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Abstract

Performance evaluation tools are becoming considerably important due to their use-

fulness in adaptive link deployment. Developing accurate and fast converging eval-

uation tools able to account for all hardware and channel impairments is not a

straightforward task. Particularly, the performance characterization of the PA non-

linearities is of notable significance as they greatly degrade the QoS. One of the

aims of this thesis is to study the impact of the PA non-linearities in the system

performance. An evaluation tool based on a Monte Carlo simulation which com-

putes the BER over a scenario which considers an AWGN channel and the presence

of a PA is used to carry out the study. In order to account for the PA behaviour

in the proposed tool, several state-of-the-art memoryless methods are investigated:

Saleh’s, Ghorbani’s, Rapp’s and the Bessel-Fourier. In particular, original propo-

sitions to improve the accuracy of the Bessel-Fourier model, in order to capture

operating scenarios that reach beyond the device characterization, are presented to-

gether with first convergence studies and experimental verification of the technique

for scenarios more complex than two-tone tests. The distortion generated by the

PA may be mitigated by the use of pre-distortion. This thesis also proposes a novel

data pre-distorter which enables compensation for the PA distortion occurring at

APSK systems by providing the optimum value of the constellation ring ratio un-

der PA compression. The accuracy of this methodology is tested by the use of the

mentioned evaluation tool and a testbed. Finally, the PA load variation presented

by a particular radiating element in an antenna array, due to the mutual coupling

between all elements, is also studied in this thesis as this may compromise the effec-

tiveness of pre-distortion techniques. To do so, a methodology to characterize the

beamforming degradation due to mutual coupling in large arrays of active antennas

is presented as well as measured results showing the output impedance variation

impact on the performance of two GaN PAs: a GaN Class-B and a GaN Class-AB.
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Chapter 1

Introduction

1.1 Motivation

Evaluation tools that enable designers to accurately predict the performance of

wireless communication systems, under a wide range of conditions, are becoming

increasingly important due to their usefulness not only for planning of the satellite

and ground infrastructure but also during adaptive link deployment. The latter

allows communication links to be tailored to achieve the required performance or

quality of service (QoS), for example by adapting baseband or radio frequency (RF)

configuration parameters such as coding and modulation or RF power level, as

performed in Software Defined Radio (SDR) technology [1–3]. SDR has gained

significant interest in recent years due to enabling the possibility of configuring

radio systems in a more flexible and cost-effective way than traditional hardware-

based systems. An example of a SDR transceiver is depicted in Figure 1.1. Note

that just the transmitter and receiver front-end components, such as the up- and

down-converter blocks (BUC and BDC) and the power and low-noise amplifiers (PA

and LNA), are the only elements which are not software oriented, the rest may be

fully reconfigured (although some front-end characteristics, such as the PA operating

point, can be adjusted).

Developing accurate and fast converging performance evaluation tools able to ac-

count for variable conditions attributable to the presence of the channel and hard-

ware impairments is not a straightforward task. Difficulties arise by the increased
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Figure 1.1: Block diagram of an adaptive software-defined radio transceiver.

complexity of the communication system, which includes non-linear element models

coupled with complex coding and modulation schemes and the simultaneous pres-

ence of several channel imperfections such as fading, impulsive noise and Doppler

shift [4].

In particular, the performance characterisation of the PA, one of the main compo-

nents in a wireless communication system, is of notable importance as it is associated

with comprising a significant fraction of the total power consumption and is a major

source of non-linearities [5]. Critically, the efficiency of a power amplifier increases

when the amplifier input back-off (IBO), which is the ratio between the input power

that delivers maximum power to the input power that delivers the desired linear-

ity, is reduced. As the PA output power is finite, the selection of low IBO levels

generates signal distortion and thereby gives rise to the well-known design trade-off

between linearity and power [5, 6].

The distortion generated by the PA may be mitigated by the use of pre-distortion,

in which the PA is generally stimulated with the inverse equivalent of its transfer

function such that the non-linear characteristics are canceled out at the output, e.g.

[7, 8]. Several existing methods for the application of pre-distortion (e.g. harmonic

balance [9]) achieve high accuracies at the cost of being time-consuming, which is

not convenient for the emerging need of fast converging evaluation tools. Therefore,

one of the motivations for the present thesis is to study the impact of the PA non-

linearities in communication systems and to investigate methods and techniques for

fast and efficient modelling and pre-distortion of PAs.

Nevertheless, the use of pre-distortion may not ensure the best system performance

as the effectiveness of these techniques may be seriously degraded if there is an

impedance mismatch between the PA and the antenna connected to it. This hard-

ware impairment likely occurs in certain systems such as massive multiple-input
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multiple-output (M-MIMO) implementations, when the PA load presented by a

particular element in an antenna array varies due to the electromagnetic coupling

between all radiating elements. Due to the importance of this issue in future wireless

telecommunication standards such as 5G, another aim of the thesis is to examine the

effect of the antenna mutual coupling on the PA behaviour and system performances.

1.2 Background

Performance evaluation tools which allow the study of the impact of the PA non-

linearities in a communication system, such as satellite links, terrestrial implemen-

tations, etc., typically require a PA modelling technique. Several of these PA models

are briefly described in Section 1.2.1.

As previously mentioned, pre-distortion techniques are widely used to reduce the

effect of non-linearities arising at the PA. A brief literature review on pre-distortion

techniques will be held in Section 1.2.2.

Finally, as the efficiency of the pre-distortion methods can be compromised when

considering M-MIMO systems, due to the mismatch in the interface between the PA

and the radiating element, a brief review of different techniques applied to address

the mutual coupling issue is presented in Section 1.2.3.

1.2.1 PA modelling techniques

According to the type of data needed for the extraction of the model coefficients, PA

methods can be divided into two major groups: physical and empirical models [6].

Physical models require the knowledge of the complete structure of the amplifier

(see Figure 1.2(a)), such as the output and input matching networks, the transistor,

etc., to set all the nonlinear equations that relate the voltages and currents of the

circuit. Hence, these models provide high accuracy and are suitable for circuit-

level simulation. Nevertheless, they are computationally very costly and can be

impractical for multicarrier signals since the simulation time becomes unrealistically

high [10]. One of the state-of-the-art methods which follows this methodology is

harmonic balance [9].
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Figure 1.2: (a) Example of a typical PA internal structure. (b) Black box represen-

tation of a PA.

When a complete system-level simulation is desired, empirical PA models are gen-

erally preferred, although their accuracy may vary depending on the methodology

used to estimate the model parameters. The main advantage of these models is

that they do not require the internal structure of the power amplifier, which can be

treated as a black box (see Figure 1.2(b)). Instead, they simply rely on input-output

measurements [6]. Thanks to this characteristic these models are considerably less

complex and so faster than physical methods.

Empirical PA methods, also known as PA behavioural models, can be divided into

models with memory and memoryless techniques [5]. The classification of the men-

tioned PA modelling techniques is summarised in Figure 1.3. The models with

memory try to address some dynamic effects such as those related to thermal issues

or a variable power bias [11–13]. The problem regarding behavioural models with

memory is that, although they are typically more accurate than memoryless models,

PA modelling techniques

Physical Empirical

High accuracy
Require PA structure
High computational time

PA seen as a black box
Low computational time
Accuracy may be sensitive

Memoryless With memory

Simple models
Do not capture dynamic effects More complex models

Try to address dynamic effects

Figure 1.3: Classification of typical PA modelling techniques.

4



CHAPTER 1

the computational time and complexity are generally higher.

The memoryless behavioural models exploit experimental characterisation of the PA

amplitude-to-amplitude modulation (AM/AM) and the amplitude-to-phase modu-

lation (AM/PM), to provide an analytical solution to model the non-linear PA

performance. The AM/AM conversion is a curve which shows the output power

changes in terms of the input power. Similarly, the AM/PM conversion is another

curve which depicts how changes in the amplitude of the input signal can cause

a phase shift at the output [5, 9]. As these models are based on static AM/AM

and AM/PM characteristics, they are frequency-independent, and so unsuitable for

wideband signals. Some of the most widely used memoryless models in the literature

are Saleh’s [14], Ghorbani’s [15], Rapp’s [16] and the Bessel-Fourier [17].

The accuracy of these memoryless behavioural models has been compared and tested

in the literature in terms of normalised mean square error (NMSE) and adjacent

channel error power ratio (ACEPR), which take into account just the PA behaviour

[18,19]. However, the performance of these models has not been compared at system

level in the literature.

When compared to the rest of the memoryless techniques, the Bessel-Fourier model

has the significant advantage of providing an estimation of the power, phase and

frequency of every intermodulation product (IMP) at the output of the amplifier

independently, which is useful for the control of aliasing. Furthermore, as it is based

on a Bessel series, the accuracy of the method can be improved by increasing the

number of terms [5]. Despite such advantages, the accuracy of the model decreases

drastically when trying to estimate the nonlinear behaviour of the amplifier at the

highest power levels of its AM/AM and AM/PM measurements [20]. Moreover,

while theoretical investigations based on the Bessel-Fourier model have been exten-

sively reported in the literature, experimental validations for multi-tone scenarios

with more than two tones are scarce. This gap in the literature has in turn limited

the studies on the model’s accuracy in terms of its convergence.

1.2.2 Types of PA pre-distortion methodologies

The trade-off between efficiency and linearity on a PA becomes increasingly crit-

ical for mm-Wave satellite communications systems operating in e.g. Ka-, Q/V-,
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or W-band (see Table 1.1) [21–23], where technological limitations in solid-state

amplification technology restrict operation at high back-off levels [24]. A satellite

communication system, such as the second-generation digital video broadcasting for

satellites (DVB-S2) [25], typically consists of: a ground segment or gateway, which

includes the modulator; a space segment or satellite transponder, which is formed

by an input demultiplexer (IMUX) filter, a travelling-wave-tube amplifier (TWTA)

and an output demultiplexer (OMUX) filter; and a user segment, which incorpo-

rates the demodulator [26]. The gateway and the transponder communicate with

each other through the uplink and the transponder and the user segment through

the downlink. In order to maximize the transponder throughput along with the

HPA power efficiency, additional processing methods are required. Applying these

processing models in the space segment is not usually convenient due to economical

and technical reasons - difficulty to perform upgrades during the satellite mission

lifetime (several years). Hence, on-ground distortion compensation is generally pre-

ferred [27]. This compensation can be done at the gateway (pre-distortion) or at the

user segment (equalisation). As the complexity and the cost of user receivers are

limited by the market needs, pre-distortion techniques are usually more convenient

than equalisation procedures [27].

Several types of PA pre-distortion techniques have been widely implemented in the

literature to address the linearity-efficiency trade-off. One methodology, known

as RF pre-distortion, places the pre-distorter in the up-mixed RF signal, so an

additional analogue component is required [28–30]. As the use of RF pre-distortion

entails lack of flexibility due to hardware limitations, a digital pre-distortion (DPD)

is often preferred and better suited for a SDR platform.

Two classes of DPD are encountered in the literature, namely signal and data pre-

Table 1.1: Classification of frequency bands.

Band designator Frequency (GHz)

Ka-band 27 to 40

Q/V-band 40 to 75

W-band 75 to 110
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distortion. In the case of signal pre-distortion, higher order signal components are

added at baseband, immediately before the up-mixing operation, to compensate for

the distortion caused by the PA [13,31,32]. The aforementioned behavioural models

can be used to apply signal pre-distortion. As a consequence of this type of pre-

distortion, a bandwidth expansion of the uplinked signal is produced, typically in

the range of three and seven times [7]. This requires high data sample rates which

makes the system quite expensive and difficult to deploy and, additionally, the

spectral regrowth may further compromise spectrum usage [7,32]. On the contrary,

data pre-distortion adjusts the transmitted symbols before up-sampling and filtering

in a way that reflects the inverted PA non-linearity. Since this operation essentially

reallocates points on the constellation, it does not introduce spectral regrowth on

the pre-distorted signal. Hence, the application of data pre-distortion is generally

more convenient when there are uplink constraints [26, 27]. It is worth mentioning

that the OMUX filter helps satisfy the bandwidth requirements of the downlink [27].

The approaches for data pre-distortion elaborated in the literature rely on iterative

numerical optimisation techniques e.g. [26, 33–35]. In particular, these techniques

involve off-line evaluation of the power amplifier non-linear response - by computer

simulation of a satellite channel - that is then used in the adaptive allocation of

the modulation scheme constellation points. This approach was firstly applied to

compensate the non-linearities in quadrature amplitude modulation (QAM) radio

systems, in which the amplitude and phase of each symbol can be distorted in a

different way (see Figure 1.4(a)) [35], and later on in amplitude and phase-shift key-

ing (APSK) satellite systems [26]. Despite the advantages of this approach, possible

real-time features would raise requirements for increased computational resources

for links with higher data throughput. This poses challenges in its deployment in

broadband feeder links with bandwidth extending over few GHz [24] as digital pro-

cessors capable of handling throughput of this magnitude are currently impractical.

When compared to conventional QAM, APSK modulations have the significant ad-

vantage of maintaining the circular constellation characteristics when transmitted

through a channel with non-linear distortion [36, 37]. This is due to the fact that

symbols which belong to the same constellation ring experience the same ampli-

tude and phase distortion (see Figure 1.4(b)). This has been recognised in previous

studies which have demonstrated that the performance of APSK modulations over
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Figure 1.4: Constellation patterns before and after being distorted by a non-linear

amplifier: (a) 16-QAM; (b) 16-APSK.

non-linear channels depends significantly on the constellation ring ratio [34, 38].

However, to the best of our knowledge there is no literature to date describing how

this advantageous feature of APSK modulation can be exploited in the development

of analytical or semi-analytical techniques, which explicitly take into account avail-

able information of the system parameters to inform data pre-distortion and thereby

heavily simplify the practical implementation.

1.2.3 Problems arising in M-MIMO systems

M-MIMO systems are considered of great importance in future wireless telecom-

munication standards such as 5G. Large arrays of active antennas is a promising

technology for improving the system performance in terms of data rate and spectral

efficiency [39]. For M-MIMO to work, the input to each radiating element needs

to be controlled in both phase and magnitude. This requires a well characterised

response from the RF chain up to the antenna which can be compromised due to

mutual coupling (see Figure 1.5); in particular, the variation of the impedance seen

by the PA degrades its linearity and produces complex gain variations, which, if not

taken into account, result in the deterioration of the antenna array far-field radiation

pattern.

As the main contributor to non-linearities in the RF chain is the PA, typically DPD

is applied under matched conditions to linearise it. Therefore, the load impedance

mismatch, which can potentially occur due to the antenna mutual coupling, is not

accounted for [40]. Impedance mismatches alter the PA behaviour and thus can ren-

der DPD ineffective, negatively impacting the efficiency of the PA and consequently

the beam pattern. The use of isolators to remove the load impedance mismatch is
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Figure 1.5: Simple qualitative representation of the mutual coupling effect experi-

enced in an antenna array.

not preferred for highly integrated antenna elements as they raise costs, size, weight

and complexity, especially when the number of frequency bands increases [41]. At

system level, the mismatch in the amplifier-radiating element interface worsens the

non-reciprocity between the transmission (Tx) and reception (Rx) paths, which

further compromises the efficiency of precoding strategies [42]. A more practical

solution would be to apply DPD to compensate for the combined effects of the PA

nonlinearity and antenna mutual coupling. Several authors are working on address-

ing this problem, e.g. [43], [44].

While the PA-antenna interface problem is still being actively researched, there are

few experimental measurements of the interaction between DPD techniques and PA

load impedance mismatch in the literature [40]. Consequently, measurements of

gallium nitride (GaN) PAs, which can be used in multi-user MIMO systems due to

their high power density capabilities, under mismatched conditions are scarce. This

gap in the literature may be significant as different device technologies may have

different behaviours when it comes to their linearity characteristics and load impact.

Furthermore, to the best of our knowledge there is nothing in the current literature

describing how to characterise the beamforming degradation due to mutual coupling

in large arrays of active antennas. This characterisation would be useful to test the

effect of the mutual coupling not just at RF path level but at system level.

9
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1.3 Scope of the thesis and survey of its contents

The main scope of the thesis is to study the impact of hardware impairments, such as

the PA non-linearities and the antenna mutual coupling, in communication systems

and to investigate methods and techniques for fast and efficient modelling and pre-

distortion of PAs.

The thesis is structured in six chapters, including this chapter, as follows:

In order to test the performance of a communication system, an evaluation tool may

be required. These evaluation tools are mainly based on closed-form expressions or

time-domain Monte Carlo simulators. The characteristics of both techniques and a

performance comparison between them are introduced in Chapter 2. The description

of the designed performance evaluation tool to study the impact of the PA non-

linearities at system level and the testbed developed for experimental validation

are presented in this chapter. The results obtained when applying the proposed

evaluation tool and testbed will be depicted in Chapter 3 and Chapter 4.

A review of several state-of-the-art memoryless techniques (Saleh’s, Ghorbani’s,

Rapp’s and the Bessel-Fourier method) which can be used to model the PA be-

haviour on the aforementioned performance evaluation tool is included in Chapter

3. Particularly, due to the advantages linked to the Bessel-Fourier model (see Sec-

tion 1.2.1), a deeper study of its characteristics was carried out and some novel

contributions are included: a practical methodology to improve its accuracy, experi-

mental validation for multi-carrier signals and a study of its convergence. Moreover,

the impact of the PA non-linearities in the system performance and a comparison

in terms of accuracy between the different memoryless models by the use of the

proposed evaluation tool are depicted as well.

In Chapter 4, a novel data pre-distorter that enables compensation for the PA

distortion in 16-APSK systems is proposed. The different impacts of the PA non-

linearities on the APSK constellations, which are the main constellations used for

satellite communications, are discussed in the same chapter. The mathematical

procedure carried out to obtain the required data pre-distortion and simulated and

measured results to prove the effectiveness of the proposed methodology are included

as well. Furthermore, results by the use of the different memoryless models to

10
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account for the PA behaviour are included.

Chapter 5 studies the alterations in the PA behaviour which can potentially oc-

cur due to the antenna array mutual coupling presented in M-MIMO systems. To

this end, a methodology to estimate the input impedance variation of a single ra-

diating element due to mutual coupling is described as well as the load-pull set-up

applied to characterise the PA performance degradation due to output impedance

mismatch. The performance degradation is characterised in terms of NMSE, ACPR,

drain efficiency and gain measurements of different classes of GaN PAs. A proposed

methodology to estimate the beamforming distortion due to these alterations in the

PA performance is also described.

Finally, in Chapter 6 the main conclusions of the work presented in this thesis are

summarised, as well as possible future work that could arise from it.
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Chapter 2

Stochastic methods for

communication system

performance evaluation tools

2.1 Introduction

The bit error rate (BER) is defined as the rate at which errors occur in a transmission

system:

BER =
be
bt
, (2.1.1)

where be refers to the number of bit errors at the receiver and bt to the total number

of transferred bits. Figure 2.1 shows a simplified scenario in which the BER is equal

to 30%.

Estimating the BER is significant for evaluating wireless communication systems

since it estimates the full end-to-end performance of the system and enables other

features of the link to be tailored to achieve the required performance or QoS [1].

Other metrics such as the signal-to-noise ratio (SNR), which compares the level

Transmitter ReceiverChannel

0 1 1 0 0 0 1 0 1 0 0 1 1 1 0 0 1 1 0 0

Figure 2.1: Example of a BER equal to 30%.
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of the useful signal to the level of the interference, and the error vector magnitude

(EVM), which measures how far the constellation points are from the ideal locations,

may also be used to quantify the system performance [2, 3]. However, the SNR

and EVM parameters are calculated before demodulating the received signal at the

reception, which means that they do not take into consideration any error corrections

applied in satellite standards such as the DVB-S2. As the BER calculation is based

on an end-to-end bit comparison, it also accounts for any factors associated with

the post-processing of the received signal.

The performance of a communication system typically depends on two types of

factors: the ones which are adjustable, such as the number of users, the coding

technique, the modulation scheme, etc.; and others related to channel and hardware

impairments, such as fading, thermal noise, etc. An accurate BER estimation must

take into consideration all these factors [1]. To this end, evaluation tools based on

closed-form expressions [4–6] or time-domain Monte Carlo simulators [7, 8] may be

used. Although the use of closed-form expressions is generally faster than running

Monte Carlo simulations, dealing with the complexity of finding out the analytical

solutions for every new scenario make the former less attractive.

