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Abstract 

 

This thesis presents research developing Ti:sapphire lasers for applications in precision 

absolute distance metrology. Dual Ti:sapphire frequency combs were developed and 

characterised, each typically generating 64 fs pulses at a wavelength of 780 nm and a 

pulse repetition rate of 513 MHz.  Electronic phase stabilisation using f-to-2f 

interferometry and direct pump power modulation achieved phase slips of 234 mrad 

(124 mrad) for the carrier-envelope offset frequencies of the probe (local-oscillator) comb 

in observation times of 1 second.  The comb mode spacings were stabilised with cavity 

length feedback, achieving a phase noise of 4 mrad in one second for each laser.  

The developed Ti:sapphire dual-comb system was evaluated for distance 

metrology.  When both combs were fully locked, absolute distance metrology was 

demonstrated for distances of up to 1.6 m, corresponding to ambiguity ranges of up to 

order 6.  Time-of-flight precision of < λ/4 was achieved in an averaging time of 1 s, 

allowing handover to interferometric precision, which achieved a precision of 2 nm after 

an averaging time of  4 s. Cross-calibration of distance measurements using a 

100-nm-precision delay stage allowed a direct measurement of the group velocity of air 

to an uncertainty (0.0026%) consistent with values from established atmospheric 

dispersion models. Modifying the repetition-rates of probe and local-oscillator combs was 

shown to potentially extend the effective ambiguity range up to 12.385 km. 

            Methods of reducing the cost and complexity of a Ti:sapphire comb were explored 

by constructing a Ti:sapphire frequency comb directly pumped by 462 nm and 520 nm 

laser diodes.  The laser was modelocked using a commercial saturable absorber and 

generated 90 mW average power.  Using piezoelectric feedback to the laser cavity length, 

and current modulation of one of the pump diodes, the laser was fully phase-stabilised to 

achieve the first example of a directly diode-pumped Ti:sapphire laser with fully 

stabilised repetition rate and carrier envelope offset frequencies. This comb achieved a 

phase slip of 860 mrad for the 10 MHz carrier envelope offset frequency and 54 mrad for 

the 79 MHz repetition frequency, each over 1 second. Pulses with durations of 54 fs were 

generated at a central wavelength of 803 nm. Single walled carbon nanotubes were 

explored as potential saturable absorbers.  A device was fabricated using spin coating and 

was shown to achieve modelocking at pump powers as low as 545 mW.   
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Chapter 1 - Introduction 
 

1.1. Introduction of Concepts and Scope of Thesis 

 

1.1.1. Scope of Thesis 

 

Throughout the course of this project, I have explored a variety of titanium sapphire lasers 

with a view to implementing them in the field of distance metrology. For this I have used 

two ring cavity Ti:sapphire lasers operating at an output power of >500 mW and an frep 

of 513 MHz. The two lasers can be repetition rate locked and fully carrier envelope phase 

locked using bespoke locking systems to produce a dual frequency comb system. I have 

successfully demonstrated distance measurements using this system to a precision of 

2 nm. I have also demonstrated a diode pumped Ti:sapphire frequency comb, the first of 

its kind. The laser was modelocked with the aid of a commercially available saturable 

absorber and generated 45 mW in each of its two output beams. For the same system a 

saturable absorber was then custom fabricated from single walled carbon nanotubes. This 

allowed the laser to be modelocked at a very low threshold of 545 mW for a single green 

diode pump source and 1.01 W for a single blue diode.  

 

The purpose of this chapter is to present a comprehensive review of the state of the art in 

both fields. First in Section 1.2 I will describe the means by which single lasers make 

distance measurements focusing primarily on systems that produce femtosecond pulses. 

In Section 1.3 I will provide a foundation for the development of our diode pumped 

system. This will consist of two parts: the first being diode pumped Ti:sapphire lasers, 

these will be both saturable absorber based systems and Kerr lens modelocked systems; 

and the second being a review of single walled carbon nanotube saturable absorber based 

laser systems of all types.  Lastly in Section 1.4 I will discuss dual-comb ranging systems 

and their current performance levels and applications.  
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1.1.2. Introduction to Some Key Concepts 

 

1.1.2.1. Modelocking 

 

In a conventional free running laser of sufficient gain bandwidth, multiple standing wave 

modes can oscillate simultaneously without any fixed phase relationships. Modelocking 

refers to any method of imposing on these modes a fixed relative phase relationship. For 

passive modelocking1, in order for the latter mode of operation to spontaneously arise 

from the former, a non-linear element must be present. This non-linear element must 

create an environment of lower loss under fluctuations of greater intensity than it does at 

regular intensity. If the reaction time of the nonlinear element matches the fluctuation 

itself then the laser can oscillate in its modelocked state [1]. The reaction times of a 

saturable absorber can be grouped into either ‘fast’ or ‘slow’ depending on the speed of 

their relaxation time in relation to the laser’s pulse duration [2]. Once modelocking is 

instigated the laser can be optimised for this state and in some cases self-initiate, known 

as self-starting modelocking [3]. The electric field within the cavity of any laser is 

expressed in Eq. 1.1 ([1] p. 538).  

 

𝐸(𝑡)  = 𝐸 𝑒  
 

Eq. 1.1  

  

Where 𝜔  is the frequency of the central mode, 𝑇  is the round trip time of the cavity and 

𝜑  the phase of the nth mode. The phase of all modes in a modelocked laser have a fixed 

relationship with each other so for simplicity we can assume them to be zero, giving the 

electric field as in Eq. 1.2 [1]. 

 

𝐸(𝑡)  = 𝐸 𝑒  
 

Eq. 1.2  

 

 
1 There are many different types of modelocking, but for simplicities sake I will only describe passive 
modelocking for the remainder of the thesis unless explicitly stating otherwise. 
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A simplified example of oscillating modes is shown in Fig. 1.1 that includes 16 modes; 

in reality mode numbers extend into the hundreds of thousands. A cavity round trip time 

is double its length divided by the group velocity, 𝑣 , shown here in Eq. 1.3.  

 

𝑇  = 2𝐿
𝑣  Eq. 1.3  

 

 

And the rate at which the laser produces pulses is known as the repetition frequency as in 

Eq. 1.4. 

 

𝑓  = 1
𝑇  Eq. 1.4  

 

 
Fig. 1.1: A simplified view of oscillating modes produced by a modelocked laser. In this case the red lines plot 𝐸(𝑡) =
𝑐𝑜𝑠(𝑘 𝑧 − 𝜔 𝑡 + 𝜑 ), where k is the wavenumber. The blue line is 𝐸 = ∑ 𝐸 a simplified form of Eq. 1.1 
exaggerated here for effect. 

 

The nonlinear elements required for modelocking usually have picosecond or near 

instantaneous response times and behave as real [4] or virtual [5] saturable absorbers. 

Saturable absorbers possess intensity dependent reflectivity2, which is required to provide 

the self-amplitude modulation needed to promote modelocking. A plot of a typical 

saturable absorber’s reflectivity as function of incident pulse fluence is included as Fig. 

1.2. Optical loss responses in such saturable absorbers are characterised by a sharp 

decrease when a pulse arrives, followed by a fast or slow recovery back to the low 

intensity value. In Kerr lens modelocking (KLM), the saturable absorber is the crystal 

 
2 Again, this is not universal, for example passive cw modelocking in dye lasers saturable absorbers have 
an intensity dependent transmission [123]. For simplicities sake, however, I will be referring to reflection 
type saturable absorbers unless explicitly stating otherwise. 
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itself, in which the Kerr effect forms a lens whose presence favours either higher gain or 

lower loss in the laser. Usually, a small perturbation to the cavity, introducing a noise 

spike is required to initiate modelocking. Once this is done, various measures like 

adjusting the cavity or the addition of apertures can be applied that favour a modelocking 

regime. 

 

 
Fig. 1.2: A typical saturable absorbers reflectivity as a function of incidence pulse fluence. The saturation fluence is 
simply the fluence required for causing significant (a reduction of 1 𝑒⁄  of its original value) saturation of the absorber.  

 

1.1.2.2. The Frequency Comb of a Modelocked Laser 

 

In the time domain a modelocked laser forms a periodical repeating pattern dependent on 

the length of the cavity. When viewed in the frequency domain this produces a comb like 

pattern as shown in Fig. 1.3. The separation of between neighbouring modes is frep. Back 

in the time domain each pulse retains the same envelope as the one before it, but the 

relative carrier-to-envelope phase slips from one to the next by a phase angle ∆𝜑, this is 

shown in Fig. 1.4. This is because while the envelope travels with the group velocity, 𝑣 , 

the carrier wave travels at its phase velocity [6]. The frequency at which this phase shift 

occurs is known at the carrier envelope offset frequency, fCEO, and the two are related via 

Eq. 1.5.  

 

𝑓  =
∆𝜑

2𝜋𝑇  
Eq. 1.5  

 

In the frequency domain, this value is represented by the first hypothetical comb mode 

with respect to zero, again, this is shown in Fig. 1.3. Provided this is not zero, this prevents 
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each comb mode being an exact harmonic of frep. Each comb mode is represented in Eq. 

1.6 where fn represents the nth frequency mode where n is an integer.  

 

𝑓  = 𝑓 + 𝑛𝑓  Eq. 1.6  

 

 

 

Fig. 1.3: A frequency comb produced from a modelocked laser showing frep and fCEO. 

 

 

 
Fig. 1.4: The carrier phase envelope slip in consecutive pulses. Shown are two consecutive interferograms, the grey 
trace in the second indicates the position of the carrier from the previous. The red trace is overlaid to show that the 
two possess the same envelope. 

 

These two values frep and fCEO in an unmodified laser are free to be affected by 

environmental parameters. frep through Eq. 1.3 & Eq. 1.4 is dependent on the cavity length 

in which thermal changes in the environment can change. fCEO is inherently dependent on 

the optical carrier frequency which is affected by pump power fluctuations [7] and small 

variations in beam pointing with intracavity prisms [8]. The two parameters can be locked 

to radio frequency sources offering a ruler like standard in the frequency domain. It is 

important to note that all modelocked lasers produce comb like outputs and this is an apt 

description. However, for clarity from this point onwards, I will only refer to fully phase 

locked lasers as ‘frequency combs’.  
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1.1.2.3. Detection of fCEO and frep and Conventional Phase Locking Methods 

 

As stated in the previous section, frep and fCEO are linked to physical characteristics which 

can be controlled. frep is dependent on the length of the cavity so locking is relatively 

simple using a mechanical actuator attached to a mirror in the cavity, usually in the form 

of a piezo-electric transducer (PZT). Locking of fCEO can be done in a number of ways, 

most generally modulation of the pump power [7]. Direct or indirect modulation of the 

pump power can be used, and several options are available to accomplish this: Indirect 

modulation of the power via an acousto-optic modulator (AOM) or direct modulation of 

the pump source are among the most common. These methods of modulation are shown 

in a simple example of a ring cavity in Fig. 1.5.  

 

 
Fig. 1.5: A simple example of a ring cavity with the methods of frequency modulation overlaid. Key: 1. Pump laser 
source, 2. Focusing lens, 3. Curved mirrors, 4. Brewster cut crystal, 5. PZT actuated mirror, 6. Output coupler.  

 

Detection of frep is simple and is observable with a fast photo diode. Measuring fCEO is 

more difficult as optically it is part of a hypothetical projection back to zero. It can, 

however, be measured by an f-to-2f interferometer which was outlined in the first 

production of a fully locked frequency comb that led to the Nobel prize in physics in 

2004 [7,9]. The process is outlined below. An f-to-2f interferometer requires the 

production of an octave spanning supercontinuum from the output of a modelocked laser. 

Once this is achieved a nonlinear crystal is used to frequency double a portion of this 

light. The process is outlined in Fig. 1.6. 
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Fig. 1.6: Outline of a simple f-to-2f interferometer. The mode locked laser produces a relatively narrow spectrum, and 
this is broadened, usually by a photonic crystal fibre. Then a lower portion of the spectrum is frequency doubled to 
match another. At this new frequency, a filtering element reduces the spectrum to two components, the frequency 
doubled component and its closest neighbours ready for detection.  

 

Using the notation set out in  Eq. 1.5, Eq. 1.7 describes this process. 

 

2𝑓  = 2𝑓 + 2𝑛𝑓  Eq. 1.7  

 

The resulting light is then narrow-band filtered at this new frequency, thereby including 

the doubled light and the fundamental modes closest in frequency, expressed in Eq. 1.8.  

 

𝑓  = 𝑓 + 𝑛2𝑓  Eq. 1.8 

 

When mixed on a photodetector and electrically filtered as in Eq. 1.9 the carrier envelope 

offset frequency is observable, Eq. 1.10. 

 

2𝑓 − 𝑓  = 2𝑓 − 𝑓 + 2𝑛𝑓 − 𝑛2𝑓  Eq. 1.9 

2𝑓 − 𝑓  = 𝑓  Eq. 1.10 

 

An f-to-2f interferometer is not the only method by which one can measure fCEO (for 

example 2f-to-3f interferometry [10]) but this is the only measurement technique that will 

be explored in the rest of this thesis.   

 

1.1.2.4. Basic Measurement Principle 

 

A conventional Michelson interferometer is utilised in many time-of-flight measurements 

and is useful for understanding the dual-comb metrology outlined in later chapters. An 

example of how one is utilised is shown in Fig. 1.7. The pulse train of a modelocked laser 

is split into target and reference arms of the interferometer. The reference is at a known 
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distance and target is the distance to be examined. Upon recombination the output signal 

will consist of two parts. The reference pulses separated by the repetition period T and 

target pulses, temporally separated from the reference pulses by time 𝜏. Their output sum 

is expressed in Eq. 1.11 and 𝜏 is usually recovered by fitting an envelope to each pulse 

and finding the difference between the peaks, or by Fourier analysis of the spectrum. 

 

𝑆(𝜏)  = |𝐸 (𝑡) + 𝐸 (𝑡 + 𝜏)| 𝑑𝑡 

 
Eq. 1.11  

 

In Fig. 1.7 the reference arm is at a known distance, 𝑣 𝑡 , the target arm differs from that 

distance by 𝑣 𝜏 2⁄ . 𝜏′ representing the true temporal separation of corresponding target 

and reference pulses. The time difference between consecutive, but not necessarily 

commonly produced, pulses from the output, 𝜏, must be used to infer a physical distance 

L from Eq. 1.12 where 𝑣  is the group velocity. 

𝐿 =
𝜏𝑣

2 
Eq. 1.12  

 

 

 
Fig. 1.7: Standard time of flight measurement apparatus for a modelocked laser. The pulse train is split into reference 
and target arms shown here as the blue and red signals respectively. They are then recombined in the output. 
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The necessary distinction between 𝜏 and 𝜏′ in performing distance measurements arises 

from an ambiguity in which reference pulse to measure target pulse positioning from. 

This occurs because both target and reference pulses repeat with the same period. 

Therefore, one cannot know the true value of 𝜏′ only that 𝜏 = 𝜏 + 𝑛𝑇 where n is an 

integer that is not yet known. The length over which this pulse aliasing occurs is known 

as the ambiguity range, 𝛬. For this method of measurement 𝛬 is defined in Eq. 1.13. 

 

Λ =
𝑇𝑣

2 
Eq. 1.13  

 

 

Various techniques can be implemented to extend the ambiguity range and these will be 

discussed in the rest of this chapter. There is also a special case to consider: where 

recombined target and reference pulses intersect, under normal circumstances, distance 

measurements cannot readily be made, these are known as ‘dead zones’ and again, various 

techniques exist to side-step these phenomena.  

 

1.2. Femtosecond Lasers in Distance Metrology 

 

1.2.1. Introduction 

 

Sub picosecond pulses have been produced by lasers since the 1970s [11], aptly earning 

their ‘ultrafast’ title, but a further milestone was reached in 1991 [12] with a sub-100fs 

self-modelocking Ti:sapphire. Sub-100-fs pulse generation was no new idea in mere 

implementation  [13], indeed, neither was their use in optical distance measurement [14], 

But the stability and efficiency offered by self-modelocked Ti:sapphire lasers provides 

the foundations on which the work presented in this thesis will build. Development of the 

first optical frequency comb in 1999 [7] also proved key to offering new degrees of 

stability necessary for the finest of spectroscopy [15], and both frequency [6] and 

distance [16] metrology measurements.  

 

Femtosecond oscillators have been deeply integrated into distance metrology since 

2000 [17] thanks to a paper by Minoshima and Matsumoto. In this work the authors made 

large scale distance measurements at 2 µm precision over 240 m. Their technique 

involved modulating phase across interferograms to provide absolute ranging and 
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included a frequency doubled element that corrected for the refractive index of air. These 

measurements were achieved using a commercially available 780 nm fibre laser source, 

but femtosecond Ti:sapphires frequency combs similar to ours were already in 

development for use in the metrology sector [18]. 

 

1.2.2. Multi-Wavelength Interferometry 

 

The ambiguity range of a measurement system is something that is inherent to all phase 

based measurement systems. In its most basic form any phase based measurement system 

will wrap around 2𝜋 radians equivalent to one wavelength as in Eq. 1.14. 

 

 

𝜑 = 2𝜋𝑚 +  𝜑 ,     𝑚 = 1,2 … . 𝑛 Eq. 1.14  

 

This happens because it is not possible to differentiate between returning phase values 

that differ by an integer multiple of 2𝜋. Basic measurements using femtosecond lasers 

would yield ambiguity ranges between 0.7-2 µm as this is the wavelength at which such 

lasers operate. This ambiguity is brought about thanks to these being phase measurements 

and as such are indistinguishable from one waveform to the next. Whilst this is larger 

than the precision of many measurement techniques discussed here, it cannot be 

considered ‘absolute ranging’. A number of elegant solutions to this problem have been 

proposed and they will be discussed further in the rest of this chapter. The first mentioned 

here is multi wavelength interferometry (MWI), examples of which date back to 

1988 [19]. Combining two or more sets of interferometric measurements produces a 

longer synthetic wavelength which can be used to map phase values and increase this 

range of ambiguity. For a two-wavelength system the synthetic wavelength is shown in 

Eq. 1.15.  

 

 

Λ  = λ λ
 λ − λ  

Eq. 1.15  

 

An early example of MWI is shown in Towers et. al. [20], they introduced a fibre based 

femtosecond phase interferometer designed to measure optical path. An absolute path 
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measurement was conducted by selecting two areas of a broadband laser spectrum using 

fibre Bragg gratings and treating them as independent sources. Through MWI the authors 

achieved a dynamic range of 43,000:1 meaning their range of measurement was 43,000 

times their precision. Another excellent example of MWI is put forward by Doloca et. 

al. [21] in the paper the authors made their base distance measurements with a very high 

harmonic of the repetition rate, 11.4 GHz. They then used the fundamental frep frequency, 

100 MHz, as their secondary wavelength. Through this they extended their range of 

ambiguity from 13 mm to 1.5 m while a precision of ~10 µm was still retained. They also 

made use of a common technique which will be discussed further in modulating the 

fundamental frep frequency. By comparing original and modulated measurements the fresh 

data acted like a third wavelength, thereby increasing the ambiguity range to ~1.5 km.  

 

MWI does not necessarily need to be implemented directly in femtosecond pulse lasers 

for it still to be discussed here. Salvadé & Schuhler et. al. [22,23] referenced two 

wavelength independent CW lasers to a single femtosecond frequency comb. In their final 

design the authors measured 8 nm of precision over a range of 800 mm and could track 

moving targets.  

 

A femtosecond Ti:sapphire laser was first used in a metrology set up in a paper by Kim 

et. al. [24]. The paper made use of MWI but also introduced several other techniques to 

achieve absolute distance measurement. Initially, they created a synthetic wavelength 

using a high harmonic of the repetition rate meaning the ambiguity range is increased. 

The second technique incorporated a spectrometer to view small sets of modes whose 

phase determined absolute distance. The final part, heterodyne interferometry (HI), used 

two acousto-optic modulators to create independent signals from the single pump source, 

then beat them together. Each technique’s precision was lower than its successor’s range 

of ambiguity and thus provided absolute distance measurement at 0.1 nm precision over 

a 320 mm range of ambiguity. The same authors kept the existing framework of this 

system and further improved the results in a subsequent paper [25] in theory improving 

the ambiguity range to 1.5 x 107 m given ideal conditions. 

 

1.2.3. Dispersive Interferometry 

 

Joo et. al. [26] reported on a novel technique which relies on similar principles to MWI. 

They ignored any optical pre-processing and instead performed regular distance 



23 
 

metrology with a Michelson interferometer. They then used a diffraction grating to 

separate the returning signal into distinct mode packets. Single modes are difficult to 

isolate but are still bound by the same principles of MWI and this was used to extend the 

range of ambiguity to 1.46 mm while still retaining their 7 nm precision. Later it became 

possible to fully resolve individual comb modes with this being reported by van den Berg 

et. al. [27]. Their technique made use of a virtually imaged phase array (VIPA) before a 

diffraction grating. This broke the spectra of light from a frequency comb up into discrete 

angles before they were perpendicularly incident on a diffraction grating creating a 2D 

array of comb modes which could be individually imaged on a charge-coupled device 

(CCD). Individually resolved comb modes now meant that the ambiguity range was 

equivalent to the inter-pulse distance, in this case 30cm, noticeably larger than the 

unresolved previous example. 

 

1.2.4. Frequency Scanning Interferometry 

 

Frequency scanning interferometry bears similarities to MWI but is not conducted 

statically. It involves tuning the frequency of the measurement laser and making 

sequential measurements. Frequency sweeping still retains the theory behind synthetic 

wavelength interferometry, but using a single source now necessitates slow sweeping to 

yield increases in ambiguity range. Initially, frequency sweeping required a reference 

laser, but advances in 2005 made single laser frequency sweeping possible. Slow smooth 

movement over the timescale of a single measurement allowed Swinkels et. al. [28] to 

measure to an accuracy of 130 µm over 15 m augmented by repeated measurements, 

though this was not performed with a modelocked oscillator.   

 

Sweeping is a useful tool when augmented with frequency hops. Hyun et. al. [29] 

accomplished this with a goal of improving the measurement standards industry. They 

first made a frequency sweeping measurement from two initial wavelength values that 

produced a synthetic wavelength of 184.853 mm. The system then hopped through a 

further two wavelengths to refine the measurement of an arbitrary distance. These hops 

share similarities with MWI but do not create synthetic wavelengths because they do not 

happen concurrently. They do however repeatedly solve Eq. 1.15 making it more precise 

in the process. The authors estimated their final uncertainty as being 17 nm on an arbitrary 

length of ~1.195 m.  
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1.2.5. Time-of-Flight Based Measurements 

 

Ye [30] postulated that if one adds a fringe resolving cross correlator independently of 

the time of flight detector; it may be possible to image within ‘dead zones’ by sweeping 

frep. Interestingly the author notes that adjustments would be made to the laser’s carrier 

envelope phase for stable fringes implying this method’s suitability for frequency comb 

systems. Time of flight measurements are suited to distances exceeding laboratory 

capabilities and the author expected a resolution of 1.5 mm over a measurement range of 

15 m to be possible.  

 

The first instance of a phase stabilised frequency comb being deployed for distance 

metrology came in 2008 by Cui, Battacharya and van den Berg [16]. Their method made 

use of this cross-correlation technique to perform time-of-flight measurements within 

‘dead zones’. Experimentally the authors used a 820 nm Ti:sapphire laser and achieved 

agreement to less than half a wavelength with a reference HeNe laser over 15 cm travel. 

Ye’s frep tuning method was also implemented in a standard femtosecond pulse laser in 

Lee et. al. [31] a novelty arising in that they made measurements across their campus in 

a 1.4 km round trip. Their 100 MHz oscillator was tuneable over ±200 kHz eliminating 

‘dead zones.’ Averaging over 1 s produced a precision of 1.1 nm.    

 

This theory was further refined in two papers by Wu’s group. The first [32], retained the 

use of the cross correlator, now stationary,  and modelled intersecting pulses by shape: 

sech2, Gaussian, asymmetrical sech2 and asymmetrical Gaussian. The position of the 

brightest fringe then revealed information about the true position of the returning 

reference pulse. In this first instance the authors identified an asymmetrical sech2 cross 

correlation trace that gave them their best results of 45nm inside their 10µm ‘dead zone’. 

The whole system contained a series of shutters that open three separate interferometers 

to also perform time-of-flight measurements where cross correlation was not appropriate. 

The second paper  [33] considered the more real world applications of such a system 

making measurements in a climate controlled tunnel with comparisons made to a HeNe 

interferometer. This time the authors compared sech2, Gaussian and Lorentzian shapes 

(with variants within) and found the Lorentzian compared best with the HeNe over a 

series of lengths up to 25 m. This time a precision of 64nm was achieved.  
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Balling et. al. [34] also measured base distances by time-of-flight metrology, their range 

of ambiguity range was extended with the use of an interferogram database. Pulses 

travelling in a dispersive medium such as air will broaden and lose peak intensity. 

Returning pulses, analysed as interferograms, were therefore logged and compared to 

garner absolute distances. The authors then used second harmonic generation to further 

refine the system as different wavelengths propagated differently through air thus 

increasing the information available. Measurements such as this gave precision of 

<100 nm with the active distance only limited by the pulse dispersing fully along the 

measurement path.  

 

Referencing to a stabilised microwave source can improve both measurement accuracy 

and simplicity as shown in Lu et. al. [35]. The author’s system synchronised a 

femtosecond oscillator with a microwave source. Pulses were reflected off a target and 

referenced against the microwave oscillator to define target position. In this instance, 

because the microwave source had a higher frequency than the oscillator’s repetition rate 

it lowered the range of ambiguity. At this expense, the system no longer had a need for a 

reference reflector and was entirely contained within fibres. Phase comparison against a 

high frequency microwave source also allowed for high precision measurements with 

Allen deviations of 6.5 nm for an averaging time of 800 ms.  

 

1.2.6. Summary and Further Discussion 

 

Table 1 introduces the aforementioned laser systems and gives an overview of their 

performances in the form of various system parameters such as measurement precision, 

pulse duration and ambiguity range. While it is clear that all techniques can produce 

nanometre level precision, time of flight measurements offer consistently high ambiguity 

ranges, but fall short when it comes to investigating longer distances thanks to 

interferogram deterioration. By comparison, the dual-comb systems from Table 4, 

discussed in Section 1.4, offer inherent metre level ambiguity ranges all while 

maintaining a nanometre level of precision across techniques. 

