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Abstract

The overarching theme of this thesis was to develop a state-of-the-art multi-

photon experiment at telecom wavelengths. With this platform the following exper-

iments in quantum information processing were performed: testing of local observer

independence [1], multiqubit phase estimation [2], measurement-device-independent

verification of quantum channels [3], assisted macroscopic quantumness [4] and ex-

perimental quantum conference key agreement [5]. My focus has been primarily

on the signal processing / data analysis required in particular for the required en-

gineering for the used single-photon sources [6] developed by our group and most

prominently for the “big data” produced in measurement of the joint spectra such

as our demonstration of time-frequency modes from engineered nonlinearites [7].

The analysis required for our source engineering efforts has resulted in the my de-

velopment of a pair of models to determine accurate multi-photon detection rates

and signal-to-noise ratios of each single-photon source. In order to extract the joint

spectra from the measured “big data” I have developed a time-correlated single-

photon counting toolkit. In this thesis I will outline the following, the requirements

for building a high performance single-photon source, develop a pair of models for

analysing the signal-to-noise ratio for a number of sources along with exploring the

benefits that can be seen via multiplexing. Further, the design of time-correlated

single-photon-counting hardware is discussed along with the methods needed to pro-

duced meaningful analytics from the data output from said hardware. Finally the

joint spectra of a number of down-conversion based single-photon sources are recon-

structed via dispersive spectroscopy allowing for the spectral purity to be estimated

in each case, this is then extended by use of image processing techniques in order to

determine whether our estimates can be improved. In all, this thesis discusses what

we need from a single-photon source, how to optimise the experimental configura-

tion for high detection rates and signal-to-noise ratios, how to analyse the resulting

signals and then finally combining these into measurement of spectral purity re-

sulting in a broad investigation of single-photon source performance with a view to

multi-photon experiments.
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Chapter 1

Introduction

Quantum technologies exploit the quantum principles of superposition and entan-

glement, promising to solve problems insurmountable to their classical counterparts,

such as faster computation of classically hard problems, more precise sensors and

encryption that can’t be broken by current means. A wide variety of physical sys-

tems are being investigated for their use in quantum technologies. Amongst these,

quantum photonics with single photons is currently a lead candidate because it can

be applied to all areas of quantum information processing (QIP); computing, simula-

tion, communication and metrology. In particular, since photons can be distributed

over long distances either over free-space or existing telecommunications fibre net-

works it is and will remain the only suitable candidate for quantum communication.

A quantum photonics experiment broadly consists of three building blocks, the

generation of quantum light, its coherent interaction, and, ultimately, its detection.

The appeal of quantum photonics, and one reason it is so widespread, has long

been that all three building blocks are relatively easy to implement. Components

are comparably cheap, and it is straightforward to generate, manipulate and detect

light even at the single-photon level. Since single photons do not couple to their

environment, coherence is maintained almost indefinitely. However, this apparent

ease of use comes with a significant drawback: all three building blocks, as currently

implemented, are probabilistic in nature. Single-photon sources mostly emit either

nothing at all or sometimes more than just one photon, two-photon interactions are,

due to a lack of deterministic nonlinear gates, realised via probabilistic interference

effects in linear optics, and photon detection will, while detectors have advanced

1



Chapter 1: Introduction

drastically, never reach 100% efficiency due to inevitable optical loss.

Nevertheless, there is a route to scalability which will overcome these problems;

by multiplexing sources or making them deterministic, by loss-encoding with either

massive overheads such as in the KLM scheme [8], or by cluster percolation [9] and

by further developing and integrating already highly efficient detectors.

The overarching theme of this thesis was the development of state-of-the-art

multi-photon experiments at telecom wavelengths. With this platform the fol-

lowing experiments in quantum information processing were performed: assisted

macroscopic quantumness [4], testing of local observer independence [1], multiqubit

phase estimation [2], measurement-device-independent verification of quantum chan-

nels [3], experimental quantum conference key agreement [5]. My focus has been

primarily on the signal processing / data analysis required in particular for the re-

quired engineering for the used single-photon sources [6] and most prominently for

the “big data” produced in measurement of the joint spectra such as our demonstra-

tion of time-frequency modes from engineered nonlinearites [7].

In order to achieve this the development of single-photon sources has been key

with my focus primarily being that of signal processing and data analysis required

for the creation of useful analytics surrounding the experimental configurations. As

a result the thesis is organised as follows:

In chapter 2 we will start with a technical foundation, discussing the background

of the above mentioned building blocks for quantum light creation → manipulation

→ detection. This will include an in-depth section on heralded photon sources,

parametric downconversion theory, and an overview of current source and photon

detector technology.

This is followed by defining a pair of models in chapter 3 to explore the effects

of loss and those produced in having components with fixed reset times. Here we

will include validation against measurements to assess their suitability.

Next in chapter 4 we will tackle the topic of speed limits present in quantum

photonic experiments by using the models developed in the previous chapter. In-

cluded here is exploration of some of the key relations such as whether or not it an

experiments clock rate should be faster than that of what can be observed by the

detectors. Finally we will complete a global sensitivity analysis to determine out of

2



Chapter 1: Introduction

each of the features we have modelled has the greatest effect when considering the

signal recorded and its associated signal to noise ratio.

Further in chapter 5 we give a full treatment of time correlated single photon

counting (TCSPC) from the hardware required as well how the software needed to

operate on the data produced should be constructed providing a general prescription

of how to implement operations on the data.

Finally chapter 6 covers the measurement of the joint spectral intensity (JSI) of

a bi-photon state, to do so we draw on the work in chapters 3 to 5 such that we have

ideal conditions to conduct the experiment as well the tools to construct the JSI data.

With this we cover the generation, detection and analysis of how to create photons

that are pure in both their number and spectral degrees of freedom. chapter 7 closes

the work presented with the application of image processing techniques applied to the

reconstructed joint spectral intensity measurement of chapter 6 in order to improve

estimations of spectral purity.

3



Chapter 2

Building Blocks of Quantum

Photonics

To begin building a quantum photonics platform we must first consider the methods

to generate single-photons. Single-photon sources have been developed since the

1970s [10], there are two broad categories, either probabilistic or deterministic single-

photon sources. Where probabilistic sources require the generation of a pair of single-

photons in which one of them is used to herald the existence of the other, defining

our “single-photon”. For the purpose of this thesis we will focus on probabilistic

generation methods.

The ideal single-photon source has the following characteristics: it emits one —

and only one — photon per trigger event, in a pure quantum state, at high bright-

ness, i.e. the ability to emit a single-photon for a very small input powers. For

photon pair sources, brightness is defined as the number of photon pairs per milli-

watt of power used to trigger emission. An additional, desirable criterion, is a centre

wavelength of 1550 nm and a reasonably narrow bandwidth. This would guaran-

tee compatibility with telecom fibre infrastructure, including components such as

wavelength-division multiplexers etc. with minimal loss and dispersion, and ulti-

mately narrow-band quantum memories.

Single quantum emitters are artificial two-level structures that emit ideally one

and only one single photon. These emitters can be constructed in semiconductors

as quantum dots [11, 12], nitrogen vacancies [13] in diamond or other materials,

individual trapped atoms [14, 15] or ions [16], molecules [17, 18] and more. Typically

4



Chapter 2: Building Blocks of Quantum Photonics

each of the technologies listed here rely on similar operating principles where for

single-photon emission the emitter is placed into an excited state via some external

control system, relaxation from this excited state provides the emission. Whilst they

promise near deterministic emission simultaneously achieving high output coupling

into a fibre remains a key challenge in their development — the best examples

make use of cavity designs using the Purcell effect [19, 20] while maintaining high

brightness [21], a low g(2)(0) [22] and spectral purity, or indistinguishability [23]. In

particular, despite much progress including with individual tunability, interference

between dots remains of poor quality. However, there has been significant success

with photons demultiplexed from individual dots [24, 25], taking multiple emissions

from the same quantum dot and separating them over multiple spatial channels.

Ever since the first demonstration of a cascade emission [10, 26, 27] photon pair

sources have been the driving force of experimental QIP, gaining increased interest

with the first source of entanglement in nonlinear parametric downconversion [28,

29], where one photon of a pump laser converts into two lower energy photons

maintaining conversation of energy and momentum. Photon pair sources can deliver

very high brightnesses, are flexible in terms of operation wavelength and tunability

and have been used to demonstrate many firsts in quantum photonics such as that of

teleportation [30], the first three-particle entanglement [31], and can now the ability

to entangle up to 12 photons [32]. However, a major drawback is that the probability

to generate a photon pair is low, and while it can be increased by pumping with

higher power, this leads to a concurrent decrease in the signal-to-noise ratio due to

the probabilistic nature of emission. As a result both the single pair and multiple pair

emission probabilities increase with increasing pump power, this will be discussed

in detail later on.

Commonly, when discussing photon-pair sources, the polarisation basis is used

to for manipulation of photons however other degrees of freedom (DOFs) are avail-

able for this task. These include: orbital angular momentum (OAM), time-bins 1,

frequency as well as spatial and/or longitudinal modes. This thesis focuses primarily

on polarisation based entanglement, reporting on the novel use of time-frequency

modes in chapter 6.
1The temporal position of a photon can be shifted such that there exists both an “early” and a

“late” arrival time for each photon.

5



Chapter 2: Building Blocks of Quantum Photonics

Two-photon interactions are a much harder problem to overcome, since photon-

photon interaction is much too weak to be exploited directly. Methods to interact

with one or more photons can be described as making use of either linear, consisting

of devices like beamsplitters and phase shifters, or nonlinear optical elements such

utilisation of the Kerr effect or frequency mixing. The primary method is to use

Hong-Ou-Mandel interference [33] with linear optical components, an effect causing

identical photons that arrived at the input ports of a symmetric beamsplitter simul-

taneously to both exit at the same output port. This is the basis of all of optical

QIP, however it leads to limited success probabilities which will have to overcome

at the cost of overheads.

After manipulating our single photons we need single photon detectors to signal

the creation and manipulation of photons within our experiment. It has been com-

mon place to employ semiconductor avalanche photo diodes in this role providing us

up to around 60% detection efficiency at around 700 — 800nm, with this efficiency

getting much worse in InGaAs based diodes at telecom wavelengths. However, with

the advent of superconducting detector technologies [34, 35] higher efficiencies are

obtainable when operating at telecoms wavelengths. Further detectors making use of

the transition between the normal and superconducting states (Transition edge sen-

sors, (TES)) can reach near unity detection efficiency as well as determine the total

number of photons that arrived simultaneously (photon-number resolution). This

unfortunately comes with typical detector reset times of the order of microseconds,

a limitation when high use of fast (MHz to GHz) signals. However superconduct-

ing nanowire single photon detectors (SNSPDs) possess reset times of a few tens of

nanoseconds as well as beginning to approach 90% detection efficiency [36]. Further,

by using an array of SNSPDs partial photon-number resolution is achievable [37]

This lack of determinism across the three basic building blocks of quantum pho-

tonics ultimately leads to scalable QIP being a difficult goal to achieve. In particular,

it is clear that if a single photon is created, manipulated correctly, and detected with

probability p, a generic N-photon QIP protocol will be successful with probability

pN , which will be near zero for anything other than p being very close to 1 or N

being small. With this in mind various schemes have been developed to enable scal-

able linear-optical QIP schemes and universal linear optical quantum computers in

6



Chapter 2: Building Blocks of Quantum Photonics

particular. Possibly the most famous of these proposed schemes is the KLM proto-

col, named after its inventors Knill, Laflamme and Milburn [8]. The KLM scheme

can overcome the probabilistic nature of linear-optics two-photon interactions by

making use of entangled single photons states, extra (ancilla) photons and quantum

teleportation which allows to “carry forward” successful outcomes into the process-

ing line by the teleportation process. In short, even though two-photon interference

must be used, the inclusion of entanglement and teleporting successful results onto

the ancilla (the processing line) allows us to get closer to unity success probabilities.

The KLM protocol formed the basis for a proliferation of efforts into linear optics

research. However, while it did provide a route to scalability for linear optical quan-

tum technology, it was always clear that it was not the most practical due to a large

overhead resource cost in the form of ancilla photons, additional interactions, and

required classical feed forward stages.

Raussendorf [9] et al proposed the idea of quantum computation executed over

cluster states as an implementation of measurement based quantum computing

(MBQC [38–43]). Cluster states provide an alternative where instead of successive

application of a series of one- and two-photon gates in the so-called circuit model,

we build up a quantum state with a high degree of entanglement between each of

its constituent photons and proceed to apply a series of measurements to it after

creation to complete our information processing. Under this regime the overhead

is now replaced with the challenge of constructing such a state. Under this scheme

we eschew the large network of optical elements for a large network of entangled

photons, with such a network we can then proceed to measure individual photons

within the network, performing our processing as we do so. To pick a more desirable

scheme to complete our quantum information processing means considering which

is more scalable, construction of a large optical network or construction of a large

network of entangled photons.

Working in the direction of creation → manipulation → detection of quantum

light, we will first review some background theory on single-photon sources followed

by detectors and then finally the processing of detection events. From fig. 2.1 we

detail a typical laboratory scenario where we have a pump laser, some number of

photon sources, our photonic circuit finalised with our detection and processing.

7
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Figure 2.1: The three building blocks for quantum photonics. Replication
of experimental scheme seen in [1], whereby a six photon experimental scheme was
developed to test local observer independence. Creation : A laser pumps each of
the sources, Sa,b,α, generating pairs of entangled photons. Manipulation : Alice and
Bob manipulate their own along with one photon each from the pair emitted by Sα.
They do this though linear optical elements, in the form of beamsplitters, half-wave
plates and quarter-wave plates. Detection : Each photon is detected by a separate
detector and each detector output is processed by a timing device to determine if
the generation and manipulation performed was successful.

2.1 Photon Sources

For photonics to be a suitable QIP platform a significant amount of attention must be

afforded to how we create single photons. Single photon sources that emit photons

only when triggered and each emitted photon must be indistinguishable from all

previous and successively emitted photons from both the source they are emitted

from as well all other sources. As such development of single photon sources has

undergone continuous development since their inception.

Further we should take care to note that due to extraction losses (e.g. when trying

to couple the light generated from a quantum dot held in cryostat, the required optics

are not perfect) even sources with deterministic photon generation can be subject

to probabilistic emission.

Categorising the realisation of single photon sources into either being single quan-
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Figure 2.2: Comparison between emission efficiency and g(2)(0) of a range
of single-photon sources. Detection efficiency represents how close a source is to
be able to emit a photon every time we trigger it. Measuring g(2)(0) allows us to
determine how pure the sources emission is in terms of the photon number. With
these two values we can compare how well a source performs with the ideal source
having as high an emission efficiency and as low a g(2)(0) as possible, under these
conditions we would have one and only one photon every time we trigger the source.

tum emitters or parametric optical processes, consisting of the likes of quantum

dots, nitrogen vacancy (NV) centres and trapped ions or parametric downconver-

sion (PDC) and four-wave mixing (FWM), respectively, provides us a basis to con-

sider how we want to build and utilise our source. In the realm of single quantum

emitters it is possible to achieve a deterministic stream of single photons, producing

an output each time the emitter is excited. Single emitters, such as quantum dots

(QD), currently have the capability to produce high number and spectral purities

along with high indistinguishability making them ideal in terms of performance as

single-photon source [54]. Whilst QD based devices have suffered from low extrac-

tion efficiencies reducing the total rate of single-photons observed in the past, recent

developments have resolved this allowing for extraction efficiencies > 70% [23, 55–

60] by combining the QD with a nanoresonator. Further QDs have proven to be

a powerful platform for multi-photon experiments [61, 62], so far allowing for the

realisation of 20-photon experiments [63] by making use of active switching to de-
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multiplex [25] the stream of single-photons into separate paths. Whilst QDs are a

promising platform for QIP the focus here is with PDC based sources.

As for parametric optical processes, like PDC and FWM, the reliance on nonlin-

ear processes results in probabilistic emission. This probabilistic nature includes not

only the successful emission of photons from the source but also the number of pho-

tons emitted. Ideally in a PDC based source the emission of one and only one pair

of photons would be the ideal case, from there one photon of the pair can be used

to herald the existence of the other. However, in practice there exists the possibility

of emitting more than one pair of photons. In order to characterise the probability

of multi-photon emission from a single-photon source it is common to measure the

second-order coherence, g(2), for PDC sources this is achieved by heralding one pho-

ton of each pair whilst directing its counterpart to a beamsplitter with detectors on

both output ports. From the number of coincident detection events at both output

ports of the beamsplitter it is possible to determine the number of multi-photon

generation events that have occurred compared to the number of single pair gener-

ation events. A comparison between emission efficiency and second-order coherence

can be seen in fig. 2.2 for a range of different types of single-photon sources. It has

been shown by Christ et-al. [64] that the probabilistic nature of PDC sources can

be overcome to achieve > 99% single-photon emission probability by use of 17-PDC

sources, an N:1 switch and photon-number resolving detectors.

2.1.1 Source Brightness and Efficiency

To define fully the brightness of a PDC source and better define its efficiency we

must first detail the quantum state created by the PDC source. Using the creation

and annihilation operators, a† and b† for the signal and idler modes:

|n〉i =
(a†)n√
n!
|0〉i (2.1)

|n〉s =
(b†)n√
n!
|0〉s (2.2)

Here |0〉i,s represents the vacuum for both the signal and idler modes allowing

us to represent the PDC state in terms of photon number as [65]:

10
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|ψPDC〉 =
√

1− λ2

∞∑
n=0

λn|n〉s|n〉i, (2.3)

with λ containing information about the nonlinear interaction and pump power and

n representing the photon number. The interaction between the pump light and the

nonlinear PDC medium along with the dependence on pump power are expressed

through λ =
√
γP by γ and P respectively. This is an extension of the following

representation λ = ξτ found when deriving eq. (2.3) from the Hamiltonian describing

the PDC process [65]:

Ĥ = iξ~
(
â†1b̂
†
1 + h.c.

)
(2.4)

Here ξ encapsulates the nonlinear interaction strength present along with details of

the pump lasers spectral properties.

We move to a picture in which we have the average pump power in P and have

γ contain the information pertaining to spectral properties and interaction time,

the effects of which will be the subject of chapter 4. From eq. (2.3) we can see

that it is possible to have more than a single pair of photons emitted, we typically

consider these higher order emissions as a source of noise causing a degradation to

our signal-to-noise ratio. Considering the probability to emit a pair of photons from

a PDC crystal is then:

Ppair(n) = (1− λP )(λP )n, (2.5)

with n the number of pairs emitted. From this we can then define our signal-to-noise

ratio as:

SNR =
Ppair(1)∑∞
n=2 Ppair(n)

=
1

λP
− 1. (2.6)

Then defining our signal-to-noise ratio from the detected rate, R, for pairs and

signal and idler modes separately as: For more practical situations, like when rates

are being detected and measured from a PDC source eq. (2.6) can be considered to

be of the form:
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SNR =
PCoincidence√
PSignal × PIdler

. (2.7)

With eq. (2.6) it becomes clear that λ plays a key role in determining the signal-

to-noise performance of PDC sources; as this parameter increases so does the prob-

ability and with it emission (detection) rates for higher-order events. We can then

also consider the brightness of the source typically defined as the emitted (detected)

rate of photon pairs per milliwatt of pump power, under this definition we see that

we must also find a method to increase the γ term of λ to create an intrinsically

brighter source however that in doing so we also increase the probability of emitted

more than a single pair of photons in turn reducing the signal-to-noise ratio.

2.1.2 Spectral Purity of PDC States

Above, we discussed the PDC state in the photon-number basis. Equally important

for the quality of a photon source are its spectral properties, so we will now turn to

a description of the PDC state in the frequency domain for a single pair of photons

in the Fock space:

|ψPDC〉i,s =

∫∫
dωidωsf (ωi, ωs) a

†b†|0〉i|0〉s. (2.8)

Here f (ωi, ωs) defines the joint spectral amplitude (JSA), which determines the

spectral purity of a photon heralded from a PDC photon pair. Through the JSA we

can observe the spectral correlations in the photon pairs arising through conserva-

tion of energy and momentum in the PDC process. Through application of filters

we can reduce the joint spectra to contain only the desired correlations. Group-

velocity matching (GVM) provides a different method to achieve this, by finding

the conditions under which the desired pump and PDC wavelength phase-match

in crystals that allow the inverse group velocity of the pump to match either one

of or the average of both the PDC photons inverse group velocities as experimen-

tally demonstrated by Mosley et-al. [66]. There exists two possible cases for GVM:

symmetric and asymmetric. In symmetric GVM, the group velocity of the pump

lies exactly halfway between the group velocities of the signal and idler photons,

whereas in asymmetric GVM either one of the signal or idler photons is matched to
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the pump photons group velocity. In doing so the timing information between the

pump and PDC photons can be erased which in turn provides a JSA with greater

separability and so a higher spectral purity. The JSA, represented by f , is defined

as following product of two other functions:

f (ωi, ωs) = α (ωi, ωs)φ (ωi, ωs) . (2.9)

These two functions are the pump envelope function, α (ωi, ωs), and the phase-

matching function (PMF), φ (ωi, ωs). The pump envelope function described for

pump pulses with a sech shape, normally it is taken to be Gaussian, we however

work in the case of mode-locking leading to the sech shape:

α (ωi, ωs) =

∫ ∞
∞

dtsech
(
t

τp

)
ei∆ωt =

√
π

2
τpsech

(
(ωc − ωi − ωs)

πτp
2

)
. (2.10)

The parameter τp is dependent on the FWHM of the pump pulse whilst ωc denotes

the central frequency between the signal and idler modes. The phase-matching

function depends on the nonlinearity of the PDC medium and the phase mismatch,

defined as:

φ (ωi, ωs) =

∫ ∞
∞

dzg(z)ei∆k(ωi,ωs)z, (2.11)

where ∆k (ωi, ωs) provides the phase mismatch (i.e. the inefficiency in the PDC

process brought about by material dispersion), g(z) = χ(2)(z)/χ(0) provides the

nonlinear interaction. For ppKTP crystals the following structure for the PMF

follows:

φ (ωi, ωs) = sinc
((

∆k(ωi, ωs)−
2π

Λ

)
L

2

)
(2.12)

The poling period present in the crystal is expressed by the Λ parameter whilst

L is the length of the crystal. We can infer from eq. (2.12) that phase-matching

is maximal when ∆k(ωi, ωs) − 2π
Λ

= 0.The sinc nature arises from the transition

experienced by the pump photons from travelling through an environment with no

nonlinearity to nonlinearity then being present, and back again. This instantaneous
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switching on and off of the nonlinearity results in rectangular nonlinearity profile

the Fourier transform of which is the sinc function present in eq. (2.12).
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Figure 2.3: Tailoring the phase-matching function allows for producing
higher spectral purity heralded photons. The upper and lower panels in the
centre of the figure show the difference between a sinc shaped and Gaussian shaped
phase-matching function respectively. We can clearly see the oscillations in the sinc
function extending across the diagonal, whereas for the Gaussian we have only the
central phase-matching. For the same pump envelope function we find that the
resulting joint spectra in each case markedly different. The sinc oscillations persist
into the joint spectra whereas for the Gaussian we are left with a single central
lobe. In performing the purity calculation on each of these joint spectra we find
a significant improvement in spectral purity in using a Gaussian PMF of ≈ 22%
over that calculated for a sinc PMF. The phase-matching functions here operate in
a symmetric GVM scheme where the pump wavelength is at 775nm and both the
signal and idler have a target of 1550nm.

