𝒊𝒅−𝒆𝒇𝒇

, though all have the same width of the effective salinity range as in Fig. 4a.  
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Effect on the salinity profile for various effective salinity ranges and 

Peclet numbers  

In the previous section, we saw that the velocities of the water fronts were altered due to 

changing either the effective salinity range or the dispersion coefficient. In this section we 

discuss the impact of these factors on the salinity front. We have already shown that the 

salinity profile was affected by the effective salinity range and the dispersion coefficient 

elsewhere (Al-Ibadi et al. 2019b). We reported observations that the salinity profile (i.e. the 

mixing zone) behaved as if it had an advection velocity that depended on the effective salinity 

range.  Fig. 6a. shows an example where the dispersion coefficient was set so that the Peclet 

number, Npe, was 85 and the 𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

 was reduced from 1.0 down to 0.015. We observe 

several things about this plot.  

1. Each of the profiles have the shape of the analytical solution to the dispersion-

advection process in a single fluid (as discussed in Lake 1989 and Al-Ibadi et al. 

2019b). This enables us to predict the shape and length of the mixing zone. In each 

case the dispersion coefficient was the same in the simulation but the advection 

velocity increased as 𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

was reduced.  

2. When 𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

 = 1, we represented a case where the reservoir was effectively low 

salinity and wettability saw no change. In this case, the salinity dropped below the 

effective salinity range instantaneously due to dispersion. The formation and low 

salinity water fronts merged and flow behaved according to the analytical solution for 

conventional waterflooding flow equations. The mixing zone defined by the salinity 

profile fell behind the single water front. The low salinity water front saw a much 

accelerated velocity therefore. In this scenario, the single phase analytical solution 

(as in Fig. 6) can be used to predict salinity movement Brigham (1974) with an 

advection velocity that is the same as the velocity of the injected water. This has a 

value of vLS, the velocity of the low salinity water front in the analytical solution of 

fractional flow theory for LSWF where shock fronts exist. We refer to this as the Low 

Salinity Reservoir Solution (LSRS) in Fig. 6a.  
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3. The various cases in Fig. 6a appear to be shifted further and further to the left as 

𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

 was reduced from 1.0. This has been quantified in (Al-Ibadi et al. 2019b). 

This same shift is apparent for the rest of the profile in each case as if a change in 

advection velocity took place. The shift was induced because the onset of the low 

salinity effect occurs at lower and lower salinity levels. In these cases the change in 

oil and water mobility also changed the advection velocity of the solution and a new 

profile was formed. Overall the length of the mixing zone was defined by the input 

dispersivity, however.  

4. The low salinity water front moved at the speed of salinity 𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

. The difference 

between this velocity and the advection velocity of the salinity profile is defined by a 

dispersion induced shift which was the same for each case. This means that we can 

use the Low Salinity Reservoir analytical solution, with advection velocity vLS, to 

estimate the shift. 

We also observe from the simulation results that as the dispersion coefficient was 

increased, the salinity curves were shifted to the left indicating that the advection velocity of 

the salinity profile went up compared to the analytical solution, see Fig. 6b. The updated 

advection velocity of the salinity profile that was introduced by Al-Ibadi et al. (2019b) will 

be used in this work to help solve the fractional flow problem.  

Figures 3 to 6 indicate the interaction between the waterfronts and the salinity profile. As 

we indicated above, the key factors are the point at which salinity switched the wettability 

and also how quickly it changed (varied in Fig. 3 and Fig. 4). The salinity profile indicates a 

symmetric mixing zone (Fig. 6) but the effective salinity range may not fall on the axis of 

symmetry (i.e. Cd = 0.5). The switch in wettability was therefore brought on earlier 

(accelerated) or held off (retarded) depending on how quickly the salinity changed (Fig. 3 

and Fig. 4). When the salinity changed it altered the mobility and hence the speed of the 

water (Fig. 5b) which controlled the advection velocity of the mixing zone (Fig. 6). We 

studied these previously in Al-Ibadi et al. 2019a and b). 
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Fig. 6: Salinity profile from models that have (a) the same Peclet number (𝑵𝒑𝒆= 85) 

with various effective salinity ranges, (b) the same effective salinity range (𝑪𝒅
𝑹−𝒆𝒇𝒇

 = [0, 

0.03]) with different Peclet numbers. The LSR Solution is calculated using the 

complimentary error function with an advection velocity of vLS and corresponds to the 

condition where 𝑪𝒅
𝒎𝒊𝒅−𝒆𝒇𝒇

 = 1.0 where the flow behavior is for a reservoir under low 

salinity conditions even for the formation water. 
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Processes like polymer flooding have a transition of mobility via viscosity variation 

but this is continuous with changing solute concentration. In LSWF, however, the transition 

is restricted, and we see a greater effect of the process of dispersion of the solute and water 

fronts. We add this to the effect of numerical dispersion that occurs in simulations. Thus, in 

the LSWF case, linking the velocity of the water front with the velocity of solute 

concentration by the effective salinity function has increased the effect of dispersion on the 

calculated water front, as shown in Figs. 4-7.  

 

Predicting the Fractional Flow in LSWF Models  

We saw in Fig. 5 that the numerical solution of the water fronts results in saturations and 

fractional flow values that depend on the dispersion and the properties of the effective salinity 

range. In Fig. 7, we examine the fractional flow behaviour of a grid cell for simulations with 

two different effective salinity ranges (Fig. 7a) and various dispersion coefficients (Fig. 7b). 

The numerical results are compared to the input fractional flow curves and we see that the 

cell followed trajectories on these curves as the dispersed front moved through. First, the 

solution moved up the high salinity curve where it reached a maximum equivalent to the 

numerical solutions seen in Fig. 5a for the formation front. We refer to these as 𝑓𝑤,𝑓
∗  and 𝑆𝑤,𝑓

∗ . 

Then as the salinity changed, the fractional flow switched to the low salinity curve, dropping 

and then rising again and passing through 𝑓𝑤,𝑐
∗  and 𝑆𝑤,𝑐

∗ , indicating the low salinity waterfront. 

We can compare this behavior to what we would expect from fractional flow theory. In some 

cases, the maximum fractional flow and saturation values that were reached on the high 

salinity curve were lower than those indicated by the analytical solution (𝑓𝑤,𝑓 and 𝑆𝑤,𝑓,) while 

in other cases they were higher, depending on the salinity at which mobility changed 

parameterized through 𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

. When this parameter was set to 0.5, the analytical solution 

was obtained.   

We can draw a line through the point of the maximum saturation reached on the high 

salinity curve (𝑓𝑤,𝑐
∗  and 𝑆𝑤,𝑐

∗ ) so that it is tangential on the low salinity curve and treat this as 

equivalent to the Welge tangent that is  drawn from fractional flow theory (e.g. Claridge & 

Bondor 1974, Pope 1989) as part of the analytical solution. In these numerical cases the lines 



Chapter 4: Extended Fractional Flow Model of Low Salinity… 
 

121 
 

pass through the saturation axis on either side of the origin in a manner equivalent to either 

retardation or acceleration. In other words, the transition from high to low salinity is being 

slowed down or speeded up. The retardation effect here is physical but it is similar in 

outcome, mathematically, to what we observe for chemically induced adsorption of a solute 

such as a polymer, (e.g. Pope 1980) which also slows down the apparent concentration front. 

We use the mathematical equivalence here and later. This also helps us blend the physical 

retardation should we add chemical retardation through adsorption of an active ion, for 

example. In polymer floods, the intercept of the tangent with the saturation axis depends on 

the adsorption rate and can be calculated explicitly. In LSWF we use the same concept later 

and relate the retardation coefficient to the dispersivity and the effective salinity range mid 

point, 𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

. 

Fractional flow theory can be used to estimate the velocity of the low salinity waterfront 

in the absence of dispersion and when the salinity weighting function was 𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

 = 0.5. 

We would similarly like to be able to predict this velocity in general without having to run a 

simulation. If we can do so then we can also better understand and quantify the behaviour 

observed in Fig. 7. We begin by using the fractional flow theory equations that were derived 

for polymer flooding where adsorption is represented by a retardation factor D and 

displacement is piston-like. The velocity of the polymer front (and the polymerized 

waterfront) has been evaluated (e.g. Pope 1980) using: 

(
𝜕𝐶𝑠

𝜕𝑡
)𝑐𝑜 = 

𝑞

𝐴∅

𝑓𝑤,𝑐
∗

𝑆𝑤,𝑐
∗ +𝐷

             [7] 

where 𝑞 is the volumetric rate of injection, 𝐴 is the model crosssectional area, ∅ is porosity. 

The retardation factor, D, is then the value of saturation where the Welge tangent crosses the 

saturation axis in plots such as Fig. 7. For LSWF we take a similar approach to estimate the 

apparent retardation factor, D, for general cases where the fronts are NOT piston-like. D 

gives the equivalent behaviour and parameterizes retardation.  The aim is to predict D without 

doing a simulation, but we will use simulation to validate the predictions.  
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Figure 7: The input fractional flow curves (blue and green lines for low and high salinity 

respectively) and equivalent values calculated at 𝑿𝑫 = 𝟏, the producer, by the simulator 

for models where (a) effective salinity range was varied while 𝑵𝑷𝒆= 80 and (b) 𝑵𝑷𝒆 was 

varied while 𝑪𝒅
𝑹−𝒆𝒇𝒇

 = [0, 0.03]. Black lines with arrows indicate Welge equivalent 

tangents drawn through the maximum fractional flow and saturation (𝑓𝑤,𝑓
∗ , 𝑆𝑤,𝑓

∗ ) 

reached on the high salinity fractional flow curve. 𝑓𝑤,𝑐
∗  and 𝑆𝑤,𝑐

∗  indicate the low salinity 

water front. Coloured arrows indicate these numerical solutions for the two cases. The 

salinity weighting function was linear as in Equation 1. 
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In the analysis that follows we first set up a reference case equivalent to the scenario 

where the analytical solution of fractional flow theory applies. We then generalize and 

examine the difference in velocities of water fronts and the salinity profile. We also refer to 

the Low Salinity Reservoir case, discussed above where 𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

 = 1. In this case, the 

salinity profile can be estimated analytically with known advection velocity which in turn 

can be related to the general advection velocity (Al-Ibadi et al. 2019b). We can then estimate 

D in Eq. 7. 

We define the reference case simulation equivalent to the analytical solution such that 

𝐷 = 0. From Fig. 5b, it seems to be a reasonable approximation to define this reference case 

such that 𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

 = 0.5, as there is a negligible effect of dispersion on the movement of the 

low salinity waterfront. We impose an additional assumption for this reference case that the 

flow is also advection dominated. This meets the assumptions used in the analytical solution 

to fractional flow theory (e.g. Pope, 1980).  We define the velocity of the low salinity 

waterfront in the reference case to be: 

 𝑣𝐿𝑆 = (
𝑞

𝐴∅
) ∗ (

𝑓𝑤,𝑐

𝑆𝑤,𝑐
) =  𝑣𝑆𝑎𝑙,𝑟𝑒𝑓

𝑀𝑖𝑑                  [8] 

where 𝑣𝑆𝑎𝑙,𝑟𝑒𝑓
𝑀𝑖𝑑  is the reference velocity for salinity,  𝐶𝑑

𝑚𝑖𝑑−𝑒𝑓𝑓
 , which is 0.5 in this case, and 

coincides with the advection velocity of the salinity profile, at Cd = 0.5. fw,c and Sw,c are the 

fractional flow and saturation at the low salinity water front (Fig. 3).  

In the simulations above we noted that as we diverged from the reference case by 

changing the effective salinity range and adding dispersion we obtained a new velocity for 

the low salinity water front, 𝑣𝐿𝑆
𝐷 . Since this corresponded to the velocity of the salinity, 

𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

, for this general case, we got the corresponding water front velocity, 𝑣𝑒𝑓𝑓
𝑀𝑖𝑑 = 𝑣𝐿𝑆

𝐷 . 

We express these effects as changes in velocity relative to the reference case: 

𝑣𝐿𝑆 − 𝑣𝐿𝑆
𝐷 = 𝑣𝑠𝑎𝑙,𝑟𝑒𝑓

𝑀𝑖𝑑 − 𝑣𝑒𝑓𝑓
𝑀𝑖𝑑                [9] 

We use the observations from Fig. 6a above to calculate 𝑣𝑒𝑓𝑓
𝑀𝑖𝑑. The Low Salinity Reservoir 

Solution (where 𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

=1) has a known analytical solution and the advection velocity is 

𝑣𝐿𝑆. The simulated solutions for other values of  𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

 can be obtained by increasing the 
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advection velocity relative to the LSRS case. Thus, the velocity for any salinity can be 

mapped to the Low Salinity Reservor Solution by the same shift in velocity, ∆𝑣, according 

to Fig. 6. We illustrate this in Fig. 8 which shows the LSR mixing zone throught the model 

at a particular point in time. We are interested in tracking the locations of 𝐶𝑑 = 𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

 in 

the simulation, xd
sim(Cd

mid-eff) and in the analytical solution of the LSR case, xd
LSR(Cd

mid-eff ).  

These locations have velocities (indicated by arrows in Fig 8) defined as 𝑣𝑒𝑓𝑓
𝑀𝑖𝑑 and 𝑣𝑒𝑓𝑓,𝐿𝑆𝑅

𝑀𝑖𝑑  

respectively, with the latter being calculable analytically. 

Thus we can relate these two velocities through: 

𝑣𝑒𝑓𝑓
𝑀𝑖𝑑 = 𝑣𝑒𝑓𝑓,𝐿𝑆𝑅

𝑀𝑖𝑑 + ∆𝑣                            [10] 

 

Figure 8 Plot of normalised salinity along the model indicating the Low Salinity 

Reservoir (LSR) Solution, obtained analytically, and a profile for a case of low 

𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

. In this case the dispersion was set so that Npe = 85. We track the salinity in 

both cases and indicate the velocities with the arrows. 

We obtained a semi-analytical expression for ∆𝑣 previously (Al-Ibadi et al 2019b) such that 

Eq. 10 can be approximated as:  
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𝑣𝑒𝑓𝑓
𝑀𝑖𝑑 ≈ 𝑣𝑒𝑓𝑓,𝐿𝑆𝑅

𝑀𝑖𝑑 + ((1 − 𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

)
3
 ×  

(𝑣𝐻𝑆−𝑣𝐿𝑆 )

√𝑁𝑝𝑒
  )     [11a] 

In the reference case of Eq. 8, 𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

= 0.5. In that case we ignored dispersion. If we now 

include dispersion, Eq. 11a gives: 

𝑣𝑠𝑎𝑙
𝑀𝑖𝑑 ≈ 𝑣𝑠𝑎𝑙,𝐿𝑆𝑅

𝑀𝑖𝑑 + 0.125 ×  
(𝑣𝐻𝑆−𝑣𝐿𝑆 )

√𝑁𝑝𝑒
       [11b] 

which is the advection velocity of the salinity profile for a reference case where 𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

=

0.5. 𝑣𝐻𝑆 and  𝑣𝐿𝑆 are the velocities of formation and low salinity water fronts respectively for 

the reference case, obtained from the analytical solution by the graphical method Claridge 

and Bondor (1974) as described for Fig. 3. To calculate these properties, a precise 

representation of the fractional flow curves is required but these are often in tabular form and 

subject to interpolation effects. Therefore, in this paper, 𝑣𝐻𝑆 and  𝑣𝐿𝑆 were taken from 

simulator output for the case where 𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

= 0.5 and for the advection dominated model, 

i.e. high Peclet number,  𝑁𝑝𝑒= 5100. By substituting Eq. 7 and Eq. 8 into the right side of Eq. 

9, and Eq. 11a into the left side of Eq. 9, we obtain: 

(
𝑞

𝐴∅
) ∗ (

𝑓𝑤,𝑐

𝑆𝑤,𝑐
−

𝑓𝑤,𝑐
∗

𝑆𝑤,𝑐
∗ +𝐷

)= 𝑣𝑠𝑎𝑙,𝑟𝑒𝑓
𝑀𝑖𝑑 − (𝑣𝑒𝑓𝑓,𝐿𝑆𝑅

𝑀𝑖𝑑 + ((1 − 𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

)
3
×
(𝑣𝐻𝑆−𝑣𝐿𝑆 )

√𝑁𝑝𝑒
   ))         [12] 

D is the LSWF retardation-like factor for an advection-dispersion system.  𝑓𝑤,𝑐
∗  and 𝑆𝑤,𝑐

∗  are 

the fractional flow and saturations at the low salinity water front for the general case. 𝑓𝑤,𝑐 

and 𝑆𝑤,𝑐 are obtained for the reference case simulation where 𝑁𝑝𝑒 is 5100. In practice, we 

have found that 𝑓𝑤,𝑐 and 𝑆𝑤,𝑐 are almost equal to  𝑓𝑤,𝑐
∗  and 𝑆𝑤,𝑐

∗  respectively, so we make them 

equivalent. By rearranging Eq. 12 we get:  

𝑓𝑤,𝑐

𝑆𝑤,𝑐+𝐷
=

𝑓𝑤,𝑐

𝑆𝑤,𝑐
− (

𝐴∅

𝑞
) (𝑣𝑠𝑎𝑙,𝑟𝑒𝑓

𝑀𝑖𝑑 − (𝑣𝑒𝑓𝑓,𝐿𝑆𝑅
𝑀𝑖𝑑 + ((1 − 𝐶𝑑

𝑚𝑖𝑑−𝑒𝑓𝑓
)
3
×
(𝑣𝐻𝑆−𝑣𝐿𝑆 )

√𝑁𝑝𝑒
   )))          [13] 

Thus, 

𝐷 =  
𝑓𝑤,𝑐

𝑓𝑤,𝑐
𝑆𝑤,𝑐

 −(
𝐴∅

𝑞
) (𝑣𝑠𝑎𝑙,𝑟𝑒𝑓

𝑀𝑖𝑑 − (𝑣𝑒𝑓𝑓,𝐿𝑆𝑅
𝑀𝑖𝑑 +((1−𝐶𝑑

𝑚𝑖𝑑−𝑒𝑓𝑓
)
3
×
(𝑣𝐻𝑆−𝑣𝐿𝑆 )

√𝑁𝑝𝑒
   )))

− 𝑆𝑤,𝑐              [14] 
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Similarly, to calculate the velocity of the low salinity waterfront for each effective salinity 

range and each Peclet number, we can substitute Eq. 14 in Eq. 7, we obtain: 

(
𝜕𝐶𝑠

𝜕𝑡
)
𝑐𝑜
= 

𝑞

𝐴∅

𝑓𝑤,𝑐

𝑆𝑤,𝑐
− (𝑣𝑠𝑎𝑙,𝑟𝑒𝑓

𝑀𝑖𝑑 − (𝑣𝑒𝑓𝑓,𝐿𝑆𝑅
𝑀𝑖𝑑 + ((1 − 𝐶𝑑

𝑚𝑖𝑑−𝑒𝑓𝑓
)
3
×
(𝑣𝐻𝑆−𝑣𝐿𝑆 )

√𝑁𝑝𝑒
   )))         [15] 

Eq.14 has been tested at various effective salinity ranges and Peclet numbers. Fig. 9 

displays the retardation factor from Eq.14 (dashed lines) compared to the equivalent values 

obtained by inverting Equation 7 for D and using simulator outputs for saturation, fractional 

flow and velocity (red lines with coloured symbols). 

 

Figure 9: A comparison of retardation effect between the simulator results (red lines 

with symbols) and the calculated 𝑫 using Eq.14 (dashed lines).  

 

Discussion  

Fractional flow theory is a useful approach for understanding the basic behaviour of 

chemical flooding in oil reservoirs and can be used under idealized conditions to predict 

shock-like water fronts Pope, 1980; Hamid and Muggeridge 2018) where the traditional 

assumption is that we can ignore dispersion. We have produced analysis of LSWF examining 

dispersion effects as an extension of the fractional flow analysis (Al-Ibadi et al 2018, 2019a, 
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and 2019b). In that work, we observed that the interaction between salinity and phase 

mobility controls water velocities with a resulting feedback on salinity itself. This effect 

depends on dispersion and how the effective salinity range is defined. The salinity profile is 

split between the more mobile formation water and the less mobile injected water. The 

partition of the profile both defines and is affected by the resulting velocities of the water 

fronts. This creates an apparent retardation or acceleration effect in the fractional flow which 

we have shown can be evaluated. The advection velocity of the profile depends on where the 

partition lies, which occurs at the midpoint of the effective salinity range. This velocity also 

depends on dispersion. We previously found a way to parameterize the feedback mechanism 

and predict the changes that we saw in terms of the advection velocity.  

In this paper we have extended this analysis to develop a method for quantifying a 

retardation factor as an extension to the fractional flow theory. The retardation effect reported 

here has a similar effect to the chemically induced adsorption in polymer flooding which the 

alters water velocity. In our model of LSWF, the effect is physical or numerical, not chemical, 

however and it is controlled by several parameters which include effective salinity range, 

Peclet number, difference in velocity between formation and low salinity water fronts and 

also differences in concentrations between formation and injected water.  

This work shows that due to dispersion, the velocities of both waterfronts were 

altered. The mixing zone grew in absolute terms as it moved through the reservoir. This in 

turn changed the velocity of the water fronts. In this paper we examined the analytical 

solution against numerical results obtained from the outlet grid block. We analysed this 

behaviour in more detail in Al-Ibadi et al.  (2019a). We found that the mixing zone evolved 

and grew in absolute terms changing the relative speeds of the fronts.   

Understanding the relationship between fractional flow, dispersion and effective 

salinity is important and its implication can be seen in many aspects. For instance, physical 

dispersion can be induced by heterogeneity of the rock flow properties or due to fluid 

movement effects such as fingering and capillary pressure. Physical dispersion can alter the 

displacement efficiency of a LSWF and depends on the effective salinity range. When 

𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

< 0.5 the retardation effect slows down the low salinity waterfront and speeds up 

the formation waterfront, which reduced the sweep efficiency. On the other hand, 
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when 𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

> 0.5, dispersion creates an acceleration effect increasing the velocity of low 

salinity waterfront giving better displacement efficiency which considered as a favourable 

effect. 

The analytical solution of chemical flooding in which dispersion was assumed to be 

negligible has been extensively studied in the literature (Patton et al. 1971; Claridge and 

Bondor, 1974; Pope, 1980; Borazjani et al. 2016). The analytical solution of low salinity 

water injection combined with polymer is also assumed to experience negligible dispersion 

and has been documented previously (Khorsandi et al. 2017). Dispersion has considerable 

effect on the performance of gas flooding, however, and its impact on the analytical solution 

of multi-component gas flooding has been discussed previously (Rhee and Amundson, 1974; 

Johns et al. 1994; Gilding and Kersner 2012), while numerical dispersion may result in 

overestimated sweeping efficiency during foam flooding (Rossen et al. 2003).  Dispersion 

effects on polymer flooding were also reported to spread out the waterfronts (AlSofi and 

Blunt, 2013). In LSWF the impact of dispersion is more significant as the low salinity effect 

will only take place at certain salinity or ion concentrations, especially for sandstone samples. 

Carbonate rock may have a wider range of effective salinity. Our results show that dispersion 

has an important effect on the velocity of formation and low salinity water. It increased the 

velocity of the formation water while slowing down the chemical front. This may give a clue 

about LSWF performance in experiments that show various responses between secondary 

and tertiary flooding where low salinity effects may result in either earlier or later 

breakthrough with associated reduced or increased oil recovery respectively (Zhang and 

Morrow 2006; Bartels et al. 2019). These variations may occur because in tertiary flooding 

there is a large volume of high salinity water which results in a stretched mixing zone with 

the injected low salinity water. In other words there is more macroscale dispersion. This study 

shows that if wettability changes occur only at low salinity, then earlier breakthrough could 

be observed.  

It is well known that numerical dispersion occurs in reservoir scale models. Thus, 

understanding the relationship between dispersion and fractional flow is important to enable 

effective solutions to be found to minimize numerical error at the large scale. We have 

examined this elsewhere (Al-Ibadi et al. 2018) indicating that the numerical retardation can 
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be estimated and a pseudo-effective salinity range adopted as a correction factor. 

Alternatively, pseudoisation of relative permeability may also be considered. 

As we introduced earlier, this work can be used also to describe the relationship 

between fractional flow of the oil and water phases with the transport of any ion, e.g. cations 

divalent such as Ca2+ and Mg2+ that affects mobility. At the macroscale, salinity and other 

ions are transported in the same way, if we neglect adsorption and desorption.  

Another implication is that we have identified a physical retardation mechanism 

whereas retardation is more often associated with chemical processes such as adsorption. In 

field cases where formation water breaks through earlier this could be mistakenly attributed 

to adsorption rather than macro-scale dispersion processes as discussed here. Eq. 14 also 

allows a direct comparison to any potential adsorption induced retardation. Variations in 

permeability at the metre to decametre scale will induce macroscale dispersion which can be 

represented as a dispersivity in the flow model when grid cells are of an equivalent size, as 

discussed in the appendix. In that case the retardation effect could be represented in the model 

incorrectly as adsorption. 

The mathematical form of the retardation factor given in Eq. 14 and 15 represents a 

fast method to predict the frontal velocities, water saturation and water cut in the same way 

that the fractional flow theory produces a quick but approximate analytical solution. We have 

derived an extended form of this model which means that we do not need a full simulation 

in simple line drive cases. We can also quickly explore how dispersion affects flow. As we 

mention above, macroscale dispersion could be important and arises from highly uncertain 

properties of the reservoir. We often ignore that scale.   

The analysis presented here was derived for a one dimensional homogeneous 

reservoir. We have since extended this approach to layered reservoirs which are non-

communicating or in which vertical equilibrium exists through crossflow (Al-Ibadi et al. 

2019c; 2019d). The analysis extends very well to the former developed equivalent theory for 

waterflooding.  It can also be applied to communicating layers provided the mobility derived 

crossflow is small. 
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Conclusions 

From this work, we can conclude the following points: 

• Fractional flow of LSWF is affected by dispersion of the salinity profile and linked 

to the velocity of the low salinity water front by the effective salinity range.  

• Consideration of a perturbation to a base case, where the fractional flow theory works, 

allows us to quantify changes to the velocity and concentration behaviour using Eq. 

11a. 

• A physical form of retardation has been quantified (Eq. 14) which depends on 

dispersion and the effective salinity range and this can be compared to retardation 

from adsorption, for example.  

• We have extended the analytical solution from fractional flow theory, which assumes 

shock front behaviour and zero dispersion, to properly account for the physical 

retardation effect due to dispersion.  

• Similar to the original analytical solution, the extension was developed for one 

dimensional homogeneous flow and for cases with no adsorption or desorption of the 

active ions or solute.  

• Under these conditions, we can now improve the prediction of the frontal behaviour 

analytically without the need for simulation. 
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Nomenclature 

A  Cross sectional area of the model (m2) 

𝐶𝑑  Dimensionless in situ salinity 
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𝐶𝑑
𝐿𝑆  Dimensionless lower limit of effective salinity range  

𝐶𝑑
𝐻𝑆  Dimensionless upper limit of effective salinity range 

𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

 Dimensionless mid-point of effective salinity range 

𝐶𝑑
𝑅−𝑒𝑓𝑓

  Dimensionless domain of effective salinity range 

𝐶𝑒𝑓𝑓
𝑚𝑖𝑑  Mid effective salinity (mg/L) 

𝐶𝑆  In situ salinity (mg/L) 

𝐶𝑆
𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛

  Salinity of formation water (mg/L) 

𝐶𝑆
𝐻𝑆  Upper limit of effective salinity range (mg/L) 

𝐶𝑆
𝑖𝑛𝑗

  Salinity of injected water (mg/L) 

𝐶𝑆
𝐿𝑆  Lower limit of effective salinity range (mg/L) 

𝐶𝑆
𝑚𝑖𝑑−𝑒𝑓𝑓

 Mid-point of effective salinity range (mg/L) 

𝐶𝑆
𝑅−𝑒𝑓𝑓

  Domain of effective salinity range (mg/L) 

𝐷  Retardation factor 

Dp  Physical dispersion coefficient (m2/s) 

Dmd  Molecular diffusion coefficient (m2/s) 

Dpsd   Pore scale dispersion coefficient (m2/s) 

Dmsd   Macro scale dispersion coefficient (m2/s) 

𝑒𝑟𝑓𝑐  Complementary error function 

F  Electrical resistivity factor  

𝑓𝑤  Fractional flow  

𝑓𝑤,𝑐  Fractional flow solution from fractional flow theory for the low salinity 

waterfront 
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𝑓𝑤,𝑐
∗   Fractional flow solution from simulation for the low salinity waterfront 

𝑓𝑤,𝑓  Fractional flow solution from fractional flow theory for the formation 

waterfront 

𝑓𝑤,𝑓
∗   Fractional flow solution from simulation for the formation waterfront 

𝑘𝑟𝑜   Oil relative permeability  

𝑘𝑟𝑜
𝐻𝑆

  Oil relative permeability for high salinity 

𝑘𝑟𝑜
𝐿𝑆

  Oil relative permeability for low salinity 

𝑘𝑟𝑤   Water relative permeability  

𝑘𝑟𝑤
𝐻𝑆

  Water relative permeability for high salinity 

𝑘𝑟𝑤
𝐿𝑆

  Water relative permeability for low salinity 

𝑁𝑝𝑒  Peclet number  

𝑃𝑐𝑜𝑤  Capillary pressure for oil and water (Pa) 

𝑃𝑐𝑜𝑤
𝐻𝑆    High salinity capillary pressure for oil and water (Pa) 

𝑃𝑐𝑜𝑤
𝐿𝑆    Low salinity capillary pressure for oil and water (Pa) 

q  Volumetric flow rate (m3/day) 

𝑆𝑜𝑟  Residual oil saturation at given salinity 

𝑆𝑤  Water Saturation  

𝑆𝑤,𝑐  Water saturation solution from fractional flow theory for the low salinity 

waterfront 

𝑆𝑤,𝑐
∗   Water saturation solution from simulation for the low salinity waterfront 

𝑆𝑤,𝑓  Water saturation solution from fractional flow theory for the formation 

waterfront 

𝑆𝑤,𝑓
∗   Water saturation solution from simulation for the formation water front 
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𝑆𝑤𝑖  Irriducible water saturation at given salinity 

𝑆∗  Normalised water saturation at known salinity  

𝑣𝐻𝑆  Analytical velocity of high salinity waterfront or formation waterfront 

(m/day) 

𝑣𝐿𝑆  Analytical velocity of low salinity waterfront (m/day) 

𝑣𝑠𝑎𝑙,𝑟𝑒𝑓
𝑀𝑖𝑑   Salinity velocity for 𝐶𝑑

𝑚𝑖𝑑−𝑒𝑓𝑓
= 0.5 and 0 (m/day) 

𝑣𝑒𝑓𝑓
𝑀𝑖𝑑  Salinity velocity of LSWF models at any given 𝐶𝑑

𝑚𝑖𝑑−𝑒𝑓𝑓
 that has > 0 

(m/day) 

𝑣𝑒𝑓𝑓,𝐿𝑆𝑅
𝑀𝑖𝑑  Salinity velocity for Cd = 𝐶𝑑

𝑚𝑖𝑑−𝑒𝑓𝑓
 using the LSR Solution (See Fig. 6a) 

(m/day) 

𝑥𝑑  Length, dimensionless 

xd
LSR(Cd

mid-eff ) Dimensionless distance travelled by Cd = 𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

 using the LSR Solution 

(See Fig. 6a) 

xd
sim(Cd

mid-eff) Dimensionless distance travelled by Cd = 𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

 using the simulation 

  Dispersivity (ft) 

∆v  Difference in advection velocity for LSR case and any simulation 

Ѳ  Weighting function of salinity dependence  

∅  Porosity  

(
𝜕𝐶𝑠

𝜕𝑡
)
𝑐𝑜

  Velocity of the salinity profile velocity at a known 𝐶𝑒𝑓𝑓
𝑚𝑖𝑑 
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Appendix 

A1 Physical Diffusion and dispersion 

The terms diffusion and dispersion have been used in different ways when discussing 

numerical simulation models of flow in porous media. In this appendix we define the terms 

to avoid confusion. 
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Physical dispersion is the process that causes a solute to spread naturally in a porous medium. 

For example, when water is injected into an aquifer, it may have a different composition to 

the formation water and we can include an inert tracer. The concentration of the inert solute 

instantaneously rises to the injected value. In the absence of dispersion this concentration 

step (or front) moves through the aquifer at the velocity of the solution. Under dispersion the 

front spreads forming a mixing zone. In a semi- infinite one dimensional homogeneous 

medium with a solute in a single fluid, we may model this using the advection diffusion 

equation: 

𝜕𝐶𝑆

𝜕𝑡
+ 𝑣

𝜕𝐶𝑆

𝜕𝑥
= 𝐷𝑝

𝜕2𝐶𝑆

𝜕𝑥2
          [A1] 

Where Cs is the concentration of the solute which changes in space, x and time, t, v is the 

advection velocity defined by the injection rate and Dp is the physical dispersion coefficient.  

If the injector is placed at x = 0 and the initial concentration is Co and the injected 

concentration is C1 then the analytical solution may be used to predict the behaviour which 

is given by the complimentary error function (Al Ibadi et al. 2019a and b). 

The term D is made up of three components: molecular diffusion, pore- or micro-scale 

dispersion and macro-scale dispersion in an additive manner: 

Dp = Dmd +Dpsd +Dmsd          [A2] 

Perkins and Johnson (1963) discuss the molecular and pore scale dispersion effects in detail 

while macro-scale dispersion may be important. 

A.1.1 Molecular diffusion 

This is the process where the solute molecules spread out by Brownian motion. It depends 

largely on the solute in solution diffusion property, Do, as it is a molecular scale phenomenon. 

However, we must also upscale this to the macro scale and so include the porosity, ∅,  and 

the formation electrical resistivity factor, F, so that: 

 𝐷𝑚𝑑 =
𝐷𝑜

𝐹∅
          [A3] 

A.1.2 Pore- or micro-scale dispersion 
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In a truly homogeneous medium there would be no dispersion of the solute (we ignore 

dispersion of water into oil and vice versa). However, pore sizes vary throughout a piece of 

rock due to variations in grain size and packing. The flow velocities vary as well and this 

causes an effective mixing of the fluids on top of molecular diffusion. When we consider the 

macro-scale as represented in Eq. A1, the variations in velocities alter the effective 

concentration of the solute. The spreading is also dependent on the average advection 

velocity, v. The pore scale dispersion coefficient is usually written as: 

𝐷𝑝𝑠𝑑 = 𝑣𝛼          [A4] 

where 𝛼 is the dispersivity. 

A.1.3 Macro-scale dispersion 

At the interwell or reservoir scale we may imagine that the flow in a reservoir unit can still 

be represented by a homogeneous model. In reality there will be variations in porosity and 

permeability at the metre and decametre scale, depending on the depositional system and 

post-deposition diagenesis and so on. If we upscale these variations effectively we can 

represent their impact as a macro-scale dispersion coefficient. This has been studied by 

Gelhar and Axness (1983), Jessen et al. (2004), Garmeh and Johns, (2010) and by Ghanbari 

et al. (2018) and the macroscale dispesivity can be tied to the macroscale heterogeneity.  

 

A2 Numerical diffusion and numerical dispersion 

The numerical representation of Eq. A1 may be written as: 

𝐶𝑆
𝑖,𝑚−𝐶𝑆

𝑖,𝑚−1

∆𝑡
+ 𝑣 

𝐶𝑆
𝑖,𝑚−𝐶𝑆

𝑖−1,𝑚

∆𝑥
=  D  

𝐶𝑆
𝑖+1,𝑚+1−2𝐶𝑆

𝑖,𝑚+1−𝐶𝑆
𝑖−1,𝑚+1

∆𝑥2
          [A5] 

where the index i indicates the ith grid cell and m the mth time step. Eq. A5 is fully implicit 

method in time with an upwind approximation for the first order derivative. 

Given that the Taylor expansion of 𝐶𝑆(𝑥, 𝑡) in neighbouring cells is: 

𝐶𝑆
𝑖−1,𝑚 = 𝐶𝑆

𝑖,𝑚 − ∆𝑥
𝜕𝐶𝑆

𝜕𝑥
+
∆𝑥2

2

𝜕2𝐶𝑆

𝜕𝑥2
−
∆𝑥3

3!

𝜕3𝐶𝑆

𝜕𝑥3
+
∆𝑥4

4!

𝜕4𝐶𝑆

𝜕𝑥4
+ 𝑂(∆𝑥5)          [A6] 
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with a similar expansion in time, we can replace Equation A5 with the terms in A6 and 

equivalent to examine the approximations made by ignoring terms with fourth order and 

above.  

𝜕𝐶𝑆

𝜕𝑡
−
∆𝑡

2

𝜕2𝐶𝑆

𝜕𝑡2
+ 𝑣 [

𝜕𝐶𝑆

𝜕𝑥
−
∆𝑥

2

𝜕2𝐶𝑆

𝜕𝑥2
+
∆𝑥2

3!

𝜕3𝐶𝑆

𝜕𝑥3
] = 𝐷

𝜕2𝐶𝑆

𝜕𝑥2
          [A7] 

Differentiation of Eq. A1 in time allows us to convert the second order derivative in time into 

spatial derivatives and the equation becomes: 

𝜕𝐶𝑆

𝜕𝑡
= −𝑣

𝜕𝐶𝑆

𝜕𝑥
+ 𝐷

𝜕2𝐶𝑆

𝜕𝑥2
+ 𝑣 [

∆𝑥

2
+
𝑣∆𝑡

2
]
𝜕2𝐶𝑆

𝜕𝑥2
− 𝑣 [2𝐷 +

∆𝑥2

6
]
𝜕3𝐶𝑆

𝜕𝑥3
          [A8] 

Lantz (1971) did this for second order terms only, ignoring the last one.  

The above equation can be solved by considering the discrete Fourier Transforms of Cs. In 

this analysis we ignore the specific boundary conditions and perform a more general analysis. 

As a Fourier Transform then 

𝐶𝑆 = ∑ �̂�𝑗(t)exp (𝑖𝑘𝑗𝑥)
𝑁
𝑗=1           [A9] 

�̂�𝑗 is a coefficient but it is time-dependent, kj is the jth wave number. Given that the Fourier 

Transform of a spatial derivative can be expressed in terms of the Fourier Transform, the 

solution to Equation A8 (ignoring boundary conditions) can be written as:  

�̂�𝑆 = ∑ �̂�𝑗(t = 0)e
i𝑘𝑗(𝑥−𝑣𝑡) e−𝑣[

∆𝑥

2
+
𝑣∆𝑡

2
+𝐷]𝑘𝑗

2𝑡𝑒
𝑖𝑘𝑗𝑣[2𝐷+

∆𝑥2

6
]𝑘𝑗
2𝑡𝑁

𝑗=1          [A10] 

The first exponential term represents the travelling wave that solves the advection equation 

in the absence of physical diffusion or dispersion. The second exponential term represents a 

dissipation term, assuming the term in the square brackets is positive, this perturbation will 

disappear in time. The third term, however, represents a perturbation to the travelling wave. 

Fourier components travel at different speeds in the numerical solution.   

Lantz (1971) defined the second order derivative term in A8 as numerical diffusion and this 

is often used in the literature. As shown in A10 this leads to a dissipation of high frequency 

terms very quickly followed by lower frequency terms. The second order term in A8 is often 

called numerical dispersion in petroleum engineering papers (e.g. Fanchi 1983; Sorbie and 

Mackay 2000; AlSofi and Blunt 2013; Hamid and Muggeridge 2018). This is because the 
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second order term is very similar to the dispersion term in the original equation, A1. We 

simply add extra terms to the coefficient. This explains why numerical dispersion can then 

be said to equate to physical dispersion when modelled appropriately. 

The third order term in Eq. 8 leads to the third exponential term in A10. This is often referred 

to as numerical dispersion outside of the petroleum industry. This is because the dispersion 

here refers to the behaviour in a wave sense and is analogous to the way that white light 

separates according to frequency in a prism. 
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Chapter 5: Semi-Analytical Solution of Chemical Flooding in 

Heterogeneous Non-Communicating Layers with a Focus on 

Low Salinity Water Flooding*              

      
Abstract  

Chemical flooding has been implemented intensively for some years to enhance 

sweep efficiency in porous media. Low Salinity Water Flooding (LSWF) is one such method 

that has become increasingly attractive. Historically, analytical solutions were developed for 

the flow equations for water flooding conditions, particularly for non-communicating strata. 

We extend these to chemical flooding, more generally, and in particular for LSWF where 

salinity is modelled as an active tracer and changes relative permeability. Dispersion affects 

the solutions and we include this also. 

Using fractional flow theory, we derive a mathematical solution to the flow equations 

for a set of layers to predict fluid flow and solute transport. Analytical solutions tell us the 

location of the lead (formation) waterfront in each layer. We extend a correlation that we 

previously developed to predict the effects of numerical and physical dispersion. We used 

this correction to predict the location of the second waterfront in each layer which is induced 

by the chemical’s effect on mobility. We show that in multiple non-communicating layers, 

mass conservation can be used to deduce the inter-layer relationships of the various fronts 

that form. This is based on similar analysis developed for water flooding although the 

calculations are more complex because of the development of multiple fronts.  

The result is a predictive tool that we compare to numerical simulations and the 

precision is very good. Layers with contrasting petrophysical properties and wettability are 

considered. We also investigate the relationship between the fractional flow, effective 

salinity range, salinity dispersion and salinity retardation. The recovery factor and vertical 

sweep efficiency are also very predictable. The work can also be applicable to other chemical 

EOR processes if they alter the fluid mobility. This includes polymer and surfactant flooding. 

 

 

 

 

* This is a preprint version of the paper Al-Ibadi, H., Stephen, K. D. and Mackay, E. (2020) ‘Semi-Analytical 

Solution of Chemical Flooding in Heterogeneous Non-Communicating Layers with a Focus on Low Salinity 

Water Flooding’ Journal of Transport in Porous Media.  
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Keywords: non-communicating layers, chemical water flooding, heterogeneity in a- 

petrophysical properties and b- wettability preferential, wettability alteration models. 

Highlights 

• We derive a semi-analytical solution of chemical flooding in porous media, including 

a retardation effect   

• We examine the precision of these forms against low salinity waterflooding models 

• The relationship between dispersion and front velocity is also included 

 

Introduction  

Multi-phase flow in porous media is studied in many disciplines and has a number of 

engineering applications including contaminant transport, ground water movement in water 

aquifers and as well as prediction of the behavior of oil and gas reservoirs. Chemical flooding 

in porous media has broad application where it can be used to reduce the effect of greenhouse 

emissions by injecting captured CO2 as carbonated water in reservoirs (Sari et al., 2020), 

improve production from gas hydrate formations (Hassanpouryouzband et al. 2018), enable 

nuclear waste storage and remediation of water aquifers (Zheng and Bennett, 2002) and is 

significant part of enhanced oil recovery (EOR) (Lake et al., 2014). In the oil and gas 

industry, such chemical flooding is often used to change fluid mobility properties (e.g. Lake 

1989; Lake et al., 1981; Sheng 2013a and b). For instance, polymers have long since been 

used to alter the viscosity of injected water, surfactants are known to change the interfacial 

tension between oil and water. More recently it has been accepted that rock wettability can 

be altered due to reactive transport of active ions such as low salinity and engineered water 

flooding (Tripathi and Mohanty 2008; Jackson et al. 2016; Khaledialidusti and Kleppe 2017; 

Mahani et al. 2017; Maes and Geiger 2018). LSWF mainly depends on injecting a diluted 

brine, and/or manipulating the active ion concentration, such as cations and sulfate so that a 

chemical reaction between fluid-fluid and fluid-rock causes the improvement in the 

displacement efficiency. However, the underlying physical or chemical mechanism is still 

under debate. Moreover, LSWF experiments show even further improvement of the sweep 
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efficiency by combining LSWF with other EOR components, e.g. with polymer (Alfazazi et 

al., 2019), surfactant (Tavassoli et al, 2016) and nano particles (Ali et al., 2019). In this paper 

we focus on low salinity effects that change wettability and model it by altering relative 

permeability. Additional effects such as fines migration are often considered to depend on 

fluid velocity as well as salinity (e.g., Chequer et al., 2019) and we ignore these processes in 

this paper.   

The equations that describe chemical flooding can be solved numerically so that we 

can approximate fluid flow of active and passive tracers in various systems. Passive tracers 

can be tracked through the reservoir but have no effect on the flow. Active tracers 

(Schlumberger 2018) will influence flow either through changes to relative permeability or 

more directly through explicit reactions. Representing changes to wettability simply by 

changing relative permeability (Jerauld et al. 2008, see also Appendix) offers an effective 

tool for reservoir scale simulations. Modelling reaction kinetics is more appropriate for core 

scale modelling where the rates should be captured more precisely. Analytical solutions can 

be obtained for traditional water flooding provided that certain assumptions apply such as 

flow in sets of non-communicating layers. We show elsewhere (Al-Ibadi et al., 2019a) that, 

under some conditions, flow in strongly communicating layers is quite similar such that there 

would be great value in deriving analytical solutions to obtain good approximations. 

In 1D homogeneous models of water flooding where gravity, capillary pressure and 

compressibility are ignored, a single shock front of the displacing phase is predicted, as 

described by Buckley and Leverett (1942). For chemical flooding in these conditions, the 

analytical solution predicts that changes to the relative permeability (i.e. mobility) will result 

in two shock fronts forming (Patton et al. 1971; Pope 1980).We have shown more recently 

that this solution can be extended to account for numerical or physical dispersion (Al-Ibadi 

et al. 2019a, b). We now develop this analysis to reservoirs with non-communicating layers. 

The observed well behavior will be more complex due to variations between the layers as 

each will have its own fluid velocity, displacement performance and breakthrough time. This 

is because the wells see the combined effect of various fronts arriving over time. Note that 
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the fluid velocity in each layer is a function of petrophysical properties, rock wettability and 

fluid viscosities, and all these factors are the subject of this study.   

