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Abstract

This thesis deals with the novel designs of polygonal-core hollow fibres based on

antiresonant guidance. A triangular-core hollow fibre is demonstrated to allow a low

leakage loss notably below 0.1 dB/m and a dispersion only ∼ 2.3 ps/(nm km) at

the Er:YAG wavelength. The jacket tube width has been verified to play a role in

preventing light escaping from fibre core. In contrast, another square-core hollow

fibre designed for 1.55 µm realises a propagation loss 0.056 dB/m while the same

design for 2.94 µm can guide with a loss only 0.023 dB/m. In this square-core design,

both fibres assure that their losses of the fundamental modes almost approach less

than 1/1000 of those of higher-order modes. An important universal geometrical ratio

0.845 between the effective circle-radius of cladding elements and the core radius is

explained to better guide the single-mode design.

Besides, this thesis depicts a general method to derive the nonlinear Schrödinger

equation of nonlinear propagation in twisted fibres. The third-order susceptibility

tensor χ(3) in helical coordinates are involved. The feature of circularly-polarised

propagation in twisted fibres is discussed. Coordinate transformation proves that

the pulse amplitudes remain the same in both the laboratory and helical regimes.

Nonlinear Schrödinger equation shows strong reliance on the twist-induced orbital

and spin angular momenta.
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1 Introduction

Half a century ago, C. K. Kao and G. Hockham suggested optical fibres could be an

ideal guiding medium for long-haul telecommunication when fibre-loss was demon-

strated below 20 dB/km [1], after which the purification of silica realised the rapid

spread of modern fibres. This Nobel work built up a completely new world of informa-

tion communication. Nowadays, fibre connection rendered the world a true ‘village’

so that one can access high-speed network to conveniently get information.

1.1 Hollow-core fibres

However, these silica-based solid-core fibres suffer from intrinsic drawbacks like low

damage threshold, therefore hollow-core fibres came into scientists’ view with their

intrinsic advantages. These hollow-core fibres own a cladding of silica and a vac-

uum core. Light can be well confined inside the fibre-core, though it obviously vi-

olates the mechanism of total internal reflection (TIR). A complete mode analysis

of circular-shape hollow-core fibres as well as their significance in telecommunication

were depicted in 1960s, benefitting much the countless following design and analysis

methodologies on hollow-core fibres [2]. Some other research suggests when hollow-

core fibres are filled with gas, some exotic properties can be observed, for example,

diffraction-free guidance and enhanced light-gas interaction. In terms of industrial

and laboratory applications, hollow-core fibres show alluring potential in delivery of

ultra-short pulses [3, 4] and high-intensity lasers [5, 6], mid-IR guidance [6–8], pulse

compression [9], telecommunication [10], as well as terahertz applications [11].

Notably, silica-based hollow-core fibres outperform solid-core fibres in well sup-

pressing the fibre-losses at those wavelengths around the strong absorption peaks

[12–14], due to the minor overlap between the fibre-modes and silica walls. Typically,

a strong absorption peak induced by water vapor can be easily observed close to the
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CHAPTER 1. INTRODUCTION

Figure 1.1: A typical figure showing the absorption At, Fresnel reflectance Rs and
transmittance Ts of silica sample of thickness 2.985 mm by changing the wavelength
from 200 nm to 3000 nm. Clearly, the light at wavelengths close to 3 µm undergoes
significant absorption which indicates the failure of solid-core optical fibres in guiding
these wavelengths. The figure comes from Ref. [12].

wavelength of 3000 nm in Fig. 1.1 which is captured in Ref. [12]. The peak covers the

wavelength of Er:YAG laser that is a solid-state laser applying erbium-doped yttrium

aluminium garnet as its active laser medium. This laser emits light at a wavelength

of 2.94 µm, which has found many applications like laser surgery [15, 16]. The laser

guiding in hollow-core fibres has a much less overlap with silica material in hollow-core

fibres compared with solid-core fibres, thus effectively decreasing the light absorption.

One category of hollow-core fibres is hollow-core photonic bandgap fibres. Hollow-

core photonic bandgap fibre has an air core surrounded by periodic hive-shape cladding

structure, where some propagation constants and frequencies are totally forbidden,

namely generating photonic bandgaps (PBGs). Light has to propagate inside the core

with minimum losses, which was reported to be as low as 1.2 dB/km at the wave-

length of 1.62 µm [17]. Nevertheless, the mechanism of PBG makes the operating

bandwidth unavoidably limited, meanwhile the core-mode coupling and high group-

velocity dispersion (GVD) renders hollow-core photonic bandgap fibres struggling in

nonlinear applications.

Differently, there is another type of hollow-core fibres relying on the antireso-
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CHAPTER 1. INTRODUCTION

nant reflection and they perfectly overcome these drawbacks in hollow-core photonic

bandgap fibres. These fibres work at broad wavelength ranges. One example is

Kagomé fibres. For instance, this type of hollow-core fibres with a negative curvature

of the core boundary have been recently demonstrated with attenuation as low as

70 dB/km at 0.6 µm [18]. The lowest loss was reported at 30 dB/km as 1.55 µm [19]

and whose broadest bandwidth spread over 200 THz [20]. The guidance properties

of Kagomé fibres depend on the thickness of the glass webs forming the cladding

structure. Moreover it has been shown that the properties of Kagomé fibre depend

mainly on the first silica layer surrounding the optical core [21].

Recently another well-studied example of this category is antiresonant hollow-

core fibres. antiresonant reflecting optical waveguide (ARROW) model is employed

in explaining the light confinement in these fibres, even though it was first proposed to

deal with the concentric ring waveguides whose cladding was comprised of alternating

high- and low-index dielectric layers [22]. The high-index layers (mainly the first

one proximal to core) act as Fabry-Pérot resonators to confine light inside the core.

When the wavelength of light meets the resonant condition, light escapes out of

the core, creating large leakage losses. In contrast, if light wavelength stays away

from these resonances, light is reflected at the internal surface of cladding, meeting

the antiresonant condition and therefore providing transmission. This thesis will

structure two antiresonant hollow-core fibre designs that rely on this antiresonant

mechanism [22], so it is worthy formulating it here.

The simplest antiresonant model is the single ring fiber with a hollow core that can

be sketched in Fig. 1.2. n1 and n2 are respectively the refractive indices of the core

and cladding materials, with a and d being their widths. Assume the light in the core

travels through the core-clad boundary with an incident angle of θ1 and refractive

angle of θ2, while the wavevector undergoes a change from ~k1 to ~k2. Further, the

refracted light can be reflected with a wavevector of ~k3 when going through the outer

boundary of the clad and then propagates backwards through the core-clad boundary

with a wavevector of ~k4. Easily the backward incident and refractive angles can be

denoted as θ2 and θ1. Also, we have k1 = k4, k2 = k3, here kj(j = 1, 2, 3, 4) stands for

the magnitude of ~kj(j = 1, 2, 3, 4).

According to Snell’s law, the relation between the incident and refractive angles

3



CHAPTER 1. INTRODUCTION

Figure 1.2: (a) Schematic of antiresonant toy model (single-ring fiber), n1, n2 are the
refractive indices of the core and clad, with a and d being their widths. (b) Schematic

of antiresonant reflection at the local core-clad boundary of this fibre. ~kj(j = 1, 2, 3, 4)
stands for the wavevectors while θj(j = 1, 2) the incident and refractive angles.

reads as:

n1sinθ1 = n2sinθ2, (1.1)

Consider k1 = k4 = n1
ω

c
, k2 = k3 = n2

ω

c
where ω and c represent the angular

frequency and the speed of light in vacuum, respectively. The wavevectors are hence

bound to the above condition as

k1sinθ1 = k2sinθ2. (1.2)

Here we let ~k1 = x̂k1x + ŷk1y, ~k2 = x̂k2x + ŷk2y. Notably, the light escaping out of

the clad layer is nonzero (not labelled in the sketch). In an antiresonant case, light

can be confined with the reflected light inside the core constructively interfering. In

contrast, light strongly leaks out of the core when standing wave generates in the clad

layer and makes reflected light destructively interfering.

When light guidance is supported by antiresonant reflection, the transverse wavevec-

tor k2y can be characterised by the condition:

k2y · 2d = (2l + 1)π,

k2y =
2l + 1

2d
π. (1.3)
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CHAPTER 1. INTRODUCTION

Moreover, as shown in Fig. 1.2, we write

k2y = k2cosθ2

=
√
k2

2 − k2
2sin2θ2

=

√
k2

1

sin2θ1

sin2θ2

− k2
1sin2θ1

= k1

√
n2

2

n2
1

− sin2θ1, (1.4)

where Eqs. (1.1) and (1.2) have been substituted. The propagating light travels inside

the fibre at a very large incident angle θ1, so sinθ1 ≈ 1. The longitudinal propagation

constant of the antiresonantly bounded rays are close to the wavenumber in the core

medium, namely k1x = k1sinθ1 ≈ k1, and the transverse propagation constant k1y is

very small ( k1y = k1cosθ1 ). Therefore, Eq. (1.4) becomes

k2y = k1

√
n2

2

n2
1

− 1, (1.5)

which can be substituted into Eq. (1.3) and results in the antiresonant condition for

the propagating wavelengths that take form of

λl =
4d

2l + 1

√
n2

2 − n2
1, l = 0, 1, 2.... (1.6)

On the other hand, when light totally escapes out of the fiber, the transverse

wavevector k2y produces resonant standing wave:

k2y2d = 2mπ,

k2y =
m

d
π, (1.7)

and following a similar procedure, we can obtain the resonant condition as

λm =
2d

m

√
n2

2 − n2
1,m = 1, 2, 3.... (1.8)

Eqs. (1.6) and (1.8) respectively indicate the characterised wavelengths that can

be well confined inside the core and that gives rise to the total light leakage, as

demonstrated in Eqs. (1) and (2) in Ref. [22]. Through these above derivations,

the operating wavelength λ � a is assumed to make sure of the effectiveness of
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CHAPTER 1. INTRODUCTION

Figure 1.3: (a) Sketch of the centrally-symmetric periodic capillary-fibre and a typical
the fundamental mode profile and (b) its preform and cross section. The figure comes
from Ref. [25].

antiresonance [22]. As a matter of fact, Bird demonstrated the importance of this

ratio in light confinement [23]. The confinement loss scales as λ4/a4 for this single-ring

fibre. Therefore it is useful to make use of this ratio in practical designs.

An earlier popular antiresonant design is a HCF with a clad of centrally-symmetric

periodic capillaries [24,25], as shown in Fig. 1.3 (a). They exhibits low-loss transmis-

sion over mid- and near-infrared spectral frequencies. The thickness of the capillary

tubes can be accurately engineered according to Eq. (1.6) to confine light within the

core. As an example stated in Reference [25], the core size is set to be 36 µm, while

the thickness of cladding capillary 5.4 µm. Fig. 1.4(a) shows the simulated loss curves

of this fibre working at the wavelength range from 1 µm to 4 µm. Black squares rep-

resent performance of the fibre described above, while the red circles the fibre whose

clad capillaries are replaced by silica rods and the pink triangles the single ring fi-

bre sketched in Fig. 1.2 (a). Fig. 1.4(b) shows the measured losses corresponding to

different sizes of capillary. It is clear that this fibre-design reduces the antiresonant

loss to a large extent, in contrast to a single-ring fibre, and generates discrete trans-

mission windows isolated by high loss peaks, precisely predicted in former analytical

discussion.

To maximise the transmission performance of this type of centrally-symmetric

capillary-fibre, some effective methods aiming at modifying the cladding structure

has been proposed [26–29]. Free boundary was thought to significantly reduce the

leakage attenuation [30], as shown in Fig. 1.5. In this fibre-design, the capillaries

were intentionally separated with a distance δ in order to eliminate the connection

nodes (the glass joints necessary for structural stability) that would trigger additional

6



CHAPTER 1. INTRODUCTION

Figure 1.4: (a) Loss curves of the centrally-symmetric periodically-assembled
capillary-fibre (black squares), compared with the one with capillaries replaced by
silica rods (red circles) and the one without cladding capillaries (pin triangles), and
(b) The experimentally measured low-loss bands over the near-infrared range for three
fibres of different diameters of 80 µm (solid), 103 µm (dashed) and 125 µm (dotted).
The figure comes from Ref. [25].

losses. When δ > 0, the fibre outperforms much the one with δ < 0 in the near

infrared spectral range, for the reason of the substantial silica absorption. This fibre

was also targeted to reduce the bending loss as low as 0.25 dB/turn at a wavelength of

3.35 µm with a bend radius of 2.5 cm. The attenuation over a broadband of 600 nm

mid-infrared spectral range was demonstrated to be pretty low (0.2 dB/m). Multiple

antiresonant sub-structures inside the cladding capillaries were also used to further

lower losses [26, 27]. Fig. 1.6 introduces the possibility to place sub-capillaries inside

the host capillaries. It is notable that with these new sub-structures, ‘1AE’ (red) and

‘2AE’ (green) realised even lower losses over a large bandwidth around 2.94 µm. Free

boundary and sub-structures can be both considered, creating a loss 175 dB/km at

480 nm as shown in Fig. 1.7 [31].

Another type of well-studied antiresonant hollow-core fibre is the “pizza-like” neg-

ative curvature fibre ( negative curvature means the core boundary has a convex shape

when seen from the center of the fiber), as shown in Fig. 1.8. The fibre can be fab-

ricated by drawing eight identical capillaries thin wall silica tubes and then inserting

into an outer jacket tube. By precise parameter-adjustment during fabrication, the

fibre dimension is ideally controllable. The transmission performance is exhibited in

Fig. 1.9, a wide low-loss window is observed around the wavelength 3 µm, as verified

in the inset where a HeNe laser is launched into the fibre of 80 m. The minimum

loss reaches 34 dB/km at a wavelength 3050 nm [32]. Another work experimentally

confirmed this deign could reduce the guidance loss to 24 dB/km at a wavelength

7



CHAPTER 1. INTRODUCTION

Figure 1.5: The cross section of the capillary fibre with free boundary and its measured
loss, and the inset is a typical fundamental mode. The figure comes from Ref. [30].

Figure 1.6: Sketches of the centrally-symmetric capillary antiresonant fibre and new
structures by adding sub-capillaries into the host capillaries (‘1AE’ and ‘2AE’), and
their individual loss curves with (solid lines) and without (dashed lines) considering
the material attenuation, represented by green, red, black colours. The figure comes
from Ref. [26].
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CHAPTER 1. INTRODUCTION

Figure 1.7: Leakage losses and SEM image of the centrally-symmetric capillary an-
tiresonant fibre with free-boundary cladding. This fibre has a low loss 175 dB/km at
the short wavelength 480 nm. The figure comes from Ref. [31].

Figure 1.8: Scanning electron micrograph of pizza-like negative curvature antiresonant
hollow-core fibre. The figure comes from Ref. [32].

2.4 µm and 85 dB/km at a wavelength 4 µm [33]. Recently they reported reduc-

ing the number of cladding elements to 7 (Original design has 8 elements) to realise

single-mode transmission [34]. Low dispersion was also reported at short wavelengths

( only 2 ps/(nm km) around respectively 515 and 1030 nm [35]). This fibre has been

considered as a good tool to conduct industrial applications like delivery of ultra-short

pulses in micro-machining [6–8].

However, not too many of these proposed hollow-core fibres deal with the trans-

9



CHAPTER 1. INTRODUCTION

Figure 1.9: The measured losses versus wavelength. The inset is the transmission
window through an 83 m fibre by launching a HeNe laser. The figure comes from
Ref. [32].

mission of Er:YAG laser. Earlier, researchers designed the tube-leaky fibers that have

losses 0.85 dB/m at this laser wavelength [36]. To decrease the loss, one type of the

aforementioned pizza-like negative-curvature antiresonant fibre has been proved to be

able to deliver this laser for surgical uses [6–8]. The loss was reported to be 0.06 dB/m

at 2.94 µm in the fibre with a core diameter of 100 µm [8]. This exploration opens a

way to a fully flexible delivery system for high energy Er:YAG laser radiation.

Then a question arises: how can we design antiresonant hollow-core fibres to

guide Er:YAG lasers with a low loss level (a few hundredths dB/m) while keeping

the core size even smaller (for example, with a diameter of 50 µm) for more intense

light delivery and simplifying the fibre-structure design (for example, using simple

polygonal geometry instead of using large numbers of capillary tubes)?

Chapter 2 gives a good answer. Polygonal structures own simple structure which

may bring the convenience in fabrication, whereas they may incur expected huge

losses. As we know, naked circular or polygonal antiresonant hollow-core fibres have

unavoidably huge losses. In Ref. [37], the polygonal antiresonant hollow-core fibres are

analytically proved to have losses around 100 dB/m around a wavelength of 1 µm (the

ratio of wall thickness and core diameter is 0.05), as can be observed in Fig. 1.10.

This figure also illustrates that when the number of polygon sides increases (from

triangle to circle), the fibre attenuation undergoes an obvious rise. Therefore a core

of triangular shape would benefit the most in our design rather than the others with

more sides, which is also numerically explored in Chapter 2. In a practical view, it

is useful to put the naked polygonal fibre into a jacket tube. And if we consider the

10



CHAPTER 1. INTRODUCTION

Figure 1.10: Sketches of the triangular, square, hexagonal, octagonal antiresonant
fibres, and their individual loss curves based on numerical calculations and predicted
by the proposed analytical method. The figure comes from Ref. [37].

feasibility of fabricating such a structure, a geometrical constraint is necessary to fix

the structure, as detailed in Chapter 2, too. Thus three bridges supporting the fibre-

core can be seen at the final design. Based on numerical calculations, we propose this

fibre-design that provides a low loss of only 0.08 dB/m at 2.94 µm, a bit higher than

that of the pizza-like fibre used in surgery [8]. But our fibre has a much smaller core

diameter of only 58 µm compared with 94 µm of that fibre [38].

Recently, phased-matched coupling was used to filter out higher-order modes

[39–41]. In particular, Ref. [41] gives an analytical ratio of the radii of the core

and capillary, where the higher-order modes are best compressed due to their phase-

matched coupling with the fundamental modes excited in capillaries. Now that the

triangular-core antiresonant hollow-core fibre has superior performance in guiding

Er:YAG lasers, naturally it is interesting and worthy to explore the possibility of

introducing this resonant coupling to realise single-modedness in our design. Sup-

porting webs appearing in the triangular design are not employed in order to meet

the phased-matched resonance condition. However, we observe that the triangular

core-shape makes the fibre guide light with larger losses at our targeted wavelengths

as well as worse compression of higher-order modes, which is of few advantages over

other counterparts. Our strategy is to increase the side number of fibre-core (al-

though we mentioned the increase of side number might increase the loss [37], the

11
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confinement loss can be even lower if we properly apply a proper negative curvature

to core wall). However, we find that when the side number goes larger than 4, the

fibre cannot excite the phased-matched resonant coupling that is crucial in filtering

out higher-order modes, which means the square-core may be the only choice. In

Chapter 3, we detail the designs of the square-core antiresonant hollow-core fibres by

optimising the geometry of the core wall to find out the ‘magic’ negative curvature

that excites the strongest phased-matched resonance, together with low transmission

losses for two targeted wavelengths: 1.55 µm and 2.94 µm. The numerical results

support our analysis and design, with the proposed square-core antiresonant hollow-

core fibre guiding the wavelength 1.55 µm with losses of only 0.056 dB/m (the ratio

of wall thickness and core diameter is 0.10) and the other fibre with losses of 0.023

dB/m at the wavelength 2.94 µm (the ratio of wall thickness and core diameter is

0.05). Here silica absorption is not included. Higher-order modes for both fibres

are demonstrated to be robustly compressed, and a broadband transmission window

spanning 0.9 - 1.7 µm is confirmed for the first fibre, as we apply the lowest-order

antiresonant thickness to core wall. We also conclude a universal ratio which can

be used in structuring the single-mode hollow-core fibres with complicated cladding

geometries [42].

1.2 Twisted optical fibres

Section 1.1 briefed how to realise low confinement loss and compression of higher-

order modes by engineering the wall thickness and curvature. Apart from these

actions taken on fibre-design, structure imperfections are also employed to introduce

some extraordinary properties in guiding light. Based on these intentionally imposed

imperfections, fibre devices like fibre polarisers, couplers, sensors and gratings were

invented.

One of these important modifications of fibre-structure is to use continuous twist.

Decades ago Ulrich et al. discovered fibre-twisting directly generated circular bire-

fringence in conventional step-index fibres [43]. Linear birefringence and polarisa-

tion mode-dispersion was believed to be ideally eliminated, suggesting the access to

improving Faraday-effect current transducer and augmenting the bandwidth in un-

repeated telecommunication [44]. By using the twist-induced circular birefringence

and low polarisation-dispersion, some analytical and experimental applications like

nonlinear optical loop mirrors were subsequently suggested [45–50]. Some other new

12
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Figure 1.11: Sketch of a twisted photonic crystal fibre. This figure is captured in
Ref. [55].

possibilities on helical-core fibres were also explored [51–54].