A Monte Carlo evaluation tool designed to compute the BER performance for un-

coded systems over an additive white Gaussian noise (AWGN) channel and the

presence of a PA is proposed in this chapter to study the impact of the PA non-

linearities at system level. The tool will be applied to M-ary APSK modulations

as those are typically used in satellite communication systems such as the standard

DVB-S2 [9]. Although PSK modulations are generally used as well, they are not

significantly affected by PA distortion [10]. The channel will consider just AWGN

so that the main focus can be on the PA model.

A performance comparison between this proposed time-domain tool and techniques

based on theoretical closed-form expressions, when a simple scenario is considered

(M-PSK systems and an AWGN channel without the presence of a PA), is presented

in this chapter to test the validity of the former and to provide a solid and modular

method for tests in more complex scenarios. A description of the testbed developed

for experimental validation is also included.

The structure of the paper will be as follows: firstly, the analytical methodology

18



CHAPTER 2

to estimate the BER for uncoded digital modulations over an AWGN channel is

described in Section 2.2. Secondly, the in-house evaluation tool designed to compute

the BER performance for the same scenario is introduced in Section 2.3. Section

2.4 presents the testbed developed for experimental validation. A BER performance

comparison between both types of evaluation techniques is depicted in Section 2.5.

The PA model integration on the in-house evaluation tool is presented in Section

2.6. Final remarks are drawn in Section 2.7.

2.2 BER estimation based on closed-form

expressions

A widely used closed-form expression for the BER computation of a simple scenario,

which just considers M-ary PSK systems with Gray code bit mapping over an AWGN

channel, can be found in the literature [4,11,12]. The BER in this case is given by [4]:

BERAWGN =
1

m

M−1∑
k=1

d̄(k)P (k), (2.2.1)

where M denotes the number of symbols of the constellation, m refers to the number

of bits per symbol (m = log2(M)) and d̄(k) is the average distance spectrum or

average Hamming distance difference taken over all binary vectors separated by k

steps along the constellation circle. d̄(k) can be obtained as follows [4]:

d̄(k) = 2

∣∣∣∣ kM −
⌊
k

M

⌉∣∣∣∣+ 2
m∑
i=2

∣∣∣∣ k2i −
⌊
k

2i

⌉∣∣∣∣ , (2.2.2)

where the function bxe rounds x to the closest integer. In Equation 2.2.1, P (k) is the

probability that symbol k is detected when symbol 0 is transmitted. The expression

to obtain P (k) is the following [1]:

P (k) =
1

2π

∫ π(1−(2k−1)/M)

0

exp

(
− Es
No

sin2[(2k − 1)π/M ]

sin2 θ

)
dθ

− 1

2π

∫ π(1−(2k+1)/M)

0

exp

(
− Es
No

sin2[(2k + 1)π/M ]

sin2 θ

)
dθ,

(2.2.3)

where Es
No

is the energy per symbol, Es, to noise power density, No.

The problem with this approach is that it works for just a particular case, PSK

signals over an AWGN channel, so it does not take into account other types of signals
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or impairments. A different methodology based on the use of the characteristic

function of the hardware and channel impairments together with a Fourier-Series

expansion seems to deal with this issue [5, 6, 13–16]. This approach is described

below.

2.2.1 Fourier-Bessel series approach

Assuming a signal space based on a geometric interpretation of the detection process

for the representation of the transmitted and received signals allows them to be

expressed as vectors, and the degradation to be expressed as the shift between the

end point of both vectors. In other words, the received vector is composed of the sum

of two vectors, the transmitted and the interference vector, as depicted in Figure

2.2. Receiving a constellation point different from the one actually transmitted

depends on the characteristics of the overall s-dimensional interference vector, X,

which integrates the combination of the interference vectors associated with the

different hardware and channel disturbances. Hence, the BER computation requires

the estimation of the s-dimensional probability density function (PDF) of X; p(X) -

p(X)dX would be the probability that the end-point of the vector lies in the volume

element dX [17].

As the interference vectors associated with several impairments such as thermal

noise, impulsive noise and multi-access interference (MAI) present spherical symme-

try around the transmitted constellation point (all directions are equally probable

-1 +1Transmitted 
signal vector

Received 
signal vector

Interfering 
signal vector

Q

I

Figure 2.2: Transmitted, interfering and received signal vectors in a BPSK constel-

lation.
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and the magnitude of the vector is independent from its direction [13, 18]) and are

independent from each other, a straightforward way to obtain the overall p(X) with-

out the need to convolve all independent PDFs may consist of calculating the overall

characteristic function (CF), Φ(H), where H refers to its independent variable and

just requires the multiplication of all individual CFs [17]:

Φ(H) = ΦAWGN(H) · ΦIN(H) · ΦMAI(H) · ··, (2.2.4)

where ΦAWGN(H), ΦIN(H) and ΦMAI(H) refer to the CFs associated to AWGN,

impulsive noise and MAI, respectively. This approach provides a simple way for

combining statistically independent impairments as every link disturbance may be

modelled separately and then multiplied with the rest of impairments to obtain the

overall CF of the system [17].

Due to the spherical symmetry of X, its PDF only depends on the magnitude of

the vector, |X| = r [17, 18]. In this case, the overall p(r) can be expressed by the

Hankel inverse transform of its CF [17]. This, indeed, is one of the most important

advantages of the CF approach, which greatly reduces the computational complexity.

Thus, the overall s-dimensional PDF of an s-dimensional interference vector:

p(X) = (2π)−s
∫
e−iXHΦ(H)dH, (2.2.5)

can be rewritten as (see Appendix A) [17]:

ps(r) =
r
s
2

2
s
2
−1Γ
(
s
2

) ∫ ∞
0

ρ
s
2J s

2
−1(rρ)Φ(ρ)dρ, (2.2.6)

where ps(r) refers to the 1-dimensional PDF of X and depends only on its magni-

tude r. The rest of the terms, s, Γ(·), ρ and J(·), represent the number of dimen-

sions considered in p(X) (the number of signal space dimensions is generally two,

the in-phase (I) and the in-quadrature (Q) components), the Gamma function, the

magnitude of the independent variable of Φ(·) and the Bessel function of the first

kind, respectively.

A Fourier-Bessel series expansion is applied to solve the infinite integral which ap-

pears in Equation 2.2.6 as it involves low complexity and high accuracy [13]:

ps(r) =
r
s
2

2
s
2
−2R

s
2

+1Γ
(
s
2

) ∞∑
k=1

λ
s
2
−1

k Φ
(
λk
R

)
J s

2
−1

(
rλk
R

)
J2
s
2
(λk)

, (2.2.7)
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where λk corresponds to the zeros of the Bessel function J s
2
−1 and R denotes a

truncation in the integration range (from [0,∞] to [0, R]) involved in the estimation

of Φ.

Once the 1-dimensional PDF of the interference vector is defined, the next step re-

quired to estimate the BER is the calculation of the cumulative distribution function

(CDF) or non-error probability, Ps(rth), which can be easily obtained by estimating

the probability that the magnitude of X is smaller than a threshold value, rth, [13]:

Ps(rth) = p{r ≤ rth} =

∫ rth

0

ps(r)dr

=
r
s
2
th

2
s
2
−2R

s
2 Γ
(
s
2

) ∞∑
k=1

λ
s
2
−2

k Φ
(
λk
R

)
J2
s
2
(λk)

J s
2

(rthλk
R

)
.

(2.2.8)

Equation 2.2.8 denotes the general expression of the CDF in terms of the CF when

expanded by a Fourier-Bessel series. The type of digital modulation taken into

account in the communication system will determine the number of dimensions s,

the value of rth and the way to obtain the BER from the CDF. As an example,

the procedure to obtain the BER expression for binary phase-shift keying (BPSK)

systems and the presence of AWGN by the use of this methodology is described

below.

BER estimation of BPSK systems

Before estimating the BER expression from Equation 2.2.8, the number of dimen-

sions needed for BPSK systems and certain identities must be taken into account.

As a BPSK modulation is assumed, only one dimension is required in this case.

Thus, the non-error probability when s = 1 will be the following:

P1(rth) =
r

1
2
th

2
1
2
−2R

1
2 Γ
(

1
2

) ∞∑
k=1

λ
1
2
−2

k Φ
(
λk
R

)
J2

1
2

(λk)
J 1

2

(rthλk
R

)
. (2.2.9)

By taking into account the following identities:

Γ

(
1

2

)
=
√
π (2.2.10)

and

J 1
2
(x) =

√
2

πx
sin(x) (2.2.11)

22



CHAPTER 2

Equation 2.2.9 can be rewritten as:

P1(rth) =
r

1
2
th

2
−3
2 R

1
2
√
π

∞∑
k=1

λ
−3
2
k Φ

(
λk
R

)
J2

1
2

(λk)

√
2

π rthλk
R

sin

(
rthλk
R

)

=
4

π

∞∑
k=1

λ
−3
2
k Φ(λk

R
)

J2
1
2

(λk)

√
1

λk
sin

(
rthλk
R

)
,

(2.2.12)

where:

J2
1
2
(λk) =

[√
2

πλk
sin(λk)

]2

=
1− cos(2λk)

πλk
. (2.2.13)

If Equation 2.2.13 is introduced into Equation 2.2.12, the following expression is

obtained:

P1(rth) =
4

π

∞∑
k=1

λ
−3
2
k Φ(λk

R
)

1−cos(2λk)
πλk

√
1

λk
sin

(
rthλk
R

)

=
4

π

∞∑
k=1

Φ

(
λk
R

)
sin

(
rthλk
R

)
π

λk[1− cos(2λk)]
.

(2.2.14)

As a reminder, λk are the zeros of J s
2
−1 = J 1

2
−1 = J−1

2
. The following function can

be used to calculate the zeros of J−1
2

:

λk =
(2k − 1)π

2
. (2.2.15)

By considering Equation 2.2.15, the expression for the non-error probability of BPSK

signals can be rewritten as:

P1(rth) =
4

π

∞∑
k=1

Φ

( (2k−1)π
2

R

)
sin

(
rth

(2k−1)π
2

R

)
π

(2k−1)π
2

[1− cos(2 (2k−1)π
2

)]

=
4

π

∞∑
k=1

Φ

(
(2k − 1)π

2R

)
sin

(
(2k − 1)πrth

2R

)
1

(2k − 1)
.

(2.2.16)

In the case of the BPSK modulation, the threshold value rth can be considered to

be equal to the symbol energy and then normalised to that value, thus resulting

in rth = 1. This consideration simplifies the mathematical expressions without

affecting the numerical results. However, as the practical computation is not able

to handle an infinite series, in practise a truncation term, W , is required and so the
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-1 +1
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x

-1 +1

Error 
probability

Figure 2.3: Two-dimensional circular symmetric probability distribution of BPSK

system projected onto one dimension.

numerical accuracy will depend on this value. The non-error probability for BPSK

signals is then given by [13]:

P1(rth) ∼=
4

π

W∑
k=1

Φ

(
(2k − 1)π

2R

)
sin

(
(2k − 1)π

2R

)
1

(2k − 1)
. (2.2.17)

The next step is estimating the error probability or BER from the non-error prob-

ability. A representation of the two symbols of a BPSK system and a graphical

example of the error probability are depicted in Figure 2.3. As the threshold has

been normalised to the symbol energy, the in-phase values are equal to +1 and −1.

As the error probability is assumed to be the same for both symbols, the BER for

BPSK systems is obtained by:

BERΦ = P (sx)P (error|sx) = P (sx)
[
1− P (noError|sx)

]
, (2.2.18)

where P (sx) is the probability of the transmitting symbol x (x = +1 or x = −1)

and it is assumed to be 1
2
; P (error|sx) is the probability of error given symbol x was

transmitted; and P (noError|sx) is the non-error probability given symbol x was

transmitted and has already been given in Equation 2.2.17. Thus, Equation 2.2.18
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can be rewritten as:

BERΦ
∼=

1

2

[
1− 4

π

W∑
k=1

Φ

(
(2k − 1)π

2R

)
sin

(
(2k − 1)π

2R

)
1

(2k − 1)

]
. (2.2.19)

Finally, the expression of the characteristic function, Φ(·), which depends on the

hardware and channel impairments under consideration, must be estimated. As the

only impairment taken into account for this example is AWGN, the overall CF will

be equal to the one of the Gaussian noise, which is given by [6, 19,20]:

ΦAWGN(ρ) = e
−1
2
ρ2σ2

, (2.2.20)

where ρ is the independent variable of ΦAWGN(·), which is equal to (2k−1)π
2R

in this

case (see Equation 2.2.19), and σ2 is the noise variance, which is defined as [21]:

σ2 =

(
2
Eb
No

)−1

, (2.2.21)

where Eb
No

is the energy per bit, Eb, over the spectral noise density, No. Hence,

Equation 2.2.20 can be rewritten as:

ΦGN

(
(2k − 1)π

2R

)
= e

−1
2

(
(2k−1)π

2R

)2(
2
Eb
No

)−1

. (2.2.22)

By considering Equation 2.2.22 and Equation 2.2.19, the final BER expression for

BPSK systems in the presence of AWGN by the use of the CF may be written as:

BERΦ
∼=

1

2

[
1− 4

π

W∑
k=1

e
−1
2

(
(2k−1)π

2R

)2(
2
Eb
No

)−1

sin

(
(2k − 1)π

2R

)
1

(2k − 1)

]
. (2.2.23)

It is worth mentioning that the complexity of the analysis by means of the two-

dimensional representation is much higher than that presented by the one-dimensional,

so it is preferable to treat all systems as one-dimensional when possible. This ap-

proach is, indeed, applicable in the QPSK scheme. As the I and Q channels of the

QPSK modulation are independent, it is possible to consider the projections of the

received signal into the I and Q axes. By doing so, the analysis of two independent

BPSK signals is reduced to a one-dimensional problem. Thus, for the case in which

Eb is considered and not Es, the BER for QPSK systems and the presence of AWGN

is defined as [14]:

BERΦ(QPSK) =
1

2
BERΦ(BPSK) +

1

2
BERΦ(BPSK) = BERΦ(BPSK). (2.2.24)

Although this approach provides fast convergence and high accuracy, not all the im-

pairments or digital modulations have been considered yet. For example, obtaining
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the CF associated to the signal distortion generated by the PA non-linearities may

not be a straightforward task as its vector does not present spherical symmetry.

Due to the complexity of the Fourier-Bessel series approach, a Monte Carlo simu-

lation is generally preferred for the BER estimation when more complex scenarios

are considered. The in-house Monte Carlo evaluation tool designed to compute the

BER performance for the same scenario presented here is introduced in the following

section.

2.3 BER estimation based on Monte Carlo

simulations

Even though evaluation tools based on Monte Carlo methods generally require longer

computational time than closed-form expressions, they provide more flexibility and

less complexity when new payload configurations or channel conditions need to be

considered. Hence, a Monte Carlo method was selected in this case to evaluate the

BER performance in the presence of a PA. The description of a designed evaluation

tool which considers M-PSK systems and just an AWGN channel is presented in

this section in order to validate the tool by comparing its performance against the

closed-form expressions described in Section 2.2 and to provide a solid and modular

method for tests in more complex scenarios.

Figure 2.4 depicts the block diagram of the designed BER evaluation tool. The

011011

RRC filter AWGN

Data alignment

Input frame Modulator

Demodulator RRC matched filterBER

H Data

Figure 2.4: Block diagram to compute the BER performance for un-coded M-PSK

systems over an AWGN channel. Up-sampling and down-sampling processes are

applied on the RRC filter and RRC matched filter blocks, respectively.
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programming environment Simulink, developed by MathWorks, was used for its

implementation. The first three blocks at the top left part of the figure correspond

to the transmitter side, which processes the data to be transmitted, the AWGN block

refers to the Gaussian noise added by the channel and the remaining components

are part of the receiver side, which recovers the original data by discarding the

disturbance generated by the channel. The function of each individual component

is described below.

The input frame block generates the bit sequence that is going to be transmitted.

This sequence consists of two different parts, a header and the payload. The header

is formed by an oversampled Barker code which is used for synchronisation, as

it consists of a specific bit pattern which helps determine the beginning of the

transmitted bit sequence [22]. The accuracy of the synchronisation depends on the

length of this code: the more bits, the more accurate. The lengths of the generally

accepted Barker codes are: 2, 3, 4, 5, 7, 11 and 13 bits. In this case, the longest

pattern was chosen for better accuracy. The sequence of this pattern is the following:

Barker code (13 bits): +1 +1 +1 +1 +1 -1 -1 +1 +1 -1 +1 -1 +1.

By just considering the 13 bits of the code, a successful decoding can be achieved for

BPSK systems. However, modulations such as QPSK or 8-PSK require 13 symbols

to synchronise the data properly. Thus, the code is oversampled to achieve the

number or symbols needed at the reception. The oversampling factor depends on

the type of modulation and is generally equal to log2(M), where M denotes the

number of symbols of the constellation.

The payload consists of a long sequence of random bits generated by the Random

Integer Generator block provided by Simulink. This sequence passes through the

Scrambler block, provided by Simulink as well, to reduce the length of strings of

zeros or ones in the payload as that may cause synchronisation problems. Figure

2.5 shows the different blocks used to create the input frame.

The M-PSK modulator block creates the symbols by considering the BPSK and

QPSK modulations, which are already implemented in Simulink. Then, the sequence

is filtered by the root-raised-cosine (RRC) filter, implemented in Simulink as well,

in order to minimise the bandpass signal bandwidth, which is given by [23]:

B = Rs(1 + α), (2.3.1)
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Data

Figure 2.5: Block diagram to generate the frame at the input.

where Rs is the symbol rate and α is the roll-off factor, which is the normalised

excess bandwidth of the filter over the rectangular low-pass prototype [23]. The

roll-off factor can take any value between 0 and 1 and will determine the complexity

of the filter. When α is close to 0, a greater number of taps are required to reduce

the level of intersymbol interference (ISI) compared to when α is closer to 1. A

way to get zero ISI consists of using just one raised-cosine (RC) filter instead of the

combination of two RRC filters (see Figure 2.4). However, using an RRC filter at

the receiver maximises SNR, or S
N

, at the decision instant hence why this topology

is generally preferred. This is further discussed in Chapter 4.

An up-sampling factor determines the accuracy of the filter response: the more

samples per symbol, the more accurate response, but more redundant information

is used.

The AWGN block is used to generate the Gaussian noise, which is the only impair-

ment considered in the channel, and vary the SNR value in order to obtain the BER

curves. The SNR value may be modified by changing the Gaussian noise variance,

σ2
n, as shown in the following expression [23]:

S

N
=
E
[
(y − n)2

]
σ2
n

=
Es
No

, (2.3.2)

where E[·] denotes the expected value function, n is the noise signal and y refers to

the received sequence (y = s+ n, where s is the signal undisturbed by the noise).

As the BER curves will be expressed in terms of Eb
No

, instead of SNR, the conversion

formula is required:
Eb
No

=
S

N

B

Rb

, (2.3.3)

where B and Rb are the noise equivalent bandwidth and the bit rate. The noise

equivalent bandwidth of an RRC filter is generally equal to Rs and does not depend
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on α [24]. Thus, Equation 2.3.3 can be rewritten as:

Eb
No

=
S

N

Rs

Rb

=
S

N

Rs

Rs log2(M)
=
S

N

1

log2(M)
. (2.3.4)

The data alignment block aligns the transmitted frame with the received one by

considering the Barker code provided at the header of each frame. A cross correlation

between the modulated Barker code and the received frame is required to find the

right alignment.

The M-PSK demodulator, already implemented in Simulink, applies a hard-decision

procedure to estimate the symbols that have been transmitted.

Finally, the BER block simply computes the BER by applying Equation 2.1.1.

An experimental set-up, which is described in the following section, was developed

to compare the BER results obtained by using all evaluation techniques presented

in this chapter.

2.4 Testbed description

An experimental set-up was employed to measure the BER for un-coded MPSK mod-

ulations over an AWGN channel. The generation of the input signal and the post-

processing of the measurements were performed off-line by the use of the Simulink

programming environment. Figure 2.6 depicts the block diagram employed for this

empirical evaluation. The blue blocks correspond to the signal generation (digital),

the green block refers to the hardware configuration and the red blocks are related

to the post-processing of the measurements (digital).

