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Abstract

This thesis considers a variety of systems which are designed to take advantage of
collective optical effects in the presence of a vibrational environment; a necessary
condition for such systems to exist on a quantum platform outside of superconduct-
ing qubits. The first research chapter considers the effect of superabsorption, the
time-reversed process of Dicke superradiance. A series of conditions for a guide-
slide superabsorber are proposed, which allow a system to sacrifice some optical
coupling for the benefit of still operating when coupled to a phonon bath. We sug-
gest a system geometry which meets these properties, and then use this as a case
study to show such a system does indeed display the hallmarks of superabsorbing
behaviour. This remains when disorder is introduced to the system, as well as with
a strongly-coupled vibrational environment in the polaron frame, amongst several
other model extensions. The second research chapter looks at optical ratcheting,
a process whereby an artificial light-harvester with an extraction bottleneck can
improve performance by relaxing to a state which is dark with respect to optical
relaxation, while still being able to absorb more photons. We examine how the
performance scales with system size before looking at how the phenomena performs
in the polaron frame. While strong vibrational coupling can be the undoing of col-
lective optical effects, we find that it is still possible to observe ratcheting in the
strong-coupling regime. We use the model as a platform to investigate more accu-
rate means of incorporating extraction via a trap, by treating it as an additional
dipole in the system. This change means one needs to consider both the optical
and geometric properties of the trap to achieve optimal performance. The third
research chapter stems from collaborative work with quantum biologists. We study
the recently resolved structure of a photosynthetic complex, iron stress-induced pro-
tein A (IsiA), to establish if the structure allows the complex to utilise vibrational
relaxation into a collectively dark delocalised state to reduce the likelihood of loss.
By distorting different components, we establish which parts of the structure this
effect is susceptible to changes in, providing insight into the function of the complex.
Finally, the fourth research chapter investigates the feasibility of using a molecular
aggregate of two identical absorbers as a gain medium in a laser. With adequate
control of the geometry, we show that the combination of collective optical coupling
and rapid vibrational relaxation make population inversion possible. By coupling a
disordered collection of such systems to a resonant cavity, we demonstrate that a
stable laser field can be generated. The results of this work support an approach
derived by our collaborators, allowing larger, more complex aggregates to be used
instead, which require less fine control over the molecular geometry to achieve lasing
behaviour.



For Bessie and Colin,

who together embodied the principle that there is no substitute for curiosity,

kindness, dedication, and practise; a lesson which I perhaps could have more

readily applied in the preparation of this slightly delayed thesis. Greater success

was had in teaching me that nothing tastes as good as homegrown fruit

(specifically gooseberries), and that it is never too late to successfully hit a strike,

dunk a basketball, or learn about quantum mechanics

. . . also the importance of always knowing when lunch is!



Acknowledgements

It is somewhat challenging to express quite how grateful I am to my supervisor Erik
Gauger. His dedication and focus on both the quality of work produced by, and
experience of his students is nothing short of inspirational, and the impact of his
friendship and academic guidance throughout my studies cannot be understated. I
am confident I would have been hard-pressed to find such a supportive and positive
academic experience elsewhere as the one offered by his supervision of the Heriot-
Watt Quantum Theory Team.

Moreover, I would like to gratefully acknowledge the important contributions
to this thesis in collaborative works by (in alphabetical order) Francesco Mattiotti,
Hanan Schoffman, Luca Celardo, Nicola Piovella, Nir Keren, Stefano Olivares, and
Yossi Paltiel. Additionally, Dominic Rouse, Eleanor Scerri, and Oliver Brown de-
serve special mention for a range of interesting and insightful discussions that en-
lightened me on a variety of topics over the years, and without which this thesis
would undoubtedly be notably shorter.

Furthermore, I would also like to thank the wider collective of QTT members,
past and present, for making my entire time in the team so enjoyable, whether
through the extensive range of events compiled by the Social Secretary, or our regular
afternoon Brio’s trips, even if it came at the cost that I now hardly ever drink
instant coffee. In the same vein it has been great to be part of the IPaQS and UK
Polaron Day researchers groups, which have provided their share of both stimulating
academic discussions and entertainment over the years. The Scottish Condensed
Matter Centre for Doctoral Training management team must also be credited for
both their support, and the enrichment provided from my first day in Edinburgh,
and I am specifically grateful to my fellow members of Cohort 7 for ensuring all of
our in-person meetings were a delightful experience.

Finally, I wish to express my unending gratitude to all of my friends and family
for their support, encouragement, and company throughout my time in Edinburgh,
which helped to make it the amazing and unforgettable experience it has been.

For financial support throughout my studentship, I am indebted to the Scottish
Condensed Matter Centre for Doctoral Training (EPSRC grant no. EP/L015110/1),
alongside the Scottish Universities Physics Alliance, and Heriot-Watt University.

i



Contents

1 Introduction 1

1.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.3 Background theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.3.1 Open quantum systems introduction . . . . . . . . . . . . . . 5

1.3.2 Evolution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

1.3.3 Bath correlation functions . . . . . . . . . . . . . . . . . . . . 7

1.3.4 Optical processes . . . . . . . . . . . . . . . . . . . . . . . . . 9

1.3.5 Vibrational processes . . . . . . . . . . . . . . . . . . . . . . . 10

1.3.6 Additional dissipators . . . . . . . . . . . . . . . . . . . . . . 11

1.3.7 Calculation of steady states . . . . . . . . . . . . . . . . . . . 11

2 Guide-Slide Superabsorption 13

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

2.2 Reference model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

2.2.1 System components . . . . . . . . . . . . . . . . . . . . . . . . 14

2.2.2 Parallel setup . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

2.2.3 Guide-slide proposal . . . . . . . . . . . . . . . . . . . . . . . 17

2.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

2.3.1 GS Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

2.3.2 Parallel breakdown . . . . . . . . . . . . . . . . . . . . . . . . 27

2.4 Model extensions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

2.4.1 Different phonon spectral densities . . . . . . . . . . . . . . . 29

2.4.2 Alternative reinitialisation schemes . . . . . . . . . . . . . . . 30

2.4.2.1 Lossy-ladder climbing . . . . . . . . . . . . . . . . . 30

2.4.2.2 Site-based . . . . . . . . . . . . . . . . . . . . . . . . 31

2.4.3 Coherent extraction . . . . . . . . . . . . . . . . . . . . . . . . 32

2.4.4 Coherent extraction and site-based reinitialisation . . . . . . . 35

2.4.5 Non-radiative losses . . . . . . . . . . . . . . . . . . . . . . . . 36

2.4.6 Polaron coupled model . . . . . . . . . . . . . . . . . . . . . . 38

2.4.7 Disorder . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

2.5 Summary of all parameters . . . . . . . . . . . . . . . . . . . . . . . . 45

ii



2.6 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

3 Optical Ratcheting with Strongly-coupled Phonons and Coherent

Extraction 48

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

3.1.1 Existing work summary . . . . . . . . . . . . . . . . . . . . . 48

3.1.2 New ideas summary . . . . . . . . . . . . . . . . . . . . . . . 49

3.2 Weakly-coupled incoherent extraction model . . . . . . . . . . . . . . 50

3.2.1 Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

3.2.1.1 Ring setup . . . . . . . . . . . . . . . . . . . . . . . 50

3.2.1.2 Optical and vibrational environments . . . . . . . . . 50

3.2.1.3 Incoherent trap . . . . . . . . . . . . . . . . . . . . . 51

3.2.2 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

3.2.2.1 Trap decay optimisation . . . . . . . . . . . . . . . . 51

3.2.2.2 N scaling . . . . . . . . . . . . . . . . . . . . . . . . 52

3.3 Strongly-coupled phonons . . . . . . . . . . . . . . . . . . . . . . . . 53

3.3.1 Polaron-transformed model . . . . . . . . . . . . . . . . . . . 53

3.3.1.1 Lab frame Hamiltonian . . . . . . . . . . . . . . . . 53

3.3.1.2 Polaron transformation form . . . . . . . . . . . . . . 54

3.3.1.3 Transforming system Hamiltonian . . . . . . . . . . . 55

3.3.1.4 Transforming environment Hamiltonian terms . . . . 56

3.3.1.5 Transforming interaction Hamiltonian terms . . . . . 56

3.3.1.6 Fully-transformed Hamiltonian . . . . . . . . . . . . 56

3.3.1.7 B±,α terms in couplings . . . . . . . . . . . . . . . . 57

3.3.2 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

3.3.2.1 Establishing consistent behaviour . . . . . . . . . . . 58

3.3.2.2 Scaling extraction . . . . . . . . . . . . . . . . . . . 60

3.3.2.3 Varying sunlight concentration . . . . . . . . . . . . 61

3.3.2.4 Exciton-exciton annihilation . . . . . . . . . . . . . . 63

3.4 Coherent extraction model . . . . . . . . . . . . . . . . . . . . . . . . 64

3.4.1 Model – Coherently coupling a trap . . . . . . . . . . . . . . . 64

3.4.1.1 Modelling the trap as an additional dipole . . . . . . 64

3.4.1.2 Coupling the trap to environments . . . . . . . . . . 66

3.4.2 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

3.4.2.1 Fine tuning trap parameters . . . . . . . . . . . . . . 67

3.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

4 Robust Optically Dark Behaviour in IsiA 73

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

4.1.1 Specific contributions . . . . . . . . . . . . . . . . . . . . . . . 73

4.1.2 Project summary . . . . . . . . . . . . . . . . . . . . . . . . . 73

iii



4.2 Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

4.2.1 Dipole geometry . . . . . . . . . . . . . . . . . . . . . . . . . 76

4.2.2 System Hamiltonian and effective model . . . . . . . . . . . . 79

4.2.3 Defining a leaking value . . . . . . . . . . . . . . . . . . . . . 82

4.2.4 Introducing disorder . . . . . . . . . . . . . . . . . . . . . . . 83

4.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

4.3.1 IsiA . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

4.3.1.1 Master configuration results . . . . . . . . . . . . . . 84

4.3.1.2 Removal of single chlorophylls . . . . . . . . . . . . . 85

4.3.1.3 Disorder in single chlorophylls . . . . . . . . . . . . . 86

4.3.1.4 Disorder in all chlorophylls simultaneously . . . . . . 87

4.4 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

5 Molecular Dimer Laser Proposal 90

5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

5.1.1 Specific contributions . . . . . . . . . . . . . . . . . . . . . . . 90

5.1.2 Project summary . . . . . . . . . . . . . . . . . . . . . . . . . 90

5.2 Isolated dimer . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

5.2.1 Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

5.2.1.1 Dimer Geometry . . . . . . . . . . . . . . . . . . . . 95

5.2.1.2 Optical and Vibrational Baths . . . . . . . . . . . . 99

5.2.2 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

5.3 Adding phenomenological dephasing . . . . . . . . . . . . . . . . . . 103

5.3.1 Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

5.3.2 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

5.4 Including a semi-classical field . . . . . . . . . . . . . . . . . . . . . . 105

5.4.1 Moving to a rotating frame . . . . . . . . . . . . . . . . . . . 105

5.4.2 Static field . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107

5.4.3 Variable field . . . . . . . . . . . . . . . . . . . . . . . . . . . 110

5.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112

6 Conclusions and Outlook 114

Bibliography 116

iv



Chapter 1

Introduction

1.1 Motivation

In 1954, Dicke predicted that a collection of N identical excited optical emitters

would relax with an enhanced optical decay rate, a phenomena which was coined

‘superradiance’ [1]. Rather than decaying over an exponential envelope N times

larger than the envelope for a single emitter, as would be classically expected, Dicke

predicted a ‘superradiant pulse’, whereby the emission rate would become propor-

tional to N . This theorised collective quantum optical effect sparked interest in work

looking at direct practical applications, such as a experimental observation of the

effect [2, 3], and a proposal for a superradiant lasing system[4], as well as additional

work into other collective effects. Single photon superradience, for example, is where

a single excitation is in a delocalised state of a collection of N identical emitters,

and the decay occurs N times faster than it would for a single emitter [5], while

single photon subradiance is where a group of emitters can hold onto an excitation

for longer than would be classically expected for a constituent emitter [6, 7].

There are a variety of applications, like the superradient laser mentioned above,

for which these collective effects might be able to offer a quantum advantage over

classical counterparts. One approach is to improve the design of detectors by utilis-

ing designs with interacting components [8, 9, 10]. Taking advantage of subradiance

for the purpose of developing energy storage solutions has also been suggested [11].

One such example is a Dicke quantum battery which uses collectively-enhanced cou-

pling to charge and then subradient states for storage. This is achieved by applying

an external field to a collection of identical quantum subsystems [12, 13, 14]. Light-

harvesters is another area where such effects could be beneficial. Taking advantage

of the astronomical power source that is the Sun for the benefit of mankind is an

endeavour which is classically bound by the Shockley-Queisser limit [15]. The limit

considers the maximum efficiency a band gap absorber could achieve when capturing

light from a black body spectrum, with losses from incident photons with energies

which are beneath the band gap, or due to relaxation processes for those with en-
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Chapter 1: Introduction

ergies above the band gap. For a blackbody at 6000 K , the limit is roughly 30%.

There have been several suggestions relying on quantum mechanics for methods to

surpass this limit [16, 17, 18, 19, 20, 21, 22].

One thing to be aware of in quantum technologies is interactions with environ-

ments. Quantum states can be influenced by external factors causing the systems to

leave the desired states needed for quantum schemes to work [10, 23]. This can be a

major contributor to the difficulties in developing such systems, with an obvious case

study being the progress of developing a quantum computer from the conception of

the idea in 1980 [24], to the carefully constructed, clean systems being developed

today which can require cryogenic temperatures to limit noise.

Nature, after billions of years of evolution, may have some part to play in in-

forming designs we choose to use for such quantum technologies. Photosynthesis, for

example, powers most life on Earth [25] and has been used as inspiration for some

artificial light-harvesting applications [26, 27, 28]. Results from a few areas in the

field of quantum biology have found evidence to support the suggestion that Nature

harnesses quantum effects for its benefit, despite the systems being considerably

more noisy and disordered than those being considered in a typical experimental

lab.

The question of whether photosynthesis relies on quantum mechanics has been

considered for some time [29], with particular focus on the high efficiency with which

absorbed photons arrive at the reaction centre, where the excitations are transformed

into chemical energy to be used by the rest of the organism [30, 31, 32]. One

of the most commonly studied complexes for transferring excitations is the Fenna-

Matthews-Olsen (FMO) complex, which is found in green-sulphur bacteria [33]. The

FMO complex is made up of seven or eight bacteriochlorophyll molecules surrounded

by a noisy protein structure, which acts as the environment for the combined system.

Despite short electronic excitation lifetimes on the order of nanoseconds [34], yet

nearly all arrive at the reaction centre. This claim is also supported by quantum

coherent wave-like motion of excitations observed with electronic spectroscopy [35,

36, 37]. It should be noted however that there is ongoing discussion about whether

such coherent results are due to the nature of excitation in the specific experimental

setup, calling into question whether it occurs under natural incoherent sunlight

conditions [38].

As well as efficient energy transport in photosynthesis, quantum biologists have

taken interest in the absorption process. Some aquatic systems, for example, are

able to thrive despite being found deep in murky water [39, 40], where ambient light

levels are are a few photons per molecule per second, much lower than the photon

density surface organisms recieve. This provides some evidence for the efficiency

of solutions Nature has developed over the course of evolution. Geothermal radi-

ation from hydrothermal deep-sea vents is used by green sulphur bacteria, rather

2



Chapter 1: Introduction

than sunlight, as an alternative source of weak incoherent excitation [41]. These effi-

cient light-harvesting solutions that operate even in harsh environments has inspired

work studying the symmetric structures of molecular aggregates Nature employs to

harvest and transport energy [42, 43].

There are two other examples where quantum mechanics is believed to be in-

volved in processes inside biological systems. These are not directly related to

light-harvesting and collective optical effects, but still act as inspiration for ways to

control quantum states in messy environments. Firstly there is the avian compass,

studied in European robins, that are capable of migrating south on their own in

their first winter with no influence from other other robins who have already made

the journey. After a proposal that birds are able to perceive the Earth’s magnetic

field as a form of heads-up display [44]. A scheme was proposed where, due to Zee-

man splitting, incident photons create singlet states in a compound found inside the

robin’s retina. This singlet would then be sensitive to the direction of a magnetic

field [45, 46, 47]. Working off of data from studies involving live robins [48, 49], it

was shown that long-lived coherence times, on the order of tens of microseconds,

would need to be possible within the messy biological systems [50, 51]. A second

case is the sense of smell. One study has found that fruit flies are able to distin-

guish between different isotopes of hydrogen and deuterium in identical structures

in odourants [52]. This implies that a vibrational spectrometer is being used to

identify compounds, rather than just the shape or chemical properties, though this

is still debated [53, 54].

1.2 Outline

Taking inspiration from Nature, this thesis focuses on systems that can take advan-

tage of collective quantum optical effects, where the inclusion of realistic features

like a room temperature vibrational environment, and disorder amongst the system

components still allow the system to function. Such systems not only operate in

spite of the inclusion of a warm vibrational environment, but in fact rely on it to

operate optimally.

After a brief overview of some of the mathematical techniques that are im-

plemented throughout this thesis the first two chapters focus on artificial light-

harvesting proposals. Chapter 2 looks at the requirements needed to achieve ‘super-

absorption’, a phenomena suggested in a publication in 2014 [10], which an experi-

mental study recently reported the observation of using atomic sytstems [55]. Our

study builds on the original work, developing a model that shows that while bold in

scope, the model proposed would not operate effectively in a system which is coupled

to a vibrational environment, i.e. any quantum platform other than superconduct-

ing qubits. Instead we propose a list of properties for a ‘guide-slide superabsorber’

3



Chapter 1: Introduction

and then suggest a system configuration that would meet such conditions. We then

perform a variety of tests and extensions to confirm the robustness of the superab-

sorbing behaviour in the proposed system. Such tests include introducing disorder,

strong vibrational coupling via a polaron transformation [56], as well as introduction

of additional non-radiative loss mechanisms. The work from this chapter has been

published in Ref. [23].

Chapter 3 focuses on optical ratcheting, a proposal that takes advantage of col-

lective effects in a an artificial light-harvester to prevent through vibration relaxation

the loss of a photon after an absorption event, while still being able to achieve fur-

ther absorption [19]. A useful trait if the transfer and conversion of energy is a

bottleneck in a system. Our work significantly expands on the original proposal and

tests its validity in more realistic circumstances. By looking at varied system sizes

to confirm the optimal distribution of antennae for such a system. This model is

also expanded to include strong vibrational coupling to see how that effects perfor-

mance, and a more realistic implementation for modelling the extraction via a trap

site is developed. The results from this work are currently being developed for a

manuscript in the near future.

Having studied examples of collective effects in artificial light-harvesters in Chap-

ters 2 and 3, Chapter 4 looks at the possibility such collective effects are being

utilised in a photosynthetic system. The structure of iron stress-induced protein A

(IsiA), a complex for which the purpose is still a point of debate in quantum biology,

has recently been resolved [57]. Working with collaborators in that field we apply

our model to see if this system might be taking advantage of optical darkness to

hold onto excitations for longer than would be classically expected before reemission.

Optical ratcheting in Chapters 3 is an idealised version of such an effect, whereby

an excitation would never decay via optical pathways in a precisely-designed and

symmetrically ordered system [19]. While photosynthetic complexes contain too

many components, and are too messy to achieve prefect optical darkness they can

still obtain some advantage. By introducing disorder to the different components

in the system we could establish how resilient such an effect is, as well as which

components are more influential in such behaviour, an important result for gaining

biological insight. The collaborative work in this chapter has been compiled into a

manuscript which is currently under review for publication [58].

The final research chapter, Chapter 5, presents work completed as part of a col-

laborative project on a laser proposal based on molecular aggregates. By initially

considering a collective system of two identical molecules, we show that with ade-

quate control of the molecule positioning one can expect population inversion from

coupling such a system to a shared optical bath simulating solar excitement, as well

as vibrational environments. By enhancing one optical transition and suppressing

another, vibrational relaxation can rapidly move the system to a lasing state af-
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ter absorption. By coupling our system to a semi classical field, and looking for

agreement between our results and those of our collaborators, we give validity to

their approach which is able to model larger structures, which have less stringent

requirements on the design control necessary for a lasing system. A manuscript for

a paper has been produced from the work of this collaboration, which is currently

under review for publication [59].

While the approaches we typically take are general for quantum systems, we

typically choose parameters which are suited to molecular systems. In the latter

two chapters this is dictated by the scope of the work, but in the first two chapters,

where we propose schemes for artificial light-harvesters and could potentially fit

the model to use parameters for any platform. We choose molecules because of

the balance of brightness and potential for small separations [60, 61, 62]. The

proposal of constructing molecular light-harvesting systems using DNA origami has

already been suggested [63], a promising step for the feasibility of synthesising the

structures we propose. Additionally, molecular porphyrin nano-ring structures have

been artificially synthesised [64, 65].

1.3 Background theory

1.3.1 Open quantum systems introduction

In the following section we will outline some of the techniques which are used regu-

larly in the research chapters of this thesis. The theory primarily follows the work

found in Refs. [66, 67].

When modelling systems which are coupled to environments, we write the Hamil-

tonian for the total system as

Ĥtot = ĤS + ĤI + ĤE , (1.1)

where ĤS and ĤE are respectively the system Hamiltonian, which only contains

terms that act on the system Hilbert space, and the environment Hamiltonian,

which only contains terms that act on the environment Hilbert space. The third

term, ĤI , is the interaction Hamiltonian, which contains terms which act in both

Hilbert spaces. System surroundings are modelled as a potentially infinite bath of

oscillators, allowing them to replicate a wide range of possible environments.

To determine the evolution of such a system, one uses the interaction picture

(denoted with a tilde), performing the unitary transformation on ĤI to give

ˆ̃HI(t) = Û †0(t, t0)ĤIÛ0(t, t0) , (1.2)
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where

Û0(t, t0) = e−i(ĤS+ĤE)t . (1.3)

If one assumes a generic interaction Hamiltonian form, Â⊗B̂, where Â is the system

components of the interaction, and B̂ is the bath components, this transformation

to the interaction picture gives

ˆ̃HI(t) =
∑
ω

e−iωtÂ(ω)⊗ B̂(t) =
∑
ω

eiωtÂ†(ω)⊗ B̂†(t) , (1.4)

where ω is the change in system energy associated with the process Â(ω) and the

environment terms pick up similar frequency dependence with

B̂(t) = eiĤEtB̂e−iĤEt . (1.5)

It is also important to note that

Â†(ω) = Â(−ω) . (1.6)

1.3.2 Evolution

The evolution of the entire system is both computationally demanding and not very

interesting. We want to understand the evolution of the system. If the system was

isolated with no coupling to the environment, the behaviour would be determined

by the unitary dynamics,

d

dt
ρ̃S(t) = −i[ĤS, ρS] , (1.7)

where ρS is the reduced density matrix for the system. The effect of the dissipative

dynamics, which appear as a result of coupling to an environment can be written in

the interaction picture, and solved to second order using two main assumptions:

1. The system is small compared to the environment, and as such does not influ-

ence it.

2. The historical behaviour of the system has no impact on the future behaviour.

After these assumptions, the form of dissipative dynamics is

d

dt
ρ̃S(t) = −

∫ ∞
0

dsTrB
[ ˆ̃HI(t), [

ˆ̃HI(t− s), ρ̃S(t)⊗ ρ̃B]
]
, (1.8)

where ρ̃S and ρ̃B are the reduced density matrices in the interaction picture for the

system and environment respectively.

With these included, one can write the Born-Markov master equation in the

6



Chapter 1: Introduction

interaction picture as

d

dt
ρ̃S(t) =

∑
n,m

∑
ω,ω′

(
ei(ω

′−ω)tÂm(ω)ρ̃S(t)Â†n(ω′)Γnm(ω)

+ e−i(ω
′−ω)tÂn(ω′)ρ̃S(t)Â†m(ω)Γ†nm(ω)− e−i(ω′−ω)tρ̃S(t)Â†m(ω)Ân(ω′)Γ†nm(ω)

− ei(ω′−ω)tÂ†n(ω′)Âm(ω)ρ̃S(t)Γnm(ω)

)
, (1.9)

where environment correlation functions of the form

Γnm(ω) =

∫ ∞
0

dseiωs 〈B̂†n(t)B̂m(t− s)〉 ,

Γ†nm(ω) =

∫ ∞
0

dse−iωs 〈B̂†m(t− s)B̂n(t)〉 , (1.10)

are included, in which

〈B̂†n(t)B̂m(t− s)〉 = TrB

(
B̂†n(t)B̂m(t− s)ρ̃B

)
. (1.11)

Returning to the Schrödinger picture, one can write the a Bloch-Redfield dissi-

pator as

D =
∑
n,m

∑
ω,ω′

(
Âm(ω)ρSÂ

†
n(ω′)Γnm(ω) + Ân(ω′)ρSÂ

†
m(ω)Γ†nm(ω)

− ρSÂ†m(ω)Ân(ω′)Γ†nm(ω)− Â†n(ω′)Âm(ω)ρSΓnm(ω)

)
, (1.12)

which gives the dissipative dynamics induced in the system by the coupling to an

environment. By forming dissipators for all of the different environments one can

write out the evolution as for the system by adding the dissipators to the unitary

dynamics:
d

dt
ρS = −i[ĤS, ρS] +

∑
i

Di . (1.13)

It should be noted that one can perform a rotating wave approximation by only

considering terms where ω = ω′, leading to a secular Lindblad form. This greatly

reduces the number of terms that need to be considered, but potentially causes

problems if there are near degenerate terms (ω ≈ ω′) which are relevant to the

dynamics but dropped in this approximation. For this reason we typically avoid such

an approximation, and instead calculate the complete Bloch-Redfield dissipators.

