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Engineering of Heriot-Watt University, which is greatly acknowledged.  

A major part of the materials provided here have been presented or published by the 

candidate elsewhere, previously.  A list of publications concerning these materials in this 

thesis is presented in the ñLIST OF PUBLICATIONS BY THE CANDIDATEò section. 



 

 

ABSTRACT 

Waxes and hydrates formation are two major flow assurance challenges, imposing 

considerable costs for prevention and, in worst case scenario, pipeline blockage removal 

and deferred production.  Employing remediation and prevention schemes for hydrate 

and wax related problems necessitates knowledge of their formation conditions as well 

as their amount.  The main focus of this work is thermodynamic modelling of phase 

equilibria in systems prone to waxes, hydrates and combined waxīhydrate formation.  

Study of these complex mixtures requires the development of a robust multiphase flash 

calculation algorithm capable of identifying the correct number and nature of the phases 

in equilibrium.  Such an algorithm is devised in this work based on the Gibbs free energy 

minimization concept.  The algorithm is first applied to complex hydrate forming systems 

and then extended to combined wax-hydrate forming mixtures, enabling investigation of 

the mutual interactions between hydrates and waxes from the thermodynamics viewpoint.  

The new algorithm is fast and is capable of showing complex behaviours in hydrate and 

wax forming systems including stability of several wax phases or more than one hydrate 

structure at equilibrium conditions.  In this work, an integrated thermodynamic model 

coupling three highly accurate schemes, i.e., the cubic plus association equation of state, 

UNIQUAC activity coefficient model and van der Waals and Platteeuw approachīto 

describe the non-idealities of the fluids, paraffinic solids (waxes) and hydrates, 

respectivelyīis implemented.  Furthermore, the formation of waxes in high-pressure 

condition is thoroughly investigated, especially for highly asymmetric condensate-like 

systems.  Accordingly, a modified thermodynamic model is presented for wax formation 

in high-pressure systems.   

Comparing with experimental solid-fluid equilibrium data of synthetic mixtures, the 

integrated model presents excellent agreement which demonstrates the reliability of the 

approach.  Finally, the method available for the extension of the integrated modelīwhich 

was based on synthetic mixturesīto real oil systems and especially for wax formation, are 

evaluated.  Based on the analysis presented the best model is chosen and used for 

illustrating the combined wax-hydrate precipitation in a real crude oil. 

  



 

 

To my wonderful wife 

who has been a constant source of inspiration and encouragement to me 

and without her endless support, patience, dedication and love this work 

has never been accomplished 

  



 

 

ACKNOWLEDGEMENTS  

First and foremost, all praises go to the God; the most worthy of appreciation, the 

beneficent and the merciful, for all his blessings throughout my life and his helps to 

overcome the obstacles and hardships of this work. 

I want to extend my deep gratitude to my first supervisor, Professor Bahman Tohidi, for 

providing me with the opportunity to be a member of the prestigious ñHydrate and Phase 

Equilibria Research Groupò of Institute of Petroleum Engineering of Heriot-Watt 

University.  

I would like to express my profound and sincere appreciation to my second supervisor, 

Dr Antonin Chapoy who was the greatest help for me throughout my PhD studies and 

have always been ready to support whenever needed.  He has been a major inspiration to 

me, and I was greatly privileged to work under his supervision.  His insightful suggestions 

have been the priceless source of knowledge for me, teaching me the best methodology 

to carry out a comprehensive research.  Additionally, I am very much grateful to Dr Rod 

Burgass for his invaluable help, discussions and comments.  Also, I would like to thank 

my external examiner Professor Jean-Luc Daridon and my internal examiner Dr Asghar 

Shams for their time and extremely useful comments and suggestions. 

I am extremely thankful to my parents and my parents-in-law for their constant love and 

prayers, helping me to complete this work.  Countless thanks go to all my friends in 

Edinburgh, especially Rasoul, Jalal and Edris for the joyful moments we had together and 

their great sense of humour. 

Last but not the least, I cannot put into words my appreciation for the supports of my 

beloved wife, Maryam.  She was always there for me to share my problems and gracefully 

endured every single concern I had during this work.  I wholeheartedly and profoundly 

thank her unyielding devotion and love. 

 

 

M. Ameri Mahabadian 

 



 

 

 

 

Please note this form should bound into the submitted thesis.  
 
Updated February 2008, November 2008, February 2009, January 2011 

ACADEMIC REGISTRY 

Research Thesis Submission 
 
 

 

Name: Mohammadreza Ameri Mahabadian 

School/PGI: EGIS/ Institute of Petroleum Engineering 

Version:  (i.e. First, 

Resubmission, Final) 
Final Degree Sought 

(Award and 
Subject area) 

PhD of Petroleum Engineering 

 

 

Declaration  
 
In accordance with the appropriate regulations I hereby submit my thesis and I declare that: 
 

1) the thesis embodies the results of my own work and has been composed by myself 
2) where appropriate, I have made acknowledgement of the work of others and have made reference to 

work carried out in collaboration with other persons 
3) the thesis is the correct version of the thesis for submission and is the same version as any electronic 

versions submitted*.   
4) my thesis for the award referred to, deposited in the Heriot-Watt University Library, should be made 

available for loan or photocopying and be available via the Institutional Repository, subject to such 
conditions as the Librarian may require 

5) I understand that as a student of the University I am required to abide by the Regulations of the 
University and to conform to its discipline. 

 
* Please note that it is the responsibility of the candidate to ensure that the correct version of the thesis 

is submitted. 
 

Signature of 
Candidate: 

 Date:  

 

 

Submission  
 

Submitted By (name in capitals):  

 

Signature of Individual Submitting:  

 

Date Submitted: 

 

 

 

For Completion in the Student Service Centre (SSC) 
 

Received in the SSC by (name in 

capitals): 
 

Method of Submission  

(Handed in to SSC; posted through 
internal/external mail): 

 

 

E-thesis Submitted (mandatory for 

final theses) 
 

Signature: 

 

 Date:  

 



i 

 

TABLE OF CONTENTS  

CHAPTER 1: INTRODUCTION  .................................................................................. 1 

1.2. Waxes: Heavy Hydrocarbon Solids ....................................................................................2 

1.3. Hydrates: Ice-like Solids.....................................................................................................4 

1.4. Aims and Scope ..................................................................................................................6 

1.5. References ..........................................................................................................................9 

CHAPTER 2: SOLID-FLUID EQUILIBRIUM THERMODYNAMIC 

MODELLING  ............................................................................................................... 12 

2.1. Introduction ......................................................................................................................12 

2.2. Thermodynamic Models for Non-idealities ......................................................................13 

2.2.1. Fluid Phases Non-ideality Calculation .................................................................................... 13 

2.2.2. Group Contribution Method for Binary Interaction Parameters Calculation .......................... 19 

2.2.3. Hydrate Phase Non-ideality Calculation ................................................................................. 20 

2.2.4. Paraffinic Solid (Wax) Phase Non-ideality Calculation ......................................................... 23 

2.2.5. Calculation of Thermophysical Properties of Wax-Forming Components ............................. 28 

2.2.6. Ice Phase Fugacity Calculation ............................................................................................... 29 

2.2.7. Pure Components Critical/Physical Properties ....................................................................... 29 

2.3. Multiphase Flash Calculations in Absence of Hydrates ...................................................30 

2.3.1. Flash Calculation Inner Loop ................................................................................................. 32 

2.3.2. Flash Calculation Outer Loop ................................................................................................. 34 

2.3.3. Initialization of Compositions and Phase Fractions ................................................................ 35 

2.3.4. Considerations for Non-hydrate and Non-wax Formers ......................................................... 37 

2.3.5. Stability Analysis .................................................................................................................... 37 

2.4. Model Evaluations ............................................................................................................40 

2.4.1. Wax-Formation in Absence of Water at Reference Pressure .................................................. 40 

2.5. Conclusions ......................................................................................................................44 

2.6. References ........................................................................................................................45 

CHAPTER 3: WAX PRECIPITATION AT HIGH -PRESSURE CONDITIONS . 55 

3.1. Introduction ......................................................................................................................55 

3.2. Modelling Wax Formation at High Pressures...................................................................56 

3.3. New Proposed Method .....................................................................................................61 

3.4. Results and Discussions ....................................................................................................66 

3.4.1. Binary Methane + Heavy Alkane Mixtures ............................................................................ 67 



ii  

 

3.4.2. Multicomponent Mixtures ...................................................................................................... 70 

3.4.3. Notes on the Adjustable Parameter ......................................................................................... 74 

3.5. Conclusions ......................................................................................................................77 

3.6. References ........................................................................................................................78 

CHAPTER 4: DEVELOPMENT OF A MULTIPHASE FLASH IN PRESENCE 

OF CLATHRATE HYDRATES  .................................................................................. 83 

4.1. Introduction ......................................................................................................................83 

4.2. Methodology .....................................................................................................................84 

4.2.1. Multiphase Flash in Presence of Hydrates .............................................................................. 84 

4.2.2. Initialization of the Phase Compositions and Fractions for Hydrate Flash ............................. 87 

4.2.3. Hydrate Flash Calculation Inner Loop .................................................................................... 88 

4.2.4. Hydrate Flash Calculation Outer Loop ................................................................................... 89 

4.3. Results and Discussion .....................................................................................................90 

4.3.1. Example 1: Ternary Mixture with Experimental Equilibrium Data........................................ 91 

4.3.2. Example 2: Multi-structure Hydrate Formation ...................................................................... 95 

4.3.3. Example 3: Pseudo-retrograde Hydrate Formation................................................................. 99 

4.3.4. Example 4: Multicomponent Mixture with Experimental Data ............................................ 104 

4.4. Conclusions ....................................................................................................................107 

4.5. References ......................................................................................................................108 

CHAPTER 5: MUTUAL EFFECTS OF PARAFFIN WAXES AND CLATHRATE 

HYDRATES ................................................................................................................ 112 

5.1. Introduction ....................................................................................................................112 

5.1.1. Extension of the Multiphase Flash Calculation .................................................................... 114 

5.2. Analysis and Discussions ...............................................................................................116 

5.2.1. Binary Methane + n-Heptadecane Mixture in Presence of Water ........................................ 116 

5.2.2. Multicomponent Systems ..................................................................................................... 118 

5.2.3. Effect of Heavy-end n-Alkane Distribution on Wax/Hydrate Phase Diagrams .................... 120 

5.2.4. Effect of Hydrates on the Wax Phase Boundary ................................................................... 125 

5.2.5. Impact of the Amount of Light-end in feed on Wax Phase Boundary .................................. 127 

5.2.6. Effect of the Waxes on Hydrate Phase Boundary ................................................................. 127 

5.2.7. Effect of Free Aqueous Phase on the Wax Phase Boundary................................................. 132 

5.2.8. Effect of Hydrates on the Amount of Waxes ........................................................................ 133 

5.2.9. Effect of Hydrates on the Molecular Weight and Composition of Waxes ............................ 139 

5.2.10. Effect of Waxes on the Composition and Amount of Hydrates .......................................... 143 

5.3. Conclusions ....................................................................................................................147 



iii  

 

5.4. References ......................................................................................................................148 

CHAPTER 6: SOLID-FLUID EQUILIBRIA IN REAL MIXTURES  .................. 150 

6.1. Introduction ....................................................................................................................150 

6.2. Modelling Wax Precipitation in Real Mixtures ..............................................................151 

6.3. Limitations of Measuring Wax Melting Temperature ....................................................151 

6.4. Experimental Uncertainties with WPC Measurements ..................................................152 

6.5. Description of Existing Methods ....................................................................................153 

6.5.1. Pedersen-Ji Method .............................................................................................................. 154 

6.5.2. Coutinho and Daridon Method ............................................................................................. 155 

6.6. Methods Evaluation ........................................................................................................157 

6.7. Modelling Hydrate Formation in Real Mixtures ............................................................165 

6.8. Integrated Wax-Hydrate Modelling in Real Mixtures ....................................................168 

6.9. Conclusions ....................................................................................................................171 

6.10. References ....................................................................................................................172 

CHAPTER 7: CONCLUSIONS AND RECOMMENDATIONS  ........................... 175 

7.1. Introduction ....................................................................................................................175 

7.2. Concluding Remarks ......................................................................................................176 

7.3. Recommendations and Prospects ...................................................................................179 

7.4. References ......................................................................................................................182 

APPENDICES ............................................................................................................. 183 

A. Correlations .......................................................................................................................183 

A.1. Critical and Physical Properties of n-Alkanes ñNot Presentò in the DIPPR ........................... 183 

A.2. Vaporization Enthalpy of Normal Alkanes ............................................................................. 184 

A.3. Critical Properties of Lumped Non-Normal Paraffins ............................................................ 184 

B. Mixtures Compositions and Wax/Hydrate Phase Boundary Data ....................................186 

C. Examples of Multiphase Flash Calculation Results for a Mixture in Presence of Waxes and 

Hydrates .................................................................................................................................187 

D. Overview of the Developed Software: HW-Solids ...........................................................202 

References .............................................................................................................................204 

  



iv 

 

LISTS OF TABLES  

 

Table 1.1: Geometry of cages in three hydrate crystal structures I, II, and H (Sloan [1.17]) ........5 

Table 2.1: Parameters for calculation of attractive and co-volume terms of cubic part of CPA EoS

 .............................................................................................................................................16 

Table 2.2: CPA EoS parameters for water used in this work .......................................................16 

Table 2.3: Cubic EoS dependent constants ɿρ and ɿς used in Eq. (2.22) and Eq. (2.24) ...........18 

Table 2.4: Functional groups defined in the Jaubert and Mutelet [2.23] method and used in this 

study ....................................................................................................................................20 

Table 2.5: Kihara potential parameters employed in this work ...................................................22 

Table 2.6: Values of reference properties for structures I and II hydrates ...................................23 

Table 2.7: Example flash calculation results of UCV model for BIM 9 [2.110]. ........................42 

Table 3.1: The adjusted values of parameter ɻ (MPa-1) for the binary asymmetric systems 

investigated .........................................................................................................................70 

Table 3.2: Average Absolute Error (AAE) of wax phase boundary calculated by different models 

compared to experimental values for binary asymmetric systems ......................................70 

Table 3.3: Average Absolute Error (AAE) of wax phase boundary calculated by different models 

compared to experimental values for multicomponent asymmetric systems ......................71 

Table 4.1: Experimental [4.23] and predicted phase equilibrium data for the ternary CO2-N2-

Water.(y: composition in the vapour phase; h: composition in the hydrate phase; It: number 

of iterations) ........................................................................................................................92 

Table 4.2: Results of this flash calculation and CSMGEM (as reported in [4.23])  in CO2-N2-

Water systems compared to experimental data of Belandria et al. [4.23] ...........................94 

Table 4.3: Compositions of the examples 2 to 4 ..........................................................................96 

Table 4.4: Flash calculation results for sample points in Example 2 (Np: number of phases present; 

It: Number of iterations till convergence; FV: molar fraction of vapour phase; FL: molar 

fraction of liquid hydrocarbon phase; FAq: molar fraction of liquid aqueous phase; FHI: 

molar fraction of sI hydrate phase; FHII: molar fraction of sII hydrate phase) ..................98 

Table 4.5: Experimental and predicted vapour phase composition for eight points inside the 

hydrate phase boundary in Example 4; Experimental data from [4.28] ............................105 

Table 5.1: Water-free composition in mol% of synthetic multicomponent mixtures investigated

 ...........................................................................................................................................119 



v 

 

Table 5.2: Example of multiphase flash calculation results for Mixture 3 with W/H of 2.0 at 279 

K and 5 MPa ......................................................................................................................129 

Table 5.3: Result of multiphase flash calculation right inside sI hydrate phase boundary of Mixture 

3 with a W/H of 2.0 at 289 K and 21 MPa, both in presence and (assumed) absence of waxé

 ...........................................................................................................................................131 

Table 5.4: Example of Flash calculation results for Mixture 2 at 272 K and 7 MPa with a W/H of 

2.0 in presence and assumed absence of hydrates .............................................................138 

Table 5.5: Composition of light oil mixture (LO1) investigated ...............................................144 

Table 6.1: Composition and experimental saturation pressure and HDPs of black oil BO1 [6.35].

 ...........................................................................................................................................167 

Table 6.2: Composition and SCN properties of LTB98-1 live oil .............................................168 
 

Table A.1: Values of coefficients used in Riazi and Daubert correlations [A.5] (Eq. (A.14)) ..185 
 

Table B.1: Experimental wax and hydrate phase boundary data synthetic multicomponent Mixture 

1 [A.8] (Data used in Chapter 5) .......................................................................................186 

Table B.2: Experimental wax and hydrate phase boundary data synthetic multicomponent Mixture 

2 [A.8] (Data used in Chapter 5) .......................................................................................186 

Table B.3: Experimental wax and hydrate phase boundary data synthetic multicomponent Mixture 

3 [A.8] (Data used in Chapter 5) .......................................................................................186 

Table B.4: Experimental HDPs of the light oil LO1 mixture (Data used in Chapter 5) ............187 

Table B.5: Experimental WDTs of live real mixture LTB98-1 (Data used in Chapter 6) .........187 
 

Table C.1: Flash calculation result of Mixture 3 with W/H of 2.0 at point A ...........................189 

Table C.2: Flash calculation result of Mixture 3 with W/H of 2.0 at point B ............................190 

Table C.3: Flash calculation result of Mixture 3 with W/H of 2.0 at point C ............................191 

Table C.4: Flash calculation result of Mixture 3 with W/H of 2.0 at point D ...........................192 

Table C.5: Flash calculation result of Mixture 3 with W/H of 2.0 at point E ............................193 

Table C.6: Flash calculation result of Mixture 3 with W/H of 2.0 at point F ............................194 

Table C.7: Flash calculation result of Mixture 3 with W/H of 2.0 at point G ...........................195 

Table C.8: Flash calculation result of Mixture 3 with W/H of 2.0 at point H ...........................196 

Table C.9: Flash calculation result of Mixture 3 with W/H of 2.0 at point I .............................197 

Table C.10: Flash calculation result of Mixture 3 with W/H of 2.0 at point J ...........................198 

Table C.11: Flash calculation result of Mixture 3 with W/H of 2.0 at point K .........................199 



vi 

 

Table C.12: Flash calculation result of Mixture 3 with W/H of 2.0 at point L ..........................200 

Table C.13: Flash calculation result of Mixture 3 with W/H of 2.0 at point M .........................201 

 

  



vii  

 

LISTS OF FIGURES 

Fig. 1.1: Schematic representation of hydrate structures (below) and cavity types forming them 

(above) (Sum et al. [1.16]). ...................................................................................................5 

Fig. 2.1: Schematic representation of the 4C association scheme for water ................................15 

Fig. 2.2: Flow chart of the ñNo-Hydrate Flashò ..........................................................................31 

Fig. 2.3: Overall weight percent of paraffins precipitated (including all paraffinic solid phases) by 

decreasing temperature at 0.1 MPa for three mixtures BIM 3, BIM 5 and BIM 9; Lines: 

Calculated using UNIQUAC for non-ideality of the solid phases; Circles: Experimental data 

[2.110] .................................................................................................................................41 

Fig. 2.4: Weight percent distribution of components in the overall paraffinic solid part of BIM 5 

at 0.1 MPa and two different temperatures compared to experimental data [2.110] ..........43 

Fig. 2.5: Weight percent distribution of components in the overall waxy part of BIM 0 at 283.5 K 

and 0.1 MPa with thermophysical properties of n-alkanes calculated by Coutinho and 

Daridon [2.83] correlations (solid line) and Ji et al. [2.14] correlations (dashed line) 

compared to experimental data (Circles) [2.28] ..................................................................43 

Fig. 3.1: Experimental bubble point pressure data for binary systems of methane + n-hexadecane 

[3.29] and  methane + n-eicosane [3.24] and the SRK EoS results with tuned ËÉÊ for each 

system. The tuned model is then used to calculate fusion enthalpies of n-hexadecane and n-

eicosane using Eq. (3.12). ...................................................................................................62 

Fig. 3.2: The ratio of fusion enthalpy of heavy alkane at high pressure to the same parameter in 

the reference pressure (ȹH/ȹH0) evaluated by Eq. (3.12) using the T/P data of solid 

appearance boundary of binary systems methane + n-hexadecane [3.29] and  methane + n-

eicosane [3.24] ....................................................................................................................63 

Fig. 3.3: Binary methane + n-heptadecane solid-fluid phase boundary.  The results for ñthis work 

modelò are shown by adjusted ɻ of 1.18×10-4 MPa-1 ..........................................................68 

Fig. 3.4: Binary methane + n-eicosane solid-fluid phase boundary.  The results for ñthis work 

modelò are shown by adjusted ɻ of 1.34×10-4 MPa-1 ..........................................................68 

Fig. 3.5: Binary methane + n-triacontane solid-fluid phase boundary.  The results for ñthis work 

modelò are shown by adjusted  of 1.35×10-4 MPa-1.  The evaluation are made for systems 

with (a) 89.7 (b) 50 and (c) 15 mol% methane in the binary mixture.  r: Experimental 

SLVE WDT data ƺ: Experimental SLE WDT data; ƄƄƄ This work model; ī Ā ī Ā ī 

Modified Ji model; ----- Pauly et al. model; ĀĀĀĀĀĀĀĀ Nasrifar and Fani-Kheshty model; - - - 

Ghanaei et al. model ............................................................................................................69 

file:///C:/Users/Mohammadreza/Desktop/Final%20Submission/Mohammadreza%20Thesis%20for%20Final%20Submission.docx%23_Toc465193464
file:///C:/Users/Mohammadreza/Desktop/Final%20Submission/Mohammadreza%20Thesis%20for%20Final%20Submission.docx%23_Toc465193464
file:///C:/Users/Mohammadreza/Desktop/Final%20Submission/Mohammadreza%20Thesis%20for%20Final%20Submission.docx%23_Toc465193464
file:///C:/Users/Mohammadreza/Desktop/Final%20Submission/Mohammadreza%20Thesis%20for%20Final%20Submission.docx%23_Toc465193464
file:///C:/Users/Mohammadreza/Desktop/Final%20Submission/Mohammadreza%20Thesis%20for%20Final%20Submission.docx%23_Toc465193464
file:///C:/Users/Mohammadreza/Desktop/Final%20Submission/Mohammadreza%20Thesis%20for%20Final%20Submission.docx%23_Toc465193464


viii  

 

Fig. 3.6: Multicomponent methane + (nC16 to nC18) paraffinic solid phase boundary.  The results 

for ñthis work modelò are shown by adjusted  of 1.71×10-4 MPa-1 for (a) 89.48 (b) 59.97 

and (c) 19.9 mol% methane in the mixture.  ƺ: Experimental WDT data; ƄƄƄ This work 

model; ī Ā ī Ā ī Modified Ji model; ----- Pauly et al. model; ĀĀĀĀĀĀĀĀ Nasrifar and Fani-Kheshty 

model; - - - Ghanaei et al. model .........................................................................................72 

Fig. 3.7: Multicomponent methane + (nC13 to nC22) paraffinic solid phase boundary (ñwax2ò 

from the work of Pauly et al. [3.3].  The results for this work model are shown by adjusted 

 of 0.55×10-4 MPa-1 (a) 89.76 (b) 79.73 (c) 69.  95 mol% methane in the mixture.  ƺ: 

Experimental WDT data; ƄƄƄ This work model; ī Ā ī Ā ī Modified Ji model; ----- Pauly et 

al. model; ĀĀĀĀĀĀĀĀ Nasrifar and Fani-Kheshty model; - - - Ghanaei et al. model ...................73 

Fig. 3.8: Wax phase boundary modelled with different methods for the ñwax3ò system of Pauly 

et al. [3.3] with 95.96 mol% methane.  The grey region corresponds to the area between 

upper and lower wax boundary change using the minimum and maximum values of ɻ, i.e. 