In 2D non-communicating layered reservoirs, there exist mathematical solutions to 

the flow equations based on specific assumptions. For single phase flow, the relative flow 

capacity (the product of permeability and layer thickness) can be applied to allocate the total 

flux in each layer. This will be discussed later. Also, there exists an analytical solution of 

solute transport for single phase flow in non-communicating layers (Lake and Hirasaki, 1981; 

Shen, Tian and Moghanloo, 2016). For two phase flow, there is an analytical solution for 

piston-like displacement that can be used to predict the location of the shock front (Stiles 

1949; Dykstra and Parsons 1950; Lake 1989) in each layer. However, there is no clear 

analysis of solute transport in such a system. Similarly, for a Buckley-Leverett displacement 

in which there are two phases flowing behind a single formation water shock front, the 

velocity can be estimated mathematically (El-khatib 2001). This solution does not represent 

solute transport in such a system, however. Here, we present an analytical solution for models 

that predict two shock fronts in non-communicating layers (Lake et al., 2014). We also 

extend the work to include the impact of dispersion (either physical or numerical) which 

makes the fronts non-shock like (Al-Ibadi, et al., 2019d) and introduces retardation as a 

physical phenomenon. These processes are particularly relevant to LSWF due to the 

relatively sharp way in which the change in salinity alters wettability.  

Retardation is a significant process in chemical flooding and affects its performance. 

It has been observed both in laboratory and in simulation studies. For instance, in models that 

simulate the alteration of wettability due to the injection of low salinity or engineered water, 

various mechanisms result in adsorption of active ions such as Ca2+ and  Mg2+ (Lager et al. 

2006; Sharma and Mohanty 2018; Al-Shalabi and Sepehrnoori 2017) which slows down the 

front as a chemical retardation. Further, there is evidence that dispersion and diffusion can 

retard the active ion or salinity front as well (Al-Ibadi, et al., 2019d) causing the displacing 

fronts to be either accelerated or retarded as a function of the effective concentration range 

(Al-Ibadi, et al., 2018, 2019b). This creates a physical retardation. All these effects will be 

considered in this study in order to develop an analytical solution.    
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Earlier work on waterflooding only accounted for heterogeneity in static 

petrophysical properties, while in this work we include for the first time the additional impact 

of variations in wettability between layers, as represented by changes to the relative 

permeability curves. In order to derive an analytical solution of chemical flooding in such 

systems, first we calculate the relative location of formation water in each layer compared to 

that in the other layers. We focus on the breakthrough time of the whole reservoir, primarily, 

but these calculations can be extended to other times. Then, we calculate the location of the 

following chemical front relative to the formation waterfront in each layer. Afterwards, we 

calculate the time at which the fronts reach their location and hence the velocities of the 

chemical front, which are needed to calculate solute transport.  

The results of our paper can also be applied to the broader class of chemical flooding 

as part of EOR. Polymer flooding involves the modification of the injected fluid’s viscosity 

by tracking the concentration of the polymer. Similarly, surfactant floods additional result in 

a change from immiscible to miscible flow requiring additional changes to relative 

permeability. The approaches discussed here can be applied to any displacement process 

where relative permeability is modified by tracking a solute that is dissolved in water.   

In this paper we do the following. First, we give a brief description of mathematical 

equations that govern two-phase flow in 1D porous media for conventional water flooding 

and for chemical flooding. Then, we consider water flooding in 2D non-communicating 

layers, where we derive the mathematical terms that describe the location of the shock front 

of the displacing phase relative to that in the other layers. After that, we consider chemical 

flooding in 2D non-communicating layers, where we derive mathematical equations to 

calculate the location of the chemical front relative to the formation waterfront in the same 

layer. We calculate the dimensionless time using pore volumes injected (PVI) at any given 

location of these fronts. Then we generalize this work to a multi-layer system.   

 

 

 



Chapter 5: Semi-Analytical Solution of Chemical Flooding… 
 

 

146 
 

Problem statement and model set up  

We considered a stratified porous medium in which each layer was aligned to the 

horizontal, of equal area and constant thickness. Each layer was homogeneous at the model 

scale but petrophysical properties and thickness were often distinct from the other layers. We 

focused on permeability contrast primarily in numerical experiments but generalized the 

equations which include all these variables. Each layer was separated from the others by a 

barrier, e.g. shale or marl beddings, so that vertical communication was zero, as shown in 

Fig. 1 for two layers. We ignore gravity and capillary effects. Diffusion and physical 

dispersion that was induced by fine scale heterogeneity was replaced by numerical 

dispersion. This was a two step process. Firstly, we assumed that a heterogeneous medium 

was replaced by a homogeneous one at the model scale where the effect of variations in 

petrophysical properties was represented by dispersion terms in the continuum scale 

mathematical model. This is a classical approach and required that the heterogeneities had a 

limited length scale of variability. Then we assumed that the dispersion terms could be 

represented via numerical dispersion by choosing an appropriate size of grid cell and time 

step. For a more detailed discussion see Al Ibadi et al. (2019b). This has been discussed for 

some time in the literature (Jerauld et al., 2008, discussed it in the context of LSWF). Details 

about replacing this kind of physical dispersion by equivalent numerical dispersion can be 

found in Ghanbari et al. (2018) and Garmeh and Johns (2010). A sector scale model was 

considered in which we defined a producer and injector, as displayed in Fig. 2a.  
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Fig. 1: Sketch of non-communicating stratified model where there are two layers, the 

upper layer was the high permeability layer and the lower layer was low permeability 

layer. Petrophysical and mobility variables and functions were constant within the 

layers but variable between them. 

Flow in the layers was strongly affected by the contrast in permeability. Fig. 2 illustrates 

that in each layer there were two shock fronts, the first was the formation waterfront and the 

second was the chemical (low salinity) front. Fig. 2b shows the pressure profile in two layers 

illustrating the potential for crossflow if the barriers were removed. Individual layers behaved 

as if they were in isolation except for the flow rates which depended on behavior at the wells. 

A larger volume of injected fluid went to the high permeability layer. In single phase flow 

this was controlled by the flow capacity (the product of permeability and layer thickness). In 

two phase flow, the dynamic variation of mobility altered the flow rates in the layers over 

time such that flow capacity gave inaccurate prediction. This resulted in the high permeability 

layer having an earlier breakthrough. In contrast, porosity variations had the opposite effect 

such that the high porosity layer had a late breakthrough though both had the same flux. This 

was because the interstitial velocity was affected by porosity. This in turn affected the 

displacement efficiency and the performance of the injected compound. These types of 

relationships are understood well for single phase flow. In this work, we addressed the 

interactions of these factors in the presence of two-phase flow, which depended on fluid 

mobility factors. We will answer the following questions:  
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• How much does the contrast in petrophysical properties affect the fractional flow 

in each layer?  

• How will retardation affect the fractional flow in each layer compared to 1D 

models? 

• How will the results be affected if different relative permeability curves are used 

(e.g. for a change of wettability)? 

• How will solute be transported in such a system?  

We will answer all these questions by finding a mathematical equation that describes fluid 

flow, to help evaluate the performance and the productivity of this flooding process.  

A black oil simulator (Schlumberger, 2018) was used to compare the analysis versus 

the numerical result. For the base case, ∆x =1 ft (3500 cells in x-direction), ∆z =75 ft (2 layers 

in z-direction) and ∆y = 1800 ft (1 cell in y-direction). The grid cell size in the x-direction 

was then modified for various coarse models to examine the effect of numerical dispersion, 

which can be used to mimic the physical dispersion that may be induced in a heterogenous 

system, where both spread out the salinity front and the water saturation. The similarity 

between numerical and physical dispersion has been known for some time (Lantz, 1971) and 

we have previously discussed using the former to represent the latter in some detail (Al-Ibadi, 

et al., 2019b) . Two sets of relative permeability were then used, one set to simulate fluid 

flow behavior for high salinity formation water and another to simulate fluid flow after the 

salinity has been reduced. Moving from one set to another is salinity dependent where 

interpolations take place as shown in the Appendix. Further details of the models and fluid 

properties are given in Table 1. 
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Fig. 2: Fluid flow in a non-communicating stratified models for a LSWF showing (a) 

water saturation distribution indicating separate fronts and (b) pressure variation 

along each layer which would result in crossflow if layers were in communication. The 

pressure changes slope suddenly at the formation water front and more slowly over the 

low salinity front.   
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Table-1: The parameters of the reservoir model 

Property Value (units) 

Porosity 20% 

Absolute permeability  200 mD 

Net to gross 95% 

Oil density  0.77 kg/L 

Water density  1 kg/L 

Rock compressibility @ datum 5.843E-05 bar -1 

Datum depth 2461 m 

Initial pressure @ datum 448 bar 

𝑺𝒘𝒊 20% 

Injection rate 1749 Rm3/day 

Production rate 1749 Rm3/day 

Water viscosity  1 cP 

Oil viscosity  1 cP 

Reservoir length 1066.8 m 

Reservoir width 548.6 m 

Reservoir height  45.7 m 

Formation water salinity 200,000 mg/L 

Injected water salinity 1,000 mg/L 

  

 

Two phase flow equations in 1D models 

We considered two phase flow in a porous medium in which the fluids were 

immiscible and incompressible. The models consisted of layers that were isothermal and 

isotropic and had homogenous petrophysical properties at the model scale and the rocks were 

incompressible. Properties could vary between layers, however. We assumed the fluids 

flowed in one direction. For thin layers capillary effects may dominate vertical flow, 

generally, producing near one dimensional flow. An assumption of thinner layers also allows 
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us to ignore viscous fingering effects within a layer for higher viscosity oil. Meanwhile for 

thicker layers, gravity effects may be ignored if the vertical permeability is low but viscous 

fingering may become an issue for high viscosity oils. We ignored horizontal capillary 

effects, setting Pc = 0. The mathematical model for this equation consisted of mass 

conservation equations for the oil and water phases. Salinity was modelled as an active tracer 

dissolved in the water phase. There was no adsorption nor absolute change to permeability 

which may occur from the movement of fines. The flow equations were defined by: 

∅
𝜕𝑆𝑤

𝜕𝑡
+
𝜕𝑢𝑤

𝜕𝑥
= 𝛼𝑤𝑢𝑤

𝜕2𝑆𝑤

𝜕𝑥2
+ 𝑞𝑤𝑖 − 𝑞𝑤𝑝             [1.1] 

∅
𝜕𝑆𝑜

𝜕𝑡
+
𝜕𝑢𝑜

𝜕𝑥
= 𝛼𝑜𝑢𝑜

𝜕2𝑆𝑜

𝜕𝑥2
− 𝑞𝑜𝑝              [1.2] 

∅
𝜕

𝜕𝑡
(𝑆𝑤𝐶𝑆) +

𝜕

𝜕𝑥
(𝐶𝑆𝑢𝑤) = 𝛼𝑐𝑢𝑤

𝜕2𝑆𝑤𝐶𝑆

𝜕𝑥2
+  𝐶𝑆

𝑖𝑛𝑗
𝑞𝑤𝑖 − 𝐶𝑆𝑞𝑤𝑝          [1.3] 

𝑆𝑤 + 𝑆𝑜 = 1                 [1.4] 

The above model contains an explicit representation of dispersion processes through the 

dispersivity terms multiplying the second order spatial derivatives. Physically these terms 

represent the influence of heterogeneity at a scale below that represented by the mathematical 

model. Usually this is negligible in the mathematical model for waterflooding. The terms 

also arise from the numerical representation of the equations even when the physical 

dispersion is missing (Lantz 1971). In that case the cell size and time steps define the 

dispersivity.  

The flux is given by Darcy’s Law: 

𝑢𝑤 = −𝐾
𝑘𝑟𝑤( 𝑆𝑤,𝐶𝑆)

µ𝑤

𝜕𝑃𝑤

𝜕𝑥
  

𝑢𝑜 = −𝐾
𝑘𝑟𝑜( 𝑆𝑤,𝐶𝑆)

µ𝑜

𝜕𝑃𝑜

𝜕𝑥
  

𝑃𝑐 = 𝑃𝑜 − 𝑃𝑤 = 0               [2] 

The reservoir models were assumed to be in hydrostatic equilibrium at t=0 such that the 

pressure was uniform horizontally and pressure potential was uniform across all layers. The 
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saturations are given by the irreducible water saturation of the high salinity relative 

permeability curves. No flow boundary conditions were assumed and a source term, 𝑞𝑤𝑖, was 

added for a water injector at x=0 and sink terms (𝑞𝑤𝑝 and 𝑞𝑜𝑝 for water and oil production 

respectively) were added at x = L for a producer. Constant rate injection and constant rate 

liquid production were applied to each well. The model also represented flow in an open well 

in which a bottom hole pressure, Pbhp was defined. For Nlayer multiple layers, the total flow 

into and out of the reservoir was 

𝑞𝑇𝑖 = ∑ 𝑞𝑤𝑖
𝑗

𝑁𝑙𝑎𝑦𝑒𝑟

𝑗=1

= ∑
𝑃𝐼𝑤𝑖

𝑗

∆𝑉
(𝑃𝑏ℎ𝑝 − 𝑃𝑤

𝑗

𝑁𝑙𝑎𝑦𝑒𝑟

𝑗=1

(𝑥 = 0)) 

𝑞𝑇𝑝 = ∑ (𝑞𝑤𝑝
𝑗𝑁𝑙𝑎𝑦𝑒𝑟

𝑗=1 + 𝑞𝑜𝑝
𝑗
) = ∑

𝑃𝐼𝑤𝑝
𝑗

∆𝑉
(𝑃𝑏ℎ𝑝 − 𝑃𝑤

𝑗𝑁𝑙𝑎𝑦𝑒𝑟

𝑗=1 (𝑥 = 𝐿)) + ∑
𝑃𝐼𝑜𝑝
𝑗

∆𝑉
(𝑃𝑏ℎ𝑝 −

𝑁𝑙𝑎𝑦𝑒𝑟

𝑗=1

𝑃𝑜
𝑗
(𝑥 = 𝐿))                    [3] 

Where 

𝑃𝐼𝑓𝑝
𝑗
=

2𝜋𝐾𝑗ℎ𝑗

𝜇𝑓 ln(
𝑟𝑒
𝑟𝑤
)
𝑘𝑟𝑓(S𝑤(x = L))                  [4] 

The equations were solved numerically using a decoupled implicit scheme 

(Schlumberger 2018). The oil and water phases were solved first implicitly and then the 

salinity was solved for the new time step, n+1 in cell i: 

𝑆𝑤
𝑖,𝑛+1 = 𝑆𝑤

𝑖,𝑛 −
∆𝑡

∅∆𝑥
( 𝑢𝑤

𝑖,𝑛+1(𝑆𝑤
𝑖,𝑛+1, 𝐶𝑆

𝑖,𝑛+1) − 𝑢𝑤
𝑖−1,𝑛+1(𝑆𝑤

𝑖−1,𝑛+1, 𝐶𝑆
𝑖−1,𝑛+1   ))   

𝑆𝑜
𝑖,𝑛+1 = 𝑆𝑜

𝑖,𝑛 −
∆𝑡

∅∆𝑥
( 𝑢𝑜

𝑖,𝑛+1(𝑆𝑜
𝑖,𝑛+1, 𝐶𝑆

𝑖,𝑛+1) − 𝑢𝑤
𝑖−1,𝑛+1(𝑆𝑜

𝑖−1,𝑛+1, 𝐶𝑆
𝑖−1,𝑛+1))  

(𝑆𝑤𝐶)
𝑖,𝑛+1 = (𝑆𝑤𝐶)

𝑖,𝑛 −
∆𝑡

∅∆𝑥
( 𝑢𝑤

𝑖,𝑛+1(𝑆𝑤
𝑖,𝑛+1, 𝐶𝑆

𝑖,𝑛+1)𝐶𝑖,𝑛+1 −

𝑢𝑤
𝑖−1,𝑛+1(𝑆𝑤

𝑖−1,𝑛+1, 𝐶𝑆
𝑖−1,𝑛+1)𝐶𝑖−1,𝑛+1)  

𝐶𝑆
𝑖,𝑛+1 =

(𝑆𝑤𝐶𝑆)
𝑖,𝑛+1

𝑆𝑤
𝑖,𝑛+1                    [5] 
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In the above numerical equations there is no explicit representation of dispersion. Eq. 5 is 

usually used as the discretized version of Eq. 1 where there is no dispersion. However, Eq. 5 

is a more precise representation of Eq. 1 where dispersivity is numerical and 𝛼 = 𝑣∆𝑡 +

∆𝑥 . Injector and producer wells were indicated by a source and sink term respectively in the 

cells for i=1 and i=Nx. The scaling factor of ∆V was set to the volume of the grid cell to 

calculate injection rates. 

First, we considered that there was no compositional variation, i.e. a single relative 

permeability function is used. The Buckley Leverett (1942) equations were solved for 

waterflood using the method of characteristics and the Welge tangent (Welge 1952) to derive 

the velocity of the saturation, 𝑆𝑤
𝐹 ,  at the front as: 

𝑑𝑥

𝑑𝑡
|
𝑆𝑤
𝐹
=

𝑣𝑡

∅

𝜕𝑓𝑤

𝜕𝑆𝑤
|
𝑆𝑤
𝐹

                  [6] 

where 𝑣𝑡 is the total fluid flux for oil and water and fw is the fractional flow. 𝑆𝑤
𝐹  was derived 

from the fractional flow curve, plotted versus saturation, and a line was drawn from the 

minimum mobile water saturation to the fractional flow curve as a tangent (Welge 1952). 

The fractional flow at the front, 𝑓𝑤
𝐹 , was also obtained from this curve. 

 For chemical flooding on the other hand, two sharp fronts were formed. In normal 

and chemical waterflooding, the formation water is pushed ahead of the injected water and a 

front forms. In low salinity water flooding, the solute in the injected water releases oil and 

also for a given saturation, the formation water tends to be more mobile than the injected 

water. Thus a second front occurred in the simulations which was coincident with the front 

of the injected solute in the absence of dispersion, capillary pressure, and other spreading 

effects. The salinity front followed the advection equation but remained as a sharp front. This 

is the case for a typical sharp transition where the effective salinity range is narrow. If the 

effective salinity range is broad and there is dispersion (i.e. the salinity has a mixing zone) 

then the second front will be smoothed out.  
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Fractional flow theory has been extended for the chemical flow. We ignore the details 

of the analysis here and refer to Patton et al. (1971) and Pope (1980) who derived the velocity 

of the concentration front: 

𝑑𝑥

𝑑𝑡
|
𝑆𝑤
𝐶
=

𝑣𝑡

∅
×

𝑓𝑤
𝐶

𝑆𝑤
𝐶+𝐷

                                           [7] 

𝑆𝑤
𝐶  and 𝑓𝑤

𝐶 are the saturation and fractional flow at the second front. D is a retardation 

effect accounting for a slowdown of the front. The impact of chemical retardation on 

fractional flow in 1D models has been discussed previously (Pope, 1980; Borazjani, et al., 

2016; Khorsandi, et al., 2017). This is usually due to some chemical reaction such as 

adsorption which depletes the transporting fluid of the active component. This occurs at the 

head of the injected water front. Once the active component has been reduced, a proportion 

of injected water then behaves more like the formation water. This results in a slow down of 

the effective front and this retardation is then an effect of adsorption. This is not the only 

process that can cause the effective injected water front to be retarded. Purely physical 

processes such as dispersion may induce a similar retardation effect. Dispersion of the solute 

may occur as a result of fine scale heterogeneity and capillary pressure for example. In 

numerical models we may also have significant numerical dispersion. We have presented 

evidence of this dispersion induced retardation previously for LSWF simulations where 

salinity caused a change in wettability (more details can be found in Al-Ibadi et al., 2018, 

2019b). The key to this effect is the range of chemical concentrations over which the 

wettability changes relative to the mixing zone created by dispersion. In LSWF, for example, 

the salinity must drop to a certain level before any effect is seen. If that level is below the 

mid-point of the formation and injected water salinities (i.e. it is in the trailing part of the 

mixing zone) then dispersion effectively slows down the effect of salinity. The critical 

salinity is reached after the time taken for an advection dominated shock front to pass a point 

in the reservoir. The low salinity front is effectively retarded even though there is no removal 

of the solute. This is because a significant volume of the injected water has high enough 

salinity that it behaves like formation water. In such conditions, Eq. 7 may be used to predict 

the effective salinity front with D > 0. As a consequence to this, the volume of water with the 

properties of the formation water is increased, effectively, leading to a faster moving 
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formation water front. On the other hand if the critical salinity required to change wettability 

lies in the advanced part of the dispersion induced mixing zone, the effect is one of 

acceleration. Then D < 0 in Eq. 7. In that case the formation water front is slowed down. In 

this paper we ignore adsorption of the salinity but this could be added to affect retardation. 

We leave verification of this to further work.  

The saturations and velocity of the fronts were obtained by a similar solution to the 

waterflood problem (Fig. 3). The fractional flow curves of the formation water and the 

injected solution were plotted against saturation. If D is known, we can start at 𝑆𝑤 = −𝐷 and 

draw a line as a tangent to the fractional flow curve for the injected solution. The point of 

contact gives 𝑆𝑤
𝐶  and 𝑓𝑤

𝐶 . The line passes through the fractional flow curve for the formation 

water to give the saturation, 𝑆𝑤
𝐹 , and fractional flow, 𝑓𝑤

𝐹, for the formation water front. If D 

is not known then we can infer it by plotting fractional flow against saturation and then 

drawing the same tangent through the highest fractional flow and saturation value reached 

on the high salinity curve to the saturation axis. D is then given by the intercept with the 

saturation axis.  

 

Fig. 3: (a) Relative permeability versus water saturation for LSWF as an example of 

chemical flooding and (b) the corresponding fractional flow. This can be used as a 

graphical method to estimate fw and Sw at the formation waterfront and second 

chemical front. The grey, black, and green lines are for cases with retardation (D>0), 

zero retardation (D=0) and acceleration, (D < 0) respectively. 
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The velocity of the second waterfront is the same as for the solute as in Eq. 7 while 

the formation waterfront velocity is given as: 

𝑑𝑥

𝑑𝑡
|
𝑆𝑤
𝐹
=

𝑣𝑡

∅
×

𝑓𝑤
𝐹

𝑆𝑤
𝐹−𝑆𝑤𝑖

                              [8] 

where 𝑆𝑤𝑖 is the initial (irreducible) water saturation.  

In LSWF, it is often observed that the change in wettability occurs over a relatively 

narrow range of salinity. The injected salinity must be less than the minimum of the range 

for optimal results while the formation water salinity is often much larger. Thus, the mid-

point of the effective salinity range, 𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

, can be expressed in dimensionless form as 

the fractional distance between the injected salinity and the formation water salinity. If it is 

less than halfway then dispersion therefore slows down the change of wettability relative to 

the shock front condition that is usually assumed in the analytical solution. This gives a 

physical retardation as described just above. In the case of numerical and physical retardation, 

D can be obtained (Al-Ibadi et al., 2019b) from the input data as:  

 𝐷 =  
𝑓𝑤
𝐶

𝑓𝑤
𝐶

𝑆𝑤
𝐶  −(

∅

𝑣𝑡
) (𝑣𝑟𝑒𝑓− (𝑣𝐴

𝑀𝑖𝑑+((1−𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

)
3
× 
(𝑣𝐹∗−𝑣𝐶∗ )

√𝑁𝑝𝑒
   )))

− 𝑆𝑤
𝐶             [9] 

where 𝑣𝑟𝑒𝑓 is the velocity of the solute front for a reference case in which there is zero 

retardation; 𝑣𝐴
𝑀𝑖𝑑 is the velocity that the true concentration, 𝐶𝑑

𝑚𝑖𝑑−𝑒𝑓𝑓
, would travel in an 

imaginary situation where 𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

 = 1 (in which case the wettability changes 

instantaneously). The advantage of this hypothetical condition is that we can obtain the 

solution analytically (for details see Al-Ibadi, et al., 2019b). 𝑣𝐶∗ and 𝑣𝐹∗ are injected and 

formation water velocities respectively for the analytical solution with D = 0 in Equations 2 

and 3 above respectively; 𝑁𝑝𝑒 is the Peclet number which reflects the ratio of advection rate 

to the dispersion rate. Thus, the advection velocity of the chemical waterfront for any given 

𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

 is as follows: 
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𝑑𝐶𝑠

𝑑𝑡
|
𝐶𝑜
= 

𝑣𝑡

∅

𝑓𝑤
𝐶

𝑆𝑤
𝐶 − (𝑣𝑟𝑒𝑓 − (𝑣𝐴

𝑀𝑖𝑑 + ((1 − 𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

)
3
× 

(𝑣𝐹∗−𝑣𝐶∗ )

√𝑁𝑝𝑒
   )))                      [10] 

The impact of D on the graphical representation is illustrated in Fig. 3.   

Analytical solution of fractional flow behavior in 2D models 

As we mentioned in the introduction, for single phase flow in a non-communicating 

layered system, the flow capacity can be used to calculate the volumetric flow rate, 𝑞𝑤𝑖
𝑗

, 

entering each layer, as follows:  

𝑞𝑤𝑖
𝑗
= 

(𝑘ℎ)𝑗

∑ (𝑘ℎ)𝑗𝑁
𝑗=1

 𝑞𝑇𝑖                 [11] 

For two phase flow cases, Lake (1989) present an equation to describe piston-like 

displacement for traditional water flooding. This is based on the work of Stiles (1949) and 

also Dykstra and Parsons (1950). In this case we discuss the case of variable permeability 

and porosity such that high permeability layers will have earlier breakthrough indicating 

“faster layers”.  Based on this (for details see Lake, 1989), we can determine the frontal 

position of the low permeability layer at the time the fastest layer has breakthrough: 

𝑥𝐷2
0 =

{( 𝑀𝐹)
2
+ 
1−( 𝑀𝐹)

2

𝑅
}

1
2

−𝑀𝐹 

1−𝑀𝐹                 [12] 

This was derived for models with the same relative permeability functions in each layer 

with: 

𝑅 =  
𝑘1𝜙2

𝑘2𝜙1
                  [13] 

𝑀𝐹 is the ratio of total mobility across the shock front, since Eq. 12 was derived for piston-

like displacement, such that 𝑀𝐹 = 𝑀𝐹𝑒 where 𝑀𝐹𝑒  is the endpoint mobility ratio and can be 

calculated as: 

𝑀𝐹𝑒 =
𝑘𝑤
𝑒 𝜇𝑜

𝜇𝑤𝑘𝑜
𝑒                  [14] 
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Fig. 4: Numerical result against analytical solution to determine the location of 

waterfront (saturation) of the low permeability layer where the high permeability layer 

= 200 md and the low permeability layer was (a) 20 mD and (b) 100 mD.  The results 

are shown at the time of breakthrough in the fast layer for each case. 

Fig. 4 shows the validity of these equations against simulator results for two scenarios 

of permeability contrast at breakthrough time in the fast layer. The simulator result was 

obtained with a fine scale grid which produced negligible dispersion. We see that the 

analytical solution matches the numerical result very well. Please note that in the results that 

follow where we compare the analytical solutions to the numerical models, the plots are 

obtained at the time of breakthrough in the fastest layer. This was defined based on the visual 

detection of a rise in saturation in the grid cells at the producer. It means that when we 

consider changing permeability contrast, the graphs are shown at different PVI.  

 In order to extend this work to non-piston-like displacement we use the term 𝑀𝐹𝑒  to 

be the ratio of total mobility across the formation water shock front for Buckley-Leverett 

displacement. For chemical flooding displacements, 𝑀𝐹 will be the ratio of total mobility 

across the formation waterfront. Thus, 𝑀𝐹 in Eq. 7 is: 

𝑀𝐹 =
𝜆𝑡
𝐹

𝜆𝑡
𝑜                      [15] 

where 𝜆𝑡(𝑆𝑤) is the total mobility for any saturation: 

𝜆𝑡(𝑆𝑤) =
𝑘𝑟𝑤(𝑆𝑤)

𝜇𝑤
+
𝑘𝑟𝑜(𝑆𝑤)

𝜇𝑜
               [16] 
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and where 𝜆𝑡
𝐹 ≡ 𝜆𝑡(𝑆𝑤

𝐹), the total mobility at the saturation of the formation waterfront and 

𝜆𝑡
𝑜 ≡ 𝜆𝑡(𝑆𝑤𝑐), the total mobility ahead of the formation water for secondary recovery. 𝜆𝑡

𝑜  is 

simply the mobility of oil as the water mobility is zero for this saturation. 

The next step is to determine the location of the chemical front in each layer. The 

fractional flow theory in 1D tells us that the velocities of the chemical and formation water 

shock fronts (𝑣𝐶and 𝑣𝐹, respectively) are related to each one other. We will use this principle 

to extend it to a 2D model by dividing Eq. 7 by Eq. 8 to get:  

𝑑𝑥

𝑑𝑡
|
𝑆𝑤
𝐶

𝑑𝑥

𝑑𝑡
|
𝑆𝑤
𝐹

=
𝑣𝐶

𝑣𝐹
= 

𝑓𝑤
𝐶

𝑆𝑤
𝐶 +𝐷

𝑓𝑤
𝐹

𝑆𝑤
𝐹 −𝑆𝑤𝑖

               [17] 

We can eliminate the time in the velocity term above (since we calculate the location of each 

front at the same time). Thus, using dimensionless distance Eq. 17 will become:    

𝑥𝐷𝑙
𝐶 =

𝑣𝐶

𝑣𝐹
𝑥𝐷𝑙
𝐹                             [18] 

A similar form can be derived to predict the rarefaction wave, (i.e. the saturation 

distribution behind the chemical front) as follows: 

𝑥𝐷𝑙
𝑅 (𝑆𝑤

𝑅) =

𝑓𝑤
𝑅

𝑆𝑤
𝑅−𝑆𝑤

∗

𝑓𝑤
𝐹

𝑆𝑤
𝐹 −𝑆𝑤𝑖

𝑥𝐷𝑙
𝐹                [19] 

where 𝑓𝑤
𝑅 is the fractional flow for any given saturation, 𝑆𝑤

𝑅, behind the chemical front, 𝑆𝑤
∗  is 

given by intersect the tangent of (𝑓𝑤
𝑅 , 𝑆𝑤

𝑅) in the 𝑆𝑤-axis. The graphical method of fractional 

flow can be used to estimate the fractional flow and saturations for both formation and 

chemical fronts (Al-Ibadi, et al.,  2019b) where 𝑥𝐷𝑙
𝐹  is already calculable using Eq. 12 with 

𝑀𝐹 obtained from Eq. 15.  

We checked the precision and validity of these derived equations using the simulator 

to investigate both frontal velocities. Fig. 5 shows the validity of using the mobility defined 

by Equations 15, 16 and, 19 and substituted in Eq. 12 for water flooding as a Buckley-

Leverett displacement. Fig. 6 indicates the validity of using 𝑀𝐹 in chemical flooding to be 
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defined as the ratio of total mobility across the formation shock front, i.e. the lead front in 

Fig. 6.  

For the chemical flooding cases, we first ran the simulator with zero chemical 

retardation, i.e. zero adsorption or desorption, and negligible physical retardation. The latter 

was achieved by assuming that wettability was altered along the active ion front. In other 

words, the effective salinity range was symmetric about the mid-point salinity of the injected 

and formation waters. We simulated wettability changes as a function of salinity but could 

have considered Ca2+ or Mg2+ directly just as easily. This approach is also applicable for any 

sort of chemical flooding such, as polymers or surfactants, in which the chemicals change 

the relative permeability. Fig. 6 compares frontal positions for the numerical results as well 

as the analytical solutions obtained from Eq. 18 and 19 for the chemical fronts (low salinity 

front in this case) and rarefaction wave respectively.  Eq. 12 and Eq. 15 were used to obtain 

the formation waterfront. The match was good for the various scenarios of permeability 

contrast. The simulated formation water fronts were sharp. There is some spread in the 

salinity front, as a combination of the finite width of the effective salinity range combined 

with dispersion. The main location of the front was matched well though. The dispersion was 

varied by changing cell size (Fig 6c) and in the absence of physical retardation, there was a 

good match for the mid-point of the various dispersed water fronts. 

 

Fig. 5: Saturation along the model for Buckley Leverett type displacement, plotted at 

the time of breakthrough in the faster layer. The numerical simulation result is 

compared to the analytical solution. All models had a high permeability of 200mD while 

low permeability was (a) 20mD and (b) 100mD.  
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The equations above can be used to calculate the fronts in models with variable cross-

sectional area, i.e. different width or height. This is because the location of the chemical front 

in each layer relative to the formation water location is solely affected by the relative mobility 

as defined by Eq. 18. Moreover, the location of the formation waterfront relative to the 

position of the formation water in the other layer is merely a function of petrophysical and 

wettability contrast that are defined by Eq. 12. The impact of changing thickness or width is 

to alter the flow capacity. Once we have adjusted that and we know the volumetric injection 

rate and total flux then the rest of the equations can be applied. The result of changing the 

thickness alters the volumetric rate assigned to each layer and slows down the fronts. 

However, the relative effect is shared across fronts equally so that the ratio of velocities is 

unchanged. In Fig. 7 we examine a scenario where each layer was given a different thickness. 

We see that: 1) the analytical solution is still applicable, 2) the frontal locations were the 

same as that in Fig. 6b. Fig. 7 is shown at a different time compared to Fig. 6, but both were 

obtained at breakthrough in the fastest layer.  

 

 

 

Considering the Retardation Effect  

We introduced the concept of the retardation or acceleration of the low salinity front 

in the text above along with the acceleration or retardation of the formation water front which 

may arise various chemical (e.g. adsorption) and physical (e.g. dispersion) processes. So far, 

we have examined models that had zero chemical or physical retardation effects. We now 

investigate this retardation or acceleration  effect due to dispersion in the 2D model. We first 

show that the analytical model the fails to predict the simulated behavior (Fig. 8) then we 

show that we can amend these (Fig. 9) using results observed previously (Al-Ibadi et al., 

2019c). Changes to the velocity of the flood fronts are derived using the corrective term, D. 

Fig. 8 shows simulations where the wettability was changed due to chemical flooding 

(LSWF) under various scenarios of effective salinity range. We reported previously that for 

models with a low mid-point concentration of the effective salinity range, a numerical and 
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physical retardation effect was apparent (Al-Ibadi et al., 2018; 2020). On the other hand, 

acceleration was observed when the mid-point of the effective salinity range was close to the 

formation water salinity. We see this for the set of models in Fig. 8. For models where 

interaction happens across the whole of the salinity front, i.e. the effective salinity range 

covers all of the solute profile, there was negligible retardation or acceleration effect. Fig. 8b 

represents various cases of dispersion coefficients where all have the same limited range of 

effective salinity range, i.e. 1,000-7,000 mg/L. We note that the retardation effect grew as 

dispersion was increased. Over all, the retardation effect in the 2D models was similar to that 

in the 1D model as described by (Al-Ibadi, et al., 2019b). However, it is clear from Fig. 8 

that retardation and acceleration render the calculation of the fronts by the analytical methods 

unreliable.  

In order to better describe models affected by retardation analytically, Eq. 18 can be 

used to account for the retardation factor, D. We will now explore this approach with a 

particular case. We used the numerical result to give us the velocity ratio in Eq. 17 and 

applied this in Eq. 19. We then compared that to the analytical equivalent of Eq. 18. Table 2 

shows the calculations from the simulator. 𝑥𝐷𝑙
𝐹  and 𝑀𝐹 were obtained from Eq. 12 and Eq. 

18 respectively. In Table 3 we show the calculations for Eq. 18 to estimate the analytical 

values of the same data. fw and Sw for each front were obtained graphically as in Fig. 3 and 

D was calculated using Eq. 9. The calculated positions match very well. Fig. 9 shows the 

analytical solution of water saturation distribution that was obtained using Eq. 18. A good 

match with the numerical result was observed. However, for more dispersion dominated 

coarse models (i.e. low Npe) the saturation fronts tended to more spread out. The spreading 

was milder for the formation waterfront while dispersion combined with the finite width of 

the effective salinity front added to the spreading of the low salinity front. While this 

spreading was largely numerical in nature in this simulation, we consider the results to be 

fairly precise as we are using numerical dispersion to emulate physical equivalence. The main 

point, however, is that the fronts were predicted reasonably well by the analytical model even 

if their precise nature is not.    
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Fig. 6: Saturation as a function of dimensionless distance along the model comparing 

numerical simulations and the analytical solution of the waterfronts for chemical 

flooding (low salinity water) and formation water. The high permeability layer is 

200mD while the low permeability is (a) 100mD, (b) and (c) 20 mD.  Results are shown 

at the time of breakthrough in the fast layer for each model. The timings are different 

for (a) compared to (b) and (c). Solid and dashed lines indication simulation results in 

the high and low permeability respectively. Dotted lines indicate the analytical solution. 

In (c) the numerically defined dispersion coefficients were varied by changing cell size 

as indicated by different coloured solid and dashed lines. 
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Fig. 7: Saturation plotted against dimensionless distance along the model comparing 

simulator results to the analytical solution for models with different layer thickness 

where the thickness of high and low permeability layers was 100 ft and 50 ft 

respectively. The results are shown at the time of breakthrough in the fastest layer. The 

high and low permeability values were 200 mD and 100 mD respectively. Note that the 

front locations are identical to the models in Fig. 6a. 

 

Table 2: Calculations of the location of the second fronts using Eq. 18 and velocities 

obtained directly from the simulator. In these simulations, the permeabilities were 200 and 

100 mD as in Fig. 9b. 

𝐶𝑠
𝑅−𝑒𝑓𝑓

 

x 1000 mg/L 

 

(𝑁𝑝𝑒)𝑛𝑢𝑚 

 𝑣𝐹 

Obtained from 

Simulator  

𝑣𝐶 

Obtained 

from 

Simulator 

𝑥𝐷
𝐶  

High Perm 

Eq. 18 

𝑥𝐷
𝐶  

Low Perm 

Eq. 18 

1-7 1060 2.27 1.24 0.54 0.34 

1-7 448 2.39 1.175 0.49 0.31 

1-7 66 2.67 1.012 0.37 0.24 
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Table 3: Calculations of the location of the second fronts using the analytical solution 

combined with the graphical method as illustrated by Eq. 15. In these simulations, the 

permeabilities were 200 and 100 mD as in Table 2. 

𝐶𝑠
𝑅−𝑒𝑓𝑓

 

x 1000 

mg/L 

 

𝑁𝑝𝑒−𝑛𝑢𝑚 

D 

Eq. 4 

𝑓𝑤
𝐹

𝑆𝑤𝐹 − 𝑆𝑤𝑖
 

Obtained 

graphically 

𝑓𝑤
𝐶

𝑆𝑤
𝐶 + 𝐷

 

Obtained 

graphically 

𝑥𝐷
𝐶  

High 

Perm 

Eq. 18 

𝑥𝐷
𝐶  

Low 

Perm 

Eq. 18 

1-7 1060 0.06 1.9 1.075 0.55 0.35 

1-7 448 0.09 2.0 1.016 0.49 0.31 

1-7 66 0.3 2.3 0.833 0.36 0.23 

 

Application to interlayer variations in relative permeability 

In this section we consider models where the relative permeability was varied between layers 

in addition to the static petrophysical properties. This was equivalent to a situation where the 

wettability conditions were layer dependent. The numerical Peclet number, Npe was 1060 as 

for the base case. Fig. 10 shows the various cases and the corresponding fractional flow 

curves are given in Fig. 11. In this part of the study, the relative permeability curves in Fig. 

3a were always used to model wettability effects in the upper (high permeability) layer, in 

which there was zero retardation, i.e. the case with the black line in Fig. 3a. Relative 

permeability in Fig. 10a and b were used in various cases to represent the wettability change 

in the lower (low permeability) layer. The shape of the relative permeability curves are 

chosen carefully in order to examine several conditions as follows. First, we considered a 

scenario where both layers had the same ratio of total mobility, 𝑀𝐹, across the formation 

waterfront, but different mobility ratios on the chemical fronts in each layer. This was 

obtained by setting one layer to have relative permeability as in Fig 3a and the other in Fig. 

10a. Secondly, we investigated cases where relative permeability variations affected for both 

fronts in each layer. 
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Fig. 8: Simulator results and analytical prediction of water front location for models 

with (a) various effective salinity ranges and Peclet number, 𝑵𝒑𝒆=1,000, (b) various 𝑵𝒑𝒆 

values but the same effective salinity range = [1,000, 7,000 mg/L] with apparent 

retardation and (c) the same effective salinity range [194,000, 200,000 mg/L] and 

various  𝑵𝒑𝒆 which resulted in acceleration. Once again, the results are shown at the 

time of breakthrough in the fastest layer.  

The relative permeability curves in Fig. 10b were used for the low permeability 

layers. These two approaches allow us to determine whether or not the ratio of total mobility 

is a key driver in the flow behavior. In the first case the ratio of total mobility, 𝑀𝐹, is only 

varying between layers for the low salinity front. The relative permeability for the low 

salinity injection in Fig. 10b was chosen to represent a very strong change in wettability. The 

residual oil saturation was almost zero in this case to exaggerate the variation. Table 4 shows 

mobility across the formation water and chemical front under these scenarios.  
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Fig. 9: Saturation versus dimensionless distance comparing simulator results versus the 

analytical solution obtained by Eq. 18. Lines are organized as in Fig. 7, the high 

permeability has 200mD, while low permeability has (a) 20 mD and (b) 100 mD. The 

results are shown at the time of breakthrough in the fast layer.  

 

Fig. 10: Relative permeability curves that were used to mimic alternative wettability 

behavior in the low permeability layer. The curves in Fig. 3a were used in the high 

permeability layer. The ratio of total mobility, 𝑀𝐹, across the formation waterfront is 

(a) the same as for Fig. 3a (b) different. The ratio of total mobility across the chemical 

induced front is different in both cases.   
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Fig. 11: Fractional flow for the relative permeability shown in (a) Fig. 10a and (b) Fig. 

10b.  

Table 4: Calculated front location for models interlayer variations in relative permeability.  

Layers 

 

𝑆𝑤
𝐹  

Graph

ical 

  

𝑘𝑟𝑤
𝐹  

Graphica

l 

𝑘𝑟𝑜
𝐹  

Graphica

l 

𝑀𝐹 

Eq.1

5 

𝑆𝑤
𝐶  

Graphica

l  

𝑘𝑟𝑤
𝐶  

Graphica

l 

𝑘𝑟𝑜
𝐶  

Graphica

l 

𝑀𝐶 

Eq.1

5 

Front 

locations at 

breakthrough  

𝑥𝐷
𝐹 

Eq. 7 

𝑥𝐷
𝐶 

Eq. 

15 

Upper layer 

(High perm) 

(both 

scenarios) 

0.49 0.142 0.105 0.25 0.81 0.28 0.02 1.21 1 0.58 

Lower layer 

Scenario 1 
0.55 0.17 0.085 0.25 0.8 0.31 0.015 1.27 0.64 0.4 

Lower layer 

Scenario 2 
0.4 0.115 0.157 0.27 0.9 0.38 0.005 1.41 0.68 0.35 

 

For the upper layer, the curves in Fig. 3a were used. Scenario 1 in Table 4 was 

obtained by using relative permeability curves in Fig. 10a and Scenario 2 using relative 

permeability in Fig. 10b. We first consider Scenario 1. At this point, for illustration, we also 

considered a situation where the layers had the same porosity and permeability. We note in 

Fig. 12a that the formation water in both layers had the same interstitial velocity while the 

chemical fronts did not. We consider this to be a coincidence. We then took the same model 
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and used the relative permeabilities in Fig. 10b and examined the simulation output (Fig. 

12b). In that case, all the fronts have different velocities.  

  

Fig. 12: Simulator result of water saturation obtained at 𝒙𝑫 = 0.5 for both upper and 

lower layers where the relative permeability of the high permeability layer is given in 

Fig. 3a and the low permeability has relative permeability as in (a) Fig. 10a and (b) Fig. 

10b. 

The ratio of total mobility across the formation waterfront, 𝑀𝐹, is the factor that 

should be considered in order to calculate the location of formation water in the low 

permeability layer relative to that in high permeability layer. Thus, Eq. 13 can be modified 

as:  

𝑅 =  
𝑘1 𝑀

𝐹1 𝜙2∆𝑠𝑤2

𝑘2𝑀𝐹2𝜙1∆𝑠𝑤1
             [20] 

where 𝑀𝐹1  and 𝑀𝐹2 are the ratio of total mobility of the formation waterfront, 𝑀𝐹, for each 

of the high and low permeability layers respectively as in Eq. 15. ∆𝑠𝑤 is the water saturation 

change which is 𝑠𝑤𝑓 − 𝑠𝑤𝑖. We examined the validity of this form of the equation against the 

numerical results for models with the same relative permeability curve in each layer as well 

as petrophysical properties, as shown in Fig. 13. The ratios of total mobility across the shock 

fronts were obtained in graphical from Fig. 11 and are documented in Table 4. From Fig. 13 

we see that the analytical solution matches the simulator results in both scenarios of the 

relative permeability functions.  
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Fig. 13: Simulator result versus analytical solutions for models with variations in 

relative permeability as well as contrasting petrophysical properties. The high and low 

permeability layers were 200 mD and 100 mD respectively. The relative permeability 

for the low permeability layer was the same as in (a) Fig. 10a and (b) Fig. 10b.   

 

Generalizing the frontal locations for multiple layers  

So far, the calculation of frontal locations has been shown for two-layer models. Here 

we extend the demonstration to multiple layers. This was done by re-defining Eq. 20 to 

represent the heterogeneity contrast between any two layers in a multiple layer system, as 

follows:  

𝑅 =  (
𝑘 𝑀𝐹

𝜙∆𝑠𝑤
)ℎ(

 𝜙∆𝑠𝑤

𝑘 𝑀𝐹 )𝑙              [21] 

the subscripts h and l are for high and low permeability layers respectively. Eq. 21 was used 

to calculate the locations of the fronts for any chosen layers. The high permeability layer had 

already seen water breakthrough in order to calculate the locations as given by Eq. 12. Fig. 

14 displays a model with five layers, each with unique permeability values. In such a model 

the water saturation profile, at the breakthrough time, will be as shown in Fig. 15.  
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Fig. 14: Sketch of a model with five non-communicating layers. Each layer has a unique 

horizontal permeability (kx). All layers have the same relative permeability curves. As 

above, the layers are in communication via the wells. 

 

Fig. 15: Model with five non-communicating layers. The petrophysical properties are 

given in Fig. 14. The figure shows (a) the vertical permeability distribution and (b) 

simulated water profile at the breakthrough time.    

We could now perform the necessary calculation for such a multi-layer model to 

predict the water profile and front locations at breakthrough time for the top layer. We used 

Eq. 21 to calculate R. Using Eq. 12 we calculated the corresponding location of the formation 

water in each layer, by using 𝑀𝐹 from Eq. 15. The chemical (second) shock front was 
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calculated using Eq. 18. The analytical result is compared versus the numerical outcome are 

given in Fig. 16, where both are matched very well.  