Recently, twisted fibres draw plenty of attention after the orbital angular mo-

mentum resonance was discovered in twisted solid-core photonic crystal fibres [56].

The light in space-filling area is guided in spiral paths due to the helical lattice of

hollow channels as shown in Fig. 1.11. Therefore, axial momentum flow is gener-

ated and strong orbital angular momentum resonances are observed around some

discrete operating wavelengths. At these wavelengths, the fibre shows evident trans-

mission dips originating from the core-cladding phase-matching. Soon afterwards,

optical activity (circular birefringence) was quantifiably calculated by using pertur-

bation theory, which increases linearly with the twist rate [57]. Both spin and orbital

angular momenta were found to play a role in the formation of this birefringent effect.

Quantities of analysis on and applications of twisted fibres have become a hot-spot

topic, including the measurement of mechanical strain and twist in helical photonic

crystal fibres [58], topological Zeeman effect in helical fibres [59], novel Bloch wave

theory applied to analysing twisted fibres [60], polarisation rotators based on Zee-

man Effect [61], enhanced optical activity and circular dichroism [62], current sensors

based on Faraday rotation [63] and guidance in coreless fibres [55].

As described above, a lot of valuable results have been reported. However, no

efforts have been found in exploring the nonlinear behaviour of light in twisted optical

fibres. Orbital angular momentum has a particular effect on light transmission [56,57],

hence it is of significance to figure out how orbital angular momentum influences

the nonlinear propagation in twisted fibres, potentially leading to new research and
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CHAPTER 1. INTRODUCTION

applications on twist-induced nonlinear fibre optics.

In chapter 4, deriving the nonlinear Schrödinger equation is the principle purpose.

We start from Maxwell equations (index notation) in helical coordinates, and obtain

the wave (Helmholtz) equations along all three helical-axes. With substituting the

anisotropic material parameter tensors based on coordinate transformation, we get

to the equations that light follows in the helical coordinate system. We demonstrate

that the modes are circularly-polarised, also verified by some previous work [56,57,59].

Next, we introduce the third-order susceptibility χ(3) and slowly-varying amplitudes

of light Ai
′

in helical coordinates with the ansatz ~Ei′ = Ai
′ ~F i′eiβi′z, i = 1, 2, 3. After

some algebra, the nonlinear Schrödinger equations with respect to the helical coor-

dinate system are specified. Through coordinate transformation back to Cartesian

coordinates, the obtained equations successfully link to the practical space (labora-

tory). The orbital-angular-momentum-dependent nonlinearities potentially provide

new possibilities in nonlinear fibre optics.
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2 Antiresonant triangular-core hollow fibres

2.1 Introduction

High-energy laser sources like Er:YAG laser 2.94 µm and CO2 laser 10.6 µm have

significant applications in medical and technological industries. However the low

damage threshold of silica glass and the high absorption over the mid-infrared spectral

range has impeded the development of delivery of intense laser sources at these long

wavelengths.

Antiresonant fibres have become one important type of HCF, and the guidance is

based on the antiresonant propagation in Fabry Pérot cavities [18, 22], as explained

in Section 1.1. These fibres are believed to guide light in broad bandwidths, whereas

with higher attenuation in contrast to photonic bandgap fibres. On the other hand,

multiple layers of clads exhibit little influence in lowering the transmission losses [37].

Recently, plenty of effort has been taken to decrease effectively the attenuation of an-

tiresonant hollow-core fibre to a large extent beyond that of photonic bandgap fibres,

by utilising periodically-assembled capillary tubes [26], as introduced in Section 1.1.

This kind of antiresonant hollow-core fibres, which has a negative curvature optical

core boundary, was proven to realise light guidance with pretty low losses within

the mid-infrared frequency regime, because of the dramatically decreased overlap of

the fundamental-like mode onto the fibre-core wall of glass material [27]. A cou-

ple of improvements of this periodical-capillary design were also suggested for the

purposes of demonstrating the fibre guidance in the mid-infrared band, avoiding sub-

stantial performance degradation in case of bending [30] and bringing down the loss

in the near-infrared wavelength regime [26]. Connection struts between the peri-

odic capillary-tubes should be intentionally killed, for the antiresonance condition is

violated in this case which thus gives rise to unnecessary leakage losses through prop-

agation [64]. In terms of these fibres, a more delicate design is necessary to avoid the
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Figure 2.1: A typical fundamental mode profile at the wavelength 1.55 µm of the
single ring-shape fibre. The simulation wavelength is 1.55 µm and the thickness of
the silica layer is set as the 3rd antiresonant thickness,1.86 µm.

possible coupling between excited core and cladding modes [65]. More recently, robust

single-mode transmission in a broad band has been experimentally demonstrated in

these fibres where higher order modes can be resonantly filtered [66].

These antiresonant hollow-core fibres are verified to be very useful in guiding light.

The simplest structure is a single ring-shape fiber, similar to the model illustrated

in Fig. 1.2 (a). Comsol 3.5 based on finite elements methods is used to conduct the

simulations. In Fig. 2.1, an example of the power distribution of a typical fundamental

mode is exhibited.

As mentioned in Chapter 1, core radius comparable to wavelength does not make

antiresonance occur [22]. It is easy to verify in the single-ring fibre. The Er:YAG

laser wavelength 2.94 µm is employed here hence we apply the 1st-order antiresonant

thickness 2.19 µm as the width of the ring. The core size changes from 6 to 20 µm,

and the loss of the fundamental mode is computed as illustrated in Fig. 2.2 (a),

implying that with the core radius decreasing, the leakage loss becomes increasingly

larger, and no working modes can be found when the radius approaches below 5 µm.

According to the resonant and antiresonant conditions Eqs. (1.8) and (1.6) at the

chosen thickness of 2.19 µm, the fibre will allow significant light leakage around the

wavelengths 2.25 µm, 1.52 µm, 1.15 µm, ..., and compress the escape of light around

the wavelengths 2.94 µm, 1.81 µm, 1.31 µm. If fixing the core radius at 20 µm, and

calculating the leakage loss versus wavelength from 1 µm to 3.5 µm, we are able to
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Figure 2.2: (a)Loss curve of the fibre shown in Fig. 2.1 with different core radius at
the wavelength 2.94 µm, and (b)loss performance of the fibre versus wavelength.

capture the loss variance as shown in Fig. 2.2 (b). Manifestly, the fibre can work

in a couple of windows isolated by high loss peaks, which matches accurately with

theoretical prediction.

Besides the ring-shape antiresonant fibre of a simple structure, and some other

effort has been taken to the study of polygonal antiresonant fibres [37]. As shown in

Fig. 1.10, the losses of polygonal fibres drop when the number of sides decreases, in

contrast to the ring-shape antiresonant fibre (geometrically a ring can be regarded to

own an infinite number of sides). Ding et al. also proposed an analytical model that

predicts the attenuation in polygonal antiresonant fibres that matches well with the

simulations [37].

2.2 Antiresonant triangular-core hollow fibres

As we explained in Chapter 1, Er:YAG laser at the wavelength 2.94 µm has some

particular surgical applications, naturally attracting researchers’ attention. Not much

previous work has been dedicated to the loss reduction of fibres guiding such laser. A

tube-leaky fibre was reported to guide at this wavelength with a loss 0.85 dB/m [36],

and the negative-curvature ‘pizza’-shape antiresonant fibre reduces this loss more

than 10 times, but with a relatively large core diameter close to 100 µm (the ratio

of wall thickness and core diameter is 0.03) [8]. More recently, a nested-capillary

antiresonant hollow-core fibre was reported to theoretically reduce the fibre-loss to

a low level, and a confinement loss of 10−6 dB/m without considering the material

absorption was verified numerically at 2.94 µm [29]. Nevertheless, this fibre has a

very complicated structure with cladding capillaries populated with even smaller-size
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Figure 2.3: (a) Sketch of a triangular fibre enclosed by a jacket tube, the triangular
walls are applied with negative curvature. (b) An example of the fundamental mode
profile, the radius of the jacket tube is set as R = 81 µm. The thickness of this curved
triangular structure is t = 2.85 µm.

ones, therefore creating unprecedented obstacles in fabrication.

Our main target is to design an antiresonant hollow-core fibre to guide Er:YAG

laser with a low loss level (a few hundredths dB/m) while keeping the core size

small enough (for example, with a diameter of 50 µm) for high-intensity delivery and

simplifying the fibre-structure design (for example, using simple polygonal geometry

instead of using large numbers of capillary tubes).

Polygonal-shape antiresonant hollow-core fibres might be an option. As explained

above and in Chapter 1, light transmission is enhanced as the side number of this

polygonal core drops [37], so a triangular-core with the least side number is the best

choice for our design. However, as stated, a naked polygonal-shape antiresonant

fibre has a weak guidance with an unavoidable large leakage loss, thus it is necessary

to place an outer jacket tube outside the single-layer triangular fibre structure, for

the purposes of better loss control. A simple example is illustrated in Fig. 2.3 (a).

Negative curvature is considered to be an effective means of reducing losses [25,65,67],

hence the fibre-walls are negatively curved, maintaining the jacket tube dimension

unchanged. Fig. 2.3 (b) gives the profile of a typical fundamental mode of this fibre.

The core radius is set to be 22 µm. The thickness of this curved triangular structure

is t = 2.85 µm, which is the 1st antiresonant thickness corresponding to the Er:YAG

wavelength. Similar to other antiresonant fibres, the light is well-confined inside the

core area.
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2.2.1 Fibre design

In the above, we have simply explored the effectivity of a triangular-core antiresonant

hollow-core fibre design. In a more practical view, three supporting webs (bridges)

connecting the triangular core and outer tube naturally form in shaping this core. At

the beginning the fibre consists of three adjacently-assembled circular silica capillary

tubes of the same size that are encircled by a large tube to prevent the core-structure

from damages and guarantee the mechanical stability as in other designs. In fab-

rication of this fibre, the three neighbour capillaries produce an ideal equilateral

triangular-core due to the function of surface tension when extra external pressurisa-

tion is intentionally shut down, as exhibited in Fig. 2.4. At the end the outer tube

has a width t3 and a radius of R. The core-wall has a width denoted as t1 that is

subject to the size of the originally-placed capillary tubes, and a length described as

s = R(1 + 2/
√

3)−1 (To derive this, we need to consider the structure transformation

from three capillaries (solid line) into a triangle with three webs (dashed line) during

fabrication as illustrated in Fig. 2.5. The three original capillaries of radius s maintain

their touching points stable in fabrication, thus making the side length of the final

triangle also equal s. The radius of tube can be presented as R = (1 + 2/
√

3)s ). The

core radius is denoted as r =
√

3/6s . t2 is denoted as the width of the supporting

webs between the core and outer jacket tube follows a relation: t2 = 2t1 also in consid-

eration of fabrication demands. One can deduce that this triangular-core fibre owns

even lower losses compared with another one populated with a polygonal-core with

more sides such as a hexagonal core, which will be verified later. We believe that the

fibre might have attractive applications in influencing the guidance of high-power light

at flexible wavelengths [9,68,69] and in gas-based nonlinear optical applications [70].

2.2.2 Thicknesses of fibre walls

The simulations are completed in terms of three fibres of the same design but with

different core sizes, scaled by the side length of the triangle s = 40, 70, 100 µm (the

ratios of wall thickness and core diameter are 0.25, 0.15 and 0.10). In the following

discussions we denote the three fibres as (a), (b), and (c), respectively. Perfectly

matched layer (PML) is necessary in evaluating the leakage loss during propagation

for each fibre at the same wavelength. The material of PML is air, considering for

the purpose of practice. It is placed outside the jackte tube naturally with an annular

shape and insulated from this tube by an extra air interlayer to keep the continuity of

material impedance at the inner surface of PML. Too thin PMLs cannot usually ensure
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Figure 2.4: Sketch of the triangular-core hollow-core antiresonant fibres. t1, t2, and t3
are respectively the widths of the core wall, the cladding webs, and the outer jacket
tube, s is denoted as the side length of the triangular fibre core while R the radius of
the jacket tube and r the core radius.

Figure 2.5: Simplified structure transformation during the fabrication of the
triangular-core antiresonant hollow-core fibre. The radius of original capillaries is
s. The radius of jacket tube is R.
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the preciseness of loss evaluation, therefore it is useful to make a study of the proper

thickness of PML that works for an accurate numerical computation. We depict the

figure of the convergence curves of fibre attenuation regarding the different chosen

PML thicknesses for the three fibres in Fig. 2.6. Fibre (a) shows a good convergence

with a small width of PML, stabilising at 24 dB/m from 5 to 60 times the wavelength

2.94 µm. When the tube radius rises to 70 µm, fibre (b) levels around 0.6 dB/m at

a PML width of 35 times the wavelength after experiencing some minor fluctuations.

In contrast, the loss of fibre (c) with a tube radius 100 µm converges when the PML

width augments to 40 times the wavelength. A narrower PML would make the loss

calculation inaccurate compared with the other two fibres. In a word, it is clear that

small width of PML cannot guarantee the accuracy of the simulations, and only when

the PML width is sufficiently large, the evaluation of fibre attenuation tends to be

stable and precise. Typically 15, 40 and 50 times the wavelength are respectively

selected as the ideal thicknesses of PML for the fibres (a), (b) and (c). The loss

of fibre (c) is 0.08 dB/m at our targeted wavelength 2.94 µm. Silica absorption

losses is not considered similar to other studies [33], by neglecting the less overlap

of light and silica walls. To demonstrate the effectiveness of our proposed fibre, a

previously-discussed single-capillary tube, which owns the same wall thickness of the

triangular-core in fibre (c) and the same radius of the inscribed shell, is calculated to

guide light with a loss 26 dB/m at 2.94 µm.

Larger fibre cores are considered to guide light with lower losses, since the propa-

gating fields have less overlap with the fibre-core and thus less power leaks out of the

core. To verify this property, we calculate the losses of fundamental modes guided

in our proposed triangular-core antiresonant fibres with diverse dimensions of jacket

tube size. The tube size changes from 4 to 10 µm while the thickness of the fibre

core remains 2.19 µm that is the 1st-order antiresonant thickness for the Er:YAG

laser wavelength (2.94 µm). The loss variance versus the tube size is obtained as

illustrated in Fig. 2.7. The operating wavelength is fixed at 2.94 µm. As expected,

the loss drops when the fibre core size increases almost linearly. When the tube size

is only 4 µm, the light is strongly intensified inside the fibre but with a huge loss

arriving at as high as around 25 dB/m. In this case the antiresonant confinement

turns no longer applicable when the core size is comparable to wavelength and width

of silica layer depicted in [22]. When this size increases to an ideal scale – 10 µm, the

loss goes to only 0.08 dB/m, presenting a remarked advantage in guiding high-power

pulses over other counterparts.
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Figure 2.6: Loss curves of antiresonant hollow-core fibres versus the width of PMLs
placed outside the jacket tube in simulations. t1 = t3 = 2.19 µm designed as the
1st-order antiresonant width for λ = 2.94 µm. The fibres (a), (b), and (c) are distin-
guished by blue stars, red circles, green triangles, respectively.

When we already know the targeted wavelength, antiresonant thicknesses t1 of

diverse orders can be accessed by employing Eq. (1.6) by substituting t = t1, assuming

l ≥ 0. So it is useful to concentrate on the first few orders and work out the optimal

one. Only the fundamental modes are taken into consideration due to practical uses

like power delivery.

We start from calculating the antiresonant thicknesses t1 corresponding to different

orders. This is easily obtained by taking into consideration the Sellmeier equation

describing the dispersion performance for fused silica [71], reading as

n(λ) =

√
1 +

0.6961663λ2

λ2 − 0.06840432
+

0.4079426λ2

λ2 − 0.11624142
+

0.8974794λ2

λ2 − 9.8961612
. (2.1)

Then substitute the Sellmeier-based refractive index into the estimate of antiresonant

wavelength defined in Eq. (1.6). Once a certain target wavelength is determined, its

refractive index can be acquired thus we have an accurate prediction on the positions

of these antiresonant thicknesses. In particular, for the Er:YAG wavelength 2.94 µm,

it is not difficult to approximately get the antiresonant thicknesses of fibre-core t1
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Figure 2.7: Loss-dependence of the triangular antiresonant hollow-core fibre on the
dimension of jacket tube. The tube size changes from 4 to 10 µm while the thickness
of the fibre core remains 2.19 µm that is the 1st-order antiresonant thickness for
the wavelength λ = 2.94 µm. Apparently a larger core reduces the attenuation
dramatically.

corresponding to the first 5 antiresonant orders (l = 0 − 4): 0.73, 2.19, 3.64, 5.10,

and 6.56 µm, respectively. Based on the antiresonant model, different antiresonant

thicknesses are predicted to produce identical losses at the same wavelength, by calcu-

lating the phase angles from these different thicknesses defined in Eq. (1) of Ref. [23].

However, this ideal condition may not be met in practice. That is because when

the antiresonant thickness increases, the antiresonant transmission window contain-

ing the target wavelength becomes narrower and narrower according to Eqs. (1.6) and

(1.8). The closer the loss peaks neighbouring the transmission window stay, the more

sensitive the evaluation of the loss at the target wavelength is to the approximated

antiresonant thicknesses. This sensibility of wider thickness may increase the loss.

Hence, the confinement loss generally increases against the rise of antiresonant thick-

nesses. We depict the leakage losses for the above discussed fibres (a), (b), and (c) at

the wavelength 2.94 µm for first few antiresonant orders, as shown in Fig. 2.8. The

loss shown in Fig. 2.8 roughly keeps an increasing trend when antiresonant order rises

without considering the 0th-order one. In terms of this design, the 1st-order thickness
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Figure 2.8: Losses of hollow-core antiresonant triangular-core fibres with the core-side
length s = 40 µm (blue stars), 70 µm (red circles) and 100 µm (green triangles) at
the antiresonant thicknesses of the first five orders.

suggests the least attenuation and the 0th-order extraordinarily exhibits a bit higher

loss than that of the optimal 1st-order. For the convenience of comparison, we neglect

the lowest loss appearing at the 3rd-order thickness for fibre (c). Therefore, according

to Fig. 2.8, the 1st-order antiresonant thickness corresponding to t1 = 2.19 µm will

be the choice of our design for the wavelength 2.94 µm. It is not hard to find this

fibre design with a side length of 100 µm has a loss as low as 0.08 dB/m, which is

very competitive to other fibre designs [8, 36].

Apart from the crucial influence of the thickness of fibre-core walls, the thickness

of the webs (bridges) may also contribute to the light confinement in our design. It

is useful to investigate the variance of confinement loss against this thickness and

then work out an ideal t2 for our triangular-core antiresonant fibre. As an example,

some relative results are portrayed in Fig. 2.9. The simulation wavelength is as usual

2.94 µm, whose resonant thicknesses are obtained as 1.46 µm, 2.91 µm, 4.37 µm, and

so on, referred to Eq. (1.8). The loss-dependence curves are clearly distinguished by

the significant disparity between these fibres, with fibres (a), (b) and (c) represented

by blue (straight), red (dashed-dotted) and green (dashed), respectively. It can be

found that for each fibre there are three visible loss peaks located around those three
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Figure 2.9: Leakage losses of our proposed triangular antiresonant hollow-core fibre
versus the web (bridge) thickness t2, with t1 = t3 = 2.19 µm and λ = 2.94 µm.
Straight blue, dashed-dotted red, and dashed green lines stand for the three fibres
denoted as (a), (b), and (c) which correspond to the side lengths of core s = 40, 70,
and 100 µm.

resonant thicknesses of the web, demonstrating that the total loss of the fibre has

direct relation with the web thickness and complying by the resonant condition [22].

This seems to lessen the performance of our design on parameter control, whereas

this impact would be minor as the loss peaks does not stimulate huge performance

reduction, especially in terms of fibre (c). According to the fabrication method,

t2 = 2t1 = 4.38 µm, which is very close to the loss peak around 4.45µm but allows a

low loss level.