0.3×10-4 MPa-1 and 1.4×10-4 MPa-1, respectively.  For this system the best value of ɻ is 

0.64×10-4 MPa-1 ...................................................................................................................75 

Fig. 3.9: Composition of solid wax evaluated with different models for nC10+(nC18-nC30) 

mixture of Daridon and Dauphin [3.48]. The results for ñthis work modelò are shown by 

adjusted ɻ of 0.35×10-4 MPa-1 .............................................................................................76 

Fig. 4.1: Flow chart of the multiphase Hydrate Flash (4: temperature; 0: pressure; ÎÐ: number of 

phases) .................................................................................................................................86 

Fig. 4.2: Experimental [4.30]  and predicted hydrate dissociation points for example 2. ; ̧

Experimental dissociation points;p Predicted quintuple end point; ï ï ï Predictions with the 

SRK-EoS; é.. Predictions with the PR-EoS; ðð Predictions with the CPA .....................96 

Fig. 4.3: Phase boundary of Example 2 system around the quintuple hydrate structure transition 

end point in presence of excess water; ̧Experimental dissociation points [4.30];p Predicted 

quintuple end point;Ï Points for which flash results are presented in Table 4.4; ðð Phase 

change boundaries. ..............................................................................................................97 

Fig. 4.4: Experimental and predicted hydrate stability of CO2, H2S and CH4 in equilibrium with 

liquid water; Ï: CO2 hydrate stability zone [4.32]; ̧: H2S hydrate stability zone [4.35]; 

¹:H2S hydrate stability zone [4.36]; ß: CH4 hydrate stability zone [4.37]. ____: predictions 

with the CPA EoS. ............................................................................................................100 

Fig. 4.5: Experimental [4.30] and predicted hydrate dissociation conditions for the 38.23 mole% 

CO2 + 50.8 mole% H2S + 10.96 mole% CH4 in the presence of distilled water (Example 

3);  ̧ Experimental dissociation points; -----bubble line; ééé dew line; ____: predicted 

dissociation line with the CPA EoS ..................................................................................101 

file:///C:/Users/Mohammadreza/Desktop/Final%20Submission/Mohammadreza%20Thesis%20for%20Final%20Submission.docx%23_Toc465193465
file:///C:/Users/Mohammadreza/Desktop/Final%20Submission/Mohammadreza%20Thesis%20for%20Final%20Submission.docx%23_Toc465193465
file:///C:/Users/Mohammadreza/Desktop/Final%20Submission/Mohammadreza%20Thesis%20for%20Final%20Submission.docx%23_Toc465193465
file:///C:/Users/Mohammadreza/Desktop/Final%20Submission/Mohammadreza%20Thesis%20for%20Final%20Submission.docx%23_Toc465193465
file:///C:/Users/Mohammadreza/Desktop/Final%20Submission/Mohammadreza%20Thesis%20for%20Final%20Submission.docx%23_Toc465193465
file:///C:/Users/Mohammadreza/Desktop/Final%20Submission/Mohammadreza%20Thesis%20for%20Final%20Submission.docx%23_Toc465193466
file:///C:/Users/Mohammadreza/Desktop/Final%20Submission/Mohammadreza%20Thesis%20for%20Final%20Submission.docx%23_Toc465193466
file:///C:/Users/Mohammadreza/Desktop/Final%20Submission/Mohammadreza%20Thesis%20for%20Final%20Submission.docx%23_Toc465193466
file:///C:/Users/Mohammadreza/Desktop/Final%20Submission/Mohammadreza%20Thesis%20for%20Final%20Submission.docx%23_Toc465193466
file:///C:/Users/Mohammadreza/Desktop/Final%20Submission/Mohammadreza%20Thesis%20for%20Final%20Submission.docx%23_Toc465193466
file:///C:/Users/Mohammadreza/Desktop/Final%20Submission/Mohammadreza%20Thesis%20for%20Final%20Submission.docx%23_Toc465193471
file:///C:/Users/Mohammadreza/Desktop/Final%20Submission/Mohammadreza%20Thesis%20for%20Final%20Submission.docx%23_Toc465193471
file:///C:/Users/Mohammadreza/Desktop/Final%20Submission/Mohammadreza%20Thesis%20for%20Final%20Submission.docx%23_Toc465193471
file:///C:/Users/Mohammadreza/Desktop/Final%20Submission/Mohammadreza%20Thesis%20for%20Final%20Submission.docx%23_Toc465193471


ix 

 

Fig. 4.6: Predicted molar liquid phase fraction, vapour and liquid compositions in the 38.23 

mole% CO2 + 50.8 mole% H2S + 10.96 mole% CH4 at 300 K (Example 3- no water).  

ƵƵƵ   H2S vapour composition; Ƶ Ƶ Ƶ   H2S liquid composition; Ƶ.Ƶ.Ƶ    CH4 vapour 

composition; é..  CH4 liquid composition; ƏƏƏ   liquid molar fraction .........................101 

Fig. 4.7: 3D graph of sI hydrate faction of the acid gas Example 3 near the retrograde region; four 

cross sections selected at temperatures of 299.2, 299.5, 300.5 and 301K. ........................102 

Fig. 4.8: Four cross sections of the 3D graph in Fig. 4.7 in different temperatures; ƄƄƄ   Liquid 

hydrocarbon phase fraction; éé.  Vapour phase fraction; Ƶ Ƶ Ƶ Liquid aqueous phase 

fraction; ----- Structure I hydrate phase fraction ...............................................................103 

Fig. 4.9: Hydrate dissociation points and T/P locations of NG1 for which the composition of the 

vapour phase was experimentally measured [4.28] for two sets of W/H in feed.  ïïïHydrate 

dissociation calculated with the CPA EoS.  ¹: PT locations for set 1; Ï PT location for set 

2; p: Experimentally determined hydrate dissociation points [4.28]; ...............................104 

Fig. 4.10: Calculated and measured ratio of propane to methane in vapour phase to that of the 

feed:¹ Experimentally determined for set 1 [4.28]; Ï Experimentally determined for set 2 

[4.28]; ïïïCalculation results for set 1; é...... Calculation results for set 2; .......................106 

Fig. 4.11: Calculated and measured ratio of iso-butane to methane in vapour phase to that of the 

feed:¹ Experimentally determined for set 1 [4.28]; Ï Experimentally determined for set 2 

[4.28]; ïïïCalculation results for set 1; é.é.. Calculation results for set 2; ......................106 

Fig. 5.1: Solid wax and hydrate phase boundaries calculated for the binary system methane + n-

heptadecane in presence of water with different W/Hs and bubble line in water-free 

conditions with the integrated UCV model; Lines: calculated phase boundaries; Full points: 

experimental data points [5.17], Empty points: Re-appearance of aqueous phase at higher 

pressures in the paraffin solid phase boundary. ................................................................118 

Fig. 5.2: Normalized molar composition distributions for (a) heavy end composition (n-heptane 

to heavier components) showing multimodal distribution (b) light end composition 

(components lighter than n-heptane) of multicomponent synthetic mixtures 1 to 3.  Vertical 

axis are in logarithmic scale. .............................................................................................121 

Fig. 5.3: Mixture 1 wax (live oil and heavy end) and hydrate phase boundaries along with the 

experimental data (Appendix B).  Wax phase boundaries are shown in presence of different 

W/Hs.  The light grey region is corresponding to the conditions showing possible wax 

formation in presence of hydrates depending on the amount of W/H, while the dark grey 

region corresponds to the region both waxes and hydrates exist regardless of W/H of the 

feed (unless in very low water content systems in which hydrate form at very high pressures)

 ...........................................................................................................................................122 

file:///C:/Users/Mohammadreza/Desktop/Final%20Submission/Mohammadreza%20Thesis%20for%20Final%20Submission.docx%23_Toc465193475
file:///C:/Users/Mohammadreza/Desktop/Final%20Submission/Mohammadreza%20Thesis%20for%20Final%20Submission.docx%23_Toc465193475
file:///C:/Users/Mohammadreza/Desktop/Final%20Submission/Mohammadreza%20Thesis%20for%20Final%20Submission.docx%23_Toc465193476
file:///C:/Users/Mohammadreza/Desktop/Final%20Submission/Mohammadreza%20Thesis%20for%20Final%20Submission.docx%23_Toc465193476
file:///C:/Users/Mohammadreza/Desktop/Final%20Submission/Mohammadreza%20Thesis%20for%20Final%20Submission.docx%23_Toc465193476
file:///C:/Users/Mohammadreza/Desktop/Final%20Submission/Mohammadreza%20Thesis%20for%20Final%20Submission.docx%23_Toc465193481
file:///C:/Users/Mohammadreza/Desktop/Final%20Submission/Mohammadreza%20Thesis%20for%20Final%20Submission.docx%23_Toc465193481
file:///C:/Users/Mohammadreza/Desktop/Final%20Submission/Mohammadreza%20Thesis%20for%20Final%20Submission.docx%23_Toc465193481
file:///C:/Users/Mohammadreza/Desktop/Final%20Submission/Mohammadreza%20Thesis%20for%20Final%20Submission.docx%23_Toc465193481
file:///C:/Users/Mohammadreza/Desktop/Final%20Submission/Mohammadreza%20Thesis%20for%20Final%20Submission.docx%23_Toc465193482
file:///C:/Users/Mohammadreza/Desktop/Final%20Submission/Mohammadreza%20Thesis%20for%20Final%20Submission.docx%23_Toc465193482
file:///C:/Users/Mohammadreza/Desktop/Final%20Submission/Mohammadreza%20Thesis%20for%20Final%20Submission.docx%23_Toc465193482
file:///C:/Users/Mohammadreza/Desktop/Final%20Submission/Mohammadreza%20Thesis%20for%20Final%20Submission.docx%23_Toc465193482
file:///C:/Users/Mohammadreza/Desktop/Final%20Submission/Mohammadreza%20Thesis%20for%20Final%20Submission.docx%23_Toc465193482
file:///C:/Users/Mohammadreza/Desktop/Final%20Submission/Mohammadreza%20Thesis%20for%20Final%20Submission.docx%23_Toc465193482
file:///C:/Users/Mohammadreza/Desktop/Final%20Submission/Mohammadreza%20Thesis%20for%20Final%20Submission.docx%23_Toc465193482


x 

 

Fig. 5.4: Mixture 2 wax (live oil and heavy end) and hydrate phase boundaries along with the 

experimental data (Appendix B).  Wax phase boundaries are shown in water free system as 

well as in presence of excess water; Full triangle: quintuple point in presence of excess water 

(S-L-V-HI-Aq equilibria).  The region between the single solid line and the dotted line is 

corresponding to the conditions where wax could form in presence of hydrates depending 

on the amount of W/H, while the dark grey region corresponds to the region both waxes and 

hydrates exist regardless of W/H of the feed (unless in very low water content systems in 

which hydrate form at very high pressures) ......................................................................123 

Fig. 5.5: Mixture 3 wax (live oil and heavy end) and hydrate phase boundaries along with the 

experimental data (Appendix B).  Wax phase boundaries are shown in water free system as 

well as in presence of excess water.  Hydrate phase boundaries are calculated both by 

assuming presence/absence of wax.  The light grey region is corresponding to the conditions 

where wax forms in in the live oil while the dark grey region corresponds to the region both 

waxes and hydrates exist. ..................................................................................................124 

Fig. 5.6: Phase diagram of Mixture 1 with W/H of 2.  Thick solid lines: wax phase boundary; 

Thin solid lines: Other phase boundaries; I: Ice phase; HII: sII Hydrate phase.  Rapid 

reduction in ╟╫ is clear inside the hydrate phase boundary.  The increase in ╟╫ due to wax 

formation is insignificant. .................................................................................................126 

Fig. 5.7: The difference between predicted WDTs of water free and excess water systems (Ў4

7$4ÉÎ %ØÃÅÓÓ ×ÁÔÅÒ   7$4ÉÎ ×ÁÔÅÒ ÆÒÅÅ ) for:  Mixture 1 (dashed line) and Mixture 2 

(Solid line); Full points: HDP at wax phase boundary; Empty points: triple point of water 

free mixtures.  The change in Ў4 is rapid up to triple point in water free conditions .......127 

Fig. 5.8: Phase diagram of Mixture 3 with W/H of 2.0.  Thick lines: wax phases boundaries; Thin 

lines: other phase boundaries; Gray dashed line: water-free system bubble line.  The 

multimodal distribution of heavy end components with considerable n-alkane gap results in 

this system to from 3 distinct paraffinic solid phases in sufficiently low temperatures (as 

predicted by UNIQUAC activity coefficient model). .......................................................128 

Fig. 5.9: Hydrate dissociation lines of Mixture 3 in ñassumedò absence of wax (full line) and in 

the presence of wax (dotted line).  Dashed line: bubble line in wax and hydrate free 

condition.  Points: experimental HDPs (Appendix B).  The change in hydrate dissociation 

line due to formation of waxes is marginal .......................................................................130 

Fig. 5.10: Effect of very high water content on the wax phase boundary of Mixture 3.  The impact 

of free water phase on predicted WDT is only significant at extremely high W/H ratios and 

at pressures higher than 0Â. ...............................................................................................132 

Fig. 5.11: WPCs for weight percent of solid wax precipitated from the overall precipitable 

paraffinic solid (WP) shown both in presence (W/HÍ0) and absence of hydrates (water free 

file:///C:/Users/Mohammadreza/Desktop/Final%20Submission/Mohammadreza%20Thesis%20for%20Final%20Submission.docx%23_Toc465193483
file:///C:/Users/Mohammadreza/Desktop/Final%20Submission/Mohammadreza%20Thesis%20for%20Final%20Submission.docx%23_Toc465193483
file:///C:/Users/Mohammadreza/Desktop/Final%20Submission/Mohammadreza%20Thesis%20for%20Final%20Submission.docx%23_Toc465193483
file:///C:/Users/Mohammadreza/Desktop/Final%20Submission/Mohammadreza%20Thesis%20for%20Final%20Submission.docx%23_Toc465193483
file:///C:/Users/Mohammadreza/Desktop/Final%20Submission/Mohammadreza%20Thesis%20for%20Final%20Submission.docx%23_Toc465193483
file:///C:/Users/Mohammadreza/Desktop/Final%20Submission/Mohammadreza%20Thesis%20for%20Final%20Submission.docx%23_Toc465193483
file:///C:/Users/Mohammadreza/Desktop/Final%20Submission/Mohammadreza%20Thesis%20for%20Final%20Submission.docx%23_Toc465193483
file:///C:/Users/Mohammadreza/Desktop/Final%20Submission/Mohammadreza%20Thesis%20for%20Final%20Submission.docx%23_Toc465193483
file:///C:/Users/Mohammadreza/Desktop/Final%20Submission/Mohammadreza%20Thesis%20for%20Final%20Submission.docx%23_Toc465193484
file:///C:/Users/Mohammadreza/Desktop/Final%20Submission/Mohammadreza%20Thesis%20for%20Final%20Submission.docx%23_Toc465193484
file:///C:/Users/Mohammadreza/Desktop/Final%20Submission/Mohammadreza%20Thesis%20for%20Final%20Submission.docx%23_Toc465193484
file:///C:/Users/Mohammadreza/Desktop/Final%20Submission/Mohammadreza%20Thesis%20for%20Final%20Submission.docx%23_Toc465193484
file:///C:/Users/Mohammadreza/Desktop/Final%20Submission/Mohammadreza%20Thesis%20for%20Final%20Submission.docx%23_Toc465193484
file:///C:/Users/Mohammadreza/Desktop/Final%20Submission/Mohammadreza%20Thesis%20for%20Final%20Submission.docx%23_Toc465193484
file:///C:/Users/Mohammadreza/Desktop/Final%20Submission/Mohammadreza%20Thesis%20for%20Final%20Submission.docx%23_Toc465193485
file:///C:/Users/Mohammadreza/Desktop/Final%20Submission/Mohammadreza%20Thesis%20for%20Final%20Submission.docx%23_Toc465193485
file:///C:/Users/Mohammadreza/Desktop/Final%20Submission/Mohammadreza%20Thesis%20for%20Final%20Submission.docx%23_Toc465193485
file:///C:/Users/Mohammadreza/Desktop/Final%20Submission/Mohammadreza%20Thesis%20for%20Final%20Submission.docx%23_Toc465193485
file:///C:/Users/Mohammadreza/Desktop/Final%20Submission/Mohammadreza%20Thesis%20for%20Final%20Submission.docx%23_Toc465193487
file:///C:/Users/Mohammadreza/Desktop/Final%20Submission/Mohammadreza%20Thesis%20for%20Final%20Submission.docx%23_Toc465193487
file:///C:/Users/Mohammadreza/Desktop/Final%20Submission/Mohammadreza%20Thesis%20for%20Final%20Submission.docx%23_Toc465193487
file:///C:/Users/Mohammadreza/Desktop/Final%20Submission/Mohammadreza%20Thesis%20for%20Final%20Submission.docx%23_Toc465193487
file:///C:/Users/Mohammadreza/Desktop/Final%20Submission/Mohammadreza%20Thesis%20for%20Final%20Submission.docx%23_Toc465193487


xi 

 

conditions) (left axis) and the percentage increase in WP (PIWP) comparing the two 

conditions (right axis) for Mixture 2 at (a) 7 MPa and a W/H of 2.0 and (b) 1 MPa and a 

W/H of 0.1 .........................................................................................................................136 

Fig. 5.12: Comparison of the normalised composition of Mixture 2, and the two waxy solid phases 

S1 and S2 formed at 272 K and 7 MPa.  The feed is rich in S2 constituents.  The vertical axis 

is in logarithmic scale ........................................................................................................137 

Fig. 5.13: WPCs for amount of WP shown both in presence (W/HÍ0) and absence (Water free) 

of hydrates (left axis) and the percentage increase in WP comparing the two conditions (right 

axis) for Mixture 3 at 12 MPa and W/H of 2.0 .................................................................137 

Fig. 5.14: Change in the WP and molecular weight of overall waxy solid precipitated for (a) 

Mixture 2 at 282 K and 3 MPa (b) Mixture 3 at 282 K and 12 MPa all with CNCO of 6 ..139 

Fig. 5.15: Change in the WP and molecular weight of overall waxy solid precipitated for (a) 

Mixture 2 at 282 K and 3 MPa (b) Mixture 3 at 282 K and 12 MPa all with CNCO of 1 ..140 

Fig. 5.16: The change in the composition of the paraffinic solid phase in terms of the percentage 

increase in the ratio of wt% of each component to the wt% of nC30 for Mixture 2 at 282 K 

and 3 MPa .........................................................................................................................142 