Energy 
Normalization

Frequency
Offset

Recovery

Experimental
Set-Up

RRC Matched
Filter

M-PSK
Modulator

Input Frame

BER

Up-Sampling
+

RRC Filter

Squaring Timing
Recovery +

Down-Sampling

Phase Offset
Recovery

Data
Alignment

M-PSK
Demodulator

Figure 2.6: Block diagram to empirically evaluate the BER performance for un-

coded M-PSK modulations over an AWGN channel.
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Figure 2.7: Block diagram (a) and picture (b) of the experimental set-up (green block

in Figure 2.6) for measuring the BER performance for un-coded MPSK systems over

an AWGN channel.

The following blocks from Figure 2.6: Input Frame, M-PSK Modulator, RRC Filter,

RRC Matched Filter, Data Alignment, MPSK Demodulator and BER have the same

functionality as the blocks from Figure 2.4.

The block diagram which depicts the experimental set-up (green block in Figure 2.6)

is presented in Figure 2.7(a) and a picture of the set-up is shown in Figure 2.7(b).

Models MXG N5182B and PXA N9030B, both from Keysight Technologies, were

used for the vector signal generator (VSG) and the vector signal analyser (VSA),

respectively. The VSG and the VSA were connected to the same 10MHz reference

signal in all the experiments.

In order to generate the input signal, the I/Q data at the output of the RRC filter

presented in Figure 2.6 is converted from complex double to I16 format, which is

a numeric type supported by the VSG for interleaved I/Q data, and recorded to a

binary file. The I16 format uses 2 bytes per sample.
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It is worth mentioning that a sequence of 105 ones and 105 zeros are added at the

beginning of the frame for the phase offset recovery, which will be described below.

The binary file is sent from a PC to the VSG via Ethernet cable by the use of the

Keysight Signal Studio for Toolkit software. The waveform needs to be scaled in

order to not cause a DAC over range. The scaling process can be applied at the

VSG after receiving the signal from the PC. The VSG then generates the analogue

waveform corresponding to the data and transmits the signal via SMA cable to the

VSA.

An example of the frequency spectrum presented on the VSA is depicted in Figure

2.8. In this case, the SNR can be easily obtained by considering its frequency

spectrum and the use of the expression below instead of applying Equation 2.3.2

[23,25]:
S

N
=
C

N
=
C +N

N
− 1 = 10

(C+N)(dBm)−N(dBm)
10 − 1, (2.4.1)

where C and N are the carrier and noise power, respectively, measured in the same

bandwidth. The terms (C + N)(dBm) and N(dBm) can be measured directly by

Figure 2.8: Signal and noise power measurements over a selected bandwidth by the

use of the Keysight 89600 VSA Software.
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the use of the channel power measurement feature available on the VSA, as depicted

in Figure 2.8. The SNR value can be modified by varying the RF output power of

the VSG.

Once different SNR values have been considered, each set of received samples (one

set per SNR value) is recorded back to a binary file by the use of the VSA. The

I/Q data contained in the binary file is then converted from I16 format to complex

double, to be processed by the receiving blocks included in the block diagram de-

picted in Figure 2.6 in order to compute the BER. Among the blocks found on the

Simulink environment are the frequency offset and squaring timing recovery, which

compensate for any carrier frequency and decision instant offsets. The frequency off-

set consists of a dynamic phase rotation of the symbols and is generally caused by

the local oscillators included in the up- and down-converters [26]. The consideration

of the frequency offset recovery block was not strictly necessary as the frequency

offset presented on the measurements was negligible. The squaring timing recovery

is required to recover the symbol timing phase of the input signal, as the precise

symbol arrival time is unknown at the reception [27,28].

The phase offset block recovers the carrier phase of the input signal, which causes

a constant constellation rotation [28]. The phase rotation may be obtained by

transmitting the same known symbol several times in a row, so that an average

value of phase offset can be computed and then compensated by this block. To this

end, a sequence of 105 ones and 105 zeros are sent at the beginning of the frame.

Finally, the energy normalisation block scales its input signal to achieve an average

energy equal to 1 at its output, which is the same energy value found at the output

of the modulator.

The measured and computed BER results obtained by applying the testbed de-

scribed in this section, the Monte Carlo method introduced in Section 2.3 and the

closed-form expressions presented in Section 2.2 are presented below.

2.5 BER performance comparison

The BER performance in terms of Eb
No

for BPSK and QPSK systems over an AWGN

channel is evaluated in this section. Before presenting the BER results, the configu-
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ration required in every technique described in the previous sections is introduced.

The closed-formed expression which just considers Gaussian noise has only one pa-

rameter, M , which is equal to 2 for BPSK and 4 for QPSK. The independent variable

which appears in Equation 2.2.3, Es
No

, is expressed in terms of Eb
No

by applying Equa-

tion 2.3.4.

The evaluation of the BER by the use of the CF involves two kinds of approxima-

tions: the first one is related to the use of the Fourier-Bessel series, which requires the

use of the truncation parameter R (see Equation 2.2.23); the second one concerns

the limited number of terms considered in the summation presented in Equation

2.2.23, and it depends on the variable W which appears on the same expression.

Regarding the value of these two variables, it has been proven that the results con-

verge within fractions of seconds for R equal to 11.65 and W equal to 400 [6]. These

values were obtained by minimising the analytical expressions of the error function

presented in [13].

The parameters required for the Monte Carlo simulation are depicted in Table 2.1.

The selection of the symbol rate parameter depends on the hardware (computer)

and the activity of its central processing unit (CPU). In this case, a value of 3x106

Table 2.1: Configuration of the parameters required for the BER evaluation by the

use of the Monte Carlo simulation.

Parameter Value Units

Symbol rate 3x106 symbols/second

Frame length 400 symbols

Roll-off factor 0.5 -

RRC filter span 10 symbols

RRC filter gain 1 -

Up-sampling factor 8 samples/symbol

Maximum number of errors 300 bits

Maximum number of bits 3x108 bits
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symbols/second was selected for the symbol rate, as it was perfectly supported by

the hard drive and the computational time was reasonable. The parameters roll-off

factor, span, gain, and up-sampling factor belong to the RRC filter block. The

maximum number of errors and maximum number of bits are used to control the

Monte Carlo method so that the simulation ends when it either detects a target

number of errors (a value of at least 100 bits produces an accurate error rate)

or processes a maximum number of bits (this value prevents the simulation from

running too long), whichever occurs first. The Monte Carlo method is performed by

the use of the Bit Error Rate Analysis Tool (BERTool), developed by Mathworks,

which enables analysing the BER performance of Simulink models.

The same symbol rate, frame length, and filter coefficients presented in Table 2.1 are

considered in the experimental set-up. The value of the parameters used to configure

the VSG and the VSA for the transmission, reception and recording of the signal are

depicted in Table 2.2. The power level was varied to measure the signal at different

Eb
No

values. The span is the parameter that controls the VSA sample rate, which

must be equal to the VSG sample clock, or a multiple of it, for a proper reception of

the signal. The sample rate, Rs, of the VSA selected for the measurements is given

by:

Rs = 1.28span. (2.5.1)

When the sample rate value is a multiple of the clock rate parameter, a decimation

procedure must be applied before post-processing the signal, to ensure the same

Table 2.2: Parameters used to configure the VSG and VSA for the transmission,

reception and recording of the signal.

Parameter Value Units

RF frequency 2.5 GHz

Power level [-55, 45] dBm

Sample clock 2 MHz

Scaling 70 %

Span 1.5625 MHz

Recording length 12x106 I/Q pairs
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Figure 2.9: Comparison between measured and computed BER performance for

uncoded BPSK and QPSK systems over an AWGN channel.

number of samples at the transmission and reception. As the VSA generates a binary

file with the measurements, the symbol rate selected for the Monte Carlo simulation

is totally independent from the sample rate used during the measurements.

The recording length was selected long enough to capture the entire transmitted

signal (5x106 I/Q pairs) at least once.

The BER performance for un-coded MPSK modulations over an AWGN channel

was computed and measured by considering each of the different procedures and

configurations described above. The results, which are overall in good agreement,

are shown in Figure 2.9.

Once the in-house BER evaluation tool based on the Monte Carlo simulation was

validated against theoretical and experimental results, the tool was adapted for the

insertion of a PA. The main adjustments are described in the following section.
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2.6 Insertion of the PA model into the BER

evaluation tool

When the presence of a PA is considered in the BER performance evaluation, the use

of digital modulation schemes which involve different amplitude and phase levels,

such as the APSK, is generally more convenient to study the PA impact as they

are significantly affected by the PA distortion. Hence, the 16-APSK modulation is

considered when a PA is included in the BER evaluation. Figure 2.10 depicts the

block diagram to compute the BER performance when the 16-APSK modulation and

the presence of a PA are considered. Unlike the input frame described in Section

2.3, in this case the barker code needs to be oversampled by a factor of 4 to allow

its use with the 16-APSK modulation.

As the PA behaviour varies depending on its input power, the BER will be evaluated

for different Eb
No

and IBO levels. This means that the average symbol energy at the

output of the 16-APSK modulator depicted in Figure 2.10 will not be equal to 1 but

to the value which generates the desired average power level, P , at the input of the

PA, which is given by the following expression [9]:

P =
4R2

1 + 12R2
2

16
, (2.6.1)

where R1 and R2 are the inner and outer ring radii at the output of the modulator,

011011

 

RRC filter PA model

RRC matched filter

Input frame Modulator

Demodulator AWGNBER

Figure 2.10: Block diagram to compute the BER performance for un-coded 16-

APSK systems over an AWGN channel and the presence of a PA. Up-sampling and

down-sampling processes are applied on the RRC filter and RRC matched filter

blocks, respectively, and the data alignment and energy normalisation are applied

right before the demodulator.
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Figure 2.11: Block diagram to empirically evaluate the BER performance for un-

coded 16-APSK systems over an AWGN channel and the presence of a PA.

respectively. The gain of the RRC filter will be equal to
√
L, where L is the up-

sampling factor, to maintain the same average power level at its output.

The methods selected to model the PA behaviour in Figure 2.10 are described in

Chapter 3 and the rest of the blocks are the same as the ones depicted in Figure

2.4.

The block diagram used to empirically evaluate the BER for un-coded digital mod-

ulations over an AWGN channel and the presence of a PA is depicted in Figure 2.11.

VSG AttenuatorPA VSA

I

Q
Ethernet

PC

SMA SMA SMA

f

P

(a)

(b)

Figure 2.12: Block diagram (a) and picture (b) of the experimental set-up (green

block in Figure 2.11) for measuring the BER performance for un-coded 16-APSK

systems and various PA output back-off levels over an AWGN channel.
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Apart from the change in the modulation scheme, the main difference between this

diagram and the one presented in Figure 2.6 is found in the experimental set-up,

which is shown in Figure 2.12(a) and a picture of it is depicted in Figure 2.12(b).

The same Keysight VSG and VSA models described in Section 2.4 are used in this

case. Following the same procedure described in that section, the filtered symbols

at the output of the RRC filter presented in Figure 2.11 are converted to I16 format

and recorded to a binary file, which is then broadcasted by the VSG. The PA model

is the ZJL-4HG+ from Mini-Circuits. The different SNR values for a fixed IBO level

can be achieved by the use of a variable attenuator at the output of the PA. The

selected variable attenuator is the model ZX73-2500+ from Mini-Circuits. Once the

measurements are taken, the same procedure described in Section 2.4 is performed

to obtain the BER curves. The results obtained by using the evaluation tool and

the testbed presented here are shown in Chapter 3 and Chapter 4.

2.7 Summary

An evaluation tool based on a Monte Carlo simulation to compute the BER perfor-

mance for un-coded 16-APSK systems over an AWGN channel and in the presence of

a PA has been presented in this chapter. BER evaluations computed and measured

using this tool, and the closed-form expressions and testbed described in this chap-

ter when just an AWGN channel is considered and any other kind of impairment is

neglected, were performed to validate the proposed tool and so provide a solid and

modular method for testing more complex scenarios.

The behavioural methods employed to model the PA in the proposed BER tool will

be described in Chapter 3 and the pre-distorting model proposed in Chapter 4 will

be evaluated by the use of this tool.
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Chapter 3

Practical considerations on the use

of the Bessel-Fourier model and

performance comparison with

state-of-the-art methods

3.1 Introduction

In order to account for the PA behaviour in a performance evaluation tool such as

the one described in the previous chapter, a PA modelling technique, which can be

memoryless or with memory [1–5], is required.

The main drawback of behavioural models with memory is that, although they are

typically more accurate, the computational time and complexity involved are gen-

erally higher than in the case of memoryless methods, which are the ones preferred

in this case. Some of the most widely used memoryless models in the literature are

Saleh’s [5], Ghorbani’s [6], Rapp’s [7] and the Bessel-Fourier [8]. As the accuracy of

these models has been compared and tested in the literature by considering the PA

in isolation [9, 10], a performance comparison at system level is carried out in this

chapter. To this end, measured and computed BER results obtained by the use of

the Monte Carlo evaluation tool described in Section 2.6 of Chapter 2 are depicted.
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Among these memoryless methods, the Bessel-Fourier PA behavioural model is of

great significance due to allowing the estimation of each IMP independently, which

enables the control of aliasing, and the improvement of its accuracy by increasing

the number of terms considered in the series [4]. Despite such advantages, the

accuracy of the method is significantly limited when analysing the PA behaviour

at its highest measured power levels [11]. Another aim of this chapter is therefore

proposing a practical methodology for improving the accuracy of the model when

the amplifier is operating close to its maximum power. Moreover, this chapter also

aims to present, for the first time, experimental and computed results for multi-tone

signals with up to 5 and 10 carriers and use these results as a benchmark for a

rigorous convergence analysis of this model.

The structure of the paper is as follows: firstly, a review of the aforementioned

memoryless behavioural models is presented in Section 3.2. Secondly, the practical

methodology proposed to improve the Bessel-Fourier model accuracy together with

an experimental validation by employing a solid-state power amplifier (SSPA) to

prove the effectiveness of the proposed solution and the convergence analysis are

introduced in Section 3.3. The impact of the PA non-linearities on the BER and

a performance comparison of the four memoryless models by the use of the Monte

Carlo evaluation tool depicted in the previous chapter is shown in Section 3.4. Final

remarks are included in Section 3.5.

3.2 Review of widely used memoryless models

The memoryless PA behavioural models exploit experimental characterisation of the

PA AM/AM and AM/PM, to provide an analytical solution to model the non-linear

PA performance. As the AM/PM conversion of the tested SSPA is negligible, only

the AM/AM characterisation is considered in this case [12].

One of the first proposed behavioural models was the one developed by Saleh, who

presented a TWTA model that does not estimate the SSPA behaviour with the same

acceptable accuracy. The AM/AM envelope characterisation proposed by Saleh,

SAM/AM(ρ), is the following [5]:

SAM/AM(ρ) =
x0ρ

1 + x1ρ2
, (3.2.1)
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where ρ refers to the magnitude of the PA input signal and x0 and x1 are the only

coefficients of the model. Due to the inaccuracies presented by this methodology

when modelling SSPAs, Ghorbani proposed the following four-parameter AM/AM

characterisation [6]:

GAM/AM(ρ) =
y0ρ

y1

1 + y2ρy1
+ y3ρ, (3.2.2)

where y0, y1, y2 and y3 are the coefficients of the model.

Rapp presented another SSPA model but only for AM/AM, as Rapp suggested that

AM/PM conversion is usually small enough to be neglected. The AM/AM equation

proposed by Rapp is given by [13]:

RAM/AM(ρ) =
z0ρ(

1 +
(
z0ρ
z1

)2z2
) 1

2z2

, (3.2.3)

where z0, z1 and z2 are the model coefficients.

The last model considered here is the Bessel-Fourier, which consists on a series

expansion approximation based on the Bessel function of the first kind J(·). The

AM/AM envelope characterisation in this case is the following [8]:

BAM/AM(ρ) =
L∑
s=1

bsJ1(αsρ), (3.2.4)

where L is the number of terms of the Bessel series and bs and α are the coefficients.

As previously stated, one of the main advantages of this model compared to the

previous ones is that it is extensible, in the sense that more coefficients may be

added to improve the model accuracy.

In [8], a time-domain analysis to characterise the PA distortion in multi-carrier

signals by the use of the Bessel-Fourier model is proposed. This analysis allows the

independent estimation of the phase and amplitude of each IMP, which is the other

advantage related to the Bessel-Fourier method, and is presented in the following

section.

3.2.1 Bessel-Fourier method for multi-carrier signals

Let’s consider a summation of m arbitrary bandpass signals at the input of a power

amplifier:

ei(t) = Re

{
m∑
l=1

Ale
j(ω0+∆ωl)t+jφl(t)+jλl

}
, (3.2.5)
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where Al, ω0 + ∆ωl, φl(t) and λl are, respectively, the amplitude, frequency (RF),

phase modulation and phase of the lth carrier. The Bessel-Fourier PA behavioural

model allows expressing the output signal of the amplifier as a summation of all

IMPs and input carriers (see Appendix B) [8]:

eo(t) = Re

{
ejω0t

∞∑
k1,k2,...,km=−∞

e
j
m∑
l=1

klθl(t)
M(k1, k2, ..., km)

}
, (3.2.6)

where θl(t) is equal to ∆ωlt + φl(t) + λl and M(k1, k2, ..., km) corresponds to the

amplitude of every element, intermodulation product or carrier (that depends on

the values of k1, k2, ..., km), generated at the output and captures the non-linear

characteristic of the PA, as it can be observed in the following expression:

M(k1, k2, ..., km) =

∫ ∞
0

γ

[
m∏
l=1

Jkl(γAl)

]
dγ

∫ ∞
0

ρg(ρ)ejf(ρ)J1(γρ)dρ, (3.2.7)

where g(ρ) and f(ρ) represent, respectively, the measured AM/AM and AM/PM

conversions of the PA. Equation 3.2.4 shows that the Bessel-Fourier model charac-

terises these measurements by the use of a Bessel-series expansion [8]:

g(ρ)ejf(ρ) =
L∑
s=1

bsJ1(αsρ). (3.2.8)

By substituting Equation 3.2.8 into Equation 3.2.7 and solving the two integrals [14],

M(k1, k2, ..., km) is given as [8]:

M(k1, k2, ..., km) =
L∑
s=1

bs

m∏
l=1

Jkl(αsAl). (3.2.9)

Therefore, modelling the power amplifier nonlinear behaviour reduces to estimating

the coefficients bs and α while selecting a proper number of terms L.

This methodology allows the calculation of the amplitude of every IMP and carrier at

the output of the PA, individually, by the use of Equation 3.2.9, where the variables

k1, k2, ..., km (which can take only integer values) represent the order of each input

carrier’s contribution to every IMP and carrier power level at the output of the PA.

On a similar basis, the frequency of every output component is determined by the

value of these variables as it depends on the element e
jω0t+j

2∑
l=1

kl∆ωlt
, which appears

in Equation 3.2.6.

The calculation of the in-band output frequencies of a two-tone example (m = 2)

by the use of Equation 3.2.6 is presented below for clarification.
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The frequency values of the two carriers and the two third order IMPs, which are

the only generated in-band IMPs when two carriers are transmitted, are given by:

ω1 = ω0 +
2∑
l=1

kl∆ωl = ω0 + k1∆ω1 + k2∆ω2, (3.2.10)

where ω0 is the central RF frequency and ω1 and ω2 are the frequency shifts from

ω0 corresponding to the first and second carrier, respectively. Hence, the resulting

frequencies are:

� First carrier frequency: (k1, k2) = (1, 0)

ωc1 = ω0 + 1∆ω1 + 0∆ω2 = ω0 + ∆ω1

� Second carrier frequency: (k1, k2) = (0, 1)

ωc2 = ω0 + 0∆ω1 + 1∆ω2 = ω0 + ∆ω2

� Third order IMP frequency (1): (k1, k2) = (2,−1)

ωI1 = ω0 + 2∆ω1 − 1∆ω2

� Third order IMP frequency (2): (k1, k2) = (−1, 2)

ωI2 = ω0 − 1∆ω1 + 2∆ω2

As observed in the example above, the possibility to select the value of the inte-

ger coefficients k1, k2, ..., km allows the individual estimation of the frequency and

magnitude of every term generated at the output.