Similarly, we explore the influence of the thickness of the outer tube on the guid-

ance performance. The jacket tube is the outer coating that is widely used in most

hollow-core fibres. We invariably choose t1 = 2.19 µm as the core wall thickness

for these fibres (a), (b) and (c). The simulation results illustrate the strong effect

of jacket tube as portrayed in Fig. 2.10. With the increase of the side length of

triangular core, the effective area naturally experiences a rise while the attenuation

declines similar to Fig. 2.9. Different from the pizza-shape negative-curvature fibre

in Ref. [33], our proposed fibre goes through a periodical fluctuating variance in leak-
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Figure 2.10: Leakage losses of these triangular-core antiresonant hollow-core fibres on
the thickness of outer jacket tube t3, while t1 = 2.19 µm, and as before the simulating
wavelength remains λ = 2.94 µm. Also we use straight( blue ), dashed-dotted ( red ),
and dashed ( green ) curves to distinguish the fibres (a), (b), and (c) corresponding
to the lengths of core side s = 40, 70, and 100 µm.

age loss with diverse t3. This phenomenon is essentially based on the same resonant

conditions as disclosed in exploring the influence of t2 whereas this dependence on

thickness appears much stronger. It is not difficult to understand: the orientation

of webs is parallel to the direction so they make little difference in preventing light

from escaping out of core while the jacket tube encloses the fibre-structure and thus

remarkably impedes the light leakage. It is also evident that when t3 meets the an-

tiresonant guidance depicted in Eq. (1.6), light is well-confined. Nonetheless, when

it precisely satisfies the resonant guidance Eq. (1.8) (1.46 µm, 2.91 µm, 4.37 µm for

the first three resonant orders), the transmission generates these high loss peaks as

shown in Fig. 2.10. This means in terms of our fibre the jacket tube width has to be

well-engineered in case of any guidance deterioration.

2.2.3 Fibre loss, dispersion and mode profiles

The influence of t2, t3 have been discussed above, suggesting the optimal geometrical

parameter to ensure the least leakage of light. We consider the three fibres with the

optimised t1 = t3 = 2.19 µm while t2 = 2t1 as required in fabrication. Fig. 2.11
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Figure 2.11: Losses of the triangular antiresonant hollow-core fibres (a), (b), and (c).
The target wavelength is λl = 2.94 µm, and influential thicknesses t1 = t3 = 2.19 µm
as optimised. Straight( blue ), dashed-dotted ( red ), and dashed ( green ) lines
distinguish the fibres (a), (b), and (c) corresponding to the length of core side s =
40, 70, and 100 µm.

shows the loss variance of these fibres when the simulations are performed over the

wide spectral band from 1 µm to 3.5 µm. The loss curves confirm the feature of

isolated transmission windows as expected from the antiresonant condition, similar

to the previously discussed ring-shape, triangular-shape, periodically-assembled cap-

illary and negative-curvature pizza-shape antiresonant fibres. The positions of the

central wavelengths of transmission windows and high loss peaks match with the

theoretical prediction. It is also notable that the losses at the central wavelengths of

transmission windows drop when the wavelength moves towards the short-wavelength

range. This is because the shorter the wavelength λ, the smaller the ratio of λ and

core diameter and thus the lower the confinement loss [23]. The widths of these win-

dows also decline, verifying the estimate of antiresonant formulation. In particular,

fibre (c), with the largest core dimension among these (s = 100 µm), has a loss of

only 0.08 dB/m at our targeted Er:YAG wavelength 2.94 µm.

The investigation on the effective refractive index and propagation constants are

extracted as shown in Fig. 2.12. Clearly as illustrated in Fig. 2.12 (a), around the
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Figure 2.12: (a) The effective refractive indices n and (b) propagation constants β of
these fibres. Consistently straight ( blue ), dashed-dotted ( red ), and dashed ( green )
curves are used to distinguish the fibres (a), (b), and (c). Some Fano resonances can be
found around the resonant wavelengths. With the increase of core size, propagation
constant β goes through a slight rise. The observed resonant Fano resonances are
unobvious in (b) as β is insensitive to the slight change of n. Therefore, instead a
new parameter defined as (1−n)ω/c is calculated to make the variance of β clear, as
shown in (c).

resonant wavelengths (1.15 µm, 1.52 µm, 2.25 µm), the effective refractive index n

exhibits apparent Fano-like resonances, featuring the drastic escape of light from the

core. With wavelength enlarging, n shows a dropping trend that slows down when

the ratio of wavelength to core size decreases. Fundamental modes in fibres with this

ratio of smaller values have effective indices closer to 1 because of the better light

confinement. Also the increase of fibre dimension gives rise to a degradation of these

Fano oscillations. Meanwhile, Fig. 2.12 (b) demonstrates the propagation constant

β similarly follows a dropping tendency, according to the relation: β = nω/c (c is

the speed of light in vacuum), whereas not presenting an obvious difference between

the three fibres. There is a slight rise of β with core size ascending as depicted in

the inset of Fig. 2.12 (b). Notably, the Fano-like resonances seem “missing” here,

because effective refractive index n changes very gently around these resonances (The

maximum change here is around 2 ‰), which thus is not easy to capture these

minimum changes in the formulation β = nω/c. To make these changes clearer, we

can calculate a new variable defined as (1− n)ω/c, as shown in (c).

To compute the dispersion around the wavelength 2.94 µm is our target. Before

that, a polynomial fit is necessary to be applied to the data of β. However, it is

incorrect to make a fit over the whole wavelength range in question, for in this case

the message from these Fano-like resonances will be removed. Since our interest is

to deliver the laser wavelength of 2.94 µm, so we only fit the transmission window
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Figure 2.13: The dispersion of the three triangular-core fibres. Straight ( blue ),
dashed-dotted ( red ), and dashed ( green ) curves stand for the fibres (a), (b), and
(c) as usual. Zero-dispersion point appear around 2.6 µm for the three fibres. Large
core sizes render the fibre of a flatter and straighter dispersion. Particularly, fibre (c)
owns a low dispersion over a broad band containing 2.94 µm.

containing this wavelength, from 2.5 µm to 3.2 µm, as illustrated in Fig. 2.11. At

the end, we obtain a good polynomial fit for β, avoiding the dramatically-oscillating

resonance around the wavelength 2.25 µm. With the definitions

β1 =
dβ

dω
, β2 =

dβ1

dω
,D =

dβ1

dλ
= −2πc

λ2
β2, (2.2)

it is easy to draw the dispersion curve of D of these fibres, as shown in Fig. 2.13.

Zeros appear around the 2.6 µm for these fibres, labelling the transformation from

an anomalous region to a normal one. Large fibre dimension makes the dispersion

curve flatter and straighter. Particularly fibre (c) exhibits a dispersion of around

only 2.3 ps/(nm km) at 2.94 µm, and simultaneously maintains a low level over the

wide spectral range in question, allowing the fibre to be of potential in mid-infrared

nonlinear light-matter applications, especially when gases are populated into the fibre.

It also makes sense to investigate the mode profiles of these fibres. The simulation

parameters are maintained the same as before. The fundamental modes are well-

confined inside the triangular core as presented in Figs. 2.14 (a), (b) and (c). Similar
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to the fibre-core layout, these fundamental modes have a triangular-shape intensity

distribution. The effective mode areas Aeff are introduced as

Aeff =
(
∫∫
|F (x, y)|2 dxdy)2∫∫
|F (x, y)|4dxdy

, (2.3)

which are calculated as 133, 422, and 935 µm2 for the fibres (a), (b) and (c), respec-

tively. The light is well focused in the very center. As an example, the core radius

of fibre (c), r, can be calculated to be around 28.8 µm while the effective radius of

the mode profile reff is easily calculated as 17.3 µm, therefore the ratio of reff to r is

typically smaller than 0.6 [2]. In the last panel (d), we show the profile of a hexago-

nal fibre that is designed with the same core size r with the triangular fibre (a). In

Comsol it is easy to confirm that the attenuation of this hexagonal fibre is 156 dB/m,

higher than that of this triangular-core fibre of the same core size (25 dB/m), which

accounts for the fact that we choose a triangular core instead of a polygonal one with

more sides.

2.2.4 Exploration of negative curvature

Negative curvature has been proved to be an effective way to loss reduction [25,65,67].

Introducing negative-curvature cores to our fibre is also being studied by keeping

the positions of the vertices of the original core unchanged while implementing a

negative curvature (note the ratio of the wavelength to core diameter is changing and

influencing fibre losses [23]). The radius of curvature is denoted by ρ, demonstrated

to be larger than the triangular core side because of practical fabrication reasons,

ρ ≥ s. Following this criterion, the core walls of negative curvature are naturally

prevented from mutual touching, avoiding additional attenuation originating from the

generation of optical resonators. Fig. 2.15 displays the leakage loss of fibre (c) when

the radius of curvature ρ changes from 150 to 500 µm. All the parameter settings

follow the same as described previously. When the radius of curvature ρ decreases,

the fibre loss does not behave as expected to drop significantly. The large values of ρ,

close to the infinity ρ → ∞ corresponding to the flat straight triangular fibre, make

the fibre guide light with a loss 0.08 dB/m that has been verified. With a decline of

curvature, the leakage loss experiences two manifest peaks at roughly ρ = 160 µm

and 320 µm in virtue of significant coupling overlap between the modes excited in

core and cladding [65]. The bottom loss sandwiched by the two peaks reaches some

0.2 dB/m, still larger than that of the straight-wall case, finally confirming that

negative curvature is not helpful in reducing the fibre attenuation. It is also not hard
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Figure 2.14: (a)–(c) Profiles of fundamental modes of these triangular antiresonant
hollow-core fibres. The modes are bounded inside the core with small effective mode
areas. (d) The profile of a hexagonal fibre of an identical core-dimension with fibre (a).
This fibre presents a huge loss at 2.94 µm.

to understand the reason: in the process of introducing negative curvature, the core

size turns smaller and smaller when the triangular vertices are fixed. It is the decrease

of core size that renders the fibre loss not drop but rise. This is not a conclusion

fighting against the other results. One can still acquire a lower loss by implementing

a negative curvature in our fibre if the fibre-core size remains unchanged. On the

other hand, around the bottom loss 0.2 dB/m (ρ ≈ 225 µm), we can calculate the

core radius r ≈ 23 µm, which is only a little larger than the core radius of fibre (b)

(20 µm). The loss of fibre (b) is calculated as 0.6 dB/m at 2.94 µm, as shown in

Fig. 2.11, 2 times larger than that of fibre (c) with ρ ≈ 225 µm. This indicates it is

possible for the triangular-core fibre to have a better loss reduction if the silica wall

is fabricated with a proper negative curvature.
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2.3 Conclusion

In conclusion, a novel design of antiresonant triangular-core hollow fibre has been

proposed to transmit optical light over the mid-infrared spectral region, centred at

2.94 µm. This fibre owns a simple structure, consisting of three identical capillary

tubes with a precisely engineered width 2.19 µm. It is demonstrated to guide light at

a low leakage loss notably below 0.1 dB/m and a dispersion only ∼ 2.3 ps/(nm km)

at our targeted Er:YAG wavelength 2.94 µm. Additionally, the jacket tube width is

verified to play a role in preventing light escape from fibre core. Besides, employing

negative-curvature core walls is found to not work in loss-compression, due to the

reduced size of fibre-core. As a matter of fact, higher attenuation can be observed

at some particular values of negative curvature because of strong coupling among

core and cladding modes. We believe that this antiresonant design will trigger more

possibilities of fibre-design and motivate novel research on transmitting light over

far-infrared wavelengths.

Polygonal-core fibres was actually previously proposed in giving an analytical

model to understand the light guidance in single-wall antiresonant hollow-core fi-

bres [37]. It makes sense to compare our fibre with that earlier theoretical model

to present the progress, which will be done in the Chapter 3, together with another

design with a square fibre-core.
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Figure 2.15: Losses corresponding to the negative-curvature triangular antiresonant
hollow-core fibre versus the radius of curvature ρ while maintaining the positions of
the vertices of the triangular core. The fibre parameters follow as stated above. The
loss does not benefit from the introduction of negative curvature, and two loss peaks
at 160 and 320 µm can be observed because of coupling between core and cladding
modes. A zoom of the negatively curved fibre-core is illustrated in the inset. The
outer jacket tube does not show for purpose of figure size.
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3 Negatively curved square-core hollow fibres

3.1 Introduction

Chapters 1 and 2 explained the special advantages of antiresonant hollow-core fibres in

the delivery of high-energy pulses and nonlinear light-matter interactions, for instance.

On the other hand, the wavelengths 1.55 µm and 2.94 µm have long been focuses

of research due to their importance in telecommunication and nonlinear fibre optics.

Hence, it is of importance and interest to use antiresonant hollow-core fibres of high

performance (such as low loss), for example, the triangular-core antiresonant hollow

fibres, to deliver lasers of these two wavelengths.

Higher-order modes, however, can easily be excited in optical fibres, some of which

even have low-level losses. The excitation of higher-order modes may come from the

structure deformation along the fiber, and thus transmission of fundamental mode

deteriorates via the mode coupling between fundamental and higher-order modes,

substantially limiting the usability of the hollow-core fibres in applications such as

laser micromachining. Suppression of higher-order modes becomes an attractive topic

for optical fibres. In terms of the usage of conventional solid-core fibres in telecom-

munications, single-mode fibres have smaller dimensions but larger data carrying ca-

pacity. In solid-core step-index fibres, the single-mode guidance can be realised with

the normalized frequency V defined as V = k0a
√
n2

core − n2
clad meeting the condition

V < VC , where VC is the cut-off normalized frequency ≈ 2.405 [72].

Since antiresonant hollow-core fibres are widely studied and used now, so it is

particularly important to achieve higher-order-mode-free transmission in these fibres.

Phased-matched resonant coupling has widely been applied to filter out these higher-

order modes. Similarly, in this chapter, resonant coupling is also the principle method

that the single-moded fibres we will propose rely on. Thus it is necessary to brief
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the coupling mechanism between modes localised in the core and cladding. Mode

coupling has been perfectly elaborated since decades ago [73–75]. Coupled mode

equations were presented to effectively predict the mode communication in optical

fibres. Here assume two parallel fibres (1 and 2) are resonantly coupled, and the

coupled mode equations read as [73]

(
∂

∂z
+ iβ1)A = iκ12B, (3.1)

(
∂

∂z
+ iβ2)B = iκ21A, (3.2)

where we use A,B to represent the field amplitudes of fibres 1 and 2, and βj (j =

1, 2) is the propagation constant in fibre j while κjk (j, k = 1, 2, j 6= k) is the

coupling coefficient between the two fibres.

This coupled fibre-system is assumed to be lossless in a passive space, therefore

the power propagation along the longitudinal direction remains unchanged [75], which

means

∂

∂z
{|A|2 ± |B|2} = 0, (3.3)

where ‘+’ (‘-’) means the power direction in the two fibres are the same (opposite).

Easily, one can rewrite this conservation law of power as

∂

∂z
{|A|2 ± |B|2} = A

∂A∗

∂z
+ A∗

∂A

∂z
±B∂B

∗

∂z
±B∗∂B

∂z

= −i(κ∗12 ∓ κ21)AB∗ + i(κ12 ∓ κ∗21)A∗B

= 0.

Due to the arbitrariness of A,B, we get κ12 ∓ κ∗21 = 0, where ‘−’ (‘+’) means the

power direction in the two fibres are the same (opposite). This is the unique condition

that conservation equation holds.

If we multiply Eq. (3.1) by (
∂

∂z
+ iβ2) and apply Eq. (3.2), and similarly multiply

Eq. (3.2) by (
∂

∂z
+ iβ1) and apply Eq. (3.1), we will acquire two coupling wave

equations following as

[
∂2

∂z2
+ i(β1 + β2)

∂

∂z
− β1β2 + κ12κ21]A = 0, (3.4)

[
∂2

∂z2
+ i(β1 + β2)

∂

∂z
− β1β2 + κ12κ21]B = 0. (3.5)
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These two equations are 2nd-order homogeneous differential equation with the same

constant coefficients, whose solutions own a form of e−iγz, where γ means the phase

coefficient of the coupling waves. And it is easy to write the eigen equation regarding

γ of these coupling wave equations:

γ2 − (β1 + β2)γ + β1β2 − κ12κ21 = 0. (3.6)

This quadratic equation has two solutions

γ1,2 =
(β1 + β2)±

√
∆

2
, (3.7)

where

∆ = (β1 − β2)2 + 4κ12κ21. (3.8)

Recall coupling requires κ12∓κ∗21 = 0, where ‘−’ (‘+’) means the same (opposite)

power direction. If the power transfer directions of the two fibres are the same,

κ12 = κ∗21, thus ∆ = (β1−β2)2 +4|κ12|2. Assume fibre 1 and 2 are lossless, then β1, β2

are real, then in this case, the phase coefficient of the coupling wave γ is real; On the

other hand, if the power transfer directions are the opposite, then κ12 = −κ∗21,∆ =

(β1 − β2)2 − 4|κ12|2. In this case, the coupling phase coefficients are still real when

the difference between the eigenmodes of the two fibres, |β1 − β2|, is larger than the

coupling coefficients |κ12|. However, if |β1 − β2| < |κ12|, the phase coefficients γ

becomes complex.

Here we also learn that if two respective modes of fibre 1 and 2 have very distinct

propagation constants β1, β2, namely |β1 − β2| � |κ12|, γ1 ≈ β1, γ2 ≈ β2. This

indicates the two modes are not coupled, and they propagate isolatedly in individual

fibres. Nevertheless, when |β1 − β2| has the same order of magnitude with |κ12|,
which means β1 ≈ β2 = β, the coupling phase coefficients become γ1 ≈ β, γ2 ≈ β,

then the two-fibre system transfers power synchronously with strong coupling. The

coupling condition of two modes in two different fibres is hence β1 ≈ β2. This equity of

propagation constant can usually be understood as the equity of effective refractive

index. If we consider the simplest example, hollow-core dielectric waveguides, the

mode indices is calculated with [2]

nlm = 1− 1

2
(
ulmλ

πd
)2, (3.9)
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where ulm is the mth zero of (l -1)th-order Bessel function of the first kind, d is the

core diameter and λ is the wavelength. To obtain an equity of two modes of two fibres

(the indices of the two modes are denoted as n1,lm and n2,pk while fibre diameter as

d1 and d2), n1,lm = n2,pk is assumed. The condition collapses into d2/d1 = upk/ulm.

Therefore, the resonant coupling of modes of two circular hollow-core fibres requires

the core diameters to be properly designed.

Similarly, in filtering of higher-order core modes in microstructured hollow-core

fibres, the most common method is to design the cladding geometry to generate

fundamental cladding modes that have effective refractive indices equal to those of

higher-order core modes. Under this condition, light carried by the higher-order core

modes can leak out of the core by the resonant coupling with cladding modes, namely

increasing substantially the confinement loss of these higher-order core modes. Our

proposed square-core hollow-core fibre employs this mechanism of resonant coupling

to filter higher-order core modes, and the details will be presented later.

There are also many fibre-designs using resonant coupling to compress higher-

order core modes. For example, fibres of tubes arranged in a polygonal symmetry were

originally explored [76]. Vincetti et al. started with the mode index approximation

of a hollow dielectric waveguide [2], and by equating the effective refractive indices

of TE01 mode (with the lowest loss) and HE11 mode and considering the geometrical

relation of the N -tube lattice fibre, they got the number N ensuring the resonant

coupling between the tube mode and higher-order mode calculated as

N =
π

arcsin(
l

d

u11

u11 + u01ρ
)

, (3.10)

where l and d are the distance between two adjacent tubes and the tube diameter, ρ

is the ratio of the inner and outer radii of these tubes. As shown in Fig. 3.1, if values

too high and too low of ρ are excluded, N = 7 is the optimal number that maximise

the resonant coupling.

A recent work confirmed this finding of the maximum resonant coupling with 7

tubes on high-power delivery in a centrally-symmetric capillary HCF [77]. The SEM

image of a fabricated 7-capillary fibre is shown in Fig. 3.2 (a). The extinction ratio of

higher-order mode and cladding mode versus the geometrical ratio d/D is displayed in

Fig. 3.2 (b), compared with a 6-capillary fibre. It is apparent that when the capillary

wall becomes ‘thinner’, the compression of higher-order mode is enhanced. This fibre
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Figure 3.1: Number of cladding tubes N that is required to generate the resonant
coupling between TE01 and the cladding fundamental mode versus the geometrical
ratio ρ (defined as the ratio of the inner and outer radii of these tubes). Three
different cases corresponding to l/d are considered. The figure comes from Ref. [76].

Figure 3.2: (a) Sketch of the 7-capillary antiresonant hollow-core fibre. (b) Extinction
ratio between the higher-order modes and cladding modes versus the geometrical ratio
d/D. Compared with the 6-capillary antiresonant hollow-core fibre, the 7-capillary
one show strong compression of higher-order modes with large ratios d/D. The figure
comes from Ref. [77].

shows the ability to transmit light with a low loss and low bend sensitivity. This

7-capillary antiresonant hollow-core fibre was demonstrated to deliver 22-ps pulses at

the wavelength of 1032 nm with good quality mode profiles. A high power in excess

of 70 W was also verified to overcome the conventional damage threshold of solid-core

fibres.

