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A B S T R A C T

The morphology of a porous medium strongly influences its flow behaviours. 3D

reconstructions using 2D thin sections enable detailed understandings of those

pore structures when no suitable 3D image is available. This thesis focuses on

the development of a 2D to 3D reconstruction methodology for complex pore

structures. Through a detailed literature review, major limitations were identi-

fied for the state-of-the-art reconstruction algorithms, including pattern repro-

duction, 3D continuity, and computational efficiency, which serve as guidelines

for this research.

First, a new orthogonal patch-based algorithm was developed, enabling the

integration and reproduction of three-directional 2D training images. Second,

to further improve the 3D continuity and eliminate error accumulation, an en-

hanced iterative texture optimization-based algorithm was developed. In this

method, a distance map transformation was introduced to enrich spatial inform-

ation of binary training images, which improves the reproduction of pore/solid

size distribution. The issues of blurriness and smoothed pore boundaries in

conventional algorithms were analysed and alleviated by improvements in both

Search and Optimize steps of the iterative method, which also increase the effi-

ciency.

A wide variety of microstructures were reconstructed that closely matched

corresponding 3D references in terms of morphology and petrophysical prop-

erties, thus validating the quality and capability of the final iterative method.

It was then successfully applied to model 3D structures from high-resolution

large-scale thin sections, offering significant understandings of the spatial het-

erogeneity and flow properties in complex microstructures. Overall, this thesis

provides novel methods for fast and accurate characterization of 3D complex

pore structures using 2D images.
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1
I N T R O D U C T I O N

1.1 digital rock characterization

The estimation of flow properties of porous media is essential for improving the

storage and migration of oil and gas in the reservoir. The conventional laborat-

ory procedure special core analysis (SCAL) conducts flow experiments on core

plugs and provides direct measurements of such properties, including single-,

two-, three-phase flow properties, relative permeability and capillary pressure.

While being fundamental, this approach is time and cost expensive. On the

other hand, numerical SCAL (or, digital rock analysis ) (Knackstedt et al., 2009;

Blunt et al., 2013) complements the traditional laboratory work, by using high

resolution representation of complex pore space and conducting numerical flow

experiments via methods such as Lattice Boltzmann and Pore-Network Model-

ling (Ryazanov et al., 2009; Blunt et al., 2013; Bultreys et al., 2016). In addition,

the use of digital rock analysis provides important insights into the pore-scale

interactions and flow behaviours that are extremely hard to observe in the lab.

Digital rock analysis mainly involves two steps, characterization and simula-

tion (Andrä et al., 2013). An accurate characterization of complex pore space is

the crucial first step, because the transport (and reaction) phenomena are crit-

ically dependent on the morphology of the pore structures (the geometry, the

shapes and sizes of the pores, and the connectivity). This is especially import-

ant for complex heterogeneous structures (Lai et al., 2015; Muljadi et al., 2016)

such as carbonates, which are gaining increasing interest in many engineering

applications.
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1.2 characterization methods for 3d images

Several methods have been developed to characterize the 3D pore structures;

these are generally divided into the deterministic methods (direct 3D imaging)

and the numerical methods (reconstruction), which are discussed here. (Note

that the reconstruction in this thesis is different from the reconstruction in 3D X-

ray CT, where the latter one refers to combining X-ray projections from different

angles to generate a 3D computed tomography.)

1.2.1 Deterministic methods

The deterministic imaging (direct 3D imaging) techniques mainly include X-

ray computed tomography (CT) (Cnudde and Boone, 2013; Wildenschild and

Sheppard, 2013) and focused ion beam scanning electron microscopy (FIB-SEM)

(Blunt et al., 2013). X-ray CT is a non-destructive imaging technique that com-

bines projections from different directions and generates a 3D computed realiz-

ation of the imaged structure, which can provide detailed and accurate repres-

entation of the 3D pore structure, with resolution of micro-metres (1− 5µm) to

nano-metres (10−20nm). However, X-ray CT still suffers from a few fundamental

limitations, of which the most typical one is the trade-off between scanning resol-

ution and sample size (Cnudde and Boone, 2013), which leads to sub-resolution

issues (Soulaine et al., 2016; Bazaikin et al., 2017) in porous media that contain

both macro- and micro-porosity. As illustrated in Fig. 1.1, the micro porosity

cannot be observed explicitly in the image with a resolution that is suitable to

observe macropores. Hence, the cross-scale connectivity between macro- and

micro-porosity which is common in multi-scale carbonates, cannot be character-

ized directly.

Alternatively, FIB-SEM is another 3D imaging method developed in the past

decade (Sok et al., 2010; Yoon and Dewers, 2013; Hemes et al., 2015) which par-

tially provides imaging at nm-scale resolution, aiming to address the resolution-

size issue. This method slices layers of the sample using a focused ion beam,

scans each newly exposed section using scanning electron microscopy, and fi-

nally stacks up consecutive slices to form a 3D image. FIB-SEM is a destructive

method that can reach a higher resolution (∼ 2nm) in the cross-sections and a

lower resolution of 10− 20nm in the slicing direction; in addition, the sample

size is also extremely limited to tens of nanometres. Despite the larger gap

2



Figure 1.1: A sub-resolution issue in 3D CT of a multi-scale carbonate sample — differ-
ent scale pores cannot be revealed in a single image due to the resolution-
size trade-off. The black parts are macro-porosity and the blue region indic-
ates micro-porous region. Image courtesy of Dr. Anderson Camargo, UFSC,
Brazil.

Table 1.1: Comparison of the three imaging techniques (Cnudde and Boone, 2013;
Wildenschild and Sheppard, 2013; Blunt et al., 2013).

Time Cost (excluding
equipment availability)

Sample size Cross-scale connectivity

(3D) micro-CT hours ∼$100 trade-off hard
(3D) FIB-SEM days ∼$10000 ∼10 nm hard
(2D) SEM hours ∼$100 ∼100 mm easy

in the slicing direction and tiny sample size, both the X-ray CT and FIB-SEM

are time and cost intensive (also considering the high cost of the sophisticated

equipment required) compared to 2D scanning electron microscopy (SEM), as

compared in Table 1.1.

1.2.2 Numerical methods

Although the deterministic 3D imaging techniques offer accurate and detailed

characterization, the shortcomings mentioned have limited their application and

availability. To complement this, numerical characterization methods based on

another widely used imaging technique, 2D SEM, are used (Bodla et al., 2014;

Pant, 2016).

The widely available 2D thin sections of SEM images can be acquired effi-

ciently, at low costs, and reveal detailed pore structure at high resolution with a

sufficiently large sample size. Therefore, as an alternative, it is possible to recon-

3



struct 3D stochastic porous models that honour the morphology and statistical

information measured from 2D (SEM) images, thus providing predictions for

the pore space for which no appropriate 3D images are available. Hence, the 2D

to 3D reconstruction can potentially overcome the volume-resolution limitation

as the SEM training image can be much bigger than CT image slices.

The study of these reconstruction methods is an appealing topic and has many

potential applications. It opens the door to using higher resolution and larger

field of view 2D images, and could reduce the cost and time in the studies where

high quality 3D imaging were required, or could enable the high-resolution char-

acterization for which current direct 3D imaging is not achievable technically,

such as imaging fluid flow process. As a generic tool, it could also be used in

conjunction with multi-component (e. g. minerals) images.

The key question is how to obtain faithful 3D reconstructions for complex pore

structures using 2D images. This thesis is hence focused on the development of

a 2D to 3D reconstruction methodology, especially for complex heterogeneous

structures such as carbonates.

1.3 outline of the thesis

The objective of this thesis is to develop a reliable 2D to 3D reconstruction

method to characterize complex pore structures, which should be able to honour

and predict the morphology and transport properties of the pore structure (in

consistence with 2D images).

The structure of the thesis is as follows: Chapter 1 introduces the background

of the pore structure characterization, which leads to the motivation for this

study. Chapter 2 explains the terminology used in this work. In Chapter 3

a detailed literature review of different types of reconstruction algorithms and

analysis of their advantages and limitations are presented. Three key issues in

the 2D to 3D reconstruction algorithms are identified, which serve as guidelines

for the algorithm development attempting to address these issues. Chapter 4

then presents a patch-based reconstruction algorithm, combining sequential re-

construction of 2D orthogonal slices and a gradual morphing method which im-

proves previous patch-based methods, mainly in the integration and reproduc-

tion of orthogonal 2D training images. The next chapter, Chapter 5, describes the

development of a texture optimization-based reconstruction algorithm, which is

used in reconstructing complex heterogeneous pore structures using improve-
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ment techniques, including distance map transformation, k-coherence search,

and spatial histogram matching. Chapter 6 validates the latest algorithm pro-

posed in Chapter 5 and demonstrates several applications which show the ability

of the algorithm to reconstruct various types of complex pore structures using

only 2D images. Finally, Chapter 7 summarises the contributions of this work

and proposes possible future work.
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2
T E R M I N O L O G Y

Pore structure reconstruction is closely related to several research areas, includ-

ing computer graphics, geostatistics and material science. Many technical terms,

or algorithmic components are similar and commonly used in those literatures.

In this chapter a general description of the various terms which serve as the

basis of the algorithms described later is presented.

2.1 related areas

The pore structure reconstruction in this work is closely related to texture syn-

thesis (computer graphics), geostatistical simulation (geostatistics, petroleum en-

gineering), and microstructure construction (materials science). The idea origin-

ates from the first category, texture synthesis, and is then developed for different

tasks in the latter two fields. These categories share many algorithmic terms and

this work is inspired by algorithms in multiple research areas, so a brief descrip-

tion of them is given first, followed by more detailed descriptions of terms.

The initial and basic idea of texture synthesis is to generate a (large) texture,

which means images containing repeating patterns are produced, by using a

(small) exemplar (sample) of the same texture, as illustrated in Fig. 2.1a. Over

time, various applications of texture synthesis have been developed, such as tex-

ture mapping (the original small to large texture generation) (Heckbert, 1986),

image completion/inpainting (restoring or completing missing regions of im-

ages with similar patterns) (Bertalmio et al., 2000), video synthesis and anima-

tion (temporal texture synthesis 2D+T ) (Kwatra et al., 2003), and volume ren-

dering (2D to 3D texture synthesis) (Kopf et al., 2007).

In the geostatistical simulation and microstructure construction, similar meth-

ods have been developed, but for different purposes. In particular, geostatist-

6



(a) (b)

Figure 2.1: Examples of related reconstruction studies to this work. (a) Texture synthesis,
image reproduced from Wei et al. (2009). (b) Multi-point geostatistical simu-
lation, image reproduced from Mariethoz and Lefebvre (2014).

ical simulation usually emphasizes the integration of external conditioning data.

For example, as shown in Fig. 2.1b, the Multiple-Point Statistics (MPS) (see Sec-

tion 2.3) simulates a field-scale model that is conditioned to well data (binary

vertical lines indicating the presence of channels) that is based on an empirical

example model. For the reconstruction of a porous medium (e. g. rock, soil,

concrete and bread) that has interconnected pore spaces allowing fluids flow

through, however, the conditioning to external data (like the well data above)

is usually not studied. Instead, the target is how to reconstruct 3D microstruc-

tures based on 2D images (2D to 3D, see Section 2.2). On the other hand, virtual

material design (microstructure construction) focuses on the parametrization of

models (Akl et al., 2018): the goal is to generate structures with desired proper-

ties by using customized parameters settings.

2.2 components in reconstruction workflow

An overall workflow of digital rock analysis (Section 1.1) using porous media

reconstruction is summarized in Fig. 2.2, in which three major steps are involved

— (1) 3D reconstruction from 2D images, (2) pore network model generation, and

(3) multi-phase simulation. And this study focuses on the reconstruction step.

The elemental concepts in the reconstruction procedure are explained here.

7



Figure 2.2: Overall workflow of digital rock analysis.

Image, the pixel/voxel representation

In this work a porous medium is presented in the pixel or voxel representation,

commonly called a (digital) image/model, with respect to the 2D or 3D discrete

space, respectively. The image is discretized and stored in pixels/voxels, with

(integer) values representing the components of the structure. For instance, the

main target in this work is to reconstruct the pore structure, consisting of two

phases, pore and solid, which are represented using a binary image. For studies

of multi-component structures, grey-scale images (8-bit grey-scale images con-

sisting of integers ranging from 0 to 255) are used.

Training image, reconstruction and 3D reference

In this work, training images (TIs) are 2D images used to provide structural

information, which are served as references to the reconstructed models. The re-

construction is carried out to generate 2D/3D models using TIs, and to produce

similar statistics (such as morphology and topology information) to the TIs, and

ideally to the 3D reference (3D data that only work for comparison, validation,

but are not used for reconstruction).

2D to 3D reconstruction

For reconstructing 3D models, 2D TIs along three orthogonal directions are used

to represent the structure in the 3D directions, or only one TI is needed if the

structure is isotropic. Hence the procedure is referred to as 2D (TIs) to 3D

(model) reconstruction. Similarly, there are 2D to 2D and 3D to 3D reconstruc-

tions.

8



2.3 multiple-point statistics (mps)

The term multiple-point statistics (MPS) is commonly used in the literature (es-

pecially in geostatistics). It simply refers to a more complete characterization,

compared to two-point statistics, which is a traditional type of method that only

uses (or aims to match) lower-order information, including one-point (porosity)

and two-point correlations (covariance, variogram).

The two-point statistics only characterize the spatial dependence of points in

pairs (one-to-one), which are insufficient to model the complex spatial relation-

ships in realistic structures. The higher-order information, such as the spatial

relationships in a region (compared to two points), or patterns, is needed for

more accurate characterization. Therefore, a new category of methods that use

multiple-point correlations, MPS, has been developed in last two decades (Tah-

masebi and Mariethoz, 2014).

The term MPS is used in multiple areas. It can be very generic and includes

statistically-based, (training) image-based, and even neural network-based meth-

ods (see literature review in Chapter 3). However, most often, it refers to the

image-based methods which characterize and reproduce the spatial information

in the training image, by analysing the local spatial relationships described by

neighbourhoods (Section 2.4).

2.4 neighbourhood, template , pattern, patch

Neighbourhood

Multiple-point statistics generally refers to the spatial relationships over more

than two points; specifically, it depends on the spatial relationships within a

local region, or neighbourhood.

In a 2D/3D discrete space, Ω, the neighbourhood of a point, p ∈Ω, is defined

as a set of neighbouring points of p (including p), denoted by N(p). For instance,

a five-point neighbourhood contains up to five point relationships. Note that

sometimes the vector form n(p) is referred to as a data event in the literature,

while in this work the term neighbourhood is used. In this work neighbourhoods

usually means the ones in 2D without specifying.
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(a) (b)

Figure 2.3: Templates and patterns. (a) Different templates: the red grid refers to the
corresponding point (or central point) of a template. (b) Several patterns are
specified by a template. The black and white grid represents the solid and
pores, respectively.

The neighbourhood is a very generic term used to refer to the multi-point

relationship. Its specific version is a pattern, which is described by a template

with values, when TIs are involved.

Template

A template T = {(x1,y1),(x2,y2), ...,(xk,yk)} is a fixed set of locations , i. e. a vector

of relative coordinates in a neighbourhood. For instance, a common, square-

shaped template, Tw, is defined as:

Tw = {(a,b)|a,b =−w,−w+1, ...,0, ...,w}, (2.1)

where w > 0 is the width of the template, and the number of elements in Tw is

defined as the template size.

The template is a key component in image-based algorithms, because using

fixed locations enables the algorithms to store and compare the neighbourhoods

from TI and the corresponding model being simulated, and to compute the con-

ditional probabilities for the undecided points. The template shape does not

need to be square and the corresponding point does not need to be in the geo-

metric centre, as shown in Fig. 2.3a. However, the square template with the

corresponding point in the centre is most commonly used, for algorithmic sim-

plicity.

Although the choice of template shape and size directly influences the re-

production of structures, the outcomes are highly dependent on the specific

algorithm, and the common practice is through trial and error (except some

methods that indicate the general range of template size; see Chapter 3).
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Table 2.1: A summary of neighbourhood, template, pattern and patch.

Neighbourhood A generic term for the multi-point spatial relationship N(p)
of a point p and its local surroundings.

Template A set of relative coordinates with respect to the central point
p, describing the neighbourhood n(p).

Pattern A neighbourhood n(p) in which each pixel has a value. Or a
generic term for any regularly repeated spatial arrangement
of pixels/voxels.

Patch Square or rectangular pattern.

Pattern, patch

A pattern n(p) is a neighbourhood of point p (described by the template T ),

specified by the values of each point, as illustrate in Fig. 2.3b. Strictly n(p) is a

function of N(p). That is, NT (p) is a neighbourhood of p described by template

T , and n(NT (p) (shorten to n_T(p) or n(p)) is the values of that neighbourhood:

NT (p) = (x,y)+T = {(x+ xi,y+ yi) ∈Ω|i = 1,2, ...,k}

n(NT (p)) = {n(x+ xi,y+ yi)|i = 1,2, ...,k}
(2.2)

where k is the size of template T .

Note that the terms pattern and data event overlap in the literatures. One

difference is that the term pattern can also be very generic, sometimes meaning

a regularly repeated spatial arrangement, while data event only stands for the

vector form (of a neighbourhood) and is used in conditional simulations.

The term patch is commonly used, too, and it simply means the square or

rectangular pattern. It is used in the patch-based method, in comparison to

pixel-based methods, where the patch-based methods generate patche by patch

and pixel-based methods generate pixel by pixel (see Chapter 3).

A summary of the series of terms is given in Table 2.1. Note that the use of

neighbourhood and pattern are often mixed in the literatures, or are used as

generic terms. In this thesis we may call them neighbourhood, the key thing to

keep in mind is that when referring to a neighbourhood with values, we mean

the pattern.
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2.5 distance between patterns

To compare or classify patterns (for instance to build a pattern database), a sim-

ilarity metric (distance) between patterns, is needed. Comparison between these

multi-point relationships is split into individual points, as the distance of vec-

tors. Specifically, the distance function d(n1,n2) between the two patterns (n1,n2)

is the norm of the mean errors on each point of the pattern, expressed as:

d(n1,n2) =
1
k

k

∑
i=1
|n1,i−n2,i|p, (2.3)

where k is the size of neighbourhood/pattern (to be comparable, the two pat-

terns need to be the same size). Different types of norms are defined by the ex-

ponent p, with the most commonly used case, p = 2, standing for the Euclidean

distance. Unless otherwise specified, the term distance refers to Euclidean dis-

tance, in this work.

2.6 markov random field assumption

In texture synthesis, the most successful and commonly used model for graphic

applications is based on the Markov Random Field (MRF) (Wei et al., 2009).

Most image-based methods (including reconstruction) are under this basic as-

sumption of a (stationary) Markov Random Field (MRF). This means that, given

an input (TI) and a sufficiently large neighbourhood, an output can be gener-

ated so that for each output neighbourhood, a similar one can be found from the

input.

MRF assumptions require the image to be local and stationary. Given a suf-

ficiently large neighbourhood, the local property means that each pixel can be

predicted depending only on its neighbourhood. The stationary property means

that neighbourhoods appear similar, independent of their positions.

Note that in this work the porous structures discussed are stationary. An

illustration of stationary and non-stationary structures are shown in Fig. 2.4.
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(a) Stationary (b) Non-stationary

Figure 2.4: Different types of porous media.

Homogeneous/heterogeneous, isotropic/anisotropic

In addition to stationary/non-stationary, homogeneous/heterogeneous and iso-

tropic/anisotropic are two groups of structural features that are commonly used

to describe porous media.

A medium is homogeneous with respect to a property if that property is

identical independent of position within the whole domain, with respect to a

certain length scale, i. e. the properties are identical in every (minimum) neigh-

bourhood unit. Otherwise it is referred to as inhomogeneous (or heterogeneous).

Note that it may be difficult to quantitatively distinguish the two, as by enlar-

ging the length scale, the heterogeneous medium could be homogeneous, and

vice versa. They are used in this thesis often for comparison, where readers

should be able to distinguish which one is more statistically identical (homogen-

eous).

A medium is isotropic with respect to a property if that property is invariant

with direction. (Normally x,y directions are considered in 2D, and x,y,z direc-

tions in 3D.) Otherwise it is referred to as anisotropic. Illustrations of these

structures are shown in Fig. 2.4a.
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2.7 simulation path

In an MPS simulation process, the output grid is filled from empty (or partially

empty if there are initial conditioning data) to full. Due to the MRF property, the

value of each point depends on its neighbourhood (specifically the conditioning

data in the neighbourhood). Therefore, the final output is strongly influenced

by the order in which all the points are simulated/visited, which is the so-called

simulation path.

In general, two types of simulation path are commonly used, which are ran-

dom path and unilateral path. Additional modifications and improvements have

been developed in the literature, but only the two basic forms are described here.

Random path

Random path consists of visiting all points in a random order, which leads to a

uniform usage of the conditioning data within a neighbourhood. The advantage

of random path is its simplicity and flexibility to accommodate additional con-

ditioning data. The downside is that the continuity may be not well-preserved

(the coherence between simulated points can be lost), due to limited usage of

conditioning data in each neighbourhood, especially at the early stage, when

not sufficient points are simulated. Such loss of continuity, or incoherence, will

influence the following stage, which is the so-called error accumulation issue

(described later in this section).

Unilateral path

Alternatively, in unilateral path the points are visited in a linear (or raster-like)

order, for instance starting from the bottom left corner and simulated along one

dimension, finally reaching the top right corner, as illustrated in Fig. 2.5. The

strength of this order is that the points in the neighbourhood are all simulated

except the current one, in other words, each simulating point is conditioned to

most of the data in the neighbourhood. The unilateral path fits the Markovian

dependence property very well and, hence, often leads to better reproduction of

TI patterns compared to random path (Daly, 2005; Wei et al., 2009; Mariethoz

and Lefebvre, 2014). Particularly, most patch-based methods use unilateral path,

as the methods require sufficient conditioning data (see Section 3.4.2). The short-

14



Figure 2.5: A patch-based reconstruction following a unilateral path (i. e. the raster-like
scan path from bottom-left to top-right). The red square is the current sim-
ulating patch. Its left and bottom bands are pore structures simulated previ-
ously.

coming, however, is that the template used in unilateral path can hardly take

into account additional conditioning data ahead of the simulation, as the tem-

plate consists of all previously simulated points.

Error accumulation

Error accumulation is the most prominent and fundamental problem encountered

in MPS sequential simulations (Mariethoz and Caers, 2014; Kalantari and Abdol-

lahifard, 2016; Abdollahifard, 2016). For random path simulation, the value of a

point conditioned to a certain neighbourhood at a given stage, can be incompat-

ible at a later stage, as more points (within the neighbourhood) are simulated.

For a unilateral path, the value of a point can be inconsistent with additional con-

ditioning points ahead of the simulation. Such inconsistencies/incompatibilities

produce undesired discontinuities and artefacts and accumulate, because the

grid is visited only once, which leads to a deterioration of the quality of repro-

duction.

Various methods have been developed to solve the problem of error accu-

mulation. In general two key ideas exist: one is an adaptive simulation path

that includes the more conditioning data and finds a better match; another is

post-processing or an iterative simulation path, that fixes the error (reviewed in

Chapter 3).
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Figure 2.6: Image pyramids/multi-resolution reconstruction. The original finest level TI
is downsampled to multi-resolution. The reconstruction then starts from the
coarsest level, using corresponding level TI, and goes to a finer level once the
current level is completed. Figure adapted from Docs.opencv.org (2018).

2.8 multi-grid, multi-resolution, image pyramids

The template size strongly influences the size of a feature that can be captured/

reproduced. To avoid using a template that is too large, which would lead to

a computational burden and difficulty in finding matching neighbourhoods, a

multi-scale approach, known as (image) pyramids, is commonly used to increase

the efficiency while enabling reproduction of larger-scale structures (Wei and

Levoy, 2000; Ashikhmin, 2001).

As shown in Fig. 2.6, the multi-scale process starts from building a pyramid

from the original TI at the finest level, n. The TI is downsampled into multi-

levels, and the reconstruction starts from the coarsest level, using the coarsest

level TI. Once the coarse level reconstruction is completed, the model is up-

sampled and goes to a finer resolution level, until reaching the original finest

level.

Pyramids are also referred to as multi-resolution, multi-grids in the reconstruc-

tion algorithms. Details are described in Section 5.6.
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3
L I T E R AT U R E R E V I E W

The choice of reconstruction method depends on the complexity of the target

micro-structure, properties of interest, manageable computational cost and other

factors. In this chapter, first, the major key issues for developing 2D to 3D recon-

struction for complex structures are discussed (Section 3.1). Next, the prevailing

methods are reviewed and their advantages and shortcomings are compared,

especially with regard to tackling those key issues (Sections 3.2 to 3.5). This

chapter also tries to offer some insights on the trends and future work of the

algorithm development, and concludes by providing a qualitative comparison

to decide an optimal method for the specific task in this study (Section 3.6).

3.1 key issues

In this section, three major issues are reviewed, particularly for modelling com-

plex 3D porous structures using 2D training images. This includes reconstruc-

tion quality in preserving high-order morphological information, realistic con-

nectivity/continuity prediction from 2D to 3D, and applicability, including com-

putational efficiency. The objective of developing a reconstruction algorithm is

not necessarily to get the best match of statistical functions (two-point correl-

ation, linear path function), or to do so with highest efficiency. Instead, one

should aim for a reproduction of morphology that preserves properties of in-

terest (the two-scale structure, long-range connectivity), with few artefacts (nat-

ural 3D continuity inferred from 2D), in a manageable amount of computational

time. That is, a good balance between these key issues.

First of all, accurate reconstruction (reconstruction quality) of the morphology

(both the geometry and topology) of porous media is of great significance, as it

critically affects the flow properties, such as the transport of oil and gas (Biswal

and Hilfer, 1999; Hu and Chugunova, 2008; Bultreys et al., 2016). With the grow-
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ing interest in carbonates and shales (Jiang et al., 2013; Peng et al., 2016; Rab-

bani et al., 2017; Gerke et al., 2015; Tahmasebi et al., 2015b; Tahmasebi, 2018b),

the accurate characterization and reproduction of the higher-order morpholo-

gical information in heterogeneous porous media becomes highly demanding

yet challenging (Wu et al., 2006; Bodla et al., 2014; Pant et al., 2015; Ji et al., 2018;

Tahmasebi, 2018a). For example, the complex pore/solid shape, size, spatial dis-

tribution and anisotropy, as well as long-range connectivity are the controlling

features on multi-phase flow and need to be honoured entirely.

In addition, based on 2D images predicting 3D structures is even more difficult

than reproducing 2D structures (i. e. 2D to 2D reconstruction). This is not only

because the 3D micro-structures are much more complex than 2D ones, but also

due to the lack of information on how the 2D pores appear in 3D (Mariethoz and

Caers, 2014). The 3D continuity and long-range connectivity of reconstructions

are often not as natural as in original images (Ji et al., 2018; Tahmasebi, 2017).

Specifically, among those 2D to 3D reconstruction methods, artefacts are often

observed, such as isolated pores/solids, unexpectedly disconnected or jagged-

edged pores in the 3D direction (Okabe and Blunt, 2005; Hajizadeh et al., 2011;

Tahmasebi and Sahimi, 2012; Comunian et al., 2012; Gao et al., 2015). Such phe-

nomena also relate to the error accumulation in a sequential simulation process,

where the mismatch in early grids (simulating unit) will be likely to add up

to more conflicts (mismatches) in later grids. As there is much more (in terms

of model size) to be simulated in 3D than in 2D, the error accumulates more

significantly and therefore needs to be tackled specifically. Note that, although

there are overlapping concepts/issues in 2D to 3D reconstruction and general

(2D to 2D) reconstruction, they are reviewed separately, to highlight the specific

objectives.

Furthermore, the efficiency of 3D reconstruction is another key factor for prac-

tical applications. Considering multiple simulations to handle the heterogeneity

and variety of complex porous structure, reconstruction becomes less compet-

itive with deterministic imaging approaches if one 3D model of normal size

(3003 voxels) takes days to reconstruct (mostly for iterative methods) (Pant, 2016;

Mosser et al., 2017; Bostanabad et al., 2018). Despite that, being easy to imple-

ment and able to handle various types of rock rather than only a specific one is

also desired.
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3.2 process-based

The process-based (also known as object/fabrication/formation-based) method

mimics the geological formation of rocks (the diagenesis process), for instance,

by modelling the sedimentary processes such as the packing and growing of

objects (sands, spheres, shells) (Bryant and Blunt, 1992; Øren and Bakke, 2002;

Biswal et al., 2007, 2011; Siddique and Liu, 2010). Due to its straightforward idea,

the method has been studied since the early 1990s.

By modelling the idealized objects, the method provides a way to specifically

manipulate/parameterize the structure, which is favourable for fabricating arti-

ficial porous media in studies of material design (Liu and Shapiro, 2015; Pant,

2016; Bostanabad et al., 2018). Other applications have included studying the

geological trends of carbonate rocks by modelling different sets of parameters

describing cementation (Hosa and Wood, 2017).

However, modelling natural porous media such as sandstone, shale and car-

bonates, requires a thorough understanding of the corresponding formation pro-

cess (physical and chemical). These processes often involve millions of years of

sedimentary, compaction and diagenesis, and are extremely difficult to mimic.

The method is therefore only applicable for a limited group of structures (sphere-

like, granular, layered) with identifiable formation processes, and therefore is

unable to be expanded as a general approach.

Simply put, the process-based method is suitable for modelling well under-

stood macro-scale structures that can be parameterized with ease, but it may

not be suitable for characterizing complex and irregular micro-scale structures

where the detailed pore connectivity strongly influences transport properties. To

handle this task, one has to first seek for detailed characterization of the morpho-

logical properties of the porous medium. This could come from comprehensive

characterization of functions (Section 3.3), or directly from the 2D/3D TIs (Sec-

tion 3.4).

3.3 statistics/optimization-based

The statistics-based methods aim to reconstruct models for which the statistical

characterization functions (correlation functions such as two-point correlation)

match the target functions extracted from the training images. This can be formu-

lated as an energy optimization problem (hence also referred to as optimization-
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based), where the energy measures the difference between the reconstruction

and the target measured by statistical values/functions.

The model keeps swapping pixels/voxels of different phases in order to de-

crease the energy until it reaches certain termination condition. One of the heur-

istic methods, simulated annealing (SA) (Kirkpatrick et al., 1983), is used to

escape the local optima in the optimization. The Yeong-Torquato (YT) method

(Yeong and Torquato, 1998) based on the SA framework is extensively used in

this category (Manwart et al., 2000; Tang et al., 2009; Jiao et al., 2009; Capek et al.,

2009; Schlüter and Vogel, 2011; Peredo and Ortiz, 2011; Campaigne and Fieguth,

2013; Pant et al., 2014; Ju et al., 2014; Pant et al., 2015; Gerke et al., 2015; Gerke

and Karsanina, 2015; Pant, 2016; Ju et al., 2017).

A major advantage of optimization-based methods in 2D to 3D reconstruc-

tion, is that the 3D continuity (continuity features in all 3 directions) is well

produced, due to the iterative refinement, which remains a common problem in

non-iterative methods (Sections 3.4.1 and 3.4.2). However, it tends to overestim-

ate 3D continuity for low-porosity structures, generating over-connected pores

(Capek et al., 2009).

