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ABSTRACT 

The ultimate strength design of slabs is carried out using the Wood-Armer rules in the 

UK. These design rules provide optimum reinforcement for the slabs for any given 

moment field. The rules have been formulated using the normal moment yield criterion. 

This yield criterion uses Johansen's yield criterion to define the strength of the slab. 

Johansen's yield criterion has some deficiencies which lead to increasingly 

unconservative strength predictions for increasing reinforcement ratios and for 

increasing angle between the principal moments and the reinforcement directions. 

There are two facts due to which Johansen's yield criterion over estimates of the 

ultimate moment capacity of the slab elements. Firstly, in order to determine the 

moment capacity in a desired direction the ultimate moment capacities m,,,, and m,,, in 

the reinforcement directions are calculated. The moment transformation is then applied 

to the uniaxial bending moment capacities which can not predict the actual stress state 

of the element. The incorrect stress state under estimates the neutral axis depth which 

leads to over estimation of lever arm and moment capacity. Secondly, the reduction in 

the compressive strength of concrete due to orthogonal cracking has not been accounted 

for and thus the actual moment capacity of the slab element is over estimated further. 

Owing to the above mentioned facts, not only the moment capacity reduces but in some 

cases even the mode of failure can change from under reinforced failure as predicted by 

Johansen's yield criterion, to over reinforced failure specially for higher reinforcement 

ratios, thus nullifying the chances of moment redistribution. 

xix 



A computer program has been developed which has the capability of modelling the 

behaviour of reinforced concrete slabs cross-section using non-linear analysis upto and 

beyond failure. The computer program has been validated by comparing the analytical 

results against several experimental studies. The developed software has been used to 

determine the ultimate moment capacity of isotropic and orthotropic. reinforced concrete 

slab elements under different moment combinations. Numerically generated failure 

surfaces have been developed in the principal moment field using the program, which 

confirmed the deficiencies in Johansen's yield criterion. 

Guidelines for the analysis and design of slab elements under any set of moments have 

been proposed. 

xx 



CHAPTER I 

INTRODUCTION 

1.1 BACKGROUND 

The developments in the technology, improved construction techniques, increase in 

the loading requirements etc. have pursued the design engineers to produce 

economical design and better structural assessment methods. An ever increasing 

demand for the economical design of structures and better assessment methods have 

culminated in improved and refined techniques based on a better understanding of 

material and structural behaviour. However, the need for the improvements in 

existing design and assessment methodologies is still required and researchers are 

devising means and ways to fulfil this objective. 

Over the recent decades numerous attempts have been made to provide design 

guidelines for reinforced concrete slabs. Reinforced concrete slabs can be designed 

using either elastic or plastic methods, both of which require an understanding of 

material and structural behaviour. 
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Reinforced concrete slabs are designed and analysed using Wood-Armer rules, strip 

method and yield line theory. The usual concept on which the design of reinforced 

concrete slabs has been based, the normal moment yield criterion, is that the moment 

capacity of the slab in the direction normal to the failure direction must be less than or - 

equal to the applied moments. The capacity of the slab in the normal moment yield 

criterion has been defined by Johansen's yield criterion. Johansen's yield criterion 

requires the uniaxial moment capacities in the two orthogonal reinforcement directions 

transformed in the desired direction using simple stress transformation. 

The assessment of the existing reinforced concrete slabs is the a pressing need now-a- 

days due to the increase in the loading requirements. Methods based on Johansen's 

yield criterion are currently being used to assess the strength of the slabs. 

Johansen's yield criterion has been shown to have over estimated the moment capacity 

of the slabs with twisting moment in the reinforcement directions. This over 

estimation increases with the increase in the twisting moment. The unconservatism of 

the criterion is more significant for slabs with high reinforcement ratios. Thus any 

design or assessment method based on Johansen's yield criterion can not produce a 

safe design or adequate assessment for all loading conditions. 

1.2 OBJECTIVES 

In order to confinn the deficiencies in the normal moment yield criterion a computer 

program has been written which can predict the non-linear response of reinforced 
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concrete shell elements subjected to a set of three in-plane forces and three moments, 

upto and beyond failure. The computer program includes the non-linear behaviour of 

the concrete and the reinforcement. It performs the analysis of a reinforced concrete 

cross-section subjected to monotonically increasing loads. The computer program was 

used to achieve the following obiectives. 