1.3.3 Bath correlation functions

The environment correlation functions are calculated by assuming the environment

is in a thermal state. The result will be the same regardless of picture, so here we

7



Chapter 1: Introduction

revert to the Schrödinger picture. The bath density operator becomes

ρE =
1

ZE
e−βĤE =

e−βĤE

Tr[e−βĤE ]
, (1.14)

where β = 1/kBT is the inverse thermal energy of the bath. For a multi-mode bath

one can write
1

Tr[e−βĤE ]
=
∏
k

1− e−β~ωk . (1.15)

One can then solve for the expectation values of different bath operator pairings to

find

〈b̂kb̂†k′〉 = δk,k′
(
1 + n(ωk)

)
,

〈b̂†kb̂k′〉 = δk,k′n(ωk) ,

〈b̂kb̂k′〉 = 0 ,

〈b̂†kb̂
†
k′〉 = 0 , (1.16)

where k denotes the mode, and

n(ωk) =
1

eβ~ωk − 1
, (1.17)

is the Planck distribution. Since n(−ω) = −(1 + n(ω))), one can state that terms

which increase a systems energy by ω will have an environment-dependent rate

proportional to n(ω), whilst a relaxation process will have a rate proportional to

(1 + n(ω)). Accounting for this, one can write the correlation function terms as

Γnm(ω) = δnm

(
1

2
γ(ω) + iS(ω)

)
, (1.18)

Γ†nm(ω) = δnm

(
1

2
γ(ω)− iS(ω)

)
, (1.19)

where the dissipative rates are

γ(ω) ∝
(
1 + n(ω)

)
. (1.20)

The imaginary terms, S(ω), lead to renormalisation effects in the system energy

scales. It is possible to ignore these effects and assume such a renormalisation has

already occurred when defining system energies, reducing the calculations that need

to be completed.

8
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1.3.4 Optical processes

When considering coupling of a single dipole with dipole moment d , modelled as a

two level system (2LS) to an optical field, the quantum optical interaction Hamil-

tonian is given by

ĤI,opt = − ˆ̂
D · Ê , (1.21)

where the dipole operator of the system is D̂ = d σ̂x (using Pauli spin operators)

and Ê is the Schrödinger picture electric field operator:

Ê = i
∑
k

∑
λ=1,2

√
2π~ωk
V

eλ(k)(b̂k,λ − b̂†k,λ) . (1.22)

Here, b̂
(†)
k,λ represents the annihilation (creation) operator for the optical mode k,

with polarisation λ.

The dipole moments we typically consider are transition dipoles, rather than

permanent dipole moments. Permanent dipoles arise in molecules where two atoms

attract electrons unevenly, causing an uneven buildup of charge, resulting in a per-

manent static dipole. By contrast, transition dipoles couple to radiation, allowing

transitions between charge states with different wavefunctions and associated prob-

ability distribution for electrons, producing a dipole.

When we calculate the environment correlation terms for this interaction to find

the rates we get

γ(ω) =
4ω3|d |2

3~c3
(
1 + n(ω)

)
,

= γopt
(
1 + n(ω)

)
, (1.23)

where γopt is the spontaneous decay rate of the 2LS, which is proportional to the

cube of the transition frequency of the optical transition in the single system.

As we will consider multiple, typically identical systems connected to the same

optical bath throughout this thesis, there are two important features to discuss.

Firstly, the imaginary components of the environment correlation functions as

well as inducing renormalising shifts in system energy scales (as discussed above)

also induce off-diagonal terms in the system Hamiltonian. These induced couplings

allow excitations to hop between absorbers, and they are Förster-type dipole-dipole

couplings. As with the renormalisation of the system energies, we will always in-

clude the effect from the start in our system Hamiltonian, and then consider it to

have already been renormalised, meaning we only need to calculate the dissipative

dynamics.

Secondly, the induced couplings will cause shifts in the system eigenenergies,

meaning optical transitions will cover different frequencies depending on the eigen-

states being considered, changing the ω3 dependence in the dissipative rates. To

9



Chapter 1: Introduction

account for this, we take define

κopt =
γopt
ω3
A

, (1.24)

where ωA is the transition frequency of the 2LSs making up the system. This

allows the dissipative rates for a transition linking shifted eigenstates with transition

frequency ωk and transition dipole moment dk to be written as

γ(ωk) =
|dk|2

|d |2
κoptω

3
k

(
1 + n(ωk)

)
. (1.25)

1.3.5 Vibrational processes

Coupling a single 2LS to a vibrational bath is done with a spin-boson interaction

Hamiltonian [66]:

ĤI,vib = σ̂z ⊗
∑
q

gq(b̂q + b̂†q) , (1.26)

where gq and b̂
(†)
q are, respectively, the coupling strength and annihilation (creation)

operator for the phonon mode q. This coupling can induce small shifts in system

energy levels and dephasing effects anticipated from vibrational interaction.

The rates for phonon excitation and relaxation processes are derived from the

environment correlation terms which are calculated over a pair of environment in-

teraction terms as was shown in Eq. 1.10. Following Ref. [68], the coupling strength

for electron-phonon interactions with a flat spectral density has the proportionality

gq ∝

√
~

2µV ωq
, (1.27)

where µ is the mass density of the solid. The main difference between this form and

the coupling of the quantum optical master equation in Eq. 1.22 is the frequency

dependence, which has changed from
√
ω to

√
ω−1. And when we calculates the

rates we find

γ(ω) ∝ ω
(
1 + n(ω)

)
,

= γvib
(
1 + n(ω)

)
. (1.28)

Similar to the treatment with photons, we define a base phonon timescale, γvib which

we typically choose to be 1 ps, and then we calculate an average transition frequency

for phonon transitions, ωvib. This is because we will consider systems with vibration

transitions of varying size. We can then define

κvib =
γvib
ωvib

, (1.29)

10
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as the prefactor for determining phonon process rates:

γ(ω) = κvibω
(
1 + n(ω)

)
. (1.30)

It should be noted that this approach is suitable for weakly-coupled phonon envi-

ronments. Modelling strongly-coupled phonon environments will be discussed later.

1.3.6 Additional dissipators

Throughout this thesis we will also introduce phenomenological dissipators, to in-

clude additional processes such as decay at a sink site, non-radiative loss, or ad-

ditional dephasing processes. In these instances we will construct an interaction

term, X̂, that covers the expected phenomenological behaviour in the system Hilbert

space, either defined in the site basis or the energy basis depending on purpose. A

dissipator is then constructed, Dx, based on Eq. 1.12, with the form

Dx = γx
∑
n,m

(
X̂mρSX̂

†
n + X̂nρSX̂

†
m − ρSX̂†mX̂n − X̂†nX̂mρS

)
, (1.31)

where X̂α are the components of the interaction term, and γx is the phenomenological

rate. For these phenomenological processes we set n = m to produce a dissipator

with Lindblad form.

1.3.7 Calculation of steady states

Once the dissipators have been formed for the system evolution, one can write the

master equation governing the evolution as

d

dt
ρS = −i[ĤS, ρS] +

∑
i

Di , (1.32)

which can be rewritten in the Liouvillian (L) form

d

dt
ρS = LρS , (1.33)

with the formal solution

ρS(t) = eLtρS(0) . (1.34)

By diagonalising the Liouvillian, the master equation becomes

ρS(t) =


eλ1t 0 · · ·
0 eλ2t · · ·
...

...
. . .

 ρS(0) , (1.35)
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where λi are the complex eigenvalues of L. When all eigenstates of the system

Hamiltonian are connected by the dissipative processes, there is a unique steady

state, leading to a single zero-valued eigenvalue for the Liouvillian (all others having

negative real parts). As t → ∞ only the eigenstate with associated <(λ) = 0 sur-

vives, and the steady state of the system is then given by this eigenvector, regardless

of the initial system state. By only calculating the two smallest eigenvalues for L
one can confirm that only one is zero and solve for the steady state efficiently.

If however, there are multiple steady states for a system, which can occur in

some of the systems we look at later if optical and vibrational processes are not

both included, then one will have multiple zero-value eigenvalues. In this case one

needs to define an initial state to calculate the steady state arising from all the non-

decaying components in Eq. 1.35. To do this one still needs to calculate all of the

eigenvalues however, as the representation of the initial state needs to be transformed

to the eigenbasis of L to calculate the weights of the different eigenvectors which

then need to be transformed back to the lab frame of L for a solution. Needing to

solve for all eigenvalues is more time consuming than when there is a single zero-

value eigenstate, but more efficient than solving for long timescales, as needs to be

done when there is no steady state.

We now have all of the components in place to start examining the applications

of collective optical interactions in systems with vibrational environments, such as

typical condensed matter systems, over the following research chapters.
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Chapter 2

Guide-Slide Superabsorption

2.1 Introduction

This chapter is focused on the work published in Ref. [23], in which we present a

proposal for light-harvesting systems which exhibit a super-linear scaling of power

output with system size. After proposing the necessary properties for such a system,

we propose a biologically-inspired ring design (see Fig. 2.1), and then benchmark its

performance. With appropriate design, such a system is aided, rather than hindered

by vibrational interactions, and is in fact robust against significant disorder in both

the dipole geometry and optical parameters.

(   )(        )

(   )(        ) (   )(        )

(   )(        ) (   )(        )

Extraction

Figure 2.1: Artistic depiction of a guide-slide superabsorber: A ring of skewed

optical dipoles interacting with a shared photon environment, local phonon baths,

and a central extracting trap. A photonic crystal suppresses interaction with certain

optical modes.

There have been several proposals over the last few years for pushing photovoltaic

devices beyond the traditional limit of photocells stated by the Shockley-Queisser

limit [15] by using quantum mechanics. Such proposals have centred around limiting

emission using interference in multi-level systems [16, 69], as well as dark-state

protection in systems of multiple interacting dipoles [17, 70, 18, 71, 72]. Optical
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Chapter 2: Guide-Slide Superabsorption

ratcheting [19, 73] is another proposal, uses darkness to prevent relaxation, while still

being able to absorb photons, which will be discussed in greater detail in Chapter 3.

Rather than limiting emission, an alternative way to improve the performance

of a photocells is to increase the absorption. Superradiance, where N atoms ex-

hibit a collectively-enhanced emission rate proportional to N2, was first proposed

by Dicke in 1954 [1]. The light-harvesting proposal, which utilises the time-reversed

phenomenon, is called superabsoprtion [10]. This original proposal relies on lifting

degeneracies in the system by introducing symmetric dipole interactions between a

ring of absorbers, allowing the system to maintain superabsorbing behaviour. Su-

perabsorption is a multi-excitation effect, occurring when half of the absorbers in

the collective system are excited, for this reason it would not be expected to occur

in natural light-harvesting complexes, but the ring design was inspired by the rings

of photosynthetic antennae which surround reaction centres where absorbed exci-

tations are converted to useful chemical energy in nature [74, 75]. These biological

systems, which will be discussed in greater detail in Chapter 4, are different from the

artificial absorbers we discuss here as their design tends to align dipoles tangentially

around the ring [76], and also includes mechanisms for preventing photo-damage [77].

Artificial systems on the other hand, which are solely concerned with capturing and

converting as much energy as possible, can benefit from a strong collective dipole.

In this chapter we examine the potential of condensed matter nanostructures

to act as superabsorbers. We show that the original dipole geometry proposal for

superabsorption (Ref. [10]) does not work in the presence of a vibrational environ-

ment. We therefore propose a ‘guide-slide superabsorber’, as a collection of optical

dipoles which possess the following properties:

1. A ladder of excitation manifolds, with rapid relaxation to a well-defined lowest

energy state in each.

2. Collectively enhanced optical transitions linking the lowest energy states of

neighbouring manifolds.

3. Spectral selectivity allowing the suppression of optical decay below an en-

hanced target transition.

As a candidate system for meeting these criteria, we propose a ring of ‘skewed’

optical dipoles.

2.2 Reference model

2.2.1 System components

We consider a ring of N dipoles (see Fig. 2.1), each modelled as a degenerate two-

level system (2LS) with transition energy ωA = 1.8 eV (~ = 1), near the peak of the
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Chapter 2: Guide-Slide Superabsorption

solar power spectrum. Allowing N uncoupled dipoles to interact collectively with

an electromagnetic environment leads to a Dicke ladder with N + 1 equally spaced

‘rungs’ separated by steps of ωA, as depicted in the left hand side of Fig. 2.2. The

rungs each represent a collective state for a specific number of excitations in the

system, from 0 to N . The optical rates linking these states are collectively enhanced

with those at the ends of the ladder being proportional to N , and those at the middle

being proportional to N2 [1, 67]. The introduction of dipole-dipole interactions can

perturb the Dicke picture, though the system still retains a ladder of eigenstates

which are connected by enhanced optical transitions, but the ladder rungs are no

longer evenly spaced spaced, as depicted in the right hand side of Fig. 2.2. Instead,

one obtains a chirped profile with a frequency increment determined by the strength

of the dipolar couplings [10].
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Figure 2.2: Couplings Ji,j between dipoles cause a perturbation to the Dicke ladder,

primarily lifting the degeneracy of ladder rung spacings.

Closely spaced absorbers, that are coupled to a collective optical bath experience

Förster dipole-dipole coupling terms from the ‘cross Lamb-shift’ terms in the many

body quantum optical master equation [78, 79, 66],

Ji,j(r i,j) =
1

4πε0|r i,j|3

(
d i · d j −

3(r i,j · d i)(r i,j · d j)
|r i,j|2

)
, (2.1)

where r i,j is the vector linking the two dipoles i, j, and d i is the dipole moment

at site i whose strength is related to the natural lifetime τL of an isolated 2LS by

|d | =
√

3πε0τ
−1
L c3/ω3

A [80, 81].

We only consider dipole arrangements with symmetry around the ring, this is

achieved by defining two angles, which are shown in Fig. 2.3 as a visual represen-

tation. The equatorial angle, θeq, gives rotation in the plane of the ring, and the

zenith angle, θzen gives inclination. Both angles are defined locally relative to the

radial vector from the ring centre to the absorber position.
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Figure 2.3: Representation in a pentamer of the equatorial angle, θeq and the zenith

angle θzen, used to define dipole directions.

With the usual definition of Pauli operators, we write the ring Hamiltonian as

Ĥring = ωA

N∑
i=1

σ̂zi +
N∑

i,j=1

Ji,j(r i,j)(σ̂
+
i σ̂
−
j + σ̂−i σ̂

+
j ) . (2.2)

As we assume a ring with a diameter that is small compared to relevant photon

wavelengths (∼ 2πc/ωA) we write the multi-site quantum optical interaction Hamil-

tonian as

ĤI,opt =
N∑
i=1

d iσ̂
x
i ⊗

∑
k

fk(âk + â†k) , (2.3)

where fk and â
(†)
k are, respectively, the coupling strength and annihilation (creation)

operator for the optical mode k [66, 10]. To model the condensed-matter nature of

typical nanostructures, we introduce local vibrational baths which are generically

coupled to each 2LS with a spin-boson type coupling [68]:

ĤI,vib =
N∑
i=1

σ̂zi ⊗
∑
q

gi,q(b̂i,q + b̂†i,q) , (2.4)

where gi,q and b̂
(†)
i,q are, respectively, the coupling strength and annihilation (creation)

operator for the phonon mode q for the bath associated with site i [66, 19].

2.2.2 Parallel setup

We consider two different symmetric setups for our ring system. The first is inspired

by the original paper on superabsorption [10], where the dipoles are all perpendicular

to the plane of the ring. We refer to this as parallel superabsorption (||-SA), since

the dipole moments of all absorbers are parallel with each other. Using our two

dipole angles, in this setup θzen = π/2, and the choice of θeq is irrelevant. This

choice maximises the collective optical dipole of the system, D =
∑N

i d i.
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In Fig. 2.4 we show the eigenstates of an N = 4 ring (quadmer) in the ||-
SA configuration. States linked by collectively-enhanced optical transitions, which

overlap significantly with Dicke ladder states, are shown in the left-most column. For

simplicity we still refer to these states as ladder states. The optical and vibrational

processes which link the eigenstates are also depicted, with colour coding to indicate

their relative strength. These strengths are the prefactor terms that affect both

absorption and emission rates, including the cubic and ohmic frequency dependence

of the free space spectral densities for optical and vibrational modes respectively,

as discussed in Chapter 1 [66]. It can be seen that the ladder states in this setup

each sit at the top of their respective excitation manifold. According to detailed

balance one would therefore expect rapid vibrational relaxation to pull the system

away from the optically enhanced transitions linking the ladder states [82, 83].
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Figure 2.4: Process diagram showing optical (red, left) and vibrational (blue, right)

processes linking the eigenstates for a quadmer in the ||-SA setup. Normalised colour

on the arrows denotes relative strengths. The states are organised in manifolds cor-

responding to the number of excitations in the system; the manifolds are visually

separated by gaps in the background shading. Optical processes link different mani-

folds whereas vibrational ones act ‘sideways’. Energy separations between manifolds

and states within manifolds are not to scale. Superabsorption relies on pairing a

reinitialisation process with a suppression of optical decay below the collectively-

enhanced ‘target’ transition to keep the system in a superabsorbing state, but black

arrows show how vibrational relaxation will pull the system away from superabsorb-

ing ladder states.

2.2.3 Guide-slide proposal

For our ‘skewed’ dipole arrangement we set θzen = π/4, and θeq = π/2. This set up

is referred to as our guide-slide setup (GS-SA). This choice of geometry changes the

sign of the nearest neighbour dipole coupling between dipoles (Eq. 2.1).

In Fig. 2.5 we show the eigenstates of a quadmer in the GS-SA configuration. The

17



Chapter 2: Guide-Slide Superabsorption

ladder states now each sit at the bottom of their respective manifold, meaning vi-

brational relaxation pushes the system back towards the enhanced ladder behaviour

if it departs from it. It should also be noted that the optical processes are only

for the collective dipole, D , and a full process heatmap for this system is shown in

Fig. 2.6.
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Figure 2.5: Process diagram for a quadmer in the GS-SA setup. The rules for

setting up the panels are the same as are used in Fig. 2.4. Black arrows show how

the superabsorbing behaviour is encouraged by vibrational relaxation.

As was mentioned above, the optical process map for GS-SA presented in Fig. 2.5

only accounts for the collective coupling (in the direction perpendicular to the plane

of the ring), D =
∑N

i d i, which 71% of the overall dipole moment aligns with.

The collective enhancement which we are primarily interested in can be sufficiently

explained using just this shared direction, but our model also accounts for coupling

in the plane of the ring. The overlap of optical dipole directions in the plane of

the ring means that for GS-SA one no longer has the total optical separation of

symmetric and non-symmetric states that is present in ||-SA (denoted by the vertical

dashed line in the figure). A complete process map of all optical processes is given in

Fig. 2.6. Analysing this complete optical process map we see that for GS-SA there

are additional optical pathways, and each ladder state is optically connected to the

non-ladder states in adjacent manifolds above as well as below.
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Figure 2.6: The optical process map for a GS-SA quadmer with the same parameters

as those used in Fig. 2.5. All processes arising from the optical interaction Hamil-

tonian, which are all included in our numerical model, are shown. Notably, several

processes now cross the dashed dividing line. The colouring of each line denotes the

relative strength of each process, normalised against the strongest process on the

map. For clarity, energy separations between the different states in this image are

not to scale as intra-band spacings have been scaled up with respect to interband

spacings.

The skewed GS-SA setup does maintain a significant proportion of the collective

dipole strength, D , but a sacrifice is made compared to ||-SA. To explore this further,

in Fig. 2.7 we plot the dipole contribution to the optical rates of the central ‘target’

transition in the ladder as N is varied. We see that GS-SA displays superlinear

scaling for N > 3 but trails behind ||-SA and the uncoupled Dicke model. Note

that the gradient changes every two data points since the target transition lies at

the centre of the ladder for a ring with an odd N , whereas for an even-sized ring

it sits just below the middle. The disparity between the quadratic growth of the

idealised uncoupled Dicke model and what is actually achievable has been observed

experimentally in colour centres for diamond [84]. When we apply disorder to the

GS-SA setup across all dipole parameters (energy splittings ωA, natural lifetimes τL,

positions r i, and dipole orientations), the pale distribution marks show the desired

superlinear behaviour is maintained. Disorder is discussed in greater detail in a later

section.
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Figure 2.7: Scaling of oscillator strength of the light-havesting target-transition

with system size for the different scenarios discussed. For GS-SA we also include

the beige patches corresponding to distributions for 5% disorder introduced across

model parameters (10 000 trials for up to N = 7, then 1 000, 500 and 50 trials for

N = 8, 9, 10, respectively).

Having confirmed that our GS-SA setup should provide a superlinear scaling of

optical coupling, we look at the components needed to take advantage of this scaling,

as the target transitions sit at the centre of the excitation ladder and as such would

not be expected to be very populated naturally. To be able to take advantage of

the most enhanced transition, we need the system to naturally sit in the ‘bottom-

of-the-taget-transition-state’, which we label as BTTS. We define the frequency of

the target transition as ωgood, and the frequency of the ladder transition down from

the BTTS as ωbad. Following Ref [10], we use spectral selectivity to limit coupling

to some optical modes. With sufficient separation between ωgood and ωbad, the order

of which is proportional to the magnitude of the nearest neighbour coupling, optical

decay from the BTTS can be suppressed with a photonic band gap environment.

In Fig. 2.8 we show that the ladder transitions above (green) and below (red) the

BTTS are indeed well separated, meaning a single band of suppressed wavelengths

will be effective. For GS-SA we suppress all modes with frequency ω < ωcut, where

ωcut = (ωgood + ωbad) /2.

✗ ✗✓ ✓

Optical transition spectra (eV)

N
o

rm
al

is
ed

p
ro

b
ab

il
it

ie
s

Figure 2.8: Histogram of transition frequencies for coupled dipoles using our pro-

posed guide-slide superabsorber setup: there is no overlap between undesirable

modes to be suppressed (red) and light-harvesting target modes (green) irrespec-

tive of ring size (discussed more in Fig. 2.9).
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This cut-off frequency definition implies that all the collectively enhanced optical

transitions will be suppressed beneath the target transition, as well as relaxation to

any other (off-ladder) state in the manifold below. This relies on the fact that in

GS-SA, the non-degenerate, enhanced optical transition frequencies increase as one

moves up the ladder, as can be seen by the spacings of the states in Fig. 2.5, as

well as Figs. 2.6 and 2.9. For the case of ||-SA, a similar process can be applied if

instead one suppresses all modes above a certain threshold rather than below (see

Fig. 2.4). We note that as well as suppressing undesirable optical modes, one could

alternatively selectively enhance the transitions above the BTTS or a combination

of the two [10].

As mentioned above, beneath the target transition in GS-SA the suppression

covers all transitions from the ladder states to the entirety of the manifold below, and

is thus effective for all possible decay pathways. By contrast, processes linking ladder

states to higher energy off-ladder states in the manifold above are not necessarily

suppressed: these transitions can potentially have a frequency larger than the cut-

off, meaning optical excitation to the manifold above remains possible (see Fig. 2.6

and Fig. 2.9 for an example of such a transition). If such an excitation occurs,

then rapid phonon relaxation takes the system down to the bottom of the new

manifold, from where optical relaxation is suppressed, but excitation is once more

still possible. This ‘free’ reinitialisation mechanism allows for the system to climb

the ladder without any external reinitialisation.
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ωcut=(ωgood+ωbad)/2 <ωcut
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Figure 2.9: a) Demonstration of how the displaced ladder states in GS-SA are used

to define a cut-off frequency, ωcut. b) Schematic showing how our choice of ωcut

will cover all potential optical relaxation frequencies from BTTS, while still keeping

relaxation pathways. An example ‘free reinitialisation’ pathway is also included.

For clarity, energy separations between the different states in this image are not to

scale: intra-band spacings have been scaled up with respect to interband spacings.

The effectiveness of this free reinitialisation depends on the strength of the sup-

pression. As we conservatively do not assume perfect suppression of undesired

modes, we also implement an active reinitialisation process to push the system back
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up the ladder towards the target transition. We initially model this process in an

idealised fashion, as incoherent pumping into the BTTS with rate γr from all ladder

states below the BTTS. We call this ‘ladder climbing’ reinitialisation. Alternative

active reinitialisation mechanisms are discussed later. It should be noted that active

reinitialisation solutions have an energetic cost associated with them, which must be

accounted for when benchmarking power output. The important parameter when

looking for evidence of superabsorption is growth in the net power produced per ab-

sorber. By combining suppression as well as active or passive reinitialisation GS-SA

systems can achieve a significant steady-state population in the BTTS.

To model the power output, we introduce a central trap that is equidistant from

all absorbers, analogous to a photosynthetic reaction centre [75, 74]. Following

the quantum heat engine model [17, 69, 85], the trap is modelled as a 2LS with

energy ωt = ωgood. The energy conversion process is represented by the incoherent

decay of the trap to the ground state at rate γt. The decay of a single 2LS can

qualitatively capture the behaviour of extraction via exciton transfer down a chain

of sites in a tight-binding model [86, 87]. By defining the steady-state population of

the trap’s excited and ground states as 〈ρα〉SS and 〈ρβ〉SS, respectively, we assign a

hypothetical current and voltage [69, 85]

I = eγt 〈ρα〉SS , (2.5)

eV = ωt + kBTvib ln

(
〈ρα〉SS
〈ρβ〉SS

)
, (2.6)

where kB is Boltzmann’s constant and Tvib = 300 K is the phonon environment

temperature. The second term in the voltage expression ensures thermodynamic

consistency. It should be noted that when quantifying input power for reinitialisation

schemes which rely on eigenstates rather than site basis states, the correction term is

dropped. This is a conservative choice, causing us to overestimate power input costs.

This decision is made because this quantum heat engine formalism was derived to

treat a 2LS as a trap, where the two steady state values in the argument of the

logarithm sum to one. The populations of the initial and final state in a process

moving population between eigenstates will not sum to one, and for this reason we

drop the term. The choice of γt can optimise the current, and by extension the

power output. For all our results γt is tuned to maximise the net power output.