Fig. 5.17: The change in the composition of the paraffinic solid phase in terms of the percentage 

increase in wt% of each component to the wt% of nC30 for Mixture 2 at 282 K and 3 MPa 

and W/H ratio of 0.01 ........................................................................................................142 

Fig. 5.18: Change in the WP and molecular weight of overall waxy solid precipitated for Mixture 

2 at 283 K and 3 MPa.  The horizontal axis is in logarithmic scale. .................................142 

Fig. 5.19: Molar fraction of hydrate phases in presence and assumed absence of waxes by 

increasing pressures at a constant temperature of 274 K in Mixture 3 with W/H of 1.0; solid 

lines: hydrates molar phase fractions in presence of wax normalized for non-waxy fractions 

for comparisons; dashed lines: hydrates molar phase fractions in absence of wax ...........143 

Fig. 5.20: Molar fraction of all the phases present in temperature of 273.15 K for Mixture 1 with 

W/H of 2.0 by increasing pressure ....................................................................................144 

Fig. 5.21: Light oil LO1wax and hydrate phase boundaries along with the experimental data 

(Appendix B).  Wax phase boundaries are shown in water free system as well as in presence 

of W/Hs of 1.0 and 2.5 and excess water.  The light grey region is corresponding to the 

conditions showing possible wax formation in presence of hydrates depending on the 

amount of W/H, while the dark grey region corresponds to the region both waxes and 

hydrates exist regardless of W/H of the feed (unless very low water content systems in which 

hydrate form at very high pressures) .................................................................................145 

file:///C:/Users/Mohammadreza/Desktop/Final%20Submission/Mohammadreza%20Thesis%20for%20Final%20Submission.docx%23_Toc465193500
file:///C:/Users/Mohammadreza/Desktop/Final%20Submission/Mohammadreza%20Thesis%20for%20Final%20Submission.docx%23_Toc465193500
file:///C:/Users/Mohammadreza/Desktop/Final%20Submission/Mohammadreza%20Thesis%20for%20Final%20Submission.docx%23_Toc465193500
file:///C:/Users/Mohammadreza/Desktop/Final%20Submission/Mohammadreza%20Thesis%20for%20Final%20Submission.docx%23_Toc465193500
file:///C:/Users/Mohammadreza/Desktop/Final%20Submission/Mohammadreza%20Thesis%20for%20Final%20Submission.docx%23_Toc465193500
file:///C:/Users/Mohammadreza/Desktop/Final%20Submission/Mohammadreza%20Thesis%20for%20Final%20Submission.docx%23_Toc465193500
file:///C:/Users/Mohammadreza/Desktop/Final%20Submission/Mohammadreza%20Thesis%20for%20Final%20Submission.docx%23_Toc465193500


xii  

 

Fig. 5.22: WPCs in water free and W/H of 1.0 both in presence and absence of hydrates (left axis) 

and the PIWP due to presence of hydrates (right axis) for light oil LO1 mixture at 5 MPa

 ...........................................................................................................................................146 

Fig. 6.1: Wax precipitation curve calculated with Coutinho and Daridon method (solid line) and 

Pedersen-Ji method (dashed line) for Oil 2 mixture of Pedersen et al. [6.20]; ǒ: experimental 

WPC data. .........................................................................................................................157 

Fig. 6.2: Wax precipitation curve calculated with Coutinho and Daridon method (solid line) and 

Pedersen-Ji method (dashed line) for Oil 3 mixture of Pedersen et al. [6.20]; ǒ: experimental 

WPC data. .........................................................................................................................157 

Fig. 6.3: Wax precipitation curve calculated with Coutinho and Daridon method (solid line) and 

Pedersen-Ji method (dashed line) for Oil 4 mixture of Pedersen et al. [6.20]; ǒ: experimental 

WPC data. .........................................................................................................................158 

Fig. 6.4: Wax precipitation curve calculated with Coutinho and Daridon method (solid line) and 

Pedersen-Ji method (dashed line) for Oil 5 mixture of Pedersen et al. [6.20]; ǒ: experimental 

WPC data. .........................................................................................................................158 

Fig. 6.5: Wax precipitation curve calculated with Coutinho and Daridon method (solid line) and 

Pedersen-Ji method (dashed line) for Oil 6 mixture of Pedersen et al. [6.20]; ǒ: experimental 

WPC data. .........................................................................................................................158 

Fig. 6.6: Wax precipitation curve calculated with Coutinho and Daridon method (solid line) and 

Pedersen-Ji method (dashed line) for Oil 7 mixture of Pedersen et al. [6.20]; ǒ: experimental 

WPC data. .........................................................................................................................159 

Fig. 6.7: Wax precipitation curve calculated with Coutinho and Daridon method (solid line) and 

Pedersen-Ji method (dashed line) for Oil 8 mixture of Pedersen et al. [6.20]; ǒ: experimental 

WPC data. .........................................................................................................................159 

Fig. 6.8: Wax precipitation curve calculated with Coutinho and Daridon method (solid line) and 

Pedersen-Ji method (dashed line) for Oil 9 mixture of Pedersen et al. [6.20]; ǒ: experimental 

WPC data. .........................................................................................................................159 

Fig. 6.9: Wax precipitation curve calculated with Coutinho and Daridon method (solid line) and 

Pedersen-Ji method (dashed line) for Oil 10 mixture of Pedersen et al. [6.20]; ǒ: 

experimental WPC data. ....................................................................................................160 

Fig. 6.10: Wax precipitation curve calculated with Coutinho and Daridon method (solid line) and 

Pedersen-Ji method (dashed line) for Oil 12 mixture of Pedersen et al. [6.20]; ǒ: 

experimental WPC data. ....................................................................................................160 



xiii  

 

Fig. 6.11: Wax precipitation curve calculated with Coutinho and Daridon method (solid line) and 

Pedersen-Ji method (dashed line) for Oil 14 mixture of Pedersen et al. [6.20]; ǒ: 

experimental WPC data. ....................................................................................................160 

Fig. 6.12: Wax precipitation curve calculated with Coutinho and Daridon method (solid line) and 

Pedersen-Ji method (dashed line) for Oil 15 mixture of Pedersen et al. [6.20]; ǒ: 

experimental WPC data. ....................................................................................................161 

Fig. 6.13: Wax precipitation curve calculated with Coutinho and Daridon method (solid line) and 

Pedersen-Ji method (dashed line) for Oil 16 mixture of Pedersen et al. [6.20]; ǒ: 

experimental WPC data. ....................................................................................................161 

Fig. 6.14: Wax precipitation curve calculated with Coutinho and Daridon method (solid line) and 

Pedersen-Ji method (dashed line) for Oil 17 mixture of Pedersen et al. [6.20]; ǒ: 

experimental WPC data. ....................................................................................................161 

Fig. 6.15: Whitson (solid line) and Riazi (dashed line) distributions used for matching the 

molecular weight of SCNs and splitting the plus fraction for Pedersen et al. [6.20] Oil 16; 

ƺ: experimental data.  The vertical axis of the graph in upper right corner is in logarithmic 

scale. ..................................................................................................................................163 

Fig. 6.16: WPC of Pedersen et al. [6.20] Oil 16 calculated by Pedersen-Ji method with SCNs 

fractions extended using Whitson (solid line ) and Riazi (dashed line) distributions. ǒ: 

experimental WPC data. ....................................................................................................163 

Fig. 6.17: WPC of Pedersen et al. [6.20] Oil 15 calculated by Coutinho and Daridon method with 

n-alkane distribution obtained by wt% decay rates of 0.88 (solid line) and 0.9 (dashed line). 

ǒ: experimental WPC data. ...............................................................................................164 

Fig. 6.18: WPC of Pedersen et al. [6.20] Oil 2 calculated by Coutinho and Daridon method with 

nC20+ wax content measured experimentally (solid line) and calculated by Eq. (6.4) (dashed 

line). ǒ: experimental WPC data. ......................................................................................164 

Fig. 6.19: Hydrate dissociation prediction for black oil system BO1; ƄƄƄ Hydrate dissociation 

line UCV model with the fluid characterised by Coutinho and Daridon method [6.18].ƺ: 

Experimental hydrate dissociation points in the absence of wax [6.35]. ..........................167 

Fig. 6.20: Live real mixture LTB98-1 wax phase boundary calculated using the Coutinho and 

Daridon method [6.18] integrated to UCV model with the last alkane to be nC59 and nC20+ 

wt% of 1.2 (solid line) and nC69 and nC20+ wt% of 0.2 (dashed line). Points: experimental 

WDT data.  The error bars are corresponding to ±1K for purpose of graphical representation

 ...........................................................................................................................................169 



xiv 

 

Fig. 6.21: Live real mixture LTB98-1 wax (solid line) and hydrate (dashed line) phase boundaries 

as well as bubble line calculated with UCV model with Coutinho and Daridon method [6.18] 

to extend n-alkane distribution. Points: experimental WDT data. ....................................169 

Fig. 6.22: WPCs for amount of WP shown both in excess water and water free conditions (left 

axis) and the percentage increase in WP comparing the two conditions (right axis) for 

LTB98-1 below the hydrate dissociation temperature at (a) 5 MPa (below bubble point) and 

(b) 15 MPa (above bubble point) ......................................................................................170 
 

Fig. C.1: Phase diagram of Mixture 3 with W/H of 2.0.  Thick lines: wax phases boundaries; Thin 

lines: Other phase boundaries; Gray dashed line: Water-free system bubble line.  The 

multimodal distribution of heavy end component with considerable n-alkane gap results in 

this system to from 3 distinct solid phases in sufficiently low temperatures. ...................188 
 

Fig. D.1: Schematic representation of the HW-Solids software developed as part of this work

 ...........................................................................................................................................203 

  

file:///C:/Users/Mohammadreza/Desktop/Final%20Submission/Mohammadreza%20Thesis%20for%20Final%20Submission.docx%23_Toc465193524
file:///C:/Users/Mohammadreza/Desktop/Final%20Submission/Mohammadreza%20Thesis%20for%20Final%20Submission.docx%23_Toc465193524
file:///C:/Users/Mohammadreza/Desktop/Final%20Submission/Mohammadreza%20Thesis%20for%20Final%20Submission.docx%23_Toc465193524
file:///C:/Users/Mohammadreza/Desktop/Final%20Submission/Mohammadreza%20Thesis%20for%20Final%20Submission.docx%23_Toc465193524
file:///C:/Users/Mohammadreza/Desktop/Final%20Submission/Mohammadreza%20Thesis%20for%20Final%20Submission.docx%23_Toc465193525
file:///C:/Users/Mohammadreza/Desktop/Final%20Submission/Mohammadreza%20Thesis%20for%20Final%20Submission.docx%23_Toc465193525


xv 

 

LIST OF PUBLICATIONS  BY THE CANDIDATE  

1. M.A. Mahabadian, A. Chapoy, R.W. Burgass, B. Tohidi, Development of a multiphase 

flash in presence of hydrates: Experimental measurements and validation with the CPA 

equation of state, Fluid Phase Equilibria, 414 (2016) 117ï132. 

2. M.A. Mahabadian, A. Chapoy, R.W. Burgass, B. Tohidi, Mutual effects of paraffin 

waxes and clathrate hydrates: A multiphase integrated thermodynamic model and 

experimental measurements, Fluid Phase Equilibria, 427 (2016) 438ï459. 

3. M.A. Mahabadian, A. Chapoy, B. Tohidi, A new thermodynamic model for paraffin 

precipitation in highly asymmetric systems at high pressure conditions, Industrial and 

Engineering Chemistry Research Journal, 55 (2016) 10208ï10217. 

4. M.A. Mahabadian, A. Chapoy, B. Tohidi, A new thermodynamic model for paraffin 

precipitation in highly asymmetric systems at high pressure conditions, presented in: 

17th International Conference on Petroleum Phase Behavior and Fouling (Petrophase), 

2016. 

5. M. A. Mahabadian, A. Chapoy, R.W. Burgass, B. Tohidi, Integrated Wax-Hydrate 

Formation in Real Oil Mixtures: What Factors Are Important from Thermodynamic 

Modelling?, Abstract Submitted to 9th International Conference on Gas Hydrates 

(ICGH9), to be held in Denver, Colorado USA 

 



Chapter 1: Introduction 

1 

 

CHAPTER 1:  INTRODUCTION  

Petroleum products from a reservoir are mixtures of hydrocarbons of different classes, 

for the most part, and non-hydrocarbons including water and light weight gaseous 

components.  The phase behaviour of these mixtures at equilibrium conditions is defined 

by their composition and some intensive independent thermodynamic state parameters, 

of which, temperature (T) and pressure (P) are the most widely used ones.  The crude 

mixture in the reservoir is usually referred to as ñreservoir fluidò which, as the name says, 

is in the form of the liquid phase(s), vapour phase or both depending on its composition 

and T/P condition.  The change in these parameters which define the equilibrium state 

may, however, result in the formation of solid phases of complex nature, provided that 

the mixture has the required constituents to form the solid.  The conditions under which 

the solids form may be satisfied mainly during production from the reservoir and through 

the pipelines and production facilities.  Formation of solids is well documented to impose 

major costs due to decreasing flow efficiency and, in the worst case, pipeline blockage 

and production shutdown as a consequence.  Removal of the solids formed is not only an 

expensive process but also time-consuming with a lot of technical demands.   

The complex solids which make production problem within the pipeline and/or reservoir 

include waxes, asphaltenes, hydrates and scales.  The remediation of these problematic 

solids is the subject of ñFlow Assuranceò studies, where measures are proposed to: 

1. Avoid formation (prevention) of these solids, e.g., by thermal methods to maintain a 

high temperature for solids prone to form under low-temperature conditions 

2. Remove the precipitated and/or deposited solids using mechanical methods.   

Due to the cost of the solid removal approaches for deposition problem, prevention is 

always the best option which in turn calls for accurate risk assessment of the solid 

formation problems, i.e. identifying the temperature/pressure conditions under which the 

solids form.  The feasibility of preventive measures signifies the importance of the 

development of accurate thermodynamic modelling approaches to predict precisely the 

conditions under which there is a high risk of solid formation. 

Among the several types of solid, which can form in crudes, waxes and hydrates 

formation is the subject of the current work, both of them are of high significance in flow 

assurance studies.  These two types of solids are both willing to form at low temperatures, 

from a thermodynamics viewpoint, and there are several pieces of evidence for them to 

be present at the same conditions.  Examples of the systems prone to form both of these 
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solids are volatile oils and gas condensates in deep sea low-temperature pipelines.  The 

focus of this work is, therefore, investigation on several accepts of thermodynamic 

modelling of solid-fluid equilibria (SFE) in such systems including the analysis of the 

mutual interactions of these types of solids from the thermodynamics viewpoint.  In this 

chapter, first, a brief introduction on hydrates and waxes is presented.  Then, the outline 

of the thesis will be detailed. 

1.2. Waxes: Heavy Hydrocarbon Solids 

Waxes are simply a high molecular weight hydrocarbon fraction of the petroleum 

mixtures which are frozen and precipitated mainly due to decreasing of the system 

temperature below the melting point temperature of heavy constituents of the system.   

Due to significant structural differences between different classes of hydrocarbons, they 

do not have the same potential to form waxes.  In fact, among different hydrocarbon 

classes, normal paraffins (n-alkanes) are the most favourable class to form waxes, due to 

their acyclic structure composed of several ethyl groups attached in the form of long 

chains.  This unique structure provides paraffins with very high packing capability.  

Hence, paraffins have much higher melting points compared to other classes of 

hydrocarbons such as naphthenes and aromatics, in which the presence of cyclic group 

acts as a hindrance in hydrocarbon molecules packing by temperature reduction.  Also, 

from the PNA (Paraffinic, Naphthenic, and Aromatic) groups constituting a crude, 

aromatics are non-wax formers and are, in fact, good wax solvents.  

Depending on the classification of wax forming components, waxes are divided into two 

general groups based on the crystal shape and size [1.1]:  

1. Macrocrystalline (paraffin) waxes which are composed of normal alkane 

hydrocarbons.  They are in the form of elongated rods and plates due to which their 

clustering and deposition are enhanced. 

2. Microcrystalline (amorphous) waxes which are mainly composed of naphthenes and 

iso-paraffins and have loose, rounded structures.  

It is well established that wax deposits in the pipelines are, for the most part, composed 

of the paraffin waxes (e.g. [1.2,1.3]). Adding to this, the fact that paraffins are 

components of much higher melting temperature compared to naphthenes, similar to 

several major modelling works in the literature, throughout this thesis, it is assumed that 
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paraffins are the sole constituent of wax phase formed.  Therefore, hereafter, the term 

ñwaxò is equivalent to ñparaffin waxò. 

Pure heavy hydrocarbons can undergo several stages of solidification, with different 

crystal structures [1.4], while the transition from the liquid to the stable solid state. From 

all of the stages during this process, the two transitions with the highest thermal 

significance that should be considered in equilibrium calculations are: 

1. The transition from the liquid phase to a high-temperature disordered solid phase also 

known as rotator or plastic phase.  In this state, the molecules still have high rotation 

capability around their long axis.   

2. The transition from the disordered rotator phase to a low-temperature ordered solid 

phase.  Therefore, this transition is, in fact, a crystal-crystal conversion.  The phase 

in the final state can be of orthorhombic, triclinic or monoclinic morphologies, based 

on the value and parity of the carbon number of pure alkane.  This transition is also 

known as order-disorder solid-solid transition.  

It should be noted that not all of n-alkanes undergo both transitions and again the 

solidification stages of a normal alkane depends on the value and parity of its carbon 

number.  In fact, the order-disorder solid-solid transition of high thermal significance only 

occurs in odd alkanes with carbon number larger than 9 and smaller than 45, as well as, 

even normal alkanes with carbon number greater than 20 and smaller than 44.  

Furthermore, as mentioned, the stages of structural changes vary significantly from one 

alkane to another.  These structural differences between odd and even n-alkanes 

crystallisation process result in observing different trends of change in the thermophysical 

properties of alkanes based on their parity.  Detailed information on the crystallisation of 

pure alkanes can be found elsewhere [1.4ï1.6]. 

Experimental evidence has revealed that the mixtures of paraffins can precipitate both in 

pure solids and solid solutions.  In alkane binaries, depending on the carbon number 

difference between the constituent alkanes, solid solution(s) (for small chain length 

differences) or two completely demixed pure solid phases (when a significant carbon 

number difference exists between the constituent alkanes) [1.6] may form.  In fact, the 

disorders in molecular packing due to size asymmetry between alkanes forming a waxy 

solution considerably affects the nature of the solidified part [1.7].  Spontaneous demixing 

of binary alkanesô solid solution was extensively studied in the spectroscopic 

measurements of Snyder and co-workers (e.g. [1.8]).  
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In binary alkane mixtures, the crystal structure of the solid solutions formed is a function 

of the proportions of the components, temperature and the componentsô carbon number 

parity.  However, for these mixtures, the structure of the stable solid solution at low 

temperature is of orthorhombic type even if the stable solid state structure of the both 

alkanes constituting the binary mixture in their pure state are non-orthorhombic.  

Furthermore, for multicomponent waxy mixtures, only the low-temperature orthorhombic 

solid solutions are considered to be in equilibrium with the liquid phase [1.9].  

In multi-alkane mixtures, the formation of more than one paraffinic solid solutions is 

confirmed experimentally by X-ray diffraction and spectroscopy analysis (e.g. [1.10ï

1.13]) for mixtures of continuous exponential decay distribution of normal alkanes as well 

as mixtures where a sufficient gap in the chain length of alkanes is observed between the 

constituents.  

In light of the information provided, thermodynamic model utili sed should, therefore, be 

capable of accurately evaluate the non-idealities of the orthorhombic solid solution and 

to identify if more than one paraffinic solid solution can form.  The waxy solid solutions 

are described in this work using an activity coefficient model based on the local 

composition concept [1.14]. 

1.3. Hydrates: Ice-li ke Solids 

Clathrate hydrates are ice-like solid crystals formed by entrapment of small gaseous 

components of low molecular weight inside the cavities formed by hydrogen bonds 

between water molecules, under low-temperature and high-pressure conditions.  

Hammerschmidt [1.15] was the first to observe that the hydrates can be a source of 

pipeline blockage during gas transport.  In fact, the chances of formation of hydrate during 

production from petroleum reservoirs cannot be overlooked as, in the reservoir, water 

normally coexists with hydrocarbons.  This water is usually coming from the reservoir 

aquifer.   

The hydrate crystals can have different structures, the stability of which is depending on 

the size and amount of guest gaseous components consumed to stabilise the cavities.  Up 

until now, three different types of hydrates are typically observed, i.e., structures I, II and 

H abbreviated as sI, sII and sH, respectively, which differ significantly in size and shape.  

Each structure is composed of different polyhedral cavities.  The schematic representation 

of cavities and structures are presented as shown in Fig. 1.1.  By convention, the cavities 

are named by ὲὭformat showing the presence of άὭ faces with ὲὭ edges in the cavity.  
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Therefore, for example, 51262 cavity has 12 pentagonal faces and 2 hexagonal faces (see 

Fig. 1.1). 

 

Fig. 1.1: Schematic representation of hydrate structures (below) and cavity types forming them (above) 

(Sum et al. [1.16]).  

Information on the number and nature of cavities forming each specific structure is 

presented in Table 1.1.   

