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Abstract

Presented here are the findings of a recent thorough investigation into
spontaneous parametric four-wave mixing processes in third-order nonlin-
ear waveguides with continuous tapering patterns. It has been previously
shown that these tapered devices can be exploited to quasi-phase-match
the four-wave mixing process and enhance its conversion efficiency by sev-
eral orders of magnitude. I start with validating the developed quantum
model by reproducing the existing results in the literature. Furthermore,
through selection of different tapering profiles, I show that these devices
can serve as efficient sources of heralded single-photons, with either narrow
or broadband spectral widths and at on-demand frequencies. Simultane-
ously, I was able to use the aforementioned model to determine the fibre
length at which the spectral purity, an important property for quantum
information applications, is maximised.
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1 Introduction

Quantum schemes using single-photons provide a feasible route towards achiev-
ing strong advances in various fields such as communication and computa-
tion systems. Single-photons can be deterministically generated via quantum
dots [1–3], colour centres [4, 5], and atomic ensembles [6, 7], or probabilistically
via spontaneous parametric down-conversion (SPDC) [8–10] and spontaneous
four-wave mixing (SFWM) processes [11–13] in nonlinear optical media.

Spontaneous generation processes have become the standard practice in pro-
ducing single-photons for quantum applications due to the ease of implemen-
tation at standard laboratory conditions [14]. Preparing such desirable photon
states is typically achieved in second-order media through the use of spontaneous
parametric down-conversion [15,16], a three-wave mixing process that converts a
single parent photon into two offspring photons. This process is inherently con-
strained by energy and momentum conservation [17], the latter of which leads
to the phase-matching condition, and typically occurs at very low conversion
efficiencies. Overcoming the limitations imposed by the phase-matching condi-
tion is a key factor for efficient photon production. This is typically achieved
by implementing periodically-poled crystals [18] where the sign of the second-
order nonlinear coefficient is alternated over discrete domains, enabling power
to flow efficiently from the pump field into the generated field(s). This discrete
phase-matching scheme is possible because second-order nonlinear media lack
an inversion centre. In third-order media the preparation of quantum states
of light can be achieved through spontaneous four-wave mixing, a parametric
process in which two pump photons are combined to create two output pho-
tons. Much like SPDC, this process is subject to several constraints limiting the
frequencies and momenta of generated photons. A number of techniques have
previously demonstrated the capacity to satisfy the phase-matching condition in
third-order media including photonic-crystal fibres [19,20], microresonators [21],
birefringent waveguides [14,22], and directional couplers [23,24].

Periodically tapered waveguides (PTW) have recently been proposed as
a means to quasi-phase-match (QPM) parametric nonlinear processes in
third-order nonlinear materials [25, 26]. These structures are analogous to
periodically-poled crystals [18]. In third-order nonlinear media, which possess
inversion symmetry, a similar variation of the nonlinear coefficient can be
achieved through a periodic modulation of the waveguide cross-section. Either
the core diameter of a photonic crystal fibre, or the width of a photonic waveg-
uide, is continuously modulated along the direction of propagation [27, 28].
It has been previously determined that by carefully selecting values of the
tapering period ΛT and modulation amplitude ∆σ a SFWM process can be
quasi-phase-matched, yielding an efficient source of photons. An exciting
prospect for continuously tapered devices is in enabling efficient generation
of single-photons at on-demand frequencies in third-order nonlinear materials.
Launching an optical pulse into modulated guiding structures results in the
production of photon-pairs facilitated by nonlinear mixing processes. This tech-
nique overcomes the current limitations of parametric processes in third-order

1



nonlinear materials by enabling the production of widely spectrally-separated
photons. It has been shown that the PTW-technique can result in enhanced
efficiency for third-harmonic generation [26] as well as spontaneous-four-wave
mixing [29].

This project is aimed at implementing the continuously tapered waveguide
technique to generate single-photons at on-demand frequencies. Firstly, it is im-
portant to reproduce the results in the existing literature. This is achieved by
developing a numerical code from first principles, with the intention of analysing
SFWM processes facilitated by a sinusoidally modulated photonic-crystal fibre
in accordance with the PTW-technique. Subsequently, a variety of customisable
periodic and non-periodic tapering patterns are implemented in order to tailor
the spectral properties of photons spontaneously emitted via four-wave mixing
in silica-core photonic-crystal fibres. It is found that periodic patterns, such
as sinusoidal and Gaussian profiles, result in efficient narrow-band photon-pairs
with a relatively high spectral purity. These patterns most accurately satisfy
the phase-matching condition at a target wavelength, thereby making them suit-
able for applications that necessitate narrow output spectra, or low correlations
between the generated photon pairs. In contrast, non-periodic structures lend
themselves to broad bandwidth generation and low purities. A non-constant
tapering period results in quasi-phase-matching across many frequencies. The
mechanism behind this can be understood by performing Fourier analysis on
the phase-mismatching and nonlinear coefficients, in the same way that quasi-
phase-matching in periodically-poled structures is examined.

This thesis is divided into sections as follows. Section 2 contains a review of
the appropriate literature, detailing the chosen nonlinear process and material
platform. Next, section 3 describes the theory of the quantum model that is
used to develop numerical simulations of spontaneous-four-wave mixing in con-
tinuously modulated photonic-crystal fibres with customised tapering profiles.
This section also details the numerical solutions to problems such as calculating
the mode profiles of propagating waves in non-uniform structures, as well as the
method of tracking the evolution of photon spectral purity. Section 4 presents
the results and findings of numerically simulating the SFWM process in a va-
riety of modulated optical fibres. Finally, my conclusions and suggestions for
avenues of further investigation are summarised in section 5.
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2 Background

This section reviews the relevant literature and discusses the methods used in
recent efforts to model and analyse single-photons generated within periodically
tapered fibres. I begin by establishing the current state of single-photon sources
in section 2.1, before proceeding with an introduction to nonlinear optics in sec-
tion 2.2. Following from this I consider the applications of both phase-matching
2.3 and quasi-phase-matching 2.4 as well as the underlying physical processes
responsible for these phenomena. Finally I categorise several microstructured
devices 2.5, introducing the periodically-tapered waveguide structure in full de-
tail, before outlining the theoretical basis of the quantum propagation model
employed in section 2.6.

2.1 Single-photon sources

In recent decades the fields of quantum information science and quantum pho-
tonics have exploded [30–32]. Incredible potential has been shown in the ma-
nipulation of information that has been encoded into quantum mechanical ob-
jects. Qubits, quantum bits, are being used to develop unconditionally secure
channels of communication [33], as well as to perform computing operations
that where previously impossible or unfeasible due to enormous computational
requirements [34]. At the heart of this expansion lies the single-photon: a quan-
tization state of the electromagnetic field with a mean photon number of one
and a variance of zero. These objects are the fundamental building block of
quantum information due to a variety of highly desirable quantum mechanical
properties as well as a large number of degrees of freedom, such as polarization
and angular momentum, by which information can be encoded. For instance the
quantum entanglement of photons is used in quantum teleportation whereby a
qubit can be transported without loss of information [35]. Similarly important
is the ability of photons to provide a means of generating truly random num-
bers through interaction with a beam-splitter [36]. These phenomena provide
invaluable opportunities in photonics and information science that are funda-
mentally different to the classical regime, and in order to most effectively utilise
these phenomena a robust means of generating indistinguishable single-photons
is required. Single-photon sources can be broadly divided into two categories:
those that generate photons deterministically, and those that generate them in
a probabilistic manner.

2.1.1 Deterministic sources

Deterministic single-photon sources include quantum dots [1–3], colour cen-
tres [4, 5], and atomic ensembles [6, 7]. Quantum dots and colour centres are
referred to as “single-emitter” quantum systems as only a single quantum emit-
ter is present, guaranteeing that a maximum of one photon is emitted during
any single relaxation event. Photons are be generated at will by exciting the
system via external control resulting in the emission of a single-photon as the
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system relaxes, this process can then be repeated as desired. Often the gen-
erating system will placed inside a cavity so as to manipulate the emission
characteristics. In comparison atomic ensembles consist of a collection of quan-
tum emitters that are carefully prepared by pumping into a metastable sate,
before weak illumination with a laser pulse induces the emission of photons.

In the case of quantum dots this system is a semiconductor material, such as
indium arsenide in aluminium gallium arsenide [37], fabricated through beam
epitaxy or colloidal synthesis. The semiconductor can then be excited optically,
through photon absorption, or electrically by moving a charge carrier onto the
dot. Engineering the size of the dot allows for a high degree of control over
the emitted wavelength and excitation of the dot typically requires very low
input energies. One interesting benefit is that quantum dots can be produced
in liquid solutions [38] as well as micro-spheres, making them extraordinarily
flexible in their applications. Unfortunately production of identical quantum
dots is still not possible, while there are methods by which two or more highly-
similar dots might be brought into spectral alignment, this diminishes their
capacity to produce indistinguishable photons.

Colour centres are a lattice defect that form in crystalline diamond structures
when a nitrogen atom is at a lattice position adjacent to a vacancy in the lattice
[39,40]. The colour centre property of interest to searches for ideal single-photon
sources is photoluminescence which, using a variety of electromagnetic control
schemes to manipulate electron spins, is exploited to generate single-photons
[41]. As a source of photons the centre exhibits photo-stability, without photo-
blinking or bleaching. They also have the added benefit of operating efficiently
at room temperature and crucially demonstrate anti-bunching. Colour centres
face the same problem as quantum dots in that they are not identical and thus
offer poor scalability.

2.1.2 Probabilistic sources

In direct contrast to deterministic sources, probabilistically generated single-
photons are not emitted on demand. This can be accomplished via spontaneous
parametric down-conversion (SPDC) [8–10] and spontaneous four-wave mixing
(SFWM) processes [11–13] in nonlinear optical media. Spontaneous processes
have become standard practice in generating single-photons for quantum appli-
cations due to the ease of implementation at standard laboratory conditions [14].
Preparing desirable photon states is typically achieved in second-order media via
spontaneous parametric down-conversion, [15, 16] a three-wave mixing process
that converts a parent photon into two photons at a lower frequency. This pro-
cess is inherently constrained by the phase-matching condition [17]. Overcom-
ing the limitations imposed by the phase-matching condition is key for efficient
single-photon production. For SPDC this is typically achieved by implementing
periodically-poled crystals [18]. In third-order media the preparation of quan-
tum states of light can be achieved through spontaneous four-wave mixing, a
parametric process where two pump photons are combined to create two output
photons. A number of platforms have previously demonstrated the capacity
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to satisfy the phase-matching condition in third-order media including disper-
sion engineered photonic-crystal fibres [19,20], microresonators [21], birefringent
waveguides [14,22], and directional couplers [23,24]. These offer a wide variety
of platforms with which single-photons can be probabilistically generated in an
efficient manner.

Where a deterministic source emits a single-photon on demand, a proba-
bilistic source emits correlated pairs of photons which must then be detected
through a heralding process. When a pair of photons is emitted one photon
is detected, the detection of this photon “heralds” the second photon. Impor-
tantly these photon-pairs are a source of truly indistinguishable photons. The
probabilistic schemes do come with downsides however: since the production of
photon pairs is statistical in nature care must be taken so as not to produce
multiple photon pairs, as this spoils the detection of the herald. To do this the
rate of pair production must be kept well below unity. Additionally, SFWM
results in the generation of a single-photon background, via Raman scattering,
that must be suppressed. In order to overcome the inherent probabilistic nature
of these sources multiplexing of multiple SPDC or SFWM sources can be imple-
mented. The combination of many identical sources increases the likelihood of
a heralding event by increasing the rate at which single-photon emission occurs,
creating a source that is closer to being deterministic. In this thesis I will use
the SFWM process in engineered waveguides in order to obtain narrow- and
broad-band single-photon sources.

2.2 Nonlinear optics

In general, the field of nonlinear optics is concerned with interactions between
light and nonlinear media [17]. These are media where the time-dependent
polarisation density, P̃ , responds non-linearly to the electric field, Ẽ, of the
incident light such that,

P̃ ∝ Ẽn, (1)

with n 6= 1. Typically, nonlinear interactions are only observed with the use
of very high intensity light. This is due to the exceedingly small constants of
proportionality attributed to most nonlinear mediums and, as a result, almost
all nonlinear optical interactions are studied with the use of laser devices. In
fact, following the observation of the Kerr and Pockels effects towards the end
of the 19th century new nonlinear phenomena would not be demonstrated until
1961 when second-harmonic generation [42] and two-photon absorption [43] were
observed following the invention of the laser.

Nonlinear interactions fall into two general categories, parametric and non-
parametric processes. Non-parametric processes do not preserve the quantum
state of the medium and are therefore not sensitive to either the phase or the
polarisation of the interacting photons. Examples of such processes include
the absorption of photons as well as inelastic scattering interactions such as
Raman [44] and Brillouin scattering [45]. Parametric processes on the other
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hand are defined as those processes for which the quantum state of the nonlinear
medium is unchanged through interacting with the optical field [46]. More
specifically there can be no net transfer of energy or momentum between the
optical field and medium, and importantly, the process is instantaneous. This
preservation of the quantum state has far reaching consequences and leads to
the phase-matching condition, a crucial condition explored in greater deal in
section 2.3. An example of a parametric process that many readers will be
familiar with is the optical parametric amplifier (OPA) [47], a common sight on
modern optical benches, where a faint input beam is converted into an amplified
signal and idler photons.

2.2.1 Nonlinear susceptibility

To better understand the structure of nonlinear interactions it is useful to per-
form a Taylor series expansion of the polarisation density,

P̃ = ε0(χ(1)Ẽ + χ(2)Ẽ2 + χ(3)Ẽ3 + ...), (2)

where χ(n) is the nth order dielectric susceptibility coefficient and ε0 is the
vacuum permittivity. In general χ(n) is an (n+1)-th rank tensor, however there
are often symmetry and polarisation effects that can be considered in order to
reduce it to a scalar. The term χ(1) is responsible for the linear response to
the field Ẽ, and the coefficient εoχ

(1) can be rewritten in terms of the real and
imaginary components of the mediums refractive index as (nr + ini)

2. Terms
higher in n are responsible for nonlinear processes of increasing order; they act
to facilitate the flow of power from one or more input beams, into a desired
output beam. For instance, χ(2) results in second-order interactions such as
optical rectification [48], while χ(3) facilitates third-harmonic generation [17].
Unfortunately, as the order of interaction increases the strength of interaction
falls dramatically [46],

χ(1) � χ(2) � χ(3). (3)

and steps must be taken to counteract this. Typically χ(1) is on the order of
unity for condensed matter, while χ(2) and χ(3) are on the order 10−12mV−1

and 10−24m2V−2 respectively.
In order to compensate for this drop in output, it is possible to simply

increase the power of the pump beam, however this is not always feasible in
standard laboratory conditions. This is in part because the physical dimensions
of more powerful laser devices typically scale poorly, rendering them unsuitable
in smaller laboratory spaces. Additionally, many materials become damaged
and/or exhibit other unwanted nonlinear phenomena at the kind of intensities
required to overcome this inherent limitation. Alternatively, materials with
larger values of χ(n) (with n > 1) can be chosen in accordance with the needs
of the experimental setup. For second-harmonic generation gallium arsenide [49]
might be used due to it’s relatively high χ(2) value, while silicon nitride is a good
choice for third-order interactions [50].
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Importantly, in a medium with both non-zero second- and third-order suscep-
tibilities, the third-order interactions will be dominated by the stronger second-
order interactions making them harder to meaningfully utilise. This can be
avoided through the use of centrosymmetric materials, such as silica, where the
second-order susceptibility vanishes1 [46].

