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A B S T R A C T

Naturally fractured reservoirs (NFR) are highly heterogeneous and pose signif-
icant challenges for flow modelling. Fractures can be represented implicitly or
explicitly in reservoir models. However, it is often unclear which representation
should be used. In this work, we consider two different approaches to decide
how NFRs should be modelled. First, the Embedded Discrete Fracture Model
(EDFM), which explicitly represents fractures, is used to run high resolution sim-
ulations on a test model representative of a small sector in a Latin American gas
field; these simulations demonstrate how EDFM may be used to gain an under-
standing of the flow dynamics in the field, which then allows further informed
modelling decisions to be made. In a second approach, using EDFM studies
performed on stochastically generated and outcrop-based fracture networks, a
workflow is constructed to assess the accuracy of Single Porosity (SP) hybrid
models which represent the matrix and fractures below a partitioning size as
a continuum. The workflow makes use of flow based upscaling to determine
a threshold partitioning size beyond which SP hybrid modelling becomes inac-
curate. While upscaling can be performed numerically for all fracture networks,
the Effective Medium Theory is proposed as an efficient analytical upscaling tool
for uncorrelated elliptical fractures.
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1
I N T R O D U C T I O N

1.1 why do fractures matter?

Visiting the beautiful city of Edinburgh, if we get a closer look at the volcanic
plug on which the magnificent Edinburgh castle is seated, we will notice rock
traps that have been put in place to prevent fractured rocks from falling off
(Figure 1.1). These fractures are a result of the temperature cycles in Scotland’s
cold and wet winters, which encourage the growth of a plant called valerian on
the rock face. The bulb expansion of this seemingly harmless plant, over time,
fractures the rock and allows them to fall. The installation of rock traps are an
engineering response to mitigate the hazardous effects of such fractures.

Fractures also exist in subsurface rocks. However, plants do not grow under-
ground. Instead, these fractures play a role in affecting subsurface fluid flow,
which is the main concern in areas of application such as hydrocarbon extraction,
geothermal energy production, groundwater resource management and carbon
sequestration. As such, the existence of fractures requires suitable engineering
responses to manage the impact of fractures on subsurface fluid flow. Fracturing
can occur in in the subsurface due to various geological activities such as folding
and faulting. Folding can create highly stressed regions in the rock that can re-
sult in fracturing, such as at the crest of a folded structure. Faulting, on the other
hand, often leads to damage zones around faults in which shear fractures are
highly concentrated. Upon the formation of these fracture systems, subsequent
geological activities may continue to alter the characteristics of the fractures. For
example, mineral precipitations may reduce the space within fractures that are
open to flow. A change in the regional stress regime may also open or close
previously formed fractures (Nelson, 2001).

Open fractures, which are inherently highly conductive relative to the ma-
trix, potentially allow for extremely high flowrates. On the other hand, sealed
fractures form barriers that inhibit flow. In between these two end members,
fractures may be partially sealed or closed, resulting in moderate conductivities
that may be comparable to matrix permeability. On top of this, a fracture net-
work may consist of a mixture of fractures with different conductivities. As such,
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Figure 1.1: Rock trap on the wall face (left side of image) of the volcanic plug which the
Edinburgh castle sits on. This is to prevent fractured rocks from falling to the
ground.

the geological history of a fracture system plays an important role in deciding
whether the fractures affect fluid flow (Bisdom et al., 2015).

In the context of hydrocarbon reservoir engineering, naturally fractured reser-
voirs (NFR) are defined as reservoirs which contain naturally occurring fractures
that can or are expected to play a significant role in fluid flow (Nelson, 2001).
This definition of NFRs includes both porous and non-porous fractured media.
We focus mainly on the former since fractured porous media tend to have high
bulk porosities - thus potentially containing more hydrocarbons - and are usu-
ally of more interest to the petroleum industry.

At the turn of the millennium, it was estimated that over 20% of the world’s oil
reserves are contained in NFRs (Firoozabadi, 2000). This shows that a significant
amount of hydrocarbons are contained in NFRs. In a study of 56 oil reservoirs,
Jack and Sun (2003) showed that recovery averaged at 26%, but could be as low as
<10% and as high as >60%. These figures suggest that there is huge incentive to
properly manage NFRs in order to produce hydrocarbons sustainably, securely
and economically.

1.2 flow modelling approaches

As is with conventional reservoir management, reservoir simulations form an im-
portant component in making predictions about how NFRs may behave when
produced. Such predictions enable us to evaluate and compare different field de-
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velopment and production strategies. This then allows us to evolve and optimize
the management of a field, thus maximizing recovery.

Central to reservoir simulations are mathematical models that describe phys-
ical and chemical processes experienced by an NFR. Mathematical models are
constructed from physical laws such as the conservation of mass and force bal-
ance, as well as empirical relations such as Darcy’s law, which relates fluid ve-
locity in a porous medium to various driving forces. From an engineering per-
spective, the choice of physical laws or empirical relations depends heavily on
the area of usage. For example, when chemical reactions are involved, conserva-
tion of molar mass for each chemical component has to be invoked. The scale
of the problem at hand also determines what laws to use; at pore scale, flow is
better described using the Navier-Stokes equation, while at scales several orders
of magnitude higher than pore throat sizes, Darcy’s law can be used.

Many mathematical models have been developed to simulate flow in NFRs.
Berre et al. (2018) provides a comprehensive overview of the various approaches,
which can be categorized into three major classes: continuum, Discrete Fracture
& Matrix (DFM) and hybrid methods (Figure 1.2). The key difference between
the three classes of methods are the way fractures are represented - implicit,
explicit or a mixture of both.

Figure 1.2: Flow Modelling Methods for naturally fractured reservoirs (NFR). Three
classes of methods are shown here with non-exhaustive lists of techniques
within each category. Dotted lines show how hybrid methods are combina-
tions of continuum and DFM methods.

1.2.1 Continuum Methods

In continuum methods, a network of fractures is implicitly represented as porous
continua. Such methods greatly simplify fluid flow modelling by neglecting
small scale details, thus enabling larger scale simulations to be performed. For
example, Rogers et al. (2007) determined that sub-seismic fractures and the rock
matrix in the Valhall chalk reservoir could be represented together using an
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equivalent homogeneous porous medium. This simplification allows the explicit
modelling of small scale sub-seismic fractures to be avoided.

Figure 1.3: Continuum Methods for naturally fractured reservoirs (NFR). (a) Single
Porosity models lump the fractures and matrix into a single porous medium,
(b) Dual Porosity models use two overlapping continua to represent the ma-
trix and fractures. Modified from Berre et al. (2018)

For well-connected fracture networks, arguably the most well-known contin-
uum method is the Dual Porosity method, which represents fractures as a sec-
ondary porous continuum that interacts with the matrix continuum via trans-
fer functions (Figure 1.3b). The Dual Porosity method further assumes that the
matrix continuum is segregated into matrix blocks that communicate individu-
ally with the fracture continuum, but not among each other. The dual porosity
model was used to derive the classical dual porosity dip that can be observed in
well testing of NFRs (Barenblatt et al., 1960; Warren and Root, 1963). Since the
introduction of Dual Porosity methods, much research has gone into improv-
ing the transfer functions to accurately account for different physical processes
(Kazemi et al., 1976; Gilman and Kazemi, 1983; Quandalle and Sabathier, 1989;
Lu et al., 2008; Lemonnier and Bourbiaux, 2010; Abushaikha and Gosselin, 2013).
Today, the Dual Porosity model is available in most commercial simulators such
as Schlumberger’s ECLIPSE and Computer Modelling Group’s IMEX. An ex-
tension of the Dual Porosity method is the Dual Permeability method, which
accounts for flow between matrix blocks. The Dual Permeability method is often
employed for NFRs in which there is capillary continuity between matrix blocks
(Lemonnier and Bourbiaux, 2010).

Poorly connected fracture networks, on the other hand, may be modelled us-
ing a Single Porosity approach, where fractures and the matrix are lumped to-
gether and represented using a pseudo-matrix (Figure 1.3a) (Berre et al., 2018).

Despite the advantages of continuum methods in terms of computational ef-
ficiency, their reliability is increasingly coming into question. Due to the multi-
scale nature of fracture networks, which are often self similar, the representation
of fracture networks as a continuum may not be possible due to the lack of
a Representative Elementary Volume (REV) (Section 2.2) (Bonnet et al., 2001;
Berkowitz, 2002). In line with these findings, Elfeel et al. (2013) demonstrated
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that, for multiscale fracture networks, upscaled equivalent permeability fields
are dependent on chosen grid sizes. This discrepancy ultimately led to different
outcomes in terms of production forecasting and history matching. Egya et al.
(2019) showed that, contrary to what Dual Porosity models might suggest, NFRs
do not necessarily exhibit the dual porosity signal in well tests. Moreover, there
are various transfer functions which have been proposed for the Dual Porosity
model. Choosing the appropriate transfer function requires an understanding
of the physical processes governing flow in NFRs. This understanding is often
not available a priori (Lemonnier and Bourbiaux, 2010; Abushaikha and Gosselin,
2013). In view of these pitfalls, more accurate and robust simulation methods are
required.

1.2.2 Discrete Fracture & Matrix (DFM) Methods

The response to the need for accurate simulation of flow in NFRs is the develop-
ment of the DFM approach, which explicitly represents a network of fractures
in a porous and permeable rock matrix. DFM methods make minimal simplifica-
tions to the fractures being modelled and seek to stay as close to reality as possi-
ble. Various DFM methods exist due to different simplification choices (Flemisch
et al., 2017). The classical DFM method makes use of an unstructured grid which
conforms to the fracture network geometry; fractures are then represented as
sub-dimensional objects that are located at cell boundaries (Karimi-Fard et al.,
2004). On the other hand, recent developments of DFM methods have focused on
using grids that do not have to conform to the fracture network geometry. One
such method is the eXtended Finite Element Method (XFEM) which enriches the
finite element solution space with basis functions that capture the effects of frac-
tures (Schwenck et al., 2015). Closely related to XFEM is the Lagrange Multiplier
Method (LMM) which does not enrich the finite element basis functions, but
instead accounts for matrix-fracture coupling using Lagrange multipliers (Köp-
pel et al., 2019; Schädle et al., 2019). Instead of XFEM and LMM, our work uses
the Embedded Discrete Fracture Model (EDFM), which relaxes the grid confor-
mance requirement by treating fractures as line sources or sinks. EDFM uses a
Finite Volume Discretization, thus making it compatible with commercial reser-
voir simulators. The decoupling of matrix and fracture grids in these methods
permits the usage of structured grids, which are the de facto grid type used in
geological modelling (Lee et al., 2001; Moinfar et al., 2012) (Figure 1.4).

DFM methods have been used in various studies to gain deeper understand-
ing of flow phenomena in fractured reservoirs. Many of these studies are lim-
ited in scale as DFM simulations are computationally intensive (e.g. Geiger and
Matthäi, 2014; Matthai and Belayneh, 2004; Hardebol et al., 2015; Bisdom et al.,
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Figure 1.4: Discrete Fracture & Matrix (DFM) methods. (a) Fracture network used to gen-
erate the DFM models, (b) Classical DFM with unstructured and conforming
grid, (c) Embedded Discrete Fracture Model (EDFM) with structured and
non-conforming grid. Modified from Flemisch et al. (2017)

2015; Karvounis and Jenny, 2016; Egya et al., 2019). However, there has also
been growing interest in applying DFM methods to commercial large scale stud-
ies. For example, Panfili et al. (2014) used EDFM to study sour gas injection and
gas condensate primary production in a 5.2km by 6.1km sector of a fractured
carbonate reservoir. Recently, Hui et al. (2019) used EDFM to perform full field
waterflooding simulations in an NFR with up to 18590 fractures. To reduce com-
putational costs, fractures were assumed to be vertical and short segments of
fractures were removed. In comparison to continuum methods, full field simula-
tions with EDFM was shown to be 2 to 3 times slower. Nevertheless, the study
shows that full field DFM simulations are possible.

1.2.3 Hybrid Methods

Continuum and DFM methods can be seen as taking opposing stances in the
trade-off between computational efficiency and geological realism. In practice, a
middle ground is often chosen by combining the two methods; this approach
leads to the third class of methods for NFR simulations - hybrid methods. Hy-
brid methods can be any combination of continuum and DFM methods (Figure
1.2). The simplest such method is the Single Porosity hybrid model, in which
small scale fractures are lumped with the matrix to form a pseudo-matrix, while
large fractures are explicitly represented (Figure 1.5) (Lee et al., 2001; Li and
Lee, 2008; Rogers et al., 2007). Another possible combination is the Dual Poros-
ity hybrid model, in which small to medium scale fractures and the matrix are
represented with a Dual Porosity model, and large fractures are explicitly repre-
sented (Moinfar et al., 2013a; Jiang and Younis, 2015). In fact, hybrid models can
combine DFM methods with continuum methods that go beyond two porous
media (Yan et al., 2016).
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Figure 1.5: Single Porosity hybrid model. (a) Fracture network consisting of medium
scale and large (red) fractures. Small fractures are not shown. (b) Small
and medium scale fractures are upscaled. Permeability tensor field is shown.
Large (red) fracture is explicitly represented. Modified from Lee et al. (2001).

The main motivation for the shift towards hybrid models is that fractures in
a NFR tend to exhibit multiple length scales (Bonnet et al., 2001); upscaling on
a grid cell basis will under-represent the highly conductive nature of fractures
larger than the cell size. Ideally, full fracture network representation through
DFM methods would circumvent errors arising from upscaling. However, limi-
tations on computational resources necessitates the continued use of continuum
methods (Li and Lee, 2008). As a first order approach, hybrid models allow us to
strike a compromise by suitably representing large conductive fractures explic-
itly, and upscaling smaller fractures into porous media to reduce computational
costs (Berkowitz, 2002).

Additionally, one could also argue that all simulation models are necessarily
hybrid models. Simulation models are often created from conceptual models
of the subsurface. It is inevitable that some fine details such as micro-fractures
would be missed out in the conceptual models. As such, even prior to construct-
ing simulation models, hybrid representations, where certain fractures have been
lumped with the matrix and others explicitly represented, have already been em-
ployed in the conceptual model.
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1.3 choosing a method

With such a myriad of techniques to choose from, reservoir engineers are often
faced with the challenge of choosing a suitable modelling approach, and decid-
ing on the best way to construct the chosen model. Even if a decision is made,
such decisions are often based on subjective justifications that can range from
personal experiences to standard practices within an organization.

To illustrate the difficulty in making a modelling choice, Figure 1.6 shows four
possible ways to model flow in a hypothetical NFR that contains three distinct
fracture scales - small, medium and large. Options (a) and (b) are Dual Porosity
hybrid models that differ in construction. Option (c) is a Single Porosity hybrid
model, while option (d) is a Triple Porosity hybrid model.

Figure 1.6: Multiple possible models for the same NFR. Given an NFR with three dis-
tinct fracture scales, four possible modelling approaches are illustrated here.
Large fractures are partitioned out of the fracture network and explicitly rep-
resented in all models. (a) Small and medium sized fractures are lumped
into a single continuum ’C-2’, (b) Small fractures and the matrix are lumped
into a pseudo-matrix ’C-1’ while medium sized fractures are upscaled into a
continuum ’C-2’ (c) Small and medium fractures are lumped with the matrix
to form a pseudo-matrix ’C-1’ (d) Matrix, small and medium fractures are
separately represented by three continua.

At first glance, it is difficult to determine which of these models should be
used. In fact, since these are not the only possible partitioning and lumping
options, it may be the case that none of these models would be adequate for
flow modelling in this hypothetical NFR.

1.3.1 Benchmarking against DFM Simulations

A possible option to evaluate the models is to use a trial-and-error approach
to test all models against known production data. This approach is likely not
going to be a productive use of time and computational resources; Full field sim-
ulations are already computationally expensive due to the scale of the problem.
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Building a multitude of models and testing them against production data would
be a substantial undertaking. Moreover, in green fields, there is usually a lack of
production data to use as a reference for benchmarking the various models.

Despite the low computational efficiency of DFM methods, there is a growing
interest in using DFM methods to generate production data. While DFM sim-
ulations are difficult to run on the field scale due to their low computational
efficiency, their close representation of fracture networks lends them credibility
to be used to generate smaller scale reference solutions. These solutions can then
be used to gain some qualitative understanding of a field’s flow dynamics. Addi-
tionally, they can be used to benchmark continuum or hybrid models under the
assumption that the findings are also valid at the field scale (Jiang and Younis,
2015; Moinfar et al., 2013b; Geiger and Matthäi, 2014; Hui et al., 2013; Vo et al.,
2019).

In practice, there are a few obstacles to using this approach for model se-
lection. Firstly, DFM models are usually not available in commercial reservoir
simulators. Secondly, even if resources are dedicated to implement DFM models
within an organization’s proprietary software tools, this implementation may
not be straightforward; classical DFM requires the use of unstructured matrix
grids, which are not the preferred grid type for geological modelling (Figure
1.4). However, with the advancement of EDFM, this constraint may potentially
be alleviated. Finally, while possible to run, DFM simulations can still be slow
and may not be desirable when time is a constraint.

1.3.2 A Priori Evaluation

Alternative to the use of DFM simulations, Bourbiaux (2010) provides a heuristic
workflow that also facilitates the selection of a modelling approach. The work-
flow takes into consideration the scale of fractures relative to simulation grid
size, time scale of physical processes relative to simulation time step, connectiv-
ity of the fracture network and the impact of capillary continuity. Based on this
workflow, the resulting chosen model could be a single or dual porosity method,
or a hybrid single or dual porosity method. No a priori simulations are required
in this workflow.

While helpful, the workflow in Figure 1.7 can be difficult to apply in practice.
NFRs tend to be multiscale in nature, i.e. fracture sizes can fall within a large
range; it is very likely that some fractures will be smaller than the simulation
grid size, while others are larger. It is also unclear how the time scale of physical
processes should be determined.
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Figure 1.7: Heuristic workflow for determining the modelling approach for flow sim-
ulations in NFRs. te refers to the time scale of physical processes, ∆t the
simulation time step. 1φ, 2φ and 2φ− 2K refer respectively to Single Porosity,
Dual Porosity and Dual Permeability models. Taken from Bourbiaux (2010).

1.4 aims and objectives

The main aim of this PhD project is to further build on both the benchmarking
and a priori approaches discussed in Sections 1.3.1 and 1.3.2, thereby advancing
our understanding of how to select a model for simulating flow in NFRs. The
tools developed in the process should be able to facilitate the determination and
construction of a computationally efficient and acceptably accurate model; the
tools should also be quick to execute.

Our starting point will be to assess the capabilities of the EDFM method in
terms of characterizing flow behaviour in NFRs. The understanding of subsur-
face flow dynamics gained from EDFM simulations will be used to inform how
large scale flow modelling should be conducted. EDFM will also be used to gen-
erate reference solutions to test various other simulation models against. These
other simulation models can be based on different flow modelling methods. By
analyzing the results from the comparison studies, we can construct a priori ap-
proaches for model selection and construction, in a manner similar to that of
Bourbiaux (2010). Such approaches will allow reservoir engineers to reach deci-
sions with minimal or no computational work compared to a DFM benchmark-
ing methodology.
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To achieve all of the above, the following specific objectives have been outlined
for this PhD project:

1. Assess the feasibility of EDFM as a tool for conducting small scale case
studies to gain an improved understanding of flow dynamics in an NFR.

2. Demonstrate that EDFM can be used to generate high resolution reference
solutions to benchmark other modelling approaches.

3. Develop and apply a methodology for hybrid model selection and con-
struction which does not require a posteriori simulation results.

4. Improve and validate the new methodology to ensure that it is robust and
efficient to execute.

1.5 thesis outline

This thesis is separated into seven chapters, with the first three being literature
reviews, the subsequent three detailing the research undertaken and a finally
concluding chapter. A brief description of each chapter is provided below:

chapter 1 The current chapter starts off by justifying the need for NFR flow
simulations, and then proceeds to describe the abundance of existing mod-
elling techniques available in the literature; the many available techniques
leads to choice overload for reservoir engineers. Some methodologies for
model selection and construction are reviewed, which highlights the poten-
tial areas that can be improved on, which feeds into the aims of the PhD
project. The objectives of the project are then concretely defined.

chapter 2 Common statistical concepts pertaining to the characterization of
NFRs and generation of stochastic Discrete Fracture Networks (DFN) are
reviewed. A MATLAB demonstration of DFN generation is also shown.
The review of fracture network parameters illustrates the plethora of infor-
mation involved as well as the level of uncertainty that may pose an insur-
mountable challenge in terms of simulation efficiency. Continuum methods
are introduced as a class of approaches that reduce computational cost by
upscaling. Noteworthy flow-based upscaling procedures are covered. A re-
view of two continuum methods - Single and Dual Porosity - is provided.
Finally, the pitfalls of the continuum method are discussed.

chapter 3 DFM methods are first described in a general sense; Key features
that distinguish various DFM methods from each other are then introduced.
EDFM - used throughout this project - is then described in depth, covering
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the strengths and weaknesses, mathematical formulation, model construc-
tion workflow, and a MATLAB example. The introduction of DFM methods
is followed by a review of hybrid models which combine both continuum
and DFM methods. Justifications for adopting hybrid methods are pro-
vided. Two notable hybrid methods - the Single and Dual Porosity hybrid
models - are discussed, with an example MATLAB example provided for
the latter.

chapter 4 Objectives 1 to 2 are addressed in this chapter. The research method-
ology is first described, which includes the construction of a synthetic test
model motivated by a real fractured gas field and elaborations of the sim-
ulation studies performed on the model. The studies are aimed at iden-
tifying the impact of different driving forces in hydrocarbon recovery, as-
sessing whether or not coning is to be expected, studying the impact of
production rates on coning, and investigating how other flow modelling
methods compare to EDFM. Finally, discussions are made for each set of
results, highlighting how the objectives of the PhD project are met.

chapter 5 This chapter addresses objective 3. We highlight that not all flow
modelling methods compare favourably to EDFM - our reference method.
In particular, hybrid methods tend to outperform continuum methods.
However, accuracy differs from one hybrid model to another, implying
that the type of hybrid method used matters. Noting that the simplest hy-
brid model is a Single Porosity hybrid model, we proceed to propose a
research strategy to develop a workflow for evaluating - without produc-
tion simulations - the suitability of Single Porosity hybrid modelling of an
NFR. The test cases - synthetic 3D and outcrop based fracture networks -
are described in detail, along with the production conditions they are sub-
ject to in simulations. The analyses of results from the study are discussed,
leading to the synthesis of a novel workflow which we present at the end
of the chapter. The new workflow facilitates the assessment of whether or
not a Single Porosity hybrid model should be used for an NFR, and if so,
how it should be constructed.

chapter 6 The workflow developed in Chapter 5 requires upscaling to be
performed to construct pseudo-matrices that account for the flow contri-
butions from the matrix and small scale fractures. So far, upscaling has
been done numerically - a robust but slow approach. To meet objective 4

of this project, we argue that analytical upscaling should be used instead
of numerical upscaling, and propose the Effective Medium Theory (EMT)
for this task. We first describe the mathematical formulation of EMT, then
show in detail how it is used for polydisperse fracture sets. The strengths
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and weaknesses of EMT are also presented. We then outline a benchmark-
ing study to test EMT against numerical upscaling in the context of the new
Single Porosity hybrid modelling workflow. A discussion of the results is
then provided, showing that under suitable conditions, EMT performs well
as a highly efficient substitute for numerical upscaling.

chapter 7 The outcomes and findings of our research work are summarized
and linked back to the objectives of the PhD project. We identify areas
where further work is required and provide some insights as to how these
issues may be solved.
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2
C O N T I N U U M M E T H O D S

In order to appreciate the challenge involved when modelling flow in an NFR,
it is imperative to recognize that in addition to characterizing the rock matrix
- a complex task itself - studying NFRs require the additional characterization
of the fracture network. As a result of the additional data required, NFR flow
modelling becomes difficult for three reasons. Firstly, the reservoir simulator will
have to account for a larger input dataset. Secondly, the acquisition of fracture
data involves additional costs that organizations may not be willing to fully bear.
Thirdly, even if cost of data acquisition is not an issue, it is not possible to collect
sufficient data to characterize a fracture network due to technological limitations
- most fractures are not visible on seismic images and fractures are undersampled
in wells. The limitations on data acquisition results in a potentially higher level
of uncertainty in the NFR characterization (Figure 2.1).

Instead of using an NFR dataset as it is and representing all fractures in a
simulation model, a popular approach, known as the continuum method, is to
represent the fracture network as equivalent porous media. The conversion from
discrete fractures to porous media is done via a process known as upscaling.
This procedure helps to simplify the problem at hand while retaining solution
accuracy at least on the simulation grid block scale. Depending on the type of
fracture system, various continuum models can be constructed (Berkowitz, 2002;
Berre et al., 2018).

In fracture networks in an impermeable background matrix, flow only occurs
in fractures. In particular, flow is predominantly facilitated by the hydraulic back-
bone of a fracture network (Bonnet et al., 2001). On smaller scales, flow in such
systems can be modelled using Discrete Fracture Networks (DFN). DFN explic-
itly represent all fractures but assumes that matrix permeability is low and neg-
ligible (Long et al., 1982; Andersson and Dverstorp, 1987; Hyman et al., 2015).
On larger scales, explicit representation of all fractures is computationally chal-
lenging. Instead, fractures are usually represented as a single continuum (Botros
et al., 2008; Roubinet et al., 2010; Svensson, 2001). We shall henceforth refer to
this approach as the Single Porosity method. An example is shown in Figure
2.2 where a stochastically generated Discrete Fracture Network (DFN) was con-

14



Figure 2.1: Difference between data required to characterize conventional matrix and
naturally fractured reservoirs. Naturally fractured reservoirs need extra in-
formation to characterize the fracture network, in addition to matrix charac-
terization. Not all of these information can be acquired due to technological
limitations. Data which can be acquired may be costly. In comparison to the
matrix, the scarcity of fracture data leads to higher uncertainty in describing
the fracture network quantitatively.

verted into an equivalent permeability field that is able to account for the flow
behaviour of the original DFN while being computationally tractable.

The main interest of this project, however, is fractured permeable media. In
this case, the Single Porosity method can also be used when fracture networks
are well connected. As the matrix is not negligible in this case, the fractures
have to be lumped together with the matrix and be converted into an equivalent
porous media, sometimes called a pseudo-matrix (Berre et al., 2018; Rogers et al.,
2007). The benefit of a Single Porosity approach is that we can continue to use
conventional reservoir simulation tools for low density NFR simulations.

In densely fractured permeable media, flow dynamics are complicated by the
high connectivity of the fracture network; these linkages can create wide-ranging
high conductivity pathways for fluid movement, resulting in distinctive time
scales for flow in fractures and the matrix (Matthai and Belayneh, 2004). To
simulate flow in such NFRs, Barenblatt et al. (1960) and Warren and Root (1963)
developed the Dual Porosity method, which represents the fractures and matrix
as separate continua that interact with each other through transfer functions.

Since its inception, the Dual Porosity method has become a mainstay in the
reservoir engineering toolbox; it is available in all commercial simulators and
are the de facto simulation method for NFRs in many organizations (Lemonnier
and Bourbiaux, 2010). Research has continuously been done to improve various
aspects of the Dual Porosity method so that it can handle a wider range of phys-
ical processes accurately, and take into consideration more complicated fracture
network geometries (e.g., March et al., 2018; Lu et al., 2008; Di Donato et al.,
2007; Geiger et al., 2013).
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Figure 2.2: Representation of a fracture network in an impermeable media as an equiva-
lent porous media. (a) Original stochastically generated fracture network, (b)
Equivalent permeability in the x-direction, (c), Equivalent permeability in the
y-direction. Modified from Case 9 of Botros et al. (2008).

In this chapter, the Single and Dual Porosity methods will be described in de-
tail. In the next section, the statistical properties that describe characteristics of
fracture networks are first reviewed. We then discuss various upscaling proce-
dures that are available in the literature. We also detail the mathematical formu-
lations of the Single and Dual Porosity methods. Finally, we provide a discussion
regarding the pitfalls of the continuum method.

2.1 characterising fracture networks

Before discussing continuum modelling methods, we first need to understand
how fracture networks are described; these fracture network parameters will
then be used to produce the inputs required for reservoir simulations. Fractures
can be observed via several data sources: seismic images, borehole images and
outcrops. These sources provide fracture data at different scales and comple-
ment each other to build a fuller understanding of a subsurface fracture net-
work. However, as data acquisition is costly, fracture data sources are usually
scarce. Rather than having precise descriptions of subsurface fracture networks,
statistical approaches are used instead.
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Figure 2.3: Describing the orientation of a fracture.

Figure 2.4: Graphical representations of orientation data. (a) Rose diagrams are suitable
for fracture sets with large dip angles, (b) Stereonets are useful for visualizing
both strike and dip angles (Priest, 1993).

2.1.1 Orientation

In fracture network characterization, one of the first tasks often undertaken is to
divide the fractures into sets based on orientation. The orientation of a fracture
may be defined by dip and strike. The dip of a fracture is the angle it makes
relative to a horizontal plane. The strike of a fracture is the direction, relative to
the North, of the intersection line between the fracture and a horizontal plane.
As strike can be described with two values that are 180

◦ apart, we adopt the
convention that strike is positioned 90

◦ clockwise from the direction of down-
ward dip. This convention ensures that each fracture can only be described with
one strike angle (Priest, 1993). Alternatively, fracture orientation may be defined
using poles - unit normal vectors that are perpendicular to the fracture planes.

In some NFRs, fractures tend to be sub-vertical to sedimentary rock beds,
meaning fracture dips are almost 90 degrees relative to bed boundaries; in such
systems, fracture orientations are adequately described by the strike. Plotting
the strike directions of these fractures on a rose diagram is often useful in terms
of visually identifying different fracture orientation sets (Figure 2.4a). Note that
the rose diagram is not symmetrical since there is only one strike angle for each
fracture. If fractures are not sub-vertical to bed boundaries, stereonets may be
used instead; in this case, orientation sets may be identified by cluster points in
the visualization (Figure 2.4b) (Priest, 1993; Makel, 2007).

Fracture orientation data may be acquired from borehole imaging or from
outcrops. Since any observed fractures from these sources are only a sample of
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Figure 2.5: Crack geometry models. (a) Through crack, (b) Part-through crack, (c) Inte-
rior crack (Gudmundsson, 2011).

the total fracture population, fracture orientations are best described statistically.
In this regard, the Fisher distribution is often used to capture the variations in
fracture orientation:

P(θ1 < θ < θ2) =
eKF cos(θ1) − eKF cos(θ2)

eKF − e−KF
(2.1)

where KF describes the shape of the distribution, θ is the angle a fracture makes
against a mean direction, and P(θ1 < θ < θ2) is the probability that the angle θ

is between θ1 and θ2 (Priest, 1993).

