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ABSTRACT
The primary scope of this study is to develop a novel compound semi-analytical
solution for the general case of a well intersecting a vertical fracture near a finite
conductivity fault in an asymmetric reservoir adjoining the fracture/fault model. A
number of field cases have highlighted the existence of such complex flow geometries
and the importance of developing appropriate solutions for their accurate modelling and
performance predictions. In addition, the existence of intersected fractures is commonly
observed over the increasing number of image and production logs (hard data), yet, the
amount of these data are very limited relative to the field size. Consequently, dynamic
data has become a primary tool for the identification, characterisation and modelling of
such geological features, and thus, pressure signatures have become gradually more
important. Nevertheless, currently there is no analytical solution to interpret such well
test data signature(s), and hence, numerical simulation of the flow in such complex
geometries is considered, which is cumbersome and often impractical.
The method of investigation consists of solving the flow domain of five flow units
namely; (i) reservoir Region-1; that defines flow from un-faulted side of the fractured
well, (ii) a Fractured-well, which allows fluids to flow into and along the fracture
towards the well, (iii) reservoir Region-2; that defines flow between the fractured well
and the fault, (iv) a nearby Fault, which allows fluids to flow along, across and towards
the fractured well, and (vi) reservoir Region-3; that defines flow in the matrix beyond
the fault. It should be noted that the author’s aim is to have a solution to the pressure
versus time and space in general and wellbore pressure with time in particular. Laplace
and Fourier transformations were applied to the five equations governing the twodimensional flow in this domain.
The major divisions of consists of development of semi-analytical solution to the
following flow systems: a well intersecting a finite conductivity fracture in a composite
reservoir, a well intersecting a finite conductivity fracture near a finite conductivity fault
in an asymmetric three-region reservoir and the flux distribution and effective fracture
half-length alongside fracture.
The reliability of the proposed solution has been demonstrated in a systematic approach
by performing a number of sensitivities of varying model parameters and then using a
number of synthetic cases and real field examples. Modelling of the flow behaviour at
3

earliest times by performing a number of sensitivities of varying model parameters and
then validated the stability and the integrity of the solution, respectively. The calculated
flux distribution and the effective fracture half-length reasonably matched the
corresponding values input into numerical simulations that generated the synthetic well
test signatures. The solution also provided acceptable interpretation of the real field data
matching reasonably the corresponding numerical well test exercise routinely performed
for such complex geometries. It offers more flexible schemes to easily carry out
modelling with larger positive impact on hydrocarbon reservoir management and
development decisions.
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CHAPTER 1 – INTRODUCTION
1.1 Background
In current oil production operation ventures, it is becoming increasingly likely to
encounter man-made fractures designed to create more surface area to the wellbore as
well as natural fractures. In other words; more reservoir area, is in direct
communication with the wellbore, hence a greater volume of fluid can be produced per
unit time. While, in tight formations, fractures can enhance the recovery of
hydrocarbons, in permeable formations, the highly permeable conduits they form could
lead to a premature breakthrough of water or gas. Faulting may result in symmetric or
also asymmetric reservoirs, i.e. different quality reservoirs across the fault plane, due to
the displacement of reservoir blocks along the fault plane. A new flow scenario of a
combined intersected fracture at early times and a conductive fault at late times has been
observed repeatedly when pressure pulses propagate into the reservoir in many
carbonate reservoirs. Figure 1 explains the definition sketch for the model to be
developed in this thesis. The presence of such complex geology is also widely
recognized through the growing number of image and production logs. The
identification, characterisation and modelling of such signatures, have therefore,
become important.

Figure 1: A schematic representation of an intersected fracture in a reservoir with a fault
defining the model to be developed in this thesis.
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1.2 Problem Statement
The main objective of this work is to introduce a set of practical mathematical solutions
for a fractured-well in an asymmetric reservoir with a fault nearby. Many production
logs have shown two different fault-blocks resulting from a reverse fault that offset two
zones. Figure 2, illustrates a good example of a log across a horizontal well, showing
two different zones (fault-blocks) resulting from a fault that offset two carbonate zones.
This sequence juxtaposes different geologies across the intersected fault plane, whereby
two different quality zones are aligned through the fracture plane.

Figure 2: A Formation Analysis Log and a Production Log across a horizontal well in an oilbearing carbonate reservoir (after Althawad and Jamiolahmady, 2014).

Faulting will result in a sudden displacement of rock along fault planes and yields a
complex deformation that is associated with the fault plane and, possibly, a large-scale
slippage, and thus, different quality fault blocks on both sides of the faulting. The case
of symmetric reservoirs across faulting, which is most likely in the case of small
fractures or strike-slip faults, has been discussed in the literature (Gringarten et al.,
1974; Cinco et al., 1978). However, in the case of reverse or normal faulting with large
throw (juxtaposing) different quality reservoirs will be juxtaposed across the fault plane,
as in the case considered for the present study.
Evidence of possible fractures/faults in reservoir models also come from the production
history, where the well has experienced a premature water breakthrough. In Figure 3,
the production history since 1988 clearly shows that the water-cut follows the total
production rate. This could be an indication of vertical water movement through high
quality corridors (e.g. fractures/faults).
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For the purposes of this well testing study, to simplify the terminology, the fracture and
fault, Figure 1, are defined as follows:
A fracture : Is any fracture or fault intersecting the well,
A fault

: Is any fracture or fault not intersecting the well.

Figure 3: The production history of the well over a 10-year period (after Althawad et al., 2001).

It is worth mentioning that many carbonate reservoir blocks across fractures/faults are
asymmetric, hence, resulting in great restrictions to the application of the traditional
analytical well testing solutions, which are generally symmetric. Geologically, it is
more likely that a fault will have different properties across it than a fracture.
Cinco et al. (1978) presented an analytical solution for the analysis of the transient
pressure data in fractured wells of symmetric reservoirs. However, in the case of reverse
or normal faulting with large throw, different quality reservoirs juxtapose across the
fracture plane. In addition, with the growing use of Permanent Downhole Gauges
(PDG) that record long term pressure data, it is becoming more likely to encounter far
away multiple faults.
Analytical versus numerical solutions
Currently, there is no analytical solution to interpret the well test data signature from
such a complex model, and therefore, numerical simulation of the flow in such complex
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geometries is performed. Numerical models are recognized for their flexibility and
ability to encompass complex geology and well geometries (e.g. multiple wells,
fractures) efficiently. These are, hence, suitable for specific cases and are being
increasingly used and likely to become even more widely utilised (Corbett et al., 2012;
Aljuboori et al., 2015).
Nevertheless, it is worth mentioning that such numerical simulations are known for their
limitations with regard to adequately representing major geological events and
pronounced flow regimes. They are largely affected by grid sizes and geometries,
especially when analysing wells with complex geological settings (Jackson et al.,
2015). Without careful grid design, the expected flow regime might not be captured.
Thus, the grids must be structured to follow the fluid flow, e.g. fracture linear flow
followed by matrix radial flow, must be designed to have enough linear segments and
be bounded by radial grids (Houzé et al., 2007), hence, subject to user knowledge.
On the other hand, modelling with analytical solutions is better for general cases. In
addition, the evidence of fractures and faults from seismic, production, and pressure
transient data and an increasing number of similar cases has strongly suggested
developing more easy-to-use analytical/semi-analytical solutions to validate the special
cases of numerical models and yield more accurate results. It is believed that the longterm benefits of these solutions will have a great business impact in the near future.
Here a set of semi-analytical solutions for such scenarios are presented. To illustrate the
statement problem in more depth, a field example is presented in the next section.
1.3 Field Example
Althawad et al. (2001) presented a field example that discusses a cased-hole vertical
well penetrating a formation that consists of multiple oil-bearing reservoirs. The well is
perforated in the lower two main structures, separated by a non-reservoir structure of
nearly 400 ft. in thickness, and had been in production since 1948. The rate was 4660
bpd, with 20% water cut.
Geological and production data
Fracture/fault reservoir behaviour has been observed in tens of repeated pressure data
tests. The vertical seismic line data shows major faults quite close to the well. The most
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likely location of faulting is at the crest of the carbonate structure, where fracturing
intensity seems to be the highest, Figure 4.

Figure 4: The vertical seismic line of the field example (after Althawad et al., 2001).

The well was hydraulically fractured with an acid matrix job, resulting in a low- finite
conductivity fracture with a small fracture skin. The Production Logging Tool (PLT)
clearly assessed the acid treatment and showed nearly 80% of the production was
coming from the hydraulic fracture at the top of the reservoir, Figure 5.

Figure 5: The Production Logging Tool (PLT) clearly shows nearly 80% of the production is
coming from the hydraulic fracture at the top of the reservoir (after Althawad et al., 2001).
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Pressure transient analysis of the field example
A post-acid well test job was conducted to further investigate and characterise the
hydraulic and natural fractures and faults nearby. In a relatively tight, oil-bearing
carbonate reservoir (1-3 md), an extended drawdown/build-up is required to evaluate
and characterise the well and geology nearby. A 348-hour build-up (14-day) was carried
out, with results shown in Figure 6. It is noted that after the wellbore storage and
transition period, the derivative plot suggests three major responses: (1) finite
conductivity fracture at early times, (2) positive fault skin (geoskin/geochoke) and (3)
finite conductivity fault at late times. The first response shows the characteristics of a
fracture (a quarter slope on both the pressure and derivative curves with a factor of four
separating them) as a result of the acid job. The second indicates an upward increase in
the derivative curve, just before the fault, reflecting a low permeability finite
conductivity fault response close to the well. A negative unit slope is then clearly
observed for about 30 hours, followed by a bilinear flow period lasting for the rest of
the build-up period.

Figure 6: The derivative plot of the subject well with four flow regimes reflecting the hydraulic
fracture (after Althawad et al., 2001). Currently no analytical model exists to explain this
response.

A full analysis of this field case is presented in Chapter 6, using a numerically-based
commercial software and the semi-analytical solution proposed by this study.
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1.4 Thesis Outline
The present study introduces a semi-analytical approach and develops the flow solution
for a well intersecting a finite conductivity vertical fracture near a finite conductivity
fault in a three-region asymmetric reservoir. It should be noted that the author aims to
obtain a solution for the pressure versus time and space in general and wellbore pressure
versus time in particular.
Chapter 1 highlighted the presence and importance of such reservoirs, which are
widely characterised by image and production logs, in addition to the increasing amount
of horizontal and multilateral well drilling. Problem statement is discussed followed by
a comparison between numerical and analytical approaches. The objectives of this study
have been further clarified by presenting the corresponding field cases using geological
to production data and production logs.
Chapter 2 includes a detailed literature review with special emphasis on the fractures,
fractured reservoirs, and a brief discussion of fracture properties affecting reservoir
performance. It also includes a comparison of the three most important publications in
relation to this work. It highlighted the need for this solution, as it was not addressed in
previous work.
Chapter 3 discusses the development of a semi-analytical solution to a fractured well
with a finite conductivity fracture separating two regions of different mobilities and
accounting, for the first time, for flow in the reservoir in the x-y plane. It should be
noted that the assumed finite conductivity fracture is of infinite length and dictates a
non-uniform inflow-flux distribution along the fracture.
Chapter 4 provides an added level of complexity to the solution, by solving for a
fractured-well near finite conductivity fault in a three-region linear composite
reservoir. In other words, the reservoir is assumed to be asymmetric, complementing the
efforts carried over from Chapter 3. The three regions have their own specific
permeabilities, separated by the fractured-well (between Regions 1 and 2) and the fault
(between Regions 2 and 3). The solution also accounts for matrix flow in the x-y plane
in all the three regions. The corresponding type-curve solution of dimensionless time
versus dimensionless pressure and its log-derivative for different dimensionless fracture
and fault conductivities are presented and discussed.
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Chapter 5 introduces an approach to estimate the fracture and the matrix flux
distributions in and alongside the fracture plane. It presents a new method to estimate
the fracture effective half-length (𝑥𝑓𝑒 ), by deploying the flux term and solving it along
the fracture length (𝑥 − 𝑎𝑥𝑖𝑠) of an infinite length fracture. It also includes the effect of
different parameters on the effective fracture half-length (xfe ) and flux distribution.
There is also a validation exercise studying different synthetic, numerical and field
cases with different complexities.
Chapter 6 first verifies the reliability of the proposed solutions, demonstrated in a
systematic approach, using many analytically and numerically built synthetic cases. The
confirmation of the validity of the proposed solution is then established further through
analysing a number of field cases.
Chapter 7 is devoted to the main conclusions of this study, discussion of the business
impact of such the proposed solutions and recommendations for future work in this
area. It highlights the main outcomes and its differences with other similar studies and
also discusses this study’s limitations and the way forward to tackle some of them in
future studies.
Appendices should the reader wishes to explore further details of the provided
solutions.
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2. CHAPTER 2 – LITERATURE REVIEW
This chapter summarises the key technical work that has been published as part of the
efforts to provide solutions to assist in characterising reservoirs, in general, and
diagnose geological features, with a focus on those related to this work in particular.
2.1 Overview of Pressure Transient Analysis
Pressure Transient Analysis evolved nearly 80 years after the introduction of Darcy’s
law, to study the hydraulic conductivity of the ground water in porous material (Darcy,
1856; Jacob and Cooper Jr., 1946; Jacob., 1940; Wenzel and Fishel, 1942; Cooper and
Jacob, 1946). It became a recognized tool for well and reservoir characterisation and has
been widely used since the invention of the “Semi-Log Plot”, which was first
introduced by Theis (1935) to assess transmissibility and storage coefficients for ground
water flow problems (Cooper and Jacob, 1946; Stewart and Gupta, 1984). Later, the
(Horner, 1951) plot was presented and widely accepted as a method for analysing
pressure build-up data. Rock permeability and well skin are calculated from the straight
line segment of the semi-log plots (Matthews and Russell, 1967; Lee, 1982; Landa et
al., 1996). Type-Curve analysis has been used in the field of hydrology since 1930
(McKinley, 1971 and Ramey Jr., 1976). Another widely used aid to pressure-transient
analysis is the plot of logarithmic pressure change vs. logarithmic elapsed (shut-in) time
(Earlougher, 1977).

In the early 1980s, Bourdet et al. (1983) presented the “derivative”, a diagnostic plot
that led to a paradigm-shift in type-curve matching and made it more unique. The use of
the derivative of pressure versus time is mathematically satisfying because the
derivative is directly represented in one term of the diffusivity equation, which is the
governing equation for the models of transient-pressure behaviour used in well-test
analysis. The generated plot, which analytically generates reservoir response patterns
for specified reservoir models, can also be matched to type curves (Pirard and Bocock,
1986; Gringarten, 1987; Bourdet et al., 1989; Bourdet, 2002). Moreover, trends, of
pressure-transient data, can be obtained for a large variety of well and reservoir systems.
However, when the semi-log pressure derivative is applied to other flow geometries,
such as linear or spherical ones, the responses are not horizontal, making identification
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of these flow regimes more difficult (Issaka and Ambastha, 1999). A polynomial
pressure derivative was also introduced by Jelmert (1993) to simplify the identification
of such flow regimes for homogenous reservoirs. The key advantage of type-curve
analysis is its ability to match the entire pressure data, whereas the semi-log analysis
uses only a portion of the data to obtain the information (Kamal, 2008). Suri et al.
(2014) also used derivative and second derivative of transient pressure data to
characterise the onshore Cambay basin and Bombay offshore basin off the western coast
of India.
No doubt that there are many events affecting fracture characteristics and thus reservoir
performance. The formation of fractures and their respective properties are contingent
on many factors, such as the fracture’s origin (i.e. tectonic activities) and digenesis
processes, fluids occupying the pore spaces and reacting with the rock matrix. Lorenz et
al. (1996) suggested that the nature of a fracture is determined by several factors, the
orientation and magnitudes of the stresses, the number of stress events, the thickness of
bedding, and the rock properties hosting the fracture. The fracture spacing is commonly
equal to bed thickness, as a rule of thumb. The permeability is dominated by the larger
fractures, which are less frequent and may form in different lithology and range from
very poorly consolidated sediment to relatively ductile shales and coals, to carbonates
and to brittle, well-cemented sandstones. Nelson (2001) points out that the
characteristics of these fractures is a function of their mode of origin, the mechanical
properties of the host rock, and subsurface diagenesis; therefore, the combined effect of
these factors dictates the quality of these fractures. He highlighted that the fractures
effect on fluid flow becomes important only when they occur in sufficient spacing or
length.
2.2 Faults, Fractures and Fractured Reservoirs
McGuire and Sikora (1960) used an electric analyser prepared by Bruce (1943) in their
study to assess well productivity from vertical fractures at different conductivities. They
used a square drainage system of a fractured well with a range of fracture half-lengths.
The results were very interesting and enlightening, where they showed that beyond
certain fracture conductivity, the productivity stabilises and is independent of the
fracture half-length. In other words, the focus should be on increasing the fracture
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conductivity, but interestingly, not exceeding a fracture conductivity of (𝐹𝐶𝑓 = 1𝑒4). A
portion of the data was also published by Dyes et al. (1958).
Warren and Root (1963), developed an idealized model, a naturally fractured reservoir,
to investigate the behaviour of a medium that contains primary and secondary porosities
in fractured reservoirs. The first porosity describes the matrix porosity that only
contributes to the pore volume and its contribution to the flow capacity is negligible.
The second porosity describes the fracture/fissure porosity and contributes fully to the
flow capacity. Their study suggested that two parameters describe/control the flow
regimes in the “double porosity model”, namely: Omega (𝜔) which is a measure of the
fluid storativity of the secondary porosity, fractures/fissures, and Lambda (𝜆) a measure
of the inter-porosity mobility between the matrix and the fractures/fissures. The
behaviour of the naturally fractured reservoirs is a function of the fracture’s aperture,
intensity, shape and the fluid transfer to/from the matrix (Kamal, 2008).
Ramey Jr (1976) and Raghavan (1977) reviewed the work done on flow along and
towards fractures and highlighted that intersecting fractures strongly affect transient
flow behaviour of the well.
Cinco et al. (1978) introduced a new technique for describing pressure transient
behaviour for wells intersecting finite conductivity vertical fractures. Their study
resulted in a bi-linear flow due to the transient linear flows perpendicular to each other
along fracture and formation. This is the first published work that accounts for
transience along the fracture and is considered to be a pivotal work in the subsequent
studies later including this work. That is, it is one of the works that presents a special
case of the more complex system considered in this study.
Stewart and Gupta (1984) demonstrated a fault as a leaky barrier that was of
numerically insignificant volume. They studied the effect of a partially sealing fault
between an active well and observation wells using a two-dimensional single phase
simulator that produced a set of log-log type-curves of dimensionless pressure and time
for various values of fault transmissibility.
Yaxley (1987) presented analytical solutions for partially communicating faults. The
solutions maybe used to improve the design and analysis of interference tests between
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wells separated by partially communicating faults. The type curves generated the
solution that should yield separate estimates of the formation transmissibility and fault
transmissibility. Basically, Yaxely generalized the approach presented by Bixel et al.
(1963) for reservoirs with a semi-impermeable linear discontinuity.
Houze et al. (1988) studied a combined model of a well intersecting an infinite
conductivity fracture in a naturally fractured reservoir using a double-porosity model.
Their study also provided pressure derivative plots along with a method of analysis.
Ambastha et al. (1989) modelled a linear fault as an infinitesimal-thickness skin
boundary. Analytical solutions for pressure-transient behaviour for a composite
reservoir were obtained and presented for strip and infinite reservoirs. Their conclusion
was that the pressure response departs from the line-source solution, demonstrating a
double-slope radial flow regime, and then reverts back to a semi-log linear pressure
response parallel to the line-source solution at late times. It is important to note that the
models prepared by Stewart and Gupta (1984), Yaxley (1987) and Ambastha et al.
(1989) allow for fluid transfer across the fault plane only, but they do not account for
fluid flow along the fault plane.
In the mid-nineties, Maghsood and Cinco-Ley (1995) presented an analytical solution
for a non-intersected finite conductivity fault or fracture. Their solution defined the
pressure distribution in a reservoir caused by drawdown of an active well near a nonintersecting fault. They accounted for fault conductivity within the fault and surrounded
by a transverse fault skin. In their solution, the reservoir flow is considered on both
sides of the fault, left and right, and the net flux in/out of the fault is zero. The fault
plane has a thickness (𝑤𝑓 ) and a permeability (𝑘𝑓 ) and is located at a distance of (𝑑𝑓 )
from the active well that produces at a constant rate. A region of altered permeability
referred to as a fault skin, (𝑠𝑓 ), is on both side of the fault. This altered region is to
reflect the geological change on the sides of the fault plane due to possible juxtaposition
with another formation with different properties. This work presents another special
case of the more complex system considered in here.
Evans et al. (1997) points out that although well-developed damaged zones around the
fault core may lead to enhanced fluid flow through a relatively thin tabular region
parallel to the fault plane, the fault core still restricts fluid flow across the fault. Fault
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zones could also act as conduits, barriers, or both at the same time, leading to
distinctive flow regimes (Smith et al., 1990; Antonellini and Aydin, 1994; Caine et al.,
1996). Once the fault is formed, its structure and ability to conduct fluids may vary over
time and space (Allan, 1989; Bouvier et al, 1989; Pittman, 1981; Smith et al., 1990;
Knipe, 1992; Harding and Tuminas, 1988; Bouvier et al., 1989). Some faults are
conductive during their early times (Gibson, 1994; Schlische, 1995) and may vary to be
non-conductive, sealing later in time.
Althawad et al. (2000) presented an integrated method for horizontal well placement in
faulted reservoirs using Maghsood and Cinco-Ley’s (1995) approach in characterising
conductive faults nearby. Many horizontal wells were placed parallel to the conductive
faults to avoid intersecting them and hence, premature water breakthrough. The solution
was used in an integrated workflow along with the seismic data, in order to precisely
locate the faults and geo-steer horizontal sections parallel to them.
A solution was also proposed by Boussila et al. (2003) for a well near a linear leaky
fault in a double-porosity system (fractured reservoir). The fault is modelled as a small
damaged baffle. They also presented pressure-derivative type-curves and validated the
solution with field data. However, the models of both Maghsood and Cinco-Ley (1995)
and Boussila et al. (2003) neglected the fault conductance to fluids along them.
Rahman et al. (2003) presented an important analytical solution for a well located near a
finite-conductivity fault in a two-zone, composite reservoir. Their solution is distinctive,
as it accounts for the transient flow along the fault plane. It exhibited a negative unit
slope once the transient flow reaches the fault, reflecting a pressure support source for a
considerable amount of time, followed by a quarter slope and a radial flow period
reflecting the reservoir behind the fault. This is the third valuable contribution that
presents a special case of the more complex system considered in this study.
Corbett et al. (2005) discussed “Geochoke” and their similarity to the damaged zones
around a fault core. They stated that peaks of high permeability in braided fluvial
systems could be misinterpreted as a fault response. They also noted that the
“Geochoke” response could occur due to the limited restriction of flow that represents
depletion of the high permeability zones and the delay in recharging from other patches
away from the well. They demonstrated a pronounced humped middle time region in a
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well test build-up from a field example. The work by Sagawa et al. (2000) had produced
semi-analytical model for negative geoskin.
Mahdiyar et al. (2011) discussed how the “inertial effect” can significantly reduce the
effective fracture conductivity, and they extended the application of previously
developed formulae to non-Darcy flow systems by replacing absolute fracture
conductivity with the effective fracture conductivity (Guppy et al., 1982a; Huang and
Ayoub, 2007; Meyer and Jacot, 2005; Settari et al., 2002; Smith et al., 2004).
Althawad and Jamiolahmady (2014) also presented, as a result of the present study, a
semi-analytical solution for a well intersecting a finite conductivity vertical fracture in
an asymmetric reservoir. The solution is characterised by the distinctive feature of a
fracture-linear at a very early time, reflecting the first fluid linear flow along the fracture
and towards the well. This is followed by a bilinear flow, a quarter slope, demonstrating
the fracture characteristics, followed by a radial flow, zero slope, articulating the quality
of the two reservoirs (see also Chapter 3).
2.3 Flux Distribution along Finite-length Fractures
Calculating the flux alongside the fracture plane defines the nature of the flux
distribution, fracture’s conductivity and assist in estimating the fracture’s effective halflength. Several scholars have introduced calculation methods for the flux distribution
for a finite length fracture; however, in this study, the fracture is assumed to be of
infinite length, hence, the calculated flux distribution (detailed in chapter 5) will be used
to assess the fracture half-length and confirms its conductivity nature.
Gringarten et al. (1974) showed that the flux distribution for a vertical infinite
conductivity fracture varies with time, initially, and then reaches stabilisation, steady
state, at late time, where fluids are entering the fracture at a stabilised manner. Figure 7
(after Gringarten et al., 1974) presents the flux distribution resulting from a numerical
simulation at various times, with an increase in flux around the fracture tip. If the
fracture length is assumed to be infinite, as is the case in the present study, the flux will
not be increasing but rather decreasing with length.
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Figure 7- Stabilised flux distribution along infinite conductivity vertical fracture at various
times using a numerical model (after Gringarten et al., 1974).

Meehan (1989), when studying the interference effect in fractured wells, calculated
fluxes at the active fractured-well and observation well with varying azimuths ranging
from 15° to 90° and a range of fracture conductivities. Their study illustrated early and
late time fluxes for a high fracture conductivity case, FCD= 100𝜋, infinite conductivity,
and verified that the flux is uniformly distributed along the fracture plane, Figure 8.

Figure 8- Flux Distribution of active and observation fractured wells at high conductivity value
(100𝜋) and 90° (after Meehan, 1989).
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Therefore, the assumption is made that the fluid enters the fracture at a uniform flow
rate per unit area of fracture face. Here, due to high conductivity of fracture, there is a
negligible pressure drop along the fracture, causing a slight pressure gradient yielding a
uniformly distributed flux.
Guppy et al. (1982b) noted that producing fractured wells at high flow rates can cause
non-Darcy effects in the fracture. This results in pessimistic estimates of fracture
conductivity (as much as 85% lower than the true conductivity) and different flux
distribution. The same assumption is valid for highly propped fractures and damaged
fracture-face cases.
Meehan (1989) also illustrated early and late time fluxes for a low fracture conductivity
case FCD= 𝜋. A clear declining flux distribution along the fracture plane is evident, i.e. it
is non-uniformly distributed, for the low conductivity case, Figure 9.

Figure 9- Flux Distribution of active and observation fractured wells at low conductivity value
of 𝜋 and 90° (after Meehan, 1989).

It is worth stating again that the above mentioned methods are limited to finite fracture
lengths, and therefore reflect a tip effect, i.e. an increase in flux towards the toe of the
fracture. This phenomenon is occurring due to the greater pressure drop (per unit
distance) at the fracture tips.
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2.4 Flux Distribution along Infinite-length Faults
Maghsood and Cinco-Ley (1995) studied the flux distribution along the non-intersecting
fault and the effect of its conductivity on the source of fluids towards the reservoir and
the producing well, Figure 10. They showed that, at low conductivity values, the fluid
transfer is only across the fault, because fluxes from the right and the left-side reservoirs
are identical and are of opposing signs. However, at high conductivity values, the fault
acts as a source of fluid supply, dominating the fluid contribution over the matrix, for a
constant rate solution.

Figure 10- Flux Distribution along an infinite-length fault plane from left and right hand sides
(after Maghsood and Cinco-Ley, 1995).

2.5 Comparison between Three Important Publications in Relation to this
Study
Cinco et al. (1978) presented a semi-analytical solution for the analysis of the transient
pressure data for fractured wells in symmetric reservoirs, which is most likely to occur
in the case of small fractures or during a strike-slip faulting. A new technique was
presented for analysing pressure transient data for wells intercepted by a finite
conductivity vertical fracture. Their study resulted in a bi-linear flow due to the transient
linear flows perpendicular to each other along fracture and formation, Figure 11.
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Figure 11- Schematic of a fracture model geometry (after Cinco et al., 1978).

Maghsood and Cinco-Ley (1995) presented an analytical solution for pressure
distribution in a reservoir caused by drawdown of an active well near a non-intersecting
finite conductivity fault or fracture by accounting for fault conductivity within the fault
and surrounded by a transverse fault skin, Figure 12.

Figure 12- Schematic of a fault model (after Maghsood and Cinco-Ley, 1995).

The solution was obtained by dividing the flow domain into the reservoir and the fault
flow partitions. The reservoir flow is considered on both sides of the fault, left and right,
and the net flux in/out of the fault is zero, due to the belief that the fault does not have
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any fluid storage capacity and that the thickness is very small, thus only linear flow
along the fault is assumed:
∞

𝑞𝑓 (𝑦, 𝑡) = 𝑞𝑓𝑅 (𝑦, 𝑡) + 𝑞𝑓𝐿 (𝑦, 𝑡) and ∫0 𝑞𝑓 (𝑦, 𝑡) 𝑑𝑦 = 0
where, q fR (y, t) and q fL (y, t), are fluxes into the fault plane from the reservoirs in the
right and left sides, respectively. They also assumed that the transient flow along the
fault is small, and therefore could be neglected. The fault plane has a thickness (𝑤𝑓 ) and
a permeability (𝑘𝑓 ) and is located at a distance of (𝑑𝑓 ) from the active well that
produces at a constant rate. A region of altered permeability referred to as a fault skin
(𝑠𝑓 ), is considered on both sides of the fault (left, closer to the well, and right). This
altered region is to reflect the geological change on the sides of the fault plane due to
possible juxtaposition with another formation with different properties. In geological
terms, it is possibly referred to as “damaged zones around fault core” or “Geochoke”, as
per Corbett et al. (2005).
An important advancement in modelling conductive faults was analytically presented by
Rahman et al. (2003), for a well located near a finite-conductivity fault in a two-zone,
composite reservoir, Figure 13.