Table 1.1: Geometry of cages in three hydrate crystal structures I, II, and H (Sloan [1.17]) 

Hydrate crystal structure I  II  H 

Cavity  Small Large Small Large Small Medium Large 

Description 512 51262 512 51264 512 435663 51268 

Number of cavity per unit cell 2 6 16 8 3 2 1 

Average cavity radius (A) 3.95 4.33 3.91 4.73 3.91a 4.06a 5.71a 

Coordination numberb 20 24 20 28 20 20 36 

Number of waters per unit cell 46 136 34 
aEstimates of structure H cavities from geometric models.  
bNumber of oxygen atoms at the periphery of each cavity. 

As mentioned, the favourable condition for the formation of hydrates requires the 

presence of sufficient amount of water, guest hydrate-former components and proper T/P 

conditions.  The main hydrate-former components of interest in the petroleum industry 

which are constituents in the mixtures studied throughout this work are methane, ethane, 

propane, i-butane, n-butane, i-pentane, nitrogen, carbon dioxide, hydrogen sulphide.  

There are examples, in this study, where other hydrate formers like benzene and 

cyclopentane are present.  The hydrates-formers in the mixtures studied here can form sI, 

sII or both hydrates.  The type of hydrate structure(s) formed in the presence of these 

components is dependent on several factors in addition to the mixture composition and 

T/P condition.  As an example, not all of the hydrate formers mentioned can accommodate 

all sort of cavities.  Also, if a hydrate former is capable of residing cavities in both sI and 

sII hydrates, it does not necessarily mean that it can form both structures in the pure state.  
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Detailed information on the hydrate formation specification of each of the guest 

component can be found elsewhere [1.18]. 

1.4. Aims and Scope 

In the light of the complexities of the behaviour of hydrates and waxes as described, 

accurate and robust integrated thermodynamic approaches are necessary to describe these 

solid phases in contact with fluids properly.  The thermodynamic modelling of petroleum 

mixtures can have several outcomes.  However, due to the application of current study as 

a preventive measure to avoid conditions of formation of waxes and hydrates, the major 

outputs of the current work, are to calculate the solid-fluid phase boundaries accurately 

as well as the amount and nature of the solids formed.  The accuracy of model results are, 

here, checked with the following experimental data: 

1. Hydrate Dissociation Points (HDP) 

2. Composition of the vapour phase in equilibrium with hydrates 

3. Wax Precipitation Curve (WPC) 

4. Wax composition 

5. Wax Disappearance Temperature (WDT) 

It is worth noting that the evaluation of wax phase boundary calculations throughout this 

work are made for the systems where WDTs are reported and not the Wax Appearance 

Temperatures (WAT).  This choice is due to the well-established fact that WDTs are 

indeed better representatives of the true melting points of the mixtures [1.19ï1.21]. In 

fact, the experimental uncertainties mainly due to supercooling (only for WAT 

measurement) and other experimental errors effects result in deviation of both WAT and 

WDT from the real thermodynamic melting temperature of the solution.  However, the 

subcooling effects impose higher degrees of uncertainties compared to other experimental 

uncertainties. 

The first aim of the current work is, therefore, to introduce an accurate integrated 

thermodynamic model for systems prone to form, waxes, hydrates or both.  The non-

idealities of each possibly present phase type in SFE are described using difference 

precise thermodynamic models.  The integrated thermodynamic model is not the only 

requirement of for accurate SFE calculation.  A multiphase flash calculation is also 

required which should be robust enough to identify number and nature of the phases in 

equilibrium, correctly.  The coupled accurate multiphase flash calculation algorithm and 

accurate thermodynamic models facilitate the investigation of complex solid forming 
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systems which are capable of both hydrates and waxes precipitation, thus, enables 

inspection of their interactions from the thermodynamic viewpoint. 

Accordingly, the outline of the current work is as follows: 

The thermodynamic models used for describing each phase types are presented in detail 

in Chapter 2.  The model selection for each phase type is justified.  In this work Cubic 

Plus Association (CPA) equation of state [1.22], statistical solid solution model of van 

der Waals and Platteeuw (vdWP) [1.23] and the Universal QUAsiChemical activity 

coefficient model (UNIQUAC ) [1.24] are used to describe fluids, hydrates and waxes, 

respectively. These models are integrated into ñUNIQUAC-CPA-vdWPò model 

abbreviated as UCV.  Also, the group contribution method of Jaubert and Mutelet [1.25], 

used to calculate the binary interactions parameter required for CPA EoS calculation, is 

fully described. The multiphase flash algorithm used for equilibrium calculations in the 

absence of hydrates is detailed in Chapter 2.  The chapter ends with providing some 

example calculations of multiphase wax formation at low-pressure conditions proving the 

robustness and accuracy of model coupled with the multiphase flash algorithm utilised.  

Pressure plays an important role both on wax and hydrate formations.  The existing 

schemes for extending low-pressure wax precipitation models to high-pressure conditions 

are not performing very well for systems of large size asymmetry with large proportions 

of the light end e.g. gas condensate systems.  Accordingly, Chapter 3 is devoted to the 

evaluation of methods used for extending paraffin precipitation model to high pressures, 

and new approaches are presented for this purpose.  Based on the assessments, the best 

approach is selected for the rest of the calculations throughout this work. 

A novel multiphase flash calculation algorithm for systems prone to form hydrates is then 

described in Chapter 4.  This algorithm is based on the Gibbs free energy minimization 

concept and utilised the multiphase flash calculation in the absence of hydrates (described 

in Chapter 2) as a preliminary step.  The algorithm is used to model some interesting 

hydrate forming systems showing complex behaviours including the formation of more 

than one structure of hydrates in systems where both sI and sII can form simultaneously, 

and retrograde hydrate formation in acid gas systems.  

The modifications required to extend the multiphase hydrate flash to investigate 

combined wax-hydrate forming systems is presented in Chapter 5.  The UCV model 

coupled with this flash algorithm is used to explore interactions of hydrates and waxes in 
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a variety of aspects, most of them inspected here for the first time.  These include the 

mutual effect of hydrate and waxes on their phase boundaries, amount and composition.   

The calculations and evaluations made in previous chapters are carried out for synthetic 

mixtures or mixtures without unknown fractions.  In Chapter 6, the difficulties of hydrates 

and wax modelling in real mixtures constituting unknown plus or pseudo fractions are 

separately discussed.  Based on thermodynamic models input requirement, in a 

comparative approach, the best method available for the extension of the integrated model 

to real oil systems and especially for wax formation modelling, is selected.  The method 

is then used along with the integrated UCV model to the combined wax-hydrate 

precipitation in a real crude oil, confirming the observations made in earlier chapters for 

synthetic mixtures. 

A summary of main findings of this work and recommendations for the future works are 

finally presented in Chapter 7. 

The algorithms devised and presented in this work are implemented in a standalone 

Windows application ñHW-Solidò written in Delphi programming language.  A 

presentation of HW-Solids is provided in the Appendices.  The implemented codes are 

also added to the HWPVT software of the Hydrate and Phase Equilibria Research group 

of Heriot-Watt University.  
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CHAPTER 2:  SOLID-FLUID EQUILIBRIUM THERMODYNAMIC 

MODELLING  

2.1. Introduction  

Accurate phase equilibrium calculations in complex multi-solid forming systems require 

utili sation/development of (i) a combination of precise thermodynamic models each 

describing a particular phase type and (ii) an equilibrium calculation algorithm for phase 

equilibria capable of correctly identifying number and nature of the phases in equilibrium.   

This chapter is, therefore, devoted to, first, providing in-depth description of the 

thermodynamic models selected and utili sed for the description of each phase type 

throughout this work.  The supporting reasons for selection of each of the models will be 

presented in details.  Secondly, in this chapter, the flash calculation algorithm utili sed for 

the conditions where it is assumed that no hydrates are formed is discussed and is named 

the ñNo-Hydrate Flashò (NHF).  This flash calculation is then used as a preliminary step 

for the flash calculation algorithm developed for hydrate forming systems detailed in 

Chapter 4 and named as the ñHydrate Flashò (HF).  Examples of the robustness and 

accuracy of the thermodynamic models combined with the NHF are provided in this 

chapter for some complex wax forming systems.  Special considerations and the 

modifications required to extend the HF flash to integrated wax-hydrate forming systems 

are then discussed in Chapter 5.  Additionally, in this chapter, the method utilised for 

calculation of the binary interaction parameters, required for the equation of state (EoS) 

modelling of fluid phases, is fully described.  Furthermore, as accurate values of 

critical/thermophysical properties of pure components is a must to provide precise 

predictions, the databases/correlations used to evaluate these properties are discussed in 

this chapter.    

Depending on temperature/pressure (T/P) conditions and the properties of the mixture 

under investigation different types of phases can form.  Accordingly, the phase types 

modelled in the current study are: 

1. Fluids i.e. Vapour (V), Liquid hydrocarbon (L), Liquid Aqueous (Aq) 

2. Solids i.e. Hydrates (structure I (HI) and structure II (HII)), Waxes (S), Ice (I) 

The following section provides the description of the model exploited for each type 

description with full details of the formulations and parametrization of them. 
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2.2. Thermodynamic Models for Non-idealities 

In this study, different types of thermodynamic models are used to describe the non-

idealities of phases of different nature.  Here, the fluid phases are described with Cubic 

Plus Association (CPA) equation of state [2.1], hydrates with van der Waals and 

Platteeuw (vdWP) model [2.2] and waxes with the Universal QUAsiChemical activity 

coefficient model (UNIQUAC ) [2.3]. The implemented models are integrated into a 

single framework, i.e. the ñUNIQUAC-CPA-vdWPò model and is abbreviated as UCV 

model.  The integrated model is used to model wax, hydrate and combined wax-hydrate 

formation for several mixtures, proving its accuracy and reliability. 

2.2.1. Fluid Phases Non-ideality Calculation 

In this work, an equation of state is used to describe the non-idealities of the fluid phases 

(vapour, liquid hydrocarbon and liquid aqueous phases).  Although, both equations of 

state and activity coefficient models have been widely used for describing liquid phases, 

the choice of an EoS over an activity coefficient model for this purpose is mainly due to 

limited applicability of activity coefficient models for high pressure conditions [2.4] 

which is the case for many of the systems studied in this work.   

The non-idealities of the fluid phases are, here, described with the CPA EoS.  This choice 

is because a significant part of the current work is devoted to studying hydrate forming 

systems, i.e. systems with water.  In fact, the associative hydrogen bonds contribution of 

water molecules can have a significant effect on the systems thermodynamic properties 

of water-containing/hydrate-forming mixtures.  However, as the conventional cubic EoSs 

do not take the chemical/quasi-chemical associative hydrogen bonds contribution into 

consideration, their performance is poor in the presence of water (or generally speaking, 

an associative compound).  To overcome this issue, originally, Kontogeorgis et al. [2.1], 

introduced the Cubic Plus Association EoS, which as the name says, consists of two 

terms: (i) the Cubic term which is described by a cubic EoS and takes contributions of the 

physical interactions (generally known as van der Waals forces) into account, and (ii) the 

association term which takes the contributions due to chemical/quasi-chemical (strong 

hydrogen bonds) into consideration (Kontogeorgis et al. [2.1] used Wertheimôs 

perturbation theory [2.5ï2.8] to formulate the associative part of CPA EoS). Therefore, 

for CPA EoS: 

 0 0 0 0 0  (2.1) 
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Obviously, when no associative components are present in the feed, the CPA EoS is 

reduced to the cubic EoS.  Using the general form of the Soave-Redlich-Kwong (SRK) 

[2.9] and Peng and Robinson (PR) cubic EoS, the CPA EoS is written as: 
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(2.2) 

Here, Á and  Â are the attractive and co-volume parameters of the cubic EoS used, 2 is the 

universal gas constant and Ö is the molar volume.  Constant Ã is a cubic EoS identifier, 

i.e. if it is equal to Â, the cubic part would be the PR EoS and if it is equal to 0 the cubic 

part would be the SRK EoS.  Throughout the thesis, for the most part, the non-associative 

part of the CPA EoS is described using the SRK EoS.  The reason for this choice is the 

wide application and robustness of SRK EoS for describing fluid phases in wax-forming 

systems (see for example [2.10ï2.16]).  This is while, only for the results presented in 

Chapter 4, which is focused on hydrate-only forming systems, PR EoS is used as the cubic 

part of CPA as it was observed to provide slightly better results, in terms of matching 

with experimental hydrate equilibrium data compared to SRK EoS.   

In the associating part of Eq. (2.2), ʍ is density and Ç is the radial distribution function 

which in the simplified form is defined as [2.17]: 

 Ç
ρ

ρȤπȢτχυ Âʍ
 (2.3) 

In Eq. (2.2), 8  is the fraction of the component É molecules at site ! (which can be either 

hydrogen-bond donor sites or hydrogen-bond acceptor sites) which are not bonded to 

other active sites.  The parameter 8  is a function of density of the fluid as well as 

fractions 8  of all other kind of association sites " and the association strength ɿ : 

 8
ρ

ρ ʍВÙВ 8 ɿ
 (2.4) 

Where ɿ  is given by: 

 ɿ ÇÅØÐ
ʀ

24
Ȥρʆ Â (2.5) 

Here ʀ is the association energy and ʆ is the volume parameter of CPA when the square-

well model is describing the sites [2.1].  These two parameters are normally adjusted to 

match experimental data.  
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Based on Eq. (2.4), the calculation of the CPA association term requires appropriate 

selection of the number and type of association sites in each associating component and 

is referred to as its ñassociation schemeò.  In this work, the 4C association scheme (see 

Huang and Radosz [2.18]) is chosen for water as represented schematically in Fig. 2.1. 

As shown in this figure, based on the 4C scheme, each water molecule has four 

associating bounds (two hydrogen bond donor represented by dashed lines and two 

hydrogen bond acceptor represented by dotted lines).  Therefore, each water molecule 

can form up to four associating hydrogen bonds. 

 

Fig. 2.1: Schematic representation of the 4C association scheme for water 

The application of Eq. (2.2) requires the evaluation of the attractive and co-volume 

parameters of the pure components, i.e. Á and Â, respectively.  These values are used, by 

applying mixing rules, to calculate Á and Â of the phase under consideration.  The pure 

non-polar components attractive parameter is calculated by: 

 Á4 ɻ ρ Í ρȤ
4

4
 (2.6) 

Where: 

 ɻ ɱ
24

0
 (2.7) 

Furthermore, the pure non-polar components co-volume parameter for is calculated by: 

 Â ɱ
24

0
 (2.8) 

In Eq. (2.6) to Eq. (2.8) 4 and 0  are the critical temperature and critical pressure of 

component É, respectively.  Also, the constants ɱ , ɱ  and the parameter Í  (which is a 

function of acentric factor of component É, ʖ) for non-polar components are dependent 

on the choice of the EoS used for the cubic part of CPA EoS as listed in Table 2.1. 
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Table 2.1: Parameters for calculation of attractive and co-volume terms of cubic part of CPA EoS 

Cubic part 

of CPA EoS 
Parameter Value 

SRK 

ɱ  0.42748 

ɱ  0.08664 

Í  πȢτψυπψρȢυυρχρφʖȤπȢρυφρσʖ  

PR 

ɱ  0.47236 

ɱ  0.0778 

Í  
πȢσχτφτρȢυτςςφʖȤπȢςφωωςʖ 

πȢσχωφτρȢτψυπʖȤπȢρφττʖ πȢπρφφχʖ

ʖ πȢτωρ

ʖ πȢτω
 

For water (which is the only polar component in this work) the values of Í , ɻ  and Â 

as well as association energy and volume parameter (ʀ and ʆ respectively in Eq. (2.5)) 

are listed in Table 2.2.  As shown in this table, the amount of these values for water depend 

on the choice of the cubic EoS used for the non-associating part of CPA. 

Table 2.2: CPA EoS parameters for water used in this work 

Cubic part 

of CPA EoS 

ɻ 
(MPa.L².mole-²) 

Â 
(L/mole) 

Í 
ʀ 

(MPa.L.mole-1) 
ʆ (× 103) Ref. 

SRK  0.1228 0.01452 0.6736 16.655 69.2 [2.17] 

PR 0.2174 0.01519 0.639 14.639 68.31 [2.19,2.20] 

In mixtures, as mentioned, mixing rules should be applied to calculate the mixture 

attractive and co-volume parameters (Á and Â, respectively) of the cubic EoSs.  In this 

work, the classical van der Waals mixing rules are used for this purpose: 

 Â ØÂ (2.9) 

 Á ØØÁ (2.10) 

Where: 

 Á ÁÁρȤË  (2.11) 

Here, Ø is the molar fraction of component É in a phase with Î number of components, 

and Ë is the binary interaction parameter between components É and Ê.   

For mixtures with more than one associating compound, mixing rules are required for 

calculating association energy and volume parameters between associating compounds to 

calculate parameter ɿ  defined in Eq. (2.5).   
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For this purpose, the following equations can be applied to evaluate ʀ and ʆ between 

associating compounds É and Ê: 

 ʀ
ʀ ʀ

ς
 (2.12) 

 ʆ ʆ ʆ  (2.13) 

Such mixing rules, however, are not required in this work as for all the cases studied here 

the maximum number of associating compounds present in the mixture is one (only 

water). 

As a final note in this section, the method of Michelsen and Mollerup [2.21] is used to 

calculate the fugacity of components in fluid phases using CPA EoS. According to 

Michelsen and Mollerup [2.21] the fugacity coefficient of component É, ʒ can be 

calculated by: 

 
ÌÎʒ

ρ

24

Ћ!

ЋÎ
ȟȟ

ȤÌÎÚ  
(2.14) 

Here, Ú is the compressibility factor and ! is the residual Helmholtz function, which, 

for CPA EoS is equal to: 

 ! ! !  (2.15) 

Therefore, one needs to calculate the partial derivative of the reduced residual Helmholtz 

function, &ͻȟ for both cubic and associative part of CPA in order to calculate fugacity, i.e.: 

 &ͻ &ͻ &ͻ  (2.16) 

According to Michelsen and Mollerup [2.21], for the cubic part: 

 &ͻ & &"  &$ (2.17) 

Where: 

 & ȤÌÎρȤ
"

6
 (2.18) 

 & ȤÎ ÇȤ
$

4
Æ (2.19) 

 & Ȥ
Æ

4
 (2.20) 
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And: 

 Ç Ȥ
ρ

6Ȥ"
 (2.21) 

 Æ
ρ

2"ɿȤɿ
ÌÎ 
6 ɿ"

6 ɿ"
 (2.22) 

 Æ Ȥ
Æ 6Æ

"
 (2.23) 

 Æ Ȥ
ρ

26 ɿ" 6 ɿ"
 (2.24) 

In the previous sets of equations, parameters $ȟ "ȟ $ȟ " are calculated using the attractive 

and co-volume terms of cubic EoSs by: 

 $ Î ÎÁ (2.25) 

 Î" Î ÎÂ (2.26) 

 $ ς ÎÁ (2.27) 

 "
ρ

Î
ς ÎÂȤ"  (2.28) 

As the classical mixing rules of van der Waals are used here, in previous equations, Á 

parameter is the same as defined in Eq. (2.11) and Â is: 

 Â
Â Â

ς
 (2.29) 

In Eq. (2.22) and Eq. (2.24), the parameters ɿ and ɿ are the cubic EoS dependant 

constants as listed in Table 2.3. 

Table 2.3: Cubic EoS dependent constants ɿ and ɿ used in Eq. (2.22) and Eq. (2.24) 

Cubic part 

of CPA EoS 
ɿ ɿ 

SRK 1 0 

PR ρ Ѝς ρȤЍς 
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The associative part of the partial derivative of reduced residual of Helmholtz function, 

&ͻ  in Eq. (2.16) is calculated by [2.4]: 

 &ͻ ÌÎ8!ÉȤ
ρ

ς
Î ρȤ8!É

ЋÌÎÇ

ЋÎ
 (2.30) 

Here: 

 
ЋÌÎÇ

ЋÎ

ρ

Ç

ЋÇ

Ћ"
" (2.31) 

Where with Ç defined in Eq. (2.3): 

 
ЋÇ

Ћ"

πȢτχυ

ʍ

ʍ

ρȤπȢτχυʍ"
 (2.32) 

Further information on the CPA formulation can be found elsewhere [2.19,2.20,2.22]. 

2.2.2. Group Contribution Method for Binary Interaction Parameters Calculation 

Evaluation of the cubic part of the CPA EoS, requires knowledge of binary interaction 

parameters (Ë) between components.  The Ë values are normally tuned to match 

experimental equilibrium data.  This way the EoSs are no more predictive models.  In this 

work, on the contrary, the binary interaction parameters between non-associating 

components are calculated by the group contribution method developed by Jaubert and 

Mutelet [2.23]. They combined their method with a cubic EoS to model VLE in a very 

large set of equilibrium data including VLE data of complex systems such as highly 

asymmetric mixtures.   

Originally, Jaubert and Mutelet [2.23] used their method to calculate Ë for PR EoS. 

Later, Jaubert and Privat [2.24] extended the method to be applicable for Ë of SRK EoS. 