Besides, a 6-capillary fibre was recently reported to have robust single-mode guid-

ance with low losses and broad bandwidths [41]. In similarity to previous designs,

higher-order core modes are resonantly coupled to the fundamental mode of the
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cladding antiresonant elements, as verified by the LP11 mode profile and the anti-

crossing as shown in Figs. 3.3 (a) and (b). The figure of merit FOMlm, defined as
αlm
α01

− 1 where αlm is the loss of LPlm mode, arrives at almost 1000, which is much

larger than previous reported work. Outstanding transmission over a wide range of

wavelengths can be easily observed in Fig. 3.3 (c), where the transmission windows are

isolated by the resonant condition Eq. (1.8). This fibre has a loss of only 0.18 dB/m at

the wavelength 1.6 µm, and broadbandly guides light from 1.17 µm to 2.09 µm across

a spectral width of 112 THz. To find out the maximum resonant coupling, Uebel et

al. employed a similar method to Ref. [76] by equating the effective refractive indices

of higher-order core modes and fundamental cladding modes. A modified Marcatili-

Schmeltzer expression of the estimate of the effective refractive indices of higher-order

core modes and fundamental cladding modes was introduced (This modified estimate

of mode indices was used to evaluate the effective refractive indices of the modes of

the gas-filled Kagomé PCF [78]). Thus they concluded a general ratio 0.68, the ra-

tio of the capillary and core diameters d/D, that guarantees the maximum resonant

coupling. The authors pointed out this ratio was dimension-independent and could

universally be used in single mode fibre-designs where circular capillaries were utilised

for resonant coupling.

More recently, with the same idea of introducing resonant coupling of higher-order

core modes and fundamental cladding modes, Yu et al. proposed a 7-capillary nega-

tive curvature fibre whose LP11 modes is strongly compressed and LP21 modes suffer

from high attenuation 2 dB/m within the visible wavelength in short fibre-lengths [34].

As illustrated in Fig. 3.4 (b), the fibre exploits 7 core-sides with negative curvature.

Fig. 3.4 (a) exhibits the loss dependence on wavelength of this fibre in contrast to a

6-sided antiresonant hollow-core fibre. The transmission window precisely responds

to the antiresonant condition, sandwiched by two high loss peaks due to the resonant

condition. The 7-sided fibre shows better loss confinement ( below 0.05 dB/m) over

a broad bandwidth from 970 nm to 1170 nm. The absence of LP11 modes was exper-

imentally verified while the LP21 modes were efficiently impeded by high losses. This

fibre design validates the design of the optimal number of fibre-sides, seven.

There were also novel trials on compressing higher-order modes without using cir-

cular capillary tubes but using elliptical ones instead [79], for example. In Fig. 3.5 (a),

the elliptical-capillary antiresonant hollow-core fibre was compared with another three

widely-studied circular-capillary fibre-designs, demonstrating that the elliptical-capillary
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Figure 3.3: (a) Sketch of the 6-capillary single-ring antiresonant hollow-core fibre and
the resonant profile of LP11 mode coupled with the fundamental mode (ARE01) of
antiresonant element. (b) The effective mode indices, confinement losses and FOM11

against the ratio d/D of the fundamental core mode, two LP11 modes and ARE01

mode. The anti-crossing around the universal value 0.68 indicates the robust com-
pression of LP11 modes, confirmed by the FOM11 peak as high as 1000. (c) The
transmission regions versus wavelength. A wide bandwidths is observable as pre-
dicted over 112 THz centred around 1.6 µm. The loss at 1.55 µm is measured to be
at 0.18 dB/m. The figure comes from Ref. [79].

Figure 3.4: (a) The loss dependence on wavelength of the 7-side pizza-shape fibre,
compared with the same design but with only 6 core-sides. The 7-sided fibre owns
lower losses below 0.05 dB/m over a wide band of about 200 nm centred at 1070 nm.
(b) SEM figure of the pizza-shape fibre with 7 core-sides. The figure comes from
Ref. [34].
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fibre owns much smaller loss than the other circular-capillary fibres with and without

free boundary. The lowest loss reaches 0.004 dB/m at the wavelength 1.06 µm. The

extinction ratio of higher-order modes is defined as the lowest loss of the group of

higher-order modes and that of the fundamental mode, similar to the definition of

FOM defined in Ref. [41]. Compared with a circular-capillary antiresonant hollow-

core fibre, the special elliptical-shape provides extremely strong constraint on the

excitation of higher-order modes, with the extinction ratio of higher-order modes ar-

riving at almost 3000 at the 1.06 µm. This fibre realises the broadband operation on

suppressing the light leakage of fundamental mode but enhancing the resonant cou-

pling between higher-order modes and cladding modes, with a loss below 0.015 dB/m

and the extinction ratio of higher-order modes over 1000 within the wavelength range

1 to 1.65 µm [79].

As summarised above, many hollow-core fibres have been mentioned to have good

performance in compressing higher-order modes. Nonetheless, these fibres to different

extents suffer from one or some of these disadvantages: complicated and even unfab-

ricable fibre-structure, high leakage loss, less compression of higher-order modes and

narrow operating bandwidth.

Chapter 2 details a fibre-design with a triangular core that guides the light at a

wavelength of 2.94 µm with very low losses, naturally it is interesting to explore the

possibility of introducing phased-matched resonance into this triangular-core design

to realise single-mode transmission at target wavelengths. What should be paid

particular attention to is that the web-like bridges in the original design as shown in

Fig. 2.4 cannot be employed here, because they substantially increase the difficulty

of exciting the phase-matched coupling due to the much larger area of each clad

elements over the core area. However, the removal of these bridges makes the fibre

guide light with huge losses at our targeted wavelengths. So we consider to apply a

negative curvature to fibre-walls to offset the increased loss induced by the removal

of supporting bridges [25,65,80]. Our target is to locate a ‘magic’ curvature for fibre-

walls to maximally enhance the resonant coupling. On the other hand, we also need

to consider changing the number of the fibre-core sides, in order to work out the best

polygonal design.
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Figure 3.5: (a) Loss-dependence on wavelength for three circular-capillary and the
elliptical-shape antiresonant hollow-core fibres. The dashed line indicates the wave-
length corresponding to λ = 1.06µm. All the fibres are set with an identical core
radius R = 15µm with the fibre-strut thickness t = 0.42µm. Clearly, The loss drops
with the introduction of free boundaries as demonstrated in Chapter 2, while the
elliptical-shape design renders the loss extremely low. (b) Dependence on wavelength
of the extinction ratio of higher-order modes of a 6-element circular fibre-design and
a 6-element elliptical fibre-design. Over the range from 0.9 to 2 µm, the higher-order
modes are highly compressed in this elliptical design, with the peak approximately
3000 at the wavelength 1.06 µm. The figure comes from Ref. [41].
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3.2 Negatively curved square-core hollow fibre

As we explained earlier, we have two targeted wavelengths: 1.55 µm and 2.94 µm.

First of all, we are pursuing a fibre working with a lower loss across a broader band,

covering the nonlinear optical wavelengths and 1.55 µm, in comparison with the fibre

in Ref. [41]. Notably, 17-layer omniguide fibres show a ultra-low loss of TE01 mode at

1.55 µm but have an unavoidable low-loss TE02 mode within a quite narrower trans-

mission window [81]. Next, we will also design a fibre operating at 2.94 µm, providing

convenience for guiding Er:YAG lasers. Compared with the pizza-shape fibre [6, 32],

not only a much smaller core size is employed to augment power concentration, but

also the fibre loss drops to a lower level. Numerical results support the two designs.

Here we first explore the possibility of utilising a negative-curvature triangular-

core antiresonant hollow-core fibre to realise single-mode transmission. The core size

is set to be 15 µm (the ratio of wall thickness and core diameter is 0.10). Around

the so-called ‘magic’ negative curvature, the triangular-shape antiresonant hollow-

core fibre without supporting webs produces a peak FOM11 = 160, where loss of

its fundamental mode is 0.18 dB/m. The compression of higher-order mode and

loss-control is not superior to the other counterparts as introduced above. When

we try to increase the number of core sides, we find side number above 4 cannot

even make the fibre excite the resonant coupling between higher-order core modes

and fundamental cladding (ARE01) mode, due to the phase-mismatch between these

modes in designs of more than 4 sides. After the further study to be detailed, we can

confirm the square-core fibres have better performance over the other polygonal-core

counterparts.

3.2.1 Fibre design

We present a simple design of single-mode fibre with low loss, at the target nonlin-

ear optical wavelengths and Er:YAG laser wavelength (2.94 µm), respectively. We

hope to maintain a small core area for both fibres and particularly produce a broad

bandwidth for the first one. As shown in Fig. 3.6 (a), the fibre generally consists of

a square-core and an outer supporting jacket tube, both of which are made of silica

and own a thickness of t. Negative curvature is applied to the square walls in order

to obtain a low confinement loss [25,65] and introduce coupling between higher-order

modes and cladding modes. The radius of negative curvature is denoted by RNC

with the core radius rcore. rtube stands for the jacket tube radius, determined by
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rcore

RNC

rtube
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Cladding
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Figure 3.6: (a) Sketch of our proposed single-mode negative-curvature square-core
antiresonant hollow-core fibre. t is the thickness of the square core walls and the
jacket tube, rcore is the core radius, while rtube the jacket tube radius and RNC the
radius of negative-curvature walls. (b) The transverse power distributions of a typical
fundamental mode.

rtube = s/
√

2−
√
R2

NC −
s2

2
where s = rcore + RNC + t. Besides, very notably, as ex-

plained in Chapter 2 [38], light confinement experiences a strong periodical oscillation

with the change of the jacket tube thickness t. Without this tube of an accurately

engineered thickness, light would easily escape outside, substantially weakening the

fibre performance. Fig. 3.6 (b) illustrates a typical fundamental mode of this fibre.

Accurate positioning of six hollow capillary-tubes in the centrally-symmetric antireso-

nant hollow-core fibre is completed by first stacking these capillaries at the vertices of

a larger capillary tube that has a hexagonal-shape internal structure, and then draw-

ing it into their proposed fibre [41]. Similarly, we can stack four identical capillaries

bounding to the four corners of a large jacket tube that has a hollow square-shape

internal structure (This is feasible, for instance, from Ohara Corporation) and draw

it into a fibre during which pressurization is imposed into the four capillaries to keep

them blown-up until they are mutually touched and naturally generate the structure

illustrated in Fig. 3.6(a).

3.2.2 Fibre targeted at 1.55 µm

Parameter design for broadband single-mode operation

As detailed in Chapter 1, Litchinitser et al. explained the antiresonant modes of

ARROW structures [22], which support a family of transmission windows. Easily,

assuming the refractive index of silica does not change significantly within a certain

44



CHAPTER 3. NEGATIVELY CURVED SQUARE-CORE HOLLOW FIBRES

wavelength range, we can derive a rough estimate of the width of each window,

∆fl =
2

2l + 1
ftarget, where ftarget is the target frequency and l is the order of the

antiresonant thickness corresponding to ftarget. Obviously ∆fl declines with the rise

of l, which means the 0th-order antiresonant thickness gives rise to the widest broad

bandwidth. For the first fibre, we aim at guiding light at 1.55 µm over a broad

range of nonlinear optical frequencies. This explains why the 0th-order antiresonant

thickness, approximately 0.372 µm, is employed here.

HE21a, HE21b, TE01 and TM01, are considered to own the lowest attenuation within

the entire groups of higher-order modes [34,41], therefore killing them has been given

a priority to for a single-mode transmission. Phase-matched coupling between these

modes and the fundamental mode of the clad antiresonant element is introduced

similar to previous designs [34, 41, 79], which is different from adding extra defects

[40]. By reshaping the clad antiresonant elements (changing the radius of negative

curvature RNC), an optimised RNC can be numerically acquired. In terms of the

optimal case, the strong coupling enables the power in these higher-order modes to

flee away rapidly, which produces a high loss and a large FOM11 ( as before define

FOMlm as
αlm
α01

−1 where αlm is the loss of LPlm-like mode ). FOM11 is calculated with

the mode that has the lowest loss among the four-mode group HE21a, HE21b, TE01 and

TM01, based on the calculation of all the losses of this mode group. We consider the

core radius rcore = 15µm, and the radius of negative curvature RNC has a minimum

around 37 µm, subject to some geometrical relations. To obtain the magic RNC, we

compute FOM11 with RNC from 37 µm to a larger value 100 µm. The extremely

large values of RNC (> 100µm) will not be considered since with sufficiently large

RNC, little change happens to the fibre geometry.

We calculate FOM11 as well as the loss of the fundamental mode HE11, as shown

in Fig. 3.7. Clearly FOM11 remains a very low level except a sharp peak of at RNC =

39.2 µm, where a deviation of width of 0.05 µm is allowed. The peak approaches

1000, almost the same level with that reported in Ref. [41]. At RNC = 39.2µm, α11

(the lowest loss of the four-mode group) is around 54 dB/m, verifying the strong

attenuation of the four-mode group. In contrast, it is observable that this magic RNC

lies in the lowest loss range of fundamental mode where α01 (the loss of HE11 mode)

almost bottoms with 0.056 dB/m, much lower than that of the aforementioned fibres.

α01 maintains a rising trend with the decrease of curvature (or increase of RNC) except

several obvious peaks stemming from the coupling between HE11 mode and cladding
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Figure 3.7: α01 (blue) and FOM11 (green)of the square-core antiresonant hollow-core
fibre against RNC. The wavelength is 1.55 µm. The thickness of square core wall and
the jacket tube is 0.372 µm. The core radius is 15 µm.

modes as explained in Refs. [38,65]. Also, when RNC approaches the minimum value

around 37 µm, α01 surprisingly rises.

To better understand the phase-matched coupling around 39.2 µm, more param-

eters of the four-mode group are obtained in comparison to those of the clad antires-

onant element mode. Here a single antiresonant element is extracted in simulation

as suggested in Ref. [41], which has a typical fundamental mode (ARE01) profile in

Fig. 3.8. In the same figure, the mode profiles of the four-mode group and the fun-

damental mode HE11 are also illustrated at the magic RNC 39.2 µm. The magenta

arrows represent the directions of electric field and helps identify the mode type.

Around this optimal radius of negative curvature, strong anti-crossings of the four

core modes ( HE21a, HE21b, TE01, TM01 ) can be observed with the four cladding

modes. To more accurately interpret the anti-crossings, numerical studies on the ef-

fective mode indices and losses are depicted in Figs. 3.9 and 3.10. Fig. 3.9 shows the

variance of the effective refractive indices of modes HE21a, HE21b, TE01, TM01 com-

pared with cladding mode ARE01. A zoom-in figure representing the shadow area

is added to apparently present the minimum difference between these modes around
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Figure 3.8: (a) Mode profiles of the HE11, HE21a, HE21b, ARE01, TE01 and TM01

modes. In this simulation, the fibre wall thickness t = 0.372µm, RNC = 39.2µm,
the operating wavelength λ = 1.55µm. The magenta arrows show the orientations of
electric field. Clearly, All the higher-order modes couple with the fundamental mode
of eye-like cladding element while the HE11 mode has a clear well-confined profile
without resonant coupling.

RNC = 39.2µm. Around this negative curvature, the difference of effective refractive

index between the higher-order core modes and ARE01 mode becomes the smallest,

providing the prerequisite for effective mode coupling between core and cladding.

In contrast, far from this special negative curvature, the even and odd eigenmodes

evolve asymptotically into one core mode and one cladding mode that are uncoupled.

Consequently, the coupling of higher-order core modes with cladding modes is not

triggered. In Fig. 3.10, the losses of these modes are studied as expected versus the

same RNC range. Around RNC of 39.2 µm, the high losses of the higher-order core

modes ensures the effective leakage of light from fibre-core. When calculating FOM11

shown in Fig. 3.7, we only take into account the mode from the four-mode group that

has the lowest loss. The two figures also confirm that the anti-crossing area stays

around 39.2 µm, and a large deviation of RNC from this optimal value will degrade

the compression of higher-order modes.

Losses and FOM11

In Fig. 3.11, the loss- and FOM11-dependence on wavelength of the square-core an-

tiresonant hollow-core fibre (RNC = 39.2µm) (blue) is plotted. Clearly, there is a wide
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Figure 3.9: Effective indices of the four-mode group and ARE01 mode as well as a
zoom-in of the shadow area around the magic radius of negative curvature RNC =
39.2 µm. A strong anti-crossing can be observed, indicating the phased-matched
coupling at this negative curvature between the four-mode group and ARE01 mode.

Figure 3.10: Confinement losses of the four-mode group and ARE01 mode as well as
a zoom-in of the shadow area around the magic radius of negative curvature RNC =
39.2µm. Around this strong anti-crossing, losses of the four-mode group stay at a
comparable level with that of the ARE01 mode.

transmission window containing 1.55 µm. This wide transmission window is neigh-

boured by a loss peak at the short-wavelength side that can be precisely suggested by

the resonant condition (Eq. (1.8)). In contrast, the loss peak at the longer-wavelength

side is analytically located at infinity (by substituting m = 0 into Eq. (1.8)). How-

ever this does not indicate an infinitely wide bandwidth, for the loss clearly shows an

increasing trend with the rise of wavelength due to larger and larger light leakage. If

we set 0.1 dB/m as the upper bound of the bandwidth, this fibre owns a very broad

bandwidth from ≈ 0.9 µm to ≈ 1.7 µm (red dashed line). The loss at 1.55 µm is

around 0.056 dB/m, quite lower than that of the recent counterpart (0.18 dB/m) [41].

At another important optical wavelength 1.064 µm, our fibre has a loss 0.025 dB/m,

which is also competitive to the recent pizza-shape fibre with complicated cladding

geometries (0.022 dB/m) [34]. FOM11 against wavelength (green) is also exhibited

in Fig. 3.11, demonstrating our fibre to own FOM11 over 400 from 1 µm to 2 µm.
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Figure 3.11: Loss-dependence (blue) and FOM11-dependence (green) on wavelength
of our single-mode square-core antiresonant hollow-core fibre. The thickness of square
core wall and the jacket tube is 0.372 µm. The core radius is 15 µm.

We have also considered the precision of silica wall thickness t during fabrication.

When t increases (decreases) by 10 %, α01 almost remains unchanged and FOM11

drops slightly to 830 (760), and the bandwidth below 0.1 dB/m experiences a gentle

right-shift from ≈ 1.05 µm to ≈ 1.7 µm (a left-shift from ≈ 0.8 µm to ≈ 1.65 µm) as

shown in Fig. 3.12. Here we conclude this fibre works perfectly at 1.55 µm over the

near-infrared range, with low losses and a perfect single-mode guidance.

3.2.3 Fibre targeted at 2.94 µm

Parameter design

The square-core antiresonant hollow-core fibre can similarly be utilized to generate

low-loss single-mode propagation at the wavelength 2.94 µm, which is widely used in

the single-frequency Er:YAG lasers. For the purpose of better power concentration,

a smaller core diameter of 60 µm is considered (rcore = 30µm), compared with the

fibre with a diameter (94 µm) [6]. Analytically, different antiresonant thicknesses

present little difference in confinement losses. However, different wall thicknesses may

influence the extent of resonant coupling of higher-order core modes with cladding
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Figure 3.12: Loss-dependence on wavelength of fibres with varying core thicknesses
of 0.9 (red), 1.0 (blue) and 1.1 (green) times t0. Here we denote t0 = 0.37µm. The
fabrication errors bring some left- or right-shift of the operation band.

modes due to the structure disparities at the different ‘magic’ negative curvatures.

We take into account the thickness t corresponding to the first 6 antiresonant orders

to explore the influence on fibre performance of different choices of t. In terms of

each t, the optimal RNC that gives rise to the strongest phase-matched coupling can

be obtained, similar to previous analysis shown in Figs. 3.7. The figures are not

shown here. In these simulations, the optimum confinement loss α01 and figure of

merit FOM11 at RNC around the resonant values are obtained. In each case, there

is a similar sharp FOM11-peak representing the strong excitation of phase-matched

coupling between higher-order modes and ARE01 mode. The losses α01 also lie in a

low level, hence not drastically affecting our choice of optimal RNC.

Losses and FOM11

To enhance our understanding of the influence of antiresonant thicknesses on fun-

damental mode losses and compression of higher-order modes, and naturally it is

necessary to summarise the optimal α01 and FOM11 for all the 6 cases, which are

illustrated in Fig. 3.13. It is clear that with the variance of antiresonant order l,

both α01 and FOM11 almost remain a stable level. The stability of confinement loss

against antiresonant orders as predicted verifies the antiresonant theory. However,

in practice, a rise of material absorption can probably be observed when thickness

increases, due to the more and more significant overlap of light with silica. In contrast
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Figure 3.13: α01 (blue plus), loss of fundamental mode, and FOM11 (green cross)
of the square-core antiresonant hollow-core fibre against t of the first 6 orders. the
wavelength is 2.94 µm. The core radius is 30 µm. The losses and compression of
higher-order modes shows weak dependence on the choice of antiresonant thickness.

to the loss of 0.06 dB/m in Ref. [6], the loss maintains a very low level for our design

(0.023 dB/m). For these 6 antiresonant thicknesses, FOM11 reaching more than 1000

(close to 1300) also indicates the ideal single-mode guidance. This result implies the

flexibility of the choices of silica wall thickness that provides sufficient convenience in

fabrication. When we choose a lower-order thickness, the operating bandwidth will

be pretty broad as explained in last section. If a wide bandwidth is not the principal

target, larger higher-order thickness can be adopted to strengthen the toughness of

fibre, reducing significant deformation during fabrication.