Even though the reconstructions can closely match the most frequently used

two-point correlation with target (TI), which works well for a simple structure

such as sandstone (Yeong and Torquato, 1998) and sphere packs (Jiao et al., 2009),

one of their major shortcomings is the lack of accuracy of reproducing complex

porous media such as carbonates. It is common that the reconstructed mod-

els are statistically similar but very different from the actual reference structure

(visually) (Yeong and Torquato, 1998; Jiao et al., 2009; Tang et al., 2009; Gerke

and Karsanina, 2015; Gerke et al., 2015). Many studies aim to improve the accur-

acy of reconstruction of complex structures (long-range connectivity, spatial het-

erogeneity), including incorporating multiple correlation functions (Gerke and

Karsanina, 2015; Pant et al., 2014; Jiao et al., 2009; Schlüter and Vogel, 2011; Ju

et al., 2014; Karsanina et al., 2015; Gao et al., 2016) (e. g. linear path functions

for pore and solid phase, see Appendix A), adjusting the pixel selection method

(Tang et al., 2009) and updating the process (Pant et al., 2014).

However, the higher-order morphological information of complex structures

still remains difficult to reproduce via statistical functions (Jiao et al., 2009; Tang

et al., 2009; Karsanina et al., 2015; Bostanabad et al., 2018). This is especially the

case for heterogeneous and low-porosity structures such as carbonates, where

there exist various length scales of pores and the large pores are often poorly

connected on their own but connected via small pores. As shown in Fig. 3.1,
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(a) (b) (c)

Figure 3.1: Reconstructions of a concrete microstructure: (a) Original TI, (b) reconstruc-
tion via two-point correlation only, (c) reconstruction via two-point correla-
tion and linear path function. Images adapted from Jiao et al. (2009).

by incorporating multiple correlation functions (Jiao et al., 2009), the quality

improves significantly, but details of the complex structure: the varying pore

size distribution (not enough small pores) and spatial relation (large and small

pores are further away), are still not completely captured.

Meanwhile, another crucial issue is the expensive computational cost. This

is because the time to update correlation functions after each swap depends

on the reconstruction size, M, which leads to computational complexity of at

least O(M2) compared to O(M) for typical image-based non-iterative methods

(Strebelle, 2002; Mariethoz et al., 2010; Tahmasebi et al., 2012), making it imprac-

tical to reconstruct ’large-size’ 3D models (e. g. > 3003 voxels) (Pant, 2016). In

addition, there is always a trade-off between incorporating multiple correlation

functions (quality) and computation time (efficiency). Even with the accelera-

tions achieved by a multi-grid hierarchical approach (Campaigne and Fieguth,

2013; Pant et al., 2015) and parallel computing (Peredo and Ortiz, 2011; Ju et al.,

2017), the general time expected is still days (for typical image sizes of 3003

voxels) (Pant, 2016; Bostanabad et al., 2018).

To summarize, the voxel by voxel iterative refinement in the optimization-

based method avoids error accumulation in sequential simulation (hence provid-

ing good 3D continuity) and is easy to accelerate by parallelization. On the other

hand, the expensive computational time of SA methods restricts their practical

applications on complex porous media. More importantly, similarly to process-

based methods (Section 3.2), all the detailed morphological information must

first be ’extracted’ and then ’translated’ numerically (Tahmasebi et al., 2015a);

nevertheless, only some of the information can be used effectively. In other

words, complex morphological information may be lost during extraction in the
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first place. To address this information loss, the image-based methods (Sec-

tion 3.4) try to reproduce the image patterns directly from TI.

3.4 image/exemplar-based

The pioneering classics in computer graphics have formulated an image-based

(exemplar-based) framework for texture synthesis (Efros and Leung, 1999; Wei

and Levoy, 2000; Efros and Freeman, 2001; Hertzmann et al., 2001). As intro-

duced in Section 2.1, the general problem of geostatistical reconstruction in por-

ous media is very similar to that of texture synthesis (except that it focuses more

on 2D to 3D reconstruction). That is, the idea of an image-based method is to

create a model in which the patterns are similar to those in the training image.

By assuming the Markov Random Field locality (Section 2.6), one can determine

each simulation pixel/voxel/patch (Section 2.4) just based on a local neighbour-

hood (Section 2.4) and reproduce the patterns.

For simple porous structures such as sandstones, statistical methods work

well, even using only two-point statistics (Adler, 1988; Okabe and Blunt, 2005).

However, for more complex, especially low-porosity heterogeneous, structures,

higher-order morphology plays a more important role. The straightforward ad-

vantage of an image-base method is that, by matching the patterns in the model

with those in the TI (using a proper choice of neighbourhood), it automatically

preserves all the (local) morphological features, including the correlation func-

tions and much more (Liu and Shapiro, 2015). Furthermore, the computational

cost is also manageable, usually scaling linearly with the model size and neigh-

bourhood size (Wei et al., 2009; Mariethoz and Caers, 2014). Hence, it is claimed

to be one of the most powerful methods in texture synthesis (Kwatra et al., 2005;

Wei et al., 2009) and is widely used in many disciplines (Hu and Chugunova,

2008; Mariethoz and Lefebvre, 2014; Liu and Shapiro, 2015; Bostanabad et al.,

2018).

Wei et al. (2009) decomposed the exemplar-based methods into two generic

steps: analysis and synthesis. Namely, using more technical expressions: search

(for the best matching pattern) and generate (new simulation grid from the

search result). Most image-based methods are composed of these two steps

and a prototypical scheme can be given as follows in Algorithm 3.1 (Mariethoz

and Caers, 2014).
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Algorithm 3.1: Image-based reconstruction (MPS) template
Input: TI I, (optional) conditioning data CD, model M (simulation grid)

with unknown values
Output: Model with known values at all nodes (e. g. pixel/voxel)

// Initialization

(Optional) map CD to M at corresponding grids;
Define a simulation path;
Build TI neighbourhood database {nI};

// Simulation

while stopping criterion is not met do
Locate a new grid x (a grid can be a node or a patch) to be simulated;
Get the neighbourhood of x, nM(x);
Find the most similar neighbourhood to nM(x) from TI {nI};
(Or, compute the probability distribution for x, conditioned to CD and

nM(x));
Determine value for the simulation grid x and update M;

end

(Optional) postprocessing;

Different sub-groups of algorithms can vary in their choice of simulation grid,

simulation path, search method, data structure and so on. This is due to their

different application conditions, particular pursuit of better quality or efficiency,

and the way they reconstruct from 2D to 3D. The algorithms are generally

divided into three groups (pixel-based, patch-based and texture optimization-

based or iterative-based), which are reviewed in the following sub-sections (fo-

cusing on slightly different key issues).

3.4.1 Pixel-based

The foundational work for pixel-based methods were established by Efros and

Leung (1999); Wei and Levoy (2000) in texture synthesis. The latter work de-

veloped pixel-based methods which followed a similar framework (search and

generate, pixel by pixel), while modifications were made to handle different con-

cerns, for instance, the search algorithms, data structures and simulation paths.

However, it is noted that the quality and efficiency for geostatistical reconstruc-

tions are often not as good as those in texture synthesis, due to the need for

incorporating different kinds of external conditioning data (e. g. well data in

geostatistical simulation: see Section 2.1).
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(a) (b) (c)

Figure 3.2: (a) A pattern in TI. (b) Algorithm by Efros and Leung (1999), inside-out order.
(c) Algorithm by Wei and Levoy (2000), unilateral path. Green cells have been
simulated, the blue cell in the TI corresponds to the red simulating cell that
has the same pattern. Images adapted from Wei et al. (2009).

Firstly, as described in Efros and Leung (1999), the synthesis starts by ran-

domly assigning a small region from the TI to the model, and then gradually

determines the remaining part, pixel by pixel, in an inside-out order (Fig. 3.2b).

Each pixel is synthesized by searching for the best match from the TI with re-

spect to the neighbourhood composed of existing pixels within a template. Sub-

sequently, Wei and Levoy (2000) proposed two main changes to improve the

efficiency and quality. The neighbourhood becomes fixed compared to the vary-

ing one, which enables the use of a tree-based data structure (tree-structured

vector quantization) aiming to accelerate the process. It is also accompanied by

a unilateral simulation path instead of the inside-out path. The key idea of the

two algorithms are illustrated in Fig. 3.2.

One major advantage of using a fixed neighbourhood (Wei and Levoy, 2000)

is the efficiency. Many nearest neighbour (NN) search algorithms that offer

great acceleration such as k-d tree (Freidman et al., 1977) and other approxim-

ate nearest neighbour (ANN) search algorithms (Arya et al., 1998; Marius and

David, 2009), are based on the storage or pre-computation of some mutual or

repeating part of the distance function. The simulation using a fixed neighbour-

hood provides stronger capability to achieve the acceleration compared to using

a varying size neighbourhood (Wei et al., 2009) (and are easier to implement and

simplify, due to the data structure).

In contrast, most pixel-based methods in geostatistics, including the typical

ones: SNESIM (Strebelle, 2002) and Direct Sampling (Mariethoz et al., 2010), pay

more attention to integrating conditioning data from different sources, by using

varying sized neighbourhoods. The follow-up studies intended to compensate

this by changing the data structure from tree (Strebelle, 2002) to list (Straubhaar

et al., 2011), which is less computationally demanding, and enables paralleliza-

24



tion (Mariethoz, 2010; Straubhaar et al., 2013; Huang et al., 2013b,a). However,

these methods in geostatistics are still reported to be orders of magnitude slower

than those in texture synthesis (Mariethoz and Caers, 2014). According to such

findings, although our task is often addressed as a geostatistics problem, we

should focus more on the acceleration techniques rather than incorporating con-

ditioning data from different sources.

Meanwhile, there are limitations for pixel-based methods in terms of quality

(pattern reproduction and especially long-range connectivity). In general pixel-

based methods are restricted to smaller template size (compared to patch-based),

due to the computational cost of operating many more grids (pixel compared to

patch). Hence they are not able to preserve the long-range connectivity (elongate

the channels) faithfully. (Note that on the other hand, having a too large a

template tends to produce highly repetitive patterns or verbatim copies, due to

lack of variant patterns, which is also undesired.)

The use of a multi-resolution scheme (or image pyramid/multi-grid, see Sec-

tion 2.8) effectively alleviates the problem of large-scale feature reproduction

(Wei and Levoy, 2000; Ashikhmin, 2001; Straubhaar and Malinverni, 2014), which

has become a popular scheme that can be adapted to most image-based methods

(Liu, 2006; Hu and Chugunova, 2008; Wei et al., 2009). The idea is to simulate

on a coarse level first (based on the corresponding down-sampled TI) to capture

large scale features, and then the result is up-sampled (enlarged) to a finer level

for another simulation to reveal smaller-scale features. Note that, even so, the

patch-based methods are still better in preserving large-scale features, due to the

intrinsic advantage of copying the entire pattern rather than a point from the TI

(Wei et al., 2009; Mariethoz and Lefebvre, 2014).

Moreover, the quality is still limited, due to another issue: the error accumula-

tion (Section 2.7). The inevitable mismatch (error due to no match found) during

sequential simulations results in deterioration of reconstruction quality, and this

becomes a more severe problem in 2D to 3D reconstruction, as there is much

more space in 3D for the error to accumulate.

To overcome this, Wei (2002) proposed re-simulating the completed model

(multiple times) to fix the error. Similar post-processing schemes have been

further proposed, such as Strebelle and Remy (2005) weighted the error (mis-

matched pixels) by the mismatch ratio and re-simulated the mismatched pixels

accordingly, while Suzuki and Strebelle (2007) tried to fix the mismatch ’from

the origin’ by a recursive method which traces back to the previous simulated

point whenever a mismatch occurs. However, the re-simulation is often incap-
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able of modifying many mismatches, as the simulated neighbourhood is already

over-constrained thus making it hard to find a better match (without the help

of additional information or handling such as global optimization). Plus the re-

cursive process can be too long and time-consuming (Mariethoz and Caers, 2014).

Alternatively, the texture optimization approach (first proposed by Kwatra et al.

(2005), more detail in Section 3.4.3) can be seen as a more mature re-simulation

approach which modifies the model iteratively based on the global minimization

of matching errors.

Other methods (for both pixel-based and patch-based) tried to change the

simulation path according to conditioning data etc. (Criminisi et al., 2004; Liu

and Journel, 2004; Parra and Ortiz, 2011; Abdollahifard, 2016), which alleviates

the error accumulation. (see also Section 2.7)

In addition to the error accumulation, the third key issue is the way to con-

struct 3D model from 2D. There are mainly two approaches in pixel-based meth-

ods: averaging three-directional probabilities and stacking layers. The former is

used in pixel-based and iterative methods, and the latter is used in pixel-based

and patch-based methods.

The first approach was initially proposed by Wei (2002), extending his funda-

mental work (Wei and Levoy, 2000) to synthesise 3D textures using 2D exem-

plars. The idea is illustrated in Fig. 3.3a. For each output voxel, three intersect-

ing orthogonal 2D neighbourhoods are extracted. The best matching neighbour-

hoods are found independently from the corresponding TI (or chosen based on

the probability distribution, if there exists more than one best match). The voxel

value is updated simply as the average of three directional results. According to

Kopf et al. (2007), this simple average approach produces considerable blurring

and does not preserve even small-scale features. A similar approach was used

to reconstruct 3D pore structures from 2D SEM images (Okabe and Blunt, 2004,

2005; Wu et al., 2006), which works relatively well for simple structures such

as sandstone but is not accurate for complex carbonates. Rather than simply

averaging the probabilities, probability aggregation was then considered (Krish-

nan, 2008; Mariethoz et al., 2009; Allard et al., 2012), which is a more rigorously

formulated weighted average. However, it was not until Kopf et al. (2007), who

optimized the result via an iterative method, that the 3D reproduction quality

was significantly improved.

Another approach is to stack 2D layers to form a 3D model (Fig. 3.3b). The 2D

layers are reconstructed normally (2D to 2D), using either pixel-based (Hajiza-

deh et al., 2011; Gao et al., 2015) or patch-based methods (Tahmasebi and Sahimi,
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(a) (b)

Figure 3.3: Two approaches for 2D to 3D reconstruction. (a) Initial approach by Wei
(2002), averaging three directional probabilities to simulate 3D model using
2D TI. Image reproduced from Wei et al. (2009). (b) Stacking layer approach.

2012, 2013; Tahmasebi et al., 2015b; Ji et al., 2018). The layers are constructed se-

quentially: for each layer, a conditional reconstruction is performed, based on the

conditioning data sampled from the previous layer. While the sampling process

is pixel-wise (some pixels are selected from the previous layer as conditioning

data for the new layer), the quality of the 2D layer mainly depends on the normal

2D reconstruction methods, hence, as stated, the patch-based methods tend to be

the better choice. More about the stacking layer method including its difficulties

and shortcomings are reviewed in the patch-based method (Section 3.4.2).

To summarize, the pixel-based methods are flexible in data conditioning. For

2D to 3D reconstruction, however, the approach that averages three directional

probabilities often needs further refinement (Section 3.4.3) to overcome the er-

ror accumulation and improve the 3D continuity, whereas the stacking layer

approach works better together with the patch-based method (Section 3.4.2). Al-

though the pixel-based sequential simulation may not be the best choice as the

initial image-based approach, in terms of quality and efficiency, many of the

works on quality and efficiency improvements are generic and can be applied to

other image-based methods.

3.4.2 Patch-based

While sharing many similarities with pixel-based methods, the most important

difference for patch-based methods is that the simulation grid is a patch (con-

sisting of a number of pixels) rather than a pixel. That is, the main process of

patch-based methods is to paste a new patch to the model by searching for a best

match from the training image, based on an overlapping region with previously

generated patches. Therefore, the key procedures for patch-based methods con-

sist in searching and pasting (including handling the overlapping region).
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The patch-based idea started in the field of texture synthesis, right after pixel-

based methods. Efros and Freeman (2001) originally proposed an image-quilting

(IQ) algorithm. As implied by the name ’quilting’, its featuring idea is to sew the

adjacent patches together by cutting a seam (which can be irregular) between

patches, such that the overlap error is minimized. Concurrently, Liang et al.

(2001) presented a similar algorithm but focused more on improving the com-

putational efficiency (achieving real-time 2D to 2D synthesis of simple textures).

Since then, the architecture of patch-based methods has remained while improve-

ments in different aspects have been studied (Kwatra et al., 2003; Criminisi et al.,

2004; Barnes et al., 2009; Darabi et al., 2012).

The development of patch-based methods in geostatistics followed a similar

trend, but more slowly. Arpat and Caers (2007) modified SNESIM (Strebelle,

2002) to patch-based, SIMPAT (simulation of patterns), which utilized a random

simulation path, without patch refinement. Zhang et al. (2006) transformed pat-

terns to filters to simplify and accelerate the search, following the pioneering

work of Zhu et al. (1998). Another similar work was conducted by Rezaee et al.

(2013), which modified Direct Sampling (Mariethoz et al., 2010) to patch-based,

which does not store a pattern data base and compute probability but directly

finds the most similar patch from the TI. Subsequently, by extending the image-

quilting techniques, Tahmasebi et al. (2012); Mahmud et al. (2014) presented

CCSIM and IQSIM, which have been further studied and used in different geos-

tatistics applications (Tahmasebi and Sahimi, 2013; Tan et al., 2014; Rezaee et al.,

2013; Tahmasebi et al., 2015a,b; Tahmasebi and Sahimi, 2015; Karimpouli and

Tahmasebi, 2017; Ji et al., 2018).

Overall, both the quality and efficiency of patch-based methods have been

improved, compared to pixel-based methods. In terms of efficiency, pasting

a cluster of pixels simultaneously and only searching for matches for overlap-

ping regions (thus skipping a large part of the model) is the first and foremost

reason that patch-based methods are usually faster. In addition, due to the

fixed template and overlap, the patch-based methods are also compatible with

many general acceleration techniques. For instance, Liang et al. (2001) achieved

real-time synthesis using a combination of ANN search, multi-resolution with

a quad-tree data structure and principal component analysis (PCA) simplifica-

tion, while further accelerations such as transformation to the Fourier domain

(Tahmasebi et al., 2014) have also been explored.

As mentioned above, general acceleration techniques (plus CPU/GPU paral-

lelization) can be implemented with other image-based methods as well. In fact,
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the texture optimization methods (iterative-based) work particularly well with

most acceleration techniques, due to their identical operation (search and optim-

ize using a fixed template) for every pixel in an order-independent procedure.

Hence, more information about these techniques is provided in Section 3.4.3

and Chapter 5.

As for reproduction quality, the major improvements brought about in patch-

based methods are in preserving continuity and large-scale structure. Specific-

ally, in addition to the patch pasting scheme, the handling of overlapping re-

gions significantly reduces conflicts between adjacent patches (inconsistency of

continuous features, or blockiness/patchiness), hence improving the continuity.

Initially, by pasting a new patch next to the previous one, it is common that

they do not coincide perfectly, thus resulting in an artefact or inconsistency

between patches. To account for this, a naive way is to blend the adjacent re-

gion to provide a smooth transition between the two patches (Liang et al., 2001),

but this would cause blurring. Alternatively, Efros and Freeman (2001) proposed

to find a min-error cut for the overlapping region, via a dynamic programming

algorithm, so that the cut ’sews the seam’ and two patches are ’quilted’ together.

Fig. 3.4 illustrates these two typical methods. Later on, Kwatra et al. (2003) pro-

posed the graph-cuts method to further improve and generalize image quilting,

providing more flexibility in cutting region and shape. This flexible pixel-wise

refinement also allows potential for 3D to 3D texture synthesis (Wei et al., 2009;

Tahmasebi and Sahimi, 2016a) and matching various types of conditioning con-

straints (Mariethoz and Lefebvre, 2014; Yang et al., 2016).

Apart from the conflicts between adjacent patches, the error also comes from

failing to match the conditioning data. This is the case where extra (or second-

ary) constraints are taken into account, or conditioning data are extracted from

the simulated part (the virtual condition, strictly speaking) to guide the uncom-

pleted part in 2D to 3D reconstructions. Usually, the conditioning within the

template is directly added to the distance function (squared Euclidean distance,

cross-correlation) to search for the best matching pattern and the distance func-

tion can be modified with different weights to provide constraints for specific

tasks. Moreover, to integrate external data (matching well data in a geostatist-

ical simulation, see Section 2.1), Tahmasebi et al. (2012) improved the matching

by adaptively splitting the default template into smaller ones if a mismatch oc-

curs. Other studies (Parra and Ortiz, 2011; Tahmasebi et al., 2014) took future

conditioning data (further away from current simulation) into account to steer

the sequential simulation and reduce potential errors, by using additional larger
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(a) (b) (c) (d)

Figure 3.4: Illustration of synthesis results using different handling methods for adjacent
patches. (a) Randomly placed patches. (b) Patches matching based on over-
lapping region (in orange, dashed) without refinement. (c) Liang et al. (2001)
blended the overlapping region (in green). (d) Efros and Freeman (2001)
computed an optimal cut through the overlapping region (curve in overlap).
Images adapted from Efros and Freeman (2001); Liang et al. (2001); Wei et al.
(2009)

templates but with looser matching criteria, which is similar to multi-resolution/

multi-grid reconstruction (Section 2.8). Graph-cuts (Kwatra et al., 2003) (Fig. 3.4)

were applied by Tahmasebi et al. (2017); Tahmasebi and Sahimi (2016a) for more

flexible conditioning.

To achieve the best result, it is also necessary to choose the right parameter

configuration (the template and overlap size). (All image-based methods are sim-

ilar in terms of the choice of template and so on, so only the representative one

is reviewed here.) In general, too small a template cannot capture desired big

features, whereas too large a template could result in highly repeated patterns or

verbatim copying, plus, possibly, higher computational cost. One needs to bal-

ance between the scale of features captured, pattern variety and computational

cost, which can really differ from case to case. That is, the minimum template

size depends on the size of features that are of interest. In turn the feature size

/template size place minimum requirements on the training image size: the fea-

ture sizes approaching the same scale of training image size are not supposed to

be reproduced as it would result in simple replicate of training images. Overlap

size works similarly as template size, so is often chosen accordingly. Moreover,

the multi-resolution scheme (probably using different template size at each level)

adds to the difficulty in verifying the influence of template size.

Therefore, instead of an exact template size, a certain range of sizes will

achieve similar quality. The common practice is to first consider the empirical

configurations (Mariethoz and Caers, 2014) (parameters empirically established
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by previous researchers (Efros and Freeman, 2001; Tahmasebi and Sahimi, 2013;

Mahmud et al., 2015), in which suggested the template size of 20− 40 pixels

suffices (not exceeding 50 pixels), with overlap size of 1/4 to 1/3 of the template

size), and then to fine-tune in a trial-and-error fashion by analysing the smaller-

sized tests before running the real large model (Mahmud, 2015; Bostanabad et al.,

2018). Other studies (Arpat and Caers, 2007; Honarkhah and Caers, 2010; Hajiz-

adeh et al., 2011; Liu and Shapiro, 2015) have provided additional means to infer

the appropriate template size, such as the information entropy and finding the

changing point of two-point correlation with different template sizes, but these

still need to be investigated based on a specific task.

Overall, patch-based methods are extensively used in many disciplines and

can reproduce regular structures with good quality and efficiency (Wei et al.,

2009; Mariethoz and Lefebvre, 2014; Akl et al., 2018). Nevertheless, using a patch-

based method in 2D to 3D reconstruction is often difficult, because it is less flex-

ible in integrating three directional information than pixel-based methods. The

general idea is to simulate coherent 2D patches to fill up the 3D volume (Mari-

ethoz and Lefebvre, 2014). This method can be divided into two sub-groups:

stacking layers and sequential 2D layer simulation.

The first group are the so-called stacking layer methods (Hajizadeh et al., 2011;

Hajizadeh and Farhadpour, 2012; Tahmasebi and Sahimi, 2012, 2013; Tahmasebi

et al., 2015b; Gao et al., 2015; Ji et al., 2018; Feng et al., 2018). In these methods

the main idea is to pile up horizontal 2D layers to form a 3D model, where every

new layer is conditional to so-called sampling points extracted from the previous

layer. (Illustrated in Fig. 3.3b; the only difference from pixel-based methods

is that the simulation grid is a patch rather than a pixel.) It then becomes a

standard 2D conditional reconstruction, which is relatively easy and costs less

CPU and memory, plus a sampling step which carries information from the

simulated model to the next layer. Thus, the key focus is on the sampling step,

which aims to preserve the continuity between layers and long-range structure

in the vertical (z) direction (the direction perpendicular to stacked layers).

This is addressed by different sampling methods to solve three sub-questions:

how many points to sample (copy) from the previous layer (ratio); where to

sample those points (position); and how to transfer vertical (the direction per-

pendicular to the stacked layers) information (extra constraints). The ratio is

often empirically chosen for different methods: 5%-10% of the sampled area is

directly copied to the next layer as conditioning data (Tahmasebi and Sahimi,

2013). Instead of randomly/uniformly sampling those points, the idea is to se-
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lect more for the stable area, say the inner part of large pores or solids, and

vice versa. To do so, Hajizadeh et al. (2011) proposed a reducing-size box-fitting

scheme, and Tahmasebi and Sahimi (2012) applied a quad-tree like partitioning.

On top of the direct sampling (copied from previous layer), Gao et al. (2015) pro-

posed edge area sampling, which uses a two-point correlation function in the

z-direction as a constraint, to predict the more varying structure in the bound-

ary area. Ji et al. (2018) extended this constrained sampling with a cone-shaped

multi-point connectivity function, which improves the vertical steering inform-

ation. As shown in Fig. 3.5, although the constrained sampling does improve

the quality, the inaccurate vertical structures (in contrast to horizontal good re-

production) as well as the jagged artefacts can still be observed in most studies.

Again, further refinement by graph-cuts and iterative optimization are sugges-

ted by Tahmasebi and Sahimi (2016b); Tahmasebi (2018a); Ji et al. (2018) in their

latest work to overcome these issues.

Another sub-group is formulated by constructing perpendicular 2D layers in a

special order (Comunian et al., 2012; Kessler et al., 2013; Bayer et al., 2015; Pickel

et al., 2015; Gueting et al., 2018). The idea is to address the issue of lacking ver-

tical information by directly reconstructing 2D patches in those directions, and

the intersections of perpendicular layers serve as conditioning data to transfer 3D

information. However, the apparent difficulty is to handle the increasing condi-

tioning conflict in 3D (intersections of perpendicular layers). With a special simu-

lation path (Comunian et al., 2012), every new layer is as far as possible from the

simulated ones, in order to reduce (or in fact, postpone) the conflicts. Gueting

et al. (2018) alleviated this problem, by using this method only at the initial stage

and then continuing with a pixel-based Direct Sampling method (Mariethoz and

Renard, 2010) to perform a 3D to 3D conditional simulation based on the partial

result, before the error accumulates to an unmanageable amount. Chen et al.

(2018) split the 3D volume into smaller cells with multiple 2D layers available as

TIs and conditioning data and combined the sequential simulation a with prob-

ability aggregation method to simulate the volume within each smaller cell, to

achieve more flexible conditioning. More about the sequential orthogonal layer

simulation was analysed in Chapter 4, in which a patch-based method was pro-

posed that combines the ideas of both stacking layer and sequential orthogonal

simulation, in order to overcome their shortcomings.

In short, the patch-based methods significantly improve the 2D pattern repro-

duction and long-range connectivity (large-scale structures) compared to pixel-

based methods, also with good efficiency. With the advanced patch refinement

32



(a) (b)

(c) (d)

Figure 3.5: Illustration of inaccurate vertical structures and jagged artefacts in stacking
layer methods. (a) Three directional cross-sections (TIs) of Berea sandstone
CT. (b) Three directional cross-sections in the present implementation with
an idea similar to Gao et al. (2015); Ji et al. (2018). (Yellow lines indicate
the location in 3D) Using the same Berea TIs: (c) reconstruction adapted
from Hajizadeh et al. (2011), (d) reconstruction adapted from Tahmasebi and
Sahimi (2012) (smoothed).

techniques such as graph-cuts, they have become widely used, especially in geo-

statistical modelling. However, for 2D to 3D reconstruction (especially of hetero-

geneous pore space), there is a tendency to use hybrid methods, combining the

pixel/patch-based method with iterative optimization (Section 3.4.3).

3.4.3 Texture optimization based

Texture optimization-based methods can be seen as a combination of the image-

based method and optimization-based method. Initially proposed by Kwatra

et al. (2005) in texture synthesis, the problem was formulated as a minimization

of a global objective function consisting of higher-order information from the TI
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(typically the sum of pattern similarities for the whole model), via an iterative

Expectation-Maximization process. It was then extended to video (temporal 3D)

texture synthesis (Wexler et al., 2007) and solid texture synthesis (Kopf et al.,

2007).

This hybrid approach benefits from one of the major advantages of image-

based methods, in that it matches patterns directly from TI without extraction or

possible information loss by using lower-order characterization functions, thus

improving higher-order reproduction quality, compared to purely statistically-

based methods (Section 3.3).

Secondly, even if the latter method can improve quality by using multiple

functions (two-point correlation, linear path, two-point cluster), the correlation

update time and (already very slow) convergence time by stochastic optimiza-

tion will also increase significantly (Section 3.3). The texture optimization, al-

ternatively, finds an acceptable local minimum via an Expectation-Maximization

algorithm (Gentle et al., 1998), in a much shorter time.

Moreover, the error accumulation (Section 2.7) remains an unresolved key is-

sue in sequential simulation, especially for the 2D to 3D case, where the 2D

mismatches in orthogonal directions (intersections) lead to deterioration of the

3D continuity and overall 3D structural similarity. Despite the specific design

of post-processing algorithms to revisit mismatching pixels/patches (see Sec-

tion 2.7), a more effective and generic way seems to be minimizing the error

through iterative refinement, which provides both flexibility (pixel by pixel re-

finement) and higher-order information (global error of patterns). Plus, the

objective function can easily integrate additional constraints for different tasks,

without heavy cost. Therefore, these types of methods achieve improvement in

both reproduction quality and computational efficiency (Wei et al., 2009; Mari-

ethoz and Lefebvre, 2014) and are powerful for reducing the error accumulation

in 2D to 3D reconstruction. A promising extension from texture synthesis to

geostatistics was reviewed and explored by Mariethoz and Lefebvre (2014), lead-

ing to an increasing number of applications recently (Sundararaghavan, 2014;

Liu and Shapiro, 2015; Kalantari and Abdollahifard, 2016; Yang et al., 2016; Tah-

masebi and Sahimi, 2016b; Turner, 2016; Pourfard et al., 2017; Zhang et al., 2017;

Tahmasebi, 2018a).

The main procedures can be defined as search and optimize (slightly different

from image-based: search and generate), and the acceleration focuses on Search

Step, while quality improvement is related to Optimize Step and other overall

schemes.
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As mentioned, the identical search process for every point enables the easy

usage of many acceleration techniques, including parallelization, NN search al-

gorithms, and PCA simplifications. First of all, the most computationally in-

tensive part is the nearest neighbour (NN) search, and it becomes even more

prominent in iterative methods. The exact search (usually tree-structured) is re-

ported to be hardly accelerated except in low dimensions (Freidman et al., 1977;

Kwatra et al., 2005), while the approximated search (ANN) (Freidman et al., 1977;

Arya et al., 1998; Marius and David, 2009) achieves a good balance between ac-

curacy and efficiency. Furthermore, coherence-based search algorithms (Tong

et al., 2002; Han et al., 2006; Barnes et al., 2009) provide effective acceleration for

image pattern search. The idea is that the spatial relationship (coherence) will

remain, ensuring that neighbouring pixels in the input are likely to be together

in the output. So, by recording the coherence of each pixel, a search within the

coherence candidates can greatly reduce the search domain. On top of that, PCA

(Hertzmann et al., 2001; Lefebvre and Hoppe, 2005) is widely used to transform

the high-dimensional space of a pattern to a lower dimension. However, these

approximations may lead to loss of details, which is not commonly recognized,

as the PCA transformed space is not directly viewed in the image. Especially,

in porous media reconstruction, this has not been addressed. The influence of

these techniques is discussed in Section 5.3.1. Lastly, the advantage of the E-M

approach is that the computations for each pixel are order-independent, as it is

based on the simulated model (in the previous iteration), instead of a changing

one (ongoing iteration), which enables straightforward CPU and GPU parallel-

ization (Lefebvre and Hoppe, 2005; Dong et al., 2008).

