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Abstract

This thesis explores the dynamics of light’s angular momentum in several nonlinear
media, namely coupled ring arrays of optical fibres, nested fibre optic resonators and
photon fluid analogues for rotating scatterers. In the fibre systems considered, optical angular momentum takes a discrete form that is related to but distinct from the
more well-known orbital angular momentum. This discreteness, combined with angular coupling between adjacent fibres, results in nonlinear interactions that do not
occur in either uncoupled fibres or continuous media. These may drive instabilities
which break angular symmetry and allow different angular momenta to be generated. The precise nature of the angular momentum spectra and their dependence
on the fibre array’s structure is properties is examined. Similarly, amplification of
angular momentum signals reflecting from rotating photon fluids is elucidated via
a simple model analogous to Zel’dovich’s cylinder. Numerical tests with this model
clarify and demonstrate the amplification process and the conditions required to
support it. This yields insights into the more complex problem of realising an analogue for Penrose superradiance from an acoustic Kerr black hole within a photon
fluid.
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Chapter 1

Introduction

In this chapter, the underlying physical concepts and theory for the rest of the thesis
is discussed. This starts with an overview of angular momentum as it pertains
to optics. Following this, the nonlinear Schödinger equation is introduced as the
starting point for modelling light propagation through the nonlinear optical media
considered here. Next the principles of analogue gravity and the role of photon
fluids in this context are discussed. Finally the field of nonlinear fibre optics is
briefly summarised.

1.1

Optical Angular Momentum

In standard mechanics, the total angular momentum J of any massive object, quantum or classical, may be split into two components J = L + S. In both classical
and quantum mechanics, the orbital angular momentum L can be understood as the
angular momentum of the object with linear momentum p about a point from which
the body is displaced by r. The component S is more subtle. For classical objects it
corresponds to the rotation of the body about its own axis. For quantum particles
however, it is an intrinsic property called spin which has no analogue with classical
rotation and takes quantised values of either half-integer or integer multiples of ~,
2

depending on whether the particle is a fermion or a boson [1].

The distinction between orbital and spin angular momentum for photons is at first
sight more complex. Being massless particles, no rest frame can be defined for them.
This has profound consequences, in particular that there is no universally accepted
definition for a photon wavefunction in real space. Many of the proposed expressions
for separate orbital and spin angular momentum are gauge dependent. Darwin [2]
provides gauge-independent forms for these in momentum space by considering the
wave-particle duality of photons, which Bialynicki-Birula [3] expresses as
Z
J = d3 rr × (0 E × B) = L + S
Z 3
dk ∗
L = −i20
E (k) (k × ∇k ) Ei (k)
c|k| i
Z 3
dk ∗
E (k) × E(k).
S = −i20
c|k|

(1.1.1)
(1.1.2)
(1.1.3)

The advantage of a momentum-space representation is that it eliminates the gauge
dependence. It also allows a two-component photon wavefunction to be defined in
the helicity basis, or in other words, left and right circular polarisations. Using this
photon wavefunction, Bialynicki-Birula shows that Darwin’s decomposition above
is equivalent to single-photon quantum expectation values of independent orbital
angular momentum and helicity operators, scaled by the number of photons in the
field [3]. Equivalent real-space representations can be made [4]. Optical momentum
may have multiple meanings and should be carefully defined in each case, especially
within dispersive dielectrics and other media with complex optical responses. In
a vacuum, a photon’s linear momentum is given unambiguously by the De Broglie
relation p0 = ~ω/c. In dielectric media however, one may choose to define either
the Minkowski momentum
Z
dV D × B

(1.1.4)

or alternatively the Abraham’s momentum
Z
pA = dV E × H

(1.1.5)

pM =

which in simple, homogeneous media reduce to pM = np0 and pA = p0 /n, where n
is the medium’s refractive index. The discrepancy between these two expressions
caused the long-standing Abrahams-Minkowski controversy, regarding which one
is the fundamentally correct form of light’s momentum. Many examples exist in
3

support of either form over the other; the Minkowski momentum is related to the
reduced wavelength λ = λ0 /n of light in dielectrics through the De Broglie relation
and is the relevant photon momentum for resonant interaction with a two-level atom
embedded in a dielectric [5]. Meanwhile, the Abraham momentum is required when
describing the momentum imparted to a dielectric block as a photon travels through
it [6]. The modern consensus appears to be that there is no contradiction, as the optical momentum each describes is physically distinct. The Abraham momentum can
be thought of as a kinetic or wave-like momentum [7], similar to the crystal momentum associated with electronic states in a lattice, while the Minkowski momentum is
a canonical or particle-like momentum [8] which commutes with the spatial position
operator. Barnett [9] elaborates on this distinction. The discrepancy between the
two can be seen as a difference in accounting for momentum in both the electromagnetic fields E and H and the material’s polarisation P and magnetisation M
modes. Though this discussion is typically framed in terms of linear momentum, it
applies equally to angular momentum.

Under paraxial conditions, the orbital angular momentum of light corresponds to the
azimuthal winding number (number of wrappings from 0 to 2π ) of the beam’s phase
around its propagation axis, while its spin is given by the net circular polarisation.
Since this momentum is related to the beam’s phase gradient, it should correspond
to the Abraham momentum. Periodic angular boundary conditions restrict orbital
angular momentum to integer values. Beams carrying orbital angular momentum
are termed optical vortices, since the azimuthal phase wrapping imposes a phase singularity at the beam centre, which creates an intensity dip similar to the throats of
fluid vortices. Optical vortices may be described in terms of either Laguerre-Gauss or
Bessel modes, which are polar-coordinate functions analogous to spatially confined
wavepackets and plane-waves respectively. More generally, non-paraxial light may
exhibit spin-orbit interactions and the distinction between orbital and spin angular
momentum is not straightforward [10]. When optical beams are tightly focused, or
interact with inhomogeneous or birefringent materials, the two momentum components may be exchanged. Devices such as q-plates [11] are deliberately designed to
perform this conversion.

4

The work in this thesis involves materials which are either polarisation-preserving,
polarisation insensitive or both, typically operating in the paraxial limit. For this
reason, optical spin angular momentum will not feature significantly compared to
orbital angular momentum. However we are mostly concerned with coupled fibre
systems where light is tightly confined around the fibre cores, so a discrete form of
angular momentum is most relevant. Like orbital angular momentum in free space,
this discrete momentum is related to the azimuthal phase winding of light from core
to core, but may only take a finite range of values rather than arbitrary integers.
This distinction will be made explicit in the relevant chapters.

1.2

Nonlinear Schrödinger Equations

Courairon et. al. [12] give a comprehensive overview of models for electromagnetic pulse propagation models in nonlinear dielectrics and their derivation from
Maxwell’s equations, including the nonlinear Schrödinger equation (NLSE). There
are many variations of the NLSE in different dimensions. Two variants will be used
in this thesis. The first resides in two spatial dimensions, one continuous and one
discrete, and one time dimension; this is an extension of the NLSE commonly used
in nonlinear fibre optics. The second is based in three spatial dimensions and is used
to model propagating-geometry photon fluids.

Throughout this thesis, we will be studying the propagation of light confined to
homogeneous, isotropic dielectric materials. This is a helpful starting simplification,
since we need only track the evolution of single scalar electric field ε. Further, we
will assume that light is linearly polarised along one axis only. In general and in one
time and three spatial dimensions, ε can be described by a nonlinear wave equation
which results from Maxwell’s equations [13]
∇2 ε +

1 2
∂t ε = −µ0 ∂t 2 P
c2

(1.2.1)

where P is the material’s polarisation. Under normal circumstances photons do not
interact with one another. However in the presence of a medium whose permittivity
responds nonlinearly to the light’s electric field, they experience an effective inter5

action. This can be modelled through contributions to P proportional to higher
powers of ε. When the optical nonlinearity is due to an instantaneous Kerr effect,
P is related to ε by


3 (3) 2
P = 0 r − 1 + χ |ε| ε
4

(1.2.2)

given vacuum permittivity 0 , relative permittivity r (equivalent to the linear refractive index’s square root in lossless materials) and third-order susceptibility χ(3) .
When the material possesses no structure on the scale of the optical wavelength and
the light has a narrow spectrum centred on a single frequency ω0 , it is helpful to
decompose the real electric field ε into a complex envelope and carrier
ε = E(r, t) exp (i(k0 · r − ω0 t)) + E ∗ (r, t) exp (−i(k0 · r − ω0 t)) .

(1.2.3)

The wavevector k0 is oriented along the propagation direction and its magnitude is
related to ω0 through the material’s optical dispersion. The aim is to obtain a single
equation for the envelope E, which presumably varies slowly in both space and time
compared to the carrier wave exp (i(k0 · r − ω0 t)). There are several approaches to
deriving the fibre-optic NLSE; the approach taken by Agrawal [13] relies on assuming
that the nonlinear contribution to the permittivity ∝ |E|2 is roughly constant. This
can be justified if we discount the third harmonics, assume the envelope is slowlyvarying and that the nonlinear contribution to P is weak relative to the linear part.
This is briefly summarised here. An ansatz E = F (x, y)A(z, ω − ω0 ) exp(iβ0 z) is
made for the electric field in the Fourier (frequency) domain. This separation of
variables splits the wave equation into the Helmholtz equation to be solved for
the transverse fibre mode F and its associated eigenvalue β̃(ω), and a propagation
equation for the envelope A. The envelope is assumed to be slowly-varying such
that ∂z 2 A ≈ 0, meaning
i∂z A =

β0 2 − β̃ 2 (ω)
A.
2β0

(1.2.4)

β̃ can be obtained perturbatively, first by solving a linear Helmholtz equation for F
and the linear propagation constant β(ω), then adding the modification ∆β(ω) due
to the nonlinearity such that β̃ = β+∆β. This may be an involved process depending
on the fibre structure in question and the dependence on ω could be complicated.
Instead, one typically treats them phenomenologically by Taylor expanding both
about the central frequency
β(ω) =

∞
X
βn
n=0

n!
6

(ω − ω0 )n

(1.2.5)

and similarly for ∆β(ω) before truncating. The expansion constants βn (ω0 ) are
referred to as dispersion coefficients. For the NLSE, only terms up to β2 are kept,
though higher orders may be needed for accurate results whenever ω0 lies close to
a zero-dispersion point. Typically only the first term in the perturbation expansion
∆β0 ≡ ∆β(ω0 ) is kept since its frequency dependence is assumed to be weak. These
expansions only make sense while ω remains close to ω0 , which limits the validity
of the NLSE. Since ∆β0 and βn should be much smaller than β0 for n ≥ 1, β̃ 2 ≈
β0 (β0 + 2(β(ω) − β0 + ∆β0 ) so
i∂z A = −iβ1 ∂t A +

β2 2
∂t A − ∆β0 A.
2

(1.2.6)

In the absence of optical absorption, the propagation constant perturbation can be
defined as γ|A|2 , with
R∞ R∞
4
3ω0 Re(χ(3) ) −∞ −∞ |F (x, y)| dxdy
γ=
2
R R
∞
∞
40 c2 n2
2
|F (x, y)| dxdy
−∞ −∞

(1.2.7)

in dimensions where the field envelope A has been scaled such that |A|2 is expressed
in dimensions of power. Further, shifting the time coordinate from t to T = t − β1 z
transforms to a frame co-moving with the pulse’s group velocity and eliminates the
term ∝ β1 . This leaves us with the NLSE familiar to fibre optics,
i∂z A =

β2 2
∂T A − γ|A|2 A.
2

(1.2.8)

Before proceeding, it is helpful to review the assumptions that went into the NLSE’s
derivation. These are chiefly:

• The medium is a simple dielectric with an isotropic optical response, which can
be characterised by a scalar permittivity (r) as well as a third-order nonlinear
susceptibility χ(3) .
• The light has a sufficiently narrow bandwidth centred on a frequency ω0 such
that it is approximately monochromatic and can be well-described by the
envelope-carrier decomposition in equation (1.2.3).
• The envelope function in (1.2.3) is slowly varying in time and space relative
to the carrier wave, such that ∂z 2 A ≈ 0 and dispersive terms ∝ ∂tn for n ≥ 3
can be neglected.
7

• The fibre mode functions F (x, y) are independent of the optical frequency ω.
This is not true in practice as the mode’s shape and frequency are intrinsically linked and propagation modes may be cut-off entirely for low enough
frequencies. However, if the above small-bandwidth assumption holds and all
the field’s frequencies are close to ω0 , we may reasonably approximate all with
a common mode structure F (x, y, ω0 ) = F (x, y).
• The field is linearly polarised along a single axis, and the isotropic dielectric
does not permit any mixing between orthogonal polarisations.

This can in fact be solved analytically using the inverse scattering transform, as
applied by Zakharov and Shabat [14] to prove the existence of a whole family of
N -soliton solutions. They also showed that the NLSE has an infinite number of
associated conserved quantities. This property is shared with a wide class of nonlinear partial differentiable equations which can be similarly solved explicitly, known
as integrable systems [15]. Integrability is typically lost when terms to account for
other effects such as loss and coupling between fibres are included, in which case
the NLSE has to be solved numerically. This can be done efficiently using spectral
split-step algorithms, as detailed in [12].

The NLSE for photon fluids is derived from in a similar manner, except here the
field envelope is supposed to be time-independent and we work in three-dimensional
space, with one spatial axis z acting as the propagating coordinate. Using the ansatz
ε = A(r⊥ , z) exp (i(β0 z − ω0 t)) + A∗ (r⊥ , z) exp (−i(β0 z − ω0 t)) .

(1.2.9)

in eq. (1.2.1) and expanding derivatives gives

ω02 2
∂z A + i2β0 ∂z A − β0 A + ∇⊥ A = − 2 n + γ̃|A|2 A
c
2

2

2

(1.2.10)

In this case, γ̃ is used for the nonlinear coefficient which for our system arises from a
thermo-optic effect, whereby the medium is heated by optical absorption, resulting
in a decrease in its refractive index from the associated rise in temperature. This
refractive index dip acts as a potential barrier for light, and therefore the thermooptic nonlinearity provides an effective repulsive photon-photon interaction. This is
distinct from the optical Kerr effect based on the nonlinear susceptibility χ(3) which
8

arises in the previous fibre-optic NLSE. As before, the second-order derivative in z
will be dropped as it is assumed to be insignificant compared to the other terms
as per the slowly-varying envelope approximation. r⊥ , ∇⊥ represent the transverse
coordinates (x, y) and gradient (∂x , ∂y ) respectively, or their polar equivalents. The
ansatz (1.2.9) also requires the paraxial approximation, which assumes the beam
does not diffract too strongly away from the propagation axis. That is, β0 2 ε >>
|∇⊥ 2 ε| so we can approximate the fast carrier oscillations as being restricted to the
z-direction. This also means β0 ≈ nω0 /c, cancelling the linear A terms. This leaves
the desired NLSE describing propagating photon fluids,
i∂z A = −

β0 γ̃
1
∇⊥ 2 A + 2 |A|2 A.
2β0
2n

(1.2.11)

A positive sign convention is used for the nonlinear term, since the nonlinearity
required to support a photon fluid must be repulsive. As the nonlinearity is driven by
heat absorption, the nonlinear term is effectively nonlocal and a through treatment
replaces it with a spatial convolution integral between the optical intensity and the
medium’s thermal response function. The NLSE derivation is otherwise unchanged
however and we will discuss this point in the relevant chapter.

1.3

Analogue Gravity & Photon Fluids

The aim of analogue gravity (AG) is to study phenomena from general relativity
and cosmology, for example, Hawking radiation from black hole event horizons [16],
by mimicking the associated curved spacetimes in more accessible settings. This
enables experimental testing of physical theory that would be difficult or impossible
to do based on current astronomical observations. Typically these laboratory models
are either condensed matter (in particular fluid) or optics-based.

Several works in the twentieth century explored how electromagnetism, at a geometric level, can be understood in terms of a material-dependent metric as might
be induced by a gravitational field in general relativity [17] [18] [19]. Separately,
the analogy between gravity and acoustics was invoked by fluid mechanics studies
in astrophysical contexts [20, 21, 22]. In both cases, the motivation behind the
9

analogy was to improve the understanding of complex light or sound propagation
through well-understood concepts from general relativity. This is a complementary
but almost opposite direction to the approach of ‘modern’ AG, which typically uses
aspects of the analogue system to demonstrate or test ideas in gravitational physics.
One of the earliest and best-known works in modern AG is Unruh’s derivation of
Hawking radiation, not from a gravitational black hole but rather an acoustic horizon in supersonically flowing fluid [23]. While he found a thermal spectrum for
phonons emitted from the horizon, just as for Hawking radiation from a real black
hole, Unruh noted that it must have a high-frequency cut-off. The hydrodynamical model the acoustic Hawking temperature is derived from assumed a continuous
fluid, which isn’t valid at the atomic scale. Similarly, the theory of real Hawking
radiation encountered a ‘trans-Planckian’ problem as photons detected with finite
frequency by a distant observer would supposedly have had infinite frequency when
they emitted at the event horizon [24, 25]. In fact, Unruh’s analogue proved useful in motivating physical Planck-scale frequency cut-offs to circumvent this issue
[26, 27, 28]. Its success can be seen as an inspiration for much of the theoretical and
experimental work on black hole analogues which followed.

Analogue gravity models have been devised in superfluid 3 He [29, 30, 31], distorted
graphene [32], the optics of moving dielectrics [33], ultrashort pulses [34, 35, 36],
Bose-Einstein condensates (BECs) [37, 38, 39, 40], as well as classical fluids [41, 42]
which were the setting for Unruh’s analogy. The vast majority work on a ‘kinematic’
level, in that they describe the evolution of fields in curved spacetime, but not
how those fields affect the curvature of spacetime. A few models are ‘dynamical’
and include some sort of backreaction which qualitatively reflects the gravitational
distortion of spacetime by matter [43, 44, 45, 46]. However, to make a complete
and quantitative analogy with general relativity (classical gravity) a model would
have to replicate Einstein’s field equations, which no analogue system has realised
to date.

On the other hand, analogues may be employed to study models of gravity which
go beyond general relativity. In particular, emergent gravity supposes that gravitational fields and spacetime are not elementary quanta in themselves but arise as
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low-energy limits of more fundamental fields, such as a condensate of hypothetical
bosons [47, 48]. Many analogues of gravity are themselves ‘emergent’ theories as
they derive approximations to classical gravity from quantised background fields
(superfluids for example). Another possibility is to investigate analogues which
feature Lorentz violation at high frequencies. Typically a desirable feature of an
analogue is a linear dispersion relation for the fields it studies, as this mimics the
Lorentz-invariant properties of light propagation in standard relativity. However, it
is suspected that real spacetime may not be Lorentz-invariant at distances shorter
than the Planck scale [49, 50]. Hence analogues featuring dispersion which becomes
nonlinear above a critical frequency are of interest for speculating how gravitational
phenomena might be modified in the high energy limit [51]. All of this is connected
to testing possible theories of quantum gravity; here analogues may be useful for
identifying potential effects of gravity at the quantum level which may be detectable
from consequences at the emergent, classical level [52]. Photon superfluids possess
a phonon dispersion relation which transitions from linear-to-nonlinear around the
inverse healing length. As such they are a promising test environment for analogue
gravity.

If the medium-induced interaction between photons is repulsive, an effective pressure
arises from the intensity of light. Particularly for nonlinearities which are proportional to the square of the electric field, they describe repulsive collisions between
pairs of photons [53]. In the weakly interacting limit with a macroscopic number
of photons, this results in a fluid of light or photon fluid. This state of light was
first predicted by Chiao and Boyce [54, 55] by applying Bogoluibov theory of manybody excitations to the photon gas with weak interactions. Photon fluids are in fact
superfluids, meaning they have no viscosity and flow without dissipation below a
critical velocity [56, 57, 58]. This characteristic has been tested in several experiments [59, 60]. Superfluidity is also associated with linear dispersion for sound waves
longer than the healing length propagating in the photon fluid. This means that sufficiently low acoustic frequencies travel with a common phase and group velocity; as
mentioned above such an absence of dispersion for low momenta is critical for mimicking the vacuum in analogue gravity studies. Bose-Einstein condensation, in which
a macroscopic occupation of the photon fluid’s ground state gives rise to a giant co-
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herent quantum wavefunction, is also observed in photon fluids [61, 62, 63, 64, 65].
They have a practical advantage over comparable cold-atom systems as they can
exhibit BEC and superfluidity at room temperature, and as such have great utility
for investigating many-body bosonic physics.

The quantised nature of photon fluids means they can exhibit properties not found
in classical hydrodynamics, such as quantised vortices [66, 67, 68]. These may be
imprinted by applying a spiral phase pattern to the photon fluid using a spatial
light modulator, which induces orbital angular momentum in the light and a phase
singularity at the centre of the spiral [69]. They may also be created dynamically by
forcing the fluid to flow past an obstacle above a critical velocity [60, 70] given by
the Landau criterion; above this velocity it becomes energetically favourable (there
is a negative energy cost) to create pairs of excitations in the obstacle’s vicinity
[53]. This causes a von Kármán street of vortices to be shed from alternating sides
of the obstacle, as occurs in the same scenario for low Reynolds number classical
fluids [71]. For a small, weak obstacle the critical flow velocity is typically the fluid’s
speed of sound but for larger obstacles, it may be subsonic [72]. Faster flow past
large obstacles may also nucleate continuous, one-dimensional oblique dark solitons
[73], compact density dips which are the counterpart to bright solitons supported in
media with attractive nonlinearities. Alternatively, vortices may emerge from the
decay of one-dimensional dark stripe solitons due to transverse modulation instability [74]. This ‘snake instability’ occurs generally for dark stripe solitons, but they
can be stabilised against it by supersonic flow [75], as happens in [73]. In related
polariton fluids, Tosi et. al. managed to induce an entire lattice of vortices by
inhomogeneously pumping an optical cavity to impose rotational and translational
symmetries which locked the relative phases of polariton sources [76]. Vortices in
photon fluids are also found as two-dimensional dark soliton states, as the shape
of the vortex core can be fixed by a balancing of diffraction and photon-photon
repulsion [77]. When photon-photon interactions are local, higher-order vortices
carrying topological charge greater than one are typically unstable and over time
will decay to fundamental dark vortex solitons with OAM ±1 [78, 79]. The angular
momentum carried by optical vortices can be applied in analogue gravity to model
rotating spacetimes, and in combination with a focusing phase profile, an analogue
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of a rotating (Kerr) black hole [80].

It is worth pointing out that a very different state of light emerges when photonphoton interactions are attractive instead of repulsive, i.e. the nonlinearity is positive rather than negative. In this case, the superfluid analogy is lost as the pressure
arising from photon density is ‘negative’, making it energetically favourable for photons to bunch together in space. However, other sorts of fluid analogies are possible; quantum droplets may emerge in attractive quantum fluids formed from either
dipolar BECs [81, 82] or photons [83]. Typically these droplets require an additional
repulsive interaction to counteract the attractive forces, otherwise they are unstable
and collapse. When the attractive interaction is nonlocal, these droplets can be used
to model boson stars, hypothetical astronomical condensates which may be formed
by photons [84] or the interiors of neutron stars [85], in the limit of Newtonian gravity [86]. An optical version of this analogue was realised in a Heriot-Watt based
experiment [87].

1.4

Nonlinear Fibre Optics

Much of this thesis will be concerned with the generation and properties of optical
angular momentum within nonlinear fibre systems. Optical fibres have developed
from simple experimental waveguides to critical components in telecommunications,
forming the backbone of modern broadband internet connections. The key to their
adoption is their ability to transmit information via light pulses with minimal degradation over long distances. In their simplest form, fibres resemble thin cylinders of
transparent material whose core refractive index exceeds that of its surroundings.
This index jump acts as a potential well for light, confining it within guided modes.
Multiple fibre cores may be embedded within a single cladding rod to dramatically
increase the number of supported modes; these may be coupled if the cores are
sufficiently close. More advanced designs have emerged with different guiding mechanisms. Photonic crystal fibres confine light to homogeneous regions of material
surrounded by a periodic structure; this structure is designed to create a photonic
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bandgap for the chosen wavelength, preventing light from escaping through it. Since
here confinement is effectively provided by the cladding, the medium through which
light travels does not need to have a high refractive index, and may in principle be a
vacuum. Such hollow-core fibres offer great flexibility as they may be filled with various gases to change their optical properties post-fabrication. As an alternative to
photonic bandgaps, anti-resonant structures may be inserted along the hollow-core
fibre’s walls to provide similar guidance with a smaller spatial footprint.

Confining light within narrow spaces over long distances naturally lends optical
fibres to exploiting nonlinear optical effects with comparatively low power. Despite
typical fibre materials such as silica having a low third-order susceptibility compared
to many other bulk media, the high intensity in the fibre’s core and kilometrescale propagation enabled by low losses allow for strong nonlinear optical effects
[88]. These are often detrimental to certain applications. For example, periodicallyspaced amplifiers introduced to compensate for losses in long transmission fibres
can cause unwanted signal conversion due to parametric instability [89]. On the
other hand, they may be exploited for multiplexing purposes by enabling cross-talk
between different frequency channels, or through the control of compact nonlinear
waveforms such as solitons [90].

The next chapter explores modulation instability in a multicore fibre supporting
optical modes carrying discrete angular momentum. Following this, we examine the
generation of angular momentum supercontinua initiated by this instability. Chapter
Four concerns the nonlinear dynamics and steady-states of a novel kind of fibre
resonator, which may be extended to support discrete angular momentum signals.
Superradiance of rotating black-hole analogues in photon fluids is the subject of the
penultimate chapter.
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Chapter 2

Modulation Instability of Discrete
Angular Momenta

Modulation instability is one of the most fundamental mechanisms in nonlinear
optics, responsible for initiating soliton formation and supercontinuum generation
by causing the breakdown of homogeneous radiation into pulses. It is a common
mechanism to nonlinear physics in general and manifests in a variety of media from
water waves [91, 92, 93, 94, 95, 96] and electron plasmas [97, 98, 99] to Bose-Einstein
condensates [100, 101, 102, 103]. It was first derived and demonstrated in hydrodynamics for surface gravity waves by Benjamin and Feir [91, 92], hence it is often
known as “Benjamin-Feir instability”. Periodic wave-like solutions to nonlinear hydrodynamical equations had been known since Stokes obtained an approximation
[104] and were proved rigorously in [105, 106]. However, these solutions were found
to be often unstable, specifically under conditions for which the Lighthill criterion
is satisfied [107].

In nonlinear optics, it was discovered by several authors that perturbations to
plane waves in dispersive media with cubic nonlinearities could grow exponentially
[108, 109, 110]. An overview of this historical development is provided in [111]. It
can be understood intuitively in attractive Kerr media; no light beam is truly constant over space or time as weak oscillations are always present due to either source
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noise or vacuum fluctuations. The nonlinearity drives optical self-focusing, causing
these perturbations to grow as light is attracted to regions of greater intensity. The
growth accelerates exponentially as the attractive regions become even brighter, until they dominate over the background and cause it to split. However, this growth
is restricted to perturbations with certain frequencies; the extent of this instability
gain spectrum is determined by the relative strength of the (anomalous) group velocity dispersion (GVD) and Kerr nonlinearity [13]. The competition between these
two mechanisms is key for optical modulation instability, as is made explicit by the
Lighthill criterion which requires the GVD and Kerr coefficients to have opposite
sign [112]. That said, this condition is not strictly necessary as more complex waveguides such as photonic crystal fibres may support MI in small, normally-dispersive
frequency bands.