I. To identify the deficiencies in the normal moment yield criterion. 

2. To investigate the causes of deficiencies in the normal moment yield criterion. 

3. To either propose a new yield criterion or to defme the limit of area of 

reinforcement and loading pattern for which the normal moment yield criterion 

- can be used. 

4. To understand and explain the behaviour of reinforced concrete slab elements 

under pure twisting. 

5. To study the influence of parameters e. g. tension stiffening, compression 

softening, area of reinforcement, number of integration points etc. on the 

overall response of reinforced concrete slab elements when subjected to pure 

twisting. 

Even though the computer program is capable of analysing reinforced concrete shell 

elements, it was used for slab elements subjected to moment triad only. The effects of 
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membrane forces have not been studied. The design methods for slabs in mixed moment 

field are derived from Johansen's yield criterion which does not cater for the in-plane 

membrane forces, therefore, the effect of such forces have not been included in this 

study. 
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CHAPTER 2 

LITERATURE REVIEW 

2.1 INTRODUCTION 

In order to design reinforced concrete slab elements under a mixed moment field, 

methods based on the normal moment yield criterion have normally been used. The 

normal moment yield criterion requires that at any point in the slab the moment 

capacity, m,,,,, in a direction normal to the direction under consideration must be greater 

than or equal to the applied moment, m, in that direction i. e. 

Imu ý Im 2.1 

In order to apply the normal moment yield criterion, a criterion is required to define the 

strength of slab element. A number of attempts have been made to either establish a 

strength yield criterion or to validate the existing strength formulation. 

Because it is intended to study the ultimate strength of slab elements subjected to a 

mixed moment field using a numerical technique, therefore, this Chapter provides an 
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overview of the literature pertaining to the yield criteria for reinforced concrete slabs. it 

also provides a review of the literature for the design procedures for reinforced concrete 

slabs in mixed moment fields. A review of the literature pertaining to the modelling of 

concrete and reinforced concrete is also presented in this Chapter as it is intended to 

develop computer program based on the numerical modelling of the concrete and the 

reinforcement that can predict the non-linear response of shell elements up to and 

beyond failure. The positive sign convention used in this study is given in Figure 2.1. 

2.2 YIELD CRITERIA 

Reinforced concrete slabs can be designed for the ultimate state, for a generalised set of 

moments using the Wood-Armer rules L2 
. These design rules provide optimum 

3 
reinforcement for the stabs. The rules use the yield criterion developed by Johansen 

The widely used Johansen's yield criterion has some deficiencies and can provide 

unconservative strength predictions for certain load combinations. This fact has been 

pointed out by several researcherS4'5'6'7 . Therefore, the need for an accurate yield 

criterion to define the strength of reinforced concrete slab elements is of prime 

importance. An attempt has been made in the following Section to outline the research 

conducted related to the yield criteria used to define the strength of reinforced concrete 

slabs. 

2.2.1 LITERATURE REVIEW 

The pioneering work by Johansen 3 provided a yield criterion that can predict the 
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strength of the slab in any direction, n, if no in-plane forces act on the cross-section. The 

work was based on the theory of plasticity. After the translation of this work into 

English, the proposed yield criterion gained popularity due to its simplicity and ease of 

use. 

The expression proposed by Johansen was, 

Mnu = M, u COS 
20 +M yu sin 

20 2.2 

where, m,,,, = capacity of the slab in desired direction n 

mxu, myu = capacity of the slab element in reinforcement directions x and y 

The above expression gives the strength of an element and has been used extensively in 

the normal moment yield criterion, equation 2.1. It was suggested that physical tests 

should be carried out to confirm the validity of this criterion. 

Wood 8 mised several objections to the yield criterion proposed by Johansen3. One of the 

objections raised was that the reinforcement directions were assumed to be the principal 

moment directions which will not be valid for all loading conditions and twisting 

moments can exist in the reinforcement directions. It has also been pointed out that at 

the intersection of top and bottom hinge lines, for slabs with different top and bottom 

reinforcement, there will be two different Mohr's circles of moments for the same stress 

state, which can not be possible. The possibility of having two distinct Mohr's circles of 

moments for same stress state is due to the fact that the transformation was applied to 

the ultimate moment instead of the stress in the concrete and the reinforcement at 

7 



ultimate. 