2.2.2 Symmetry considerations

Materials with an inversion centre are referred to as centrosymmetric and oc-
curs in crystalline structures for which every point (x, y, z) in the unit cell has a
corresponding indistinguishable point at (−x,−y,−z). This has important con-
sequences for the second-order nonlinear susceptibility (as well as even valued
higher order susceptibilities), as it must vanish identically in a centrosymmetric
medium [46]. Although this holds true for all second-order processes, in order to
demonstrate I will consider only second-harmonic generation as this is the sim-
plest case. Begin by assuming that the time dependent nonlinear polarisation
is of the form,

P̃ = ε0χ
(2)Ẽ2(t), (4)

where ε0 is the electric permittivity of free space, and Ẽ is the applied field. Now,
having assumed inversion symmetry, if the sign of the applied electric field is
changed, such that Ẽ becomes −Ẽ, then the sign of the induced polarisation
must similarly change. Therefore,

− P̃ (t) = ε0χ
(2)[−Ẽ(t)]2 = ε0χ

(2)Ẽ2(t) = P̃ (t). (5)

It is easy to see that if −P̃ (t) = P̃ (t) then P̃ (t) must vanish identically and by
extension χ(2) = 0 in centrosymmetric materials. Perhaps the most important
platform this impacts is optical fibres, typically constructed from silica, where
the lowest order nonlinear processes that can occur result from χ(3). Generally,
processes resulting in the generation of new frequencies such as four-wave mixing
and third-harmonic generation are too inefficient inside optical fibres making
them highly desirable guiding structures.

2.2.3 Spontaneous four-wave mixing

As mentioned already this research is concerned with parametric nonlinear pro-
cesses. In comparison to scattering processes, where the nonlinear medium
plays an active role through molecular vibrations, a parametric process is facil-
itated in a passive manner. The nonlinear interaction is mediated through the
modulation of material parameters, such as the refractive index. Spontaneous
four-wave mixing (SFWM) is one such parametric process, offering a number of
key characteristics that are useful in the generation of single-photons.

1This is not strictly true as other other sources of second-order nonlinear susceptibility do
exist and/or can be induced in silica and other centrosymmetric materials [51,52].
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(a) (b)

Figure 2.1: (a) Schematic of sum-frequency generation, three input photons at ω1, ω2, and ω3 are
annihilated to produce a single output photon at a frequency ω4. (b) Diagrammatic mixing process
where two input photons at ω1 and ω2 are annihilated to create two output photons at ω3 and ω4.l

SFWM is a third-order nonlinear interaction involving the mixture of four
optical waves and, in general, there are two schemes by which four-wave mixing
can occur [53]. One of these processes, displayed in Fig. 2.1a, involves three
input photons combining to generate a fourth photon at the frequency ω4 =
ω1 + ω2 + ω3 and is commonly known as sum-frequency generation. There are
two degenerate cases of this scheme: the first, with ω1 = ω2, is identical to
a second-order three wave mixing process, while the second degenerate case,
with ω1 = ω2 = ω3, is responsible for third-harmonic generation. The second
scheme, portrayed in Fig. 2.1b, occurs when two photons at frequencies ω1

and ω2 are annihilated while two photons at frequencies ω3 and ω4 are created
simultaneously such that ω1 + ω2 = ω3 + ω4. This process is called difference
frequency generation.

When an optical medium is pumped by an optical beam, electrons are raised
from lower energy levels into higher energy levels [17]. These upper levels are
very often unstable and the electron will, after some time, fall back into a lower
level along with the emission of a photon. In a spontaneous process, such as
SFWM, the decay from a higher energy level is seeded by vacuum fluctuations
and so the spontaneously emitted photon has both a random phase and a ran-
dom direction of propagation. This is a quantum process, in contrast with
stimulated emission, and allows the generation of photons with the quantum
properties that are vital to so much of modern quantum photonics. In compar-
ison, stimulated emission is used to produce the high intensity coherent light
sources required by almost all modern optical experiments: lasers.

The four-wave mixing process has long proven useful in a wide variety of
classical photonic applications, including optical phase conjugation [54, 55], su-
percontinuum generation [56,57], and the production of frequency combs [58,59].
However, in recent decades more and more quantum applications for the four-
wave mixing process have been developed. These include the generation of
squeezed states [60, 61] where photons are manipulated to have reduced un-
certainties in phase or amplitude, as well as the generation of entangled pho-
tons [62–64]. At the same time four-wave mixing is increasingly being used to
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produce single-photons [65–67].

2.2.4 Self- and cross-phase modulation

In a nonlinear centrosymmetric medium, where no χ(2) effects can occur, the
dominant nonlinearities result from χ(3). Besides the mixing processes, it is also
important to account for nonlinear effects resulting from changes in the refrac-
tive index as a result of the input field. Without implementing specific methods
for improving the efficiency of mixing processes, such as phase-matching (as
described later), nonlinear refraction is typically the only nonlinear effect to
occur [53].

Nonlinear refraction is a result of the intensity dependence of the refractive
index, n. The refractive index can be written as,

ñ(ω, I) = n(ω) + n2I = n+ n̄2|E|2, (6)

where n(ω) is the linear component, I is the optical intensity associated with
an electromagnetic field E, and n̄2 is the nonlinear-index coefficient. Assuming
a linear polarisation of the optical field such that χ(3) is a scalar the nonlinear-
index coefficient can be related to the nonlinear susceptibility,

n̄2 =
3

8n
Re(χ(3)), (7)

where Re stands for the real part.
The intensity dependence of the refractive index produces two phase mod-

ulation effects, self- and cross-phase modulation. Self-phase modulation (SPM)
refers to the phase shift induced by an optical field on itself. Cross-phase mod-
ulation (XPM) refers to the phase shift induced by one optical field on another
optical field with a different frequency, direction of propagation, or polarisation
state. To quantify the shift each effect produces it is necessary to consider that
as an optical field propagates through a medium its phase changes by,

φ = ñ2k0L = (n+ n̄2|E|2)k0L, (8)

where k0 = 2π/λ, λ is the wavelength of the optical field, and L is the fibre
length. The intensity dependent component of equation 8, φNL = n̄2k0L|E|2,
is a result of SPM.

If we now consider two optical fields at frequencies ω1 and ω2 such that the
total field is,

Ê =
1

2
[E1 exp(−iω1t) + E2 exp(−iω2t) + c.c.], (9)

where c.c. stands for the complex conjugate, then the nonlinear phase shift for
the field at ω1 is given by,

φNL = n̄2k0L(|E1|2 + 2|E2|2). (10)
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The two terms in equation 10 correspond to from SPM and XPM respectively,
with the contribution to the nonlinear phase shift from XPM being twice the
magnitude of the SPM effect. This will always be the case for co-propagating
beams of equal intensity and different wavelengths [53].

Typically these are deemed to be detrimental effects, acting to shift the in-
put beams properties away from the targeted state as a beam propagates in
a fibre. This is especially problematic in telecommunications systems where
the degradation effect is exacerbated over enormous propagation distances [68].
Similarly, phase-modulation effects produce shifts in the pump, signal, and idler
beams during four-wave mixing that hinder efficient conversion [69] and can
produce unwanted spectral broadening, in particular for ultrashort-pulse prop-
agation [70, 71]. Self- and cross-phase modulation are not always a detriment
however; for example they can be used to dynamically control symmetry break-
ing behaviour in micro-ring resonators [72], to generate diffraction patterns us-
ing atomic vapour systems [73], or for controlling supercontinuum generation in
optical waveguides [74].

2.3 Phase-matching condition

Nonlinear optical interactions provide a means to generate photons at new fre-
quencies, as well as light with desirable spectral properties such as squeezed [75]
or entangled photons [76]. However, there are difficulties associated with the
parametric variety of nonlinear interactions that must be overcome in order
to be efficiently utilised. As a result of the conservation of beam momentum,
described by a wave vector k, the chromatic dispersion inherent in all optical
mediums restricts the allowed parametric processes through what is called the
phase-matching condition. This section examines the origins of this require-
ment, as well as some of the ways in which it can be overcome.

2.3.1 Energy and momentum

In order to understand how this condition arises, first consider that in a para-
metric process both energy and momentum are conserved quantities. The con-
servation of energy results in the frequency-matching condition. If two beams,
each at frequencies ω1 and ω2, interact within a second-order nonlinear medium
to generate a third frequency ω3, the output frequency must be equal to the
sum of the input frequencies,

ω3 = ω1 + ω2. (11)

This is a very simple relation and demonstrates that by tuning the input fre-
quencies, within the limits of a given experimental setup, it is possible to alter
the frequency of the output beam as desired. The frequency-matching condition
corresponds to a temporal alignment of the interacting beams. Without both
prolonged temporal and spatial alignment the mixing process remains inefficient.

Now consider the conservation of momentum for a similar mixture of three
co-propagating beams within a second-order nonlinear medium. Assume that
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the medium is non-dispersive, so that the material refractive index is indepen-
dent of frequency, and the beams are collinear i.e. they propagate in the same
direction. If momentum is to be conserved, the wave vectors of the three inter-
acting waves must satisfy the phase-matching condition,

k̂3 = k̂1 + k̂2, (12)

with k̂i the wave vector of the ith wave. Therefore, the phase-matching condition
corresponds to a spatial alignment of the interacting waves, and if the condition
is not met the phase-mismatch is defined as,

∆k̂ = k̂1 + k̂2 − k̂3. (13)

For this particular mixing process each propagating wave experiences the same
refractive index n. Using the definition of the wave vector the above relation
becomes,

nω3

c
=
nω1

c
+
nω2

c
, (14)

which simply reduces to the frequency-matching condition. The problem then
lies with the fact that all materials are dispersive, where each wave interacts via
a distinct, frequency dependent, refractive index ni(ωi). In this dispersive case
the phase-matching condition becomes,

ω3n3 = ω1n1 + ω2n2. (15)

In order to achieve efficient conversion of the input beams into the desired
output frequency this condition must be satisfied. This can be done through
either perfect phase-matching or a partial matching, which is referred to as
quasi-phase-matching.

2.3.2 Perfect phase-matching techniques

Chromatic dispersion results in the input, or fundamental beam, travelling
through a medium with a different velocity to the generated beam; this phase-
mismatching effect allows the interacting beams to effectively mix for only a
short spatial period. Without a mechanism to counteract this mismatch the
power supplied by the fundamental beam will oscillate back and forth between
the fundamental and generated fields. Figure 2.2 illustrates the difference in con-
version efficiency between a perfectly phase-matched and a phase-mismatched
scheme for second-harmonic generation. The phase-matched scheme demon-
strates quadratic growth of the beam intensity with propagation distance, as
power continues to flow into the generated second-harmonic field. This effi-
cient transfer is a result of the constituent beams being made able to interact,
in phase, along the entire length of the medium. In contrast, the unmatched
scheme experiences a sinusoidal oscillation. At points along the guiding medium
the fundamental and generated beams will naturally become phase aligned.
However, they will quickly become misaligned again and so power flows into
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Figure 2.2: Intensity of the second-harmonic plotted against propagation distance for both a per-
fectly phase-matched process (solid blue plot) and for a mismatched process (dashed red line).
Arbitrary units are used for both variables.

the second-harmonic before flowing back into the fundamental beam. In the
case of a phase-matched process each element of the phase is aligned such that
they add constructively, and each component contributes to the net generation
of new frequencies. In comparison, the un-matched schemes phase vectors add
constructively for half a period, before adding destructively for the second half
of each period. This is why we see no net appreciation in the intensity and a
cyclic oscillation of gains and losses in the second-harmonic.

In the case of second-harmonic generation it is required that the degenerate
input beams ω1 = ω2 = ω such that the generated frequency ω3 = 2ω. From
equation 15 it is clear that in a dispersive medium this implies a relation between
the refractive indices of the fundamental and second-harmonic,

n(ω) = n(2ω). (16)

This is a seemingly impossible criteria to meet in dispersive materials for which
the refractive index monotonically increases with wavelength. Sum-frequency
generation is restricted in a similarly impossible manner. One solution to this
is to operate within the anomalous dispersion regime [77]. In this wavelength
region the material refractive index decreases with an increase in wavelength
which, when coupled with the zero-dispersion point, allows for the seemingly
impossible phase-matching condition to be satisfied.

Rather than anomalous dispersion regimes, the birefringence of a nonlinear
crystal is a far more commonly exploited phenomenon in attempting to satisfy
the phase-matching condition [46]. In a birefringent crystal the refractive index
is dependent on both the polarisation of light and the direction of propagation.
Light waves incident on such a crystal will be sent along different propagation
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paths as a result, these are referred to as ordinary or extraordinary rays.
There are two ways in which this behaviour can be manipulated, critical and

non-critical birefringent phase-matching. Critical birefringent phase-matching
makes use of the angle at which the input beams are incident on the crys-
tal to alter the refractive index of each beam and is also referred to as angle
phase-matching. One or more beams are polarised such that they propagate as
an ordinary ray, whilst one or more other beams are polarised such that they
propagate along the extraordinary axis. Adjusting the angle of incidence then
changes the refractive index of the extraordinary ray, ne, whilst leaving the or-
dinary ray index, no, unchanged. This way some angle θ can be found for which
the nonlinear interaction is phase-matched.

The critical approach comes with some significant downsides. The term crit-
ical refers to the fact that the process is sensitive to misalignment of the beams
such that phase-matching can only be achieved for a limited angular phase-
matching bandwidth. Another problem is that when the interacting beams
propagate along sufficiently different axis the interaction length is minimised
as a result of spatial beam walk-off. Any beams outputted by the birefringent
crystal will no longer be collinear.

Non-critical birefringent phase-matching instead exploits the changes in re-
fractive index that occur when a birefringent crystal is subject to changes in
temperature. Adjusting the crystal temperature produces a change in the ex-
traordinary refractive index ne, while the ordinary index remains unchanged.
With this the birefrigence of the crystal can be controlled in order to cancel
the effect of chromatic dispersion. This procedure has the added benefit of min-
imising the beam spatial walk-off which allows the interaction to take place over
longer distances within the nonlinear medium.

Birefringence has found applications in a wide variety of optical and photonic
experiments, in part due to the low cost of commonly used crystals, but also
due to the potential to operate at high intensities. This birefringent behaviour
has be utilised to produce birefringent fibres [78] for phase-matching purposes,
which have then been implemented as a source of photon pairs through four-
wave mixing processes [79]. Stress dependence of the birefringence has also
been demonstrated [80], offering another potential degree of freedom in the
application of phase-matching.

2.4 Quasi-phase-matching

The need for phase-matching should by now be clear. Efficient mixing processes
require some form of phase-matching in order facilitate the transfer of power into
the desired frequencies. Ideally, this phase-matching would be accomplished in
an exact manner, with the co-propagating beams remaining perfectly matched
over the entire interaction distance. However the downsides I have discussed,
such as the loss of co-linearity or the highly sensitive dependencies on tempera-
ture and angle of incidence, can often be too limiting. In order to bypass these
problems a different process can be implemented in which co-propagating beams
aren’t phase-matched exactly, rather they are partially phase-matched. This is
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Figure 2.3: Dependence of field amplitude on the propagation distance z normalised to the co-
herence length Lcoh for three phase-matching schemes. a). Perfect phase-matching resulting in a
linear increase in amplitude. b). Quasi-phase-matching, which produces a monotonically increasing
amplitude lower than that of the perfect case. c). Phase-mismatch is not compensated for so that
the field amplitude oscillates sinusoidally with a small amplitude. Adapted from [46]

more commonly referred to as quasi-phase-matching [81] and, by sacrificing con-
version efficiency, this mechanism allows potentially more robust and versatile
schemes of photon generation for a variety of applications.