In this chapter, we will investigate modulation instability in the context of a multicore optical fibre ring as shown in figure 2.1. We will derive the modulation instability gain spectrum for perturbations to continuous-wave signals carrying angular
momentum, accounting for the coupling between and possible twisting of the fibre
cores. This closely follows the derivation of standard modulation instability (MI)
presented in section 5.1 of [13]. We will see that the MI gain is highly dependent
on the evanescent coupling parameters between adjacent fibre cores and that the
addition of a discrete azimuthal dimension enables MI under conditions (namely
normal group velocity dispersion) for which the Lighthill criterion is violated.

Before proceeding, we provide some sense of scale to the proposed design in figure
2.1. A similar fibre ring array was constructed in reference [114]. The authors’ design
consists of four step-index fibres 7.5µm in diameter with a numerical aperture of
0.12, each at a common radius 16.2µm from the array’s central axis. This is suitable
to observe the coupled mode dynamics discussed below. An additional low-index
fibre was placed at the array’s centre, to suppress coupling between non-nearest
neighbour fibres by providing an extra potential barrier, which while not displayed
in figure 2.1 could also be included here.
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Figure 2.1: Design for a six-core fibre twisted ring. Six solid-core fibres (red) are embedded
within a homogeneous rod of cladding material (grey). The core material should have a
refractive index which is sufficiently larger than that of the cladding to guide light with
strong confinement around the cores, which is necessary for the coupled-mode approach
used here (see next section). Twisting the entire structure about its central axis causes
the cores to follow helical paths. Unchanged duplicate of figure 1 from [113], permitted
under CC-BY 3.0 licence terms.
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2.1

Coupled Mode Description

Even in this fairly simple dielectric structure, a complete mathematical account of
light propagation through the fibre ring would be involved (and very computationally
expensive) as the electric field would have to be tracked across three spatial coordinates (r, θ, z) as well as time t, accounting for boundary conditions at core-cladding
and cladding-air interfaces. Alternatively, we can exploit the guiding properties of
the fibre cores to greatly reduce the number of variables we need to track. Since the
refractive index is greater in the fibre cores than the cladding, most of the beam will
be confined around these. Providing light is launched appropriately into the structure and the cores are not too close to each other, nearly all of it will remain within
the fundamental modes of the individual fibre cores. In this case, propagation can
be well described by the amplitude and phase of these modes alone than the entire
transverse field in the (r, θ) plane. Only as many complex numbers as there are
cores need be stored at any point in (z, t). This approach is known as coupled mode
theory in optics [115, 116] and is equivalent to the tight-binding approximation used
in solid-state physics.

As a simple example, we simulate linear propagation through a pair (N = 2) of
straight 3µm radius cylindrical fibre cores with the paraxial wave equation
N

i∂z E = −

X

1
∂x2 + ∂y2 E + k
ni (x, y)E
2kn0
i=1

(2.1.1)

which describes the time-independent evolution of the continuous electric field E(x, y, z).
It is appropriate providing paraxial and scalar approximations hold [117, 118]. Here
k = 2π/λ is the light’s vacuum wavenumber, n0 is the cladding refractive index, and


(nc − n0 ) if (x − xc,i )2 + y 2 < R2
ni (x, y) =
(2.1.2)

0 else
for i = 1, 2, nc being the core index, R the core radius and xc,i the displacement
of the ith core centre from the origin. At the input plane z = 0 we specify the
initial condition such that light occupies the fundamental mode of the right-hand
fibre core at xc,2 = 4µm. The intensity distribution at subsequent planes (figure 2.2)
shows light gradually transferring from the right core to the left at xc,1 = −4µm,
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while little escapes into the surrounding cladding and that which occupies the cores
appears similar to the seeded fundamental mode. This implies a coupled mode
approximation is suitable under these conditions. The power exchange between

Figure 2.2: Transverse intensity distribution resulting from light propagating along a pair
of solid cylindrical cores surrounded by homogeneous cladding, after successive propagation distances z increasing clockwise from the top-left panel.

the two cores shows a periodic pattern following cos2 (∆z). ∆ is the coupling rate
between the two cores, defined by the overlap between their fundamental modes
[115]
Z
∆≡k

dru∗ (r − rn+1 )nc (r − rn )u(r − rn )

(2.1.3)

given the refractive index profile nc of a single step-index fibre core surrounded by
cladding, fundamental mode profile u(r) and rn the spatial coordinates of the centre
of the nth fibre core. This overlap integral has an analytical result for the present
case of two identical step-index fibres [119];
p
(1 − b)K0 (k b(nc 2 − n0 2 )d)
p
∆=
.
knc R2 K1 (k b(nc 2 − n0 2 ))

(2.1.4)

Here Kj are modified Bessel functions of the second kind and order j = 0, 1,
d ≡ |rn+1 − rn | = 2|xc,i | is the distance between the fibre cores and the modified
propagation constant is defined as

b = 1.140 −

0.996
√
kR nc 2 − n0 2
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2
.

(2.1.5)

The power initially in the first core is transferred to the second fibre after a distance
ξ = π/2∆. Figure 2.3 shows this exchange obtained by simulating the paraxial
equation (2.1.1) when the distance between core centres is 7µm and 8µm. Observing
the distance required for power to be maximised in the second fibre provides an
estimate of ∆. We repeat this process for several more core separations, which
provides the data shown in figure 2.4.

At this point, we should introduce the

Figure 2.3: Power contained within each fibre core vs. propagation distance. The distance
between the fibre core centres is 7µm in figure (a) and 8µm in figure (a). Power oscillates
sinusoidally between the two cores at a rate which increases as the cores are brought closer
together. The oscillation period provides a measure of the coupling rate between the cores’
fundamental modes; this is ∆ = 3.7/cm for a) and ∆ = 9.9/cm for b).

numerical scheme used to simulate eq. (2.1.1), since it is very similar to those used
to integrate both the fibre-optic and continuous nonlinear Schrödinger equation later
in the thesis. For any partial differential equation of the form ∂z E = F̂ E for some
operator F̂ , given the solution at one propagation distance E(z) the solution after
an infinitesimal step δz may be expressed as


E(z + δz) = exp F̂ δz E(z)

(2.1.6)

The operator F̂ = D̂+V̂ +N̂ in the equations we consider here is a sum of a dispersive
or diffractive term D̂, a “potential” term V̂ proportional to spatial inhomogeneities
in the linear refractive index and a nonlinear term N̂ (E). These terms V̂ and N̂
generally do not commute with D̂ so evaluating their effects on the field E separately






as exp D̂δz exp V̂ δz exp N̂ δz E leads to inaccuracies. The split-step or Strangsplitting approach reduces these inaccuracies by evaluating the linear and nonlinear
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Figure 2.4: Fibre core coupling rate ∆ as a function of distance between core centres,
given 3µm radius cores, λ = 1µm wavelength light and core, cladding refractive indices
nc = 1.51, n0 = 1.5. Red dots show estimations based on power exchanges observed from
simulating eq. (2.1.1), while the blue curve shows the overlap integral eq. (2.1.4).

operators over alternating fractional sub-steps. In our case, we begin by evaluating
the D̂ operator over a half step:
Eint (z) = F

−1

 


δz
exp D̂
F (E(z))
2

(2.1.7)

Here F is the Fourier transform. It is typically convenient to evaluate D̂ in frequen

cy/momentum space, so the field is Fourier transformed before applying exp D̂ δz2 ,
then inverse-Fourier transformed back. In the case of the linear Schrödinger equation
(2.1.1) above, we work in transverse-momentum space (kx , ky ) and the dispersive opq
erator is D̂ = i k 2 − kx 2 − ky 2 . The potential and, if present, the nonlinear terms
are evaluated together over a full step since they typically commute. However, eval

uating the nonlinear term directly as exp N̂ (E)δz often means that the step size
δz has to be prohibitively small to maintain stability. A better alternative is to use a
Runge-Kutta method. This finds intermediate values of the operator and calculates
the updated field from a sum of these, which for the fourth-order method are


k1 = N̂ (Eint ) + V̂ Eint (z)
(2.1.8)


k1
k1
k2 = N̂ (Eint (z) + ) + V̂ (Eint (z) + )
(2.1.9)
2
2


k2
k2
k3 = N̂ (Eint (z) + ) + V̂ (Eint (z) + )
(2.1.10)
2
2


k4 = N̂ (Eint (z) + k3 ) + V̂ (Eint (z) + k3 )
(2.1.11)
Eint (z + δz) = Eint (z) +

δz
(k1 + 2k2 + 2k3 + k4 )
6
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(2.1.12)

Lastly, the operator D̂ is applied again over a half step, completing the field evolution
over a full step
E(z + δz ) = F

−1

For eq. (2.1.1), V̂ = ik

 




δz
δz
exp D̂
exp V̂
F (Eint (z + δz ))
2
2

PN

i=1

(2.1.13)

ni (x, y) and N̂ = 0. Repeating this process in a loop

allows the field at an arbitrary propagation distance z to be determined from the
initial field condition E(z = 0). The error in making this split is second-order in δz.
The step size δz has to be constrained in order to ensure the solution E remains
numerically stable and does not artificially diverge due to accumulating numerical
integration errors; the limit for this is δz < (δt)2 /π, or δz < (δx)2 /π

Fairly strong oscillations are apparent on top of the sinusoidal coupling cycle in figure
2.3, which do not vanish when the grid spacing δx and the propagation step-size δz
are decreased. They arise because the initial condition is not an exact expression
of the fibre’s fundamental mode, and the fraction of the input that does not form
part of either fibre’s mode is free to propagate away from the cores. However, the
split-spectral method as described involves implicit periodic boundary conditions,
meaning that as escaping light passes through one edge of the transverse spatial
grid it re-enters through the opposite side. As a result, the escaped light continues
to scatter from the fibre cores and interferes with the guided modes, leading to the
observed fluctuations.

Now we have shown that under appropriate conditions, the linear propagation of
light between neighbouring fibre cores may be accounted for simply by periodic
exchange of light between the cores’ fundamental modes. If the structures and relative positions of the cores remain fixed, the fundamental modes u and the coupling
constant ∆ will not change with z. In this case, the scalar electric field envelope
throughout the structure as
E(r, z) =

N
X

En (z)u(r − rn ).

(2.1.14)

n

if N cores are arranged in a chain such that only nearest-neighbour cores couple.
En denotes the complex amplitude of light within core mode n. Since u(r − rn ) are
eigenmodes of the transverse Laplacian ∂x2 + ∂y2 (say the eigenvalue is −k⊥ 2 ), then
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on substituting eq. (2.1.14) into (2.1.1) we get a greatly simplified set of coupled
ordinary differential equations for the mode amplitudes
i

dEn
= β0 En − ∆ (En+1 + En−1 ) ,
dz

where we have defined the propagation constant
Z
k⊥ 2
β0 ≡
+ k dru∗ (r − rn )nc (r − rn )u(r − rn )
2kn0

2.2

(2.1.15)

(2.1.16)

Twisting Effects

If we impose a twisted or helical refractive index such as the fibre ring in figure
2.1, it is natural to transform to a twisted set of spatial coordinates in which the
structure remains invariant along the propagation direction. With the fibre twist, the
refractive index of the ring in (2.1.1) becomes z-dependent. Supposing the fibre twist
is uniform at a rate 2π/Λ, a twisted frame can be introduced by transforming the
azimuthal coordinate θ0 = θ − 2πz/Λ, which is equivalent in Cartesian coordinates
to eq. 2 in [115]. In this frame, the refractive index becomes solely a function
of the transverse coordinates n(r, θ0 ), however the right-hand side of eq. (2.1.1)
acquires an additional term −iλ/Λ∂θ0 E. As shown by Longhi [115], this additional
term introduces two effective potentials for light in the twisted frame: first, a scalar
potential −2π 2 n0 r2 /Λ2 and second a vector potential A = 2πrn0 θ̂0 /Λ. The former
provides an effective centrifugal force which acts to repel light away from r = 0,
while the latter can be seen as coupling to an effective magnetic field B = ∇ × A,
as if the light was a charged scalar field. Within the coupled mode description, the
scalar potential will deform the fundamental modes on each core such that they
are weighted towards larger radii and will alter their propagation constants. If the
cores are identical and are centred on a common radius R from the ring’s central
axis, the induced modification will be the same for each one and can be neglected in
the coupled mode equations. Meanwhile, the vector potential introduces a Peierl’s
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phase factor exp(iφn,n±1 ), with [116]
φn,n±1

2π
≡
λ

Z

rn±1

A(r) · dr
rn
Z θn+1

2πn0 R
2π
Rdθ
λ θn
Λ
(2.2.1)
2
2
4π n0 R
=−
(θn±1 − θn )
λΛ
8π 3 n0 R2
=∓
λΛN
The path integral can be simplified, providing the N cores are located at a common
≈

radius R and are equally spaced in azimuth such that (θn±1 − θn ) = 2π/N ∀ n, in
which case φn,n±1 = ∓φ is the same between each pair of adjacent cores. In the
above, A(r) = 2πn0 Rθ̂/Λ, which reduces the dot product with dr to the result in
the second line, since A is everywhere orthogonal to r̂. The approximation in eq.
(2.2.1) arises since the effective mode radius is not exactly the geometric radius of
the fibre core centre, but the difference should be negligible if the core radius is
much smaller than R.

Physically this Peierl’s phase acts to provide an effective Aharanov-Bohm (AB)
effect on light in the twisted frame. It is a type of geometrical phase for light, arising
from the effective Coriolis force that appears on transforming to the twisted frame.
Intuitively, one might think of it accounting for the optical path length decrease
(increase) in the original frame, as light couples between cores against (with) the
twist. The quantum-mechanical Aharanov-Bohm effect manifests as a phase shift for
electrons travelling in a magnetic field - specifically, this phase shift is proportional to
the electron’s path integral along the magnetic vector potential. Though photons are
uncharged and hence cannot experience a real AB effect, propagation environments
can be designed such that they behave as if they were charged particles in the
presence of a (fictitious) magnetic field. In this case, twisting the fibre array results
in a synthetic magnetic field along the twist (z) axis, with a corresponding vector
potential pointing in the azimuthal direction, which imparts the effective Peierls
phase to light coupling azimuthally between adjacent cores. Other authors have
examined this Aharanov-Bohm effect in eight and four-core fibre ring arrays and its
effects on coupling dynamics in detail [120].

With this additional Peierls phase, the coupled mode equations in the twisted frame
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become
i

dEn
= β0 En − ∆ (exp(−iφ)En+1 + exp(iφ)En−1 ) ,
dz

(2.2.2)

The term β0 En results in a common phase factor En ∝ exp(iβ0 z) and will not
influence the coupling dynamics. If we are not interested in the field’s global phase,
we can neglect it.

2.3

Gain Calculation

The above coupled mode description accounts for the spatial variation of light
through the fibre array, but does not account for temporal dynamics. To include
time t in the model, we note that the nonlinear Schrödinger equation (NLSE) is
a well-established description of nonlinear pulse propagation in single-core optical
fibres [13], as discussed in the introduction. In its most basic form, it accounts for
the evolution of the electric field envelope E(t, z) along a fibre with group velocity
dispersion (GVD) β2 and nonlinear Kerr coefficient γ as
i∂z E =

β2 2
∂t E − γ|E|2 E
2

(2.3.1)

By writing an NLSE for each fibre mode amplitude En (t, z) and allowing for evanescent coupling as described by the right-hand side of eq. (2.2.2) (neglecting the global
phase factor β0 En ), we obtain a set of N coupled (1+1) dimensional NLSEs
i∂z En =

β2 2
∂t En − γ|En |2 En
2

(2.3.2)

− ∆ (exp(−iφ)En+1 + exp(iφ)En−1 )
The first step is to determine the time-independent (plane wave) solutions to this.
Choosing the ansatz
En =

p
P0 exp (i2πmn/N + ik0 z)

(2.3.3)

for a continuous-wave solution of constant peak power P0 in each core and substituting into eq. (2.3.2) shows that this is a solution, providing
k0 = γP0 + 2∆ cos (2πm/N − φ) .
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(2.3.4)

In practice the plane wave will have a time dependence exp(−iω0 t) through its
carrier frequency ω0 , however this cancels on substitution and can be neglected to
simplify further analysis, with the caveat that all resulting frequencies are expressed
relative to ω0 . A further analogy with solid-state physics can be made here, since
the discrete angular dependence in the ansatz (2.3.3) is reminiscent of electronic
Bloch-wave solutions in periodic crystals (see equation (4.8) in [121]). Next, we
need to establish the (in)stability of the solution. The field is perturbed by a weak
additional field,
En =

p

P0 exp(i2πmn/N ) + an (z, t) exp(ik0 z) = E n + an exp(ik0 z)

(2.3.5)

Following Agrawal’s procedure [13], we insert this into eq. (2.3.2) and linearise
around an (z, t). Expanding the nonlinear term alone gives

∗

|En |2 En = E n + an exp(ik0 z) E n + an exp(ik0 z) E n + an exp(ik0 z)
= P0 E n + 2P0 an exp(ik0 z) + 2|an |2 E n
2

(2.3.6)

∗

+ E n an ∗ exp(−ik0 z) + an 2 E n exp(i2k0 z) + |an |2 an exp(ik0 z)
To first order, we can neglect terms with powers of an , a∗n or combinations thereof
higher than one, since |an | << |E n |. This results in

γ|En |2 En ≈ γP0 E n + 2 exp(ik0 z)an + exp(i2mθn + ik0 z)an ∗ .

(2.3.7)

Inserting this as well as the field in eq. (2.3.5) into the NLSE (2.3.2) gives
−k0 E n − k0 exp(ik0 z)an + i exp(ik0 z)∂z an

β2
exp(ik0 z)∂t 2 an − γP0 E n + 2an exp(ik0 z) + exp(i2mθn + ik0 z)an ∗
2


2πm
− ∆ (exp(−iφ)an+1 + exp(iφ)an−1 ) − 2∆ cos
− φ E n,
N
=−

(2.3.8)
where we have identified the discrete angular coordinate θn =

2πn
.
N

Substituting for

k0 using eq. (2.3.4) means the terms which are linear in E n can be cancelled on both
sides. The common factor exp(ik0 z) can be eliminated from all remaining terms,
leaving
i∂z an = −

β2 2
∂t an − γP0 (an + exp (i2mθn ) an ∗ )
2


− ∆ exp (−iφ) an+1 + exp (iφ) an−1 − 2 cos
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2πm
− φ an .
N

(2.3.9)

The perturbation an (z, t) is assumed to take a “signal-idler” format, composed of
a conjugate pair of plane waves coupled through four-wave mixing with the background E n ;
an (z, t) = aS exp (i (Kz + lθn − Ωt)) + aI exp (−i (Kz + (l − 2m)θn − Ωt))
= aS exp (iΦS ) + aI exp (iΦI ) .
(2.3.10)
Here the signal aS and idler aI pre-factors are assumed constant and l, q = 2m−l are
the discrete angular momenta of the signal and idler respectively. This choice can be
justified by examining first-order nonlinear mixing processes; plugging aS exp(iΦS )
into the nonlinear term generates one component proportional to exp(ilθn ) and
another proportional to exp(i(2m − l)θn ), and likewise for aI exp(iΦI ). Both these
angular momenta are contained within ΦS and ΦI , hence to first order they form a
closed pair of solutions for the linearised system with no coupling to other angular
momenta.

Substituting the ansatz eq. (2.3.10) into eq. (2.3.9) and identifying terms proportional to either exp (iΦS ) or exp (iΦI ) leaves
K (aS exp (iΦS ) − aI exp (iΦI )) =

β2 Ω 2
(aS exp (iΦS ) + aI exp (iΦI ))
2

+ γP0 ((aS + aI ∗ ) exp (iΦS ) + (aS ∗ + aI ) exp (iΦI ))
 



2πl
2πm
+ 2∆aS exp (iΦS ) cos
− φ − cos
−φ
N
N
 



2π(2m − l)
2πm
+ 2∆aI exp (iΦI ) cos
− φ − cos
− φ . (2.3.11)
N
N
The coordinate (z, θn , t) dependence is different for both functions exp (iΦS ) and
exp (iΦI ), yet eq. (2.3.11) must hold ∀ (z, θn , t); this can only happen if the prefactors of both independent functions simultaneously sum to zero. This results in
two coupled equations for aS , aI and their conjugates;


β2 Ω2
+ γP0 + 2∆l,m − K aS + γP0 aI ∗ = 0
2


β2 Ω2
∗
γP0 aS +
+ γP0 + 2∆2m−l,m + K aI = 0,
2

(2.3.12)

where

∆x,m = ∆ cos






2πx
2πm
− φ − cos
−φ
N
N
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(2.3.13)

At this point, these either need to be split into their real and imaginary parts to
generate a fully determined system for complex aS and aI , or aS and aI must be
taken to be real. The latter is easier and gives results consistent with [13], so we
choose to do that. The only information lost by making this assumption is the global
phase of and relative phase between aS and aI , which is irrelevant for power growth.
The coupled equations can then be written in matrix format as

   
k −K
γP0
a
0
 S
  S =  
γP0
kI + K
aI
0

(2.3.14)

where
β2 2
Ω + γP0 + 2∆l,m
2
(2.3.15)
β2 2
kI = Ω + γP0 + 2∆2m−l,m .
2
For eq. (2.3.14) to have a non-trivial solution, the matrix determinant must be
kS =

zero, giving two possible solutions for K. As we’re interested in when signal and
idler perturbations experience exponential growth, we should look at the conditions
which give rise to an imaginary part of K. K has an imaginary component iff
β2 Ω2 + 2γP0 + 2 (∆l,m + ∆2m−l,m )

2

− 4γ 2 P0 2 < 0

(2.3.16)

Without coupling between cores, ∆ = 0 and we get the standard requirement of
anomalous GVD β2 < 0 for MI. However, there is a possibility that in a strong
coupling regime ∆ >> β2 Ω2 may occur with normal GVD. The critical frequencies
are those for which the expression in eq. 2.3.16 is zero. In contrast to the standard
MI problem, this equation has four roots rather than two. These are
r

2
ΩC1 = ± Re
− (2γP0 + ∆l,m + ∆2m−l,m )
β2
r

2
ΩC2 = ± Re
− (∆l,m + ∆2m−l,m )
β2

(2.3.17)

The presence of two (absolute value) critical frequencies implies there is a minimum
as well as a maximum possible frequency for MI; which of ΩC1 or ΩC2 fulfils either
limit depends on the sign of β2 . In a strong coupling regime ∆ > γP0 , the critical
frequencies for l 6= m can change drastically depending on φ, possibly going to zero
such that MI is suppressed. More generally, the MI gain spectrum is given by

q
2
2
G(Ω, ∆) ≡ 2 Im [K] = Re
4γ 2 P0 − (ks (Ω, ∆) + kI (Ω, ∆))
s


2
(2.3.18)
2
β2 Ω
2
2


G(Ω, ∆) = 2 Re
γ P0 −
+ γP0 + ∆l,m + ∆q,m
.
2
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Note that this linearised description will only remain accurate while the perturbations’ power is a small fraction of the background, as it neglects the depletion of
the pump power that drives their growth. After the onset of MI the signal and
idler powers will grow exponentially until they are comparable to the pump, at
which point higher-order nonlinear processes like cascaded four-wave mixing come
into play, resulting from the neglected terms in the nonlinear expansion eq. (2.3.6)
which are now significant. The powers of both the signal and idler increase at the
same rate, that is PS = |aS |2 exp (Gz) and PI = |aI |2 exp (Gz) [13]. In all cases, the
gain can never exceed 2γP0 which is the same limit for single-fibre MI. We can find
the frequency which will experience the greatest gain by calculating Ω for which
G(Ω, ∆) is maximised, i.e. ∂Ω G(Ω = Ωmax ) = 0 and ∂Ω 2 G(Ω = Ωmax ) < 0;
r
2
Ωmax = ± − (γP0 + ∆l,m + ∆q,m )
(2.3.19)
β2
As a sanity check, we recover the standard expression for the MI spectrum in a
single fibre from eq. (2.3.18) in the no coupling limit ∆ = 0. It also results in the
absence of twisting φ = 0 for the special case l = m, as then the coupling dependence
∆l,m + ∆q,m = 0. On the other hand, these same terms may be positive and greater
than |β2 |Ω2 /2; hence MI may occur with either normal or anomalous dispersion
in the fibre cores. This is distinct from single fibre MI which requires anomalous
β2 < 0 for real gain G. However the sideband structure is still sensitive to the sign
of β2 in the coupled ring array. To illustrate this we plot the spectrum G(Ω, ∆) of
perturbations with angular momentum l = ±1 to an m = 0 pump in figure 2.5,
both for normal GVD β2 = 1 and anomalous GVD β2 = −1. For simplicity the
fibre array is assumed to be straight, such that the Peierls phase φ = 0. In the
anomalous ring, the sidebands are similar those of single fibre MI with no minimum
frequency (ΩC2 = 0) in the low coupling regime; as the coupling is increased the
upper frequency limit ΩC1 shrinks until the bands collapse, preventing MI above a
threshold coupling strength. This anomalous coupling threshold can be identified
as
∆crit

 




−1
4γP0
2πl
2πq
2πm
=
cos
− φ + cos
− φ − 2 cos
−φ
. (2.3.20)
|β2 |
N
N
N

Meanwhile, the fibre array with normal dispersion has a simple MI spectrum at low
coupling, consisting of a single peak centred at Ωmax = 0. The switch in GVD sign
reverses the roles of ΩC1 and ΩC2 ; now ΩC2 is the upper frequency limit, which
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grows ∝

√

∆. ΩC1 acts as the lower bound, which becomes non-zero for ∆ > ∆crit

as specified above. This forces the MI peak to bifurcate into two branches. The gain
spectra for l = ±2, 3 are similar to these plots, with greater coupling dependence
and sidebands shifted to larger Ω than those for l = ±1. For all l, the greater
∆ − ∆crit is the larger Ωmax and the smaller ΩC2 − ΩC1 is, meaning the bandwidth
narrows while the peak frequency grows. We provide support for the derived gain

Figure 2.5: Modulation instability gain G(Ω, ∆) for l = ±1 signals as a function of the
frequency Ω relative to the pump and the coupling between neighbouring cores ∆, in a
straight fibre ring. (a) Anomalous GVD β2 = −1; (b) Normal GVD β2 = 1. The pump
power and Kerr coefficient are set such that γP0 = 1. Unchanged duplicate of figure 2
from [113], permitted under CC-BY 3.0 licence terms.

formulas by numerically integrating the original coupled NLSE (2.3.2). This uses the
split-step Fourier algorithm as described in section 2.1, with the dispersive operator
D̂ = iβ2 Ω2 /2 and nonlinear operator on each fibre core n, N̂ = iγ|En |2 . The
coupling terms are also included as part of each Runge-Kutta step. As an example,
we consider an untwisted ring with N = 6 normally-dispersive cores with the initial
condition
En (z = 0, t) =

p
P0 + fn (t)

