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Abstract

In this work we present a comprehensive analysis of light-matter interactions and

exciton condensation in two dimensional pseudo-relativistic materials. Charge carri-

ers in these materials can be adequately described with a condensed matter version

of the Dirac equation in 2+1 dimensions. To model the dynamics of the carrier with

both light-matter and Coulomb interactions, we derive a renormalised version of the

Dirac-Bloch equations that have been recently introduced to describe effectively the

optical properties of pseudo-relativistic quasiparticle excitations. The renormalised

equation are used to study the Coulomb effects on the linear absorbance spectra of

such materials. After this analysis a mean field model to describe the Bose-Einstein

condensation of pseudo-relativistic excitons is derived and solved. A particular lo-

calised solution of this model is studied in different physical situations. The last

part of this thesis concerns the nonlinear optical properties of bilayer graphene in-

vestigated with an appropriate extension of the Dirac-Bloch equations. Details are

given on the generation of odd harmonics and on their relation with the electronic

quasiparticle spectrum.
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Chapter 1

Introduction

If I learnt anything from taking part to the outreach event at the 2018 Royal soci-

ety summer exhibition in London is that everyone from the youngest to the oldest

participant had heard the word graphene at least once and some of them could even

inform me about some new related hot topic I had not heard of. In the seminal

paper about its experimental realisation, graphene was described as ”a single layer

of carbon atoms densely packed into a benzene-ring structure” [1]. Graphene is a two

dimensional allotrope (different structural forms of the same element compound) of

carbon and poses the basis for the understanding of other carbon allotropes such as

carbon nanotubes and fullerenes (C60) a sort of spherical graphene wrapped with

the introduction of pentagons on the hexagonal lattice.

These structures can now be produced in laboratories. However, this was not

the case for decades. A two dimensional layer of carbon was predicted long time

ago in 1947 by Wallace, who derived the energy dispersion of a single electron in

graphene [2]. The emergence of the massless Dirac equation to describe the low

energy dynamics of graphene carriers was first pointed out by DiVincenzo and Mele

almost four decades later in 1984 [3]. For long time graphene was thought to be

an ideal theoretical abstract never to be produced experimentally. Remarkably

physics Auctoritas as Landau [4], Peierls [5] and Mermin [6] used thermodynamical

a argument to demonstrate that two dimensional crystals cannot be stable due to a

divergent contribution of thermal fluctuations. The story turned out to be different,
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in 2004 in Manchester Novoselov and Geim between others, extracted single-atom-

thick crystallites from bulk graphite. They pulled a single graphene layer from

graphite with a process called micromechanical cleavage best known as the scotch

tape technique. A piece of widely available scotch tape is applied to the bulk sample

and the single layer is pulled and deposited on a SiO2 substrate [1] (doing this for

themselves surprised and delighted our audience at the London summer exhibition).

For this achievement they were awarded the Nobel prize in physics in 2010.

Since its discovery graphene and related materials have increasingly attracted

the attention of the research community [7]. The main reason relies in the char-

acteristic spectrum of the low energy quasiparticle excitations. They behave as

massless Dirac fermions [8], using terminology borrowed from high energy physics

we could call them charged chiral particles. Massless fermions in graphene have a

Fermi velocity (vF )that is about 300 times lower than the speed of light. For this

reason they cannot be considered fully relativistic and from now on we will refer to

them as pseudo-relativistic carriers. We can think of graphene as a material in which

the carriers have a dynamics that is relativistic with the fermi velocity. This means

that if we consider the non-interacting model without carrier-carrier interactions or

external electromagnetic potential, this is invariant under Lorentz transformations

with vF replacing c. Due to this peculiar property many effects of Quantum Electro-

dynamics (QED) can show up in graphene, but at much lower speed [9, 10]. Dirac

fermions show an unusual behaviour if compared to ordinary electrons when they

interact with a static magnetic field with the emergence of an electronic Landau level

at the Dirac point, namely the meeting point of conduction and valence band. This

phenomenon leads to an unusual effect called integer quantum Hall effect [11, 12]

that is qualitatively different from the one observed in GaAlAs devices [13] and is

considered a signature of Dirac fermion behaviour. The chiral nature of graphene

fermions leads to the emergence of additional degrees of freedom that can be used

for application where is possible to manipulate them [14]. Furthermore, when super-

conducting contacts are attached to graphene they generate a supercurrent flow [15].

This means that Cooper pairs can propagate well in graphene because of a robust
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electronic coherence. Graphene is not superconducting itself, but unconventional

superconductivity has been observed recently in twisted bilayer graphene [16]. Sin-

gle layers of undoped graphene have an excellent electrical conductivity with a room

temperature mobility of up to 40000 cm2 V−1 s−1 in air [17]. This suggests that elec-

tron motion is nearly unimpeded and can be considered ballistic. This characteristic

could be used for field effect devices such as p-n [18–20] and p-n-p junctions [21].

Graphene and related materials have paved the way to the engineering and search

for systems with more complex topological properties [22]. As an example we can

mention three dimensional Dirac and Weyl semimetals [23–26] and the recently ob-

served new quasiparticles known as type-II Dirac and Weyl fermions, which show

a Lorentz violating massless chiral dispersion at low energy [27–30]. In addition to

these noteworthy electronic and transport properties, massless Dirac fermions have

shown remarkable optical features [31]. The optical response of graphene is char-

acterised by a highly-saturated absorption used for ultrafast pulsed lasers [32] and

by the so called low of universal absorbance. The opacity of suspended graphene

is directly linked to the fine structure constant (α = e2/~ c) which describes the

electron-photon coupling in QED [33]. Furthermore the nonlinear optical response

of graphene leads to the efficient generation of higher harmonics [34–36].

The work in this thesis concerns mainly two topics, the understanding of light-

matter interactions in two dimensional Dirac materials and the formation of electron-

hole bound states, which we may call pseudo-relativistic excitons. In particular this

work focusses on the so called geminate excitons where the electron and hole are

created together by the absorption of a photon. Starting with the seminal works of

Ishikawa [37, 38] that was later generalised to include gapped materials [39] it was

proposed a new method to describe the dynamics of the carrier in graphene and their

interaction with the electromagnetic field. This method consists of a system of Bloch

equations specifically designed for pseudo-relativistic carriers that are named Dirac-

Bloch equations. This approach, however does not include Coulomb interactions

that are in general very strong when a gap is present in the energy spectrum. The

first part of this thesis tries to address this point, we introduce a Coulomb renormal-

3



isation of the Dirac Bloch equations that accounts for the many body carrier-carrier

interactions. The renormalised equations are then used to study the linear optical

properties of gapped Dirac materials detailing the physics of exciton formation and

the computation of absorbance spectra. We show that Coulomb interactions play a

significant role in the enhancement of the the continuum absorption in gapped sys-

tems. This effect reduces dramatically in the zero gap limit. An interesting aspect

of the exciton series in pseudo-relativistic materials is that it presents a phase tran-

sition to an excitonic insulator that is close to a Bose-Einstein condensate (BEC)

state for strong Coulomb interactions [40]. The aim of the second part of this work

is to give a simple description of the BEC state of pseudo-relativistic excitons by

mean of a mean field model that generalises the well known Gross-Pitaevskii theory.

To this end we derive a Klein-Gordon equation with a nonlinear Kerr-type interac-

tion. This simple model contains an interesting localised solution called an oscillon,

known mostly in high energy physics, which we study in some detail. Finally, in the

last chapter, the Dirac-Bloch equation formalism will be applied to bilayer graphene

within a theoretical framework which can be extended to multilayers and different

classes of Dirac materials such as transition metal dichalcogenides. We will focus

mostly on the nonlinear optical response of bilayer graphene and on how it relates

with its characteristic electronic dispersion.

As it is apparent from the list of publications the research carried during this

PhD project was not limited to two dimensional materials. These works mostly

related to quantum nonlinear optics and analogues of general relativity in optics are

not included in the thesis. A compact summary, however is presented in appendix

B.
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Chapter 2

Energy bands in

pseudo-relativistic semiconductors

In this chapter after a brief introduction to the Dirac equation, we review the theory

behind the low energy physics of two dimensional pseudo-relativistic materials, in

particular graphene and transition metal dichalcogenides (TMDs). Starting from

the tight binding model we show that low energy quasiparticles in such materials

behave as either massless or massive Dirac fermions.

In section 2.1 we derive and discuss the Dirac equation for massive and massless

spin-1
2

fermions in high energy physics. We also give some details on the non-

relativistic limit that relates this equation to condensed matter physics. In section

2.2 we describe the low energy physics of the graphene band structure. We discuss

the tight-binding model and how to derive the massless and massive Dirac quasi-

particle model. We also detail, in section 2.3, the limits of this description, due to

distortions of the band structure. In section 2.4 we study the low energy Hamil-

tonian of a particular class of TMDs and show under what limited conditions the

massive Dirac model is an appropriate description of such materials.
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2.1 The Dirac equation

The Dirac equation is central to the results within this thesis, as such, it is appropri-

ate to give it a formal although compact introduction I.The details of the discussion

presented in this section can be found in classical textbooks of Relativistic Quantum

Mechanics and Quantum Field Theory [41–44]. We first analyse the derivation of

the Dirac equation, then we compute the non-relativistic limit that is of great im-

portance to connect particle physics to condensed matter and as a conclusive remark

we introduce the zero mass limit and the Weyl neutrino theory.

2.1.1 Derivation of the Dirac equation

The Dirac equation is a relativistic wave equation derived in 1928 by British physicist

Paul Dirac [45]. It describes massive spin-1
2

particles and it was proposed to solve

the problem of the negative energy solutions of the Klein-Gordon equation. At that

time antimatter was yet to be discovered and there were no physical explanations

for negative energy solutions. Dirac postulated a first order wave equation of the

form

i~
∂

∂t
ψ = (cα · p+mc2β)ψ, (2.1)

where p = −i~∇ is the momentum operator. This is in fact a different way of

writing the square root in the Schrödinger equation for a relativistic particle

i~
∂

∂t
ψ =

√
p2c2 +m2c4ψ, (2.2)

that contains an ill-defined pseudo-differential operator. This means that the Dirac

first quantised Hamiltonian H = cα ·p+mc2β has to satisfy the following relation

(mc2β + cα · p)2 = p2c2 +m2c4, (2.3)
IEverything that is discussed in what follows is mostly an elaboration of the notes form the

course of Relativistic Quantum Mechanics given at the University of Rome La Sapienza by Prof.
M. Testa and Prof L. Maiani.
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to ensure consistency with both quantum mechanics (Schrödinger equation) and

special relativity. Equation (2.3) poses constraints on the coefficients α and β.

Expanding the square we get the following conditions

{β, αi} = 0, β2 = I, α2
i = I, (2.4)

where {·} is the anti-commutator, i = (1, 2, 3) and I the identity matrix. Relations

2.4 tells us that α and β have to be square matrices with zero trace. This means

that the dimension of the vector space to which they belong must be even [42]. In

M2(C), the space of 2× 2 complex matrices there are only three indpendent matrix

that satisfy the Clifford algebra in equations (2.4), the Pauli matrices. This is not

a viable choice as we need four matrices (αi, β), we find them in the M4(C) vector

space and they are written as

β =

 I2 0

0 −I2

 , αi =

 0 σi

σi 0

 , (2.5)

where I2 is the 2× 2 identity matrix and σi are the Pauli matrices which are given

by

σ1 =

 0 1

1 0

 , σ2 =

 0 −i

i 0

 , σ3 =

 1 0

0 −1

 . (2.6)

Multiplying both sides of equation (2.1) by β and defining the Dirac matrices

γ0 = β, γi = βαi, (2.7)

we can write the Dirac equation in the conventional form

i~γµ∂µψ −mc2ψ = 0, (2.8)

where µ = (0, 1, 2, 3).

The solution of the Dirac equation is doubly degenerate, in particular there are
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two solutions (spin up and spin down) with positive energy and two with negative

energy. Linearising the square root in equation (2.2) does not eliminate the negative

energy eigenstates. This was a big theoretical step towards the discovery of antimat-

ter as it was the first solid evidence that negative energy excitations were physically

meaningful. It led Dirac to the formulation of the Hole theory that describes the

vacuum as the quantum state in which all the negative-energy electron eigenstates

are occupied [45].

Positive and negative energy eigenstates are found relatively easily in momentum

space as the following four-spinors

~u (σ)
p =

√
Ep +mc2

2mc2

 ϕ(σ)

σ·p c
Ep+mc2

ϕ(σ)

 , ~v (σ)
p =

√
Ep +mc2

2mc2

 σ·p c
Ep+mc2

χ(σ)

χ(σ)

 ,

(2.9)

where σ = (↑, ↓) is the spin-projection quantum number, ϕ(σ) and χ(σ) are two-

spinors and Ep =
√
p2c2 +m2c4. The general, quantised, spinor solution of equation

(2.8) can be written in terms of the eigenstates as

~ψ(r, t) =
2∑

σ=1

∫
dp

√
mc2

(2π~)3Ep

(â(σ)p ~u (σ)
p ei(k·r−ωpt) + b̂(σ) †p ~v (σ)

p e−i(k·r−ωpt)), (2.10)

where â(σ)p , (b̂(σ)p ) are electron, (positron) annihilation operators satisfying the fol-

lowing anti-commutation relations

{â(σ)p , â
(σ′) †
p′ } = {b̂(σ)p , b̂

(σ′) †
p′ } = δσ,σ′δ(p− p′). (2.11)

2.1.2 Non-relativistic limit

The main topic of this thesis are sytems with a pseudo-relativistic dispersion rela-

tions in condensed matter physics. Hence, it is important to study how to connect

the relativistic physics of the Dirac equation with the non-relativistic physics of con-

densed matter systems. In other words we will compute the non-relativistic limit of

the Dirac equation. To do so we start from equation (2.1) and we add an external
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four vector potential Aµ = (A,Φ) with the minimal coupling in Gaussian units

p → π = p− e

c
A, H → H + eΦ, (2.12)

where e is the electron charge and c the speed of light. The Dirac equation thus

becomes

i~
∂

∂t
~ψ = (cα · π + βmc2 + eΦ)~ψ. (2.13)

It is convenient to work in the bi-spinor representation II

~ψ =

 ϕ̃

χ̃

 (2.14)

and write equation (2.13) as

i~
∂

∂t

 ϕ̃

χ̃

 = cσ · π

 χ̃

ϕ̃

+mc2

 ϕ̃

−χ̃

+ eΦ

 ϕ̃

χ̃

 . (2.15)

In the non relativistic limit v/c� 1 the rest energy mc2 is the largest energy scale,

thus we can parametrise the spinor as follows

 ϕ̃

χ̃

 = ei
mc2

~ t

 ϕ

χ

 (2.16)

where ϕ and χ are slowly varying functions of time and are solutions of

i~
∂

∂t

 ϕ

χ

 = cσ · π

 χ

ϕ

− 2mc2

 0

χ

+ eΦ

 ϕ

χ

 , (2.17)

IIA bi-spinor is an element of a four dimensional complex vector space considered as a ( 12 , 0)⊕
(0, 1

2 ) representation of the Lorentz group.
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assuming that the scalar potential field eΦ and the kinetic energy are both much

smaller than the rest mass the second of equations (2.17) is solved as

χ =
σ · π
2mc

ϕ, (2.18)

this equation identifies χ as the small component of the spinor when compared to

ϕ. Substituting relation (2.18) in equation (2.17) we get a two components non-

relativistic spinor equation

i~
∂

∂t
ϕ =

[
(σ · π)2

2m
+ eΦ

]
ϕ. (2.19)

this equation is further reduced using the following identity for Pauli matrices [42]

σ · a · σ · b = a · b+ iσ · a× b, (2.20)

yielding

i~
∂

∂t
ϕ =

(
π2 + iσ · π × π

2m
+ eΦ

)
ϕ. (2.21)

After expanding the vector product we finally get the non-relativistic limit of the

Dirac equation

i~
∂

∂t
ϕ =

(
π2

2m
+

e~
2mc

σ ·B+ eΦ

)
ϕ, (2.22)

which is recognised as the Pauli equation. Here B = ∇×A is the static magnetic

field.

To convince ourselves that we have derived an equation we are familiar with, we

can specify it in two scenarios that are common in condensed matter physics. The

interaction of an electron with a uniform electric or magnetic field. In the first case

choosing the Coulomb gauge (∇ ·A = 0) and keeping first order interactions only,

we can reduce equation (2.22) to the one of the electric dipole

−i~ ∂
∂t
ϕ =

(
p2

2m
− e

m c
A · p

)
ϕ. (2.23)

10



If we consider a continuous wave vector potential A = εA0 sin(ω0t), where ε is the

polarisation vector, the interaction term can be rewritten in the usual way

HI = − e

mω0

E · p, (2.24)

where E = −1/c Ȧ is the electric field. The second case of a uniform magnetic

field B = ∇ ×A, A = 1/2 (B × r) is particularly instructive as it proves that the

Pauli equation contains naturally the two spin degrees of freedom and the correct

magnetic moment of the electron. To see this explicitly we rewrite equation (2.22)

as

i~
∂

∂t
ϕ =

(
p2

2m
− e

2mc
(L+ 2S) ·B

)
ϕ, (2.25)

here L = r×p is the orbital angular momentum and S = ~/2σ is the spin operator

with two eigenvalues ±~/2. The coefficients of the magnetic field B then give the

two expected terms of the magnetic moment

µL =
e

2mc
L Larmour, orbital, magnetic moment,

µs =
e

m c
S spin magnetic moment.

(2.26)

2.1.3 Massless fermions: the Weyl equation

We now consider relativistic fermions in the zero mass limit. In this case relation

(2.3) that defines the Dirac Hamiltonian matrix becomes

(cα · p)2 = p2c2, (2.27)

in this case we only need to find three anti-commuting matrices that satisfy the

Clifford algebra in equation (2.4), therefore the choice of the Pauli matrices is ac-

ceptable. The minimum dimensionality of the spinor is two and we obtain two

possible equations

i~
∂

∂t
~χ = ±(σ · ∇)~χ, (2.28)
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where ~χ is a two-spinor, this is known as the Weyl equation and describes a mass-

less particle with spin 1/2. In particular it is one of the equations used in high

energy physics to describe massless neutrinos [43]. The two possible equations have

solutions with opposite eigenvalues of the helicity operator

σ · p
p

χR,L = ±χR,L, (2.29)

here p = |p|and the subscript R, (L) indicates the right, (left) handed solution

that have a definite spin direction, namely parallel (antiparallel) to the direction of

motion. These state are thus chiral as is expected for massless relativistic particles.

The massless theory also admits a 4 × 4 representation called the Weyl repre-

sentation in which the Dirac γ matrices are written as

γ0 =

 0 I2

I2 0

 , γ =

 0 σ

−σ 0

 . (2.30)

We can write the massless Dirac equation as

i~γµ∂µ ~ψ = 0, (2.31)

this means that the Dirac Hamiltonian matrix in momentum space reads

H = c

 −σ · p 0

0 σ · p

 , (2.32)

that can be written in compact form as

H = −cσ · p⊗ τz, (2.33)

where τz is the third Pauli matrix and refers to the two states of opposite chirality.

This means that we can separate the eigenstates in two invariant subspaces (R,L)
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by means of the projection operator

P± =
1∓ I2 ⊗ τz

2
, (2.34)

the Dirac spinor can be then decomposed as

~ψ = ~ψL + ~ψR (2.35)

where ~ψL = P+ ~ψ and ~ψR = P− ~ψ. In high energy physics this notation is not used

and the matrix −I2 ⊗ τz is commonly indicated as

γ5 =

 −I2 0

0 I2

 . (2.36)

This representation, however, will be useful for us to connect this formalism to

the one commonly used in condensed matter physics. In particular the τi basis

of Pauli matrices is used in two dimensional honeycomb lattice system to indicate

the sublattice degree of freedom in contrast to the σi matrices which relate to the

pseud-ospin degree of freedom [46].

2.2 The low energy physics of graphene

Graphene is an atomically thin sheet of carbon atoms arranged in hexagonal cells and

remarkably is stronger than diamond. Its quantum mechanical crystal properties can

be understood with standard techniques of condensed matter theory. In this section

mainly following the landmark review written by A. H. Castro Neto et al. [7] we

start form the tight binding (TB) model Hamiltonian and diagonalise it to obtain

the full Brillouin zone graphene spectrum. We then derive the low energy band

dispersion and show that the quasiparticle excitations behave as either massless or

massive Dirac fermions depending on the presence of an onsite energy term.
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Figure 2.1: Top: graphene hexagonal crystal structure. Left: honeycomb lattice and
sublattices A and B, primitive vectors ai and nearest-neighbours δi. Right: first
Brillouin zone and reciprocal lattice vectors bi.

2.2.1 Tight-binding model

The direct lattice of Graphene is triangular and has a basis of two atoms per unit

cell as shown in figure 2.1. The lattice unit vectors are written as

ai =
a

2
(3,±

√
3) (2.37)

where a = 1.42Å is the carbon-carbon distance and i = {1, 2}. From the direct

lattice unit vectors we can compute the reciprocal lattice vectors

bi =
2π

3a
(1,±

√
3). (2.38)

The points K and K′ at the corner of the Brillouin zone (BZ) are of particular

importance for the low energy physics of graphene. They are named Dirac points

(DP) as the low energy dispersions parallels the one of massless Dirac fermions in

high energy physics. There are six of them and they are two by two inequivalent.