Jaubert and co-workers found that their group contribution scheme coupled with a cubic 

EoS proves accurate for modelling fluid phases and often provides better results 

compared to well-known EoS/GE approaches of LCVM [2.25] (which is widely used for 

describing fluids non-idealities in paraffinic solid-fluid equilibria of waxy systems [2.26ï

2.31]) and MHV2 [2.32]. This method is applied successfully in some works  [2.33,2.34] 

for calculating binary interaction parameters of cubic EoSs used for modelling fluid 

phases in equilibrium with solid wax phase.   
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The Jaubert and Mutelet [2.23] method enables calculation of Ë as a function of 

temperature by knowing the functional groups of the components.  Therefore, making the 

EoS model fully predictive.  The functional groups of importance in this study along with 

the corresponding references to Jaubert and co-workers publications (in which the 

specific functional group is studied) are listed in Table 2.4.   

Table 2.4: Functional groups defined in the Jaubert and Mutelet [2.23] method and used in this study 

Family Group Reference 

Alkanes CH3, CH2, CH, CH4, C2H6 [2.23] 

Aromatics CHaro, Caro, Cfused aromatic rings [2.35] 

Napthenics CH2,cyclic, CHcyclic or Ccyclic [2.36] 

Alkenes C2H4, CH2, alk or CHalk, Calk, CHcyclic, alk or Ccyclic,alk [2.37] 

Inert gases CO2, N2, H2S, SH, H2 [2.38ï2.43] 

Using Jaubert and Mutelet [2.23] method,  Ë are calculated as a function of temperature 

and in terms of the attractive and co-volume parameters of the cubic EoS used to describe 

the non-associative part of CPA EoS: 

 Ë 4

ở

Ở
ờ
Ȥ
ρ

ς
ʎȤ

ở

ờ
Á4

Â
 ɀ

Á4

Â

Ợ

Ỡ

Ợ

ỡ
Ỡ

ở

ờς

Á4Á4

ÂÂ

Ợ

Ỡ (2.33) 

Where: 

 ʎ ʁȤʁ ʁȤʁ ʊ !
ςωψȢρυ

4

Ȥ

 (2.34) 

Here,  ʁ  is the ratio of number of group Ë in molecule É to total number of groups in 

molecule É, .  is the number of functional groups, and !  and "  are group interaction 

parameters between functional groups Ë and Ì.  The values for the last two parameters are 

reported in Qian et al. [2.37]. The values of !  and "  are originally evaluated for PR 

EoS.  In order to use the same parameters !  and "  for SRK EoS, the positive constant 

ʊ  is introduced in Eq. (2.34) which, obviously, is equal to 1 for PR EoS and is evaluated 

to be equal to 0.807341 for SRK EoS [2.24]. 

2.2.3. Hydrate Phase Non-ideality Calculation 

In this work, the modification of the statistical solid solution model of van der Waals and 

Platteeuw [2.2] by Parrish and Prausnitz [2.44] is used to calculate the fugacity of the 

water in the hydrate phase.  The model is known to be the most widely used and robust 
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method, to date, to describe hydrates.  The model is in fact used to calculate fugacity of 

water in the hydrates.  The assignment of the fugacity of the guest components inside the 

hydrate cages at equilibrium is discussed in Chapter 4 as a part of the development of the 

Hydrate Flash.   

Using the vdWP model, according to Anderson and Prausnitz [2.45] the fugacity of water 

in the hydrate phase can be calculated with: 

 

 
Æ ÆÅØÐȤ

Ўʈ
Ȥ

24
 (2.35) 

Where Æ and Æ are the fugacities of water in the hydrate and hypothetical empty hydrate 

lattices, respectively, and Ўʈ
Ȥ
  is the difference between the chemical potential of  

hydrate and the hypothetical empty lattices which is given by [2.2]: 

 Ўʈ
Ȥ

24 ג ÌÎρ #Ì Æ  (2.36) 

Here Æ  is the fugacity of the guest component hydrate structure 34 former Ê.  The 

Langmuir constants #Ì are a measure of the interaction potential of guest molecule 

inside the cage and the surrounding water molecules and can be expressed by [2.2]: 

 # 4
τʌ

Ë4
ÅØÐȤ

×Ò

Ë4
ÒÄÒ (2.37) 

Where Ë  is the Boltzmann constant and ×Ò is the spherically symmetric cell potential 

in the cavity (with Ò the radial distance from the cavity centre) and depends on the 

intermolecular potential function defined between the host molecule and a guest 

molecule.  In the present work, the Kihara model [2.46] as described by McKoy and 

Sinanoglu [2.47] has been used to calculate the interaction potential functions, based on 

which, the potential energy of interaction between two molecules which are in distance Ò, 

ɜÒ is calculated by: 

 ɜÒ

Њ                                                                

τʀ
ʎȤςÁ

ÒȤςÁ
Ȥ
ʎȤςÁ

ÒȤςÁ
     

Ò ςÁ

Ò ςÁ
 (2.38) 

Hereȟ Á and Á   are the radius of the guest and host molecules, respectively.  In the 

current work, Kihara radius of the spherical molecular core Á (equal to Á Á Ⱦς, ʀ 

(characteristic energy) and ʎ  (collision diameter equivalent to the distance 

where ɜÒ π) are obtained by fitting to available hydrate phase equilibrium 
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experimental data.  The values for these three parameters used in the current work are 

presented in Table 2.5.  

Table 2.5: Kihara potential parameters employed in this work 

Component Á (Å) ʀȾË  (K)  ʎ (Å) 

Methane 0.2950   3.2512   153.685 

Ethane 0.4880   3.4315   183.32 

Propane 0.7300   3.4900   189.273 

i-Butane 0.7980   3.6000   209.577 

n-Butane 1.0290   3.4000   195.359 

Carbon Dioxide 0.7530   2.9040   171.97 

Nitrogen 0.3350   3.2171   128.39 

Hydrogen Sulphide 0.7178   2.8770   210.58 

Cyclopentane 0.8961    2.5800    463.650 

Benzene 0.9188   3.5900   264.209 

Accordingly, in Eq. (2.37) the spherically symmetric cell potential ×Ò in the cavity is 

calculated by (here 2 is the cavity radius and Ú  is the number of water molecules in 

cavity): 

 ×Ò ςÚʀ
ʎ

2 Ò
ɿ

Á

2
ɿ Ȥ

ʎ

2 Ò
ɿ

Á

2
ɿ  (2.39) 

Where: 

 ɿ
ρ

.
ρȤ
Ò

2
Ȥ
Á

2

Ȥ

Ȥρ
Ò

2
Ȥ
Á

2

Ȥ

       . τȟυȟρπȟρρ (2.40) 

Then, the following formula is used to calculate the fugacity of the hypothetical empty 

hydrate lattice used in Eq. (2.35): 

 Æ ÆÅØÐȤ
Ўʈ

Ȥ

24
 (2.41) 

Where Æ is the fugacity of pure liquid water and Ўʈ
Ȥ

 is the chemical potential 

difference of the empty hydrate lattice and pure liquid water.  This value is given by: 

 Ўʈ
Ȥ

24

Ўʈ

24
Ȥ
ЎÈ

Ȥ

24
Ä4

ЎÖ
Ȥ

24
Ä0 (2.42) 

Here, 2 is the universal gas constant, È   and  Ö  are the molar enthalpy and volume of 

water, respectively, and subscript 0 refers to the water triple point.   



Chapter 2: Solid-fluid equilibrium thermodynamic modelling 

23 

 

The enthalpy difference between the pure liquid water and empty hydrate lattice is 

calculated by: 

 ЎÈ
Ȥ
ЎÈ ɝ#ͻ Ä4 (2.43) 

Where ɝ#ͻ  refers to the molar heat capacity (J/(mole.K)) and is calculated by [2.48]: 

 ɝ#ͻ ȤσχȢσς πȢρχω4Ȥ4  (2.44) 

The values of reference properties ЎÈ , Ўʈ  and ЎÖ for hydrate structures sI and sII are 

given in Table 2.6. 

Table 2.6: Values of reference properties for structures I and II hydrates 

Property Unit  Hydrate sI Hydrate sII  Reference 

Ўʈ  J/mole 1297 937 [2.49] 

ЎÈ  J/mole 1389* 1025* [2.49] 

ЎÖ  cm3/mole 3.0** 3.4** [2.44] 

* Subtract 6009.5 J/mole from ЎÈ  for liquid water 

**Add 1.601 cm
3

/mole to ЎÖ  for liquid water 

An exhaustive description of the model used for hydrate phase equilibria can be found 

elsewhere [2.50,2.51]. 

2.2.4. Paraffinic Solid (Wax) Phase Non-ideality Calculation 

The dominant approach used in the literature for calculating the non-idealities of the pure 

paraffins īwhich as discussed are assumed to be the only wax forming components in 

this workī in the solid state is to use the fugacity of components in the liquid state and 

the Gibbs energy change in solid-liquid phase transition, to indirectly calculate their solid 

state fugacity.  Accordingly, Prausnitz et al. [2.52] related the fugacity of pure paraffins 

in the solid state, Æɕ to the fugacity of the pure paraffins in the liquid state,  Æɕ , through: 

 
 Æɕ

 Æɕ
ÅØÐȤ

ɝ(Æ

24
ρȤ
4

4Æ
ɝ(ÔÒ

24
ρȤ
4

4ÔÒ
 (2.45) 

In Eq. (2.45) the  Æɕ is calculated in terms of the thermophysical properties of wax 

forming components (here only paraffins), i.e., fusion temperature, 4f, solid-solid 

transition temperature, 4tr, enthalpy of fusion ɝ(f and enthalpy of solid-solid transition, 

ɝ(tr.  A more accurate form of Eq. (2.45) incorporates the enthalpic and entropic 

contributions due to heat capacity terms (Gibbs energy variation due to thermal 
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contribution) of phases during phase change.  These contributions are negligible and can 

be safely ignored [2.11] as confirmed by extensive sensitivity analysis in the literature 

(see for example [2.53]).  

Having  Æɕ calculated, the fugacity of components in the waxy solid phase is then 

calculated by: 

 Æ3 Ø3 Æɕ ɾ3 (2.46) 

Several models have been proposed in the literature to evaluate the non-idealities of the 

waxy solid phase, based on which different approaches have been introduced the activity 

coefficients of components in the waxy solid phase ɾ3.  These models, based on their view 

to the waxy part precipitated, can be categorised into: 

1. Single solid solution model 

2. Multi -solid solution model  

3. Multi -pure-solid model  

The first two categories consider waxes to be solid solutions.  This is experimentally 

accepted as discussed in Chapter 1.  However, the multi-pure-solid model (originally 

developed by Lira-Galeana et al. [2.54]) assume that waxes are a mixture of several solid 

phases, each of which is a pure component. It is, however, well-stablished that the degree 

of demixing of components in the solidified waxy part is a strong function of the 

constituents carbon number (molecular size) difference [2.55].  Furthermore, the review 

work of Esmaeilzadeh et al. [2.56] has revealed the superiority of solid solution models 

over multi-pure-solid model which under-predicts wax phase boundary temperatures.  

Among the modelling works in the first category, Wonôs work [2.57,2.58] was one of the 

very early attempts. In his first work [2.57], the waxy part is described by a modified form 

of the regular solution theory (RST) model of Hildebrand et al. [2.59] where the 

components solubility parameters were used to evaluate their activity coefficients in the 

solid phase.  This approach was, as well, used in the work of Pedersen et al. [2.60]. The 

RST approach, however, has some significant physical shortcomings.  In this approach, 

the entropic contribution to excess properties is assumed to be zero.  This is particularly 

wrong for waxy mixture where large differences between sizes of constituents result in 

significant entropic contributions.  Also, according to Ji et al. [2.14], because of the 

similarity of the n-alkanes solubility parameters, the RST does not differ significantly 

from the ideal solution model and would result in overestimation of the wax melting 



Chapter 2: Solid-fluid equilibrium thermodynamic modelling 

25 

 

temperature. Later, Won [2.58], further modified the RST model by adding up the 

entropic contribution calculated with the Flory-Huggins [2.61ï2.64] model. According to 

Coutinho et al. [2.65], this modification results in limited improvement in the model 

predictions.  Furthermore, as discussed by Coutinho et al. [2.65] the Flory-Huggins 

model, on its own, is not a powerful activity coefficient model unless it is modified for 

the system under investigation. A model with such a modification, as it is made in the 

work of Hansen et al. [2.66], is not predictive anymore.  These models, therefore may not 

be applicable for the oil systems which have not been used in its development.  Further 

discussion of the RST and Flory-Huggins drawbacks for wax phase modelling is provided 

by Coutinho et al. [2.65]. Some works have assumed the solid solution to behave ideally 

(e.g. the works of Erickson et al. [2.67] and Pedersen [2.16]), which is far away from 

highly non-ideal behaviour of waxes. 

The limitations of the models discussed were the motivation for Coutinho et al. [2.68] to 

develop models for describing waxy solid solutions based on local composition concept, 

originally presented by Wilson [2.69].  In a series of publications, Coutinho and co-

workers proposed the application of the predictive Wilson  [2.68], UNIQUAC [2.70,2.71] 

and NRTL [2.71] activity coefficient models for this purpose. Among these models, the 

predictive Wilson and predictive UNIQUAC are currently the most widely used 

approaches to describe waxy solutions, both capable of predicting the wax phase 

boundary and amount accurately, while the UNIQUAC model is providing slightly better 

results [2.10].  Among these two models, however, only UNIQUAC is capable of 

representing multi solid solution behaviour of wax precipitates and in this respect, is the 

best approach to show the real behaviour of waxes formed. 

In the light of the discussion provided, in this work, the UNIQUAC activity coefficient 

model, was used to describe the waxy phases.  UNIQUAC is proven to be one of the most 

accurate and widely used thermodynamic models, to date, for this purpose 

[2.13,2.34,2.53,2.71,2.72].  This model was originally developed by Abrams and 

Prausnitz [2.3] and, as mentioned, later utili sed by Coutinho [2.70] to describe the non-

ideality of orthorhombic paraffinic solid phase(s). In addition to its high accuracy, the 

UNIQUAC model offers two major advantages over other activity coefficient models.  

First, it is capable of representing the possible formation of more than one paraffinic solid 

phases as confirmed experimentally by X-ray diffraction and spectroscopy (see for 

example [2.73ï2.76]), as discussed.  It is also observed that by using the predictive 

UNIQUAC, better predictions of solid-liquid equilibria of binary eutectic systems can be 
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obtained [2.70].  The capability of the UNIQUAC model coupled with cubic EoSs has 

also been the subject of many papers and tested for several systems in the presence of 

wax in the literature [2.13,2.34,2.53,2.72]. Therefore, the UNIQUAC activity model (in 

its original form) is applied in the present work for modelling the non-ideality of the waxy 

solid phases.  The UNIQUAC model takes into account the combinatorial and residual 

contributions on excess Gibbs free energy which are representative of entropic and 

enthalpic deviations from ideality in the mixture, respectively.  Accordingly, the 

UNIQUAC model calculates the combinatorial, ɾ and residual,ɾ parts of the activity 

coefficient by:   

 

ÌÎɾ ÌÎ
ɮ

Ø

:

ς
ÑÌÎ
ʕ

ɮ
ÒȤÑ
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(2.47) 

And: 

 

ÌÎ ɾ Ñ ρȤÌÎ ʕʐ Ȥ
ʕʐ

В ʕʐ
 (2.48) 

Where Ò and Ñ are structural volume and area parameters of component É, respectively, 

and the adjustable parameter ʐ is representative of the pair interaction energies between 

components É and Ê.  Also, : is the lattice coordination number and ɮ and ʕ are the 

fractional volume and area of component É and are defined by: 

 ʕ
ÑØ

В ÑØ
 (2.49) 

And: 

 ɮ
ÒØ

В ÒØ
 (2.50) 

Combining Eq. (2.47) and Eq. (2.48), the UNIQUAC activity coefficient is calculated by: 

 ÌÎɾ ÌÎɾ ÌÎɾ  (2.51) 
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Several modified versions of the UNIQUAC model are implemented for characterising 

the paraffinic solid phase (see for example [2.13,2.14,2.53,2.70]). The modifications, for 

the most part, include changing standard segment definition (which, accordingly, changes 

the values of Ò and Ñ parameters), and revising the ʐ term.  In the current work, as 

suggested by Coutinho et al. [2.13], the UNIFAC parameter table is used to directly 

evaluate Ò and Ñ parameters for each component as a function of alkane carbon number, 

#., by:  

 Ñ πȢυτ #. πȢφρφ (2.52) 

And: 

 Ò πȢφχττ #. πȢτυσς (2.53) 

Also, the ʐ terms are related to pair interaction energy parameter,  ʇ by: 

 ʐ ÅØÐȤ
ʇȤʇ

Ñ24
 (2.54) 

Coutinho et al. [2.68] assumed that  ʇ of two non-identical components can be set equal 

to  ʇ, where É is the component with the shorter chain length in the pair of É and Ê. 

Furthermore, according to Coutinho et al. [2.68]  ʇ can be related to the pure 

componentôs sublimation energy of orthorhombic crystal by [2.68]: 

 ʇ Ȥ
ς

:
ɝ(subȤ24 (2.55) 

In Eq. (2.55), sublimation energy is calculated as the sum of paraffinôs vaporisation, solid-

solid transition and fusion enthalpies, i.e.: 

 ɝ(subɝ(f ɝ(trɝ(
vap

 (2.56) 

The vaporisation enthalpy of components, ɝ(
vap

, in this work is calculated with the 

correlations of Morgan and Kobayashi [2.77] described in Appendix A. The method for 

calculation of fusion and transition enthalpies of wax-forming component (ɝ(f and ɝ(tr, 

respectively) are described later on.   

To sum up, the combination of Eq. (2.45) and Eq. (2.46) (Prausnitz et al. [2.52] 

formulation) with the activity coefficients evaluated by UNIQUAC is utili sed to describe 
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paraffinic solid systems in this work.  Despite the excellent performance of Prausnitz et 

al. [2.52] approach at low pressures, it is not intended for high-pressure conditions [2.78] 

and results in poor predictions of wax phase boundary, amount and composition at high 

pressures. In fact, this approach requires an extended model so that it can be applied for 

high pressures.  Several attempts have been made so far, resulting in the development of 

different models for this purpose.  Each of these models had a degree of success. 

However, their performance is limited, especially for mixture where high size asymmetry 

in the constituents is present and the amount of light-end components is high, such as gas 

condensates and volatile oils.  In this respect, Chapter 3 is devoted to a comprehensive 

study of paraffinic solid-fluid equilibria under high-pressure conditions, where the 

evaluation of the existing models, development for new schemes and selection of the best 

method is discussed in detail.   

2.2.5. Calculation of Thermophysical Properties of Wax-Forming Components 

As mentioned earlier, throughout this work, it is assumed that normal paraffins are the 

only wax-forming components in the mixture.  Therefore, for these components, accurate 

evaluation of thermophysical properties is vital.  Experimental evidence has shown that 

similar to pure odd alkanes, the dominant crystalline structures in multicomponent solid 

solutions is an orthorhombic structure [2.76,2.79ï2.81].  This observation is also valid 

for cases where the paraffinic solid solution consists only of more than one even alkanes 

[2.82]. In this regard, except for cases where the solid solution is a pure even heavy 

paraffin, the thermophysical properties of paraffins, i.e., fusion temperature, 4f, solid-

solid transition temperature, 4tr, enthalpy of fusion ɝ(f and enthalpy of solid-solid 

transition, ɝ(tr, are evaluated using the correlations of Coutinho and Daridon [2.83]. In 

these set of correlations, the odd paraffins properties are extended by extrapolation to the 

even alkane properties [2.13] and are as follows:   

+ױ4  τςρȢφσȤρωσφτρς ÅØÐȤχȢψωτυ#.Ȥρ Ȣ  (2.57) 

 4 +ױ τςπȢτςȤρστχψτ ÅØÐȤτȢσττ#. φȢυωςȢ  (2.58) 

 ɝ(ÔÏÔ
+*

ÍÏÌ
ɝ(Æ ɝ(ÔÒױ σȢχχωρ#.ȤρςȢφυτ (2.59) 

 ɝ(Æ 
+*

ÍÏÌ
πȢππσυυ#.ȤπȢςσχφ#. χȢτππ#.ȤστȢψρτ (2.60) 

 ɝ(ÔÒ ɝ(ÔÏÔȤɝ(Æ (2.61) 
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According to Coutinho et al. [2.13] these set of correlations can be applied to calculate 

thermophysical properties of n-alkanes heavier than n-pentane. Furthermore, as 

mentioned earlier, the solid phase transitions occur for odd n-alkanes between n-nonane 

and n-hentetracontane and even alkanes between n-eicosane and n-tetracontane.  

Therefore, for the rest of alkanes, ɝ(ÔÒ is equal to zero and ɝ(ÔÏÔ is equal to ɝ(ÆȢ 

In the cases of binary asymmetric systems, where the solid phase is a pure even paraffin, 

the thermophysical properties of the paraffin used here are those reported in the 

comprehensive work of Dirand et al. [2.84]. 

There are some works in the literature that, however, propose a different set of 

correlations for thermophysical properties of n-alkanes based on the alkanes chain length 

parity [2.14,2.15,2.85]. These separate set of correlation not only overlook the structural 

behaviour of the wax solid solution but also would result in strange behaviours in wax 

calculation results as will be shown for an example case later in this chapter.  