Figure 13- Schematic of a fault model (after Rahman et al., 2003).
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Their solution is distinctive, as it accounts for the transient flow along the fault plane.
They outlined a detailed computational procedure and compared it to a number of
special cases in the literature. The solution provided avenues to better understanding of
the transient flow along the conductive faults. It clearly demonstrated that a negative
unit slope is obtained once the transient flow reaches the fault, reflecting a pressure
support source for a considerable amount of time. This time is a function of the
conductivity of the fault, i.e. the higher the conductivity, the longer it takes to support it.
Afterwards, a quarter slope is evident, followed by a radial flow period reflecting the
reservoir behind the fault. The quarter slope is a function of fault quality, as for FCD <
1.0e5, a bilinear-flow regime appears after the end of the constant pressure support-like
regime. However, for higher FCD values, a slope of (½), indicating linear flow, is
evident, which might be attributed to the fault having infinite conductivity. Their
solution is theoretically identical to that of Maghsood and Cinco-Ley (1995) with two
differences, which Rahman et al. (2003) accounted for namely: a two-region reservoir
and transience along the fault zone.
This study presents a different solution for the pressure transient data of a more
complex geological setting. It accounts for a fractured-well in a three-region reservoir
with a finite conductivity fault. All the three regions are of specific dimensions and
capacities, and hence, have distinctive mobilities. It also provides a novel method to
estimate the fracture half-length (Effective Fracture Half-Length), in addition to fluxes
from the matrix and the fracture. The solution can also be used to describe a threeregion, linear, composite reservoir with or without a fractured-well. A summary of the
similarities and differences between the above mentioned studies in relation to this
study is also presented in part of the conclusions in Chapter 7.
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Summary
Chapter 2 presented a detailed literature review with special emphasis on the fractures,
fractured reservoirs and the possibility of having an asymmetric reservoir across the
fractured well and faulted zone. The chapter ended with a comparison of the three most
important publications in relation to this work. It highlighted the need for this solution,
as it was not addressed in previous work.
The next chapter presents a new, semi-analytical solution to a well intersecting a finite
conductivity fracture in a two-region composite reservoir.
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3. CHAPTER 3 - SEMI-ANALYTICAL SOLUTION TO A WELL
INTERSECTING A FINITE CONDUCTIVITY FRACTURE IN
AN ASYMMETRIC RESERVOIR
3.1 Overview
The presence of fractures and faults plays a significant role in recovery and performance
of tight reservoirs exploited with hydraulically fractured-wells. The identification,
characterisation and modelling of conductive fractures have become increasingly
important with increasing horizontal and multi-lateral well drilling and activities in
production from naturally faulted geological settings and unconventional reservoirs.
Typically, numerical well-test packages are used to match the pressure responses of
such complex geology and well geometries (Hamdi et al., 2014). Faulting may result in
symmetric reservoirs, i.e. the same quality across the fault plane, or asymmetric
reservoirs, i.e. different quality reservoirs across the fault plane, due to the displacement
of reservoir blocks along the fault plane.
3.2 A Finite Conductivity Fracture in an Asymmetric Reservoir
A semi-analytical approach has been followed to develop a new practically efficient
flow solution for a well intersecting a finite conductivity vertical fracture in an
asymmetric reservoir. This new model is defined as the “Frac” model.
The solution to the equations describing pressure distribution for a finite conductivity
fracture in a composite reservoir, Figure 14, can be obtained by dividing the flow
domain into three regions namely:
1. Reservoir Region-1,
2. Fractured-Well, and
3. Reservoir Region-2.
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Figure 14: Schematic of flow distribution for a finite conductivity fracture of a non-uniform flux
in a composite reservoir, describes the flow problem of the Frac-model.

3.2.1 Solution assumptions
The well model solution adopts the following assumptions:
 Vertical well penetrating a horizontal layer with an infinite drainage domain.
 The drainage domain is divided into two composite regions (fracture is splitting
the two regions) with specific properties for each region.
 The porous volume is bounded by top and bottom impermeable boundaries:
𝑑𝑝

( 𝑑𝑧 |

𝑧=0

𝑑𝑝

= 0) and ( 𝑑𝑧 |

𝑧=ℎ

= 0).

 Initially (at time zero) the flow domain is at initial pressure (𝑝(𝑡,𝑥,𝑦) |𝑡=0 = 𝑝𝑖 ).
 Infinite length fracture ( − ∞ < 𝑥 < ∞) .
 Semi-infinite along y-axis ( 0 < 𝑦 < ∞) 𝑎𝑛𝑑 ( − ∞ < 𝑦 < 0).
 Production occurs through a fully penetrating “uneven flux” vertical fracture with
fracture conductivity of (𝑘𝑓 . 𝑤𝑓 ).
 Reservoirs are homogenous (k 𝑣 = k ℎ and isotropic within each side of the
fracture.
 Single phase slightly compressible fluid (𝑐𝑓 ), flows from single (𝜑) porous media
to the fracture with constant viscosity (𝜇𝑓 ) and formation volume factor (𝐵).
 Reservoir total compressibility is (𝑐𝑡 )
 The fluids’ properties are independent of pressure.
 Gravity and capillary forces are neglected.
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 The fracture half-length is assumed to be infinite, whereas the effective fracture
half-length (xf ) is finite, whose value is determined using a unique procedure
presented in the next chapter.
3.2.2 Derivation of governing equations
The diffusivity equations are derived for all regions. In this exercise and for fracture,
initially, the well is ignored but then introduced in Section 3.6. Detailed derivation for
the diffusivity equations describing the flow in Regions 1 and 2 are presented in
Appendix-A.
Region-1
The fluid flow in Region-1 is represented in the x-y plane to account for matrix flow
around the fracture, Figure 15.

Figure 15: Schematic of material balance for Region-1, along both x- and y-planes.
Equation 1
𝜕2 𝑝1
𝜕𝑥 2

+

𝜕2 𝑝1
𝜕𝑦 2

𝜕𝑝

= 1/𝜂1 ∙ ( 𝜕𝑡1 )

(1)
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Region-2
Following an approach similar to that described in Appendix-A, the 2-D, Partial
Differential Equation, for Region-2 is obtained
Equation 2
𝜕2 𝑝2
𝜕𝑥 2

+

𝜕2 𝑝2
𝜕𝑦 2

𝜕𝑝

= 1/𝜂2 ∙ ( 𝜕𝑡2 )

(2)

Region-n
If a region n is defined to represent all matrix regions, then the 2-D, Partial Differential
Equation, for Region-n is equation 3:
Equation 3
𝜕2 𝑝n
𝜕𝑥 2

+

𝜕2 𝑝n
𝜕𝑦 2

𝜕𝑝

= 1/𝜂𝑓 ∙ ( 𝜕𝑡𝑓 )

(3)

𝑐 ∙𝜑∙𝜇
Where, 1⁄𝜂𝑓 = 𝐶 ∙ 𝑡𝑘 , 𝐶 = 0.000264 and (𝑛) 𝑖𝑠 𝑅𝑒𝑠 1, 2 … , 𝑛
𝑓

Finite conductivity fracture
Figure 16, represents the fluid flow into and along the fracture and towards the well.
The fluid flow into the fracture is the matrix contribution from Regions 1 and 2:

Figure 16: Definition sketch of the Frac-model solution.
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𝑞

(𝑢1 &𝑢2 ), are the flow rate per unit area (𝑢 = 𝐴) from Regions 1 and 2 to fracture,
where, for:
Region-1: −∞ < y < 0
0<y <∞

Region-2:

and −∞ < x < ∞ for both regions:
(Mass-in / Time) – (Mass-out / Time) = (Mass-Accumulation / Time)
(𝑞𝑥 ∙ 𝜌𝑥 ) + 𝑢1 (ℎ ∙ ∆𝑥) ∙ 𝜌𝑦 + 𝑢2 (ℎ ∙ ∆𝑥) ∙ 𝜌𝑦 − (𝑞𝑥+∆𝑥 ∙ 𝜌𝑥+∆𝑥 ) = 𝑞∆𝑥 ∙ 𝜌∆𝑥

Taking into consideration the steps carried-over in Appendix-A, hence multiply by ∆𝑡:
(𝑞𝑥 ∙ ∆𝑡) − (𝑞𝑥+∆𝑥 ∙ ∆𝑡) + (𝑢1 + 𝑢2 ) ∙ (ℎ ∙ ∆𝑥) ∙ ∆𝑡 = 𝑞∆𝑥 ∙ ∆𝑡
Equation 4

(𝑞𝑥 − 𝑞𝑥+∆𝑥 ) ∙ ∆𝑡 + (𝑢1 + 𝑢2 ) ∙ (ℎ ∙ ∆𝑥) ∙ ∆𝑡 = 𝑞∆𝑥 ∙ ∆𝑡

(4)

(𝑞𝑥 − 𝑞𝑥+∆𝑥 ) ∙ ∆𝑡 + (𝑢1 + 𝑢2 ) ∙ (ℎ ∙ ∆𝑥) ∙ ∆𝑡 = 𝑞∆𝑥 ∙ ∆𝑡 = ∆v

Introducing the compressibility equation:
1 ∆𝑣

where: 𝐶 = − 𝑣

∆𝑝

→ ∆𝑣 = - 𝑐𝑣 ∆𝑝

into Equation 4 gives:
(qx − qx+∆x ) ∙ (∆t)+(𝑢 1 + 𝑢2 ) ∙ (ℎ ∙ ∆𝑥) ∙ ∆𝑡= - 𝑐𝑣 ∆𝑝 = - 𝑐 ∙ (𝑤𝑓 ∙ ℎ ∙ ∆𝑥 ∙ 𝜑) ∙
(𝑝𝑡 − 𝑝𝑡+∆𝑡 )
Divide by (∆𝑥 ∙ ∆𝑡) and take limit as ∆𝑥 → 0 & ∆𝑡 → 0 :
𝑞𝑥+∆𝑥 −𝑞𝑥

−lim (
∆𝑥→0

∆𝑥

) + (𝑢1 + 𝑢2 ) ∙ (ℎ) = 𝑐 ∙ (𝑤𝑓 ∙ ℎ ∙ 𝜑) lim (
∆𝑡→0

𝑝𝑡+∆𝑡 −𝑝𝑡
∆𝑡

)

Equation 5
𝑑𝑞

− 𝑑𝑥 + (𝑢1 + 𝑢2 ) ∙ (ℎ) = 𝑐 ∙ (𝑤𝑓 ∙ ℎ ∙ 𝜑)

𝑑𝑝𝑓
𝑑𝑡
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Flow along Fracture
Introduce Darcy’s law along fracture:
𝑞=−

𝑘𝑓 𝐴 𝑑𝑝𝑓

∙

𝜇

𝑑𝑥

,

Differentiate both sides (w.r.t.) 𝑥:
𝑑
𝑑𝑥

∙𝑞 =−

𝑘𝑓 𝐴
𝜇

𝑑

∙ (𝑑𝑥 ∙

𝑑𝑝𝑓
𝑑𝑥

)

Equation 6
𝑑𝑞
𝑑𝑥

=−

𝑘𝑓 𝐴
𝜇

𝑑2 𝑝

∙ ( 𝑑𝑥 2𝑓 )

(6)

Substitute Equation 6 in Equation 5:
𝑘𝑓 𝐴
𝜇

𝜕2 𝑝

∙ ( 𝜕𝑥 2𝑓 ) + (𝑢1 + 𝑢2 ) ∙ (ℎ) = 𝑐 ∙ (𝑤𝑓 ∙ ℎ ∙ 𝜑)

𝜕𝑝𝑓
𝜕𝑡

Since, 𝐴 𝑖𝑠 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 = 𝑤𝑓 ∙ ℎ, then:
𝑘𝑓
𝜇

𝜕2 𝑝

∙ 𝑤𝑓 ( 𝜕𝑥 2𝑓 ) + (𝑢1 + 𝑢2 ) = 𝑐 ∙ (𝑤𝑓 ∙ 𝜑)

𝜕𝑝𝑓
𝜕𝑡

Re-arranging this two dimensional diffusivity equation for fluid flowing along fracture
plane per unit area gives:
𝜕 2 𝑝𝑓
𝜕𝑥 2

+ (𝑢1 + 𝑢2 ) ∙ 𝑤

𝜇

𝑓 ∙𝑘𝑓

=

𝑐𝜇𝜑
𝑘𝑓

𝜕𝑝

∙ ( 𝜕𝑡𝑓 )

Or:
Equation 7
𝜕 2 𝑝𝑓
𝜕𝑥 2

+ (𝑢1 + 𝑢2 ) ∙ 𝑤

𝜇

𝑓 ∙𝑘𝑓

𝜕𝑝

= 1⁄𝜂𝑓 ∙ ( 𝜕𝑡𝑓 )

(7)

where:
𝜂𝑓 :

Hydraulic Diffusivity Constant along fracture

𝑤𝑓∙ 𝑘𝑓∙ :

Fracture conductivity (md.ft)
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Flow into Fracture from Regions 1&2
Region-1
(𝐮𝟏 ):
Equation 8

u1 =

q
A

−k1

=

μ

∙

dp1

|

dy y→0

, Flow from 𝐑𝐞𝐠𝐢𝐨𝐧 𝟏 into fracture (−ve direction)

(8)

Region-2
(𝐮𝟐 ):
Equation 9
q

u2 = A =

k2
μ

∙

dp2

|

dy y→0

, Flow from 𝐑𝐞𝐠𝐢𝐨𝐧 𝟐 into fracture (+ve direction)

(9)

Substitute Equation 8 and Equation 9 into Equation 7 and re-arrange:
Equation 10
𝝏𝟐 𝒑𝒇
𝝏𝒙𝟐

+𝒌

𝟏

𝒇 ∙𝒘𝒇

[𝒌𝟐

𝝏𝒑𝟐

|
𝝏𝒚

𝒚=𝟎

− 𝒌𝟏

𝝏𝒑𝟏

|
𝝏𝒚

𝒚=𝟎

𝝏𝒑

] = 𝟏/𝜼𝒇 ∙ ( 𝝏𝒕𝒇 )

(10)

where;
 Region-1is semi-infinite along y-axis ( − ∞ < 𝑦 < 0) and infinite along x-axis,

( − ∞ < 𝑥 < ∞)
 Fractured-Well is infinite along x-axis ( − ∞ < 𝑥 < ∞)
 Region-2 is semi-infinite along y-axis ( 0 < 𝑦 < ∞) and infinite along x-axis,
( − ∞ < 𝑥 < ∞).

Equation 10 is the diffusivity equation for a finite conductivity fracture in an asymmetric

reservoir. The fracture is in-between two linear composite regions.
where: 1⁄𝜂𝑓 =

𝑐𝑡 ∙𝜑∙𝜇
𝑘𝑓

,

and 𝐹𝐶𝑓 = 𝑘𝑓 ∙ 𝑤𝑓 (𝑚𝑑. 𝑓𝑡) .
3.3 Dimensionless Forms
Here I simplify the problem by replacing the real variables with dimensionless
variables, hence, resulting in a set of equations with a generalised solution.
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Dimensionless parameters
The dimensionless parameters are defined as follows:
𝑥

𝑥𝐷 = 𝑟

→ 𝑥 = 𝑟𝑤 ∙ 𝑥𝐷 , and

𝑤

Equation 11

dx = 𝑟𝑤 ∙ 𝑑𝑥𝐷

(11)

𝑦

𝑦𝐷 = 𝑟 → 𝑦 = 𝑟𝑤 ∙ 𝑦𝐷 , and,
𝑤

Equation 12

dy = 𝑟𝑤 ∙ 𝑑𝑦𝐷

(12)

0.000264 𝑘𝑟𝑓 ∙ 𝑡

𝑡𝐷𝑓 =

(𝜑 𝑐𝑡 𝜇)𝑟𝑓 𝑟𝑤

, and 𝑑𝑡𝐷𝑓 =

2

0.000264 𝑘𝑟𝑓
(𝜑 𝑐𝑡 𝜇)𝑟𝑓 𝑟𝑤 2

∙ 𝑑𝑡

Equation 13

⇒ 𝑑𝑡 =
𝑝𝐷𝑛 =

(𝜑 𝑐𝑡 𝜇)𝑟𝑓 𝑟𝑤 2

∙ 𝑑𝑡𝐷𝑓

0.000264 𝑘𝑟𝑓

𝑘𝑟𝑛 . ℎ[𝑝𝑖 −𝑝𝑛 ]
141.2𝑞𝛽𝜇

(13)

,

Equation 14

⇒ 𝑝𝑛 = 𝑝𝑖 −

141.2 𝑞𝛽𝜇
𝑘𝑟𝑓 ℎ

𝑝𝐷𝑛

(14)

Dimensionless equations for fracture
Here, the terms in (Equation 10) are converted individually into dimensionless form
before presenting the final equation in dimensionless form.
Fracture Pressure gradient along x-axis:
𝝏𝟐 𝒑𝒇
𝝏𝒙𝟐

:

𝑝𝐷𝑓 =
And

𝑘𝑟𝑓 . ℎ[𝑝𝑖 −𝑝𝑓 ]

⇒ 𝑝𝑓 = 𝑝𝑖 −

141.2𝑞𝛽𝜇

𝑑𝑝𝑓
𝑑𝑥

=0−

141.2 𝑞𝛽𝜇 𝑑𝑝𝐷𝑓
𝑘𝑟𝑓 ℎ

𝑑𝑥

141.2 𝑞𝛽𝜇

=−

𝑝𝐷𝑓 and 𝑑𝑝𝑓 = −

𝑘𝑟𝑓 ℎ

141.2 𝑞𝛽𝜇 𝑑𝑝𝐷𝑓
𝑘𝑟𝑓 ℎ (𝑟𝑤

𝑑𝑥𝐷 )

141.2 𝑞𝛽𝜇
𝑘𝑟𝑓 ℎ

𝑑𝑝𝐷𝑓

, (𝑠𝑖𝑛𝑐𝑒 𝑑𝑥 = 𝑟𝑤 ∙ 𝑑𝑥𝐷 )

Equation 15

⇒

𝑑 2 𝑝𝑓
𝑑𝑥 2

141.2 𝑞𝛽𝜇

= −𝑘

𝑟𝑓 .ℎ 𝑟𝑤 ∙

2

∙

𝑑2 𝑝𝐷𝑓

(15)

𝑑𝑥𝐷 2
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Matrix Flow into Fracture along y-axis:
(

𝝏𝒑𝟏
𝝏𝒚

&

𝑝𝐷1 =

𝝏𝒑𝟐

):

𝝏𝒚
𝑘𝑟 ℎ[𝑝𝑖 −𝑝1 ]
141.2𝑞𝛽𝜇

⇒ 𝑝1 = 𝑝𝑖 −

141.2 𝑞𝛽𝜇

𝑝𝐷1

𝑘𝑟 ℎ

Then:
𝑑𝑝1

= 0−

𝑑𝑦

141.2 𝑞𝛽𝜇

∙

𝑘𝑟 ℎ

𝑑𝑝𝐷1
𝑑𝑦

Equation 16
𝑑𝑝1
𝑑𝑦

=−

141.2 𝑞𝛽𝜇 𝑑𝑝𝐷1
𝑘1 ℎ 𝑟𝑤

(16)

𝑑𝑦𝐷

(𝑠𝑖𝑛𝑐𝑒 𝑑𝑦 = 𝑟𝑤 ∙ ∙ 𝑑𝑦𝐷 )
Similarly:
𝑑𝑝2

= 0−

𝑑𝑦

141.2 𝑞𝛽𝜇

∙

𝑘𝑟 ℎ

𝑑𝑝𝐷2
𝑑𝑦

=−

141.2 𝑞𝛽𝜇 𝑑𝑝𝐷2
𝑘𝑟 ℎ . (𝑟𝑤 𝑑𝑦𝐷 )

,

Equation 17
𝑑𝑝2
𝑑𝑦

=−

141.2 𝑞𝛽𝜇 𝑑𝑝𝐷2
𝑘𝑟 ℎ . 𝑟𝑤 𝑑𝑦𝐷

(17)

(𝑠𝑖𝑛𝑐𝑒 𝑑𝑦 = 𝑟𝑤 ∙ ∙ 𝑑𝑦𝐷 )
Fracture Pressure gradient versus time:
𝝏𝒑𝒇
𝝏𝒕

:

𝑑𝑝𝑓

=0−

𝑑𝑡

141.2 𝑞𝛽𝜇
𝑘𝑟𝑓 . ℎ

∙

𝑑𝑝𝐷𝑓
𝑑𝑡

Substitute Equation 13 for 𝑑𝑡 :
Equation 18
𝑑𝑝𝑓
𝑑𝑡

=−

141.2 𝑞𝛽𝜇
𝑘𝑟𝑓 ℎ

∙

0.000264 𝑘𝑟𝑓
(𝜑 𝑐𝑡 𝜇)𝑟𝑓 𝑟𝑤

𝑑𝑝

2

∙ 𝑑𝑡 𝐷𝑓

(18)

𝐷𝑓

Final Equation:
Substituting the dimensionless variables in Equation 13 to Equation 18 in Equation 10:
141.2 𝑞𝛽𝜇

−𝑘

𝑟𝑓 .ℎ 𝑟𝑤 ∙

2

∙

𝑑2 𝑝𝐷𝑓
𝑑𝑥𝐷 2

+𝑘

1
𝑓 ∙𝑤𝑓

[−

141.2 𝑞𝛽𝜇
𝑘𝑟 ℎ . 𝑟𝑤

∙ (𝑘2
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𝑑𝑝𝐷2

|

𝑑𝑦𝐷 𝑦=0

− 𝑘1

𝑑𝑝𝐷1

|

𝑑𝑦𝐷 𝑦=0

)]
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𝟏

= 𝜼 ∙ (−

141.2 𝑞𝛽𝜇

∙

𝑘𝑟𝑓 ℎ

𝒇

0.000264 𝑘𝑟𝑓
(𝜑 𝑐𝑡 𝜇)𝑟𝑓 𝑟𝑤 ∙

𝑑𝑝𝐷𝑓

2

) ∙ 𝑑𝑡

𝐷𝑓

gives the dimensionless form of PDE for Fracture:
𝜕2 𝑝𝐷𝑓
𝜕𝑥𝐷 2

+

1
𝑘𝑓 𝑤𝑓
𝑘𝑟𝑓 𝑟𝑤

𝑘

𝜕𝑝𝐷2
|
𝜕𝑦𝐷 𝑦 =0
𝐷

[(𝑘 2 ) ∙
𝑟

𝑘

𝜕𝑝𝐷1
]
|
𝜕𝑦𝐷 𝑦 =0
𝐷

− (𝑘 1 ) ∙
𝑟

1

= 0.000264 (𝜂 ) ∙ ( (𝜑
𝑓

𝑘𝑟𝑓
𝑐𝑡 𝜇)𝑟𝑓

)

𝜕𝑝𝐷𝑓
𝜕𝑡𝐷𝑓

The fracture diffusivity equation in dimensionless form:
Equation 19
𝝏𝟐 𝒑𝑫𝒇
𝝏𝒙𝑫 𝟐

+𝑭

𝟏

𝑪𝑫𝒇

[(𝒌𝑫𝟐 ) ∙

𝝏𝒑𝑫𝟐

|

𝝏𝒚𝑫 𝒚 =𝟎
𝑫

− (𝒌𝑫𝟏 ) ∙

𝝏𝒑𝑫𝟏

𝝏𝒑

|

𝝏𝒚𝑫 𝒚 =𝟎
𝑫

] = 𝟏/𝜼𝑫𝒇 ∙ 𝝏𝒕 𝑫𝒇

(19)

𝑫𝒇

where, repetition
𝜂𝐷𝑓 = 0.000264 ∙ (
𝑘 𝑤𝑓

𝐹𝐶𝐷𝑓 = 𝑘 𝑓

𝑓𝑟 𝑟𝑤

(𝜑 𝑐𝑡 𝜇)𝑓
𝑘𝑓
𝑘1 + 𝑘2

, 𝑘𝑓𝑟 =

2

∙

𝑘𝑟𝑓

𝜂

(𝜑 𝑐𝑡 𝜇)𝑟𝑓

1

𝜂

) = 0.000264 ∙ ( 𝜂𝑟𝑓 ), 1/𝜂𝐷𝑓 = 0.000264 ∙ (𝜂 𝑓 )
𝑓

𝒌

𝒌

𝒓

𝒓

𝑟𝑓

, 𝑘𝐷2 = 𝒌 𝟐 , 𝑘𝐷1 = 𝒌 𝟏 , 𝑘𝑟 = 1.0

Fracture reference permeability
Dimensionless fracture conductivity is a measure of a fracture’s ability to contribute to
flow. In this study, the dimensionless fracture conductivity is a function of fracture
conductivity (𝑘𝑓 𝑤𝑓 ) divided by the well radius (𝑟𝑤 ) and the arithmetic matrix
permeability (𝑘𝑟𝑓

=

𝑘1 + 𝑘2
2

),

since the well is located in the middle, between Regions 1 and

2. Hence, the calculation of the fracture dimensionless conductivity will be rational and
reflects the influence of the two regions. In previous fracture solutions, 𝐹𝐶𝐷𝑓 , was
defined as (𝐹𝐶𝐷𝑓

=

𝑘𝑓 𝑤𝑓
𝑘 𝑚 𝑥𝑓

), as the fracture was finite in length and located in a

homogenous reservoir (symmetric) with flow direction from the matrix in the ydirection. In this study, I solve for a finite conductivity fracture with an infinite length,
in an asymmetric reservoir on (x-y plane). It should be noted that, later in Chapter 5, a
new approach to calculate the fracture half-length is discussed, and referred to as “the
effective fracture half-length (𝑥𝑓𝑒 )”.
Reservoir reference permeability
Any reference permeability (𝑘𝑟 ) can be used to convert the reservoir permeability into
dimensionless form, as long as it is consistent with the other regions. In this code,
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(𝑘𝑟 = 1.0) has been considered to retain the dimensionless permeability to be the same
as the dimensional permeability.
Dimensionless Equations for Matrix Bounding the Fracture:
Similarly to what was the case for fracture, substituting the dimensionless variables in
Equation 13 to Equation 18, in Equation 1, obtained obtained
Equation 2 and Equation 3, the corresponding PDEs in dimensionless form are:
Region-1
Equation 20
𝜕2 𝑝D1
𝜕𝑥𝐷

2

+

𝜕2 𝑝D1
𝜕𝑦𝐷 2

𝜕𝑝

= 1/𝜂D1 ∙ ( 𝜕𝑡D1 )

(20)

𝐷

Region-2
Equation 21
𝜕2 𝑝D2
𝜕𝑥𝐷

2

+

𝜕2 𝑝D2
𝜕𝑦𝐷

2

𝜕𝑝

= 1/𝜂D2 ∙ ( 𝜕𝑡D2 )

(21)

𝐷

Region-n
Equation 22
𝜕2 𝑝Dn
𝜕𝑥𝐷

2

+

𝜕2 𝑝Dn
𝜕𝑦𝐷 2

𝜂

𝜂𝐷𝑛 = (𝜂𝑟 ) = (
𝑛

1/𝜂𝐷𝑛 =

𝜕𝑝

= 1/𝜂Dn ∙ ( 𝜕𝑡Dn )

(22)

𝐷

(𝜑 𝑐𝑡 𝜇)𝑛
𝑘𝑛

∙

𝑘𝑟
(𝜑 𝑐𝑡 𝜇)𝑟

)

1
𝜂
( 𝒓)
𝜂𝒏
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3.4 Validation to Cinco-Ley’s Solution
Cinco-Ley’s solution assumes a finite length fracture; a symmetric system on both sides
of the fracture and matrix flow towards the fracture along y-direction only. Whilst, this
more general approach assumes an asymmetric system (two differing regions bounding
the fracture), matrix flow towards the fracture is on x-y plane and for an infinite fracture
length, Figure 17. Thus, if one applies the restricting conditions mentioned earlier for
the Cinco-Ley model in the more general approach, Equation 19, the solution should
become identical to that of the Cinco-Ley (1981) solution.

Figure 17: Schematic shows fluid flow along and into fracture as per Cinco-Ley (1981) where
fracture is located in a homogenous isotropic reservoir.