Geometrical-area equivalence

Noticeably, the optimal RNC increases significantly versus the antiresonant orders of

thickness as shown in Fig. 3.14, rendering the geometry of the clad antiresonant ele-

ment of each fibre quite different from the others. In these different cases, resonant

coupling of higher-core core modes and cladding modes is well-excited. Recall that
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coupled mode theory tells us the propagation constants or effective refractive indices

of core and cladding modes should be equal as discussed in Section 3.1. In terms of

the coupling between circular hollow fibres, the equity of modal indices (Eq. (3.9))

are supported by selected dimensions of the two fibres [2, 41]. Therefore it is better

to understand the resonant coupling by simplifying both the core and cladding to

be circular hollow fibres. It is easier to employ a geometrical-area equivalence as

shown in Fig. 3.15, where the eye-like clad antiresonant element is transformed into

a circular element with a radius of reff = reff(rcore, RNC, t), keeping both 2D areas

equal. After that, all the 6 antiresonant elements in different cases with the opti-

mal RNC are transformed into 6 ring elements with different radii reff . The relevant

ratios reff/rcore are thus obtained, as illustrated in Fig. 3.14. Obviously, this ratio

stabilises around 0.845 (l = 0) despite a slight rise when the antiresonant order l

increases. This nuanced augment originates from the fact that with the rise of l, the

clad antiresonant element becomes increasingly flatter, and thus little light can reach

its marginal areas, which makes geometrical-area equivalence very gently less accu-

rate than a modal area-equivalence. In comparison, the effective modal radii of the 6

optimal antiresonant elements, rem =
√
Aem/π where Aem is effective modal area, are

also able to be numerically calculated as 12.38 µm, 12.40 µm, 12.43 µm, 12.46 µm,

12.48 µm and 12.50 µm, respectively. It is apparent that the modal area does not

change much despite a slight rise, which basically confirms the above analysis. Simi-

larly, we apply the process of geometrical-area equivalence back to the first fibre aimed

at 1.55 µm. We again obtain the optimal ratio reff/rcore 0.845. This ratio demon-

strates that our proposed square-core antiresonant hollow-core fibre owns a universal

geometrical ratio (0.845) that guarantees single-mode guidance at arbitrary target

wavelengths, which drastically reduce the efforts taken on similar designs. Most im-

portantly, geometrical-area equivalence introduces a roadmap to devising other novel

single-mode antiresonant hollow-core fibres with complicated cladding geometries.

3.3 Conclusion

In this chapter, novel simple designs of square-core antiresonant hollow-core fibres

are proposed to realise robustly single-mode transmission over the nonlinear opti-

cal regime and at the single-frequency of Er:YAG laser, respectively. Both silica-

glass fibres have a negative-curvature square-core supported by a hollow jacket tube.

Properly engineered thicknesses of the core walls and the outer tube make the fibre

guide light at target wavelengths with very low losses within a broad bandwidth, and
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Figure 3.14: RNC (blue circle) and r̃ (green triangle) of the square-core antiresonant
hollow-core fibre against t of the first 6 orders. The wavelength is 2.94 µm. The core
radius is 30 µm. RNC has little dependence on the choice of antiresonant thickness
while the ratio r̃ expectedly stabilises at 0.845.

RNC

rtube

t

reff

t

Figure 3.15: Area equivalence of the antiresonant element to a circular element. reff

stands for the radius of the equivalent circular element.
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elaborately selected negative-curvatures strongly enhance the phase-matched cou-

pling between higher-order modes confined inside the core and outer cladding modes,

therefore substantially compressing the excitation of higher-order modes. The fibre

has a propagation loss 0.056 dB/m at the operational wavelength 1.55 µm while the

one designed at 2.94 µm can guide light with a loss only 0.023 dB/m. Both fibres

assure that their losses of the fundamental modes almost approach less than 1/1000

of those of higher-order modes. We also conclude an important universal geomet-

rical ratio 0.845 to better guide the single-mode design of this type of square-core

antiresonant hollow-core fibre via geometrical area equivalence. Heuristically, this

technique can generally be employed in reshaping the complicated clad geometries of

other antiresonant hollow-core fibres to achieve single-mode transmission.

It is useful to compare our designs of the triangular-core and square-core antires-

onant hollow-core fibres to conclude the progress. The triangular-core fibre with a

core radius of close to 30 µm is numerically verified to work at 2.94 µm with a loss

of 0.08 dB/m while the square-core design with a core radius of 30 µm allows a loss

of only 0.023 dB/m at this wavelength, close to 3 times smaller than former one.

In terms of loss control, the square-core fibre performs better. Another advantage

over triangular-core fibres is the square-core fibres provide superior compression of

higher-order modes. On the other hand, the square-core fibre design has excellent

performance at the telecommunication wavelength 1.55 µm, with very low losses and

single-mode guidance over a wide near-infrared spectral range. This design will be an

ideal candidate to guiding these important wavelengths compared with the existing

counterparts.

Chapters 2 and 3 show two fibre designs with polygonal cores that realise light

transmission with better performance compared with many other antiresonant hollow-

core counterparts. As explained before, polygonal-core fibres was earlier studied in

another important publication [37], so it is meaningful to explore the progress from

the design in that work to ours. In Ref. [37], Ding et al. emphasised an analyti-

cal transformation geometry method to convert the 2D single-wall fibre structures

into 1D slab waveguide models and successfully predicted the leakage losses of the

polygonal-core fibres with this method. The confinement loss of these polygonal-core

antiresonant hollow-core fibres was discovered to increase when the side number of

the polygon rises. This investigation has particular importance in understanding the

transmission properties in single-wall antiresonant hollow-core fibres. The studied
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single-wall polygonal antiresonant hollow-core fibres, however, unavoidably have rela-

tively large losses due to the weak light confinement [22], which can be easily verified.

For example, as shown in Fig. 1.10 captured from Ref. [37], the loss of these polygonal

fibres around the wavelength of 1.55 µm approaches around 1000 dB/m, leaving them

useless in practical applications. In contrast, our proposed triangular-core antireso-

nant hollow-core fibre realises a loss of 0.08 dB/m at a wavelength of 2.94 µm, and

our square-core design makes possible the low-loss transmission of only 0.023 dB/m

at 2.94 µm and 0.056 dB/m at 1.55 µm. In terms of loss reduction, our fibres out-

perform not only those single-wall polygonal antiresonant hollow-core fibres but also

most other antiresonant fibre-designs, as explained in these two chapters.

Our work on these polygonal-core antiresonant hollow-core fibres has particu-

lar significance in providing useful guidance in future antiresonant hollow-core fibre

designs. First, with a selected core-wall thickness, it is potential to suppress the

fibre-losses to be a few hundredths dB/m and even lower, which will find good uses

in low-loss transmission experiments and applications. In addition, those low-loss de-

signs also allow smaller core size that is also important in high-intensity applications.

Next, 0th-order antiresonant thickness allows the widest transmission window, which

renders the low-loss guidance over very broad spectral ranges. Last, negatively-curved

core walls can not only decrease the transmission loss of fundamental modes but also

form a strong phase-matched resonant coupling between the higher-order modes in the

core and the cladding modes if the ‘magic’ curvature of silica-wall is selected. Higher-

order modes are strongly suppressed in this case, creating robust single-modedness

in antiresonant hollow-core fibres. This method of adopting a proper curvature paves

a new way for compressing the excitation of higher-order modes and is able to be

easily introduced to other antiresonant hollow-core fibre designs with complicated

cladding structures. Above all, these geometrically simple polygonal-shape antireso-

nant hollow-core fibre designs provide good light transmission at target wavelengths.

This may also induce interesting studies on other useful fibre designs with simple

microstructures, aiming at better light confinement and more broadband and single-

mode transmission over more spectral ranges of interest.
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4 Nonlinear Schrödinger equations in twisted

fibres

Researchers commenced the exploration on the transmission characteristics in twisted

fibres a long time ago, focusing on areas like stress-induced circular birefringence

[43, 44, 82], long period grating couplers [51, 83–85], removal of higher-order modes

[86] and generation of optical vortices [87, 88]. Recently it was demonstrated that

twisted PCFs showed some attractive features such as isolated dips appearing in the

transmission spectral range [56, 89], and between these dips, slight optical activity

was discovered in continuously twisted PCFs in the case of long twist period [57].

Behaviour of modes in twisted fibres is analytically similar to that of electrons in weak

magnetic fields, generating mode index splitting [59], which stimulates the PCF-based

design of polarization rotator with topological Zeeman effect [61]. A new twisted fibre

of a Y-shaped core was designed to preserve the chirality of orbital angular momentum

modes with extended Bloch theory, potentially increasing the channel capacity in

optical communications [60]. Due to the polarisation-splitting of twisted PCFs, a

new type of current sensor was proposed based on the Faraday effect, by optimising

the geometrical parameter to acquire the maximum optical activity [63]. Twist has

also been proved to even confine light in a PCF without a defined core, where light

can be transmitted through the silica regions surrounding air-holes, intriguing new

possibilities in the guidance optics [55]. Most recently, numerical and experimental

results show that in twisted single-ring antiresonant hollow-core fibres, geometrical

twist increases the effective propagation constants of fundamental cladding modes,

which thus provides a new way to filter out higher-order core modes [90].

On the other hand, nonlinear optics is also an old topic, which explains the be-

haviour of light in nonlinear medium. In nonlinear dielectric media, the electric

polarisation takes place nonlinearly with regards to the electric field. Usually, non-
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linearities are not easy to observe in low-intensity field illumination, which, however,

become very strong and profoundly affect light transmission if the power goes suffi-

ciently large, creating exotic behaviour of light like frequency-mixing processes. In

particular, after Theodore Harold Maiman built up the first laser [91], more and

more explorations on nonlinear optics were conducted. For example, the first second-

harmonic generation was discovered [92], leading to the research boom in this area.

With the rapid development of low-loss silica fibres, nonlinear optics found its supe-

rior platform to play on. Taking the advantages of these low-loss fibres, Raman and

Brillouin scattering processes were well-investigated [93, 94], followed by some other

creative work on optical-Kerr-Effect-based four-wave mixing, self-phase modulation,

etc. [95–97]. Importantly, optical solitons were predicted and observed due to an

tradeoff between the dispersion and nonlinearities in optical fibres [98, 99], leading

to a great deal of progress of ultrashort pulses [100–102]. In the 1980s, with the

idea of doping optical fibres with rare elements, new fibre-amplifiers were proposed

in benefit of the telecommunication field in delivery of multi-channel signals. Soon

afterwards, nonlinear effects like Raman scattering were used to develop novel fibre-

based amplifiers [103], and these amplifiers were proved to generate novel solitons like

dispersion-managed solitons [104].

In recent years, with the advent of new fibres like photonic crystal fibres [105,106],

Kagomé fibres [17,107], antiresonant hollow-core fibres [18,26,28,108], rapid advances

on nonlinear optics have been seen [70,109–118]. However, no efforts have been found

in exploring the nonlinear behaviour of light in twisted optical fibres despite the

already observed exotic features that they carry. Due to the fact that orbital angular

momentum has been demonstrated to have influence on light transmission in twisted

PCFs [56,57], thus it is of particular importance to further the study into how orbital

angular momentum affects the nonlinear propagation in twisted fibres, which may

give rise to brand-new nonlinear phenomena and pave a novel way to twist-induced

nonlinear fibre optics.

This chapter deals with the electromagnetic theory regarding pulse propagating

inside twisted optical fibres. We lead to the derivation of the unexplored nonlinear

Schrödinger equations describing the nonlinear transmission in twisted fibres, which

take a similar form to classical ones. However, twist-induced orbital angular momen-

tum is demonstrated to play a significant role in affecting the nonlinear generation and

the two circularly-polarised light exhibits distinct nonlinear behaviours. This means,
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geometrically continuous twist provides a new freedom in manipulating the nonlinear

propagation in optical fibres. For example, if we consider a linearly-polarised light

around orbital angular momentum resonances corresponding to a certain circular po-

larisation, the nonlinear effect can be thus effectively strengthened or suppressed while

the other polarisation can remain as usual. The different behaviour of the two circu-

lar polarisations produces a selective nonlinear splitting, analogical to the observed

linear splitting of these two polarisations (optical activity) [56, 57]. If the orbital

angular momentum resonance is significantly strengthened (suppressed), Kerr-effect

(dispersion) dominates in the pulse propagation, probably generating exotic nonlinear

optical phenomena in twisted fibres.

In this chapter, the details of deriving the nonlinear Schrödinger equation will be

discussed. In order to make this process clearer, a flow chart is illustrated in Fig. 4.1.

Herein, we start from the basic Maxwell equations in helical coordinates. Combining

the Gauss’s, Faraday’s and Ampère’s laws via index notation calculus, we obtain the

wave (Helmholtz) equations along all three helical-axes. The anisotropic fibre material

parameter tensors are necessarily substituted into these wave equations, thus leading

to the equations that light follows in this spiral coordinate system (ξ1, ξ2, ξ3) when

travelling in twisted fibres. The modes in helical regime are demonstrated to be

circularly-polarised, which have been confirmed by other analytical explorations on

twisting mechanism [56, 57, 59]. The next important step is to introduce the third-

order susceptibility χ(3) that needs to be written into the wave equations in a complete

form, after which the featured equations with respect to slowly-varying amplitudes of

light Ai
′
are obtained based on the ansatz ~Ei′ = Ai

′
(z)~F i′(ξ1, ξ2)eiβi′z, i = 1, 2, 3. With

some further mathematical methods like integrals over the fibre area to eliminate

the terms on transverse field, separation of the coupled equations and parameter-

normalisation, we are able to specify the nonlinear Schrödinger equations at the end.

This process produces many important results that provide much convenience to

understand the linear and nonlinear behaviours of light in twisted fibres. Theoretical

and numerical calculations in obtaining the Helmholtz equations confirm the modes

propagating in twisted fibres are circularly-polarised, which further demonstrates that

amplitudes in the laboratory regime share the same nonlinear Schrödinger equations

as those in helical regime. The nonlinearities in twisted fibres are also confirmed to be

strongly correlated with the orbital angular momentum, and this result potentially

equips the nonlinear fibre optics with a new freedom to trigger more light-matter
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Figure 4.1: Flow chart of the procedure to derive the nonlinear Schrödinger equations
for the light propagation in twisted fibres.

applications.

4.1 Nonlinear propagation in untwisted fibres

In this section, we will show the well-known background of nonlinear propagation in

conventional untwisted fibres [72], by starting from Maxwell’s equations and further

elaborating the equations governing the nonlinear propagation in these conventional

optical fibres.

4.1.1 Maxwell’s equations for untwisted fibres

Maxwell’s equations are the basic laws that electromagnetic fields comply with when

travelling in media. Therefore intrinsically optical fields are bounded by these macro-

scopic equations written as [119,120]

∇× ~E = ~Jm −
∂ ~B

∂t
, (4.1)

∇× ~H = ~Je +
∂ ~D

∂t
, (4.2)

∇ · ~D = ρe, (4.3)

∇ · ~B = ρm, (4.4)
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where ~E, ~H, ~D, ~B are electric field, magnetic field intensity, electric displacement field

and magnetic flux density, respectively. ~Jm, ρm are with respect to magnetic currents

and charges while ~Je, ρe electric currents and charges. So far ~Jm, ρm have not been

verified and discovered, hence being considered to take zero values. ~Je, ρe stand for the

sources to excite new interactions to electromagnetic fields, which are also considered

to be zero in the case of passive optical fibres.

Constitutive equations are an important complementary part to Maxwell’s equa-

tions, owing to the polarisations excited in the media where electromagnetic fields

pass. The electric displacement field and magnetic field ~D, ~B take this form relating

to the electric field and magnetic field intensity ~E, ~H as

~D = ε0
~E + ~P , (4.5)

~B = µ0
~H + ~M, (4.6)

where ε0 and µ0 are the permittivity and permeability in vacuum space. ~P and ~M are

the excited electric and magnetic polarisations. As a matter of fact, fibre materials

are usually non-magnetic so that ~M is zero.

Simplifying Maxwell’s equations by aforementioned situations in optical fibres, it

is not difficult to acquire the wave equations governing the electromagnetic fields by

substituting Eqs. (4.5) and (4.6) into Eqs. (4.1) and (4.2) and employing the Gauss’s

laws (4.3) and (4.4). The wave equations take the following form

∇2 ~E − 1

c2

∂2 ~E

∂t2
+ µ0

∂2 ~P

∂t2
= 0, (4.7)

where c is the speed of light in vacuum space and c2 = 1/(ε0µ0). The polarisation ~P

can be divided into linear and nonlinear parts as ~P (~r, t) = ~PL(~r, t) + ~PNL(~r, t), where

we denote

~PL(~r, t) = ε0

∫ t

−∞
χ(1)(t− t′) · ~E(~r, t′) dt′, (4.8)

~PNL(~r, t) = ε0

∫ t

−∞

∫ t

−∞

∫ t

−∞
χ(3)(t− t1, t− t2, t− t3)

... ~E(~r, t1) ~E(~r, t2) ~E(~r, t3) dt1dt2dt3,

(4.9)

where χ(3) is the third-order susceptibility representing the nonlinear implications.

Conventionally this nonlinear polarisation ~PNL is regarded as a perturbation to the

total polarisation ~P and it produces the Kerr effect and leads to self- and cross-phase

modulation and degenerate four-wave mixing.
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4.1.2 Nonlinear pulse propagation in untwisted fibres

Nonlinear pulse propagation in optical fibres has been widely studied as a classical

problem [72]. Here we present a review at how to determine the equations governing

the nonlinear propagation in these untwisted fibres. We start from the nonlinearities

in traditional untwisted optical fibres.

In an isotropic medium, for example, silica glass, only three elements of the third-

order susceptibility are independent of one another. The third-order susceptibility

χ(3) is found to take the form [121]

χ
(3)
mjkl = χ(3)

xxyyδmjδkl + χ(3)
xyxyδmkδjl + χ(3)

xyyxδmlδjk, (4.10)

where δmj is the Kronecker delta (m = j, δ = 1;m 6= j, δ = 0). On the other hand,

without loss of generality we consider the electric fields dominantly polarising at x, y

axes, so we write

~E(~r, t) =
1

2
(x̂Ex + ŷEy)e

−iω0t + c.c., (4.11)

where x̂ and ŷ are unit vectors along the coordinate axes. Ex and Ey are corresponding

electric field components. Substituting Eqs. (4.10) and (4.11) into Eq. (4.9), it is easy

to yield the components of ~PNL as follows

Pm =
3ε0

4

∑
j

(χ(3)
xxyyEmEjE

∗
j + χ(3)

xyxyEjEmE
∗
j + χ(3)

xyyxEjEjE
∗
m), (4.12)

where m = x, y. Here, simplification can be done if we neglect the contribution of

molecular vibrations to χ(3) and assume the nonlinear response to be instantaneous,

and consequently the time-dependence of χ(3) in Eq. (4.9) is given by the product

of three Dirac delta functions of the form δ(t− t1) (the integral is cancelled because

the integral of the Dirac delta function is 1) [72, 121]. After that, the third-order

polarisation ~PNL is written as

~PNL =
1

2
(x̂Px + ŷPy)e

−iω0t + c.c.. (4.13)

Due to the rotational symmetry of an isotropic medium, the third-order suscepti-

bility coefficients are bounded by the following relation

χ(3)
xxxx = χ(3)

xxyy + χ(3)
xyxy + χ(3)

xyyx. (4.14)

The relative magnitudes of these three susceptibility components χ
(3)
xxyy, χ

(3)
xyxy and

χ
(3)
xyyx are dependent on the physical mechanisms that give rise to this nonlinearity
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[72]. In silica-based fibres, the predominant contribution stems from electronic origin,

which renders the three components to have approximately identical magnitudes. So

it is standard practice that one uses χ
(3)
xxxx to represent them. Thus the nonlinear

polarisation components in Eq. (4.12) will be simplified as

Px =
3ε0

4
χ(3)
xxxx[(|Ex|

2 +
2

3
|Ey|2)Ex +

1

3
(E∗xEy)Ey], (4.15)

Py =
3ε0

4
χ(3)
xxxx[(|Ey|

2 +
2

3
|Ex|2)Ey +

1

3
(E∗yEx)Ex]. (4.16)

We can consider the third-order nonlinearities as a perturbation to the total polarisa-

tion. So define the total permittivity εj = εL
j + εNL

j = (nL
j + ∆nj)

2, j = x, y where εL
j

and εNL
j are the linear and nonlinear permittivity operating on the field component

Ej and nL
j and ∆nj are the linear and nonlinear refractive index. And we also have

the polarisation Pj = ε0ε
NL
j Ej, thus the nonlinear refractive index ∆nj can be written

as

∆nx =
3

8n
Re(χ(3)

xxxx)(|Ex|
2 +

2

3
|Ey|2),∆ny =

3

8n
Re(χ(3)

xxxx)(|Ey|
2 +

2

3
|Ex|2), (4.17)

where self-phase modulation is bounded by the first term while the second one implies

the effect to cross-phase modulation. Optical fibres cannot keep a perfect symmetry

due to fabrication errors, namely being linearly birefringent. The cross-phase modu-

lation will introduces the mutual influence between the two polarisation components.