 

In general, femtosecond lasers possess high spatial and temporal coherence thus making 

them extremely capable tools in the fields distance metrology. Of course they are not 

limited to merely making one single distance measurement and can contribute greatly to 

the fields of surface-profile metrology [36] and measurement science [27,33,37]. Surface 
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profiling interferometry involves dispersing light reflected from a reference and object 

surface and imaging onto a CCD. In comparison to standard HeNe lasers a femtosecond 

Ti:sapphire laser can show a marked reduction in the amount of parasitic 

interference [36]. Thanks to their stability against atomic clocks femtosecond frequency 

combs are becoming popular in the definition of measurement standards. Advances in 

active dispersion compensation [38] means that hundreds of kilometres can now be 

tracked in real time; their current and future incorporation in positioning of satellites 

seems a given. Tracking of multiple targets with a single oscillator is also possible [39] 

opening up a vast array of potential uses. 
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Table 1 - Femtosecond Distance Measurement Systems 

Ref Laser System Rep Rate 
Pulse  

Duration Precision Ambiguity 
Range 

Comments 

Multi Wavelength Interferometry 

 

      

 [17] 2000 780nm diode Laser 50 MHz 180 fs 50 µm -  

 [16] 2008 820nm Ti:Sapphire Laser 1 GHz 40 fs 85-310 nm 15 cm  

 [24,25] 2005/2008 800nm Ti:Sapphire Laser 75 MHz <100 fs 0.1 nm/<3 nm 320 mm/1 x 107 m  

[20] 2008 1.319µm Nd:YAG Laser 100 MHz - 8 nm ∞ Limited by 800mm measuring stage. 

  [21] 2010 780nm Menlo Systems C-Fibre 

Laser 

100 MHz 100 fs 10 µm 1.5 km Limited by 100m measurement capabilities. 

Dispersive Interferometry 

 

      

 [26] 2008 Ti:Sapphire Laser 75 MHz ~10 fs 7 nm 1.46 mm Maximum measurable distance 0.89m. 

Frequency Sweeping 

 

      

 [29] 2009  800nm Ti:Sapphire Laser 81 MHz ~35 fs 17 nm 184.853 mm Designed to measure a ~1m distance (1.195m). 

Time of Flight 

 

      

 [34] 2009 Ti:Sapphire MenloSystsms FC 

8004 (790-810 nm) 

200MHz - 20nm 0.75 m† †Time-of-flight meausrement so potentially infinite, pulse separation shown 

here. 

 [31] 2010 Fibre Laser 100 MHz 227 fs 1.1 nm 3 m†  

 [32] 2014 1.5482µm Laser Source 199.817MHz - 45 nm ~1.5 m†  

 [33] 2015 1.558µm Laser Source 250.01439MHz 70 fs 64 nm 1.19 m†  

 [35] 2018 Er-Fibre MenloSystems 

1500nm 

~250MHz - 6.5nm 9.102mm Referenced to a microwave source so ambiguity range is of this scale. 
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1.3. Diode Pumped Ti:Sapphire Lasers & Single Walled Carbon 

Nanotube Saturable Absorbers 

 

1.3.1. Diode Pumped Ti:Sapphire Lasers 

 

1.3.1.1. Introduction 

 

The use of saturable absorbers as means of modelocking diode pumped Ti:sapphire lasers 

has been ongoing almost since their inception [40,41]. One trait they possess is that they 

require less intracavity power to initiate modelocking than Kerr lens modelocking. This 

is because high power visible diode lasers produce asymmetric non-diffraction-limited 

beams making soft-aperture modelocking less reliable. In the context of diode pumping 

where a disadvantage might come in the form of lower available incident power, saturable 

absorbers seem an ideal choice. In fact the first three single diode pumped Ti:sapphires 

all used commercially available semiconducting saturable absorber mirrors in this 

way [41–43] and Kerr lens modelocking was only realised in 2017 [44]. The first two by 

Roth’s group [41,42] achieved unmatched low modelocking thresholds of 439 mW with 

a single blue diode pump. This was closely followed by a 520 nm pumping scheme [45]. 

Thanks to their size, diode lasers represent an opportunity to make Ti:sapphire lasers more 

portable than they have ever been and simplicity is important when considering this. 

 

An absorption with accompanying fluence spectrum for Ti:sapphire is included as Fig. 

1.8  
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Fig. 1.8: Absorption and Fluence spectrums for Ti:sapphire. Image from Solid State Laser Engineering, 
(Springer:Koechner, 2006) [1]. 

 

1.3.1.2. Diode Pumped Ti:Sapphire Lasers with SESAM and KLM 

 

After initial footsteps had been taken with single diode systems and before high powered 

diodes became widely available, two diode pumped systems were the prevailing focus of 

research on the subject. These fell into two categories: unidirectional and bidirectional 

pumping of the crystal. Durfee et. al. [46] falls into the first category; the authors used a 

number of coaxially collimating optics before focusing onto their crystal. By comparison 

this allowed the maximum reported output power to rise from 13 mW to 30 mW for a 

dual diode pumped Ti:sapphire. More available output power also allowed the authors to 

initiate Kerr lens modelocking, the first time this had occurred in this laser type. The 

authors continued this work in Young et. al. [47] where they implemented a better system 

of mode matching for their pump sources and employed two higher power laser diodes. 

This allowed for an increase in output power to 105 mW, though achieving this came at 

some dispensation of pulse duration to 50 fs. Their original 15 fs pulse duration design 

produced 70 mW of power under this updated arrangement. In Sawai et. al. [43] the 

authors describe the first modelocked green diode pumped Ti:sapphire. An InGaN 

520 nm green diode laser was used to produce 23.5 mW thanks to closer matching with 

the 490 nm absorption peak in Ti3+, the high power green diodes having more recently 

been made available.  

 

More recently the development of higher power blue diodes has led to their inclusion as 

competition for dual pumped systems. In Backus et. al. [44] the authors replaced their 
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two 1.4 W pump diodes from their previous system [46] with a 4 W diode. This trade 

came at the price of an M2 value that was four times worse than the original pump, but 

allowed for an increase in output power to 145 mW.  Of course with the prospect of more 

power becoming available, two high power diodes were incorporated into a broadband 

tunable laser in a bidirectional pumping scheme reported on by Coyle et. al. [48]. This 

time the higher power allowed for both SESAM and KLM modelocking with the KLM 

setup possessing both power and pulse duration advantages, a trend supported in other 

works involving both techniques [49]. 

 

A fully carrier envelope phase locked diode pumped Ti:sapphire laser was presented in 

Gürel et. al.  [50]. The authors employed a dual green diode pumping scheme which 

generated an output power of 250 mW. The frep signal was free running at 216 MHz and 

fCEO signal was locked using an f-to-2f interferometer. This was done by direct current 

modulation of the diode at a bandwidth of ~55 kHz. 70 mW of output power was required 

to initiate a signal strong enough to lock, so the process is not without its caveats.  

 

In Rohrbacher et. al. [51] a 92 MHz diode pumped Ti:sapphire laser was constructed 

intended for use as an excitation source for a multiphoton microscope. As this was an 

investigative study the authors tested the laser in two different configurations. A shorter 

pulse duration iteration 65 fs with an average power of 350 mW, and a longer pulse 

duration, 82 fs, iteration with 460 mW of output power. This represented the first time a 

multiple nJ pulse with a shorter than 100 fs pulse duration was produced from a diode 

pumped Ti:sapphire laser. The laser was effective in implementation of both two-photon 

excited fluorescence microscopy and second harmonic generation microscopy. 5 nJ 

pulses were replicated with the work in Muti et. al. [45] that incorporated a single 1W 

520 nm diode as a pump source. The pulses were slightly longer than the previous paper 

mentioned at 95 fs but its simplicity in design more than outweighs this trade-off.  

 

1.3.2. Summary and Further Discussion 

 

A summary of these diode pumped Ti:sapphire laser systems of both SESAM 

modelocked and KLM type is shown in Table 2. The highest powers and shortest pulse 

durations were naturally achieved by the higher power blue laser diodes operating close 

to 460 nm. Without access to higher power diodes the two colours are closely matched in 

performance and this is a trend that continues as dual pumping is introduced. As the so 
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called ‘green gap’ is slowly filled [52], however, there’s no discounting a future where 

both offer equally competitive results. 
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Table 2 - Diode Pumped Ti:Sapphire Lasers Table 

Ref Pump Modelocking Output Power Pulse Duration Repetition Rate Notes 

 [41] 2011 1 x 1 W 462 nm SESAM 13 mW ~  140 fs 127 MHz  

 [46] 2012 2 x 1.2 W 445 nm KLM 30 mW 15 fs -  

 [42] 2012 2 x 1 W 452/454 nm SESAM 101 mW 111 fs 127 MHz  

 [47] 2012 2 x 2 W 445 nm KLM 105 mW 50 fs 100 MHz  

 [43] 2014 1 x 1 W 518 nm SESAM 23.5 mW 62 fs 92.2 MHz  

 [49] 2015 2 x 1 W 520 nm 
2 x 1.5 W 520 nm 

SESAM /  
KLM 

200 mW / 
350 mW & 450 mW 

68 fs 
39 fs & 58fs 

379 MHz 
414 MHz/418 MHz 

 

 [53]/[50] 2015 2 x 1 W 518/520 nm SESAM 44.8 mW 74fs - CLEO conference proceedings 

 [44] 2017 1 x 4 W 465 nm KLM 145 mW 13 fs 78 MHz  

 [50] 2017 2 x 1.5 W 532 nm 
 

SESAM 250 mW 61fs 216 MHz fCEO locked frequency comb 

 [51] 2017 2 x 2.9 W 450 nm SESAM 460 mW 82fs 
 

92 MHz  

 [48] 2018 2 x 3.5 W 450 nm KLM & SESAM 433 mW & 382 mW 62fs & 54fs 
 

135 MHz Broadband tunable 

 [45] 2018 1 x 1 W 520 nm  KLM 30 mW 106 fs 5.78 MHz  

 [55] 2019 1 x 3.5 W 450 nm KLM 46.5 mW  46 fs 120.5 MHz  

 [56] 2019 1 x 1 W 520 nm 
1 x 2 W 462 nm 

SESAM 2 x 40 mW 54fs 79.2 MHz Fully locked frequency comb – two outputs  
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1.3.3. Single Walled Carbon Nanotube Saturable Absorbers 

 

1.3.3.1.  Introduction 

 

While SESAMs possess numerous advantages, they come with a few disadvantages. One 

of these is that they introduce loss into the cavity, while they are built with minimal loss 

in mind, it is always present. An interesting alternative to SESAMs are single walled 

carbon nanotubes (SWCNT). When coated in a thin layer onto a surface they offer 

comparable response times (1 ps) and potentially lower losses (~1%) than conventional 

SESAMs [57]. Moreover, unlike SESAMs that require full device fabrication methods, 

the SWCNT sample can be situated as a thin layer dispersed on a conventional window 

or mirror element. Both transmission and reflection types have been in use since their 

incarnation as saturable absorbers in Set et. al. [58], in this case matching the 1550 nm 

Erbium fibre laser used with the S11 absorption peak of the nanotubes [59]. Ti:sapphire 

lasers were consistently used as pump sources in infrared lasers [60–63] until 

Khudyakov [64] & Baek [65] when they were incorporated into SWCNT modelocked 

lasers as lasing materials. This time making use of the S22 absorption feature at 810 nm. 

These two absorption features of SWCNTs already mentioned encompass the majority of 

the work on this topic, meaning that the lasers in Table 1 fall into two categories. S11, 

infrared lasers centered around ~1550nm, Yb:KLuW [60], Cr:forsterite [66] and 

Nd:YAG [67,68]; and S22 which, aside from Ti:sapphires, includes: Cr:LiSAF [69,70].  

 

1.3.3.2. Single Walled Carbon Nanotube Saturable Absorbers 

 

In 2005 SWCNTSAs were first implemented in a solid state, Er/Yb:Glass, laser. 

Transform limited pulses of 68 fs were generated at an output power 80 mW, the first 

time sub 100 fs pulses had been reported on [71]. The paper tackled the issue of the 

saturable absorber undergoing damage and identified singlet oxygen O2(1D2) as possible 

cause. This was tested by blowing a weak jet of nitrogen across the surface of the mirror 

and this was effective at reducing the threat of damage to zero. As put forward in the 

paper it would also be possible to coat the mirror in a thin layer of polymer and while this 

may not be an absolute shield for gas, it would be the most likely solution for a 

manufactured device.  
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Schmidt et. al. [60] introduced a transmission element saturable absorber design to a solid 

state laser system. This involved inserting the saturable absorber element into the cavity 

at Brewster’s angle between two curved mirrors. The Yb:KLu(WO4)2 laser provided an 

output centred around 1045 nm at a maximum output power of 53 mW. They then broke 

the 100 fs barrier in a subsequent work [62], this time employing a composite 

Yb:KYW/KYW crystal in the same laser design. Improvements were also made to the 

maximum output power at 93 mW and the results were compared with a commercially 

available SESAM offering slightly lower but competitive results. 

 

W. B. Cho and his group have done extensive work on the subject, collectively authoring 

four papers. The first [66], modelocked a Cr:Forsterite laser with a transmission type 

CNT element.  At 79 MHz of frep a power of 202 mW was observed, for the time this was 

the highest reported for a SWCNT-SA modelocked laser. Because of the high power 

operation of the laser, it was self-starting. The second paper [61] discussed the 

modelocking of a Thulium doped bulk laser that shared some similarities with the 

previous system. Like previously, the laser operated at high power—240 mW—that 

allowed it to be self-starting.  In this instance the pulse duration was larger than usual at 

9.7 ps. The third paper [72] considered a self-starting Cr:YAG laser constructed to 

produce tuneable sub 100 fs pulses at a range of peak wavelengths between 1465 nm and 

1496 nm.  The system produced an output power of 110 mW at an frep of 85 MHz. The 

fourth and final paper [63] incorporated multiple crystals: Yb:KYW, Cr:forsterite and 

Cr:YAG, in an effort to map the optical responses of the Carbon nanotubes. The results 

showed trough of response times as the peak wavelength of the laser approached the 

1550 nm centre of the S11 absorption line. A similar trend was seen in the pulse durations 

with the shortest pulse being produced by the Cr:YAG laser at 1560 nm; it was the most 

closely matched.  

 

Thus far sub 100 fs pulses were only achievable in the middle of the near infrared range. 

In Agnesi et. al. [73], however, 99 fs pulses were produced from a SWCNT modelocked 

Nd:silicate laser centred around 1070 nm. Their methods of production of these pulses 

consisted of a dual prism arrangement in the cavity and this helped yield 10 mW of output 

power for these short pulses. The addition of a tuneable element into a cavity makes a 

laser system more versatile when considering their applications. This feature was 

included in a subsequent paper by the same authors [69] in which they successfully 
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modelocked the first Cr:LiSAF laser to incorporate a CNT based saturable absorber 

element. This time centred around 875 nm, the system had 14 nm of tuneablility at 

16 mW. 

 

In 2010 Khudyakov et. al. [64] brought the field of SWCNT-SA modelocked lasers into 

the visible with a Ti:sapphire based oscillator. The system utilised a 4W Ar+ laser as a 

pump source and at this power generated 45 mW around 810 nm. They employed an X-

shaped cavity and their SWCNT-SA was sandwiched between a HR mirror and a glass 

plate, this design was notable as it offered a layer of shielding. The paper notes that the 

thin film deposited on the HR mirror offer an additional transmittance of 97.7%. The 

authors generated pulses at 110 MHz of a duration of 600 fs. A second Ti:sapphire was 

described by Baek et. al. [65], pumped using a 5 W 532 nm source and produced a much 

increased power of 600 mW. They custom fabricated their mirrors using the spin coating 

method, in which, a small amount of Carbon nanotubes was ultrasonically agitated for 

2 hours in a solution of dichlorobenzene (DCB). This solution was then mixed with 

polymethyl methacrylate (PMMA) and spin coated onto a glass element leaving a 400 nm 

coating. When incorporated into the cavity at Brewster’s angle between two curved 

mirrors the authors produced 62 fs pulses at 99.4 MHz along with some tuneable elements 

to the cavity and comparisons made with the same system under KLM.  

 

After this came a series of papers that pushed the upper limits on power for SWCNT-SA 

modelocked lasers. Chen et. al. [74] produced 3.63 W from a Nd:GdVO4 crystal from a 

pump power of 13 W with a total operating time of 15 minutes attributed to oxidization 

degradation. From a Nd:YAG crystal Tan et. al. [68] produced 130 mW. Ilev et. al. [75] 

drew 800 mW of output power from a Nd:YVO4 crystal. With a Nd:Lu0.15Y0.85VO4 crystal 

Yang et. al. [76] produced 902 mW and a power of 800 mW was produced from a 

Nd:YVO4 crystal in Zhang et. al. [77]. The systems mentioned above produce pulse 

durations between 8 and 80 ps a caveat that must be noted, with Zhang et. al. not stating 

pulse duration.  

 

Carbon nanotube designs for various bulk lasers were tested in a paper by Rotermund et. 

al. [78] among those tested were Yb:KLu(WO4)2, Cr:Mg2SiO4, Cr:YAG and 

Tm:KLu(WO4)2. Specifics on their performance are included in Table 3. What is of 

further interest in the paper is the examination of the underlying structure of the carbon 

nanotubes and its effect on performance. Their conclusion was that ‘curl’ and ‘bundling’ 
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of the nanotubes actually broadens the spectral bandwidth of the saturable absorber 

element. In the paper it is hypothesised that this effect could be controlled to make a single 

device capable of use with a wide variety of laser wavelengths. A final item discussed in 

Sobon et. al. [79] is the matter of CNT layer thickness. The paper discusses saturable 

absorber elements of varying thickness and their performance within a Thulium doped 

fibre laser. Though this might not be true of all lasers, the authors arrived at a 100 nm that 

offered the best levels of pulse duration, while maintaining a good modulation depth, non-

saturable losses and saturation fluence.  

 

1.3.4. Summary and Further Discussion 

 

Table 3 contains a list of lasers that incorporate carbon nanotubes as saturable absorbers, 

note: this is far from comprehensive, but includes papers where the laser is the focus and 

not as part of a larger experiment. Despite originating in fibre lasers, the majority of CNT-

SAs are deployed in solid state lasers. Excellent results for both transmission and 

reflection type saturable absorbers have been seen indicating that neither are clearly 

superior. It is also clear to see thanks to their employment in a rich variety of laser systems 

that they are a very competitive choice to commercially available SESAMs. 
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Table 3 – Carbon Nanotube Based Saturable Absorbers Table 

Ref Pump Lasing Material SWCNTSA 
type 

Output 
Power 

Rep Rate Pulse Duration Notes 

 [58] 2004 980 nm LD Er-fibre Transmission / 
Reflection 

0.2 mW /  
0.8 mW 

6.1 MHz / 
9.85 MHz 

1.1 ps /  
318 fs 

- Fibre Laser 

 [80] 2004 980nm  Er:Fibre Transmission 200µW 50.4 MHz  0.9 ps - Fibre Laser 

 [71] 2005 1 x 15 W 805 nm / 
1 x 500 mW 980 nm LD  

Nd:Glass / 
Er/Yb:Glass 

Reflection / 
Reflection 

/  
80 mW 

/ 
85 MHz 

/ 
68 fs 

- Only Er/Yb:Glass reported on  
- Solid State Laser 

 [81] 2007 1 x 976 nm LD Er:Glass / 
Yb:Glass 

Reflection /  
Reflection 

14 mW /  
63 mW 

60.715 MHz /  
74.539 MHz 

1.8 ps /  
261 fs 

- Solid State Laser 

 [60] 2008 1 x 4 W LD 
1 x 2 W Ti:Sapphire 

980nm / 

Yb:KLuW Transmission 53 mW /  
16 mW 

89 MHz / 
89 MHz 

115 fs / 
170 fs 

- Tested with Diode Pumping 
- Solid State Laser 

 [66] 2008 1 x 10 W Yb-Fibre Laser 
1064 nm 

Cr:Mg2SiO4 Transmission 215 mW 79 MHz 120 fs *W. B. Cho, Opt. Lett. 
- Solid State Laser 

 [61] 2009 1 x Ti:Sapphire 802 nm Tm:KLuW Transmission 240 mW 126MHz 9.7ps *W. B. Cho, Opt. Express 
- Solid State 

 [62] 2009 1 x 2 W Ti:Sapphire 980 
nm 

Yb:KYM:KYM Transmission / 
Reflection 

93 mW 88 MHz 140 fs / 
83 fs 

- Dual Material Crystal – Power vs Short Pulse 
length trade-off shown - 

Not Diode Pumped 
- Solid State 

 [72] 2010 1 x 10W Nd:YAG 1064 
nm 

Cr:YAG Transmission 110 mW 85 MHz  100 fs *W. B. Cho, Opt. Lett. 
- Solid State Laser 

 [63] 2010 1.6W Ti:Sapp 
Yb:fibre 1064nm 
4.4W Nd:YVO4 

Yb:KY(WO4)2 
Cr:Mg2SiO4 

Cr:YAG 

Transmission 160 mW 
230 mW 
110 mW 

87 MHz 
79 MHz 
85 MHz 

133 fs 
100 fs 
92 fs 

*W. B. Cho, Adv. Func. Mater. 
- Multiple Bulk Lasers 

 [73] 2010 1 x 200 mW 805 nm LD Nd:Glass Reflection  48.1 mW  -   
  

99 fs 10 mW for the 99fs pulses 
- Solid State Laser 

 [64] 2010 1 x 4 W Ar+ plus   Ti:Sapphire Reflection 45 mW 110 MHz 600 fs Not Diode Pumped 
- Solid State Laser 

 [67] 2010 1 x 1W 800nm Nd:YAG Transmission - - 50ps - Solid State Laser 

 [74] 2011 1 x 13 W  Nd:GdVO4 Transmission 3.63 W 121.8 MHz 
 

84 ps - Solid State Laser 

 [68] 2011 1 x 808 nm Nd:YAG Reflection 130 mW 90 MHz 8.3 ps - Solid State Laser 
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 [75] 2011 1 x 45 W 808 nm Fibre 
Laser 

Nd:YVO4 Transmission 800 mW 127 MHz 16.5 ps - Solid State Laser 

 [77] 2011 1 x 50W 880nm LD Nd:YVO4 Transmission 800 mW 88 MHz - - Solid State Laser 

 [65] 2011 1 x 5 W 532 nm Ti:Sapphire Transmission 600 mW 99.4 MHz 62 fs - Solid State Laser 
Not Diode Pumped 

 [69] 2012 2 x 120 mW 660 nm Cr:LiSAF Reflection 16 mW - 122 fs - Solid State Laser 

 [76] 2012 1 x 6.5 W  Nd:Lu0.15Y0.85VO4 Transmission 902 mW 150 MHz  19 ps - Solid State Laser 

 [78] 2012 Multiple Bulk Laser Yb:KLu(WO4)2 

Cr:Mg2SiO4 
Cr:YAG 

Tm:KLu(WO4)2 

Transmission 62 mW 
250 mW  
85 mW 

167 mW 

- 84 fs 
118 fs 
113 fs 
25.4 ps 

- Solid State Laser 

 [82] 2016 1 x 796 nm LD Nd,Y:SrF2 Reflection 319 mW 107.8 MHz 1.7 ps - Solid State Laser 
Absorbed power stated as 1.97W 

 [79] 2017 1 x 410-570 mW 1560 nm  Thulium Doped 
Fibre 

Transmission 22-35 mW 56 MHz 501-530 fs - Fibre Laser 
Using varying thickness of CNT 

 [70] 2019 1 x 660nm LD Cr:LiSAF Transmission 8.5mW 47.9MHz 21fs - Solid State Laser 
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1.4. Dual-Comb Ranging Systems 

 

1.4.1. Introduction & Principles 

 

Obviously a limiting factor in any simple fs frequency comb distance measurement is the 

size of the ambiguity range. Addition of time-of-flight measurement aspects to systems 

are adequate solutions but add complexity of data collection. The addition of a second 

laser, while adding complexity to the system in a practical sense, can offer an exquisite 

partnership of accuracy and precision all through a simple acquisition process. While the 

concepts in the following section share their roots with all heterodyne interferometry; 

Coddington et. al. [83] marks the first time dual frequency combs were used to achieve 

absolute distance measurements. 

 

1.4.1.1. The Vernier Effect and its Application 

 

The Vernier effect is a key principle in this field as its undercurrents are felt even in the 

production of laser pulses. In the most basic example: two signals of slightly differing 

periodicity viewed concurrently, will repeat themselves at the difference of the initial 

frequencies. The frequencies are represented in Eq. 1.16. 

 

 

∆𝑓 = 𝑓 − 𝑓  Eq. 1.16  

 

A simple example is shown in Fig. 1.9. Laser pulses are produced in a similar way, each 

mode differs in frequency, frep, and they constructively interfere at a period 1 / frep.  
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Fig. 1.9: signal 1 and signal 2, indicated by the red traces, have a slightly differing repetition periods. At a third, larger 
periodicity, their summation signal, indicated by the blue trace, repeats itself. This period is denoted by the grey dotted 
line.   

 

Now consider two phase locked frequency combs, each with a slightly different frep value. 

By extension of the same principle, they form a pattern that repeats with Δf. This can be 

very useful in extending the ambiguity range of a femtosecond ranging system as Δf can 

be easily controlled and, if required, manipulated to replicate some techniques for further 

ambiguity range extension from Section 1.2. It must be made clear that this frep difference 

only dictates the period over which the pattern repeats. To produce a usable intensity 

signal, one comb, usually labelled probe, is diverted through a target and reference 

arrangement. The other, the local oscillator (LO), undergoes no treatment and is 

recombined with the signal laser after the interferometer. When recombined the frequency 

domain shows two frequency combs with separations of frep1 and frep2 respectively 

meaning that each mode ‘walks’ through the next by one count of Δf. By filtering at 

~frep / 2 interferograms are produced from the mixing of closest pairs of comb lines from 

each laser and pairs of interferograms are now observed one from each arm of the 

Michelson interferometer. As a consequence of this new design, the interferometric signal 

is effectively performing relative time measurements on a gated timescale represented by 

tlab which must be converted to a real time treal before distance information can be gathered 

using Eq. 1.17.  

 

𝑡  =
∆𝑓

𝑓
𝑡  

 

Eq. 1.17  

 

Where previous interferometric distance measurements using femtosecond laser systems 

needed to employ a vast exhibition of techniques to have ambiguity ranges of comparable 

sizes to their repetition rates this condition is inherent to dual-comb systems. Using this 

new interference pattern, time-of-flight measurements can still be performed as well as 
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measurements based on the phase of the resulting interferograms to gain more accurate 

refinement of distances. Examples of these, among others, will be explained in the rest of 

this section.  