 

Fig. 16: Water saturation from simulator results (red solid lines) versus analytical 

solution (green dashed lines) for models represented in Fig. 14 and 15.  In this case there 

is no retardation effect as the effective salinity range spanned the injected to in situ 

salinities. 

 

Calculations of breakthrough time  

Above, we calculated the location of each front in each layer. We also calculated the 

time that was required to achieve the frontal locations. In other words, the time of first 

breakthrough was derived along with other times such as breakthrough in each layer. Thus, 

we were able to calculate the velocity of the fronts in each layer using the frontal location 

and the time required to get there. Using the volumetric method, we calculated the 

dimensionless injection time, 𝑡𝐷, by using the following form:  
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𝑡𝐷 = 
∑ (∫ 𝑆𝑤𝜙 𝐴 𝑑𝑥𝐷

𝑥𝐷𝑖
𝐶

0 )𝑛
𝑖=1

𝑖

∑ (𝜙𝐴)𝑛
𝑖=1 𝑖

   =
∑ (𝜙 𝐴 𝑥𝐷

𝐶𝑆𝑤
𝐶
)𝑛

𝑖=1 𝑖

∑ (𝜙𝐴)𝑛
𝑖=1 𝑖

      [22] 

where 𝑡𝐷 is the number of injected pore volumes (PVI), 𝑆𝑤
𝐶
  is the average water saturation 

behind the chemical front as defined by (Welge, 1952). By including the retardation effect, 

Eq. 21 was modified to: 

𝑡𝐷 =
∑ (𝜙 𝐴 𝑥𝐷

𝐶( 𝑆𝑤
𝐶
+𝐷)) 𝑛

𝑖=1 𝑖

∑ (𝜙𝐴)𝑛
𝑖=1 𝑖

                    [23] 

where 𝐷 is the retardation factor that can be induced due to adsorption/desorption of the 

injected chemical component, such as in polymer and surfactant flooding, or due to the 

dispersion of the active ion as in LSWF. This led to a certain amount of the injected water 

retaining the mobility of the formation water, which is equivalent, in turn, to the amount lost 

or gained across the secondary waterfront. We examine the precision of these equations as 

shown in Table 5 for the two-layer models shown before where permeability was set to 200 

and 20md in the upper and lower layers respectively. It is observed that this analytical 

solution gave a good match to the numerical result even for complicated scenarios where 

there is a retardation effect and dispersion, with fractional error less than 6%. This minor 

misfit could be due to various sources including measurement error in detecting breakthrough 

in the fastest layer, precision of the calculation of D as well as precision of the calculation of 

fractional flows and saturations from the model and so on, in addition to small variations in 

the simulation result. Fig. 17 shows a bar chart of the total difference between the calculated 

injected pore volume and the simulator result where we see a good match between them.  

 Calculations of breakthrough time can be used to predict the fractional flow profile 

versus time. The fractional flow change of each given saturation can be estimated graphically 

as in Fig. 3b, which will give the fractional flow of each layer. In order to obtain the total 

flow rate of the whole system, the fractional flow of each layer should be scaled to the ratio 

of total mobility at the formation water front, 𝑀𝐹. Thus, the total fractional flow of the system 

can be given as: 
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𝑓𝑤
𝑇 =

∑ (𝑓𝑤 𝑄𝑇 ) 
𝑛
𝑖=1 𝑖

𝑄𝑇,𝑡𝑜𝑡𝑎𝑙
= 

∑ (𝑓𝑤 𝐾 𝐴  𝜆𝑇 ) 
𝑛
𝑖=1 𝑖

∑ ( 𝐾 𝐴  𝜆𝑇  ) 
𝑛
𝑖=1 𝑖

                          [24] 

Where, 𝑃𝑉𝑖 is the pore volume of i layer, 𝑄𝑇,𝑡𝑜𝑡𝑎𝑙 is the total flow across all layers (known), 

while 𝑄𝑇 is the total flow rate within a given layer.  

Table 5: Calculations of time breakthrough using the volumetric method.  

𝐶𝑠
𝑅−𝑒𝑓𝑓

 

(* 

1000) 

mg/L 

 

𝑁𝑝𝑒 

 

PVI, 

Simulator 

𝑥𝐷
𝐶 

Slow 

layer, 

Eq. 18 

𝑥𝐷
𝐶 

Fast layer, 

Eq. 18 

 

D 

Eq. 

4 

 

𝑆�̅�
𝐶  

tD, or PVI-

calculated, Eq. 

23 

 

error 

% 

 

1-200 1060.61 0.31 0.11 0.58 0.00 0.86 0.30 3 

1-200 66.29 0.31 0.11 0.58 0.00 0.86 0.30 3 

1-7 1060.61 0.31 0.10 0.56 0.06 0.86 0.30 3 

1-7 448.72 0.30 0.10 0.49 0.09 0.86 0.28 6 

1-7 66.29 0.26 0.07 0.38 0.30 0.86 0.26 0 

 

  

Fig. 17: Comparison of injected pore volume between the analytical solution using Eq. 

23 and the numerical result.  
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𝜆𝑇  is derived based on Darcy’s law so that:  

𝜆𝑇 =
𝐿

∫ 𝜆𝑇𝑖 𝑑𝑥
𝐿
0

                  [25]

  

Eq. 23 can be utilized to estimate the time of the front progression. Fig. 18 displays a 

comparison between calculated Fw and the simulator output for the model that is shown in 

Fig. 6a.   

 

Fig. 18: Fractional flow versus time dimensionless for model given in Fig. 6a. the 

calculated Fw is shown in black dashed line while the simulator result is in red solid 

line.  

Solute transport – analytical solution 

In addition to predicting the waterfront locations analytically, we predicted the solute 

mixing zone for cases with dispersion. In a 1D, homogenous, semi-infinite medium, solute 

transport in a single fluid can be predicted according to the advection-dispersion equation 

(e.g. Brigham, 1974): 
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𝐶𝐷 = 1 −
1

2
 𝑒𝑟𝑓𝑐 (

𝑥𝐷−𝑡𝐷

2√
𝑡𝐷
𝑁𝑝𝑒

)               [26] 

This normalised concentration was 1.0 initially and zero in terms of injection. Other 

properties are dimensionless also. However, for chemical flooding such as LSWF,  we 

accounted for two phases flowing, but also the effect of the physical retardation (Al-Ibadi, et 

al., 2019d) as in Equations 4 and 5. In each layer the solute transport was  similar to that in 

1D models (Shen et al., 2016), since there was no mix between layers due to crossflow. Thus 

Eq. 26 can be updated for non-communicating layers to give the concentration at the producer 

in the ith layer: 

𝐶𝐷,𝑖 = 1 −
1

2
erfc

(

  
 
𝑥𝐷(1−𝑆𝑜𝑟,𝑖)−{ 𝑃𝑉𝐼𝑖+∆𝑃𝑉𝐼𝑖 × 

 (1−𝐶
𝑑,𝑖
𝑚𝑖𝑑−𝑒𝑓𝑓

)
3

√𝑁𝑝𝑒,𝑖

 }

√
4(1−𝑆𝑜𝑟,𝑖)𝑃𝑉𝐼𝑖

𝑁𝑝𝑒,𝑖
)

  
 
                                     [27] 

We refer the reader to the (Al-Ibadi et al. 2019c) for explanation of this equation. It was 

assumed that residual oil affected flow by reducing the available pore space. PVI is the pore 

volume injected and equivalent to tD assuming piston-like displacement. PVI is the 

difference in pore volume injected between breakthrough of the formation and chemical 

fronts. 𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

 will be zero for a passive tracer, and 0 < 𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

 ≤ 1 for an active ion.  

 

All factors in Eq. 27 were calculable and similar to that in 1D, while 𝑣𝑖
𝐶 is the interstitial 

velocity of the chemical front. 𝑣𝑖
𝐶 and 𝑣𝑖

𝐹 can be calculated from fractional flow theory since 

we are able to calculate the location of chemical front in each layer using Eq. 18 and Eq. 12 

respectively. The time of breakthrough was calculated using Eq. 23.   

To calculate 𝑣𝑖
𝐶 we used the same method that was used in the 1D model, and as 

follows: 𝑣𝑖
𝐶 and  𝑣𝑖

𝐹 are the velocity of the reference case where 𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

= 0.5, this was 

achieved by setting the effective salinity range to be 𝐶𝐷
𝑅−𝑒𝑓𝑓

= [0, 1]. Calculations were 

made at breakthrough time as shown in Table 5. Fig. 19 shows a good match of the analytical 
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solution using Eq. 28 compared with the simulator results. The location of the mid-point of 

the effective salinity range, 𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

, was also consistent with the low salinity water front 

that was determined analytically. We note here that the saturations are somewhat harder to 

match than above. Firstly, dispersion has disturbed the saturation at the front. We presented 

previously (Al-Ibadi et al. 2018) that retardation can be so extreme that the formation water 

front can behave almost as if there is no low salinity effect. In such a situation, the saturation 

at the front tends to the Buckley-Leverett solution from the high salinity fractional flow 

curve. In the case in Fig. 19, this effect is small but barely noticeable in the fast layer. 

However, in the slow layer, the effect is stronger due to the lower Peclet number. The effect 

of dispersion is also time dependent diminishing as fronts approach the producer. The 

retardation correction term of Equation 9 was determined at the producer well and may not 

be perfectly calibrated for the time at which the slow layer front is shown, adding to the 

further difference between the analytical and numerical results. We still consider 

approximation of the analytical solution to be a useful prediction though we acknowledge 

that it is at the limit of its application. 

  

Fig. 19: Analytical solution of the salinity mixing zone versus simulator results for 

models affected by retardation and dispersion, where 𝑵𝒑𝒆= 66 and effective salinity 

range = [1000, 7000 mg/L]. The high permeability was 200mD and the low permeability 

was (a) 20 mD and (b) 100 mD. Solid red and green lines indicate the water saturation 

in the low and high permeability layers respectively. Analytical predictions of the fronts 

are indicated as dashed lines. The black and purple lines indicate the analytical solution 

for the mixing front and these lie virtually on top of the lines from the simulator. 
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Discussion  

In this work we considered models in which the petrophysical properties of the layers 

can vary in terms of both the static single phase and two-phase properties, including the effect 

of salinity. We also considered the effect of physical and numerical retardation on fractional 

flow. We have developed an extension of the analytical solution of solute transport under 

such conditions. First, we have developed a mathematical formulation that can be used to 

calculate the location of formation waterfront in the lower permeability layers at the 

breakthrough time of the formation water in the layer of highest permeability. Then, we 

derived a mathematical formulation that can be used to predict the location of the chemical 

waterfront and the rarefaction wave relative to the formation waterfront. For many layers, 

the frontal positions can be derived as each layer sees water breakthrough to build up a picture 

of how the reservoir behaves. The analytical formulations were compared against a number 

of simulations with reasonably good results. A good approximation to the relative arrival 

time of the various fronts was obtained although some smearing of the fronts could not be 

matched. The arrival times required representation of the physical retardation that occurs due 

to dispersion. 

The results of our model can be compared to those of Bedrikovetsky, (1993), Hussain 

et al. (2012), Schmidt et al. (2012). Those previous papers presented analytical solutions that 

enabled the tracking of the shock fronts by reducing the problem to a steady state problem. 

In those cases, dispersion of the oil and water phases was represented by capillary pressure 

effects. Khorsandi et al. (2017) have extended these approaches to simulate chemically 

induced retardation with explicit representation of the chemical reactions in the equations. A 

major difference between those approaches and the ones shown here in this paper, however, 

is the existence of the effect of retardation on the salinity front as a result of the dispersion 

effect. While the other authors considered adsorption as a potential retarding process, 

dispersion has different effects which are harder to account for.   

This work shows clearly the effect of interaction of factors that affect fluid movement, 

such as heterogeneity, fluid mobility, retardation effects that induced by adsorption, 

desorption, dispersion and diffusion. Hence, predicting sweeping performance and invaded 
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zone in each layer, where the need of such work is observed (Lake et al., 2014; Luo et al., 

2017). 

Based on the literature, there is a clear need to have analytical tools to predict fluid 

behavior. For example we need to predict fluid flow behavior in EOR processes (Lake et al., 

2014; Al-Shalabi et al., 2017), and to predict solute transport (De Zwart et al., 2011; Shen et 

al., 2016). This work can be used as a bench mark to extend work that has been done for 1D 

chemical flooding so that it is applicable in 2D non-communicating models, e.g. multi 

component gas flooding (Johns et al., 1994), surfactant flooding (Walsh and Lake 1989), 

polymer flooding (Borazjani et al. 2016; AlSofi and Blunt 2013), low salinity and engineered 

water flooding (Jerauld et al., 2008; Al-Ibadi, et al., 2019b), combined low salinity with 

polymer injection (Khorsandi et al., 2017), thermal flooding (Pope, 1980), and other similar 

applications. This kind of analysis helps to analyse uncertainty for these processes at the 

reservoir scale, especially for emerging methods that are still under debate even at the core 

scale. For example, in low salinity water flooding, we may wish to estimate the impact of 

certain parameter such as effective salinity, adsorption, fluid mobility and heterogeneity. All 

of these factors are included in the analysis of this work, see Eqs. 7, 10, 15 and 18. 

The analytical methods can also be used to assess the effect of crossflow in models 

with communicating layers (Alshawaf et al., 2017; Al-Ibadi, et al., 2019a) which are perhaps 

more common. Further, evidence indicates that with fully-communicating layers, when the 

mobility ratio across the formation water front, 𝑀𝐹>1,  then the flow is approximately similar 

to that in the non-communicating case (Al-Ibadi et al., 2019a). On the other hand for 𝑀𝐹<1, 

the communicating and non-communicating layer cases are quite different. We leave the test 

of the analytical model in these cases to another paper. 

One question is: can we extend this work to radial flow or a useful model that is more 

three dimensional in nature? Craig et al. (1955) used the Buckley-Leverett solution with the 

Welge tangent combined with an empirical model of areal sweep efficiency, obtained 

empirically, to predict breakthrough and subsequent flow for pattern floods of single and 

multiple layers. This was known as the Craig-Geffen-Morse method. More recently, Ling 

(2016) developed a radial fractional flow analysis and has been extended by Prakasa et al. 
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2019 for non-communicating layers. We then need to decide what is needed to extend this to 

chemical flooding. We would need to consider the fractional flow analysis more deeply. We 

would also need to calibrate the effect of dispersion on the physical retardation. The 

correction factor calculated for linear flow can be applied to the whole model while its 

behavior would be quite different for radial flow. This would obviously require some 

additional work.  

Chemical flooding usually consists of a slug of solution chased by sea water. 

Continuous injection of the chemical is expensive. Optimising the slug size requires suitable 

simulation or mathematical modelling tools (Attar and Muggeridge 2018). Given that fast 

models are often preferred, the analytical model derived here would serve as a suitable proxy 

model. For example, we were able to predict the amount of injected water in each layer as 

shown in Table 5 and the location of the salinity front as appears in Eq. 27 and shown in Fig. 

19, where both those parameters can be important to predict the slug size in each layer.  This 

could be extended to optimise the injected properties and is an area of interest for future 

work. Of course, slug flow is likely to experience dispersion at both ends of the displacement. 

The optimization may therefore require verification with a more sophisticated and precise 

full simulation. Otherwise this extra effect may require calibration. 

This work also has the potential to be used to create pseudo relative permeabilities 

for coarsened grid models to mitigate the impact of numerical error. We have already 

investigated this for single layer flow with good results (Al-Ibadi et al., 2018). The value of 

the model is that it can be applied quickly once set up and can then be used to create 

representative models for a range of scenarios and for uncertainty testing. Such approaches 

have been applied in the past for waterfloods but here we include some of the major effects 

on chemical waterflooding. This can be done by understanding the related fractional flow of 

each layer, as given in Fig. 11, thus one can create pseudo relative permeability to ensure 

that fractional flow for the coarse grid scenario is similar to that in the fine case scenario, 

more details can be seen in (Al-Ibadi, et al., 2018).   
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Conclusions  

We present the following conclusions of this work.  

• We have extended analytical models for waterflooding to include the effects of 

chemicals on wettability in reservoirs consisting of non-communicating layers.  

• This model accounted for variations in static and dynamic petrophysical properties 

between layers.  

• Models were tested against numerical simulations for various combinations of inter-

layer porosities, permeabilities and relative permeabilities as well as properties 

associated with the chemical flooding 

• The distribution and arrival time of fronts was predicted quite well over a stack of 

layers while local smearing of the fronts was less well matched. 

• Physical retardation via dispersion must be accounted for to obtain good predictions. 

We used a correction factor derived previously. 

• Salinity profiles can be predicted analytically using a modified form of the solution 

to the one-dimensional advection dispersion model. 
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Nomenclature 

𝐶𝐷  Dimensionless in situ salinity 

𝐶𝐷
𝑚𝑖𝑑−𝑒𝑓𝑓

 Dimensionless mid-concentration of the effective salinity range 

𝐶𝑒𝑓𝑓
𝑚𝑖𝑑  Mid-concentration of the effective salinity range (mg/L) 
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𝐶𝑆
𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛

  Salinity of formation water (mg/L) 

 𝐶𝑆
𝑖𝑛𝑗

  Salinity of injected water (mg/L) 

𝐶𝑆   In situ salinity (mg/L) 

𝐶𝑠
𝐿𝑆  Lower limit of effective salinity range (mg/l) 

𝐶𝑆
𝐻𝑆  Upper limit of effective salinity range (mg/l) 

𝐶𝐷
𝑅−𝑒𝑓𝑓

  Dimensionless total range of the effective salinity 

D  Retardation factor (m2/day) 

𝑓𝑤  Water fractional flow  

𝑓𝑤
𝐶  Fractional flow of chemical front 

𝑓𝑤
𝐹  Fractional flow of formation water 

g  Acceleration due to gravity (m/day2) 

h  layer thickness (m) 

K  Absolute permeability (mD) 

krw  Water relative permeability 

kro  Oil relative permeability  

𝑘𝑟𝑓  Relative permeability for a fluid (mD) 

𝑘𝑟𝑤
𝐹     Relative permeability of formation waterfront  

𝑘𝑟𝑤
𝐶   Relative permeability of chemical waterfront  

L  Model length (m) 

𝑀𝐹  Ratio of total mobility across the formation waterfront 

𝑀𝐹𝑒   End point mobility ratio for piston-like displacement 
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𝑁𝑝𝑒  Peclet number  

n                      Time step number 

𝑃𝐼𝑜𝑝
𝑗

  Productivity index for oil production in the jth layer (m3/day/Bar) 

𝑃𝐼𝑤𝑖
𝑗

  Injectivity index for water injection in the jth layer (m3/day/Bar) 

𝑃𝐼𝑤𝑝
𝑗

  Productivity index for water production in the jth layer (m3/day/Bar) 

𝑃𝐼𝑓𝑝
𝑗

  Productivity index for a fluid production in the jth layer (m3/day/Bar) 

PVI  Fraction of pore volume injected (m3/m3) 

𝑃𝑏ℎ𝑝  Bottom hole pressure (Bars) 

𝑃𝑐  Capillary pressure (Bars) 

𝑃𝑜  Oil pressure (Bars) 

𝑃𝑤  Water pressure (Bars) 

𝑞𝑜𝑝  Oil production rate (m3/day/ m3) 

𝑞𝑇𝑖  Total injection rate (m3/day/ m3) 

𝑞𝑤𝑖  Water injection production rate (m3/day/ m3) 

𝑞𝑤𝑝  Water production rate (m3/day/ m3) 

𝑟𝑒  Outer radius (m) 

𝑟𝑤  Well bore or inner radius (m) 

𝑆𝑜  Oil saturation  

𝑆𝑤  Water saturation  

𝑆𝑤
𝐶   Water saturation of chemical waterfront 

𝑆𝑤
𝐹   Water saturation of formation waterfront 
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𝑡  Time (days)  

𝑡𝐷  Time dimensionless 

𝑢𝑤  Darcy velocity of water (m/day) 

𝑢𝑜  Darcy velocity of oil (m/day) 

𝑣𝑡  Total Darcy velocity of water and oil (m/day) 

𝑣𝑟𝑒𝑓  Salinity velocity for 𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

= 0.5  

𝑣𝐴
𝑀𝑖𝑑  Salinity velocity for Cd = 𝐶𝑑

𝑚𝑖𝑑−𝑒𝑓𝑓
 for models at any given 𝐶𝑑

𝑚𝑖𝑑−𝑒𝑓𝑓
  

𝑣𝑖
𝐹   Velocity of formation waterfront (m/day) 

𝑣𝐹∗  Velocity of formation waterfront for models have no retardation  

𝑣𝑖
𝐶  Velocity of chemical waterfront (m/day) 

𝑣𝐶∗  Velocity of chemical waterfront for models have no retardation  

𝑥  Length (m) 

𝑥𝐷  Length dimensionless  

𝑥𝐷𝑖
𝐶   Location of chemical waterfront at i layer (dimensionless) 

𝑥𝐷𝑖
𝐹   Location of formation waterfront at i layer (dimensionless) 

𝑥𝐷𝑖
𝑅   Location of the rarefaction at i layer (dimensionless) 

𝑥𝑖
𝐶   Location of chemical waterfront at i layer (m) 

𝑥𝑖
𝐹   Location of formation waterfront at i layer (m) 

𝑥𝑖
𝑅  Location of the rarefaction at i layer (m) 

i  Cell number 

j  Layer number 
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Greek symbols  

𝛼𝑐  Dispersivity of salinity (m) 

𝛼𝑜  Dispersivity of oil (m) 

𝛼𝑤  Dispersivity of water (m) 

∆𝑡  Time step length (day) 

∆𝑥  Grid block size (m) 

∆PVI  Difference in pore volume injected by piston-like fronts moving at 𝑣𝐻𝑆 and 

𝑣𝐿𝑆 (m3/m3) 

∆V  Volumetric scaling factor (m3) 

∅  Porosity (m3/m3) 

Ѳ  Weighting function of salinity dependence  

𝜆  Correction factor of effective salinity  

𝜆𝑡
𝐹1  Total mobility behind the formation water  

𝜆𝑡
∞  Total mobility ahead of the formation water   

µ𝑜  Oil viscosity (cP) 

µ𝑤  Water viscosity (cP) 

 

Appendix 

Here we set out the model used for controlling wettability variation for LSWF that was 

used in this paper. Two sets of relative permeability tables (Fig. 3) were used to simulate 

fluid flow. One set was for the initial reservoir salinity condition which is more oil wet and 

the other set was to simulate reservoir conditions for the zone that was swept by low salinity 
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water, which was more water wet. Moving from one set to another is salinity dependent and 

controlled using the “weighting function” which is expressed in linear form by:  

𝜃 = 1 − 
𝐶𝑆−𝐶𝑠

𝐿𝑆 

𝐶𝑆
𝐻𝑆−𝐶𝑆

𝐿𝑆  for  CS
LS ≤ CS ≤ CS

HS        [A1a] 

𝜃 = 1 for CS ≤ CS
LS            [A1b] 

𝜃 = 0 for CS ≥ CS
HS            [A1c] 

where CS
LS and CS

HS define the effective salinity range. We define the midpoint of the 

effective salinity range as: 

𝐶𝑠
𝑚𝑖𝑑−𝑒𝑓𝑓

 =  
𝐶𝑠
𝐿𝑆+ 𝐶𝑆

𝐻𝑆

2
                [A2] 

and the domain of the salinity weighting function of Eq. A1a as: 

𝐶𝑠
𝑅−𝑒𝑓𝑓

 = [𝐶𝑠
𝐿𝑆,  𝐶𝑆

𝐻𝑆]                                                 [A3] 

It is convenient to express the concentration or salinity in normalised units relative to 

Cs
formation and Cs

inj, the formation and injected water salinities respectively:   

𝐶𝑑  =  
𝐶𝑆 − 𝐶𝑆

𝑖𝑛𝑗

𝐶𝑆
𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛

− 𝐶𝑆
𝑖𝑛𝑗                 [A4] 

We use subscript “d” in place of “s” to refer to normalized saturations for the threshold values 

and the mid point salinities in Equations A1-3. Thus,  

𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

 =  
𝐶𝑠
𝑚𝑖𝑑−𝑒𝑓𝑓

 − 𝐶𝑆
𝑖𝑛𝑗

𝐶𝑆
𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛

− 𝐶𝑆
𝑖𝑛𝑗               [A5] 

𝐶𝑑
𝐿𝑆  =  

𝐶𝑠
𝐿𝑆 − 𝐶𝑆

𝑖𝑛𝑗

𝐶𝑆
𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛

− 𝐶𝑆
𝑖𝑛𝑗               [A6] 

𝐶𝑑
𝐻𝑆  =  

𝐶𝑠
𝐻𝑆 − 𝐶𝑆

𝑖𝑛𝑗

𝐶𝑆
𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛

− 𝐶𝑆
𝑖𝑛𝑗                [A7] 

Cs
LS and Cs

HS are defined in Eq. A1 as upper and lower limits of the effective salinity range. 

Equation A3 becomes: 
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𝐶𝑑
𝑅−𝑒𝑓𝑓 

= [𝐶𝑑
𝐿𝑆, 𝐶𝑑

𝐻𝑆]             [A8] 

While Eq. A1a is linear, simulators allow nonlinear forms by inputting Ѳ at each salinity as 

a table. We have examined non-linear forms of this in (Al-Ibadi, et al., 2019b). Based on Eq. 

1, the salinity dependence of water relative permeability (krw) and oil relative permeability 

(kro) are given as: 

𝑘𝑟𝑤 = (1 - 𝜃) 𝑘𝑟𝑤
𝐻𝑆(𝑆∗)  +  𝜃 𝑘𝑟𝑤

𝐿𝑆 (𝑆∗)           [A9] 

𝑘𝑟𝑜 = (1 - 𝜃) 𝑘𝑟𝑜
𝐻𝑆 (𝑆∗)   +  𝜃 𝑘𝑟𝑜

𝐿𝑆(𝑆∗)                    [A10] 

where 𝑘𝑟𝑤
𝐻𝑆 and 𝑘𝑟𝑤

𝐿𝑆  are high and low salinity water relative permeabilities. Although ignored 

here, capillary pressure also depends on salinity as follows: 

Pcow = (1 - 𝜃)𝑃𝐶𝑂𝑊
𝐻𝑆 (𝑆∗)    + 𝜃 𝑃𝐶𝑂𝑊

𝐿𝑆 (𝑆∗)           [A11] 

water saturation at each concentration will be:  

𝑆∗ =
𝑆𝑤− 𝑆𝑜𝑟

1−𝑆𝑤𝑖−𝑆𝑜𝑟
                                                     [A12] 

Sor and Swi are the effective residual oil and irreducible water saturations. These are also 

weighted in a similar fashion to Equations A9-11, and based on the low and high salinity 

values such that the relative permeabilities are end point shifted, effectively. 
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Chapter 6: Heterogeneity Effects on Low Salinity Water 

Flooding* 
 

Abstract 

We have investigated the effect of heterogeneity on Low Salinity Water Flooding (LSWF) 

to understand its effect. Heterogeneity in reservoirs is known to affect the flow behaviour at 

various scales during waterflooding and enhanced oil recovery methods. Characterisation of 

this heterogeneity usually contains uncertainties which must be captured in simulations if 

they are to be used to help with decisions on reservoir management. We considered reservoir 

scale models, where the geological properties were based on a typical sandstone model, and 

one based on data of a giant Middle East carbonate reservoir.   

We simulated low salinity induced wettability changes in field scale models in which the 

petrophysical properties were randomly distributed with spatial correlation. We examined a 

wide range of geological realisations that mimic complex geological structures. Sandstone 

was simulated using a log-linear porosity-permeability relation with reasonably good 

correlation. A carbonate reservoir from the Middle East was simulated with a field based 

porosity permeability relationship. The salinity of formation water was set to typically 

observed values for the sandstone and carbonate cases. A number of simulations were then 

carried out to assess the flow behaviour. 

We have found that the general trend of permeability-porosity correlation has a key role 

that could mitigate or aggravate the impact of spatial distributions of petrophysical properties. 

Fluid flow behaviour in models with a log-linear permeability-porosity correlation had very 

similar behaviour to cases generated using a power-law permeability-porosity provided the 

ratio of standard deviation to mean of permeability was similar. Models built with linear 

porosity:permeability correlations produced behaviour like a homogeneous model, however. 

Additional perturbations of permeability from the correlations are often observed by these 

had a relatively small impact on the flow performance.  

 

 

 

* This is a preprint version of the paper Al-Ibadi, H., Stephen, K. D. and Mackay, E. (submitted) 

‘Heterogeneity Effects on Low Salinity Water Flooding’, SPE journal. 
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The effect of heterogeneity on fluid flow was reduced for models with wider the effective 

salinity range, as is the case for carbonate reservoirs. As a result, carbonates may exhibit a 

simpler flow behaviour and higher incremental oil recovery compared to sandstones despite 

having greater uncertainty in porosity and permeability distributions. Overall, the 

incremental oil recovery due to LSWF was higher in the carbonate models than the sandstone 

cases. The formation waterfront showed less distortion from heterogeneity than the low 

salinity waterfront and the salinity concentration. The dispersivity of the salinity front and 

the water cut was estimated for models with various degrees of heterogeneity so that 

comparisons can be made to homogeneous models. 

The outcome of the study is a better understanding of the implications of heterogeneity on 

LSWF in models of carbonate and sandstone reservoirs. Permeability-porosity correlations 

and the width of the effective salinity range are key factors that influence the effect of 

heterogeneity on flow performance.  In some very heterogeneous cases the behaviour can 

appear like a waterflood reducing the benefits of LSWF. 

Keywords: Low salinity water flooding, Heterogeneity, Uncertainty, Numerical 

Interpretations. 

 

Introduction  

Low salinity water flooding (LSWF) shows promising results at the core scale (Al-

Shalabi and Sepehrnoori, 2016; Bartels et al., 2019). However, applying it at the reservoir 

scale is still a challenge due to large variations and uncertainties of the spatial distribution of 

petrophysical properties. Thus, more informative studies about LSWF at the reservoir scale 

would be helpful where the performance of LSWF can be better defined to give reliable 

forecasts. 

A few field scales studies have been reported for this enhanced oil recovery method. 

Single well chemical tracer testing was used to evaluate the change to effective residual oil 

saturation due to the reduction in salinity during LSWF compared with traditional (high 

salinity) water flooding. Evidence from an Alaskan oil field showed improved oil recovery 
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by 6 to 12% of OOIP (Mcguire et al., 2005; Lager et al., 2008). Also, a well in the Greater 

Burgan field, Kuwait, showed a reduction in Sor by 6 saturation units (Korrani et al., 2019). 

However, a less positive response (but still influential) was documented for a field in north 

Africa where LSWF reduced Sor by up to 2 of saturation units (Spagnuolo et al., 2016). 

Negligible effect has been reported for the Snorre field in north sea (Skrettingland et al., 

2011).  

Heterogeneity and geological uncertainty have significantly impaired the 

predictability of fluid behaviour and the complex behaviour is difficult to interpret (Jerauld 

et al., 2010; Attar and Muggeridge, 2018). In the absence of heterogeneity, significant effects 

of numerical dispersion have been reported (Al-Ibadi et al., 2019c, 2019a) as well as 

unphysical results such as pulses (Al-Ibadi et al., 2018, 2021a, 2021b). The dispersion effect 

is also apparent in layered models (Al-Ibadi et al., 2019b, 2019a).  As a result it can be 

difficult to obtain a good history match of the LSWF model as observed in the Omar field in 

Syria by Mahani et al., (2011). In this paper, we focus on investigating the effect of spatial 

distributions of permeability and porosity in favourable and less favourable flowing 

conditions. The overlapping effect between the effective salinity range and the heterogeneity 

also was examined.  

The structure of this work can be seen as follows: first we discuss the problem 

statement and model set up. Then, we investigate the effect of the permeability-porosity 

relationship on LSWF. Afterwards, we present an uncertainty analysis to have insight about 

having various degrees of heterogeneity of permeability models  

 

Problem Statement and Model Description: 

Simulations were carried out using a commercial simulator (Schlumberger 2020) 

consisting of a Black Oil model for oil and water phases with salinity as a component of the 

water. LSWF is often reported as being based on the process of changing the reservoir from 

being oil-wet to water-wet. Two sets of relative permeability are used to emulate this process. 

One set simulates fluid flow behaviour for the movement of the high salinity formation water 
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under oil-wet conditions. Another relative permeability set is used to simulate the impact of 

reducing salinity in the injected water for water-wet conditions. Moving from one set to 

another is therefore salinity dependent. For salinity above a certain value, the high salinity 

relative permeability set is used while below another, lower value, the low salinity set is used. 

These limits define the effective salinity range. For salinity within that range, the relative 

permeability curves are mixed using a weighting function (usually linear). The same effect 

can occur with any other active ion, such as cations and sulphate where the representation of 

the model is very similar (Pope, 1980).  

In this work, we considered a two-dimensional sector model of linear drive where an 

injector and a producer were set at opposite ends. All of our models had the following 

dimensions, Lx= 1,067 m, Ly= 549 m and Lz= 46 m, where the grid size was ∆x= 6 m and 

∆z= 1.5 m. The grid was therefore 175 x 30 cells. We note that a reservoir interval of this 

thickness is likely experience gravity effects while we ignore them for the purpose of the 

investigation. Formation water salinity was 200,000 mg/L, as can be typically measured in 

deep reservoirs around the globe but also in shallower formations in the Middle East region. 

The injected brine salinity was 1,000 mg/L. Water was injected at a constant rate of 1749 

Rm3/day. The relative permeability curves are given in Fig. 1, and other properties of the 

model are in Table 1. 

A model of randomly distributed porosity was created using unconditioned 

Sequential Gaussian Simulation as shown in Fig. 2, where the mean porosity was 0.2, the 

standard deviation (SD) was 0.12. The coefficient of Variation (𝐶𝑣) = 0.65, and the porosity 

ranged from 0.01 to 0.3. The variogram range (Rv) was set to be 92 m in the flow direction 

(x-axis) and 23 m vertically (z-axis), so that the anisotropy ratio was 1:4 the same ratio of the 

cell dimensions in these directions. To examine the validity of the observations for various 

porosity distributions, two other realisations of the unconditioned porosity models were built 

with the same global statistics (Fig. 2b and c).  

Various permeability models were built based on the porosity model using the 

permeability-porosity relationships in Fig. 3 which was taken from the literature. Fig. 3a 

displays the permeability-porosity correlation that was a correlation based on a sandstone 
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reservoir (Nelson, 2004), where the standard deviation of the permeability-porosity 

correlation was set as 0.2. The cross plot shows a typical log-linear relationship between 

permeability and porosity albeit with some simulated scatter. Fig. 3b shows a permeability-

porosity cross plot that is typical for a carbonate reservoir, also obtained from the literature. 

The data were subdivided by identifying six hydraulic units (HU) (Abdulzahra, 2011), 

numbered 0 to 5. A nonlinear function of ln(k) versus porosity was then constructed for each 

HU, again with some scatter. In this paper we assume that a model can be constructed fully 

from one HU.  

 

Fig. 1: The input relative permeability curves of high salinity (HS) and low salinity 

(LS). 

Based on the porosity model in Fig. 2a and the correlations in Fig. 3, we built 

permeability models for a sandstone case (Fig. 4a) and a realisation for each of three 

hydraulic units of the carbonate case (Figs. 4b-d). The spatial distribution of the permeability 

model is partly dependent on the porosity model through the correlation function. Additional 

variation was included to represent the scatter of the data using a variogram with the same as 

the settings for the porosity model. The vertical to horizontal permeability ratio (Kx/Kz) was 

always set to be 0.1. The permeability ranged from 0.01 to 1,000 mD. We created additional 

models so that the standard deviation was varied from 160 mD up to 336 mD. 
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Table-1: The parameters of the reservoir model 

Property Value (units) 

Net to gross 95% 

Oil density  0.77 kg/L 

Water density  1 kg/L 

Rock compressibility @ datum 5.843E-05 bar -1 

Datum depth 2461 m 

Initial pressure @ datum 448 bar 

𝑺𝒘𝒊 20% 

Injection rate 1749 Rm3/day 

Production rate 1749 Rm3/day 

Water viscosity  1 cP 

Reservoir length 1066.8 m 

Reservoir width 548.6 m 

Reservoir height  45.7 m 

Formation water salinity 200,000 mg/L 

Injected water salinity 1,000 mg/L 

  

Sandstone Versus Carbonate Models  

The dynamic fluid behaviour was examined for LSWF. The fluid properties and the 

relative permeability tables are shown in Table 1 and Fig. 1. A single set of relative 

permeability data was used ignoring the impact of porosity on end points, for example. Fig. 

5 displays the flow performance of the sandstone case (red lines) with porosity from Fig. 2a 

and permeability as in Fig. 4a. We compare the results to a homogeneous case (black lines) 

based on the mean permeability and porosity. The effective salinity range was a typical 1,000 

– 10,000 mg/L (solid lines). We also examined an effective salinity range of 1,000 – 200,000 

mg/L (dashed lines). This range is very much a function of the mechanism behind the low 

salinity effect and whether low salinity or engineered (smart) water was used in the flooding 

treatment. Smart water (or engineered water) refers to injected water that has been specially 
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tuned. Usually concentrations of the Cations, e.g., Ca2+ and Mg2+  are decreased while  the 

concentration of Sulphate (So 4
2−) is also altered. The term “low salinity water” may refer to 

a diluted water. Other factors, e.g., the temperature of the reservoir, could also affect the 

width of the effective salinity range (Sheng, 2014; Al-Ibadi et al., 2019d).  

(a)    

 

                                                                                                                             
 

(b)  

 

  

(c)  

 

  

Fig. 2: Three realisations of porosity model with the same global statistics, mean of 0.2, 

SD = 0.12 and variogram range = 92m in x and 23m in z directions.  
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Fig. 3: Log-normal cross plot of permeability porosity for (a) sandstone reservoirs 

(Nelson, 2004) and a fitted regression, while (b) for giant carbonate reservoir located in 

Middle East region (Abdulzahra, 2011), regression curves for HU5 and HU0.  

Simulations of the homogeneous case indicated some numerical dispersion in the 

form of higher saturation at the formation water front which then subsided a little to form a 

(a) 

(b) 



Chapter 6: Heterogeneity Effects on Low Salinity Water 

Flooding 
 

201 
 

plateau where a step should occur. The formation water broke through at approximately the 

same time in each case with minimal dispersion (Fig 5a). The heterogeneity dispersed the 

salinity front (Fig. 5b), however. This slowed down the onset of the effect of salinity on 

relative permeability. Instead of showing two clear fronts, the second one was smeared out. 

It had similar behaviour to strong numerical dispersion for a homogeneous model (Al Ibadi 

et al. 2018) and diminished the effectiveness of the LSWF as a displacement method.  The 

case with the typical effective salinity range (1000-10,000 mg/L) reduced recovery, by more 

than 8 % of the OOIP at the end of the process and more than 15 % at the breakthrough of 

the low salinity waterfront (i.e. at 2200 days), as shown in Fig. 5c. Meanwhile a broader 

effective salinity range helped to improve the displacement process with only a 3% reduction 

by OOIP compared to the homogeneous case. These differences are observed for saturations 

in Fig. 6a which had a faster moving formation water front. More water moves in the central 

green coloured zone while Sor was reached at the injector. Fig. 6b indicates more efficient 

displacement. Similar effects were observed for the salinity distributions (Fig. 7).  

We now consider the models based on the carbonate regression model which were 

created using the porosity in Fig. 2a and the permeability distributions in Fig. 4b-d. We note 

that only permeability was changed between the models and that flow was rate controlled 

under the same conditions in all cases. The impact of heterogeneity is still strong compared 

to the sandstone case albeit reduced. Fig. 8 shows the production behaviour for the three 

cases (HU0, HU1 and HU5) along with the homogeneous case for two different effective 

salinity ranges. We observe that the effective salinity range played an important role to reduce 

the effect of heterogeneity on fluid flow behaviour. Fig. 8a shows that the formation water 

had a small degree of dispersion, similar to the homogeneous case. Meanwhile, the dispersion 

of the salinity front (Fig. 8b) altered the speed of the low salinity front and spread out the 

second low salinity waterfront. This second front was sharper compared with the sandstone 

models, however. It appears that the case that was closest to the homogeneous model was 

HU5 which had the lowest CV of permeability (See Fig. 4) while HU1 had the highest. The 

CV of permeability is not itself sufficient to determine the impact of heterogeneity which 

depends on length scales too. In this case, though, the length scales were consistent. If the CV 

was reduced, there was effectively less variation on flow. We also note that the CV of the 
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sandstone case was significantly larger than the carbonate cases. Fig. 8c shows that the 

recovery was much less affected by heterogeneity in this case.  

(a) 

 

  

(b) 

 

  

(c) 

 

  

(d) 

 

  

 

Fig. 4: Permeability distributions based on the porosity model shown in Fig. 2a, the 

regression model in Fig. 3 along with scatter where (a) was obtained from the sandstone 

case in Fig. 3a, Cv = 1.6 and the others are for the carbonate cases in Fig 3b such that 

(b) is HU0, Cv =1, (c) is HU1, Cv = 1.4 and  (d) is HU5 Cv = 0.9.  Note the variation in 

scale of permeability on the colour legend. 

The saturation profiles in Fig. 9 shows a more even formation waterfront compared 

to the sandstone case. One can observe that the areal displacement was more efficient with a 

larger sweep as well. Similar behaviour can be observed for the salinity profile in Fig. 10, 

where the low salinity water invaded wider zones vertically.  
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Fig. 5 Production performance versus Pore Volume Injected (PVI, a normalised time) 

for the homogeneous model (black lines) and the sandstone model (red lines), where the 

porosity model is shown in Fig. 2 and the permeability model is in Fig. 4a, showing (a) 

water cut (b) salinity (×1,000 mg/L), and (c) recovery factor. The effective salinity range 

was 1,000 – 10,000 mg/L (solid lines) and 1,000 – 200,000 mg/L (dashed lines). 

We repeated the calculations using a broader effective salinity range of 1000 to 

200,000 mg/L. We can see that the formation waterfront had similar behaviour. We also see 

that the cases with low CV of permeability follow the homogeneous case more closely. In 

general, it has been reported that for a carbonate reservoir any reduction of the salinity of the 

injected water could improve the recovery factor, possibly due to calcite reduction. 

Meanwhile for a sandstone case, it must be reduced to 15,000 or even 10,000 mg/L (Sheng, 

2014; Al-Ibadi et al., 2019d).  Based on that, carbonates may be better candidates for LSWF. 
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The benefits for carbonates come from the effective salinity range being broader. We will 

show that in cases where sandstone and carbonate models were run with separate regression 

functions but the same Cv of permeability and all other things the same, the results were very 

similar.  

Assessing the Effect of Permeability-Porosity Correlations  

a) The Effect of Scatter in the Permeability-Porosity Correlations 

We now assess the importance of the derived correlations of permeability and 

porosity and the additional scatter that is seen in Fig. 3. We created permeability models 

ignoring the scatter and compare the results of simulation to those shown before. For 

sandstone, a model of permeability (Fig. 11a) was created from the log-linear regression 

derived from the data (Fig. 3a). Thus permeability was a deterministic function of the 

porosity. In the previous section, an additional stochastic element was added to model the 

scatter. A similar approach was taken for each of the Hydraulic Units modelled for the 

carbonate case (Fig. 11b, c). The function of ln(k) versus porosity is non-linear and ignores 

the scatter.  

 

(a)    
 

 

(b)  

 
 

          

Fig. 6 (a) Water saturation distribution for the sandstone example, where the effective 

salinity range was set to (a) 1,000 – 10,000 mg/L, and (b) 1,000 – 200,000 mg/L. Images 

were taken at time 685 days (0.235 PVI).  
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(a)    
 

 

(b)  

 
 

       

Fig. 7 Salinity distribution (×1,000 mg/L) for the sandstone example that given in Fig. 

6, where the effective salinity range was set to (a) 1,000 – 10,000 mg/L, and (b) 1,000 – 

200,000 mg/L . Images were taken at time 685 days (0.235 PVI).   

Fig. 12 shows the LSWF response for the sandstone case, where we observe that the 

scatter that was present in the original simulation in addition to the regression model resulted 

in an increased water cut in the oil bank period (Fig. 12a). As a consequence, the recovery 

factor was reduced by up to 3% (Fig. 12b). However, there were minor changes in both 

waterfronts. On the other hand, the simulations of the Hydraulic Units of the carbonates case 

showed less variation due to the modelled scatter, see Fig. 12. This resulted in a small 

reduction of recovery factor of HU0 whereas HU5 had negligible change in the recovery 

factor. Further the HU0 and HU5 were identical in terms of water cut when only the 

regression equation was used. In that case, the porosity defined the heterogeneity and the 

regression equation merely scaled permeability which affected pressure but not the relative 

movement of the fluids. This opened the potential to amalgamate two hydraulic units, e.g. 

HU4 and HU5. Overall, we find that as CV goes up there is more deviation from the 

homogeneous case. The CV of the permeability model was directly affected by the 

permeability-porosity correlations.  
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Fig. 8 Production data versus normalised time for the three carbonate based cases 

where porosity is from Fig. 2 and the permeability models from Fig. 4b-d for HU0, HU1 

and HU5 respectively, showing (a) water cut, (b) salinity profile and (c) the recovery 

factor. Solid lines for models with effective salinity range 1,000-10,000 mg/L, while 

dashed lines for 1,000-200,000 mg/L.  
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𝐶𝑒𝑓𝑓 = 1,000 − 10,000 mg/L 𝐶𝑒𝑓𝑓 = 1,000 − 200,000 mg/L 

HU0 

  

HU1 

  

HU5 

  

 

 

Fig. 9 Water saturation along the models for various hydraulic units (HU) of the 

carbonate case given in Fig. 8, where images were taken at time 685 days (0.235 PVI), 

for two different effective salinity ranges.  
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𝐶𝑒𝑓𝑓 = 1,000 − 10,000 mg/L 𝐶𝑒𝑓𝑓 = 1,000 − 200,000 mg/L 

HU0 

  

HU1 

  

HU5 

  

 

 

Fig. 10 Salinity distribution along the models for various hydraulic units (HU) of the 

carbonate case for two different effective salinity ranges, where the saturation 

distribution is given in Fig. 9. Images were taken at time 685 days (0.235 PVI).  

As mentioned above, the scatter in the correlations relative to the fitted curves in Fig. 