The phase-matching function provides a method to increase the spectral purity

of our PDC state, periodically poled crystals are subject to the shape of the sinc

function and so their JSA contain a series of side lobes extended away from the

centre, these side lobes have the effect of reducing the overall spectral purity. By

tailoring the PMF, and so shaping the JSA, it becomes possible to design PDC

crystals with inherently higher spectral purities without having to filter the emitted

photons in order to remove the side lobes.This tailoring process is achievable by

manipulating the crystal domain orientation along the longitudinal axis of the PDC
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crystal combined with specifying the length of each respective crystal domain. The

nonlinearity profile defined by the order of crystal domain orientations and lengths

can be related to the joint spectra of the PDC photons by means of a fourier trans-

form. A full consideration of the process required to tailor the nonlinearity profile

along the longitudinal axis has been refined by our group [67, 68]. The experimen-

tal validation of a pair of different crystal designs have been completed, the first

designed to emit higher purity PDC photons [6], and the second designed to emit

photons with time-frequency mode entanglement [7].

Calculation of spectral purity from the JSA is achieved by means of Schmidt

decomposition, returning a number of Schmidt magnitudes across the frequency

space of the spectra. The Schmidt decomposition of the form:

f(x, y) =
∑
k

κkg(x)h(y), (2.13)

allows for the joint spectra of the PDC photons eq. (2.9) to be decomposed

into a range of positive values, κk and a pair of complete orthonormal functions

gk(x) and hk(x) that correspond to the signal and idler frequencies respectively.

The decomposition process operates on the JSA as a continuous function over the

parameters ωs and ωi, however analytical solutions are not necessarily convenient

and so we instead translate the JSA to a discrete matrix comprised of a pair of

orthogonal matrices for the signal and idler modes along with a diagonal matrix

composed of the Schmidt magnitudes, κk. By taking the reciprocal of the Schmidt

number:

K =
∑
k

1

|κ2
k|

(2.14)

we can extract the spectral purity from the JSA found in the two-photon PDC state

eq. (2.7), allowing us to determine how indistinguishable the heralded photons are

with a spectral purity of 1 being the maximum. Similarly, singular value decompo-

sition can be applied to measurements of joint spectra as this produces an estimate

of the Schmidt coefficients allowing for estimations of spectral purity to be made.

This is explored further in chapter 6 where the joint spectral intensity of a range of

PDC crystals is reconstructed.
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2.2 Detectors
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Figure 2.4: Outputs of binary and photon number resolving detectors.
Binary detectors are only able to out put a signal showing if they are on or off
resulting in all detection events in having a |n > 1〉 state. In contrast the photon
number resolving detector allows us to distinguish between each |n〉 state within the
limit it can resolve providing a distribution for each state reaching the detector.

Once it comes to detection of our quantum light we have a further number of

decisions to make dependent on the type of detection that we want as well as what

type of detector suits the application best. Detectors fall into one of two basic

classifications; “binary” detectors in which the detector is either on or off (on when

one or more photons arrive at it) and photon-number-resolving (PNR) detectors

where the number of photons arriving at the detector can be observed instead of

just whether or not a signal arrived. Further, the detection method then has its own

types, photo multiplier tubes (PMT), micro channel plates (MCP), avalanche photo

diodes (APD) and superconducting detectors. Each of these detection technologies

have their own unique behaviours however they can all be benchmarked by a set of

common descriptors such as, detection efficiency, dark count rate, detector jitter and

detector reset time (or dead time). Each of these characteristics provide their own

limiting factors and whilst one detector may be best in one it may not be suitable

for certain applications, for example whilst PNR detectors give information into the

photon number they are slow to reset and so might not be suitable choices for the

like of quantum key distribution (QKD).

PMTs, one of the oldest technology for single photon detection, wherein a photon

enters the tube hits the photocathode to release a primary electron which then

proceeds to hit the first dynode producing the first release of secondary electrons
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which in turn hit the next dynode and so on until all of the secondary electrons

reach the anode to produce a detection signal. MCP operate under much the same

principle, but also gain the spatial resolution given the fact that each channel behaves

as its own PMT, optionally also containing a fluorescent screen as well as a CCD

array.

From these older technologies we arrive at the current “standard”, the avalanche

photo diode (onwards referred to as a single photon avalanche photo diode (SPAD)),

once a photon is absorbed it creates an electron-hole pair in the semiconductor

(InGaAs/InP) detector causing an avalanche current (self sustaining) to produce an

output pulse we can then process. APD’s have seen successive improvements since

first realised, initially implemented in silicon they have since been implemented on

the CMOS process allowing for the realisation of SPAD arrays, comprising of a grid

SPAD detectors with lower jitter, dark count rates and shorter dead times [69].

A

B C

D

F E

Figure 2.5: Operating principle of superconducting nanowire single-photon
detector. (A) The nanowire is in the superconducting state well below the critical
temperature and is biased slightly below the critical current. (B) Once the nanowire
absorbs a single-photon a resistive hotspot is formed. (C) The current density
surrounding the hotspot begins to increase. (D) Resistive barriers form on both
sides of the hotspot. (E) This results in joule heating, increasing the size of the
resistive region across the nanowire until the current flow is blocked, the bias current
can then be readout by the amplifiers. (F) The resistive region now reduces and the
nanowire can enter the superconducting state again.

Beyond these technologies are those of superconducting detectors which promise

detection efficiencies in excess of 80% along with low jitter and even shorter dead
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times and finally the possibility of photon-number resolution. Within the realms of

superconducting detectors there exists two key technologies, transition edge sensors

(TES) and superconducting nanowire single-photon detectors (SNSPD), functioning

as PNR and bucket detectors respectively. TES based photon detectors employ a

thin film of superconducting material (≈20nm thick) weakly thermally coupled to a

bath of coolant (for example liquid helium), by placing a bias current over the film

resulting in an electrical resistance holding the material in the centre of its transition

region. As a result when a photon is incident on the surface of the film, a small

amount of localised heating is caused leading to a raising in resistance causing a

drop in the current along with a drop in the joule power cooling the device back

down, this process pushes the material past its transition edge to a traditional con-

ductor and then cools it back down into its transition region. By means of inductive

coupling between the superconducting film and a superconducting quantum inter-

ference device (SQUID) it is possible to provide a readout for this process as changes

in the current over the film will result in changes in the flux across the SQUID. This

process provides the TES’s greatest feature but is also the reason they are known

for long reset times of the order of microseconds, as the photon number incident on

the film increases so does the time taken to return to the transition region due to

the amount of heating caused [70].

Similarly nanowire based detectors (SNSPD) operate under a thermal process, in

this case the impact of a photon on the nanowire causes the break down the super-

conducting phase leading to a localised temperature increase (creating a hotspot).

Due to the bias current being set to a point lower than that of the critical supercon-

ducting current the creation of a hotspot produces an increase in resistance across

the nanowire greater than 50 Ω (typical readout resistance). Subsequently this pro-

vides a shunt current towards the readout electronics amplifier resulting in an output

detector pulse, in turn this process also provides a mechanism for the nanowire to

return back to its superconducting temperature ready for detection again. Much

like for APDs, arrays of SNSPDs can be constructed, providing further applications

for imaging as well as to provide some degree of photon-number resolution [37] (by

using a parallel readout, if multiple detectors are triggered at once, the output pulse

can be summed to give determination into the number of photons that arrived).
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All examples of these competing technologies can be evaluated through the same

set of features, those of; detection efficiency, jitter, reset time and dark count rate.

In an ideal detector we would have 100% detection efficiency, zero jitter, infinitely

short reset time and no dark counts.

Detector type
Detection efficiency,
wavelength η(%),
λ(nm)

Timing jitter,
δt(ns)(FWHM)

Dark-count rate,
D (ungated) (1/s)

Max. count rate
(106/s) Citations

PMT (visible-near-infra-red) 40 @ 500 0.3 100 10 [71]
PMT (infra-red) 2 @ 1550 0.3 200 000 10 [72]
Si SPAD (thick junction) 65 @ 650 0.4 25 10 [73]
Si SPAD (shallow junction) 49 @ 550 0.035 25 10 [74]
Si SPAD (self-differencing) 74 @ 600 ... 2000 16 [75]
Si SPAD (linear mode) 56 @ 450 ... 0.0008 0.01 [76]
Si SPAD (cavity) 42 @ 780 0.035 3500 10 [77]
Si SPAD (multipixel) 40 @ 532 0.3 25000 - 500000 30 [78]
Hybrid PMT (PMT + APD) 30 @ 1064 0.2 30 000 200 [79]
Time multiplexed (Si SPAD) 39 @ 680 0.4 200 0.5 [80]
Time multiplexed (Si SPAD) 50 @ 825 0.5 150 2 [81]
Space multiplexed (InGaAs SPAD) 33 @ 1060 0.133 160 000 000 10 [82]
Space multiplexed (InGaAs SPAD) 2 @ 1550 ... ... 0.3 [83]
InGaAs SPAD (gated) 10 @ 1550 0.37 91 0.01 [84]
InGaAs SPAD (self-differencing) 10 @ 1550 0.055 16 000 100 [85]
InGaAs SPAD (self-differencing) 10 @ 1550 ... ... ... [86]
InGaAs SPAD (discharge pulse counting) 7 @ 1550 ... 40 000 10 [87]
InP NFAD (monolithic negative feedback) 6 @ 1550 0.4 28 000 10 [88]
InGaAs (self-quenching and self-recovery) ... @ 1550 10 ... 3 [89]
CIPD (InGaAs) 80 @ 1310 ... ... 0.001 [90]
Frequency up-conversion 8.8 @ 1550 0.4 13000 10 [91]
Frequency up-conversion 56-59@ 1550 ... 460000 5 [92, 93]
Frequency up-conversion 20 @ 1306 0.62 2200 10 [94]
VLPC 88 @ 694 40 20000 10 [95]
VLPC 40 @ 633 0.24 25000 10 [96]
SSPM 76 @ 702 3.5 7000 30 [97]
TES (W) 50 @ 1550 100 3 0.1 [98]
TES (W) 95 @ 1556 100 ... 0.1 [99]
TES (Ha) 85 @ 850 100 ... 0.1 [100]
TES (Ti) 81-98 @ 850 100 ... 1 [101, 102]
SNSPD 0.7 @ 1550 0.06 10 100 [103]
SNSPD (in cavity) 57 @ 1550 0.03 ... 1000 [104]
Parallel SNSPD 2 @ 1300 0.05 0.15 1000 [105]
STJ 45 @ 350 2000 ... 0.01 [106–108]
QD (resonant tunnel diode) 12 @ 550 150 0.002 0.25 [109]
QDOGFET (field-effect transistor) 2 @ 805 10000 150 0.05 [110–112]

Table 2.1: Comparison of various single-photon detector technologies.
Single-photon detectors can be designed for use at a wide range of different wave-
lengths. Each of these technologies have their respective performance advantages
and disadvantages. Ideally, for our desired operating wavelength, we want a detector
with a dark count rate of zero, i.e. there are now accidental detection events that
arise from the construction of the detector. Next we want unit efficiency such that
we can detect as much of the signal that we produce as possible. In combination
with detection efficiency we also need our detectors to have as short a possible reset
time (≈ 1

Max. Count rate) in order to avoid “dropping” photons as the detector isn’t
ready to detect them. And finally to maintain the precision of our measurements
we need detectors with a small timing jitter. (Reconstructed from [113])

Finally after being able to detect the light that we have produced and manipu-

lated we require a means to process the results.
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2.3 Timing Logic

With our states generated and results detected it is now time to process the signals

from the detectors. When it comes to the signal processing we are usually interested

in a few pieces of information, the first being the time of when the photon arrived

at the detector (either absolute or relative timing), the photon flux at each detector

and then correlations between detector channels. Such correlations, the coincidences

between channels, may not have arrived at the detectors simultaneously we can apply

electronic delays to the signals or afterwards as a post processing action to account

for any effects due to path lengths between the manipulation of quantum light and

its detection.

Timing information can be carried out with the likes of a time-tagging device

or a time-difference analyser (TDA), should we want to be looking at the detec-

tor signal between channels or against some reference clock signal. In both cases

we can investigate the photon arrival times with both (either) absolute or relative

timing, absolute timing being in relation to a clock signal (employed as part of the

experiment) and relative timing being just the delays present between each channel.

For example, if we were to investigate the biphoton spectra of an SPDC source we

would require both relative and absolute timings, first we would use relative timings

to find the delays between the channels connected to the SPDC source followed by

finding the absolute timing between those channels and our reference clock such that

we can then reconstruct the spectra (we will go into further detail on this topic in

chapter 6). In the case of the TDA it is possible to find the correlations between

detector channels as bins of a histogram and when using time tagging we can expand

on this further, as in we become able to easily access the value for the flux at a given

detector as well as the timing information for each photon arriving along with any

and all of the combinations of coincident detection events. Further for time tagging

it becomes possible to collect a stream of time tags in a buffer on a host computer for

further processing, i.e. if we wanted to perform an experiment in which we needed

a pair of SPDC sources but only had one we could use this to look for coincidence

events that repeat in time along the buffer, providing us with further inspection.

More commonly however, a stream of time tags can be written to a hard drive for

storage of an experiments result for later post processing.
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Timing devices like these can naively be considered to behave like stop watches

with up to picosecond resolutions, this however is an oversimplification as to achieve

resolutions like this the timing afforded by the likes of a quartz crystal is not nearly

enough. Achievement of such high resolution timing requires more advanced elec-

tronics like a bit rate analogue to digital converters (ADC). One such method for

measuring arrival time to this degree is that of the constant fractional discriminator

(CFD), here a voltage is stepped from 0V to a maximum where each step corre-

sponds to an increase of 1-bit in a register, once an incoming signal arrives at this

voltage ramp the crossing of the signal will cause the value of the register to be read

out, if we then assign each increase in this register to each tick of the devices inter-

nal clock we can output a value for when the detector pulse arrived at our timing

electronics and so know when the photon arrived at the detector.

Alternatively it is possible to construct a series of “delay taps” to determine the

arrival time of each photon, this is a frequently employed method on timing devices

relying solely on what can be employed on an FPGA (whereas that of the CFD may

also need an amount of dedicated digital electronics to also be employed)

Methods like these allow for the implementation of time correlated single photon

counting (TCSPC), where we have both pieces of information, how many photons

have been produced and at what time was each produced. Further this is a technique

that has been extended to detector arrays allowing for time correlated imaging useful

for techniques such as single photon microscopy. Due the flexibility of TCSPC it

has become a staple technology across the field, providing a powerful tool to analyse

our experiments with and provide a method to drive the actions necessary for active

feed forward.
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Chapter 3

Numerical Modelling of

Multi-Photon Experiments

3.1 Introduction

In most photonic quantum information experiments the primary source of errors

are higher-order photon emissions (i.e. events where more than one photon pair was

created simultaneously) in (PDC) sources [114].

When considering the expansion of eq. (2.3) in which the power of the pre-factor,

λ, increases with increasing photon number, a clear trade-off can be observed be-

tween having a high probability to create pairs of photons resulting in a reduction

of integration time and at the same time the option to minimise noise. Multiplexing

of PDC provides a means to facilitate this, either spatially, temporally, or both, and

may be of benefit given our motivation to build state-of-the-art entangled multipho-

ton experiments at telecom wavelengths. Application of multiplexing to the pump

pulse to increase clock rate is already known to suppress noise and as a result the

question then naturally arises for us as to what the optimal clock rate would be

given our constraints on pump power and detector reset times.

We then need to be able to accurately model both single PDC sources as well as

their use within multiplexing schemes that have the capability to increase the proba-

bility to herald a single photon. In the case of spatial multiplexing we would need to

consider a device consisting of several heralded single-photon sources using the first

heralding signal from any of the constituent sources to route the resulting single-
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photon through a many-to-one switch yard into a common shared output mode [115].

From [64] it is shown that 17 PDC sources with photon-number-resolving detectors

and an active switch yard is required to achieve a deterministic “on-demand” source

of single photons and that these high requirements are needed in order to combat the

effects of higher-order emissions. Further, passive temporal multiplexing [116, 117]

schemes wherein the pulses of a pump source are interleaved are capable of sup-

pressing higher-order emissions [118, 119] due to reduction of pump power while

maintaining (or exceeding) observed count rates compared to schemes without mul-

tiplexing. In the expansion of eq. (2.3), in which we see this increase in the exponent

associated with λ, the relation to power (more specifically the amplitude of the elec-

tric field), by interleaving the pump through splitting it in half and then recombining

after offsetting one path we see that the pulse power must be halved and the repe-

tition rate must be doubled for each split accordingly. This results in a reduction of
1
2
for the |11〉 term (single pair emission), 1

4
for the |22〉 term (double pair emission)

and so on, the doubling of the repetition rate compensates for single pair emission

whilst still providing a reduction in double pair and higher emissions. We should

take care here to note that since photons follow Poissonian statistics that the proba-

bility for higher-order emission and that of single-pair emission from multiple sources

are the same, i.e p(1)N ≡ p(N) where N is the number of sources or pairs respec-

tively, meaning that whilst we can increase the number of pairs from a single source

the probability of generating multiple pairs with one from each source is harder to

increase. We can then consider this a method to increase the signal-to-noise ratio

of a single source with respect to photon number.

Alternatively, active temporal switching with a delay line can be used to generate

a predictable pulse train of single photons [120–122]. However, neither of these

approaches is designed to improve the rate of multi-photon events explicitly, instead

they aim to construct a deterministic single-photon source which can then be used for

producing high multi-photon rates. Experimentally these schemes require a trade off

between pump power as well as clock rate (laser repetition rate), increasing the pump

power of an experiment (with PDC sources) allows for higher count rates however

increases both the pair emission rate as well as the higher-order emission rate, the

result of this is a reduction in the signal-to-noise ratio. Alternatively, increasing the
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clock rate increases count rates however detector saturation will occur sooner.

Further, in an experimental setting this requires making considerations for de-

tection efficiency (η) and detector reset/dead times (τ)1, along with clock rate and

pump power. Each of these considerations acts as limiting cases in their own way,

with η providing us with an upper bound on count rates and τ limits the maximum

clock rate we can benefit from [123–125]. Given these factors and a want to generate

ever larger multi-photon states we are left with a need to balance these factors in

order to know how fast an experiment can be run in order to achieve the desired

result within a “reasonable time” frame. The result of the need to balance these

factors including the effects arising from multiplexing leads us to the two models

we present here. Further the presented models have been used to inform decisions

made when constructing and refining our quantum photonics platform such as our

decision increase the repetition rate of our pump source at the expense of power for

a better signal-to-noise ratio without too great a loss total emission rates.

3.2 Single-Photon Emission and Detection Models

Here we present a pair of models for the emission and detection of single-photons

emitted from single or multiple sources designed to include the effects of different

source nonlinearities, loss [126] as well as reset/dead times of potential switches, the

detectors and the timing logic such that we can tune them them to optimise sys-

tem performance. Previous models [127–129] have employed matrix exponentiation

to analyse photon generation, transmission and detection and omit the effects of

detector reset times. The first of our methods makes use of combinatorics allow-

ing for us to model the probability that a detector is ready based on experiment

clock speed and reset time. We present a framework to apply these effects to any

system. Secondly we present a Monte-Carlo sampling based method to simulate

the individual emission events, this encompasses the features of the combinatorial

model while allowing us to add specific behaviours relating to the manipulation

of time bins and mixing of modes present in multiplexing schemes. This however

all comes at the expense of computational overhead due to the volume of samples
1The parameter τ related here to detector reset/dead times is different to the source parameter

in section 2.1.1.
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needed when compared to the combinatorial method. The models defined here are

validated against experimental data and values for the free parameters associated

with λ and detection efficiency are determined.

3.2.1 Combinatorial Model

In contrast to previous models developed for photon generation and detection [127–

129], we use a combinatorial approach that does not require matrix exponentiation.