 

1.4.2. In Depth Example 

 

This section presents an example of the dual-comb metrology method based on results 

from a significant paper in this field: “Rapid and precise absolute distance measurements 

at long range” by Coddington, Swann, Nenadovic and Newbury [83]. The paper 

presented the first use of two fully phase stabilised frequency combs used in tandem for 

absolute distance measurements. This was accomplished using two Erbium doped fibre 

lasers with repetition rates separated by 5 kHz at 100.016 MHz. The lasers were stabilised 

in both comb line position and separation by locking two comb lines from each to two 

independent cavity stabilised 1550 nm and 1535 nm CW lasers [84]. The measurement 

lasers produced interferogram sets whose position on the time base were dependent on 

the positioning of each arm of the Michelson interferometer. The separation of the target 

and reference interferograms in the time domain can then be converted into a position 

within the ambiguity range, initially this was 1.5 m with some augmentations made later.  

 

The authors then used two methods to evaluate the position of the target interferogram. 

Time-of-flight measurements were made by fitting a Hilbert transform to the pulses and 

using their peak intensity a precision of 3 µm was achieved. A subsequent interferometric 

measurement was made to improve this figure as the phase of the interferograms is 

dependent on their position. First the contributions from target and reference were 

separated to give 𝑆 (𝑡 ) and  𝑆 (𝑡 ) and the Fourier transforms (𝑆  and 𝑆 ) are related 

using Eq. 1.18.  

 

𝑆 (ν)  = 𝑒 ( ) 𝑆 (ν) Eq. 1.18  

 

The relative spectral phase is represented by 𝜑(ν) = 2𝜋𝜏ν but this was converted from 

time measurement using 𝜏 to measured distance, L for Eq. 1.19. 𝛹 accounts for the 

relative Gouy phase and the phase differential shift of 𝜋 encountered during reflection. 
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𝜑(ν)  = 4𝜋𝐿 λ⁄ + 4𝜋𝐿 𝑣⁄ (ν − ν ) Eq. 1.19 

  

Where λ  is the carrier wavelength, ν  is the carrier frequency and 𝑣  is the group velocity. 

The authors then made a linear fit of 𝜑 = 𝜑 + 𝑏(ν − ν ) which gave two pieces of 

information. One, a time-of-flight measurement based in the spectral phase of the 

interferograms and the second was a fully interferometric measurement that provided a 

further step of refinement. Both are shown in Eq. 1.20 & Eq. 1.21.  

 

𝐿 = 𝑏 𝑣 4𝜋⁄  Eq. 1.20  

𝐿 = (𝜑 + 2𝜋𝑚) λ
4𝜋  

Eq. 1.21 

 

Eq. 1.21 contains a half wavelength ambiguity range feature inherent to every 

interferometric measurement, represented with 2𝜋𝑚. The authors also point out the 

similarities to multiwavelength interferometry and indicated that the number of comb 

modes were equal to the number of hypothetical wavelengths. Using these interferometric 

methods, the authors improved their precision to 100 nm. 

 

Naturally these measurements consistently improved with averaging, with the 

measurement uncertainty reaching 3 nm over 0.5 s.  The system was also able to track 

moving targets with the formation tracking of satellites highlighted as a key application 

of the paper. With this in mind the authors swapped the local oscillator and signal roles 

of the lasers to further extend the ambiguity range to 30 km essentially redoubling the 

Vernier effect outlined in Section 1.4.1.1. I will adapt this technique for use in my own 

system in Chapter 4. 

 

1.4.3. Free Running Examples 

 

This work was continued by the same group in Liu et. al. [85], this time operating dual 

free running lasers that demonstrated the same principles as their previous work. A 

reduction in precision was a necessary expense but improved simplicity helped to balance 

the trade-off. The lasers used were again Er:fibre lasers, this time with a repetition rate of 

207.687 MHz and a difference of 7 kHz. The system of measurement still performed 

Hilbert transform time of flight measurements but lacked the high precision 
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interferometric measurements that a fully locked system offered. Indeed, a level of 

stability is still required to perform any distance measurement and as highlighted in the 

paper, this amounted to ~100 ns of instantaneous stability of the carrier phase. With this 

method 200 nm of measurement precision was achieved over a 20 ms averaging time. 

‘Dead zones’ were also taken into consideration but as the ambiguity range was 0.75 m a 

‘dead zone’ width of 700 µm was deemed small. 

 

These foundations for an exciting new field of distance metrology were built upon in 

Zhang et. al. [86]. Again the offset frequencies were not actively controlled though the 

repetition rates were. In the paper the authors used Er:fibre lasers at 250 MHz. A key 

component of the system was the use of asynchronous optical sampling for pulse cross 

correlation thereby eliminating the ‘dead zones’ in a similar manner to that discussed in 

Section 1.2. They determined pulse separations, in contrast to the previously mentioned 

papers, by fitting sech2 functions. The Ciddor equation was also incorporated into the 

findings for environmental corrections, something that had not been reported on before. 

At the maximum averaging time suggested the system allowed the authors to measure 

with a precision of 82.9 nm over 500 ms. Through manipulation of the primary laser’s frep 

the authors made improvements to the ambiguity range arriving at a final figure of 

693.7 mm. 

 

1.4.3.1. Noise Compensation Techniques 

 

Returning to a completely free running system again Shi et. al. [87] also makes use of 

asynchronous optical sampling as a measurement facet, though this is just one area of 

focus of the article. Their real novelty lay in the model constructed to emulate typical 

forms of jitter in femtosecond lasers. These sources of noise include: quantum noise; low 

frequency technical noise; and two locking bandwidths of 5 kHz and 2 kHz were tested. 

The locking strength of frep was kept to a minimum to make the lasers run as freely as 

possible. The model was then used to individually plot the standard deviation of each 

source of noise over multiple ambiguity ranges. This in combination with the study of 

different update rates gave a fundamental figure of ~1.3 µm for ranging precision.   

 

Further developments of noise modelling came in a paper by Cao et. al. [88]. The authors 

constructed SWCNT-SA modelocked Erbium doped fibre lasers, that operated at 74 MHz 

with a 2 kHz difference. They then use a technique called singular spectrum analysis 
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(SSA) that works under the assumption that a relatively short and noisy signal can be 

deconstructed into a sum of its components. This was accomplished first using a 

decomposition stage, followed by a recomposition stage. In combination these allowed 

for a reduction in uncertainty on the measurements obtained by the authors. Using a 

200 Hz update rate the authors managed a precision of 110 nm a large improvement over 

the 18 µm measured without SSA filtering. Gaussian white noise was highlighted as the 

main noise source. 

 

A third and final example of noise modelling came in Li et. al. [89] this time featuring 

Kalman analysis. Kalman analysis makes short statistical observations to estimate certain 

noise producing parameters and offered a better noise model than one would get with a 

single measurement. Again, Erbium doped fibres were utilised, at repetition rates of 

80.267 MHz and 80.269 MHz. Gaussian fitting was used to perform the necessary time 

of flight measurements but interestingly the authors chose to measure the position of their 

target interferogram with respect to both reference interferograms on either side of the 

target. Measurements were made over 65 m finding residuals of 2 µm over this length 

and standard deviations of 6 µm in the measurements at the maximum distance. A 500 ms 

averaging time was used by the authors for these figures. 

 

1.4.4. Locked Systems  

 

Dual-comb interferometry shares many common concepts with synthetic wavelength 

interferometry (as discussed in Section 1.2.2). With this in mind, Lee et. al. [90] made 

detailed investigations into ambiguity range extension in their paper. One of their 

100 MHz Erbium doped fibre lasers was capable of modulating its frep frequency by 

1 MHz. This allowed for an ambiguity range extension from 1.5 m to an initial 50 km, 

which could be supplemented by role swapping of the lasers for a final figure of 5000 km. 

In practise this value was limited to 1.2 km in air thanks to atmospheric fluctuations [91]. 

Their paper also included a novel way of eliminating ‘dead zones’, this was accomplished 

by orthogonally polarising the target and reference arms of the Michelson interferometer. 

Once recombined target and reference pulses could be split using a polarising beam 

splitter and detected on independent detectors. For a single measurement over their 

maximum averaging time of 1 s the authors achieved a precision of 254 nm. 
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Yang et. al. [92,93] asked us to consider that in a dual-comb system a synthetic comb is 

produced in the frequency domain with separations of ∆f. These comb modes functioned 

in the same way as synthetic wavelengths do in MWI and the authors made successive 

measurements with varying combinations of comb modes each observed within one dual-

comb signal. Both systems employed two cavity enhanced frequency comb generators 

that were pumped by tuneable external cavity laser diodes that produced fully locked 

frequency combs when locked to a Rubidium clock. The systems were pumped by a single 

826 nm diode and operated at 80 MHz with a 50 kHz difference. The first paper [92] 

explores the concept that investigating higher order separation pairs of synthetic comb 

modes produced tighter averaging. Tests were also made over ~50 m and the system was 

found to be within 15 µm of an incremental HeNe interferometer. For the second 

paper [93] the authors used digital lock in phase detection to gather phases of individual 

modes of this synthetic comb. In total the authors took clean measurements off a total of 

15 comb modes again agreeing that wider spaced comb modes were able to provide lower 

standard deviations. This time the effect of varying averaging times, up to 1 s, was 

investigated by making lengthy stability measurements in excess of 30 minutes. In all 

cases this showed a downward trend meaning high averaging times was preferable. A 

constant measurement uncertainty of 10.4 µm was observed and this originated from the 

standard deviation on their synthetic wavelength. The text proposed that this method is 

superior to Fourier analysis but that the synthetic wavelength uncertainty is unavoidable 

so recommended the technique for long range systems.  

 

Behind the guise of a dual-comb measurements there are still two independent comb 

measurements being made. Usually, they are inherently hidden upon recombination, but 

they can be useful in retaining consistency along many ambiguity ranges as examined in 

Zhang et. al. [94]. Individually each comb produced differing ambiguity ranges as in Eq. 

1.22 & Eq. 1.23.  

 

𝐿 = 𝑚Λ + 𝐿  Eq. 1.22  

  

𝐿 = 𝑚Λ +  𝐿     Eq. 1.23 

 

Where Λ  represents the ambiguity range of each laser and Ln the length within the last 

ambiguity range and Labs the true distance to the target. m can be recovered using Eq. 

1.24.  
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𝑚 =
𝐿 − 𝐿

Λ − Λ
 

 

Eq. 1.24  

 

The authors made coincident distance measurements using both combs and solved Eq. 

1.22, Eq. 1.23 & Eq. 1.24 for measurements that replicated the precision and accuracy of 

a conventional dual-comb interferometer. The system utilised Erbium doped fibre lasers 

that were locked to a Rubidium clock at 250 MHz with tuning capabilities of 2.3 MHz 

and a 2 kHz difference. Measurements made in the first ambiguity range, m = 1, showed 

a 75.9 nm Allan deviation for a 1 s averaging time but interestingly only dropped to 

97.8 nm in the tenth, m = 10, a feature that is not easily replicated in conventional 

dual-comb systems. The work was continued in a subsequent paper [95], in which the 

system was made more compact with the dispensation of the reference arm of the 

interferometer. They also reported improvements in their m = 1 standard deviations from 

58.2 nm to 46.3 nm.   

 

In Li et. al. [96] the authors examined the effects that frep and fCEO noise had on the 

measurement results of a partially locked dual-comb system. They did this by first 

constructing a white noise model for both parameters. Simulated operation of the 

dual-comb setup, with a 5 kHz phase lock loop already applied to frep to simulate 

conventional locking, then included passage through two fibre Bragg gratings (FBG) 

centred at different wavelengths. These acted as filters that produced two different 

interferograms from one while phase retaining phase information. Upon reconstruction 

the phase jitter was removed thanks to the filtered interferograms having been defined in 

the model. Theoretically this led to vast improvements in distance measurements. The 

authors also discussed the difference in contribution that jitter in frep and fCEO have on a 

final result with the latter found to have a 76 times weaker effect on carrier phase.  They 

tested these findings experimentally on a dual 50 MHz Erbium doped fibre laser setup 

that was locked in frep and found a six-fold improvement in their residuals from 6 µm to 

1 µm. 

 

Dual-comb distance metrology need not necessitate two lasers as proved by Lin et. 

al. [97]. The Michelson interferometer techniques remained the same but a SWCNT-SA 

based Erbium doped fibre laser was employed as a dual wavelength modelocked comb 

source.  This meant that there were two wavelength mode peaks inside a single cavity. 
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One was centred at 1533 nm and the other at 1542 nm. This method of dual-comb 

production possessed numerous advantages, a significant one being that since all comb 

modes oscillated within the same cavity, their frep values maintained relative stability, 

meaning that ∆f was constant [98]. The interrogation technique on returning 

interferograms consisted of the Fourier analysis of the spectral phase outlined in 

Section 1.4.2. The authors tested the apparatus in an 80m tunnel which had built in 

interferometers for measurement comparison. The authors noted that a precision of 6 µm 

was achievable in the first ambiguity range and this rose to 13 µm at 70 m due to 

atmospheric influence.   

 

Moreover, it is possible to use a single comb to perform dual-comb metrology by rapidly 

switching its frep such that it heterodynes with itself as shown in Carlson et. al. [99]. Again 

this was an example of solving Eq. 1.22, Eq. 1.23 & Eq. 1.24 in post-processing, but in 

contrast to Zhang et. al. [94] they were solved in sequence. A rapid frep of 10.1 GHz was 

used as the accuracy of the system was inherently tied to this value but the ∆f value, 3.28 

MHz, remained comparatively similar to the other systems mentioned in this chapter. 

This ∆f was so chosen as it was an integer multiple of the fmod; the frequency at which frep 

was switched. Another advantage to this unusually large disparity between this frep and 

the others mentioned in this chapter was that their ambiguity range inherent to the system 

was 45.7 m. A figure usually only achieved in other systems via numerous extension 

methods. Using this method, the authors achieved an instantaneous precision of 1 µm in 

their measurements which fell to 90nm when averaged over 200 µs.  

 

More recently we have seen a return to the single figure nanometre precision results 

mentioned in Section 1.4.2 [83] in Zhu et. al. [100]. The authors plot a similar course to 

Coddington et. al. by anticipating the handover from time-of-flight measurements to 

carrier wave interferometry (CWI). This time arriving via synthetic wave interferometry 

(SWI). Unprecedented stability was achieved in their work thanks in part to a novel phase 

locking system [101]. frep1 and both fCEO frequencies were locked to stable RF sources, 

then a single mode CW laser was used to interrogate a single comb line from each laser 

through the use of low pass filtering (𝑓 = 𝑓 2⁄ ). These were mixed optically and 

then mixed with each other such that the remaining signal satisfied Eq. 1.25-Eq. 1.28.    
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𝑓 = 𝑓 + 𝑓  Eq. 1.25  

𝑓 = 𝑓 +  𝑓  Eq. 1.26 

𝑓 = 𝑓 −  𝑓 + 𝑓 − 𝑓  Eq. 1.27 

𝑓 = 𝑓 − 𝑓  Eq. 1.28 

 

Where fnCW is the noise on the CW laser and fn1 and fn2 are the noise on lasers 1 and 2 

respectively. By imprinting Eq. 1.28’s signal on their second laser through the use of a 

PZT and an intra-cavity electro-optic modulator the author’s accomplished two things. 

The first was the removal of environmental noise on frep2 as this is naturally similar to 

noise on frep1. The second was to imprint small fluctuations in frep1 onto frep2 thereby 

making the stability of ∆f very high. Since one laser was used to gate the other prioritising 

a stable ∆f led to a stable measurement index. The system locked frep1 to 56.090 MHz with 

a ∆f of 2 kHz. This was unusually low for the field, but it offered a high ambiguity range. 

Time-of-flight measurements yielded 8 µm precision which was not enough to bridge the 

gap to the 0.773 µm ambiguity range offered by CWI, so SWI was used as a mediator. 

Under averaging of more than 0.1 s the authors reported that a sub nanometre level of 

precision was achieved. In a follow up publication [102] the authors managed to improve 

the system by removing the SWI element.  Averaging over 20 ms allowed for a reduction 

of the TOF precision to the desired λ 4⁄  limit. CWI was then used to achieve a 2 nm 

level of precision over a 0.5 s averaging window. 

 

1.4.5. Summary and Further Discussion 

 

Table 4 contains a comprehensive list of dual-comb metrology systems. While there are 

a few outliers, the majority of the work has been undertaken using Erbium fibre lasers. 

These systems produce ambiguity ranges that are consistently in the region of 1 m. This 

is an obvious improvement over the wider variety seen in single comb systems. This is 

further compounded by the precision of these systems being near nanometre level in each 

case.   

 

In summary, the field of dual-comb distance metrology is an exciting field to contribute 

to and as evident from the systems discussed in this section, a Ti:sapphire laser system 



49 
 

would be a fresh contribution to a considerably narrow choice of lasing materials. After 

all, dual-comb Ti:sapphire lasers have been consistently at the forefront of dual-comb 

spectroscopy for a number of years [15].  

 

1.5. Thesis Structure 

 

The remainder of this thesis develops the readiness of Ti:sapphire lasers for distance 

metrology. In Chapter 2 I describe the development of a dual-comb Ti:sapphire laser 

system. In Chapter 3 the development of a Ti:sapphire frequency comb is presented with 

the supplementary inclusion of the fabrication and testing of a modelocking element 

incorporating single walled carbon nanotubes. In Chapter 4 I describe the deployment of 

the laser system from Chapter 2 in making absolute distance measurements down to 

nanometre levels of precision, including a pair of ambiguity range extension methods. 

And finally in Chapter 5 I describe what the future holds for this project and how the 

advantages using a solid state Ti:sapphire laser could be exploited for further gain.  
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Table 4 – Dual-Comb Measurement Systems Table 

Ref Lasing 
Material 

frep (of lowest) Df Averaging Time 
for Precision 

Measurement 
Precision 

Inherent 
Ambiguity Range 

Maximum 
Ambiguity Range 

Notes 

Time-of-Flight 

 

        

 [85] 2011 Er:Fiber 207.687 MHz 7 kHz 20 ms 200 nm 0.75 m - Free running version of first paper 

 [86] 2014 
 

Er:Fiber ~ 250 MHz 2 kHz 500 ms 82.9 nm 600 mm -  

 [87] 2015 Er:Fiber ~100 MHz  2 kHz - 1.3 µm - ~1.5m† †Time of flight measurements 

 [95] 2015 Er:Fibre 250 MHz 2 kHz 1 s 46.3 nm ~0.7 m   

 [88] 2018 Er: Fiber  74 MHz 2 kHz 5 ms 110 nm - -  

 [99] 2018 -* 10.1 GHz 3.28 MHz 200 µs 90 nm 45.7 m - *Laser Source not mentioned in text 

 [89] 2019 Er: Fiber 80.267 MHz 2 kHz 500 ms 2 µm - -  

Interferometric 

 

        

 [83] 2009 Er:Fiber 100.016 MHz 5 kHz 60 ms 5 nm 1.5 m 30 km First dual-comb ranging paper 

 [90] 2013 Er:Fiber 100 MHz 5 kHz 1 s 254 nm 1.5 m 5000 km  

 [92] 2014 Er:Fiber 80 MHz 50 kHz - 15 µm 16.3 mm   

 [94] 2014 Er:Fiber 250 MHz 2 kHz  1 s 58.2 nm – 116.9 
nm 

~0.7 m -  

 [93] 2015 CEFCG 80 MHz 50 kHz 1 s 10.4 µm  - 
 

CEFCG – Cavity Enhanced Frequency Comb 
Generator 

 [96] 2017 Er:Fibre 50 MHz 1 kHz - 1 µm 3 m -  

 [97] 2017 Er:Fiber 58.691 MHz 1 kHz 1 s 6 µm / 13 µm‡ >1 m - ‡at 70 m 

 [100] 2018 -* 56.090 MHz 2 kHz 0.1 s <1nm 2.67 m -  

 [102] 2019 -* 56.090 MHz 1 kHz 0.5s 2 nm  -  



 
 

51 
 

 

 

 

 

Chapter 2 - The Dual-Comb Ti:Sapphire 

Laser System 
 

2.1. Introduction 

 

In this chapter I describe the construction of a dual-comb Ti:sapphire laser system capable 

of absolute distance metrology with a precision of-nm. I will start by setting out the 

requirements that such a system needs to operate and describe how these ideals were 

applied to my system. The lasers in question operated at ~513 MHz with a repetition 

frequency separation of around 1 kHz. The system generated 54 - 63 fs pulses from each 

laser. Each fCEO can be measured using an f-to-2f interferometer and can be phase locked 

to a radio frequency source using a digital phase frequency detector and proportional-

integral amplifier. A typical fCEO lock can be maintained over half an hour. frep was also 

locked to a radio frequency source and was stable over an extended period of time of up 

to 13 hours. A full frequency comb lock, while limited to half an hour by the fCEO locking 

system, was able to run with little interference between the two. In concurrent operation, 

the systems generated phase noises of 234/124 mrad and 4 mrad for fCEO and frep 

respectively. 

 

The following chapter contains a number of contributions from postdoc Jinghua Sun. The 

design of the laser cavities and their mounting plates as well as partial construction of the 

laser cavities all occurred before I was involved in the project. Design and construction 

of the f-to-2f interferometers was also done by Jinghua with construction aided by myself. 
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2.2. Principles of Dual-Comb Metrology 

 

2.2.1. Optimisation of System Parameters 

 

The underlying dual-comb metrology techniques introduced in the previous chapter 

contain some very interesting principles, I will explore these in more detail in this section. 

In a conventional dual-comb system of slightly differing frep one comb steadily ‘walks’ 

through the other as shown in Fig. 2.1. It is the beats between these comb modes that 

produce conventional dual-comb interferograms [83,103].  

 

 
Fig. 2.1: Dual frequency combs in the frequency domain. Laser 1 is indicated by the untipped lines and laser 2 is 
indicated the black tipped lines. In this idealised example their fCEO values are the same, frep2( = 510 MHz) is slightly 
larger than frep1( = 500 MHz), it is clear to see that the beats between the combs will be smaller at the lower frequency 
part of the spectrum than they are at the higher frequency part. Inset: shows the linear relationship between mode pair 
and frequency difference. 

 

These mode beats can be thought of as a separate frequency comb in the RF domain with 

a mode separation of ∆f represented in Eq. 2.1. 

 

∆𝑓 = 𝑓 − 𝑓  Eq. 2.1  

 

The combined or RF frequency comb is shown in Fig. 2.2.  

 

 
Fig. 2.2: RF comb lines from the example shown in Fig. 2.1, these are produced by the interference between two nearby 
optical comb lines in two independent frequency combs and are separated by the difference in repetition frequencies 
of the two lasers, ∆f. 
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A higher bandwidth laser will contain a greater number of comb lines across its spectrum, 

this also allows a greater frequency difference to accumulate between the lowest and 

highest frequency comb-mode pairs. This leads to an interesting set of special aliasing 

conditions when the combined comb modes approach frep/2. An aliasing RF comb 

produces an isolated optical frequency comb line that is greater than frep/2 away from 

either of its closest counterparts. This scenario is shown in Fig. 2.3, and a number of 

situations that can fulfil these alias conditions are described below.  

 

 
Fig. 2.3: Dual frequency combs in the frequency domain. frep1 remains at 500 MHz, this time frep2 is too large at 525 
MHz and leads to there being an isolated comb mode from laser 1 encircled here in red. The comb modes from laser 2 
on either side are closer to their outer counterparts from laser 1. The wrapping around frep/2 is shown inset.  

 

The condition for no aliasing is shown in Eq. 2.2 where ∆ν  is the optical bandwidth of 

the primary laser, ∆ν  is the RF bandwidth of the combined interference comb and the 

other symbols have their usual meanings. The bracketed term is equivalent to the number 

of mode pairs across the bandwidth ∆ν . As frep is something that is difficult to 

manipulate to a large degree in any mode locked laser, this usually acts an anchor that is 

used to define the rest of the values. Careful selection of ∆f in conjunction with 

consideration for the laser’s frep and bandwidth is key in avoiding violation of the Nyquist 

condition3 

 

𝑅𝐹 𝐵𝑎𝑛𝑑𝑤𝑖𝑑𝑡ℎ =  ∆ν =
∆ν

𝑓
∆𝑓 ≤

𝑓
2 

Eq. 2.2  

 

Repetition rate difference, however, is just one link in the chain. The true art lies in 

choosing the appropriate values for a number of variables such as: repetition rate 

 
3 In a general case, the Nyquist-Shannon sampling condition dictates that for a signal whose Fourier 
transforms are zero outside a given region and have a bandwidth B. The sampling rate must be large enough, 
2B samples per second, to allow for perfect fidelity of the function. Thereby causing no information to be 
lost in the sampling process [143]. 
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difference, ∆f; carrier envelope offset frequency, fCEO; and even the repetition rate itself, 

frep. Their effects on resulting dual-comb signal have been extensively modelled [104]. 

Using the notation set out in Chapter 1 the standard equation for a frequency comb is 

shown in Eq. 2.3. 

𝑓 = 𝑓 + 𝑛𝑓  Eq. 2.3 

 

Inclusive of all hypothetical modes leading up to an optical spectrum, each comb mode 

carries with it a mode number, n. For many lasers, typical mode numbers can be in the 

hundreds of thousands. Since frep is the equivalent mode separation, any movement in ∆f 

is felt n-fold in the RF comb. This calls for very stringent locking of frep. On a much 

smaller scale however, variations in fCEO will also be felt in the RF comb and choosing 

appropriate values for each should be taken into consideration. An example of this 

appears when considering how the sampling rate of the measurement device compares 

with the RF carrier frequency. In many detection systems the sampling rate is dictated by 

frep so an appropriate carrier frequency must be found by careful selection of frep and fCEO. 

A general case where the sampling rate is equivalent to frep and the carrier is centred 

around frep/4 is shown in Fig. 2.4.   

 

 
Fig. 2.4: Hypothetical sampling of a single interferogram. The central carrier frequency (frep/4) is a factor of the 
sampling rate (frep/2) and this allows the accurate sampling of the shape of the interferogram. The interferogram is 
sampled well at the peaks and troughs of the carrier wave and little information is lost. 

 

Here the sample points accurately show the shape of the interferogram, each peak and 

trough of the carrier wave is accurately sampled. In another example shown in Fig. 2.5 

the carrier frequency has been increased to near frep/2. This time each sampling point must 

describe nearly half a waveform.   
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Fig. 2.5: Hypothetical sampling of a single interferogram where the central carrier frequency (>frep/4) is now not a 
factor of the sampling rate (frep) and this hides the true shape of the interferogram. Each sample point around the centre 
lies roughly at a maxima or minima and towards the edge of the interferogram they are near zero. 

