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Chapter 1

Introduction

The study of droplets on complicated topography is challenging due to both the

small timescale of the fluid dynamics as well as the difficulty in initiating and ma-

nipulating the physical specimen. Capturing characteristic fluid mixing and other

mechanisms of engineering interest on this scale is similarly problematic. Proficient

computational modelling is therefore needed to provide insightful and supplemen-

tary information to this phenomena. Mature modelling techniques, such as meshed

Eulerian, grid or lubrication approximations are typically used to model droplet

spreading and evolution. The relatively undeveloped Laplacian particle method,

Smoothed Particle Hydrodynamics (SPH), shows promising applicability to a wide

range of engineering domains, especially due to its particle kernel nature which

is rooted in Lagrangian and Hamiltonian mechanics. The increased adoption of

SPH, as a mature modelling technique, is currently helping to distil a more accu-

rate and less experimental SPH model. Towards this aim, and with application to

micro-droplets, the main goals of the thesis are thus summarised as:

• Produce a stable and robust modern SPH solver.

• Categorise and update the SPH surface tension models.

• Illustrate the solvers ability to capture complex droplet interaction with to-

pography.

SPH is a meshless modelling method which outperforms many other particle meth-

ods, such as molecular dynamics (MD), in terms of computational efficiency. In
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addition, as a particle method, it readily handles large deformations and surface

modelling is naturally achieved as contrasted against finite element and finite vol-

ume methods which require complex mesh-reconnection techniques under such

conditions.

However, the versatility of SPH as a modelling tool for a wide range of pseudo

incompressible fluids problems is primarily offset by an inherent numerical insta-

bility which ultimately causes flows to behave non-physically resulting in particles

clustering and fluid fragmentation. The cause of the instability is the SPH kernel;

an approximation to the Kronecker delta function which is used to reproduce field

variables by way of integration. Specifically, the kernel derivative exhibits inap-

propriate attractive behaviour in regions of low density. Traditionally an equation

of state is used to produce a pressure from the density variable. However as con-

stant density is not numerically equivalent to a divergence free velocity field, the

incompressibility condition is insensitive to the particle clustering instability and

thus fails to produce a homogeneous velocity profile. One partial solution is to

use truly incompressible SPH (ISPH) which applies a Pressure Poisson Equation

(PPE) to solve the pressure field required by the Navier-Stokes equations in or-

der to maintain a divergence free velocity field. Combining these methods by

solving for both a divergence free velocity and an incompressible density thereby

reproducing a continuum description appears to be the most stable approach.

A bespoke ISPH solver was developed to remove the inherent restriction that

plagues meshless approaches where the inter-particle interactions of incompressible

systems are often assumed to be weakly compressible. In addition, ISPH may be

shown to overcome limitations of the instability whilst presenting a comparatively

efficient modelling approach for complex fluid flow problems. The accuracy of the

numerical solver is verified against relevant two and three dimensional benchmarks

including Poiseuille, Couette and Lid Driven Cavity flows before the specific ap-

plication to multi-species fluid flows such as oscillating droplets and triple contact

angle systems such as those found in thin films and droplets on surfaces with to-

pography.

A review of the current state of research into thin films, droplets and rivulets is

first framed in Chapter 2 along with a review of SPH with application to surface

tension dominated flows.
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The mathematical and numeric treatment is then described in Chapter 3, including

the development of the Navier-Stokes equations and formulation of SPH, with

immediate relevance to the weakly compressible algorithm.

The development of a numerical solver based on the SPH method, and capa-

ble of studying thin film droplet flows, requires the passing of several validation

tests. Benchmarking this custom solver with key literature developments, such as

adequate boundary modelling, non-slip, low Reynolds numbers and surface ten-

sion, are addressed in Chapter 4 where numeric problems such as the Dam break,

Poiseuille and Couette flows are undertaken. Additionally, the description of the

solver is further described along with a standard boundary test of a dynamic par-

ticle boundary with an impinging particle falling under gravity. Following on from

this, the modelling of Couette and Poiseuille low Reynolds number flows, showing

the viscous capability and slip free features of the solver, is demonstrated.

The weakly compressible algorithm is updated to an ISPH algorithm, as described

in detail in Chapter 5. The additional stability and pressure prediction of ISPH

is tested in Chapter 6 where flow tests of Dam Collapses and the vortex-like flows

of the Lid driven cavity and Taylor-Green flows are presented.

With the solver verified for modelling full fluid dynamics, the particular application

to surface tension flows is described and developed numerically in Chapter 7. Free

surfaces and the effects of surface tension are lastly demonstrated where the evo-

lution of an oscillating droplet, Plateau-Reyleigh column break-up instability and

capillary rise are simulated. Contact angles in multiple phase systems are mod-

elled and alternative, renormalised, formulations are developed which increase the

accuracy of previous contact angle methods. Tanner’s droplet relaxing relations

are verified in two and three dimensions. Finally a Wenzel-like law for contact

angle hysteresis is developed and demonstrated numerically in two dimensions for

droplets spanning discontinuous ledges. Further examples of droplet contact an-

gle hysteresis are simulated in three dimensions which capture the characteristic

behaviour of the previous 2D simulations involving topography.



Chapter 2

Literature Review

2.1 Thin Liquid Films, Droplets and Rivulets

The thesis’ scope of interest, and application to the modelling of droplets on to-

pography, encompasses a varied range of surface tension manifestations, especially

in the general verification tests. The current section presents a general overview

of related literature in order to outline the terrain and frame the context of the

proceeding sections.

Thin liquid films and droplets are prolific in both nature and artificial environments

[4, 5]. The deposition, manipulation and removal of films features in printing, heat

management, biofilms and microfouling as common examples. Droplets incident

on substrates are controlled by chemical, mechanical, thermal and biological fac-

tors according to their effect on the surface energy and topography. Engineering

interest in small scale fluids is increasingly important for a wide range of applica-

tions, for example in semiconductor fabrication and 3D printing.

Fluid behaviour at the sub-millimetre scale is dominated by surface tension and

surface phenomena where gravitational and inertial effects become relatively di-

minished. This limit is due to microlitre or nanolitre liquids possessing a high

surface area to volume ratio. Since this ratio roughly scales as the inverse of

the characteristic length, the surface energy is quickly promoted to the prevailing

force term in the Navier-Stokes momentum equations. Intermolecular forces are

the source of surface tension and on the macroscopic scale the effect can be seen as

a minimising of free surface so that liquids are drawn into spheres or other shapes

4
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depending on boundary conditions. This minimising of free energy can also be re-

lated to the increase in internal pressure, known as the Capillary pressure locally

and the Laplace pressure at equilibrium. The Capillary pressure, related to the

local curvature, can be seen in many scenarios. For example in capillary rise or

in connecting two dissimilar sized droplets with a rigid bridge filled with a similar

fluid resulting in the total redistribution of fluid from the smaller into the larger

droplet. A review of capillary effects may be found in de Gennes, Brochard-Wyart

and Quéré’s book [6] while a review of the effect of roughness and porosity on the

wetting of a surface is provided by authors such as Quéré [7].

The emergent relevance of surface tension depends on competing forces at the fluid

interface. Rivulets present a scenario of directional variance of forces. Formed by

droplet coalescence or thin liquid film rupture, rivulets intersect the domains of

droplet and film dynamics. Rivulets dynamics are therefore emergent in the simu-

lation of 2D numeric droplets. The resulting behaviour exposes multiple interesting

facets of these differing physical regimes. Rivulets or columns extrude and trans-

port material in the direction of the column channel. Since the curvature is similar

to a droplet transverse to the column, surface tension effects remain dominant in

this direction. However, depending on the scale, and hence the relative surface

area to volume, dynamics parallel to the column are more strongly affected by

larger scale phenomena such as gravitational or inertial forces. Rivulet instability

and growing perturbations often occur in the column direction instigating large

height variance of the column. This in turn leads to complexities in the advance

of the contact line, such as spreading or narrowing and may also lead to rivulet

break up. This phenomenon was studied experimentally by Huppert [8] who de-

tailed the characteristic advance of a thin film of fluid on an angled slope. Huppert

discovered that with increasing Bond number, the advancing instabilities became

more pronounced, displaying a prevailing vertical bias, eventually evolving homo-

geneous advancing rivulets from the leading film edge. Cazabat, Heslot, Troian

and Carles [9] investigated rivulet instabilities on a more complex rigid surface;

the uneven advance of a spreading thin film leading to rivulet formation as shown

in Figure 2.1. This is motivated by the contact line evolution which was found to

be highly sensitive to chemical and thermal gradients on a substrate. It was found

that the thermally-arising variations of surface tension; Marangoni tension compo-

nents along the contact line were responsible for the superior spreading of the film.
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This overwhelmed contributions based on the original capillary-effect derived mo-

tion in which growing perturbations were responsible for the rivulet growth. The

early investigations of Towell [10] found good agreement between both theoretical

and experimental results of the laminar steady-state solutions of rivulets flowing

under gravity. Paterson and Wilson [11] investigated the flow of fluids, with dif-

ferent contact angles, traversing a horizontal cylinder. They found several novel

de-pinning and even re-pinning angles at which the film with described constant

angle and material flux may connect with the cylinder in question.

Figure 2.1: Cazabat et al demonstrated the growth of ‘fingering’ instabili-
ties due to thermally driven gradients of surface tension as described by the
Marangoni force. Fingers grow on a silicon plate with a vertical temperature

gradient, from left to right: 1.5, 6.5, 10 and 17 minutes respectively.

For rivulets and droplets especially, the roles of evaporation and its inverse, con-

densation are also promoted since their high surface area presents an opportunity

for rapid heat exchange. This may lead to the subsequent substrate cooling or

heating respectively through a liquid-gas phase change. Diffusion itself varies

greatly across length scales with mass loss at the micrometre scale being as high

as 200 times the rate of macroscale droplets [12]. Models accounting for diffusion

have recently advanced from single sided to multi-phase descriptions [13] which

has enabled more physically accurate solutions. For the case of evaporation where-

upon particles in the diffusion layer may be lost to the surroundings, this results

in the deposition of more stable, inert solvents present in the initial droplet mix-

ture. Prominent examples such as ink-jet printing and material coatings highlight

the importance of this behaviour in engineering fields. Another naturally occur-

ring effect on the depositing of particles is the Marangoni force, often affecting

the final distribution of non-evaporative particles through concentration gradients
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of volatile surfactants which provide a surface tangential component to the sur-

face tension force. Common examples may be found in the coffee stain effect,

specifically investigated by Deegan [14] who found qualitative agreement with ex-

periment for the transport of a solute and intriguingly the role of the surrounding

vapour on the final deposition of the residue. The topic can be seen as a whole as

reviewed by Erbil [15] focussing on the assumption of pinned or sessile droplets on

surfaces. Droplets commonly stick to surfaces for microscopic topographic reasons

but do so even for mostly uniform surfaces in the presence of even slight chemical

impurities. Dunn et al [16] comprehensively demonstrated both mathematically

and experimentally the effect of temperature and buoyancy-variant atmosphere

saturation on the thermally driven evaporation of a droplet. Viscoelastic effects,

especially related to surface contaminants have been studied by Bousfield [17]. Ex-

perimental and analytic results found the expected retardation of fluid jet breakup

and interesting cases of the reduction of the capillary effect efficacy in the tapering

of the jets.

The Plateau-Rayleigh instability demonstrates the case of a unstable liquid jet.

Above a critical length to width ratio the jet is susceptible to perturbations and

undergoes breakup due to the growth of the instability of the dominant character-

istic wavelength. Initially this seems counter-intuitive where surface tension acts

to temporarily increase the surface area, however the phenomenon is the result of

fluid flux into the beading sections powered by an internal pressure gradient which

arises due to variations in the surface curvature.

Free droplets undergoing pure oscillations are only possible under limited circum-

stances, such as liquid jet break up since gravity and inertia may pollute the results.

For example, free millimetre-scale droplets are shown oscillating in microgravity

[18], alternatively micrometre-scale droplets in free fall show that the influence of

gravity has an extremely small effect on the evolution of the oscillation at and

below this scale [19]. Rayleigh [20] first studied, analytically and experimentally,

the down-stream break-up of a fluid column into oscillating droplets. The study

of large amplitude droplet oscillations was undertaken numerically by Basaran

[21] who demonstrated the lack of droplet fissioning at high elliptic deformations,

and efficacy of fluid mixing as well as heat transfer of droplet oscillations. The

numeric study of large scale droplet oscillations, at a range of different dominant

mode harmonics, and their subsequent decay rate was studied by Lundgren and

Mansour [22]. Wilkes, Phillips and Basaran [23] analysed both computationally
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and experimentally the formation of a droplet from a capillary tube into an am-

bient surrounding gas. Stability was governed by the gravitational and surface

tension forces, whilst overturning, or a multivalued surface as measured axially, of

the growing droplet was observed before break up.

The effects of surface tension on the Rayleigh-Taylor instability are investigated

and compared with the experiments of Fermigier et al. [24] where an layer in-

stability, specifically a denser fluid atop a less dense fluid, powers the immiscible

phase dynamics.

Advances in sub-micrometre manipulation of fluid have been rapid. In partic-

ular lab on chip (LoC) research and technology, the control of microfluidic and

nanofluidic sampling and processing currently garners considerable attention, as

reviewed by Squires and Quake [25–27]. Microfluidics defined in the region of≤ 300

micrometres also concerns much of the operation of micro electro-mechanical ma-

chines (MEMs) of which is reviewed by Taberling [28]. Using the same parlance,

nanofluidics concerns fluids with length scales of ≤ 100 nanometres and a recent

review can be found by Schoch [29]. Fluids at the nanometre scale utilise ex-

tremely different forces such as Brownian motion. Electrical forces, through the

electrostatic surface layer, characterised by the Debye length, exhibit especially,

and are detailed by, electrostatic/electrokinetic theory, see for example Eijkel [30].

Molecular manipulation, interaction and integration also occur at this length scale

making nanofluidics an important biological and biomedical domain.

The application of external electric and magnetic fields provides an accurate and

powerful technique of droplet control. Experimental advancements make it possi-

ble to manipulate fempto-litre quantities with high sample throughput [31]. This

is particularly crucial for LoC technology where diffusion and mixing otherwise in-

terfere with results. Additionally fields provide orders of magnitude faster sample

processing when compared with traditional manipulation methods such as micro-

pumps and centrifuges. Conductive [32] and non-conductive fluids in the domain

of ferro-hydrodynamics [33] provide other examples of electric field based manip-

ulation of droplets. Additionally novel examples of electro-wetting present finely

tuned control over the contact angle [34] even at the microscale. Droplet coales-

cence on substrates is naturally influenced by contact angles and by the slip-free

condition. This can be achieved experimentally using a few different approaches;

by droplet deposition near a sessile second droplet [35], by gradual insertion of fluid
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though the substrate by injection causing the stable growing droplet to suddenly

merge with the original specimens [36] or by electro-wetting where the substrate

energy which controls the contact angle may be controlled and suddenly changed

by applying a different electric potential, provoking the spreading and merging of

adjacent droplets [37].

Chemical controlling of the surface energy via dissimilar materials has been demon-

strated by Schwartz [38] who used Teflon tape to mark crosses on a glass slide. The

relatively high hydrophobic Teflon tape was used to fragment droplets incident on

the substrate. A more advanced chemical treatment by chemical vapour deposition

(CVD) was conducted by Zhu [39] to achieve a smooth surface energy gradient

across a flat surface. The effect of this was to propel and spread a droplet pref-

erentially in one direction. An alternate way of propelling a hydrophobic droplet

without eventual unlimited spreading was the method used by Sommers [40]. The

method used a laser fabricated micro-channel set where a directional, periodically

increasing trench size motivates droplet movement perpendicular to the trench

direction. The explanation for this was given in terms of Wenzel’s law and has

obvious applications to heat management and moisture removal. Topography pro-

pelled droplets may also be achieved by using constant channel widths but varying

the channel spacing instead. Another difference between these chemical and topo-

graphic fabrications is that if indeed Wenzel’s model applies to the latter case, then

droplets with contact angles less than 90◦ will drain in the opposite direction. This

provides a selection criteria, especially if coupled to a chemical treatment making

a particular contact angle selection which could select for particular materials.

The accurate and timely modelling of thin film and droplet phenomena is then

evidently an area of much scientific interest and practical importance. An initial

foray into lubrication was made by Reynolds [41] whilst droplets and dynamics

were investigated by Young [42] in the infancy of the field. General review papers

of the current state of affairs may be found in Craster and Matar [43] and Oron [44].

The effect of underlying topography causes sharply stratified film behaviour and

was investigated numerically by Kalliadasis [45]. Veremieiev [46] modelled inertial

thin fluid films using a multigrid numerical method with time integration based

on error accumulation. The equations of motion utilised, took the form of depth-

averaged Navier-Stokes; a numerical technique similar to the integral boundary

layer approximation and involving the averaging of variables such as the pressure
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gradient in the upward direction to a single value. The effects on the gravity driven

films resulted from underlying topographic features and increase as predicted with

plane inclination angle. Deformations to the free surface included characteristic

bow and tail waves were characterised in addition by the topographic trench di-

mensions. Droplet sliding and spreading was investigated by Ahmed [47], as may

be seen in droplets on slopes. In the case of increasing the slope angle, pearling

effects resulted in the experiments performed by Le Grand [48] as the limiting case

as defined by the Capillary number.

For thin films and droplets, the long-wave or lubrication approximation [49] is

generally imposed for analytic and numeric solutions. In the approximation, the

ratio of the characteristic height and lateral length of the film as well as surface

features, ε = H
L
� 1 is defined to be extremely small for the limit of a very

thin film with shallow spatial gradients. This enables the terms of order ε2 or

greater to be neglected from the equations of motion. The simplification to the

Navier Stokes Equations also reduces the dimensionality by one making analytic

and numeric examination of the problem vastly more solvable. Using boundary

velocity conditions and mass flux conservation to unify the remaining equation

results in a fourth order equation for time dependent evolution of the film thick-

ness, h = (x, t). Another obvious advantage to this approximation is the reduction

in computational cost of numeric models. This attractive approach however lim-

its the model to small contact angles where the slope is shallow and constant.

In addition the lubrication approximation is limited to small Reynolds numbers,

Re < 100 and Froude numbers, Fr < 0.01 [50] as well as low Capillary numbers,

with Ca < 0.01 [51]. Essentially the approximation does not allow for strong per-

turbations in the interface which negate the formation of, for example, Capillary

waves. Hereafter this model is referred to simply as the lubrication approxima-

tion. Indeed, motivations for the lubrication approximation and other techniques

such as asymptotic expansion are driven by the exposing of exact solutions as well

as the aforementioned expense of computing a model with full three dimensional

Navier-Stokes equations and the implied limitation on computational runtime or

its reciprocal, resolution.

A physical precursor film [52], of thickness H∗ sometimes precedes an advancing

droplet on a surface, consuming surface energy. It is typically used in an artificial

sense to numerically avoid the seeming contradiction (also known as the contact
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line paradox [53] or the Huh-Scriven paradox [54, 55]) of a droplet under no-slip

conditions apparently having a moving contact line. This otherwise would lead,

in the lubrication approximation, to non-integrable forms for force terms between

the interfaces as noted by Schwartz [38, 54]. According to Gaskell [3], one disad-

vantage of using the precursor film is that the actual parameter is of the order of

1-100 nm so that an artificially large value needs to be used. However negative

film thickness may result from the precursor film not being accurately represented

and furthermore the dynamics and wetting behaviour of the droplet are affected

by the precursor thickness so that corrective terms are imposed to overcome both

of these problems. The disjoining pressure [38] update to the precursor model is

used to control the apparent contact angle via an additive pressure term applied

to the fluid free surface and the substrate itself. In a model such as SPH however,

the contact line is not fundamentally attached to the particles but rather their ma-

terial inter-relationship and as the lubrication approximation is not implemented,

the inclusion of the precursor film and hence the disjoining pressure term, Π(H∗)

and other corrective procedures are not necessary for a numerical solution. The lu-

brication equation limit of sub-90◦ contact angles and topographic features, which

otherwise would result in doubly defined surfaces, may also be alleviated. An argu-

ment for the physical interpretation of slipping/non-slipping is made by Lamb [56].

The profile of a viscous droplet spreading across a substrate, driven by surface

tension alone was studied analytically by Tanner [57], as illustrated in Figure 2.2.

He found the quasi-static droplet height and radius obeyed a simple power law with

time when analysed using the lubrication approximation. The power laws holds

for two and three dimensional droplets with shallow contact angles which undergo

complete wetting and are summarised completely in Table 2.1 which appears to

be universally applicable. This relationship holds experimentally for a wide va-

riety of parameters provided a thin droplet of fluid with a small contact angle is

studied. Experimentally this can be replicated by small, nearly flat droplets where

the relative importance of gravity is small so that the curvature of the droplet is

approximately spherical, i.e. when the droplet footprint is negligible to the droplet

radius. Cormier [58] studied the extension of Tanner’s ‘law’ to polymer droplets

spreading on top of films. He found through the preprocessing of and subsequent

rapid liquification of droplets that the power law depends on the ratio of the film

height to the droplet height, where Tanner’s law is recovered in the limit of the film

thickness becoming insignificant to the droplet height. Tanner’s law is numerically
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verified in section 8.1 in two and three dimensions.

Figure 2.2: Schematic of Tanner’s droplet analysis [57], of a completely wet-
ting droplet, where relative notation is as follows: L is the radial droplet foot-
print (R), h the droplet height (H) and the droplet triple point slope is β

(θdyn ≈ tan (θdyn)).

Table 2.1: A summary table of Tanner’s power laws for two and three dimen-
sional droplets [57].

The modelling of the unbalanced force acting on a dynamic triple point is closely

related to the contact angle. Standard approaches in implementation are often

one of two subsets. The first category, pioneered by Voinov [59] defines the con-

tact angle as a constant with a slip length overcoming the contact line paradox by

allowing substrate-relative movement at the contact point. However the matching

of the two different regions of the interface, specifically the contact point region

with the bulk, requires the solving of two respective governing equations with

boundary conditions under asymptotic expansions. Equating these expressions
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eliminates the constants of integration and reveals the droplet spreading rate as

a function of the radius as demonstrated by Hocking [60]. It is worth noting that

it is possible for apparent contact angles to differ from the set constant value ac-

cording to different energy balances at relative scales. Explicitly stated, at the

lowest resolvable scale the contact angle must agree with the set value at equilib-

rium, however this contact angle measured at larger scales may differ significantly,

especially across rough surfaces. The second general approach of calculating the

dynamics at the contact angle is to define the spreading rate by the relationship

between the dynamic contact angle, θdyn and the equilibrium contact angle, θeq

as derived by de Gennes [5, 49]. For example:

ui = κ (θdyn − θeq) n̂

where κ is the slip length, denoted in this instance only so as not to be confused

with the curvature which shares the same notation throughout the rest of the

project. A reformulated version of this latter method is used in this work to

describe the evolution of the triple point where the slip length is equivalent to the

Kronecker delta function of the triple point.

Topographic surface features have been shown to affect flow though a number of

mechanisms. Firstly reactive pressure components manifest as droplets experience

equal and opposite forces normal to boundary walls. Specifically the higher in-

ternal pressure, at equilibrium the Laplace pressure, according to Newton’s third

law motivates repulsive dynamics. A second, related mechanism for topography

influence is the varying of substrate gradient which provides a spatially varying

surface energy component, altering the local solution of Young’s equation. Hence

for example a droplet passing over a sharp corner experiences pinning until the

advancing angle is changed to the equilibrium angle in the new topographic di-

rection. Homsy et al. [61] demonstrated flows over trenches and overhangs and

derived a phase graph for stable flow, wetting and vapour entrapment regimes.

The effect of the roughness of the topography may cause either enhanced wetting

or de-wetting as first noted by Wenzel [62] who related the roughness to the ratio

of the actual surface area in contact at the triple point with the idealised geometric

or large scale equivalent:

r =
actual surface

geometric surface
.
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Since any roughness increases the actual area from the base geometric area, the ra-

tio r is always greater or equal to unity. The relationship between the theoretical, θth

and effective equilibrium contact angles, θeq is given as:

cos θeq = r cos θth, (2.1)

also referred to as the Wenzel equation. Hence for any roughness, the observed

equilibrium contact angle must be either less than the theoretical value if the an-

gle is less than 90◦ or greater than the theoretical value if the angle is greater

than 90◦. By the nature of the cosine function, this gives a non-linear relationship

for a constant roughness where the greatest discrepancy between theoretical and

observed equilibrium contact angle is achieved at 90◦. The relationship holds for

all angles less than 180◦ until complete de-wetting results in droplet detachment.

From the surface minimising action of surface tension, it is clearly unfavourable

for the droplet to spread into cracks and cavities as gravity would otherwise dic-

tate. According to the scale and frequency of the topographic features, this free

surface could potentially have to increase almost without bound. This implies

that for even weak surface tension exhibiting fluids, sufficient surface roughening

will locally and perhaps even globally de-wet a surface. The examples of microme-

tre scale topography fabrication through lithographic treatment of the substrate

by McHale et al. [63] were benchmarked to show the effect of increasing surface

area on spreading rates. The results confirmed the theoretical prediction of the

alteration in wetting area leading to so called superhydrophobic and superwet-

ting droplet geometry. McHale also demonstrated the enhancement on Tanner’s

power law for completely wetting fluids. Topographic and roughness effects on

wetting were investigated numerically in 2D by Savva and Kalliadasis [64]. The

method used a lubrication/long wave approximation approach coupled to a finite

slip length [49] enabling the triple point to move parallel to the substrate in or-

der to resolve the Huh-Scriven paradox. As such, this alleviates the need for a

fluid precursor layer. Saddle points and other stable points were found to ex-

ist for specific configurations of droplets in equilibrium in this case. Additionally

hysteresis of the advancing/receding contact angles was observed. However the

role of increasing the contact angle, especially out of the limitation of the lubrica-

tion approximation was not possible without application of the full Navier-Stokes

equations.
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Related to the relatively simplistic Wenzel equation is the Cassie-Baxter equation

[65]:

cos θeq =
N∑
n=1

fn cos θth,n, (2.2)

accounting for the balancing of differing surface energies internal to the droplet.

It is especially interesting in the case of atmospheric entrapment when the droplet

or film sits, at least locally, on top of topography without fully wetting the cavity.

Conceptually the models can be compared in Figure 2.3. These dissimilar, enclosed

substrate area fractions, fn assume
∑N

n=1 fn = 1 and may possess unique theo-

retical contact angles with the triple point, θth,n. Whyman et al. [66] re-derived

Young’s equation along with the Cassie-Baxter and Wenzel equations. The sur-

prisingly recent analysis elucidates the role of the minimisation of the Gibbs free

energy of a free surface bounded by a triple point and the resulting effects of to-

pography and varying surface energy on the resulting contact angle. Although

the validity of the Wenzel and Cassie equations seems to be justified by some

experimental results, discrepancies are however noted by many authors [67] and

particularly highlighted by Gao and McCarthy [68] who instead makes the argu-

ment that contact lines are responsible alone for equilibrium contact angles. The

critique is again countered by the authors such as Bormashenko [69] who validate

the equations through the precursor layer, but they retain that their applicability

seems to be in simple limiting cases and almost are entirely unable to calculate

superhydrophobic angles.

The growing body of work and experiments investigating the rapid evolution of

micrometre scale fluids and hence surface tension dominated dynamics has been

highlighted. The challenges of capturing this transient phenomena, manipulating

the setup on this scale, and finally, reliably repeating the experiment may be offset

by the addition of data from reliable numeric simulations as is now standard for

most scientific and engineering fields. However the limits of various standard mod-

els inherently restrain the range of simulations possible. The class of these methods

includes meshed and cell methods as well as the mathematical description of the

fluid using approaches such as the lubrication approximation. The relatively ro-

bust, but immature particle method, Smoothed Particle Hydrodynamics is thus
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Figure 2.3: An illustration of the conceptual difference between the Cassie
Baxter (top) and Wenzel (bottom) models or regimes of wetting behaviour.
The increase in submerged surface area caused by roughness accentuates the
wetting behaviour according to Wenzel. For air entrapment or energetically

unfavourable cases de-wetting results according to the Cassie Baxter model.

adopted in order to overcome these limitations. The method framework and de-

velopment milestones are now detailed in Section 2.2 in order to familiarise the

reader and act as a concluding background of literature. Its application and further

developments made in this thesis then follow in the following chapters.

2.2 Smoothed Particle Hydrodynamics Litera-

ture

Smoothed Particle Hydrodynamics (SPH) is a Lagrangian meshless particle method

developed by Gingold and Monaghan [70] and simultaneously by Lucy [71]. From

its original inception and application to astrophysics, it has since been the subject

of much extended development. The general application to fluid flow [72] and solid
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dynamics by Libersky [73, 74] has required advanced implementation of the semi-

implicit and statically cast boundary conditions [75, 76]. Technical reviews may

be found in Monaghan’s work [77], Liu and Liu’s book [78] or the seminal work

of Violeau [79] which treats the subject with considerable rigour. The method

has vast potential in a number of practical applications due to its robust and in-

trinsically physical formulation; Neumann’s posthumous endorsement often being

supplied by Monaghan:

“The particle method is not only an approximation of the continuum fluid equa-

tions but also gives the rigorous equations for a particle system which approximates

the molecular system underlying, and more fundamental than the continuum equa-

tions”.

However SPH has drawbacks principally in slow computation speed compared

with Eulerian counterparts for problems with well defined boundary conditions.

Especially of note is the fundamentally undesirable nature of the compression-

tensile kernel instability discovered and treated by Monaghan [80] as well as Swegle

and Hicks [81] and fully analysed, for stability, by Morris [82]. The instability

causes particles to clump, impairing simulation results. This can be explained by

considering the case of converging particles which initially cause the gradient of the

kernel to rise along with related repulsive forces. However, within a certain radius

which depends on the specific kernel function, the kernel gradient begins to reduce,

finally reaching zero when the particles come into contact. In the region of this

decreasing gradient, it is possible for local compression to relieve high pressure,

causing often irreversible clumping. The inverse scenario in tensile regions also

causes clumping for equivalent reasons.

The extension of SPH to truly incompressible flows was introduced by Cummins,

Sharen and Rudman [83] based on earlier work in finite difference and finite el-

ement methods [84–86]. The incompressible or projection method was used to

solve for divergence free velocities [87, 88], density invariance [89] and both simul-

taneously [90–92] as a discrete solution to the continuity equation. Motivations

for the different methods are described [93] and comparisons are made between

incompressible and weakly compressible procedures by Lee et al. [94] who found

advantages in adoption of ISPH. A coefficient controlled inclusion of the density

error term used for solving the Pressure Poisson equation [95] bridges the two
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main ISPH formulations of the continuity equation where for a vanishing den-

sity inclusion coefficient, the original velocity divergence becomes more heavily

weighted.