(2.3.21)

which corresponds to a choice of pump angular momentum m = 0. At least some
initial power is required in each resolvable frequency is required to see MI growth;
while exponential power gain may be provided by eq. (2.3.18), the power at any
frequency is still proportional to its initial value at the start of propagation. Hence
MI requires an initial seed perturbation to develop. In reality this is provided, as
a minimum, by zero-point fluctuations of the quantum vacuum field for the corresponding mode, but spectral impurities in the pump and other noise sources will
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likely also contribute. To mimic this, fluctuations fn (t) are added to each core as
seeds for MI, with a fixed amplitude |fn | = 10−8 P0 and a phase which is randomised
for each n and t. This is not strictly necessary as MI would eventually accumulate
from unavoidable, machine-precision propagation errors due to numerical integration, but it reduces the propagation distance required for it to become noticeable.
To chart the MI growth, at each propagation step z the field is Fourier transformed
over time and core indices to obtain the joint angular momentum and frequency
spectrum

Z ∞
N
1 X
2πln
dt exp (−iΩt) En (t, z)
Ẽl (Ω, z) = √
exp −i
N
N n=1
−∞

(2.3.22)

The spectrum that emerges from the initial condition in eq. (2.3.21) after integrating
over the NLSE (2.3.2) is shown in figure 2.6, along with the corresponding gain G(Ω)
(2.3.18) for each angular momentum channel l given the coupling rate ∆ = 1/cm,
normal group velocity dispersion β2 = 10 fs2 /cm and the nonlinear wavenumber
γP0 = 0.1/cm. For these parameters the coupling terms contribute more to the critical frequencies (eqs. (2.3.17)) than the nonlinear wavenumber, hence the sidebands
for different |l| are highly detuned from both each other and the pump and have a
narrow bandwidth. The detuning is large relative to the central frequency; supposing the pump wavelength was 1µm, the l = ±1 sidebands would peak at wavelengths
0.82µm and 1.290µm. These wavelengths are possibly too far from the pump to be
modelled by a second-order dispersion expansion and higher-order terms such as β4
may be needed for an accurate prediction of the spectrum in practice, depending
on how close the pump’s central wavelength is to the fibre mode’s zero-dispersion
wavelenth. To check the exponential nature of the MI gain, the average power in
each l channel is also tracked as


Z T /2
N
X
1
2πln
Pl (z) =
dt
exp −i
En (t, z)
N T −T /2 n=1
N

2

(2.3.23)

where T = 2ps is the length of the numerical time domain. Plotting this on a
logarithmic scale against propagation distance in figure 2.7 shows a linear trend with
z emerging for each l 6= 0, which verifies that signal-idler power grows exponentially
due to MI. While the peak gain for each angular momentum l is the same as indicated
in figure 2.6 a), their sideband bandwidths are unequal, resulting in the |l| = 1
channels experiencing faster power growth than those with |l| = 2, 3. Note the l = 0
channel remains close to 0 in figure 2.7 ’s logarithmic scale, since it is populated
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by the background pump power, meaning Pl=0 (z)/N P0 ≈ 1. The fact that starts
to decrease towards z = 120cm implies that the growth in the other l channels is
starting to break the limits of being perturbative and invalidating the “undepleted
pump” assumption used in the MI derivation. Azimuthal modulation instability is

Figure 2.6: (a) Modulation instability gain according to eq. (2.3.18). (b) Spectrum
|Ẽ1 (Ω, z)|2 in a single core of the ring from a numerical simulation of eq. (2.3.2). Blue,
magenta and red dashed lines indicate the MI critical frequencies for |l| = 1, 2, 3, verifying
the accuracy of eq. (2.3.18). Partial reproduction of figure 3 from [113], permitted under
CC-BY 3.0 licence terms.

well known in continuous media; however, there it is often instigated by self-focussing
of the vortex which causes it to contract in radius [122]. In doing so, the peak
intensity grows as the beam is confined to an increasingly narrow area which brings
the beam closer to the MI threshold. However, orbital angular momentum acts as a
repulsive counter to focussing, which then restricts the maximum intensity possible.
As such, the beam’s radial distribution and evolution will have a significant impact
on azimuthal MI, which is in turn affected by the background angular momentum
[123]. These influences are clearly absent in the fibre ring array presented here, since
by the coupled mode assumption light is confined to a single radius (roughly the
distance between the ring’s central axis and the centre of each core) and a finite,
discrete set of angular coordinates θn . The azimuthal MI mechanism is therefore
distinct from, yet much simpler than, the corresponding effect in media without
confinement.

So far we have not utilised the Peierls phase φ enabled by twisting the fibre array,
which is inversely proportional to the twist period Λ (the length along the prop-
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Figure 2.7: Scaled logarithm of the average power Pl (z) in each angular momentum
channel, as defined in eq. (2.3.23). Once MI is initiated beyond z ≥ 30cm, power in all
non-pump channels l 6= m = 0 grows exponentially, corresponding to a linear trend on
this axis scale. Past z = 120cm the pump power in l = m = 0 begins to decrease and the
power increase in the other angular momenta becomes nonlinear, signifying the breakdown
of the undepleted pump approximation and a violation of the linearised approach used to
derive the MI spectrum.

agation axis between repetitions of cores’ angular positions) [124]. We will now
consider how twisting modifies the MI spectrum. The coupling dependent terms
∆l,m + ∆2m−l,m in all MI quantities posses a particular symmetry that is imposed
by angular momentum conservation, reflected by the sum-of-cosines structure. MI
spectra are necessarily symmetric in frequency about Ω = 0 due to energy conservation; likewise, for zero Peierls phase the equivalence of MI gain in signal l and
idler 2m − l channels is required to ensure the sum of angular momentum matches
that of the generating photons 2m − l + l = 2m. If m = 0, the MI spectrum is
then symmetric about both l = 0 and φ = 0. If m 6= 0, the φ symmetry imposed
by angular momentum conservation is retained but is now centred on some other φ.
This symmetry can be quantified by finding the value of φ for which the peak MI
frequency Ωmax is maximised,

φ0 =



 2πm ,
N

β2 > 0

(2.3.24)


 2πm + π, β2 < 0
N
The twist dependence for the m = 0 case is explored graphically in figures 2.8
and 2.9, which plot the MI gain for several fixed coupling rates ∆ and l = ±1, ±3
as functions of Ω and φ assuming normally and anomalously dispersive six-core
ring arrays respectively. Understandably the dependence on φ and l is greater for
higher coupling rates as the contribution of the ∆l,m + ∆2m−l,m term increases.
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Figure 2.8: Gain spectra G(Ω, φ) at various coupling strengths ∆ for perturbations carrying angular momentum l = ±1 (left column) and l = ±3 (right column), given normal
dispersion β2 = 1 and a m = 0 pump. Unchanged duplicate of figure 4 from [113],
permitted under CC-BY 3.0 licence terms.

This reflects the trends with increasing l seen with untwisted arrays, as does the
extended Ω range for MI with a greater coupling. In the normally-dispersive ring
(figure 2.8) gain symmetry about φ0 = 0 is apparent, and likewise about φ0 = π
with anomalous dispersion (figure 2.9).

It is apparent from both these figures

that MI can be suppressed for different ranges of φ for both normal and anomalous
dispersion, and that this range is dependent on the coupling rate ∆. MI cancellation
can be guaranteed for φ = φ0 ± π with normal dispersion at any ∆; this also holds
for anomalous dispersion provided ∆ ≥ γP0 / (1 − cos(2π/N )). This is justified
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Figure 2.9: Gain spectra G(Ω, φ) at various coupling strengths ∆ for perturbations carrying angular momentum l = ±1 (left column) and l = ±3 (right column), given anomalous
dispersion β2 = −1 and a m = 0 pump. Unchanged duplicate of figure 5 from [113],
permitted under CC-BY 3.0 licence terms.

as these conditions enforce zero upper frequency bounds for the MI gain in either
case. Re-running the numerical integration shown in figure 2.6 including a twist
phase φ = π on intercore coupling, power in the channels with l 6= m does not
grow as before, supporting this MI suppression hypothesis. There are other ways
to induce a Peierls phase on intercore coupling besides fibre twisting. Complex
coupling constants between optical waveguides can be induced by rapid modulation
of the guides’ propagation constants with variable relative modulation phases, as was
done in [125] to realise Aharanov-Bohm caging in a rhombic photonic lattice. This
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technique is very similar to the oscillating potential method employed to the same
effect for ultracold atoms in optical lattices [126]; engineering effective magnetic
fields for photons is an active research field in its own right [127, 128, 129, 130, 131].

2.4

Including a Central Core

Suppose an additional fibre core is added to the array, identical to the others but
fixed in position at r = 0 in the transverse plane. Assuming the distribution of cores
remains in the same azimuthally symmetric ring with a common radius from the
array’s central axis, the central core will couple equally to all the others with a rate
∆C . This coupling rate will generally be different from the coupling between ring
sites (which we now denote ∆R ). Since the central core is not affected by any array
twisting, and it will generally have a shorter optical path length compared to the
outer cores for a given propagation distance z along the array axis if the array is
twisted, we reintroduce distinct linear propagation constants. These are βC for the
central core and βR for the outer cores (assumed the same for n = 1, 2, 3, ...N ). The
coupled NLSEs describing propagation through the fibre array become
i∂z En =

β2 2
∂t En − γ|En |2 En + βR En
2

(2.4.1)

− ∆R (exp(−iφ)En+1 + exp(iφ)En−1 ) − ∆C EC
N

X
β2
i∂z EC = ∂t 2 EC − γ|EC |2 EC − ∆C
En + βC EC
2
n=1

(2.4.2)

where EC is the electric field mode amplitude in the central core. Neglecting dispersion, vortex solutions (which have zero intensity in the central core) and the stability
thereof have been well-explored by Hadžievski et .al. [132], while discrete breathers
are covered by Jason and Johansson [133]. In both works coupling to the central
core strongly affects the stability of stationary solutions. Its presence will make a
time-dependent stability analysis much more involved. It is clear that the discrete
P
Fourier transform An (z, t) → m fm (z, t) exp(i2πmn/N ) which previously gave a
decoupled description in the angular momentum m basis no longer works, since the
last term in (2.4.1) is left with a factor exp(−i2πmn/N ). Vortex solutions carrying
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angular momentum m 6= 0, for which EC = 0, have to be considered separately from
those with m = 0 for which EC 6= 0. The former are the same as those previously
found without the central core. They cannot couple directly to the central core
mode, and are constrained to have EC = 0, since their non-zero angular momentum
imposes a vortex phase on the outer cores’ fields, which all destructively interfere on
coupling into the central core. The latter does not appear to exist analytically; for
example even if we impose angular symmetry and suppose the fields on the outer
cores are all the same En = ER ∀ n with no time dependence ∂t → 0, we are still
left with a nonlinear eigenvalue problem
(k − βR )ER = γ|ER |2 ER + ∆R cos(φ)ER + ∆C EC

(2.4.3)

(k − βC )EC = γ|EC |2 EC + N ∆C ER

(2.4.4)

This has no simple solution in general, but if we assume |EC/R |2 = PC/R and
ER , EC ∈ R, ‘cheating’ by taking the problem as linear in the fields and neglecting
the phase difference that would accumulate if βR 6= βC provides analytical solutions.
In particular, homogeneous solutions with EC = ER exist if the following coupling
relation holds;
∆C =

2∆R cos(φ)
N −1

(2.4.5)

This is verified numerically by propagating an unperturbed input condition EC (t, 0) =
En (t, 0) = 1 given N = 6 and ∆R = 1, with either φ = 0, π/3 and ∆C = 2/5, 1/5
as determined by eq. (2.4.5) above. The solution remains stationary with the same
power and propagation constant in each core in both cases.

As before, we investigate MI numerically by taking the homogeneous input and copropagating in with white noise, then plotting the output spectrum in the central
core and each ring angular momentum channel. One example is shown in figure
2.10. The MI sidebands for the vortex modes with l 6= m = 0 are shifted outwards
with respect to their usual positions in an equivalent fibre array without a central
core. There is an additional pair of sidebands occupied by both the ring l = m = 0
mode and the central core mode. These are to be expected; although these modes
would not see MI in isolation given the positive GVD used here, coupling between
them due to ∆C > 0 enables signal-idler gain in the same fashion as coupling ∆R
between ring cores destabilises l 6= m modes.
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Figure 2.10: Left: Output spectrum after numerically integrating Eqs. (2.4.1) and
(2.4.2) with N = 6 outer cores, with the homogeneous input condition in the presence of
perturbative noise (modulus ≈ 10−4 ), coupling rates ∆C = 0.4, ∆R = 1, zero propagation
constant mismatch βR = βC , Peierls phase φ = 0 and normal dispersion sign(β2 ) = 1
(working in dimensionless units). Right: For reference, the gain coefficients predicted for
an equivalent array without the central core.

2.5

Practical Considerations

One of the assumptions used to derive the NLSE (2.3.2) was effective monochromaticity, or that the constants are independent of the optical frequency. Away from
the zero dispersion point, this is true for modest frequency ranges around the central frequency for which γ, ∆ and β2 are defined. However, in the example shown
in figure 2.6 the MI sidebands are massively detuned from the central frequency
compared to typical MI spectral ranges. For example, if the pump’s wavelength is
λ = 1.2µm, the two sidebands for |l| = 1 are detuned by ∆f = 67 THz in linear
frequency and so are centred around 0.95µm and 1.64µm. The dispersive properties
of most optical materials are typically different for wavelengths separated by several hundred nanometers, drastically so if turning points or poles occur within this
range. Considering fused silica, the material group velocity dispersion at λ = 1.2µm
is around 6ps2 /km, while it is 25ps2 /km at 0.95µm and −39ps2 /km at 1.64µm.
The coupling rate ∆ will also have some frequency dependence, as the fundamental
modes for shorter wavelengths will be better confined within the cores, resulting in
less evanescent overlap with modes of neighbouring cores and reduced coupling. The
propagation constants of the signal, idler and pump will therefore be very different.
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However, this should not affect the MI gain significantly; the fibre properties at the
pump wavelength are those which are significant for MI. We can test this idea by
imposing a hypothetical frequency-dependent coupling rate with a weak quadratic
variation in coupling around some central value at the pump frequency ω0 ;
∆(ω) ≈ ∆(ω0 ) + s(ω − ω0 )2 , or

(2.5.1)

2

∆(Ω) ≈ ∆0 + sΩ

where s is an unknown constant. The MI sidebands must be symmetric about
the pump frequency for energy conservation. The nature of the coupled signalidler perturbations means that for every photon generated at the (absolute) signal
frequency ω0 + Ω, an idler photon at ω0 − Ω must be created to match the source
energy of two pump photons (2~ω0 ). This forbids any modifications which would
drive asymmetric MI about Ω = 0, at least to first order, and hence the MI gain can
only depend on even powers of Ω. Including an Ω2 dependence in ∆ does modify
the output MI peaks, and is allowed by the above symmetry argument. See figure
2.11 below. Note that the sideband shift is only significant for the higher order AM
|l| > 1.

Figure 2.11: Left: MI spectrum of a single fibre in a six-core ring with a inter-fibre
coupling which linearly depends on frequency, ∆ = 1 + Ω/2. The main sidebands which
should be accurately described by first order MI theory are perfectly symmetric about
Ω = 0. They are unaffected by the modified coupling, matching the original sideband
predictions (dashed lines: blue for |l| = 1, red for |l| = 2, magenta for |l| = 3). Some
asymmetry is seen in cascaded FWM peaks. Right: Single fibre spectrum in an otherwise
equivalent six-core array whose coupling varies quadratically with frequency, ∆ = 1+Ω2 /5.
Here the MI sidebands are still symmetric about Ω = 0 but are shifted by the frequency
dependence with respect to their original positions.
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Figure 2.12: Plot of the Peierls phase φ as a function of twist period Λ as per eq. (2.5.2),
assuming ns = 1.5, r0 = 100µm and λ0 = 1µm. Duplicate of figure 6 from [134].

It should be possible to vary the Peierl’s phase over the full physically significant
range from 0 to 2π with reasonable fibre twists that do not appreciably disturb the
fundamental modes or induce restrictive bending losses. φ is inversely proportional
to the fibre ring’s twist period Λ through [116]
φ=

8π 3 ns r0 2
N λ0 Λ

(2.5.2)

where ns is the cladding refractive index and r0 is approximately the radius of the
cores from the centre of the ring. The full physically significant range of Peierls
phases from 0 to 2π should be obtainable in a realistic ring structure with twists
restricted to Λ > 10cm (figure 2.12). Beyond bending losses, strong twisting will also
reduce ∆ as it will deform the fibre modes to have a greater weighting towards the
cores’ outermost radial edge; this can be seen as the result of an effective ‘centrifugal’
force [116]. This may be countered by bringing the cores closer together, or perhaps
by structuring the core’s refractive index profile to ensure that the fundamental
mode remains the same after twisting.

It should be pointed out that there are many linear optical mechanisms available
for generating OAM through waveguide/fibre propagation. OAM modes can be
constructed simply by injecting light into waveguides with a sufficiently strong twist.
In this case, the rotation of the material along the propagation direction induces an
azimuthal component in the Poynting vector of modes distributed away from the
twist axis [135, 136, 137].
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Polarisation was omitted in the above analysis. In reality, the propagation constant
will be modified by both discrete (Bloch) angular momentum and the circular polarisation of light, as the twist will induce circular dichroism [138]. Since we work
with solid, polarisation preserving material, coupling between left and right circular
polarisations is prevented. As such, the MI gain derived in eq. (2.3.18) applies
equally to both left and right circular polarisations; the only difference between the
two will be a shift in their linear propagation constants, with the pump’s becoming
k̃0 = γP0 + 2∆ cos (2π(m + s)/N − φ) .

(2.5.3)

with s = ±1 for left or right circular polarisation, depending on the direction of
the fibre twist. Since this s-dependence would be exactly the same for the signal
and idler, there is no difference in the observed gain. If however the cores were
made of non-polarisation maintaining material (such as air), the gain would have to
account for s as left and right polarisations would experience different propagation
constants in a twisted array. It is important to note that the four-wave mixing
process itself should not allow conversion between left and right modes as it is spinangular momentum preserving [139], as has been confirmed by other authors [140].

There are a variety of physical effects which can impact modulation instability in
optical fibres which we have not considered here. These typically require additional
terms to those in eq. (2.3.2) to describe higher-order dispersion, absorption and more
complex nonlinearities. Such extensions give rise to generalised nonlinear Scrödinger
equations (GNLSEs) for which the instability analysis can be considerably more
involved. Several works have detailed how these effects modify the gain spectrum in
single fibres [141]. So long as they apply equally to each fibre core in the ring, discrete
azimuthal symmetry is retained and the angular momentum mixing properties of the
instability described in this chapter should be unaffected while the gain spectrum for
each l will be modified as described by other authors. A brief overview of additional
effects and their associated modifications is provided below:

• Higher-order dispersion: the expansion of the linear propagation constant
β(Ω) =

X βj
j=0
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j!

Ωj

(2.5.4)

may contain significant contributions from terms ∝ βj for j > 2. This is
typically true near the zero dispersion point. Odd-order terms βj do not affect
modulation instability on continuous-wave backgrounds as they would induce
unphysical asymmetries about Ω = 0 in the gain spectrum. This symmetry
is required since the underlying four-wave mixing process always converts two
pump photons into one signal and one idler photon, meaning the gain for ±Ω
must be the same to respect energy conservation. However, this does not
hold if the pump’s envelope is itself time-dependent [142] . Higher-order even
terms do alter the spectrum and can induce additional sidebands, even in the
presence of β2 > 0 [143].
• Absorption: Linear optical absorption (as described by the Beer-Lambert law)
reduces the pump power P0 (z) during propagation and hence the nonlinearity
responsible for the instability. This reduces both the magnitude and bandwidth of the gain exponentially with propagation distance z; approximately
the critical frequency becomes ΩC → ΩC exp(−αz/2) while instability only
occurs while α < γP0 (z) given a loss coefficient α [13, 144, 145, 146]. Small
bending losses introduced by the fibre twist may be similarly accounted for.
• Modified nonlinearity: Two common modifications to the standard Kerr response arise through nonlinear saturation and the Raman effect. In most
media, there are upper limits to their polarisability, and hence above a threshold power the nonlinear response saturates. This threshold is usually so high
as to be unattainable, however in some materials such as in semiconductordoped fibres it may be low enough to be significant. The main effect of
saturating the nonlinearity is to modify the instability critical frequency’s
power dependence. Supposing the Kerr response replaced by a saturable one
γ|E|2 → γ|E|2 /(1 + Γ|E|2 ) with saturation parameter Γ, the critical frequency
becomes [147]
s
ΩC =

4|γ|P0
|β2 |(1 + ΓP0 )

(2.5.5)

Stimulated Raman scattering is an inelastic frequency mixing process, in which
photons are down-converted to lower frequencies by interacting with vibrational modes of the material exciting optical phonons. This causes a delayed
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contribution to the nonlinearity, which becomes [13]
Z t
2
hR (t − τ )|A(τ )|2
(1 − fR )γ|A(t)| + fR γ

(2.5.6)

−∞

where 0 ≤ fR < 1 sets the relative size of the Raman nonlinearity and hR (t)
is the Raman response function. This can drastically alter the instability gain
spectrum, which may grow with detuning far from Ω = 0 instead of being
cut-off above a critical frequency as with fR = 0 (see [141, 148] for examples).
• Unequal fibre cores: We have assumed a common fundamental mode and linear propagation constant β0 for all fibre cores in the ring. This would not hold
if one or more fibres were modified compared to the others, for example by
a defect resulting in a slightly higher refractive index. Such a defect would
have several effects; the coupling coefficient between the modified fibre and
its neighbours would change, a linear phase term would be introduced due
to the propagation constant mismatch, and if the mode structure results in
higher peak intensity the nonlinearity for that core may be increased. A strong
modification of a single core would completely ruin the fibre array’s azimuthal
symmetry, making solutions expressed in terms of discrete angular momentum
modes cumbersome and inefficient. The analysis would likely be much more
complicated, though if the modification is weak its effects may be understood
in terms of perturbation theory based on solutions for the symmetric ring.
However, if the fibre core modifications are periodic then angular symmetry
may be retained and a discrete angular momentum description will still be appropriate. For example, by increasing the refractive index of every second core
in a hexagonal ring, we get three-fold rotational symmetry instead of six-fold.
Furthering the solid-state analogy we made previously, we may represent the
ring as three repetitions of a “unit cell” consisting of two adjacent fibre cores
with different refractive indices. Hence we may describe the six fundamental
solutions by three discrete angular momentum states l = −1, 0, 1 combined
with two internal states of the unit cell. An extension of the instability theory
developed here may then still apply.
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2.6

Summary

In this chapter, the modulation instability gain spectrum for a ring array of stepindex fibre cores has been derived in the coupled mode approximation. We have seen
how the nearest-neighbour coupling rate determines the central frequency and bandwidth of the instability peaks. The effects of fibre coupling are radically different
for opposite signs of group velocity dispersion within the fibre cores. The Peierl’s
phase induced by twisting the array is also significant, and for strongly coupled
arrays it can map the gain obtained with anomalous dispersion to that of normal
dispersion and vice versa. Coupling parameters which result in unusual instability
spectral features should be attainable with practical fibre constructions. We have
found that including a central core in the array modifies the expected gain, however
a full analysis is prohibitive owing to the lack of background solutions.
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Chapter 3

Angular Momentum
Supercontinua

In the previous chapter, we saw how continuous wave solutions of the coupled NLSE
are unstable to perturbations within certain frequency ranges, depending on both
their and the background field’s angular momenta and the fibre coupling. The eventual outcome of modulation instability is a splitting of the background into a series
of short pulses which are themselves solutions of the NLSE. These pulses are known
as solitons and are extensively studied within optics and the wider class of nonlinear
systems in which they are found. The first soliton to be observed was hydrodynamical, being tracked along the Union Canal near Edinburgh by John Scott Russell in
1834 [149]. They attract great interest as non-trivial stationary solutions to complex
differential equations, being able to propagate indefinitely without changing shape
providing stability conditions are met. Further, they are robust against collisions
with each other. In the context of the NLSE, they can be seen as a precise balance
of dispersive and nonlinear effects, which act in opposition to spread and focus the
pulse respectively. This chapter will introduce the coupled NLSE soliton, which
may carry angular momentum. It will be shown that pulses whose intensity exceeds
the soliton solution’s with comparable width will collapse through self-focussing in
a process called fission. Post-fission, a rich array of features emerge, including a
series of narrow peaks which are localised both in time and in space on single cores.
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Compression in these domains means these “light-bullets” naturally have broad
distributions across both frequency and angular momentum, forming a supercontinuum. We will study how the supercontinuum’s structure changes depending on the
coupling between and twisting of fibre cores in the array. An additional mechanism
to fission for soliton decay, dispersive wave generation, will also be explored. The
resonant radiation emitted through this process has an unusual spectrum and may
occur under conditions where it is not found within single fibres.

In this chapter, we will work in dimensionless units to simplify the mathematical
presentation and introduce a scaling which is convenient for numerical integration.
This system of scaling is commonplace in existing literature [13]; in what follows the
dispersion length LD = T0 2 /|β2 | will be a key quantity, with T0 a time scale equal
to the initial pulse duration and β2 ≡ [∂ω 2 β]ω0 the fibre group velocity dispersion
parameter at the pump’s dominant frequency ω0 . Physical quantities equivalent
to their dimensionless replacements are denoted by a tilde superscript. First, we
introduce the dimensionless propagation coordinate z = z̃/LD . The intercore cou˜ D . As in the previous chapter, we work in
pling rate is similarly scaled by ∆ = ∆L
a frame which co-rotates with the fibre twist such that the fibre cores are located
at fixed, discrete angular coordinates θn = 2πn/N given N fibre cores with the
n = 1, 2, ...N index labelling each core. The Peierl’s phase φ retains the same definition as per (2.2.1) in the previous chapter, again assuming identical spacing and
N -fold rotational symmetry in the cores’ positions. The frame is also co-moving with
the pulse’s group velocity vg = 1/[∂ω β]ω0 , such that our time coordinate becomes
t = (t̃ −

z̃
)/T0 .
vg

The electric field amplitude of the fundamental mode on fibre core
√
n is scaled to An = γLD En . Unlike in the last chapter, we account for possible
third-order dispersion through the dimensionless parameter β3 ≡ LD [∂ω β]3ω0 /T0 3 ,

which is assumed weak in comparison to the GVD β3  1. Even higher-order dispersion coefficients β4 , β5 or β6 may be relevant in practice, however we choose to
focus on β3 to understand its effect on the discrete soliton decay process in isolation.
Neglecting coefficients of higher-order than β3 is an acceptable approximation, if the
central pump wavelength is far from the zero-dispersion point of the fibre. This can
be tuned by altering the core radius and refractive index contrast from the cladding,
though this will in turn influence the core coupling properties ∆, φ, depending on
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the material and central wavelength in question. In these variables, the coupled
NLSE (2.3.2) now reads
1
β3
i∂z An = − ∂t 2 An + i ∂t 3 An − |An |2 An
2
6

(3.0.1)

− ∆ (exp(−iφ)An+1 + exp(iφ)An−1 ) .
This is solved numerically with the same method used for integrating the NLSE in
the previous chapter, except the dispersive operator is modified to D̂ = −iΩ2 /2 +
iβ3 Ω3 /6.