Nevertheless, the accuracy of these mathematical expressions decreases drastically

when trying to estimate the nonlinear behaviour of the amplifier at the highest

power levels of its AM/AM and AM/PM measurements. Particularly, the method

estimates accurately the intermodulation distortion (IMD) caused by the PA at

any operating point within its AM/AM and AM/PM measurements up to an IBO

level of 3 dB from the highest input power level applied [11]. Note that, in this

case, the IBO is defined as the ratio between the maximum input power applied

without damaging the PA (value obtained from PA datasheet) to the input power

that delivers the desired linearity. In the next section, a practical methodology

is proposed to increase the accurate range of the method so that the non-linear

behaviour of the PA can be estimated at any operating point of the measured curves.
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3.3 Practical considerations on the use of the

Bessel-Fourier model

The curve fitting tool developed to obtain the Bessel-Fourier coefficients is described

in the first place as it is required to present the technique proposed to improve

the accuracy of the model. Furthermore, experimental results and a study of its

convergence are also included in this section.

3.3.1 Curve fitting tool description

The amplifier which was characterised for this study is the model ZJL-4HG+ from

Mini-Circuits. The AM/AM characteristic, which is derived from the unmodulated

single-carrier transfer curve relating the output power to the input power, was mea-

sured by the use of the N5225A PNA Microwave Network Analyser from Keysight

Technologies and is depicted in Figure 3.1.

The proposed curve fitting tool exploits the experimental characterisation of the

AM/AM conversion to provide the coefficients of the Bessel-Fourier model. The

technique selected to fit the model to the measurements was the ordinary least

squares method, in which the overall solution minimises the sum of the square
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Figure 3.1: Computed AM/AM conversion of the PA ZJL-4HG+ by the use of the

Bessel-Fourier model. The number of model coefficients was 15 and α was equal to

2.04. The maximum input power applied without damaging the PA was 13dBm.
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differences between every measured and estimated point [15].

For a number of N measured points on the AM/AM curve, the function to be

minimised proposed in [8] is the following:

Ereal(bs, α) =
N∑
l=1

[
ḡl −

L∑
s=1

bsJ1(αsρ̄l)

]2

, (3.3.1)

where ḡl and ρ̄l are the lth normalised envelope levels corresponding to the measured

output, Poutl , and input, Pinl , power levels, respectively, and are given by:

ḡl =

√
2Poutl
Pmaxo

, (3.3.2)

ρ̄l =

√
2Pinl
Pmaxi

, (3.3.3)

where Pmaxo and Pmaxi are the maximum measured output and input power levels.

Nevertheless, minimising Equation 3.3.1 may not be an efficient solution as there are

several degrees of freedom, the values of the bs and α. As the expression to minimise

is considered linear in the Bessel coefficients, bs, one can use the Walling-Lawton-

Sylvestre improvement [16] to transform the problem into a one-dimensional one by

expressing the bs coefficients in terms of α [11]:

b̂ =

[ N∑
l=1

HlH
T
l

]−1 N∑
l=1

Hlḡl, (3.3.4)

where:

b̂ = [b̂1, b̂2, · · · b̂L]T , (3.3.5)

Hl = [J1(α1ρ̄l), J1(α2ρ̄l), · · · J1(αLρ̄l)]
T . (3.3.6)

By introducing Equation 3.3.4 into Equation 3.3.1, the problem reduces to the esti-

mation of a single parameter, α, for a set of measured points and number of terms.

In order to limit problems like overfitting (see Figure 3.2), which usually occurs

when the number of model coefficients is comparable to the number of observations,

the measured data was divided into two groups: one set for the training (around

80% of the data) and the other set for validating the model (the remaining 20% of

the data). This technique is called cross-validation [17].

Once the training data set was selected, the derivative-free method [18], which has

already been implemented by Mathworks (fminsearch function), was employed to

find the value of α which provided a local minimum of the function depicted in the

updated Equation 3.3.1. The parameters of this iterative algorithm are:
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x

y

Well-fittedOverfitted

Figure 3.2: Example of an overfitted model.

� Starting point: as the solver ensures global convergence only to a local

optimum, the selection of a proper initial value is crucial. To this end, Equation

3.3.1 was evaluated for different values of α and L. The results, which are

presented in Figure 3.3, suggested that a local minimum was located on the α

range from 0.2 to 3. Hence, any value within that range could be used as an

initial point.

� MaxFunEvals: sets a bound in the number of function evaluations allowed.

A maximum of 400 evaluations was selected.

� MaxIter: sets a bound in the number of solver iterations allowed. A maxi-

mum of 400 iterations was chosen.

� TolFun: termination tolerance for the value of the error function (see Figure
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Figure 3.3: Error function value in terms of α for different number of terms.
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f(x)

Figure 3.4: Example of a function to minimise, f(x), in which TolFun and TolX are

the termination tolerance on the function value and on the independent variable, x,

respectively, to find the local minimum (point 5).

3.4). A value of 10−4 was selected.

� TolX: termination tolerance for the value of α (see Figure 3.4). A value of

10−4 was chosen. The algorithm finishes when any of the two termination

tolerances is reached.

After selecting the algorithm parameters, the following steps were followed to achieve

an accurate fitting:

1. Selection of number of coefficients, L.

2. Estimation of α by the use of the training set.

3. Error calculation by considering the value of α estimated in the previous step

and the data set for validation.

4. Repetition of the steps above for several values of L (not higher than 20 to

avoid overfitting) and selection of the combination L-α which gives the lowest

error.

The best combination achieved by the use of the proposed curve fitting technique

was L equal to 15 and α equal to 2.04. The approximated curve is depicted in

Figure 3.1. The fluctuations outside the characterised range observed in the Bessel-

Fourier model approximation are considered in the methodology applied to improve

its accuracy, which is described below.
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3.3.2 Improvement of model accuracy at high power levels

The reason why the accuracy at the end points of the AM/AM curve may be dimin-

ished is that the Bessel-series expansion (see Equation 3.2.8) fluctuates randomly

outside the training range (measurements), as observed in Figure 3.1. When the

measured power sweep cannot be extended due to limitations in the instrumenta-

tion or the power rating of the device, the methodology proposed to improve the

accuracy at the saturation region, which is the one of interest, consists of forcing the

theoretical model to follow a more realistic behaviour along an extrapolated curve.

The new AM/AM curve will then be formed by the measurements together with

an extension of the available data into the saturation region by assuming a con-

stant output power level equal to the maximum end point of the measured AM/AM

curve [19].

It may be necessary to find out the range of extrapolation required to ensure a proper

behavioural modelling without adding redundant information to the curve fitting

tool. For this purpose, different extrapolated ranges, 0, 2, 3 and 10dB beyond the

highest input power level (13 dBm), were proposed to model the AM/AM behaviour

of the tested PA, as shown in Figure 3.5. The reason why those values were chosen

is that, as mentioned above, the method predicts the PA behaviour accurately up
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Figure 3.5: Measured AM/AM conversion of the PA ZJL-4HG+ (Mini-Circuits)

together with different proposed extrapolated ranges: 0, 2, 3 and 10 dB from the

highest input power level.
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Figure 3.6: Measured AM/AM conversion of the PA ZJL-4HG+ (Mini-Circuits)

together with its approximations by the use of the Bessel-Fourier model when the

saturation region of the PA is extended by extrapolating the available data for a

range of 0, 2, 3 and 10 dB from the highest input power level.

to a back-off of 3 dB from the highest input power level.

The number of extrapolated points relative to a particular input power range should

be comparable to the number of training points relative to the same range length. As

an example, in the case of an extrapolated range of 10dB, the number of extrapolated

points within that range was 100 while the number of training points within a range

of 33dB (13dBm - (-20dBm) = 33dB) was 330.

The number of model coefficients, L, selected to fit the different curves in Figure

3.5 was 15 and the different α values were 2.04 when no extrapolation was applied

and 2.08, 1.93 and 2.02 when extrapolated ranges of 2, 3 and 10dB were applied,

respectively. Figure 3.6 shows the model approximations to the different extrapo-

lated curves. It is worth mentioning that the fluctuations related to the Bessel-series

expansion seem to appear right after the last training points used in the curve fitting

tool.

The results obtained by considering the use of the proposed methodology together

with experimental validations for multi-tone scenarios are depicted in the following

subsection.
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3.3.3 Experimental validation

The block diagram of the experimental set-up employed for testing the Bessel-Fourier

model is depicted in Figure 3.7. The VSG and VSA models were the MXG N5182B

and the PXA N9030B, respectively, both from Keysight Technologies. The driver

used was the PCB2600 from TriQuint Semiconductor, the PA was the ZJL-4HG+

and the attenuator was the VAT-20+, both from Mini-Circuits. The driver is con-

nected between the VSG and the device under test (DUT) in order to keep the PA

input signal as linear as possible. The attenuator is used just to protect the input

of the VSA.

In order to test the validity of the methodology proposed to improve the model ac-

curacy, two-tone scenarios were considered. Figure 3.8 shows a comparison between

measured and computed frequency spectra at the output of the PA for different

ranges of extrapolation and operating points of the amplifier. In Figure 3.8(a), the

IBO level is equal to 3dB, thus, the fitting by considering only the measured data

is enough to characterise the PA behaviour properly. On the other hand, when

the IBO level is equal to 2dB (see Figure 3.8(b)), the approximation in which the

non-linear characteristic has not been extrapolated does not match the measure-

ments. Finally, when the maximum input power level allowed without damaging

the PA is applied (IBO = 0dB), an extrapolated range of at least 3dB is necessary

to accurately estimate the DUT output, as depicted in Figure 3.8(c).

By using the same set-up depicted in Figure 3.7, several multi-tone scenarios were

characterised. Figure 3.9 and Figure 3.10 show a comparison between measured and

computed frequency spectra at the output of the PA when 5 carriers with equal and

not equal power levels, respectively, are applied at the input (overall input power:

5dBm). A similar comparison when 10 carriers with equal power levels are applied

at the input of the PA is depicted in Figure 3.11 (overall input power: -5dBm).

VSG AttenuatorPA VSA

I

Q
SMA SMA SMA

f

P

Driver

SMA

Figure 3.7: Block diagram of the experimental set-up for measuring the IMD gen-

erated by the PA ZJL-4HG+.
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Figure 3.8: Comparison between measured and computed frequency spectra at the

output of the PA ZJL-4HG+ when 2 carriers with equal power levels are applied at

the input. Overall input power: (a) 10dBm; (b) 11dBm; (c) 13dBm.
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Figure 3.9: Comparison between measured and computed frequency spectra at the

output of the PA ZJL-4HG+ when 5 carriers with equal power levels are applied at

the input. IMP orders considered: (a) up to 5th; (b) up to 7th; (c) up to 9th.
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Figure 3.10: Comparison between measured and computed frequency spectra at the

output of the PA ZJL-4HG+ when 5 carriers with different power levels are applied

at the input. IMP orders considered: (a) up to 5th; (b) up to 7th; (c) up to 9th.
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Figure 3.11: Comparison between measured and computed frequency spectra at the

output of the PA ZJL-4HG+ when 10 carriers with equal power levels are applied

at the input. IMP orders considered: (a) up to 5th; (b) up to 7th; (c) up to 9th.
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As observed in the figures above, the power level of the IMPs and carriers varies

depending on the maximum IMP order estimated and so does the accuracy of the

model - the higher number of orders estimated, the higher accuracy (up to a certain

point). A study of the convergence of the method is carried out below to estimate the

minimum number of IMP orders required to achieve the highest accuracy possible.

3.3.4 Convergence study

Apart from achieving the characterisation of the PA behaviour at any operating

point by the use of the Bessel-Fourier model, it is of significant interest to study

the relation between the number of IMP orders estimated and the accuracy of the

model. Examples which show this relation are depicted in Figure 3.9, Figure 3.10

and Figure 3.11, where the computation of different IMP orders (up to 5th, 7th

and 9th) influences the model accuracy. A methodology is proposed to compare the

difference between measured and computed results when different IMP orders are

estimated and so provide the minimum number of IMP orders required to achieve

the highest accuracy possible. This way, the computational complexity of the model

may be limited as the number of computed orders is limited.

The proposed methodology consists of calculating the ratio, r(n, L), between the

absolute errors, z(n, L) and z(n + 1, L), calculated by comparing the measured,

x(n, L), and the computed, y(n, L), frequency spectra at the output of the PA when

IMPs of orders up to n + 1 and up to n are estimated. The absolute error may be

given by [19]:

z(n, L) =
P∑
p=1

∣∣xp(n, L)− yp(n, L)
∣∣, (3.3.7)

where P refers to the total number of IMPs and carriers included in the bandwidth

of interest. The expression proposed to study the convergence is the following [19]:

r(n, L) =
z(n+ 1, L)

z(n, L)
. (3.3.8)

Figure 3.12 shows an example of this study for the cases in which 5 carriers with

equal (see Figure 3.12(a)) and unequal (see Figure 3.12(b)) power levels are applied

at the input of the PA. As observed in this figure, estimating IMPs of up to 15th

order seems to be enough for the model to converge in both cases and for different

number of terms, L (Table 3.1 shows the values of α in terms of L).
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Figure 3.12: Ratio between the absolute errors obtained by comparing measured

and computed frequency spectra at the output of the PA ZJL-4HG+ when IMPs of

orders up to n + 1 and up to n were considered. Two different input signals: (a)

input signal of Figure 3.9; (b) input signal of Figure 3.10.

3.4 BER performance

The BER performance for un-coded 16-APSK systems over an AWGN channel and

the presence of the PA introduced in this chapter was evaluated by the use of the

Monte Carlo simulation tool described in Chapter 2. In this tool, the behaviour of

the PA was modelled by the different state-of-the-art aforementioned methods to

compare their performance at system level. The models Saleh’s, Ghorbani’s and

Rapp’s had already been implemented in Simulink. However, the Bessel-Fourier
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Table 3.1: Value of α in terms of the number of coefficients, L.

Number of terms, L Coefficient α

10 2.13

20 2.16

30 2.14

40 2.16

50 2.12

60 2.18

70 2.17

80 2.19

method was missing. Thus, a Simulink block was created for the implementation of

the latter method.

The block diagram generated by the use of Simulink to implement the Bessel-Fourier

model is depicted in Figure 3.13(a). The complex signal coming from the RRC filter

(see Figure 2.10) is multiplied by the constant K, which is given by:

K =

√
2

Pmaxi
, (3.4.1)

as the input signal of the curve fitting tool (see Equation 3.3.1 and Equation 3.3.3)

is of the form of the envelope level (peak voltage instead of root-mean square (RMS)

voltage) corresponding to the normalised input power with respect to the maximum

measured value.

The magnitude of the normalised envelope together with the value of the model

coefficients, bs and α, are then employed to estimate the envelope at the output of

the PA by the use of the in-house block called AM/AM (see Figure 3.13(a)), which

implements Equation 3.2.4. Finally, the complex output envelope is multiplied by

the constant Q, which has the following form:

Q =

√
Pmaxo

2
, (3.4.2)

to calculate the absolute value of the signal at the output of the PA. This signal will

then pass through the AWGN block found in Figure 2.10.
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Figure 3.13: Integration of the Bessel-Fourier model in Simulink: (a) block diagram

of the model; (b) block diagram to validate the implementation of the model.

In order to validate the implementation of the Bessel-Fourier model in Simulink, the

block diagram depicted in Figure 3.13(b) was developed. The function of this block

diagram consists of applying the Bessel-Fourier model implemented in Figure 3.13(a)

to an input signal formed of a summation of not-modulated carriers. A fast Fourier

transform (FFT) is calculated at the input and output of the PA model to visualise

the two frequency spectra. The main difference between this implementation and

the time-domain analysis described in Subsection 3.2.1 resides in the way the IMPs

are estimated: the former applies the FFT directly to the time-domain signal to

numerically obtain the IMPs (all products need to be estimated), while the latter

applies the closed-form expression suggested in Equation 3.2.6, which allows the

estimation of the magnitude of any selected IMP or carrier without the need to

compute the rest. The different multi-tone scenarios introduced in Section 3.3.3 were

considered by the use of the block diagram depicted in Figure 3.13(b) to successfully

validate the model presented in Figure 3.13(a).
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Table 3.2: IBO values used to generate the different BER curves.

IBO (dB) Input power (dBm)

20 -7

10 3

8 5

5 8

2 11

0 13

The Bessel-Fourier model was then included in the block diagram described in Sec-

tion 2.6 of Chapter 2 to compute the BER over the presence of the PA ZJL-4HG+.

As the behaviour of a PA depends on the input power level applied, the different IBO

levels suggested in Table 3.2 were considered in the BER evaluation. The computed

and measured (by the use of the set-up described in Chapter 2) BER results are

depicted in Figure 3.14. As observed in the figure, there is good agreement between

the measurements and the simulations for all the suggested IBO levels.

The BER was also evaluated by the use of Saleh’s, Ghorbani’s and Rapp’s to com-

pare the performance of the different methods. The value of the coefficients required

to characterise every model were obtained by applying the least-squares fitting tech-

nique and are introduced in Table 3.3. The measured AM/AM conversion of the

tested PA and the curve fits to this data using these behavioural models are depicted

Table 3.3: Estimated parameters to model the measured AM/AM conversion de-

picted in Figure 3.15 by applying the selected behavioural models.

Model Parameters

Saleh x0 = 6.01;x1 = 190.59

Ghorbani y0 = 130.2; y1 = 1.6; y2 = 587.1; y3 = 0.02

Rapp z0 = 6.71; z1 = 0.21; z2 = 1.30

Bessel-Fourier α = 1.93;L = 15
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Figure 3.14: Comparison between computed (Bessel-Fourier model) and measured

BER for un-coded 16-APSK signals over an AWGN channel and the presence of the

PA ZJL-4HG+. Parameters used: up-sampling factor was 8, filter roll-off was 0.5

and γin was 2.5. (a) Whole measured Eb/No range; (b) zoom in at low Eb/No levels.

in Figure 3.15. This figure shows that: Saleh’s curve only fits accurately the truly

linear region while Ghorbani’s method does not seem to fit that region properly;

Rapp’s model fluctuates over the transition between the two regions, linear and sat-

uration; and the Bessel-Fourier approximation fits accurately the entire AM/AM

curve. Figure 3.16 and Figure 3.17 show the comparison between the computed and

measured BER when the tested PA is characterised by the remaining models.

As observed in Figure 3.14 and Figure 3.16, the BER results computed by applying
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Figure 3.15: Computed AM/AM conversion of the PA ZJL-4HG+ by applying dif-

ferent behavioural models: Bessel-Fourier, Rapp, Saleh and Ghorbani.

the four different behavioural models are overall in good agreement with the con-

clusions extracted from Figure 3.15: Ghorbani’s method did not model accurately

the non-linearities when the PA operated in the linear region (for example IBO =

20dB and IBO = 10dB); Saleh’s model was highly accurate when the PA output

signal was completely linear (for example IBO = 20dB); Rapp’s approximation was

less accurate when the PA operated in the area between the linear and the high

saturation regions (for example IBO = 8dB); and the Bessel-Fourier model seemed

to model properly the PA behaviour in all operating regions.

After taking everything into consideration, we could conclude saying that the selec-

tion of the behavioural model may depend on the selected PAs and the system level

specifications. The type of application will determine the operating region where

the behavioural model has to be significantly accurate and the number of coefficients

that can be used without considerable impact on the complexity and computational

time of the system.

Finally, it is worth noting the impact of the PA non-linearities on the BER. As ob-

served in the figures, the BER values for low IBO levels are extremely high compared

to the quasi-error free BER value (around 10−6). A pre-distorting model, such as

the one proposed in the next chapter, may be applied to achieve the quasi-error free

BER value for low IBO levels.
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Figure 3.16: Similar comparison to the one depicted in Figure 3.14 when the follow-

ing models are applied: (a) Ghorbani; (b) Saleh; (c) Rapp.
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Figure 3.17: Same comparison depicted in Figure 3.16 with a zoom in at low Eb/No

levels: (a) Ghorbani; (b) Saleh; (c) Rapp.
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3.5 Summary

Several state-of-the-art behavioural models, Saleh’s, Ghorbani’s, Rapp’s and the

Bessel-Fourier, have been reviewed and applied to model the PA in the proposed

BER evaluation tool presented in Chapter 2. The accuracy of these models has

been tested by considering not just the PA behaviour but the entire system, which

estimates the BER when a 16-APSK signal is transmitted over an AWGN channel.