Nielsen4 derived expressions for the moment carrying capacity of slabs when subjected 

to uniaxial bending and pure twisting separately, based on assumed models for the 

constituents i. e. reinforcement and concrete. The reinforcement was assumed to be 

elastic-plastic capable of carrying axial forces only and concrete was modelled as 

perfectly plastic in compression, but with no tensile strength. The square strength 

envelope for concrete in compression was used. It was appreciated that the strength of 

concrete increases in biaxial compression but as this strength increase causes an 

insignificant increase in the moment capacity, this effect was ignored. In order to 

determine the stress resultants, a stress distribution was assumed through the depth of 

the element using the defined constituent models. The work, however, neglected in- 

plane forces. 

Nielsen4 proved that the square yield criterion proposed by Johansen3 for moments can 

be used for isotropic slabs provided that either the failure is in the reinforcement 

direction i. e. the twisting moment in the reinforcement direction is zero, or the 

percentage of reinforcement is low. Nielsen extended the work further for the case of 

pure twisting i. e. when equal and opposite principal moments were applied at ± 45' 

from the reinforcement directions. It was found that for low percentages of 

reinforcement, when the ratio of the depth of neutral axis to the overall depth is less than 

or equal to 0.2, the difference between the pure twisting capacity and the uniaxial 

bending capacity is less than 6%. It was thus concluded that the uniaxial bending and 

pure twisting capacities of a slab are similar for low reinforcement ratios. But for high 

reinforcement ratios, the pure twisting capacity will be lower than that the uniaxial 
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bending capacity. Nielsen pointed out that in the case of pure twisting when the 

reinforcement is at ± 45' to the principal moment directions, as the depth of the neutral 

axis increases, the difference between the pure twisting and the bending capacities of the 

section for isotropic slabs also increases. For an increase in the neutral axis depth at 

failure it can be implied that either the reinforcement ratio must increase or the 

compressive strength of concrete decreases. In the case of pure twisting the compressive 

strength of concrete is always reduced considerably due to compression softening 25 

which is discussed in more detail in Section 2.4.5.2. It can thus be concluded that slabs 

elements under pure twisting with high reinforcement ratios have a smaller moment 

capacity than the uniaxial bending capacity. The difference between the pure twisting 

and uniaxial bending capacities arise due to the incorrect lever arm implied using 

Johansen's yield criterion approach. It was pointed out that this criterion used an 

intuitive approach and can be termed as 'isotropic' as it assumed that the principal 

moment and reinforcement directions were the same. 

Nielsen4 extended the work further and proposed a yield criterion for isotropic slabs 

subjected to combined bending and twisting moments. The proposed yield criterion was 

based on the principal moments yield criterion. In order to define the capacity of the 

element in any direction, the uniaxial moment capacity of the element was used. The 

principal moment criterion in the reinforcement direction x and y was expressed as 

follows. 

+ (m 
_My) 

2 +Mýy 2 2.3 
2 

(m+my) m Y) 
2 +rMy 2 

MF 
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The left hand side of the above equation represent the applied principal moments where 

m,, my and m,, y are the applied bending and twisting moments and the right hand side 

represents the uniaxial moment capacity, MF. The above expression can be represented 

as two cones lying back to back in m,,, my and m,, y space as shown in Figure 2.2. 

Kemp 9 presented an extension of Nielsen's 4 work for orthotroPic slabs. The normal 

moment yield criterion was used but defined in the principal moment field. The strength 

of the slab was defined using Johansen's yield criterion 3. Kemp proposed the following 

equations. 

For positive yield: 

irW sin' ý+ ýL cos' ý) + nM(cos' ý+ ýt sin' ý) - MNL - ýtrn' =02.4a 

For negative yield: 

mr Mt(sin' ý+ 11 COS2 ý) + m'N42 
(COS2 ý+ il sin 

2 ý) 
- 

MIIVL 
_ ýtMl 

2=02.4b 

where, m, mI= moment capacity per unit length in x direction bottom and top faces 

respectively 

p, il = degree of orthotropy in y direction bottom and top faces respectively 

MI, M2= applied principal moments 

= clockwise angle between the reinforcement in x direction and 

principal moment M 
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The graphical representation of the yield criterion given by equations 2.4 is shown in 

Figure 2.3. The flow rules associated with the bending of the orthotropic plates, which 

had not been defined earlier were stated clearly. A discussion was also presented on the 

possibility of enhancement of moment capacity of the element due to the presence of 

twisting and tangential moments along the hinge line. However, an analytical solution 

was not presented to extend the yield criterion due to lack of understanding of this 

phenomenon. 