We solve for the steady-state of our system using the Bloch-Redfield approach

outlined in Chapter 1. This is appropriate for weakly-coupled environments, but

strongly coupled vibrational environments in the polaron frame [56] will also be

discussed later. We assume a free-space optical spectral density, aside from the

suppression due to the photonic bandgap, and assume radiative equilibrium with

the Sun Topt = 5800 K [88, 19]. The phonon processes are based on an Ohmic

room-temperature bath, with typical rates exceeding optical ones by three orders of

22



Chapter 2: Guide-Slide Superabsorption

magnitude. Finally an idealised incoherent extraction dissipator, the rate of which

(γx) roughly matches phonon timescales, relaxes the ring from the ‘top-of-the-target-

transition-state’ (TTTS) to the BTTS while exciting the trap. A sketch of this

extraction mechanism is presented in Fig. 2.10a, Alternative extraction mechanisms

are discussed later.

Trap

Excited

Ground

𝛾xTarget

TTTS

BTTS

𝛾x

...

...

...

...

Incoherent Coherent

C

a) b)

Figure 2.10: Sketches of the two extraction mechanisms we consider. a) Idealised

incoherent extraction which targets the eigenstates of the ring while exciting the

trap at rate γx. b) Coherent extraction achieved by coupling the trap to each of the

ring sites with hopping strength C. This method allows population to move from

the trap back to the ring.

The overall master equation governing the dynamics of our ring antenna plus

trap is (~ = 1)

d

dt
ρS = −i[ĤS, ρS] +Dopt +Dvib +Dx +Dr +Dt , (2.7)

where ĤS includes both the ring and the trap, and the dissipators are for the optical,

vibrational, extraction, and trap decay processes, respectively. The steady state is

found by calculating the eigenstates of the associated Liouvillian using the approach

outlined in Chapter 1.

2.3 Results

2.3.1 GS Results

The first study we perform is on the interplay of our external mechanisms for in-

fluencing the system, namely suppression strength and active reinitialisation. The

influence of varying these two parameters is seen in the top two panels of Fig. 2.11,

which respectively show the net power produced and the fraction of expended in-

put vs output power, both for the case of a pentamer. With poor suppression the

system easily leaks down from the BTTS, potentially even resulting in a negative
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overall power balance (white region) under faster reinitialisation. In an intermediate

suppression regime, active reinitialisation becomes worthwhile, meaning faster reini-

tialisation improves performance further. We can see from Fig. 2.11b that the low

fraction of power output that is needed to be reinvested as active reinitialisation in-

dicates net power is not at risk of being easily overcome, even if the energetic cost for

active reinitialisation proves to be somewhat more than we have assumed. Finally,

for strong optical suppression the guide-slide effect successfully produces substantial

net power, even in the absence of active reinitialisation, see Fig. 2.11d. This panel

shows that larger rings require a higher degree of suppression to fully passively self-

reinitialise. Conversely, Fig. 2.11c demonstrates that for a fixed degree of optical

suppression (99%) in rings larger than N = 3, additional active reinitialisation will

lead to a substantial increase of output power.
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Figure 2.11: a) Net power produced by a pentamer as a function of decay suppression

and reinitialisation rate. b) Ratio of the power in against the power out across the

same parameter scan. c) A cross-section at 99% optical suppression for varying N .

d) How different suppression strengths affect net power production without active

reinitialisation. Dashed lines denote 100% suppression.

We now look specifically for the hallmark of superabsorption, namely a superlin-

ear scaling of the net power produced with N , to align with the superlinear growth

of the optical rate seen in Fig. 2.7. This superlinear growth of the net power with N
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is confirmed by Fig. 2.12, which also gives a breakdown of input vs output power.

We see that beyond N > 3, there is an increasing trend of GS-SA enabling quantum-

enhanced photocell performance.
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Figure 2.12: Output (red) and input (blue) power for different system sizes with

99% suppression of undesired optical modes, and superlinear growth of net power

per site (green).

It is noteworthy that in Fig. 2.11c that the dimer does not require any active

reinitialisation, and the trimer performs worse under active reinitialisation. The cost

of active reinitialisation in the trimer does not make up for the increase in perfor-

mance from the limited degree of collective enhancement of a small trimer system.

Whilst larger rings clearly benefit from active reinitialisation at 99% suppression, it

is interesting that free reinitialisation also works reasonably well for climbing up to

two manifolds (i.e. up to the BTTS of a hexamer). The heptamer results show that

larger systems rely on a higher degree of suppression for passive reinitialisation to

be viable.

We now limit ourselves to a quadmer, and consider the effect of different phonon

bath temperatures on the performance. For this scan we allow the dipole orientations

to be optimised for each point on the parameter scan. In Fig. 2.13 we demonstrate

how the power output varies over a full angular scan for a quadmer run with other

2LS parameters set to default. We see the default GS-SA position (θeq = π
2

and

θzen = π
4
) is close to the ideal angle, and also that the high performing region is

large, a fact which proves beneficial when considering (angular) disorder.
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Figure 2.13: Representation of how net power production of a quadmer varies as

different angles are chosen for the 2LSs. Only angles which produced a positive net

power are plotted. A black spot is used to denote the default angular setup used

in other runs. Also included is a plan view schematic to clarify the plotted axes

arrows.

The main focus of this scan is to vary the 2LS spontaneous emission time τL and

nearest neighbour separation |r i,i+1|, factors which affect the optical rates, and the

Förster coupling strengths. The results in Fig. 2.14 show how the performance range

expands at different vibrational temperatures. This is expected, as the performance

of GS-SA can rely on either a cooler vibrational environment, or a larger separation

of energies between eigenstates in the same manifold to encourage the ‘guide-sliding’

effect onto ladder states. This means cooler temperatures can work with smaller

Förster coupling strengths.

To address the question of potential candidate systems suitable for exploring

the GS-SA effect, we indicate regions and data-points referring to the properties

of several state-of-the-art platforms for nanostructure photonics on Fig. 2.14. This

demonstrates a broad range of credible building blocks for GS-SA antennae, though

one would need to overcome the following design challenges:

• Assembling a ring of dipoles with adequate control over the orientation.

• Implementing a suitably engineered photonic bandgap.

• Setting up the ring with channels for both active reinitialisation and extrac-

tion [89, 90, 91].
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Figure 2.14: Map of where a quadmer produces positive net power as a function of

2LS natural lifetime and nearest neighbour separation. Regions typical of poten-

tial candidate systems are overlaid: Adjacent (5) and stacked 4) self-assembled

InGaS quantum dots [92, 93]. ♦: Colloidal quantum dots [94, 95]. �: Nitrogen

vacancies [96, 97, 84]. ⊗: Silicon vacancy centres [98, 99, 100]. ⊕: Phospho-

rous defects [101, 102, 103]. ♣: BODIPY dye [104, 60, 105, 106]. †: Porphyrin

rings [64, 65, 61]. ‡: Merocyanine dye (H-aggregate) and pseudoisocyanine chloride

(J-aggregate) [107, 62, 108, 109]

2.3.2 Parallel breakdown

Having looked at the performance of the proposed GS-SA setup with our model, we

now also look at the ||-SA setup proposed in Ref. [10]. Having all dipoles parallel

maximises the total collective dipole of the system, so this would seem like the obvi-

ous choice for boosting the absorption of the system. However, as briefly mentioned

in the main text, the inclusion of rapid phonon relaxation spoils the effect entirely.

In the following, we show this breakdown explicitly.

Fig. 2.15 shows the net power produced by a quadmer and a pentamer for four

different phonon rates:

1. κvib = 0, i.e. no phonons;

2. κvib = 10−3 × γopt(ωA)/ωvib – ‘slow’;

3. κvib = γopt(ωA)/ωvib – ‘match’;

4. κvib = 103 × γopt(ωA)/ωvib – ‘fast’.

Results for both ||-SA and GS-SA are shown with red and blue lines, respectively.

Solid lines use fixed input parameters, while the dashed lines are averages from

100 trials with 1% disorder introduced over all input parameters (disorder discussed

more later).
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Figure 2.15: Plots showing the net power produced by a quadmer and pentamer in

||-SA and GS-SA setups for different phonon rates. Fixed parameters are plotted

with the bold lines, while the dashed lines use 1% input disorder over 100 trials

(standard deviation error bars included). ||-SA produces larger powers only for

negligibly small phonon coupling. By contrast, the GS-SA setup always produces

positive net power, and only increases in performance when phonons dominate over

photon processes.

The ||-SA case produces large net power when there is either no phonon environ-

ment at all or if phonon rates are low compared to those of optical processes. In the

presence of phonons, regardless of the phonon coupling strength, ||-SA requires some

level of disorder, otherwise population gets trapped in off-ladder states from where it

cannot decay. By not arriving back on the ladder it also will not be ‘picked up’ again

by the ladder-climbing reinitialisation process. The steady-state of idealised ||-SA

in the presence of any level of phonon coupling is therefore entirely on off-ladder

states and away from enhanced optical transitions. For this reason the solid red line

drops to zero as soon as phonons are included, whereas the dashed line (including

a mild level of disorder) dips significantly but only hits zero once vibrational pro-

cesses match optical ones. Both red lines tend towards zero for faster vibrational

rates, demonstrating the breakdown of ||-SA. Overall, this suggests that ||-SA may

be achievable for systems where no naturally prevalent phonon environment exists

or where highly-tunable reinitialisation is available, for example in superconducting

circuit-QED [110, 111].

Meanwhile for GS-SA the power produced increases in the presence of a domi-

nant phonon environment, both in idealised and disordered cases. GS-SA also still

performs adequately even in the absence of phonons or for low phonon rates, so

unlike ||-SA it is not limited to a particular operating regime. However, as discussed

earlier with Fig. 2.7, the tradeoff is that the maximum power produced from GS-SA

cannot match that of ||-SA due to its reduced collective optical dipole. GS-SA’s

robustness to (and even benefitting from) vibrational relaxation suggests it may be

suitable for implementation across a wide range of condensed-matter nanostructures,

including in the solid state and for molecular systems.
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2.4 Model extensions

We now carry out a variety of extensions on the reference GS-SA model described

above and see how they affect the results.

2.4.1 Different phonon spectral densities

In the reference model, we chose an Ohmic phonon spectral density with no high-

frequency cut-off. Since different systems will involve different phonon spectral

densities, we shall here present results when substituting this with a superohmic

spectral density including a cut-off.

We now consider phonon rates dependent on a spectral density in the usual way

γ(ω) = J(ω)
(
1 + n(ω)

)
, (2.8)

where J(ω) is the spectral density, which was previously ωκvib (see Chapter 1).

There are a range of choices for J(ω) which could be picked depending on the choice

of antenna. As long as the chosen phonon spectral density allows for relaxation

processes to move population to the bottom of rungs, then the guide-slide concept

still works. As an example we take the spectral density form

J(ω) =
λω3

2ω3
crit

e
− ω
ωcrit , (2.9)

where λ denotes the reorganisation energy, and ωcrit is the cut-off frequency. The

bar charts in Fig. 2.16 show that the guide-slide states still display superabsorbing

behaviour for two different choices of λ and ωcrit that are appropriate for molecular

systems [112]. The right panel plots the spectral densities and a histogram of the

different phonon transition frequencies in the quadmer and pentamer systems. The

guide-slide effect requires some overlap of the spectral density with vibrational fre-

quencies to allow phonon-assisted relaxation onto the ladder states. This criteria is

met here and results in the net power output scaling super-linearly with ring size,

as shown in left panel of Fig. 2.16.
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Net power

Figure 2.16: Left: power in, out, and net power per site found for various systems

sizes using the the spectral density of Eq. (2.9). The parameters used in the spectral

density were λ = 5 meV and ωcrit = 90 meV (left column, black line) and λ = 20 meV

and ωcrit = 25 meV (right column, red dashed line). Right: spectral densities

overlaid on normalised histograms of the different phonon transition frequencies

arising with the quadmer (yellow) and pentamer (blue).

2.4.2 Alternative reinitialisation schemes

2.4.2.1 Lossy-ladder climbing

In this section we employ the ‘lossy-ladder climbing’ reinitialisation approach. Here,

the system is over-excited in each of our reinitialisation steps, by pumping population

to the top of the rung above, then allowing it to relax to the enhanced ladder state

at the bottom of the rung. The repeated process of excitation followed by rapid

vibrational relaxation is used to justify our assumption of ‘one-way’ excitation for the

reinitialisation. This approach circumvents the possibility that the reinitialisation

process could introduce a new loss process via detailed balance, with the tradeoff

that over-excitation increases the energetic cost of reinitialising.

In Fig. 2.17 we show a comparison of this lossy reinitalisation method against

the ladder-climbing one used in the reference model. We can see that the additional

reinitialisation losses from using the lossy ladder climbing method do rescale the

net power output, but importantly the qualitative behaviour is not affected and the

superlinear scaling is maintained.
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Figure 2.17: Comparison plot of the ladder-climbinging (a) and lossy ladder-climbing

(b) reinitialisation methods, both at 99% suppression. Different system sizes are

used, as well as varied reinitialisation rates. Power is slightly reduced, but the

superlinear scaling of net power generation is unaffected by the change (c). Other

parameters match those used in Fig. 3c of the main text.

2.4.2.2 Site-based

As another variation to the more idealised ladder-climbing reinitialisation, we also

consider constant pumping across all of the absorbing sites on the ring. In this case,

a rapid reinitialisation rate can lead to the system occupying the top half of the

ladder, causing a waste of input power. For this method the reinitialisation rate

needs to be optimised to produce the maximum net power output for each trial.

Fig. 2.18 qualitatively reproduces the features of Fig. 2.12 including the super-

linear scaling of net power output. The inset in Fig. 2.18 shows the drop-off in net

power when the system reinitialisation rate becomes too fast, causing substantial

steady-state population above the BTTS). This figure also shows that the baseline

performance from passive reinitialisation is only slightly improved upon by the intro-

duction of stronger active reinitialisation before the active reinitialisation becomes

a net cost that worsens performance.
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10-8.5

Net power

Figure 2.18: Power input, output, and net power per site for site-based reinitiali-

sation. In each case the reinitialisation rate which provides the optimal net power

is used, the reinitialisation rate, γr, is shown across the top. Superlinear behaviour

is unaffected by this change. Other parameters are those of Fig. 2.12, except for

an increased optical suppression of 99.9%. The lower panel shows how increasing

the reinitialisation rate leads to an improvement in the power out for the pentamer

before pushing the system into the top half of the ladder and wasting energy.

2.4.3 Coherent extraction

Our next extension is to consider site-based coherent coupling between the ring

and the trap (Fig. 2.10b), rather than the idealised extraction which only links the

eigenstates at the top and bottom of the target transition (Fig. 2.10a).

To implement coherent extraction, the extraction dissipator, Dx, is removed from

Eq. (2.7), and instead coupling terms for moving population between the ring sites

and the trap are added to the system Hamiltonian. The strength of the coupling

between the ring and the trap is Cx. The trap site is kept degenerate with the

target transition of the unperturbed ring eigenbasis (i.e. eigenbasis of the ring with

no coupling to the trap, as is used in the reference model), ωt = ωgood. The new

system Hamiltonian for the ring and trap is therefore

Ĥr&t = ωA

N∑
i=1

σ̂zi +
N∑

i,j=1

Ji,j(r i,j)(σ̂
+
i σ̂
−
j + σ̂−i σ̂

+
j ) + ωtσ̂

z
t +

N∑
i

Cx(σ̂+
i σ̂
−
t + σ̂−i σ̂

+
t ) .

(2.10)

Resonant coherent coupling between the target ring transition and the trap im-
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plies that we no longer have unidirectional extraction and population can return

from the trap back to the ring. However, for adequately fast trap decay rate, γt,

this is suppressed and does not significantly affect the results.

For relatively small Cx compared to Ji,i+1, the presence of the trap in the Hamil-

tonian can be understood as a minor perturbation of the ring eigenstates, and the

trap will only resonantly extract energy from the target transition, as adjacent lad-

der transitions are sufficiently far detuned due to the nearest neighbour couplings.

However, as the coupling strength is increased, the trap and ring energy levels be-

come hybridised. Strong coupling between the ring and trap could allow the trap

to begin to also extract from other ‘ladder transitions’ . An important ramification

of losing full extraction selectivity is that the trap can start to pull the the system

down the ladder, undermining the suppression and reinitialisation processes keeping

it operating around the target transition.
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Figure 2.19: a) The N dependent scaling of ring-to-trap distance, and ring-to-trap

coupling. (b) Power input, output, and net power per site for coherent extraction

coupling to a trap in the centre of the ring. A slow base extraction rate of 10−4 eV

is used to keep the extraction frequency selective, but is fast enough to overcome

the drop off from the distant-dependent scaling. Super-linear behaviour similar to

that seen in Fig. 2.12 with the reference model is observed in this case. For this plot

different choices of γr were trialled, with selected rates as shown in the figure. The

other parameters in these data runs are those used in Fig. 2.12 with the reference

model, except for the optical suppression which is here increased to 99.9%.

If the coherent coupling was mediated by a dipole interaction in Eq. 2.1, then

one would anticipate a reduction in the coupling strength as N is increased, assum-

ing the nearest-neighbour separation along the ring is kept constant. Figure 2.19a

demonstrates how separation and coupling scale with N . The coupling strength

drop-off is seemingly dramatic if the trap is located in the centre of the ring, but

positioning the trap out of the plane of the ring can reduce the drop-off. For these

calculations, we define our extraction coupling, Cx, as a base rate multiplied by the

appropriate N dependent scaling factor.

In Fig. 2.19b we find that superabsorbing behaviour remains possible under

coherent extraction with a trap positioned at the centre of the ring i.e. with stronger

distance-dependent decay of Cx. Here, the base extraction coupling strength of

10−4 eV is fast enough to extract most excitons absorbed by the system (for an
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optical bath at the solar surface temperature), while not being so strong as to

break the selectivity of extraction from the target transition. This graph stops with

the pentamer due to the substantial computational demand of solving the master

equation for the case of a hexamer. The power values are not quite as high as

those observed when incoherent coupling is used, as is to be expected due to the

extraction speed restriction which we applied. We note that calculations which

did not include the distance-dependent scaling on the extraction coupling provided

very similar results, implying the scaling is not introducing a new bottleneck to

performance for the system sizes we consider.

Note that this plot also does not include the case of a dimer. The GS-SA setup

has both dipoles pointing tangentially and inclined 45◦ out of the plane of the ring,

leading to vanishing dipole-dipole coupling between the absorbers as the dipoles

are then orthogonal. This means that for even arbitrarily weak extraction coupling

the degenerate trap and dimer states are maximally hybridised, and the picture of

viewing the trap as a perturbation to the ring antenna fails.

2.4.4 Coherent extraction and site-based reinitialisation

As a final variant of the model, we combine coherent extraction with site-based

reinitialisation. In this setup, one needs to simultaneously ensure that the extraction

coupling is not so strong that the trap starts extracting energy from other than the

target transition, and that the reinitialisation proceeds fast enough to keep the

system operating in the centre of the ladder, but not so fast as to push it further

up.

The results of these data runs are shown in Fig. 2.20, and once more they display

superabsorbing behaviour. Note that here we did not include an N -dependent scal-

ing to the base extraction rate for these calculations, but our work in the dedicated

coherent extraction section showed that for this base rate and system size there

would be negligible effect on the performance by including the scaling.
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Net power

Figure 2.20: Power input, output, and net power per site for coherent extraction and

site-based reinitialisation. In each case the reinitialisation rate γr was optimised to

maximise net generated power. Notably, the small optimal values of γr mean that

the input power is also rather small. The other parameters in these data runs are

consistent with those used in Fig. 2.12 with the reference model, but again with

optical suppression increased to 99.9%.

2.4.5 Non-radiative losses

To evaluate the robustness of GS-SA to non-radiative decay processes, which is

particularly relevant for molecular systems, we add additional dissipator terms. For

each of the N sites (indexed by i) we take an interaction matrix, Mα,nr = σ̂−i and

form a Bloch-Redfield dissipator term following the steps laid out in Chapter 1. The

rate for the non-radiative dissipators is defined as γnr.

In Fig. 2.21 we plot the optimised net power performance of GS-SA with Dnr

added to the calculation of the dynamics. The non-radiative rate, γnr, is expressed

relative to the (bare) optical decay rate, γopt, which is defined as the rate associated

with the 2LS spontaneous decay lifetime, τL. In Fig. 2.21a we first note that non-

radiative loss has practically no effect on the dimer. For N > 3, we find that

GS-SA performance is only marginally affected when the non-radiative loss rate

is substantially smaller than the radiative one. However, once it exceeds roughly

10% we observe a rapid reduction in power output, which eventually erodes any net

power output before parity is reached at 99% suppression. As shown in Fig. 2.21b

this decline is less dramatic if stronger suppression is available. We conclude that

GS-SA will perform best for systems in which non-radiative decay is not dominant.

Whilst this may be a more challenging ask on the molecular platform, examples

of bright organic dyes with small [113] or even negligible [114] non-radiative decay

rates exist, whilst for others such as merocyanine the ratio between radiative and

non-radiative decay can to an extent be controlled through the choice of solvent [115]

and substrate [116].
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Figure 2.21: Comparison of how the increasing the non-radiative rate, γnr affects

the net power performance of GS-SA with different system sizes. (a) and (b) All

parameters match those used in Fig. 2.11c with the reference model, with ladder-

climbing reinitialisation and two strengths of optical suppression being used. (c) the

optical mode occupancy is set to 1, simulating concentrated sunlight and expanding

the effective range to faster non-radiative rates.

Furthermore, it is worth noting that the effect of dominant non-radiative de-

cay on the GS-SA performance can be limited in others ways. For example, any

modification that increases the effective ‘cycle time’ of the GS-SA process while the

non-radiative rate remains unaltered will prove effective. This would allow the sys-

tem to rapidly return to where is was before a non-ratiative decay event. This could

be achieved by using a cavity in the Purcell regime to enhance the light-matter cou-

pling, or simply by choosing brighter optical dipoles. Alternatively an improvement

can be obtained by coupling the system to a concentrated sunlight environment.

Several related publications have taken this approach, choosing an optical mode

occupancy n = 60000 [17, 72]. For our purposes this is an unnecessarily strong con-

centration, leading a large distibution of population throughout the Hilbert space.

and not concentrated on the central ladder states as desired. We see an adequate

a performance improvement at n = 1 enabling GS-SA with γnr exceeding γopt, as is

typical for many organic dyes, see Fig. 2.21c.

Finally, we note that non-radiative loss, being proportional to the number of

excitations, scales linearly with system size, whereas the optical absorption rate

and associated power output features superlinear scaling with the GS-SA approach.

This suggests that larger rings will be more robust to non-radiative decay, and our

calculations do indeed suggest that the trimer is worst and the hexamer least affected

(see Fig. 2.21).
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2.4.6 Polaron coupled model

The coupling to vibrational modes, particularly in molecular systems, can go beyond

the regime of the weak-coupling approach we have used so far. As a result we also

develop a model that allows us to analyse the GS-SA effect in the polaron frame.

We generally follow the approach laid out in Ref. [56], extended to considering an

identical, strongly coupled phonon bath for each site. The derivation for a similar

multi-site polaron transformation will also be written out more completely in Chap-

ter 3. The transformation from the lab frame to the polaron frame (labelled with a

prime) is given by

Ĥ ′ = eŜĤe−Ŝ , (2.11)

where

Ŝ =
N∑
i=1

σ̂zi ⊗
∑
q

gi,q
ωq

(
b̂†i,q − b̂i,q

)
. (2.12)

As the flat spectral phonon density primarily used in the basic model leads to di-

vergent expressions in this formalism, we limit ourselves to the structured spectral

densities used above with Eq. 2.9, as the polaron transformation generally only woks

with superohmic spectral densities. Transformation to the polaron frame causes a

renormalisation of the system Hamiltonian which reduces the effective dipole-dipole

coupling between absorbing 2LSs. Diagonalisation of the polaron frame ring Hamil-

tonian now produces a ladder of eigenstates with shifted energies due to renormali-

sation terms.

The dynamics of the system in the polaron frame is governed by

d

dt
ρ′S = −i[Ĥ ′S, ρ′S] +D′opt +D′coup +D′x +D′r +Dt , (2.13)

where the effects of the vibrational bath have been absorbed into the polaron frame

system Hamiltonian Ĥ ′S, which includes renormalised dipole-dipole coupling terms.

The transformation has removed the original exciton-phonon-interaction Hamilto-

nian, at the cost of introducing additional phonon-dependent dipole-dipole interac-

tion terms with the phonon bath of the form

N∑
i 6=j

Ji,j(r i,j)
(
(B̂+,iB̂−,j −B2)σ̂+

i σ̂
−
j + σ̂−i σ̂

+
j (B̂−,iB̂+,j −B2)

)
. (2.14)

This will give rise to the phonon dissipator D′coup above, which takes the place of

Dvib from the weak-coupling framework. Here, the B̂±α have the form [56]

B̂±α =
∏
q

e
±( gα,q

ωq
b̂†q,α−

g∗α,q
ωq

b̂q,α) , (2.15)
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and their expectation value in the continuum limit is given by

〈B̂±,α〉 ≡ B = e−
1
2

∫∞
0 dω

J(ω)

ω2
coth(βω

2
) (2.16)

where β = (kBTvib)−1 is the inverse thermal energy of the vibrational bath. After

diagonalising the polaron transformed system Hamiltonian we proceed to create the

new polaron frame vibration dissipator in the usual way seen in Chapter 1 [66],

obtaining:

D′coup =
∑
n,m

wnwm

(
Am(ωm)ρS(t)A†n(ωn)Γnm(ωm)

+ An(ωn)ρS(t)A†m(ωm)Γ†nm(ωm)− ρS(t)A†m(ωm)An(ωn)Γ†nm(ωm)

− A†n(ωn)Am(ωm)ρS(t)Γnm(ωm)
)
. (2.17)

As in the weak-coupling case, the weighting terms wn,m arise from the transformation

to the diagonal basis but now they additionally include polaron frame renormali-

sation. The rates for each term come from the environment correlation correlation

operator, Γnm(ωm), of the pair of relevant environment terms in the interaction.