Results showed that Saleh’s model was the least accurate when operating points

close to saturation were selected.

Furthermore, a practical methodology for improving the accuracy of the Bessel-

Fourier PA behavioural model when the amplifier is operating close to its maximum

power level has been proposed. This methodology consists of forcing the theoret-

ical model to follow a more realistic behaviour along an extrapolated curve. The

validation of the proposed method has demonstrated that an extrapolated range

of at least 3dB is necessary to accurately estimate the PA behaviour. Moreover,

a convergence analysis of the Bessel-Fourier model has been proposed to select the

minimum number of IMP orders which provides the most accurate approximation

the model can achieve. Results showed that estimating IMPs of up to 15th order

seems to be enough for the model to converge. Finally, experimental validations

when transmitting input signals of 2, 5 and 10 unmodulated carriers were carried

out for the first time in the literature.
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Chapter 4

Proposed data pre-distorter for

APSK signals in solid-state power

amplifiers

4.1 Introduction

Modern digital communication systems such as the DVB-S2 [1] exploit the use of

APSK modulation schemes [2], which are the favorite candidates for spectrally effi-

cient air link interfaces as they deliver a better performance under non-linear con-

ditions while also allow to maximise the PA DC power conversion efficiency [3].

However, these modulation schemes still suffer from the non-linear behaviour of the

PA, especially due to its AM/AM [4]. In order to deal with this issue, pre-distortion

techniques are a desirable alternative to backing-off a Class A amplifier, which would

result in low power efficiency as well as considerable heat dissipation.

APSK modulations have the significant advantage of maintaining the circular con-

stellation characteristics when transmitted through a channel with non-linear dis-

tortion [3, 5]. The reason why this phenomenon happens resides in the fact that

the magnitude and phase distortions experienced by the symbols which belong to

the same constellation ring are the same. This has been recognised in previous

studies which have demonstrated that the selection of the constellation ring ratio

value is critical to determine the performance of APSK modulations over non-linear
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channels [2, 6]. This advantage can be exploited in the development of a data per-

distortion technique [2,7–9] which can adjust the value of the constellation ring ratio

so that a better performance is achieved.

Hence, in this chapter we propose a data pre-distorter that enables compensation

for the PA distortion occurring at each IBO level of the AM/AM curve, which can

be modelled by any of the memoryless behavioural methods [10–13] presented in

Chapter 3. The methodology is applied to the 16-APSK modulation in its 4+12

variation specified with DVB-S2 [1]. Given the increasing focus on mm-wave solid

state amplification [14–16], the technique focuses on the non-linear characteristics

of this class of components which generally present negligible AM/PM distortion

compared to their compression gain [17, 18]. On this basis, the proposed model

provides an expression which identifies the pre-distorted constellation based on the

estimation of one parameter, the constellation ring ratio, and without the use of

error performance simulation.

A preliminary study carried out by the author of the thesis presents a model which

provides an upper limit for the value of the constellation ring ratio when low IBO

levels are concerned [19]. In this chapter, the methodology followed is more accu-

rate since the effect of the RRC filter has been taken into account, quantifying the

combined impact of its ISI and PA non-linearity in the end-to-end link.

Computed and measured BER results for 16-APSK systems over an AWGN channel

obtained by the use of the evaluation tool and the set-up described in Chapter 2 and

the behavioural models reviewed in Chapter 3 are shown to validate the proposed

approach. Moreover, computed results by applying an in-house DVB-S2 simulator

are presented as well for validation purposes.

The remainder of this chapter is organised as follows: the impact of the PA non-

linearities on the APSK constellation is described in Section 4.2. The mathematical

analysis carried out to define the data pre-distortion methodology is introduced in

Section 4.3. The validation of the technique is presented in Section 4.4. Finally, a

summary of the chapter is included in Section 4.5.
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4.2 APSK constellation distortion due to

non-linear channels

A graphic example illustrating the impact of solid-state non-linear amplifier on typ-

ical communication systems deploying 16-APSK modulation is depicted in Figure

4.1(a). Two kinds of impairments can be observed in the figure when the standard

4+12-APSK constellation is transmitted over a non-linear channel but otherwise

ideal noiseless channel, namely a clustering effect and a constellation warping. The

former is due to the ISI experienced at the RRC filters in combination with the

amplifier nonlinearity; the details of this phenomenon are discussed later in this

section. The latter impairment is manifested by the inner constellation centroids

moving off their original positions and get closer to the outer centroids.

The constellation warping can be appreciated considering that inner constellation

points carry reduced power compared to the outer ones and hence experience reduced

gain compression at increased PA IBO. This effect can be suppressed by identifying

the constellation ring ratio at the input of the modulator, γin =
R2mod

R1mod
(where R1mod

-1 -0.5 0 0.5 1

In-phase amplitude

-1

-0.5

0

0.5

1

Q
ua

dr
at

ur
e 

am
pl

itu
de

R1mod R2mat

R1mat

R2mod

(a)

-1 -0.5 0 0.5 1

In-phase amplitude

-1

-0.5

0

0.5

1

Q
ua

dr
at

ur
e 

am
pl

itu
de

(b)

Figure 4.1: Comparison between transmitted symbols (crosses) and received ones

(dots) when the block diagram shown in Figure 4.2(b) (noiseless system) is applied.

Parameters used: IBO = 2dB, up-sampling factor = 8 and filter roll-off = 0.5. The

amplifier model is depicted in Figure 3.1 and the average power was normalised. (a)

Standard constellation: γin = 2.5; (b) pre-distorted: γin = 7.2.

72



CHAPTER 4

011011

 

RC filter

PA model

Input frame Modulator

DemodulatorBER

(a)

011011

 

RRC filter PA model

RRC matched filter

Input frame Modulator

DemodulatorBER

(b)

Figure 4.2: Simplified block diagrams for the cases in which the RC filter (a) or the

RRC filter (b) are applied to transmit the symbols. Up-sampling and down-sampling

processes are applied after the modulator and before the demodulator, respectively,

in both cases.

and R2mod are the inner and outer ring radii at the output of the modulator), which

provides the desired ring ratio value, γtarget, at the baseband receiver. For optimum

BER performance, the optimum γtarget at the receiver is estimated to be around

2.5 [20].

While this scheme, illustrated in Figure 4.1(b), is conceptually simple, it relies on the

estimation of the power associated with each constellation symbol before the PA. As

will be shown in the remaining of this section, this power level will critically depend

on the properties of the bandwidth limiting digital filter that follows the digital

modulator. Two simplified block diagrams depicting typical digital communication

systems are shown in Figure 4.2. In particular, Figure 4.2(a) depicts a system

involving a single raised-cosine (RC) filter at the transmitter, while in Figure 4.2(b)

an implementation with an RRC filter at the transmitter and a matched RRC filter

at the receiver is illustrated. In a noiseless and linear channel, the effect of using
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two RRC filters in series is the same as using just one RC. In practice, splitting into

two RRC filters improves noise cancellation at the receiver side [21] and hence this

implementation is commonly employed.

Despite this favorable characteristic, the deployment of a single RRC filter at the

transmitter gives rise to ISI and hence energy exchange between transmitted sym-

bols. This is exemplified in Figure 4.3, which compares the in-phase signals at the

output of an RC and RRC filters (Figs. 4.2(a) and 4.2(b) respectively) when the

same sequence of 7 equal symbols is applied at the input. Only the in-phase compo-

nent is considered, with an amplitude of 12.5×10−3 V at the output of the filter. In

both cases, the filter roll-off is set to 0.5. The output from each individual consec-

utive symbol is shown in color while the final waveform in black. An up-sampling

factor of 8 has been used in this example, which suggests that eight samples have

been used per symbol. Assuming successful synchronisation, and since at the re-

ceiver the waveform would be down-sampled, only the value of the final waveform

corresponding to the discrete instants of symbol rate periods will contribute to the

detection. In the remaining we therefore focus the discussion to the final waveform

value at the periodic decision samples, which are marked in Figure 4.3 as “Decision

instants”.

Figure 4.3(a) is associated with an RC filter. As shown, following some initial

fluctuation, the resulting signal waveform follows a constant value, as expected for

such a sequence. Significantly, this waveform delivers a constant magnitude equal

to the amplitude of the filtered in-phase signal (12.5 × 10−3 V) at any decision

instant. These features are attributed to the ISI-free properties of the RC filter,

whose impulse response is zero at all other decision instants. This property, however,

does not apply in the RRC filter, where ISI is generated due to the influence of several

symbols at every decision instant. As shown in Figure 4.3(b), the output waveform

is now oscillating and, critically, its value at each decision point fluctuates; the

value of a decision sample now integrates a combination of the neighboring symbols’

contribution and, as a result, it is not equal to the pulse peak value as in the RC

case.

To further illustrate the impact of ISI, Figure 4.4 depicts the modulus of the complex

signal at the output of the RRC filter for three different sequences of 7 symbols.

These symbols are, from left to right side, three random symbols which belong to
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Figure 4.3: In-phase amplitude representation of a sequence of 7 equal outer-ring

symbols after passing through each of the filters included in the block diagrams

depicted in Figure 4.2. Parameters used: up-sampling factor = 8, filter roll-off =

0.5 and γin = 2.5. (a) Output of RC filter; (b) Output of RRC filter.

the outer ring, one symbol from the inner ring and three symbols from the outer ring.

Each of the three sequences follows the same principle but the symbols transmitted

can be different for every sequence as they were selected randomly within the ring

they belong to. In particular, this figure shows how the amplitude of the inner (a,

b and c) and outer (d, e and f) ring radii at the sampling instants can vary due to
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Figure 4.4: The value of the magnitudes R1 (a, b and c) and R2 (d, e and f) at the

output of the RRC filter (see Figure 4.2(b)) are depicted for three different sequences

of 7 symbols. Parameters used: up-sampling factor = 8, filter roll-off = 0.5, γin =

2.5 and IBO = 20dB.

the ISI. In the absence of ISI, the amplitude of the ring radii would be the same for

any symbols belonging to the same ring.

Figure 4.5 plots a histogram of the decision instant values for symbols lying in the

inner (see Figure 4.5(a)) and outer (see Figure 4.5(b)) 16-APSK constellation when

the different R1 and R2 magnitudes are captured at the output of the RRC filter for

a large pseudo-random sequence. The histogram is normalised such that its contour

represents the PDF of the decision instant output value. In the same figure, the

magnitude of the symbol at the input of the RRC filter (ring radius magnitude

of the constellation) is marked with a yellow line. As shown, the variation for

both types of symbols, inner and outer, follows an almost Gaussian distribution.

It is noted that due to the rotational symmetry of the constellation, the statistical

properties for all symbols lying in the inner circle are identical. For symbols lying

on the outer circle, symmetry considerations suggest two distinct cases associated

with e.g. symbols at 15◦ and 45◦ from the in-phase axis. In practice, numerical

results indicated that the statistics associated with these two distinct symbols are

very similar and hence only the latter are presented.

The mean value of the Gaussian distributions represents the average magnitude of

the corresponding symbol at the output of the RRC filter. The mean value (peak of
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Figure 4.5: Representation of how the radius magnitudes R1 and R2 vary due to

the ISI after passing through the RRC filter in Figure 4.2(b). Parameters used:

up-sampling factor = 8, filter roll-off = 0.5, γin = 2.5 and IBO = 20dB. Histogram

and probability density function of R1 (a) and R2 (b). The values a, b, c, d, e and

f correspond to the ones presented in Figure 4.4.

red curve) is higher than the ring radius magnitude at the input of the RRC filter

(marked in yellow) for symbols along both radii. As noted earlier, the spread of

the decision samples magnitude and the effective magnifications of their mean value

arises due to the ISI property of the RRC. If an RC was used instead, the magnitude

of the decision samples would coincide with a single value for any of the symbols.
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Figure 4.6: Representation of the magnitude R1 when it passes through the blocks

depicted in Figure 4.2(b) for linear (IBO=20dB) and non-linear (IBO=2dB) cases.
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If the PA works in the linear regime, the ISI generated by the RRC filter in Figure

4.2(b) can be removed by the matched RRC filter. An example of this configuration

is depicted in Figure 4.6, which represents the magnitude of the inner constellation

ring radius when it passes through the different blocks presented in Figure 4.2(b)

(modulator, RRC filter, PA and RRC matched filter) for an IBO level equal to

20dB. The R1 amplitude represented in the constellation diagrams of the figure was

normalised, γin was 2.5, the up-sampling factor was 8, the filter roll-off was 0.5 and

the amplifier model used is shown in Figure 3.1. The first figure at the top represents

the standard 16-APSK constellation obtained at the output of the modulator. The

following figure below that one captures the variation of the magnitude R1 due to

the ISI generated by the RRC filter. The amplified inner ring radius when the PA

operating at an IBO level equal to 20 dB (linear regime) is applied is presented in the

following left-side figure. Due to the linear behaviour of the PA, the PDF of the R1

magnitude after passing through this element maintains the Gaussian distribution.

The last figure on the left side shows the constellation diagram at the output of

the RRC matched filter. As the ISI is removed by the RRC matched filter, the

constellation at its output does not present any clusters for an otherwise noiseless

channel.

On the other hand, when the PA operates in the non-linear regime, the ISI cannot

be completely removed due to the mismatch between the two RRC filters [7]. This

mismatch can be observed in Figure 4.6 when the IBO level is equal to 2dB, in which

the PDF of the R1 magnitude at the output of the PA does not follow a Gaussian

distribution due to the non-linearities. In the same figure, the constellation diagram

at the output of the RRC matched filter is depicted (last figure at the bottom-

right side), which is the same as the one represented in Figure 4.1(a). In this

case, each constellation point becomes a cluster of points due to the remaining

ISI. The same applies for the outer ring radius, R2. As the ISI is generated by

the interaction between neighbouring symbols, the system is said to have memory,

which is represented by the clusters. Some techniques have been proposed in the

literature to reduce this cluster effect [8, 22] but it is not the scope of this paper.

In light of the above observations it is noted that the ISI caused by the RRC filter

at the transmitter can be considered to produce an effective “gain” to the decision

sample mean power. We note that the aforementioned “gain” is associated only
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with the decision sample, while the power level of the entire symbol is not affected.

Since the effective gain is only observable at the decision instant and not on the

average power of the total waveform (which remains the same at the output of the

RRC filter), it is attributed to transfer of power from neighboring samples to the

decision sample arising as a result of the ISI.

A similar analysis (not shown for brevity) indicates that the RRC matched filter

at the receiver is associated with an effective “attenuation”. While the combined

effects of the transmit and receive RRC filters cancel each other leading to a zero net

effect when the two are connected through linear modules in-between, this comple-

mentarity breaks in the presence of non-linearities. Consequently, even an otherwise

noiseless channel will give rise to a clustering of the constellation - as indeed is indi-

cated by the results plotted in Figure 4.1. Moreover, when it comes to the estimation

of the constellation warping (also shown in Figure 4.1), the impact of the transmit

and receive RRC filters on the mean magnitude of the decision sample for each sym-

bol should be taken into consideration. This is discussed in the next section, which

also provides an expression for the optimum γin.

4.3 Proposed data pre-distortion methodology

According to the proposed method, expressions for the effective gain and attenuation

due to the RRC filters are estimated. These can then be considered in light of

the initial and desired values for the symbol amplitudes as well as the AM/AM

characteristics of the amplifier in order to obtain the optimum γin. In this section

first we illustrate the estimation of the effective gain and attenuation, followed by

the expression for estimating γin.

4.3.1 Effective gain and attenuation at the RRC filters

The effective amplitude gain at the transmitter is assumed to be the ratio between

the mean decision instant value of the PDF at the output of the RRC filter (peak of

red curve in Figure 4.5) divided by the amplitude of the input signal (marked with

yellow in Figure 4.5). The latter is equal to the symbol amplitude at the output

of the modulator. Power considerations enable the estimation of R1mod(γin) as a
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function of the ring ratio according to [1]:

R1mod(γin) =

√
4Pmod

1 + 3γ2
in

, (4.3.1)

where Pmod is the average power at the output of the modulator and is linked with

the IBO level selected. R2mod(γin), can then be obtained as a function of the inner

ring magnitude and the ring ratio according to [1]:

R2mod(γin) = γinR1mod(γin). (4.3.2)

As observed in Equation 4.3.1 and Equation 4.3.2, for a fixed average output power

the inner and outer ring radii can be expressed as a function of γin; for simplicity in

the remaining we will refer to R1mod(γin) and R2mod(γin) as R1mod and R2mod .

The estimation of the mean value of the Gaussian distribution in Figure 4.5 can be

efficiently obtained upon the approximation that ISI in a symbol occurs only due

to its adjacent neighbor symbols. Numerical simulations (not shown for brevity)

have confirmed the validity of this approximation. Thus, if for each symbol on the

constellation we estimate the sample at the decision instant for all possible neighbor

symbol combinations and recognising that each combination is equiprobable, the

desired PDF can be obtained. The total number of combinations/sequences, B,

would be given by:

B =
(M + z − 1)!

z!(M − 1)!
, (4.3.3)

where M and z refer to the total number of different elements and the number of

terms per combination, respectively. For 16-APSK,M is equal to 16 (total number of

symbols) and z is equal to 2 (associated with the two neighboring symbols). Hence,

the total number of sequences for 16-APSK is equal to 136. It is noted that due

to the symmetry of the 16-APSK constellation, this estimation is required once for

symbols lying on the inner radius and twice for the symbols lying on the outer radius.

As noted earlier, in practice the statistics associated with the two distinct outer ring

symbols are found to be very similar and hence a single estimation for all symbols on

the outer ring suffices. Therefore, the estimation for the entire constellation needs

to be completed 272 times. An example of how a three-symbol sequence looks like

after filtering is depicted in Figure 4.7, where Sample of interest indicated in the

figure is the value of the symbol at the decision instant.

Once the distinct three-symbol sequences have been generated, they are individually

applied at the input of the RRC filter. Every filtered sequence, uxy[n], will then be
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Figure 4.7: Sequence of 3 symbols (radii R2, R1 and R2) after passing through the

RRC filter included in the block diagram depicted in Figure 4.2(b). Parameters

used: up-sampling factor = 8, filter roll-off = 0.5, γin = 2.5 and average power = 1.

obtained by:

uxy[n] =
√
L

(
sx ∗ h[n+ L] + sz ∗ h[n] + sy ∗ h[n− L]

)
, (4.3.4)

where sz is the symbol under consideration (sz can belong to the inner, s1, or outer,

s2, ring), sx and sy are the neighbor symbols, h[n] is the impulse response of the RRC

filter [21] and L to the up-sampling factor. In Equation 4.3.4, the magnitude and

phase of the middle symbol, sz, will remain the same for all 136 sequences while the

parameters of the other two symbols, sx and sy, will vary depending on the selected

neighboring symbols, xy, (1 ≤ xy ≤ B = 136). The term
√
L in Equation 4.3.4 is

used for power adjustment. A graphic example showing the in-phase amplitude of

the complex envelope uxy[n] is depicted in Figure 4.7 (black line designed as Total

envelope).

After filtering each three-symbol sequence, the average magnitude over all combina-

tions is taken at the sampling instant, τ + L+ 1:

RzRRC =
1

B

B∑
xy=1

∣∣uxy[τ + L+ 1
]∣∣ , (4.3.5)

where RzRRC refers to the average magnitude of the ring radius under consideration

at the output of the RRC filter and τ is the group delay of the filter (number of

samples between the filter’s initial response and its peak response):

τ =
L · span

2
, (4.3.6)
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where span specifies the filter duration in number of symbols.