This approach requires calculating the emission probability for each photon number

n, see eq. (2.3) so as to cover all possible emissions from the source. The usual ap-

proach would be to truncate the Fock space to some very limited n. Here we instead

use mathematical toolkits that calculate infinite sums by means of convergence.2

Under this description all major design constraints of single-photon experiments

can be taken into account: the probabilistic nature of photon emission3, losses, im-

perfect detection efficiency, and the finite speed of current photon detectors. The

model consists of three distinct stages: generation, manipulation, and detection. In

the following we will not include state evolution, as it does not significantly affect

the trade-offs we are interested in.

Quantum light, i.e. Fock states, exhibits a sub-Poissonian photon number dis-

tribution whereas single-mode thermal radiation is described by a super-Poissonian

distribution. Further, thermal light sources emit a multi-mode field and as a result

can be described as the convolution of the number distributions for several ther-

mal fields. The ability for PDC sources to emit more than a single pair at a time

represents a system with multi-mode output constructed from an infinite number

single-mode distributions, from this we can turn to the Poissonian distribution as a

basis for our model [130]. The distribution, characterized by the pump power P and

the nonlinearity of the source, described by the parameter γ as well as the number

of photon pairs n.
2 It should be noted that this model relies the on binomial coefficient and as a result makes

heavy use of the factorial function which places a limit of 20! as the largest calculable value under
the 64-bit limit. We choose to make use of arbitrary precision numbers to remove this limitation
at the cost of computational expense. Numbers under the 64-bit limit provide for faster execution
of the model, which may be of use for estimations at the cost of truncation.

3Note that this includes “on-demand” sources, since inevitable losses turn also these into prob-
abilistic sources, albeit with probability on the order of currently 0.1.
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pem(P, n, γ) =
(γP )ne−γP

n!
(3.1)

To obtain the probability for a detector to click, pdet, we have to take into account

all cases where at least k out of n single-photons in a single mode are absorbed by

the detector. In general this probability is given by

pdet(η, n, k) = 1−
k−1∑
i=0

(
n

k

)
ηi(1− η)n−i , (3.2)

where
(
n
k

)
is the Binomial coefficient for choosing k out of n, and η is the detection

efficiency for a given mode.

The final probability required for making predictions about count rates is the

probability that a pair of detectors connected to the same source are ready for

detection, in the sense that they are not currently recovering from a recent detection.

This is obtained from the probability of a photon having been present within the

time t (in seconds) that the detector takes to reset, prior to the current time slot,

and the probability of that photon not having been absorbed.

pready(P,R, t, γ, η1, η2) = (3.3)

( ∞∑
j=0

pem(P, j, γ)pdet(1− η1, j, j)pdet(1− η2, j, j)

)bR×tc
.

Here, R is the repetition rate of the laser in Hz, and bxc denotes the floor function,

rounding x to the nearest integer less or equal to x. η1 and η2 are the detection

efficiencies for the two modes involved. With this the effects of reset (dead) times

can be included in the model, given that we are considering a model operating in the

pulsed regime (as opposed to continuous wave, c.w.) we can consider the reset times

of components as providing a number of pulses where they are unable to function.

The floor function used here seeks to quantise the reset time to the number of time

bins it occupies (where one pulse is one time bin). Note that this expression also

captures the case of a single-photon source, rather than a pair source, by simply

setting η2 = 0.
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Equipped with these basic functions, we can now compute the detected count

rates for single emission events, as well as multiple emission events for any number

of independent sources. In particular, this lets us calculate the signal-to-noise ratio

due to higher-order emissions. We now explicitly illustrate the use of our model to

describe the case of producing 2N -photon states using N independent photon-pair

sources. The first of these is the single channel detection rate of a PDC source,

defined as:

Rs(P,R, t, γ, η) = (3.4)

R

([ ∞∑
j=1

pem(P, j, γ)pdet(η, j, 1)

]
pready(P,R, t, γ, η, 0)

)
,

Detailed in eq. (3.4) we define single emission rates as the infinite sum over

all photon numbers requiring that only one detector is ready, conversely for the

detection rate of multi-photon events (assuming only a pair of photons is produced

from each source) we require only the product of pair emission from each source and

the corresponding number of detectors to be ready. Defining this case as:

Rcc(P,R, t, γ, η1, η2, N) =

R ·
N∏
i=1

(
pem(P, 1, γi)pdet(η1,i, 1, 1)pdet(η2,i, 1, 1)

pready(P,R, t, γi, η1,i, η2,i)

)
. (3.5)

Finally, for the detected rate with the inclusion of higher-order emissions eq. (3.6)

we combine eq. (3.4) and eq. (3.5) as we need the contribution from photon numbers

> 1.
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Rcc+(P,R, t, γ, η1, η2, N) =

R ·
N∏
i=1

( ∞∑
j=1

(
pem(P, j, γi)pdet(η1,i, j, 1)

pdet(η2,i, j, 1)
)
pready(P,R, t, γi, η1,i, η2,i)

)
. (3.6)

For the exploration of experimental schemes other than a number of sources

connected directly to detectors the functions defined here can be extended to en-

compass effects from the likes of optical switches, as they also have a probability of

them being ready (i.e. in the correct state) and some success probability behaving

in the same manner as the detectors.

3.2.2 Monte-Carlo Model

The second model we present here takes a completely different approach for apply-

ing loss, timing effects and the calculation of detection rates. Instead of calculating

individual probabilities for all parameters affecting each order of emission we in-

stead make use of a statistical distribution to determine PDC source emission. The

emission is subject to random sampling of a statistical distribution. As a result we

describe either a process that creates photons or one that removes photons. This

allows us to generate a sample as a single pulse from our pump source and manip-

ulate the population of photons in each spatial mode to observe the effects of loss

and relative timings of components. Further, this also provides a way to simulate

optical circuits (i.e. networks of beamsplitters) as we have a method to manipulate

(re-order and mix) both modes and time bins providing insight into the resulting

coincidence rates seen at the detectors.

The probability for a sample to contain photons produced from any given source

is governed by a geometric distribution. Whilst a Poissonian distribution was re-

quired for the combinatorial model the choice to use geometric distribution here is

born from defining each sample as being either successful or unsuccessful in pro-

ducing photons. We can consider each single-photon source to behave in this way
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as photons are either produced or not. Much like in the combinatorial model we

use the γ parameter as well as the power P to define the success probability to

generate a pair4 of photons, i.e. the success probability of the distribution. Much

like the generation of photons in this model, the effects of loss are also subject to a

statistical distribution, in this case we incorporate loss into the model by defining a

series of weights,

[(
m

k

)
ηi(1− η)m−ifor {k : (0→ m+ 1)}

]
, (3.7)

where each weight corresponds to the probability for a given value of m (where m

is the number of possibilities for a given process). We can then use this as the basis

for determining whether or not a photon, or how many photons of a given mode,

are detected. To do so we require a list of of photon numbers ranging from 0 to

the total number in that mode, calculating the weights for the detection efficiency

η and proceeding to randomly choose a value for the photon number list according

to the detection weights. Further, we can apply the same method for determining

the distribution of photons after one mode arrives at a beamsplitter, in this case the

options are constructed as (k,m − k) for {k : (0→ m+ 1)}, meaning that we can

have any combination of photon numbers produced from the value in the impinging

mode in the two output modes.

With generation and loss of photons from probabilistic means now covered we

must now consider the final effect, that brought about by timing. Just like in the

combinatorial model, we must also quantise the length of the reset time of our

components to that of the clock rate of the pump source. Here however we quantise

with a ceiling function resulting in any photon arriving at the detector whilst it resets

being lost. Ideally, this should be considered with a further sampling of a statistical

distribution because certain detectors, such as SNSPD’s, allow for detection whilst

still resetting, albeit at lowered efficiency, however to consider a more general case

we forgo this feature.

In summary, to apply this model, we first generate an array of all our pulses

for each mode, then apply our optical scheme with any lossy elements present, next
4With this condition both output modes of an SPDC source must contain the same value for

the number of photons emitted, application of loss later in the model then provides cases where
we may have only one photon emitted from the source to be detected at the detector.
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applying lossy detection, these processes are all completed assuming no timing effects

like those of reset times. After this we then apply timing effects by analysing the

arrays by counting the first event in each array as a valid event and then jumping

forward in the array by the quantised reset time (if there is no event we move only

to the next index in the array and see if that contains a valid event and so on).

3.3 Model Validation With Experimental Data

Laser

BD
DM

LP
BP

PBS

Detectors

Processing

Figure 3.1: Experimental configuration used to validate models A pulsed
Ti:Sapphire laser with 80 MHz repetition rate, 1.3 ps sech2 pulses at 775 nm is
focused into a KTP crystal to create 1550 nm photon pairs via collinear, type-
II PDC. The orthogonally-polarised down-converted photons are filtered from the
pump with a dichroic mirror (DM), a long-pass (LP) and a loose band-pass (BP)
filter (with a bandwidth ≈ 3 times larger than the PDC photons’ bandwidth). Signal
and idler photons are collected after the PBS to send to the detectors (Quantum
Opus SNSPDs) before processing with a UQDevices Logic-16.

Having now defined two models for the behaviour of a generic quantum photonics

experiment driven by a number of photon sources we must first validate it. In order

to do this we have chosen to first find a value for γ (our effective nonlinearity) and

second the system detection efficiency, η. We know the repetition rate of our pump

laser is at 80.9MHz and we have chosen to use the quoted detector efficiency of 80%

(the value supplied by the manufacturer, Quantum Opus) as a starting point for the

model to find η.
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Figure 3.2: Detector reset time. Here we see the output waveform produced by
a photon detection event at a Quantum Opus superconducting nanowire detector.
To measure reset time we calculate the 1

e
fall time of the waveform, this is the time

taken for the amplitude, A, to go from its maximum to Amax
e

. The result here of
≈ 19ns agrees closely with the quoted value from the manufacturer of a nominal
reset time of ≈ 25ns suggesting that these detectors are capable of detection events
without the need for the output to reach the signal floor fully. Considering that this
is a superconducting detector we can assume that detection efficiency will reduce if
we input a stream of single photons with this spacing as the nanowires will not have
had time to fully cool down. Alternatively the “90→10” reset time could be used,
where we measure the time between 90% and 10% of the maximum amplitude.

3.3.1 Reset Time

A final parameter to be determined before validation is the detector reset time

τdetector. Fortunately, this can be easily measured with a fast oscilloscope. In order

to gain an average value for the reset time across all available detector channels we

recorded 10 traces for each detector channel and calculated the average reset time.

In fig. 3.2 our average detector response is displayed. We define the reset time

as the time between the maximum recorded voltage and the point it reaches 1
e
of

this level. Here we find that value to be 18.9ns.
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3.3.2 Combinatorial Model Validation

Now with a complete set of input parameters we can proceed to validate the com-

binatorial model. In doing to so we will be estimating the values for γ and for

η (on each detector channel), first this will be through a simple power dependent

characterisation of an SPDC pair source.

0 20 40 60 80 100 120

Pump power (mW)

0

50000

100000

150000

200000

250000

300000

350000

C
ou

nt
s
(H

z)

γ = 6.51e-05 , η = 51.8%
γ = 6.5e-05 , η = 49.3%
γ1 = 6.51e-05, γ2 = 6.5e-05 , η1 = 49.3%, η2 = 51.8%)
Measured Singles 1
Measured Singles 2
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Figure 3.3: Calibration of combinatorial model against power dependent
single photon and photon pair detection events. The circles here represent
measurement data points with the lines a regression fitting of the model against
them, produced error bars are smaller than the symbols. We use linear regression to
estimate the γ and η parameters of our model to determine the “nonlinearity” and
detection efficiencies seen in the measurement. Here the “nonlinearity” is in fact an
encapsulation of the pump pulse — PDC crystal interaction. Given the measured
60% heralding efficiency the fitted efficiency of ≈ 50% gives us confidence in the
model when considering the quoted 80% detection efficiency from the manufacturer.

Power dependence

Just like in all of our experiments mentioned throughout this thesis, an 80 MHz

picosecond pulsed laser operating at 775 nm pumps a 28 mm long ppKTP crystal

to generate photons at 1550 nm which, after some beam-conditioning, are coupled

into single-mode fibres an then detected with SNSPDs. We record photon pair rates

as a function of pump power P as shown in fig. 3.3 Here we have fitted against the
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count rates seen at each independent detector as well as the resulting coincidences.

From the legend in fig. 3.3 we can see that the resulting values for γ and η in both

of the singles count rates as well as the coincidence count rates are consistent be-

tween the combinatorial model and the laboratory measurements, with one detector

operating at a slightly higher efficiency than the other and with all γ values being

approximately equal. Whilst a simple case to test against, this proves promising for

further application of the model.

Second-Order Coherence, g(2)(0)

1

2

3

Source

γPump

Fibre
Beamsplitter

Figure 3.4: Experimental scheme for g(2)(0) measurement. Channel 1 is sent
straight from the source to the detectors whilst the second output of the source
sent to both detectors 2 and 3 after arriving at a fibre beam splitter. From this
measurement we can determine the probability of the source emitting more than
just a single pair of photons at a time.

Next, we move on to a slightly more complicated case for the model, although

one we planned for it to be able to analyse, the second-order coherence (g(2)(0)), the

experimental configuration for which can be seen in fig. 3.4. Second-order coherence

is an important metric to measure when developing a single-photon source since it

benchmarks the photon-number purity of the state. A true single-photon source

would have a g(2)(0) = 0. Here we estimate the γ and η values found from data

collected in a power-dependent g(2)(0) experiment, this involves passing one of the

outputs of the SPDC source over a beam splitter in doing so the volume of multiple
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emissions being generated per pump pulse can be determined.
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Figure 3.5: Fitting the single and pair photon detection events from a
g(2)(0) measurement. Fitting against the power dependent count rates from series
of g(2)(0) measurements we can see our combinatorial model successfully estimate the
γ parameter for each channel consistently with those estimated in fig. 3.3. Further
the estimated value for the system detection efficiency on each channel matches our
expectations with the channel sent straight to the detector producing an efficiency
comparable to those in fig. 3.3. Next for emissions split on the beamsplitter we
see an approximate halving in efficiency which we expect given that the number of
photons produced is being roughly equally shared between a pair of detectors.

First we fit the count rates observed at the individual detectors. From fig. 3.5

we can see that two of the three channels have efficiencies in the 20% range and one

in the 40% range corresponding to the splitting of one output of the beamsplitter.

Again we can see that the γ value is consistent across the data and with the values

shown in fig. 3.3.

Now we turn our attention to the coincidence counts seen between each of the

detector channels. First we have the pair rates seen between each arm of the beam-

splitter with the unsplit arm of the source. Again we see consistent parameter esti-

mation. Next, the coincidences observed between all three detector channels, fig. 3.6

shows that the model can fit this more complicated case whilst still returning values

for g(2)(0) consistent with those found in the “simpler” cases.

Finally we use the model to fit the resulting g(2)(0) data in fig. 3.6. As shown
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here we find it safe to operate under the assumption that the model is suitable for

answering our questions relating to optimal conditions and speed limits present in

optical experiments.
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Figure 3.6: Calibration of combinatorial model against power-dependent
g(2)(0) values and three-photon detection events. For full validation of the
combinatorial model we now compare the three-photon detection events across each
of the detectors along with the estimations from the model for the second-order
coherence. The symbols represent the measured data with the lines displaying the
result of linear regression fitting of the model against the data points. We see in
both cases our model agreeing closely with that of the measured data, telling us that
the model is capable of estimating effectively the amount of higher-order emissions
produced for every single pair emission. This is a useful capability in cases where
we want to be able to estimate the effective nonlinearity present in a PDC source.

3.3.3 Monte-Carlo Model

We must also validate the Monte-Carlo based model, for this we have used the

same experimental data to fit against. As can be seen from the accurate fits in

section 3.3.3 the Monte-Carlo model is equally suitable for predicting g(2)(0).

The curves in the figure were produced from 8× 109 samples (where each pulse

is considered one sample, this is then broken down into 100 super samples of length

8× 107). Using the same source and detection parameters found from the combina-

torial model the Monte-Carlo based method calculates a value for g(2)(0) approxi-
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mately equal to the experimental data, showing the ability for both models to map

effectively onto out measured data.

Since this method relies on sampling instead of calculation of a value outright to

make prediction for g(2)(0) we show both the mean and standard deviation for each

power setting. Doing so shows that with this sampling based method we are capable

of fitting the measurement accurately and reliably with each of the measurements

lying within the shaded region defined by the standard deviation.
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Figure 3.7: Resulting of Monte-Carlo model estimation of g(2)(0). From the
combinatorial method we use the γ and η estimations as input parameters for the
Monte-Carlo based model. We see that this model is capable of closely estimating
the measured values at each power also providing an error range arising from the
sampling process. The dashed line marked by triangles represent the mean g(2)(0)
calculated for 8× 108 samples in 5mW increments upto 120mW. We use the model
to generate estimates at smaller power intervals to avoid the chance of missing any
unexpected behaviours arriving, the result we see here provides us confidence in

the suitability of this method.

To conclude, both of the models developed provide a suitable fit to the ex-

perimental data are both promising candidates for exploring the effects present in

generation and detection of photons taking into account features like detection (or

switch) efficiency as well as the reset/dead times of various components. It should be

noted whilst the data can be fitted with both models they do not produce identical

values, we see a tendency for the combinatorial model underestimate signal-to-noise
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ratio while the Monte-Carlo model overestimates it. This discrepancy comes from

the Monte-Carlo model considering the case where one photon is lost from each

mode of a double (or higher) emission event from the source to be a successful de-

tection event. In other words, it considers it to be signal, whereas the combinatorial

model always considers these as noise. However given the consistency in the re-

sults for g(2)(0) and for the number of events seen at the detectors we can consider

them both to be suitable methods for optimising the performance of multi-photon

experiments for quantum information processing.

37



Chapter 4

Speed Limits for Quantum Photonics

With two models defined in chapter 3 we can now turn our attention to fine tuning

the free experimental parameters available to us in order to optimise multi-photon

QIP experiments. One question of particular interest to us relates to passive tem-

poral multiplexing: is there a “speed-limit”, or in other words an optimal laser clock

rate assuming finite pump powers. To ensure that the detected state is the one we

intended to generate we need to collect enough samples such that the statistical er-

rors have been constrained enough. This leads to one of two cases, either operating

with a high signal-to-noise ratio and short measurement times or the opposite —

low signal-to-noise and long measurement times. In these terms we define the signal

as the number of single pair events per source created and noise as the number of

higher-order events created per source. This behaviour is outlined in the expansion

of eq. (2.3) [131]

|ΨSPDC〉 =
√

1− |λ|2
∞∑
n=0

λn|ns, ni〉 (4.1)

where the single pair events correspond to |1, 1〉 and the higher-order events come

from |ni,s ≥ 2〉 (where subscripts s and i denote signal and idler modes respectively).

Before diving into the details present in the interactions between the various free

parameters available to the models it is perhaps worthwhile to cover some of the

more immediate intuitions we have as to what defines speed limits. We should first

remember that we are restricting all of our discussion to that of PDC sources and

as a result we can say that regardless of our sources’ ability to emit single photons
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there exists a limit to how fast the source can be triggered, once the pump pulses

begin to overlap we can no longer increase the clock speed. Typically this clock

speed is well beyond the rate of single photons detected but nevertheless provides

an absolute upper bound on the maximum emitted and so detectable rate. Next

we should consider that our detectors are saturable given that they posses a reset

time, providing a further limit on the maximum detectable rate. With just these

two initial conditions we can define how fast it is possible for experiments to be

able to operate, whichever of the two provides the lowest maximum rate sets our

absolute maximum detectable count rate. We can group together power and γ

parameter as these both influence the emission probability for SPDC based sources

in the same way in that increasing either will lead to an increase in detected count

rates. Finally the detector efficiency η provides our final limiting condition, however

it may prove more useful here to consider this to behave more like an inclusion of

loss in the system rather than an upper bound as defined by clock speed and reset

time. Considering detection efficiency as loss can be useful here as it determines how

quickly we reach the saturation limit of our detectors, this is an idea that will prove

useful as we explore the behaviours that limit us when considering the creation and

detection of multi-photon events.

4.1 Signal-to-noise Ratio (SNR)

Discussion of speed limits present here is further complicated when considering the

SNR produced by any given combination of input parameters. Whilst it may be

possible to produce incredibly high rates of photons it may include a larger than

desired volume of noise with it in the form of more than one photon being present in

each detection mode. From the model we define the “Signal Counts” as the emission

and detection of only the photons we want to detect for example only the photon

pairs emitted by a PDC source and then “All Counts” to include the emission of

multiple pairs. From this we can define the SNR as:

SNR =
Signal Counts

All Counts - Signal Counts
, (4.2)

we can evaluate our models for the condition where we have signal produced in
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which one photon is detected per mode and in the presence of noisy emissions in

which more than one photon is present per detection mode.

4.2 Parameters

In our desire to increase multi-photon generation and detection rates we need to

explore the behaviours presented by the interactions between clock rates, pump

power, detection efficiencies and detector reset times. To understand the relations

found between these parameters here we look specifically to the effects brought about

through timing (clock rates and reset times) as well as the emission probability

(nonlinearity of the crystal and pump power).