The SPH implementation of surface tension has received considerable attention in

the last decade and is currently under rapid development. Two main approaches

have been adopted, namely those based on microscopic molecular interactions

[96] and those based on the macroscopic tension from the continuum boundary

condition [97] originating from Brackbill’s colour description [98]. The colour,

or continuum surface force (CSF) method describes the interface as a discretised

boundary delta-function and calculates the stress via the interface curvature, based

on surface normals. To both support the full calculation and promote stability,

two phases are needed to define the free surface of the fluid. Drawbacks of the

CSF method also include parasitic currents; numeric inertia increasing vortices

which are later described. Following the CSF method, a few different treatments

have been proposed to model a fluid triple line or contact angle. Since the colour

function describes a two-fluid interface, a direct approach is to take the summation

of similar-dissimilar fluid and achieve the contact angle balance by modifying the

unique surface tension applied to each phase’s interface. This however proves

unstable for the large density ratios of interest. The first approach is reminiscent

of a more successful direct energy balance achieved by implementing CSF in the

form of the divergence of the stress tensor first used by Lafaurie et al. [99], later

by Wu et al. [100] and in SPH by Hu and Adams [90]. However the acceleration

imparted to more volatile phases limits time steps and inhibits stability. Density

recasting of both the tensor and the divergence as used by others is found to be less

effective [90, 92]. Other methods rely on modifying the main fluid-fluid interface

in close proximity to the triple line.

An artificial measurement of the curvature, near the contact point in SPH, was

proposed by Breinlinger et al. [101] who coupled this value to achieve zero stress

when the desired contact angle was achieved. This results in an agreement between

true and artificial normals. However, the method requires some numerical overhead

for the calculation of the artificial normals. These artificial normals address two

main issues: firstly the lack of a well defined true normal near the substrate

and away from the fluid interface and secondly solving the manner of reliably

including the tension balance at the triple line. The unlimited definition of the

artificial normals, referred to as a proximity force treatment or as a reset force,
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is problematic however. Specifically the artificial normals are not only local to

the triple line but also to the interface close to the triple line in close proximity

to the substrate. Thus for high or low contact angles no curvature is calculated

near the droplet base even for arbitrarily large surfaces, violating the action of

surface tension. This is because the constant artificial normals do not calculate a

curvature between them. Extrusion to high or low contact angles may thus also

result even without them physically occurring in the first place. These nonphysical

results were reported by Breinlinger who encountered them for dynamic flows,

who correspondingly updated the method by the inclusion of a smoothing region,

refining the weight and transition between true and artificial normals. If the

transition of the artificial zone is poorly smoothed, this manifests in the ‘pooling’ of

particles at the base of droplets. The suggested smoothing of the transition region

between true and artificial normals only partially remedies the effect however.

This is because the source of the instability is the removal of the true normals near

the substrate. Replacing them with artificial normals removes information about

true surface curvature. The coupling of the artificial normals to the true normals

is only weakly achieved by the tension at the transition between the two being

transmitted via incompressibility to the local area, thus the smoothing, which

moves the artificial normals closer to the substrate enhances the true normals’

reach. This solution is thus limited to viscous flows and does not generally solve

the aim of including the tension balance at the triple line for all cases.

Alternatively, the continuum line force (CLF) method introduced by Huber et al.

[102] resolves the tension balance from Youngs’ equation and applies a surface

tension tangential component to the fluid contact line. The normalisation of the

contact line force enables good parameter control of tension near the contact line.

The stability of the method is also achieved by proper normal calculation near the

substrate enabling a simple curvature minimising surface force to act in the region

as well as the contact line force.

Alternatively the microscopic methods attempt to replicate the inter-molecular

forces giving rise to surface tension. Tartakovsky et al. [96, 103–105] extended

this approach arguably based on an earlier version by Nugent and Posch [106].

Nugent et al. explicitly coupled the surface tension to the equation of state via

a Van der Walls type potential. Reportedly droplets were unstable unless for an

increased attractive-potential range. The surface tension value was inserted by the

potential function constant and recovered in static form from pressure integration.
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Tartakovsky and Panchenko later decoupled the pressure-surface tension by intro-

ducing an independent potential force. The main disadvantages to inter-particle

forces are namely the arbitrary potential energy shape the attractive-repulsive

function takes and the decoupling of the particle-particle interaction strength and

the macroscopic value for surface tension and contact angles. The former controls

the equilibrium distance of the particles and their dynamics and would appear

to need calibration based on inter-molecular potentials. However, recently [105]

the parametrization of the surface tension by integrating the arbitrary interaction

functions and removing a ‘virial’ pressure component to achieve the true pressure

imposed by the surface tension. Integration of the interaction functions also yields

the surface tension parameter and by extension recovers contact angles. This has

enabled the surface tension parameter to be re-coupled to the amended resultant

pressure.

SPH has been shown to be an appropriate method for the modelling of surface

tension of highly dynamic flows between phases of discontinuous density and vis-

cosity. Hu and Adams [92] demonstrated highly viscous droplet oscillations and

atmospheric shear driven steady state elongations with high density and viscosity

ratios in an ISPH model using the CSF method. The volume recasting was similar

to the example of rising bubbles achieved by Colagrossi [107] who used a weakly

compressible method with CSF surface tension. Nair [108] showed preliminary

results of droplet impacts featuring a molecular surface tension model in ISPH.

In summary, the SPH method presents a strong framework for the modelling of

fluids with surface tension. The advantages of the particle approach and its nat-

ural application to a deforming free surface are complimented by its relatively

inexpensive computational cost next to other particle methods such as Molecu-

lar Dynamics. By incorporating a full mathematical description of the equations

of motion the available range of phenomena able to be simulated is increased.

However, as an relatively immature method numerical stability and the imple-

mentation of boundary conditions has not currently reached a standard. Thus a

bespoke solver, featuring a collection of current techniques is developed and vali-

dated according to the needs of the project in the following sections.



Chapter 3

SPH Definitions from Continuum

Equations

The following section provides a background to the standard framework of SPH

from the discretisation of the full, incompressible, Newtonian Navier-Stokes Equa-

tion and relevant boundary conditions.

3.1 Continuum Navier-Stokes Equation

The continuum Lagrangian Navier-Stokes Equation (NSE) which governs fluid

flow is given as:
∂v

∂t
= −1

ρ
∇P + ν∇2v + Fb (3.1)

where ν is the kinematic viscosity, defined relative to the dynamic viscosity via

the relation, ρν = µ, v is the velocity, P is the pressure, ρ is the density and Fb

is the summation of body forces such as gravity. The surface tension is expressed

as a boundary condition acting over the interface delta function, δΣ and which is

fully described in Section 3.1.1. For incompressible fluid flows, the divergence-free

velocity and the continuity conditions:

∇.v = 0, ρ̇ = ρ∇.v = 0 (3.2)

must also be met.

21
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3.1.1 Surface Tension Stress

Surface tension, γ, acts to minimise the area of a free surface; in fluids this cor-

responds to finding the lowest energy configuration of an attractive-repulsive po-

tential from any molecule set. This manifests itself as a macroscopic boundary

condition which is applied to the NSE in regions near the free surface [42, 109].

The surface stress tensor is:

Παβ
s = γ

(
δαβ − nαnβ

)
δΣ (3.3)

where nα and nβ are the surface normals with spatial components α, β using the

Einstein summation notation and δαβ acts as the identity tensor. Note that for

the arbitrary function φ, the surface gradient notation is given as:

∇sφ = ∇φ− n. (n.∇φ) (3.4)

The normal and tangential components are thus balanced respectively

nαTαβnβ = γ∂αnα (3.5)

and

nαTαβtβ = ∇γαtα (3.6)

where Tαβ = −Pδαβ + 2µEαβ is the Cauchy stress tensor constituting of a trace

pressure and the deviatoric stress:

Eαβ =
1

2

(
∂vα

∂xβ
+
∂vβ

∂xα

)
(3.7)

as simplified in Equation (3.1). However as the surface tension is treated as a

constant in this work, ∇γ = 0, so that the boundary condition Equations (3.5)

and (3.6) reduce to the Young-Laplace Boundary condition equation,
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∆P = −γ∇.n. (3.8)

3.1.2 Non-dimensional Numbers

In order to classify regimes of fluid behaviour governed by disparate, variable

forces, it is helpful to use non-dimensional numbers which characterise the flow

according to dominant forces. This is achieved by scaling parameters by charac-

teristic quantities:

u = Uu∗, t = t∗
L

U
, ∇ =

1

L
∇∗,

P = ρU2P ∗, δΣ =
1

L
δ∗Σ, g = Gg∗

where the arbitrary parameter φ is replaced by the product of its typical scale, Φ,

with the new re-scaled parameter, φ∗, i.e. φ = Φφ∗, in the equations of motion.

The gathering of scale factors produces the non-dimensional numbers such as the

Froude number:

Fr =
U√
GL

(3.9)

which is a measure of inertia to gravitational force. On the other hand, the

Reynolds number,

Re =
UL

ν
(3.10)

measures the relative importance of the viscous and inertial effects while the Bond

(Eötvös) number,

Bo =
∆ρGL2

γ
(3.11)
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describes the ratio of gravitational to surface tension forces, where ∆ρ is the

difference in density of the fluid structures. Related directly to this is the Capillary

length,

λ =

√
γ

G∆ρ
(3.12)

which defines the physical regimes of gravity and surface tension domination. An-

other significant number, the Capillary number

Ca =
µU

γ
, (3.13)

describes the relative importance of the viscous and surface tension forces while

the Weber number,

We =
ρU2L

γ
(3.14)

measures the relative importance of inertia to surface tension. Using these def-

initions, the non dimensional Navier-Stokes equations may be written in several

useful forms depending on the gathering of these factors. For example, in inertial

form

∂u∗

∂t∗
= −∇P ∗ +

1

Re
∇∗2u∗ +

1

We
δ∗Σ (∇∗.n̂) n̂ +

1

Fr2
g∗ (3.15)

or in surface tension form

We
∂u∗

∂t∗
= −We∇P ∗ + Ca∇∗2u∗ + δ∗Σ (∇∗.n̂) n̂ +Bog∗ (3.16)

3.2 Kernel and SPH Functions

In general, the Dirac delta function may be used to extract a variable from a

summation which identically shares its location. The SPH kernel may be seen as

a diffuse Dirac delta function and is used in much the same way. It is used in
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conjunction with a finite number of particles in place of the complete formulation

of a shifted Dirac delta function, δ(x−x′) acting on a continuum field, f (x′). The

difference in these formulations can be expressed relatively as

f (x) =

∫
Ω

δ(x− x′)f (x′) dx′, (3.17)

f (x) '
∫

Ω

W (x− x′, h)f (x′) dx′ (3.18)

where the kernel has a measurable support radius quantified by the characteristic

smoothing length, h. The particle or point discrete formulation provides a further

simplification so that

f (x) '
∑

Ω

V ′f (x′)W (x− x′, h) (3.19)

where V ′ is an incremental volume and the domain is over Ω. This introduces a

second order approximation [110]. SPH methodology may thus be distilled into

the three kernel tenets, expressed in the following equations, which describe the

governing concept of the kernel approximation and from which SPH is principally

defined through. Explicitly, these tenets state that the kernel summation, as the

Dirac delta function, must equal unity, that the Dirac delta must be replicated

as the discretisation tends to the continuous domain and, principally for compu-

tational reasons, that the range on the kernel must be finite, i.e. have compact

support. Succinctly in mathematical form these are expressed as:

∫
Ω

W (x− x′, h)dx′ = 1 (3.20)

lim
h→0

W (x− x′, h) = δ(x− x′) (3.21)

W (x− x′) = 0 as |x− x′| ≥ kh. (3.22)

The particles may be thought of as interpolation points for the kernel centred at

x which is used to give a corresponding magnitude to the value at x′. Equations



SPH Methodology 26

(3.21) and (3.22) are a reflection of the fact that the kernel is related to the Dirac

delta function where the effective range is extended to kh with a linear multiple

of the smoothing length; k which is the number of spline segments in the kernel,

for example k = 2. Thus the kernel in the context of an integral can be viewed

as a very diffuse Dirac delta function with compact support for the reduction of

computational cost in a local summation.

In coherence with standard literature notation and for brevity the approximate

equality in the above kernel relations is replaced with an identical equality, and

the kernel with W (xi − xj, h) = Wij, where in both instances the indexes i and j

represent specific discrete interpolation points. Specifically they may be treated as

particles with the centre particle, i, surrounded by a set of nearest neighbours, con-

taining the particular neighbour particle, j. The popular cubic kernel in described

as

Wij = C


(2− q)3 − 4(1− q)3 0 < q ≤ 1,

(2− q)3 1 < q < 2,

0 q ≥ 2

(3.23)

where the normalisation factor, C = 5
14πh2

in two dimensions and C = 1
4πh3

in

three dimensions with the dimensionless separation, q =
|ri−rj|
h

.

The Schoenberg quintic kernel [111] which is

Wij = C


(3− q)5 − 6 (2− q)5 + 15 (1− q)5 0 < q ≤ 1,

(3− q)5 − 6 (3− q)5 1 < q ≤ 2,

(3− q)5 2 < q ≤ 3,

0 q > 3.

(3.24)

where C = 7
478πh2

in two dimensions and C = 3
359πh3

in three dimensions is used

by authors seeking higher order continuous kernels [112] however is, as a trade

off slower to compute. A second quintic kernel, by Wendland [113], which is

comparatively inexpensive computationally is consequently gaining favour,

Wij = C
(

1− q

2

)4

(2q + 1) 0 ≤ q ≤ 2 (3.25)
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Figure 3.1: The two dimensional splines of the SPH kernel and its gradients
approximate the Dirac Delta function, used to reproduce field variables.
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where C = 7
4πh2

in two dimensions and C = 7
8πh3

in three dimensions. Using such

singly defined functions, unlike their piecewise alternatives, has the advantage of

defining fewer conditional statements in their programming.

3.3 Kernel approximation and density dependence

in Weakly Compressible SPH

Using the established identities of the kernel, the density may be directly cal-

culated as may any other continuum function. In the weakly compressible SPH

(WCSPH) formulation the SPH instability is explicitly coupled to the pressure

by the equation of state. This is illustrated in the following section where the

conservation of mass along with the expressions for the time and space derivatives

of a general field variable A(x) are found.

Consider that in one dimension, this parameter can first be described as an integral

of the function over all space, with the bounding Kronecker delta δ(xi−xj) limiting

the integral to the value of A(x), evaluated at the position xi, which may be

written,

〈A(xi)〉 =

∞∫
−∞

A(xj)δ(xi − xj)dx '
∑
j

AjVjW (xi − xj, h) (3.26)

where the delta function is used to return the value of the function at the evaluated

point xi [114]. This integral is then fully discretised by introducing the sum of

interpolated points and by introducing the kernel, as an approximation to the

delta function, which still limits the summation to those of the nearest neighbours

(NNs) in a particle system with general particle j possessing volume, Vj =
mj

ρj
. The

kernel may be thought of as a diffuse Dirac delta function and indeed both have

integrals that normalise to one over all space. The notation for the expectation

value shall be dropped for brevity so that A(xi) = 〈A(xi)〉, with particle indices

making the distinction between values assigned to mobile interpolation points, Ai

and the field evaluated at the same location, A(xi). Taking a Taylor expansion

around xj for the exact kernel value W (xi, h) gives the final expression of Equation

(3.26).
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Particularly for a symmetric kernel of smoothing length h, the Taylor expansion

up to the second order is simply:

W (xi − xj, h) = W (xj) +
(xj − xi)

1
Wx(xj) +O(h2) (3.27)

where the subscript denotes derivation with respect to xi. Incidentally the integral

over all space for the odd second term vanishes. The term on the left hand side,

W (xi−xj, h) is used as the analogue of the Dirac delta function in Equation (3.26)

and is approximately equal to the kernel at xj up to second order accuracy as is

typically used in practice since using the kernel as the delta function is valid only

as h→ 0. Therefore the second order of h may be in addition ignored. Naturally

as more terms of the Taylor expansion of W (xi − xj, h) are computed, the more

accurately the function is a representation of the kernel at xj.

As an example, the density field variable A(x) = ρ(x) in Equation (3.26) simplifies

to:

ρ(xi) =
∑
j

mjW (xi − xj, h) (3.28)

When the integral over all space is taken, this obviously returns the total mass

on the right hand side since the total sum of the kernel is one and the sum of the

density over the space which equates to the total mass. This formula is particularly

useful since it implies by default mass conservation.

The downside of Equation (3.28) is that boundaries are not treated as discontin-

uous which creates unphysical behaviour. A density estimate for boundary parti-

cles will, due to the smoothing kernel, include the summation of an area outside

the boundary. This smoothed out mass representation produces persisting field

variables intended on originating from the particles to diffuse outside the bound-

ary. Methods of combating this have implemented ‘ghost’ particles and repulsive

boundaries [115].

The approximations inherent in the SPH method and resolving limits are now

highlighted before further developing the SPH formulation. Each error introduces

a probable variation from the exact solution sought. The initial integral to inter-

polation point approximation acts as a simplification of the function. Depending

on the function’s complexity, the resolution of the particle equivalent must be able
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to reproduce the details adequately. This couples with the kernel approximation,

itself only a second order representation which may be suppressed by reducing the

smoothing length, h such that the delta function is better reproduced and equiv-

alently, the higher order terms in the Taylor expansion become further negligible.

The accumulation of these two effects is felt when the kernel and its derivative

fail to reproduce unity and zero respectively from basic principles [114]; equation

(3.20) and its derivative become:

∫
Ω

W (x− x′, h)dx′ = 1 '
∑
j

VjW (xi − xj, h) (3.29)

∫
Ω

∇.W (x− x′, h)dx′ = 0 '
∑
j

Vj∇.W (xi − xj, h) (3.30)

where continuum interpolation points, x′ and x are differentiated from the discrete

quantities, xi and xj for the purpose of illustration between exact and discrete

summations.

3.4 First order kernel derivatives

The result of deriving the standard SPH expression for the general field variable,

seen in Equation (3.26), is:

∂Ai
∂xi

=
∑
j

Aj
ρj
mj

∂W (xi − xj, h)

∂xi
. (3.31)

For example, the density relation may be calculated by using

∂ρ(xi)

∂xi
=
∑
j

mj
∂W (xi − xj, h)

∂xi
(3.32)

The divergence is taken with respect to the kernel centre point xi and not the

interpolation indices j associated with the scalar, or vector, values Aj. As such

the only variable in the derivative is the kernel associated with the centre point i.

This has the distinct computational benefit that any derivative may be computed
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using the predetermined function of the kernel’s derivative. An alternate derivation

used by Liu and Liu [78] includes substituting the derivative form directly into the

kernel approximation integral:

〈∂A(x)

∂x
〉 =

∫
Ω

∂A(x′)

∂x′
W (x− x′, h)dx′ (3.33)

Using a product rule expansion, Equation (3.33) becomes

〈∂A(x)

∂x′
〉 =

∫
Ω

∂

∂x
(A(x′)W (x− x′, h)) dx′ −

∫
Ω

A(x′)
∂

∂x′
(W (x− x′, h)) dx′

(3.34)

Now using the divergence theorem on the left integral to convert to a surface flux

integral which is equivalent to evaluating the kernel on the surface of the support

domain which is zero everywhere, the left integral vanishes. Thus only the right

hand integral remains. The negative sign is nullified to take into account the

internal derivative’s direction and that for a symmetric kernel with anti-symmetric

derivative, a change in direction reverses the sign thus agreeing with Equation

(3.31).

Considering the product rule with an arbitrary differentiable function reveals useful

identities [77]. Particularly, the derivative of the field variable A(xi) and differen-

tiable function Φ(xi) is

∂A(xi)

∂xi
=

1

Φ(xi)

(
∂ (Φ(xi)A(xi))

∂xi
− A(xi)

∂Φ(xi)

∂xi

)
=

1

Φ(xi)

(∑
j

Φj

ρj
mj(Aj − Ai)

∂W (xi − xj, h)

∂xi

)
. (3.35)

When the field variable Φ is set to 1 and ρi, the two instances reveal a useful

transform between different indices of the density. Namely, the density of the

particle i can be exchanged for the sum of densities of the other particles with

index j.

∂A(xi)

∂xi
=
∑
j

mj

ρj
(Aj − Ai)

∂W (xi − xj, h)

∂xi
(3.36)
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∂A(xi)

∂xi
=

1

ρi

∑
j

mj(Aj − Ai)
∂W (xi − xj, h)

∂xi
(3.37)

The accuracy of the kernel approximation is limited according to two main factors.

The first is caused by the conversion of the function integral to a summation. As is

expected when instead of taking a summation of an, ideally infinite, set of infinites-

imally small evaluations, the values are sampled farther apart, the approximation

results in a function that is of lower order accuracy. The interpolation points are

treated as the particles in the SPH method and so the summation is made to

better approximate the integral by introducing a larger set of particles. This is

naturally at a relative trade-off with the computation cost of the simulation, so

an optimal number of particles to capture the dynamics is called for. Standard

convergence assures the results are sufficiently accurate. The other limiting factor

to the kernel method is the Taylor expansion of the kernel to only the second

order of the smoothing length. The error associated with this can be reduced by

minimising the smoothing length, or equivalently increasing the simulation resolu-

tion, since this naturally causes the suppression of higher orders [114]. This runs

the risk that important contributions made by the nearest neighbours (NNs) are

ignored so usually a dynamic smoothing length is required if renormalisation is

not implemented. The former has the property of increasing h when the particles

are far apart and decreasing h when they are closer together.

Another convenient trait of SPH is that the derivatives of the function are never

taken since the kernel acts as the variable. Thus for a well behaved function

chosen as the kernel, rates of change are quite easily computed. It is tempting to

use the exponential Gaussian as the kernel since its continuous derivatives provide

the capability to represent any rate needed however the function does not fall

off quickly enough; indeed a non-zero contribution exists for all space so splines,

piecewise continuous functions, like the ubiquitous cubic spline are used instead.

Exact and symmetric forms of SPH derivatives, where the former conserves mo-

mentum exactly but for which a non zero difference exists between identical terms

and vice versa for the latter (see Monaghan [77]) are useful in different contexts.

The symmetric form is generally used except for instances where it is useful to

have a vanishing force, for example the treatment of free surfaces in ISPH where

the Dirichlet boundary condition imposes zero pressure at the boundary.
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Another worthwhile relation is derived by considering the gradient of ρ and of the

general function fρn. Referring to the general form of (3.31), these become:

∇ρ(xi) =
∑
j

mj∇W (xi − xj, h) (3.38)

and

∇ (f(xi)ρ
n(xi)) =

∑
j

mjf(xj)ρ
n−1
j ∇W (xi − xj, h) (3.39)

respectively. Now if these are combined with the product rule identity

∇f(xi) =
1

ρn(xi)

[
∇ (f(xi)ρ

n(xi))− nρn−1(xi)f(xi)∇ρ(xi)
]

(3.40)

the resulting relation, once gradients are expanded, is given as

∇f(xi) =
1

ρn(xi)

∑
j

mj

[
f(xj)ρ

n−1(xj)− nρn−1(xi)f(xi)
]
∇W (xi − xj, h).

(3.41)

For the conditions n = 1 and n = −1, the useful relations

∇fi =
1

ρi

∑
j

mj [fj − fi]∇W (xi − xj, h) (3.42)

∇fi = ρi
∑
j

mj

[
fj
ρj2

+
fi
ρ2
i

]
∇W (xi − xj, h) (3.43)

are gained where particle notation is used for clarity and SPH utility. Equation

(3.42) is the difference equation previously derived in Equation (3.36) and has the

advantage of reducing to zero if constant or identical functions are involved. In

this sense it is said to be exact however Equation (3.43) demonstrates a symmetric

form which can be used for any equal and opposite acting variable like the force

imposed by the pressure gradient. This is equivalent to switching the summation

index i for the function f(xi) (which is the particle of interest and is evaluated
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for the particle not in the set of j particles). If one uses identical masses and

considers two interacting particles, Equation (3.43) is clearly the same magnitude

for particle i acting on particle j as that of j on i but with a negative sign denoting

the opposite direction.

3.5 Second order kernel derivatives

Directly taking the second order derivatives of low order kernel splines may impair

the simulation stability. For example, the second derivative of the cubic spline

becomes linear. Whilst the values for the second derivative are continuous at the

joining points of the cubic’s piecewise functions, the derivatives there, equivalently

the third kernel derivative, is discontinuous. Moreover Morris [116] examined the

stability of a one dimensional array of particles undergoing an oscillation over

particle spacing distances and found the growth of unphysical transverse waves

could be sharply reduced by using higher order kernels.

An alternate formulation may be used to approximate the second order derivative

to a first order derivative, as implemented by Brook [117] (see Appendix A for

further explanation), such that for arbitrary fluid quantities A and B, the second

derivative becomes:

{(∇.A∇)B}i =
∑
j

mj

ρj

(Ai + Aj) (Bi −Bj)

x2
ij

xij.∇Wij (3.44)

or

{(∇.A∇)B}i =
∑
j

mj

ρj
(Ai + Aj) (Bi −Bj)

(
1

xij

∂Wij

∂xi

)
(3.45)

since

∇Wij =

(
xij
|xij|

∂Wij

∂xij

)
(3.46)
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3.6 Discrete Navier-Stokes Equation

The continuum governing equations such as the Navier-Stokes Equation (3.1) may

readily be expressed in discrete form for computational use via the SPH formalism.

For example, the standard form for the pressure gradient term in the Navier-Stokes

equations uses the general SPH gradient Equation (3.43) and is given as:

− ∇Pi
ρi

= −
∑
j

mj

(
Pi
ρi2

+
Pj
ρj2

)
∇Wij (3.47)

3.6.1 Density

The discrete approximation of the particle system enforces a more exaggerated

density variation than the modelled real-world system. However, an appropriate

equation of state may still be used to model weakly compressible behaviour by

using an artificially small reference sound speed, c0. Alternately, a Poisson Equa-

tion may be used to approximate the density variance of dynamics. The density

is typically evaluated by the summation

ρi =
∑
j

mjWij. (3.48)

where ρi is the density of particle i and the summation is over j nearest neighbours

where mj is the mass of neighbour j and Wij is the kernel weighting for a static

smoothing length between particles i and j. However the discretized form of the

mass continuity Equation,

∂ρi
∂t

=
∑
j

mjvij.∇iWij (3.49)

where the relative velocity vij denoting vi − vj, may also be used to update the

density rather than Equation (3.48) which is favourable for free surface handling

by correct initialisation of starting values. The complication being that more care

is required to initialise the system since initial values are not validated by any

inherent SPH calculation and dominate the motion of the particles by the effect

of a local divergence. Comprehensive reviews on the physical implementation of
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SPH, for example Monaghan [77], demonstrate the success and appropriateness of

such models.

3.6.2 Equation of State

The equation of state, as used in WCSPH, links the density variation to the

pressure in fluids that are traditionally compressible. The need for linking the

density to the pressure is particularly useful in a numeric solver which iterates

through the evolution of a fluid. Specifically the closing of such iterative loops is

possible by using the equation of state which provides the fifth equation solving

five unknowns: density, pressure, position and its two derivatives. The equation

of state used takes the form used by Cole [118] and Tait [119]

P = P0

[(
ρ

ρ0

)γ
− 1

]
(3.50)

where ρ0 and P0 are the ambient density and pressure values respectively and

γ = 7. The approximation used by Morris [112] is also implemented as seen in

Equation (3.51).

For low Reynolds numbers several alterations must be made to counteract the

errors associated with the equation of state and increase the stability [112]. The

usual cubic function is replaced with the higher order differentiable quintic kernel

of Equation (3.24). This is motivated by the form of the viscosity which uses the

second derivative of the kernel implying that a higher order kernel is needed for

smooth transitions. The equation of state (3.50) is thus approximated to

P = c2
0ρ, (3.51)

where c0 is the global sound speed, by setting γ to unity since it was found that

disproportionate errors arose at low Reynolds numbers [112] forcing larger than ex-

pected pressure variations. Errors associated with negative density perturbations

were quelled by the further removal of the ‘−1’ term.
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3.6.3 Kernel Instability Correction

Unfortunately SPH exhibits a tensile instability [81, 82] due to the kernel gradi-

ent. The value of the function decreases in magnitude and falls to zero towards

the origin and below a separation threshold as shown in Figure 3.1. This is ul-

timately a symptom of the kernel approximation to the idealised delta function.

The instability manifests as the tendency for particles to clump in some situations

when separated below a threshold value, defined uniquely for different kernels, and

additionally in cases of low density where the particles are in tension. Monaghan

[80] originally applied perturbation theory to the system and implemented an arti-

ficial fix which avoids instabilities. This may take the form Rijf
n
ij, as an additional

term to the governing Equations (3.56) where

fij =
W (rij, h)

W (r0, h)
(3.52)

is a kernel based correction, normalised by the initial particle separation value, r0,

and n > 1 is an arbitrary integer, used to cause faster growth of the correction

function than the rate at which the gradient decays. The remaining term, Rij =

Ri + Rj, includes the relevant dimensional units needed along with the check of

the sign of the pressure so that the constitutive terms,

Ri =

{
ε|Pi|
ρ2i

Pi < 0,

0 Pi ≥ 0
(3.53)

are added with ε and n which were determined by Monaghan [80], who considered

characteristic behaviour of the cubic kernel spline and selected ε = 0.2 and n = 4

from a simplified analysis on a regular array for a perturbation in one dimension.

The drawback from this approach is that there is no physical justification for

the corrective form taken and as a fudging factor, the many arbitrary tuning

parameters may be chosen without strict limitations based on existing physical

models.

Another addition that may be added to stabilise high Reynolds number flows in

the governing equations, is a basic ‘artificial’ viscosity term based on resisting

relative movement and predominantly used for shock capture [72, 77]
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Πij =

{ −αc̄ijµij+βµ2ij
ρ̄ij

vij.rij < 0,

0 vij.rij ≥ 0
(3.54)

where ρ̄ij is the average density of particles i and j while

µij =
hvij.rij
r2
ij + η2

(3.55)

is the effective conservative viscosity with c̄ij being the average sound speed and

weighted by the coefficients α and β. For the higher order term which is often

neglected, these constants take the values 0.01 and 0 respectively as used by Mon-

aghan [72]. The singularity relieving coefficient, η takes the value of 0.01 and

provides a stable expression which may be used without expensive computational

conditions avoiding the original singularity. The correction, although not a true

viscosity, nevertheless allows for greater stability and shock analysis.

Thus the basic governing equations of motion used to update the system are the

discretised Navier-Stokes equations:

∂vi
∂t

= −
∑
j

mj

(
Pi
ρi2

+
Pj
ρj2

+Rijf
n
ij + Πij

)
∇iWij + f b + fv + f s (3.56)

where fv, f b and f s define the summation of additional viscous, body and surface

force effects respectively. Other efforts to stabilise the weakly compressible algo-

rithm include background pressure, often denoted χ, which when applied to the

pressure term within the standard SPH Navier-Stokes Equation (3.56) produces

a stiffness weighted by the kernel gradient which has the net effect of keeping the

particles in an array. As pressure is a relative force, this effect is non-physical but

arises in SPH by the approximation of the gradient which does not in practice

vanish to zero. However excessive use of the background pressure affects dynamics

and has the effect of reducing the dynamic pressure measured. Alternatively the

evolution of the velocity is not universally used to update the position of the par-

ticles in all cases. For flows like the dam break where turbulence near boundaries

is an issue, a second velocity is used to update the particle positions [72]. This

‘XSPH’ [120] variant of velocity is calculated from an averaging of local fields:
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v̂i = vi + ε
∑
j

mj

ρ̄ij
v̂jiWij (3.57)

where ε ∼ 0.5. This form is sufficient to conserve energy as well as linear and

angular momentum [77]. Another velocity based correction similar to that used

in the velocity shifting incompressible algorithm (detailed in Section 5) is the

advective velocity [121] where particles are moved based on the some conservative

measure of kernel gradient anisotropy.