 

A second special condition is shown in Fig. 2.6 where the carrier frequency has been 

moved closer to zero. 

 

 
Fig. 2.6: A further hypothetical sampling of a single interferogram. This time the central carrier frequency (<frep/4) is 
now very small. The interferogram is accurately sampled by the datapoints, but in this case the carrier frequency does 
not provide enough information about interferogram location.  

 

These cases can act as a detriment to the final measurement precision as the interferogram 

envelope is not accurately described. With this in mind, special care must be taken to 

ensure that the carrier closely matches a factor of the sample rate, but up-sampling may 

also be used to account for this missing information. While wide variations of ∆f lead to 

measurement inaccuracies thanks to the Nyquist limits being approached, the sampling 

inaccuracies described here happen on a much smaller scale [105]. Special care must be 

taken in choosing ∆f. 
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2.2.2. Benefits of Using Ti:Sapphire Lasers and Comparison with Fibre 

Lasers 

 

Until now, dual-comb metrology has primarily been undertaken using Er:fibre lasers. 

Fibre lasers offer a very stable environment to build frequency comb metrology systems 

in. In some cases even measurements made using free-running lasers have provided 

precisions of ~200 nm [85] and 84.9 nm [86]. Fibre lasers also lend themselves more 

naturally to generation of multiple wavelength peaks within the same cavity [97]. I will 

explore this in an analogous form with the performance of two colour measurements in 

Chapter 4 also.  

 

Rigorous locking systems are still required in systems of all types to achieve nanometre 

level precisions [83,100]. Typical fibre lasers so far used in distance metrology have 

spectral bandwidths of around 5 nm  [83,85] and typically a modelocked Ti:sapphire 

system allows for more oscillating modes within the cavity with shorter pulses as a result. 

Shorter pulses allowed for investigation of the possibility of making two colour 

measurements using light from either end of the laser spectrum. 

 

2.3. Ti:sapphire Laser Design and Performance 

 

2.3.1. Ti:sapphire Laser Design Overview 

 

A diagram of the layout of the dual-comb Ti:sapphire system is included as Fig. 2.7 and 

numerical annotations as Table 5. The system produced pulses at ~513 MHz from a 58 cm 

ring cavity. Lines in and out leading to the fCEO and frep locking systems are included and 

the locking systems themselves are included as Fig. 2.16 and Fig. 2.22.  
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Fig. 2.7: Full layout of bench mounted dual-comb Ti:sapphire laser system. The numerical key is included in Table 5. 
The green lines represent the pump beam at 532 nm, the red beam represents the Ti:sapphire produced beam at 783 
nm and the yellow beam represents supercontinuum spanning at least 532 – 1064 nm. The whole area is contained 
within a perspex box to reduce airflow over the whole system. The thin dotted lines surrounding the laser cavities 
represent a secondary perspex box constructed to preserve stability in the cavity if the outer box requires opening. The 
larger dotted lines represent a rail mounting system for the f-to-2f interferometer. Polarisation directions are included 
at the beams exit from the box, the beams were oppositely polarised thanks to the probe laser’s detour through the λ/4 
waveplate and M6.   
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Table 5 – Parts List 

Table 5 contains a parts list of the aforementioned dual-comb Ti:sapphire laser system.  

No. Part Notes 
P1 532 nm DPSS 12 W pump laser Lighthouse Photonics Sprout H12NH 
M1 Ø1” 400 – 750 nm broadband dielectric mirror  
BS1 Ø1” 512 – 732 nm 50:50 beam splitter  
P2 Acousto optic modulator (AOM) Used for Pump Power Modulation for fCEO Lock 
L1 Ø½”  plano-convex focusing lens  
M2 Ø½” 720 – 820 nm concave mirror (r = 50 mm) No AR back coating for rear launch  
P3 Brewster cut Ti:Sapphire crystal  
M3 Ø½”   720 – 820 nm concave mirror (r = 50 mm)  
M4 Ø½” 800 nm -500 fs2 GTI mirror With PZT mounting for cavity length modulation 
P4 Adjustable hard aperture  
W Dual glass wedges Left Wedge Insertion is Controlled by Stepper Motor 

Controlled Translation Stage for Coarse fCEO Control 
D1  2 GHz free space 400 – 1100 nm photodetector Used to monitor and provide feedback on frep 
M5 ½” x ½” Silver mirror  
D2  High resolution 700 – 900 nm spectrometer Option for Optical Fibre Input 
OC Ø½” 5% 720 – 820 nm output coupler  
λ/2  Ø½” 808 nm λ/2 waveplate in rotational mount  Used in conjunction with PBS (16.) for power 

distribution between output beam and f-to-2f 
interfereometer 

PBS  10 mm x 10 mm 800 nm polarising beam splitter cube (Abbr. PBS) 
λ/4 Ø½” 808 nm λ/4 waveplate in rotational mount Ensures Beam Passes Straight Back Through PBS 
M6 Ø1” Silver mirror Bounce off this mirror allows for greater control of 

beam direction 
M7-M8 Ø1” Silver mirror Allows beam to be walked into Fibre Launch Stage at 

23.-24. 
λ/2 Ø½” 808 nm λ/2 waveplate in rotational mount Adjustable for Polarisation Dependent LBO Crystal 

at 27. 
M9 & 
M10  

Pair of Ø½” 700 – 900 nm GTI mirrors  
(one at -400 fs2 and one at -500 fs2) 

Dispersion Compensation Entry into Supercontinuum 
Generating Fibre 

L2 f = 7.23 mm aspherical fibre focusing lens  
PCF  20 cm supercontinuum generating fibre NKT Photonics (NL-MP-750) 
POL  Ø1” Polariser Ensures LBO crystal receives correctly polarised 

light 
L3 Ø½” Plano-convex lens in adjustable x-y mount Focuses light onto leading edge of LBO crystal 
P5 LiB3O5 (LBO) Frequency doubling crystal Converts light from 1064 nm -> 532 nm 
L4 Ø½” Plano-convex lens in adjustable x-y mount Collimates light after LBO crystal 
P6  Ø1” 532 nm narrow band optical filter  

M11 45° Silver wedge mirror  
P7 Wollaston prism Phase correction for detection. 

M12 Concave silver mirror Recombines separated Wollaston prism beams on 
interior prism surface 

M13 ½” x ½” Silver Mirror  
D3  Silicon avalanche photodetector 200 – 1000 nm Detects fCEO beat 

M14 45° Silver wedge mirror  

 

 

2.3.2. Laser Cavity Design 

 

The system utilised a single 12 W diode pumped solid-state laser (P1) as a pump source, 

divided over the two Ti:sapphire cavities by using a 50:50 beam splitter (BS1). The pump 

source had a beam diameter of 2.3 mm at a wavelength of 532 nm and a beam quality 

(M2) approaching 14. A plano-convex lens of focal length f = 50 mm (L1) was used to 

focus the pump beam through one mirror of the cavity and on to the surface of the 

 
4 For an explanation of M2 beam quality measurements see Section 3.2.2.3. 
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Brewster-cut crystal (P3). The beam waist of the pump laser was calculated using the 

Abbe diffraction limit [106] which assumes a plane wave beam and that a compound lens 

is formed of the lens at L1 and the rear of the pump mirror at M2. The full width half 

maximum (FWHM) of the resultant focused pump beam is given by Eq. 2.4 where 𝑠𝑖𝑛 𝜃 

is the beam convergence angle produced by the compound lens and n is the refractive 

index. A FWHM of 11.6 µm was calculated using this method which indicated a beam 

waist of 19.7 µm. 

 

𝐹𝑊𝐻𝑀 =
λ

2𝑛𝑠𝑖𝑛𝜃
  

Eq. 2.4 

  

 

A crystal’s figure of merit is a useful performance metric for comparing crystals and is 

defined as the ratio of absorption coefficients for the pump wavelength and emission 

wavelength where the absorption coefficient is defined by how readily light of a certain 

wavelength is absorbed by a given material. The crystal was 4 x 4 x 4.5 mm with a figure 

of merit of >100. The absorption coefficient of the crystal was not given by the 

manufacturer with only “>85% absorption” available. The size of the Ti:sapphire mode 

was 18.3 µm.  The Ti:sapphire mode was collimated by a curved mirror of radius 50 mm 

(M3) and this was followed by a dispersion compensating GTI mirror (M4) with a 

dispersion of -500 fs2. The GTI mirror was attached to a piezoelectric transducer (PZT), 

allowing for fine control of the cavity length, and by extension frep. After this were two 

parallel wedges (W), the insertion of one wedge could be controlled allowing for coarse 

control of the fCEO of each laser. This was operated electronically via a Raspberry Pi 

computer removing the need for either box to be opened during operation. After the 

wedges sat a 5% output coupler (OC). The mode then crossed its previous path and was 

refocussed onto the crystal by a curved mirror of radius 50 mm (M2) that previously 

provided an entrance to the cavity. The probe laser typically produced 800 mW of output 

power and the LO produced 500 mW. The difference in powers coming from the slightly 

differing crystal positions both rotationally and linearly. A cavity model is included as 

Fig. 2.8.  
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Fig. 2.8: Mode radii in the cavity showing a beam size within the Ti:sapphire crystal of 18.3 µm. The folding angle for 
the cavity was 9.2°.  

 

The ring cavity produced two outputs in the laser’s CW state, but only one Ti:sapphire 

beam once modelocking was initiated. A slit (P4) within the cavity was used to increase 

losses and destabilise the CW regime within the cavity. As described in Fig. 2.7, a λ/2 

waveplate in conjunction with a polarising beam splitter (PBS) after the output coupler 

was used to allow power to be divided between the dual-comb metrology experiment and 

f-to-2f interferometer. The probe laser beam was steered past the LO laser’s output 

coupler using a mirror (M6) and λ/4 waveplate arrangement.  Each laser required a small 

nudge to initiate modelocking. Self-starting was occasionally observed but has not been 

documented5.  

 

2.3.3. Laser Modelocking Performance 

 

Each laser operated at 513 MHz and an RF spectrum of each laser output is included as 

Fig. 2.9. Both laser’s spectra were free from sidebands, indicating that each laser was free 

from Q-switching6. A slope efficiency measurement of both lasers is included as Fig. 2.10 

with straight line fits included in the figure along with the gradient and y-intercept of the 

line. In both cases the gradient of the line for CW operation (0.27 for the probe and 0.24 

for the LO) was larger than that of modelocked operation (0.24 and 0.20 respectively) but 

 
5 In one instance, when modelocking was initiated, two fully modelocked output beams were observed 
oscillating in the same direction with a transverse mode shape similar to TEM01. This was only observed 
once. 
6 Q-Switching is a mode of laser oscillation that also generates pulses but is distinct from modelocking in 
that it generates short pulses (10-20 ns) [1] and not ultrashort pulses (<1 ns). Cavities may be designed to 
promote Q-switching [144] but in many lasers such as the ones in this thesis it is observed at low pump 
powers that still allow for pulsed operation. Increasing the pump power allows for modelocking to be fully 
realised. Q-switching is characterised in this context by the appearance of sidebands around the repetition 
frequency and a pulse train that varies in peak pulse power.  
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stable operation in this regime was maintained by cavity optimisation. The pump laser’s 

output power was controlled through the manufacturers software and was stable to 

<±0.25% rms. 

 
Fig. 2.9: RF Spectrum of both lasers in an unlocked and locked state. The locking scheme is discussed in Section 2.5. 
The absence of sidebands in any of the images suggests that the laser was fully modelocked and not Q –switching.  

 

 
Fig. 2.10: Slope efficiency of the laser pair. Approximate power was recorded as the incident power is only measurable 
before the 50:50 beam splitter due to mechanical obstruction, so the absolute efficiency of the 50:50 beam splitter was 
assumed. The equations for each straight-line fit are included on the plot. 
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An autocorrelation trace of the probe and LO lasers are included as Fig. 2.11 and Fig. 

2.12 respectively, showing a pulse duration of 217 fs in the probe and 121 fs in the LO. 

This was calculated using the FWHM of the acquired fit to the data. The true pulse 

duration is likely to be shorter, however, thanks to the dispersion of the OC, PBS and the 

λ/2 waveplate from Fig. 2.7 and Table 5, as these cannot be removed to perform the 

measurement. The transform limited pulse duration was calculated through inference 

from the laser spectrum and for the probe and LO lasers respectively this was 54 fs and 

63 fs. The measured pulse duration in the probe laser is considerably larger than that of 

the LO due to the λ/4 waveplate and the extra pass through the PBS required for beam 

pointing. The ~10-20 mm of optical elements that each beam travels through before 

measurement goes some way to explaining the small disparity between the fit lines and 

the data [107]. The chirp on the pulses between the PBS and M7—in both lasers—was 

2000 fs2 and this was compensated for with the GTI mirrors (Fig. 2.7, M9 & M10) before 

fibre launching into the f-to-2f interferometer. In Fig. 2.11 & Fig. 2.12 the pulse envelopes 

are shown demonstrating the effect the extra path length through optics had on the pulse 

width on the probe laser. This effect is not compensated for in the production of the 

supercontinuum for f-to-2f locking but was observed in the beam used for metrology.  
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Fig. 2.11: a) Autocorrelation trace from the probe laser showing a FWHM in the fit of 217 fs, without the added chirp 
of 4000 fs2 this is 54 fs. b) Optical spectrum from the probe laser centred around 784 nm. c) Pulse envelopes for the 
probe laser after travelling through ~20 mm of optics.   
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Fig. 2.12: a) Autocorrelation trace from the LO laser showing a FWHM in the fit of 121 fs, without the added chirp of 
2000 fs2 this is 63 fs. b) Optical spectrum from the LO laser centred around 783 nm. c) Pulse envelope shapes for the 
probe laser after travelling through ~10mm of optics. 

 

2.4. f-to-2f Interferometer and Carrier Envelope Offset 

Frequency Detection 

 

2.4.1. fCEO detection 

 

The fCEO frequency was detected using an f-to-2f interferometer. The basic principle of 

an f-to-2f interferometer was outlined in Section 1.1.2.3 and the components are shown 

within Fig. 2.7. A supplementary photograph with annotations taken from Table 5 is 

included as Fig. 2.13 and a thorough outline is included as Fig. 2.14.  
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Fig. 2.13: Annotated photograph showing the rail mounted f-to-2f interferometer with component list from Table 5. 

 

 
Fig. 2.14: An overview of the rail-mounted f-to-2f interferometer. The octave spanning supercontinuum is created from 
a photonic crystal fibre (PCF). It is then polarised (POL) and passes through a focusing lens (L3). The beam was then 
focused onto the surface of an LiB3O5 (LBO) crystal (P5), this doubles light at 1064 nm to 532 nm. The light was then 
collimated, and both the frequency doubled light and light already at that wavelength was filtered (P6). A Wollaston 
prism (P7) was placed on a translation stage for controlled insertion and works bidirectionally. The light is reflected 
back through the prism using a curved mirror at position and the fCEO of the laser is detected on a Silicon avalanche 
photodiode (34). 

 

The whole f-to-2f apparatus was mounted on rails and the fibre launch of the beam into 

the PCF was the only thing which generally required regular maintenance. In fact, the 

f-to-2f interferometer from the probe laser was used to generate the fCEO beat from the 

diode pumped Ti:sapphire laser in Chapter 3 [56] with only PCF alignment required. 

Once a strong enough supercontinuum was created a λ/2 waveplate (after M8 in Fig. 2.7) 

could be iteratively adjusted along with angled insertion of the Wollaston prism used to 

compensate for the group delay difference between the two signals [108]. A typical 
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unlocked fCEO signal is included as Fig. 2.15. It is important to note that in the figure, not 

only are fCEO and frep visible from the f-to-2f interferometers output, but also that frep-fCEO 

is visible. For ease, I will refer to the line closest to zero as ‘fCEO’ but, from a simple 

observation such as this one, it is impossible to tell which is fCEO and which is frep-fCEO. 

For most purposes, however, simple locking of the closest signal to 0 Hz is adequate. 

 

 
Fig. 2.15: Raw spectrum analyser signal from the probe laser’s f-to-2f interferometer showing clearly the laser’s  fCEO, 
frep-fCEO and frep signals. 

 

2.4.2. fCEO Locking 

 

Once an fCEO signal of ~30-40 dB S/N was achieved then locking could be initiated. A 

diagram for the locking loop is shown in Fig. 2.16. Initially, the fCEO signal was bandpass 

filtered to remove frep-fCEO and frep. Then the signal was passed through a dual-channel 

comparator to create a digital signal of the same frequency as the fCEO signal.  A 20 MHz 

reference frequency was passed through the other comparator channel. Each signal then 

entered one of two channels on a 4-bit digital phase frequency detector (PFD). The output 

of the PFD was then pre-processed for locking by a proportional-integral (PI) amplifier. 

The fCEO locking signal of this system was controlled via an acousto-optic-modulator. 

These require a dedicated frequency input signal, so a voltage variable attenuator (VVA) 

was used to imprint the PI locking signal onto an 80 MHz signal provided by a referenced 

signal generator [109].   
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1 

Fig. 2.16: Schematic diagram of the fCEO locking loop for a single frequency comb. Pink arrows represent observation points for the various accompanying scope examples. 
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2.4.2.1. Power Spectral Density Analysis 

 

A power spectral density (PSD) of a signal is a representation of noise contained within 

a signal as a function of frequency and is gathered through a Fourier-transform 

analysis [110]. For this, a couple of terms need to be defined. The first is the 

autocovariance sequence [111], 𝑟(𝑘) defined in Eq. 2.5. This requires the definition of 

the operator 𝐸{∙}, the expectation operator. This averages over the length of the dataset 

and gives a zero mean when operated on the discrete time signal as in Eq. 2.6. 

 

𝑟(𝑘) = 𝐸{𝑦(𝑡)𝑦∗(𝑡 − 𝑘)} Eq. 2.5  

𝐸{𝑦(𝑡)} = 0 Eq. 2.6 

 

Here, 𝑦∗is the complex-conjugate of 𝑦. The PSD as a function of angular frequency, 𝜑(𝜔) 

is calculated by performing a discrete time Fourier transform of the covariance sequence 

shown in Eq. 2.7. 

 

𝜑(𝜔) = 𝑟(𝑘)𝑒  
Eq. 2.7  

 

This allows us to view the frequency content of a discrete time signal which can be plotted 

as in the left axis of Fig. 2.17. Conventionally an integral summation of the frequency 

content is also shown (included as the right axis in the figure.) This is done to aid in the 

reading of the plot as frequencies with a higher gradient in their cumulative phase noise 

point to higher phase noise in their PSDs. 

 

A phase noise PSD of the fCEO lock of both lasers is included as Fig. 2.17. At 1 Hz the 

probe and LO lasers produced cumulative phase noises of 234 and 124 mrad respectively. 

The included plots were taken when the laser was under fully locked conditions. The 

purpose of this was to accurately depict the working conditions of the laser system. Of 

course, isolating the single lock and performing PSD measurements might produce a 

quieter result, but it would not accurately show the minimised crosstalk between the two 

systems.  
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Fig. 2.17: PSDs of lock on fCEO for probe (a) and LO (b) while the system is under full frep and fCEO lock. At 1 Hz the 
probe laser produces a cumulative phase noise of 234 mrad and the LO laser produces 124 mrad. 234 mrad and 
124 mrad are equivalent to 718 ps and 380 ps in 1 second respectively. 

 

2.4.2.2. Allan Deviation Analysis  

 

The Allan variance is a measure of frequency stability and is frequently used to evaluate 

atomic clocks, but it is equally applicable in the context of the evaluation of a laser 

frequency comb. An ordinary standard deviation measurement, 𝜎, is gathered by 

subtracting each data point from the mean, squaring the result, then summing all of the 

squared values. This number is then divided by the number of data points minus one (this 



 
 

70 
 

is because one degree of freedom has been removed by calculating the mean value) and 

finally the square root is taken. This is an accurate descriptor of a series of independent 

measurements like the roll of a dice or a coin flip. But in the case of a non-ideal frequency 

comb, again, analogous to an atomic clock, the most common issue is a frequency walk 

off. The initial mean calculation inherent to standard deviation calculations therefore 

makes it an inaccurate descriptor as each successive measurement also carries with it the 

deviations from the norm of all the previous points. With this in mind a measurement 

designed for time based acquisitions is required, the Allan deviation [112]. For this we 

must consider multiple sequential time error measurements, 𝑥 , 𝑥  and 𝑥  separated 

by a time interval 𝜏. The normalised frequency departure averaged between the first two 

values n and n+1 can be written as Eq. 2.8 also expressible as Eq. 2.9.  

 

𝑦 =
(𝑥 − 𝑥 )

𝜏
 

Eq. 2.8  

𝑦 =
∆𝑥

𝜏
 

Eq. 2.9 

 

The same is also true for 𝑦  in Eq. 2.10 and Eq. 2.11.  

 

𝑦 =
(𝑥 − 𝑥 )

𝜏
 

 Eq. 2.10  

𝑦 =
∆𝑥

𝜏
 

Eq. 2.11 

 

The instability in the source for its frequency averaged from one 𝜏 interval to the next is 

represented by Eq. 2.12 and Eq. 2.13. 

 

𝑦 − 𝑦 = ∆𝑦  Eq. 2.12  

𝑦 − 𝑦 = ∆𝑦  Eq. 2.13 

 

The difference of these is represented by ∆  and can be written as Eq. 2.14. 

 

∆𝑦 = ∆ 𝑥 𝜏⁄ = (𝑥 − 2𝑥 + 𝑥 ) 𝜏⁄  Eq. 2.14  
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The sum of these squares of  ∆  from 1 to N-2 (where N is the number of data points) and 

then divide by 2(N-2) gives the Allan variance. Expressed in full in Eq. 2.15 where ‘<>’ 

represents an infinite time average [113].  

 

𝜎 (𝜏) =
1

2𝜏
⟨(∆ 𝑥) ⟩ =

1

2
⟨(∆𝑦) ⟩ 

Eq. 2.15  

 

In the form of a sum the Allan variance can be estimated as Eq. 2.16  [114]. If there is no 

dead time between the measurements then we can write 𝜏 as an integer multiple of 𝜏 , 

where 𝜏  is the smallest spacing between data points, where 𝜏 = 𝑚𝜏  and m is an integer. 

 

𝜎 (𝜏) =
1

2(𝑁 − 2)𝜏
(𝑥 − 2𝑥 + 𝑥 )  

 

Eq. 2.16  

𝜎 (𝑚𝜏 ) =
1

2(𝑁 − 2𝑚)𝑚 𝜏
(𝑥 − 2𝑥 + 𝑥 )  

 
Eq. 2.17 

 

The square root of this variance gives the Allan deviation 𝜎. When performed for 

successive increasing 𝜏 values—or, more inherently, successive m values—then we can 

account for trends in the data but also by plotting the Allan deviation by 𝜏 values the type 

of trend can be identified. These trends are explained in Table 6. It is also useful to 

consider that a continuous reduction in Allan deviation over increasing 𝜏 means that 

averaging is useful. 

 

Table 6 – Types of Noise from Allan Deviation Measurements 

Gradient in Allan deviation Type of Noise 

-2 Random Walk Frequency Modulation 

-1 Flicker Frequency Modulation 

0 White Frequency Modulation 

+1 Flicker Phase Modulation 

+2 White Phase Modulation 
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The Allan deviation7 of each laser’s fCEO signal is included as Fig. 2.18. The continuous 

downward trajectory of the LO laser is indicative that further averaging is still useful, but 

the handover to a white frequency modulation in the probe laser suggests that the 

averaging limit was reached at the 15 s mark. Averaging remaining useful for a 

measurement time as long as 15 s also means that for the absolute ranging experiments 

conducted in Chapter 4—whose averaging times are just short of 5 s—averaging will 

remain useful. 

 
Fig. 2.18: The raw data shown in (a) has been mixed down from 23.2 MHz indicating that the lock was achieved at 
23.25 MHz. The gate time was 1000 ms. b) Allan variance analysis of fCEO lock on the LO laser.  

 

 

2.5. Repetition-rate Stabilisation Electronics 

 

In this section I describe the development of the frep locking arrangement from its infancy 

to the final design. The final design does not contain direct digital synthesis (DDS) 

boards, but for a significant portion of the project they formed the centrepiece. Detection 

of the laser’s repetition frequency, frep, was a simple case of using a spurious reflection 

from one of the two wedges in the cavity and this was incident on a 2 GHz silicon 

photodetector. 

 
7 The Allan deviation plots in this thesis have been calculated using a code sourced from M. A. 
Hopcroft [145]. This code was used as it accounts for a number of special conditions such as the gap 
between data points not being uniform. It also handles datasets where 𝜏 < 1 𝑠 better than others.  
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2.5.1. DDS Lock Box Development 

 

Direct digital synthesis involves the production of an analogue frequency directly from a 

digital signal. In most cases, this is done using a clocking frequency, and one of the 

benefits of this is that proportionality is maintained between the clocking frequency and 

the output frequency. With this in mind, two boards, both clocked at the probe frep could 

introduce a proportionality between the two lasers that would lock them with a very 

consistent ∆f [115]. A schematic of the DDS board locking arrangement is shown in Fig. 

2.19 on page 74. 

 

The second harmonic of the repetition rate of the probe laser (~ 1 GHz) is locked to a 

10 MHz referenced radio frequency source shown on the diagram as QuickSyn (referring 

to the synthesiser brand). This was done by mixing the raw signals and low pass filtering 

the result. This produced a probe ‘monitor frequency’ which was fed into a PI circuit 

board with a fixed corner frequency. The probe frep was also used to clock both DDS 

boards. The DDS boards were then set to replicate the idealised laser system with board 

1 being a standard 200 MHz and board 2 set to have 200𝑀𝐻𝑧 − ∆𝑓′. Where ∆𝑓′ is the 

ideal difference between the two lasers. 𝑓 ,  and the repetition rate of the LO laser, 

which can be represented by 𝑓 , + ∆𝑓  where ∆𝑓 is the true difference between 

the two repetition rates, were then mixed with the respective outputs of the DDS boards.
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2 1 

Fig. 2.19: Schematic of DDS board locking box arrangement imprinting a ∆𝑓 difference on the second harmonic of the two lasers. In this case frep,LO is represented by frep,probe + ∆𝑓. 
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With appropriate filtering frep,probe and the 200 MHz carrier frequency from the DDS 

boards were mixed out leaving ∆𝑓 − ∆𝑓. ∆𝑓 − ∆𝑓 is the difference between the true 

difference between the repetition rates and the ideal difference. The ideal difference was 

proportional to the frep,probe. This error signal was then fed into another PI circuit. Both PI 

circuits were then used to drive two high bandwidth PZT actuators. 