That is, in Equation 19, if u1=u2; this gives the diffusivity equation for finite
conductivity fracture (Appendix-B):
Equation 23
𝝏𝟐 𝒑𝒇
𝝏𝒙𝟐

𝝏𝒑

𝟐𝒌

𝝏𝒑

𝒇 ∙𝒘𝒇

𝝏𝒚 𝒚=𝟎

+𝒌

|

where: 1⁄𝜂𝑓 = 𝐶 ∙

= 𝟏/𝜼𝒇 ∙ ( 𝝏𝒕𝒇 )

𝑐𝑡 f ∙𝜑𝑓 ∙𝜇
𝑘𝑓

(23)

, 𝐶 = 0.000264

Converting to dimensionless variables, as detailed above, will produce Cinco-Ley’s
Finite Conductivity Fracture Solution (Cinco et al., 1978):


for a symmetric system on both sides of the fracture (i.e. 𝑘1 = 𝑘2 ),



that accounts for linear flow along the y-axis only,



with finite fracture length.
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Equation 24
𝝏𝟐 𝒑𝑫𝒇
𝝏𝒙𝑫 𝟐

+ (𝒌

𝟐

𝝏𝒑𝑫

𝝏𝒑

= 𝟏/𝜼𝒇𝑫 ∙ (𝝏𝒕 𝑫𝒇 )

|

𝒇 ∙𝒘𝒇 )𝑫 𝝏𝒚𝑫 𝒚 =𝟎
𝑫

(24)

𝑫𝒙𝒇

0 < y < ∞ And 0 < x < ∞
where:

(𝑘𝑓 𝑤𝑓 ) =
𝐷

𝑘𝑓 𝑤𝑓
𝑘𝑟 𝑥𝑓

while this study:
(1) Assumes an asymmetric reservoir 𝑘1 ≠ 𝑘2 ,
(2) Accounts for flow on x-y plane,
(3) Adopts an infinite fracture length case.
Equation 19
𝜕2 𝑝𝐷𝑓
𝜕𝑥𝐷

2

+𝐹

1

𝐶𝐷𝑓

[(𝑘𝐷2 ) ∙

where: (𝑘𝑓 𝑤𝑓 ) =
𝐷

𝜕𝑝𝐷2

|

𝜕𝑦𝐷 𝑦 =0
𝐷

− (𝑘𝐷1 ) ∙

𝜕𝑝𝐷1

|

𝜕𝑦𝐷 𝑦 =0
𝐷

𝜕𝑝

] = 1/𝜂𝐷𝑓 ∙ 𝜕𝑡 𝐷𝑓
𝐷𝑓

𝑘𝑓 𝑤𝑓
𝑘𝑟 𝑟𝑤

3.5 Development of a Finite Conductivity Fracture Solution with a Source Term
The unit step function is a typical function used in engineering to model phenomena
that are “switched” on and off. It is expressed mathematically as: 𝐻(𝑥 − 𝑎), where (a)
designates the shift from the origin. Here, Heaviside Unit Step function inserted for the
plane source (i.e. fracture). Figure 18, shows the geometry including the source term:

Figure 18: Schematic shows fluid flow along and into fracture with a source term.
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Following the procedure mentioned above but including the source term q, the
corresponding PDE, as detailed in (Appendix-C), gives the diffusivity equation for
finite conductivity fracture:
Equation 25
𝜕 2 𝑝𝑓
𝜕𝑥 2

+𝑘

1
𝑓 ∙𝑤𝑓

[𝑘2

𝜕𝑝2

|
𝜕𝑦

𝑦=0

− 𝑘1

𝜕𝑝1

|
𝜕𝑦

𝑦=0

]+𝑤

qβ𝜇

𝑓 ∙𝑘𝑓

∙
∙ℎ

∂H(𝑥0 −a)
𝜕𝑥

𝜕𝑝

= 1/𝜂𝑓 ∙ ( 𝜕𝑡𝑓 )

(25)

where,
𝑎 & ∆𝑥0 = 0
1⁄ = 𝐶 ∙ 𝑐𝑡 ∙𝜑∙𝜇 , 𝐶 = 0.000264
𝜂𝑓
𝑘𝑓
By substituting the dimensional by the dimensionless variables, in Equation 11 to
𝟏𝟒𝟏.𝟐 𝐪𝛃𝝁

Equation 13, using (

𝒌𝒉

∙ 2𝜋) as a constant well-rate in field units, Equation 19 in

dimensionless form with a source term, becomes equation 26:
Equation 26
𝜕2 𝑝𝐷𝑓
𝜕𝑥𝐷 2

+𝐹

1

[(𝑘𝐷2 ) ∙

𝐶𝐷𝑓

𝜕𝑝𝐷2

|

𝜕𝑦𝐷 𝑦 =0
𝐷

− (𝑘𝐷1 ) ∙

𝜕𝑝𝐷1

2𝜋

|

𝜕𝑦𝐷 𝑦 =0
𝐷

]+𝐹

𝐶𝐷

∙ 𝛿(𝑥𝐷 − 𝑎) =

𝜕𝑝𝐷𝑓

(1/𝜂𝐷𝑓 ) ∙ 𝜕𝑡

𝐷𝑓

where, the well is at origin (a = 0),
𝑘𝑓 𝑤 𝑓

𝐹𝐶𝐷𝐹 = 𝑘
𝜂𝐷𝑓 =∙ (
1/𝜂𝐷𝑓 =

𝑟𝑓 𝑟𝑤

𝑘1 + 𝑘2

, 𝑘𝑟𝑓 =

(𝜑 𝑐𝑡 𝜇)𝑓
𝑘𝑓

∙

(𝜑 𝑐𝑡 𝜇)𝑟𝑓

𝜂𝑟𝑓
)
𝜂𝑓

𝑘

𝑘

, 𝑘𝐷3 = 𝑘 1 , 𝑘𝐷2 = 𝑘 2 , 𝑘𝑟 = 1.0
𝑟

0.000264∙𝑘𝑟𝑓

1
0.000264∙(

2

𝑟

𝜂

) = 0.000264 ∙ ( 𝜂𝑟𝑓 ) ,
𝑓

,

Initial Conditions:
𝑝𝐷1 = 𝑝𝐷2 = 𝑝𝐷𝑓 = 0

@ 𝑡𝐷𝑓 = 0
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Boundary Conditions:
@ 𝑦𝐷 = 0
𝑝𝐷1 = 𝑝𝐷2 = 𝑝𝐷𝑓
0<y<∞
−∞ < y < 0
−∞ < x < ∞
Transformations
The next step towards the solution is to apply Laplace (Marquis de Laplace, 1820) and
Fourier (Grattan-Guinness and Fourier, 1972) transformations to all the given
diffusivity equations as follows:
3.4.1 Laplace transformation
Take Laplace transformation of all equations with respect to dimensionless time (𝑡𝐷𝑓 )
in terms of parameter (𝑠) :
Region-1
Equation 27
𝜕2 𝑝D1
𝜕𝑥𝐷 2

𝜕2 𝑝D1

+

𝜕𝑦𝐷 2

= 1/𝜂D1 ∙ (𝑠𝑝𝐷1 − 0)

(27)

Fracture
Equation 28:
𝜕2 𝑝𝐷𝑓
𝜕𝑥𝐷 2

+𝐹

1

𝐶𝐷

[(𝑘𝐷2 ) ∙

𝜕𝑝𝐷2

|

𝜕𝑦𝐷 𝑦 =0
𝐷

− (𝑘𝐷1 ) ∙

𝜕𝑝𝐷1

|

𝜕𝑦𝐷 𝑦 =0
𝐷

]+𝐹

2𝜋

𝐶𝐷 ∙ 𝑠

∙ 𝛿(𝑥𝐷 − 𝑎) =
(28)

(1/𝜂𝐷𝑓 ) ∙ (𝑠𝑝𝐷𝑓 − 0)
Region-2
Equation 29:
𝜕2 𝑝D2
𝜕𝑥𝐷

2

+

𝜕2 𝑝D2
𝜕𝑦𝐷 2

= 1/𝜂D2 ∙ (𝑠𝑝𝐷2 − 0)

(29)
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3.4.2 Fourier transformation
At this stage, I take the Fourier transform for all the equations with respect to space
variable (𝑥𝐷 ) in terms of parameter (𝜌):
Region-1
−𝜌2 𝑝D1 +

𝑑2 𝑝D1
𝑑𝑦𝐷 2

=

s∙ 𝑝D1
𝜂D1

Equation 30:

⇒

𝑑2 𝑝D1
𝑑𝑦𝐷 2

𝑠

= (𝜌2 + 𝜂 ) 𝑝D1

(30)

D1

Fracture
To take Fourier transform on the delta function, 𝛿(𝑥𝐷 − 𝑎):
𝐹{𝑓(𝑡)} =

∞

1

∫ 𝑓(𝑡) ∙ 𝑒 −𝑖𝜌𝑡 𝑑𝑡
√2𝜋 −∞

Equation 31

𝐹{𝛿(𝑥𝐷 − 0)} =

∞
1
∫ 𝛿(𝑥𝐷
√2𝜋 −∞

− 0) ∙ 𝑒 −𝑖𝜌𝑥𝐷 𝑑𝑥𝐷 =

1

(31)

√2𝜋

then,
Equation 32

−ρ2 pDf + F

1
CD

[(k D2 ) ∙

∂pD2
∂yD

|

yD =0

− (k D1 ) ∙

∂pD1
∂yD

|

yD =0

]+F

2π
CD s

∙

1
√2π

s ∙ pDf

=(

ηDf

)

(32)

Region-2
−𝜌2 𝑝D2 +

𝑑2 𝑝D2
𝑑𝑦𝐷 2

=

s∙ 𝑝D2
𝜂D2

Equation 33

⇒

𝑑2 𝑝D2
𝑑𝑦𝐷 2

𝑠

= (𝜌2 + 𝜂 ) 𝑝D2

(33)

D2

3.4.3 Helmholtz equation
The above is a partial differential equation in both time and space, as Laplace and
Fourier transformations were taken with respect to time variable (𝑡𝐷 ) in terms of
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parameter (𝑠) and space variable (𝑥𝐷 ) in terms of parameter (𝜌), respectively. The
Helmholtz equation, which results from applying the technique of separation of
variables, can be used to further reduce the complexity of the solution (Khan et al.,
2010) as shown below.
The Helmholtz equation can be written as follows:
𝑑2 p

(𝑑𝑦 2 = 𝑚 ∙ p), can be written as: 𝑝 = 𝐶1 𝑒 +√𝑚

. 𝑦

+ 𝐶2 𝑒 −√𝑚

. 𝑦

Hence,
Region-1
Equation 34

𝑝𝐷1 = 𝐶1 ′ 𝑒

+√(𝜌2 +

𝑠
)
𝜂𝐷1

. 𝑦𝐷

+ 𝐶1 ′′ 𝑒

−√(𝜌2 +

𝑠
)
𝜂𝐷1

. 𝑦𝐷

(34)

−∞ < 𝑦𝐷 ≤ 0


See Appendix-D, for detailed initial and boundary conditions.

Since it is infinite at Region-1 from one side of the fracture, yD is (-ve) as the flow is
going up towards the fracture in a plan view. In a drawdown test, the pressure decreases
with time, and thus to have the pressure decreasing with time, the power of “e” has to be
negative Figure 19, and then Equation 34 becomes:
Equation 35

𝑝𝐷1 = 𝐶1 𝑒

𝑠
)
𝜂𝐷1

+√(𝜌2 +

. 𝑦𝐷

(35)

Figure 19: Argument of flow to well and the exponential (ex) effect on flow direction considered
in the solution.
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Applying to boundary conditions @ 𝑦𝐷 = 0, gives:
𝑝𝐷1 = 𝑝𝐷2 = 𝑝𝐷𝑓 And 𝑝𝐷1 = C1
Region-2
−𝜌2 𝑝D2 +
⇒

𝑑2 𝑝D2
𝑑𝑦𝐷 2

𝑑2 𝑝D2
𝑑𝑦𝐷 2

s∙ 𝑝D2

=

𝜂D2
𝑠

= (𝜌2 + 𝜂 ) 𝑝D2
D2

The solution to the above Helmholtz equation is Equation 34.
Hence,
′

𝑝𝐷2 = 𝐶2 𝑒

+√(𝜌2 +

𝑠
) . 𝑦𝐷
𝜂𝐷2

′

+ 𝐶2 𝑒

−√(𝜌2 +

𝑠
) . 𝑦𝐷
𝜂𝐷2

0 ≤ 𝑦𝐷 < ∞
Since it is infinite at Region-2 from one side, unlike Region-1, yD is (+ve), therefore,
to have the pressure decreasing with time, the power of “e” has to be negative, then it
becomes:
Equation 36

𝑝𝐷2 = 𝐶2 𝑒

𝑠
)
𝜂𝐷2

−√(𝜌2 +

. 𝑦𝐷

(36)

Applying to boundary conditions results in:
@ 𝑦𝐷 = 0,
𝑝𝐷1 = 𝑝𝐷2 = 𝑝𝐷𝑓 And 𝑝𝐷1 = C1

(Region 1)

𝑝𝐷1 = 𝑝𝐷2 = 𝑝𝐷𝑓 And 𝑝𝐷2 = C2

(Region 2)

⇒ 𝑝𝐷1 = 𝑝𝐷2 = 𝑝𝐷𝑓 = C1 = C2
3.5 Solving for Fractured Wellbore Pressure in Fourier Domain
Differentiating Equation 35; Region-1 & Equation 36; Region-2, (w.r.t.) yD gives:

60

Chapter 3 - Semi-Analytical Solution to a Well Intersecting a Finite Conductivity Fracture in an
Asymmetric Reservoir

Region-1
𝑑𝑝𝐷1
𝑑𝑦𝐷

𝑠

= 𝐶1 . √(𝜌2 + 𝜂 ) . 𝑒

𝑠
)
𝜂𝐷1

+√(𝜌2 +

. 𝑦𝐷

𝐷1

Applying boundary conditions:
Equation 37

⇒

𝑑𝑝𝐷1
𝑑𝑦𝐷

|

𝑦𝐷 =0

𝑠

𝑠

𝐷1

𝐷1

= 𝐶1 . √(𝜌2 + 𝜂 ) = 𝑝𝐷𝑓 . √(𝜌2 + 𝜂 )

(37)

Region-2
𝑑𝑝𝐷2
𝑑𝑦𝐷

𝑠

= −𝐶2 . √(𝜌2 + 𝜂 ) . 𝑒

𝑠
)
𝜂𝐷1

−√(𝜌2 +

. 𝑦𝐷

𝐷1

Applying to boundary conditions:
Equation 38

⇒

𝑑𝑝𝐷2
𝑑𝑦𝐷

|

𝑦𝐷 =0

𝑠

𝑠

𝐷2

𝐷2

= −𝐶2 . √(𝜌2 + 𝜂 ) = −𝑝𝐷𝑓 . √(𝜌2 + 𝜂 )

(38)

Substitute Equation 37 & Equation 38 in Equation 32:
−𝜌2 𝑝𝐷𝑓 + 𝐹

1

𝐶𝐷

1
√2𝜋

𝑠 ∙𝑝𝐷𝑓

=(

𝜂𝐷𝑓

𝑠

𝑠

2𝜋

𝐷2

𝐷1

𝐶𝐷 ∙𝑠

[−(𝑘𝐷2 ) ∙ 𝑝𝐷𝑓 . √(𝜌2 + 𝜂 ) − (𝑘𝐷1 ) ∙ 𝑝𝐷𝑓 . √(𝜌2 + 𝜂 )] + 𝐹

∙

)

Solve for 𝑝𝐷𝑓 :
Equation 39

⇒ 𝑝𝐷𝑓 =

√2𝜋
𝑠.[𝐹𝐶𝐷 .(ρ2 +

s
ηDf

s
s
)+(𝑘𝐷2 ).√(ρ2 +
)]
ηD1
ηD2

)+(𝑘𝐷1 ).√(ρ2 +
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Take inverse of Fourier transformation with respect to (𝜌) for reverting it back to the
variable (𝑥𝐷 ) in Laplace domain:
from
𝐹 −1 {𝑝𝐷𝑓 } =

∞

1
√2𝜋

∫−∞ 𝑝𝐷𝑓 𝑒 −𝑖𝜌𝑥𝐷 𝑑𝜌 = 𝑝𝐷𝑓 (𝑥𝐷 , 𝑠), inverted back to Laplace space,

write
Equation 40

𝑝𝐷𝑓 (𝑥𝐷 = 0, 𝑠) =

∞

1
√2𝜋

∫ 𝑝𝐷𝑓 𝑑𝜌 = 𝑝𝑤𝐷 (𝑠)

(40)

−∞

@ 𝑥𝐷 = 0 𝑤ℎ𝑒𝑟𝑒, 𝑝𝐷𝑓 = 𝑝𝑤𝐷
Substitute Equation 39 in Equation 40:
Equation 41

𝑝𝑤𝐷 =

1
𝑠

∞

∫−∞

𝑑𝜌
s
s
s
[(𝐹𝐶𝐷𝑓 .(ρ2 +
))+((𝑘𝐷1 ).√(ρ2 +
))+((𝑘𝐷2 ).√(ρ2 +
))]
ηDf
ηD1
ηD2

(41)

3.6 Final Fractured Wellbore Pressure equation (Frac-model)
The above integration is an even function in (𝜌) domain whilst (rho) cannot have
negative values. The resultant expression for the wellbore pressure in Laplace domain
is:
Equation 42

𝑝𝑤𝐷 =

2
𝑠

∞

∫0

𝑑𝜌
[(𝐹𝐶𝐷𝑓 .(𝜌2 +

𝑠
𝜂𝐷𝑓

𝑠
𝑠
))+((𝑘𝐷2 ).√(𝜌2 +
))]
𝜂𝐷1
𝜂𝐷2

))+((𝑘𝐷1 ).√(𝜌2 +

(42)

where:
ηDf, ηD1 and ηD2 are the dimensionless hydraulic diffusivity of fracture, Region-1 and
Region-2, respectively, defined as:
𝜂𝐷𝑓 = 0.000264 ∙ (
𝜂𝐷1 = (
𝜂𝐷2 = (

(𝜑 𝑐𝑡 𝜇)1
𝑘1
(𝜑 𝑐𝑡 𝜇)2
𝑘2

(𝜑 𝑐𝑡 𝜇)𝑓
𝑘𝑓

∙

𝑘𝑟𝑓
(𝜑 𝑐𝑡 𝜇)𝑟𝑓

∙

𝑘𝑟
)
(𝜑 𝑐𝑡 𝜇)𝑟1

= (𝜂𝑟 )

∙

𝑘𝑟
)
(𝜑 𝑐𝑡 𝜇)𝑟2

= (𝜂𝑟 )

𝜂𝑟𝑓

) = 0.000264 ∙ ( 𝜂 )
𝑓

𝜂

1

𝜂

2
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FCDf is the dimensionless fracture conductivity described by:
𝑘 𝑤𝑓

𝐹𝐶𝐷𝑓 = 𝑘 𝑓

𝑟𝑓

𝑟𝑤

The fracture’s reference permeability is the arithmetic average of the two adjoining
regions (the well is located in the centre between the two regions):
𝑘𝑟𝑓 =

𝑘1 + 𝑘 2
2

,

The region’s reference permeability is:
𝑘𝑟 = 1.0 𝑚𝑑,
And (kd1) & (kd2) are the dimensionless permeabilities for Regions 1 and 2:
𝑘

𝑘

𝑘𝐷1 = 𝑘 1 , 𝑘𝐷2 = 𝑘 2 .
𝑟

𝑟
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3.7 Computer Coding
Frac-model Code: MATLAB software package was used to code the solution in the
dimensionless form. The code is capable of running an unlimited number of different
scenarios required to generate type curves which can be used to match pressure data of
field cases. It also accounts for specific properties for the fracture and the two regions.
3.7.1 Handling Dimensionless Skin and Wellbore Storage (WBS)
Moreover, the solution is enabled with dimensionless skin and wellbore storage (WBS)
using Kucuk and Ayestaran (1985) dimensionless equations and limited to positive skin
only:
𝑝𝑤𝐷 |

𝑠𝑘𝑖𝑛

= 𝑝𝑤𝐷 +

𝑝𝑤𝐷 |

𝑊𝐵𝑆

=

skin
s

𝑝𝑤𝐷
1+𝐶𝐷 ∙s2 ∙𝑝𝑤𝐷

,

where 𝑠 is the Laplace parameter.
3.7.2 Solution Scenarios
The code is capable of handling:


An Infinite-acting homogenous reservoir,



A Finite conductivity, fractured well in homogenous reservoir,



A Finite conductivity, fractured well between two reservoirs with different mobilities.

3.7.3 Solution Parameters
The solution will provide the following results


Reservoir permeabilities: (𝑘1 and 𝑘2 )



Dimensional fracture conductivity: 𝑘𝑓 ∙ 𝑤𝑓



Dimensionless fracture conductivity: (𝐹𝐶𝐷𝑓 = 𝑘 𝑓

𝑘 𝑤𝑓
𝑟𝑓

𝑟𝑤

)

3.8 Overall Solution Behaviour: Observations and Discussions
The type curve solution of dimensionless pressure-derivative versus dimensionless time
for different dimensionless fracture conductivity has been plotted in Figure 20, using
Villinger’s (1985) numerical inversion from the Laplace transform. The solution shows
64

Chapter 3 - Semi-Analytical Solution to a Well Intersecting a Finite Conductivity Fracture in an
Asymmetric Reservoir

some distinctive features: fractured-well pressure behaviour at early times, where the
curve signifies a ¼ slope as a result of a bilinear flow reflecting two linear flow regimes
along and into the fracture. Finally, a homogenous total behaviour, with an infinite
acting radial flow (IARF) derivative stabilisation.

Figure 20: Type-curve by the Frac-model of dimensionless pressure-derivative versus
dimensionless time for different dimensionless fracture conductivity.

The combined dimensionless pressure and pressure-derivative versus dimensionless
time for different dimensionless fracture conductivity has been plotted in Figure 21.

Figure 21: Type-curve by the Frac-model of dimensionless pressure and pressure-derivative
versus dimensionless time for different dimensionless fracture conductivity.
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Looking more closely at the type curves shown in Figure 22, it is noted that the pressure
derivative curve exhibits a distinctive feature of an early fracture linear flow regime at a
very early time (from 1𝑒 −8 to 1𝑒−10). This feature, 1/2 slope, reflects the first fluid flow
into the well from the fracture only, and validates the stability of the solution at very
early times. It is worth mentioning that the normal operating hours are shaded from
(from 2.8𝑒1 to 6.7𝑒7).

Figure 22- Dimensionless time vs. dimensionless pressure derivative exhibiting the Early
Fracture Linear Flow regime by the Frac-model.

Fracture linear flow without matrix flow
According to Wattenbarger et al. (1998), “decline curves for tight gas wells show that
linear flow may last for over 10 or 20 years. These decline curves may show outer
boundary effects but no pseudo-radial flow” and they suggest that “a good assumption
for large dimensionless fracture conductivity is 𝐹𝐶𝐷 >50”. This is true for tight
reservoirs; however, in cases where the presence of natural fractures or exploited
hydraulically fractures, it is expected to obtain a fracture-flow domination, fracturelinear flow, and only a very weak matrix support may be obtained. However the present
general solution, Frac-model, can handle the specific scenario proposed by
Wattenbarger et al. (1998). That is, to only investigate the fracture linear flow
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behaviour, the author assumed that the flow rate per unit area of the matrix
permeabilities from both regions is approaching zero:
If:
𝜕2 𝑝𝐷𝑓
𝜕𝑥𝐷 2

+𝐹

1

[(𝑘𝐷2 ) ∙

𝐶𝐷𝑓

𝜕𝑝𝐷2

|

𝜕𝑦𝐷 𝑦 =0
𝐷

𝜕𝑝𝐷1

− (𝑘𝐷1 ) ∙

2𝜋

|

𝜕𝑦𝐷 𝑦 =0
𝐷

]+𝐹

𝐶𝐷

𝜕𝑝

∙ 𝛿(𝑥𝐷 − 𝑎) = (1/𝜂𝐷𝑓 ) ∙ 𝜕𝑡 𝐷𝑓
𝐷𝑓

and
(𝑘𝐷2 ) ∙

𝑑𝑝𝐷2

|

𝑑𝑦𝐷 𝑦 =0
𝐷

− (𝑘𝐷1 ) ∙

𝑑𝑝𝐷1

|

𝑑𝑦𝐷 𝑦 =0
𝐷

≅ 𝑍𝑒𝑟𝑜

then:
𝜕2 𝑝𝐷𝑓

𝐹𝐶𝐷𝑓 ∙
𝜕2 𝑝𝐷𝑓
𝜕𝑥𝐷 2

𝜕𝑥𝐷 2

+

𝜕𝑝

+ 2𝜋 ∙ 𝛿(𝑥𝐷 − 𝑎) = 𝐹𝐶𝐷𝑓 ∙ (1/𝜂𝐷𝑓 ) ∙ 𝜕𝑡 𝐷𝑓
𝐷𝑓

2𝜋∙ 𝛿(𝑥𝐷 −𝑎)
𝐹𝐶𝐷𝑓

Laplace form:

𝜕𝑝

=∙ (1/𝜂𝐷𝑓 ) ∙ 𝜕𝑡 𝐷𝑓
𝐷𝑓

𝜕2 𝑝𝐷𝑓
𝜕𝑥𝐷

2

+𝐹

2𝜋

𝐶𝐷

∙ 𝛿(𝑥𝐷 − 𝑎) = (
∙𝑠

Laplace form: −𝜌2 𝑝𝐷𝑓 + 𝐹

2𝜋

𝐶𝐷 𝑠

∙

1
√2𝜋

𝑠 ∙ 𝑝𝐷𝑓

=(

𝜂𝐷𝑓

𝑠 ∙𝑝𝐷𝑓
𝜂𝐷𝑓

)

)

Then:
Equation 43
2

∞

⇒ 𝑝𝐷𝑓 = 𝑠 ∫0

𝑑𝜌
(𝐹𝐶𝐷𝑓 .(𝜌2 +

𝑠
))
𝜂𝐷𝑓

(43)

The dimensionless pressure and pressure-derivative versus dimensionless time for
several fracture linear-flow (only) cases with different fracture conductivity are shown
in Figure 23. The solution correctly shows the 1/2 slope lines dominating the entire flow
period.
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Figure 23 Fracture Linear Flow only in the case of no matrix flow into fracture by the Fracmodel.

Fracture skin and wellbore storage
As mentioned above, the solution code is also empowered with dimensionless skin and
wellbore storage (WBS) using Kucuk and Ayestaran’s (1985) dimensionless equations.
Such a scenario, albeit limited to positive skin only, is shown in Figure 24. It correctly
shows the unit-slope and transition solution signatures of positive wellbore storage prior
to ¼ bi-linear signature.

Figure 24- Dimensionless time vs. dimensionless pressure and pressure derivative, by the Fracmodel, with Wellbore Storage using Kucuk and Ayestaran's (1985) dimensionless equations.
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3.8.1 Sensitivity runs
Fractured well bounded by two similar regions: Case 1
The type curve solution of dimensionless pressure and its log-derivative versus
dimensionless time for different dimensionless fracture conductivity in a symmetric
reservoir (𝑘1 = 𝑘2 ) has been plotted in Figure 25. Table 1, summarises well and
reservoir properties. Here, both regions have similar permeabilities of 10 𝑚𝑑 and thus
the arithmetic average is also 10 𝑚𝑑 with varying fracture conductivities, i.e. 𝐹𝐶𝑓
=1𝑒 6 , 1𝑒 8 , 1𝑒 10 𝑎𝑛𝑑 1𝑒 12 𝑚𝑑 𝑓𝑡 . This case is compared to another case, of a well
located in a homogenous reservoir (without a fracture) with a similar reservoir
permeability. The solution correctly shows the ¼ slope bilinear flow signatures
followed by the middle time stabilisation corresponding to the symmetric reservoir.
Table 1: Well and reservoir properties of the field data set-1.

Property
Wellbore Radius, ft
Pay Zone, ft
Porosity, %
Formation Volume Factor, bbl/STB
Viscosity, cp
Total Compressibility, 𝑝𝑠𝑖 −1

Value
0.3
100.0
15.0
1.0
0.7
3. 0𝑒 −6

Figure 25- Dimensionless time vs. dimensionless pressure and pressure derivative curves by the
Frac-model.
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Fractured well bounded by two different regions: Case 2
For the same well and reservoir properties of the above example, Table 1, a synthetic
case of a fractured-well (𝐹𝐶𝑓 = 1𝑒 6 𝑚𝑑 𝑓𝑡 ) in an asymmetric reservoir was studied,
where Region-1 and Region-2’s permeabilities are 5 𝑚𝑑 and 15 𝑚𝑑, respectively, and
the average permeability calculated from this solution is the arithmetic average
of 10 𝑚𝑑. Again, it is compared to another case, of a well located in a homogenous
reservoir (without a fracture) with an average reservoir permeability of 10 𝑚𝑑. By
superimposing the two pressure derivatives of both cases, a perfect overlay is achieved
over the radial flow period, confirming the reliability of the average permeability
calculation method by this solution, Figure 26. This was predicted, as the well is located
in the centre, between the two regions.

Figure 26- Derivative overlay of a vertical well in a homogenous reservoir and a fractured well
in an asymmetric reservoir, by the Frac-model, where both reservoirs have the same average
permeability of 10 md.