3.6.4 Viscosity models at low Reynolds numbers and sec-

ond derivatives

Artificial viscosity [72], Equation (3.54), is commonly used to model viscous losses

but is shown not to be sensitive enough for low Re numbers [112]. Thus the second

derivative approximation applied so that the viscous acceleration, fv becomes [112]:

{(
1

ρ
∇.µ∇

)
v

}
i

=
∑
j

mj (µi + µj) vij
ρiρj

(
1

rij

∂Wij

∂ri

)
(3.58)

where µ = ρν is the dynamic viscosity and ν is the kinematic viscosity. Equation

(3.58) is used to add a dissipative viscous term to the Navier-Stokes Equations

(3.56), replacing the artificial viscocity. The asymmetric velocity term clearly

breaks momentum conservation but this effect is minimal due to the low Re regime

where it is used.

3.7 Renormalisation Filters

As in any numerical method, parameter renormalisation may be both appropriate

and necessary when applied as a corrective measure. In SPH, particle quantities

are sensitive to the surrounding particle deployment or equivalently the nearest

neighbour summations of the centre particle. This disorder violates the kernel

discretisation conditions of Equations (3.29) and (3.30). Consequently SPH inter-

polation based on such disorder will be erroneous. Specifically kernel summations

are greater than unity for over-dense configurations and are less than unity in
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sparse configurations due to insufficient neighbours. Additionally the kernel gra-

dient is affected by non-symmetric deployment of surrounding particles, again

causing failure to reproduce quantities in such regions. As a consequence, calcu-

lation of variables near surfaces and discontinuities such as an air-water interface

require treatment for the simulation to maintain acceptable behaviour. The effect

and formulation of these measures are detailed in this section.

3.7.1 Density Renormalisation

An example of a renormalisation technique [122] is applied to the density so that:

ρi =

N∑
j=1

mjWij

N∑
j=1

(
mj

ρj

)
Wij

. (3.59)

This is motivated by the denominator being an approximation to unity for parti-

cles with optimal nearest neighbour kernel summations, such as in the bulk, but

additionally gives a proportionately reduced summation value near the surface,

yielding the corrected value needed. However, the correction does not address

particle anisotropy, therefore the correction cannot be used to correct kernel gra-

dient summations.

3.7.2 Volume Summation

An alternate formulation for kernel renormalisation, based on a Shepard filter, is

developed for SPH by Hu and Adams [90] where:

σi =
∑
j

Wij (3.60)

is the number density, or equivalently the inverse of volume. By extension, the

new density evaluation is found to be:

ρi = miσi. (3.61)
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This enables high density ratios to coexist without density summation abnormal-

ities causing unphysical pressure gradients. The time derivative of this which

is reminiscent of Ferrand’s incompressible semi analytic truncation function [75]

where:

∂σ

∂t
=
∑
j

∇Wij.vij. (3.62)

Using Equation (3.61) this may be related to the continuity equation,

∂σ

∂t
= −σi∇.vi (3.63)

Uniting Equations (3.62) and (3.63) gives

∇.vi = − 1

σi

∑
j

∇Wij.vij (3.64)

which is taken to be a general form for the arbitrary function ψ so that

∇ψi = − 1

σi

∑
j

∇Wij.ψij (3.65)

This is equivalent to the Equation (3.42) if mass is assumed to be constant in the

original formulation. Other σ-filter forms for the derivative are given [90] as

∇ψi = σi
∑
j

(
ψi
σ2
i

+
ψj
σ2
j

)
∇Wij (3.66)

and

∇ψi = σi
∑
j

(
1

σ2
i

+
1

σ2
j

)
ψi + ψj

2
∇Wij (3.67)

which are similar in form to the symmetric first derivative of equation (3.43).
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3.8 Boundary Conditions

Boundary effects are of vital importance in physical applications. Their imple-

mentation is now considered using a number of standard techniques. Amongst the

most direct methods are spatially defined repulsive forces, mirrored particles or

alternatively using particles with positions evolved independently from the flow

[2]. For the discretised boundaries in SPH, these three commonly occurring possi-

bilities have been investigated. The first uses a prescriptive short range repulsive

force associated with molecular boundary-fluid particle interactions [72] between

fluid particles i and boundary particles j,

fBij
= D

[(
r0

|xij|

)4

−
(
r0

xij

)2
]

xij
x2
ij

. (3.68)

This may be generalised to a radial force method where the repulsive force is ap-

plied to fluid particles within range of an established boundary line. The weighted

coefficient of this kind of force is of an order appropriate to the simulation at

hand, for example D ∼ gH for the dam collapse later reviewed. Advantages of

the method are that repulsive points do not cause negative pressure contributions

when fluid particles move away from them as the mass continuity equation is not

solved for them. Equivalently they do not possess active density estimates of their

own. This repulsive form of boundary is however generally found to be unstable,

causing oscillations near the boundary wall and has since fallen out of favour in

literature.

Dynamic boundary particles on the other hand integrate fluid particles that have

been assigned as boundaries into the governing Equations (3.56) but exclude an

update to the acceleration terms associated with them [2]. Thus momentum con-

servation is not strictly observed. This has the advantage of including boundaries

into the density-pressure relationships thereby handling repulsion in a natural way.

Conversely, as mentioned, negative pressures prevent fluid from exiting boundary

zones without more fluid taking its place. In other words flux near dynamic

boundaries is opposed. This drawback does not feature in enclosed flows or high

resolution flows where the fluid percentage in the affected region is minimised.

The third related treatment makes use of mirrored particles, sometimes referred

to as ghost or image particles, which includes mirroring quantities of real particles
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across a line of symmetry, of which there may be more than one. This technique

is vital for saving on computational expense and so is prevalent across numerical

methods. As an added benefit, noise feedback from calculations which leads to

asymmetry is negated. In SPH, the mirroring of particles nearest to the boundaries

serves to complete particle nearest neighbour summations and quantities [73]. In

practice this is can be done by either copying particles in the region of the bound-

ary or their nearest neighbours. The former method increases memory usage but

allows a mirror invariant algorithm structure whereas in the latter, duplicated

nearest neighbour quantities need be identified for parameter inversion in for ex-

ample surface tension calculations. The latter two boundary methods have been

implemented in this work where found to be most appropriate and are defined as

part of the parameter list in the numerical section.

3.8.1 Morris Boundary Conditions

Given the continuity Equation (3.49) will oppose diverging particles, a model

based on writing a fictional velocity to boundaries for the sole purpose of opposing

relative movement and replicating a no-slip condition is vindicated. For a fluid

particle with boundary separation di the function used linearly extrapolates its

velocity, ~vi over the boundary edge so that a boundary particle j has apparent

velocity

~vj = −dj
di
~vi (3.69)

This appears as the relative velocity in the continuity equation such that ~vij = β~vi

where β is

β = min

(
βmax, 1 +

dj
di

)
(3.70)

and βmax is a singularity relieving value set to the order of unity.
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3.9 Time Integration and Stability Conditions

The time integration is performed by a second order Leap-Frog method similar to

a Verlet scheme. The position xi(t) and velocity vi(t) are evolved separately at

half time steps with the initial half time value of velocity

vi(0.5dt) = vi(0) + v̇i(0)
dt

2
(3.71)

being a first order linear approximation. The simulation is then advanced by

xi(t+ dt) = xi(t) + vi (t+ 0.5dt) dt

vi(t+ 0.5dt) = vi(t− 0.5dt) + v̇i(dt)dt (3.72)

where the velocity is calculated for half time steps and the position and acceleration

are calculated for full time steps. For illustrative purposes, velocity for whole

time steps is calculated from a simple first order extrapolation from the half step

quantity but is thereafter not used to further update the system. For system

parameters which are a function of the particle configuration, quantities are also

calculated at the whole time step whereas those to be advected such as density if

using the continuity form of Equation (3.49) may be updated

ρn+1
i = ρni +

∂ρi
∂t
dt. (3.73)

The time steps, dt are constrained to safeguard against the degeneration of the

accuracy of the flow. These limitations include the Courant-Friedrich-Lewy con-

dition (CFL) [123]; an information propagation safeguard,

dtCFL ≤ 0.25
h

c
, (3.74)

where c is the numerical speed of sound. The acceleration term is,

dtf ≤ 0.25min

(
h

ẍij

) 1
2

, (3.75)
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while the surface tension term [90, 98] is,

dtst ≤ 0.25min

(
ρh3

2πγ

) 1
2

, l 6= k. (3.76)

Finally a viscosity condition is also computed. If the artificial viscosity is used,

Equation (3.54) introduces the time constraint [115]

dtcv ≤ 0.25mini

(
h

c̄ij + 0.6 (αc̄ij + βmax (µij))

)
, (3.77)

where the constants are defined as before. Otherwise if the viscosity based time

step takes the form of the second derivative approximation, the relation used by

Morris [112]

dtv ≤ 0.125
h2

max(ν)
(3.78)

is used instead. The global time step is then the minimum of the terms calculated.

3.10 WCSPH Algorithm

The complete Weakly Compressible SPH numerical method, as described in the

previous section, is presented below in Figure 3.2. The process may be broken into

single stage initialisation steps and a main iterative loop. The continuum problem

is first discretised with initial conditions being set. The iterations then cease when

a specified time limit is met, or are interrupted for data acquisition. Outputs are

formatted for use with the ParaView software package.
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Update position: 
𝑥1  𝑥0.5, 𝑥0

Update density rate: 
 𝜌1 𝑥1,  𝑥1

Update Acceleration: 
 𝑥1 𝑥1,  𝑥1, 𝜌1 , 𝑃1

Update Pressure via 
EOS: 
𝑃1 𝜌1

Update Nearest 
Neighbour Spatial 

Quantities

Update timestep and 
time: 

𝑑𝑡1  𝑥1 , 𝑡 ← 𝑡 + 𝑑𝑡1

Update half time 
Velocity: 
 𝑥1.5  𝑥1,  𝑥0.5

START

Data 
Output

?

Update density: 
𝜌1  𝜌0

Discretise Problem: 
𝑥0,  𝑥0, 𝜌0

Calculate 
Acceleration: 
 𝑥0 𝑥0,  𝑥0, 𝜌0, 𝑃0

Calculate Pressure 
via EOS: 
𝑃0 𝜌0

Calculate Nearest 
Neighbour Spatial 

Quantities

Calculate timestep
and update time: 

𝑑𝑡0  𝑥0 , 𝑡 ← 𝑡 + 𝑑𝑡0

Calculate half time 
Velocity: 
 𝑥0.5  𝑥0,  𝑥0

Update full time 
Velocity: 
 𝑥1  𝑥0

Calculate density 
rate: 

 𝜌0 𝑥0,  𝑥0

Increment indexes 
by 1

Output Data/
End Check

YES

NO

Figure 3.2: Code profile for the WCSPH method
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WCSPH Numerical Verification

For the purposes of rigorously validating the numerical scheme, a number of ap-

plicable challenging test cases are implemented. The equations of motion and the

supporting calculations are as detailed in the previous section. Specifically the Tait

equation of state is used as described by Equation (3.50) to solve pressure with

the numerical sound speed, unless otherwise stated equal to c0 = 10U where U is

the characteristic or maximum velocity of the problem, as described. The density

evolves according to the continuum Equation (3.2). This standardised WCSPH

solver uses the code profile as seen in Figure 3.2. Boundary conditions are discre-

tised by use of dynamic particles due to their relatively superior robustness over

the other main methods described.

4.1 Normalised Pressure Test

The Normalised Pressure Test [2] (NPT) is an extremely simplified boundary re-

pulsion test. The initial deployment and conditions are identical to Crespo and

Dalrymple’s model [2]. A free particle is dropped under gravity, and without vis-

cosity, onto a hexagonal lattice boundary section, composed of 5 static particles,

as shown in Figure 4.1, in order to confirm the conservation of momentum in in-

viscid weakly compressible flows. Although the nature of the test is unphysical;

an isolated particle cannot be said to represent very much, its repulsion by the

dynamic boundary is crucial to demonstrate an impermeable boundary wall. Sim-

ilarly, the wall itself is unimportant in its discretisation except for the dynamic

47
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particles around the impact point being symmetrically deployed. This is to pro-

vide a symmetric repulsion force, without which the bouncing free particle will

eventually drift laterally off the impact point. The free particle is dropped from

a height of 0.3m under gravity, g = 9.81ms−1. A global smoothing length, for

the cubic kernel, was set to h = 2.097× 10−2m. The boundary particles were

separated by a distance, dx = h/1.3.

The unit-less pressure term, PN = P
ρ2
/
Pr0

ρ2r0
, normalised by state parameters of the

falling particle at closest approach, r0, characterises the increase in pressure as

seen in Figure 4.2. Without a mechanism for the loss of energy, the falling particle

undergoes unlimited oscillation powered by the conservative forces of gravity and

boundary repulsion. The results show a similar profile to that in literature [2]

but since not all parameters are physically specified, the exact characteristics are

not significant. Figure 4.3 shows the recorded 6 bounces of the free particle.

The maximum height returned to retains the original value without measurable

discrepancy. In Figure 4.4 the vertical velocity is plotted against height. The

data from each cycle appears to retain the trajectory through this space, with

no appreciable error between cycles. The profile far away from the boundary

appears parabolic. Close to the boundary wall however, the repulsion is shown

to be active at a short range, reversing the particle’s momentum rapidly. Thus

the particle and boundary demonstrate a high level of incompressibility. This is

also evident in Figure 4.5 which shows the linear growth of the velocity, expected

under the constant gravitational acceleration. The almost discontinuous reversal

of velocity sign occurs at the closest approach.
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2.3 Normalised Pressure Test

The Normalised Pressure Test (NPT) checks the conservation of momentum in inviscid weakly compressible flows by dropping a
free particle under gravity onto a hexagonal lattice boundary section. The initial deployment and conditions are identical to Crespo

and Dalrymple’s model [12]. The unit-less pressure term, PN = P
ρ2 /

Pr0

ρ2
r0

, normalised by state parameters at closest approach, r0,

characterises the increase in pressure (Fig.2). Without a mechanism for the loss of energy, the falling particle undergoes oscillation
powered by the opposing gravitational and repulsive boundary forces. The results show a similar profile to that in literature but
since many parameters are not physically specified, the exact characteristic is not important.
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Figure 2: a)The initial deployment of the NPT test and b) the NPT graph demonstrating repulsive capability of the boundary.

3 Dam Collapse

The two dimensional representation of a dam collapse problem presents a simplified verification test of the basic properties of the
solver such as material definition, boundary modelling and density tracking. Verified against the experimental data of Oka et al.
[14], the set-up sees the collapse of a column of water released inside a tank. Benchmarking key characteristics such as the height
decrease of the column and the rate of the advancing toe of the flow with experiment shows acceptable results of the order of error
expected in literature [12, 14].
Large number densities of particles introduces surface and bulk effects inherent in the SPH scheme. One such example is in the
event of mass exiting an area, particles will often bunch and fragment the representation of the flow by producing more stable,
pressure induced, conglomerations. To renormalise the restorative pressure terms resulting from the varying completeness of local
kernel summations, dynamics boundaries were coupled with corrective kernel treatment. The later was used in place of eqn(2)
every fifty time steps and took the form

ρi =

�
j

mjWij

�
j

mj

ρj
Wij

. (15)

This acts to relieve pressure and create an updated value for the density. The use of this ’Shepard Filter’ is however a double-edged
sword since renormalising the density allows particles under sustained external pressure to tunnel into otherwise impenetrable
boundaries. Thus as an alternate approach, a continuous repulsive force boundary description [8] was used along with XSPH in
order to normalise turbulence around the boundaries. The advance of the leading edge and global maximum height of the fluid
structure of height H0 and length L0 was tracked (Fig.3). Parameters used were g = −9.81ms−2, ρ0 = 1000.0kgm−3, � = 0.5, dx0 =

4

x

y

g

Figure 4.1: The initial deployment of the NPT test. A free particle is released
at t = 0s and falls under gravity onto stationary boundary particles whereupon

frictionless, oscillatory motion ensues.

Figure 4.2: NPT graph demonstrating repulsive capability of the boundary.
Pressure is shown as a function of particle location and increases as the particle
approaches the wall. The pressure is normalised relative to the closest approach

value while the position is normalised relative to the smoothing length.
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Figure 4.3: NPT Height evolution. The height of the particle above the base
of the wall follows a parabolic trajectory with an almost discontinuous change

of trajectory at closest approach to the boundary.

Figure 4.4: Velocity-height phase graph. The velocity is shown to be recov-
ered on each subsequent oscillation with a symmetric value achieved for the

same height and with the sign depending on the direction of travel.
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Figure 4.5: NPT Velocity evolution. A nearly discontinuous change is ob-
served in the periodic velocity field on closest approach to the boundary with a

linear increase in downward velocity away from the boundary.

4.2 Couette Flow

The plane Couette flow simulates an ideal fluid of viscosity, ν, flowing between two

infinite plates at y = L and y = 0 of which the upper exhibits a non-zero velocity,

V0 as shown in Figure 4.6. The non-slip boundary condition ensures a non-zero

fluid velocity profile. The Taylor series solution, comprising of a steady state com-

ponent and a transient series component, for the tangential velocity profile is given

by:

vx(y, t) =
V0

L
y +

∞∑
n=1

(−1)n sin
(nπ
L
y
)

exp

[
−υ
(nπ
L

)2

t

]
(4.1)
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V 0

L

x

y

Figure 4.6: Couette Flow Schematic. A lubrication layer experiences a shear-
ing force due to the relative motion of boundary layers (left) and results in a

steady state velocity for the fluid (right).

Once again dynamic boundary particles were used to produce density normalising

pressures according to the Equation (3.49), where the parameters used, following

the test case in Morris’ work [112], were L = 10−3m, V0 = 1.25× 10−5ms−1,

µ = 10−6m2s−1 and ρ = 103kgm−3 implying that Re = V0L0µ
−1 = 1.25 × 10−2.

The hexagonal deployment of particles allowed the same resolution as Morris,

with 50 particles spanning the channel, and a recursive periodic domain defined

in the x-direction, parallel to the flow allowing for single column of particles to

complete the description. The approximate Tait equation of state, described by

Equation (3.51) was used to solve for pressure. Series solutions were compared to

numeric results in Figure 4.7, which showed agreement with analytic results with

a maximum peak flow error of 0.5%, a similar figure to that achieved by Morris.
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Figure 4.7: Evolution of fluid particle velocities (dotted) against analytic series
solutions (lines) for the evolving velocity profiles across the plates.

4.3 Poiseulle Flow

Poiseulle flow is simulated under identical conditions to the plane Couette flow

except the shear driving force is replaced with a pressure gradient to produce the

fluid dynamics as seen in Figure 4.8. Again, parameters followed the test case

in Morris’ work [112]. The pressure gradient can more easily be expressed by

a common body force per unit mass, F acting on the particles where F is set to

10−4ms−2 and is simply added to the acceleration term in the governing equations.

The series solution, comprising of a steady state component and a transient series

component as before, for the tangential velocity profile may be expressed as:
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vx(y, t) =
F

2υ
y (L− y) +

∞∑
n=1

(−1)n sin
(nπ
L
y
)

exp

[
−υ
(nπ
L

)2

t

]
.

(4.2)

Again the results show peak velocity error values remain under 0.5% of series

solution values, as shown in Figure 4.9, again identical to the figure achieved by

the test case run by Morris [112].

F LPhigh Plow

x

y

Figure 4.8: Poiseulle Flow Schematic. A pressure gradient across a channel
(left) results in a steady state fluid velocity (right). Due to a no-slip condition,
local fluid velocity diminishes at the static boundaries. The pressure gradient,
(Phigh − Plow) is replaced by the force, F acting identically on each particle.
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Figure 4.9: Evolution of fluid particle velocities (dotted) against analytic series
solutions (lines) for the evolving velocity profiles across the plates.

4.4 Dam Break

The classic two dimensional dam collapse problem, illustrated in Figure 4.10,

presents a simplified verification test of the basic stability of the solver. The

characteristic length scale, L parameterises the problem when the evolution of

the released water column may be mapped against dimensionless, scaled time,

t′ = t(2g/L)1/2 so that scaled results agree across a wide range of actual length

scales. For the simulation run, the length scale used was L = 1m. Physical

properties such as viscosity and incompressibilty are tested, as well as the more

challenging dynamic boundary requirement of having fluid flux enter and exit the

wall regions as the water column advances. Verified against the experimental data

of Oka et al. [1], the set-up simulates the collapse of a column of water released

inside a tank. Benchmarking key characteristics such as the height decrease of
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the column and the rate of the advancing toe of the flow with experiment shows

acceptable results of the order of error expected in the literature, namely a peak

error of less than 5% [1, 2]. The length of the tank is 4m while in the numerical

model no upper limit to the height of the domain is imposed.

L

4L

2L

Figure 4.10: Dam Schematic showing the dimensions of the released water
column at t = 0s and the box domain length.

To renormalise the restorative pressure terms resulting from the varying complete-

ness of local kernel summations, dynamics boundaries were coupled with correc-

tive kernel treatment. Specifically the standard continuity equation, see Equation

(3.49), used for density calculation was replaced by the corrective filter, see Equa-

tion (3.59) every fifty time steps. This correction relieved pressure and created

an updated value for the density. The use of this ‘Shepard Filter’ is however

a double-edged sword since renormalising the density allows particles under sus-

tained external pressure to tunnel into otherwise impenetrable boundaries. Thus

as an alternate approach, a continuous repulsive force boundary description [72]

was used along with an XSPH update to the velocity according to Equation (3.57),

in order to normalise turbulence around the boundaries.

The advance of the leading edge and global maximum height of the fluid structure

of height H = 2L and length L was tracked and plotted in Figure 4.11. The

evolution of the water column was also captured and compared with Crespo in

Figure 4.12 for phenomenological comparison. The most noticeable numerical

discrepancy was that of the fluid jet advancing up the far tank wall where the

author’s simulation exhibited less momentum than the benchmarked comparison.
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Since the parameters mapped in Figure 4.11 do not record data for this, the conflict

could not be resolved without further experimental data.

Other parameters used were g = −9.81ms−2, ρ0 = 1000.0kgm−3, ε = 0.5, dx0 =

0.05 and h = 1.3dx0. This hexagonal close packing deployment generated 798 par-

ticles within the fluid whilst no particles were needed for the boundary modelling.

Additional effects of a surrounding atmosphere such as air entrapment were not

included here.

Figure 4.11: Dam break evolution of toe advance and column height fall of a
2D column of water with characteristic length scale L = 1m. Experimental data
points (Oka [1]) are compared with numerical simulations, Crespo [2] (dotted

line) and the author’s own (solid line).
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Figure 4.12: Evolution of the dam break (left) benchmarked against literature
(right) [2] and identical time indices.



Chapter 5

Incompressible Smoothed Particle

Hydrodynamics

5.1 Background

In contrast to the WCSPH method, the strictly more incompressible algorithm,

formally Incompressible SPH (ISPH) [83, 124] arises from ensuring a divergence

free velocity field is imposed on the domain. This alternate pressure-solution

replaces the equation of state and removes the dependence of a numeric sound

speed and reportedly produces less noisy and therefore more accurate velocity

fields, whilst being comparatively inexpensive computationally [83].

Although there exists multiple formulations, this is fundamentally achieved by

updating the system of particles using a partial sum of accelerations from the full

Navier Stokes equation, omitting only the pressure term which itself finally acts

to enforce incompressibility. This pressure free sum is denoted as,

fi =

(
ν∇2v +

1

ρ
∇.Π + Fb

)
i

, (5.1)

which determines the resultant uncorrected velocity, with the full time step pressure-

corrected velocity which are respectively defined as,

vn+1∗
i = vni + fidt,

vn+1
i = vn+1∗

i −
(
∇P
ρ

)
i

dt, (5.2)

59
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where quantities from time step n are used to update to the proceeding time step

n + 1. Although this form may also be analogously defined through a position

projection as described in Equation (5.31). From the uncorrected velocity space

a Pressure Poisson Equation (PPE) is solved by application of a sparse matrix,

non-linear solver (see Appendix B) to acquire the pressure configuration needed

to project the system into a velocity divergence minimised state which according

to the divergence of Equations (5.2) is equivalent to:

∇.vi = ∇.v∗i −∇.
(

∆t
∇pi
ρi

)
, (5.3)

where ideally the incompressibilty condition of Equation (3.2) is met. A recent

review of ISPH methods by Xu [93] highlighted three primary ISPH approaches

of applying a PPE each with potential drawbacks and proposed a fourth method

to address these problems. The first approach directly uses the projected diver-

gence free (DF) [83] velocity of Equation (5.3), the second relates the divergence

instead to the rate of change of density via the continuity equation and imposes

an invariance to the density (DI) [125] when the PPE is solved. An example of

both combined, that is divergence free and density invariance (DFDI) [92], con-

stitutes the third method detailed in section (5.2) while the fourth method which

was finally suggested by Xu [93] is based on the DF approach but with a transform

or shift applied, therefore denoted as the DF shift (DFS) method, to the particle

positions and the hydrodynamic variables such as the velocity. An updated DFS

algorithm [88] is described in Section 5.3 along with the shift mechanism.

The common DF approach, which maintains a continuous velocity field and hence

a noise free pressure field, may however become unstable in some situations es-

pecially when particle distributions display high distortion or stretching where

numerical instability arises whereafter the linear structures and particle clumping

result in numeric breakdown of the simulation. The DI approach in contrast keeps

the density and hence volume constant thereby producing a stable numerical solu-

tion however the resulting pressure field can become noisy as a consequence. The

DFDI method seeks to capitalise on both of the advantages of the DF and DI

methods while guarding against their drawbacks, namely preventing both noisy

pressure fields and particle clumping, however as the solutions to two PPEs are

required per time step, this incurs a computational run-time overhead. The DFS

method in practice minimises the fragmentation displayed by the DF approach
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by starting with the same formulation but with the amendment that the parti-

cles are thereafter shifted from the fluid streamlines in an operation which acts to

reduce the disparity of some characteristic particle nearest neighbour summation

for example using the average nearest neighbour particle separations [93] or kernel

gradients [88].

5.1.1 PPE discretisation

The choice of discretisation of the PPE has a marked effect on stability and the

resultant pressure field and must be paired with similarly compatible velocity

divergence and accelerative terms. Listed below are the discrete forms which may

be used to implement the ISPH methods.

5.1.1.1 Second order nested PPE - Type A

The Laplacian based on the nested forms of the anti-symmetric and symmetric

first derivatives of Equations (3.65) and (3.66) is presented as the complete form

of the PPE, given as,

∇.
(
∇Pi
ρi

)
= − 1

σi

∑
j

∇Wij

[
1

mi

∑
k

∇Wik

(
Pi
σ2
i

+
Pk
σ2
k

)
− 1

mj

∑
l

∇Wjl

(
Pj
σ2
j

+
Pl
σ2
l

)]
,

(5.4)

where the repeated summations may be limited to the nearest neighbours of par-

ticle i for indices j and k, and the nearest neighbours of particle j for index l.

The improvement and simplification to this algorithm is further detailed in Ap-

pendix C.2 where the indices may be limited to immediate first order neighbours of

particle i which provides significant improvements in computational overhead and

access patterns. The advantage of the full form is that Dirichlet boundary condi-

tion is naturally recovered in effect from the resulting pressure forces even though

the pressure field is generally unphysically striped as first found by Cummins [83].

The utilisation of Equation (5.4) is appropriate for free surfaces and across in-

terfaces of large density ratios where stability is favoured over the readability of

the pressure field, notably in the dual PPE approach in the succeeding Section.
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As the formulation of the acceleration due to the pressure follows the integrated

Laplacian form, the acceleration is simply also based on Equation (3.66):

− ∇Pi

ρi
= − 1

mi

∑
j

(
Pi
σ2
i

+
Pj
σ2
j

)
∇Wij. (5.5)

For consistency, the discrete from of the divergence of the velocity is matched to

Equation (5.4) by using the anti-symmetric first derivatives of Equation (3.65).

Thus:

∇.vi = − 1

σi

∑
j

∇Wijvij. (5.6)

5.1.1.2 First order discontinuity-averaged PPE - Type B

The second discretisation method is based on first and second order derivatives

developed by Hu and Adams [91] detailed here for exclusive use with the ISPH

pressure, velocity divergence and pressure acceleration terms. The formulation is

capable of modelling derivatives across interfaces of highly discontinuous variables

since inter-particle averaged values are used for all parameters with said discrep-

ancies. For example, the first and second derivatives of an arbitrary function are:

∇ψi = σi
∑
j

Ãijψ̃ij êij, (5.7)

∆ψi = σi
∑
j

Ãijψij, (5.8)

for the unit neighbour separation distance, êij =
rij
rij

, with

Ãij = σi

(
1

σ2
i

+
1

σ2
j

)
∇Wij, (5.9)

and where the inter-particle averaged value, ψ̃ij may be defined by extrapolating

values across discontinuous density or viscosity surfaces so that explicitly
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∇.vi = σi
∑
j

Ãij êij.
µivi + µjvj
µi + µj

, (5.10)

− ∇Pi
ρi

= − 1

mi

∑
j

Ãij êij
ρiPj + ρjPi
ρi + ρj

, (5.11)

and

∇.
(
∇Pi
ρi

)
= 2σ

∑
j

AijPij
rij (ρi + ρj)

, (5.12)

form the discrete forms of the velocity divergence, pressure acceleration and PPE

respectively with average weighting of density and the dynamic viscosity, µ. The

pressure from this type of discretisation is more physical achieving, for example,

clean Laplace pressures across droplets. However the usage with density invariance

type of PPE discretisation, DI, introduces instability across interfaces of large

density ratios so that it is limited to application to the divergence-free, DF, velocity

condition only. Thus the symmetry of the algorithms is broken and type ‘A’

discretisation is used for density or volume conservation whilst type ‘B’ is used for

the velocity divergence. Since type ‘B’ discretisation is of first order, the Dirchlet

condition must also be solved explicitly using techniques later discussed in Section

5.4.