To understand how this mechanism works consider again a mixing process
of three interacting waves, ω1, ω2, and ω3, with a phase-mismatch ∆k̂ defined
as before in equation 13. In the presence of a phase-mismatch, the nonlinear
medium will radiate frequencies with position dependent phases ∆k̂ · r̂. These
phases, as mentioned, will add destructively and therefore inhibit the ability
to generate the desired frequencies. Suppose now that the nonlinear medium
also has a position dependent nonlinear coefficient d(r̂). The intensity of the
generated frequency ω3 can be defined as,

I3 ∝

∣∣∣∣∣
∫
V

d(r̂) exp(j∆k̂ · r̂)dr̂

∣∣∣∣∣
2

, (17)

where V indicates that the integral is to be taken over the entire volume of
the medium. It is easy to see from this expression that, if d(r̂) is a harmonic

function such that d(r̂) = d0 exp(−jĜ · r̂) with Ĝ = ∆k̂, the phase-mismatch is
entirely removed. Introducing a wavevector Ĝ into the structure of the medium
counteracts the vector mismatch between the propagating waves.

Figure 2.3 illustrates the differences in conversion efficiency between the
possible phase-matching regimes. When perfect phase-matching is achieved the
field amplitude increases linearly with propagation distance, which is equivalent
to the quadratic increase in intensity shown in Fig. 2.2. Likewise, a wavevector
mismatch again produces a sinusoidal oscillation of the field amplitude with no
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appreciable gain. The quasi-phase-matched scheme lies somewhere between the
two, monotonically increasing with distance but at a rate lower than that of the
perfectly matched case. Clearly, quasi-phase-matching can be utilised to greatly
enhance the efficiency of parametric nonlinear interactions without many of the
limiting conditions imposed by exact matching schemes such as birefringence.

2.4.1 Periodically-poled crystals

Generally, it is difficult to modulate the nonlinear coefficient of a medium in a
continuous manner. However any periodic function can be decomposed into a
superposition of harmonic functions using Fourier series. One of these harmonic
functions can then be used to correct the phase-mismatch, albeit in a quasi-
fashion, removing the requirement of continuous transformation of the nonlinear
coefficient. Assuming the spatially dependent nonlinear coefficient of collinear
waves travelling in the z-direction d(ẑ), and decomposing it into periodic Fourier
components we obtain,

d(z) =

∞∑
m=−∞

dm exp

(
−j2πmz

Λ

)
(18)

with Λ the period and dm the Fourier coefficients. Any one of these components
can be used to quasi-phase match the nonlinear interaction. For a particular
harmonic used to correct the phase-mismatch G = 2πm

Λ = ∆k and therefore the
period with which the nonlinear coefficient should be modulated is Λ = 2πm

∆k .
It is possible to engineer a medium where the crystal structure is divided

into consecutive domains of length Λ
2 where d(z) alternates between +d0 and

−d0. This is accomplished in a variety of ways including electron bombardment
and the application of pulsed electric fields. Such a device is referred to as a
periodically-poled crystal (PPC) [82] and it is the simplest periodic modulation
pattern that can be used to provide quasi-phase-matching. The conversion effi-
ciency of second-harmonic generation in a crystal with a length L is proportional
to,

ΓSHG ∝ sinc2

(
∆kL

2π

)
, (19)

which falls off dramatically for non-zero ∆k and long structures. The effective
use of a PPC greatly enhances the conversion efficiency of nonlinear processes
by minimising the phase-mismatch. One of the most common materials used
to produce periodically-poled crystals is lithium niobate (LiNbO3) [83], which
has proven valuable in second-harmonic generation [84] as well as sum- [85] and
difference-frequency generation [86]. Lithium niobate unfortunately possesses
a relatively low photo-refractive damage threshold and must therefore be han-
dled with care, high input powers can cause irreparable damage to the crystal
structure. This can be overcome somewhat by doping the material with small
quantities of magnesium oxide, allowing the use of higher input powers.
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There are a wide variety of other nonlinear crystals that can be periodically-
poled for quasi-phase-matching processes, including potassium titanyl phos-
phate [87] and lithium tantalate [88]. Through application of an electric field
it is even possible to break the symmetry of silica and use it to generate the
second-harmonic through an effective second-order susceptibility, and through
poling this process becomes even more efficient [89]. Each of these materials
comes with its own benefits and drawbacks depending on the wavelength region
in question and the optical process employed. However, an added benefit com-
mon to all PPC’s is that the poling period can be tailored with relative ease to
suit the application, for example the shorter poling domains of lithium niobate
are better suited to second-harmonic generation while a longer domain is more
suited to optical parametric oscillation. Importantly, these media are only suit-
able for second-order nonlinear processes. Flipping the poling domain requires
a non-centrosymmetric material, where second-order nonlinear interactions will
dominate over higher order interactions.

2.4.2 Periodically tapered waveguides

When it comes to third-order nonlinear interactions such as four-wave mixing
the periodic poling approach to quasi-phase-matching is no longer feasible. This
is because the poling process does not effect the orientation of components of
the third-order nonlinear susceptibility. The phase-matching condition can be
exactly satisfied with a variety of mechanisms for third-order processes, such as
engineering the material dispersion [90] or stimulated Brillouin scattering [91].
However, these methods come with similar limitations as in the case of phase
matching via birefringence. Recently, a quasi-phase-matching scheme for third-
order nonlinear interactions has been proposed that applies similar principles to
the periodic poling technique: periodically tapered waveguides [26].

The periodically tapered waveguide (PTW) technique can be considered a
third-order extension of periodically poling; instead of a discrete poling domain,
continuous modulation of the waveguide width or fibre diameter is implemented
in order to modulate the third-order nonlinear coefficient in a similar manner.
In a study of third-harmonic generation in a single-mode fibre [26] the nonlinear
coefficient that governs the efficiency of third-harmonic generation,

γijkl =
n2ωi

cA
(ijkl)
eff

, (20)

with A
(ijkl)
eff the effective area of the beam, n2 the nonlinear refractive index,

ωi the angular frequency of wave i, and i, j, k, l the indices of the interacting
waves. The conversion efficiency of this process inside a tapered waveguide is
defined as,

ΓTHG(z) =
1

9
P 2
i

∣∣∣∣∣
∫ z

0

dz γ3111(z) ej[3γ1111Piz−∆φ(z)]

∣∣∣∣∣
2

, (21)
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Figure 2.4: Power spectral densities of H and γ3111 in a sinusoid DOF with dav = 40µm and
∆d = 0.1, (a) ΛT = 9cm, (b) ΛT = 4.5cm. F is the Fourier transform operator.

where Pi is the input power, and ∆φ(z) =
∫ z

0
∆β(z′)dz′ is the phase-

mismatching. It is important to note that the phase-mismatch does not
grow linearly in tapered structures because of the spatial dependence of ∆β, in
comparison to uniform structures. As a result phase-mismatch will accumulate
along the length of tapered fibres and waveguides, rather than oscillating as is
the case in uniform cylindrical fibres or planar waveguides.

It is clear from the integrand of equation 21 that, if the propagation constant
mismatch ∆β was spatially independent, then a discrete periodic modulation of
γ3111 could be used to counteract the phase-mismatch. Just like periodic poling
domains a structure could be engineered to counteract ∆φ using alternating
regions with different nonlinear coefficients.

Sinusoidal modulation of the fibre diameter is defined by the function,

d(z) = dav[1−∆d cos(2πz/ΛT)], (22)

with dav the average fibre diameter, ∆d the modulation amplitude, and ΛT

the fibre tapering period. This oscillation of the fibre diameter is the defining
characteristic of dispersion oscillating fibres (DOFs) and forms the basis of the
PTW phase-matching mechanism.

Fourier analysis of the integrand components of equation 21 reveals that in-
dividual Fourier components of γ3111 and H = exp(−i∆φ) can be made to align
in order to cancel one another. This is an analogous process to the periodic pol-
ing technique, where a periodic function of the poling is used to correct for the
periodic phase-mismatch. Similarly, this scheme takes one component of the se-
ries that makes up the nonlinear coefficient γ3111 and selects it in order to cancel
one component of the phase term H with an opposing spatial frequency. Spac-
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ing between components of the two Fourier series is found to be the same. The
power spectral densities of these Fourier series are displayed in Figs. 2.4(a) and
2.4(b). In Fig. 2.4(a) the series are misaligned, resulting in a phase-mismatched
process. Adjusting the separation parameter δ through manipulation of the fi-
bres tapering profile acts to correct the mismatch and the quasi-phase-matched
scheme can be realised, as in Fig. 2.4(b). The alignment procedure comes down
to proper selection of the tapering period ΛT and modulation amplitude ∆d.
These parameters control the degree to which quasi-phase-matching is accom-
plished and with careful selection of each, an enhancement in third-harmonic
generation efficiency of 50dB can be achieved. Similar approaches to this have
been previously described for silicon Bragg waveguides [92] as well as silicon
waveguides with aperiodic diameter modulations [93].

An alternative quasi-phase-matching scheme for third-order nonlinear inter-
actions comes from phase-mismatch switching [94], where the phase-mismatch
is forced to stay within the gain regime for greater lengths and in the loss regime
for shorter lengths. Conversion enhancement can also be found through combi-
nations of two or more schemes, such as the simultaneous use of phase-mismatch
switching and dispersion compensation [95].

2.5 Microstructured devices

A microstructured device is simply a structure specifically engineered, on a
micrometer scale, to perform a specific desirable function. While there are
many variations of microstructured devices [96,97] as well as techniques used to
fabricate them, there are two structures of fundamental concern to this research
project. The first is the tapered photonic crystal fibre (PCF), known more
commonly as dispersion oscillating fibres (DOFs), and the second is the width-
modulated waveguide.

2.5.1 Photonic crystal fibres

Photonic crystal fibres were developed in response to the theoretical prediction
of photonic band gaps [98]. Initially, this effort was motivated by the need for a
photonic band gap in quantum optics but would later prove invaluable across the
entire field of optics [99]. The development of such effective guiding structures
led to other alternative structures, such as the Bragg Fibre [100], being mostly
superseded in the face of such expanded versatility.

In direct analogy to electronic band gap structures [101,102], photonic band
gaps exist in “a dielectric structure with a refractive index that varies period-
ically in space” [103]. A photonic band gap creates regions in which electro-
magnetic waves can not propagate, they are therefore restricted to propagating
within regions outside of the forbidden zone regardless of propagation direc-
tion. Applying this principle to optical fibres it is possible to trap light at a
specific wavelength within the fibre core, provided the fibre has been suitably
engineered.
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Figure 2.5: Schematic diagrams of photonic crystal fibres with triangular lattices of air holes (lighter
area) surrounded by cladding material (darker area), (a) a solid core fibre, (b) a hollow-core fibre.
Adapted from [104].

This mechanism of confinement is fundamentally different to the typical way
in which light is held within an optical fibre. In the case of a solid core fibre
light is confined via total internal reflection, any reflection at the boundaries of
the fibre core occurs at an angle that keeps the light contained within. In a PCF
this effect is enhanced by the presence of a web of air holes. This lattice creates
a very high refractive index contrast between the core and surrounding medium,
similar to the confinement effect in step-index fibres, and light is subsequently
contained within the core region. In a hollow-core PCF however the light is
confined due to the presence of a wide photonic band gap [98]. Any wavelength
within the band gap region will have it’s motion suppressed in all directions
leaving the hollow core as the only region in which the light is permitted to
travel. A particularly valuable property of PCFs is their ability to maintain
single-mode beams over broad wavelength regions where they might normally
become multi-mode as the beam propagates. This is because the lattice of air-
holes and silica behaves as a screening mechanism in which higher order modes,
which possess lower effective modal lobe areas, are trapped within the lattice of
air-holes while the fundamental mode is guided in the core region [99].

While there are many variations of the structure of PCFs, a typical arrange-
ment is a triangular lattice of air-holes embedded within a cylindrical cladding
material as displayed in Fig. 2.5. These structures are defined by the dis-
tance between neighbouring air gaps: the fibre pitch Λ, and the hole diameter
d. Typically cladding is an assembly of capillary tubes, while the core may be
composed of solid silica or left hollow in order to be filled with a gas such as air,
or noble gases like xenon [105] and argon [106]. The first photonic crystal fibre
was fabricated in 1996 [107] only a few years after attempts at manufacturing
a microstructured fibre began. This fibre was made using already existing fibre
technologies to draw out hollow fibres and stack them into a hexagonal lattice
before once again drawing them down to acquire the desired arrangement of air
holes. This proved an efficient means of producing fibres that were many metres
long, while also allowing the precise introduction of defects during the stacking
process. Such defects are necessary in a usable PCF, otherwise the fibre is sim-
ply the ”photonic equivalent of a pure dopant- and defect-free semiconductor
crystal” [107] and will not possess the desirable guiding properties they where
developed for.
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Due to their relatively complicated structure photonic crystal fibres often
require numerical simulations to quantify propagation phenomena. However K.
Saitoh and M. Koshiba [108] proposed empirical relations which allow the ef-
fective index of the fundamental guided mode, neff , and the effective cladding
index (fundamental space-filling mode), nFSM , to be calculated with only prior
knowledge of the internal fibre parameters, i.e. the fibre pitch and hole diam-
eter. This provides an extremely versatile method of modelling PCFs without
having to perform computationally expensive simulations in order to determine
these fundamental parameters. Knowledge of the fibres pitch Λ, the air hole
diameter d, the input beam wavelength λ, and the core index, nco enable easy
calculation of the mode profile. There are a number of constraining factors
on the accuracy of this method [53, 108] that define the regions of wavelength,
pitch, and core index in which this method remains accurate. However, pro-
vided these constraints are met this should prove a powerful tool in simulating
photonic crystal fibres.

Periodically tapered waveguides, or dispersion oscillating fibres, can be man-
ufactured through continuously varying the pitch of a PCF, so that the air hole
distance oscillates sinusoidally, resulting in a fibre with a refractive index and
effective area that varies along the propagation direction.

2.5.2 Width-modulated waveguides

Width-modulated waveguides (WMWs) are similar to DOFs in that one dimen-
sion of the structure, transverse to the direction of propagation, is modulated
accordingly to a periodic function. An early treatment of such a structure is
presented in a 1981 paper from A. Mallick and G. Sanyal [109]. They put for-
ward theoretical calculations of propagation constants β, and other properties
of spatial harmonics for a sinusoidally modulated rectangular waveguide. The
variation of β and the wave amplitude with frequency is studied as well as the
effect of increased modulation depth. The fabrication of a different kind of
tapered waveguide was reported by M. Chou et al. [110] in 1996. The group
makes use of a single tapering region with the aim of altering mode sizes in
order to optimise mode coupling procedures as well as “efficient performance of
active or electro-optic devices” [110]. Rather than a continuous deformation of
a planar waveguide, the device is segmented into discrete elements of varying
cross-section. This periodic segmentation deviates dramatically from the contin-
uously tapered profile and therefore will not satisfy the quasi-phase-matching
condition. However, the purpose of this waveguide is to demonstrate control
over mode sizes by transforming the mode profile over the device length, rather
than to generate frequencies.