70

Chapter 3 - Semi-Analytical Solution to a Well Intersecting a Finite Conductivity Fracture in an
Asymmetric Reservoir

Summary
Chapter 3 has discussed the development of a semi-analytical solution to a fracturedwell with a finite conductivity fracture separating two regions of different mobilities. A
new solution is proposed to handle a finite conductivity fracture in symmetric and
asymmetric reservoirs (two different regions bounding the fracture plane) accounting
for the flow in the reservoir along the x-y plane. Here, the flow domain of the statement
problem has been divided into three flow regions namely: (i) a reservoir Region-1, with
its specific properties, that defines flow into the fracture from Region -1 in both x- and
y-planes, (ii) a fracture, of infinite length, with its specific fracture properties, which
allows fluids to flow along the fracture and towards the well and (iii) a reservoir
Region-2, with its specific properties, that defines the fluid flow into the fracture from
the top in the x-y plane.
The governing equations corresponding to these three flow regions were derived and
converted to dimensionless form, which were then further simplified in the time and
space domains by taking the Laplace and Fourier transformations, respectively. Since
the flow domain is semi-infinite at Regions-1 and 2, the Helmholtz equation was used to
further reduce the complexity of the solution and led to the resultant expression for the
wellbore pressure in the Laplace domain. It should be noted that the assumed finite
conductivity fracture dictates a non-uniform inflow-flux distribution along the fracture
plane, as the fracture pressure (pf ) is smaller close to the well and larger towards the tip,
or end of formation flow. The fracture half-length is assumed to be infinite, whereas the
effective fracture half-length (xf ) is finite. The flux distribution and the effective halflength determination will be discussed in the next chapter. The corresponding type
curves of dimensionless time and pressure were presented. The pressure derivative
curve exhibits a distinctive feature of an early fracture linear flow regime at a very early
time. This feature reflects the first fluid flow into the well from the fracture only, and
validates the stability of the solution at very early times. This is followed by the
characteristics of a bilinear slope (flow along and into the fracture), demonstrating the
fracture characteristics, and then by a radial flow, zero slope, articulating the quality of
the two reservoirs.
The next chapter will discuss an added complexity to the solution by solving for a
fractured-well near finite conductivity fault in a three-region linear composite reservoir.
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4. CHAPTER 4 – SEMI-ANALYTICAL SOLUTION TO A WELL
INTERSECTING A FINITE CONDUCTIVITY FRACTURE
NEAR A FINITE CONDUCTIVITY FAULT IN AN
ASYMMETRIC RESERVOIR
4.1 Introduction
Complementing the efforts carried over from Chapters 3, here in Chapter 4, the
reservoir is assumed to be asymmetric with a fractured well and a fault. The asymmetry
is represented by three regions of different quality separating the fracture and the fault.
Regions 1 and 2 are bounding the fractured well, whereas Regions 2 and 3 bound the
fault nearby, Figure 27. This new model is defined as the “FracFault” model.

Figure 27: An aerial outcrop image (50 km north of Riyadh), describes the flow problem of the
FracFault-model.

The proposed semi-analytical solution presented here offers general schemes to easily
carry out modelling of such scenarios with increasing certainty and enhanced positive
impact on management decisions regarding such reservoirs and is in-line with meeting
the current needs of the industry. Furthermore, it serves as a good platform to address
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the more general case of the presence of a fault with differing quality reservoir units
across the fault plane. The proposed solution is supplemented by type curves of
dimensionless time and pressure. The integrity is verified with synthetic models along
with analytically and numerically built models, in addition to real field data.
The solution assumes an infinite outer reservoir boundary and lengths of both the
fracture and fault. Regions 1 and 3 are semi-infinite on the y-axis, while, Region 2 is
separating the fracture and fault, hence finite along y-axis, Figure 28. The quality of the
regions (flow units) across the fault and the fractured-well, can be presented with
different fracture, fault and reservoir properties.

Figure 28: A 3-D sketch representing the model geometry of the FracFault.

4.2 Mathematical narrative
The flow domain of the statement problem has been divided into five flow areas
namely: (i) reservoir Region-1 , with its specific properties, that defines the flow from
the un-faulted side into and around the fractured well, (ii) well intersecting a finite
conductivity Fracture, (iii) reservoir Region-2, with its specific properties which defines
the flow between the fracture and the fault nearby, (iv) the finite conductivity fault
nearby (with its specific properties), which allows fluids to flow along, across and
towards the fracture and (v) reservoir Region-3, with its specific properties which
defines flow into from beyond the fault.
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The flow per unit area towards the well is defined to be positive from the faulted side
and negative from the un-faulted side. It should be noted that the author’s aim is to have
a solution to the pressure versus time and space in general and wellbore pressure with
time in particular. The task is designed to carry out a detailed analysis of the physics
and propose an appropriate semi-analytical solution to the flow problem. This is
achieved by:


Deriving the equation for each region separately, converting variables to
dimensionless forms and solving all five equations for the pressure at the well in
both Laplace and Fourier domains for the following cases:
a. Fractured-well in an asymmetric reservoir.
b. Flux distribution and effective half-length estimation.
c. Fractured-well in a symmetric reservoir with a finite conductivity fault nearby
(parallel to the fractured well).
d. Fractured-well in a two-region linear composite reservoir with a finite
conductivity fault nearby.
e. Fractured-well in a three-region linear composite reservoir with a finite
conductivity fault nearby.

In a well-defined systematic approach, the model is simplified by adding the above
mentioned reservoir units one at a time.
4.3 Mathematical Solution Set-up
The solution to the equations describing this flow problem presented in Figure 29, is
divided into five regions namely:
1.

Region-1: the reservoir of the un-faulted side with permeability 𝑘1 and pressure
𝑝1 .

2.

Fractured Well: fractured-well with fracture permeability 𝒌f , fracture width wf
and fracture pressure 𝑝f .

3.

Region-2: the reservoir between fracture and fault with permeability k 2 and
pressure p2 .

4.

Fault: nearby fault with fault permeability k F , fracture width wF and fault
pressure p𝐹 .

5.

Region-3: the reservoir beyond the fault with permeability k 3 and pressure p3 .
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Figure 29: Definition sketch of the FracFault-model solution.

4.4 Diffusivity Equations
4.4.1 Solution Assumptions
The well model solution adopts the following assumptions:
 Vertical well penetrating a horizontal layer with an infinite drainage domain.
 The drainage domain is divided into three composite regions (fracture and fault
are splitting the three regions) of similar properties.
 The porous volume is bounded by top and bottom impermeable boundaries.
𝑑𝑝

( 𝑑𝑧 |

𝑧=0

𝑑𝑝

= 0) and ( 𝑑𝑧 |

𝑧=ℎ

= 0).

 Initially (at time zero) at constant pressure (p(x,

y) |t=0

= pi ).

 Fracture and faults are infinite in length, but semi-infinite along y-axis;
Region 1: ( − ∞ < 𝑦 < 0),
Region 2: ( 0 < 𝑦 < dF ), 𝑎𝑛𝑑
Region 3: ( dF < 𝑦 < ∞).
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 Production occurs through a fully penetrating “uneven flux” vertical fracture
with fracture conductivity of (𝑘𝑓 . 𝑤𝑓 ).
 Reservoirs are homogenous and isotropic within each side of the fracture and
reservoir.
 Single phase slightly compressible fluid (𝑐𝑓 ), flows from porous media to the
fracture with constant viscosity (𝜇𝑓 ) and formation volume factor (𝐵).
 Reservoir total compressibility is (𝑐𝑡 )
 Fluid properties are independent of pressure.
 Gravity and capillary forces are neglected.
4.4.2 Fractured-well diffusivity equation between two linear-composite
reservoir
In this chapter Regions 1, 2 and 3 are of different permeabilities:
𝒌𝑫𝟏 ≠ 𝒌𝑫𝟐 ≠ 𝒌𝑫𝟑
Moreover, the flowrate from each region is not the same, as some of the fluid, from
Region-2, is prone to flow towards the fault and the fractured well:
𝑢1 ≠ 𝑢2 ≠ 𝑢3
⇒

𝑑𝑝𝐷1

≠

𝑑𝑦𝐷

𝑑𝑝𝐷2
𝑑𝑦𝐷

≠

𝑑𝑝𝐷3
𝑑𝑦𝐷

Hence, the fracture diffusivity equation for asymmetric reservoir is the same as Equation
26:
𝜕2 𝑝𝐷𝑓
𝜕𝑥𝐷 2

+

1
𝐹𝐶𝐷𝑓

[(𝑘𝐷2 ) ∙

𝜕𝑝𝐷2

|

𝜕𝑦𝐷 𝑦 =0
𝐷

− (𝑘𝐷1 ) ∙

𝜕𝑝𝐷1

|

𝜕𝑦𝐷 𝑦 =0
𝐷

]+

2𝜋
𝐹𝐶𝐷𝑓

Where,
𝑘𝐷1 =

𝑘1
𝑘𝑟

, 𝑘𝐷2 =

𝑘𝑓 𝑤𝑓

𝐹𝐶𝐷𝑓 = 𝑘
𝜂𝐷𝑓 = (

𝑟𝑓 𝑟𝑤

𝑘𝑟

, 𝑘𝑟 = 1.0

, where 𝑘𝑟𝑓 =

(𝜑 𝑐𝑡 𝜇)𝑓
𝑘𝐹

𝑘2

∙

0.000264∙𝑘𝑟𝑓
(𝜑 𝑐𝑡 𝜇)𝑟𝑓

𝑘1 + 𝑘2
2
𝜂

) = 0.000264 ∙ ( 𝜂𝑟𝑓 )
𝑓
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𝜕𝑝𝐷𝑓
𝜕𝑡𝐷𝑓

31

Chapter 4– Semi-Analytical Solution for a Well Intersecting a Finite Conductivity Fracture near A
Finite Conductivity Fault in an Asymmetric Reservoir

4.4.3 Finite Conductivity Fault in an Asymmetric Reservoir
Figure 30 clarifies the statement problem for flow within the fault:

Figure 30: Schematic of flow distribution for a finite conductivity fault in bounded by an
asymmetric reservoir.
𝑞

In this figure, (𝑢2 &𝑢3 ) are flow per unit area (𝑢 = 𝐴) , assuming a constant (nonuniform) flux along the fault plane, from the reservoir (A = h ∙ ∆𝑥).
Similarly, as in (Appendix-A), for slightly compressible fluid:
(Mass-in / Time) – (Mass-out / Time) = (Mass-Accumulation / Time)
(𝑞𝑥 ∙ 𝜌𝑥 ) − (𝑞𝑥+∆𝑥 ∙ 𝜌𝑥+∆𝑥 ) + 𝑢2 (ℎ ∙ ∆𝑥) ∙ 𝜌𝑦 + 𝑢3 (ℎ ∙ ∆𝑥) ∙ 𝜌𝑦 = 𝑞∆𝑥 ∙ 𝜌∆𝑥

Multiply by ∆𝑡
(𝑞𝑥 ∙ ∆𝑡) − (𝑞𝑥+∆𝑥 ∙ ∆𝑡) + (𝑢2 + 𝑢3 ) ∙ (ℎ ∙ ∆𝑥) ∙ ∆𝑡 = 𝑞∆𝑥 ∙ ∆𝑡 = ∆v

(qx − qx+∆x ) ∙ (∆t)+(𝑢2 + 𝑢3 ) ∙ (ℎ ∙ ∆𝑥) ∙ ∆𝑡 = 𝑐𝑣 ∆𝑝 = 𝑐 ∙ (𝑤𝐹 ∙ ℎ ∙ ∆𝑥 ∙ 𝜑) ∙
(𝑝𝑡+∆𝑡 − 𝑝𝑡 )
Divide by (∆𝑥 ∙ ∆𝑡) and take limit as ∆𝑥 → 0 & ∆𝑡 → 0 :
𝑞𝑥+∆𝑥 −𝑞𝑥

−lim (
∆𝑥→0

∆𝑥

) + (𝑢2 + 𝑢3 ) ∙ (ℎ) = 𝑐 ∙ (𝑤𝐹 ∙ ℎ ∙ 𝜑) lim (
∆𝑡→0
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Equation 44
𝑑𝑞

− 𝑑𝑥 + (𝑢2 + 𝑢3 ) ∙ (ℎ) = 𝑐 ∙ (𝑤𝐹 ∙ ℎ ∙ 𝜑)

𝑑𝑝𝐹

(44)

𝑑𝑡

Introduce Darcy’s law:
𝑞=−

𝑘𝐹 𝐴 𝑑𝑝𝐹
∙ 𝑑𝑥 ,
𝜇

𝑎𝑙𝑜𝑛𝑔 𝑓𝑎𝑢𝑙𝑡

Differentiate both sides w.r.t. x:
𝑑
𝑑𝑥

∙𝑞 =−

𝑘𝐹 𝐴
𝜇

𝑑

𝑑𝑝𝐹

∙ (𝑑𝑥 ∙

𝑑𝑥

)

Equation 45
𝑑𝑞
𝑑𝑥

𝑘𝐹 𝐴

=−

𝜇

𝑑2 𝑝

∙ ( 𝑑𝑥 2𝐹)

(45)

Substitute Equation 45 in Equation 44:
𝑘𝐹 𝐴
𝜇

𝜕2 𝑝

∙ ( 𝜕𝑥 2𝐹) + (𝑢2 + 𝑢3 ) ∙ (ℎ) = 𝑐 ∙ (𝑤𝐹 ∙ ℎ ∙ 𝜑)

𝜕𝑝𝐹
𝜕𝑡

Since, 𝐴 = 𝑤𝐹 ∙ ℎ, then:
𝑘𝐹
𝜇

𝜕 2 𝑝𝐹

∙ 𝑤𝐹 (

𝜕𝑥 2

) + (𝑢2 + 𝑢3 ) = 𝑐 ∙ (𝑤𝐹 ∙ 𝜑)

𝜕𝑝𝐹
𝜕𝑡

Re-arrange two dimensional diffusivity equations for fluid flowing along fracture plane
per unit area:
𝜕 2 𝑝𝐹
𝜕𝑥 2

+ (𝑢2 + 𝑢3 ) ∙ 𝑤

𝜇

𝐹 ∙𝑘𝐹

=

𝑐𝜇𝜑
𝑘𝐹

𝜕𝑝

∙ ( 𝜕𝑡𝐹)

Or:
Equation 46
𝜕 2 𝑝𝐹
𝜕𝑥 2

+ (𝑢2 + 𝑢3 ) ∙ 𝑤

𝜇

𝐹 ∙𝑘𝐹

= 1⁄𝜂𝐹 ∙ ( 𝜕𝑡𝐹)
𝜕𝑝

(46)

Now:
From Darcy’s equation:
For (𝑢2 ):
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Equation 47
𝑞

𝑢2 =

𝐴

=−

𝑘2
𝜇

∙

𝑑𝑝2

|

𝑑𝑦 𝑦→𝑑
𝐹

, Flow from 𝐑𝐞𝐠𝐢𝐨𝐧 − 𝟐 into fault (oppisite direction)

(47)

For (u3 ):
Equation 48
𝑞

𝑢3 =

𝐴

𝑘3

=

𝜇

∙

𝑑𝑝3

, Flow from 𝐑𝐞𝐠𝐢𝐨𝐧 − 𝟑 into fault (normal direction)

|

𝑑𝑦 𝑦→𝑑
𝐹

(48)

Substitute Equation 47 & Equation 48 into Equation 46 and re-arranging the equation:
Equation 49
𝜕 2 𝑝𝐹
𝜕𝑥 2

+𝑘

1
𝐹 ∙𝑤𝐹

[𝑘3

𝜕𝑝3

|

𝜕𝑦 𝑦=𝑑
𝐹

− 𝑘2

𝜕𝑝2

|

𝜕𝑦 𝑦=𝑑
𝐹

𝜕𝑝

] = 1/𝜂𝐹 ∙ ( 𝜕𝑡𝐹)

(49)

which is the diffusivity equation for a finite conductivity fracture,
where:
𝜂𝐹 :

Hydraulic Diffusivity constant along fault

𝐹𝐶𝐹 = 𝑘𝐹 ∙ 𝑤𝐹 (𝑚𝑑. 𝑓𝑡) :

Fault conductivity, dimensional (md.ft)

1⁄ = 𝐶 ∙ (𝜑𝜇𝑐𝑡 )𝐹 , 𝐶 = 0.000264
𝜂𝐹
𝑘𝐹
4.4.4 Convert variables to dimensionless form
𝑥

𝑥𝐷 = 𝑟

𝑤

→ 𝑥 = 𝑟𝑤 . 𝑥𝐷 , and dx=𝑟𝑤 ∙ 𝑑𝑥𝐷

𝑦

𝑦𝐷 = 𝑟 → 𝑦 = 𝑟𝑤 ∙ 𝑦𝐷 , and dy=𝑟𝑤 ∙ 𝑑𝑦𝐷
𝑤

𝑡𝐷𝐹 =

0.000264 𝑘𝑟𝐹 𝑡
(𝜑𝜇𝑐𝑡 )𝐹 𝑟𝑤 2

, and 𝑑𝑡𝐷𝐹 =

0.000264 𝑘𝑟𝐹
(𝜑𝜇𝑐𝑡 )𝐹 𝑟𝑤 2

∙ 𝑑𝑡

Equation 50

⇒ 𝑑𝑡 =

(𝜑𝜇𝑐𝑡 )𝐹 ∙ 𝑟𝑤 2
0.000264 𝑘𝑟𝐹

∙ 𝑑𝑡𝐷𝐹

(50)

Flow along fault
𝝏𝟐 𝒑𝑭
𝝏𝒙𝟐

:

𝑝𝐷𝐹 =

𝑘𝑟𝐹 . ℎ[𝑝𝑖 −𝑝𝐹 ]
141.2 𝑞𝛽𝜇

, 𝑝𝐹 = 𝑝𝑖 −

141.2 𝑞𝛽𝜇
𝑘𝑟𝐹 ∙ ℎ

𝑝𝐷𝐹 and 𝑑𝑝𝐹 = −
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𝑑𝑝𝐹

And

𝑑𝑥

= 0−

141.2 𝑞𝛽𝜇 𝑑𝑝𝐷𝐹
𝑘𝑟𝐹 ∙ ℎ
𝑑𝑥

141.2 𝑞𝛽𝜇 𝑑𝑝𝐷𝐹
𝑟𝐹 ∙ ℎ ∙ 𝑟𝑤 𝑑𝑥𝐷

= −𝑘

, (𝑠𝑖𝑛𝑐𝑒 𝑑𝑥 = 𝑟𝑤 ∙ 𝑑𝑥𝐷 )

Equation 51
𝑑 2 𝑝𝐹
𝑑𝑥 2

141.2 𝑞𝛽𝜇

= −𝑘

𝑟𝐹 .ℎ 𝑟𝑤 ∙

𝑑2 𝑝𝐷𝐹

∙

2

𝑑𝑥𝐷 2

(51)

Flow into fault:
𝒅𝒑

( 𝒅𝒚𝟏 &
𝑝𝐷1 =

𝒅𝒑𝟐

):

𝒅𝒚
𝑘𝑟 ℎ[𝑝𝑖 −𝑝1 ]
141.2𝑞𝛽𝜇

, 𝑝1 = 𝑝𝑖 −

141.2 𝑞𝛽𝜇
𝑘𝑟 ℎ

𝑝𝐷1

Then:
Equation 52
𝑑𝑝2
𝑑𝑦

= 0−

141.2 𝑞𝛽𝜇
𝑘𝑟 ℎ

∙

𝑑𝑝𝐷2

∙

𝑑𝑝𝐷3

𝑑𝑦

=−

141.2 𝑞𝛽𝜇 𝑑𝑝𝐷2
𝑘𝑟 ℎ 𝑟𝑤
𝑑𝑦𝐷

, (𝑠𝑖𝑛𝑐𝑒 𝑑𝑦 = 𝑟𝑤 ∙ 𝑑𝑦𝐷 )

(52)

=−

141.2 𝑞𝛽𝜇 𝑑𝑝𝐷3
𝑘𝑟 ℎ . 𝑟𝑤 𝑑𝑦𝐷

, (𝑠𝑖𝑛𝑐𝑒 𝑑𝑦 = 𝑟𝑤 ∙ 𝑑𝑦𝐷 )

(53)

Similarly:
Equation 53
𝑑𝑝3
𝑑𝑦

= 0−

141.2 𝑞𝛽𝜇
𝑘𝑟 ℎ

𝑑𝑦

Solve for transient pressure:
𝒅𝒑𝑭
𝒅𝒕

:

𝑑𝑝𝐹
𝑑𝑡

=0−

141.2 𝑞𝛽𝜇
𝑘𝑟𝐹 ∙ ℎ

∙

𝑑𝑝𝐷𝐹
𝑑𝑡

Substitute for 𝑑𝑡 from Equation 50:
Equation 54
𝑑𝑝𝐹
𝑑𝑡

=−

141.2 𝑞𝛽𝜇
𝑘𝑟𝐹 ∙ ℎ

∙

0.000264 𝑘𝑟𝐹 𝑑𝑝𝐷𝐹
∙
(𝜑𝜇𝑐𝑡 )𝐹 𝑟𝑤 2 𝑑𝑡𝐷𝐹

(54)

substituting the dimensionless variables described by Equation 50 to Equation 54
in Equation 49:
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Equation 55
141.2 𝑞𝛽𝜇

−𝑘

2
𝑟𝐹 ∙ ℎ 𝑟𝑤

1/𝜂𝐹 ∙ (−

∙

𝑑2 𝑝𝐷𝐹
𝑑𝑥𝐷 2

141.2 𝑞𝛽𝜇
𝑘𝑟𝐹 ℎ

[−

141.2 𝑞𝛽𝜇

0.000264 𝑘𝑟𝐹

) ∙ ( 𝜕𝑡𝐹)

+𝑘

1
𝐹 ∙ 𝑤𝐹

∙ (𝜑𝜇𝑐 )

𝑡 𝑟𝐹

𝑟𝑤

2

𝑘𝑟 ℎ∙ 𝑟𝑤

∙ (𝑘3

𝑑𝑝𝐷3

|

𝑑𝑦𝐷 𝑦=𝑑
𝐹

− 𝑘2

𝑑𝑝𝐷2

|

𝑑𝑦𝐷 𝑦=𝑑
𝐹

)] =

𝜕𝑝

(55)

gives the dimensionless form of PDE describing the flow along and into the fault, for
asymmetric reservoirs:
Equation 56
𝜕2 𝑝𝐷𝐹
𝜕𝑥𝐷 2

+𝐹

1

𝐶𝐷𝐹

[(𝑘𝐷3 ) ∙

𝜕𝑝𝐷3
𝜕𝑦𝐷

− (𝑘𝐷2 ) ∙

𝜕𝑝𝐷2
𝜕𝑦𝐷

]
𝑦𝐷 =𝑑𝐹

where:
𝑘

𝑘

𝑘𝐷2 = 𝑘 2 , 𝑘𝐷3 = 𝑘 3
𝑟

𝑟

and 𝑘𝑟 = 1.0 𝑚𝑑

𝑑𝐹 = 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑡𝑜 𝐹𝑎𝑢𝑙𝑡 (𝑓𝑡)
𝑘 𝑤𝐹
𝑟 𝑟𝑤

𝐹𝐶𝐷𝐹 = 𝑘 𝐹

1

, where 𝑘𝑟𝐹 =

𝑘2 + 𝑘3
2

𝜂

1/𝜂𝐷𝐹 = 0.000264 ∙ (𝜂 𝐹 )
𝑟𝐹
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𝜕𝑝𝐷𝐹
𝜕𝑡𝐷

(56)
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4.4.5 Assemble the governing equations in space and time
The same equations as those presented in Chapter 3 for fracture and all three matrix
regions, are listed below:
Region-1:
Equation 57
∂2 pD1
∂xD 2

+

∂2 pD1
∂yD 2

∂p

= 1/ηD1 ∙ ( ∂tD1 )

(57)

D

(ηD1 ), capturing permeability of Region 1.
Fracture:
Equation 58
𝜕2 𝑝𝐷𝑓
𝜕𝑥𝐷 2

+

1
𝐹𝐶𝐷𝑓

[(𝑘𝐷2 ) ∙

𝜕𝑝𝐷2

|

𝜕𝑦𝐷 𝑦 =0
𝐷

− (𝑘𝐷1 ) ∙

𝜕𝑝𝐷1

|

𝜕𝑦𝐷 𝑦 =0
𝐷

]+

2𝜋
𝐹𝐶𝐷𝑓

∙ 𝛿(𝑥𝐷 − 𝑎) = (1/𝜂𝐷𝑓 ) ∙

𝜕𝑝𝐷𝑓
𝜕𝑡𝐷𝑓

(58)

(𝑘𝐷1 ) and (𝑘𝐷2 ), capturing permeability of Region 1 and Region 2.
Region-2:
Equation 59
∂2 pD2
∂xD 2

+

∂2 pD2
∂yD 2

∂p

= 1/ηD2 ∙ ( ∂tD2 )

(59)

D

(ηD2 ), capturing permeability of Region 2 only.
Fault:
Equation 60
𝜕2 𝑝𝐷𝐹
𝜕𝑥𝐷

2

+𝐹

1

𝐶𝐷𝐹

[(𝑘𝐷3 )

𝜕𝑝𝐷3
𝜕𝑦𝐷

− (𝑘𝐷2 )

𝜕𝑝𝐷2
𝜕𝑦𝐷

]
𝑦𝐷 =𝑑𝐹

= (1/𝜂𝐷𝐹 ) ∙

𝜕𝑝𝐷𝐹
𝜕𝑡𝐷

(60)

(𝑘𝐷2 ) and (𝑘𝐷3 ), capturing permeability of Region 2 and Regions 3.
Region-3:
Equation 61
∂2 pD3
∂xD

2

+

∂2 pD3
∂yD

2

∂p

= 1/ηD3 ∙ ( ∂tD3 )

(61)

D

(ηD3 ), capturing permeability of Region 3 only.
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Transformations
4.4.6 Laplace Transformation
Take the Laplace transform of all equations with respect to dimensionless time, 𝑡𝐷𝑓 , in
terms of parameter (𝑠):
Region-1
Equation 62
𝜕2 𝑝D1
𝜕𝑥𝐷 2

𝜕2 𝑝D1

+

𝜕𝑦𝐷 2

= 1/𝜂D1 ∙ (𝑠𝑝𝐷1 − 0)

(62)

Fracture
Equation 63
𝝏𝟐 𝒑𝑫𝒇
𝝏𝒙𝑫 𝟐

+

𝟏
𝑭𝑪𝑫𝒇

[(𝒌𝑫𝟐 ) ∙

𝝏𝒑𝑫𝟐

|

𝝏𝒚𝑫 𝒚 =𝟎
𝑫

− (𝒌𝑫𝟏 ) ∙

𝝏𝒑𝑫𝟏

|

𝝏𝒚𝑫 𝒚 =𝟎
𝑫

]+

𝟐𝝅
𝑭𝑪𝑫𝒇 ∙ 𝑠

∙ 𝜹(𝒙𝑫 − 𝒂) = (𝟏/𝜼𝑫𝒇 ) ∙ (𝑠𝑝𝐷𝑓 − 0)

(63)

Region-2
Equation 64
𝜕2 𝑝D2
𝜕𝑥𝐷

2

𝜕2 𝑝D2

+

𝜕𝑦𝐷 2

= 1/𝜂D2 ∙ (𝑠𝑝𝐷2 − 0)

(64)

Fault:
Equation 65
𝜕2 𝑝𝐷𝐹
𝜕𝑥𝐷 2

+𝐹

1

𝐶𝐷𝐹

[(𝑘𝐷3 )

𝜕𝑝𝐷3
𝜕𝑦𝐷

− (𝑘𝐷2 )

𝜕𝑝𝐷2
𝜕𝑦𝐷

]
𝑦𝐷 =𝑑𝐹

= (1/𝜂𝐷𝐹 ) ∙ (𝑠𝑝𝐷𝐹 − 0)

(65)

Region-3:
Equation 66
𝜕2 𝑝D3
𝜕𝑥𝐷

2

+

𝜕2 𝑝D3
𝜕𝑦𝐷 2

= 1/𝜂D3 ∙ (𝑠𝑝𝐷3 − 0)

(66)

4.4.7 Fourier Transformation
Take the Fourier transform of all equations with respect to space variable, 𝑥𝐷 , in terms
of parameter (𝜌):
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Region-1:
−𝜌2 𝑝D1 +

𝑑2 𝑝D1
𝑑𝑦𝐷

2

=

𝑠∙ 𝑝D1
𝜂D1

Equation 67

⇒

𝑑2 𝑝D1
𝑑𝑦𝐷 2

𝑠

= (𝜌2 + 𝜂 ) 𝑝D1

(67)

D1

Fracture:
Equation 68

−ρ2 pDf +

1
FCDf

[(k D2 ) ∙

∂pD2
∂yD

|

yD =0

− (k D1 ) ∙

∂pD1
∂yD

|

yD =0

]+

√2π
FCDf ∙ s

s ∙ pDf

=(

ηDf

)

(68)

Region-2:
−𝜌2 𝑝D2 +

𝑑2 𝑝D2
𝑑𝑦𝐷 2

=

𝑠∙ 𝑝D2
𝜂D2

Equation 69

⇒

𝑑2 𝑝D2
𝑑𝑦𝐷

2

𝑠

= (𝜌2 + 𝜂 ) 𝑝D2

(69)

D2

Fault:
Equation 70

−ρ2 pDF + 𝑭

1

𝑪𝑫𝑭

[(𝑘𝐷3 )

𝑑p𝐷3
𝑑𝑦𝐷

− (𝑘𝐷2 )

𝑑p𝐷2
𝑑𝑦𝐷

]

=(
𝑦𝐷 =𝑑𝐹

s ∙ pDF
ηDF

)

(70)

Region-3:
−𝜌2 𝑝D3 +

𝑑2 𝑝D3
𝑑𝑦𝐷 2

=

𝑠∙ 𝑝D3
𝜂D3

Equation 71

⇒

𝑑2 𝑝D3
𝑑𝑦𝐷

2

𝑠

= (𝜌2 + 𝜂 ) 𝑝D3

(71)

D3

4.5 Helmholtz Equation Solution
Region-1:
−𝜌2 𝑝D1 +

𝑑2 𝑝D1
𝑑𝑦𝐷 2

=

𝑠∙ 𝑝D1
𝜂D1
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⇒

𝑑2 𝑝D1
𝑑𝑦𝐷

2

𝑠

= (𝜌2 + 𝜂 ) 𝑝D1
D

pD1 = C1 ′ ∙ e

+√(ρ2 +

s
)
ηD

. yD

+ C1 ′′ ∙ e

−√(ρ2 +

s
)
ηD

. yD

Since it is semi-infinite at Region-1 (0 < 𝑦 < −∞), Figure 31, and yD is (-ve). to have
the pressure decreasing with time, then it becomes:
pD1 = C1 ∙ e

+√(ρ2 +

s
) . yD
ηD

Equation 72

pD1 = C1 ∙ e+√m

. yD

(72)

Figure 31: Flow from the three regions towards the well and its relation to the solution of
Helmholtz equation.