For quality improvement, the studies have aimed for the reproduction of com-

plex structures and global statistical distribution. Wu and Yu (2004); Lefebvre

and Hoppe (2006) introduced the so-called feature map consisting of the edges

and ridges of the original image. The feature provides additional structural

information that is not captured by local pattern distance. Concurrently Tah-

masebi (2018a) extended the use of feature map in porous media reconstruction,

but the quality, especially for complex pore structures was further improved in

this work, via a three-step distance transform (Section 5.2.2).

Moreover, to control the global statistics and avoid some unexpected local

minima, the histogram control is used in both the search and optimize steps

(Kopf et al., 2007; Kaspar et al., 2015). The original histogram controls the value

distribution of a model, while adapted ones can encode positional and other in-

formation (Chen and Wang, 2010). Furthermore, to avoid trapping by the same
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(a) 2D to 2D reconstructions of soil crack structure, which is similar to the pore connectivity.
From left to right: original TI, result by Pourfard et al. (2017) and result by Yang et al. (2016).
Both methods generate blurry regions that do not exist in TI. Images adapted from Pourfard
et al. (2017); Yang et al. (2016).

(b) 2D to 3D reconstruction of shell-like porous structure. From left to right: 3D reference model,
2D cross-sections TIs, 3D reconstruction and its orthogonal cross sections. The detailed het-
erogeneous pore shape and pore size are not well captured. Images adapted from Turner
(2016).

(c) 3D to 3D porous structure synthesis. From left to right: 3D Cu reference model, result via
method of Kopf et al. (2007), and method of Chen and Wang (2010). The pore connectivity is
lost even when using 3D TI (in 2D to 3D the problem becomes more serious). Images adapted
from Zhang et al. (2017).

Figure 3.6: Texture optimization difficulties

local minima, or lack of variety, PatchMatch (Barnes et al., 2009) searches a ran-

dom neighbouring region in addition to the coherence search, while Kalantari

and Abdollahifard (2016) proposed a sparse model that constructs patches with

increased variability.

Despite the issue of lack of variety (Yang et al., 2016; Kalantari and Abdollahi-

fard, 2016), there are other unresolved problems in the reconstruction of complex

porous structures. Fig. 3.6 presents some problematic cases in previous texture

optimization-based methods. For instance, the spatial heterogeneity, such as

wide pore size distribution, is not captured accurately, as the model tends to

converge to the majority phase (Kopf et al., 2007; Chen and Wang, 2010; Turner,
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2016; Zhang et al., 2017). Thus, for porous media where solid proportion is much

higher than pore proportion, they tend to produce mostly solids (or mostly isol-

ated pores) (Figs. 3.6b and 3.6c). Moreover, the detailed information, including

pore shapes and connectivity (especially for small pores), is not well-preserved.

An example of this is the blurring issue, due to iterative averaging in Optimize

Step (Yang et al., 2016; Pourfard et al., 2017) (Fig. 3.6a). In this work the com-

monly used PCA and ANN techniques were found to cause the loss of some

important details which relate to pore connectivity, especially for two-scale pore

structures. The choice of search algorithms for a more practical computational

efficiency was compared to those in recent applications (e. g. Sundararaghavan

(2014) took 15 mins for a 643 model — hence 16 hours for a 2563 model).

To conclude, the texture optimization-based methods combine the advantage

of both image-based and iterative optimization-based methods, providing good

pattern reproduction, computational efficiency and, more importantly, elimina-

tion of the error accumulation. Due to the flexibility of integrating additional

constraints, this group of methods has become more and more popular. How-

ever, there are still problems, especially in complex porous structure reconstruc-

tions, which are further analysed in Chapter 5.

3.5 machine learning based

Recently, rapidly rising attention has been given to machine learning, especially

deep learning and its use for image-related tasks. As reviewed by Raad et al.

(2017); Akl et al. (2018), the new trend in texture synthesis is to revisit typical

problems with the help of machine learning /deep learning, and hence hybrid

methods (combining the traditional archetypes and new techniques) are intro-

duced (Gatys et al., 2015; Lu et al., 2015; Li and Wand, 2016; Raad et al., 2017).

Specifically, applications in porous media reconstruction have also increased.

Examples are 2D to 2D reconstruction using supervised learning (Bostanabad

et al., 2016), 3D to 3D reconstruction (Mosser et al., 2017, 2018) via generative

adversarial networks (GAN) (Goodfellow et al., 2014), the stacking layer method

(2D to 3D) using deep learning (Feng et al., 2018) and super-resolution (Wang

et al., 2018) and using a convolutional neural network (CNN) (LeCun et al.,

1989).

The strength of deep learning is that any relation between input and output

can be matched theoretically and, thus, can model highly non-linear represent-
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ations of data (Hornik et al., 1989). In addition, the efficiency in actual practice

is satisfying: although training the model takes a long time, tens of hours for

a 4003 voxels model (Mosser et al., 2017), the generation process for multiple

models after that is extremely fast.

However, a major shortcoming or limitation is the large demand for training

data (even for 2D data the required input amount is huge). Although one could

generate virtual training data using other previously mentioned reconstruction

methods (Kamrava et al., 2019), the question then goes back to the reconstruction

quality of those methods. Besides, most of the applications are either 2D to 2D

or 3D to 3D reconstruction. New approaches targeting 2D to 3D still need to be

investigated, as the current requirement for a large number of 2D or even 3D

training images somewhat contradicts the purpose of the original task.

Therefore, while being very promising, the reconstruction of heterogeneous

structures such as carbonates using deep learning has not yet materialized, for

practical reasons, and its reconstruction ability for complex structures needs to

be further studied.

3.6 summary

In this chapter, different kinds of reconstruction methods have been reviewed,

especially for 2D to 3D reconstruction. Although many of them coexist and

continue to be developed, it is still possible to observe a trend (Table 3.1) that

transits from statistics-based to image-based, and more obviously from pixel-

based to patch-based, and then to iterative-based, and also an increasing use of

hybrid methods in recent years. Moreover, the fundamental methods often come

from texture synthesis. This is due to their major advantages and shortcomings,

which generally involve the three key issues: large-scale feature (long-range con-

nectivity) reproduction, computational efficiency, and 2D to 3D conditioning

flexibility (avoiding error accumulation).
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Table 3.1: The development trend of reconstruction methods (particularly 2D to 3D). Representative algorithms, improvements, extensions and applic-
ations are listed. The fundamental algorithms are highlighted, some other key works are in bold, and hybrid methods are in italics.

1990-1999 2000 2001 2002 2003 2004 2005 2006 2007 2008 2009 2010 2011 2012 2013 2014 2015 2016 2017 2018

Statistics-based Yeong, Cule Manwart Jiao, Tang Schluter Campaigne Pant, Bodla Pant Gao

Pixel-based Efros Wei Wei, Tong,
Strebelle

Okabe Wu Mariethoz Hajizadeh Gao Tahmasebi Gueting

Patch-based Efros, Liang Kwatra Zhang Arpat Barnes Tahmasebi ,
Comunian

Tahmasebi,
Mahmud

Tahmasebi Tahmasebi Gueting, Ji

Texture optimization Kwatra Wexler, Kopf Chen Liu Tahmasebi,
Kaspar,
Turner, Yang

Zhang Ji

Machine learning LeCun Caers Goodfellow Lecun Li Mosser Wang, Feng,
Mosser
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Table 3.2: A general qualitative comparison of 2D to 3D reconstruction methods. The
rankings (A better than B, B better than C) are based on the literature review
and experience.

Algorithm Orthogonal
TIs integra-
tion

Pattern
reproduction
(long-range,
large-scale)

3D continuity,
error accumu-
lation preven-
tion

Efficiency,
easy to im-
plement

Notes

Process-based NA A* A* C *Quality good for specific rocks
with understandings of diagen-
esis processes. No TI so hard to
define reproduction.

Statistics-based
(simulated
annealing)

B∼C B∼C A D Flexible in conditioning. Extra
correlation functions and direc-
tional TIs add much more time.

Pixel-based
(averaging
three-
directional)

A B B B Initial image-based approach.
Many generic algorithms.

Patch-based
(stacking layer)

B A C A Good at 2D to 2D or 3D to 3D,
difficult in 2D to 3D.

Texture optimiz-
ation based

A A A C Combines optimization-based
and image-based advantages.

Deep learning
based

A* A+ A+ B∼D *Quality further improved,
high efficiency once training
is done, but one limitation is
training data availability.

Indeed, the choice of a method really depends on and differs according to the

tasks and the needs. This study tries to give a general qualitative comparison for

methods reviewed (Table 3.2), to guide the selection of a reconstruction method.

Note that there are other criteria for choosing an appropriate reconstruction

method, which are not focused on in the scenario of this work, such as variation

of realizations, conditioning flexibility and parametric/non-parametric. Addi-

tionally, Section 6.3 discusses the strengths and limitations of the reconstruction

algorithm in this work, handling various structures, and the choice of reconstruc-

tion algorithms is based on those different types.

Based on the analysis of the literature and understanding of the three major

issues, this work is carried out in the following areas:

1. Development and implementation of a sequential orthogonal layer patch-

based reconstruction method, which improves three-directional reproduc-

tion quality (Chapter 4).

2. Implementation and improvement of a texture optimization-based method,

with novel solution of some existing issues in quality and efficiency (Chapter 5).

3. Validations and applications using the latest developed method, recon-

structing complex pore structures to study their morphological and pet-

rophysical properties (Chapter 6).
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4
O RT H O G O N A L 2 D T O 3 D PAT C H - B A S E D

R E C O N S T R U C T I O N

4.1 overall framework

In this chapter a new orthogonal patch-based 2D to 3D reconstruction algorithm

was developed. In contrast to the traditional 2D to 3D patch-based stacking layer

methods (Tahmasebi and Sahimi, 2012, 2013; Tahmasebi et al., 2015b; Ji et al.,

2018), the main objectives and features of the new algorithm are to incorpor-

ate orthogonal training images to generate more realistic pore structures (both

isotropic and anisotropic), and to improve the continuity in the two additional

vertical directions, as these aspects are the limitations of the former methods.

In general, the reconstructed model is generated by tiling a set of sub-volumes

(referred to as cubes) in a 3D raster-like unilateral path, with each cube sharing

some overlapping region as conditioning data (CD for short hereafter), in the

same way as the 2D patch-based reconstruction. The 3D model consists of cubes

each having a dimension of T (template size), and each cube is constructed by

means of several 2D patches in orthogonal directions.

Specifically, Fig. 4.1 shows the main procedures of the algorithm. The method

consists of three parts: skeleton frame construction, cube stacking and gap

filling.

• Generating external layers. First three external layers (surfaces) of the full

model are generated to provide some conditioning data (CD).

• Reconstruction of skeleton frames of cubes. Cubes are then built, starting

from one corner of the model. Within each cube, a 2D patch-based method

is used to reconstruct several slices (referred to as skeleton frames) in three

orthogonal directions, based on the corresponding TIs. This method differs
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(a)

(b) (c)

Figure 4.1: Overview of 2D to 3D patch-based cube reconstruction: (a) Initial external
layers are constructed and sub-volume cubes are then constructed, starting
from the corner. Note that only the skeleton frames are constructed. (b) More
cubes are generated sequentially in a 3D unilateral path for the whole model.
Each cube shares some overlap with previous cubes. (c) Finally, the gaps
between the frames in each cube are filled by interpolation.

from stacking layer methods, in that there are gaps between each skeleton

frame, i. e. not every consecutive slice is constructed.

• Cube stacking. Once all the frames for the current cube are completed, the

next cube (again only skeleton frames) is constructed, conditioned to the

overlap with neighbouring cubes. Following a 3D unilateral path, cubes

are stacked to build the whole model.

• Gap filling. Finally, the remaining gaps are filled by interpolation between

its adjacent six skeleton frames.

Details of each step are described and discussed in the following sections, fol-

lowed by reconstruction results and analysis of typical sample pore structures.

At the end of this chapter, I summarise my algorithm and try to provide a qual-

itative comparison of different 2D to 3D reconstruction methods.
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Figure 4.2: Initial construction of three external layers.

4.2 construction of external layers

Before reconstructing the internal space, as shown in Fig. 4.1a, three external

layers are constructed (using the patch-based MPS algorithm) - representing the

bottom, back and left sides of the full 3D model. The construction of these layers

is conditioned to the common edges. Building the external layers first preserves

the exterior view and provides conditioning data (CD) for the subsequent recon-

struction of skeleton frames.

First, the bottom layer is generated by the general unconditional patch-based

method, for instance the image quilt (Efros and Freeman, 2001; Mahmud et al.,

2014) or CCSIM (Tahmasebi et al., 2012) (or it can simply be the TI in the XY

direction). The back layer is then conditioned only to the bottom edge shared

with the bottom layer. Finally, the left side is constructed based on the left edge

of the bottom and back layers. The result is an empty model with three external

sides which match at all the common edges. The remaining three faces (the

front, right and top) will be constructed last, when the inside volumes have been

reconstructed.

The above step provides initial conditioning lines for the later reconstruction,

which helps to retain the patch continuity near boundaries. The internal model

construction then starts by building the skeleton frames (Section 4.3).

4.3 construction of skeleton frames

In the construction of skeleton frames, the interior model is constructed by stack-

ing a sequence of sub-volume cubes in a 3D unilateral path. Within each cube,

at first only a number of orthogonal skeleton frames are reconstructed.
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(a) (b)

(c) (d)

Figure 4.3: Illustration of Comunian et al.’s (2012) method of sequential construction of
2D slices to form a 3D model. (a) First, two external slices (XZ and YZ) are
generated. (b) New slices (in the XZ and YZ directions) are then generated in
a sequence perpendicular to each previous slice. Each slice is conditioned to
the intersecting lines in red with previous slices and (c) the model is gradu-
ally filled up, slice by slice. (d) The construction sequence (the top view in
the XY plane shown) is tailored so that the constructed slices are initially as
far from each other as possible.

Sequential 2D slice construction

The skeleton frames are constructed in a specific order, so that each 2D slice

is generated sequentially, perpendicular to the previous one. This sequential

2D slice construction is inspired by Comunian et al. (2012) and Kessler et al.

(2013). A review of their method is given here (about steps of constructing the

sequential 2D slice), to demonstrate the limitation, and then how it is improved

by the proposed method.

As illustrated in Fig. 4.3, they generate 2D slices in the x and y directions

in turn. Each new slice is conditioned to the intersecting lines of previously

constructed slices, as well as the two external slices. The 3D domain is gradually

filled by those slices. The construction order is designed so that each slice can

have as much CD as possible (alternating between the x and y directions), while

the intersecting lines are initially as far apart as possible, in order to reduce

mismatches/errors.
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The 3D reconstruction quality of this sequential slice reconstruction is repor-

ted to outperform pixel-based probability aggregation methods (Comunian et al.,

2012). An example of such layer reconstruction is presented in Fig. 4.4. Moreover,

the key advantage of Comunian et al.’s (2012) method compared to traditional

stacking layer methods, is that it constructs both XZ and YZ directional slices, in-

corporating information from different directional TIs, which can be heterogen-

eous and anisotropic similarly to, for example, a layered sedimentary structure.

The special sequence aims at reducing the error accumulation in the construction

of different directions.

The limitation, however, is that the quality of 2D slices will gradually deteri-

orate, as reconstruction needs to be conditioned to an increasing number of

intersecting lines. Moreover, structures in the XY plane are still not constrained

to any TI (in other words, the XY plane is just stacked by the layers in XZ and

YZ planes, not specifically matching the TI). Hence the XY plane appears to

have artefacts and is less realistic compared to the XZ and YZ planes, as can be

observed in the horizontal layer of Fig. 4.4.

Two reasons may explain the conditioning problem. (1) The mismatch of the

CD with the template will eventually appear in most sequential reconstructions,

because it ignores lateral correlation — it only considers existing CD, within a

certain region or template. (See also Sections 2.7 and 3.4.2.) While in the initial

stage the 2D reconstruction can be easily conditioned to a few intersecting lines,

the constraints soon become too strong when more slices are simulated. Consid-

ering that, eventually, every slice has to be simulated, the result can be seriously

uncorrelated to the CD at the final stage, as the error accumulates. (See also

Fig. 4.7, which is described later.) (2) The CD further away is less influential (or

informative) to the current simulation. Hence, the specific sequence (Fig. 4.3d)

relieves the conditioning difficulty at the early stage, but also provides less guid-

ance on the reconstruction at the later stages, leading to an increasing number

of artefacts. In other words, the specially designed order may just delay the

deterioration in conditioning rather than reducing it.

Skeleton frames

To address the above issues, a skeleton structure of orthogonal frames was pro-

posed here, based on the modified sequential 2D reconstruction approach. Be-
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(a) (b)

Figure 4.4: TIs for a layered structure (sedimentary Brussels Sands) on the (a) XZ and
YZ plane are used to reconstruct (b) via the sequential 2D slice method
(Comunian et al., 2012). The structures in XZ and YZ plane are reproduced
relatively well, while artefact can be observed in the XY plane. Note that the
cross-sections shown are the initial slices reconstructed, the quality of later
slices are reported to be less satisfactory. Figures adapted from Comunian
et al. (2012).

sides using three-directional TIs to reconstruct three orthogonal 2D slices, several

changes were made aiming to overcome the conditioning problem.

Firstly, instead of simulating every slice with the MPS algorithm, only a few

slices (i. e. frames) are constructed, each having a small gap in between. The

aim is to reduce the amount of conditioning data required while constructing

the key structure (like a skeleton). The porous structure changes continuously

and gradually, so the intermediate space between the constructed slices could be

generated by some gradual morphing techniques (Section 4.5) which alleviates

the error accumulation caused by increasing CD.

Secondly, the patch-based algorithm is used to construct frames in the unit

of sub-volumes (i. e. cubes), rather than to construct the whole slices/planes of

the model (compared to Comunian et al. (2012)). The dimension of a cube is

defined by a pre-set template size T and the gap between neighbouring parallel

frames is determined by the overlapping distance OL, in the patch-based method

(Efros and Freeman, 2001; Tahmasebi et al., 2012). The procedure is illustrated

in Fig. 4.5: each newly constructed frame is perpendicular to the previous frame.

Once the frames of a cube are completed, the process can move on to construct

the frames in the neighbouring cube along a 3D unilateral path (Section 4.4),

with intersecting lines and overlapping frames used as the CD. This modification,

compared to the previously sequential orthogonal slices reconstruction, aims to

use as much nearby CD as possible, while not generating ’extra’ constraints far
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Figure 4.5: The construction of skeleton frames (from left to right, top to bottom). The
blue lines (planes) delineate the external layers that have been constructed in
the initial step (not shown in the later steps), and red lines are the intersecting
conditioning data. Each new frame is simulated using the corresponding TI
and is conditioned to the intersecting lines with previous frames.

(a) (b)

Figure 4.6: The newly constructed (horizontal) frame is constrained by three parts of con-
ditioning data, (a) the intersecting lines inside (red), overlap with previous
cube (light blue) and (b) the sampling points from previously constructed
parallel frames (blue for pore, black for solid).

away from the current simulation that are less correlated. This reduces the uncor-

related reconstruction at the later stage. Moreover, the current cube shares some

overlapping regions with previously constructed cubes (see Section 4.4); hence,

the frame being constructed includes overlap with frames from neighbouring

cubes, as in the case in 2D patch-based algorithms (illustrated in Fig. 4.6a).

Thirdly, as shown in Fig. 4.6, the conditioning data (CD) in each newly con-

structed frame consist of three parts: the overlapping region (OL) shared with

previous cubes, a gradually increasing number of intersecting lines (IL) and

a constant proportion of sampling points (i. e. CD=OL+SP+IL). Each frame

shares an overlap with frames in previous cubes, just as in the case of 2D patch-
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Figure 4.7: The increase of the amount of conditioning data in two methods. (Configur-
ation:template size T=40, overlap OL=8, sampling rate sp = 3%, considering
two overlapping regions similar to the one shown in Fig. 4.6).

based reconstruction. The intersecting lines are from perpendicularly construc-

ted frames within the current cube. In addition, some extra points are sampled

from previously constructed parallel frames (introduced in stacking layer meth-

ods Chapter 3, using the simplest way - by sampling points uniformly from the

previous parallel frame with a constant ratio, e. g. 3%). The constant propor-

tion of overlapping regions and sampling points compensates the insufficient

amount of CD at the initial stage, where not enough intersecting lines are avail-

able, and helps to preserve continuity from the adjacent and parallel frames.

Overall, it is now clear that too much or too little CD leads to unsatisfactory

results. As shown in Fig. 4.7, it is clear that the original sequential 2D construc-

tion will suffer from a serious mismatch at the later stage due to the increasing

constraints (eventually reaching 100%), whereas the amount of CD generated

during the skeleton frame construction in the presented modified sequential 2D

reconstruction approach is restricted to a certain range and is more uniformly

distributed, compared to original sequential 2D slice method. This alleviates the

error accumulation and thus improves the quality of the reconstruction.

Finally, the single intersecting line is expanded to a wider band to introduce

more spatial relations from the intersected orthogonal frames, which further

reduces the mismatch/error around the ILs. To start with, it can be observed

that inconsistency and/or error in intersecting lines appears frequently in the

reconstruction result (see Fig. 4.8), which leads to an unnatural structure. For

instance, an isolated solid line appears in a pore area in the XY plane, and at

the same time this pore area may appear as an isolated pore line in solid area in

the YZ plane. This may be due to the low proportion or influence of ILs in the
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(a) (b) (c) (d)

Figure 4.8: Mismatch in intersecting lines. Based on a sphere pack TI (a), the 3D recon-
struction reproduces three directional structures (b, c, d, referred to as XY,
YZ and ZX planes). However, there are frequent mismatches in intersecting
lines, visible as isolated pores/solid lines inside solid/pore areas. Yellow
lines indicate the 3D coordinate of the orthogonal slice; here they simply
show the slices are taken from inside the 3D model (near the centre)

CD. The intersecting lines provide conditioning guidance for the perpendicular

frames, so that the 3D model incorporates information from three-directional

TIs. However, the proportion of ILs is limited, compared to OLs and SPs, as

the intersections are only a few lines. (Taking the configuration in Fig. 4.7 as an

example, the proportion of ILs is at most 21% of the CD.) Therefore, it is likely

that the intersecting lines are not matched well, due to their low proportion.

Even if some of the artefacts (isolated lines) can be removed by post-processing,

e. g. median filter (Okabe and Blunt, 2005), so that in the 2D view there are fewer

isolated ILs, the 3D structure will still look unnatural.

As explained above, the intersecting lines connect the orthogonal frames and

control the three-dimensional structure, while the other two parts of the CD

mainly help to preserve the continuity of the two-dimensional structure. So

the higher the weight or proportion of ILs in the CD, the more consistently the

intersections are matched. This can be demonstrated by increasing the weight of

ILs in the distance function of patterns (i. e. the sum of the square distance, SSD,

described in Section 2.5) (b in Eq. (4.1)) and observing the decreasing appearance

of isolated intersecting lines, as shown in Fig. 4.9.

SSD(CD) = a ·SSD(OL)+b ·SSD(IL)+ c ·SSD(SP) (4.1)

where typically a = b = c = 1 (for simplicity they are not normalized to add up

to 1).

However, there is no clear criteria to choose the appropriate weighting factors

for different TIs. Thus, instead of increasing the weighting factor b, the single

intersecting line is expanded to a wider band, as shown in Fig. 4.10a, by rotating

the perpendicular constructed frame. The inconsistent IL occurs because the
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(a) (b) (c) (d)

Figure 4.9: By changing the weight of ILs in the distance function Eq. (4.1), the frequency
of mismatched ILs is changed. The weighting factor b is 1, 2, 4, 8 in (a, b, c,
d), respectively, (weighting factor for OL and SP remains 1). As the weight
of ILs increases, the number of isolated lines is reduced.

continuous pore/solid around the IL is not reproduced, so extra CD are brought

in from the constructed frame in the region around the IL that is likely to be

pore or solid. It is assumed that within a limited band width around the IL, the

larger the continuous pore or solid area in the perpendicular frame, the more

likely it is to remain in the current frame. Practically, as shown in Fig. 4.10b,

there is a band region, X, around the original IL and its horizontal mirror image

f lip(X). The expanded IL is then the intersection X ∩ f lip(X); i. e. if both parts

are pore/solid the resultant region is assigned as pore/solid; otherwise, the

region is undecided (thus, not used as CD). (The band width is small, usually

3∼ 5 pixels.) In this way, more spatial correlation (with high certainty) from the

intersected frame is introduced. Even if the patch does not match the expanded

region entirely, it will not appear as a error/artefact (because the expanded IL is

not included in the final reconstruction of the frame). Comparisons in Fig. 4.11

show that the expanded IL reduces the error on the IL significantly, which helps

to better reproduce the 3D structure.
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(a) (b)

Figure 4.10: Illustration of expanded IL. (a) The grey dashed plane refers to the frame be-
ing constructed, which shares an intersecting line with the horizontal frame.
The idea is to expand the intersecting line to a thin band, by rotating the
horizontal region around the line. (b) In practice, based on the original IL
and corresponding band X , the expanded IL is the intersection of X and its
horizontal mirror image f lip(X): If both parts are pore/solid the resultant
region is assigned as pore/solid (in white/black), otherwise the region is
undecided (in grey).

(a)

(b)

Figure 4.11: Orthogonal slices in the reconstruction without (a) and with (b) expanded
IL, using Berea sandstone TIs.
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4.4 cube construction in a 3d unilateral path

Once the frames of a cube have been completed, the process moves on to con-

struct another cube, which shares an overlap with previous cubes. Following a

3D raster-like unilateral path, the procedure is exactly like the 3D to 3D image

quilting (Efros and Freeman, 2001; Tahmasebi et al., 2012; Mahmud et al., 2014),

except that only 2D orthogonal frames are constructed (using 2D TIs) rather than

the whole 3D space. The general construction process is shown in Fig. 4.12. Spe-

cifically, T is chosen to be divisible by OL, and the overlapping distance of each

cube equals the gap distance between frames, so each frame being constructed

overlaps with the constructed frame in previous cubes. The overlapping region

has some configurations, similarly to the 2D patch-based algorithms, as shown

in Fig. 4.13. In the exterior/border of the model there are only intersecting lines

with external layers. In the internal cubes, each frame overlaps with two other

frames.

In this way, the adjacent cubes preserve continuity using only 2D conditioning

data. After all the cubes are constructed, the remaining three external faces

(the front, right and top layers) will be reconstructed, conditioned to all the

intersecting lines.

(a) (b) (c) (d)

Figure 4.12: Construction of cubes in a 3D unilateral path. The solid and dashed parts
represent previously constructed cubes and ongoing cube under construc-
tion (one at a time), respectively. The red planes are the overlapping frames
serving as initial conditioning data. For each cube to be constructed, it starts
with three conditioning planes, either from the external layers or from the
overlapping frames.
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Figure 4.13: Configurations of overlapping regions. The OL of skeleton frame is the
same as in 2D patch-based algorithms, except that orthogonal frames are
constructed. In the initial stage, no overlapping cube has been constructed,
only the intersecting lines with external layers (red border) are available.
Then the inside cubes share at most two overlapping regions with previous
cubes.

4.5 gap-filling with gradual morphing

After construction of the skeleton frames, the final step is to fill the interme-

diate space (Fig. 4.14) between frames by gradual morphing (Hu, 2000; Caers,

2003; Hajizadeh and Farhadpour, 2012). The idea of gradual morphing is based

on the simple observation that the shapes and sizes of both pore and solid

change gradually between slices. Therefore, the previously reconstructed skel-

eton frames can be used as so-called key frames. (The latter are used in an-

imation/film making to define the start and the end of a smooth transition

(Wikipedia, 2018), to produce a set of intermediate frames that transform gradu-

ally). With fewer conditioned reconstructed slices, the conditioning problem

(described in Section 4.3) is alleviated, plus the gradual morphing is simple and

fast.

Figure 4.14: Example of a cube with skeleton frames constructed. The intermediate
space in the central red cube enclosed by six reconstructed frames (grey)
will be filled by linear interpolation.
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In practice, linear interpolation is used for the gradual transformation. As

previously defined, the indicator function for a binary image is:

f (p) =

1, p ∈ΩP

0, p ∈ΩS

(4.2)

For linear interpolation in 1D, the intermediate state follows this transformation:

f x(p) = f 0(p) · (1− x)+ f 1(p) · x (4.3)

where f 0(p) and f 1(p) are the start and end state, x is the normalized distance

between these two states (between 0 and 1). The interpolation is then extended

to 3D, where the intermediate state is adjusted by three pairs of start and end

points/planes, as demonstrated in Fig. 4.14. The average over three directions

is used as the aggregated probability, where y,z are corresponding normalized

distances, similar to x:

f x,y,z(p) = f 0,y,z(p) · 1− x
3

+ f 1,y,z(p) · x
3
+ f x,0,z(p) · 1− y

3

+ f x,1,z(p) · y
3
+ f x,y,0(p) · 1− z

3
+ f x,y,1(p) · z

3

(4.4)

The value of the intermediate state f x,y,z(p) is between 0 and 1, indicating the

probability of the point p being pore (i. e. 1 means absolutely pore). With

the probability function of each intermediate point assigned, the model is then

determined by Monte-Carlo sampling (Strebelle, 2002; Wu et al., 2006), which

works as a segmentation method.

Alternatively, the binary indicator (Eq. (4.2)) function can be extended to grey-

scale. That is, f ′(p) = 0 and 255 for solid and pore, respectively. The interpolated

point then has a greyscale value between 0 and 255. The resultant model is fi-

nally segmented into a binary image, based on thresholding algorithms such as

Otsu (1979).

Note that a post-processing step — a 3D median filter, which is similar to

other post-processing techniques such as morphological erosion/dilation and

removing isolated pore/solid could reduce noise in stochastic reconstructions

(Liang et al., 1998; Okabe and Blunt, 2005; Hajizadeh et al., 2011; Tahmasebi and

Sahimi, 2012), with only slight changes in porosity and topological properties,

such as two-point correlations (Liang et al., 1998). However, it was found that the
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petrophysical properties and Euler number could change significantly, due to the

removal of very small pores and the overly smoothed pore surface. Therefore,

no post-processing was applied in this work, although some artefacts would

remain.

The reconstructed slices including skeleton frames and gradual morphed slices

are illustrated in Fig. 4.15. The first and last slice in each group refer to the start

and end skeleton frames constructed by the patch-based MPS algorithm while

the intermediate three slices are interpolated slices. It is clear that the Monte-

Carlo sampling result (a) requires further post-processing, while the greyscale

interpolation can produce more natural results without any filtering. Specific-

ally, note the fourth and fifth slice in (a): the region in the red circle shows a

sharp change between two consecutive slices, which looks unnatural. This is

because the MC sampling may be unable to produce smooth transitions, espe-

cially when the probability is very uncertain (e. g. 0.4∼ 0.6), and this is only the

case when applying a three-dimensional interpolation (three groups of average

of the values make the result more likely to be in the middle range). However, in

greyscale interpolation, the structures are more smoothly transformed and will

avoid this phenomenon to some extent, as seen in (b), although there are still

abrupt changes. While other more sophisticated post-processing methods such

as a weighted filter (Okabe and Blunt, 2007) and probability aggregation meth-

ods (Allard et al., 2012; Comunian et al., 2012) may further remove the noise or

adjust porosity, no significant improvement has been reported.
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(a)

(b)

(c)

Figure 4.15: Illustration of gradual morphing. Within each row, from left to right, the
first and last image are reconstructed slices, while the three intermediate
slices are morphed via linear interpolation. (a) The first row is the morphed/
segmented result via Monte-Carlo sampling, which requires further post-
processing: (b) the second line is the result after applying a median filter.
The red circle shows a sharp change between adjacent slices (unexpected).
(c) The result produced by greyscale interpolation, followed by segmenta-
tion.