2.2.6. Ice Phase Fugacity Calculation 

There are few occasions in this study where ice is present.  By applying the Poynting 

correction term, one can calculate the fugacity of ice, Æ, through modifying pure water 

fugacity at the same temperature [2.52]:   

 
Æ ʒ  0 ÅØÐ

Ö0Ȥ0

24
 (2.62) 

Here, 0   and ʒ  are the ice vapour pressure and the fugacity coefficient of water at 

the ice vapour pressure, respectively.  Also, the molar volume of ice, Ö, in (m3/mol) is 

calculated by [2.86]: 

 Ö ρωȢφςωρπȤ ςȢςσφτρπȤ 4ȤςχσȢρυ (2.63) 

In Eq. (2.62) 0  is calculated by Wagner et al. [2.87] correlation. 

2.2.7. Pure Components Critical/Physical Properties 

The critical and physical properties of pure components used in this work were taken 

from the DIPPR [2.88] database. Also, Twu [2.89] correlations for critical properties and 

Magoulas and Tassios [2.90] correlation for acentric factor (based on the suggestion of 

Kontogeorgis and Tassios [2.91]) are used for characterising the heavy normal paraffins 

absent in the DIPPR. The complete formulation of Twu [2.89] and Magoulas and Tassios 

[2.90] correlations are presented in Appendix A. 
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2.3. Multiphase Flash Calculations in Absence of Hydrates 

For the systems prone to form waxes and hydrates, the multiphase equilibrium calculation 

can be cumbersome.  This issue is partly due to the difficulty of devising a multiphase 

flash algorithm that can identify the formation of highly non-ideal hydrates (of different 

structures).  Furthermore, as discussed, waxes can precipitate in several separate solid 

solutions at T/P condition inside the paraffinic solid phase boundary.  Such complexities 

necessitate the development of a robust multiphase flash calculation for conditions where 

no information about number and nature of phases in equilibrium is known beforehand.  

In this section, the multiphase flash calculation implemented for the non-hydrate forming 

systems is detailed.   

For the case of multiphase flash in complex systems where the number and nature of the 

incipient phases in equilibrium is not known a priori, a flash calculation algorithm based 

on the ñGibbs free energy minimizationò concept is required.  Such a flash calculation 

should be coupled with a stability analysis routine.  The stability analysis will check if 

the compositions in solution are the real stable solutions i.e. they are corresponding to the 

global minimum of the Gibbs surface energy.  If the solution is not a stable one, the 

stability analysis can provide initial guess compositions to start a new flash calculation.  

In fact, a coupled Gibbs free energy minimization approach and tangent plane distance 

stability analysis is a widely used routine for determining the solution of a multiphase 

flash problem as stated by Michelsen [2.92]. In what follows, the details of the general 

multiphase flash is presented.   

The equilibrium calculation routines, traditionally, involve two sequential iterative 

processes, namely, the inner and the outer loops as shown schematically in Fig. 2.2.  

Providing the initial guess of the composition for each phase, the non-ideality of each 

phase is calculated in terms of fugacity coefficients in the outer loop.  The fugacity 

coefficients (often in the form of equilibrium ratio) are then fed into the inner loop where 

a multiphase solution algorithm is devised to calculate the incipient phasesô fractions for 

constant equilibrium ratios.  After convergence is achieved in the inner loop, the 

calculated phase fractions are used in the outer loop to update phase compositions.  The 

new compositions will again be used to calculate new fugacity coefficients in the outer 

loop which are again fed into the inner loop.   
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Fig. 2.2: Flow chart of the ñNo-Hydrate Flashò 

When the fugacities are calculated in the outer loop, before redoing the inner loop 

calculations, the error function, representing the isofugacity criteria, is calculated.  If the 

value of the objective function is more than the tolerance, the convergence is not achieved 

and the inner loop calculations is done again with the new phase compositions.  

Otherwise, the stability analysis will check whether the solution is stable, as shown in 

Fig. 2.2.  If not, the number of phases present at the initialization is increased by one and 

NHF is restarted.  A similar approach has also been utili sed by some authors [2.21,2.93]. 

The whole process discussed is presented in Fig. 2.2.  As shown in Fig. 2.2, at the 

beginning of each NHF a stability analysis is also performed upon the feed composition 

at the given T/P condition.  If the feed was stable, i.e. it was corresponding to a single 
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phase with the minimum energy in Gibbs energy surface, no flash calculation is done.  

Otherwise, compositions and phase fractions are initialized for the first inner loop 

calculation of the NHF.   

This part is devoted to detailed formulations of the steps required in the NHF.  The inner 

loop algorithm of the multiphase flash calculations throughout this work is the robust 

method of Michelsen [2.94] and is the same for both NHF and HF and is detailed in the 

next section. The complete description of the initialization of the compositions and phase 

fractions for NHF and the flash calculation outer loop is presented afterwards.  Details of 

the stability analysis method implemented here are then explained in Section 2.3.5.   

2.3.1. Flash Calculation Inner Loop 

The inner loop multiphase flash calculation in the current work (for both HF and NHF) is 

performed by applying the approach developed by Michelsen [2.94]. This method was 

proven to be robust and efficient and can also be extended to negative flash [2.95]. In this 

work this method, for the first time, was applied for flash calculation with hydrate phases 

(HF).  As this work focuses on regions constrained to non-negative phase amounts, the 

method in its original form is exploited as detailed below.  Similar to the derivation 

presented in the work of Yan and Stenby [2.96], for a given feed composition Ú with Î 

components and Î phases at equilibrium condition, the mass balance constraint requires: 

 Ùʃ Ú É ρȟȣȟÎ (2.64) 

Here Ù is the composition of component É in the phase Ê.  Based on the isofugacity criteria 

for each component in multicomponent multiphase system in equilibrium:  

 Ù ʒ 0 Ù ʒ 0 Ù ʒ 0Ễ Ù  ʒ 0 Æ É ρȟςȟσȟȣȟÎ (2.65) 

Where  ʒ  is the fugacity coefficient of component É in the phase Ê  and Æ is the fugacity 

of component É in the equilibrium condition.  Combining Eq. (2.64) and Eq. (2.65) gives: 

 
Æ

0 ʒ
ʃ Ú É ρȟςȟσȟȣȟÎ (2.66) 

Now by defining function % as: 

 %
ʃ

 ʒ
 É ρȟςȟσȟȣȟÎ (2.67) 
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Eq. (2.67) would be re-arranged as follows: 

 

Æ

0

Ú

В
ʃ
 ʒ

Ú

%
 É ρȟςȟσȟȣȟÎ 

(2.68) 

Then, the mole fraction of component É in phase Ê at the equilibrium is: 

 Ù
Ú

 ʒ%
 É ρȟςȟσȟȣȟÎ Ê ρȟςȟσȟȣȟÎ (2.69) 

Writing the overall Gibbs energy of a multiphase system at equilibrium: 

 
'

24

ρ

24
ʃ Ùʈ

ρ

24
ʈ Ùʃ

ρ

24
ʈÚ (2.70) 

Where the chemical potential of component É at equilibrium is: 

 ʈ ʈ 24ÌÎÆ (2.71) 

Then the overall Gibbs for the whole system at equilibrium can be written as: 

 
'

24

ρ

24
ʈÚ

ρ

24
ʈÚ ÚÌÎÆ  (2.72) 

Substituting Eq. (2.68) into Eq. (2.72) one can find: 

 
'

24
ʈÚ

ʈ

24
ÌÎÚ0 Ȥ  ÚÌÎ %  (2.73) 

Where the first term of right-hand side representing the ideal mixing contribution which 

is constant for a given composition at isothermal-isobaric flash.  Therefore, minimizing 

the Gibbs free energy is equivalent to minimizing the second term on the right-hand side 

for phase fractions.  Finally, by avoiding to treat phase fractions as dependent variables 

Michelsen [2.94] devised a re-formulation of phase equilibrium calculation in terms of a 

minimization problem where the objective function 1 is defined as: 

 1 ʃȤ Ú ÌÎ%  (2.74) 

Subject to non-negativity of phase fractions ʃ at global minimum (ʃ π). The 

minimization of 1 is equivalent to solving: 

 
Ћ1

Ћʃ
ρȤ

Ú

% ʒ
π Ê ρȟςȟσȟȣȟÎ (2.75) 

Then, as mentioned, at the solution, Ù ÚȾ%ʒ is used to calculate the value of mole 

fractions (these new compositions are in fact calculated in the outer loop).  An interesting 
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feature of the objective function 1 is that its Hessian is at least positive semi definite.  The 

Hessian of 1 is: 

 (
Ú

% ʒʒ
 (2.76) 

Michelsen [2.94] states that (with rare exceptions) the Hessian matrix is positive definite 

when the number of phases is less than or equal to the number of components in which 

case 1 would become strictly positive definite hence have a unique minimum [2.97]. This 

will guarantee a descent step which makes the Newton method ïcoupled with a proper 

line search algorithmï an excellent candidate to solve Eq. (2.75).  Details of a proper line 

search algorithm can be found elsewhere [2.93,2.98].  Based on the Michelsen method 

the presence or absence of a phase in equilibrium is specified by: 

 
Ћ1

Ћʃ
π      
π      

ÐÈÁÓÅ Ê ÉÓ ÐÒÅÓÅÎÔ ʃ π        

ÐÈÁÓÅ Ê ÉÓ ÎÏÔ ÐÒÅÓÅÎÔ ʃ π
 (2.77) 

In fact at the solution, Ћ1Ћʃϳ π for an absent phase Ê is equivalent to ВÙ ρ which 

does not meet the stability criterion [2.99] hence the phase Ê would become absent. 

Therefore, the method checks the presence of phases by evaluating a term equivalent to 

stability constraint.  If the constraint is not met the absent phase Ê would be reactivated in 

the next iteration of the outer loop.  It should be pointed out that by imposing the 

constraint on the unity summation of phase fraction, one can also reduce the number of 

equations to ÎȤρ.  This in turn increases the complexity of the algorithm as care should 

be taken while the dependant phase is disappeared (see [2.94,2.96] for more details). This 

is an important issue with some other existing models (models based on the Gupta et al. 

[2.100] formulation) where considerations should be taken when the reference phase is 

disappeared. However, as shown, here no reference phase is required.  An in depth 

description of the Michelsen algorithm can be found elsewhere [2.21]. 

2.3.2. Flash Calculation Outer Loop 

As shown schematically in Fig. 2.2 the outer loop of the flash involves calculating the 

fugacity coefficient of each phase and feeding the inner loop.  When the fugacities are 

calculated, the objective error, ÅÒÆ is calculated as the summation of relative error in 

fugacities with respect to an arbitrary active phase (ÒÅÆ) by: 

 ÅÒÆ
ρ

Î

ÆȤÆ

Æ
 (2.78) 
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If the calculated error is less than the tolerance (here 10-12), the flash calculation is 

stopped.  Otherwise, the next inner loop multiphase flash is performed, and compositions 

are updated using Eq. (2.69).  In order to do a multiphase flash in systems with phases of 

different nature where different thermodynamic models (equation of state/activity 

coefficient model) are used to describe the non-idealities of the phases here (CPA for 

vapour, liquid and aqueous phases, vdWP for hydrates, é) there should be a comparative 

procedure which identifies the nature of a given phase composition in the way that 

guarantees the minimization of overall Gibbs energy of the system.  Similar to the overall 

Gibbs free energy of a system, Gibbs free energy of a single phase Ê can be written as: 

 
'

24
Ù
ʈ

24
ÙÌÎÆ (2.79) 

The first term of the right-hand side of Eq. (2.79) is representing the ideal mixing 

contribution which is constant for a given composition at isothermal-isobaric flash.  

Therefore, in the current work, the type of the given fluid phase is identical to the type 

assigned by the thermodynamic model for which the second term of the right-hand side 

equation is minimised, and this routine enables reverting the wrongly assigned fluid phase 

types in the initialization to the correct phase type.  This phase type identification 

algorithm is the same for both NHF and HF. 

As mentioned, after convergence in the inner loop, the compositions should be updated 

in the outer loop of NHF for the next iteration which is achieved by using Michelsen 

formulation (Eq. (2.69)).  

2.3.3. Initialization of Compositions and Phase Fractions 

Initialization of the compositions and phase fractions in the multiphase flash calculation 

algorithms is a major step in each flash calculation algorithm (see Fig. 2.2).  For the initial 

guess of compositions in presence of water, it is assumed,  for the first flash calculation 

in the NHF step, that at least 4 phases should be initialized corresponding to vapour 

hydrocarbon (V), liquid hydrocarbon (L), liquid aqueous (Aq) and a single solid wax 

phase (S).  The first phase for which the initial compositions are evaluated is the liquid 

hydrocarbon phase by observing mass balance criteria, i.e.: 

 Ø
Ú

ʃ + Ȥρ ʃ + Ȥρ ʃ + Ȥρ
 (2.80) 

In Eq. (2.80), Ú is the overall composition, ʃ is the molar phase fraction of phase Ê and 

Ø is the mole fraction of component É in the liquid hydrocarbon phase.  The method of 
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Ballard and Sloan [2.101] is used to evaluate equilibrium constants between liquid and 

vapour phases, + . Aqueous to liquid equilibrium ratios, + , is set equal to + +ϳ , 

where +  is the vapour to aqueous equilibrium ratio calculated by the method of Ballard 

and Sloan [2.101]. The paraffinsô solid to liquid equilibrium ratios are estimated by: 

 +

π                                                                         

ÅØÐ
ɝ(É
f

24
ρȤ
4

4É
f

ɝ(É
tr

24
ρȤ
4

4É
tr
     

ÉȡÎÏÎ ×ÁØ ÆÏÒÍÉÎÇ ÃÏÍÐÏÎÅÎÔ

  Éȡ×ÁØ ÆÏÒÍÉÎÇ ÃÏÍÐÏÎÅÎÔ          
 (2.81) 

The method of calculating the thermophysical properties in Eq. (2.81) is the same as 

discussed earlier.  Having calculated Ø, the composition of the remaining phases for the 

initial flash calculation are evaluated by: 

 Ø +  Ø (2.82) 

 Ø +  Ø (2.83) 

 Ù +  Ø (2.84) 

Where Ø and Ø  are the mole fractions of component É in the solid wax and liquid 

aqueous phases, respectively, and Ù is the mole fractions of component É in the vapour 

phase.  The initial molar phase fractions can be estimated by: 

 

ʃ

 Ú     
ρȤÚ

ÎȤρ
    

     ÊḊ!ÑÕÅÏÕÓ ÐÈÁÓÅ              

ÊḊ.ÏÎȤÁÑÕÅÏÕÓ ÐÈÁÓÅ
 (2.85) 

Here, Ú   is the mole fraction of water in the feed and Î is the initialized number of 

phases which for the initial flash is set equal to four.  Obviously, in absence of water in 

the system (which is the case for the systems studied in this chapter and Chapter 3), Ú   

is zero and the phase fractions are initialized equally.  Also, if wax-forming components 

are not present in the mixture (which is the case for the systems studied in Chapter 3) it 

is only required to set ʃ equal to zero.  As mentioned, when convergence is achieved in 

the inner loop, the stability analysis is performed to check whether the solution is 

corresponding to the Gibbs energy surface global minimum (see Fig. 2.2).  If not, for the 

next flash calculation Î is increased by one and this new phase is assumed to be a waxy 

solid phase with the composition calculated by: 

 
Ø

πȢωωπȢπρ Ú     
πȢπρ Ú       

É É

É É
 (2.86) 
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Here, É is the heaviest paraffinic component for which the Eq. (2.86) composition is not 

created.  Therefore, for example, if the flash results where again unstable, for the next 

flash, É would be the penultimate heavy component, and so on.  This way the presence 

of more than one waxy solid phase can be safely modelled.  This is similar to the 

initialization scheme of Phoenix and Heidemann [2.102], except that in their work the 

compositions defined by Eq. (2.86) are treated as liquid phases. For subsequent flashes, 

Eq. (2.85) is again used for initializing the molar phase fractions.  

2.3.4. Considerations for Non-hydrate and Non-wax Formers 

The non-solid (wax and hydrates) formers present in the mixtures studied here are 

categorised into two groups: (i) non-hydrate-formers (ii) non-wax formers.  The second 

group is itself divided into non-normal alkanes and alkanes with carbon number less than 

or equal to ñCut-off Carbon Numberò (CNCO).   

It is indeed of high importance to introduce a reasonable CNCO.  Partly, if all the paraffinic 

fractions are allowed to be precipitable, it would result in an overestimation of the amount 

of precipitates [2.54]. Also, as confirmed by experimental evidences, even for wax 

precipitation in a mixture with a broad range of alkanes, e.g. a mixture of n-hexane to n-

hexatriacontane in the work of Pauly et al. [2.28], where partial miscibility exists between 

all constituents due to the continuous distribution of alkanes in the mixture, the 

components lighter than n-tridecane are not present in wax precipitates even at low 

temperatures (around 250 K). More experimental works confirming the absence of light 

components in the waxy solid precipitates can be found elsewhere [2.82].  

To avoid non-solid-formers to be precipitable (i.e. prohibiting non-hydrate-formers to be 

present in the hydrate phase and non-wax-formers in the wax phase), it is just required to 

assign a very large (say 10100) value for their fugacity coefficient in the phase type in 

which they should be absent.  This way they do not contribute to the value of % of that 

component, defined in the inner loop of the flash (see Section 2.3.1).   

2.3.5. Stability Analysis 

Stability of the incipient phases calculated with the multiphase flash is here checked using 

the algorithm developed  by Michelsen [2.99] which is based on the concept of Gibbs 

Tangent Plane Distance (TPD) [2.103]. Given the overall feed/phase composition Ú, the 

algorithm tries to find all stationary points of the Gibbs energy hypersurface by solving 

the Michelsen TPD function, starting from a set of trial compositions.  It is proved that in 

order for feed/phase composition Ú to be stable it is necessary for the TPD function of Ú 
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to be non-negative in all trial compositions.  The TPD is defined as a function of trial 

compositions Ù of Î components in the following way: 

 40$Ù ÙʈÙȤʈÚ

 

ÙÌÎÆÙ ȤÌÎ ÆÚ

 

 (2.87) 

Where the right-hand side equation represents the TPD function in fugacity where Ú is the 

feed composition and ʈ and Æ are the chemical potential and fugacity of component É.  

Michelsen [2.99] presented a modified version of the TPD function which has  the same 

stationary points as the TPD function and is expressed as follows: 

 

40$ɕ9 9ÌÎ9 ÌÎ ʒ 9 ȤÌÎÚ ÌÎ ʒ Ú ρȤ 9  
 

(2.88) 

Where: 

 9 Ù ÅØÐ ÌÎÙ ÌÎʒ Ù ȤÌÎÚ ÌÎʒ Ú  (2.89) 

The values of 9 can be formally viewed as mole numbers [2.99]. Therefore, the stationary 

points need to fulfil the following equation: 

 
Ä40$ɕ

Ä9
ÌÎ9 ÌÎʒ 9 ȤÌÎÚ ÌÎʒ Ú π (2.90) 

The traditional approach to solving the above equation is to use successive substitution 

algorithm (SSI) which provides new guesses of trial solutions by rearrangement of the 

above equation in the following form: 

 ÌÎ9 ÌÎʒ 9 ȤÌÎÚ ÌÎʒ Ú  (2.91) 

It is noteworthy that although the SSI method is incredibly powerful in finding the 

stationary points, it is very slow and is not feasible for many practical PVT calculations 

([2.104,2.105]). An obvious way to increase the convergence speed is to apply the 

Newton method, i.e., through the following equation: 

 (Ў9 ᶯ40$ɕ9  (2.92) 

Where the components of the Hessian matrix ( are: 

 (
Ћ40$ɕ

Ћ9Ћ9

ɿ
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Ћ9
 ÉȟÊ ρȟςȟȣȟÎ (2.93) 
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Here ɿ  is the Kronecker delta.  It is not, however, always feasible or even possible to 

evaluate derivatives of the logarithmic fugacity function [2.105]. A very good 

workaround to this problem is to calculate an approximate Hessian matrix using the 

BroydenïFletcherïGoldfarbïShanno (BFGS) algorithm which is a very strong strategy 

for quasi-Newton approach with a superlinear convergence rate [2.106]. Using the BFGS 

method, the value of ɻ which is an alternative form of 9 and is defined as ςЍ9 by 

Michelsen [2.99]  is updated through: 

 ɻ ɻ Ç"Ȥ  (2.94) 

Where Ë is the iteration index.  Here " is the approximate Hessian matrix and its inverse 

can be directly calculated in an iterative manner from: 

 "Ȥ "Ȥ
ÓÇ Ç"ȤÇ ÓÓ

ÓÇ
Ȥ
"ȤÇÓ ÓÇ"Ȥ

ÓÇ
 (2.95) 

Where: 

 Ó ɻ Ȥɻ (2.96) 

And: 

 Ç & Ȥ&  (2.97) 

Where: 

 &
Ћ40$ɕ9

Ћɻ
9 ÌÎ9 ÌÎʒ 9 ȤÌÎÚ ÌÎʒ Ú  (2.98) 

Therefore by utili sing this method, no derivatives of the fugacity functions are required.  