This means that if we pick two inequivalent points they must be linked to the others
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by a reciprocal lattice vector translation. The position of the two inequivalent DPs

along the K′ −M−K symmetry line of the BZ is given by

K =
2π

a

(
1

3
,
1√
3

)
, K′ =

2π

a

(
1

3
,− 1√

3

)
. (2.39)

However, as we shall see this not the only possible choice. The nearest-neighbours

vectors depicted in figure 2.1 are written as

δi =
a

2
(1,±

√
3), δ3 = a(−1, 0). (2.40)

We expand the TB Hamiltonian considering the nearest-neighbours hopping only:

H = −t0
∑
〈i,j〉,σ

(â†i,σ b̂j,σ + b̂†j,σâi,σ), (2.41)

where âi,σ, (b̂i,σ) annihilates an electron with spin σ on site Ri and sublattice A (B)

and satisfy the following fermionic anticommutation relations

{â†i,σ, âj,σ′} = δijδσ,σ′ , {âi,σ, âj,σ′} = {â†i,σ, â
†
j,σ′} = {âi,σ, b̂j,σ′} = 0, (2.42)

the same relations hold for b̂i,σ operators. The sum over the nearest-neighbours can

be rewritten as ∑
i∈A

∑
δ

(â†i,σ b̂j+δ,σ + b̂†j+δ,σâi,σ), (2.43)

the sum on δ runs on the three nearest-neighbours and b̂j+δ,σ annihilates an electron

on site Ri + δ. Expanding the ladder operators as

âj =
∑
k

e−ik·Rj âk,

b̂j =
∑
k

e−ik·Rj b̂k,

(2.44)
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and from now on we omit the spin degree of freedom. Using the expression in

equation (2.44) we get

H = −t0
∑
k

(∆∗
kâ

†
kb̂k +∆kb̂

†
kâk), (2.45)

where the function ∆k is given by

∆k =
∑
δ

eik·δ = e−ikxa
[
1 + 2ei3kxa/2 cos

(√3a

2

)]
, (2.46)

we can thus write the Hamiltonian in the following matrix form

H =
∑
k

~Ψ†
kHk

~Ψk, (2.47)

where the the pseudo-spinor ~Ψk and the Hamiltonian matrix are defined as

~Ψk =

 âk

b̂k

 , Hk = t0

 0 ∆k

∆∗
k 0

 . (2.48)

We can now diagonalise the TB Hamiltonian with a unitary transformation

Hk = t0 U
†

 |∆k| 0

0 −|∆k|

U,

~Φk = U~Ψk, ~Φ†
k = U~Ψk,

(2.49)

where U is the eigenvectors unitary matrix, and ~Φk defines band annihilation oper-

ators as

~Φk =

 â1,k

â−1,k

 , (2.50)
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Figure 2.2: Graphene electronic dispersion. Left: Tight-binding energy spectrum.
Right: spectrum along the K−M−K′ symmetry line.

with (1,−1) indicating conduction and valence band. We thus have the desired

diagonal form of the TB Hamiltonian

H =
∑

λ=±1,k

ελ,kâλ,kâ
†
λ,k, (2.51)

where the band eigenvalues are given by

ελ,k = λt0|∆k| = λt0

√
1 + 4 cos

(3
2
kxa
)
cos
(√3

2
kxa
)
+4 cos2

(√3

2
kya
)
. (2.52)

The eigenvalues are shown in figure 2.2 in 3D (left) and along a specific symmetry

line (right) where we find the two DPs.

We now see what happens if we consider an on-site energy contribution to the

Hamiltonian

Hon-site =
∆

2

(∑
i∈A

a†iai −
∑
j∈B

b†jbj

)
, (2.53)

where ∆/2 is the onsite energy. Using again the expansion (2.44) for the site-ladder

operators, we can see immediately that this term is diagonal in momentum space.
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Figure 2.3: Gapped graphene electronic dispersion. Left: Tight-binding energy
spectrum. Right: spectrum along the K−M−K′ symmetry line.

The Hamiltonian matrix becomes

Hk =

 ∆/2 t0∆k

t0∆
∗
k −∆/2

 , (2.54)

and it is readily diagonalised giving the following modified band eigenvalues

ελ,k = λ

√
t20|∆k|2 +

∆2

4
. (2.55)

From both equation (2.55) and figure 2.3 it is clear that the onsite energy term in the

Hamiltonian is responsible for opening a band gap in the spectrum. In graphene a

gap can be opened because of impurities, lattices defects [47], mechanical distortions

such as strain [48] or when the sample is deposited on a substrate. The latter seems

to be the most efficient way to open a gap which, with ARPES measurements has

been estimated to be 0.26 eV for graphene on silicon carbide (SiC) [49]. Density

functional theory predict a larger gap of 0.35 eV for monolayer graphene deposited

on a SiO2 substrate [50].
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2.2.2 Massless and massive Dirac fermions

We will now explore the TB Hamiltonian and the resulting band structure around

the DPs. To do so we define the relative momentum coordinate with respect the

K, (K′) point q ≡ k −K, (q ≡ k −K′) and expand ∆K+q, (∆K′+q) around q = 0

at first order. We get

∆K+q = e−iqxa

[
1− 2 cos

(
π

3
+

√
3

2
a qy

)]

≈ 3

2
a(qx + iqy),

(2.56)

and around K′

∆K′+q ≈ 3

2
a(qx − iqy), (2.57)

hence the Hamiltonians in the K and K′ valleys can be written as

HK = ~vF
∑
q

~Ψ†
q(σxqx + σyqy)~Ψq,

HK′ = ~vF
∑
q

~Ψ†
q(σxqx − σyqy)~Ψq

(2.58)

where σx and σy are the first two Pauli matrices. This Hamiltonian corresponds to

that of massless Dirac fermions with velocity vF = 3at/(2~) in 2 + 1 dimensions.

The related time independent Dirac equation for the wave-function in momentum

space reads

i~vFσξ · q ~ψ ξ
λ,q = ελ,q, ~ψ

ξ
λ,q (2.59)

where ξ = ±1 is the valley index and σξ = (σx, ξσy). The eigenvalues in both valleys

define the so called Dirac cones at the corner of the Brillouin zone as shown in figure

2.4 (right panel)

ελ,q = λ~vF q, (2.60)
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where q = |q|. The valley dependent wave-functions has the form

~ψ ξ
λ,q =

1√
2

 e−iξθq/2

λ eiξθq/2

 (2.61)

where θq = arctan(qy/qx). The wave-functions in the two valleys are related by time

reversal symmetry (T -symmetry): if we orient the ky-axis along the K − M − K′

symmetry line with the origin in the M point, the T operator becomes equivalent

to a reflection with respect to the kx axis, namely, (kx, ky) → (kx,−ky). We remind

that time reversal is a point symmetry in momentum space, hence in two spatial

dimensions it corresponds to a sign change of one component of the wave-vector as

it is for parity in the direct lattice. From a quantum mechanical point of view we

can understand this remembering that the canonical commutator is invariant under

T -symmetry only if T is chosen to be anti-unitary.

Similarly to massless neutrinos, that we have introduced in section 2.1, graphene

Dirac fermions are chiral. The wave-function in equation (2.61) is an eigenstate of

the helicity operator meaning

σ · q
q
~ψ ξ
λ,q = λ ~ψ ξ

λ,q, (2.62)

therefore conduction electrons and valence electrons are states of opposite chirality.

Similarly, if we use the electron-hole representation we find that electrons (holes)

have a positive (negative) chirality. To complete our parallel with massless fermions

in high energy physics we can write a 4× 4 representation of the low energy Dirac

Hamiltonian matrix

Hq = ~vF τ0 ⊗ σ · q (2.63)

where τ0 is the identity matrix in the valley space. This matrix is written in the

convenient basis

(ψA
K, ψ

B
K, ψ

A
K′ ,−ψB

K′), (2.64)

here A and B refer to the sub-lattices degrees of freedom.
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If we add the onsite energy term to the low energy model, the chirality is broken

and a mass-gap appears in the spectrum. The Hamiltonian equation (2.58) and the

corresponding eigenvalues change as follows

H = ~vF
∑
q,ξ

~Ψ†
q(σxqx + ξσyqy +mv2Fσz)~Ψq, (2.65)

where σz is the third Pauli matrix and m = ∆/(2vF )
III. The related, time indepen-

dent, Dirac equation in momentum space reads

i~vFσξ · q ~ψ ξ
λ,q + σzmv

2
F
~ψ ξ
λ,q = ελ,q, ~ψ

ξ
λ,q. (2.66)

The band eigenvalues and eigenstates for massive fermions are given by

ελ,q = λ
√

(vF ~q)2 +m2v4F ,

~ψ ξ
λ,q =

~vF q√
2εq(εq − 2mv2F )

 εq+λmv2F
~ vF q

e−iξθq/2

λ eiξθq/2

 ,
(2.67)

where q = |q|. A pictorial representation of the massive Dirac quasiparticle disper-

sion relation at the corners of the Brillouin zone is given in figure 2.4 (right panel).

2.3 Band structure distortion: the trigonal warp-

ing effect

The low energy model we have derived in the previous section is a first order approx-

imation around the Dirac points. We now study what happens to the band structure

if we include second order corrections. We consider the K-valley and expand the
IIIWe note that in the massive case in 2+1 dimensions, as we need only three anti-commuting

matrices, the Pauli matrices are a good choice.
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Figure 2.4: Low energy dispersion of massless (left) and massive (right) Dirac
fermions along the K−M−K′ symmetry line.

function ∆k up to second order

∆K+q ≈ 3

2
a(qx + iqy) +

3

8
a2(qx − iqy)

2. (2.68)

The valley dependent Hamiltonian matrix becomes

Hξ
q = ~vF

 0 qx + iξqy

qx − iξqy 0

+
3

8
a2t0

 0 (qx − iξqy)
2

(qx + iξqy)
2 0

 (2.69)

and as the Pauli matrices plus the identity are a basis of M2(C) we can expand

equation (2.69) as

Hξ
q =

∑
µ

cµ,qσξ,µ = σx[~vF qx + ~vwa (q2x − q2y)] + ξσy(~vF qy − 2~vwa qxqy), (2.70)

where σξ,µ = (I2, σx, ξσy, σz) and vw = 3 at0/(8~). The eigenvalues of Hamiltonian

equation (2.69) are given by

εξλ,q = λ~q
√
v2F + a2q2v2w − 2 ξ a q vFvw cos(3θq), (2.71)
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which can be simplified further by a Taylor expansion around q/K � 1, where

K = |K|

εξλ,q ≈ ~vF q − ξ~vw aq2 cos(3θq) +O
( q
K

)3
. (2.72)

We note that at second order, the dispersion depends on the direction in momentum

space and has a threefold symmetry. This effect is called trigonal warping of the

electronic spectrum [7]. It is a distortion of the iso-energetic lines along directions

θq = π
3
, π, 5

3
π at K. The trigonal warping effect on the low energy spectrum is shown

in figure 2.5. In the right panel we can see that the distortion increases as energy and

momentum decrease until there is a change in the topology of the iso-energetic lines.

In other words there is a critical energy for which the band structure changes shape

and the distortion is so strong that the iso-energetic line break. This phenomenon

is called Lifshitz phase transition and in graphene occurs at energy [51]

εL = 3
β3t0
4 + β2

(2.73)

where β = vw/vF is a dimensionless parameter that measures the relative strength

of the trigonal warping. For εq < εL the iso-energetic lines are broken into four

separate ‘pockets’ consisting of one central pocket and three ‘leg’ pockets (fig. 2.5).

As it should be apparent the trigonal warping distortion breaks the pseudo-

relativistic picture of graphene massless fermions. In other terms it breaks Lorentz

invariance. This effect, however, is second order in the expansion around the Dirac

point and is negligible in many real world experimental situations [7,8,33]. Moreover,

for a standard sigle layer sample β = 0.034 and t0 ≈ 1 eV yielding to εL ≈ 3× 10−5

eV. This means that trigonal warping in graphene is a small (εL � t0) second order

effect happening very close to the Dirac point. In layman terms we can say that the

εL is so small that the three legs pocket are almost collapsed into the Dirac point.

This is not true in bilayer graphene where the trigonal warping effect is first order in

the momentum [52]. Graphene quasiparticles share a number of physical effects with

high energy relativistic fermions, hence the pseudo-relativistic description is a reli-
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Figure 2.5: Trigonal warping effect. Left: Contour plot of the conduction band.
Right: trigonal warping of the equi-energy lines, qL = 3/(2~v2F ) t0 is the Lifshitz
momentum.

able picture. Probably the most famous of these effects is the Klein tunnelling, the

tunnelling of a particle into the anti-particles Dirac sea [53]. In graphene this means

that an electron can tunnel from the conduction band into the hole sea. Another

effect, known in relativistic quantum mechanics, that is relevant for graphene is the

so called Zitterbewegung (jittery motion), a rapid oscillatory motion first discussed

by Schrödinger in 1930. It was observed experimentally only relatively recently in

2010 [54] and it gives a suggestive, although qualitative, explanation of the peculiar

ballistic motion and high mobility of electron in graphene graphene [46].

2.4 Transition metal dichalcogenides

Graphene has several interesting properties and establishes a fascinating connec-

tion between condensed matter and high energy physics. Its potential applications

in electronics however, have been hindered by the absence of an energy gap or the

presence of only a very small one. The main reason for this is that massless fermions

in graphene behave as a nearly free electron gas, as the carrier-carrier Coulomb in-
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teractions are irrelevant at low energy. This has been shown with a variety of

perturbation techniques from standard Dyson theory [55] to the more precise non-

linear random phase approximation [56]. We do not intend to go into the details

of this interesting topic that is beyond the focus of this thesis. To overcome the

energy gap problem the research community have focused attention on atomically

thin semiconductor crystals known as TMDs that exhibit particularly interesting

optical and electronic properties. These structures have direct band-gaps around

the near infrared/visible range and their low energy quasiparticle excitations can be

modelled as massive Dirac fermions [57]. In recent years, efforts on understanding

the electronic and optical properties of these crystals, both linear and nonlinear,

have increased steadily. The research in this field resulted in a number of break-

throughs in nonlinear optics [58, 59], unconventional excitons states [60, 61] and in

the study of superlattices structures known as Moire patterns [62]. Another as-

pect of TMDs that has received considerable attention is the so called valleytronics,

namely the dynamics of the valley isospin. Due to strong spin orbit coupling and

centrosymmetry breaking the spin-valley dynamics is no longer independent (spin-

valley locking) [63,64] and the electromagnetic response is also valley-dependent [58].

Nanophotonic devices and applications to enhance light-matter interactions in these

materials have been proposed. Due their surprisingly high absorbance rate also the

realisation of excitonic solar cells has been explored [65].

TMDs are crystal structures of the form MX2 with a transition metal layer M

interposed between two layers of a chalcogen X with an effective thickness of 6− 7

Å. For group VI metals, such as Molibdenum (Mo) and Tungsten (W) they are

arranged in a trigonal prismatic structure (fig. 2.6a). The two species occupy one

of the two triangular sublattices (A,B) in a honeycomb lattices (fig. 2.6b). Details

on the structure and chemistry of TMDs can be found in [66]. TMD monolayers

admit twelve symmetry operations consisting of three 3-fold rotation around the

vertical axis, two 2-fold rotations on the horizontal plane, two roto-reflections in

the metal occupied plane and three reflections on their respective vertical planes.

Interestingly it lacks an inversion centre, in contrast to graphene where the two
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Figure 2.6: Lattice structures of a group-VI TMD monolayer in the trigonal pris-
matic arrangement. (a) The metal layer (green atoms) between the two layers of
chalcogen (blue atoms). The layers are stacked so that the metal atoms are coor-
dinated with the three nearest chalcogen atoms on either respective layer. (b) Top
view of the lattice, both species are arranged in triangular sublattices A and B.
Here the absence of an inversion centre due to the two different species is clear. (c)
The Brillouin zone showing two K valleys along the the K−Γ−K′ symmetry line.
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sublattices are both occupied by carbon atoms in TMDs the presence of two different

species breaks the centrosymmetry in monolayers. In figure 2.6c we show the first

Brillouin zone with a different choice of inequivalent Dirac Points in comparison to

the one in graphene. This choice is equally valid as the two points are not related

by a reciprocal lattice vector translation.

Unsurprisingly, given the complexity of the crystal structure, the energy spec-

trum is much more complicated in comperison to graphene. In particular the role

of 3d orbitals makes the tight binding model quite intricate. For group-VI TMD

monolayers a three band model for the dispersion across the entire Brillouin zone was

recently proposed and a low energy effective two band model is also obtained [67].

We do not go into the details of the tight binding model, but we shall give some

insight on the low energy model to highlight the differences with the graphene case.

We consider the expansion of the tight binding Hamiltonian matrix in the two valleys

in the following basis [67]

 ψξ
c

ψξ
v

 ,
ψξ
c = dz2 ,

ψξ
v = dx2−y2 + iξdxy,

(2.74)

where di are the atomic orbitals used for the tight binding calculations and ξ = ±1

refers to the two valleys K and K′. In order to model correctly the symmetry

properties the Hamiltonian needs to be expanded up to the third order leading to

Hξ(q) = H
(1)
ξ (q) +H

(2)
ξ (q) +H

(3)
ξ (q). (2.75)

The first term is linear in momentum and describes massive Dirac fermions

H
(1)
ξ (q) =

 ∆
2

a t0(ξ qx − iqy)

a t0(ξ qx + iqy) −∆
2

 , (2.76)

that is analog to the Hamiltonian equation (2.65) if we identify vF = at0/~ and

m = ∆/(2v2F ). This Hamiltonian is manifestly invariant under inversion symmetry,
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that is given by the simultaneous exchange of valley and sublattice index meaning

(σx ⊗ τx)H
(1)
q (σx ⊗ τx) = H(1)

q , (2.77)

where H(1)
q is the four dimensional representation as in equation (2.63). This means

that it does not account for the symmetry properties of TMDs crystal structure.

This Hamiltonian, however has been widely used in literature to model low energy

transport and optical properties of group VI TMDs [40, 58, 63, 64, 68] and we shall

also use it in the next chapter. This is because transport properties are mostly

accounted for by low momentum states, dominated by leading order. With regard

to optical properties, if the system is probed with sufficiently low intensity light, it

will respond linearly and in this regime the anisotropy of the susceptibility tensor is

negligible.

At the second order we have

H
(2)
ξ (q) = a2

 t1q
2 t3(ξ qx + iqy)

2

t3(ξ qx − iqy)
2 t2 q

2

 , (2.78)

where the energy parameters t1, t2 break the electron-hole band symmetry and t3

generates a three fold symmetry along specific directions (trigonal warping). This

Hamiltonian is still invariant under inversion symmetry and hence it is still not

sufficient to fully characterise the dispersion of TMDs.

The third order term accounts for the inversion symmetry breaking and reads

H
(3)
ξ (q) = a3

 t4ξqx(q
2
x − 3q2y) t6 q

2(ξ qx + iqy)

t6 q
2(ξ qx − iqy) t5 ξqx(q

2
x − 3q2y)

 , (2.79)

it is simple to show that this term is not invariant under the transformation (2.77):

σx ⊗ τx

 H
(3)
1 (q) 0

0 H
(3)
−1 (q)

σx ⊗ τx =

 σxH
(3)
−1 (q)σx 0

0 σxH
(3)
1 (q)σx
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Figure 2.7: Contour plot of MoS2 band eigenvalues (eV ). Energy parameters: t0 =
1.003 eV, t1 = 0.196 eV, t2 = −0.065 eV, −t3 = 0.248 eV, t4 = 0.163 eV, t5 = −0.094
eV and t6 = −0.232 eV.

as σxH(3)
−1 (q)σx 6= H

(3)
1 (q) inversion symmetry is broken. The expressions of the

band eigenvalues of Hamiltonian equation (2.75) are cumbersome and not partic-

ularly instructive. It is more useful to visualise them and analyse their peculiar

features. In figure 2.7 we can clearly see the threefold symmetry generated by the

trigonal warping. We can also notice that the conduction and valence band are

non-symmetrical, this is the effect of the electron-hole asymmetry proportional to

t1 and t2.

2.5 Summary & outlook

In this chapter we have briefly introduced the Dirac equation and the properties of

massive and massless spin-1
2

particles in high energy physics. We have reviewed the

low energy electronic properties of graphene and group-VI transition metal dichalco-

genides. Starting from the tight-binding model we have seen how graphene carrier

can be treated as either massless or massive Dirac fermions. We have that shown

that the distortion of the band structure at higher momentum breaks Lorentz in-

variance and hence the pseudo-relativistic quasiparticle picture. This distortion is

called Trigonal warping. In the last section we have discussed the low energy expan-
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sion of group-VI transition metal dichalcogenides from the simple first order massive

Dirac fermion picture up to the third order that accounts for the non-centrosymetric

crystal structure of such materials. The content of this chapter establishes the ba-

sis for what will be discussed in what follows. We shall use to low energy model

of graphene and TMDs at first order to investigate the linear optical properties of

pseudo-relativistic charge carriers and in particular their absorption spectra. At a

later stage in the final chapter of this work the concepts that we outlined so far will

be extended to the case of bilayer graphene.
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Chapter 3

Absorbance spectra of

two-dimensional Dirac materials

In this chapter, after reviewing the theory of light matter-interaction in semicon-

ductors, we introduce a novel way to study optical properties of two-dimensional

pseudo-relativistic media built on the formalism of the instantaneous eigenstates.

Our approach is based on a Dirac-like formulation of the standard semiconductor

Bloch equations which we review in the first section. We provide an explicit expres-

sion of the linear absorbance – which we call the pseudo-relativistic Elliott formula –

and use this to quantify the variation of the absorbance spectrum with the strength

of the Coulomb interaction (the Sommerfeld factor). Our calculations also show how

the Coulomb enhancements scales with the band gap and vanishes for zero band gap,

providing some insight on the behaviour of graphene for low light intensities. This

chapter is organised as follows. In section 3.1 we review the physics of light-matter

interaction in semiconductors, the derivation of the semiconductor Bloch equations

(SBEs) and the calculation of linear absorption. In section 3.2 we introduce a mod-

ified version of the SBEs that is appropriate to characterise the carrier dynamics

in materials with a Dirac-like low energy spectrum. In section 3.4 we give details

on the linear absorption of Dirac materials. In particular this chapter pivot on the

following question. Can we derive a system of equations of motion for Dirac-like

carriers that can account for the transition between massive and massless fermions?
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3.1 The semiconductor Bloch equations

In this section we review the theory of semiconductor equations of motion, from

the simple free carrier theory to the derivation of the SBEs [69, 70]. When an elec-

tromagnetic field interacts with a semiconductor medium, they are coupled by the

induced complex susceptibility or equivalently the carrier-induced complex refrac-

tive index. To compute these quantities, we need to derive and solve the medium

quantum mechanical equations of motion. The theory, derived considering the full

system Hamiltonian is arguably very complicated, it contains the contributions form

the free dynamic of the carriers, the light-matter interaction, the carrier-carrier

Coulomb interactions as well as the interactions of the carriers with crystal’s vibra-

tions (phonon). In this work of thesis we analyse the physics of the first two; the

light matter and Coulomb interactions.