2.1.2 Shape

In addition to fracture orientations, it is also desirable to know the spatial extent
of a fracture, which requires knowledge of the shape of fractures.

Gudmundsson (2011) identifies three geometrical crack models: through, part-
through and interior cracks. Through cracks extend fully from one boundary
of a sedimentary rock bed to another and take the shape of elliptical cylinders.
Interior cracks are fully contained within a rock body and are ellipsoids. Part-
through cracks are in contact with only one boundary and take the shape of
truncated ellipsoids (Figure 2.5).

In practice, the shape of fractures are difficult to establish. Borehole images
do not provide information beyond the walls of drilled holes. Seismic images
are limited in resolution. Outcrops only provide two dimensional data on the ex-
posed surfaces. As such, fractures are often assumed to take on idealized shapes
such as circles, ellipses or rectangles (Cruden, 1977; Baecher and Lanney, 1978;
Warburton, 1980; Priest and Hudson, 1981; Priest, 1993; Sævik et al., 2013).
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2.1.3 Size

Depending on the shape of the fractures in consideration, size may be defined
differently. For circular fractures, either the diameters or radii can be used for
defining fracture sizes (Baecher and Lanney, 1978; Warburton, 1980). In the case
of elliptical fractures, the major radii or diameters will be used (Sævik et al.,
2013). For rectangular fractures, sizes refer to their lengths (Cruden, 1977; Priest
and Hudson, 1981; Priest, 1993).

Similar to fracture shapes, fracture sizes are difficult to determine due to the
same technological challenges. In practice, outcrop studies, combined with as-
sumed fracture shapes, are used to derive statistical descriptions of fracture
sizes (Priest, 1993). Traditionally, lognormal, exponential and gamma distribu-
tions have been used to describe fracture size variations. In the early 2000s, how-
ever, studies of the scaling properties of fracture networks have increased the
prominence of the power law distributions in describing the multiscale nature of
NFRs (Berkowitz, 2002; Bonnet et al., 2001).

Mathematically, the power law distribution takes the following form:

n(s) = κs−KPL (2.2)

where s is the fracture size, κ is a density constant, KPL is a power law exponent
that typically ranges between 1 and 3. Given s, n(s)ds is the number of fractures
that have sizes within [s, s + ds].

A special characteristic of the power law distribution is that it is self-similar
and does not possess a characteristic length scale. As such, in addition to κ and
KPL, minimum and maximum cutoff sizes, smin and smax have to be provided.
(Bonnet et al., 2001). The lack of a characteristic length scale also has implications
in terms of continuum modelling, as will be discussed in Section 2.5.

2.1.4 Aperture

Fracture apertures control the conductivity of fractures and have been shown
to affect fluid flow behaviour Bisdom et al. (2015). The mechanical aperture of a
fracture is the perpendicular distance between fracture walls (Singhal and Gupta,
2010). Due to the surface roughness of fracture walls and the stress regime ex-
perienced, mechanical apertures within a fracture vary from location to location.
A further distinction is often made between mechanical and hydraulic apertures.
Mechanical apertures are determined purely from the geometry of fractures. Hy-
draulic apertures, on the other hand, are determined from hydraulic considera-
tions, factoring in fracture geometry and in-fill materials. In fact, material pre-
cipitation in fractures can be severe enough such that fractures become barriers
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instead of high conductivity flow paths. Our focus in this work, however, is
on open fractures, which have positive hydraulic apertures. For modelling pur-
poses, fractures are usually idealized as two parallel fracture walls separated by
a fixed average geometrical aperture. The average geometrical aperture is the
fracture volume which is open to flow averaged over the fracture length (Long
et al., 1982; Renshaw, 1995; Witherspoon et al., 1980). From this point on, we will
simply refer to average geometrical apertures as apertures.

Fracture apertures can be measured from cores, borehole images or outcrops.
However, the reliability of these sources are questionable. In cores, unloading ef-
fects as they are transported to the surface may alter fracture apertures. Borehole
imaging is limited in terms of resolution, making aperture measurements unre-
liable. Fractures observed on outcrops may not be representative of the in-situ
stress regime in the subsurface, and they are also subject to weathering (Makel,
2007; Bisdom et al., 2015). As a substitute for measurements, apertures are in-
stead often predicted through alternative methods such as linear elastic fracture
mechanics, the empirical Barton-Bandis model or scaling laws derived from vein
analyses (Anders et al., 2014; Hooker et al., 2014; Bandis et al., 1983). Vein anal-
yses involves deriving scaling laws by measuring the size of veins observed on
outcrops. These veins were the result of precipitation within fractures and are
representative of the fracture opening during the time of mineral deposition. The
measured vein sizes do not incorporate the current day in situ stress regime ex-
perienced by subsurface fractures. Linear elastic fracture mechanics, on the other
hand, directly accounts for the effect of stress on fracture apertures. However, lin-
ear elastic fracture mechanics does not take into consideration fracture surface
roughness, which acts to keep fractures open if they are under shear stress. The
Barton-Bandis model, which is an empirical model derived from experimental
work, incorporates both the in situ stress regime and surface roughness. Never-
theless, the measurement of surface roughness used in the Barton-Bandis model
is highly subjective. Bisdom et al. (2015) showed that these different approaches
yield very different aperture distributions for the same fracture network, which
results in different hydraulic responses when subject to flow simulations. Thus,
further research is necessary to improve our ability to predict fracture apertures.
For the purpose of our work, we use a simple linear aperture-size relationship
inspired by linear elastic fracture mechanics:

a = βs (2.3)

where a and s refer respectively to fracture aperture and size, while β is a con-
stant. Note here that aperture refers to the average geometric aperture of a frac-
ture. According to linear elastic fracture mechanics, given the same stress regime,
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Figure 2.6: Measures of fracture density. Modified from Dershowitz and Herda (1992).

longer fractures will have larger average geometric apertures. The average geo-
metric apertures are linearly proportional to fracture sizes.

2.1.5 Fracture Density

We are often also interested in how intensely a rock is fractured; this intensity
can be measured through fracture density. There are various statistical measures
for fracture density (Figure 2.6). They differ from each other based on the di-
mension of the measurement region (a line, an area, or an entire volume) and
the dimension of fracture measure (fracture counts, lengths, areas or volumes).
The choice of fracture density measure depends on the source of fracture data.

For example, in borehole imaging, data is essentially recorded along a line; as
such, fracture density is measured in number of fractures per unit length (P11).
On outcrops, since we have access to a two dimensional source of information,
density can be reported in more ways. Firstly, scan lines can be set up and density
can be measured in P11. Fracture counting can also be done on the entire areal
extent of an exposed rock face and be reported in P21. Finally, the cumulative
lengths of the fractures on the rock face can be measured and the fracture density
reported as P22 (Priest, 1993; Dershowitz and Herda, 1992).
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The different fracture density measures can be related to each other; for ex-
ample, if a rock face consists of constant sized fractures of length l, it follows
that P22 = P21 × l. If the lengths of the fractures happen to follow a power law
distribution (Equation (2.2)), we can write the following:

P21 × Am =
∫ lmax

lmin

n(l)dl,

P22 × Am =
∫ lmax

lmin

l × n(l)dl,
(2.4)

where Am is the measurement area of the rock face, while lmin and lmax are the
lower and upper cutoffs for the power law distribution. These equations can be
solved to give

P22

P21
=
(

1− KPL

2− KPL

)(
l2−KPL
max − l2−KPL

min

l1−KPL
max − l1−KPL

min

)
. (2.5)

2.1.6 Stochastic Discrete Fracture Networks

Once characterized, the statistical properties of a fracture network can be used
to stochastically generate Discrete Fracture Networks (DFN), which enable the
study of flow behaviours within NFRs. Figure A.1d is an example of a stochasti-
cally generated DFN.

To generate a DFN, we first need random generators that output fracture prop-
erties; these random generators are derived from the statistical distributions of
the properties in question. For example, the cumulative distribution function
(CDF) for fracture sizes that follow a power law distribution (Equation (2.2)) is

C(s) =
s1−KPL − s1−KPL

min

s1−KPL
max − s1−KPL

min

, (2.6)

which can be inverted to express s in terms of C(s). Noting that 0 <= C(s) <=
1, we replace C(s) with a random number generator RU which returns values
between 0 and 1 drawn from a standard uniform distribution. The resulting
random fracture size generator RPL (subscript referring to power law) is

RPL =
(

s1−KPL
min + RU

(
s1−KPL

max − s1−KPL
min

)) 1
1−KPL . (2.7)

The same approach can be used to derive random generators for other fracture
properties. Following the approach by Priest (1993), the steps for creating a DFN
are as follows:

1. Start with the first fracture orientation set.
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2. Randomly generate the parameters for a new fracture: orientation, size,
location.

3. Check that the new fracture does not intersect the exclusion zones around
existing fractures within the same set.

• Remove new fracture if intersection is detected.

• Update fracture density if no intersection is detected.

4. If target fracture density is not met, repeat from Step 2.

5. Repeat steps 2 to 4 for all other fracture orientation sets.

Step 3 in the procedure above is a modification based on the observation
of stress shadow zones around pre-existing fractures. The shapes of exclusion
zones, for practical reasons, are chosen to be simple geometries that enclose frac-
tures (Wang, 2016; Renshaw and Pollard, 1994; Josnin et al., 2002). An example
of a DFN generated with the procedure above, along with code snippets, is pro-
vided in Appendix A.

Note that the DFN generation procedure outlined can be modified to account
for more features. For example, we have assumed an aperture-size relationship
that follows Equation (2.3); if we choose to randomize the apertures instead, the
algorithm can be modified by adding in a random aperture generator. Another
possible modification is the inclusion of fracture abutment probabilities, which
can be used to create a random decision maker (equivalent to an unfair coin
toss); new fractures may then either intersect with or truncate at an older fracture
based on the outcome of the decision maker (Hardebol et al., 2015).

A DFN generated through the above algorithm is simply one of a limitless
number of possible realizations that honour the statistical characterization of a
fracture network. In actuality, a proper risk assessment should adopt a Monte
Carlo approach by generating hundreds to thousands of DFN realizations in
order to quantify the uncertainty in flow behaviour resulting from our limited
knowledge of the fracture network.

2.2 flow based upscaling

Upon reviewing the characteristics of NFRs in Section 2.1, we can begin to under-
stand the enormity of the data that has to be considered in reservoir simulations.
Even if all these data were available, using them as-is in full field simulations
with explicit fracture representation would be unrealistic. As such, in continuum
methods, fracture networks are represented implicitly using equivalent porous
media instead. The conversion from discrete fractures to porous media is done
via a process known as upscaling.
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Figure 2.7: Different upscaling approaches that can be used to convert fracture networks
into equivalent porous media.

Broadly speaking, there are two types of upscaling approaches that are com-
monly used - geometry and flow based upscaling (Figure 2.7). In geometry based
upscaling, a grid is superposed on the fracture network, and the fracture network
conductivity is mapped onto the grid based on intersections between fractures
and grid cell boundaries (Botros et al., 2008; Roubinet et al., 2010; Svensson, 2001).
Flow based upscaling, on the other hand, employs local steady-state solutions
to the Laplace problem to back-calculate effective permeabilities using Darcy’s
law. The solution to the Laplace problem can be obtained either numerically or
analytically (Figure 2.7). The numerical method makes use of flow simulations
on the grid cell scale (Durlofsky, 1991; Jackson et al., 2000). However, numer-
ical simulations involve the discretization of the Laplace problem and is time
consuming. As a faster alternative, analytical flow based upscaling is performed
using analytical solutions to the Laplace problem; this approach does not require
any simulations (Oda, 1985; Sævik et al., 2013).

In our work, we use only flow based upscaling since the geometrical approach
is unable to account for porous rock matrices, which are crucial hydrocarbon
storage components for commercially viable NFRs. The flow based upscaling
approach will be reviewed in this section.

2.2.1 Formulation

Flow based upscaling seeks an effective permeability for a permeability field by
solving following Laplace problem on the scale of a Representative Elementary
Volume (REV)

∇ · (k∇p) = 0,

〈k∇p〉 = ke 〈∇p〉 ,
(2.8)
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Figure 2.8: Determining a Representative Elementary Volume (REV). Graph plots poros-
ity φ against measurement volume (Vvoid + Vrock). REVs can be defined within
the volume range where the measured porosity stabilizes. Modified from Lie
(2015).

where ke is the effective permeability tensor, k = k (~x) is the permeability tensor
field, and p = p (~x) is the pressure field. 〈·〉 is the volume average over the
domain.

An REV is a volume over which a measurement that is representative of said
volume can be made. Figure 2.8 illustrates the concept of an REV; porosity is
measured over a sequence of increasingly larger measurement volumes centered
at the same point. The evolution of the porosity measurement shows an initially
noisy behaviour which eventually stabilizes. This plateau is where an REV can
be defined; modelling at the REV scale allows us to focus on larger scale effects
rather than small scale variations. Beyond the plateau, the measured porosity
value may either remain stable or begin to fluctuate again; the former corre-
sponds to a macroscopically homogeneous media while the latter may have large
scale inhomogeneous features (e.g. different rock layers) (Lie, 2015; Bear, 1993).

While a useful concept, the REV may not be used often in practice because
there may be no REV scale for a given porous medium. The lack of an REV scale
is especially an issue if a fracture network’s properties are self similar and scale
invariant, as is in the case of fracture networks that follow a power law distribu-
tion. The lack of an REV has an impact on the accuracy of continuum methods
and will be discussed in Section 2.5. In other cases, simulation grid block sizes
may be below the REV scale, leading to finite size effects when upscaling; in
this case, Renard and de Marsily (1997) make a distinction between effective and
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equivalent permeability, the former being a quantity defined at the REV scale
independently of the simulation grid, and the latter being a grid size dependent
property.

The Laplace problem (Equations 2.8) can be solved for various boundary con-
ditions depending on the shape of the domain and the characteristics of the
permeability field. Analytical upscaling approaches use infinite domains and
impose far field pressure gradients as boundary conditions (Sævik et al., 2013;
Barthélémy, 2009). Numerical upscaling approaches solve the Laplace problem
in a box shaped domain and thus apply a combination of periodic velocity and
pressure boundaries on the box faces (Durlofsky, 1991). Since analytical meth-
ods do not refer to a grid size in their formulation, the calculated quantities will
be suitably referred to as effective permeabilities. On the other hand, the output
from numerical upscaling will be called equivalent permeabilities due to their
grid dependency. However, if the domain used for upscaling is that of an REV,
the equivalent permeability also approaches the effective permeability.

It is important to note that equation (2.8) along with suitable boundary con-
ditions is well-posed and always yields a solution. However, the upscaling ap-
proach should be tailored to the problem at hand. As has been discussed, lump-
ing a well connected fracture network and a rock matrix, then upscaling them
into one single continuum will not be able to capture the separation of time
scales for flow in the matrix and fractures (Berre et al., 2018; Matthai and Be-
layneh, 2004). For such cases, the Dual Porosity model, which separately up-
scales only the fracture network into a secondary continuum yields better results
(Warren and Root, 1963).

2.2.2 Numerical Approach

As discussed, flow based upscaling can be performed numerically to yield an
equivalent permeability tensor:

ke =

 kxx kxy

kxy kyy

 . (2.9)

Durlofsky (1991) proposed to solve (2.8) on a box domain (Figure 2.9) with the
following boundary conditions for fluid velocity:

u
(
x, y ∈ ∂Dy−

)
· ny− = −u

(
x, y ∈ ∂Dy+

)
· ny+, ∀x ∈ [xmin, xmax] ,

u (x ∈ ∂Dx−, y) · nx− = −u (x ∈ ∂Dx+, y) · nx+, ∀y ∈ [ymin, ymax] .
(2.10)
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The following boundary conditions are imposed for fluid pressure:

p
(
x, y ∈ ∂Dy−

)
= p

(
x, y ∈ ∂Dy+

)
+ ∆px, ∀x ∈ [xmin, xmax] ,

p (x ∈ ∂Dx−, y) = p (x ∈ ∂Dx+, y) + ∆py, ∀y ∈ [ymin, ymax] ,
(2.11)

where ∆px and ∆py are pressure differences that are strategically chosen to solve
for ke.

Recalling that we wish to find ke such that 〈k∇p〉 = ke 〈∇p〉, the following
approximations are made:

〈k∇p〉 =

 ∫∂Dx+
u · nx+dy∫

∂Dy+
u · ny+dx

 , (2.12)

〈∇p〉 =

 ∆px

∆py

 . (2.13)

To solve for kxx and kxy, equations (2.9) to (2.13) are solved with ∆py = 0 and
∆px being any arbitrary pressure value. To solve for kyy and kxy, equations (2.9)
to (2.13) are solved with ∆px = 0 and ∆py being any arbitrary pressure value.

It should be noted that ke may not be well defined. In particular, if an REV
scale exists and the box domain (Figure 2.9) is at the scale of the REV, ke will be
equal to the effective permeability of the permeability field under investigation.
If an REV scale does not exist, or if the box domain is not at the scale of an REV,
the calculated ke is strictly a property of the finite size box domain and should
be referred to as an equivalent permeability (Renard and de Marsily, 1997).

Solving these equations can be done using fine scale models in any reservoir
simulator. In the case of NFRs, numerical upscaling can be done with Discrete
Fracture & Matrix (DFM) methods, which will be covered in Chapter 3. Note
that this numerical upscaling scheme is easily extendable to 3D problems. The
scheme can also be simplified in the case that ke is known or expected to be
diagonal; in this case, no-flow conditions can be imposed on boundary faces
parallel to the direction of applied pressure differential.

The benefit of numerical upscaling is that it is versatile in its application. With
appropriate boundary conditions, the method can cater to any type of heteroge-
neous permeability field. However, since the method requires numerical simula-
tions in order to compute ke, it is computationally less efficient compared to the
analytical upscaling approach. The computational cost is further exacerbated by
the fact that reservoir and fracture network characterizations are uncertain and
statistical in nature, which means that in order to adequately quantify the uncer-
tainty in flow behaviour, many stochastic models will have to be generated and
upscaled to carry out flow simulations. Despite that, with the advancement of

27



Figure 2.9: Domain for calculation of 2D equivalent permeability. Modified from Durlof-
sky (1991).

technology both in terms of processing power and parallel computing, research
interest in numerical upscaling has not waned.

A recent development is the aggregation based numerical upscaling method
proposed by Hui et al. (2017). In this scheme, a fine scale steady state incom-
pressible flow problem is first solved numerically for the entire field. Then, the
fine grid is partitioned such that multiple grid cells are combined to form coarser
grid cells. The coarse grid transmissibilities are then calculated from the fine grid
flow solutions. The aggregation of fine cells into coarse cells, and the computa-
tion of the transmissibilities between the coarse cells allows further simulations
to be performed quickly with the coarse grid. A closely related method is that by
Nissen et al. (2018) which uses time-of-flight (TOF) and distance to the nearest
fractures to systematically aggregate fine cells into coarse cells. Such aggregation
based upscaling methods aim to preserve the fracture network while simplify-
ing small scale heteogeneities. In cases where the fracture network is large and
dense, solving for flow in the fracture network itself can also be computationally
intensive. As such, for our work, we will focus instead on using the method by
Durlofsky (1991) to obtain homogenized representations of fracture networks.
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Figure 2.10: Benchmarking of the Effective Medium Theory and Oda’s method against
numerical upscaling. εsum = Σε i. Modified from Saevik et al. (2014).

2.2.3 Analytical Approach

Instead of numerically solving equations (2.8), another approach is to seek an-
alytical solutions to the problem in order to perform upscaling. This approach
is called analytical upscaling. In addition to not requiring any simulations to be
performed, the analytical upscaling approach also allows statistical properties
from reservoir characterization to be included easily. As such, analytical methods
are much more computationally efficient than numerical upscaling. However,
as equations (2.8) are difficult to solve analytically for complex heterogeneous
fields, assumptions and approximations are usually made to yield solutions.

Arguably the most well known analytical upscaling method for NFRs is Oda’s
method,

ke = km +
N f f

∑
i=1

aiP32,iki

(
I− ninT

i

)
, (2.14)

where km is the permeability of the matrix. There are N f f fracture families in-
dexed by i = 1, 2..., N. ai, P32,i, ki and ni are respectively the aperture, the P32

fracture intensity, the intrinsic permeability and the pole of fractures within frac-
ture set i. It is important to note that equation (2.14) assumes that fractures have
infinite length. This assumption then implies that the fractures must be well
connected (Oda, 1985). Saevik et al. (2014) compared Oda’s method against nu-
merical upscaling and found that Oda’s method tends to overpredict effective
permeability and is unable to capture percolation thresholds observed in numer-
ical upscaling results (Figure 2.10).
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To correct for the high fracture network connectivity assumed in Oda’s method,
a connectivity factor f can be used to impede the contributions of the fractures to
the effective permeability. The modified version of equation (2.14) is as follows:

ke = km + f
N f f

∑
i=1

aiP32,iki

(
I− ninT

i

)
. (2.15)

In practice, however, f is not measurable and is often reverse engineered. The
uncertainty around the value of f has motivated recent work to quantify f using
studies on outcrops (Saevik and Nixon, 2017).

Recognizing the limitations of Oda’s method, we focus instead on another an-
alytical approach known as the Effective Medium Theory (EMT), which has re-
cently been adapted for fractured porous media (Sævik et al., 2013). In the rest of
this section, we provide a review of the derivation of EMT by Sævik et al. (2013).
EMT makes use of the solution of equations (2.8) for a rock matrix containing
a single ellipsoid inclusion (Landau et al., 1961; Torquato, 2012). The matrix has
permeability km while the inclusion, which represents a fracture, has isotropic
intrinsic permeability kinc = kincI. Given a far field pressure gradient J f ar, the
pressure gradient within the inclusion Jinc := ∇pinc is found to be constant, with
a relationship

Jinc = Rinc (km) J f ar, (2.16)

where the field concentration tensor Rinc is a function of km parametrized by
the shape, orientation and intrinsic permeability kinc of the inclusion. As the
mathematical expression for Rinc is complex, we refer the reader to Barthélémy
(2009) and Saevik et al. (2014) for its complete derivation and resulting formulas.

Considering a case where a small population of inclusions exist in the matrix,
the inclusions are split into N f f families. Each family consists of similarly shaped
and oriented fractures with equal intrinsic permeability dispersed within the do-
main. As a result, all fractures within a family share the same field concentration
tensor. The fracture families are indexed by i = 1...N f f , while the matrix is in-
dexed by i = 0 for convenience. Collectively, the fracture families and matrix are
also referred to as phases.

Recalling that 〈k∇p〉 = ke 〈∇p〉, the following approximations are made:

ke 〈∇p〉 = 〈k∇p〉 =
N f f

∑
i=0

vikiJi, (2.17)

〈∇p〉 =
N f f

∑
i=0

viJi, (2.18)

where vi are volume fractions of each fracture family. For i = 1...N f f , since all
fractures have the same intrinsic permeability and shape concentration tensor,
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they also have the same internal pressure gradient according to equation (2.16);
ki and Ji are the intrinsic permeabilities and internal pressure gradients for each
fracture family.

Combining equations (2.16), (2.17), (2.18) and letting 〈∇p〉 = J f ar, J0 can be
eliminated to arrive at

ke = km +
N f f

∑
i=1

vi (ki − km)Ri (km) , (2.19)

where the substitution k0 = km has been made. Equation (2.19) is known as the
dilute limit approximation.

The dilute limit approximation in itself is not useful for fracture network up-
scaling since NFRs are usually intensely fractured. To cater for a larger popu-
lation of ellipsoid inclusions, a modification to equation (2.16) is made. In this
modification, each inclusion is considered to be surrounded by a permeability
field that is equal to ke, the effective permeability. Equation (2.16) can then be
written as

Jinc = Rinc (ke) J f ar, (2.20)

which is the central approximation that defines EMT. From this point on, Rinc or
Ri are always treated as functions of ke.

Following the same derivation for equation (2.19), but substituting equation
(2.20) for equation (2.16), the asymmetric self-consistent approximation can be
attained:

ke = km +
N f f

∑
i=1

vi (ki − km)Ri. (2.21)

Another EMT approach for handling larger populations of inclusions is to sim-
ilarly make the approximations (Equation 2.17) and (Equation 2.20). However,
instead of equation (2.18), the matrix is approximated as a family of ellipsoidal
inclusions that occupy the space between actual inclusions:

J0 = R0J f ar. (2.22)

Combining equations (2.20), (2.17), (2.22) and setting 〈∇p〉 = J f ar, J f ar can be
eliminated to arrive at

ke = km +
N f f

∑
i=1

vi

vm
(ki − ke)RiR−1

m . (2.23)

Equation (2.23) is known as the symmetric self-consistent approximation. Here,
R−1

m refers to the matrix inverse of of Rm.
A third EMT approach was also studied in Sævik et al. (2013) but did not yield

favourable results; as such, we will focus on the asymmetric and symmetric self-
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consistent approaches. Both equations (2.21) and (2.23) are implicit equations
in ke; for open fractures where we expect ||ke‖|≥ ||km‖|, they can be solved
reasonably quickly with a fixed point iteration scheme. However, representing
fractures as ellipsoidal inclusions results in near-zero volumes that adversely
affect the convergence rate of the numerical scheme; this impact on convergence
is mainly due to the field concentration tensor Ri, which becomes near singular
for flat inclusions. To overcome the singularity issue, Sævik et al. (2013) studied
equations (2.21) and (2.23) in the limit of flat inclusions. The resulting equations
for open fractures are

ke = km +
4
3

π

N f f

∑
i=1

εi (λiBi + I)−1 Bi, (2.24)

ke = km +
4
3

π

N f f

∑
i=1

εi

vm
(λiBi + I)−1 BiR−1

m , (2.25)

where equation (2.24) is the asymmetric self-consistent method and equation
(2.25) is the symmetric self-consistent method. Bi are tensor functions of ke which
are parametrized by the shape and orientation of fractures in family i. As the
mathematical expression of Bi is complex, we refer the reader to Sævik et al.
(2013) for a full description. εi and λi are dimensionless fracture densities and
dimensionless intrinsic fracture permeabilities defined as follows:

εi = P31,ir3
1,i, (2.26)

λi =
r2

1,i

r2,ir3,iki
, (2.27)

where r1 ≥ r2 ≥ r3 are the length of an ellipsoid’s semi-axes.
Equations (2.24) and (2.25) have been extensively benchmarked against vari-

ous analytical and numerical upscaling approaches (see example in Figure 2.10).
The results from EMT match their numerical counterpart remarkably well. De-
spite not accounting for percolative behaviour in their formulations, the two
EMT approaches are capable of reproducing percolation thresholds to variable
degrees of accuracy. Both EMT and Oda’s method produce comparable results
above the percolation threshold. However, below the percolation threshold, EMT
outperforms Oda’s method since the latter implicitly assumes well-connectedness
(Saevik et al., 2014; Oda, 1985).

2.3 single porosity method

Armed with the ability to upscale fracture networks into equivalent porous me-
dia, we can now begin to strategize on how best to construct continuum models
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of NFRs. The most straightforward approach is to capitalize on existing con-
ventional reservoir simulators by upscaling the entire permeability field (matrix
and fractures included) into a singular continuum (Figure 1.3). The resulting
equivalent continuum is sometimes called a pseudo-matrix (Rogers et al., 2007).
Within the context of flow modelling in NFRs, we call this approach the Single
Porosity (SP) method to distinguish it from flow modelling in matrix reservoirs.
The mathematical formulation of the SP method is the same as the conventional
porous media flow formulation. For immiscible two phase flow, it is

∂(φpmραSα)
∂t

+∇ · (ραuα) = ραqα, (2.28)

uα = −
krα,pmkpm

µα
∇(pα − ραg), (2.29)

where equation (2.28) is the law of mass conservation and equation (2.29) is
Darcy’s law. α ∈ (w, nw); w and nw are the wetting and non-wetting phases. ρα,
Sα, uα, qα, µα, and pα are respectively the density, saturation, local fluid velocity, a
source/sink term, viscosity and pressure of phase α. φpm and kpm are the pseudo-
matrix porosity and permeability fields. krα,pm is the relative permeability of
phase α in the pseudo-matrix.

Equations (2.28) and (2.29) are completed by the following

pnw − pw = pc,pm(Snw), (2.30)

∑
α

Sα = 1, (2.31)

(2.32)

where pc,pm is the capillary pressure between both phases in the pseudo-matrix.
As discussed, kpm can be determined using the procedures reviewed in Section

2.2; in this case ke = kpm and the domain, D for upscaling includes the matrix
and all fractures. Various pseudoization methods can be employed to obtain
pc,pm and krα,pm; however, in general, pseudoization methods have been found
to be unreliable in upscaling fluid flow processes to the coarse scale and have
to be employed judiciously (Barker and Thibeau, 1997). In our work, we have
simply used the matrix petrophysical properties (after Brooks and Corey (1964))
for the pseudo-matrix - this approach has worked reasonably well. Finally, the
calculation of φpm is done through volume weighted averaging

φpm =

∫
D φ(x)dV

Vtotal
. (2.33)

The appeal of the SP method is that it is straightforward to implement and
computationally efficient. Despite that, SP models have very limited applicability
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as they are unable to capture the large flow rate variations in well connected
NFRs unless each fracture is explicitly resolved. As such, they are better suited
for poorly connected NFRs (Berre et al., 2018; Bourbiaux, 2010; Matthai and
Belayneh, 2004).