Every possible pair will result in one of three outcomes depending on whether the

paired terms are linked to the same 2LS and whether they are both a raising or

lowering type, or a mix. The four possible combinations evaluate to

〈B̂±,α(s)B̂±,α(0)〉α = B2e−φ(s) ,

〈B̂∓,α(s)B̂±,α(0)〉α = B2e+φ(s) ,

〈B̂±,α(s)〉α 〈B̂±,β(0)〉β = B2 ,

〈B̂∓,α(s)〉α 〈B̂±,β(0)〉β = B2 , (2.18)

where

φ(s) =

∫ ∞
0

dω
J(ω)

ω2
(cos(ωs) coth(βω/2)− i sin(ωs)

)
. (2.19)

To form the new optical dissipator, D′opt we note that the form of the optical

interaction becomes B̂+,iσ̂
i
+ + B̂−,iσ̂

i
−, so that the vibrational dependency needs to

be accounted for when creating a Bloch-Redfield dissipator. We find that

D′opt =
∑
n,m

dn · dmPvib

(
Am(ωm)ρS(t)A†n(ωn)Γnm(ωm)

+ An(ωn)ρS(t)A†m(ωm)Γ†nm(ωm)− ρS(t)A†m(ωm)An(ωn)Γ†nm(ωm)

− A†n(ωn)Am(ωm)ρS(t)Γnm(ωm)
)
, (2.20)

has the same form as the weak-coupling counterpart, except for the the inclusion

of the Pvib weightings. Due to the difference in timescales between the vibrational
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and optical processes, the effects of the two can be separated when calculating the

rates [56, 117]. The calculation of Γnm(ωm) is the same as was used in Chapter 1,

though naturally it is now carried out between ladder states in the polaron frame.

The value of Pvib varies depending on which two terms are involved: if both are for

the same system and are a mixed combination or raising and lowering operators then

Pvib = 1 or for equal operators Pvib = B4; alternatively if they belong to different

systems then regardless of operator combination Pvib = B2.

The trap Hilbert space (tensored to the polaron frame ring) comes with a decay

dissipator which is unaffected by the polaron frame, however, the trap energy, ωt,

is different as it is now tuned to the desired polaron frame ladder transition. An

incoherent extraction process, like the one used in the main text, transfers population

from the desired polaron frame ladder states to the excited state of the trap. The

dissipator for the reinitialisation processes, D′r, uses the ladder-climbing approach

described above, but now the ladder states are in the polaron frame, and as such

have a slightly different energies.

As a consequence of moving to the polaron frame, collective optical effects are

invariably reduced. This is due to the inclusion of the vibrationally dependent Pvib

terms in the photon rates, and is consistent with recent results looking at a strongly-

coupled dimer [117]. This somewhat reduces the ‘brightness’ of ladder states as well

as the associated ‘darkness’ of certain off-ladder states, and as such we expect this

will be detrimental to superabsorbing performance of the system.

Using our two phonon spectral densities we examined room temperature systems

with 99% suppression of undesired optical modes. Due to computational constraints

the maximal system size we investigated was a hexamer. In Fig. 2.22 we show the full

power output data for the two cases, whilst also including results for each spectral

density at cooler temperature, with stronger suppression of optical modes, and a

reduced absorber lifetime of 2 ns, which provides a slightly stronger optical dipoles.

The parameters for all the runs are summarised in Tab. 2.1.

Panel Lifetime λ, ωcrit (meV) Suppression Phonon temp Superlinear to

a 2.5 ns 5,90 99% 300 K 6

b 2.5 ns 20,25 99% 300 K 2

c 2 ns 5,90 99.9% 77 K 6

d 2 ns 20,25 99.9% 77 K 4

Table 2.1: Parameters used for polaron transformed GS-SA model.

40



Chapter 2: Guide-Slide Superabsorption

Net power

Figure 2.22: Power input, output, and net power per site for polaron transformed

GS-SA model with two different spectral densities using both the parameters used

with the reference model previously as as well as more favourable ones summarised

in Tab. 2.1. The reinitialisation rate, γr, was optimised for net power production for

each system size was used. Other parameters used in the calculations are consistent

with those used to produce the results in Fig. 2.12 with the reference model.

We observe that the polaron transformation noticeably affects net power output

of our antennae. Encouragingly, for weaker vibrational coupling (λ = 5, ωcrit =

20 meV) the highest performing system was the hexamer, and there is a narrow

superlinear trend when separately considering even and odd subspaces (but with

the pentamer actually lying lower than the quadmer). By contrast, for the more

strongly coupled vibrational environment, there was no advantage in adding more

sites to a dimer based on the net power produced per site. The net power for the

system did increase however in both cases as sites were added. This result contrasts

with recently published results on the performance of collective light-harvesting

systems in Ref. [118] which considered extraction tuned to the lowest rung of the

excitation ladder (as opposed to the centre as we do here). In that work there

was an optimal N beyond which the total power output decreases. With the more

favourable conditions from the lower two lines of Tab. 2.1, the more strongly coupled

λ = 20 meV case performed optimally with a quadmer, while the superlinear trends

in the odd and even subspaces increased in the λ = 5 meV case.

In summary, in three of the four cases considered there was at least some su-

perlinear collective advantage to be gained from adding more sites, and in all cases

the total power produced per ring monotonically increased with N between trimer

and hexamer, the largest studied system. Note that we did not vary the positions

and orientations of the absorbers, as a full parameter scan would have been too

computationally demanding, but such an investigation could have lead to a further

optimisation of the results. Ideally, for intermediate vibrational coupling strengths

one would adopt a Silbey-Harris variational polaron transformation approach rather

than the full-blown polaron transformation. Previous variational studies have ex-
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amined a single system [119], or multiple systems, but in both cases were limited to

the single excitation subspace [120].

2.4.7 Disorder

Finally we investigate the robustness of the GS-SA model when disorder is intro-

duced. We look at how randomising the 2LS parameters affects the guide-slide effect

by applying a normal distribution to relevant input variables: the 2LS energy split-

ting ωA, optical natural lifetime τL, the x, y, z components of the dipole positions

r i, and the dipole orientation of each 2LS via θeq and θzen. In an individual trial,

all of these parameters are drawn from a normal distribution centred around the

means given in Tab. 2.3.

We have performed two types of disorder calculations:

• Simulations based on the full dynamic model, calculating the net power output

of a disordered GS-SA (and ||-SA) photocell, the results of which are shown

in Fig. 2.15.

• Analysing disorder in our candidate ring antennae with skewed dipoles with

respect to the three criteria enabling GS-SA.

The former results have already been discussed, so in the following we focus on the

second approach.

To address property 1 of the GS-SA conditions, Fig. 2.23 shows the level structure

of the skewed ring antennae under the influence of different amounts of disorder. The

lowest energy in each excitation manifold, i.e. the ladder rungs, are represented by

black lines, whilst all other levels in the same excitation manifold are displayed in

red (for clarity offset to the right). The overall ground and fully excited states are

manifolds with only a single level and thus have no associated ‘red boxes’. As before,

the spacing between manifolds is not to scale.

The left panel shows how disorder causes a spreading of the black lines and

red boxes. Keeping the ground state energy fixed, this spread amplifies in higher

excited states. A key requirement for GS-SA is that the system will always be rapidly

directed to the lowest energy (ladder) state in each excitation manifold, requiring a

sufficiently steep energy gradient, with steps larger than thermal energy to prevent

phonon absorption. Encouragingly, there remains a clear vertical separation between

black and red subset for 1% disorder, but seemingly the lines begin to overlap for

5% disorder, which appears to undermine property 1. However, overlaying the

entire ensemble is misleading in this regard: in the right panel of Fig. 2.23 we pin

together the ladder states for each excitation manifold. Pinning the ladder states

in this manner shows the criterion can be met individually for each member of the

ensemble of trials. Meeting criteria 1 simultaneously across a disordered ensemble

may be more difficult, but as shown in the next section ωgood and ωbad remain

42



Chapter 2: Guide-Slide Superabsorption

separated so that targeted suppression and extraction remain feasible. This shows

that the separation between black lines and red boxes survives for larger amounts

of disorder. The black dashed line is elevated by 25 meV above the BTTS, so gives

an indication of how likely thermal excitation away from the ladder state is at room

temperature. Only a small subset of the 10% disorder trials are prone to having

the desired ‘guide-sliding’ interfered with by thermal excitation, and in these cases

a colder ambient temperature would resolve this problem. We conclude that even

under substantial 10% disorder our candidate for GS-SA continues to meet criterion

1.
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Figure 2.23: Level structure of a pentamer with 1%, 5% and 10% input disorder

averaged over 1 000 trials. The top and bottom excitation manifolds are represented

by single black lines, while the other manifolds feature single black lines for their

lowest energy states, and a red box covering the energy range of the remaining

states in the manifold. The spacing between manifolds is not to scale with the inter-

manifold spacing. On the left, one sees the increased effect of disorder in higher up

manifolds, due to the zero energy rung being the same position in all of the trials.

To counteract this, on the right we pin together the black lines in each manifold,

making the surviving separation between these and the red boxes more apparent.

The dashed black line demonstrates the energetic step which could be overcome by

room temperature thermal excitation.

Figure 2.7 includes disorder calculations regarding the dipole strength of the

optical transitions covering the target transition in GS-SA. This involves summing

the transition strengths of the transitions from BTTS to any state in the rung

above the BTTS . Under the guide-slide mechanism any off-ladder population will

rapidly relax back onto the ladder and be available for extraction from the TTTS.

Figure 2.7 considers the total useful transition strengths for different system sizes.

For N = 2, . . . , 7, we averaged over 10 000 trials, while 1 000, 500, and 50 trials were
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averaged to respectively give the data points for the octamer, nonamer, and decamer.

For that figure all systems parameters are drawn from a normal distribution with

5% standard deviation.

In Fig. 2.24 we focus on case of a pentamer and extend the 5% disorder dat-

apoint from Fig. 2.7a to 1% and 10% disorder. Based on 1 000 trials, the differ-

ent coloured histograms show the total transition strengths normalised against the

maximum transition strength which would be expected of a pentamer in the ideal

non-interacting Dicke model. We see that it takes disorder across all 2LS parameters

in excess of 5% to fully spoil the advantage of collective-enhancement. We have a

further criterion for GS-SA to bear in mind: the most enhanced transition should

indeed be the one linking the BTTS and TTTS: for 1%, 5% and 10% disorder, this

is the case for, respectively, 100%, 99.7% and 76.8% of trials. Note that for small

amounts of disorder a tiny fraction of trials exceeds the ‘Fixed GS-SA’ line. This is

because the tilting angles of the dipoles are set at a fixed value and have not been

optimised (unlike Fig. 2.14), so that introducing some randomness can occasionally

beat the not disordered benchmark. Fig. 2.24 thus demonstrates that our candi-

date GS-SA system also displays robustness to substantial amounts of disorder with

respect to criterion 2.
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Figure 2.24: Histograms of the maximal absorption transition strength for a pen-

tamer with 1%, 5% and 10% input disorder over 1 000 trials. The transition strengths

are normalised against the unachievable transition strength found in the unper-

turbed Dicke model. Also indicated is the ‘no disorder’ GS-SA case (solid black

line), and the value expected for independent absorbers which do not collectively

absorb (dashed line). It is important to note from Fig. 2.7 that the gap between the

solid line and dashed line increases with increasing N .

Property 3 for GS-SA, spectral selectivity, is required to suppress coupling to

certain optical modes, while allowing access to those needed to the collectively en-

hanced target transition. To achieve this there needs to be sufficient separation

between the desired target transition frequency, ωgood, and the largest undesirable
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frequency that needs to be suppressed, ωbad. Figure 2.25 shows the difference be-

tween these values for differing amounts of disorder. Whilst the distribution of this

gap widens with increasing amounts of disorder, reassuringly, there is no overlap and

typical differences are in excess of several 10’s of meV, which provides the desired

spectral selectivity and meets criterion 3.
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Figure 2.25: Histograms of the frequencies used to define the optical cutoff frequency,

ωgood and ωbad, for a pentamer with 1%, 5% and 10% input disorder over 1 000 trials.

The optical cutoff frequency in GS-SA is defined as
ωgood+ωbad

2
, so adequate separation

is needed between these two frequencies.

In summary, this section has analysed the effect of up to 10% disorder for a

pentamer ring antenna in the proposed GS-SA configuration. Criteria 1 and 3 have

been found to be met for disorder up to 10%, and criterion 2 is robust to at least 5%

disorder across all 2LS parameters simultaneously. Referring back to Fig. 2.15, we

have observed that meeting the three criteria indeed translates into photocells with

quantum-enhanced power generation performance. This confirms the potential of

engineering and observing the GS-SA effect in real condensed-matter nanostructures.

2.5 Summary of all parameters

A complete set of model parameters used for the figures of the main text and this

documents are printed in Tab. 2.5 and Tab. 2.3, respectively. Not shown is the

trap decay rate γt as this is always numerically scanned over to find the value

maximising the output power. For disorder calculations, the parameters are given

by Gaussian distributions of varying widths (as stated in the relevant figures) around

the indicated means.
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Symbol Fig. 2.11a & b Fig. 2.11c Fig. 2.11d Fig. 2.7 Fig. 2.12 Fig. 2.14

N 5 Varied Varied Varied Varied 4

ωA 1.8 eV 1.8 eV 1.8 eV 1.8 eV 1.8 eV 1.8 eV

τL 2.5 ns 2.5 ns 2.5 ns 2.5 ns 2.5 ns Varied

rnn 1 nm 1 nm 1 nm 1 nm 1 nm Varied

θeq π/2 π/2 π/2 π/2 π/2 π/2

θzen π/4 π/4 π/4 π/4 π/4 Optimised

s Varied 99% Varied n/a 99% 99%

γx 10−2 eV 10−2 eV 10−2 eV n/a 10−2 eV 10−2 eV

γr Varied Varied n/a n/a 10−2 eV 10−2 eV

Topt 5800 K 5800 K 5800 K 5800 K 5800 K 5800 K

Tvib 300 K 300 K 300 K 300 K 300 K 300,77,4 K

Table 2.2: Full set of model parameters for main text figures of Ref. [23].

Symbol Fig. 2.13 Fig. 2.15 GS Fig. 2.15 || Fig. 2.23, 2.24 & 2.25

N 4 4, 5 4, 5 5

ωA 1.8 eV 1.8 eV* 1.8 eV* 1.8 eV*

τL 2.5 ns 2.5 ns* 2.5 ns* 2.5 ns*

rnn 1 nm 1 nm* 1 nm* 1 nm*

θeq Varied π/2* π/2* π/2*

θzen Varied π/4* π/2* π/4*

s 99% 99% 99.9% n/a

γx 10−2 eV 10−2 eV 10−2 eV n/a

γr 10−2 eV 10−2 eV 10−2 eV n/a

Topt 5800 K 5800 K 5800 K n/a

Tvib 300 K 300 K 300 K n/a

Table 2.3: Parameters for supplementary figures in Ref. [23]. Figures 2.16-2.22 used

the same parameters as Fig. 2.12 with the basic model, other than the deviations

mentioned in their respective captions. Asterisks denote values around which Gaus-

sian distributions of varying widths were used in disorder trials.

2.6 Conclusions

We have proposed a set of conditions for a guide-slide superabsorber. With an ade-

quate combination of passive reinitialisation induced by a photonic bandgap, and a

means for actively reinitialising a system, one can design a collective system light-

harvester, the performance of which scales superlinearly with system size. Starting
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with the ||-SA configuration we examined how phonons in condensed matter nanos-

tructure would prevent it from operating, and then altered the design, maintaining

the biologically inspired ring foundation, and proposed a candidate GS-SA setup to

study.

Such a system needs some degree of control over the dipole orientations when

being synthesised, but we have shown the underlying concepts are robust to sig-

nificant levels of disorder, with rapid vibrational relaxation always encouraging the

system towards superabsorbing behaviour.

Encouragingly, experimental groups have shown they are able to synthesise

molecular rings which display coherence effects [64, 121], and cooperative dipole

behaviour, which we rely on, has been shown to remain attainable under strong

dephasing [122]. The delocalised excitonic states of the kind necessary for the GS-

SA proposal listed above may also occur in stacks of rings which self assemble into

symmetric nanotubes [123, 124], opening the possibility for considering the effect in

larger and more complex systems. Additionally if a superabsorbing system was de-

signed using superconducting qubits then the limitations of vibrational interactions

could be ignored, and one could study ||-SA without the risk of being pulled from

the ladder states.

As well as the aforementioned experimental questions, a variational coupling

model could be developed for modelling such systems, allowing the interface between

the weak-coupling and polaron regimes to be studied. This work also opens some

questions regarding using coherent coupling linking the antennae to the trap, and

this will be looked at in greater detail in Chapter 3.
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Chapter 3

Optical Ratcheting with

Strongly-coupled Phonons and

Coherent Extraction

3.1 Introduction

3.1.1 Existing work summary

Following on from the work looking at using collective optical effects in artificial

light-harvesters in Chapter 2, this chapter focuses on designing light-harvesters

which use ‘optical ratcheting’. The motivation for this work therefore closely matches

that of the work presented in Chapter 2. Ratcheting was originally proposed in a

four site (quadmer), bio-inspired ring system [19], and further work applied an inter-

pretation of the concept to both linear chains and rings of varying sizes while only

considering the ground state and single excitation manifold [73]. This work makes a

range of significant expansions upon the initial models. In particular it incorporates

a much more realistic way of capturing the interaction with vibrations that is known

to be strong in molecular systems. The outcomes of this work are currently being

compiled in a manuscript for publication,

The guide-slide superabsorption proposal [23], which relied on rapid vibrational

relaxation and coupling to a shared optical bath to achieve a ‘greater than the sum

of its parts’ effect on the optical optical absorption rate (brightness), required ad-

ditional processes like suppression of undesired optical modes and reinitialisation in

order to operate. Optical ratcheting on the other hand, relies on rapid vibrational

relaxation and coupling to a shared optical bath to achieve a reduced optical cou-

pling [19]. The effect can rely just on the geometry of the absorbers as can be seen

in the process maps for a quadmer in Fig. 3.1. This phenomenon relies on relax-

ation into vibrational modes after an absorption event to move the system to a state

which is ‘dark’ with regards to optical emission. Previous photocell proposals had
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suggested preventing optical recombination using either interference in multi-level

systems [16, 69], or dark-state protection with multiple dipoles [17, 70, 18, 71, 72].

Ratcheting however, relies on moving the system to a state where darkness prevents

optical relaxation of a single excitation, but from which further absorption is still

possible, hence the name [19]. The time for extraction processes can act as a bot-

tleneck in organic light harvesters [125, 25], and in such scenarios ratcheting was

shown to be able to offer an improvement in light-harvesting performance [19].

Four site ratcheting

V
ib

ra
ti

on
al

0

1

2

3

4

Ladder Not enhanced

0

1

O
pt

ic
al

0

1

Cannot relax

Figure 3.1: Process heatmap for optical (red) and vibrational (blue) transitions

between eigenstates in a quadmer, as was considered in Ref. [19]. Normalised colour

on the arrows denotes relative strengths. The states are organised in manifolds

corresponding to the number of excitations in the system; the manifolds are visually

separated by gaps in the background shading. Energy separations between manifolds

and states within manifolds are not to scale. Black arrows show how vibrational

relaxation pulls the system towards the circled pink state, from where it cannot emit

a photon, but can absorb a second one.

3.1.2 New ideas summary

For this Chapter, we develop a more rigorous approach to investigating optical ratch-

eting. Building on the model used in Chapter 2, we develop an N site model, which

allows us to benchmark the performance of ratcheting (N > 2) against a purely dark

alternative (N = 2). We expand the model to consider strongly coupled phonons,

and also introduce a trap site as an additional dipole, coupling it to the system

with the dipole-dipole coupling determined by its optical brightness and position

in 3D space relative to the absorbing ring. The use of a polaron transformation

also means we will investigate structured phonon spectral densities, as the previous

Ohmic coupling cannot be used with the polaron transformation approach.

Building on our approach, we look at the effect of scaling N , investigate the

robustness against exciton-exciton annihilation, and explore the efficiency of exciton

extraction when modelled as a physical process rather than phenomenologically.
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3.2 Weakly-coupled incoherent extraction model

3.2.1 Model

3.2.1.1 Ring setup

The model starts with the same underlying components of the model used in Chap-

ter 2. A ring of N identical absorbers are modelled as two level systems (2LSs)

with energy splitting ωA and spontaneous decay lifetime τL, with nearest neighbour

separation rnn. The dipole moments are all directed perpendicular to the plane of

the ring, as is the case in the ||-SA setup from Chapter 2, and shown in Fig. 3.1,

and the magnitude of the dipole is given by |d | =
√

3πε0τ
−1
L c3/ω3

A [80, 81]. The

Hamiltonian for the ring is written as

Ĥring = ωA

N∑
i=1

σ̂zi +
N∑

i,j=1

Ji,j(r i,j)(σ̂
+
i σ̂
−
j + σ̂−i σ̂

+
j ) , (3.1)

where the Förster dipole-dipole coupling terms are given by [78, 79, 66]

Ji,j(r i,j) =
1

4πε0|r i,j|3

(
d i · d j −

3(r i,j · d i)(r i,j · d j)
|r i,j|2

)
. (3.2)

The addition of non-nearest neighbour couplings is another extension beyond the

work in Ref. [19].

3.2.1.2 Optical and vibrational environments

The small ring can collectively couple to a shared optical bath, using a multi-site

quantum optical interaction Hamiltonian [66]

ĤI,opt =
N∑
i=1

d iσ̂
x
i ⊗

∑
k

fk(âk + â†k) , (3.3)

where fk and â
(†)
k are, respectively, the coupling strength and annihilation (creation)

operator for the optical mode k. The vibrational behaviour in the system is modelled

with local vibrational baths which are generically coupled to each 2LS with a spin-

boson type coupling [68]:

ĤI,vib =
N∑
i=1

σ̂zi ⊗
∑
q

gi,q(b̂i,q + b̂†i,q) , (3.4)

where gi,q and b̂
(†)
i,q are, respectively, the coupling strength and annihilation (creation)

operator for the phonon mode q for the bath associated with site i [66, 19]. From

these interaction Hamiltonians Bloch-Redfield dissipators are formed following the
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steps in Chapter 1.

3.2.1.3 Incoherent trap

We begin with incoherent extraction, as was used in Ref. [19], the ‘coherent’ trap

is discussed later. For now the trap is treated as a 2LS with energy splitting ωt. A

constant incoherent decay of the trap at rate γt models the irreversible conversion

and extraction of energy. As was the case in Chapter 2, a quantum heat engine

approach is used to benchmark the power produced from our system [17, 69, 85].

By solving for the steady state using the approach outlined in Chapter 1 we can

define current and voltage as

I = eγt 〈ρα〉SS , (3.5)

eV = ωt + kBTvib ln

(
〈ρα〉SS
〈ρβ〉SS

)
, (3.6)

where 〈ρα〉SS and 〈ρβ〉SS are ,respectively, the excited and ground steady state pop-

ulations for the trap, kB is Boltzmann’s constant and Tvib = 300 K is the phonon

environment temperature.

Rather than idealised targeted eigenbasis extraction, as was used in Chapter 2,

we instead use the site basis and couple a single absorber to the trap. We assign an

extraction rate to this process, denoted as γx.

3.2.2 Results

3.2.2.1 Trap decay optimisation

The first calculation we perform is to look at how the behaviour of the quantum

heat engine varies as the trap decay rate is varied. In Fig. 3.2 the results for a trimer

(N = 3) are plotted. The current (top) and power (bottom) are plotted against both

the trap decay rate (left) and resulting voltage (right). Different extraction rates

(γx) are used, and the plots show that the performance saturates once the extraction

dominates over any optical radiative relaxation. Similarly the current performance

saturates once the trap decay rate also passes a certain threshold, namely the rate

which allows an excitation to have been processed before the next one is being

extracted form the ring. While the current does saturate, the presence of the second

term in Eq. 3.6 means that there is still a peak in the power-voltage curve.
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Figure 3.2: Steady state results for a trimer using both different extraction rates and

trap decay rates to benchmark the current, voltage and power from the quantum

heat engine.

3.2.2.2 N scaling

We now vary the size of the ring while plotting the P-V curve for both rapid and bot-

tlenecked extraction rates. In the rapid extraction regime any excitation is rapidly

extracted from the ring and moved to the trap, without the vibrational relaxation

playing a major role. In Chapter 2 it was discussed that optical rates at the edges

of the Dicke ladder are proportional to N (also known as single photon collective

effects [5, 6]). With rapid extraction and trap decay one can take full advantage

of the N proportionality, and this can be seen in the right hand panel of Fig. 3.3,

where the power produced per site does not change. In the left hand panel the effect

of ratcheting can be observed. The dimer, which can can take advantage of dark-

ness but not ratcheting, is outperformed by the trimer, which can take advantage of

ratcheting. The quadmer however, which was considered in the original ratcheting

paper [19], drops down and does not perform as well as the trimer. The parameters

for the results in this section are shown in Tab. 3.1.
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Figure 3.3: Plots comparing the power per site performance as the ring size is varied.

For rapid extraction there is little difference as N changes, but for bottlenecked

extraction one can see the effect of ratcheting. Plots of the total power per ring are

included in Fig. 3.2.