As a starting point, we neglect many body effects due to Coulomb interactions

between the carriers. We treat the system as a free Fermi gas in which single

particles interact with an external electromagnetic field with a reservoir given by

the surrounding particles. Once this simple theory, known as free carrier theory, is

established we shall study how the introduction of Coulomb interactions renormalises

the carrier and interaction energies. This section provides a short introduction

to semiconductor dynamics, a more comprehensive and detailed discussion of the

concepts introduced here can be found in refs. (70–72)

3.1.1 Free-carrier theory

The main point of the free carrier theory is that it considers Coulomb interactions,

not as dynamical, but rather as reservoir interactions. This allows to simplify the

system band-Hamiltonian as

H =

(
pλ +

e
c
A(r, t)

)2
2mλ

+∆, (3.1)
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where pλ = ~kλ is the band-electron momentum, ∆ is the energy gap, A(r, t) an

external electromagnetic field, e < 0 is the elementary charge and λ = ±1 labels

conduction and valence band respectively. Here we assume, for simplicity, that

electrons and holes have the same effective mass, thus we can set mλ = m for both

bands. In general the quasiparticles effective mass is defined by the reciprocal of the

band curvature as 1/mλ = (1/~2)∂2ελ,k/∂k2|k=0 where ελ,k is the band-energy. The

common way to deal with this Hamiltonian is perturbation theory, in other words

we want to split the Hamiltonian into a free part H0 and a small interaction part

HI . To do so we neglect the squared field term and multipole and magnetic-dipole

interactions. Within the electric-dipole approximation equation (3.1) reduces to

H = H0 +HI =
p2
λ

2m
+∆− µλλ′

kk′ · E(r, t), (3.2)

where µλλ′

kk′ = e 〈k′, λ′| r |k, λ〉 is the dipole-moment expectation value.

We shall now quantise this Hamiltonian by introducing the band-electron com-

plex scalar field

ϕ(r, t) =
1√
V

∑
λ,k

âk,λe
i λ(k·r−ωt), (3.3)

where ak,λ are again band electron ladder operators and V is the volume of. In the

second quantised representation Hamiltonian (3.2) is

H =

∫
dr
(
−ϕ†(r, t)

~2∇2
λ

2m
ϕ(r, t) + ϕ†(r, t)HI ϕ(r, t)

)
, (3.4)

using the expression in equation (3.3) we get the final form of the quantised Hamil-

tonian in term of ladder operators

H =
∑
k

(
εk +

∆

2

)
(âkâ

†
k − b̂−kb̂

†
−k)−

∑
k

(µkâ
†
kb̂

†
−k + µ∗

kb̂−kâk)E(r, t), (3.5)

where εk = p2/2m as we can assume same modulus but opposite sign for the

electron-hole momentum, µk = µλ 6=λ′

kk′ is the interband dipole moment . We have

introduced the electron-hole ladder operators âk = â−1,k and b̂−k = â†1,k.
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We shall now derive the equations of motion for the medium variable pk = 〈b̂−kâk〉

and the electron-hole occupation number ne
k = 〈â†kâk〉 , nh

k = 〈b̂†−kb̂−k〉. The deriva-

tion is particularly simple in this case due to the separability of the free carrier

Hamiltonian, H =
∑

kHk. Hence, the Heisenberg equation for a given operator Ok

in the Heisenberg picture is given by

−i~dOk

dt
= [H,Ok] = [Hk,Ok]. (3.6)

Unfortunately we shall lose such a luxury with the introduction of Coulomb inter-

actions. After simple ladder operator calculations, where we make use of fermionic

anti-commutation relations we get the Heisenberg equation for the dipole and num-

ber operators: b̂−kâk, â†k âk and b̂†−kb̂−k

~
d

dt
b̂−kâk = −iεkb̂−kâk − iµkE(r, t)(â

†
kâk + b̂†−kb̂−k − 1),

d

dt
â†kâk =

i

~
(µkâ

†
kb̂

†
−k − µ∗

kb̂−kâk)E(r, t) =
d

dt
b̂†−kb̂−k,

(3.7)

taking the expectation values of equations (3.7) we get the Bloch equations (BEs)

for the free carrier theory

~ṗk = −iεkpk − iµkE(r, t)(n
e
k + nh

k − 1),

ṅe,h
k =

i

~
(µkp

∗
k − µ∗

kpk)E(r, t).
(3.8)

Perhaps the easiest application of the BEs is the calculation of the free carrier

linear absorption. This calculation can be performed in the low density limit ne
k +

nh
k = 0 that corresponds to the case of an unexcited material. In this limit only the

first of equations (3.8) survives and, in frequency domain, it reduces to

~ωpk = εkpk + µkE(ω), (3.9)

from now on we drop the space dependence of the electric field E(ω), since it is

irrelevant for our current purpose. From (3.9) we can calculate the microscopic
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polarisation

pk =
µkE(ω)
εk − ~ω

, (3.10)

and define the macroscopic optical polarisation by summing over all the momenta

P (ω) =
∑
k

(µkp
∗
k + µ∗

kpk). (3.11)

The linear susceptibility is then readily computed as χ(ω) = P (ω)/(V E(ω)). For

systems in 1 to 3 dimension, it can be explicitly rewritten as

χ(ω) =
1

Vd

∑
k

( |µk|2

εk − ~ω − iδ
− |µk|2

εk − ~ω + iδ

)
, (3.12)

where δ is an energy broadening parameter and Vd is the effective volume of the

system in d-dimensions and is defined as

V3 = L3,

V2 = L2 deff ,

V1 = LAeff ,

(3.13)

where deff is an effective thickness and Aeff an effective area due to confinement in

1 and 2 dimensions. The susceptibility can be analytically evaluated by using the

continuum limit in k-space, transforming the sum into an integral we get

χ(ω) =
gs L

d

(2π)d Vd

∫
dk
( |µk|2

εk − ~ω − iδ
− |µk|2

εk − ~ω + iδ

)
, (3.14)

where gs = 2s+ 1 is the spin degeneracy and d is the dimensionality of the system.

In direct band gap semiconductors the dipole moment has a Lorentzian shape and

is given by

µk =
µ0∆

εk +∆
(3.15)

with µ0 = µk=0, a common approach is to consider µk ≈ µ0, this is a good ap-

proximation since the Lorentzian function describing the dipole moment is rather
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broad [70]. From the imaginary part of the susceptibility we can calculate the ab-

sorption coefficient

α(ω) =
4πω

nbc
Imχ(ω), (3.16)

where nb is the background refractive index. The imaginary part of the susceptibility

can be computed using the Plemelj-Sokhotsky theorem Igiving

α(ω) =
8πLdω|µ0|2

nbcVd

1

(2π)d
ΩdId(ω), (3.17)

where Ωd is the d-dimensional solid angle in k-space and Id(ω) is given by

Id(ω) =
1

2

(2mr

~2
)d/2

(~ω −∆)(d−2)/2Θ(~ω −∆), (3.18)

where Θ(x) is the Heaviside step function. Figure 3.1 shows the absorbance obtained

from equation (3.17). As we can see in two dimensions the absorbance sets in at

the energy gap as a step function, in bulks material it behaves like a square root
√
∆− ~ω0 and it diverges like 1/

√
∆− ~ω0 in d = 1. We remark here that in the

figure as in the derivation of equation (3.17) we did not include the zero point energy.

This term is zero in bulks but, in general, it is non negligible in lower dimension

because of the confinement potential. It does not affect however, the qualitative

behaviour of the absorption spectra. In the next section we introduce Coulomb

interactions and see how they modify the dynamics of the carriers

3.1.2 Coulomb interactions

In the previous section we analysed the free carrier transitions for low excitation

condition and we showed that the dynamics is governed by a set of Bloch equations.

In what follows we derive another set of coupled equations that generalise the free-
ILet f : R → C be a complex valued continuous function and (a, b) an interval in R. Then

lim
ε→0+

∫ b

a

f(x)

x± iε
dx = ∓iπf(0) + P

∫ b

a

f(x)

x
dx

where P indicates the Cauchy principal value

36



Figure 3.1: Qualitative plot of the free carrier absorption α(ω).
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carriers equations to include Coulomb interactions. We start from the following

quantised Hamiltonian

H = Hel +HI (3.19)

where

Hel =
∑
k

(
εk +

∆

2

)
(â†kâk − b̂†−kb̂−k)+

1

2

∑
k,k′

∑
p6=0

Vp(â
†
k+pâ

†
k′−pâpâk + b̂†k′+pb̂

†
k′−pb̂−pb̂−k − 2â†k+pb̂

†
k′−pb̂−pâk),

(3.20)

is the electron part of the Hamiltonian and again εk = p2/2m when electrons and

holes have the same effective mass and we have neglected a constant term given by

the Coulomb exchange energy. The Coulomb energy Fourier transform Vp in the

Hamiltonian (3.20) for a 3d bulk material and a 2d idealised quantum well is given

by [72]

Vp =
1

Ld

∫
ddr

e2

εbr
eip·r. (3.21)

The interband dipole coupling to the light field is

HI = −
∑
k

Ωk(t) â
†
kb̂

†
−k + h.c. (3.22)

where Ωk(t) = E(t)µk/~ is the Rabi frequency. Proceeding as in the previous sub-

section we derive dynamical equations for the carrier population ne,h
k and interband

polarisation pk. This procedure is rather lengthy and is based on the Hartree Fock

limit (HFL) to obtain a systematic hierarchy of equations. This approximation is

needed because the equations for ne,h
k and pk couples the two-operator dynamics to

four-operator terms. For two fields expectation values the HFL works as follows

d

dt
〈ϕψ〉 = d

dt
〈ϕψ〉HF +

d

dt
〈ϕψ〉coll , (3.23)

the second term is beyond the HFL it contains both two and four fields products

and is usually referred as the collision term. At the next order of the hierarchy we
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evaluate the time evolution of four fields expectation values

d

dt
〈ϕψχω〉 = d

dt
〈ϕψχω〉HF +

d

dt
〈ϕψχω〉coll , (3.24)

the collision term contains expectation values of up to six fields. We can then

continue to the next order and so on. In practice, the hierarchy is truncated at some

point.

Let us now see briefly how this procedure works in the case of the SBEs, the

interested reader should refer to [70, 72] for a more detailed analysis. We focus our

attention on the interband polarisation equation. After simple but tedious operator

algebra we get

~
dpk
dt

=− i
(
εk +

∆

2

)
pk − iµkE(t)(n

e
k + nh

k − 1) + i
∑

k′,q 6=0

Vq

× (〈â†k′+qb̂−kâk′ âk+q〉+ 〈b̂†k′−qb̂k′ âkb̂−k−q〉 − 〈â†k′+qb̂−k−qâk′ âk〉

− 〈b̂†k′−qb̂−kb̂k′ âk−q〉+ 〈b̂†−k+qâ
†
k′ âk′ âk−q〉),

(3.25)

making use of the HFL we now split the four-operator terms into products of den-

sities and interband polarisation, an example is

〈â†k′+qb̂−k+qâk′ âk〉HF
= 〈â†k′+qb̂−k+q〉 〈âk′ âk〉+ 〈â†k′+qâk〉 〈b̂−k+qâk′〉 = δk′,k−qn

e
kpk′ .

(3.26)

Factorising all the four-operators in the same way and formally adding the correction

terms we obtain the SBEs

~ṗk = −iεRk pk − i~ΩR
k (t)(n

e
k + nh

k − 1) + ∂tpk|coll,

ṅe,h
k = −2Im(ΩR

k (t)p
∗
k) + ∂tn

e,h
k |coll,

(3.27)

where εRk and ΩR
k (t) are the renormalised energy and Rabi frequency respectively.
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They are given by
εRk = εk +

∑
k′ 6=k

V|k−k′|(n
e
k′ + nh

k′ − 1),

ΩR
k (t) = Ωk(t) +

1

~
∑
k′ 6=k

V|k−k′|pk′ .

(3.28)

We shall now see how the Coulomb renormalisation modifies the linear absorption

with respect to the free carrier case. As in the previous section we study the low

density, unexcited crystal limit (ne
k + ne

k = 0), thus, equations (3.27) reduce to

i~ṗk = (εk +
∑
k′ 6=k

V|k−k′|)pk − ~ΩR
k (t). (3.29)

Taking the time and space Fourier transform we get

[
~(ω + iδ)− ∆

2
− ~2∇2

2m
+ V (r)

]
P (r, ω) = −µ0E(ω)δ(r)Ld, (3.30)

where again we have used the approximation µk ≈ µ0. The usual way to solve this

equation is to expand P (r, ω) into the solution of the so called Wannier equation

(WE) [70] [
−~2∇2

2m
+ V (r)

]
ψν(r) = Eνψν(r). (3.31)

Eq. (3.31) has the form of a hydrogen-like Schrödinger equation for the relative

motion of an electron and a hole in an attractive Coulomb potential. We do not go

into the details of the solution of this problem that is analogue to the hydrogen atom

Schrödinger equation, details can again be found in [70]. From the solution of the

WE one can compute the linear suceptyibility and the absorption coefficient. We

report here the result for the linear absorption spectrum for a bulk semiconductor

(3d) and a quantum well (2d), in particular the two-dimensional case is of our

interest, in comparison with the case of Dirac materials that will be studied in the

next chapter. The one-dimensional case of a quantum wire is pathological and is

beyond the scope of this work of thesis. The d-dimensional band-edge absorption
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spectrum reads

α(ω) = α
(d)
0

~ω
E0

[∑
nd

4

(nd + (d− 3)/2)3
δ
(
Ω− End

E0

)
+Θ(Ω)Ω

d−2
2 C(d)(Ω)

]
α
(d)
0 =

2|µ0|2Ld

πad0 Vd
,

End
= − E0

(nd + (d− 3)/2)2
,

(3.32)

here Ω = (~ω − ∆)/E0 is a scaled energy and nd is the dimensional dependent

principal quantum number, it spans for zero to infinity in two dimensions and from

one to infinity in three dimensions. Equation (3.32) is usually called Elliot formula.

The absorbance spectra in d = 2, 3 is shown in figure 3.2. They are both charac-

terised by a series of sharp lines with a rapidly decreasing oscillating strength due to

the bound-state solutions of equation (3.31) and a continuum absorption from un-

bound states. The factor C(d)(Ω) is the dimension-dependent Coulomb-Sommerfeld

enhancement

C(d)(Ω) = eπ/
√
Ω

[
π√
Ω
csech(π/

√
Ω)

]d−2

sech3−d(π/
√
Ω). (3.33)

In figure 3.3 we can observe that in three dimension the continuum absorption

is constant at band edge (C(3)(Ω) ≈ 2π/
√
Ω), in striking contrast to the square-

root law of free carrier case. We also note that in two dimensions the Coulomb

enhanced absorption is twice the free carrier one (C(2)(Ω) ≈ 2). As we shall see in

the next sections, the effect of the Coulomb-Sommerfeld enhancement factor on the

continuum absorption is dramatically different in Dirac materials.

In what follows we will generalise the theory developed so far to the case of pseudo-

relativistic materials.

3.2 Renormalised Dirac-Bloch equations

The starting point for our analysis is the low-energy Hamiltonian for the band

structure in the vicinity of the Dirac points (k = 0). Governed by the symmetry
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Figure 3.2: Qualitative plot of the Elliot formula (3.32) divided by the constant α(d)
0 .
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Figure 3.3: Comparison between the free carrier absorption and the continuum part
of the Elliott formula.
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properties of the hexagonal lattice, as we have shown in the previous chapter, the

lowest order k ·p Hamiltonian including the light-matter interaction and neglecting

the spin-orbit coupling has the form

H = vF

[
σ ·
(
p̂+

e

c
A(t)

)]
+σz

∆

2
+ I2V (r), (3.34)

where vF is the Fermi velocity, A(t) is a time dependent vector potential, ∆ is

the energy gap, I2 is the 2 × 2 identity matrix, V (r) is the electrostatic potential,

σ = (σx, σy) are the first two Pauli matrices and σz is the third one. The usual

approach used to study the optical properties of this Hamiltonian parallels that of

the Semiconductor Bloch equations (SBEs) [69]. However recent works show that

a full understanding of the nonlinear optics of Dirac materials requires one to go

beyond the SBEs [37–39,73]. Ishikawa derived an extended version of the SBEs for

graphene using the formalism of instantaneous eigenstates [37, 38] which has been

recently generalised for a gapped material [39]. The theory developed in these works

unveils novel and previously unexplained nonlinear optical properties of graphene

and gapped graphene, however they do not include Coulomb interactions that are

in general very strong in two-dimensional semiconductors, preventing meaningful

predictions to be made. The inclusion of Coulomb interactions within this new

formalism requires the second quantisation of the Hamiltonian in equation (3.34).

To do so we consider first the following interacting Dirac equation without the

Coulomb potential term [74]

i~
∂

∂t
~ψ(r, t) =

{
vF

[
σ ·
(
i~∇+

e

c
A(t)

)]
+σz

∆

2

}
~ψ(r, t). (3.35)

An ansatz solution to this equation can be given in terms of instantaneous eigenstates

of the secular equation

Hk,D(t)~uλ,k(t) = ελ,k(t)~uλ,k(t), (3.36)
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where Hk,D is the Dirac Hamiltonian with light-matter interaction. These eigen-

states can be written in the normalised form

~uλ,k(t) =
vF |πk|√

εk(λ∆+ 2εk)

 λ∆+2εk
2vF |πk|

e−iθk(t)/2

eiθk(t)/2

 , (3.37)

here πk = p + e
c
A(t) with p = ~k, θk(t) = arctan(πy/πx) and λ = ±1 labels the

conduction and valence bands. εk(t) is the positive branch of the instantaneous

energy.

ελ,k = λ

√√√√(∆

2

)2

+(vF |πk|)2. (3.38)

The presence of the gap leads to an inequivalence of K and K′ sublattices and

consequently to the appearance of a Berry phase γλ,k(t) = i
∫ t

−∞ dτ ~̇u †
λ,k(τ)·~uλ,k(τ).

Consequently the spinor equation (3.37) evolves in time as follows

~ψλ,k(r, t) = ~uλ,k(t)e
−λi(ω̃k(t)−γk(t))+ik·r, (3.39)

where ω̃k(t) =
1
~

∫ t

−∞ εk(τ)dτ is the dynamical phase and γk(t) the positive branch

Berry phase. We can expand the Dirac field ~ψ(r, t) in terms of instantaneous eigen-

states

~ψ(r, t) =
1√
A

∑
k,λ=±1

âk,λ~uk,λe
−λi(ω̃k(t)−γk(t))+ik·r, (3.40)

where âk,λ are again band electron ladder operators. Substituting this field in the

Hamiltonian

HD =

∫
dr ~ψ†(r, t)

{
vF

[
σ ·
(
−i~∇+

e

c
A(t)

)]
+σz

∆

2

}
~ψ(r, t), (3.41)

we get

HD =
~
A

∫
dr
∑
kk′,λ

â†k′,λ~u
†
k′,λe

−ik′r+iλη(t)[ak,λ(i~̇uk,λ + ~uk,λη̇(t))e
ikr−iληk(t)], (3.42)
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with ηk(t) = ω̃k(t) − γk(t) being the sum of the Berry phase and the dynamical

phase. Introducing the hole operators b†−k = ak,−1, after a lengthy but simple

algebraic calculation we get the final form of the second quantised Hamiltonian

HD =
∑
k

[εk(t)(â
†
kâk − b̂−kb̂

†
−k)− ~Ωk(t)(â

†
kb̂−k + b̂†−kâk)], (3.43)

where Ωk(t) is a generalised Rabi frequency and it is given by

Ωk(t) = −i~u†k,1 · ~̇uk,−1 =
evFE(t)

~

[sin θk(t)
2εk

− i∆
cos θk(t)

4ε2k

]
. (3.44)

The Hamiltonian equation (5.39) differs from the usual second quantised two-dimensional

(2D) semiconductor case because both εk(t) and Ωk(t) explicitly depend on the in-

teraction field A(t). Introducing the Coulomb interactions in the Hamiltonian we

get

H =
∑
k

[εk(t)(â
†
kâk − b̂†−kb̂−k)− ~Ωk(t)(â

†
kb̂−k + b̂†−kâk)]+

1

2

∑
k,k′

∑
p6=0

Vp(â
†
k+pâ

†
k′−pâpâk + b̂†k′+pb̂

†
k′−pb̂−pb̂−k − 2â†k+pb̂

†
k′−pb̂−pâk).

(3.45)

We can now derive the equations for the population and inversion variables ne
k =

〈â†kâk〉, nh
k = 〈b̂†−kb̂−k〉 and pk = 〈b−kak〉. This lengthy procedure is the same

introduced in the previous section and is quite standard in semiconductor theory [70].

It results in the following set of renormalised Dirac-Bloch equations (RDB )

~ṗk = −2iεRk (t)pk − i~ΩR
k (t)e

i2γk(ne
k + nh

k − 1),

ṅe,h
k = −2Re(ΩR

k (t))Im(pke
i2γk)− 2Im(ΩR

k (t))Re(pkei2γk),
(3.46)

where
εRk (t) = εk(t) +

∑
k′ 6=k

V|k−k′|(n
e
k′ + nh

k′ − 1)

ΩR
k (t) = Ωk(t) +

1

~
∑
k′ 6=k

V|k−k′|pk′

(3.47)
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are the renormalised energy and Rabi frequency. While the RDB equations basically

describe interband transitions they incorporate the field-induced intraband dynam-

ics through the instantaneous band-energy and Rabi frequency. At the same time

they are equivalent to the time dependent Dirac equation as the do not involve ap-

proximations except for the Hartree-Fock one for the Coulomb renormalisation. The

RDB equations could not have been derived using the standard plane wave bases to

expand the Dirac field, as the exact are solutions of the unperturbed Hamiltonian.

The main point of this approach instead is using a complete set of eigenstates of the

full interacting Hamiltonian to construct an ansatz solution of the time dependent

Dirac equation.

Similarly to the SBEs [69, 75–77] the RDB equations can be applied for simula-

tions of different optical fields experiments, providing a tool for understanding of the

excitonic structure and the interaction of ultrashort, intense light pulses with Dirac

materials. Before applying the RDB equations to the linear excitation regime we give

some more mathematical details on the formalism of the instantaneous eigenstates

in the case of massive and massless Dirac particles in 2+1 dimension.