Obviously, the direct calculation of the inverse approximate Hessian is another advantage 

of using BFGS method.  For every step of the Newton/Quasi-Newton approach to be a 

descent step, it is required for the Hessian/approximate Hessian matrix to be positive 

definite.  Unlike some Quasi-Newton [2.107] methods, this feature is guaranteed for the 

BFGS algorithm. It is proved that the " matrix in each iteration inherits positive 

definiteness from the " matrix in previous iteration [2.98]. It is sufficient for " (initial 

estimate for approximate Hessian matrix) to be set equal to the identity matrix [2.105] 

which also meets the positive definiteness need for the initial guess of approximate 

Hessian.  
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To identify trivial solutions, Michelsen [2.99] defined a convergence term Ò and stated 

that if the absolute value of ρȤÒ  becomes smaller than 0.2 the corresponding trial 

composition is a trivial solution and should be eliminated from the set of trial 

compositions. The convergence term Ò is defined as follows: 

 
Ò9

ς 40$ɕ9

В 9ȤÚ 
Ä40$ɕ

Ä9Ȥ

 
(2.99) 

After convergence is achieved, the feed composition Ú is stable only when for all trial 

compositions В9 ρ [2.99]. In the current work a combination of trial compositions 

calculated using the Wilson correlation [2.108] and those suggested by Li and Firoozabadi 

[2.109] are used. As suggested by Li and Firoozabadi [2.109] it is sometimes sufficient 

to check the stability of the phase with highest molecular weight to see if the solution is 

stable as, according to Li and Firoozabadi [2.109], if the low molecular weight phase(s) 

at equilibrium are chosen as the stability test phase, an incorrect path of iterations may be 

taken.  This choice would also further increase the speed of calculations.  

2.4. Model Evaluations 

As mentioned, the thermodynamic models described in Section 0 are integrated to form 

the UCV model.  The evaluation of the UCV model for hydrate forming systems is the 

subject of Chapter 4, where the development of the Hydrate Flash is detailed.  Also, as 

mentioned earlier, a thorough investigation of the models to extend Prausnitz et al. [2.52] 

formulation (Eq. (2.45) and Eq. (2.46) combination) for wax formation at high pressures 

is discussed in Chapter 3. For all the cases studied in this chapter and Chapter 3, the term 

solid is referring only to paraffin wax.  Furthermore, the mutual interaction of waxes and 

hydrates are thoroughly discussed in Chapter 5.  Therefore, in what follows in this 

chapter, in a few examples, the robustness of the UCV model for modelling wax 

formation in the absence of water at the reference pressure of 0.1 MPa is represented.  

2.4.1. Wax-Formation in Absence of Water at Reference Pressure  

The UCV model is reduced to the UNIQUAC-SRK model for the wax forming systems 

in the absence of polar component (in this work only water).  The application of this 

model coupled with the No-Hydrate Flash detailed in Section 2.3 will be presented here 

with some examples with a focus to prove the accuracy of the model as well as the flash 

calculation robustness.  The accuracy of the model to quantify the non-ideality of the 

paraffinic solid phases is tested using three mixtures BIM3, BIM5 and BIM9 for which 
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the amount and composition of the precipitated solid waxes are available [2.110]. These 

systems have been selected as their heavy componentsô bimodal distributions have 

significant n-alkane gaps, which as discussed earlier, results in the possibility of forming 

two separate paraffinic solid solutions at sufficiently low temperatures.  Fig. 2.3 

represents the application of the model to evaluate the Wax Precipitation Curve (WPC) 

for these systems compared to experimental data [2.110]. As seen in Fig. 2.3 the model 

predictions are in good agreement with experimental data, and the UNIQUAC model is 

capable of showing the singularity in the WPC attributed to the appearance of the second 

lighter wax solid phase.   

 

Fig. 2.3: Overall weight percent of paraffins precipitated (including all paraffinic solid phases) by 

decreasing temperature at 0.1 MPa for three mixtures BIM 3, BIM 5 and BIM 9; Lines: Calculated using 

UNIQUAC for non-ideality of the solid phases; Circles: Experimental data [2.110] 

Examples of multiphase flash calculation results using the UCV model for BIM 9 at two 

temperatures (285 K which is above the inflation temperature and, 280 K, which is below 

the inflation temperature) are presented in Table 2.7.  As can be observed in this table the 

multimodal composition of BIM 9 mixture (which has the alkane gap between n-docosane 

and n-dotriacontane) would result in two separate solid solutions to form at sufficiently 

low temperature (T = 280 in Table 2.7) each one is rich in a series of neighbouring alkanes 

with high degree of co-solubility. 

Furthermore, examples of the calculated weight percent of components in the overall 

waxy solid part (including all paraffinic solid phases identified) for two different 

temperatures in BIM 5 are shown in Fig. 2.4.  Similar to the previous example, the chosen 

temperatures cover conditions where both single (298.15 K) and two (273.45 K) 
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paraffinic solid phases form.  Again an excellent agreement between experimental and 

modelling results in terms of the paraffins distribution in the waxy solid part is observed 

which demonstrates the accuracy of UNIQUAC to characterise the non-ideality of the 

paraffinic solid phase in the integrated UCV model.   

Table 2.7: Example flash calculation results of UCV model for BIM 9 [2.110]. 

T = 280 K T = 285 K 

Phase type L  S2 S1 L  S1 

Molar Fraction 0.9530 0.0257 0.0213 0.9792 0.0208 

Phase Compositions 

n-Decane 0.8392 0.0122 0.0080 0.8171 0.0070 

n-Octadecane 0.0493 0.0190 0.0015 4.84E-02 0.0012 

n-Nonadecane 0.0398 0.1044 0.0033 4.15E-02 0.0023 

n-Eicosane 0.0308 0.2139 0.0043 3.56E-02 0.0033 

n-Heneicosane 0.0228 0.3159 0.0053 3.05E-02 0.0045 

n-Docosane 0.0178 0.3341 0.0070 2.61E-02 0.0063 

n-Dotriacontane 0.0001 0.0003 0.2542 3.17E-04 0.2520 

n-Tritriacontane 6.98E-05 9.90E-05 0.2211 1.60E-04 0.2219 

n-Tetratriacontane 3.61E-05 3.98E-05 0.1904 8.52E-05 0.1925 

n-Pentatriacontane 2.45E-05 2.09E-05 0.1639 5.91E-05 0.1659 

n-Hexatriacontane 1.48E-05 1.48E-05 0.1409 3.67E-05 0.1431 

It is also worth noting here that using a set of correlations which calculates 

thermophysical properties as a function of carbon number parity, such as Ji et al. [2.14] 

method, would result in oscillations observed in the overall composition of the waxy part.  

This issue is noted in some modelling works (see for example [2.14,2.34]).  This 

behaviour does not have any physical meaning as shown for an example in Fig. 2.5.  In 

this figure, the composition of BIM 0 mixture [2.110] waxy part at 285 K and 0.1 MPa is 

calculated and compared to experimental data. The calculations are made with the 

thermophysical properties evaluated by using the Coutinho and Daridon [2.83] method 

and Ji et al. [2.14] method. As opposed to Ji et al. [2.14] method, no oscillation is observed 

in the results obtained using thermophysical properties evaluated by Coutinho and 

Daridon [2.83] method which agrees with the real behaviour (see experimental 

composition Fig. 2.5). Furthermore, as observed in Fig. 2.5, application of Coutinho and 

Daridon correlations [2.83] for this case gives a better match with experimentally 

measured composition. 
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Fig. 2.4: Weight percent distribution of components in the overall paraffinic solid part of BIM 5 at 0.1 

MPa and two different temperatures compared to experimental data [2.110] 

 

Fig. 2.5: Weight percent distribution of components in the overall waxy part of BIM 0 at 283.5 K and 0.1 

MPa with thermophysical properties of n-alkanes calculated by Coutinho and Daridon [2.83] correlations 

(solid line) and Ji et al. [2.14] correlations (dashed line) compared to experimental data (Circles) [2.28] 
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2.5. Conclusions 

Evaluation of complex wax and hydrates forming systems requires the application of 

robust multiphase flash algorithms and accurate thermodynamic models.  Due to the 

presence of associative hydrogen bonds between water molecules, the CPA EoS is utili sed 

here to model the fluid phase.  The non-ideality of solid waxy phases are described with 

the UNIQUAC activity coefficient model which offers several advantages over other 

models for describing paraffinic solid precipitation, including the capability to show the 

precipitation of wax in the form of more than one solid phase.  The most widely used 

model to describe non-ideality of hydrate phase, i.e. the vdWP model is also utili sed here 

for calculating fugacity of water in the hydrate phases.  The detailed description of these 

models, as well as the complete formulation of the multiphase flash algorithm in non-

hydrate-forming systems, was presented in this chapter.  The robustness of the integrated 

model, in this chapter, was checked for some wax-forming systems in the absence of 

water and at low-pressure.  The flash calculation based on the Gibbs free energy 

minimization concept proved robust in identifying presence of more than one wax phase.  

The comparison of the results obtained with the experimental wax phase boundary and 

amount data proves the accuracy of the combination of UNIQUAC with a cubic EoS 

īwith binary interaction parameters evaluated by a group contribution methodī for wax 

precipitation modelling.  
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CHAPTER 3:  WAX  PRECIPITATION AT HIGH -PRESSURE 

CONDITIONS  

3.1. Introduction  

The pressure can have a significant effect on the wax phase boundary (see for example 

[3.1,3.2]).  In fact, as outlined by Pauly et al. [3.3], in mixtures with significant light end 

proportions, the pressure change can considerably affect the chance of wax formation 

through retrograde condensation, depressurization and Joule-Thomson effects.  Several 

thermodynamic models have been proposed in the literature for estimating wax 

precipitation onset and the amount of wax formed inside the wax phase boundary at 

pressures higher than the reference state pressure.  As mentioned earlier in Chapter 2, the 

performance of existing models are (as will be shown later) reasonable at low-pressure 

conditions as long as accurate thermodynamic models for the description of fluid and 

solid phases as well as a precise correlation for calculating thermophysical properties of 

alkanes are utilised.  However, paraffinic solid-fluid equilibrium (SFE) calculations at 

high pressures using existing methodologies may show high deviations compared to 

experimental data, more visibly in systems of high asymmetry with large proportions of 

the light end which are the main subject of this chapter.  The main motive for studying 

such systems is their resemblance of volatile oils and gas condensates which might form 

wax [3.1,3.4]. With similar intention, a handful of experimental research in the literature, 

mainly on binaries, have been focused on SFE in highly asymmetric systems.   

The purpose of this chapter is the development of a new thermodynamic model for the 

extension of the accurate existing scheme described in Chapter 2 for SFE modelling to 

high pressures.  The conventional methods for high-pressure SFE modelling use the 

thermophysical properties of constituents defined in the reference pressure state to 

evaluate the fugacity of components in the solid phase in the reference pressure.  These 

fugacities are then used, by using an estimate of the Poynting molar volume integration 

term, to calculate the paraffin solid phase non-ideality at high pressures.  Here, in contrast, 

with a different strategy to approach the problem, the developed method exploits the 

values of thermophysical properties of importance in SFE modelling (temperatures and 

enthalpies of fusion and solid-solid transition) evaluated at the high-pressure condition 

using a new insight to the well-known Clausius-Clapeyron equation.  These modified 

parameters are then used for evaluation of the fugacity in the solid phase at higher 

pressure using the fugacity of pure liquid at the same pressure and applying the well-
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established formulation of the Gibbs energy change during melting.  Despite those 

approaches in the literature which have used the Clausius-Clapeyron formulation to 

modify the Poynting term, here, this equation is used to accurately estimate the high 

pressure enthalpies of fusion and solid-solid transition.  Therefore, the approach devised 

does not require a Poynting correction term.  A modification of another existing approach 

(which as well doesnôt require Poynting correction) is also presented here.  The highly 

accurate model presented, however, calls for an adjustable parameter for which common 

values are provided.  The devised approach, the revisited model and the other existing 

methods are all coupled with thermodynamic models described in Chapter 2 for 

calculating non-idealities of different highly assymetric systems to perform evaluations.  

The next section provides the background on the modelling wax precipitation at high 

pressures and the complete formulation of the developed model and a modification of an 

existing method.  An extensive comparison of the devised methodology with the existing 

models is then provided in the Results and Discussions section of this chapter. 

3.2. Modelling Wax Formation at High Pressures 

As described earlier in Chapter 2, assuming that the Gibbs free energy change due to 

thermal contributions during phase changes (heat capacity effect) are negligible, the 

fugacity of paraffins in the solid solution, ÆS, are well-established to be calculated by 

[3.5]: 

 Æ3 Ø3 Æɕ ɾ3 Ø3 ɾ3 ÆɕÅØÐȤ
ɝ(Æ

24
ρȤ
4

4Æ
ɝ(ÔÒ

24
ρȤ
4

4ÔÒ
 (3.1) 

Using Eq. (3.1) as well as an accurate thermodynamic model to describe fluid phases and 

a robust activity coefficient model to calculate activity coefficient of components in the 

solid solution, ɾS, one can easily specify the solid-fluid equilibrium state characteristics 

by applying a robust multiphase flash algorithm.  The application of Eq. (3.1) requires 

accurate values of thermophysical properties which are normally measured at components 

triple point pressure.  Therefore, precise evaluation of wax phase boundary at sufficiently 

low pressures near to the reference state pressure (in this work 0.1 MPa) is an easy task, 

provided that a combination of strong thermodynamic models are utilized.  One such 

combination, as applied in the current work and detailed extensively in Chapter 2 consists 

of: (i) CPA-SRK EoS [3.6] (which is reduced to SRK EoS [3.7] when no polar 

components are present in the mixture as it is the case for this chapter results) which is 
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used to describe fluid phases with binary interaction parameters calculated by Jaubert and 

Mutelet [3.8] group contribution scheme as presented by Qian et al. [3.9] (ii) Coutinho 

and Daridon [3.10] correlation for evaluation of thermophysical  properties of n-alkanes 

at reference pressure, 0 (for systems in which the solid phase is a pure even paraffin, the 

thermophysical properties are those reported by Dirand et al. [3.11]) (iii)  the UNIQUAC 

activity coefficient model in its original form as developed by Abrams and Prausnitz 

[3.12] which is used to evaluate paraffinic solid components activity coefficients in solid 

solution, ɾS. The detailed description of these models along with examples to show the 

robustness of their integration are previously presented in Chapter 2.  

For high pressures, generally, two approaches can be utili sed to evaluate fugacity of 

components in the solid solutions in complex multicomponent waxy mixtures: 

1. Poynting term models: In these models, the fugacities of the solid phase(s) evaluated 

at the reference pressure (using Eq. (3.1)) are translated to higher pressures using a 

Poynting correction term i.e.: 

 Æ 4ȟ0ȟØ Æ 4ȟ0ȟØ ÅØÐ
Ö

24
Ä0 ØS Æɕ ɾSÅØÐ

Ö

24
Ä0 (3.2) 

Here, Ö is the molar volume of component É in solid solution and 0 is the reference 

pressure (0.1 MPa).  Examples of this type are the works of Pauly et al. [3.13], 

Morawski et al. [3.14], Ghanaei et al. [3.15,3.16] and Nasrifar et al. [3.17].  Correct 

calculation of the Poynting correction term requires an accurate model to evaluate 

the molar volume of components in the solid solution.  Due to scarcity of 

experimental data to develop such a model, different authors have presented a variety 

of methods to estimate the Poynting term.  Pauly et al. [3.13] have assumed that the 

molar volume of components in solid solution is equal to the pure components molar 

volume in the liquid state multiplied by a pressure independent constant variable ɼ 

through: 

 
Ö

24
Ä0

ɼÖ

24
Ä0 ɼ

ÌÎ Æɕ 0

ÌÎ Æɕ 0
 (3.3) 

Where Ö and Ö are the molar volume of the pure normal alkane É in the solid and 

liquid states, respectively.  The assumption of a constant pressure-independent ɼ 

contradictsthe fact that by increasing pressure, reduction in the liquid molar volume 
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of a component is to higher extents than in the solid state.  Morawski et al. [3.14] 

used Clausius-Clapeyron equation to modify ɼ, though again ɼ is considered to be 

pressure independent.  They also assumed that enthalpies of fusion and solid-solid 

transition of normal alkanes are pressure independent.  Furthermore, Morawski et al. 

[3.14] model requires evaluation of a composition-dependant adjustable parameter 

and in this sense is not fully predictive. The works of Nasrifar and Fani-Kheshty 

[3.17] and Ghanaei et al. [3.15] are modifications of the Morawski et al. [3.14] model, 

attempting to remove the adjustable parameter.  Accordingly, Nasrifar and Fani-

Kheshty [3.17] proposed the following formulation for the Poynting term: 

 
Ö

24
Ä0 Ȥɿ

ɝ(f ɝ(tr

24
0Ȥ0  (3.4) 

Here, ɿ is a constant equal to 0.002 m3/kmol obtained by fitting WDT of pure normal 

paraffins.  However, Ghanaei et al. [3.15], by assuming constant slopes for the 

change of fusion and solid-solid transition temperatures of pure paraffins by 

increasing pressure, developed the following formulation for the Poynting term: 
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 (3.5) 

Based on Ghanaei et al. [3.15], with an accurate estimate and regardless of the carbon 

number of the pure alkane the values of 4.5 MPa.K-1 and 3.5 MPa.K-1 can be assigned 

to the slope of change of their saturation pressure with temperatures of fusion, 

Ä0ɕÄ4ϳ , and solid-solid transition, Ä0ɕÄ4ϳ , for all pure heavy alkanes.  To obtain 

these values, the authors have assessed a large database of experimental fusion and 

solid-solid transition temperatures of pure alkanes at high pressure reported in the 

literature [3.11,3.18ï3.24].  Based on the current study evaluations and some work 

in the literature (e.g. [3.14]), this assumption is indeed precise (it will be shown later 

on, utilized in a different scheme). This way they removed the need for parameter ɿ 

defined in Nasrifar and Fani-Kheshty [3.17] work. However in both methods the 

same assumptions, as that of Morawski et al. [3.15] hold.  It should be noted that 

Ghanaei and co-authors have also presented another high pressure wax model [3.16], 

again by devising a formulation for the Poynting term, developed a few years prior 

to their latest approach described here.  In the evaluations presented here, only the 
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performance of their most recent model is assessed.  Finally, there are other works in 

the literature estimating the Poynting term by assuming the solid phase to be 

incompressible and the liquid molar volumes are evaluated at average pressures.  Due 

to these questionable assumptions, especially in the cases studied here, such works 

are not assessed here. 

2. No-Poynting term models: In the second approach, the pure components solid 

fugacities are calculated at high pressure using Eq. (3.1) with the thermophysical 

properties evaluated at the same high-pressure 0, i.e. no Poynting correction term is 

required.  The method of Ji et al. [3.25] belongs to this group.  In this method, a linear 

correlation is used to evaluate 4f of alkanes at higher pressure, with an accurate 

estimate that the slope of change of fusion temperature of pure alkanes by increasing 

pressure,Ä0ɕÄ4ϳ  is a constant value for heavy alkanes (as discussed earlier).  

Therefore, one can write: 

  4 0  4 0
0Ȥ0

Ä0ɕ

Ä4

 (3.6) 

A constant of 5.0 MPa.K-1 for Ä0ɕÄ4ϳ  is suggested by Ji et al. [3.25]. In the original 

work of Ji et al. [3.25] the parameter  4 is the only thermophysical property of pure 

heavy alkane for which updated values are evaluated at higher pressures and the rest 

are held constant. Indeed, if  4 is the only thermophysical properties modified at 0, 

the model deviations from experimental behaviour can be significant at high 

pressures.  The same observation is made in the evaluations made by Nasrifar and 

Fani-Kheshty [3.17]. Therefore, here, apart from the new model developed, first, as 

a modified method, a revised version of Ji et al. [3.25] model is proposed, in which 

not only the fusion temperatures but also the solid-solid transition temperatures of 

pure alkanes are updated at high pressure similarly by:  

  4 0  4 0
0Ȥ0

Ä0ɕ

Ä4

 (3.7) 

In the modified Ji model, here it is proposed that the value of slopes Ä0ɕÄ4ϳ  and 

Ä0ɕÄ4ϳ  as suggested by Ghanaei et al. [3.15] i.e. 4.5 MPa.K-1 and 3.5 MPa.K-1, 

respectively, are utilised.  It will be shown later that, despite the simplicity of the 
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approach, the modified Ji method provides better results compared to that of 

ñPoynting termò methods.  As a final note to the methods in the second category, it 

is assumed that the activity coefficient of components in the solution is fairly constant 

with pressure.  This is a reasonable assumption.  In fact, differentiation of the 

logarithm of activity coefficient with respect to pressure yields [3.5]: 

 
ЋÌÎɾS

Ћ0
ȟ

Ö

24
 (3.8) 

To see the effect of pressure on the activity coefficient, the example case of binary 

n-pentane + n-hexadecane is considered.  For this highly asymmetric system, the 

absolute value of excess molar volume in the liquid state is reported [3.26] to be as 

high as -1.1581 cm3.mol-1 (for 0.7034:0.2966 molar ratio). Using this value in Eq. 