3 were modelled as a stochastic addition to the dependency on porosity. This stochastic model 

required global statistics for the spatial correlation as well as the scatter, which itself comes 

from the observed data. We previously used the variogram range from the porosity model of 

92 m in the main direction and 23 m in the minor direction. We also investigated a longer 

variogram range of 274 m in the main direction and a shorter range of 3 m in the minor, 

vertical, direction. In all cases there was a very minor effect on the flow behaviour compared 

to that in Figs. 12 such that we do not bother to show the results. 
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(a) 

 

  

(b) 

 

  

(c) 

 

  

Fig. 11 Permeability distributed using the permeability-porosity correlations in Fig. 3, 

where (a) is for sandstone (Fig. 3a), Cv = 1.3, (b) HU5 in Fig. 3b, Cv = 0.8 and (c) HU0, 

Cv = 0.79.  

  

Fig. 12 Simulated production data versus normalised time comparing the homogeneous 

model, the original permeability and the regression for sandstone and two hydraulic 

units from carbonate, (a) water cut (b) the oil recovery factor. The effective salinity 

range for all models was 1,000- 10,000 mg/L. The recovery factor for the various 

carbonate HU are almost identical.     
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a) The Effect of the General Trend of Permeability-Porosity Regression 

 We now investigate the effect of a broader range of variation in permeability and 

porosity on the flow performance. We compared simulations with log-linear regression (as 

the sandstone model in Fig. 3a), a power law regression (as in the hydraulic units of carbonate 

models in Fig. 3b) and also a linear regression (for illustration purposes). Fig. 13 shows 

permeability models that were built using linear regression, while the porosity model is that 

in Fig. 2a. Models with homogeneous permeability and heterogeneous porosity and vice 

versa were also run.  

The dynamic flow behaviour (Fig. 14) shows that models with linear regression 

resulted in flow behaviour closer to that of the homogenous model more so than other cases. 

Simulations based on the log-linear regression models resulted in higher deviations from the 

homogeneous case. A power law regression model relating permeability to porosity had 

somewhat moderate variations by comparison. It turns out, however, that this difference is 

more to do with the variation of permeability. If the Cv is the same for the two cases, then 

the models have the same behaviour.   

The cases with homogenous permeability and heterogeneous porosity models, and 

vice versa, are also shown in Fig. 14. We can see that both of these models were affected by 

heterogeneity more than the case with the linear regression of permeability-porosity.   

The reason that the linear regression model had a limited effect can be understood 

using the principles of Darcy’s law to determine the interstitial flow velocity: 

𝑣𝑥
𝑓
= −

𝐾 

ø
×

𝑀

𝑆𝑤
×
∆𝑝

∆𝑥
                (1) 

Where 𝑣𝑥
𝑓
 is the interstitial velocity of fluid, f,  in the x-direction, 𝑀 is the fluid mobility, 𝑆𝑤 

is the water saturation. This suggests that if 
𝐾 

ø
 is constant and pressure gradient is the same, 

fluids flow at a constant speed regardless of the heterogeneity. The high permeability regions 

take longer to fill volumetrically even though the Darcy velocity may be greater. Clearly, in 

cases of a linear relationship between porosity and permeability we see this effect. This in 

turn results in fluid flow behaviour similar to a homogenous model. However, considering 
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one of the petrophysical models (either permeability or porosity) to be homogenous leads to 

a very heterogeneous behaviour as can be seen in Fig. 14 orange and blue lines. The same 

principle can be used to explain why the log-linear (sandstone) and power law (carbonate) 

porosity-permeability model resulted in greater effects of heterogeneity on fluid flow.  

  

Fig. 13 Spatial distribution of permeability model using the linear permeability-

porosity regression. Coefficient of variation was 1.7.  

  

Fig. 14 (a) water cut and (b) recovery factor versus PVI for models with homogenous 

permeability and porosity as well as cases with porosity as in Fig. 2a and permeability 

that was log-linear (Fig. 4a), power-law (Fig. 4d), linear with porosity (Fig. 13) as well 

as homogeneous permeability (200 mD). A model with permeability from Fig. 13 and 

homogeneous porosity (= 0.2) was also run. All models had effective salinity range 1,000 

– 10,000 mg/L.   

In the simulations above, a single realisation of porosity was used (Fig. 2a). We now 

compared to alternative realisations (Fig. 2b; c). Fig. 15 shows the permeability models that 

were built based on the porosity model in Fig. 2b using the regression of the sandstone case 

and two selected flow units from the carbonate core data, as given in Fig. 3. Then the porosity 
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model in Fig. 2c was examined along with permeability models. Fig. 16 displays the resulting 

permeability model using the third porosity realisation.   

(a) 

 

  

(b) 

 

  

(c) 

 

  

 

Fig. 15 Spatial distribution of permeability models, which were built using the porosity 

model in Fig. 2b and permeability-porosity relation where (a) log-linear regression of 

sandstone case as in Fig. 3a, (b) regression of hydraulic unit HU0 as in Fig. 3b, and (c) 

regression of hydraulic unit HU5, Fig. 3b. 

 Fig. 17 shows the dynamic flow behaviour that resulted from using the 

aforementioned porosity and permeability realisations. We confirm the previous observation 

that the carbonate models were less affected by heterogeneity than the sandstone case. In 

particular the HU5 carbonate case appears to be most eligible for LSWF. In all models in 

Fig. 17, the formation waterfront was more stable than the low salinity waterfront. The water 

cut in the oil bank period was higher for sandstone models. The recovery factor was 

considerably less in the sandstone case compared with the carbonate model though we note 

that the Cv of permeability was also higher.   
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(a) 

 

  

(b) 

 

  

(c) 

 

  

Fig. 16 Spatial distribution of permeability models, which were built using the porosity 

model in Fig. 2c and permeability-porosity relation where (a) log-linear regression of 

sandstone case as in Fig. 3a, (b) regression of hydraulic unit HU0  as in Fig. 3b, and (c) 

regression of hydraulic unit HU5, Fig. 3b.  

 

 Uncertainty analysis  

In this section, we assess the impact of the global statistics of the spatial distributions 

of permeability models and how they affect LSWF in a more systematic manner. A 

homogeneous porosity was assumed at 0.2 for each of the following cases in order to focus 

only on the permeability effect. Permeability models were created by varying the standard 

deviation and variogram range (Fig. 18). Each permeability model shown in Fig. 18 was 

examined under ten realizations, so that more than 120 simulations were run.  
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Fig. 17 Production data versus normalised time (PVI) for various porosity realisations. 

Solid, dashed and dotted lines are for 1st ,2nd and 3rd realisations respectively, where the 

porosity models for these realisations are given in Fig. 2a, b and c respectively. The 

permeability model for the sandstone models (red lines) are given in Fig. 11a, 15a and 

16a for 1st, 2nd and 3rd realisations respectively. HU0 permeability realisations (blue 

lines) of the Carbonate model are in Fig. 11b, 15b and 16b for 1st, 2nd and 3rd realisations 

respectively, while for HU5 of Carbonate models (orange lines) are those in Fig. 11c, 

15c and 16c for 1st, 2nd and 3rd realisations respectively. Water cut plots and recovery 

plots of the first realisation of HU0 and HU5 almost overlap.  

 

Fig. 19 shows water saturation in the models during LSWF for models shown in Fig. 

18 for models with various oil viscosities. The corresponding total mobility across the 

formation waterfront (𝑀𝑓
𝑟) and across the low salinity waterfront (𝑀𝐿𝑆

𝑟 ) are given in Table 

2.  

Table 2: viscosity changes versus total mobility across both waterfronts. 

µ𝑜 (cP) µ𝑤 (cP) 𝑀𝑓
𝑟 (cP-1) 𝑀𝐿𝑆

𝑟 (cP-1) 

1 1 0.25 1.1 

8 1 0.64 1.6 
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Fig. 18 Permeability distributions of various models where cell values varied from 0.1 

mD up to 1,000 mD. The mean of the input was always set to be 200 mD. The coefficient 

of variation (CV) was varied from 0.16 (i.e., the Standard deviation, SD=32), 0.5 (SD=90) 

to 1(SD=200) as displayed for each row. Variogram range (Rv) also was varied from as 

narrow as 3 m up to as wide as 152.4 m as shown for each column.     

We notice that the cases with high CV of permeability presented more obvious 

heterogeneity induced fingering. Also, the flow was more tortuous as variogram range was 

increased. An important observation is that formation and low salinity waterfronts were 

affected by the degree of heterogeneity. The low salinity waterfront experienced more 

fingering than formation water. It was only when the heterogeneity was its strongest and oil 

viscosity was 8 cP did the formation waterfront break up and follow the high permeability 
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zones. As a consequence, the water cut was less affected by heterogeneity for models with 

relatively short variogram range  (Fig. 20). Meanwhile the  cases with higher variogram range 

showed more pronounced the heterogeneity fingering in the low salinity waterfront. We can 

also observe that the low salinity waterfront was strongly affected by the relative fluid 

mobility which defines whether or not flow is favourable or unfavourable. As a result, the 

low salinity front was deformed for many geological realizations for CV ≥ 0.5, 1 and 𝑀𝐿𝑆
𝑟 =

1.6(µ𝑜 = 8).  

The profile of produced salinity for these models was less affected by heterogeneity 

for models with relatively short variogram length (Fig. 21).  It shows that there was negligible 

effect of heterogeneity under favourable displacement for models with CV =0.16 or 0.5 when 

the mean value was 200 mD and variogram range either 3 or 15 m. For Rv = 30.5 m or 152.4 

m and for less favourable displacement (𝑀𝑓
𝑟 = 0.64, 8cP oil) the heterogeneity had a stronger 

effect on the salinity transport especially when CV was either 0.5 or 1. Each geological 

realisation resulted in a different response. However, for simulations under favourable 

displacement (𝑀𝑓
𝑟 = 0.25, 1cP oil) and CV up to 1, less variation was observed between 

realisations. Fig. 21 gives insight about the extent to which heterogeneity affects the salinity 

profile, and can be used as a reference to upscale LSWF by shifting the midpoint of effective 

salinity, (for more details see Al-Ibadi et al. 2018). Also, it helps to predict the performance 

of LSWF in heterogeneous reservoirs by manipulating the grid size so that we obtain a model 

with similar dispersion.   
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Fig. 19 Water saturation distribution along the reservoir models for permeability 

models that are given in Fig. 18. Models images were show distributions at 0.48 PVI 

(1400 days) for models with µ𝒐 = 𝟏,and at 0.3 PVI (875 days) for models with µ𝒐 = 𝟖.    
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Fig. 20 Water cut versus time for permeability models with various values for the 

coefficient of variation (CV) and variogram range for 240 simulations where there are 

more 120 stochastic permeability models which were flooded with favourable 

displacement (where the oil viscosity was set to be 1 cP) and less favourable 

displacement (where the oil viscosity was 8 cP). 

In Fig. 22, we report the dispersivity of the salinity front as calculated from models 

with various input values for the variogram range and standard deviation under favourable 
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and unfavourable displacement (Fig. 22a and b respectively). The dispersivity was calculated 

by manipulating the dispersivity in the advection dispersion equation to obtain a best fitting 

salinity profile. Another method was also used to calculate the dispersivity by calculating 

U20 and U80, where U20 and U80 are volume modifying functions and depend on the 

number of pore volumes injected to reach concentrations of 80% and 20% of the salinity 

profile respectively . For more details see (Brigham, 1974; Al-Ibadi et al., 2019e). Fig. 22c 

shows the dispersivity of the salinity front as a pure tracer (in a single phase). The dispersivity 

values, 𝛼𝑝ℎ𝑦, shown in Fig. 22 represent calculations of physical behaviour due to the 

heterogeneity. The effect of numerical dispersion, 𝛼𝑛𝑢𝑚,  was removed from the total 

dispersion, 𝛼𝑡𝑜𝑡𝑎𝑙, by subtraction such that 𝛼𝑝ℎ𝑦 = 𝛼𝑡𝑜𝑡𝑎𝑙 − 𝛼𝑛𝑢𝑚. The results show that 

increasing the variogram range led to greater dispersivity, as expected. However for models 

with CV= 0.16, the effect of heterogeneity was low to moderate and that was true even with 

high variogram range. Overall, the dispersivity was higher for models with 𝑀𝐿𝑆
𝑟 = 1.6 where 

fingering effects were stronger in the low salinity waterfront for the same models. It is 

important to note that models under favourable displacement were less dispersed even 

compared to single phase flow, especially for large correlation lengths.   
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Fig. 21 Salinity concentration profile (mg/L) versus time (day) for more than 250 models 

where there are more 132 permeability models of flooding with favourable 

displacement (where the oil viscosity was set to be 1 cp) and less favourable 

displacement ( where the oil viscosity was 8 cp). The homogenous cases are shown in 

pink line.     
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Fig. 22 Dispersivity of the salinity front versus variogram range for cases with different 

SD and for (a) favourable displacement (µ𝒐 = 𝟏 where 𝑴𝒇
𝒓 = 𝟎. 𝟐𝟓,𝑴𝑳𝑺

𝒓 = 𝟏. 𝟏), (b) less 

favourable displacement (µ𝒐 = 𝟖 where 𝑴𝒇
𝒓 = 𝟎. 𝟔𝟒,𝑴𝑳𝑺

𝒓 = 𝟏. 𝟔) and (c) for single 

phase flow where the salinity front acts just as a passive (inert) tracer, dashed lines 

indicate the maximum and minimum value of each trend.  Symbols indicate individual 

models.  

 

Discussion 

This work investigates the effect of heterogeneity on LSWF of a sector model. The 

porosity model was randomly distributed using Sequential Gaussian Simulation in many 

cases. The permeability model was then built using permeability-porosity correlations of 

sandstone and carbonate rocks. We also investigated spatial variation of permeability using 

Sequential Gaussian Simulation with uniform porosity. 
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The spatial distribution of permeability and porosity affects the flow performances. 

We found that the larger the CV of permeability, the less benefit was gained from LSWF. 

Also, the permeability- porosity correlation played a crucial role in flow performance. 

Models with relatively similar statistics, e.g., standard deviation, variogram and coefficient 

of variation, but with various permeability-porosity correlations could be affected in different 

degrees by the heterogeneity. More specifically, we found that models based on a log-linear 

relationship of permeability and porosity, as in many sandstone cases, would be affected by 

the spatial distribution of petrophysical properties as models with a power law model if the 

Cv was the same. Meanwhile the linear correlation of porosity and permeability resulted in 

behaviour like the homogeneous model. Scatter of data in the permeability-porosity 

correlation resulted in a small (and almost negligible) effect  on flow performance. This 

observation may help to assess the need to carry out uncertainty analysis where multiple 

realisations are needed.   

The total range of effective salinity was another factor that can determine the 

influence of heterogeneity. The wider the effective salinity range, the less will be the effect 

of heterogeneity. The effect is due to physical dispersion. It is documented in the literature 

that carbonate core samples have a wider effective salinity range than sandstone samples. 

Therefore, heterogeneity is a greater concern in sandstones than carbonates. It has also been 

reported that numerical dispersion will have more effect when the effective salinity range is 

narrow (Al-Ibadi et al., 2019a, 2019b). That numerical dispersion is therefore a proxy for the 

effects of physical dispersion as shown here 

Overall, the performance of LSWF in carbonates at the field scale was better than 

sandstone, where the recovery factor was higher by more than 6% of OOIP. This was for 

models have the same relative permeability curves, which implies the assumption that in the 

core scale, both models respond to a decrease in salinity in the same way. Thus, the difference 

in the oil recovery was due to the heterogeneity and the effective salinity range.   

In general, the formation waterfront was more stable than the low salinity waterfront. 

On the other hand, the salinity concentration front was affected by dispersion of the low 

salinity waterfront and vice versa. For less favourable displacement, the dispersivity of the 

salinity front can be reasonably estimated for models with various degrees of heterogeneity. 
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However, less favourable flooding, at high mobility ratio, the salinity front can be strongly 

affected by heterogeneity. This leads to a nonuniform front. Several realisations should be 

considered in cases of high uncertainty. The estimation of the salinity behaviour is a key 

factor in modelling of LSWF, as it affects the flow performance. Thus, it should be captured 

reasonably accurately in order to obtain a reliable forecast. Tuning the grid cell size to obtain 

an equivalent dispersivity may be utilized for coarse case models, see (Al-Ibadi et la., 2018). 

 

 

Conclusions  

The following conclusion can be drawn: 

• The spatial distribution of petrophysical properties has an effect on the fluid front 

which correlates with Coefficient of Variation and Variogram range.  

• Sandstones tend to have a log-linear relationship between permeability and porosity 

while carbonates tend to follow a power law. The latter results in a relatively smaller 

Cv of permeability for equivalent domain and range of the function. 

• Systems with a wider range of effective salinity, often the case in carbonates, would 

be less affected by heterogeneity.    

• The formation waterflood front is more uniform than the low salinity waterfront. The 

latter affects the stability of the salinity concentration profile.  

• The dispersivity of the salinity front can be estimated for a wide range of geological 

realisations for favourable floods. However, for less favourable floods, the salinity 

front is more dispersed and can be deformed for models with a high variogram range. 
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Chapter 7: Part 1- An Analysis of Numerically Induced Pulses 

in Simulations of Low Salinity Water Flooding and their 

Reduction by Flow Upscaling*  
 

Abstract 

Numerical fidelity is required when using simulations to predict Enhanced Oil 

Recovery processes. In this paper we investigate the conditions that lead to numerical errors 

when simulating Low Salinity Water Flooding (LSWF). We also examine how to achieve 

more accurate simulation results by upscaling the flow behaviour in an effective manner. 

An implicit finite difference numerical solver was used to simulate LSWF. The 

accuracy of the numerical solution has been examined as a function of changing the length 

of the grid cell and the time step. Previously we have shown that numerical dispersion 

induces a physical retardation such that the low salinity front slows down while the formation 

water front speeds up. We also report for the first time that pulses can be generated as 

numerical artefacts in coarsely gridded simulations of LSWF. These effects reflect the 

interaction of dispersion, the effective salinity range and the use of upstream weighting 

during calculation and can corrupt predictions of flow behaviour.  

The effect of the size of the time step was analysed with respect to the Courant 

condition, traditionally related to explicit numerical schemes and also numerical stability 

conditions. We also investigated some of the nonlinear elements of the simulation model 

such as the differences between the concentrations of connate water salinity and the injected 

brine, effective salinity concentration range and the net mobility change on fluids through 

changing the salinity. We report that in order to avoid pulses it is necessary but not sufficient 

to meet the Courant condition relating time step size to cell size. We have also developed 

two approaches that can be used to upscale simulations of LSWF and tackle the numerical 

problems. The first method is based on a mathematical relationship between the fractional 

flow, effective salinity range and the Peclet number and treats the effective salinity range as 

a pseudo function.  

 

 

* This is a preprint version of the paper Al-Ibadi, Hasan, Stephen, K. D. and Mackay, E. (2021) ‘An Analysis 

of Numerically Induced Pulses in Simulations of Low Salinity Water Flooding and their Reduction by Flow 

Upscaling’, SPE journal.  
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The second method establishes an unconventional proxy method equivalent to pseudo 

relative permeabilities. A single table of pseudo relative permeability data may be used for a 

waterflood instead of two tables as is usual for LSWF. This is a novel approach which 

removes the need for relative permeability interpolation during the simulation.  

Overall, by avoiding numerical errors, we help engineers to more efficiently and 

accurately assess the potential for improving oil recovery using LSWF and thus optimise the 

field development. We also avoid the numerical pulses inherent in the traditional LSWF 

model. 

Introduction 

Increasing oil recovery to supply the world’s ever-growing energy demand has been 

the main aim of petroleum studies in and around the oil industry.  Typical oil recovery factors 

range from 20% to 40% globally (Muggeridge et al., 2014) and even 60% (Udy et al., 2017) 

using waterflooding. To enhance oil recovery, low salinity waterflooding (LSWF) has been 

developed (Tang and Morrow 1996). This process may also be called “smart water”, 

“designed water” or “engineered water”, especially for carbonate reservoirs (Austad, 2008; 

Sheng, 2014; Jackson et al., 2016). LSWF is considered as an emergent process to enhance 

oil recovery.  

While the process has been studied for some time (Martin, 1959; Bernard, 1967), it 

was in the 1990s that its value as an Enhanced Oil Recovery (EOR) method began to be 

recognized. Since then, a number of LSWF experiments have been carried to out understand 

the mechanisms behind incremental oil recovery (Jadhunandan & Morrow 1995; Yildiz & 

Morrow 1996; Tang & Morrow 1999; Galliano et al. 2002; Lager et al. 2008; Yousef et al. 

2011; Salehi et al. 2016). This process has also been applied at the field scale by a single well 

tracer (Mcguire et al., 2005; Jerauld et al., 2010; Al-shalabi, 2016). However, the mechanism 

that drives the LSWF process is under much debate (Dang et al., 2016; Hamon, 2016). 

Permeability reduction or formation damage (Tang and Morrow, 1997; Zhang and Morrow, 

2006), wettability alteration (Yousef et al., 2011; McMillan et al., 2016), osmosis (Fredriksen 

et al., 2016), increased pH number (Austad, 2008) and reduced interfacial tension (Shojaei 

et al., 2015) have all been suggested as mechanisms for LSWF.  
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The concept of effective salinity range is important in understanding and modelling 

LSWF, and it has been reported to vary in experiments (Webb et al. 2003; Mcguire et al. 

2005; Seccombe et al. 2010; Salehi et al. 2016). Effective salinity range can be defined as 

the values of salinity in which changes occur to the fluid wettability and hence mobility and 

mobilisation of trapped oil (Jerauld et al., 2008; Schlumberger, 2018). The variety of reported 

data has affected the use of the effective salinity range in modelling of LSWF. Several models 

have been suggested to simulate LSWF from different perspectives (Jerauld et al. 2006; 2008; 

Tripathi & Mohanty 2008; Aladasani et al. 2012).  

We begin with Section 2 where we present the mathematical model of the low salinity 

waterflood and then describe its numerical form and particularly the simulation model that 

we use as a base case for the study. In Section 3 we present simulation results beginning with 

an investigation of the base case model and explore some sensitivities by examining the 

impact of the effective salinity range and also time step and cell size. We introduce some 

numerical errors that we have observed, in particular some pulse behaviour that has not been 

reported previously. Some of these errors could be mistaken for instabilities and in Section 

3.3 we test that hypothesis revealing that the behaviour is in fact stable. In section 3.4 we 

analyse the model further to assess the source of the pulses and explain their behaviour. In 

Section 4 we introduce two new methods of upscaling as a means of overcoming the errors 

observed. These are novel approaches which treat the effective salinity range as a pseudo 

function and, alternatively, we generate a single set of relative permeability curves to 

decouple oil and water phases in the model from the salinity. 

 

Description of the numerical model  

Mathematical model 

In this first part of this study, a 1D homogenous model of immiscible oil displacement 

was used. We compared it against analytical models which predict shock front behaviour 

(Buckley and Leverett, 1942; Pope, 1980). We deliberately simplify the reservoir architecture 

as a rectangular cuboid and consider more realistic models in a follow on paper. Before we 

describe the numerical model, we first explain the physical conditions. The oleic phase 

consists entirely of immiscible light oil. The aqueous phase contains a totally dissolved salt 
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component. Salinity is therefore treated as a single component and is modelled separately. 

Thus, the following governing equations are applied:  

{
 
 

 
 ∅

𝜕

𝜕𝑡
(𝑆𝑜) + ∇. (𝑢𝑜) = 𝐷𝑜

𝜕2𝑆𝑜

𝜕𝑥2

∅
𝜕

𝜕𝑡
(𝑆𝑤) + ∇. (𝑢𝑤) = 𝐷𝑤

𝜕2𝑆𝑤

𝜕𝑥2

∅
𝜕

𝜕𝑡
(𝑆𝑤𝐶𝑠) + ∇. (𝐶𝑠𝑢𝑤) = 𝐷𝑐

𝜕2𝑆𝑤𝐶𝑠

𝜕𝑥2

𝑆𝑤 + 𝑆𝑜 = 1

               (1) 

The mass conservation equations contain dispersion terms on the right. We do not usually 

include these terms mathematically but the approximations inherent in the numerical model 

mean that dispersion is included, effectively. 

In the LSWF model, the mass conservation of solute (salinity) and the phase 

displacement are coupled as the latter affects the relative permeability of the former. We can 

therefore write the Darcy velocity as an implicit function of saturation and salinity.  

 𝑢𝑤 = 𝑢𝑤(𝑆𝑤, 𝐶𝑠)                 (2) 

More explicitly, the velocities can be written using Darcy’s Law and phase pressures are 

linked through capillary pressure:  

{
 
 

 
 𝑢𝑤 = −𝐾

𝑘𝑟𝑤( 𝑆𝑤,𝐶𝑠)

µ𝑤(𝑃,𝐶)
 ∇(𝑃𝑤 − 𝜌𝑤𝑔∇𝑧)

𝑢𝑜 = −𝐾
𝑘𝑟𝑜( 𝑆𝑤,𝐶𝑠)

µ𝑜(𝑃)
 ∇(𝑃𝑜 − 𝜌𝑜𝑔∇𝑧)

𝑃𝑐 = 𝑃𝑜 − 𝑃𝑤

               (3) 

We note that the role of the salinity effect appears in the choice of the relative 

permeability curves and the viscosity of the water phase. However, we assume that the 

change in the salinity has negligible effect on the water viscosity. Also, the pressure effect 

on viscosity is negligible at reservoir conditions.  The capillary pressure can be used to 

establish the relationship between the pressures of each phase. Unlike laboratory flooding, 

simulations of field flooding, tend to be viscous dominated, so that it is a reasonable 

assumption to set 𝑃𝑐 = 0. For horizontal and relatively long, thin reservoirs, it is also 

reasonable to assume that the gravity force has negligible effect.  
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Effective Salinity range  

In a model of LSWF, the change of salinity may be represented by switching from a 

high to a low salinity relative permeability curve (e.g. Fig. A1) for each phase (Jerauld et al., 

2008; Schlumberger, 2018). The change is controlled using the effective salinity range and a 

weighting function to control the mix of relative permeability curves.  

If the salinity, 𝐶𝑆, is greater than 𝐶𝑆
𝐻𝑆 then typically oil wet relative permeability data 

are used as in Fig. A1 for high salinity flow. If salinity is less than 𝐶𝑆
𝐿𝑆 more water wet relative 

permeability curves are used. CS
LS and CS

HS therefore define the effective salinity range. If 

the salinity is between these two limits then a weighting function is used such as: 

Ѳ =  1 −
𝐶𝑆−𝐶𝑠

𝐿𝑆 

𝐶𝑆
𝐻𝑆−𝐶𝑆

𝐿𝑆  for CS
LS < CS < CS

HS                (4) 

The weighting factor, Ѳ, is used to mix the relative permeability curves in proportion (for 

details see Jerauld 2008; Schlumberger 2018; or Al-Ibadi et al. 2019a-c) and includes a 

scaling of end points.  

We define the dimensionless width, 𝐶𝑑
𝑒𝑓𝑓

, and mid-point, 𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

, of the effective 

salinity range as follows: 

𝐶𝑑
𝑒𝑓𝑓

=
𝐶𝑆
𝐻𝑆−𝐶𝑆

𝐿𝑆

𝐶𝑆
𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛

− 𝐶𝑆
𝑖𝑛𝑗                (5a) 

𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

=
𝐶𝑆
𝐻𝑆+𝐶𝑆

𝐿𝑆

2
   − 𝐶𝑆

𝑖𝑛𝑗

𝐶𝑆
𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛

− 𝐶𝑆
𝑖𝑛𝑗                (5b) 

where 𝐶𝑆
𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛

 and 𝐶𝑆
𝑖𝑛𝑗

 are the salinity of formation and injected waters respectively, 

which define the range of the salinity profile as a whole.  

For the rest of the paper we will refer to the effective salinity range by absolute terms 

𝐶𝑆
𝐿𝑆 and 𝐶𝑆

𝐻𝑆 as well as the dimensionless width, 𝐶𝑑
𝑒𝑓𝑓

, and mid-point, 𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

 as is 

appropriate. Note that 𝐶𝑆
𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛

 and  𝐶𝑆
𝑖𝑛𝑗

 are fixed throughout the paper (see Table A1). 

In this paper we investigate simulations where we varied the effective salinity range 

by changing CS
LS and CS

HS. There are numerous studies reporting variations in these two 
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limits and we refer the reader to Al-Ibadi et al. (2019b) for a deeper discussion of the 

literature, rather than repeat it here. See also Webb et al., (2005) and Jerauld et al., (2008). It 

is our general observation that CS
LS is often reported to be quite low (around 1000 mg/l) while  

CS
HS can vary and can be equivalent to in situ levels. On the other hand, it has also been 

reported that wettability can be altered to our benefit by increasing salinity (Jackson et al. 

2016; Collini et al., 2020). 

The change of relative permeability alters the phase mobility and hence the flow 

speed of the phases which feeds back to the salinity transport. Further discussion about the 

relationship between salinity profile and fluid movement can be found in Al-Ibadi et al., 

2019b and c. 

In this paper we will also decouple the relationship between the effective salinity 

range and the relative permeability curves for the sake of analysis. In the results shown, a 

single set of high and low salinity relative permeability curves have been examined while 

varying  CS
LS and CS

HS. We have altered relative permeability separately. The results are not 

shown here but are available in Al-Ibadi et al. (2018). We expect that relative permeability 

and effective salinity range are in fact coupled. However, dedicated experiments would be 

required to acquire good data on the coupling. Many other factors may also change along 

with the effective salinity range. 

 

Numerical model 

The model in Eq. 2 can be solved numerically using an implicit finite difference 

scheme under the conditions specified. The phase and the concentration equations can be 

solved simultaneously using the fully implicit scheme, or sequentially, using the decoupled-

implicit scheme. For a 1D model which has been divided into N equally sized hexahedral 

voxels with orthogonal faces of length Dx, width Ly and thickness Lz, we use a commercial 

simulator (Schlumberger 2018) to solve the discretised form of the flow equations in Eq. 1-

3: 

𝑆𝑤
𝑖,𝑛+1          = 𝑆𝑤

𝑖,𝑛 −
∆𝑡

∅∆𝑥
( 𝑢𝑤

𝑖+1/2,𝑛+1
− 𝑢𝑤

𝑖−1/2,𝑛+1
)            (6a) 

(𝑆𝑤𝐶)
𝑖,𝑛+1 = (𝑆𝑤𝐶)

𝑖,𝑛 −
∆𝑡

∅∆𝑥
( 𝑢𝑤

𝑖+1/2,𝑛+1
𝐶𝑖,𝑛+1 − 𝑢𝑤

𝑖−1/2,𝑛+1
𝐶𝑖−1,𝑛+1)         (6b) 
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𝐶𝑖,𝑛+1          =
(𝑆𝑤𝐶)

𝑖,𝑛+1

𝑆𝑤
𝑖,𝑛+1                (6c) 

𝑢𝑤
𝑖−1/2,𝑛+1

  = −𝐾
𝑘𝑟𝑤( 𝑆𝑤

𝑖−𝑚,𝑛+1,𝐶𝑆
𝑖,𝑛+1)

µ𝑜(𝑃)

(𝑃𝑖,𝑛+1−𝑃𝑖−1,𝑛+1)

∆𝑥
           (6d) 

where i is the cell counter, n is the time step. The term, 𝑢𝑤
𝑖−1/2,𝑛+1

, represents the Darcy 

velocity across the interface between cell i-1 and i (hence the label “i-1/2”). The term is 

calculated using upstream weighting of relative permeability so that m = 1 if 𝑃𝑖+1,𝑛+1 ≤

𝑃𝑖,𝑛+1 and the saturation, salinity and relative permeability function of cell i-1 is used. If 

𝑃𝑖+1,𝑛+1 > 𝑃𝑖,𝑛+1 then the relative permeability is calculated based on properties in cell i.  

The problem is linearised to obtain a first guess to the solution. Then the non-linear 

terms are updated and a new linear solution is obtained. In the fully implicit method, all of 

Eq. 6 is solved simultaneously. In the decoupled implicit scheme, Eq. 6.1 is solved using 

concentrations from the old time step, then, once the new saturations have been obtained at 

the end of the time step, Eq. 6.2 is solved along with Eq. 6.3. We refer the reader to the 

software manual for more details (Schlumberger 2018).  

Ideally, for linear functions, the fully implicit scheme should be unconditionally 

stable, as has been shown for other cases theoretically (Peaceman, 1977). However, as 

recommended by Schlumberger (2018), computation of mass conservation for salinity has 

been decoupled from the aqueous phase by calculating it at the end of the time step after the 

aqueous and oleic phase flow has been determined. In practice, we found that solving the 

equations simultaneously lead to significant convergence problems for various salinities of 

the formation water and for many effective salinity ranges and weighting functions. This was 

experienced despite setting the maximum iteration number to be two orders of magnitude 

greater than the default settings. We also found that if we set the material balance error 

threshold small enough then the fully implicit and decoupled implicit methods gave the same 

solution, virtually. On the other hand if the material balance error was not small enough, 

unphysical results could be obtained by the fully implicit method. This can be due to strong 

non-linearities and coupling of the phase flow with the solute transport.  
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Simulation models 

In this paper a one-dimensional homogeneous model was simulated with zero 

capillary pressure and no gravity effects. This is partly done for convenience but if we 

consider that for typical simulation scale grids, the capillary pressure is negligible compared 

to flow induced pressure differences between cells. In our models the flow rates between the 

wells induced a pressure gradient of 0.1 bar per 0.3m. Since capillary pressure values reach 

a maximum of a few bars typically, the capillary pressure gradient is likely to be of the order 

of the induced pressure gradients in our most refined models only, which had a cell size of 

0.3m. In typical simulations at the well scale, induced pressure gradients are an order of 

magnitude larger than the capillary pressure gradient at least. 

The input relative permeability curves are given in Appendix-A, Fig. A1. The model 

dimensions and the necessary input parameters are also listed in Table A1. These data are 

also presented in Al-Ibadi et al. (2019a-c). Low salinity brine was injected from the beginning 

of the simulation unless otherwise stated. Field voidage replacement was used to maintain 

the pressure. We varied time step and cell size to study their effect on accuracy and stability.  

Equation 6 represents the numerical equations used in most commercial simulators. 

They are a reasonable representation of Equation 1. Usually, we do not want to model the 

dispersion terms in Equation 1 but the numerical representation imposes that. Thus, the 

numerical dispersion is a proxy for physical dispersion. 

In this paper the aim is to consider numerical simulation of typical reservoir scale 

models using commercial software (e.g. Schlumberger 2018). These methods use upstream 

weighting to calculate the flows in Equation 3 which contributes to numerical dispersion and 

various errors in simulation. Higher order alternative simulations methods have been 

discussed for a number of years to reduce numerical dispersion (Aziz and Settari 1979; Bell 

and Shubin, 1985; Kavaschuk et al. 2019). They have become available in specialised 

commercial packages (e.g. CMG, 2020a). Other options are also available including dynamic 

gridding where the simulator chooses the grid cell resolution as the displacement process 

proceeds (CMG 2020b). Both approaches require specialised skills and software at this point 

in time. For this reason, we continue to focus on more typical simulation methods. A 

summary of all models run in the paper is shown in Table A2. 
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Results 

Base case examples 

A numerical simulation can be described as being accurate when the partial 

differential equations governing flow are exactly matched. Finite difference numerical 

simulations are inherently inaccurate to some degree due to the approximations introduced 

to represent first and second order derivatives (e.g. numerical dispersion is introduced – in 

this paper we use this term to refer to the second order error that is introduced as is common 

in this industry). In addition to numerical dispersion we see an additional effect of using the 

upstream weighting of relative permeability which adds to the spreading of properties, 

including water fronts. This is often lumped with numerical dispersion. For a fuller discussion 

see Al Ibadi et al. 2019c. Instabilities can arise when the errors from approximations grow 

exponentially (at least initially) often leading to erratic and even chaotic behaviour (e.g. 

Zheng and Bennett, 2002). Convergence is governed by different conditions and may be 

impossible. On the other hand, numerical discretisation errors can lead to pulses, oscillations 

and other apparently unphysical solutions.  

Firstly, we report behaviour in LSWF that appeared to be similar to numerical 

instabilities, observing that they showed as pulses (possibly interpretable as oscillations). We 

will test the hypothesis of instability and show that these pulses are in fact stable although 

they alter the solutions of saturation and salinity relative to analytical predictions. More 

details about the relationship between (physical and numerical) dispersion, fluid flow and 

active ion transportation can be found in Al-Ibadi et al., (2019b and c) observing that 

dispersion alters the time evolution of both the water fronts and the salinity profile.  

A 1D homogeneous reference case model was run to represent the fine scale scenario 

which gave results very close to those predicted by fractional flow theory. The simulation 

used the decoupled implicit scheme and had an effective salinity range of 1,000 to 7,000 

mg/L with a cell size of 0.3m in the x-direction and a maximum time step of 0.4 days. The 

black lines in Fig. 1 indicate the predicted water cut and salinity produced at the well. Two 

major steps in the water cut were observed indicating the arrival of the formation waterfront 

followed by the low salinity front. Formation water was mobilised and moved ahead of the 

incoming low salinity front. The two fronts were very sharp at this resolution.   
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Increasing the cell size to 4.6 m introduced numerical dispersion such that the 

waterfronts and, importantly, the salinity profile, were spread out (light blue lines, Fig. 1). 

The CS
HS of the effective salinity range was low such that the mixing zone had mostly passed 

before the salinity effect on wettability occurred. This retarded the low salinity front and sped 

up the formation waterfront. When the cell size was increased further to 107 m, the formation 

water and salinity fronts became so washed out that much more water travelled as if the 

salinity was high. As a result, the formation waterfront reached a high water cut and 

saturation before the salinity dropped sufficiently to change wettability. The solution was 

very unphysical looking and quite different from results with more refined cells. We refer to 

this as over approximation. We might have seen the same response if we had replaced the 

numerical dispersion with an equivalent second order term representing physical behaviour 

at the fine scale. A fourth case was run with a cell size of 21.3 m and an effective salinity 

range that was shifted to larger limits. In that case, we observed pulses between the two main 

fronts although the salinity was smooth. We will discuss this effect later.   

  

Fig. 1: A comparison predicted of (a) produced water cut and (b) in situ salinity 

at the producer for example models. The black line is a reference case with effective 

salinity range 1,000-7,000 mg/L, ∆x=0.30m (1ft), ∆𝒕𝑴𝒂𝒙 = 0.4 days. The blue and red 

lines show increased cell sizes of 4.6 m (15ft) and 107m (350 ft) respectively and 

∆𝒕𝑴𝒂𝒙 was 8 and 28 days respectively. The green line shows a case with effective salinity 

range 94,000-100,000 mg/l, ∆x =107m (350 ft)  and ∆𝒕𝑴𝒂𝒙 = 28 days.  

The two coarse grid models were also run using the fully implicit scheme. The water 

cuts and salinity profiles (not shown) were almost identical to those in Fig. 1a. We note that 

convergence was more difficult for the base case model and the mass balance (per unit 

surface density) error limit of 10-14 was needed. We ran the fully implicit model to determine 
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the cause of the pulses considering that they could have been caused by instabilities. 

However, given that the behaviour was very similar this was unlikely. 

 
Effect of model parameters 

We examined less conventional parameters specific to LSWF (i.e. midpoint and 

width of the effective salinity range) along with more traditional factors that are known to 

cause errors in numerical solution, (i.e. grid cell size and time step length). We also tested 

the accuracy of the predicted behaviour of the aqueous phase against a fine scale case as a 

function of numerical dispersion and the effective salinity range.   

In Al-Ibadi et al., 2019b, we discussed the impact of numerical dispersion on the flow 

fronts. In summary, we saw that increased numerical dispersion led to a decrease of the mean 

velocity, of the salinity front as a form of physical retardation. Simulator results in Fig. 2 

show that this effect was maximised for small values of 𝐶𝑑
𝑒𝑓𝑓

. On the other hand, as 𝐶𝑑
𝑒𝑓𝑓

 

was enlarged, the formation water front behaved more like the shock front case although the 

low salinity waterfront was more spread out. Note that the fractional flow analysis of LSWF 

shows that the water saturation profile, and consequently the water cut, should be represented 

by a flat line in the oil bank (Tripathi and Mohanty, 2008; Al-Ibadi et al., 2019a; 2019c).  

 We fixed the width of the effective salinity range and varied 𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

, moving 𝐶𝑆
𝐻𝑆 

towards higher values. This altered the apparent pulses. For instance, the effect of numerical 

dispersion on the speed of the fronts was reduced but the pulses at the low salinity front were 

more apparent (Fig. 2b). We explore this more deeply in Section 3.4.  

We explored how to obtain a pulse free numerical solution of those models in Fig. 2. First, 

we refined the grid to a cell size of 0.3m, as in Fig. 3. We found that grid refinement alone was 

insufficient to improve the behaviour, and we should also reduce the time step in order to avoid the 

occurrence of pulses, particularly in cases with a small range of effective salinity. We adopted the 

Courant condition (named after Courant-Friedrichs-Levy) to determine whether this was a good 

indicator of the onset of pulses, even though this is traditionally used for explicit schemes (Peaceman, 

1977). 
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Fig. 2: Water cut profiles versus injected pore volume obtained using the 

decoupled implicit numerical scheme. In (a) four settings of the effective salinity range 

were considered in which the minimum was fixed at 1000mg/L and the maximum 

indicated in the legend. The numerical over approximation distorted the shape of the 

oil bank relative to the reference case when the maximum of the effective salinity was 

7,000 mg/L. Increasing the width of the effective salinity range reduced the divergence 

for 1,000-150,000 mg/L. In (b) the maximum and minimum limits of the effective 

salinity were varied keeping the width as 6,000 mg/L. In these models ∆x= 70 ft, ∆𝒕𝑴𝒂𝒙= 

28 days, 𝑵𝒑𝒆= 65. In all simulations, we verified that iteration limits were not reached. 

Simulations using the fully implicit scheme produced almost identical results provided 

the mass balance error was very small. 

The Courant condition suggests a minimum time step as a function of  grid cell size at 

known fluid velocity to restrict the instability of the numerical solution (Cangellaris, 1993; 

Zheng et al., 1999). We ignored physical dispersion, which may be caused by capillary 

pressure and heterogeneity, i.e. we mainly considered an advection dominated system. In 

such models and using an upstream, explicit scheme, the time step limit can be given as 

(Peaceman, 1977): 

∆𝑡𝑀𝑎𝑥 ≤
∆𝑥

𝑣
                     (7) 

where 𝑣 is the advection velocity. We note that in LSWF models, water has two advection 

velocities, one for each of the waterflood fronts. However, we considered the advection 

velocity of the formation water  𝑣𝐻𝑆 as 𝑣 because we noted that the pulses occurred in the oil 

bank. Also 𝑣𝐻𝑆 was the faster velocity so that ∆𝑡 was kept within the proper limit for both 

fronts. By obeying the condition in Eq. 7, we made sure that the time step was small enough 
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to simulate the passage of the front through the grid cells. Fig. 3 shows how the choice of 

time step triggered the pulses and the aqueous phase was well behaved only when the Courant 

condition was met (the black line in Fig. 3).  

Meeting the Courant condition did not necessarily lead to a well-behaved solution, 

however. This was due to discretisation induced errors which was linked with the size of the 

grid block (∆𝑥). For example, Fig. 4 shows scenarios for a coarse grid model where reducing 

the time step made little impact preventing pulses occurring and the solutions converged for 

shorter time steps. The fully implicit scheme produced almost identical results. 

 

Fig. 3: Predicted water cut profiles for two cases of the effective salinity range: 

(a) 1,000-7,000 mg/L and (b) 93,000-103,000 mg/l. Smaller time steps led to better 

behaved numerical solutions. In all cases ∆x was 0.30m and 𝒗𝑯𝑺 was 0.76 m/day while 

𝒗𝑳𝑺 was 0.43 m/day,  𝑪𝒅
𝒆𝒇𝒇

= 𝟎. 𝟎𝟑.  

Fig. 5 illustrates that simulations could produce numerically induced pulses as a 

function of cell size even though the Courant condition was maintained in all cases. While 

Fig. 5a displays a dominant dispersion effect on the water cut as a result of increasing the 

grid cell size, Fig. 5b shows a much more obvious set of pulses. As described above, the 

pulses arose with large cell sizes and they were dependent on the width of the effective 

salinity range. Based on flow results, we recommend that the grid cell size, as a proportion 

to the model length (∆x/L), should be about 1/3500. The results were then comparable with 

the analytical solution. Such models would be far too refined for full 3D simulation. 

However, a coarser grid can be used for models with a wider range of effective salinity 

relative to the salinity front, see Fig. 2. 
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Fig. 4: Water cuts examining the effect of time step for effective salinity ranges 

of (a) 1,000-7,000 mg/L, and (b) 97,000-103,000 mg/L. For models with coarse grid 

blocks, reducing the time step failed to prevent pulses from appearing as in Fig. 3 and 

in fact they became worse. ∆x was 107m and 𝒗𝑯𝑺 was 0.76 m/day, though all models 

had 𝑪𝒅
𝒆𝒇𝒇

= 𝟎. 𝟎𝟑. ∆𝒕𝑴𝒂𝒙was set in each case to meet the Courant condition. Note that 

the green line is obscured by the black line either partially in (a) or wholly (b).   

  

Fig. 5: Simulations with various grid cell where (∆𝒕)𝑴𝒂𝒙 was always ≤
∆𝒙

𝒗
 as 

recommended by Eq. 7. For the fine grid case, ∆𝒕𝑴𝒂𝒙= 0.4 days, (a) with an effective 

salinity range of 1,000-7,000 mg/L whereas for (b) was 90,000-97,000 mg/L. 

  

Stability analysis  

We now examine the stability of the pulses that have been observed. It is possible 

that the pulses represent an instability and we wish to test that hypothesis. In general, a 

numerical solution is defined as being unstable if a perturbation grows over time after being 

applied to a particular time step such that solutions are divergence. If the perturbation remains 
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small or diminishes, and there is no divergence, the solution is stable. If the perturbation 

disappears in the solutions so that they converge then they are asymptotically stable. Note 

that the perturbation is defined relative to a result obtained from the simulation as given. It is 

not defined relative to a refined and more exact version nor the analytical solution.   