3.3 Instantaneous eigenstates of pseudo-relativistic

fermions

In this section we review application of the instantaneous eigenstates formalism to

the case of Dirac fermions. Traditionally this approach is used to describe time-

dependent Hamiltonian quantum systems in the adiabatic limit, i.e. under the

assumption that the system does not do transitions from an instantaneous eigenstate

to another during a long time interval τ (τ → ∞ in the adiabatic limit). We will

see that in our case, similarly to what happens with Volkov states, such assumption

is not necessary. To keep the formalism as simple as possible, in this section we use

first quantised states as we did in the previous section up to equation (3.39) before

introducing the quantised Dirac field.
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We start from the time dependent Dirac equation in momentum space

i~
∂

∂t
~ψk(t) =

{
vF

[
σ ·
(
i~k+

e

c
A(t)

)]
+σz

∆

2

}
~ψk(t). (3.48)

and we make the following ansatz

~ψk(t) =
∑
λ

ck,λ(t)~uk,λ(t)e
−λiω̃k(t) (3.49)

where ck,λ(t) are expansion coefficients and the other quantities are defined in the

previous section. Substituting equation (3.49) into (3.48) we get

i~
∂

∂t
~ψk = i~

∑
λ

(ċk,λ~uk,λ + ck,λ~̇uk,λ − iλ ˙̃ωk~uk,λ)e
−iλω̃k . (3.50)

As for the right-hand side:

Hk,D
~ψk = Hk,D

∑
λ

ck,λ~uk,λe
−λiω̃k =

∑
λ

ελ,k ck,λ~uk,λe
−λiω̃k , (3.51)

giving ελ,k = λ~ ˙̃ωk, from which we define the dynamical phase

λω̃k(t) =
1

~

∫ t

−∞
ελ,k(τ) dτ. (3.52)

To satisfy the instantaneous eigenvalue problem we want to eliminate the first two

terms of the right hand side in equation (3.50). Noting that ~̇uk,λ = −iΩk~uk,−λ,

we can multiply the two terms by ~u†
k,λ̄

. Then using the state orthonormality and

summing over λ = ±λ̄ we get the time variation of the expansion coefficients

ċk,λ̄ = iΩk ck,−λ̄e
2iλω̃k + iγ̇k ck,λ̄, (3.53)

where we have defined γ̇k = i~u†k,λ · ~̇uk,λ and Ωk is again the Rabi frequency. We

observe that the second term in equation (3.53) can be removed by a local gauge
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transformation of the wave-spinor as

~ψk(t) → ~ψk(t)e
iγk(t) (3.54)

where γk(t) =
∫ t

−∞ γ̇k(τ)dτ is a time-dependent Berry phase. The time variation

equation (3.53) thus reduces to

ċk,λ̄ = iΩk ck,−λ̄e
2iλω̃k . (3.55)

In the proof of the adiabatic theorem this equation corresponds to a statement of

adiabaticity. Equation (3.55 ) as beautifully shown by Ishikawa in section 5 of Ref.

38 has solutions in both the adiabatic and the diabatic limit. They considered the

case of graphene (massless Dirac fermions) when the electrons momentum vector

π(t) varies along a circular path around the Dirac point. This situation can be

realised under normal incidence of a circularly polarised pulse in the linear regime.

In this case equation (3.53) is analytically solvable and it describes two different

dynamics in the adiabatic and diabatic limit. In the first case the electron remains

in the state fixed by the initial condition, if for example (ck,1 = 1, ck,−1 = 0) then

it will stay in the upper band. At the same time the instantaneous wave-function

acquires a constant Berry phase π when the electron completes a cycle. In the

diabatic limit instead the electron population is completely transferred to the lower

band at half a cycle and it is transferred back to the upper one after a cycle. In

contrast to the adiabatic limit the Berry phase is cancelled by a phase acquired

through the interband dynamics. These considerations can also be applied to a

gapped material (massive Dirac fermions) in the linear optical regime. Interestingly

it has been shown that for massive Dirac fermions in the nonlinear regime the Berry

phase is non negligible in the low momentum state dynamics even for short time

intervals (diabatic limit) [73, 78]. This is because the dependance of the Berry

phase on the optical field is highly nonlinear, thus it cannot be cancelled during the

intraband dynamics.
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3.4 Linear absorption

As an example of application of the RDB equations we study the linear opti-

cal properties of two dimensional Dirac materials. To this purpose we consider

a continuous-wave radiation field A(t) = A0 sin(ω0t) and its related electric field

E(t) = 1/cȦ(t) = ω0/cA0 cos(ω0t) in the low intensity and low density limit

e

c
A0 <<

∆

2vF
,

ne
k + nh

k = 0.

(3.56)

In this limit only the polarisation equation survives and it can be solved analytically.

This allow us to study the discrete and continuous absorption effects on the linear

optical properties of gapped Dirac materials. The RDB equations (5.41) reduce to

i~
d

dt
pk = −2(εk +

∑
k′ 6=k

V|k−k′|)pk + ~ΩR
k (t)e

i2γk , (3.57)

where the Berry phase term in the exponential γk is now constant in time and

can be eliminated redefining pk. The non-renormalised energy reduces to εk =√
v2Fp

2 +∆2/4. If we neglect for a moment the optical-field equation (3.57) de-

scribes a two-dimensional relativistic two body problem in a Coulomb potential in

momentum space. This problem can be written in the position space giving a Dirac-

like form of the Wannier stationary eigenvalue problem [74, 79], that we shall call

Dirac-Wannier equation (DW)

[
−ivF~σ · ∇+ σz

∆

2
+ V (r)

]
~Ψν(r) = Eν

~Ψν(r), (3.58)

here ~Ψν(r) (ν = n, j) is a two component spinor eigenfunction of the electron-hole

pair states which in polar coordinates reads

~Ψν(r) =

 ei(j+1/2)φr Fν(r)

±iei(j−1/2)φr Gν(r)

 , (3.59)
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where j = m+1/2 is the eigenvalue of the pseudospin-angular momentum operator

Ĵz = L̂z +
1
2
σz along the z axis and n is the principal quantum number. A detailed

solution of the DW equation is given in Refs.74, 79. The eigenvalues represent the

discrete energies of the excitons and are given by

Eν =
∆√

1 + α2
c

(n+γ)2

, (3.60)

with γ =
√
j2 − α2

c . The constant αc is the dimensionless Coulomb coupling strength

and is determined by the background dielectric constant [79]. It can be defined easily

from the unscreened Coulomb potential as

V (r) = − e2

εb|r|
= −~vF

αc

|r|

αc =
e2

εb ~vF
.

(3.61)

The upper component of the 1s wave-function is shown in figure 3.4. In all

panels it is normalised with its maximum and the spacial coordinates (x, y) are

scaled with κ = 1/(~vF )
√

(∆/2)2 − E2
0, 1

2

). We can see that in contrast to the 1s

exciton state of a standard semiconductor quantum well, the Dirac ground state

acquires an angular dependence due to the pseudo-spin degree of freedom. The

upper and the lower component of the spinor are qualitatively alike, thus we plot

only the first. To solve Eq. (3.57) and derive the electrical susceptibility, we expand

the microscopic polarisation spinor in term of Wannier states, after a rather lengthy

but simple calculation [70] we obtain

~P (r, ω) = −E(ω)L2
∑
ν

∫
~Ψ†

ν(r) · ~µcv(r)dr

~ω − ~ων + iδ
~Ψν(r). (3.62)

Here ~µcv(r) = µcv(r)

 1

1

 is the electric dipole in spinor form, E(ω) is the elec-

tric field in the frequency domain, L2 the area of the sample and δ is an energy
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Figure 3.4: Ground state wave-function |n = 0, j = 1/2〉, upper component of the
spinor. (a) Radial part in cartesian coordinates, (b) radial part in polar coordinates
(ρ = κ r), (c) real part of the upper component, (d) imaginary part. ϕ0, 1

2
= eiφrF0, 1

2
.
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broadening parameter. We can now define the macroscopic polarisation as follows

P (ω) =

∫
[~µ†

cv(r)· ~P (r, ω) + ~P †(r,−ω)·~µcv(r)] dr, (3.63)

and inserting Eq. (3.62) we get

P (ω) = −L2 E(ω)
∑
ν

|Iν |2

~ω − ~ων + iδ
, (3.64)

where the oscillator strength is given by

|Iν |2 =
∣∣∣∣∫ µcv(r)(e

i(j+1/2)φrFν(r) + ei(j−1/2)φrGν(r))dr

∣∣∣∣2 . (3.65)

From the definition of polarisation in c.g.s units P (ω) = L2deff χ(ω)E(ω), we finally

obtain the electron-hole pair susceptibility as

χ(ω) = − 1

deff

∑
ν

|Iν |2

~ω − ~ων + iδ
. (3.66)

The nominal layer thickness deff needs be introduced to compute the volume within

which the dipoles are induced but it falls out in the calculation of the absorbance A

which is the absorption coefficient multiplied by the thickness. The influence of the

effective layer thickness on the excitonic ground-state has been detailed in a recent

work [80].

From Eq. (3.66), using the Plemelj-Sokhosky theorem, we obtain the final ex-

pression of the linear absorbance: the pseudo-relativistic Elliott formula

A(Ω) = παΩ

[∑
ν

|Iν |2δ

(
Ω− 1√

1 + α2
c

(n+γ)2

)
+C(Ω) Θ(Ω− 1)

]
, (3.67)

where Ω = ~ω/∆ is the scaled photon energy and Θ is the Heaviside step function.

The two terms of Eq. (3.67) are the discrete and the continuum contributions to the

absorbance spectrum. Despite its similarity to the non-relativistic case Eq.(3.67) is

significantly more difficult to evaluate since the integral given in Eq. (3.65) can not

53



be solved in closed form and has to be evaluated numerically with particular care.

This is mostly due to the dipole moment that in real space involves complicated

functions (some detail about the structure of the dipole moment are given in the

next section). The factor C(Ω) in the second term of Eq. (3.67) is what we may

call the relativistic Sommerfeld factor:

C(Ω) =
∑
ν

Ω√
Ω2 − 1

|Iν(Ω)|2, (3.68)

the sum here extends over the continuum states. This quantity describes how the

presence of electron-hole interactions enhances the continuum absorbance with re-

spect to the free carrier limit [70]. The Sommerfeld factor is maximum at the energy

gap (Ω = 1) with a value that depends critically on the Coulomb coupling constant

αc. This behaviour is tightly related to the relativistic energy spectrum and contin-

uum wave-function in contrast to the non-relativistic absorbance which has a value

of 2 at the band edge, as we have seen earlier in this chapter. At higher photon

energy the absorbance reduces to unity matching the noninteracting model In fig-

ure 3.5 we plot the absorbance spectrum while tuning the strength of the Coulomb

interaction αc. In experiments it is possible to vary the strength of the Coulomb

interaction by changing the overall dielectric constant that depends on the sub-

strate on which the sample is deposited. The bound-state exciton lines reduce their

binding energy and oscillator strength as αc reduces. For the continuum states,

the Coulomb enhancement (Sommerfeld factor) is strongest at the bandedge, see

Eq. (3.68). Approaching the zero Coulomb limit (αc = 0) Eq. (3.67) reproduces

exactly the free carrier absorbance spectrum that can be computed analytically as

A(Ω) = πα (Ω2 + 1)/Ω2. This result can be easily obtained by solving equation

(3.57) in the free carrier limit similarly to what we have seen in section 3.1.1. As it

can be seen from the dashed-dotted line in figure 3.5 this non-interacting model is

unable to reproduce the relevant continuum absorbance seen in experiments. It is

therefore clear that the absorption of Dirac media such as TMDs is due to Coulomb

interactions.
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Fig. 1. Plot of the Elliott formula reducing the strength of the Coulomb coupling constant ac. Blue
(ac = 0.45). Dark green (ac = 0.30). Green (ac = 0.20). Free carrier limit (dashed-dotted grey
line), zero gap graphene limit (dotted black line), non-relativistic free carrier limit (dashed green
line). Inset: Continuum absorbance at the bandedge (D = 2.18eV) when increasing the strength of
the Coulomb interactions.

call the relativistic Sommerfeld factor. This quantifies how the presence of electron-hole interactions enhances the
continuum absorbance with respect to the free carrier limit.

In figure 1 we plot the absorbance spectrum while varying the strength of the Coulomb interaction characterized
by ac (which is determined by the substrate dielectric constant). The absorbance reduces quite rapidly as the pho-
ton energy is increased and at high photon energy the absorbance approaches the universal (graphene) absorbance
value of 2.3%. In this limit the high energy electron and hole scattering wavefunctions involved are essentially
identical to the free particle wavefunctions. The inset in figure 1 shows how the absorbance at the band-gap varies
with ac. We can clearly observe that it increases dramatically as the coupling constant approaches the critical
value (ac = 0.5) where a phase transition to an excitonic insulator occurs (see [5] and references therein). This
phase transition is a fundamental signature of purely Dirac excitons and it potentially represents a measure of the
Dirac-ness of the two body electron-hole system. The dynamic of the condensed state of relativistic excitons can
be further studied by solving a relativistic extension of the Gross-Pitaevskii equation, that is a nonlinear Klein-
Gordon equation in 2+1 dimensions. This equation is known to have non-stationary localized solutions, called
oscillons, whose properties depend on the parameters of the materials, such us the effective mass the binding
energy and the intensity of the exciton-exciton interaction. We also report the absorbance spectrum reducing the
band gap to zero. In this limit we recover the universal absorbance value of graphene at lower and lower photon
energies. This indicates that once the gap is closed the system behaves as a nearly-free-electron gas.

In conclusion we derived a new system of Coulomb-renormalised Dirac Bloch equations based on the quanti-
zation of instantaneous eigenstates. We provided an explicit expression of the absorbance Elliott formula for both
the bound and the continuum states within the relatively new formalism of the quantised instantaneous eigenstates.
We reported on how the spectrum evolves when tuning the gap and the strength of the Coulomb interaction.
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Figure 3.5: Plot of the Elliott formula reducing the strength of the Coulomb coupling
constant αc. Dark green (αc = 0.45). Green (αc = 0.30). Neon green (αc =
0.20). Free carrier limit (dashed-dotted purple line), zero gap graphene limit ( black
solid line), non-relativistic free carrier limit (dashed blue line). Inset: Continuum
absorbance at the bandedge (∆ = 2.18 eV) when increasing the strength of the
Coulomb interactions.

The absorbance reduces rapidly as the photon energy increases and at high pho-

ton energy the absorbance approaches the universal (graphene) absorbance value

of 2.3%. In this limit the high energy electron and hole scattering wavefunctions

involved are essentially identical to the free particle wavefunctions. This is an inter-

esting feature of Dirac materials as it can help to understand the peculiar behaviour

of graphene for which at low energy Coulomb interactions appear to be unimpor-

tant [33, 56]. The inset in figure 3.5 shows how the absorbance at the band-gap

changes with αc. We can clearly observe that it increases sharply as the coupling

constant approaches the critical value (αc = 0.5) where a phase transition to an ex-

citonic insulator occurs [40,68,81]. This phase transition is a fundamental signature

of purely Dirac excitons and it potentially represents a measure of the Dirac-ness of

the two body electron-hole system since it disappears for a parabolic exciton disper-

sion [82]. Condensate phases of excitons will be studied in some details in the next

chapter within a mean field approach. Figure 3.6 shows the continuum absorbance
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Figure 3.6: Plot of continuum absorbance contribution while reducing the bandgap
∆, (αc = 0.35) with a finite Lorentzian energy broadening δ = 10meV.

calculated from Eq. (3.67) varying the energy gap (∆). We observe that reducing

the bandgap the curves approach the universal absorbance value of graphene πα

at lower and lower photon energies. This indicates that the relevance of Coulomb

interactions is confined to a region close to the energy gap and once the gap is closed

the system behaves as a nearly free electron gas. Within our theoretical approach

this phenomenon can be explained by observing that in the relativistic hydrogenic

model the energy gap is the exact analog of the Rydberg constant that is the only

relevant energy scale. This means that tuning the gap changes the relevant energy

scale of the system; when it is reduced to zero all photon mediated transitions can

be considered as high energy transitions and in this regime the system it is known

to reproduce the free absorbance limit.
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3.4.1 Comparison with recent experiments

To validate our approach in a real world scenario, we shall use the theory developed

so far to make predictions on observable quantities of realistic materials that can

be compared with experimental results. We compute the real and imaginary part

of the dielectric function for the case of two TMDs, MoS2 (Molibdenum disulfide)

and MoSe2 (Molibdenum diselenide) on fused silica substrate and we compare our

calculations with the experimental results in [83] . We also use the Elliot formula in

equation (3.67) to predict the absorbance spectrum of MoS2. The complex dielectric

function is simply given by

ε(ω) = εb + 4πχ(ω), (3.69)

where εb is the background dielectric constant of the substrate. Here we assume

a thickness d = 1nm for the monolayers since current experimental practice is to

consider a two-dimensional crystal equivalent to a homogeneous slab with a nominal

effective thickness. As shown in figure3.7 we observe a high absorbance value (15%)

around the energy gap in agreement with previous experimental and theoretical re-

sults [83–85]. The agreement between our theoretical model and recent experimental

results can be seen comparing figure 3.7 with figure 3.8 that has been taken from

Ref. 83. In figure 3.8 we notice that the 1s exciton peak is split in two (A and B ex-

citons), this is due to the spin orbit coupling, it induces a band-gap renormalisation

that we are not considering in this work. The height of the continuum absorbance

peak is about three time stronger than the 1s exciton one. This is a peculiar char-

acteristic shared by materials with a Dirac-like low energy spectrum. It is possible

to attribute the high absorbance rate at the band-edge observed in experiments to

the so called C-excitons peaks that are not considered here [86–88]. C-excitons arise

from particle-hole excitations in a region of the Brillouin zone (BZ) centred at the

K points with a maximal contribution between Γ − K and M − K [88]. From

this observation is clear that a theory concerning only the excitations around the

nodal point is not able to capture the physics beyond these excitons peaks. Notably
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Figure 3.7: (a) Plot of the absorbance (Eq. 3.67) using parameters for a MoS2 TMD
on a fused silica substrate: energy gap ∆ = 2.82 eV and background refractive index
nb = 1.5. We use a δ = 0.1∆ Lorentzian broadening on both exciton and continuum
transitions. Eb is the binding energy for the 1s Dirac exciton. (b) Real part of the
dielectric function of MoSe2, (c) Imaginary part of the dielectric function of MoSe2,
(d) Real part of the dielectric function of MoS2, (e) Imaginary part of the dielectric
function of MoS2.
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Figure 3.8: Experimental results taken taken from ref. (83). (a) Absorbance of
MoS2 on a fused silica substrate. (b) Real part of the dielectric function of MoSe2,
(c) Imaginary part of the dielectric function of MoSe2, (d) Real part of the dielectric
function of MoS2, (e) Imaginary part of the dielectric function of MoS2.

our theory still predicts a significant enhancement at the band edge entirely related

to relativistic continuum states. This seems to indicate that continuum states give

a substantial contribution to the high band-edge absorbance which would be an

addition to any absorption arising from C-excitons.

3.5 The dipole moment

In this section we give some details on the dipole moment matrix element so that the

reader may better understand the problems behind the numerical evaluation of the

relativistic Elliott formula. From equation (3.44) we can write the matrix element

in compact form using the Compton wave-vector kc = ∆/(2vF )

µk = −e

(
sinφk√
k2 + k2c

− ikc
cosφk

k2 + k2c

)
, (3.70)

as we can see from equation (3.70) and figure 3.10 the optical matrix element dif-

fers considerably from the Lorentzian shaped one of direct band-gap semiconductor

quantum well. It acquires an imaginary part due to gap-dependent Berry phase and

it is not spherically symmetric. The Fourier transform of µk in polar coordinates
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Figure 3.9: Plot of the real end imaginary part of the dipole matrix element.
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gives the real space representation

µ(r) = e
L2

(2π)2

[
kcπ

2 cos(φr)[I1(kcr)−S−1(kcr)]−i
√
πkc sin(φr)G

(
0,−1

2
,
1

2
,
1

2

∣∣∣(kcr)2
4

)]
,

(3.71)

where G(an, bn|z) is the Mejer G function and Sα(z) is the the Struve function of

order α. The numerical evaluation of the special functions in equation (3.71) is

essential to compute the oscillator strength |Iν |2 defined in the integral in equa-

tion (3.65). This is far from being trivial. In particular even if both the real and

imaginary part of µ(r) converge [89], the numerical implementation is difficult in

particular in the asymptotic region r � 1. The analytical convergence of the real

part of µ(r) is granted by the compensation of the divergences in Bessel and Struve

functions, but this is hard to achieve numerically. Similarly the Mejer G function

has a complicated asymptotic expansion [89] and many softwares, as Mathematica

and Matlab, fail to handle it efficiently. A way to solve this problem is to find a fit

for these functions, in the large r region, involving just elementary functions. We

find the following best fit that is shown in figure 3.10

µR(r)

eL2
→ ae−bkcr a = −0.048592 b = 0.780094,

µI(r)

eL2
→ ce−kcr + d

e−kcr

(kcr)2
+

e

(kcr)2
c = −0.021511 d = −0.071833 e = 0.027752,

(3.72)

where with µR,I(r) we indicate the radial components of the real and imaginary

part of the dipole moment. To compute the oscillator strength we can use the exact

dipole moment between 0 and kcrcut = 2 and the fitting functions between kcrcut = 2

and kcrcut = 30. One can verify that integrating up to kcrcut = 30 is sufficient for

the numeric integral to converge.

3.6 Summary & outlook

In this chapter we reviewed the theory of light matter-interaction in semiconduc-

tors, we introduced a of a novel way to study the linear optical properties of two-
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Figure 3.10: Fit of the the radial components of the real and imaginary part of the
dipole moment in units of area (L2) and electric charge (e).

dimensional pseudo-relativistic media built on the formalism of the instantaneous

eigenstates. This method is based on the derivation of a system of Coulomb-

renormalised Dirac Bloch equations based on the second quantisation of the instan-

taneous eigenstates. We provided an explicit expression of the absorbance Elliott

formula and used it to quantify the variation of the continuum absorbance spectrum

with the strength of the Coulomb interaction (the Sommerfeld factor). In particu-

lar we showed that even in the presence of electron-hole Coulomb interactions the

gap reduction leads to universal absorbance, and we related this to the structure

of the relativistic hydrogenic problem. We have used this theory to make predic-

tions on realistic materials and verify the quantitative agreement with experiments

and previous theoretical calculations. An interesting further development of the

work presented here may be a numerical simulation of the full DBEs beyond the

low intensity and low density limit. This could provide further useful informations

on excitons dynamic and could be used to predict how Dirac media interact with

ultrashort pulses in a variety of experimental situations.
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Chapter 4

Bose-Einstein condensates of

pseudo-relativistic excitons

As we have briefly mentioned in the previous chapter Dirac excitons can undergo

a phase transition to an excitonic insulator when the Coulomb coupling constant

exceeds a critical value. An excitonic insulator is a Bose-Einstein condensate (BEC)

like state. In this chapter we first review the theory behind the Bose-Einstein con-

densation of composite bosons then we derive a mean field model for the dynamics of

an interacting BEC in two dimensional pseudo-relativistic materials. This model is

relatively simple but under certain limitations it can describe the physics of excitonic

BECs and insulators, it contains localised long-lived solutions called oscillons which

are absent in simple non-relativistic condensates. We will provide some details on

the origin and properties of these type of localised waves.