4.6 results and analysis

To validate the 2D to 3D reconstruction in this chapter, 3D micro-CT images

of Berea Sandstone (Churcher et al., 1991; Okabe and Blunt, 2005) and C2 Car-

bonate (Dong, 2007) were used as the reference data. A few 2D slices of each

were used as training images to reconstruct 3D models. In this section, the

method is validated by comparing the 3D reconstructed model with the 3D CT

reference, in terms of orthogonal views, porosity distribution, geometry proper-

ties (connectivity functions), pore-network statistics (pore size distribution etc.),

predicted flow properties (absolute permeability and relative permeability) and

computational efficiency.

In practice, multiple 2D slices were used as TIs (e. g. 1 ∼ 10). Orthogonal

slices from the 3D CT were used to test the reconstruction ability for both iso-

tropic and anisotropic structures. Fixed parameters were used for both data sets:
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template size T = 40, overlap OL = 8, sampling rate sp = 0.10. Many patch-based

algorithm studies have provided empirically recommended parameter values

(Efros and Freeman, 2001; Tahmasebi et al., 2012; Mahmud et al., 2014). How-

ever, based on these numerical experiments for different TIs, it was found that

the parameter combination did not make much difference when they were large

enough (e. g. T > 20,OL > 4,sp > 0.05). The main feature of the proposed patch-

based algorithm is to better incorporate information regarding three-directional

TIs, which is not strongly influenced by the parameter combination.

4.6.1 Rock samples

Berea Sandstone is one of the widely used rock samples for various experiments,

including the stochastic reconstruction of porous media, because of its simple

homogeneous structure. The 3D CT image (Okabe and Blunt, 2005) has a volume

of 2003 voxels (resolution=5.345µm/pixel), and 4 2D slices (2002 pixel) in XY, YZ

and ZX planes (12 slices in total) were extracted at an equal distance (200/3

for simplicity), which samples the variability of CT in orthogonal directions,

examples shown in Fig. 4.16a. The 2D TIs have an average porosity of 0.207,

compared with a porosity of 0.197 for the 3D CT (Fig. 4.16c). From the porosity

distribution per slice, it is clear that the Berea Sandstone is homogeneous and

the selected 2D TIs are representative.

A similar handling procedure was applied to the C2 Carbonate. It can be

seen that while the average porosity of the 2D TIs are both very close to that

of the 3D CTs, the porosity variation in C2 along slice is much larger than in

Berea. The 3D CT image with a porosity of 0.170 has a size of 2003 voxels

with a resolution of 8.352µm/pixel, and 12 2D TIs with an average porosity

of 0.164 are extracted (shown in Figs. 4.16b and 4.16d). Compared to Berea

Sandstone, while the average porosity of TIs is also representative enough, the

porosity distribution per slice of the C2 Carbonate changes faster and varies in

a larger range. More importantly, the porosity per slice in the 3D CT image

seems to show increasing/decreasing trends (for XY and YZ directions), which

indicates the rock’s heterogeneity. (Note that the resolution only affects the flow

properties. For all other properties we focus on image size in pixels/voxels).
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(a)

(b)

(c) (d)

Figure 4.16: Example of 2D TIs extracted from 3D CT (2002 pixel, 4 TIs extracted from
CT at an equal distance of 200/3 in three orthogonal directions, 12 in total),
and the porosity distribution per slice of the 3D images in three directions.
(a, c) for Berea Sandstone, (b, d) for C2 Carbonate. (White in the binary
images represents pore, black represents solid.)

4.6.2 Reconstructed models

First, the reconstructions from visual and porosity perspectives were inspected.

The 3D reconstructions all had the size of 2003 voxel, and some of the 3D views

are shown alongside the 3D CT image in Fig. 4.17 Visually, the structures of

both Berea Sandstone and C2 Carbonate appear to be reproduced in the recon-

structions. The pore/solid structures (e. g. shape, size) are similar to those in

the 3D references, and the 3D structures are connected naturally in orthogonal

directions in visual aspect (with smooth transition in the cut-out inside view).

Specifically, the pores look well-connected in the first group (Berea Sandstone),

and the porosity variation per slice is very similar to the CT, as shown in Fig. 4.17.

The total porosity of the reconstructions has an average value of 0.20 which is
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(a) (b)

(c) (d)

(e) (f)

Figure 4.17: 3D views of Berea Sandstone (a) CT and (b) reconstructions (with cut-out
for an inside view). (e) The reconstruction porosity per slice along the XY
direction is compared with CT (solid line for CT, dotted lines for reconstruc-
tions). The C2 Carbonate (c) CT and (d) reconstructions are also compared,
as well as (f) the porosity distributions are compared. (Grey represents pore,
black for solid.)

very close to 0.197 for CT, and the variation range is small, because of the stable

structure.

As for the second group (C2 Carbonate), the heterogeneous pore distribution

is reproduced, as seen in the 3D views. The total porosity is slightly smaller but

still similar (reconstruction average 0.163 compared to 0.170 in CT), while the

porosity along the XY direction exhibits a larger variation range (e. g. an outlier

point representing a porosity of 0.134, which is much smaller can be seen in

Fig. 4.18) and changes faster than the original CT. The variation of the porosity

in one direction is much higher for C2 and is not desired, which may be because
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Figure 4.18: The degrees of variation of the total porosity of CT and reconstructions for
both groups shown in Fig. 4.17 are compared.

the C2 Carbonate is more heterogeneous than Berea Sandstone, so the recon-

struction has a higher mismatch rate. Moreover, most of the reconstructions for

C2 Carbonate exhibit a decreasing porosity trend along the XY plane. Although

the 3D CT also shows a increasing porosity trend along one direction, it may not

be relevant to this phenomenon, since the 2D TIs are not used in the original or-

der. Instead, this may be because at the later stage (i. e. in the later layers along

the XY direction) the reconstructed patterns have more and more mismatches

and scattered pores, which makes it difficult to reproduce the large pores ob-

served in the CT image. This is not seen in the Berea Sandstone reconstructions,

because they are much more uniform, and mismatches are less frequent.

Nevertheless, overall, compared with 3D CT, visually similar pore/solid struc-

tures are reproduced, and the porosity variation is consistent in the reconstruc-

tions, for both homogeneous and heterogeneous samples.

4.6.3 Morphological properties

Next, the morphological properties of the CT reference and reconstructions

are compared, including two-point correlation and multiple-point connectivity,

also known as lineal path function (only pore phase connectivity is considered).

These are the lower-order descriptors reflecting basic structural information. The

two-point correlation (TPC) is defined as the probability of finding two arbitrary

points in the volume, at a given distance (lag), that belong to the same (pore)

phase in one direction. The value at lag = 0 shows the total porosity. In addi-

tion, the multiple-point connectivity (lineal path function, referred to as MPC/

LP) is defined as the probability of finding a line segment in certain (practically
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(a) (b)

(c)

Figure 4.19: Comparisons of two-point correlations. (a) Three directional TPCs are com-
pared for both Berea and C2 CT samples. Reconstructions (dotted lines) (b)
for Berea Sandstone and (c) for C2 Carbonate (three directions) are com-
pared with reference data (solid lines).

orthogonal) directions that is entirely in the same (pore) phase. (Quantification

measurements described in Appendix A.) This contains some degree of long-

range connectivity information in addition to the two-point statistics.

First, the two-point correlations of CT and the reconstructions are compared

in Fig. 4.19. The three directional TPCs are almost identical for Berea Sandstone

and slightly different for C2 Carbonate, showing the isotropy of the structures.

The TPCs for the Berea reconstructions are in close agreement with the TPCs for

the CT image. (Note that in Fig. 4.19 only one curve is shown, as all realizations

are almost the same.) In the carbonate group, there is a wider variation in the

TPCs of different realizations in each direction. However, on average the statist-

ics are matched, except that the reconstruction TPCs always tend to overestimate

the TPCs for the CT image at the short range (e. g. 0 < lag < 20). This may in-

dicate that there are more large pores (gathered closely) in the reconstructions

(verified by Pore Size Distribution analysis later).

Similar comparisons are then made for the lineal path functions in Fig. 4.20.

The statistics in CT are identical in three directions. The reconstructions for Berea

Sandstone show excellent agreement, while those for C2 Carbonate again tend to

overestimate the pores. Overall, both groups match the two lower-order statistics

fairly well. A high variation of TPC and LP in C2 Carbonate is observed, which
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(a) (b)

(c)

Figure 4.20: Comparisons of lineal path functions. (a) Three directional LPs are com-
pared for both Berea and C2 CT samples. Reconstructions (dotted lines)
(b) for Berea Sandstone match accurately with reference data (solid lines),
while those for (c) C2 Carbonate (three directions) match less well.

indicates its more complex structure and heterogeneity, and more importantly,

structural information in three directions is reproduced from 2D TIs.

Note that the determination of a good fit of the properties cannot be measured

universally by a threshold value, whereas it depends on the subjective selections

of targeting structures. For example, the reconstruction of a homogeneous sand-

stone and a heterogeneous carbonate produce the same amount of difference

(e. g. the sum of difference of the correlation function curves) compared to the

training image, then the one for carbonate is clearly matching more closely as

the carbonate ought to have a higher variation in the properties. Therefore, in-

stead of comparing the absolute difference of curves, in this work we compare

the variability of property distribution (the variation and average value) with

the training image/3D reference. In addition, the ground truth validation of

the variability around the average could also in principle be obtained, e. g. by

measuring variability in a number of X-ray CT images.
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(a) (b)

Figure 4.21: Comparisons of pore (node) size distribution for Berea Sandstone (a) and
C2 Carbonate (b).

4.6.4 Network model statistics

Besides the lower-order correlation functions, other important morphological

properties that contain more complex structural information, such as pore size

distribution (PSD) and Euler connectivity function, were also measured and com-

pared. (See also Appendix A.)

To compute these two measurements, the equivalent pore-networks from both

the CT image and the reconstructions were extracted, represented by a pore-

scale network of pores (nodes) connected by throats (bonds) of simplified cross-

sectional shapes. The pore-network PSD is defined as the fractions of pores

(nodes) in the model with different pore sizes (i. e. the inscribed radii of nodes

and bonds). The Euler connectivity function is the specific Euler number cal-

culated for a sub-network of the original pore space that has the minimal pore

size. The former characterizes the pore sizes of the model and the latter meas-

ures the pore connectivity through different sized pores. The results are shown

in Figs. 4.21 and 4.22 for both groups (i. e. two sets of CT and reconstructions),

calculated via in-house software Pore Analysis Tools (PAT) (Jiang et al., 2007).

It is clear that both groups reproduce major range of pores (Fig. 4.21), but one

issue is that both groups of reconstructions tend to produce far less tiny pores

than large pores. (e. g. the peaks of distribution for reconstructions are usually

larger than for CT). Note that in the Berea group, there is a higher fraction of

the smallest pores in the reconstructions. Those are isolated pore pixels (some

are artefacts) only having a radius of 0.5− 1 pixel; hence, it is common and

acceptable that some single pore/solid pixels are missing in the reconstructions,

as they can be easily mismatched/ignored in the reconstruction process.
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(a) (b)

Figure 4.22: Comparisons of Euler connectivity functions for Berea Sandstone (a) and
C2 Carbonate (b).

However, the overestimated larger pores (also indicated by TPC and LP as

previously mentioned) in both groups do influence the pore connectivity, which

is demonstrated in Fig. 4.22. These plots, mainly compare the range of minimal

radii that have the Euler connectivities below zero. The left-most (minimum)

value is the specific Euler number for the network containing all pores. The dis-

tinct Euler connectivities of the two groups are reproduced: Clearly the Berea

Sandstone group is much better connected than the C2 Carbonate group, as

the minimum Euler number is much smaller (−530 versus −78, resolution con-

sidered). The reconstructions within both groups then show that the smaller

pores have not been reproduced sufficiently (especially for Berea), as the min-

imum Euler number is higher than that of the CT. Inspite of this, the pore con-

nectivity trend are appropriately capture in the models. In addition, it shows

that the pore system connectivity in C2 Carbonate is mainly controlled by the

tiny pores (e. g. with a radius 1∼ 2 pixels). As a result, a much higher variation

(and probably lower distribution because the underestimation of small pores) in

flow properties is expected, which will be verified next.

Overall, the reconstructions reproduce distinct structural features for the two

groups of images and match the PSD and Euler connectivity with the CT refer-

ence reasonably well.

4.6.5 Petro-physical properties

The similarity of structural properties has been demonstrated by the morpholo-

gical measurements. In addition, by feeding the extracted pore-network models

into the two-phase flow simulator (Ryazanov et al., 2009) the flow characterist-
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ics were also estimated, including absolute permeability, capillary pressure and

relative permeability (drainage).

The absolute permeabilities of Berea Sandstone and C2 Carbonate are presen-

ted in Fig. 4.23a. The results show reasonable agreement between the reconstruc-

tions and the 3D references. The average is lower in both groups, indicating the

slightly poorer connectivity, as demonstrated by the pore connectivity function

above, but the majority of the results are in a close range with reference data.

Specifically, the variation for C2 Carbonate reconstructions is larger, due to the

more complex and heterogeneous structure. (Note that only XY direction results

are shown, as the other two directions are similar for both groups.) The capil-

lary pressure curves are compared with 3D reference for both groups, shown

in Figs. 4.23b and 4.23c. The sandstone reconstructions reproduce the throat

distribution that controls the capillary entry pressure well, but slightly under-

estimates throat sizes and possibly connectivity of pores and throats at mid

to small throats. The carbonate reconstructions reproduce pore distributions

poorly, missing out the entry pressures greatly, which shows that the detailed

pore size and connectivities need to be improved, especially for complex struc-

tures. The oil-water relative permeability curves in Figs. 4.23d and 4.23e for the

reconstructed models in both groups also show a relatively big difference to the

CT’s (again the carbonate group has a larger variation). The carbonate has non-

zero connate water for both CT and reconstruction, which means the isolated

pore space appears to be reproduced by the reconstructions. Since the relative

permeabilities are more sensitive to the connectivity of pore space, it shows that

the reconstruction algorithm still needs to be improved.

4.6.6 Computational efficiency

Lastly, the proposed algorithm is also computationally efficient, compared to

existing patch-based and pixel-based MPS algorithms. A comparison of compu-

tation times for some typical 2D to 3D MPS algorithms is listed in Table 4.1. The

results are normalized approximately, assuming the same CPU (Intel 3.6 GHz) is

used and the reconstructed model is of the same size , 2003 voxel (the efficiency

of the algorithms mentioned here is all linear to the reconstruction size). The

low efficiency of Okabe (2004) method is due to computing pixel by pixel for

the whole model. The sequential 2D orthogonal simulation by Comunian et al.

(2012) takes around 60 minutes. Hajizadeh et al. (2011) used a pixel-based al-

gorithm to build a limited number of stacked 2D layers separated by gaps, and
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(a)

(b) (c)

(d) (e)

Figure 4.23: Comparisons of flow properties of reconstructed models and CT reference.
(a) Absolute (effective) permeabilities. (b, c) Capillary pressures for Berea
and C2, respectively. (d, e) Relative permeabilities. Results are shown only
in XY direction, as the other directions are similar.
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Table 4.1: Comparisons of computation times for some typical 2D to 3D MPS recon-
struction algorithms. The results are normalized for CPU (Intel 3.6 GHz) and
model size (2003 voxel). (The efficiency is linear to the reconstruction size for
the algorithms listed.)

Algorithm Run time

Basic pixel-based (Okabe, 2004) >8 hours

Sequential 2D orthogonal simulation (Comunian et al., 2012) 60 mins

Pixel-based stacking layer (Hajizadeh et al., 2011) 50 mins

Patch-based stacking layer (Tahmasebi and Sahimi, 2012) 75 mins

The proposed algorithm 3 mins

the remaining space is then filled by gradual morphing, which takes a shorter

time of around 50 minutes. Tahmasebi and Hezarkhani (2012) used a patch-

based algorithm to build stacked 2D layers, which speeds up the process to

around 75 minutes (but the quality is better than the former two algorithms).

The new algorithm presented reduces the computational time drastically, taking

only about 3 minutes for a 2003 model, resulting in around 20 times acceleration

compared to conventional methods. It is clear that the acceleration results from

using both the patch-based algorithm and the gradual morphing.

4.7 summary

In this chapter an improved 2D to 3D patch-based reconstruction algorithm was

developed. The 3D reconstruction model is formed by stacking a series of sub-

volume cubes in a 3D raster-like unilateral path, with each cube sharing over-

lapping regions with previous cubes. Within each cube, orthogonal 2D skel-

eton frames are first built up, separated by gaps that are then filled by gradual

morphing. Compared to traditional patch-based stacking layer reconstruction

algorithms (Tahmasebi and Sahimi, 2012, 2013; Tahmasebi et al., 2015b; Ji et al.,

2018), the first key advantage of this method is the better pattern reproduction

in all directions, because the 2D skeleton frames are constructed in three or-

thogonal directions. An expanded intersection line was introduced to improve

3D continuity while reducing conditioning error. Secondly, due to the smaller

number of skeleton frames constructed in the orthogonal sequential order, the

error accumulation is alleviated compared to previous sequential 2D to 3D patch-
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based methods (Comunian et al., 2012; Kessler et al., 2013), resulting in better

3D continuity. Additionally, the algorithm is computationally efficient, because

relatively few 2D slices need to be constructed by patch-based reconstruction,

while the remaining space is filled by gradual morphing which is much faster.

However, the conditioning error can still be observed in the final reconstruc-

tions, which remains a fundamental problem in sequential reconstruction. This

is especially difficult in 2D to 3D reconstruction, because the conditioning data

from each 2D slice influence many orthogonal slices constructed later, so an

(increasing) error seems inevitable. Hence, it is unlikely to find a perfect pro-

portion of conditioning data which provides enough guidance for the following

reconstruction while not producing more and more errors.

Instead, more flexible conditioning to reduce errors may be the solutions.

As one possible improvement, Hajizadeh and Farhadpour (2012) replaced the

gradual morphing with a pixel-based MPS method (called probability perturba-

tion) weighted by the constructed layers. The pixel-based method aims to match

both the conditioning data (i. e. the constructed layers with gap) and the TI,

which improves the 3D continuity compared to their previous work (Hajizadeh

et al., 2011). However, they only stacked 2D horizontal layers to form the 3D

model, resulting in unsatisfactory vertical continuity, as have been discussed.

On the other hand, a more fundamental improvement would be to fix the

error by iterative refinement. For example, once the sequential construction is

completed, the model is modified pixel by pixel for several iterations, in order to

find the best matching pattern for each point. The mismatching pixels/regions

could then be fixed gradually and hence the model would become more similar

to the TIs. This is one of the key ideas of the algorithm development for the next

stage, described in Chapter 5.

Finally, to summarize the key features of the proposed algorithm and to intro-

duce the iterative optimization algorithm in the next chapter, an empirical qual-

itative comparison with other mainstream MPS algorithms mentioned above is

shown in Table 4.2, which focuses on the main issues in 2D to 3D reconstruc-

tion, which are three-directional TIs integration, long-range/large-scale pattern

reproduction, 3D continuity (error accumulation prevention) and computational

efficiency (in the same form as summarized in Section 3.6, but more specific).

Again, the proposed patch-based algorithm mainly improves the TI reproduc-

tion in orthogonal directions and alleviates the error accumulation, while the

iterative algorithm presented in this thesis (Chapter 5) further improves the qual-

ity, especially in preventing error accumulation.
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Table 4.2: Qualitative comparison of typical 2D to 3D MPS algorithms discussed in this
chapter. The rankings (A better than B, B better than C) are based on the
experience gained from this study.

Algorithm Orthogonal
TIs
integration/
reproduction

Pattern
reproduction
(long-range,
large-scale)

3D continuity,
error
accumulation
prevention

Efficiency,
easy to
implement

Basic pixel-based
(Strebelle, 2002;
Okabe and Blunt,
2005)

X C B C

Pixel-based
stacking layer
(Hajizadeh et al.,
2011; Hajizadeh
and Farhadpour,
2012)

× C C B

Patch-based
stacking layer
(Tahmasebi and
Sahimi, 2012;
Tahmasebi et al.,
2014)

× B C A

Patch-based
sequential cubic
frame construction
(Chapter 4)

X B B A

Iterative
optimization
(pixel+patch-
based)
(Chapter 5)

X A A C
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5
T E X T U R E O P T I M I Z AT I O N B A S E D R E C O N S T R U C T I O N

As reviewed in Chapter 3, the Texture Optimization-based (referred to as TO)

stochastic reconstruction method was originally developed in texture synthesis

in computer graphics. Since then, several variations have been proposed to en-

hance the TO-based method in terms of its three procedures: nearest neighbour

search (Search Step), Optimization Solver (Optimize Step), and histogram con-

trol. In this chapter the details of an improved TO-based method are presented

while Section 5.1 provides an overview of the general TO-based reconstruction

method. Section 5.2 introduces a new distance transformation method applied

as a pre-processing of TIs. Section 5.3 discusses various nearest neighbour search

methods in Search Step, while Section 5.4 describes the two Optimization Solv-

ers in the optimization step. Section 5.5 discusses the variations in histogram

matching methods. Finally, Section 5.6 introduces the multi-level reconstruction

scheme.

5.1 texture optimization based method

The TO-based method was first proposed by Kwatra et al. (2005) for 2D texture

synthesis, and then extended to 3D solid synthesis by Kopf et al. (2007). The

framework of these methods is used in this work for reconstructing 3D por-

ous structure models from 2D TIs. The key idea of Texture Optimization is to

minimize a global energy function that measures the dissimilarity between the

reconstructed model and training images over every local neighbourhood, via

an iterative optimization algorithm. In this section, three key concepts in the

TO-based method are described, which are the local energy (similarity metric),

global energy function, and the energy minimization approach. The description

starts with the simple 2D to 2D case, then 2D to 3D, and finally the details of

each step of the method are provided.
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Starting with 2D reconstruction, let I be the training image (TI) defined on a

2D domain ΩI , M be the reconstructed model on another domain ΩM. {nI} and

{nM} be the set of neighbourhood vector values in I and M, characterized by the

predefined template T .

The reconstruction is to generate stochastic models that are similar to TI. The

similarity can be quantified by the sum of local energy for each neighbourhood.

First, we define the local energy as the distance, D, between a neighbourhood

nM and its most similar neighbourhood in I. Specifically, let nM(p) denote the

vectorized neighbourhood centred at the pixel p ∈ ΩM, concatenating the pixel

values M(p+ r), where r = (a,b) is a vector representing the relative coordinate

in the template T . The distance D(nM(p),nI(q)) is simply computed as the sum

of the squared Euclidean distance between two vectors nM(p) and nI(q).

D(nM(p),nI(q)) = ‖nM(p)−nI(q)‖2

= ∑
r∈T

(M(p+ r)− I(q+ r))2 (5.1)

Similarly to nM(p), nI(q) denotes the neighbourhood centred at q ∈ ΩI . Further,

we denote nI(s(p)) as the most similar neighbourhood to nM(p) among all TI

neighbourhoods {nI}, which is centred at s(p) ∈ΩI :

s(p) = arg min
q∈ΩI

∑
r∈T

(M(p+ r)− I(q+ r))2 (5.2)

Hence,

nI(s(p)) = arg min
nI(q)

D(nM(p),nI(q)) (5.3)

which gives the local energy as ‖nM(p)−nI(s(p))‖2. The global energy is then

naturally defined as the sum of local energy over all pixels in ΩM. (Note that

neighbourhoods centred at the boundary of M are not valid. In practice, they

are ignored. Ω∗M is just a valid subset that excludes these parts, in the following

parts.)

E(M;{nI(s(p))}) = ∑
p∈Ω∗M

‖nM(p)−nI(s(p))‖2 (5.4)

Thus, the objective of the reconstruction is to find a global energy minimization,

which is the minimization of the sum of local energies. This is based on the

fact that if a given reconstruction, M, resembles the TI, I, then as many neigh-

bourhoods as possible in M, nM can be found similar to the nI in I. In general,
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the assumption is that reducing the global energy leads to a higher quality M,

which reproduces patterns similar to {nI}. (Obviously, the template size for

neighbourhoods should be large enough to capture the representative patterns

of TI.) Although the minimization of energy is only a necessary condition for

the most similar model (Kwatra et al., 2003), the resultant model often matches

the TI reasonably well over local neighbourhoods.

However, it is not directly possible to minimize the global energy function,

E, (Eq. (5.4)), as its arguments nM(p) and {nI(s(p))} are both unknown. The

Expectation-Maximization (EM) algorithm (Moon, 1996) is suitable for this type

of problem with two groups of unknown arguments (parameters and variables).

EM is applied to find maximum-likelihood estimates for model parameters (nM),

where the model parameters also depends on implicit variables ({nI(s(p))}). This

is achieved by iteratively applying two steps: the (Expectation) E-step creates a

likelihood function composed of variables evaluated using the current estimate

of parameters. The (Maximization) M-step computes parameters that maximize

the likelihood function found in the E-step. These adjusted parameters are then

used to determine the variables in the next E-step.

Similarly to the EM algorithm, the TO-based reconstruction iteratively applies

two steps: the Search and Optimize Steps. The reconstruction starts from a

random initial model M0 (iteration 0), and the corresponding set {n0
I (s(p))} is

also assigned randomly. The two steps are then operated iteratively. In Optimize

Step, the current energy is fixed {ni−1
I (s(p))} and minimized with respect to

M via the Optimization Solver (such as Least Squares), where i refers to the

iteration order. This generates a resultant model at iteration i: Mi. In Search

Step, the nearest neighbourhood ni
I(s(p)) for every nM(p) is sought, based on

the SED similarity. The updated Mi and the corresponding neighbourhoods

{ni
M(p)} are used in the next iteration. The global energy decreases gradually

by alternating between these two steps until a convergence target/threshold is

reached, or a pre-determined number of iterations is completed. A pseudo-code

for the TO-based reconstruction is described in Algorithm 5.1.

For 2D to 3D reconstruction, the modification is to approximate the 3D global

energy in the form of 2D. Three slices orthogonal to the main axes are extracted

for each voxel in the reconstruction volume. The idea is to only measure the

difference between three orthogonal 2D neighbourhoods and the corresponding

TIs, one in each direction. In practice, this approximation not only results in or-

thogonal 2D neighbourhoods similar to TIs, but also produces a similar structure

to TIs in arbitrary directions, as found in previous studies (Kopf et al., 2007; Wei
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Algorithm 5.1: General TO-based algorithm
Input: Training image, I (neighbourhoods {nI})
Output: Reconstruction model, M

// Random initialization

{n0
I (s(p))}← neighbourhood centred at random pixel in TI, ∀p ∈ΩI ;

for iteration i = 1 : imax do
Mi = arg min

M
E(M;{ni−1

I (s(p))}) ; // Optimize Step

ni
I(s(p)) = arg min

nI

∥∥ni
M(p)−nI

∥∥2 ; // Search Step

if ni
I(s(p)) == ni−1

I (s(p))∀p ∈ΩM then
M = Mi;
break; // Convergence

end
end

et al., 2009). In other words, considering three orthogonal 2D slices of 3D volume

provides a practical and time efficient solution for 2D to 3D reconstruction.

The input now consists of three 2D TIs (Ix, Iy, Iz) in orthogonal directions rep-

resenting the YZ, XZ, and XY planes. nM,x(p), nM,y(p) and nM,z(p) refer to the

corresponding neighbourhoods in the 3D model, M, centred at voxel p ∈ ΩM in

orthogonal x, y, and z directions, respectively. The 3D global energy function is

defined as the sum of 2D local energies in these three directions:

E(M;{nI,x(sx(p)),nI,y(sy(p)),nI,z(sz(p))}) = ∑
p∈ΩM

∑
d∈{x,y,z}

∥∥nM,d(p)−nI,d(sd(p))
∥∥2

(5.5)

An advantage of the TO-based 2D to 3D reconstruction is that there are only

minor changes from the 2D to 2D reconstruction in Search and Optimize Steps.

In Search Step the nearest neighbourhoods in orthogonal slices from the three

corresponding TIs are sought. Likewise, in Optimize Step the global energy func-

tion, E, considering the sum of distances in orthogonal directions is minimized.

Following this simple adaptation to consider orthogonal TIs and thus iteratively

decrease the mismatches in three directions, the TO-based 2D to 3D method can

handle anisotropic structures and preserve the 3D continuity, which are difficult

tasks for patch-based methods (Tahmasebi and Sahimi, 2012, 2016b).

Fig. 5.1 is a schematic description of the 2D to 3D reconstruction. A flow-

chart shown in Fig. 5.2 summarizes the procedure of the proposed algorithm,

for which the details are described in the following sections.
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Figure 5.1: A schematic description of the 2D to 3D reconstruction. 2D binary TIs from
orthogonal directions are first distance transformed to encode more spatial
information. The model is iteratively refined in a TO-based framework in-
cluding Optimize Step and Search Step. Besides, the reconstruction is com-
pleted in a multi-resolution (multi-level) fashion.
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Figure 5.2: The complete TO reconstruction flowchart

The TO-based method combines the strengths of both pixel- and patch-based

algorithms (Wei et al., 2009). In Search Step, by using a large enough neigh-

bourhood similar to that in patch-based methods, the representative patterns

are reproduced better than in pixel-based methods. In Optimize Step, it modi-

fies the model voxel by voxel, which gives the flexibility to incorporate different

orthogonal patterns, and, hence, better 3D consistency compared to patch-based

methods. Furthermore, the iterative scheme allows gradual reduction of the mis-

matches that are common in sequential image-based reconstructions. However,

there still remain some difficulties (see more in Section 3.4.3), which is addressed

in this work.
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5.2 distance map transformation

Distance map transformation serves as a pre-processing step that transforms

the binary TI into a greyscale image to enrich the spatial information (relative

position of objects). In image-based reconstruction algorithms, the spatial in-

formation is purely acquired from local neighbourhoods (templates) and then

used to generate the output model. Therefore, an adequate characterization of

neighbourhoods is the prerequisite for high reproduction quality. This is espe-

cially important in porous media reconstruction, as the detailed morphology of

the pore/solid (boundaries, shapes, etc.) strongly influences the connectivity

and petrophysical properties such as (relative) permeability. However, the ana-

lysis of porous media images acquired from techniques such as CT and SEM

is usually based on segmented binary images rather than original greyscale im-

ages, due to noise and illumination issues. For many complex micro-structures

(for instance the heterogeneous carbonates), the structural information revealed

by neighbourhoods in binary images is insufficient for characterizing the spatial

distribution of pores and solids. Many conventional patch-based approaches

have attempted to capture more information by increasing the neighbourhood

size (Hu and Chugunova, 2008; Honarkhah and Caers, 2010; Tahmasebi et al.,

2012; Mahmud et al., 2015). However, while small templates cannot encode large

spatial features, simply increasing the neighbourhood size, does not necessarily

solve the problem, due to limitations in memory usage, computational efficiency

and, more importantly, loss of pattern variety (verbatim copying, Mariethoz and

Caers (2014)).