This nonlinearity-induced birefringence can lead to nonlinear polarisation rotation.

Here we show the process of obtaining the equations regarding pulse propagation

inside a common optical fibre. The time domain wave equations has been elaborated

in Eq. (4.7), which can be written in individual component-equations

d2Ej
dx2

+
d2Ej
dy2

+
d2Ej
dz2

− ε

c2

d2Ej
dt2
− µ0

d2Pj
dt2

= 0, (4.18)

where j = x, y and ε is the relative permittivity. We substitute Eqs. (4.11), (4.15) and

(4.16)into the above equation, and yield the wave equations containing nonlinearities

d2Ex
dx2

+
d2Ex
dy2

+
d2Ex
dz2

− ε

c2

d2Ex
dt2

− 3

4c2
χ(3)
xxyy

d2

dt2
[(|Ex|2 +

2

3
|Ey|2)Ex +

1

3
(E∗xEy)Ey] = 0,

(4.19)

d2Ey
dx2

+
d2Ey
dy2

+
d2Ey
dz2

− ε

c2

d2Ey
dt2

− 3

4c2
χ(3)
xxyy

d2

dt2
[(|Ey|2 +

2

3
|Ex|2)Ey +

1

3
(E∗yEx)Ex] = 0,

(4.20)
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Introduce Fourier Transform which follows as

Ẽj(~r, ω − ω0) =

∫ ∞
−∞

Ej(~r, t)e
i(ω−ω0)t dt, (4.21)

and the electric field in frequency domain can be solved by separation of variables

when we suggest

Ẽj = F (x, y)Aj(z, ω)eiβ0z, (4.22)

where F (x, y) is the transverse mode profile function, Aj is the pulse amplitude and

β0 is the mode propagation constant at the frequency ω0. We are able to separate

the equations regarding the pulse amplitudes

F (
d2Ax
dz2

+ 2iβ0
dAx
dz

+ β̃2Ax − β0
2Ax) +

1

4

ω2

c2
χ(3)
xxxxF

∗F 2(3|Ax|2Ax + 2|Ay|2Ax + Ay
2A∗x) = 0,

(4.23)

F (
d2Ay
dz2

+ 2iβ0
dAy
dz

+ β̃2Ay − β0
2Ay) +

1

4

ω2

c2
χ(3)
xxxxF

∗F 2(3|Ay|2Ay + 2|Ax|2Ay + Ax
2A∗y) = 0.

(4.24)

We multiply both sides with F ∗ and integrate over transverse fibre area, thus obtain-

ing the equations as

d2Ax
dz2

+ 2iβ0
dAx
dz

+ β̃2Ax − β0
2Ax +

1

4

ω2

c2
χ(3)
xxxx

∫∫
|F |4 da∫∫
|F |2 da

(3|Ax|2Ax + 2|Ay|2Ax + Ay
2A∗x) = 0,

(4.25)

d2Ay
dz2

+ 2iβ0
dAy
dz

+ β̃2Ay − β0
2Ay +

1

4

ω2

c2
χ(3)
xxxx

∫∫
|F |4 da∫∫
|F |2 da

(3|Ay|2Ay + 2|Ax|2Ay + Ax
2A∗y) = 0.

(4.26)

The second derivative of amplitude
d2Aj
dz2

is usually neglected for the reason that

the amplitude is slowly-varying with respect to z. Additionally, β̃2 − β0
2 = (β̃ +

β0)(β̃ − β0) ≈ 2β0(β̃ − β0). Therefore the amplitude equations become

dAx
dz
− i(β̃ − β0)Ax − i

χ
(3)
xxxx

8n

ω

c

∫∫
|F |4 da∫∫
|F |2 da

(3|Ax|2Ax + 2|Ay|2Ax + Ay
2A∗x) = 0,

(4.27)

dAy
dz
− i(β̃ − β0)Ay − i

χ
(3)
xxxx

8n

ω

c

∫∫
|F |4 da∫∫
|F |2 da

(3|Ay|2Ay + 2|Ax|2Ay + Ax
2A∗y) = 0.

(4.28)
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Denote

γ =
3χ

(3)
xxxx

8n

ω

c

∫∫
|F |4 da∫∫
|F |2 da

, (4.29)

so the above equations own a simpler form as

dAx
dz
− i(β̃ − β0)Ax − iγ(|Ax|2Ax +

2

3
|Ay|2Ax +

1

3
Ay

2A∗x) = 0, (4.30)

dAy
dz
− i(β̃ − β0)Ay − iγ(|Ay|2Ay +

2

3
|Ax|2Ay +

1

3
Ax

2A∗y) = 0, (4.31)

Herein β̃ is the propagation constants at arbitrary frequency ω, whose analytical form

is inaccessible. Conventionally one uses a Taylor expansion to express it around the

carrier frequency ω0, following a form as

β̃(ω) = β0 + (ω − ω0)β1 +
1

2
(ω − ω0)2β2 +

1

6
(ω − ω0)3β3 + · · · . (4.32)

The higher-order expansion terms (≥ 3) can be taken to be zero if the pulse spectral

width is a very small quantity compared with the carrier frequency ω0. And the

inverse Fourier Transform is conducted by introducing (i
d

dt
)
m

for (ω − ω0)m. So we

have the amplitude equations written as

dAx
dz

+ β1
dAx
dt

+
i

2
β2

d2Ax
dt2

− iγ(|Ax|2Ax +
2

3
|Ay|2Ax +

1

3
Ay

2A∗x) = 0, (4.33)

dAy
dz

+ β1
dAy
dt

+
i

2
β2

d2Ay
dt2

− iγ(|Ay|2Ay +
2

3
|Ax|2Ay +

1

3
Ax

2A∗y) = 0. (4.34)

Here we show the equations regarding the two amplitudes oriented at two coordinate-

axes. The two amplitudes Ax and Ay have coupled influence on individual nonlinear

propagation in optical fibres. The first quantity of the nonlinear term in the left

side represents self-phase modulation. Self-phase modulation plays a key role in

broadening the spectrum of pulses during propagation while the dispersion functions

inversely. Around the trade-off between these two effects, optical solitons are excited.

In contrast to self-phase modulation, the second term in the right side discloses the

action from the light polarised at the other axis, giving rise to another type of phase

modulation effect - cross-phase modulation.

If there is only one beam travelling inside the fibre, similarly we can obtain the

pulse equation when we assume ~E(~r, t) =
1

2
(x̂Exe

−iω0t + c.c.), satisfying

dAx
dz

+ β1
dAx
dt

+
i

2
β2

d2Ax
dt2

− iγ|Ax|2Ax = 0, (4.35)
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Expectedly, only self-phase modulation remains, the coupling effects from different

polarisations such as cross-phase modulation and four-wave mixing are not excited.

However, here A has a unit of ‘V/m’, which is not usually adopted in practical

applications. A normalisation is usually carried out as follows

|A′|2 =
1

2
ε0ncAm|A|2, (4.36)

where the mode area is defined as Am =
∫∫
|F |2 da. Consequently, the nonlinear

parameter γ is normalised as

γ′(ω) =
3ωχ

(3)
xxxx

4ε0n2c2Aeff

, (4.37)

whereAeff is the widely-used effective mode area in optical fibres, defined as
(
∫∫
|F |2 da)

2∫∫
|F |4 da

.

The prerequisite of the normalisation is that the distribution of refractive index n and

the distribution of the third-order susceptibility component χxxxx do not experience

significant changes across fibre cross-section. Also the Kerr parameter n2 is defined

here as
3χ

(3)
xxxx

4ε0n2c
. The nonlinear parameter γ′ is accessible if the modal distribution

of the fibre is obtained, usually by means of numerical simulations or experimental

measurements. For high-nonlinearity applications in optical fibres, the reduction of

effective mode area Aeff is usually considered as an effective way to enhance nonlin-

earities.

4.2 Differential geometry

In later sections we are going to discuss Maxwell’s equations in curvilinear coordi-

nates and coordinate transformations between different coordinate systems, therefore

an introduction to the relevant mathematical language - differential geometry is nec-

essary [122]. Index notation is applied here, particularly due to its convenience in

performing complicated expressions like tensor calculations.

Coordinate transformation is widely used in many areas, for example, the recently-

proposed Transformation Optics in designing optical devices such as invisibility cloaks [123–

127]. Denote helicoidal coordinates as X i′ = {ξ1, ξ2, ξ3} and Cartesian coordinates as

X i = {x, y, z}. They are correlated by [128–130]

x = ξ1cos(αξ3) + ξ2sin(αξ3), y = −ξ1sin(αξ3) + ξ2cos(αξ3), z = ξ3, (4.38)
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where α is the continuous twist rate of twisted fibres, with unit of ‘rad/m’. The

transformation matrices are defined as J = Λj
j′ =

∂xj

∂xj′
, J−1 = Λj′

j =
∂xj′

∂xj
, and

specifically expressed as

J =

 cos(αξ3) sin(αξ3) αξ2cos(αξ3)− αξ1sin(αξ3)

−sin(αξ3) cos(αξ3) −αξ1cos(αξ3)− αξ2sin(αξ3)

0 0 1

 , (4.39)

J−1 =

cos(αξ3) −sin(αξ3) −αξ2

sin(αξ3) cos(αξ3) αξ1

0 0 1

 . (4.40)

The metric tensor is helpful in calculating spatial distances in arbitrary coordinates

(the rule is to keep the invariance of the distances of two points when changing

coordinate systems). In our case, the metric tensor and its inverse are easy to yield

as

G = [gij] =

 1 0 αξ2

0 1 −αξ1

αξ2 −αξ1 1 + α2(ξ2
1 + ξ2

2)

 , (4.41)

G−1 = [gij] =

1 + α2ξ2
2 −α2ξ1ξ2 −αξ2

−α2ξ1ξ2 1 + α2ξ2
1 αξ1

−αξ2 αξ1 1

 . (4.42)

It is easy to assure that both the determinants of the metric tensor and its inverse

are equal to 1, namely det(G) = det(G−1) = 1.

The Levi-Civita tensor in Cartesian coordinates is defined as [122]

εpjk =


+1 if pjk is an even permutation of 123,

−1 if pjk is an odd permutation of 123,

0 otherwise.

The covariant form of this tensor remains the same under Cartesian coordinates,

εpjk = εpjk. We write out Levi-Civita tensor in other coordinate systems, which is

modified by the metric tensor determinant as follows (rename Levi-Civita tensor as

ηpjk and ηpjk for arbitrary coordinates)

ηpjk = ± 1√
det(G)

εpjk, (4.43)

ηpjk = ±
√

det(G)εpjk, (4.44)
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where we choose ‘+’ for helical coordinates because of its right-handedness. The con-

travariant and covariant tensors can be related via the metric tensor. In particular,

here ηpjk = gplgjmgknηlmn and ηpjk = gplgjmgknη
lmn. The Levi-Civita tensor is anti-

symmetric which means when exchanging of two neighbour indices, the corresponding

components are opposite, for example, ηpjk = −ηjpk. Also the product of the con-

travariant and covariant Levi-Civita tensors can be significantly simplified with the

exotic property of permutation symbol, shown below as

ηpjkηklm = δpl δ
j
m − δpmδ

j
l , (4.45)

The above formula is very important because it is directly relevant to calculations of

double curl in many areas, especially when we try to derive the Helmholtz equation

in curvilinear systems.

Levi-Civita tensor is required in computing the vector products between two vec-

tors, defined as [122]

(~U × ~V )
p

= ηpjkUjVk, (~U × ~V )p = ηpjkU
jV k. (4.46)

Covariant derivative is another tensor that is used in calculation of the derivatives

of vectors, which own a mathematical definition as [122]

V j
;p = V j

,p + ΓjkpV
k, (4.47)

where ‘;’ means the covariant derivative and Γjkp is Christoffel symbol, which meets

the symmetry: Γjkp = Γjpk. Christoffel symbols are easy to obtain once we know the

metric tensors in a certain coordinate system. We straightforward write the Christoffel

symbol as Γjkp =
1

2
gjl(glk,p + glp,k − gkp,l), where an important conclusion is adopted

gpj;k = 0 and gpj;k = 0.

The divergence, curl and Laplacian are some common mathematical calculations

we often conduct in electromagnetism. They have forms after some vigorous deriva-

tions as [122]

∇ · ~V =
1√

det(G)
(
√

det(G)V p)p, (4.48)

(∇× ~V )
p

= ηpjkVk;j = ηpjkVk,j, (4.49)

∇2ψ =
1√

det(G)
(
√

det(G)gpjψ,j)p. (4.50)
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4.3 Nonlinear propagation in twisted fibres

In this section, our new work on deriving the nonlinear Schrödinger equations in

twisted fibres will be detailed. First of all, we derive the general wave equations that

light complies by in twisted fibres in helical coordinate system. By extracting the

equations regarding the slowly-varying field amplitudes, we are able to derive the

general nonlinear Schrödinger equations for nonlinear propagation in twisted fibres.

Besides, new demonstration of the circularly-polarised modes are verified, which thus

provides great convenience in transforming the nonlinear Schrödinger equations into

the practical (laboratory) coordinate frame.

4.3.1 Wave equations in helical coordinate system

Here we write Maxwell equations in index notation expressed in Eqs. (4.1), (4.2),

(4.3) and (4.4) as

ηvjkEk,j +
∂Bv

∂t
= 0, (4.51)

ηvjkHk,j −
∂Dv

∂t
= 0, (4.52)

1√
det(G)

(
√

det(G)Dv)v = 0, (4.53)

1√
det(G)

(
√

det(G)Bv)v = 0, (4.54)

Based on the two curl equations (4.51) and (4.52), it is easy to yield the wave

equation regarding the electric field and electric displacement field as

ηpqv(gvjα
jlηlmnE

n;m),q + µ0
∂2

∂t2
Dp = 0, (4.55)

where the derivation is detailed in Appendix A.1. To introduce the nonlinearities gen-

erated in twisted fibres, we need to take into account the third-order susceptibility,

thus we write the constitutive relation as Dp = ε0ε
pqgqkE

k + ε0χ
pqab
(3) gqrgasgbtE

rEsEt,

where χ(3) stands for the third-order susceptibility in the helical coordinates, analog-

ical to the common one for untwisted fibres introduced in Eq. (4.10).

Besides, the theory of Transformation Optics explains the helical space can be

equivalent to Cartesian space for light propagation only if the medium in Cartesian
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space meets [123,131]

¯̄ε′ = det(J)J−1 ¯̄εJ−T , (4.56)

¯̄µ′ = det(J)J−1 ¯̄µJ−T , (4.57)

where J is the transformation matrix defined in Eq. (4.39). The material tensors in

Cartesian coordinates ¯̄ε and ¯̄µ have the form of ε · I and µ · I, where ε and µ are the

permittivity and permeability of fibre materials and I is the identity matrix. These

two material matrices should be applied into the wave equation (4.55).

Some parameter simplification in this equation can also be exploited. Since the

common materials for fibres are non-magnetic, we take µ = 1. On the other hand, in

terms of helical coordinates, the determinant of the metric tensor equals 1, namely

det(G) = 1, providing other convenience to further the simplification. After some

derivations as shown in Appendix A.1, we obtain the wave equation determining the

light propagation in helical coordinates in a form as

[(gjlEk
,l − gklE

j
,l)],k +

1

2
[(gjlgkp − gklgjp)(gpm,l + gpl,m − gml,p)Em],k + ε0µ0ε

∂2

∂t2
Ej

+ ε0µ0χ
jkab
(3) gkrgasgbt

∂2

∂t2
ErEsEt = 0. (4.58)

The above wave equation explains how light propagates in twisted fibres. Assuming

χ(3) = 0, one can obtain the propagating modes, which will be verified to be circularly

polarised. If the last nonlinear term in this equation is maintained, one can clearly

access the influence of continuous twist on the third-order nonlinearities in twisted

fibres, and hence the twist-induced orbital angular momentum will be demonstrated

to play a significant role in pulse propagation, indicating potential novel applications

in nonlinear fibre optics.

4.3.2 Nonlinear propagation in twisted fibres

The new work on the wave equations of slowly-varying amplitudes for light propaga-

tion containing nonlinearities will be discussed here.

Nonlinear polarisation in twisted fibres

First, with coordinate transformation, the third-order susceptibility in helical coor-

dinates is easy to obtain, based on the common one expressed in Eqs. (4.10) and

(4.14) in Cartesian regime. Substituting this new susceptibility tensor of a complex
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CHAPTER 4. NONLINEAR SCHRÖDINGER EQUATIONS IN TWISTED
FIBRES

form into the wave equations (4.58) and combining Gauss’s laws determines the orig-

inal equations governing the complete behaviours of light travelling in twisted fibres,

including both linear and nonlinear characteristics.

After that, following the course of analyzing the nonlinear propagation in un-

twisted fibers, we first write the electric field as (please also see Eq. 4.11)

E1 =
1

2
(E1

Se
−iω0t + c.c.),

E2 =
1

2
(E2

Se
−iω0t + c.c.),

E3 =
1

2
(E3

Se
−iω0t + c.c.). (4.59)

Notice that at present all the fields Ek
S are expressed in time domain (In frequency

domain, the Fourier transform of Ek
S will also be expressed with separation of variables

similar to Eq. 4.22 (Please see Eq. 4.72)). Replace the electric field components

in the aforementioned wave equations with these purely real fields Ek and we get

the expanded equations regarding the real fields where terms of the third-harmonic

frequency e−3iω0t should be neglected because it requires phase matching and does not

contribute to nonlinear propagation. Also the third-component of electric fields E3
S is

disregarded because it is trial compared with the other two field components. After

some mathematics as detailed in Appendix A.2, the three wave equations become

α2E1
S +

ε

c2

∂2E1
S

∂t2
+ µ0

∂2P 1
NL

∂t2
− [1 + α2ξ2

2 ]
∂2E1

S

∂ξ2
1

− [1 + α2ξ2
1 ]
∂2E1

S

∂ξ2
2

− ∂2E1
S

∂ξ2
3

+ α2ξ1
∂E1

S

∂ξ1

+ α2ξ2
∂E1

S

∂ξ2

+ 2α2ξ2
∂E2

S

∂ξ1

− 2α2ξ1
∂E2

S

∂ξ2

− 2α
∂E2

S

∂ξ3

− 2α
∂E3

S

∂ξ2

+ 2α2ξ1ξ2
∂2E1

S

∂ξ1∂ξ2

+ 2αξ2
∂2E1

S

∂ξ1∂ξ3

− 2αξ1
∂2E1

S

∂ξ2∂ξ3

= 0, (4.60)

α2E2
S +

ε

c2

∂2E2
S

∂t2
+ µ0

∂2P 2
NL

∂t2
− [1 + α2ξ2

2 ]
∂2E2

S

∂ξ2
1

− [1 + α2ξ2
1 ]
∂2E2

S

∂ξ2
2

− ∂2E2
S

∂ξ2
3

+ α2ξ1
∂E2

S

∂ξ1

+ α2ξ2
∂E2

S

∂ξ2

− 2α2ξ2
∂E1

S

∂ξ1

+ 2α2ξ1
∂E1

S

∂ξ2

+ 2α
∂E1

S

∂ξ3

+ 2α
∂E3

S

∂ξ1

+ 2α2ξ1ξ2
∂2E2

S

∂ξ1∂ξ2

+ 2αξ2
∂2E2

S

∂ξ1∂ξ3

− 2αξ1
∂2E2

S

∂ξ2∂ξ3

= 0, (4.61)

ε

c2

∂2E3
S

∂t2
+ µ0

∂2P 3
NL

∂t2
− [1 + α2ξ2

2 ]
∂2E3

S

∂ξ2
1

− [1 + α2ξ2
1 ]
∂2E3

S

∂ξ2
2

− ∂2E3
S

∂ξ2
3

+ α2ξ1
∂E3

S

∂ξ1

+ α2ξ2
∂E3

S

∂ξ2

+ 2α2ξ1ξ2
∂2E3

S

∂ξ1∂ξ2

+ 2αξ2
∂2E3

S

∂ξ1∂ξ3

− 2αξ1
∂2E3

S

∂ξ2∂ξ3

= 0, (4.62)
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where

P k
NL =

1

4
ε0χ

(3)
xxxx{[(1 + α2ξ2

k)(E
j
S)2 + 3(1 + α2ξ2

j )(E
k
S)2 − 4α2ξkξjE

k
SE

j
S]Ek∗

S

+ [2(1 + α2ξ2
k)E

k
SE

j
S − 2α2ξkξj(E

k
S)2]Ej∗

S }(k, j = 1, 2, k 6= j), (4.63)

P 3
NL =

1

4
ε0χ

(3)
xxxx{[(3αξ2(1 + α2ξ2

2)(E1
S)2 + αξ2(1 + 3α2ξ2

1)(E2
S)2

− 2αξ1(1 + 3α2ξ2
2)E1

SE
2
S)E1∗

S + (3αξ1(1 + α2ξ2
1)(E2

S)2 + αξ1(1 + 3α2ξ2
2)(E1

S)2

− 2αξ2(1 + 3α2ξ2
1)E1

SE
2
S)E2∗

S ]}. (4.64)

Similar to the nonlinearity in untwisted fibres, the meaning of these terms is

pretty evident: the term 3(1 + α2ξ2
j )(E

k
S)2Ek∗

S takes the responsibility for self-phase

modulation while the term 2(1 + α2ξ2
k)E

k
SE

j
SE

j∗
S for cross-phase modulation, which

connects the phase of one polarisation component with the other one. The cross-

phase modulation term shows how the two electric field components influence each

other. Four-wave mixing is presented in the term (1+α2ξ2
k)(E

j
S)2Ek∗

S , generating new

wavelengths during the propagation along the fibre. It is noticeable that the twist

plays an indispensable role in enhancing these phase modulations, especially when the

twisting rate α is sufficiently large. Additionally, some other novel phase modulations

come into being, including −4α2ξkξjE
k
SE

j
SE

k∗
S and −2α2ξkξj(E

k
S)2Ej∗

S . They may

show a roadmap to new twist-induced nonlinear applications like generation of new

wavelengths.