4.2.1 Clock Rates

Whilst we may see the ability to increase the clock rate as the most obvious means

to increase our overall detection rates we must remember that this brings with

it a couple of limiting cases, aside from the lack of tuneability of the repetition

rate of commonly used titanium-sapphire lasers for QP experiments. Increasing of

the repetition rate with fixed pulse width eventually leads to the continuous-wave

limit and discrete pulses can no longer be distinguished, under this condition we

are also met with the loss of timing information as well as lowering the emission

probability (granted, this will increase the signal-to-noise ratio however it is at the

cost of overall emission rates). It is worth noting here, there exists some interplay

between clock rate and pump power, i.e we can’t increase the clock rate and the

pulse power simultaneously, at best we can maintain the average pump power whilst

increasing the clock rate. The interplay present here can be clearly seen in the case

of temporally multiplexing a pump source, in which we choose to split the path

of the pump source and apply a delay of half the clock width to one arm before

recombining such that we trade in half the pulse power to gain a doubling in clock

speed [65]. Secondly, as the clock rate gets increasingly high we will eventually reach

the maximum detectable rate of our detectors as this will no longer be able to reset

quickly enough. So, we either run into the condition that such a high clock rate

eventually reduces our emission rate or we operate beyond the capabilities of our
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Figure 4.1: Emission probability to saturate a detector at a given clock
speed. Illustrated here are the ranges over which a given emission probability and
detector reset time τ will reach saturation. For clock speeds ranging from 1 MHz
to 1 GHz we have a region bound by the detection efficiencies of η = 0.1 and η = 1
indicating how quickly we would expect a certain emission probability or reset time
to lead to detector saturation. Increasing the clock rate by an order of magnitude
causes saturation of the detectors at lower and lower emission probabilities, fortu-
nately given that we might need to trade in pump power (emission probability) in
order to increase the clock rate we can still maintain high detection rates even at
lower pump powers, as the saturation points shown here highlight.

detectors. Ideally we would like to operate as close to the limit of the detectors as

we can but below the point at which our pumps pulses begin to overlap with each

other.

The connection between power and clock rate can be exploited by a rephrasing

of the clock source, instead of considering a single pulse per clock cycle we can

instead move to a picture where we have multiple time bins per clock cycle. In this

reference frame we have chosen to group a number of pulses together. The previously

mentioned temporal multiplexing of the pump source provides a convenient example

of this concept as we maintain the definition that the repetition rate of our pump is

our clock rate but we now choose to break this up into a series of pulses with lower

pulse power at equally spaced time bins. In having a number of time bins per clock

cycle, we can take the increased SNR due to the lower power and now choose to use
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the grouping of time bins (and so the increased number of opportunities to generate

single photons) to increase the probability per clock cycle of our sources.

4.2.2 Emission Probability (Nonlinearity and Pump Power)

To increase our detected count rates we may alternatively choose to increase the

emission probability of our sources either by use of a longer crystal to increase the

interaction time time with the pump, use of a crystal with rectangular nonlinearity

profile or by increasing the pump power (or any combination thereof). Both of these

options will provide an increase in the volume of higher-order emissions from the

source as well and as a result degrade the SNR.

Figure 4.2: Detector saturation behaviour for η = 0.5 (left) and η = 1
(right). As the clock period is reduced (increased clock speed) whilst detector reset
time is held constant it remains possible to reach detector saturation even at low
emission probabilities (low power / low nonlinearity). Detector saturation is, as
expected, more easily reach as detection efficiency increases, however it can also be
seen that there exists a region where maximum count rates can be observed whilst
still maintaining good SNR. SNR contours plotted over each heat map illustrates the
benefit from operating in these regimes as it points to the ability to maintain high
count rates at low operating powers. Counts have been normalised according to the
maximum count rate seen over the entire map respectively to allow for comparison
between higher and lower detection efficiencies.

The relation between clock speed, detector reset time and emission probability

(power and nonlinearity) is displayed in fig. 4.2 for SPDC sources. We see that

increased emission probabilities from an increase in power do not always provide

an improvement in the detected count rates. It is worth noting that power and
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nonlinearity have been grouped together as we can use these to define the emission

probability, clock rate and reset time have been grouped together as well in fig. 4.2

Doing so we can move away from the specifics that exist for a given combination

of sources and detectors, instead looking at the general behaviour existing between

high or low emission rates compared with “good” or “bad” detectors (good being

high efficiency and short reset time).

Naively, it would appear that there is little sense in operating beyond what

is possible to detect. However, in the presence of loss and noise and with the

use of probabilistic sources we are not met with a single (or more) emission per

pump pulse (clock cycle) at the detectors. Instead more often than not signal will

reach the detectors, this implies operating at clock rates much higher than what

is detectable can be beneficial [125]. From our models this becomes something

that can be easily explored, as we proceed to increase the clock rate we encounter

a significant problem for building these larger states, detector saturation occurs

earlier for multi-photon detection events than it does for single detection events. In

essence if we wish to detect 8-photon coincidence events the production (detection)

of all smaller coincidence patterns (a pattern being any combination of n out of k

detector channels) will saturate the detectors, as a result lower order events blind

the detectors to the higher-order events that we want to detect.

4.3 Multi-Photon Detection

As stated in the previous section, detection of higher-order events (which due the

Poissonian nature of the sources has the same probability to that of multi-photon

events produced from multiple single-photon sources) becomes increasingly difficult

as the rate of single detection events also increases. These single detection events

effectively result in a blinding of the detectors to the multi-photon events. Since we

are investigating the speed limits present for multi-photon generation we are lim-

iting our analysis towards bucket detectors rather than including number resolving

detectors, due to the long reset times present in current superconducting transition

edge sensor. Number resolution with faster SNSPD’s at high efficiency may soon be

available though [37], in which case it would be worth revisiting this scenario.
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In fig. 4.3 we show the limitations in trying to detect 2, 4 or 8 photons from

PDC sources (1, 2 and 4 heralded sources). In each case to access the higher gen-

eration rates we want to operate a quantum photonics scheme we need to increase

the brightness of the sources, this however comes at the cost of greater higher-order
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Figure 4.3: Detector saturation behaviour for a range of single photon
sources: left — 1 source, centre — 2 sources, right — 4 sources. Here we see
the detectable rates of 1, 2 and 4 heralded PDC sources where we increase the clock
rate of the pump laser with respect to a fixed detector reset time so as to observe
the effect of faster operation. For each source both the pure signal and the signal
with higher orders are shown as the top and bottom rows respectively, further lines
have been added to note the contour for where signal-to-noise ratio decrease (left of
each line the ratio is lower and right of each line the ratio is higher). For each source
the count rates in each plot have been normalised to the maximum of its respective
plot with higher order effects so the effect of each alone can be more clearly seen.
Given that PDC sources are capable of emitting more than a single pair of photons,
we expect that these extra photon pairs should cause earlier detector saturation, as
shown by the lower row predicting higher count rates than the upper row. With
the contours added to show coarse regions for certain signal-to-noise performance
limits the difficulty of producing a larger and larger multiphoton detection events
becomes increasingly apparent, however we can begin to see that increasing the clock
speed (decreasing the clock period) when compared to the detector reset time that
it should become possible to achieve a high signal-to-noise ratio at a high count rate
(corresponding to the darker regions of the above plots). In order to do this we have
to reduce our emission probability so that we can suppress the volume higher order
emissions.
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emission and so lower signal-to-noise ratios. Alternatively we could choose to in-

crease the rate at which we pump our sources (shown on the y-axis of each plot with

respect to fixed detector reset time) allowing for a target signal-to-noise ratio to be

maintained while operating closer to the detector peak count rate. This outlines the

problem in trying to generate large multi-photon states before even considering how

we want to use any of the photons. Generation of larger and larger multi-photon

detection events is limited by emission characteristics of the source in use.

4.4 Multiplexing

As has been pointed out now a few times, the only way to make PDC photons more

deterministic is by multiplexing several heralded sources, so in this section we will

be modelling various multiplexing schemes while looking at the same speed trade-off

as before, i.e. what are the benefits from running at much faster clock rates then

e.g. the detector peak rates suggest. Multiplexing of single-photon sources can be

realised either spatially or temporally (or by a combination of the two), alternatively

there exists the option of frequency multiplexing.

γ H1

γ H2

N
:1

Sw
it
ch

γ H3

γ H4

Pump

Source
Array Beam dump

Output photons

Figure 4.4: Spatial multiplexing schematic. By operating a series of single-
photon sources in parallel and connecting the output of each through either a beam
splitter network or an N:1 switch yard using active feed forward conditioned on the
first source to herald a photon, we can combine their outputs into a single output
mode. From the work seen in [64] it could be possible to achieve near deterministic
output from 17 PDC sources should number resolving detectors be used.

Migdall et-al. proposed in [132, 133] that one could switch several heralded

single photons into a common output mode using a series of 2:1 switches [64, 115,

134]. Ma et-al. then realised the first of these schemes with 2 PDC sources and
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a 2:1 switch implemented via polarisation switching in a Pockels cell [135], more

recent implementations have been done in integrated photonics [115] where both

spatial and temporal multiplexing have been combined to increase the probability of

successful multi-photon events whilst simultaneously increasing the signal-to=noise

ratio. Discussion of several active spatial switching schemes (e.g. Jennwein et-

al. [135], Francis-Jones et-al. [128, 136], Hoggarth et al [122] and Zhang et-al. [37,

116]) will be undertaken later within the chapter. Earlier numerical modelling of

various switching schemes [114, 129] showed that a N:1 switch-yard performs better

than an 2:1 switch-yard due to fewer switches, and that overall it would be desirable

to have photon-number resolution, however, practical devices are still subject to

too higher loss reducing the probability of successful multi-photon detection events.

Both of these cases come with their own advantages and disadvantages, passive

schemes may be simpler to construct and operate with lower loss however come

with increased noise as we can have more than one photon per clock pulse whereas

active schemes are subject to higher loss, limited switching speeds and increased

complexity however could achieve higher signal-to-noise ratios.

Pump γ H

Electro-Optic
Modulator

Delay Line

Figure 4.5: Temporal multiplexing via optical switch and delay loop. By
making use of a heralding signal to open or close an optical switch we can store a
photon until we need it, for example when another source sees a heralding signal,
then releasing the stored photon so that we can herald more than just a single-
photon. This idea can be extended to holding a number of heralded photons from
the same source for later use, in doing so we can increase the success rate of our
quantum photonics scheme by only releasing the newest photon in the loop when it
is needed.

As for temporal schemes we can improve our emission probability by a change of

reference frame, instead of considering the emission probability per pulse we move

to emission probability per clock cycle. When considering emission probability per
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clock cycles two options key cases become apparent, either a number of pulses are

grouped together lowering the overall clock rate or a pump pulse is sub-divided into

a pulse train of pulses with lower individual power. Both of these methods seek to

increase both the emission probability whilst the second allows for an increase in

the signal-to-noise ratio too. Should we choose to combine a series of pulses like the

methods described by [117, 120–122, 137] where a looped delay line is constructed by

connecting an optical switch to either keep the photon travelling along the storage

loop or letting it pass to be used elsewhere. This design allows for a single photon

to be stored for later use or to combine the emission probabilities from a number of

pulses by recirculating each through the storage loop. In these cases the choice to

allow a photon into the loop is controlled by either the clock of the experiment or

0.
00

0.
12

0.
25

pEmission

2
4

6
8

1
0

τ D
e
te
c
to

r
/
T
C
lo
ck

P
e
ri
o
d

Si
gn

al
E
nh

an
ce
m
en
t

0.
00

0.
12

0.
25

pEmission

Si
gn

al
(w

/
no

is
e)

E
nh

an
ce
m
en
t

0.
00

0.
12

0.
25

pEmission

Si
gn

al
-t
o-
no

is
e

E
nh

an
ce
m
en
t

Figure 4.6: Performance enhancement between a heralded single-photon
source and a temporally multiplexed single-photon source using the loop
architecture: left — signal, centre — signal with higher order emissions,
right — signal-to-noise ratio. By plotting emission probability against increasing
ratio in detector reset and clock period we can see the effects how much benefit there
is to operating the trigger channels of each source at higher and higher rates for the
same reset time. The dashed line found on each sub-plot represents the point at
which the signal-to-noise ratio enhancement is one, i.e. where they are the same.
From the signal-to-noise plot we can then infer from the other sub-plots the ranges
at which we see benefit from increases in either parameter. The bound between lower
blue edge and dashed line represents where the benefit in both maximum detectable
rates and signal-to-noise performance.
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by the heralding signal of the source, with a second heralding signal from a separate

source supplying a trigger signal to signify it being time to release the held photon.

In both cases it becomes possible to increase both the emission probability of single

source as well as the multi-photon rates needed to build larger states. From fig. 4.6

we can see how beneficial these temporal multiplexing schemes can be in terms

of single source performance. The region in the “Signal (w/ noise) Enhancement”

sub plot bounded by the lower blue edge and the dashed line shows us that under

the right conditions the loop architecture will outperform both the detected rates

and signal-to-noise of a standard heralded source. Given that we want to operate

PDC based sources in the lower pEmission regime, as this means fewer higher-order

emissions, there is a significant performance gain to be had in increasing the clock

rate with respect to that of the detector reset time.

80MHz 640MHz

Beamsplitter

Beam dump

320MHz

160MHz

Figure 4.7: Temporal pump pulse multiplexing. In the temporal pump pulse
multiplexing case a pump pulse is divided amongst a number of time bins resulting
in a number of lower power pulses at equal distances apart over the initial pump
pulse period. In dividing the pump pulse into a series of lower power pulses the
signal-to-noise ratio can be increased for PDC sources as the input power per pulse
is reduced leading to a lower probability of emitting more than a single-photon pair,
combined with the increase in repetition rate experienced by the source the overall
emission rates should remain constant.Increasing the signal-to-noise ratio in our
measurements allows us to quicker constrain the statistical behaviour of our sources
and reducing the power applied to PDC sources is an obvious method to realise
that however this comes at the cost of lower emission probability. The increase
in repetition rate from temporal pump multiplexing allows us to circumvent this
issue and in the case of very bright sources it could allow us to combine high speed
operation with high signal-to-noise.

Alternatively splitting a pump pulse into a series of lower power pulses spanning

the peak-to-peak time of the pump’s clock period under the guise of temporal pump
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pulse mutliplexing [65, 116, 117, 120, 138, 139] provides an increased effective clock

rate and a number of time bins per clock cycle of the pump laser. Under this regime

it becomes possible to increase the emission probability per clock period by gaining

the opportunity to generate photons multiple times per clock pulse. As previously

stated in chapter 3 this allows for both an increase in the emission probability and the

signal-to-noise ratio as the higher-order terms present in eq. (4.1) can be suppressed

by the lower pulse power of each generation event however the first-order term is

affected less and the increase in repetition rate should make up for the reduction in

emission probability at lower pulse power. By including active switching this can be

further extended to the synchronisation of multiple single-photon sources [139, 140].

The schemes described there target multi-photon event generation across multiple

sources rather than increasing the emission probability of a single source.
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Figure 4.8: Performance of: left — relative temporal multiplexing versus
standard temporal multiplexing and right — relative temporal multi-
plexing versus no multiplexing. Whilst the enhancement in detection rates
between the 2 types of temporal multiplexing schemes is significant showing how
multiplexing can see further improvement by synchronising sources together for bet-
ter multi-photon detection rates, the improvement seen when comparing the relative
scheme to no multiplexing at all is even more significant with an exponential increase
in performance as the number of time bins per clock cycle and number of sources
increase.

Moving now to the pair of “Relative Temporal Multiplexing” (RTM) schemes
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from Zhang et-al. [139, 140] of which are designed to synchronise the output of a

number of heralded single-photon sources. The first method presented in [140] op-

erates by delaying the outputs of each source to bring them into the same time bin

as the last recorded heralded signal, with the second [139] method extending this

idea to synchronise and place all heralded photons in the first time bin of the next

clock cycle. Focusing on the second of these, we plot the behaviour for increased

emission probability and increased clock speed with respect to a fixed reset time

we see markedly different performance than that of source based on loop architec-

tures. Whilst both are temporal multiplexing schemes making use of the combined

probabilities of a series of pulses, these relative schemes lend themselves directly to

increasing multi-photon detection events and suppression of the higher-order terms

that degrade the signal integrity associated with them. Comparing fig. 4.9 and

fig. 4.3, the effect of clock speed has a much greater effect on the total detectable

rates than previously when applying temporal multiplexing compared to operating

an array of sources with no co-ordination between them. The emission probability

naturally plays a key role however we see that saturation of the detectors now be-

gins to happen before it is maximised meaning that we the maximum detection rate

occurs before the signal-to-noise ratio becomes too small.

From the results in this section it seems clear that pushing the clock speed of an

experiment beyond the maximum rate the detectors are capable according to their

reset times leads us to greatly improved performance of either single or multiple

sources when combined with spatial multiplexing along side operating the clock at

a faster rate.

Multiplexing is not limited to just single-photon sources, we can extend these

ideas to the detectors as well [37, 116, 123, 124]. Given that our detectors need

to reset in order to detect again one might use either passive multiplexing using a

series of beamsplitters and detectors per photon, to reduce the probability of one

photon arriving at an individual detector. Active routing involves multiple detectors

behind an 1:N switch-yard. Upon triggering one detector, photons can be rerouted

to the next available detector while the original detector resets. Both methods lower

the effective reset time, a necessity once emission rates reach the maximum peak

detection rate. As with multiplexing of sources, active methods applied to detectors
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Figure 4.9: Detector saturation for a relative temporal multiplexing
scheme. Left — two pair sources, right — four pair sources. Using relative tempo-
ral multiplexing to synchronise a number of sources can provide a means to increase
the probability of detecting and so the detected rates of multiphoton events. We
see that in the case of the case of relative temporal multiplexing we saturate the
detectors before we reach maximum emission probability of our PDC sources. This
means that faster operation at higher signal-to-noise is within reach by introducing
active synchronisation between a collection of PDC sources.

introduce further loss and speed limits by adding switching reset times. Our model

can incorporate these methods, however this was not used in our laboratory since

we don’t typically have lots of excess detectors available.

4.5 Global Sensitivity Analysis

In the previous section we studied the impact of individual parameters on the per-

formance of typical multi-photon experiments. Here we go one step further and

perform a so-called global sensitivity analysis (GSA) which will provide a ranking of

individual parameters in terms of their overall impact on the system. This knowl-

edge can then be translated to an experimental setting and tell us in a general sense

which element(s) of the experiment should be improved to gain the largest increase

in the detected rate of single (pairs of) photons and the signal-to-noise ratio of the

multi-photon event we want to construct.

A typical approach when investigating a systems response is to vary one of the

parameters and monitor the change in the output. To this end a GSA framework

provides a method to investigate the interactions present between each parameter
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of a model and the model’s output. More specifically GSA determines both the

amount and the kind of change of a model’s output in response to change in the

model’s input. The sensitivity analysis results in a sensitivity index for each model

parameter detailing the correlation of changes in the input with the output, these

indices typically take one of three forms, either;

1. First order: measurement of changes from a single input parameter only.

2. Second-order: measurement of changes from a pair of input parameters, i.e.

the contribution from interactions between input parameters.

3. Total-order: measurement of all changes from the first-order effects and all

higher-order effects.

We chose to apply the Sobol [141] method to the combinatorial method described

in chapter 3, for N sources with and without relative temporal multiplexing. In

applying to these cases we can see how best to optimise a number of “off the shelf”

heralded sources as well as how optimisation is possible for temporal multiplexing.

Most importantly this will identify trends for both, telling us how to optimise for

multi-photon experiments in general. The Sobol method is an approach to GSA

making use of changes in the variance in the model’s output produced by the input.

The use of variance requires that a random sampling of the parameter space is

required, removing localisation to any parameter and emphasising the ability for

any of the parameters or interaction between them to provide a result away from

their respective mean. This method aims to apportion the variance of the output

to each of the input parameters such that the sensitivity indices produced reflect

the amount of change seen in the variance. Importantly, GSA doesn’t provide the

optimum conditions for our model, instead it shows us the impact of each input.

We must ensure that all of the parameters in use are independent, for this we

group together γ and P as these parameters are used together in the model to define

the strength of the nonlinear interaction. Next we group together the clock period

and the detector reset time as a ratio between their lengths as τclock/τdetector. As the

GSA method doesn’t define a series of optimal values, we can instead reduce the

model to use the difference between the two values. The sensitivity index for the

clock ratio then tells us how much faster the clock should operate in comparison to
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Figure 4.10: First order Sobol indices with and without the inclusion of
higher-order emissions along with signal-to-noise ratio. The first order sen-
sitivities indicate how changeable the outputs of the model are to corresponding
changes in the respective input parameters. We can see that as the number of
sources increases the model becomes decreasingly sensitive to changes in single pa-
rameters alone. It can also be seen that the signal-to-noise ratio in each instance
remains constant, with only parameters relating to the source, “γP ”, contributing.
However it is clear that this is the main contributor for the signal-to-noise behaviour
of a number of sources operated in parallel.

the detector speed, giving us insight into whether or not it is beneficial to operate

the clock of the laser faster than the detector can reset. The detection efficiency, η

is already independent of the other parameters and so can be used directly. Finally,

we exclude the number of sources N from the sensitivity analysis instead choosing

to apply the entire analysis from a single source up to 10 sources separately so that

we can compare how the influence of each of the parameters and their associated

interactions vary as we add more sources. We then compute the sensitivity analysis

on the signal with and without the effect of higher-order emissions as well as the

signal-to-noise ratio. The resulting indices are accompanied with a confidence inter-

val calculated at 95% allowing us to visualise how close the process used to calculate

the sensitivities is to the true mean sensitivity for each parameter or interaction.