Morleylo developed a generalised yield criterion for reinforced slab subjected to six 

stress resultants, M,,, My, M,, y, Ný,, Ny, N., y, based on the theory of plasticity, where, M,,, 

My, M, y are the moments and N,, Ny, N-, y are the in-plane forces in the x and y 

directions and the in-plane shear respectively expressed per unit length. This criterion 

used similar models for the reinforcement and the concrete to those proposed by 

Nielsen 4. The resistance offered by the cross-section was based on the assumed models. 

Morleylo presented an upper bound based on the assumption that the concrete had 

infinite compressive strength. Morley also presented an upper bound solution, which 

accounted for the finite compressive strength of concrete. The square strength surface 

for concrete was assumed in compression whereas the tensile strength of concrete was 

neglected. The reinforcement was assumed to carry axial forces only. It was shown that 

if the compressive strength was assumed to be infinite, then there was no difference 

between the two solutions. When the concrete has a finite strength and there are no in- 

plane forces, the upper bound solution reduces to the criterion proposed by Nielsen 4. 



To check the closeness of the two upper bound solutions, MorleyjO also performed 

numerical experiments. The experiments were conducted on slabs with no in-plane 

forces and by varying the strength factor, ý, where ý is defined by 

aýD 
a, a 

where, (y, = compressive strength of concrete 

D= overall depth of the section of slab 

yield strength of reinforcement 

a= thickness of smeared reinforcement layer. 

2.5 

For a given section in which 4: 7,, a, and D are constant, ý will vary inversely with an 

increase in the area of reinforcement. Thirty numerical experiments were performed on 

slabs with equal top and bottom reinforcement, with the thickness of the smeared layer 

of reinforcement in the y direction 0.2 times the thickness of the x direction 

reinforcement, and with ý= 10. The infinite compressive strength criterion was 

compared with the finite compressive strength criterion, which in turn was compared 

with Nielsen's 4 lower bound solution. An average of 6.5% lesser strength was obtained 

for the upper bound solution with finite compressive strength when compared with the 

infinite strength criterion. Similarly an average of 2.2% lesser strength was obtained for 

Nielsen's lower bound solution when compared with the upper bound finite strength 

solution. For another 30 slabs with the same ý but no top reinforcement and with a ratio 

of thickness of the smeared reinforcement layers being 0.3, it was found that the infinite 
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compressive strength solution over estimated the strength by an average of 2.8% when 

compared with the finite compressive strength solution. Whereas, the finite compressive 

strength solution over estimated the strength by 1% when compared with Nielsen's 

lower bound solution. For the same reinforcement arrangement but ý =3, it was found 

that infinite compressive strength solution over estimated the strength of the slab by 

9.1 % on average when compared with the finite compressive strength solution which in 

turn over estimated the strength by 3.8% with respect to Nielsen's lower bound solution. 

Hence it was argued that the finite compressive strength solution was sufficiently close 

to Nielsen's lower bound solution for practical ranges of the reinforcement areas. For 

more generalised cases with all the six stress resultants acting, Morley performed a few 

more numerical experiments and compared the two criteria. The numerical results 

showed acceptable agreement. 

Morleyl I tested 30 isotropic slabs with =-: 0.5% reinforcement. The slabs can be broadly 

classified according to the type of reinforcement used. In the first series 18 slabs, 13 
8 

thick and reinforced with3/32" diameter wire, were tested. In the second series 12 

slabs, 11 thick and reinforced with 3/32" diameter welded wire fabric, were tested. 
4 

Thirteen of the slabs in the first series were rhomboid and were tested under twisting 

moment with equal and opposite loads applied at the comers, Figure 2.4. This loading 

arrangement produced moments that were assumed to be constant over the slab area. 

According to the small deflection theory of thin plates, the moment can be expressed as; 

M. -- 
bp2.6a 
2a 
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Mt ap2.6b 
2b 

such that, 

2.6c 
a2 

where a and b are the half-length of the diagonals of the rhomboid and P is the applied 

load. The dimensions of the slabs were set such that the ratios of M,, /Mt were -1, -0.651 

and -0.206. The orientation of the reinforcement was 0', 22.50 and 450 with respect 

to the principal moment direction. The remaining 5 slabs in this series were rectangular, 

F? 
36"x 26 

1, 
and were subjected to uniaxial bending moment over a span of 24" by 

2 

applying uniformly distributed load. The reinforcement was at 0', 22.50 and 45' with 

respect to the principal moment direction. 