Once Rzmod and RzRRC have been obtained, the effective gain related to the ring

radius under consideration, GRz , is given by:

GRz =
RzRRC

Rzmod

. (4.3.7)

The effective attenuation associated with the RRC matched filter can be obtained

with a similar procedure. The mean value for each ring radius at the input of

the RRC matched filter starts from the computation of each envelope uxy[n]. After

applying Equation 4.3.4, each filtered sequence is amplified by the PA before passing

through the RRC matched filter (see Figure 4.2(b)):

vxy[n] = fAM/AM

(∣∣uxy[n]
∣∣)e

j tan−1

(
Im

{
uxy [n]

}
Re

{
uxy [n]

})
, (4.3.8)

where vxy[n] refers to the xy-th amplified sequence. A PA behavioural model of

choice can be used for this purpose. Once the three-symbol sequences have been

amplified, the average magnitude over all combinations is taken at the same sampling

instant:

RzPA =
1

B

B∑
xy=1

∣∣vxy[τ + L+ 1
]∣∣ , (4.3.9)

where RzPA refers to the average magnitude of the ring radius under consideration

at the input of the RRC matched filter. Next, the envelopes vxy[n] are convolved

with the filter impulse response [21] to obtain the sequences at the output of the

matched filter, wxy[n]:

wxy[n] =

√
1

L

(
vxy[n] ∗ h[n]

)
. (4.3.10)

The gain of the matched filter is equal to
√

1
L

to compensate for the gain applied

on the first filter. The average magnitude of the ring radius under consideration at

the output of the RRC matched filter, Rzmat , is given by:

Rzmat =
1

B

B∑
xy=1

∣∣wxy[2τ + L+ 1
]∣∣ . (4.3.11)

In Equation 4.3.11 the sampling instant is equal to 2τ +L+ 1 to take into consider-

ation the delays associated with the two RRC filtering processes at the transmitter

and the receiver.

Finally, the effective attenuation, ARz , can be obtained by:

ARz =
RzPA

Rzmat

. (4.3.12)
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4.3.2 Expression to obtain the optimum γin

The constellation ring ratio at the output, γout, is considered as the ratio between

the outer and inner ring radii at the output of the RRC filter:

γout =
R2mat

R1mat

, (4.3.13)

where R1mat and R2mat are the average magnitudes of the inner and outer ring radii

at the output of the RRC matched filter. By taking into account Equation 4.3.2,

Equation 4.3.7, Equation 4.3.12 and the following expression:

RzPA = fAM/AM

{
RzRRC

}
, (4.3.14)

the expression to obtain γout can be given by:

γout =
AR1fAM/AM

{
γinR1modGR2

}
AR2fAM/AM

{
R1modGR1

} , (4.3.15)

where AR1 and GR1 are the effective attenuation and gain values associated with

the inner symbols and AR2 and GR2 are the effective attenuation and gain values

associated with the outer symbols. As all the terms included in Equation 4.3.15

depend on γin, the optimum γin can be obtained by solving the following equation:

γout(γin)− γtarget = 0. (4.3.16)

Equation 4.3.16 takes into account all system parameters and is applied to find the

value of γin which provides the desired γtarget at the output of the RRC matched

filter - as mentioned before, γtarget equals 2.5 for optimum BER performance.

The algebraic expression presented in Equation 4.3.16 can be easily solved by the use

of the Newton-Raphson method [23] or the function fzero, implemented by Math-

works, which is based on a combination of bisection, secant, and inverse quadratic

interpolation methods.

The input parameters which need to be set before finding the optimum value of γin

are: the filter roll-off factor and span; the IBO level and PA model coefficients; and

the up-sampling factor. In this work, the PA behavioral model used is Ghorbani due

to its accuracy when modelling solid-state power amplifiers and its reduced number

of coefficients [11].
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4.4 Model validation

In order to prove the effectiveness of the proposed methodology, computed as well

as experimental results obtained by the use of the Monte Carlo simulation tool and

the experimental set-up, respectively, presented in Chapter 2 have been compared

against the values obtained by the proposed methodology. The non-linear charac-

teristic of the tested amplifier (ZJL-4HG+ from Mini-Circuits) is plotted in Figure

3.1 and the model coefficients, y1, y2, y3 and y4, which are considered in Ghorbani’s

AM/AM characterisation (see Equation 3.2.2) are depicted in Table 3.3.

Using the methodology described in the previous section, the optimum values of γin

were estimated for IBO levels varying in the range 20dB to 0dB. A filter with a

span equal to 10 symbols and up-sampling factor of 8 was considered. The obtained

values for γin are plotted in Figure 4.8 for different filter roll-off factors. As observed

in Figure 4.8, the further the PA operates from its linear region (low IBO levels),

the higher the optimum γin value for a fixed roll-off value (more pre-distortion is

applied). On the other hand, the lower the roll-off factor, the lower the optimum

γin value for a fixed IBO level as the ISI is higher.

0 0.2 0.4 0.6 0.8 1

roll-off factor

2

4

6

8

10

12

in

IBO = 20dB
IBO = 10dB
IBO = 8dB
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IBO = 0dB

Figure 4.8: Optimum linear γin values estimated by applying the proposed method-

ology to pre-distort the 16-APSK constellation for different roll-off factors and IBO

levels. The PA model used was the one depicted in Figure 3.1 and the up-sampling

factor was equal to 8.
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Figure 4.9: Estimated (“Th.”) and computed (“Sim.”) effective gain levels obtained

by applying the proposed methodology and the simulation platform depicted in

Figure 2.10, respectively, for different linear γin values. The PA model used was the

one depicted in Figure 3.1, the up-sampling factor was equal to 8 and the roll-off

factor was 0.5.

Next, the effectiveness of these theoretical γin values was tested by means of com-

parison with a detailed system simulation. Figure 2.10 shows the block diagram

used to compute the BER performance for un-coded 16-APSK modulations in the

presence of a PA over an AWGN channel. The input signal consisted of an uniformly

distributed pseudo-random large sequence of zeros and ones. This Monte Carlo sim-

ulation platform was first used to compute the effective gain and attenuation at the

RRC filters and compare the values against the results obtained by applying the

proposed methodology. The estimated and computed effective gain levels for a filter

roll-off factor of 0.5 and different γin values are depicted in Figure 4.9 and are overall

in good agreement.

The simulation platform depicted in Figure 2.10 is next applied to compute the BER

for different values of γin and different IBO levels. For each IBO, the simulation

is run iteratively in order to identify the optimum value for γin that minimises the

BER. The Eb/No value is set by adjusting the Gaussian noise variance at the AWGN

Channel block. The optimum values for a filter roll-off factor of 0.5 are reported

in Table 4.1 marked as “Simulated γin”. As shown, the BER is indistinguishable

minimised for a range of γin values at each IBO level. For comparison, Table 4.1
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Figure 4.10: PAPR in terms of linear γin values. Parameters used: IBO = 5 dB,

roll-off factor = 0.5 and up-sampling factor = 8.

also reports the γin values obtained by following the methodology proposed in the

previous section (“Estimated γin”). The good agreement between the simulated and

the estimated γin values depicted in Table 4.1 proves the validity of the proposed

methodology.

It is worth mentioning that the peak-to-average power ratio (PAPR) is not signif-

icantly affected by pre-distorting γin. This is demonstrated in Figure 4.10, which

depicts a negligible variation in the PAPR value when γin is increased (for a fixed

IBO level). Similar variations have already been observed in the literature [6]. The

Table 4.1: Comparison between estimated and computed optimum linear values of

γin for different IBO levels and a roll-off factor equal to 0.5.

IBO (dB) Simulated γin Estimated γin

20 2.3-2.7 2.42

10 3.9-4.7 4.18

8 4.4-5.1 4.80

5 5.3-6.1 5.94

2 6.6-7.3 7.26

0 7.3-8.2 8.17
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Figure 4.11: Comparison between computed and measured BER for un-coded 16-

APSK over an AWGN channel and the presence of the power amplifier ZJL-4HG+

when: (a) no pre-distortion was applied; (b) the pre-distorted constellation was

transmitted. Parameters used: up-sampling factor = 8, filter roll-off = 0.5 and γin

was equal to 2.5 in (a) and equal to the values depicted in Table 4.1 in (b).

PAPR is mostly affected by the IBO level and the number of sub-carriers when

OFDM systems are taken into account [24].

Figure 4.11, Figure 4.12, Figure 4.13 and Figure 4.14 show the measured and com-

puted BER when the proposed pre-distorting model is applied.
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Figure 4.12: Similar comparison to the one depicted in Figure 4.11(b) when the

following models are applied: (a) Rapp; (b) Saleh; (c) Bessel-Fourier.
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Figure 4.13: Same comparison depicted in Figure 4.12 with a zoom in at low Eb/No

levels: (a) Rapp; (b) Saleh; (c) Bessel-Fourier.
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Figure 4.14: Same comparison depicted in Figure 4.11 with the parameter IBO on

the x-axis: (a) no pre-distortion was applied; (b) the pre-distorted constellation was

transmitted. Computed values were selected.

The block diagram used to compute the BER in the figures above is the one de-

picted in Figure 2.10 and the experimental set-up employed for the measurements

is presented in Figure 2.12.

A comparison between computed and measured BER for un-coded 16-APSK over

an AWGN channel and the presence of the power amplifier ZJL-4HG+ when no

pre-distorted constellation was applied (γin was equal to 2.5 for every IBO level)

is presented in Figure 4.11(a) just for comparison with the case in which the pre-
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Figure 4.15: Comparison between the frequency spectra at the input (a) and output

(b) of the PA when the proposed data pre-distorter is applied (γin = 7.26) and when

no pre-distortion is applied (γin = 2.5). Parameters used: up-sampling factor = 8,

filter roll-off = 0.5 and IBO = 2 dB.

distortion was applied as the same figure has already been introduced in Chapter

3. As observed, when no pre-distortion was applied, the BER values for low IBO

levels were extremely high compared to the quasi-error free BER value (around
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10−6). On the other hand, when pre-distortion was applied (γin was equal to the

estimated values presented in Table 4.1), the BER performance improved drastically

(see Figure 4.11(b)). In this case, the quasi-error free BER value was achieved for

moderate Eb/No levels.

The same type of comparison for the cases in which the remaining behavioural

models reviewed in Chapter 3 are employed is depicted in Figure 4.12. In terms of

comparing the different methods, the same conclusions extracted from Chapter 3

are applied in this case.

As it was mentioned in Chapter 1, the use of data pre-distortion does not generate

spectral regrowth on the uplinked signal (see Figure 4.15(a)) [7, 25]. On the other

hand, the data pre-distorted signal at the output of the PA does not eliminate

the spectral regrowth generated by the PA (see Figure 4.15(b)), as in the case of

signal pre-distortion (see Chapter 5). In this case, the OMUX filter helps satisfy the

downlink constraints. Hence, metrics such as the EVM and the BER may be used

to compare the performance of different data pre-distorters instead of the typical

signal pre-distortion ones (NMSE or ACPR).

Finally, the methodology was validated against results computed by applying an in-

house DVB-S2 simulator. The typical roll-off factor value from the DVB-S2 standard

[1] is 0.35 and the optimum constellation ring ratio for 16-APSK when the channel

is linear is depicted in Table 4.2 in terms of the code rate. This means that the

Table 4.2: Optimum linear γin values in terms of the code rate for 16-APSK (linear

channel). DVB-S2 standard values [1].

Code rate Optimum γin

2/3 3.15

3/4 2.85

4/5 2.75

5/6 2.70

8/9 2.60

9/10 2.57
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Table 4.3: Comparison between estimated and computed optimum linear values of

γin for different IBO levels, a roll-off factor equal to 0.35 and the code rate 9/10.

The DVB-S2 transmission system was considered.

IBO (dB) Simulated γin Estimated γin

20 2.49 2.49

10 3.72 4.1

8 4.2 4.65

5 4.7 5.66

2 6.1 6.84

0 6.4 7.69

value of γtarget in the proposed methodology will not be the same as before (2.5) but

one of the values presented in Table 4.2, depending on the selected code rate. In

this case, results for the code rate 9/10 are reported, thus, the desired γtarget value

6 8 10 12 14 16 18 20

Eb/No (dB)

10-6

10-5

10-4

10-3

10-2

B
E

R

Estimated IBO=20dB
Estimated IBO=10dB
Simulated IBO=10dB
Estimated IBO=8dB
Simulated IBO=8dB
Estimated IBO=5dB
Simulated IBO=5dB
Estimated IBO=2dB
Simulated IBO=2dB
Estimated IBO=0dB
Simulated IBO=0dB

Figure 4.16: Comparison between the BER computed by applying the simulated

and estimated γin values depicted in Table 4.3. The DVB-S2 transmission system

was considered over an AWGN channel and the presence of the power amplifier ZJL-

4HG+ when the pre-distorted 16-APSK constellation was transmitted. Parameters

used: up-sampling factor = 8, filter roll-off = 0.35 and code rate = 9/10.
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was 2.57.

Once the above parameters have been considered, the in-house DVB-S2 simulator

was applied to compute the BER for different values of γin and different IBO levels.

On a similar basis as before, for each IBO, the simulation is run iteratively in

order to identify the optimum value for γin that minimises the BER. The optimum

values for the code rate 9/10 are reported in Table 4.3 marked as “Simulated γin”.

For comparison, Table 4.3 also reports the γin values obtained by following the

methodology proposed in the previous section (“Estimated γin”).

The resulting BER performance when the estimated and simulated γin values from

Table 4.3 were considered in the DVB-S2 simulator are depicted in Figure 4.16. As

observed, there is a significant good agreement between the BER results obtained by

the use of the estimated and the simulated γin values for high IBO levels. In the case

of the IBO levels equal to 2dB and 0dB, the differences, in terms of Eb/No, are 0.3dB

and 0.5dB, respectively, which are minor considering that the error correction was

not taken into account in the proposed methodology and that the DVB-S2 system

is considerably sensitive to Eb/No variations.

4.5 Summary

A computationally efficient data pre-distorter suitable for the 16-APSK constella-

tion transmitted through a memoryless non-linear power amplifier was introduced.

The proposed method is based on estimating the optimum value of the ring ratio

that enables compensation for the PA distortion occurring at each IBO level of

a memoryless behavioural model. Previous results for data pre-distortion rely on

iterative numerical optimisation techniques which require increased computational

resources. Instead, the proposed approach is numerically efficient and also provides

an insight on how the system generates the overall non-linear distortion. Computed

and measured BER results for 16-APSK over an AWGN channel and the presence

of a PA were depicted to prove the validity of the method. Furthermore, computed

results on an in-house DVB-S2 simulator were also successfully reported.
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Chapter 5

Variation in power amplifier and

beam pattern performances due to

mutual coupling in large arrays of

active antennas

5.1 Introduction

MIMO technologies have become fundamental for telecommunications. In the fifth

generation (5G) standard, the multi-user MIMO system requires multiple indepen-

dent RF paths to excite an antenna array [1]. In one possible implementation, each

RF path has its own PA. This usually happens at the base station (down-link),

where multiple streams of data are needed to serve different users. The problem

with this implementation is that the PA performance is compromised due to the

mutual electromagnetic coupling between the radiating elements [2]. Consequently,

the accuracy of any DPD techniques implemented to improve PA performance can

be compromised, negatively impacting the linearity of the PA. This impact on the

PA behaviour in turn affects the BER performance due to the fact that certain dig-

ital modulations proposed for 5G, such as QAM, are extremely sensitive to the PA

non-linearities [3–5].
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A possible solution to cope with the impedance mismatching caused by the mutual

coupling is the use of isolators. However, as isolators increase the cost and com-

plexity of the system, this solution is not typically considered [6]. Although several

authors have been working on solving this issue by developing DPD techniques to

compensate for the combined effects of the PA non-linearity and the antenna mutual

coupling [4, 5], there are few measurements in the literature showing the PA per-

formance degradation due to the load impedance mismatch and this merits further

investigation [2]. Particularly, measurements of GaN PAs under mismatched condi-

tions are scarce. Since today’s base stations require rather high output power, the

use of GaN PAs is becoming quite popular [7]. Hence, one of the contributions of

this chapter consists of presenting empirical results to show the output impedance

variation impact on the performance of GaN PAs. The figures-of-merit considered

for this purpose are the normalised NMSE, for the in-band and out-of-band dis-

tortion, the ACPR, for just the out-of-band distortion, the drain efficiency and the

power gain. Two types of GaN PAs are tested: a Class-B and a Class-AB.

Furthermore, apart from depicting the performance degradation due to mutual cou-

pling of a single PA, this chapter also proposes a methodology to characterise the

beamforming degradation of a system formed by large arrays of active antennas,

each of them connected to a different PA. The proposed approach allows the char-

acterisation of the mutual coupling impact not only at RF path level but also at

system level.

This chapter is organised as follows: Section 5.2 presents a methodology to estimate

the input impedance variation of a single radiating element of an antenna array due

to mutual coupling. The input impedance variation of a 4x4 array component is

considered as an example. Secondly, Section 5.3 shows the performance degradation

of two GaN PAs (a Class-B and a Class-AB) due to the output impedance mismatch

estimated in the previous section. The load-pull set-up employed to measure the

performance variation is also described in this section. The methodology to esti-

mate the beamforming distortion due to these alterations in the PA performance is

presented in Section 5.4 for the case of a 32x32 antenna array. Finally, the chapter

is summarised in Section 5.5.
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5.2 Active element input impedance estimation

The estimation of the input impedance variation of a single radiating element in

an array of 4x4 patch antennas is considered in this case. The antenna array under

consideration consists of patch elements, vertically and horizontally spaced by a half

free-space λ at an operating frequency of 3.5 GHz. The array, which is depicted in

Figure 5.1, was fabricated on FR-4 substrate (relative permittivity equal to 4.3, loss

tangent equal to 0.025 and thickness equal to 1.52mm) and the thickness of the

copper is 0.035mm. The layout of the 4x4 antenna array was developed by the use

of the simulation software CST and is depicted in Figure 5.2.

20mm

20mm

6mm
42.8mm

42.8mm

xx

Figure 5.1: Manufactured 4x4 patch antenna array.

(a) (b)

Figure 5.2: CST layout of the patch antenna array depicted in Figure 5.1: (a) top

view; (b) bottom view.
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(a)

(b)

Figure 5.3: Images of the set-up employed for measuring: (a) the single element

S-parameters of two of the central patches included in the antenna array presented

in Figure 5.1; (b) the active element input impedance when only two patches of the

antenna array depicted in Figure 5.1 are excited.

The single element S-parameters of two central patches of the antenna array (marked

with a black cross in Figure 5.1) were obtained by exciting one of the two patches,

depending on the S-parameter of interest, while matching the rest of the antenna

elements (loaded with 50Ω loads). The single element S-parameters were computed

by considering the CST layout presented in Figure 5.2 and measured by the use of

the set-up depicted in Figure 5.3(a), in which the vector network analyser (VNA)

employed was the N5225A PNA Microwave Network Analyser from Keysight Tech-
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Figure 5.4: Measured and computed single element S-parameters of two of the

central patches included in the antenna array depicted in Figure 5.1

nologies. The results are presented in Figure 5.4, where the 4% frequency offset

between measurements and simulation can be attributed to the permittivity toler-

ance.

Before extending the active element input impedance estimation to a fully excited

antenna array, the case of only two excited patches will be considered, then the

same analysis will be extrapolated to the case where all elements are excited. The

mutual coupling between two cells can be studied from the perspective of a two-port

network as the one presented in Figure 5.5. In this figure, Zin, is the active input

Main cell
Neighbouring 

cell

Port 1 Port 2

a1 b1 a2 b2

S21

Figure 5.5: Schematic of a two-port network extracted from the 4x4 array presented

in Figure 5.1, where a1 and b1 are the incident and reflected waveforms of port 1;

a2 and b2 are the incident and reflected waveforms of port 2; and S21 represents the

coupling coefficient between the two cells.
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Figure 5.6: Estimated (blue) and measured (red) active element input impedance

when only two patches of the antenna array depicted in Figure 5.1 are excited.

impedance [8] seen at port 1 when both patches are excited and is given by:

Zin =
1 + S ′11

1− S ′11

, (5.2.1)

where S ′11 is the active reflection coefficient [8] at port 1 when both patches are

excited and can be obtained by taking into account the relation between the incident

and reflected waves at port 1 (a1 and b1) and port 2 (a2 and b2):

S ′11 =
b1 + a2S21

a1

=
a1S11 + a2S21

a1

, (5.2.2)

where S11 = b1
a1

and S21 = b2
a1

are, respectively, the reflection coefficient at port 1

and the coupling coefficient between the two cells, when port 2 is matched (a2 = 0).

In other words, S11 and S21 are the single element S-parameters.