3.1

Discrete Vortex Soliton

Finding time-dependent solutions to nonlinear partial differential equations is typically not a straightforward task. However, we can take inspiration from the timeindependent plane wave solution discussed in the previous section and the form of
the standard soliton in single fibres for the ansatz

An (z, t) = B sech (Bt) exp iβ m z + imθn .

(3.1.1)

Inserting this into the coupled NLSE (3.0.1) with β3 = 0, we find that it is a solution
providing the wavenumber is
βm



B2
2πm
=
+ 2∆ cos
−φ .
2
N

(3.1.2)

Solitons with a more complicated, t-asymmetric form should exist in the presence of
β3 6= 0 as they have been established in (1 + 1)D generalised NLSE type equations
suitable for single fibre propagation [150, 151]. However, we will use the β3 = 0
soliton as the basis of our initial condition for supercontinuum generation, as we
wish to see how it is destabilised when it is perturbed by excessive energy and
higher-order dispersion. The discrete vortex soliton in eq. (3.1.1) is effectively a
product of the standard single-fibre soliton’s time dependence (see equation (5.2.15)
in [13]) and the angular phase dependence of plane wave solutions carrying angular
momentum introduced in eq. (2.3.3) in the previous chapter. The latter were
previously considered as time-independent vortices by Hadzievski et. al. [132].
This product form is quite natural when confinement across these two independent
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degrees of freedom is considered; it intuitively reduces to the canonical single-fibre
soliton in the no coupling limit ∆ → 0. Balakin and colleagues [152] have examined
the same solution and its stability in the absence of angular momentum m = 0. The
contribution to the propagation constant 2∆ cos(2πm/N − φ) of both the discrete
vortex soliton and the plane wave solution eq. (2.3.3) is justified by conservation of
net momentum. Light that possesses angular momentum in a frame that rotates with
the fibre array twist must have less momentum along the propagation direction than
light that propagates purely along the central axis (with Poynting vector parallel to
z), assuming they have the same central frequency ω0 .

3.2

Soliton Fission Dynamics

We do not expect the discrete vortex soliton will be stable in the presence of thirdorder dispersion; nevertheless, to examine the supercontinuum generation process
numerically we will use an initial condition An (0, t) = 4An (0, t). This has 16 times
the power required to form a soliton, which results in an inherently unstable pulse
that should undergo relatively quick fission. For this particular example in a N = 6
array, we use parameters ∆ = 1, β3 = 1/10, B = 1, m = 0. The initial pulse’s
intensity profile over time is shown in figure 3.1 a), b) across fibre core indices n
and angular momenta l respectively.In the following, m refers to the initial angular
momentum integer of the starting pulse, which will take one of the l values of
discrete angular momentum supported by the fibre ring. For this N = 6 core
ring, l ranges over −2, −1, 0, 1, 2, 3, restricted by the finite number of cores and
periodic boundary conditions. Since only a single l = m = 0 is excited in the
initial condition, no significant intensity is observed in l 6= 0 channels b), while
the intensity profile in each specific core n (as indicated by the legend) appears
the same a). After only a few dispersion lengths, the pulse collapses through selffocusing due to its excessive power. Several weaker pulses emerge from the collapse,
spreading apart in time as each has a different group velocity. This splitting is
termed soliton fission and is well-known in single-fibre nonlinear optics [153]. On
further propagation, angular momentum channels l 6= 0 are seeded around the peak
of the brightest pulse, indicating a breaking of angular symmetry as also evidenced
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Figure 3.1: Snapshots of the angular symmetry breaking process are shown as the pulse
intensity over time at different propagation distances z , as seen in the fibre index n (left)
and AM l (right) basis for each individual n and l. The input (An (0, t) = 4An (0, t), B = 1)
pulse (panels a) and b)) with AM m = 0 collapses due to self-focusing. The brightest
emerging pulse experiences instability and symmetry breaking at the most intense point,
indicated by red arrows, after z = 0.5LD seeding the other AM (panels c) and d)). This
AM superposition splits into several solitary waves, which are localised around individual
fibre cores (panels e) and f )). Two such solitary waves which are completely formed are
highlighted by blue arrows; the third trailing pulse in this train will split into another
pair of solitary waves localised on n = 1 and n = 2 fibre cores respectively. Unchanged
duplicate of figure 1 from [134], permitted under CC-BY 3.0 licence terms.
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by the unequal distribution among fibre cores n at this time. Once seeded these other
angular momenta grow in strength until they cause the source pulse to undergo a
second fission process (see figure 3.1 c), d)). This is very similar to the plane-wave
modulation instability discussed in the previous chapter. The remnants from this
gradually relax into separate pulses, cycling between different angular momenta and
shedding dispersive waves in the process. Eventually, they appear to reach a stable
equilibrium in which they predominantly occupy a single fibre core, and consequently
are evenly distributed across all the possible discrete angular momenta (in analogy
with the spatial delta function and its Fourier transform). This final stage is shown
in panels e), f ) of figure 3.1. Very similar (1 + 1)D“light-bullet” objects that are
compact in both space and time have been found in photonic lattices [154], which is
natural since the systems are essentially the same except for the periodic azimuthal
boundary condition imposed by the fibre ring.

Symmetry breaking always occurs at the point in time of greatest intensity. This
demonstrates that the breaking of angular symmetry is driven by the nonlinearity,
as it will give maximum four-wave mixing (coupling between angular momenta) at
the brightest part of the pulse. The propagation distance required for symmetry
breaking to set in depends on the pump angular momentum m, suggesting this
influences the stability of discrete vortex solitons.

When symmetry is broken, the first non-pump angular momentum to grow is m +
N/2 for N even. This may be due to signal-idler degeneracy enhancing instability.
Since only Bloch angular momenta with the first “Brillioun zone” [−N/2 + 1, N/2]
are physically significant, the idler angular momentum 2m − (m + N/2) = m − N/2
is equivalent to that of the signal, since any angular momentum maps onto itself
as l + N ≡ l. As with any discrete coordinate with periodic boundary conditions,
Bloch momentum states outside the [−N/2 + 1, N/2] cannot be distinguished from
its counterpart within, counting modulus N due to aliasing. This is particularly
obvious while observing the same fission process for a pulse starting with angular
momentum m = 3 (fig. 3.2); when symmetry is broken, a l = 0 pulse grows rapidly
and splits the brightest peak in two. This superposition of discrete vortices carrying
l = 0 and l = 3 angular momenta propagates for a half-dispersion length before
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the other momenta build to comparable levels. This sequence explains the pair
of trains of single-core localised pulses that emerge post-fission; the leading three
occupy odd sites while the trailing three populate even sites. Interference means an
equal superposition of two angular momenta separated by N/2 will populate only
every second core.
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Figure 3.2: The azimuthal symmetry breaking process is illustrated by the intensity
distribution over time, as viewed in the fibre index (left) and AM (right) basis. The initial
condition (panels a) and b)) possesses AM l = 3 but is otherwise identical to that in fig.
3.1. Symmetry breaking occurs at the most intense point during fission, indicated by red
arrows (panels c) and d)), with l = 0 developing first. This splits in two, then both pulses
containing l = 0 and l = 3 split again, leaving two groups of three solitary waves (panels
e) and f )).
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As with the MI simulations in the previous chapter, in the initial condition for each
numerical integration of eq. (3.0.1) a noise seed fn (t) is included on each fibre core.
This is included both to mimic a realistic propagation environment in which noise
is unavoidable and to stimulate instability and symmetry breaking within a short
enough propagation distance for feasible computation times. This has consequences
for the reproducibility of simulations. Since a new seed is generated for the pseudorandom number algorithm that drives the input noise on each run of the integration
code, the precise post-fission power distribution over time will generally not remain
the same for each one unless the seed is deliberately fixed. However, we repeated
each simulation several times with different noise seeds and observed that the main
qualitative features of the results as discussed here remained unchanged from run
to run.

3.3

Angular Momentum Supercontinuum

We define the joint angular momentum and frequency spectrum Al (z, Ω) in the same
way as in the previous chapter, see eq. (2.3.22). Figure 3.3 displays the spectrum
corresponding to the coupled NLSE numerical integration whose temporal evolution
is discussed above in figure 3.1. The colour map shows logarithmic scale spectral
intensity log10 (|Al (z, Ω)|2 ), with each panel showing the spectrum of a single angular momentum l. As before, due to our choice of time variable, Ω is the frequency
difference from the pump centred at Ω = 0. The massive spectral broadening in the
original l = m = 0 channel associated with primary fission around z = 0.2 is obvious,
as is the subsequent angular symmetry breaking which populates the other values
of l. The point of collapse where the spectrum reaches its widest seeds dispersive
bands at frequencies Ω > 20, with the strongest signature being the resonant line
at Ω = 35. Note no such bands emerge for Ω < −20: these asymmetric features are
enabled by third-order dispersion β3 . The majority of frequencies contained in l = 0
are generated after roughly the same z in the other l, which reflects the fact that
symmetry is broken over a very brief time interval and hence causes broadband excitation. That said, there are multiple resonant bands visible; which ones dominate
and their precise frequencies vary between l. The sequence of angular momentum
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generation is clearer here; first the l = 3 supercontinuum builds, followed by l = −1
and l = 2, then finally l = −2 and l = 1. l = 3 initially shows the fastest growth
since it is degenerate with its own idler under modulo N counting. This degeneracy
applies generally when l = m + N/2, as then q = 2m − m − N/2 = m − N/2 ≡ l,
and hence will only occur in arrays with an even number of fibre cores. The su-

Figure 3.3: Frequency Ω spectra vs. propagation distance z for different AM l, resulting
from the pulse evolution over five dispersion lengths shown in figure 3.1. The relative
intensity of spectral components is given on a (logarithmic) colour scale, with dark blue and
dark red representing the weakest and brightest components respectively. This convention
applies to all similar figures in this chapter that do not have explicit colour value maps.
Unchanged duplicate of figure 2 from [134].

percontinuum generation dynamics are quite complicated; in particular, it is not
obvious which spectrum components in figure 3.3 are associated with which points
in the time domain 3.1. To this end, we compute spectrograms using the XFROG
technique which provides simultaneous information on the pulse distribution across
time and frequency [155]. The resulting spectrograms can be thought of the Fourier
transform of the cross-correlation between a sample pulse (here taken as the pump’s
initial condition) and the current temporal distribution. Working in the angular
momentum basis, the XFROG trace is hence [13]
Z

2

∞

Al (z, t) sech(t − τ ) exp(−iΩt)dt .

Sl (z, τ, Ω) =
−∞
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(3.3.1)

This is evaluated for the field shown in figure 3.1 f ) and plotted separately for each
l in figure 3.4. Several features can be distinguished; dispersive waves trace out a
curve that is defined by the fibre dispersion, the majority of which are visible in
l = 0 as they are released prior to symmetry breaking during the first soliton fission.
There are two groups of pulses around τ = 0 and τ = 40, the latter being the
azimuthal light-bullets with a broader spectrum than the first group and a shifted
central frequency due to their displacement along the dispersion curve. Resonant
radiation can be seen as a vertical line at Ω = 40 and weaker resonances at lower
frequencies. The emitted dispersive waves trace out a curve that wraps around the
edges of the τ axis due to periodic boundary conditions used in the simulation, in
an artificial break with causality. In reality, these would extend out past τ > 100.

Figure 3.4: XFROG maps Sl (τ, Ω) resolved for each AM l resulting from the pulse propagation shown in figure 3.1, evaluated at z = 5. Unchanged duplicate of figure 3 from
[134].
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3.4

Spectral Dependence on Coupling

Both coupling parameters ∆ and φ are highly influential on the shape and evolution of the angular momentum supercontinuum. This is unsurprising given their
significance to modulation instability, as examined in chapter 2. The coupling rate
determines the pace of inter-fibre core dynamics and hence that of symmetry breaking, which will yield different spectra depending on whether they are faster or slower
than the initial soliton fission. Increasing ∆ from low to high (figure 3.5), the broad
band of radiation around Ω = 0 shows similar structural oscillations for each l, with
inhomogeneities reducing in size and width. At higher ∆ they begin to red-shift
towards negative Ω. Meanwhile, the resonant band’s positions remain initially fixed
but begin to broaden as ∆ increases, while also blue-shifting. One of these bands
only becomes visible for ∆ > 10, highlighting that some bands are only enabled by
inter-fibre coupling. Much like with MI gain, in addition to tuning the spectrum’s

Figure 3.5: Output spectra for resolved by AM l after propagating an intense (An (0, t) =
4An (0, t), B = 1) pump pulse carrying AM m = 0 through an untwisted array (φ = 0)
with a range of coupling rates ∆.

frequency coverage, the coupling may completely suppress generation of angular
momenta l 6= m for particular φ when ∆ is large enough. This apparent stabilisation of the pump angular momentum seems remarkable in this instance given
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the fission sequence proceeds as usual in the l = m channel. Despite the extremely
time-dependent nature of the pulses involved, arguments from continuous-wave modulation instability can still justify this. Angular symmetry breaking is prevented by
Peierls phases which cause the coupling-dependent part of the propagation constant to vanish, meaning cos(2πm/N − φ) = 0. There are always two values of
φ ∈ (0, 2π) which satisfy this condition. As an example, we numerically simulate
supercontinuum generation for variable φ from the common initial condition of an
m = 3 pulse in an N = 6 core, plotting the output angular momentum spectrum in
figure 3.6 after propagating for z = 5. All power in channels l 6= 3 vanishes when
the above stabilisation condition is met at φ = π/2, 3π/2, verifying that angular
symmetry remains unbroken in these cases. In addition to the multitude of sharp

Figure 3.6: Output spectra resolved by AM l after propagating an intense (An (0, t) =
4An (0, t), B = 1) pump pulse carrying AM m = 3 for z = 5LD in a strongly coupled array
∆ = 10, given varying values of the twist-induced Peierls phase φ. No light is generated in
l 6= m channels when φ = π/2, 3π/2 as indicated by the red arrows, due to the symmetry
breaking suppression mechanism described above. Two bands of dispersive radiation are
indicated by dashed white and magenta lines in each l subfigure, which are excited during
the splitting of the initial pulse and a post-fission pulse respectively. Unchanged duplicate
of figure 4 from [134].

peaks close to Ω = 0, two additional bands around Ω = 40 are visible for each
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l. The positions and strengths of these bands vary with φ; the higher frequency
band, lying between dashed white lines in each AM spectrum in figure 3.6, is significant for π/2 < φ < 3π/2. The lower band, indicated by dashed magenta lines
in figure 3.6, is visible over a smaller domain 5π/8 < φ < 11π/8. They arise from
two separate pulse splittings where symmetry is broken, which can be shown by
monitoring the XFROG map during propagation. We illustrate this for the particular case φ = π in figure 3.7 which shows XFROG traces at successive propagation
distances z = 0.5, 1, 4, 5. Symmetry is not broken initially during the first fission
(figure 3.7 a)) but is induced a little later from the main remnant around τ = 0
(figure 3.7 b)). This seeds resonant radiation which appears equally distributed
across all angular momenta (figure 3.7 c)). Sometime after, the leading pulse in
the τ = 0 remnant undergoes fission and seeds the second dispersive band across
all l (figure 3.7 d)). This provides some justification for the frequency difference
between these two bands: less intense pulses experience less nonlinearity and should
therefore be more stable against symmetry breaking. Additionally, the frequency
of the emitted radiation is dependent on the source pulse’s peak power, as will be
examined in the next section. This is why the weaker leading remnant pulse requires
longer propagation to break, and releases lower-frequency dispersive waves, than the
initial trailing pulse. The secondary dispersive band is somewhat obscured in the
l = m = 3 spectrum, as overlaps spectrally with dispersive waves released during
the first fission event before symmetry breaking occurred. Since these are driven by
single fibre/azimuthally invariant dynamics, they are independent of the fibre twist
and hence φ.

We can also examine the likelihood of a given fibre array to result in symmetry
breaking and localisation, or to preserve a particular angular momentum, by numerically integrating eq. (3.0.1) along an imaginary propagation axis. This is a
common technique used to obtain the ground states of nonlinear systems [156] and
is simply achieved by performing a Wick rotation z → iz before integrating. Using
discrete vortex solitons as per eq. (3.1.1) as initial conditions, we find that at higher
coupling strengths ∆ ≈ 10 the fields rapidly converge to vortex solitons whose angular momenta m maximises the soliton wavenumber β m (eq. (3.1.2)). For reference,
βm is plotted against φ for each possible m in figure 3.8. Some values of φ, such as
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Figure 3.7: XFROG maps Sl (τ, Ω) of the evolution of an intense (An (0, t) = 4An (0, t),
B = 1) input pulse with m = 3 in a strongly coupled ∆ = 10 ring with φ = π, evaluated
after propagation distances of a) z = 0.5LD , b) z = LD , c) z = 4LD , d) z = 5LD . The
initial soliton fission in a) occurs prior to any symmetry breaking and does not populate
any of the l 6= m AM channels. Symmetry breaking occurs when the leading post-fission
pulse first breathes and broadens in frequency b), exciting a resonance around Ω = 45
(highlighted in the white dashed circle). Both this and the post-fission pulse train couple
to dispersive waves, acquiring a time delay as they propagate c). Eventually, the trailing
l = 3 pulse experiences symmetry breaking d) and induces another resonance around
Ω = 35 (also highlighted in white). Low-amplitude dispersive waves released by the
solitons or leftover as post-fission remnants follow a curve defined by the fibre dispersion
(dashed black curve). Duplicate of figure 5 from [134].
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Figure 3.8: Discrete vortex soliton propagation constant β m as a function of twist phase
φ for different angular momenta m. Here B = 1 and ∆ = 10. Unchanged duplicate of
figure 7 from [134].

those which are odd multiples of π/6 in this example, imply a ground state which
is degenerate in m. This is verified in imaginary-z simulations; choosing φ = π/6,
for instance, results in convergence to an equal superposition of m = 0 and m = 1
discrete vortex solitons. On the other hand, at reduced coupling strengths, the integration may instead converge to azimuthally-localised solutions, despite the field
appearing initially stable in a vortex state.

Figure 3.9: Propagation constants for dispersive waves βl (Ω) for comparison with that of
a soliton without AM (m = 0, black dashed line), assuming various values of the Peierls
phase φ. Here we have taken B = 1, β2 < 0, β3 = −1/10 and ∆ = 10. Note that the
soliton’s propagation constant also depends on the Peierl’s phase as βm=0 =

B2
2 +2∆ cos(φ)

and hence assumes a different (though constant with Ω) value in each sub-plot.
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3.5

Resonant Radiation

Solitons may release dispersive waves as they propagate if they are phase-matched
with continuum modes of the fibre array’s dispersion. These modes are linear plane
waves and hence take the form
n (z, t) = exp (i(kz + lθn − ωt)) .

(3.5.1)

Note these waves have negligible intensity compared to the source soliton as they are
emitted, hence they have no explicit dependence on fibre nonlinearity or power unlike
the solutions in eq. (2.3.3). As such their propagation constant k is determined by
substituting eq. (3.5.1) into the linear Schrödinger equation, including third-order
dispersion;
1
β3
i∂z n = − ∂t 2 n + i ∂t 3 n − ∆ (exp(−iφ)n+1 + exp(iφ)n−1 )
2
6
1 2
β3 3
−kn = Ω n − Ω n − ∆ (exp(i2πl/N − iφ) + exp(−i2πl/N + iφ)) n (3.5.2)
2
6
1 2 β3 3
k = − Ω + Ω + 2∆ cos(2πl/N − φ).
2
6
The phase-matching condition is then determined by equating this with the soliton
wavenumber in eq. (3.5.1),
k = β m,


B2
2πm
1 2 β3 3
+ 2∆ cos
−φ ,
− Ω + Ω + 2∆ cos(2πl/N − φ) =
2
6
2
N


 



β3
2πm
2πl
2
2
Ω
Ω − 1 = B + 4∆ cos
− φ − cos
−φ
.
3
N
N
(3.5.3)
This equation is cubic in Ω, so there will be at most three frequencies for which phase
matching occurs given a set of fibre array constants and soliton parameters. These
roots can be solved for directly, though their forms are not particularly tractable.
One root is unconditionally real and hence always present,
ΩRR =

1
β3


+

2

2

1  2 + 3β3 (B + 4δm,l ) +
β3

q

1

−4 + 2 + 3β3
2

2

B2

2

+ 12β3 δm,l

2  3


1
q
2 − 3
2 2
2
1 2 + 3β3 (B + 4δm,l ) + −4 + 2 + 3β3 B + 12β3 δm,l 
. (3.5.4)
+ 
β3
2



2

2
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where δm,l is the Kronecker-Delta symbol, meaning δm,l ≡ 1 if m = l and δm,l ≡ 0
if m 6= l. The other two solutions may contain imaginary components depending
on the parameters; if so they are not true resonant frequencies and will not have
associated dispersive waves. Note that while we refer to the resonant radiation as

Figure 3.10: Resonant radiation frequency of the first branch of eq. (3.5.4), which is
always present while β3 > 0, as a function of Peierls phase φ given the parameters in
Fig. 3.9. Note that for the pump’s AM l = m = 3 this is independent of φ and is identical
to the resonant frequency which would be observed in a single uncoupled fibre. Unchanged
duplicate of figure 8 from [134].

dispersive waves, the latter is a general term that can encompass any low-amplitude
oscillations that do not form self-bound states like solitons, and whose wavenumber is
determined by the fibre’s linear dispersion. Hence it also includes the weak emissions
released during soliton fission, which spread and trace out a curve in XFROG plots
defined by the dispersion, such as in figure 3.7 (d) (dashed black line).

3.6

Discrete vs. Orbital Angular Momentum

As discussed earlier, the angular momentum of the solutions in this and the previous chapter is of a discrete nature due to the relative phases of the guided modes in
different fibre cores. It is analogous to the Bloch-momentum of electrons in periodic
potentials and should be distinguished from orbital angular momentum (OAM),
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which is usually proportional to the azimuthal phase gradient of electric fields. How
are the two related? We can try to assess the OAM content of a discrete angular
momentum mode, or discrete optical vortex, by constructing the scalar transverse
field envelope E(x, y) from the coupled modes then projecting onto suitable OAM
basis functions. The fundamental mode of a step-index fibre core may be approximated by a radial Gaussian function [119], such that the envelope for a discrete
vortex with amplitude E0 may be expanded from eq. (2.1.14) as
!

2
N
X
|r − rn |
2πmn
E(r) = E0
exp −
+i
,
w
N
n

(3.6.1)

in transverse coordinates r = (x, y). rn = (xn , yn ) is the location of each core’s
centre, and the modes’ width is scaled by
w = R .65 + 1.62V −1.5 + 2.88V −6
p
V = kR nc 2 − n0 2 .


(3.6.2)

Since this confines light to a narrow radial interval and there is no radial phase, a
natural choice of basis functions are Laguerre-Gauss modes. These are parametrised
in polar coordinates (r, θ)
s
2p!
LG`,p =
π(p + |`|)!

by radial p and angular ` indices,
√ !|`|
 2 !
 2
r
r 2
2r
|`|
exp −
Lp
exp (i`θ) ,
w0
w0
w0 2

(3.6.3)

|`|

and Lp are generalised Laguerre polynomials (see [157] ). The beam waist w0 is
a free parameter that sets the common radial scale of the modes. The choice of
w(V ) in eq. (3.6.2) is made as this function maximises the projection efficiency of
a Gaussian onto the fundamental mode LG0,1 (r − rn ) of each fibre core [119]. Any
polar function may be expanded in terms of Laguerre-Gauss modes, so the electric
field may be decomposed as
E(r) =

∞ X
∞
X

C`,p LG`,p (r, θ)

(3.6.4)

p

`

and we can determine the mode coefficients by calculating the corresponding projection
Z

2π

Z

∞

rLG∗`,p Edrdθ.

C`,p =
0

(3.6.5)

0

We are not especially interested in the distribution of E over the radial index p, which
is dependent on the particular choice of w0 . Hence, choosing w0 as the distance of
the fibre cores from the origin, we project onto a finite range of 0 < p < pmax
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sufficient to capture all significant C`,p , then sum over p to obtain an approximation
of the OAM spectrum:
pmax

S(`) ≈

X

|C`,p |2 .

(3.6.6)

p

To this end, discrete vortex fields such as that in figure 3.11 with discrete angular
momenta m in the distinguishable range −2, −1, 0, 1, 2, 3 are constructed and the
projection integrals (3.6.5) are calculated numerically for each one. From these the
sum (3.6.6) is calculated, with the results shown in figure 3.12. The dominant OAM
in nearly all cases is ` = m, however ` = m ± N are also populated, and ` = m ± 2N
to a much lesser extent. This is justified by the degeneracy of discrete angular
momenta separated by multiples of N due to aliasing. For m = 3, the amplitudes
of ` = m and ` = −m are equal; in this case, the core phases form an alternating
pattern of 0, π, 0, π... so clockwise and anti-clockwise OAM cannot be distinguished.
Though the aliasing degeneracy implies all ` separated from m by integer multiples
of N being occupied, in practice their amplitudes decrease exponentially with the
difference from `. The reason is that the zero-intensity core of Laguerre-Gauss
modes expands as |`| increases, eventually leaving no overlap with the guided modes
centred on a fixed radius. Nevertheless, clearly there is no one-to-one correspondence
between discrete angular momentum and OAM and the difference should be kept in
mind when considering potential uses of output light from fibre ring arrays.

Figure 3.11: Cross-section of a discrete angular momentum mode (m = 1) in a hexagonal
ring array of step-index fibre cores. a) Intensity |E|2 , relative to its maximum value.
Edges of the fibre cores indicated by white circles. b) Field phase, relative to π.
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Figure 3.12: Logarithm of the OAM spectrum log10 (S(`)) of discrete vortex modes with
different discrete angular momenta m.