Eight of the slabs in the second series were rhomboid and were tested with values of 

M,, /M, of -1 and -0.413 with reinforcement at 0', 22.5' and 45' with respect to the 

principal moment directions. The remaining four slabs in this series were rectangular, 

36'x 26- and were subjected to uniaxial bending moment over a span of 24" by 
2 

applying uniformly distributed load with the reinforcement placed as described earlier. 

The ultimate strengths were compared with Johansen's yield criterion 3. It was concluded 

that, in general, Johansen's yield criterion predicted the strength accurately but, as the 

14 



ratio of M. /Mt approached -1, Johansen's yield criterion slightly over predicted the 

ultimate moment capacity. The reason for this over estimation can be attributed to the 

fact that incorrect lever arm is estimated by Johansen's yield criterion as mentioned by 

Nielsen 4. However, the insignificant difference in the moment capacities is due to the 

low reinforcement ratio provided in the tested slabs. It is worth mentioning that out of 

21 rhomboid slabs tested only three slabs were tested in under pure twisting moment 

with reinforcement at ± 45' from the principal moment directions with approximately 

0.45% reinforcement. To the knowledge of the author, this was the first experimental 

study conducted to check the validity of Johansen's yield criterion. 

Lenshow and Sozen 12 conducted an experimental study on 22 slab elements under 

constant biaxial, uniaxial and twisting moments. Full details of the experiments are 

given elsewhere 13 
, however, a summary of the experimental results are given in Table 

2.1. Slabs in C series were tested under equal biaxial, bending. Slabs B4, B 10, B13, B15, 

B18 and B19 were tested with zero twisting moment in the reinforcement directions. 

Slabs B16, B20, B21 and B22 were tested under pure twisting, with the reinforcement 

placed at ± 45' with respect to the applied principal moment directions. Two of the 

slabs in this category, B16 and B20, were isotropically reinforced with reinforcement 

ratios of p. =pp, =p =0.84 and p. =P =p, =p =0.4 respectively, while the 

remaining slabs, B21 and B22, were orthotropically reinforced with reinforcement ratios 

p. =p =0.82, p,, py =0.18. The isotropic slab with maximum amount of reinforcement, 

B 16, showed over reinforced behaviour 13 i. e. the concrete crushed prior to the yielding 

of reinforcement, whereas the slabs with low percentages of reinforcement showed 

under reinforced response i. e. the reinforcement yielded prior to the crushing of 

concrete. In the remaining six slabs, the reinforcement was at an angle to the 
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principal moment directions, thus were tested in a mixed moment field. It is interesting 

to note that only four of slabs tested had a negative principal moment ratio, of which 

three had low proportion of reinforcement. The aim of the study was to check the 

validity of Johansen's yield criterion 3. The ultimate moment capacities were compared 

with Johansen's yield criterion and a good agreement was obtained. Lenshow and Sozen 

developed a graphical representation of the normal moment yield criterion in polar co- 

ordinates. It was, however, pointed out that for p A. 125 f ', /fy, the strength predictions 

using Johansen's yield criterion may not be accurate. 

The reason for obtaining good agreement with Johansen's yield criterion is due to the 

fact that slabs B20, B21 and B22, tested under pure twisting with the reinforcement at 

± 45', had a low amount of reinforcement. Only slab B 16, which was isotropically 

reinforced and had a reinforcement ratio of =- 0.84%, showed over reinforced failure'3 . 

However, the moment capacity predicted by Johansen's yield criterion 3 for that 

particular slab was 3% greater than the experimental moment capacity. The higher 

moment obtained experimentally was due to the loading set up. The two parallel sides of 

the slab were clamped to the channel section through which the loads were applied. The 

channel section provided axial restraint, thus inducing an in-plane compressive force, 

which had enhanced the capacity. 