Alternatively, additional spatial information around each pixel can be inferred

by converting the simple binary image to a more informative greyscale image

using distance transform (DT). Fig. 5.3 shows the general procedure of applying

DT to the reconstruction. First, the binary TI is transformed into a distance map

(DM), which is then used as the new TI. Then the TO-reconstruction (Search

and Optimize Steps) is carried out based on this greyscale image (DM). Finally,

when the reconstruction has finished, the greyscale output is transformed back

to binary.

A three-step distance map transformation is presented in the following sub-

section, containing the spatial distribution of both pore and solid phases. First

the basic DT is described and then the three-step DT.
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(a) Binary image

→

(b) Distance map
(DM)

=⇒

(c) greyscale recon-
struction

→

(d) Thresholded re-
construction

Figure 5.3: A general workflow of DT-assisted reconstruction: (a)the 2D binary TI is first
transformed to (b) a DM TI via a three-step distance transform. Then the
TO-based reconstruction is based on the new DM TI, which produces (c) a
greyscale reconstruction. (d) The final binary reconstruction is produced by
threshold based on the same rule for (b).

5.2.1 Distance Transform

Distance transform (DT) is a widely used image processing and analysis tech-

nique that converts a binary image into a greyscale image, a distance map (DM).

In a resulting DM, the background (non-object) pixels in binary images are as-

signed zeros in the DM, while every foreground (object) pixel is assigned a pos-

itive integer that is the shortest distance to its nearest background pixel. In the

reconstruction and analysis of porous media, the foreground and background

usually refer to pore and solid phases, respectively. For the distance metric,

the exact Euclidean distance, rather than an approximate distance (such as city-

block, chessboard or chamfer distance metric), is crucial for accurate measure-

ment of pore sizes and boundary shapes (Jiang, 2008). In practice, squared Eu-

clidean distance (SED) is used instead of Euclidean distance, for efficiency and

accuracy (because only integers are involved in the discrete space).

Mathematically, given a binary (2D or 3D) image defined on a domain ΩI ,

the pixels/voxels are segmented into either foreground ΩI,P (e. g. for pore) or

background ΩI,S (for solid) phases. The distance transformation converts the TI

to a greyscale distance map (DM), within the same image domain ΩI = ΩI,P +

ΩI,S, which can then be described as:

DM(p) =

min∀q∈ΩI,S SED(p,q) p ∈ΩI,P

0 p ∈ΩI,S

(5.6)

Clearly a brute-force search is to compute the SEDs to all background pixels and

store the smallest one for each foreground pixel, but this approach is impractical

because of its low computational efficiency. Many improved DT algorithms have
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Figure 5.4: A 3×3 neighbourhood composed of backward and forward scan, and relative
coordinate vectors R(p) and R(q) to background pixel o.

been developed (reviewed in Fabbri et al. (2008)), among which a simple and ef-

ficient two-scan approach (Shih and Wu, 2004; Jiang, 2008) is used in this work.

The idea is to divide the task of finding the distance of a current object pixel to

the nearest background into comparing the shorted distance stored in its 3× 3

neighbourhood, in two (raster) scans of the image. During scanning a binary

image, the background pixels are directly assigned as zeros in the resultant DM.

For a foreground pixel, the shortest distance to the background can be calculated

as the distance to its neighbours plus the shortest distances to these neighbours

determined in the current scan. In company with the newly determined shortest

distance, a background pixel is found as well, which becomes the new nearest

background pixel to the current pixel. Its relative coordinate (Fig. 5.4) to the cur-

rent pixel is then stored in the memory for further handling. Such information is

only available in half of the 8-neighbourhoods during each scan, so two reversed

scans are required to compute the nearest distance.

In Fig. 5.4, for a foreground pixel p, its 3× 3 neighbourhood N(p) = {q1,

q2,q3,q4,q5,q6,q7,q8} is partitioned into two halves (up-stream and down-stream,

accessing pixels from left to right and then from bottom to top), N f (p) and

Nb(p), for the forward and backward scans, respectively. Hence we have N f (p) =

{q1,q2,q3,q4} and Nb(p) = {q5,q6,q7,q8}. Let R(p) = (p− o) denote the relative

coordinates of pixel p to its nearest background pixel o. The SED between p and

o is computed as the minimum SED between a neighbouring pixel, q, from N(p)

and o:

SED(p,o) = (p−o)2

= (p−q+q−o)2

= ‖p−q‖2 +‖q−o‖2 +2(p−q)× (q−o)T

(5.7)
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→

Figure 5.5: A binary image (foreground in white and background in black) is trans-
formed into a distance map (zeros for background points, positive integers
for foreground points).

(p−q) ∈ {(−1,−1),(0,−1),(1,−1),(−1,0),

(1,0),(−1,1),(0,1),(1,1)}
(5.8)

where (p− q) is the relative coordinate between p and one of the points in

its 8-point neighbourhood, q, and (q− o) is the relative coordinates of q to

its nearest background o (R(q)), which is updated and stored during the two-

way scans. Fig. 5.5 shows a greyscale DM, obtained by the two-scan algorithm

(Algorithm 5.2). (The distance map displays different layers within the object;

each layer has the same distance value from 1,2,...) By applying DT, every fore-

ground pixel now contains more information regarding not only the phase iden-

tity (pore/solid), but also the spatial distribution relative to the neighbouring

background boundaries (how far from the boundary, which can then be repro-

duced).

5.2.2 Three-step Distance Map Transformation

Distance map provides additional spatial information around each foreground

pixel. To further enhance the information, it is necessary to take both foreground

and background (pore and solid) into consideration.

In this part a three-step DT method is introduced that provides extra inform-

ation for both pore and solid phases. The enrichment is measured via Shannon

information entropy, which has been used to decide the optimal template size

for patch-based methods (Honarkhah and Caers, 2010; Zhang et al., 2006).
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Algorithm 5.2: DT algorithm
Input: Binary image I, where ΩI,P is the foreground (pore) domain in I
Output: The SED distance map DM

1. Forward scan (left to right, bottom to top)
if p ∈ΩI,P then // foreground phase

DM(p) = ∞;
foreach q ∈ N f (p) do // i. e. {q1,q2,q3,q4}

dist = DM(q)+‖p−q‖2 +2(p−q)×R(q)T ;
if dist < DM(p) then

DM(p) = dist;
R(p) = R(q)+(p−q);

end
end

else // background phase

DM(p) = 0;
R(p) = (0,0);

end

2. Backward scan (top to bottom, far to near, right to left)
if p ∈ΩI,P then // foreground phase

foreach q ∈ Nb(p) do // i. e. {q5,q6,q7,q8}
dist = DM(q)+‖p−q‖2 +2(p−q)×R(q)T ;
if dist < DM(p) then

DM(p) = dist;
R(p) = R(q)+(p−q);

end
end

end

Briefly, entropy is a statistical measure for the randomness of a TI encoded by

the template, defined as:

Entropyn =−
Kn

∑
i=1

rn,i logrn,i (5.9)

where Kn is the number of patterns captured by a template of size n, and rn,i is

the ratio of i-th pattern to the total number of patterns, Kn. High entropy means

more randomness (variation) captured by the template.

Generally, with the growth of template size in a stationary TI, the entropy

will also increase, but the rate of increase slows down gradually and finally

becomes zero, because the template is big enough to include almost all the pat-

terns. One would like to encode as much information as possible to characterize

the complex pore structure, but also use a small enough template, due to the
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Figure 5.6: An overall comparison of pattern entropy characterized by different template
size, for the three-step DM of the binary TI (Fig. 5.3a).

high computational cost in iterative optimization process. Using the same TI in

Fig. 5.3a, the comparison in Fig. 5.6 shows that three-step DM TI allows us to use

a much smaller template to capture even more information than using binary TI

— the entropy of the original TI is still much less than DM’s when the template

size reaches 32 squares, which is too big for computation.

The simple DT only enriches the foreground information, therefore it makes

sense to consider a hybrid DM that enriches the information for both pore and

solid phases, as the spatial distribution of the solid phase also influences the

porous structure. The hybrid DM is constructed in three steps as follows.

In the first step, DT is applied to the binary image for the foreground and

background phases separately. Two DMs (DMP and DMS) are generated, where

the foreground corresponds to pore and solid phase, respectively:

DMP(p) =

min∀q∈ΩI,S SED(p,q) p ∈ΩI,P

0 p ∈ΩI,S

DMS(p) =

0 p ∈ΩI,P

min∀q∈ΩI,P SED(p,q) p ∈ΩI,S

(5.10)

In the second step, the two DMs are combined into one hybrid DMH . This

combined distance map should include distances to the pore-solid boundary in

both phases. In implementation, this is done in the two-scan DT process.
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The simplest way to achieve this, is to change the sign in one phase (referred to

as inversion). The subtlety is to add 1 on one side, which ensures that two points

directly on opposite sides of the pore-solid boundary have the correct distance, 1.

Finally, all values are made positive by adding a fixed number (maxS, see below)

to all distances. The latter is mathematically not necessary, but convenient for

operating on the greyscale image. Consequently, we define

DMH(p) =

DMP(p)+maxS p ∈ΩI,P

maxS+1−DMS(p) p ∈ΩI,S

(5.11)

where

maxS = max∀p∈ΩI DMS(p) (5.12)

Fig. 5.7 illustrates the spatial distance, pattern similarity and the difference of

DM values, and shows why the second step is necessary. p1, p2, p3, p4 are the

pixels in neighbourhoods A, B, C, D. Suppose DMP(p1) = DMP(p2) < DMP(p3).

First, even though the DM values contain spatial information, the actual spa-

tial distance between two points still depends on their positions. For instance,

d(p4, p2) > d(p4, p1), but the difference of their DM values should be the same

|DMH(p4)−DMH(p1)|= |DMH(p4)−DMH(p2)|. Secondly, however, we expect

|DMH(p4)−DMH(p1)|< |DMH(p4)−DMH(p3)|, which indicates p1 is more similar

to p4 than p3. In the same way we can calculate the difference of neighbour-

hoods based on the DM values, and find that A and B are more similar to D

than C. This is achieved by the second step, mainly by changing the sign of DMS

and combining them into one DMH . Fig. 5.8 shows that without this step (the

inversion) the distance mapping will produce DM values in the reconstructions

that contradict the original spatial relationship. Specifically, Fig. 5.8a shows that

the inside part of pores and solids have closer DM values (both are grey, com-

pared to the white pore /black solid boundaries), meaning they are more similar

than to their same phase boundaries, which is not true. Fig. 5.8b shows that the

boundaries of pores (recoloured in white) in reconstruction have the DM values

corresponding to the inside part of pores in original DM for TI, which is spatially

incorrect.

In the third step, the value (intensity) distribution of DM_H is adjusted us-

ing an image processing method called histogram equalization (Gonzalez et al.,

2009). Histogram equalization is a common tool used to enhance contrast for

images (e. g. Fig. 5.9). Generally, it spreads out the most frequent intensity
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Figure 5.7: Illustration of spatial distance, pattern similarity and DM values. p1, p2, p3, p4
are the pixels in neighbourhoods A, B, C, D. Suppose DMP(p1) = DMP(p2)<
DMP(p3).

(a) (b)

Figure 5.8: Example of incorrect distance mapping (step 2 without inversion) leading to
contradiction of spatial relationship. (a) is a DM that is combined by pore and
solid DM without inversion. (b) is a zoomed in view of 2D reconstruction
using (a). For illustration, the pore region is recolored in grey and white
(representing the pixels having the highest pore DM values, corresponding
to centres of the largest pores in the original DM), solid region in black.

distributions so that the local contrast (the colour or brightness difference of ob-

jects and its nearby region) increases, making objects more distinguishable. This

method is useful in images with background and foreground that are distributed

closely in a short range, such as the DM images. For instance, Fig. 5.11d shows

a highly imbalanced distribution, for which the majority of distance values are

the peak values. In Fig. 5.11d, the proportion corresponding to DMS(p) ≤ 9 or

DMP(p)≤ 9 accounts for about half (45%) of the distribution, the combined DM
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(a) (b)

(c) (d)

Figure 5.9: Histogram equalization and its effect. (a) A greyscale image before histo-
gram equalization. (b) Histogram (red) and its cumulative (black) of (a). (c)
Modified image of (a) after histogram equalization. (d) Adjusted histogram
(red) and its cumulated (black) one of (c). Greyscale image adapted from
Phillip Capper (2005); Wikipedia (2018).

value ranging from 1090 to 1121, with the mode referring to DMS(p) = 1 and

DMP(p) = 1 at 1105 and 1106, respectively, while the remaining part (55%) rep-

resents distance values from 10 to maximum (1 to 1089 and 1122 to 1505). Those

major DM values (around the mode) represent the pore/solid boundaries. The

remaining part (away from mode) also contain important information regarding

pore/solid size distribution which should be accurately reproduced. However,

the low frequency values are likely to disappear gradually, due to the iterative

averaging in Optimize Step (Eqs. (5.4) and (5.19)). That is, the resultant distance

value distribution tends to converge to the high frequency values, thus losing

the accurate characterization of larger pore/solid phases. Histogram equaliza-

tion aims to adjust this biased distribution by effectively spreading out the most

frequent values.

Let oi be the number of occurrences of pixel value i in the discrete greyscale im-

age DMH . Let h(i) be the histogram for pixel value i normalized to [0,1] defined

as:

h(i) =
oi

n
, i ∈ [1,L = maxS+maxP] (5.13)
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Figure 5.10: A zoomed in stepwise comparison of pattern entropy characterized by dif-
ferent template size, for the three-step DM of the binary TI (Fig. 5.3a). (The
overall comparison is shown in Fig. 5.6.)

where L is the maximum pixel value in the image, n is the total number of pixels.

We then have the cumulative distribution function (cd f ) for DMH , defined as:

cd f (i) =
i

∑
j=0

h( j) (5.14)

The aim is to create an adjusted distance map DM′H from DMH with a flat histo-

gram (see Fig. 5.9d), DM′H = Tr(DMH), where Tr(i) is the equalization transform-

ation. The flat histogram corresponds to a linearised CDF cd f ′(i):

cd f ′(i) =
i
L
, i ∈ [0,L] (5.15)

This is performed by an inverse transform defined as

cd f ′(Tr(i)) = cd f (i) (5.16)

The reconstructions with and without distance transformation are compared in

Fig. 5.11 for 2D, and in Figs. 5.12 and 5.13 for 3D cases.

To highlight the effect of distance mapping on reconstruction, a stepwise com-

parison of DMs, corresponding histograms and reconstructions of the three-step

DT is given in Fig. 5.11, with the corresponding entropies compared in Fig. 5.10.

It is clear that the first two steps enrich the spatial information for both pore

and solid phases, while the third step spreads out the histogram to be more bal-

anced (flat) without losing information, as the entropy is almost the same as in

the previous step.
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The comparison of reconstructions using different DM TI in Fig. 5.11 shows

profound impact. Some pore/solid patterns are reproduced in Figs. 5.11b and 5.11c

by using DM. However, the reproduction is not good enough, as the reconstruc-

tions tend to converge to the majority phase in the DM TI, which results in

highly biased porosity. This is because the large solid/pore phases, cannot be

distinguished by the single-step DM. Moreover, the result using combined DM

(Fig. 5.11d) is slightly improved from the previous two, but the detailed struc-

ture is not reproduced (such as the sharpness of pores). It is clear that histogram

equalization (Fig. 5.11e) helps to preserve the lower frequency values better. The

proportions of values representing larger pores and solid phase in the DM his-

togram of reconstruction are similar to the ones in TI DMH ; hence the recon-

struction has reproduced the TI more realistically in terms of pore/solid size

distribution.

In addition, an overall comparison of 2D to 3D reconstruction result is shown

in Figs. 5.12 and 5.13, the three-step DM is especially effective in reproducing

structures having both large and small pore/solid phases, such as in complex

rocks like carbonates.

(a) Binary training image
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(b) Pore DM, corresponding histogram and 2D reconstruction. Too much solid generated.

(c) Solid DM, corresponding histogram and 2D reconstruction. Too much pore generated.

(d) Combined (Two-step) DM, corresponding histogram and 2D reconstruction. The porosity
and spatial distribution is improved, but detailed pore/solid shapes cannot be reproduced.

(e) Equalized (Three-step) DM, corresponding histogram and 2D reconstruction. The spatial
distribution, size and shape of both pore and solid are reproduced.

Figure 5.11: Stepwise influence of DMs, histograms and 2D reconstructions, based on
the binary training image (a). (zoomed in to the range of practical template
sizes)
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(a) (b) (c)

Figure 5.12: (a) 3D CT reference of the 2D TI (shown in Fig. 5.3a), (b) the reconstruction
using the binary TI and (c) the reconstruction using proposed DM TI.

(a) Orthogonal binary TIs of a two-scale pore size structure

(b) A failed reconstruction without using DM: a 2D cross-section and 3D model.

(c) Improved model using three-step DM: 2D and 3D view.

Figure 5.13: Comparison of 2D to 3D reconstruction with/without three-step DM. The
TIs have a two-scale pore size distribution, and the large pores are connected
by some surrounding small pores.
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5.3 search step : nearest neighbour search

In Search Step, the model, M, remains fixed, then the global energy Eq. (5.4) is

minimized with respect to nI(s(p)) (In Optimize Step, the energy is minimized

w.r.t. nM(p)). As mentioned in Section 5.1, the aim is to find an update of s(p)

that minimizes the SED between nI(s(p)) and nM(p),

s(p) = arg min
q∈ΩI

∑
r∈T

(M(p+ r)− I(q+ r))2 (5.17)

As illustrated in Fig. 5.14, this is a typical nearest neighbour search (NNS) in high

dimensional space, which dominates the computation time of the TO-based al-

gorithm. For measuring the computational complexity, let the template size be

ST , the TI size be SI and output reconstruction size be SM. The task is to find

the closest point for SM queries in an ST -dimensional vector space containing

SI points. The brute-force solution searches exhaustively, which costs computa-

tional complexity of O(ST SI) for a single query and O(ST SMSI) for all queries (in

one iteration). Considering the large size (e. g. SM > 3003) of 3D reconstruction

and multiple iterations, this computationally heavy solution is unaffordable. To

accelerate the NNS problem, many solutions have been proposed to solve the

speed and quality trade-off. Two types of commonly used algorithms and the

corresponding issues are discussed in the next section.

Figure 5.14: Illustration of Search and Optimize Steps. The solid squares in the inter-
mediate model M (right) are the patterns surrounding the simulated pixel/
voxel (black cell). The coloured dashed squares in the training image, I,
(left) represent the nearest neighbourhoods of corresponding patterns. The
coloured cells inside are cells that correspond to the black cell, which will
be used to update the latter. From right to left is Search Step, from left to
right is Optimize Step.
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5.3.1 ANN search and PCA

Apparently, the brute-force process of comparing the model neighbourhood nM

with every nI is sometimes redundant. For instance some neighbourhoods nI

are clearly distinct from nM, and some are extremely similar. In both cases, the

comparisons are not necessary. Therefore, one type of acceleration is to cluster

the set nI into a tree-based structure where each nI is classified and the search

can be navigated in a smaller subset region. Different tree structures can be used

to store nI , such as a k-dimensional tree (k-d tree). Many such accelerations have

been proposed (Freidman et al., 1977; Arya et al., 1998; Wei and Levoy, 2000;

Kwatra et al., 2005; Marius and David, 2009). Among these, the exact search

via k-d tree (Freidman et al., 1977; Kwatra et al., 2005) is not significantly faster

than a brute-force search, except in low dimensions (e. g. ST < 20). Instead, the

approximate nearest neighbour (ANN) algorithms, also based on this tree struc-

ture, which give close approximate results, are reported to achieve in O(logSI)

time (Arya et al., 1998; Marius and David, 2009), compared to O(ST SI) time. Lib-

raries of ANN algorithms are available, including ANN (Arya et al., 1998; Mount

and Arya, 1997, 2010) and FLANN (Muja and Lowe, 2011).

Furthermore, the ANN search is often used in conjunction with dimensionality

reduction, such as Principal Component Analysis (PCA). Transforming the high

dimensional neighbourhood space (ST -d) to smaller vectors by PCA improves

the speed and memory usage, and is commonly applied in texture synthesis

(Hertzmann et al., 2001; Lefebvre and Hoppe, 2005; Kopf et al., 2007; Chen and

Wang, 2010) and micro-material synthesis (Turner and Kalidindi, 2016; Zhang

et al., 2017).

PCA uses an orthogonal transformation to convert a set of possibly correlated

variables into fewer linearly uncorrelated variables, called principal components.

Specifically, the task is to transform the SI × ST neighbourhood matrix X into a

SI×D matrix Y , where D < ST . The steps are as follows:

1. Calculate the mean normalized matrix. x1,x2, ...,xSI are row vectors of a

matrix X :

µ =
1
SI

SI

∑
i=1

xi

X(new) = X−µ
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2. Compute the ST ×ST covariance matrix

C =
1

SI−1
XT X

3. Find the eigenvalues and eigenvectors of the covariance matrix via singular

value decomposition (SVD). The algorithms are readily available in most

matrix algebra systems such as MATLAB and OpenCV (OpenCV and C++

are implemented in this work).

Then rearrange the eigenvalues in descending order. One can either specify

how many dimensions D to keep, or more practically select D by the ratio

of variance explained by the eigenvectors (called PCA ratio ε)

ε =
∑

D
i=1 λi

∑
ST
i=1 λi

e.g.ε ≥ 0.95

Thus a ST ×D matrix U = [u1, ...,uk] is formed with eigenvectors correspond-

ing to the largest D eigenvalues λ1 ≥ λ2 ≥ ...≥ λD.

4. The new matrix Y = XU is now SI×D transformed from SI×ST .

95% of variance is a commonly-used threshold to keep in PCA to simplify

image patterns, and it has been reported in previous studies by Hertzmann

et al. (2001); Lefebvre and Hoppe (2005); Kopf et al. (2007), that keeping 95% to

99% of the variance can lead to an optimal trade-off between speed and texture

synthesis quality. However, in recent applications of pore structure synthesis

(Turner and Kalidindi, 2016; Zhang et al., 2017), it is observed that the small

pore connections which need to be preserved are often lost, due to the PCA

dimension reduction.

The effect of PCA on the TI can be demonstrated by back-projecting the prin-

cipal components. Following the above equations, the back-projected neighbour-

hood matrix X ′ is given by

X ′ = XUUT +µ

For visualization purposes, a reformed TI, I′ is created by combining the centre

pixel for all the PCA back-projected neighbourhoods, shown in Fig. 5.15. This

gives a hint of the PCA influence.

The binary TI is first transformed to DM, and then simplified via PCA. The

TI with its PCA back-projections are compared in Figs. 5.15b and 5.15c. For

illustration, the back-projected DM images are binarized, based on the rules
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(a) TI. D(DM) = 100 (b) Binarized back-projection
ε = 95%,D = 3

(c) Binarized back-projection
ε = 99%,D = 9

(d) PCA and back-projection process

Figure 5.15: Illustration of PCA and back-projection (d). The SI×ST matrix that quanti-
fies TI is formed by each neighbourhood such as the blue solid squares (a).
The matrix dimension is reduced to SI×D via PCA, and back to the original
dimension via back-projection. The reformed TI (b and c) consists of the
centre of each back-projected neighbourhood (blue dot in dashed square).

described in Section 5.2. By keeping 95% and 99% of the variance, the dimension

of neighbourhood, D, is reduced drastically from 100 to 3 and 9, respectively. But

it is clear at the visual level that the PCA processed TI might be overly smoothed,

resulting in an inaccurate characterization of the pore-solid boundary. In terms

of multiple point connectivity function, the difference between reconstructions

with and without PCA handling is highlighted in Fig. 5.16. Note that the PCA

operation notably change the multiple point connectivity, which means that PCA

destroys tiny connection and removes angular corners. So in digital core analysis

it seems preferable without PCA.

Similarly, the threshold method is applied to the greyscale model at the end

of the reconstruction. The connectivity function of the reconstructions are com-

pared as well. The multiple point connectivity shows that Figs. 5.16b and 5.16c

reconstructions are distinct from the one without PCA. The PCA simplification

cuts off the thin connections between small and large pores, thus misrepresent-

ing connectivity, which is vital in the simulations of fluid flow through the pore

systems.
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(a) Reconstruction without
PCA

(b) Reconstruction using
PCA ε = 95%,D = 3

(c) Reconstruction using
PCA ε = 99%,D = 9

(d) Multiple point connectivity (Linear path)
function

Figure 5.16: Comparisons of reconstructions with or without PCA, and their multiple
point connectivity.

To conclude, the ANN search can achieve logarithmic acceleration for Search

Step (Arya et al., 1998), but it usually requires a further dimensionality reduction

on the neighbourhood via PCA. In this work it was found that PCA will cause

significant connectivity loss in pore structure reconstruction, as it oversimplifies

the neighbourhoods too much, which strongly influences the connectivity and

thus flow properties. To avoid this, another type of algorithm, coherence-based

search, was used.

5.3.2 k-coherence Search

The coherence-based search was introduced by Ashikhmin (2001) and is based

on the simple observation that adjacent pixels in the input will tend to remain

together in the output. In other words, any pair of pixels exists in TI, they are

also likely to appear together in the reconstruction (coherence). The other way

around, in the reconstruction the candidates for an unknown pixel b within a
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pair (a,b) should come from all the coherences that contain a. The other pixel

in a coherent pair is called the corresponding, or coherent candidate. Hence,

for a pixel p ∈ ΩM, the correspondences for its neighbouring pixels are good

candidates for p.

Therefore, one can reduce the search space by considering the correspond-

ences of its neighbouring pixels. The advantage is that the coherence sets, which

record both the value and spatial relation, can be stored and used to limit the

future search space. Even though the model is updated, the good candidates still

come from all the coherence sets (in a stationary MRF situation). The Markov

Random Field (MRF) assumption for reconstructing a stationary model, is that

the state of a pixel can be completely determined by its neighbouring pixels.

Following this idea, successful methods, including k-coherence search (Tong

et al., 2002) and PatchMatch (Barnes et al., 2009) were developed to improve both

speed and quality. These algorithms are briefly described and compared here.

For illustration, consider using a 3×3 template, and the intermediate simulated

M that is simulating pixel m in the centre of the neighbourhood, as shown in

Fig. 5.17a.

Coherence search: During the reconstruction simulation, a coherence search

(Ashikhmin, 2001) only considers the coherent candidates of the simulated ad-

jacent pixels, the (centre) coordinates of the nearest neighbour in TI plus the

respective offset, as shown in Fig. 5.17b. The search is processed in a raster-

like scanning order, so it only compares 4 adjacent coherent candidates that

have been simulated (4 TI neighbourhoods) with the current neighbourhood

and chooses the nearest one. (Note the original algorithm is used for sequential

search, so only 4 pixels are available in a 3× 3 template. If used in an iterative

framework, then 8 pixels are available. The same applies to the other search

algorithms described here.) Then the corresponding source pixel in the nearest

neighbourhood is copied to the model. Both the pixel value and location in TI

are stored for the next pixel’s comparison. With the raster-scan order, no pre-

computation of coherent candidates is required. This algorithm takes a constant

search time per pixel but can only handle highly repetitive textures within very

limited comparisons.

K-coherence search: To deal with more varying texture patterns, Tong et al.

(2002) increased the search space by including k most similar TI pixels in the

candidate sets. If a coherence candidate q ∈ ΩI is a good candidate for p ∈ ΩM,

then the TI pixels belonging to the k most similar patterns for nI(q) are also likely

to be good candidates.
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(a) Intermediate simulated M (b) Coherence search

(c) K-coherence search (d) PatchMatch

Figure 5.17: Illustrations of successful coherence-based algorithms for searching the
nearest neighbourhood of the cell m in bold solid square (a), where the
template is 3× 3. Coherence search (b) only compares within the coherent
candidates in bold solid square suggested by adjacent pixels, the one with
most similar neighbourhood is chosen to update m. The search neighbour-
hoods are in dashed squares, for image simplicity these are not shown in
(c,d). K-coherence (c) additionally considers a pre-computed similarity set
for each coherent candidate pointed by dashed arrows. PatchMatch (d) fur-
ther expands the search range by random searches with decreasing radius
around the best coherent candidate (see concentric squares) computed by
coherence search in dotted square.

To implement this, first the algorithm pre-computes a similarity set of the k

most similar neighbourhoods for each TI pixel q ∈ΩI , called coherent candidate

sets {Ck(q)}. This pre-computation is only carried out once and does not take

much time, because the TI size is much smaller compared to (3D) reconstruction

size. Then, during the search, it only compares within the union of all coherent

candidates, composed of the k candidates for each neighbouring pixel within a

template. As illustrated in Fig. 5.17c, the most similar neighbourhood to nM(m)

is selected within this set and the corresponding pixel is chosen to update pixel

m. For instance, let k = 2: now the candidate sets for the red pixel in M have

increased to 3. The shifted pixels corresponding to m are in bold solid squares,

and the neighbourhoods centred at those pixels are compared to find an approx-
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imate nearest neighbourhood. (The figure only illustrates two sets of coherence

candidates, but it is the same for the remaining coherence sets.) The comparisons

made for each pixel are now 4×k, and when k = 1, it is the same as the coherence

search. Again, both the value and location information are recorded and copied

to the reconstructed model for search in the next iteration. A pseudo-code for

k-coherence search is given in Algorithm 5.3.

Algorithm 5.3: K-coherence search
Data: TI neighbourhoods nI , model neighbourhoods nM(p)
Result: Coherence neighbourhoods C(q), nearest neighbourhoods

{nI(s(p))}

1. Initialization:
ck(q) ∈ΩI,∀k ∈ [0,kmax], e. g. kmax = 11;
{Ck(q)}← ‖nI(ck(q))−nI‖2 ≤ ‖nI(q)−nI‖2, ∀q ∈ΩI−{ck(q)};

2. Search Step:
foreach nM(p), p ∈ΩM do

K = /0;
foreach r ∈ T,k ∈ [0,kmax] do

// build search candidate set

K = K∪{Ck(p+ r)};
end
// only compare within candidate set

nI(s(p)) = arg min
∀nc∈K

‖nM(p)−nc‖2;

end

The k-coherence search also offers a constant time of complexity per pixel

(as with the coherence search) and can easily further speed up from CPU/GPU

parallelization. The size of coherence set k is a user-controlled parameter that

determines the speed and quality trade-off. Tong et al. (2002) reported that

when k = 11, the k-coherence search is effectively the same as an exact search,

and typically k = [5,11] suffices (Chen and Wang, 2010; Busto and Eisenacher,

2010).

PatchMatch: Barnes et al. (2009) proposed the PatchMatch algorithm to find

similar patches in more complex natural images. It replaced the k coherence set

by an iterative random search with decreasing radius around the coherent can-

didates, which can be seen as a randomized version of the k-coherence search

(see Fig. 5.17d). Specifically, the nearest neighbourhood is found by iterative

improvement, alternating between propagation and random Search Step. The

propagation step is like the coherence-search. The second step conducts a ran-

dom search around the propagation candidates, and the best match results are
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Table 5.1: Nearest Neighbour search algorithms

Algorithm Time complexity Memory usage Note

Brute-force search Full search O(ST SMSI) O(1)
The leading constants:
c1 > c2 > c3

k > k1 > k2 > k3

K-d tree based Exact search O(c1ST SM logSI) O(k1ST SI)

ANN O(c2ST SM logSI) O(k2SI)

Coherence search Patch-Match O(c3ST SM logSI) O(k3SI)

K-coherence O(kST SM) O(kSI)

updated for the next iteration, until convergence. The algorithm does not re-

quire pre-computation, but the time complexity becomes logarithmic due to

larger search region and iterations (although the leading factor is still smaller

than in the ANN and tree-based search according to Barnes et al. (2009)). Patch-

Match is suitable to handle the more complex natural images with extremely

’heterogeneous’ and ’non-stationary’ structures (by expanding the search space,

it can escape the local minima), such as applications in photo editing (image

inpainting, removing small defects), while for pore structure reconstructions k-

coherence search works more efficiently.