N ωA τL rnn γx γt Topt Tvib

2→ 5 1.8 eV 5 ns 2 nm 10−8 → 10−5.5 eV 10−8 → 10−2 eV 5800 K 300 K

Table 3.1: Parameters used for results in this section with the weakly-coupled,

incoherent extraction model.

Having established the established the fundamental behaviour of optical ratchet-

ing in this weakly-coupled model that uses incoherent extraction, we now investigate

what occurs when we improve these elements.

3.3 Strongly-coupled phonons

3.3.1 Polaron-transformed model

In the following we carry out a multi-site polaron transformation for our model.

This derivation follows the steps in Ref. [56], which only considered a single system.

The result of this derivation was also used in Chapter 2.

3.3.1.1 Lab frame Hamiltonian

For an open quantum system we have a general Hamiltonian form

Ĥ = ĤS + ĤI + ĤE , (3.7)

respectively covering the system, interaction and environment, where only ĤI terms

have operators affecting both system and environment components of the combined
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Hilbert space.

We define the system Hamiltonian with a different energy reference point com-

pared to Eq. 3.1,

ĤS =
N∑
i

ωA |Xi〉 〈Xi|+
N∑
i 6=j

Ji,j(ri,j)
(
σ̂+
i σ̂
−
j + σ̂−i σ̂

+
j

)
, (3.8)

and the environment components as

ĤE =
∑
i,k

ωi,kb
†
i,kbi,k +

∑
q

ωqa
†
qaq , (3.9)

respectively the individual phonon and shared photon contributions. Note that for

the purpose of this derivation we use the outer product representation of the excited

state, rather than a Pauli z spin matrix (σz = |X〉 〈X| − |0〉 〈0|). This is just to

make the cancelling of some terms more intuitive. The interactions are then taken

to be

ĤI =
N∑
i

|Xi〉 〈Xi| ⊗
∑
k

gi,k
(
b†i,k + bi,k

)
+

N∑
i

σx,i ⊗
∑
q

fq
(
a†q + aq

)
. (3.10)

3.3.1.2 Polaron transformation form

The transformation of the Hamiltonian to the polaron frame for a single site with

only one vibrational bath to consider is given by

Ĥ ′ = eSĤe−S , (3.11)

where

S = |X〉 〈X| ⊗
∑
k

gk
ωk

(
b†k − bk

)
. (3.12)

For multiple sites, one needs to implement a transformation for each strongly coupled

vibrational bath:

Ĥ ′ = eSN . . . eS2eS1Ĥe−S1e−S2 . . . e−SN , (3.13)

where

Si = |Xi〉 〈Xi| ⊗
∑
k

hi,k
(
b†i,k − bi,k

)
, (3.14)

in which

hi,k =
gi,k
ωi,k

. (3.15)

This transformation now needs to be applied to each component of Eq. 3.7.
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3.3.1.3 Transforming system Hamiltonian

The transformed system Hamiltonian is given by

Ĥ ′S = eSN . . . eS2eS1ĤSe
−S1e−S2 . . . e−SN . (3.16)

The diagonal contribution of the system Hamiltonian,
∑N

i ωA |Xi〉 〈Xi|, is unaf-

fected by the transformation, though they are renormalised by the transformation

of another component. The coupling contribution,
∑N

i 6=j Ji,j(ri,j)
(
σ̂+
i σ̂
−
j + σ̂−i σ̂

+
j

)
, is

affected by the transformation.

Can simplify this transformation by only considering eSk |Xi〉 〈0j| e−Sk . There

will only be an effect from the transformation if k = i. We know that

|Xk〉 〈Xk|Xi〉 = δi,k |Xk〉 ,

|Xk〉 〈Xk|0i〉 = 0 . (3.17)

We can combine this with the relationship eÂ |α〉 = ea |α〉, where Â |α〉 = a |α〉. By

separating the system and environment parts of the transformation, one can write

eSk = e|Xk〉〈Xk|κk , and the transformed term will be given by

eSi |Xi〉 〈0j| e−Si = eκi |Xi〉 〈0j| , (3.18)

similarly

eSj |0i〉 〈Xj| e−Sj = |0i〉 〈Xj| e−κj . (3.19)

The effect of all the transformations acting on the couplings will therefore be

1∏
k=N

eSk
N∑
i 6=j

Ji,j(ri,j)
(
σ̂+
i σ̂
−
j + σ̂−i σ̂

+
j

) N∏
k=1

e−Sk

=
N∑
i 6=j

Ji,j(ri,j)
(
eκiσ̂+

i σ̂
−
j e
−κj + e−κiσ̂−i σ̂

+
j e

κj
)
. (3.20)

It should be noted that this can be rewritten in terms of displacement operators:

e±κα = B±α =
∏
k

D
(
± hk,α

)
, (3.21)

where

D
(
hk,α

)
= ehk,αb

†
k,α−h

∗
k,αbk,α . (3.22)

The system Hamiltonian in the polaron frame is therefore

Ĥ ′S =
N∑
i

ωA |Xi〉 〈Xi|+
N∑
i 6=j

Ji,j(ri,j)
(
B+,iB−,jσ̂

+
i σ̂
−
j + σ̂−i σ̂

+
j B−,iB+,j

)
. (3.23)
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3.3.1.4 Transforming environment Hamiltonian terms

The optical bath will be completely unaffected by the transformation to the polaron

frame.

Phonon baths will not be affected by transformations which are not for that

specific bath. The creation and annihilation operator in the bath can be separately

transformed to have the form

b†i,k → b†i,k − |Xi〉 〈Xi|hi,k ,

bi,k → bi,k − |Xi〉 〈Xi|hi,k . (3.24)

One can therefore write the transformed phonon baths as∑
i,k

ωi,kb
†
i,kbi,k →

∑
i,k

ωi,k
(
b†i,k − |Xi〉 〈Xi|hi,k

)(
bi,k − |Xi〉 〈Xi|hi,k

)
,

→
∑
i,k

ωi,k

(
b†i,kbi,k − |Xi〉 〈Xi|

(
hi,kb

†
i,k + hi,kbi,k − h2i,k

))
. (3.25)

3.3.1.5 Transforming interaction Hamiltonian terms

Each phonon interaction will only be affected by its own polaron transformation.

Each interaction is broken down into |Xi〉 〈Xi| b(†)i,k terms and then transformed in-

dividually. The transformation gives

N∑
i

|Xi〉 〈Xi|⊗
∑
k

gi,k
(
b†i,k+bi,k

)
→

N∑
i

|Xi〉 〈Xi|⊗
∑
k

gi,k
(
b†i,k+bi,k−2hi,k

)
. (3.26)

The final step is to transform the optical interaction into the polaron frame. The

transformation will commute with the optical operators, having no effect on the

optical environment contribution, and therefore only changing the σx,i contributions.

N∑
i

σx,i ⊗
∑
q

fq
(
a†q + aq

)
=

N∑
i

(
|Xi〉 〈0i|+ |0i〉 〈Xi|

)
⊗
∑
q

fq
(
a†q + aq

)
,

→
N∑
i

(
B+,i |Xi〉 〈0i|+ |0i〉 〈Xi|B−,i

)
⊗
∑
q

fq
(
a†q + aq

)
.

(3.27)

3.3.1.6 Fully-transformed Hamiltonian

The new system Hamiltonian in the polaron frame can now be written as

Ĥ ′S =
N∑
i

ω′A |Xi〉 〈Xi|+
N∑
i 6=j

Ji,j(ri,j)
(
B+,iB−,jσ̂

+
i σ̂
−
j + σ̂−i σ̂

+
j B−,iB+,j

)
, (3.28)
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where

ω′A = ωA −
∑
k

g2k
ωk

. (3.29)

In the continuum limit ∑
k

g2k
ωk
→
∫ ∞
0

dω
J(ω)

ω
= λ , (3.30)

where λ is the renormalisation energy and J(ω) is the phonon spectral density.

3.3.1.7 B±,α terms in couplings

The transformed dipole-dipole couplings have the form

N∑
i 6=j

Ji,j(ri,j)
(
B+,iB−,jσ̂

+
i σ̂
−
j + σ̂−i σ̂

+
j B−,iB+,j

)
, (3.31)

which can be written as

N∑
i 6=j

Ji,j(ri,j)
(
B2σ̂+

i σ̂
−
j + σ̂−i σ̂

+
j B

2
)

+
N∑
i 6=j

Ji,j(ri,j)
(
(B+,iB−,j −B2)σ̂+

i σ̂
−
j + σ̂−i σ̂

+
j (B−,iB+,j −B2)

)
. (3.32)

Here Bα = 〈B±,α〉 = B, since all the phonon baths are identical.

The B term can be evaluated by starting with time evolution operator:

U(t) = eiHI t = e−SeiH
′
I teS , (3.33)

which is transformed back to the lab frame from the polaron frame. Alternatively

one can write

U(t) = |0〉 〈0|UE(t) + e−iω
′
At |X〉 〈X|B−UE(t)B+ , (3.34)

where

UE(t) = e−iHEt . (3.35)

If we consider the single site independent boson model of Ref. [56], we have the

density matrix

ρS(t) = ρ00 |0〉 〈0|+ ρXX |X〉 〈X|

+ ρ0X |0〉 〈X| eiω
′
AtC∗−+(t)

+ ρX0 |X〉 〈0| e−iω
′
AtC−+(t) , (3.36)
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where ρij = 〈i| ρS(0) |j〉 for i, j = {0, X}, and the correlation functions are

C−+(t) = TrE[B̃−(t)B+ρE(0)] , (3.37)

where B̃±(t) = U †E(t)B±UE(t). For a thermal environment the correlation function

becomes C−+(t) = 〈B〉2 eφ(t). In this case

φ(t) =

∫ ∞
0

dω
Jph
(
ω)

ω2
(cos(ωt) coth(βω/2)− i sin(ωt)

)
, (3.38)

is the phonon propagator, and

B = 〈B〉 ,

= TrE
(
B±ρE(0)

)
,

= e−
1
2

∫∞
0 dω

J(ω)

ω2
coth(βω

2
) , (3.39)

which can be written as 〈B〉 = e−
1
2
φ(0).

Having undergone the derivation for the multi-site polaron transformed evolu-

tion, the process for solving it can be found in Chapter 2.

3.3.2 Results

3.3.2.1 Establishing consistent behaviour

The introduction of strongly coupled vibrational environments means that optical

transitions which were previously totally dark will now allow optical processes, unless

B = 1. This can potentially limit the performance of ratcheting, which relies on

‘safely’ storing an excitation for extraction whilst being able to absorb another

one. As long as the relaxation process is still considerably less likely to occur than

excitation then ratcheting is still achievable.

In Fig. 3.4 we plot the results for the same set of parameters that were used in

Figs. 3.2 and 3.3. As a polaron transformation is used we need a structured spectral

density, and we choose the one used in Chapter 2:

J(ω) =
λω3

2ω3
crit

e
− ω
ωcrit , (3.40)

where λ denotes the reorganisation energy, and ωcrit is the cut-off frequency [112].

The results in Fig. 3.4 use λ = 5 meV and ωcrit = 90 meV, and show similar

behaviour to the weakly-coupled model, with the ratcheting trimer outperforming

the dark dimer, but with performance still dropping for larger systems.
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Figure 3.4: Plots comparing the total power and power per site performance using

the strongly-coupled polaron model as the ring size is varied. The parameters used

in the spectral density were λ = 5 meV and ωcrit = 90 meV. For rapid extraction

there is little difference as N changes, but for bottlenecked slow extraction one can

see the effect of ratcheting.

In Fig. 3.5 we repeat the test using λ = 20 meV and ωcrit = 25 meV. The power

per site performance shows that the ratcheting behaviour stops occuring here, with

the top performing system being the dimer. This is because the stronger coupling to

the vibrational environment ends up having a stronger effect on the optical processes,

preventing the rest state at the bottom of the single-excitation manifold from being

completely dark. From hereon we will only consider the former phonon spectral

density parameters (λ = 5 meV and ωcrit = 90 meV) for results.
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Figure 3.5: Plots comparing the total power and power per site performance using

the strongly-coupled polaron model as the ring size is varied. The parameters used

in the spectral density were λ = 20 meV and ωcrit = 25 meV. For rapid extraction

there is little difference as N changes, and with slow bottlenecked extraction one

can see there is no benefit to increasing beyond a dimer.

3.3.2.2 Scaling extraction

We next consider scaling the extraction rate with the system size (γx → γxN).

This means a quadmer site ring extracts twice as fast as a dimer. This scenario

effectively considers the idea that the more absorbers in are in the ring, the stronger

the coupling to the trap should be. One can also consider the case where a trap has

an upper limit on how much energy it can handle, and one wants to determine if it

is more beneficial to connect it to a single system of absorbing antennae, or multiple

smaller collective systems. The results in Fig. 3.6 show that once this change is made

all measured larger systems can outperform the dimer on power produced per site.

It should be noted that the scaling of the extraction is carried out on the extraction

rate from a single site to the trap. One could alternative method to account for this

scaling would be to have a dissipator from each site to the ring, instead however we

will extend the idea further using coherent coupling later on.
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Figure 3.6: Plots comparing the total power and power per site performance using

the strongly-coupled polaron model as the ring size is varied. The parameters used

in the spectral density were λ = 5 meV and ωcrit = 90 meV. The extraction rate is

scaled with N . For rapid extraction there is little difference as N changes, but for

bottlenecked extraction one can see the effect of ratcheting, as all systems outperform

the dimer on ‘per site’ performance.

3.3.2.3 Varying sunlight concentration

Our photon bath is modelled such that the system is in equilibrium with a 5800 K

bath. At this temperature and a transition frequency of 1.8 eV the mode occupation

number is roughly 0.03. For realistic solar illumination the Sun would only take

up a small component of the solid angle viewed by the system. Previous work

looking specifically at dark state protection also considered the effect of the system

under concentrated illumination, this was achieved by setting the thermal occupation

number to a very large, constant value (n = 60000) (this is equivalent to photon

bath at roughly 2 × 109 K). In light of this we introduced a photon concentration

factor, α, which we applied to the rates such that excitation and relaxation rates

respectively became

γopt,up = κoptω
3αn(ω) ,

γopt,down = κoptω
3
(
1 + αn(ω)

)
, (3.41)

where α was varied from 10−4 to 108 to consider both of these extreme scenarios.

With larger optical concentrations, we are interested in the ability for a large enough

system with enough excitation manifolds to access a second tier of ratcheting, i.e. a
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manifold beyond the single-excitation manifold where the lowest energy state is

completely optically decoupled from the manifold below, but not above, allowing

more excitations in the system to be stored for extraction.

In Fig 3.7 we plot the results from a using a scan from the minimum to maximum

α. We use both a bottlenecked and rapid extraction speed, as well as both the fixed

and N scaled versions. For each value α and extraction rate, a scan of trap decay

rates is performed, and the power produced by the optimal rate is used. For each

size system the power per site is plotted, and a logarithmic scale is used to clearly

make out the behaviour both at large and small optical concentrations. One can

see that with N -scaled extraction the power per site is the same for all systems

for high solar concentrations. Under rapid extraction there is also no difference

between the performance of different sized systems for lower concentrations. Under

weak extraction the blue dimer line is always the poorest performing for low solar

concentrations, but for α > 10 the dimer is either equivalent to or better than larger

systems.

Concentration factor exponent, log10(α)
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Figure 3.7: Plots comparing the power per site performance using the strongly-

coupled polaron model as the ring size is varied and the photon concentration factor

is changed. The parameters used in the spectral density were λ = 5 meV and

ωcrit = 90 meV. The extraction rate is scaled with N in the lower panels. For

weak extraction the dimer is the lowest performing for lower values of α, suggesting

ratcheting is giving an advantage to larger systems.

There is an important point to consider regarding extraction when α grows and

relaxation processes lose dominance over excitation terms (γopt,up ≈ γopt,down). In

this case one cannot assume the population will gather at the bottom of the first

excited manifold, instead population will become spread throughout the Hilbert
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space. The incoherent extraction from a single site to a trap which is degenerate with

the energy of the bottom state in the first excited manifold will end up extracting

from a range of states in the energy basis, but realistically the extraction should be

influenced by the overlap of the transition frequencies also. This is an area where a

coherent extraction model could offer more information, as ωt can be varied to find

what is most effective under concentrated illumination. This model could then be

used to answer further questions about the feasibility of higher level ratcheting.

3.3.2.4 Exciton-exciton annihilation

Our next consideration for the model is exciton-exciton annihilation (EEA) [118, 19].

Once there is more than one excitation in the ring there is the possibility that the

two could interact and annihilate without being extracted. Since ratcheting is a

multi-excitation phenomena, there is a risk that the performance could be impeded

by such an effect.

To test this we introduce new one-way incoherent Lindblad dissipators. For the

second excitation manifold and above, every state in a manifold is connected to the

lowest energy state in the adjacent manifold below. The rate for these dissipators,

γEEA, is set to vary from sub optical process rates (γEEA = 10−2 × γopt), up to

dominating phonon process rates (γEEA = 105 × γopt). It should be noted that

while this approach is a good initial way to gauge the effectiveness of EEA, a more

rigorous approach would scale the dissipative rates with the number of excitations

in the system, i.e. two excitons are more likely to encounter each other triggering

annihilation event when there are three in the system rather than when there are

only two.

In Fig. 3.8 the results including these EEA dissipators are shown. The results

without dissipators are displayed as faded dashed lines. While increasing the EEA

rate can reduce the power per site for all systems larger than a dimer, it does

not change the ordering of performance between the different system sizes. The

decreases are also rather small, this is because ratcheting relies on mainly being in

the single-excitation manifold, and only occasionally benefiting from occupying the

second manifold. More noticeable shifts may come from including a dissipator for

non-radiative processes, as was used in Chapter 2, which would allow for loss from

the single-excitation manifold.
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EEA rate exponent, log10(𝛾EEA/𝛾opt)
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Figure 3.8: Plots comparing the power per site performance using the strongly-

coupled polaron model as the ring size is varied and the EEA rate is varied. The

parameters used in the spectral density were λ = 5 meV and ωcrit = 90 meV. The

extraction rate is scaled with N in the lower panels. The dashed lines show the

value when the EEA dissipators are not included.

3.4 Coherent extraction model

3.4.1 Model – Coherently coupling a trap

3.4.1.1 Modelling the trap as an additional dipole

Having established that strong phonon coupling regimes exist that don’t fundamen-

tally change ratcheting behaviour, in the following we revert to the weak-coupling

approximation for vibrations.

For our next extension we considered a more realistic treatment of the trap. In

Chapter 2 one of the extensions was to consider a coherently coupled trap, though

the coherent treatment in this project is more rigorous in the following ways:

• We now include the trap as an additional 2LS, modelled in 3-D space with

position and dipole orientation which can be moved around the absorbing

ring.

• We can assign the trap dipole both a unique energy splitting, ωt, and decay

lifetime, τL,t, producing a dipole moment, d t, which alongside the position

and orientation information is used to calculate dipole-dipole couplings to the

absorbers in the ring with Eq. 3.2.
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• We can also choose to include the trap as an additional optical dipole coupled

to the shared bath, and also can couple it to another local vibrational bath.

In Chapter 2 the strength of the coherent coupling between the trap and the ab-

sorbers was assigned by looking for a strength which was not so strong that the

system could not reach a steady state near the middle of the excitation ladder,

where the optical transitions were most enhanced. The coupling was also small

enough that the effect of the trap being included in the system Hamiltonian could

be considered as a perturbation of the picture seen with incoherent extraction, upon

which the choice of ωt was made to be degenerate with the transition of interest in

the unperturbed picture.

Finally, whilst the goal of the extraction in Chapter 2 was primarily concerned

with absorbing as much of the absorption from the desired target transition as

possible, for ratcheting there are additional concerns we can investigate with this

more realistic approach to modelling the trap:

• Ratcheting and dark state behaviour are primarily concerned with improving

performance when in a bottlenecked extraction regime, where population needs

to be moved away from optically bright states.

• The extraction must therefore be targeted to primarily work on the dark states

of the system.

For simplicity we alway choose d t to be parallel with the dipole moments of

the absorbing antennae of the ring, perpendicular to the plane of the ring. The

symmetry of the ring allows us to place the trap on one of three principal axes

(Fig. 3.9):

1. The axis through the centre of the ring and perpendicular to the plane of the

ring.

2. The axis through the centre of the ring and through one absorber on the ring.

3. The axis through the centre of the ring and through the mid point between to

neighbouring absorbers on the ring.

We define a trap separation, st, which is the distance from the trap to the closest

absorber, and this is used to determine the position that the trap sits along one

of these axes. By moving the trap further from the ring we can reduce the cou-

pling strength and see how behaviour changes as we change from an aggressive to a

bottlenecked extraction rate.
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Figure 3.9: Schematic of a trimer set up for ratcheting with the three different axes

for the trap 2LS (blue).

The inclusion of the trap in the system Hamiltonian means the calculation of the

system eigenbasis for the dissipative processes needs to include the trap from the

start, rather than only the ring and then taking a tensor product with an identity

matrix to increase the Hilbert space to include the trap.

3.4.1.2 Coupling the trap to environments

The trap dipole moment, which is used to determine the dipole-dipole coupling to

other antennae for extraction, can also be used to make the trap optically active.

This is a relatively straightforward extension if the trap is identical to the other

2LSs, with the same energy splitting and decay lifetime. In this scenario, since the

trap is still considered close to the ring, relative to optical wavelengths, one can

simply add another term to the sum in the optical interaction Hamiltonian, Eq. 3.3.

The process for calculating optical Bloch-Redfield terms needs to change if the

trap has a unique dipole moment. Originally, the dipole weighting contribution to

interaction terms could be calculated by transforming a shared optical interaction

matrix for system components,
∑N

i σ̂
x
i d i/|d i|, to the system eigenbasis and then

applying the optical prefactor term, κopt, defined in Chapter 1 as a term derived

from the spontaneous optical decay rate for the antennae, τL. Now that one of the

terms in the summation of shared optical interaction matrix for system components

represents an absorber with a different dipole strength, that needs to be accounted
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for initially by absorbing κopt into the interaction matrix:

N∑
i

σ̂xi d i/|d i| →
N∑
i

σ̂xi
√
κopt,id i/|d i| , (3.42)

where κopt,i = γopt,i/ω
3
i , and γopt,i is the decay rate in eV for the lifetime, τL,i for

the absorber i. The square root accounts for the fact that pairwise combinations

of terms from the interaction matrix in the eigenbasis are used to generate the

Bloch-Redfield dissipator.

The trap can be made vibrationally active by adding a new local phonon inter-

action term to Eq. 3.4 to make the vibrational interaction Hamiltonian [68]. The

process for generating the phonon Bloch-Redfield dissipator with a coherently cou-

pled trap is otherwise the same as was introduced in Chapter 1.

3.4.2 Results

3.4.2.1 Fine tuning trap parameters

To test our new trap model, we want to investigate the effect of varying the trap

splitting, ωt, the separation from the ring, st, and the choice of axis on which the

trap would sit. We allow the trap to be vibrationally active, but do not couple it to

the shared optical bath, so as to not introduce too many changes in one step. As

we vary the parameters in this model there is some behaviour we expect to observe:

• As st is increased, extraction rate should decrease and power output should

drop.

• As ωt becomes degenerate with the lowest energy eigenstates in the single

excitation manifold, we expect to see improved performance.

In Fig. 3.10 we plot a stack of P-V curves, each taken with ωt is varied from

1.7 eV to 1.9 eV, while st moves from 5 nm to 15 nm. From left to right the panels

change through the three trap axes, while top and bottom panels offer different views

of the 3-D dataset. In each chart the top dataset (blue, green and yellow) represent

the dataset with a close trap where st = 5 nm, whilst the bottom set (yellow, red

and pink) uses a trap separation of 15 nm. It is possible to see that the when the

trap is close the choice of ωt is much less important to the performance of the dimer,

however, when far away it is greatly beneficial for the trap to be degenerate with

the dimer eigenstate. When this occurs the trap is still able to harvest a significant

fraction of the power that it can when close. It is interesting to note that the peak

performance with a distant trap occurs for ωt > ωA. One might assume that since

ratcheting relies on relaxation to the lower eigenstate that a trap degenerate with

the dimer antisymmetric state would be more beneficial.
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Figure 3.10: Plots of P-V curve stacks with a dimer using the coherent trap model.

All three axes for the trap are used (shown in inset schematics), and in each case

there is a near (blue, green and yellow) and far (yellow, red and pink) scenario. The

trap frequency is much more important when the trap is far from the dimer.

In Fig. 3.11 we repeat this calculation, but increase the dipole moments of the

absorbers by changing the 2LS parameters (see Tab. 3.2). The stronger dipole

increases the dipole-dipole coupling, and hence causes a larger energetic separation

between the two single excitation states of the dimer. This should make vibrational

relaxation even more efficient. The overall power values achieved are higher with the

stronger dipoles as well. When the trap is positioned close to the dimer antennae,

the power extracted still does not depend much on the choice of ωt. Performance for

larger st however once again allows the dimer eigenstate energies to be identified.

This is because the performance peaks when the trap is degenerate with them. We

can now see the lower energy eigenstate provides the optimal performance for the

trap on principal axis 2, but is not observable in axis 1 and 3 however, which only

have peaks around the higher energy eigenstate. For a dimer, axis 1 and 3 are

both symmetric, as there is the same amount of distance between the trap and both

absorbers. This will not be the case for larger rings, then only axis 1 through the

centre of the ring with be equidistant to all 2LSs. This symmetric setup completely

prevents coupling to the antisymmetric state.

68



Chapter 3: Optical Ratcheting with Strongly-coupled Phonons and Coherent
Extraction

Figure 3.11: Plots of P-V curve stacks with a dimer using the coherent trap model.

The dipole parameters have been adjusted to provide a stronger dipole moment.

The format matches that of Fig. 3.10.

ωA τL rnn

1.8 eV 2.5 ns 1.5 nm

Table 3.2: Parameters used for stronger dipoles.