3.7

Summary

This chapter has studied the generation of supercontinua in a ring array of coupled fibres. The coupled nature of the array provides an additional, discrete degree
of freedom, which the supercontinua may extend over. If an input pulse carries
a single angular momentum, the resulting supercontinuum may be excited across
all the other discrete momenta if angular symmetry breaking occurs. This symmetry breaking shares many features with modulation instability, as four-wave mixing
enables weak perturbations in non-pump angular momenta to be boosted. These
spectra can hence be seeded both by direct cross-modulation from pump frequencies
emerging from soliton fission, or by nonlinear processes within the new angular momenta channels once their power grows to levels comparable to the pump. Symmetry
breaking is contingent on both the coupling rate and twist-enabled Peierls phase,
as well as the level of background noise. Hence a degree of control can be exerted
over the supercontinua’s distribution over both frequency and angular momenta
through the coupling parameters. Furthermore, entirely new resonant radiation
bands emerge from azimuthal coupling and the phase-matching conditions between
angular momenta that result. These conditions may be satisfied without the third
or higher-order dispersive coefficients which normally excite resonant radiation.
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Chapter 4

Möbius Fibre Resonators

The fibre systems examined in previous chapters are all passive and closed, in that an
initial field condition is transformed as it propagates through them up to some specified final distance without interacting with an external environment or additional
waveguides. Many optical devices, including lasers and light-emitting diodes, are
active and generate light internally. Others, namely resonators, are partially closed
systems in which light circulates over many round-trips while exchanging optical
power with an external drive and an output channel at some specified boundary
condition. An optical fibre whose ends are joined to form a loop, coupled to a
second fibre or waveguide carrying pump light, forms such a resonator. The nonlinear response of these fibres can dramatically alter the resonator’s steady-state
output. Only modes whose wavelengths fit an integer number of times along the
fibre’s length can grow in power. This results in a spectrum of peaks separated by
frequency intervals inversely proportional to the length of the fibres, termed the free
spectral range (FSR). At the same time, the strong optical confinement provided by
the fibre can lead to large nonlinearities, resulting in modulation instabilities and
soliton formation. Self-focussing so shapes the intrafibre field into short pulses with
a broad spectral envelope. Combined with the resonator’s mode selectivity, this
results in a wide span of regularly-spaced peaks being excited as a frequency comb.
Since the fibre itself may be kilometres long, the FSR can be on MHz or GHz scales,
many times smaller than the driving optical frequency. However, the same princi-
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ples apply to optical microresonators on micrometre scales with FSRs in the THz
range [158, 159, 160] . Kerr cavity solitons and their associated combs have found
great utility in precision metrology due to this sensitivity, particularly atomic [161]
and astronomic [162, 163] spectroscopy. See [164] and [165] for in-depth reviews.
The fibre’s nonlinearity has a further effect on the spectrum; it tilts each resonance
peak in frequency due to self-phase modulation. If the tilt is sufficiently large, it
may overlap with itself resulting in a multi-valued response for certain frequencies.
This introduces bistability, optical chaos and many other complex phenomena which
make the physics of nonlinear resonators rich indeed [166, 167, 168, 169] and may be
exploited for applications such as cryptography [170, 171]. In extremely nonlinear
cases, the resonance distortion may cause neighbouring peaks to cross-over, resulting
in more exotic states like super-cavity solitons [172, 173].

There are several resonator designs with multiple channels, commonly formed by
a single multimode fibre loop. A different class of resonator may be created by
connecting the ends of multiple single-mode fibres in succession, coupling to input
and output ports at each connection. To our knowledge, this has not been explored
in the context of nonlinear optics and has a completely different topology to existing
resonators. In this thesis, we will consider the simplest possible design of this type,
which consists of two separate fibres whose ends are connected to each other to form
a figure of eight, coupled to a common input and output fibre at the connection
points. We refer to this design as a Möbius resonator and illustrate it in figure 4.1.
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Figure 4.1: Schematic of a Möbius resonator, consisting of a pair of optical fibres whose
ends are connected as shown and a bus line which both carries the input pump and
transmits the output from each fibre. Light is injected into the resonator from one side
(the IN port) of the bus fibre only. This pump light couples equally into both red and blue
loops. It then circulates clockwise around the blue loop and counter-clockwise around the
red loop (from this schematic’s perspective). Upon completing a round-trip, light at the
boundary between the loops is partially coupled out to the bus fibre’s OUT port, while
the rest is transmitted to the input of the other loop (neglecting reflections in the opposite
direction).
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4.1

Ikeda Map

In single-loop resonators, the so-called Ikeda map has been widely used to model
light propagation since its inception [174, 175]. It can accurately describe the field
evolution over successive resonator round-trips under quite general conditions. Continuous approximations such as the Lugiato-Lefever equation [176], while being more
tractable for analysis, are typically only valid close to resonance and when the field
change is perturbative over single round-trips [172, 177]. The dimensionless Ikeda
map defining the field boundary conditions between round-trips (labelled with an
integer m) is
Am+1
(z = 0, t) =
1
Am+1
(z = 0, t) =
2

√
θAin +
√
θAin +

√
√

1 − θe−iδ1 Am
2 (z = 1, t)

(4.1.1)

1 − θe−iδ2 Am
1 (z = 1, t)

while propagation through each fibre loop (labelled n = 1, 2) over a round-trip is
described by the same NLSE as in eq. (3.0.1) with an additional loss term
2 m
3 m
m 2 m
i∂z Am
n = ηn ∂t An + iβ3,n ∂t An − |An | An − i

αi m
A .
2 n

(4.1.2)

The boundary conditions in eq. (4.1.1) assume that any light at the end of one
fibre that does not escape into the bus fibre output is transferred to the input of the
other. This neglects any reflections back into the original fibre from the boundary,
which would propagate in the opposite direction around the resonator. However, if
the reflections are weak and the resonator is pumped in only one direction from the
bus fibre’s in port, such counter-propagating modes will not grow significantly as the
round-trip loss due to αi will suppress them. The effect of these reflections will be to
impart a small lumped loss to Am
n on each round-trip, which may be approximated
by an effectively higher αi to account for them. The ingoing pump light is supposed
√
to couple equally to the inputs of both resonator fibres as θAin . Both eqs. (4.1.1)
and (4.1.2) are expressed in dimensionless units: physical propagation distance z̃
is scaled to the length L of either fibre, which we assume to be common, as z =
z̃/L. The scaling of other quantities is very similar to that used for the NLSE
(3.0.1) in the previous section, with the fibre length L replacing the dispersion length
LD . GVD is normalised to that of the second fibre, such that η2 ≡ sgn(β2,2 ) and
η1 = sgn(β2,1 )|β2,1 /β2,2 |. θ accounts for coupling of pump light Ain (t-independent,
having eliminated the carrier wave) into the fibre loops and fibre fields out into
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the bus waveguide. The absorption coefficient is also scaled by the fibre length
αi = α̃i L, while the detunings δn = 2kπ − βn (ω0 )L define the linear phase offset
per round-trip due to the mismatch between the fundamental frequency ω0 and the
closest resonance of each fibre loop, indexed by the integer k. This driven-dissipative
system has a fundamentally different character to the conservative equations studied
thus far in this thesis, in which the total power and energy remain constant. To solve
the Ikeda map numerically, we repeatedly integrate both intrafibre NLSEs (4.1.2)
with the same method as in Chapter 3, with the addition of the loss term

αi m
An
2

in

each Runge-Kutta step, applying the boundary conditions in eq. (4.1.2) after each
round-trip.

4.2

Homogeneous Steady-States

The simplest steady-states to consider are those with no time dependence. Under
this assumption ∂t → 0 and the integral of equation (4.1.2) reduces to
m

i|An (0)|
Am
n (1) ≈ e

2

−

αi
2

Am
n (0).

(4.2.1)

Note that this is an approximation, since intrafibre losses will gradually decrease the
power along z and hence the strength of the nonlinear term. According to Hansson
and Wabnitz [172], a more exact expression can be obtained by multiplying the
nonlinear term in eq. (4.2.1) by an effective length Lef f = (1 − exp(−αi ))/αi .
Lef f → 1 as αi → 0, and may be approximated as such while αi << 1. Inserting the
integral (4.2.1) into eqs. (4.1.1) and imposing the steady-state constraint Am+1
=
n
Am
n ≡ An , we get
√

√
αi
2
θAin + 1 − θei(|A2 | −δ1 )− 2 A2
√
√
αi
2
A2 = θAin + 1 − θei(|A1 | −δ2 )− 2 A1 .
A1 =

(4.2.2)

This pair of equations may be reduced to a single relation between the intracavity
powers Y ≡ |A1 |2 and Z ≡ |A2 |2 by first eliminating the pump field, rearranging
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and taking the square modulus of both sides;
√
√
αi
αi
A1 − 1 − θei(Z−δ1 )− 2 A2 = A2 − 1 − θei(Y −δ2 )− 2 A1 ,



√
√
αi
αi
1 + 1 − θei(Y −δ2 )− 2
1 + 1 − θe−i(Y −δ2 )− 2 Y



√
√
αi
αi
= 1 + 1 − θei(Z−δ1 )− 2
1 + 1 − θe−i(Z−δ1 )− 2 Z,


√
αi
1 + 2 1 − θe− 2 cos(Y − δ2 ) + (1 − θ)e−αi Y


√
α
−αi
− 2i
cos(Z − δ1 ) + (1 − θ)e
Z.
= 1 + 2 1 − θe

(4.2.3)

This equation is exact but is transcendental, so it cannot be solved analytically.
Instead, we can numerically find solutions (Y ? , Z ? ) by iteratively applying Newton’s
method to eq. (4.2.3). For a given set of resonator constants δ1 , δ2 , θ, αi , we fix one
power Z ? then search for solutions Y ? . A set of initial guesses Y0 are specified, and
for each guess, we repeatedly apply the one-dimensional Newton method
f
YN +1 =YN −
|Y =YN ,
∂Y f


√
αi
f (Y, Z ? ) = 1 + 2 1 − θe− 2 cos(Y − δ2 ) + (1 − θ)e−αi Y


√
α
− 2i
?
−αi
− 1 + 2 1 − θe
cos(Z − δ1 ) + (1 − θ)e
Z ?.

(4.2.4)

until YN converges to a solution Y ? . Repeating for a series of initial Z ? provides a
subset of solutions in the (Y, Z) plane. Some examples for a resonator with θ = 2/15,
αi = 1 are shown in figure 4.2. Many solution branches are visible in this range of
powers; if we consider much higher powers, an extended ladder of such asymmetric
branches can be seen (figure 4.3).
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Figure 4.2: Solutions to Eq. (4.2.3) showing the possible stationary state powers Y, Z in
the first and second fibre respectively, given fixed detuning δ1 = π in the first fibre and
different detuning values δ2 in the second (increasing going clockwise from top-left). Here
θ = 2/15 and αi = 1.

Figure 4.3: The same set of solutions to Eq. (4.2.3) from figure 4.2 with detuning δ1 =
δ2 = π plotted with an an extended Y axis. A ladder-like structure of bands of states
exists; typically bands except the lowest one closest to (Y, Z) = (0, 0) are unstable.
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In eliminating the pump to obtain eq. (4.2.3) we have reduced the complexity of
our solution space while discounting an important constraint. In practice, the pump
power X = |Ain |2 will certainly have an upper limit, and any constant X will give
rise to a few of the solutions obtained above. However, it is straightforward to
calculate the pump power associated with any solution (Y ? , Z ? ) from the modulus
square of either of eq. (4.2.2);
1 − (1 − θ)2 e−2α − 2(1 − θ)e−α cos(Y + Z − δ1 − δ2 )
Y
θ (1 + (1 − θ)e−α cos(Z − δ1 ))
1 − (1 − θ)2 e−2α − 2(1 − θ)e−α cos(Y + Z − δ1 − δ2 )
=
Z
θ (1 + (1 − θ)e−α cos(Y − δ2 ))

X=

(4.2.5)

We may use a Floquet analysis to test the stability of our solutions. This involves
constructing the Floquet matrix, which describes the change in perturbation fields
with each round-trip. Solutions are stable if and only if all the real parts of the matrix’s eigenvalues are less than one in magnitude. Stability is a necessary condition
for resonator states to be observed in practice, since unstable states will collapse in
the (inescapable) prescence of noise. The full calculation will be shown in a subsequent section where instability to time-dependent perturbations is considered; here
we use the zero-frequency limit to assess stability in the time-independent case. In
figure 4.4, the complete solution is plotted in (X, Y, Z) power space for δ1 = δ2 = π.
There is a great deal of local variation in the required pump power, however there
appears to be a linear growth in the peak of X for each repeated loop structure with
Y and Z. The majority of solutions shown are unstable; the only stable regions lie
close to the Y = Z axis along curves where X is a local minimum. Isolated stable
points appear on the disconnected solution loops away from this axis. To check the

Figure 4.4: Steady-state solutions to eq. (4.2.5) given detuning δ1 = δ2 = π, viewed
from two different perspectives in three dimensional (X, Y, Z) space. Blue and red points
indicate stable and unstable solutions respectively, as determined by a Floquet analysis
for time-independent perturbations. Here we use the approximation Lef f ≈ 1.
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accuracy of our approximation in eq. (4.2.1), we compare the solutions in figure
4.4 to those of the steady-state equation that accounts for the effective fibre length
Lef f = (1 − exp(−αi ))/αi in the nonlinear term (figure 4.5). It turns out that these
are identical to eqs. (4.2.5) with the scaling (X, Y, Z) → (XLef f , Y Lef f , ZLef f ) and
as such the solution structure is unchanged by assuming Lef f ≈ 1, but solutions in
(X, Y, Z) space differ from their true values by a factor Lef f along each axis. That
said, there are relatively fewer stable solutions than when Lef f is not accounted for.
Alternatively, we can examine homogeneous steady-states’ dependence on both fibre

Figure 4.5: The equivalent solutions in figure 4.4 when the exact system including the
effective length Lef f = (1 − exp(−αi ))/αi .

loop detunings (δ1 , δ2 ) while keeping the pump dependence explicit. To do this we
numerically integrate the time-independent versions of (4.1.1) and (4.1.2) with fixed
m
Ain and various choices of (δ1 , δ2 ) untill the fields Am
1 , A2 converge. Since exp(iφ)

has a period of 2π for real φ, the “Brillouin zone” of (δ1 , δ2 ) ∈ [−π, π]×[−π, π] covers
the physically significant detuning range. Given θ = 2/15, Ain = 1 and αi = 1, the
steady-state power Y in fibre one is plotted over this domain on figure 4.6. Since
both fibres have the same parameters besides their detuning, exchanging δ1 ←→ δ2
effectively swaps the roles of fibre one and fibre two; this imposes a symmetry in
their steady-state powers Y (δ1 , δ2 ) = Z(δ2 , δ1 ). Assuming a fixed relation between
δ1 and δ2 it is possible to cross the resonance more than once as they are scanned
over a 2π range, for example over the trajectory shown by the white dashed line
on the left of figure 4.6. The power in both fibres Y, Z for these detuning values is
plotted simultaneously in the right of figure 4.6. The resonance lies close to the line
δ1 + δ2 = 0 where we would expect its peak to fall in a simple linear system, but
it deviates from this and exhibits some curvature. This deviation arises from the
fibres’ nonlinearity; the same effect is seen as a tilting of the Lorentzian resonance
peak in single fibre resonators. For comparison the steady-state response in absence
74

Figure 4.6: a) Homogeneous steady-state power in the first fibre as a function of both
fibre detunings Y (δ1 , δ2 ). By symmetry, the power in the second fibre Z(δ1 , δ2 ) is the same
as this with the axes δ1 ↔ δ2 swapped. b) Power response of both fibres as the detuning is
scanned given the fixed relation δ1 = δ2 + π/2; see white dashed line in left figure. Result
is obtained by numerically integrating the Ikeda map (4.1.1) without time t dependence
in the intra-fibre NLSE (4.1.2). Here θ = 2/15, Ain = 1 and αi = 1.

of nonlinearity is shown in figure 4.7 a). The maximum power is obtained close to
δ1 + δ2 = 0, but even here the resonance is not completely symmetric about this
line. Since Y (δ1 , δ2 ) = Z(δ2 , δ1 ), it is clearly possible to obtain unequal steady-state
powers in the fibres for many detuning combinations. In contrast the resonance’s
deviation from δ1 +δ2 = 0 in figure 4.6 a) is enhanced when the intrafibre absorption
is reduced to αi = 0.01 (figure 4.7 b)), as the peak power in both fibres is higher.
Unlike the previous two responses, here the power is discontinuous. The discontinuity arises because the steady-state power is multivalued when the nonlinearity
is strong enough, and the response is forced to jump between solution branches as
the varying detuning enters a region where the current branch vanishes. The multivalued nature of the nonlinear solution is clear if we plot the expanded analytical
solutions for identical resonators δ1 = δ2 (figure 4.8). Since Y = Z, the power response is the same cubic equation for a single resonator. There are three possible
solutions, which overlap on the right-hand side of the resonance. It is worthwhile to
examine the linear resonator in more detail, since it has a simple analytic solution
and can provide some intuition for the more complex nonlinear resonator. Without
the nonlinear terms, the Ikeda map (4.1.1) can be readily solved for the steady-state
√
√
fields A1 = Y exp(iφ1 ), A2 = Z exp(iφ2 );
√
√
ei(δn +δn+1 ) + 1 − θeiδn −αi
An = θAin
(4.2.6)
ei(δn +δn+1 ) − (1 − θ)2 e−2αi
In figure 4.9, plots of the first fibre power (a), logarithm of the ratio between second
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Figure 4.7: Homogeneous steady-state power in the first fibre as a function of both fibre
detunings Y (δ1 , δ2 ) as in figure 4.6 a), except here the fibre nonlinearity is ignored while
keeping αi = 1 (a), or the nonlinearity is retained while reducing the intrafibre losses to
αi = 0.01 (b). White dashed lines indicate δ1 = −δ2 where we expect the resonance peak
to be in the linear case.

Figure 4.8: Intracavity power response curve of a Mobius resonator composed of two
identical fibres (or simply a single-fibre resonator). The curve is composed of three distinct
roots; on the right side of the peak, all the roots coexist for a range of detuning.

and first fibre powers (b) and ratio of the steady-state phases (c) are shown over the
plane (δ1 , δ2 ) calculated from eq. (4.2.6). Given a low absorption αi = 1/100, the
power for both fibres exhibits a sharp peak aligned along δ1 = −δ2 . Scanning across
δ1 = δ2 , both powers trace out the same Lorentzian detuning response common to
the single-fibre resonator. Y = Z along both of these lines, while the phase of the
two fields is equal for δ1 = δ2 and opposite for δ1 = −δ2 . Asymmetric powers result
when the detuning of either fibre approaches ±π while the other remains close to 0,
though these conditions are off-resonance such that the power in both fibres is low.
The average of the two powers is minimised for any of (δ1 , δ2 ) = (±π, ±π).
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Figure 4.9: Linear steady-state resonator responses as a function of the fibre detunings
(δ1 , δ2 ) given αi = 1/100, X = 10 and θ = 2/15. a) Power in first fibre Y ≡ |A1 |2 . b)
Ratio of the two powers log10 (Z/Y ). c) Relative phase between the two fields φ2 /φ1 .
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4.3

Dynamical steady-states

Exploring the Möbius resonator’s possible time-dependent steady-states is a challenging and extensive task for two reasons. Firstly, in general no analytic solutions
exist for the coupled Ikeda map eq. (4.1.1). Secondly, the parameter space is
very large with the additional degrees of freedom provided by the second fibre in
the resonator. An exhaustive study would need to consider variations in each of
(Ain , θ, αi , δn , ηn , β3,n ) for n = 1, 2. Examining all plausible physical combinations of
these would be prohibitive, even restricting these to be constants (the pump could
in principle be time-dependent). As such, in this section we will consider several
combinations likely to result in qualitatively different resonator outputs, and hope
this provides a reasonable survey of possible states.

When numerically exploring the steady-state over parameter space, there are two
approaches one could take. In the first, a common initial condition is integrated
for each combination of test parameters with the Ikeda map until it converges or
a set number of round-trips is exceeded. Since the results of each simulation are
independent, the chosen parameters may be used in any order. The second approach
monotonically and adiabatically increases one parameter, while taking the output
state from the previous integration as the current initial condition. In principle this
should give quick convergence, since the steady-states for resonators with slightly
different parameters should be very similar. This is closer to how such scans are
typically performed in experiments, but introduces a complication as the simulated
steady-state for the current parameters may be dependent on the states obtained
with previous integrations. If the resonator response was single-valued (as it is in
a linear cavity), this would be irrelevant as the integrated field would converge to
a unique steady-state regardless of its history. In a multistable resonator however,
the obtained steady-state can depend on the initial condition and hence the series
of parameters explored before the current ones. This state dependence on history
is known as hysteresis and occurs as a phenomenon in many branches of physics
(perhaps most famously in magnetism). For example, probing the power response
of a single-loop fibre resonator (figure 4.8) by increasing the detuning from the left
of the resonance would trace out the entirety of the upper yellow branch before
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collapsing to the lower blue branch. On the other hand, starting to the right of
the resonance and decreasing δ would see the solution stick to the lower branch for
as long as it exists before jumping up to the yellow branch. The intermediate red
branch, being unstable, is never populated in the steady-state. This logic extends to
resonances in higher-dimensional detuning spaces; the direction and order in which
the detuning is varied will affect the resulting state in multistable regions.

Here we choose the second approach, and for consistency always increase the detuning δ1 monotonically while keeping a fixed relation with the detuning of the
other fibre, typically δ1 = δ2 unless stated otherwise. The output steady-states are
recorded after propagating the field over many round-trips of the dual Ikeda map
Eq. (4.1.1). Specifically, at each step we increase the detuning by a fixed perturbation and propagate for several hundred round-trips. For the first integration
step we use an initial condition similar in form to a standard Kerr cavity soliton,
An (t) = 1.2 sech(1.2t) in both fibres n = 1, 2. Thereafter, the output field from the
previous integration step is used as the initial condition for the next one. By inspection of the fibre field evolution during each integration step, we find this usually
results in convergence to a steady-state for the given (δ1 , δ2 ), though occasionally
the number of round-trips for which they are fixed needs to be increased.

An obvious starting point is the case of identical fibres, for which δ1 = δ2 and
η1 = η2 , with no third-order dispersion β3,n = 0. The coupled Ikeda map then
reduces to the well-explored standard Ikeda map since the equations are the same in
both fibres on each round trip. With anomalous fibres ηn = −1, a distinct sequence
of dynamic states emerges as the detuning is scanned over the resonance (figure
4.10). This sequence covers, in order of increasing detuning: homogeneous states,
modulation instability patterns, chaotic states whose output fluctuates each roundtrip without converging, oscillatory (breather) and stable solitons, followed again by
homogeneous states.

As discussed previously, any physical fibre system includes optical noise, which
should be accounted for in any model. Here we include a noise signal fn (t) with
2

fixed initial power |fn |2 = 10−4 max(|A0n (t)| and different randomised phases in cores
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n = 1, 2 and time t. A randomly-generated fn (t) is added each time the detuning δ1
is incremented. This does mean that repeated parameter sweeps of δ1 will not reproduce the same intrafibre fields, hence the difference in the steady-states YSS and ZSS
in figure 4.10 despite the fibre loops being identical. The repeated addition of noise
is also responsible for the random shifts of the cavity soliton peaks’ positions in figure 4.10. However, noise addition does help ensure that the obtained steady-states
are robust, since if they were unstable to a fibre detuning increment we would expect
additional perturbations to grow and destroy the previous steady-state configuration. Provided the relative change in the field per round-trip is small, the Ikeda map

Figure 4.10: Stationary state power distributions over time which emerge in a Möbius
resonator composed of two identical fibres, as a function of common detuning from the
pump δ1 = δ2 . Parameters: Ain = 0.166, β3,n = 0, η1 = η2 = −1, θ = 2/15, αi = 1/100.
Different regimes of dynamic steady-state behaviour are indicated with white labels and
arrows; the steady-state is time-independent for detunings outside these ranges.

for a single fibre loop can be accurately described by a mean-field approximation
known as the Lugiato-Lefever equation [176], which as a continuous equation can be
studied analytically. In this context, the parameter regimes supporting the various
states shown in figure 4.10 are well known (Coen and Erkintalo provide a succinct
overview [178]) and apply equally to the Möbius resonator when conditions for both
fibres are the same. However, these domains vary when the properties of one fibre
are varied relative to the other’s, for example the GVD. Figure 4.11, which results
from fibres with unbalanced and opposite sign dispersion, shows that solitons are
supported over a shorter detuning range while those of the other non-homogeneous
states are shifted upwards in δ1 = δ2 . Next we extend this scenario to cases where
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Figure 4.11: Stationary state power distributions YSS in fibre 1 (a) and ZSS in fibre 2 (b)
over time which emerge in a Möbius resonator composed of one anomalously-dispersive
fibre η1 = −1.5 and a second, normally-dispersive fibre η2 = 1, as a function of common
detuning from the pump δ1 = δ2 . No third-order dispersion is present; parameters are
Ain = 0.166, β3,n = 0, θ = 2/15, αi = 1/100.

the fibres have unequal detuning δ1 6= δ2 but remain otherwise identical. Exploring
the resonator steady-state over the “Brillouin zone” (δ1 , δ2 ) ∈ [−π, π] × [−π, π], we
find the same four state categories as in figure 4.10 distributed about the cavity
resonance δ1 = −δ2 . Despite the fibres having opposite-sign GVD, the sequence and
forms of dynamical steady-states do not appear so different from those in figure 4.10
where the fibre dispersions are equal and anomalous. One explanation is that since
the GVD magnitude is greatest in the anomalous fibre, its effects dominate over the
other’s normal dispersion and the complete resonator acts like an anomalous system
on average. This behaviour can be justified; if one attempts to construct a meanfield model for the Möbius system while keeping only first-order terms, the result is a
standard Lugiato-Lefever equation where all parameters are averages of those of the
constituent fibres. This raises the question of what happens when fibre parameters
are equal and opposite in sign, such that a term (such as the GVD) vanishes. Taking
the fibre pair used for figures 4.11 and 4.12, gradually reducing the magnitude of the
anomalous η1 towards unity sees the domains of the non-homogeneous states shrink
until the MI and chaotic phases disappear, leaving just a narrow detuning range
supporting solitons (figure 4.13). These solitons do not resemble typical Kerr cavity
solitons, having distinct oscillatory waveforms in each fibre. Plotting the intrafibre
evolution of this soliton over two round-trips shows how it smoothly changes from
one form to the other as it experiences GVD sign-swaps on passing between fibres
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Figure 4.12: Dynamical steady-state category in fibre 1 in a resonator with unbalanced
dispersion η1 = −1.5, η2 = 1 as a function of fibre detunings from resonance (δ1 , δ2 ).
States are identified by a colour code; homogeneous states 1, modulation instability 2,
chaotic states 3 and cavity solitons 4.

(figure 4.14). Though the time series at the fibre outputs are quite different, the
spectra are roughly the same and extend over a much wider frequency range than
that of a Kerr cavity soliton obtainable with the same power.

Figure 4.13: Stationary state power distributions in fibre 1 (a) and fibre 2 (b) over
time, which emerge in a Möbius resonator composed of fibres with opposite group velocity
dispersion (GVD) η1 = −η2 = −1 but otherwise identical parameters, as a function of
common detuning from the pump δ1 = δ2 .
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Figure 4.14: Example of the intracavity steady-state power in a Möbius resonator composed of two fibres with equal and opposite second-order dispersion η1 = −η2 = −1. Both
fibres are detuned from the pump by δ1 = δ2 = 0.43. a) Output power profiles from
fibre one and fibre two after 700 round-trips. b) Intra-fibre propagation of one field over
two roundtrips, showing how the state continuously changes from the output distribution
in one fibre to the other and back over one period of the Möbius cavity soliton (MCS).
c) Comparison of the MCS spectrum with that of a standard Kerr cavity soliton which
forms in an equivalent resonator with fibres that have the same dispersion, given the same
pumping and initial condition as the dispersion oscillating resonator. The MCS bandwidth
is considerably larger, particularly at lower powers.
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So far we have not considered the impact of third-order dispersion on the dynamical
steady-state. Naturally it will not affect modulation instability (only even-frequency
terms can), however it does modify the form of the cavity soliton. Repeating the
detuning scan for resonator fibres with η1 = −η2 = −1 and additionally β3,1 = β3,2 ,
the cavity soliton becomes asymmetric in t and acquires a detuning dependent group
velocity. It also appears for a wider detuning range than the cavity soliton in absence
of β3 . Looking more closely, its structure is qualitatively the same in both fibres
(figure 4.15) since the common β3 is primarily responsible for shaping the pulse
rather than the oscillating GVD. Its spectrum is also asymmetric, with resonant
radiation peaks clearly visible, while being somewhat narrower than that in fig.
4.14 due to the extended tail. As discussed in previous chapters, this resonant
radiation is emitted at frequencies for which ensure phase-matching with the Möbius
soliton. In resonators, the boundary conditions enable a series of regularly-spaced
wavenumbers to be phase-matched simultaneously [179, 180]. Since the dispersive
parameters may oscillate strongly on successive round-trips, it is not immediately
clear what the appropriate wavenumber expressions for either of these are. An
approximation based on the average values over two round-trips appears justified a
posteriori ;
1
hβ3,n iΩ3 + hηn iΩ2 = hδn i + hPn i + 2πk
2

(4.3.1)

Here k is an arbitrary integer, Pn is the peak soliton power in fibre n and hxn i means
the mean of parameter xn between fibres n = 1, 2. In this case, hηn i = 0 and the
resulting cubic equation has only one real, positive root for the resonant frequency
Ω for each value of k.