2.4 dual porosity method

The most widely used continuum method for simulating flow in fractured reser-
voirs is the Dual Porosity (DP) method developed by Barenblatt et al. (1960). The
method was later popularized by Warren and Root (1963) who used it to simu-
late well test responses in NFRs. Thomas et al. (1983) extended the DP method
for multiphase flow. The central idea in DP modelling is to address the large con-
trast in matrix and fracture flow rates by representing each as an individual con-
tinuum; the fracture network (without the matrix) is upscaled into a secondary
porous medium. The matrix and fracture continua occupies the same location
in real space and are coupled together at every point through transfer functions
that dictate the ease of cross-continuum flow. For immiscible two phase flow, the
mathematical formulation of the DP method is

∂(φ f ρ
f
αS f

α)
∂t

+∇ · (ρ f
αu f

α) = ραq f
α − TDP

α , (2.34)

∂(φmρm
α Sm

α )
∂t

= TDP
α , (2.35)

u f
α = −k f

rαk f

µα
∇(p f

α − ρ
f
αg), (2.36)

where equations (2.34) and (2.35) invoke the law of mass conservation. Equation
(2.36) is Darcy’s law. The superscripts f and m refer respectively to the fracture
continuum and the matrix. TDP

α is a transfer function describing flow of phase
α from the fractures to the matrix. All other variables have their usual meaning.
Additionally, the following are imposed

p f
nw − p f

w = p f
c (S f

nw), (2.37)

pm
nw − pm

w = pm
c (Sm

nw). (2.38)

∑
α

S f
α = ∑

α

Sm
α = 1 (2.39)

As usual, upscaling will have to be performed to determine the permeabil-
ity field in the fracture continuum k f . Contrary to the approach used for SP
modelling, k f only accounts for the fractures and does not incorporate the ma-
trix permeability. Porosity for the fracture continuum is calculated using volume
weighted averaging. A common choice for the fracture continuum relative per-
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meability is the straight-line relationship k f
rα(S f

α) = S f
α (Rossen and Kumar, 1992;

de la Porte et al., 2005), while the capillary pressure for fractures if often as-
sumed to be negligible - p f

c = 0 (Firoozabadi and Hauge, 1990; de la Porte et al.,
2005).

It is also possible to split the fracture network such that some fractures are
lumped and upscaled with the matrix to form a pseudo-matrix, while remaining
fractures are represented as a fracture continuum (Legrand et al., 2016). In this
case, similar to the SP approach, the matrix properties will have to be replaced
with pseudo-matrix equivalents, which can be obtained through upscaling and,
optionally, pseudoization.

The last task to complete the DP model is to specify the transfer function TDP
α ,

which models the dynamics of flow transfer between fracture and matrix con-
tinua. Various transfer functions have been derived to account for different NFR
recovery mechanisms. Warren and Root (1963) first introduced a transfer func-
tion which only accounted for fluid expansion and was used to study well test
responses. Kazemi et al. (1976) then improved this transfer function to account
for capillary forces, followed by Gilman and Kazemi (1983) to account for grav-
ity forces. Quandalle and Sabathier (1989) further built on the transfer function
by separating horizontal, vertical downwards and vertical upward flow. Lu et al.
(2008) took an entirely different approach and introduced a transfer function
based on the superposition of flow contributions from different recovery mecha-
nisms (as opposed to force oriented superposition as was done in the past). All
of the transfer functions assume that the matrix is segmented by the fracture
network such that it forms a sugarcube geometry. Depending on the forces at
play in the production of an NFR, selection of an appropriate transfer function
is necessary to ensure the correct flow dynamics are being modelled (Lemonnier
and Bourbiaux, 2010; Abushaikha and Gosselin, 2013). Two examples of transfer
functions will be shown here to show how they differ from each other.

The simplest choice for a transfer function for multiphase flow is by Kazemi
et al. (1976):

TDP
α = σ

kmkrα

µα

(
ψ

f
α − ψm

α

)
, (2.40)

where ψα = pα + ραgd refers to flow potential, km is an isotropic matrix perme-
ability, krα is chosen based on upwind weighting and σ is a shape factor. σ can
be calculated as follows:

σ = 4

(
1
L2

x
+

1
L2

y
+

1
L2

z

)
, (2.41)

where (Lx, Ly, Lz) are the matrix block dimensions. Note that as the matrix and

fracture cells have the same centroidal location,
(

ψ
f
α − ψm

α

)
=
(

p f
α − pm

α

)
. This
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equality means that the effect of gravity is negated in equation (2.40). As such,
this transfer function only accounts for fluid compressibility and capillarity as
driving forces for flow between the matrix and fractures (Abushaikha and Gos-
selin, 2013).

If the matrix permeability is anisotropic, the following variant of equation
(2.40) can be used.

TDP
α = 4

(
km

x
L2

x
+

km
y

L2
y

+
km

z
L2

z

)
krα

µα

(
ψ

f
α − ψm

α

)
, (2.42)

where (km
x , km

y , km
z ) are the principal components of the matrix permeability ten-

sor.
To account for the influence of gravity of matrix-fracture fluid transfer, the

following transfer function by Gilman and Kazemi (1983) can be used instead:

TDP
α = σ

kmkrα

µα

(
p f

α − pm
α +

1
2

∆ρg∆SDh
)

, (2.43)

where h is the height of a matrix block and

∆ρ = ρw − ρnw, (2.44)

∆SD =
S f

w − S f
rw

1− S f
rw − S f

rnw
− Sm

w − Sm
rw

1− Sm
rw − Sm

rnw
, (2.45)

where (S f
rw, S f

rnw, Sm
rw, Sm

rnw) are the residual saturations of the wetting and non-
wetting phases in each continuum.

It is also worth mentioning that there are other multi-continuum methods that
are related to the DP model described here. For example, in the case that there
is capillary continuity between matrix blocks, flow between matrix blocks can
be accounted for using the Dual Permeability (DPDK) model; the DPDK model
is mostly similar to the DP model except that equation (2.35) will include a
divergence term ∇ · (ρm

α um
α ). There are also methods that have more than two

porosity systems to cater to features such as karsts or fracture systems that have
a distinct scales (e.g. Ezulike and Dehghanpour, 2013; Yan et al., 2016; Kuhlman
et al., 2015). Lastly, the Multiple Interacting Continua (MINC) is a method devel-
oped to enable DP models to better capture the transient flow dynamics within
matrix blocks (Pruess, 1985).

2.5 pitfalls

Continuum methods were developed at a time when computational resources
were scarce and novel averaging and modelling techniques had to be invented
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to work around this limitation. However, with a marked improvement in compu-
tational power over the last few decades, there is increasing interest in explicitly
resolving more fractures which were previously upscaled and represented im-
plicitly.

Also, our growing understanding of the multiscale nature of NFRs has thrown
the validity of continuum methods into question. Particularly, if fracture net-
works show scaling behaviour, such as in the case of power law distributed
fracture sizes, then it is not possible to define an REV scale at which upscaling
can be valid (Berkowitz, 2002; Bonnet et al., 2001). In a study by Elfeel et al.
(2013), it was shown that multiscale fracture networks subjected to upscaling re-
sults in equivalent permeability fields which are dependent on the choice of grid
size. The study further showed that the discrepancy in upscaling results led to
different history matching and production forecasting outcomes.

Despite these shortcomings, continuum methods like the DP model continue
to withstand the test of time. Today, there is a growing trend to use continuum
models in conjunction with methods that explicitly represent larger scale frac-
tures (Rogers et al., 2007; Lee et al., 2001; Li and Lee, 2008; Bourbiaux, 2010);
these methods will be reviewed in the next chapter.
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3
D I S C R E T E F R A C T U R E & M AT R I X M E T H O D S

With the increase in computational power, as well as improvement of data acqui-
sition methods, there has been a growth in applications and studies that make
use of Discrete Fracture & Matrix (DFM) methods which explicitly represent
fracture networks and do not involve any upscaling for NFR simulations. For
example, Geiger and Matthäi (2014) reviewed and assessed how DFM methods
can be used to critically assess continuum methods in order to identify areas of
improvement. Panfili et al. (2014) simulated miscible gas injection into an NFR
with DFM in order to assess the risks that the presence of fractures pose. Bisdom
et al. (2015) used DFM methods for numerical upscaling of fracture networks to
determine the impact of various aperture prediction methods. Egya et al. (2018)
studied well test responses from various fracture networks and found that the
infamous ’dual porosity dip’ is not always observable. Hardebol et al. (2015)
used DFM simulations to study the impact of fracture network characterization
on fluid flow. Vo et al. (2019) compared DFM and Dual Permeability models and
identified a range of deficiencies in terms of the Dual permeability method’s abil-
ity to account for viscous displacement and spontaneous imbibition. Hui et al.
(2019) used a DFM method to simulate waterflooding in a full field model. Their
results showed that full field DFM simulations are possible using a simplifica-
tion known as edge collapse. In this simplification, short fracture segments with
hanging nodes are removed to reduce the degrees of freedom involved in the
simulations. Despite such a simplification, full field DFM simulations are still 2

to 3 times slower than upscaled approaches.
The main benefit of DFM models is that they stay true to the geometry of

fracture networks. As such, there is less ambiguity in the simulation output
because we remove the errors resulting from upscaling fractures. The drawback,
however, is that DFM methods are still numerically challenging to solve and
cannot be easily used for large scale simulations yet. In reality, compromises
are made where DFM methods are combined with continuum methods to take
advantage of the merits of both approaches; these are called Hybrid methods.
Hybrid model can be created from many combinations of Continuum and DFM
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methods (Bourbiaux, 2010; Rogers et al., 2007; Lee et al., 2001; Li and Lee, 2008;
Moinfar et al., 2013a; Jiang and Younis, 2015; Yan et al., 2016).

In this chapter, we first review how the void space within fractures can be
represented as porous media. A review of various features of DFM methods will
be provided. The Embedded Discrete Fracture Model (EDFM), which is heavily
used in our work, is detailed. Finally, hybrid methods will be reviewed.

3.1 intrinsic fracture permeability

To model flow in fractured porous media, one possible approach would be to de-
fine fractures as void spaces in which flow would be modelled using the Navier-
Stokes equation. However, coupling different mathematical models together can
be a very challenging process. Instead, the void spaces within fractures can be
replaced by an equivalent porous material with a representative fracture perme-
ability. We alluded to this concept when reviewing the Effective Medium Theory
in Section 2.2, where we introduced the idea of a matrix containing ellipsoidal
inclusions having intrinsic internal permeabilities. These inclusions are represen-
tative of fractures, and the propensity for flow within each fracture is represented
by a permeability value.

This intrinsic permeability can be found by studying the dynamics of flow in
between two planes (representative of a fracture). The intrinsic permeability is a
function of fracture aperture,

k f =
a2

12 fc
, (3.1)

where k f refers to intrinsic fracture permeability and a refers to fracture aperture.
fc is a correction factor that equals to 1 for laminar flow between parallel and
smooth planes. fc >= 1 if the flow regime, fracture geometry and surface rough-
ness deviate from these ideal conditions. According to Darcy’s law, volumetric
flowrate is proportional to the product of k f and the cross sectional area of flow.
The latter is proportional to a. As such, the volumetric flowrate is proportional
to a3. As a result of this relationship, equation (3.1) is often called the cubic law.
In a study performed by Witherspoon et al. (1980), the cubic law was validated
by performing flow tests on different rocks under various stress conditions. The
study showed that the cubic law is valid regardless of the stress history under-
gone by a rock. fc was found to vary between 1.04 and 1.65 due to the surface
roughness of the fractures. In actual practice, fc is difficult to determine for sub-
surface rocks due to uncertainties surrounding fracture geometry and surface
roughness. As values for fc are typically close to 1, fc is usually assumed to be
equal to 1 in the literature (Saevik et al., 2014; Reichenberger et al., 2006; Botros
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et al., 2008; Zimmerman and Bodvarsson, 1996; Kirkby et al., 2016; Matthai and
Belayneh, 2004).

An important point to note here is that the fracture permeability calculated
from equation (3.1) is an intrinsic property of a fracture, and is the permeability
of an equivalent porous medium that occupies the void space within the fracture.
This intrinsic fracture permeability is in contrast to the fracture permeability of a
fracture continuum used in continuum methods, where the fracture permeability
is a property of an equivalent porous medium that represents a fracture network.
To avoid confusion, when it pertains to DFM modelling, we will use the term
’intrinsic fracture permeability’ for k f in equation (3.1).

The possibility of representing the transmissibilities of fractures by intrinsic
fracture permeabilities allows fracture networks to be incorporated within the
framework of porous media flow. This is an important simplification that enables
the use of DFM methods.

3.2 features

Many different DFM methods exist in the literature, with merits and drawbacks
in each method. Flemisch et al. (2017) compared the various methods through
benchmarking studies involving single phase flow; their results show that it is
important to tailor the DFM modelling approach to the problem at hand. In
this section, we review the common and distinguishing features between the
methods.

3.2.1 Sub-dimensional representation

The feature that all DFM methods share is the sub-dimensional representation
of fractures; in an ND dimensional problem, fractures are represented as ND − 1
dimensional objects. This simplification is possible due to the small apertures
of fractures. Flemisch et al. (2017) showed that this simplification has little im-
pact on the accuracy of the DFM methods compared to a reference model which
treats fractures as full-dimensional objects. The main benefit of sub-dimensional
fracture representation is the avoidance of having to mesh the space within frac-
tures; mesh sizes within this space would have to be limited by fracture apertures
(micron to millimeter scale).

3.2.2 Geometrical conformance of grid

Although fractures have been simplified through sub-dimensional representa-
tions, the traditional DFM approach required the matrix grid to conform to the
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fracture network such that fractures lie on the grid cell boundaries (Figure 1.4b).
Fracture cells are then prescribed at these boundaries and connected with neigh-
bouring matrix cells. Since the fracture cells are sub-dimensional, no distortion
resulting from fracture volumes is introduced to the matrix grid (Karimi-Fard
et al., 2004).

Grid conformance necessitates the use of unstructured grids since fracture net-
works are rarely regular. The use of unstructured grids poses a few challenges:
firstly, geological models are constructed with structured grids and it would
be difficult to re-grid the models for DFM simulations that consider multiple
stochastically generated fracture networks. Secondly, unstructured grids can be
challenging to construct for complex fracture networks, especially when frac-
tures are in close proximity to each other or intersect with small angles (Berre
et al., 2018). Also, whenever new fractures need to be introduced into the simula-
tion domain, the grid will need to be re-constructed. Finally, care must be taken
to account for the change in capillary pressure and saturations across fracture-
matrix interfaces. For DFM methods that employ finite element approaches, cap-
illary pressures are defined for elements while pressure and saturations are cal-
culated at cell nodes. As nodes are shared between fracture and matrix cells, it
is necessary to increase the degrees of freedom at shared nodes to account for
the different saturations in the fractures and matrix (Reichenberger et al., 2006).

In the face of these issues, non-conforming DFM methods, which decouple the
matrix grid construction from the fracture network, have been developed (Figure
1.4c). One such method is the eXtended Finite Element Method (XFEM) which
enriches the finite element solution space with basis functions that capture the ef-
fects of fractures. However, the XFEM approach assumes that fracture segments
are throughgoing within each finite element. As such, XFEM experiences stabil-
ity issues at fracture tips (Schwenck et al., 2015). Another method which also
uses the Finite Element Method is the Lagrange Multiplier Method (LMM) intro-
duced by Köppel et al. (2019). LMM does not enrich the finite element basis func-
tions; instead, LMM represents fractures and the matrix in separate domains and
allow them to interact via Lagrange multipliers that are to be solved for. Closely
related to LMM is the Embedded Discrete Fracture Model (EDFM) which rep-
resents fractures as sinks or sources. The advantage of EDFM over LMM is that
EDFM is based on the Finite Volume Method, making it compatible with com-
mercial simulators such as Schlumberger’s ECLIPSE and Computer Modelling
Group’s IMEX (Lee et al., 2001; Moinfar et al., 2012). While non-conforming DFM
methods can be used with any matrix grid type, it draws its strength from its
compatibility with structured matrix grids (Flemisch et al., 2017).
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3.2.3 Continuity across fractures

Figure 3.1: The impact of pressure and saturation continuity across fractures. Top row
shows a injection results using EDFM. Bottom row shows the same simula-
tion performed with pEDFM which does not allow continuity of pressures
and saturations across fractures. Modified from Tene et al. (2017)

Another distinguishing feature between DFM methods is the continuity of
pressures and saturations across fractures. The traditional DFM method and
XFEM both do not allow continuity of pressures and saturations across fractures.
On the other hand, EDFM does. For open fractures that are significantly more
conductive than the matrix, continuity of pressures and saturations is of minor
consequence. However, when the permeability contrast becomes small, EDFM
become less accurate. In the case that fractures are sealed up and form barriers
to flow, EDFM is unable to stop fluids from moving past these fractures (Figure
3.1). To overcome this deficiency, a projection-based variant of EDFM, termed
pEDFM has been developed (Tene et al., 2017).

3.3 embedded discrete fracture model

For our work, we use the Embedded Discrete Fracture Model (EDFM) exten-
sively. The method was first introduced by Lee et al. (2001) and took inspiration
from the representation of wells as sinks or sources; however, they only consid-
ered a few sparse and unconnected fractures within the simulation domain. Li
and Lee (2008) later extended the EDFM approach to account for a network of
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connected vertical fractures. Improvements were then made by Moinfar et al.
(2012) to account for inclined fractures. Finally, Tene et al. (2017) introduced
a modified variant of the method called the projection-based EDFM (pEDFM)
which accounts for sealed fractures that act as flow barriers.

Flemisch et al. (2017) benchmarked EDFM against a full dimensional fractured
model for single phase flow and found a good match between the two. However,
to our knowledge, no such validation has been performed for more complex
flow phenomena that involves capillarity or gravity. Nevertheless, EDFM has
been used in many studies including that of Panfili et al. (2014) to simulate mis-
cible sour gas injection into a fractured carbonate field, Siripatrachai et al. (2016)
and Zhang et al. (2016) to understand the impact of capillary effects on hydro-
carbon production in tight hydraulically fractured formations, Karvounis and
Jenny (2016) for simulating flow in enhanced geothermal systems, and Shakiba
et al. (2018) to analyze production uncertainties in hydraulic fracture networks
characterized by microseismic data. On the basis of these studies, we will also
use EDFM to generate reference solutions in our research work.

EDFM was chosen over other DFM methods for several reasons. Firstly, it
does not require conforming grids, thus allowing us to avoid meshing difficul-
ties by using structured grids. Although pre-processing is required to establish
the fracture-matrix and fracture-fracture connectivity relations, it is a much eas-
ier procedure. Any subsequent modifications such as changes in fracture aper-
tures can be incorporated by applying multipliers on the transmissibility and
porosity values. Secondly, EDFM uses the finite volume discretization and Two
Point Flux Approximation (TPFA), making it naturally compatible with conven-
tional reservoir simulators. Lastly, the pressure and saturation continuity of the
EDFM formulation is acceptable since our research focuses on open and highly
conductive fractures.

3.3.1 Mathematical formulation

In this section, the mathematical formulation of EDFM will be reviewed. The
mathematical formulation is based on the works of Lee et al. (2001), Li and Lee
(2008) and Moinfar et al. (2012). EDFM very much resembles the DP formulation
(Section 2.4) except that fractures are represented as sub-dimensional objects
instead of a continuum and the transfer functions no longer assume a sugar
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cube geometry for matrix blocks. Mathematically, for a system with N f fractures,
EDFM is formulated as follows:

∀i ∈ [1, N f ],
∂(φiρi

αSi
α)

∂t
+∇ · (ρi

αui
α) =

ρi
α

ai

qi
α − qi,0

α −
N f

∑
j=1,j 6=i

qi,j
α

 , Ωi ⊂ RND−1,

(3.2)

∂(φ0ρ0
αS0

α)
∂t

+∇ · (ρ0
αu0

α) = ρ0
α

q0
α −

N f

∑
i=1

q0,i
α

 , Ω0 ⊂ RND , (3.3)

∀i ∈ [0, N f ], ui
α = −ki

rαki

µα
∇(pi

α − ρi
αg), (3.4)

where equation (3.2) is the mass conservation equation for the fractures, equa-
tion (3.3) is the mass conservation equation for the matrix, and equation (3.4)
is Darcy’s law. The superscripted index i refers to the matrix when i = 0 and
to the fractures when i ∈ [1, N f ]. qi,0

α (with a unit of (m3/s)/m2) is the trans-
fer function dictating fluid flow from fracture i to the matrix, while q0,i

α (with a
unit of (m3/s)/m3) flows in the opposite direction. Similarly, qi,j

α (with a unit of
(m3/s)/m2) is the transfer function for flow from fracture i to fracture j. q0

α and
qi

α are source/sink terms in the matrix and fractures (with the units (m3/s)/m3

and (m3/s)/m2 respectively). ND ∈ {2, 3} is the dimensionality of the problem.
All other variables have their usual meanings.

Note that there are in fact N f + 1 mass conservation equations. All the fracture
equations (3.2) are coupled to the matrix equation through qi,0

α , which means that
qi,0

α 6= 0 for all i. The fractures equations are coupled with each other through qi,j
α ;

however, since fractures do not always intersect each other, qi,j
α = 0 for some

fracture pairs. In the EDFM literature, qi,0
α and qi,j

α are not defined in continu-
ous space; instead, they are constructed within the context of the Finite Volume
discretization (Li and Lee, 2008; Moinfar et al., 2012).

Given a matrix grid and fracture network (Figure 3.2a), the fractures are also
discretized such that each fracture cell corresponds to one matrix cell (Figure
3.2b). For each matrix-fracture cell pair (m, f ), the movements of the fluid phases
are modelled via TPFA as follows:

Qm, f
α =

∫
Vm

qm, f
α dV = Tm f krα

µα
(pm

α − p f
α), (3.5)

Q f ,m
α =

∫
A f

q f ,m
α dA = Tm f krα

µα
(p f

α − pm
α ), (3.6)

where Qm, f
α is the volumetric flowrate from the matrix cell to the fracture cell,

while Q f ,m
α is the volumetric flowrate from the fracture cell to the matrix cell.

The two are related by Qm, f
α = −Q f ,m

α . Vm and A f are respectively the matrix
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Figure 3.2: Construction of an EDFM model. (a) Structured matrix grid and fracture net-
work, (b) Fracture grid, (c) Matrix cells colour coded according to fractures
that they are connected to, (d) Fracture cells that are connected to each other.

and fracture cell domains, krα/µα is an upwind weighted mobility term. Tm f is
a transmissibility unique to each matrix-fracture cell pair, defined as

Tm f =
km f Am f

〈d〉m f , (3.7)

where km f is the harmonic average of fracture and matrix permeabilities, while
Am f is the fluid exchange area between the matrix-fracture cell pair. 〈d〉m f is
the average normal distance between points in the matrix and the fracture cell,
which can be calculated as

〈d〉m f =

∫
Vm

∣∣(~x−~xre f
)
·~n f
∣∣ dV∫

Vm
dV

, (3.8)

where ~x ∈ Vm are points in the matrix cell, ~xre f is any reference point on the
fracture plane, and ~n f is the unit normal vector of the fracture plane. Note that
it is possible for multiple fracture cells from different fractures to be within the
same matrix cell. If fractures intersect with each other, then there will be at least
two fracture cells within one matrix cell. If two fractures are not intersecting,
but located close to each other, there may also be multiple fracture cells within
each matrix cell. The latter case should be avoided by reducing matrix cell size,
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particularly for multiphase flow simulations where numerical dispersion can
be severe. Also noteworthy is that at fracture tips, fracture cells may not be
throughgoing within matrix cells. In these cases, the fluid exchange area, Am f ,
will be reduced according to the size of the part throughgoing fracture cell.

For every two fracture cells ( f 1, f 2) that intersect with each other, the fluid
exchange is modelled by

Q f 1, f 2
α =

∫
A f 1

q f 1, f 2
α dA = T f f krα

µα
(p f 1

α − p f 2
α ), (3.9)

Q f 2, f 1
α =

∫
A f 2

q f 2, f 1
α dA = T f f krα

µα
(p f 2

α − p f 1
α ), (3.10)

where the transmissibility T f f is zero for non-intersecting fracture cell pairs, and
positive otherwise. To determine T f f , the half transmissibilities of each fracture
cell in the pair ( f 1, f 2) have to be calculated:

T f i
1/2 =

k f ia f iL f 1, f 2
∩

d f i
∩

, ∀i ∈ {1, 2}, (3.11)

where k and a are the intrinsic permeability and aperture of the fracture cell,
L∩ is the length of the intersection line between the two cells, and d∩ is the
average normal distance from the centers of the sub-segments to the intersection
line (Figure 3.3). The half transmissibilities then allow us to calculate T f f as the
harmonic average of the two:

T f f =
T f 1

1/2T f 2
1/2

T f 1
1/2 + T f 2

1/2

. (3.12)

Note that EDFM only caters to the intersection of two fractures. For intersections
involving more than two fractures, connectivity among the fractures can still be
established by assigning transmissibility values for fracture cell pairs. However,
to our knowledge, this scenario has not been addressed in the literature. In our
work, we will only be considering intersections between two fractures.

In summary, the EDFM method involves three main steps: (1) Construction
of a fracture grid based on a pre-existing matrix grid (Figure 3.2b), (2) Connect
intersecting matrix-fracture cell pairs using equation (3.7) (Figure 3.2c), (3) Con-
nect intersecting fracture-fracture cell pairs using equation (3.12) (Figure 3.2d).

3.3.2 MATLAB Implementation

EDFM has been implemented in the open source MATLAB Reservoir Simula-
tion Toolbox (MRST) that is maintained by SINTEF, a Norwegian independent
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Figure 3.3: Geometrical input required for the calculation of fracture half transmissibili-
ties.

research organization (Lie et al., 2012). The initial implementation was by Shah
et al. (2016) in release 2016b and was mainly developed for 2D simulations. 2.5D
simulations were possible through extrusion from a 2D grid. However, the 3D
version of EDFM was largely incomplete and was only capable of matrix-fracture
fluid exchanges; there was no support for fracture-fracture intersections. Addi-
tionally, the 3D version of EDFM constructed fracture grids independently from
the matrix grid; for rectangular fracture planes, Cartesian grids could easily be
used, but triangular or PEBI grids were required for more complex shapes. In
our assessment, triangular or PEBI gridding proved to be quite inconvenient
as they involve a significant amount of user input (node seeds and grid size).
When dealing with dense fracture networks with hundreds to thousands of frac-
tures, it is not feasible to specify these inputs for each individual fracture. To
address these issues, we upgraded the code in two ways: (1) implement a frac-
ture grid construction algorithm that makes use of the matrix grid to partition
the fractures, as is done by Moinfar et al. (2012), (2) incorporate fracture-fracture
connections based on the method developed by Li and Lee (2008) and improved
by Moinfar et al. (2012). The upgraded code has been incorporated into MRST.

The EDFM module in MRST serves as a preprocessor which creates a global
grid along with a list of non-neighbouring connections (NNC) that are provided
to MRST’s black oil simulator (AD-blackoil). The NNCs refer to the matrix-
fracture and fracture-fracture connections; although the interacting cells are phys-
ically next to each other, in the simulation, they are not treated as physical neigh-
bours and as such require NNCs to be connected. A simple example is shown in
Figure 3.4 where NNCs have been computed and tabulated; such NNC lists are
commonly used by reservoir simulators.

The pre-processor takes as inputs a structured matrix grid and a database of
fractures; each fracture is characterized by a set of vertices, an intrinsic perme-
ability value, aperture and porosity value (usually set to 1) (Figure 3.2a). As a
start, the matrix grid is treated as the global grid; the global cell index runs from
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Figure 3.4: Difference between neighbouring and non-neighbouring connections. (a) A
simple global grid consisting of four matrix and four fracture cells, (b) A list
of neighbouring connections and the associated transmissibilities, (c) A list of
non-neighbouring connections that account for matrix-fracture and fracture-
fracture fluid exchanges. Note that the transmissibility values are entirely
fictional and for illustrative purposes only.

1 to Nm, the latter being the number of matrix grid cells. An empty NNC list is
also created.

In the next step, fracture grids are generated. Each fracture is evaluated to
detect intersections with matrix grid cells. The intersection lines will be used to
partition the fractures into grid cells. An example is shown in Figure 3.2b. The
red and yellow fractures are vertical but angled with respect to the horizontal
axes, which results in grid cells that have uneven lengths along the fractures.
The green fracture is inclined relative to the vertical axis and as a result has an
unstructured grid pattern. The fracture grids are appended to the global grid
with cell indices that continue from the last appended grid. In the case of Figure
3.2, the global grid cell index will run from 1 to (Nm + Nred + Ngreen + Nyellow), with
the first Nm indices representing matrix grids, the next Nred indices representing
the red fracture cells, the next Ngreen indices representing the green fracture cells,
and the last Nyellow indices representing the yellow fracture cells.

Next, the pre-processor populates the NNC list to connect cells together. We
first consider neighbouring cell connections. As MRST’s grid generator module
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automatically determines neighbouring connections, the matrix cells are already
connected to each other; similarly, the fracture cells are also connected to neigh-
bouring fracture cells that are within the same fracture. These connections need
not be added to the NNC list.

For matrix-fracture NNCs, since intersections have already been determined
in the fracture grid construction step, we already know which matrix cell each
fracture cell should be connected with. Figure 3.2 shows matrix cells which are
connected to fracture cells; the matrix cells are colour coded to match the frac-
tures that they should be connected to. For each matrix-fracture cell pair, Tm f is
calculated using equation (3.7); the two cell indices and associated transmissibil-
ity Tm f are then appended to the NNC list.

Finally, the pre-processor establishes connections between intersecting frac-
tures. Every fracture pair is first evaluated for intersections. Then, fracture pairs
that intersect are further processed to determine fracture cell pairs that intersect.
Figure 3.2d shows an example where these fracture cell pairs are highlighted.
T f f is calculated using equation (3.12) for each cell pair. As was done for matrix-
fracture NNCs, the indices of the intersecting cells along with the associated
transmissibility T f f are appended to the NNC list.

Some aspects of the algorithm were parallelized in the upgraded code which
was incorporated into MRST. In particular, fracture grid construction is imple-
mented such that each fracture within a network can be handled by one parallel
worker. The matrix-fracture NNC calculations are also treated the same way. For
the fracture-fracture NNCs, the calculations are separated by fracture pairs for
parallelization.

In our work, we opted to use the 3D EDFM module for all simulations re-
gardless of whether the problem is 2D or 3D. In the 2D case, the model will be
extruded by a depth of 1 m. This decision was made to ensure consistency be-
tween all EDFM simulations in this thesis (Chapters 4 and 5 include 2D EDFM
simulations; Chapters 5 and 6 include 3D EDFM simulations). Moreover, this
approach easily allows future work to account for full 3D flow simulations if
necessary. The 3D EDFM preprocessor is slower than the 2D version since the
matrix-fracture and fracture-fracture intersection calculations are more involved,
but this problem is alleviated by the parallelization of the algorithms.