(3.8), at room temperature, a pressure change of 100 MPa is translated into only about 

4.5% change in activity coefficient.  Furthermore, the volume effect of mixing is 

decreasing by increasing pressure in paraffinic systems (see for example [3.27]) and, 

of course, the excess molar volume of solid solutions are smaller than that of liquid 

solutions. Therefore one would expect even much smaller changes in activity 

coefficient in the solid solution at high pressures, and hence the assumption of 

independence of activity coefficient from pressure is plausible. 

Based on several investigations, (and as will be shown for modified Ji, Pauly et al. [3.13], 

Nasrifar and Fani-Kheshty [3.17] and Ghanaei et al. [3.15] models) the performance of 

the methods in both categories are comparatively acceptable for mixtures of low 

asymmetry with overall compositions having a low amount of light ends.  The efficiency 

of the aforesaid methods, however, is poor in mixtures of high asymmetry which have 

high proportions of light ends, as will be presented later on.  The deviations become even 

more as the pressure increases.  This issue is addressed in some works [3.3] and seemingly 

has prevented the authors from accurately matching the experimental data with existing 

models. In this chapter, the aim is to tackle the problem of wax phase boundary estimation 

at higher pressure, especially for highly asymmetric systems, by developing a new model.  

Therefore, in this chapter, two new solid-fluid equilibrium high-pressure models based 

on ñNo-Poynting termò approach are presented, i.e. (i) the modified Ji model, described 

earlier and (ii) a new accurate scheme outlined in the next section.  The reason why two 

new methods are presented here will be discussed in the results section of this chapter.  
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3.3. New Proposed Method 

In this chapter, a new method based on the ñNo-Poynting termò approach is developed to 

model the non-ideality of paraffinic solid phases at high pressures.  The aim is to have 

accurate estimations of thermophysical properties of paraffins at high pressure, using their 

values in the reference state and a proper formulation to modify them to account for the 

high-pressure effect.  Prior to discussing the development of the model, to have a better 

understanding the of solid-fluid equilibrium behaviour of highly asymmetric systems, 

investigations are first carried out for simple binary systems of high asymmetry, for which 

experimental solid-fluid phase boundary data are available.  According to Seiler et al. 

[3.28] Eq. (3.1) can be extended to the high-pressure range if the pressure dependence of 

both enthalpies of fusion and the solid-solid transition is taken into consideration. 

Therefore, first the change of the enthalpy of fusion by pressure in asymmetric systems 

is investigated.  For a binary system of a light non-precipitating component and a heavy 

alkane which does not show the solid-solid transition, Eq. (3.1) is reduced to: 

 
 Æɕ 0

 Æɕ 0
ÅØÐ

ɝ(f

24
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4f0
ÅØÐ
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ρ

4
Ȥ
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Here, subscript ( denotes the heavy alkane in the binary mixture.  Obviously, in the case 

of such system, the solid phase is a pure heavy alkane.  Therefore: 

 Æ3 Æɕ  (3.10) 

For the case of solid-liquid equilibria, the equality of fugacities of the heavy component 

in solid and liquid state, combined with the fact that at the solid formation boundary the 

composition of the liquid is the same as the feed composition, results in:  

 ÆS Æ,4ȟ0ȟÚ  (3.11) 

Here, Ú is the mole fraction of heavy alkane in the feed.  Combining Eq. (3.9) to Eq. 

(3.11), having T/P experimental data on the SFE boundary, the enthalpy of fusion of pure 

heavy alkane can be obtained by: 

 ɝ(f 2 ÌÎ
 Æɕ 0

ÆL0ȟ4ȟÚ
Ⱦ
ρ

4
Ȥ
ρ

4f0
 (3.12) 

Using Eq. (3.12) and the experimental melting T/P data for solid-liquid equilibria 

measured by Glaser et al. [3.29] for methane + n-hexadecane and van der Kooi et al. 
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[3.24] for methane + n-eicosane, where the mixtures have very high proportions of 

methane (greater than 70 mol%), and (Eq. (3.6)) to calculate 4f at the experimental 

pressures, the values of ɝ(f are calculated and the ratio ɝ(f to ɝ(f  (fusion enthalpy 

of heavy alkane at the reference pressure) is evaluated.  For the special case of calculating 

ɝ(f in the aforesaid binary mixtures, the binary interaction parameters used in SRK are 

tuned to adjust experimental saturation pressures of the selected systems, also reported in 

the same works [3.24,3.29]. The tuning of Ë is done in order to accurately calculate  Æ 

and to avoid possible errors due to poor fluid phase descriptions and it should not be 

confused with the Ë calculated by Jaubert and Mutelet [3.8] group contribution scheme 

to describe the fluid phase using SRK in the proposed model. The experimental bubble 

point data as well as the SRK EoS model results with matched Ë are presented in Fig. 

3.1.  In this manner, all the parameters in Eq. (3.12) are precisely evaluated.   

 

Fig. 3.1: Experimental bubble point pressure data for binary systems of methane + n-hexadecane [3.29] 

and  methane + n-eicosane [3.24] and the SRK EoS results with tuned Ë for each system. The tuned 

model is then used to calculate fusion enthalpies of n-hexadecane and n-eicosane using Eq. (3.12). 

The calculated ratios of ɝ(fȾɝ(f  are presented in Fig. 3.2.  Based on the results 

presented in this figure, for a fixed composition, a decreasing trend in ɝ( by increasing 

pressure is noticed.  In fact, for pressures as high as 100 MPa, up to ~15% decrease in 

ɝ( compared to ɝ(f  is observed.  Accordingly, the modification of ɝ(, and with 

analogy ɝ( , of heavy alkanes as a function of pressure can be proposed as a possible 

remedy for the problem of inaccurate wax phase boundary calculations of highly 

asymmetric systems at high pressures. 
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Fig. 3.2: The ratio of fusion enthalpy of heavy alkane at high pressure to the same parameter in the 

reference pressure (ȹH/ȹH0) evaluated by Eq. (3.12) using the T/P data of solid appearance boundary of 

binary systems methane + n-hexadecane [3.29] and  methane + n-eicosane [3.24] 

Here, the Clausius-Clapeyron equation [3.30] is used to take the dependency of ɝ( to 

pressure into consideration. Using Clausius-Clapeyron equation, for the fusion, one can 

write: 

 Ў( 0 Ö 0ȤÖ 0  4 0
Ä0ɕ

Ä4
 (3.13) 

As mentioned, for n-alkanes, with an accurate estimate, the fusion temperature 4changes 

linearly with pressure and the slope is a constant value independent of pressure and the 

carbon number of the pure paraffin.  Therefore, using Eq. (3.13), one can easily relate the 

enthalpy of fusion at high pressure 0 to the same property in reference pressure 0 by:  

 
Ў( 0

Ў( 0

Ö 0ȤÖ 0

Ö 0 ȤÖ 0

4 0

4 0
 (3.14) 

Here, as described, the fusion temperature of pure alkane at reference pressure (4 0  

is calculated by the correlations proposed by Coutinho and Daridon [3.10] except for the 

cases of binary asymmetric systems where the solid solution is a pure even normal alkane 

in which case for the heavy alkane É, 4 0  is taken from the work of Dirand et al. [3.11].  

Eq. (3.6) with 
ɕ

 of 4.5 MPa.K-1 as suggested by Ghanaei et al. [3.15] is used to calculate 

fusion temperature of pure alkane É at high pressure, 4 0. 
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As mentioned, based on Pauly et al. [3.13] one can relate the molar volume of heavy 

alkanes in the liquid state to the same value in the solid state by multiplying it with a 

constant value, i.e.: 

 Ö ɼÖ  (3.15) 

Where, according to Pauly et al. [3.13], for pure alkanes ɼ is equal to 0.86 and is assumed 

to be pressure independent.  For mixtures, due to excess volume effect they have 

suggested the value of 0.9 for ɼ.  A constant, pressure independent value, assigned for ɼ 

is questionable as obviously the effect of compaction due to high pressure is less in the 

solid state compared to liquid state.  Hence, one would expect that by increasing the 

pressure the value of ɼ should increase.  Accordingly, in this work, ɼ is defined to be 

pressure dependent, hereafter denoted as ɼ for fusion, assuming to increase linearly with 

pressure (in the simplest possible way) i.e.: 

  ɼ0   ɼ0 ɻ0Ȥ0  (3.16) 

Here ɻ is a positive constant.  Despite the simplicity of Eq. (3.16), as will be presented 

later on, the formulation devised proves very accurate.  Using the data reported by 

Schaerer et al. [3.31] an average value of 0.895 is assigned to ɼ0  which is representing 

the ratio of pure alkane liquid state to solid state molar volume at reference pressure (very 

similar to Pauly et al. [3.13] value of ɼ).  In this way Eq. (3.14) can be reduced to: 

 
Ў( 0

Ў( 0

ρȤɼ0

ρȤɼ0

4 0

4 0
 (3.17) 

Using the same approach, however with a different variable named ɼ  to make a 

distinction, for alkanes showing order-disorder solid-solid transitions, the following 

formula can be written to update Ў(  at high pressures: 

 
Ў( 0

Ў( 0

ρȤɼ 0

ρȤɼ 0

4 0

4 0
 (3.18) 

Again by using Schaerer et al. [3.31] data the value of 0.958 is assigned to ɼ 0  which 

represents the ratio of pure alkane disordered to ordered solid state molar volume at 

reference pressure.  Similar to fusion, as mentioned, the same trend in change of 4  of a 

pure alkane by pressure is observed, i.e. increasing with a constant Ä0ɕÄ4ϳ  of 3.5 

MPa.K-1 as suggested by Ghanaei et al. [3.15].  Therefore, Eq. (3.6) is used to 
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evaluate 4 0.  With the same approach applied for fusion as presented in Eq. (3.16), 

for solid-solid transition it is proposed that: 

  ɼ 0   ɼ 0 ɻ0Ȥ0  (3.19) 

In theory, the value of ɻ in Eq. (3.16) should be different from that of Eq. (3.19).  

However, the aim here is to have one adjustable parameter, and as will be shown later on, 

a single value of ɻ for both of the equations can accurately model highly asymmetric 

systems.  Having one adjustable parameter to model solid-fluid equilibrium at high 

pressures is acceptable (see for example Morawski et al. [3.14] and Rodriguez-Reartes et 

al. [3.32] models for paraffinic binary systems). To sum-up in the new approach the 

following steps should be taken to calculate non-ideality in the solid phase at high-

pressure 0: 

1. Using proper correlations/database the thermophysical properties of pure 

components i.e. 4f, 4tr, ɝ(f, ɝ(tr are evaluated at the reference pressure 0. 

2. With values of 4.5 MPa.K-1 for Ä0ɕÄ4ϳ  and 3.5 MPa.K-1 for Ä0ɕÄ4ϳ , Eq. (3.6) and 

Eq. (3.7) are used to evaluate 4f and 4tr , respectively, at high pressure 0.  

3. Adjusting the value of ɻ and using values of 0.895 for  ɼ0  and 0.958 for ɼ 0 , 

Eq. (3.16) and Eq. (3.19) are used to evaluate ɼ and ɼ , respectively, at high 

pressure 0.  Guidelines for assigning a correct value for ɻ will be presented in the 

results section. 

4. Using (i) the values of 4f and 4trat reference pressure  0 and their values at high 

pressure 0 (calculated in Step 2), (ii) the values of  ɼ and ɼ  at reference pressure 

 0 (i.e. 0.895 and 0.958) and their values at high pressures 0 (calculated in Step 3) 

and (iii) ɝ(f and ɝ(tr at reference pressure  0, (calculated in Step 1), Eq. (3.17) and 

Eq. (3.18) are used to evaluate ɝ(f and ɝ(tr, respectively at high pressure 0Ȣ 

5. Having calculated the value of all thermophysical properties at high-pressure P, Eq. 

(3.1) is directly used to evaluate the fugacity of components in the solid solution at 

high pressure. 

As described earlier, for the modification of Ji method, steps 3 and 4, are not required.  In 

fact, the modified Ji method is a special form of the, more general, new model proposed 

here for which: 
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Ў( 0

Ў( 0
ρ (3.20) 

 

And: 

 
Ў( 0

Ў( 0
ρ (3.21) 

As both modified Ji and the new model are proposed here, to make the distinction, 

hereafter, the term ñthis work modelò refers to the newly developed method, not the 

modified Ji model. 

3.4. Results and Discussions 

In this section, the performance of the developed model is compared with Ji et al. [3.25] 

(with the modification proposed in this chapter), Pauly et al. [3.13] Nasrifar and Fani-

Kheshty [3.17] and Ghanaei et al. [3.15] models.  It will be shown that the performance 

of all of these existing models in systems with lower proportions of the light end in 

moderate pressure ranges is good.  Therefore, the main focus here is on highly asymmetric 

systems of high proportions of the light end at high pressures, resembling gas condensates 

and volatile oils, for which experimental wax phase boundary data are available.  Data on 

such systems are scarce.  The uncertainty in the experimental wax phase boundary data 

used here to evaluate models is low as they are corresponding to WDTs which as 

discussed earlier in Chapter 1 are well established to be better representatives of the true 

thermodynamic melting point compared to WAT [3.33,3.34].  The evaluations are first 

carried out for binary asymmetric systems, then synthetic multicomponent asymmetric 

wax mixtures and are graphically represented for selected systems with low, moderate 

and high proportions of methane.   

Furthermore, reporting model errors from low to high-pressure range using Average 

Relative Error (ARE) percent, i.e. by: В 4 Ȥ4 Ⱦ4 ρππ can be misleading 

as the high temperature ranges would result is small AREs regardless of the model 

utilized.  Therefore, instead, the Average Absolute Error (AAE) is used for the 

comparisons which is defined by (.: number of points): 

 !!%Ϸ
ρ

.
4 Ȥ4 ρππ (3.22) 
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3.4.1. Binary Methane + Heavy Alkane Mixtures 

Here, the models results for binary asymmetric systems (with experimental wax phase 

boundary data available) methane + n-hexadecane [3.29], methane + n-heptadecane 

[3.20], methane + n-eicosane [3.24], methane + n-docosane [3.35], methane + n-

tetracosane [3.36] and methane + n-triacontane [3.37] are presented. A total of 457 data 

points of WDT in binary asymmetric mixtures are used for evaluations.  Here, the WDT 

data of asymmetric systems for which the data are not reported at high pressures of at 

least 50 MPa (e.g. [3.38ï3.43] for which the solid-fluid phase boundary data are reported 

up to 12 MPa), or the systems for which the uncertainty in the critical/physical properties 

of the heavy end component is high (e.g. [3.44]) are not used in evaluations. In all the 

systems evaluated wax phase boundary data in low to very high proportions of methane 

with a variety of molar ratios were measured.  The graphical comparisons are shown for 

selected low, moderate and high proportions of methane in example binary mixtures 

methane + n-heptadecane, methane + n-eicosane and methane + n-triacontane in Fig. 3.3 

to Fig. 3.5.  As the deviations of existing models are very high in the case of binary 

systems of methane + n-triacontane, depicting evaluation results in all proportions in a 

single graph makes interpretations difficult. Therefore it was decided to show them 

separately in the way presented in Fig. 3.5.  As the first major observation in the model 

evaluations (and as observed in Fig. 3.3 to Fig. 3.5), for the binary systems tested, 

adjusting a single value of ɻ can accurately model the wax phase boundary, in a fixed 

binary system regardless of the proportion of the methane in the mixture.  As an example, 

as shown in Fig. 3.5, the ɻ equal to 1.38×10-4 MPa-1 gives an accurate match in low to 

high proportions of methane in binary mixture methane + n-triacontane.  The adjusted 

value of ɻ for each case is presented in Table 3.1.  As shown in this table, except for the 

case of methane + n-hexadecane system the value of ɻ have almost the same order of 

magnitude in all of the binary systems.  The models deviations are presented in Table 3.2 

in terms of AAE for all the data points.  According to this table, the results of this ñwork 

modelò with a single ɻ for each case in very low to very high proportions of light end 

(methane) are accurate.  The superiority of the proposed model is clearer in binary 

systems of higher asymmetry (see results for methane + n-tetracosane and methane + n-

triacontane in Table 3.2 where the deviation of existing models are very high at high 

pressures.  Interestingly, even if the average value of ɻ over the binary systems i.e. 
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1.23×10-4 MPa-1 is used for all the cases, still the performance of the proposed method is 

much better than the alternative methods. 

 

 

Fig. 3.3: Binary methane + n-heptadecane solid-fluid phase boundary.  The results for ñthis work modelò 

are shown by adjusted ɻ of 1.18×10-4 MPa-1 

 

Fig. 3.4: Binary methane + n-eicosane solid-fluid phase boundary.  The results for ñthis work modelò are 

shown by adjusted ɻ of 1.34×10-4 MPa-1 
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It is important to note that the value of AAEs reported in Table 3.2 may seem to be at 

odds with those reported for similar systems in Pauly et al. [3.13] work for methane + n-

tetracosane and methane + n-docosane systems.  However, in their evaluations for these 

mixtures Pauly et al. [3.13] ignored the data points of more than 90% methane in these 

mixtures which correspond to region of high deviation with existing models, whereas, 

here the models are evaluated with systems (binary and multicomponent) having as high 

as 97 mol% light end.  That is why for these two mixtures they have obtained smaller 

values of AAEs.  If the same data points are used here, similar AAEs will be achieved.  

This choice may be due to higher deviations in modelling VLE of asymmetric systems of 

the higher light end as pointed out by Jaubert and Mutelet [3.8].  

Table 3.1: The adjusted values of parameter ɻ (MPa-1) for the binary asymmetric systems investigated 

Binary system C1-nC16 C1-nC17 C1-nC20 C1-nC22 C1-nC24 C1-nC30 

Adjusted ɻ 0.74×10-4 1.18×10-4 1.34×10-4 1.34×10-4 1.43×10-4 1.35×10-4 

Average  1.23×10-4 

Table 3.2: Average Absolute Error (AAE) of wax phase boundary calculated by different models 

compared to experimental values for binary asymmetric systems 
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C1-nC30 115 3.189-86.80 1.07 1.17 2.76 3.95 3.02 3.00 

C1-nC24 136 1.820-95.62 0.67 1.18 4.34 3.97 4.38 4.06 

C1-nC22 13 4.520-97.68 0.19 0.72 5.75 5.32 6.79 6.24 

C1-nC20 81 95.66-160.19 0.44 0.47 1.12 1.57 1.64 2.26 

C1-nC17 49 10.11-257.50 0.53 0.54 1.16 1.65 1.74 1.87 

C1-nC16 63 6.540-193.10 0.25 0.43 0.34 0.51 0.84 1.43 

Total 457 Average 0.53 0.75 2.58 2.83 3.07 3.14 

 

3.4.2. Multicomponent Mixtures  

Similar to binary systems, here the evaluations are made only for systems of high 

asymmetry, where the light end is methane, as all of the existing models perform fairly 

well for low asymmetric systems.  For multicomponent systems again it is observed that 

a constant value of ɻ is capable of accurately representing the wax phase boundary in a 

system with fixed light and heavy ends, regardless of their proportions.  This is shown for 

selected systems of different low to high proportion of methane combined with (i) a 
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ternary mixture of n-hexadecane to n-octadecane (experimental data from Pauly et al. 

[3.45]) in Fig. 3.6 and (ii) two multicomponent waxes of n-tridecane to n-docosane 

("wax2" with experimental data taken from Pauly et al. [3.3]) presented in Fig. 3.7.  For 

all the systems tested, the complete results are presented in Table 3.3.  A set of 403 data 

points for 5 highly asymmetric mixtures are used for evaluations.  As it is shown in this 

table, by assigning a special ɻ for each system, compared to other models, very small 

values of AAE would be achieved.  For all the data points for multicomponent systems, 

a common value of 0.95×10-4 is assigned to ɻ.  Using this value, again very small values 

of overall AAE are achieved as shown in Table 3.3.  Furthermore, according to the results, 

similar to what was observed for binary systems, the modified Ji model performs much 

better than the other models.  This signifies the superiority of the ñNo-Poynting termò 

models over ñPoynting termò models, when thermophysical properties of heavy alkanes 

(most significantly, fusion and solid-solid transition temperatures) are correctly evaluated 

at high pressures. 

Table 3.3: Average Absolute Error (AAE) of wax phase boundary calculated by different models 

compared to experimental values for multicomponent asymmetric systems 
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C1+(nC16 to nC18) [3.45] 41 

4.22 

-

95.94 

1.71×10-4 0.34 1.09 1.81 5.03 2.66 3.19 

C1+(nC22+nC24) [3.35] 119 

96.96

-

171.4 

1.36×10-4 1.32 2.22 5.29 8.51 6.82 6.82 

C1+(nC24+nC30) [3.23] 105 

103.1

-

193.1 

1.17×10-4 1.16 1.99 6.22 11.24 7.69 6.22 

C1+(nC13 to nC22) [3.3] 99 

0.1 

-

98.59 

0.55×10-4 1.10 1.44 1.15 1.67 1.69 1.72 

C1+(Multi-paraffin) [3.46] 39 

0.1 

- 

45 

0.32×10-4 0.38 
 0.8

5 
0.49 0.93 1.03 1.03 

Total 403 

0.1 

-

193.1 

Average 0.86 1.68 2.99 5.48 3.99 3.80 

*Adjusted ɻ for each case 

**Common ɻ equal to 0.95×10-4 MPa-1 
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