Region-2:
−𝜌2 𝑝D2 +
⇒

𝑑2 𝑝D2
𝑑𝑦𝐷 2

𝑑2 𝑝D2
𝑑𝑦𝐷

2

=

𝑠∙ 𝑝D2
𝜂D
𝑠

= (𝜌2 + 𝜂 ) 𝑝D2
D

Since it is finite at Region-2 ( 0 < 𝑦 < 𝑑𝐹 ) and yD is (+ve), the flow is along two
opposite directions: towards the well and towards the fault; thus, both terms of the
equation exist:
pD2 =

𝐶2′

∙ e

s
)
ηD

+√(ρ2 +

. yD

+

𝐶2"

∙ e

s
)
ηD

−√(ρ2 +

85

. yD

Chapter 4– Semi-Analytical Solution for a Well Intersecting a Finite Conductivity Fracture near A
Finite Conductivity Fault in an Asymmetric Reservoir

Equation 73

pD2 = 𝐶2′ ∙ e+√m

. yD

+ 𝐶2" ∙ e−√m

. yD

(73)

Region-3:
𝑑 2 𝑝D3 𝑠 ∙ 𝑝D3
−𝜌 𝑝D3 +
=
𝑑𝑦𝐷 2
𝜂D
2

⇒

𝑑2 𝑝D3
𝑠
= (𝜌2 + ) 𝑝D3
2
𝑑𝑦𝐷
𝜂D

The solution to the above Helmholtz equation
𝑑2 p

(𝑑𝑦 2 = 𝑚 ∙ p), can be written as: p = 𝐶 ′ ∙ e+√m
where, 𝑚 = 𝜌2 + 𝜂

. y

+ 𝐶 " ∙ e− √ m

. y

𝑠
D23

Hence,
pD3 =

𝐶3′

∙ e

+√(ρ2 +

s
) . (𝑦𝐷 −𝑑𝐹 )
ηD

+

𝐶3"

∙e

−√(ρ2 +

s
) . (𝑦𝐷 −𝑑𝐹 )
ηD

Since it is semi-infinite at Region-3 (𝑑𝐹 < 𝑦 < ∞), and yD is (+ve): to have the
pressure decreasing with time, then it becomes:

pD3 = C3 e

−√(ρ2 +

s
)
ηD

. (𝑦𝐷 −𝑑𝐹 )

or
Equation 74

pD3 = C3 e−√m

. (𝑦𝐷 −𝑑𝐹 )

(74)

4.6 Solving for the Final Equation
It is needed to define the boundary conditions and the differentiation forms in order to
solve for pDF in the fault equation, Appendix-D:
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4.6.1 Interface conditions
From the interface conditions:
@ 𝑦𝐷 = 0:
𝑝𝐷1 = 𝑝𝐷2 = 𝑝𝐷𝑓 = C1
𝑝𝐷2 = 𝐶2′ + 𝐶2"
Equation 75

Solve for

𝑝𝐷𝑓 = 𝐶2′ + 𝐶2"

(75)

@ 𝑦𝐷 = 𝑑𝐹 :
𝑝𝐷3 = C3
4.6.2 Differential Equations
Differentiate Equation 73 & Equation 74 for Regions 2 and 3 with respect to yD then
substitute in the fault Equation 70 and solve for pDF at yD = dF :
Region-2:
𝑝𝐷2 |

𝑦𝐷

= 𝐶2′ ∙ 𝑒 +√𝑚2

. 𝑦𝐷

+ 𝐶2" ∙ 𝑒 −√𝑚2

. 𝑦𝐷

Equation 76

pD2 |

𝑦𝐷 =𝑑𝐹

= 𝐶2′ ∙ e+√m2

. dF

+ 𝐶2" ∙ e−√m2

. dF

(76)

Equation 77
dpD2
𝑑𝑦𝐷

|

𝑦𝐷 =𝑑𝐹

= 𝐶2′ ∙ √m2 ∙ e+√m2

. 𝑑𝐹

− 𝐶2" ∙ √m2 ∙ e−√m2

. 𝑑𝐹

(77)

Region-3:
Equation 78

𝑝𝐷3 |

𝑦𝐷 −𝑑𝐹

𝑝𝐷3 |

𝑦𝐷 =𝑑𝐹

= 𝐶3 ∙ 𝑒 −√𝑚3

. ( 𝑦𝐷 −𝑑𝐹 )

(78)

= 𝐶3 = 𝑝𝐷𝐹
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𝑑𝑝𝐷3
|
𝑑𝑦𝐷

= − 𝐶3 ∙ √𝑚3 ∙ 𝑒 −√𝑚3

.( 𝑦𝐷 −𝑑𝐹 )

𝑦𝐷 −𝑑𝐹

Equation 79
𝜕𝑝𝐷3
𝑑𝑦𝐷

|

𝑦𝐷 =𝑑𝐹

= − 𝐶3 ∙ √𝑚3 = − 𝑝𝐷𝐹 ∙ √𝑚3

(79)

Then, substitute back in the Fault Equation 70:
Equation 80

𝑝𝐷𝐹 |

=

𝑦𝐷 =𝑑𝐹

𝑘𝐷2 [𝐶2" ∙√𝑚2 ∙ 𝑒 −√𝑚2 . 𝑑𝐹 −𝐶2′ ∙√𝑚2 ∙ 𝑒 √𝑚2 . 𝑑𝐹 ]
𝐹𝐶𝐷𝐹 ∙ 𝑚𝐹 + 𝑘𝐷3 ∙ √𝑚3

(80)

It is known that:
Equation 81

⇒ 𝑝𝐷𝐹 |

𝑦𝐷 =𝑑𝐹

= 𝐶2′ ∙ 𝑒 +√𝑚2

. 𝑑𝐹

+ 𝐶2" ∙ 𝑒 −√𝑚2

. 𝑑𝐹

(81)

Then Equation 81 = Equation 80 and solve for C2" :
Equation 82

𝐶2"

=

−𝐶2′

kD2 ∙ √m2
]
FCD ∙ mF + kD3 ∙ √m3
F
kD2 ∙ √m2

e2√m2 . dF ∙ [1+

∙
[1−

FCD ∙ mF + kD3 ∙ √m3
F

]

or

𝐶2" = −𝐶2′ ∙ X
(82)

Differentiate Equation 72 & Equation 73 for Regions 1&2 with respect to yD , then
substitute in the fracture Equation 68 and solve for pDf at yD = 0:
Region-2:
Equation 83

pD2 |

𝑦𝐷

= 𝐶2′ ∙ e+√m2

. yD

+ 𝐶2" ∙ e−√m2

. yD

and
pD2 |

𝑦𝐷 =0

= 𝐶2′ + 𝐶2"
88

(83)
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From Equation 75:
𝑝𝐷𝑓 = 𝐶2′ + 𝐶2”
Equation 84
dpD2
𝑑𝑦𝐷

|

𝑦𝐷

= 𝐶2′ ∙ √m2 ∙ e+√m23

− 𝐶2" ∙ √m2 ∙ e−√m2

. yD

. yD

(84)

Equation 85
dpD2
𝑑𝑦𝐷

|

𝑦𝐷 =0

(85)

= 𝐶2′ ∙ √m2 − 𝐶2" ∙ √m2

Region-1:
Equation 86

= 𝐶1 ∙ e√m1

pD1 |

𝑦𝐷

𝑝𝐷1 |

𝑦𝐷 =0

𝜕𝑝𝐷1
𝑑𝑦𝐷

|

𝑦𝐷

. 𝑦𝐷

(86)

= 𝐶1 = 𝑝𝐷𝑓

= 𝐶1 ∙ √𝑚1 ∙ 𝑒 √𝑚1

. 𝑦𝐷

Equation 87
∂pD1
𝑑𝑦𝐷

|

𝑦𝐷 =0

= 𝐶1 ∙ √m1 = 𝑝𝐷𝑓 ∙ √m1

(87)

Then, substitute back in the fracture Equation 68:
Equation 88
√2𝜋

𝑝𝐷𝑓 |

𝑦𝐷 =0

=

𝑘𝐷2 [𝐶2′ ∙√𝑚2 − 𝐶2" ∙√𝑚2 ]+
𝑠
𝐹𝐶𝐷𝑓 ∙ 𝑚𝑓 + 𝑘𝐷1 ∙ √𝑚1

(88)
From the boundary condition, it is known that:
√2𝜋

𝑝𝐷𝑓 |

𝑦𝐷 =0

=

𝑘𝐷2 [𝐶2′ ∙√𝑚2 − 𝐶2" ∙√𝑚2 ]+
𝑠
𝐹𝐶𝐷𝑓 ∙ 𝑚𝑓 + 𝑘𝐷1 ∙ √𝑚1

= 𝐶2′ + 𝐶2"

and solve for C2" :
89

Chapter 4– Semi-Analytical Solution for a Well Intersecting a Finite Conductivity Fracture near A
Finite Conductivity Fault in an Asymmetric Reservoir

Equation 89

𝐶2" = 𝐶2′ ∙

√2π

[ (FCDf ∙ mf )+ (kD1 ∙ √m1 )−(kD2 ∙ √m2 )]+
s
[ (FCDf ∙ mf )+ (kD1 ∙ √m1 )+(kD2 ∙ √m2 )]

or

𝐶2′ ∙Y+√2π

𝐶2" =

Z

(89)

Then Equation 89 = Equation 82 and solve for C2" :
−𝐶2′ ∙ X =

𝐶2′ ∙Y+√2π
Z

Then solve for C2′ and C2"
and
𝑝𝐷𝑓 = 𝐶2′ + 𝐶2" =
𝑝𝐷𝑓 = 𝐶2′ + 𝐶2" =

1

√2𝜋 ∙(1− 𝑋)
𝑍+

𝑌
𝑋

1

√2𝜋 ∙(1− 𝑋)
𝑍+

𝑌
𝑋

Then by substituting for X, Y and Z the final equation can be written as:

pDf =
1−

1− e

−2√m2 . dF
1+

√2π
s

[

[
[ (FCDf ∙ mf )+ (kD1 ∙ √m1 )+(kD2 ∙ √m2 )]+

kD2 ∙ √m2
FCD ∙ mF + kD3 ∙ √m3
F
kD2 ∙ √m2
FCD ∙ mF + kD3 ∙ √m3 ]
F

]

kD2 ∙ √m2
1−
FCD ∙ mF + kD3 ∙ √m3
F
e−2√m2 . dF
kD2 ∙ √m2
1+
[ FCDF ∙ mF + kD3 ∙ √m3 ]

[

]

90

∙ [ (FCDf ∙ mf )+ (kD1 ∙ √m1 )−(kD2 ∙ √m2 )]
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Equation 90
pDf =

√2π
s

∙
s
kD2 ∙ √(ρ2 +η )
D2
s
s
2
FCD ∙ (ρ +η )+ kD3 ∙ √(ρ2 +η )
F
DF
D3
1− e−2√m2 . dF
s
kD2 ∙ √(ρ2 +η )
D2
1+
s
s
2
(ρ2 +
)+
)
F
∙
CD
[
ηDF kD3 ∙ √(ρ +ηD3 ]
F
[
]
1−

s
)
D2
s
s
FCD ∙ (ρ2 +η )+ kD3 ∙ √(ρ2+η )
s
s
s
F
DF
D3
[ FCDf (ρ2 + )+ kD1 √(ρ2 +
)+kD2 √(ρ2 +
)]+ e−2√m2 . dF
∙ [ FCDf
s
ηDf
ηD1
ηD2
kD2 ∙ √(ρ2+η )
D2
1+
s
s
2
2
[ FCDF ∙ (ρ +ηDF)+ kD3 ∙ √(ρ +ηD3)]]
[
1−

91

kD2 ∙ √(ρ2+η

s
)+ kD1
ηDf

(ρ2 +

s
)−kD2
ηD1

√(ρ2 +

s
)]
ηD2

√(ρ2 +
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4.7 Equation Validation
If there is no fault, then: wF = 0 and k D2 = k D3
𝑘 𝑤𝐹

Hence: 𝐹𝐶𝐷𝐹 = 𝑘 𝐹
𝑟

𝒓𝒘

=0

where: k D1 ≠ k D2 ; thus:
𝑝𝐷𝑓 =

√2𝜋
𝑠

1

∙

𝑠
𝑠
𝑠
))+((𝑘𝐷2 ).√(𝜌2 +
))]
))+((𝑘𝐷1 ).√(𝜌2 +
𝜂𝐷𝑓
𝜂𝐷1
𝜂𝐷2

[(𝐹𝐶𝐷𝑓 .(𝜌2 +

Equivalent to Equation 39
and if; 𝑘𝐷1 = 𝑘𝐷2 = 𝑘𝐷3 then:
Equation 91

⇒ pDf =

√2π
s

∙

1
[FCDf ∙(ρ2 +

s

ηDf

)+ 2∙kD ∙√(ρ2 +

s
)]
ηD

(91)

Take inverse of Fourier transformation with respect to  for reverting it back to the
variable, xD, in Laplace domain:
From
𝐹 −1 {𝑝𝐷𝑓 } =

1
√2𝜋

∞

∫−∞ 𝑝𝐷𝑓 𝑒 −𝑖𝜌𝑥𝐷 𝑑𝜌 = 𝑝𝐷𝑓 (𝑥𝐷 , 𝑠), inverted back to Laplace space

write,
Equation 92

𝑝𝐷𝑓 (𝑥𝐷 = 0, 𝑠) =

1
√2𝜋

∞

∫−∞ (𝑝𝐷𝑓 ) 𝑑𝜌 = 𝑝𝑤𝐷 (𝑠)

@ 𝑥𝐷 = 0 𝑤ℎ𝑒𝑟𝑒, 𝑝𝐷𝑓 = 𝑝𝑤𝐷

92

(92)
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Substitute Equation 90,write,
Equation 92:

1− e

s
−2√(ρ2 +
) . dF
ηD2

1−

1+

1

∞

[

𝑝𝑤𝐷 = 𝑠 ∫−∞
s

s

Df

D1

[ FCDf ∙ (ρ2 +η )+ kD1 ∙ √(ρ2 +η

)+kD2 ∙

[

kD2 ∙ √(ρ2 +
η

s
)
D2

s
s
FCD ∙ (ρ2 +
)+ kD3 ∙ √(ρ2 +
)
ηDF
ηD3
F

s
kD2 ∙ √(ρ2 +
)
ηD2
s
s
2
FCD ∙ (ρ +
)+ kD3 ∙ √(ρ2 +
)
ηDF
ηD3 ]
F
]

s
kD2 ∙ √(ρ2 +
)
ηD2
1−
s
s
2
s
FCD ∙ (ρ +η )+ kD3 ∙ √(ρ2 +η )
−2√(ρ2 +
) . dF
s
F
DF
D3
ηD2
√(ρ2 +
)]+ e
∙ [ FCDf
ηD2
s
kD2 ∙ √(ρ2 +
)
ηD2
1+
s
s
FCD ∙ (ρ2 +
)+ kD3 ∙ √(ρ2 +
)
ηDF
ηD3 ]
[
F
[
]

93

∙ 𝑑𝜌
∙ (ρ2 +

s
)+ kD1
ηDf

∙ √(ρ2 +

s
)−kD2
ηD1

s
)]
ηD2

∙ √(ρ2 +
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4.7.1 Final fractured-well pressure equation for asymmetric reservoir
Since the integration is an even function in 𝜌, the above equation can be simplified, as the final equation for the wellbore pressure in the Laplace
domain, for an asymmetric reservoir system bounding the fractured-well and the fault nearby, is:
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The reservoir is assumed to be an asymmetric reservoir bounding the fractured-well and the fault nearby (𝑘1 ≠ 𝑘2 ≠ 𝑘3 ).
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4.7.2 Fractured well pressure equation for symmetric reservoir

Equation 94
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The reservoir is assumed to be a symmetric reservoir bounding the fractured-well and the fault nearby (𝑘1 = 𝑘2 = 𝑘3 ).
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4.8 Overall Solution Behaviour: Observations and Discussions
FracFault-model Code: MATLAB software package was used to code the solution in
dimensionless form. The code is capable of running an unlimited number of different
scenarios and type curves and can be used to match pressure data of field cases. It also
accounts for specific properties for the fracture, fault and all the three regions.
The reservoir models discussed here use the following reservoir and fluid properties:
ℎ = 100 𝑓𝑡

𝑘1 = 𝑘2 = 𝑘3 = 1 𝑚𝑑
𝜑 = 0.15
𝛽 = 1.0 rb/stb
𝜇 = 0.7 𝑐𝑝
𝑐𝑡 = 3.0 𝑒 −6 𝑝𝑠𝑖 −1
𝑤𝑓 𝑎𝑛𝑑 𝑤𝐹 = 1.0 𝑓𝑜𝑜𝑡
𝑑𝐹 = 10000.0 𝑓𝑜𝑜𝑡

For the more general case of a fractured-well in a reservoir with a fault, the
corresponding type-curves of dimensionless time versus dimensionless pressure and its
log-derivative have been plotted, for different dimensionless fracture and fault
conductivities with distinctive features, shown in the Figures presented in this section.
The fractured well pressure behaviour, from this solution, shows identical pressure
profiles, provided all regions are of the same quality: (𝑘1 = 𝑘2 = 𝑘3 ). The run consists
of four sets with reservoir and fluid properties as follows:
Set-1: A well in a homogenous reservoir;
Set-2: A fractured-well in a homogenous reservoir with fault nearby:
𝐹𝑐𝑓 =2 (md ft) and 𝐹𝑐𝐹 =1e6 (md ft);
Set-3: A fractured-well in a homogenous reservoir with fault nearby:
𝐹𝑐𝑓 =200 (md ft) and 𝐹𝑐𝐹 =1e7 (md ft);
Set4: A fractured-well in a homogenous reservoir with fault nearby:
𝐹𝑐𝑓 =3000 (md ft) and 𝐹𝑐𝐹 =1e8 (md ft).
For all the four sets, the fault is located at a distance of 10,000 ft.
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Figure 32- Dimensionless pressure and pressure derivative vs. dimensionless time.

The corresponding type curve solution of dimensionless time versus dimensionless
pressure and its log-derivative has been plotted, for these different dimensionless
fracture and fault conductivities with distinctive features, shown in Figure 32. At early
times, the curve signifies a ¼ slope as a result of a bilinear flow from the two linear
flow regimes along and into the fracture. Subsequently, a radial flow regime
demonstrating the transient flow in the matrix bounding the fracture. A “down-turn” is
then evident, with a negative unit slope, indicating the start of a conductive fault and
enhancement of rock quality followed, by an “up-turn” with a bilinear flow regime
reflecting the finite nature of fault and succeeded by a radial flow regime of the
bounding blocks, at late times.
It is worth mentioning that the normal operating hours are shaded from (from 2.8𝑒 0
to 6.7𝑒6). A synthetic case was run to reflect a welltest scenario with realistic well and
reservoir properties. The shaded area, in Figure 33, is replicating the normal operating
hours, for a more realistic case.
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Figure 33- Dimensionless pressure derivative versus dimensionless time by the FracFault-model
for a more realistic case.

Figure 34- Dimensionless time vs. dimensionless pressure derivative by the FracFault-model
exhibiting the Early Fracture Linear Flow regime.
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Similarly, the type curves, in Figure 34, exhibit a distinctive feature of an early fracture
linear flow regime at very early times expressing the first fluid flow into the well from
the fracture only, and validates the stability of the solution even at a very early time.
4.8.1 Sensitivity runs
This section is highlighting the solution behaviour. Below are series of sensitivity runs
in “a simple to complex order”:
1. A well in a homogenous reservoir for various permeability.
2. A well in a linear composite reservoir.
3. A fractured well in a linear composite reservoir.
4. A fractured well in a three-region reservoir with a fault.
5. Effect of differing fault distances on flow profile.
6. Effect of differing fault conductivities on flow profile
7. A fractured well near a fault in a linear composite reservoir
8. Adding well-bore storage and skin to the solution.

Well in a homogenous reservoir with differing regions qualities: Case-1
Below are three sensitivities were run of varying matrix permeability for a homogenous
reservoir, using the following reservoir and fluid properties:
ℎ = 100 𝑓𝑡
𝜑 = 0.15
𝛽 = 1.0 rb/stb
𝜇 = 0.7 𝑐𝑝
𝑐𝑡 = 3.0 𝑒 −6 𝑝𝑠𝑖 −1
𝑤𝑓 𝑎𝑛𝑑 𝑤𝐹 = 1.0 𝑓𝑜𝑜𝑡

The runs consisted of the following four sets:
Set-1 all the three Regions are of the same permeability, (𝑘1 = 𝑘2 = 𝑘3 = 1𝑚𝑑),
Set-2 Region-1 is different from Regions 2&3, (𝑘1 = 1𝑚𝑑 𝒂𝒏𝒅 𝑘2 = 𝑘3 = 5𝑚𝑑) and
Set-3 assigns the arithmetic average of Set-2 to all regions, (𝑘1 = 𝑘2 = 𝑘3 = 3𝑚𝑑).
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Figure 35- Dimensionless time vs. dimensionless pressure for the three sets.
Figure 35 confirms that the athematic average is calculated by the solution and Set-2 and

Set-3 are generating identical results.
A well in a linear composite reservoir: Case 2
This sensitivity is devoted to showing that the solution can also be used to model a well
in a linear composite reservoir by simply setting the fracture and fault apertures to zero
( 𝑤𝑓 = 𝑤𝐹 = 0) and changing the mobilities of the regions. For the same reservoir
properties, with 𝑘3 ≥ 𝑘1 𝑎𝑛𝑑 𝑘2 , four sets were run as follows:
Set-1 Homogenous and same quality reservoir, (𝑘1 = 𝑘2 = 𝑘3 = 1𝑚𝑑),
Set-2 Regions 1&2 are different from Region 3, (𝑘1 = 𝑘2 = 1 𝑚𝑑 𝑎𝑛𝑑 𝑘3 = 6 𝑚𝑑)
Set-3 Regions 1&2 are different from Region 3, (𝑘1 = 𝑘2 = 1 𝑚𝑑 𝑎𝑛𝑑 𝑘3 = 4 𝑚𝑑)
Set-4 Regions 1&2 are different from Region 3, (𝑘1 = 𝑘2 = 1 𝑚𝑑 𝑎𝑛𝑑 𝑘3 = 2 𝑚𝑑)
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Figure 36- A well model in a linear composite reservoir with an increasing mobility.
Figure 36 demonstrates, correctly, a linear composite behaviour with a second lower

stabilisation capturing increasing reservoir quality away from the well as that of Region
3 is higher than 1and 2.
Similarly, for the same reservoir properties four additional sets were also run, but this
time with 𝑘3 ≤ 𝑘1 𝑎𝑛𝑑 𝑘2 , as follows:
Set-1 Homogenous and same quality reservoir, (𝑘1 = 𝑘2 = 𝑘3 = 1𝑚𝑑)
Set-2 Regions 1&2 are different from Region 3, (𝑘1 = 𝑘2 = 1 𝑚𝑑 𝑎𝑛𝑑 𝑘3 = 0.025 𝑚𝑑)
Set-3 Regions 1&2 are different from Region 3, (𝑘1 = 𝑘2 = 1 𝑚𝑑 𝑎𝑛𝑑 𝑘3 = 0.25 𝑚𝑑)
Set-4 Regions 1&2 are different from Region 3, (𝑘1 = 𝑘2 = 1 𝑚𝑑 𝑎𝑛𝑑 𝑘3 = 0.75 𝑚𝑑)
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Figure 37- A well model in a linear composite reservoir with a decreasing mobility.

Figure 37 exhibits, again, a linear composite behaviour with a second higher
stabilisation capturing decreasing reservoir quality away from the well as Region 3 is of
a lower quality than 1&2.
A fractured well in a linear composite reservoir: Case 3
This sensitivity is presented to model a fractured well in a linear composite reservoir,
where fault aperture was set to zero ( 𝑤𝐹 = 0). Here, for the same reservoir properties
four sets were also run,
Set-1 Homogenous and same quality reservoir, (𝑘1 = 𝑘2 = 𝑘3 = 1𝑚𝑑);
Set-2 Regions 1&2 are different from Region 3, (𝑘1 = 𝑘2 = 1 𝑚𝑑 𝑎𝑛𝑑 𝑘3 = 6 𝑚𝑑)
with fractured well; 𝐹𝑐𝑓 =10 (md ft);
Set-3 Regions 1&2 are different from Region 3, (𝑘1 = 𝑘2 = 1 𝑚𝑑 𝑎𝑛𝑑 𝑘3 = 4 𝑚𝑑)
with fractured well; 𝐹𝑐𝑓 =10 (md ft);
Set-4 Regions 1&2 are different from Region 3, (𝑘1 = 𝑘2 = 1 𝑚𝑑 𝑎𝑛𝑑 𝑘3 = 2 𝑚𝑑)
with fractured well; 𝐹𝑐𝑓 =10 (md ft).
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Figure 38- A fractured-well model in a linear composite reservoir with increasing mobility.
Figure 38 demonstrates, correctly, a fractured-well in a linear composite behaviour with

a second lower stabilisation capturing increasing reservoir quality away from the well,
as that of Region 3 is of higher quality than that of 1 and 2. The ¼ slope fracture
signature is also observed at early time. Moreover, Figure 39 exhibits the expected
fractured-well behaviour in a linear composite reservoir with decreasing reservoir
quality away from the well, as Region 3 is of lower quality than 1&2 for the following
sets:
Set-1 Homogenous and same quality reservoir, (𝑘1 = 𝑘2 = 𝑘3 = 1𝑚𝑑);
Set-2 Regions 1&2 are different from Region 3, (𝑘1 = 𝑘2 = 1 𝑚𝑑 𝑎𝑛𝑑 𝑘3 = 0.025 𝑚𝑑)
with fractured well; 𝐹𝑐𝑓 =10 (md ft);
Set-3 Regions 1&2 are different from Region 3, (𝑘1 = 𝑘2 = 1 𝑚𝑑 𝑎𝑛𝑑 𝑘3 = 0.25 𝑚𝑑)
with fractured well; 𝐹𝑐𝑓 =10 (md ft);
Set-4 Regions 1&2 are different from Region 3, (𝑘1 = 𝑘2 = 1 𝑚𝑑 𝑎𝑛𝑑 𝑘3 = 0.75 𝑚𝑑)
with fractured well; 𝐹𝑐𝑓 =10 (md ft).
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Figure 39- A fractured-well model in a linear composite reservoir with decreasing mobility.

A three-region reservoir with a fracture and a fault: Case 4
For the same reservoir properties four sets were also run to analyse the behaviour of the
given solution with different matrix permeabilities but similar fracture and fault
conductivities, as follows:
Set-1 Homogenous and same quality reservoir, (𝑘1 = 𝑘2 = 𝑘3 = 1𝑚𝑑);
Set-2 All regions are of the same quality, (𝑘1 = 𝑘2 = 𝑘3 = 1𝑚𝑑) with fractured well
and fault nearby; 𝐹𝑐𝑓 =10 (md ft) and 𝐹𝑐𝐹 =1e7 (md ft);
Set-3 Region-1 is different than Regions 2&3, (𝑘1 = 1𝑚𝑑 𝑎𝑛𝑑 𝑘2 = 𝑘3 = 3 𝑚𝑑)
with fractured well and fault nearby; 𝐹𝑐𝑓 =10 (md ft) and 𝐹𝑐𝐹 =1e7 (md ft);
Set-4 All regions are of the same quality, (𝑘1 = 𝑘2 = 𝑘3 = 2 𝑚𝑑) with fractured well
and fault nearby; 𝐹𝑐𝑓 =10 (md ft) and 𝐹𝑐𝐹 =1e7 (md ft).
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Figure 40- Dimensionless time vs. dimensionless pressure for the three sets.

From Figure 40 it can be seen that the total permeability is increasing as Regions 2 and
3 permeabilities are increasing. It should be noted that the conductivity of the fault is
constant, but the dimensionless fault conductivity decreases due to increasing matrix
permeability, as defined by the definition of dimensionless fracture and fault
conductivities:
𝑘 𝑤𝐹

and 𝐹𝐶𝐷𝐹 = 𝑘 𝐹

𝑟𝐹

𝑟𝑤

, where: 𝑘𝑟𝐹 =

𝑘2 +𝑘3
2

= 𝑘23 .