To demonstrate how the EDFM module in MRST works, the code used to gen-
erate the model in Figure 3.2 is provided in Appendix B. The code also includes
a demonstration of two phase immiscible flow simulation.
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3.4 pitfalls of dfm methods

While DFM methods like EDFM are promising in terms of resolving fluid flow
dynamics precisely (Figure B.2), their usage have largely been confined to two
categories: (1) dense fracture networks in small simulation domains (e.g. Egya
et al., 2018; Matthai and Belayneh, 2004; Geiger and Matthäi, 2014; Hardebol
et al., 2015; Karvounis and Jenny, 2016; Azizmohammadi and Matthäi, 2017; Bis-
dom et al., 2015), (2) sparse fracture networks in large simulation domains (e.g.
Zhang et al., 2016; Shakiba et al., 2018; Siripatrachai et al., 2016; Panfili et al.,
2014). The limited scope of application is due to DFM methods being compu-
tationally demanding both in terms of preprocessing (meshing or NNC calcu-
lations) and actual flow simulations. The issue is exacerbated by the need for
uncertainty quantification, which is usually done by generating a large popula-
tion of DFN realizations. Putting all these DFNs through DFM simulations will
be a highly demanding task. In a recent study, Hui et al. (2019) used EDFM to
perform full field simulations of waterflooding. Their results showed that full
field EDFM simulations are 2-3 times slower than approaches that make use of
upscaling.

However, due to the drawbacks of continuum methods (Section 2.5), revert-
ing to continuum methods would simply amount to undesirably trading away
model accuracy for computational efficiency. The way forward is to make use of
both classes of methods simultaneously, as will be discussed in the next section.

3.5 hybrid methods

Hybrid methods employ a divide-and-conquer strategy to take advantage of
both continuum and DFM methods. In this strategy, a fracture network is first
partitioned to form two sets of fractures, one to be implicitly modelled using
continuum methods, and another to be explicitly modelled using the DFM ap-
proach. The implicit fractures can be further subdivided and lumped into any
number of continua as deemed necessary. This process was illustrated in Fig-
ure 1.6, where large fractures were explicitly represented, but small to medium
fractures could be modelled using four different lumping strategies.

Depending on the partitioning and lumping choices, different continuum and
DFM methods can be combined for reservoir modelling. For example, Rogers
et al. (2007) used a SP-DFM hybrid method to test different fracture models of
an NFR; in this approach, sub-seismic fractures and the rock matrix were lumped
into a pseudo-matrix, while seismic scale faults were explicitly modelled. Simi-
larly combining the DP and DFM methods, Lee et al. (2001) and Li and Lee (2008)
used simulation grid sizes (Lgrid) to divide the fractures up by length (l) into
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small (l � Lgrid), medium (l ∼ Lgrid) and large (l � Lgrid) fractures; they then
developed a hierarchical modelling approach in which small-to-medium scale
fractures and the matrix are lumped into a pseudo-matrix, while large fractures
are directly represented. On the other hand, Jiang and Younis (2015) combined
EDFM and the MINC method (a variation of the DP model) to form a hybrid
model (EDFM-MINC) that was benchmarked against a fine grid reference solu-
tion; their results showed that the EDFM-MINC method produced comparable
results within a much shorter time frame (speed increase of 4 to 33 times). In the
same study, they also compared a classical DFM and DK combination against a
finely gridded model; again, their results showed matching outputs with a speed
up of 2-5 times in favour of the DK-DFM method.

The benefit of these approaches is that long range flow effects of large frac-
tures which likely do not possess REV scales within the extent of the reservoir,
can be directly captured; smaller fractures may then be approximated by contin-
uum methods to a reasonable accuracy (Li and Lee, 2008; Jiang and Younis, 2015).
However, hybrid modelling opens up further questions about how they can be
constructed. As was discussed, different practitioners have chosen their own ba-
sis for partitioning and lumping fractures (Rogers et al., 2007; Lee et al., 2001; Li
and Lee, 2008; Bourbiaux, 2010); without a systematic and unified hybrid mod-
elling workflow, trial-and-error approaches will become inevitable to determine
the right modelling strategy. Questions that need to be answered include: Do we
explicitly model all, some or no fractures? If we use a hybrid approach, which
fractures should be explicitly modelled? If we are using a continuum method
either on its own or in combination with a DFM method, how many continua
are required? If there is more than one continuum, which fractures should be
accounted for in each continua? These decisions are made in the steps in dashed
boxes shown in Figure 3.5. The choices made will have to factor in the flow pro-
cesses involved, the characteristics of the fracture network, the computational
resources available, and the accuracy required in the simulation output.

In our work, we make use of two hybrid methods which we will describe
below.

3.5.1 SP-EDFM

The first hybrid model that we use is based on a combination of the SP and
EDFM methods. As such, we call this hybrid approach the SP-EDFM method.
SP-EDFM is perhaps one of the simplest hybrid method available since it is
mathematically similar to the EDFM model; the main difference is that all ma-
trix properties in equations (3.2) to (3.12) are replaced with pseudo-matrix prop-
erties. The pseudo-matrix will incorporate both the matrix and a subset of the
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Figure 3.5: Flowchart describing the steps required for model selection within the Hy-
brid modelling framework. The partitioning and lumping strategies are user
defined.

fracture network. To obtain pseudo-matrix properties, the same upscaling proce-
dures used for SP methods can be applied (Section 2.3). Just as the SP method is
better suited for poorly connected fracture networks in a permeable matrix, par-
titioning for the SP-EDFM method should be done such that the fractures that
are lumped with the matrix to form the pseudo-matrix are not well connected.

From a MATLAB implementation perspective, no extra work is required since
the EDFM module can be used as-is in SP-EDFM mode. A trivial issue that arises
is that it may be hard to distinguish EDFM and SP-EDFM reservoir models; as
such, careful documentation is necessary to keep track of underlying modelling
decisions.
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3.5.2 DP-EDFM

A more sophisticated hybrid method is to couple the DP and EDFM methods;
we call this DP-EDFM. The DP-EDFM formulation is as follows:

∀i ∈ [1, N f ],
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which is very much similar to equations (3.2) to (3.4) except that Ω0 is now a
continuum representing implicit fractures, and an additional matrix continuum
Ωm was added. In this case, N f refers to the number of fractures which will
be explicitly modelled. The fracture and matrix continua are coupled together
using a transfer function, represented by TDP

α , which was reviewed in Section
2.4. It should be noted that the explicit and implicit fractures are assumed to
be well connected with each other. As such, fluid in the explicit fractures will
preferentially flow into the implicit fractures rather than the matrix. Accordingly,
in the DP-EDFM model, equations (3.13) and (3.15) do not account for direct
communication between the explicit fractures and the matrix.

We implemented the DP-EDFM method in MATLAB using MRST as a ba-
sis. In this implementation, the DP module in MRST, which was developed by
March et al. (2018), was coupled to the 3D EDFM implementation presented
in Section 3.3.2. This DP-EDFM code will be used in Chapter 4 to reproduce re-
sults obtained from fine grid EDFM simulations. To demonstrate how DP-EDFM
works in MRST, an example of a DP-EDFM model construction and simulation
is provided in Appendix C.
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4
F L O W C H A R A C T E R I Z AT I O N U S I N G E D F M

As a myriad of flow modelling methods have been developed over the years
for NFR simulation, each with its own assumptions, strengths and weaknesses,
it has become increasingly hard for reservoir engineers to make a decision on
which modelling approach to use, and how that modelling approach should be
constructed. One possible method to utilize would be to compare simulations
results from different upscaled methods (e.g. SP, DP, SP-EDFM or DP-EDFM)
against a reference solution. The reference solution will have to be generated
from a model that stays as close to reality as possible. In this regard, DFM meth-
ods are natural candidates as ’truth case’ generators.

While DFM methods are able to incorporate a high level of fracture network
details, running simulations on full field models would be challenging due to
the prohibitive computational costs involved. Nevertheless, Geiger and Matthäi
(2014) showed that high resolution simulations performed on outcrop sourced
fracture networks provide us with a deeper understanding of subsurface fluid
flow. We thus hypothesize that using a small scale DFM model, in particular an
Embedded Discrete Fracture Model (EDFM), which is representative of a natu-
rally fractured reservoir, we can characterize fluid flow behaviour in the subsur-
face. This information can then facilitate the selection of upscaled methods that
are fit for large scale fluid modelling. The flow characteristics observed can also
guide the construction of the selected upscaled model.

It is noteworthy that many DFM methods exist which differ from each other
based on grid conformity (Flemisch et al., 2017). Classical DFM methods require
that fractures coincide with the interior boundaries of a matrix grid. Fractures
are then represented as lower dimensional cells that occupy the faces of matrix
grid cells. As such, unstructured grids are required for the discretization of the
matrix domain (Karimi-Fard et al., 2004; Paluszny et al., 2007). Alternatively,
DFM methods like EDFM which decouple the matrix grid from the fracture
network geometry, do not require grid conformity. Fluid exchange in EDFM is

This chapter is contains material from ’Wong, D.L.Y, Doster, F., Geiger, S., Francot, E., Gouth, F.
(2019). Characterization of Fluid Flow in Naturally Fractured Reservoirs using the Embedded
Discrete Fracture Model (EDFM). Submitted for peer review.’
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achieved through source/sink representations of fractures within the matrix grid.
The benefit of non-conforming grids is that they are much easier to construct
(Lee et al., 2001; Li and Lee, 2008; Moinfar et al., 2012).

Another characteristic that differentiates DFM methods is the assumption of
pressure and saturation continuity. For a conductive fracture which has an intrin-
sic permeability higher than the matrix permeability, the pressure and saturation
fields in the matrix are continuous across the fracture. However, for a sealed
fracture that is less permeable than the matrix, the pressure field in the matrix
is discontinuous across the fracture. Sealed fractures are not well modelled by
all DFM methods. In particular, EDFM is not capable of capturing the disconti-
nuity in pressure across low permeability fractures (Flemisch et al., 2017). In our
study, we only investigate fractures that are highly conductive in comparison to
the matrix. As such, pressure and saturation continuity is not expected to impact
our results.

We note that, as discussed in Section 3.3, EDFM has only been validated for
single phase flow. To our knowledge, no work has been done to validate EDFM
for multiphase flow which involves capillarity and gravity. Nevertheless, EDFM
has been used in various studies by both academia and industry (Panfili et al.,
2014; Siripatrachai et al., 2016; Zhang et al., 2016; Karvounis and Jenny, 2016;
Shakiba et al., 2018). As the validation of EDFM is outside of the scope of this
work, we have assumed on the basis of the aforementioned studies that EDFM
is sufficiently accurate for our research.

In this chapter, we apply our hypothesis in a workflow that uses EDFM simu-
lations to characterize flow behaviour in fractured reservoirs. By understanding
the flow dynamics in a fractured reservoir, we can then select an upscaled flow
modelling approach that is fit for purpose. Given a fractured reservoir, the pro-
posed workflow begins with the creation of an EDFM model that represents a
small sector of the reservoir. Depending on the purpose of the final upscaled
model, various simulation studies can be designed. For example, in carbon se-
questration, March et al. (2018) highlighted the importance of designing CO2

injection rates to avoid early spill - a phenomenon where CO2 flows quickly
through the fracture network with minimal displacement of brine in the matrix.
Small scale EDFM models can then be used to investigate the sensitivity of CO2

sequestration to injection rate. In the case of hydrocarbon extraction from a frac-
tured reservoir supported by an aquifer, it is important to prevent early water
breakthrough due to high production rates. In this regard, small scale EDFM
models can be used to study the flow behaviour of water at different production
rates. By performing these simulations, the proposed workflow allows us to ob-
serve the impact of different fracture scales on fluid flow, how fractures interact
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and how matrix-fracture fluid exchange occur. These observations can then be
used to select and construct upscaled flow models that are fit for purpose.

4.1 methodology

In this section, we introduce in further detail the proposed workflow for char-
acterizing fluid flow behaviour in fractured reservoirs using EDFM. We will
also explain how the improved understanding helps us select an appropriate
upscaled model for field simulations. Then, we outline the procedure for vali-
dating that EDFM simulations on small scale representative models allows us
to select appropriate upscaled models. Crucially, we describe how we assess the
performance of the final chosen upscaled model.

4.1.1 Flow Characterization Workflow

In this workflow, we use EDFM simulation studies to enhance our understanding
of fluid flow behaviour in naturally fractured reservoirs. The obtained insights
then allow us to decide how large scale flow simulations can be performed. The
workflow consists of four steps:

1. Construct an EDFM model that represents a small sector of the reservoir
being studied.

2. Determine a set of simulation studies to be performed on the representative
model.

3. Analyze the simulation outputs to determine the physical processes influ-
encing flow behaviour.

4. Choose an upscaled flow model that captures the highlighted physical pro-
cesses.

In step 1, the EDFM model created should capture the major features of a frac-
ture network. While it is not possible to know the exact geometry of a subsurface
fracture network, using information acquired from wellbores, seismic imaging
and outcrops, we can stochastically generate Discrete Fracture Networks (DFN)
that honour the observed data. No fractures should be upscaled at this stage.
Since EDFM is computationally intensive, the model will have to be restricted
in size. Instead of a full field model, the constructed EDFM model should be
representative of a sector of the field. The EDFM model can be on the scale of
the drainage area of a water well, the distance between a geothermal well pair,
or the vertical distance between an oil production well and an aquifer. The size
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of such sectors are typically on the order of a few hundred meters. The petro-
physical properties used in the model should also be the same as those observed
in the actual field.

The simulation studies determined in step 2 are chosen and performed so that
observations can be made about fluid flow behaviour. It is important to choose
simulation studies that are relevant to the actual field application. For example,
if we are investigating the exploitation of a geothermal resource with a liquid
only feed zone, a simulation study involving oil displacement by water will
not be very relevant. The learnings obtained from a relevant simulation study
will assist us in determining an upscaled flow model that is fit for large scale
flow simulations. An example of a simulation study would be to investigate
the amount of heat extracted from a geothermal resource given a range of flow
rates. Additionally, commonly encountered problems should also be considered.
For example, given a sudden ambient temperature drop, energy demand may
increase. In this case, the heat production from a geothermal resource needs to
be temporarily increased. Such a scenario can also be included in step 2 to ensure
that the chosen upscaled model accounts for the necessary physical processes if
a similar study is required in the future for the full field.

After the simulations have been performed, the generated outputs are anal-
ysed in step 3. In particular, attention is paid to how different fracture scales
influence flow patterns. Analyses should also be conducted to determine the
driving forces behind fluid exchange between fractures and the matrix. Within
the matrix, the distribution of saturation, pressure or solute concentration can
also give an indication of the fluid flow regimes involved in fracture-matrix fluid
transfer. These observations will enable us to make better informed partitioning
and lumping choices in step 4. Additionally, if transfer functions are required for
cross-continua flow, the analyses of fracture-matrix fluid exchange allow us to
choose transfer functions that are fit for purpose. Once a partitioning and lump-
ing strategy has been determined, a suitable upscaled flow modelling method
is selected. For example, if all the fractures can be lumped with the matrix to
form a pseudo-matrix, the SP method can be used. If the matrix and fractures
cannot be lumped together, while the latter can be represented as a single con-
tinuum, then the DP method can be used. If some fractures have to be separately
represented explicitly while the rest can be lumped together, then a DP hybrid
method can be used.

4.1.2 Validation Procedure

This section describes how we validate our hypothesis - that EDFM simulations
can help practitioners systematically select upscaled models. To perform this
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validation, we apply the workflow proposed in section 4.1.1 on a real naturally
fractured gas field. The features of the gas field will be discussed in section
4.2. Following step 1 of the workflow in section 4.1.1, an EDFM model is first
constructed, which represents a small sector of the gas field. The details of the
EDFM model are discussed in section 4.2. The EDFM model captures the main
features of the gas field - two distinct scales of fractures and an aquifer that
maintains gas pressure. In line with steps 2 and 3 of section 4.1.1, simulation
studies that mimic actual issues expected to occur are performed. One of these
studies also serves the additional purpose of verifying that EDFM is able to
account for the effects of capillary pressure and gravity. These studies and their
analyses are discussed in more detail in section 4.3. Finally, following step 4, we
choose an upscaled model for the full field that will capture the observed flow
behaviour.

In order to assess the performance of the full field upscaled model, we would
ideally compare it to a reference full field EDFM model. Since it is not possi-
ble to run such a detailed full field EDFM simulation, we conduct two separate
assessments on the small scale EDFM model to study how well the selected
upscaled model captures fluid flow behaviour in large scale simulations. These
studies are inspired by the work of Sablok and Aziz (2008), which considered
upscaling errors as a combination of homogenization and discretization errors.
Homogenization errors capture the impact of replacing highly heterogeneous
permeability fields with less heterogeneous ones. On the other hand, discretiza-
tion errors capture the effect of grid coarsening.

To calculate homogenization error, we do not create upscaled models for com-
parison against the small scale EDFM model. Instead, homogenized models
which are as refined as the EDFM model are used. In other words, the same over-
all grid is used for both the EDFM and homogenized models. In our work, each
homogenized model is created from the small scale EDFM model in three steps.
Firstly, the features to be homogenized are identified based on the lumping strat-
egy used for hybrid or continuum modelling. Next, the identified features are up-
scaled to seek an equivalent permeability which captures the macroscopic flow
behaviour of the features. The upscaling procedure is performed numerically
using the method proposed by Durlofsky (1991) (Section 2.2.2). This method
makes use of steady-state flow responses of incompressible fluid flow to calcu-
late equivalent permeabilities from Darcy’s law. As such, we omit the effects of
any aquifers, wells and gravity. We also temporarily substitute the original flu-
ids in place with an idealized incompressible single phase fluid. The simulation
domain is the same as Figure 4.1 but contains only features to be lumped.

In our model, the matrix is isotropic and the fractures are oriented either in
the x- or y-directions. Accordingly, the equivalent permeability will be a diago-
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nal tensor. Moreover, since the fractures are equally long in both directions, the
diagonal terms are also expected to be close to each other. To solve for the x-
component of the equivalent permeability, a pressure differential is applied on
opposing boundaries in the x-direction. For the remaining boundaries, a peri-
odic boundary condition can be applied. Alternatively, since it is known that
there are no off-diagonal terms in the equivalent permeability, a no-flow bound-
ary condition can be used. In our work, we chose the latter approach since it is
simpler to implement. The simulated flow field is then used to back-calculate an
equivalent permeability using Darcy’s law. The y-component of the equivalent
permeability can be found by repeating the process, but applying a pressure dif-
ferential on opposing boundaries in the y-direction while flow is not permitted
on the remaining boundaries.

The final step in the construction of a homogenized model is to replace the
lumped features in the small scale EDFM model with a homogeneous contin-
uum. The permeability of the continuum is equal to the equivalent permeability
previously calculated. The homogeneous continuum will then be discretized us-
ing the same grid as the small scale EDFM model. Flow simulations can then
be performed with the homogenized model (accounting for the actual fluids in
place, gravity, aquifer and wells). The results from these flow simulations can
be compared to their reference EDFM counterparts to calculate homogenization
errors (section 4.4.2).

The discretization error is calculated by comparing coarsened and homoge-
nized models. The coarsened models are created from the homogenized models
by re-discretizing the homogeneous continua using coarser grid cells. Note that
the same homogeneous continua is used in the coarsened and homogenized
models. As was done to calculate homogenization errors, the coarsened models
are subjected to flow simulations. The results of the flow simulations can then
be compared to the results generated from homogenized models to compute
errors resulting from grid coarsening. The calculation of discretization errors is
discussed in section 4.4.3.

Combining the findings from both studies allow us to assess the potential per-
formance of an upscaled model for large scale full field simulations. In addition
to only comparing the upscaled model chosen using the proposed workflow in
section 4.1.1 against EDFM, we also compare two other popular upscaled models
against EDFM to show that EDFM studies on fully resolved small scale represen-
tative models enable us to choose an upscaled model with lower homogenization
and discretization errors.
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4.2 small scale representative model

Our tests are run on a model representative of a small sector in a real naturally
fractured gas field. The fracture network in the field is a result of geological fold-
ing, which gave rise to shear and tensile fractures that are respectively aligned
and perpendicular to the direction of compression (Figure 4.1). The tensile frac-
tures are mainly concentrated at the crest of the fold. Borehole imaging results
have shown that both fracture orientation sets show a degree of clustering which
results in fracture corridors. The reservoir is dipped along the crest of the fold
and has been producing under an aquifer drive. As the fractures are sub-vertical,
the fracture network can be modelled in 2D. The 2D fracture network can then
be oriented such that gravity points along one of its principal axes.

Figure 4.1: EDFM model (right) is a representation of a small sector at the crest of a
folded naturally fractured reservoir (left). The area of interest used to create
the EDFM model is shown in red. The initial saturation field is shown in the
EDFM model.

Based on proprietary field data, we used the method outlined in Priest (1993)
to generate a simplified DFN (Figure 4.1), which contains two orthogonal frac-
ture sets. The fractures oriented along the x-axis represent the tensile fractures at
the fold’s crest. The fractures oriented along the y-axis represent the shear frac-
tures along the direction of compression. The fracture corridors are simplified
and represented as large scale high conductivity fractures. The remaining frac-
tures, which we call diffuse fractures, are evenly dispersed in the domain. Only
one DFN realization is used for our studies; since the diffuse fractures are well
connected, we do not expect significant variations between different stochastic
DFN realizations. The parameters used for DFN generation are shown in Ta-
ble 4.1. A minimum spacing was applied to the diffuse fractures to ensure that
they are not artificially close to each other; this was done by imposing exclusion
zones around fractures (Section 2.1.6). The exclusion zone used is rectangular
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in shape with dimensions 15.2 m×2.9 m. The fracture conductivities in Table 4.1
are related to the intrinsic fracture permeabilities, k f , and apertures, a, by the
relationship C f = k f a where the cubic law (equation (3.1)) applies. As a result,
the diffuse fractures have a uniform aperture of 61.9 µm and the fracture corri-
dors have a uniform equivalent aperture of 329 µm. For the matrix, a porosity of
0.3 and permeability of 0.01 mD are used; these values are chosen to be on the
same order of magnitude as field measurements of porosity and permeability.
To account for the dip of the field, gravity was set to point in the x-direction.
For simplicity, we do not adjust the strength of gravity based on the dip angle.
In section 4.3.2, we show that this simplification has minimal impact on the va-
lidity of our simulation studies because gravity does not contribute significantly
to fracture-matrix fluid exchange. Next, an aquifer is specified at x =200 m for
which any fluid inflow is composed only of water. The aquifer pressure is fixed
at paq =100 bar. For fluid production, a fixed rate horizontal well with 10cm
borehole radius is added to the EDFM model; the well is defined by the line con-
necting points (1.5 m, 40 m) and (1.5 m, 60 m). The well production rates used
in this study are quoted in the percentage of gas in place (GIP) per year. GIP is
calculated using the following equation:

GIP =
∫ Sg

Bg
φ dV, (4.1)

where Sg, Bg and φ refer to gas saturation, gas formation volume factor and
porosity. The integration is performed over both the matrix and fractures. Based
on the current field production rate, the well is set to produce at 0.04 GIP/year.

Feature Diffuse Fractures Fracture Corridors

Length, l 15 m 200 m
Density, P21 0.3 m−1 N/A
Spacing, L f s 1.45 m (minimum) 100 m (fixed)

Conductivity, C f 20 mD m 3000 mD m

Porosity, φ 1 1

Table 4.1: Parameters used to generate test model in Figure 4.1.

The fluid phases flowing in this field are gas and water. The former is assumed
to be an ideal gas while the latter is assumed to be incompressible. Their prop-
erties are shown in Table 4.2. Since there are two flowing media (fractures and
matrix), two sets of relative permeability curves are generated for each medium.
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The fractures have straight line curves while the matrix relative permeabilities
are modelled after Brooks and Corey (1964), which is as follows:

krw = kmax
rw

(
Sw − Srw

1− Srw − Srg

)nw

, (4.2)

krg = kmax
rg

(
Sg − Srg

1− Srw − Srg

)ng

, (4.3)

where kmax
rw and kmax

rg are the maximum relative permeabilities of water and gas.
nw and ng are exponents that scale the relative permeability curves. Lastly, cap-
illary forces are assumed to be negligible in the fractures since the apertures are
relatively large (Firoozabadi and Hauge, 1990; de la Porte et al., 2005). For the
matrix, the relationship between capillary pressure and water saturation is again
based on that of Brooks and Corey (1964), which is as follows

pc = pe

(
Sw − Srw

1− Srw − Srg

)−np

, (4.4)

where pc, Sw, Srw and Srg are the capillary pressure, water saturation, irreducible
water saturation and connate gas saturation. pe and np are characteristics of the
matrix; in this case, they have values of 1 bar and 1.5. The corresponding relative
permeability and capillary pressure curves are shown in Figure 4.2.

Feature Gas Water

Viscosity, µα 0.02 cP 1 cP
Matrix Irreducible Saturation, Srα 0.2 0.2
Matrix maximum relative permeability, kmax

rα 0.3 1
Matrix relative permeability exponent, nα 2 2
Fracture Irreducible Saturation, Srα 0 0
Fracture maximum relative permeability, kmax

rα 1 1
Fracture relative permeability exponent, nα 1 1

Table 4.2: Properties of different fluid phases. α refers to the fluid phase (g or w).

For flow simulations, an EDFM test model is created using the inputs dis-
cussed above. A grid cell size of 1 m×1 m is applied to ensure that there is at
least one full matrix grid cell between two diffuse fractures. Additionally, in
section 4.4.3, grid convergence is tested to show that the grid cell size chosen
produces accurate results. Prior to conducting any simulation studies, a capil-
lary transition zone is set up within the test model by imposing hydrostatic
equilibrium (Figure 4.1). Given the aquifer pressure, and fluid densities, the hy-
drostatic pressure profile for gas and water above the aquifer are first calculated.
Capillary pressure in the matrix is then calculated using the gas and water phase
pressure differences. Finally, water saturation is calculated using equation (4.4).
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Figure 4.2: Relative permeability and matrix capillary pressure curves generated using
equations (4.3), (4.2) and (4.4).

For the fractures, since capillary pressure is negligible, the fractures are initially
fully saturated with gas.
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4.3 edfm studies

Using the test model created in the previous section, we perform a series of stud-
ies that mirror some common investigations carried out for producing gas fields.
The results from these simulation studies will allow us to better characterize
fluid flow behaviour in the fractured gas reservoir (Figure 4.1). For full field sim-
ulations, we can then fine tune our upscaling approach based on the observed
flow characteristics. As a result, we can then arrive at an upscaled model that
captures the small scale physics.

4.3.1 Simulation Studies

Here, we outline the EDFM simulation studies that we performed (Table 4.3). In
line with Geiger and Matthäi (2014), the purpose of these high resolution EDFM
studies is to better understand the flow behaviour that will be observed in a
field. As such, it should be noted the studies in Table 4.3 are not the only studies
that can be used when using high resolution EDFM simulations to characterize
fluid flow behaviour. In particular, the types of studies that will be performed
on the full field should dictate the types of high resolution EDFM studies to be
conducted. For generality, while we are applying our methodology to a fractured
gas reservoir, the simulation studies we have chosen to perform in this work are
applicable to many types of fractured reservoir exploitations.

The goal of study 1 is to understand the contribution of viscous, gravity and
capillary forces to hydrocarbon recovery. The results will also be used to de-
termine if fractures can be lumped with the matrix when considering a hybrid
or continuum modelling approach. If not, the observations will help to deter-
mine the appropriate transfer functions that incorporate the observed physical
processes behind flow. Such a study can also be applied if a fractured reservoir
is being used for other purposes. As an example, in carbon sequestration, this
study can also be performed to understand the driving forces behind the dis-
placement of brine by CO2 in the matrix blocks.

In study 2, we investigate the effect of stopping production using the fully
resolved EDFM test model. The observed fluid flow dynamics are then used to
guide the selection of an upscaled model. When extracting gas from a reservoir,
produced formation water will have to be treated before disposal. Moreover, wa-
ter may accumulate in the well and inhibit further gas production. A common
remedial action taken when water breaks through at a well is to stop production.
Allowing the reservoir to equilibrate will prevent water production when the
gas production is eventually restarted. While it is unknown if early water break-
through will happen in the naturally fractured gas field, using study 2, we take a
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Study Title Case Description

1 Driving forces
a Base case
b Viscosity
c Viscosity & gravity

2 Well shut-in - 5 years

3 Different production rates

a 0.04 GIP/year (same as 1a)
b 0.1 GIP/year
c 0.3 GIP/year
d 1 GIP/year

Table 4.3: EDFM simulation studies performed to characterize flow in a naturally frac-
tured gas reservoir.

pre-emptive approach by ensuring that the full field upscaled model is suitable
for simulating well shut-ins if the need ever arises. This study can similarly be
applied if the proposed workflow in section 4.1.1 is used on other types of frac-
tured rocks. For example, in any application, flow may be temporarily halted
for maintenance work; the upscaled model will inevitably be used to study the
effect of stopping flow.

In study 3, the effect of production rates on flow behaviour is investigated.
This study is often conducted for full field models to understand the effects of
higher well rates. While high well rates are generally appealing, they can also
lead to some undesirable effects. In geothermal systems, it is desirable to in-
crease flow rates to increase heat extraction. However, the increased flow rates
may lead to high pressures that can cause hydraulic fracturing. In carbon seques-
tration, higher injection rates may be attractive if they result in more CO2 storage
in a shorter time. However, care must be taken to prevent early spill of CO2. In
our particular case, for the fractured gas reservoir, it is enticing to produce gas at
a higher rate to increase profitability. Production supported by a bottom aquifer
usually faces the risk of uneven water progression through the reservoir. Water
progresses faster near the production well and slower further away. As a result,
the gas-water interface resembles a cone, with the crest of the cone below pro-
duction well. In the hydrocarbon industry, this phenomenon is referred to as
water coning. Water coning is undesirable in the extraction of hydrocarbons as
it leads to early water breakthrough. As such, in full field simulations, it is ex-
pected that various well rates will be tested to understand their impact on gas
recovery at water breakthrough. In preparation for such investigations, study 3

focuses on simulating water coning phenomena using the small scale EDFM test
model. The simulation results will help to determine the type of upscaled model
that should be used for full field studies.
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4.3.2 Study 1: Driving Forces

In this study, the driving forces behind hydrocarbon recovery from the naturally
fractured gas field are investigated. Since the EDFM test model created in section
4.2 readily includes viscosity, gravity and capillary forces, we perform a draw-
down simulation using a rate of 0.04 GIP/year (Case 1a). The production rate
is chosen such that the gas might be fully extracted from the model in 25 years.
The simulator is allowed to march in time until water breaks through at the
production well. The breakthrough time for water was found to be 10.75 years,
with a recovery factor at breakthrough of 43 %. The recovery factor is the vol-
ume of gas that has been produced, normalized by the GIP in the model. The
evolution of the water saturation field is shown in Figures 4.3 and 4.4, where a
small amount of coning can be observed. Water from the aquifer preferentially
flows through the fracture corridors and spreads into the diffuse fractures. Wa-
ter is then drawn into the matrix through capillary and gravity forces; this slows
down the progression of water in the fractures and results in a stable coned
saturation front. It is also observed that as water imbibes the matrix from the
fractures, water saturation in the matrix is high near the fractures and low in the
center of the matrix blocks. The difference in matrix water saturation between
matrix block edges and centers suggests that matrix flow remains in transient
state the entire time. The long transient matrix flow regime has implications on
the choice of transfer functions that can be used in the DP method (Section 2.4).
Conventional DP transfer functions assume pseudo-steady state flow. For short
transient matrix flow regimes, this assumption is acceptable as matrix flow will
be in a pseudo-steady state regime for most of the time. With long transient
matrix flow regimes, this assumption has been shown to result in an underes-
timation of matrix-fracture transfer rates. To account for transient matrix flow
regimes, a MINC approach can be used. Alternatively, transfer functions that
account for early time flow behaviour can be used (March et al., 2016).