The first order sensitivity indices for all sources and each of the cases can be

seen in fig. 4.10 with figs. 4.11 and 4.12 displaying the second-order and total-
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Figure 4.11: The second-order sensitivities detail the interactions present
between each of the parameters. Detection efficiency, ηdet interacts strongly
with both γP and τdet/τclock. From these interaction the benefit of increased de-
tection efficiency can be clearly seen, and whilst it this does lead to an increased
detection of higher order emissions the signal-to-noise ratio is unaffected. However
when considering the ratio between clock period and reset time it begins to become
clear that we should prioritise operating our sources with a lower γP to operate at
an ideal signal-to-noise ratio and then tuning the detection efficiency, clock period
and reset time to operate with as high a detection rate as possible.

order indices respectively. Each column of figs. 4.10 to 4.12 displays the resulting

sensitivity indices for each of the parameters, with count rates and signal-to-noise

results plotted in the top and bottom panels separately. For ease of comparison,

indices for count rates are all plotted with the same y-axis and signal-to-noise results

share their own y-axis.

The count rates results (represented by the Signal and Signal + Noise curves

in figs. 4.10 to 4.12) unsurprisingly have correlations with all of the inputs and

interactions between inputs and from this we can begin to see trends as to which

parameters and interactions benefit the pure signal more so than the noisy signal.

From intuition we know that increasing any of the parameters (reducing in the

case of τDetector) should lead to increase in the detection rates up to the point the

detectors saturate, i.e when the emission rate is greater than or equal to 1/τDetector.

Further we see that parameters and interactions that include γ and P display a
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Figure 4.12: Total-order sensitivities from a single source up to 10 operated
in parallel. Complementing figs. 4.10 and 4.11, the indices here encompass all the
contributions from each parameter and their associated interactions with each other.
From the curves seen here we see that as the number of sources is increased each of
the parameters becomes increasingly sensitive to each of the input parameters.

greater sensitivity for the noisy signal more than the pure signal, when we consider

the equation for the PDC state eq. (2.3) where λ2 = γP any increase here will result

in more of the higher-order terms being detectable. This reflects the signal-to-noise

characteristics we typically observe. This analysis also emphasises the correlation

between detection efficiency and detected rates. What is perhaps not immediately

obvious when considering the model in isolation is that the pure signal exhibits

greater sensitivity to detection efficiency than noisy signal output. If we now consider

that the timing ratio between the detectors and the clock speed of the pump laser

does not display a strong difference in sensitivity to either the pure or noisy signal

we can infer that changes in this ratio do benefit the detected rates, what it does not

tell us however is whether this ratio should be maximised or minimised. Fortunately

fig. 4.3 tells us that for low values of γP we should seek to maximise this ratio and

as its value increases we should instead choose to minimise the ratio.

Turning our attention now to the signal-to-noise ratio results between first, sec-

ond and total-orders, figs. 4.10 to 4.12, we again have our intuition confirmed in
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Figure 4.13: First order sensitivity for relative temporally multiplexed
PDC sources. Similar behaviour as with an array of sources without multiplexing
(fig. 4.10) can be seen here. In both cases the γP parameter provides the largest
contribution to the signal-to-noise ratio. In contrast to the previous model we also
include a parameter to control the number of time bins per clock cycle, whilst this
parameter allows us to increase the probability per clock cycle of the experiment
when it comes to overall detection rates we see a decreasing correlation with the
output of the model.

that the γP term and its related interactions provide the strongest correlations with

the model’s output, with only a small correlation present in the total-order results

for detection efficiency. Whilst it seems obvious that terms related to the strength

of the nonlinear interaction in the PDC state should affect the signal-to-noise ratio,

the fact that the clock speed and detector reset times have no correlation and that

they and the signal-to-noise ratio output from the model are independent of each

other furthers our confidence in the model. The sensitivity indices for these results

can already be inferred from the pure and noisy signal sensitivities as the noisy
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signal sensitivity is always stronger than that of the pure signal. In turn the signal-

to-noise sensitivities displayed here show that as the number of sources increases,

the γP term has an increasingly stronger effect in both the pure and noisy signals

as well as effecting the signal-to-noise ratio sensitivity the most. This means that

signal-to-noise ratio performance must be equally sensitive across all cases.
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Figure 4.14: Total-order indices for the relative temporal multiplexed single
photon sources. As with the results shown in figs. 4.10 to 4.12 for an array of
sources without multiplexing we see similar behaviour when considering the case
with temporal multiplexing. However we see less dependency on power with a
greater influence coming from the timing effects between the clock speed and switch
or detector reset times. Further, the nsw parameter defining the number of switches
used in the scheme, and so the number of time bins per clock cycle, becomes a key
factor in determining the effectiveness of implementing the temporal multiplexing
scheme. The difference in sensitivity between the efficiencies for the switches or
detectors when compared to that of their rest times with respect to the clock speed
points towards the importance of increasing the clock rate regardless of reset times
to achieve higher detection rates.
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These results lead us to the conclusion that in order to maximise the detection

rates and signal-to-noise ratio we should set a target γP that corresponds to a

suitable signal-to-noise ratio for our application, use as high efficiency detectors as

possible and then increase the clock speed in comparison to the detector reset time.

Under these conditions we ensure a high enough signal-to-noise ratio and target the

fastest detection rates possible for our detectors.

Having completed the analysis for a series a sources operated in parallel as would

typically be the case when using PDC sources to build multi-photon states we now

move the focus of the analysis to the standard and relative multiplexing schemes

presented by Zhang et-al. [139]. For this, the analysis must be extended to include

the switch efficiency/loss with ηswitch and a second timing ratio between the clock

speed and the switch reset time. The number of time bins per clock cycle is also

included. Building again on the combinatorial model in chapter 3 to include the

effects of switching, we can calculate estimates for the signal, signal with higher-

order emissions as well as the signal-to-noise ratio. Before continuing with the

results here, the GSA for only the “RTM2” scheme will be detailed here, this is

because the model derived to analyse them differs only by a scaling factor and so

each responds to GSA in the same way the result of which is that the sensitivity

indices are identical across each multiplexing scheme. The range of sources the

Sobol method has been applied to has been reduced to ignore a single source as

these temporal multiplexing methods require multiple sources to operate.

We can see from figs. 4.13 to 4.15 the sensitivity indices for these temporal

multiplexing schemes exhibit much of the same behaviour as a number of sources

operated in parallel. In comparing the results between each of the schemes we

have applied the Sobol method to, we see consistent sensitivity between each of

the parameters of the respective models. Now considering the effects present it

furthers our claim that we should operate at a target γP with a suitable signal-

to-noise ratio and proceed to tune the ratio found between the clock and detectors

or switches along with choosing to use detectors that, unsurprisingly, operate with

high detection efficiency.
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4.6 Discussion

Here we have evaluated the multi-photon generation behaviour of an array of single

photon sources with and without the addition of temporal multiplexing. Further the

multiplexing schemes explored each have their own merits, the requirement of high

performance detection and switching proves to be the deciding factor for practical

implementations. In order to provide an answer as to whether running an experiment

faster or slower than the detectors we can turn to the results presented both locally

on specific parameters as well as from our global sensitivity analysis. In global terms

we see that we should try to maximise the signal-to-noise ratio by operating at a

target γP paired with high efficiency detectors. From our localised analysis we can

then see that dependent on whether or not we operate with a large γP term we

should then run the detectors and experiment clock at the same speed turning to

run the clock faster for smaller γP .

It is still commonly held as true that increasing the clock speed of the experiment

is limited by the detector performance [142]. However, we have shown that in the

presence of loss, it is beneficial to run the clock much faster than the maximum

detection rate. For many laboratories this is already the case, using a pulsed laser

clock to ≈ 80MHz, with a corresponding peak-to-peak time of 12.5ns, in conjunction

with detectors taking tens of nanoseconds worth of dead time. However, it would

be beneficial to increase the clock speed even further as the emission probability is

much less than one for each source. The practical limitation is instead the reduction

in maximum pulse power, as each doubling in clock speed comes with a halving of

pulse power, which must also be shared amongst beam lines for each source. This

power limitation is the reason why in our laboratory we increase from 80MHz to

320MHz, doubling the clock speed twice, as beyond this the power deliverable to

each source is too low. We should also consider cases with active switching, like

those presented in [139], in the same way, the switches don’t need to operate as fast

as the clock source, but as fast as the heralding signal.

As would be expected detector parameters (ηdet and τdet) behave in much the

same way for both no multiplexing and relative temporal case with active switching,

with the reset time providing an upper bound to what the detector is capable of

processing and the efficiency defining how close to that upper bound we should
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expect to achieve, it is the switch parameter (ηswitch and τswitch) that provide the

differences between the two schemes, whilst both benefit from as high a performance

as possible the multiplexing schemes do appear to be more forgiving in terms of

resulting count rates and signal-noise ratio. This more forgiving nature is likely due

to addition of a heralding signal helping to co-ordinate the process, on this note it

would be interesting to apply a demultiplexing scheme to an SPDC single-photon

source in order to make use of a heralding signal to better control the switches.

In practical terms, we used the combinatorial model outlined in chapter 3, with

validation results, to decide the maximum rate to increase our pumps repetition

rate as shown in [65]. Given our experimental parameters, and operating up to

6 photons in our test of local observer independence [1], we found that 320 MHz

was the optimal tradeoff between a reasonable N-photon rate and thus integration

time, and the signal-to-noise ratio. As a consequence, we’ve been achieving N-

photon benchmarks such as state fidelities which are leading in the field given the

complexity of in particular the experiment in [1].
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Figure 4.15: Second-order indices for the relative temporal multiplexed
single photon sources. All of the second-order sensitivities caused by the inter-
actions present between each of the input parameters are displayed here.
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Time-Correlated Single-Photon

Counting

In the chapters 3 and 4 we discussed the three building blocks of quantum photonics,

sources, interactions, and detection. We then proceeded to model specific source-

detection scenarios to help us fine tune the parameters available to us in the lab. We

will now move on to the third building block and beyond: the detection of single-

photons and the processing of the resulting data patterns. Scaling up multi-photon

experiments requires processing increasingly many detector outputs. To discriminate

signal from noise, these need to be timed very accurately (on the nanosecond scale

or below), to identify detections belonging to the same N-photon emission event.

All of this can be achieved either by a series of fast digital circuits, i.e. a series of

fast NAND gates, or by use of a fast timer to assign a time tag to each detection

event. In both cases (or their combination) the current state-of-the-art is to build a

device around field programmable gate arrays (FPGAs)1 to collect and process the

incoming signals from our detectors and implement real-time pattern recognition.

Apart from the need to achieve around nanosecond timing resolution for individ-

ual detection channels, pattern recognition requires these channels to be temporally

“zeroed” against each other. This used to be achieved with physical delay lines.

Modern FPGAs can implement digital delay lines, and time-taggers can be zeroed

in software post-processing. For digital logic, the existence of patterns in the stream
1Use of application specific integrated circuits (ASICs) can provide a further increase in per-

formance as devices capable of only timing or logical tasks however this comes at the cost of
flexibility.
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of detection events can be found by use of a binary counter between channels sig-

nalling the pattern of channels that have been triggered. Further, the application of

fixed offsets (of the size of the device’s timing resolution) allows for delays present

in the experimental setup to be accounted for. For time tags we instead assign the

detection event two separate values, the first being which channel has been triggered

and the second being the time at which the trigger occurred, these two values are

then typically encoded into a single value: the time tag. Depending on the appli-

cation one may need to process time tags on the fly, or store them for slower data

mining later on. For experiments conducted in our lab like that of the “Experimental

quantum conference key agreement” [5] we needed to process all data in real-time

to determine when the first event in the sample occurred in order to build the con-

ference key. Conversely, for our reconstruction of the JSI for purity estimation in

“Direct Generation of Tailored Pulse-Mode Entanglement” (see [7] and chapter 6)

we needed to store all of the time tags for later data mining. Next we detail methods

to analyse the produced data. These examples have risen out of the work done in

section 5.2 allowing for task specific analysis to be developed to help facilitate the

groups experiments.
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Figure 5.1: Time-correlated single-photon counting. In TCSPC we record a
time stamp for each single photon detection event. From each of these time stamps
we can determine the instances where all of the sources in our experimental scheme
emitted photons at the same time.
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5.1 Timing Logic

Even the most accurate measurement devices are not without their flaws and limita-

tions. The time tagging and logic devices discussed in this chapter are no exception.

The timing element present in both cases is subject to some degree of jitter from

both the internal clock as well as the quality of the components used when creating

a trigger signal. Whilst different methods exist to discriminate the arrival of a signal

none of them are free from jitter. Further the amount of data that can be processed

is limited, either because of the bottleneck in the communication from the device to

post-processing, or due to internal processing speeds, i.e. internal counters needing

to reset.

Here we will outline the behaviour and limitations of the pulse detection method

commonly employed in TCSPC devices to provide some detail on an item often

taken to be “as is” in a laboratory setting. The main exposure to the operating

method of these TCSPC devices is the setting of each channel’s threshold levels and

retrieving data from them. In this section we will first provide an overview of how

the pulse is detected and in a later section provide details on how to find useful

information within the retrieved data.

5.1.1 Constant-Fraction Discrimination

To determine whether or not a pulse has arrived at our timing logic naively we may

decide on a simple rule: if the voltage on this channel is greater than my threshold I

will mark that as the arrival time of a new event. This however is much too simple,

under this ruling we are too much at the mercy of incoming signals jitter along its

rising edge. The jitter here is a feature of the slight random variations present in

the amplitude of the output pulse of the detector. The effect of these variations in

the signal amplitude can be seen in fig. 5.2, the use of a fixed threshold value to

trigger the arrival of the detector signal leads to a range of times the signal might

have arrived, reduction of this time range allows for higher precision measurements

to be accessed. In order to compensate for the increased jitter present in edge-

only triggering we instead make use of constant-fraction discrimination (CFD). This

process can be broken down into the following steps (the result of each step can be
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Figure 5.2: Induced timing jitter between different triggering methods.
Using a pulse from our detectors (Quantum Opus SNSPD) as an example, fig. 3.2,
we can see the effects of jitter when using just threshold triggering or zero-cross
triggering, from this it is clear to see that the jitter involved when using zero-
crossing is less than for thresholding (τtt > τzc). Whilst zero-crossing is in theory
capable of introducing no jitter to the measurement is primary goal is to negate
the effects of different signal amplitudes. There is also a need to contend with the
variation in the signal pulses rise time.

seen in figs. 5.3 and 5.4);

1. The pulse arrives at our timing logic as our input (fig. 5.3 (1))

2. We produce two copies, the first is attenuated, the second is delayed and

inverted (fig. 5.3 (2 & 3))

3. The attenuated and delayed copies are summed (fig. 5.3 (4))

4. A voltage comparator is then used to identify the zero-crossing point of the

summed signal to provide us with just one rising and falling edge (fig. 5.3 (5))

5. In parallel to this the input signal is compared against a threshold voltage

(fig. 5.3 (6)), we still require edge triggering here as otherwise the zero-crossed

signal could produce a timing event for small fluctuations in the noise floor.
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Figure 5.3: Constant-fraction discrimination process. The trace shown here
is from a Quantum Opus SNSPD (see fig. 3.2 for performance). Moving through
steps 1 → 6 we see how creation of the zero-crossing signal and edge thresholding
combine to provide us with square rising and falling edges in (6).

6. Finally, the zero-crossing signal and edge-triggered signal are fed into the clock

and reset input of a D-flip-flop2 respectively, with D’s input set to high. The

result of which can be seen in fig. 5.4.

The rising edge of the zero-crossing signal activates the flip-flop and if the edge

triggering signal is also set to high we proceed to sample from the D input, this

results in the square pulse seen in the lower panel of fig. 5.4 (noting that the falling

edge of the zero-crossing signal deactivates the flip-flop).

5.1.2 Arrival Times of Detector Pulses

Once it has been determined whether or not a pulse has arrived and produced a

signal more suitable for further processing by our logic we must now find a method

to determine when that signal arrived. Two key methods have been developed

in order to do this, the first being the use of a time-to-analogue converter paired

with an analogue-to-digital converter, such a device takes an input and produces an
2The D-flip-flop differs from the standard flip-flop in that the single bit of data it stores is

captured from the D input of the device rather than the state of the gate.
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Figure 5.4: Comparison between output of edge triggering and constant
fraction-discrimination based triggering. Extending from fig. 5.3 the two wave-
forms produced by the two discrimination processes shows how zero-crossing allows
us to create a short control signal and the use of an additional level thresholding
provides a convenient means to distance ourselves from the noise floor.

analogue signal before digitising it for use by a host computer whereas the second

method, developed as a successor, takes the initial signal and immediately produces

a digitised representation. On the surface these methods appear the same however

being able to convert an analogue signal immediately into timing information reduces

jitters as we have removed a processing step.

Time-to-Analogue Converters + Analogue-to-Digital Conversion (TAC/ADC)

The first component required for the TAC/ADC method is the TAC, this is a con-

ceptually simple device however its complexity is revealed upon implementation. Its

purpose is to linearly increase a voltage over a predefined range between the arrival

of a start signal and a subsequent stop signal. The general operating principle is as

follows;

1. The control signal arrives from the discriminators

2. Begin charging the capacitor bank
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3. The stop signal arrives (either a clock signal or secondary signal to the dis-

criminators)

4. Stop charging the capacitor bank

5. The voltage across the capacitor bank is read out

6. The capacitors are discharged so that they are ready for the next control signal.

This architecture has some key limitations, the first being the use of capacitors

to measure the length of time present between two signals, due to their charging

(discharging) behaviour not being completely linear they introduce some jitter into

the timing measurement. The second limitation is the need for a wait phase such

that we can reset the capacitor bank, in the case of very high speed signals this will

limit how quickly we can process incoming signals as we must concede that any signal

that arrives during the charging and reset phases have to be discarded. The read-out

phase of the process is completed by the ADC to produce a binary representation of

the ramped up voltage. In order to gain a full representation of the photon arrival

time we may wish for the read-out phase to consist of both coarse and fine timing

values, for example having the coarse value being the total number of internal clock

ticks since the timing device was started with the fine timing value being reserved

for the amount of time the incoming signal is away from its proceeding clock tick.

Further we may also want to include a signal as to whether or not the maximum

coarse time has been reached, at which point we will reset back to zero (this helps

with maintaining constant timing on a host computer). It should be noted here that

whilst this method is no longer considered to be the state-of-the-art it is has been

a successful method for a considerable amount of time. However with the advent

of high bit-depth digital components and the advent of FPGAs and application

specific integrated circuits (ASICs) the development of entirely digital solutions has

progressed significantly.

Time-to-Digital Converters (TDC)

This brings us conveniently to TDC based implementations, here we make further

use of the idea of separate coarse and fine grained timings however both follow
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Figure 5.5: The Johnson counter. Constructed from a series of D-flip-flops all
using the same clock input with each output chained to the successive “Data” input.
By constructing as a ring by connecting an inverted copy of the output of the final
gate into the data input of the first gate a constant stream of zeros followed by ones
is produced. Sampling the stream of ones and zeros determines the value of the
counter.

similar architectures unlike that of the TAC/ADC approach. First we will consider

the requirements and implementation for the coarse timing, which may be enough

for slower signals (where the distance from signal to signal could be as close as 1

ns). In the world of quantum photonics, gigahertz clock rates would be considered

fast (except for some limited quantum key distribution applications). The timing

accuracy would therefore have to be around the order of nanoseconds, which can

be considered slow for state-of-the-art timing devices. Applications like fluorescence

lifetime imaging, but also remote sensing applications like LIDAR and depth imaging

require much faster speeds for high resolution measurements, down to picoseconds.

Up to incoming signal rates of 1 GHz (1 ns resolution) it can be sufficient to measure

time with a counter alone.

Essentially, a pair of counters can be used together, one coarse, one fine, allowing

for accurate timing of events with small or large timing differences. Conventional

oscillators and integrated circuit electronics can be used for coarse-grained timing,

e.g. standard 10 MHz oscillators are used typically used to define a stable system

clock for the device. The clock ticks they provide are spaced at 100 ns, and the

Johnson counter can be used in combination to allow for timing resolution down

to 1 ns. Going beyond that into the picosecond regime is more complicated, now

fine-grained counters are added that rely on principles like the tapped delay lines.

Here a start and stop signal are needed, provided by the detection signal and the

fast effective clock signal respectively, the point in the tapped delay line where the

stop signal catches up with the start signal sets the state of the circuit, which is
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Figure 5.6: The schematic for a tapped delay. For fine grained timing a series
of D-flip-flops are again used. Here each of the outputs are connected to an encoder,
along with the value produced from the coarse timing circuity. The data inputs are
connected to the start signal input and delays are placed in between each flip-flop,
as a result the start signal is incrementally slowed down until the stop signal catches
up with it.

then read out.

For the tapped delay line the read-out is a one-hot code3 where the value is set

by the gate in the delay line where the stop pulse caught up with the start pulse so

we know that the fine timing must be related to the number of gates crossed and

the length of the delay, i.e. Tfine = Ngates × τdelay
The Vernier principle can be applied to the tapped delay line to increase timing

resolution by having a pair of different delays (one each for the start and stop

signals). The additional delay line means that now the time recorded is Tfine =

Ngates ×
(
τdelaystart − τdelaystop

)
Combing both coarse and fine timing methods as discussed here lends itself

naturally an encoding scheme as follows for 32-bit timing information4;

1. Bit 0 to signify resetting of the internal clock so that we know to add a multiple

(dependent on how many times we see a 1 here) of a fixed value to make all

time tags continuous
3These codes compared to counting in binary can only count up to the total number of elements

they are constructed from rather than exponential growth seen in binary codes. As a result these
codes gain simplicity in how to correct errors present in them due to the limitation of only allowing
a single high bit at a time, for example the encoder on the output could be made to ensure that
the value of each gate progresses in a linear order allowing us to know that if two bits are high
which one is correct.