This effect, which results in the downturn, is clearly observed over the period of 1𝑒8 to
1𝑒14 of the dimensionless time in Figure 40.
The dimensionless fracture conductivity of Set-3 is the same as that of Set-4, since the
average matrix permeability around the fracture is the same (2 md) for both cases:
𝑘 𝑤𝑓

𝐹𝐶𝐷𝑓 = 𝑘 𝑓

𝑟𝑓 𝑟𝑤

, Where: 𝑘𝑟𝑓 =

𝑘1 +𝑘2
2

.
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Effect of differing fault distances on flow profile: Case 5
To study the effect of the fault and its distance from the well, a fractured-well with a
fracture conductivity of (𝐹𝐶𝑓 = 10 𝑚𝑑 𝑓𝑡) is placed in a homogenous reservoir (𝑘𝑚 =
1 𝑚𝑑) with a fault at differing distances ( 𝑑𝐹 = 500, 1000, 2000 & 4000 𝑓𝑡), Figure
41. The figure correctly shows the middle time, dip due to fault and second plateau
signatures. It also shows that, at the same fault conductivity (𝐹𝐶𝐹 = 1𝑒6 𝑚𝑑 𝑓𝑡), the
pressure drop at the well (𝑝𝑤𝐷 ) is directly proportional to the fault distance; it increases
as the fault distance from the well increases.

Figure 41- A fractured-well in a reservoir with a finite conductivity fault at different distances
from the well.

Hence, the valley shape, in the derivative curve, is manifested later and gets shallower,
reflecting the increase in the pressure drop in the pressure curve. The rationale for this
occurrence could be that it is producing at a constant rate, regardless of the fault
location. Therefore, a higher pressure drop is required to deliver the same rate from
faults located at larger distance from the producing well.
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Effect of differing fault conductivities on flow profile: Case 6
For a fractured-well model with a fracture conductivity of (𝐹𝐶𝑓 = 10 𝑚𝑑 𝑓𝑡) in a
homogenous reservoir of (𝑘𝑚 = 1 𝑚𝑑) at a fixed fault distance of (𝑑𝐹 = 500 𝑓𝑡) and
changing fault conductivities, (𝐹𝐶𝐹 = 1𝑒7, 1𝑒6, 1𝑒5 & 1𝑒4 𝑚𝑑 𝑓𝑡) produced the flow
profiles presented in Figure 42.
Since the pressure drop at the well (𝑝𝑤𝐷 ) is inversely proportional to the fault
conductivity, it increases as the fault conductivity decreases. Therefore, the valley shape
gets shallower with decreasing fault conductivity.

Figure 42- A fractured-well in a reservoir with a finite conductivity fault at different fault
conductivities.

The physics of this occurrence could be, once more, due producing at a constant rate,
regardless of the fault conductivity. Therefore, a higher pressure drop is required with a
lower fault conductivity to deliver the same rate.
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A fractured well near a fault in a linear composite reservoir: Case 7
The derivative curves in Figure 43 describe a fractured-well in a reservoir with a finite
conductivity fault with different reservoir mobilities for Region-3. From this figure, a
higher pressure drop, can be observed for low mobilities, to sustain the fixed rate and
vice-versa.

Figure 43- A fractured well near a fault in a linear composite reservoir with differing mobility at
Region-3.

Adding well-bore storage and skin to the solution: Case 8
As shown in Figure 44 , the well-bore storage (WBS) can also be added. The same
model with well-bore storage and skin is also presented in Figure 88.
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Figure 44- The curves reflect a fractured-well in a reservoir with a finite conductivity fault with
different fracture and fault conductivities and well-bore storage.

Figure 45- A fractured-well in a reservoir with a finite conductivity fault with different fracture
and fault conductivities, well-bore storage and skin.

As pointed out earlier in Chapter 3, Kucuk and Ayestaran’s (1985) dimensionless
equations are limited to positive skin only. Figure 45 shows the unit slope, followed by
a hump, indicating a transition zone that signifies the increase in pressure drop due to
skin.
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Summary
In Chapter 4, the reservoir is assumed to be asymmetric, complementing the efforts
carried over from Chapter 3, by modelling a fractured well between three differing
quality regions: 1, 2 and 3, where all the three regions have their own specific
permeabilities, separated by the fractured well (between Regions 1 and 2) and the fault
(between Regions 2 and 3). The solution, FracFault-model, also accounts for matrix
radial flow along x and y-planes in all the three regions.
The type curve solutions of dimensionless time versus dimensionless pressure and its
log-derivative for different dimensionless conductivities were presented in the Laplace
domain. The proposed solution is characterised, at early times by a bilinear flow
resulting from fracture/formation flows, radial flow period from the matrix bounding
the fracture-well, and negative unit slopes, at middle time period, followed, at late
times, by a fault bilinear flow period and a late radial flow period from the bounding
blocks.
The reliability of the proposed solution was demonstrated using a number of synthetic
cases. Two synthetic cases were carried-out to assure its stability. The results proved to
be consistent with the expected correct physics, i.e. the total permeability was sensitive
to the change in permeabilities of any region in the model around the fault. In addition
to that, models for different well and geological settings were also constructed, to
demonstrate the rationality of the solution, i. e. a vertical well/fractured well in a linear
composite reservoir, the effect of differing fault distance on flow profile, the effect of
differing fault conductivities on flow profile and a fractured-well near a fault in a linear
composite reservoir. The validity confirmation of the proposed solution will then be
established further through analysing a number of field cases, in Chapter 6.
The next chapter will discuss a new approach to estimate (i) the effective fracture halflength, contributing length, for an infinite fracture length and (ii) to calculate flux
distribution in and alongside the fracture plane.

110

Chapter 5 – Flux Distribution and Effective Fracture Half-Length Estimation

5. CHAPTER 5 – FLUX DISTRIBUTION AND EFFECTIVE
FRACTURE HALF-LENGTH ESTIMATION
5.1 Introduction
Chapter 5 introduces an approach to estimate the matrix-flux distribution alongside the
fracture plane, the fracture-flux and fracture’s effective half-length. The objectives of
this chapter were achieved by deploying the flux term in the corresponding equation and
solving for the effective fracture half-length (𝑥𝑓𝑒 ). This approach calculates the fracture
half-length for the infinite fracture length, when the change in pressure across the
fracture-matrix interface becomes practically zero. In other words, the procedure for 𝑥𝑓𝑒
calculations is based on the assumption that extremely insignificant fluid flow will
occur when the difference in pressure across the fracture plane is approaching
zero (∆𝑝 ≈ 𝑧𝑒𝑟𝑜). It also estimates the fracture pressure distribution, the fracture flux
and flux distributed along and into the fracture.
It is worth mentioning that, the other methods are limited to finite fracture lengths, and
therefore, reflect tip effects, i.e. an increase in flux towards the fracture toe. This
phenomenon is occurring, due to the greater pressure drop (per unit distance) at the
fracture tips, Figure 46.

Figure 46- A fractured-well numerical model by Ecrin-KAPPA Software, illustrates the
pressure drop per unit distance around a finite conductivity fractured-well.

As mentioned before, in the FracFault-model, the fracture is assumed to be of infinite
length, yet the contributing “effective” length (𝑥𝑓𝑒 ) is finite. This case is more realistic,
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as the transient time, drawdown time, may not be long enough to reach the tips of the
fracture, or in cases where the fracture is very long, several kilometres, as is evident in
some carbonate reservoirs. The method will equip reservoir engineers with an easy
approach to estimate effective fracture half-length in cases of very long fractures or
short flow periods are in hand.
5.2 Flux Distribution along a Finite Conductivity Fracture
The nature of “Finite Conductivity Fractures” dictates the form of un-even flux
distribution. Explicitly, the flux distribution over the fracture plane is non-uniform, as
the fracture pressure (pf ) along the fracture is considerably smaller closer to the well
and gets larger towards the tip of the fracture. In other words, flux distribution is a
function of fracture conductivity, and therefore, fracture pressure; the lower the fracture
conductivity (FCDf ), the higher the pressure drop across the fracture face, between
matrix and fracture, Figure 47.

Figure 47- Schematic of fracture pressure distribution along the fracture and as a function of
fracture conductivity at a constant rate.

In the FracFault-model, the fracture half-length (xf ) is assumed to be infinite, therefore,
the effective fracture half-length cannot be directly calculated from the given solution.
Here, in this Chapter, a solution is presented to estimate the actual fracture half-length,
also referred to as: “Effective Fracture Half-length (𝑥𝑓𝑒 )”. The assumption is made
based on the following: the effective fracture half-length will be equal to the
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conventional fracture half-length at a distance from the well where the flux from matrix
is almost zero, Figure 48. At this point, the pressure drop across the fracture-matrix
interface decreases and approaches zero, i.e. at 𝑞𝐷𝑚 ≈ 0 ⇒

𝑥𝑓𝑒 ≈ 𝑥𝑓 .

Figure 48- Schematic of the flux along a finite conductivity fracture.

5.2.1 Flux distribution from one side of the fracture on x-y plane
Assuming the flux is only from one side, along the y-direction, then:
for: ( 𝑞Dm =
𝑞Dm = 𝐹

1

𝐶𝐷𝑓

𝑑𝑝𝐷
𝑑𝑦𝐷

|

𝑦𝐷 =0

)

𝑑𝑝𝐷

[(𝑘𝐷 ) ∙

𝑑𝑦𝐷

|

𝑦𝐷 =0

]

And Equation 37
𝑑𝑝𝐷
𝑑𝑦𝐷

s

|

𝑦𝐷 =0

⇒

= 𝑝𝐷𝑓 . √(ρ2 + η )
D

𝑞Dm = 𝐹

𝑘𝐷

𝐶𝐷𝑓

s

∙ 𝑝𝐷𝑓 . √(ρ2 + η )
D

And Equation 39 with the flow from one side of the fracture only, becomes:
𝑝𝐷𝑓 =

√2𝜋
𝑠.[𝐹𝐶𝐷𝑓 .(ρ2 +

s

ηDf

s
)]
ηD

)+(𝑘𝐷 ).√(ρ2 +

Then
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𝑞D =

𝑘𝐷
𝐹𝐶𝐷𝑓

∙

√2𝜋
𝑠.[𝐹𝐶𝐷𝑓 .(ρ2 +

s
ηDf

)+(𝑘𝐷 ).√(ρ2 +

s
)]
ηD

. √(ρ2 +

s
ηD

)

Taking the inverse of the Fourier transformation with respect to (𝜌) for reverting it back
to the variable (𝑥𝐷 ) in the Laplace domain:
From
𝐹 −1 { 𝑞Dm } =

1
√2𝜋

∞

∫−∞ [ 𝑞Dm ] ∙ 𝑒 −𝑖𝜌𝑥𝐷 𝑑𝜌 = 𝑞𝐷𝑚 (𝑥𝐷 , 𝑠),

𝑞𝐷𝑚 (𝑥𝐷 , 𝑦𝐷 = 0, 𝑠) =

1
𝑠

1

∞

𝑞𝐷𝑚 (𝑥𝐷 , 𝑦𝐷 = 0, 𝑠) = 𝑠 ∫−∞

1

[

[

𝑒 −𝑖∙𝑥𝐷 ∙𝜌
𝑠
𝐹𝐶𝐷𝑓 2 .(𝜌2 +
)
𝜂𝐷𝑓
)+𝐹𝐶𝐷𝑓 ]
[(
𝑠
𝑘𝐷 ∙√(𝜌2 +𝜂 )
𝐷

𝑒 −𝑖∙𝑥𝐷 ∙𝜌

⇒ 𝑞𝐷𝑚 (𝑥𝐷 , 𝑦𝐷 = 0, 𝑠) =

∞

∫0

𝑠

[

∙ 𝑑𝜌 + ∫−∞

𝑒 −𝑖∙𝑥𝐷 ∙𝜌
𝑠
𝐹𝐶𝐷𝑓 2 .(𝜌2 +𝜂 )
𝐷𝑓

[(

𝑠
𝑘𝐷 ∙ √(𝜌2 +𝜂 )
𝐷

𝑠
)
𝐷𝑓
)+𝐹𝐶𝐷𝑓 ]
𝑠
𝑘𝐷 ∙ √(𝜌2 +
)
𝜂𝐷

𝐹𝐶𝐷𝑓 2 .(𝜌2 +
𝜂

[(

1

∙ 𝑑𝜌

𝑒 𝑖∙𝑥𝐷 ∙𝜌

∞

∙ 𝑑𝜌 + ∫0

𝑠
𝐹𝐶𝐷𝑓 2 .(𝜌2 +
)
𝜂𝐷𝑓
[(
)+𝐹𝐶𝐷𝑓 ]
𝑠
𝑘𝐷 ∙ √(𝜌2 +
)
𝜂𝐷

∙ 𝑑𝜌

0

𝑠
𝐹𝐶𝐷𝑓 2 .(𝜌2 +𝜂 )
𝐷𝑓
[(
)+𝐹𝐶𝐷𝑓 ]
𝑠
𝑘𝐷 ∙ √(𝜌2 +𝜂 )
𝐷

𝑒 −𝑖∙𝑥𝐷 ∙𝜌

∞

1

𝑠
𝐹𝐶𝐷𝑓 2 .(𝜌2 +
)
𝜂𝐷𝑓
)+𝐹𝐶𝐷𝑓 ]
[(
𝑠
𝑘𝐷 ∙ √(𝜌2 +𝜂 )
𝐷

∞

𝑞𝐷𝑚 (𝑥𝐷 , 𝑦𝐷 = 0, 𝑠) = 𝑠 ∫0

= 𝑠 ∫0

𝑒 −𝑖∙𝑥𝐷 ∙𝜌

∞

∫−∞

𝑒 −𝑖∙𝑥𝐷 ∙𝜌 + 𝑒 𝑖∙𝑥𝐷 ∙𝜌
𝑠
𝐹𝐶𝐷𝑓 2 .(𝜌2 +
)
𝜂𝐷𝑓
)+𝐹𝐶𝐷𝑓 ]
[(
𝑠
𝑘𝐷 ∙ √(𝜌2 +𝜂 )
𝐷

And for:
𝑒 −𝑖∙𝑥𝐷 ∙𝜌 + 𝑒 𝑖∙𝑥𝐷 ∙𝜌 =
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∙ 𝑑𝜌
]

∙ 𝑑𝜌
]

∙ 𝑑𝜌
)+𝐹𝐶𝐷𝑓 ]

]
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[cos( 𝑥𝐷 𝜌) − 𝑖 . sin( 𝑥𝐷 𝜌)] + [cos( 𝑥𝐷 𝜌) + 𝑖 . sin( 𝑥𝐷 𝜌)] = 2 . cos( 𝑥𝐷 𝜌)
Then, the flux from one side of the fracture can be described by:
−2

𝑞𝐷𝑚 (𝑥𝐷 , 𝑦𝐷 = 0, 𝑠) =

𝑠

∞

∫0

cos (𝑥𝐷 𝜌)
𝑠
𝐹𝐶𝐷𝑓 2 .(𝜌2 +
)
𝜂𝐷𝑓
)+𝐹𝐶𝐷𝑓 ]
[(
𝑠
𝑘𝐷 ∙√(𝜌2 +𝜂 )
𝐷

∙ 𝑑𝜌

Or
Equation 95

𝑞𝐷𝑚 (𝑥𝐷 , 𝑦𝐷 = 0, 𝑠) =

−2
𝑠

∞

∫0

cos (𝑥𝐷 𝜌)
𝑠
𝐹𝐶𝐷𝑓 .(𝜌2 +
)
𝜂𝐷𝑓
)+𝑘𝐷 ]
[(
𝑠
√(𝜌2 +𝜂 )
𝐷

∙ 𝑑𝜌
(95)

Plotting:
𝑞𝐷𝑚 Versus 𝑥𝐷 , Or 𝑞𝐷𝑚 Versus 𝑥𝑓
Will yield the estimated effective fracture half-length (𝑥𝑓𝑒 ) with respect to fracture
conductivity and reservoir permeability, where the dimensionless forms are:
𝑞𝐷𝑓 =

𝑞𝑓 ∙ (2𝜋 ℎ 𝑥𝑓𝑒 )
𝑞𝑤 ∙ 𝛽
𝑥

𝑥𝐷 = 𝑟 𝑓

And

𝑤

𝑘 𝑤𝑓

𝐹𝐶𝐷𝑓 = 𝑘 𝑓

𝑓𝑟 𝑟𝑤

, 𝑞𝑓 = 𝐹𝑟𝑎𝑐𝑡𝑢𝑟𝑒 𝑅𝑎𝑡𝑒 (𝑏𝑝𝑑) and 𝑞𝑤 = 𝑊𝑒𝑙𝑙 𝑅𝑎𝑡𝑒 (𝑏𝑝𝑑)

𝑥𝑓 |

= 𝑥𝑓𝑒

𝑞𝐷𝑚 = 0

, 𝑘𝑓𝑟 =

𝑘𝑅1 + 𝑘𝑅2
2

, arithmetic average of Regions’ 1 & 2 permeabilities.

In this case k R1 and k R2 are equal, therefore, 𝑘𝑟𝑓 = 𝑘𝑚𝑎𝑡𝑟𝑖𝑥
5.2.2 Flux distribution from two sides of the fracture on x-y plane
Assuming the flux is from two sides of the fracture, along x- and y-plane, then:
For: ( 𝑞Dm =
𝑞Dm = 𝐹

1

𝐶𝐷𝑓

𝑑𝑝𝐷
𝑑𝑦𝐷

|

𝑦𝐷 =0

[(𝑘𝐷2 ) ∙

)

𝑑𝑝𝐷2
𝑑𝑦𝐷

|

𝑦𝐷 =0

− (𝑘𝐷1 ) ∙

𝑑𝑝𝐷1
𝑑𝑦𝐷

From Equation 37
𝑑𝑝𝐷1
𝑑𝑦𝐷

|

𝑦𝐷 =0

s

= 𝑝𝐷𝑓 . √(ρ2 + η )
D1
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]
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𝑑𝑝𝐷2
𝑑𝑦𝐷

|

𝑦𝐷 =0

⇒

s

= − 𝑝𝐷𝑓 . √(ρ2 +

𝑞Dm = 𝐹

−1

𝐶𝐷𝑓

ηD2

)
s

s

D2

D1

[(𝑘𝐷2 ) ∙ 𝑝𝐷𝑓 . √(ρ2 + η ) + (𝑘𝐷1 ) ∙ 𝑝𝐷𝑓 . √(ρ2 + η )]

And Equation 39 becomes:
𝑝𝐷𝑓 =

√2𝜋
𝑠.[𝐹𝐶𝐷𝑓 .(ρ2 +

s
ηDf

)+(𝑘𝐷1 ).√(ρ2 +

s
s
)+(𝑘𝐷2 ).√(ρ2 +
)]
ηD1
ηD2

Then
−√2𝜋

𝑞Dm =

𝑠 . 𝐹𝐶𝐷

∙

(𝑘𝐷1 ).√(ρ2 +

s
s
)+(𝑘𝐷2 ).√(ρ2 +
)
ηD1
ηD2

s
s
s
)+(𝑘𝐷1 ).√(ρ2 +
)+(𝑘𝐷2 ).√(ρ2 +
)]
ηDf
ηD1
ηD2

[𝐹𝐶𝐷𝑓 .(ρ2 +

Taking the inverse of Fourier transformation with respect to (𝜌) for reverting it back to
the variable (𝑥𝐷 ) in Laplace domain:
From
𝐹 −1 { 𝑞Dm } =

1
√2𝜋

∞

∫−∞ [ 𝑞D ] ∙ 𝑒 −𝑖𝜌𝑥𝐷 𝑑𝜌 = 𝑞𝐷 (𝑥𝐷 , 𝑠),

Similarly to the steps carried over from section (5.2.1), it gives:

Equation 96

𝑞𝐷(𝑥𝑦) (𝑥𝐷 , 𝑦𝐷 = 0, 𝑠) =

−2
𝑠

∞

∫0

cos (𝑥𝐷 𝜌)
s
s
s
2
[𝐹𝐶𝐷𝑓 .(ρ +η )+(𝑘𝐷1 ).√(ρ2 +η )+(𝑘𝐷2 ).√(ρ2 +η )]
D1
D2
Df
[(
)]
s
s
(𝑘𝐷1 ).√(ρ2 +
).√(ρ2 +
ηD1 )+(𝑘𝐷2
ηD2 )

∙ 𝑑𝜌

(96)

5.2.3 Flux distribution from two sides of the fracture along y-axis
Similarly; by eliminating the Fourier space variable in the matrix, (𝑥𝐷 ) in terms of the
parameter (𝜌), the flow along the y-axis only is:
Equation 97

𝑞𝐷𝑦 (𝑥𝐷 , 𝑦𝐷 = 0, 𝑠) =

−2
𝑠

∞

∫0

cos (𝑥𝐷 𝜌)
s
s
s
)+(𝑘𝐷1 ).√(
)+(𝑘𝐷2 ).√(
)]
ηD1
ηD2
Df
)]
s
s
(𝑘𝐷1 ).√(η )+(𝑘𝐷2 ).√(η )
D1
D2

[𝐹𝐶𝐷𝑓 .(ρ2 +
η

[(
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5.2.4 Fracture Flux Distribution along fracture
The flux along the fracture can be expressed using this equation:
𝑞𝐷𝑓 (𝑥𝐷 , 𝑦𝐷 = 0, 𝑠) = −𝐹𝐶𝐷𝑓 ∙

𝑑𝑝𝐷𝑓
𝑑𝑥𝐷

And the fracture pressure distribution with respect to the x-axis,
𝐹 −1 {𝑝𝐷𝑓 } =

1
√2𝜋

∞

∫−∞ 𝑝𝐷𝑓 𝑒 −𝑖𝜌𝑥𝐷 𝑑𝜌 = 𝑝𝐷𝑓 (𝑥𝐷 , 𝑠), inverted back to Laplace space

Substitute Equation 41 then (repeating the steps above):
Equation 98

𝑝𝐷𝑓 (𝑥𝐷 , 𝑦𝐷 = 0, 𝑠) =

−2
𝑠

∞

∫−∞

cos (𝑥𝐷 𝜌)
s
s
s
[(𝐹𝐶𝐷𝑓 .(ρ2 +
))+((𝑘𝐷1 ).√(ρ2 +
))+((𝑘𝐷2 ).√(ρ2 +
))]
ηDf
ηD1
ηD2

∙ 𝑑𝜌

(98)

Plotting:
𝑝𝐷𝑓 , 𝑞𝐷𝑓 , 𝑞𝐷𝑦 𝑎𝑛𝑑 𝑞𝐷𝑥𝑦 Versus

𝑥𝑓 ,

will present the pressure and flux distribution along (𝑥 ) and determine (𝑥𝑓𝑒 ) at a flux
and/or pressure depletion of value ≥ 99.99% of the total calculated value. It should be
noted that the value for this criterion can be altered, but in the FracFault-model it was
noted that it reasonably matches the fracture half-length of many numerically built
cases. Furthermore, in reality, if there is a fracture length part that contributes less than
0.01% would not be dominating the flow behaviour and hence can be ignored.
5.3 Overall Solution Behaviour: Observations and Discussions
Here the effect of a number of variables, on the solution of flux distribution and
effective fracture half-length is studied;
𝒒 = 𝟐𝝅 𝒕𝒐 𝟐𝟎𝟎𝟎𝝅 (𝒃𝒑𝒅)
𝒌𝒎 = 𝟏. 𝟎 𝒕𝒐 𝟏𝟎𝟎𝟎𝟎 (𝒎𝒅)
𝒉 = 𝟏𝟎𝟎. 𝟎 (𝒇𝒕)
𝒓𝒘 = 𝟎. 𝟐𝟓 (𝒇𝒕)
𝝋 = 𝟏𝟓. 𝟎 (%)
𝜷 = 𝟏. 𝟎 (𝒓𝒃/𝒔𝒕𝒃)
𝝁 = 𝟎. 𝟕 (𝒄𝒑
𝒄𝒕 = 𝟑. 𝟎 𝒆−𝟔 ( 𝒑𝒔𝒊−𝟏 )
𝑭𝑪𝒇 = 𝟏. 𝟎𝒆𝟏 𝒕𝒐 𝟏. 𝟎𝒆𝟔 (𝒎𝒅 𝒇𝒕)
𝒘𝒇 = 𝟏. 𝟎 (𝒇𝒐𝒐𝒕)

117

Chapter 5 – Flux Distribution and Effective Fracture Half-Length Estimation

For simplicity, the author selected to fix the fracture width to be always one foot,
(𝑤𝑓 = 1.0 𝑓𝑜𝑜𝑡). This has no effect on the results and makes simple comparison

possible with other analytical, numerical and field data. The type curve of a well
intersecting a finite conductivity fracture located between two different regions, has
been reproduced as shown in Figure 49. In this case, both regions (1&2) are of the same
quality (1.0 md).

Figure 49- Dimensionless Pressure Derivative versus Dimensionless Time at different fracture
conductivities.

5.3.1 Sensitivity Runs
Comparison between fluxes of matrix calculated on x-y plane and y-Axis: Case-1
This approach allows for more realistic transient and flux calculation, as it is accounting
for the matrix flow on the x-y plane (𝑞𝐷𝑥𝑦 ). Other studies account for the flow in the yplane only, (𝑞𝐷𝑦 ). A case scenario was run to compare the two approaches, as presented
in Figure 50 and Figure 51. The two approaches are in good agreement, as they both
have the same trend. The solution over the x-y plane represent a more realistic pattern of
the fluid flow in the porous media. The presence of scattered data may be due to
numerical issues, but it can also be attributed to the diagonal flow nature and
convergence into the fracture, which need to be investigated further. However, it is
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important to mention that, the extremely small y-scale (10−6 ) largely magnifies the
plotted data. At this stage it is assumed that the two solutions are similar, and in fact, for
the effective fracture length calculation, the y-axis flow is the only solution considered.
It has to be added that the solution of equations in the x-y plane allows us to observe the
radial flow signature after the bilinear flow signature. To the best of the author’s
knowledge, in some of the existing software, the radial flow is not calculated but
graphically added to the solution. The two curves are superimposed and shown in
Figure 52.

Figure 50- Matrix “Linear” flux distribution along the fracture on the y-plane.
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Figure 51- Matrix “Diagonal” flux distribution along the fracture on the x-y plane.

Figure 52- Both “Linear” and “Diagonal” Matrix flux distribution along the fracture on the x-y
plane.
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Effect of matrix permeability on flux magnitude: Case-2
Figure 53 shows the effect of the matrix permeability on the amount of flux
accumulation at the origin (𝑥𝐷 = 0). For a fracture conductivity of (𝑘𝑓 = 1𝑒3), threepermeability matrix cases were run: 100, 200 and 300 md, with results showing that the
contribution from the matrix to the fracture increases with increasing permeability. In
other words, at a constant fracture conductivity and pressure drop, the fluids flow more
along the matrix due to increased permeability.

Figure 53- Matrix flux accumulation sensitivity case for differing matrix permeability.

Effect of fracture conductivity on flux quantity: Case-3
Figure 54, shows the effect of the fracture conductivity on the amount of flux
accumulation at the origin (𝑥𝐷 = 0). In a matrix permeability of 100 md, three-fracture
conductivity cases were run: 1000, 2000 and 4000 md-ft with results showing that the
contribution from the matrix decreases with increasing fracture conductivity for the same
applied pressure drawdown. At high conductivity values, the fracture acts as a source of
fluid supply, confirming the observation also first noted by Maghsood and Cinco-Ley
(1995). Fluids tend to be supplied by the fracture itself, as the pressure-drop across the
fracture is exceptionally small; hence, the fluids’ flow along the fracture plane, i.e. the
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fracture linear flow regime, is more than the fluids’ flow from the matrix supplying the
fracture, i.e. the formation linear flow regime.

Figure 54- Matrix flux accumulation sensitivity case for differing fracture conductivity.

Effect of fracture conductivity on source of fluids and fracture half-length: Case-4
Assuming the well is a source (injector), Figure 55 below clearly shows the profile
distribution of the fracture pressure along the fracture aperture at the same wellbore
flow rate for all considered cases. At lower fracture conductivity values (black curve),
the fracture pressure at 𝑥 = 0, is higher, as it is harder to inject into the fracture and is
lower as the conductivity is higher, hence, fluids tend to dissipate into the matrix more
at lower fracture conductivities. Therefore, at high conductivity values (green and blue
Curves), the fracture takes the fluid injected, confirming the observation also first
reported by Maghsood and Cinco-Ley (1995), where they noted it becomes a source of
fluid in the case of a sink (producer). As a result, smaller fracture half-length is
expected at lower fracture conductivities as clearly shown in Figure 55. A very
interesting observation is noted at (𝑥𝑓𝑒 ≈ 60 𝑓𝑡), where the trend of pressure values
changes at some distance along the fracture length from being higher at lower 𝑘𝑓 to
being lower. This deflection may be attributed to smaller fracture pressure distribution
along the fracture at high fracture conductivity values, hence, a more uniform flux
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distribution along the fracture length. This observation confirms that, at low
conductivity fractures, a non-uniform distribution flux is expected.

Figure 55- Fracture pressure distribution alongside the fracture and fracture half-length
estimation at different fracture conductivities and a well-rate of 2𝜋 bpd.