An example of a width-modulated waveguide with a continuously varying
cross-section can be seen in Fig. 2.6(a). This structure is composed of a sil-
icon nitride waveguide mounted atop a photonic chip. Figure 2.6(b) demon-
strates one alternative to the width-modulated waveguide; the cladding modu-
lated waveguide. Where before only the modulation of the refractive index by
continuously varying the core waveguide width has been considered, the cladding
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Figure 2.6: Schematic diagram of two width-modulated waveguides constructed from a mixture of
silica, silica dioxide, and silicon nitride with different approaches to modulation, (a) silicon nitride
waveguide atop an oxide layer, the waveguide cross-section varies sinusoidally along the direction of
propagation, (b) planar waveguide with constant cross-section, modulation of the refractive index is
accomplished with a modulation of the silica dioxide cladding underneath the waveguide. Adapted
from [25].

material that is in contact with the core material may also be deformed while the
core retains a constant cross-section [25]. Guided beams therefore experience an
altered index and an altered effective area. This variation on a WMW is used
to perform quasi-phase-matched supercontinuum generation; the un-modulated
core acts as usual to generate a supercontiua, while the cladding modulation
enhances the conversion efficiency by satisfying the quasi-phase-matching con-
dition.

2.6 Quantum mechanical photon propagation in nonlinear
media

This section discusses the different mathematical approaches used to describe
the propagation of photons in a vacuum as well as linear and nonlinear media.
The effect on this propagation produced by lossy and dispersive media will
also be considered. Classical propagation of electromagnetic radiation has long
been well understood, in a vacuum as well as linear dielectric media [111, 112].
Similarly, a robust quantum description of light in a vacuum [113, 114] was
obtained early on. However, a theory of nonlinear propagation and a quantum
mechanical description of light in a dielectric medium, even for a linear material
for which P̂ ∝ Ê, that accounted for observed phenomena proved difficult to
obtain.

2.6.1 Maxwell’s equations

One of the most important developments in optics was the description of light
through Maxwell’s equations. These equations paved the way for modern optics
and, eventually, photonics by describing the propagation of light as an electro-
magnetic phenomena. In free space they take the form [112],

∇× Ĥ = ε0
∂Ê

∂t
, (23)

∇× Ê = −µ0
∂Ĥ

∂t
, (24)
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∇ · Ĥ = 0, (25)

∇ · Ê = 0, (26)

where Ĥ is the magnetic field and µ0 is the magnetic permeability of free space.
Importantly, each component of the electric and magnetic fields must addition-
ally satisfy the wave equation,

∇2u− 1

c20

∂2u

∂t2
= 0, (27)

with the scalar u being any of the three components of Ê (Ex,Ey,Ez) and Ĥ

(Hx,Hy,Hz), where,

c0 =
1

√
ε0µ0

(28)

is the speed of light in a vacuum. It is useful to note that Maxwell’s equations
as well as the wave equation are linear, therefore solutions to these equations
obey the principle of superposition: if two sets of electric and magnetic fields
are solutions to these equations, then their sum is also a solution.

Maxwell’s equations describe both the temporal and spatial evolution of
electromagnetic fields and form the basis for the analysis of more complex op-
tical systems, such as nonlinear media. From here it is possible to introduce
secondary fields that account for properties such as dispersion as well as prop-
agation losses. For example, in order to account for the presence of a medium
it is necessary to introduce two new vector fields: the electric flux density D̂

(often referred to as the electric displacement) and the magnetic flux density B̂.
These quantities are defined in terms of the electric and magnetic fields as well
as the polarisation density P̂ and magnetisation density M̂ such that,

D̂ = ε0Ê + P̂ , (29)

B̂ = µ0Ĥ + µ0M̂. (30)

In free space P̂ = M̂ = 0, while the presence of a dielectric medium intro-
duces a non-zero polarisation density and magnetisation density which results
in modified versions of Maxwell’s equations. These equations form the basis of
electromagnetism and allow the propagation of photons in different media to be
accurately described.

2.6.2 Linear dielectric

In 1987 it was suggested that linear and nonlinear propagation should be treated
”on the same footing” [115]. The existing procedure for analysing nonlinear
propagation, the modal Hamiltonian approach, broke down when applied to
linear behaviours. Rather than the frequency of incident light remaining invari-
ant the modal Hamiltonian formalism resulted in modes coupling to themselves.
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This has the effect of altering the frequency of light as it travels through a di-
electric and suggests that its application to nonlinear media is limited. Clearly
this can not be the case as a linear dielectric does not alter the frequency of
an incident beam. To combat this, an alternative procedure in the Heisenberg
representation of quantum mechanics was proposed in which the key variable is
the momentum operator Ĝ.

The justification for this is once again an insight provided by classical optics,
that the ”introduction of a dielectric in the path of a light beam does not change
the total energy; the incident energy is simply redistributed into the transmitted
and reflected waves” [115]. If the energy of the system is unchanged by the
presence of a dielectric it must follow that the Hamiltonian Ĥ also remains
unaffected (seeing as the Hamiltonian defines a systems total energy) and can
therefore not account for any resulting phenomena. Limited success was had
with this approach, while refraction and reflection were indeed present in the
model a significant problem was found when attempts were made to account
for lossy and dispersive nonlinear media [116, 117]. This momentum operator

method results in a non-locality between the electric field Ê and the displacement
field D̂ which results in a Lagrangian that is non-local in time [118].

Similar theories based on operator dynamics are presented in a series of
papers that attempt to account for the effects of absorption and dispersion in
linear dielectrics [118–120]. In one such paper [119] explicit inclusion of the
matter field helps to alleviate a number of issues and a seemingly consistent
procedure is developed for dispersive media. This approach fails to account for
absorbing materials but a follow up paper from two of the authors, B. Huttner
and S. Barnett [120], improves upon the procedure by accounting for absorptive
loss in a one-dimensional model. The full extension of this method to three
dimensions is presented in Quantization of the electromagnetic field in dielectrics
[118]. By accounting for loss and dispersion with a microscopic model of the
medium, Huttner et al. develop a canonical quantization procedure that can
then be applied to the propagation of light in a dielectric. Expressions for
complex group and phase velocity are also obtained, and these reduce to the
familiar lossless expressions under the appropriate conditions. Importantly this
approach manages to remove the one-to-one correspondence between the wave
vector and the frequency of the field in the dielectric. This correspondence is
found in other quantization approaches [117, 121] and introduces non-physical
bosons that otherwise must be manually discarded.

The Kramers-Konig relations [46] provide a fundamental link between the
dispersion and absorption of light, so that a material can not be dispersive
at one frequency without also being absorptive at another and vice-versa [122].
Therefore it is natural that any theory that ignores the effects of either dispersion
or absorption should breakdown, or at best be limited in its application.

2.6.3 Nonlinear dielectric

The extension of propagation models to nonlinear dielectrics, where P̂ ∝ Ên

for n > 1, has been attempted with a variety of different approaches. Y.R.
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Shen developed a statistical approach using operator dynamics [123] in order
to demonstrate that the output fields statistics are a function of the input field
statistics. At the same time it was shown that the nonlinear response of the
medium is related to the statistical properties of the input field. A key issue with
this approach is that it is based on the Hamiltonian model which, as discussed,
results in a number of non-physical predictions.

In ”Quantum-field theory of squeezing in solitons” P.D. Drummond and
S.J. Carter [124] demonstrate a stochastic nonlinear Shrödinger equation that
can be used to describe soliton dynamics in dispersive media. If a continuous
input wave is assumed, this method is found to show a high level of agreement
with previous operator procedures. Importantly, while this approach analyses
the evolution of a Hamiltonian it manages to avoid the previous issues of non-
physicality through careful selection of the quantization criteria.

The basis of the quantum model of photon propagation outlined in section
3 builds on work completed by Huttner et el. [125]. They successfully develop a
method of field quantization that accounts for nonlinear and dispersive effects
inside of a multi-mode degenerate parametric amplifier. This approach sets out
to solve a number of major problems faced by previous methods. The first is that
in previous approaches the spatial and temporal evolution of a field are directly
related such that ct = z and therefore a variable is lost from the analysis. This
constrains the theories to describe only steady-state propagation. Secondly,
dispersion is previously unaccounted for and so propagation is treated in a way
that assumes frequencies propagate at a common velocity. To overcome these
problems a procedure for quantization is suggested where the field is assumed
periodic in time, rather than in space. At the same time, instead of analysing
the Hamiltonian Ĥ, the momentum operator Ĝ is selected as the key subject,

Ĝ(z) =

∫ T

0

ĝ(z, t)dt (31)

with ĝ the momentum flux operator, T a large time period, z the spatial coor-
dinate, and t the temporal coordinate. This is again due to the Hamiltonian
remaining invariant in the presence of a dielectric material, while the momentum
operator explicitly accounts for changes in the nonlinear polarisation. Equation
31 provides a simple yet effective means of calculating the spatial evolution of
the annihilation operator â for a specific mode of the field, given that the mo-
mentum operator is the generator of spatial evolution. Start from the equation
of motion for an electric field Ê,

− i~∂Ê(z, t)

∂z
= [Ê(z, t), Ĝ] (32)

where i is the imaginary unit and ~ is the reduced Planck’s constant. It is
then required to obtain expressions for the electric field and momentum oper-
ator explicitly in â, the exact form of which depends on the nonlinearity being
studied. The form of the electric field is chosen by hand, while the momentum
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operator must be calculated. Substituting definitions of Ê and Ĝ into equation
32 provides the desired spatial evolution of the annihilation operator for a field.

An important assumption made is that the inter-field interactions are de-
pendent only on the linear polarisation. This is equivalent to the slowly varying
wave envelope approximation,

∂2U

∂x2
� ∂U

∂x
, (33)

which is satisfied for small values of nonlinearities. The procedure developed
by Huttner et al. is consistent with the canonical quantization methods and
provides equations describing a fields evolution in one dimension. This is an
especially useful trait as it helps to minimise the complexity of calculating beam
propagation. Rather helpfully, a number of benefits are found when applying
this model of propagation to continuously varying fibres, something which will
be discussed in greater detail in section 3
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3 Theory and Method

This study considers a parametric SFWM process in a single-mode third-order
nonlinear microstructured fibre. A pulsed source in the near infrared is launched
into a silica solid-core photonic crystal fibre in order to generate single-photons.
Altering the fibre cross-section profile according to the PTW-technique modifies
the output photon spectral properties. In order to model this system, I adapt
a recently developed numerical approach that is constructed in the Heisenberg
picture [29]. This approach divides the tapered nonlinear medium into discrete
segments of equal thickness. Within a given segment the linear and nonlinear
properties are assumed to be constant, provided that the segment thickness
is small relative to the fibre tapering period. The spatial evolution of pho-
tons within each segment is described by a set of coupled differential equations
whose solutions can be written in matrix form. Repeating this process of cal-
culating the step-by-step evolution of the coupled equations for each segment,
a transfer matrix for the entire device can be determined. Subsequently the
expected number of photons 〈N〉 for a particular combination of the signal and
idler frequencies can be calculated. This model is well suited to the description
of tapered structures, in comparison to the common interaction Hamiltonian
model [126], as it accounts for spatially-dependent refractive indices and non-
linear coefficients. Importantly, this model has the added benefit of tracking
the spectral purity of photons as they propagate along the device as well as ac-
counting for the effect of cross- (XPM) and self-phase modulation (SPM). In this
analysis, the Raman nonlinearity has been neglected since the PTW-technique
can enable the production of photon-pairs far from the Raman gain peak [28].

I begin by determining the form of the electric field operators and momentum
operator of interacting photons, while demonstrating the evolution of the electric
field operator in section 3.1. Following on from this I calculate the linear and
nonlinear contributions to the spatial evolution of the optical field in sections
3.2 and 3.3 respectively before determining a set of coupled mode equations
and a transfer matrix for photon propagation in continuously tapered devices
in section 3.4. Section 3.5 details the numerical methods used to calculate
the refractive index and mode profile of photons propagating in continuously
tapered fibres, while the procedure for calculating photon spectral purity is laid
out in section 3.6.

3.1 Electric fields of interacting photons

It is useful to begin by defining the pump (P ) source that will be used to
initiate the nonlinear interaction inside the chosen medium. The pump source is
assumed to be a strong undepleted optical pulse and its electric field is described
as a superposition of multiple monochromatic waves,

ÊP (x, y, z, t) =
∑
p

Ep(x, y, z, t) + c.c., (34)
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with x and y the transverse coordinates, z the longitudinal direction, t the
time coordinate, and c.c. the complex conjugate. The complex variable Ep =
1
2ApFp(x, y)e−j(wpt−kpz), where Ap, Fp, ωp, and kp are the amplitude, transverse
mode profile, angular frequency, and propagation constant of a monochromatic
wave p respectively, and kp = npωp/c with np the refractive index at a frequency
ωp and c the speed of light in a vacuum.

Modelling a pulsed source numerically requires selecting suitable parame-
ters. As might be expected a key part of this process is choosing realistic values
for parameters such as the pulse width, initial power, or pulse shape, based on
whether these values are typical and reasonably obtainable within current stan-
dard laboratory conditions. Alongside this it is necessary to tune the sampling
parameters for the pulse. Choosing a small sampling frequency will result in
unfeasible computation times without a proportionate increase in the accuracy
of results. On the other hand, a large sampling frequency will in contrast result
in fast computation times but produce inaccurate results. Therefore, it is useful
to first inspect the pulse shape and width using Fourier analysis in order to
determine the frequency sampling specifics.

The effect of self-phase modulation on the pump can be taken into account by
applying the slowly-varying wave envelope approximation in conjunction with
Maxwell’s equations to replace kp with,

κp = kp

[
1 +

3χ(3)A2
p

8n2
pSp

∫ ∫
|Fp|4dxdy

]
, (35)

where χ(3) is the third-order nonlinear susceptibility, and Sp =
∫ ∫
|Fp|2dxdy is

the pump beam area.
The propagation of the individual monochromatic pump waves in equation

34 through a uniform nonlinear waveguide facilitates the flow of power from the
pump field into signal and idler (s, i) fields through a SFWM process. The
electric field operator of the generated signal/idler photons can be defined as,

Ê(x, y, z, t) = Ê+(x, y, z, t) + Ê−(x, y, z, t), (36)

with Ê+ and Ê− the positive and negative frequency components of the field,
related through the expression Ê− = (Ê+)†. The positive frequency component

Ê+ can be expressed in terms of a superposition of frequency-dependent mode
operators,

Ê+(x, y, z, t) =
∑
s

√
~ωs

2ε0cTnsSs
Fs(x, y)â(z, ωs)e

−jωst, (37)

where ~ is the reduced Planck’s constant, ε0 is the dielectric permittivity, T is
a short time period, Ss =

∫ ∫
|Fs|2dxdy is the beam area, â is the annihilation

operator, and ωs, ns, Fs(x, y) are the angular frequency, refractive index, and
transverse profile of a particular mode, s. Each of these spectral modes are
separated by a frequency spacing 2π/T , where T approaches ∞. Similarly, an
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equivalent expression for the negative frequency component Ê− can be found by
taking the Hermitian conjugate of equation 37.