 

One parameter not covered by the PI circuits was longer term length changes of the cavity. 

Under its own steam the locking system described above provided a full lock for just over 

five minutes. A second longer travel PZT was included behind the first to compensate for 

this. A computer program read the PI outputs to the fast PZT and fed this information 

back to voltage corrections in the slow PZT. With this drift program active, the lasers 

could maintain a full lock for up to 14 hours. A plot of the voltage supplied to the driving 

amplifiers for the long travel PZT during an extended lock is included as Fig. 2.20. The 

data shown were taken overnight and this can be seen reflected in the shape. Initially the 

two lasers required a steep increase in the voltage supplied to the PZT and a further 

decrease towards the end of the lock. This is because the overall temperature of the 

building cools overnight thanks to several factors such as outside temperature, building 

heating shutoff and general lab activity.  

 

 
Fig. 2.20: The voltage supplied to the pre-amplifier for long travel PZT for an extended period of locking. 

  

At the very start the recent closure of the box caused a period of instability in the lock 

thanks to the temperature settling within the box. Other factors that may have contributed 

to the oscillating nature observed in the data are the periodic start-up and shut-off of the 

air conditioning in the building.  
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An Allan deviation plot of both repetition rates is included as Fig. 2.21 with the data 

indicating that much of the noise on the signal comes from flicker frequency modulation 

which is inherent to many electronic devices. The continuous downward slope is also 

indicative that averaging further improved results. While the locking provided by this 

system was adequate, there was unavoidable interference through the mixers depicted in 

Fig. 2.19. It also may have been the same sources of noise observed Fig. 2.21.  

 

 
Fig. 2.21: The frequency data in (a) has been mixed down from a 1023 MHz carrier frequency, indicating that the two 
lasers were locked at around 1024.9 MHz. The gate time was 500 ms. b) Allan variance plot of a dual frep lock over 
~2500s. 

 

2.5.2. Final Design 

 

The next iteration of the locking loop design included separated locking loops for both 

frep,probe and frep,LO, and the removal of the ∆𝑓 monitor line. This design is included as Fig. 

2.22. In this case the symbols retain their meaning and the QuickSyn produced a 1026 

MHz signal which the probe laser was locked to. The second QuickSyn, referenced to the 

same 10 MHz source as the first, produced a signal at 1026 MHz + ∆𝑓′where ∆𝑓′ is the 

desired difference between the two lasers and the LO laser was independently locked to 

this signal. 
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Fig. 2.22: Locking loop design for separate locking loops. Note the removal of the ∆𝑓 monitor line. In this case ∆𝑓 is 
the true difference between the two lasers and ∆𝑓′ is the desired difference. 

 

This iteration of the locking loop design vastly improved the quality of the frep lock and 

removed crosstalk between the two loops. Example PSDs of both frep locking loops are 

included in Fig. 2.23. Only one dataset is included from the same data collection cycle as 

shown in Fig. 2.17 and this is because calibration of a PSD of this type required breaking 

the lock. A supplementary separate PSD measurement of the frep of the probe laser is 

included in the figure. Here a different corner frequency on the fCEO locking loop was 

used showing that the general shape was subject to crosstalk between the two systems but 

the absolute noise level at 1 Hz is reasonably consistent. 

 

The final design of the locking system involved the replacement of the integrated PI 

circuits with fixed corner frequencies with the same dedicated PI boxes from the fCEO 

locking loop. Locked spectra of the frep frequencies were included in Fig. 2.9 on page 61. 

 



 
 

78 
 

  

 
Fig. 2.23: frep PSDs of the probe (a) and LO (b) lasers. Both are performed under a full dual-comb lock and the LO 
made under the same lock as in Fig. 2.17. The probe uses a different corner frequency (3 kHz) for the fCEO locking loop 
shows a cumulative phase nosie of 4 mrad at 1 Hz and the LO also shows the 4 mrad at 1 Hz and uses the fCEO corner 
frequency of the final design, 300 Hz. 4 mrad is equivalent to 1.2 ps in 1 second. 

 

2.6. Pre-Metrology Evaluation of Interferograms 

 

2.6.1. Simple Combination Experiment 

 

Throughout the development of these locking systems, it was necessary to evaluate their 

performance as an ensemble; up to this point I have largely discussed individual 
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performance metrics. Evaluating a simple set of interferograms produced by combining 

both lasers on a detector was a useful tool for gauging the early performance of the system 

as an ensemble. Fig. 2.24 shows the interferogram resulting from the two frequency 

combs being incident on a single detector. The frep of the probe and LO lasers were 

512.7785 MHz and 512.7797 MHz, and using the analysis presented below the repetition 

rate difference between the two can be measured to be 1.2 kHz. Each fCEO was locked to 

21 MHz.  

 

 
Fig. 2.24: a) Interferograms produced by simply combining the beams of the two frequency combs and observing the 
resulting signal using and amplified silicon photodetector. The data has been high-pass (200 MHz) and low-pass 
(5 MHz) filtered to remove the large DC content and high frequency interference of non-adjacent modes. b) a zoomed 
in view of the central interferogram showing the carrier frequency; in this case it is centred around ~125 MHz which 
is a suitable midpoint between 0 and half the laser’s repetition frequency (see Fig. 2.4)   

 

A Fourier transform of the whole dataset shown above is shown in Fig. 2.25 and shows 

the same RF spectrum which is discussed in Fig. 2.2. This is where comb lines from the 

probe and LO lasers have interfered as optical frequencies to produce a signal as radio 

frequencies which can be easily detected. The gap between each adjacent comb line 

within the individual laser spectra increases by ∆𝑓 with each consecutive mode pair. The 

RF comb lines have a separation of ∆𝑓, in this case 1.2 kHz and these can be seen in the 

bottom plot in Fig. 2.25.  
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Fig. 2.25: a) Fourier transform of the interferogram signal from Fig. 2.24 with red area showing location of zoomed 
in comb lines from bottom image. b) The Fourier transform spectrum from the red area indicated in a) showing in 
detail the RF comb lines. The spacing between the arrows is  20 × ∆𝑓 which is reflected in the annotated mode numbers 
shown underneath. 

 

2.6.2. Investigating the Limits of ∆f 

 

As mentioned in Section 2.2.1 care must be taken when selecting a value of ∆𝑓 to avoid 

a number of special conditions that will lead to poor metrology results. To examine the 

limits of my system I examined the Fourier-transform spectra of a series of interferograms 

with a wide range of ∆𝑓 values in Fig. 2.26. The interferograms were windowed before 

the Fourier analysis, so the comb-line structure seen in Fig. 2.25 cannot be seen, however, 

since they have been averaged for a whole dataset their shape can still be easily seen. As 

∆𝑓 increases, broadening can be seen in the RF spectra and as the aliasing limit is 

approached ∆𝑓s of 3.3 kHz and 4 kHz lose their usually Gaussian shape. ∆𝑓 values that 

were considerably larger than 4 kHz would lead to an RF spectrum that exceeded these 

aliasing limits and so have been avoided. 
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Fig. 2.26: Averaged (85 interferograms) Fourier transform spectra taken from a series of interferograms for a variety 
of different ∆𝑓 values. Increasing ∆𝑓 values lead to the spectrum of an interferogram broadening in the RF frequency 
domain.  

 

Examination of a typical interferogram from the datasets shown above provided further 

insight into which ∆𝑓 values were appropriate. Fig. 2.27 shows example interferograms 

from the datasets seen in Fig. 2.26. While ∆𝑓 = 500 Hz shows a Gaussian shape in its 

Fourier transform, because of its narrow bandwidth the measurement clocking frequency 

and the carrier frequency beat together causing an uneven pulse envelope. Values of ∆𝑓 

below 500 Hz were avoided to prevent the interferogram from being too broad which can 

make it hard to precisely position and make the ‘dead zones’ inconveniently large. The 

various ∆𝑓 frequencies were found to produce large changes to the carrier frequency and 

therefore supporting the claims made in [105].  
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Fig. 2.27: Singular windowed interferograms from the pulse trains used to produce Fig. 2.26 showing some of the 
pitfalls associated with matching measurement frequency with carrier frequency. All frequencies shown here show 
signs that two measurement points lie either side of a true maxima and these give the appearance that the peaks and 
troughs of the carrier wave have been clipped. 

 

Decision on a reliable ∆𝑓 inside the range can be aided by evaluating the precision 

attained from conducting metrology with varying values of ∆𝑓 and this is shown in Fig. 

2.28. An explanation of how the measurements were gathered is shown in Chapter 4 but 

for now, Allan deviation analysis on the time-of-flight position of the interferogram will 

suffice. The Allan deviations on 1.3, 1.5 and 1.9 kHz were amongst the highest Allan 

deviations despite passing spectral analysis and interferogram examination by eye and 

this may be due to their carrier frequency’s proximity to zero [105]. The rest of the 

examined ∆𝑓 achieve competitive Allan deviations because they do not encroach on 

either the Nyquist sampling limit of frep/2 or zero.  

 

When choosing an appropriate ∆𝑓 however, two things must be considered. Firstly, the 

dual-comb frep lock is obtained by first locking the probe laser to its resting frep therefore 

a chosen ∆𝑓 value should be applicable to as many frep values as possible. Additionally, 

while choosing a higher ∆𝑓 meant the inclusion of more interferograms per unit lab time, 

gains would not be made in the measurement precision they produced as their width was 

reduced. Choosing an frep difference of 1 kHz for consistency was appropriate provided 
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the Fourier transform spectrum of the interferograms was centred around frep/4 and this 

was ensured by slight manipulation of the cavity length. 

 

 
Fig. 2.28: Allan deviation analysis on a single distance measurement for a variety of ∆𝑓 with weaker values of ∆𝑓 
presented on the top graph and the stronger chosen values of ∆𝑓 shown with the dataset from the opposite plot that 
most closely matches the current plot’s data shown in black for context.  

 

2.7. Conclusions 

 

While the contents of this chapter have been largely prerequisites for the work undertaken 

and described in Chapter 4; a number of key goals were accomplished. A considerable 

amount of care and attention was taken in making the dual-comb Ti:sapphire laser system 

highly competitive in terms of the stability of its locking. The cumulative phase noise of 

234 & 124 mrad mean the laser’s fCEO locking system places it among the best in the 

field [116,117]. The frep locking system is also competitive but focus has been placed on 

a creating a combined dual-comb system as opposed to prioritising individual 

performance metrics.  
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I have also presented in the final section of the chapter a short method of evaluating the 

stringency of the locking loops by directly evaluating the spacing between neighbouring 

comb lines in the spectrum generated by combining the two lasers on a detector. In 

Chapter 4 I will discuss the usage of the dual-comb Ti:sapphire system from this chapter 

in the making of distance measurements with nanometre precision. These measurements 

confirm the value of the steps described here in the development of the system.  
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Chapter 3 - Diode Pumped Ti:Sapphire 

Frequency Comb 

 

3.1. Introduction  

 

Dual-comb distance metrology using Ti:sapphire lasers can be expected to offer a highly 

competitive performance in comparison to other laser systems (typically Er:fibre) with 

longer wavelengths and longer pulse durations. This performance will only be 

implementable if Ti:sapphire systems can be made with comparable cost, reliability and 

portability to their competitors. With this in, mind a significant part of this project 

concerned the development of diode pumped Ti:sapphire lasers. In this chapter I will 

discuss the construction of a fully phase locked Ti:sapphire frequency comb pumped by 

cooperating laser diodes at 520 nm and 462 nm. Kerr lens modelocking and SESAM 

modelocking were both achieved, and for SESAM modelocking frep and fCEO were both 

stabilised. Locking of frep was implemented using the methods outlined in Section 2.5 and 

fCEO by direct power modulation of the blue laser diode. Characterisation of the residual 

noise in the locked frep and fCEO signals was compared with the relative intensity noise of 

the diodes themselves to evaluate how the diodes’ performance and design affected the 

resulting comb stability. I concluded that the blue diode had a lower impact on frep and 

fCEO noise than the green diode. This investigation led to a publication in Optics Letters 

entitled “Characterization of a carrier-envelope-offset stabilized blue- and green-diode 

pumped Ti:sapphire frequency comb” [56].  

 

Saturable absorbers incorporating single-walled carbon nanotubes were also investigated 

as an alternative to SESAM modelocking. A custom fabricated mirror coated with a thin 

layer of carbon nanotubes was incorporated in the system, allowing modelocking and, 

thanks to its high reflectivity, pumping by individual diodes. The work was then presented 
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at the conference on lasers and electro-optics (CLEO) 2020 under the title “Ultra-low-

threshold diode-pumped Ti:sapphire laser modelocked using carbon nanotubes”  [118].  

 

The following chapter contains contributions from a postdoc Pablo Castro-Marin, most 

notably the final design and construction of the laser cavity for both the SESAM mode 

locked Ti:sapphire and the CNT modelocked Ti:sapphire lasers. 

 

3.2. Visible Diode Laser Pump Sources 

 

3.2.1. Laser Diode Driver Design 

 

3.2.1.1. Laser Diode Driver Hardware Design 

 

Both the blue and green laser diodes were powered by the same diode driver, the 

Wavelength Electronics LDTC 2/2E. A control box was constructed to house the power 

converters and control electronics required to operate the two diode drivers. An annotated 

photo of the control box is included as Fig. 3.1 and a wiring diagram is included as Fig. 

3.2. 

 

 
Fig. 3.1: Interior of laser diode driver box. Key: 1: Mains connection, 2: Primary mains converter with +5 V, +/-12 V, 
+24 V and GND terminals, 3: Secondary ‘low noise’ mains converter with +9 V, 5 V, and GND terminals, 4: Cooling 
fans, 5: LDTC 2/2E without enclosure, 6: Interior of on/off switch, power variable potentiometer and front mounted 
volt meter, 7: Umbilical cord to laser diodes and their temperature control peltiers. 8: Output limiting trimpots 
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The LDTC 2/2E allowed for the input of a current set point scaling between 0 V as a 

minimum and 2 V as a maximum and the 5V minimum voltage supplied by the power 

supply necessitated the use of an extra load resistor before the potentiometer in Fig. 3.2. 

Special care was taken to make sure that the resistor was chosen such that the ratio of its 

resistance to the maximum available from the potentiometer—plus the internal resistance 

of the LDTC unit—matched 3:2. A series of trim-pots (Fig. 3.1, 8) matched the desired 

output current value to this input value of 2 V.  

 

 
Fig. 3.2: Internal wiring diagram of laser diode driver box for a single diode in operation with key showing functions 
of different LDTC 2/2E inputs and outputs. 

 

3.2.1.2. Diode Installation Unit 

 

Fig. 3.3 illustrates the diode laser mount. The mount had space for two diode lasers and 

was itself mounted on a further heatsink baseplate that also acted as a mount for the 

collimating optics. The diodes were locked in place with nylon screws and effectively 

sandwiched a Peltier heat pump between the heatsink and the diode mount. Fans were 

mounted at the rear of the heat sink for a constant air flow to remove heat from the 

heatsink. A thermistor was attached to the roof of the diode mounts to provide feedback 

to the diode controller.   
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Fig. 3.3: Left: 1. The laser diodes in their mounting unit, 2. Peltier units mounted beneath the diode mounts, 3. Cooling 
fans. Right: technical drawing of diode mounts. 

 

3.2.2. The Laser Diodes 

 

Light is produced from an edge emitting laser diode from a sandwich between two 

materials; one p-doped and one n-doped (see Fig. 3.4 overleaf). The p-doped region 

contains ‘holes’ where ordinarily atoms could have electrons, the n-doped regions have 

an excess of electrons. When positive electric potential is applied to the p-doped region 

holes will move to the opposite region and when negative potential is applied in the 

opposite direction, the electrons will do the same. At the pn-junction the holes and 

electrons recombine to produce photons [119]. The area around the junction where 

recombination is likely to occur constitutes the population inversion commonly 

associated with coherent light production. Because of the nature of this light production, 

i.e. from a long thin gap between two materials, the beam will have a vertical and 

horizontal axes with differing divergences. The axis parallel to the split in materials is 

known as the ‘slow’ axis as it has a much smaller divergence in comparison to the 

perpendicular ‘fast’ axis. There are two things inherent to their operation. Firstly, the 

‘fast’ and ‘slow’ axes must be treated as independent from each other when evaluating 

beam propagation quality and secondly cylindrical lenses are required to align the axes 

focal points. 

 

Both ends of the arrangement are coated in such a manner that one end is highly reflective 

and one end is partially reflective forming the two ends of the laser cavity. In Fig. 3.4 
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each stripe of material is shown to be a constant width, but this is not essential for 

operation. In fact, manipulating stripe width can be used to change current threshold [120] 

and operating temperature [121] meaning they can be purposely altered for different 

applications. 

 

 

 
Fig. 3.4: An overview of the light production methods in a simple laser diode. The rear and front surfaces are both 
polished (to differing degrees) to provide reflective ends to the cavity. 

 

3.2.2.1. Nichia ND7475 520 nm Laser Diode 

 

The green laser diode had a stated optical output power of 1 W in a beam whose 

wavelength was centred around 520 nm. A power current plot is included as Fig. 3.5. As 

can be seen in the figure Diode 3 suffers from a lack of power in comparison with the 

others. As also evident from the figure, Diodes 3 and 4 required a higher voltage than the 

other two to draw the same current. Diodes 1 and 2 were chosen to test as pump sources, 

but this exemplifies the temperamental nature of these devices and varying quality should 

be taken into account. An aspherical lens of focal length f = 8 mm was screw mounted on 

the front of the laser diode and provided rough collimation. This lens remained in place 

for all beam quality measurements. 
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Fig. 3.5: Power scaling of a batch of four green 520 nm laser diodes. The measured output power is shown on the left 
axis and voltage required to provide current on the right. The symbols are as follows: o – diode 1; + – diode 2; * – 
diode 3; and x – diode 4.   

 

While these data may seem like the diodes were being overdriven as they produced well 

over their stated 1W power level, they were comfortable producing power at this level. 

Above a certain operating power, however, they produced an oscillating noise represented 

by the change rise in gradient of the noise level in Fig. 3.6. For laser Diodes 1 and 2 

currents of above 1.3 A and 1.75 A respectively initiated this noise, so care was taken not 

to stray above these levels. The source of this noise may come from the switched mode 

power supply which above a certain currant may allow its switching frequency, 70 kHz, 

to more readily transfer through to the diode. Diode 2 was chosen for use as a pump laser 

thanks to its ability to operate at a higher current without this oscillation. 
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Fig. 3.6: Noise analysis on Nichia ND7475 laser diodes 1 and 2 in blue and red respectively. Noise level from the 
middle is a relative quality proportional to the root mean square (RMS) value. 

 

3.2.2.2. M462 462 nm Laser Diode 

 

The blue laser diodes operated at 462 nm and with a stated power of 2 W. The diodes 

suffered far less from the variabilities of the green. In short, they did not suffer from the 

same oscillation observed in the green when being overdriven, they also showed a more 

linear power scaling. As such only one is shown in Fig. 3.7, which presents the output 

power as a function as a function of drive current.  
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Fig. 3.7: a) Power scaling of blue laser diode with a linear fit included. b) Linear fit of the blue laser diode is compared 
with that of the green showing a much higher rate of optical power production from the blue. The fitted line equations 
are shown on the inset plot.  

 

3.2.2.3. Beam Quality Measurements 

 

The beam quality of the diode lasers was assessed by measuring the M2
 parameters for 

both axes. A typical laser propagates as an ideal Gaussian beam, and the variation of a 

focussed Gaussian spot size 𝑤(𝑧), is given in Eq. 3.1 [122]. Where 𝑤  is the spot size at 

the waist and 𝑧  is the location of the beam waist. 𝑤 denotes the near and far field beam 

widths, or where the beam is at 1 𝑒⁄ , which contains ≈ 86% of the beam power. 

 

𝑤 (𝑧) = 𝑤 +
λ

𝜋𝑤
(𝑧 − 𝑧 )  

Eq. 3.1 

 

To obtain a beam’s M2 parameter for both horizontal, x, and vertical, y, axes the intensity 

profile must be measured in at least two positions, the first at the beam waist and the 

second at least a Rayleigh length away from the waist. The Rayleigh length is the length 

away from the beam waist where the cross section is doubled [123]. M2 is a quantity 

which when inserted into Eq. 3.1 quantifies how far away from an ideal Gaussian beam 

the measured beam is. M2 in Eq. 3.1 is shown in Eq. 3.2. Because of its close relationship 
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to λ in Eq. 3.2 M2 can also be thought of as a factor that makes the beam look like it is 

diffracting at a different wavelength. 

 

𝑤 (𝑧) = 𝑤 + 𝑀
λ

𝜋𝑤
(𝑧 − 𝑧 )  

Eq. 3.2 

 

 

Measurements were performed for each diode by focusing the beam using an ordinary 

spherical lens (of focal length f = 200 mm) and measuring the power a considerable 

distance after the beam waist. A knife edge was then placed at numerous positions along 

the z axes and passed across both the vertical and horizontal axes with power 

measurements taken at each knife edge position. At least 10 measurements were taken in 

each x and y direction at each z position. Fig. 3.8 shows this approach in application.  

 

 
Fig. 3.8: Example of M2 measurements in action. The knife edge is translated across the beam in both the x and y 
direction at different points along the focus. One knife edge measurement was taken at the beam waist, the others were 
at least one Rayleigh length away from the beam waist. 

 

The knife edge measurements were then compared with those expected from a perfect 

beam using equation Eq. 3.1. The M2 measurements for each laser diode are shown in 

Table 7. The values shown were for the diodes at standard operating power for use in 

pumping the Ti:sapphire laser so 2 W for the blue and 0.85 W for the green. 

 

Table 7 – M2 Measurements for the Blue and Green Laser Diodes 

 Fast Axis M2 Slow Axis M2 

Green  

2.1 6.6 

Blue 

1.5 6.9 
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3.3. Laser Design 

 

3.3.1. Collimator Design 

 

Before incidence on the crystal the beams from the two laser diodes were collimated, 

made uniform and coaxial. The high values in the M2 measurements for the slow axis 

suggested that creating a uniform focus on the crystal would be difficult without first 

aligning the divergence in each axes. This was done using a pair of cylindrical lenses, 

acting on the fast axis, positioned so that they provided as much two axis symmetry on 

each pump beam before focusing onto the crystal. The slow axis was not altered in favour 

of closely matching the fast axes with it, as the slow axis was already at an adequate size 

to provide a tight focus onto the crystal. The focal lengths of the cylindrical lenses were 

(L1) f = 150 mm, (L2) f = -50 mm, (L3) f = 40 mm and (L4) f = -9.7 mm and their 

placements are shown in Fig. 3.9. 

 

3.3.2. Cavity Design 

 

Throughout the 1990s major steps were taken in the move away from the use of prisms 

as a means of controlling dispersion within a laser cavity. Unusual cavities such as those 

incorporating cavity dumps [124] and gain providing diode arrays [125] may require 

more than just a pair of diodes. The invention of multifunctional elements in a cavity 

(mirrors, crystals) that are also able to compensate for dispersion provided a route to 

simple, robust laser design. In Ramaswamy-Paye and Fujimoto’s paper ‘Compact-

dispersion compensating geometry…’ [126] the authors implemented a KLM Ti:sapphire 

that incorporated just three cavity elements. The first an AR/HR-coated Brewster-cut 

Ti:sapphire crystal, provided group-delay dispersion compensation when combined with 

a Brewster-cut transmitting prismatic output coupler. Between the elements was situated 

a curved mirror which focused the intracavity light into the crystal allowing this three 

element cavity to produce KLM pulses of 54 fs in duration. With this novel pumping 

scheme in mind, the front end of the cavity (see Fig. 3.9) consisted of an AR/HR coated 

angle cut crystal with 5° between the front and back faces. It had absorption coefficients 

of 4.1 cm-1 at 532 nm, 4.2 cm-1 at 520 nm and 3.7 cm-1 at 462 nm. Its figure of merit was 

100. The front face had an aperture of 5 mm × 6 mm with an overall 4 mm thickness of 

the crystal. This particular cut of crystal does not offer the dispersion compensation that 
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would be offered by a Brewster cut crystal, however dispersion compensating GTI 

mirrors are now more readily available than in 1994 [126]. An achromatic doublet lens 

of focal length 35 mm was used to focus the light onto the crystal. Such a short focal 

length is necessary due to the beam quality of the laser diodes; but a AR/HR front face 

pumping scheme is less restrictive on laser construction. The laser was configured as a 

linear resonator to produce oscillations around 800 nm with a mode size in the crystal of 

42 µm8. After the crystal sits a collimating mirror (M1) HR coated at 800 nm with a radius 

of curvature of 250 mm and a plane GTI mirror with a dispersion of -550 fs2. A 2% 

transmission output coupler provided two outputs, and thus 4% output coupling, as it sat 

on a fold in the cavity, this was useful as one could be wholly dedicated to analytics with 

the other used for experiments. After this followed a fused silica wedge for fCEO 

adjustments, a curved mirror (M3) of radius 500 mm to focus onto the saturable absorber 

with a spot size of 125 µm8 (SESAM, in the case described here Reflekron RK110B). 

The SESAMs operated with a response time of 2-5 ps as stated by the manufacturer, it 

was also stated that the saturation fluence had not been measured. Mirror M3 was 

mounted on a PZT so that the cavity length could be adjusted to control the repetition 

rate. The wedge (0.4%) and SESAM (2.5%) introduce less losses in comparison with the 

output coupler (4%).  

 

 

 
Fig. 3.9: The two colour laser diode pumped Ti:Sapphire laser in its most basic configuration. Cylindrical lenses at L1 
& L2 (f = 150 mm & f = -50 mm respectively) reduced the fast axis of the blue laser. Lenses at L3 & L4 (f = 40 mm & 
f = -9.7 mm respectively) serve the same function for the green. The beams were then multiplexed on a dichoric 
beamsplitter (DB) and focused using an f = 35 mm doublet lens onto the HR/AR coated Ti:Sapphire crystal (Ti:S). M2 
is a dispersion compensating GTI mirror and M1 & M3 are curved mirrors that are HR coated at 800 nm. A wedge 
(W) inserted into the cavity at 4° allowed for coarse adjustments of fCEO. As the output coupler (OC) is at a fold in the 
cavity there were two output beams.  

 

 
8 Calculated using the same cavity modelling method as in Fig. 2.8. 
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3.4. Initial Performance 

 

3.4.1. Noise Evaluation 

 

As mentioned previously, control of fCEO requires power modulation of the pump source. 