4 This is the same encoding used by Picoquant for their HydraHarp (firmware >2).PTU files
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Figure 5.7: Vernier method timing for a tapped delay line. By extending
the structure in fig. 5.6 with a second array of delays for the stop signals the timing
resolution can be increased further. The delays must obey τ1 > τ2 so that the stop
pulse will still catch up with the start pulse.

2. Bit 1 → bit 6 to represent the channel of the device

3. Bit 7 → bit 31 to store the timing information.

Fine timing is defined by a series of delayed logic gates acting like a register,

defining how many bits the fine timing must occupy, we can choose (should we

have a method to signify resetting of the clock) to use a relatively small number

of bits for the coarse timing compared to the fine timing. In doing so the required

bandwidth per time tag can be reduced whilst maintaining as much timing resolution

as possible.

Whilst this fully digital approach may allow for higher resolution timing mea-

surements to be made it is still susceptible to errors and drifts. The most prominent

cause of these in the coarse timing have been identified as the resistance and ca-

pacitances present in the circuits, these problems manifest themselves through a

slightly different method in fine timing however. Here the causes of errors are due

to slight variations in the temperature of the components and circuitry as well as

slight changes in their supply voltage, when considering the degree of accuracy tar-

geted these small fluctuations are not to be taken lightly, especially in applications
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of the Vernier method. A method to stabilise the circuit is required such that any

change in the characteristics of the circuit affects both delay lines by equal pro-

portions so that timing can be maintained, for this a Delay Locked Loop (DLL) is

implemented to ensure that both delays result in pulses exiting the circuit simulta-

neously. Conversely, for the simpler tapped delay line to counter these problems we

would instead use a PLL to stabilise for temperature and voltage fluctuations.

With an overview of how the timing logic works in a general sense and more

specifically for use in time tagging, we can now explore how we should go about

analysing the data produced.

5.2 Counting Methods

Moving on, we now consider the software we need to complement the hardware.

The software aspect of TCSPC needs to find patterns within the stream of data

read-out from the timing logic, these patterns are the coincidence events of the

multi-photon events of our experiment. We state that 2 detector channels are in

coincidence with each other if they arrive at the detectors at the same time within

a user defined window. In a laboratory environment we often find that our photons

arrive at our detectors at different times due to mismatches in the lengths of fibres

used to couple our photons into them, as a result we extend this definition to those

channels being in coincidence after applying a delay numerically to the time tags

produced. As a result we arrive in a position where in order to determine whether

or not a coincidence event has been found we must look at (often distant) points in

time along our stream of time tags. Further we define a multi-coincidence event as

a coincidence pattern across more than 2 detector channels.

The software developed here is an extension of the TTag project developed by

the Kwiat Quantum Information Group [143]. Our extension is written in Cython (a

Python like compiled language) providing fast execution speeds and fast integration

of new features tailored to experiments. These features include finding the first

instances of a coincidence pattern needed for a quantum key distribution protocol

as well as the ability to reconstruct spectra. Further we implemented these methods

for both an AIT Time Tagging module and a Picoquant Hydraharp as well as our
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extensions to the methods for a UQDevices Logic-16 (the primary tcspc module

used with our laboratory).
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Figure 5.8: Schematic view of coincidence events. When looking for coinci-
dence events in the recorded stream of photon arrival times we look for instances
in the event stream where all channels appear within the coincidence window, the
bound area. In each of the time intervals here only the central interval describes a
successful coincidence, neither of the outer two events have all events for all of the
channels needed.

5.2.1 Basic Functions

For the software needed to begin analysing the stream of time tags produced by

the timing hardware we will outline a series of basic functions that can be used to

build up other functionality we need such as finding coincidence patterns that have

been recorded. These methods and the full multicoincidence described later in this

section have been implemented for and tested on an AIT TTM-8000 (unfortunately

now discontinued), a UQDevices Logic-16, and a Picoquant Hydraharp. We assume

here that the produced time tag stream is being held within a first-in-first-out (FIFO)

buffer and so if we want to gain insight into what happened over the last second (or

however long a time period we want to measure) in our experiment we will have to

determine how far back through the buffer to search.

Time Conversion

Each time tag consists of at least 2 components, the detector channel and the timing

information. We know that the value of the timing information must also be an
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integer number of the resolution the timing hardware is configured to operate with.

For convenience we should be able to convert between this and real time.

Converting from Time Bins to Buffer Positions

We can assume that it would be likely that not all time tags follow the last by exactly

one time bin and depending on timing resolution, emission (detection) probability

and the clock rate of the experiment the distance between neighbouring time tags

is not constant, however we need to operate as fast as possible to ensure that we

can differentiate between neighbouring time bins (acknowledging that in high loss

applications this distance might be as low as 1/RDark Counts). This leads us to needing

to be able to convert an amount of time to a corresponding position along the buffer.

This is a key function in determining the point along the buffer we should start

counting from as we want to find the oldest time tag in the buffer for the channel

we wish to analyse. Using that as the point to start counting from up to the time

tag at the start of the buffer where we started our analysis.

Next Buffer Position for Current Channel

Once we have our starting point and have visited a buffer location to perform some

analysis we then need to find the next position along the buffer with a newer time

tag for the current channel we are investigating.

The Oldest Channel

Finally for these basic building block functions we also need to store the identity

of the channel with the oldest time tag. This is especially necessary when it comes

to searching for coincidence patterns as we can use this to determine which channel

index to increment next so that we can progress through the buffer and complete

the calculation for a given time frame.

5.2.2 Singles Photon Counting

If we have a number of detector channels one of the simplest measurements we can

perform on the buffer is to determine how many times a specific detector channel

has produced a time tag either since the start of the experiment or over a set time
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frame. This tells us the detection rate at the detector and with that we can make an

estimate as to the dark count rate if we record a sample of noise from the detectors

with no signal entering them. The term “Single (s)” here is a short hand to refer to

the rate produced by only 1 detector. In order to calculate the singles rate we need

to;

1. Determine how far back in the buffer we need to position ourselves and set

that as our start point.

2. Validate whether the time tag at that point in the buffer is for the channel we

have targeted.

3. Begin to move along the buffer up to the most recent tag, stopping at the first

position we find our target channel.

5.2.3 Multicoincidence Event Counting

This conveniently brings us to finding patterns of channels within the buffer. We

refer to these patterns as coincidence events and we must acknowledge that there

are differences in the arrival times of each the photons for each detector channel,

meaning that the pattern of detection events we are looking for might not hap-

pen simultaneously but accounting for the offsets present we can analyse photons

produced by the same generation process. The method for finding these events

is more involved than those for single detector events and so we must be careful

when initialising where to count from as relative delays between each channel must

be accounted for. Further it is possible for the buffer to contain the same timing

information multiple times in adjacent positions for different channels, as a result

we must ensure the timing value we are inspecting is for the channel we expect.

Here we detail a generalised prescription for finding coincidence events between a

set of detector channels we define as our measurement. From the following details

it should be possible to define a method/function for any chosen programming lan-

guage. The key steps are detailed in the following flow chart such that the structure

is more clear for anyone wishing to implement multicoincidence detection methods

into their own analysis library in fig. 5.9.
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Figure 5.9: programming flow chart for detecting coincidence events within
a stream of time tags.

Initialise

To initialise the counting process we must

1. First find how far back to start counting from in the buffer according to how

large a time period we are measuring over

2. Convert our delays and coincidence window into time bins

3. Find the buffer position for each channel in the pattern closest to the start

point defined first but not older than this point

4. Now we ensure that the per channel buffer positions we have just found corre-

spond to the correct channels, this arises due to the possibility for 2 different
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channels to have the same timing information.

5. Set individual minimum and maximum positions along the buffer for each

channel, where the minimum positions will be close to the start value found

first and stop positions will be close to the point in the buffer we started this

process from.

The result of this is that we define three arrays;

• Starting indices (buffer positions) for each channel, Cidx

• Maximum time values for each channel, TMax

• Minimum time values for each channel, TMin

We should be careful to note here that the buffer on the host machine is con-

stantly being written to, as such we have to have a known reference point for when

we start counting, we can achieve this by knowing how long the buffer is and by

storing the total number of events that have been written to the buffer. With those

values known we can then always know exact positions of the time tags in the buffer

as each time tag can have both an absolute position known about it (from when

counting started) as well as its exact position in the buffer (since the buffer is of a

fixed length and eventually we will have to overwrite the values at the start of it).

Now we define an initial value to enter into our main loop, this is the channel

in our coincidence pattern with the lowest time tag (i.e. the oldest time tag for our

pattern).

Starting Channel & Next Channel

With the initialisation step made we can now enter the main loop, making sure to

initialise a counter so that know whether or not we have found the pattern in the

current region of the buffer (once delays are accounted for such that coincidence

events would be constructed from neighbouring points in the buffer). Starting with

our initial value (the oldest channel in our pattern) we now begin to loop over the

other channels (making sure to exclude the initial channel so as to avoid double

counting and false positive events) in the pattern and their respective timing values.

We will use the short hand i for the channel we entered the loop with and j for the

channel we are attempting to validate.
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Validate Coincidence Window

(TMax [i]− Buffer [Cidx [i]] + Coincidence Window)

≥ (TMax [j]− Buffer [Cidx [j]])

(5.1)

Now that we can avoid visiting the channel we start to count from we can proceed

to validate those that we do need to visit. To do so, the current time tag for channels

i and j must be subtracted from their respective Stop positions (as defined in the

initialisation step) such that delays are correctly accounted for, the coincidence

window is then defined by eq. (5.1)5;

For increased clarity it may be beneficial to rewrite this relation in the form of

eq. (5.2). Here it becomes more clear that delays are accounted for and as a result we

look for time tags within the same coincidence window and subsequently compare

against the search diameter. In essence the coincidence window acts as a tolerance

for channels to be considered valid for our coincidence count. We define this check

as successful (True) on the condition the minimum channel, i, and our current, j,

channels time tags are at a distance smaller than the coincidence window and go to

“Increment Counter” otherwise we go to “Exit Validation”.

 TMax [j]− Buffer [Cidx [j]]

− (TMax [i]− Buffer [Cidx [i]])

 ≤ Coincidence Window (5.2)

Increment Counter

On the condition that “Validate Coincidence Window” is True we increment our

check value by 1 and increment our j counter by 1. The check counter allows for

us to determine whether or not the time tags produce a valid coincidence event and

incrementing the j counter advances us to the next channel in our pattern.

Exit Validation

If at any point whilst looping though the channels in the coincidence pattern we ar-

rive at a distance between the minimum and the current channel that is greater than

the search window we immediately exit this loop and proceed to step “Reinitialise”.
5We make use of square brackets here to denote positions along an array much like the syntax

used in languages like C/C++ and Python, etc
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The channels at this point have become to distant for them to be in coincidence.

Validate Counter

Here we test the check value we increment on the success of “Validate Coincidence

Window” if this value is equal to (Pattern length−1) we know that we have found a

valid time tag for each channel in the pattern and therefore have found a coincidence

event in the buffer. On the case of this test being True we proceed to “Coincidence

Found” to increment the coincidence count, otherwise we jump to “Reinitialise”.

Coincidence Found

We have we found an event we are searching for and so increase our coincidence

count by one and then move to “Reinitialise” to reinitialise the loop.

Reinitialise

Finally we update the current index value for the channel we started counting from

(minimum channel) and determine which channel now has the minimum value al-

lowing us to re-enter the loop at “Starting Channel” to move along the buffer to

start the search for the next valid event.

The method detailed here provides an efficient means to find patterns in the

stream of time tags recorded. This efficiency arises by first finding only the range of

times we need to look between. We could increase the efficiency further by holding

counters for all of the smaller patterns that make up the target pattern, in doing

this the cases where we have to start the count for the pattern again wouldn’t be

lost and could be used record the rates of each of the sources used in an experiment

all at the same time. This is a simple extension that could be added to the method

if it is needed. By finding the positions needed to count from each time we have to

re-enter the loop, and by making use of a coincidence window for the patterns we

are searching for, performance is gained in that we can initiate the search from any

point within the pattern. This is also a feature of applying the delays and using

that to place an index for each channel that is in our reference frame at position

zero, however there may be very large distances between the points in the buffer.
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5.2.4 Histogramming

Now that we are able to analyse and manipulate time tag data to find specific events

within the data stream we can still extend our analysis further. Even though we may

know the delays for a specific coincidence pattern we are looking for we also know

that there is some amount of jitter present and that all of the timing information

recorded will have some amount of error present in it, building up a histogram of

the results can allow us to explore this feature. Further we can extend this idea

if we are using a pulsed pump source and look into correlations that may occur

across different pump pulses. This ability enters into a new level of data exploration

when we consider using time tagging as an element to construct a spectrometer,

if the timing information is of a high enough resolution and the photons we want

to measure have had the frequency domain stretched far enough we become able to

reconstruct features of their respective wave functions. In the case of SPDC when we

engineer crystals for a specific behaviour, for example to increase the purity of the

source or maybe so we could entangle photons along more than just the polarisation

degree of freedom, this would provide us a method to inspect the structure of the

bi-photon state produced allowing us to further determine if our efforts have been

successful. These types of measurement will be the subject of chapter 6.
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Joint Spectral Intensity

Reconstruction and Purity

Estimation

6.1 Introduction

In this chapter I will describe an experimental and computational spectroscopy

method we developed for the high-precision study of joint spectra produced by

photon-pair sources based on parametric downconversion. The main purpose of

this development was to support the design and creation of pure heralded-photon

sources employing PDC crystal domain-engineering resulting in heralded-photons

with Gaussian-shaped spectra. We first demonstrated this technique in [6], at which

point we had not yet constructed the means to measure joint spectra directly, hence

we had to resort to auxiliary two-photon interference measurements to establish

benchmarks like purity. The Gaussian domain engineering led to an unexpected

but most exciting offspring in the form of direct creation of time-frequency modes

in a single pass PDC experiment, see F. Graffitti, P. Barrow et-al., PRL 053603

(2020) [7]. For this experiment, a purpose built time-of flight spectrometer and a

computational method to turn the resulting “big data” time-tags into joint spectral

information was devised. With that experiment completed, this method was then

applied to a second generation of Gaussian crystals for pure photon generation,

obtaining unprecedented precision with so far the highest reported unfiltered spectra

81



Chapter 6: Joint Spectral Intensity Reconstruction and Purity Estimation

A. Pickston et-al. (under preparation). Finally, we developed an entirely new image

processing method which allows for reconstructing data-heavy plots from very few

samples reliably.
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Figure 6.1: Joint spectral intensity reconstruction (logarithmic pixel in-
tensity.) From the dispersive time-of-flight spectrometer measurements detailed in
this chapter we are able to reconstruct joint spectra of heralded single photons up
to a spectral range of 36 nm, ≈ 12 times larger than the PDC photons’ bandwidth.

6.2 Experimental Setup

Here we detail the experimental configuration applied to measure the output PDC

biphoton state and heralded-photon purity of a PDC crystal. Measurement of the

biphoton state could be obtained via quantum state tomography in the time fre-
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quency mode (TFM) basis [144–146] requiring a cascade of nonlinear processes, or

by reconstruction of the joint spectral amplitude, requiring complex interferometric

techniques [147–149]. Alternatively we can use spectroscopic methods to reconstruct

joint spectral intensity (the absolute square of the JSA) of the heralded single-

photons, using grating spectrometers or dispersive spectroscopy [150] or even via

stimulated emission tomography [151, 152]. Typically, commercial high-resolution

spectrometers lack single-photon sensitivity with those that do being slow to op-

erate and lacking the ability to measure photons in coincidence, a feature crucial

for measuring the joint spectra. We make use of dispersive spectroscopic tech-

niques [150, 153] to characterise the JSI of a selection of PDC crystals. In our

experimental configuration we make use of long single mode fibre (SMF-28) to pro-

vide our dispersion, for this we need to determine a length of fibre that will allow

us to resolve the spectra at a high enough spectral resolution.
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Figure 6.2: Spectral resolution and spectral window as a function of fi-
bre length Increasing the length of optical fibre used to disperse single photons
(λ = 1550nm) results in a decrease in spectral window and an increase in spectral
resolution. These parameters must be balanced according to the repetition rate
of the laser and timing resolution of our hardware. The narrowing of the spectral
window is worse for faster repetition rates limiting the amount of dispersion that
would be usable faster. It is also shown that improving the size of the time bins for
our timing hardware from 100 ps to 1 ps, provides very significant improvements in
how much dispersion is needed to resolve smaller details. An 80 MHz pump and 1
ps time bin width with 20 km of fibre have been chosen for our experiment.

It is important to not provide so much dispersion that we limit the spectral

window, since we will be making use of time-of-flight measurement we need the

spectral window in terms of time to be as wide as the peak-to-peak time of our
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pump laser. To determine these parameters we use:

∆t = cλ · L ·∆λ, (6.1)

where is spectral bandwidth, the dispersion coefficient is defined by cλ and L is

the fibre length. We can determine the spectral resolution, ∆λ, by specifying a

minimum temporal resolution and a length of fibre, this is shown in fig. 6.2 for 1

ps, 10 ps and 100 ps. The delays fibres used are Corning SMF-28 single-mode fibres

where cλ = 18 ps/km/nm at a centre wavelength of 1550 nm. Using this and the

knowledge that we have an 80 MHz repetition rate pump laser, Spectra-Physics

Tsunami Ti:Sapphire, and timing electronics with a resolution of 1 ps, Picoquant

Hydraharp, we can determine an ideal length of fibre to use.

We have chosen 20 km of fibre for the delay lines to build the dispersive spec-

trometer, providing a convenient balance between spectral resolution and the size of

the spectral window for our measurements, details of which can be seen in fig. 6.2.

This combination of parameters will allow us to measure the entire spectral range

between neighbouring pump pulses and provide a high resolution without the need

to limit the spectral window. We see this trade-off in such measures focusing on the

central peak of the JSI in order to increase the spectral resolution [154, 155] which

in turn results in the loss of any correlations that may be present away from the

centre, these extra correlations are however key in accurate and reliable estimations

of single photon purity.

The dispersion from the delay fibre allows us to “stretch” a pulse over a larger

temporal range, shown in fig. 6.3. Without the use of the delay fibre we can resolve

a FWHM of 72 ps for either of the output modes emitted from our PDC source, by

including the delay fibre the dispersion present causes a temporal stretching leading

to a 15.25 times increase in the FWHM. This lengthening in the FWHM allows us

to resolve the spectra in greater detail when using a time tagging device with a 1 ps

binning, with the final timing resolution being limited by detector jitter, resulting

in ≈ 72 ps of timing resolution.

The setup detailed in fig. 6.4 is used to reconstruct the JSI from a single PDC

source. Each of the two photons emitted is sent through an ≈ 20 km single mode-

mode fibre before arriving at our SNSPDs, each with an 80% detection efficiency
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Figure 6.3: Effect of dispersion on a single heralded-photon. The effect of
dispersion allows for a pulse to be broadened. Both pulse shapes shown here are
from the same source however the application of dispersion allows us to see the
structure of the pulse in greater detail. The narrower pulse shape outline the need
for very high timing resolutions as the level of detail found in the broader pulse
requires 20 km of optical fibre with a dispersion coefficient of ≈18ps/Km/nm paired
with a timing resolution of 1ps. The central dip seen here is caused by the tailoring
of the PDC crystals joint spectra, which takes the form of a Hermite-Gauss mode.

and < 50 ps jitter. The photon arrival times are then recorded by a Picoquant

Hydraharp for offline processing.

6.3 Calibration

The experimental configurations detailed above for dispersive spectroscopy provide

a measurement in units of time, to translate any resulting measurements to wave-

lengths it requires calibration against a known device. For this we send single

photons through our long dispersive fibres and measure each (signal or idler) indi-

vidually with a single-photon spectrometer. Due to only being able to measure the

effects of a single fibre and as a result either the signal or idler at a time we can

only extract a result for the marginal spectra of our joint spectrum. The calibration

was performed only with crystals engineered to produce time-frequency modes, the

details of which do not matter much for calibration purposes and will be explained

in a later section. Re-calibration with other crystal types was deemed unnecessary

as the rest of the experimental set-up remained unchanged.
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6.3.1 Single-Photon Spectrometer

Instead of performing an absolute calibration against a known frequency standard,

we chose to calibrate against a commercial grating-based spectrometer. We used

a Teledyne Princeton Instruments IsoPlane 320 grating spectrometer with 0.05nm

resolution at 1550nm, which was equipped with a single-photon sensitive EM-CCD

camera. Results of this can be seen in fig. 6.6, limiting the range to a 20 nm window,

well beyond the design bandwidth of our heralded photons.

With single-photon calibration spectra independently recorded we turn our at-

tention back to the fibre spectrometer we have constructed. To complete calibration

using the independent spectrometer data, it will have to be compared to arrival
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Figure 6.4: Experimental configuration for dispersive spectroscopy of two-
photons. Entangled pair source (upper right) and biphoton state characterisation.
A pulsed Ti:Sapphire laser with 80 MHz repetition rate, 1.3 ps sech2 pulses at 775 nm
is focused into the tailored KTP crystal to create 1550 nm photon pairs via collinear,
type-II PDC. The orthogonally-polarised down-converted photons are filtered from
the pump with a dichroic mirror (DM), a long-pass (LP) and a loose band-pass (BP)
filter (with a bandwidth ≈ 3 times larger than the PDC photons’ bandwidth). The
entanglement quality and number of modes of the PDC pair can be benchmarked
with joint spectrum reconstruction via dispersive fibre time-of-flight spectroscopy.
Here we use a single output from a second source operated at a higher pump power
than the source we measure the joint spectrum from as a clock source giving us
absolute timing to complete the reconstruction with. Alternatively a photodiode
could be used to measure the clock of the pump laser providing in this case a stead
80 MHz absolute timing source. However, here the lower jitter of the single-photon
detectors was favoured in order to ensure timing accuracy.
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Figure 6.5: Experimental configuration of single-photon spectra. Single-
photons emitted from our source and then traverse the length of the delay fibre
before reaching the single-photon spectrometer. From there the spectra is measured.
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Figure 6.6: Signal and idler spectra recorded on an EM-CCD based single-
photon spectrometer. The intensity values for each wavelength have been nor-
malised to unity over the region we are interested in most.

time measurements of heralded single-photons. The resulting spectra are shown in

fig. 6.7.