To further understand the impact of capillary and gravity forces, the test
model was modified to produce two other models: one with neither gravity
nor capillary forces, and one with gravity included but without capillary forces.
These models correspond to cases 1b and 1c. In case 1b, the model is initialized
with constant saturation (Sw = 1− Srg) and pressure (p = paq) fields. In case 1c,
the model is initialized with a constant saturation (Sw = 1− Srg) field at hydro-
static equilibrium. As was done in case 1a, both models in cases 1b and 1c are
produced at the same rate of 0.04 GIP/year. However, note that these models
have different GIPs compared to the base case since there is no capillary transi-
tion zone.
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Figure 4.3: Fracture water saturation maps at different stages of production from the
test model at a base rate of 0.04 GIP/year (Case 1a). The recovery factors
represent the fraction of GIP in the test model that has been produced.
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Figure 4.4: Matrix water saturation maps at different stages of production from the test
model at a base rate of 0.04 GIP/year (Case 1a). The recovery factors repre-
sent the fraction of GIP in the test model that has been produced.
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The water saturation maps at breakthrough in cases 1b and 1c are shown
in Figure 4.5. With neither gravity nor capillary forces, water breakthrough in
case 1b is immediate and no gas is produced; water progresses uninhibited to
the production well through the fracture corridors. In case 1c, gravity facilitates
the entry of water into the diffuse fractures and slows down the progression
of the water saturation front. Gas is allowed the opportunity to decompress
and be produced. However, despite the full strength of gravity being applied,
very little gas in the matrix is displaced by water. As a result, the recovery at
breakthrough is increased by only 12.5 %. Recalling the results in Figures 4.3
and 4.4, including capillary forces enables spontaneous imbibition of water into
the matrix, increasing the recovery at breakthrough even more.

Figure 4.5: Water saturation maps (fractures in left column, matrix in right column) at
breakthrough with a well production rate of 0.04 GIP/year. (a) Case 1b with
neither capillary nor gravitational forces: breakthrough recovery at 0 %, (b)
Case 1c with capillary forces included: breakthrough recovery at 12.5 %.

The findings in this study are summarized as follows:

1. Water preferentially flows through the fracture network but its progression
is delayed as water in the fractures imbibe the matrix blocks.
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2. Water saturation in the matrix blocks are high near the fractures and low in
block centers, indicating that the transient flow regime in the matrix blocks
is long.

3. Gravity does not contribute significantly to matrix imbibition.

4. Capillary forces are the main driver for gas recovery from the matrix through
spontaneous imbibition.

These findings have implications in terms of choosing an appropriate upscaled
model for the fractured gas field. Point 1 shows that fracture-matrix fluid ex-
change needs to be accurately modelled to capture the dynamics of gas and
water production in this field. Point 2 shows that the transient process of matrix-
fracture fluid exchange may have to be modelled using the MINC method or a
transfer function that accounts for transient flow. Points 3 and 4 show that if a DP
model is chosen to simulate flow in this field, a transfer function that accounts
for capillary forces is necessary. The transfer function may neglect gravity since
the EDFM simulations have shown that gravity does not contribute significantly
to matrix imbibition. A simple example of such a transfer function is that by
Kazemi et al. (1976). However, this transfer function only accounts for pseudo-
steady state flow in the matrix. Alternatively, the transfer function by March et al.
(2016) can be used instead.

4.3.3 Study 2: Well Shut-In

In this study, EDFM is used to gain an understanding of the field’s response
to shut-in time after initial water breakthrough. During the shut-in duration, the
fractured reservoir is expected to equilibrate. In the case of the gas field, water in
the fracture network is expected to continue imbibing the matrix blocks until the
fracture network is free of water. In this study, the EDFM test model is produced
at a well rate of 0.04 GIP/year until water breaks through at 10.75 years. The
well is then shut in for 5 years before being restarted again at 0.04 GIP/year. The
simulator is then allowed to continue marching in time.

The water saturation maps at 2 and 5 years for the fractures and matrix after
shutting in the well are shown in Figure 4.6. It is observed that once the well is
shut-in, the water saturation front in the fracture network settles and becomes
more dispersed. The front recedes as water imbibes previously unexposed ma-
trix blocks upon contact. However, despite several years of shut-in time, water
saturation in the tight matrix remains high near fractures and low in the center
of the matrix blocks. Once matrix block edges are saturated with water, water
imbibition from the fractures to the matrix is impeded, causing the fracture wa-
ter saturation front to recede very slowly. Since there is still a significant amount
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of water in the fracture network after the end of the shut-in period, water break-
through in the second phase of production occurs quickly after only 1 year since
restarting the well.

Figure 4.6: Water saturation maps (fractures in left column, matrix in right column) at
different times during the shut-in period. (a) 2 years, (b) 5 years.

The results obtained in this study have direct implications on the selection
and construction of an upscaled model for the fractured gas field. In particular,
the transient matrix flow behaviour needs to be accounted for in the upscaled
model. March et al. (2016) showed that using transfer functions that do not ac-
count for transient flow in the matrix results in initially lower water imbibition
rates. However, the matrix blocks reach full water saturation faster. In fractured
systems with water wet or highly permeable matrices, these transfer functions
are often applicable since the transient state is usually short and negligible. On
the contrary, because of the long transient flow regime experienced by the frac-
tured gas reservoir we are currently studying, shut-in periods will have to be
simulated using upscaled models that account for the transient flow regime.
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4.3.4 Study 3: Different Production Rates

It is expected that the upscaled model will be used to study the effect of pro-
duction rate on water breakthrough time. In fractured reservoirs, water break-
through is controlled by the relationship between transfer and advective fluxes.
The former describes fluid exchange rates between the matrix and fractures,
while the latter describes fluid flow rates within the fracture network. Spooner
et al. (2019) proposed the dimensionless Dual Porosity Damköhler number (DaDP)
which relates the two fluxes as follows

DaDP = log10

(
Transfer flux

Advective flux

)
(4.5)

where DaDP is negative when advective fluxes are larger than transfer fluxes,
zero when they are balanced, and positive when advective fluxes are smaller
than transfer fluxes. When DaDP is positive, the transfer of water into the ma-
trix slows down the progression of water towards the production well. On the
contrary, when DaDP is negative, transfer fluxes are not large enough to prevent
water from breaking through early at the production well. It is thus important
to understand the impact of production rates on advective and transfer rates.

In this study, the EDFM test model is used to simulate gas production under
different well rates. The EDFM test model is produced using four different well
rates: 0.04 GIP/year, 0.1 GIP/year, 0.3 GIP/year and 1 GIP/year. The lowest pro-
duction rate was chosen such that the gas in place might be produced in 25 years.
The other production rates are chosen through logarithmic step increases. The
respective times and recoveries at breakthrough are shown in Table 4.4. It can
be seen that recovery at breakthrough reduces as gas production rate increases
(Figure 4.8), implying that more gas has been bypassed due to coning effects.

Rate Breakthrough time Recovery at breakthrough

0.04 GIP/year 10.75 years 43 %
0.1 GIP/year 3 years 30 %
0.3 GIP/year 283 days 23.25 %
1 GIP/year 64 days 17.5 %

Table 4.4: Breakthrough times and recoveries under different production rates.

At high production rates of 0.1 GIP/year and 0.3 GIP/year (Figure 4.7a and
4.7b), coning effects become more pronounced than producing at 0.04 GIP/year
(Figures 4.3 and 4.4), but water still manages to displace gas from a significant
number of diffuse fractures. Water in the diffuse fractures then further imbibes
the matrix. At the production rate of 1 GIP/year (Figure 4.7c), coning becomes
severe. Water bypasses most of the diffuse fractures and progresses directly to
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the well through the fracture corridors. As a result, there is barely any water
imbibition into the matrix, resulting in lower recoveries.

Through this study, we showed that water from the aquifer preferentially flows
through the fracture corridors. Water then enters the diffuse fracture network
through the fracture corridors. Upon contact with the matrix, water imbibes
the matrix from the diffuse fractures. At low production rates, there is enough
time for water to imbibe the matrix through the diffuse fractures. On the other
hand, at high production rates, the water saturation front reaches the produc-
tion well through the fracture corridors before water is able to displace gas from
the diffuse fractures. This observation suggests that, for the fractured gas field,
the selected upscaled model should separately represent fracture corridors and
diffuse fractures. To accurately study the dependency of gas recovery on pro-
duction rates, a DP-EDFM model in which the fracture corridors are explicitly
represented is likely more suitable than a DP model which lumps fracture corri-
dors and diffuse fractures together.

4.3.5 Selection of Full Field Flow Modelling Method

The observations made in the three simulation studies allow us to make an
informed decision as to how the fractured gas reservoir in question should be
represented in an upscaled model.

Firstly, study 3 highlighted that fracture corridors and diffuse fractures have to
be separately represented in the upscaled model. The separate representation is
important if full field sensitivity studies are expected to be performed to explore
the impact of different production rates. As such, the fracture network should
be partitioned such that the fracture corridors are explicitly represented while
the diffuse fractures are implicitly represented.

Studies 1 and 3 also highlighted that water imbibition into the matrix occurs
through the interface between diffuse fractures and the matrix. Hence, the dif-
fuse fractures and matrix cannot be lumped together into a pseudo-matrix since
such a representation would not reproduce the observed flow path. Explicitly
representing all the diffuse fractures in a full field model would be unrealistic.
Instead, they should be lumped and represented implicitly in a continuum.

Study 2 showed that when the production well is shut in, water redistributes
itself in the fracture network to seek hydrostatic equilibrium. Consequently, wa-
ter comes into contact with more matrix blocks (through the diffuse fractures)
and imbibes them. More importantly, it was also observed that fluid flow in the
matrix remained in transient state for the entire shut-in duration. In order for the
upscaled full field model to reproduce this phenomenon, simulation approaches
that account for transient matrix flow need to be used.
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Figure 4.7: Water saturation maps (fractures in left column, matrix in right column) at
different well production rates. (a) 0.1 GIP/year, (b) 0.3 GIP/year and (c) 1

GIP/year.
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Finally, study 1 showed that the exchange of fluid between diffuse fractures
and the matrix is mainly driven by capillary pressure and to a small extent
by gravity. As such, the transfer function used to model flow between diffuse
fractures and the matrix need only account for capillary forces in order to be fit
for purpose. The simplest transfer function that accounts for capillary forces is
that by Kazemi et al. (1976).

Given the preceding analysis, we concluded that the DP-EDFM method should
be used for full field flow simulations in the fractured gas reservoir. In this
model, the fracture corridors should be explicitly represented, while the diffuse
fractures should be upscaled into a continuum. Flow between the diffuse frac-
tures and matrix should be modelled using transfer functions that account for
capillary pressure and transient matrix flow. An example of such a transfer func-
tion is that by March et al. (2016). Alternatively, the MINC-EDFM method can
also be used to account for the transient matrix flow behaviour.

4.4 comparison of upscaled models to edfm

In this section, we seek to study the potential impacts of model selection on
simulation outcomes by comparing EDFM results to those generated using DP-
EDFM, DP and SP-EDFM models; these have been reviewed in Chapters 2.4 and
3.5. As discussed in section 4.3.5, DP-EDFM was identified as an appropriate ap-
proach to simulate flow in the fractured gas field. The DP method was included
in the study to illustrate the effect of lumping all fractures together, regardless of
size, into one continuum. The SP-EDFM method was included to show the effect
of lumping diffuse fractures together with the matrix. The comparison between
EDFM and the upscaled models is performed through two studies as outlined
in section 4.1.2. The first study investigates errors arising from homogenization
by comparing EDFM and the homogenized models. The second study investi-
gates discretization errors arising from grid coarsening by comparing coarsened
models against homogenized models. The results of both studies, in conjunc-
tion, allow us to assess whether or not an upscaled model would be suitable
for large scale simulations. In both studies, models constructed are subject to
production under the following rates: 0.04 GIP/year, 0.1 GIP/year, 0.3 GIP/year
and 1 GIP/year. We then use the recovery and saturation fields at breakthrough
predicted by the models for comparison.

4.4.1 Construction of Homogenized and Coarsened Models

Here, we describe in detail the procedures used to construct the homogenized
and coarsened DP, SP-EDFM and DP-EDFM models. For each model, the proper-
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ties of every continuum are calculated. Gravity is set to point in the x-direction -
similar to the reference EDFM model. A production well is specified at the same
location as shown in Figure 4.1. An aquifer is positioned at x =200 m with a con-
stant pressure of paq =100 bar. These models will then be used to generate flow
responses that can be compared to the fully resolved EDFM solutions previously
discussed in section 4.3.

4.4.1.1 DP Models

In the homogenized DP model, the fracture corridors and diffuse fractures are
lumped together and homogenized using the procedure outlined in section 4.1.2.
Since the fracture network is isotropic, the equivalent permeabilities calculated
for both the x- and y-directions are similar. The resulting averaged equivalent
permeability of the fracture continuum is 32.27 mD.

To complete the homogenized DP model, petrophysical properties and a trans-
fer function have to be specified. The fracture continuum relative permeability
curves used are the same as in Table 4.2 and capillary pressure remains negli-
gible. The matrix continuum retains the same properties as the matrix in our
EDFM test model. As discussed in section 4.3.5, a transfer function which ac-
counts for transient matrix flow should be used. However, such a transfer func-
tion was not available in MRST at the time of this work. As a compromise, we
chose to use the transfer function by Kazemi et al. (1976), which accounts for
capillary pressure but assumes pseudo-steady state matrix flow. To calculate the
shape factor needed to parametrize the transfer function, the size of the matrix
block is required. The fracture spacing is often used as the matrix block size.
However, since both fracture corridors and diffuse fractures (which have differ-
ent fracture spacings) were lumped into the fracture continuum, an equivalent
block size should be used instead. We found that a block size of 3.3m allows
the homogenized DP model to match the EDFM reference model reasonably in
terms of recovery at breakthrough (Figure 4.8). The block size of 3.3 m is exactly
the average fracture spacing of the diffuse fractures (1/P21). Due to the large
number of diffuse fractures in comparison to the fracture corridors, it is not sur-
prising that using the diffuse fracture spacing as the equivalent matrix block size
allows the homogenized DP model to match reference EDFM solutions.

The homogenized DP model can be compared to the fully resolved EDFM
model to quantify the homogenization error arising from lumping all fractures
into a continuum. To understand the effect of grid coarsening, coarsened DP
models have to be compared to the homogenized DP model. As such, five coars-
ened DP models were created using different grid cell sizes: 2 m, 4 m, 8 m, 16 m
and 32 m.
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4.4.1.2 SP-EDFM Models

In the homogenized SP-EDFM model, fracture corridors are explicitly modelled,
while the diffuse fractures are lumped together with the matrix to form a pseudo-
matrix. The homogenized pseudo-matrix is constructed using the procedure out-
lined in section 4.1.2. As the diffuse fracture network and the matrix permeability
are isotropic, the components of the equivalent permeability in both directions
are similar. The final equivalent permeability of the pseudo-matrix is 1.869 mD
(two orders of magnitude higher than the matrix permeability).

Since the matrix and diffuse fractures have different relative permeabilities
and capillary pressures, equivalent versions of these properties will need to be
calculated for the pseudo-matrix. This procedure is known as pseudoization
and the results are known as pseudorelative permeabilities and pseudocapil-
lary pressures. These pseudoized properties represent the bulk behaviour of the
pseudo-matrix under multiphase flow. While pseudoization is a commonly used
approach, this technique has been shown to be an unreliable tool for upscaling
high resolution models (Barker and Thibeau, 1997). As such, in our case, we ar-
gue that since the volume ratio of matrix to diffuse fractures is large, we simply
let the pseudo-matrix inherit the petrophysical properties (relative permeabil-
ity and capillary pressure) of the matrix. This simplistic treatment will later be
shown to result in a reasonably accurate homogenized SP-EDFM model when
compared to the fully resolved EDFM model. Similar to the coarsened DP mod-
els, five coarsened SP-EDFM models were created using different grid sizes (2 m,
4 m, 8 m, 16 m and 32 m) for studying discretization errors.

4.4.1.3 DP-EDFM Models

The homogenized DP-EDFM model represents the fracture corridors explicitly
while the diffuse fractures are independently upscaled into a fracture contin-
uum (no lumping with the matrix). The homogenized fracture continuum is
constructed using the procedure outlined in section 4.1.2. As the diffuse fracture
network is isotropic, both the x- and y-directional components of the equivalent
permeability are similar. In the homogenized DP-EDFM model, the average of
the two values is used for the isotropic equivalent permeability. The final cal-
culated fracture continuum permeability is 1.801 mD. The calculated fracture
continuum permeability is very close to but lower than the pseudo-matrix per-
meability used in the homogenized SP-EDFM model. This is not surprising since
the matrix permeability is very tight at 0.01 mD. Including the matrix in the up-
scaling process would thus only increase the equivalent permeability marginally.

In terms of petrophysical properties, since all diffuse fractures have the same
capillary pressure and relative permeability curves, these curves are also applied
to the diffuse fracture continuum (zero capillary pressure and straight line rel-
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ative permeabilities with zero residual saturations). Direct interaction between
fracture corridors and the matrix is neglected since transfer from the fracture
network to the matrix mainly occurs through the diffuse fractures. As was done
for the homogenized DP model, fluid exchange between the fracture contin-
uum and matrix is modelled using the transfer function by Kazemi et al. (1976)
with a block size of 3.3 m (calculated from the inverse of diffuse fracture den-
sity). No calibration of the block size is performed since fracture corridors were
not lumped into the fracture continuum. Additionally, five coarsened DP-EDFM
models were created using different grid sizes (2 m, 4 m, 8 m, 16 m and 32 m) for
studying errors arising from grid coarsening.

4.4.1.4 Coarsened EDFM Models

In addition to creating coarsened DP, SP-EDFM and DP-EDFM models, the same
is done for the EDFM model in order to investigate the performance of EDFM
as grid cell sizes increase. Five coarsened EDFM models were created with grid
cell sizes of 2 m, 4 m, 8 m, 16 m and 32 m. Production well and aquifer locations
are similar to the reference EDFM model in section 4.2.

4.4.2 Effect of Homogenization

To investigate the effect of homogenization on model performance, simulation
results generated by homogenized models are compared to the reference EDFM
solutions which were shown in section 4.3.4. The gas recoveries at breakthrough
predicted by the homogenized DP, SP-EDFM and DP-EDFM models are com-
pared against EDFM results (Figure 4.8). The homogenized DP model performs
well, as expected, since the equivalent block size was calibrated to match the
EDFM results. The homogenized SP-EDFM and DP-EDFM models respectively
over- and under-predict recovery at breakthrough compared to the EDFM re-
sults.

The comparison of recovery at breakthrough may give the impression that DP
models are adequate for flow modelling in this field. However, the homogenized
DP model does not produce saturation fields that match the reference EDFM
results at all since it lumps all fractures together in a singular representation.
Figure 4.9 shows the saturation field at breakthrough for a production rate of
0.3 GIP/year, which do not match the saturation profile shown in Figure 4.7b.
On the contrary, by explicitly modelling the fracture corridors, the homogenized
SP-EDFM and DP-EDFM models produce saturation fields that better resemble
their EDFM counterparts. Figures 4.10 and 4.11 show the saturation profiles
at breakthrough for the homogenized SP-EDFM and DP-EDFM models with a
production rate of 0.3 GIP/year. The saturation profiles are able to capture the
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Figure 4.8: Recoveries at breakthrough predicted by homogenized DP, SP-EDFM and
DP-EDFM models at the same level of grid refinement. The reference solution
is produced using EDFM.

saturation profile simulated by the EDFM model (Figure 4.7b). Between the two
hybrid approaches, DP-EDFM best captures the overall saturation distribution
in the fracture corridors, diffuse fractures and matrix.

Despite producing saturation profiles that better match EDFM results, SP-
EDFM and DP-EDFM were not able to match the recovery at breakthrough
mainly due to the way fluid transfer between diffuse fractures and the matrix
is modelled. In the homogenized SP-EDFM model, the matrix and diffuse frac-
tures have been lumped together. Without separately representing the diffuse
fractures and the matrix, water that enters the diffuse fractures immediately im-
bibes the matrix. As a result, the matrix is fully saturated with water behind
the water saturation front. The fast imbibition of water into the matrix then im-
pedes the movement of the water saturation front in the fracture corridors. Thus,
the water saturation front takes a longer time to reach the production well and
increases recovery at breakthrough. On the other hand, in the homogenized DP-
EDFM model, fluid exchange between diffuse fractures and the matrix is mod-
elled using a transfer function that assumes pseudo-steady state in the matrix.
This transfer function allows the homogenized DP-EDFM model to better cap-
ture the difference between advective and transfer fluxes. As a result, the matrix
is not fully saturated behind the water saturation front. However, as shown in the
EDFM studies in section 4.3, matrix flow should remain in a transient state for
the entirety of the simulation period. Thus, the pseudo-steady state assumption
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in the DP transfer function is not applicable. Without accounting for the tran-
sient matrix fluid flow, less water imbibes the matrix in the early time regime
(March et al., 2016). As a result, water moves through the fracture network less
inhibited in the homogenized DP-EDFM model compared to the EDFM model.
Consequently, the water saturation front reaches the production well earlier.

Figure 4.9: Water saturation maps (left to right: fractures, matrix) at breakthrough for
the homogenized DP model with an equivalent matrix block size of 3.3 m.
The well production rate is 0.3 GIP/year.

Figure 4.10: Water saturation maps (left to right: fracture corridors, pseudo-matrix) at
breakthrough for the homogenized SP-EDFM. The well production rate is
0.3 GIP/year.

In applications like carbon sequestration or waterflooding in hydrocarbon ex-
traction, uneven sweep patterns, such as those encountered in these studies, of-
ten require the drilling of new injection or production wells to reach unswept
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Figure 4.11: Water saturation maps (left to right: fracture corridors, diffuse fracture con-
tinuum, matrix) at breakthrough for the homogenized DP-EDFM model.
The well production rate is 0.3 GIP/year.

regions. To quantify the impact of model selection on engineering decisions, we
propose a homogenization error measure inspired by the performance of a new
well. In our case, the new well is a production well. The error measure involves
picking a location for a new well based on the water saturation profile at break-
through. Then, the shortest distance from the well to the water saturation front,
dws, is measured. For example, in the case of a production rate of 0.04 GIP/year,
the new well location and distances to the saturation front for each upscaled
model are illustrated in Figure 4.12. The new well location is indicated by a red
dot, while the red circles have radii equal to dws. Note that the well location was
chosen by maximizing the area within the red circle in Figure 4.12a. dws can be
interpreted as a measure of how fast water might break through at the new well.
The smaller the value of dws, the sooner the breakthrough, making the new in-fill
well less economical. New well locations and dws values are determined for all
model and production rate combinations. The dws values for the homogenized
models are then compared to their EDFM counterparts (Figure 4.13). We note
that the homogenization errors for the SP-EDFM and DP-EDFM models do not
change monotonically with respect to the production rate. This behaviour is due
to the explicit representation of the fracture corridors. Figure 4.14 shows the dws

measurements for the homogenized DP-EDFM model at different production
rates. For a production rate of 0.3 GIP/year (Figure 4.14c), the location on the
water saturation front that is nearest to the new well is along the y-directional
fracture corridor at x =50 m. The homogenization error measure we have used is
insensitive to the location of the water saturation front in this fracture corridor.
A more robust homogenization error measure would be to run an actual gas pro-
duction simulation at the new well location and use the resulting breakthrough
time for error calculations.
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Nevertheless, the proposed homogenization error measure is useful for com-
paring the performance of the homogenized models relative to the small scale
EDFM model. The results (Figure 4.13) show that homogenization error is the
largest in the homogenized DP model (between 27-83 %). On the other hand,
both homogenized hybrid models fare better (SP-EDFM below 33 % and DP-
EDFM below 24 %). The improved performance of the homogenized hybrid
models (especially the DP-EDFM model) relative to the homogenized DP model
shows that the EDFM simulations performed on a small scale representative
model allow us to systematically select an upscaled model with a lower homog-
enization error.

Figure 4.12: Potential location of a new well (red dot). Circles are defined by the dis-
tance from the well to the nearest water saturation front. Water distribu-
tions shown are at breakthrough with a production rate of 0.04 GIP/year.
(a) EDFM model, (b) DP model, (c) SP-EDFM model, (d) DP-EDFM model.

The results produced by the three homogenized models show that none of
the homogenized models are a perfect replacement of the fully resolved model.
Among the three, the homogenized DP-EDFM perform the best as it better cap-
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Figure 4.13: Change in dws for each upscaled model with respect to EDFM results.

tures the shape of the water saturation front as well as the water saturation in the
matrix behind the water saturation front. However, the homogenized DP-EDFM
model does not perform well in terms of predicting the correct recoveries at
breakthrough. Homogenization errors in the DP-EDFM model may be reduced
by using a more accurate transfer function that accounts for the transient matrix
flow observed in the high resolution EDFM simulations. The homogenization
errors of the various continuum and hybrid methods tested here show that in
order to make effective engineering decisions, it is important to ensure that an
appropriate upscaled model is chosen. We also showed that by using a small
scale EDFM model to characterize flow behaviour in a real naturally fractured
reservoir, we can better select and construct upscaled simulation models that
capture the flow behaviour in the reservoir.

4.4.3 Effect of Grid Coarsening

The homogenization error studied in section 4.4.2 only focuses on the effect of
substituting heterogeneous permeability fields with homogenized ones. As dis-
cussed in section 4.1.2, upscaling error is a combination of both homogenization
and discretization errors. The latter is the error arising from grid coarsening.
All the simulations in the previous study of homogenization errors have been
performed using 1m grid cell sizes. However, continuum and hybrid models
are usually used with much coarser grids. As such, we are also interested in
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Figure 4.14: Change in dws for the homogenized DP-EDFM model for different produc-
tion rates. Saturation fields shown are for diffuse fractures. Production rates
are (a) 0.04 GIP/year, (b) 0.1 GIP/year, (c) 0.3 GIP/year, (d) 1 GIP/year.
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the performance of EDFM, DP, SP-EDFM and DP-EDFM models at coarser grid
resolutions. Using the coarsened models generated in section 4.4.1, production
simulations were performed at well rates of 0.04 GIP/year and 0.3 GIP/year. We
then determine recoveries at breakthrough and calculate their percentage change
relative to the homogenized models (which have 1m grid cell sizes) (Figures
4.15).

The change in recovery at breakthrough in comparison to the fine grid results
show that EDFM is the most sensitive to grid cell size. The maximum discretiza-
tion error, equal to the percentage change in recovery at breakthorugh, is 45.16 %
for the 32 m model producing at 0.3 GIP/year. As smaller grid sizes are used, the
recovery at breakthrough begins to converge. The main reason for the sensitivity
of EDFM to grid sizes is that non-conforming grids allow matrix cells to contain
multiple non-intersecting fracture cells. As a result, as the grid is coarsened, the
decrease in number of matrix cells between fractures results in higher numeri-
cal dispersion. On the other hand, if DFM methods with conforming grids were
used, matrix cell sizes between fractures are necessarily limited by the distance
between fractures. In this case, there is a limit to how coarse the conforming grid
can be. The DP method is the least sensitive to grid cell size and produces a max-
imum discretization error of only 3.57 %. The SP-EDFM and DP-EDFM methods
have maximum discretization errors of 17.95 % and 10.53 % respectively. It is
worth noting that since the largest grid size (32 m) used is smaller than the spac-
ing of the fracture corridors (100 m), the discretization errors are not expected
to decrease even if a DFM method with a conforming grid was used. The likely
reason for the low discretization error for the DP-EDFM model in comparison
to the SP-EDFM model is the use of a transfer function. As grid cell size is coars-
ened, the transfer function may continue to limit flow from the diffuse fractures
into the matrix. Water then breaks through at the well at around the same time
despite the numerical dispersion introduced by grid coarsening. At large grid
sizes, numerical dispersion eventually becomes significant enough to cause ear-
lier water breakthrough. On the other hand, the SP-EDFM model assumes that
the diffuse fractures and the matrix are always at the same pressure and satu-
ration. As the grid is coarsened, fluid transfer into the matrix may increasingly
be overestimated, leading to a delay in water breakthrough. At large grid sizes,
numerical dispersion in the explicit fractures eventually becomes significant and
begins to shorten the breakthrough time. Compared to EDFM, the DP, SP-EDFM
and DP-EDFM models are all more resilient to grid coarsening as their properties
were determined through upscaling (Section 4.4.1). The low discretization errors
of the coarsened hybrid and continuum models in comparison to the coarsened
EDFM models highlight the suitability of continuum or hybrid models for full
field simulations using coarse grid cells. Between the simulation methods con-
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sidered here, although the DP method has the lowest discretization error, it is
unsuitable for large scale simulations due to its large homogenization error. The
DP-EDFM method, which has reasonable homogenization and discretization er-
rors, is the most suitable method for large scale flow simulations. This result
reaffirms that the EDFM simulations on small scale representative models are
effective in helping practitioners systematically select full field simulation meth-
ods that honour the flow characteristics in the reservoir.

Figure 4.15: Performance of coarsened EDFM, DP, SP-EDFM and DP-EDFM models. Top
row corresponds to well rate of 0.04 GIP/year. Bottom row corresponds to
well rate of 0.3 GIP/year. (a) & (c) Predicted recoveries at breakthrough, (b)
& (d) Percentage change relative to corresponding models with 1 m grid cell
size.

4.5 summary and conclusion

Various simulation methods exist for modelling flow in naturally fractured reser-
voirs. The selection and construction of full field simulation models is often a
subjective process that involves trial and error. In this paper, we suggested that
EDFM simulation studies can be used to reveal flow characteristics in naturally
fractured reservoirs. The improved understanding of flow behaviour allows us
to systematically select a simulation method for large scale flow modelling. This

86



approach was applied to a real fractured gas field. We first generated an EDFM
test model that represents a small sector of the gas field. The EDFM test model
was subjected to three different simulation studies (Table 4.3). The chosen simu-
lation studies are based on commonly studied phenomena that are applicable to
gas production. The simulation studies allowed us to improve our understand-
ing of the flow dynamics in the fractured gas reservoir. Using the observed flow
behaviours as a guideline, the DP-EDFM method was identified as an appropri-
ate technique for full field simulations.