With the LDTC 2.2 diode driver an option for direct diode modulation is available 

provided that the driver is capable of modulating with enough bandwidth to comfortably 

lock the natural drift of the fCEO of the laser. This was tested by directly modulating the 

power using this input and monitoring the diode output. The results are shown in Fig. 

3.10. A beneficial feature of direct diode pumping is the ability to modulate the diodes 

with a bandwidth nearing 1 MHz. Beyond the diode, the 3 µs upper state lifetime of the 

Ti:sapphire imposes a narrower 300 kHz modulation bandwidth limit. As shown in the 

figure, open loop modulation above 100 kHz is easily possible and this was tested by 

modulating the pump power at a constant level and monitoring the intensity of the 

modulation in the output power. Closed-loop modulation was independently achieved by 

adding a feedback loop and cancellation of the modulation frequency was achieved up to 

350 kHz. The reason for the low frequency roll-off is unknown but is unlikely to hinder 

the production of a frequency comb. It is thought to be associated by an electrostatic 

protection device within the diode. 
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Fig. 3.10: Diode rolloff for open loop control of the blue laser diode. The red line is a best fit Bode plot with three 
poles and three zeroes [127]. The blue lines are linear fits of the low frequency rolloff and high frequency rolloff 
imposed largely by the diode driver. On the low-frequency rolloff there is a gradient of 7.6dB/decade and on the high-
frequency side there is a rolloff of -10.1dB/decade. 

 

Relative intensity noise (RIN) measurements of both laser diodes without modulation 

were also investigated for their contributions to laser noise. A RIN measurement is a 

measurement of the power noise on a laser normalised to the power level [128]; they are 

interpreted in the same way as PSDs. On the left axes of both plots in Fig. 3.11 are the 

frequency dependent RIN relative to the carrier. On the right axes are the cumulative 

standard deviation of the RIN data. For both diodes the measurements show a very low 

cumulative RIN of <0.001%. The largest noise feature under 100 kHz in the plots is a 

70 kHz step, which matches the switching frequency of the power supply. Both diodes 

suffer from low and high frequency noise that is inherent to many systems, but in absolute 

terms the RIN compares very favourably to that of solid state Ti:sapphire pump bases. In 

Vernaleken et. al. [129] their discussion of a number of commercially available DPSS 

lasers does not return a cumulative RIN under 0.01% over a similar frequency range. 
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Fig. 3.11: RIN PSDs and cumulative RIN of the green (a) and blue (b) laser diodes between 1 Hz and 1 MHz.  

 

3.5. SESAM-Modelocked Laser Performance 

 

A small tap was required to modelock the laser, after which, under pumping from both 

multiplexed diodes each output beam generated 40 mW from a total incident pump power 

of 2.85 W (2 W blue, 0.85 W green). The beam had a single radial mode and, while not 

completely circular, they were approximately TEM00, and a beam profiling, taken on a 

Thorlabs BC106N-VIS(/M) CCD array beam profiler, is shown in Fig. 3.12. 
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Fig. 3.12: a) beam profiling of the cw output beam. b) beam profiling of the modelocked output beam showing single 
transverse modes or TEM00. Note: the ringed structure seen in the image is from numerical wrapping (in a similar 
manner to contours on a map) and not radial modes. 

 

The laser operated at a repetition frequency of 79.23 MHz, and frep was locked by 

stabilising 13frep to a microwave oscillator (see Fig. 3.13). Even at 1.0299 GHz the frep 

harmonics had a signal-to-noise ratio of 70 dB, indicating that the laser had high stability, 

and no Q-switching or multiple-pulsing. An autocorrelation trace showed a 66 fs 

(FWHM) pulse duration with a transform limited duration of 54 fs. An autocorrelation 

and accompanying spectrum are included in Fig. 3.14. Full details of the frep stabilisation 

scheme appear Section 3.7.2. 
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Fig. 3.13: 13th frep harmonic at 1.0299 GHz, shown here with a signal to noise ratio of 70 dBm. This is shown in place 
of the fundamental as this was the harmonic used to lock the laser repetition frequency. 

 

 
Fig. 3.14: Interferometric autocorrelations are presented here taken from the SESAM laser. The pulse duration is 54 fs 
and the fitted red lines are made by adding a quadratic spectral phase to the measured spectrum [(b) green line]. b) 
Pulse spectrum taken concurrently, centred around 803 nm. 

 

3.6. Carbon Nanotube Modelocking 

 

As mentioned in Chapter 1 saturable absorbers take many forms, not just that of a purpose 

built Bragg grating based SESAM [130]. With this in mind, efforts were successfully 

made to produce a modelocked Ti:sapphire incorporating a saturable absorber based on 

single-walled carbon nanotubes. In this section, I will describe the production of the 
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mirror element as well as the modelocking performance with a couple of special 

considerations that must be made for the inclusion of carbon nanotubes. 

 

3.6.1. Choice of Carbon Nanotubes 

 

When choosing materials for saturable absorber construction it was important to match a 

carbon nanotube absorption band with the central wavelength of the laser. In other 

Ti:sapphire lasers, modelocking was reported using wavelength matching in the S22 

absorption bands with the HiPCO conversion technique [64,65] for nanotube production. 

Also using this method of nanotube production were Cr:LiSAF systems [69] and even 

Cr:forsterite [66] systems utilising the S11 absorption bands. Indeed HiPCO conversion 

has been at the forefront of carbon nanotube research for nearly two decades [131]. 

Evenly split in their presence in saturable absorber mirrors are arc discharge produced 

nanotubes. For the most part these amount to lasers that utilise the S11 absorption bands, 

such as Thulium-doped bulk lasers  [61,79] and Nd:GdVO4 lasers [74], but their aptitude 

in S22 wavelength band matching should not be overlooked [73]. In short, the two 

production methods fulfil the requirements to be included in a saturable absorber. 

 

The SWCNTs used were Isonanotubes-STM from NanoIntegris, Inc. They were produced 

by the arc-discharge technique, were 98% semiconducting and were purified by density 

gradient centrifugation. Their lengths were between 300 nm and 5 µm (with a mean of 1 

µm) and their diameters ranged between 1.2 – 1.7 nm (mean of 1.4 nm) [132]. The 

manufacturers spectral data [132] showed a 38% of peak total absorbance near 800 nm at 

the peak of the S22 transmission. This was supported by nanotubes of a similar size 

showing an absorbance band of 700-1200 nm from Van Hove singularity transitions [59]. 

 

3.6.2. Deposition of Carbon Nanotubes on a Highly Reflecting Dielectric 

Mirror 

 

3.6.2.1. SWCNT-SA Construction Methodology 

 

In recent publications spin coating has been a popular choice for applying carbon 

nanotubes onto a mirror. As an example, Schibli et. al. [71] described sonically dispersing 
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the CNTs in a  solution which was then mixed with polymers and this method showed 

enough repeatability [62] for a reflection type saturable absorber to use here.  

 

To begin, 100 µg of SWCNTs were suspended through ultrasonic agitation in 500 µL of 

dichlorobenzene (DCB) for 11 minutes. While this occurred, the 725 – 825 nm HR mirror 

was pre-treated with hexamethyldisilazane which acted as an adhesion promoter. The 

DCB carbon nanotube mix was then spin-coated onto the mirror at 3500 rpm and 

immediately baked at 95°C so that the DCB evaporated. In tandem, a second mirror was 

prepared in a similar manner, rather than spin-coating however, the CNT solution was 

simply dropped onto the surface before also being baked. This was done to affirm that 

spin-coating was necessary to produce a thin enough coating to promote reflectivity. This 

drop coated mirror was fully tested alongside the spin-coated mirror yielding a lack of 

modelocking results. As discussed previously [78,133]; carbon nanotubes show a 

tendency to remain clumped together thanks to van der Waals forces between the 

nanotubes. This can be a source of non-saturable loss [134], but (as discussed later) may 

also be beneficial.  

 

3.6.2.2. Structure of Deposited Carbon Nanotubes 

 

An optical microscope image of the surface of the spin coated mirror, showing evidence 

of nanotube clumping is shown in Fig. 3.15. As can be gathered from the images, while 

there was not a uniform coating of individual nanotubes, a large portion of their surface 

area is still visible. The inset of Fig. 3.15 shows an area of damage which is thought to 

have occurred over the course of several hours during the initial modelocking 

observations. Several days’ worth of operation was since observed, indicating that this 

initial damage was incurred during cavity optimisation.  
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Fig. 3.15: Optical microscope images of the surface of the CNT saturable absorber showing areas of clumped 
nanotubes surrounded by evaporated DCB residue. Inset: a close-up image of a single clump showing signs of local 
optical damage.   

 

Scanning electron microscope (SEM) images of the carbon nanotube structure are shown 

in Fig. 3.16. Built in distance measurement software on the SEM indicated that the fibrous 

structures shown in the figure had a mean width of 100 nm indicating that these were in 

fact tight bundles of many nanotubes.  

 

 
Fig. 3.16: Scanning electron microscope images of the nanotube structures. Inset: detail on the clump enclosed in the 
dashed region. Note: these images were taken by coating the sample with atomized Gold (AU). Because of the opaque 
nature of the gold coating, a spare CNT sample was spin coated onto an optical window using the exact methodology 
as described earlier in this section then used here.  
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As an initial method of measuring the 3D structure of the carbon nanotube formations a 

knife edge was scraped across the surface of the mirror. The needle of a surface profiler 

was then dragged laterally across the join and the obvious difference between clump and 

scraped clean mirror yielded a difference of 28 nm. This is inconsistent with the ~90 nm 

range seen in an atomic force microscope image shown in Fig. 3.17. Also seen in the 

AFM measurements is a layer of DCB residue deposited with the nanotubes that is 

prevented from evaporating by the nanotubes.  

 

 
Fig. 3.17: AFM images of the scalpel scrape site. The needle drop measurement mentioned previously will not 
distinguish between DCB residue and nanotubes so while it is correct in its measurement, it does not show the full 
picture 

 

Cross sectional data from the atomic force microscope image is included as Fig. 3.18. 

The image shows that the nanotubes protrude outwards from the mirror to heights ranging 

between 50 – 100 nm. What is also shown is that the DCB residue has a 3D profile, 

protruding out from the surface of the mirror by 20 – 30 nm. The profile of the DCB 

residue is consistent with the measurement made by the surface profiler indicating that 

this may be what has been measured.  
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Fig. 3.18: Atomic force microscope image of the edge of one clump showing rings of DCB residue. The left and bottom 
plots are 3D cross sections of the image along the black dotted lines. The sidebar scale is in metres.  

 

 

3.6.2.3. Evaluation of Saturable Absorber Performance 

 

One of the benefits of suspending such a thin layer of nanotubes across the surface of a 

HR mirror is that much of the reflectivity of the mirror is retained once the device is 

operational. This was of great benefit in maintaining a high amount of intracavity power 

and, by extension, a very low modelocking threshold. A reflectivity curve of the 

SWCNT-SA mirror is included in Fig. 3.19. 
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Fig. 3.19: a) In blue, the reflectivity curve of the SWCNT-SA, shown in red on the same plot is the average—99.92%—
reflectivity across the wavelength range of the laser spectrum 770-815 nm. b) the same reflectivity curve overlaid on a 
reflectivity curve (red line) for a conventional SESAM (which has a mean low-power reflectivity of 97.5%). In this case 
one appropriate for use in the cavity, the Reflekron RK110B from the diode pumped Ti:Sapphire frequency comb [56]. 

 

These measurements were gathered using a broadband near infrared source shown in Fig. 

3.20. Firstly, a reference was taken by shining the source unperturbed into an 800 nm 

spectrometer, then the CNT mirror was placed before the slit of the spectrometer and, 

once a background reference was taken from both datasets, the two were divided as in 

Eq. 3.3. What is really being measured is the transmission and to relate this to reflectivity 

the absorption, abs, must be considered. This is significant at the high powers associated 

with modelocking where the CNT mirror is saturated but is negligible in this 

measurement.  

 

𝑅𝑒𝑓𝑙𝑒𝑐𝑡𝑖𝑣𝑖𝑡𝑦%  = 100 −
100 𝑆

𝑆 + 𝑎𝑏𝑠  
Eq. 3.3  

 

 

 
Fig. 3.20: Simple experiment to measure the reflectivity of the SWCNT mirror’s reflectivity, a reference was taken 
without the mirror in place and then with the SWCNT-SA in place as shown and the reflectivity was calculated as in 
Eq. 3.3. Background noise from the spectrometer was characterised by completely covering the spectrometer opening 
with an opaque material to gather detector noise.  
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This measurement gave a reflectivity of 99.92%, which is quoted by the manufacturer for 

the reflectivity of the mirror before spin coating with CNT. So, while the SWCNTs do 

not cover the entire mirror surface, they do not contribute any measurable losses in total 

reflectivity. The SWCNT-SA mirror offered detectibly higher unsaturated reflectivity 

than a commercially available SESAM would offer. In comparison, the maximum 

reflectivity if the SESAM used in the laser described in Section 3.3.2 was quoted as being 

97.5%.  

 

3.6.3. Cavity Design 

 

While the positioning of the cavity elements remained the same for the SWCNT-SA laser 

the functionality of some components differed to the system described in Section 3.3.2, 

with the main differences highlighted in Fig. 3.21. The cavity was able to operate with 

separate pumping from either green or blue laser diodes with the same cylindrical shaping 

lenses following each. An HR 725 – 825 nm mirror now (M3) created the third fold in 

the cavity instead of an output coupler and the near Brewster-angled wedge (W) now 

acted as an output coupler with 0.4% coupling distributed across two outputs. This figure 

was inferred by comparing the CW output power with a 1% output coupler which was 

investigated as a potential output. The beam size on the SWCNT-SA mirror was 118 µm. 

 

 
Fig. 3.21: The SWCNT-SA laser with single colour pumping, L1 & L2 are a pair of cylindrical beam shaping lenses, 
L3 focuses the light onto the AR/HR surface of the crystal. The same mirrors (M1 and M2) are present from Fig. 3.9, 
but another mirror M3 immediately follows them. The wedge at W serves as a 0.4 % output technically providing two 
beams, although one is stopped by the wedge mounting. M4 is the same as Fig. 3.9 and the SWCNT-SA occupies the 
former site of the SESAM. M1 and M4 are plano-concave reflectors with radii of curvature 250 mm and 500 mm 
respectively.    
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3.6.4. Laser Performance with SWCNT-SA Modelocking 

 

The slope efficiency of the laser with either green pumping (520 nm) or blue pumping 

(462 nm) is shown in Fig. 3.22. The CW oscillation thresholds for the green and blue 

laser diodes were 470 mW and 937 mW respectively. Modelocking was initiated at pump 

powers of 770 mW for the green and 1.24 W for the blue and was not self-starting. Once 

initiated, modelocking could be sustained under a reduction of the pump powers to 

545 mW and 1.01 W for green and blue respectively. No Q-switching was observed in 

either case. The maximum output power, 27 mW, was achieved under blue pumping of 

2.02 W. This figure implied ~7 W intracavity power. 

 

 
Fig. 3.22: The slope efficiency of the laser in CW (dashed lines) and modelocked operation (solid lines) with the blue 
lines representing the 462 nm ‘blue’ diode and the green lines representing the 520 nm ‘green’ diode. Modelocking 
could be initiated with a small knock to the cavity at pump powers indicated by the red circles. After modelocking was 
initiated the pump power could be reduced to 545 mW for the green and 1.01 W for the blue.  

 

The laser’s pulse repetition frequency, frep, was 79.24 MHz and a radio frequency 

spectrum is included as Fig. 3.23. 
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Fig. 3.23: RF spectra of frep, no sidebands were present indicating full cw modelocking and the absence of Q-switching  

  

As evident from the figure, there are no sidebands, which is usually indicative of a fully 

CW modelocked laser with no Q-switching. A signal to noise ratio of 80 dB was observed, 

supporting the claim that the laser is stable and fully cw modelocked. RIN measurements 

of the output are included as Fig. 3.24, indicating low-noise operation. The data recorded 

between 1 Hz and 1 MHz show an rms noise of 0.26%. There are noise features at 70 kHz 

also seen in Fig. 3.11, indicating that this was produced by the diodes. 

 
Fig. 3.24: Relative intensity noise (RIN) measurement taken on the output of the modelocked laser between 1 Hz and 1 
MHz. Acoustic noise in the kHz band is one of the largest features. At 70 kHz there is a large contribution from the 
power supply of the laser. The cumulative RIN was 0.26%, this is equal to the rms noise and is indicative of the absence 
of Q-switching. 
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An autocorrelation and spectrum for the pulses are shown in Fig. 3.25. These show a 

transform-limited pulse duration of 55 fs (assuming an intensity profile of sech2(t)) and a 

duration bandwidth product of 0.41 implying a small amount of chirp on the pulses. The 

duration of 55 fs is approaching the pulse duration we observed in the KLM- and SESAM-

locked versions of the laser system [56]. This duration may not therefore be a limit 

imposed by the properties of the nanotubes, but rather the GTI mirror, common to both 

systems, as it shows a strong curvature in its phase response outside 20 nm around its 

central wavelength. 

 
Fig. 3.25: a) Interferometric autocorrelations are presented here taken from the laser pumped by the blue laser diode 
(462 nm). The pulse duration is 55 fs made using a sech2(t) curve fit. b) Pulse spectrum taken concurrently, centred 
around 802 nm implying a 0.41 duration bandwidth product. 

 

3.6.5. Damage Considerations and Evaluation of Performance 

 

As discussed in Section 3.6.2 damage to the mirror is a distinct possibility, due to the high 

intracavity power. Damage was observed on the SWCNT mirror, and while this was down 

to slight cavity misalignment, for a mass-produced device this problem would require a 

solution. Schibli et. al. [71] identified reactive oxygen O2(1Dg) as an instigator of damage 

to the nanotubes. O2(1Dg) can be produced from its less reactive triplet state O2(3Sg
-) 

present in the atmosphere through close matching of photonic transitions within the laser. 

They tested this assumption by blowing a weak jet of nitrogen across the mirror for 

extended periods of operation to great effect. It is also presented in [71] that an inorganic 

layered coating could be applied to the mirror both to act as a protector for the nanotubes 

and an AR coating to the mirror.  
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‘Bundling’ or entanglement of the nanotubes was observed in my examinations of the 

nanotube deposition on the mirror. This appeared to have no effect on the saturable losses 

of the mirror. It has been put forward that this can actually broaden the saturable absorber 

bandwidth as well as accelerating the absorbed relaxation time [78]  

 

In conclusion, this work successfully modelocked the first directly-diode-pumped 

Ti:sapphire laser using a saturable absorber incorporating carbon nanotubes. Stable 

modelocked operation was achieved without Q-switching for pump powers as little as 

545 mW while maintaining a 55 fs pulse duration. ‘Bundling’ or entanglement of the 

nanotubes is thought to broaden the S22 absorption feature which is matched to the laser’s 

central wavelength, 800 nm. This has helped in the production of a saturable absorber 

with a 99.92% reflectivity and is highlighted as a factor in achieving low threshold 

operation. Using the slope efficiencies of the two lasers the saturable losses on both the 

SWCNT-SA and SESAM can be estimated as being 0.1% and 0.65% respectively [135]9. 

The non-saturable loss of the SWCNT calculated using the same method is close to 0.1% 

also and when compared with the SESAM, which was 0.3% higher, shows that the 

SWCNT-SA is ideally suited for low gain, low output coupling systems such as the one 

presented here.  

 
9 Work carried out after initial submission of thesis. 
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3.7. SESAM-Modelocked Laser Frequency Comb 

 

3.7.1. Carrier-Envelope Offset Frequency (fCEO) Stabilisation 

 

3.7.1.1. Locking System Architecture 

  

For fCEO detection the system used the same f-to-2f interferometer as the dual-comb 

interferometry system from Chapter 2. Its placement within the system is shown in Fig. 

3.26. The fCEO control line fed directly into the LDTC 2.2 diode driver in lieu of the 

potentiometer that was previously used to control diode voltage. The whole system was 

surrounded by a box when making the measurements in the rest of this chapter. This 

reduced airflow through the laser and allowed for much more accurate measurement of 

system noise. Power modulation for fCEO control was applied to the blue diode only as 

both were independently tested and the blue diode performed much more favourably 

thanks to its greater pump power contribution. 

 

 
Fig. 3.26: Laser layout from Fig. 3.9 with fCEO and frep locking loop added. The wedge acts as a coarse method of fCEO 
control.  

 

Before launching into the f-to-2f interferometer, the beam passed through a half-wave 

plate, a polariser and another half-wave plate. The first two devices acted as a variable 

power adjuster and the third, provided the polarisation adjustments required for the 

orientation dependent f-to-2f interferometer. Four bounces, two on a -400 fs2 and two on 

a -500 fs2 GTI mirror are necessary to dechirp the pulse shape as a result of these 

processing optics. While the power produced by the laser was considerably lower than 

the dual-comb Ti:sapphire system from Chapter 2, the system has no trouble creating an 

adequate supercontinuum thanks to the system having a higher peak power due to its 
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much lower repetition rate. For the laser in Chapter 2 the typical pulse energies required 

to produce a lockable fCEO signal were around 480 nJ and this laser generated upwards of 

500 nJ in each arm.  The supercontinuum and accompanying unfiltered f-to-2f signal are 

included in Fig. 3.27. 

 

The fCEO typically had a signal-to-noise ratio of 35 dB. The f-to-2f signal was band pass 

filtered at 10 MHz and passed into a dual-channel comparator to produce a digital signal 

of frequency fCEO. A 10 MHz referenced signal from an RF generator was fed into the 

other channel. The two signals then entered a 4-bit digital phase-frequency detector (PFD) 

and the output was conditioned by a proportional integral (PI) amplifier. From here the 

output entered the LDTC 2.2 laser diode controller and the PI amplifier provided a 

controllable offset at the operating voltage of the blue laser diode.  

 

 
Fig. 3.27: a) Spectrum produced by the PCF ready to launch into the f-to-2f interferometer. b) fCEO (10 MHz), frep-fCEO 
(69 MHz) and frep (79 MHz) produced by the f-to-2f interferometer in the RF domain. 

  

3.7.1.2. Locking System Performance   

 

The fCEO signal was stable over a bandwidth of 70 kHz. A power spectral density (PSD) 

measurement is included as Fig. 3.28. The plot shows that integrated over a frequency 

span of 1 Hz to 1 MHz, the PSD was 860 mrad. Only 160 mrad of phase noise was 

observed between 50 Hz and 70 kHz, implying that the system was effective in its 
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feedback to the diode. There were three main points of interest elsewhere in the plot, 

50 Hz, 70 kHz and above 100 kHz. A significant portion of line frequency noise was to 

be expected at 50 Hz as this is AC mains frequency in the UK. As observed in the RIN 

measurements there was a significant contribution at 70 kHz which again can be attributed 

to the switching frequency of the power supply. Also, thanks to the 11.2 dB/decade high 

frequency rolloff that was observed in the driver, the expectations of managing the fCEO 

above 100 kHz were reduced. 

 

 
Fig. 3.28: In loop measurement of the PSD of fCEO under full stabilisation, the cumulative phase noise from 1Hz to 1 
MHz was 860 mrad.  

 

3.7.2. Repetition Frequency (frep) Stabilisation 

 

3.7.2.1. Locking System Architecture 

 

The repetition frequency frep was stabilised using the 13th harmonic of the 79.23 MHz 

repetition frequency, which was detected on a 2 GHz silicon photodiode and isolated 

using a 1 GHz band pass filter. The isolated 13frep was then mixed with a 1.0299 GHz 

reference signal from a referenced signal generator. The mixed error signal was then 

passed through a PI amplifier; a PZT driver and, finally, into a PZT mounted behind 

mirror M3 in the cavity. 
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3.7.2.2. Locking System Performance   

 

Fig. 3.29 shows an in-loop PSD measurement for the locking system of frep. Between 1 Hz 

and 1 MHz 13frep shows a cumulative phase noise of 708 mrad, this corresponds to a 

54 mrad phase noise in frep. Once again, the feature at 70 kHz was present that originated 

from the power supply. 

 

 
Fig. 3.29: In loop measurement of the PSD and cumulative phase noise on 13frep. The cumulative phase noise between 
1 Hz and 1 MHz shown on the plot is 708 mrad meaning that for frep it is 54 mrad. 

  

3.7.3. Evaluation of Performance 

 

In summary, I have demonstrated a diode-pumped Ti:sapphire frequency comb that 

possessed the ability to simultaneously lock both frep and fCEO with little crosstalk between 

locking loops. The main sources of noise in both loops originated from the power supply, 

so this is an obvious area to focus any improvements on. Comparing both locking loops’ 

PSDs with the RIN measurements from both lasers has been useful. Features can clearly 

be seen which originate from the pump sources.  

 

It is useful to compare this system with others in the same field.  Yu et. al. [136] produced 

the first fCEO stabilised diode pumped solid state laser (KLM) that uses a more intricate 
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phase locking method than the one described in this chapter to achieve 29 mrad of phase 

stability. Full fCEO stabilisation has been achieved in a diode pumped Ti:sapphire laser by 

Gürel et. al. [50] using two 1.5 W green laser diodes as pump sources. The paper offered 

proof that fCEO stabilisation was possible using an f-to-2f interferometer and also claims 

to be the first frequency comb produced from a diode pumped Ti:sapphire laser. This is 

certainly true by some definitions but not by others that require frep stabilisation.  

 

As for fully frep and fCEO locked frequency combs, examples of Er:Yb:Glass [137] and  

Yb:CALCO [138]  lasers  have been shown to produce 720 and 680 mrad of phase noise 

respectively. Both are SESAM modelocked systems. As for other Ti:Sapphire locking 

systems, sub 100 mrad of phase noise  [136,139] might seem like an attractive goal; their 

complex locking systems might seem excessive when used in conjunction with an frep 

locking system.  

 

3.7.4. Conclusions 

 

In conclusion, I have demonstrated in this chapter several important contributions to the 

field of diode-pumped Ti:sapphire lasers. I jointly developed (with postdoc Pablo Castro-

Marin) a diode-pumped Ti:sapphire laser capable KLM and SESAM based modelocking. 

An f-to-2f interferometer was used to observe and lock fCEO and a PZT locking loop to 

lock frep. The PSDs showed sources of noise consistent with the RIN measurements taken 

of the operating laser diodes, implying that a large proportion of noise originated here. A 

quieter power supply could help in combatting this. The diode-pumped Ti:Sapphire 

frequency comb is the first of its kind to have both frep and fCEO stabilised and offers a new 

path into the metrology field discussed in the next chapter.  