We also note that additional features in the individual P-V curves which were

not present in incoherent examples in Fig. 3.2. For example, in the large trap

separation case we can see that performance drops one voltage gets too low, which

Fig. 3.2 showed corresponds to more aggressive trap decay rates. This implies we

see Zeno behaviour preventing extraction [126]. We can also see that for larger trap

splitting values, faster trap decay is needed to improve the performance when the

trap separation is small. This implies that population is readily flowing back to the

lower energy antenna 2LS, but that this can be countered by processing population

soon after it arrives at the trap.

We now revert to the weaker dipole 2LS parameters and repeat the scan with

a trimer (Fig. 3.12). We can see in this principal axis 1, which still symmetrically

couples to the 2LSs, that when st = 15 nm the peak performance occurs when the

trap is resonant with the higher energy eigenstate (ωt > 1.8 eV). This is also the

case in the other two axes, but they do show secondary-peaks at a second point

overlapping with the lower energy eigenstate. No such peak occurs in axis 1.
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Figure 3.12: Plots of P-V curve stacks with a trimer using the coherent trap model.

The format matches that of Fig. 3.10.

Finally we use the strong dipole parameters from Tab. 3.2 with the trimer in

Fig. 3.13. In this case it is possible to see that the optimal performance for distant

traps on the second and third axes does occur when the trap is resonant with the

lower energy eigenstate. The stronger coupling from the enhanced dipole parameters

means that for st = 5 nm the system performs better with a lower energy trap

spitting. Small ωt values avoid the need for fast trap decay to prevent population

transferring back off the trap. With a trimer it is even more apparent than in

Fig. 3.11 that with stronger dipole parameters a distant trap cannot get as close to

the performance of a close trap simply by being resonant with the system eigenstates.
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Figure 3.13: Plots of P-V curve stacks with a trimer using the coherent trap model.

The dipole parameters have been adjusted to provide a stronger dipole moment.

The format matches that of Fig. 3.10.

3.5 Conclusions

We have developed an extended model for looking at the effects of optical ratcheting.

Having identified the key elements of optical ratcheting using weak-coupled phonons

and idealised incoherent extraction we made two main changes.

The first change was to strongly couple the phonons, requiring a multi-site po-

laron transformation. After implementing this we confirmed if the optical dissipators

in the polaron frame were still able to produce ratcheting. As was the case in Chap-

ter 2, we found that stronger spectral densities interfere with the desired collective

effects, but one of our parameter choices could still produce ratcheting. We used

this spectral density in the following tests.

By varying optical concentrations, we found that ratcheting could work not only

when using an idealised 5800 K optical bath, but also when accounting for the limited

solid angle of the sun as viewed from the Earth. The benefits of ratcheting vanished

when stronger concentrations, as have been considered in other work, are introduced.

In these enhanced optical concentration scenarios we find the dimer to be either the

top, or equal best performer. When we tested against robustness towards exciton-

exciton annihilation, finding that ratcheting performance was affected very little,

even when aggressive rates for the additional dissipative processes were introduced.

The next addition looked at the trap in greater detail, modelling it as an in-
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dependent 2LS in with the geometry of the ring. Such an approach allows us to

confirm the validity of results made with the incoherent extraction mechanisms.

The peaking performance around the higher energy eigenstate as well as the inabil-

ity to couple to eigenstates depending on geometry are factors that would need to

be accounted for in an attempt to synthesise such a system.

Having independently developed the stongly-coupled polaron approach, as well

as the coherent trap model, it would be interesting to combine these two approaches

into one model for further insights into the potential for ratcheting systems. This

model also lends itself to the kind of disorder testing which was used in Chapter 2.

The combination of disorder and polaron transformation, both of which can interfere

with the collective darkness of a state, might be able to aid with coherent extraction

not coupling to desired eigenstates.

While the systems in both this chapter and Chapter. 2 take inspiration from

biologically in their designs, the resulting multi-excitation effects would not be ex-

pected to play a role in actual photosynthetic complexes. This is because unlike the

precise arrangements of absorbers we consider for idealised artificial light-harvesters,

biological systems can have hundreds of components that would be very challenging

to arrange perfectly. This doesn’t mean Nature can’t take advantage of collective

effects however, as will be seen in Chapter. 4.
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Chapter 4

Robust Optically Dark Behaviour

in IsiA

4.1 Introduction

4.1.1 Specific contributions

The primary results of this collaboration have been compiled into a manuscript that

is currently being reviewed for publication [127], on which I am co-first author. This

chapter however, other than the summary of the wider scope of the work given in

the previous section, will be solely focused on my contributions.

I was responsible for developing the framework that would allow us to analyse the

large structures of interest for biologists as a Hamiltonian using our collective optical

dipole approach, and implementing the various computational tests we wanted to

carry out on the structure. This included defining a methodology for measuring the

collective advantage being gained by a system, as well as how said advantage varied

as chromophores were shifted or removed in order to identify key components, and

give insights into the structure.

4.1.2 Project summary

This collaborative project with biological physicists focused on applying the tech-

niques used in Chapters 2 and 3 to actual biological systems. While the proposals

for man-made light-harvesters which utilise optical-ratcheting and guide-slide su-

perabsorption rely on a very ordered and symmetric arrangement of optical dipoles

in a biologically-inspired ring configuration, photosynthetic molecules in nature are

considerably more complex, with potentially hundreds or thousands of components.

This project focused on whether photosynthetic complexes comprised of a collection

of emitters, which have evolved to operate at room temperature, could utilise col-

lective effects to hold onto excitations for longer than would be classically expected.

73



Chapter 4: Robust Optically Dark Behaviour in IsiA

The molecule that was chosen as the focus of this project is the iron stress-

induced protein A (IsiA) complex, a pigment protein complex common in many fresh

water cyanobacteria under iron limitation [128, 129]. Rings of IsiA, involving more

than two hundred chlorophyll molecules as well as several hundred other protein

pigments and carotenoids, form around photosystem I (PSI). The role of IsiA has

been the topic of interesting debate in the biophysics community for the past 30

years [130, 131, 132, 133, 134, 135, 136, 58, 137, 138, 139]. The leading suggestions

are:

1. An antenna for PSI, increasing the absorption cross-section, compensating for

the fact that PSI subunits require more iron as a resource.

2. Protecting PSI from damage by energy quenching, whereby excess energy is not

transferred to PSI, which would otherwise cause the production of damaging

reactive species.

There is evidence for both of these roles, and it has been suggested that IsiA could

possess dual-functionality by varying cell-physiology [139]. It is therefore interesting

to develop a model that allows us to investigate how excitation properties are affected

by structural perturbation.

At the conception of this work the structure of IsiA was not known, and we

intended to work off of a proposed structure suggested by our collaborators. Over

the course of our work however, the structure of an IsiA-PSI ring (see Fig. 4.1) was

resolved to 3.48 Å using cryogenic-electron microscopy (cryo-EM) [57]. We were able

to use this structure as the starting point for our own studies of IsiA. Testing the

robustness of the design settled upon over the evolutionary process against various

sources of noise and disorder is a challenge that lends itself to a theoretical approach,

where one can adjust adjust the parameters of a chlorophyll in a complex without

needing to synthesise a new molecule. A similar approach was used in work which

looked at the optimal efficiency of the Fenna-Matthews-Olson complex (FMO [33])

as disorder was introduced [140], which inspired this study.
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Figure 4.1: The full IsiA-PSI ring from the results of Toporik et al [57]. Chlorophyll

A molecules are shown in green, while the full structures (including pigments) of

IsiA and PSI are respectively shown in blue and red.

Our tests for the IsiA monomer were:

1. Examining the structure as measured by Toporik et al [57].

2. Removing a single chromophore at a time.

3. Introducing position and orientation disorder to single chromophores one at a

time.

4. Introducing position and orientation disorder to all chromophores simultane-

ously.

As different geometries for the monomer were produced from the randomised trials

we could also look at the effect on the Förster Resonant Energy Transfer (FRET)

terms between the chlorophyll A molecules. By running these tests we could estab-

lish how robust the behaviour of the overall monomer is both at room temperature

and cryogenic temperatures and how susceptible that robustness is to specific com-

ponents within the IsiA monomer. These results supported the conclusion that

IsiA has evolved to operate effectively even when influenced by thermal noise and

fluid motion, but small changes can have a large effect on the functionality of the

molecule, supporting the notion of dual functionality.

75



Chapter 4: Robust Optically Dark Behaviour in IsiA

4.2 Model

4.2.1 Dipole geometry

The first panel of Fig. 4.2 shows the initial structure resolved with experimental

data [57], and the following panels show the steps taken to extract a tractable geo-

metrical dipole model from that starting point. First, we drop the central PSI and

only consider the ring of IsiA surrounding it. Secondly, we drop all pigments and

proteins, leaving only the chlorophyll A molecules from a single monomer. While

carotenoid pigments can play an important role in photosynthetic systems like IsiA,

they are often not included in modelling efforts due to their complicated excitonic

structure [141, 142]. Finally, a disk-shaped exclusion zone is applied to each chloro-

phyll A molecule. These steps will now be explained in more detail in the following.

Figure 4.2: A schematic of how we move from the complicated experimental data for

the full IsiA-PSI structure complete with protein pigments down to something more

manageable for us to model with our dipole approach. a) The full ring from Fig. 4.1

with chlorophylls highlighted in green in the top two panels and the PSI and IsiA

components highlighted more vividly in red and blue, respectively, in the bottom two

images. b) IsiA structure with central PSI removed. c) We consider the chlorophyll

A molecules of a single IsiA monomer subunit, ignoring other pigments. d) We

disregard the chlorophyll A tails and model the chromophores as cylindrical disks

to produce the model structure in panel e). When looking at single IsiA monomers

we always orient the molecules so the planes defined in panel a) sit and the top and

bottom of the image.

Three identical groups of six IsiA monomers repeat to produce the ring around

PSI in Fig. 4.2. While we could model the full ring system, the closer separations in

76



Chapter 4: Robust Optically Dark Behaviour in IsiA

one monomer lead to stronger coupling terms, and therefore have the most significant

impact on the results. Considering the large number of chlorophyll A molecules in

the whole ring would also dramatically increase the dimensions of the Hilbert space

we need to consider. Therefore, in order to reduce the demand of computational

resources, and to allow for easier readability of results, we limit ourselves to a single

monomer comprised of 17 chlorophyll A molecules.

As mentioned above, we take our molecular positions and orientations of the

dipoles from the cryo-EM results measured by Toporik et al [57]. From hereon,

we refer to these reference positions as our ‘master’ configuration. The individual

chlorophylls are numerically labelled and their positions within the IsiA monomer are

shown in Fig. 4.3. As we wish to shift our chromophore positions and orientations

from our master configuration to introduce disorder, we need a way to stop any

two emitters from being too close. Computationally, the simplest check would be a

spherical exclusion zone around each emitter, but by considering the actual structure

of chlorophyll A (Fig. 4.3), we assign a more accurate ‘disk’. We ignore the potential

complexity of accounting for the attached ‘tail’ of atoms, as the results from Toporik

et al have shown that this is not rigid and instead moves to fill available space, as

seen in Fig. 4.3 [57]. We approximate the orientation of the Qy electronic transition

dipole using the axis linking two nitrogen molecules on opposite sides of the disk

depicted with an arrow in Fig. 4.2d [143].
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Figure 4.3: The positions of the different chlorophyll A molecules in the IsiA

monomer. a) gives a ‘master view’ of our structure including its orientation in

the organism (orientation defined in Fig. 4.2). b) Each of the 17 subpanels high-

lights the position of a single chlorophyll A molecule (represented as a disk) in the

monomer on the left. A uniform molecular ball representation of the molecules is

shown on the right of each panel, in the orientation as seen from the PSI at the

centre of the IsiA ring. From these we conclude that the ‘tail’ is malleable, and will

move to fit available space. The reference atoms for the disk approximation of the

structure (see text) are magnesium (pink), and nitrogen (blue). The assignment of

numerical labels of each site within the IsiA monomer follows that of Ref [57].

For the disk dimensions, if we set the thickness as the Van-der-Waals radius of

the central magnesium atom (0.173 nm), and the diameter, from Toporik et al [57],

as 1.23 nm then we see overlap of emitters using our master positions. The left panel

of Fig. 4.4 highlights the overlapping chlorophylls (6, 7, 10, 11, 12, 14, and 16) in red.

In order to avoid overlap in our master positions we could use a more complicated

volume profile for the disks, for example having a reduced disk thickness further

away from the centre, to account for other atoms having smaller Van-der-Waals

radii. Instead we decrease the disk dimensions by 10%, allowing us to maintain the

simpler shape profile. On the right hand side of Fig. 4.4 we can see the instances

of cholorophyll A overlap in the monomer master positions are removed with the

rescaled disk dimensions.
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Figure 4.4: An IsiA monomer with two different scales for approximated volume

profiles. Chlorophyll A molecules which intersect with the volume of another are

highlighted red. The dipole directions of each chromophore are denoted by black

arrows.

4.2.2 System Hamiltonian and effective model

We wish to model the chlorophyll A molecules in IsiA as a collection of optical

dipoles, each represented as a two level system (2LS). Each 2LS has an energy

splitting, ωα as well as a dipole moment, dα. The radiative lifetime for chlorophyll

A, τα = 15 ns [144, 145], is used alongside ωα = 1.85 eV to determine the magnitude

of the dipole moment, |dα| =
√

3πε0τ−1α c3/ω3
α [80, 81]. Since the distances between

absorbers are on the order of single nanometres [57], they are small relative to the

optical wavelengths, meaning the system couples collectively to an optical field [66].

The shared photon environment also induces resonant dipole-dipole Förster-type

couplings between chromophores [78, 79]. The coupling, Jα,β, between two emitters

depends on both the dipole moments, and separation vector, rα,β, taking the form

Jα,β(rα,β) =
1

4πε0|rα,β|3

(
dα · dβ −

3(rα,β · dα)(rα,β · dβ)

|rα,β|2

)
. (4.1)

This expression for the dipole-dipole couplings is effective for point dipoles, so for it

to be accurate for our molecular dipoles there needs to be adequate separation be-

tween the absorbers for the approximation to hold, alternatively a fractional charges

approach can be used which considers the distribution of charge across each molecule

when calculating the coupling [79]. The minimum separation in the master configu-

ration is on the order of a nanometre, and exclusion zones also ensure dipoles do not

get too close together. We do not discount any dipole-dipole interactions in our cal-

culations for an IsiA monomer, but if one were to consider the larger IsiA ring, which

can have separations on the order of tens of nanometres between chromophores, then

one might want to consider ignoring some due to the dielectric screening effect since

the dipole moments should not be perceivable at long range.
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In order to model the optical processes, we use the collective quantum optical

interaction [66],

ĤI,opt =
N∑
i=1

d iσ̂
x
i ⊗

∑
k

fk(âk + â†k) , (4.2)

where σ̂xi is the standard Pauli operator for site i, and fk and â
(†)
k are, respectively,

the coupling strength, and annihilation (creation) operator for the optical mode k.

As we lack detailed vibrational information, we do not include a microscopically

derived model for the phonon processes, but we do capture the general behaviour

that spin-boson type interactions induce, namely transitions that link system eigen-

states in the same excitation manifold [146, 19, 23]. For reference, the multi-site

spin-boson interaction Hamiltonian is

ĤI,vib =
N∑
i=1

σ̂zi ⊗
∑
q

gi,q(b̂i,q + b̂†i,q) , (4.3)

where gi,q and b̂
(†)
i,q are, respectively, the coupling strength, and annihilation (cre-

ation) operator for the vibrational mode q for the bath linked to site i. Since the

nanometre scale systems we consider are large relative to the characteristic length

scales of phonons we treat them as separate baths. We note that if we considered

a shared phonon bath with appropriate position-dependent phase factors [147, 148]

we would not observe a qualitative difference in results [149]. We write our envi-

ronment Hamiltonian terms as baths of oscillators for our shared photon, and local

phonon environments, respectively, as ĤB,opt and ĤB,vib. Our total Hamiltonian

now becomes

Ĥtotal = ωα

N∑
i=1

σ̂zi +
N∑
i 6=j

Ji,j
(
σ̂+
i σ̂
−
j + σ̂−i σ̂

+
j

)
(4.4)

+ ĤI,opt + ĤI,vib + ĤB,opt + ĤB,vib ,

in which we define the system Hamiltonian as

Ĥsys = ωα

N∑
i=1

σ̂zi +
N∑
i 6=j

Ji,j
(
σ̂+
i σ̂
−
j + σ̂−i σ̂

+
j

)
. (4.5)

As seen in Chapters 2 and 3, for a small number of sites the dynamics of our

system can be determined to second order based on a Born-Markov approximations

in the Redfield formalism [66, 23]. For the large number of emitters needed to model

biological systems it is computationally challenging to produce full dynamics due

to the growth of the Hilbert space. By limiting ourselves to the ground state and

single excitation subspace we reduce our Hilbert space for N 2LSs from 2N states to

1 +N states (Fig. 4.5). While multi-excitation effects could boost the performance
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of man-made absorbing systems [19, 150, 23], for the low intensity of light typically

incident at the surface of the Earth, we do not commonly expect biological light-

harvesters to have more than one excitation at any time 1. This simplification also

means we do not need to consider effects like exciton-exciton annihilation [151, 152].
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Figure 4.5: Schematic of the reduced system Hamiltonian we are considering. a)

Our collection of N dipoles is represented as 2LSs linked by distance and relative

orientation dependent coupling terms. b) The site energies and couplings are used to

find the eigenbasis, from which we take the eigenstates for the ground state as well as

single excitation states. Each 2LS interacts with a collective optical field dependent

on its dipole moment. Individual vibrational baths effect each 2LS identically. c)

The optical transition strengths and effect of phonon relaxation are then calculated

for our chosen eigenstates, allowing us to calculate a leaking value.

In Fig. 4.5 we present a schematic of our approach to reducing the Hamiltonian

and Hilbert space. For an N absorber system we calculate the energies of the N

eigenstates of the single excitation manifold by finding the diagonal basis for our

system Hamiltonian. We then calculate the dipole contribution for each of the

transitions linking single excitation eigenstates to the ground state following the

same procedure used in Chapters 2 and 3. We assume rapid relaxation into phonon

modes means that any population in the single excitation manifold will be rapidly

redistributed. A common assumption in chemistry as Kasha’s rule [153], which

assumes all population will be moved to the lowest energy single excitation state.

Explicit modelling of phonon transitions in similar systems supports the assumption

of redistribution of nearly all population in the single excitation manifold to the

lowest energy eigenstate with adequate energetic separation of states [23, 117].

1If we assume solar irradiance of 1 kW/m2 with monochromatic monochromatic light of 500 nm,
the interval between incident photons on a cross-section with radius 15 nm would be 0.6 µs,
considerably longer than the radiative lifetimes of the emitters.
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4.2.3 Defining a leaking value

In order to benchmark the performance of our systems, we take the dipole contri-

bution for the transition linking the lowest energy excited state to the ground state

and define it as the ‘lowest-energy leaking value’, L. If the leaking value is greater

(less) than one, then the system is exhibiting brightness (darkness), and the system

will emit an excitation faster (slower) than an isolated absorber. We are primarily

interested in darkness, as this implies collective quantum effects are being used to

hold onto excitations for longer than would be classically expected.

Since all the emitters we consider in IsiA are identical chlorophyll A molecules,

we can normalise L such that L > 1 is bright, and L < 1 is dark. Using the

radiative lifetime of the emitters, τα, one can get an indication of the lifetime of

an excitation in such a collective system made up of identical chromophores by

calculating τα/L. If a collection of chromophores has components with differing

lifetimes then the choice for normalisation becomes less clear; one could benchmark

against the darkest contributing dipole, which will have the longest lifetime, or

alternatively use the most common emitter or a weighted average based on the

count of each type of molecule present 2.

The optical rates for transitions linking two eigenstates when calculated with a

flat spectral density for the photons also depend on the transition frequency between

the two states[66, 23]. Since all of the absorbers in IsiA are identical, all of the

eigenstate energies are of the same order as the absorber energy (ωα), with deviations

on the order of the couplings between the absorbers (Jα,β). Provided the coupling

energy scales are much smaller than the site energy, one can ignore the effect of the

transition frequency on the rate, as it can be approximated to be the same as the

site energy. Note that this cannot be done if either absorbers are not identical and

have significantly different site energies, or if large couplings between sites cause

eigenstate energies to be significantly shifted from site energy.

For energy splittings between eigenstates from the induced Förster couplings that

are relatively small the assumption that all population will fall to the lowest energy

state in the single excitation manifold becomes invalid. If, for example, the lowest

energy eigenstate has a very small leaking value, but a state with an eigenenergy

just a few meV higher has a strong contribution, then one would still expect the

higher energy state to be populated at room temperature (kB × 300 K ≈ 25 meV).

To account for this we use a ‘Boltzmann-corrected leaking value’, Lboltz, where we

look at the dipole contributions of every transition linking a single energy excitation

2Note that the focus on the collective effect of the dipole contribution affects both radiative
absorption and emission processes. Non-radiative decay could introduce another loss channel for
excitations [151], but unless such effects were modelled to depend on the system geometry it would
be a constant contribution, and as such would not effect the discussion on relative brightness and
darkness being introduced by modelling chromophores collectively
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eigenstate to the ground state, and sum them with a Boltzmann weighting,

wi =
e−Eiβ∑
k e
−Ekβ

, (4.6)

where i is the single energy eigenstate, Ei is the eigenstate energy, and β = 1/kBT

at the temperature of the local environment. The Boltzmann weighted leaking value

is therefore defined as

Lboltz =
∑
i

wi|d i|2 . (4.7)

Note that the i index is being used to label in the energy basis rather than the site

basis.

After having found either a single lowest-energy eigenstate, or a Boltzmann-

weighted combination of eigenstates, we can transform from the eigenbasis back to

the site basis. This allows us to determine the weightings of different chromophores

that contribute to the radiative decay of the system in a thermalised state. In

Fig. 4.6 we can see the distribution of population in the IsiA monomer for the both

the minimum energy eigenstate leaking value (left), and the Boltzmann leaking value

at room temperature (right). We can see that the ninth chlorophyll A molecule takes

most of the population in both scenarios, but the Boltzmann approach flattens out

the distribution slightly, as would be expected when more optical pathways are

contributing.

Figure 4.6: The population localisation on the IsiA monomer sites for the steady

state found with both the lowest state leaking value and the Boltzmann leaking

value at T = 300 K.

4.2.4 Introducing disorder

The nature of our model allows us to introduce disorder to both the optical proper-

ties, and geometric positions of our chromophores. If one were to vary the absorption

properties of each emitter then the dipole moments of each absorber would change,

in turn affecting the dipole-dipole coupling strengths and similarly leading to a new

leaking value. Having a series of dipoles with slightly disordered optical properties
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would also affect the normalisation process of leaking values, since there would no

longer be a single dipole strength to benchmark against. Changing the absorber ge-

ometry alters the position and orientation dependent couplings terms between the

dipoles, which in turn would affect the eigenstates for the system, and the optical

connectivity of those states.

For the results in the IsiA study we only considered introducing geometric dis-

order to the 2LSs, since each dipole represents an identical chlorophyll A molecule.

Varying the optical properties could potentially be used as a method of accounting

for the influence of the other proteins present in the system which are not included

in our IsiA model. Rather than simply applying disorder to the 3-D position and an-

gle for each 2LS dipole, we instead utilised the disk volume profile described above.

This ensured we only considered plausible disordered setups, where the chlorophyll

molecules were not overlapping.

We shall refer to our introduced disorder levels in terms of percentages. The

percentages represent the standard deviation of the normal distribution used to

vary the parameters in each trial. For the position and angle of each 2LS we need

to vary 6 parameters, displacements in three Cartesian directions as well as pitch,

roll and yaw for the dipole moment. Each parameter needs a characteristic value

to take a percentage of to define the standard deviation. Angular disorder uses a

2π rad complete rotation, while position disorder uses the characteristic length scale

defined as the largest distance between two dipoles in the monomer (4.6 nm [57]).

Due to the three disordered displacements for both position and angle we divide our

characteristic values by
√

3. Consequently, whenever we refer to, say, 2% disorder in

the following we shall mean both positional shifts in all three coordinates and three

orthogonal rotations all based on Gaussian distributions with, respectively, widths

0.53 Å and angles of 0.023π rad.

4.3 Results

4.3.1 IsiA

4.3.1.1 Master configuration results

The first results results we consider with our IsiA model are those for the master

configuration. We find a the lowest state leaking value for the monomer to be 0.195,

implying an excitation lifetime roughly five times longer than would be expected

for a single chlorophyll A molecule. The Boltzmann leaking value at 300 K is

calculated to be 1.29, implying the room temperature lifetime would be roughly 6

times shorter than the lifetime at close to 0 K, which is well represented by the

lowest state leaking value. This provides qualitative agreement from experimental

results which see a factor of ≈ 4 → 5 separating cryogenic and room temperature
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fluorescence lifetimes [154]. Note that due to the approximations used in our model,

such as dropping other proteins, we do not expect complete quantitative agreement

in our τα/L lifetimes.

In Fig. 4.7 we plot out the variation of Lboltz over a temperature range from 0 K

to 450 K, highlighting room temperature (300 K) as well as temperatures that can be

achieved when using liquid nitrogen (77 K) and liquid helium (4 K) as coolants. The

difference between the leaking values at these different temperatures highlights the

considerations experimentalists must make when studying molecules at cryogenic

temperatures in order to learn about their normal operation in nature. We note

that the Boltzmann weighted leaking value is very stable around room temperature,

showing no significant variation over a temperature window of ±100 K, indicating

a high degree of robustness.
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Figure 4.7: Boltzmann leaking value as a function of temperature for an IsiA

monomer with all chlorophylls in their master positions. Room temperature, liquid

nitrogen and liquid helium highlighted for reference. Note that the limit of T → 0 K

corresponds to the ‘lowest state’ leaking value.