Ideally an analytical von Neumann type stability analysis would be carried out for the 

decoupled iterative scheme. The decoupling makes this quite difficult and so we focussed on 

a numerical approach as an empirical measure, model by model. We studied the stability of 

the model in Fig. 4b, which exhibited pulses that were very obvious. We selected a certain 

time step (where t = 950 days, equivalent to 0.326 PVI) as a restart point. Restarting the 

simulation with no perturbation produced negligible difference compared to an uninterrupted 

simulation. Then, a perturbation, 𝛿𝑖, was created randomly for cell i so that ∑𝛿𝑖 = 0 to 

conserve the water volume. Note that 𝛿𝑖 = 0 ahead of the formation waterfront. The 

perturbations were then added to the saturation profile, 𝑆𝑤(𝑡0, 𝑖) and used as a restart solution 

for future simulation. We also controlled the magnitude of the perturbation to ensure that it 

was not too large. The perturbed solution was then: 

�̂�𝑤(𝑡0, 𝑖) =  𝑆𝑤(𝑡0, 𝑖) + 𝛿𝑖𝑘                (8) 

where k is a multiplying constant. Fig. 6a shows �̂�𝑤(𝑡0, 𝑖) for various values of k and a single 

realisation of 𝛿𝑖. Each perturbation was propagated forward in time to get �̂�𝑤(𝑡0 + 𝑑𝑡, 𝑖). 

Fig. 6b shows the profiles propagated forward by 280 days (0.1 PVI). The perturbations had 

negligible impact on the water cut plots (not shown) which all looked almost identical to the 

blue curve in Fig 5b. Water breakthrough occurred at about 0.5PVI, well after the 

perturbations had stabilised. 

To further analyse the behaviour, we calibrated the difference between the original 

and perturbed profiles at any given time using the Root Mean Square Error (RMSE):  

𝑅𝑀𝑆𝐸(𝑡0  + 𝑑𝑡) = √
1

𝑁𝑥
∑(�̂�𝑤(𝑡0 + 𝑑𝑡, 𝑖) − 𝑠𝑤(𝑡0  + 𝑑𝑡, 𝑖))

2
            (9) 
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Fig. 6: (a) Water saturation distribution along the model at (a) t = to (950 days) with the 

perturbation added and (b) t = to + dt (i.e. 1230 days which is 280 days after the 

perturbation was added). The various curves indicate the strength of perturbation 

controlled by the constant, k, as in Eq. 8. We note that all solutions are almost converged 

in (b).   

 

The change in the RMSE relative to the time of initial perturbation was also calculated; 

 𝑅𝑀𝑆𝐸𝑟𝑎𝑡𝑖𝑜 =
𝑅𝑀𝑆𝐸(𝑡0 +𝑑𝑡)

𝑅𝑀𝑆𝐸(𝑡0)
                (10) 

Fig. 7a shows a cross plot of RMSE later in time (𝑡0  + 𝑑𝑡), against the original value (at 𝑡0) 

for various values of k. It is apparent that the RMSE was linear with k. This relationship was 

also stable over time. Fig. 7b shows  𝑅𝑀𝑆𝐸𝑟𝑎𝑡𝑖𝑜 as a function of time in each case. Again, 

the behaviour was very consistent. In most cases the curves were the same. In general, the 

perturbation appeared to diminish and the stabilise or else continue on a downward trend. 

Asymptotic stability was indicated for 0.1 < k ≤ 0.25. For k ≤ 0.1, the perturbations were at 

the level of the material balance error and there was no trend. There is no evidence of 

instability as such. Given that the more stable fully implicit scheme gave virtually identical 

results elsewhere, we assume that other models behave similarly and the pulses are stable. 
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Fig. 7: (a) The Root Mean Square Error (RMSE) of the added perturbated at t0 (input) 

of water saturation versus the RSME of simulator results of various times, dt, (b) the 

ratio of RMSE versus time for models with various degrees of perturbation, k.   

 
Analysis of the origin of the pulses 

Before presenting the explanation for the pulses, we consider whether or not they 

could be due to a bug in the commercial code (Schlumberger 2018). Although we do not 

report it, we have experience of the same issue in various software packages including 

modelling LSWF using alternative commercial software (CMG 2020b). Modelling other 

EOR processes can result in numerical pulses especially for surfactant flooding in 

commercial packages (Al Habsi, 2019). We have also experienced similar pulses in polymer 

flooding models. In that case it arose when the viscosity multiplier changed in a step like 

manner with polymer concentration creating an effect equivalent to the numerical model used 

for LSWF. Hence, we do not believe the pulses to be the result of a bug. Further, the analyses 

in this work should give insights and explain the nature of the pulses of all the aforementioned 

models and simulators.  

In order to identify the origin of the pulses by analysis, we investigated what 

happened within the model. Fig 8 and 9 show various dynamic properties of each cell for 

models with effective salinity range 1,000-7,000 and 97,000-103,000 mg/L, for models given 

in Fig. 4a and b (green line) respectively. We note that the saturation profile had the same 

qualitative behaviour of the water cut, though the amplitude of the pulses was reduced. 

Nevertheless, the jumps in the relative permeability curves were just as large. This is 

understandable because a reduction in salinity below Cs
HS had the effect of rapidly changing 

the fractional flow behaviour such that more oil flowed downstream out of a cell at the 
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expense of water movement. Saturations then changed to reflect this in the downstream cell. 

We will first explain the behaviour and then demonstrate it with the figures below. 

We observe that the process was a mixed effect of dispersion and the fact that 

upstream weighting was used in the calculations. We first consider the advection dominated 

flood, where there are two shock fronts. The formation water forms one front and is driven 

ahead of the low salinity water. The latter forms the second front, which appears 

simultaneously with the change in salinity. Both water saturation and salinity change 

instantaneously to new values when the front arrives. While the change of salinity increases 

the mobility of oil at the expense of water at a given saturation, the flux of oil actually 

decreases behind the front because saturation jumps up as a shock, simultaneously. The effect 

of (numerical) dispersion is to decouple this effect so that the low salinity front rises more 

slowly. 

Dispersion creates a mixing zone of the salinity: the salinity profile is no longer a 

sharp front and spreads out. If  𝐶𝑆
𝐻𝑆 and  𝐶𝑆

𝐿𝑆, are close to each other and near the mid-point 

between the salinities of injected water,  𝐶𝑆
𝑖𝑛𝑗

 and formation water,  𝐶𝑆
𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛

, then the 

change of wettability (i.e. relative permeability) occurs with the same timing compared to 

the shock front case. When the salinity passes through the effective salinity range very 

quickly, the relative permeability also switches rapidly in the grid cell enabling oil to move 

faster and water to move more slowly. This initiates the pulse. A little more oil flows into the 

cell downstream while water is slowed down. In contrast to the shock front case, however, 

the water saturation continues to rise slowly due to dispersion rather than instantaneously as 

a shock. We may even see a temporary reduction of water saturation but eventually the 

increase in water saturation continues. Because of the rapid increase in oil saturation, the cell 

downstream may see a decrease in water saturation, again temporarily. This decrease also 

increases oil relative permeability in that cell and passes the pulse further down. We can see 

these effects in Fig. 8. 

An alternative scenario exists where, Cs
HS is close to the injected salinity. In that case 

there will be a delay in the change to wettability. This slows down the low salinity waterfront 

(acting as a physical retardation) but also means that for high levels of dispersion, a much 

stronger formation waterfront may occur. We have reported this effect previously (Al-Ibadi 

et al. 2019a-c). The combination of dispersion and low Cs
HS means that the water saturation 
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can be quite high at the time the wettability changes so that the increase in oil relative 

permeability is small. On top of that, the change occurs on the edge of the mixing zone where 

salinity is changing more slowly in time. The net effect is that the pulses are weak or non-

existent. 

In Fig. 9, the effect of changing wettability was retarded in time by the spread of the 

salinity profile. This delayed the effective salinity being reached. Dispersion had a very 

similar effect on salinity in both cases, however. Apart from these differences, we also saw 

other effects as we moved from cell to cell going from the injector to the producer. Dispersion 

had a greater effect on cells near the injector. We first examine the model in Fig. 8 and then 

we will look at the differences in Fig. 9. We can follow the fractional flow behaviour in Fig. 

10.  

The model depicted in Fig. 8 had an effective salinity range in the middle of the 

salinity range spanned by the formation and injected values. We expected the effects of 

dispersion to be obvious in this model due to the cell size such that the fronts would spread 

out. Other than that, the movement of the formation and low salinity fronts was roughly 

similar in terms of speed when compared to the advection dominated solution. We now 

examine each cell and consider the impact of the salinity passing through the effective 

salinity range. We will refer to this as the “wettability” changing as short hand for the 

modelled change from high to low salinity relative permeability. 

In cell i=1, the wettability changed relatively quickly compared to the saturation 

increase. A small drop in water relative permeability was seen at 0.02 PVI. The water flux 

out of that cell was quite small at this point so the wettability change had a negligible effect. 

Besides, the water saturation had hardly changed in the downstream cell.  

The wettability changed in cell i=2 at about 0.1 PVI. By that time the water saturation 

in the cell had risen further compared to the equivalent time in the upstream cell. Water 

saturation was still very small in cell i=3. The effect of changing wettability was still quite 

small, and water saturations continued to increase.  

In cell i=3, the wettability changed at 0.15 PVI. The saturations were higher in i=3 

compared to the equivalent change in cell i=2 and so the impact became more noticeable. 
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When the relative permeability reached its minimum, the change in saturation in cell i=3 

accelerated while it was decelerated in cell i=4. The effect remained minor, however.  

The wettability changed in cell i=4 at around 0.25 PVI. Again, the characteristic 

temporary drop in water relative permeability was seen with a corresponding increase for oil. 

Another characteristic observed at this point was the acceleration of the water saturation in 

cell i=4 at the end of that drop in water relative permeability. Thus far, the only effect of 

switching relative permeability was seen on the flow from the cell with the change. A new 

observation for cell i=4 was that in the downstream cell, i=5 (blue curve), the saturation 

actually declined temporarily with the associated drop in the cell just upstream. This 

saturation change also controlled flow from cell, i=5 into i=6.  Thus, the pulse was seen to 

propagate further downstream. No further effects were seen from this particular pulse as the 

downstream saturations were still very small. We will now see that as the fronts separated in 

time, the pulses were seen to propagate further until they caught up with the formation water 

front at which point they disappeared. 

At around 0.32 PVI, the wettability changed in cell i=5 with characteristic behaviour 

which now included a change to the saturation in the neighbouring downstream cell i=6. That 

had a knock-on effect on flow into cell i=7 and we saw a deceleration in the increase of 

saturation slightly later.  

The change in wettability in i=6 at 0.4 PVI created a pulse in i=7 and a flattening of 

the saturation and relative permeability in cell i=8.  

When the wettability changed in i=7 not only did it create a pulse in i=8 but we saw 

one in i=9 also. Cell i=10 had three pulses as a result of cells i=8 and 9 changing wettability 

as well as itself. With a further separation of wells or an increase in the number of cells we 

would expect the number of pulses to increase as well. Similarly, if the formation waterfront 

advanced more quickly compared to the low salinity front, we might have seen additional 

pulses.  

If we examine the shape of the plot of relative permeability (Fig. 8c) we see a similar 

shape to the water cut for this model as shown in Fig. 4b (green line). There was an initial 

rise in relative permeability and water cut as the formation water arrived in the cell. The plot 

shows the arrival of separate pulses from each of the upstream cells from when they changed 
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wettability. We only see pulses from cells that switched wettability between the arrival of the 

formation waterfront and the final increase in saturation as the low salinity front arrived. The 

pulses appeared to grow as the low salinity front approached and the pulses had less distance 

to travel. The pulses were damped as they propagated so older pulses appeared weaker. We 

saw similar pulses in the saturation plots too, albeit with one fewer than for the relative 

permeability. The difference in the number of pulses was because the first one was created 

by the change of wettability at which point the saturation grew in that cell by the arrival of 

the low salinity front. In cells downstream, the pulse in saturation led to the pulse in relative 

permeability. Setting the effective salinity range to lower limits produced different results, 

as shown in Fig. 9. For cell i=1, we saw the wettability change much later at 0.2 PVI due to 

the physically induced retardation effect. There was a change in relative permeability with 

salinity at that point but because the water saturation was quite high, the relative increase for 

oil was quite small. The water saturation continued to increase in cell i=1 but the outflow 

was reduced for a longer period of time compared to the model in Fig. 8. The impact on the 

downstream cell was also more apparent. Cell i=2 saw a reduction in saturation very quickly. 

Further impacts on cells i=3 and 4 were harder to determine as the formation front was 

beginning to flatten off anyway. Cell i=2 saw a change in wettability at about 0.32 PVI. There 

was a definite knock on effect in cell i=3 as evidenced by the reduction of water saturation 

and relative permeability behaviour and an apparent effect on cells i=4 to 6. Pulses were not 

yet observed though the downstream effect was more obvious than in Fig. 8. The wettability 

changed in cell i=3 at about 0.45 PVI. Subsequent downstream pulses in relative permeability 

were smaller in magnitude. However, there was an effect on almost all downstream cells this 

time which seemed to peak in relative permeability value before declining after this time. 

Moving down the reservoir towards the producer well, we saw that pulses started to appear. 

As in Fig. 8, the last downward pulse indicated the change of wettability in the cell but there 

were small pulses from neighbouring upstream cells. Cell i=10 had two such pulses generated 

by the change of wettability in the upstream cells.  
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Fig. 8 (a) Water saturation, (b) salinity (c) oil and (d) water relative permeability versus 

dimensionless time (PVI) of the model represented in Fig. 4b (green line). Each line 

corresponds to the ith cell in the model, where i=1 is the injector well cell and i= 10 is 

the producer cell.   ∆𝒕𝒎𝒂𝒙 = 𝟏𝟒 days, Effective salinity range 97,000 – 103,000 mg/L.  

The effects can be seen in more detail by examining the fractional flow behaviour as 

a function of saturation over time in Fig. 10a and Fig. 10b for Fig. 8 and Fig. 9 respectively. 

We compared simulated behaviour for each of the 10 cells in the model to the input fractional 

flow curves. We could then contrast the behaviour to the dispersionless analytical fractional 

flow solution. Each cell followed a distinct trajectory. This is often the case in systems with 

chemically induced retardation via adsorption. As mentioned above, dispersion induced a 

physical retardation which resulted in water saturation climbing up the high salinity curve 

until the effect of changing wettability was felt. The pulses cannot be seen on these graphs 

because the trajectories lie on the same line regardless of direction of movement. In Fig. 10a 

the early effect of changing wettability was seen in i=1 which jumped from high to low 

salinity fractional flow very quickly. Cells further downstream moved further up towards the 

zero dispersion analytical solution. The converse was true in Fig. 10b. The retardation effect 
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of dispersion meant that cells nearer the injector reach higher water saturation before the 

change to wettability occurred. 

 

  

   Fig. 9 (a) Water saturation, (b) salinity (c) oil and (d) water relative permeability 

versus dimensionless time (PVI) of the model represented in Fig. 4a (green line). Each 

line corresponds to the ith cell in the model, where i=1 is the injector well cell and i= 10 

is the producer cell.   ∆𝒕𝒎𝒂𝒙 = 𝟏𝟒 days, Effective salinity range 1,000 – 7,000 mg/L.   

In general, we think of dispersion as increasing the size of the mixing zone as fluids 

travel through a medium. However, the size of the mixing zone grows more slowly than the 

fluid fronts move. The result is that dispersion is stronger relative to advection early in time 

and diminishes later on. We can see this by considering a local Peclet number, as: 

𝑁𝑝𝑐 =
𝑣∗𝑥𝑖

𝐷
=

𝑥𝑖

𝛼
                  (11) 

where 𝐷 is the dispersion coefficient, 𝛼 is the dispersivity, 𝑥𝑖 is the location of a particular 

cell. In the simulation, the numerical dispersion should be taken into account. The total 

dispersivity can be defined as:   
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𝛼𝑡𝑜𝑡𝑎𝑙 = 𝛼𝑝ℎ𝑦 + 𝛼𝑛𝑢𝑚                 (12) 

For implicit schemes, the numerical dispersivity can be calculated using (Peaceman, 1977):  

𝛼𝑛𝑢𝑚 =
∆𝑥+∆𝑡𝑣

2
                  (13) 

In a model with zero or negligible physical dispersion and for models with a uniform 

cell size, the dispersivity is the same along the model while local Peclet number varies as a 

function of distance travelled. The lower the 𝑁𝑝𝑐 the greater the effect of dispersion.  𝑁𝑝𝑐 is 

smallest at the injector.  

 

Fig. 10 Solid lines indicate the calculated fractional flow versus water saturation for 

various grid cells indicated by the index, i, along the models as they varied in time 

compared with the input relative permeability curves for High Salinity (HS) and Low 

Salinity (LS) fluids. Dashed lines indicated with BL (HS) and BL (LS) indicate the 

Buckley-Leverett tangents in the cases where there is no change in salinity for either 

high salinity or low salinity in each case. HS and LS labelled lines show the tangents 

used to evaluate fractional flow when salinity decreased. The figures show models with 

effective salinity range of (a) 97,000 – 103,000 mg/L and (b) 1,000 – 7,000 mg/L.  

Fig. 11 shows that while some relatively refined models showed no sign of pulses or 

downstream effects at the producer, these were observed near the injector and in between the 

wells. For instance, the models in Fig. 8 and 11 were identical apart from cell resolution in 

the x-direction. In Fig. 8 there were 10 cells while in Fig. 11 there were 3500 cells. We note 

that the flow behaviour in cell i=10 of the 3500 cell model (Fig. 11b) was similar to that in 
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i=10 for the 10 cell model. i.e. blue line in Fig. 8. Also, the same response is evident for other 

selected cells, e.g. see Fig. 11a and the black line in Fig. 8.   

The number of pulses that were observed depended on the relative speed of the 

salinity front compared to the formation waterfront. We illustrate this further in Fig. 12. The 

green line indicates a fine grid model of 3500 cells and the black line is for a 10 cell model. 

The formation waterfront separated from the salinity front so that it was three to four cells 

wide approximately. The effect was also seen for the blue line which indicates tertiary LSWF. 

The red line indicates a simulation with elevated connate water saturation (Swi=0.4). With 

additional formation water, the first waterfront moves more quickly. The salinity front moves 

at the same speed as before. There were additional pulses therefore because of the wider gap 

between fronts.  

 

 

Fig. 11. Fractional flow (black lines) and water saturation (red lines) versus time for a 

model with 3500 cells and effective salinity concentration 97,000 -103,000 mg/L. The 

calculations are shown for grid cells (a) i=2, (b) i= 10, and (c) i=3500.  
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Fig. 12. Water Cut versus dimensionless time (PVI) for secondary flooding of the high-

resolution model (green), the coarse grid version of the base case (black) and the same 

model with irreducible water increased from 0.2 to 0.4 (red). We also compare a tertiary 

flood (blue). The High-resolution model has ∆x= 1ft and ∆t= 0.4 day, while for all other 

models it was ∆x= 350ft and ∆t= 40 days.  

We ran several models and counted the number of pulses that occurred in each cell 

going from injector to producer (Fig. 13). The troughs of the pulses were counted simply by 

visualising the property in a graph such as Fig. 8. If a pulse was too small to be seen on the 

graph but could be seen on magnification, it was not counted. As we reported above, models 

with higher irreducible water saturation, Swi =0.4, predicted more pulses compared to Swi = 

0.2. We propose the following conceptual relationship for the number of pulses:  

𝑁𝑝𝑙𝑠 =  𝑓(𝑁𝑐𝑒𝑙𝑙, 𝐸 )                (14) 

where Ncell is the number of cells from the injector. We define E as a vector of mitigation 

factors. Normally we think of numerical dispersion and other related errors as a perturbation 

from the analytical or exact mathematical solution to the physical problem. Errors are 

reduced by setting times steps and cell sizes to be small. However, we know that there is 

always some level of error in a given simulation. In this work, we think of a maximum 

potential error that will lead to one pulse being observed in a cell for each cell upstream 

through which the low salinity front has passed. The mitigation is then a reduction relative 

to that maximum potential. The number of observed pulses may be fewer than the potential 

for several reasons. The pulses may propagate downstream and be absorbed in the formation 
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waterfront, they may be damped during propagation or the originating pulse may be smaller 

in magnitude.  

Some simulation models produced a maximum count of pulses. For example, the 

model in Fig. 12 (red line) with Swi =0.4 and effective salinity range 91,000-97,000 mg/L 

produced the purple line (Fig. 13) and resulted in: 

𝑁𝑝𝑙𝑠 = 𝑁𝑐𝑒𝑙𝑙               (15a) 

such that there is a pulse at a location for every cell from the injector (at least for 𝑁𝑐𝑒𝑙𝑙 < 

100). From Fig. 13 we found that for the case with Swi=0.2 and an effective salinity range of 

91,000-97,000 mg/L:  

𝑁𝑝𝑙𝑠  ≅  0.36 𝐺 +  0.067                 (15b) 

The effect of Swi can be understood based on its role on the separation between the 

two waterfronts. The presence of additional formation water led to a faster waterfront must 

move faster as there was less pore space for it to move in. The speed of the high salinity water 

was unaffected by Swi, however. 

The pulse mitigation was also greater (fewer pulses) when the models had lower 

limits in the effective salinity range. This is represented by the blue points in Fig. 13. It should 

be clear that there will be a tendency for more refined models to produce a smooth solution 

as in this case. The other cases (i.e. black and red coloured symbols in Fig. 13) required 

additional refinement because of larger errors.  

There was therefore a greater separation of the fronts and more “accommodation 

space” for pulses to exist. It is clear from Fig. 8 in particular that the pulses move faster than 

the formation waterfront (in the way that a wave can move faster than a moving body of 

water). If the formation waterfront is faster, however, fewer pulses will be absorbed.  
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Fig. 13. Number of pulses counted against cell number, Ncell for three different models. 

Red symbols indicate Swi=0.2 and Ceff = [91,000-97,000 mg/L], black symbols indicate 

Swi=0.3 and Ceff = [91,000-97,000 mg/L] and blue symbols Swi=0.2 and Ceff = [1,000-

7,000 mg/L]. The black dashed line is y=x as in Eq. 15a, while the red dashed line is 

y=0.36x as in Eq. 15b. 

 

Upscaling - pseudoisation 

Upscaling is a method used to ensure that coarsely gridded models retain the flow behaviour 

(pressures, flow rates and saturation) of more exact finely gridded models. Relative permeability is 

often modified to ensure the flow behaviour (for an overview of methods see Stephen et al. 2008). 

Modifications to relative permeability are often known as pseudoisation (e.g. Kyte and Berry, 1975).  

Two methods of upscaling have been suggested in this work. The first involves shifting the 

effective salinity range (weighting function) according to mathematics that we developed previously 

to account for numerical dispersion. This is a pseudoisation process to generate functions that give 

the correct coarse scale behaviour. The second method performs a more traditional pseudoisation of 

the relative permeability curves. In this case, however, we reduce the number from two sets to one. 

In both cases we focus on improving the water and oil production rates rather than salinity. 
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Upscaling by shifting effective salinity  

We showed previously (Al-Ibadi et al. 2019b) that a quantifiable retardation effect 

was observed when the effective salinity range was set to be lower than the midpoint of the 

salinity front. In this paper we used the derived mathematical relationship to deduce an 

effective salinity range that countered the effect of numerical dispersion that occurred on the 

coarse scale. We therefore adjusted the mid-point and the width of the effective salinity 

range. From the previous analysis we considered how numerical dispersion of a particular 

simulation case affected the velocity of the low salinity waterfront compared to the analytical 

solution from fractional flow theory. The difference in velocity was expressed as the left-

hand side of the following equation and related to the fractional flow theory equivalent form 

on the right (Al-Ibadi et al. 2019b): 

𝑣𝑠𝑎𝑙,𝑟𝑒𝑓
𝑀𝑖𝑑 − 𝑣𝑒𝑓𝑓,𝑟𝑒𝑓

𝑀𝑖𝑑 − (1 − 𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

)
3 (𝑣𝐻𝑆−𝑣𝐿𝑆 )

√𝑁𝑝𝑒
=

𝑞

𝐴∅
(
𝑓𝑤

𝑆𝑤
−

𝑓𝑤

𝑆𝑤+𝐷𝑤𝑓
)                (16) 

𝑣𝑠𝑎𝑙,𝑟𝑒𝑓
𝑀𝑖𝑑  is the advection velocity (of a case with Cd =0.5) as 𝑁𝑝𝑒 → ∞, such that the system 

was advection dominated. This was essentially the analytical solution. The rest of the term 

on the right left-hand side is the velocity under the influence of numerical dispersion.  As 

discussed in Al-Ibadi et al. (2019c), we split this into two terms. 𝑣𝑒𝑓𝑓,𝑟𝑒𝑓
𝑀𝑖𝑑  is the velocity that 

a salinity equal to 𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

of this case would move at in a hypothetical scenario where 

𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

=1 (i.e. where the flow behaviour is equivalent to an immediate switch to low 

salinity behaviour water and salinity is effectively a tracer with advection velocity 𝑣𝐿𝑆) and 

includes the effect of (numerical) dispersion. This was useful because it can be derived 

analytically. The remaining terms on the left hand side, ((1 − 𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

)
3 (𝑣𝐻𝑆−𝑣𝐿𝑆 )

√𝑁𝑝𝑒
   ), is a 

velocity shift to account for reducing 𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

from the hypothetical value of 1 to the value 

in the current model.  Npe reflects the Peclet number while 𝑣𝐻𝑆 and 𝑣𝐿𝑆 are the velocities of 

the formation and low salinity fronts respectively as derived using the analytical solution via 

fractional flow theory. They were obtained by drawing the tangent from the low salinity 

fractional flow curve to the appropriate point on the saturation axis.  Details of the 

development of Eq. 16 and all factors are found in Al-Ibadi, et al., (2019a, 2019c). The right-

hand side of the equation also expresses this difference in velocity in terms of fractional flow 
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and saturations of the front as well as the retardation factor, 𝐷𝑤𝑓, which depends on numerical 

dispersion. 

To upscale LSWF simulations we needed to ensure that the left side of Eq. 16 was 

consistent between coarse and fine scale models. We demonstrate how we applied Eq. 16 by 

first considering a fine scale model with minimal numerical dispersion and typical 𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

. 

We coarsened this case but wanted to get accurate predictions. The velocity shift in Eq. 16 

needed to be conserved during coarsening even though numerical dispersion was increased. 

Without obeying this constraint, we got a further shift in velocity. We corrected this using a 

new effective salinity range. The value was obtained by trial and error using the equation but 

this was more efficient than using the simulator. 

The following steps are given as an example of how we went through this process 

and we illustrate several examples in Table 1. As a reference case, we selected a fine scale 

model that had effective salinity range 1,000-7,000 mg/L, ∆x= 1ft and ∆t = 0.4 days. Eq. 16 

yielded a velocity difference 0.042 ft/day, as shown in Table 1, row 1. To coarsen this model 

with minimum error, we conserved this velocity difference on the coarse scale. We 

considered two cases for coarsening. Firstly, we coarsened by a factor of 35 with a maximum 

time step  of ∆t = 40 days. As shown in the second row in Table 1, if we made no changes 

(other than coarsening), the velocity difference from Eq. 16 was 0.27 ft/day indicating that 

the salinity front had slowed down due to the retardation effect. To resolve the difference 

relative to the fine scale case, 𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

 was increased. This also had the effect of changing 

𝑣𝑒𝑓𝑓,𝑟𝑒𝑓
𝑀𝑖𝑑  (a value obtained from an analytical solution to the advection dispersion equation). 

It was simplest to tune 𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

 by trial and error using the equation. However, this could 

be set up in advance (before running a simulator) in a spreadsheet with some effort to solve 

for 𝑣𝑒𝑓𝑓,𝑟𝑒𝑓
𝑀𝑖𝑑 . It is not necessary to run the fine scale model. We found that the closest match 

was obtained with 𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

= 0.402, Several alternative examples are shown above and 

below this value. In Table 1 we present a second example for a coarser model. with ∆x= 350 

ft. To upscale this model, we needed to shift the effective salinity further to be around 92,000 

mg/L, 𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

= 0.457.  

Fig. 14 quantifies the over approximation of various trial and error cases including 

the examples shown in Table 1.  The Root Means Square Error (RMSE) of the pseudoised 
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models were calculated relative to the reference fine scale model for the water cuts as the 

effective salinity range was modified. Minimising the RMSE coincides with matching the 

velocity shift from Eq. 16.  

Table 1: calculations of how to upscale LSWF by shifting Effective Salinity Range. 

Description 
∆x,  

feet  

∆t,  

days  
𝑁𝑝𝑒 

α, 

ft 

𝐶𝑚𝑖𝑑
𝑒𝑓𝑓

 

(×1,000mg/l) 

𝑣𝑒𝑓𝑓,𝑟𝑒𝑓
𝑀𝑖𝑑  

ft/day  

𝑣𝑠𝑎𝑙,𝑟𝑒𝑓
𝑀𝑖𝑑  

ft/day  
(1 − 𝐶𝑑

𝑚𝑖𝑑−𝑒𝑓𝑓
)
3
 

(𝑣𝐻𝑆 − 𝑣𝐿𝑆 )

√𝑁𝑝𝑒
 

Velocity 

shift 

(ft/day) 

reference 1 0.4 4487 1 4 1.345 1.4 0.899 0.014 0.042 

Coarsen1 35 40 77 46 4 1.033 1.4 0.899 0.106 0.272 

shift 35 40 77 46 64 1.310 1.4 0.049 0.106 0.084 

shift 35 40 77 46 75 1.339 1.4 0.016 0.106 0.059 

Best fit 35 40 77 46 81 1.357 1.4 0.008 0.106 0.042 

shift 35 40 77 46 85 1.363 1.4 0.003 0.106 0.037 

Coarsen2 350 40 17 203 4 0.743 1.4 0.899 0.224 0.456 

shift 350 40 17 203 95 1.373 1.4 0.000 0.224 0.027 

shift 350 40 17 203 93 1.362 1.4 0.000 0.224 0.038 

Best fit 350 40 17 203 92 1.357 1.4 0.001 0.224 0.043 

shift 350 40 17 203 90 1.346 1.4 0.001 0.224 0.054 

 

Fig. 15 shows recovery factor for the upscaled models compared to the coarsened 

model (without pseudoisation) and the reference fine scale case. Two upscaled models are 

shown, one was upscaled by shifting the mid-point of the effective salinity range (red line in 

Fig. 15). This method gave a better match of the fine grid case compared with the coarsened 

model. However, Fig. 16 shows the existence of numerically induced pulses. We discussed 

above that such effects can be mitigated by enlarging the total range of effective salinity 

which we did here (there was no effect to the velocity shift in Eq. 16). 𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

  was the 

same as the previous upscaled model while 𝐶𝑑
𝑒𝑓𝑓

 was enlarged.  

We observe that for moderate levels of coarsening, the shift to the effective salinity 

range worked very well (Fig. 15a and 16a). For larger degrees of coarsening, i.e. factor of 

350, we still had some error (Fig. 15b and 16b). The limitations of this method can be 

summarised: a) it does not resolve (control) the spread of the formation waterfront, b) we still 

get pulses for very large cells. We can mitigate this second weakness by increasing the width 

of the effective salinity range, which resulted in increased spread of the low salinity 

waterfront.    
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Fig. 14: The Root Mean Square Error (RMSE) of water cut versus various scenarios of 

mid-point of the effective salinity range, setting the width of effective salinity to be the 

same. The red line is for a model with ∆x = 350 ft while the blue line had ∆x = 35ft. The 

sudden jump in RMSE as   𝑪𝒅
𝒎𝒊𝒅−𝒆𝒇𝒇

was increased for the coarser model (∆x=350ft) was 

a result of a breakdown of the shock fronts due to dispersion.  

 

Fig. 15: Recovery Factor versus injected pore volume (PVI) for two upscaling scenarios 

where the coarse scale cell size was (a) ∆x = 10.7m and (b) ∆x = 107m. In both cases the 

reference case (black line) had ∆x = 0.3m, ∆𝒕𝑴𝒂𝒙= 0.4 days, effective salinity range = 

1,000- 7,000 mg/L so that 𝑪
𝒎𝒊𝒅−𝒆𝒇𝒇

= 3,500 mg/L. The coarsened model (“CRSN”) is 

represented by the green line. Two upscaled cases are shown in each case where the 

effective salinity range was shifted (red line) and also both shifted and enlarged (blue 

line). The shift for both upscaled curves (blue and red) was (a) 𝑪𝒆𝒇𝒇
𝒎𝒊𝒅= 80,000 mg/L and 

(b) 𝑪𝒆𝒇𝒇
𝒎𝒊𝒅= 90,000 mg/L. The model with enlarged effective salinity range resulted in the 

blue curves, which was (a) 57,000- 103,000 mg/L and (b) 68,000 - 116,000 mg/L.  
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Fig. 16: Water cut versus PVI for same scenarios shown in Fig. 15 where (a) ∆x = 10.7m 

and (b) ∆x = 107m. Line colours are the same as Fig. 15. 

  

Upscaling by using fractional flow theory derived pseudo relative 

permeability 

As an alternative method of controlling numerical dispersion, we have used fractional 

flow theory to modify the relative permeability curves. We described above how numerical 

dispersion can lead to retardation or acceleration effects which change the velocity behaviour 

of formation and low salinity waterfronts, as shown in Figs. 1a. In Fig. 17, we also observe 

that increased numerical dispersion changed the fractional flow. For more details see (Al-

Ibadi et al. 2019b and c).     

Fractional flow solutions for each coarse model can be controlled by following the 

principles of the modified fractional flow that includes the impact of dispersion (Al-Ibadi et 

al, 2019c). We drew an effective Welge tangent based on fractional flow data from 

simulations in Fig. 17. This was tangential to the input Low Salinity (LS) fractional flow 

curve and was drawn to pass through the highest point reached on the High Salinity (HS) 

curve. The intercept with the saturation axis gave the effective Dwf term.  

We constructed a single set of relative permeability curves which lead to predictions 

of the same fractional flow behaviour as the fine scale case (and the analytical case). The 

new relative permeability curves ensured the same behaviour as seen in Fig. 1a. In Fig. 17, 

the fractional flow data started at (Swc,0). When the formation waterfront arrived, saturations 

and fractional flow changed to (Sw1, fw1) and remained there until the salinity front arrived. 
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The solution instantaneously changed to (Sw2, fw2). We obtained this by choosing relevant 

relative permeability values as a function of saturation.  

 

Fig. 17: A comparison of fractional flow obtained from simulator output of the fine 

scale reference model and various coarse scale models (solid lines), with the input 

relative permeability set (dashed lines, see Appendix Fig. A1). The analytical solution 

suggests that saturations will start at the minimum value, jump to the point on the HS 

curve where the Welge tangent to the LS curve passes through and then, when salinity 

changes, move to the tangent point on the LS curve. Numerically, dispersion induced a 

more gradual rise up the HS curve where it remained before moving across to the LS 

curve when salinity changed. A large degree of dispersion resulted in the saturations 

moving further up the HS curve before changing to LS. We could interpolate an 

effective Welge tangent from the LS curve through the maximum saturation reached 

on the HS curve.  

The input relative permeability curves are given in Appendix A, Fig. A1 from which 

we calculated the input fractional flow curves in Fig. 17 and 18. The analytical solution to 

the fractional flow equations gave the saturation and fractional flow solutions via the Welge 

tangent. In a case with chemically induced retardation, we can similarly determine the 

solution by accounting for the retardation factor 𝐷 = 𝐷𝑤𝑓 + 𝐷𝑐 which may include the effect 

of both numerical dispersion on a relatively fine grid via 𝐷𝑤𝑓 and chemical retardation from 

adsorption via 𝐷𝑐.  We can then use the input relative permeability curves to create pseudo 
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curves that ensure we reach the estimated values of (Sw1, fw1) and (Sw2, fw2) (See Fig. 18). This 

requires that we adjust relative permeability appropriately.  

As an example we consider the 𝐷𝑤𝑓 calculated to measure dispersion induced 

retardation (Al-Ibadi et al. 2019c) for various Peclet numbers as shown in Table 2 for the 

reference model in Fig. 17.  

Table 2: Dwf calculations for various cell sizes, when 𝐶𝑚𝑖𝑑
𝑒𝑓𝑓

= 3,500 mg/L. The Peclet 

Number was calculated for numerical dispersion. 

𝑁𝑝𝑒 𝑣𝑚𝑖𝑑
𝑒𝑓𝑓

 𝑣𝑠
𝑚𝑖𝑑 𝐷𝑤𝑓 

4487 1.345 0.055 0.028 

2244 1.323 0.077 0.040 

897 1.280 0.120 0.065 

449 1.234 0.166 0.093 

224 1.171 0.229 0.136 

128 1.106 0.294 0.185 

 

We considered a reference case that had 𝐷𝑤𝑓= 0.028. Fig. 18 shows the Welge 

tangent from the low salinity fractional flow towards the 𝐷𝑤𝑓 point on the saturation axis. In 

the analytical solution, the saturation and fractional flow changes instantaneously as the 

formation and low salinity water fronts are shock-like. In the numerical solution, dispersion 

induced a more gradual change. We also got a different saturation and fractional flow 

(𝑆𝑤1, 𝑓w1) which was higher if the effect was retarding. When the salinity changed, the 

saturation and fractional flow moved to (𝑆𝑤2, 𝑓w2) on the low salinity fractional flow curve. 

This was obtained by creating an effective Welge tangent from (𝑆𝑤1, 𝑓w1) to the Low Salinity 

fractional flow curve.  

To upscale this model, we determined the points (𝑆𝑤𝑖, 0), A=(𝑆𝑤1, 0), 

(𝑆𝑤1, 𝑓w1), B = (𝑆𝑤2, 𝑓w1) and (𝑆𝑤2, 𝑓w2) and the rarefaction curve which was defined from 

(𝑆𝑤2, 𝑓w2) up to (1-Sor, 1), the point C in Fig. 18. The points A and B in Fig. 18 defined the 

degree of sharpness of the formation and low salinity waterfronts respectively. These points 

were used to define the pseudo relative permeability curves.  
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In practice, we found that while the formation waterfront tended to be sharper than 

the low salinity waterfront, the latter was strongly affected by the spread of the salinity front, 

especially when we set the effective salinity range to be wide. Thus, we needed the additional 

points A and B to ensure the sharpness of the formation and low salinity waterfronts 

respectively. We then adjusted the input relative permeability curves so that they produced a 

fractional flow curve as the green line in Fig. 18a.   

To obtain the required fractional flow behaviour, we set kro = kro
HS(Swc) and krw = 0 

for Swc ≤ Sw < Sw1. Then kro=kro
HS(Sw1) and krw = krw

HS(Sw1) for Sw1 ≤ Sw < Sw2. Finally, 

kro=kro
LS(Sw) and krw=krw

LS(Sw) for Sw2 ≤ Sw ≤ 1-Sor
LS. The related pseudo relative 

permeability is shown in Fig. 18b. We no longer needed to model salinity and only one pair 

of relative permeability curves was required. 

 

Fig. 18: Illustration of how relative permeability curves were constructed using input 

fractional flow curves showing (a) input high salinity (blue) and low salinity (red) 

fractional flow curves, resulting fractional flow (green) and Welge tangent (black) given 

an effective retardation term and (b) resulting relative permeability for oil (red) and 

water (blue).  

Of course, simulators often perform badly with sharp changes in the relative 

permeability and fractional flow though they depend on the input model properties such as 

the viscosities and other parameters as well as the coarseness of the model. In this case the 

model is quite coarse when applying the pseudo relative permeability curves and this helps 

here. To avoid numerical convergence problems for a sharp water front scenario, both points 

A and B were shifted by setting 𝑆𝑤 slightly less than 𝑆𝑤1 for the point A and 𝑆𝑤 less than 

𝑆𝑤2 for the point B, though we did not encounter any convergence problems related to the 

sharpness of point B. Convergence problems did appear for fine scale models due to the sharp 
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changes in the relative permeability. For coarse grid models, however, such problems were 

avoided.  

In Fig. 19, we compare the simulator output of the fine scale case (black line) with 

the coarse scale cases firstly by using the traditional model that consisted of two sets of 

relative permeability curves (green line), and secondly by using the pseudoisation method 

that consisted of one set of relative permeability curves (red line). This figure illustrates that 

pseudoisation produced a better behaved and more precise numerical solution compared with 

the fine scale case while the coarsened numerical simulation was dominated by numerical 

dispersion and some pulses.  

 

Fig. 19: A comparison of simulations that were run for the reference fine grid 

(black) and coarse grid simulations with original (green) and pseudo-ised relative 

permeability curves (red) showing (a) water cut and (b) recovery factor.  

 

Discussion  

We have examined the stability and accuracy of numerical solutions of LSWF under 

various conditions of one dimensional flow in a homogeneous system in the absence of 

gravity and capillary pressure. We showed that grid coarsening affected the accuracy of the 

salinity front where numerical dispersion induced faster advection in coarse models 

compared to the fine scale case. The advection velocity of the salinity front was calculable 

using the modified formula suggested by Al-Ibadi et al., (2019b). The salinity front showed 

more resilience against numerical issues compared with the water profile for decoupled 

implicit schemes, as shown in Fig. 1. The fully implicit schemes gave an almost identical 
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result.  We also show, for the first time, that discretisation leads to numerically induced pulses 

which could be observed in saturations and fractional flow behaviour. 

The numerical solution of the aqueous phase appeared to be better behaved depending 

on various conditions. The width of the effective salinity, time step length, grid cell size and 

the shape of relative permeability curves were factors that could affect the numerical solution 

of the water profile. Increasing the width of the effective salinity range dampened pulses 

when upscaling. A narrow effective salinity range compared with the total range of the 

salinity front was likely to induce the pulses. Shifting this narrow range of effective salinity 

merely altered the pulses, particularly in the oil bank. The width of the effective salinity range 

should be increased for better behaviour. 

To address numerical pulses that depend on the size of the time step, the Courant 

condition should be considered to set the maximum time step as given in Eq. 7. The other 

reason for the occurrence of these pulses is the effect of spatial discretisation. The numerical 

results show that there should be a maximum grid cell size. In fact, meeting the Courant 

condition may not be sufficient as we have reported that in advection dominated conditions, 

the cell size should be quite small to overcome even minor pulses for models with an effective 

salinity range that is narrow relative to the salinity front overall. However, if we simulate a 

larger width of the effective salinity range then we get better behaviour, in which case a 

coarser grid can be used.  

We previously explored the effect of changing relative permeability (see Al Abadi et 

al. 2018).  We observed that these hardly affected the general shape of the pulses. We 

explored changing the end point saturations as well as maximum relative permeability of 

water in various combinations. The main effect  was to alter the general solution (saturations, 

fractional flows and speed of the fronts as predicted by fractional flow theory). The pattern 

of the pulses was unaffected by the relative permeability, however. Their magnitude and 

frequency were very similar. 

We deduce that the pulses arose as a combination of numerical dispersion plus the 

upstream weighting used for relative permeability calculation. This may also be considered 

along with the discontinuity of the numerical solution, where the fractional flow solution will 

vary between cells and the local dispersion effect will change. Saturations tended to be 

elevated due to numerical dispersion and then reduced when the upstream cell changed 
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salinity significantly. This induced a drop in fractional flow as well as saturation in the 

neighbouring downstream cell. The effect then propagated further downstream. The number 

of pulses that were observed depended on the speed that they travelled at relative to the 

formation waterfront along with dampening factors. In Al Ibadi et al., (2020a) we found that 

physical dispersion induced by heterogeneity can affect the flow behaviour of LSWF in a 

similar way to the numerical dispersion. Hence, investigation of the pulses induced by 

physical dispersion is an area of interest.  

We also investigated the mobility ratio at the fluid fronts. In the examples shown here 

the viscosity ratio is unity but the ratio of total mobility at the formation water front was 0.6 

and 0.25 at the low salinity water front. For heavier oils (e.g. with a viscosity of 16cP), the 

formation and low salinity fronts advance more quickly and the fronts are spread out more. 

The appearance of the pulses was found to be roughly similar (results not shown), however. 

The magnitude of the pulses was virtually unchanged although there were more present due 

to a slightly increased separation between the two main fronts. 

Two methods of upscaling have been suggested in this work. The first is a new 

approach based on addressing the impact of the effective salinity and the dispersion 

coefficient on one hand, and the fluid flow behaviour on the other. As a result, we have 

suggested an upscaling method by shifting the midpoint of the effective salinity. This solved 

problems related to the level of approximation of the numerical solution by shifting the 

midpoint of the effective salinity range according to Eq. 22. On the other hand, enlarging the 

width of the effective salinity range reduced the occurrence of pulses. We examined the 

results of the simulator for cells other than the one with the production well with very similar 

results.  

Another method of upscaling is pseudoisation of relative permeability which is based 

on a modified fractional flow model of LSWF. This approach has not been tried for LSWF 

previously. This approach implies that dispersion is numerical rather than a result of fine 

scale heterogeneity. The result is that we can input one set of relative permeability curves, 

into the coarse grid model, that includes the impact of salinity dependency, therefore, instead 

of two sets as is done traditionally. Simulator results showed that this method can be used to 

solve the discretisation errors and the problem of pulses. On the other hand, we recognise 
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that we lose the ability to predict the salinity behaviour directly. We may deduce it, however, 

from the advection dispersion equation as discussed in Al-Ibadi et al. 2019a-c. 

These methods of upscaling can be applied for other EOR processes where they are 

modelled in a similar way to LSWF. For instance, almost all EOR processes have an 

equivalent fractional flow behaviour, i.e. they can be solved analytically using two fractional 

flow-curves, as in Fig. 18. Upscaling of those models may be carried out using the same 

principles introduced here, based on fractional flow theory. For example, simulations of EOR 

methods using surfactant and alkaline as injectants are equivalent to LSWF since two sets of 

relative permeability curves are used to represent changes to wettability and interfacial 

tension. The approaches shown here may also be applicable for polymer models, although, 

in this model, the pseudoisation may include the selection of a pseudo viscosity to mitigate 

the effect of numerical dispersion. 

In this paper we have considered a set of simplifying assumptions. In general, flow is 

three dimensional, reservoirs are heterogeneous and gravity and capillary forces may be 

important. We would therefore recommend further study by including these effects. We have 

already begun to study the effects of heterogeneity in two-dimensional flow. We investigated 

the flow behaviour of LSWF in layered models (Al-Ibadi et al., 2019d, 2020c) and models 

with correlated random permeability (Al-Ibadi et al., 2020a). Thereafter, in Al-Ibadi et al., 

(2020b) we investigated the applicability of these upscaling methods on 2D heterogenous 

models, where a very good match was observed. Further work is needed to extend the work 

to more general field scale models. 

 

Conclusions 

Our conclusions can be drawn as follows: 

• LSWF models can exhibit serious numerical errors at the reservoir scale.  