Figure 56, below, shows the fracture flux distribution along the fracture aperture. It is
noted that, at larger fracture conductivity, the fracture accepts more fluid in an “injector
scenario”. Fluids tend to be supplied through the fracture itself, as the pressure-drop
across the fracture is exceptionally small; hence, fluids are flowing along the fracture
plane, i.e. the fracture linear flow regime, enormously faster than the fluids flowing
from the matrix supplying the fracture, i.e. the formation linear flow regime. It is worth
mentioning that the flux values are very small, due to the high quality fractures and
relatively low injection rate (𝟐𝝅). The slight difference in fracture half-length estimation
between Figure 55 and Figure 56 is due to the criteria used in the FracFault-model. That
is, it is largely affected by the fact that (𝑥𝑓𝑒 ) is estimated at the remaining 0.01% of the
pressure drop in Figure 48 and total flux in Figure 49.
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Figure 56- Fracture flux distribution alongside the fracture and fracture half-length estimation at
different fracture conductivities and a well-rate of 2𝜋 bpd.

Figure 57, below, shows that the matrix flux distribution confirms the observations
mentioned above. Specifically, the fracture conductivity becomes larger, the fracture
accepts more fluid in an “injector” scenario, and thus less fluid is dissipated into the
matrix (green curve). In other words, more flux is taken/contributed by the matrix at
lower fracture conductivity values (black curve).
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Figure 57- Matrix Linear flux distribution alongside the fracture and fracture half-length
estimation at different fracture conductivities and a well-rate of 2𝜋 bpd.

Effect of matrix permeability on effective fracture half-length: Case-5
Changing the matrix permeability has a clear effect on the estimation of effective
fracture half-length (𝑥𝑓𝑒 ). Figure 58, shows three dimensionless pressure curves with
differing matrix permeabilities (i.e. 100, 300 and 500 md). The curves were
superimposed estimating different fracture half-length (𝑥𝑓𝑒 ) of 530 ft, 415 ft and 365 ft,
respectively. That is, in a “source” case, the lower the matrix permeability, the longer
the fracture, to allow the same injected fluid.
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Figure 58- Dimensionless fracture pressure along fracture aperture versus fracture half-length
estimation at different matrix permeabilities.

Another interesting observation is noted at (𝑥𝑓𝑒 ≈ 80 𝑓𝑡), Figure 59, where the matrix
fluxes lean towards reversing in trend at some distance along the fracture length. This
deflection may be attributed to the higher fracture conductivity for the lower matrix
quality case that contributed to the increase of the flux from or into the matrix after the
deflection point. It should be noted that the total flux is constant for all the three cases.
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Figure 59- Dimensionless linear flux distribution alongside the fracture and fracture plane at
different matrix permeabilities.

Effect of two-region composite system on fracture/matrix fluxes and effective
fracture half-length: Case-6
The solution can handle a two-region composite reservoir across the fracture. Two sets
of data were run simultaneously to show and validate the solution:
Set-1: Homogenous (same quality reservoir); (𝑘1 = 𝑘2 = 10 𝑚𝑑)
with fractured-well; 𝐹𝑐𝑓 = 5𝑒4 𝑚𝑑 𝑓𝑡,
Set-2: Composite regions (differing quality reservoir); (𝑘1 = 100𝑚𝑑 𝑎𝑛𝑑 𝑘2 =
10 𝑚𝑑) with fractured-well; 𝐹𝑐𝑓 = 5𝑒4 𝑚𝑑 𝑓𝑡,
Basically, Set-2 is reflecting a permeability equal to the arithmetic average of Regions 1
and 2 (k1 𝑎𝑛𝑑 k 2 = 55 𝑚𝑑), which is different from that of Set-1, and hence, reflects a
higher quality reservoir. The curves of Set-1 and Set-2 were superimposed and
estimated different fracture effective half-lengths (xfe ) of 985 ft and 685 ft,
respectively. The lower the matrix permeability, the longer the fracture, to accept more
of the injected fluid. Again, for higher quality, Set-2, the matrix contributes/accepts
flow at larger scale than with the lower quality. As for the fracture, it is the opposite,
where the fracture for the low quality matrix, Set-1, is the main source to
contribute/accept fluids, Figure 60 and Figure 61.
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Figure 60- Dimensionless flux distribution alongside the fracture and fracture half-length
estimation for a composite reservoir.

Figure 61- Dimensionless flux distribution along the fracture aperture for composite reservoir.
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Effect of well-rate on fracture/matrix fluxes and effective fracture half-length:
Case-7
This scenario is run with a reasonable matrix permeability (100 md) and fracture
conductivity of (5𝑒4 md-ft) more than two orders of magnitude, to replicate a real case
at different well rates of (2𝜋, 20𝜋 and 200𝜋). At higher rates, understandably, matrix
and fracture contributions are larger, Figure 62 and Figure 63, confirming the accurate
behaviour and physics of the solution.

Figure 62- Matrix flux distribution versus effective fracture half-length at different well rates.

The rate magnitude should not have any effect on the effective fracture half-length:
changing the rate induces different pressure amplitudes, the larger the rate, the larger the
pressure amplitude. For small rate changes the disturbance is infinitely small and may
be immeasurable: however, the radius of the pressure transient should be the same, at
different rates. This is consistent with the principle and assumptions of estimating the
radius of investigation; the correlation is not a function of well-rate, but it measures how
far into the reservoir, the transient effects have covered.
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Equation 99

𝑟𝑖𝑛𝑣 = √

kt
948 ∙ φμ𝑐𝑡

(99)

Figure 63, confirms this understanding by calculating the effective fracture half-length
to be the same at different rate values, (𝑥𝑓𝑒 ≈ 650 𝑓𝑡).

Figure 63- Fracture flux distribution versus effective fracture half-length at different well rates.
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Summary
Chapter 5 has introduced an approach to estimate the fracture flux distribution and the
matrix flux distribution alongside the fracture plane. It also presented a new method to
estimate the fracture effective half-length by deploying the flux term in Equation 19 and
solving for fracture half-length. The procedure is based on the assumption that
particularly small fluid flow occurs when the difference in pressure across the fracture
plane, in an infinite length fracture, is approaching zero (∆𝑝 ≈ 𝑧𝑒𝑟𝑜). Therefore, it can
estimate the fracture pressure distribution, the fracture-flux into the fracture and matrixflux distributed along the fracture. The other methods, available in the literature, are
limited to finite fracture lengths, and therefore, reflect tip effects, i.e. an increase in flux
towards the toe of the fracture, due to increased pressure drop per unit distance.
The solution was validated through synthetic and field cases with different
complexities. Also, the effect of different parameters on the effective fracture halflength (xfe ) and flux distribution were investigated.
The main observations are as follows:
1. By comparing between matrix fluxes calculated on the x-y plane and y-axis, it was
noted that the two approaches were in good agreement, as they both had the same
trend and values.
2. The linear flow along the (y-axis) is the solution considered in calculating the
effective fracture half-length due to its stability.
3. It was noted that: when using the pressure and flux distribution to determine (𝑥𝑓𝑒 ), at
a flux and/or pressure depletion of ≥ 99.99% of the first calculated value, it
reasonably matches the fracture half-length of many field and numerically built
cases.
4. Effect of matrix permeability on flux magnitude: results showed that the contribution
from/to matrix increased with increasing matrix permeability.
5. Effect of matrix permeability on effective fracture half-length: in a “source/injection”
case, the lower the matrix permeability, the longer the fracture, to accept more of the
injected/produced fluid.
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6. Effect of fracture conductivity on flux quantity: it was noted that the contribution
from/to matrix decreased with increasing fracture conductivity.
7. Effect of fracture conductivity on source of fluids: at high conductivity values, the
fracture accepts/produces more of the fluid injected/produced.
8. Effect of fracture conductivity on fracture half-length: the higher the conductivity,
the larger the fracture half-length.
9. Effect of well-rate on fracture/matrix fluxes and effective fracture half-length: at
higher rates, matrix and fracture contributions are larger but fracture half-length is
constant.
The next chapter will discuss solution, automation and validation using synthetic and
field data.
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6. CHAPTER 6 – SOLUTION COMPETENCY AND
VALIDATION USING SYNTHETIC AND FIELD DATA
6.1 Solution for Different Reservoir Complexities
Here some of the key features of the developed models are reviewed before discussing
the synthetic data. The code FracFault-model is capable of handling different cases
namely:
6.1.1 Homogenous Reservoir
a. Radial homogenous reservoir,
b. Fractured well in homogenous reservoir,
c. Finite conductivity fault in a homogenous reservoir,
d. Fractured well in a reservoir with finite conductivity fault
6.1.2 Three-Region Linear Composite System
(Well is located between Regions 1 and 2)
a. Three-region linear composite system,
b. Fractured well in three-region linear composite system,
c. Finite conductivity fault in three-region linear composite system,
d. Fractured well in a reservoir with finite conductivity fault in three-region linear
composite system.
6.2 Dimensionless Parameters

In order to superimpose this solution to external models or data, in dimensionless form,
the code uses the following dimensionless terms:
(𝑡𝐷 )𝑒𝑥 = (

0.000264 𝑘𝑟 𝑡
𝜑𝜇𝑐𝑡 𝑟𝑤 2

)𝑒𝑥

𝑘 ℎ

𝑟
(𝑑𝑝𝑤𝐷 )𝑒𝑥 = (141.2𝑞𝛽𝜇
𝑑𝑝𝑤 )𝑒𝑥

(

𝑑𝑝𝑤𝐷
𝑑𝑡𝐷

𝑘 ℎ

𝑟
)𝑒𝑥 = (141.2𝑞𝛽𝜇

𝑑𝑝𝑤

)
𝑑𝑡𝐷 𝑒𝑥

where (𝑒𝑥), is the external model/data.
The well test derivative is expressed as: 𝑑𝑡𝐷 ∙
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Reservoir Reference Permeability: In this code, a reference permeability
of (𝑘𝑟 = 1.0) is used to retain the effect of the dimensionless permeability to be the
same as the dimensional permeability;
𝑘𝐷𝑖 =

𝑘𝑖
𝑘𝑟

,

𝑤ℎ𝑒𝑟𝑒; 𝑖 = 1, 2, 3, … 𝑎𝑛𝑑 𝑘𝑟 = 1.0

Fracture Reference Permeability: The calculation of the fracture dimensionless
conductivity, in the FracFault-model, reflects the influence of the two reservoirs, Figure
64, as follows:
𝑘 . 𝑤𝑓

𝐹𝐶𝐷𝑓 = 𝑘 𝑓

𝑟𝑓 . 𝑟𝑤

,

𝑤ℎ𝑒𝑟𝑒; 𝑘𝑟𝑓 =

𝑘1 +𝑘2
2

Figure 64: The fractured well is located in the centre between Regions 1 and 2.

Fault Reference Permeability: The calculation of the nearby fault’s dimensionless
conductivity reflects the influence of the second region matrix, Figure 65, as follows:
𝑘 . 𝑤𝐹

𝐹𝐶𝐷𝐹 = 𝑘 𝐹

𝑟𝐹 . 𝑟𝑤

𝑤ℎ𝑒𝑟𝑒; 𝑘𝑟𝐹 =

𝑘2 +𝑘3
2
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Figure 65: Region-2 is separating the fractured-well from the fault.

6.3 Dimensionless Skin and Wellbore Storage (WBS)
As mentioned before, this solution is also enabled with dimensionless skin and wellbore
storage (WBS) using Kucuk and Ayestaran’s (1985) dimensionless equations and
limited to positive skin only.
6.4 Solution Parameters
The solution will provide the following results:






Reservoir permeabilities:
(𝑘1 , 𝑘2 and 𝑘3 )
Fracture permeability:
(𝑘𝑓 )
Fracture width:
(𝑤𝑓 )
Fracture conductivity:
(𝑘𝑓 ∙ 𝑤𝑓 )
Effective fracture half-length:
(𝑥𝑓𝑒 )



Dimensionless fracture conductivity:(𝐹𝐶𝐷𝑓 = 𝑘 𝑓



Fault permeability:
Fault width:
Fault conductivity:

(𝑘𝐹 )





Dimensionless fault conductivity:

(𝐹𝐶𝐷𝐹 = 𝑘 𝐹




Distance to fault:
(𝑑𝐹 )
Dimensionless positive skin: (𝑆𝐷 ≥ 0)
Dimensionless Well Bore Storage: (𝑊𝐵𝑆𝐷 )



𝑘 𝑤𝑓
𝑟𝑓

(𝑤𝐹 )
(𝑘𝐹 ∙ 𝑤𝐹 )

𝑘 𝑤𝐹
𝑟𝐹
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6.5 Validation of Solution via Numerical, Analytical and Field Cases
Here the author will validate the proposed final solution by the use of synthetic and field
cases as follows:
6.5.1 Analytical Cases
Analytical data from the commercial well-test Software: Analytical Data Set-1
A hydraulically fractured well analytical model was constructed using the commercial
well test software (Saphir-KAPPA, 2012) and the pressure derivative signatures were
extracted and then compared with those of the proposed solution, to validate the
integrity of solution presented in the FracFault-model. The well and reservoir properties
are shown in Table 2. The match, as presented in Figure 66, is good. The slight pressure
discrepancy, between the times 2𝑒6 to 2𝑒8, can be attributed to the conversion of the
Saphir model data from dimensional to dimensionless, the numerical inversion of this
model from Laplace space to real space and the infinite fracture half-length supposition
used in the FracFault-model. A comparison between the analytical model and this
solution, shown in Table 3, reflects a perfect agreement between the two data sets of
reservoir parameters.
Table 2: Well and reservoir properties of the field data set-1.

Property
Wellbore Radius, ft
Pay Zone, ft
Porosity, %
Formation Volume Factor, bbl/STB
Viscosity, cp
Total Compressibility, 𝑝𝑠𝑖 −1

Value
0.3
30.0
10.0
1.0
1.0
3. 0𝑒 −6

Table 3: Comparison between the results obtained from the FracFault-model and the analytical
model available in the used well-test package.

Saphir-KAPPA-Software
Analytical Model
k
𝑥𝑓
𝐹𝐶𝑓 -𝐹𝐶𝐹
(md)
(ft)
(md ft)
2000
8e3 - 0
3.3

Frac Model
𝑥𝑓
(ft)
-

136

𝐹𝐶𝑓 -𝐹𝐶𝐹
(md-ft)
8e3 - 0

𝑘1 -𝑘2 -𝑘3
(md)
3.3
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Figure 66- Pressure and derivative match of the synthetic data-1 with a type curve of the
numerical model available in the used well-test package.
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6.5.2 Numerical cases
Basic Homogenous Numerical Model:
Numerical models are very flexible in terms of the complexity of the model, such as
number and types of wells, number of intersected fractures and non-intersected ones.
However, they can introduce numerical, errors due to the approximations of pressure
calculations over the studied flow problem using discrete grids, especially if they do not
have the optimum size. Therefore, setting the exact inner and outer boundaries
(constraints) are extremely important for valid comparison exercises.
Numerical data from a Ecrin-Software reservoir simulator: the numerical linear
model used as part of Ecrin-Software is a single phase numerical simulator using
“automatic grid generation” based upon the work of Voronoï (1908), where the well
pressure (𝑝𝑤𝑏 ) is solved numerically (Houze et al., 2008).
The used gridding type and specification: in addition to the initial discussion in
section (1.1-Problem Statement), and in order to set-up a numerical model and validate
the semi-analytical solution of the FracFault-model, there is also a brief discussion here
of the gridding used. The Voronoi grids, also referred to as PEBI grids (Perpendicular
Bisector), adopt an automatic gridding technique and honour reservoir outer and inner
boundaries (reservoir contours and well). This gridding technique is based on
generating a series of smartly positioned points in the reservoir (nodes) and can be
anywhere, regardless of the position of the other nodes. This tactic is what brands the
Voronoi grids as “Unstructured” (Houze et al., 2008). The grids are built radially
around the vertical wells and select a more complex shape around horizontal, fractured
wells or other geological features represented in the model, to follow the expected fluid
flow for each case.
Considering these parameters, a synthetic numerically-built homogenous 2D model of a
vertical well in a circular reservoir, using Ecrin-Software numerical well-test package,
is studied here to validate the solution. The reservoir properties and model dimensions
are listed in Table 4 and Table 5.
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Table 4: Reservoir Properties of data set-1.

Reservoir Properties
Wellbore Radius, ft
Reservoir
Pay Zone, ft
Porosity, %
Formation Volume Factor, bbl/STB
Viscosity, cp
Total Compressibility, 𝑝𝑠𝑖 −1

Value
0.3
homogenous
100.0
15.0
1.0
0.7
3. 0𝑒 −6

Table 5: Model Dimensions of data set-1.

Model Dimensions
Reservoir Model Radius, ft
Circular Boundaries
Numerical Model Type
Numerical Model View
Grid Type
Grid Setup Mechanism

Value
10000.0
Sealing
2-D
3-D
Voronoi
Automatic

Figure 67, shows the pressure distribution of a drawdown test from a vertical well, specified
above, in a circular, 2D, numerical model using Ecrin-Software by KAPPA Engineering.
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Figure 67- Pressure distribution in a circular, 2D, numerical model of a drawdown test from a
vertical well using Ecrin-Software by KAPPA Engineering.

The derivative plot was generated and matched the plot from this solution and is
presented in Figure 68. The match is excellent for both the well pressure drop and its
derivative, except for a slight deviation at early times, between the times 1𝑒2 to 1𝑒3,
where the radial grids are affecting the wellbore pressure calculation. This exercise
further confirms the accuracy and reliability of the proposed solution.
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Figure 68- Pressure and derivative match of the Synthetic data-1 from the FracFault-model with
a numerical model from Ecrin-Software package.

Table 6 shows the input data to the numerical model and results obtained by superimposing the pressure data of the numerical simulator on the type curve proposed in the
FracFault-model.

Table 6: Comparison between the results of a numerically based model and the new solution.
Saphir-KAPPA Software
Numerical Model
k
𝑥𝑓
𝐹𝐶𝑓 -𝐹𝐶𝐹
(md)
(ft)
(md ft)
0-0
10

FracFault Model
𝑥𝑓
(ft)
-

𝐹𝐶𝑓 -𝐹𝐶𝐹
(md ft)
0-0

k1-k2-k3
(md)
10

Fractured well numerical model: Data Set-1
A synthetic numerically-built asymmetric reservoir model of a well intersecting a finite
conductivity fracture was constructed and the pressure transient data were generated,
and analysed by Ecrin-Software well-test package and this solution, using well and
reservoir properties in Table 7.
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Again, a good agreement between the two is noted. Similarly to synthetic data set-2, the
slight deviation in the match between t D of 5.0e7 to 5.0e9 is possibly attributed to the
conversion of the numerical model (data) from dimensional to dimensionless, the
numerical inversion of this model from Laplace space to real space and the infinite
fracture half-length supposition used in the FracFault-model.
Table 7: Well and reservoir properties of the field data set-1.

Property
Wellbore Radius, ft
Pay Zone, ft
Porosity, %
Formation Volume Factor, bbl/STB
Viscosity, cp
Total Compressibility, 𝑝𝑠𝑖 −1

Value
0.3
30.0
10.0
1.0
1.0
3. 0𝑒 −6

Table 8 shows the input data to the numerical model and results obtained by superimposing the pressure data of the numerical simulator on the type curve proposed in the
FracFault-model.
Table 8: Comparison between the results of a numerically based model and the new solution.
Saphir-KAPPA Software
Numerical Model
k
𝑥𝑓
𝐹𝐶𝑓 -𝐹𝐶𝐹
(md)
(ft)
(md ft)
2000
8e3 - 0
3.3

Frac Model
𝑥𝑓
(ft)
-
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𝐹𝐶𝑓 -𝐹𝐶𝐹
(md ft)
8e3 - 0

k1-k2-k3
(md)
3.3
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Figure 69- Pressure and derivative match from the FracFault-model with Synthetic Numerical
Data.

Numerical data from the commercial software: Data Set-2
A synthetic numerically-built case, of a well intersecting a fracture, was constructed and
the pressure data were generated to be analysed in the well-test package. Results were
obtained by super-imposing the pressure data of the numerical simulator on the
proposed type curve. An excellent agreement between the two is noted in Table 9,
Figure 70 and Figure 71.
Table 9: Comparison between the results of a numerically-based model and this solution.
Saphir-KAPPA Software
Numerical Model
𝑥𝑓
𝐹𝐶𝑓
(ft)
(md ft)
1050
5.0e5

Frac Model
𝑘
(md)
500

𝑥𝑓𝑒
(ft)
1040
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𝐹𝐶𝑓
(md ft)
5.0e5

𝑘
(md)
500
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Figure 70- Dimensionless fracture flux distribution alongside the fracture and fracture halflength estimation using the FracFault-model.

Figure 71- Pressure and derivative match using the Frac-model with Synthetic Numerical
Model.
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Finite conductivity fault (non-intersected fault): Numerical Data Set-3
A synthetic numerically-built reservoir model of a well near a finite conductivity fault
was constructed using the well-test package to validate the proposed semi-analytical
solution, Figure 72. The production, well and reservoir data are listed in Table 10 and
Table 11.
Table 10: Production data of the field data set-3.
Vertical
10000 Oil
0
Water
Build-up

Well Type
Production Rate, STBD
Test Type

0% Water cut

Table 11: Well and reservoir properties of field data set-3.

Property
Wellbore Radius, ft
Pay Zone, ft
Porosity, %
Formation Volume Factor, bbl/STB
Viscosity, cp
Total Compressibility, 𝑝𝑠𝑖 −1

Value
0.25
100.0
15.0
1.0
0.7
36𝑒 −6

Table 12, shows the input data to the numerically based constructed model and results
obtained by super-imposing pressure data of this solution on the proposed type curve.
An outstanding agreement between the two is noted in both Table 12 and Figure 73.
Table 12: Comparison; between the results of the numerically based constructed model and the
FracFault-model.
Saphir-KAPPA Software

FracFault Model

Numerical Model
𝑑𝐹
𝐹𝐶𝐹
𝑘
(ft)
(md-ft)
(md)
550
5e5
7
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𝑑𝐹
(ft)
550

𝐹𝐶𝐹
(md-ft)
5e5

𝑘
(md)
7
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Figure 72- Schematic of a well located in a reservoir with a finite conductivity fault for
synthetic data set-3.

Figure 73- Pressure and derivative match of the FracFault-model and the numerical model
available in the used well-test package for synthetic data set-3.
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Fractured well near a finite conductivity fault: Numerical Data Set-4
A synthetic numerically-built model of a well intersecting a finite conductivity fracture
in a reservoir with a finite conductivity fault, was constructed, Figure 74. The pressure
transient data were generated to be analysed in the well-test package. The production,
well and reservoir data are listed in Table 13 and Table 14.
Table 13: Production data for the field data set-4.
Well Type

Vertical

Production Rate, STBOD

10000

Test Type

Build-up

(Intersected)

0% Water cut

Table 14: Well and reservoir properties of field data set-4.

Property
Wellbore Radius, ft
Pay Zone, ft
Porosity, %
Formation Volume Factor, bbl/STB
Viscosity, cp
Total Compressibility, 𝑝𝑠𝑖 −1

Value
0.30
30.0
10.0
1.0
1.0
3. 0𝑒 −6

Figure 74- Numerical model with different grid sizes around and between the fracture and fault.
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Table 15 shows the input data to the numerical model and results obtained by superimposing the pressure data of the numerical simulator on the proposed type curve. An
excellent agreement between the two is noted in both Table 15 and Figure 75. The slight
deviation in the match at middle and late times is possibly attributable to the large grid
sizes around the fault in the numerical simulator, Figure 75. The effective fracture halflength, corresponding to (𝑞𝐷𝑓 ≈ 0), shown in Figure 76, is also very good.
Table 15: Comparison between the results of a numerically based model and the new solution.

𝑥𝑓
(ft)
2.0e5

Saphir-KAPPA-Software
Numerical Model
𝑑𝐹
𝐹𝐶𝑓 -𝐹𝐶𝐹
(ft)
5000

This Solution
𝑘

𝑥𝑓

𝑑𝐹

𝐹𝐶𝑓 -𝐹𝐶𝐹

𝑘

(md ft)

(md)

(md)

33

(ft)
5000

(md ft)

1e5 - 1e8

(ft)
2.0e5

1e5 - 1e8

33

Figure 75- Pressure and derivative match using the FracFault-model to Synthetic Numerical
Data.
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Figure 76- Fracture flux distribution alongside the fracture and fracture half-length estimation.

6.5.3 Field Cases
In this section, the different examples provided are arranged as follows:
1. Field Data Set-1: Fractured vertical well in a sandstone reservoir,
2. Field Data Set-2: Fractured horizontal well in a carbonate reservoir,
3. Field Data Set-3 and 4: Well near a finite conductivity fault, two cases.
4. Field Data Set-5: Well near a finite conductivity fault and later hydraulically
fractured, one case but two sets.
5. Field Data Set-6: Hydraulically fractured well near a finite conductivity fault, one
case.
A fractured vertical well in a sandstone reservoir: Field Data Set-1:
The first field case example data set corresponds to a vertical well intersecting a finite
conductivity fracture in a sandstone reservoir. The objective here is to evaluate the
reliability of the proposed solution for a practical field example, where the flow is
dominated by the bi-linear flow regime and followed by a radial flow regime. A fracture
skin and the wellbore storage flow regime are also evident in the early-time data. Table
16 summarises well and reservoir properties.
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Table 16: Well and reservoir properties of the field data set-1.

Property
Wellbore Radius, ft
Pay Zone, ft
Porosity, %
Formation Volume Factor, bbl/STB
Viscosity, cp
Total Compressibility, 𝑝𝑠𝑖 −1

Value
0.23
100.0
19.0
1.39
0.35
7. 17𝑒 −6

The pressure transient data have been matched to a type curve provided by the new
solution, Figure 77. The results have also been validated by those obtained based on the
Cinco et al. (1978) solution, Figure 78, available in the used well test software. The
flow capacity to oil has been found to be 2500 md-ft from this solution and 2500 md-ft
from the solution of Cinco et al. (1978). The fracture conductivities are also identical as
shown in
Table 17. The fracture half-length was estimated using the approach that was detailed
in Chapter 5.
Table 17: Comparison between the results obtained for the field data set-1 by the solution
proposed by the FracFault-model and the Cinco et al. (1978) solution available in the used well
test package.

Cinco’s and Samaniego’s solution
𝑥𝑓
𝐹𝐶𝑓
𝐹𝐶𝐷𝑓
𝑘
(md)
(ft)
(md-ft)
240
12.6e3
2.0
25

𝑥𝑓
(ft)
300

150

FracFault Model
𝐹𝐶𝑓
𝐹𝐶𝐷𝑓 𝑘1
𝑘2
(md) (md)
(md-ft)
12.6e3 2.0
30
20
𝑘𝑎𝑣 = 25
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Figure 77- Pressure and derivative match of the field data set-1 with a type curve of the solution
proposed by the FracFault-model.

Figure 78- Pressure and derivative match of the field data set-1 with a type curve of the Cinco et
al. (1978) solution available in the used well-test package.
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A fractured horizontal well in a carbonate reservoir: Field Data Set-2
At this stage, the field case example considered was the data set of a horizontal well
with 2050 ft length (𝐿𝑒 = 680 ft) that was placed in the top of the formation where the
highest reservoir quality is and intersecting a finite conductivity fracture in a carbonate
reservoir. Figure 79, shows the Formation Analysis Log interpretation and the
horizontal trajectory is shown in Figure 80. It is likely that the horizontal well intersects
vertical fractures, as most of the natural fractures in this field are vertical and of a northeast/south-west direction. The aim is to evaluate the reliability of this solution for a
practical field example where the flow is completely dominated by the fracture. The
early-time data has been slightly distorted due to wellbore storage and phase
segregation.

Figure 79 Formation Analysis Log.
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Figure 80: Horizontal Trajectory of 2050 ft.

The production data, well and reservoir properties are listed in Table 18 and Table 19.
Table 18: Production data of the field data set-2.
Well Type
Production Rate, STBD
Test Type

Horizontal
8,700 Oil
180 Water
Build-up

2.2% Water cut

Table 19: Well and reservoir properties of the field data set-2.

Property
Wellbore Radius, ft
Pay Zone, ft
Porosity, %
Formation Volume Factor, bbl/STB
Viscosity, cp
Total Compressibility, 𝑝𝑠𝑖 −1

Value
0.26
140.0
15.0
1.39
0.73
7. 8𝑒 −6

The proposed solution was used to match the pressure data, Figure 82, and compared
with the numerical model available in the used well-test software for a well intersecting
a finite conductivity fracture in a symmetrical reservoir, Figure 83 and Figure 84. Both
solutions capture the 1/4 slope bilinear flow signature corresponding to flow along and
into the fracture, followed by a radial flow-period corresponding to the reservoir
section. It should be noted that, as mentioned before, this solution is developed for more
complex geological systems (two regions), but it can correctly handle a simpler system
considered here. As clearly shown in Table 20, the consistency of the solution is
confirmed, as the estimated reservoir parameters are in excellent agreement, i.e. the
parameters estimated using both solutions are identical.
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Table 20: Results obtained for the field data set by the approach proposed by the FracFaultmodel.

𝑥𝑓
(ft)
242

Field Case
𝐹𝐶𝑓
(md ft)
1.0e7

𝑥𝑓𝑒
(ft)
295

𝑘
(md)
190

Frac Model
𝐹𝐶𝑓
(md ft)
1.0e7

𝑘
(md)
190

The estimated 𝑥𝑓𝑒 from the proposed solution is higher than the one calculated by the
analytical solution, due to the approximation nature of the method (i.e. at a flux and/or
pressure depletion of: value ≥ 99.99% of the first value calculated).

Figure 81- Flux distribution alongside the fracture and fracture half-length estimation of the
given field case using the FracFault-model.
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Figure 82- Pressure and derivative match of the field case with a type curve of the solution
proposed by the FracFault-model.