Having established our model is able to qualitatively capture IsiA fluorescence

lifetime behaviour seen in experiments [154], we move onto tests that could not

easily be carried out experimentally, by varying the IsiA monomer structure.

4.3.1.2 Removal of single chlorophylls

Our first test on editing the structure was to remove one chlorophyll A molecule

at a time, and measure the effect this has on the lowest state leaking value and

Boltzmann leaking value. In Fig. 4.8 we can see that the removal of some chlorophyll

A molecules appears to have very little affect on the leaking value, whereas some

cause drastically stronger effects. These changes are generally more noticeable in

the lowest state leaking value, where we see the removal of three dipoles lower L

(12, 15, and 16), and six cause and increase in L (6, 7, 9, 10, 11, and 14). This

pattern is mostly consistent in the Boltzmann weighted leaking value, other than

for chlorophylls 6 and 14, the removal of which causes a reduction in Lboltz.
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Figure 4.8: Leaking values as single chlorophyll A molecules are removed. The left

panel shows the lowest state leaking value, while the right displays the Boltzmann

weighted leaking value. In both panels the value from the master configuration is

illustrated by a red line.

4.3.1.3 Disorder in single chlorophylls

Our second trial that perturbed the master configuration was to introduce geometric

disorder to each chlorophyll A molecule, one at a time. In each trial we use a

normal distribution with a 2% standard deviation window to introduce disorder

for the parameters. In Fig. 4.9 we plot out histograms for both the lowest state,

and Boltzmann leaking values. Due to the volume exclusions discounting invalid

random setups where there is overlap on emitters we have between 109 and 299

valid trials for shifting each chromophore. These results support the result from the

previous section, showing the IsiA leaking value is robust against changes in some

chromophores, while others are able to dramatically affect the functionality from a

relatively small shift.
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Figure 4.9: Distribution of leaking values as single chlorophyll A molecules are

shifted with 2% disorder. The blue regions show the lowest state leaking value,

while the red displays the Boltzmann weighted leaking value. In both panels the

value from the master configuration is illustrated by a solid line. In each layered

plot the data is normalised such that the highest peak in is the same height in each

layer.

4.3.1.4 Disorder in all chlorophylls simultaneously

Finally, we ran simulations with disorder introduced at four different levels: 1%,

2%, 5%, and 10%. Both the position and orientation parameters of all chlorophyll

A molecules were disordered simultaneously. In Fig. 4.10 are plotted probability

distribution histograms for the leaking values arising from the trials with the different

levels of disorder. In the upper panels show Boltzmann leaking value shows that the

behaviour at room temperature is very robust to disorder levels of 1 → 2%. The

cryogenic temperature behaviour shows more of a spread in the lowest state leaking

value, and is more likely to exhibit brighter behaviour that the Boltzmann case for

disorder greater than 2%. It should be noted that fewer trials could be produced

for larger disorder levels, as the majority of random trials needed to be disregarded

due to overlap of chlorophylls.
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Figure 4.10: Probability distribution histograms of leaking values as all chlorophyll

A molecules are shifted with 1%, 2%, 5%, and 10% disorder. The blue regions

show the lowest state leaking value, while the red displays the Boltzmann weighted

leaking value.

4.4 Conclusions

Through the work in this project, we were able to establish that the structure of IsiA

does indeed support the suggestion that it has evolved to take advantage of optical

darkness. The strength of this effect however, is greatly influenced by temperature

of the vibrational environment when considering cryogenic temperatures vs room

temperature, which is of note for experiments which study such systems using these

temperatures. For the ambient temperatures one would naturally expect to find the

complex in however, there is very little variation.

Through computational means which would be difficult to experimentally realise

we established that the effect of optical darkness in IsiA was robust against general

shifts in the chlorophylls, but it was susceptible to change in some specific compo-

nents more than others. Our results support the suggestion that IsiA has evolved to

operate robustly against both fluid motion, and the thermal noise it would naturally

expect to encounter.

The approach we have used in this work of combining known biological structures

with numerical modelling allow the relationship between structure and function to

be easily explored computationally. This approach could be expanded to cover

more components in the IsiA-PSI complex or other biological systems entirely. By

including a reaction centre, we could also also begin to look at transport through

the photosynthetic process, a subject of great interest in the field [155, 156, 20],

while also considering loss collective optical effects.
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This work has highlighted some of the constraints that are encountered when

modelling larger biological systems with many components. This is a challenge that

is encountered again in Chapter 5, where multiple large aggregates are considered.
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Chapter 5

Molecular Dimer Laser Proposal

5.1 Introduction

5.1.1 Specific contributions

The primary results of this collaboration have been compiled into a manuscript that

is currently being reviewed for publication [59], on which I am second author. This

chapter however, after summarising the wider scope of the work in the following

section, will be solely focused on my contributions.

The focus of my contribution was to provide supporting evidence for the ap-

proximations that were used in the manuscript to arrive at an equation for the

laser behaviour that could be expected from molecular aggregates. We looked for

agreement between the model developed by our collaborators and a more fleshed

out model examining the behaviour of a dimer system under the Bloch-Redfield for-

malism which we developed. This agreement allowed us to have confidence that the

approximations taken to reduce the computational demand of modelling laser be-

haviour from such a system were still producing reasonable results. Once agreement

was established the reduced two level approach was then applied to larger molecular

aggregates, as seen will be seen in Fig. 5.3 which is taken from the manuscript [59].

5.1.2 Project summary

This collaborative project with another open quantum systems theory group, as

well as a quantum optics group, proposed a novel design for a laser (Fig. 5.1), based

upon the idea of using molecular aggregates (initially dimers) as a gain medium.

The idea relies upon using a collectively enhanced transition to pump the system

with incoherent sunlight, before rapid vibrational relaxation moves the system to a

state from which emission is directed into a resonant cavity.
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Figure 5.1: An artistic rendering of the proposed scheme; a collection of dimers

excited by sunlight within a cavity.

Taking the design of the photosynthetic mechanism in purple bacteria as inspi-

ration [39, 40], we found the use of molecular aggregates has potential to relax the

conditions needed to achieve sunlight-pumped lasing. Sunlight is an abundant and

renewable energy source, though from the surface of the Earth it is also dilute and

variable, making schemes for storage and conversion important. Sunlight-pumped

lasing offers a potential solution to these problems [157]. Transforming the inco-

herent sunlight into intense coherent light via sunlight-pumped lasing can allow the

driving of chemical reactions for energy storage, and has been suggested as a key

component in renewable energy solutions like the magnesium cycle [158, 159, 160].

One important consideration for sunlight-pumped lasing is the intensity required

for achieving the lasing threshold. Concentration of sunlight is benchmarked in

‘suns’, where 1 sun= 0.14 W/cm2, and can be achieved with either imaging or

non-imaging concentrators, where the former involves concentration using mirrors

to images the Sun, while the latter rely on passing radiative energy entering from

a larger aperture out of a smaller aperture with minimal losses [161]. The current

state of the art lasers operate with a lasing threshold over 1000 suns, and there

are proposals with thresholds of a few hundred suns [162]. While concentrations

of 105 suns have been experimentally realised, the substantial technical overhead

makes reducing lasing thresholds a desirable goals. A commonly used means of

concentration utilises mirrors to heat a black body cavity to temperatures from

1000 K to 3000 K [157].

Inspired by photosynthetic complexes which, as was seen in Chapter 4, are often

modelled as as collections of two level systems (2LSs), each representing a component

in the complex [39, 40, 163, 164, 35, 37, 165, 166, 167, 168, 127], we propose a bio-

mimetic molecular architecture to achieve efficient sunlight-pumped lasers even able

to operate with 1 sun pumping. From Chapters 2 and 3 we know that smaller

systems of dipoles offer the possibility for very ordered and symmetric structures,
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which can be used to form eigenstates with either a concentration, or lack, of dipole

strength, leading to respectively bright or dark behaviour [39, 40, 166, 169]. The

larger systems found in photosynthetic complexes such as IsiA-PSI, LHI and LHII

are unlikely to display total darkness or brightness, as is discussed in Chapter 4, but

instead balance absorption with excitation transfer reaction sites to initiate chemical

reactions and store the absorbed energy [39, 40]. Both bright and dark states are

present in the single excitation manifold of many naturally occurring and artificially

synthesised molecular aggregates [170, 171, 172, 173], and the lasing properties of

such aggregates have been the subject of previous studies [174, 175, 176].

At the centre of our design is a molecular H-dimer, where the higher energy state

in the single-excitation manifold is brighter than the lower energy state. Since we

consider identical absorbers in the aggregate, it is also a homodimer. Under solar

illumination population is primarily absorbed by the bright state, and then rapid

relaxation into phonon modes transfers population to the lower energy darker state.

With enough of a difference between the brightness and the darkness of the two

states such a system has the potential to achieve population inversion, a necessary

step for designing a laser. Rather than just relying on precise dimer design in order

to achieve the desired differences in brightnesses of the two states, we also consider

increasing the pumping to the bright state by replacing the reaction centre in the

middle of photosynthetic complexes in purple bacteria, ”Rhodobacter Sphaeroides”,

with our H-dimer [39, 40]. This substitution allows the dimer to benefit from the

antenna affect of the surrounding molecules, which have evolved to efficiently absorb

light and transfer it to the central reaction centre for harvesting.

As a quick reminder, a laser design utilises a level structure (Fig. 5.2), exciting

a gain medium via a pump transition, before relaxing with a lasing transition back

to the ground state and then repeating the cycle. By placing the gain medium in a

cavity which is resonant with the lasing transition, one can build up population in

the cavity and have a controlled laser. The choice of gain medium determines the

energy levels, and therefore the requirements of the pump as well as the properties

of the laser.
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Figure 5.2: A cartoon of the basic level structure concept behind a three level laser.
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By starting with a derivation of a lasing equations for a molecular aggregates,

we investigate the conditions necessary for lasing in a random ensemble of H-dimers,

before adding LHI and LHII rings to make the conditions necessary for lasing less

restrictive. The lasing equation derivation, which can be found in full in Ref. [59],

assumes rapid phonon thermalisation and discounts the possibility of further exci-

tation beyond the single-excitation manifold. In Chapter 4 we discussed the low

levels of solar illumination as justification for discounting higher excitation mani-

folds, however the potentially strong coupling to a cavity in this scenario means this

cannot so easily be assumed, as a strong enough field may induce further excita-

tion. With these assumptions our simplified model reduces the lasing behaviour of a

molecular aggregate to incoherent interactions between two states. The population

difference between the two states is found by summing contributions from each of

the singe-excitation manifold eigenstates with

Deq ≈
∑

k χkn
k
T − 〈χ〉∑

k χkn
k
T + 〈χ〉

, (5.1)

where the relative brightness of the eigenstate |k〉 is given by χk = γk/γo. The

spontaneous emission rate for a single molecule and a the eigenstate are, respectively,

γo and γk. The thermal average of the relative decay rates of all the single-excitation

states, 〈χ〉, is:

〈χ〉 =
∑
k

χk
e−Ek/kBT∑
n e
−En/kBT

, (5.2)

where Ek is the energy of the single-excitation eigenstate. By averaging across all

single-excitation eigenstates, one can account for all the possible excitation and

relaxation processes between the ground state and single excitation manifold. Ex-

citations from the ground state are weighted by their relative brightnesses, with ex-

citations to brighter states more likely to occur than to dark states. The relaxation

processes require a thermal weighting however, as population due to vibrational re-

laxation is assumed to occur instantaneously, this means optical relaxation processes

are both by their brightness and the probability of the thermal excitation necessary

from the lowest energy single-excitation manifold eigenstate. This weighting is sim-

ilar to the one used to define the Boltzmann leaking value in Chapter 4.

The intensity and power output for the field are, respectively

I =
~ωcc
V

no , (5.3)

Pout =
κV

c
I = κ~ωcno , (5.4)

where V is the cavity volume, κ is the cavity loss rate, ωc is the cavity frequency,

and no is the stationary number of photons in the cavity. The form for no, which

is derived in full in Ref. [59], is a function of Deq, κ, the number of aggregates
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in the cavity, and the total absorption and decay rates between the ground state

and single-excitation manifold. In Fig. 5.3, which is taken from the collaborative

manuscript associated with this work, the headline results involving the LHI and

LHII complexes are displayed. In the top panels are schematics for the H-dimer

and surrounding LHI ring, both with and without further antennae from LHII, as

well as a schematic of the single excitation manifold eigenstates arising from such a

configuration, and processes involved in linking those states. In the lower panels are

the results for the laser field intensity and power output found when one varies the

density of aggregates, nA, and 〈χ〉. In the final panel, Fig. 5.3h, we show that the

behaviour for lasers utilising these complicated multi-chromophore aggregates can

be calculated using our model developed for the dimer, and rescaling the pumping to

account for the additional antenna, which is a much less resource intensive approach.
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Figure 5.3: A results figure from the collaborative manuscript that came from this

project [59]. a) Schematic of ground and single-excitation manifold eigenstates for

the dimer, LHI, LHII system. b), e) Schematics of the dipole positions and orien-

tations for the two proposed molecular aggregates with an H-dimer replacing the

reaction centre in the middle of an LHI ring. c), d). f), g) The power output and

lasing intensity of the two proposed aggregates as the density of aggregates, nA,

and 〈χ〉, are varied. The black bounding lines denote the lasing threshold. The top

two panels consider concentrated sunlight, using a blackbody at 3000 K, whereas

the bottom two show operation under natural sunlight. h) The three curves display

the lasing threshold density under natural sunlight for the two proposed molecular

aggregates and the bare H-dimer. The circles are taken from a full analysis us-

ing all of the states shown in panel a), whereas the continuous lines are calculated

with a reduced two level lasing model and rescaling the pumping to account for the

additional antennae.

5.2 Isolated dimer

5.2.1 Model

5.2.1.1 Dimer Geometry

The original focus of this project centred on the feasibility of lasing in a molecular

dimer. We consider two identical absorbers, modelled as 2LSs, with dipole moment
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d , in close proximity. A Hamiltonian describing the dimer system can then be

written using the standard Pauli spin operator definitions as (~ = 1)

Ĥdim = ωA

2∑
i=1

σ̂zi +
2∑

i,j=1

Ji,j(r i,j)(σ̂
+
i σ̂
−
j + σ̂−i σ̂

+
j ) , (5.5)

where ωA is the 2LS energy splitting, and J is the induced Förster-type dipole-dipole

coupling [78, 79],

Ji,j(r i,j) =
1

4πε0|r i,j|3

(
d i · d j −

3(r i,j · d i)(r i,j · d j)
|r i,j|2

)
. (5.6)

The typical level structure for the eigenstates of such a dimer is shown in Fig. 5.4.

The four energy levels represent the fully (|F 〉) excited, higher (|H〉) and lower

(|L〉) single excitation states, and finally the ground state (|G〉). Due to the close

proximity of the absorbers, we can assume a shared optical bath, with collective

optical interaction Hamiltonian [66], to determine how optical processes link the

eigenstates of neighbouring excitation manifolds. When we examine the three-vector

dipole components of each optical process, we find transitions which link to the

|H〉 state use one polarisation, while those connected to |L〉 use an orthogonal

polarisation. We can refer to these respectively as the H and L polarisations. The

directions of H and L are determined by the alignment of the dipoles of the two

2LSs.

|F⟩

|G⟩

|H⟩
|L⟩

polarisation
H

polarisation
L

Optical Vibrational

transition
Laser

Figure 5.4: Schematic of the eigenstates of the dimer system. Optical (red) pro-

cesses link eigenstates in neighbouring excitation manifolds, while vibrational (blue)

processes link the |H〉 and |L〉 eigenstates in the single excitation manifold. Optical

processes on the left and right side of the grey line use orthogonal polarisations.

The N2 superabsorbing and superradiating optical behaviour discussed in Chap-

ter 2 cannot be exhibited by a dimer, as it does not have enough excitation steps. A

dimer can still exhibit single photon collective effects [5, 6, 7]; a single excitation in a

dimer could potentially relax to the ground state twice as fast as would be expected

from a single 2LS. This assumes that all of the dipole strength is concentrated on
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one of the two possible optical transitions, since

dH · dH + dL · dL = 2|d 2LS| . (5.7)

where dH , dL, and d 2LS are the dipole moments respectively for the |H〉 and |L〉
transitions as well as a single absorber. The parameter we use to describe this

weighting of dipole moments is χ, defined as

dL · dL = χ|d 2LS| , (5.8)

dH · dH = (2− χ)|d 2LS| . (5.9)

One can therefore envision pumping a dimer via the H polarisation. Assuming

the energetic splitting between |H〉 and |L〉 is large compared to thermal energy at

room temperature (∼ 25 meV), rapid, one-way relaxation via phonon modes can be

assumed to move any population in the first excitation manifold to the |L〉 state.

Optical relaxation from |L〉 could then act as a lasing transition to populate a field

in a cavity parallel to the L polarisation.

We begin with how the dipole-dipole coupling, J [78, 79], which governs the

splitting between the two single excitation states, varies as the geometry is changed.

We consider that we have precise control over the 2LS orientation and positioning,

and then move our absorbers around each other with two angles, a dimer incline

angle, θDIA, and a zenith angle, θzen (Figs. 5.5 and 5.6). These two angles are varied

between 0 and π/2. For these results, since we are only looking at the relative

behaviour, the choice of exact dipole parameters is not relevant.

Increase θzen
by π/4

Increase θDIA
by π/4

Dipoles go from anti-parallel to parallel

Absorber move from side by side
to on top of each other

Figure 5.5: Schematic of the two key angles we consider when moving dimers, θzen

and θDIA. Increasing θzen turns the dipole moments from anti-parallel towards a

parallel setup, while increasing θDIA rotates the dimer so the dipoles move from

side-by-side to a stacked arrangement.
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Figure 5.6: Schematic showing how the geometry of our dimer changes as we change

our two key angles, θDIA and θzen. The 2LSs start side-by-side and anti-parrallel.

Increasing θDIA moves one above the other, while increasing θzen causes the dipoles

to angle upwards towards a shared parallel direction.

In Fig. 5.7 we see how the changing of the two angles affects the induced coupling,

J , as well as the strengths of the dipole components of the two sets of optical

transitions. limits are not included on the data range, as this is just a factor of the

dipole strength of the two 2LSs and their separation. Changing those parameters

would change the minimum and maximum values on the left hand colour bar, but the

plot would look the same. One can see that as the coupling changes between negative

and positive the symmetric and antisymmetric eigenstates ordering changes. This

means the polarisations associated with |H〉 and |L〉 as well as their associated dipole

strengths swap.

0

θzen, (π rad)

θ D
IA

, (
π 

ra
d)

Coupling, J |dH|2

θzen, (π rad)

|dL|
2

θzen, (π rad)

0

1

Figure 5.7: Left: Plot of how the coupling between absorbers varies over the angular

parameter scan. The behaviour of the coupling, J , changing from positive to neg-

ative depends only on the 2LS geometry, but the magnitude of the minimum and

maximum coupling values depends on 2LS brightness and separation. Right: Plot

of how the two eigenstate dipole strengths vary over the same parameter scan when

the total dipole is normalised to 1.
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While our model allows for the variation of our two angles to cover the full

parameter space in Fig. 5.7, for the sake of reducing the number of parameters

of concern we fix θDIA to π/2, and relabell θzen as θ. This means that there is

only a doubling effect on the coupling, J , as θ is moved between the minimum and

maximum values. This restriction also means we do not need to consider the regime

where a small J will restrict the splitting between |H〉 and |L〉, suppressing the

effectiveness of the phonon relaxation between the two. As long as θ is small we are

in the region of interest for an H-dimer that could exhibit lasing.

It should also be noted that unlike the previous chapters, where the optical prop-

erties of dipoles were used to calculate the system Hamiltonian, in this project we

often define a system Hamiltonian term first, and then reverse-engineer the neces-

sary dipole parameters. From hereon our starting point for optical parameters are

inspired from H-dimers [177], these are summarised in Tab. 5.1.

ωA τL θ J

1.17 eV 36.8 ns 0.07 rad 2000 cm−8 = 0.25 eV

Table 5.1: Parameters we commonly used as a starting point for parameter scans

throughout this work. Similar to values typical of H-dimers [177].

5.2.1.2 Optical and Vibrational Baths

We use a collective weakly-coupled photon bath to model absorption and emission

associated with incoherent sunlight. Absorption via a bright transition acting as a

pump our lasing scheme. Absorption and relaxation rates are calculated following

the steps laid out i. Local phonon baths are also weakly-coupled to each of the

absorbers in the dimer. Dissipators for both of these processes are formed following

the steps laid out in Chapter 1. The shared quantum optical interaction Hamiltonian

is [66]

ĤI,opt =
2∑
i=1

d iσ̂
x
i ⊗

∑
k

fk(âk + â†k) , (5.10)

and the interaction matrix for the local vibrational baths on each 2LS in the dimer

is

ĤI,vib =
2∑
i=1

σ̂zi ⊗
∑
q

gi,q(b̂i,q + b̂†i,q) . (5.11)

The photon rates are determined by the choice of dipole parameters for the ab-

sorbers, using a flat spectral density as was the case in the previous chapters. We

consider three different temperatures for calculating Bose-Einstein occupancy values

for the photon bath:

• 5800 K, the blackbody temperature of the sun;
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• 3000 K, the blackbody temperature that can be achieved with concentrated

sunlight [157];

• 5800 K, but with a factor of 5.4×10−6 applied to the Bose-Einstein occupancy

values. This prefactor accounts for the solid angle of the Sun as observed from

the Earth, and is similar to the optical concentration adjustments made in

Chapter 3. We refer to this as ‘1 sun’ illumination.

Phonon rates are set such that the relaxation time between |H〉 and |L〉 is 1 ps

at 0 K for a dimer with parameters J = 2000 cm−1 = 0.25 eV, we assume a

flat phonon spectral density, so in the vibrational environment correlation terms

Γnm(ω) = 1
2
κvibω(1 + n(ω)) we end up defining κvib = 1.3 × 10−3 (unitless). The

reason for these choices is that this is the typical timescale for phonon processes,

and we do not possess more detailed information about our vibrational environment

without being more specific about our choice of system. In Fig. 5.8 we show that

the timescale of evolution for the populations of, and dephasing between, states

connected by phonons, is indeed picoseconds in a dimer system identical to what

was considered in Ref. [59] and coupled only to phonon baths with an initial state

given by 
0 0 0 0

0 0.5 0.5 0

0 0.5 0.5 0

0 0 0 0

 . (5.12)

|ρ
L

,H
(t

)|

Time, t (ps) Time, t (ps)

|ρ
H

,H
(t

)|

|ρ
L

,L
(t

)|

0
0

0
0 0

0.5

Figure 5.8: Plots of the density matrix component evolution for the populations of,

and coherence between |H〉 and |L〉. The dimer is only connected to independent

phonon baths. The timescale for the relaxation of population in the single exci-

tation manifold and for dephasing between |H〉 and |L〉 are both on the order of

picoseconds. The dimer parameters are summarised in Tab. 5.1. The initial density

matrix is given by Eq. 5.12.
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With these parameters set we can calculate the evolution of a dimer outside of

a cavity with
d

dt
ρS = −i[Ĥdim, ρS] +Dopt +Dvib , (5.13)

where Dopt and Dvib are Bloch-Redfield dissipators. We can then calculate either

the evolution or the steady state of the dimer density matrix.

5.2.2 Results

To establish the validity of the simplified model (Eq. 5.1) we solve for the steady-

state of the dimer with our full four level, Bloch-Redfield approach without making

the assumptions of instant phonon thermalisation and discarding higher excitation

states, which is used there to reduce a multi-site system down to two states.

In Fig. 5.9 we plot the populations of all four dimer states at the steady-state

by solving Eq. 5.13. A parameter scan is performed by varying the dipole-dipole

coupling, J (which is benchmarked against the thermal energy at room tempera-

ture, 300 K), and relative dipole strength of the lower energy state. The scan is

performed at all three optical bath temperatures, and in each case we can see it

is possible to achieve population inversion with large enough J and weak enough

relative brightness for |L〉. The figure also shows the top two states can always be

neglected, supporting the approximations made when producing the reduced 2LS

analytical model of Eq. 5.1.
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Figure 5.9: Total population of all four states of the dimer system at the steady-

state, solving with the Bloch-Redfield approach (Eq. 5.13). A linear scale on the

colour bar (left panels) is used to show population inversion in the lower states, while

a logarithmic scale (right panels) shows the order of magnitude of the population in

the higher energy states. The dipole parameters are summarised in Tab. 5.1. Phonon

bath at 300 K, and phonon decay rate defined to match a picosecond spontaneous

decay rate for θ = 0.07 rad (Fig. 5.8). Comparison of cases with photon bath at

5800 K, 3000 K, and ‘1 sun’ illumination.

Having established that the reduction to a two level system is generally valid,

we now investigate the quantitative differences between our four level Bloch-Redield

model and the reduced two level model (Eq. 5.1). In Fig. 5.10 we plot both the

population difference, Deq, produced by the two approaches in the top panels, as

well as the difference between the results beneath. As was the case in Fig. 5.9, the

results are calculated using three different temperature for the phonon bath. While

there are some small differences visible in the lower panels, the Bloch-Redfeld model

results do support those found with the reduced two level approach.
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Figure 5.10: Comparison between the approximate steady-state solution given by

Eq. 5.1 and the exact solution of Eq. 5.13 for different values of the coupling,

Ω/(kBT ) (with T = 300 K), and lower state brightness. Shown below: the dif-

ferences between the results of the two methods. Dimer parameters are summarised

in Tab. 5.1. Phonon bath at 300 K, and phonon decay rate defined to match a

picosecond thermal relaxation time (Fig. 5.8). Comparison of cases with photon

bath at 5800 K, 3000 K, and ‘1 sun’.