• Numerical dispersion alters the flood fronts as a form of retardation, particularly 

when the effective salinity range induces changes to wettability at low salinity 

values.  
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• We show that numerically induced pulses occur and these are due to dispersion and 

upstream weighting when wettability changes at salinity closer to in situ conditions 

and the effective salinity range is narrow.  

• These pulses appear to be numerically stable and also occur in fully implicit 

numerical schemes. 

• We show for the first time that numerical errors can be reduced by treating the 

effective salinity range as a pseudo property by shifting it to higher values and 

increasing its width. 

• We also demonstrated for the first time that an alternative approach can be taken by 

generating a pseudo relative permeability curves based on an updated fractional flow 

curve. 

• These approaches have been demonstrated successfully on one dimensional models 

and further work is needed to extend to higher dimensions and more heterogeneous 

models.  
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Nomenclature 

𝐶𝑆  In situ salinity (mg/L) 

𝐶𝑠
𝐿𝑆  Lower limit of effective salinity range (mg/L) 

𝐶𝑆
𝐻𝑆  Upper limit of effective salinity range (mg/L) 

𝐶𝑚𝑖𝑑
𝑒𝑓𝑓

  Mid effective salinity (mg/L) 

𝐶𝑅
𝑒𝑓𝑓

  Range of effective salinity (mg/L) 

𝐶𝑑
𝑒𝑓𝑓

  Dimensionless effective salinity range  
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𝐶𝑆
𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛

  Salinity of formation water (mg/L) 

𝐶𝑆
𝑖𝑛𝑗

  Salinity of injected water (mg/L) 

𝐶𝑑  Dimensionless in situ salinity 

𝐶𝑑
𝐿𝑆  Dimensionless lower limit of effective salinity range  

𝐶𝑑
𝐻𝑆  Dimensionless upper limit of effective salinity range 

𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

 Dimensionless mid effective salinity 

Cd
R−eff  Dimensionless range of effective salinity 

𝐷𝑐  Dispersion coefficient of salinity (m2/s) 

𝐷𝑜  Dispersion coefficient of oil phase (m2/s) 

𝐷𝑤  Dispersion coefficient of water phase (m2/s) 

𝑒𝑟𝑓𝑐  Complementary error function  

𝑓𝑤  Water fractional flow  

𝑔  Gravitational acceleration (m s-2) 

i   Number of grid block  

K  Absolute permeability (md) 

krw  Water relative permeability 

kro  Oil relative permeability 

Ly  Reservoir width in the y direction (m) 

Lz  Reservoir thickness in the z direction (m)  

𝑁𝑝𝑒  Peclet number  

𝑛  Number of time step  

𝑃𝑐  Capillary pressure (kg m-1 s-1) 

𝑃𝑜  Pressure of oil phase (kg m-1 s-1) 
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𝑃𝑤  Pressure of water phase (kg m-1 s-1) 

𝑆𝑜  Oil Saturation  

𝑆𝑤  Water Saturation  

𝑆∗  Water saturation at known salinity  

�̌�𝑤  Water saturation after adding perturbation  

𝑢𝑜  Darcy velocity of the oil phase (m/s) 

𝑢𝑤  Darcy velocity of the water phase (m/s) 

𝑣𝐻𝑆  Velocity of solute transport in high salinity (traditional) waterfront (m/s) 

𝑣𝐿𝑆  Velocity of low salinity waterfront (m/s) 

𝑥  Distance from the injector (m) 

𝑥𝑖   Distance of a particular cell from the injector (m) 

𝑥𝐷  Length dimensionless 

  Dispersivity (m) 

µ𝑜  Oil viscosity (cP) 

µ𝑤  Water viscosity (cP) 

𝜌𝑜  Density of oil phase (km/m3) 

𝜌𝑤  Density of water phase (km/m3) 

∆𝑡  Time step length (s) 

∆𝑡𝑀𝑎𝑥  Maximum length of time step (s) 

∆𝑥  Grid block size (m) 

∇𝑧  Elevation of the point above a datum (m) 

Ѳ  Weighting function of salinity dependence  

∅  Porosity (%) 
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Appendix 

 

Fig. A1: The input relative permeability curves of high salinity (HS) and low 

salinity (LS). 

Table A1: The parameters of the reservoir model 

Property Value (units) 

Porosity 20% 

Absolute permeability  200 mD 

Net to gross 95% 

Oil density  0.77 kg/L 

Water density  1 kg/L 

Rock compressibility @ datum 5.843E-05 bar -1 

Datum depth 2461 m 

Initial pressure @ datum 448 bar 

𝐒𝒘𝒊 20% 

Depth of Water oil contact 2590 m 

Capillary pressure @WOC 0 bar 

Injection rate 1749 Rm3/day 

Production rate 1749 Rm3/day 

Water viscosity  1 cP 

Oil viscosity  1 cP 

Reservoir length 1066.8 m 

Reservoir width 548.6 m 

Reservoir height  45.7 m 

Formation water salinity 200,000 mg/L 

Injected water salinity 1,000 mg/L 
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Table A2. Summary of models investigated in the paper. 

FIG. DX (FT) DT (DAYS) EFF SAL RANGE (g/l) NOTES* 

1 1,15,350 0.4 1-7  

 350 0.4 94-100  

2(a) 1 0.4 1-7  

 70 0.4 1-7,1-50,1-100,1-150  

2(b) 70 0.4 1-7,94-100,161-167  

3(a) 1 0.4,4,40 1-7  

3(b) 1 0.4,4,40 93-103  

4(a) 350 1.4,14,140 1-7  

4(b) 350 1.4,14,140 93-103  

5(a) 1,175,350,700 0.4 1-7  

5(b) 1,175,350,700 0.4 90-97  

6,7 350 14 93-103  

8 350 14 93-103 Detailed analysis 

9 350 1.4 1-7 Detailed analysis 

10(a) As Fig. 8   Fractional flow 

10(b) As Fig. 9    Fractional flow 

11 As Fig. 8   By cell 

12 1 0.4 93-103 Swi=0.2 

 350 40 93-103 Swi=0.2,0.4 

 350 40 93-103 Tertiary Swi=0.2 

13 350 40 93-103 Swi=0.2,0.4 

 350 40 93-103 Tertiary Swi-0.2 

14 1,350 0.4 1-7 Analysis 

15(a) 1 0.4 1-7 Reference 

 35 0.4 1-7, 77.5-84.5, 58-104 Coarsened/Upscaled 

15(b) 1 0.4 1-7 Reference 

 350 0.4 1-7, 77.5-84.5, 58-104 Coarsened/Upscaled 

16 As Fig. 15   Coarsened/Upscaled 

17 As Fig. 15 and 

Fig 16  

   

18 Not simulation   Derived Pseudo rel. perms 

19 As Fig 16   Pseudo rel. perms 

* Simulations are secondary floods with Swi=0.2 unless otherwise stated. 
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Part 2: Scaling up Low Salinity Water Flooding in Heterogenous 

Reservoirs* 
 

Abstract  

 

Modelling the dynamic fluid behaviour of Low Salinity Water Flooding (LSWF) at 

the reservoir scale is a challenge which requires a coarse grid simulation to enable prediction 

in a feasible timescale. However, evidence shows that using low resolution models will result 

in a considerable mismatch compared with an equivalent fine scale model with the potential 

of strong, numerically induced pulses and other dispersion related effects. This work 

examines two new upscaling methods that have been applied to improve the accuracy of 

predictions in a heterogenous reservoir where viscous crossflow takes place.  

We apply two approaches to upscaling to make the flow prediction closer to being 

exact. In the first method, we shift the effective salinity range for the coarse model based on 

algorithms that we have developed to correct for numerical dispersion and associated effects. 

The second upscaling method uses appropriately derived pseudo-relative permeability 

curves. The shape of these new curves is designed based on a modified fractional flow 

analysis of LSWF that captures the relationship between dispersion and the waterfront 

velocities. This second approach removes the need for explicit simulation of salinity transport 

to model oil displacement. We applied these approaches in layered models and for 

permeability distributed as a correlated random field. 

Upscaling by shifting the effective salinity range of the coarse grid model gave a good 

match to the fine scale scenario, while considerable mismatch was observed for upscaling of 

the absolute permeability alone. For highly coarsened models, this method of upscaling 

reduced the appearance of numerically induced pulses. On the other hand, upscaling by using 

a single (pseudo) relative permeability produced more robust results with a very promising 

match to the fine scale scenario. These methods of upscaling showed promising results where 

they were used to upscale fully communicating and non-communicating layers as well as 

models with randomly correlated permeability. 

 

 

* This is a preprint version of the paper Al-Ibadi, Hasan, Stephen, K. D. and Mackay, E. (2021) ‘Upscaling 

Low Salinity Water Flooding in Heterogenous Models’, SPE journal. 
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Unlike documented methods in the literature, these newly derived methods take into 

account the substantial effect of numerical dispersion and effective concentration on fluid 

dynamics using mathematical tools. The methods could be applied for other models where 

the phase mobilities change as a result of an injected solute, such as surfactant flooding and 

alkaline flooding. Usually, these models use two sets of relative permeability and switch from 

one to another as a function of the concentration of the solute. 

Keywords: Low Salinity Water Flooding; Upscaling; Layered models; 

Heterogeneity; Random distributed permeability models. 

 

Introduction 
Chemical flooding in porous media is an important process that has been studied in 

many disciplines. One application of such processes is to improve production efficiency as 

an Enhanced Oil Recovery process (EOR). Thus, efficient and accurate modelling of this 

process is crucial. Fast simulations are often constructed using low resolution models. 

However, numerical issues can arise that make the simulations imprecise and unreliable. 

Such issues increase in importance as the resolution of the model decreases in terms of cell 

size and time step length.  

Low salinity water flooding (LSWF) is a relatively low cost and environmentally 

friendly process that has been shown to increase oil mobility and reduce the residual oil 

saturation (Jadhunandan and Morrow, 1995; Al-Shalabi et al., 2017; Nasralla et al., 2018). 

Some results have shown no change in oil recovery or even a down side effect in terms of 

reduced recovery (Fjelde et al., 2012; Jackson et al., Vinogradov 2016; Sohrabi et al., 2016). 

Further benefits can be obtained by combining low salinity water with other chemical 

components, like surfactant, alkaline, polymer and nanoparticles (Shaddel and Tabatabae-

Nejad, 2015; Ali et al., 2019).  

LSWF has been widely modelled using a black oil model using two sets of relative 

permeability, one set to simulate fluid flow behaviour at pre-production salinity conditions, 

and another set to model fluid flow behaviour after the salinity has been reduced. As salinity 
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changes, the model changes from one set of relative permeability curves to the other. The 

change is controlled by the effective salinity range and a weighting function to mix the curves 

appropriately (Schlumberger, 2018). In the case of LSWF the physical process being 

represented is the change of wettability from oil to water wet (Bartels et al., 2019; Sheng, 

2014). Other chemical EOR processes such as surfactant and alkali injection use a similar 

approach to represent changes to interfacial tension. 

Reservoir simulation of waterflooding and enhanced oil recovery requires that models 

are constructed at a scale sufficient to capture both the geological heterogeneities and the 

complexities of  displacement processes. On the other hand, it may be impractical to run 

simulations at the desired resolution due to long run times. Lower resolution grids offer faster 

processing times but can incur errors. We have shown that even homogeneous models result 

in numerical dispersion effects (Al-Ibadi et al. 2019a, d and e.). The process of upscaling was 

derived to convert the input properties from fine scale models to suitable values for coarse 

grids. This enables the mimicking of fine scale behaviour at least at the well scale and 

potentially at the coarse grid cell scale. Absolute permeability can be upscaled routinely using 

commercial modelling packages. This improves the general representation of the flow rates 

and pressures but these can still contain errors while the displacement of oil and movement 

of injected fluids and solutes are not guaranteed.  

Pseudo relative permeability methods were developed (Kyte and Berry, 1975) to 

improve the representation of displacement under waterfloods. These involved simulating 

the displacement of oil on a local fine grid and then forward calculating relative permeability 

and capillary pressure curves for use at the coarse scale using a suitable algorithm. A number 

of methods have been derived (for a review of some earlier methods see Barker and Thibeau, 

1997). An advantage of the method is that it can capture heterogeneity and fluid effects (e.g. 

Stephen et al. 2008) but further work is required for chemical EOR methods. Usually the 

problem requires that the distribution and interaction of injected chemicals must also be 

improved. For LSWF this means accounting for numerical dispersion effects and upstream 

weighting (Al-Ibadi et al., 2021a and b) so that the shape and timing of the front is properly 

resolved. Jerauld et al. (2008) introduced pseudoisation for LSWF but it was not stated which 

method was used. For other EOR methods using chemical injection, this can mean proper 
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representation of adsorption, non-Newtonian behaviour (as for polymers) and other reactions 

that are represented. There have been some limited successes for upscaling polymer flooding 

for example using pseudisation methods (Alduwaihi 2016).  

There are alternative approaches to upscaling available. Ahead of the displacing front 

and behind it, the flow behaviour is virtually single phase with few reactions. The model can 

be represented on a coarse grid relatively accurately. However, the fronts still need to be 

resolved. This has resulted in dynamic (or adaptive) gridding methods being developed. Van 

Batenburg et al. (2011) reported that adaptive gridding helped resolve gridding issues but 

significant numerical dispersion could remain unless smaller time steps are used. Hoteit and 

Chawathe (2016) have reported that unstructured gridding methods are complicated to set up 

and require regeneration of the geological model. An alternative is the use of nested grids but 

these still require upscaling of the static properties. The methods also require specialised 

training and may incur many tests runs to ensure that the dynamic gridding is being applied 

efficiently. Apart from that they cannot simulate very fine scale behaviour (e.g. Stephen et 

al. 2008) and so pseudoisation methods are still very useful.  

We have studied the issue of model accuracy and cell size previously (Al-Ibadi et al., 

2018). Coarsening of the grid, where otherwise homogeneous cells are amalgamated to form 

larger cells, and no other changes are made to the model, results in numerical dispersion 

spreading the salinity and the water fronts. The result is that, depending on the effective 

salinity range, the onset of the change of relative permeability can be accelerated or retarded. 

We have studied this previously in one dimensional models where the relative frontal 

locations were affected and we also reported pulse-like behaviour due to numerical effects 

(Al-Ibadi et al., 2021a and b). As a method to circumvent numerical errors we previously 

suggested options for improving the model reliability (Al-Ibadi et al., 2018, 2021a and b) 

using pseudoisation methods for upscaling.  

In this study we extend the previous work to study two dimensional models. Simpler 

models of layers were considered where they were either closed from each other and non-

communicating or else open to flow. We also considered alternative cases where permeability 

was distributed randomly as a correlated field. In this work we ignored gravity and capillary 
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pressure effects. In each case we upscaled by generating pseudo representations of the 

effective salinity range and the relative permeability curves. 

 

Model set up, problem statement and methodology 

When studying processes in reservoirs, models are often created to represent either 

layers or randomly correlated permeabilities. Reservoir flow units are often organised as 

layers while internally they may be variable and represented randomly. We have therefore 

investigated these two scenarios as separate configurations.  

The layered models used in this work have the properties given in Fig. 1. We 

considered two layer models defined by differences in permeability (𝑘𝑥) although the layers 

were homogenous internally. Further description of the fluid properties and initial conditions 

are given in Table 1 and Al-Ibadi et al. (2019a). The interlayer differences in permeability 

affected fluid velocity, so that we had a high speed (high permeability) layer and a low speed 

(low permeability) layer for the given boundary conditions. These were set up with constant 

injection and production rate so that fluids entered and left the layers according to their 

relative flow capacity. We used a decoupled-implicit numerical scheme to solve mass 

conservation equations for the oil and water phases and the salinity (Schlumberger, 2018). 

The simulator solves mass conservation equations for oil, water and salinity, a component 

dissolved in the water. Two sets of relative permeability curves were used, one set for high 

salinity and the other for low salinity. The high salinity curves are used when the salinity is 

above the upper value of the effective salinity range, 𝐶𝑠
𝐻𝑆. When the salinity drops between 

𝐶𝑠
𝐻𝑆, and a lower value, 𝐶𝑠

𝐿𝑆,the relative permeability curves are mixed using a weighting 

function which is typically linear, scaling between 𝐶𝑠
𝐻𝑆 and 𝐶𝑠

𝐿𝑆. The function can be non-

linear and is entered as a table. Once the salinity drops below 𝐶𝑠
𝐿𝑆, the low salinity relative 

permeability curve is used.  

For a non-communicating layered system, we set the vertical permeability (𝑘𝑧), and 

hence effective aspect ratio, to be zero. For fully communicating cases, we increased the 𝑘𝑧 

significantly until the effective aspect ratio (𝑅𝐿 =
𝐿

𝐻
√
𝑘𝑧

𝑘𝑥
) was 85, giving the largest level of 
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crossflow. Note that models with 𝑅𝐿 ≥ 10 are considered as a fully communicating (Zapata 

and Lake, 1981; Lake, 1989). The effective aspect ratio (𝑅𝐿) is a dimensionless term that 

defines the connectivity between layers, see (Al-Ibadi et al., 2019b).  

Fig. 1: Schematic of the 2D models with no cross flow.  

Table 1: Parameters of the reservoir model 

Property Value (units) 

Porosity 20% 

Net to gross 99% 

Oil density  0.77 kg/l 

Water density  1 kg/l 

Rock compressibility at 

6500psi 

5.843E-05 bar -1 

Datum depth 2461 m 

Initial pressure@datum 448 bars 

𝑆𝑤𝑖   20% 

Depth of Water oil contact 2590 m 

Capillary pressure @OWC 0 bar 

Oil and water viscosity  1 cp  
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The aim was to produce fluid flow behaviour in a coarse grid scenario that was similar 

to that in an equivalent fine grid model. Thus, for layered systems, we kept the coarsened 

cells to be within the boundary of the original geological layer so that we did not need to 

upscale the petrophysical properties. This avoided merging of fronts between layers while 

there were two fronts for the coarsened layers.  

For the non-communicating layer case, we increased ∆x by a factor of either 100 or 

350 from a base case of 0.3 m, see Fig. 2. The simulator optimised the time step, ∆t , which 

we varied from  0.4 days for the reference case to be 40 days for the coarse grid case. We 

ignored gravity so that the non-communicating layers could be modelled with one layer of 

cells each.  

For fully communicating layers, however, we coarsened ∆x and ∆z because viscous 

crossflow occurred between layers. The reference model had cells that were 4.57 m thick in 

the z direction, i.e. there were 10 cells. We again coarsened by a factor of 100 and 350 in the 

x-axis and also by a factor of 5 in z, as shown in Fig. 2.  

Models of randomly distributed permeability were created using unconditioned 

Sequential Gaussian Simulation. The variogram range and standard deviations were varied 

for various models, however for all models the mean value of permeability was set to 200 

mD. For random correlated models, we coarsened in the x- and z-directions. The reference 

model had ∆x = 1.22 m (175 cells in x direction), ∆z = 1.5m (30 cells in z direction), and ∆t 

= 5 days. We coarsened these models to be one dimensional (i.e. a single layer of cells) where 

in the x-direction the cells were ∆x = 213.4 m (5 cells), ∆z = 45.7 m and ∆t = 40 day, see 

Fig. 2.  

A mismatch of numerical results between fine and coarse grid cases was expected 

from (a) longitudinal numerical dispersion (the only cause in the non-communicating cases), 

(b) changes to the amount of crossflow within fully communicating layered cases (due to 

transverse numerical dispersion), and (c) variations due to smoothing of the petrophysical 

(e.g. permeability) properties in the random permeability case as part of upscaling. We 

previously reported the occurrence of numerically induced pulses in coarsely gridded models 

(Al-Ibadi et al., 2018, 2021a and b). These were due to numerical dispersion combining with 

upstream weighting in the calculation of flow between cells. As salinity decreased in a cell, 
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the relative permeability changed abruptly which created a pulse in the movement of oil 

relative to water. We saw this effect in the coarse grid models used here too.  

 

    

 

    

Fig. 2: Illustration of fine versus coarse grid cases of layered and random correlated 

models. The blue shadowed area is to give an example of the fine grid cells that were 

amalgamated into one coarse grid cell. The coarse version of the layered models 

consisted of one layer of cells per geological layer. The randomly correlated model was 

upscaled to a single layer of cells. 

In order to create a coarse grid model that better matched the reference case, we have 

used two methods of upscaling. We describe the methods here briefly and refer the reader to 

previous papers as reference (Al-Ibadi et al., 2018, 2019b, d and e, 2021b). In the first 

method, we shifted the effective salinity range, treating it as a pseudo-function. The effective 

salinity range defines how we model the effect of salinity on wettability. Above a certain 

salinity, an oil wet set of relative permeability curves is used. Below another salinity, a 

second, water wet set is used. Interpolation, based on salinity, is used to map between the 

two curves. The limits of the range are often obtained from lab data. We discuss this in several 

other papers (Al Ibadi et al. 2019a). The width of the effective salinity range can be quite 

narrow (a few thousand mg/l) and much closer to the injected salinity than the insitu level.  

Table 2: Summary of fine and coarse grid models that were investigated in this paper 

along with CPU times for simulations. 
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Description 

 

Refined 

 

 

Increased cell size 

Grid 

dimensions 

(𝑁𝑥 𝑏𝑦 𝑁𝑧) 

CPU time (sec) 

CRSN 

 

Upscaled 

Grid 

dimensions 

(𝑁𝑥 𝑏𝑦 𝑁𝑧) 

CPU 

time 

(sec) 

Shift 

Ceff  

 

Shift 

and 

Widen 

Ceff 

Pseudo 

Rel 

Perm 

L
ay

er
ed

  
 m

o
d

el
s 

 

Non- 

Communicating 
3500 by 10 714 10 by 2 32 32 32 33 

Fully- 

communicating 
3500 by 10 4,670 10 by 2 37 37 37 37 

R
an

d
o
m

 c
o
rr

el
at

ed
 

 

𝑅𝑣= 3m 

𝐶𝑣=0.16 
175 by 30 140 5  by 1 13 12 12 12 

𝑅𝑣=152.4m 

𝐶𝑣=0.16 
175 by 30 142 5 by 1 13 12 12 12 

𝑅𝑣= 3m 

𝐶𝑣=1 
175 by 30 115 5 by 1 12 13 12 12 

𝑅𝑣= 152.4m 

𝐶𝑣=1 
175 by 30 111 5 by 1 12 12 13 12 

As part of upscaling, the mid-point of the effective salinity range and its width were 

altered. The shift was based on calculations that we developed previously (Al-Ibadi et al., 

2018, 2019b, d and e) using a correction factor for the effect of numerical dispersion. This 

ensured that the impact of dispersion on the speed of the main fronts was removed and more 

accurate flow was obtained. In the second method of upscaling, we used a single set of 

relative permeability curves to simulate low salinity water flooding (instead of two sets as 

traditionally used). The shape of this one set of relative permeability was built according to 

a modified form of fractional flow theory that encapsulated the effect of dispersion. We have 

compared these upscaling methods against models that were coarsened (i.e. the layered 

models) or where single phase upscaling of transmissibility was carried out (i.e. the correlated 

random permeability models, where the geometric average was used).  
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Table 2 summarises the model properties that were explored in this paper. A 1 cP oil 

was simulated for all models while an 8 cP oil was also investigated for the random correlated 

models. 

Upscaling Non-communicating layers  

We first upscaled the non-communicating layered models by shifting the effective 

salinity range. Fig. 3 shows simulator results of the fine grid models where we note that there 

were four shock fronts, two for each layer. Considerable mismatch was observed for coarse 

grid models (green lines). Starting with a fine grid effective salinity range, Ceff = [1000, 7000] 

mg/L, upscaling was carried out by shifting the mid-point, from 3,500 mg/L to 92,000 mg/L 

(Ceff =[88,000, 96,000] mg/L). This was applied to both upscaled layers as the dispersion 

coffecient were identical. The shift was obtained using the correction factor mentioned above 

to ensure the correct speed for the various fronts. The reason for doing this was because 

numerical dispersion introduced a mixing zone. The effect of changing salinity on relative 

permeability can be asymmetrical with the mixing zone so that the low salinity waterfront is 

effectively retarded or accelerated. We have discussed this in Al-Ibadi et al., 2019a, d, 2021a 

and b) and give some details in the Appendix. A retardation factor can be calculated for a 

model of any cell size (Appendix, Eq. A2 and Table A1) and we can then adjust the effective 

salinity range to control this in a coarse grid model.  

This type of upscaling resulted in the blue lines in Fig. 3 and we obtained a good 

match to the fine grid case. The general shape of the fronts from the exact model was captured 

but some numerically induced pulses appeared (which we referred to above). Further 

improvements were obtained by enlarging the width of the effective salinity range 

(Ceff=[106,000, 78,000] mg/L), while keeping the mid-point derived from the correction 

factor. This dampened the pulses giving the red lines in Fig. 3c, d. We discuss the dampening 

effect extensively in Al-Ibadi et al. (2021a and b). 

The results were much better than the coarsened models (green lines) but there 

remained some dispersion of the lead (formation) waterfront in each layer. Such behaviour 

gave an early breakthrough and along with a mismatch of recovery factor, see Fig. 3c: d.  
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Fig. 3: Simulation results examining the impact of shifting the effective salinity range, 

Ceff, as part of flow upscaling for various cell sizes showing (a) water cut and (b) 

recovery factor for a model with ∆x=30.5m and (c) water cut and (d) recovery factor 

for a model with Dx=106.7m. We compare the recovery factor (black line), coarsened 

model (green), shifted effective salinity range (blue) and a case with Ceff shifted and 

widened (red, dashed). ∆𝐭𝐌𝐚𝐱 = 40 days in all cases. 

The second method of upscaling involved the creation of pseudo-relative 

permeability curves. The input relative permeability and the related fractional flow curves 

are shown in Fig. 4a. The main impact of coarsening the models was that it induced numerical 

dispersion, which in turn resulted in dispersing the salinity profile and the water saturation 

front. The mixing zone of the dispersed salinity profile led to a retardation or acceleration 

effect in the saturation distribution as discussed above.  The switch of relative permeability 
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occurred at salinity values that were asymmetrically located in the mixing zone. In order to 

avoid this artefact, we imposed a single set of relative permeability curves which were 

selected based on the theoretical fractional flow analysis. This was prepared before running 

the model (but could be evaluated using the fine scale simulation, albeit with longer running 

time). 

In non-communicating layered models, the salinity front dispersed in a similar way 

to that in 1D cases where the numerical dispersion can be calculated for each numerical 

scheme, see Al-Ibadi et al., (2019e). The resulting Peclet number of the numerical dispersion 

was 4487. Then, the retardation factor (D) can be calculated since we know the effective 

salinity concentration , Ceff = [1000-7000] mg/L. Thus, D = 0.028. More details of how to 

calculate D can be found in Al-Ibadi et al., (2019d). 

In the fractional flow analysis, - D is the intersection point of the Welge tangent on 

the saturation axis in Fig. 4a. Consequently, we identified the fractional flow values 𝑓𝑤1 and 

𝑓𝑤2 of  the intersection points of the tangent line on the 𝑓𝑤
𝐻𝑆 and 𝑓𝑤

𝐿𝑆 curves respectively. 

Those points were used to build the pseudo-relative permeability as in Fig. 4b. The points A 

and B were defined to induce sharp shock fronts (but we can also ensure more dispersed 

fronts) as we observed for the fine scale models. Point A (𝑆𝑤1, 0)  ensured that there was no 

mobile water due to numerical dispersion. Point B had the coordinate (𝑆𝑤2, 𝑓𝑤1) which 

resulted in the same fractional flow behaviour over the oil bank period. At the end of that 

range, the second (low salinity) waterfront appeared. The curvature of the rarefaction wave 

was defined using the low salinity relative permeability for saturation ranging from 𝑆𝑤2 up 

to C,  .  

Fig. 5 shows a comparison between the coarsened models and the fine scale model. 

The running time of the upscaled models was two orders of magnitude faster than the fines 

scale cases. The sharpness of each front was controlled and designed to reduce the impact of 

physical dispersion.  
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Fig. 4: (a) Input relative permeability and the related fractional flow curves with the 

Welge tangent for a case with retardation coefficient (a) D = 0.028 and (b) the pseudo-

relative permeability curves. The orange line shows the predicted fractional flow 

behaviour as suggested by the analytical solution of the fractional flow theory.   

 

Vertical equilibrium (Fully-communicating layers)  

In this case we consider a special case of vertical equilibrium where capillary and 

gravity forces are ignored. This leads to a viscous equilibrium such that vertical pressure 

gradients are zero (Zapata and Lake, 1981; Lake, 1989). A two-dimensional model of the 

case described above was created with ∆x= 0.3 m and ∆z= 4.6 m. There were 10 layers, kx = 

200 mD in the upper five cells and kx = 100 mD in the rest. kz = 0.1 x kx  everywhere so that 

vertical flow was allowed. There was no gravity or capillary pressure induced flow. The wells 

injected the same reservoir volume of water as was produced as a liquid. Fig. 6 shows the 

saturations in each layer and we compare the communicating layer case (solid lines) to that 

of the non-communicating layers (dashed lines) for reference. We observed that the 

formation water fronts travelled at the same speed in both layers due to crossflow. The 

salinity profile had a characteristic advection-dispersion shape in the top 5 layers but tended 

to move more quickly near the interface of the permeability change. In the 6th layer, the 

salinity started dropping at about the same time as in the faster flowing 5th layer but then took 

longer to drop completely displaying a larger mixing zone than the layers above. Each of the 

layers below saw the mixing zone get larger farther away from the permeability interface. 
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This altered the timing of the arrival of the low salinity fronts whose shape was no longer 

sharp.  

 

Fig. 5:  Simulation results examining the impact of pseudoising the relative permeability 

as part of upscaling for various cell sizes showing (a) water cut and (b) recovery factor 

for a model with ∆x=30.5m and (c) water cut and (d) recovery factor for a model with 

dx=106.7m. We compare the reference case (black line), coarsened model (green), and 

the case with pseudo relative permeability (red). ∆𝐭𝐌𝐚𝐱 = 40 days in all cases. 

The water cut for the model is shown as a black line in Fig. 7a. The combined effect 

of the behaviour described above was to reduce the four fronts for noncommunicating layers 

to two major fronts (a single formation water front and low salinity front of the fast layer). 

The formation water front of the slow layer built up gradually over the layers of cells and 

was not visible in Fig. 7a. It looks more like a rarefaction curve. We note that this has 
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ramifications for interpreting water cut behaviour such that small variations in permeability 

are no longer detectable and that behaviour could be attributed to a homogenous medium 

We investigated how the choice of cell size modified the results. Fig. 7 shows water 

cuts for models with various cell sizes and Fig. 8 shows oil saturation distributions. 

Obviously, the choice of cell size was important. The model in Fig. 6 is shown as Fig. 8d. 

The finest scale model (∆x = 0.3m, ∆z = 2.3m) is qualitatively similar to the case in Fig. 6 

such that the cross flow effects were better resolved. The water cut (Fig 7a) was also quite 

similar albeit with some subtle variations. In Fig. 8g, the model was coarsened vertically to 

two layers and the behaviour was more complicated. The crossflow created gaps of low 

salinity water behind the main front in the fast layer. Fig. 7a shows that two pulses of water 

cut appeared at the head of the oil bank, just behind the formation water front. These occurred 

along with small pulses of water saturation which are difficult to see with the colour scheme. 

These small variations in saturation affected the water cut disproportionately (the fractional 

flow curve was very steep at this point for the high salinity water). Also, the low salinity 

fronts were slower in the fast layer in this case despite the fronts being sharp. The low salinity 

front in the slow layer moved at the same speed as the fine grid case, however. Coarsening 

in the x-direction increased the horizontal dispersion, spreading out the fronts. The black line 

in Fig. 7b indicates a similar behaviour to the two cases with finer cells vertically. However, 

the coarsest case shows stronger effects of dispersion and also numerically induced pulses. 

Overall, the formation and low salinity water fronts moved at different speeds in each 

geological layer and retardation was also observed. 
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Fig. 6: Water saturation (blue line) and salinity (red line) for cases where layers were 

fully-communicating (solid lines) and non-communicating (dashed lines) versus 

injected pore volume (PVI) in the cells containing the producer well for a model with 

ten layers and ∆x = 0.3 m.  

 

Fig. 7: Water cut versus injected pore volume for models with various resolutions in x- 

and z-directions,  (a) ∆x= 0.3 m, and ∆z varied as in Fig. 8a, d, g (b) ∆z= 22.86m with 

various ∆x as in Fig. 8g, h, i. The effective salinity range for all case was 1,000-7,000 

ppm and ∆t = 0.4 days.  
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Here we report pulse-like behaviour (red line, Fig. 7b). We bear mind that with EOR 

simulations, we often couple the equations for the transport of the solute (an advection-

dispersion equation) with the numerical solution of fluid movements and that causes such 

numerical effects. In addition to that, Shotton et al. (2016) also reported that for polymer 

flooding in layered models, it was critical to maintain the aspect ratio of the fine grid. 

Coarsening horizontally increased crossflow of oil while coarsening vertically decreased it. 

Doing both resulted in a cancelling of the errors. 
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Fig. 8: Oil saturation at 0.24 PV Injected for various cell sizes. 

The unphysical looking behaviour described above depended on the effective salinity 

range that was selected. When set to low salinities, crossflow of a greater amount of injected 

water influenced flow in the slower layer. When the limits of the effective salinity range were 

set to higher values additional unphysical behaviour was observed. Fig. 9 shows water cut 

results for a model equivalent to Fig. 8h except that it has been further coarsened in the x-
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direction. The black line behaves like a homogeneous coarse grid model dominated by 

longitudinal dispersion. In the other cases, two low salinity waterfronts were observed, one 

each for the fast and slow layers. Pulses also appeared which are a manifestation of the 

change of relative permeability as a function of salinity change as discussed in Al-Ibadi et 

al., (2018, 2021a and b). Further study of this effect is recommended.  

We mentioned above that we observed crossflow in Fig. 8 within the fine grid models 

which led to a greater spread of water saturation in the low permeability layers, while there 

was a minor effect in the high permeability layers. Fig. 10 shows the average salinity of the 

upper five layers versus the lower five layers that are shown in Fig. 6. To quantify dispersion 

effects, the analytical solution to the advection-dispersion equations (dashed lines, Fig. 10) 

was fitted to the average salinity. Then we deduced the dispersivity and the Peclet number, 

Npe, a dimensionless number representing the ratio of advection rate per dispersion rate. The 

dispersivity of the average salinity of the fast five layers was 0.61 m (Npe =1750), and this 

was quite close to the value for models without crossflow (non-communicating layers) where 

the dispersivity was 0.3 m. On the other hand, the dispersivity of the average salinity of the 

slow layers was 76.2 m (Npe =14).  These estimated dispersivity values were important for 

computing appropriate changes to the effective salinity range as discussed below. 

 

Fig. 9: Water cut versus injected pore volume (PVI) for models with various effective 

salinity ranges, for a coarse cell case model where ∆x was 106.7 m, ∆z = 22.86 m and ∆t 

= 40 days.  
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Fig. 10: The average salinity at the producer cell versus injected pore volume injected 

(PVI) for the faster (upper) five and slowed (lower) layers indicated by the blue and red 

lines respectively. The yellow and green dashed lines indicate equivalent analytical 

solution to the 1D advection-dispersion equation that gave the best fit to the averages.  

We coarsened the reference case (∆x = 0.3 m and ∆z = 4.572m) so that ∆x = 30.5 m 

and ∆z was either 4.572m or 22.86 m. The coarse grid models were also run with pseudo 

effective salinity ranges as discussed above such that the limits were shifted appropriately 

using the dispersivity values calculated above from the fine grid model in Fig. 10 (also see 

Table A1 in the appendix). The production results are shown in Fig. 11. Fig. 12 shows similar 

models but with further coarsening in the x-direction so that ∆x = 106.7 m. We note that 

coarsening gave a considerable error compared with the fine grid model while significant 

improvements were obtained by shifting the  effective salinity range which dampens the 

effect of changing relative permeability with salinity. The range was changed from 1,000-

7,000 mg/L to 72,000-88,000 mg/L in the fast layer and 20,000-27,000 mg/L in the slow 

layer for models coarsened by a factor of 100, as in Fig. 11. Additional modification was 

needed for even coarser models as in Fig. 12 where the coarsening factor was 350. Also, we 

note that coarsening in the x-direction only gave a less exact prediction, see Fig. 11a and 

12a. On the other hand, coarsening in both directions gave better results. Calculated D values 

can be seen in Table A1. 
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As we have seen in 1D models, this method of altering the effective salinity range as 

part of upscaling did not change the spread of the formation waterfront which was a major 

contribution to the mismatch of the oil recovery relative to the fine scale reference model. 

See for example Figs. 11d and 12d. The non-physical behaviour from the fluctuations were 

also apparent as in Fig. 12b; c. Nevertheless, the solution was much better than simple 

coarsening and produced a result that was closer to the fine grid case, especially for the oil 

recovery factor. 

  

  

Fig. 11: Comparison of simulation results when upscaling the layered model by shifting 

the effective salinity range. The fine grid case had ∆x = 0.3 m, ∆z = 4.572 m (i.e. 10 

layers) and ∆t= 0.4 days. A horizontally coarsened case with ∆x = 30.5 m and ∆t = 40 

days was run and compared for (a) water cut and (b) recovery factor. Horizontal and 

vertical coarsening was carried out with ∆z = 22.86 m (2 layers) and compared in (c) 

water cut and (d) recovery factor. The effective salinity range for the fine scale case was 

1,000- 7,000 mg/L while the shifted range for the upscaled cases was 72,000- 88,000 

mg/L in the fast layer(s) and 20,000- 27,000 mg/L in the slow layer(s).  
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Fig. 12: Comparison of simulation results when upscaling the layered model by shifting 

the effective salinity range. The fine grid case had ∆x= 0.3 m, ∆z = 4.572 m (i.e. 10 layers) 

and ∆t= 0.4 days, A horizontally coarsened case with ∆x= 30.5 m and ∆t= 40 days was 

run and compared for (a) water cut and (b) recovery factor. Horizontal and vertical 

coarsening was carried out with ∆z = 22.86 m (2 layers) and compared in (c) water cut 

and (d) recovery factor. The effective salinity range for the fine case was 1,000- 7,000 

mg/L while the range for the upscaled cases was 82,000- 98,000 mg/L in the fast layer(s) 

and 60,000- 77,000 mg/L in the slow layer(s). Reducing time step size has little effect on 

the coarse grid case which is dominated by the cell size (results not shown). Increasing 

the time step for the fine grid model resulted in numerical effects including pulses 

(results not shown).  

In this section, we use the pseudo-relative permeability to upscale LSWF models. 

Since we considered the fine grid case that is shown in Fig. 6 as a reference model, we used 

the average salinity that was estimated from Fig. 10 to define the dispersivity of the reference 

case. This resulted in the pseudo-relative permeabilities that are given in Fig. 4b and 13b for 
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the fast (upper) and slow (lower) layers respectively. These pseudo-relative permeabilities 

were obtained using the fractional flow method that are given in Fig. 4a for the fast layer 

because the dispersivity was the same as for the non-communicating layer model. Fig. 13a 

shows the fractional flow behaviour for the slow layer. The tangent intersection point in the 

x-axis was obtained using a calculation of D, a retardation factor,  which reflects the effect 

of dispersion on salinity within the fast layer. We calculated the dispersivity, α= 0.61 m, 

which gave Fig. 4b, and for the slow layer when there is communication, α= 76.2 m, which 

gave Fig. 13b. We can see here that the pseudo relative permeability for the slow layer was 

therefore different from the fast layer due to crossflow effects. See Table A1 for details of 

calculations. We refer the reader to Al-Ibadi, et al., (2018, 2021b) for further details.  

Fig. 14 and 15 compare the results using these pseudos-relative permeability curves 

versus the coarsened model and the fine grid case. A good match was observed even for the 

very coarse models, see Fig. 15. As for previous cases, scenarios with coarse ∆z were better 

behaved and matched the fine case model more closely. Thus, we recommend coarsening in 

both directions, in the absence of upscaling. Unlike the previous method, this method of 

upscaling solves the dispersion of each waterfront, which includes the dispersion of the 

formation water. We note that the unphysical pulses remain but are small in magnitude. In 

Fig 14d, the recovery factor of the upscaled and reference models are almost identical. 

 

Fig. 13: Fractional flow curves based on the input relative permeability curves with the 

Welge tangent for a case with retardation coefficient (a) D = 0.64 and the resulting 

pseudo-relative permeability curves in (b).  
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Fig. 14: Comparison of simulation of fine scale, coarse scale models and by upscaling 

using a single set of pseudo-relative permeability curves. Fine scale case had ∆x= 0.3 m, 

∆z = 4.572 m (i.e. 10 layers) and ∆t= 0.4 day, while coarse and upscaled cases had ∆x= 

30.5 m and ∆t= 40 while ∆z for (a) and (b) was not changed compare with the fine case, 

i.e. ∆z = 4.572 m (10 layers) whereas for (c) and (d) it was ∆z = 22.86 m (2 layers). 

Using these pseudo-relative permeability curves, we were able to coarsen by a factor 

of 350 in the x-axis and reduce the number of layers to two, with minor mismatch. We also 

were able to represent the water saturation along the model as shown in Fig. 16. The run time 

was three orders of magnitude smaller.  
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Fig. 15: Comparison of simulation of fine scale, coarse scale models and by upscaling 

using a single set of pseudo-relative permeability curves. Fine case has ∆x= 0.3 m, ∆z = 

4.572 m (i.e. 10 layers) and ∆t= 0.4 day, while coarse and upscaled cases have ∆x= 106.7 

m and ∆t= 40 while ∆z for (a) and (b) was not changed compare with the fine case, i.e. 

∆z = 4.572 m (10 layers) whereas for (c) and (d) it was ∆z = 22.86 m (2 layers). 

 

Random Correlated heterogeneity 

We investigated the suitability of the two upscaling methods for application with 

correlated random permeability. Sequential Gaussian Simulation was used to generate the 

models, and these were characterised using the variogram range (Rv), standard deviation (SD) 

and mean (µ) (also reported in terms of Coefficient of Variation, Cv = SD/ µ) to define the 

permeability distribution. Example models are shown in Figs. 17-19. Each permeability 

distribution in these figures was investigated using ten different realisations. For more details 
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about the flow behaviour for the other realisations, the reader is invited to read Al-Ibadi et 

al., (2020) .  

   

 

Fig. 16: Oil saturation across (a) high resolution model where ∆x= 0.3 m, ∆z= 4.57 m 

and ∆t = 0.4 day (as in Fig. 6c), (b) upscaled, by pseudo-Krs, coarse case model where 

∆x= 106.7 m, ∆z= 22.86 m and ∆t = 40 day.  

 

  

 

   

Fig. 17: Log:normal permeability distributions with SD= 32 mD, mean = 200 mD ( 𝐂𝐯 =

𝟎. 𝟏𝟔) and various variogram range settings.  

 Simulation results for these models (Fig. 17-19) are shown in Fig. 20 where the oil 

viscosity was 1 cP and in Fig. 21 for oil viscosity of 8 cP. We note that fluid flow was 

predictable by fractional flow theory (assuming shock fronts) for models with relatively low 
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levels of heterogeneity (SD = 32, 𝐶𝑣 = 0.16), while dispersion was observed for the medium 

(SD =90,  𝐶𝑣 = 0.5), and  stronger heterogeneity (SD = 200, 𝐶𝑣 = 1). Increasing the Rv had 

minor effect on models with low SD but became more important with increasing 

heterogeneity. Further, as expected, the case of unfavourable displacement (high oil 

viscosity) saw stronger effects of heterogeneity which was most obvious in Fig. 21.  

Upscaling of these models was carried out using the two methods discussed above. 

The primary aim for the purpose of the paper was to upscale to 1D models with ∆x = 106.6 

m. The absolute permeability was upscaled using the geometric average of the fine grid 

properties which is equivalent to the mean of the input statistics of the model.  

Upscaling of the two-phase flow was carried out altering the effective salinity range 

and by changing relative permeability as discussed previously for oil viscosity of 1cP and 8 

cP. Fine grid simulations were run first to assess the level of dispersion that should be 

represented based on the heterogeneity. The dispersivity was estimated from the produced 

salinity in this case. The effective salinity range (𝐶𝑒𝑓𝑓)  was then shifted from [1000, 7000] 

mg/L to the values shown in Table 3. To remove the resulting pulses, further adjustment to 

𝐶𝑒𝑓𝑓 was made to widen the effective salinity range.  

 

  

 

  

Fig. 18: Log:normal permeability distributions with SD= 90, µ = 200, 𝐂𝐯 = 𝟎. 𝟒𝟓 and various 

variogram range settings. 

Rv = 3 m (a) Rv = 15 m (b) 

(c) Rv= 30.5 

m 

(d) Rv= 152.4 m 
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Fig. 19: Log:normal permeability distributions with SD= 200, µ = 200,  𝐂𝐯 = 𝟏 and various 

variogram. 

The alternative approach of altering the relative permeability curves was also applied. 

Fractional flow curves of the input relative permeability are given in Fig. 4a and the D values 

were used from Table A1. We know (from previous work) that even high resolution models 

can result in a retardation effect due to heterogeneity in combination with low limits of the 

effective salinity range, see Al-Ibadi et al., (2019a; 2019e; 2020). For example, the fractional 

flow tangent intersected the x-axis at D = 0.1 for models with  Cv between 0.16 and 0.5 with 

Rv ranging up to 152.4 m (solid and dotted lines in Fig. 22). The pseudoisation process was 

implemented for models with higher oil viscosity and results are shown in Fig. 23. Note that 

for  Cv = 1 and Rv = 152.4 m, additional tuning of the pseudo-relative permeability was 

required to match the reference case. This controlled local permeability induced variations in 

the spread and the speed of the low salinity waterfront (Fig. 24, upper right) by adjusting the 

values of relative permeabilities between B and 𝑓𝑤2 in the dashed line in Fig. 22. As might 

be expected, displacement of higher viscosity oil in a variable medium resulted in 

heterogeneity induced fingering. The more mobile water found its way into the high 

permeability regions and exaggerated the effect of heterogeneity. The front could be distorted 

from what would otherwise be flat in a homogeneous medium. We note that these simulations 

(a) Rv = 3 m (b) Rv = 15 m 

(c) Rv= 30.5 m (d) Rv =  152.4 m 
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were carried out in a scenario where viscous fingering was not expected nor seen. Viscous 

fingering is where flow instabilities alone distort the front in a homogeneous medium. The 

effects of the heterogeneities on the front meant that oil was by-passed in the oil bank. Tuning 

of the line extended between 𝑓𝑤1 and B was required which also involved reducing the oil 

relative permeability of the aforementioned saturation range. Heterogeneity induced 

fingering occurred on the formation water front as well, see Fig. 25. Adjustment (tuning) of 

the line between the point B up to 𝑓𝑤2 was also required to match the fingering effect around 

the low salinity waterfront. Note that as part of this method, the tuning process was very clear 

and follow a systematic procedure even for models with complex geological structures. For 

example, had to tune the second shock front in Fig. 22, dashed line. With this method, we 

were able to determine which part of the pseudo-relative permeability should be adjusted to 

fit the purpose.   