14 12 Cardenas , in the discussion of Lenshow and Sozen's work, pointed out that the ratios 

of the principal moments covered in their testing programme were positive except for 

slabs under twisting moments for which the ratio was -1. It was pointed out further that 

there can be another two possible ranges of the principal moments ratios i. e. 0"-MI/M2<1 

and -I <MI/M2<0. Results of isotropically reinforced slabs tested, one for each of the 
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above mentioned ranges of the principal moment ratio, were also provided. It was 

shown that, like the results of the slabs tested by Lenshow and Sozen, these results 

agreed well with Johansen's yield criterion3. However, the exact principal moment 

ratios used in the tests were not mentioned. 

Lenkei'5, in the discussion of Lenshow and Sozen's 12 work, provided experimental 

results for tests on 45 slabs. The slabs were categorised into three series depending on 

the degree of orthotropy. Slabs 1-15 had degree of orthotropy X=0.936, whereas, for 

slabs 16-30 and 3145 X=1.65 and 2.203-2.46 respectively. The slabs, which were 

tested under uniaxial bending had reinforcement orientation with respect to the applied 

moment, of 0', 22.5', 45', 67,5' and 90'. The results showed good agreement with 

Johansen's yield criterion3. It is important to note that the maximum percentage of the 

reinforcement was 0.72%. 

Prince and Kemp 16 developed an expression to define the strength of reinforced concrete 

slab elements based on the concept that both concrete and reinforcement will contribute 

in carrying the in-plane shear due to the twisting moment in addition to carrying axial 

stresses. The expression was derived using strain compatibility. The developed 

expression was then used in the normal moment yield criterion instead of Johansen's 

yield criterion 3. To validate the developed yield criterion three isotropically reinforced 

slabs were tested. The results showed good agreement with the developed yield 

criterion. The loading applied was pure twisting and the reinforcement angles were 

varied. It was pointed out that during the tests, no visible signs of kinking of 

reinforcement were observed. It is important to note that only one slab, with the 

reinforcement at ± 45' from the principal moment directions, was tested but the 
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reinforcement ratio was n-ý 0.5%. 

Holmes and Downbam 17 presented an experimental study of 48 slabs orthogonally 

reinforced with varying proportions of reinforcement and varying orientation of the 

reinforcement with respect to the edge of the slabs. The slabs were tested either under 

uniaxial bending or bending and twisting. The intention of this study was to check the 

validity of the normal moment yield criterion. It was argued that along the hinge line not 

only the normal moment but twisting and tangential moments also play an important 

role in the ultimate moment capacity. As the normal moment yield criterion only checks 

the normal moment it thus assumes that the twisting and the tangential moments do not 

effect the ultimate moment capacity. It was concluded from the results of the uniaxial 

tests (for all orientations of the reinforcement) that the shear, stiffness of the 

reinforcement should be taken into account and that the twisting and the tangential 

moments along the yield line effect the ultimate capacity. However, from the results 

presented, this effect appeared to be insignificant. The reorientation of cracks under 

progressively increasing load was also observed. 

Cardenas and Sozen 18 tested 19 slabs with different principal moment ratios. Three slabs 

were test with MI/M2: -- 1, nine with ml/m2 = -0.14 and the remaining seven with MI/M2 

= -0.45. The percentage of reinforcement was varied from 0.25% to I% and the degree 

of orthotropy from I to 0.25. The reinforcement orientations were 00,22.50,45' and 

67.5'. Full details of the experiments can be found elsewhere'9. The results showed 

good agreement with the normal moment yield criterion. 

Jain and Kennedy" tested 29 slabs under different principal moment ratios. The slabs 
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were categorised into five different series depending on the type of loading. Four 

isotropically reinforced and eight orthotropically reinforced slabs were tested under 

uniaxial bending. Eight isotropically and six orthotropically reinforced slabs were tested 

under pure twisting. Three orthotropically reinforced rectangular slabs with 

reinforcement only at the tension face were tested under uniformly distributed load. The 

reinforcement orientations used were 0', 15', 30' and 45' with respect to the principal 

moment direction within each category. The results showed good agreement with the 

normal yield criterion. The isotropically reinforced slab under pure twisting moment 

with reinforcement at ± 45' had a reinforcement ratio of : -= 0.7%. The analytical work 

presented in this paper is the representation of the normal moment yield criterion in the 

principal moment field. The analytical work was similar to that described by Lenshow 