Hence, by following a similar procedure, the active element input impedance when

all 4x4 patches (16 in total) are excited can be calculated by using Equation 5.2.1

and the following active reflection coefficient, S ′′11:

S ′′11 =

∑16
r=1 arSr1
a1

. (5.2.3)

Equation 5.2.3 shows that any variation in the magnitude or phase of any of the 16

waves will modify the input impedance. This means that the load seen by each PA

is dependent on the desired excitations injected into the array.
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Figure 5.7: Impedances presented by the load-pull tuner to characterise the PA per-

formance degradation due to the input impedance variation of each patch included

in the antenna array depicted in Figure 5.1.

This methodology was validated against measurements for the case in which two

radiating elements of the antenna array depicted in Figure 5.1 were excited (see

Figure 5.6). The magnitude excitations were the same for both elements (continuous

wave (CW) power equal to 5dBm) and the phase excitations were equal to 0◦ for

one patch while the other one varied from 0◦ to 360◦ in steps of 30◦. One patch was

excited by the aforementioned VNA and the other one was excited by the signal

generator MXG N5182B from Keysight Technologies while the rest of the antenna

elements were not matched with 50Ω loads in this case (see Figure 5.3(b)). As

observed in Figure 5.6, there is good agreement between the estimated and the

measured active element input impedances.

Finally, the input impedance variation of a patch included in the 4x4 antenna array

depicted in Figure 5.1 was estimated for the case in which all 16 radiating elements

were excited. The magnitude excitations were considered the same for all radiating

elements and the phase excitations were equal to 0◦ for one patch while the others

varied from 0◦ to 360◦ in steps of 30◦. The Smith Chart area covered by the re-

sulting input impedance variation is depicted in Figure 5.7, where the selected load

impedances within that area, 176 in total, are marked in red. Notice that if the

patch was used in isolation, its load impedance would be close to the centre of the
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Smith Chart. However, as there are other radiating elements close to the patch, its

load impedance depends on the drive signals applied to the rest of the antennas.

The two GaN PAs performance degradation due to this output impedance variation

is presented in the following section.

5.3 Variation in PA performance due to load

impedance mismatch

In order to characterise the deviations in the PA performance caused by the variation

of the antenna input impedance acting as the load, the output signal of the PA is

firstly linearised when loaded to 50Ω. This means that a DPD model is applied to

achieve a non-distorted PA output signal when the load impedance is equal to 50Ω.

Then, a load-pull procedure is carried out to emulate the antenna input impedance

variation by deviating the load impedance from 50Ω to the values presented in Figure

5.7 and measure the NMSE, ACPR, drain efficiency, gain and phase shift variations

at each load impedance.

The schematic of the load-pull set-up is depicted in Figure 5.8(a) and a picture of the

set-up is presented in Figure 5.8(b). The PA input signal was generated using the

VSG model SMU 200A from Rohde & Schwarz. The driver, which was used to keep

the PA input signal as linear as possible, was the ZVE-8G, from Mini-Circuits. Two

PAs were characterised: a 3.5GHz Class-B biased GaN harmonically tuned PA [9]

and a 2.4GHz Class-AB GaN PA designed for a linearity/efficiency trade-off [10]. A

coupler was employed to capture both the output in-quadrature and in-phase signals

by a VSA, FSQ from Rohde & Schwarz, and the average output power by a power

meter, NRP-Z24 from Rohde & Schwarz. A mechanical impedance tuner (CCMT-

1808-1040 from Focus Microwaves) was used to vary the load impedance on the

load-pull system. The tuner is formed by a coaxial line with mechanically tunable

stubs that move on both the x and y axis (see Figure 5.9). Each x-y combination

gives specific S11 and S21 values for the tuner, which will be referred to as S11t and

S21t. A tuner calibration is required, which consists of connecting the two ports

of the tuner (input and output) to a VNA and measuring the tuner S11t and S21t

parameters for different x-y combinations within the minimum and maximum x and
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VSA

Coupler

-10 dB

Impedance tuner

W

P. meter

PC

(a)

(b)

Figure 5.8: Schematic (a) and picture (b) of the load-pull set-up. In (a), dashed

line: Ethernet connection; continuous line: RF path. The VSG and the VSA were

connected to the same 10MHz reference signal.

y values of the tuner stubs. Once the calibration is completed, a look-up table

which links the required S11t and S21t values to each x-y combination is generated.

In this case, the load was swept in amplitude and phase to a total of 176 points, in

accordance to the expected impedances from Figure 5.7. The S11t parameter allows

selecting the value of the PA output impedance and the S21t is used for calibrating

out the insertion losses of the tuner from the power meter measurements.

The input signal was a 64-QAM, 10MHz LTE signal with 10dB PAPR, the sample

rate was 100MSps and the up-sampling factor was equal to 5. The PA was linearised,

under a 50Ω load presented by the mechanical tuner, using a memory polynomial

(MP) model [11] applied in two iterations until achieving an ACPR level around

−50dBc at 10MHz and an NMSE level around −35dB (these values are the typical
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y

x Connector

Coaxial line

Tuner sleigh

Figure 5.9: Structure of a mechanical impedance tuner.

linearity requirements of a PA specified by the 3rd Generation Partnership Project

(3GPP) standard for wideband signals [12]). Figure 5.10 exemplifies a comparison

between the levels of the spectral regrowth at the output of the PA when the input

signal was not pre-distorted and when pre-distortion was applied for the two tested

PAs.

Once the load-pull measurements are finished, the different figures-of-merit (NMSE,

ACPR, drain efficiency, gain and phase shift) are computed. The drain efficiency,

η, is given as [13]:

η =
PRFout|S21t|

PDC
100 =

PRFout|S21t|
IDCVDC

100, (5.3.1)

where PRFout is the average RF output power, S21t is the tuner transmission parame-

ter and PDC , IDC and VDC are the DC input power, current and voltage, respectively.

The IDC was equal to 0.169A for the Class-AB PA and 0.277A for the Class-A PA

and the VDC was equal to 35V for the Class-AB PA and 30V for the Class-A PA. The

value of the PRFout and |S21t| parameters varied depending on the load impedance.

The drain efficiency is a measure of how much DC power is converted to RF power.

Note that the efficiency of a power amplifier increases when the PA IBO is reduced,

thereby giving rise to the well-known design trade-off between linearity and power.

The average gain, G, is obtained by calculating the ratio between PRFout and the

average RF input power, PRFin:

G =
PRFout|S21t|
PRFin

. (5.3.2)

The PRFin values were equal to 23.2dBm for the Class-B PA and 20.2dBm for the

Class-AB PA and were fixed for all load impedances.
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Figure 5.10: Measured spectra (with and without DPD) at the output of the Class-

AB (a) and Class-B (b) GaN PAs when a 10MHz LTE signal is applied at the input,

at the centre frequencies 2.4GHz and 3.5GHz, respectively.

The NMSE may be obtained by using the following equation [14]:

NMSE =

∑H
h=0 |v(h)− w(h)|2∑H

h=0 |v(h)|2
, (5.3.3)

where v(h), w(h) and H are the complex input and output signals in time domain

and the total number of samples, respectively. As the NMSE is calculated over

the time domain signals, it includes both in-band and out-of-band non-linearities.

Before obtaining the NMSE values, the input and output in-quadrature and in-phase

signals need to be aligned to compensate for the time delay between them. Moreover,

109



CHAPTER 5

the use of hardware usually generates phase and frequency offsets, which must be

eliminated for a proper comparison between the input and output signals. The

frequency alignment is achieved by connecting the VSG and the VSA to the same

10MHz reference signal and the phase offset is compensated in post-processing. The

complex IQ signals are also normalised as the absolute power levels are measured

by the power meter.

The ACPR characterises just the out-of-band distortion in frequency domain and is

given by [14]:

ACPR =

∫
adj.ch.

φw(f)df∫
ch.
φw(f)df

, (5.3.4)

where φw(f) is the power spectrum of the complex output signal. The numerator

integral is performed across the adjacent channel with the largest amount of power

and the denominator integrates over the main channel bandwidth (9MHz).

The drain efficiency results are plotted in Figure 5.11, the average gain is presented

in Figure 5.12, the ACPR is depicted in Figure 5.13 and the NMSE is plotted in

Figure 5.14. From these results, it is worth noting that for the impedances in which

the gain shows a maximum (higher gain corresponds to higher output power in

this case), the ACPR and NMSE values are higher, which means that the non-

linear behaviour is stronger as the gain compression is high. The drain efficiency is

also higher for those impedances as the amplifier is more efficient when it is more

compressed.

Furthermore, the gain and phase variations between the various loads, observed at

the peak envelope power (PEP) as the PAs were characterised under modulated

signals, were extracted. When the PA is linearised at 50Ω, the PEP gain is the

same as the average gain, G. As the load moves from 50Ω, G varies depending on

the output power but the PEP gain will depend on how the transfer function of the

PA and the DPD combine. Since both GaN PAs showed similar behaviour, only the

3.5GHz PA - which matches the operating frequency of the tested antenna array - is

considered further and its results are plotted in Figure 5.15. In terms of gain, up to

a 20% drop was observed from the maximum (see Figure 5.15(a)) - which coincides

with the 50Ω case, as expected. A PEP phase variation between −6◦ and +5◦ was

observed around the 50Ω case (see Figure 5.15(b)).
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Figure 5.11: Drain efficiency contours (%) over load of: (a) the 2.4GHz GaN PA;

(b) the 3.5GHz GaN PA.
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Figure 5.12: Gain contours (dB) over load of: (a) the 2.4GHz GaN PA; (b) the

3.5GHz GaN PA.
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Figure 5.13: ACPR contours (dBc) over load of: (a) the 2.4GHz GaN PA; (b) the

3.5GHz GaN PA.
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Figure 5.14: NMSE contours (dB) over load of: (a) the 2.4GHz GaN PA; (b) the

3.5GHz GaN PA.
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Figure 5.15: Gain (a) and phase shift (b) variation, in dB and degrees, respectively,

as a function of load of the 3.5GHz GaN PA.
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The maximum PEP gain and phase variations are considered in the following section

to estimate the beamforming degradation in a large array of active antennas.

5.4 Beamforming degradation

The beam pattern of an antenna array can be characterised by its array factor (AF),

which is a function of the number of elements, their geometrical arrangement, their

excitations (magnitude and phase) and their spacings. The AF of a phased-array

antenna can be found in [15]. MIMO systems’ main difference from phased-array

antennas is that they transmit different waveforms on all radiating elements. Thus,

the AF of a rectangular MIMO antenna can be obtained as follows:

AF (θ, φ) =
M−1∑
m=0

N−1∑
n=0

Im,ne
jΦm,nejmkdx sin θ cosφ+jnkdy sin θ sinφ, (5.4.1)

where dx and dy are the distances between the antennas along the x- and y-axis,

M and N are the number of elements along the x- and y-axis, k is the angular

wavenumber, k = 2π
λ

(where λ is the linear wavelength), and θ and φ are the far-field

observation angles. Equation 5.4.1 can be obtained from the AF of a phased-array

antenna in which each element is excited by an amplitude, Im,n, and a phase, Φm,n,

coefficients [16].

In order to analyse how Equation 5.4.1 is derived, the expression to obtain the array

factor of a linear array, which is less complex, is considered:

AFl(θ, φ) =
M−1∑
m=0

Ime
jΦmejmkd cosφ. (5.4.2)

Equation 5.4.2 shows that the array factor can be expressed as the summation of all

array phasors. Each phasor is formed by two excitation coefficients, Im (amplitude)

and Φm (phase), and a phase shift, mkd cosφ, with respect to the reference phasor

(m = 0) due to the propagation properties of the waveforms. This phase shift

expression is only valid when far-field geometry is assumed as the rays generated

by the array elements are considered to be parallel (see Figure 5.16). Thanks to

this assumption, the distance between elements is considered sufficiently small that

the differences in wave amplitude are negligible. Hence, only the phase difference is

taken into account to estimate the AF.
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Figure 5.16: Far-field geometry.

The AF of a rectangular array (see Equation 5.4.1) is equal to the product of two

AFs of linear arrays.

The proposed procedure to estimate the beamforming degradation due to mutual

coupling consists of applying two nested Monte Carlo computations: an outer one

to obtain several AFs which will act as reference patterns and an inner one which

will deviate the excitations of each of those reference AFs randomly (limited to

a maximum deviation). This allows the difference between each reference pattern

and its deviated counterpart to be obtained, and hence a global AF degradation is

estimated by averaging the degradations obtained for every case.

The steps for the estimation of the beamforming degradation, which are depicted in

Figure 5.17 for clarity, are the following:

1. Calculation of a reference AF, AFR(θ, φ), by the use of Equation 5.4.1. This

step initiates the outer Monte Carlo computation. The magnitude and phase

excitations of the reference AFs are selected randomly within the ranges [0.5, 1]

and [0◦, 360◦], respectively, for each antenna element:

(a) Magnitude: 0.5 6 Irm,n 6 1

(b) Phase: 0 6 Φrm,n 6 2π

2. Calculation of a deviated AF, AFD(θ, φ), by the use of Equation 5.4.1. This
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Figure 5.17: Flowchart to estimate the beamforming degradation.

step initiates the inner Monte Carlo computation. The magnitude and phase

excitations of the deviated AFs are selected randomly within a range that

goes from 0% deviation to the maximum desired deviation. As an example,

the maximum magnitude and phase variations obtained from the PA measure-

ments in the previous section (20% and between -6◦ and +5◦, respectively) are

considered here:

(a) Magnitude: Irm,n − Irm,n ∗ 0.2 6 Idm,n 6 Irm,n

(b) Phase: Φrm,n − 6 6 Φdm,n 6 Φrm,n + 5

3. Estimation of the average local deviation (inner Monte Carlo) from a reference

pattern. This deviation can be estimated in different ways, depending on how

the deviation is defined. One possible method is shown in Equation 5.4.3,

which is relevant if the pattern deviation together with the difference in power

levels are considered:

41 =
π∑
θ=0

2π∑
φ=0

∣∣|AFD(θ, φ)|2 − |AFR(θ, φ)|2
∣∣ . (5.4.3)

This means that, if the two array factors have the same pattern but the power

level of one of them is higher or lower than the other one, the deviation esti-

mated in Equation 5.4.3 will take into account this difference in power. If the

power difference does not need to be considered, then the expression shown in
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Equation 5.4.4 may be applied:

42 =
π∑
θ=0

2π∑
φ=0

∣∣∣∣∣ |AFD(θ, φ)|2

PD
− |AFR(θ, φ)|2

PR

∣∣∣∣∣ , (5.4.4)

where:

PR =
π∑
θ=0

2π∑
φ=0

|AFR(θ, φ)|2 (5.4.5)

and

PD =
π∑
θ=0

2π∑
φ=0

|AFD(θ, φ)|2 . (5.4.6)

The latter method consists of normalising both array factors with respect to

their total power levels, PR (reference) and PD (deviated), before obtaining

the deviation. This way, only the pattern deviation will be characterised. As

the scenario of interest does not require the difference in power levels, only the

pattern deviation, Equation 5.4.4 was considered.

Once the degradation factor has been calculated for all deviated AFs generated

up to this point, the average is obtained, 4̂2, which is considered as one of the

mean local deviations (inner Monte Carlo).

Steps 2 and 3 are repeated until a number of at least 10 4̂2 values are computed

before moving to the next step.

4. Calculation of the coefficient of variation (CV) of the last 10 4̂2 values obtained

in the previous step:

CV =
σ

µ
, (5.4.7)

where:

µ =
1

10

9∑
v=0

4̂2,end−v (5.4.8)

and

σ =

√√√√ 1

10

9∑
v=0

(4̂2,end−v − µ)2. (5.4.9)

The value of CV allows determination of the stopping criteria of the inner

Monte Carlo computation: if CV is less than a fixed tolerance, for example

CV < 10−4, then the last computed 4̂2 value is stored and step 5 is followed

(the inner Monte Carlo simulation is finished); if not, the whole procedure is

repeated from step 2.
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5. Estimation of the average global deviation, 4, by calculating the mean of the

4̂2 values stored in the previous step.

All previous steps are repeated until a number of at least 10 4 values are

computed before moving to the next step.

6. The CV of the last 10 4 values obtained in the previous step is calculated by

using the expressions presented in step 4. If the computed CV is less than a

fixed tolerance, equal to 10−4 in this case, the outer Monte Carlo simulation is

finished and so the average global deviation has been found. If not, the whole

procedure is repeated from step 1.

The lower and upper bounds of the proposed AF degradation factor can be calculated

by taking into account the Minkowsky inequality [17]:(
n∑
k=1

|xk + yk|p
) 1

p

≤

(
n∑
k=1

|xk|p
) 1

p

+

(
n∑
k=1

|yk|p
) 1

p

, (5.4.10)

(
n∑
k=1

|xk − yk|p
) 1

p

≥

∣∣∣∣∣∣
(

n∑
k=1

|xk|p
) 1

p

−

(
n∑
k=1

|yk|p
) 1

p

∣∣∣∣∣∣ , (5.4.11)

where |xk|, |yk| and p are equal to |AFD(θ,φ)|2
PD

, |AFR(θ,φ)|2
PR

and 1 in this case. Thus, the

equation to obtain the upper bound, U , would be the following:

U =
π∑
θ=0

2π∑
φ=0

|AFD(θ, φ)|2

PD
+

π∑
θ=0

2π∑
φ=0

|AFR(θ, φ)|2

PR
. (5.4.12)

Similarly, the lower bound, L, can be obtained as follows:

L =

∣∣∣∣∣
π∑
θ=0

2π∑
φ=0

|AFD(θ, φ)|2

PD
−

π∑
θ=0

2π∑
φ=0

|AFR(θ, φ)|2

PR

∣∣∣∣∣ . (5.4.13)

Solving Equation 5.4.12 and Equation 5.4.13 yields the values 2 and 0 for the upper

and lower bounds, respectively, which are relevant for comparison purposes. As

0 ≤ |AFD(θ,φ)|2
PD

≤ 1 and so |AFR(θ,φ)|2
PR

, only when the two AFs are orthogonal, the

AF degradation factor will be equal to the upper bound, which refers to the highest

deviation.

The procedure described in this section was first applied to estimate the AF degra-

dation of a massive MIMO antenna array (32x32), extrapolating the characteristics

of the 4x4 array presented in Figure 5.1, for a range of different values of maximum
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Figure 5.18: AF degradation factor in terms of magnitude or phase excitation devi-

ation. Blue line: only magnitude deviation; red line: only phase deviation.

magnitude and phase variations of the excitations (see Figure 5.18). This study

was carried out to observe the impact of these deviations in the excitations inde-

pendently. The number of points used in the computation of each AF were 200

for each observation angle, θ and φ. Results depicted in Figure 5.18 show that the

AF is more sensitive to phase deviations than magnitude deviations. This outcome

has significant value as different device technologies (GaN HEMT, GaAs FETs, Si

LDMOS, etc.) have notable different behaviours when it comes to their linearity

characteristics.

Secondly, the proposed procedure was applied to obtain the AF degradation factor

of the same 32x32 antenna array described above for the maximum magnitude and

phase excitation variations observed in the load-pull measurements of the GaN PA

depicted in Figure 5.15. The results from the inner and outer Monte Carlo simula-

tions are depicted in Figure 5.19. As observed in these figures, the value of the AF

degradation factor estimated for this case is equal to 0.0845, which is relatively low

due to having small phase variations.

Finally, the degradation of a reference AF due to different magnitude and phase

excitation variations is exemplified in Figure 5.20 (notice that there is no main beam

pointing to a certain angle due to the randomness of the excitations) to validate

the proposed methodology. The observation angle φ was equal to 90◦. As the

degraded AF depicted in Figure 5.20(a) presents only magnitude variations (up to

20% their reference value), there are minor differences between the deviated and the
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Figure 5.19: Convergence of the (a) local and (b) global AF degradation factor, ∆,

when the maximum magnitude and phase variations are the ones depicted in Figure

5.15 (magnitude up to 20% and phase between -6◦ and +5◦)

reference AFs. On the other hand, when phase excitation variations are applied (see

Figure 5.20(b)), the differences between both AFs become significant. Figure 5.20(c)

depicts the AF degradation when the maximum magnitude and phase variations are

the ones obtained from Figure 5.15 (20% and between -6◦ and +5◦, respectively).