4.1 Bose-Einstein condensate of excitons

Bose-Einstein condensation of excitons is a particularly interesting effect in which the

electron-hole (e-h) pair states of a solid can self-organise to acquire quantum phase

coherence. The possibility for semiconductor excitons to undergo Bose-Einstein

condensation has been suggested long ago, at the beginning of the sixties [90]. The

critical temperature for elementary boson condensation scales as the inverse of the
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boson mass. Exciton effective masses are a fraction of the electron free mass thus, it

was thought that exciton condensation could be achieved at temperatures far more

accessible than the resource demanding 50 nK of alkali atoms. Unfortunately the

experimental search for this state has encountered a number of difficulties mostly

due to the composite nature of exciton states and to their finite lifetime [91]. Despite

these difficulties recently the record breaking BEC critical temperature of 100K has

been achieved in MoSe2-WSe2 atomic double layers [92]. In this section we review

the physics behind exciton condensation in semiconductor systems.

4.1.1 Excitons as bosons

Excitons are composite particles of fermionic states. They act as bosons simply

because of spin the spin-summation rule

∣∣∣∣s1 = 1

2
, s1,z = ±1

2

〉
⊗
∣∣∣∣s2 = 1

2
, s2,z = ±1

2

〉
= |S = 1, Sz = {1, 0,−1}〉⊕|S = 0, Sz = 0〉 .

(4.1)

A fundamental question now arises. What are the conditions under which excitons

can be regarded as simple bosons? Mainly following [93] and the classic review

by Hanamura and Haug [94] we try to answer this question quantitatively. We

consider again Hamiltonian (3.20) but separating the different contributions to the

carrier-carrier interaction

Hel =
∑
k

(
εk +

∆

2

)
(â†kâk − b̂†−kb̂−k) +

1

2

∑
p1,p2,p3,p4

[V eeee
p1,p2,p3,p4

â†p1
â†p2

âp3 âp4

+ V hhhh
−p1,−p2,−p3,−p4

b̂†p1
b̂†p2
b̂p3 b̂p4 − 2(V ehhe

p1,p3,p2,p4
− V eheh

p1,p3,p4,p2
)â†p1

b̂†p2
b̂p3 âp4)],

(4.2)

where we have included only terms that conserve the number of pair excitations.

We can then write a general pair state

|fex〉 =
∑
pp′

Cpp′ â†pb̂
†
p′ |0〉 , (4.3)
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and the related eigenvalue problem H |fex〉 = E |fex〉 as

(
εp +

∆

2
− E

)
Cpp′ −

∑
qq′

(V ehhe
p−q′−p′q − V eheh

p−q′q−p′)Cqq′ = 0. (4.4)

The Feynman diagrams for the Coulomb and exchange interactions are shown below

and are analogous to the diagrams for the electron positron Bhabha scattering.

γ

e

h

e

h

γ

e e

h h

Form now on we neglect the exchange interaction as it can be shown that it is

unimportant in the case of Wannier exictons. The reason for this is the assumption

that the exciton wave-function is slowly varying over the unit cell [94]. We can now

introduce the centre of mass momentum coordinates, that in the case of equal mass

for electron and holes are given by

Q = p+ p′ = 0 center of mass momentum,

q =
p− p′

2
relative momentum.

(4.5)

In this reference frame equation 4.4 can be rewritten as

(Eq − Eν)ψν(q)−
∑
q′

Vqq′ψν(q) = 0 (4.6)

where Eq = q2/2mex is the exciton dispersion and ψν(q) is the the Fourier transform

of the Wannier eigenfunction introduced in section 3.1.2 and ν is a set of quantum
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numbers labelling the bound states. The exciton state can thus be rewritten as

|fex〉 =
∑
q

ψν(q)â
†
k+qb̂

†
k−q′ |0〉 = c†k,ν |0〉 . (4.7)

We can now compute the commutation relations for the exciton ladder operators.

Using anticommuting properties of fermion ladder operators, these are found to be

[ĉk,ν , ĉk′,ν′ ] = [ĉ†k,ν , ĉ
†
k′,ν′ ] = 0,

[ĉ†k, ĉk′ ] =δν,ν′δkk′ − 1

Ld

∑
l

ψ∗
ν′

(k
2
− l
)
â†k−k′′ak′−k′′

− 1

Ld

∑
k′′

ψ∗
ν′

(
l− k

2

)
b̂†k−k′′bk′−k′′

= δν,ν′δkk′ +O(nexa
d
B).

(4.8)

where nex is the exciton density and aB the exciton Bohr radius. Excitons will act

as bosons as long as the inter-particle scattering distance is large compared with the

correlation length aB. In other words the low density limit condition nadB � 1 must

be met. This regime has great advantages, but also limitations as it cannot account

for the full many body picture of exciton-exciton interaction. Nevertheless, the

dilute limit is particularly interesting as it corresponds with the regime of validity of

the Gross-Pitaevskii mean field theory, which we discuss in the following subsection.

4.1.2 Phase transition and Gross-Pitaevskii equation

We start by writing the many-body Hamiltonian describing N interacting excitons,

that from now on we will consider as simple bosons

H =

∫
dr Ψ̂†(r, t)

(
−~2∇2

2mex

)
Ψ̂(r, t)+

1

2

∫
drdr′ Ψ̂†(r, t)Ψ̂†(r′, t)V (r−r′)Ψ̂(r, t)Ψ̂(r′, t)

(4.9)
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where the exciton field operator is given by

Ψ̂(r, t) =
1

Vd

∑
k

ĉke
ik·r−ωkt (4.10)

with ωk = Eq/~. The dynamical time evolution equation is given by the Heisenberg

equation

i~
∂

∂t
Ψ̂(r, t) = [Ψ̂, H] = −~2∇2

2mex

Ψ(r, t) +

∫
dr′ Ψ̂†(r′, t)V (r− r′)Ψ̂(r′, t)Ψ̂(r, t),

(4.11)

when bosons are in a BEC state we cam make the following expansion

Ψ̂(r, t) = Φ(r, t) + Ψ̂′(r, t) (4.12)

where Φ(r, t) = 〈Ψ(r, t)〉 is the condensate wave-function and Ψ̂′(r, t) a small quan-

tum perturbation. Where the angle brackets indicate the expectation value of the

field operator on the BEC ground state. We approximate the exciton-exciton inter-

action with a Fermi pseudo-potential,

V (r− r′) = V0a
d
Bδ(r− r′), (4.13)

Where V0 is a coupling constant that has dimensions of an energy. The use of this

approximation for the interaction potential is justified within the low density limit

(nexa
d
B � 1). Excitons are neutral, thus if the density is low enough to ignore

the fermionic nature of the electron-hole pairs, one can assume that the range of

interactions is of the order of the exciton Bohr radius [93,95]. In this approximation

the mean field dynamical equation reads

i~
∂

∂t
Φ̂(r, t) +

~2∇2

2mex

Φ(r, t)− U0|Φ(r, t)|2Φ(r, t) = 0, (4.14)

this is known as the Gross-Pitaevskii equation (GPE). This equation, with which

we compute the dynamics of the exciton wave-function, is simpler than solving the
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full quantum problem, however it has its limitations. In particular interactions must

be weak either because they happen very rarely (low density limit) or because the

coupling is very weak, as in the high density limit with a coupling constant scaling

with 1/N with N � 1. As we have mentioned the regime we are interested in is the

dilute one which is appropriate to describe excitons as structureless bosons. In the

next section we will extend this formalism to pseudo-relativistic materials.

4.2 Condensate phase of pseudo-relativistic exci-

tons

In this section we see first introduce the pseudo-relativistic electron-hole two body

problem, that is more subtle compared to the non-relativistic one. Then, along

the lines of the previous section, we derive and study in some detail a mean field

model that generalises the GPE for pseudo relativistic materials. This model is

relatively simple but it exhibits an interesting oscillating localised solution. This

type of soliton-like solution was first studied in dissipative media in 1996 and named

oscillons [96]. During the last decades oscillons in nonlinear and parametrically

driven systems have been studied and experimentally observed in fluids such us

granular media [97], Newtonian fluids [98] and colloidal suspensions [99]. More

recently non relativistic oscillons have been also reported in coupled BECs and

in condensates confined in traps with oscillating walls [100, 101]. There is also a

considerable amount of literature concerning oscillon solutions of relativistic field

theories [102–105]. In what follows we will study this form of localised wave in the

relatively new scenario of pseudo-relativistic BECs [106].

4.2.1 Exciton Hamiltonian and dispersion in Dirac materials

Let us generalise the single particle Hamiltonian around one nodal K point for a two

particles system. To do so it is convenient to write the single particle Hamiltonian
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in the electron-hole representation so that we get

He,h =

 ±∆/2 ±vFpe∓iθ

±vFpe±iθ ∓∆/2

 , (4.15)

where ± refers to electrons and hole respectively. These Hamiltonians have two

eigenvalues: ±
√
p2v4F +∆2/4. The positive branches correspond to states in the

electron/hole bands while the negatives to the respective sea [68]. Assuming zero

centre of mass momentum for the excited e-h pairs (equal e-h masses and oppo-

site momenta), the noninteracting two quasiparticle Hamiltonian is given by the

following tensor product [107]

H2 = He ⊗ I2 + I2 ⊗Hh, (4.16)

where I2 is the 2× 2 identity matrix. H2 thus reads

H2 =



0 vFpe
iθ vFpe

−iθ 0

vFpe
−iθ ∆ 0 vFpe

−iθ

vFpe
iθ 0 −∆ vFpe

iθ

0 vFpe
iθ vFpe

−iθ 0


, (4.17)

this matrix applies to a four components spinor in the basis |e〉 ⊗ |h〉 which is given

by

 ψe,α

ψe,β

⊗

 ψh,α

ψh,β

 =



ψeh,αα

ψeh,αβ

ψeh,βα

ψeh,ββ


, (4.18)

where α, β are multi-index describing the spin and pseudospin degree of freedom.

The Hamiltonian H2 has four eigenvalues E=±2
√
v2Fp

2 +∆2/4 and a doubly degen-

erate zero eigenvalue [68]. The spectrum of H2 is depicted in figure 4.1.
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Figure 4.1: Pseudo-relativistic two-particle spectrum of H2 scaled with the energy
gap ∆.

The zero energy eigenstates corresponds to the cases when there is a single elec-

tron or a hole and its complementary particle is in the negative energy sea (red pair

in figure 4.2) . The negative eigenvalue corresponds to states where both electrons

and holes are in their seas (green pair). In the positive eigenvalue (blue pair), in-

stead, electrons and holes are both in their respective band. This corresponds to

a creation/annihilation of an electron in the conduction/valence band and can be

seen as an excitonic state with vanishing Coulomb interaction.

70



Figure 4.2: Pictorial representation of e-h pair eigenstates of Hamiltonian (4.17).
Red pair (E = 0), blue pair (E > 0), green pair (E < 0).

We can notice now that under the assumption of zero centre of mass momentum

it is possible to reduce the two particle system to a single particle one describing

the relative motion [107]. This is not true in general, because in the relativistic two

body problem the total Hamiltonian does not commute with the orbital angular

momentum. Introducing the relative momentum coordinate q = (pe − ph)/2 = p

we can take the partial trace of Hamiltonian in equation (4.17) over one of the

subspaces of the full Hilbert space describing the two particle system. We set up

the bands in such a way that zero energy is located half-way between the extrema.

This results in the following excitonic Hamiltonian

HE = tri(H2) =

 ∆/2 2vF qe
∓iθq

2vF qe
±iθq −∆/2

 (4.19)

where the index i indicates the subspace over which we are taking the partial trace.

We see immediately that going from H2 to HE we lost the so called flat bands

(zero energy states). These modes are interesting for a complete understanding
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of the interacting two body problem solutions [107], but they are not particularly

relevant for our purposes. The eigenvalue problem associated with equation (4.19),

after introducing Coulomb interactions, is the same as the Dirac-Wannier eigenvalue

equation that we have derived from the renormalised Bloch equations in chapter 3

(
i ~vF σ · ∇+

∆

2
σz − ~vF

αc

r

)
~Ψnj(r) = En,j

~Ψnj(r), (4.20)

where ~Ψnj(r) is a two components spinor. We known that this problem is solved

analytically and the exciton series is given in equation (3.60),

En,j =
∆√

1 + α2
c(

n+
√

j2−α2
c

)2 . (4.21)

As we have mentioned, when the Coulomb coupling constant exceeds the critical

value, αc = 1/2 the ground state E0,1/2 becomes imaginary and there is a phase

transition to a BEC-like state that is usually called excitonic insulator [40,68]. Before

proceeding with the derivation of the mean field model to describe the dynamics of

the pseudo-relativistic exciton condensate, it is worth spending a few words on the

Coulomb coupling constant and on the effects of dielectric screening.

4.2.2 Coulomb coupling and screening

The coupling constant αc depends on the substrate background dielectric constant

εb as

αc =
e2

~vF εb
, (4.22)

one may reasonably ask for which values of εb we should observe some signature of

the excitonic insulator state. We consider gapped graphene (vF ≈ 106 m/s) that

is either free standing or on a substrate. In the case of a free standing sample

equation 4.22 gives αc|εb=1 ≈ 2.2, for a SiO2 substrate we get αc|εb=3.9 = 0.9. As

an example of subcritical regime (αc < 1/2) we can consider a substrate of SiC,

in this case we obtain αc|εb=5.5 ≈ 0.42. These estimates seem to indicate that for
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a free standing gapped graphene sample or deposited on routinely used substrates,

we should be able to observe the condensate phase. Similar considerations may

be done for TMDs samples. Hitherto we have not considered density dependent

screening that may affect the coupling constant. We do not intend to go into the

details of screening effects as it can be shown that they become more relevant at

short distances (high momentum) [68,79]. It is enough to mention that for massless

Dirac fermions the linear random phase approximation accounts for the screening

and preserves the shape of the Coulomb potential. For low energy massive Dirac

quasiparticles if Coulomb interactions are not too strong (αc < 1) the unscreened

potential is in general a good approximation [79], alternatively for a more rigorous

treatment one may use the Keldysh potential [108].

VK(r) = − αc

8r0

[
H0

(
εb
r

r0

)
−Y0

(
εb
r

r0

)]
(4.23)

where r0 is the screening length and H0, Y0 are the Struve and second kind Bessel

function respectively. This potential clearly modifies the exciton series in equation

(4.20) and thus the excitonic insulator transition that is closely related to both the

pseudo-relativistic dispersion and the structure of the Coulomb potential. This may

be an explanation of why the experimental verification of the exctonic insulator state

in TMDs have been elusive so far, even though Strouken and Koch claim that the

observation of optically bright p-excitons can be regarded as an indirect signature of

the phase transition [40]. This is because selection rules change at strong Coulomb

interaction and dipole allowed optical excitations have a p-like symmetry, whereas

the s-like transitions are forbidden.

4.2.3 The mean field model

We can derive the mean field model for the excitonic condensate. Before doing this,

however, a word of caution is in order. The excitonic insulator state, that we have

discussed so far is a BCS-like condensate of excitons that can show a BCS-BEC

crossover at low density [109]. It can be regarded as a coherent superposition of the
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non-interacting ground-state and all exciton states with vanishing real part of the

lowest energy level E0,1/2 [40]. This state is more complicated than a simple BEC

since at strong Coulomb coupling the quasiparticle picture becomes less accurate

and many-body theory may be needed. From now on we shall assume that excitons

interact in such a way that a mean field description is appropriate. In particular

we focus on the low density limit in which the interpretation of excitons as purely

bosonic particles formally applies. Even though this regime is more appropriate to

describe the thermodynamical BEC, it has been recently used to study excitonic

insulators at the mean field level [110].

We can now derive the mean field dynamical equation for the condensate [106].

To do so we first construct the exciton ladder operator in a similar fashion to the

non-relativistic case. We start from the momentum space Wannier equation

Equn,j(q) +
∑
q′

Vqq′un,j(q) = En,jun,j(q), (4.24)

where Eq =
√

~2v2F q2 +m2v4F is the positive branch exciton dispersion, m = ~2(d2Ek)/dk2)−1 =

∆/(4v2F ) is the exciton effective mass and un,j(q) is the bound-state wave-fuction in

momentum space. This equation has both positive and negative energy solutions.

As we said excitons are described by positive energy solution that can be computed

using the spinor solution of equation (4.20), in momentum space, as [40]

un,j(q) = ϕnj(q) + iχnj(q), (4.25)

where ϕnj(k) and χnj(k) are the momentum space spinor components of the solution

of equation 4.20. The negative energy solution is given by the complex conjugate

u∗n,j(q). This expression can be used to construct the exciton creation operator:

ĉ†k,jj′ =
∑
q

u1sj (q) â†k+q,j b̂
†
k−q,j′ (4.26)

where {â†i , b̂
†
i} are electron-hole creation operators and j, j′ = ±1/2. From now
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on we will considers only exciton with zero total pseudo-spin angular momentum

(j + j′ = 0), that are usually named X0 para-excitons. When we can neglect the

fermionic nature of electrons and holes X0 excitons are scalar pseudo-relativistic

particles and their ladder operators satisfy bosonic commutation relations

[ĉk, ĉk′ ] = [ĉ†k, ĉ
†
k′ ] = 0,

[ĉ†k, ĉk′ ] = δkk′ .

(4.27)

The corresponding hermitian scalar field operator for this type particles is written

as

φ̂(r, t) =
1√
A

∑
k

1√
Ek

(ĉke
−i(k·r−ωkt) + ĉ†ke

i(k·r−ωkt)), (4.28)

the energy normalisation factor is necessary to preserve the canonical commuta-

tion relations. From relativistic quantum mechanics we know that the action of N

interacting bosons described by this field is given by

S =

∫
d2r dt

(
~2v2F ∂µφ̂ ∂µφ̂−m2v4F φ̂

2
)
−m

2v4F
2

∫
d2rd2r′ dt φ̂ φ̂U(r− r′) φ̂ φ̂ (4.29)

where µ = {t, x, y}, ∂µ = (1/vF ∂t,∇), U(r − r′) is the boson-boson interaction

potential and we are using the Einstein summation convention [111]. The Fermi

velocity here plays the role of the speed of light. Applying the variational principle

(δS = 0) we obtain the associated Euler-Lagrange equation

~2v2F ∂µ∂µφ̂(r, t)−m2v4F φ̂(r, t)−m2v4F

∫
d2r′ φ̂(r′)U(r− r′) φ̂(r′, t) φ̂(r, t) = 0.

(4.30)

When the bosons are in a condensate state it is possible to make to following ex-

pansion

φ̂(r, t) = Φ(r, t) + φ̂′(r, t) (4.31)

where Φ(r, t) = 〈φ̂(r, t)〉 is an order parameter which is usually called the condensate

wavefuction and φ̂′(r, t) is a small quantum perturbation. For the exciton-exciton
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interaction we consider the following form of the Fermi pseudo-potential

U(r− r′) = N
4π~2

mLeff

aBδ(r− r′), (4.32)

where aB is the 1s exciton Bohr radius, Leff the effective thickness of the monolayer

and N the number of particles. With this approximation the mean field equation

for the condensate wafefunction reads

∂µ∂
µΦ− µ2Φ− U0Φ

3 = 0, (4.33)

where µ = mv/~ and U0 = Nmv2F aB 4π/Leff . Equation (4.33) is a 2+1-dimensional

nonlinear Klein-Gordon equation (NLGKE) and is a pseudo-relativistic generalisa-

tion of the GPE. In the next subsection we will discuss the Lorentz covariance of

this equation and the circumstances in which this symmetry is broken.

4.2.4 Lorentz covariance of the NLKGE

We first prove the covariance of the NLKGE, this is a simple, but instructive exercise.

We consider a reference frame O with coordinate r = (t, x, y, ) and a frame O′ with

coordinate r′ = (t′, x′, y′). Transformations of coordinates and scalar fields between

O and O′ are given by

r′µ = Λν
µ rν , (4.34)

Φ′(r′) = Φ(r), (4.35)

where Λ is a Lorentz transformation. For covariance the equation needs to have the

same form in both O and O′. This is ensured by equation (4.35) for the mass term

and the nonlinear one. Let’s see how to transform derivatives

∂Φ(r)

∂rµ
=
∂Φ(r)

∂r′ν
∂r,ν

∂rµ
=
∂Φ(r)

∂r′ν
Λν

µ,

∂Φ(r)

∂rµ
=
∂Φ(r)

∂r′ν

∂r′ν
∂rµ

=
∂Φ(r)

∂r′ν
Λµ

ν ,
(4.36)
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we observe that ∂
∂rµ

= ∂µ transforms as a covariant vector and ∂
∂rµ

= ∂µ as a con-

travariant vector. The d’Alambertian operator ∂µ∂µ being a product of a covariant

and a contravariant vector is Lorentz invariant:

∂′µ∂
′µΦ′(r′) = ∂µ∂

µΦ(r) (4.37)

this concludes the proof. The theory we have developed so far is Lorentz invariant

with the Fermi velocity that is clearly different from the speed of light (vF ≈ c/300).

This is in contrast to quantum electrodynamics in which both electrons and photons

are Lorentz invariant with c. This mismatch breaks Lorentz invariance when the

system is coupled with an external electromagnetic field. We should expect the same

symmetry breaking, at high density, beyond the validity of commutation relations

in equations (4.27). In this case the Fermi nature of electrons and holes is relevant

and the dipole interaction would again break Lorentz invariance. Hamiltonians in

equations (4.15) and (4.19) are first order in the low momentum (k · p) expansion

around the K−point. It is worth to stress that higher order terms, such as trig-

onal warping and electron-hole asymmetry also break Lorentz invariance. It has

been shown, however, that these distortions of the band structure are negligible in

graphene and many graphene-like systems thus the Dirac quasi-particle picture is

appropriate in many realistic situations [7].