Some definitions of nonlinearities analogical to conventional ones can be defined,

thus the nonlinear permittivity is expressed as εkNL for the first two components where

k = 1, 2, which is subject to the relation that P k
NL = ε0ε

k
NLE

k
S. It takes the form as

εkNL =
1

4
χ(3)
xxxx{[(1 + α2ξ2

k)(E
j
S)2 + 3(1 + α2ξ2

j )(E
k
S)2 − 4α2ξkξjE

k
SE

j
S]Ek∗

S

+ [2(1 + α2ξ2
k)E

k
SE

j
S − 2α2ξkξj(E

k
S)2]Ej∗

S }, (4.65)

then the nonlinear refractive index ∆nkNL is defined with εkNL, where (nk + ∆nkNL)2 =

ε + εkNL, and nk = n is the linear refractive index. We consider the nonlinearity is a

perturbation to the light propagation, therefore we have an approximation as

∆nkNL =
εkNL

2nk

=
1

8n
χ(3)
xxxx{[(1 + α2ξ2

k)(E
j
S)2 + 3(1 + α2ξ2

j )(E
k
S)2 − 4α2ξkξjE

k
SE

j
S]Ek∗

S

+ [2(1 + α2ξ2
k)E

k
SE

j
S − 2α2ξkξj(E

k
S)2]Ej∗

S }. (4.66)
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Besides, according to the definition of P 3
NL in Eq. (4.64), if the twist rate α is

large enough, the nonlinearities of the third component become very strongly de-

pendent on the fields of the first two components and cannot be neglected as usual.

This completely new phenomenon brought by twist in optical fibres could introduce

new possibilities to explore the nonlinear influence on pulse transmission of the ax-

ial field component Ez. In contrast, If we employ the untwisted case (α = 0), the

nonlinearities of the three components degrade as

P k
NL =

1

4
ε0χ

(3)
xxxx{[(E

j
S)2 + 3(Ek

S)2]Ek∗
S + 2Ek

SE
j
SE

j∗
S }, (4.67)

P 3
NL =

1

4
ε0χ

(3)
xxxx{2[E1

SE
1∗
S + E2

SE
2∗
S ]E3

S + [(E1
S)2 + (E2

S)2 + 3(E3
S)2]E3∗

S }. (4.68)

where k, j = 1, 2 and k 6= j. Clearly, the results collapse into the conventional case

in Cartesian coordinates for untwisted fibres [72], as shown in Eqs. (4.15) and (4.16).

And the wave equations (4.60), (4.61) and (4.62) collapse as

ε

c2

∂2E1
S

∂t2
+
χ

(3)
xxxx

4c2

∂2

∂t2
[((E2

S)2 + 3(E1
S)2)E1∗

S + 2E1
SE

2
SE

2∗
S ]− ∂2E1

S

∂ξ2
1

− ∂2E1
S

∂ξ2
2

− ∂2E1
S

∂ξ2
3

= 0, (4.69)

ε

c2

∂2E2
S

∂t2
+
χ

(3)
xxxx

4c2

∂2

∂t2
[((E1

S)2 + 3(E2
S)2)E2∗

S + 2E1
SE

2
SE

1∗
S ]− ∂2E2

S

∂ξ2
1

− ∂2E2
S

∂ξ2
2

− ∂2E2
S

∂ξ2
3

= 0, (4.70)

ε

c2

∂2E3
S

∂t2
+
χ

(3)
xxxx

4c2

∂2

∂t2
[2[E1

SE
1∗
S + E2

SE
2∗
S ]E3

S + [(E1
S)2 + (E2

S)2 + 3(E3
S)2]E3∗

S ]

− ∂2E3
S

∂ξ2
1

− ∂2E3
S

∂ξ2
2

− ∂2E3
S

∂ξ2
3

= 0. (4.71)

Eqs. (4.69) and (4.70) are exactly the classical wave equations derived in Section

4.1.2, as shown in Eqs. (4.19) and (4.20).

Equations of slowly-varying amplitudes in twisted fibres

We have unveiled the wave equations that the real-valued electric fields follow in he-

lical coordinates in Eqs. (4.60), (4.61) and (4.62). Next it is not difficult to derive the

nonlinear Schrödinger equations that the slowly-varying electric amplitudes comply

with by using the ansatz

Ẽk
S = F k(ξ1, ξ2)Ak(ξ3, ω)eiβ0kξ3 , k = 1, 2, 3, (4.72)
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where F k(ξ1, ξ2) is the transverse mode distribution. Before this lengthy process,

Fourier Transforms for the electric fields and nonlinear polarisations are applied for

convenience as

Ek
S(t) =

1

2π

∫
Ẽk
S(ω)e−iωt dω, (4.73)

P k
NL(t) =

1

2π

∫
P̃ k

NL(ω)e−iωt dω, (4.74)

where k = 1, 2, 3. Noticeably, We do not and will not show the third equation in

the direction of ξ3, for its trivialness and irrelevance to our derivation of nonlinear

propagation equations. After some algebra as shown in Appendix A.3, we can get

the amplitude equations as

− ω2

4c2
χ(3)
xxxx[(1 + α2ξ2

1)F 1∗(F 2)2A1∗(A2)2e2i(β02−β01)ξ3 + 3(1 + α2ξ2
2)F 1∗(F 1)2A1∗(A1)2

− 4α2ξ1ξ2F
1∗F 1F 2A1∗A1A2ei(β02−β01)ξ3 + 2(1 + α2ξ2

1)F 2∗F 1F 2A2∗A1A2

− 2α2ξ1ξ2F
2∗(F 1)2A2∗(A1)2ei(β01−β02)ξ3 ]− F 1(

∂2A1

∂ξ2
3

+ 2iβ01
∂A1

∂ξ3

− β2
01A

1 + β̃2
1A

1)

+ 2α2(ξ2
∂F 2

∂ξ1

− ξ1
∂F 2

∂ξ2

)(A2ei(β02−β01)ξ3 − A1ei(β̃2−β̃1)ξ3)− 2αF 2(
∂A2

∂ξ3

ei(β02−β01)ξ3

+ iβ02A
2ei(β02−β01)ξ3 − iβ̃2A

1ei(β̃2−β̃1)ξ3)− 2α
∂F 3

∂ξ2

(A3ei(β03−β01)ξ3 − A1ei(β̃3−β̃1)ξ3)

+ 2α(ξ2
∂F 1

∂ξ1

− ξ1
∂F 1

∂ξ2

)(
∂A1

∂ξ3

+ iβ01A
1 − iβ̃1A

1) = 0, (4.75)

− ω2

4c2
χ(3)
xxxx[(1 + α2ξ2

2)F 2∗(F 1)2A2∗(A1)2e2i(β01−β02)ξ3 + 3(1 + α2ξ2
1)F 2∗(F 2)2A2∗(A2)2

− 4α2ξ1ξ2F
2∗F 1F 2A2∗A1A2ei(β01−β02)ξ3 + 2(1 + α2ξ2

2)F 1∗F 1F 2A1∗A1A2

− 2α2ξ1ξ2F
1∗(F 2)2A1∗(A2)2ei(β02−β01)ξ3 ]− F 2(

∂2A2

∂ξ2
3

+ 2iβ02
∂A2

∂ξ3

− β2
02A

2 + β̃2
2A

2)

− 2α2(ξ2
∂F 1

∂ξ1

− ξ1
∂F 1

∂ξ2

)(A1ei(β01−β02)ξ3 − A2ei(β̃1−β̃2)ξ3) + 2αF 1(
∂A1

∂ξ3

ei(β01−β02)ξ3

+ iβ01A
1ei(β01−β02)ξ3 − iβ̃1A

2ei(β̃1−β̃2)ξ3) + 2α
∂F 3

∂ξ1

(A3ei(β03−β02)ξ3 − A2ei(β̃3−β̃2)ξ3)

+ 2α(ξ2
∂F 2

∂ξ1

− ξ1
∂F 2

∂ξ2

)(
∂A2

∂ξ3

+ iβ02A
2 − iβ̃2A

2) = 0. (4.76)

It is easy to find that there are plenty of terms containing the mode distribution

F k(ξ1, ξ2), which usually causes difficulties in solving these slowly-varying amplitudes

Ak(ξ3, ω). To eliminate the influence of mode distributions F (ξ1, ξ2), we can multiply
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both sides of the two equations by the F 1∗ and F 2∗, respectively, and make integration

over the transverse fibre area. Then we get the transverse-coordinate-free equations

depicting the propagation of slowly-varying amplitudes.

Another problem is that, as can be observed in Eqs. (4.75) and (4.76), apparently

unlike the equations in untwisted fibres, the two amplitudes A1, A2 couple each other

in both equations. This entanglement of the two amplitudes creates difficulty for one

to simplify the equations and further explore the possible solutions. Since the two

equations are linear with respect to
∂A1

∂ξ3

,
∂A2

∂ξ3

, it would be easy to separate the two

equations.

It is notable that we used β0k (β̃k) to represent the propagation constants at ω0

(eigenvalues) with respect to different coordinates ξk, namely we considered the most

general case that linear birefringence is assumed. If we consider an ideal condition:

the twisted fibres suffer from no linear birefringence, thus β0k = β0 and β̃k = β̃. In

this way the equations can be substantially simplified.

The simplified equations elaborate the transmission of slowly-varying amplitudes

in terms of the mode propagation constant β̃ that can be expanded in Taylor series

at the frequency ω0 as β̃ = β0 +(ω−ω0)β1 +
1

2
(ω−ω0)2β2 +

1

6
(ω−ω0)3β3 + · · · where

β0 = β(ω0) and βk = (
∂kβ

∂ωk
)ω=ω0 , i = 1, 2, 3 · · · . After that, inverse Fourier transform

brings back the amplitude equations to the time domain, considering ω − ω0 to be

replaced with i
∂

∂t
.

At the end, the amplitudes Ak used above have the same unit with electric field as

‘V/m’. Traditionally, it is useful to normalise them to make sure |Ak|2 stands for the

power. After some similar normalisation definitions to Section 4.1.2, the amplitude

equations at the end take the form as

∂A1

∂ξ3

+ g2(β0 + αl11 − αs12)(β1
∂

∂t
+

1

2
iβ2

∂2

∂t2
)A1 + i[g2(αs12β0 + iα2l12 + αq12)

+ ih1(α2l21 − iαs21β0)]A1 + h1(β0 + αl22 + αs21)(β1
∂

∂t
+

1

2
iβ2

∂2

∂t2
)A2

+ [g2(α2l12 − iαs12β0)− ih1(αs21β0 + iα2l21 + αq21)]A2 + iα(h1q21 − g2q12)A3

= i[γ11|A1|2A1 + γ12|A2|2A1 + γ13(A2∗A1)A1 + γ14|A|2A2 + γ15|A1|2A2 + γ16(A1∗A2)A2],

(4.77)
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∂A2

∂ξ3

+ g1(β0 + αl22 + αs21)(β1
∂

∂t
+

1

2
iβ2

∂2

∂t2
)A2 − i[g1(αs21β0 + iα2l21 + αq21)

− ih2(α2l12 − iαs12β0)]A2 − h2(β0 + αl11 − αs12)(β1
∂

∂t
+

1

2
iβ2

∂2

∂t2
)A1

− [g1(α2l21 − iαs21β0)− ih2(αs12β0 − iα2l12 − αq12)]A1 + iα(h2q12 + g1q21)A3

= i[γ21|A2|2A2 + γ22|A1|2A2 + γ23(A1∗A2)A2 + γ24|A1|2A1 + γ25|A2|2A1 + γ26(A2∗A1)A2],

(4.78)

where Ak has been normalised as explained. The newly defined quantities the above

equations are listed as

γ′11 =
2

ε0ncAm:11

Γ11, (4.79)

γ′12 =
2

ε0ncAm:22

Γ12, (4.80)

γ′13 =
2

ε0ncAm:21

Γ13, (4.81)

γ′14 =
2

ε0ncAm:22

Γ14, (4.82)

γ′15 =
2

ε0ncAm:11

Γ15, (4.83)

γ′16 =
2

ε0ncAm:12

Γ16, (4.84)

γ′21 =
2

ε0ncAm:22

Γ21, (4.85)

γ′22 =
2

ε0ncAm:11

Γ22, (4.86)

γ′23 =
2

ε0ncAm:12

Γ23, (4.87)

γ′24 =
2

ε0ncAm:11

Γ24, (4.88)

γ′25 =
2

ε0ncAm:22

Γ25, (4.89)

γ′26 =
2

ε0ncAm:21

Γ26, (4.90)

Am:kj =

∫∫
F k∗F jda, k, j = 1, 2, (4.91)

Γ11 = 3σg2ψ
2
12, (4.92)

Γ12 = σ(2g2ψ
4
12 − 4h1ψ

3
21), (4.93)

Γ13 = −σ(2g2ψ
5
12 − h1ψ

1
21), (4.94)

Γ14 = 3σh1ψ
2
21, (4.95)

Γ15 = −σ(4g2ψ
3
12 − 2h1ψ

4
21), (4.96)
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Γ16 = σ(g2ψ
1
12 − 2h1ψ

5
21), (4.97)

Γ21 = 3σg1ψ
2
21, (4.98)

Γ22 = σ(2g1ψ
4
21 + 4h2ψ

3
12), (4.99)

Γ23 = −σ(2g1ψ
5
21 + h2ψ

1
12), (4.100)

Γ24 = −3σh2ψ
2
12, (4.101)

Γ25 = −σ(4g1ψ
3
21 + 2h2ψ

4
12), (4.102)

Γ26 = σ(g1ψ
1
21 + 2h2ψ

5
12), (4.103)

σ =
ω2

0χ
(3)
xxxx

8c2
, (4.104)

g1 =
β0 + αl11

(β0 + αl11)(β0 + αl22) + α2s12s21

, (4.105)

g2 = { β0 + αl22

(β0 + αl11)(β0 + αl22) + α2s12s21

, (4.106)

h1 =
αs12

(β0 + αl11)(β0 + αl22) + α2s12s21

, (4.107)

h2 =
αs21

(β0 + αl11)(β0 + αl22) + α2s12s21

, (4.108)

− ismn =
Mmn

Mmm

,m, n = 1, 2, (4.109)

− ilmn =
Lmn
Mmm

,m, n = 1, 2, (4.110)

qmn =
Qmn

Mmm

,m, n = 1, 2, (4.111)

ψkmn =
Ψk
mn

Mmm

, k = 1, 2, 3, 4, 5,m, n = 1, 2, (4.112)

Mkj =

∫∫
F k∗F j da, k, j = 1, 2, (4.113)

Lkj =

∫∫
F k∗(ξ2

∂F j

∂ξ1

− ξ1
∂F j

∂ξ2

) da, k, j = 1, 2, (4.114)

Qkj =

∫∫
F k∗∂F

3

∂ξj
da, k, j = 1, 2, (4.115)

Ψ1
kj =

∫∫
(1 + α2ξ2

i )F
k∗F k∗(F j)2 da, k, j = 1, 2, (4.116)

Ψ2
kj =

∫∫
(1 + α2ξ2

j )F
k∗F k∗(F k)2 da, k, j = 1, 2, (4.117)

Ψ3
kj =

∫∫
α2ξkξjF

k∗F k∗F kF j da, k, j = 1, 2, (4.118)

Ψ4
kj =

∫∫
(1 + α2ξ2

i )F
k∗F j∗F kF j da, k, j = 1, 2, (4.119)
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Ψ5
kj =

∫∫
α2ξkξjF

k∗F j∗(F k)2 da, k, j = 1, 2, (4.120)

where n is the refractive index of fibre core material. The derivation details of the

nonlinear equations (4.77) and (4.78) can be found in Appendix A.4.

Definition of angular momentum in twisted fibres

So far, we have worked out these equations governing the nonlinear propagation in

twisted fibres in helical coordinates. It is manifest that they own complicated forms,

induced by the continuous twist and selected coordinate system. The twist rate α

and the normalised integrals lkj and skj in Eqs. (4.77) and (4.78) seem to make a

difference in the nonlinear propagation. So it is not hard for one to have a question:

what do lkj and skj physically mean?

Let us first remember the angular momentum of light, which describes the dynamic

rotation of electromagnetic waves during propagation around the travelling axis. The

total angular momentum ~H can be written as

~H = ε0

∫
~r × ( ~E × ~B)d3~r, (4.121)

Here ~r is a position vector. The total angular momentum is composed of two types

of angular momentum for light, namely the orbital one L and the spin one S, defined

as

~L = ε0

∑
k

∫
Ek(~r ×∇)Ωkd

3~r, (4.122)

~S = ε0

∫
~E × ~Ω d3~r, (4.123)

where k = x, y, z and ~Ω = (Ωx,Ωy,Ωz) is the vector potential of the magnetic field,

defined as ~B = ∇× ~Ω. The orbital and spin angular momentum operators (L̂ and Ŝ)

take the form in Cartesian coordinates as

L̂ = −i(x ∂
∂y
− y ∂

∂x
), (4.124)

Ŝ =

[
0 −i
i 0

]
(4.125)

If the ansatz has a form ~F = (Fx, Fy, 0)T ( T means transpose, Fz is assumed to be

zero), we can apply the definition of angular momentum as used in Refs. [57, 59]:

< L > =

∫∫
~F †L̂ ~F da∫∫
~F † ~F da
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= −i

∫∫
[F ∗x (x

∂Fx
∂y
− y∂Fx

∂x
) + F ∗y (x

∂Fy
∂y
− y∂Fy

∂x
)] da∫∫

(F ∗xFx + F ∗yFy) da
, (4.126)

< S > =

∫∫
~F †Ŝ ~F da∫∫
~F † ~F da

= −i
∫∫

(F ∗xFy − F ∗yFx) da∫∫
(F ∗xFx + F ∗yFy) da

(4.127)

where the dagger means transpose conjugate. At this time when we recall Eqs. (4.77)

and (4.78), and definitions of lkj and skj in Eqs. (4.109) and (4.110), it is easy to

conclude that lkj and skj essentially represent the orbital and spin angular momen-

tum excited by the constant twist imposed on optical fibres. This result is expected

because we know angular momenta induced by twist have influence on light transmis-

sion and optical activity [56,57]. The nonlinear amplitude equations (4.77) and (4.78)

successfully demonstrate that twist-induced orbital angular momentum has particu-

lar significance in reshaping nonlinear light transmission in twisted fibres. This new

phenomenon in twisted fibres can probably be further exploited in opening up new

possibilities on nonlinear fibre optics.

4.3.3 Nonlinear equations with circularly-polarised modes

Here we will show the new understanding of the circularly-polarised modes propagat-

ing in twisted fibres.