In Table 5.1, the time and space complexities are compared for the three al-

gorithms. K-coherence search yields the best performance in terms of speed for

3D reconstruction.

5.4 optimize step : optimization solver

In Optimize Step, the nearest neighbour matches {nI(s(p))} are kept fixed and

the global energy is Eq. (5.4) minimized w.r.t. M. Basically, this quadratic func-

tion can be solved by Least Square (LS), setting the derivative w.r.t. M to zero.

In this work, the blurry issue reported in recent MPS applications (Yang et al.,

2016; Pourfard et al., 2017) was found to be related to LS Solver, and a Discrete

Solver was applied to alleviate this problem.

5.4.1 Least Square Solver and blurring

Fig. 5.14 illustrates Optimize Step from left to right. In general, each pixel/voxel

in M is updated by minimizing the difference between the current neighbour-
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hood nM(p) and all the corresponding nearest neighbourhoods for every point

in nM(p). Hence, in Optimize Step we have the energy function as:

E(M;{nI,d(sd(p))}) = ∑
p∈ΩM

∑
d∈{x,y,z}

∥∥nM,d(p)−nI,d(sd(p))
∥∥2

= ∑
p∈ΩM

∑
d∈{x,y,z}

∑
r∈T

(Md(p+ r)− Id(sd(p)+ r))2
(5.18)

setting the derivative w.r.t. M(p) to zero yields the solution:

M(p) =
∑d∈{x,y,z}∑r∈T wd(p+ r)Id(sd(p+ r)− r)

∑d∈{x,y,z}∑r∈T wd(p+ r)
, p ∈ΩM (5.19)

where r ∈ T is a relative coordinate, and Id(sd(p+ r)− r) denotes the pixel (value)

in nearest neighbourhood nI,d(sd(p + r)) in the direction d (e. g. X-, Y- or Z-

direction) that corresponds to p ∈ ΩM. wd(p+ r) is a weighting factor (see Sec-

tion 5.5) that is adjusted at the end of each iteration. Hence, the optimal value

for voxel p is a weighted average of a group of pixels from the corresponding

nearest neighbourhoods.

However, this simple solver would result in blurry results. Especially when

the variance of candidate TI pixels {Id(sd(p+ r)− r)} is too large, the averaging

of distinct input values may generate a blended value that is not close to any of

the input values. If the blended value does not exist in the TI, this may generate

blurry regions that are not seen in the TI. Kwatra et al. (2005) applied a robust

regression aiming to alleviate the blurring, which replaces the squared term in

Eq. (5.18) by

∥∥nM,d(p)−nI,d(sd(p))
∥∥r

, r < 2 (5.20)

and the wd(p+ r) becomes

∥∥nM,d(p)−nI,d(sd(p))
∥∥2−r (5.21)

The robust regression reduces the influence of outliers (the weight decreases

when nI,d(sd(p)) is far from nM,d(p), so the variance of candidates is smaller), but

it does not completely solve the problem.

This blurring issue has also been recently reported in TO-based methods,

(Yang et al., 2016) and PCTO-SIM (Pourfard et al., 2017). Although these meth-

ods demonstrated better performance against previous non-iterative MPS meth-

ods (e. g. MS-CCSIM (Tahmasebi et al., 2014)), based on the TI for a cracked
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(a) (b)

(c) (d)

Figure 5.18: Comparisons of 2D to 2D reconstructions using a TI of soil crack. (a) Ori-
ginal TI; (b) Result of Pourfard et al. (2017); (c) Result of Yang et al. (2016);
(the same TI but only different in greyscale values) (d) Result of method in
this work. Images adapted from Pourfard et al. (2017); Yang et al. (2016).

soil, the blurry structures are seen in both methods (Figs. 5.18b and 5.18c). This

is an essential problem, because the pore structures have the same feature to

this type of cracks, where the thin and thick cracks can be seen as pore connec-

tions. Hence, the blurring would influence the accurate reproduction of pore

connectivity. Similar issues of isolated pores and discontinuity were observed

in micro-structure synthesis (Zhang et al., 2017) (Zhang’s initial model also pro-

duced isolated pores as shown in Fig. 3.6c). Although Zhang et al. (2017) pro-

posed to add or remove the pore branches for the initial model, so that there are

no isolated parts, this is based on user controlled post-processing, and may not

provide accurate reproduction of porous media.
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5.4.2 Discrete Solver

Instead of Least Square Solver, a Discrete Solver (Han et al., 2006) was used to

eliminate the blending effect. Instead of updating the pixel/voxel value with a

weighted average, the Discrete Solver selects the pixel/voxel value that reduces

the energy most from the candidate set only. The pixel value is copied from the

TI to the model in a discrete manner, as opposed to the continuous nature of

averaging.

Practically, the weighted average M(p) is first computed based on LS Eq. (5.19),

which theoretically minimizes the energy. Then, one pixel is chosen from the

candidate set (k coherences) {kd(p)}= {Id(sd(p+r)−r)} that is closest to M(p) to

update the value at p. The procedure for both optimizing solvers are compared

in Eqs. (5.22) and (5.23).

1. Least Square Solver:

M′ = arg min
M(p)∀p∈ΩM

E(M;{nI(s(p))}) (5.22)

2. Discrete Solver:

M′ = arg min
M(p)∈{k(p)}∀p∈ΩM

E(M;{nI(s(p))}) (5.23)

The reconstruction based on the soil crack TI is compared in Fig. 5.18. It is

clear that the blurry issue seen in previous work is eliminated effectively using

Discrete Solver.

5.5 histogram matching

Although the optimization process aims at minimizing the global energy, the

TO-based algorithm could sometimes converge to a wrong local minima, be-

cause the energy function is composed of local neighbourhood similarity only.

In other words, every neighbourhood in the reconstruction model being similar

to some neighbourhood in the TI is necessary but not sufficient for a globally

similar structure, such as in Figs. 5.19a and 5.19b, where the reconstruction does

not reflect the correct structure of the TI. To reproduce higher global structural

similarity, histogram matching has been proposed (Kopf et al., 2007) to drive

certain global statistics of the resultant model to be more similar to the TI’s, by
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adjusting the weights in Optimize Step. The histogram is a graphical representa-

tion of the statistics of pixels in an image. (A histogram is a bar graph, where the

X-axis bins are different categories, and Y-axis represents the number of pixels/

voxels in the corresponding category.) I first adapt the colour histogram, and

then demonstrate a spatial histogram that yields a better performance in porous

media reconstruction.

5.5.1 Colour Histogram

Kopf et al. (2007) first proposed a colour histogram matching that adjusts the

weight wd(p) in Eq. (5.19) during Optimize Step. The colour histogram charac-

terizes the composition of ’colours’ in the reconstructed image. In practice, the

colour histogram for greyscale image (such as DM images) is divided into a few

bins (e. g. 16). The goal is to match the reconstructed colour histogram with one

of the TIs.

Formally, in Optimize Step, the influence of each candidate value is re-weighted

by comparing the resultant histogram and the TI histogram, as:

w′d(p) =
wd(p)

1+α max[0,HM(Id(sd(p)))−HI(Id(sd(p))]
(5.24)

where the HM(c) denotes the colour histogram of the reconstructed model for

candidate colour value c = Id(sd(p)) (α is an empirical constant, usually 1-10,

not important). If the model histogram has a higher count than the one for

TI (HI) in the corresponding bin, choosing this candidate will still increase the

difference between the two histograms, which is not desirable. So a penal weight

is added when HM(c) is already overused, to reduce the difference between two

histograms. The resultant histogram is updated whenever M(p) changes.

However, from the reconstruction result compared in Fig. 5.19, we find that

the colour histogram is not effective enough for complex porous structures.

Although the porosity is slightly more similar to TI, the colour histogram con-

trol does not reproduce complex porous structures effectively. The colour histo-

gram distribution of both reconstructions show that the large pore and solid are

missing. The histogram distribution of three groups (Fig. 5.19d) are compared,

note the three colour bars are overlapped. The colour histogram control slightly

reduces the proportion at values around 200, and increases the missing part at

50− 100, but the improvement is very limited. Compared to the histogram of
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(a) DM TI, φ = 20.7% (b) Without histogram con-
trol, φ = 23.1%

(c) Colour histogram control,
φ = 21.8%

(d) Histogram comparison

Figure 5.19: Comparison of reconstruction with or without colour histogram control.

DM TI, the extreme values, representing large pores and solid areas are still

missing.

5.5.2 Spatial Histogram

The colour histogram is straightforward, but it has some limitations. For in-

stance, it only considers the colour distribution instead of the actual structure.

The colour histogram fails to distinguish those pixels having the same colour

but different structures of the corresponding neighbourhood. To overcome such

issues, spatial histograms (index and position histograms) were proposed by

Chen and Wang (2010); Kaspar et al. (2015), to record the frequency of every TI

pixel that is chosen as the centre of the best matching neighbourhood and are

used in the reconstruction model. The sampling (or usage) of neighbourhoods

can be quantified in both Search and Optimize Steps. The higher the frequency
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of a neighbourhood nI(q) chosen as the nearest neighbourhood in Search Step,

the more often the structure of nI(q) appears in the reconstruction. In Optimize

Step, the updated M(p) comes from I(C(p)) (recorded by a k-coherence search).

So the more often I(C(q)) is used, the more structures in the reconstruction are

similar to the region around that point.

The reproduction quality (of the TI’s global structure) is related to a uni-

form sampling of TI’s pixels/neighbourhoods. The purpose of spatial histogram

matching is to ensure that most pixels’ values (and its corresponding neighbour-

hood) in the TI can be found in the reconstruction, and the perfect situation is

that every pixel in TI appears equally in reconstruction. Once the spatial histo-

gram matching is satisfied, the colour histogram should match spontaneously.

The spatial histograms are adapted to re-weight both the Search and Optim-

ize Steps. To facilitate this, two 2D grids are built with the same size as TI,

referred to as position histogram (HO) in Optimize Step and index histogram

(HS) in Search Step. In Optimize Step, the position histogram records the occur-

rence of each corresponding pixel in TI that is chosen to form the reconstruction.

Note that the position histogram works well with the Discrete Solver, since the

position is discretely specified instead of blending a group of candidates. The

purpose is to encourage a uniform usage of the pixels in TI, which refers to an

equal distribution of position histogram. Therefore, the weight wd(p) is adjusted

based on the frequency in the position histogram HO as

w′d(p) =
wd(p)

1+α max[0,HO(sd(p))−θ ]
(5.25)

where HO(sd(p)) is the position histogram frequency of point sd(p) in the corres-

ponding direction, α is an empirical constant, usually 1-10. For an ideally bal-

anced reconstruction, every TI pixel would be used the same number of times,

denoted by θ = size(M)
size(I) (if using three orthogonal TIs of size t, every pixel is ex-

pected to be used in the model size(M)
3t times). The position that has been used

excessively is down-weighed (HO(sd(p)) increases, w′d(p) decreases), in order to

drive a uniform usage of TI pixels.

Similarly, in Search Step, the index histogram HS keeps track of the frequency

of each grid cell’s corresponding neighbourhood (specified by its centre pixel)

in TI being chosen as the nearest neighbourhood. The purpose is to ensure that

most neighbourhoods in the TI appear equally (here it means uniformly but can

be specially specified as long as the frequency is the same as in TI) in the recon-

struction. As shown in Eqs. (5.22) and (5.23), the components of the Optimize
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Solver come from the nearest neighbourhood results, nI(s(p)). Therefore, if all

the nearest neighbourhoods are gathered in a limited region, the updated can-

didates will also be restricted to that region. Hence, one also needs to adjust the

frequency in the index histogram, to avoid such unbalanced sampling. This is

achieved by modifying the distance (Eq. (5.1)) between two neighbourhoods as:

D = wd(p) ·
∥∥nM,d(p)−nI,d(sd(p))

∥∥2

wd(p) = 1+max[0,HS(sd(p))−φ ]
(5.26)

where HS(sd(p)) is the index histogram frequency of the centre of the nearest

neighbourhood sd(p) in d direction. The target average frequency for HS is φ =

φd =
size(M)
size(I) . When HS value is larger than φ , the corresponding distance increases,

so it is less likely to be chosen as the nearest neighbourhood; otherwise, the

weight is kept unchanged, to ensure the nearest distance is calculated correctly.

Fig. 5.20 illustrates the different profiles of spatial histograms. The position

histogram of the reconstruction has the same size as the TI. Each grid cell in the

position histogram records the frequency with which the corresponding pixel

in the TI appears in the reconstruction. In the index and position histograms

for reconstruction without histogram control Figs. 5.20d and 5.20f, the higher

frequencies occur in the pore regions, which causes a much higher porosity. For

the one using spatial histogram control, see Figs. 5.20e and 5.20g, most parts

of the position histogram have approximately the same frequency, meaning that

almost all the TI structures appear in the reconstruction; therefore the resultant

porosity is more accurately reproduced.

Both the position and index histograms depend on each other. The candid-

ates in Optimize Step come from the adjusted nearest neighbourhoods, and the

nearest neighbourhoods are updated in the next iteration, based on the results

of Optimize Step. The use of the index histogram leads to a more uniform usage

at a coarser level, while the position histogram drives a balanced sampling of

TI pixels at a finer level. As shown in Fig. 5.21, using either the index or posi-

tion histogram alone does not ensure a uniform usage of TI. Using both of them

jointly yields the best result. Specifically, it is clear that without index histogram

control, the nearest neighbourhood candidates will gradually shift to a limited

number of local regions in TI. Such a problematic case is similar to the result us-

ing colour histogram control only, shown in Fig. 5.19, because there are not many

choices, as the available candidates given by Search Step are already limited in

some regions. Secondly, using index histogram control only, the pore regions in

both the index and position histogram are slightly brighter. Those brighter parts
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(a) 3D reference and TI (b) Reconstruction without
histogram matching
(φ = 28.4%,+40%)

(c) Reconstruction with spa-
tial histogram matching
(φ = 20.7%,+1.9%)

(d) Index histogram: without histo-
gram control

(e) Index histogram: histogram con-
trol

(f) Position histogram: without histo-
gram control

(g) Position histogram: histogram con-
trol

Figure 5.20: Reconstruction with or without spatial histogram control. The colour bar
indicates varying sampling frequency of different positions.

are used more often in the reconstruction, leading to a higher porosity, which

indicates that some fine details may be lost when using index histogram control

alone. Finally, when using both, the reconstructions are then of higher quality,

in the sense that all neighbourhoods in the TI are used uniformly.

While the result obtained by position histogram only looks similar to that of

the colour histogram (see Fig. 5.19), because they only influence Optimize Step,

using both spatial histograms together performs much better. Again, this is

because the colour histogram is less effective in ensuring the uniform usage of

TI pixels when most of the candidates have similar colours, which is exactly the
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Figure 5.21: The benefit of using both index and position histogram control: without
index histogram control, the nearest neighbourhood candidates will easily
gather to some regions in TI; without position histogram control, some fine
details may be lost; using both of them jointly yields the highest quality. The
standard deviations also demonstrate the difference: for index histograms
they are 265.2, 66.2 and 55.7; for position histograms 164.6, 60.6 and 55.7,
respectively.

case because the nearest neighbourhoods are calculated based on colour value

difference. The spatial histograms provide additional information to distinguish

the fine difference.

To summarize, it is observed that spatial histograms reweighting both the

Search and Optimize Steps are more effective than conventional colour histo-

grams (and are compatible with Discrete Solver). Both index and position his-

togram matching were applied to ensure a uniform usage of TI pixels, which

effectively alleviates the undesirable local minima problem.

5.6 multi-level reconstruction

In order to further accelerate the optimization process and better reproduce lar-

ger structures, a multi-level reconstruction strategy (Ashikhmin, 2001) is applied.

Also known as multi-resolution (Section 2.8), the concept is similar to the image

pyramids in computer graphics (Adelson et al., 1984). It simply mimics the way

one sees an object from a distance: one first sees the rough outline, and then

sees more details when getting closer. The reconstruction of a complex structure

should also follow this order: first the coarse structure is formed, and then it is

refined with finer details.
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Figure 5.22: The decreasing process of the average energy per pattern (normalized en-
ergy). Each blue dot represents the model energy after one iteration. The
yellow triangles and the corresponding models are obtained after the first
iteration at each level.

The average dissimilarity between the neighbourhood in M (nM(p)) and its

nearest neighbourhood nI(s(p)) (i. e. normalized energy) is gradually reduced

at each level until an approximate convergence is reached. The reconstruction

then goes into a finer level, and the normalized energy can be reduced further

using more detailed TI. The procedure continues until the original resolution,

as illustrated in Fig. 5.22. Moreover, the energy drops significantly at the start

of each level, which indicates that the efficiency in energy descent using multi-

resolution scheme.

In practice, the TI is first down-sampled into several levels by image scaling.

An image resizing technique, Lancoz filtering, is used here. Fig. 5.23 illustrates

the image scaling results of a DM TI. The image is compressed (reduced size) in

the down-sampling step and enlarged in the up-sampling step via image scaling.

Note all the sizes refer to the digital image dimensions, if not specified. (The

physical meaning of the TI/3D reconstruction does not change — the resolution

changes with the digital image size.)

The multi-level reconstruction process is illustrated in Fig. 5.24. The original

TI at level 0 is resized to different scales, depending on its size (a 1282-pixel TI

is resized into 3 levels), with the ratio of 1/2 between adjacent levels. The re-

construction is initialized from a random distribution at the finest level (level 0),

and the end state of the reconstruction is shown in the bottom row. Note that,

differently from multi-grid simulation in MPS (Strebelle, 2002), the reconstruc-

tion is processed at multiple level (resolution). Here we do not need to fix any
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(a) level 2 (original DM TI) (b) level 1 (c) level 0

Figure 5.23: Scaled DM TI at different levels. Suppose three level reconstruction is ap-
plied. The original DM TI (a) at level 2 is 256× 256. Size at level 1 (b) is
128×128, then level 0 (c) is 64×64. The blue squares are templates at each
level with the same dimension (32×32), capturing different scale structures.

pixels/voxels for conditioning, as the model will be optimized iteratively and

then up-sampled for the finer level.

By resampling the TI and reconstruction, the pixel/voxel at each level contains

information from different scales. As shown in Fig. 5.23, the templates used at

each level, having the same dimension (32×32) capture different scale structures.

This not only improves the reproduction of both large and small structures, but

also significantly speeds up the optimization for two reasons. First, as the single-

level template has to be large enough to capture the higher-order structure, the

computational time increases rapidly. Secondly, instead of starting from random

distribution, the initial state for each reconstruction level is based on the up-

sampled result of former level, which further speeds up the convergence.

The finer level reconstruction functions as a refinement to the model at the pre-

vious level. In practice, it is found that using smaller templates at the finer level

yields better quality: It is more likely to find perfect (more similar) matches us-

ing smaller templates, so less likely to change too much and destroy the coarser

structure.
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Figure 5.24: Multi-level reconstruction procedure: the original TI is down sampled to
levels 1 and 2. Then reconstruction starts from level 0; once iteration is
completed at that level, the model is up-sampled and used as the initial state.
The reconstruction at a finer level using the corresponding TI continues until
reaching the finest level.

5.7 summary

A detailed study of an enhanced TO-based reconstruction algorithm has been

presented. The flowchart in Fig. 5.2 summarizes the procedure of the improved

TO-based reconstruction algorithm. In addition, the overall reconstruction time

of the algorithm presented is compared to conventional TO-based algorithms

(Table 5.2). From the comparisons and analysis, the following conclusions can

be drawn:

• The TO-based method provides flexibility in conditioning to orthogonal

neighbourhoods, which significantly improves 3D continuity.

• The iterative refinement eliminates error accumulation effectively.

• The distance map enriches the spatial information of pores and solid phases,

and the proposed three-step DM ensures the reproduction of two-scale

pores/solids.

• PCA in Search Step results in blurring and loss of pore/solid boundary

details which strongly affect pore connectivity. Alternatively, the use of
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Table 5.2: Comparisons of computation times with conventional 2D to 3D TO-based al-
gorithms. The results are normalized for CPU (Intel 3.6 GHz) and model size
(2003 voxel). (The efficiency is approximately linear to the reconstruction size
for the algorithms listed.)

Algorithm Run time

Basic Kopf et al. (2007) 75 mins

k-coherence Chen and Wang (2010) 25 mins

PCA + FLANN (Turner and Kalidindi, 2016) 180 mins

PCA + k-d tree (Zhang et al., 2017) 80 mins

The algorithm presented <4 mins

a k-coherence search successfully accelerates Search Step without quality

deterioration.

• In Optimize Step, the blurry issue seen in recent TO-based methods can be

alleviated by using discrete solver, and it is compatible with a k-coherence

search and position histogram.

• Using a position and index histogram instead of a colour histogram is con-

firmed to be more effective in reproducing global structure and alleviating

local minimum.

• Multi-resolution reconstruction speeds up energy descent while preserving

good quality.

• Due to the improvement in both Search Step and Optimize Step, the recon-

struction time is reduced by a factor of 5 ∼ 20, compared to conventional

TO-based algorithms.
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6
A P P L I C AT I O N S

In this chapter, validation of the latest reconstruction algorithm (Pore Architec-

ture Reconstruction, referred to as PAR, presented in Chapter 5 ) and its applic-

ations in several cases are reported.

First the stability of the proposed reconstruction algorithm (Section 6.1) is

shown, which enables us to make repeatable predictions of the 3D petrophysical

properties. The accuracy of the reconstruction is then validated by comparing

the reconstructed image with CT images for a standard sandstone sample (Sec-

tion 6.2), and further evaluated by reconstructing various types of pore struc-

tures (Section 6.3). The ability to capture various complex pore structures us-

ing the present reconstruction algorithm is verified, while the more challenging

cases are also analysed.

Then, several more specific applications were carried out. The modelling of

heterogeneous laminite and oolite using high-resolution SEM images is intro-

duced (Section 6.4), which gives promising predictions that are consistent with

various experiment results in the literatures. A further application using large-

area high-resolution SEM images of Nummulitic limestone and mudrock shale

provides useful predictions and estimation of the statistical and spatial distribu-

tions of the porosity and permeability (Section 6.5).

6.1 stability of reconstructions

It is desirable for a pore structure reconstruction algorithm to have stability in

producing representative and repeatable reconstruction results for a given train-

ing image. The variations between different realizations should not be too big,

otherwise it may be hard to obtain useful predictions for different pore struc-

tures.
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Figure 6.1: Realizations for sandstone and carbonate samples.

Two typical rocks are used to test the stability: sandstone and carbonate, as

shown in Fig. 6.1, distinguished by their different microscopic architectures:

homogeneity vs heterogeneity. For the sandstone rock, a single 2D image of

300× 300 pixels is used as training images in the three coordinate directions to

generate 6 realizations (3003 voxels). In the same way, from the 2D carbonate im-

age of 400×400 pixels, 6 realizations (4003 voxels) are also generated. From the

visual observation, the 3D reconstructions preserve distinct patterns for the two

groups, while realizations remain very similar within each group. Meanwhile,

a certain degree of freedom (no pores appearing in exactly the same location) is

allowed in different realizations.

Apart from observations, we can compare more precisely their morphological

properties, such as the Minkowski functionals, to measure the algorithm’s sta-

bility. The Minkowski functionals are a set of (four) functions that describe the

geometric and topological structure, including volume, surface area, tortuosity

and Euler characteristics, which are important for pore structure analysis. The-

oretically, any additive functional can be represented as a linear combination of
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these four Minkowski functionals, which indicates their importance in character-

izing the morphology structure.

In practice, the densities of these functions, i. e. the functions per unit volume,

are compared. (For computation and more, see Jiang (2008), Appendix A.) Note

that it is difficult to compute these functionals directly from the definitions. Be-

ginning with the pioneering work of Serra (1983), many approaches have been

proposed to the computation. In this work, in-house software Pore Analysis Tool

(PAT) (Jiang et al., 2007; Jiang, 2008) is used for the calculation, which implemen-

ted an efficient and accurate algorithm by Michielsen and De Raedt (2001).

In Fig. 6.2 the Minkowski functionals against volume are calculated, by select-

ing the increasing volume at the same location (starting from centre) for each

realization, and the relative errors (variation between realizations) of the four

properties are presented in Fig. 6.3. (For simplicity, only the variations of realiza-

tions for the more heterogeneous carbonate group are illustrated, since the sand-

stone group does not vary much.) The properties of different realizations vary

strongly at smaller volume, but become stable soon after the volume increases

to about 1.25× 109µm3 (2003 voxels). The stabilization process of Minkowski

functionals suggests the representative elementary volume (referred to as stat-

istical REV (Zhang et al., 2000), see Section 6.3.1) of the carbonate, while the

realizations having similar or equivalent properties for larger volumes show the

stability of the reconstruction algorithm.

In addition, the petrophysical properties for different realizations, including

porosity and predicted permeability, are simulated by a pore network model

(Jiang et al., 2007). From each individual realization, a pore network is directly

extracted with simplified geometry and topology, to calculate the permeability.

The pressure and flow rate distribution on each network node is determined by

solving a set of linear equations numerically (see Appendix A).

The porosity for a realization is calculated from the total volume of all network

nodes (pore-bodies) and bonds (pore-throats), and the absolute permeability is

predicted by Darcy’s law for the pore network model. The distribution and

relative error of the two properties are demonstrated in the same way for both

groups (Fig. 6.4).

The capillary pressure and relative permeability curves are two essential para-

meters usually used as input to reservoir models and, thus, the modelling results

could have a direct impact on the oil production and recovery. Using the same

pore network model for each realization, the network simulation of oil invading
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(a) Porosity (b) Surface area

(c) Curvature (d) Euler number

Figure 6.2: The four Minkowski functionals against various volume for the carbonate
training image shown in Fig. 6.1, three realizations shown in different col-
ours.

(a) Porosity relative error (b) Surface area relative error

(c) Curvature relative error (d) Euler number relative error

Figure 6.3: Relative error between the three realizations (i.e. R1, R2, R3 in different
colours) for the carbonate training image shown in Fig. 6.1.

114



(a) Porosity variation of sand-
stone

(b) Porosity variation of car-
bonate

(c) Porosity relative error

(d) Permeability variation of
sandstone

(e) Permeability variation of
carbonate

(f) Permeability relative error

Figure 6.4: Variations of various realizations (R1,R2,...,R6) for the sandstone and the car-
bonate samples in terms of porosity and permeability, where φm, Km are mean
porosity and permeability, respectively.

into a water-saturated reservoir reveals the capillary pressures as well as the oil

and water relative permeabilities at every water saturation, as shown in Fig. 6.5.

The two groups have different average porosities, which are similar to their

corresponding TI, and distinct average permeabilities, which indicate the great

difference between the two structures. Within each group, both the porosit-

ies and permeabilities are closely distributed, while the permeability shows a

slightly higher variation, although the 100% relative error for permeability is

often considered not large (still much smaller than one order of magnitude).

Moreover, the variations of porosity, permeability and flow properties in the car-

bonate group are much higher than in the sandstone group, showing the higher

heterogeneity of the carbonate. The higher variation of relative permeabilities in

the carbonate group is considered reasonable, because of the heterogeneity plus

the evenly distributed realizations around the average curve.

Still, there is always a trade-off between similarity (with TI/CT) and variabil-

ity (between realizations). Tan et al. (2014) argued that for geostatistical simu-

lations, the best algorithm should minimize the realization-TI variability, while

maximize the between-realization variability. For texture-optimization-based al-

gorithms, the between-realization variability is much smaller than many that

of other reconstruction algorithms, such as SNESIM (pixel-based) and CCSIM

(patch-based) In some cases (often for geostatistical simulations though) this

very low variability is not desired. Note that one can increase the variation, by
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(a) Capillary pressure for sandstone (b) Relative permeability for sandstone

(c) Capillary pressure for carbonate (d) Relative permeability for carbonate

Figure 6.5: Variations of various realizations (R1,R2,...,R6) in terms of two-phase drain-
age capillary pressure and relative permeability (contact angle = 10◦). Red
curves represent average value at different water saturation, and grey curves
are for individual realizations.

generating additional quasi-TIs (via 2D to 2D reconstruction) to enlarge the TI

database before 2D to 3D reconstruction (Rezaee et al., 2015; Yang et al., 2016).
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6.2 validation by comparing with ct images

X-ray CT images are considered as reliable representations of the pore space in

porous media, so it is a common practice to validate a reconstruction (method/

algorithm) by directly comparing generated models with their reference CT im-

ages, with respect to their morphology (measured by Minkowski functionals) as

well as their petrophysical properties. In this section the proposed algorithm is

validated based on a standard sandstone sample.

Given a CT image, firstly we need to choose three slices of the image as train-

ing images (TIs) in three coordinate X, Y and Z directions. Fig. 6.6a shows a

sandstone X-ray computed tomography and its four Minkowski functionals are

shown in Fig. 6.7. Due to inherent sandstone features, homogeneity and iso-

tropy, it is clear that any single slice can be considered as representative, hence

can be used as a TI in the three directions . Note that for complex rocks such

as carbonates, this is not correct, so an additional step has to be taken to find

representative TIs in the X, Y and Z directions (see Sections 6.3.1 and 6.5.1).

Figs. 6.6b and 6.6c show two realizations having different domain sizes (2563

and 4003). They are observed to be similar to the CT reference, to a very large

extent. Further, the four Minkowski functional curves for the reconstructions

and CT are compared in Fig. 6.7, which shows that the porosity and the pore

connectivity (quantified by the Euler number) are matched closely with CT. How-

ever, it seems that the reconstructed pores are smoothed to some extent, which

is indicated by the lower surface area and interfacial curvature, and so roun-

ded pores occur more frequently in reconstructed models. The smoothing issue

is a common problem in texture optimization based methods (Section 3.4.3) al-

(a) (b) (c)

Figure 6.6: (a) An X-ray CT image for a sandstone sample at a resolution of 9.1µm, and
two reconstructed models of (b) 2563 and (c) 4003 voxels using three direc-
tional 2D TIs (2562 pixels) taken from (a).
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(a) Porosity (b) Surface area

(c) Curvature (d) Euler number

Figure 6.7: Comparison between the reconstructed model (2563) and the reference CT
image with respect to their four Minkowski functionals against volumes of
the calculating domains, where the calculation domains are selected from the
rock centre with cubic shapes and increasing side length.

though it was improved in Sections 5.3 and 5.4, and a more challenging case is

analysed later in Section 6.3.3.

The proposed reconstruction is aiming to capture not the whole morphology

but essential features that control single or two-phase flow, which mainly include

pore size and connectivity. From Fig. 6.7 the reconstructed model is equivalent to

the reference, in this sense, and another illustration (Fig. 6.8) provides two-phase

flow capillary pressure and relative permeability curves for both drainage and

imbibition under an assumption of a water-wetting condition (both the advan-

cing and receding contact angle are 20◦). It is clear that all the curves between

the CT image and the model match reasonably well and so can be considered as

equivalent.
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(a) Capillary pressure for drainage (b) Capillary pressure for imbibition

(c) Relative permeability for drainage (d) Relative permeability for imbibition

Figure 6.8: Comparison between the reconstructed models and reference CT image in
terms of porosity (16.97% vs. 16.69%), absolute permeability (610 mD vs. 873
mD), capillary pressure and relative permeability functions for two-phase
drainage and imbibition in X-direction. Grey lines refer to average curves
over a set of realizations (the variation is much smaller than in Fig. 6.5).