5.3 Adding phenomenological dephasing

5.3.1 Model

While the master equation in Eq. 5.13 does introduce dephasing between the states

coupled by phonons, |H〉 and |L〉 causing the decay of ρL,H(t) visible in Fig. 5.8, it

only induces dephasing between the ground state and single-excitation manifold on

timescales on the order of optical processes. However, such a dephasing (between

the excited and ground states either side of their lasing transition) needs to be faster

than the Rabi frequency of the optical dipoles in the cavity laser field, so as to induce

incoherent, rather than coherent, exchange of photons between the dimer and the

cavity.

Rather than changing the model to treat the laser with a quantum approach,

which would require scaling up the Hilbert space to include the cavity, we instead

chose to introduce the expected dephasing behaviour with phenomenological Lind-

blad dissipators. In our dimer eigenbasis,

{
|F 〉 , |H〉 , |L〉 , |G〉

}
, (5.14)
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we define the following dephasing operators:
1 0 0 0

0 −1 0 0

0 0 0 0

0 0 0 0

 ,


1 0 0 0

0 0 0 0

0 0 −1 0

0 0 0 0

 ,


1 0 0 0

0 0 0 0

0 0 0 0

0 0 0 −1

 ,


0 0 0 0

0 1 0 0

0 0 0 0

0 0 0 −1

 ,


0 0 0 0

0 0 0 0

0 0 1 0

0 0 0 −1

 . (5.15)

There is no operator which covers the single-excitation states, as the this is already

covered by the inclusion of the phonon dissipator. The new dephasing dissipator

takes the form

Dφ[ρ] =
2

7
Γφ
∑
k

L̂kρL̂
†
k −

1

2
{L̂†kL̂k, ρ} , (5.16)

where L̂k are the dephasing interaction operators, and Γφ is the dephasing rate.

The factor of 2
7

ensures that the decay of the coherence term linking the two states

connected by the lasing transition, ρG,L(t), matches the timescale of 1/Γφ. This

definition allows both the four level Bloch-Redfield model and reduced two level

model to use the same dephasing rate, Γφ.

5.3.2 Results

In Fig. 5.11 we plot the evolution of ρG,L(t) calculated with the exteded master

equation,
d

dt
ρS = −i[Ĥdim, ρS] +Dopt +Dvib +Dφ , (5.17)

with three different timescales for dephasing, as well as a no dephasing (infinite

timescale) case against both linear and logarithmic time. The plots show that with-

out the phenomenological dephasing included the decoherence naturally occurs at

optical timescales, and once included, the 1/e decay time lines up with the choice

of Γφ as expected.
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Figure 5.11: Plots of the decay of the ρG,L(t) coherence term in a dimer only con-

nected to a 3000 K photon bath for solar proccesses and local phonon baths. Phe-

nomenological dephasing operators are added at varying rates and this produces

the expected decay on picosecond timescales. The parameters are summarised in

Tab. 5.1.

5.4 Including a semi-classical field

5.4.1 Moving to a rotating frame

Having shown agreement for the dissipative behaviour of both our four level, Bloch-

Redfield model, and the simplified two level model, and then included dephasing

terms consistently across both, we shall now expand our model to include coupling

to a laser field inside a resonant cavity. The dimer needed to be coupled to a cavity

mode ωc, which is chosen to match the eigenenergy of |L〉, namely ωL, making it

degenerate with the transition energy of the lasing transition.

To couple the field to the dimer we begin with the laboratory frame dimer Hamil-

tonian and add time-dependent elements of the form d i ·E(t), thereby assuming a

semi-classical field with a many-photon coherent state, where E (t) = E 0 cos(ωLt):

Ĥ =


2ωA d 1 ·E 0 cos(ωLt) d 2 ·E 0 cos(ωLt) 0

d 1 ·E 0 cos(ωLt) ωA J d 1 ·E 0 cos(ωLt)

d 2 ·E 0 cos(ωLt) J ωA d 2 ·E 0 cos(ωLt)

0 d 1 ·E 0 cos(ωLt) d 2 ·E 0 cos(ωLt) 0

 .

(5.18)

The d 1 · E 0 and d 2 · E 0 terms account for the alignment of the absorber dipole

moments with the orientation of the cavity mode containing the field, and are re-

spectively now relabelled to E1 and E2. We then choose the unitary transformation

matrix

Û =


ei2ωLt 0 0 0

0 eiωLt 0 0

0 0 eiωLt 0

0 0 0 1

 , (5.19)

to move to a frame rotating at the frequency of the lasing transition with the trans-
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formed (prime) Hamiltonian given by

Ĥ ′ = ÛĤÛ † + iÛ
dÛ †

dt
. (5.20)

The transformation gives

Ĥ ′ =


2ωA − 2ωL

E1

2
(1 + ei2ωLt) E2

2
(1 + ei2ωLt) 0

E1

2
(1 + e−i2ωLt) ωA − ωL J E1

2
(1 + ei2ωLt)

E2

2
(1 + e−i2ωLt) J ωA − ωL E2

2
(1 + ei2ωLt)

0 E1

2
(1 + e−i2ωLt) E2

2
(1 + e−i2ωLt) 0

 .

(5.21)

We then drop the fast oscillating terms (oscillating at twice the lasing frequency) to

leave

Ĥ ′ ≈


2ωA − 2ωL

E1

2
E2

2
0

E1

2
ωA − ωL J E1

2
E2

2
J ωA − ωL E2

2

0 E1

2
E2

2
0

 . (5.22)

The next step is to move to the eigenbasis of the dimer. If we temporarily drop the

field terms we have

Ĥ ′S =


2ωA − 2ωL 0 0 0

0 ωA − ωL J 0

0 J ωA − ωL 0

0 0 0 0

 , (5.23)

which diagonalises (tilde) to (using ωL = ωA − |J |)

ˆ̃H ′S =


2ωA − 2ωL 0 0 0

0 ωA − ωL + |J | 0 0

0 0 ωA − ωL − |J | 0

0 0 0 0

 ,

=


2|J | 0 0 0

0 2|J | 0 0

0 0 0 0

0 0 0 0

 . (5.24)

In the rotating frame, the two lower energy states |L〉, and |G〉 have become degen-

erate since they are linked by a transition which is driven by the resonant lasing

field in the cavity.
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The final step is to move the field components,
0 E1

2
E2

2
0

E1

2
0 0 E1

2
E2

2
0 0 E2

2

0 E1

2
E2

2
0

 , (5.25)

to the newfound dimer diagonal basis, becoming

1√
8


0 E1 + E2

J
|J |(−E1 + E2) 0

E1 + E2 0 0 E1 + E2

J
|J |(−E1 + E2) 0 0 J

|J |(−E1 + E2)

0 E1 + E2
J
|J |(−E1 + E2) 0

 . (5.26)

The general Hamiltonian for the field-coupled dimer in the rotating frame is therefore

Ĥ ′D−F =


2ωA − 2ωL ghE0 glE0 0

ghE0 ωA − ωL J ghE0

glE0 J ωA − ωL glE0

0 ghE0 glE0 0

 , (5.27)

where gl and gh are coupling terms and E0 is the absolute value of the initial field

in the cavity. The master equation for system evolution is then updated to use this

Hamiltonian:
d

dt
ρS = −i[Ĥ ′D−F , ρS] +Dopt +Dvib +Dφ . (5.28)

We note that the optimal dimer ordered setup occurs when d 1 · E 0 = −d 2 · E 0,

leading to gh = 0 and gLE0 = |dL|E0/2.

5.4.2 Static field

While the most complete version of our model considers a cavity field that is coupled

dynamically to the molecular aggregates, considering the coupling of an ensemble of

molecular aggregates with a non-evolving static field allows us to focus on a few more

subtle behavioural aspects. For example, though the cavity is tuned to the frequency

of the laser transition, and the detuning between ωL and ωH should prevent further

excitation to |F 〉, a strong enough coupling to the laser field could overcome this

frequency selectivity.

To investigate this we performed a parameter scan using Eq. 5.28. We assume

an ideally aligned cavity with the L polarisation, so there is no coupling to the field

via the H polarisation (gh = 0). The matter of a disordered setup with non-zero gh

is investigated later with the variable field model. To vary system the Hamiltonian
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with the static field intensity we use

glE0 = 2
|d |
√
ε0c

sin θ
√
I(∞) , (5.29)

where (using our assumed default dipole parameters)

|d |
√
ε0c

= 4.106× 10−9
eV

(W/m2)1/2
. (5.30)

In Fig. 5.12 we plot the results of the parameter scans for the steady state

populations using both linear and logarithmic scaling. The intensity of the coupled

static field, I, and the dimer angle θ are varied across the parameter scan. The

different dephasing rates from Fig. 5.11 are used, and show that stronger dephasing

increases the minimum intensity at which point the choice of θ is irrelevant for

population inversoin, but for small enough θ inversion can occur at any intensity.

We can see that for large intensity values the frequency selectivity can be overcome,

causing a second excitation, meaning |F 〉 can no longer be ignored. This dictates

a limit on the validity of the reduced two level approach, but the intensity where

this breakdown occurs is much larger than is observed and considered in any other

results in this project.

We also note that there is a minimum intensity level, below which behaviour is

dominated by the phonon and photon dissipators rather than the coupling to the

cavity. Once the cavity coupling takes over, population is evenly distributed between

the states coupled by lasing transitions, namely |G〉, |L〉 and occasionally |F 〉.
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Figure 5.12: State populations using the static field model. The intensity of the

coupled static field, I, and the dimer angle θ are varied across the parameter scan.

The parameters otherwise match those used in Fig. 5.8.
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5.4.3 Variable field

The final development for the dimer model was to use Eq. 5.28, but to couple with

a variable field with a loss rate, κ. We also used this model to consider a collection

of dimers in the cavity.

We model an ensemble of dimers by explicitly modelling a single dimer, which

acts as an average for the ensemble. In a randomised ensemble some dimers will

be aligned such that their L polarisation is parallel with the cavity as would be

ideal, but some will have their H polarisation parallel with the field, or even have

both optical polarisation axes perpendicular to the cavity. To model this disordered

ensemble with our average dimer, we couple it to the field via both polarisations,

and then reduce the coupling strength by a factor of
√

3 to account for the averaging

of all the dimers over 3-D space, meaning one would expect the dipole moment for

each coupling to be reduced to d 2
H/3 and d 2

L/3. The new field coupling terms are

also proportional to the number of dimers in the ensemble.

The equation for the evolution was derived from Ref. [178]:

dE0(t)

dt
= −κE0(t)

2
− iαnA

[
gH(ρF,H(t) + ρH,G(t)) + gL(ρF,L(t) + ρL,G(t))

]
. (5.31)

The coupling terms are defined as gL,H = |dL,H |/(2
√

3), and the pre-factor is α =

2ωL/ε0.

By simultaneously solving Eq. 5.28 and Eq. 5.31 we find the evolution for both

the dimer states and the field, the absolute value of which can be used to determine

the laser intensity. In Fig. 5.13 the evolution of the intensity is plotted using the

different dephasing timescales used in Fig. 5.11. It should be noted that the molec-

ular densities are increased as the dephasing timescales are decreased to maintain

the balance of parameters for incoherent exchange between the dimers and cavity.

The initial state for the system is

ρ(t = 0) =


0 0 0 0

0 0 0 0

0 0 0.5 0

0 0 0 0.5

 , (5.32)

and E0(t = 0) = 868 Vm−1, noting that an initial state with no field would require

the off-diagonal elements in the initial density matrix to be non-zero. The field

intensity settled on a steady state value in all of the scenarios except the case with

no dephasing, where the intensity continued to rapidly oscillate over the observed

timescale.
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Figure 5.13: Plots of the intensity evolution for a field coupled to a disordered

ensemble of dimers. Four different dephasing cases are used, and the density of

dimers is changed across them. For dephasing timescales of {∞, 10 ps, 1 ps, 100 fs},
the respective values of nA are {3 × 1014 cm−3, 3 × 1014 cm−3, 3 × 1015 cm−3,

3×1016 cm−3}. The field loss rate, κ, is set to 50 MHz (2×10−7 eV). The parameters

otherwise match those used in Fig. 5.8.

Figure 5.14 is taken from the supplement of our manuscript [59], but displays

the results of full Bloch-Redfield coherent laser model (black line), side-by-side with

the results of the reduced two level approach, which provides a steady state value

(blue dashed), as well as a third approach which was based on incoherent lasing

equations (red dashed). Dimer state populations are plotted on the left (the two

level hybrid excited state being approximated as |L〉), and the intensity is plotted

on the right. The additional final approach relies on having large enough dephasing

to dominate the Rabi frequency to induce coherent exchange between the field and

the dimer, and this is supported by the stronger agreement in the results for the

faster dephasing time. The slower 10 ps dephasing time results still show agreement

in the steady state, but early dynamics are slightly shifted.
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Figure 5.14: Figure components from the supplement of the collaborative

manuscript [59]. The figure displays the agreement in steady state between the

Bloch-Redfield coherent laser model (black line), and the reduced two level ap-

proach (blue dashed). We can also see that for adequately strong dephasing one can

model the behaviour entirely using incoherent laser equations(red dashed) . The

parameters match those used in Fig. 5.13.

5.5 Conclusions

In this chapter we developed a variety of models looking at the open systems be-

haviour of a molecular H-dimer. Beginning with an isolated dimer, we established

that with adequate control of the dipole geometry and optical parameters a dimer

could produce population inversion under the dissipative effects of a shared optical

bath and local phonon baths. Inversion was found to rely on the combination of

relative darkness in the dipole transition moments linking the two single-excitation

manifold states to the ground state, alongside the rapid relaxation into vibrational

modes. The interactions with these baths were modelled with a Bloch-Redfield for-

malism [66]. After adding phenomenological dephasing dissipators we then coupled

a cavity to the dimer to see if lasing could be achieved.

This work supported a collaborative project which looked at modelling the lasing
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potential of groups of molecular aggregates. Using our tractable, but more detailed

and physically rigorous model for a dimer, we were able to establish potential limi-

tations on the use cases after the approximations that were made to allow modelling

of larger systems which would be too computationally demanding for our approach.

Outside of these limiting cases we were able to find very good agreement between

our two approaches.

After using our model to establish confidence in the newly derived equations for

lasing in molecular aggregates, it is possible to investigate the potential lasing per-

formance of proposed molecular structures. Two existing examples are the hybrid

H-dimer-LHI-LHII systems proposed in Ref. [59], as well as using green sulphur bac-

teria [179], with the H-dimer. These additional antennae can increase the absorption

cross-section, thereby reducing the demands on the dimer design to achieve adequate

relative darkness for population inversion, while minimising the need for sunlight

concentration to cross the lasing threshold, opening the possibility for achieving

sunlight-pumped lasing under ‘1 sun’ illumination. By changing the surrounding

molecular aggregates, for example to photosystem II [180], one can change the re-

gions of the solar spectrum feeding excitations into the excited state of the H-dimer,

providing the potential for a lot of flexibility in the designing of the laser behaviour,

assuming adequate control of design of molecular aggregates.

The parameter range examined in this work would lead to a short wavelength

infrared laser, the low dispersion of which would make it a strong candidate for

the benefit of efficiently distributing converted solar energy [177]. Additionally the

proposed biomimetic molecular aggregates from this work might lend themselves

towards sunlight-pumped nanolasers [181], as they should be able to lase in cavities

of volume (λ/20)3 [182].

While Bloch-Redfield dissipators can avoid issues that Lindblad dissipators en-

counter when modelling systems with near degenerate terms, the choice of large

J values throughout this project meant that the additional computational work in

forming Bloch-Redfield dissipators was arguable unnecessary, as the two approaches

produced results agreeing to machine precision when both analysing the full Hilbert

space. Most of the differences between the models examined here arose from the

reduction to a two level system.

It should be noted that, as was seen in Chapters 2 and 3, the inclusion of strong

coupling to vibrational modes can affect collective optical behaviour, reducing the

relative darkness and brightness effects. The proposal of using additional molecules

as antennae does counteract this somewhat, but while the models showed strong

agreement at the dimer scale, one should be wary of other effects coming into play

for larger systems like non-radiative decay pathways as well as exciton-exciton an-

nihilation [151, 152].
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Conclusions and Outlook

This thesis has examined a variety of systems which can take advantage of collective

optical effects in the presence of a vibrational environment due to their design. The

underlying modelling in all systems considered relied upon open quantum systems

techniques.

The first research chapter proposed a series of conditions for a guide-slide su-

perabsorber. By examining our proposed candidate system, we showed that the

sacrifice in optical coupling produced a system which was able to display a super-

linear growth in net power production with system size, while also benefiting from

vibrational effects which guide the system towards the enhanced behaviour. We

found our candidate system could continue operating in the presence of disorder,

as well as with a strongly-coupled vibrational environment in the polaron frame,

amongst several other model extensions. While this work validates a range of po-

tential condensed matter systems for designing a superabsorber, the comparative

ease with which superconducting qubits can be designed to desirable specifications

might mean an experimental realisation of parallel-superabsorption could occur be-

fore one of guide-slide superabsorption, unless the effect of phonons were modelled

into the platform. Additionally, one could implement the trap modelling extensions

being implemented in Chapter 3 to extend this work, or develop a multi-site vari-

ational model to look at vibrational coupling strengths between weak and strong

coupling regimes.

The second research chapter considered optical ratcheting, a process whereby

rapid vibrational relaxation after an absorption event allows an artificial light har-

vester to store one photon while still being able to absorb another. We applied

a polaron transformation to confirm that ratcheting could still occur with strong

vibrational coupling, which can be the undoing of collective optical effects. We then

updated our trap modelling approach to treat it as an additional dipole in the sys-

tem, considering the setups needed to achieve the optimal extraction. Some aspects

of this work are ongoing, with the obvious open question being to combine these two

features, but so far we have been held up by the range of questions each addition
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has thrown up individually, delaying our plans to combine them.

Having looked at idealised collective optical effects in bio-inspired designs for

artificial light harvesters, the third research chapter looked at whether an actual

photosynthetic complex, iron stress-induced protein A (IsiA), might be able to rely

on rapid vibrational relaxation and collective darkness to improve its performance

beyond classical limitations. This collaborative work suggested the structure was

optimised to suppress optical relaxation to a degree, but that experimental studies

carried out at cryogenic temperatures would see this effect magnified. We were able

to disturb the structure and establish which components were more impervious to

shifts without noticeably changing the behaviour, providing insight into the function

of the complex. Building off of this work, one could take our approach and use it to

model other biological systems. Additionally the inclusion of other components like

pigments and reactions centres could be included to develop a picture of transport

in such systems as well.

Finally, the fourth research chapter also investigated the use of larger photosyn-

thetic complexes for use as a gain medium in a laser proposal. Due to the com-

plexities in modelling such large systems discussed in Chapter 4, our collaborators

developed an equation for predicting the performance of lasers using such aggre-

gates. My contributions looked at a smaller, more tractable system, which could be

more fully analysed, and thereby provide validity for their approach. Considering a

H-dimer, we showed that with adequate control of the geometry, the combination of

collective optical coupling and rapid vibrational relaxation made population inver-

sion possible. We then used a semi-classical approach to model a field in a resonant

cavity coupled to a disordered ensemble of such dimers, showing that a steady field

was achievable. It might be possible to perform such modelling with slightly larger

systems, for example a quadmer, before needing to swap to the alternative model,

allowing agreement with different system sizes to be established. Additionally, while

Chapters 2 and 3 showed that collective optical effects can occur in a strong coupling

regime, they also showed that they are a negative effect. It would be interesting how

drastically the behaviour of this proposal would change with the inclusion of such a

coupling.
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[40] Melih K Şener, John D Olsen, C Neil Hunter, and Klaus Schulten. Atomic-level

structural and functional model of a bacterial photosynthetic membrane vesi-

cle. Proceedings of the National Academy of Sciences, 104(40):15723–15728,

2007.

[41] J Thomas Beatty, Jörg Overmann, Michael T Lince, Ann K Manske, Andrew S

Lang, Robert E Blankenship, Cindy L Van Dover, Tracey A Martinson, and

F Gerald Plumley. An obligately photosynthetic bacterial anaerobe from a

deep-sea hydrothermal vent. Proceedings of the National Academy of Sciences,

102(26):9306–9310, 2005.

119



BIBLIOGRAPHY

[42] Sima Baghbanzadeh and Ivan Kassal. Geometry, supertransfer, and optimality

in the light harvesting of purple bacteria. The journal of physical chemistry

letters, 7(19):3804–3811, 2016.

[43] Sima Baghbanzadeh and Ivan Kassal. Distinguishing the roles of energy fun-

nelling and delocalization in photosynthetic light harvesting. Physical Chem-

istry Chemical Physics, 18(10):7459–7467, 2016.

[44] Thorsten Ritz, Salih Adem, and Klaus Schulten. A model for photoreceptor-

based magnetoreception in birds. Biophysical journal, 78(2):707–718, 2000.

[45] Sönke Johnsen and Kenneth J. Lohmann. The physics and neurobiology of

magnetoreception. Nature Reviews Neuroscience, 6(9):703–712, sep 2005.

[46] Nina Keary, Tim Ruploh, Joe Voss, Peter Thalau, Roswitha Wiltschko, Wolf-

gang Wiltschko, and Hans-Joachim Bischof. Oscillating magnetic field disrupts

magnetic orientation in Zebra finches, Taeniopygia guttata. Frontiers in Zo-

ology, 6(1):25, 2009.

[47] Christopher T Rodgers and Peter J Hore. Chemical magnetoreception in birds:

the radical pair mechanism. Proceedings of the National Academy of Sciences,

106(2):353–360, 2009.

[48] Thorsten Ritz, Peter Thalau, John B. Phillips, Roswitha Wiltschko, and Wolf-

gang Wiltschko. Resonance effects indicate a radical-pair mechanism for avian

magnetic compass. Nature, 429(6988):177–180, may 2004.

[49] Thorsten Ritz, Roswitha Wiltschko, P J Hore, Christopher T Rodgers, Ka-

trin Stapput, Peter Thalau, Christiane R Timmel, and Wolfgang Wiltschko.

Magnetic compass of birds is based on a molecule with optimal directional

sensitivity. Biophysical journal, 96(8):3451–7, apr 2009.

[50] Erik M Gauger, Elisabeth Rieper, John JL Morton, Simon C Benjamin, and

Vlatko Vedral. Sustained quantum coherence and entanglement in the avian

compass. Physical review letters, 106(4):040503, 2011.

[51] Hamish G Hiscock, Susannah Worster, Daniel R Kattnig, Charlotte Steers,

Ye Jin, David E Manolopoulos, Henrik Mouritsen, and PJ Hore. The quantum

needle of the avian magnetic compass. Proceedings of the National Academy

of Sciences, 113(17):4634–4639, 2016.

[52] M. I. Franco, L. Turin, A. Mershin, and E. M. C. Skoulakis. Molecular

vibration-sensing component in Drosophila melanogaster olfaction. Proceed-

ings of the National Academy of Sciences, 108(9):3797–3802, mar 2011.

120



BIBLIOGRAPHY

[53] Thomas P Hettinger. Olfaction is a chemical sense, not a spectral sense. Pro-

ceedings of the National Academy of Sciences of the United States of America,

108(31):E349; author reply E350, aug 2011.

[54] Ross D. Hoehn, David E. Nichols, Hartmut Neven, and Sabre Kais. Status of

the vibrational theory of olfaction. Frontiers in Physics, 6:25, 2018.

[55] Daeho Yang, Seung-hoon Oh, Junseok Han, Gibeom Son, Junki Kim, Jinuk

Kim, and Kyungwon An. Observation of superabsorption by correlated atoms.

arXiv preprint arXiv:1906.06477, jun 2019.

[56] Ahsan Nazir and Dara P S McCutcheon. Modelling exciton–phonon in-

teractions in optically driven quantum dots. J. Phys. Condens. Matter,

28(10):103002, feb 2016.

[57] Hila Toporik, Jin Li, Dewight Williams, Po-Lin Chiu, and Yuval Mazor. The

structure of the stress-induced photosystem I–IsiA antenna supercomplex. Na-

ture Structural & Molecular Biology, 26(6):443–449, jun 2019.

[58] Hanan Schoffman and Nir Keren. Function of the IsiA pigment–protein com-

plex in vivo. Photosynthesis Research, 141(3):343–353, sep 2019.

[59] F. Mattiotti, W. M. Brown, N. Piovella, S. Olivares, E. M. Gauger, and G. L.

Celardo. Bio-inspired sunlight-pumped lasers. Under review, 2020.

[60] Igor Pochorovski, Tim Knehans, Daniel Nettels, Astrid M. Müller, W. Bernd

Schweizer, Amedeo Caflisch, Benjamin Schuler, and François Diederich. Ex-

perimental and Computational Study of BODIPY Dye-Labeled Cavitand Dy-

namics. J. Am. Chem. Soc., 136(6):2441–2449, feb 2014.

[61] Junhua Yu, Xuesong Wang, Baowen Zhang, Yuxiang Weng, and Lei Zhang.

Prolonged Excited-State Lifetime of Porphyrin Due to the Addition of Col-

loidal SiO2 to Triton X-100 Micelles. Langmuir, 2004.

[62] Frank Würthner. Dipole–Dipole Interaction Driven Self-Assembly of Merocya-

nine Dyes: From Dimers to Nanoscale Objects and Supramolecular Materials.

Acc. Chem. Res., 49(5):868–876, may 2016.

[63] Elisa A. Hemmig, Celestino Creatore, Bettina Wünsch, Lisa Hecker, Philip
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[163] Xiche Hu, Ana Damjanović, Thorsten Ritz, and Klaus Schulten. Architecture

and mechanism of the light-harvesting apparatus of purple bacteria. Proceed-

ings of the National Academy of Sciences, 95(11):5935–5941, 1998.
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