In order to analytically capture the polarisation features of propagating modes, it

is necessary to observe how the first two field components E1 and E2 interact in the

wave equations (A.199) and (A.200). Mathematically, when Eq. (A.199) is multiplied

by ±i and let R2 = ±iE1, R1 = ∓iE2, this equation becomes

α2R2 +
ε

c2

∂2R2

∂t2
− [1 + α2ξ2

2 ]
∂2R2

∂ξ2
1

− [1 + α2ξ2
1 ]
∂2R2

∂ξ2
2

− ∂2R2

∂ξ2
3

+ α2ξ1
∂R2

∂ξ1

+ α2ξ2
∂R2

∂ξ2

−2α2ξ2
∂R1

∂ξ1

+ 2α2ξ1
∂R1

∂ξ2

+ 2α
∂R1

∂ξ3

+ 2α2ξ1ξ2
∂2R2

∂ξ1∂ξ2

+ 2αξ2
∂2R2

∂ξ1∂ξ3

− 2αξ1
∂2R2

∂ξ2∂ξ3

= 0,

(4.128)

where the nonlinear term is neglected, for it is a perturbation to the wave equations.

E3 is neglected as well due to its trivial magnitude compared with E1 and E2. One

can easily find out Eq. (4.128) is exactly Eq. (A.200), if replacing Rk with Ek (k =

1, 2). Note that this replacement requires no scaling between Rk and Ek. So the

modal fields in twisted fibres meet R2 = E2 = ±iE1, R1 = E1 = ∓iE2. That is
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to say, this mathematical relation must be met so that Eqs. (A.199) and (A.200)

coincide with identical eigensolutions. Further, the mode profiles follow the same

relationship: F 2 = ±iF 1. This important conclusion leads to the fact that the modes

in twisted fibres under helical coordinates are circularly-polarised. In each mode, the

two transverse components have a phase difference of π/2 (e±iπ/2 = ±i). This result

will in a large scale produce a reduction of complexity for the equations obtained

earlier.

This conclusion can be verified in Comsol 5.0 based on the finite element method.

We consider a twisted step index fibre with doped silica as core material and silica

as cladding. The core has an unconventional square-shape to break the circularly

symmetry to make sure the twist makes a difference, as advised in Ref. [59]. The

constitutive tensors of the core and cladding materials are considered as shown in

Eqs. (A.181) and (A.182). Twist rate is set up as 10000 rad/m, and the operating

wavelength is 2 µm. The results regarding a right-circularly-polarised mode are il-

lustrated in Fig. 4.2. Figs. 4.2 (a)-(f) standing for the transverse distributions of the

right circularly-polarised fundamental mode, indicating that all the electric field pro-

files simultaneously have both real and imaginary parts, unlike the conventional case

where they are purely real or imaginary in untwisted fibres calculated in Cartesian

coordinates. Figs. 4.2 (e) and (f), however, demonstrate that the component along

the travelling axis is negligible in magnitude, in contrast to the other two shown in

Figs. 4.2 (a)-(d). This has been employed in Eq. (4.128). It is not difficult to ob-

serve that the profile of the real part of F 1 in Fig. 4.2 (a) is similar to the profile

of the imaginary part of F 2 in Fig. 4.2 (d) and that of the imaginary part of F 1

in Fig. 4.2 (b) similar to that of the real part of F 2 in Fig. 4.2 (c). We calculate

F 2 + iF 1 and show its real and imaginary parts in Figs. 4.2 (g) and (h). If we ignore

the calculation error and the influence of F 3, the minor magnitudes perfectly confirm

our theoretical prediction F 2 = −iF 1. Also the phase difference between the two

components ∆φ = φ2−φ1 (φk is the phase of the field F k) is displayed in Fig. 4.2 (i),

maintaining
π

2
. Without loss of generality, ∆φ of the left circularly-polarised fun-

damental mode, and two higher-order modes (HE21- and TE01-like modes) are too

illustrated in Figs. 4.2 (j)-(l). The perturbative colour area in each figure is caused

by calculation, and they perfectly coincide with the practical phase difference when

an extra 2π is added or subtracted.

Through the above theoretical and numerical confirmation, one can conclude that
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Figure 4.2: (a)–(h) Profiles of the real and imaginary parts of electric field distribution
F 1, F 2, F 3 and F 2 + iF 1 of the right-circularly-polarised fundamental mode. (i)–(l)
The phase differences between F 2 and F 1 of the propagating modes: right and left
circularly-polarised fundamental modes and HE21- and TE01-like higher-order modes.

F 2 = ±iF 1. This also implies the modes are all circularly-polarised, which means the

transverse electric field will rotate constantly during propagation. It is natural that

we apply this conclusion to some previous results to simplify the equations we have.

The integrals defined in Eqs. (4.109), (4.110), (4.111), (4.113), (4.114), (4.115) and

(4.112) build up relations as

M11 = M22, (4.129)

M12 = −M21 = ±iM11, (4.130)

L11 = L22, (4.131)

L12 = −L21 = ±iL11, (4.132)

Q12 = −Q21, (4.133)

C12 = −C21 = ±i, (4.134)

l11 = l22 = −im11 = −im22 = −im, (4.135)
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l12 = −l21 = ±il11 = ±il22 = ±m, (4.136)

q12 = −q21, (4.137)

ψ1
12 = −φ1, (4.138)

ψ1
21 = −φ2, (4.139)

ψ2
12 = φ2, (4.140)

ψ2
21 = φ1, (4.141)

ψ3
12 = ±iφ3, (4.142)

ψ3
21 = ∓iφ3, (4.143)

ψ4
12 = φ1, (4.144)

ψ4
21 = φ2, (4.145)

ψ5
12 = ∓iφ3, (4.146)

ψ5
21 = ±iφ3, (4.147)

where

φ1 =

∫∫
(1 + α2ξ2

1)|F 1|4 da

M11

, (4.148)

φ2 =

∫∫
(1 + α2ξ2

2)|F 1|4 da

M11

, (4.149)

φ3 =

∫∫
α2ξ1ξ2|F 1|4 da

M11

, (4.150)

Besides, far from the resonant wavelengths [56], the numerical calculations demon-

strate that φ1 = φ2 = φ, φ3 = 0. Considering all above simplified results, the nonlinear

equations of slowly-varying amplitudes shown in Eqs. (4.77) and (4.78) collapse into

∂A1

∂ξ3

+ cosh(θ)e±θβ1
∂A1

∂t
+
i

2
cosh(θ)e±θβ2

∂2A1

∂t2
∓ icosh(θ)sinh(θ)(β0 + αm∓ q12

± α)A1 ∓ sinh(θ)e±θβ1
∂A2

∂t
∓ i

2
sinh(θ)e±θβ2

∂2A2

∂t2
± isinh(θ)[e±θ(β0 + αm)

− sinh(θ)q12]A2 − isinh(θ)e∓θq12A
3 = i[3γ1|A1|2A1 + 2γ1|A2|2A1 ± γ2(A2∗A1)A1

∓ 3γ2|A|2A2 ∓ 2γ2|A1|2A2 − γ1(A1∗A2)A2], (4.151)

∂A2

∂ξ3

+ cosh(θ)e±θβ1
∂A2

∂t
+
i

2
cosh(θ)e±θβ2

∂2A2

∂t2
∓ icosh(θ)sinh(θ)(β0 + αm∓ q12

± α)A2 ∓ sinh(θ)e±θβ1
∂A1

∂t
∓ i

2
sinh(θ)e±θβ2

∂2A1

∂t2
± isinh(θ)[e±θ(β0 + αm)

− sinh(θ)q12]A1 − isinh(θ)e∓θq12A
3 = i[3γ1|A2|2A2 + 2γ1|A1|2A2 ± γ2(A1∗A2)A2
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∓ 3γ2|A|1A1 ∓ 2γ2|A2|2A1 − γ1(A2∗A1)A1], (4.152)

where

γ1 =
χ3

8

ω2

c2

(β0 + αm)φ

(β0 + αm)2 − α2
,

γ2 =
χ3

8

ω2

c2

αφ

(β0 + αm)2 − α2
,

sinh(θ) =
α√

(β0 + αm)2 − α2
,

cosh(θ) =
β0 + αm√

(β0 + αm)2 − α2
,

e±θ = cosh(θ)± sinh(θ) (4.153)

Eqs. (4.151) and (4.152) are the simplified nonlinear Schrödinger equations for wave-

lengths where orbital resonances observed in Ref. [56] do not take place. In other

words, escaping these resonant wavelengths provides the convenience to reduce the

complexity of the nonlinear equations.

This assumption makes sense, since generally around the resonant wavelengths

light transmission undergoes extra significant losses [56], therefore these resonant

wavelength should be avoided in terms of practical use. Besides, this assumption

infers the modes are all circularly-polarised, due to the symmetry of the wave equa-

tions (A.199) and (A.200). The exotic property of circularly-polarisation modes

also provides sufficient convenience in studying the nonlinear equations in labora-

tory frame, as detailed in Section 4.2.5.

4.3.4 Nonlinear Schrödinger equations in laboratory frame

We are clear of the pulse propagation with Eqs. (4.151) and (4.152). However these

equations explain the propagating behaviour in helical coordinates, rather than the

practical situation. It is necessary to introduce coordinate transformation to go back

to the commonly-used Cartesian coordinates (laboratory frame). Here the coordinate

transformation back to Cartesian coordinates will be presented and thus we are able

to get the Nonlinear Schrödinger equations in the practical laboratory frame.

It would be useful to explore the linear property of propagating modes in twisted

fibres. So first we explore the transformation of the mode fields by neglecting the

slowly-varying amplitudes, and the first two components of electric field in Cartesian
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coordinates can be related to those in helical coordinates via transformation matrix

displayed in Eq. (4.39), which read as

Ex = J1
jE

j = E1cos(αξ3) + E2sin(αξ3) + E3[αξ2cos(αξ3)− αξ1sin(αξ3)]

≈ E1cos(αξ3) + E2sin(αξ3) = F 1eiβ0ξ3cos(αξ3) + F 2eiβ0ξ3sin(αξ3) = F 1ei(β0±α)ξ3 ,

(4.154)

Ey = J2
jE

j = −E1sin(αξ3) + E2cos(αξ3) + E3[−αξ1cos(αξ3)− αξ2sin(αξ3)]

≈ −E1sin(αξ3) + E2cos(αξ3) = −F 1eiβ0ξ3sin(αξ3) + F 2eiβ0ξ3cos(αξ3) = F 2ei(β0±α)ξ3 ,

(4.155)

where the terms regarding E3 are neglected due to its tiny contribution during the

transformation, and the ansatz Ej = F jeiβ0ξ3 as well as the conclusion F 2 = ±iF 1

is applied as suggested before. The equations show that the modes in Cartesian

coordinates are circularly-polarised inherited from those in helical coordinates. What

differs is the propagation constants βlab = βtw ± α. This conclusion indicates that in

twisted fibres, there are no purely linearly-polarised modes, because the two circular

polarised modes that usually merge into a linear polarised mode in untwisted fibres

now have propagation constants of small difference, therefore the comprised mode

being not purely linearly polarised any longer. If α approaches zero, then this impurity

vanishes and the pure linear polarisation is reproduced. Here + sign represents the

right-circular polarisation (RCP) while − sign the left-circular polarisation (LCP).

Next, to explore how field amplitudes change under the same coordinate transfor-

mation, we need to redo this transformation elaborated in Eqs. (4.154) and (4.155)

with the consideration of the slowly-varying amplitudes, by introducing the ansatz

Ej = F jAjeiβ0ξ3 and employing the fact F 2 = ±iF 1. The derivation follows as

Ex = J1
jE

j = E1cos(αξ3) + E2sin(αξ3) + E3[αξ2cos(αξ3)− αξ1sin(αξ3)]

≈ E1cos(αξ3) + E2sin(αξ3)

= F 1Axe
i(β0±α)ξ3 , (4.156)

Ey = J2
jE

j = −E1sin(αξ3) + E2cos(αξ3) + E3[−αξ1cos(αξ3)− αξ2sin(αξ3)]

≈ −E1sin(αξ3) + E2cos(αξ3)

= F 2Aye
i(β0±α)ξ3 , (4.157)

where

Ax =
1

2
[(A1 ± A2)e(1∓1)iαξ3 + (A1 ∓ A2)e(−1∓1)iαξ3 ],
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Ay =
1

2
[(A2 ± A1)e(1∓1)iαξ3 + (A2 ∓ A1)e(−1∓1)iαξ3 ], (4.158)

which are the amplitudes transformed into the laboratory regime for the two circularly-

polarised fundamental modes. In particular, for the LCP mode, we can write

AxL =
1

2
[(A1L − A2L)e2iαξ3 + (A1L + A2L)],

AyL =
1

2
[(A2L − A1L)e2iαξ3 + (A2L + A1L)], (4.159)

while in terms of the RCP mode, the amplitudes become

AxR =
1

2
[(A1R + A2R) + (A1R − A2R)e−2iαξ3 ],

AyR =
1

2
[(A2R + A1R) + (A2R − A1R)e−2iαξ3 ]. (4.160)

Eqs. (4.159) and (4.160) show the amplitudes of the two circularly-polarised fun-

damental modes in the laboratory regime, which are expressed as functions of the

amplitudes in helical regime. Eqs. (4.156) and (4.157) exhibit the electric fields of

these modes in laboratory coordinates. Notably, the transverse mode distributions

F 1, F 2 in helical frame do not change during the coordinate transformation back to

laboratory frame. However, the mode propagation constants experience a shift of

±αξ3 during this coordinate transformation, coincided with Eqs. (4.154) and (4.155).

We use the fact that E2 = ±iE1, F 2 = ±iF 1 and the ansatz Ej = F jAjeiβ0ξ3 .

Hence easily we know A2 = A1, specifically indicating the amplitudes of each mode

along the ξ1 and ξ2 axes are identical, namely A2L = A1L = AL, A2R = A1R = AR

where the superscripts L,R indicate the two circularly-polarised modes. Thus, the

results derived in Eqs. (4.159) and (4.160) can be simplified as AxL = AL, AyL = AL

and AxR = AR, AyR = AR. This means the circularly-polarised amplitudes keep un-

changed during the coordinate transformation back to Cartesian coordinates, similar

to the transverse mode distributions. This to a large extent simplifies the form of

Eqs. (4.77) and (4.78), which collapse and are written in one equation as

∂AR/L

∂ξ3

+ β1

∂AR/L

∂t
+

1

2
iβ2

∂2AR/L

∂t2
+ i

α

β
R/L
0 + αmR/L ± α

q
R/L
12 AR/L

= i
ω2

c3

χ
(3)
xxxx

ε0nR/L

1

β
R/L
0 + αmR/L ± α

φR/L

A
R/L
m

|AR/L|2AR/L, (4.161)

where mR/L is the orbital angular momentum and A
R/L
m is the mode area defined as

A
R/L
m =

∫∫
|F 1R/1L|2 da.
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CHAPTER 4. NONLINEAR SCHRÖDINGER EQUATIONS IN TWISTED
FIBRES

Neglect the first-order dispersion term and the term regarding q12 as it is computed

with the third component of electric field E3 which makes minor contributions, and

denote

γR/L =
ω2

c3

χ
(3)
xxxx

ε0nR/L

1

β
R/L
0 + αmR/L ± α

φR/L

A
R/L
m

, (4.162)

then the amplitude equation can be depicted in one as

∂A

∂ξ3

+
1

2
iβ2

∂2A

∂t2
= iγ|A|2A. (4.163)

Here the superscript R/L is ignored for ink-saving purposes. According to the stan-

dard process [72], we introduce a time scale normalized to the input pulse width t0,

dispersion length ξ3,0 and a normalized amplitude Ψ, by assuming ξ3 = ξ3,0ζ, t =

t0τ, A =
√
PΨ, so we have

i
∂Ψ

∂ζ
− 1

2

ξ3,0

t20
β2
∂2Ψ

∂τ 2
+ ξ3,0γP |Ψ|2Ψ = 0. (4.164)

Let ξ3,0 =
t20
β2

, ξ3,0γP = 1, then the equation can be written

i
∂Ψ

∂ζ
− 1

2
s
∂2Ψ

∂τ 2
+ |Ψ|2Ψ = 0, (4.165)

where s = sign(β2). Eq. (4.165) is the nonlinear Schrödinger equation that describes

the nonlinear propagation in twisted fibres. It shares the same form with the con-

ventional nonlinear Schrödinger equation for untwisted fibres, whereas containing

significant influence of twist-induced orbital angular momentum in the nonlinear co-

efficients.

The equation introduces an effective roadmap to interpreting and manipulat-

ing the nonlinearities excited in optical fibres, which implies important potential

usage in nonlinear optical applications in a wide range. Orbital angular momen-

tum m in twisted fibres has direct influence on the nonlinear parameter shown in

Eq. (4.162). When αm ± α is comparable to β0, a strongly-enhanced nonlinear pa-

rameter is expected. In comparison, for some cases where αm ± α is much larger

than β0, the nonlinear parameter is extremely compressed. Experimentally, one may

be able to easily detect extraordinary nonlinear phenomena in twisted fibres due to

the tremendous influence of twist-induced orbital angular momentum. For example,

when relatively wide pulses travels in twisted fibres, the group velocity dispersion
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effects can be ignored [72]. If the nonlinear parameter is very much enhanced because

of twist-induced orbital angular momentum, the nonlinear length of the fibre defined

as LNL = (γP0)−1 (P0 is the peak power) will drastically shrink, thus large spectral

changes (δω ∼ 1/LNL) away from the original central frequency is expected due to

self-phase modulation. On the contrary, if the nonlinear parameter is very much com-

pressed when the orbital angular momentum is properly excited, the spectral change

of pulse dropping close to zero becomes possible. That is to say, it is manageable

to effectively control the pulse spectral changes like broadening when we effectively

utilise the twist-induced orbital angular momentum in twisted fibres. On the other

hand, twist also shows potential in influencing soliton generation. Solitons come from

the trade-off between dispersion-induced pulse broadening and nonlinearity-induced

pulse narrowing. As explained above, the orbital angular momentum in twisted fibres

has remarkable implications on the nonlinearity generation. It should be predictable

that solitons can be formed even when the twisted guiding fibre has extremely low or

high dispersion, which are not easily accessible in common untwisted fibres. This is

because twist-induced orbital angular momentum provides a novel means to balance

the effects of dispersion and nonlinearities, allowing more extreme values.

4.4 Conclusion

This chapter has elaborated a general method to derive the nonlinear Schrödinger

equation of nonlinear propagation in twisted fibres. With the introduction of the

third-order susceptibility tensor χ(3) in helical coordinates, we have managed to ob-

tain the general nonlinear Schrödinger equations in twisted fibres. By confirming the

circularly-polarised propagation in twisted fibres, the equation of a simpler form is

accessed under coordinate transformation. This equation provides a general under-

standing of nonlinear dynamics in twisted fibres.

The twist-induced orbital angular momentum has been proved to play an indis-

pensable role in impacting the nonlinear propagation in twisted fibres. The widely

known nonlinear parameter γ turns to depend on the orbital angular momentum and

can be extremely large or small when the operating wavelength are particularly se-

lected. The orbital angular momentum provides a good control of phase shifts in

self-phase modulation of pulses, and indicates new possibilities like strong spectral

broadening or compression of pulses and excitation of special optical solitons with

extremely large or negligibly small fibre-dispersion. The exotic property of twisted
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fibres stimulate promising applications like broad supercontinuum generation, exci-

tation of novel special solitons, polarisation control, fibre sensing, etc. For example,

current sensors based on Faraday effect [63] and polarization rotators based on the

topological Zeeman effect [61] were designed by using twisted PCFs.

There are some other possibilities that is worthy being explored in the future.

First of all, in Chapter 4 we derived the nonlinear Schrödinger equation for twisted

fibres after assuming that the third component of fields Ez can always be neglected,

which makes sense for not highly-twisted fibres. However, when the twist rate α

goes sufficiently larger, Ez becomes comparable to the other two field components

and it is necessary to further the exploration of the induced new physics with the

break of this assumption. After that, it is also useful to explore the mechanism of

orbital angular momentum resonance, especially in twisted hollow-core fibres, since

so far hollow-core fibres are widely used in nonlinear light-matter interactions. The

orbital resonance shows a splitting for the two circular polarisations in our used

twisted step-index fibre, which cannot be ideally predicted with the theory in twisted

PCFs [56]. An accurate estimate of orbital angular momentum resonance will bring

lots of convenience in nonlinear explorations in hollow-core fibres. Last but not least,

it also makes sense to further the study on the nonlinear propagation in twisted

fibres. We have obtained the general nonlinear Schrödinger equation, which outlines

the behaviour of pulses propagating in twisted fibres. We aim to work out the specific

influence of orbital angular momentum onto the different nonlinear phenomena, for

example, the soliton generation, supercontinuum, Raman amplification, etc. Relevant

experiments are also expected as a promising part that directly verify and support

our theory. Above all, we believe the nonlinear Schrödinger equation for twisted fibres

creates new possibilities for novel analysis, exploration, test and applications in fibre

optics, making remarkable progress in this area.
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