The degradation in this case is similar to the one which only presents magnitude

deviations due to experiencing small phase variations.
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Figure 5.20: 2-D representation of an AF used as a reference and the same AF when:

(a) the magnitude and (b) phase excitations are randomly degraded up to 20%; (c)

the maximum magnitude and phase variations are the ones depicted in Figure 5.15.
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5.5 Summary

In certain subsets of antenna arrays, such as M-MIMO implementations, the PA

load presented by a particular antenna element in the array may vary due to the

electromagnetic coupling between all radiating elements. The effectiveness of DPD

techniques may be seriously degraded as a result of this impedance mismatch be-

tween the PA and the antenna. This chapter presented a methodology to charac-

terise the beamforming degradation due to the mismatch in the amplifier-radiating

element interface. Results on a 32x32 antenna array showed that the beam pattern

was more sensitive to phase excitation variations than magnitude variations.

Additionally, experimental measurements of the interaction between DPD tech-

niques and load impedance mismatch when the PA technology is GaN are scarce.

Hence, this chapter also presented measured results to show the output impedance

variation impact on the performance of two GaN PAs: a GaN Class-B and a GaN

Class-AB. In terms of linearity performance, more than 10dB NMSE and ACPR

reduction from the maximum (matched conditions) were observed under PA load

impedance mismatch. Furthermore, up to a 20% gain drop from the maximum

(matched conditions) and a phase variation between -6◦ and +5◦ were also noticed.
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Chapter 6

Conclusions & future work

In this thesis, the impact of hardware impairments, such as the PA non-linearities

and the antenna mutual coupling, in communication systems has been studied and

different methods and techniques for fast and efficient modelling and pre-distortion

of PAs have been investigated.

In Chapter 2, a comparison between the use of closed-form expressions and time-

domain Monte Carlo simulators to estimate the BER was presented. Some of these

results have been presented at the ESA MTT Workshop [1]. Due to the complex-

ity of developing the analytical solutions for every new scenario when closed-form

expressions are used, Monte Carlo simulators were preferred in this work. Hence,

an evaluation tool to compute the BER performance for APSK systems over an

AWGN channel and the presence of a PA based on the latter method was also intro-

duced. Although the evaluation tool was developed to study the impact of the PA

non-linearities on the BER, this tool could potentially be employed to further inves-

tigate other impairments such as phase noise, IQ imbalance, etc. Another possible

application may be optimising the selection process of the different system param-

eters (roll-off factor, IBO level, ring ratio, MODCOD, etc.) to obtain the minimum

BER for every type of scenario.

In Chapter 3, computed and measured BER results, obtained by the use of the

aforementioned evaluation tool and a testbed, respectively, were depicted to show

the impact of the PA non-linearities on the system. Moreover, the accuracy of four

memoryless behavioural models, Saleh’s, Ghorbani’s, Rapp’s and the Bessel-Fourier
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method was compared at system level. The results showed that the accuracy of the

behavioural models varied depending on the PA operating region. Hence, the type

of application and system specifications may be crucial aspects for the proper model

selection. The work related to this part has been presented at the IET Active and

Passive RF devices Conference (2018) [2]. Furthermore, this chapter also presented

original propositions to improve the accuracy of the Bessel-Fourier model in order

to capture operating scenarios that reach beyond the device characterisation. By

means of numerical and experimental results we demonstrated that our proposition

enabled estimating the non-linear behaviour of the PA at the highest power levels of

its AM/AM measurements. Additional original elements of the chapter included first

reported studies relating to the convergence of the method as well as experimental

verification of the technique for scenarios more complex than two-tone tests. This

contribution has been presented at the 17th ICUWB Conference [3]. As all the

models studied in this chapter are memoryless, future studies could be focused on

trying to keep the simplicity of the methods while considering memory effects. For

instance, linear filters may be applied to include memory effects as they can be used

to extend the non-linear static AM/AM and AM/PM characterizations to account

for frequency-dependent effects. Some state-of-the-art methodologies which follow

this principle are the Wiener and Hammerstein and the Abuelma’atti models [4].

A novel data pre-distorter that enables compensation for the PA distortion oc-

curring at each IBO level of a memoryless behavioural model was proposed and

verified by simulation and measurements in Chapter 4. This methodology provides

the optimum value of the 16-APSK constellation ring ratio under PA compression

without the use of iterative numerical methods. Numerical and experimental re-

sults demonstrated that when pre-distortion was applied by the use of the proposed

methodology, the BER performance improved drastically compared to the case in

which no pre-distortion was applied. By virtue of reducing the model parame-

ters, the proposed methodology provides attractive features in the performance vs.

computational complexity trade-off when compared to previous adaptive data pre-

distorters. In particular, the proposed approach is compatible with the deployment

of real-time propagation impairment mitigation techniques (PIMT), such as adap-

tive coding and modulation or dynamic power control, in broadband feeder links,

with negligible additional computational complexity. This is a key enabler not only
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for gateway teleports but also for non-linear compensation using on-board processing

in digitally transparent payloads [5]. Meanwhile, although this model does not cap-

ture e.g. PA memory effects, it still provides substantial performance improvements

and can be deployed with open-loop PA temperature-dependent characteristics and

real-time information obtained by a thermistor. Moreover, other memory effects

may be covered by applying a feedback loop which allows refining the estimated

constellation ring ratio when there is a shift between the ideal constellation points

and the received ones. Part of this work has been presented at the IET Active and

Passive RF devices Conference (2017) [6] and the main contribution of this chapter

has been submitted to the IEEE Transactions on Circuits and Systems journal [7].

Further studies will be focused on the addition of the AM/PM conversion in the

proposed technique and its application in the 32-APSK modulation scheme.

A methodology to characterise the beamforming degradation due to mutual coupling

in large arrays of active antennas has been proposed in Chapter 5. The method con-

sists of applying a Monte Carlo simulation to estimate the AF pattern deviation for

different magnitude and phase variations, as a consequence of the mismatch pre-

sented to the RF components. Results obtained for a 32x32 MIMO antenna array

showed that phase shift variations were more significant than magnitude deviations.

Moreover, empirical results considering the magnitude and phase variations mea-

sured on a practical PA were also included. Due to the small phase variation in

this case, the AF degradation was very low. Hence, we could conclude saying that

depending on the PAs used, antenna array and system level specifications, classic

linearisation techniques, such as MP DPD, applied under matched conditions, may

be sufficient to compensate for the PA nonlinearity under load impedance mismatch,

as the degradation of the resulting AF may be negligible. The main contribution of

this work will be submitted to the IEEE Antennas and Wireless Propagation Let-

ters [8]. This approach could potentially be used to draw specifications on the RF

chain performance or DPD for a given AF degradation tolerance. Empirical results

to show the impact of the antenna input impedance variation on the performance of

GaN PAs have also been presented in this chapter. These results showed that degra-

dations larger than 10dB of the NMSE and the ACPR in linearised amplifiers may

be encountered compared to the performance under matched operating conditions.

Measurements of the average gain and drain efficiency showed that the former can
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be compressed up to 25% of its value under matched conditions and the latter can

be degraded up to 45% of its highest value. The work related to this part has been

presented at the ARMMS Conference [9]. Pre-distortion models that compensate

for the combined effects of the PA non-linearity and the mutual coupling still need

further investigation in the literature.
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Appendix A

Procedure to pass from an

s-dimensional to a one-dimensional

PDF of an s-dimensional vector

The analytical approach to obtain Equation 2.2.6 from Equation 2.2.5 are described

in this appendix.

As spherical symmetry is assumed, the two independent vectors from Equation 2.2.5,

X and H, can be expressed by taking into account just their magnitude, r and ρ,

respectively [1]. Thus, by considering XH = |X||H| cos θ = rρ cos θ and dT =

dρdS = ρs−1dρdΣs, where dT is the spherical volume element in an n-dimensional

Euclidean space, dS is an element of surface of the s-dimensional sphere of radius

ρ and Σs is the surface of the unit sphere in s-dimensions, Equation 2.2.5 can be

rewritten as:

p(r) = (2π)−s
∫
e−irρcosθΦ(ρ)ρs−1dρdΣs, (A.0.1)

where dΣs = sins−2(θ1) sins−3(θ2) · · · sin(θs−2)dθ1dθ2 · · · dθs−1 (polar coordinates).

In order to evaluate the integrals which appear in Equation A.0.1, the values of the

polar coordinates will be the following: ρ runs from 0 to∞ as it is a magnitude, θ1,

θ2, ..., θs−2 run from 0 to π and θs−1 from 0 to 2π. By using those ranges, any point

in the s-dimensional space can be represented. Furthermore, as the integral does

not depend on the direction of vector H, H can be assumed to be along θ1 = 0 and

so θ in Equation A.0.1 would be equal to θ1. Therefore, Equation A.0.1 can have
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the following form:

p(r) = (2π)−s
∫ ∞

0

Φ(ρ)ρs−1dρ

∫
e−irρcosθ1dΣs. (A.0.2)

Before solving the s-dimensional integral which appear in Equation A.0.2 in a gen-

eral way, the particular cases in which s is equal to 2, 3 and 4 dimensions will be

considered.

Case 1: s = 2 so dT = dρdS = ρs−1dρdΣs = ρdρdθ1; where θ1 runs from 0 to 2π.

Equation A.0.2 is then given as:

p(r) = (2π)−2

∫ ∞
0

Φ(ρ)ρdρ

∫ 2π

0

e−irρ cos θ1dθ1, (A.0.3)

where the s-dimensional integral can be solved as:∫ 2π

0

e−irρcosθ1dθ1 = 2πJ0(ρr). (A.0.4)

Case 2: s = 3 so dT = ρ2 sin(θ1)dρdθ1dθ2; where θ1 runs from 0 to π and θ2 runs

from 0 to 2π. Equation A.0.2 will have the following form:

p(r) = (2π)−2

∫ ∞
0

Φ(ρ)ρ2dρ

∫ 2π

0

∫ π

0

e−irρcosθ1 sin(θ1)dθ1dθ2. (A.0.5)

The result of the s-dimensional integral in this case is the following:∫ 2π

0

∫ π

0

e−irρcosθ1 sin(θ1)dθ1dθ2 =

∫ 2π

0

dθ2

∫ π

0

e−irρcosθ1 sin(θ1)dθ1

= 2π
2 sin(ρr)

ρr
=

(2π)
3
2J 3

2
−1(ρr)

(ρr)
3
2
−1

.

(A.0.6)

Case 3: s = 4 so dT = ρ3 sin2(θ1) sin(θ2)dρdθ1dθ2dθ3; where θ1 and θ2 run from 0

to π and θ3 runs from 0 to 2π. Equation A.0.2 is then given as:

p(r) = (2π)−2

∫ ∞
0

Φ(ρ)ρ3dρ

∫ 2π

0

∫ π

0

∫ π

0

e−irρ cos θ1 sin2(θ1) sin(θ2)dθ1dθ2dθ3,

(A.0.7)

where the s-dimensional integral can be solved as:∫ 2π

0

∫ π

0

∫ π

0

e−irρ cos θ1 sin2(θ1) sin(θ2)dθ1dθ2dθ3 =

∫ 2π

0

dθ3

∫ π

0

sin(θ2)dθ2

·
∫ π

0

e−irρ cos θ1 sin2(θ1)dθ1

=
4π2J1(ρr)

ρr
.

(A.0.8)

134



CHAPTER A

By taking into account the results above, it is possible to verify the following ex-

pression to solve the s-dimensional integral [1]:∫
e−irρ cos θ1dΣs =

(2π)
s
2J s

2
−1(ρr)

(ρr)
s
2
−1

. (A.0.9)

Hence, the general expression for the s-dimensional PDF, p(r), can be obtained by

introducing Equation A.0.9 into Equation A.0.2:

p(r) = (2π)−s
∫ ∞

0

Φ(ρ)ρs−1dρ
(2π)

s
2J s

2
−1(ρr)

(ρr)
s
2
−1

=
r

(2πr)
s
2

∫ ∞
0

ρ
s
2J s

2
−1(ρr)Φ(ρ)dρ.

(A.0.10)

Finally, the one-dimensional PDF, ps(r), is given as [1]:

ps(r) =
rs−12π

s
2

Γ( s
2
)
p(r) =

r
s
2

2
s
2
−1Γ( s

2
)

∫ ∞
0

ρ
s
2J s

2
−1(rρ)Φ(ρ)dρ. (A.0.11)
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Time-domain analysis based on

the Bessel-Fourier model

In this appendix, the time-domain approach to obtain Equation 3.2.6 when the signal

showed in Equation 3.2.5 is applied at the input of the PA is described. Equation

3.2.5 can be rewritten as:

ei(t) = Re

{
m∑
l=1

Ale
jθl(t)ejω0t

}
. (B.0.1)

Firstly, the summation of complex signals presented in Equation B.0.1,
m∑
l=1

Ale
jθl(t),

needs to be expressed in the form of a single overall signal. To this end, the Cartesian

coordinates, x (real part) and y (imaginary part) are introduced:

x+ jy =
m∑
l=1

Al cos
(
θl(t)

)
+ j

m∑
l=1

Al sin
(
θl(t)

)
. (B.0.2)

The Cartesian coordinates are then represented in polar form by the use of the

magnitude element ρ and the phase term Θ:

ρ(t) =
√
x2 + y2 (B.0.3)

Θ(t) = tan−1 y

x
(B.0.4)

Hence, equation B.0.1 can be rewritten as:

ei(t) = Re
{

(x+ jy)ejω0t
}

= Re
{
ρ(t)ejΘ(t)ejω0t

}
= Re

{
ρ(t)ejω0t+jΘ(t)

}
. (B.0.5)

The output signal is given by:

eo(t) = Re
{
g[ρ(t)]ejω0t+jΘ(t)+jf [ρ(t)]

}
, (B.0.6)
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where g[ρ(t)] and f [ρ(t)] indicate the variation of the magnitude and phase at the

output in terms of the input signal.

It is noted that the term ejΘ(t) does not only refer to the angle modulation but it

also includes a term related to the amplitude. As in order to obtain the final output

expression (see Equation 3.2.6) the amplitude and phase modulation must be in

separated terms, the following mathematical derivations must be carried out:

1. Two-dimensional Fourier transform (see Appendix C) of the output envelope

2. Introduction of a Bessel series expansion

Before applying the two-dimensional Fourier transform, the envelope of the output

signal, which is rewritten as:

g[ρ(t)]

ρ(t)
ejf [ρ(t)]ρ(t)ejΘ(t), (B.0.7)

is expressed in Cartesian coordinates by considering Equation B.0.3 and Equation

B.0.4:

g[ρ(t)]

ρ(t)
ejf [ρ(t)]ρ(t)ejΘ(t) =

g
[√

x2 + y2
]

√
x2 + y2

e
jf

[√
x2+y2

]
(x+ jy) = h(x, y). (B.0.8)

Therefore, the output signal can be expressed as:

eo(t) = Re
{
h(x, y)ejω0t

}
. (B.0.9)

The two-dimensional Fourier transform of the output envelope, as well as the inverse

Fourier transform, are then performed:

F
{
h(x, y)

}
= L(u, v) =

∫ ∞
−∞

∫ ∞
−∞

h(x, y)e−j(xu+yv)dxdy (B.0.10)

F−1
{
L(u, v)

}
= h(x, y) =

1

4π2

∫ ∞
−∞

∫ ∞
−∞

L(u, v)ej(ux+vy)dudv (B.0.11)

If Equation B.0.11 is introduced into Equation B.0.9, the output signal will have

the following form:

eo(t) = Re
{
h(x, y)ejω0t

}

=
1

4π2
Re

{
ejω0t

∫ ∞
−∞

∫ ∞
−∞

L(u, v)ej(ux+vy)dudv

}
.

(B.0.12)
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The expressions for x and y (see Equation B.0.2) are then introduced into Equation

B.0.12:

eo(t) =
1

4π2
Re

{
ejω0t

∫ ∞
−∞

∫ ∞
−∞

L(u, v)

· e
j

(
u
m∑
l=1

Al cos(θl(t))+v
m∑
l=1

Al sin(θl(t))

)
dudv

}
.

(B.0.13)

In order to separate the amplitude term from the phase one in the exponential inside

the double integral, the following Bessel series expansion can be applied [2]:

ejz sinϕ =
∞∑

k=−∞

Jk(z)ejkϕ. (B.0.14)

Hence, the exponential of the integral of Equation B.0.13 is expressed in the format

of the left-hand side of Equation B.0.14:

e
j

(
u
m∑
l=1

Al cos(θl(t))+v
m∑
l=1

Al sin(θl(t))

)
=

m∏
l=1

ejAl
√
u2+v2 sin

(
θl(t)+tan−1 u

v

)
. (B.0.15)

Substituting Equation B.0.15 in Equation B.0.13 yields:

eo(t) =
1

4π2
Re

{
ejω0t

∫ ∞
−∞

∫ ∞
−∞

L(u, v)

[
m∏
l=1

∞∑
k=−∞

Jk(z)ejkϕ

]
dudv

}

=
1

4π2
Re

{
ejω0t

∫ ∞
−∞

∫ ∞
−∞

L(u, v)

[
m∏
l=1

∞∑
k=−∞

Jk

(
Al
√
u2 + v2

)

· ejk
(
θl(t)+tan−1 u

v

)]
dudv

}
.

(B.0.16)

It is noted that the expression:

m∏
l=1

∞∑
k=−∞

Jk

(
Al
√
u2 + v2

)
ejk
(
θl(t)+tan−1 u

v

)
(B.0.17)

is the equivalent of:

∞∑
k1,k2,...,km=−∞

[
m∏
l=1

Jkl

(
Al(t)

√
u2 + v2

)]
e
j
m∑
l=1

kl

(
θl(t)+tan−1 u

v

)
, (B.0.18)

where:
∞∑

k1,k2,...,km=−∞

=
∞∑

k1=−∞

∞∑
k2=−∞

...
∞∑

km=−∞

. (B.0.19)
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Therefore, the output signal can be rewritten as:

eo(t) =
1

4π2
Re

{
ejω0t

∫ ∞
−∞

∫ ∞
−∞

L(u, v)
∞∑

k1,k2,...,km=−∞

·

[
m∏
l=1

Jkl

(
Al
√
u2 + v2

)]
e
j
m∑
l=1

kl

(
θl(t)+tan−1 u

v

)
dudv

}
.

(B.0.20)

Noting that the term e
j
m∑
l=1

klθl(t)
does not depend on u or v. Equation B.0.20 can be

given as:

eo(t) =
1

4π2
Re

{
ejω0t

∞∑
k1,k2,...,km=−∞

e
j
m∑
l=1

klθl(t)
∫ ∞
−∞

∫ ∞
−∞

L(u, v)

·

[
m∏
l=1

Jkl

(
Al
√
u2 + v2

)]
e
j
m∑
l=1

kl tan−1 u
v
dudv

}
.

(B.0.21)

By defining:

M(k1, k2, ..., km) =
1

4π2

∫ ∞
−∞

∫ ∞
−∞

L(u, v)

[
m∏
l=1

Jkl

(
Al
√
u2 + v2

)]

· e
j
m∑
l=1

kl tan−1 u
v
dudv,

(B.0.22)

which is simplified by the use of the polar coordinate transformations [3]:

M(k1, k2, ..., km) =

∫ ∞
0

γ

[
m∏
l=1

Jkl(γAl)

]
dγ

∫ ∞
0

ρg(ρ)ejf(ρ)J1(γρ)dρ, (B.0.23)

the output signal can then be expressed as expected:

eo(t) = Re

{
ejω0t

∞∑
k1,k2,...,km=−∞

e
j
m∑
l=1

klθl(t)
M(k1, k2, ..., km)

}
. (B.0.24)
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Two-dimensional Fourier

transform

C.1 Two-dimensional Fourier transform

F
{
f(x, y)

}
= F (u, v) =

∫ ∞
−∞

∫ ∞
−∞

f(x, y)e−j(xu+yv)dxdy (C.1.1)

C.2 Two-dimensional inverse Fourier transform

F−1
{
F (u, v)

}
= f(x, y) =

1

4π2

∫ ∞
−∞

∫ ∞
−∞

F (u, v)ej(ux+vy)dudv (C.2.1)
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