On the other hand, if β3,n swaps sign between fibres as well as ηn , the soliton is more
compact in time and the tail appears on opposite sides in each fibre (figure 4.16).
The associated spectrum is hence wider and the resonant radiation peak is smoothed
out since an oscillating β3 does not give consistent phase matching between even
and odd round-trips.
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Figure 4.15: a) Power profiles from fibre one and fibre two given δ = 0.36, η1 = −η2 = −1
and β3,1 = β3,2 = 2.6. b) Comparison of the output MCS spectrum with that of the input
pulse. The green arrows indicate resonant radiation peaks.

Figure 4.16: a) Power profiles from fibre one and fibre two given δ = 0.4, η1 = −η2 = −1
and β3,1 = −β3,2 = 2.6. b) Comparison of the output MCS spectrum with that of the
input pulse.
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4.4

Modulation Instability

Modulation instability (MI) may occur in fibre resonators in much the same way
as in open-ended fibres, causing a homogeneous signal to be distorted by sideband
frequencies. The driven-dissipative nature of resonators changes the mechanism
somewhat. In conservative fibre MI as discussed in chapter 2, once initiated the
sidebands will grow exponentially until they dominate and break up the source
signal, while also seeding additional sidebands through cascaded four-wave mixing.
The resulting sequence of pulses will fall outside the original MI description and not
resemble a simple background-plus-sinusoid perturbation. However, in a resonator
the inherent response damps frequencies away from the resonance peak. Depending
on the precise conditions, MI may initiate sideband growth but the resonance limits
their maximum power such that breakdown of the background due to unchecked and
cascaded four-wave mixing does not occur. In this case, MI will lead to a steady-state
response where the resonator output is a sinusoidal pattern or a periodic pattern
composed of a limited number of sideband frequencies. Furthermore, resonator
MI can arise for signals which would not normally experience instability, such as
those for which the group velocity dispersion is normal (positive). In fact, this is
not standard MI but rather parametric instability, where the instability source is
the periodic fluctuation of the background power between round-trips. Parametric
instability is common to many nonlinear systems whose parameters oscillate over
time.

Besides the repetitive driving imposed by the Ikeda boundary conditions, having
non-identical fibres in the resonator naturally imposes periodically varying parameters. Instabilities in single-fibre resonators whose properties vary throughout a
round-trip have been studied previously, in particular with dispersion-oscillating
fibres [177, 181, 182, 183].

The derivation of the Möbius resonator’s MI gain spectrum is similar to that of
the twisted fibre array from chapter 2, with a couple of differences. Firstly, the
boundary conditions of the Ikeda map have to be considered as well as intrafibre
propagation, such that we study the growth of perturbations over a complete round86

trip. Secondly, since the two fibres may have different parameters, we must consider
the perturbations in each independently, so we have two signal-idler pairs for each
round-trip (meaning four perturbation components rather than two). The dynamics
of time-periodic systems can be predicted through Floquet analysis. Such an analysis
has been performed for a dispersion-oscillating fibre resonator [177], so it is suitable
to adapt this to for the Möbius resonator.

It is convenient to account for intrafibre losses αi indirectly by replacing the trans√
√
√
mission coefficient 1 − θ by ρ ≈ 1 − θ exp(−αi L) as this simplifies the resulting
algebraic system. Hence the starting point for our analysis is the modified Ikeda
map
√

√ −iδ2 m
ρe A2 (z = 1, t)
√
√
Am+1
(z = 0, t) = θAin + ρe−iδ1 Am
2
1 (z = 1, t)

(4.4.1)

2 m
m 2 m
∂z Am
n = −iηn ∂t An + i|An | An

(4.4.2)

Am+1
(z = 0, t) =
1

θAin +

Usually one has to obtain the stationary solutions to a set of equations before considering their instability. However, as we have discussed equations (4.4.1) and (4.4.2)
do not have analytical solutions due to their coupled and nonlinear nature. The
time-independent Ikeda map is quick and straightforward to integrate numerically,
so the homogeneous states can be obtained that way. Knowing that they exist, we
m
label them An and expand the fields around them Am
n (z, t) = An + n (z, t). The

background steady-state’s amplitude and phase have to specified explicitly, so given
powers Pn and phases ψn in fibre n at z = 0,
An (z) =

p
Pn exp(i(Pn z + ψn )).

(4.4.3)

Meanwhile, the perturbation fields m
n are decomposed as

m
m
m
1 = ǎ (z, t) + ib̌ (z, t) exp(i(P1 z + ψ1 ))

m
ˇm (z, t) exp(i(P2 z + ψ2 ))
m
=
č
(z,
t)
+
i
d
2

(4.4.4)

ǎ, b̌ and č, dˇ are real perturbations in fibre one and fibre two respectively. This differs
from the parametrisation chosen in chapter two, where a complex signal and its idler
were chosen as the coupled perturbation fields. Here a real-imaginary decomposition
is preferred since it simplifies the coupled system, whereas before a signal-idler split
was used as it separates perturbation components based on their angular momentum.
87

Either choice is acceptable and would derive the same gain spectrum. The phase
grows linearly while propagating due to the nonlinearity, but remains the same each
round-trip due to the Ikeda boundary conditions. The absorption term is ignored
since ρ < 1 − θ is set to account for all losses. This approximation will likely fail
for large αi since absorption will reduce Pn over z and consequently the instability
gain. With the assumed steady-state background, the change in the perturbation
fields during propagation has to be found from the linearised NLSE. The calculation
is shown explicitly for fibre one, from which we state the analogous results for fibre
two since the procedure is identical. First inserting the background-perturbation
split into (4.4.2) and eliminating background-only terms, we have
2

2

2 m
m
m∗
∂z m
n = −iηn ∂t n + i2|An | n + iAn n

(4.4.5)

Next we substitute eqn. (4.4.3) and (4.4.4); dividing through by the common phase
factor exp(i(Pn z + ψn )) leaves


∂z ǎm + i∂z b̌m + iP1 ǎm + ib̌m = −iη1 ∂t 2 ǎm + η1 ∂t 2 b̌m + iP1 3ǎm + ib̌m
m

m

2 m

2 m

∂z a + i∂z b = iη1 Ω a − η1 Ω b + i2Pz a

(4.4.6)

m

Between the first and second lines above we have performed a Fourier transform
R
(ǎm , b̌m )(z, t) → dt(am , bm )(z, Ω) exp(−iΩt). Since am and bm are themselves real,
we can isolate the real and imaginary parts to obtain a linear coupled system

 


m
2
m
0
−η1 Ω
a (z, Ω)
d a (z, Ω) 

.
=
(4.4.7)
dz bm (z, Ω)
η1 Ω2 + 2P1
0
bm (z, Ω)
This has two eigenvalues λ± = ±ik1 , with
k1 =

p
η1 Ω2 (η1 Ω2 + 2P1 )

with associated fundamental solutions

 

2
cos(k1 z)
− η1kΩ1 sin(k1 z)
,
.
v+,− = 
k1
sin(k1 z)
cos(k1 z)
η1 Ω2

(4.4.8)

(4.4.9)

from which any general solution to eq. (4.4.7) may be constructed. They can be
combined into a fundamental solution matrix


2
cos(k1 z)
− η1kΩ1 sin(k1 z)

X1 (z) = 
k1
sin(k1 z)
cos(k1 z)
η1 Ω2
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(4.4.10)

which specifies the transformation of the initial condition during propagation,




am (z, Ω)
am (0, Ω)

 = X1 (z) 
.
(4.4.11)
m
m
b (z, Ω)
b (0, Ω)
Hence propagating over the entire length of the fibre loop is equivalent to applying
the matrix X1 (z = 1) to the perturbation. Performing the same calculation for the
second fibre yields


with

m





m



c (0, Ω)
 = X2 (z) 
,
m
m
d (0, Ω)
d (z, Ω)
c (z, Ω)


X2 (z) = 

2
− η2kΩ2

cos(k2 z)
k2
η2 Ω2

sin(k2 z)

sin(k2 z)

cos(k2 z)

(4.4.12)


(4.4.13)



and
± k2 = ±

p
η2 Ω2 (η2 Ω2 + 2P2 )

(4.4.14)

Since the two fibres are decoupled during propagation, we can combine both sets of
perturbations in both fibres into a single four-vector and describe their evolution by




m
m
a (z, Ω)
a (0, Ω)





 m

 m
 b (0, Ω) 
 b (z, Ω) 
 = X(z) 
,

(4.4.15)
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 m
 c (0, Ω) 
 c (z, Ω) 




m
m
d (z, Ω)
d (0, Ω)
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cos(k1 z)

 k1
 η1 Ω2 sin(k1 z)
X(z) = 


0

0

2
− η1kΩ1

sin(k1 z)

cos(k1 z)
0
0

0

0






0
0
 . (4.4.16)

η2 Ω2
cos(k2 z)
− k2 sin(k2 z)

k2
sin(k2 z)
cos(k2 z)
η2 Ω2

To describe the effect of a complete round-trip of the resonator, we have to account
√
for the Ikeda boundary conditions. The pump term θAin replenishes the background field, which we have already removed. So only the reflection term needs to
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be accounted for, meaning





m
a
(z = 0, Ω)
a (z = 1, Ω)




 m+1

 m

b
 b (z = 1, Ω) 
(z = 0, Ω) 
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sin(φ2 ) cos(φ2 ) 
√ 
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Γ = ρ


cos(φ1 ) − sin(φ1 )

0
0


sin(φ1 ) cos(φ1 )
0
0
m+1

(4.4.17)

The rotation phases are defined as φ1 = P1 −δ1 +ψ1 −ψ2 , φ2 = P2 −δ2 +ψ2 −ψ1 . Hence
the evolution of the perturbations over a complete round-trip is given by the Floquet
matrix W ≡ ΓX(z = 1), and after M round-trips they are (aM , bM , cM , dM )> =
W M (a0 , b0 , c0 , d0 )> . Stability is therefore determined by the eigenvalues of W ; if
their modulus exceeds one, the perturbations will grow exponentially with each
round-trip. These eigenvalues come in two pairs of opposite sign (±λ1 , ±λ2 ), and
since only the modulus is relevant for the gain we need to consider just one of each
pair. The instability gain is related to these by
g(Ω) = log (max(|λ1 (Ω)|, |λ2 (Ω)|))

(4.4.18)

Exploring the gain as a function of the independent parameters (namely the pump
power, detunings, absorption and transmission) is difficult since these all influence
the homogeneous steady-state properties Pn and ψn as well as the instability spectrum directly. In addition, the relative GVD η2 /η1 is important as it affects the
propagation matrix X(z). Instead, we plot the gain against the perturbation frequency Ω and the rotation phases φn , for fixed dispersion. This is shown in figure
4.17 for various GVD ratios η2 /η1 , assuming a common φ1 = φ2 . The relative GVD
of the two fibres determines the curvature of the instability branches; notably, they
are flat for the particular case η2 = η1 . With a shift in the relative phases, the
strength of intermittent instability branches increases, particularly at low frequencies. Figure 4.18 shows a comparable set of plots to figure 4.17, except here the
rotation phases are unequal φ1 = φ2 − π/2. To check that the derived gain function
describes the instability spectrum, we numerically integrate the Ikeda map with parameters that should excite multiple instability branches. The resulting spectrum
is shown in figure 4.19.
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Figure 4.17: Modulation instability gain as a function of frequency Ω and common roundtrip phase φ1 = φ2 = φ for various relative second-order dispersions in the two resonator
fibres.

Figure 4.18: Modulation instability gain as a function of frequency ω and round-trip
phase in the first fibre φ1 = φ2 − π/2 for various relative second-order dispersions in the
two resonator fibres.
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Figure 4.19: Modulation instability spectrum that emerges over m round-trips in a
Möbius resonator with δ1 = δ2 = 0.6π, P1 = P2 = 0.2, η2,2 = 10η2,1 = 1. Colour
axis shows the intracavity spectral power of the second fibre on a logarithmic scale, as
measured every second round-trip. Only the positive half of the spectrum is shown since
it is symmetric about Ω = 0. The spectrum in the first fibre loop is nearly identical and
features sidebands with the same strength and position as those shown here. Dashed white,
magenta, green and yellow lines indicate the band edges as predicted by the instability
gain spectrum resulting from Floquet analysis.

92

The eigenvalues of the Floquet matrix may be complex; while the magnitude determines the gain, the phase is relevant for the cycling behaviour of the instability
pattern. If the eigenvalues are real, the pattern replicates exactly after two roundtrips (as exp(±iπ)2 = 1). An example of this is shown in figure 4.20. On the other
hand, if the eigenvalue is imaginary, the associated instability pattern will require
four round trips to repeat exactly (as exp(±iπ/2)4 = 1). This period-doubling behaviour is a well-known bifurcation in unstable nonlinear fibre systems [183, 184]
and is illustrated in figure 4.21.

Figure 4.20: Intracavity power over time in fibre one (a) and fibre two (b) after m =
500, 501 round-trips. Here the eigenvalues of the Floquet matrix W are real, so the MI
m+2 (t). The
pattern repeats exactly in both fibres every second round-trip, i.e. Am
n (t) = An
m+1 (t). Parameters
intracavity pattern varies slightly every other round trip, so Am
n (t) 6= An

are chosen such that a single P1 instability branch is significantly excited over this many
round-trips; δ2 = π/2 = δ1 , |Ain |2 = 1.79, η2,1 = 10η2,2 = 1.
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Figure 4.21: Intracavity power over time in fibre one (a) and fibre two (b) after m =
1000, 1002 round-trips. Here the eigenvalues of the Floquet matrix W are imaginary, so
period-doubling manifests as a repetition of the Faraday MI pattern within each fibre every
two round-trips, with the phase of the pattern reversing each time (hence four round-trips
m+4 (t)). Parameters are chosen such that a
are necessary for a complete cycle Am
n (t) = An

single Faraday (P2) instability branch is significantly excited over this many round-trips;
δ2 = π/2, δ1 = π, |Ain |2 = 1.79, η2,1 = 10η2,2 = 1.
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4.5

Alternative Designs

It is straightforward to consider extensions to this Möbius resonator scheme which
are described by higher dimensional Ikeda maps,
(z = 0, t) =
Am+1
n

√
θAin,n +

√

1 − θe−iδn Am
n−1 (z = 1, t)

(4.5.1)

with n = 1, 2, 3, ...N the fibre index in a system of N fibre loops. The Ikeda map
should assume periodic boundary conditions such that Am+1
is coupled to Am
1
N . We
envisage a much wider family of steady-states exist for higher-dimensional Ikeda
maps enabled by multi-loop fibre resonators. An illustration of such a system with
N = 12 fibre loops is presented in figure 4.22. Obtaining solutions will become

Figure 4.22: A fibre resonator comprised of twelve fibre loops (coloured) connected in
sequence. Each loop connection is evanescently coupled an independent input/output
fibre channel (grey) as shown. We assume no evanescent coupling between the fibre loops
themselves.

exponentially more involved as more fibre loops are added and the dimensionality
and number of parameters increases. However the system can always be solved
exactly in the linear limit, and we can use our intuition developed from studying
the two-loop Möbius resonator to speculate what will happen when nonlinear effects
become important. For illustration purposes, figure 4.23 shows how the resonance
generalises to higher-dimensional detuning spaces in a three-loop resonator. It is
sharpest along the symmetry axis δ1 = δ2 = δ3 and broadest in the plane orthogonal
to this axis containing δn = 0 for n = 1, 2, 3. The equivalent power isosurfaces for
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|A2 |2 and |A3 |2 are rotated by ±2π/3 about the symmetry axis but are otherwise
the same. Meanwhile, global properties of the resonator such as the total power
PT = |A1 |2 + |A2 |2 + |A3 |2 exhibit complete 3-fold rotational symmetry.

Figure 4.23: Isosurface plots of steady-state power in the first fibre |A1 |2 as a function
of detunings δ1 , δ2 , δ3 in the first, second and third fibres of a three-loop resonator. The
same set of isosurfaces is shown from three different perspectives: (a) side, (b) roughly
orthogonal to the resonance symmetry axis and (c) roughly parallel to the symmetry
axis. Shaded surfaces indicate common values of |A1 |2 relative to the maximum: red
90%, orange 50%, green 25%, cyan 15%, dark blue 5%. Parameters; X = 10, θ = 2/15,
αi = 1/20
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Under certain conditions, the linear stationary state possesses discrete angular momentum as discussed in chapters two and three. By applying the discrete azimuthal
Fourier transform to the steady-state fields


3
2πln
1 X
exp −i
Al = √
An
3
3 n=1

(4.5.2)

we can decompose the solution into l = −1, 0, 1 discrete angular momentum channels. Since we have only three distinct momenta, we may visualise their relative
populations in detuning space on a power isosurface plot through a red-green-blue
colour scheme. That is, we can define an isosurface by a fixed PT and indicate the
fraction of power in each momentum by the strength of the associated colour at different surface elements. An example is shown in figure 4.24 for PT /max(PT ) = 0.1;
red, green and blue shading is proportional to the fractional power in l = −1, 0, 1
channels respectively, such that the entirely green (RGB code (0,1,0)) patch near
the resonance peak indicates only l = 0 is populated in this region. It is apparent that solutions with significant non-zero angular momentum are only found far
from resonance and where the total intra-fibre power is weak; for comparison, the
isosurfaces for PT /max(PT ) ≥ 0.5 show no strong red or blue shading. Similarly,
three-loop resonators with increased driving and dissipation (larger values of θ and
αi ) have a reduced volume of solutions populating l = ±1.

Figure 4.24: Isosurface showing total steady-state power in the in a three-loop resonator
at 10% relative to its peak, PT = PT,max /10 as function of detunings δ1 , δ2 , δ3 in the first,
second and third fibres. The surface is colour shaded with an RGB code which maps red
areas to l = −1, green to l = 0 and blue to l = 1. Far from the resonance solutions
favouring l ± 1 are found, in a pattern with 3-fold rotational symmetry. Parameters;
X = 10, θ = 2/15, αi = 1/20
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4.6

Implementations

Though elegant, the Möbius resonator design in figure 4.1 may be challenging to
implement depending on experimental constraints. As demonstrated in chapter
two, the evanescent coupling between free-standing fibre cores is very sensitive to
their orientation and other factors affecting their mode overlap. Hence some alternative optical systems with robust coupling schemes, which should be equally
well-described by the Möbius Ikeda map given by equations (4.1.1) and (4.1.2), are
suggested here. The first (figure 4.25) uses fibre loops connected by 2 × 2 directional
couplers, which are standard commercial components used to multiplex input signals
between output fibres in a set ratio. The coupling is handled internally, meaning the
fibres need not be placed with micrometre precision as would otherwise be required
to achieve the same coupling evanescently in free space. The design expands on the
simple sketch in figure 4.1 by adding two additional “drop” output ports which allow
the intracavity fields of both fibre loops to be monitored directly, at the expense of
a small additional loss in each loop. The second is based on a microring resonator
split into two halves (figure 4.26).
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Figure 4.25: Fibre-loop implementation of the Möbius Ikeda map using directional couplers. The couplers are represented by cyan cubes, labelled with the field ratios between
the output fibres. Red and blue fibre loops form the Möbius resonator as in the original
sketch 4.1. Green “drop” fibres couple 1% of the intra-fibre field out on each pass for
measurement. The gold region is expanded to show the coupling structure within; pump
light is split equally by a 50/50 coupler to provide a common input to both loops in the
resonator. Ikeda boundary conditions are implemented by couplers whose ratios are θ to
ρ ≡ 1 − θ. Outputs from both resonators together with reflected pump light are recombined by a second 50/50 coupler. Short black fibres represent redundant coupler ports
which are not used.

Figure 4.26: Split-microring resonator design which may be used to implement the Möbius
Ikeda map as an alternative to the fibre system in figure 4.25. Two different semi-circular
or half-ring (HR) waveguides are combined to form a complete microring resonator. This
is driven by bus waveguides pumped from opposite ends, such that light should circulate
clockwise within it. The bus guides are separated by micrometre-scale distances from
the intersection between the two ring halves to apply the boundary conditions through
evanescent coupling.
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4.7

Summary

In this chapter, we have shown a range of resonator steady-states which are greatly
expanded with the addition of only a single fibre loop and its dispersive degrees of
freedom, while assuming a common pump for both loops. In the time-independent
limit, an extended family of solutions to the dual Ikeda map were found with varying
power divisions between the two fibres, depending jointly on the detuning of both
from the pump. Plotted against each other, these trace out patterns which approximate elliptic curves to some degree. They also show how optical resonance peaks
generalise to higher-dimensional detuning spaces, forming ellipsoidal structures oriented orthogonally to the symmetry axis where all detunings are equal. Nonlinear
phase shifts will distort the resonance roughly in the direction of this axis as pump
power increases. Multistability will then result if this causes intersections of solution branches in detuning space. As with single-pass resonators, scanning through
the multivalued response reveals a cycle of dynamical steady-states, from instability
through chaos to solitons. When the dispersive properties of the fibre loops differ, these solitons may have a more complex structure and broader spectrum than
the typical Kerr cavity soliton. Oscillating fibre dispersion also greatly extends the
domain of modulation instability within the resonator, sometimes manifesting in
period-doubling and additional instability spectral tongues. While revealing a wide
variety of new optical states, this analysis is far from exhaustive for this category
of resonator. Many more may be found if we allow for extensions with extra fibre
loops, independent pump fields and additional degrees of freedom. The first of these
will allow outputs with angular momentum to be generated.
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Chapter 5

Analogue Black Hole
Superradiance

Superradiance is a fairly ubiquitous phenomenon in physics and is by no means
limited to black holes. Waves may be amplified by scattering from any body whose
rotational velocity is large enough as to render the frequency of components transmitted into it negative. It is well known in classical hydrodynamics as ‘overreflection’
[185, 186] and is analogous to the Zel’dovich effect [187], in which electromagnetic
waves are amplified by reflection from a rotating cylindrical conductor. An acoustic
variant of the Zel’dovich effect, in which sound waves carrying angular momentum
may be amplified on transmission through an acoustic absorber rotating faster than
a critical frequency, was recently experimentally demonstrated [188]. Rotational
superradiance can be seen as part of a wide family of radiation-amplifying effects
based on inelastic scattering. Similar mechanisms are found in the Klein paradox,
in which fermions or bosons scatter from a reflecting boundary in such a way that
the emerging particles possess greater energy than the ingoing ones [189, 190], and
Cherenkov radiation emitted by bodies whose velocity exceeds the radiation’s own
phase velocity in a medium [191]. Analogue superradiance has already demonstrated
from a classical fluid vortex by Torres et.al. [192].

In the Penrose process [193], the particle picture of superradiance, an infalling par101

ticle may bounce back from the ergoregion with greater energy than it initially had
(figure 5.1). Global energy is conserved, since the outgoing particle extracts both
energy and angular momentum from the rotating black hole, decreasing its angular
velocity. Penrose superradiance which we refer to throughout this chapter should be
distinguished from the unrelated but well-known Dicke superradiance in which emission from a collection of quantum emitters is boosted due to their mutual coherence
[194].

Figure 5.1: Schematic of the Penrose process in a Kerr black hole. An ingoing particle
with energy EI = ~ω and angular momentum m falls into the black hole’s ergoregion.
Here it may scatter from the ergoregion into two components; one falls behind the event
horizon with energy ET while another is reflected back out of the ergoregion with energy
ER . The rotation frequency of spacetime at the horizon Ω is so large that ω < mΩ; in this
case the component which is trapped behind the horizon has negative energy as seen by
an external observer. Since energy must be conserved, it follows that the backscattered
component seen by them must have more energy than the initial particle, or ER > EI .

In the rest of this chapter, we review how the metric for a Kerr black hole may
be realised for acoustic excitations of a photon fluid, then show how these excitations may undergo superradiance under the right conditions. This is demonstrated
through numerical simulations of the linearised equations for acoustic perturbations
(phonons). These coupled wave equations are similar but distinct from the signalidler equations used to derive modulation instability in previous chapters.
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5.1

Acoustic Analogue Gravity

Here we derive the acoustic wave equation from the spatial NLSE; a complete description is given by Visser [195]. Before this however, we have to derive the effective
hydrodynamical equations for the photon fluid itself. We start from the NLSE reparametrised as
i∂t E + α∇2 E − β|E|2 E = 0.

(5.1.1)

Here t = n0 z/c is an effective time coordinate proportional to the propagation
distance z and the linear refractive index n0 . The relative strength of diffraction
and nonlinearity is controlled by the factors α = c/2n0 k and β =

ckn2
.
n20

To convert

to hydrodynamic quantities, we apply the Madelung transformation and express the
pump’s electric field as
E=

√

ρ exp(iφ)

(5.1.2)

where the optical intensity ρ > 0 is the fluid’s intensity and φ ∈ R is the optical
phase. Substituting this into eq. (5.1.1) and expanding results in


 2√

∇ ρ
1
∇ρ · ∇φ
2
2
i
∂t ρ + i∂t φ + α √ + i
+ i∇ φ − (∇φ) − βρ = 0
2ρ
ρ
ρ

(5.1.3)

By taking real and imaginary parts of this, we get a pair of coupled equations for
the real variables ρ and a rescaled phase ψ = 2αφ,
0 = ∂t ρ + ∇ · (ρv)
2√
ρ
1 2
2
2∇
0 = ∂t ψ + v + cs − α √ .
2
ρ

(5.1.4)
(5.1.5)

In the above, we have identified the fluid’s flow velocity v ≡ 2α∇φ and the speed of
√
sound cs = 2αβρ. These are equivalent to Euler’s equation of hydrodynamics, with
the exception of the last term in eq. (5.1.4) which corresponds to quantum pressure
or optical diffraction. The first equation constitutes a conservation condition for
the density, while the second describes the evolution of the photon fluid’s phase. It
should vanish in the limit α → 0, β → ∞ while keeping αβ constant (i.e. when
nonlinearity dominates over diffraction), which recovers an exact correspondence
with classical fluid dynamics. In the absence of this term, it can be shown that for a
barotropic, inviscid fluid with an irrotational flow, linearising equations (5.1.4) and
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(5.1.5) results in a wave equation for phase perturbations [196],

√
1
√ ∂µ
−ggµν ∂ ν φ = 0.
−g

(5.1.6)

This is the Klein-Gordon equation describing the propagation of waves in curved
spacetime possessing a metric gµν . Here g ≡ det(gµν ) and the metric is defined by
the photon fluid’s properties; in (2 + 1)D polar coordinates as is relevant to our case
it takes the covariant form

gµν

ρ
≡
cs






2

2

−(cs − v ) −vr −rvθ
−vr

1

−rvθ

0





0 

r2

(5.1.7)

The complete proof of the above can be found in section 2.3 in [196]. To obtain a
Kerr (rotating) black hole metric given constant sound speed, we require [80]
2πα
vr = − √
rE r
2αm
vθ =
r

(5.1.8)
(5.1.9)

and v ≡ 2α∇φ, this imposes a pump phase
r
r
+ mθ.
φ = −2π
rE

(5.1.10)

Here m is the pump’s OAM integer, while rE is a curvature radius controlled by
whichever diffractive optical elements control the pump’s focussing, such as a spatial
light modulator.