6.3 validation on various type of samples

Apart from the standard sandstone, the ability of the proposed algorithm is

showcased in handling various types of pore structures, following a similar val-

idation manner. Tests are carried out on 34 samples, among which 26 have 3D

reference (including 5 presalt carbonate samples provided by sponsor Petrobras)

and the other 8 samples only have 2D images for comparison. Table 6.1 lists

all the available sources for the samples, while the rest are not published. They

are classified into 5 groups in terms of morphology features; for each group the

representative cases are demonstrated and analysed (Section 6.3.2), and some

challenging cases are analysed (Section 6.3.3).

6.3.1 Choosing the representative TIs

Before the reconstruction, one important step is to choose the representative 2D

TIs for the reference 3D structure. (This is mentioned in Section 6.2, but here a

more generic workflow is described.)
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Table 6.1: List of references for the samples tested.

Label Reference

Sandstone_Bentheimer Muljadi (2015a)
Sandstone_Berea Group (2014a)
Sandstone_Doddington Group (2015a)
Uniform_Quartz Molnar (2016)
Fontainebleau_Object Berg (2016)
Carbonate_Estaillades Muljadi (2015b)
Carbonate_ICL_C1 Group (2014b)
Carbonate_ICL_C2 Group (2014c)
Carbonate_Ketton Group (2015b)
Carbonate_Savonnieres Bultreys (2016)
TwoscaleSandy Mohammadmoradi (2017)
TwoscaleA_JinC Jin (2018)
Oolite1a_2D Buckman et al. (2019)
Oolite_2D Buckman et al. (2019)
Anisotropic_Laminite_2D Buckman et al. (2019)
Anisotropic_Hosa_Coquina Hosa (2017a)
Anisotropic_Hosa_Shrub Hosa (2017b)
Spherepack Finney (2016)

Firstly it is necessary to make sure that the 2D TIs can be extracted as a stable

representative (from the 3D reference if available), meaning that the dimensions

of TIs (and the original 3D data, if available) as well as the 3D output should be

big enough to be representative, and have stable properties (Bear, 1988). Other-

wise, it is hard to define whether the reconstructions reproduce any structural

features, as both the input and output are not representative and can vary widely.

To ensure the domain size captures representative features, we observe the trend

of four Minkowski functionals and look for a size at which the properties start to

be stable, as mentioned earlier. And if this statistical REV is too large in terms of

the number of pixels/voxels, for practical reasons (e. g. a large model requires a

much longer time for reconstruction and further computations, as well as much

higher memory usage), the original image resolution can be resized to be smaller.

Secondly, to select the proper TIs from a representative domain, one can refer to

the local porosity and find the 2D slice having the same porosity as the stable

porosity in statistical REV (or a set of TIs having the same average porosity), by

assuming that the representative 2D TI should have the equivalent porosity to

the 3D target. Although a stabilizing trend is observed in all four Minkowski

functionals, the relation between those properties in 2D and 3D is not as clear as
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the one for porosity, hence the local porosity (porosity against domain volume)

is mainly used to determine the statistical REV and find the representative TIs.

Two samples of presalt carbonate (Carminatti et al., 2008; Carlotto et al., 2017)

are shown in Fig. 6.9 as representative TIs. As references, the CT images labelled

A_09620nm and B_03998nm are of the same rock-type but taken at different loc-

ations and in distinct resolutions (09620 nm and 03998 nm, respectively). Con-

sidering the porosity distribution, the local porosity becomes stable as the com-

puting cube side-length goes beyond 300 voxels for the first sample, while the

second becomes stable beyond 600 pixels (see Figs. 6.9a and 6.9b), which shows

that they have different statistical REV. Three slices at three orthogonal planes

from the 3D references that have similar porosity to the 3D ones are chosen as

TIs to reconstruct 3D models. It is evident that the reconstruction using slices of

500×500 pixels as TIs is able to reproduce patterns in the first sample but fails

for the second one, as illustrated by the comparisons of cross-sections in X,Y and

Z directions of 3D references and reconstructions (Figs. 6.9c to 6.9f). The reason

for the failure in reproduction might be that 2D TIs are not able to represent or

indicate the 3D structures, due to the limited information on the way of how

the pores are connecting in 3D, or the specific 3D structures are hardly captured

by 2D images (without additional knowledge), as shown in the second sample,

where the dominant large solid in CT is not reproduced because the TIs cannot

indicate that pattern.

In short, choosing the right resolution, size and location of the TI is of great

importance to the reconstruction result. The local porosity provides a simple

way to suggest the statistical REV and select the representative TI (obviously,

it is a lower order statistic, therefore there may still be a mismatch for higher

order). Apart from rescaling (resizing) the resolution and image size, multiple

2D TIs at different locations can also be selected to enrich the pattern database

or reconstructed at different scales separately.

6.3.2 Representative results for different types of pore structures

Overall 34 samples are tested and classified into eight groups: five groups includ-

ing pore architectures that are homogeneous, fairly heterogeneous, of two-scale

pores, of long-range pore connections, and anisotropic, plus three groups that

are challenging for the proposed algorithm.
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(a) A_09620nm (b) B_03998nm

(c) TIs (d) TIs

(e) PAR cross-sections (f) PAR cross-sections

Figure 6.9: Two samples of a carbonate rock, taken at different resolution and locations.
(a,b) are the 3D image of the two samples. (the sub-image divided by the
red lines in (b) shows the actual dimension of sample used in (d)) (c,d) TIs
(5002 pixels) taken from the two samples in three orthogonal directions. (e,f)
Cross-sections of reconstructed models in three directions are compared with
the corresponding TIs. Both TIs and cross-sections are taken from the centre
of the 3D image.

Note that the homogeneity and heterogeneity depend on the volume/resolution

of interest. For instance the pre-salt samples shown in the previous section ap-

pear homogeneous, while at higher resolution it may be heterogeneous. The

homogeneity and heterogeneity can be measured, such as by means of the ’sta-

bility’ described previously, or the variation of pore size distribution (Ji et al.,

2018).

The first group of homogeneous structures includes sandstones, a uniform

quartz and a presalt sample (sub-region), and the relative errors of porosity and

permeability are compared in Table 6.2 and Fig. 6.10.

As a representative of the group, a homogeneous presalt sample (labelled

P_42335nm) is shown in Fig. 6.11 and is compared with the reconstruction, visu-

ally and quantitatively. This TI (400×400 pixels with a resolution of 42335 nm)

is homogeneous and similar to the sandstones samples. A good agreement in

connectivities, including two-point connectivity (TPC), multiple-point connectiv-

ity or linear path (MPC, LP), and (specific Euler number) connectivity function

is confirmed, as shown in Fig. 6.11. While the porosities are very close to each

other, the smallest pores (radius of 0.5-1 in pixel) are underestimated in recon-
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Table 6.2: Comparisons of porosities and permeabilities of 2D TIs, 3D reference and their
corresponding PAR models, for the group of homogeneous structures.

2D TIs 3D reference PAR reconstruction

Resolution
(um)

Poro. Poro. Perm.
(mD)

Poro.
Relative
poro. error
(vs. 2D)

Perm.
(mD)

Relative
perm.
error

Sandstone_Bentheimer 11.73 0.22 0.22 3159.9 0.22 1% 4161.9 32%
Sandstone_Berea 8.35 0.21 0.2 1419.5 0.21 3% 2783.2 96%
Sandstone_Doddington 10.52 0.2 0.2 3202.8 0.2 0% 6625.4 107%
P_42335nm 42.34 0.16 0.16 5553.5 0.16 3% 10789.7 94%
Uniform_Quartz 13.5 0.28 0.3 54091.7 0.27 -4% 39639 -27%

(a) Sandstone_Bentheimer
3D ref.

(b) Sandstone_Doddington
3D ref.

(c) Uniform_Quartz 3D ref.

(d) Sandstone_Bentheimer
PAR

(e) Sandstone_Doddington
PAR

(f) Uniform_Quartz PAR

Figure 6.10: Comparisons of 3D reference and PAR reconstructions for the homogeneous
group, models are cut out to provide inner views.

struction, which may be due to the smoothing operation in PAR; consequently,

the proportion of larger pores increases, resulting a higher permeability. Over-

all, the simple uniform structures can easily be reconstructed with reasonable

accuracy, as also reproduced by other reconstruction methods.

The second group of fairly heterogeneous structures are difficult for many

other image-based algorithms. This group mainly contains heterogeneous (but

stationary) samples, with a wider range of pore size distribution and non-uniform

spatial distribution, such as carbonates (Estaillades, Grosmont, Ketton etc. ),

shown in Table 6.3 and Fig. 6.12.
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(a) P_42335nm 3D ref. (b) P_42335nm PAR

(c) Two-point (TPC), Linear path function (MPC); Pore size distribution; Euler connectivity func-
tion

Figure 6.11: Comparisons of 3D reference (first row) and reconstructed models (second
row) for the homogeneous sample P_42335nm.

Table 6.3: Comparisons of porosities and permeabilities of 2D TIs, 3D reference and
their corresponding PAR models, for the group of so-called heterogeneous
structures.

2D TIs 3D reference PAR reconstruction

Resolution
(um)

Poro. Poro. Perm.
(mD)

Poro.
Relative
poro. error
(vs. 2D)

Perm.
(mD)

Relative
perm.
error

Carbonate_C2A3 0.13 0.24 0.25 1.8 0.24 -1% 3.4 87%
Carbonate_Estaillades 12.93 0.12 0.13 128 0.12 3% 193.5 51%
Carbonate_Grosmont 7.89 0.28 0.28 427.9 0.29 7% 635.3 48%
Carbonate_ICL_C2 8.35 0.15 0.17 150.9 0.15 -1% 135.4 -10%
Carbonate_Ketton 8.35 0.15 0.13 1744.4 0.15 0% 3024.3 73%
P_32393nm 32.39 0.18 0.19 20038.1 0.17 -1% 25805.5 29%
Oolite1a_2D 14.8 0.27 NA NA 0.29 6% 833.3 NA
Oolite1_2D 28.9 0.3 NA NA 0.34 7% 2949.6 NA

A Grosmont carbonate sample and the reconstruction are shown in Fig. 6.13,

as an example. Note that the heterogeneity of pore space is well-preserved

by PAR, visually as well as in terms of pore size distribution, especially when

comparing the TIs and cross-sections of reconstruction in three directions, which

are the advantages of using Distance Map Transformation and spatial histogram

matching. It is shown in Table 6.3 that, while porosities are matched closely
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(a) Carbonate_Estaillades 3D
ref.

(b) Carbonate_Grosmont 3D
ref.

(c) Carbonate_Ketton 3D ref.

(d) Carbonate_Estaillades
PAR

(e) Carbonate_Grosmont
PAR

(f) Carbonate_Ketton PAR

Figure 6.12: Comparisons of 3D reference (first row) and PAR reconstructions (second
row) for the heterogeneous group.

Table 6.4: Comparisons of porosities and permeabilities of 2D TIs, 3D reference and their
corresponding PAR models, for the group of two-scale structures.

2D TIs 3D reference PAR reconstruction

Resolution
(um)

Poro. Poro. Perm.
(mD)

Poro.
Relative
poro. error
(vs. 2D)

Perm.
(mD)

Relative
perm.
error

CementB_2D 1 0.38 NA NA 0.36 -4% 67.2 NA
TwoscaleA_JinC 0.97 0.2 0.2 46 0.21 8% 47.2 3%
TwoscaleB 1 0.34 0.35 190.2 0.35 3% 65.8 -65%
TwoscaleSandy 6 0.28 0.29 3728 0.29 3% 2870.6 -23%
Carbonate_Tight 59.8 0.17 0.13 1003.6 0.18 1% 3331 232%
A_09620nm 9.62 0.28 0.3 35930.9 0.27 -3% 19415.7 -46%

with the average of TIs (at most 7% relative error), PAR still tends to slightly

overestimate the permeability, possibly due to smoothing and loss of the smallest

pores.

The third group has two-scale pore sizes, which is a more specific kind of

heterogeneity. Different samples are tested, including thin sections and artificial

models, all having a bi-modal pore size distribution (see Table 6.4 and Fig. 6.14).
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(a) Cross-sections of 3D ref. in X, Y, Z directions

(b) Cross-sections of PAR in X, Y, Z directions

(c) Two-point, Linear path function; Pore size distribution; Euler connectivity function

Figure 6.13: Comparisons of cross-sections from 3D reference and reconstruction for
the heterogeneous sample Carbonate_Grosmont. Cross-sections taken from
centre. 3D views in Figs. 6.12b and 6.12e.

From visual comparisons, the distinct sizes of pores are reproduced, as well

as the spatial relationship (cross-scale pore connection) of small- and large-scale

pores. Specifically, a two-scale artificial model (TwoscaleSandy) that is combined

by two sandstone models in two scales is showcased with cross-sections of recon-

struction and morphological characteristic functions (Fig. 6.15). The two-point,

linear path functions and Euler connectivity function match closely with the 3D

reference, as well as the porosity and permeability, although the small pores

are still slightly fewer. However, apart from the statistics, the hierarchical struc-

ture of the two scales (for instance the circular pore shapes at two scales) in the

original 3D reference is not captured sufficiently by the reconstruction. This is

related to the discussion earlier that the hidden information (the structure of the

two-scale combination), can be easily identified by vision (because of additional

guessing), but is difficult to interpret or even not available in 2D TIs. In this case,
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(a) TwoscaleA_JinC 3D ref. (b) CementB_2D TI (c) TwoscaleSandy 3D ref.

(d) TwoscaleA_JinC PAR (e) CementB_2D PAR (f) TwoscaleSandy PAR

Figure 6.14: Comparisons of 2D/3D reference (first row) and PAR reconstructions
(second row) for the two-scale structure group.

Table 6.5: Comparisons of porosities and permeabilities of 2D TIs, 3D reference and
their corresponding PAR models, for the group of long-range connectivity
structures.

2D TIs 3D reference PAR reconstruction

Resolution
(um)

Poro. Poro. Perm.
(mD)

Poro.
Relative
poro. error
(vs. 2D)

Perm.
(mD)

Relative
perm.
error

Grains_ScoBa 1 0.07 0.07 4.2 0.07 -7% 3.5 -17%
Longrange_Ceramic_2D 1 0.39 NA NA 0.39 1% 163.4 NA
Longrange_Micromodel_2D 1 0.31 NA NA 0.3 2% 262 NA

parametric methods may be more suitable (such as statistics-based methods in

Section 3.3, more discussion in Section 6.3.3). In contrast, the other reconstruc-

tions in this group look more similar to their 3D references, because their ir-

regular structures do not contain so much hidden information, for instance, the

two-scale presalt sample shown in Section 6.3.1.

Another group of pore structures that is difficult for many algorithms to re-

construct includes those with (thin) long-range pore connections, as shown in

Table 6.5 and Fig. 6.16, namely, having one or more long-range pore channels.

As reviewed in Section 3.4.3, the long thin channels are hard to preserve be-

cause of their large-scale patterns and are likely to diminish gradually due to
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(a) Cross-sections of 3D ref. in X,Y,Z directions

(b) Cross-sections of PAR in X,Y,Z directions

(c) Two-point, Linear path function; Pore size distribution; Euler connectivity function

Figure 6.15: Comparisons of cross-sections from 3D reference and reconstruction for the
two-scale sample TwoscaleSandy. Cross-sections taken from centre. Corres-
ponding 3D views in Figs. 6.14c and 6.14f.

their low proportion (low frequency in the statistical sense), especially for many

texture optimization based algorithms (see Sections 3.4.3 and 5.1). This demon-

strates that the present algorithm succeeded in reproducing those long-range

channels, due to the utilization of multi-resolution, distance map transforma-

tion, and the improvements in Search Step and Optimize Step. A typical sample

(Grains_ScoBa) is shown in Fig. 6.17. From the cut-out 3D view and the cross-

sections in three directions, it is clear that the long, narrow pore connections (the

thinnest part with only 1-2 pixels’ width, plus connection length of more than 40

pixels, the combination of which is very difficult to reconstruct) are accurately

reconstructed, resulting in a permeability close to reference data.

Lastly, a group of anisotropic structures are reconstructed using different TIs

in three directions. The texture optimization methods offer great flexibility to

integrate anisotropic TIs and iteratively optimize conflicts in three directions,
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(a) Grains_ScoBa 3D ref. (b) Longrange_Ceramic 2D
TI

(c) Longrange_Micromodel
2D TI

(d) Grains_ScoBa PAR (e) Longrange_Ceramic PAR (f) Longrange_Micromodel
PAR

Figure 6.16: Comparisons of 2D/3D reference (first row) and PAR reconstructions
(second row) for the long-range connectivity group.

Table 6.6: Comparisons of porosities and permeabilities of 2D TIs, 3D reference and their
corresponding PAR models, for the group of anisotropic structures.

2D TIs 3D reference PAR reconstruction

Resolution
(um)

Poro. Poro. Perm.
(mD)

Poro.
Relative
poro. error
(vs. 2D)

Perm.
(mD)

Relative
perm.
error

Anisotropic_Laminite_2D 11.13 0.09 NA NA 0.07 -20% 1 NA
Anisotropic_Hosa_Coquina 100 0.4 0.42 2818676 0.41 4% 4986083.3 77%

which enables this group of structures to be modelled that are difficult to model,

especially for patch-based methods (e. g. Comunian et al. (2012); Tahmasebi and

Sahimi (2013, 2012)). Only using three TIs (or even one, but rotated in differ-

ent angles), PAR can reconstruct many strongly anisotropic structures shown in

Table 6.6 and Fig. 6.18.

Specifically, a model of sedimentary rock coquina constructed by an object-

based method (Hosa, 2017a) is compared with reconstructions in Fig. 6.19. Only

three cross-sections are selected (in X,Y and Z directions) from the model as TIs,

and the comparison shows a good agreement in terms of visual structures (the

packing of shell-like structures) as well as statistics of connectivities, pore size

distribution and permeability. Compared to the two-scale sand model (Fig. 6.15),
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(a) Cross-sections of 3D ref. in X,Y,Z directions

(b) Cross-sections of PAR in X,Y,Z directions

(c) Two-point, Linear path function; Pore size distribution; Euler connectivity function

Figure 6.17: Comparisons of cross-sections from 3D reference and reconstruction for the
long-range connectivity sample Grains_ScoBa. Cross-sections taken from
centre. 3D views in Figs. 6.16a and 6.16d.

the structure is reproduced better, probably because there are many more rep-

lications in the TIs, which provide a richer database for the algorithm to match

patterns, which again reveals the importance of having representative TIs. In

addition, a laminite sample is shown in Section 6.4, where only one 2D TI is

used (rotated for the other two directions) but still gives a good estimation of

the layered structure.

6.3.3 Challenging cases and discussions

Despite the successful examples shown above, there are a few cases for which

PAR does not perform well. Three of these types are demonstrated, for which

the reasons are analysed and possible solutions are proposed.
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(a) Anisotropic_laminite 2D TIs in X,Y,Z directions (black for
pore, white for solid)

(b) Anisotropic_laminite
PAR

(c) Anisotropic_zebra 2D TIs in X,Y,Z directions (d) Anisotropic_zebra PAR

Figure 6.18: Comparisons of 2D reference and PAR reconstructions for the anisotropic
group.

Firstly, as mentioned previously, the most prominent type that PAR and most

image-based algorithms fail to reproduce includes those with specific 3D objects

that may not be directly characterized by 2D TIs. Take the ’simplest’ structure,

an artificial model of identical spheres packs as an example (see Fig. 6.20).

Although the overall sphere-like structures are produced with similar poros-

ity, as well as other properties, the identical sphere packing is not captured. The

reconstructed model produces ellipsoids (not purely spheres) with varying sizes,

and many are connected, which form some grains that are longer than seen in

the 3D reference, although the two features (varying size circles and solids in con-

tact) occur in the 2D TIs. Again, the non-parametric algorithm cannot identify

that the 2D circles with different sizes are in fact sections of identical spheres

in 3D. Having representative TIs is essential to image-based methods; moreover,

from the successful examples it is clear that PAR is a fit-for-purpose method for

irregular heterogeneous structures, while in the case of typical or idealized struc-

tures, the object-based methods may be more suitable. In comparison, another

artificial model of uniform quartz composed of different-sized ellipsoids distrib-

uted more irregularly (listed in the homogeneous group, Table 6.2), instead of

identical spheres tightly packed together, is easier to reconstruct by the image-

based methods, but slightly more complex using the object-based methods.
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(a) Anisotropic_Hosa_Coquina 3D ref. (b) Anisotropic_Hosa_Coquina PAR

(c) Cross-sections of 3D ref. in X,Y,Z directions

(d) Cross-sections of PAR in X,Y,Z directions

(e) Two-point, Linear path function; Pore size distribution; Euler connectivity function

Figure 6.19: Comparisons of 3D reference and reconstruction for the anisotropic sample
Anisotropic_Hosa_Coquina. Cross-sections taken from centre.

The second group of features that are difficult to preserve for PAR comprises

those with sharp pore/solid boundaries. For instance, two samples (denoted

by CementA2D and TwoscaleC2D) are shown in Fig. 6.21. Both are heterogen-

eous structures with a rough (jagged) pore surface and sharp (cuboid-like) pore

boundary shapes. The pore structure patterns have been correctly reconstruc-

ted into the 3D model, especially for the latter TI, which exhibits two-scale pore

size distribution and heterogeneous spatial distribution (note that pore size dis-
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(a) Spherepack 3D ref. (b) Spherepack PAR

(c) Cross-sections of 3D ref. in X,Y,Z directions

(d) Cross-sections of PAR in X,Y,Z directions

Figure 6.20: Comparisons of 2D/3D reference and reconstruction for the sphere pack
sample. Cross-sections taken from centre.

tribution is not available for 2D reference, hence not shown here); however, the

sharp pore edges (the rough, jagged boundary) and especially the rectangular

(cuboid) shapes are not preserved faithfully, which could cause a major impact

when describing wettability distribution in multi-phase simulation. The pore/

solid boundaries are smoother and more rounded in the reconstructions, which

leads to a lower pore surface area and possibly higher permeability (although

for the two samples only 2D images are available for comparison).

The over-smooth structure is directly related to the iterative averaging in Op-

timize Step, as the sharp patterns are likely to be smoothed or blurred by other

flat patterns, even though their influence has been alleviated to a large extent in

the proposed method (Sections 5.3 and 5.4). Nevertheless, it shows that, while

Distance Map significantly improves the reproduction of spatial distribution of

large and small pores/solids, it may not be sufficient to maintain the boundary

details. Compared to the overall structure (the spatial distributions of larger-
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(a) CementA2D TI (b) CementA2D PAR

(c) Cross-sections of PAR in X,Y,Z directions

(d) TwoscaleC2D TI (e) TwoscaleC2D PAR

(f) Cross-sections of PAR in X,Y,Z directions

Figure 6.21: Comparisons of 2D reference and reconstruction for two sharp (angu-
lar) and rough boundary samples CementA2D and TwoscaleC2D. Cross-
sections taken from centre.
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(a) Anisotropic_Hosa_Shrub 3D ref. (b) Anisotropic_Hosa_Shrub PAR

(c) 3D ref. cross-sections (d) PAR cross-sections

Figure 6.22: Comparisons of 3D reference and reconstruction for the non-stationary
sample Anisotropic_Hosa_Shrub. Cross-sections taken from centre.

scale components), the mismatch in sharp or rough boundaries do not contribute

much in the global energy function, as the differences in Euclidean distance of

those details are much smaller than the large-scale structural mismatch, which

may lead to a sacrifice of those details. Hence, a possible solution is to use an

additional form of TI that characterizes the boundary details, i. e. the feature

map (Wu and Yu, 2004), transformed from the original TI via edge detection,

so that the boundary shapes are given more weight in the global energy. Of

course the hierarchical reconstruction with parametric methods may also work,

by constructing larger-scale structures and boundary details separately.

Lastly, a non-stationary structure is also challenging for image-based methods,

including PAR. The example in Fig. 6.22 is a simplified travertine shrub model

(Hosa, 2017b). It is clear that the shrub object cannot be reproduced correctly,

due to its non-stationary structure, meaning that the patterns for one region

cannot represent the others, so that even using multiple TIs at different locations,

it is still unlikely to reconstruct the structure. Compared to the Coquina model

shown previously. On the contrary, the Coquina model which is also generated

by process-based method, shown in Fig. 6.19, can be reconstructed reasonably

because it is a relatively stationary structure.

However, the issue is to be expected, as the image-based methods are based

on the assumption of MRF, which requires the target to be stationary. In order to

handle those non-stationary structures, guidance can be added to label the dif-
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Figure 6.23: Non-stationary modelling using control maps (Hertzmann et al., 2001). The
reconstruction (b) is constrained by TI (a), as well as the relationship a : a′ =
b : b′. Figure reproduced from Mariethoz and Caers (2014).

ferent regions which are locally stationary (Honarkhah and Caers, 2012; Zhou

et al., 2012; Hu et al., 2014; Tahmasebi, 2018a), which enables image-based meth-

ods to be applied, such as using control maps shown in Fig. 6.23 (Hertzmann

et al., 2001).

6.3.4 Summary and conclusions for validations

All 3D references and their corresponding models reconstructed by PAR have

been compared with regard to both porosity and permeability, calculated by the

pore network model. The results are plotted in Figs. 6.24a and 6.24b, respect-

ively. Good agreements can be seen clearly: the porosities are mostly within

±10% error to the 2D TIs, and permeability errors are less than 10±0.5 for the

majority of cases. The very few outliers are those samples whose 2D TIs are not

representative, as discussed in Section 6.3.3. Moreover, determining whether the

3D structure can be represented by 2D TIs and then selecting the proper TIs is

always a preliminary task for each individual case, which is also addressed in

more specific applications later ( Sections 6.4 and 6.5).

Overall, conclusions can be drawn as follows:

• Using representative TIs, the controlling morphology of rock microstruc-

tures are captured in the resultant PAR models, including pore size distri-

bution, TPC, MPC and Euler connectivity functions.
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(a) Porosity: TIs vs. PAR (b) Permeability: 3D ref. vs. PAR

Figure 6.24: Summary comparisons of porosities and permeabilities of 2D/3D reference
and PAR reconstructions for all 34 samples. Relative error ranges shown by
dash lines refer to ±10% for porosity and 10±0.5 for permeability.

• For homogeneous and mildly heterogeneous porous media, the structures

can be accurately reproduced in terms of the relative error for key petro-

physical properties between references and reconstructions. As shown in

Fig. 6.24, the relative errors are within ±10% and 10±0.5 for porosity and

permeability, respectively.

• Many cases can be reconstructed that are challenging for conventional

methods (e. g. PAM (Wu et al., 2006), SNESIM (Strebelle, 2002), CCSIM

(Tahmasebi et al., 2012)), which broaden the characterizations of those

cases.

• Challenges still remain in reproducing boundary details, non-stationary

structures, which need to be further improved.

6.4 modelling oolitic limestone and carbonate laminite

Here a more specific application using PAR is presented to model an oolitic

limestone and a carbonate laminite from high-resolution SEM images, to predict

their porosities and permeabilities, and analyse the impact of the diagenesis

process. The reconstructed models give predicted properties using only SEM

images, and are comparable with data measured for similar structures in the

literatures, demonstrating the accuracy and applicability of the PAR algorithm.

This section is mainly based on joint work with Buckman et al. (2019), where I
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Table 6.7: Original SEM image horizontal field of view (HFOV), pixel width and pixel
resolution versus training image pixel width and pixel resolution.

contributed to the reconstruction-analysis workflow. The reconstructed models

and related data are reproduced with permission.

6.4.1 Materials and methods

High resolution SEM images (micron to sub-micron) of an oolitic limestone and

a carbonate laminite were collected from geological polished thin sections. The

SEM images were binarized and several regions of interest (different compon-

ents, resolution) were selected. These representative samples were cropped from

the original SEM and rescaled to produce 400×400 pixel TIs (for practical reas-

ons as mentioned in Section 6.2), with corresponding reductions in resolution

(Table 6.7). Models (4003 voxels) were then reconstructed using PAR (Chapter 5),

based on one single TI per sample for the X,Y,Z directions, assuming a local iso-

tropy (except for the layered structure of the laminite, described later). The re-

constructed 3D pore structure models were further analysed using the in-house

software, Pore Analysis Tool (PAT) (Jiang et al., 2007; Jiang, 2008).

For the oolitic limestone, 19 samples at different resolution scales were selec-

ted as training images to construct models. Three (Oolite 1-3) samples were

from larger representative areas of ∼ 8mm× 8mm, 12 (Oolite 1a,1b,...,3d) were

from smaller areas, (about 1/4 of the larger ones), and 4 (Ooid A-D) were from

cropped individual scans (∼ 18µm×18µm) which were wholly within ooids (two

of high-porosity areas and two of lower-porosity laminae). Examples of those

training images are shown in Figs. 6.25a and 6.25c.

For the laminite, a representative whole-rock image (Laminite 1) was selected

(∼ 3mm× 3mm), and four additional images were cropped from individual lam-

inae of different porosities (Laminite A-D), with areas of 32.5mm×32.5mm. The
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(a) Oolite1 TI (b) Laminite1 TIs

(c) Ooid A, B, C, D TIs

(d) Laminite A, B, C, D TIs

Figure 6.25: Examples of TIs used for reconstruction. (a) Whole-rock TI Oolite1. (b)
Whole-rock TIs for Laminite1. (c) Ooid A, B, C, D, representing higher
resolution of individual ooids. (d) Laminite A, B, C, D, representing higher
resolution of individual laminae. (Black for pore, white for solid.) All TIs
are 400 by 400 pixels. For pixel resolution, see Table 6.7.
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Figure 6.26: PAR reconstructions for samples: (a) Whole-rock Oolite1. Higher-resolution
sub-samples for Oolite1: (b) Oolite1a and (c) Oolite1d. (d-g) Individual
ooids Ooid A to Ooid D. All models are 4003 voxels, with the same resolu-
tion of corresponding TIs.

samples are shown in Figs. 6.25b and 6.25d. In particular, for the reconstruction

of the anisotropic sample (Laminite 1), the original TI (X-direction) was modified

to reproduce the layered structure, by rotating in 45◦ and 90◦ for the Y and Z

directional TIs, respectively.

6.4.2 Results and discussion

For the oolitic limestone, examples of reconstructed PAR models are illustrated

in Fig. 6.26 and the corresponding porosities and predicted permeabilities are

computed using PAT in Table 6.8a. The larger area oolite samples (Oolites 1-3)

have porosities of 13% to 20% and permeabilities of 164 to 472 mD, whereas the

medium-sized samples (Oolites 1a-3d) produce porosities of 14% to 24% and

permeabilities of 34 to 191 mD. The permeabilities in the former group (large-

scale TIs) are about two times greater than those in the latter group (equivalent

medium-sized subset TIs). It may be that the pore connectivity is overestimated

as some partially or poorly connected micropores become connected when res-

caling (via simple resizing and binarization) the original large TIs to 400× 400

pixel (referred to as resolution issue).

Moreover, models for individual ooids record an average porosity of 60% and

a permeability of 4 mD for more porous samples (Ooids A,B), compared to 16%

and 0.06 mD for less porous samples (Ooids C,D), respectively.
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Table 6.8: Porosity and permeability data for reconstructed oolite and laminite.