 

Fig. 20: Water cut versus pore volume injected (PVI) for the models shown in (a) Figs. 

17, (b) Fig. 18 and (c) Fig. 19. All of these models had an effective salinity range of 1,000- 

7,000 mg/L with favourable displacement where oil and water viscosities were 1cP.    



Chapter 7: Part 2: Scaling up Low Salinity Water Flooding… 
 

306 
 

 

 

Fig. 21:  Water cut versus PVI for models similar to that in Fig. 20 but with higher oil 

viscosity of 8 cP , where SD was (a) 32, (b) 90 and (c) 200.  

Table 3: Upscaling by shifting effective salinity range for various stochastic models  

Oil 

Viscosity 

(cP) 

 Rv 

(m) 

Mean 

(mD) 

SD 

(mD) 
Cv 

𝐶𝑒𝑓𝑓 (mg/L) 

Initial estimate 

𝐶𝑒𝑓𝑓 (mg/L) 

Widened to 

remove pulses 

Figure 

number  

1 

3 

200 

32 0.16 
81,000 - 87,000  61,000 -107,000 Fig. 26a, b 

152.4 
81,000- 87,000 61,000 -107,000 Fig. 26c, d 

3 
200 1 

71,000 - 77,000  51,000 - 97,000 Fig. 26e, f 

152.4 61,000 - 67,000 41,000 - 87,000 Fig. 26g, h 

8 

3 
32 0.16 

61,000 – 67,000 31,000 – 97,000 Fig. 27a, b 

152.4 61,000 – 67,000 31,000 – 97,000 Fig. 27c, d 

3 
200 1 

71,000 – 77,000 41,000 – 107,000 Fig. 27e, f 

152.4 46,000 – 52,000 26,000 – 72,000 Fig. 27g, h 
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Fig. 22: Oil (red) and water (blue) pseudo-relative permeability curves derived for 

randomly heterogeneous models obtained from the original relative permeability and 

the related fractional flow in Fig. 4a, where the oil and water viscosity was 1 cp. Solid 

lines were derived for with  𝐂𝐯 = 𝟎. 𝟏𝟔 (SD= 32)  and Rv ranged 3 m up to  152.4 m (as 

in Fig. 17a; d), for models with Cv= 1 (SD= 200) the dotted lines were derived for Rv = 

3 m (Fig. 19a) and dashed lines for  Rv = 152.4 m (Fig. 19d).  

The success of the upscaling can be observed in Fig. 24 and Fig. 25 in terms of 

saturation and in terms of production for Fig. 26 and Fig. 27 for the 1cP and 8cP oil 

respective. For each oil viscosity, we show the reference case, the “CRSN” case (where the 

geometric mean was used for absolute permeability), and the upscaled cases where the 

effective salinity range was altered (both shifted and widened) and also the pseudo relative 

permeability was used. The reference cases show heterogeneity effects with dispersion-like 

behaviour. This is an apparent in the “bump” at the head of the formation water front. We 

see this when numerical dispersion was high because the spread of the front encouraged water 

cut to rise quickly as for a high salinity waterflood. In each of the cases, shifting the effective 

salinity range brought some improvement. There was a clear suggestion of double fronts but 

the pulses observed previously (Al-Ibadi et al., 2018, 2019a, b) were quite strong. This was 

because the salinity changed relative permeability very quickly due to the short effective 

salinity range. Increasing the width of the effective salinity range reduced this effect but does 

not eliminate the pulses completely.  
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Fig. 23: Pseudo relative permeability derived from the original relative permeability in 

Fig. 13a, where oil and water viscosities 8 and 1 cp respectively. Solid lines indicate 

models with  𝐂𝐯= 0.16 (SD= 32,  = ) and Rv  varied from 3 m up to  152.4 m (as in 

Fig. 17a; d), whereas the other two pseudos were for models have Cv = 1 (SD= 200, 

 = ) where dotted lines indicate Rv = 3 m (Fig. 19a) and dashed line indicate Rv = 

152.4 m (Fig. 19d).  

There was also significant dispersion of the two main fronts. The pseudo-relative 

permeability functions did a much better job. The formation water front was sharpened 

considerably and the secondary low salinity front was also better represented. Some small 

features were lost however.  

 

Discussion  

Upscaling 2D models of LSWF was the main objective of this study. In particular, 

we investigated two methods of upscaling, one by altering the effective salinity range both 

by shifting it and enlarging its width, and another by generating pseudo-relative permeability 

curves. We suggested the two approaches previously and demonstrated their application for 

1D models (Al-Ibadi et al., 2018). We compared these methods of upscaling versus the more 

commonly used averaging method that is available in many simulators and modelling tools. 

By using these methods, very coarse grid models (coarsening factor =350) could be created 

giving an excellent match to the reference case. 
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Fig. 24: Comparison of Water saturation in the fine scale models (upper graphs) versus 

upscaled models (lower figures) for models with low 𝑪𝒗 and short variogram range 

𝑹𝒗 = 3m (left) higher 𝑪𝒗 and larger variogram ranges 𝑹𝒗 =152.4 m (right hand side).  

Numerically induced pulses were observed in 2D models in addition to that observed 

in 1D models (Al-Ibadi et al., 2019b; 2020, 2021a and b). Cross flow in 2D layered models 

was a contributing factor. The movement of oil and water between layers is an important 

effect in waterflooding but in this case the low salinity can dilute the slow moving layer, 

speeding up the transition while salinity may remain higher in the faster layer, slowing the 

transition down. There is an important interaction with the effective salinity range and the 

grid cell aspect ratio which results in coarse models failing to represent the cross flow 

precisely. We can see the effect of this in Figs. 6, 7, 9.   
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Fig. 25: Water saturation for models identical to those in Fig. 24 but with higher oil 

viscosity (i.e. = 8 cp).   
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Fig. 26: Comparison of Water cut and recovery factor of reference, coarsened and 

upscaled models for the models with (a) and (b)  𝐂𝐯 = 𝟎. 𝟏𝟔 and 𝐑𝐯 = 𝟑 𝐦 as in Fig. 17a, 

(c) and (d)  𝐂𝐯 = 𝟎. 𝟏𝟔 and 𝐑𝐯 = 𝟏𝟓𝟐. 𝟒 𝐦 (Fig. 17d), (e) and (f)   𝐂𝐯 = 𝟏 and 𝐑𝐯 = 𝟑 𝐦,  

ft (Fig. 19a), and (g) and (h)  𝐂𝐯 = 𝟏 and 𝐑𝐯 = 𝟏𝟓𝟐. 𝟒 𝐦 (Fig. 19d).  
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Fig. 27: Water cut and recovery factors for models identical to that in Fig. 26 but with 

higher oil viscosity to be 8 cp, where (a) and (b)  𝐂𝐯 = 𝟎. 𝟏𝟔 and 𝐑𝐯 = 𝟑 𝐦 (as in Fig. 

17a), (c) and (d)  𝐂𝐯 = 𝟎. 𝟏𝟔 and 𝐑𝐯 = 𝟏𝟓𝟐. 𝟒 𝐦 (Fig. 17d), (e) and (f)   𝐂𝐯 = 𝟏 and 𝐑𝐯 =

𝟑 𝐦 (Fig. 19a), and (g) and (h)  𝐂𝐯 = 𝟏 and 𝐑𝐯 = 𝟏𝟓𝟐. 𝟒 𝐦 (Fig. 19d).  

 

Upscaling by shifting the mid-point of the effective salinity range gave a good match 

for models with coarsening factor 100 (∆x= 30.5m). The mismatch in upscaled models may 

grow as we increase the coarsening factor beyond this. This mismatch was mainly due the 

method failing to reduce the dispersion of the formation waterfront. This method can mitigate 

numerical oscillations that occur in coarse models by increasing the total width of effective 

salinity range, however.  

Using a single set of relative permeability (instead of two sets) as pseudoisation was 

another method of upscaling. This pseudo-relative permeability is based on the principles of 

an extension of the fractional flow model that we previously suggested. This method resulted 

in coarse grid models with a very good match of the reference case. We were able to control 

the velocity and the slope of each waterfront. We also controlled the numerically induced 

pulses that was previously observed in the coarser models. A major advantage of the pseudo 

relative permeability approach is that it removes the need to simulate the salinity. Relative 

permeability changes are controlled by saturation alone and we do not need to couple with 

salinity. We could therefore separate out the predicted behaviour by using an analytical 

model for advection-dispersion once we understand the fluid velocities. The upscaling 

process yields information about dispersion.  

Relative permeability is simply a model that captures the relative flow of a phase as 

its saturation changes. There is no such thing as a physical relative permeability though a set 

of curves can be derived from physical observations (e.g. core flooding) or so that a model 

prediction fits those data. Whatever relative permeability set we derive, it depends on the 

underlying structure of the medium through which the fluids are flowing. We can do the same 

with a model where we start with some fine scale input relative permeability data and then 

construct curves so that a coarse scale model provides a match to a fine grid simulation or 

analytical result. This is called upscaling. We use the term pseudo-relative permeability to 
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indicate that the set is derived using one of the numerical recipes (for example, Kyte and 

Berry, Pore Volume Weighted or Mobility Weighted – see Barker and Thibeau, 1997) that 

approximate flow and where boundary and other flow conditions affect the results. In general 

we tend to use pseudo relative permeability curves because there is no theoretical or 

analytical method to perform the calculations except in limiting circumstances (e.g. capillary 

or viscous dominated flow). Because the calculated relative permeability include the effects 

of fine scale heterogeneity, boundary and other flow effects, their shape may not be entirely 

consistent with what is obtained for core floods, for example. 

The pseudo curves that we have derived are actually monotonic but the theory 

suggests they should have some sharp changes at the critical saturations. This can impose 

problems for numerical simulation in terms of convergence but is mostly an issue for very 

fine scale models. In the simulations considered here there was negligible impact. The 

upgridded models (no pseudoisation) ran in much the same time as the cases with 

pseudoisation. On the other hand, if there are problems with convergence then it is possible 

to reduce the slope of the jump in relative permeability by interpolating to a broader step in 

saturation.  

Both upscaling approaches were demonstrated for models where we measured the 

physical retardation from fine scale models. The approach is not proven to remove the need 

for such simulations at this point. This is often the problem with two phase upscaling such 

that suitable fine scale models are required. In another paper (Al-Ibadi et al., 2019a, d), we 

examined the retardation as a function of the properties of the model. The retardation depends 

on the physical manifestation of dispersion as a function of heterogeneity. Because of the 

complexities involved, it may be impossible to avoid running such fine scale models as is 

often applied for upscaling (e.g. Stephen et al. 2008). More work is required to assess this. 

However, it seems clear that there is a definite parameterisation for tuning certain input 

parameters that can be used to help history matching, if necessary. 

In this paper we ignored gravity and capillary pressure effects. We also upscaled to a 

one dimensional model. In further work we will investigate these effects. In many reservoirs, 

gravity and capillary effects cancel each other out if the beds are relatively thin. Capillary 

effects may interact with heterogeneity induced fingering and dispersion in water wet 
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reservoirs while in oil wet cases they are likely to reduce the effect. The main influence of 

capillary effects will be on the formation water front. We anticipate that upscaling to two 

dimensional models will be similar to the case of communicating layers when the degree of 

heterogeneity is quite high.  

In this study, we use a single effective salinity range at the fine scale as well as single 

relative permeability data. It would be an obvious complexity to consider alternative 

behaviour as a function of permeability for both the layered cases and the random 

permeability case. To date, we are not aware of a way of parameterising the relationship 

between permeability and effective salinity range, if there is one. It is reasonable to assume 

that wettability could vary with grain size distribution and therefore permeability. We would 

consider this as an additional topic for study. This approach might suggest that a more 

numerical approach might be suitable for upscaling but then again there could be so many 

combinations of the outcomes. There is therefore an interest in determining whether or not a 

more analytical approach may be adopted in this more complex case as well. 

We find that the generation of the pseudo relative permeability curves to be the better 

option in the cases shown here. Both methods required that we estimate the physical 

dispersion as an effective property and then adjust the properties appropriately. The 

additional shift of the effective salinity range was easy to implement as a single parameter 

for the purposes of tuning. On the other hand the result of using the pseudo relative 

permeability gave a more reliable result and is better tied to the physical processes. This 

makes it the method of choice at this point. Of course further study is required to generalise 

that beyond the assumptions made in the models used here. 

At the coarse scale, we found that the same resulting effective salinity range could be 

used in the absence of cross flow. For viscous equilibrium, vertically, the coarse grid required 

a different effective salinity range. If we consider intermediate levels of crossflow we would 

then need to alter the effective salinity of the slow layer. 

So far we have considered reasonably straight forward favourable or weakly 

unfavourable displacement. As discussed above we have avoided viscous fingering by using 

sufficiently coarse scale models with associated numerical dispersion even for our fine scale 

grids. The methods work very well. At higher oil viscosities we should study this further to 
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determine whether instabilities are going to be a problem. This is less likely to be an issue 

for LSWF as there few studies of applications in heavier oils. On the other hand, the 

pseudosation method may be applicable for other methods of EOR including polymer 

flooding and surfactant flooding. In both of these methods, alteration to phase mobility is 

carried out through the change in viscosity. We consider that pseudo relative permeability 

can be calculated but there is still a need to simulate the movement of the dissolved 

components. In surfactant flooding we also have to consider a switch to miscible 

displacement. This can lead to some viscous fingering effects. We consider that in these 

cases, further work is required to assess the approach.  

 

Conclusions 

Our conclusion can be drawn as follows: 

• For layered models, crossflow can result in numerically induced pulses as an 

interplay with effective salinity and cell size. 

• Upscaling by using single set of relative permeability curves was robust. 

• Upscaling by shifting effective salinity range gave a good match of the reference 

case when combined with moderate levels of coarsening while evidence of 

dispersion remains. 

• Upscaling models with correlated random permeability was achieved by combining 

the geometric average of the permeability model with the pseudoisation methods 

described here. 
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Nomenclature 

A  Cross sectional area (m2) 

𝐶𝑆  In situ salinity (mg/L)  

𝐶𝑠
𝐿𝑆  Lower limit of effective salinity range (mg/L) 

𝐶𝑆
𝐻𝑆  Upper limit of effective salinity range (mg/L) 

𝐶𝑒𝑓𝑓
𝑚𝑖𝑑  Mid effective salinity (mg/L) 

𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

 Dimensionless mid effective salinity  

𝐶𝑆
𝑖𝑛𝑗

  Salinity of the injected water (mg/L) 

𝐶
𝑒𝑓𝑓

  Effective salinity range (mg/L) 

Cv  Coefficient of variation of random (permeability) models 

D   Retardation factor 

𝐷𝑝  Dispersion coeffeicent (m2/day) 

𝑓𝑤  Water fractional flow  

𝑓𝑤,𝑐  Frational flow of chemical (low salinity) waterfront 

𝐻  Thickness of layer (m) 

krw  Water relative permeability 

kro  Oil relative permeability  

𝑘𝑥  Longitudinal permeability (mD) 

𝑘𝑥  Arithmetic average of longitudinal permeability (mD) 

𝑘𝑧  Transverse (vertical) permeability (mD) 

𝑘𝑧  Harmonic average of transverse permeability (mD)  

𝐿  Length of layer (m) 
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𝑀𝑓  Total mobility across formation waterfront   

𝑀𝐿𝑆  Total mobility across low salnitiy waterfront   

𝑁𝑝𝑒  Peclet number  

𝑁𝑥  Number of grids in x-direction  

𝑁𝑧  Number of grids in z-direction 

PVI  Pore volume injected  

Q  flow rate (m3/day) 

𝑅𝐿  Effective aspect ratio ( dimensionless) 

Rv  Variogram range of random (permeability) models 

𝑆𝑤  Water Saturation  

𝑆𝑤,𝑐  Water saturation of chemical (low salinity) waterfront 

𝑣𝐻𝑆  Velocity of high salinity waterfront or formation waterfront (m/day) 

𝑣𝐿𝑆  Velocity of low salinity waterfront (m/day) 

𝑣𝑠𝑎𝑙,𝑟𝑒𝑓
𝑀𝑖𝑑             Salinity advection velocity of a case with Cd =0.5 and zero dispersion 

𝑥  Distance from the injector (m) 

𝑥𝐷  Length dimensionless 

  Dispersivity (m) 

𝛼𝑛𝑢𝑚  Numerical dispersivity (m) 

𝛼𝑝ℎ𝑦  Physical dispersivity (m) 

𝛼𝑑𝑖𝑓   Molecular diffusion (m)  

∆𝑡  Time step length (day) 

∆𝑥  Cell dimension in x-axis (m) 
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∆𝑦  Cell dimension in y-axis (m) 

∆𝑧  Cell dimension in z-axis (m) 

∅  Porosity (%) 
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 Appendix 

In previous work (Al-Ibadi et al. 2019b) we reported that adding dispersion 

(numerical or physical) can create a physical retardation effect if the effective salinity range 

is initially lower than the midpoint of the salinity front (𝐶𝑆
𝑖𝑛𝑗

 < 𝐶𝑆
𝐿𝑆 <  𝐶𝑆

𝐻𝑆   <  𝐶𝑒𝑓𝑓
𝑚𝑖𝑑) . The 

retardation changes the speeds of the formation and low salinity fronts. We derived an 

equation for estimating the difference in velocity fronts with and without dispersion 

according to: 

𝑞

𝐴∅
(
𝑓𝑤

𝑆𝑤
−

𝑓𝑤

𝑆𝑤+𝐷
) = 𝑣𝑠𝑎𝑙,𝑟𝑒𝑓

𝑀𝑖𝑑 − 𝑣𝑒𝑓𝑓,𝑟𝑒𝑓
𝑀𝑖𝑑 − (1 − 𝐶𝑑

𝑚𝑖𝑑−𝑒𝑓𝑓
)
3 (𝑣𝐻𝑆−𝑣𝐿𝑆 )

√𝑁𝑝𝑒
                (A1) 

The left side of the equation is the difference in velocities according to fractional flow theory 

with injection rate q, cross sectional area A, porosity, f, and solutions fw and Sw in each case. 

D is the retardation factor observed when the mixing zone spreads out salinity and alters the 

timing of the salinity induced change to relative permeability. We can relate these to other 

properties on the right hand side: 𝑣𝑠𝑎𝑙,𝑟𝑒𝑓
𝑀𝑖𝑑  is the advection velocity of a case with Cd =0.5 and 

zero dispersion. This is essentially the analytical solution. The rest of the term on the right 

left-hand side is the velocity under the influence of numerical dispersion.  As discussed in 

Al-Ibadi et al. (2019c), we split this into two terms. 𝑣𝑒𝑓𝑓,𝑟𝑒𝑓
𝑀𝑖𝑑  is the velocity of salinity 

equivalent to the 𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

 of the current scenario, in a  hypothetical scenario that has 

𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

=1 (i.e. where the flow behaviour is equivalent to an immediate switch to low 

salinity behaviour water and salinity is effectively a tracer with advection velocity 𝑣𝐿𝑆) and 
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includes the effect of dispersion. This is useful because it can be derived analytically. The 

remaining terms on the left hand side, 

 ((1 − 𝐶𝑑
𝑚𝑖𝑑−𝑒𝑓𝑓

)
3 (𝑣𝐻𝑆−𝑣𝐿𝑆 )

√𝑁𝑝𝑒
   ), is a velocity shift to account for reducing 𝐶𝑑

𝑚𝑖𝑑−𝑒𝑓𝑓
from the 

hypothetical value of 1 to the value in the current model.  Npe is the Peclet number while 𝑣𝐻𝑆 

and 𝑣𝐿𝑆 are the velocities of the formation and low salinity fronts respectively as derived 

using the analytical solution via fractional flow theory. D can be calculated from Eq. A1 as 

(Al-Ibadi et al., 2019d): 

𝐷 =  
𝑓𝑤,𝑐

𝑓𝑤,𝑐
𝑆𝑤,𝑐

 −(
𝐴∅

𝑞
) (𝑣𝑠𝑎𝑙,𝑟𝑒𝑓

𝑀𝑖𝑑 − (𝑣𝑒𝑓𝑓,𝐿𝑆𝑅
𝑀𝑖𝑑 +((1−𝐶𝑑

𝑚𝑖𝑑−𝑒𝑓𝑓
)
3
 × 

(𝑣𝐻𝑆−𝑣𝐿𝑆 )

√𝑁𝑝𝑒
   )))

− 𝑆𝑤,𝑐             (A2) 

The Peclet number is: 

𝑁𝑝𝑒 = 
𝑣𝐿

𝐷𝑝
= 

𝑣 × 𝐿

𝑣 × 𝛼𝑝
=

 𝐿

 𝛼𝑝
                           (A3) 

Where 𝐷𝑝 (=𝑣𝛼𝑝) is the dispersion coefficient, 𝛼𝑝 is the dispersivity term, v is the advection 

velocity. 𝛼𝑝 depends on several processes such that: 

𝛼𝑝 = 𝛼𝑝ℎ𝑦 + 𝛼𝑑𝑖𝑓 + 𝛼𝑛𝑢𝑚                (A4) 

where 𝛼𝑝ℎ𝑦 is physical dispersivity from finer scale heterogeneity,  𝛼𝑑𝑖𝑓 is due to molecular 

diffusion and 𝛼𝑛𝑢𝑚 is numerical dispersivity. While 𝛼𝑝ℎ𝑦 and 𝛼𝑑𝑖𝑓 can be measured in lab 

or at the field, 𝛼𝑛𝑢𝑚  can be calculated for 1D implicit numerical schemes as: 

𝛼𝑛𝑢𝑚 = 𝑣 × (
∆𝑥

2
+  𝑣

∆𝑡

2
)                                            (A5) 

∆𝑥 is the grid cell size and ∆𝑡 is the time step length.  
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Table A1: Dispersivity and retardation factors for various 2D models, for reference 

cases where oil and water viscosities were 1 cp. 

Description 
∆x,  

m  

∆z,  

m 

∆t,  

days  

𝛼𝑛𝑢𝑚 

m 

𝛼𝑝ℎ𝑦 

m 

𝛼𝑑𝑖𝑓 

m 

𝛼𝑝 

m 
𝑁𝑝𝑒 𝐷 

L
ay

er
ed

 m
o

d
el

s 
 

N
o

n
- 

co
m

m
u

n
ic

at
in

g
 Upper (fast) 

layer 
0.3 22.8 0.4 0.23 0 0 0.23 4487 0.028 

Lower (slow) 

layer 
0.3 22.8 0.4 0.23 0 0 0.23 4487 0.028 

F
u

ll
- 

co
m

m
u

n
ic

at
in

g
 

Upper layer 0.3 4.57 0.4 0.3 0.3 0 0.61 1750 
0.05 

0.04* 

Lower layer 0.3 4.57 0.4 0.3 75.9** 0 76.2 14 
0.71 

0.64* 

R
an

d
o
m

 c
o
rr

el
at

ed
 

 

𝑅𝑣= 3m 

𝐶𝑣=0.16 
6.1 1.5 5 4.57 0.3 0 4.87 219 0.13 

𝑅𝑣=152.4m 

𝐶𝑣=0.16 
6.1 1.5 5 4.57 0.3 0 4.87 219 0.13 

𝑅𝑣= 3m 

𝐶𝑣=1 
6.1 1.5 5 4.57 4.57 0 9.1 116 0.16 

𝑅𝑣= 152.4m 

𝐶𝑣=1 
6.1 1.5 5 4.57 18** 0 22.5 58 

0.24 

0.22* 

Homogenized  6.1 1.5 5 4.57 0 0 4.57 233 0.13 

 

* The retardation factor that gave better match to the fine case scenario which does not match 

the calculated D factor.   

** The salinity profile was deformed, e.g., see Fig. 10, so that it does not follow the sigmoidal 

shape as suggested by the complementary error function, which is the analytical solution of 

advection-dispersion equation. Therefore, the estimated dispersivity was subject to 

approximation.  
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Chapter 8: Summary, Conclusions and Future Work 
 

Modelling chemical flooding in porous media is a complex process that requires 

widening of knowledge to address the flow behaviour. LSWF is such a process that is not yet 

fully understood in terms of the fractional flow solution and salinity transport. Accurate 

modelling of such processes at the reservoir scale is essential to bring this technique to field 

applications. However, for reservoir models, dispersion and the effective salinity range 

appeared to impact the flow behaviour significantly. Dispersion can be induced due to 

numerical error, usually called numerical dispersion, or can be because of reservoir 

heterogeneity. Both these types of dispersion were studied in this work. Modification of the 

fractional flow solution in the 1D model was developed in this work to include the effect of 

dispersion and effective salinity range in LSWF models. we extended the fractional flow 

solution of chemical flooding to be applicable for 2D non-communicating layers. The 

advection-dispersion equation of salinity transport was updated in this thesis so that 

estimation of salinity profile as an active ion has been improved. By active ion, we mean that 

the change of the salinity leads to change the fluid flow behaviour by switching in the relative 

permeability curves. The following points can be drawn from the aforementioned work in 

this thesis:  

• The full representation of the relative permeability data is not required for simulation. 

Some parts of each relative permeability curves did not have an impact on the flow 

behaviour, and that depends on whether secondary or tertiary flooding was modeled. 

We found that the effective salinity range interacts with dispersion, so that the speeds 

of the low salinity and high salinity waterfronts changed as a function of dispersion 

and effective salinity range. An effective retardation is introduced which is 

applicable for most cases. The fractional flow analysis can be augmented by 

including the retardation factor that induced by numerical and/or dispersion. 

Although this study highlighted the impact of the salinity front on the fractional flow, 

we propose this impact of the salinity front can be replaced by other active ions, e.g., 

Ca2+ or Mg2+.    

• In low salinity waterflooding of a one-dimensional reservoir, the distribution of the 

salinity profile is similar to that suggested by the advection-dispersion equation and 

its analytical solution. The analytical solution works well, even for LSWF, but only 
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when the effective salinity range is close to the formation water salinity. However, 

the salinity front tends to move faster than predicted by the analytical solution when 

there is strong dispersion. The advection velocity for this equation follows a 

nonlinear interaction with the water behaviour. A combination of dispersion and the 

properties of the effective salinity range alter the advection velocity. An equation has 

been developed to parameterise and estimate the effect of this interaction on the 

advection velocity, such that the evolution of the salinity profile can be predicted 

without full simulation. The derived equation has been tested for a variety of cases 

for flow that is approximately one dimensional in a virtually homogeneous reservoir. 

We examined the predictability of the equation using 2D random permeability 

models where it matched the numerical solution very well. It is worth highlighting 

that unlike the behaviour of the phases, the salinity profile did not produce pulses 

even for models strongly affected by numerical dispersion.   

• Since the fluid flow behaviour is linked with the salinity transport via effective 

salinity range, this concept was used to relate the fractional flow solution with the 

advection-dispersion equation. Thus, an extension to the analytical solution of the 

fractional flow, which assumes shock front behaviour and zero dispersion, was 

developed to properly account for the physical retardation effect due to dispersion. 

Similar to the original analytical solution, the extension was developed for one 

dimensional homogeneous flow and for cases with no adsorption or desorption of the 

active ions or solute. Under these conditions, the extended fractional flow can be 

utilized to improve the prediction of the frontal behaviour analytically without the 

need for simulation. 

• The analytical solution of chemical flooding has been extended to be applicable in 

layered models where these layers were assumed to be non-communicating. The 

layers were varied in petrophysical properties, i.e. porosity and permeability, and 

rock wettability, i.e. modelled by varying the relative permeability between layers. 

The main problem in such a system is that the injected flow rate in each layer will be 

unknown. Unlike the 1D fractional flow solution, the injected flow rate in each layer 

will be a function of time. The variation of the flow rate is affected by the contrast in 

the properties between layers as well as the saturation profile within the layers. It is 
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well known that for chemical flooding, there will be clear shock fronts in water 

saturation in the two waterfronts, i.e. the formation and chemical waterfront. Also, 

there will be a gradual increase in the water saturation behind the chemical 

waterfront, i.e. rarefaction wave. All these variations should be considered to derive 

the analytical solution in such system. The analytical solution was compared against 

the numerical solution of LSWF, where an excellent match was observed. While the 

developed analytical solution was able to predict the location of each given front, and 

the saturation distribution at the rarefaction wave, the time of breakthrough was 

calculated using the principles of the volumetric method. We also modified the 

advection-dispersion equation to be applicable in such system.  

• Models with randomly distributed permeability and porosity, this thesis shows that 

permeability-porosity correlation plays an important role on how heterogeneity 

affects the flow behaviour. The effect of heterogeneity was more pronounced for 

models with log-linear permeability-porosity correlations, whereas a lower impact of 

heterogeneity was observed for models with power-law correlations. The literature 

shows that sandstone reservoirs tend to have a log-linear correlation while flow units 

in carbonate reservoirs have power-law correlations. We found that the spatial 

distribution of petrophysical properties in sandstone reservoirs affects the 

predictability of flow behaviour more than carbonate formation. This effect was 

interpreted using the principles of Darcy’s law, where the effect of permeability 

variation can be cancelled by the porosity variation if a model has a linear correlation. 

The effective salinity range was another parameter that may interact with the effect 

of the spatial distribution of heterogeneity. This thesis shows that models with wider 

range of effective salinity were less affected by heterogeneity, so that better recovery 

factor was obtained. Uncertainty analysis shows that the fractional flow model works 

for a wide range of heterogenous models. However, we found that increasing the 

variogram range and coefficient of variation resulted in more finger looking fluid 

displacement. In line with our expectations, models with higher oil viscosity had less 

even waterfronts. Nevertheless, the formation waterfront was much more stable than 

the low salinity waterfront. This was explained by the total mobility across the 
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formation waterfront always being less than the total mobility of the low salinity 

waterfront.  

• This thesis illustrates that the numerical results can suffer from imprecision and 

inaccuracy due to many factors. Comparison between fine and coarse grid models 

shows that a coarse grid model can lead to (a) over estimated water cut in the oil-

bank interval, (b) a false retardation effect, (c) dispersed waterfronts, and (d) pulse 

effects. Various parameters can cause such issues, which may be divided into (a) 

generally understood factors such as grid size, time step length and fluid velocity, 

and (b) factors that were more specific to LSWF such as the midpoint and the width 

of effective salinity range, relative permeability and dispersion coefficient. We show 

that refining grid size may not be sufficient to control the numerical pulses. A 

restriction to the time step length similar to the Courant condition was required to 

avoid numerical pulses for fine grid size model. On the other hand, the occurrence of 

pulses is related to the fractional flow solution for each cell so that a pulse can be 

created when a rapid switching between the relative permeability curves happened 

for relatively short effective salinity range. The number of pulses can be as many as 

the number of grid cells in the model. However, there are mitigation factors that 

reduce the number of pulses such as the speed of the pulses and the interaction 

between effective salinity concentration, salinity and water dispersion, the number 

of cells and fractional flow properties. 

• In this thesis, we developed two novel upscaling methods. One method is based on 

shifting and enlarging the effective salinity range for coarse scale models. This 

method gives a significant improvement to the numerical solution where closer 

match to the fine scale models can be observed. Enlarging the width of the pseudo-

effective salinity range helped to reduce the amplitude and the number of numerical 

pulses. The other method of upscaling utilizes the analytical solution of the fractional 

flow to derive a single set of pseudo-relative permeability to model the LSWF. These 

methods were applied to 1D and 2D models where a very good match was observed 

compared with high resolution models. In Al-Ibadi et al., (2021), we considered 

upscaling 3D models using the pseudo-relative permeability method which produced 
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numerical results of coarse grid models to be very similar to the high-resolution 3D 

models.  

• It is worth mentioning that there is great opportunity to apply the findings in this 

thesis to other EOR methods that use two sets of relative permeability. This includes 

surfactant and alkaline flooding. For example, in a recent work that is not part of this 

thesis, we modified the pseudoisation method to be applicable for polymer flooding. 

The numerical results of coarse scale models gave excellent match to the fine scale 

models. It is straightforward to apply these upscaling methods for simulations of 

surfactant flooding that use concentration function to shift between the relative 

permeability. However, further work is required for surfactant flooding simulations 

that use capillary pressure to switch between the relative permeability curves.      

 

Recommendations 

• Including the effect of gravity and capillary pressure would be recommended for 

future works where these forces were absent in this thesis, and only viscosity force 

was considered.  

• Examining the effect of the third dimension (i.e., 3D models) on the flow behaviour 

during LSWF would be recommended where this work mainly considers 1D and 2D 

models. It is worth mentioning that we did some 3D analysis for 3D models that is 

not presented in this work, e.g., see Al-Ibadi et al., (2021a, 2021b). However, the 

analyses of 2D contained much of the variability and the fluid cross flow effect. We 

showed in Chapter 6 that flow behavior was predictable for wide range of 

heterogeneity. We would also recommend validating 3D models using full field 

studies. Note that modeling a complex depositional environment may lead to having 

simulation results that are particular dedicated to that model which can loss the 

generalization of the findings. So that the complexity of geological structures and 

depositional environments may introduce so many degrees of freedom where the 

models could lose all predictive validity.  

• Optimization analysis of slug size and well location would be of interest the research 

area. However, the literature provides some earlier findings relate to the slug size. 
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Nevertheless, more work would be required to enrich this area of study. The 

analytical solution of 2D non-communicating layers can help as an ultra-fast analysis 

tool. The pseudoisation method introduced in this thesis can be used to quickly 

examine various scenarios.  

• Considering models with three phase flows would be another step to be analysed for 

low salinity waterflooding, where the analysis in this thesis is about two-phase flow. 

This may include models that have a gas cap or considering low salinity altering gas 

flooding (LSAG). Modelling low salinity as a combined flooding with nano particles, 

surfactant or polymer flooding can be a next forward step which would be important 

to improve the general understanding of flow behaviour in such complex processes.    

• Extending this work from single porosity models to fractured models. For example, 

would our modified advection-dispersion equation be able to capture the salinity 

transport in fractured reservoirs? Would the updated fractional flow solution of a 1D 

or 2D model predict the flow behaviour in such cases? Can we upscale chemical 

flooding in fractured reservoirs using the upscaling methods that are introduced in 

this work?  

• This work can benefit from a detailed comparison of rock type effect on LSWF 

performance by considering geochemical reactions. For example, in Chapter 3 we 

examined the applicability of the modified advection-dispersion equation against 

some coreflood findings, where the Ca2+ and Mg2+ as active ions were modelled. 

However, the literature provides some other core flood findings which exhibit a 

reduction in ion concentrations even below the initial concentration as a results of 

ion exchange. Therefore, we recommend a further modification to the advection 

dispersion equation to capture such effect. 

• An explicit representation of Fickian and interlayer diffusion is recommended for a 

future work. Note that we discussed mathematically the effect of diffusion in Chapter 

4, and how the effect of physical dispersion can be mimicked by numerical dispersion 

in a sense where both results in further spread of the salinity profile. Representation 

of  salt diffusion by numerical dispersion was also discussed by Brodie and Jerauld 

(2014); Sorbie and Mackay (2000). Also, Al-Rudaini et al., (2020) reported chemical 
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component transport for diffusion dominated models where mimicking the diffusion 

by numerical dispersion seemed to be achievable.  

• Investigating the delay of LSWF response due to the kinetics effect and how this 

delay may change the oil recovery is recommended for a future work.  
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Abstract 

  In the last two decades, it has been widely accepted that injection of reduced salinity 

water in oil filled porous media results in alteration to the wettability of the invaded zone. As 

a consequence, this process of Low Salinity Waterflooding (LSWF) will improve the 

displacement efficiency of hydrocarbons. However, modelling this process is a challenge. 

Coarse scale numerical models can result in considerable mismatch compared with a fine 

case scenario.  The aim of this study is to analyse pulse-like behaviour that appears in coarse 

grid models of LSWF. 

We simulated LSWF using an implicit scheme. We analysed the stability of the 

numerical models in which pulses were observed to grow in time. The stability analyses were 

done by adding perturbation to the numerical solution. Then, we investigated the numerical 

model as well as the physical model to address the causes of the pulses.  

We show, for the first time, that the numerical solution was stable, despite the apparent 

growth of the pulses in time. The underlying reason for the pulses is explained in terms of 

how we model the change to wettability and the impact on relative permeability. Once 

created, the propagation of the pulses is predicted by analytical theory and fine grid models. 

Further, the resulting pulses vary in character, including amplitude, width and velocity, from 

one cell to another due to dispersion combined with the effective salinity range.  

Keywords: Low Salinity Water Flooding, Pulses, Numerical Solution, Porous Media, 

Wettability Alteration. 



Appendix: Pulse Generation and Propagation… 
 

333 
 

1 Introduction 

Laboratory results show that injection by low salinity water flooding (LSWF) in a core 

sample leads to more production of the displaced phase. The mechanisms behind the effect 

of LSWF are still under debate (Al-Ibadi, et al., 2019; Bartels et al., 2019; Chen et al., 2019). 

Nevertheless, it is widely accepted that the flow behaviour will be altered towards favourable 

displacement in a process similar to changing wettability, mostly to become more water 

wet  (Jerauld et al., 2008; Al-Shalabi et al., 2013; Mahani et al., 2013; Sohrabi et al., 2017; 

Collini et al., 2020). Various mechanisms have been suggested for the way in which 

wettability is altered including ion exchange (Lager et al., 2008), double layer expansion 

(Nasralla and Nasr-El-Din, 2014) and micro-dispersion (Sohrabi et al., 2017). To model this 

effect of wettability change, Jeruald et al., (2008) suggested using two sets of relative 

permeability data (following a similar method of modelling surfactant flooding). This method 

has been widely used to model LSWF (Schlumberger, 2018; CMG, 2020), and we will 

investigate the numerical solution of such models in this work. 

Differences of wettability are often observed in core samples through analysis of 

measured relative permeability curves. Craig’s rules of thumb have long since indicated that 

the water wet curves are generally shifted to the right in water saturation compared to 

equivalent oil wet curves (Anderson, 1987). In cores aged in the laboratory, the irreducible 

water saturation is lower in the oil wet system while in cases where wettability is changed by 

injection, the minimum water saturation is that of the oil wet case and remains so.  For low 

salinity water injection, the water wet (low salinity) relative permeability curves are also 

shifted to the right so that oil is more mobile and water less so at any saturation. Oil wet 

curves tend to have a larger effective residual oil saturation than in the water wet case. This 

is because the oil sticks to the inside of the pores and can either take a very long time to 

displace by film flow or the films become disconnected. The low salinity water wet curve 

has a lower residual oil than for high salinity conditions. 

The effect of changing wettability is usually modelled by simulating the transport of 

an active ion or perhaps just salinity as a tracer. In our work, relative permeability is changed 

when the salinity passes through the effective salinity range. When the salinity is above or 

below the range, the oil-wet (high salinity) or water-wet (low salinity) relative permeability 
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curves are used respectively. Within the range an interpolation is carried out between the two 

extremes. The approach is actually quite similar to what happens with surfactant and alkaline 

flooding where changes to relative permeability curves are modelled for different reasons. 

The numerical behaviour that we examine here can therefore be related to those cases. There 

are also circumstances where the results can apply to polymer flooding. Viscosity is a 

function of polymer concentration which is used to modify fluid mobility, but the numerical 

process is otherwise very similar. 

 Modelling this process of changing relative permeability is challenging where 

evidence shows that numerical error could result in considerable mismatching with the 

potential appearance of unphysical behaviour. We report that numerical simulations display 

pulses in the fluids which we judge to be non-physical because high resolution numerical 

solutions for homogenous models result in smooth behaviour. Also the analytical solution of 

the homogenous cases, which assumes zero dispersion, shows the same smooth response 

(Pope, 1980; Al-Ibadi et al., 2019b, 2019a). The amplitude and the number of pulses that are 

observed in coarsely gridded models is a function of various parameters which include; grid 

cell size, time step length and effective salinity range (Al-Ibadi et al., 2018). Material balance 

error has been reported as a source of unphysical behaviour by the developer of the simulator 

(Schlumberger, 2018). However, we will show later that the pulses that we have observed 

can appear even for models with a very small material balance error limit.  

This work will introduce the physical and numerical model of LSWF. Then, we will 

examine the stability of the numerical solution. Afterwards, we explain the physical and 

numerical underlying reasons behind this fluctuation, together with the mathematical 

explanations.  

2  Description of the Mathematical and Numerical Models 

2.1 Mathematical model 

First, we describe the physical system in which the flow occurs in porous media. We 

assume that the displacing phase is water, while the displaced phase is oil. The fluids are 

immiscible and incompressible. The rocks are also incompressible. The entire system is 

isothermal and isotropic. The aqueous phase (water) contains a totally dissolved salt 
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component. Salinity is therefore treated as a single component and is modelled separately. 

Thus, by using the principles of mass conservation, the following governing equations are 

applied:  

∅
𝜕𝑆𝑤

𝜕𝑡
+ ∇. 𝑢𝑤 = 𝐷𝑤

𝜕2𝑆𝑤

𝜕𝑥2
;           (1.1) 

∅
𝜕𝑆𝑜

𝜕𝑡
+ ∇. 𝑢𝑜 = 𝐷𝑜

𝜕2𝑆𝑜

𝜕𝑥2
          (1.2) 

∅
𝜕

𝜕𝑡
(𝑆𝑤𝐶) + ∇. (𝐶𝑢𝑤) = 𝐷𝑐

𝜕2𝑆𝑤𝐶

𝜕𝑥2
          (1.3) 

𝑆𝑤 + 𝑆𝑜 = 1             (1.4) 

In this work we focus on the flow behaviour at a continuum scale rather than the underlying 

mechanism(s). Salinity may be affected by fine scale physical dispersion according to the 

coefficient 𝐷𝑐 . Water, oil and therefore salinity are driven mainly by advection but dispersion 

is included in the mathematical model which is introduced from the numerical solution even 

when it is not modelled explicitly in physical terms. 

 For LSWF simulation, the mass conservation and transport of the aqueous and oleic 

phases are coupled to the solute (salinity) via the effective salinity range and a weighting 

function. We will assume that the fluid flow model corresponds to a system that becomes 

more water wet as a result of a reduction of the salinity. However, the salinity will have an 

effect equivalent to any other active ion where the governing advection-dispersion equation 

will be similar, mathematically. The change in the flow behaviour will be towards more 

favourable displacement (i.e. more water wet) as a result of any potential mechanism(s).  

 In a simulation, this may be represented as a change of relative permeability for each 

phase. The effective salinity range identifies the conditions required for a gradual change. 

Within that range a weighting function is used to mix of relative permeability curves 

appropriately. A linear function of the weighting function with salinity is often used but non-

linear functions can also be entered into the simulator as a table. By switching relative 

permeability, the phase mobilities are altered along with their relative flow speeds. Since 

salinity is dissolved in water this creates a feedback loop. We have discussed this behaviour 

in more detail in Al-Ibadi et al., 2019b and c.  
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The mass conservation equations also require the transport to be defined via Darcy’s 

velocity which can be calculated using.  

{
 
 

 
 𝑢𝑤 = −𝐾

𝑘𝑤( 𝑆𝑤,𝐶)

µ𝑤(𝑃,𝐶)
 ∇(𝑃𝑤 − 𝜌𝑤𝑔∇𝑧)

𝑢𝑜 = −𝐾
𝑘𝑜( 𝑆𝑤,𝐶)

µ𝑜(𝑃)
 ∇(𝑃𝑜 − 𝜌𝑜𝑔∇𝑧)

𝑃𝑐 = 𝑃𝑜 − 𝑃𝑤

                  (2) 

We can note that the role of salinity appears in the choice of the relative permeability 

curve and can appear in the viscosity of the water phase. However, for this work, we assumed 

that the change in the salinity had negligible effect on the injected water viscosity. Also, at 

reservoir conditions, the changes in the phase viscosity would be negligible as a function of 

pressure.  The pressure of each phase is linked via the capillary pressure, Pc, which can also 

affect displacement processes. At the field scale, however, the flow behaviour is often 

unaffected by capillary pressure, particularly when grid cells are large. We therefore 

approximate 𝑃𝑐 = 0. Providing that the reservoir layers are thin enough, we may also ignore 

gravity, as is the case here. 

 

2.2 Numerical model 

The mathematical model in Equations 1 and 2 can be solved numerically. We use an 

implicit scheme for the aqueous and oleic phases to improve our chances of obtaining a stable 

numerical solution. The phase and the concentration equations can be solved simultaneously, 

via the fully implicit scheme, or sequentially, using the so called decoupled-implicit scheme. 

The fully implicit scheme can be given as:  
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{
 
 
 
 

 
 
 
 𝑆𝑤

𝑖,𝑛+1 = 𝑆𝑤
𝑖,𝑛 −

∆𝑡

∅∆𝑥
( 𝑢𝑤

𝑖,𝑛+1(𝑆𝑤
𝑖,𝑛+1, 𝐶𝑖,𝑛+1) − 𝑢𝑤

𝑖−1,𝑛+1(𝑆𝑤
𝑖−1,𝑛+1, 𝐶𝑖−1,𝑛+1   ))

𝑆𝑜
𝑖,𝑛+1 = 𝑆𝑜

𝑖,𝑛 −
∆𝑡

∅∆𝑥
( 𝑢𝑜

𝑖,𝑛+1(𝑆𝑜
𝑖,𝑛+1, 𝐶𝑖,𝑛+1) − 𝑢𝑤

𝑖−1,𝑛+1(𝑆𝑜
𝑖−1,𝑛+1, 𝐶𝑖−1,𝑛+1))

(𝑆𝑤𝐶)
𝑖,𝑛+1 = (𝑆𝑤𝐶)

𝑖,𝑛 −
∆𝑡

∅∆𝑥
( 𝑢𝑤

𝑖,𝑛+1(𝑆𝑤
𝑖,𝑛+1, 𝐶𝑖,𝑛+1) × 𝐶𝑖,𝑛+1 − 𝑢𝑤

𝑖−1,𝑛+1(𝑆𝑤
𝑖−1,𝑛+1, 𝐶𝑖−1,𝑛+1)

× 𝐶𝑖−1,𝑛+1) +
∆𝑡𝐷𝑐

∅∆𝑥2
(𝑆𝑤

𝑖+1,𝑛+1(𝑆𝑤
𝑖+1,𝑛+1, 𝐶𝑖+1,𝑛+1) × 𝐶𝑖+1,𝑛+1 + 2𝑆𝑤

𝑖,𝑛+1(𝑆𝑤
𝑖,𝑛+1, 𝐶𝑖,𝑛+1)

× 𝐶𝑖,𝑛+1 − 𝑆𝑤
𝑖−1,𝑛+1(𝑆𝑤

𝑖−1,𝑛+1, 𝐶𝑖−1,𝑛+1) × 𝐶𝑖−1,𝑛+1)

𝐶𝑖,𝑛+1 =
(𝑆𝑤𝐶)

𝑖,𝑛+1

𝑆𝑤
𝑖,𝑛+1

    

                     (3) 

The above scheme uses upwind approximations for first order derivatives and the central 

difference approximation for the second order derivative. Physical dispersion of salinity is 

assumed to be negligible in the commercial simulator (Schlumberger 2018). 