The above describes the evolution of the pump photon fluid E0 . The perturbation
propagation equation can be derived by letting E = E0 (1 + ψ) in the NLSE 5.1.1
and linearising around ψ. Note this is slightly different to the linearisation employed
by modulation instability study, which is additive; there E = E0 + ; clearly  =
E0 ψ. Performing this substitution, we arrive at the Bogoliubov-de-Gennes (BdG)
equations as follows;
iE0 ∂t ψ + i(1 + ψ)∂t E0 = α(1 + ψ)∇2 E0 + α∇2 ψ
+2αE0 ∇ψ · (i∇φ +

∇ρ
) − βρE0 (1 + 2ψ + ψ ∗ )
2ρ

i∂t ψ = α∇2 ψ + 2α∇ψ · (i∇φ +
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∇ρ
) − βρ(ψ + ψ ∗ )
2ρ

(5.1.11)

(5.1.12)



α
2
∂t ψ = v · ∇ − i ∇ρ · ∇ − iα∇ ψ + iβρ(ψ + ψ ∗ )
ρ

(5.1.13)

The BdG equations are well-known in the fields of superfluidity and superconductivity for describing the evolution of excitations of coherent quantum fluids; typically
they are written in matrix format, with the second equation comprising the conjugate of eq. (5.1.13). Choosing a plane wave ansatz ψ = exp(ik · x − ωt) in both
eq. (5.1.13) and its conjugate and demanding a non-trivial solution results in the
Bogoliubov dispersion relation
(ω − v · k)2 + cs 2 k2 + α2 k4

(5.1.14)

which defines phonon frequencies ω(k) given constant fluid flow v and density ρ. Of
course to achieve an event horizon and ergosphere we require v(r) which by extension
means ρ(r). As such a global dispersion relation can not be defined, however eq.
(5.1.14) should approximately hold locally in regions where (ρ, v) vary slowly with
r.

As with the linearised NLSE used to study modulation instability, both the perturbation and its conjugate are present in the equation. Hence we have to make a
paired signal-idler type ansatz, with opposite frequencies and angular momenta due
to the assumed stationarity and axisymmetry.
ψ = ψS + ψI = U (r)ei(mθ−ωt) + V ∗ (r)e−i(mθ+ωt) .

(5.1.15)

Here U and V ∗ define the radial dependences of positive ∝ exp(−iωt) and negative
phonon modes ∝ exp(iωt) respectively. We use the terms positive and negative
modes to distinguish them from the optical signal ES = E0 ψS and idler EI = E0 ψI .
The factor of the pump field causes the angular momenta (AM) and eigenvalues
of the phonon and optical modes to differ somewhat; it is worthwhile making this
distinction explicit as the laboratory observables are typically optical. Suppose the
pump E0 carries AM M and we probe this with a signal carrying AM L; four-wavemixing will generate an idler EI ∝ E0 2 ES ∗ whose AM is 2M −L. In contrast, positive
phonons ψS = ES /E0 have AM m = L − M while negative phonons ψI = EI /E0
have AM −m = 2 ∗ M − L − M = M − L. By this conversion between optical
and acoustic modes, we have obtained an additional symmetry about zero AM in
the phonon description which simplifies the problem. However, there has been no
transformation to a rotating frame and our coordinates remain the same.
105

As r → ∞ we may assume the flow to vanish and the density to become constant;
then in this region, we should expect plane wave solutions. In polar coordinates,
+
(Kr) and
propagating plane waves take the form of Hankel functions so U (r) ≈ Hm
+
−
−
(Kr)
(Kr) and Hm
(Kr) with η a constant to be determined. Here Hm
V ∗ (r) ≈ ηHm

are Hankel functions of order m, of the first and second kind respectively, with
−
+
Hm
(Kr) scaling with exp(−iKr) and Hm
(Kr) scaling with exp(iKr). Substituting

the perturbation in eq. (5.1.15) into eq. (5.1.13) under these conditions, we find that
this is a solution providing η = (ω − αK 2 − βρ)/βρ. ψS and ψI comprise a coupled
pair of modes with opposite frequency and radial wavenumbers. Their positions on
the dispersion relation are indicated in figure 5.2. This figure also illustrates the
effect of a radial flow; it causes the dispersion curves to tilt while keeping the zerofrequency point ω(K = 0) = 0 fixed. In contrast, angular flow (or more generally,
flow orthogonal to the propagation direction) shifts the curves vertically in ω while
keeping the shape constant, as will be discussed later.

5.1.1

Horizon Blocking

Though we will find an effective horizon is not necessary to demonstrate superradiance, it is worth exploring the impact of quantum pressure on the effectiveness of a
flow-induced analogue event horizon in the presence of quantum pressure. Restricting ourselves to constant density and radial flow in (2 + 1)D, the dispersion will take
the form
ω = vr K ±

p
cs 2 K 2 + α 2 K 4 .

(5.1.16)

Suppose the flow vr = −cs and we consider travel in the radial direction only.
Wavepackets will travel at their group velocity, which is
vg ≡

∂ω
cs 2 + 2α2 K 2
= −cs ± √ 2
∂K
cs + α 2 K 2

(5.1.17)

In the limit α → 0, the group velocity is one of vg = −cs ± cs , depending on sign
of K. Clearly outgoing packets ∝ exp(iKr) will be blocked as for them vg = 0.
On the other hand, ingoing packets are not blocked and propagate supersonically,
vg = −2cs . This mimics an event horizon in the sense that the flow imposes oneway propagation only. While α = 0, this one-way condition applies regardless of the
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magnitude of the packet’s radial momentum K. With non-zero quantum pressure,
this is no longer the case; only a specific K will see vg = 0 depending on the value
of α, which can be found by as
p
√
vr 2 − 4cs 2 + vr vr 2 + 8cs 2
?
√
K =
2 2α

(5.1.18)

Equivalently, in a non-constant flow vr (r) the position of the analogue horizon will
become K-dependent. This will be the case for the black hole radial flow in eq.
(5.1.8); the “naive” horizon is located where vr = cs ,
rH =

4π 2 α2
cs 2 r E

(5.1.19)

whereas by the above argument we expect a wavepacket with central momentum
K0 to be blocked at
?
rH
=

4π 2 α2 (cs 2 + α2 K 2 )
rE (cs 2 + 2α2 K 2 )

(5.1.20)

Standard relativity assumes Lorentz invariance over all scales, or in other words that
the vacuum dispersion for electromagnetic waves is linear, such that the speed of
light is constant and the same for all wavelengths. Nonlinear dispersion (such as
that induced in the photon fluid by quantum pressure) violates this principle. It
can be argued that the analogy with gravity should then be restricted to phonons
√
whose wavelength is significantly longer than the healing length ξ = λ/2 n0 n2 ρ, for
which the dispersion is approximately linear.
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Figure 5.2: Acoustic dispersion of the photon fluid when the flow is oriented along
the probe’s propagation direction (v = (−v, 0)). The signal U and idler V ∗ modes
are indicated with red and green circles respectively, which together form coupled
pairs of solutions to the BdG equation. Duplicate of figure 1 from [197], copyright
American Physical Society 2019.
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5.2

Simplified Superradiance: Scattering from a
Solid-body Rotational Flow

The flow profile required to realise an analogue Kerr black is quite complex and
changes continuously with the radial coordinate, making a complete scattering analysis difficult and highly dependent on the initial conditions. As a first step, we
consider scattering from a constant-density fluid with a much simpler flow, vr = 0
and
vθ =



rΩ, r < rE

0,

(5.2.1)

r > rE

This ‘solid-body’ flow represents a fluid which rotates at a constant angular frequency Ω inside a cylinder of radius rE while being stationary for r > rE . While
this is not exactly physical as a stationary background for either classical hydrodynamics or a photon fluid, it permits a minimal description of superradiance that is
nearly equivalent to Zel’dovich’s problem [187]. The flow in eq. (5.2.1) cannot be
realised optically, since it is impossible to construct a beam transverse phase φ(r, θ)
such that vθ = (1/r)∂θ φ, nor does it correspond to a hydrodynamical flow since there
is a sharp discontinuity at r = rE . However, we examine it in detail since it has
several properties which facilitate a particularly transparent analysis of superradiant scattering, as well as offering a clear analogy to the well-known and understood
Zel’dovich effect. In both the transmitted r < rE and reflected r > rE regions the
dispersion relation is uniquely defined. Outside the cylinder, this imposes
ω=±

p
cs 2 K 1 2 + α 2 K 1 4 .

while inside the cylinder
2

mvθ (r)
= cs 2 K 2 2 + α 2 K 2 4
ω−
r
p
ω = mΩ ± cs 2 K2 2 + α2 K2 4

(5.2.2)

(5.2.3)

Since the flow is homogeneous on either side of the boundary r = rE , scattering
will only occur at this radius (discounting reflection from the origin for now) and
its results can be predicted and understood by calculating the Bogoliubov mode
properties in both regions. As indicated, the frequency on both sides of r = rE
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must be the same since the background is time-independent; however the radial
wavenumber will change, hence K1 6= K2 .

Before proceeding, we wish to obtain simplifications of eq. (5.1.13) that describe
the radial dynamics of wavepackets alone. As said previously axisymmetry enforces
conservation of angular momentum m, and generally, solutions with a single m can
be written in the form
ψ = ψS + ψI = U (r, t)ei(mθ) + V ∗ (r, t)e−i(mθ) .

(5.2.4)

Substituting this into (5.1.13) and simplifying terms under the assumptions of constant ρ and vr = 0 gives


∂t U + i


mvθ
U − iα∇m 2 U + iβρ(U + V ) eimθ
r 

mvθ ∗
+ ∂t V ∗ − i
V − iα∇m 2 V ∗ + iβρ(U ∗ + V ∗ ) e−imθ = 0. (5.2.5)
r

For this to hold the coefficients of both exp(imθ) and exp(−imθ) must vanish simultaneously for all r and t, which provides two coupled equations for the radial
positive and negative mode amplitudes,
mvθ
U − iα∇m 2 U + iβρ(U + V ) = 0
r
mvθ
V + iα∇m 2 V − iβρ(U + V ) = 0
∂t V + i
r
∂t U + i

(5.2.6)

noting that the latter comprises the complex conjugate of terms ∝ exp(−imθ). We
have defined the radial differential operator ∇m 2 ≡ ∂r 2 + 1r ∂r −

m2
.
r2

These coupled

equations are first order in time and hence will be used extensively for numerically
simulating superradiance, since this enhances stability. Since we have spatiallydependent terms, chiefly those ∝

mvθ
,
r

a spectral algorithm which exploits the trans-

lation invariance of operators is less suitable for numerical solutions. Hence, we
use a central finite-difference scheme to numerically integrate the coupled equations
(5.2.6). With the time axis discretised as tn = nδt and the radius rj = jδr, the
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fields U (rj , tn ) ≡ Ujn , V (rj , tn ) ≡ Vjn are updated as

mvθ (rj ) n
Ujn+1 =Ujn−1 − 2iδt
Uj − 2iδtβ Ujn + Vjn
rj



 m2 n
1
1
n
n
n
n
n
Uj+1 − 2Uj + Uj−1 +
+ 2iαδt
U − Uj−1 − − 2 Uj ,
rj δr j+1
rj
δr2

mvθ (rj ) n
Vjn+1 =Vjn−1 − 2iδt
Vj + 2iδtβ Ujn + Vjn
rj



 m2 n
1
1
n
n
n
n
n
Vj+1 − 2Vj + Vj−1 +
V − Vj−1 − − 2 Vj .
− 2iαδt
rj δr j+1
rj
δr2
(5.2.7)
Uncoupled equations can be obtained by taking further time derivatives and substituting for either field,



mvθ
mvθ
∂t + i
+iα∇m 2 ∂t + i
−iα∇m 2 U − 2αβρ∇m 2 U = 0
r
r



mvθ
mvθ
2
2
∂t − i
∂t − i
+iα∇m
−iα∇m V ∗ − 2αβρ∇m 2 V ∗ = 0
r
r

(5.2.8)

In absence of the highlighted red terms, each equation is identical to the wave
equation (5.1.6). They may also be derived as the Euler-Lagrange equations from
the action
Z Z
S=

dtdrr

h

∂t − i

 i h
 i
mvθ
mvθ
− iα∇2m V ∗ × ∂t + i
− iα∇2m U
r
r


− 2αβ (∂r U ) (∂r V ∗ ) + m2 U V ∗ (5.2.9)

To investigate superradiance, we need to define an additional conserved quantity to
the frequency, which represents the energy exchanged between the rotating body
and its exterior. The derivation of this quantity summarises an analysis by Angus
Prain [198]. Noether’s theorem states that for every invariance in a system’s action,
there is an associated conserved quantity [199]. The action in eq. (5.2.9) is invariant
under the global phase shift
 
 
 
U
U
U
  →   ei ≈   (1 + i)
V
V
V

(5.2.10)

∀  ∈ R, with the latter relation holding exactly in the limit  → 0. Therefore
by Noether’s theorem, there is an associated current Jµ which is conserved in the
sense ∂µ J µ = 0. Here µ = 0, 1 correspond to coordinates (t, r), meaning the current
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components are
δL
δL
δU +
δV ∗
δ∂t U
δ∂t V ∗




mvθ ∗
mvθ
2 ∗
2
0
∗
J = ir ∂t V − i
V − iα∇m V U − ir ∂t U + i
U − iα∇m U V ∗
r
r

J0 =

J 0 = rβρ [(U ∗ + V ∗ ) U − (U + V ) V ∗ ]

J 0 = rβρ |U |2 − |V |2
(5.2.11)
J1 =

δL
δL
δU +
δV ∗
δ∂r U
δ∂r V ∗

(5.2.12)

1

J = rαβρ V ∂r V − V ∂r V − U ∂r U + U ∂r U



In the final statement of both components, we have dropped the perturbation constant  as an irrelevant scale factor. The total conserved Noether charge Qt =
constant is then
Z

∞

Z

0

drJ = βρ

Qt :=

∞

drr |U |2 − |V |2



(5.2.13)

0

0

We use this conservation condition to check the stability and convergence of our
numerical solutions obtained by eq. (5.2.7), since numerical errors will cause this
conservation condition to be violated. As such, we require that
Q̃nt :=

X

rj |Ujn |2 − |Vjn |2



(5.2.14)

j

deviates from its initial value Q̃0t by less than 1%.

Superradiance is now straightforward to define in these terms. Given a scattering
boundary at r = rE , we denote the exterior and interior charges respectively as
Z ∞
QR (t) :=
drJ 0 (r, t)
(5.2.15)
rE
Z rE
QT (t) :=
drJ 0 (r, t)
(5.2.16)
0

A scattering can be said to be superradiant iff QR (t → ∞) > QR (t = 0), or
equivalently QT (t → ∞) < QT (t = 0). The form of J 0 shows this means the norm
difference between positive and negative modes must increase outside r > rE and
decrease by an equal amount inside. Put simply, the signal’s power must increase
more than the idler’s power in the exterior region. Note that the total perturbation

R
power drr |U |2 + |V |2 is not a conserved quantity. From an optical perspective,
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power may be freely exchanged between the pump and probe fields through fourwave mixing, but to first order must do so in a way that keeps the balance between
signal and idler power Qt constant.

To predict the magnitude of superradiance, we may examine a simplified scattering
problem in which a radial wavepacket focuses onto the scattering boundary from far
outside the flow, then separates into distinct reflected and transmitted wavepackets
either side of the boundary after the initial scattering is complete. The initial
condition for this scenario is
ψ(r, θ, t = 0) = f (r) H+m (Kr)eimθ + ηH−m (Kr)e−imθ



(5.2.17)

Here f (r) > 0 is an arbitrary envelope function, chosen such that the wavepacket
R
has finite support over r ∈ (rE , ∞) and drr|ψ|2 = 1, and clearly U (r, 0) =
f (r)H+m (Kr), V ∗ (r, 0) = ηf (r)H−m (Kr). As per the dispersion relation, the signal
p
and idler components of this evolve with frequencies ±ω = ± 2αβρK 2 + α2 K 4 ;
there may be a slight discrepancy since the from this since f (r)H+m (Kr) is not an
exact eigenfunction of ∇2m , but this should be negligible providing the envelope f (r)
is slowly-varying compared to 1/K. As indicated in figure 5.2, both components
possesss the same phase and group velocity and hence propagate together radially
inward at the same rate. After scattering is complete at time t, the signal and idler
will have radial dependences
U (r, t) ≈ RU f (r)H+m (Kr) + TU (r),

(5.2.18)

V ∗ (r, t) ≈ RV ∗ f (r)H−m (Kr) + TV ∗ (r).

(5.2.19)

We can link the expected idler coefficients to their signal counterparts through the
dispersion relation,

1
ω − αK 2 − βρ RU ∗ ,
βρ

ω − mΩ − αK22 − βρ TU ∗ ,

RV ∗ =

(5.2.20)

1
βρ

(5.2.21)

TV ∗ =

and K2 is the transmitted wavepacket’s radial momentum as indicated on the dispersion curve. K2 is related to K by the equality of frequency on either side of the
scattering boundary,

2
q
2
4
2αβρK + α K = mΩ + 2αβρK2 + α2 K2
.
2

2

4
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(5.2.22)

The Noether charge conservation condition requires
Z ∞
Z ∞

2
2
drr |U (r, t)|2 − |V (r, t)|2
drr |U (r, 0)| − |V (r, 0)| =

(5.2.23)

0

0

On inserting the asymptotic forms from eqs. (5.2.17), (5.2.18), we find the relation
1 = |R|2 + σ 2
where |R|2 =

R

drr|RU |2 , |T |2 =

R

ω − mΩ 2
|T |
ω

(5.2.24)

drr|TU |2 and

σ2 =

α2 K2 2 + βρ
> 0.
α2 K 2 + βρ

(5.2.25)

Clearly |R|2 > 1 whenever ω < mΩ, which is the standard criterion for superradiance. Quantum pressure does not determine whether a scattered wavepacket will
superradiate or not, but it does influence the strength of the reflection amplification
through the constant σ 2 . We plot this dispersive parameter in figure 5.3 for different
values of α/β. In the acoustic limit α/β → 0 while αβ is kept constant, σ 2 → 1
and the amplification’s frequency dependence simplifies considerably. In contrast,
as quantum pressure becomes more significant σ 2 decreases continuously towards
0 at the critical frequency mΩ, which should induce a more gradual suppression
of superradiance as this frequency is approached from below rather than a sharp
cut-off. As a demonstration, we simulate a single such scattering event by numeri-

Figure 5.3: Dispersive scattering parameter σ 2 as a function of frequency for different
nonlinearity strengths. Replication of figure 3 from [197], copyright American Physical
Society 2019.

cally integrating eqs. (5.2.6) with the initial condition for U (r, 0), V ∗ (r, 0) specified
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above. The resulting evolution of the real part of the signal and the associated
current is shown in figure 5.4; superradiance is clearly illustrated as the transmitted
wavepacket carries a net negative Noether charge, resulting in an equal increase of
positive charge in the reflected packet. The amount of superradiant amplification
is quantified by integrating the current on either side of the scattering radius as
discussed previously; these integrals are plotted as a function of time in figure 5.5.
The scattering process completes as the exterior charge converges quickly to a positive constant greater than its original value. Additionally, the sum of the charge
integrals remains constant over time, confirming that the simulation respects the
charge conservation condition. Hence, providing the wavepacket is initially confined
to the exterior region, QR (t = 0) = 1 superradiant reflection can be defined by
|R|2 = QR (t → ∞) − 1. Repeating this scattering experiment for different test
frequencies and comparing the reflected current allows us to numerically estimate
the scattering spectrum. Further, doing this with increasing values of α shows how
quantum pressure impacts the amount of superradiance 5.6. It always peaks at half
the critical frequency mΩC /2 and appears to cut off around the critical frequency
for any α. That the cut-off does not occur exactly at mΩ can be attributed to
numerical error since the scattering process from an infinitely-sharp step can never
be perfectly resolved.

Figure 5.4: a) Real part of the signal Re(U (r, t). b) Associated Noether current J0 (r, t).
Replication of figure 5 from [197], copyright American Physical Society 2019.

There is a clear discrepancy between |R|(ω) and σ(ω); this can be partially justified
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Figure 5.5: Noether charges obtained by integrating the current over the ergoregion
0 < r < rE (T (t), blue), outside the ergoregion rE < r (R(t), red) and over all space (R(t)+
T (t), dashed black). Charge is clearly conserved globally since the latter is constant; the
superradiant scattering process ends with the charges on either side of r = rE converging
to constants R > 0 and T < 0. Duplicate of figure 6 from [197], copyright American
Physical Society 2019.

by the factor (1 − mΩ/ω), which will shrink with increasing frequency.
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Figure 5.6:

Superradiant scattering spectra of Gaussian wavepackets from a

Zel’dovich-like flow, for different values of the quantum pressure parameter α. Duplicate of figure 4 from [197], copyright American Physical Society 2019.
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A valid question is posed by the fate of the transmitted packet post-scattering. In a
Kerr black hole, the transmitted packet will remain trapped behind the event horizon. However, in this Zel’dovich-like configuration, nothing prevents transmitted
packets from being reflected from the origin, nor is there any means of absorbing
them. The consequence of this is illustrated in figure 5.7; when the transmitted
packet encounters the flow boundary again, a second superradiant scattering results
with a positive-charge packet being emitted out into the reflected domain. Meanwhile, a packet is scattered back towards the origin with an even greater negative
charge. This may repeat indefinitely, leading to a steady stream of superradiant
emission from the flow as shown by the external current growth (fig. 5.8). Such
a process may be viewed as a reverse of the black hole bomb scenario, in which a
reflecting boundary is placed outside a Kerr black hole to trap superradiant signals
[200, 201]. In either case, the emission would not continue forever in practice. The
additional energy and angular momentum of the scattered modes are extracted from
the black hole own finite reserves; eventually, the black hole would cease to rotate and
superradiance would stop. In the photon fluid, the energy and momentum source
is pump light, as signal and idler perturbations are excited by converting pump
photons. The Noether charge conservation condition in eq. (5.2.13) is a natural
extension of the optical momentum conservation for four-wave mixing of signal-idler
photons to the phonon modes ψS and ψI to which they are proportional. As in the
Penrose process, the growth of superradiated phonons would eventually saturate as
the pump fluid becomes depleted. However, this should not be taken as an accurate
representation of how a Kerr black hole would lose energy or momentum, since our
analogy is kinematic and only applies to perturbations rather than the background
fluid associated with the metric.
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Figure 5.7: a) Real part of the signal Re(U (r, t). b) Real part of the idler Re(V (r, t) c)
Associated Noether current J0 (r, t).

Figure 5.8: Noether charges obtained by integrating the current over the ergoregion
0 < r < rE (T (t)), outside the ergoregion rE < r (T (t)) and over all space (R(t) + T (t)).
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5.3

5.3.1

Flow Profile Effects on Superradiance

Step Width

The step flow discussed above is discontinuous in r. A continuous approximation
can be made by
Ωr
vθ =
2




rE − r
1 + tanh
,
w

(5.3.1)

which becomes equivalent to the solid flow (5.2.1) in the limit w → 0. By varying
w as we repeat our superradiant scattering experiment, we can test how the flow
gradient relative to the scale of the impinging wavepacket impacts the reflection
amplitude (figure 5.9). Reducing the angular flow gradient weakens the amplitude
significantly. When the width of the region where vθ varies with r parametrised by w
exceeds one, the resonance peak around ΩC /2 vanishes in much the same way as in
figure 5.6 due to growing quantum pressure. As before, the cut-off frequency remains
fixed at ΩC . An analogy may be made between the barrier width and the skin depth

Figure 5.9: Superradiant spectra given fixed α due to reflection from the flow in equation
(5.3.1) with different widths w of the flow transition.

of a Zel’dovich cylinder. No conductor is perfect and reflected modes will in practice
penetrate a short distance beneath the surface, and this damping distance reduces
exponentially as the conductivity grows. Meanwhile, the superradiant amplitude in
the Zel’dovich effect scales linearly the cylinder’s conductivity [187, 202].
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5.3.2

Ergoradius Location

At first glance, the size of the effective Zel’dovich rE does not appear to be an important quantity in the understanding of superradiant scattering. Provided the flow
inside r < rE is large enough such that the relation ω < mΩ holds, superradiance
should occur and the location of the scattering boundary is irrelevant. However, this
ignores the fact that for all perturbation modes with m 6= 0, there is a minimum radius depending on ω below which the mode cannot reach. This angular-momentum
barrier is a generic feature of wave equations as the Laplacian operator in polar
coordinates contains a repulsive m2 /r2 potential term. If the ergoradius falls below
the critical radius a particular mode cannot propagate past, no superradiance will
take place as the mode cannot interact with the Zel’dovich flow. This is examined
in more detail in figure 5.10, which shows how the amount and growth rate of superradiant reflection varies with the size of rE . From the above argument about
wavepackets with angular momentum being excluded from the origin, one might
assume that shrinking the ergoradius would always decrease superradiance, but this
is not entirely true. Certainly, the magnitude of the primary reflection generated by
the initial scattering is reduced, once rE becomes comparable to the radius of the
excluded region. However, allowing for further emission from confined idler modes,
the subsequent exponential growth rises at first as interactions between these and
the boundary happen more frequently, eventually becoming continuous. Further
decreasing rE causes a cut-off in emission once no idler modes can be supported in
the interior region.