The spatial evolution of the signal/idler electric field operators are governed
by the standard commutation relation [123,125],

− j~∂Ê
∂z

= [Ê, Ĝ], (38)

where Ĝ is the momentum operator defined over the time window T , defined
as,

Ĝ(z) =

∫ ∫ ∫ T

0

ĝ(x, y, z, t)dtdxdy, (39)

with the momentum-flux operator ĝ = D̂+Ê−+H.c, D̂ the electric-displacement
field operator given by D̂ = ε0n

2Ê + P̂NL where P̂NL is the nonlinear polari-
sation operator, and H.c. is the Hermitian conjugate. In order to calculate
the evolution of the annihilation (creation) operator the electric field operator
terms in equation 38 are replaced with the annihilation (creation) operator as
this expression holds for spatially dependent operators in general. Equation 38
provides a relatively straightforward method of determining the spatial evolu-
tion of the annihilation operator â. In order to solve for the evolution of â it
is necessary to determine the structure of D̂ in both the linear and nonlinear
regimes.

3.2 Linear regime

Temporarily ignoring nonlinear effects allows the evolution of â due to linear
propagation to be determined. In order to demonstrate the method I will de-
rive the linear evolution here in full, the same procedure applies then to the
nonlinear contributions. This procedure makes use of the commutation relation
[â(z, ωs), â

†(z, ωs′)] = δss′ , where δss′ is the Kronecker delta.

In the absence of nonlinear contributions, P̂NL = 0, the momentum-flux
operator for a mode s takes the form,

ĝs = D̂+
s Ê
−
s′ + Ê+

s′D̂
−
s = ε0n

2
s[Ê

+
s Ê
−
s′ + Ê+

s′ Ê
−
s ], (40)

noting that (AB)† = B†A† and making use of the previous definition of D̂. Care
must be taken to account for and keep track of the summation variables assigned
to the interacting fields, here s and s′ indicate two independent summations
over the modes of Ê. An expression for the momentum operator is obtained by
substituting equation 40 into equation 39 while making use of the explicit form
of Ê defined in equation 37,

Ĝs(z) =

∫ ∫ ∫ T

0

n2
s

∑
s′

√
~2ωsωs′

4c2T 2nsns′SsSs′
FsFs′e

−j(ωs−ωs′ )t

[âs(z)â
†
s′(z) + â†s′(z)âs(z)]dtdxdy,

(41)
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with âs(z) = â(z, ωs) introduced for brevity. The next step is to examine the
time-dependence of this expression, identifying the exponent e−i(ωs−ωs′ )t as the
only time dependent term. Utilising the definition of the delta function δ(∆ω) =
1
T

∫ T
0

exp(−j∆ωt)dt equation 41 is reduced while restricting the possible values
of s and s′ that result in a non-zero value of the momentum operator. With the
condition that s = s′ the momentum operator simplifies dramatically,

Ĝs(z) =
~ωsns
2cSs

∫ ∫
|Fs|2dxdy[âs(z)â

†
s(z) + â†s(z)âs(z)]. (42)

The remaining integral over the spatial coordinates x and y is equivalent to the
mode beam area Ss, thus cancelling with the term present in the denominator.
Substituting the simplified momentum operator into the evolution equation for
the annihilation operator results in,

[âs(z), Ĝ(z)] =
1

2
ks~[âs(z), âs(z)â

†
s(z) + â†s(z)âs(z)], (43)

with ks = nsωs/c. The commutation on the right hand side of equation 43 can
be reduced to 2âs(z) with a little manipulation. Hence, the linear contribution
to the evolution of âs can be written as,

∂â
(L)
s

∂z
=
j

~
[âs(z), Ĝ(z)] = jksâs(z). (44)

This process is performed in the same manner for the subsequent nonlinear
contributions.

3.3 Nonlinear interactions

There are two nonlinear contributions to the evolution of â that must be ac-
counted for: spontaneous four-wave mixing (SFWM) and cross-phase modula-
tion (XPM). In each case it is necessary to determine the positive-frequency

component of the nonlinear polarisation operator, P̂NL.

3.3.1 Four-wave mixing contribution

In the case of FWM, the nonlinear polarization operator has the form P̂FWM =
3
4ε0χ

(3)EpEpÊ
−+ H.c.. Calculating the momentum operator again requires the

definition of the delta function δ(∆ω) = 1
T

∫ T
0

exp(−j∆ωt)dt, and is found to
be,

ĜFWM =
3~χ(3)A2

pe
2jκpz

8c

∑
s

√
ωsωi

nsniSsSi

∫ ∫
F 2
pF
∗
s F
∗
i dxdy â

†
s(z)â

†
i (z) + H.c.,

(45)
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with ωi = 2ωp − ωs. The index i refers to a second mode coupled to the mode
s, both of which are a part of the output photon spectrum. From here the four-
wave mixing contribution can be calculated through substitution into equation
38 as before,

∂â
(FWM)
s

∂z
=

3jχ(3)A2
pe

2jκpz

4c

√
ωsωi

nsniSsSi

∫ ∫
F 2
pF
∗
s F
∗
i dxdy â

†
i (z). (46)

3.3.2 Cross-phase modulation effect

Repeating this process for the effect of cross-phase modulation between the
pump and generated beams, using P̂XPM = 6ε0χ

(3)EpE
∗
p Ê

+ + H.c., the momen-
tum operator for XPM is,

ĜXPM =
3~χ(3)A2

p

4c

∑
s

ωs
nsSs

∫ ∫
|Fp|2|Fs|2dxdy âs(z)â†s(z) + H.c., (47)

and therefore the annihilation operator evolves as,

∂â
(XPM)
s

∂z
=

3jχ(3)A2
p

2c

ωs
nsSs

∫ ∫
|Fp|2|Fs|2dxdy âs(z). (48)

3.4 Signal and idler coupled mode equations

Having obtained the contributions from linear and nonlinear sources, it is now
possible to calculate the net spatial evolution of the annihilation operator by
summing each term. The mixing process for a particular mode of the input
beam, p, is restricted by the simple relation, 2ωp = ωs + ωi. This is a re-
sult of energy conservation and acts to restrict the photon frequencies that can
be generated. Considering this condition alongside contributions from the lin-
ear propagation, cross-phase modulation (XPM), and four-wave mixing (FWM)
process, it is possible to produce coupled mode equations that describe the evo-
lution of both the creation and annihilation operators of the signal and idler
photons [29],

∂b̂s
∂z

= jγs,ie
j∆φb̂†i (z) (49)

∂b̂†i
∂z

= −jγs,iej∆φb̂s(z) (50)

where b̂† and b̂ are the phase transformed creation and annihilation operators
respectively, ∆φ =

∫ z
0

∆κ(z′)dz′ is the accumulated phase-mismatch, and ∆κ =
2κp − κs − κi is the phase mismatch. The nonlinear coefficient γs,i and the
propagation constants are given by,
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γs,i =
3χ(3)A2

p

4c

√
ωsωi

nsniSsSi

∫ ∫
F 2
pF
∗
s F
∗
i dxdy, (51)

κu = ku

(
1 +

3χ(3)A2
p

2n2
uSu

∫ ∫
|Fp|2|Fu|2dxdy

)
, (52)

with u = s, i, kq = nqωq/c, and q = s, i, p. The parameter κp has been intro-
duced to account for self-phase modulation in the pump beam, while κu accounts
for cross-phase modulation between the pump and the signal/idler photons.

Equations 49 and 50 can be solved by dividing the waveguide into discrete
elements with constant cross-sections. The operators evolution can then be
calculated step-by-step through the use of the transfer matrix technique,[

b̂s
b̂†i

]
z=zm+∆z

= Tm

[
b̂s
b̂†i

]
z=zm

, (53)

with,

Tm =

[
1 fs,i(wp)

f∗s,i(wp) 1

]
z=zm

, (54)

where fs,i(wp) = jγs,i∆ze
j∆φ and ∆z is the element thickness. Each of these

matrices Tm describes a single element of the waveguide. The matrix for the
entire structure can be described for a certain combination of two modes s and
i as Ts,i = TMTM−1...T2T1, with M total number of elements. For a specific
mode s the expected number of photons 〈N〉 at the output of the device is

given by 〈φ|N̂(L, ωs)|φ〉 = 〈φ|b̂†s(L)b̂s(L)|φ〉 = |Ts,i(1, 2)|2, with |φ〉 = |0〉s|0〉i
the initial quantum state and L the waveguide length.

To describe the evolution of two given coupled modes s and i in the signal
spectrum under the influence of a pulsed pump, every possible contribution from
pairs of monochromatic waves ωp1 and ωp2 within the pump spectrum should
be accounted for. This is reflected in the transfer matrix structure as,

Tm =

 1
∑
ωp1

fs,i(ωp1 , ωp2)∑
ωp1

f∗s,i(ωp1 , ωp2) 1


z=zm

(55)

Here the summation has been reduced from a double summation to a single
summation over ωp1 by applying the energy conservation relation ωp2 = ωs +
ωi − ωp1 .

3.5 Refractive index and mode profile methods

Here I discuss several of the key numerical methods used to calculated important
quantities such as the refractive index and mode profiles of photons generated
in tapered fibres.
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3.5.1 Sellmeier equation

The refractive index of continuously tapered solid-core silica fibres can be de-
termined through a two step process. First, use the Sellmeier equation [17],

n2(λ) = 1 +
∑
i

Biλ
2

λ2 − C2
i

(56)

with n the material refractive index, λ the wavelength of the incident light, and
Bi and Ci are empirically determined fitting coefficients. Typically for materials
such as fused-silica the first three terms of the summation are all that are used,

n2(λ) = 1 +
0.6962λ2

λ2 − 0.06842
+

0.4079λ2

λ2 − 0.11622
+

0.8975λ2

λ2 − 9.89622
. (57)

These coefficients are accurate for wavelengths regions between 0.21 and 3.71µm
at 20◦, making them suitable for the analysis performed here at a wavelength
780nm. The exact function used to calculate the material index is explicitly
shown in appendix A.

3.5.2 Empirical method

Although equation 57 provides a material index for fused silica to a good ap-
proximation, before applying the transfer matrix method, the effective refractive
index for a solid-core PCF must be determined. This is usually a time consuming
and computationally expensive process, however it can be streamlined through
the use of a set of empirical equations from “Empirical relations for simple de-
sign of photonic crystal fibers” [108]. These equations provide a rapid means
of calculating both the effective refractive index and mode parameter V for a
photonic crystal fibre by utilising an array of empirical coefficients. Appendix
B demonstrates the exact function used to perform such a calculation.

3.5.3 Mode profiles

It is necessary to calculate the mode profiles of Fp, Fs, Fi as each wave prop-
agates through the diameter modulated fibre. As a result of the continuous
deformation of the guiding structure this requires recalculating the profiles for
each segment of the device. These profiles are calculated using the effective
refractive index and mode parameter V according to the expression,

F (r) = e−(r/w)2 , (58)

with r the radial distance from the centre of the fibre in a given segment. The
mode parameter w is given by [53,127],

w = (0.65 + 1.619V −3/2 + 2.879V −6)rcore, (59)

where the core radius rcore = σ/
√

3. The function script used to calculate fibre
profiles can be found in appendix C.
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3.6 Photon spectral purity

An important property of single-photon sources is the spectral purity of the
output photons. An ideal single-photon source would produce photons with
a spectral purity equal to 1, meaning that the generated photon(s) are per-
fectly indistinguishable and posses no correlations. Maximising this property is
important for a wide range of quantum applications, especially during the her-
alded generation process. When producing photons via a heralding scheme any
correlations between the photon pair limit their usefulness in subsequent single-
photon experiments. Alternatively, low purity/highly correlated pairs can be
utilised for applications where entangled photons are required, such as quantum
optical coherence tomography [128].

Calculating and tracking the purity of photons generated in continuously
tapered waveguides is relatively direct using the transfer matrix approach out-
lined in section 3.4. From equation 54 the off diagonal element Tm(1, 2) is the
equivalent to the joint-spectral amplitude function while the squared modulus of
this quantity, |Tm(1, 2)|2, corresponds to the expected number of photons 〈N〉 in
the mth segment and can be considered as the joint-spectral intensity function.
To calculate the spectral purity of the generated photons, the singular-value de-
composition of the joint-spectral amplitude function is computed first [129,130].
This process is performed numerically and decomposes the joint-spectral am-
plitude into three matrices of which the singular matrix S is used to obtain the
spectral purity.

It is necessary to first normalise the diagonal singular matrix via,

Sn =
S√

Tr[S2]
(60)

with the trace operation Tr[M] =
∑n
i=1Mii defined for a square matrix M. The

singular value matrix the purity P can be obtained afterwards through [131],

P = Tr[S4
n]. (61)

Using this technique it is possible then to track how the purity changes through-
out a continuously tapered device, segment-by-segment.
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4 Simulation Results & Discussion

In this section the aforementioned model is implemented to investigate photon-
pair generation via spontaneous-four-wave mixing (SFWM) in periodically and
non-periodically tapered fibres. In particular, the influence of different tapering
patterns, amplitudes, and periods on the efficiency of the SFWM mixing pro-
cesses and the spectral properties of generated photons have been thoroughly
studied. The fibres are designed to operate in the normal-dispersion regime
where it is difficult to satisfy the phase-matching condition using uniform single-
mode waveguides. This also has the potential to suppress undesirable nonlinear
phenomena that can be excited under strong pumping. It is important that the
propagation within the tapered structures remains adiabatic. For this reason
small modulations of the fibre diameter are implemented alongside relatively
large tapering periods, in comparison to the operating wavelength.

Simulations were performed in silica solid-core photonic-crystal fibres
(PCFs) with diameters that vary longitudinally [132]. The cladding of these
structures comprises a stack of hollow capillary tubes, with a cross-sectional
pitch, σ, and a hole-diameter, d. The effective refractive indices are calculated
using the Sellmeier equation for silica [17] and a set of empirical equations [108].
This section considers PCFs with pitches that vary according to sinusoid,
chirped-sinusoid, and Gaussian patterns. The period of the simulated fibres
has been discretised into 200 steps to increase the accuracy of the results. All
fibres are modelled with an average pitch σav = 1µm. Finally, fibre profiles
have been defined according to how the fibre pitch evolves with the longitudinal
coordinate, z, since it is approximately proportional to the fibre diameter.

This chapter begins with an outline of the optical properties of uniform
photonic crystal fibres 4.1. Section 4.2 and 4.3 contain the results obtained
from the analysis of continuously tapered fibres with sinusoid and Gaussian
profiles respectively. Section 4.4 summarises the results obtained from chirped-
sinusoid fibres, while section 4.5 details the analysis of amplitude-varied fibres.
Finally, a comparative discussion of each fibre profile and the spectral purity of
photons generated in each class of fibre is given in section 4.6.

4.1 Uniform fibre dispersion properties

I begin this study by characterising the dispersion properties of uniform photonic
crystal fibres. These are modelled with pitches ranging from 0.9 to 1.1µm as
this is the maximum range of pitch of the tapered fibres to be investigated.
Figure 4.1(a) and 4.1(b) display the group index ng = cβ1 (where β1 is the
first-order dispersion), and the second-order dispersion coefficient β2 of uniform
fibres for various values of the pitch σ, a modulation amplitude of ∆σ = 0, hole
diameter dh = 0.5σ, and an output diameter of 40σ. It can be seen that the
dispersion across the entire spectrum from 0.6 to 1.0µm is within the normal
regime and decreases monotonically with increasing wavelength for a given value
of σ. In order to maximise the spectral purity of a single-photon source, it is
important to ensure that the group index at the pump wavelength lies between
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Figure 4.1: Uniform photonic crystal fibre properties. (a,b) Dependence of the group index ng and
second-order dispersion β2 on wavelength λ for multiple uniform microstructered fibres with pitches
σ varying between 0.9 and 1.1µm. (c) Dependence of the propagation constant ∆κ and tapering
period ΛT on the signal wavelength λs for a SFWM process pumped at 780nm and an input power
of 1W. Modelled assuming a nonlinear refractive index n2 = 2.25× 10−20m2W−1.

the indices at the signal and idler wavelengths. From Fig. 4.1 it can be seen
that this condition is satisfied so long as the group index remains single valued
for a given value of σ.