5.1.1.3 First order standard PPE - Type C

The most common set of PPE discretisation closely follows the heat conduction

and viscosity form of Equation (3.44) from Cleary [126]. Thus the Laplacian is

given as:

∇.
(
∇Pi
ρi

)
=
∑
j

Vj

(
1

ρi
+

1

ρj

)
Pij

rij.∇Wij

r2
ij

(5.13)

with the discretisation for the velocity divergence given by the difference-derivative

in Equation (3.42). The pressure acceleration may be flexible enough to follow

either the difference-derivative Equation (3.42) or the symmetric-derivative Equa-

tion (3.43) dependent on context. For free surfaces if the pressure is pinned to
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zero at the surface for the Dirichlet condition, or for internal flows the difference-

derivative may be used. In most other instances, the symmetric-derivative is

more stable. Similarly to the second PPE discretisation set, type B, the Dirichlet

boundary condition must be set for the pressure should free surface flows be used.

Pressure solutions are also sensible and less prone to stripping effects except where

large deformations occur in the flow. Unlike the first order PPE set of type B,

this discretisation is not able to handle large density ratios explicitly, although

it has been coupled to a hybrid WCSPH algorithm in order to achieve this, as

demonstrated by Lind [127].

5.2 Dual PPE approach (DI and DF - DFDI)

Hu’s model [92] proposed two half updates for each discrete time step taking

different forms for each of the PPEs taking the forms of ‘A’ and ‘B’-type discretised

equation sets. Specifically applying Equation (5.2) in two half time steps initially

from n to n + 1
2

followed by the full time step update from n + 1
2

to n + 1 , first

yields:

vn+0.5
i = vni +

(
fi −
∇Pi
ρi

)
∆t

2
. (5.14)

Then in analogy to Leap Frog/Verlet integration:

rn+1
i = rni + vn+0.5

i ∆t. (5.15)

Similarly, the second part time step gives:

vn+1
i = vn+0.5

i +

(
fi −
∇Pi
ρi

)
∆t

2
, (5.16)

where the pressure gradient acceleration term is distinguished from the sum of all

other terms, fi = fi(r
n
i ,v

n
i ) which may be evaluated using the accelerative state

properties at the initial position and for the initial velocity. Equations (5.14) and

(5.16) may be separated first into a projection part and a full update part. The

first projection of Equation (5.14), denoted with ‘∗′ in projected space, as before,

can be written as
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v∗,n+0.5
i = vni + fi(r

n
i ,v

n
i )

∆t

2
, (5.17)

which is completed by adding the pressure term,

vn+0.5
i = v∗,n+0.5

i − ∇Pi
ρi

∆t

2
, (5.18)

The divergence is therefore:

∇.vn+0.5
i = ∇.v∗,n+0.5

i −∇.
(
∇Pi
ρi

)
∆t

2
, (5.19)

Using the continuity equation and assuming the system evolves to resolve any

density errors,

∇.vn+0.5
i = − ρ̇

ρ
= − ∆ρ

ρ∆t
= −(ρ0

i − ρni )

ρni ∆t
, (5.20)

and since ρi ∝ mi as seen in Equation (3.61), Equation (5.19) can be re-written

as:

∇.
(
∇Pi∗

ρi

)n
=
σ0
i − σni
σni

+∇.v∗,n+0.5
i ∆t, (5.21)

where P ∗ = 1
2
P∆t2. Using the continuity equation in Equation (5.21) instead of

just setting the divergence of the full step to zero implies that a density error that

has carried over from the last iteration may be rectified. Therefore the density

error associated with the calculation is always based on the initial value, ρ0. To

discretise Equation (5.21), Equation (3.65) is used so that the second term on

the right hand side takes the form of Equation (5.6) while Equations (3.65) and

(3.66) are applied to the Laplacian on the left hand side which takes the form of

Equation (5.4). Combining Equations (5.6), (5.4) and (5.21) gives:
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∑
j

∇Wij

[
1

mi

∑
k

∇Wik

(
P ∗i
σ2
i

+
P ∗k
σ2
k

)
− 1

mj

∑
l

∇Wjl

(
P ∗j
σ2
j

+
P ∗l
σ2
l

)]
=∆t

∑
j

∇Wijv
∗,n+0.5
ij − σ0

i + σni . (5.22)

The solution of Equation (5.22) is done by the application of a linear solver (see

appendix B) such as the GMRES method. The pressures thus acquired may be

used to update the full half time step velocity by Equation (5.18) and the position

via Equation (5.15) with Equation (5.18) explicitly discretised using Equation

(3.66) so that:

vn+0.5
i = v∗,n+0.5

i − ∆t

2mi

∑
j

∇Wij

(
Pi
σ2
i

+
Pj
σ2
j

)
. (5.23)

Similarly to Equation (5.19) the divergence for the second update is:

∇.vn+1
i = ∇.v∗,n+1

i −∇.
(
∇Pi
ρi

)
∆t

2
, (5.24)

where the full time step velocity divergence is set to zero so that:

∇.v∗,n+1
i = ∇.

(
∇Pi
ρi

)
∆t

2
. (5.25)

The left hand side of Equation (5.25) is discretised by Equation (5.10) while the

right hand side is given by Equation (5.12). After solving of the second PPE that

comprises of Equations (5.25) and (5.12), the resultant pressures complete the full

update of the velocity by using the Equation (5.11).The final DFDI algorithm used

is summarised in the flowchart of Figure 5.1. This is predominantly used in the

following chapters unless otherwise stated.
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+ ẍp
dt
2
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Discretise problem: 
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Calculate Density, 
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= v∗n+1

+ ẍp dt
Correct full time velocity:
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Data file 
required? Print Data file

Yes

No End Check

Figure 5.1: Code profile for the DFDI method

For density errors that exceed an acceptable threshold, usually 3%, a viable cor-

rection method is to set ∆t = 0 in terms of the non-pressure driven dynamics

and resolve the first PPE responsible for the high density error. Since the time

increment is set to zero, the position and velocity alterations resemble shifting rem-

iniscent of the DFS model (see Section 5.3). Shifting corresponds to the alteration

of Equation (5.21) to
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∇.
(
∇Picorr

ρi

)n
=
σ0
i − σni
σni

. (5.26)

This instantaneous pseudo-pressure, Pi
corr has units of pressure multiplied by time

squared and is discretised in the same way as before such that combining Equations

(5.23) and (5.15) yields a position update of:

rn+1
i,corr = rn+1

i − 1

mi

∑
j

∇Wij

(
P corr
i

σ2
i

+
P corr
j

σ2
j

)
, (5.27)

the distribution of particles is improved by the shifting by the pressure correction.

As such this corresponds to a correction of the density error part of the velocity

divergence although the velocity itself is not explicitly corrected.

The dominant time constraints for the DFDI methodology are found to be the

divergence estimate of the PPEs so that time constraint:

dt ≤ ε1
∣∣∇.v∗,n+0.5

∣∣ 12
maxi

, (5.28)

where ε1 ∼ 0.1, is included in the time step selection and which is calculated during

the PPE component calculation via Equation (5.6). The density error criteria:

ε0 ≤
∣∣∣∣σ0

i − σni
σni

∣∣∣∣
max

, (5.29)

stipulates the maximum allowable error which if exceeded triggers a resolving of the

PPE with a zero time step in order to better redistribute the particles, minimising

the discrepancy. The WCSPH relations in Equations (3.74 - 3.78) are included

although with relaxed scaling so that a larger scaling factor is included, typically

being an order of magnitude larger than the original. With regards to the CFL

condition, the sound speed no longer plays a factor, due to the eradication of the

equation of state, and the reference velocity used is the maximum of the particles

so that:

dt ≤ 0.25
h

max |~vi|
. (5.30)
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5.3 ISPH Shift method (DFS)

The DFS algorithm by Xu [93] which is described in this section initially follows

a typical DF formulation [83] so that the pressure-uncorrected position update is:

r∗i = rni + vni ∆t. (5.31)

At this projected position, the projected velocity:

v∗i (r
∗) = vni + fi∆t, (5.32)

is calculated as a result of the pressure-free acceleration sum, fi as in the DFDI

method before. This projected velocity is related to the full velocity update by

the addition of this pressure so that:

vn+1
i = v∗i −

∇P n+1
i

ρi
∆t. (5.33)

Finally the divergence of Equation (5.33), with the condition that the divergence

of the full time step velocity being zero yields the PPE:

∇.v∗i = ∇.
(
∇P n+1

i

ρi

)
∆t. (5.34)

Notice that this type of formulation projects the position in addition to the ve-

locity but is indistinguishable in general, as observed by Xu [93], to for example,

the DFDI type formulation shown in Section 5.2 which achieves the same effect

using just the velocity projection. The solution of the PPE in Equation (5.34)

produces the pressure required to update the full time velocity in Equation (5.33).

Thereafter the position is updated to it’s full time step value,

rn+1
i = rni +

vni + vn+1
i

2
∆t. (5.35)

Using the second derivative approximation of Equation (3.44) and the first deriva-

tive form of Equation (3.42), the discrete form of the PPE in Equation (5.34) may

be written as:
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∑
j

Vj

(
1

ρi
+

1

ρj

) (
P n+1
i − P n+1

j

)
rij.∇Wij

r2
ij

=
1

∆t

∑
j

Vjv
∗
ji.∇Wij, (5.36)

where Vj =
mj

ρj
is the volume of the jth particle while Equation (5.33) is given, by

the standard SPH formulation of Equation (3.42), as:

∇P n+1
i

ρi
=

1

ρi

∑
j

VjPij∇Wij, (5.37)

where Pij = Pi − Pj. A slight variation of Equation (3.58) as the discrete vis-

cous term in the pressure-free acceleration sum, fi was used and is included for

completeness:

(∇µi∇) vi =
∑
j

2mj (µi + µj) rij.∇Wij

(ρi + ρj) r2
ij

vij. (5.38)

As was mentioned in Section 5.1, the drawback of this formulation is prevailing

numerical instability and so the particle positions may be shifted by the vector

δrii′ from the position ri to ri′ , or analogously δrii′ = ri′ − ri and a corresponding

hydrodynamic shift is then applied to the particle ensemble. This shift was based

on a Taylor expansion so that the arbitrary fluid quantity Φi is updated to Φ′i

according to the relation:

Φ′i = Φi + (∇Φ)i .δrii′ +O(δr2
ii′), (5.39)

so that for example the velocity becomes:

vi′ = vi + (∇v)i .δrii′ , (5.40)

which is discretised by the traditional form:

vi′ = vi −
∑
j

Vjvij∇Wij.δrii′ , (5.41)

and where the shift vector is defined by:
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δrii′ = CαR. (5.42)

This term is weighted by C which is given in the range of 0.01− 0.1 and α which

is the maximum advection distance vmax∆t. The final term is given as:

Ri =

Mi∑
j=1

r̄2
i

r2
ij

nij, (5.43)

with

r̄i =
1

Mi

Mi∑
j=1

rij, (5.44)

the mean distance separation distance of the sum over the all nearest neighbours

of particle i.

5.3.1 DFS Shift by Fick’s Law

Lind [88] later suggested a more physical form of the shift term based on Fick’s

law of diffusion and which was previously only based on practical considerations

so that now:

δrii′ = D∇C, (5.45)

where the choice of the diffusion constant D was proportional to the von Neumann

stability derived criterion:

∆t = 0.5
h2

D′
, (5.46)

where D and D′ have a linear relationship and the maximum value permitted is

D = 0.2h. Again in practice this was found to be situation specific so that the

maximum permissible value was often less than this proposed upper limit and
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∇C =
∑
j=1

Vj (1 + fij)∇Wij, (5.47)

where the addition of repulsive forces is used to further adjust the DFS method

in a formulation Monaghan first proposed [80] such that:

fij = R

(
Wij

W (dx)

)n
. (5.48)

Monaghan found R = 0.2 and n = 4 to be robust choices. In practice, it was

found however that the stability of the simulations was sufficient to regard this as

an unnecessary addition and so is not used in the following simulations (refer to

Chapter 6).

5.4 ISPH Free Surfaces and Boundaries

For ISPH, boundary conditions may require an alternate deployment since the

penetration of boundaries by particles is not well curtailed by methods previously

mentioned. This is caused by the non-linear redistribution of particles by the

pressure solution of the PPE solvers which are not bound by simple variations of

individual particle kernel summations, as the WCSPH algorithm is, but rather the

minimising of residuals for the entire particle collection. Subsequently, accelerative

effects may reveal little about the future evolution of pressure while traditional

time step criteria may not be sensitive to the pressure update. A renormalising

factor similar to the filter used in Equation (3.61) and edge particles were devel-

oped by Leroy et al. [75] which make it possible to more accurately reproduce

a homogeneous pressure Neumann condition at the boundary are detailed in two

dimensions.

The non-slip condition implemented by Morris [112] is a versatile method project-

ing a linear reversal of the particle velocity across the non-slip boundary. Since

ISPH solves for a divergence free condition near stationary boundaries, it was

found to be sufficient to omit this treatment for incompressible flows. The Neu-

mann Homogeneous Pressure Boundary [83], ∂P
∂n

= 0, is implied across an axis of

symmetry. In the case of both WCSPH and ISPH, image particles are reflected
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across a boundary with equal pressure, i.e. P ′i = Pi. The discretisation of the pres-

sure field does not always guarantee that particles will not cross the boundary, so

as a countermeasure the introduction of an extra pressure term to the image par-

ticles may stabilise anomalies. This artificial fix is not used in this research work

however a novel momentum exchange, for image particles, is imposed for particles

crossing the symmetric boundary. Equivalently this may be seen, and justified,

as a boundary ‘bounce’, see Figure 5.2, left. As recorded exchange events remain

extremely low and the fixing process is rooted in physical laws, this treatment does

not affect the simulation results.

1

2’2

ℜℑ

i

jj*

ℜℑ

∇𝑖𝑗
∗

∇𝑖𝑗

Figure 5.2: Left: Boundary bounce exchanging image and real paricles. Right:
Image particle gradient contribution to the PPE.

For mirror particles where nearest neighbours are deployed to enable symmetry, as

expected the matrix entries for nearest neighbour contributions are inserted into

the appropriate columns and columns for the image particle. For example where

the left hand side of the linear system to be solved is expressed as:

Ax =
∑
N

Aij (Pi − Pj) , (5.49)

=
∑
n

Aij (Pi − Pj) +
∑
im

A∗ij
(
Pi − P ∗j

)
, (5.50)

=
∑
n

Aij (Pi − Pj) +
∑
im

A∗ij (Pi − Pj) . (5.51)
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where the example is limited to a non conservative discretisation but holds for

any general form. Here the standard summation includes real and reflected image

particles in n and im summation sets respectively. During the solving of the PPE,

the imaginary particle’s pressure, P ∗j accesses the value from the original particle,

Pj with a spatial multiplier defined by the image’s location, A∗ij, differing by the

gradient ∇W ∗
ij. See Figure 5.2, right.

5.4.1 Dirichlet Pressure boundary condition

The Dirichlet boundary condition for the atmospheric pressure at free surfaces

must be set to zero, Pb = 0, such that the kernel summation incongruity does

not produce sharp instabilities in the pressure solution. This is evidently more

important to achieve in ISPH where the pressure is not tied to a state variable

such as the density as it is in WCSPH. In addition as commented by Violeau

[79], WCSPH naturally solves for a zero pressure at the surface since the equation

of state is coupled to the density which tends to zero across the free surface in

the summation-density method in Equation 3.48, and in the continuity-density

approach of Equation 3.49. Lind [88] removes pressure effects at the free surface by

omitting from the surface particles from the pressure Poisson Equation altogether.

This however makes the inclusion of surface tension impossible since pressure

gradients must exist across an interface in order to find a steady solution.

Shao [125, 128] achieves this for surface particles by the creation of an image set

of neighbour particles for each of the surface particle entered into the PPE which

are reflected in position, but which possess negative pressures. This achieves a

zero pressure across a free surface particle. These reflected neighbour summa-

tions are computed for surface particles meeting a certain threshold value such as

the density which is inferior to the bulk value at the surface. Shao mirrors only

bulk particles across surface particles negating reflection of other surface parti-

cles reasoning that shear forces should only be applied to the surface from the

bulk. However by generalising this treatment to reflect all NNs of surface particles

amounts to greater independence from all other particles and their individual pres-

sure solutions. Alternately it may be understood, from the symmetrising of the

Pressure Poisson matrix, that all pressure gradients are balanced by the removal

of off-diagonal terms.
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In comparison, Nair [108, 129] uses a normalised internal neighbour summation to

set a global alteration for any particle at or near the surface. Due to its simplicity

this formulation may be used globally after a single initial calculation based on a

regular grid. For particle i, the solution to the PPE is sought:

∇.
(
∇P n+1

ρ

)
i

= AinPi − AinPn, (5.52)

where Ain is the arbitrary discrete form of the PPE over the n neighbour particle

set for particle i, for example:

Ain =
∑
n

Vn

(
4

ρi + ρn

)
rin.∇Win

r2
in

, (5.53)

where a sign change is also possible for conservative or symmetric discrete forms

of the PPE. For a surface particle with a truncated neighbour list, n and lacking

the particles of set m, ideally:

∇.
(
∇P n+1

ρ

)
i

= AiNPi − AinPn − AimP0, (5.54)

for a full particle with complete neighbour set N , with P0 being the homogeneous

Dirichlet boundary value on the fictitious m particle set. Now since AiN = Ain +

Aim, Equation (5.54) becomes:

∇.
(
∇P n+1

ρ

)
i

= AiNPi − AinPn + AiNP0 − AinP0, (5.55)

or

∇.
(
∇P n+1

ρ

)
i

= AiN (Pi + P0)− Ain (Pn + P0) . (5.56)

It is worth noting that the value for P0 and AiN may be set upon simulation

initiation so that AiN is treated as a global constant. Equation (5.54) is used to

update the PPE, instead of Equation (5.52), when a surface particle is detected.

The condition that ρi < 0.95ρ0 is used [129] to identify surface particles, however
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the exact threshold is arbitrary and may depend on the divergence of the position,

∇.rij < 0.75d where d is the dimension.

To test the efficacy of the main Dirichlet amendments to the PPE, the solution

to the problem ∇2P = −8π2 sin(2πx) cos(2πy), is solved. The domain is discre-

tised by a 50x50 particle set and pressure solutions obtained, as shown in Figure

5.3, from solving the PPE are read at y = 0.25 and y = 0.51. and compared in

Figure 5.4 using both generalised Shao and Nair methods and benchmarked against

the uncorrected case. The results are plotted relative to the analytical solution

P = sin(2πx) cos(2πy) when the pressure on the boundary is set to zero. Due

to the lack of boundary nearest neighbour support near the edge of the particle

array, the uncorrected case produces higher than expected pressure at both values

of y. The proportionate error at y = 0.25 persists albeit less noticeable as the

cosine factor tends to zero there. Both fixes, as applied in the literature, bind

the pressure closer to the intended value near the array edge, with the generalised

Shao algorithm obtaining slightly superior pressures there.



ISPH Free Surfaces and Boundaries 77

Figure 5.3: Solved pressure field for the set Dirichlet boundary condition (top)
compared with applying no boundary condition (bottom).
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Figure 5.4: Dirichlet boundary imposed by Nair and Shao (generalised).
Without the Dirichlet PPE amendment, the numerical pressure shows high di-
vergence from the exact analytic solution, especially at the boundaries. The
error is vastly reduced when the treatments proposed by Shao and Nair are
implemented. The general treatment by Shao is adopted due to its numerical

efficiency and marginal increased accuracy.

5.4.2 Free Surface Laplacian Approximation

At numeric free surfaces, the lack in neighbour support gives a poor solution to the

Laplacian operator in addition to the gradient and kernel summations. Thus the

inclusion of viscous forces can be particularly noisy. The analysis and corrective

treatment used by Bonet and Lok [130] and later Schwaiger [131] is adopted in

order to mitigate the error in the Laplacian. By using Taylor series to expand

a better approximation to the traditional gradient operator, the normalisation

tensor, denoted by L, is defined as:

Lαβ =

(∑
j

Vjr
α
ij∇W

β
ij

)−1

, (5.57)
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so that the improved kernel gradient approximation is:

∇∗Wα
ij = Lαβ∇W β

ij . (5.58)

This can be used in conjunction with a Shepard filter [102] for the renormalised

kernel gradient:

W ∗
ij =

Wij

ξi
, (5.59)

∇W ∗
ij =

∇Wij −Wij∇ξi/ξi
ξ

, (5.60)

by defining:

ξi =
∑
j

VjWij, (5.61)

∇ξi =
∑
j

Vj∇Wij, (5.62)

so that the fully corrected kernel gradient with rotational invariance [102], is

∇∗Wα∗
ij = Lαβ∇W β∗

ij . (5.63)

The updated Laplacian is then given as:

(∇.µ∇f)i ≈
tr (Γ−1)

n
.{∑

j

Vj (µi + µj) (fj − fi)
rij.∇Wij

r2
ij

− [∇ (µifi) + fi∇µi + µi∇fi]

(∑
j

Vj∇Wij

)}
(5.64)

where the set of gradient terms in square brackets are discretised using the differ-

ence gradient operator with renormalised kernel gradient term of Equation (5.58).
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Following Schwaiger’s test [131] for the solving of the Laplacian of the function

ψ = xm + ym, and more directly benchmarking against Lind’s [88] equivalent

test for higher orders of m, where m : 2, 3, 4, the improvement over the standard

Laplacian operator can be seen in Figure 5.5. Specifically, the problem was again

discretised for a 50x50 particle array where each particle was assigned a value of

ψ for a global value of m and the expression of the gradient was discretised for

both Morris and Schwaiger SPH derivatives [131]. The results in Figure 5.5 were

obtained at y = 0.51 for the right hand side of the square grid particle array.

Figure 5.5: Schwaiger’s test and the error associated with solving the Lapla-
cian of the function ψ = xm + ym for both Morris (LM) and Schwaiger (LS)

functions.

This is used to calculate the viscosity force for free surfaces though it is worth

remarking that although significant accuracy gains are made by implementing the

corrected Laplacian, errors near the free surface may still reach up to 70% as

recorded by Lind [88] and Figure 5.5.

5.5 ISPH Conclusion and Discussion

The use of ISPH over the traditional WCSPH has recently become more favoured

in the literature as a means for curtailing numerical instabilities inherent in particle
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methods which ultimately suffer from a lack of rigorous node connectivity. In

addition SPH, because of the diffuse kernel, is vulnerable to the tensile instability

as detailed in Section 3.6.3. Particle clumping (within DFDI and DFS methods)

and more generally numerical breakdown as well as smaller time steps due to

high sound speeds may all be avoided by imposing a divergence-free condition.

The multiple formulations of this condition used and tested were detailed in the

preceding section.

Although larger time steps may be used for ISPH, a consequence of introducing a

PPE equation incurs a higher computational cost as the solving of sparse matrices

requires the use of a linear solver such as the BI-CGSTAB or GMRES methods.

Where poor solutions are only possible or for situations where the methods fail

to converge, pressure fields and density invariance are not guaranteed. To restore

the general validity of the method, it is necessary to use the DFDI and DFS

models which retain numerical stability even in such situations and for which are

largely unhindered by this handicap in the first place due to their formulations.

Results gained in the numerical section will be shown to be consistent with those

in literature.

The DFDI algorithm proposed by Hu and Adams [92] although accurate is con-

firmed to be slower than the DFS model due to having to solve two PPEs instead

of just one. In addition, the form of the PPE solving for density invariance has

a larger than usual tensor size due to the nested nearest neighbours summation

using more pressure terms of extended nearest neighbour sets. The increased ma-

trix requires more iterations and a higher memory footprint when solved by the

GMRES method.

However the DFS method is also advantageous due to the PPE-independent shift

which, although introduces a second order error, also aids the stability of the sim-

ulation in the situation where the convergence of the linear solvers is poor, for

example when particle streamlines hinder kernel and kernel gradient summation

homogeneity. The shift of the DFS method acts as a type of constant volume

enforcement which makes internal flows act as if a PPE is solved for density in-

variance. In the case of free surfaces considered, the density-continuity condition

is treated more flexibly allowing the sliding of fluid over a dynamic particle bound-

ary or mixing of external and bulk particles. However a disadvantage is that the

variable volatility of the free surface dictates the quantity of shifting permitted

which seems arbitrary [88] and the action of surface tension allows particles to
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coalesce. Through surface tension, the free surface also becomes unstable due to

parasitic currents of the CSF method. For this reason variants of the DFDI model,

using the first two PPE discretisation forms described in Section 5.1, are used in

the following numeric models.

In the DFDI method the form of the second PPE is built around an extrapolation

of a continuous viscosity field across an interface of dissimilar materials exhibiting

high viscosity gradients [91]. While this formulation works well for the simulation

of such scenarios involving discontinuous viscosities, it was found that the first

discretisation was more stable across free surfaces. Although the pressure distri-

bution for the original second PPE formulation produces linear pressure fields,

the formulation of the first PPE results in striping as earlier mentioned. A simi-

lar phenomenon was reported [83] for the use of exact projection and compatible

operators and also in the use of incompatible operators [93] where pressure field

striping/checker board effect was observed. The checker-board pressure discov-

ered by Cummins and also seen in finite difference methods [132], nevertheless

produces the correct bulk pressure and can be used to solve the Young-Laplace

equation at steady state. An additional comment on ISPH methods is that, with

the kernel implemented, they remain vulnerable to kernel shortcomings not lim-

ited to clumping which as mentioned may be suppressed using the DFDI but also

the chosen smoothing length which affects where the initial deployment may place

nearest neighbours along the kernel gradient function. Placing them outwith the

tensile instability region increases compressive stability. Thus counter-intuitively

a large smoothing length may lead to spontaneous numerical fragmentation.



Chapter 6

ISPH Numerical Verification

In order to validate the stability and accuracy of the author’s ISPH model, a

selection of tests are undertaken. Specifically of interest are problems which are

challenging in this respect for the unamended WCSPH models and those repeated

for comparison, such as the dam break, are of underlying importance to the main

topic of droplet flows.

6.1 ISPH Dam Break

For a direct comparison between WCSPH and ISPH, for extremely high Reynolds

numbers, the dam break experiment was repeated from Section 4.4 with a free

surface, for which snapshots of the comparison are seen in Figure 6.2. The inclusion

of a free surface validates numerical measures previously detailed in Section 5.4.

Although the inclusion of even a highly compressible phase is known to affect the

fluid profile, in this case wave breaking, via atmosphere entrapment [127], the

surroundings are only included for later tests in order to achieve a stable surface

tension model. The validation of this test also applies to the extreme limits of

small scale fluids since it is known that micrometer droplets travelling at large

speeds of 10ms−1 achieve Reynolds numbers as high as Re ∼ 102 [19].

Since the Reynolds number for a column of water with height H0 = 2m is

Re = 6.2× 106, well within the realm of turbulent behaviour and more than three

orders of magnitude higher than true incompressibility, the expected accuracy of

the test is quite low. However comparison of the results shows that, without a

83
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numerical free surface, as seen in Figure 6.1, characteristic bulk flow behaviour is

still recovered with the ISPH results being both quantitatively and qualitatively

almost indistinguishable from WCSPH and experimental values. Thus the ISPH

free surface has the potential to recover the correct pressure and velocity quantities

in order to model a highly dynamic problem such as the dam break.

Figure 6.1: Dam break evolution of toe advance and column height fall of a
2D column of water with characteristic length scale L = 1m. Experimental data
points (Oka [1]) are compared with weakly compressible numerical simulations.

To further analyse the effect of the absence of the gaseous phase with ISPH and

the effect of the PPE discretisation method, the DFDI model is implemented

with the homogeneous PPE framework, using type A PPE discretisation, and the

standard mixed PPE discretisation model which is modified so that the second

PPE takes the standard first derivative approximation form of Equation (5.36).

This simplifies the PPE which previously was formulated for large viscous force

gradients as used by Hu and Adams [92]. Figure 6.1 includes WCSPH results and

the ISPH equivalent, explicitly with a boundary modelled using either symmetric

conditions or dynamic boundary particles with the ISPH caveat that the PPE is
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only solved for the fluid so as to enable smooth flow tangential to the boundary.

This also explains the clinging fluid at the origin of the dam in the ISPH simulation,

as seen in Figure 6.2. Without this amendment the flow is otherwise hampered by

unphysical density increases of the boundary which excludes fluid from entering the

area directly above the boundary particles as without the freedom of movement,

any incoming flux cannot be countered by increasing the local particle distribution.

Although this is also the case for the WCSPH model, the relaxed density variance

in ISPH makes less of an impact on the dynamics. However, summations in

the WCSPH model may also be limited to fluid particles to limit the boundary

excluding the flow.

On the other hand the advantage of the symmetric boundary condition, or mirror

image particles, is that the density or volume summations are fulfilled as the fluid

enters or leaves an area; as such, slip conditions are implicitly applied since the

boundary moves at a similar velocity to the nearby fluid. The disadvantage of

this is that environment capture is neglected and surfaces particles are modelled

as having a superior volume to their bulk equivalents. This is true of the WCSPH

simulation which shares the boundary and free surface description, however the

equation of state imposes constant volume less strictly so that volume irregularity

is less notable. Although as an upshot to this treatment, the truncated computa-

tional cost is significant due to the reduced particle count, in neglecting the second

phase, and most markedly the absence of a more volatile fluid.
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Figure 6.2: Evolution of the WCSPH dam break (left) benchmarked against
the ISPH equivalent using 800 particles.

6.2 Lid Driven Cavity

In the two dimensional lid driven cavity, fluid trapped in a square recess is subject

to a shearing force supplied by the tangential movement of a top boundary plate,

as seen in Figure 6.3. The flow is a classic validation test in which the viscous and
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pressure forces drive the fluid to a steady state which gives highly characteristic

solutions for a range of Reynolds numbers.

V (x)

U ( y)

L

L

V 0

Figure 6.3: Lid driven cavity schematic with shearing characteristic lid speed,
V0 applied to a volume of fluid. The steady state velocity components are mea-

sured relative to their orthogonal dimension in space (dotted lines).

The problem is principally characterised by the Reynolds number. The length

and width of the cavity are both set to L = 1m and the lid driving veloc-

ity is defined as V0 = 1ms−1 so that the inverse of the kinematic viscosity is

equal to the Reynolds number by Equation (3.10). Setting the kinematic viscos-

ity to ν = 10−2m2/s, 25× 10−3m2/s, 10−3m2/s therefore results in a characteristic

Reynolds number of 100, 400 and 1000 respectively under which the simulations

take place. The domain is discretised by 1002 particles surrounded by dynamic

boundaries. The top layer of boundary particles acts as the lid and is given an

independent velocity, V0. Periodic boundary conditions are implemented such that

the lid continuously drives the fluid.

Although no analytic series solution is available, numeric results have been com-

pared against the standard values achieved in both the high resolution finite dif-

ference solver (FDS), by Ghia and Ghia [133] and more recently by Bruneau and

Saad [134], and in an advanced WCSPH algorithm by Adami [121]. Specifically

the x-axis component of velocity, U is measured half way across the cavity and

mapped against height, Y . Conversely, the y-axis component of velocity, V is

measured half way up the cavity and mapped against the horizontal span, X.