 

I also jointly demonstrated the first diode pumped Ti:sapphire laser to be modelocked 

with a SWCNT-SA. This was constructed in a similar architecture to the previous system 

and was similar in performance. Again, common sources of noise were observed in the 

output beam of the Ti:sapphire and in the pump diodes, indicating that a new power 

supply would maybe be of benefit here. The SWCNT-SA suffered from similar damage 

issues to others in the field [71]; in future these could be remedied by adding a suitable 

inorganic coating to limit oxygen exposure. Both laser systems showed a pulse duration 
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of around 55 fs indicating that we are approaching the performance limits placed on the 

system by the GTI bandwidth.  
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Chapter 4 - Distance Metrology with a 

Dual-Comb Ti:Sapphire Laser System 
 

4.1. Introduction 

 

In this chapter, I discuss the process of making absolute distance measurements at 

nanometre precision using the dual-comb system described in Chapter 2. In most 

applications of dual-comb distance metrology, a value for the group velocity, 𝑣 , that is 

bespoke to the system’s environment is essential. Here I describe a new method of 

obtaining 𝑣  through successive distance measurements and show its application in 

determining 𝑣  to within the ~7000 ms-1 (0.0026%) errors derived from the referencing 

scheme. Another significant obstacle faced by any frequency comb measurement scheme 

is the ambiguity range, 𝛬. Measurement in a dual-comb scheme extends 𝛬 to half of the 

length of the laser cavity, an improvement but by no means absolute ranging. In this 

chapter I also describe a two-colour method involving BBO crystals that aids in absolute 

placement of the target by examining the difference in arrival times of the two-coloured 

signal. Finally, I investigate ambiguity range extension through repetition rate switching 

that, through application of the Vernier effect, extends the ambiguity range to many 

kilometres.  

 

4.2. Simple Measurement Scheme 

 

To evaluate the performance of a single measurement, a simple Michelson interferometer 

was constructed and is shown in Fig. 4.1. The interferometer produced a signal that 

incorporated both target and reference interferograms allowing the pulses from one laser 

to travel separate optical paths with a total path difference of L. At this juncture it is 

unknown which ambiguity range the target interferograms belong to. A sample of this 

interferogram signal is included as Fig. 4.2. In most iterations of the system a pair or two 
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pairs of telescopic lenses appear shortly after the beams exit the Perspex box, in Fig. 4.1 

these are L1 and L2. These were included to correct for a slight widening of the spot size 

of the beam as it travelled to the detector. In cases where there are two, they also help to 

achieve a standard spot size and intensity in each beam making them easier to interfere 

on the surface of the detector. A 50:50 beam splitter split the beam at BS1 into target and 

reference arms. The reference mirror remained stationary at a known distance and the 

target mirror could be moved. After target and reference beams were recombined the 

beam is then combined with LO laser at BS2 after which a polariser was used to balance 

the powers from each laser as the two are oppositely polarised.  

 

 
Fig. 4.1: Simple Michelson interferometer. L1 and L2: pair of AR coated 650 – 1050 nm lenses. L1 has a focal length 
of f = 125 mm and L2, f = 58 mm. M1-2 and M5-6: broadband dielectric mirrors rated at 750 – 1100 nm. BS1 & BS2: 
50:50 beam splitters (Thorlabs BSW11R) coated on the leading edge with a 50% beam splitting coating at 700 – 1100 
nm and AR coated at the same wavelength on the trailing edge. The beam splitters were chosen for their reduced 
thickness to reduce dispersion. M3 & M4: silver coated roof reflectors orientated vertically to place the return beam 
10 mm directly above the incident beam. Target and reference reflectors differ by a path difference L in this case the 
target is closer than the reference. NDF: a pair of neutral density filters with an optical density of ND = 1 and ND = 
2 respectively. POL: a linear polariser to balance the powers of the two beams. Finally, L3 and SPD: a focusing lens 
(f = 75 mm) and silicon photo-detector for measurement gathering. 
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Fig. 4.2: a) Interferogram signal showing pairs of target and reference interferograms b) a detailed look at a single 
pair of interferograms from the shaded area in b). The larger interferogram is the reference and the smaller the target. 
The signals shown here have been high pass filtered to remove a low frequency modulation that affected the vertical 
positioning of each interferogram. 

 

Once target and reference interferograms were sufficiently windowed and isolated, giving 

𝑆 (𝜔) and 𝑆 (𝜔), the Fourier transform of each interferogram was computed. Fourier 

transforms of the target, 𝑆 (𝜔), and reference, 𝑆 (𝜔), interferograms had their phase 

angles subtracted and then unwrapped as in Eq. 4.1 from [83]. A straight line was then 

fitted along the angular frequency values occupied by the main body10 of the 

interferogram spectrum shown in Fig. 4.3. This gradient gave the measured temporal 

separation of the target and reference interferograms, Eq. 4.2. A conversion from lab time 

to real time was required to find the true temporal separation of target and reference in 

Eq. 4.3. 

 

 
10 Intensity values that exceed ~25% of the maximum amplitude on either side. 
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φ(𝜔) = ∠𝑆𝑅(𝜔) − ∠𝑆𝑇(𝜔) Eq. 4.1  

 

𝜏 =
𝑑𝜑(𝜔)

𝑑𝜔
 

Eq. 4.2  

𝜏  =
∆𝑓

𝑓
𝜏  

Eq. 4.3 

  

 

 
Fig. 4.3: A Fourier transform of a single isolated target interferogram is shown here with the RF angular frequency 
values chosen for straight line fitting shown in red. The optical angular frequency is shown below for reference. 

 

Recalling Eq. 1.20 from Chapter 1, a time-of-flight distance was calculated using Eq. 4.4. 

A factor of 4𝜋 appears in Eq. 4.4 in converting from angular frequency and accounting 

for the return path taken by the beam. 

 

𝐿 = 𝑏 𝑣 4𝜋⁄ =
𝑑𝜑(𝜔)

𝑑𝜔
∙

𝑣

2
∙

∆𝑓

𝑓
 

Eq. 4.4 

 

For the purposes of examining averaging on a single measurement a total of 12,090 

interferogram pairs were recorded for the example in Fig. 4.4.  
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Fig. 4.4: a) 12,090 individual measurements of a single target and reference separation. a) separation of target and 
reference mirrors in units of metres (m) which average to produce one positional value. b) The Allan deviation for the 
measurements shown in a); the final three data points are of a similar value suggesting that the averaging limit has 
been reached.  

 

The 12,090 measurements here were a composite of 186 datasets recorded consecutively 

under constant locking conditions of frep (probe laser) = 513.2887 MHz and Df = 1 kHz. 

By convention, I have performed all dual-comb locks with the frep of the LO laser the 

higher of the two, so in this case it was 513.2897 MHz. This is shown in Eq. 4.5. The fCEO 

signals of each laser, and in all cases of a dual-comb lock in this chapter, were locked to 

20 MHz, shown in Eq. 4.6. 

 

𝑓  = 𝑓 + ∆𝑓 = 513.2887 𝑀𝐻𝑧 + 1𝑘𝐻𝑧 = 513.2897 𝑀𝐻𝑧  Eq. 4.5  

𝑓 = 𝑓 = 20 𝑀𝐻𝑧 Eq. 4.6 

 

Due to the fact that the data from Fig. 4.4 is a composite set of data there can be individual 

variations dataset to dataset. The windowing values from Fig. 4.3 were fixed and so 

improper interferogram spectrum windowing may have led to what seems like broadening 

features at measurement numbers ~2000, ~3300 and ~4000. 

 

For a high precision interferometric aspect to the measurement the y-intercept was used.  

The purpose of the interferometric measurement is to tell us where on a single waveform 

the true object position lay, therefore the ambiguity range of the carrier phase is λ 2⁄ .  The 
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interferometric measurement can be used in its current state for relative positional 

measurements. However, because of the 2𝜋 ambiguity, a sufficient level of precision is 

required in the time of flight measurements before the two could be combined into a single 

distance measurement. Once the uncertainty on the time-of-flight distance measurement 

has reached λ 4⁄ , in this case 200 nm, the averaged y-intercept measurement had its 2𝜋 

modulo taken as in Eq. 4.7.  

 

 

A final distance measurement was produced by simply adding the time of flight and 

interferometric components together, 𝐿 = 𝐿 + 𝐿 . The raw interferometric data 

shown before the 2𝜋 modulo is taken is shown in Fig. 4.5.  

 

 
Fig. 4.5: The same 12,090 individual measurements of a single target and reference separation are used from Fig. 4.4. 
a) 12,090 interferometric measurements. b) The Allan deviations for both types of measurement. The interferometric 
measurements in a) could not be incorporated until the Allan deviation of the time-of-flight measurements reached the 
quarter wavelength limit. The final two data points of the interferometric measurements continued to show a reducing 
trend in Allan deviation indicating that averaging at this level was still appropriate. 

 

To evaluate the performance of the interferometric measurements it was necessary to 

assume that each measurement is an independent absolute ranging measurement and 

therefore the 2𝜋 modulo was taken before an Allan deviation calculation was made. The 

finalised distance measurement was 0.012432256 m ± 2 nm. The error was calculated by 

𝐿 = (𝜑 + 2𝜋𝑚) λ
4𝜋  

Eq. 4.7 
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examining the largest extent of the error bar on the final interferometric Allan deviation 

point.  

 

In the above analysis I have used the group velocity, 𝑣 , as 299,711,591 ms-1, an 

approximation made using the Ciddor [140] equation for group velocity. This was 

calculated using a temperature of 18.6°C, a pressure of 988.80 mbar, and 44% relative 

humidity gathered from the Renishaw XC-80 Environmental Compensator and assumed 

values of 700 ppm CO2 content in air11. In the following section I introduce a method to 

determine the group velocity of air by making a series of measurements at multiple 

distances. The method examines interferogram delays at different translation-stage 

distances to produce a value for the group velocity so any mismatch in path length through 

glass between target and reference arms is inherently ignored.  

 

4.3. Air Dispersion Corrected Dual-Comb Metrology 

 

4.3.1. Determining the Group Velocity of Air, 𝑣  

 

Dual-comb metrology returns an optical path measurement, which must be corrected to 

account for the group velocity of air in order to provide a geometrical distance. Examining 

a series of distance measurements taken at differing positions of a precision-encoded 

translation stage gives a means of calculating the group velocity of air, 𝑣 . As established 

in Chapter 1, two-colour measurements inherently provide information about the group 

velocity of light thanks to one examining the different paths travelled by the two colours. 

However, examining the different paths taken by one colour can also be used to calculate 

𝑣  if the path length in air is the only variable that changes with successive measurements, 

and this idea is presented in this section.  

 

During the absolute distance calculation shown in the previous section, the gradient 𝜏 =

( )

( )
 provided the temporal separation of the two interferograms, where 𝜑(𝜔) is the 

spectral phase difference between the target and reference interferograms. The spectral 

 
11 450-1100 ppm is typical of a reasonably ventilated room such as the lab these experiments were 
performed in [146,147], using these values in the Ciddor equation leads to a 30 ms-1 variation in calculated 
𝑣  so 700 ppm was used as a standard in all future Ciddor calculations. 
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phase difference between the target interferogram of Fig. 4.3 and its corresponding 

reference is shown in Fig. 4.6. 

 

 
Fig. 4.6: Phase difference between the target interferogram whose Fourier transform is shown in Fig. 4.3 and its 
corresponding reference. A line is fitted to the section shown in red, corresponding to the part of the interferogram 
spectrum whose intensity exceeds ~25% of the maximum, and the gradient calculated using the optical angular 
frequency axis shown below is the delay between the target and reference pulses.  

 

A series of measurements of delay, 𝜏 , can be recorded for different geometric target-

reference separations, 𝐿 , where 𝐿  may contain a constant term (e.g. due to reference 

mirror substrate) as well as a term which changes with mirror position. This is shown in 

Eq. 4.8. The calculated delay is shown in Eq. 4.9.  

 

𝐿 = 𝐿 + 𝐿 ′ Eq. 4.8  

 

𝜏  =
(𝐿 + 𝐿 ′)

𝑣
 

Eq. 4.9 

Fitting a line to these discrete data points gives the delay as a function of L: 𝜏(𝐿) = , 

allowing 𝑣  to be found using Eq. 4.10. 

 

𝑣 = 1
𝑑𝜏
𝑑𝐿

 Eq. 4.10 

 

 

This means that by simply plotting a series of temporal separations of interferograms 

against their corresponding actual distances in metres the group velocity can be inferred 

from the inverse of the gradient of the plot. The constant term 𝐿 , contains contributions 
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from any difference in the amount of glass encountered by the target and reference beams, 

plus any constant offset term in the measurement of the stage position, e.g. an encoder 

offset. 

 

4.3.2.  Example Measurements of 𝑣𝑔 of with a Single Colour.  

 

The dual-comb system layout was changed slightly from the one seen in Fig. 4.1, as 

shown in Fig. 4.7. The layout was altered with the aim of minimising the distance 

travelled by the beams. This was done because in this scenario changes to the refractive 

index of the air along the beam path due to air circulation affected the precision of final 

measurement results and on the calculation of the errors on 𝑣 . In this version, a second 

pair of telescopic lenses were included to ensure the beam sizes were consistent across 

probe and LO lasers. Target and reference arms were reorientated so that they were 

coaxial this means BS2 now acted as the reference mirror and this offered a 50:50 

reflection transmission ratio. An isolator was also included in the setup as, thanks to the 

new target and reference arm orientation, reflections back into the laser cavity caused 

locking issues.  

 

  

Fig. 4.7: Metrology setup for a series of distance measurements. L1-4: a pair of telescopic lens arrangements with the 
following focal lengths: L1, f = 80 mm; L2, f = 57mm; L3, f = 125 mm; L4, f = 63 mm. M1, M2 & M3: 750-1100 nm 
HR mirrors. ISO: an optical isolator designed for 800 nm with a built in l/2 waveplate. BS1-3: Thorlabs BSW11R beam 
splitters (see Fig. 4.1.), in each case the beamsplitter surface is orientated to be the leading edge. The beamsplitter at 
position BS2 provided the reference reflection and the HR mirror at M2 provided the target reflection. L is measured 
as a round trip and measured from the front surface of BS2 to the surface of M2. Another l/2 waveplate to return the 
probe laser beam to s polarisation so that the polariser (POL) could be used to balance the powers of both lasers. A 
series of ND filters (NDF) reduced the power of the beams to fit the detector (ND = 0.3,0.4,1.0 in order of incidence). 
Lastly, L5 & SPD: an f = 70 mm focusing lens for focusing onto the amplified silicon photodetector.  

 

The interferogram signal recorded from the apparatus is shown in Fig. 4.8. The frep of the 

probe laser was locked at 513.37335 MHz with a 1 kHz difference between the two lasers. 
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Both fCEO frequencies were set at 20 MHz. Multiple reflections from the target mirror M2 

and reference beam splitter BS2, both in Fig. 4.7, were observed and these could be used 

to examine the path difference 2L.  

 
Fig. 4.8: a) Interferogram signal for the metrology setup shown in Fig. 4.7. Multiple reflections from the reference 
beam splitter BS1 and target mirror M2 can be seen after the target and reference interferograms. b) Detail of a single 
interferogram set from the shaded area in a) with the pair of interferograms on the far left originating from the 
reference mirror and the others from the target. BS3 in Fig. 4.7 produced the pair pattern. 

 

These spurious bounces each correspond to a further double pass of the target arm in both 

directions and could also be used to double the total number of measurements in the 

collection cycle. Interestingly the back surface of the beam splitter at position BS3 in Fig. 

4.7 added a secondary interferogram pair which can also be used to calculate a separate 

𝑣 . The primary (from the front surface of BS3 and those arriving at the detector first) 

and secondary (from the back surface, arriving second) interferogram pairs were 

windowed as shown in Fig. 4.9.  
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Fig. 4.9: Windowing of the primary (top pair of plots) and secondary (bottom pair of plots), target and reference 
interferogram pairs. In each case, the data in red are set to zero, leaving only the blue data, before Fourier transforming 
and spectral phase calculation. Considering all four interferograms yielded two values: the temporal difference 
between the top two interferograms (front surface reflections) and the bottom two (back surface reflections). 

 

4.3.2.1. Calculation of 𝑣  

 

Sequences of interferograms were recorded for a variety of distances. Pairs of target and 

reference interferograms within each sequence were windowed, Fourier transformed and 

the difference in their spectral phase, 𝜑(𝜔), was calculated.  First, I consider only the 

primary pair of interferograms. Their temporal separation can be obtained using 𝜏 = . 

The absolute round trip separation of the target and reference mirrors is denoted as 𝐿. The 

temporal separations of the interferograms were plotted against values of L that were 

recorded simply using the encoder position reading of the translation stage. The stage had 

a positional error of 100 nm, which can be included in uncertainty analysis for 𝑣 . The 

inverse of the gradient of plot a) in Fig. 4.10 is 𝑣  = 299,716,412 ± 7907 ms-1. The error 

on 𝑣  was calculated using the rms values of the initial fit for the vertical uncertainties 

and the 100 nm stage encoder position uncertainty for the horizontal. The value calculated 

for 𝑣  differs from the well-established equations for group velocity by Ciddor [140] and 

Voronin [141] for light at 783 nm by 4831 ms-1 (𝑣  = 299,711,581 ms-1) and 7966 

ms-1 (𝑣  = 299,708,446 ms-1) respectively. These fall inside the fitting errors on 

the calculation for 𝑣 . The secondary set of interferograms were also used in the same 
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manner to produce an independent value of 𝑣  = 299,716,307 ± 7759 ms-1 whose 

calculation is also shown in Fig. 4.10. While this secondary 𝑣  calculation is gathered 

from light that has travelled through an internal reflection’s worth of glass over the 

previous calculation, calculation of 𝑣  is only dependent on the stage path and so differs 

from the Ciddor and Voronin equations by 4726 ms-1 and 7876 ms-1 respectively.  

 

 
Fig. 4.10: a) Time of flight measurement data for a series of L and linear fit for both front surface and back surface 
reflections. b) The residual differences from the linear fit in the left plot. 

 

4.3.2.2. Accompanying Distance Measurement 

 

To demonstrate a complete geometrical distance measurement, I used the value of 𝑣  

obtained from the above analysis in a full distance metrology measurement. In the 

following measurements the system was not locked for the entirety of the data collection 

process. To eliminate these unlocked data, very light sigma clipping12 was applied to 

some of the datasets. The raw datasets and their corresponding sigma clipped datasets are 

shown in Fig. 4.11. 

 

 
12 Sigma clipping is a technique commonly used in astronomy as a method of outlier rejection. It is 
applicable in situations where including erroneous data in an average would render the average ineffectual. 
For example, a broken pixel on a CCD or in the case presented in this thesis a period of time during 
measurement when the laser is clearly not fully phase locked. This process involves rejecting values that 
are a larger than a multiple, n, of the standard deviation, σ, away from the mean [148]. 
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Fig. 4.11: Raw data for the 𝑣  calculation and distance measurement shown in blue. Red dotted lines indicate 
boundaries beyond which were obvious areas where the laser has dropped out of lock so had to be clipped. The 
translation stage position encoder measurement values for each dataset are shown in white inset on the data.  

 

The measurement of the absolute distance corresponding to the encoder position of 

135mm (actually a path difference of just over one ambiguity range, ~30 cm) is shown in 

Fig. 4.12. It is useful to note that, while the λ 4⁄  limit that is necessary for the handover 

to the interferometric aspect of the measurement was achieved for this measurement, it 

was not achieved in a round trip measurement that formed the 𝑣  calculation, so could 

not be used to enhance these in that way. To formulate the final absolute distance 

measurement the time-of-flight measurements were multiplied by 𝑣  and added to the 

interferometric component in the same manner as Section 4.2, yielding a geometrical path 

of 0.306868384 m ± 2 nm.  
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Fig. 4.12: a) 15,591 time of flight measurement data points, post sigma clipping, of the measurement of a round trip 
distance of around an ambiguity length (~30 cm). b) Allan deviations of both time of flight and interferometric aspects 
of the distance measurement showing the handover from one to the other. 

 

4.4. Two Colour Absolute Distance Measurements Using 

Frequency Doubling Element  

 

The addition of a second colour probing the same distance offers more information about 

absolute position than standard dual-comb distance metrology thanks to the multi-

wavelength interferometry principles outlined in Section 1.2.2. The temporal path 

difference between the two colours was examined and compared with the path difference 

calculated using the Ciddor and Voronin equations for air. That was found to contain 

some form of systematic error. So, the two colours were also used to calculate 

independent values for 𝑣  and used to investigate the problem.  

 

To produce a second colour for the system, Type I BBO crystals were used for SHG of 

each comb to produce 391.5 nm light from a peak laser wavelength of 783 nm. The 

crystals were positioned between a pair of lenses to generate the required intensity for 

blue generation.  
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The crystals were cut such that their active plane, which is usually 29.2° from the direction 

of the crystal lattice  [142], was utilised with the beam at normal incidence to the cut 

surface. It was of the upmost importance to maintain coaxiality between the original 

783 nm beam and the 391.5 nm beam produced by the crystal as it was the primary 

intention of the system to measure the same distance using both colours. This was not 

always possible, however, as the crystals required some optimisation orthogonal to the 

direction of polarisation to generate the maximum 391.5 nm beam intensity. Slightly 

misaligning the crystal with normal incidence meant that the beams were not produced 

perfectly coaxial. Ultimately this proved to be the most difficult area to improve upon as 

using the crystals at precisely normal incidence, thus producing perfectly coaxial beams, 

did not produce the required 391.5 nm beam intensity to make interferometric 

measurements. 

 

Changes were made to the measurement apparatus which are shown in Fig. 4.13. In this 

new measurement scheme two beam splitters were utilised (BS1) to ensure that an equal 

amount of glass was present in each measurement arm. In the two previous set-ups (Fig. 

4.1 and Fig. 4.7) there was an imbalance of glass between the target and reference arms, 

and this was appropriate for a single colour 𝑣  calculation. But, to examine the temporal 

path difference between two colours, correcting this was necessary.  
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Fig. 4.13: Metrology setup for two colour probing of a number of distances. M1-2: Silver mirrors. M5-7: broadband 
dielectric mirrors HR coated at 750-1100 nm. L1-4: a telescopic lens arrangement used to focus the ~780 nm beam 
onto the BBO crystals (focal lengths in order are: f = 30 mm, f = 30 mm, f = 80 mm and f = 63 mm). BS1 & 2: all 3 
are BSW11 beam splitters (see Fig. 4.1) with the beam splitting face of the beam splitter indicated in blue.  M3 & M4: 
horizontally orientated silver coated roof reflectors that return each beam at the same height, 10 mm left/right. The 
two colours were split by a prism (Pris) and the blue is focused onto a silicon photodetector (L5 & SPD1). The red 
beam retains a large amount of power so it was reduced by a pair of ND filters (NDF) (ND = 0.4, ND = 1.0) and is 
focused in the same way as the blue using the same broadband silicon photodetector (L6 and SPD2).  

 

The two-colour measurements shown below were performed using an frep of the probe 

laser of 513.3332 MHz, again with a difference between the two lasers of 1 kHz. Two 

interferograms from each colour are shown in Fig. 4.14.  
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Fig. 4.14: Interferogram pairs from each colour and the separations ultimately examined indicated with arrows. Target 
interferograms are seen on the left in both images and reference on the left. 

 

As evident by the mismatch in the number of interferograms across the two colours, 

picking appropriate windowing values was more complex than the methods seen in Fig. 

4.9. To do this a number of selection conditions are made, I have listed them here in order 

of importance: 

 

1) Interferogram selection must be made with metrology in mind. Choosing an interferogram 

that is not of an appropriate intensity will result in the λ 4⁄  precision criterion not being 

satisfied, and this is something I have maintained throughout every iteration thus far. 

2) Target and reference interferograms must be the same pairing across red and blue. This is 

essential if the temporal path difference is to be examined.  

3) Front surface reflections were ideal, however, not essential if they compromised the previous 

conditions. 

 

In the set of data discussed in this section, Condition 1 requires the small first 

interferograms from the red (783 nm) reference set to be “deleted”. Condition 2 was 

evaluated by comparing both red target interferograms against the single blue (391.5 nm) 

interferogram and the larger of the two red interferograms was chosen as this pairing most 

accurately replicated the expected temporal path difference for L. Condition 3 could still 

be satisfied by choosing any pair of interferograms, provided they were capable of 

interferometric handover, as they are produced by the internal reflections on BS2. By this 

point the measurement had already taken place along the arms of the Michelson 

Interferometer. It was preferable, however, to use reflections from the front surface of 

this Beam splitter. 
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Once again, a small amount of sigma clipping was applied to the raw data and these are 

seen in Fig. 4.15. Despite best efforts only L = 1.636 m maintained a stable lock 

throughout the measurement process so this was used for the absolute distance 

measurement.  

 

 
Fig. 4.15: Raw data from the two colour distance measurement shown in their respective colours. Black dotted lines 
indicate boundaries beyond which were obvious areas where the laser has dropped out of lock so had to be clipped. 
The stage servo measurement values for each dataset are shown in white inset on the data. In the blue 1.516 m data 
there was a systematic mis-handling of the final interferogram pair in each dataset that was manufactured by the 
analysis code. All of these false data points were removed by the clipping process. 

 

Before 𝑣  is calculated we can look at the differences in temporal path difference across 

the two colours. Differing group velocities were expected across the two colours and so 

an increase in temporal path difference was expected as the spatial path difference 

increased from 1.376 m to 1.636 m and this is shown in Table 8. These can easily be 

compared to what is expected from the Ciddor and Voronin equations using a simple 𝑡 =

 𝐿 𝑣⁄  calculation which is expressed in Eq. 4.11. 

  

∆𝑡 =  𝐿
𝑣 − 𝐿

𝑣 .
 Eq. 4.11  
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Table 8 – Path Differences across 783 nm and 391.5 nm  

Path Difference (m) Time Difference 
Between Colours 

(fs) 

Time Difference 
Calculated by 

Ciddor (fs) 

Time Difference 
Calculated by 
Voronin (fs) 

1.376 127.5393 117.2844 113.2989 

1.516 154.7708 129.2174 124.8264 

1.616 161.4612 137.7410 133.0604 

1.636 162.3035 139.4457 134.7072 

 

 

While the measured time difference between the two colours forms a positive gradient 

for increasing values of L, they do not match those calculated by Ciddor and Voronin. 

Indeed this is something that must be examined by fitting a line to the three sets of time 

differences against L as in Fig. 4.16.  