12,13 
and Sozen 

Rajendran and Morley" presented a numerical technique, based on the theory of 

plasticity, to define a failure surface- for a slab element subjected to a generalised set of 

loading with the six stress resultants, N,,, Ny, N,, y, M,,, my, M., y. It was argued that the 

effect of the two stress resultants due to out of plane shear are insignificant and were 

thus neglected. The square compressive strength envelope was used to model the 

compressive strength of concrete and the tensile strength was neglected. It was, 

however, appreciated that the compressive strength of the concrete increases under 

biaxial compression but the effect of the increase of the compressive strength of 

concrete on the ultimate moment capacity is not significantly large. The reinforcement 

was modelled as a smeared layer and was assumed to carry axial stress only. It was 

proposed that for a given combination of stress resultant, ui, Yuj, satisfies the yield 

criterion where Y defines the length of stress resultant vector, ui, Figure 2.5. The given 
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vector ui defines the direction in the stress resultant space. If the value of Y can be 

found, the yield surface can be defined completely, Figure 2.5. A numerical procedure 

was then adopted to obtain the close approximation on Y. An upper bound, X, on the 

value of Y was first obtained by assuming a set of plastiý strain rates and using the - 

models of the concrete and the reinforcement. The value of X was then minimised to 

obtain a close approximation to Y. The proposed numerical technique proved to be 

efficient and robust. Some comparisons were made between the numerical technique 

and the expression derived by Morleylo for concrete with infinite compressive strength. 

The two techniques agreed well as long as the depth of the concrete compressive stress 

block was less than 20% of the overall depth in the numerical procedure. However, 

when the depth of concrete in compression was large, 50% of the overall depth, 

Morley's expression over predicted the ultimate strength. For the case when the slab 

was subjected to bending and twisting with no in-plane forces, it was shown that the 

numerical results agreed well with Johansen's yield criterion3. The surface obtained 

numerically was verified by an experimental study in which the reinforced concrete 

element has been subjected to in-plane force Ny, in-plane shear N,, y and bending moment 

My. Good agreement between the experimental and the numerical results was obtained. 

Cookson 22 provided a yield criterion for a slab element subjected to six stress resultants, 

the three in-plane forces and the three moments based on the theory of plasticity. The 

strength of concrete in tension was ignored and the compressive strength was modelled 

with the square strength envelope. The reinforcement was assumed to carry axial forces. 

The proposed yield criterion when used for a system of stress resultants with no in-plane 

forces yielded an expression similar to the normal moment yield criterion. It was thus 

concluded the yield criterion for six stress resultant was an extension of the normal 
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moment yield criterion. 

Marti et a16 presented the results of an experimental study of nine reinforced concrete 

square slabs (1700 mrn x 1700 mrn x 200 mm) with varying amount of reinforcements 

(0.25% to 1%) subjected to pure twisting. The reinforcement was placed at ±450 from 

the principal moment directions. Six of the tested slabs were isotropic with 0.25%, 0.5% 

and I% reinforcement per layer per direction and three slabs were orthotropically 

reinforced with 0.25% and 1%, 0.5% and 1% and 0.25% and 0.5% reinforcement in 

each layer top and bottom. This study was the first to prove the unconservatism of 
3 Johansen's yield criterion . It was found that yield line approach which uses Johansen's 

yield criterion can over estimate the strength by two for slab elements with high 

reinforcement ratios. The experimental results were compared with the American, ACI 

318-83 23 and Canadian, CAN3-A23.3-M84 24 
, codes of practices and it was shown that 

both the codes over estimated the strength of the slabs and that this over estimation 

increased with the increase in the reinforcement ratios. The approach adopted by yield 

line analysis was shown to have deficiencies but the possible reasons for the 

unconservatism were not discussed. 

Khalifa5 pointed out that for slab elements with no in-plane forces the yield line theory 

over estimated the strength of the element if significant twisting moment is present in 

the reinforcement directions even though the correct mechanism was used. This over 

estimation increases with an increase in the area of reinforcement. It should be 

remembered that yield line theory use Johansen's Yield criterion 3 and thus it would 

appear that the discrepancy was due to the errors in the yield criterion. Khalifa showed 

that this over estimation in the moment capacity was mainly due to two reasons. Firstly 
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due to an over estimation of the lever arm and secondly due to neglecting compression 

25 
softening . 

On the basis of the above Khalifa proposed a modification in the yield line 

theory or modification in the normal moment yield criterion. 