These results are combined on the same graph, seen in Figures 6.4, 6.5 and 6.6
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in order to appreciate the total spatial-velocity profile of the problem as well as

the pressure profile as measured diagonally from the bottom left to the top right

of the domain. Using the high resolution FDS results to benchmark the SPH data

shows that WCSPH slightly overestimates the velocity profile whereas the ISPH

solver tends to underestimate the velocity. The exception is when the ISPH solver

more accurately predicts the horizontal velocity, U near the lid as Y → L.
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Figure 6.4: The steady state velocity (top) and pressure (bottom) solution
for the Lid driven cavity at a Reynolds number of 100.
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Figure 6.5: The steady state velocity (top) and pressure (bottom) solution
for the Lid driven cavity at a Reynolds number of 400.
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Figure 6.6: The steady state velocity (top) and pressure (bottom) solution
for the Lid driven cavity at a Reynolds number of 1000.
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6.3 Taylor Green Flow

To benchmark the established DFDI ISPH solver, the results for the Taylor Green

Flow are presented and compared with literature [88, 93]. The flow approximates

a decaying periodic array of vortices with an analytic velocity solution of:

U(t) =− V0e
bt cos (2πx) sin (2πy) ,

V (t) =V0e
bt sin (2πx) cos (2πy) , (6.1)

characterised by the decay constant b = −8π2

Re
and seen in Figure 6.7. From sub-

stituting the velocity solution of Equation (6.1) into the Navier-Stokes Equations

[135], the pressure field is given as:

P (t) = −V
2

0 ρ

4
e2bt (cos (4πx) + cos (4πy)) , (6.2)

Figure 6.7: Initial periodic, square grid particle deployment with the overlaid
velocity profile of the Taylor-Green flow.
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The simulation is run in a square domain of L = 1 with V0 = 1 so that the

Reynolds number is the inverse of the kinematic viscosity as in the lid driven cavity.

The problem was discretised by 1002 particles and bounded both horizontally and

vertically with periodic conditions. The results were gathered after the steady

state solution was first achieved; that is, the simulation was restarted using particle

positions resulting after the original velocity profile decayed.

An L1 summation error in the velocity field can be calculated as:

L1 =

∑N
i=1

∣∣Unum − U th
∣∣∑N

i=1 |U th|
. (6.3)

The numerical stability needed from a robust incompressible code makes this an

ideal benchmark against the different ISPH variations and the weakly compressible

equivalent. Figure 6.8 tracks the evolution of both the L1 norm error and the

absolute velocity against the theoretical maximum equivalent. The accumulating

error is shown to remain below the 0.4% by the time the velocity decays by two

orders of magnitude, V0
102

. Specific velocity and pressure profiles were measured

at t = 0.1s in Figures 6.9 and 6.10 respectively. The numeric velocities match

the analytic values closely according to the Equation (6.1) as reported by Xu [93],

however the pressure profile is found to adequately match the analytic value of

Equation (6.2) which Xu did not report. Specifically, Xu’s factor of 2 discrepancy,

in the pressure, is explained by a mistake in the ISPH equations first presented by

Hu and Adams [92]. The improvement achieved here is solely due to the correction

of this mistake.
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Figure 6.8: Error between the theoretical and computed peak velocity in the
Taylor-Green flow run at a Reynolds number of 100.
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Figure 6.9: Taylor-Green flow at a Reynolds number of 100. Horizontal ve-
locity, U component at y = 0.25, top and Vertical velocity, V component at

y = 0.5, bottom.
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Figure 6.10: Taylor-Green flow run at a Reynolds number of 100. Pressure
across the y = 0.5 line.



Chapter 7

Surface Tension

7.1 Discrete Models Literature Review

The macroscopic action of surface tension arises from attractive forces between

molecules which, on average balance out in the bulk of a fluid, but near the surface,

molecules experience an unbalanced net acceleration towards the centre of mass

giving the impression of a ‘skin’ which resists deformation and actively minimises

surface area or equivalently minimises the unfavourable free energy associated with

this surface.

The discrete form of the normal surface tension boundary condition, Equation

3.5 , can be represented as a force, Fst, at the free surface:

Fst =
δΣ

ρ

{
γκn̂ +∇γ.t̂

}
(7.1)

where the surface normal and tangential unit vectors are n̂ and t̂ respectively for

a free surface with surface tension coefficient, γ and curvature, κ and which is

limited by the interface delta function, δΣ.

Since numerical simulations of the macroscopic scale are necessarily a coarse rep-

resentation of real world objects, the overall effect of surface tension must be

emulated with this constraint in mind. One possible solution is to reproduce an

up-scaled form of the molecular force and apply this as an inter-particle force,

though the particles may and often do represent molecule collections many orders

97
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of magnitude greater. Some positive results including multi-phase interactions

have been achieved most notably by Tartakovsky and Meakin [96, 103], as well

as Kordilla, Tartakovsky and Geyer [104] using this approach. This can be repre-

sented by the inter-particle force:

Fij =

 0 rij > h1,

sij

(
AW (h1)ij +BW (h2)ij

)
r̂ij rij ≤ h1,

(7.2)

where two quintic kernels with dissimilar ranges Kh1 and Kh2 are used. In this

instanceK = 3 for the piecewise kernel of Equation (3.24) and h1 = 0.8 and h2 = 1.

The coefficient sij controls the surface tension between particles of differing phases.

The coefficients A = 2 and B = −1 modify the summation of these two functions

to achieve a characteristic potential with a stable equilibrium point as seen in

Figure 7.1. Since A and B are of opposing signs and magnitudes, their summation

reproduces the surface tension inter-molecular attraction-repulsion function. This

is responsible for causing short range repulsion and long range attraction, with a

potential well where the two opposing forces balance.

Figure 7.1: The decomposed surface tension function featuring an explicit
repulsive-attractive potential [104].

However it has been pointed out by Breinlinger et al. [101] that these models,

which are based on an arbitrary repulsive-attractive function, lack a rigorous con-

struction of the form and strength of surface tension terms involved, making it
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difficult to attach a value to the coefficients of surface tension or contact an-

gles. Although the total tension has recently been quantified by Tartakovsky and

Panchenko [105] with the invoked artificial ‘virial’ pressure removed, the exact

nature of the potential function is hard to justify.

Another related approach is to couple the pressure to surface tension. For example

the use of a Van der Waals type equation of state, by Nugent and Posch [106] and

Yang, Liu and Peng [136], achieves a form of surface tension that is explicitly

present in the equation of state used. However a couple of noteworthy drawbacks

are that no solution for a triple point or contact angle exists and secondly the larger

support domain for forces require a greater computational resource to achieve

stable surface tension bound droplets.

Due to SPH’s innate instability (see Section 3.6.3), the modelling of surface tension

which represents the physical process of particles clumping together, depending

on the scheme, numerical clustering may thus become unavoidable.

An alternate tactic to avoid this is to modify the kernel to shift the gradient’s

maxima closer to the origin, avoiding the unstable area on the other side of the

inflection point [136]. The physical implication of a radically alternate Dirac Delta

discretisation is not studied here, however using an ISPH model (see Section 5)

alleviates clustering in a more natural way without changing the kernel.

7.2 Continuum Surface Force

For the modelling of surface tension, a more quantifiable method would be one

which discretises the continuum form of the surface tension term from the bound-

ary condition applied to the Navier-Stokes equation; a constraint that should

be more directly quantifiable than a particle-particle method requiring unknown

physical constants. Brackbill et al. [98] first described how this could be done

by implementing colours to track surfaces. Monaghan [137] has shown using La-

grangian mechanics how a surface tension term based on colours may be added to

the functional and which results in the standard boundary condition described in

this Section; this Continuum Surface Force (CSF) [90, 138] will be used to simulate

surface tension for all following results. The CSF method was developed to recon-

struct surfaces, curvature and consequently tensile forces across discrete Eulerian
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cell calculations. However the methodology readily translates to a Lagrangian

particle method like SPH [97] for which a full description is now given.

The colour function is used as the discrete form of the surface Delta function in

Equation (3.1) in much the same way as the kernel replaces the general Delta

function. Hence the relation [138]:

∫ ∞
−∞

δΣdr =

∫ ∞
−∞
|∇C|dr (7.3)

holds true. The colour function assigns a single scalar value to particles of a similar

phase, as can be seen in Figure 7.2 such that the gradient is a delta function defined

everywhere as zero except for near the interface of two phases which is subject to

surface tension. Thus:

Cij =

{
[c] type i 6= j,

0 type i = j,
(7.4)

where, for simplicity, the value of [c] ≡ 1 is arbitrarily used across any interface.

Note that the double index subscript notation differs from its standard use which

usually implies a difference of the two variables, i.e. vij = vi − vj. This function

may be normalised to extract a unit vector normal to the surface and perpendicular

to the colour contours at particle i:

ni =
∇Ci
|∇Ci|

. (7.5)

where ∇Ci is the colour gradient discretised in the next section according to the

forms of Equations (3.42) and (3.43). Formally the summation of this gradient is:

1

[c]

∫
|∇C| ds = 1, (7.6)

if the magnitude change across the interface is [c] ≡ 1.

7.2.1 Discrete Colour function

The typical SPH formalism applied to the colour gradient is simply:
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cii=0

cij=[c]

c jj=0

c ji=[c ]

interface

Figure 7.2: By assigning a unique fluid identifying number to the particle col-
lection, the colour function, as the derivative of the colour field, identifying an
interface, may be calculated. Colour values for the particle of interest i, near an
interface are shown. For clarity, the reciprocal system for particle j is included

using dotted lines and un-filled points.

∇Ci =
∑
j

Cij
mj

ρj
∇Wij. (7.7)

However the manipulation of this quantity is key to reproducing desirable effects.

For instance, a volume rescaling is applied [90] by using a σ-filter to negate un-

wanted numerical discontinuities, including spurious forces, across a high gradient

density interfaces; the form of Equation (3.60) produces:

∇Ci = σi
∑
j

[
Cii
σ2
i

+
Cij
σ2
j

]
∇Wij (7.8)

which can be simplified, as Cii ≡ 0, to

∇Ci = σi
∑
j

Cij
σ2
j

∇Wij (7.9)

Across an interface with a large density gradient, such as for example a liquid-

gaseous boundary, the interface momentum is dominated by the more dense liquid.

The surface tension is however distributed uniformly due to the previous colour

models, causing spurious accelerations to the less dense gaseous phase and leads

to an unnecessarily increased time step to model the behaviour of the gas. The
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location of the surface may be shifted closer to the fluid where the magnitude of

the surface tension forces is assumed to dominate. As proposed by Adami [138]:

∇Ci =
1

Vi

∑
j

(
V 2
i + V 2

j

)
c̃ij∇Wij, (7.10)

where

c̃ij =
ρj

ρi + ρj
Cii +

ρi
ρi + ρj

Cij, (7.11)

and which may be simplified, again using Cii ≡ 0 so that Equation (7.10) becomes

∇Ci =
1

Vi

∑
j

(
V 2
i + V 2

j

) ρi
ρi + ρj

Cij∇Wij, (7.12)

and where once again the expressions involving volume allow for the two dissim-

ilar phases to coexist. The surface force, applied to the particles, is calculated

from a summation of kernel gradients, which translates into a sharper or more

localised colour gradient near the interface composed of less dense phase. This

results in these particles experiencing a lower magnitude acceleration. There is a

trade off to be had however as particles of the less dense phase experience a higher

acceleration near the localised surface once more causing high, albeit reduced in

locality, accelerations. In the application to ISPH, the form matters less although

the continuum of the surface tension across the interface is important as a trun-

cation of one or the other liquid’s force leads to poor solutions for the divergence

free condition.

7.2.2 Surface Curvature Formulation

The standard macroscopic model for the force resulting from surface tension as a

boundary condition near an interface may then be calculated from:

ẍi =
γ

ρi
κini, (7.13)

where κ is the surface curvature, defined as:
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κi = ∇.ni, (7.14)

when the surface normals are defined as pointing outwards by convention and γ

is the surface tension. The parameter for surface tension, γ is put in the general

form of surface energy, this is applicable to solids as well as liquids and is chosen

to distinguish the quantity from the frequently used term σ, which denotes the

inverse volume filter from Equation (3.60) which is specifically the summation of

nearest neighbour kernels. Using the definition of the normal from Equation (7.5)

and the colour function relation to the surface Delta function in Equation (7.3):

ni = δΣn̂i = ∇Ci, (7.15)

so that Equation (7.13) may be expressed in terms of the colour gradient:

ẍi =
γ

[C]ρi
κi∇Ci, (7.16)

where [C] is the magnitude difference of the colour function across a surface,

arbitrarily set to unity for simplicity in all experiments unless otherwise stated.

For the discretisation of κ, the divergence of the surface normal takes the form

used by Adami [138]:

∇.ni = d

∑
j nij.∇WijVj∑
j|xij||∇Wij|Vj

, (7.17)

where d is the dimension and for which has been renormalised for an incomplete

neighbour sum from the work of Chen et al. [122]. For both WCSPH and ISPH,

this formulation may be used to reduce calculation errors caused by interface

fragmentation.

7.2.3 Parasitic currents

One major drawback of using the CSF is the effect of so called parasitic currents;

numerical vortices arising at the fluid interfaces. The effect was investigated by

Harvie et al. [139] who considered the Navier Stokes terms in the case of a droplet
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balanced under a Young-Laplace type equilibrium. When such an equilibrium is

established, all velocities go to zero and so only pressure and surface tension forces

are present. However, in numerical formulations, the direction of the surface nor-

mal is not identically radial, and implies an acceleration contribution tangential

to the surface. The other closely related discrepancy is that the curvature is not

radially constant as required but varies both tangentially to and perpendicularly

with the depth of the surface. With both of these effects, which are due to the

inadequacy of the direction and magnitude of the colour gradient, a ‘parasitic’ ve-

locity component arises to re-balance the momentum equation. Parasitic vortices

are mostly noticeable for quiescent situations and as such highly dynamic inter-

faces are largely unaffected. Figure 7.3 generated by Harvie [139], and featuring a

pseudo-quiescent free droplet, demonstrates the effect of the viscosity and inertial

advection terms on the magnitude of these vortices in this methodology. In the

Lagrangian formulation of SPH, the inertial advection term does not feature and

so it is only viscosity that may limit the vortices. Harvie [139], reported that the

magnitude of the vortices is not suppressed by increasing resolution but is found

to be inversely proportional to the Capillary number.

7.2.4 Single Phase Colour Calculation

By definition the colour function and its gradient require the material or phase-

allocated colour to change value across an interface. Although the more common

approach to emulate the interface between two phases is to include both mediums,

a support phase for the primary phase modelled is not strictly required to identify

the interface (see Figure 7.4). Including both phases guarantees a full summation

of the alternate phase is available near the interface. However the colour gradient

may be replicated by a direct summation of the native phase as shown by Müller

et al. [140] so that surfaces exist where a certain threshold of kernel gradient

summation error is observed. This is equivalent to every particle having a unique

colour or the sum taken for particles of the same colour. An alternate approach

is to limit the surface tension to the zone where the discrete divergence of the

position is below a threshold value, ∇.ri < 1.5 in two dimensions for example.

This second approach has the advantage of neglecting the computational expense

of the often more abundant support phase and, for which, may be many times

more volatile requiring smaller time steps to stabilise dynamics, for example the
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Figure 7.3: Parasitic vortices of magnitude Up as parameterised and plot-
ted by Harvie [139]. Left: Viscous limited vortices. Right: Advection limited
vortices. Note that the current magnitude has been preset to the same value in
both cases but the arising NSE term used to limit the velocity is different for
the comparison. Contours show equal volume fractions for the Volume of Fluid

method.

air for a water-air interface. However the stability of the bulk is compromised

if the threshold value is overly sensitive since any non-zero gradient summation

may constitute a surface (see Equation (7.18) ). In addition the treatment of free

surfaces is not trivial. This includes the effect of the error in viscosity and in ISPH

the pressure which both need renormalisation at the free surface. Thus the colour

gradient formulation in Equation (7.9) becomes:

∇Ci = − 1

[C]

∑
j

VjCii∇Wij, (7.18)

where now Cii 6= 0 in general. The negative sign in Equation (7.18) is introduced to

restore the original direction of the surface normal though as long as the direction

used is consistent, this is an aesthetic choice. This formulation may be of great

use for simulations where the interface is also the numerical free surface. Such

treatment is appropriate when the dynamics of the fluid is dominated primarily

by the simulated phase, for example, most water-air dynamics are dominated by
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Phase 2

Phase 1 Phase 1

Figure 7.4: (Left) Normalised gradient summation for 2-phase system where
dissimilar phase particles are included. (Right) A single phase system with a
free surface approximates the same surface vectors but rotated by π. Note that
internal vectors are suppressed in the second system using a threshold value

that detects gradient isotropy necessary for a surface to exist.

the denser and more viscous water phase and when dynamics are not significantly

affected by entrapment, mixing or pressure waves of the other medium. The

shortcoming of using the gradient-threshold is that internal voids may still arise

in the bulk of the fluid where no surface is explicitly intended to exist. This arises

from positive feedback of non-zero gradient summations where an inhomogeneous

particle distribution generates a ‘surface force’ which in turn increases the particle

inhomogeneity. Voids have previously been suppressed [140] by choosing a gradient

summation threshold value below which no surface tension acts. However the

value appears to be arbitrary and over-estimation results in a reduced efficacy of

the surface tension at the true interface. The problem of surface normalisation

according to Equation (7.6) is also addressed. Since a regular grid of particles

represents only half of a symmetric surface delta function, a simple fix is to multiply

all values of the colour gradient by two. This is problematic however for disordered

particle sets and thus a better normalisation based on Equation (5.58) so that the

corrected colour gradient is:

∇∗Ci = − 1

[C]

∑
j

VjCii∇∗Wij, (7.19)

This applies to the surface curvature which suffers similar misrepresentation at

the free surface so that Equation (7.17) becomes:
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∇∗.n∗i =
∑
j

n∗ij.∇∗WijVj, (7.20)

in which the particle inhomogeneity normalising factor is no longer appropriate

due to the normalisation and the surface normal is the unit vector of the new

colour function. In general, for free surface formulation, the parasitic vortices (see

Section 7.2.3) encourage interface fragmentation which leads to corruption of the

dynamics. The smoothing length is found to suppress this when a large enough

value is used. Whilst a general smoothing length to particle separation ratio of

h = 1.2dx is used, a value of h = 1.4dx maintains a smooth interface profile with

a more continuous curvature calculation.

7.2.5 Artificial contact angle setting using the curvature

method

The contact angle at a triple phase point, of a solid, liquid and gaseous immiscible

system, is the balance of three surface energies as seen in the Young relation [42]:

γsg = γsl + γlg cos θeq , (7.21)

where notation of the surface tension parameter incorporates the phases the in-

terface divides. For example, γsg is the surface tension for the interface dividing

the solid and gaseous phases.

and which can be appreciated in Figure 7.5. Thus for an imposed set of surface

energies, a desired contact angle may be prescribed. For WCSPH, the accentu-

ated density variance allows the triple point to diffuse promoting both a void and

particle clumping. The stability of a dynamic contact angle is then only improved

with the application of unwanted repulsive forces or other noisy measures. In ad-

dition, due high curvature of any one phase at a triple point the discretisation of

the curvature may lead to noise-prone surface normals. The normal amendment

developed by Breinlinger et al. [101] acts to renormalise the surface normals which

may have extremely erroneous directions compared to those expected near the con-

tact angle. This also prevents the surface tension from generating voids from the

competitive tensile forces. Thus the WCSPH algorithm preferentially makes use of



Surface Tension 108

  

γ sl

γlg

γ sg

θeq

Figure 7.5: The triple point and the energy balance of the three interfaces at
steady state between three immiscible phases: solid, liquid and gas.

the amended normals routine discussed below and although the main ISPH code

used is stable around triple points, the direction of the normal at the advancing or

receding contact angles may still be improved by the amended normal. Another

effect that is improved with this treatment is that the unphysical parasitic vortices

or currents particularly observed near triple points are reduced for both WCSPH

and ISPH methods.

The surface energy balance of Young’s Equation (7.21) in an alternate form derived

from de Gennes [5] gives the unbalanced force,

Fs = γ (cos θeq − cos θdyn) , (7.22)

acting on the triple point at an arbitrary unbalanced angle θdyn, which is balanced

when the equilibrium value, θdyn = θeq is achieved. Due to limited range of the

kernel support domain, from the phases of interest, at the triple point [101], an

artificial prescription of the free surface normal can be constructed. Decomposing

the known angle at the triple point, θeq, using surface tangential and normal vectors

implies the surface vector at this point is:

ntl = nt sin θeq − nw cos θeq. (7.23)
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Here the orthogonal components nt and nw are the boundary tangential and per-

pendicular normals, respectively. The former is computed first from the boundary

particles:

nw,i =

∑
j∇Wij∣∣∣∑j∇Wij

∣∣∣ . (7.24)

The tangential part is then extracted using the relation:

nt,i =
ni − (ni.nw,i) nw,i
|ni − (ni.nw,i) nw,i|

. (7.25)

This technique attaches the correctly defined angle θeq to the triple point but is

only locally valid near the boundary. For the correct global prescription of normals,

a weighting of ni and ntl is used. This weighting is performed by the function:

fi(dw,i) =


0 dw,i < 0,

dw,i/dmax 0 ≤ dw,i ≤ dmax,

1 dw,i > dmax,

(7.26)

such that the boundary separation distance:

dw,i = min (xij.nw,i)− δ, (7.27)

is the variation from the initial particle separation δ, and dmax is the upper limit

possible for separation, the kernel support domain, Kh. The new global surface

artificial normal, na used in the computation of components in Equation (7.13) is

thus:

na,i =
fini + (1− fi) ntl
|fini + (1− fi) ntl|

. (7.28)

This parameter treats the fluid normally; smoothing out curvature far away from

the triple point but altering the force near the triple point in such a way that it sets

the contact angle as prescribed in the problem description. The artificial normals

are only parallel to the calculated normals when the prescribed and calculated

values agree.
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Explicitly the amended normal updates the governing Equations (7.13), (7.14) and

(7.17) to:

ẍi =
γ

ρi
κa,ina,i, (7.29)

where

κa,i = ∇.na,i, (7.30)

and

∇.na,i = d

∑
j na,ij.∇WijVj∑
j|xij||∇Wij|Vj

. (7.31)

Such triple point treatment achieves good agreement with a moderate set of con-

tact angles at low Reynolds numbers, as shown by Breinlinger [101] in a range of

droplet on slope tests, however the discrete form of the artificial curvature may

give rise to erroneous contact angle effects. These are seen in Figure 7.6 which

compares the triple point methods by simulating the dynamic evolution of the

contact angle of a fluid droplet. The droplet has density, ρ = 1kg/m3 and kine-

matic viscosity, ν = 0.1m2/s with the interface surface tension, γ = 1N/m between

the droplet and the surrounding medium. The gaseous medium and the droplet

have a relative density and viscosity ratio similar to that of air-water. The domain

is a 1m2 box with symmetric conditions on the left hand side. Initial conditions

evolve according to a θeq = 150◦ equilibrium angle. Steady state solutions for the

original artificial normals method are contrasted against the CLF method (see

Section 7.2.6) and the renormalised artificial normals (RAN) method (see Section

7.2.7). In the AN method, the force at the triple point peaks away from the nu-

merical triple point, causing the droplet to shed particles unphysically which is not

observed in the CLF and RAN methods. A prolonged film of shed particles would

constitute ‘pooling’. The introduction of the smoothing function which eases the

transition from the artificial normal to the true normal and which in turn dic-

tates the maximum artificial curvature and hence tension does indeed curtail the

pooling or overspilling of the droplet. The pooling or overspilling effect is caused

by particles at the substrate, which should have the highest tension trailing be-

hind the leading particles in the transition zone. This effect was also discovered
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by Breinlinger [101]. The shifting of the maximum surface tension force towards

the ideal triple point is however not resolvable as the normal transition cannot

by definition be placed on the ideal triple point since the artificial normals would

have to be set inside the substrate to achieve maximal acceleration on the triple

point. A volume reformulation may resolve this, however the second problem with

this method which stems from the first is that an excessive amount of pooling or

overspilling can, by implication, enhance the surface area in close contact with the

substrate. Apart from being unphysical, this brings more of the droplet out of the

range of the surface minimising action of the true surface tension. Hence there is

no corrective force to this spreading as might be expected. The eradication of the

normal for the artificial normal near the substrate is therefore undesirable for any

instance of appreciable surface dynamics.

7.2.6 Contact Angles via the Continuum Line Force

A similar triple point formulation which is instead used due to its superior dis-

cretising of Young’s unbalanced surface energy Equation (7.22), is the Continuum

Line Force (CLF) introduced by Huber [102]:

Fslg = fslgδslg, (7.32)

where Fslg is the full triple line force, at the solid-liquid-gas triple point, based

on its un-weighted quantity fslg multiplied by the delta weight coefficient, δslg.

The total force is a combination of the CSF and CLF which are applied globally

but are limited respectively by the discretised surface delta and triple point delta

functions. The CLF force is given as a summation of all a − b interfacial forces

[5, 141] projected along the non-wetting-solid unit vector υ̂sg as labelled in Figure

7.7 so that the force at the triple point is:

fslg =υ̂sg

[
υ̂sg.

∑
ab

γabυ̂ab

]
, (7.33)

=υ̂sg

(
γsg − γsl − γlgcos θdyn

)
, (7.34)

=υ̂sg (γsg − γsl − γlgυ̂sg.υ̂lg) . (7.35)
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A B

C D

Figure 7.6: 2D Triple point methods comparison. A: Initial conditions evolve
according to a θeq = 150◦ equilibrium angle and result in steady state solutions
for B: the original artificial normals (AN) method, C: the CLF method and D:

the renormalised artificial normals (RAN) method.

In order to discretise the CLF and the triple point delta function δslg of Equation

(7.32), the vector set d̂i is created, orthogonal to υ̂sg. This is numerically the same

as the solid boundary vector in the artificial normals case, see Equation (7.24), so

that:

d̂i = −
∑
j

VjxijWij. (7.36)

Similarly the boundary tangent vector, previously found by Equation (7.25):
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γ sl υ̂sl

γlg υ̂lg

γ sg υ̂sg

θdyn

d̂

n̂

Figure 7.7: CLF surface tension description. The triple point between three
immiscible phases and representative vectors for the calculation of the CLF.

υ̂sg,i =
|di|2∇Ci − (di.∇Ci) di∣∣|di|2∇Ci − (di.∇Ci) di

∣∣ (7.37)

with an additional
∣∣∇Cidi2∣∣ constant, which is removed along with the magnitude

through the renormalisation. With the direction obtained, all that remains is to

calculate the volumetric force. This re-normalisation is needed in two directions:

firstly across the solid-fluid surface and secondly along the fluid-fluid interface to

where the triple point resides. Since the triple point delta function is localised

with respect to both, the (double) summation of derivatives will be normalised in

a similar way to the colour function. Hence the colour gradient projected along

the boundary is chosen as the first renormalisation:

δ′slg = υ̂.∇C, (7.38)

and the derivative in the direction perpendicular to the boundary completes the

second renormalisation:

δslg = 2∇dδ
′
slg, (7.39)

where the derivatives imply alignment with the υ̂sg,i and d̂i directions respectively

and the discrete forms of Equation (7.39) may be written fully as:
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δslg,i = −2d̂i
∑
j

Vj
(
δ′slg,j − δ′slg,i

)
∇Wij, (7.40)

where the factor of 2 is included due to half domain support by the boundary and:

δ′slg,j =

{
δ′slg,i j /∈ boundary ,

0 j ∈ boundary ,
(7.41)

so that Equation (7.40) may be simplified to:

δslg,i = 2d̂i
∑
j

Vjδ
′
slg,i∇Wij, (7.42)

if the summation is limited to boundary neighbouring particles. One drawback of

using the CLF method compared to the artificial normals approach is that surface

normals are incorrect near the triple point. This is due to an incomplete fluid

neighbour sum. Thus calculations based on the normal are noisy, and potentially

corrupt the dynamics.

One way to correct for this is to renormalise the kernel gradient according to

Equation (5.63) which restores the normal direction to a logical value as suggested

by Huber [102]. This more explicitly demonstrated in Figure 7.8.

The main advantage of this treatment is that it may be combined meaningfully

with the CSF method which also utilises the true surface normals, negating the

need for artificial normals as deployed in the artificial normals method.

The general analysis, of the artificial normals method, by Huber is incorrect how-

ever. In regards to the lack of physical appropriateness, the method does indeed

suffer a numerical instability. Specifically, the peak force at the triple line oc-

curs away from the triple point and may generate unphysical artefacts creating an

incorrect contact angle due to poor tension capture. However, since artificial nor-

mals may still be used alongside proper normalisation of the fluid surface normals,

an amendment to the method is now proposed in Section 7.2.7.
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Figure 7.8: Corrected colour gradient vectors by renormalisation (highlighted
circles) of statically calculated surface normals at a free fluid surface. Top:
Unaltered colour gradient discrepancy at the triple point. Bottom: Corrected

colour gradient by renormalisation.
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7.2.7 Renormalised Artificial Normal Method

A novel stability fix for the artificial normals method, first originating from Brein-

linger [101] is now proposed. In updating the artificial normal method, the full set

of corrected normals is used for surface minimisation. It is necessary to have a

tension acting across the entire fluid interface for this purpose. The underlying

idea of mixing a true surface minimising force with a fictitious one is retained.

As before, the fictitious surface possesses the desired angle with respect to the

substrate, and imposes a tension on the real surface in accordance with their

alignment at the triple point. The key amendment is to place this fictitious surface

within the substrate, as opposed to within the fluid. This also has deployment

benefits since the substrate is composed of regular arrays of dynamic particles and

so gives a balanced kernel summation at all times.