The applicability of the chosen upscaled method (DP-EDFM) for modelling
flow in the fractured gas field was then assessed by comparing it against the
EDFM method. Additionally, we also compared the SP-EDFM and DP methods
against EDFM. As it is not feasible to run full field simulations with the EDFM
method, we cannot compare full field simulation results generated by the up-
scaled approaches against EDFM. Instead, we adopted the approach of Sablok
and Aziz (2008) who separated upscaling errors into homogenization and dis-
cretization errors. In our work, the homogenization error was measured by com-
paring hybrid and continuum models against EDFM models at a similar level of
grid refinement. The discretizaton error is measured by comparing each of the
fine grid models against coarse grid versions of themselves. The results showed
that DP-EDFM produces lower homogenization and discretization errors when
used to model flow in the fractured gas field.

Through this validation procedure, we ascertained that EDFM studies on fully
resolved small scale models can reveal useful information about flow behaviour
in a naturally fractured reservoir. This information can be used to guide the selec-
tion and construction of full field simulation models. By ensuring the full field
upscaled models are able to reproduce the observed flow behaviour, we can
ensure that the upscaled model is fit for purpose. While we have used EDFM
to characterize flow behaviour in a fractured gas field, the selected simulation
studies in Table 4.3 are not unique to the hydrocarbon industry. As such, the
approach can similarly be used in other areas of application like carbon seques-
tration and geothermal energy production.
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5
S Y S T E M AT I C S I N G L E P O R O S I T Y H Y B R I D M O D E L L I N G

In Section 4.4 of Chapter 4, it was shown that hybrid models perform better than
the DP model in terms of reproducing water saturation fronts predicted by the
EDFM method. The better performance of the hybrid methods comes from the
fact that the flow dynamics in the matrix and fractures are better represented.
However, it should be noted that the test model used in Chapter 4 has an ide-
alized fracture network with two distinct scales; this idealization makes hybrid
model construction simpler. In reality, NFRs often exhibit a continuous distribu-
tion of fracture scales. Particularly, the power law distribution has been popular
for characterizing fracture sizes (Bonnet et al., 2001; Berkowitz, 2002). Geological
realism complicates the hybrid modelling process as it becomes unclear how the
fracture network should be represented in a hybrid model. Where do we draw
the line between explicit and implicit fractures? How many continua should be
used to model the implicit fractures? Which continua should each implicit frac-
ture be lumped into?

We showed in the last chapter how some of these questions could be answered
with high resolution EDFM simulations on small scale test models. For a contin-
uous distribution of fracture scales, reservoir engineers could repeat the com-
parative studies (Sections 4.3 & 4.4) performed previously, but with models that
contain polydisperse fractures. However, such studies can be computationally
costly and require time, which reservoir engineers may not be able to afford.
Instead, in this chapter, we seek to construct a workflow that allows us to make
modelling decisions without depending on simulation results for fine tuning.
Our research strategy is to take a bottom-up approach and concentrate on SP
hybrid models as a first step since they are the simplest possible hybrid models.

To create a SP hybrid model from a fracture network with a continuous frac-
ture size distribution, a partitioning size (sp) has to be chosen so that the fracture
network can be divided into two sets of fractures: small fractures (s ≤ sp) to be
lumped with the matrix to form a pseudo-matrix, and large fractures (s ≥ sp)

This chapter is contains material from ’Wong, D.L.Y, Doster, F., Geiger, S., Kamp, A. (2019). Parti-
tioning Thresholds in Hybrid Implicit-Explicit Representations of Naturally Fractured Reservoirs.
Submitted for peer review.’
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that will be explicitly represented. Constructing a SP hybrid model using a small
partitioning size preserves as many details as possible, at the expense of compu-
tational efficiency. On the other hand, large partitioning sizes yield significant
model simplifications, but at the cost of model accuracy. There is, however, no
consensus on how sp should be chosen. For example, Lee et al. (2001) proposed
to use simulation grid cell sizes to divide a fracture network up into small,
medium and large fractures; the small and medium fractures will be lumped
with the matrix to form a pseudo-matrix while large fractures will be explicitly
represented. In another approach, Rogers et al. (2007) categorized fractures as
sub-seismic and seismic based on whether they can be resolved in seismic imag-
ing. Sub-seismic fractures are then lumped with the matrix and seismic fractures
are explicitly modelled. While Lee et al. (2001) and Rogers et al. (2007) make use
of reference scales like simulation cell sizes or seismic resolution as partition-
ing sizes, we aim, instead, to determine sp from the geometrical and hydraulic
characteristics of NFRs.

In this chapter, we compare the performances of SP-EDFM models created us-
ing various partitioning sizes against solutions of EDFM reference models. The
results show that SP hybrid models can be used to simplify complex fractured
reservoir simulations if partitioning sizes are below observable thresholds. From
the relationship between equivalent pseudo-matrix permeability and partition-
ing size, we also observe that the thresholds can be pre-determined since they
correspond to partitioning sizes where the pseudo-matrix permeability begins to
increase rapidly. These observations allow us to construct a workflow that uses
numerical upscaling to determine a threshold partitioning size, s∗p, which can be
used to guide SP hybrid model construction. We also show that the threshold
partitioning size applies to the simulation of well test responses.

5.1 reference models

For this work, we use three EDFM reference models, one created from a synthetic
3D DFN, and two from outcrop fracture trace maps. This combination of fracture
network sources (synthetic 3D and realistic 2D) is intended to ensure that the
workflow we construct is general enough to account for real fracture network
characteristics, and also apply to 3D fractures. In this section, we detail how all
three models are constructed.

5.1.1 Synthetic 3D Model

The fracture parameters used for the 3D model are modified from Ebigbo et al.
(2016), who investigated the effective permeability of polydisperse fracture net-
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works. The parameters we used are shown in Table 5.1, where fracture orienta-
tion is fixed in three sets, and fracture sizes are power law distributed. A linear
aperture-size relationship is assumed; the aperture-size ratio is chosen to ensure
that fracture apertures were centered around 1 mm, which is the scale of aper-
tures studied in Bisdom et al. (2015). The rock permeability is chosen so that the
permeability ratio between the smallest fracture and the matrix is O(106). Using
the procedure outlined in Section 2.1.6, the stochastic DFN in Figure 5.1a was
generated. Figure 5.1b is a histogram of the fracture sizes within the DFN, which
shows a power law distribution.

Feature Parameter Value

Orientation

Number of sets 3
Set 1 orientation Vertical & along x-axis
Set 2 orientation Vertical & along y-axis
Set 3 orientation Horizontal
Distribution None

Shape Geometry Circle
Approximation Decagon (10 vertices)

Size (Radius)
Minimum 5 m
Maximum 20 m
Power law exponent 1.5

Aperture Aperture-Diameter ratio 3.5× 10−5

Relation to permeability Cubic law
Density P32 0.15 m−1 per set

Rock Porosity 0.25
Permeability 10 mD

Exclusion zone
Shape Cylinder
Radius 1.01× Fracture size
Height 0.01× Fracture size

Domain Size 100 m×100 m×100 m

Table 5.1: Parameters used to generate the 3D DFN in Figure 5.1.

The DFN was passed through the 3D EDFM pre-processor in MRST (Section
3.3.2) to produce an EDFM model with a matrix grid cell size of 4 m×4 m×4 m.
The grid cell size was chosen to ensure that the smallest fractures (5 m radius)
are discretized. This model will be used to generate reference solutions to bench-
mark hybrid model results.
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Figure 5.1: Stochastically generated DFN. (a) Realization of the parameters in Table 5.1
containing 1785 fractures, (b) Distribution of fracture sizes in the DFN.

5.1.2 Outcrop-based Models

While the previous model allows us to study flow in circular fractures within
a 3D domain, the synthetic DFN that was generated does not account for abut-
ment relationships between fractures, which are commonly observed in nature
(Hardebol et al., 2015). Also, fractures are neither perfectly straight nor planar
in reality. To account for more geological realism, we created two additional 2D
models that are based on outcrop fracture trace maps sourced from the Jandaira
Carbonate Formation in the Potiguar Basin, located in North East Brazil. The
two specific trace maps that have been used are the Apodi 2 and 4 maps, which
were named after the municipality where the outcrops are located. The trace
maps are shown in Figure 5.2. As can be seen in the maps, smaller fractures may
truncate against larger fractures, and fractures are not perfectly straight.

The trace maps only provide fracture network geometrical properties. Other
properties used to complete the model are shown in Table 5.2, where a linear
fracture aperture-size relationship is again assumed; the aperture-size ratio used
is the same as the one used for the 3D model. The rock permeability is chosen
to be 1 mD so that the permeability ratio between the smallest fracture and the
matrix is O(106) for Apodi 2 and O(105) for Apodi 4.

Feature Parameter Value

Aperture Aperture-Length ratio 3.5× 10−5

Relation to permeability Cubic law

Rock Porosity 0.25
Permeability 1 mD

Table 5.2: Parameters used to complement the 2D fracture networks in Figure 5.2.
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Figure 5.2: Fracture trace maps from the Jandaira Carbonate Formation. There are re-
spectively 298 and 546 fractures in Apodi 2 and 4.

Finally, EDFM models were created using the EDFM pre-processor in MRST.
In the trace maps, each fracture is composed of a series of straight segments.
EDFM treats each segment as a fracture and connects segments using NNCs. To
ensure that the smallest segments are adequately discretized, matrix grid cell
sizes used were 1 m×1 m for Apodi 2 and 0.4 m×0.4 m for Apodi 4. We will
refer to the outcrop-based EDFM models as the ’Apodi 2 reference model’ and
the ’Apodi 4 reference model’.

5.2 construction of hybrid models

The EDFM models constructed in Section 5.1 are used to generate reference
solutions that will be treated as truth cases. In this section, for each reference
model, we construct a series of SP hybrid models using different partitioning
sizes (sp). By comparing production simulation results generated from the SP
hybrid models against their corresponding reference solutions, we can identify
a range of partitioning sizes for which SP hybrid modelling is appropriate.

We demonstrate how a SP hybrid model is constructed for a given sp using
the Apodi 4 model. The first procedure is to lump fractures smaller than sp

with the matrix to be upscaled into a pseudo-matrix. Since only a subset of the
fractures is upscaled, we term this procedure ’Fracture subset upscaling’. The
procedure is illustrated in Figure 5.3, where fractures smaller or larger than
sp are first identified. We then modify the reference Apodi 4 model to omit
large fractures. Next, the resulting model is numerically upscaled by applying a
pressure differential across two opposing boundary faces, and imposing no-flow
conditions on all other boundary faces. The simulated flow field is used with
Darcy’s law to back-calculate an equivalent permeability, which is used as the
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permeability of the pseudo-matrix. The porosity of the pseudo-matrix is simply
calculated by volume weighted averaging.

Figure 5.3: Fracture subset upscaling for Apodi 4 given a partitioning size sp.

Armed with the pseudo-matrix permeability, the next procedure is to con-
struct the SP hybrid model corresponding to sp. The procedure is illustrated in
Figure 5.4. This time, instead of omitting large fractures, the reference Apodi 4

model is modified to omit small fractures. The matrix properties are then substi-
tuted with pseudo-matrix properties calculated previously. With that, we com-
plete the construction of the SP hybrid model corresponding to sp.

Figure 5.4: Hybrid model construction for Apodi 4 given a partitioning size sp. Pseudo-
matrix permeability is calculated based on the procedure in Figure 5.3.

In the fracture subset upscaling procedure, since a different partitioning size
leads to a different subset of small fractures, the equivalent pseudo-matrix per-
meability is accordingly a function of partitioning size, ke = ke(sp). To create hy-
brid models for a range of partitioning sizes, fracture subset upscaling will have
to be performed for all selected partitioning sizes. Since numerical upscaling
is reasonably efficient in terms of computational cost, we calculated equivalent
pseudo-matrix permeabilities for sp values within the entire size range of the 3D,
Apodi 2 and Apodi 4 models. The results are shown in Figure 5.5. Note that the
horizontal axis for Apodi 2 and 4 have been scaled logarithmically since most of
the fracture sizes are concentrated at the smaller end of the size range.
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The fracture subset upscaling curves show that ke/km increases monotonically
with sp; as sp increases, the size range of fractures that are upscaled increases,
resulting in a denser set of implicit fractures. The increase in implicitly repre-
sented fractures naturally enhances the overall connectivity and conductivity of
the fracture subset. It can also be observed that the fracture subset upscaling
curves increase slowly at low sp values, but increases rapidly at intermediate
sp values. This behaviour implies that with low sp values, fracture subsets are
not well connected, but as sp increases, not only does the number of fractures
in the subset increase, but the connectivity of the fracture subset increases as
well. This increased connectivity will have implications on the suitability of rep-
resenting a fracture subset as a single porosity medium. We term the transition
point between the two parts of the fracture subset upscaling curves the threshold
partitioning size. For our work, we have determined the threshold partitioning
sizes on the curves by identifying where the gradient of the curves increases
significantly (Figure 5.5). We note that the observed shape of the fracutre subset
upscaling curves may be a result of the aperture-size ratio used in our study.
In Section 6.2.6, square-root and square aperture-size relations are also used to
investigate how the fracture subset upscaling curves will be affected. Threshold
partitioning sizes were similarly observed in both cases.

Based on our observations, for fracture networks in a porous and permeable
matrix, we hypothesize that partitioning sizes above the threshold partitioning
size would result in SP hybrid models that poorly represent the reference models.
We created SP hybrid models for a range of partitioning sizes centered around
the threshold partitioning sizes. These threshold partitioning sizes can be iden-
tified from the curves in Figure 5.5 and are 7.5 m, 10 m and 5 m respectively for
the 3D, Apodi 2 and Apodi 4 models. Note that for the 3D case, the thresh-
old partitioning size was determined for only one DFN realization. In order to
account for statistical variations, the threshold partitioning size should be deter-
mined for multiple DFN realizations. Nevertheless, as will be shown in Section
6.2, variations in the fracture subset upscaling curves are small for different DFN
realizations as long as the model domain size is well above the size of the largest
fractures. Hence, the threshold partitioning size for the 3D case is not expected
to vary significantly for a different DFN realization. The partitioning sizes we
used for the SP hybrid models are shown in Figure 5.11, along with the percent-
age of remaining explicit fractures, NNCs and fracture cells relative to the fully
resolved models. The equivalent pseudo-matrix permeabilities corresponding to
these partitioning sizes are shown in Figure 5.5.

94



Figure 5.5: Fracture subset upscaling curves showing how equivalent pseudo-matrix per-
meability ke varies with partitioning size sp. Threshold partitioning sizes are
where the gradients (dotted lines) of the curves increase significantly. The
thresholds were determined to be 7.5 m, 10 m and 5 m for the 3D, Apodi 2

and Apodi 4 models respectively.

5.3 fixed pressure drawdown simulations

The SP hybrid models, along with the reference EDFM models, are subjected to
fixed pressure single phase drawdowns in order to compare their performances.
A low pressure of 50 bars is applied on the boundary of all the models. The lo-
cation on the 3D model where the low pressure is applied is shown in Figure
5.6. For the outcrop based models, the low pressure is applied at the Southern
boundary (y = 0). In all cases, initial pressure is 100 bars and typical oil proper-
ties are used (ρo = 700 kg/m−3, µo = 5 cP, co = 10−5 bar−1).

The flowrate responses at the outlet of all models (reference and hybrid) are
shown in Figure 5.7. These responses allow us to compare the performances of
each SP hybrid model against their reference counterpart and will enable us to
gain a better understanding of how sp should be chosen. However, we first focus
on understanding the reference model solutions; the hybrid model solutions will
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Figure 5.6: Low pressure boundary condition for the 3D reference and SP hybrid mod-
els.

be discussed in Section 5.4. For each reference model solution, it is observed that
initial flowrates are very high but deplete quickly. The flowrate then settles into
a stable regime before continuing to decline again.

The evolution of the flowrate at the outlet can be understood by looking at the
how the pressure fields in the reference models change over time (Figures 5.8, 5.9
and 5.10). For every reference model, due to the high fracture-to-matrix perme-
ability ratio, the pressure drop at the flow outlet preferentially diffuses through
the fractures. As such, pressure initially only depletes in the fracture network
while the matrix remains unaffected (Figures 5.8a, 5.9a and 5.10a). When pres-
sure in the fracture network drops significantly, fluid in the rock matrix begins to
recharge the fracture network, resulting in the observed stationary flow regime
(Figures 5.8b, 5.9b and 5.10b). Finally, when pressure in the entire model is de-
pleted, flowrate at the outlet drops to zero (Figures 5.8c, 5.9c and 5.10c).
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Figure 5.7: Flowrates at reference and hybrid model outlets in response to the low pres-
sure boundary condition. Marked black lines are solutions generated from
fully resolved EDFM models. Coloured lines are solutions generated from
hybrid models constructed using various partitioning sizes.
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Figure 5.8: Pressure fields in bars (fractures in left column, matrix in right column) for
the 3D reference model at three different times. (a) 0.1067 s or 0.0018 min, (b)
1 min, (c) 10 min.
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Figure 5.9: Pressure fields in bars (fractures in left column, matrix in right column) for
the Apodi 2 reference model at three different times. (a) 1.758 s or 0.0293 min,
(b) 30 min, (c) 630 min.
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Figure 5.10: Pressure fields in bars (fractures in left column, matrix in right column)
for the Apodi 4 reference model at three different times. (a) 0.2197 s or
0.0037 min, (b) 1.875 min, (c) 15 min.
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5.4 analysis of hybrid model results

In this section, we analyze the performance of the different SP hybrid models
in comparison to their corresponding reference models. Recalling Figure 5.7, we
observe that the differences between hybrid and reference model results are
minimal for small sp values. This observation ascertains that hybrid models do
have the capability to simplify simulations while preserving accuracy.

However, it is observed that as sp increases, SP hybrid models produce results
that deviate more from the reference solutions, which suggests a trade-off rela-
tionship between model simplicity and accuracy. To illustrate this trade-off, Fig-
ure 5.11 shows the reduction in model complexity and the increase in flowrate
error for each model. Selected points in time were used to calculate the flowrate
error, e f , defined as follows:

eQ =

∣∣∣∣∣Q(sp)−Qre f

Qre f

∣∣∣∣∣ , (5.1)

where Q refers to flowrate at model outlets. As can be seen, large sp values result
in simpler models with less explicit fractures that produce less accurate results.
As such, we seek an intermediate sp value that strikes a balance between the two.
To this end, we further observe in Figure 5.7 that the deviations resulting from
upscaling increase abruptly as sp is increased beyond a threshold s∗p. SP hybrid
models created with sp ≤ s∗p produce drawdown results that are very similar to
the corresponding full model responses. Above s∗p, the SP hybrid models begin
to produce results with large deviations. The values for s∗p are identified as 7.5 m,
10 m and 5 m for the 3D, Apodi 2 and Apodi 4 models respectively. These are
the largest partitioning sizes for which the flowrate responses in Figure 5.7 are
identical to the reference solutions.

The s∗p values identified from the flowrate response curves are identical to
the threshold partitioning sizes observed in the fracture subset upscaling curves
(Figure 5.5). This agreement is in line with our understanding that in order for
a single porosity representation to be valid, we have to ensure that the flowrates
in the matrix and the upscaled fractures are comparable (Matthai and Belayneh,
2004; Berre et al., 2018). For low sp values, the implicitly represented fractures are
disperse and poorly connected. Pressure perturbations diffuse through the rock
matrix and implicit fractures at almost equal rates. However, for high sp values,
the implicitly represented fractures are abundant and become well connected. In
this case, pressure perturbations will preferentially diffuse through the implicit
fractures before affecting the fluid in the rock. s∗p is the threshold where the
implicitly represented fractures begin to be connected. Therefore, sp must be
smaller than s∗p to obtain an accurate SP hybrid model.
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Figure 5.11: Trade off between modelling error and simplification. (a) 3D model with
error measured at 0.001 minute, (b) Apodi 2 with error measured at 0.0073

minute, (c) Apodi 4 with error measured at 0.0018 minute.

Figure 5.12 shows the pressure distributions for the 7.5 m, 10 m and 12.5 m
hybrid models corresponding to the 3D model. In line with observations in the
comparison of flowrate responses, the 7.5 m hybrid model, created using the
threshold partitioning size, closely matches the pressure distribution in the ref-
erence model (Figure 5.8b). However, as sp is increased, the separation of time
scale between flowrates in the matrix and upscaled fractures becomes poorly
captured. As a result, the hybrid models with sp > s∗p begin to behave more like
unfractured porous media.

Figures 5.13 and 5.14 show the pressure distribution for hybrid models cor-
responding to Apodi 2 and 4. In these cases, hybrid models created with the
threshold partitioning sizes match their reference counterparts very well (Fig-
ures 5.9b and 5.10b). However, as more small scale fractures are lumped into the
pseudo-matrix, the remaining explicit fractures become increasingly poorly con-
nected and less pervasive. It can be seen in the pressure distribution maps that
as sp increases, some of the remaining explicitly represented fractures become
isolated from the connected network of explicit fractures. Without representing
the separation of scale between flowrates in the matrix and the implicit frac-

102



tures, pressure diffusion takes longer to reach parts of the pseudo-matrix that
otherwise would have been connected to the fracture network by small fractures.
For Apodi 2, at sp = 30 m, the fracture network becomes disconnected and the
flow regime changes completely. This change happens because at sp = 30 m,
fractures that are crucial to the connectivity of the explicit fractures have been
removed. In this case, s∗p < 30 m, thus a SP representation of fractures smaller
than 30 m would not be valid. While we argue in this work that it is important to
ensure that small fractures lumped into the pseudo-matrix are poorly connected,
the abrupt change in flow regime that is observed in this case suggests that it
may also be worthwhile to simultaneously maintain the connectivity of the ex-
plicit fractures. We do not consider the latter in this work since this flow regime
change was not observed in any of our cases where sp <= s∗p.
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Figure 5.12: Pressure fields in bars (fractures in left column, matrix in right column)
for 3D hybrid models at 1 min after start of production. (a) sp = 7.5 m or
sp = 10 m, (c) sp = 12.5 m.
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Figure 5.13: Pressure fields in bars (fractures in left column, matrix in right column) for
Apodi 2 hybrid models at 30 min after start of production. (a) sp = 10 m or
sp = 20 m, (c) sp = 30 m.
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Figure 5.14: Pressure fields in bars (fractures in left column, matrix in right column) for
Apodi 4 hybrid models at 1.875 min after start of production. (a) sp = 5 m or
sp = 10 m, (c) sp = 15 m.
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5.5 a workflow for single porosity hybrid modelling

In practice, sp is often chosen on the basis of available computational resources
and the limitations of data acquisition technology. These lead to choices such as
grid sizes and seismic resolution being used for sp (Lee et al., 2001; Rogers et al.,
2007). However, a threshold partitioning size s∗p implies a limit to how much
we can simplify our fracture network using a Single Porosity hybrid modelling
approach. This is because as sp increases beyond s∗p, we begin to reduce com-
putational load at the expense of model accuracy. Determining s∗p allows us to
assess one’s choice for sp. If the desired sp is smaller than s∗p, we can be sure that
upscaling fractures smaller than sp will not negatively impact model accuracy.

With that in mind, we construct a workflow that uses s∗p as a criterion for de-
ciding if a SP hybrid model should be used, given a user’s choice for sp. While
we could determine s∗p by comparing outputs from production simulations (Fig-
ure 5.7), this approach is an extremely inefficient process. Instead, we exploit
the percolation behaviour in the fracture subset upscaling curves to identify s∗p.
This approach is possible since we have observed, in Section 5.4, that the per-
colation thresholds in the fracture subset upscaling curves are identical to the
s∗p values determined from comparisons of production data. By determining sp

from fracture subset upscaling, we bypass the need for any inefficient production
simulations.

Figure 5.15: Workflow for evaluating the suitability of Single Porosity hybrid modelling
with a user defined partitioning size of sp.

The proposed workflow is shown in Figure 5.15. It begins with a user defined
partitioning size sp which is used to divide the fracture network into two subsets:
(1) fractures smaller than sp that will be lumped with the matrix as a pseudo-
matrix, (2) fractures that will be explicitly represented. At this stage, we do not
know if the partitioning strategy is viable. Fracture subset upscaling (Figure 5.3)
is then performed to determine s∗p. We recap the procedure here:
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1. Generate a list of partitioning sizes within the size range of the fracture
network, sp,i where i ∈N.

2. For each sp,i, lump fractures whose sizes s ≤ sp,i with the matrix and
upscale to determine an equivalent pseudo-matrix permeability ke,i.

3. Plot ke,i against sp,i to visualize the relationship ke = ke(sp).

4. Determine s∗p from the observed percolation threshold.

If sp ≤ s∗p, we can be assured that the implicit fractures will not be well con-
nected; the low connectivity also means that there will be no separation of time
scales between flow in the matrix and the implicit fractures. In this case, a SP hy-
brid modelling approach with the desired sp will be suitable. However, if sp > s∗p,
then the implicit fracture will be too well connected for SP hybrid modelling to
be applicable.

The main computational task in the proposed workflow is fracture subset up-
scaling, which involves EDFM pre-processing and steady-state flow simulations
for each partitioning size. The EDFM pre-processing, though cumbersome, can
be accelerated with parallel computing. On the other hand, the steady-state flow
simulations are computationally cheap and take only a few seconds of CPU
time per partitioning size. As such, the proposed workflow allows for poten-
tially huge time savings when evaluating whether or not a SP hybrid model
should be used for a particular NFR.

5.6 application to well test simulations

In Section 5.3, fixed pressure boundary conditions were applied to the reference
and hybrid models to simulate production responses. We now turn our attention
to a more realistic production scenario. In particular, we perform well testing
simulations on Apodi 2 and 4 to see if the concept of threshold partitioning
sizes still hold.

5.6.1 Setup

For each of the models, well test simulations are performed separately for two
well locations - one in the largest fracture and another in the matrix. The well
specifications are shown in Table 5.3, which contains the coordinates of the wells
and their respective production rates. No well models are used; instead, the
wells are modelled using fixed rate point sinks. Due to this well representation,
we re-constructed the grids for Apodi 2 and 4 such that the grid cell size where
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the wells are located is representative of actual well radii. The location of the
wells are illustrated in Figure 5.16.

Model Well Location Well Coordinate Production Rate Cell Size

Apodi 2
Fracture (27.3 m, 117.5 m) 1 m3/day 0.2 m× 0.2 m
Matrix (110.5 m, 122.5 m) 0.1 m3/day 0.2 m× 0.2 m

Apodi 4
Fracture (46.6 m, 46.6 m) 1 m3/day 0.2 m× 0.2 m
Matrix (50.2 m, 45.0 m) 0.1 m3/day 0.2 m× 0.2 m

Table 5.3: Well properties used in the Apodi 2 and 4 well test simulations.

Figure 5.16: Wells placement for Apodi 2 and 4.

The re-construction of the grids also takes into account near well pressure
transients by refining the matrix grid near the well location. The properties of
the refined grid are shown in Table 5.4. Essentially, for every model, a region is
identified in which the grids will be refined. The size of the region is chosen to
be approximately 10 % of the domain size, and centered at the well. The level
of refinement is the number of grid cells in the x- and y-directions (in addition
to the well cell) within the refined region. The level of refinement is chosen to
ensure that the well test response has sufficiently converged. An example of a
refined grid for Apodi 2 with a well in the matrix is shown in Figure 5.17, which
illustrates how the refinement region is defined.

The fluid properties and initial condition used is the same as that used in the
fixed pressure drawdown simulations; they are restated here for convenience.
In all cases, initial pressure is 100 bar and typical oil properties are used (ρo =
700 kg/m−3, µo = 5 cP, co = 10−5 bar−1).
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Model Well Location Size Level of Refinement

Apodi 2
Fracture 21 m 36
Matrix 21 m 38

Apodi 4
Fracture 10 m 36
Matrix 10 m 36

Table 5.4: Specifications for the refined grid regions the Apodi 2 & 4 reference and SP
hybrid models.

Figure 5.17: Apodi 2 grid refinement for well test simulation. (a) Cell volumes are shown
for the full domain, (b) Close up view around the well with grid cell bound-
aries shown.

5.6.2 Well in Fracture

We first simulated the case of wells located in the largest fractures in Apodi
2 and 4. The pressure responses generated from EDFM and SP hybrid model
simulations were processed to determine the evolution of pressure derivatives;
(Figure 5.18). Focusing first on the solutions generated from the fully resolved
reference EDFM models, an initial linear increase is observed in the well test
diagnostic plot; this linear regime is characteristic of wellbore storage. After the
effect of wellbore storage passes, the pressure derivative responses decrease and
then transition again into linear regimes that imply pseudo-steady state flow.
The pseudo-steady state behaviour can be confirmed through the pressure fields
shown in Figures 5.19 and 5.20 for Apodi 2 and 4. We focus our explanation first
on Apodi 2. In Figure 5.19a, the pressure field at the end of the wellbore storage
hump is shown; here, the entire model is still at initial pressure (100 bars). At
a later time shown in Figure 5.19b, it can be seen that the pressure field has
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depleted almost equally everywhere. This evenly distributed but depleting pres-
sure field is characteristic of pseudo-steady state flow and is similarly observed
in Apodi 4 (Figure 5.20). Even though the models are being produced directly
from the fracture network, no dual-porosity dip was observed; this observation
is consistent with the findings of Egya et al. (2018).

Figure 5.18: Pressure derivative plot for Apodi 2 and 4 with wells located in the largest
fractures.

Comparing the results produced using SP hybrid models against their refer-
ence counterparts (Figure 5.18), we observe that the pressure derivative curves
for the SP hybrid models corresponding to the threshold partitioning sizes (10 m
for Apodi 2 and 5 m for Apodi 4) match the reference solutions very well. How-
ever, for larger partitioning sizes, well responses begin to deviate from the the
reference solutions. These results are consistent with our previous finding that
fracture networks should be partitioned below the threshold partitioning size to
ensure the accuracy of the resulting SP hybrid models.