Assume a monochromatic pump source at a wavelength of 780nm with an
input power of 1W. Figure 4.1(c) displays the dependence of the mismatching
between the propagation constants ∆κ and the corresponding tapering period
ΛT = 2π/∆κ for SFWM processes on the signal wavelength λs for a pitch
of 1.0µm. This provides estimates of the tapering period required to correct
phase-mismatching within the fibre through the PTW-technique for a given
λs. As shown, close to the pump wavelength the period is on the order of a
few centimetres which is obtainable with current fabrication techniques [132].
While it is in principle possible generate photons at any frequency using the
PTW-technique, the feasible frequencies are currently restricted by fabrication
limitations. For this reason this study considers a spectrum corresponding to
idler photons generated between 720 and 840nm with a particular focus around
the 750nm region.

The effective refractive indices as well as the material dispersion of silica
are calculated using the empirical equations and the Sellmeier equation respec-
tively, as discussed in section 3. Unless otherwise mentioned parameters such as
the tapering period, modulation amplitude, and the nonlinear refractive index
of silica n2, will remain the same for a given fibre profile, i.e. ΛT = 4.5cm
for all sinusoid fibre simulations. All interacting photons do so in the funda-
mental mode, and the transverse mode profiles are approximated by Gaussian
distributions [53].
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4.2 Photonic crystal fibres with sinusoid tapering patterns

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18

0.9

0.92

0.94

0.96

0.98

1

1.02

1.04

1.06

1.08

1.1
10

-6

Uniform

Sinusoid

Figure 4.2: Tapering profile for a uniform (∆σ = 0) and sinusoid (∆σ = 0.1) patterned fibre.

The first profile investigated is the periodic sinusoid pattern, this is done
in order to reproduce previously obtained results in the literature as well as to
validate the developed numerical code before going on to investigate brand new
structures. A modulated fibre profile with modulation amplitude ∆σ = 0.1 is
displayed alongside a uniform profile (∆σ = 0) in Fig. 4.2. For a sinusoid fibre
the pitch varies as σ(z) = σav[1 − ∆σ cos(2πz/ΛT)], where σav is the average
fibre pitch and is set to 1.0µm for each fibre profile investigated unless stated
otherwise. This is equivalent to the relationship between the tapering period
and fibre diameter in equation 22, with the diameter and pitch related through
the relation d = 40σ.

Figure 4.3: Dependence of the expected number of photons 〈N〉 on the tapering period ΛT and
modulation amplitude at λs = 750nm and M = 50.

The dependence of the expected number of photons, 〈N〉, on the tapering
period, ΛT, and modulation amplitude, ∆σ, for a 1 W continuous pump wave at
780 nm is shown in Fig. 4.3. Certain combinations of ΛT and ∆σ result in large
enhancement of the conversion efficiency by satisfying the quasi-phase-matching
condition. These combinations manifest as bright trajectories that depict the
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nth order tapering periods from left to right. The values of 〈N〉 have been
normalised to the ∆σ = 0 case (uniform fibres). Similar to periodically-poled
structures, as the tapering-order increases the efficiency of conversion decreases.

Figure 4.3 demonstrates a symmetric dependence of 〈N〉 on the modulation
amplitude. This is to be expected as negative values of ∆σ simply correspond
to a phase-shifted sinusoidal profile and for long fibres the effect of this shift
will be marginal. Inverting the sinusoidal profile has no effect on the SFWM
process. As a result a single value of the tapering period, 4.5cm, is identified
with a quasi-phase-matched structure for a modulation depth ∆σ = 0.1.
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Figure 4.4: Spectral dependence of 〈N〉 for a sinusoid fibre with ΛT = 4.5cm and ∆σ = 0.1 at
M = 50 periods for the entire signal spectrum.

The 1D spectral dependence of 〈N〉 on the signal wavelength for a sinusoid
is displayed in Fig. 4.4. The modulated fibre result is displayed alongside the
spectrum obtained from a uniform fibre for comparison. In the uniform case 〈N〉
rapidly decays as the signal frequency moves away from the pump wavelength
at 780 nm. In comparison the modulated sinusoid fibre spectrum reproduces
the classical nonlinear modulation instability effect, which validates the applied
model. Multiple high gain peaks are observed, generated away from the central
wavelength, indicating that high conversion efficiency can be achieved far from
the pump frequency using the PTW-technique.

A narrow-band 1D spectrum can be seen in Fig. 4.5 for a wavelength region
from 748 to 752nm and for fibres 50 and 200 periods in length. Centred around
the 750nm gain peak the spectra behave like a sinc function and correspond
to the phase-matching function. As the signal wavelength moves away from
the central peak, 〈N〉 drops dramatically. This drop in conversion efficiency
away from the central feature is even more exaggerated in the case of longer
(M = 200) fibres, with the central peak becoming increasingly sharp while the
side lobes decrease in size.

The 2D spectral dependence of the expected number of generated photons
on both the signal wavelength λs and the idler wavelength λi is displayed in
Fig. 4.6. The phase-matching function from Fig. 4.5 can be seen at a 45◦ angle,
with a bright central feature flanked by diminishing side lobes. Each point on
this plot must satisfy the energy conservation relation 2ωp = ωs + ωi.
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Figure 4.5: 1D spectral dependence of 〈N〉 on the signal wavelength λs for a narrow spectral region
at M = 50 and M = 200 periods for a sinusoid fibre.

Figure 4.7 demonstrates the spatial dependence of 〈N〉 on the propagation
distance z, normalised by the tapering period. Two schemes are portrayed here,
the first is a fibre with a period of 4.5cm corresponding to a well phase-matched
SFWM process. As a result of the PTW-technique the conversion efficiency can
be seen increasing with the propagation distance. In comparison the second
set of data corresponds to a fibre with ΛT = 9.0cm where the phase-matching
mechanism has not been properly realised. As a result the conversion efficiency
grows at a more gradual rate and begins to fall of at large propagation distances.

Figure 4.6: 2D spectral dependence of 〈N〉 on signal λs and idler λi wavelengths at M = 50.

Spectral purity is an important feature that characterises single-photons.
Consider a Gaussian pump pulse with an input energy 1 nJ and full-width-
half-maximum 4 ps used to pump the aforementioned sinusoidally tapered mi-
crostructured fibre. The expected number of photons 〈N〉 is equivalent to the
joint-spectral intensity (JSI) distribution, a product of the phase-matching func-
tion and the pump’s spectral envelope. The output photon spectral purity, P , a
measure of the correlation between the two generated photons, can be obtained
by applying the singular-value decomposition to the off-diagonal transfer matrix
element Ts,i(1, 2) [29].
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Figure 4.7: Spatial dependence of 〈N〉 normalised by the uniform fibre case on the propagation
distance z normalised by the tapering period, for periods of 4.5 and 9cm.

Figure 4.8 shows the JSI for a SFWM process in a sinusoid fibre at M = 50
periods, the spectral purity in this case is found to be 0.759. Faint side lobes
can be seen coming away from the central bright feature, these increase the
correlations between generated photons resulting in a decreased spectral purity.
After another 50 periods the spectral purity has marginally increased to a value
of 0.775, the corresponding JSI is displayed in Fig. 4.9 at M = 100. Using the
transfer matrix approach it is possible to identify the optimal number of periods
at which the spectral purity reaches a maximal value. The maximum spectral
purity of photons generated in a sinusoid fibre, with ∆σ = 0.1, ΛT = 4.5cm,
is found to be very close to P = 0.824 at M = 73. The JSI for this maximal
spectral purity is shown in Fig. 4.10.

Figure 4.8: Joint spectral intensity function
and dependence of 〈N〉 on signal and idler
wavelengths at M = 50 with ∆σ = 0.1.

Figure 4.9: Joint spectral intensity function
and dependence of 〈N〉 on signal and idler
wavelengths at M = 100 with ∆σ = 0.1.

As a result of tracking the spectral purity for every segment of the tapered
device it is possible to obtain the evolution of the purity across the entire de-
vice. This progression is portrayed in Fig. 4.11 and shows how the spectral
purity grows with propagation distance over 100 periods. After the 73rd period
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the spectral purity begins to degrade as a consequence of accumulated phase-
mismatch along the fibre length.

Figure 4.10: Joint spectral intensity function
and dependence of 〈N〉 on signal and idler
wavelengths at the point of maximum purity
M = 73 with ∆σ = 0.1.
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Figure 4.11: Purity spatial evolution over the
first 100 periods for a sinusoid tapering pat-
tern. Maximum purity achieved is displayed
in the legend.

4.3 PCFs with Gaussian tapering patterns

To construct a periodic Gaussian function, individual Gaussian functions are
truncated and “stitched” together. The truncation procedure is performed to
ensure a smooth transition between neighbouring curves and avoid scattering
losses. Unlike the sinusoid patterns, flipping a Gaussian profile results in two
asymmetric patterns (normal and inverted) as shown in Fig. 4.12. For a Gaus-

sian fibre the pitch varies as σ(z) = 2∆σe−
1
2 [(z−ΛT/2)/w]2 , where w = ΛT/7 is

the characteristic Gaussian width and ∆σ is the modulation amplitude.
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Figure 4.12: Tapering profile for normal and
inverted Gaussian patterned fibres.

Figure 4.13: Dependence of the expected
number of photons 〈N〉 on the tapering pe-
riod ΛT and modulation amplitude at λs =
750nm and M = 50.

The dependence of the expected number of photons, 〈N〉, on the tapering
period, ΛT, and modulation amplitude, ∆σ, for a 1 W continuous pump wave at
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780 nm is shown in Fig. 4.13. As in the sinusoid fibre case, certain combinations
of ΛT and ∆σ again result in large enhancement of the conversion efficiency by
satisfying the quasi-phase-matching condition. Bright trajectories can also be
seen as in the sinusoid case, and the values of 〈N〉 have similarly been normalised
to the ∆σ = 0 case (uniform fibre).

In contrast to the sinusoid fibres studied, Fig. 4.13 shows that the expected
number of photons for normal and inverted Gaussian profiles have an asym-
metric dependence on the modulation amplitude, ∆σ. The inverted Gaussian
curve produces an expected number of photons with a higher efficiency over a
relatively broader range in comparison to the normal Gaussian curve. The cause
of this enhanced efficiency can be found by analysing the Fourier spectra of the
phase-mismatch term, ej∆φ, and nonlinear coefficient, γs,i [26]. Here, a better
overlap between the two spectra is observed as a result of the bright trajecto-
ries in the inverted case being broader than in the normal case, as displayed
in Fig. 4.13. This allows the nonlinear coefficient to more effectively counter-
act the growth of the phase-mismatch. From these trajectories two values of
ΛT are identified; 3.78cm, corresponding to phase-matched structures with a
normal Gaussian profile (∆σ = 0.1), and 5.41cm, corresponding to an inverted
structure (∆σ = −0.1).
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Figure 4.14: Spectral dependence of 〈N〉 for
a normal Gaussian fibre with ΛT = 3.78cm
and ∆σ = 0.1 after M = 50 periods across
the signal spectrum.
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Figure 4.15: Spectral dependence of 〈N〉 for
an inverted Gaussian fibre with ΛT = 5.41cm
and ∆σ = −0.1 after M = 50 periods across
the signal spectrum.

The 1D spectral dependence of 〈N〉 on the signal wavelength for a normal
and an inverted Gaussian are displayed in Figs. 4.14 and 4.15, respectively.
In both cases the spectrum is compared to the results obtained from a uniform
fibre. As in the sinusoidal case, the modulated Gaussian fibre spectra reproduce
the classical nonlinear modulation instability effect. In both the normal and
inverted fibre spectra multiple high gain peaks are observed to be generated
away from the central wavelength, indicating that high conversion efficiency
can be achieved far from the pump frequency using the PTW-technique.

Narrow-band 1D spectra for normal and inverted Gaussian fibres can be
seen in Figs. 4.16 and 4.17 respectively for a wavelength region from 748 to
752nm and for fibres 50 and 200 periods in length. The spectra behave in much
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Figure 4.16: 1D spectral dependence of 〈N〉
on the signal wavelength λs for a short spec-
tral region at M = 50 and M = 200 periods
for a normal Gaussian fibre.
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Figure 4.17: 1D spectral dependence of 〈N〉
on the signal wavelength λs for a short spec-
tral region at M = 50 and M = 200 periods
for an inverted Gaussian fibre.

the same way as in the case of the sinusoidally tapered fibre, with a distinctive
sinc shape and a central gain feature centred around 750nm flanked by rapidly
diminishing side lobes.

Figure 4.18: Normal Gaussian 2D spectral
dependence of 〈N〉 on signal λs and idler λi

wavelengths at M = 50.

Figure 4.19: Inverted Gaussian 2D spectral
dependence of 〈N〉 on signal λs and idler λi

wavelengths at M = 50.

The 2D extensions of the spectral dependence of 〈N〉 on both the signal and
idler wavelengths for normal and inverted Gaussian’s are displayed in Figs. 4.18
and 4.19. A bright central feature is again seen, surrounded by diminishing side
lobes. Each point on this plot is found by applying the energy conservation
relation 2ωp = ωs + ωi.

Figures 4.20 and 4.21 demonstrate the spatial dependence of 〈N〉 on the
propagation distance z, normalised by the tapering period. In Fig. 4.20 two
normal Gaussian fibres are investigated, the first is a fibre with a period of
3.78 cm corresponding to a well phase-matched SFWM process where the con-
version efficiency increases with propagation distance. In comparison the second
set of data corresponds to a fibre with ΛT = 7.46 cm where the phase-matching
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mechanism has not been properly realised. As a result the conversion efficiency
grows at a slow rate before falling off at large propagation distances. This
phase-mismatched scheme results in a sinusoidal motion of the conversion effi-
ciency similar to that commonly seen in mismatched second-harmonic processes
in periodically-poled structures. Figure 4.21 shows the same behaviours in in-
verted fibres with ΛT = 5.41 cm (matched) and 10.82 cm (mismatched).
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Figure 4.20: Spatial dependence of 〈N〉 nor-
malised by the uniform fibre case on the
propagation distance z normalised by the
tapering period, for normal Gaussian fibres
with periods of 3.78 and 7.56cm.
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Figure 4.21: Spatial dependence of 〈N〉 nor-
malised by the uniform fibre case on the
propagation distance z normalised by the ta-
pering period, for inverted Gaussian fibres
with periods of 5.41 and 10.82cm.

Figure 4.22: Joint spectral intensity function
and dependence of 〈N〉 on signal and idler
wavelengths at M = 50 with ∆σ = 0.1 for a
normal Gaussian fibre.

Figure 4.23: Joint spectral intensity function
and dependence of 〈N〉 on signal and idler
wavelengths at M = 50 with ∆σ = 0.1 for
an inverted Gaussian fibre.