In terms of discretisation, the basic CSF method for the computation of the cor-

rected normal divergence is adopted, as described by Equation (7.20). The de-

ployment of the artificial normals becomes an additional curvature force added to

this base value. The artificial normals are computed, as before, using Equation

(7.23). This requires the fluid interface’s normal and tangent projections on the

substrate as computed by Equations (7.24) and (7.25), respectively. Once again,

this limits the artificial force to an unweighted delta function near the wall. The

additional divergence of the artificial normals and the true normals is computed

again by Equation (7.20). However the computation is run over the boundary

or wall nearest neighbours which possess the artificial value of the fluid particle

involved in the computation. Since this is a constant for any fluid particle, the

equation may be simplified to:

∇∗.n∗i = 2 (n∗i − ntl,i) .
∑
j

Vj∇∗Wij, (7.43)

where the factor of two is added since the only half the kernel support is offered by

the wall. The artificial normals, used for the computation, of the centre particle,

ntl,i are the unsmoothed values. This is possible since the full regular tension

prevents interface fragmentation as seen in the original method. The proposed

algorithm is referred to as the Renormalised Artificial Normal (RAN) Method.
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A

B

C

D

E

Figure 7.9: Snaphots of the RAN method using an equilibrium contact angle
of θeq = 50◦ in the Huber benchmark test. Figures from A-E correspond to

times: t= 0ms, 10ms, 20ms, 30ms and 100ms from top to bottom.
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For benchmarking, the RAN method is contrasted with the CLF method for test-

ing the accuracy and stability of static contact angles. The computational domain

is set to a grid of length, L = 0.01m and height, H = 0.005m, discretised by

150x75 particles at lowest resolution and peaking at 300x150 particles at the high-

est resolution set. A square droplet initially has length, L/3 and height, H/3 and

evolves to steady state with a static contact angle ranging from 30◦ ≤ θeq ≤ 140◦

as can be seen in Figure 7.9, for the example of θeq = 50◦. The droplet and sur-

rounding medium are homogeneous with densities, ρ = 1000kg/m3 and kinematic

viscosities, ν = 10−5m2/s. The measurement of the contact angle is not trivial:

the macroscopic and microscopic extrapolated values may disagree as previously

mentioned due to different tension balances. The method used to determine the

measured contact angle, θ in the CLF case was similar to those of Huber’s [102]

weighting from the particle values, θi:

θ =

∑
i θiδslg,i∑
i δslg,i

. (7.44)

Final errors in the contact angle are recorded as percentages at t = 1s via the

formula:

ε =
|θeq − θth|

180◦
. (7.45)

Summary results are plotted against Hubers in Figure 7.10. The errors of the

two methods are of the same order and in general show the same tendency for

growth at extreme contact angles. The stability of the CLF remains higher than

the artificial normals method, even with the renormalised RAN reiteration, as

error profiles vary smoothly across the set contact angle tests. This is especially

noticeable at moderate contact angles, where the errors in the CLF method tend to

zero whilst errors in the RAN method remain relatively high and noisy. However

it appears that there are convergent results at extreme angles suggesting that the

leading cause of error is common to both methods. Noticeable too is the tendency

for the error profile curve to drift right in both CLF and RAN simulations as the

resolution increases. In addition, the error at low contact angles are lower in the

RAN method.
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Figure 7.10: Results of the artificial normal (RAN) method as compared with
the standard CLF method. Results show low resolution equilibrium contact er-
rors for both methods 75x150 (circles) along with comparison at high resolution

150x300 (crosses).

7.2.8 Surface Tension Tensor Formulation

In the preceding section the boundary condition of surface tension was expressed in

a universal treatment. Strictly speaking it is possible that transitioning away from

the interface will lead to undefined behaviour from Equation (7.16) in terms of the

surface normal direction as computed by Equation (7.5) when the colour gradient

tends to zero. To avoid this ambiguous acceleration, an alternate expression for

surface tension can be used. The tension model, derived by Jacqmin et al. [142]

treats the interface as subject to the summation of individual stresses experienced

by each phase on either side of the surface. As such it is the pre-evaluated form of

the curvature formulation. The general form used is derived from the analysis of

the divergence of the tension tensor according to Wu et al. [100], the acceleration

is:
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ẍi =
1

ρi
∇.Πi (7.46)

with the tensor,

Πi = γ (I− nini)
|∇Ci|
[C]

. (7.47)

where the tensor I, is the identity. The form of Equation (7.16) is equivalent

to Equation (7.46) and a qualitative understanding between the two forms can,

respectively, be gleaned by comparing Figures 7.11 with 7.12 which show the

calculated surface tension acceleration for an arbitrary 1m radius droplet with

surface tension, γ = 1. Although the forms are similar, they are not identical,

exhibiting differing locality of the surface force distribution. The tensor form is

more diffuse due to additional, higher order nearest neighbours of kernel gradients

being included in the calculation for the acceleration, Equation (7.50). To remove

the badly defined nature of the normal, this may be reformulated using Equation

(7.5) to:

Πlk
i =

γlk

[C]
∣∣∇C lk

i

∣∣ (I ∣∣∇C lk
i

∣∣2 −∇C lk
i ∇C lk

i

)
, (7.48)

where the lk index has been added to denote quantities for an l-k phase interface

following Hu et al’s notation [90]. Most notably the colour gradient summation,

∇C lk
i between a l-k phase mix would follow Equation (7.9) for particle i, of phase

k, for a summation of particles of the dissimilar phase l. It can be seen that in

this normal-free form, as the magnitude of the colour gradient tends to zero, the

tension tensor must tend to zero as well. The total tension on particle i, is the

summation of stresses across all dissimilar l-k phase interfaces; formally:

Πi =
∑
l

Πlk
i i ∈ k 6= l. (7.49)

The acceleration takes a similar form to the discretised pressure in Equation (3.56)

so that the surface tension contribution to the dynamics is given as:
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∂vi
∂t

= − 1

mi

∑
j

∇Wij.

(
Πi

σ2
i

+
Πj

σ2
j

)
(7.50)

where the order of operations is now important due to the non-commutative or

non-symmetric tension tensor.

7.2.8.1 Negative Pressure Contribution

The tensor form of the surface tension in Equation (7.48) may be rescaled by a

dimensional factor to avoid a reported undesirable parallel stress (i.e. pressure)

component contribution arising from the trace of the tensor [90] of magnitude

γ d−1
d
∇Ci. This may be removed by rescaling the identity matrix so that Equation

(7.48) becomes:

Πlk
i =

γlk

[C]
∣∣∇C lk

i

∣∣
(
I
d

∣∣∇C lk
i

∣∣2 −∇C lk
i ∇C lk

i

)
, (7.51)

The effect of this on the tensor model can be seen by comparing Figures 7.12

with 7.13 and in practice produces more stable surfaces. Although this form

is widely used in the literature for the tension based model [121], the effect of

altering the identity coefficient would certainly seem undesirable. Consider an

intuitive example provided by Wu [100], and its equivalent reproduced here, which

calculates the total force summation of the gradient in a frame where the material

interface lies parallel to the x-axis. Thus the axis components are:

(∇C)x = 0 and (∇C)y = |∇C| , (7.52)

with the tension components according to Equation (7.48) all identically zero apart

from:

Πxx = γ |∇C| . (7.53)

Note that the magnitude of the colour gradient, [c] is arbitrarily defined as unity,

as it is throughout this work, so that Equation (7.6) yields:
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∫
|∇C| dx = 1. (7.54)

Using Equation (7.54), the summation of all these tension components reproduces

the surface tension:

Π =
∑

Πij = γ
∑
|∇C| = γ. (7.55)

The extra 1
d

factor, from Equation (7.51), would therefore infer the wrong tension

from this summation, see Figure 7.14. Without the 1
d

correction to the tension,

there is a negative pressure contribution as described by Hu and Adams [90].

This was found to generate fragmentation perpendicular to the colour gradients

as particles cluster in ‘limbs’. However in the WCSPH model, inclusion of this

factor was found to lead to a reciprocal situation where fragmentation occurs

parallel to the colour gradient with particles forming ‘bands’. In both cases, onset

of the instability, reminiscent of the SPH kernel instability, results in severely

degraded results. In the ISPH equivalent, the stability is far less dependent on

the implementation of the colour function, implying that these types of instability

may be related to the SPH kernel instability. The effect of this inappropriate

renormalisation [90], which fails to reproduce the continuum boundary conditions

parallel to the fluid surface, has not to the author’s knowledge been reported in the

SPH literature. Specifically such a general mathematical fix is originally designed

to avoid singularities in the continuum colour field which in practice do not arise

in the computation of the discrete equations. More serious is the alteration of the

discrete Marangoni force which has been discussed here. Generally adopting this

renormalisation will clearly adversely impact the accuracy of more complex multi-

fluid simulations that involve the mixing of fluids with different surface tension

values or fluids with temperature gradients.



Surface Tension 123

Figure 7.11: Initial resultant acceleration from curvature (κ based) surface
tension

Figure 7.12: Initial resultant acceleration from surface tension tensor without
1
d factor
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Figure 7.13: Initial resultant acceleration from surface tension tensor with 1
d

factor

Figure 7.14: Onset of the surface tension tensor instability with 1
d factor
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7.2.9 Surface Tension Conclusion

Several surface tension models have been reviewed, of which two main approaches

have been identified. Namely the microscopic molecule-molecule force, which in-

cludes a subset of models utilising an equation of state coupled to intermolecu-

lar forces, and secondly the macroscopic tension boundary condition of the CSF

method. The molecular model has become more rigorously defined in recent

years through the work of Tartakovsky and Panchenko [105] in recovering a scale-

invariant surface tension magnitude. However the form of the force is still arbitrary

and the choice of function appears to greatly influence results found by the authors.

The CSF method has thus been used due to its superior physical definition, how-

ever it has been found to exhibit the irremovable drawback of parasitic vortices

which add momentum to the pseudo-static fluid interface, especially noticeable for

inviscid flows. Both flavours of the CSF model have been investigated. The main

advantages of using the CSF’s lesser used tensor reformulation are that the normal

direction which becomes prone to noise, reportedly due to a poor summation set

when ∇C goes to zero from Equation (7.5) and is avoided altogether. Likewise the

issue of the colour gradient itself tending to zero giving an indeterminate accelera-

tion from the form of Equation (7.16) is avoided. A more homogeneously expressed

energy balance may also be used for triple-phase points in the tensor formulation.

Interfaces with high density gradients produced noise affecting the triple point

distribution. Although it is not abundantly clear if the effect dramatically affects

the movement of the triple point, stable contact angles were achieved by using the

tensor formulation of Equation (7.48). However the computational cost of running

the tensor formulation, due to no successfully applied density reformulation being

discovered made the tensor model ultimately undesirable.

In contrast, attempting to naturally set triple points with the more popular curva-

ture formulation is unstable for high density ratios even when density renormalisa-

tion is used and needs a separation of the free surface and triple point components.

The treatment of the triple point has received a growing number of solutions based

on Young’s energy balance. Breinlinger [101] and Huber [102] models have been

implemented to solve for the forces at the triple phase point.

The treatment of the fluid free surface near the triple point has not been a subject

of much interest in the literature. It is, however, clear that the competing meth-

ods for setting a discrete analogue to solving Young’s energy balance neglect the
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common symptom of droplet pooling and detachment reported by Huber [102] on

analysing Breinlinger’s method [101]. Breinlinger amended his method to use a

smoothed out transition between physical and artificial regions. Near the triple

point only the artificial normals act which were well described despite the lack of

fluid particles there. However the effect of the erroneous boundary is not solved

by this amendment and the problem is partly transferred to the artificial normals

in highly transient situations where the artificial normals create a depletion layer

within which the fluid experiences no penalty for creating more free surface. For

example, for high contact angles this may be observed as an pool of fluid with

apparent low contact angle at the base of the otherwise well defined hydrophobic

droplet. The Breinlinger method is therefore fundamentally improved by truly

separating the surface and line forces, as Huber implements them, and having

a renormalised free surface force acting in tandem with an artificial triple point

force. Thus the extra surface created in the artificial normal region will still be

subject to a physical surface minimising tension.

In both the Huber and proposed Breinlinger models, yet more triple point artefacts

of the pooling/detaching description are caused by an erroneous free surface normal

vector. The omission of the CSF force near the boundary would appear at first to

solve this problem however the no-penalty extra surface creation again occurs and

so the CSF force must remain to minimise the surface. The CSF vectors controlling

this force are only corrected when the fluid particles are renormalised in the fluid

domain, thereby removing the effect of the incomplete colour summation near the

solid surface. This universal update stabilises any droplet under the CSF methods,

including the novel improvement proposed to the artificial normals method. The

addition of the renormalised free surface force to the area, which otherwise has only

a complete Young’s balance implemented, has been shown to successfully recreate

the set contact angle within the demonstrated limits of the Huber CLF method

providing a reduction to the error especially at higher contact angles which may

be due to the pooling artefact mentioned.
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Applied Surface Tension

For free-surfaces and droplet modelling under a range of conditions, a robust and

accurate surface tension is required. The preceding analysis concludes that a CSF

free-surface method most accurately reproduces the tension needed. Moreover, the

CLF extension of the CSF to triple points produces less artificially noisy results

than the artificial normals approach, even when novel improvements are applied.

Thus the CLF and CSF models are validated in the following characteristic tests,

and utilised by default to reproduce surface tension except where stated otherwise.

8.0.1 Oscillating Free Droplets

An ideal benchmark for modelling droplets dynamics is given in the form of the

free oscillating droplet, also referred to as a capillary wave [90–92, 97] in which a

droplet (3D) or fluid column (2D) is given an initial velocity perturbation and re-

laxes to a steady state. For the two dimensional variant, a divergence free velocity:

U = V0
x

r0

(
1− y2

r0r

)
e−r/r0 ,

V = −V0
y

r0

(
1− x2

r0r

)
e−r/r0 , (8.1)

is set where the parameters used were V0 = 10ms−1 and r0 = 0.05m where a

droplet of radius R = 0.1875m was simulated in a square domain of length L = 1m

127
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where symmetry conditions were applied at the x = 0, y = 0 axes. When the

droplet density and viscosity reach a high enough ratio to the surrounding medium,

dynamics become dominated by the droplet. Material quantities follow Hu and

Adams [92] so that a droplet of density ρd = 1kgm−3, kinematic viscosity νd =

10−1m2s−1 and dynamic viscosity µd = 10−1kgm−1s−1 is immersed in a medium

with density ratio 1 : 1000 and dynamic viscosity ratio 1 : 100 (ρa = 10−3kgm−3,

νa = 1m2s−1 and µa = 10−3kgm−1s−1) with the surface tension of the interface

set to γ = 1Nm−1. The period of oscillation is then linked to the density of the

dominating medium by the relation:

τth = 2π

√
R3ρd
6γ

. (8.2)

The resulting theoretical period from Equation (8.2) is τth = 0.208s which is

reproduced numerically in Figure 8.1 to within a few percent, with a value of

τnum ≈ 0.205s where the centre of mass of the top right quarter of the droplet was

used to track the oscillation.

Figure 8.1: Free droplet oscillation at the resolution of 2500 particles
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A B

C D

E

Figure 8.2: Perturbed free droplet oscillation from A-E respectively: 0s, 0.05s,
0.11s, 0.16s and steady state at 2s.
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When the damped oscillation decays to steady state, the surface tension maintains

a constant curvature around the droplet which is balanced by a pressure gradient

acting across the surface where the Young-Laplace condition of Equation (3.8) is

satisfied. As a conceptual guide to the Young-Laplace equation, this is equivalent

in three dimensions to the relation:

∆P = γ

(
1

R1

+
1

R2

)
, (8.3)

and which can be approximated in two dimensions to:

∆P =
γ

R
, (8.4)

where R1 and R2 are the principle radii of curvature. Although the normal di-

vergence, or κ, as described by Equation (3.8) was used to calculate the surface

energy in all cases. The value recovered for the quiescent drop near steady state

was found to be γnum = 1.03Nm−1 for the oscillation, see Figure 8.2. Finally the

interface serves as a demonstration for the case of simulating a large density ratio

of for example that found between water and air, validating the volume σ-filter as

described by Equation (3.60).

The generalisation to three dimensions provides more insight into the dynamics of

the oscillating droplet, specifically the higher dimensional oscillation modes and

their decay rates that the 2D oscillating capillary can be seen to be, at best, a

special case of. This has not been previously discussed or presented in the SPH

literature although the 3D case presents a more physical benchmark by which to

compare the solver against.

In three dimensions, the proposed divergence free velocity field is given as:

U = V0
x

r0

(
1− z2

r0r

)
e−r/r0 ,

V = V0
y

r0

(
1− z2

r0r

)
e−r/r0 ,

W = −V0
z

r0

(
2− x2 + y2

r0r

)
e−r/r0 , (8.5)
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where all parameters used are the same as those in the two dimensional case for a

cubic domain of length L = 1m where an additional symmetry condition was also

applied at the z = 0 axis allowing for an eighth of the droplet to be simulated as

seen in Figure 8.3.

Figure 8.3: Three dimensional free droplet oscillation bisection with an initial
velocity profile at t = 0s (top left), with local maximas at t = 0.033s (top right)

and t = 0.112s (bottom).

The added dimension gives the potential for many more oscillation modes to exist.

The breaking of numeric symmetry, due floating point precision errors, of the initial

particle deployment breaks x− y symmetry early on , however the main dynamics

are preserved well. The higher order modes are presumably more prone to noise

including that of the parasitic currents and decay faster according to Becker et al.

[143] where the decay period is:

τdecay =
R2ρd

µγ (l − 1) (2l + 1)
. (8.6)
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The velocity field of Equation (8.5) initiates the l = 2 normal node studied. The

lth mode period of the droplet is governed by a slightly different form to Equation

(8.2), deduced from Lamb [56]:

τth,l = 2π

√
R3ρd

γl (l − 1) (l + 2)
, (8.7)

with the l = 2 period:

τth,2 = 2π

√
R3ρd
8γ

. (8.8)

The centre of mass oscillation measuring this period is plotted in Figure 8.4. The

expected period compared to the two dimensional case is shorter by a factor of√
6
8
≈ 0.87 with τth,2 = 0.18s. The experimental value is calculated, by doubling

the maxima-minima value, to be τnum,2 = 0.182s. The shortened period is a

consequence of a greater surface to volume ratio than the two dimensional case.

Conceptually, the steady state solution of the general Young-Laplace Equation

(3.8) is approximated for small amplitude spheroids to:

γ = ∆P

(
1

R1

+
1

R2

)−1

≈ ∆PR1

2
. (8.9)

The noise from viscosity components in the three dimensional droplet prevents

a stable solution to the Young-Laplace equation from being measured when the

oscillation decays as the value is calculated in the two dimensional case. However

setting the velocity field to zero at t = 0s allows a noise-free ISPH pressure to

achieve γnum = 1.01Nm−1 where only surface tension is being balanced by the

pressure. As in all cases, the pressure from the half time step is doubled to match

the pressure of the full time step as is detailed in the DFDI method in Section 5.

8.0.2 Free Surface Droplet Oscillation

As mentioned in Section 7.2.4, an alternate colour summation enables a numer-

ical free surface to act as an interface without any need for the second phase.

To investigate the role of the second medium and symmetry-boundaries on the
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Figure 8.4: Three dimensional free droplet oscillation at the resolution of 153

particles. The graph follows the centre of mass of the y components of the
droplet as the x− y asymmetry promoted slightly more accentuated amplitude

in that dimension.

behaviour of the dominant phase in the ISPH model, the free droplet oscillation

is reproduced using only the droplet medium. As before, the initial conditions

are identical to the two dimensional problem and are run at the same resolution.

However the smoothing length for the free surface problem is increased for the

standard h = 1.2dx to h = 1.6dx in order for a stable surface force to exist.

Otherwise lacking this amendment reinforces surface fragmentation and causes

spurious anomalies severely altering dynamics. Figure 8.5 shows an overlay of the

one and two phase problems which vary significantly.

Although the half summation of the colour function replicates the full interface,

an unintended effect is to alter the droplet radius. In the free droplet oscillation

example the value is slightly reduced since the weighting of the normals nearer

to the droplet centre are essentially increased. This is most noticeable at lower

resolutions and for the example of the free droplet oscillation produces a slightly

higher than expected period. Matching the true radius as measured by normal

divergence or by the equilibrium state recovers the new theoretical period.



Applied Surface Tension 134

Figure 8.5: Two dimensional free droplet oscillation for the numerical free
surface at the resolution of 402 particles for a full, two phase, domain and the
truncated equivalent for the dominant single phase. It is evident that the full
2-phase interface (line) problem contains initially more momentum and decays
slower than the 1-phase free surface equivalent (crosses). Both feature simi-
lar periods with the full domain problem possessing a slightly longer period.
The discrepancy of the steady state solution is due to particle disorder and is

expected to vanish for higher resolutions.

8.0.3 Plateau Rayleigh Instability

The Plateau Rayleigh instability [20] studies the breakup of a column of fluid by

surface tension. Small transverse perturbations of wavenumber k on an initially

smooth, constant radius R0 fluid column temporarily increase the total surface,

encourage the fracturing through an internal pressure driven flow with fluid moving

from high to low pressures. Surface tension implies that a larger curvature and

hence tension, is balanced by higher pressure gradients. The wavenumber of the

fastest growing perturbation, kmax satisfies:
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kmaxR0 ≈ 0.697. (8.10)

For a 3D water column of radius R0 = 1mm this implies that perturbations near

wavelengths of 9.0× 10−3m would grow quickest as is shown in Figure 8.6 where

one complete wavelength spans the periodic domain for the dominant wavenumber.

A domain of 2.0x2.0x9.0 mm is used where symmetry conditions are applied to

the y- and z-axes and a periodic condition to the x-axis supports the pseudo-

infinite fluid column. One domain length of the x-axis defines the largest possible

perturbation wavelength that may exist. A characteristic breakup time, τb of the

column may be calculated as:

τb = 2.91

√
ρR3

0

γ
. (8.11)

Using the typical water-air surface tension (γ = 7.2× 10−2Nm−2), this corre-

sponds to a breakup time of 11ms. The process of breakup is most noticeable

over a 20ms period however it is conceivable that the experimentally measured

breakup may require a more pronounced waveform across the column hence allow-

ing for the discrepancy. Experimental data typically concerns columns in specially

bound circumstances such as toroid domains or a viscous damped instability be-

tween parallel plates [144]. However according to the filament breakup speed,

Vb = 0.1ms−1 and the characteristic length, Lb = 1mm, the Capillary and Weber

numbers are Ca = 1.39× 10−3 and We = 1.39× 10−1 which implies the dynamics

are in the regime of surface tension dominated flow.
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A B

C D

Figure 8.6: Plateau-Rayleigh instability for a 3D periodic water column of
radius R0 = 1mm. Times are from A-D respectively: 30, 50, 65 and 70ms.

Breakup time is approximately 10− 15ms.

8.0.4 Jurin’s Law

A common example of surface tension acting against gravity can be found in the

capillary rise scenario, as illustrated in Figure 8.7. Jurin’s law generalises this effect

for a given contact angle. For the case of fluid moving on the inside of an open

capillary of radius, r, it is observed that for smaller contact angles or equivalently, a

concave liquid surface, the fluid column moves upwards until an equilibrium height
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Figure 8.7: Capillary rise for the case of small contact angle, θeq ≤ 90◦. The
column rises to a relative height ∆H until the Laplace pressure matches the

hydrostatic pressure.

is achieved. Conversely for larger contact angles, a convex surface is produced

and the inner liquid free surface is instead propelled downwards until once again a

balance is found. The equilibrium is achieved when the pressure of the hydrostatic

column balances the Laplace pressure of the fluid which is positive for a convex

liquid surface and negative for a concave surface. Explicitly in two dimensions, this

occurs when the Laplace pressure as defined by Equation (3.8) achieves the value

in Equation (8.4). It is interesting to note from the pressure balance argument

that no constant Laplace pressure can be achieved across a vertically varying free

surface, due to the hydrostatic pressure being a function of height alone, so that

a physical instability naturally exists. The curvature of the free surface therefore

reduces for small angles as measured from the centre of the capillary to the contact

line on the rim. Conversely the curvature for high contact angles reduces from

the lower contact line to the centre on the top side of the free surface. As the

pressure varies internally, internal currents result causing a pseudo static drop

profile. For constant density capillary fluids, the pressure discrepancy reduces for

contact angles near 90◦ or for small values of surface tension where the former

implies the free surface possesses a shallow curvature. The instability is observed

numerically for large surface tensions as a fragmentation of the fluid interface. The
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fragmentation of the surface occurs near the centre of the capillary and reduces the

surface tension until a local balance is achieved between gravitational and tensile

forces. Equating the pressures under pseudo-static conditions, gives the balance:

ρg∆h =
2γ

R
. (8.12)

Solving for the achieved height difference and using geometric relationships, ex-

plicitly shown in Appendix C.4, Equation (8.12) becomes Jurin’s relation:

∆h =
2γ cos θeq
ρgr

. (8.13)

For a two dimensional problem, the Laplace pressure is reduced by a half so that

Jurin’s law becomes:

∆h =
γ cos θeq
ρgr

. (8.14)

To test this relationship, which is valid for capillaries with a span less than the

capillary length, a simulation is carried out for a standard equilibrium contact

angle, θeq = 60◦, with a variable surface tension coefficient. Consequently Equation

(8.14) reduces the positive height achieved to a linear relationship with the surface

tension. The parameters used are as listed in Table 8.1. The domain is half filled

with the denser liquid in its preferred location at the bottom of the chamber.

Surface tension effects are limited to the inside of the capillary which removes the

effect of the restoring or opposing surface effects acting between the outside of the

capillary and the far boundaries. Thus essentially achieving an infinitely long free

surface on the outside of the capillary tube. The final numeric results, see Figure

8.9, show good agreement between Equation (8.14), with a peak discrepancy of

%5 error at the extremum of the simulation and are summarised in Figure 8.8.

The deviation of the numeric results from the theoretical prediction appears to

show a linear profile for the numeric data with a shallower gradient. This may be

explained by the fragmented surface as previously postulated which increases as a

function of the surface tension.
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Parameter quantity

Lx 1m

Ly 1m

r Lx

6
m

R Lx

3
m

θ0 90◦

θeq 60◦

ρd 1kgm−3

νd 1× 10−1m2s−1

ρv 1e− 3kgm−3

νv 1× 10−3m2s−1

γ 0.75− 1.75Nm−1

Table 8.1: Standard parameters used for the 2d test of Jurin’s law.

Figure 8.8: Jurin’s law test demonstrating a 2D capillary rise as a function of
surface tension.
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Figure 8.9: Jurin’s law for the 2D capillary rise problem. The domain is a 1m2

box with surface tension γ = 1Nm−1 for the purpose of illustration with the
contact angle set to 60◦. The initial setup is discretised by 882 particles (top)
at t = 0s, the surface tension which acts on the inside of the capillary drives
the liquid height differential (middle), shown at t = 0.01s, until an equilibrium
is reached (bottom) by 0.1s. Mean height achieved in this instance is ≈ 0.28m
corresponding to 5% error (left figures). Pressure error, in comparing hydro-
static and Laplace pressures, remains below 10% as measured across the two

fluid interfaces (right figures).



Applied Surface Tension 141

8.1 Verifying a Tanner-type power law

The following section uses the DFDI solver to benchmark the surface tension of

the CSF model against Tanner’s universal logarithm relationships. Explicitly, the

analytically derived, similarity solutions used to compare the numerical data in

two dimensions, are:

R = K2e
n/2 + c2, (8.15)

H = K2e
−n/2 + c1. (8.16)

The evolution of the droplet radius, R and height, H according to Tanner obey

the relation in Table 8.2.

2D 3D

H K2t
− 1

7 K1t
−0.2

R K2t
1
7 K0t

−0.1

Table 8.2: Tanner summary

Here the Kn and cn coefficients are the volume dependent constants and axis

intercepts respectively with quantities clearly scaled by time, with fractions of n,

the exponent of Tanner’s law, being an exclusively dimension dependent according

to Tanner.

8.1.1 2D Results

To test the validity of a Tanner’s type power law under full dynamics using an

ISPH solver, the case of a two dimensional relaxing droplet under surface tension

forces only is compared to the value reported in the given literature for which

n = 1
7
. Notation is kept similar to the preceding sections such that the evolution

of a droplet with radius R, height H and dynamic contact angle, θdyn, is studied.

For the contact line to move without noise, a relatively small Reynolds number

is necessary and crucially surface tension effects must be dominant over inertia

implying that the droplet operates in the small Weber number regime.
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For this analysis, a water droplet is placed on a substrate with similar properties

and immersed in air which exhibits high density and viscosity ratios at room

temperature. The droplet is simulated for a domain of Lx by Ly, discretised by

3300 particles including horizontal dynamic particle boundaries, as described in

Section 3.8. Symmetry conditions are applied on the upper and lower x and y axes.

The initial shape of the droplet is a hemisphere with contact angle of θ0, initially

well out of the Tanner regime and radius rd, centred on the origin. Choosing

such an apparently inappropriate starting condition gives the model enough time

to smooth out any initial numerical noise and produces more uniform late stage

behaviour.

Parameter Symbol quantity

Domain width Lx 1× 10−6m

Domain height Ly 0.3× 10−6m

Radius of droplet rd 2.5× 10−7m

Initiation contact angle θ0 90◦

Equilibrium contact angle θeq 0◦

Droplet density ρd 1× 103kgm−3

Droplet viscosity νd 1× 10−6m2s−1

Air density ρv 1.2kgm−3

Air viscosity νv 1.6× 10−5m2s−1

Maximum fluid velocity U 2ms−1

Surface tension γ 72× 10−3Nm−1

Reynolds number Re 0.5

Weber number We 2× 10−2

Capillary number Ca 3× 10−2

Table 8.3: 2D-Tanner parameters

The surface tension, for the free surface, is set to a constant global value and

the spreading is achieved by modifying the surface energy of the vapour-substrate

interface by:

γ′ = γ

(
1 + cos

(
θeqπ

180

))
(8.17)

according to the Young equation (7.21) where θeq, the equilibrium angle is set

to zero to enable unlimited spreading, and complete wetting, although numerical



Applied Surface Tension 143

noise was found to overwhelm the inequality below a certain threshold, as previ-

ously demonstrated in the growing error low contact angles seen in Figure 7.10.

The characteristic velocity of the droplet at low contact angles is at the triple point

and reaches U, with a characteristic length scale of rd. Thus the dimensionless

numbers Re , Ca and We may be calculated as seen in Table 8.3.

The height drop and footprint increase are plotted on logarithmic scales in Figure

8.10 to calculate the linear gradient, n
2
. A characteristic of the height drop which

is also seen in Gaskell, Jimack, Sellier and Thompson’s Tanner law reproduction

[3] and in Figure 8.11, is the effect of the height drop being initially drastically

slower than expected as previously noted. This is thought to be caused by the

surface tension smoothing out the irregular interface initiated which exists due

to approximate discretisation ‘pixelation’ of the initiated surface. After this the

evolution is clearly linear and the high contact angle generates the sample solutions

of 0.1 ≤ n
2
≤ 0.25.
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Figure 8.10: 2D natural logarithm graph of time vs height drop and foot-
print advance of an air-water droplet system with accompanying self similarity

solution.
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Figure 8.11: Height drop of a relaxing shallow angle droplet [3]

The late-stage divergence from linearity, present in all surface tension methods

measured in Figure 8.10, is primarily caused by noise in the triple point definition

which through insufficient nearest neighbours at extremely low contact angles,

does not sample a representative of the droplet phase. At this point the tension

of the liquid-gaseous interface is almost parallel to the gaseous-solid interface or

equivalently the curvature of the gaseous phase at the triple point is almost con-

stant. Although this is in fact physically correct in analogy with molecular free

energy, the behaviour arises faster than in actuality if it is assumed that the par-

ticles represent large molecule sets. In addition the actual existence of a precursor

layer at such molecular resolutions may retard this effect. It is noted for example,

that a larger energy balance discrepancy enabled spreading for a longer period.

Another cause of the noise is the CSF parasitic vortices which operate at constant

velocities even as the true velocities reduce to zero.