Finally we come to the calibration. Combining the spectra displayed in figs. 6.6

and 6.7 we take the FWHM of each spectra in the wavelength and temporal bases,

dividing one by the other to determine the number of nanometres per picosecond.

We see consistent calibration results for both signal and idler photons output from

either port of the beamsplitter, providing a calibration of ≈ 0.003 nm/ps. The

central wavelength of each spectra in fig. 6.6 can then be used to set the equivalent

central wavelength of fig. 6.7 at zero arrival time after converting time to wavelength.

With this complete we will now be able to view the spectra in both the temporal

and spectral domain.
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Figure 6.7: Heralded single-photon arrival time spectra. Single-photon spec-
tra measured using dispersive spectroscopy and picosecond timing resolution of both
signal and idler PDC modes from either output ports of a fibre beamsplitter.
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Figure 6.8: Calibration for both signal and idler with either of the beam-
splitter output modes. In each case we see a calibration of ≈ 0.003nm/ps.

6.4 Result of JSI Reconstruction

Here we display the resulting reconstructed JSI for the following crystals:

• 28 mm ppKTP,

• 30 mm apodised KTP — “Gaussian”,

• 30 mm Engineered for time-frequency mode creation — “Antisymmetric”.

For the ppKTP and Gaussian cases we include measurements with and without

some additional filtering. Filtering for the ppKTP crystals comes from an Alluxa

bandpass filter centred at 1550 nm with a 2.8 nm FWHM and a Semrock bandpass

filter centred at 1550 nm with a 7.4 nm FWHM. Each crystal and filter combination

will use the two-photon spectroscopic method detailed in fig. 6.4 with additional
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Figure 6.9: Reconstruction of the joint spectra produced from a ppKTP
crystal. We can see the extent of the side-lobes caused by the “on-off” nature of the
nonlinearity present in ppKTP crystals. Marginal spectra for the signal and idler
modes are displayed in the right most panels.

measurements made for the antisymmetric crystal where two sources are constructed

and entanglement swapping is used, see fig. 6.15. In this section and the following

subsections the joint spectra will be displayed and discussed followed by estimations

of the spectral purity of the heralded single-photons in the subsequent section.

Seen in fig. 6.9 is the JSI reconstructed for a ppKTP crystal. Designed for use

with a Gaussian pump envelope function centred at 791 nm operating in a symmetric

GVM regime, we observe an elliptical central lobe instead of a circular one due to

our use of a mode-locked sech2 pump envelope. The use of an incorrectly matched

pump with this crystal will influence the purity of the single-photons.

The side lobes are clearly present in fig. 6.9 where they can be seen extending

across the entire peak-to-peak time for the pump laser (12.5ns). The figure has been

plotted with a logarithmic scale for the pixel intensity. It can also be seen, extending

across the diagonal (bottom left to top right) a faint line with the same width of

that as the central lobe. This band is caused by a continuous-wave background

present in the pump pulse train. As a result of it being continuous it is not possible

to extract correct timing information from any of the coincidences produced from
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Figure 6.10: Reconstructed JSI of filtered ppKTP crystal. In comparison to
fig. 6.9 we can see the effects of filtering to isolate the central lobe. We can clearly see
that application of filtering allows us to remove much of the unwanted correlations
and in combination the removal of these correlations also results in a reduction in
the brightness as the photons resulting in the extra lobes are blocked out.

emissions caused by this element and as a result they form a band with zero relative

delay between each photon. This is an artefact present in all of our measured joint

spectra, when it comes to purity estimation we include these intensities as they are

only present as a faint band when displaying the logarithm of the intensities.

The side lobes present in fig. 6.9 we proceed to apply spectral filtering to suppress

their presence as shown by fig. 6.10. The difference between unfiltered and filtered

cases is clear for the ppKTP crystal, with tight enough filtering it is possible to

suppress all of the side lobes that naturally present themselves in the joint spectrum.

We can see from fig. 6.10 that the filtering has removed almost all of the side lobes

with only a small sliver visible in the first of each side lobe from the centre.

The central peak of the spectra is slightly misshaped, this is due to a slight

centre-frequency mismatch in the filter in one arm of the source causing a slight

bias in the result1. Whilst filtering does allow us to achieve a higher purity for our
1Slightly tilting the filter with respect to perpendicular of the beam path allows for some degree

of tuning of the cut-off wavelength from the filters centre. It can be seen in this case that the tuning
was not exact.
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Figure 6.11: Domain engineering allows for production of the central lobe
alone. With domain engineering we gain the option to avoid filtering the output
of the PDC process. Comparing the result here to those in figs. 6.9 and 6.10 the
side lobes we would have to remove after emission are non-existent here. We only
produce the correlations we need and nothing else. Whilst this increases the purity
of the emission it should be noted that the brightness doesn’t reach the same level
as that of the unfiltered ppKTP crystal.

states it is at the cost of source brightness and as a result reduces the probability of

detecting a pair of photons per pulse (clock cycle), meaning that when using heavily

filtered sources we will likely enter a regime where the success probability of the

quantum protocol we are investigating is too low and as a result the time taken to

complete our measurement may become infeasible (fig. 4.3).

An alternative to filtering the emission of a PDC crystal would be to engineer

the crystal such that no side lobes are present by design. The heralded single

photons would possess a higher spectral purity and have the potential to achieve

higher brightness than the filtered ppKTP crystal, both of which are highly desirable

quantities for experimental realisations of quantum information protocols.

The result of a crystal designed with these properties in mind can be seen in

fig. 6.11, the Gaussian designed domain-engineered crystal presented is our second

generation of the crystal designed by our group [6]. The crystal engineering process

relies on shaping of the JSA. In particular we know the shape of the pump envelop
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Figure 6.12: Domain engineering plus additional filtering can isolate the
central lobe further. Whilst fig. 6.11 shows what can be achieved with domain
engineering of the crystals here we show how the addition of some gentle filtering
can improve the purity in the spectrum further.

function eq. (2.10) of our laser, a transform-limited sech2 pulse centred at 775 nm.

Then, operating in a symmetric GVM regime we define a PMF (eq. (2.11)) taking the

shape of a Gaussian function, using methods described in [67] the poling structure

of the KTP crystal can desined to reflect the Gaussian PMF. With this method it

becomes possible to produce joint spectra with a central lobe closer in shape to a

Gaussian function lacking the characteristic sinc side lobes and so higher spectral

purity in the heralded single-photons when compared to ppKTP. As a step further,

we add some filtering to the measurement in fig. 6.11 to eliminate the faint side lobes

seen extending from the central lobe, the results of which can be seen in fig. 6.12.

6.4.1 Direct Generation of Time-Frequency Modes

Of the investigation into crystal domain engineering [6] the idea to develop a crys-

tal with novel properties surfaced, possessing time-frequency mode (TFM) entan-

glement. Encoding quantum information in the time-frequency degree of freedom

enables access to a higher-dimensional Hilbert space, which increases quantum in-

formation capacity but also robustness to noise [156–161] and robustness against
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Figure 6.13: Theoretical joint spectral intensity for direct generation of
time-frequency modes. From a Gaussian pump envelope function and an an-
tisymmetric phase-matching function, shaped as the first-order Hermite-Gaussian
function, a joint spectra defining time-frequency modes can be created. The result-
ing joint spectra provides a maximally entangled joint spectral amplitude, with the
corresponding TFM basis states u(ω) and v(ω)

chromatic dispersion [162] all of which are problems to overcome for use in fibre

networks.

Time-frequency modes can be developed by shaping of the joint spectral am-

plitude (see section 2.1.2). The process to engineer crystals has been stated in the

previous section with respect to the Gaussian crystals developed. Reapplying the

idea of shaping the JSA, we now consider one taking the form of a Hermite-Gauss

function, with the goal of generating the maximally-entangled antisymmetric Bell-

state:

|ψ−〉s,i =
1√
2

(| 〉s| 〉i − | 〉s| 〉i) (6.2)

The state defined in eq. (6.2) corresponds to the joint spectrum encoded in the

TFM basis states = u(ω) and = v(ω). Using the nonlinearity engineering

algorithm developed in [67] the PMF can be shaped as a first-order Hermite-Gauss

function. This has resulted in the creation of a 30 mm KTP crystal designed with
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Figure 6.14: JSI produced by a PDC source designed with frequency en-
coding. Unlike any of the spectra shown so far, here we can see the effect of creating
a crystal designed to produce an anti-symmetric bi-photon state. We now see a pair
of lobes in the centre. The nature of the engineering here can be seen as still “im-
perfect” due to the side lobes seen extending across the diagonal, in comparison to
the ppKTP case however, these are very faint compared to the central lobes.

a symmetric GVM condition for a 1.3 ps laser pulse [68] where each domain is ≈

23.1 µm wide, equal to the coherence length of a 775 nm pump down-converted

into a pair of 1550 nm PDC photons. The engineering algorithm tracks the PDC

amplitude as it moves along the crystal, checking whether each domain should be

oriented up or down while minimising the distance between the resulting amplitude

and the ideal target.

The first mode of the Hermite-Gauss function used to define the JSA contains

a phase which can’t be measured with our dispersive spectroscopic method, the

produced JSI then approximates the absolute value of the JSA. Using the single

crystal two-photon coincidence measurement detailed in fig. 6.4 to reconstruct the

|ψ−〉 state eq. (6.2) we successfully reconstruct the JSI in fig. 6.14. The two central

lobes of the Hermite-Gauss function are clearly visible, along with some artefacts

from the engineering algorithm (noting that like the rest of the JSI reconstruction

figures this is plotted as the log10 of the intensities).

In order to use PDC crystals designed to emit TFMs in multiphoton protocols the
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Figure 6.15: Experimental configuration for dispersive spectroscopy with
entanglement swapping. Entangled pair source (upper right) and biphoton state
characterisation. A pulsed Ti:Sapphire laser with 80 MHz repetition rate, 1.3 ps
sech 2 pulses at 775 nm is focused into the tailored KTP crystal to create 1550 nm
photon pairs via collinear, type-II PDC. The orthogonally-polarised down-converted
photons are filtered from the pump with a dichroic mirror (DM), a long-pass (LP)
and a loose band-pass (BP) filter (with a bandwidth ≈ 3 times larger than the PDC
photons’ bandwidth). The entanglement quality and number of modes of the PDC
pair can be benchmarked with joint spectrum reconstruction via dispersive fibre
time-of-flight spectroscopy and two-photon interference in a fibre beamsplitter. The
beamsplitter facilitates entanglement swapping, heralded by a coincidence detection
of the photons after the fibre beamsplitter. The resulting swapped state is then
verified via fibre spectroscopy.

ability to interfere and swap independently generated TFM-encoded photons is key.

A generalised entanglement swapping for TFM has been proposed, based upon non-

linear processess between two single-photons, it however suffers from very low success

probability [163]. Instead, we implement the standard entanglement swapping us-

ing a pair of sources built with these antisymmetric crystals. By interfering a single

photon from each source on a fibre beamsplitter as shown in fig. 6.15 we can swap

entanglement between the two independently generated |ψ−〉 states. The resulting

four-photon state can be written as 1/2(|φ+〉|φ+〉+ |φ−〉|φ−〉+ |ψ+〉|ψ+〉−|ψ−〉|ψ−〉),

a coherent sum of the four Bell states:

|ψ±〉 = 1√
2

(| 〉| 〉 ± | 〉| 〉)

|φ±〉 = 1√
2

(| 〉| 〉 ± | 〉| 〉)
. (6.3)
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Figure 6.16: Four-photon JSI reconstruction of antisymmetric |ψ−〉 state.
When considering the 4-photon version of the result seen in fig. 6.14 we can imme-
diately see the requirement to record data for a much longer measurement time in
order to collect enough 4 photon events.

The antibunching present in the singlet state is a result of its antisymmetry,

conversely the triplet states possess symmetry and so bunch. Detecting a two-

photon coincidence event at the two output ports of the beamsplitter corresponds

to a successful projection onto the singlet state and heralds the swapping of the TFM

|ψ−〉 from the two photons incident on the beamsplitter to the two non-interacting

photons.

To evaluate this entanglement swapping scheme we have chosen to measure both

interference between signal and idler photons, one from each source, and interference

between signal photons from both sources. Measurement for the “signal — idler”

entanglement swapping can be seen in fig. 6.16 with “signal — signal” swapping

shown in fig. 6.17. As we expect, post-selecting on a coincidence event on both

output ports of the beamsplitter results in reconstruction of the |ψ−〉 matching

what is seen in the single crystal measurement fig. 6.14, this of course should come

as no surprise. Whilst differences between both of these four-photon measurements

are subtle, it can be seen that the gap between the two lobes, where the JSA would

cross zero, is more defined in the “signal — signal” measurement. This difference is
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Figure 6.17: Further four-photon JSI reconstruction of antisymmetric |ψ−〉
state.Whilst the spectrum here may look to be the same as in fig. 6.16 we instead
chose to interfere both signal photons produced by the two independent sources
versus signal and idler in the previous case. The result of this is a slight change in
the purity and most clearly from these plots is the increase in the contrast of the
dip in the marginal spectra.

more pronounced in the marginal spectra, where the dip at the centre of the peak

is stronger.

The final set of measurements under the entanglement swapping scheme is for

the case where we post-select on a photon from either of the beamsplitter outputs.

We again choose to measure both the “signal — idler” and “signal — signal” en-

tanglement swapping, configurations producing the JSI reconstructions shown in

figs. 6.18 and 6.19. In these measurements we now see four peaks, produced by a

mixture of the four equally weighted Bell state JSAs. Much like for the |ψ−〉 state

JSI we again see more detail in the dip at the centre of both the signal and idler

marginals in “signal — signal” swapping. The consistency of this behaviour in both

schemes suggest that a higher interference visibility is achievable in the “signal —

signal” swapping case, this could be due to slight differences in the signal and idler

wavelengths where we have a smaller difference in wavelengths between both of the

signal photons.

It is possible to introduce small variations in the widths of the crystals domains
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Figure 6.18: Four-photon JSI reconstruction of mixed Bell state, with
signal-idler interference. Much like in fig. 6.18 we have chose to interfere both
the signal and idler photons from each source, here however we turn out attention
to the triplet state. The mixing of states is shown by the presence of a single lobe in
each quadrant from the centre. Much like in the singlet measurements the marginal
spectra displays the same form as we have to trace over the corresponding photon in
the state removing much of the information allowing us to see as clear a difference
as that shown by the joint spectrum.

by changing the temperature of the crystal. This results in a shift of the PMF in the

(ωs, ωi) plane, allowing for the production of frequency non-degenerate photons. In

the same way the temperature of the crystals can be tuned to get closer to fully fre-

quency degenerate photons and so increase the interference visibility. The behaviour

between “signal — idler” and “signal — signal” suggests that some temperature tun-

ing may have been needed to optimise each case.

6.5 Purity Estimation

Whilst the ability to plot the joint spectrum of our produced biphoton states may

provide us visual insight into their respective structures the feature of primary inter-

est is that of the state’s purity. The data recorded provides a means to calculate the

spectral purity of our states, calculation of the number purity is outside of the scope

of this experimental method alone as we lack information about the number of pho-
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Figure 6.19: Four-photon JSI reconstruction of mixed Bell state, with
signal-signal interference. Just like the singlet states we have also chosen to
produce the triplet state in the case of interfering both of the signal photons. Most
notably, the difference between this result and the triplet state produced between
the signal and idler in fig. 6.18 is the increase in contrast between the individual
lobes along with the contrast of the central dip in the in the marginals. This effect
implies a stronger degree of interference between signal-signal than with signal-idler
suggesting the detected state is of a higher purity.

tons that arrive at each detector for each detection event. However, we can obtain

knowledge into the number purity through the analysis of two-photon interference

experiments with the detector model such that we can estimate the signal-to-noise

ratio of a single photon source.

The Schmidt decomposition allows for the calculation of spectral purity by fac-

torising the JSI into a linear combination of the orthogonal functions of the signal

and idler frequencies with the Schmidt magnitudes,κk.

By then taking the reciprocal of K we then arrive at the spectral purity. Since an

analytical method is not necessarily derivable for our measurement we must instead

use a numerical method to decompose the JSI, into a matrix each for the signal and

idler modes as well as a third matrix containing the correlations between the modes.

The numerical method needed is that of singular value decomposition, effectively a

matrix operation analogue of the Schmidt decomposition, which takes the form of;
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Crystal Filtering Bin Width (ps) Theoretical Purity (
√
JSI) p

(
|
√
JSI|

)
p
(
|
√
JSI|

)
σ
(
p
(
|
√
JSI|

))
Antisymmetric None 1

50.000

44.130
Antisymmetric None 20 65.279 65.124 0.017
Antisymmetric None 50 65.844 65.795 0.017
Antisymmetric None 100 66.978 66.956 0.017
Gaussian None 1

98.600

57.881
Gaussian None 20 84.428 84.303 0.020
Gaussian None 50 84.753 84.747 0.020
Gaussian None 100 85.011 85.030 0.020
Gaussian Semrock 1

98.697

59.214
Gaussian Semrock 20 90.945 90.757 0.019
Gaussian Semrock 50 91.227 91.174 0.019
Gaussian Semrock 100 91.404 91.378 0.019
ppKTP None 1

80.701

65.880
ppKTP None 20 82.038 83.131 0.016
ppKTP None 50 82.407 83.591 0.016
ppKTP None 100 82.880 84.086 0.016
ppKTP Alluxa 1

98.397

45.350
ppKTP Alluxa 20 94.115 93.845 0.031
ppKTP Alluxa 50 94.490 94.430 0.031
ppKTP Alluxa 100 94.708 94.685 0.031

Table 6.1: Resulting spectral purity estimations. The result of spectral purity
estimation of the heralded photons from the JSI for each crystal and filter combina-
tion measured. The simulated purity column represents the mean value calculated
by Monte-Carlo simulation of the JSI for each case with the standard deviation from
the samples providing us a means to quantify the error present in the measurement.

MJSI = Ωi ·Dκ · Ωs. (6.4)

Where MJSI is our measured JSI, Ωi,s are our orthogonal matrices for idler and

signal frequencies respectively andDκ is our diagonal matrix of Schmidt magnitudes,

from which we can estimate the spectral purity. The columns of Ωi,s represent the

frequency modes for both the signal and idler photons.

The calculated purities from our measured JSIs can be seen in table 6.1. We can

see how our measurements compare to the theoretical values for each crystal (and

filter combination). For the ppKTP crystal we can see that when filtered both the

theory and experiment align very closely in their values however without filtering we

see quite a large discrepancy between theory and measurement. The difference seen

here is likely due to some degree of spectral filtering present in the configuration of

the sources that exists outside of filters placed on the couplers used for the signal and

idler modes causing an increase in the measured purity. In the case of the Gaussian

crystal, our measurements result in a slightly lower purity estimation however we

can see from the difference produced by including some filtering that there must

exist some extra correlations that have not been removed entirely from the photon
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generation process. Finally, the antisymmetric crystals see very close agreement

with the theoretical value presenting the closest estimate when compared to the

theory out of all of the measurements.

6.6 Error Analysis in JSI Reconstruction

JSI measurements have been used in the community for more than a decade now [144–

149, 153], with dispersive spectroscopy drastically improving the quality of charac-

terisation in recent years. However, one thing that is consistently been passed over

in the literature is that of proper error analysis of benchmarks like purity calculated

from the observed joint spectra. We will now address this simulating reconstructed

JSI through Monte-Carlo sampling, matching the JSI’s statistics so that we can

perform purity estimations on each simulated reconstruction providing us insight

into the error existing within each measurement. The first feature to consider is the

amount of data required to obtain reliable statistics. As our group showed in [7] a

reliable Schmidt mode estimation, based on Monte-Carlo methods, requires ≈ 50k

detection events at least (accumulated over the spectral window). Our timing res-

olution is quite high, therefore we have small time bins and overall a low amount

of data per time bin. In addition, the specific way we record two-photon counts

(using an auxiliary PDC source for timing) or indeed the 4-photon counts, which

are always low, plus the fact that we add significant loss in our 20 km fibres, means

we have to integrate over long times.

The volume of the data required can be seen in fig. 6.20, due to the 1 ps binning

resolution and the existence of the spectra over a relatively small span of wavelengths

the distance between data points is quite large. This presents the need to operate

most (all) of the analysis in the sparse regime. The use of sparse matrices makes for

a more computational efficient task, however due to the dimensions of the matrices

some operations are naturally still time consuming. Sparse matrices allow us to per-

form the SVD without having to reduce our spectral resolution letting us maintain

our 1 ps square time bins. One of the effects of this sparsity is the need to re-bin

the data to reduce the resolution in order to display the result of the measurements.
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Figure 6.20: Sparsity of correlations in reconstructed JSI measurements.
To clearly illustrate the sparsity of the measured data we can move from the upper
right sub-plot anticlockwise. First we see the typical JSI plot shown so far displaying
the result across an entire pulse period of the pump laser. Next we can see the same
measurement but zoomed in further (at ≈ ±1.5nm from the centre), the granularity
and distance between data points begins to become more apparent here. Finally,
we can see an even smaller section (at ≈ ±0.05nm from the centre), at this depth
we can see how much of the data is in fact empty, illustrating our need to view the
data with bins larger than the device resolution of 1 ps.