5.6.3 Well in Matrix

Pressure responses were also simulated for wells intersecting the rock matrices
of Apodi 2 and 4. The pressure responses were again processed to obtain pres-
sure derivative curves, which are shown in Figure 5.21. Both curves show initial
linear increases in the pressure derivative, which correspond to wellbore storage.
The wellbore storage regime then gives way to a period of constant pressure
derivatives. The curves subsequently transition into dips followed by straight
lines with positive gradients. These different phases can be understood by look-
ing at the pressure fields of both Apodi 2 and 4 in Figures 5.22 and 5.23. We
focus our explanation on Apodi 4, but the same applies to Apodi 2. Figure 5.23a
shows the pressure field of Apodi 4 at the lowest point of the dip in the pres-
sure derivative curve. As can be seen, the pressure around the well has dropped
significantly; however, pressure in the fracture network remains at initial levels
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Figure 5.19: Pressure fields in bars (fractures in left column, matrix in right column)
for the Apodi 2 reference model with a well in the largest fracture. (a)
0.0527 min, (b) 5.2705× 103 min.

(100 bars). Up to this point, the pressure front which emanates from the well in
a radial manner, has not reached any fractures. The model behaves as though it
is a matrix-only porous system. This behaviour results in the constant plateau
observed in the pressure derivative curve and is called the infinite acting regime.
Once the pressure front encounters a nearby fracture, pressure is depleted from
the fracture network, resulting in a dip in the pressure derivative curve. There-
after, the entire pressure field depletes evenly, as shown in Figure 5.23b, and is
reflected in the pressure derivative curve as a positive gradient straight line.

It can be observed from well test responses shown in Figure 5.21 that SP hybrid
model results corresponding to the threshold partitioning sizes (10 m for Apodi
2 and 5 m for Apodi 4) are similar to the solutions generated from full reference
EDFM models. Larger partitioning sizes, however, lead to deviations away from
the reference solutions. This observation ascertains that in SP hybrid modelling,
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Figure 5.20: Pressure fields in bars (fractures in left column, matrix in right column)
for the Apodi 4 reference model with a well in the largest fracture. (a)
0.0094 min, (b) 937.2355 min.

partitioning sizes should not exceed the threshold partitioning sizes if model
accuracy is to be maintained.
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Figure 5.21: Pressure derivative plot for Apodi 2 and 4 with wells located in the rock
matrices.

Figure 5.22: Pressure fields in bars (fractures in left column, matrix in right column) for
the Apodi 2 reference model with a well in the matrix. (a) 1.667× 103 min,
(b) 9.3724× 104 min.
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Figure 5.23: Pressure fields in bars (fractures in left column, matrix in right column) for
the Apodi 4 reference model with a well in the matrix. (a) 93.7236 min, (b)
9.3724× 103 min.
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5.7 summary

In this chapter, we studied fixed pressure drawdown responses in a synthetic 3D
fracture network as well as two outcrop-based realistic fracture networks. The
simulation outputs highlighted that threshold partitioning sizes exist for each
fracture network, beyond which SP hybrid modelling would result in erroneous
outputs in comparison to fully resolved reference models. The threshold parti-
tioning sizes are properties of the fracture networks and can be conveniently de-
termined using a procedure known as fracture subset upscaling. In fracture sub-
set upscaling, pseudo-matrix permeabilities are calculated for a range of parti-
tioning sizes applied to a fracture network. This procedure results in a monoton-
ically increasing permeability-size relationship that exhibits a percolation thresh-
old. The percolation threshold is identical to the threshold partitioning size for
SP hybrid modelling.

A workflow that uses the threshold partitioning size to evaluate the suitability
of SP hybrid modelling is then proposed. In the workflow, desired partitioning
sizes are first determined on a practical basis, considering issues such as scarcity
of computational resources, or limitations on data acquisition technologies. The
threshold partitioning size for the fracture network at hand is then determined
through fracture subset upscaling. If the desired partitioning size is smaller than
the calculated threshold, then fractures smaller than the desired partitioning size
will not be well connected and can be represented, along with the matrix, as a
singular porous medium. We argue that fracture subset upscaling is an efficient
process compared to production simulations since fracture subset upscaling only
involves EDFM pre-processing (which is scalable) and steady-state flow simula-
tions (which are fast to compute).

Finally, we tested the validity of the threshold partitioning size by simulating
well test responses in the two outcrop-based fracture networks. Responses were
separately simulated for wells in the largest fractures and in the matrix. The re-
sults show that SP hybrid models generated with partitioning sizes larger than
the corresponding thresholds result in significant deviations from reference solu-
tions. The results ascertain that our concept of using the threshold partitioning
size for evaluating a SP hybrid model can be applied to different production
conditions.
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6
S I N G L E P O R O S I T Y H Y B R I D M O D E L L I N G W I T H T H E
E F F E C T I V E M E D I U M T H E O RY

In Chapter 5, we proposed a workflow that makes use of threshold partitioning
sizes to evaluate the suitability of SP hybrid models for representing fractured
porous media. The threshold partitioning sizes are determined from fracture
subset upscaling (Section 5.5), which is a procedure that involves calculating
pseudo-matrix permeabilities given a range of possible partitioning sizes. Frac-
ture subset upscaling was previously performed numerically (Section 5.2). While
the numerical approach is a scalable process, we wish to explore how the process
fracture subset upscaling can be further accelerated.

Instead of using a numerical upscaling approach, we propose to perform frac-
ture subset upscaling analytically. In Section 2.2, analytical flow based upscal-
ing was introduced. In particular, the Effective Medium Theory (EMT), which
was adapted for fractured porous media by Sævik et al. (2013), was reviewed
in detail and is our preferred analytical upscaling tool. Alternatively, the pop-
ular Oda’s method can also be used for analytical upscaling. However, Oda’s
method assumes well connectedness of fracture networks, and has been shown
to be incapable of predicting percolation thresholds. In comparison, EMT explic-
itly considers the finite size effects of fractures and have been shown to capture
percolation effects to variable levels of accuracy (Figure 2.10) (Oda, 1985; Sævik
et al., 2013). In this chapter, we aim to investigate how the EMT can be used
for fracture subset upscaling, and whether or not it can accurately determine
threshold partitioning sizes.

6.1 upscaling subsets of continuously distributed fracture net-
works

While EMT was developed by Sævik et al. (2013) for fracture families consisting
of identical fractures, it is possible to adapt EMT for fracture families with size

This chapter is contains material from ’Wong, D.L.Y, Doster, F., Geiger, S., Kamp, A. (2019). Parti-
tioning Thresholds in Hybrid Implicit-Explicit Representations of Naturally Fractured Reservoirs.
Submitted for peer review.’
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variations. Ebigbo et al. (2016) used EMT to study effective permeabilities of
polydisperse fracture networks. However, no details were provided on how the
EMT equations were solved. In this section, our approach for upscaling fracture
subsets of continuously distributed networks using EMT is presented.

6.1.1 Mathematical Framework

We focus on two EMT formulations - the asymmetric and symmetric self-consistent
approaches (Sævik et al., 2013). The difference between the two approaches were
previously reviewed in Section 2.2. Both EMT formulations are revisited here for
convenience.

ke = km +
4
3

π

N f f

∑
i=1

εi (λiBi + I)−1 Bi, (2.24 revisited)

ke = km +
4
3

π

N f f

∑
i=1

εi

vm
(λiBi + I)−1 BiR−1

m . (2.25 revisited)

Equations (2.24) and (2.25), respectively the asymmetric and symmetric self-
consistent methods, were developed by Sævik et al. (2013) for monodisperse
fracture families which contain only fractures with no variation in orientation.
While Ebigbo et al. (2016) used these equations to upscale polydisperse frac-
ture families, how the equations were adapted for this purpose was not shown
in their paper. In this section, we show how we adapted equations (2.24) and
(2.25) for polydisperse fracture families. We demonstrate our adaptation using
the Asymmetric Self-Consistent EMT approach. However, the same strategy can
be used for the Symmetric Self-Consistent approach.

First, we consider a single polydisperse fracture family that has continuously
distributed fracture sizes. We can then define a fracture density function ε(s)
such that ε(s) ds is the P31 density of fractures with sizes within [s, s + ds]. An
example of a fracture density function is ε(s) = κs−KPL , which follows a power
law distribution (Bonnet et al., 2001). In line with the assumed linear aperture-
size relationship and the cubic law, we also let the intrinsic fracture permeability
depend on fracture size, such that λ = λ(s). Since the shapes and orientations of
all fractures are fixed, B remains constant.

For this fracture family, we can rewrite equation (2.24) in continuous form as

ke = km +
4
3

π
∫ smax

smin

ε(s) (λ(s)B + I)−1 B ds, (6.1)
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where all variables have their usual meaning. If there are N f f polydisperse frac-
ture families, we can sum up their contributions to arrive at

ke = km +
4
3

π

N f f

∑
i=1

[∫ si,max

si,min

εi(s) (λi(s)Bi + I)−1 Bi ds
]

, (6.2)

where each fracture family i has fracture sizes ranging from si,min to si,max, a
fracture density function εi(s) and a permeability-size relationship λi(s).

To perform fracture subset upscaling with equation (6.2), we only account for
contributions from fractures smaller than a partitioning size sp. So we substitute
si,max with sp to obtain

ke = km +
4
3

π

N f f

∑
i=1

[∫ sp

si,min

εi(s) (λi(s)Bi + I)−1 Bi ds
]

, (6.3)

which can be used to solve for effective pseudo-matrix permeabilities in SP hy-
brid modelling.

However, equation (6.3) is an implicit equation in ke and it is not obvious
how the integral terms can be analytically solved. Hence, we approximate each
polydisperse fracture family as a set of Ns f monodisperse fracture sub-families.
For a particular polydisperse fracture family i, we perform the following:

1. Calculate sub-family size range δsi =
(
sp − si,min

)
/Ns f .

2. For each sub-family j = 1, 2, ...., Ns f

a) Determine the representative fracture size si,j = si,min + (j− 0.5) δsi.

b) Calculate the sub-family dimensionless intrinsic fracture permeability
λi,j = λi(si,j).

c) Calculate the sub-family fracture density

εi,j =
∫ si,min+jδsi

si,min+(j−1)δsi

εi(s) ds

.

This procedure results in a total of N f f × Ns f fracture sub-families. The first
Ns f sub-families is generated from the first fracture family. The next Ns f sub-
families is generated from the second fracture family, and so on. Using the frac-
tures sub-families, we make the following approximation:

∫ sp

si,min

εi(s) (λi(s)Bi + I)−1 Bi ds ≈
Ns f

∑
j=1

εi,j
(
λi,jBi + I

)−1 Bi (6.4)
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for all i ∈ {1, 2, ..., N f f }. Substituting equation (6.4) into equation (6.3), we arrive
at

ke = km +
4
3

π

N f f

∑
i=1

Ns f

∑
j=1

εi,j
(
λi,jBi + I

)−1 Bi. (6.5)

Applying the same procedure to the Symmetric Self-Consistent EMT approach,
the following is obtained:

ke = km +
4
3

π

N f f

∑
i=1

Ns f

∑
j=1

εi,j

vm

(
λi,jBi + I

)−1 BiR−1
m . (6.6)

Note that equations (6.5) and (6.6) have the same form as the standard EMT
equations (2.24) and (2.25). The similar form means that the monodisperse frac-
ture sub-families can simply be re-indexed and used with the standard equa-
tions to calculate effective pseudo-matrix permeabilities. We implemented, in
MATLAB, the procedure for representing a power law distributed fracture fam-
ily as a set of monodisperse fracture sub-families. In Appendix D, we show an
example of how EMT can be used to upscale a polydisperse fracture network. In
the next section, fracture subset upscaling using this method will be validated
against the numerical approach used in Chapter 5.

6.2 validation

To ensure that equations (6.5) and (6.6) can be used to accurately determine
threshold partitioning sizes, we benchmarked EMT against numerical fracture
subset upscaling. The validation was only performed for 3D fracture networks;
this limitation is due to the fact that EMT was only formulated for elliptical
fractures by Sævik et al. (2013).

6.2.1 Methodology

The overall validation process is shown in Figure 6.1. Given a set of fracture
network parameters, we begin by performing fracture subset upscaling analyt-
ically using equations (6.5) and (6.6) for a range of partitioning sizes. We then
seek a reference solution to compare the EMT results against. The reference so-
lution can be obtained by performing numerical fracture subset upscaling on
stochastically generated DFNs. We quantify the error in the EMT results using

eEMT = max
sp∈[smin ,smax]

∣∣∣log kEMT(sp)− log knum(sp)
∣∣∣ (6.7)
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where kEMT(sp) refers to upscaled permeabilities obtained using either equation
(6.5) or (6.6). knum(sp) refers to the mean numerically upscaled permeabilities
for stochastically generated DFNs. eEMT is the maximum difference in order of
magnitude between kEMT(sp) and knum(sp). The lower eEMT is, the more accurate
the EMT approach.

To capture variations arising from the statistical nature of fracture network
characterization, ten stochastic DFN realizations are generated using the proce-
dures outlined in Section 2.1.6. As will be seen from the validation results, for
each case, the differences between the ten stochastic realizations are small. As
such, we do not expect more variations to be captured by using a higher num-
ber of stochastic realizations. All ten DFNs are pre-processed to create EDFM
models, which are then used for numerical flow based upscaling. An example
showing the steady state pressure field of one of the models is shown in Figure
6.1.

Figure 6.1: Benchmarking process to compare fracture subset upscaling results from
EMT and numerical flow based upscaling.

Additionally, for each set of parameters, to ensure that the identified thresh-
old partitioning size does indeed lead to a good balance between model sim-
plification and accuracy, SP hybrid models are created using one of the DFN
realizations and subjected to fixed pressure drawdowns. A fluid with typical oil
properties is used (ρo = 700 kg/m−3, µo = 5 cP, co = 10−5 bar−1). Initial pressure
is 100 bars and a low pressure boundary condition is applied to produce the
fluid (Figure 5.6). The drawdown results are then compared to the full model
EDFM solution.
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In total, we consider 13 sets of fracture network parameters. The first set of
parameters corresponds to a base case while the remainder are variations of
the base case to explore the impact of different parameters on the accuracy of
EMT for fracture subset upscaling. The base case corresponds to the 3D case
in Chapter 5. The setup of the base case was discussed in Section 5.1.1. The
variations are grouped into four categories: density, size, domain, and aperture
related variations (Table 6.1). The results are presented in the next sub-sections.

Table 6.1: Case studies based on variations of the base case parameters in Table 5.1. The
base case corresponds to the 3D case in Section 5.1.1.

Group Case Change Figures

Density 1 0.5× Density 6.3a & 6.4a
2 2× Density 6.3b & 6.4b

Size

3 0.5× Exponent 6.5a & 6.6a
4 2× Exponent 6.5b & 6.6b
5 0.5× Minimum size 6.7a & 6.8a
6 2× Minimum size 6.7b & 6.8b
7 0.5× Maximum size 6.9a & 6.10a
8 2× Maximum size 6.9b & 6.10b

Domain 9 0.5× Domain size 6.11a & 6.12a
10 1.5× Domain size 6.11b & 6.12b

Aperture 11 aperture ∝
√

size 6.13a & 6.14a
12 aperture ∝ size2

6.13b & 6.14b

6.2.2 Base Case

The parameters used in the base case are the same as those used to generate the
synthetic 3D fracture network in Chapter 5 (see Section 5.1.1 and Table 5.1). The
fracture subset upscaling results are shown in Figure 6.2. eEMT for the asym-
metric and symmetric self-consistent methods are respectively 0.26 and 0.36,
which suggests that the EMT and mean numerical results are within one or-
der of magnitude from each other. Consistent with the findings of Sævik et al.
(2013), the asymmetric self-consistent method overpredicts effective permeabil-
ity, but becomes more accurate as more fractures are being upscaled. On the
other hand, the symmetric self-consistent method underpredicts effective per-
meability. However, despite not accounting for percolation theory, both EMT ap-
proaches are able to reproduce percolation thresholds, although the asymmetric
self-consistent method seems to be more accurate in this case. The ten numerical
fracture subset upscaling curves show some variations since they are stochastic
realizations of the underlying statistical fracture network parameters. However,
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the variations are small since the domain size (100 m) is significantly bigger than
the largest fracture (20 m radius).

Figure 6.2: Base case fracture subset upscaling results from numerical flow based upscal-
ing as well as both EMT approaches (6.5) and (6.6).

One of the stochastic realizations used was the 3D reference model presented
in Chapter 5. The model was previously used to create a set of associated SP hy-
brid models, each corresponding to a different partititioning size. The reference
and hybrid models were then subjected to the same fixed pressure boundary
conditions to simulate drawdown responses. As shown in the outlet flowrate re-
sponse (Figure 5.7a), the partitioning threshold predicted by both the EMT and
numerical approaches leads to the simplest SP hybrid model that is still accurate.

6.2.3 Density Variations

Figure 6.3 shows the fracture subset upscaling results for cases 1 and 2, in which
fracture network density is varied. In case 1, fracture density is half of the base
density. As a result, for a given partitioning size, there will be less fractures,
making it less likely that fractures will be connected. This lower connectivity is
reflected in the shift of the fracture subset upscaling curves towards the right
such that the threshold partitioning size also increases. On the other hand, when
the fracture density is doubled (case 2), fracture subsets contain more fractures
for the same partitioning size. This increase in fracture subset density is reflected
in the fracture subset upscaling curves (Figure 6.3b) which show higher overall
effective pseudo-matrix permeability and an earlier threshold partitioning size.
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Figure 6.3: Fracture subset upscaling results for cases with density variations.

The EMT predictions for these two cases manages to capture the effects of
density variations. For case 1, eEMT is, respectively, 0.34 and 0.30 for the asym-
metric and symmetric self-consistent methods. For case 2, eEMT is, respectively,
0.22 and 0.41 for the asymmetric and symmetric self-consistent methods. Similar
to the base case, the symmetric self-consistent EMT underpredicts the effective
permeability. However, the asymmetric self-consistent approach overpredicts the
effective permeability except at large partitioning sizes for case 2. The asymmet-
ric self-consistent formulation also captures the threshold partitioning size more
accurately. The identified threshold partitioning sizes are 10 m for case 1 and
6.25 m for case 2. These partitioning thresholds are verified to produce SP hy-
brid models that are simplified yet sufficiently accurate compared to reference
full model (Figure 6.4). SP hybrid models corresponding to larger partitioning
sizes result in significant deviations from reference solutions.

Figure 6.4: Simulated outlet flowrate reponses of full and SP hybrid models for cases
with density variations.
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6.2.4 Fracture Size Variations

The distribution of fracture sizes can be varied by adjusting the parameters of
the underlying power law distribution. These are the power law exponent as
well as the minimum and maximum fracture sizes. The effects of varying these
parameters will be investigated one at a time.

Firstly, in cases 3 and 4, the power law exponents are respectively half and
double of their base case counterpart. The effect of varying the power law ex-
ponent is a change in the proportion of fractures by size. A lower exponent
results in more large fractures and less small fractures, and vice versa. Follow-
ing the procedure in Figure 6.1, the fracture subset upscaling curves produced
are shown in Figure 6.5. In case 3, for a given partitioning size, the resulting sub-
set of fractures to be upscaled contains less fractures than in the base case. As a
result, the fracture subset is less connected. This decreased connectivity has the
effect of increasing the threshold partitioning size. In case 4, the power law expo-
nent is doubled. Hence, the proportion of small sized fractures is higher, which
causes the fracture subset to percolate earlier. Both EMT methods are capable of
predicting upscaled permeabilities that are within an order of magnitude from
mean numerical results, but the asymmetric self-consistent formulation more
accurately captures the threshold partitioning size. For case 3, eEMT is, respec-
tively, 0.27 and 0.37 for the asymmetric and symmetric self-consistent methods.
For case 4, eEMT is, respectively, 0.26 and 0.33 for the asymmetric and symmet-
ric self-consistent methods. The respective threshold partitioning sizes in cases
3 and 4 are 8.75 m and 6.25 m. Figure 6.6 shows flowrate responses for fixed
pressure boundary conditions applied to cases 3 and 4. Beyond the identified
thresholds, SP hybrid models become oversimplified and produce results that
do not match full model results.

Figure 6.5: Fracture subset upscaling results for cases with variations in the power law
exponent.
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Figure 6.6: Simulated outlet flowrate reponses of full and SP hybrid models for cases
with variations in the power law exponent.

The effect of adjusting the minimum fracture size is also explored in cases 5

and 6. The fracture subset upscaling curves are shown in Figure 6.7. In case 7,
since the minimum size was only changed by −2.5 m, the effect on the thresh-
old partitioning size was minimal. On the contrary, in case 8, with minimum
fracture size doubled, the smallest fractures themselves are very likely to be
connected with each other without the larger fractures. As such, the threshold
partitioning size is practically the minimum fracture size. The analytical fracture
subset upscaling results were found to be within an order of magnitude rela-
tive to the mean numerical results. For case 5, eEMT is, respectively, 0.26 and
0.37 for the asymmetric and symmetric self-consistent methods. For case 6, eEMT

is, respectively, 0.35 and 0.39 for the asymmetric and symmetric self-consistent
methods. The thresholds are tested in production simulations under fixed pres-
sure boundary conditions. The simulated results are shown in Figure 6.8, where
it can be observed that in case 5, the threshold of 7.5 m corresponds to the SP
hybrid model that matches the full model solution the best. Meanwhile, in case
6, because the smallest fractures themselves are well connected, any partitioning
size results in separation of time scales in implicit fractures and the matrix that
cannot be captured with SP hybrid models.

Finally, cases 7 and 8 look at the impact of variations in maximum fracture size.
Figure 6.9a shows the fracture subset upscaling curves for case 7, in which the
maximum fracture size is halved. Given the same fracture density, halving the
maximum fracture size results in more smaller fractures. As a result, the thresh-
old partitioning size shifts to smaller values as it becomes easier for fracture
subsets created from small partitioning sizes to become well-connected. Figure
6.9b shows the case when maximum fracture size is doubled. There are now
a smaller number of fractures for every fracture size, making fracture subsets
less connected for a given partitioning size. This decreased connectivity causes
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Figure 6.7: Fracture subset upscaling results for cases with variations in the minimum
fracture size.

Figure 6.8: Simulated outlet flowrate reponses of full and SP hybrid models for cases
with variations in the minimum fracture size.

an increase in the threshold partitioning size. The results generated from EMT
are within an order of magnitude relative to the mean numerical results. For
case 7, eEMT is, respectively, 0.25 and 0.28 for the asymmetric and symmetric
self-consistent methods. For case 8, eEMT is, respectively, 0.49 and 0.34 for the
asymmetric and symmetric self-consistent methods. The identified thresholds
are 6.25 m and 10 m, respectively, for cases 7 and 8. Figure 6.10 shows the com-
parisons of flowrate responses given a fixed pressure boundary condition for full
and hybrid models. For both cases, partitioning sizes larger than the threshold
result in increasingly poorly performing SP hybrid models.

6.2.5 Domain Variations

An important distinction between analytical and numerical upscaling is that the
former approach is done at the scale of an REV, while the latter depends on the
numerical model’s domain size. In the base case, numerical fracture subset up-
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Figure 6.9: Fracture subset upscaling results for cases with variations in the maximum
fracture size.

Figure 6.10: Simulated outlet flowrate reponses of full and SP hybrid models for cases
with variations in the maximum fracture size.

scaling was performed for models with a physical domain of 100 m× 100 m×
100 m. In cases 9 and 10, we explore how changing the domain size might af-
fect our findings. Figure 6.11a shows the upscaling results for a domain size of
50 m× 50 m× 50 m. For case 9, eEMT is, respectively, 0.28 and 0.41 for the asym-
metric and symmetric self-consistent methods. For case 10, eEMT is, respectively,
0.27 and 0.37 for the asymmetric and symmetric self-consistent methods. While
EMT results still fall within an order of magnitude relative to the mean numeri-
cal results, the numerical results show more variation than in Figure 6.2 (all other
parameters being the same). The reason for the increase in variation is that the
domain size is now approaching the maximum fracture size (20 m radius), and
may no longer be on the scale of an REV. On the other hand, the results of case
10 (Figure 6.11), in which the domain size is 150 m× 150 m× 150 m, show very
little variation between the numerical upscaling results of all ten DFN realiza-
tions. This lack of variation is due to the domain size used being within the REV
scale. Regardless, the threshold partitioning size in both cases remain at 7.5 m,
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which produces the best performing SP hybrid model in terms of compromising
between simplicity and accuracy (Figure 6.12).

Figure 6.11: Fracture subset upscaling results for cases with domain size variations.

Figure 6.12: Simulated outlet flowrate reponses of full and SP hybrid models for cases
with domain size variations.

6.2.6 Aperture Variations

So far, the fracture aperture-size relationship has always been assumed to be
linear. While simplistic, this assumption is motivated by linear elastic fracture
mechanics (Section 2.1). However, in reality, fracture apertures are not only con-
trolled by fracture sizes, but also by other factors such as surface roughness and
the stress regime that the network is under (Bisdom et al., 2015). Consideration
of all these factors is outside of the scope of our work; instead, we study two
non-linear aperture-size relationships:

a = β0.5 ·
√

s (6.8)

a = β2 · s2 (6.9)
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where a is the aperture of a fracture with size s. The constants β0.5 and β2 are cho-
sen such that the effective-to-matrix permeability ratios calculated at sp = 20 m
(full fracture network) are approximately 103, similar to the base case. These non-
linear aperture-size relationships allow us to assess if the concept of a threshold
partitioning size still holds, as well as to test if EMT can accurately predict the
correct thresholds.

Figure 6.13 shows the fracture subset upscaling curves for cases 11 and 12, in
which the non-linear aperture-size relationships have been used. In case 11, with
a ∝
√

s, smaller fractures become more conductive while large fractures see a
decrease in intrinsic permeability. Despite the change in fracture conductivities,
the threshold partitioning size remains at at 7.5 m since the increase in small
fracture conductivity does not change the fact that fracture subsets only begin
to become connected at 7.5 m. However, beyond the threshold partitioning size,
the percolation of fractures becomes more abrupt compared to the base case.
In case 12, with a ∝ s2, the intrinsic permeability of small fractures decrease
while large fractures become more conductive. This change in distribution of
fracture conductivities has a small impact on the threshold partitioning size as
small fractures become less effective even if they contribute to fracture subset
connectivity. As a result, the threshold partitioning size is slightly increased to
8.75 m. The percolation of fractures also becomes less distinct and more spread
out since the variation in intrinsic fracture permeabilities is large.

Figure 6.13: Fracture subset upscaling results for cases with variations in aperture-size
relationship.

In both cases, the fracture subset upscaling curves generated using EMT are
within an order of magnitude relative to the mean numerical results. For case
11, eEMT is, respectively, 0.35 and 0.41 for the asymmetric and symmetric self-
consistent methods. For case 12, eEMT is, respectively, 0.12 and 0.36 for the asym-
metric and symmetric self-consistent methods. The percolation thresholds are
particularly well predicted by the asymmetric self-consistent EMT formulation.
Fixed pressure drawdown responses between SP hybrid and full reference mod-
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els for cases 11 and 12 are shown in Figure 6.14. It can be observed that, as
usual, SP hybrid models created with partitioning sizes at or below threshold
partitioning sizes match reference solutions very well.

Figure 6.14: Simulated outlet flowrate reponses of full and SP hybrid models for cases
with variations in aperture-size relationship.

6.3 strengths and weaknesses

In the previous section, we validated that EMT is a viable alternative for fracture
subset upscaling to determine threshold partitioning sizes. The main benefit of
using EMT is computational efficiency. In our experience, it reduces the time
required for fracture subset upscaling from hours to seconds in comparison to
the numerical approach. Through the validation in Section 6.2, we also showed
that both EMT formulations (equations 6.5 and 6.6) generate results for uncor-
related fracture families uniformly distributed in space which are within an or-
der of magnitude from reference numerical results. Particularly, the asymmetric
self-consistent formulation performs better in terms of determining threshold
partitioning sizes.

However, in reality, fracture families are usually correlated with each other
through abutment relationships (Hardebol et al., 2015). These correlations result
in less connections between fractures than when they are allowed to freely in-
tersect each other. As such, accounting for abutment relationships reduces the
predicted conductivities of fracture networks. Unfortunately, EMT does not take
into consideration fracture abutments. EMT in its current form also assumes
that fractures are elliptically shaped. However, bed-confined fractures often take
on elongated shapes that resemble rectangles more than ellipses. To cater to
bed-confined fractures, EMT will have to be reformulated to cater to rectangu-
lar fractures. Hence, for highly correlated rectangular fracture families such as
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Apodi 2 and 4 in Chapter 5, the slower but more robust numerical approach is
recommended.

6.4 summary

In this chapter, it was argued that the concept of a threshold partitioning size for
evaluating a priori the accuracy of a SP hybrid model is useful. But, determining
the threshold using a numerical flow based upscaling approach is a computation-
ally inefficient process. Instead, we proposed to substitute numerical upscaling
with EMT, which is an analytical upscaling tool recently adapted by Sævik et al.
(2013) for fractured porous media. While EMT was developed for monodisperse
fracture families, it has been shown to be applicable to polydisperse fracture
families by Ebigbo et al. (2016). However, since no algorithm was provided, we
presented in Section 6.1 our approach to fracture subset upscaling using EMT for
polydisperse fracture families. A MATLAB example was also shown to demon-
strate how the code by Sævik et al. (2013) can be easily used in our method.

The results of fracture subset upscaling using EMT was then benchmarked
against numerically obtained results. The validation strategy involved 13 frac-
ture network parameter sets: one for a base case and 12 others being variations
of the base case. The comparisons show that for these cases, EMT was able to
closely match numerical results. In addition, EMT, particularly the asymmetric
self-consistent formulation, was shown to be able to reliably determine threshold
partitioning sizes. To verify that the identified threshold partitioning sizes cor-
respond to the best balance between SP hybrid model simplicity and accuracy,
fixed pressure drawdown simulations were performed for every parameter set.
The results from the production simulations ascertained that the threshold parti-
tioning sizes determined from EMT can be used to make a priori assessments of
SP hybrid models.

Finally, the strengths and weaknesses of EMT are discussed. EMT provides a
massive speed up in comparison to numerical fracture subset upscaling. In our
studies, EMT was able to produce reliable results in a matter of seconds, whereas
the numerical approach took several hours per DFN realization of a parameter
set. However, since EMT does not take into account abutment relationships be-
tween fractures and non-elliptical fracture shapes, it cannot account for all types
of fracture networks. When EMT cannot be used, fracture subset upscaling will
have to be performed with the slower but more robust numerical flow based
approach.