(a) Oolites

(b) Laminites

In addition, the predicted porosities and permeabilities from PAR models

were compared with data from studies measured with different approaches for

similar oolitic limestones. In particular, the permeabilities of many medium-

sized oolite reconstructions are closely comparable to the results measured pre-

viously (both theoretical estimation, and experimental measurement, such as X-

ray tomography using brine injection) for Savonnieres (Moh’d, 2009; Lebedev

et al., 2017), Permo-Triassic and Persian Gulf limestones (Esrafili-Dizaji and

Rahimpour-Bonab, 2009), which are of similar texture and porosity to the oolites.

The data are compared in Table 6.9, and suggest that the PAR models (especially

using the higher resolution and the medium-sized subset training images) are

likely to reflect the pore structures and permeability within this oolite.
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Table 6.9: Porosity and permeability data from the literature and this work for oolites.

Porosity (%) Permeability (mD) Source Reference

36.1 494.61
Savonnieres limestone Moh’d (2009)34.7 473.01

30.6 177.42

25±0.3 29±5
Savonnieres limestone Lebedev et al. (2017)18.6 —

20.3 6.75

15.88 81.61 Permo-Triassic Esrafili-Dizaji and Rahimpour-Bonab (2009)
21.98 50.12 Persian Gulf

17.73 0.05–472 (Table 6.8) Bicqueley Quarry This work

(a) Laminite1 PAR (b) Laminite1 flow across
laminae

(c) Laminite1 flow parallel
laminae

(d) laminite A, B, C, D (left to right, respectively) reconstructions

Figure 6.27: PAR reconstructions of laminite rocks: (a) Whole-rock Laminite1. Pore con-
nectivity by pore network flow simulation for Laminite1: (b) flow across
laminae (pink, isolated), (c) flow parallel to laminae (blue, connected). (d)
models within individual laminae Laminite A to Laminite D. All models
are 4003 voxels, with the same resolution of corresponding TIs.

For the laminite, the reconstructed models are shown in Fig. 6.27, with cal-

culated porosity and permeability listed in Table 6.8b. The large-scale model

(Laminite 1) shows distinct permeabilities in different directions to bedding: the

7% porosity model has permeability less than 0.01 mD perpendicular to the bed-

ding and 26.10 mD parallel to the bedding. The smaller-scale individual laminae

have porosity of 19% to 26% and permeability of 1.37 to 3.00 mD for more por-

ous regions (Laminites A,B), and 3% to 4% porosity with negligible permeability

for less porous regions (Laminites C,D).

142



The experiment data obtained by Miranda et al. (2016) recorded 4% to 22%

porosity and 0.00 to 0.09 mD permeability in the direction across the laminae for

another Brazilian laminite, which agree with the predicted results in Laminite

1. However, in the direction parallel to bedding, the permeability in Laminite 1

is likely to be overestimated, as it is much larger than the average permeability

for the high-porosity individual laminae (Laminite A,B), which is similar to the

resolution issue in Oolite 1 (the micropores become overly-connected when res-

caling the large image to 400×400 pixels). This again shows the importance of

selecting representative training images and image resolution.

Overall, the reconstructions of the oolitic limestone and the laminite using

high-resolution SEM images demonstrate the capability and accuracy of the pro-

posed PAR algorithm in handling complex pore structures in reality.

Moreover, other applications also demonstrate a promising use of the present

algorithm: in Bankole (2018); Bankole et al. (2018), a similar approach was ap-

plied to reconstruct 3D models for mudrocks (shale and mudstone) from large-

area high-resolution SEM images. The Pore Analysis Tools (PAT) were then used

to calculate characteristic morphological information, such as porosity, pore/

grain size distribution, pore connectivity functions and permeability, based on

the 3D model and the corresponding extracted pore network model. The wide

range in mudrock pore size distribution is honoured by integrating pore net-

work models at different resolution scales into one single network (Jiang et al.,

2013; Pak et al., 2016). Together these analyses offer significant understandings

of the heterogeneity and fluid movement in the mudrock microstructure. In ad-

dition, based on the 2D to 3D reconstructed model, Buckman and Higgins (2019)

modelled the development of cement phases within an oolitic limestone, as well

as the fracturing and dissolution processes, and recorded the changes in poros-

ity and permeability with time. The methods can be readily applied to other

structures such as carbonates and mudrocks, which opens up the potential for

more detailed understandings of the diagenesis process.

6.5 analysis of structural heterogeneity of complex rocks

The structural heterogeneity comes from various pores with a large range of

sizes and irregular shapes and pore connectivity, and the latter is all about vary-

ing fluid adhesivity to solid walls. In this section, the structural heterogeneity
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Figure 6.28: Workflow for studying the spatial heterogeneity in terms of porosity-
permeability from a large-area SEM image: (1) The original image is di-
vided into sub-images (blocks) with representative size. (2) Morphology-
equivalent 3D models are reconstructed for each sub-image, using PAR. (3)
Pore network models are extracted from each reconstructed model. (4) Mor-
phology and petrophysical properties are analysed, particularly porosities
and permeabilities, which are estimated by the single-phase flow simula-
tion using PAT. (5) Results for each sub-model are integrated to construct
porosity/permeability maps.

is investigated in terms of spatial distribution of both porosity and permeability

using 2D large-scale images.

Due to the high resolution and large field of view for SEM thin sections, it is

convenient to explore the (spatial) permeability distribution in the heterogeneity

analysis of complex rocks. Hence, a further extension is carried out to model

and study the pore structures in terms of porosity/permeability distribution

from large-area high-resolution images that cover dimensions from microns to

centimetres.

6.5.1 Workflow

The proposed workflow is shown in Fig. 6.28. First, the large-area SEM image

with an area of 7872×109112 pixels with a physical area of ∼ 21.02mm×29.14mm,

is divided into much smaller sub-images, according to a pre-calculated repres-

entative area in the sense of having stable porosity. The sub-image needs to

be large enough to preserve representative information (being stable overall in
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Figure 6.29: A segmented 2D SEM image of a Nummulitic limestone (pores in black,
solid in white), with the dimension of 7872× 10912 pixels (21.018mm×
29.135mm), porosity of 6.52%, being portioned into 19× 27 sub-images of
400×400 pixel squares.

terms of morphological properties), while also not too big for batch-handling

a large number of reconstructions and follow-up analyses. (dimension around

500 pixels). The general reconstruction-analysis workflow is then carried out for

individual SEM sub-images (blocks) to analyse their porosities and permeabilit-

ies. Finally, the results for every sub-model are analysed to construct porosity/

permeability maps and logs (similar to the borehole logs but at the micron to

millimetre scale), to display the spatial variation and quantitative changes of

porosity and permeability within the large-area rock sample. Here a Nummu-

litic limestone (Fig. 6.29) is used to demonstrate details of the first and fifth steps

(see Section 6.5.2).

As described in Section 6.3.1, one important preliminary step is to choose rep-

resentative TIs (split the large image into smaller subset TIs). Firstly, the local

porosity (Fig. 6.30a) becomes stable when the square side-length is larger than

3000 pixels, with 35% being its effective porosity for the whole sample. However,

it is not computationally practical and necessary to generate a 3D model with a

size of 30003 voxels: instead one can locate a much smaller square that has the

effective porosity and structural features. Then, Fig. 6.30b calculates the average

porosity and standard deviation among all the shifting squares (the small subsets

in the calculation of local porosity, described previously in Sections 6.1 and 6.2)

with different square sizes (complete version of Fig. 6.30a), and shows that the

mean porosity becomes relatively stable at box size of about 500× 500 pixels,
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(a) Local porosity (b) Porosity against measuring box

(c) Porosity distribution

Figure 6.30: (a) Local porosity (grow from centre). (b) Porosity against measuring square
areas, where for a given measuring box the arithmetic average and standard
deviation (SD) are calculated among shifting all squares along the SEM
image. (c) Porosity distribution for different square size (BS in pixels).

which is much smaller (than 3000 pixels identified above). This is confirmed by

the porosity distributions for different block sizes from 100 to 600 pixels, shown

in Fig. 6.30c. The variation is much smaller when using 400× 400 blocks than

200× 200 ones, where the standard deviation is reduced from 0.0995 to 0.0678,

and the proportion of porosities falling between 0.25-0.45 (0.35± 0.1, about the

averaged plus minus one deviation) is 85% compared to 60%, whereas the vari-

ation decrease is slower with further increases in block dimensions. Hence, the

original image was partitioned using 400× 400 blocks that gives 513 (19× 27)

sub-images (see Fig. 6.29), which are used as TIs in three-directions for recon-

structions, followed by pore-network model simulations.

In this work, all training images have the same size without overlapping. This

seems a reasonable choice to reduce the computational cost without losing too

much information on the morphology of multi-scale features. However, in the

case where complex large-scale features exist in a sample and training images

that are obtained from the sample, a multi-scale, possibly hierarchical imaging

is required to capture key scale-dependent variability. As a result, a multi-

resolution reconstruction scheme would be required so that the reconstruction
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(a) Porosity map (b) Permeability map

(c) Porosity spatial distribution (d) Permeability spatial distribution

(e) Porosity distribution (f) Permeability distribution

Figure 6.31: Spatial distribution (map) of porosity (a,c) and permeability (b,d) for the
SEM image in Fig. 6.29. Probability distributions of porosity (e) and per-
meability (f).

starts from the coarsest resolution first and switches to finer resolutions using

the finer-resolution TI. This is part of future work to be proposed in Section 7.2.

6.5.2 Porosity and permeability map

Following the discussion above, a porosity distribution map can be plotted

by replacing each sub-image with the porosity of individual reconstructions

(Fig. 6.31a), and similarly, by gathering the predicted permeabilities, a so-called

permeability map can be constructed (Fig. 6.31b), which together characterize

the spatial heterogeneity of the thin section sample.
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Statistically, the porosity seems to be normally distributed (Fig. 6.31c) with an

average porosity of 36.52% and a standard deviation of 6.91%. As for permeabil-

ity, it varies strongly in its spatial aspect (Fig. 6.31d), and permeability frequency

most likely is a log-normal distribution, with a large proportion of regions (sub-

images) having low permeability as well as high permeability (minimal of 31

mD and maximal of 30032 mD), with an average of 1180 mD and a standard

deviation of 1191 mD (Fig. 6.31f). Plus, in Fig. 6.28 the average porosity and per-

meability are computed along the X and Y directions similarly to the borehole

logs. Each square on a row/column is a 2D sub-image, used as training image

and then the PAR model and its corresponding pore network model is extracted,

so we have porosity and permeability. Then the harmonic average are computed

for the row/column. This can be used as input in larger-scale simulators (for

upscaling at the well bore scale).

Moreover, in the joint work with Buckman et al. (2018), a shale mudrock thin

section was studied similarly. The contourite sample from the Bay of Cadiz was

partitioned into 800 sub-images and data extracted from the reconstructions for

each sub-image were used to construct coloured contour maps to illustrate the

spatial variability in porosity and permeability (Fig. 6.32). Then, the trend of per-

meability versus porosity based on analysis of individual reconstruction blocks

was studied. Based on the slope of the best fit line, the derived permeabilities

were mapped to an even wider region for that whole thin section (Buckman and

Busch, 2019). One problem, as reported, however, is that the degree of error is

hard to estimate, especially for the derived permeability.

Overall, the presented technique offers a way to generate realistic 3D models

from large-area high-resolution images, where the predicted permeabilities can

be used to populate larger-scale models. The porosity and permeability maps

can illustrate the spatial variability within the thin section at the millimetre to

centimetre scale, which is difficult and expensive using other current methodo-

logies (Buckman et al., 2018).
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(a) SEM tiles (b) Permeability map (c) Poro-perm trend

Figure 6.32: (a) Thin-section of contourite sample (IODP 1387, Bay of Cadiz), constructed
from 800 image tiles. (b) Coloured contour map of permeability based on
reconstruction (PAR) and pore-network flow simulation (PAT). (c) Porosity-
permeability trend derived from (b). Figure adapted from Buckman et al.
(2018).
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6.6 chapter summary

In summary, validations of the latest PAR algorithm have been carried out using

a wide variety of homogeneous and heterogeneous structures, followed by two

typical applications which showcase its capability and potential. The controlling

morphology of the complex rock microstructures can be reproduced stably and

accurately using representative training images, while many structures cannot

be appropriately reconstructed by existing algorithms. For most cases tested in

this work, the relative errors are within ±10% for porosity and 10±0.5 for per-

meability, respectively, compared to the 3D reference data. The reconstruction

algorithm has then been successfully applied to model the oolitic limestone and

the laminite, which gives promising predictions that are consistent with various

experiment results for similar rocks in the literatures, therefore offering signific-

ant understandings of the heterogeneity and fluid movement in the complex mi-

crostructure. Furthermore, new insights were provided into understandings of

large-area heterogeneous rocks, which is too big for direct imaging techniques

to cover, shown by the modelling of a Nummulitic limestone and a mudrock

shale, from thin sections. The porosity and permeability maps were introduced,

with hundreds of PAR models from the high-resolution large-scale SEM images,

which illustrate the spatial variability and statistical distribution within the thin

section at the millimetre to centimetre scale.
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7
C O N C L U S I O N S A N D F U T U R E W O R K

7.1 conclusions

Characterization of morphology and topology plays a crucial role in digital

rock analysis. Although constantly advancing imaging techniques are provid-

ing more and more insights into porous structures, the current limitations in

time, cost and, more importantly, the volume-resolution trade-off of direct ima-

ging (e. g. 3D X-ray micro-CT) still prevent a thorough characterization for many

complex structures, especially in regard to the cross-scale pore connectivities. As

an alternative, 2D to 3D reconstruction using high-resolution thin section images

provides a powerful numerical characterization of the pore structures. By per-

forming geometrical quantifications and flow simulations on the reconstructed

pore structures, the morphological and petrophysical properties can be determ-

ined for those porous media for which no suitable 3D image is available. Hence,

the primary aim of this research is to develop a 2D to 3D reconstruction al-

gorithm that can reliably reproduce the complex pore structures from the 2D

training images.

To achieve this, a detailed literature review (Chapter 3) on different types of

reconstruction algorithms was conducted, preceded by the related terminology

and a brief background introduction (Chapter 2) that showed the close relation-

ships of image-based reconstruction in various research areas. The literature

review compared the advantages and limitations of various methods and partic-

ularly focused on addressing three major issues: reproduction quality, 2D to 3D

continuity and error accumulation, and computational efficiency, which served

as guidelines to develop and improve the methods in this research. In addition

to the comparisons of different methods, the trend of methodology develop-

ment, that hybrid/iterative methods are becoming the focus, was summarized

151



to provide insights on the selection of 2D to 3D reconstruction methodology for

different cases.

A new orthogonal patch-based reconstruction algorithm was developed first

in Chapter 4. The algorithm builds orthogonal 2D patches as skeleton frames

in sub-volumes, in a 3D raster-like order, and then fills up the remaining space

between the frames by a gradual morphing process. The new algorithm can

be seen as a combination of the patch-based stacking layer method and the se-

quential orthogonal simulation method. Compared to traditional stacking layer

methods (Tahmasebi and Sahimi, 2012, 2013; Tahmasebi et al., 2015b; Ji et al.,

2018), the key advantage of the presented method is the better training image

integration and pattern reproduction in all three directions, as the 2D skeleton

frames are constructed in three orthogonal directions. A smaller number of

orthogonal layers (only the skeleton frames) are constructed, instead of all 2D

layers, as in traditional orthogonal simulation methods (Comunian et al., 2012;

Kessler et al., 2013), the error accumulation is reduced consequently, resulting in

better 3D continuity. Moreover, the proposed algorithm was found to provide

around 20 times acceleration compared to conventional patch-based methods.

To further improve the 3D continuity and eliminate error accumulation, an it-

erative (texture optimization-based) reconstruction algorithm was developed in

Chapter 5. A new distance map transformation was introduced to enrich spatial

information from binary training images. The averaging process in Optimize

Step and principal component analysis (PCA) process used in conventional al-

gorithms were found to cause the over-smoothing and blurriness. The loss of

boundary details (boundary connections and angular shapes) was alleviated by

improvements in both Search Step and Optimize Step, including the use of a

k-coherence search and a discrete solver. A position histogram instead of a con-

ventional colour histogram was implemented and was found to be more effective

in reproducing global structure (such as two-scale structure) and avoiding local

minima issue.

Using the latest Pore Architecture Reconstruction (PAR) algorithm (Chapter 5),

validations based on a wide variety of microstructures were carried out, followed

by two typical case studies to demonstrate the reconstruction quality and poten-

tial applications in Chapter 6.

Among those structures tested, many could not be appropriately reconstruc-

ted by previous texture optimization-based and other image-based algorithms.

For most cases, the relative errors were within ±10% for porosity and 10±0.5

for permeability, compared to the 3D reference data. The reconstruction al-
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gorithm was then successfully applied to model the oolitic limestone and the

laminite using high-resolution SEM images, which gave promising predictions

of porosity and permeability that were consistent with various experimental res-

ults for similar rocks in the literatures. Furthermore, a Nummulitic limestone

and a mudrock shale were modelled to generate porosity and permeability maps,

based on hundreds of PAR models reconstructed from the subsections of high-

resolution large-scale SEM images.

To conclude, this thesis has presented:

• The new orthogonal patch-based 2D to 3D reconstruction algorithm im-

proved the integration and reproduction of orthogonal training images.

Moreover, a 4003 voxels model can be reconstructed in 20 minutes, res-

ulting in around 20 times speed-up compared to conventional 2D to 3D

patch-based methods.

• The enhanced texture optimization-based reconstruction algorithm was de-

veloped, based on a new distance map and improvements in both Search

Step and Optimize Step, providing much better reconstruction quality and

efficiency. Reconstructions of 3D model of 4003 voxels now takes a prac-

tical amount of time (in 30 minutes), which is a factor of 5∼ 20 faster than

previous texture optimization based methods.

• The hybrid distance map transformation to training images significantly

enriches the spatial information and improve reproduction quality such as

pore size distribution and long-range connectivity.

• Various acceleration techniques in conventional texture optimization-based

algorithms were found to result in loss of boundary details and blurriness.

The issues were significantly alleviated by the use of a k-coherence search

and a discrete solver.

• It was found that the controlling morphology of the complex pore struc-

tures, such as two-scale pore size distribution, long-range connectivity, an-

isotropy and complex pore shapes, could be reproduced stably and ac-

curately using the final PAR algorithm, provided representative training

images. While many of those structures cannot be appropriately recon-

structed by conventional algorithms.

• The porosity and permeability maps shown in case-studies can illustrate

the spatial variability and statistical distribution within the thin section at

the millimetre to centimetre scale, providing new insights into understand-

ing the spatial heterogeneity and flow properties of heterogeneous rocks.
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7.2 recommendations for future work

The reconstruction algorithms developed in this thesis have been shown to be

useful modelling tools, while there are still several options to improve and ex-

tend the research work in this thesis. Possible improvements/extensions, as well

as further applications of the presented method are recommended as follows:

• Preserve more accurate boundary details and further reduce smoothing.

As explained in Section 6.3.3, although measures have been taken to alle-

viate the smoothing issue, the current algorithm still faces difficulty in re-

producing some boundary details, such as the rough (jagged) pore surface

and sharp (cuboid-like) pore boundary shapes. Feature maps of TIs gener-

ated from edge detection could be integrated together with a distance map

to help preserve the sharp boundaries. Meanwhile, the averaging process

in the Optimize Step may be further improved to reduce the smoothing.

• Handle complex non-stationary structures. Section 6.3 has shown a wide

variety of structures that can be reconstructed faithfully. More complex

and realistic cases would include large areas of non-stationary structures.

Two techniques could increase the capability of the current algorithm to

handle non-stationary structures. One is the partitioning of the large train-

ing image, which divides the non-stationary image into stationary subsets

(Honarkhah and Caers, 2012; Zhou et al., 2012; Hu et al., 2014; Tahmasebi,

2018a), so that each subset could be reconstructed separately (using the

local training images) and then combined via techniques such as Graph

Cuts (Kwatra et al., 2003). For those structures that cannot be easily di-

vided, such as gradually changing structures, auxiliary data that charac-

terize the gradual transition could provide guidance to the reconstruction

(so-called control maps) (Chugunova and Hu, 2008; Tahmasebi, 2018a). The

additional conditioning data could be integrated directly into the energy

function in Optimize Step, or a weighted position histogram, which would

assign weights to different regions. In this way, different local (i. e. non-

stationary) statistics could be reproduced.

• Multi-scale reconstructions using very large training images. The multi-

scale pore strucures are hard to be characterized by direct 3D imaging,

due to the inherent trade-off between image size and resolution. The re-

construction methods aim to resolve this problem, especially by modelling

the intermediate regions between two different scales, such as the cross-

scale pore connections, fracture-matrix interaction, and inter-layer bound-
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ary, which strongly influence the flow processes of the overall structure.

See also the discussion in Section 6.5.1.

One way is to reconstruct one large model, for instance larger than 10003

voxels, directly based on the multi-scale 2D image which includes, for

example, both micro-scale and nano-scale information. Although in the

presented algorithm the Search Step takes almost the same time when us-

ing large training images as explained in Section 5.3, the challenge is hand-

ling very large 3D output model (currently the algorithm cannot generate

larger than 10003 models, due to memory issue). In addition to the multi-

scale structures being strongly heterogeneous and non-stationary, which is

difficult to reconstruct, the computational cost and memory usage are also

extremely demanding. First, the memory usage needs to be further im-

proved to cope with very large models, for instance the data structure used

for storing the model and intermediate histograms. Secondly, as for compu-

tational efficiency, GPU parallelization was not implemented in the meth-

odology due to time restrictions (only CPU parallelization/multithreading

was implemented). However, the iterative algorithm in this work is readily

compatible with GPU allocation (i. e. sending tasks for each processor unit

of GPU), which should further accelerate the process, especially for a large

output model.

Alternatively, pore network models can be extracted from reconstructions

of different scales, and then integrated into a multi-scale pore network

model (Jiang et al., 2013; Pak et al., 2016), to predict the flow processes in

those multi-scale structures. In this way multiple models could be recon-

structed using training images of different resolutions separately, which

should be easier as the reconstruction size does not need to be very large

to include multiple scales.

• Multi-component reconstruction. Realistic models of rocks may contain

multiple components, for example related to various rock layers, micro

fractures with or without filled debris and fossilized animals. The dis-

tance map used in this work only contains two phases (foreground and

background), which does not directly support characterization of multi-

component structures. A possible solution could be to adapt the distance

map to a multi-phase version. Or a workaround could be to reconstruct

in a hierarchical order (Pant et al., 2015), where only two active phases

are reconstructed each time, while the other phases are kept fixed until

becoming active.
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• Deep-learning method using PAR reconstructions as training data. As re-

viewed in Section 3.5, deep learning methods have shown great capability

in matching highly non-linear properties, which could be applied to recon-

struct very complex pore structures. In addition, once the training process

is completed, the generation process takes extremely short time (seconds),

which could be very useful in reconstructing many of large models. How-

ever, important restraints to the applications of such methods are the long

training process (days) and, more importantly, the huge demand for train-

ing data. For instance, the 3D to 3D reconstruction algorithm would re-

quire large amount of 3D training data, which are usually unavailable or

very time-consuming and costly to acquire. Even for 2D training data (2D

to 3D reconstruction), it is not easy to get that large amount with the same

type of structure.

Hence, a potential solution would be to use the PAR algorithm to generate

a large number of 3D models, and use all 2D slices from each 3D model as

training data for a deep learning based 2D to 3D reconstruction method,

similar to the workflow proposed by Kamrava et al. (2019). In this way, the

training dataset could be significantly enriched and improve the training

accuracy, while keeping a relatively low cost.

156



A
Q U A N T I F I C AT I O N O F M O R P H O L O G I C A L P R O P E RT I E S

It is critical to validate the proposed algorithms with a comprehensive compar-

ison between reference structures and reconstructed models in terms of appro-

priate morphological properties, which normally comprise geometrical and to-

pological properties. The pore geometry tells how pores are to be rendered in

images or models with respect to their sizes and shapes, while the pore topology

describes how well pores are connected, highly or poorly. From the multi-phase

flow point of view, many dominant properties have been identified as described

below, together with some corresponding calculations in digital space.

a.1 two-point correlation function

For a binary image, I(Ω), of a porous medium, where the pore space is repres-

ented by ones and the grains are represented by zeros, the one-point (spatial)

correlation function, S1, is the sum of the indicator function, I(x), over the whole

image space Ω:

S1 = ∑
x∈Ω

I(x) = E(I), (A.1)

where E(.) denotes expectation/mean over all positions. This provides an estim-

ate of the porosity φ , i. e. φ = S1.

The two-point correlation function, S2x1,x2, is defined as

S2(x1,x2) = E[I(x1)I(x2)]. (A.2)
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(a) (b)

Figure A.1: (a) A binary rock model and (b) its two-point correlation functions.

This can be interpreted as the probability that two randomly chosen points, x1

and x2, both lie in the pore space. For statistically homogeneous and isotropic

media (such as many sandstones), S2 only depends on scalar distance, i. e.

S2(x1,x2) = S2(|r|), (A.3)

where |r| is the Euclidean distance between points x1 and x2. If we restrict the

both of the points have the same x-/y-/z-coordinates in 3D, e. g. (x,y1,z1) and

(x,y2,z2), we have x/y/z two-point correlation functions (see Fig. A.1).

a.2 the lineal-path function

The lineal-path function L(l) is used to describe the morphology of a porous

medium, which gives the probability of finding a line segment of length l wholly

in a phase, when randomly thrown into the sample (Gille et al., 2002). Clearly,

the line segment of length l being entirely in a phase (e. g. either the pore space

or solid phase) implies that all the points on the line segment are in the phase.

Similar to the chord length, the lineal-path functions in x-/y-/z-directions can be

defined to make a comparison with that in a random direction. Fig. A.2 shows

the four lineal-path functions for a sandstone sample.

Let Lc be the mean chord length calculated from a pore chord-length distribu-

tion function p(l), i. e. Lc is the first moment of p(l):

Lc =
∫

∞

0
l p(l)dl (A.4)
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Figure A.2: Lineal-path distribution for a sandstone sample.

from a statistical point of view, then we have the following relationship between

p(l) and L(l),

p(l) =
Lc

φ

d2L(l)
dl2 (A.5)

where φ is the volume fraction of phase 1 (pore), i. e. porosity.

a.3 minkowski functionals

For a binary rock image of an image space, Ω = P∪M, where P is the pore space

and M is the solid matrix, the dimension of Ω is d (i. e. d = 3 for the 3D image).

Then there is d + 1 Minkowski functionals (Mecke, 2007) that characterizes the

geometry of the image.

The first functional, M0, measures the volume of pores:

M0(P) =V (P). (A.6)

The other three Minkowski functionals are defined through integrals over the

pore surface, dP. The second functional, M1(P), is the total pore-solid interface

area (that is pore surface area):

M1(P) =
∫

δP
ds = S(P), (A.7)

where ds is a surface element (see Fig. A.3).

The third functional, M2(P), measures the mean curvature of the interface:

M2(P) =
1
2

∫
δP
[

1
r1

+
1
r2
]ds =C(P), (A.8)
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Figure A.3: Example of a 3D pore structure with pore-solid interface δP and illustration
of locally defined principal radii of curvature. Figure reproduced from Vogel
et al. (2010).

where r1 and r2 (shown in Fig. A.3) are the minimum and the maximum radius

of curvature for the surface element ds, respectively.

The fourth functional, M3(P), measures the total curvature:

M3(P) =
∫

δP

1
r1r2

ds = K(P). (A.9)

M3 is closely related to the Euler number χ :

χ(P) = N−T +C =
1

4π
M2(P) (A.10)

where N is the number of isolated pore objects, T is the number of equivalently

tunnels, C is the number of floating particles in the pore space. M3 is a dimen-

sionless measure for the pore connectivity while M0, M1, and M2 are metrics with

units L3, L2, and L, respectively.

The Minkowski functionals were extended (Vogel et al., 2010) by using the Eu-

clidean distance transformation rather than the morphological operations, to

include the information on pore size. Pores larger than a prescribed size z

(diameter or radius), P(z), were extract using the distance map. And the four

Minkowski functionals for the extracted pores, Mi(P(z)) (i = 0,1,2,and3), were

calculated and divided by the sample volume, to obtain four Minkowski func-

tions (see Fig. A.4):

FMi(P(z)) =
Mi(P(z))

V (Ω)
(A.11)
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(a) (b) (c)

(d) (e)

Figure A.4: A sand pack model and its four Minkowski functions to measure the grain
(sand) structure.

a.4 pore size distribution

It is difficult to define a single pore or to partition the pore space into a set

of pores and connections. To avoid these difficulties, it was decided to work

directly on the pixels/voxels that constitute the whole pore space rather than on

labelled pore objects.

For each point in the pore space within a binary rock image, we can define

for that point a pore size that is the diameter/radius of the biggest inscribed

ball (touching the pore-grain wall but still remaining entirely within the pore

space) that contains this point, and assign zeros for all grain points. Thus we

obtain another ’image’, which is called a (pore) size map. Fig. A.5 shows a 2D

sand-pack image and its size map.

A pore size distribution (Fig. A.6) can then be defined by determining what

fraction, α(δ ), of the total pore volume has a pore size between δ and δ +dδ , so

that we have

∫
∞

0
α(δ )dδ = 1. (A.12)
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(a) (b)

Figure A.5: (a) A 2D binary image (pores in white, and grains in black) and (b) its pore
size (radius or diameter) map (coloured by rainbow scheme: dark blue for
the smallest size, red for the biggest size).

(a) (b)

Figure A.6: (a) A 3D pore size map of a sand-pack image and (b) its pore-size distribu-
tions for a 2D slice (in light blue) and as a whole (in orange).

a.5 pore connectivity function

In digital topology, the Euler number characteristic is commonly used to quantify

how an object (e. g. pores) is connected within a system.

The Euler number χ , is defined as the number of object components N (e. g.

, isolated pores), minus the number of non-object tunnels (equivalent to the

redundant connections) C, plus the number of enclosed cavities (i. e. floating

solid particles within the pore space) H.

In Fig. A.7, there are two pore components (N = 2), one solid tunnel (C = 1),

which is equal to the number of redundant connections (the bigger component

is still connected itself, even though the connection is broken), and there are no
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Figure A.7: Illustration of the object components and the redundant connection in the
calculation of the Euler number.

(a) (b)

Figure A.8: There is a significantly different pore connectivity for (a) sandstone and
(b) carbonate rocks, because χV (sandstone) � 0 and χV (carbonate) > 0 for most
samples.

enclosed cavities (H = 0) because all the floating solid particles within the pore

space have already been removed as a pre-processing procedure.

In order to compare different rock samples in terms of pore connectivity, the

Euler number χ , is divided by the sample volume; this normalized quantity is

defined as the specific Euler number, χV , which is able to characterize how well

an object is connected in a unit volume in a porous system (see Fig. A.8).

Similar to the definition of the Minkowski functions, we can define a related

pore connectivity function to make a link between the pore connectivity and

the pore size. Given a pore space P, with a sample of volume V , P has been

partitioned into a set of individual pores with different size values (radii or
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(a) (b)

Figure A.9: The connectivity functions for a model of a sandstone.

diameters), and P(z) is a subset of P that has the minimal pore size z (diameter

or radius). The pore connectivity function χ ′(z) is simply defined as

χ
′(z) =

χ(P(z))
V

. (A.13)

In other words, the connectivity function is the specific Euler number calculated

for a subnet of the original pore space that has the minimal pore size z (i. e. all the

pores of size smaller than z are to be considered as grains, temporarily). Fig. A.9

demonstrates the Euler number for two pore configurations — containing (1) all

pores and (2) only very big pores, for a model of a sandstone.
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