Figure 83- 2D Geometry Plot Pressure Distribution field data set-2 by the used software.
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Figure 84- Pressure and derivative match of the field case-2 with a type curve of the numerical
model from software available in the used well-test package.

Well near a finite conductivity fault: Field Data Set-3
The production, well and reservoir data are listed in Table 21 and Table 22.
Table 21: Production data of the field data set-3.
Well Type
Production Rate, STBD
Test Type

Vertical
3100 Oil
450 Water
Build-up

12.7% Water cut

Table 22: Well and reservoir properties of field data set-3.

Property
Wellbore Radius, ft
Pay Zone, ft
Porosity, %
Formation Volume Factor, bbl/STB
Viscosity, cp
Total Compressibility, 𝑝𝑠𝑖 −1

Value
0.354
200.0
17.0
1.28
0.71
1. 36𝑒 −5

The proposed solution was used to match the pressure data and then compared with
results of a numerical model that used the software, both considering a well near a finite
conductivity fault in a symmetrical reservoir. In other words, the data is matched to the
curve provided by the FracFault-model, Figure 85, and validated by a numerical model
available in the used commercial well-test software package, Figure 86 and Figure 87.
Again, it should be noted that, the proposed semi-analytical solution is developed for
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more complex geological systems (three regions), but it can correctly handle a simple
system as well. As shown in Table 23, the consistency of the solution is confirmed, as
the estimated reservoir parameters, using these two tools, are in excellent agreement,
apart from the matrix permeability, which is slightly lower in the proposed solution.
Table 23: Comparison between the results obtained for the field data set-3 by the solution
proposed by the FracFault-model and the numerical solution available in the used well test
package.
Saphir-KAPPA-Software
Numerical Model
𝑑𝐹
𝐹𝐶𝐹
𝑘
(ft)
(md-ft)
(md)
100
8e5
55

FracFault Model
𝑑𝐹
(ft)
100

𝐹𝐶𝐹
(md-ft)
8e5

𝑘𝑎𝑣𝑔
(md)
50

Figure 85- Pressure and derivative match using the FracFault-model to field data set-3.

It should be noted that, in order to match the field pressure data, the commercial
software calculated a negative skin of -1.3 (Figure 87, blue curve), however, the
proposed model cannot account for negative skin; hence, the pressure curve was not
matched.
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Figure 86- 2D Geometry Plot Pressure Distribution field data set-3, by the used commercial
software.

So as to show the skin effect on the pressure curve, three iterations on skin magnitude
were carried out (i.e. skin values of -1.3, 0 and 5) and are presented in Figure 87. It is
evident that higher skin value will result in increased pressure drop.

Figure 87- Pressure and derivative match using numerical model with different skin values of
(-1.3, 0 and 5), from the used commercial software to field data set-3.

158

Chapter 6 – Solution Competency and Validation Using Synthetic and Field Data

Well near a finite conductivity fault: Field Data Set-4
The production, well and reservoir data are listed in Table 24 and Table 25.
Table 24: Production data for the field data set-4.
Vertical
9825 Oil
0
Water
Build-up

Well Type
Production Rate, STBD
Test Type

0% Water cut

Table 25: Well and reservoir properties of field data set-4.

Property
Wellbore Radius, ft
Pay Zone, ft
Porosity, %
Formation Volume Factor, bbl/STB
Viscosity, cp
Total Compressibility, 𝑝𝑠𝑖 −1

Value
0.25
178.0
18.5
1.51
0.36
3. 55𝑒 −6

The proposed solution was used to match the pressure data and then compared to the
results of the numerical model, available in the used commercial software, for a well
near a finite conductivity fault in a symmetrical reservoir. Table 26, shows the results of
both approaches to the field data set-4, which are very close.
Table 26: Comparison between the results obtained for the field data set-4 by the solution
proposed by the FracFault-model and the numerical solution available in the used well test
package.
Saphir-KAPPA-Software
Numerical Model
𝑑𝐹
𝐹𝐶𝐹
𝑘

FracFault Model
𝑑𝐹

𝐹𝐶𝐹

𝑘𝑎𝑣𝑔

(ft)

(md-ft)

(md)

(ft)

(md-ft)

(md)

150

1.5e8

600

180

1.1e8

600

The data is matched to the curve provided by the FracFault-model, Figure 88, and
validated by a numerical model, Figure 89 and Figure 90. Again, this study does not
handle negative skin, and hence, the pressure curve was not matched, while the
commercial model used calculated a negative skin of (-0.7), so as to match the field
pressure data.
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Figure 88- Pressure and derivative match using the FracFault-model to field data set-4.

Figure 89- 2D-Geometry Plot Pressure Distribution field data set-4 by the used commercial
software.
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With the intention of showing the skin effect on the pressure curve, three iterations on
skin magnitude were carried out in this case study (i.e. skin values of -0.7, 0 and 5) and
the corresponding pressure drop curves are shown in Figure 90, displaying increased
pressure drop at higher skin.

Figure 90- Pressure and derivative match using numerical model with different skin values of (0.7, 0 and 5), from the used commercial software to field data set 4.
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Hydraulically fractured well communicating with a fault: Field Data Set-5
The well was drilled with limited reservoir penetration and a non-intersected conductive
fault nearby was observed, via pressure data. Later, the well was hydraulically fractured
and connected to the nearby fault. The production, well and reservoir data are listed in
Table 27 and Table 28.
Table 27: Production data for the field data set-5.
Vertical
-10800 Intersected
-8500
Non-intersected
Fall-off

Well Type
Production Rate, STBOD
Test Type

0% Water cut

Table 28: Well and reservoir properties of field data set-5.
Property

Value

Wellbore Radius, ft

0.25

Pay Zone, ft
Porosity, %

110.0
18.0

Formation Volume Factor, bbl/STB

1.02

Viscosity, cp
Total Compressibility, 𝑝𝑠𝑖 −1

0.45
3. 88𝑒 −6

The data is matched to the curve provided by the FracFault-model, Figure 91 and Figure
92, and compared to the analytical model of a well in a reservoir with a finite
conductivity fault, available in the used commercial well-test software package, Figure
93. The flow capacities to oil, have been found by to be 4,950 md-ft, which resulted in a
permeability of 45 md by both approaches. The fracture and fault conductivities are also
identical, as can be seen in Table 29, shows the results of applying both tools to the field
data set-5. The fault conductivities calculated from both models were close but not
identical.
Table 29: Comparison between the results obtained for the field data set-5 by the solution
proposed by the FracFault-model and the numerical solution available in the used well test
package.
Saphir-KAPPA-Software
Numerical Model
𝑑𝐹
𝐹𝐶𝑓 = 𝐹𝐶𝐹
𝑘

This Solution
𝑑𝐹

𝐹𝐶𝑓 = 𝐹𝐶𝐹

𝑘𝑎𝑣𝑔

(ft)

(md-ft)

(md)

(ft)

(md-ft)

(md)

70

3.5e6 -1e6

45

80

3.5e6 - 1e6

45
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Figure 91- Pressure and derivative match to field data set-5 using the FracFault-model, with
similar fracture and fault conductivity values.

It is believed that the fault conductivity values from both cases, pre- and post-fracture
pressure data, should be equal. However, to obtain a better match, the conductivity is
reduced for the non-intersected case (blue curve) as shown below in Figure 92.

Figure 92- Pressure and derivative match to field data set-5 using the FracFault-model with
different fracture and fault conductivity values.
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Figure 93, shows the results of the analytical model(s) match to the pressure data by
from the used well-test software.

Figure 93- Pressure and derivative match to field data set-5 using the commercial software.

It is worth mentioning that unlike the commercial software used, the FracFault-model
does not account for the well’s long production history. In addition, the software is
empowered with a “Rate Normalization” feature; hence, the resultant derivative
calculation/shape will be affected and not match the actual field data. Hence, it is
believed that the fracture and fault conductivities of 5e7 md ft are considered to be more
accurate.
Fractured vertical well near a finite conductivity fault: Field Data Set-6
The objective here is to evaluate the reliability of the proposed solution for a practical
field example that combines all the flow regimes presented in the FracFault-model. This
field case example data set corresponds to a vertical well intersecting a finite
conductivity fracture in a tight carbonate reservoir with a finite conductivity fault
nearby.
Table 30 and Table 31 summarise production, well and reservoir properties.
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Table 30: Production data for the field data set-6.
Vertical

Well Type

3730 OIL
932
Water
Build-up

Production Rate, STBOD
Test Type

20% Water cut

Table 31: Well and reservoir properties of the field data set-6.
Property

Value

Wellbore Radius, ft

0.27

Pay Zone, ft

236.0

Porosity, %
Formation Volume Factor, bbl/STB

18.0
1.4

Viscosity, cp

0.32

Total Compressibility, 𝑝𝑠𝑖

−1

1. 92𝑒 −5

The flow, in this example, is dominated by the fracture bi-linear flow regime after a
short wellbore storage period, at early times, followed by a hump, due to, possibly, a
geological fault skin or “geochoke”, based on Corbett et al. (2005). There is a sharp
drop in the derivative, with a negative unit slope, followed by a bilinear flow regime
which is a characteristic of a nearby non-intersected finite conductivity fault, Figure 94.

Figure 94: The derivative plot of the subject well with four flow regimes, reflecting the
hydraulic and natural fractures.
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Based on the pressure data response and the evidence of faults and fractures from
seismic and production data, presented in Chapter 1, a numerical model was built.
Firstly, using Saphir-KAPPA software package, a fractured well with low conductivity
nature, was modelled across the well, before the fault nearby was introduced. It should
be noted that a good match to the early-time pressure data was obtained with fracture
conductivity, FCf , of 480 md-ft and a fracture half-length, xf , of 50 feet. Then, a finite
conductivity fault was introduced to the numerical model to match the rest of the
pressure data, which showed up from 10 hours of shut-in time and lasted to the end of
the test. This was accomplished by placing a fault at a distance, dF of 80 feet away
from the well and parallel to the fractured well. Figure 95 shows Voronoi grids (PEBI
grids) generated across the fracture and nearby fault. It is quite challenging to
completely match the pressure data due to the difficulty in constructing the grids at the
fault, the software uses an automated gridding technique.

Figure 95: (PEBI) grids generated around well and along fracture and nearby fault by SaphirKAPPA-Software.

The width of the fault, wF , was 1.0 foot, resulted in fault conductivity (FCF) of 2.5e4
md-ft. A reasonable match was obtained, as shown in Figure 96.
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Figure 96: Numerical model match to the pressure data by Saphir-KAPPA-Software.

The data is also matched to a type curve provided by the solution proposed, Figure 97,
with and without wellbore storage. The results were validated by those obtained based
on the numerical solution mentioned above. The flow capacities to oil and the fault
conductivities are identical and the fracture conductivities are relatively analogous, as
shown in Table 32.
Table 32: Comparison between the results obtained for the field data set-6 by the solution
proposed by the FracFault-model and the numerical solution available in the used well test
package.

𝑥𝑓
(ft)

50

Saphir-KAPPA-Software
Numerical Solution
𝑑𝐹
𝐹𝐶𝑓 -𝐹𝐶𝐹
(ft)
80

FracFault Model
𝑘

𝑥𝑓

𝑑𝐹

𝐹𝐶𝑓 -𝐹𝐶𝐹

𝑘

(md-ft)

(md)

(ft)

(md-ft)

(md)

480 – 2.5e4

2.8

78

(ft)
105

310 – 2.5e4

2.8
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Figure 97- Pressure and derivative match of the field data set-6 with a type curve of the solution
proposed by the FracFault-model.

The effective fracture half-length, shown in Figure 98, is estimated to be 78 feet and it is
realistically reasonable, compared to the one estimated by the numerical model, of 50
feet, as both reveal a relatively short hydraulic fracture (<100 feet).

Figure 98- Fracture pressure distribution alongside the fracture and fracture half-length
estimation.
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Summary
In this chapter, the proposed solutions were validated by the use of analytically and
numerically built synthetic and field cases, as follows:
First, the model was matched to an analytical solution. Then one homogenous
numerical model and four numerical models were constructed using Ecrin-KAPPA
software and compared to the proposed solution in a simple to complex order. After
establishing a good understanding of the accuracy and reliability of the model, six field
examples’ data sets from carbonate and sandstone reservoirs, were analysed using the
proposed semi-analytical solution and compared to a numerical models obtained by the
commercial software (Saphir-KAPPA, 2012). The FracFault model related to the
proposed solution is capable of multi-matching, as many scenarios as required, and also
superimposes models with different colours and sets of parameters.
The next chapter will discuss conclusions, observations and recommendations by this
study.
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7.

CHAPTER 7 – CONCLUSIONS, OBSERVATIONS AND
RECOMMENDATIONS

7.1 Conclusions
1.

The FracFault-model presents a novel solution for pressure transient data of a fracturedwell in a three-region reservoir with a finite conductivity fault. This is in-line with
meeting current industry requirements, with increased production from naturally faulted
geological settings and unconventional reservoirs; hence, the importance of developing
appropriate solutions for their accurate modelling and performance predictions. In
addition, the existence of such complex geology and well flow geometries is commonly
documented over the increasing number of image, production logs and dynamic data yet,
the amount of these data is very limited relative to the field size. Consequently, analysis
of dynamic data has become a primary tool for the identification, characterisation and
modelling of such geological features.

2.

The FracFault-model presents a suitable model for a fractured well in an asymmetric
reservoir with a fault nearby. This general model validated the reliability of the specific
numerical models normally used to match the pressure data. The proposed solutions
uncover more flexible schemes to easily carry out modelling of other complex structures;
e.g. fractured well in a linear composite reservoir with differing quality reservoir units
across the fault plane. The final wellbore pressure-drop equation, Equation 93, in the
Laplace domain is:

3.

This model can also be used for simpler cases, such as the fracture and fault in a
symmetric reservoir, a fractured well, and linear composite reservoir, with the ability to
model a wide range of reservoir and fracture properties. Unlike other studies, when
dealing with a fractured-well scenario, this work accounts for the matrix flow on the x-y
plane. The reliability of the proposed solution was demonstrated in a systematic
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approach, including synthetic and numerically-built models, constructed from the
simulated flow geometry by the commercial software used. In addition to that, the
validity was further confirmed through analysing a number of field cases in sandstone
and carbonate reservoirs.
4.

The effective fracture half-length calculated from the proposed approach reasonably
matched the corresponding values inputted into the numerical simulations that generated
the well tests’ signatures observed in the field data. The solution is described by the flux
distribution, Equation 97, from the two sides of the fracture, along the x-axis as follows:

The results of FracFault-model may enable reservoir engineers to carry out modelling of such
complex reservoir/well geometries with increasing certainty and long-term benefits. In
summary, the solution can be used to describe a three-region, linear, composite reservoir with
or without a fractured-well. Table 33, summarises the similarities and differences between the
present study and Cinco et al. (1978), Maghsood and Cinco-Ley (1995) and Rahman et al.
(2003).
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Table 33: Comparison between this study and Cinco et al. (1978), Maghsood and Cinco-Ley, (1995)
and Rahman et al. (2003).
Conductive Fracture(f) / Fault(F)
Intersected by Well?

Paper #

Yes
xf

Fcf

No
Sf

dF

FcF

Matrix
Flow
SF

SPE 24704
(1978)
Intersected
fracture only

Cinco-Ley
and
Samaniego

SPE 24704
(1992)
Abbaszadeh
and CincoLey

This Study
(2016)

Linear
1
y-axis

Linear
Non-intersected
fracture only

SPE 84295
(2003)
Anisur
Rahman
et al.

Number
of
Regions

1
y-axis

Linear
Non-intersected
fracture only

2
y-axis

Both
Linear
and
Diagonal

3

x-y plane
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Remarks

1.Finite conductivity nature
2.Homogenous reservoir
3.Transient effects along fracture are not neglected
4.Matrix flow along y-axis only

1.Finite conductivity nature.
2.Allows reservoir flow from left and right towards the fault.
3.Transient effects along fault are neglected.
4.Zero fault capacity, net cumulative flux in/out of fault is zero.
5.Calculates Fault distance, skin and conductivity.
6.Different reservoir properties of the two side of the fault plane
(using Sf).
7.Each reservoir zone is semi-infinite in the x-direction and has an
interface with the fault zone.
8.Both reservoir zones and the fault zone are infinite in the ydirection.
9.Matrix flow along y-axis only.
1. Finite conductivity nature.
2.Allows reservoir flow from left and right towards the fault.
3.Transient effects along fault are not neglected.
4.Calculates fault distance, skin and conductivity.
5.Different reservoir properties of the two side of the fault plane
(two regions).
6.Each reservoir zone is semi-infinite in the x-direction and has an
interface with the fault zone.
7.Both reservoir zones and the fault zone are infinite in the ydirection.
8.Matrix flow along y-axis only.
1.Finite conductivity nature.
2.Allows reservoir flow from both sides towards the Fault.
3.Allows reservoir flow from both sides towards the fracture.
4.Transient effects along fault are not neglected.
5.Calculates fault distance and conductivity.
6.Calculates fracture half-length and conductivity.
7.Different reservoir properties of the two sides of the fault plane
and fracture (Three regions and one fracture and one fault).
8.Reservoir zone one is semi-infinite in the Y-direction and has an
interface with the fracture zone.
9.Reservoir zone three is semi-infinite in the Y-direction and has
an interface with the fault zone.
10.Reservoir zone two is finite in the Y-direction and has an
interface with the fracture zone from one side and fault zone
from the other side.
11.Both reservoir zones and the fault zone are infinite in the xdirection.
12.Matrix flow along both x- and y- plane only.
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7.2 Major Findings
Fractured Well Solution:
1.

Introduced and validated a finite conductivity fractured-well semi-analytical solution,
accounting for the flow in the reservoir along the x-y plane, in symmetric and
asymmetric reservoirs (two different regions bounding the fracture plane).

2.

The average permeability calculated from this solution is the arithmetic average of the
two bounding (different) regions. This was confirmed by comparing it to another case for
a well located in a homogenous reservoir (without a fracture) and with a single reservoir
permeability equal to the average of the two bounding regions (by super-imposing the
two derivatives).

3.

A fracture-linear flow is evident at very early times confirming the physics, accuracy and
stability of the solution.

4.

The solution of the equation in the x-y plane allows us to observe the radial flow
signature after the bilinear flow signature. To the best of author’s knowledge, in some of
the existing software, the radial flow is not calculated, but graphically added to the
solution.

A well intersecting a finite conductivity fracture near a finite conductivity fault in an
asymmetric reservoir:
1.

The FracFault-model confirmed the flow behaviour observed in several field data sets
and different simulated numerical models of a fractured-well in a three-region composite
reservoir with a finite conductivity fault.

2.

The proposed solution exhibits the following flow regimes: at early times, the curve
signifies a ¼ slope as a result of a bilinear flow from the two linear flow regimes along
and into the fracture. Subsequently, a radial flow, demonstrates the transient flow in the
matrix bounding the fracture. A “down-turn” is then evident, with a negative unit slope
indicating the start of a conductive fault and enhancement of rock quality, followed by an
“up-turn” with a bilinear flow regime demonstrating the finite nature of the fault and
proceeded by a radial flow regime of the bounding blocks, at late times.
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3.

The solution can be used to model a well in a linear composite reservoir with and without
a fault nearby.

4.

It also can be used to model a fractured-well in a linear composite reservoir with and
without a fault nearby.

Flux distribution and effective fracture half-length estimation:
1.

The flow profile dictates a non-uniform inflow-flux distribution along the fracture plane,
as there is a larger fracture pressure drop, ∆𝑝𝑓 , closer to the well.

2.

A good assessment of the effective fracture half-length (𝑥𝑓𝑒 ), was achieved, noting that
the actual fracture half-length (𝑥𝑓 ) is assumed to be infinite. This verified the validity of
the assumption that led to the solution of the effective fracture half-length, 𝒙𝒇𝒆 i.e. the
approach is based on the notion that, practically, an extremely small quantity of fluid
flow will occur when the difference in pressure across the fracture plane in an infinite
length fracture is approaching zero (∆p ≈zero). This criterion was deployed in the flux
term of the fractured-well equation, and the resultant equation was solved for effective
fracture half-length (𝑥𝑓𝑒 ).

3.

In the FracFault-model, it was noted that, when using the pressure and flux distribution
to determine (𝑥𝑓𝑒 ), at a flux and/or pressure depletion of ≥ 99.99% of the first
calculated value, a reasonable match was obtained between the effective fracture halflength calculated by the proposed approach and that of many numerically built cases.
Furthermore, in reality, if there is a fracture length part that contributes less than 0.01%,
it would not be dominating the flow behaviour and hence can be ignored.

4.

The method can also be used to calculate the matrix and fracture fluxes into and along
the fracture aperture, 𝑞𝐷𝑚 𝑎𝑛𝑑 𝑞𝐷𝑓 , respectively.

5.

Differently from previous works, this solution solves for matrix-flow on the x-y plane in
all the three regions, while other studies account for the matrix linear-flow only. The
validity of the reservoir linear flow along the y-axis was verified by this solution. That is,
a case scenario was set-up and the outcome of the two approaches were compared. It was
noted that both approaches are in exact agreement as they both reflected the same trends
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and flux values. However, as mentioned above, the solution accounting for the x- and ydirections allows the observation of radial flow.
6.

The presence of scattered data in plotting the flux distribution from the x-y plane
approach may be due to numerical issues, but it can also be attributed to the diagonal
flow nature and convergence into the fracture, which need to be investigated further. At
this stage it is assumed that the two solutions are similar, and the linear flow (y-axis) is
the solution considered in calculating the effective fracture half-length, due to its
stability.

7.

It was shown that for a constant rate and fracture conductivity, the contribution from the
matrix to the fracture increases with increasing matrix permeability, due to the decrease
in pressure drop across the matrix-fracture interface.

8.

For a constant injection rate and matrix permeability, a high conductive fracture acts
more like a source of fluid supply, confirming the observation also introduced by
Maghsood and Cinco-Ley (1995). That is, fluids tend to be supplied by the fracture itself
when the pressure-drop across the fracture is exceptionally small.

9.

The fracture half-length is a function of fracture conductivity. At low conductivities, the
fracture pressure is higher, as it is harder to inject into the fracture (source case); hence,
fluids tend to dissipate into the matrix more. As a result, you get smaller fracture halflength with lower fracture conductivities.

10. The fracture half-length is also a function of matrix permeability. For a source case, the
lower the matrix permeability, the longer the fracture, to accept more injected fluid for a
constant rate solution.
11. The fracture half-length is not a function of well rate. That is, the rate magnitude has no
effect on the effective fracture half-length. Changing the rate induces different pressure
amplitudes, the larger the rate, the larger the pressure amplitude; however, the extent of
the pressure transient should be the same, at different rates. This is consistent with the
principle and assumptions of estimating the radius of investigation. At high rates,
understandably, matrix and fracture contributions are larger.

175

Chapter 7 – Conclusions, Observations and Recommendations

7.3 Business Impact
The identification and characterisation of conductive fractures and faults presents great
technical and economic challenges to reservoir engineers and geoscientists. The FracFaultmodel tackles some of these challenges by presenting semi-analytical solutions for improved
interpretation of their transient well test pressure data. The materials discussed here:


Provide a better understanding of the reservoir fluid movements in intersected fractures
and reservoirs with conductive faults, and thus improve reservoir development plans,



Improve well test interpretation by using more comprehensive semi-analytical solutions.



Validate numerical approach with the presented semi-analytical solutions.



Harness the power of simulation by directly linking numerical well-test models, validated
by analytical solutions, to simulation models. The current practice is done through
Geological Models, which reduces its effect, due to restricting the use of dynamic data to
flow capacity (𝑘ℎ) values only.



Capitalize on the real-time pressure transient analysis from the Intelligent-Field initiative
by adopting suitable and accurate analytical and semi-analytical solutions.
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7.4 Recommendations for Future work
For future work, this study recommends the following to improve the solution:
Well skin using the effective radius method
The Effective Radius tactic is usually used to represent the well’s skin analytically when
dealing with negative skin values. The solution proposed in this study, is solved to describe
the well pressure without accounting for well treatment (stimulation effect). Here Kucuk and
Ayestaran’s (1985) dimensionless equations, are used to add “a positive skin dimensionless
pressure drop” to the total pressure drop, as was explained earlier. Therefore, it is suggested
to include the negative skin in the form of effective wellbore radius. That is:
𝑟𝑤 ′ = 𝑟𝑤 . 𝑒 −𝑠𝑤

⇒

∆𝑝 (𝑟𝑤 ′ , 𝑠𝑤 = 0) = ∆𝑝 (𝑟𝑤 , 𝑠𝑤 )

Where,
𝑟𝑤 : Wellbore radius, 𝑟𝑤 ′ : Effective wellbore radius and 𝑠𝑤 : Well Skin
Superposition for varying rates
The superposition effect is owing to the pressure variations, due to multiple flow rates, and is
equal to the sum of the pressure drops from the different rates collectively. The proposed
solution is solved for describing the pressure distribution due to production caused by a
constant rate from a single well. To better represent the pressure behaviour when solving for
complex flow problems, it is suggested to include the effect of rate changes on derivative
calculation. In other words, a more generalised solution is recommended. That is, the solution
should consider changing rates, since, in reality, varying rates from a single well and/or
several wells operating at the same time, are common features of actual field data.
Fault-face skin
A “thin skin baffle” along the fault plane, occasionally resembling a situation similar to a
sealing fault, is observed in many field data. This geological deformation is referred to in the
literature, sometimes, as “Fault Skin” or “Geochoke”. Maghsood and Cinco-Ley (1995),
Figure 99, and Rahman et al. (2003), Figure 100, accounted for fault skin. For future work,
the author intends to include a fault skin, around the fault.

177

Chapter 7 – Conclusions, Observations and Recommendations

Figure 99: Generalized derivative type-curve for a finite conductivity fault (after Maghsood and
Cinco-Ley, 1995)

Figure 100: Generalised derivative type-curve for a finite conductivity fault (after Rahman et al.,

2003)
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Fault core effect
The author suggests studying the effect of the fault core on the shape and slope of the
derivative plot, as it reflects a more realistic structure of conductive faults. Fault cores (zones)
act as barriers, conduits, or mixed conduit/barrier systems to reservoir fluids, hence, it can be
identified via transient data, Figure 101.

Figure 101: Schematic of the fault components.

This geological feature has been a subject of study in the literature by many researchers.
Evans et al. (1997) stated that well-developed damaged zones (fractured zones) around the
fault core may lead to enhanced fluid flow through a relatively thin tabular region parallel to
the fault plane, yet the fault core restricts fluid flow across the fault. Figure 102 below shows
a fault zone architecture, modified after Evans et al. (1997).
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Figure 102: Schematic of the damaged zones around the fault (after Evans et al., 1997).

To understand the effect of the different fault core leakage factors on the shape and slope of
the derivative, a numerical model, since there is no analytical solution available yet, was built
using the software package, Figure 103, consists of a well near a fault zone. The fault zone
was modelled with sealing/leaking fault (fault core) bounded by two conductive faults.

Figure 103: A numerically-built model of the damaged zones around the fault core.
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Three sensitivity cases were carried out as follows:
Curve 1 (Red Curve),

0%

Leakage factor (completely sealing fault-core),

Curve 2 (Green Curve), 5%

Leakage factor (partially leaking fault-core),

Curve 3 (Blue Curve),

Leakage factor (completely leaking fault-core).

100%

In Figure 104, it is very clear that the curves will deviate from the linear/bilinear slope as a
result of different fault-core leak-ability.

Figure 104: Derivative plot reflecting effect of different leakage factors (0%, 5% & 100%) on flow
profile.

Curve 1 (Red Curve), shows a lower conductivity fault, due to the sealing nature of the
fault-core that will result in a thinner fault, and hence, lower conductivity.
Curve 2 (Green Curve), reflects a partially leaking fault-core, 5%, and gradually (slowly)
leaks all the fluids to the other side of the fault. In fact, it looks like a linear composite
reservoir flow behaviour.
Curve 3 (Blue Curve), represents a completely leaking fault core and resulting in a greater
fault conductivity, due to the increase in width of the fault core.
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Finally, a fourth sensitivity case was run as follows:
Curve 4 (Red Curve), 1% leakage factor (partially leaking fault core).
This run shows a very interesting observation: a hump, reflecting the resistance to fluid flow
across the leaking fault core, is evident at a very low leakage factor ~1% only, Figure 105.

Figure 105: Derivative plot reflecting effect of a 1% leakage factor on flow profile.

Earlier, Corbett et al. (2005) highlighted that this could also occur due to the short restriction
in flow that represents depletion of the high permeability zones and the delay in recharging
from other patches away from the well, i.e. the “geochoke” response. They have shown a
pronounced, humped, middle time region in a well test build-up from a field example, Figure
106.
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Figure 106: Field example from a braided fluvial reservoir in a North African fluvial reservoir
example (after Corbett et al., 2005).

Non-Darcy flow systems
This work can be extended to include the application of the non-Darcy flow systems, or in
general terms, inertial effect, in the developed formulae. It can be accomplished by solving
for the effective fracture conductivity rather than the absolute fracture conductivity,
similar to the approach by Mahdiyar et al. (2011) discussed earlier in the literature review,
section (2.2)
Main Program
Available to Heriot-Watt University, Institute of Petroleum Engineering:
Professor, Mahmoud Jamiolahmady
(Jami.Ahmady@pet.hw.ac.uk)
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