4.3 Oscillons in interacting BECs

In this section we study numerically the NLKE. We first review the emergence of os-

cillons [102,103,105]. We then discuss the relation between the dispersion term and

the oscillon’s formation and consider oscillon interactions in different physical con-

texts such as oscillon-oscillon and oscillon-defect collision, and, when two materials

with different energy gap are in contact.

We start introducing a scaled version of equation (4.33). To do so we introduce
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a system of scaled space and time variables given by

ξ =
x

x0
, η =

y

y0
, τ =

t∆

~
, (4.38)

and define r0 =
√
x20 + y20. Spatial scales (x0,y0) are chosen appropriately for the

initial conditions of the problem and for our purposes we always choose x0 = y0. In

these variables equation (4.37) reads

∂2τψ − β(∂2ξ + ∂2η)ψ + ψ + ψ3 = 0, (4.39)

where β = 8[~v/(r0∆)]2, and the dimensionless field ψ(ξ, η, τ) is defined as

ψ = 4~v

√
NπaB
Leff∆

φ. (4.40)

We have solved equation (4.39) using both a pseudo-spectral implicit method and a

finite difference leapfrog algorithm [105,106]. The pseudo-spectral method is energy

conserving even with a rather low number of points and is reasonably fast. It is

not appropriate, however, to include space-dependant interactions or defects. To

this purpose the finite difference leapfrog algorithm is a better choice even though

is converges more slowly. We show results, obtained with the leapfrog algorithm,

for a gapped graphene sample ∆ = 0.2 eV, v = c/300 and β = 1, which implies

r0 = 9.3 nm. The chosen initial state comprises a uniform condensate with a gaussian

shaped hole at the origin, namely

ψ(ξ, η) = A0

(
1− e−

ξ2+η2

σ2

)
, (4.41)

with A0 = 1 and σ = 2.86 which is chosen so that the oscillon solution is maximally

metastable [102, 105], in other words it has the maximal lifetime. This indicates

that in this configuration the nonlinearity best compensates the dispersion.

In figure 4.3 we show the dynamics of the square modulus of the oscillon field,

after subtracting the background (A0), we can see after one period that the original
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peak is recovered. This oscillating dynamics are resilient, as we can see in figure

4.4(a), even if it suffers from a weak breathing effect due to the non-integrability of

the system. This is in agreement with previous results in the literature [102,103,105].

In contrast in figure 4.4(b) we can see the propagation of a dispersive solution

(A0 = 1 and σ = 1). Our numerical simulations, as well as previous results [102,

103, 105], show that the lifetime of the oscillon solution depends critically on the

initial condition and it is closely related to the standard deviation σ of the gaussian

ansatz. A deeper understanding of why for specific values of σ the dynamics evolves

into an oscillon, would come from a rigorous exploration of the metastability of these

solutions.

It is interesting to study how the dispersion term affects dynamics of the oscillon,

by varying the size of the initial gaussian hole. In figure 4.5 we can see how the

dispersion mostly affects the early stage of the dynamics. When we increase the

parameter r0 the dispersion term becomes less significant and the formation of the

oscillon is considerably delayed, as we can see from figure 4.5(b) and 4.5(c). In figure

4.5(d) the dynamics changes drastically, as the dispersion becomes negligible, and

the field at (0, 0) oscillates only slightly around the minimum (ψ = 0). We can notice

the axis scale change in figure 4.5(d). The oscillations of the background instead

are driven by the amplitude of the field only, as expected in the strong nonlinear

limit (see figure 4.5) [106]. In figure 4.6 we can see that the oscillon’s frequency

increases with the strength of the initial field, that also defines the strength of the

nonlinearity. This is a well known nonlinear effect called self-phase modulation.

It is noteworthy that we still lack a satisfactory explanation for the metastability

of oscillon solutions. There is not an obvious relation between the long lifetime of

the oscillon and the symmetries of the Hamiltonian. This is due to the fact that

the NLKGE is not integrable and for this reason there is no direct link between its

solutions and conservation laws. However we know that in non-relativistic systems

localised solution with periodic oscillations are not attractors of the dynamics un-

less one considers coupled or dissipative systems [97–101]. This suggests that the

pseudo-relativistic nature of the Hamiltonian is important in the formation of the
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Figure 4.3: Dynamics of the modulus squared of the field, in time, after subtracting
the background. (a) The initial oscillon state, (b) the first collapse, (c) and (d) the
first revival. The first snapshot is at τ = 24 after the initial transient has quenched.
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Figure 4.4: (a) Oscillon field in time domain at (ξ, η) = (0, 0) for A0 = 1 and
σ = 2.86. (b) Dispersive solution at (ξ, η) = (0, 0) for A0 = 1 and σ = 1.

Figure 4.5: Early stage dynamics of the oscillon field at (ξ, η) = (0, 0) for decreas-
ingly dispersive (increasing r0 hence decreasing β) cases. (a) r0 = 9.3 nm (hence
β = 1), (b) r0 = 29.4 nm (β = 10−1), (c) r0 = 93.2 nm (β = 10−2), (d) r0 = 29.4µm
(β = 10−7).
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A0 = 1 A0 = 2
A0 = 1 A0 = 2

Figure 4.6: (a) Dynamics of the oscillon for two condensate densities A0 = 1 (blue),
A0 = 2 (orange) (b) Oscillations of the background for the dispersionless equation
again for A0 = 1 (blue), A0 = 2 (orange).

long-living oscillon. There have been attempts in the literature to relate the long

lifetime with adiabatic invariance, but this approach just takes into account very

weak nonlinearities [104]. It was also proposed, but without a rigorous proof, that

a Lyapunov exponent governs the power law of the oscillon lifetime [103].

To apprise experimental considerations of this system, it is important to estimate

the relevant physical quantities. The period of the oscillon is particularly relevant

because excitons are composite quasi-particles with a finite lifetime and a period

longer than that would be impossible to observe. This quantity can be computed

from figure 4.4 and the scaling relation equation (4.38), we get T = 20 fs that is

well below the exciton lifetime in two dimensional materials that is of the order

of few picoseconds up to 150 ps [112]. Our model relies on the assumption of the

low density limit regime, thus, an important quantity is the exciton density. From

the interaction strength U0 we can calculate the density for an oscillon with initial

amplitude A0 = 1 and radius r0 = 9.3 nm, as nex = 3.16 × 1011 cm−2 which,

combined with the exciton Bohr radius, gives nexa
2
B = 0.16 confirming the low

density requirement is met [106].

In what follows we illustrate two scenarios namely oscillon collisions and the effect

of heterostructures on oscillons. The underlying physics in both cases is essentially
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the same we have illustrated in the first sections on oscillon physics. We review first

the collision of two identical oscillons [105] moving along the diagonal then we study

the interaction between the oscillon and a defect. In the case of collision the initial

state reads

ψ(ξ, η) = A0

(
2− e−

(ξ−ξ0)
2+(η−η0)

2

σ2 − e−
(ξ−ξ1)

2+(η−η1)
2

σ2

)
cos(κ0,ξ ξ + κ0,η η), (4.42)

where κ0 = (κ0,ξ, κ0,η is a scaled wave-vector at τ = 0 and defines the initial velocity

as

v0 =
~κ0
mr0

, (4.43)

where κ0 = |κ0|, the scaled initial wave-vector is chosen so that v0 = 0.5vF . As

shown in figure 4.7 the soliton-like behaviour of the solution is preserved after the

collision. It is also interesting to see how the oscillons interact with a defect of the

condensate. This can be simulated by adding a loss term, that is implemented as

a viscous friction-force proportional to the first time-derivative of the field (Stoke’s

law) [113]. Equation (4.39) is modified as follows

∂2τψ − β(∂2ξ + ∂2η)ψ + ψ + ψ3 + Γ(ξ, η) ∂τψ = 0, (4.44)

and we consider a gaussian defect of the form [114]

Γ(ξ, η) = Γ0 exp

(
−(ξ − ξd)

2 − (η − ηd)
2

σ2
d

)
, (4.45)

where Γ0 is the strength of the damping and {ξd, ηd} the coordinates of the defect. In

figure 4.8 we observe that the oscillon is resilient even to non-perturbative damping

(Γ0 � 1). It is worth to notice that recently it has been proposed an experiment

with controllable near-zero soliton velocity in atomic BEC [115]. It would be very

interesting, ideally with a set up that is able to control the oscillon velocity, to

study experimentally the low-velocity and in principle also the ultra-relativistic limit

v0 = vF .
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Figure 4.7: Scattering of two oscillons of initial amplitude A0 = 1, σ = 2.86 and
initial speed v0 = 0.5 vF . (a) Initial state of the oscillon (b) separation of positive
and negative energies, (c) collision time, (d) final state after collision. Here with ψ̃
we indicate the field after subtracting the background.
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Figure 4.8: Interaction of a single oscillon with a gaussian shaped defect located at
(ξ, η) = (0, 0) and Γ0 = 50, σd = 10−2. (a) Early stage of the dynamics: separation
of positive and negative energies. (b) Interaction with the defect, (c) and (d) late
stage of the dynamics. The inset in (a) is the initial state of the oscillon A0 = 1 and
v0 = 0.5 vF .
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The last example we analyse consists of a BEC spanning two connected Dirac

material slabs either side of ξ = 0 with different energy gaps (∆1 and ∆2). This

requires an adapted version of equation (4.39). We, thus introduce a scaled time

as τ = t∆1/~. This leads to a dimensionless equation that has the same form as

equation (4.39) on the side with energy gap ∆1 and mass m1 = ∆1/4v
2, and that

depends on the ratio between two different energy gaps ∆2/∆1 = m2/m1 on the

other side:
∂2τψ − β(∂2ξ + ∂2η)ψ + γ2(ξ)ψ + γ(ξ)ψ3 = 0

ψ(ξ, η, 0) = ψ0(ξ, η)

(4.46)

where β = 8[~v/(r0∆1)]
2 and the scaled field ψ is defined as in equation (4.40) with

∆ = ∆1. The space dependent coefficient γ(ξ) is defined as


γ(ξ) = 1 ξ < 0,

γ(ξ) = ∆2

∆1
ξ > 0.

(4.47)

We consider first the simplest case of a constant background, ψ0(ξ, η) = ψ0. In figure

4.9 we show the evolution of the field at fixed η = 0 and at four time instants. We

can noice from the first two panels, that after an initial oscillation on both sides,

travelling waves are generated by scattering at the boundary between the two layers

and propagate throughout the two sides of the condensate.
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Figure 4.9: Motion of travelling waves in two condensates with ∆1 = 0.2 eV and
∆2 = 0.3 eV and constant background, ψ0(ξ, η) = 1.

In figure 4.10 we observe the motion of an oscillon located initially in the con-

densate with energy gap ∆1. We show a top view of the squared moulds of the

field after subtracting the background at nine time instants detailed in the figure’s

caption. The stability of the oscillon dynamics in not particularly influenced by the

presence of the second condensate. After the splitting of positive and negative en-

ergies (top three panels) the oscillon moves through the second condensate (middle

panels) and starts oscillating with a larger frequency (bottom panels) proportional

to the second gap ∆2 as we show more explicitly in figure 4.11.
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Figure 4.10: Motion of an oscillon between two condensates with ∆1 = 0.2 eV and
∆2 = 0.3 eV. The initial state ψ0(ξ, η) is a gaussian well of the form equation (4.41)
located at (ξ, η) = (−2,−2) with A0 = 1 and σ = 2.86. The sequence of snapshots,
from left to right in each row, is: τ = 0.2, 2.3, 4.4, 6.7, 9, 11.2, 13.5, 15.7, 18. The axes
labels are the spatial coordinates (ξ, η) and the initial velocity is v0 = 0.5 vF .
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Figure 4.11: Oscillon spectrum on both sides of the heterolayer, ξ < 0 (blue, lower
frequency peak), ξ > 0 (grey, higher frequency peak). Ω is a dimensionless frequency
related to the inverse of τ . Inset: third harmonic generation.

From figure 4.11 we can compute the frequency (in eV) of the first harmonics

of the oscillons on both sides of the condensate. We get ω1 = 0.041 eV and ω2 =

0.068 eV. Those values are significantly lower than the two energy gap (∆1 and ∆2)

in the two sides of the heterolayer, this is because we are studying the dynamics

of the system at a relatively early stage, between τ = 10 and τ = 200, when the

combined effect of the dispersion and the nonlinearity is still strong. For long time

propagation the value of the frequency approaches the one of the energy gap and

the system behaves like a harmonic oscillator [105]. In the inset we can observe the

generation of third harmonics in the spectrum of the bosonic field as expected from

a system with third order nonlinearity. Clearly this effect is clearly not specifically

related the heterolayer structures.

Before concluding this chapter we will spend a few words on the possibility of
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creating and observing oscillons in a relativistic BECs. Within the coherence time of

the BEC when we expect that the condensate is well described by the semiclassical

field φ, one may use techniques similar to the ones employed to generate dark solitons

in standard BECs [116]. An example is the method of phase imprinting can be

applied which also allows to create vortices [117]. A uniform potential is applied to

the condensate wave-function so that it acquires an additional phase. The potential

is pulsed on for a time that should be shorter than the coherence time of the BEC

and longer than the period of the oscillon [116, 118]. Due to the imprinted phase,

at larger times one expects an adjustment of the phase and density distribution

in the condensate. This will lead to the formation of a localised structure, in the

case of the nonlinear Klein-Gordon equation an oscillon. After the applying the

potential then the system one lets the system evolve. In the case of a exciton BEC

the evolution time should be shorter than the lifetime of the excitons. After the

evolution time an absorption image of the density distribution is taken for different

instants to reconstruct the oscillon dynamics.

4.4 Summary & outlook

In this chapter we have reviewed the physics behind BECs of excitons and intro-

duced the mean field Gross-Pitaevskii equation. We then extended this theory to

pseudo-relativstic systems and derived the related mean field model. We applied this

model to the exciton dispersion of gapped Dirac material, such as doped or strained

graphene and TMDs. The interest of this model is not limited to these materials

but it may be applied to other physical systems. Magnons in TlCuCl3 [119], for

example, have been proven to show a condensate phase with a relativistic dispersion

relation. We studied the properties of a non-stationary, but localised solution of

the model, known as an oscillon. We detailed the dynamics of the oscillons interac-

tions and proved that this solution is also resilient to the interaction with impurities

of the background. We have also investigated how an oscillon moves through two

connected Dirac material slabs with different energy gaps.
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Chapter 5

Nonlinear optical properties of

bilayer graphene

So far in this thesis we have studied electronic and optical properties of two dimen-

sional monolayer systems. It is natural at this point to ask what happens when we

stack two or more layers on top of each other. In this final chapter we deal with this

question in the particular case of bilayer graphene. We first review the electronic

properties of this material, in section 5.1. As we did for monolayers, we start from

the tight binding Hamiltonian and derive a low energy two band model around the

nodal points of the Brillouin zone. In section 5.2 we generalise the Dirac-Bloch

equations introduced in chapter 3 and we solve them numerically in the free carrier

regime giving some details on the nonlinear optical response bilayer graphene (sec-

tion 5.3). In particular we study the odd harmonic generation when the system is

probed with a few femtoseconds duration laser pulse.

5.1 Electronic properties of bilayer graphene

Bilayer graphene (BG) consists of two coupled monolayers of carbon atoms with

a honeycomb lattice structure. The effective Hamiltonian of BG generalises the

massless Dirac fermions Hamiltonian of monolayer graphene and is the second of a

family of chiral Hamiltonians that appear at low energy in graphene multilayers [120–
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122]. In addition to its interesting physical properties, BG has potential electronic

applications being the only known semiconductor in which is possible to control

both carrier density and energy gap through doping or gating [123–125]. Many of

the properties of BG are a similar to those in monolayers [52, 126], including an

excellent electrical conductivity [17], high thermal conductivity [127] and excellent

mechanical flexibility [128]. Linear optical properties as well, are related in layered

carbon systems, with the absorption rate scaling with the number of layers. For

these reasons BG could be potentially applied in many areas from high frequency

transistors [129] to touch screen displays [130].

In this section we give a brief review of the electronic property of bilayer graphene.

We begin with the tight binding model to get to an effective two band model which

describes BG carriers, in a first approximation, as massive chiral fermions around the

nodal points at the corner of the Brillouin zone. We also discuss the two most rele-

vant corrections to the massive chiral fermion picture, namely the trigonal warping

and the electron-hole asymmetry.

5.1.1 Tight binding model

The tight binding model developed for bulk graphite and monolayer graphene can

be easily adapted to stacked layers. The simplest example is BG [120], the crystal

structure with the A, B Bernal stacking, is shown in figure 5.1. The direct and

reciprocal lattice unit vectors as shown in figure are

ai =
a

2
(1,±

√
3),

bi =
2π

a

(
1,± 1√

3

)
,

(5.1)
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where the lattice constant a = 2.14 Å is the distance between two adjacent unit

cells. The tight binding Hamiltonian for this problem can be written as [7]

H =− γ0
∑

〈i,j〉m,σ

(â†m,i,σ b̂m,j,σ + h.c.)

− γ1
∑
j,σ

(b̂†1,j,σâ2,j,σ + h.c.)

− γ3
∑
j,σ

(â†1,j,σ b̂2,j,σ + h.c)

− γ4
∑
j,σ

(â†1,j,σâ2,j,σ + b̂†1,j,σ b̂2,j,σ + h.c.),

(5.2)

where âm,j,σ, (bm,j,σ) annihilates an an electron on sublattice A(B) and on layer

m = 1, 2 and 〈i, j〉 indicates that the sum is restricted to the nearest neighbours.

The index i refers to the lattice site Ri. The hopping parameters γi are related

to different types of coupling as shown in figure 5.1: γ0 is the intralayer hopping

and describes the in-plane coupling between nearest-neighbours, γ1 is the vertical

interlayer hopping between orbitals on sublattices B1 and A2, γ3 is the interlayer

coupling between atoms A1 and B2 and γ4 describes interlayer coupling between A1,

A2 or B1, B2. Both γ3 and γ4 describe skew couplings they describe the interaction

between two layers, but they have an in-plane component. As we can see from figure

5.1 each atom on one layer (for example A2 for γ3) has three nearest neighbours on

the other layer. For this reason the in-plane components of both γ3 and γ4 are

analogous to nearest-neighbour hopping within a single layer parameterised by γ0.

Expanding the site-ladder electron operators in momentum space, as we did in

section 2.2.1,
âm,j =

∑
k

e−ik·Rj âm,k,

b̂m,j =
∑
k

e−ik·Rj b̂m,k,

(5.3)

the tight binding Hamiltonian reads

H =
∑
k

~Ψ†
kHk

~Ψk, (5.4)
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Figure 5.1: Crystal structure of BG. (a) Side view of the direct lattice, (b) plan
view, lattice vectors and rhombic unit cell. Atoms A1 and B1 on the lower layer
are shown as blue and red circles, A2, B2 on the upper layer are blue and black,
respectively. (c) First Brillouin zone with two inequivalent corner points, which are
located at

(
0,±4/(3 a) π

)
.
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where Hk is the Hamiltonian matrix and is given by

Hk =



0 −γ0f(k) γ4f(k) −γ3f ∗(k)

−γ0f ∗(k) 0 γ1 γ4f(k)

γ4f
∗(k) γ1 0 −γ0f(k)

−γ3f(k) γ4f ∗(k) −γ0f ∗(k) 0


, (5.5)

the four component pseudo-spinor is defined as

~Ψk =



âk,1

b̂k,1

âk,2

b̂k,2


. (5.6)

The function f(k) describing the in-plane nearest neighbour hopping, reads

f(k) =
∑
i

eik·δi = eikya/
√
3 + 2e−ikya/2

√
3 cos

(
kx
a

2

)
, (5.7)

where δi are the positions of three atoms Bm nearest to a given atom Am , which

may be written as

δ1 =
(
0,

a√
3

)
, δ2 =

(a
2
,− a

2
√
3

)
, δ3 =

(
−a
2
,− a

2
√
3

)
. (5.8)

The Hamiltonian matrix, equation (5.5), can be diagonalised numerically and its

spectrum is shown in figure 5.2.

5.1.2 The low energy physics of bilayer graphene

The expansion of the function f(k) around the K, (K′) point gives

f(q) ≈ −
√
3a(ξqx − iqy), (5.9)
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Figure 5.2: Tight binding Hamiltonian eigenvalues along the kx axis in reciprocal
space intersecting the K−Γ−K symmetry line. The inset shows the bands in the
vicinity of the K-point. Plots were obtained using Hamiltonian equation (5.5) with
parameters: γ0 = 3.16 eV, γ1 = 0.39 eV, γ3 = 0.38 eV and γ4 = 0.14 [131].

where q = k−K is the momentum coordinate relative to the K-point. To simplify

the notation we introduce the complex momentum operator Pξ = ξ~(qx + iqy) and

the low energy Hamiltonian matrix reduces to

Hq =



0 v0P
†
ξ v4P

†
ξ v3Pξ

v0Pξ 0 γ1 −v4P †
ξ

−v4Pξ γ1 0 v0P
†
ξ

v3P
†
ξ −v4Pξ v0Pξ 0


, (5.10)

where vi =
√
3aγi/(2~) are velocity parameters, with v0 corresponding to the single

layer Fermi velocity and ξ = ±1 indicating the two valleys in the Brillouin zone.

The spectrum of the low energy Hamiltonian, equation (5.10), is shown in figure 5.3.

In the left panel we can see the parabolic dispersion considering only the in-plane

hopping and the vertical coupling, in the central panel the interlayer hopping γ3

generates a distortion of the band structure with a local time-reversal symmetry
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E (eV)

Lower energy bands

Figure 5.3: Four bands low energy spectrum, effect of the different hopping terms.
Parabolic spectrum considering the in-plane term γ0 and the vertical coupling γ1
only (left). Trigonal warping effect due to the skew interlayer hopping γ3 (cen-
tre). Electron-hole asymmetry generated by γ4 (right). The values of the energy
parameters are the same used for figure 5.2.

breaking around the Dirac point. This effect is the trigonal warping that we have

already seen in monolayer graphene and, as we will see in more details later, it

behaves analogously in BG. The right panel shows the effect of γ4 that causes an

electron-hole asymmetry in the band structure.