5.3.3

Linear Flow

Superradiance may even arise in scattering from a body with translational rather
than rotational velocity. As an illustration of this universality, we briefly discuss the
linear analogue of the solid-body rotational flow. Suppose we have a homogeneous
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photon fluid in two Cartesian coordinates (x, y) with a flow


v0 ŷ, x ≥ 0
vy =

0,
x<0

(5.3.2)

As before, the sharp discontinuity at x = 0 means this flow cannot be realised in
a stationary background photon fluid, and we examine it solely as a hypothetical
scattering illustration. One could imprint the required optical phase momentarily,
by passing one half of pump beam through a titled prism facet, imparting a constant
momentum in the y direction to that half. However, interference between the two
sides along the x = 0 boundary would begin to disturb the flow and fluid density
immediately after this. Constructing stationary phonon solutions is even simpler
than for the rotational flow; on both sides of the flow boundary x = 0 they are
plane waves
U (x, y, t) =



exp(i (k2 x + my − ωt)), x ≥ 0

(5.3.3)


exp(i (k1 x + my − ωt)), x < 0
noting that the y-momentum m and frequency ω are constrained to be the same on
both sides due to invariance in both y and t. The x-momenta on both sides can
hence be related through the dispersion relation,
p
p
cs 2 k1 2 + α2 k1 4 = mv0 − cs 2 k2 2 + α2 k2 4

(5.3.4)

A relation analogous to (5.2.24) indicating the magnitude of superradiant reflection
can be derived simply by enforcing continuity of the current Jx at the boundary;
Jx (x < 0)|x=0 = Jx (x ≥ 0)|x=0

2k1 1 − |R|2 = 2k2 |T |2
If α = 0, eq. (5.3.4) is simple to rearrange for the ratio k2 /k1 , leaving


ω − mv0
2
|T |2
|R| = 1 −
ω

(5.3.5)

(5.3.6)

which is equivalent to the standard rotational superradiance reflection equation, with
mv0 replacing the product of angular flow velocity and signal angular momentum. In
the above we do not consider the idler, however the symmetry of the system ensures
the same relation holds for V ∗ . Frequencies 0 < ω < mv0 will superradiate since
here |R|2 > 0. The same result for transient wavepackets could be derived as was
done for the rotational flow in the previous section. To summarise, the signal modes
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which are converted during scattering are illustrated in figure 5.11 relative to the
dispersion curves either side of x = 0. Where superradiant scattering is permitted,
the transmitted mode can be distinguished as having a reversed-sign phase and
group velocity. This simplification of scattering along a Cartesian coordinate has
also been explored in the context of the Zel’dovich problem [202]. By reflecting
from either of the flat ends of a rotating cylinder rather than its curved face (i.e.
along the axis of rotation), scattering becomes effectively one-dimensional, making
superradiant analysis much easier.
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Figure 5.10: a) Growth in superradiated current resulting from scattering a common
initial condition from a smoothed Zel’dovich flow as in eq. (5.3.1), with Ω = 3, m = 10,
w = 0.1 and various ergoradii rE as shown in the legend. b) Evolution of current density
J0 during scattering with rE = 1. An idler standing wave with K = 0 is excited in
the narrow region behind rE , which causes continuous superradiant emission. c) Current
density J0 for the same scattering with rE = 0.75. Though a small amount of negative
current is generated behind rE , it quickly decays after the incident wavepacket is reflected
since it lies in the region forbidden by the angular momentum barrier.
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Figure 5.11: Graph of the acoustic signal dispersion in a photon fluid given the flow in
eq. (5.3.2), for x < 0 (blue line) and x > 0 (red line). An example set of signal modes for
a superradiant scattering are indicated by dots. The incident mode (red dot) is excited in
the x < 0 region where there is no flow. After scattering from the flow boundary, this is
converted into a transmitted mode (yellow dot on red line) in x > 0 and a reflected mode
(yellow dot on blue line) in x < 0.
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5.3.4

Boundary-Overlapping Initial Condition

So far we have considered “clean” scattering examples, in that the initial wavepacket
has been well defined and resides solely in the exterior region. We should explore
the consequences of replacing this restraint, since in experimental flows there is no
sharply-defined boundary where scattering will take place and the initial wavepacket
will likely be distributed across an extended region where the fluid flow varies.

As before, we quantify superradiant reflection by the increase of the exterior charge
once scattering is complete, given variations in one of the parameters (in this case
the initial wavepacket’s central position relative to rE ). What results depends on
how the initial condition is specified. If both signal and idler are specified with an
envelope function f (r − r0 ) as
U (r, 0) = f (r − r0 )H+m (Kr)


ω − αK 2 − βρ)
∗
V (r, 0) = f (r − r0 )
H−m (Kr)
βρ

(5.3.7)

then a mode with a well-defined central wavenumber K and group velocity towards
r = 0 is excited in the exterior region. Where the initial condition extends into
the interior region r < rE , another mode with the same K but different frequency
results. This mode lies on the equivalent dispersion branch of the interior region,
hence it possesses the same group velocity. It will move away from the boundary
and hence not contribute to any reflection into the exterior region (supposing it does
not reflect back from the origin within this time). So shifting the wavepacket further
into the interior region decreases the amount of superradiance, discounting repeat
boundary interactions (figure 5.12). If only the signal is specified V ∗ (r, 0) = 0, then
the initial condition does not result in a wavepacket with a single group velocity.
Instead, on both sides of the boundary modes on both dispersion branches with a
common K are excited, meaning the wavepacket splits into two as they have opposite group velocities. The influence of the packet’s initial radius is more subtle,
since the negative group velocity mode excited within the interior will collide with
the boundary and transmit out charge contributing to the measured superradiance
(figure ). This kind of initial condition is what will typically be realised in experiments, where the idler is initially unpopulated. This will always lead to wavepacket
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Figure 5.12: Superradiant reflection spectra obtained with varying initial wavepacket
displacements δr from the flow boundary.

splitting since this seeds both positive and negative branches of the signal relation,
through the signal-idler coupling terms in (5.2.6).

5.3.5

Vortex Angular Flow

While the Zel’dovich-like flow introduced in eq. (5.2.1) or its continuous approximation eq. (5.3.1) are useful for illustrating the fundamental mechanics of superradiance, they are not representative of the angular flow realised in a photon fluid or
the azimuthal component of a Kerr black hole metric. As discussed, in black hole
analogues based on photon fluids or Bose-Einstein condensates the angular component of the flow is restricted to vθ (r) = 2αM/r for integer M . Since the flow
is r-dependent, it follows that K itself is r-dependent to ensure that a wavepacket
±
∝ Hm
(Kr) exp(−iωt) experiences a constant, conserved ω. If the wavepacket is

initially centred at radius r0 with momentum K0 ,
ω=

2αmM p 2 2
+ cs K 0 + α 2 K 0 4
2
r0

(5.3.8)

We expect a radially ingoing wavepacket to scatter into reflected (outgoing) and
transmitted (ingoing) components where the angular flow becomes high enough such
that K = 0; at this point the positive and negative dispersion branches intersect
and coupling between the two should become possible. Since the wavepacket has a
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finite extent and comprises a small range of momentum around K (and frequencies
around ω), we don’t expect this radius rS to act as a ‘hard’ boundary but should
give an approximate position around which scattering takes place. The dispersion
at this position is
2αmM
.
rS 2

ω=

(5.3.9)

Conservation of ω requires the right-hand side of eqs. (5.3.8) and (5.3.9) to be equal.
Rearranging gives an expression for the scattering radius
rS = q
1+

r0
p
r0 2
cs 2 K 0 2 + α 2 K 0 4
2αmM

(5.3.10)

Note this is not equal to the ergoradius rE at which vθ = cs ,
rE =

2αmM
cs

(5.3.11)

however it is the same as the “Zel’dovich radius” rZ at which the condition ω =
mΩ(rZ ) ≡ mvθ (rZ )/rZ is satisfied (meaning ω < mΩ(r) for all r < rZ );
r
2αmM
rZ =
ω

(5.3.12)

since we can substitute for ω using (5.3.9); doing so yields rS = rZ . Note that this
scattering radius in general depends on the wavepacket’s initial conditions (r0 , K0 )
whereas rE is independent of these. A demonstration is shown in figure 5.13. The
scattering flow is modified by a factor vθ (r) = tanh2 (2r)2αM/r to suppress the
diverge r = 0 which would otherwise introduce numerical errors; for the parameters
chosen vθ (r) ≈)2αM/r for r ≥ 1.5, below which no waves reach in this example. No
scattering takes place at the ergoradius, but superradiant reflection still occurs with
rS acting as an effective boundary much like the flow edge does with a solid-rotation
vθ eq. (5.2.1). It may be appropriate to divide the plane into interior and exterior
scattering regions based on the scattering radius rS , however since it depends on
the wavepacket initial conditions it is more consistent to keep the ergoradius-based
definition, as rE depends only on cs (r) and v(r). Roughly 7% excess charge relative
to the conserved total is supperadiated from the initial scattering; being this large
and the comparative sharpness of the scattering is partially due to the strength of the
angular flow. Here M = 300, which is a high angular momentum for an optical beam
to possess. From this analysis, we can conclude that while a spatial division between
regions with super- and sub-sonic angular flow, and by extension an ergoradius, is
128

Figure 5.13: Superradiant reflection from a quasi-vortex flow vθ (r) = tanh2 (2r)2αM/r.
a) Real part of the signal Re(U (r, t)). b) Associated Noether current J0 (r, t). In both
a) and b), the dashed white line indicates the ergoradius while rS is highlighted by the
magenta line. c) Integrated current density outside the ergoregion R compared with the
conserved total R + T .

necessary for superradiance, the ergoradius itself does not feature significantly in the
associated scattering mechanics. This is emphasised by the Zel’dovich-like examples,
since these have two ergoradii. The outer one at rE is imposed by flow boundary in
eqs. (5.2.1) and (5.3.1) ; a second, inner radius is located at rE0 = cs /Ω as the flow
drops back to sub-sonic values approaching r = 0. It does not appear to contribute
towards any scattering effects in the examples presented.
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5.4

Experimental Configurations

In this section, modifications to superradiant scattering as outlined above arising
from an experimental gravity analogue are considered. Specifically, we examine the
consequences of working in a propagating-geometry photon fluid in which the nonlinearity is driven by thermal effects. Many media such as glycerol experience a
nonlinear thermo-optic effect, which provides a refractive index perturbation proportional to the temperature increase induced by absorption of light. This differs
from the Kerr nonlinearity in that it is neither instantaneous nor local, since the
temperature takes far longer to rise than typical propagation times and heat diffuses away from the source light. For a complete description of light propagation
through a thermo-optic medium, one would need to simultaneously solve a heat
equation coupled to a nonlinear evolution equation such as the NLSE. Since the
timescales for heat diffusion and light propagation are separated by orders of magnitude, the medium’s temperature profile can be approximated as time-independent
over a single pass of the beam. Then, the refractive index change induced by optical
absorption can be found by convolving the beam’s intensity with a thermal response
function R(r⊥ − r0⊥ ) [203],
Z
∆n(r⊥ ) = γ

R(r⊥ − r0⊥ )I(r0⊥ )dr⊥

(5.4.1)

given an effective nonlinear coefficient γ. Strictly the convolution should be also be
evaluated over the propagation coordinate z. However if the absorption is relatively
weak and the intensity profile does not vary rapidly with z, heat diffusion along this
direction may be ignored such that the integral can be restricted to the transverse
plane. A response function can be derived based on a distributed loss model for
heat diffusion as [204]
R(r⊥ −

r0⊥ )

1
=
K0
2πσ 2



r⊥ − r0⊥
σ


,

(5.4.2)

where K0 is a zero-order modified Bessel function of the second kind and the nonlocal length σ parametrises the spreading of the temperature increase away from
the source due to diffusion. In the limit σ → 0, R(r⊥ − r0⊥ ) → δ(r⊥ − r0⊥ ) and
the thermal nonlinearity in eq. (5.4.1) recovers its local form ∆n = γI. In a photon fluid experiment, azimuthal flows vθ may only be realised by optical vortices
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and are constrained to take the form (5.1.8). An optical vortex necessarily has an
inhomogeneous speed of sound, as the beam’s intensity must be zero at the origin
due to the phase singularity, meaning cs (r) → 0 for a local nonlinearity. There
is no exact expression for the vortex intensity profile; it can be obtained numerically (see figure 3b) in [205]), though for a local nonlinearity it can be expressed in
limits r → 0 and r → ∞ [206, 207]. Typically, choosing I(r) ≈ tanh2M (r/w) as
an initial condition to eq. (5.1.1) results in quick convergence to the true shape,
with w chosen appropriately depending on the background intensity, nonlinearity,
vortex winding number M etc. Including nonlocality will influence cs (r) indirectly
by changing the shape of the vortex intensity, and directly by extending cs into the
vortex core. Figure 5.14 plots the radial sound speed profile for a beam with intensity ∝ exp(−2(r/w)2 ) tanh2 (r/a) (similar to a vortex with M = 1) given various
sizes of the nonlocal length σ. cs becomes more homogeneous as σ increases, and
the null at r = 0 due to the vortex singularity vanishes for large enough σ. Since the

Figure 5.14:

Speed of sound versus radius given a vortex-like beam I(r) =

I0 exp −2(r/w)2 tanh2 (r/a) resulting from nonlinear response functions with different
nonlocal lengths σ.

Parameters: w = 3.5mm, a = 250µm, I0 = 1.32W/cm2 , γ =

−1.43 × 10−6 cm2 /W .

experimental perturbation is introduced by overlapping a weak probe beam with
the pump beam that drives the photon fluid, the initial condition is limited to the
“stamp” format examined in the previous section. This means that the frequency
ω is not imposed directly, and will depend both on the probe wavenumber K0 and
radius r0 due to the variation in cs (r) and v(r).

As discussed in the introduction, a major constraint on propagating-geometry photon fluid superradiance is the short evolution time available. Both the non-stationarity
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of the background pump beam and the limited sample length constrain the maximum
time for which phonons can be observed to propagate according to eq. (5.2.5). We
have seen that an event horizon is not necessary for superradiance, so by extension
neither is a radial flow. This is helpful since it is impossible to construct a photon
fluid with a radial flow that remains stationary, at least in absence of sources and
sinks (as indicated by the density-conservation equation (5.1.4). However, even if we
restrict ourselves to pure vortex flows, two-dimensional dark solitons such as those
studied in [205, 206, 207] cannot be realised by propagating-geometry photon fluids
supported by thermo-optic nonlinearities, for several reasons. Firstly, dark solitons
require a constant intensity as r → 0, which is impossible as this requires a beam
with infinite spatial extent and energy. With a finite-sized beam, a combination of
diffraction and nonlinear defocusing will cause the beam to expand out. Secondly,
the heat which drives the nonlinearity is provided by optical absorption and hence
comes at the expense of loss of the fluid’s power. Assuming the thermo-optic effect
induces an optical loss coefficient of 2/m, to avoid cs decreasing by more than 10%
we are limited to propagating over roughly 10cm or less. With a sound-speed of
105 m/s, this will only permit a fraction of the full scattering evolution as in figure
5.13 to be observed. Instead, one should aim to record a transient of scattering
for which superradiance is predicted in the limit t → ∞. This means observing a
small increase in Noether charge for r & rS and a corresponding decrease in charge
for r . rS . Though the above analysis has been developed in terms of phonons,
it is clear what this implies for the electric field perturbations which are directly
measured in experiments. Expressing the relevant current density in terms of signal
ES and idler EI electric fields,
J0 = |U |2 − |V |2
J0 = |

ES 2
EI 2
| −| |
E0
E0

(5.4.3)

2

|ES |2 − |EI |2
J0 =
.
|E0 |
If the pump intensity I0 = |E0 |2 is roughly constant over the scattering region, the
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reflected charge integral simplifies considerably;
Z ∞
QR (t) =
rJ0 (r, t)dr
rS

Z ∞
Z ∞
1
2
2
(5.4.4)
r|EI (r, t)| dr
r|ES (r, t)| dr −
QR (t) =
I0
rS
rS
1
QR (t) = (PS (r > rS ) − PI (r > rS )) ,
I0
R∞
Rr
with PS (r > rS ) = rS r|ES |2 dr and PI (r < rS ) = 0 S r|EI |2 dr. Since only the
difference QR (t) − QR (0) is relevant, the pre-factor 1/I0 is not significant. To summarise, transient superradiance can be tested for simply by looking for an increase
in the integrated signal-idler power difference PS − PI after propagation. The signal
and idler electric fields ES and EI can be distinguished by their orbital angular momentum, having winding numbers L = M + m and 2M − L = M − m respectively.
Hence the power content of each within the probe can be extracted by projecting
onto each angular momentum separately before integrating radially. The extension
of this Penrose process to scattering from realistic optical vortices has recently been
discussed and shown numerically [208]. The clear separation of signal and idler
either side of scattering radius is seen in Fig. 1 of [208], though this same figure
raises a caveat regarding transient current measurements. In the examples shown,
external current growth is initially negative when scattering begins and superradiant reflection only develops after propagating past the focal plane of the incident
signal. Therefore there is a minimum interaction length required before current
measurements may be used to define whether superradiance has taken place.

Choosing the optimum parameters for testing superradiance is not a simple task.
Clearly it is advantageous to minimise certain quantities, such as α/β which generally reduce the superradiated charge (figure 5.6). However, in other cases, the
relation is not straightforward. Higher values of the nonlocal length σ lead to a
reduced peak cs due to additional heat diffusion, but also promote a more homogeneous cs overall.
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5.5

Optics Experimental Realisation

Before concluding this chapter, a brief description of how a laboratory photon fluid
superradiance experiment would work is provided. One possible experimental geometry is illustrated in figure 1 of reference [208]. The background photon fluid
is created by propagating a collimated optical vortex beam as a pump through a
thermo-optic medium. The vortex phase may be imprinted on the pump before
entering the medium either by a diffraction grating or a spatial light modulator; see
figure 2(a) in reference [209] for a detailed example of a setup capable of realising
such a beam. An additional, weak annular laser beam carrying angular momentum is focused through the same medium along the first beam’s propagation axis
to excite signal phonons in a radial wavepacket at the nonlinear medium’s input.
During propagation, the weak perturbation beam will focus and scatter radially off
the vortex core, exciting idler phonons in the process. The idler mode manifests
optically as a second weak beam, having been generating through four-wave-mixing
between the pump and signal beams during scattering. The idler beam will remain
predominantly confined within the vortex core, behind the ergoradius, while the
signal beam defocuses away from the core due to the superradiant scattering mechanism that has been studied at length in this chapter. Since the signal and idler
will be separated in radius after scattering from the core, and they carry distinct
orbital angular momentum (OAM), the negative (positive) current may be evaluated by projecting the field inside (outside) the ergoradius onto modes carrying the
idler (signal) OAM and measuring the projected mode’s power. This projection
measurement may be carried out by placing a spatial light modulator at the end of
the medium and choosing a pixel voltage pattern that maps the projection mode
onto the zero diffraction order, whose intensity may then be integrated. Since the
initial condition contained no negative current, and the ongoing positive current is
known since the signal beam’s power is set by the experimenter, the increase in positive current outside the vortex’s ergoradius can be calculated which hence quantifies
superradiance.

Following the discussion in the previous section, we can establish connections between experimental conditions and the theoretical parameters involved in the super134

radiant scattering analysis:

• The range of radial wavenumbers K excited in the initial condition can be
controlled by the focusing angle θS of the signal beam, since K ∝ sin(θS ).
This must be set such that the associated phonon frequency ω related to K
through the dispersion relation is within the superradiant bandwidth.
• The power of the pump vortex beam is proportional to the phonon sound speed
cs and by extension controls the relative significance of nonlinear to diffractive
effects during scattering, as quantified by the ratio β/α. These respectively
limit the rate at which scattering kinematics unfold with propagation distance
and the strength of superradiant amplification, so it is favourable to use as
large a pump power as is practical.
• The pump orbital angular momentum is proportional to the angular flow velocity vθ and hence sets the extent of the ergoregion, which the ingoing signal’s
central radius needs be set relative to.
• The signal’s orbital angular momentum should be set greater than that of
the pump, as otherwise the quantity mvθ (r? )/r? in the effective Zeldovich
condition will be negative and the associated ingoing, positive-frequency ω > 0
mode will not superradiate.

5.6

Summary

This chapter has shown how an analogue of acoustic superradiance from a rotational
flow can be quantified and simulated by linearised coupled perturbation equations.
These are valid for any amount of quantum pressure, though they assume a stationary background fluid which can only be supported to a limited extent in practice.
The D’Alembertian wave equation of analogue gravity is recovered from them in
the limit of zero quantum pressure. The conserved Nöether current, whose density
is proportional to the difference between signal and idler perturbation densities, is
the key metric for superradiance in this context. Incident wavepackets which satisfy
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the relation ω < mvθ (r? )/r? , which is a generalisation of the Zel’dovich superradiance condition, will normally superradiate. This is clearly illustrated by examples
scattering from a r-linear flow analogous to the solid-body rotation of a Zel’dovich
cylinder. A straightforward calculation demonstrates that scattering should happen
in the vicinity of r? , while the ergoradius does not play a significant role. That said,
there are several factors which will affect the magnitude of superradiance, including
the flow gradient and quantum pressure. Quantum pressure does not modify the
frequency limit for superradiance, which is still set by the above relation, but does
suppress the reflection amplitude through the σ 2 coefficient. Likewise, the width
of the transition between the rotating and non-rotating flow affects the amount of
current superradiated from each scattering, as a weaker flow gradient leads to a less
sharp reflection. This may be justified to some degree by comparison with the role
of conductivity in the original Zel’dovich scenario. The lessons learned here can be
applied to predict superradiance under more general conditions, in particular those
of a photon fluid vortex with a 1/r flow dependence and variable sound-speed which
can be realised experimentally.

As a concluding remark, we reiterate that no event horizon or other absorption
mechanism is required for analogue superradiance in this setting. Absorption of
waves past transmitted past the scattering boundary is guaranteed in the Zel’dovich
effect since the rotating cylinder must be conducting, both in its original formulation
[187] and a recently proposed variant involving scattering from the cylinder’s ends
parallel to the rotation axis [202]. Absorption is also a necessity in the acoustic
Zel’dovich effect [188]. Similarly, in the Penrose process for a Kerr black hole,
ingoing particles are effectively absorbed after scattering as they are trapped behind
the horizon. The horizon’s presence is not a key requirement for superradiance
however, as it is also predicted from hypothetical naked singularities [210]. These
Kerr solutions possess an ergosphere but no horizon due to their extreme angular
momentum. One might imagine a reverse black hole bomb scenario as in figure 5.13
occurring if negative-energy modes reflect within the ergoregion.
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Chapter 6

Conclusion

We first explored the instability of monochromatic signals in a ring of coupled fibre cores to perturbations carrying discrete angular momentum. This azimuthal
modulation instability has a gain spectrum with a clear dependence on the coupling
strength and Peierl’s phase. The coupling between fibres makes this instability possible in cores with either normal or anomalous GVD, in contrast to single fibre MI
which only occurs with anomalous GVD.

Then we saw how this unchecked instability leads to the fission of bright pulses and
the generation of supercontinua carrying angular momentum. This fission typically
produces a mix of resonant radiation, dispersive waves and one-dimensional “lightbullets”, soliton-like pulses localised around single fibre cores. Angular symmetry
breaking causes the formation of multiple light-bullets, whose azimuthal localisation
is associated with a near-equal distribution across all discrete angular momenta.

In the Möbius fibre resonator, we found a wide variety of new optical states which
extend the family of solutions known from single-fibre resonators. The key to this
variety is the independence of the dispersive parameters of the constituent fibres, as
the induced oscillation may give rise to additional instabilities and phase-matching
conditions. We have detailed the modulation instability and resonant radiation
frequency spectra resulting from this parametric process. Though simple in design,
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the nested and nonlinear structure of the underlying Ikeda map supports a complex
steady-state solution structure across a high-dimensional parameter space. This will
be especially true if the Möbius design is extended to three or more linked fibres,
which should support Möbius cavity solitons carrying angular momenta.

Lastly, the fundamentals of superradiance in a rotating photon fluid were considered. The wave counterpart to the particle-based Penrose process, superradiant
overreflection can be understood from the conservation of Noether current and the
difference in acoustic dispersion between regions of fluid with different angular flow
velocities. A simplified flow scenario analogous to the Zel’dovich cylinder makes this
clear, making the expression for superradiated charge and the associated scattering
kinematics transparent. This permits an understanding of superradiance in terms of
general photon fluid parameters, that applies for any amount of quantum pressure.
Scattering in more complicated flows, such as that which provides an analogue of a
Kerr black hole in the acoustic limit, can be thus be explained in these terms.
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[105] T. Levi-Civita, “Détermination rigoureuse des ondes permanentes d’ampleur
finie,” Mathematische Annalen 93, 264 (1925).
[106] Y. P. Krasovskii, “On the theory of steady-state waves of finite amplitude,”
USSR Computational Mathematics and Mathematical Physics 1, 996 (1962).
[107] M. J. Lighthill, “Contributions to the theory of waves in non-linear dispersive
systems,” IMA Journal of Applied Mathematics 1, 269 (1965).
[108] V. I. Bespalov and V. I. Talanov, “Filamentary structure of light beams in
nonlinear liquids,” JETP Letters 3, 307 (1966).
[109] L. A. Ostrovskii, “Propagation of wave packets and space-time self-focusing
in a nonlinear medium,” Soviet JETP 24, 797 (1967).
[110] V. I. Karpman, “Self-modulation of nonlinear plane waves in dispersive media,” JETP Letters 6, 277 (1967).
148

[111] V. E. Zakarov and L. A. Ostrovsky, “Modulation instability: The beginning,”
Physica D: Nonlinear Phenomena 238, 540 (2009).
[112] S. Amiranashvili and E. Tobisch, “Extended criterion for the modulation instability,” New Journal of Physics 21, 033029 (2019).
[113] C. Maitland, D. Faccio, and F. Biancalana, “Modulation instability of discrete
angular momentum in coupled fiber rings,” J. Opt. 21 (2019), 10.1088/20408986/ab18eb.
[114] M. Parto, H. Lopez-Aviles, J. E. Antonio-Lopez, M. Khajavikhan,
R. Amezcua-Correa, and D. N. Christodoulides, “Observation of twist-induced
geometric phases and inhibition of optical tunneling via aharonov-bohm effects,” Science Advances 5 (2019), 10.1126/sciadv.aau8135.
[115] S. Longhi, “Bloch dynamics of light waves in helical optical waveguide arrays,”
Phys. Rev. B 76, 195119 (2007).
[116] S. Longhi, “Light transfer control and diffraction management in circular fibre
waveguide arrays,” J. Phys. B 40, 4477 (2007).
[117] S. Longhi, “Self-imaging and modulational instability in an array of periodically curved waveguides,” Opt. Lett. 30, 2137 (2005).
[118] I. L. Garanovich, A. Szameit, A. A. Sukhorukov, T. Pertsch, W. Krolikowski,
S. Nolte, D. Neshev, A. Tuennermann, and Y. S. Kivshar, “Diffraction control
in periodically curved two-dimensional waveguide arrays,” Opt. Express 15,
9737 (2007).
[119] J. M. Jonathan, “Guided and coupled waves: an overview of optical fibres and
derived componenets for optical communications,” (2012), revised January by
Henri Benisty2020ParisTech Institut d’Optique Graduate School, course notes
for 0214 Guided and Coupled Waves, accessed 10/01/2020, available online.
[120] M. Parto, H. Lopez-Aviles, M. Khajavikhan, R. Amezcua-Correa, and D. N.
Christodoulides, “Topological aharonov-bohm suppression of optical tunneling
in twisted nonlinear multicore fibers,” Phys. Rev. A 96, 043816 (2017).
[121] P. Hofmann, Solid State Physics : An Introduction (J. Wiley & Sons, 2011).
149

[122] V. Kruglov, Y. Logvin, and V. Volkov, “The theory of spiral laser beams in
nonlinear media,” J. Mod. Opt 39, 2277 (1992).
[123] L. T. Vuong et al., “Collapse of optical vortices,” Phys. Rev. Lett. 96, 133901
(2006).
[124] S. Longhi, “Pt phase control in circular multi-core fibers,” Opt. Lett 41, 1897
(2016).
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