Consider again a Gaussian pump pulse with an input energy 1 nJ and full-
width-half-maximum 4 ps used to pump the normal and inverted Gaussian fi-
bres with tapering periods of 3.78 and 5.41 cm. Figure 4.22 shows the JSI for
a SFWM process in a normal Gaussian fibre at M = 50 periods, the spectral
purity in this case is found to be 0.767. The same plot for an inverted Gaussian
can be seen in Fig. 4.23, with a spectral purity of 0.762. Faint spots can be
seen moving away from a central bright feature, as before these act to dimin-
ish the spectral purity of the output photons. The results of extending this
procedure to fibres 100 periods in length are displayed in Figs. 4.24 and 4.25,
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with corresponding spectral purities 0.787 and 0.755 respectively. The central
features in these plots have begun to degrade substantially with the formation
of two distinct bright spots, a behaviour visibly clear in the case of the inverted
Gaussian fibre.

Figure 4.24: Joint spectral intensity function
and dependence of 〈N〉 on signal and idler
wavelengths at M = 100 with ∆σ = 0.1 for
a normal Gaussian fibre.

Figure 4.25: Joint spectral intensity function
and dependence of 〈N〉 on signal and idler
wavelengths at M = 100 with ∆σ = 0.1 for
an inverted Gaussian fibre.

Figure 4.26: Joint spectral intensity function
and dependence of 〈N〉 on signal and idler
wavelengths at the point of maximum purity
M = 74 with ∆σ = 0.1 for a normal Gaus-
sian fibre.

Figure 4.27: Joint spectral intensity function
and dependence of 〈N〉 on signal and idler
wavelengths at the point of maximum purity
M = 72 with ∆σ = 0.1 for an inverted Gaus-
sian fibre.

As it was for the sinusoid fibres, the transfer matrix approach can be used
to identify number of periods at which the spectral purity reaches a maximum.
The maximum spectral purity of photons generated in a normal Gaussian fibre,
with ∆σ = 0.1, ΛT = 3.78 cm, is found to be very close to P = 0.828 at M = 74.
For an inverted Gaussian, with ∆σ = −0.1 and a tapering period of 5.41 cm, the
maximum purity achieved is P = 0.815 at M = 72. The JSIs for these maximal
spectral purities are shown in Figs. 4.26 and 4.27. For the inverted Gaussian
fibre, the central bright spot can be seen decomposing into multiple peaks.

The evolution of the spectral purity over 100 periods, for both normal and
inverted Gaussian profiled fibres, is portrayed in Figs. 4.28 and 4.29 respec-
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tively. After the purity reaches its maximum, it begins to gradually degrade as
a consequence of the phase-mismatch that has accumulated along the fibre.
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Figure 4.28: Purity spatial evolution over the
first 100 periods for a normal Gaussian ta-
pering pattern. Maximum purity achieved is
displayed in the legend.

0 20 40 60 80 100

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

Figure 4.29: Purity spatial evolution over the
first 100 periods for an inverted Gaussian ta-
pering pattern. Maximum purity achieved is
displayed in the legend.

4.4 PCFs with chirped-sinusoid tapering patterns

This subsection investigates PCFs with a sinusoid profile that have been linearly
chirped according to, σ(z) = σav[1−∆σ cos (fiz + 1

2Cz
2)], where fi = 2π/Λi is

the initial spatial frequency, Λi is the initial tapering period, C = (ff − fi)/L
is the chirp parameter, ff = 2π/Λf is the final spatial frequency, Λf is the final
tapering period, and L is the fibre length. This tapering profile is portrayed
schematically in Fig. 4.30, where the chirp parameter has been dramatically
exaggerated in order to better demonstrate the decreasing spatial frequency or
“down-chirp”. This and all other investigated fibres are linearly down-chirped
in this way.
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Figure 4.30: Tapering profile for uniform and chirped-sinusoid patterned fibres.
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Figure 4.31: Dependence of the expected
number of photons 〈N〉 on average tapering
period Λav and modulation amplitude ∆σ at
λs = 750 nm in a chirped-sinusoid fibre after
M = 50 with C = −6.22 m−2.

Figure 4.32: Dependence of the expected
number of photons 〈N〉 on average tapering
period Λav and modulation amplitude ∆σ at
λs = 750 nm in a chirped-sinusoid fibre after
M = 50 with −25.85 m−2.

The dependence of the expected number of photons on the average ta-
pering period and modulation amplitude for two different PCFs with weak
(C = −6.22 m−2) and strong (C = −25.85 m−2) chirp parameters after 50 peri-
ods is portrayed in Fig. 4.31 and 4.32 respectively. Each investigated fibre has
an average tapering period of Λav = 4.5cm. The bright trajectories seen in the
case of the regular sinusoid and Gaussian fibres are still present, however they
have become broader due to satisfying the QPM condition over a wide range of
spectral frequencies. Comparing the breadth of the trajectories between Figs.
4.31 and 4.32 it can be determined that the spectral broadening is enhanced by
increasing the size of the linear chirp, at the expense of reducing the expected
number of photons. The trajectories also remain symmetric in ∆σ, as in the
regular sinusoid fibres.
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Figure 4.33: Spectral dependence of 〈N〉 in
a chirped-sinusoid fibre with Λav = 4.50 cm
and ∆σ = 0.1 on the signal wavelength λs

after 50 periods with C = −6.22 m−2.
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Figure 4.34: Spectral dependence of 〈N〉 in
a chirped-sinusoid fibre with Λav = 4.50 cm
and ∆σ = 0.1 on the signal wavelength λs

after 50 periods with C = −25.85 m−2.
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Figure 4.35: 1D spectral dependence of 〈N〉
on the signal wavelength λs for a short spec-
tral region at M = 50 and M = 100 pe-
riods for a chirped-sinusoid fibre with C =
−6.22m−2
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Figure 4.36: 1D spectral dependence of 〈N〉
on the signal wavelength λs for a short spec-
tral region at M = 50 and M = 100 pe-
riods for a chirped-sinusoid fibre with C =
−25.85m−2

Figures 4.33 and 4.34 display the spectral dependence of 〈N〉 on the signal
spectrum λs for chirped-sinusoid fibres with weak and strong chirp parameters
respectively. Comparing these spectra to the sinusoid case from Fig. 4.4, it
is clear that the chirp has the effect of broadening the gain peaks but with
a decreased conversion efficiency. In other words a wider range of frequencies
are able to satisfy the phase-matching condition in a chirped-sinusoid fibre but
fewer photons are generated at a given frequency. Furthermore, larger chirp
parameters result in enhanced broadening and lesser conversion efficiency at a
given wavelength.

Obtained narrow-band 1D spectra for weak and strong chirped-sinusoid fi-
bres can be seen in Figs. 4.35 and 4.36 respectively. These spectra demonstrate a
number of marked changes compared to the sinusoid and Gaussian fibres. While
there still exists a central gain feature, especially so in the weakly chirped case
(Fig. 4.35), the sinc shape has been greatly distorted with a broadening of the
central feature. Additionally the side lobes are much less distinctive, while an
increase in chirp parameter acts to enhance the spectral broadening. 2D ex-
tensions of these spectra are displayed in Figs. 4.37 and 4.38. In the case of
the weakly chirped fibre (C = −6.22m−2) a well defined bright feature is again
seen, surrounded by diminishing side lobes. In the case of the strongly chirped
fibre (C = −25.85m−2) however, the central feature is far broader and less well
defined. Regions of low conversion efficiency can be seen within bands of high
conversion.

Consider the same Gaussian pump pulse as previously employed, with an
input energy 1 nJ and full-width-half-maximum 4 ps, used to pump a chirped-
sinusoid fibre with an average tapering period of 4.5cm. Figure 4.39 shows the
JSI for a SFWM process in a chirped-sinusoid fibre of 100 periods in length at
M = 50 periods, the spectral purity in this case is found to be 0.606. Figure 4.40
displays the joint-spectral intensity at M = 100. The purity in this instance
is 0.289, indicating a dramatic degradation in the spectral purity somewhere
between the 50th and 100th period. Multiple bright spots are observed in place
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of a single central feature, flanked again by faint side lobes. This behaviour is
similar to how the JSI of the inverted Gaussian fibre from Fig. 4.25 degrades
although the effect is much more pronounced here.

Figure 4.37: 2D spectral dependence of 〈N〉
on signal λs and idler λi wavelengths at M =
50 for a chirped-sinusoid fibre with a chirp
parameter C = −6.22m−2.

Figure 4.38: 2D spectral dependence of 〈N〉
on signal λs and idler λi wavelengths at M =
50 for a chirped-sinusoid fibre with a chirp
parameter C = −25.85m−2.

Figure 4.39: Joint spectral intensity function
and dependence of 〈N〉 on signal and idler
wavelengths at M = 50 with ∆σ = 0.1 for a
chirped-sinusoid fibre with C = −3.11m−2.

Figure 4.40: Joint spectral intensity function
and dependence of 〈N〉 on signal and idler
wavelengths at M = 100 with ∆σ = 0.1 for a
chirped-sinusoid fibre with C = −3.11m−2.

The maximum spectral purity, P = 0.672, of photons generated in a chirped-
sinusoid, with ∆σ = 0.1, Λav = 4.5cm, is found at M = 39. The JSI for this
maximal point is displayed in Fig. 4.41. Evolution of the spectral purity over
the first 100 periods can be seen in Fig. 4.42, from this Fig. it is clear that after
reaching a maximal value around M = 39 the spectral purity falls off rapidly.
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Figure 4.41: Joint spectral intensity function
and dependence of 〈N〉 on signal and idler
wavelengths at the point of maximum purity
M = 39 with ∆σ = 0.1 for a chirped-sinusoid
fibre with C = −3.11m−2.
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Figure 4.42: Purity spatial evolution over the
first 100 periods for a chirped-sinusoid taper-
ing pattern (C = −3.11m−2). Maximum pu-
rity achieved is displayed in the legend.

4.5 Linear variation of the modulation amplitude

In this section, I discuss an investigation into the dependence of the output
photon properties on the modulation amplitude. I have introduced a scaling
parameter, S, with an S value equal to 0 corresponding to a chirped-sinusoid fi-
bre with a uniform modulation amplitude along the length of the fibre. Whereas,
S = 2 corresponds to a fibre with a modulation amplitude that increases linearly
from ∆σi to 3∆σi along the propagation direction. The fibres investigated here
are scaled with S = 1 corresponding to a final modulation amplitude 2∆σi. A
schematic of the amplitude varied chirped-sinusoid profile can be seen in Fig.
4.43.
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Figure 4.43: Tapering profile for uniform and amplitude varied chirped-sinusoid fibres.
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Figure 4.44: Dependence of the expected
number of photons 〈N〉 on average taper-
ing period Λav and modulation amplitude
∆σi at λs = 750 nm in an amplitude var-
ied chirped-sinusoid fibre after M = 50 with
C = −6.22 m−2 and S = 1.

Figure 4.45: Dependence of the expected
number of photons 〈N〉 on average taper-
ing period Λav and modulation amplitude
∆σi at λs = 750 nm in an amplitude var-
ied chirped-sinusoid fibre after M = 50 with
C = −12.54 m−2 and S = 1.

Unlike fibres with constant modulation amplitude, the separate trajectories
that correspond to the right combinations of ∆σi and Λav merge together, as
shown in Figs. 4.44 and 4.45. The broadening becomes more pronounced at
greater values of Λav while the conversion efficiency drops as in the case of the
chirped-sinusoid, with even more exaggerated spectral broadening in the more
strongly chirped fibre. This is again the result of photons generated in fewer
quantities over a wider range of frequencies.

Figure 4.46 displays the dependence of 〈N〉 on the scaling parameter. The
bright solutions take on a symmetric set of curves, similar to Figs. 4.44 and
4.45, that become broader at the extremes of ∆σi and S.

Figure 4.46: Dependence of 〈N〉 on the ini-
tial modulation amplitude ∆σi and scaling
parameter S for an amplitude varied chirped-
sinusoid fibre with C = −6.22m−2, Λav =
4.5cm, and 50 periods.
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Figure 4.47: Full spectrum dependence of
〈N〉 on the signal wavelength λs for an am-
plitude varying chirped-sinusoid fibre with
Λav = 4.5 cm, ∆σi = 0.1, S = 1, C =
−6.22 m−2 and 50 periods.
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Figure 4.48: Joint spectral intensity func-
tion and dependence of 〈N〉 on signal and
idler wavelengths at M = 50 for an ampli-
tude varied chirped-sinusoid fibre with C =
−3.22m−2.

Figure 4.49: Joint spectral intensity function
and dependence of 〈N〉 on signal and idler
wavelengths at the point of maximum purity,
M = 22, for an amplitude varied chirped-
sinusoid fibre with C = −3.11m−2.

Figure 4.47 shows the signal spectrum of the amplitude varied chirped-
sinusoid fibres when pumped continuously at 780 nm with 1 W input power.
The spectrum is composed of very broad gain peaks with decaying amplitudes
as the signal moves away from the pump wavelength. Figure 4.48 shows the
JSI for an amplitude varied chirped-sinusoid fibre of 100 periods in length at
M = 50 periods. At this point the spectral purity is found to be P = 0.228. This
joint-spectral intensity displays the most extreme spectral broadening, with a
large number of narrow bright spots spread across the wavelength region. The
maximum spectral purity occurs in this fibre at M = 22, with a value of 0.421,
the JSI for which can be seen in Fig. 4.49. Looking at the growth of the spectral
purity across the fibres 100 periods in Fig. 4.50 it is clear that the purity rapidly
reaches a maximal value and experiences a sudden degradation back to values
around ≈ 0.15 close to the 50th period.

0 10 20 30 40 50 60 70 80 90 100

0.1

0.15

0.2

0.25

0.3

0.35

0.4

Figure 4.50: Purity spatial evolution over the first 100 periods for an amplitude varied chirped-
sinusoid tapering pattern with C = −3.11m−2. Maximum purity achieved is displayed in the
legend.
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4.6 Discussion

The normalised expected number of single-photons generated in a variety of
PCFs are displayed together for comparison in Fig. 4.51. The highest conversion
efficiency is achieved using the inverted Gaussian pattern in comparison to the
sinusoidal and normal Gaussian cases. This is due to better overlap between the
Fourier components of the nonlinear coefficient and phase-mismatch term. The
careful alignment of these two spectra is essential for efficient QPM, where each
component of the nonlinear coefficient is utilised in counteracting the growth
of a corresponding term in the phase-mismatch. Thus the conversion efficiency
can be maximised while also minimising the spatial degradation of the output
photon spectral purity.
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Figure 4.51: Spectral dependence of 〈N〉 on λs at M = 50 for various fibres. The sinusoid, Gaussian,
and inverted Gaussian are aligned with the left axis, while the chirped-sinusoid and amplitude varied
fibres are aligned with the right axis.

Additionally, it is clear from Fig. 4.51 that the application of a chirped
pattern results in a large spectral broadening at the expense of lower conversion
efficiency. This can be understood as many signal/idler frequencies being phase-
matched over different small segments of the structure. This can also be seen
in the wide range of Λav and ∆σ combinations that produce high conversion
efficiency at a particular wavelength in both a chirped-sinusoid and amplitude
varied chirped-sinusoid patterned fibre, as portrayed in Figs. 4.31, 4.32, 4.44,
and 4.45.