Ideally, this scheme should be unconditionally stable, as has been shown for other 

cases theoretically (Peaceman, 1977). Instabilities can arise, however, in the kind of 

equations solved here and so a fully coupled approach is likely to be more stable. 

Schlumberger (2018) reported that computation of mass conservation for salinity is more 

reliable when decoupled from the aqueous phase by calculating it at the end of the time step 

after the aqueous phase flow is determined, albeit implicitly. In practice, we found that at 

various salinities of the formation water and for many effective salinity ranges and weighting 

functions, solving the equations simultaneously led to significant convergence problems. 

This was despite setting the maximum iteration number to be two orders of magnitude greater 

than the default settings. This can be due to strong non-linearity due to coupling the phase 

flow with the solute transport. The decoupled-implicit scheme can be given as follows:  
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{
 
 
 
 

 
 
 
 𝑆𝑤

𝑖,𝑛+1 = 𝑆𝑤
𝑖,𝑛 −

∆𝑡

∅∆𝑥
( 𝑢𝑤

𝑖,𝑛+1(𝑆𝑤
𝑖,𝑛+1, 𝐶𝑖,𝑛) − 𝑢𝑤

𝑖−1,𝑛+1(𝑆𝑤
𝑖−1,𝑛+1, 𝐶𝑖−1,𝑛   ))

𝑆𝑜
𝑖,𝑛+1 = 𝑆𝑜

𝑖,𝑛 −
∆𝑡

∅∆𝑥
( 𝑢𝑜

𝑖,𝑛+1(𝑆𝑜
𝑖,𝑛+1, 𝐶𝑖,𝑛) − 𝑢𝑤

𝑖−1,𝑛+1(𝑆𝑜
𝑖−1,𝑛+1, 𝐶𝑖−1,𝑛))

(𝑆𝑤𝐶)
𝑖,𝑛+1 = (𝑆𝑤𝐶)

𝑖,𝑛 −
∆𝑡

∅∆𝑥
( 𝑢𝑤

𝑖,𝑛+1(𝑆𝑤
𝑖,𝑛+1, 𝐶𝑖,𝑛) × 𝐶𝑖,𝑛+1 − 𝑢𝑤

𝑖−1,𝑛+1(𝑆𝑤
𝑖−1,𝑛+1, 𝐶𝑖−1,𝑛)

× 𝐶𝑖−1,𝑛+1) +
∆𝑡𝐷𝑐

∅∆𝑥2
(𝑆𝑤

𝑖+1,𝑛+1(𝑆𝑤
𝑖+1,𝑛+1, 𝐶𝑖+1,𝑛) × 𝐶𝑖+1,𝑛+1 + 2𝑆𝑤

𝑖,𝑛+1(𝑆𝑤
𝑖,𝑛+1, 𝐶𝑖,𝑛) × 𝐶𝑖,𝑛+1

−𝑆𝑤
𝑖−1,𝑛+1(𝑆𝑤

𝑖−1,𝑛+1, 𝐶𝑖−1,𝑛) × 𝐶𝑖−1,𝑛+1)

𝐶𝑖,𝑛+1 =
(𝑆𝑤𝐶)

𝑖,𝑛+1

𝑆𝑤
𝑖,𝑛+1

     

                                (4) 

 

2.3 Analysis of the mathematical and numerical models 

We now investigate the mathematical model that is represented more effectively by the 

numerical simulation. We take a similar approach demonstrated by Lantz (1971) and Fanchi 

(1983) to derive numerical dispersion terms. In the absence of physical dispersion, the mass 

conservation for the salinity (Eq. 1.3) can be written as follows by expanding the products in 

the derivatives via the chain rule and using Eq. 1.1 to cancel the terms in the water mass 

conservation equation: 

∅𝑆𝑤
𝜕𝐶

𝜕𝑡
+ 𝑢𝑇𝑓𝑤

𝜕𝐶

𝜕𝑥
= 0              (5) 

A numerical representation of this equation could be written as: 

∅𝑆𝑤
𝑖,𝑛 𝐶

𝑖,𝑛−𝐶𝑖,𝑛−1

∆𝑡
+ 𝑢𝑇𝑓𝑤

𝑖−1/2,𝑛 𝐶
𝑖,𝑛−𝐶𝑖−1,𝑛

∆𝑥
=  0             (6) 

where the index i indicates the ith grid cell and n the nth time step. 𝑓𝑤
𝑖−1/2,𝑛

 is the upstream 

fractional flow. The Darcy velocity for water, uw in Eq. 1 has been written as fwut. Eq. 6 is 

the fully implicit method in time with an upwind approximation for the first order derivative. 

The Taylor expansion of 𝐶(𝑥, 𝑡) in neighbouring cells is: 

𝐶𝑖−1,𝑛 = 𝐶𝑖,𝑛 − ∆𝑥
𝜕𝐶

𝜕𝑥
+
∆𝑥2

2

𝜕2𝐶

𝜕𝑥2
−
∆𝑥3

3!

𝜕3𝐶

𝜕𝑥3
+
∆𝑥4

4!

𝜕4𝐶

𝜕𝑥4
+ 𝑂(∆𝑥5)             (7) 

with a similar expansion in time for the implicit scheme.  
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We can therefore replace the discrete approximations to the derivatives in Eq. 6 with the 

higher order derivatives, keeping 2nd order terms only gives: 

∅𝑆𝑤 [
𝜕𝐶

𝜕𝑡
−
∆𝑡

2

𝜕2𝐶

𝜕𝑡2
] + 𝑢𝑇𝑓𝑤 [

𝜕𝐶

𝜕𝑥
−
∆𝑥

2

𝜕2𝐶

𝜕𝑥2
] = 0             (8) 

Differentiation of Eq. 5 in time gives: 

𝜕2𝐶

𝜕𝑡2
=

𝜕

𝜕𝑡
[−

𝑢𝑇𝑓𝑤

∅𝑆𝑤

𝜕𝐶

𝜕𝑥
] = −

𝑢𝑇

∅
[
𝜕

𝜕𝑡
(
𝑓𝑤

𝑆𝑤
) −

𝑢𝑇

∅
(
𝑓𝑤

𝑆𝑤
)
𝜕

𝜕𝑥
(
𝑓𝑤

𝑆𝑤
)]

𝜕𝐶𝑆

𝜕𝑥
+ (

𝑢𝑇

∅

𝑓𝑤

𝑆𝑤
)
2 𝜕2𝐶𝑆

𝜕𝑥2
             (9) 

After some reordering, Eq. 8 becomes: 

∅𝑆𝑤
𝜕𝐶𝑆

𝜕𝑡
+ 𝑢𝑇𝑓𝑤

𝜕𝐶𝑆

𝜕𝑥
= −∅𝑆𝑤

∆𝑡

2

𝑢𝑇

∅
[
𝜕

𝜕𝑡
(
𝑓𝑤

𝑆𝑤
) −

𝑢𝑇

∅
(
𝑓𝑤

𝑆𝑤
)
𝜕

𝜕𝑥
(
𝑓𝑤

𝑆𝑤
)]

𝜕𝐶𝑆

𝜕𝑥
+ 𝑢𝑇𝑓𝑤 [

∆𝑡

2
(
𝑢𝑇

∅

𝑓𝑤

𝑆𝑤
) +

∆𝑥

2
]
𝜕2𝐶𝑆

𝜕𝑥2
                 (10) 

Note using the quotients rule and the chain rule for fw(Sw) along with Eq. 1.1: 

[
𝜕

𝜕𝑡
(
𝑓𝑤

𝑆𝑤
) −

𝑢𝑇

∅
(
𝑓𝑤

𝑆𝑤
)
𝜕

𝜕𝑥
(
𝑓𝑤

𝑆𝑤
)] =

1

𝑆𝑤
[
𝜕𝑓𝑤

𝜕𝑆𝑤
−

𝑓𝑤

𝑆𝑤
]
2 𝑢𝑇

∅

𝜕𝑓𝑤

𝜕𝑆𝑤

𝜕𝑆𝑤

𝜕𝑥
           (11) 

Thus, the numerical equation of Eq. 6 actually represents: 

∅𝑆𝑤
𝜕𝐶𝑆

𝜕𝑡
+ 𝑢𝑇𝑓𝑤

𝜕𝐶𝑆

𝜕𝑥
= −

∆𝑡𝑢𝑇

2
[
𝜕𝑓𝑤

𝜕𝑆𝑤
−

𝑓𝑤

𝑆𝑤
]
2 𝑢𝑇

∅

𝜕𝑓𝑤

𝜕𝑆𝑤

𝜕𝑆𝑤

𝜕𝑥

𝜕𝐶𝑆

𝜕𝑥
+ 𝑢𝑇𝑓𝑤 [

∆𝑡

2
(
𝑢𝑇

∅

𝑓𝑤

𝑆𝑤
) +

∆𝑥

2
]
𝜕2𝐶𝑆

𝜕𝑥2
     (12) 

The left-hand side of this equation is therefore Eq. 1.3 with Dc=0.  The first term on the right-

hand side contains the products of the first order derivatives of saturation and salinity and it 

may contribute to the advection. We can see how the numerical dispersion term appears as 

the second order derivative as is usually defined (Lantz, 1971; Fanchi, 1983). The term 
𝑢𝑇𝑓𝑤

∅𝑆𝑤
 

is the saturation dependent advection velocity. We usually ignore the product of first order 

terms and expect that the numerical diffusion is important as represented in equation 1.3 with 

an equivalent term for the phases. The numerical model therefore perturbs the solution to the 

low dispersion problem. As we will discuss, this perturbation may be stable or unstable. 

 

 



Appendix: Pulse Generation and Propagation… 
 

340 
 

2.4 Simulations studied (methodology) 

The model used in this paper is one-dimensional and homogeneous. It was simulated with 

zero capillary pressure and without gravity effects as explained above. The input relative 

permeability curves, the model dimensions and the necessary input parameters are given in 

(Al-Ibadi et al., 2019c). These data are also presented in Al-Ibadi et al. (2019a-c) which we 

avoid repeating here. We mostly simulate a secondary flood such that low salinity brine was 

injected from the beginning. Production rate was set to a constant by liquid while injection 

was controlled using field voidage replacement to maintain the pressure.  

A number of models were studied in this paper. Table 1 summarises the base case model and 

Table 2 outlines the simulations studied.  

Table 1: The parameters of the reservoir model 

Property Value (units) 

Porosity 20% 

Absolute permeability  200 mD 

Net to gross 95% 

Oil density  0.77 kg/L 

Water density  1 kg/L 

Rock compressibility @ datum 5.843E-05 bar -1 

Datum depth 2461 m 

Initial pressure @ datum 448 bar 

     𝐒𝒘𝒊 20% 

Depth of Water oil contact 2590 m 

Capillary pressure @WOC 0 bar 

Injection rate 1749 Rm3/day 

Production rate 1749 Rm3/day 

Water viscosity  1 cP 

Oil viscosity  1 cP 

Reservoir length 1066.8 m 

Reservoir width 548.6 m 

Reservoir height  45.7 m 

Formation water salinity 200,000 mg/L 

Injected water salinity 1,000 mg/L 
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Table 2: Summary of models studied in the analysis that follows. 

FIG. DX (FT) DT (DAYS) EFF SAL 

RANGE (g/l) 

NOTES* 

1 1 0.4 93-103 Swi=0.2 

 350 40 93-103 Swi=0.2 and ,0.4 

 350 40 93-103 Tertiary Swi=0.2 

2,3,4 350 14 93-103 350 

 350 40 93-103 Tertiary Swi-0.2 

5 350 14 1-7 Cell by cell analysis 

6 350 14 93-103 Cell by cell analysis 

7(a) As Fig. 5   Fractional Flow 

7(b) As Fig. 6   Fractional Flow 

8 As Fig. 6   Cells 2, 5 and 10 

9 As Fig.  6    Pulse propagation 

10 Not simulation   Propagation speed analysis 

11 Not simulation   Propagation trajectory 

12 1 to 1167 40 93-103 Swi=0.2,0.4 

 1 to 1167 40 93-103 Tertiary Swi-0.2 

 

We begin by presenting the fine grid version of the model and then, for coarse grid 

models, we introduce numerically induced pulses that are the topic of this paper. We compare 

those models to a tertiary flood and a secondary flood with an alternative scenario for 

irreducible water saturation. The coarsened version of the base case model is examined to 

test the hypothesis that pulses are caused by instability. Having shown that the model is in 

fact stable we assess the model, cell by cell, to develop the explanation for the pulses. We 

explore the base case model but with two versions of the effective salinity range. We analyse 

fractional flow and then determine how pulses can propagate through the reservoir. The speed 

of the pulses can be estimated from fractional flow curves. This enables characteristic 
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trajectories to be developed. Finally, the mitigation of the pulses is assessed using cell size 

and considering the properties of the effective salinity range. 

We analysed the effect of varying the size of the time step and the cell size on accuracy 

and stability. Fig. 1 shows an apparent oscilliatory behaviour of the produced water cut 

during LSWF when the process starts at the very beginning (i.e. t=0).  We see that an exact 

fine grid model has no such behaviour. Later we will show that these are not in fact 

oscillations, but a series of pulses generated numerically. They are stable, numerically, and 

depend on various model parameters. 

3 Problem Statement  

Fig. 1 shows a high-resolution numerical solution of LSWF (green line), which is very 

similar to the analytical solution for the problem (Al-Ibadi et al., 2019b). In the latter it is 

assumed that that the flow has negligible dispersion and capillary pressure. Two fronts are 

seen as the formation water was more mobile than the low salinity. We observed that 

increasing the cell size and time step could result in an apparent oscilliatory effect (black 

line in Fig. 1). Once the formation front was established, the fractional flow (i.e. water cut) 

seemed to oscillate with increasing magnitude until the low salinity front arrived. This 

contrasted with the behaviour of the smooth analytical solution. The simulated behaviour is 

reminiscent of numerical instabilities which are often wavelike in nature. As we will see, 

these are, in fact, a series of pulses but they are numerical in origin. The pulses are more 

obvious for models with higher irreducible water saturation, see comparison between red and 

black lines in Fig. 1. We note that the case with higher irreducible water saturation had a 

faster moving formation waterfront while the low salinity front moved at the same speed, 

regardless. Analytically we know that the frontal velocities are defined by the fractional flow 

curves. The formation water depends on irreducible saturation while the low salinity front 

does not. Another interesting feature is that the pulses are in phase and of similar magnitude 

when comparing the two models with lower and higher irreducible water saturation. This 

further increases the impression that they are wavelike. Further, there was no change in the 

pulses when comparing between secondary and tertiary flooding, see black and blue lines in 

Fig. 1. Secondary flooding means that the LSWF process starts from the beginning of 
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production (t=0), while the tertiary flooding means that high salinity water was injected until 

the mobile oil was displaced and then LSWF was performed to reduce the residual oil 

saturation. In the tertiary case, the pulses were very similar to the secondary case, occurring 

at the low salinity front.  We will see later that these are pulses from separate events. 

 

Fig. 1. Water Cut versus dimensionless time (PVI) for the high-resolution model (green), 

secondary flooding of the base case (black) and with irreducible water increased from 0.2 to 

0.4 (red) and also for a tertiary flood (blue). The High-resolution model has ∆x= 1ft and ∆t= 

0.4 day, while for all other models it was ∆x= 350ft and ∆t= 40 day.  

A general feature of all the pulses in Fig. 1 is that they grew as we progressed in time. 

Also, we note that the pulses only appeared in the well data for the coarse model. As 

discussed, this behaviour could be interpreted as a consequence of instabilities in the 

numerical solution which are usually defined as “an error growing in time”. We aim to 

breakdown this problem by investigating whether the solution is in fact stable. If it was stable, 

then what is the cause of this fluctuation?     

4 Stability Analysis  

Stability analysis is a crucial piece of information that can be used to reveal if the 

numerical solution is inherently unreliable. If the solution is stable, then we should 

investigate the underlying reason for the pulses in such models where the wettability is 
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altered dynamically. To our knowledge, this type of analysis is novel for LSWF and other 

chemical EOR models.  

We define the numerical solution as being unstable if a perturbation (or error) grows over 

time when applied to a particular time step. If the perturbation remains small or diminishes, 

the solution is stable. If the perturbation disappears completely in the solution, it is 

asymptotically stable.  

We studied the stability of the model indicated by the black line in Fig. 1. We selected 

a certain time step (time step 68 where t = 950 days, equivalent to 0.326 PVI) as a restart 

point. We verified that the restart itself produced negligible difference to a complete 

simulation. Then, a perturbation, 𝛿𝑖, was created randomly for each cell i behind the 

formation water front. That is, no change was made to cells that were at the irreducible water 

saturation. We ensured that ∑𝛿𝑖 = 0 to conserve the water volume. Each 𝛿𝑖 was added to the 

saturation profile, 𝑠𝑤(𝑡0, 𝑖) to define a restart solution for further simulation. We also 

considered controlling the magnitude of the perturbation to ensure that it was not too large. 

The perturbed solution was then: 

�̂�𝑤(𝑡0, 𝑖) =  𝑠𝑤(𝑡0, 𝑖) + 𝛿𝑖𝑘                (13) 

where k is a multiplying constant. Fig. 2a shows �̂�𝑤(𝑡0, 𝑖) for various values of k and a single 

realisation of the perturbation vector, 𝛿. Each perturbation was propagated forward by time, 

dt, in the simulator to get �̂�𝑤(𝑡0 + 𝑑𝑡, 𝑖). Fig. 2b shows the profiles propagated forward by 

280 days (0.1 PVI).  It is apparent that the perturbations produce similar saturation profiles 

which appear to converge to the same solution. The water cut is shown for each case in Fig. 

3. While the pulses are apparent in all cases, the results are almost identical. This suggests 

that the solution is stable.  

To analyse the convergence of the solutions further, we calculated the Root Mean 

Square Error (RMSE) comparing the result of the perturbation to the original unperturbed 

case. We did this for various times,  𝑡0  + 𝑑𝑡, after the perturbation was created: 

 

𝑅𝑀𝑆𝐸(𝑡0  + 𝑑𝑡) = √
1

𝑁𝑥
∑(�̂�𝑤(𝑡0 + 𝑑𝑡, 𝑖) − 𝑠𝑤(𝑡0  + 𝑑𝑡, 𝑖))

2
                (14) 
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We also examined the ratio of RMSE at 𝑡0  + 𝑑𝑡 to the original perturbation: 

 𝑅𝑀𝑆𝐸𝑟𝑎𝑡𝑖𝑜 =
𝑅𝑀𝑆𝐸(𝑡0 +𝑑𝑡)

𝑅𝑀𝑆𝐸(𝑡0)
           (15) 

 

Fig. 2. (a) Water saturation distribution along the model at t = 950 days with added 

perturbation. (b) the model results after 280 days from restart point, where we note that all 

solutions are converged.   

 

Fig. 3 Water cut versus time for models where perturbation has been added 

 

The RMSE of Equation 14 was plotted against the original perturbation for various 

values of the multiplier, k, and for various incremental times, dt (Fig. 4a).  It is apparent that 
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the RMSE is linear with k. This relationship is also stable over time. Fig. 4b shows  

𝑅𝑀𝑆𝐸𝑟𝑎𝑡𝑖𝑜 as a function of time in each case. Again, the behaviour is very consistent. In 

most cases the curves are the same. The perturbation appears to decline but converges to a 

new stable solution. This indicates stability. For k=0.25, the perturbation continues to decline 

with a possible asymptotic stability. The smallest degree of noise in the perturbation is 

initially slower to decline but also indicates an asymptotic behaviour. When we reduced k 

below 0.1, the fluctuations were at the level of the material balance error and the trend was 

lost. On the other hand, stability was observed. We therefore conclude that this model is at 

least stable if not asymptotically stable. The oscillations in Fig. 1 are also stable. There is no 

evidence of instability as such. We assume that other models behave similarly. 

 

Fig. 4. (a) The Root Mean Square Error (RMSE) of the added perturbated at t0 (input) of 

water saturation versus the RSME of simulator results of various time length, (b) the ratio of 

RMSE versus time for models have various degrees of perturbation. 

5 Dispersion and upstream weighting as a source of errors 

There are three key factors in the formation of the pulses and other numerical errors. 

These are numerical dispersion, upstream weighting and the effective salinity range. The last 

of these defines the salinity at which the model changes relative permeability as a function 

of reduced salinity and this is a proxy for changing wettability. Because of these processes, 

the numerical result differs from the analytical solution in several ways. In the absence of 

dispersion and under certain conditions the analytical solution predicts that water moves in 

two sharp fronts, one for the formation water and then later, one for the injected low salinity 

water. The salinity profile also moves as a sharp front coincident with the low salinity water. 
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Upon the arrival of the second front, the salinity drops simultaneously with the increase in 

water saturation and the flow of oil behind the front is generally reduced. This does not 

happen in the numerical case.  

As we shall demonstrate, dispersion spreads out the water fronts and the salinity front, 

the latter forming a mixing zone. If the salinity has to be reduced to a low level to affect 

relative permeability then some of the injected water behaves as formation water, in terms of 

mobility, due to the mixing zone. This retards the change in relative permeability effectively 

slowing down the low salinity front. We have discussed this extensively elsewhere (Al-Ibadi 

et al., 2019b, c). A second effect is that when salinity decreases, the relative permeability to 

oil can increase while that of water decreases. Dispersion slows down the increase of water 

saturation, unlike the analytical case where a sharp increase occurs. Numerically, there is an 

increase of the flow of oil downstream from a grid cell due to the change to the relative 

permeability. This is temporary as the water saturation increases, reducing the flow of oil. 

However, the pulse has now formed. As we shall see in what follows, this pulse propagates 

downstream and can appear in fractional flow.  

  

5.1 A discussion of numerical dispersion 

The spread in salinity due to dispersion was clearly important in Fig. 1 and it is 

apparent that it changes as the fluids progressed through the model. While the absolute spread 

of the salinity profile grew as it moved, as a fraction of distance travelled, the width 

decreased. This is typical of advection-dispersion processes. We can analyse this through the 

relationship between the dispersion and the travelled distance, defined by the Peclet number.  

The term “local Peclet number” will be used in this study to define the dispersion effect for 

each cell, where the local Peclet number is given by: 

𝑁𝑝𝑐 =
𝑣 𝑥𝑖

𝐷
=

𝑥𝑖

𝛼
                (17) 

where 𝐷 is the dispersion coefficient, 𝛼 is the dispersivity, 𝑥𝑖 will be the location of the 

targeted cell. The local Peclet number grows as we move down the model such that, 

relatively, dispersion has less effect. 



Appendix: Pulse Generation and Propagation… 
 

348 
 

 

In a simulation, dispersion can be quantified using the term “total dispersivity” which is the 

sum of physical and numerical effects as follows:    

𝛼𝑡𝑜𝑡𝑎𝑙 = 𝛼𝑝ℎ𝑦 + 𝛼𝑛𝑢𝑚                   (18) 

The numerical dispersivity of implicit schemes upstream, central in grid schemes follows 

(Peaceman, 1977):  

𝛼𝑛𝑢𝑚 =
∆𝑥+∆𝑡𝑣

2
                   (19) 

Note that according to Eq. 12, the advection velocity, v, is a function of fractional flow and 

saturation. In the absence of dispersion, these are constant or slowly varying between the two 

main fronts. Thus, for models with a uniform cell size, the dispersivity will be constant along 

the model, but different between either side of the low salinity waterfront.  As a consequence, 

the local Peclet number will be changing along the model as a function of distance, mainly. 

The lower the 𝑁𝑝𝑒 the greater the dispersion effect. The changes in the local 𝑁𝑝𝑐 along the 

model result in affect the behaviour differently. Both the salinity and the water saturation can 

be affected by dispersion.  

 

5.2 Illustrating the pulses 

We now consider the apparent pulses that we discussed above. We focus on two 

versions of the base case model. We examine the dynamics of several properties (water 

saturation, salinity and the oil and water relative permeabilities) in each grid cell of a 10 cell, 

coarse grid representation of the base case model. In the first version the effective salinity 

range was 1000-7000mg/L and results are shown in Fig. 5. In this case dispersion causes a 

retardation and pulses are weak. In the second version, the effective salinity range was 

97,000-103,000 mg/L and results are shown in Fig. 6. This model sees negligible retardation, 

but the pulses are strong. 

The effect of dispersion on the formation water front is clear in Fig. 5a. The time 

taken for each cell to reach the point where the salinity effect changed relative permeability 
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can be seen in Fig 5b. The horizontal lines indicate the effective salinity range and vertical 

dashed lines indicate the timing of the relative permeability change for each cell and for each 

property. In cell i=1 the relative permeability was changed due to salinity just before 0.2 PVI. 

By that time, the water saturation had increased above the level expected from the analytical 

solution and continued to increase afterwards. The relative permeability for water (Fig. 5c) 

in the cell dropped sharply at that point however, while oil relative permeability increased 

(Fig. 5d). These changes affected flow from cell i=1 into i=2 due to upstream weighting and 

the first pulse had been initiated. There also seemed to be an impact further downstream.  The 

saturation was increasing in cell i=2 at that point but just after the change in i=1, it began to 

drop with the increased influx of oil from i=1. The relative permeability to water also dropped 

as a result. Effects further downstream were hard to see, however. Cell i=2 changed to the 

low salinity relative permeability curves at about 0.32 PVI. Again, the relative permeability 

for water dropped in that cell creating a pulse, even though the water saturation began to 

increase. The saturation in i=3 also saw a downward turn which affected relative permeability 

and hence saturation in i=4. The pulse then continued into i=5 but it is hard to see in i=6. The 

effect of the pulses seemed to grow as the formation and injected water fronts separated out. 

In cell i=10, the pulses were mostly evident by the reduction of saturation and relative 

permeability to water but that cell saw the impact from cell i=4 onwards. 

 

 

effective
salinity
range
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Fig. 5. (a) Water saturation, (b) salinity, and relative permeability of (c) water and (d) oil 

versus normalized time (PVI) of each cell with index, i. The model was 10 cells long in total. 

i=1 is injector cell and i= 10 is the producer grid. The simulator uses ∆𝑡𝑚𝑎𝑥 = 14 days, 

Effective salinity range 1,000 – 7,000 mg/l. Vertical dashed lines indicate the timing of the 

change of relative permeability with the colour indicating the cell as for solid lines. The 

purple horizontal lines in (b) indicate the effective salinity range. 

In the second case, the effect of dispersion seemed to be much stronger in cell i=1. 

The saturation rose continuously almost like a water flood (Fig 6a). This was due to the very 

early change in salinity, however, which occurred at around 0.02 PVI (Fig 6b). Saturation 

appeared to be unaffected although a tiny impact is seen for water relative permeability (Fig 

6c). The effect on oil relative permeability (Fig 6d) was more obvious so a pulse was 

initiated. There was no effect downstream however, as water saturation had not changed 

much in i=2. The second cell passed through the effective salinity range at around 0.1 PVI. 

An almost negligible effect was seen on saturation but the relative permeabilities were 

affected. No downstream effect was seen in i=3 as, again, saturation was too low. When cell 

i=3 passed through the effective salinity range at around 0.18 PVI, the effect on saturation 

and relative permeability in i=4 was seen. The pulses were propagating further. As time went 

on and additional cells passed through the effective salinity range, we saw the downstream 

effect of the pulses more clearly. Cell i=10 saw pulses from two cells upstream for example. 
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Fig. 6.  (a)Water saturation, (b) salinity, and relative permeability of (c) water and (d) oil 

versus normalized time (PVI) of each cell with index, i. The model was 10 cells long in total. 

i=1 is injector cell and i= 10 is the producer grid. ∆𝑡𝑚𝑎𝑥 = 14 day, Effective salinity range 

97,000 – 103,000 mg/l. Vertical dashed lines indicate the timing of the change of relative 

permeability with the colour indicating the cell as for solid lines. The purple horizontal lines 

in (b) indicate the effective salinity range.   

 

The effect of dispersion is further observed when considering the fractional flow 

behaviour in each cell of the model and over time (Fig. 7). These are compared against the 

input fractional flow curves in each case. Each cell in the two models followed a trajectory, 

first on the high salinity curve then there was a migration to the low salinity one. We see that 

for Fig 7a, (corresponding to Fig. 5) cell i=1 saw a greater rise in both fractional flow and 

saturation before the effect changing salinity was apparent. Then each cell saw a change in 

fractional flow at lower saturations. The opposite was true in Fig 7b where changes occurred 

earlier.  

effective
salinity
range
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Fig. 7. Fractional flow versus water saturation for various cells along the models compared 

with that obtained from the input relative permeability curves, (fw)HS (red) and (fw)LS 

(black), the model has effective salinity concentration (a) 1,000- 7,000 mg/l and (b) 97,000 

– 103,000 mg/l. peaks and trough are accounted starting from the first (formation) waterfront.  

The lines labelled BL(HS) and BL(LS) are the Welge tangents for the analytical solution of 

waterfloods in which the formation and injected water are high salinity (HS) or low salinity 

(LS) respectively. LS and HS are the LSWF Welge tangents for the equivalent analytical 

solutions.  

  

5.2 Analysis of pulse propagation 

 

Fig. 8 shows the fractional flow and the water saturation versus time for three selected 

cells along the model.  For i=2 there is a single pulse in the fractional flow but not in the 

saturation profile. The evolution of the pulses and the growth in their number can be seen 

more clearly. The pulses appear to have moved faster than the formation waterfront. Those 

that reached the formation water front were absorbed in it. Based on inspection of the pulses 

in Fig. 6c, it appears that they took around 0.02 PVI to move from cell to cell. The formation 

water front requires 0.042 PVI to do the same. We may think of the pulses as something 

similar to a wave on a canal or other slow moving body of water. On the other hand, it is 

more like a soliton than a wave train. The pulse registers the relative flux in a phase rather 

than velocity of the fluid. Just as on the body of water, the wave can move faster than the 

water itself. 
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Fig. 8. Fractional flow (solid line) and saturation (dashed line) versus time (PVI) for various 

grid blocks along the model in Fig. 3 and 7b.  

 

The speed of the pulses can be understood in connection the Rankine Hugoniot 

condition. This governs the speed that a discontinuity moves at under two phase flow in the 

absence of dispersion. Suppose we have a section of reservoir with fractional flow set to 0.5 

on one side and allowed flow until steady state is reached, when the same fractional flow 

comes out on the other side. Such a condition is understood as a viscous equilibrium and is 

used during upscaling (e.g. Pickup and Stephen 2000). If we then instantaneously reduce the 

fractional flow of the water at the inlet to 0.4 for a period of time, for example, then a 

discontinuity is created in fractional flow. We also reduce the saturation to the corresponding 

value on the fractional flow curve. This discontinuity may propagate into the reservoir 

volume under conditions of self-sharpening fronts. If the fractional flow is returned to its 

original value, then a second discontinuity is created with an identical velocity. We have now 

created a stepped pulse which propagates downstream and has a velocity equal to the change 

in fractional flow divided by the change in saturation according to the Rankine-Hugoniot 

condition (e.g. Bedrikovetsky, 1993; Lie, 2019). This is written as: 

𝑣𝑑𝑖𝑠𝑐 =
𝑓𝑤
+−𝑓𝑤

−

𝑆𝑤
+−𝑆𝑤

−                    (20) 
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and is expressed as the fraction of length of reservoir travelled after 1 pore volume has been 

injected. Note that this same condition results in the classic Welge tangent for a standard 

waterflood, except that in that case the fractional flow at the boundary is 1.0. It is also used 

to determine the shock front saturation and fractional flows for the formation and low salinity 

fronts in LSWF. 

In addition to being predicted analytically, we found that a fine grid simulation 

produced nearly the same result, albeit with some numerical dispersion effects which 

smoothed the discontinuities. Nevertheless, the speed of the front can be predicted from 

fractional flow behaviour.  

We ran a 1D simulation model with the same conditions as described above. The fine 

grid model with 3502 cells in the x direction was used. A second injector was used to inject 

oil at the same rate as water (5500 RB/day). Otherwise the model was the same was used for 

LSWF although the injected water had the same properties as formation water so that salinity 

effects were removed. The fractional flow was set to be 0.5 at the injector therefore and run 

for 800 days (0.26 PVI). A sharp flood front travelled through the model. A pulse of relative 

permeability was created by increasing the injection rate of oil to 8000 RB/day and the water 

rate was reduced to 3000 STB/day. This lasted 40 days (0.013 PVI) and then the original 

rates were resumed. The aim here was to create conditions similar to the advance of the 

formation waterfront, a region flowing oil and water as occurs between the formation 

waterfront and the low salinity front, and then initiate a single pulse of relative permeability. 

We show that in these time frames the pulse at 0.26 PVI catches up with the initial shock 

front.  

Fig. 9 shows the evolution of the relative permeability in every 350th cell in the model. 

These corresponded to the boundaries of the coarse grid cells in the 10 cell model above. A 

sharp flood front moved through the model with relative permeability rising to a value similar 

to Fig 5b and 6b. The subsequent pulse that was created also moved rapidly through the 

model. Its leading edge was slanted indicating that the front was not self-sharpening while 

the trailing edge was very sharp, albeit rounded by dispersion. The relative permeability in 

the 2800th cell shows that the pulse arrived at around the same time as the shock front 

emulating the initial waterfront. When the pulse reached the shock front, it disappeared. The 
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last cell in the model saw the shock front arrive after 1700 days (0.56 PVI). The pulses moved 

at nearly twice the speed of the shock front. 

The relative speed of the pulse compared to the shock front can be anticipated in terms 

of the fractional flow curve and the Rankine-Hugoniot condition. The speed of the formation 

water in LSWF (or any other shock front saturation) can be estimated by choosing the 

upstream saturation and fractional flow as Swi and zero respectively in Eq. 20.  In the model 

depicted in Fig. 9, the shock front saturation was 0.48 giving a relative velocity, 𝑣𝑑𝑖𝑠𝑐, of 

1.88. Meanwhile the pulse saw a drop in fractional flow such that the relative velocity, 𝑣𝑑𝑖𝑠𝑐, 

was 3.83. We can use the fractional flow curve to estimate the relative velocities of any 

saturation change based on input relative permeability data. Fig. 10 shows the relative 

velocities for any shock front starting from the Swi (red bars) while pulses of perturbation are 

shown (black bars) assuming a saturation of 0.48 as the starting point. For the fractional flow 

curve used here, the perturbations generally travelled faster than the initial shock front (i.e. 

that of the formation water front for LSWF). Of course, we cannot properly estimate the 

magnitudes of both the change in fractional flow and the saturation changed so this 

interpretation is indicative.   

Fig. 11 shows a schematic of the trajectories of the pulses and various fronts through 

the model comparing position versus time. The formation and low salinity water fronts are 

shown as straight lines which is reasonable for the case in Fig 6. The model in Fig.5 had a 

lower effective salinity range and may been more affected by dispersion which resulted in 

varying velocities at the fronts. The trajectories of the pulses are shown as well. They 

originated on the low salinity front as blue symbols and moved forward until they caught up 

with the formation waterfront. The case with Swi =0.4 had a faster formation waterfront speed 

and the pulses seem to move more slowly. Fig. 1 indicates that a larger number of pulses 

were visible in that case. 
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Fig. 9. Relative permeability in every 350th cell in the model indicated by the number in the 

legend. The pulse was initiated after 0.26 PVI and breakthrough occurred at 0.56 PVI. 

 

Fig. 10. Estimated velocity of a discontinuity expressed as a fraction of reservoir length 

travelled per PVI plotted against the downstream saturation. The black bars indicate relative 

velocity for a pulse starting at saturation 0.48 (hence no bar at this saturation) and changing 

to other saturations on the y-axis. The red bars indicate the relative velocity of a discontinuity 

relative to Swi.  
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Fig. 11. Schematic showing the evolution of the pulses (which started as blue symbols, 

appear as red symbols downstream and then white symbols as minor pulses as they 

disappeared)  along the model in relation the paths of the formation (solid blue line),and low 

salinity front (solid green line). The trajectories of the pulses are indicated as thin light lines 

drawn before and after the pulses existed and the colours correspond to the cells in Fig. 6. 

The formation waterfront trajectory for Swi = 0.4 is also shown as comparison.  

 

The number of pulses and their magnitude depends on a number of factors. The initial 

pulse depends on the change of relative permeability. This is a function of the difference in 

relative permeability as a function of salinity. It also depends on the lag in saturation 

changing from the oil bank to the high saturation of the low salinity front. Dispersion is a 

principal factor in this lag and it means that the mobility of water drops initially before rising 

again. In the absence of dispersion, the net effect is actually a sudden rise in saturation which 

actually pushes water relative permeability up, removing the pulse. The propagation of the 

pulse is affected by the possibility that it is delayed as the downstream saturation changes 

slowly. This can dampen the propagating pulses. Finally the speed of the pulses relative to 

the formation front is important. If they move too fast, they will be absorbed. The speed is 
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largely affected by the fractional flow curve at high salinity but also the rate of change of 

saturation relative to relative permeability.   

We examined the two models in Fig. 5 and Fig. 6 along with a version of the model 

used in Fig. 6 but with Swi=0.4. The models were simulated with a range of different 

resolutions from 1 cell to 3500. The pulses were counted, 𝑁𝑝𝑙𝑠, in the water cut of the 

production well in each case and plotted against the number of cells, 𝑁𝑐𝑒𝑙𝑙, in the model and 

cross-plotted in Fig. 12. Models with higher irreducible water saturation, (Swi =0.4) showed 

more pulses. This is because the formation waterfront moved more quickly in this case and 

the plateau of formation water saturation is longer. The pulses did not disappear into the 

formation front so quickly while a shorter plateau of Swi =0.2 saw the pulses absorbed. When 

the effective salinity range was set to low values, not only did dispersion affect the initial rise 

in saturations, we saw that the salinity passed through the range more slowly. This flattened 

the pulse.  

We propose the following behaviour for the number of pulses:  

𝑁𝑝𝑙𝑠 =  𝑓(𝑁𝑐𝑒𝑙𝑙, 𝐸 )                (21) 

where 𝑁𝑐𝑒𝑙𝑙 is the number of cells in the model. We define E as a collection of mitigation 

factors that control the survivability of pulses. All models contain numerical errors and the 

simulations contain some numerical dispersion and the potential for pulses. The maximum 

number of potential pulses that could be observed in a grid cell is simply the number of cells 

where a pulse can be generated (i.e. the number of cells through which the low salinity front 

has passed). However, some of these pulses may fail to materialize, may be damped on 

transmission or otherwise disappear such as those absorbed into the formation water front as 

discussed above. Thus, there are mitigation factors that reduce the number of observed 

pulses. Quantification of the vector, E, and the function of Eq. 21 would require significant 

further study and is beyond the scope of this paper. We have identified some of those terms 

qualitatively and we will give some empirical examples of the function, however.  

We analysed the results in Fig. 12 to evaluate Npls versus Ncell. We find that when Swi 

=0.2 and the effective salinity range was 91,000- 97,000 mg/l:  
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𝑁𝑝𝑙𝑠 =  0.37𝑁𝑐𝑒𝑙𝑙  +  0.07                     (22) 

The evaluation was repeated for the two other cases (data shown in Fig. 12). The 

same effective salinity range was used with an irreducible water of 0.4 in one case while in 

the third, the effective salinity range was reduced to lie between 1,000 and 7,000 mg/l. For 

Swi=0.4, it was observed that Npls=Ncell. This was observed regardless of the cell size as long 

as Ncell < 100.  

In the third case, the number of pulses grew as higher resolution models were created, 

and the count was similar, initially, compared to the case with higher effective salinity range 

(albeit with reduced amplitude of the pulses). Then, as higher and higher resolution models 

were considered (Ncell > 25) no additional pulses were observed and they then started to 

disappear. Thus, the amplitude of the pulses decreased and the numerical errors seemed to 

disappear.  

One of the reasons that they disappeared is that the effective salinity range was set to 

low salinity values. When the mixing zone passed through, salinities were more spread out 

in the mixing zone. This enlarged in an absolute sense as the fronts propagated. If the salinity 

of two neighbouring cells are both within the effective salinity range then the change in 

relative permeability is much smaller. On top of that the water saturation increased more 

rapidly as numerical dispersion was reduced. This also meant that the change in relative 

permeability was smaller and so too was the magnitude of the pulse.  

Equivalent behaviour was observed when a fine grid simulation was analysed for each 

of the three cases above. The pulses were counted for the fractional flow between cells going 

from i=1 to Ncell. We observed, for example, that the number of pulses counted in the 10th 

cell was the same regardless of whether or not we investigated a 10 cell model or a 100 cell 

model. The same graph is obtained as in Fig. 12. 
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Fig. 12. Number of pulses against number of cells in models with different levels of 

coarsening (or cell number, i, of a fine grid model) for three cases varying Swi and also the 

effective salinity range as in Fig. 5 and 6. 

 

6. Discussion 

We present observations of numerical errors that arise in coarse grid simulations of 

LSWF. We have used an interwell scale model which has been simplified somewhat but we 

observe significant deviations from the analytical and fine scale solutions. There are 

dispersion related errors that we have discussed previously when we presented a correction 

factor to remove their effect. In this paper we have also analysed more deeply some features 

that are a direct result of the use of upstream weighting in simulations which induce pulsed 

behaviour in the formation water. These numerical errors may look like classic instabilities 

but we have demonstrated that this is not the case here. It appears that they are stable though 

not asymptotically. We have also illustrated that the pulses propagate in a “natural” sense. 

That is, the fine grid simulations support these pulses once brought into existence. The initial 

magnitude of the pulse and the propagation are controlled by the effective salinity range, and 

the relative permeability curves.  

It remains to be seen how important these effects are. We have considered large grid 

cells (350 feet) but they are typical for simulations at this scale. We have ignored both 

capillary pressure and gravity effects which may influence the behaviour of the pulses. The 
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numerical effects could disappear in these cases. The other key question is whether or not 

heterogeneity will increase these effects, smear them out or otherwise be confused because 

of them. We will study this in another paper.  

 Another question is how do we reduce these errors if we cannot refine the model? We 

have discussed the possibility of calculating more appropriate pseudo relative permeability 

curves in Al-Ibadi et al., (2018). We have also used the effective salinity range as a pseudo-

property to get the right behaviour after correcting for the influence of numerical dispersion. 

A critical factor seems to be the speed at which the salinity moves through the effective 

salinity range. A single swift jump maximises the effect and can feed the pulses that we 

observed. These were also dependent on the differences in relative permeability curves. This 

suggests a mitigating factor for better simulation of the behaviour. We have shown elsewhere 

that spreading out the effective salinity range can reduce the occurrence of pulses too (Al 

Ibadi et al. 2018). It does seem that the latter seems to help reduce the errors from the pulses 

though it brings its own problems.  

Conclusions 

Our conclusion can be drawn as follows: 

• The implicit numerical solution of the LSWF produces a stable solution, even though 

pulses may be apparent. 

• Pulses are generated numerically when the salinity induced change in relative 

permeability temporarily increases oil flux relative to water which propagates 

downstream.  

• The number of pulses that can be observed depends on the interaction between 

effective salinity concentration, salinity and water dispersion, the number of cells and 

fractional flow properties. 

• The pulses can be observed near the injector in fine grid models.   
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Nomenclature 

𝐶  In situ salinity (mg/L) 

𝐶𝑒𝑓𝑓  Effective salinity concentration (mg/L) 

𝐷𝑤  Dispersion coefficient of water (ft2/ day) 

𝐷𝑜  Dispersion coefficient of Oil (ft2/ day) 

𝐷𝑐  Dispersion coefficient of Salinity (ft2/ day) 

𝐸  A function defines collection of mitigation factors  

𝑓𝑤  Water fractional flow 

𝑓𝑤
+  Fractional flow downstream of a discontinuity 

𝑓𝑤
−  Fractional flow upstream of a discontinuity 

i   Cell number  

krw  Water relative permeability 

kro  Oil relative permeability  

n                      Number of time step  

𝑁𝑝𝑙𝑠  Number of pulses  

𝑁𝑐𝑒𝑙𝑙  Number of cells  

𝑁𝑝𝑒  Peclet number  

𝑃𝑐  Capillary pressure (Psi) 

𝑃𝑜  Oil pressure (Psi) 

𝑃𝑤  Water pressure (Psi) 
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𝑆𝑤  Water Saturation  

𝑆∗  Water saturation at known salinity  

�̂�𝑤  Water saturation after adding perturbation  

𝑆𝑤
+  Saturation downstream of a discontinuity 

𝑆𝑤
−  Saturation upstream of a discontinuity 

Swi  Irreducible water saturation 

𝑢𝑜  Oil superficial velocity (Darcy’s velocity) (ft/day) 

𝑢𝑤  Water superficial velocity (ft/day) 

𝑢𝑇  Total superficial velocity of fluid (oil and water) (ft/day)  

𝑣𝑑𝑖𝑠𝑐 Dimensionless velocity of a discontinuity in fractional flow and saturation 

𝑥  Distance from the injector (ft) 

𝑥𝐷  Length dimensionless 

α  Dispersivity (ft) 

𝛼𝑡𝑜𝑡𝑎𝑙  Total dispersivity (ft) 

𝛼𝑛𝑢𝑚  Numerical dispersivity (ft) 

𝛼𝑝ℎ𝑦  Physical dispersivity (ft) 

∆𝑡  Time step length (day) 

∆𝑥  Grid block size (ft) 

∅  Porosity (%) 
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