A slight wobble in the advancing droplet when the profile appears too flat shows

that inertia has some role and as such the early ‘kink’ in the graph may be ex-

plained by this anomalous result. The line of best fit for the shallow angles (≤ 30◦)

shows a far closer agreement to Tanner’s n
2

= 1
7
≈ 0.143 where 0.142 ≤ n

2
≤ 0.149.
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As Gaskell et al. [3] demonstrate, see Figure 8.11, the region exhibiting high dis-

crepancy with the theoretical value of the height drop is due to the initial numerical

configuration. Brenner et al. [145] who showed the self similar solution was uni-

versally applicable to the spreading of droplets, see also de Gennes [5]. Gaskell et

al. have the initial profile of the dimensionless height given as:

h (r) = 5

(
1− 320

9
r2

)
. (8.18)

The full dynamics of the relaxing droplet and the initial set-up induced undesir-

able height oscillation especially noticeable at high Reynolds numbers. This was

assumed to be the origin of the ‘caterpillar’ movement as reported by Davis and

Dussan [146]. The advance of the contact angle, although obviously affected by

this was more invariant across a parameter range for example density. The test

presented an ideal benchmark to compare the main contact angle methods namely

the CSF tensor formulation, CSF artificial surface normals and the CLF method

coupled to the CSF method, as seen in Figure 8.10.

These results, see Figure 8.12, show that the quasi-static evolution of the droplet

obeys Tanner’s law with a time dependent drop-off from the law based on the

method. The CLF-CSF method achieves the most uniform triple point description

of the three main approaches with the contact angle clearly able to be resolved for

high spreading deformations. Consequently the CLF-CSF model is adopted for all

following simulations unless otherwise stated.
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A
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C

D

E

Figure 8.12: 2D droplet relaxation following a Tanner type law. Snapshots
from A-E corresponding to times: t= 0ns, 50ns, 200ns, 400ns and 800ns from

top to bottom.
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8.1.2 3D Results

The generalisation of Tanner’s problem to three dimensions yields slightly different

characteristic logarithm plots according to Table 8.2 and the characteristic power

parameters, n. Similar parameters were used but for a smaller domain in order

to compare the effect of the prevailing surface tension effects. As can be seen

in Figure 8.13 this results in less wobble and a more linear solution in the early

stage of the dynamics. Droplet spreading is visualised in Figure 8.14. In the 3D

case, the fluid spreading in the extra dimension enables a more rapid decrease in

the droplet height than the 2D counterpart. A visual comparison can be made in

Figure 8.15 confirming this aspect of dynamics.

Parameter Symbol quantity

Domain width Lx 1x10−7m

Domain height Ly 1x10−7m

Domain depth Lz 0.5x10−7m

Radius of droplet rd 2.8× 10−8m

Initiation contact angle θ0 90◦

Equilibrium contact angle θeq 0◦

Droplet density ρd 1× 103kgm−3

Droplet viscosity νd 1× 10−6m2s−1

Air density ρv 1.2kgm−3

Air viscosity νv 1.6× 10−5m2s−1

Maximum fluid velocity U 9.17ms−1

Surface tension γ 72× 10−3Nm−1

Reynolds number Re 0.9

Weber number We 0.1125

Capillary number Ca 0.125

Table 8.4: 3D-Tanner parameters

8.2 Droplet dynamics on Topography

The effect of the substrate topography on the relaxation of a droplet is now in-

vestigated. Gaskell et al. [3] demonstrated under the limitation of the lubrication
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Figure 8.13: 3D natural logarithm graph of time vs height drop and foot-
print advance of an air-water droplet system with accompanying self similarity

solution.
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Figure 8.14: 3D droplet relaxation following a Tanner type law. Snapshots
from A-E corresponding to times: t= 0ns, 50ns, 100ns, 200ns and 400ns from

top to bottom.
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Figure 8.15: Comparison between 2D and 3D (cross-section) droplet relax-
ations following a Tanner type law. Snapshots from A-E corresponding to times:

t= 0ns, 50ns, 100ns, 200ns and 400ns from top to bottom
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approximation, the effect of both heterogeneous substrate topographies and sur-

face energies on the evolution of an incident droplet. As is previously demonstrated

in literature [61, 64], topography exerts a pressure gradient transverse to substrate

features and may strongly influence droplet motion. Specifically the characteri-

sation of the pressure is investigated in 2D by varying the aspect ratio of the

droplet radius and the positive topographic height. With the addition of body

forces, gravity driven droplets are presented where stable and unstable regions are

parameterised by the Bond number. Finally 3D results reveal the increasingly

complex effect of topographic gradient, acting in isolation due to the surface ten-

sion and without any additional body forces, on the droplet flow and steady states.

Particularly the role of the contact angle for high and low wetting contact angles

is studied and coupled to positively and negatively varying topographic gradients.

In addition surface energy heterogeneity is demonstrated for substrate patches of

high and low surface energy relative to the surrounding surface.

8.2.1 Pressure pinned 2D droplets on topography

The case of two dimensional droplet evolution is studied for a range of topographic

gradients and height. Stable point locations are characterised by the cessation of

movement from the triple phase points. Discontinuous topography is considered

for droplets of wide contact angle ranges, both of which are not possible in the

classic lubrication approach [49] due to the reduced dimensionality of the approach.

Oscillation of droplets is greatly damped according to the low inertia of the system.

Initially, however, the effect of discretisation and continuously varying gradient is

considered. The topography height, h (x), is defined using a sine function in the

case of comparing to the work of Savva and Kalliadasis [64], with amplitude and

frequency variance affecting the steady state value:

h (x) = A sin

(
2πx

Lx

)
. (8.19)

where, A = −0.1Ly and Lx and Ly are once again the domain width and height.

Other parameters and a schematic of the problem are given in Table 8.5 and

shown in Figure 8.16, respectively. The problem is discretised by a 80x40 array

of particles in a square domain. The sinusoidal dynamic particle boundary, of

which the function rests on the y = 0 line, is buffered by a Kh layer of additional
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boundary particles to form an unbroken substrate. The boundary also subtracts

some fluid from the left of the, initially square, droplet and adds fluid to the right

of the droplet, as seen in the schematic. The horizontal boundaries are additionally

periodic.

Boundary sticking is observed where the advance of the droplet, propelled by the

topographic pressure gradient, is stopped by the topography itself as it relaxes, as

seen in Figure 8.18. The centre of mass evolution,

CoM(x) =

∑
mixi∑
mi

(8.20)

is shown in Figure 8.17 which demonstrates the initial motion being reversed by

the sticking points, which are stable enough to arrest the rightward motion of

the droplet and relax the droplet around the pinning points. This behaviour is

caused by the discretised approximation of a continuous surface which otherwise

enables continuous droplet movement until a topographic pressure-symmetric area

is found, such as the trough, or indeed peak, of the sine wave defined.

With the equilibrium angle acting at macroscopic scales, another angle may yet

be present at the microscopic scale. Physically this may be seen as the observed

macroscopic angle not matching a microscopic scale angle which may locally vary

with energy balances operating at the molecular scale. Numerically this may be

paralleled by the resolution and discretisation error of not capturing surface energy

features, for example, topography which when pixelated may represent a different

substrate to the one intended. Pinning on these erroneous features is observed

again in Figure 8.18 where the low contact angle of 60◦ achieves symmetric steady

state spanning across the topography, while the higher contact angle of 150◦ is

pinned on the left side of the topography. In the intermediate states, for the

low contact angle, the spreading initially is even, however due to the enclosed

substrate surface, the left hand triple point is dragged back until the right hand

triple point climbs the far side of the trough until reaching an equilibrium pressure

gradient. For the high contact angle, both triple points de-wet the surface evenly

until reaching equilibrium. However, sticking points strongly resist droplet drift,

as noted in Figure 8.17.
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𝟎. 𝟓𝑳𝒙

𝑳𝒚

𝑳𝒙

𝟎. 𝟓𝑳𝒚

𝒚 = 𝑨𝒔𝒊𝒏
𝝅𝒙

𝑳𝒙

Figure 8.16: 2D Schematic of the initial droplet state on sinusoidal topogra-
phy.

Parameter Symbol quantity

Domain width Lx 1x10−6m

Domain height Ly 5x10−7m

Droplet width 0.5Lx 5x10−7m

Droplet height 0.5Ly 2.5x10−7m

Initiation contact angle θ0 90◦

Equilibrium contact angles θeq 50◦,150◦

Droplet density ρd 1× 103kgm−3

Droplet viscosity νd 1× 10−6m2s−1

Air density ρv 1.2kgm−3

Air viscosity νv 1.6× 10−5m2s−1

Surface tension γ 72× 10−3Nm−1

Table 8.5: Parameters used for the sinusoidal topography pinning of Figure
8.18
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Figure 8.17: Evolution of the centre of mass of a droplet with an equilibrium
contact angle of 150◦.
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Figure 8.18: Side view of a 2D droplet in initial (blue) and steady (red) states
on sinusoidal topography where the equilibrium contact angle is set to 60◦ (top)
and 150◦ (bottom). Note that the data is shifted left in the first case in order

to illustrate an unbroken droplet.
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8.2.2 Pressure balanced 2D droplets with contact angle

hysteresis

To consider further the pinned droplet behaviour, from the previous section,

around the triple points themselves, a droplet spanning a fully discontinuous ledge

topographic feature is examined and simulated, as shown in Figure 8.19. Of par-

ticular interest is the relationship between the contact angle hysteresis and the

topography magnitude, as can be appreciated in Figure 8.20.

The parameters and standard dimensionless numbers used for the droplets studied

are given in Table 8.6. The problem is characterised by the ratio of the droplet

inset radius, r and the topographic ledge height, A, as described in the following

section. The problem is then fully constrained when the initial droplet footprint

is set to a constant fraction of the domain width; 2rd = 0.7Lx. Convergence of

results is performed with 32x80 to 50x125 particles.

The topographic pressure acting on the droplet propels the system into a sta-

ble state where the droplet still covers the feature and the receding foot of the

droplet sits atop the topography. The continued existence of a pressure gradient

is balanced by a sub-optimal contact angle of this receding foot. This static angle

is lower than the prescribed equilibrium value and gives rise to a surface ten-

sion component acting to resist the pressure gradient previously driving the flow.

In addition to this pressure-triple point balance, which affects the static pseudo-

equilibrium angle at the steady state, the position of the triple point away from

the ledge is defined by the free surface balance. Clearly the larger the prescribed

equilibrium angle is, the larger the discrepancy that can be achieved thereby in-

creasing the threshold for pinned droplets. Above this threshold droplets slide over

the edge of the topography, principally because the droplet equilibrium radius is

insufficient to physically span the feature, i.e. 2R ∼ A.

The triple phase contact point appears to be independent of the value of surface

tension. This can be readily understood by the force balance atop the ledge. The

submerged topographic face provides a reactionary force according to:

fp = PLA, (8.21)
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where PL is the Laplacian pressure and the topographic face provides an area (unit

metre in 2D) of A. The Laplacian pressure is defined by Equation (3.8) so that

for example in 2D:

fp =
γA

R
. (8.22)

The unbalanced surface tension force scales according to Equation (7.22) so that

at equilibrium the force balance implies:

A

R
= cos θeq − cos θtopo, (8.23)

where the angle as measured on top of the topographic feature, θtopo must differ

from the static value, θeq for any topographic height. Thus the balance is indepen-

dent of the surface tension and similar steady states will be achieved for various

surface energies. Conceptually this is logical as the pressure is supplied by the

surface tension force that it tries to balance. Figure 8.24 shows the relationship

as described by Equation (8.23) is largely followed for simple discontinuous ledge

shapes. Although since the approximation of constant curvature which generates

Equation (8.23) is valid at steady state; the curvature over topography is not

guaranteed to produce a circular segment, and thus the Laplace pressure, which

assumes constant curvature, can only be used when no sticking occurs. The en-

ergy balance is reminiscent of gravitational pinning where the more general case

of a body force is balanced locally at a topographic feature by an opposing surface

tension component as it is here. However the exact solution is different due to the

unbalanced force deployment. The contact angle hysteresis, supplying the balanc-

ing force to the pressure gradient holds a complex balance between free surface

and dissimilar triple points. The solution is the same for different angles with a

constant offset of the cosine of the equilibrium angle as defined by Equation (8.23).

The constant offset between the extreme angles and the analytic solution in Figure

8.24 clearly does not largely vary with topographic magnitude or the variance of

the contact angle hysteresis.

The discrepancy may be explained by the parasitic vortices, as seen in Figure

8.21. These vortices increase the pressure reaction from the topography. For the

high contact angle cases these supply an over-exaggerated topographic angle since

it must balance the summation of the parasitic and topographic pressures. The
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vortices generate a directional internal velocity inside the droplet and from the

contact point are normal to the droplet’s free surface. For the case of a large

contact angle, the vortices point upward and the returning flow pushes the droplet

against the topography, producing a higher internal pressure. In the case of low

contact angles, the vortices point downward, with velocity profiles pointing to-

wards the foot of the topography from the triple point and generate a negative

pressure contribution which subtracts from the Laplace pressure. These mecha-

nisms which are clearly tied to the contact angle alone also help to explain inherent

contact angle discrepancies present even over plane substrates. Finally since the

magnitude of the parasitic pressure is independent of the topography magnitude,

for a given contact angle and surface tension, it is logical to expect the observed

constant offset. In addition as the error between measured contact angles and set

values are found to rise at extreme contact angles, the value of the altered contact

angle atop the topography, also absorbs this growing error. A pressure wavefront,

as seen in Figure 8.23 propagates across the droplet, originating from the ledge

side of the domain. The steady state shows a greater pressure on the base of the

droplet, away from the topography which may also be a balancing force arising

from the parasitic vortices. Conversely, if a physical phenomenon based on the

pseudo-stable nature of the droplet, will be powering physical currents which may

be extra noise in the parasitic currents.

It is worth commenting on the link between the Wenzel Equation (2.1) and the

prediction of Equation (8.23). According to the relation between the droplet inset

radius, r and the droplet radius, R in Appendix C.4, for pseudo-static droplets,

Equation (8.23) becomes:

A cos θeq
r

= cos θeq − cos θtopo, (8.24)

which may be simplified to:

cos θtopo =

(
A+ r

r

)
cos θeq, (8.25)

and which is Wenzels’s equation but where the ratio of the actual surface area

to apparent surface area is replaced by the ratio of the inset radius increased by

the non-horizontal substrate area to the inset radius. The increase between either

compared quantity is the surface, A. Additionally the apparent droplet footprint
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radius, rd and the inset radius of the droplet, r, which may be negative for the

case of droplets with contact angle greater than 90◦ have the linear relationship:

rd = r tan θeq, (8.26)

which only varies with the equilibrium contact angle, θeq between different droplet

scenarios. These relationships imply a close link between the two predictive equa-

tions but differing in the expectation of the effect of the submerged substrate

roughness. The author’s prediction of Equation (8.23) implies the roughness of

the substrate only affects the contact angle where the reaction pressure acts par-

allel to the contact line. This may be a reasonable assumption if the droplet free

surface is unperturbed by pressure reactions due to vertical substrate components

and eddies although even this may not be enough to exempt the relationship. If

such orthogonal perturbations arise, due to surface tension and free surface min-

imisation, their translation along the free surface into components acting parallel

to the contact line will again affect the contact angle balance. However since the

Laplace pressure for a stable free droplet is an internal constant, the free surface

always balances against the reaction of the vertical pressure components. One

possibility is that by drastically varying the substrate vertically, the smooth free

surface of the droplet may be comparatively quite close to dynamics caused by

the submerged local substrate and the molecular or chemical driven action there.

Asymmetry of this kind may perturb the free surface and shift the droplet later-

ally along the substrate with additional contact angle hysteresis. However such

variations will certainly have a far stronger effect on the horizontal components

as considered and modelled here so it is unlikely that vertical dynamics will dom-

inate horizontal ones especially as mentioned, the variation of vertical gradients

act along with the background sum of the vertical substrate reactions. Also as

seen in Figure 8.22, the horizontal reactions were shown to move the droplet to

one extreme of such underlying vertical structures so that their effect is magnified

at the droplet edges. The close agreement between Equation (8.23) and numeric

results implies that vertical reactions have had little effect even in close proximity

to the triple phase points and the free surface there. In the next section, the role

of these internal eddies is considered which relates closely to this argument.
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Figure 8.19: Discontinuous 2D topography schematic.

Parameter Symbol quantity

Domain width Lx 1x10−6m

Domain height Ly 4x10−7m

Equilibrium contact angles θeq 50◦-130◦

Droplet density ρd 1× 103kgm−3

Droplet viscosity νd 1× 10−6m2s−1

Air density ρv 1.2kgm−3

Air viscosity νv 1.6× 10−5m2s−1

Maximum fluid velocity U 3ms−1

Surface tension γ 72× 10−3Nm−1

Reynolds number Re 3

Weber number We 0.125

Capillary number Ca 0.04

Table 8.6: Parameters used for the topographic ledge pinning of Figure 8.20
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Figure 8.20: Side view of a 2D droplet, with θeq = 90◦, in steady state. Im-
ages of different topographic magnitudes, A, for a discontinuous feature show
the effect of topography on the leading foot steady state location and the reced-
ing angle which deviates further from the prescribed equilibrium value as the

topography and hence pressure gradient increases in magnitude.

8.2.3 Extension to Internal Tension with Cassie-Baxter

Implications

The CSF-CLF surface tension model employed omits the internal interface between

the substrate and droplet. This is appropriate where the surface energy between

these two materials is too weak to initiate mixing or contribute additional pressure

components affecting the externally observed free surface. This holds when the

molecular interaction is homogeneous, causing no net force for the average molecule

near the interface. Thus for such a droplet, and for the main interest of this project,

the internal surface is appropriately absent. Although the tension balance at the
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Figure 8.21: Steady state parasitic velocity currents at 60ns for a droplet,
with equilibrium angle θeq = 90◦, spanning a discontinuous ledge.

triple point is the summation of forces of the three interfaces, an arbitrary sub-

90◦ angle can be set by matching the projected droplet-gas tension vector onto

the substrate plane and opposing the substrate-gas tension. In the case of 90◦

and super-90◦ angles, the internal tension, homogeneous as it may be to internal

dynamics, is represented at the triple point. Equivalently, the force sum is only

zero for a tension vectors of opposing directions:

fslg =υ̂sg

[
υ̂sg.

∑
ab

γabυ̂ab

]
,

0 =γsg + υ̂sg.υ̂lgγlg,

υ̂sg.υ̂lg =− γsg
γlg

. (8.27)

Explicitly, any contact angle may be set for a homogeneous internal tension be-

tween the liquid and solid interfaces. Similar solutions may of course exist for

more complex droplets where an internal gradient exists. Additionally, local iso-

lated patches of internal surface energy heterogeneity may exist and act in isolation

further questioning the omission of the internal droplet tension from the model.

As an aside, the internal force is included for the following simulation to further

investigate the effect of it’s inclusion for the previous topographic droplet spanning

ledge case. Including this term requires a third independent tension component
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A

B

C

D

E

F

Figure 8.22: Example evolution for a droplet, with equilibrium angle θeq =
90◦, spanning a discontinuous ledge. Colour is used to differentiate between the
substrate (Blue), droplet (Green) and surrounding gaseous phase (Red). Figures
A-F correspond to increasing time from top to bottom: 0ns, 10ns, 20ns, 30ns,

40ns and 60ns
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A

B

C

D

E

F

Figure 8.23: Internal pressure wavefront evolution for a droplet, with equilib-
rium angle θeq = 90◦, spanning a discontinuous ledge. Figures A-F correspond
to increasing time from top to bottom: 0ns, 10ns, 20ns, 30ns, 40ns and 60ns
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in the numerical model and has not been studied before to the author’s knowl-

edge. This is easily defined as a second free surface by calculating a change in

material between droplet and substrate, where the first and second terms remain:

the free surface between the droplet and gas and the point force acting exclusively

at the contact line respectively. The calculations are identical to the original free

surface documented in Section 7, but with the material index for calculating the

surface delta function changed from gas-liquid to solid-liquid to track the second

interface. The connection between the Cassie-Baxter relationship of Equation

(2.2), may thus be investigated.

The droplet set up is identical to the case of the θeq = 70◦ 2D droplet test, see

Table 8.6, with ratio A/R = 0.4 and with the addition of an internal interface

with variable surface tension, or more appropriately surface energy.

For 2D droplets, a resulting negative pressure is both expected and observed for

inward-curving submerged features such as on the inside of a trench, as seen in

Figure 8.25. This arises due to the constant inward curvature of the interface

formed between the topography wall and the horizontal substrate when in contact

with an incompressible medium unable to vacate the corner. The curvature of the

interface at the foot of the 90◦ topography naturally also cannot be changed for a

rigid substrate except when the droplet wets or de-wets the substrate morphology.

In the case of outward-curved features, as would be encountered at the top edges

of a topographic feature should it become subsumed by the droplet such as a

protruding column, a reciprocal positive pressure is expected. The effects of these

pressures locally alter the internal Laplace pressure. In the absence of the ability

to reposition the free surface, such as in the case of capillaries or fluid columns,

the pressure cannot equalise the pressure gradient. Instead the instability, in the

limit of pseudo-3D capillaries, powers an internal current as fluid flows from the

surrounding relatively high pressure to the low pressure corner. A symmetric

balance or set of vortices may be expected due to lack of directional bias, however

it is unclear if the dynamics observed result from the physical pressure gradient or

the numerical parasitic vortices earlier described and resulting from poor balancing

of discrete forces at an ideal steady state. Since this instability would lead to the

realignment of the free surface in the physical analog, the results may be valid

only in rare or transient cases.

In the 3D case, where this submerged feature may be close to a droplet-gas free

surface, the free-energy minimising action may result in the exposure or covering of
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this feature depending on the pressure sign. Otherwise a balance or small vortex is

expected, especially if symmetry breaking occurs in the surface energy distribution.

The coupling of the internal force with the force at the triple point and therefore

angle must also be correct. However as the contact angle and fluid free surface

parameters are all independent, the simulation already incorporates heterogeneous

surfaces. This describes the general case where only local solutions at the triple

point are known from measurements and completely homogeneous surfaces are

not expected, such as the instance of the contamination of a surface. Internal free

surfaces therefore may very well be independent of the wetting dynamics as found

experimentally and analytically by various authors [147–150]. The mixing found in

the current simulation therefore may also be suppressed if occurring near a triple

point or more likely, stable droplets will only exist when balancing the forces over

the footprint range such that the triple point is unaffected by internal influences.

Figure 8.26 demonstrates the momentum evolution of the droplet, the sum of

the products of particle velocities and masses, and more specifically the internal

vortices found. Their inclusion, dominated inertia far away from the contact lines.

Limitations of the tension interpretation of surface energy may also be invalid

when considering mixing since inter-particle forces may remove the directionality

of any arising tension which is the cause of any internal dynamics.
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Figure 8.25: Droplet featuring internal tension having a value of ten times
that of the value used for the free surface at steady state (bottom) and pressure

distribution (top).
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Figure 8.26: Internal tension effects on a 2D droplet spanning topography.
Near identical profiles (top) are achieved across a wide range of internal energy
values despite high internal momentum discrepancy and mixing action (bottom).
Data is presented for no internal tension (red), free surface- internal surface
tension parity (blue) and internal tension 10 times the value used for the free

surface (green).
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8.2.4 Gravity driven droplets on 2D topographies

The previous section highlighted the multiple effects produced by surface tension

acting alone on simple topography. The addition of a body force applied to the

droplet, independent of surface energy, such as gravity has implications charac-

terised by the Bond number as detailed in Equation (3.11). A square shaped

substrate feature is present on a substrate inclined 90◦ to the horizontal, as seen

in Figure 8.27 and parameterised by Table 8.7. The problem is discretised by

60x30 particles in the x and y directions, respectively. The Bond number is varied

such that a droplet further up the substrate is forced over the topography; this

can be seen as a direct extension of the previous test.

In Figure 8.28, several stable points are revealed over a range of Bond numbers:

for low Bond numbers, Bo < 9, the angle hysteresis increase is sufficient to cease

droplet movement at the initial topography edge as before. For higher Bond num-

bers the droplet escapes the discontinuity and becomes stable at the far side topo-

graphic discontinuity. The contact angle must overcome the local force to match

the contact angle on dismounting the feature. The added free surface restorative

force formed by droplet deformation, adds a component opposing gravity so that

the second stable point is harder to overcome than the first. Above the final bond

number considered, Bo ≥ 9, the droplet deforms sufficiently to advance over the

feature entirely. The subsequent motion is unbounded and the droplet continues

to deform until fragmentation occurs, leaving a daughter droplet stable at the first

stagnation point. The advancing droplet de-pins from the substrate if the Bond

number is still further increased. Pinning is found to be crucial for a stable state

as otherwise droplet translation is not opposed.
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Figure 8.27: Schematic for the initial setup for droplet motion with increasing
Bond number.

Parameter Symbol quantity

Domain width Lx 1x10−6m

Domain height Ly 5x10−7m

Topographic width lx 0.3Ly

Topographic height ly 0.15Lx

Droplet width 2rx 0.7Lx

Initiation contact angle θ0 90◦

Equilibrium contact angles θeq 90◦

Droplet density ρd 1× 103kgm−3

Droplet viscosity νd 1× 10−6m2s−1

Air density ρv 1.2kgm−3

Air viscosity νv 1.6× 10−5m2s−1

Surface tension γ 72× 10−3Nm−1

Body force gx −Boγ
L2
xρ

Table 8.7: Parameters used for the gravity powered droplet set-up
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Bo = 9
Bo = 8

Bo = 6

Bo = 3

Figure 8.28: Steady state droplet profiles for increasing Bond number. Bond
numbers used are Bo = 3, 6, 8, 9 and peak at the last stable position of Bo = 8.
The unstable droplet profile for Bo = 9 is included for reference although the
deformation continues until the droplet fully traverses the feature and exits the

domain.

8.2.5 Spreading droplets on 3D topographies

In the three dimensional case, an added degree of freedom complicates droplet

evolution. The spreading of droplets without limit over topography is first investi-

gated before steady state droplets are secondly presented. Dynamics of the latter

are motivated by both heterogeneities in surface energy and substrate geometry

in the vicinity of the droplet.

In this section, the behaviour of droplets is compared for topographies with dif-

ferent spatial gradients, summarised in Figure 8.29 and shown in the schematic of

Figure 8.30. The variation of gradients defining the wall affects the total amount of
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substrate surface available near the topography and additionally the solutions for

the contact angles near discontinuous changes of gradient where the walls intersect

the substrate base and topography top.

Negative Gradient 
(Double defined Surface)

Positive Gradient 
(Single defined Surface)

Discontinuous Gradient 

Figure 8.29: Cross-sections of the three signed topography features used in
investigating steady states for various 3D droplet

Initially Figure 8.31 shows the spread of a droplet with equilibrium contact angle,

θeq = 0◦, which enables full wetting, where other parameters are summarised in

Table 8.8. The initially unsteady droplet is initiated with a contact angle θeq = 90◦

and is positioned over half a positive square feature, as constrained by Table 8.8.

The topography top is flat with either positively or negatively inclined sides of

gradient magnitude, m = 3/2 as well as a third example of a square discontinuous

gradient which is used to compare as a mid-way point between the two opposite

signed gradients. In the case of negatively defined topography, an overhang implied

a doubly defined surface as measured from above or below. This is contrasted with

the positive gradient, implying just singly defined topography as well as the case

of the discontinuous gradient of the square feature.



Applied Surface Tension 175

𝑳𝒙

𝑳𝒚

K𝒉

𝟐𝒂

𝑹

𝑳𝒙/2

𝒍𝒚 𝜽𝟎

(a)

𝑳𝒙

𝑳𝒛

𝒍𝒙

𝒍𝒛

𝜽𝒕

𝒍𝒕

𝟐
𝑹

(b)

Figure 8.30: 3D parameterised schematic of the droplet on topography
problem, in both side (a) and top (b) views. Dotted lines show symmetry,
dashed lines show surfaces affected by the topographic gradient set with the
example given having negative gradient as measured from the left side of the

topography.
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Parameter Symbol quantity

Domain width Lx 8x10−7m

Domain height Ly 2.5x10−7m

Domain depth Lz 8x10−7m

Topography width lx 2x10−7m

Topography height ly 0.5x10−7m

Topography depth lz 2x10−7m

Topography gradient m −3/2, 0, 3/2

Topography rotation θt 45◦

Topography position lt 0.02Lx

Droplet footprint 2a 0.55Lx

Initiation contact angle θ0 90◦

Equilibrium contact angles θeq 0◦

Droplet density ρd 1× 103kgm−3

Droplet viscosity νd 1× 10−6m2s−1

Air density ρv 1.2kgm−3

Air viscosity νv 1.6× 10−5m2s−1

Surface tension γ 72× 10−3Nm−1

Table 8.8: Parameters used for the 3D droplet completely spreading over
topography, as initially described using parameters in Figure 8.30.

The resulting surface profiles of both signed and reference scenarios show asym-

metric spreading as expected due to the topographic pressure previously profiled

in Section 8.2.3. Although the lack of non-zero equilibrium contact angle enables

the droplet to spread continuously over the topography, the additional pressure

does not permit this due to the aspect ratio of the droplet radius to feature height.

Specifically, only when the droplet initially relaxes does the high spreading rate

allow the droplet to linearly spread over the top of the feature as seen in Figures

8.32 and 8.33. The singly defined topography enables superior off-topographic

spreading whereas the doubly defined topography promotes spreading underneath

the overhanging surface. Interestingly as observed in the bottom graph of Fig-

ure 8.33, the topographic surface energy and pressure components dominate the

evolution of the centre of mass for different regimes during the droplet spreading.

As can be seen, there is an initial period, common to all scenarios, when the ex-

cess energy of the feature attracts the droplets before the steady accumulation of

submerged surface supplies an opposing pressure contribution which reverses the

spreading bias in the opposite direction.



Applied Surface Tension 177

Between the signed and reference features, the potential well of the negatively

signed, double defined gradient scenario is clearly deeper, with more free surface

being available than that in the positive, singly defined case. The reference case

of discontinuous gradient has a slightly different starting point due to unavoidable

droplet initialisation but shares the lethargic profile of the negative signed case.

These two differ slightly in the off-topography spreading rate which is slightly

enhanced for the discontinuous feature. Still more extreme is the final spreading

regime of the singly defined component. It is initially surprising that a constant

off-topographic spreading rate is not expressed by all three cases when sufficient

submerged surface is gathered. Certainly one factor affecting this rate is the

momentum generated from the initial attraction of the feature. Another factor,

as can be seen in the footprint profiles of Figure 8.31, is the reaction area of the

substrate feature directly above the flat extent of the surface. In the discontinuous

and positive scenarios, the substrate contact area is greater than the negatively

defined case. In addition, as the reaction pressure is insufficient to repel the

droplet off the negative gradient feature, the droplet footprint advances to the

other side of the shape where it begins to experience a reverse reaction force

from this opposing side of the topography. In comparison, the far side coverage

of the discontinuous and positive cases is far less. This achieves a greater net

reaction force off the topography, in the initially wetted direction. Furthermore

the positive, singly defined feature which has a comparatively similar vertical area

to the discontinuous shape, contains a different set of triple point solutions for

each contour layer as the shape cross-section reduces as a function of height due

to the defined gradient; this can be seen as a multi-valued problem as described

by the previous 2D case of Figure 8.19.