6.6.1 Jitter and the Instrument Response Function

Sources of jitter can be found throughout experiments like this with random vari-

ations being produced from the pump laser, the detectors and finally the timing

electronics (section 5.1). Whilst some sources will cause larger problems than oth-

ers, a large amount of jitter from the pump laser could provide issues in the extremes

of the JSI where the ppKTP side lobes extend very far out, limiting our maximal

range because the peak-to-peak distance between each pulse can become shorter.

Fortunately it is common to operate pulsed pump laser with a repetition rate in the

order of tens of MHz making this contribution small. However this can be mostly

dealt with given that we are only looking for correlations produced from single-

photon emissions from a single pulse. The random variation induced by the output

pulses of the detector combined with that of the timing logic is likely to be our main
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source of jitter in the experiment, fortunately the use of timing electronics designed

to employ constant-fraction discrimination (section 5.1.1) allows us to negate a large

amount of variation produced by the detectors themselves.

Regardless of the source of jitter it is important for us to quantify how much

of it is present. This is a relatively simple task to complete due to having such a

fine timing resolution as this allows us to measure the range over which coincidence

events can be found with respect to a single pulse of the pump laser. In taking

this measurement we can produce a histogram of the arrival times centred around

a clock signal, from here it is a simple matter of measuring the FWHM of the peak

and taking the square root. This simple method is ideal for 2 or more of the detector

channels allowing us to build up the total amount present however we need to adjust

this slightly to work for a single channel. In the single-channel case we can instead

look to measuring coincidence events on the same channel but across 2 pulses, we

look for coincidence events on one channel but each event must be separated by the

repetition rate of the laser. We should note that this doesn’t allow us to separate

the individual contributions from the laser or the detectors alone instead resulting

in a measurement of total system jitter (where the system is inclusive of the number

of channels)2. It should also be noted that measurements of jitter can be produced

from the same dataset as that used to produce the joint spectra as all of the time

tags are stored for post processing.

The instrument response function (IRF) provides a way in which to capture the

error present in the system. We can measure the IRF simply by making use of the

setup detailed in figs. 6.4 and 6.15 with the delay fibres removed. The removal of

the dispersive fibres here is key, as we wish to measure the subtle changes provided

by the pump laser along with the jitter present in the detectors and timing logic.

The IRF for our fibre spectrometer is shown in fig. 6.21. The triangular shape arises

from the convolution of the marginal spectra with the equivalent for spectra for the

clock signal which in the experimental configurations shown will posses the same

shape as either the signal or idler. As discussed in section 6.6.1 we acknowledge

that our detection is not perfect and the behaviour of each detector channel will

influence the shape of the measured joint spectrum.
2When referring to the system here we mean the source, detector and timing electronics for the

given channel or group of channels in question
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Figure 6.21: The instrument response function of the dispersive spectrom-
eter. By measuring the arrival times of photons without the dispersive fibres in
place we can measure the timing jitter across all of the detector channels simultane-
ously, by the combining the arrival times for both channels the instrument response
function can be reconstructed.

6.6.2 Simulation of JSI Reconstruction via Monte-Carlo Method

The numerical nature of the SVD process results in analytical error propagation

that is non-trivial. We therefore use Monte-Carlo methods similar to those used

for quantum state tomography instead. Fortunately, where single photons are con-

cerned, we can make use of the fact that they obey Poissonian statistics. Armed

with this knowledge we can develop a method to simulate new measurements and

determine how much error is present.

First we must make the assumption that our measurement is suitably close to

the true mean of the experiment3 and that all the data points obey Poissonian

statistics4. In deciding that each measurement exists by itself as a single repetition

and is suitably close to the true mean the experiment would converge onto given

enough time we can generate virtual results for the experiment to get an estimation

for the error. To generate each virtual result we treat each point of the raw (un-
3We consider this a valid assumption provided that we have gathered enough data points to

encapsulate the full effects of the statistical distribution present in the data.
4For single photon sources this assumption is considered valid.
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binned) JSI as the mean value of a Poissonian distribution and randomly sample

from it. After generating a full joint spectra we can then calculate the resulting

purity of the simulation. With this sampling process in place we can generate

as many synthetic measurements as we need stopping once the standard deviation

across the purity values converges. We choose the standard deviation as a method to

determine the stopping point of the estimation process as once it becomes constant

it should be safe to assume that enough of the system’s probability distribution has

been captured to have enough confidence in the result.
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Figure 6.22: From left to right: measured joint spectrum, simulated joint
spectrum, the difference between measured and simulated. The simulated
data generated for the error analysis provides a close match to that of the measured
data as can be seen with the similarity between both data sets. This similarity can
be seen further in the subtractive plot, the appearance of noise here points towards
the simulated data having the structure we wish to obtain. Each plot has here has
been clipped to cover ≈-1.5 ps to ≈1.5 ps from the centre of the spectra to fully
illustrate the difference present. The red and blue elements represent where the
simulated JSI has more or less counts than the measurement.

A general result of our sampling method is detailed in fig. 6.22 making it clear

the difference in the “Measured” and “Synthesised” data in the “Difference” panel.

Of note, it should be made clear that the “Measured” and “Simulated” panels look

almost identical due to the rebinning of the data points needed to make the plot clear.

The “noisy” appearance of the difference plot points towards the effects of randomly
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sampling Poissonian distribution employed in the simulation process providing a

means to deviate from the mean value and with this deviation determine the degree

of error present. With evidence that our method is capable of producing new samples

based upon our measurement we can now move to applying it to all of the crystals

we have tested so far and in the case of the antisymmetric crystals we focus solely

on the 2-photon case.
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Figure 6.23: Convergence of standard deviation of purities estimated from
simulated JSIs. To determine whether or not enough of the measurements statis-
tics have been encapsulated in each simulation we need the standard deviation to
converge onto a single value. For each measurement we find that 1000 simulations
(where each simulation results in a single sample for error calculation) allows for
convergence, seen here as the gradient of each plot reaching zero.

For each sample produced with this method we calculate the resulting purity,

the standard deviation of which is expected to converge after a large enough number

of samples have been generated.

106



Chapter 7

Improving Purity Estimation

7.1 Introduction

Figure 7.1: Extent of different measurement acquisition times on the abil-
ity to reconstruct the JSI. Varying the acquisition time used to reconstruct the
JSI of an unfiltered ppKTP crystal we can see how much data is required to resolve
the details in the joint spectrum. However, do we measure for too long and include
measurement drift in our final estimations and since there is the possibility to mea-
sure the instrument response function of the spectrometer can we use it in some
capacity to improve our estimations at shorter acquisition time?

Having now collected and analysed our measurements to derive an estimation

of the purity of each crystals biphoton state along with using a Monte-Carlo based

method to calculate values for the errors in each of our measurements we now ask

ourselves if it is possible to improve our estimations through image processing. Here

we determine whether it possible to achieve better timing resolution or produce

equivalent purity estimations for different performing detectors and if we can use less

data for the estimations. With each measurement operating for anywhere between

a few hours to a few days it may be possible that the components of the experiment

have drifted away from their initial positions. This drift could manifest itself in

the likes of the fibre couplers moving ever so slightly out of alignment leading to an
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overall reduction in the detected rates, an instability in the temperature of the crystal

causing a change in the output wavelengths or finally, changes in the temperature

of the optical fibre used in the delay lines providing a change in the length and so

the amount of dispersion we expect.

In the case of the couplers moving away from their optimal position it would

be possible to observe from the stored time tags a reduction in both the single

channel and coincidence detection rates. Whilst a reduction here isn’t desirable it

also doesn’t concern us too much, an of equal concern is the polarisation controllers

needed before the detectors (our detectors are polarisation dependent) moving away

from their set position. Change from either will result in loss of detection events

however both cases can be detected in the detection rates observed leaving us the

option of monitoring the experiment and making slight adjustments as it proceeds,

breaking it up into smaller sections. Given the length of each measurement this was

a consideration already made with the condition that if the detection rates at the

start of each section were the same then the experimental configuration between

each section must be similar enough.

More concerning would be changes caused to the wavelengths of the photons

caused either by changes at the crystal, due to the temperature dependence of the

emission wavelengths in the down conversion process, or by a change in the length of

the delay line fibre again caused by a temperature dependence with the laboratory’s

ambient temperature. Change in the crystal temperature is a feature we already

account by placing each crystal inside a temperature controlled oven ensuring we

keep each crystal at its degenerate temperature ensuring the emission is at the

desired wavelength for both the signal and idler modes. However, change in the

fibre length, and so the amount of dispersion experienced by each photon is harder

to compensate for, to do this we would need to place each of the fibres in their own

temperature controlled environment or if we know how much change exists we could

create calibration curves to account for the change on demand. Isolating the fibres

is the more convenient of the two options and should help with ensuring the amount

of dispersion remains constant.

Given the length of the measurements we have the ability to scan across the

length of the recorded data and determine if there exists a point where we drift away
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from the initial conditions far enough that it begins to result in a larger distance

between the theoretical and estimated purity values. If this is the case then there

could exist a shorter measurement time for each crystal where we see a better purity

estimation and provided the errors calculated at this new shorter measurement time

and sufficiently small we should use the value calculated here instead.

7.2 Variable Acquisition Time

For each crystal we now reconstruct the JSI and estimate the purity at different

measurement times by only using the desired amount of recorded data. Initially,

the effects of this can be seen in fig. 7.1, as we would expect the number of data

points present in the JSI are much fewer at low measurement times to high mea-

surement times, however at some intermediate measurement time can we calculate

an estimation that is closer to the theory.
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Figure 7.2: Purity estimations for each crystal with their respective theo-
retical purity values for different acquisition times. By changing the length
of the acquisition time used to reconstruct the JSI and estimate the purity we can
observe the performance of each measurement as a function of time with the goal of
determining whether or not we should shorten the acquisition time used to report
the measured purity in each case.

Each of the measurements shown in fig. 7.2 show measurement behaviour as

109



Chapter 7: Improving Purity Estimation

we would expect, that is, as measurement time is increased the estimated purity

gets closer to the expected value (the theoretical purity). It can be seen though,

for example the filtered Gaussian measurement, that more optimal acquisition times

may exist as the purity here can be seen to decrease and diverge from the theoretical

value. This suggests that some drift may be present in these measurement and that

it is perhaps better to calculate the purity at the point for each line that is closest

to its respective theoretical purity. Making the choice to reduce the acquisition time

is however dependent on the error present in the measurement at this point. We

can also see a similar trend in the Gaussian crystal however in this case both of the

lines continue to trend towards the theoretical value although we do see some over

estimation.

7.3 Application of Image Deconvolution
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Figure 7.3: Application of the Richardson-Lucy deconvolution algorithm
to JSI reconstruction. In the case of this ppKTP measurement deconvolution
also allows for more of the side lobes to be resolved when displaying the log10 of each
value. This visual indication of the enhancement in the reconstruction suggests that
it may allow for better purity estimation due to better resolution of the complete
structure.

Since we may find a shorter acquisition time that allows for a more accurate

purity estimation (assuming the simulated error is small enough) and since we have

measured the instrument response function (IRF) of the spectrometer we can explore
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Crystal Filtering Bin Width (ps) Theoretical Purity (
√
JSI) p

(
|
√
JSI|

)
p
(
|
√
JSIDeconvolved|

)
hline Antisymmetric None 1

50.000

44.130 57.111
Antisymmetric None 20 65.279 59.252
Antisymmetric None 50 65.844 62.191
Antisymmetric None 100 66.978 66.638
Gaussian None 1

98.600

57.881 66.280
Gaussian None 20 84.428 67.704
Gaussian None 50 84.753 69.619
Gaussian None 100 85.011 72.187
Gaussian Semrock 1

98.697

59.214 74.459
Gaussian Semrock 20 90.945 76.036
Gaussian Semrock 50 91.227 78.123
Gaussian Semrock 100 91.404 80.967
ppKTP None 1

80.701

65.880 61.993
ppKTP None 20 82.038 64.153
ppKTP None 50 82.407 67.287
ppKTP None 100 82.880 72.706
ppKTP Alluxa 1

98.397

45.350 83.239
ppKTP Alluxa 20 94.115 85.693
ppKTP Alluxa 50 94.490 88.597
ppKTP Alluxa 100 94.708 92.321

Table 7.1: Result of deconvolution assisted purity estimation. The addition
of a deconvolution on the reconstructed JSI for each of the crystal and filter combi-
nations measured results in estimations greater than both the theoretical values and
those direct from the measurements. However in each case shown here the addition
of deconvolution still results in an estimate further away from the theory than we
would like.

the possibility of achieving better purity estimation with even shorter measurement

time. Deconvolution is the process of enhancing or recovering a signal from data

operating under the assumption the data to recover is a pure signal distorted by

a filter of some kind. In our case this allows us to treat the reconstructed JSI

as an image and use our IRF as a representation of the filter that distorts the

underlying pure signal. The deconvolution algorithm used here is that of Richardson-

Lucy [164, 165], this method iteratively recovers the pure signal from the JSI using

the IRF. This is a method frequently used for recovering photographs due to its

rooting in Poissonian statistics making it particularly suitable to our needs thanks

to our measurement containing the same governing statistics. For the application

of this we do have to work under the assumption that the measured IRF enacts a

convolution on the measurement, since the IRF is a feature of the jitter present in

the detectors used we consider this a valid assumption.

[p]

Initially our results in table 7.1 show only an increase in the estimated purities

for each crystal and filter combination when compared to values measured with

at maximum acquisition time, however, as seen previously in fig. 7.2 it may be
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beneficial to perform the calculation from a shorter form of the measurement. Next

we combine both variable acquisition time and deconvolution in the hope we can

achieve a better purity estimation at a shorter acquisition time. From fig. 7.4 we

see that with deconvolution it is possible to get closer to the theoretical values for

purity in most cases however we also see that it exacerbates the estimations at longer

acquisition time that are further away from the theory predictions.
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Figure 7.4: Result of purity estimation on the deconvolution of recon-
structed JSI measurements. Here we see that application of deconvolution of
the JSI with the IRF allows in general for quicker estimation of the single-photon
purity.

This results bodes well for deconvolution with the IRF of a reconstructed JSI

measurement, implying that it should be possible from our measurements to itera-

tively find an optimal acquisition time where we balance both the precision of the

estimation that can be achieved with the accuracy found from the simulated error

calculations. The Gaussian crystal is designed with the intent of producing a single

central lobe which from the theory should result in a purity close to 1. Again we

see for the filtered Gaussian crystal measurement that at long acquisition times the

purity degrades and deviates further away from the theoretical value, given that this

is present in both fig. 7.2 and fig. 7.4 this is likely to do with some error present

in the experimental configuration, for example the width of the pump pulses could
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have drifted away from the measurements initial conditions. We can see from fig. 7.4

for both filtered and unfiltered measurements that an increase is possible however

we also see degradation in the estimates for both ppKTP measurements suggesting

that the deconvolution process is not always ideal as over estimation appears to be

increased.
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Figure 7.5: Distance between purity estimations with and without decon-
volution and theoretical values. Comparing the distance of the estimated purity,
Distance = ptheory−pestimate, with acquisition time shows the potential that deconvo-
lution of the JSI with the IRF presents for purity estimation allowing for estimates
to be made closer to the theoretical values on shorter measurements. This poten-
tial to assist in purity measurement should be considered carefully as these shorter
measurement lengths are also subject to larger errors.

In fig. 7.5 the purity estimations for both the raw measurement and deconvolved

measured are shown on the same set of axes, the degree in improvement in the esti-

mation can be clearly seen when applying deconvolution to the measurement. This

is a clear demonstration that the image processing shown here provide significant

improvement in purity estimations for shorter measurements. Whilst at long mea-

surement times application of deconvolution may not be strictly necessary, it proves

itself as a useful addition for shorter measurements.
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7.4 Comparing the Effect of Different Detector Jit-

ter
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Figure 7.6: Instrument response functions of two detectors with different
timing jitter. The IRF displayed here are for “low” (left panel) and “high” (right
panel) jitter detectors, whilst the jitter for each are ≈ 25 ps and ≈ 50 ps when
considering just a single detector, the combination of the multiple channels needed
to form our measurements results in these distributions. The “low” jitter detectors
exhibit a smaller and more compact distribution whereas the “high” jitter detectors
show a broader and more round distribution, the effect these shapes have on the
performance of the purity estimation requires further exploration.

Deconvolution allows us to achieve better estimations of purity in general by

restoring missing information held within the signal, this is the reason as to why

we generally see improved estimation at shorter acquisition times where our mea-

surements contain less data points. The IRF used to deconvolve the measurement

encapsulates the error present in the measurement and experimental hardware, in

particular the jitter present in the detectors. Given that the IRF describes the error

present at each point in the measurement along with how that error is distributed

to the surrounding data points are the same improvements available with detectors

with an increased jitter compared to those we have used so far. Each measurement

presented thus far has been accomplished with a detector jitter of ≈ 25 ps, we now

turn to completing purity estimation with a detector jitter of ≈ 50 ps. In fig. 7.6 we

see the reconstructed IRF for detectors at both jitters, it is clear that a doubling in

jitter on each detector channel has a significant impact on the shape and size of the
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response function. If the measured IRF does in fact encapsulate enough of the error

present in the measurement and the instrumentation then it should be possible to

achieve an improvement in estimation.
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Figure 7.7: Purity estimation comparison between different detector per-
formance. Increased detector jitter in general results in purity estimations further
away from the theoretical values. We can see that in the case of our detectors with
jitters of ≈ 25ps and ≈ 50ps for “low” and “high” cases respectively that a halving in
jitter results in closer purity estimation at low acquisition times. Further it is shown
that application of deconvolution in the “high” jitter case allows for purity estima-
tions closer to the theory than the “low” jitter case without deconvolution clearly
displaying the potential there is for the application of image processing methods on
JSI measurement.

From previous measurements we see the tendency for deconvolution to improve

the purity estimation at short acquisition times before the volume of data becomes

large enough for the Schmidt decomposition (via SVD) to become effective with-

out prior deconvolution. For photons emitted ppKTP crystal, filtered in order to

block the side lobes isolating the central peak, we compare purity estimations across

a range of acquisition times for both detectors with and without the addition of

deconvolution. As a figure of merit for each case we plot in fig. 7.7 the distance

between the estimation and the theoretical value to determine the effectiveness of

each case. We see that for both detectors and short acquisition time that employing

deconvolution results in estimations of purity close to the theoretical value. What
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is clear from fig. 7.7 is that regardless of detector performance, assuming that the

jitter is smaller than the width of the central peak in the JSI, deconvolution can

successfully improve the estimated purity. This technique could be included during

the measurement phase along with the error estimation displayed in section 6.6 to

shorten the overall measurement time once a small enough tolerance for the error is

achieved with deconvolution providing an increase in the accuracy of the estimation.
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Conclusion

The goal of this thesis was to develop a state-of-the-art multi-photon experiment at

telecom wavelengths. In order to support that, advanced modelling and processing

techniques needed to be developed. This included a pair of models for the generation

and detection of single photons, the methods to analyse produced photons. Further

a method to reconstruct the JSI of photons produced from a PDC based single-

photon source using the analysis methods developed has been constructed in order

to estimate the spectral purity of the heralded single-photons emitted. Finally,

image deconvolution techniques have been used to improve purity estimations.

These tools, together with the work done by our group to engineer PDC crystal

nonlinearities, provide a set of tools to design and characterise PDC sources. The

modelling undertaken allows us a convenient method to assess the signal-to-noise

ratio performance of a number of sources along with accounting for loss present for

the situation they are used. By applying a global sensitivity analysis method to

our combinatorial model we have confirmed the benefit in operating the clock of

the pump laser significantly faster than the detector reset time. Further, this model

could be extended to include the fidelity of heralded single photons providing us

with more insight into source performance.

The TCSPC toolkit developed has proven to be both powerful and flexible as

we have been able to reconstruct JSI from time-of-flight measurements as well as

its use in our quantum conference key experiment [5] to find the first instance of

a measurement. The potential for extensions remains, for example, the inclusion

of a method for finding detection patterns between different pieces of time tagging
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hardware regardless of their specific model would benefit further quantum key dis-

tribution experiments.

Finally, our spectral purity measurements from JSI reconstructions and subse-

quent use of image processing techniques to explore the improvements to purity

estimations. For future measurements of spectral purity via JSI reconstruction the

reconstruction and deconvolution steps could be calculate whilst the time-of-flight

measurement is being recorded. In doing so we would quickly gain an estimation for

the spectral purity and sooner identify whether the measurement is successful. Fur-

ther, if the error analysis can be included into this step, the entire measurement time

could be shortened significantly. This of course hinges on Richardson-Lucy being

the most ideal method for deconvolution, further work into deconvolution methods

and other image reconstruction methods could yield a means to more accurately es-

timate spectral purity from short measurement times. Further, other deconvolution

methods may prove to be better suited the real-time application of JSI reconstruc-

tion via time-of-flight spectroscopy. For example, a method relying more heavily

on a fourier transform based process may be able to both, make use of available

computational hardware more efficiently or possible provide useful insight into the

effects of the measured spectra and the associated instrument response function of

the spectrometer.

In short, we have developed the means of evaluating the signal-to-noise perfor-

mance of single-photon sources considering their performance in the resulting states

number space, determining that operating our sources at a desired signal-to-noise

ratio with a clock period shorter than the detector reset time is ideal. Followed by

developing an experimental configuration to measure the joint spectrum of heralded

signal-photon sources such that the purity of the resulting single-photons can be

estimated. In using both of these methods the signal-to-noise characteristics and

spectrum of the photons can be estimated accurately providing us with further tools

to engineer single-photon sources with higher brightness and spectral purity.
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