A convenient way to describe the low energy physics of BG at momentum ~q �

γ1/(2v0) is to eliminate the blocks of the Hamiltonian, equation (5.10), related to

orbitals on sites A2, B1, resulting in a 2×2 effective Hamiltonian describing the two

lower energy bands (as indicated in figure 5.3). We consider the following eigenvalue

equation for the Hamiltonian (5.10) written in a different basis, which is given by

B = (ψA1 , ψB2 , ψA2 , ψB1) hϕ u

u† hχ


 ϕ

χ

 = E

 ϕ

χ

 , (5.11)
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where ϕ = (ψA1 , ψB2)
T and χ = (ψA2 , ψB1)

T and the matrix block-components are

hϕ =

 0 v3Pξ

v3P
†
ξ 0

 , hχ =

 0 γ1

γ1 0

 ,

u =

 −v4P †
ξ v0P

†
ξ

v0Pξ −v4Pξ

 .

(5.12)

We can express the second component of the bi-spinor in term of the first which we

may call low energy component:

χ = (E − hχ)
−1u†ϕ, (5.13)

the matrix in round brackets for low energy can be formally expanded as

(E − hχ)
−1 ≈ −h−1

χ − Eh−2
χ +O(E2), (5.14)

giving the following approximated eigenvalue equation for the low energy component

ϕ

(hϕ − uh−1
χ u†)ϕ ≈ E(1 + u†h−2

χ u)ϕ. (5.15)

Performing the transformation Φ = (1+u†h−2
χ u)1/2ϕ, equation (5.15) can be rewrit-

ten as

H2×2(q)Φ ≈ EΦ, (5.16)

where the the 2× 2 reduced Hamiltonian matrix reads

H2×2(q) = (1 + u†h−2
χ u)−1/2(hϕ − uh−1

χ u†)(1 + u†h−2
χ u)−1/2. (5.17)

In the case of BG the reduced model is obtained expanding equation (5.17) for low

momentum and assuming that γ0 and γ1 are the dominant energy scales. Form

now on we will use hopping parameters from ref. 132 that are compatible with
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this assumption (see figure 5.4). This procedure results in the following effective

Hamiltonian matrix

Hξ
e(q) = hξc(q) + hξw(q) + hξa(q), (5.18)

with hξc describing massive chiral fermions, hξw being the trigonal warping term and

hξa the electron-hole asymmetry (see figure 5.4). The three terms of the effective

Hamiltonian are given by

hξc(q) =
1

2m

 0 P † 2
ξ

P 2
ξ 0

 ,

hξw(q) = v3

 0 P †
ξ

Pξ 0

+
v3

4
√
3~

 0 P † 2
ξ

P 2
ξ 0

 ,

hξa(q) =
2v0 v4
γ1

 PξP
†
ξ 0

0 P †
ξPξ

 ,

(5.19)

the second term in hξw is a small correction to the mass m = v20/γ1 and can be ne-

glected without loss of generality. The Hamiltonian hξc(q) for massive chiral fermions

have a parabolic spectrum, shown in the top panel of figure 5.4, of the form

ελ(q) = λ
~2q2

2m
, (5.20)

with λ = ±1 indicating conduction and valence band. The corresponding eigenstates

are

~ψξ
λ(q) =

1√
2

 e−iθξ

λeiθξ

 , (5.21)

and as in the case of monolayer graphene they are eigenstates of the helicity operator,

σ · q/qψξ
λ(q) = λψξ

λ(q). The trigonal warping spectrum is shown in the central

panel of figure 5.4 and at low energy presents the characteristic topological Lifshitz

transition that we have already encountered in the case of monolayer graphene. In
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Figure 5.4: Energy spectrum of the two bans model. Massive chiral fermions (top).
Trigonal warping effect with the topological Lifshitz transition (centre). Electron-
hole asymmetry (bottom). Energy parameters: γ0 = 2.9 eV, γ1 = 0.4 eV, γ3 = 0.10
eV, γ4 = 0.12 eV [132].
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BG it occurs at energy

εL =
γ1
4

(v3
v

)
≈ 1meV. (5.22)

The last term in the Hamiltonian, equation (5.18), as we have already mentioned,

describes the electron-hole asymmetry. In the two band model it represents a rel-

atively small correction as it can be noted from the bottom panel of figure (5.4).

This can be understood as hξa is second order in the low momentum expansion and

energetically it scales with the small parameter γ4.

5.2 The bilayer graphene Dirac-Bloch equations

In this section we apply the formalism we have derived in chapter 3 to BG, at this

stage we do not include Coulomb interactions. In contrast to gapless monolayer

graphene where Coulomb interactions effects are irrelevant or very small in the IR

low energy regime [56], carrier-carrier interactions have been shown to play an im-

portant role in BG. In particular they lead to an instability of the gapless state that

causes a mixing of states from different layers, the which layer symmetry breaking,

and a gap opening [133]. They are also responsible for a mixing of the Landau levels

in presence of a moderate to high magnetic field [134] and for interlayer exciton

effects [135]. On the other hand it can be shown that the strength of the Coulomb

coupling in bilayers can be tuned by the carrier density [136,137], in what follows we

shall assume that the Coulomb coupling is weak enough so that we can neglect the

instability of the gapless state and the exciton effects on the nonlinear polarisation is

small. We will derive and solve the non renormalised Dirac-Bloch equations (DBEs)

for BG and obtain the nonlinear current spectra.

5.2.1 Derivation of the Dirac-Bloch equations

Before detailing the derivation of the DBEs for bilayers we rewrite the effective

two band Hamiltonian, equation 5.18 in a more convenient form. We recall that the

Pauli matrices plus the identity are a basis of 2×2 complex matrices space (M2(C)),
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thus the Hamiltonian Hξ
e(q) can be expanded as

Hξ
e(q) =

∑
µ

cξq,µσµ, (5.23)

where σµ = (σ0, σ1, σ2, σ3). In our case the cξq,µ coefficients are given by

cξq,0 =
2v0v4
γ1

~2(q2x + q2y),

cξq,1 = − ~2

2m
(q2x − q2y) + v3ξqx,

cξq,2 = −~2

m
ξqxqy − v3qy,

cξq,3 = 0.

(5.24)

We can now define a set of generalised polar coordinates, meaning

gξq = |cq| =
√
(cξq,1)

2 + (cξq,2)
2,

ϕξ
q = − arctan

(cξq,2
cξq,1

)
.

(5.25)

The Hamiltonian (5.18) can be rewritten as

Hξ
e(q) =

 rq gqe
iϕq

gqe
−iϕq rq

 , (5.26)

in this case the diagonal terms are simply given by rq = cξq,0. This way of writing

the low energy quasiparticles Hamiltonian is simple and can be generalised more

complicated systems such as multilayers and TMDs [78]. It is also very useful to

express the relevant optical quantities as we shall see in what follows. It is interesting

to notice that the angle ϕk can be split into two contributions, namely

ϕξ
q = θξq − νξq, (5.27)
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where θξq = ξ arctan(qy/qx) is the standard polar angle and νξq is the trigonal warping

angle which is defined as

νξq = arctan
( ~q sin(3θξq)
~q cos(3θξq)− 2mv3

)
. (5.28)

We give here a simple proof of equation (5.27) when v3 = 0, the proof with trigonal

warping is the same, just more algebraically involved (see appendix A). When we

neglect the trigonal warping the angle in equation (5.27) reduces to

θq − νq = −2θq, (5.29)

where we have momentarily omitted the valley index. Using the definition of the

polar angle we can show how it is related with the coefficients cξq,µ, meaning

−2θq = −2 arctan
(qy
qx

)
= − arctan

(
2
qyqx
q2x − q2y

)
= − arctan

(cq,2
cq,1

)
. (5.30)

where we have used the arctangent addition formula

arctan(u)± arctan(v) = arctan
( u± v

1∓ uv

)
. (5.31)

The effective Hamiltonian, equation (5.26) is readily diagonalised

εξλ,q = rq + λgξq,

~u ξ
λ,q =

1√
2

 ei/2ϕ
ξ
q

λe−i/2ϕξ
q

 .
(5.32)

where the function gξq can be explicitly written as

gξq =
~q
2m

√
~2 q2 + 4m2v23 − 4ξ ~ q mv3 cos(3 θq). (5.33)

We can observe that the eigenstates do not depend on the electron-hole asymmetry

and consequently also the optical quantities will not depend on it. Considering
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that the hξa term introduces only a small, second order, correction to the electronic

dispersion (figure 5.4 we can safely neglect it in the study of the electromagnetic

interactions.

We can now use the formalism developed so far to derive the DEBs. To do so

we introduce the minimal substitution ~q → π(t) = ~q + e/cA(t) where A(t)

is an external electromagnetic field. The Hamiltonian (5.18) is now explicitly time

dependent, but it can be still diagonalised in term of instantaneous band eigenstates

and eigenvalues

ελ,q(t) = λ
π(t)

2m

√
π2(t) + 4m2v23 − 4π(t)mv3 cos(3 θ

ξ
q(t)).

~u ξ
λ,q(t) =

1√
2

 ei/2(θ
ξ
q(t)−νξq(t))

λe−i/2(θξq(t)−νξq(t))

 .
(5.34)

where π(t) = |π(t)|, θq(t) = ξ arctan(πy/πx) and νξq is modified accordingly. The

associated time-dependent Dirac-Schrödinger equation in position space reads

i~
∂

∂t
~ψ ξ(r, t) =

∑
µ

σµDµ
~ψ ξ(r, t), (5.35)

where the differential operator Dµ is the inverse Fourier transform of the momentum

dependent operators cξq,µ(t) after performing the minimal substitution meaning

D0 =
2v0v4
γ1

(−i~∇+
e

c
A(t))2,

D1 = − 1

2m
[(−i~∂x +

e

c
Ax(t))

2 − (−i~∂y +
e

c
Ay(t))

2] + ~ v3 ξ (−i~∂x +
e

c
Ax(t)),

D2 = − 1

m
[ξ(−i~∂x +

e

c
Ax(t))(−i~∂y +

e

c
Ay(t))] + ~ v3 (−i~∂y +

e

c
Ay(t)).

(5.36)

The spinor general solution can be expressed in term of instantaneous band eigen-

states as

~ψξ(r, t) =
1

L

∑
q,λ=±1

âq,λ~uλ,qe
−λi(ω̃q(t)+iq·r), (5.37)

with âq,λ being band-electrons ladder operators. Where ω̃k(t) =
1
~

∫ t

0
εk(τ)dτ is the
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dynamical phase. We can now substitute the spinor (5.37) into the field Hamiltonian

H =

∫
dr ~ψ †

ξ (r, t)σµD
µ ~ψξ(r, t). (5.38)

After lengthy, but straightforward calculations, and introducing the electron-hole

ladder operator âq,1 = âq and âq,−1 = b̂†−q, we get

H =
∑
q

[εq(t)(â
†
qâq − b̂†−qb̂−q)− ~Ωq(t)(â

†
qb̂−q + b̂†−qâq)], (5.39)

where the Rabi frequency is defined as

Ωq(t) = i~u ξ
1,q · ~̇u

ξ
−1,q =

1

2
ϕ̇ξ
q(t) =

ċξ1,qc
ξ
2,q − cξ1,qċ

ξ
2,q

2(gξq)2
. (5.40)

We can now derive the equations for the population and inversion variables ne
q =

〈â†qâq〉, nh
k = 〈b̂†−qb̂−q〉 and pq = 〈b−qaq〉. We get the following set of Dirac-Bloch

equations
~ṗq = −2iεq(t)pq − i~Ωq(t)(n

e
q + nh

q − 1),

ṅe,h
q = −2Ωq(t)Im(pq).

(5.41)

We observe that in this derivation we have not made any approximation as in the

standard perturbation theory approach. In the energy and Rabi frequency there are

all the terms coming from both the dipole term p ·A(t) and the multiphoton term

A2(t).

5.2.2 The nonlinear current operators

We now compute explicitly the time dependent current that we will use to study

the nonlinear response of BG. The quantised current density can be written as

J =
∑
ξ

~ψ †
ξ ∇πHξ

e(q)
~ψξ, (5.42)
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and the components along x and y are

Jx =
∑
ξ

~ψ †
ξ

(
ξv3 −

πx
m

)
σx ~ψξ − ~ψ †

ξ ξ
πy
m
σy ~ψξ,

Jy =
∑
ξ

~ψ †
ξ

πy
m
σx ~ψξ − ~ψ †

ξ

(
v3 + ξ

πx
m

)
σy ~ψξ.

(5.43)

We compute first the following quantities

~u ξ†
λ′,q(t)σx~u

ξ
λ,q(t) =


∓i sinϕξ

q λ 6= λ′

± cosϕξ
q λ = λ′

~u ξ†
λ′,q(t)σy~u

ξ
λ,q(t) =


∓i cosϕξ

q λ 6= λ′

∓ sinϕξ
q λ = λ′.

(5.44)

Using the generalised polar coordinates defined in equation 5.25 we can write the

trigonometric functions as

cosϕξ
q =

cξ1,q

gξq
,

sinϕξ
q = −

cξ2,q

gξq
,

(5.45)

substituting the equation (5.37) for the spinor field in the expression of the nonlinear

current operator J =
∫
d2r
∑

ξ
~ψ †
ξ ∇πHξ(q) ~ψξ, we can write the x and y components

as

Jx = −e
∑
q,ξ

[
(ξv3 −

πx
m

)
cξ1,q

gξq
− ξ

πy
m

cξ2,q

gξq

]
(â†qâq + b̂†−qb̂−q − 1)+

i

[
−(ξv3 −

πx
m

)
cξ2,q

gξq
− ξ

πy
m

cξ1,q

gξq

]
(â†kb̂

†
−k − b̂−kâk),

Jy = −e
∑
q,ξ

[
πy
m

cξ1,q

gξq
− (v3 + ξ

πx
m

)
cξ2,q

gξq

]
(â†qâq + b̂†−qb̂−q − 1)+

i

[
−πy
m

cξ2,q

gξq
− (v3 + ξ

πx
m

)
cξ1,q

gξq

]
(â†qb̂

†
−q − b̂−qâq).

(5.46)

As we can see, both components of the current operator are a sum of intraband and

interband contributions. This is a great advantages of the Dirac-Bloch equations

formalism, that consistently describe the coupling of light-field-induced intraband

106



dynamics and interband transitions. In equation (5.46) the intraband contribution

is the one multiplying the population term â†kâk+b̂
†
−kb̂−k+1, the interband is the one

multiplying the polarisation term â†qb̂
†
−q − b̂−qâq. Introducing again the dynamical

variables ne
q, nh

q and pq we can express the current vector components as

Jx = −e
∑
q,ξ

[
(ξv3 −

πx
m

)
cξ1,q

gξq
− ξ

πy
m

cξ2,q

gξq

]
(ne

q + nh
q − 1)+

[−(ξv3 −
πx
m

)
cξ2,q

gξq
− ξ

πy
m

cξ1,q

gξq

]
2Im(pq),

Jy = −e
∑
q,ξ

[
πy
m

cξ1,q

gξq
− (v3 + ξ

πx
m

)
cξ2,q

gξq

]
(ne

q + nh
q − 1)+[

−πy
m

cξ2,q

gξq
− (v3 + ξ

πx
m

)
cξ1,q

gξq

]
2Im(pq).

(5.47)

In the next section we will use the optical quantities computed so far to give some

insights on the nonlinear optical response of bilayers.

5.3 Numerical simulations

The following discussion will be devoted to the numerical solution of the DBEs.

In particular we use the dynamical variables ne,h
q and pq to compute the nonlinear

current spectra in different configurations. We start giving a brief introduction to

the numerical tools we have used and then we show the results of the simulations

for the BG nonlinear optical interactions.

5.3.1 The program

We have solved the DEBs with a fourth order Runge-Kutta (RK) algorithm imple-

mented in a multiprocessing shared memory parallel code written in Julia. Multi-

processing computation uses two or more processing units (CPUs) within a single

system that can allocate tasks between them. In figure 5.5 is shown schematically

the shared memory architecture in comparison with the distributed one. A shared

memory multiprocessor comprises a single memory space used by all processors, in
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Figure 5.5: Shared memory architecture (left) and distributed memory architecture
(right) with three parallel processing units.

contrast in distributed memory systems each CPU has its own private memory [138].

As we are not considering Coulomb interactions, all momentum states are indepen-

dent, hence this problem is very suitable for parallel computing.

In the program the RK algorithm computes the carrier population and mi-

croscopic polarisation and it is implemented for each momentum state, which is

parametrised in polar coordinates. In particular for fixed values of q = |q| the

DBEs are solved in parallel for each value of the polar angle θq = arctan qy/qx. The

RK algorithm is started with a minimum number of time points Nmin = 214 that

increases if the quasiparticle number conservation

n(e)
q + n(h)

q = 1, (5.48)

is not met within a certain fixed tolerance ε = 10−6 for each momentum state.

5.3.2 Nonlinear current spectra

We now show the results of the numerical simulations. We have considered a BG

sample probed with a short pulse laser field linearly polarised along the x-direction,
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A(t) = (Ax(t), 0, 0). The vector potential and the related electric field are given by

Ax(t) = A0e
−
(

t
t0

)2
sin(ω0 t),

Ex(t) = −1

c
Ȧx(t).

(5.49)

In figure 5.6 we show the the input vector potential and electric field (left panel) and

the calculated current (central panel) in time and frequency domain (right panel).

The system is homogeneous, thus there is no current in the direction orthogonal to

the field polarisation. As we expect from a centrosymmetric material the nonlinear

current spectrum is characterised by the generation of odd harmonics only. The

scaling quantities for the fields and the nonlinear current are given by

E0 =
2~2ω0

v0 t
, A0 = ct0E0,

J0 = −e ~ω0

2mv0
.

(5.50)

The hopping energy parameters we used to produce the figures in this section, given

together with the related velocities are

γ0 = 2.9 eV, v0 = 9.54× 105
m
s
,

γ1 = 0.4 eV,

γ3 = 0.10 eV, v3 = 0.33× 105
m
s
,

(5.51)

and we have omitted γ4 which contribution, as we have mentioned, is negligible in the

two band model. We stress again that are using values for the hopping parameters

that are compatible with the assumption of the Hamiltonian matrix reduction.

It is interesting to study what is the effect of the trigonal warping on the nonlinear

response of BG. To do so we compare the current spectra of massive chiral fermions

with the one that includes the trigonal warping distortion. From equation (5.47) we

notice that we can separate the contribution of the Hamiltonian hc from the one of
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Figure 5.6: Input fields (left panel) with pulse duration t0 = 30 fs, input energy
~ω0 = 0.36 eV and peak intensity I0 = 0.1GW/cm2. Vector components of the
nonlinear current in time domain (central panel), current spectrum (right panel).

hw, meaning

J(t) = Jc(t) + Jw(t). (5.52)

From figure 5.7 we see immediately that the trigonal warping gives a relevant

contribution to the generation of odd harmonics that increases with the harmonic

order. We know that the trigonal warping effect is particularly strong for states

below the Lifshitz transition point, thus we can imagine that the most important

contribution to the odd harmonics enhancement comes from these states. Another

relevant aspect of the trigonal warping is that it locally breaks time reversal (kx →

−kx) in each single valley. Interestingly this can be seen from the spectra as it

causes spurious even harmonic generation in the nonlinear current in each valley.

We are used to thinking of even harmonics generation in term of inversion symmetry

breaking (non-centrosymmetric materials). We recall, however, that the inversion

operator is parametrised as the exchange of valley and sublattice indices, thus if

”remove” one valley the this symmetry is automatically broken. This is not true in

the case of massless and massive chiral fermions as the dispersion is the same in both

valleys (valley degeneracy). The effect is clearly visible in figure 5.8 (right panel)

where we show the current for a single nodal point and it is due to the asymmetry

between the time currents in the two valleys (left panel). This feature of BLG could

be experimentally studied withe the use of gate controlled valley polarisers which

allows to study the single valley current of polarised electrons. Details on this type
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Figure 5.7: Comparison between massive chiral fermions current spectra (grey) and
the one with trigonal warping (blue). The insets show the dispersion related to
Hamiltonians h0 and hw. We show a contour plot of the trigonal warping dispersion
to better highlight the details of the Lifshitz transition.
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Figure 5.8: Single valley current. Time domain current in both valleys (left) and
current spectrum in the K valley (right) where the generation of even harmonics is
highlighted.

Figure 5.9: Current spectra tuning the light parameters. Dependence of the spectra
on input intensity (left), input wavelength and pulse duration (right).

of device can be found in Refs. 139, 140. Once we sum up over the valley index

centrosymmetry is restored, the asymmetry in the valley dependent current cancels

out and even harmonics disappear as we can see from the total current in figure 5.6.

As a conclusive remark, we show the dependence of the current spectra on the

light parameters, in particular the input intensity and wavelength. From standard

nonlinear optics we expect the harmonics to scale with the intensity of the input

field and we can see this behaviour from the left panel of figure 5.9. This can be

understood as the nonlinear polarisation at each order scales with power of the
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electric field as [141, 142]

P (ω) =
∑
n

χ(n)(ω)|E(ω)|n, (5.53)

where χ(n)(ω) is the n-th order susceptibility. From the right panel of figure 5.9

we can observe the variation of the current spectra with the input wavelength and

pulse duration. As expected the spectrum broadens when the pulse duration de-

creases. An interesting aspects of graphene systems is that for undoped systems at

zero temperature the efficiency of the harmonic generation increases with the input

wavelength. For monolayer graphene this has been verified both experimentally and

with analytical calculations for the third harmonic using the equilibrium Boltzmann

equation and diagrammatic techniques. This property is due to a complex interplay

of interband and intraband transitions [36,143,144]. In the case of bilayer graphene

a similar behaviour has been noted using mixed analytical and numerical methods

based in the case of the nonlinear interactions with continuous wave fields [145]. We

can notice, from figure 5.9 (left panel), that this also happens in the case of the

interaction with a pulse laser field.

5.4 Summary & outlook

In this chapter we have studied the nonlinear optical properties of bilayer graphene.