Interestingly, a reverse pinning is also observed on the positively defined topog-

raphy over which the droplet has time to reach the end of the feature’s extent

and is thereafter pinned reminiscent of earlier 2D results. This lip or cusp may be

seen as a relatively prominent characteristic in the bottom of Figure 8.32. This

feature is unexpected as there is no stable balance that may be employed and

as the spreading slows for large times due to volume conservation, thus this may

be a pseudo-stationary point. Conversely, the addition of this extreme overhang,

as a doubly defined surface, is expected to promote spreading onto the far side

wall, due to the equilibrium contact angle being zero, although this is not seen.

A possible cause is that the orientation of the component pinches the advancing

contact angle into a sharp point. This would produce an unfavourable increase of
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free surface energy. The symmetric spreading over the feature’s far side, relative

to the droplet’s starting location, would increase the surface area still further by

both splitting advancing fronts of the contact line or by advancing the entirety of

the cusp uniformly over the brink of top of the topography. These two consider-

ations, from an energy minimising perspective may be sufficient to produce this

temporary stable point. The discrete approximation of the model should not be a

dominating factor either, even at late stage spreading where the particle number

at the contact line reduces, since normalisation at the triple point has previously

been shown to conserve physical spreading forces during the Tanner tests.

The topography is noticeable even at the later stages as the fluid does not encapsu-

late the feature. The droplets spread unevenly in the presence of either feature and

flow around the edges forming ‘wings’ as the fluid moves past the topography, as

seen in Figure 8.31. In the case of the topography with negative gradient, or dou-

bly defined surface, the fluid spreads under the feature producing larger wetting

‘wings’ than the droplet spreading around the positive gradient, singly defined

feature. Although in contrast the positive gradient, singly defined case spreads

more successfully over the topography as noted. The droplet appears to have a

better affinity for wetting the topography in the doubly defined case although the

effect is marginal. This action seems to delay global wetting as the footprint in the

second case is smaller than the first. The dynamics are motivated by a favourable

reduction in free surface for the droplet spreading under the topography whereas

the free energy offered by the singly defined case is less. Note that the initial con-

figurations match since the contour lines around the topography overlap so that

it is not possible to tell the sign of the gradient.

The volume of the droplet is a variable not investigated, however it clearly varies

the local curvature near points of interest and the solutions available there. In the

large scale limit, the Laplace pressure available diminishes as the statistical net

directional substrate reaction area averages out for a general rough surface. The

phenomenon of interest relates to the previous section investigating 2D droplets

discontinuously spanning across comparative scale topography, and therefore rel-

atively large features. In order to investigate these large surface heterogeneities,

the volume was chosen such that the arising droplet dimensions were of the order

of the topography.
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Figure 8.31: Centre aligned droplets relaxing on a substrate with square to-
pography (omitted for clarity). The global substrate contact angle is set as 0◦

to enable peak spreading. Initial states, t = 0s (top contours) are compared
against the profiles attained by t = 38ns (bottom contours) for both positive
gradient, single defined (green) and negative gradient, doubly defined (red) to-
pography with a constant edge-gradient magnitude, m = 3/2. Unique fluid
‘wing’ profiles emerge as the droplet traverses the topography (see highlighted
blue circle). The topography was further defined by a 45◦ rotated square of

length, s0 = 0.2µm and height, h = 0.05µm.
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Figure 8.32: 3D projections of the droplet height profile evolution. Time steps
are in 2µs from 1µs− 37µs. Profiles include the topographic feature. The case
of the doubly defined topography (top) is compared against the singly defined
topography (bottom). A bulging cusp formed for the latter case can be seen on
the far side of the feature for advanced spreading, as marked. The domain is

discretised by 64x64x20 particles.



Applied Surface Tension 181

Figure 8.33: 3D projection of the droplet height profile evolution for the
discontinuous feature (top) as a reference case to the previous signed scenarios.
Time steps are in 2µs from 1µs − 37µs. The centre of mass evolution from all
three cases is found to differ (bottom) in each case. The domain is discretised

by 64x64x20 particles.
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8.2.6 Equilibrium droplets on 3D topographies

In Figure 8.34, a simple droplet on a plane with a patch of higher/lower energy,

i.e. low/high contact angle, is presented which simulates a substrate with het-

erogeneous surface energy. The initial contact angle is set to 90◦ and a global

equilibrium contact angle is set to θeq = 90◦ with the patch defined as having

a local equilibrium contact angle of θeq = 130◦. This motivates droplet motion

in the direction away from the patch since a higher contact angle locally de-wets

the patch. As expected, for the converse scenario where the energy discrepancy

is reversed, the droplet moves toward and eventually covers the patch entirely. In

covering the patch, the droplet contact angle remains close to the new global value

of θeq = 130◦ and can be seen to have a smaller footprint as more material is stored

in the vertical axis. It is worth noting a limitation of the implemented CSF method

in that the energy discontinuity is invariant once the fluid free surface is far enough

away from the region. This assumes that the liquid-solid interfacial energy is zero

for all substances. This implies that the Cassie-Baxter formula, Equation (2.2),

which considers submerged surface energy variance is not explicitly included. A

further study of this effect may easily be conducted by including a specific surface

for the liquid-solid akin to the formulation of the CSF-tensor method. As the

remaining tests are concerned with topographic differences, this effect is omitted.

Another model quirk is that the initial discretisation makes contour plots appear

more pixelated. At later times, the smoothness of the evolved droplets may be

seen to be superior in continuity.

The simulations of Section 8.2.5 are now repeated for droplets with finite wetting

contact angle. The initial droplet setup remains the same, as shown in Figure 8.30

but with the problem parameters changed to those in Table 8.9. In Figures 8.35,

8.37 and 8.39, contact angles θeq = 90◦, θeq = 50◦ and θeq = 130◦ are examined

respectively.

In Figures 8.35 and 8.36, the case of the positive and discontinuous gradient to-

pographies show minimal change in droplet position. However the negative gra-

dient, doubly defined topography of the middle Figures promotes partial wetting

especially at the droplet base. The droplet slides under the topography and pro-

duces a tear shape at the expense of the height. The contact angle can be seen

to be pinned at the corner in order to produce this shape. Conversely the singly

defined top Figures shows an almost unaffected droplet which marginally slides
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Figure 8.34: A droplet partially covering a patch of discontinuous energy
substrate (top) moves to a final state where de-wetting (middle) or wetting

(bottom) is promoted.
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off the topography and does not lose as much height. The contact angles on the

topography rise from the base value of equilibrium contact angle, θeq = 90◦ to

higher values before contact is lost with the topography. This can be seen by the

overlapping of the bottom three contour lines as the droplet emerges from the

feature. This implies that the base of the topography which is wider in the singly

defined case produces more pressure than at its top where the free surface, near

de-wetting is almost free from its effect and lingering pinning exists.

Parameter Symbol quantity

Domain width Lx 8x10−7m

Domain height Ly 2x10−7m

Domain depth Lz 9x10−7m

Topography width lx 3x10−7m

Topography height ly 1x10−7m

Topography depth lz 3x10−7m

Topography gradient m −3/2, 0, 3/2

Topography rotation θt 45◦

Topography position lt 0Lx

Droplet footprint 2a 0.67Lx

Initiation contact angle θ0 θeq

Equilibrium contact angles θeq 50◦,90◦,150◦

Droplet density ρd 1× 103kgm−3

Droplet viscosity νd 1× 10−6m2s−1

Air density ρv 1.2kgm−3

Air viscosity νv 1.6× 10−5m2s−1

Surface tension γ 72× 10−3Nm−1

Table 8.9: Parameters used for the 3D droplet, at equilibrium, over topogra-
phy, as initially described using parameters in Figure 8.30.

In Figures 8.37 and 8.38, the equilibrium contact angle is decreased to θeq = 50◦.

In the singly defined case the droplet spreads toward the feature and to a steady

state covering part of the first two faces. Interestingly in the doubly defined result

the droplet is more strongly attracted to the feature. No equilibrium sticking

points are found on the smaller topographic base and as a consequence the droplet

continues to spread. Eventually this results in the topography being completely

wreathed by the fluid. Although the droplet height is superior to the feature, the

flat top remains uncovered due to the pressure acting away from the covered walls
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in all directions. An intermediate state of this is shown where the highest droplet

contour traces the topographic shape below its free surface.

In Figures 8.39 and 8.40 the droplet contact angle is increased to θeq = 130◦.

The droplet behaviour is now seen to be reversed with the droplet in both cases

being repelled by the feature. In the singly defined case this is less marked than

the doubly defined case in which almost complete de-wetting at the base of the

feature occurs. At still higher gradients, this trend would result in a de-pinned

area between the base and top of the topography.

For all contact angle cases, the comparison of these results, collated for conve-

nience in Figure 8.41, suggests that the Wenzel model [62] for actual subsumed

surface area versus geometric surface area, does increase the wetting properties of

the fluid with high contact angles repelling from the topography and low contact

angles being attracted by the topography. This may be explained by the previously

mentioned surface discrepancy between doubly defined and singly defined cases. As

their classification suggests, the former exhibits less exposed surface than the latter

when encapsulated implying more unfavourable energy is consumed if wetting

occurs such as for droplets with sub-90◦ contact angles. If wetting does not occur

as readily, free energy may be minimised by moving the droplet out of the area

as is observed for super-90◦ contact angles. In addition to this, for pseudo-static

droplets the maximum plane-projected radius is a function of contact angle and

height. This implies making the lateral topographic dimensions height dependent

via gradient employs a second wetting bias as mentioned and is coupled to the

implied pressure the incremental area imposes on the droplet. The case of the

contact angle hysteresis is not explained directly by Wenzel’s law since for contact

angles equal to 90◦ there remains a growing angle offset based on the aspect ratio

as in the 2D case. For the unlimited wetting, the topography pressure acts against

the surface energy attraction of the topography. Note also for ease of reading

that for matching topographic and droplet profiles, that is for doubly defined

topography and droplets where the contact angle is greater than 90◦ and vice

versa, the contours do not readily cross as they do for mixed signs of topography

and effective droplet height variance.
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Figure 8.35: The effect of the gradient of the topography on final droplet
shapes. The global substrate contact angle is set to 90◦. Initial states (left
figures) evolve into stable states (right figures) for both single defined (bot-
tom figures) and doubly defined (middle figures) topography with a constant
edge-gradient magnitude, m = 3/2. Standard topography without gradient,
i.e. square feature is included (top figures) for reference. The topography was
further defined by a 45◦ rotated square of length, s0 = 0.3µm and height,

h = 0.1µm.
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Figure 8.36: Steady state solutions for the set of 90◦ droplets on varying
topographic gradients. Discontinuous gradient (top), negative gradient (middle)

and positive gradient (bottom) feature.
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Figure 8.37: The effect of the gradient of the topography on final droplet
shapes. The global substrate contact angle is set to 50◦. Initial states (left
figures) evolve into stable states (right figures) for both single defined (bot-
tom figures) and doubly defined (middle figures) topography with a constant
edge-gradient magnitude, m = 3/2. Standard topography without gradient,
i.e. square feature is included (top figures) for reference. The topography was
further defined by a 45◦ rotated square of length, s0 = 0.3µm and height,

h = 0.1µm.
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Figure 8.38: Steady state solutions for the set of 50◦ droplets on varying
topographic gradients. Discontinuous gradient (top), negative gradient (middle)

and positive gradient (bottom) feature.
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Figure 8.39: The effect of the gradient of the topography on final droplet
shapes. The global substrate contact angle is set to 130◦. Initial states (left
figures) evolve into stable states (right figures) for both single defined (bot-
tom figures) and doubly defined (middle figures) topography with a constant
edge-gradient magnitude, m = 3/2. Standard topography without gradient,
i.e. square feature is included (top figures) for reference. The topography was
further defined by a 45◦ rotated square of length, s0 = 0.3µm and height,

h = 0.1µm.
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Figure 8.40: Steady state solutions for the set of 130◦ droplets on varying
topographic gradients. Discontinuous gradient (top), negative gradient (middle)

and positive gradient (bottom) feature.
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Chapter 9

Conclusion and Future Work

A bespoke classical weakly compressible algorithm is benchmarked and validated

against boundary repulsion, Couette and Poiseulle shear flows as well as a free

surface Dam break. Such tests represent extreme cases of, and share characteristics

with, the project goal of modelling droplet dynamics, namely the validation of

boundary impermeability, momentum conservation, viscous benchmarking, non-

slip boundaries, tensile instability and free surface modelling tests.

Research found that incompressible variants of SPH were advantageous for pres-

sure prediction and computational speed, requiring less restrictive time integration

limits especially due to the sound speed upon which the weakly compressible for-

mulation is constrained by. The weakly compressible formulation was used to

benchmark the incompressible updated equivalents of both the DFS and DFDI

methods in the Dam break and also compare favourably in terms of pressure

prediction due to high pressure response to density variations in the weakly com-

pressible variety. In order to compare free surface Dam breaks with the WCSPH

counterparts, boundary conditions for ISPH were investigated and a generalised

form of a pre-existing Dirichlet boundary was revised and adopted. The solving

of the PPE was also limited to the fluid in order to achieve a smooth flow.

Lastly basic solver validation was concluded through Taylor-Green and lid driven

cavity flows. In comparing leading ISPH models for free surface flows, the DFDI

model was preferred to the DFS variant due to it’s independence from arbitrary

regularising coefficients such as shifting and surface treatment. The DFDI volume

conservation remained stable even during violent Dam breaks where the surface

deformation is extreme. The discretisation of the DFDI method was reformulated
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by exploiting an index symmetry to increase computational speed. A reformulation

of the types of discretisation for the PPE equation set was also implemented for free

surfaces. The Plateau-Rayleigh Instability was investigated to validate transient

dynamics of the surface tension. The column break up from the first instability

appearing agreed with the dominant wavelength growth rate and complete column

breakup ensued.

Full domain and free-surface 2D droplet oscillations were used to validate and

investigate novel updates to the CSF surface tension method. Both results show

good agreement with expected periods and exhibit different decay rates implicating

the role of the second support phase in the full phase case. The previously un-

studied generalisation to 3D in SPH was also described and simulated and con-

formed to theoretical oscillation periods. Tensor forms were investigated and found

to compare unfavourably with the curvature equivalent. In addition, existing

literature negative pressure corrections were found to violate tension integrals. The

author’s analysis demonstrates that invoking Marangoni forces also provides inap-

propriate integrals under the standard formula. The instability that the correction

addresses was not found to feature in simulations.

In the curvature formulation, triple phase points rely on explicit formulations of

the energy balance since explicit tension balancing was found to be unstable at

high density ratios even with density reformulation present. The tensor case was

easily applied to tension balances and achieved stable triple points for even high

density ratios. However this formulation was not amenable to redistribution of the

surface force into the denser medium which resulted in more violent dynamics and

longer run times. Triple point algorithms between artificial angles and volumetric

reconstruction of the unbalanced Young’s equation were contrasted and found to

be advantageous in different domains. The artificial model demonstrated accurate

dynamics. However in extreme cases, due to the inability to uniquely capture a

contact angle, artificial normals are unable to implement surface minimising forces

resulting in dewetting or pooling of the droplet. The discretised Young’s equation

in the basic CLF method, required renormalised normal contributions near the

triple point in order to avoid similar sampling errors. A correction to the artificial

method, RAN, was introduced which produced consistent normal measurements,

thereby alleviating prior problems with the method. A benchmark compared well

with the CLF triple-point stability, achieving similar order errors.
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Novel analytic and numeric modelling of capillary effects for triple points, show

the dependence of the droplet radius and topographic height aspect ratio on pin-

ning effects, with additional momentum directed by the reactionary force of the

boundary wall. The pinning effects were noticed above a certain topographic

anisotropy, where leading or receding angles could not overcome the triple point

angle needed to traverse the obstacle. Indefinite clinging to one wall was observed

for small droplets or large contact angles and confinement over the trench was

observed for large droplets or small contact angles. Predictive analysis was per-

formed in matching unbalanced forces and good agreement with numeric results

was observed. However the role of the parasitic currents inherent in the colour

method was supposed to be the source of the offsets between numeric and ana-

lytic predictions at more extreme angles. Finally micrometre droplet evolution

was investigated on a range of non-trivial topography and surface energy inhomo-

geneities. Additionally gravity flows provide variations on the dynamics. In 3D

cases, negatively signed spacial gradients of topographic features were found to

further enhance the wetting behaviour, and vice versa, as proposed by Wenzel’s

law.

Due to the limits of the project, further progression of theory and experimental

verification remain the topics of future work. Especially of interest is the recent

attention to the numeric capture of inter-molecular surface forces in SPH. Al-

though penetration is still currently to be achieved by this physical update, the

compatibility of a similar update around the triple point to the macroscopic CSF

approach is necessary in order to likewise negate the need for a supporting phase.

One possible solution to this is to develop a repulsive colour contribution which,

when taken in conjunction with the attractive forces arising from the traditional

colour formulation, recovers the Laplace pressure in steady state. In addition, the

triple point formulation based around the colour method would need to address

the recovery of true surface normals. This may be possible using more advanced

free surface analysis. Alternately, other known methods such as using a disjoining

pressure between the fluid-fluid and fluid-solid interfaces may be implemented as

a method of controlling contact angles.
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Second derivative approximation

A Taylor series approximation of the SPH second derivative is commonly used

[117, 151] in place of either directly taking the second derivative of the kernel in a

typical fashion (see for example eq.2.17 [152]) or using partially evaluated ’nested’

terms (see for example formulation for eq.8 [153]). The following derivation is

from Jubelgas [151].

The second order Taylor series (TS2), using the Einstein summation convention,

of function f(x) evaluated at xi for the value at point ’xj’ is given up to third

order as

f(~xj) = f(~xi) +
∂f(~xi)

∂~xαi
(~xj − ~xi)

α +
1

2!

∂2f(~xi)

∂~xαi ~x
β
i

(~xj − ~xi)
α (~xj − ~xi)

β +O (~xj − ~xi)
3

(A.1)

where α and β run to the total dimensions summed. A common factor is now

used to expose the antisymmetric property of the first order term in equation

(A.1) which sums to zero when integrated over an even domain. The factor used

for this purpose is

(~xj − ~xi)
|~xj − ~xi|2

∇iWji (A.2)

or equivalently
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~xαji

|~xji|2
∂Wji

∂~xαi
(A.3)

where the notation

∂Wji

∂~xαi
= ∇iWji =

∂W (~xj − ~xi, h)

∂~xαi
. (A.4)

is used. Gathering terms of similar order and integrating over the domain xj gives

the left hand side (LHS) of equation (A.1) as

∞∫
−∞

(f(~xj)− f(~xi))

|~xji|2
~xαji

∂Wji

∂~xαi
d~x3

j (A.5)

whilst the first order term on the right hand side (RHS)

∞∫
−∞

∂f(~xi)

∂~xαi

~xji.~xji

|~xji|2
∂Wji

∂~xαi
d~x3

j =
∂f(~xi)

∂~xαi

∞∫
−∞

∇iWjid~x
3
j = 0 (A.6)

disappears as required. The second order RHS term is then

∞∫
−∞

1

2

∂2f(~xi)

∂~xαi ~x
β
i

(
~xαji~x

β
ji

~xγji

|~xji|2
∂Wji

∂~xγi

)
d~x3

j (A.7)

Now the bracketed vector terms of equation (A.7) are individually antisymmetric

with mis-matching indices but become symmetric when indices match so that the

remaining terms are

1

2

∂2f(~xi)

∂~x2
i

∞∫
−∞

~xγji
∂Wji

∂~xγi
d~x3

j (A.8)

Solving the integral by using a standard method (for example integration by parts)

and using the identity
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∞∫
−∞

Wjid~x
3
j = 1 (A.9)

the integral reduces to −1. This behaviour is summarised as a delta function in

δαβ in [151]. The remaining terms of equation (A.1) are then

1

2

∂2f(~xi)

∂~x2
i

= −
∞∫

−∞

(f(~xj)− f(~xi))

|~xji|2
~xαji

∂Wji

∂~xαi
d~x3

j (A.10)

with the discretised SPH form

∂2f(~xi)

∂~x2
i

= 2
∑
j

mj

ρj

(f(~xi)− f(~xj))

|~xji|2
~xαji

∂Wji

∂~xαi
(A.11)

A.0.1 Frequently Used Forms

The second derivative is often used for heat conduction [154] or viscous diffusion

[112] which have the form

1

ρ
∇. (A∇B) . (A.12)

Expanding the standard vector identity

∇. (A∇B) =
1

2

[
∇2(AB)−B∇2A+ A∇2B

]
(A.13)

using equation (A.11) for the three second derivative terms gives the RHS of

equation (A.13) as
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1

2

[
2
∑
j

mj

ρj

((AiBi − AjBj)− (BiAi −BiAj) + (AiBi − AiBj))

|~xji|2
~xαji

∂Wji

∂~xαi

]
(A.14)

which can be simplified to

∑
j

mj

ρj

(Ai + Aj) (Bi −Bj)

|~xji|2
~xαij

∂Wij

∂~xαi
, (A.15)

noting the index changes made by further symmetry of the kernel, so that for

example

1

ρi
(∇iµi∇i)~vij =

1

ρi

∑
j

mj

ρj

(µi + µj)~vij

|~xij|2
~xαij

∂Wij

∂~xαi
(A.16)
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Linear Solvers

A versatile method is required to solve the PPE non-symmetric linear system of

the Incompressible model. Due to memory restraints the biconjugate gradient sta-

bilised (BiCGSTAB) method is typically used [93, 155]. However the convergence

rate is often found to be inferior to the more memory intensive General minimum

residue(GMRES) method. The memory use of GMRES depends on the number of

internal iterations used which keep vectors to be later used in a residue summation.

By using sparse triplet form the matrix operations may be both vectorised and

optimised by allocating the row and column data to the corresponding non-zero

value which reduces the memory requirement and the operation time of an n× n
matrix to a (l + 2)n if l is the typical number of non-zero matrix entries. The

linear solver applied to the PPE minimises the residue, r = |b−Ax| where A is

the n× n matrix, and b and x are vectors of length n, defined in the section 5.

B.1 The BiCGSTAB procedure

The BiCGSTAB method [155] may be summarised in the following process which is

generalised for the preconditioner K where A ≈ K = K1K2 but which may be seen

to be unpreconditioned for K = K1 = K2 = I. A simple Jacobi preconditioner is

used such that K = δijA coupled, for computational speed, with K1 = I = K1
−1.

The initial non-zero vector, r0 is chosen to be

r0 = b−Ax0 (B.1)

200



Appendix B. Linear Solvers 201

where x0 is the initial input generating the residue. The vector r̂0 is arbitrarily

chosen so that

(r̂0, r0) 6= 0, (B.2)

for example r̂0 = r0. The initial quantities required are then

ρ0 =α = ω0 = 1

υ0 =p0 = 0. (B.3)

While the following iterative sequence is then performed until the solution is within

the given tolerance or the maximum number of iterations is reached

for i:=1 to m DO

ρi = r̂0.ri−1

β =
(

ρi
ρi−1

α
ωi−1

)
pi = ri−1 + β

(
pi−1 − ωi−1υi−1

)
solve for yi in

Kyi = pi

υi = Ayi

α = ρi
r̂0.υi

s = ri−1 − αυi

solve for zi in

Kzi = si

t = Azi

T = K−1
1 t,S = K−1

1 s

ωi = T.S
T.T

xi = xi−1 + αyi + ωiz

if ( |Axi − b| ≤ error tolerance) then quit

else

ri = s− ωit
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END_DO

B.2 The GMRES procedure

For the system Ax = b, an estimated solution x = x0 starts the GMRES method

which is summarised as [156, 157]

r0 = b−Ax0

β := ||r0||2
v1 := r0

β .

Define the (m+1)x m matrix H̄m = {hij}1≤i≤(m+1),1≤j≤m. Set H̄m = 0

for j:=1 to m DO

Compute wj = Avj

for i:=1 to j DO

hij = (wj ,vi)

wj = wj − (hij ,vi)

END_DO

hj+1,j = ||wj ||2, if hj+1,j = 0 then set m := j and proceed to solving ym

vj = wj

hj+1,j

END_DO

Solve ym, the minimiser of
∣∣∣∣βe1 − H̄my

∣∣∣∣
2

and xm = x0 + Vmym

which builds the upper right Hessian matrix,

H =



h1,1 h1,2 h1,3 . . . h1,k−1 h1,k

h2,1 h2,2 h2,3 . . . h2,k−1 h2,k

0 h3,2 h3,3 . . . h3,k−1 h3,k

...
...

...
. . .

...
...

0 0 0 . . . hk,k−1 hk,k

0 0 0 . . . 0 hk+1,k


(B.4)

Since the method stores all the vectors needed to build the Hessian matrix, seeking

a solution for large particle counts incurs an exhorbitant amount of memory, for
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this reason a restarted version is used which limits the number of iterations and

hence terms kept. Once the approximate matrix is built, the algorithm is restarted

using the approximate solution as an input.

B.3 Discussion

A parallel GMRES solver using mpi was implimented using the MGMRES library

and the work of Ghasemi [158]. The Krylov methods BI-CGSTAB and GMRES

are benchmarked for a typical problem. For poor convergence, the normalised

residue of the PPE will be greater than the tolerance; R
R0
> 1x10−5. The evolution

of the non-linear reduction in residue is plotted in Figure B.1.

Figure B.1: Typical BICGSTAB convergence plot
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Code Profile

For an accurate and efficient SPH solver the nearest neighbour sort algorithms

and GMRES implimentation are of particlular interest due to their bottlenecking

the solver speed.

C.1 Linked Lists

Particle methods operate using information from nearest neighbours (NNs), via a

distance function. However a naive application of range checking incurs a search

time proportional to n2 in this ‘brute force’ approach. As such, a spatially pre-

processed linked list of particles is required. Two such typical methods for doing

this are the cell and k-d tree searches. Benchmarking shows that the cell variant

is easier to construct a faster algorithm, however as there are various techniques

for streamlining, a k-d tree linked list was chosen due to its flexibility.

Another consideration is the use of particle pairs since the quantities collected

from NNs are used by each particle in the pair calculation. This has both accuracy

advantages in that floating point discrepancies in nominally identical calculations

are eradicated but also that the work load is proportionately reduced by only

considering the ‘upwind’ NNS for each particle. In the cell search, adjacent cells

within range of the POIs kernel are checked in a pattern that breaks symmetry but

provides total coverage of the area so that when all the particles have performed

a NNS, the pairs generated are unique. The cell structure itself, which is of non-

zero dimensions introduces the need to apply special skewing rules for neighbours

inhabiting the same cell. In contrast, the tree formulation partially overcomes this
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problem of over-symmetric coupling by having, to floating point accuracy a unique

location for each particle. Skewing the range of the k-d tree is analogous to the

cell search skew so that only one particle per pair has access to the other.

C.2 Coding an efficient ISPH

For the implementation of eqn(5.4), the code equivalent of the matrix A may be

expressed as

for i:=0 to P_NUM do{

for j:=0 to j_end do{

for k:=0 to k_end do{

c = dt2

2mi
∇Wij .∇Wik

A[i][i] += c
σ2
i

A[i][k] += c
σ2
k

}

for l:=0 to l_end do{

c = − dt2

2mj
∇Wij .∇Wjl

A[i][j] += c
σ2
j

A[i][l] += c
σ2
l

}

}

}

(C.1)

Note that another simplification that may be imposed for programming conve-

nience is the changing of indices in algorithm C.1, negating the use of index l so

that reordering the operations gives

for i:=0 to P_NUM do{

for j:=0 to j_end do{

for k:=0 to k_end do{
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c = dt2

2mi
∇Wij .∇Wik

A[i][i] += c
σ2
i

A[i][k] += c
σ2
k

A[k][i] += c
σ2
i

A[k][j] += c
σ2
j

}

}

}

(C.2)

Algorithm C.2 which is equivalent to algorithm C.1 can be interpreted as simply

taking the combined product of all nearest neighbour gradients for each particle

without the need for the gradient products of higher order nearest neighbours

involving index l. This formulation has the advantage of calculating less terms

and has the additional advantage of being independent of mirrored image particles

unlike algorithm C.1 which needs specific image/real particle tagging. Once the

validity of C.2 is assured, this can be seen by the property that for all mirror

image particles that are missing from the main loop i of C.2 and are needed for

real particle updates, give a double negative transform to the gradients involved

when reflected into real space. This problem can now be seen to have one to one

correlation with the analogous situation where a real particle i attempts to update

mirror particle quantities but is allowed to access the real equivalent particles to

complete their lists. For the example of an x reflected ith particle which does

not exist except in the nearest neighbour lists, and which is clearly needed for

the update of it’s real neighbours j, there exists a complimentary real i which

attempts to access a image j with the second nearest neighbour k being mapped

to the real if an image and vice versa.

C.3 Contour plotting Algorithm

A simple custom contour defining tool was devised for the use of extracting surface

data for droplets. The algorithm was used to generate all figures offering a top-

down perspective of height contours in 3D or side views in 2D. The kernel of the
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code, seen in C.3 discretises the domain into a square or rectangular grid and

seeds a material type to the nearest grid point associated with a particle. This

is done much in the same way that the cell nearest neighbour algorithm allocates

particles. The grid then diffuses the material type until all unclaimed cells vanish.

Edge detection then extracts surface information from this grid and plots the data

into a standard format. Finally data points are ordered by neighbour search to the

closest neighbour in the set forming the contour line. The ambiguity of preference

of an unallocated cell with multiple allocated neighbours is inherent to the problem

of final cell assignment and so the direction of the final material diffusion is not

critical.

array field = NULL

seed(field)

while (incomplete_assignment ){

incomplete_assignment = 0

array update_field = field

for ∀ N,M

if( update_field [N][M] = 0 ){

incomplete_assignment = 1

if( field [N+1][M] 6= 0 )

update_field [N][M] = field [N+1][M]

else if( field [N][M+1] 6= 0 )

update_field [N][M] = field [N][M+1]

else if( field [N-1][M] 6= 0 )

update_field [N][M] = field [N-1][M]

else if( field [N][M-1] 6= 0 )

update_field [N][M] = field [N][M-1]

}

field = update_field

}

(C.3)
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C.4 A note on intersected chords for droplet def-

initions

For completeness, the trigonometric formulation for the initialisation of smooth

droplet hemispheres of varying contact angles, θ0 and radii, rd is provided. For

these outputs, only the circle radius and intersected height need to be calculated

from which a segment forms the droplet shape. The internal angles and dimensions

for this analysis can be seen in the schematic of figure C.1. The contact angle θ0

has the relationship

θ0 = 90◦ − β

= 90◦ − (90◦ − α)

= α,

so that

R =
rd

sin (θ0)

and

r = Rcos (θ0)

may be used to calculate the circle and the droplet segment. Although not needed

for droplet initialisation, the height of the droplet is

hd = R− r = R (1− cos (θ0)) .

  

θ

α

θ

β

R

r
dr

Figure C.1: Schematic of a hemispherical droplet on a substrate formed from
a circle segment.
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