 

 
Fig. 4.16: Difference in time taken to traverse optical path difference L for light at 783 nm and light at 391.5 nm. 
Measured difference shown in blue is compared with red and green which are calculated using group velocities derived 
from the Voronin and Ciddor equations respectively. The error on the gradient of the fitted blue line is 26% of its total 
magnitude. 

  

From the larger than expected gradient of the line fitted to the measured data there appears 

to be a difference in paths that each colour traverses. A simple misalignment of the blue 

and red beams may have caused a difference in true optical path traversed by the two 
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colours that only increased in severity as the translation stage moved to higher values. As 

the two colours passed through and were reflected by various optics—many at 45° 

angles—that were not designed for use by ~400 nm light, this issue was difficult to 

resolve. 

 

The 𝑣  calculations were made as before and a fit to 𝜏(𝐿) and its residual are shown in 

Fig. 4.17. For 783 nm the value of 𝑣  = 299,688,270 ± 1352 ms-1 differed from the 

established Ciddor and Voronin values for 𝑣  by 23,308 ms-1 and 20,176 ms-1 

respectively. The error on 𝑣  being considerably smaller than previously calculated comes 

thanks to the reduced measurement range examined, since the error largely comes from 

the 100 nm uncertainty on the stage servo readout. A value of 𝑣  = 299,676,312 ± 

4389 ms-1 was calculated for the 391.5 nm beam and this differs from the models by 

27,869 ms-1 and 24,478 ms-1 for Ciddor and Voronin equations respectively.  Such a large 

difference from these dispersion equations, especially given the measured value of 𝑣  is 

lower than calculated, was likely to have been caused by a misalignment between beam 

direction and direction of travel by the stage. A discrepancy between values given by the 

stage encoder position and those interrogated by the beam such as this would produce the 

disparity observed Fig. 4.16 that grows with increasing distance to the target mirror. As 

previously mentioned, the 391.5 nm beam was produced with a slight angle between it 

and the 783 nm thanks to positional optimisation of the crystal, the beam splitters are also 

not designed to handle light at 391.5 nm and produce many internal reflections. These 

factors could account for the disagreement with Ciddor and Voronin models seen in Fig. 

4.16. 
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Fig. 4.17: a) Time of flight measurement data for a series of L and linear fit this time for both colours from front surface 
reflections. b) The residual differences from the linear fits in the left plot. 

 

 

Once again, a level of precision approaching 2 nm is achieved in both colours and the 

Allan deviations for a translation stage at L = 1.636 m are shown in Fig. 4.18.  

 

 
Fig. 4.18: Allan deviation for measurements at 783 nm and 391.5 nm for an absolute path length calculation at stage 
reading 508 mm (L = 1.636 m). The interferometric handover is achieved on the last point shown in the plot. 

 

To conclude, 2 nm of precision has been achieved in both colours along with a reasonable 

level of ambiguity range identification. Achieving interferometric handover for a 
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frequency doubled beam in particular is a milestone for the dual-comb distance metrology 

field. There is much to be improved on; however, in the use of the two colours for 

gathering a truly absolute distance. At the distances interrogated: L = 1.376 m to 1.636 m 

a discrepancy of ~10-20% was seen between the temporal path differences measured and 

those modelled by the Ciddor equations. This meant that over ~5 m correct identification 

of the ambiguity range in which the target was placed becomes impossible and this can 

be attributed to the difficulties in maintaining coaxiality between the two colours.  

 

4.5. Absolute Distance Measurement Using Repetition Rate 

Switching 

 

To perform an absolute distance measurement that would be functional over longer 

distances, single colour operation was used. As mentioned in Chapter 1 it is possible to 

gather more information about a target’s position by varying frep on the interrogating laser, 

and this has been seen in a number of single laser examples [20,28]. The techniques can 

be carried over to dual frequency comb systems in a number of ways with Coddington et. 

al. [83] becoming a useful standard for how this is done. An explanation of the principle 

behind this is shown in Fig. 4.19. The figure shows an interrogation of  𝜏 ,  which 

is the absolute separation of target and reference mirrors measured in lab time. When frep 

or rather Trep, the repetition period, is changed from Trep to Trep’ naturally the separation 

of adjacent reference interferograms changes by ∆T. Now consider the effect this change 

in Trep has on the temporal positioning of the target interferogram, 𝜏 , if the target mirror 

is in the first ambiguity range. Trep, and by extension the ambiguity range, has changed 

but the absolute position of the target mirror has not and so 𝜏  remains constant. Now 

if the target mirror is moved to a position in the second ambiguity range adjacent target 

and reference interferograms are no longer considered pairs but by convention they are 

measured as pairs. Now if Trep is changed from Trep to Trep’ again the ambiguity range 

changes by ∆T again and now so does the position of the target interferogram. This 

happens because the target interferogram’s corresponding reference pair is more than an 

ambiguity range away and the ambiguity range between the two has just shrunk. In 

relation to the adjacent reference interferogram the target interferogram moves by 𝜏 −

𝜏 = ∆𝑇, but in absolute time it has moved by 2∆T. It follows that for a target in the nth 

ambiguity range it’s absolute temporal position will change by 𝑛∆𝑇 thanks to a repetition 

rate switch but in relation to the adjacent reference interferogram it’s position will change 
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by (𝑛 − 1)∆T. This method can be used to easily identify in which ambiguity range the 

target mirror lies up to a limit of  (𝑛 − 1)∆𝑇 < 𝑇   where a repetition rate switch moves 

the target interferogram by a whole ambiguity range.  

 

Where Coddington actively switched the lasers being fired into the target and reference 

arrangement, in the work presented here I have switched the repetition rates assigned to 

the probe and LO lasers. Schematically the optical layout remained consistent with Fig. 

4.7. 

 

 
Fig. 4.19: An interrogation of the absolute distance 𝜏   under two different repetition preiods Trep and Trep’. 
In this case the target mirror is in the second ambiguity range. When the repetition period changes from Trep to Trep’ 
the target interferogram moves by twice the difference in repetition rates 2∆T and this is because its absolute distance 
is constant when converting from lab time to real time. However, since the measurement frame has changed (i.e. the 
closest reference interferogram to the target) has also changed position, the relative distance between adjacent target 
and reference interferograms changed only by 𝜏 − 𝜏 = ∆𝑇.   

 

Initially the single-colour distance measurement’s ambiguity range was set by the probe 

laser’s repetition rate shown in Eq. 4.12. By swapping the frep on each laser the ambiguity 

range varied by ∆Λ, described in Eq. 4.13, and interrogation of the same target showed a 

change of (𝑛 − 1)∆Λ in the target interferogram. Through the Vernier effect a new 

ambiguity range is generated and is represented in Eq. 4.14. 

 

Λ =
𝑇 𝑣

2 = 29.2 𝑐𝑚 
Eq. 4.12  

 

∆Λ =
∆𝑇𝑣

2 
Eq. 4.13 

Λ  =
𝑣

2∆𝑓 = 12.385 𝑘𝑚 
Eq. 4.14 
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For an arbitrary target and reference mirror separation of ~56.5 cm an frep in the probe 

laser of 513.37335 MHz was used and a ∆f of 1.21 kHz was chosen13. The frep on both 

lasers was then reversed while schematically the optical layout remained consistent and 

the same as in Fig. 4.7. Upon examination of the target interferograms in the two datasets 

a change of 1.000169 times ∆𝛬 was observed across the reference and adjacent target 

interferogram positions. This correctly indicated that n = 2 and that the target mirror lay 

in the second ambiguity range.  

 

To process the data, sections where the combs were obviously unlocked were removed 

before light sigma clipping was applied (𝜎 = 2.8) and this was done to reduce the reliance 

on sigma clipping as a source of data rejection. Varying the degree with which the data 

was sigma clipped produced the same values of n up to a point where it deteriorated at 

𝜎 ≈ 2.4, highlighting the dangers of using this technique too heavily. The distance 

measurement and accompanying Allan deviation analysis is shown in Fig. 4.20. A 

distance of 0.583817710 m ± 2 nm was calculated using the 𝑣  calculated in Section 

4.3.2. As mentioned in Chapter 2, upsampling can be used to generate interferograms 

with a smoother envelope and this has been applied to the distance measurement seen 

here with little to no improvement on the final measurement precision.  

 

 
13 This was chosen using a model of simulated comb lines from both lasers using the frequency comb 
equation, fn = fCEO + nfrep, for each laser. The beat frequencies for the closest comb modes from each laser 
were then calculated and a value for ∆f was chosen to ensure that the carrier was roughly frep/4 so that the 
interferograms were sampled correctly. 
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Fig. 4.20: a) Absolute distance measurement (time of flight component) of a distance of around ~58 cm or near the end 
of the second ambiguity range. The data shows 16,867 data points post binning and sigma clipping at 𝜎 = 2.8. b) Allan 
deviation analysis on the data showing the handover to interferometric precision at around 0.4 s averaging time. 

 

4.6. Conclusions 

 

In summary, this chapter described numerous contributions to the field of optical distance 

metrology. Initially a simple explanation of the measurement technique was given of an 

arbitrary distance where target and reference mirrors are closely matched in their distance 

from the point where the beams are de-combined. A distance of 0.012432256 m ± 2 nm 

was measured using the vacuum speed of light for 𝑣  (c = 299,711,591 𝑚𝑠 ). Next a 

method for calculating 𝑣  was described that used the precision-encoded stage to provide 

a geometrical distance calibration with the positional accuracy (100 nm) of the stage 

encoder being the primary source of error. In this way a value of 𝑣  = 299,716,412 ± 

7907 ms-1
 was calculated. This differed from the established Ciddor [140] model by 

4831 ms-1
 and so was comfortably within the errors imposed by the stage. A competing 

dispersion model [141] was noted to differ from [140] by a similar magnitude.  

 

Two frequency-doubling elements were introduced into the beams to provide light at 

391.5 nm, which were used to interrogate the target and reference mirrors. The temporal 

path differences from each colour were used to obtain an absolute distance measurement 
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and were compared with Ciddor and Voronin models. The 𝑣  calculated was considerably 

less accurate (differing by 23,308 ms-1 for the 783 nm using the Ciddor model) and this 

was attributed to the difficulty in keeping the paths of the beams collinear with the stage 

as well as each other. Non-collinear paths can also explain why the ambiguity range 

placement of the distance measurements breaks down at positions exceding a few 

ambiguity ranges, as these rely heavily on the dispersion models. 

 

Finally, a method for absolute distance measurement was presented that involved 

swapping the frep assigned to each laser and observing the movement of the target mirror 

across the two datasets. This in theory extended the ambiguity range to 12.385 km and a 

distance of 0.583817710 m ± 2 nm was calculated using the 𝑣  calculated using the single 

colour measurement scheme.  
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Chapter 5 - Conclusions and Future Work 
 

5.1. Introduction 

 

In the previous chapters I have described the production of various Ti:sapphire lasers each 

with different scope and functionality, and motivated by the needs of high precision 

distance metrology. In this chapter I will present a critical evaluation of the 

accomplishments from the project as well as a number of development stages. I will then 

discuss what steps could have been taken had more time and resources been available. 

 

5.2. Research Outcomes  

 

In Chapter 2 I described the construction of a dual-frequency-comb Ti:sapphire laser 

system. The unlocked system, consisting of probe and LO lasers, was capable of 

producing 54 fs and 63 fs transform limited pulses at powers of 800 mW and 500 mW 

respectively. The laser’s repetition rates were both set at ~513.3 MHz thanks to their 

common cavity lengths of ~29.2 cm. The spectral widths of 16.0 nm and 12.2 nm set the 

system apart in comparison to the almost exclusively fibre-based peer group of dual-comb 

ranging systems (see Table 4). Design and construction of the locking systems of both 

lasers formed a large part of the project, and special care was taken to ensure these were 

as quiet as possible.  Attempts were made to implement a feed-forward locking system 

similar to as described in [101] using an AOM to imprint the corrective signal from the 

pump laser onto the LO laser. The reasons for abandoning this were threefold. Firstly, 

this method largely corrects for environmental changes when one laser closely matches 

the other and this is very much possible in fibre lasers where the two cavities may be kept 

in close proximity. This is not as simple in solid state Ti:sapphire lasers where the two 

cavities must be in separate boxes. Secondly, the isolation of the signals required to 

provide the AOM locking signals required the use of two narrow band laser diodes at 

operating wavelengths of  ~770 nm and ~790 nm. These were made coaxial with the beam 
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from the frequency comb and separated using a diffraction grating whereupon the two 

laser diodes and their nearest comb modes could be incident on two detectors. All of this 

occurred over significant distances in air (~ 1m) leaving a great deal of room for air 

turbulence to affect the intensity of the signals. Thirdly the diodes while efficiently 

temperature controlled, they were not controlled enough to prevent intensity fluctuations. 

The f-to-2f locking systems in their final form produced a phase noise of 234 mrad and 

124 mrad for probe and LO lasers respectively, which was competitive for the field while 

keeping the system simple. The feedback loops functioned excellently for their intended 

application so further investigation into the noise levels of the loops was not necessary. 

 

The move from a combined locking system that locked both lasers to one RF source using 

DDS boards to an independent locking system with two RF sources derived from a 

common master source was necessary to minimise crosstalk between the two systems. 

These locking systems for frep generated a phase noise of 4 mrad at frequencies between 

1 Hz and 1 MHz for the fully locked dual-comb system, and further refinement of this 

number was not necessary as a priority was given to the fCEO locking loop quality. Various 

corner frequencies on the frep locking loop PI circuits were examined to minimise fCEO 

loop noise and all produced an frep locking loop phase noise value of ~4 mrad. Allan 

deviation analysis of both locking loops showed averaging was effective for well over 15 

s, more than enough to complete the metrology experiments in Chapter 4. 

 

Special care was taken in investigating an appropriate ∆f for the metrology experiments 

as this has been shown to have significant effect on the final metrology 

precision [104,105]. However, due to the nature of the locking system, the laser’s natural 

cavity length being used to assign the probe laser’s frep, a standard value of ∆f was chosen.  

 

In Chapter 3 I described the construction of a diode-pumped Ti:sapphire laser system in 

two configurations. The first utilised dual wavelength-multiplexed pump diodes at 

462 nm and 520 nm and produced a combined output power of 90 mW divided across 

two beams. The system was modelocked using a commercially available SESAM and 

produced pulses with a duration of 54 fs at a repetition frequency of 79.23 MHz. frep was 

locked by direct cavity length actuation and the f-to-2f interferometer from Chapter 2 was 

used to detect the laser’s fCEO signal which was then locked by direct modulation of the 

blue laser diode’s power. Common features were observed in PSD measurements of the 

Ti:sapphire locking loops and RIN measurements of the pump laser diodes, indicating 
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that they contributed a significant portion of the residual noise in the system. The work 

was published in Optics Express under the title “Characterization of a carrier-envelope-

offset-stabilised blue- and green-diode-pumped Ti:sapphire frequency comb”  [56]. 

 

In a second iteration of the system single walled carbon nanotubes were investigated as 

potential modelocking elements. In order to saturate the nanotubes a high level of 

intracavity power was maintained by using a low-reflectivity wedged output coupler 

formerly used for coarse fCEO control. A pulse duration of 55 fs was observed, and the 

similarity between the two systems indicated that the dispersion within the cavity dictated 

the pulse duration. In the final design of the mirror, clumping and bundling of the 

nanotubes were observed across the surface of the mirror, and this was found to be 

beneficial to its operation as a saturable absorber as observed in [78]. A number of 

prototype mirrors were tested using slightly different construction methods. One that 

replaced spin coating in the process with simple evaporation of the DCB was found not 

to be usable indicating a limit on the amount of bundling that can be included in the 

design. Another mirror was produced which was subject to a much longer time being 

ultrasonically agitated, leaving a much smoother and less bundled coating on its surface. 

Modelocking was achieved using this, but it did not perform as well as the original mirror 

effectively confirming that the bundling improved performance. Damage was observed 

during alignment of the cavity, and this was observed in the form of instantaneous failure. 

In other instances modelocking was observed for a number of days, indicating the reduced 

output power during cavity alignment to increase the probability of damage. Modelocking 

was achieved using the green and blue diodes independently, and thresholds of 545 mW 

and 1.01 W respectively were observed. RIN measurements on the output of the laser 

showed the same sources of noise, consistent with the previous SESAM modelocked 

version of the system. The work was published and presented at CLEO 2020 under the 

title of “Ultra-Low-Threshold Diode-Pumped Ti:sapphire Laser Modelocked Using 

Carbon Nanotubes” [118]. 

 

In Chapter 4 the construction of the measurement schemes was described. Various forms 

of Michelson interferometer were constructed for different applications and were 

discussed in the chapter. I demonstrated the key principle of measuring an arbitrary 

distance including how the handover was made from time-of-flight precision to the 

interferometric precision. A distance of 0.012432256 m ± 2 nm was measured, however, 
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this value is subject to an assumption of 𝑣  so cannot be considered fully accurate. A 

method to determine 𝑣  was then described that uses the stage servo values as a reference 

and therefore introduced these as the main sources of error. An error of ~8000 ms-1 on 𝑣  

was found in the scatter of temporal interferogram position (𝜏) vs stage readout (L). The 

calculated value for 𝑣  of 299,716,412 ms-1 differed from the Ciddor [140] and 

Voronin [141] models by 4831 ms-1 and 7981 ms-1 respectively which is within the errors 

presented by the stage. Again, a high level of precision was maintained on a chosen 

distance of 0.306868384 m ± 2 nm with 4 s of data acquisition was required to produce 

this number with only 1 s at each 𝑣  calculation point.  

 

One thing still lacking from these distance measurements was accuracy outside of a single 

ambiguity range. A pair of frequency doubling BBO crystals was introduced to produce 

390 nm pulses that interrogated a series of distances in the same manner as those at 

780 nm. The difference in optical path travelled by the different colours of light was 

enough to place which ambiguity range the target mirror was in the lab, but systematic 

error limited the ability to use this to determine ambiguity range orders at great distances. 

The 𝑣  calculated from successive distance measurements produced numbers that 

differed from Ciddor and Voronin by 23,308 ms-1 and 20,176 ms-1 respectively, 

considerably larger than the single-colour experiments. These errors were consistent with 

the colours being misaligned with the direction of the stage. The complexity of the 

beamsplitter arrangement, the BBO crystals introducing a shift in the blue beam direction 

and the beamsplitters being intended for use only with the 783 nm light all contributed to 

these errors. The separation of the beams as they were created also meant that this set-up 

would be inappropriate for distances much longer than those examined in the chapter. 

Interferometric distance measurements were still successfully achieved using both 

colours.  

 

Finally, in a technique that bears similarities to one introduced by Coddington et. al. [83] 

was used to further refine ambiguity range placement. By switching the assigned 

repetition rates on each laser, the separation of two adjacent reference interferograms 

changed as this was assigned based on the probe laser’s frep. A target interferogram that 

belongs to a reference interferogram that is more than an ambiguity range away also 

moved by an integer multiple of the whole ambiguity ranges that lay between it and the 

corresponding reference interferogram. This technique was used to place a target mirror 
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in the second ambiguity range and produce a final absolute measurement of 

0.583817710 m ± 2 nm using the 𝑣  calculated from the previous single colour 

measurement. Unfortunately, due to the repetition rate switching requiring a fresh lock it 

was not possible to efficiently calculate a fresh 𝑣 . A full switching measurement may be 

possible to make immediately after a full 𝑣  calculation but this is restrictive, and 

returning to the intended measurement point for measurement with frep switched then 

implements the 100 nm stage servo error on the two sets of measurements. 

 

5.3. Outlook for the Dual-Comb Ti:sapphire System 

 

5.3.1. Locking System Improvements 

 

The locking systems performs adequately for the purpose of making distance 

measurements, but significant improvements could still be made to the system. A major 

disadvantage comes in the temperamental nature of the fCEO locking loop. A typical long 

unfiltered dataset is shown in Fig. 5.1, and areas with high noise were indiscriminately 

recorded when the fCEO lock broke down. In the current setup, when fCEO strays beyond 

the limits of the PI circuit that locks it, a Raspberry Pi was used to actuate a stepper motor 

that controlled the insertion of a wedge into the cavity. In the frep locking loop, natural 

settling of the environment inside the laser box is accounted for in the form of a smart 

MATLAB graphical user interface (GUI) that actuates a long travel PZT which pushes 

the locking signal back towards a standard value at the centre of the PI range. Due to the 

temperamental nature of the manually adjusted fCEO locking loop many datasets had to be 

retaken. A more automatic correction method drawing inspiration from the frep locking 

could easily be worked into the fCEO locking loop even within the same smart program. 

This change would replace the limit on locking time of drift of the fCEO signal with how 

long the f-to-2f can maintain a high signal to noise ratio on fCEO which, given enough time 

for temperatures to equilibrate, could be a number of hours.  
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Fig. 5.1: Unfiltered dataset showing spikes in the measurement accuracy where the fCEO locking system has broken 
down. The measurements are a composite dataset and represent around 4 s of total observation time but required 
upwards of half an hour of saving multiple datasets to record. 

 

In addition, the frep locking loop occasionally introduced noise when it actuated the slow 

PZT to bring the PI signal back into an easily manageable range; a simple bypass loop 

could be coded into the GUI so that this did not happen whenever a measurement was 

taking place. 

 

5.3.2. Measurement Scheme Improvements 

 

In the measurement scheme several deficiencies can be highlighted for improvement. In 

the single colour measurement schemes, both target and reference arms were collinear 

with the reference beam being reflected off the front surface of the beam splitter. Ideally 

this beam splitter would be replaced with an optic that returned the beam using the back 

surface as in Fig. 5.2. The benefits of this would be that the scheme is now exclusively 

examining path difference in air, as opposed to air and glass. This has been highlighted 

as a consistent source of systematic error in both two-colour interrogation methods. 

However, this would require the custom coating of an optic and ultimately was not 

realised within the timeframe that was available. 

 

 
Fig. 5.2: Hypothetical optic design that would allow for the back surface of the reference optic to be the active surface 
(shown in blue). In this case the front surface reflection is discarded 

 

Another point to address is the big disparity between the measured 𝑣  and standard 

dispersion models for the frequency doubled two-colour measurements. The 
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beamsplitters used in the reported experiments were designed for 700-1100 nm, not for 

the 390 nm light used and this was a cause, in part, of the problems observed. The 

beamsplitters had the unfortunate effect for the blue light of creating many internal 

reflections, dissipating the power contained within the beam. Broadband beamsplitters 

that cover both wavelengths are available, but these would not solve the problems caused 

by angled incidence on the crystals so they would not be a complete fix. Angled incidence 

on the crystals was a difficult problem to contend with as this occurred at a focus in the 

beam so simple incidence on another recombination material of the same thickness and 

at the opposite angle was not appropriate. Because of these obstacles, this area of the 

dual-comb distance metrology would be the most difficult to extract a better result out of.  

 

Finding a measurement scheme that was less dependent on maintaining collinearity 

between two beams points towards a return to a crystal-less approach. Thanks to the broad 

spectrum of each laser, it was possible two colours may have been isolated from either 

side of the peak wavelength. While there will still be a small amount of diffraction across 

the laser spectrum; this will be negligible in comparison with the two-colour approach.    

 

The phase unwrapping operation that gives us a temporal separation of interferograms 

has been performed throughout Chapter 4 over the length of the spectrum produced by 

the interferograms. In theory, however, examining isolated areas of the spectrum would 

produce different gradients that are linked with different colours within the laser 

spectrum. This sort of two-colour analytics of the single colour laser results was attempted 

with mixed results. In Fig. 5.3 the results of dual-linear and a quadratic fit can be seen, 

and these data show that, while a trend can be seen in increasing round-trip distances, 

errors as large as an ambiguity range make this technique unsuitable (in its current form) 

as a primary source absolute ranging. Trends in the data were consistent across analysis 

techniques indicating that this trend is inherent to the data. Because there is a general 

trend as longer datasets are examined by this technique, in its current form it could be 

used in conjunction with another ambiguity range extension technique such as repetition 

rate switching to generate truly absolute distance measurements. This can already be 

carried out using the measurement from Section 4.5 but due to mechanical constraints in 

the lab this cannot be tested in any 12.385 km ambiguity range but the first. This could 

be accomplished using a fibre spool but the facilities to do this at present are unavailable.  
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Two colour distance measurements may also be conducted using a frequency broadening 

element in place to provide the two colours. PCFs have been used in the f-to-2f 

interferometer setups described in Chapter 2 and it was intended to use a second pair to 

create a dual supercontinuum which could be used as probe and LO roles but this was not 

possible in the available time. 

 
Fig. 5.3: Two forms of analysis from different portions of the unwrapped phase angle of the a target and reference 
interferogram pair that has been dictated by position along spectra produced by the target interferogram. The upper 
plot shows the path difference in linear fit to a line fitted in the first quarter of the target spectra and the final quarter. 
The lower plot shows the x2 term on a quadratic fit to the whole line and shows the same pattern as the first plot. Across 
both plots the red data represent data from the 𝑣  calculation from Section 4.3, and matching symbols are primary and 
secondary reflections. Blue data represent a longer dataset approaching the limits of what is possible in the lab through 
air. 

 

5.4. Diode Pumped Ti:sapphire Improvements 

 

An immediate area for improvement for the diode pumped work discussed in Chapter 3 

is the diodes themselves. The diode combiner, once aligned and the diodes properly 

conditioned, required a considerable amount of effort to change the diodes and so the 

reported work in the chapter was conducted using the same two laser diodes. Given that 

recent advances in the production of high powered green laser diodes [52], these could 

have been given the opportunity to be tested in the system. A boost to the green power 

even just to that of the blue diode could allow for self-starting in both the SESAM and 

CNT configurations. In the CNT laser, blue and green diode pumping produced a pulse 

energy that was just shy of the threshold for producing a supercontinuum viable enough 
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for fCEO locking so the introduction of a high powered green diode may have allowed for 

comb production.  

 

While a small number of prototype CNT mirrors were produced to varying degrees of 

success, the only variables were nanotube density. It would have been preferable, given 

the time, to also test a small number of methods of reducing damage as described in [71]. 

A thin layer of polymer which is also described in theory in the paper could reduce the 

effects of damage and this could have been tested.    

 

5.5. Final Remarks 

 

In the previous chapters I have demonstrated significant contributions to the field of solid 

state dual-comb distance metrology. As demonstrated in this chapter there are still several 

milestones to be reached in linking the advantages of using a larger bandwidth solid-state 

system with usable techniques in the lab. Two colour correction methods within the 

laser’s spectrum should be easier using this laser type but at this juncture further time is 

needed to get this right. The diode pumped Ti:sapphire laser exists in an ever changing 

field so further advancements in device technology can only help this project develop. A 

further study into different CNT mirror coatings would also be useful to explore. 
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