In this section the spectral purity of the proposed microstructured fibres is
compared. As previously discussed, using the transfer-matrix approach it is a
relatively direct process to identify the optimal number of periods at which the
purity reaches a maximal value. The maximum purity of photons generated in
Gaussian fibres is found to be very close to P = 0.828 and P = 0.815 in the
normal and inverted Gaussian fibres, respectively. Although the inverted Gaus-
sian results in a higher conversion efficiency, the output photon is marginally
less pure in comparison to the normal profile, the corresponding JSIs are shown
in Figs. 4.22 and 4.23.

The JSI for the chirped-sinusoid tapering pattern with C = −3.11 m−2 is
displayed in Fig. 4.39, with M = 39 being the period at which a maximum
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purity of P = 0.672 occurs. We found that increasing the number of periods
beyond this value would modify the JSI by introducing multiple peaks. This
deteriorates the purity of output photons (for instance P = 0.289 at M = 100),
diminishing the usefulness of chirped tapering patterns in generating highly
pure photons in relatively long fibres. However, these sources can be exploited in
applications that require broadband entangled photons such as quantum optical
coherence tomography [128]. Figure 4.49 shows the JSI for a linearly-varied
modulated fibre. In this case, the JSI is similar to that of the chirped-sinusoid
fibre. The linear variation of ∆σ results in a large bandwidth that comes at
the cost of low spectral purity and conversion efficiency. The maximum purity
achieved in this fibre is 0.421 at M = 22 periods.

Figure 4.52: Purity spatial evolution over the first 100 periods for various fibre profiles.

The spatial dependence of the spectral purity on the number of periods M for
different tapering patterns is depicted in Fig. 4.52. For the periodic structures
(sinusoid, normal Gaussian, and inverted Gaussian profiles) a maximum purity
P = 0.828 occurs in the normal Gaussian profile at M = 74 while the sinusoidal
and the inverted Gaussian achieve slightly lower purities of P = 0.824 at M = 73
and 0.815 at M = 72 respectively. Based on these results there is an optimum
structure length where the purity is maximised. Each periodic fibre profile
displays a similar level of degradation with fibre length after the maximum is
reached. This is due to accumulation of a small phase-mismatch, a result of
the tolerance in the tapering period, which in-turn results in degradation of
the spectral purity at longer distances. Overall, each of the periodic patterns
spectral purity evolves in much the same way. The chirped pattern behaves
similarly to the periodic patterns but with a lower maximum purity P = 0.672
and a rapid rate of degradation as the device length increases past the 39th

period. Likewise, the fibre with a linear variation in the modulation amplitude
behaves much like the chirped-sinusoid, however the degradation of the purity
is further increased and falls rapidly after only 22 periods, having achieved a
maximum value of 0.421.
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5 Conclusion

The first key goal of this project has been the reproduction of the existing lit-
erature [26, 29]. The previous work concerns itself with a constant sinusoidal
variation of the fibre diameter, building a quantum model of photon propagation
in the Heisenberg picture through the transfer matrix approach. The developed
model in this thesis is found to reproduce the nonlinear modulation instability
effect, both in the earlier literature and in the reproduction carried out in section
4.2, validating the accuracy of the quantum model. At the same time, there
exists an excellent degree of agreement between the previous sinusoid results
and those results obtained here. The existence of symmetric bright combina-
tions of the tapering period and modulation amplitude, a large enhancement in
the conversion efficiency resulting from the PTW-technique’s phase-matching
mechanism, and the accumulation of phase-mismatch in large structures are all
reproduced here.

The presented results suggest that tapered fibres offer a new potential scheme
for tailored photon-pair generation via spontaneous four-wave mixing processes
in third-order nonlinear materials, the tapering profile of which can be cus-
tomised to enable higher conversion efficiency over either narrow- or broadband
on-demand frequencies. In addition, using our model we were able to identify
the optimum number of periods needed to increase the output photon spectral
purity. Implementing combinations of different tapering profiles can lead to a
further tailoring of the output spectra, depending on the need for enhanced
efficiency, purity, or wide bandwidth requirements.

It is useful to divide these simulated tapering patterns into two broad cat-
egories: periodic, and non-periodic. The periodic profiles, such as the sinusoid
and Gaussian curves, provide the most accurate quasi-phase-matching results.
As a result periodic patterns lend themselves to high conversion efficiencies at
target frequencies, narrow spectral ranges, and high spectral purities without
the need for spectral filtering. The spectral purity of photons generated in these
periodic structures falls off gradually after reaching its maximum value due to
the accumulation of phase-mismatch. Therefore, natural applications for peri-
odically tapered fibres would be as a source of highly spectrally pure heralded
single-photons.

In comparison, non-periodic tapering profiles, for instance the chirped-
sinusoid and amplitude varied chirped-sinusoid, produce broadband photons
with lower spectral purities. The quasi-phase-matching mechanism is achieved
over a wide range of frequencies, resulting in the generation of highly correlated
photons. Whereas periodic structures exhibit gradual degradation of the spec-
tral purity, non-periodic structures display rapid degradation of the spectral
purity after maximising early along the propagation length. With this in mind,
a promising use of these non-periodic structures may lie in applications such as
quantum coherence tomography [128], or other research ventures where highly
entangled broadband photons are required.

There are a number of ways in which this work could be improved upon
and expanded. One such avenue is carrying out an analysis into the parame-
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ter criteria required to ensure adiabatic propagation. If the tapering period or
modulation depth are made too extreme the generated photons will propagate
non-adiabatically, resulting in unnecessary losses. To counteract this I have
kept to small modulation depths combined with relatively long tapering peri-
ods. However, there exists the possibility that more control over the generated
photons spectral properties might be achieved through more extreme tapering
parameters.

A major issue in carrying out this analysis has been computational in nature.
With limited access to high processing power workstations some simulations can
take upwards of a few weeks to run all the way through. This results in large
periods of down time while simulations complete, a problem that can be avoided
with increased access to machines with higher processing densities or even a
greater number of machines to run multiple simulations in parallel. Another
solution would be to rewrite the simulations in a computer language better
suited to large incrementing loops, or to work on further improving the speed
of the existing code.

The continuous modulation technique can also be applied to planar
waveguides [25, 26] which would help towards advancing the rapidly-evolving
integrated-quantum-photonics research field [32]. When applied to waveguide
structures the PTW-technique requires a greater level of precision in the fabri-
cation process, since the devices physical scale is smaller than in the fibre case.
However, this is something constantly improved upon over time.

To conclude, the PTW-technique offers an exciting new means of gener-
ating single-photons with desirable spectral properties. These properties can
be tailored to suit the needs of various quantum applications by varying sev-
eral degrees of freedom of the tapering pattern. This tailoring can be achieved
through selection of the tapering profile, as well as adjusting the period and
modulation amplitude. The developed quantum model has also been validated
through recreation of the nonlinear modulation instability. This technique offers
the possibility of enhanced conversion, in comparison to existing single-photon
sources as a result of satisfying the quasi-phase-matching condition. Finally,
there exists opportunities for investigating complex patterns that I anticipate
will yield further desirable spectral properties, which in-turn will produce ex-
citing avenues of new research.
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Appendices

A Sellmeier equation function

1 f unc t i on [ n ] = s e l l m e i e r s i l i c a ( lambda ) % g ive lambda in
microns

2 % s e l l m e i e r s i l i c a .m, S e l l m e i e r equat ion f o r fused s i l i c a
3 % v a l i d in the wavelength reg i on 0.21 −3.71 microns and at

293 .15K
4

5 % e m p i r i c a l l y der ived c o e f f i c i e n t s
6 A 1 = 0 . 6 9 6 2 ;
7 B 1 = 0 . 0 6 8 4 ;
8

9 A 2 = 0 . 4 0 7 9 ;
10 B 2 = 0 . 1 1 6 2 ;
11

12 A 3 = 0 . 8 9 7 5 ;
13 B 3 = 9 . 8 9 6 2 ;
14

15 f 0 = 1 ;
16 f 1 = ( A 1 .∗ lambda . ˆ 2 ) . / ( ( lambda . ˆ 2 ) −(B 1 ) . ˆ 2 ) ;
17 f 2 = ( A 2 .∗ lambda . ˆ 2 ) . / ( ( lambda . ˆ 2 ) −(B 2 ) . ˆ 2 ) ;
18 f 3 = ( A 3 .∗ lambda . ˆ 2 ) . / ( ( lambda . ˆ 2 ) −(B 3 ) . ˆ 2 ) ;
19

20 n squared = f0+f1+f2+f3 ;
21

22 % outputs the mate r i a l index o f fused s i l i c a at lambda
wavelength

23 n = s q r t ( n squared ) ;
24

25 end

B PCF empirical refractive index function

1 f unc t i on [ n e f f ,V] = p c f e m p i r i c a l ( lambda , sigma , diameter )
% g ive lambda , sigma , and diameter in metres

2 % p c f e m p i r i c a l , an e m p i r i c a l c a l c u l a t i o n o f the
e f f e c t i v e r e f r a c t i v e index

3 % f i n d s index ‘ n e f f ’ and mode parameter ‘V’ f o r a PCF
with p i t ch ‘ sigma ’ ,

4 % core diamter ‘ diameter ’ , core index ‘ n co ’ from
S e l l m e i e r equat ion

5
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6 % e m p i r i c a l c o e f f i c i e n t s f o r s o l i d −core PCF
7 a = [ 0 . 5 4808 5.00401 −10.43248 8 . 22 992 ; . . .
8 0.71041 9.73491 47.41496 −437.50962; . . .
9 0.16904 1.85765 18.96849 −42.4318; . . .

10 −1.52736 1.06745 1.93229 3 . 8 9 ] ;
11 b = [ 5 7 9 ; . . .
12 1 .8 7 .32 2 2 . 8 ; . . .
13 1 .7 10 14 ; . . .
14 −0.84 1 .02 1 3 . 4 ] ;
15 c = [ −0.0973 −16.70566 67.13845 −50.25518; . . .
16 0.53193 6.70858 52.04855 −540.66947; . . .
17 0.24876 2.72423 13.28649 −36.80371; . . .
18 5.29801 0.05142 −5.18302 2 . 7 6 4 1 ] ;
19 d = [ 7 9 10 ; . . .
20 1 .49 6 .58 2 4 . 8 ; . . .
21 3 .85 10 15 ; . . .
22 −2 0 .41 6 ] ;
23

24 [ L , S ] = meshgrid ( lambda , sigma ) ;
25

26 x = L. / S ;
27 y = diameter (1 ) . / sigma (1) ;
28

29 A 1 = a (1 , 1 ) . . .
30 + a (1 , 2 ) . ∗ ( ( y ) . ˆ b (1 , 1 ) ) . . .
31 + a (1 , 3 ) . ∗ ( ( y ) . ˆ b (1 , 2 ) ) . . .
32 + a (1 , 4 ) . ∗ ( ( y ) . ˆ b (1 , 3 ) ) ;
33 A 2 = a (2 , 1 ) . . .
34 + a (2 , 2 ) . ∗ ( ( y ) . ˆ b (2 , 1 ) ) . . .
35 + a (2 , 3 ) . ∗ ( ( y ) . ˆ b (2 , 2 ) ) . . .
36 + a (2 , 4 ) . ∗ ( ( y ) . ˆ b (2 , 3 ) ) ;
37 A 3 = a (3 , 1 ) . . .
38 + a (3 , 2 ) . ∗ ( ( y ) . ˆ b (3 , 1 ) ) . . .
39 + a (3 , 3 ) . ∗ ( ( y ) . ˆ b (3 , 2 ) ) . . .
40 + a (3 , 4 ) . ∗ ( ( y ) . ˆ b (3 , 3 ) ) ;
41 A 4 = a (4 , 1 ) . . .
42 + a (4 , 2 ) . ∗ ( ( y ) . ˆ b (4 , 1 ) ) . . .
43 + a (4 , 3 ) . ∗ ( ( y ) . ˆ b (4 , 2 ) ) . . .
44 + a (4 , 4 ) . ∗ ( ( y ) . ˆ b (4 , 3 ) ) ;
45

46 B 1 = c (1 , 1 ) . . .
47 + c (1 , 2 ) . ∗ ( ( y ) . ˆ d (1 , 1 ) ) . . .
48 + c (1 , 3 ) . ∗ ( ( y ) . ˆ d (1 , 2 ) ) . . .
49 + c (1 , 4 ) . ∗ ( ( y ) . ˆ d (1 , 3 ) ) ;
50 B 2 = c (2 , 1 ) . . .
51 + c (2 , 2 ) . ∗ ( ( y ) . ˆ d (2 , 1 ) ) . . .
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52 + c (2 , 3 ) . ∗ ( ( y ) . ˆ d (2 , 2 ) ) . . .
53 + c (2 , 4 ) . ∗ ( ( y ) . ˆ d (2 , 3 ) ) ;
54 B 3 = c (3 , 1 ) . . .
55 + c (3 , 2 ) . ∗ ( ( y ) . ˆ d (3 , 1 ) ) . . .
56 + c (3 , 3 ) . ∗ ( ( y ) . ˆ d (3 , 2 ) ) . . .
57 + c (3 , 4 ) . ∗ ( ( y ) . ˆ d (3 , 3 ) ) ;
58 B 4 = c (4 , 1 ) . . .
59 + c (4 , 2 ) . ∗ ( ( y ) . ˆ d (4 , 1 ) ) . . .
60 + c (4 , 3 ) . ∗ ( ( y ) . ˆ d (4 , 2 ) ) . . .
61 + c (4 , 4 ) . ∗ ( ( y ) . ˆ d (4 , 3 ) ) ;
62

63 % mode parameters
64 V = A 1 + ( A 2 ./(1+( A 3 .∗ exp ( A 4 .∗ x ) ) ) ) ;
65 W = B 1 + ( B 2 ./(1+( B 3 .∗ exp ( B 4 .∗ x ) ) ) ) ;
66

67 U = s q r t (V.ˆ2 − W. ˆ 2 ) ;
68

69 % e f f e c t i v e area o f the f i b r e ho l e s
70 a e f f = sigma/ s q r t (3 ) ;
71

72 % core r e f r a c t i v e index f o r fused s i l i c a
73 n co = s e l l m e i e r s i l i c a ( lambda∗1E6) ;
74

75 % e f f e c t i v e r e f r a c t i v e index f o r a fused−s i l i c a PCF
76 n e f f = s q r t ( n co .ˆ2 − ( (U.∗ lambda ) . / ( 2∗ pi .∗ a e f f ’ ) ) . ˆ 2 ) ;
77

78 end

C Fibre mode profile function

1 f unc t i on [F ] = f i b r e p r o f i l e (V, core , r max , a , b , p) % g ive
core and r max in metres

2 % takes V parameter from e m p i r i c a l pc f formula and
c a l c u l a t e s mode p r o f i l e

3 % a , b , p are i n d i c e s from s i z e o f a r rays used to model
s tuc tu r e

4

5 w = ( 0 . 6 5 + 1.619∗V.ˆ( −3/2) + 2.879∗V.ˆ( −6) ) .∗ core ’ ;
6

7 F = ze ro s ( a , b , p ) ;
8

9 f o r k = 1 : p
10

11 f o r j = 1 : a
12

13 r = l i n s p a c e (0 , r max ( j ) ,b ) ;
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14

15 F( j , : , k ) = exp(−r . ˆ 2 . /w( j , p ) . ˆ 2 ) ;
16

17 end
18

19 end
20

21 end
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