In section 5.1 we have reviewed the electronic properties and the low energy physics

in a similar way as we did in chapter 2 for monolayer graphene. In particular we have

introduced the reduced two band model that is used to implement our numerical

simulations. In section 5.2 we have introduced a convenient formalism to represent

low energy Hamiltonians of graphene-like two-dimensional systems. We have derived

the bilayer graphene Dirac-Bloch equations and computed the relative currents. In

the last section 5.3 we have presented some results of the DBEs numerical simulations

concerning the nonlinear optical response of bilayers. The results presented in this

chapter are preliminary and they could be expanded in several ways. For example
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it would be interesting to compare systematically the efficiency of odd harmonic

generation between monolayer and bilayer graphene and eventually between different

multilayers. We remind that in our analysis we did not consider Coulomb interaction,

thus, their inclusion could account for relevant effects due to interlayer excitons or

to the instability of the gapless state.
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Chapter 6

Conclusions & outlook

In summary, this work of thesis concerns the theory of linear and non linear light-

matter interactions in two-dimensional pseudo-relativistic materials. These materi-

als have been the subject of many research studies in recent years, given the peculiar

property of their carriers that behave as either massless or massive Dirac fermions.

Their dynamics may be described by a condensed matter version of the Dirac equa-

tion. Although they are not fully relativistic, as the field theory that models them

is not Lorentz invariant with the speed of light, they share a number of properties

characteristic of high-energy fermions such as the Klein tunneling or the Zitterbeve-

gung. Since their discovery Dirac materials have beguiled the research community

with their potential application in electronics and by their surprisingly strong optical

response despite being atomically thin.

The work presented here centres on the question of how the properties of such

materials are influenced by the Dirac-nature of the carriers. In particular we focus

on light-matter interactions and on exciton physics. The systems we have analysed

in this work, namely monolayer and bilayer graphene, gapped graphene and TMDs

are either gapless or gapped semiconductors. The electronic and optical properties

of this class of materials have been usually described with a generalisation of the

optical Bloch equations, that models the dynamics of a quantum-mechanical two-

level system in the presence of a driving field. These new Bloch equations introduced

by Koch and Lindberg and further developed by Knorr, Östreich, Binder (to name
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a few), are called the Semiconductor Bloch equations (SBEs). These equations

have been incredibly successful in the description of interband optical transitions,

photon echo and the semiconductor laser. They have also been used to explain

the formation and spectra of bound state quasiparticles as excitons and exciton-

polaritons in semiconductor systems. After the discovery of graphene they have been

adapted to its dispersion and used to describe the dynamics of massless electron

in monolayers and to study their linear and nonlinear optical interactions. The

appropriateness of the SBEs, however, to the study of pseudo-relativistic carriers

should not be taken for granted. To this end Ishikawa in 2010 developed a new

formulation of the SBEs to model graphene’s carriers from first principles. This

led to the formulation of the Dirac-Bloch equations (DBEs). The method has two

advantages, it is non-perturbative and it naturally includes the contribution of both

interband and intraband transitions to the the optical current. Inspired by this work

we further developed the formalism invented by Ishikawa extending it to include

carrier-carrier Coulomb interactions and to model massive chiral fermions in bilayer

graphene. In Chapter 3 and 5 is proved that DBEs consider further contributions

than the SBEs, through the modification of the dipole matrix element by including

the electromagnetic potential as opposed to the inclusion of the electric field only.

As we mentioned above the main effect of this is that the intraband transitions

term naturally appears in the dynamical equations and in the optical current. Until

now the DBEs have been considered only in the so called free carrier limit, in

which Coulomb interactions are neglected. This is not particularly problematic in

the case of graphene as its carriers behave as a nearly free fremionic gas. When

a relevant gap is present, however, Coulomb interactions are expected to play a

significant role limiting the predictive power of the free carrier limit. For this reason

we have included the Coulomb interactions to this new formalism and derived a set

of renormalised Dirac-Bloch equations (RDBs). As a first test to these equations

we have applied them to the study of linear optical properties of Dirac materials

obtaining two relevant results. We have shown that the continuum states in the

relativistic two body problem give an important contribution to the high band-edge
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absorbance rate of group-VI transition metal dichalcohenides. In the literature this

rate is normally ascribed to the contribution of C-excitons only. We also proved

that the if we compute the zero gap limit, the continuum absorbance we recover

the universal absorption law of graphene and that it corresponds to the high-energy

limit of the Elliot formula for gapped materials. This last result is an important

confirmation of the robustness of our approach.

An interesting aspect of the electron-hole relativistic two body problem is the

presence of a phase transition to a BEC-like state called excitonic insulator that so

far has eluded direct observation. Motivated by the interesting nature of this state

we asked ourself what could be the role of the pseudo-relativistic nature of the carri-

ers the description an exciton BEC. To answer this this question we have derived and

solved a simple mean field model for a relativistic BEC that generalises the ”usual”

Gross-Pitaevskii theory. This results in a 2+1 dimensional Klein-Gordon Hamil-

tonian with a quartic potential. This model is simple but it has a non-stationary

localised solution called oscillon. Oscillons are periodic soliton-like solutions with

a lifetime that is so long that it still puzzles researchers in the field. They eventu-

ally evaporate as the model is not integrable and the nonlinearity cannot balance,

asymptotically, the dispersion term. We have studied the oscillon solution in differ-

ent physical situations, when it propagates freely and when it interacts with other

oscillons or with a condensate defect. We have also shown that its dynamics is re-

silient when it goes through an interface between condensates with different energy

gap. This topic constitutes a conceptual bridge with the research we carried in the

field of classic and quantum nonlinear wave equations that is briefly summarised in

Appendix B.

The DBEs formalism is flexible enough to be applied to a range of other two-

dimensional hexagonal relativistic-like semiconductors. The last part of this work

is devoted to the extension of the DBEs to the case of bilayer graphene, the further

generalisation to multilayer is a conceptually simple step even though it may hide

technical difficulties. We have introduced a relatively novel way to parametrise

the effective two bands Hamiltonian of bilayer graphene. This formalism is very
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useful to write the optical quantities in a simple and compact way that is easy to

implement numerically. We presented results of the DBEs equation in the case of the

nonlinear interaction with a short pulse laser field. We detailed the phenomenon of

odd-harmonics generation and its relation with the electronic low energy properties

of bilayer graphene in particular with the trigonal warping. These results are open

to further exploration in particular the inclusion of Coulomb interactions that we

have neglected at this stage. This would be interesting to study the effect of the

gapless state instability and of the so called which layer symmetry breaking on the

nonlinear optical interactions. A more complex extension of this formalism may

be its application to twisted bilayer graphene that have recently gained a lot of

attention as it shows a surprising unconventional high temperature superconductive

state. The DBEs formalism could also be adapted to the more ”exotic” and relatively

new class of materials called type-II Dirac and Weyl semimetals which we have

briefly mentioned. Their most peculiar characteristic is that they have a low energy

dispersion relation presenting a tilted Lorentz violating Dirac or Weyl cone in the

proximity of the nodal point.
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Appendix A

Proof of the generalised angle

relation

In this appendix we prove relation (5.27) with trigonal warping

θk − νk = arctan
(ky
kx

)
− arctan

( k sin(3θk)

k cos(3θk)− 2mv3

)
= − arctan

(
c2,k
c1,k

)
(A.1)

where we are omitting the valley index ξ as we can choose one of them without loss

of generality, we fix ξ = 1. Using the following trigonometric relations

cos(3θk) = cos3(θk)− 3 cos(θk) sin
3(θk),

sin(3θk) = 3 cos2(θk) sin(θk)− sin3(θk),

(A.2)

and remembering that kx = k cos(θk), ky = k sin(θk), we get

θk − νk = arctan
(ky
kx

)
− arctan

( ky(3 cos
2(3θk)− sin2(θk))

kx(cos2(θk)− 3 sin2(θk))− 2mv3

)
. (A.3)

We now make use of the arctangent addition formula

arctan(u)± arctan(v) = arctan
( u± v

1∓ uv

)
, (A.4)
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we thus obtain

θk − νk = arctan

( ky
kx

− ky(3 cos2(3θk)−sin2(θk))

kx(cos2(θk)−3 sin2(θk))−2mv3

1 + ky
kx

(
ky(3 cos2(3θk)−sin2(θk))

kx(cos2(θk)−3 sin2(θk))−2mv3

)). (A.5)

Let us now look at the argument of the arctangent, after simple rearranging we have

−2kxky − 2mv3ky
k2x cos

2(θk)− 3k2x sin
2(θk) + 3k2y cos

2(θk)− k2y sin
2(θk)− 2mv3kx

, (A.6)

using the definition for kx and ky this can be rewritten as

−2kxky − 2mv3ky
k2(cos4(θk)− sin4(θk))− 2mv3

. (A.7)

Remembering that cos4(θk)− sin4(θk) = cos2(θk)− sin2(θk) we get

−2kxky − 2mv3ky
k2x − k2y − 2mv3ky

, (A.8)

we can thus write

θk − νk = arctan

(
kxky
m

+ v3ky

−k2x−k2y
2m

+ v3kx

)
= − arctan

(
c2,k
c1,k

)
. (A.9)
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Appendix B

Summary of selected works in

quantum nonlinear optics and

black-holes analogues

This appendix is devoted to the work I carried during my PhD that does not con-

cern two dimensional materials. In particular I selected the work contained in three

papers [146–148] that summarise well the two main areas that have been the focus

of this research: quantum nonlinear optics and black holes analogues in nonlinear

optics. This appendix comprises three sections. The first contains some general

remarks on solitons and integrability of nonlinear partial differential equations. The

second is centred on quantum optical solitons a particular integrable solution of

quantum optical wave-equations. The third on the emission of Hawking-like radia-

tion from classical optical solitons.

B.1 General remarks on solitons and integrability

Solitons in wave theory are non-dispersive and stationary solutions of integrable

nonlinear partial differential equations (PDEs). They can be considered particle-

like waves as they interact elastically between each other [149]. Solitons appear in

a variety of physical systems such as optical fibers [150], water waves [151], Bose
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𝑢(𝑥, 0)
Direct scattering problem

̂S(λ,0)

Inverse scattering problem
𝑢(𝑥, 𝑡) ̂S(λ, t)

Time Evolution{ℒnlu(x, t) = 0,
u(x,0) = u(x)

Figure B.1: Inverse scattering transform integration scheme that consists of a direct
scattering problem a time evolution and an inverse scattering problem. Here Lnl is
a general non linear differential operator, u(x, t) is a scalar field and Ŝ(λ, t) a set of
scattering data.

Einestein condensates [152] and superconductivity [153]. The concept of integrabil-

ity for PDEs is more subtle than in ordinary differential equations (ODEs), as an

infinite dimension generalisation of the Arnold-Liouville theorem, which provides a

necessary and sufficient condition for the integrability of ODEs, is lacking. For this

reason a more operative condition is used in the infinite dimensional case. A nonlin-

ear PDE is integrable if it can be solved with the inverse scattering transform (IST),

that can be thought of as a rather complex generalisation of the Fourier transform

for nonlinear systems [149]. This method was introduced for the first time in 1967 to

solve the KdV (Kortweg de Vries) equation [154] and it was extended in 1974 for a

more general class of nonlinear PDEs [155]. A simple scheme on how the IST works

is presented in figure B.1. The direct scattering problem defines a space of scattering

data Ŝ(λ) that depends on the scattering parameter λ. We can imagine this space

as a generalisation of the momentum space. The advantage of defining this space is

that the time evolution is easy to compute. The last part of this scheme, arguably

the hardest, is the inverse transform that reconstructs the time evolved fields u(x, t)

from the scattering data. This theory has a quantum counterpart, if we consider
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a quantised field û(x, t) and a dispersive self-interacting theory with an interaction

term of the form κV (û) in 1 + 1 dimesions, the dynamical equation will be

L(x, t)û(x, t) + κV (û, û†) = 0, (B.1)

where L(x, t) is a linear differential operator and the scalar field satisfies the following

commutation relation

[û(x, t), û(x′, t)] = 0, [û†(x, t), û(x′, t)] = iδ(x− x′). (B.2)

An equation of this form is an integrable quantum problem if it can be solved with

an integration scheme. There are two main schemes for quantum PDEs, the Bethe

ansatz, that has been used for the first time to solve the Heisenberg spin chain [156]

and the quantum IST introduced by Faddeev and Korepin [157]. Integrability of

quantum systems is a fascinating and particularly complex problem, that goes far

beyond the operational definition we gave here. The interested reader can refer to

specific publications [158, 159]

B.2 Quantum optical solitons

In our work in ref. 146, in which I was lead-author, we considered a particular form

of equation (B.1), the quantum nonlinear Schrödinger equation (QNLSE), that it

is used to model quantum effects in the propagation of light in optical fibers with

Kerr nonlinearity [142], namely

−i∂tû(x, t) + ∂2xû(x, t) + κû†(x, t)û(x, t)û(x, t) = 0, (B.3)

where κ is the nonlinear coupling constant proportional to the third order suscepti-

bility χ(3). This equation is integrable and has soliton solutions. When the nonlinear

coupling is positive the equation is called defocusing and admits soliton solutions

with a finite background (dark solitons). In the case of negative coupling the NLS
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(b) (c)(a)

’

Figure B.2: Main results of the paper. (a) Propagation of the soliton spectrum
|â†(ω)â(ω)|2 in frequency domain, (b) average value of the ladder operators at a fixed
propagation length, (c) second order correlation function at the same propagation
length, where we highlighted the quantum correlations corresponding to the spectral
sidebands in panel (b).

is focusing and has rapidly decreasing localised solutions called bright solitons [150].

The classical version was solved with the IST in 1972 by Zakarov and Shabat [160].

The solution of the quantum problem was found for the first time by Lieb and Linger

in 1963 using the Bethe ansatz [161,162]. The quantum soliton solution in the case

of optical fibers was found at the end of the eighties by Lai and Haus [163,164]. We

considered equation B.3 and solved it numerically using phase space methods that

associate a Fokker-Planck equations to dispersive nonlinear quantum problems [165].

In this way we transformed the QNLSE in a system of stochastic differential equa-

tions and solved it numerically with a stochastic version of the Runge-Kutta algo-

rithm. We focused our attention on the spectrum of the quantum soliton solution

and found the signature of the emission of entangled photons from the soliton itself in

the second order correlation function in frequency domain G(2)(ω, ω′). The emission

process is shown in figure B.2. The spectral sidebands are composed of frequency-

entangled photon pairs, in order to show this we have calculated the second order

correlation function and found that it drops below one in correspondence with the

spectral sidebands. When the second order correlation function is lower then one

it indicates the presence of non classical photon-correlations. In other words, com-

monly used in quantum optics, the photon statistics becomes sub-poissonian [166].

In panel (c) is shown the quantity G(2)(ω, ω′) − 1. The quantities that appear in
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figure B.2 are expressed in terms of variables commonly used in fiber theory

z = x− dωk

dk
t,

ω =
dωk

dk
k,

(B.4)

where x and t are space and time variables, ωk is the dispersion relation of the

dressed photon in the optical fiber. The ladder operators â(ω) and â†(ω) (figure

B.2b) are the Fourier transforms of û and û† expressed in term of the variables in

equation B.4.

In summary this work provided a model in which quantum solitons emit radi-

ation in the form of entangled photon pairs. This process eventually leads to the

evaporation of the quantum soliton. Quantum evaporation has been predicted in

semiclassical systems. The most famous example being the Hawking radiation from

a black hole event horizon or its analogues, which will be briefly explained in the next

section. The process analysed here radically departs from these effects. Quantum

soliton evaporation does not require the presence of an event horizon as it purely

the result of the quantisation of the dynamics and the resulting fluctuations of the

soliton.

B.3 Black hole analogues

The content of this section is mostly based on ref. (147), in which I was co-lead

author, and focuses on the concept of black hole (BH) analogues. This concept was

formulated by W. Unruh [167] and refers to the possible observation of Hawking

radiation emission in systems where there is an analogue of a BH event horizon.

Hawking radiation consists of entangled photon pairs from a BH horizon in which a

positive energy particle is released from the horizon and a negative energy particle

passes beyond the event horizon reducing the total energy of the BH leading to the

evaporation of the BH itself. The emitted particles presents a black-body emission

spectrum bearing no information about the interior of the BH [168]. The character-
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istic temperature of this spectrum is called Hawking temperature (TH) and depends

on the type of BH space-time metric under consideration. An exhaustive review of

the systems in which the emission of Hawking-like radiation has been proposed and

observed can be found in ref.(169). We shall study only analogues of the stationary

Schwarzschild BH. In particular we explore the analogy between BH and solitons.

This idea was originally proposed by Salam in 1972 [170] and formalised by Zakarov

and Belinskii in 1978, they showed for the first time that there are soliton solutions

of the Einstein equations in two dimensions [171]. In what follows we give some

insights on this connection from a different perspective, we show that a space-time

with a Schwarzschild-like event horizon can be associated to a particular class of

integrable nonlinear PDEs.

We consider the classical nonlinear Schrödinger equation (NLSE) for a classical

scalar field u(x, t),

−i∂tu(x, t) + ∂2xu(x, t) + κ|u(x, t)|2u(x, t) = 0, (B.5)

and the formulation of the IST introduced by Ablowitz et al. [155] called AKNS

vx = γx(u, u
∗, λ)v,

vt = γt(u, u
∗, λ)v,

(B.6)

where v is a n-dimensional vector and γx and γt are you n × n matrices in the

Lie algebra su(n) of the symmetry group SU(n)I. They define the direct scattering

problem and the time evolution respectively. For n = 2 and with a particular choice

of the AKNS matrices (γx,γt) it is possible to show that the system B.6 is integrable

if the field u satisfies the NLSE. The integrability condition is obtained imposing

the compatibility of the system (B.6), i.e. ∂x,tv = ∂t,xv. This gives the following
ISU(n) is the special unitary group of degree n. It consists of the n×n matrices of determinant

one. The associated Lie algebra su(n) is the set of n× n antihermitan traceless matrices.
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equation for the matrices γµ (µ = (x, t))

∂tγx − ∂xγt + [γx, γt] = 0. (B.7)

This is known as zero curvature condition, because if we introduce a fictitious non

abelian gauge field Aµ = (γ1, γ2) the condition in equation B.7 corresponds to a

vanishing curvature tensor Fµν = ∂µγν − ∂νγµ + [γµ, γν ]. In 1982 the interesting and

somewhat surprising concept of soliton surfaces was introduced. It was established

that to each equation of the AKNS class which comprises the NLS, the Sine-Gordon

and the KdV equation among others, can be associated a particular surface whose

metric tensor is given by [172]

gµν = αRe[tr(∂λγµ∂λγν)], (B.8)

where α is a normalisation constant and the line element for this metric is the usual

ds2 = gµνdx
µdxν . In the case of the focusing NLS equation, the metric tensor,

equation B.8 is given by

gµν =

 4 −16λ

−16λ 16(|u|2 + 4λ2)

 , (B.9)

where, for simplicity, we have assumed κ = 1 for the nonlinear coefficient. We

now want to substitute in equation B.9 a particular soliton solution. From the IST

applied to the focusing NLS we know that it admits rapidly decreasing localised

solutions called bright solitons of the form

u(x, t) = B sech[B(x− vt)]ei[
v
2
x+(B2−v2/4)t], (B.10)

where B is the soliton amplitude and v the soliton velocity. The line element asso-
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ciated to the moving soliton is [147]

ds2 = 4dx2 + 8v dxdt− (16B2 tanh2(Bx)− 4v2)dt2. (B.11)

through a rather complex change of coordinates, which we omit here, equation B.11

can be put in a Schwarzschild-like form, namely

ds2S = −f(r)dτ + 1

f(r)
dr, (B.12)

where the Schwarzschild function is given by

f(r) = 16B2(1− e−r/4)− 4v2. (B.13)

The event horizon is given by the coordinate singularity of f(r), meaning

f(rH) = 0 =⇒ rH = 4 ln(4B2[4B2 − v2]−1), (B.14)

The position of the event horizon with respect to the soliton squared modulus |u|2

is shown in figures B.3a and B.3b in the stationary and moving case respectively.

Following the Unruh argument, since we have found an event horizon we can have

Hawking radiation with an Hawking temperature defined as

TH =
|f ′(rH)|

4π
=
B2

π

(
1− v2

4B2

)
. (B.15)

This definition of the Hawking temperature is always possible if the space-time can

be written in Schwarzschild coordinates. The dependence of the temperature on the

soliton velocity is shown in figure B.3c, it approaches zero when |v| → 2B above

this value the soliton solution breaks down as the group velocity exceeds the phase

velocity. We may wonder what is the physical meaning of this geometrical theory of

solitons and of the related Hawking radiation. The metric defined use the IST is the

same felt by a perturbation to the soliton background, this can be shown verifying
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Figure B.3: Main results of the paper. (a) A schematic of the NLSE stationary
soliton (v=0) showing its event horizon position at the soliton peak. (b) A represen-
tation of the NLSE moving soliton with velocity, showing its event horizon position
located at two points placed symmetrically with respect to its peak. (c) Soliton
Hawking temperature as a function of its linear velocity.

that the NLS equation for a soliton perturbation can be reduced to a Klein-gordon

equation for a massless scalar field in a curved space-time with a metric tensor given

by equation (B.9).

This approach can be applied to other equation belonging to the AKNS system.

An example is the sine-Gordon equation (SGE)

∂xxu− ∂ttu− κ sin(u) = 0, (B.16)

this equation has found uses in many areas of physics such as differential geometry,

relativistic field theory and Josephson junction theory [173]. Its fundamental soliton

solution, known as kink has a known connection with BH theory [174]. The metric

tensor related to the SGE describes a space-time with constant negative curvature

and it has an Hawking radiation that scales linearly with the kink velocity TH =

v/(2π) [148].

In conclusion we have shown that there is a formal mathematical connection
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between integrable nonlinear wave equations and black hole event horizons given by

the geometry of solitons. Starting from the AKNS formulation of the IST, equation

B.6, one can construct a metric that defines a curved spacetime (the soliton surface)

with an event horizon that is perceived by the quantum fluctuations propagating

inside the soliton. As it is known from Hawking and Unruh theory when quantum

effect come into play in the vicinity of an event horizon, Hawking radiation can be

emitted and the related Hawking temperature can be calculated. The concept of

soliton geometry formalises the idea of the BH-soliton connection originally proposed

by Salam [170]. It proves with rigorous mathematical methods that every system

with an event horizon can emit Hawking radiation as Unruh observed first based on

physical principles [167].
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