132



7
S U M M A RY, C O N C L U S I O N S A N D F U T U R E W O R K

7.1 summary

Naturally fractured reservoirs (NFR) are commonly encountered in the extrac-
tion of hydrocarbons, production of geothermal energy, sequestration of cap-
tured carbon dioxide and the management of groundwater resources. However,
NFRs are highly heterogeneous, posing significant challenges for fluid flow mod-
elling. Three main classes of methods exist to address these challenges: contin-
uum, Discrete Fracture & Matrix (DFM) as well as hybrid methods. Continuum
methods represent fracture networks implicitly as equivalent porous media to
account only for large scale flow behaviours, making full field simulations possi-
ble. DFM methods, on the other hand, stay true to the fracture network geome-
try through explicit representations in order to capture the full flow dynamics in
NFRs; the high level of resolution comes at the cost of computational efficiency.
Hybrid methods take advantage of both continuum and DFM methods to strike
a balance between model simplicity and accuracy.

Given the number of flow modelling methods that are available, it is often
difficult to decide which method to actually use for a particular NFR. Decisions
could be made by benchmarking several choices against reference data. The ref-
erence data could be field production data, which may be costly to acquire, or
solutions from high resolution DFM simulations. Alternatively, heuristic method-
ologies have also been proposed to make a priori modelling decisions using only
fracture network parameters.

In view of these challenges, this thesis aimed to advance our understanding
of how to select flow modelling methods for NFRs by building on both the
benchmarking and a priori approaches. We explored the usage of the Embed-
ded Discrete Fracture Model (EDFM), a DFM method, to simulate multiphase
flow responses on small scale representative models. The purpose of such simu-
lations is to provide insights to reservoir engineers about the flow dynamics in
NFRs, thereby allowing informed modelling decisions to be made. The EDFM
results were also compared to continuum and hybrid model simulation outputs
to facilitate the analysis of the strengths and weaknesses of each model. Our
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studies highlighted the remarkable performance of hybrid models, which led to
the development of a workflow that allows reservoir engineers to assess, a priori,
the performance of Single Porosity hybrid models. The workflow depends on
the concept of threshold partitioning sizes, which can be determined using flow
based upscaling. The procedure involves determining equivalent pseudo-matrix
permeabilities for different partitioning sizes, and then identifying the threshold
from the permeability-size relationship. Instead of simply defaulting to numeri-
cal flow based upscaling, the Effective Medium Theory (EMT) was adapted and
proposed as a faster method to determine threshold partitioning sizes. Bench-
marking of EMT against numerical upscaling was performed to ascertain that
the two methods are comparable.

7.2 conclusion

In this section, the findings in the preceding chapters are linked to the objectives
of the research project, which were outlined in Chapter 1. We draw the following
conclusions in correspondence with each objective:

1. EDFM was used in Chapter 4 to simulate immiscible gas-water flow in a
test model representative of a small section of a real fractured gas field.
The test model was produced using a fixed rate well and a constant pres-
sure aquifer. The results allowed us to improve our understanding of the
impacts of capillary and gravity forces in gas recovery. Further case stud-
ies were performed using EDFM to investigate remedial options upon wa-
ter breakthrough, as well as the relationship between breakthrough time
and production rate. Analyses of the simulation results uncovered flow dy-
namics that have strong implications regarding the continuum or hybrid
models that should be used. Particularly, the test model used exhibited
separation of time scales for flow in the fracture corridors and diffuse frac-
tures. This observation suggests that the two fracture scales should be sep-
arately represented when upscaled. The matrix was also found to be in a
transient flow state throughout the simulated time periods, suggesting that
conventional transfer functions that assume pseudo-steady state flow can-
not be used. These findings show that EDFM, paired with well designed
test models, is a remarkable tool for revealing underlying flow dynamics
in a NFR, guiding the design of full-field simulations, and explaining why
full-field simulations can be matched against production data but give poor
forecasts.

2. We also compared three different continuum and hybrid models against
EDFM in Chapter 4. The models are based on the following methods: (1)
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Dual Porosity (DP), (2) Single Porosity EDFM hybrid (SP-EDFM), (3) Dual
Porosity EDFM hybrid (DP-EDFM). By comparing simulation results from
DP, SP-EDFM and DP-EDFM models against reference EDFM outputs, we
found that the DP method was unsuitable for representing the field that we
are investigating. On the other hand, the SP-EDFM and DP-EDFM meth-
ods were capable of reproducing the breakthrough times and saturation
fields accurately. It is important to note that these results do not claim
that DP models are always inferior to hybrid models. Instead, our findings
show that EDFM can be a useful tool for generating reference solutions
that allow continuum and hybrid model results to be benchmarked against.
The use of EDFM as a truth case generator will allow reservoir engineers
to make informed decisions when designing full field models. By using
EDFM solutions to guide the design of field models, we ensure that fluid
flow characteristics in a NFR are reproducible in full field simulations.

3. While EDFM was shown to be a useful tool to simulate production data
that allows reservoir engineers to make informed modelling choices, EDFM
simulations take significant time to run in comparison to simulation meth-
ods which make use of upscaling. In Chapter 5, EDFM simulations run
on three different fracture networks (one synthetic 3D and two outcrop-
based 2D models) were analyzed. The analyses highlighted the existence
of threshold partitioning sizes, beyond which SP hybrid models begin to
become inaccurate. The thresholds were also observed to be identifiable
through the relationship between pseudo-matrix permeability and parti-
tioning size. The findings in this chapter allowed us to construct a work-
flow that enables reservoir engineers to assess, a priori, the accuracy of
Single Porosity (SP) hybrid models.

4. The relationship between pseudo-matrix permeability and partitioning size
for SP hybrid modelling is determined through a process known as fracture
subset upscaling. In Chapter 5, fracture subset upscaling was performed
numerically, allowing for threshold partitioning sizes to be identified. How-
ever, this is an inefficient process. Instead, in Chapter 6, we investigated
how the Effective Medium Theory (EMT), an analyical upscaling tool de-
veloped by Sævik et al. (2013) for fractured porous media, can be used for
fracture subset upscaling. While limited to uncorrelated elliptical fracture
sets, our validation results showed that fracture subset upscaling curves
generated from EMT and the numerical approach compare favourably with
each other. The work done in this chapter shows that the SP hybrid model
assessment workflow previously constructed can be efficiently executed
using EMT.

135



7.3 recommendations for future work

To conclude this thesis, we would like to highlight some recommendations for
future work that will further extend and improve the findings in our research.
The additional work required for each recommendation to be executed will also
be outlined.

1. Run hybrid EDFM and Multiple Interacting Continua (MINC) simulations
on the test model in Chapter 4 to investigate if the transient matrix flow
can be better captured. Sensitivity studies may then be performed to un-
derstand when a MINC approach is required. Additionally, possible im-
provements from using the DP-EDFM model with transfer functions which
account for transient matrix flow can be investigated (March et al., 2016).
The results of this work can be used to construct a workflow for assessing
the need for representing transient matrix flow in upscaled models. Con-
ducting this study using MRST will require the development of a MINC
module or the extension of the DP module to include more advanced trans-
fer functions. The EDFM module can be used in its current form.

2. Perform the EDFM studies in Chapter 4 using test models constructed with
power law distributed fracture sizes. Partitioning power law distributed
fracture families is a more challenging task as it becomes less obvious how
the different fractures should be lumped since the fracture sizes are con-
tinuously distributed. The insights gathered from such a study will further
improve our understanding about how NFRs should be modelled. The ex-
isting in-house DFN generator can readily be used to generate such power
law distributed fracture networks.

3. Develop a workflow to assess the suitability of Dual Porosity (DP) hybrid
representations. This development is a continuation of the work done to
construct the SP hybrid model evaluation workflow in Chapter 5. An open
question that arises from our new workflow is what to do if an SP hybrid
model cannot be used. In such situations, other forms of fracture network
representations should be assessed, making a DP hybrid model assessment
workflow desirable. To execute this work, the DP-EDFM hybrid modelling
code developed for the work in Chapter 4 can be readily used for simula-
tion studies.

4. Assess other analytical upscaling tools for fracture subset upscaling. It was
highlighted in Chapter 6 that EMT is unsuitable for fracture families that
exhibit abutment relationships. Alternatively, Oda’s method could be used
along with a connectivity factor that impedes the contribution of fractures
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to effective permeability. However, it has traditionally been unclear how
this connectivity factor can be determined. Recent work by Saevik and
Nixon (2017) has provided correlations between outcrop intersection mea-
surements and the connectivity factor, making Oda’s method a potentially
viable alternative to EMT. To conduct this study, code to execute Oda’s
method is required. Additionally, algorithms will need to be developed to
automatically perform intersection measurements on fracture trace maps
sourced from outcrops.

5. Investigate the impact of different drive mechanisms on hybrid model con-
struction. The workflow developed in Chapters 5 and 6 have only been
validated for single phase flow. A starting point for such a study could
be to perform simulations that include multiphase flow and gravity to de-
termine whether or not the threshold partitioning sizes determined from
fracture subset upscaling still result in SP hybrid models that are fit for
purpose.
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A
E X A M P L E : D F N G E N E R AT I O N

We present here an example of a MATLAB code that generates the DFN shown
in Figure A.1. Three orthogonal fracture orientation sets are defined; the frac-
tures are circular, power law distributed in size, Fisher distributed in orientation
and randomly located in space based on a Poisson process.

%% FRACTURE NETWORK STATISTICAL PARAMETERS

physdim=[100 100 100]; % domain size

% Fracture sets 1 (red), 2(green), 3(yellow)

fracinput1=struct(’vertices’,10,...

’P32’,0.025*(1/meter),...

’normal’,struct(’direction’,[1 0 0],’K’,10),...

’size’,struct(’minsize’,5*meter,’maxsize’,20*meter,’exponent’,1.5),...

’perm’,1e7*milli*darcy,...

’poro’,1,...

’aperture’,0.001*meter,...

’circle’,true);

fracinput2=fracinput1; fracinput2.normal.direction=[0 0 1];

fracinput3=fracinput1; fracinput3.normal.direction=[0 1 0];

% Exclusion zone is cylindrical with radius being (1+exclzonemult) times

% the fracture radius; height is exclzonemult times the fracture radius.

exclzonemult=0.01; �
The parameters are passed to an in-house DFN generator. Periodicity is en-

forced at the domain boundaries such that truncated fractures re-appear at op-
posite boundaries.
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%% DFN GENERATION

tol=10^-5; % tolerance for comparison of doubles

fracplanes=[]; % empty list of fracture objects

% set 1

[fracplanes,~]=DFNgenerator(fracplanes,fracinput1,physdim,...

exclzonemult,tol,’periodic’,true);

% set 2

[fracplanes,~]=DFNgenerator(fracplanes,fracinput2,physdim,...

exclzonemult,tol,’periodic’,true);

% set 3

[fracplanes,~]=DFNgenerator(fracplanes,fracinput3,physdim,...

exclzonemult,tol,’periodic’,true); �

Figure A.1: Stochastically generated DFN. (a) Vertical fracture set (red) oriented along
y-axis, (b) Horizontal fracture set (green), (c) Vertical fracture set (yellow)
oriented along x-axis, (d) Full fracture network.
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B
E X A M P L E : E D F M M O D E L C O N S T R U C T I O N A N D
S I M U L AT I O N

The EDFM model in Figure 3.2 was generated with the following code. The code
begins with the construction of a matrix grid.

%% SET UP A STRUCTURED MATRIX GRID

physdim = [350, 200, 100]; % 350m x 200m x 100m domain

celldim = [35, 20, 10]; % 10m x 10m x 10m grid cell sizes

G = cartGrid(celldim, physdim);

G = computeGeometry(G);

G.rock=makeRock(G,100*milli*darcy,0.3); % km=100mD, matrix porosity = 0.3 �
Three fractures are then defined. Fracture 2 (Green) is adjusted to give it an

incline.

%% SET UP FRACTURE 1 (RED)

fracplanes(1).points = [40 100 0;

90 160 0;

90 160 100;

40 100 100]; % Vertices

fracplanes(1).aperture = 1/25;

fracplanes(1).poro=0.8;

fracplanes(1).perm=10000*darcy; �
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%% SET UP FRACTURE 2 (GREEN)

points = [80 160 0;

290 40 0;

290 40 100;

80 160 100]; %vertices

f2normal = getnormal(points);

points([1,2],:)=points([1,2],:)-f2normal*15; % displace top points

points([3,4],:)=points([3,4],:)+f2normal*15; % displace bottom points

fracplanes(2).points = points;

fracplanes(2).aperture = 1/25;

fracplanes(2).poro=0.8;

fracplanes(2).perm=10000*darcy; �
%% SET UP FRACTURE 3 (YELLOW)

fracplanes(3).points = [200 70 0;

280 160 0;

280 160 100;

200 70 100]; % Vertices

fracplanes(3).aperture = 1/25;

fracplanes(3).poro=0.8;

fracplanes(3).perm=10000*darcy; �
The matrix grid and fracture objects are passed through the preprocessing

functions in the EDFM module to produce the EDFM global grid object G; the
NNC list is embedded in G.

%% CONSTRUCT FRACTURE GRID

[G,fracplanes]=EDFMgrid(G,fracplanes);

%% MATRIX-FRACTURE NNC CALCULATIONS

tol=1e-5; % tolerance for equality of doubles

G=fracturematrixNNC3D(G,tol);

%% FRACTURE-FRACTURE NNC CALCULATIONS

tol=1e-5; % tolerance for equality of doubles

[G,fracplanes]=fracturefractureNNCs3D(G,fracplanes,tol); �
The code below shows how a black oil EDFM simulation can be run. A simple

three phase fluid is first set up.
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%% FLUID PROPERTIES

% Define a three-phase fluid model without capillarity. Properties are

% listed in the order ’Water-Oil-Gas’.

pRef = 100*barsa;

fluid = initSimpleADIFluid(’phases’ , ’WOG’, ...

’mu’ , [ 1, 5, 0.2] * centi*poise , ...

’rho’, [1000, 700, 250] * kilogram/meter^3, ...

’c’, [1e-8, 1e-5, 1e-3] / barsa, ...

’n’ , [ 2, 2, 2], ...

’pRef’ , pRef); �
The global grid G resulting from the EDFM preprocessor, along with the fluid,

are used to create a black oil EDFM model.

%% DEFINE BLACK OIL MODEL

% Define a black oil model without dissolved gas or vaporized oil. Gravity

% is disabled.

gravity off

model = ThreePhaseBlackOilModel(G, G.rock, fluid, ...

’disgas’, false, ’vapoil’, false);

model.operators = setupEDFMOperatorsTPFA(G, G.rock, tol); �
Wells W are specified with one well injecting 5 pore volumes over 5 years, and

another producing at a fixed pressure.

%% ADD INJECTOR

totTime = 5*year;

tpv = sum(model.operators.pv);

wellRadius = 0.1;

[nx, ny, nz] = deal(G.cartDims(1), G.cartDims(2), G.cartDims(3));

cellinj = 1:nx*ny:(1+(nz-1)*nx*ny);

W = addWell([], G, G.rock, cellinj, ’Type’, ’rate’, ...

’Val’, tpv/totTime, ’Radius’, wellRadius, ...

’Comp_i’, [1, 0, 0], ’Name’, ’Injector’); �
%% ADD PRODUCER

cellprod = nx*ny : nx*ny : nz*nx*ny;

W = addWell(W, G, G.rock, cellprod, ’Type’, ’bhp’, ...

’Val’, 50*barsa, ’Radius’, wellRadius, ...

’Comp_i’, [1, 1, 0], ’Name’, ’Producer’); �
The model is then initialized to be fully saturated with oil at constant pressure.

Finally, a time stepping scheme is set up before the simulation is launched.
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%% INITIALIZATION

% At time zero, the model is saturated only with oil. The initial pressure

% is set to the reference pressure.

s0 = [0, 1, 0];

state = initResSol(G, pRef, s0); �
%% SET UP SCHEDULE

% Time step is set to 30 days, with an initial ramp up to the designated

% time step.

dt = rampupTimesteps(totTime, 30*day, 10);

schedule = simpleSchedule(dt, ’W’, W); �
%% LAUNCH SIMULATION

[ws, states, report] = simulateScheduleAD(state, model, schedule); �
The results of the simulation are shown in Figure B.2, where the progression

of the water saturation front is visibly affected by the three fractures. At 90 days,
the front just reaches the fracture network. At 150 days, water has short-circuited
through the fracture network. Water breaks through at the well at 270 days. After
a further 330 days, most of the domain remains unswept by water.

Figure B.2: Results for a simple water flood simulation into the model in Figure 3.2. Wa-
ter saturation maps for the matrix and fractures are shown for four different
time steps.
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C
E X A M P L E : D P - E D F M M O D E L C O N S T R U C T I O N A N D
S I M U L AT I O N

An example of a DP-EDFM model construction and simulation is demonstrated
here. The process begins with the definition of the fracture objects.

%% SET UP FRACTURE 1 (RED)

fracplanes(1).points = [40 100 0;

90 160 0;

90 160 100;

40 100 100]; % Vertices

fracplanes(1).aperture = 1/25;

fracplanes(1).poro=0.8;

fracplanes(1).perm=10000*darcy; �
%% SET UP FRACTURE 2 (GREEN)

points = [80 160 0;

290 40 0;

290 40 100;

80 160 100]; %vertices

f2normal = getnormal(points);

points([1,2],:)=points([1,2],:)-f2normal*15; % displace top points

points([3,4],:)=points([3,4],:)+f2normal*15; % displace bottom points

fracplanes(2).points = points;

fracplanes(2).aperture = 1/25;

fracplanes(2).poro=0.8;

fracplanes(2).perm=10000*darcy; �
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%% SET UP FRACTURE 3 (YELLOW)

fracplanes(3).points = [200 70 0;

280 160 0;

280 160 100;

200 70 100]; % Vertices

fracplanes(3).aperture = 1/25;

fracplanes(3).poro=0.8;

fracplanes(3).perm=10000*darcy; �
A base grid is then constructed; this grid will later be modified to account

for the matrix as well as implicit and explicit fractures. At the moment, it only
accounts for implicit fractures and the matrix. Rock properties are defined for
the two continua using the base grid.

%% GRID FOR MATRIX AND IMPLICIT FRACTURES

physdim = [350, 200, 100]; % 350m x 200m x 100m domain

celldim = [35, 20, 10]; % 10m x 10m x 10m grid cell sizes

G = cartGrid(celldim, physdim);

G = computeGeometry(G);

rock_matrix = makeRock(G, 1*milli*darcy, 0.1);

rock_fracture = makeRock(G, 10000*milli*darcy, 0.01); �
The next step is to invoke the EDFM preprocessor. The fracture continuum

rock properties are assigned to the base grid object before the latter is passed
through the preprocessor. The preprocessor then extends the base grid to ac-
count for explicit fractures, and establishes NNCs to connect the explicit frac-
tures to each other and to the implicit fracture continuum.

%% EDFM PRE-PROCESSING

tol=1e-5;

G.rock = rock_fracture;

[G,fracplanes]=EDFMgrid(G,fracplanes);

G=fracturematrixNNC3D(G,tol);

[G,fracplanes]=fracturefractureNNCs3D(G,fracplanes,tol); �
A simple two phase simulation is then set up. However, as the fluids have

different petrophysical properties in the fractures and matrix, a linearly decreas-
ing capillary pressure is prescribed in the rock, and zero capillary pressure is
prescribed in the fractures (both implicit and explicit).
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%% SET UP BASE TWO PHASE FLUID

pRef = 100*barsa;

fluid = initSimpleADIFluid(’phases’ , ’WO’, ...

’mu’ , [ 1, 5] * centi*poise , ...

’rho’, [1000, 700] * kilogram/meter^3, ...

’c’, [1e-8, 1e-5] / barsa, ...

’n’ , [ 2, 2], ...

’pRef’ , pRef); �
%% INCLUDE PETROPHYSICAL PROPERTIES

fluid_fracture = fluid;

fluid_matrix = fluid;

fluid_fracture.pcOW=@(swm)0;

fluid_matrix.pcOW=@(swm)50*kilo*Pascal*(1-swm); �
A DP-EDFM model is then created with a transfer function by Kazemi et al.

(1976) and a matrix block size of 10 m × 10 m × 10 m.

%% CREATE TWO PHASE DP-EDFM MODEL

% Two phase model with no gravity

gravity off

model = TwoPhaseOilWaterDPEDFM(G, rock_fracture, fluid_fracture,...

rock_matrix, fluid_matrix, [], tol);

% The shape factor and transfer function

fracture_spacing = repmat([10,10,10], G.Matrix.cells.num, 1);

shape_factor_name = ’KazemiShapeFactor’;

model.transfer_model_object = KazemiOilWaterTransferFunction(...

shape_factor_name, fracture_spacing); �
An injector and producer well pair are added to the domain, with the former

injecting 5 pore volumes over a year, and the latter producing at fixed pressure.

%% ADD INJECTOR

totTime = 5*year;

tpv = sum(rock_matrix.poro.*G.Matrix.cells.volumes)+...

sum(G.rock.poro.*G.cells.volumes);

wellRadius = 0.1;

[nx, ny, nz] = deal(G.cartDims(1), G.cartDims(2), G.cartDims(3));

cellinj = 1:nx*ny:(1+(nz-1)*nx*ny);

W = addWell([], G, G.rock, cellinj, ’Type’, ’rate’, ...

’Val’, tpv/totTime, ’Radius’, wellRadius, ...

’Comp_i’, [1, 0], ’Name’, ’Injector’); �
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%% ADD PRODUCER

cellprod = nx*ny : nx*ny : nz*nx*ny;

W = addWell(W, G, G.rock, cellprod, ’Type’, ’bhp’, ...

’Val’, 50*barsa, ’Radius’, wellRadius, ...

’Comp_i’, [1, 1], ’Name’, ’Producer’); �
The model is then initialized so that it is fully saturated with oil at a constant

pressure. Finally, a schedule is set up with 30 day time steps before the simula-
tion is launched.

%% INITIALIZATION

% Field is initially saturated with oil and at fixed pressure.

state.pressure = ones(G.cells.num, 1) * pRef;

state.s = repmat([0 1],G.cells.num, 1);

state.swm = zeros(G.Matrix.cells.num, 1);

state.pom = ones(G.Matrix.cells.num, 1) * pRef;

state.wellSol= initWellSolAD(W, model, state); �
%% SET UP SCHEDULE

% Time step is set to 30 days, with an initial ramp up to the designated

% time step.

dt = rampupTimesteps(totTime, 30*day, 10);

schedule = simpleSchedule(dt, ’W’, W); �
%% LAUNCH SIMULATION

[ws, states, report] = simulateScheduleAD(state, model, schedule); �
The results of the simulation are shown in Figure C.3. Injected water is ob-

served to progress towards the producer within the implicit fractures. Similar to
the EDFM results in Figure B.2, water short-circuits through the explicit fractures
to reach the producer well. However, the DP-EDFM model also includes a matrix
continuum which interacts with the implicit fractures through transfer functions.
As a result, water also imbibes the matrix as it progresses through the fractures.
However, the rate of water progression within the fractures is faster than the rate
of matrix-fracture fluid exchange. Thus, at each time step, the water saturation
in the matrix is significantly lower than that in the fracture continuum.
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Figure C.3: Results of the DP-EDFM simulation. Each row shows the water saturation
maps at a specific time step for the matrix, implicit and explicit fractures.
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D
E X A M P L E : U P S C A L I N G A P O LY D I S P E R S E F R A C T U R E
N E T W O R K U S I N G T H E E F F E C T I V E M E D I U M T H E O RY

In the example below, we show how polydisperse fracture families can be fur-
ther subdivided into monodisperse fracture sub-families using the procedure
proposed in Section 6.1. These fracture sub-families can be upscaled along with
a matrix using the EMT code developed by Sævik et al. (2013). The fracture net-
work in this example contains three orthogonal fracture families. Each fracture
family consists of fractures that are power law distributed in size with no varia-
tion in orientation. A stochastic realization of the fracture network is shown in
Figure 5.1. The fracture network parameters (Table 5.1), along with a partitioning
size, are first provided to MATLAB.

%% INPUTS

km=10*milli*darcy; % Matrix permeability

P32 = 0.15/meter; % Fracture density per family

physdim = [100 100 100]; % Domain size

ADratio = 3.5e-5; % Ratio of fracture aperture to fracture size

s_p =15*meter; % Partitioning size

radratio = 1; % Ratio of middle to large radii (Circular fractures)

% Size Distribution

exponent = 1.5; % power law exponent

minsize = 5*meter; % Minimum fracture radius

maxsize = 20*meter; % Maximum fracture radius

% Direction of principle axes

e11=[1 0 0]; e21=[0 0 1]; e31=[0 1 0]; % Fracture family 1

e12=[0 1 0]; e22=[0 0 1]; e32=[1 0 0]; % Fracture family 2

e13=[1 0 0]; e23=[0 1 0]; e33=[0 0 1]; % Fracture family 3 �
Since there are three fracture families, three groups of fracture sub-families

will have to be created. However, as the size distributions for all the fracture
families are identical, we simply generate a single set of representative fracture
sizes and prescribe different orientations later on to construct the fracture sub-

149



families. The following code produces a set of fracture sizes and densities that
are applicable to all fracture families i ∈ {1, 2, 3}.

%% POWER LAW APPROXIMATION

% Break up continuously distributed fracture network into a set of

% sub-families. Each sub-family is characterized by a representative size

% and fracture density.

tol=1e-5;

numsets=1000; % Number of sub-families

[sets,alpha] = powerlawsets(exponent, P32, ...

[minsize maxsize],...

[minsize s_p],...

1,numsets,tol,physdim);

% Extract information from output

query = @(x,param) x.(param);

sizerep = cellfun(@(x) query(x,’size’), sets); % Representative sizes

P31 = cellfun(@(x) query(x,’P31’), sets); % Fracture sub-family densities �
To ensure that the fracture sizes generated adequately represent the underly-

ing power law distribution, the following code plots the cumulative frequency
of fractures against fracture size. The results in Figure D.4 show a good match.

%% COMPARE CUMULATIVE FREQUENCIES

% Power law cumulative function

cumul = @(radii) (alpha/(1-exponent)) * ...

((2*radii).^(1-exponent)-(2*minsize)^(1-exponent));

% Plot

figure;

plot(sizerep, cumul(sizerep), ’-’);

hold on;

plot(sizerep,cumsum(P31 * prod(physdim)), ’--’, ’LineWidth’, 2);

legend(’Actual’, ’Approximation’, ’Location’, ’Best’);

ylabel(’Cumulative Frequency’);

xlabel(’Fracture Radius (m)’);

title(’Representation of Power Law Distribution by Sub-Families’);

grid on; �
Next, a set of empty arrays are initialized. These arrays are the inputs required

for the EMT code by Sævik et al. (2013). After the fracture sub-families are con-
structed, their properties will be appended to these arrays.
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Figure D.4: Good match between the power law distribution and a set of monodisperse
sub-families.

%% INITIALIZE EMT INPUTS

epsilon=[]; % Dimensionless density

e1=[]; e2=[]; e3=[]; % Orientation of sub-families

eta=[]; % Ratio of middle to large radii for each sub-family

lam=[]; % Dimensionless fracture permeability �
The first set of fracture sub-families are created for fracture family 1.

%% FRACTURE FAMILY 1 (VERTICAL & ALONG X-AXIS)

% Density data

epsilon = [epsilon; P31.*sizerep.^3]; % Dimensionless density

% Direction

e1=[e1; repmat(e11,numsets,1)]; % Direction of large principal axis

e2=[e2; repmat(e21,numsets,1)]; % Direction of middle principal axis

e3=[e3; repmat(e31,numsets,1)]; % Direction of small principal axis

% Fracture shape

eta = [eta; radratio*ones(numsets,1)]; % Ratio of middle to large radii

% Intrinsic fracture permeability

aperture = sizerep*2*ADratio;

kf=(aperture.^2)/12;

lam=[lam; (4/3)*(km./kf).*(2*sizerep./aperture)]; �
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The second set of fracture sub-families are created for fracture family 2. The
difference between these new sub-families and the ones previously created is the
orientation of the fractures.

%% FRACTURE FAMILY 2 (VERTICAL & ALONG Y-AXIS)

% Density data

epsilon = [epsilon; P31.*sizerep.^3]; % Dimensionless density

% Direction

e1=[e1; repmat(e12,numsets,1)]; % Direction of large principal axis

e2=[e2; repmat(e22,numsets,1)]; % Direction of middle principal axis

e3=[e3; repmat(e32,numsets,1)]; % Direction of small principal axis

% Fracture shape

eta = [eta; radratio*ones(numsets,1)]; % Ratio of middle to large radii

% Intrinsic fracture permeability

aperture = sizerep*2*ADratio;

kf=(aperture.^2)/12;

lam=[lam; (4/3)*(km./kf).*(2*sizerep./aperture)]; �
The last set of fracture sub-families are created for fracture family 3, taking

into consideration its fracture orientation.

%% FRACTURE FAMILY 2 (HORIZONTAL)

% Density data

epsilon = [epsilon; P31.*sizerep.^3]; % Dimensionless density

% Direction

e1=[e1; repmat(e13,numsets,1)]; % Direction of large principal axis

e2=[e2; repmat(e23,numsets,1)]; % Direction of middle principal axis

e3=[e3; repmat(e33,numsets,1)]; % Direction of small principal axis

% Fracture shape

eta = [eta; radratio*ones(numsets,1)]; % Ratio of middle to large radii

% Intrinsic fracture permeability

aperture = sizerep*2*ADratio;

kf=(aperture.^2)/12;

lam=[lam; (4/3)*(km./kf).*(2*sizerep./aperture)]; �
The overall and fractional density of all the fracture families is then computed.

Since the EMT code by Sævik et al. (2013) is designed for both open and sealed
fractures, the parameter ’kap’ is set to infinity to consider only open fractures.
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%% ADDITIONAL EMT INPUT DATA

fdens = sum(epsilon); % Cumulative dimensionless density

distr = epsilon/fdens; % Dimensionless density fraction

kap=inf(3*numsets,1); % Only applicable to sealed fractures. �
Finally, additional settings are provided for the EMT code. In particular, we

use the Self-Consistent formulation and assume that the matrix takes the shape
of a sphere in between fractures. The requested output is set to be the three
principal directions (x, y and z).

%% EFFECTIVE MEDIUM THEORY

% Settings

type=’ssc’; % Symmetric Self-Consistent Approach

H0=eye(3); % Matrix shape in Symmetric Self-Consistent Approach

dir=eye(3); % Output directions

% Upscale

Keff_over_K0 = effective_medium(fdens, type, distr, e1, e2, e3, ...

kap, lam, eta, H0, dir); �
The calculated ratio between the pseudo-matrix and matrix permeabilities is

ke/km = 117.6113. The code provided in this example can be encapsulated within
a loop to be repeated for different partitioning sizes.
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