It was argued that as the strength of the slab in certain loading conditions is considerably 

less than the strength predicted by the yield line theory, a modification to yield line 

theory should be made. The modification can either be made by taking into account the 

reduction in the moment capacity or by amplification of the applied moment. 

Determination of the reduced capacity of an element is a cumbersome procedure, as it 

requires the correct estimation of neutral axis depth or lever arm. But on the other hand 

the amplification of the applied moment is relatively easier. Thus it was suggested that 

the applied twisting moment should be amplified and the following modification was 

proposed to the normal moment yield criterion, 

(mx,, -M,, ) (Myu -M Y) 
ýý (rk Mxy) 

2 2.7a 

( m'xu -mx) ( m'yu -my) ý! ( rk mxy) 
2 2.7b 

where, 

mxu, myu, rn. ,u and m yu= moment capacities of the section in reinforcement 

directions x and y top and bottom faces respectively 

m" my? mxy = applied bending and twisting moments. 

y 
rk amplification factor= 

L 
xyu 

M xyu 

MY XyU = maximum twisting capacity of the section using yield line 
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theory 

ML XyU = maximum twisting capacity of the section using a lower 

bound solution 

It was suggested that for low percentages of reinforcements rk should be taken as 1. 

Khalifa5 derived a lower bound solution for the yield criterion. The square strength 

envelope was used to model the compressive strength of concrete and the tensile 

strength was neglected. A compressive strength reduction factor of 0.45 was proposed to 

account for compression softening when the concrete was in the state of compression- 

tension. The reinforcement was assumed to carry axial forces only. In the lower bound 

solution, the depth of the element was divided into three zones. It is worth mentioning 

here that if the two compressive stress blocks of unequal depths lie on the same face of 

the section, then both the stresses will taken as the uniaxial compressive strength, 

whereas in the concrete in the region below the smaller stress block, the concrete will be 

in compression-tension and thus the compressive strength of the concrete will be greatly 

reduced. This approximation in estimating the strength of concrete will lead to an over 

estimation of the moment capacity of the section. 

Marti and Kongý provided an extensive analytical study for orthogonally reinforced 

concrete slab elements subjected to pure twisting. Expressions were derived for the 

ultimate moment capacity of slab sections under pure twisting using linear elastic, 

parabolic and perfectly plastic responses of concrete in compression. The tensile 

strength of the concrete was neglected. The effect of compression softening 25 was also 

included in the proposed analytical models. Reinforcement was modelled as a linear 
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elastic-plastic material. The analytical work was verified by the experimental data 

obtained by Marti et a16 .A comparison was made between the moment capacities 

calculated using the non-nal moment yield criterion and analytical expressions presented 

in the study using perfect plastic models for the constituents. It was shown that the 

normal moment yield criterion over estimated the moment capacity when the section has 

a high percentage of reinforcement. It was pointed out that this discrepancy is due to the 

incorrect depth of neutral axis calculated using normal moment yield criterion approach. 

It was suggested that when designing a section for twisting moment an appropriate 

modification should be made to account for the reduction of moment capacity. The work 

was, however, restricted to the case of pure twisting moment only. The models proposed 

do not provide the analysis of the section for the entire loading history but provide 

solutions at cracking and at the ultimate load level. Once again the actual root cause of 

over estimation of the moment capacity under pure twisting in the normal moment yield 

criterion i. e. Johansen's yield criterion 3 was not identified. 

2.2.2 SUMMARY 

In the light of the above discussion of the literature regarding the yield criteria, the 

following important work has been summarised to draw conclusions, 

Nielsen4 pointed out that the uniaxial moment capacity of a slab is approximately the 

same as that of pure twisting moment capacity for slabs with low reinforcement ratios. 

Therefore, the square yield surface developed by Johansen 3 can be used. But as the area 

of reinforcement increases the difference between the two capacities also increases. 
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Morley" and Lenshow and Sozen 12 carried out experiments to check the validity of 

Johansen's yield criterion 3 and found that Johansen's yield criterion provides good 

estimates for strength for all loading conditions. However, both Morley, and Lenshow 

and Sozen indicated that for certain conditions the strength predictions using Johansen's 

yield criterion would be inaccurate. Morley indicated that as the ratio M,, /M, approaches 

-1, Johansen's yield criterion slightly over estimates the moment capacity. Similarly 

Lenshow and Sozen proposed that as p>0.125f" 
/fy, the strength predictions by 

Johansen's yield criterion were different from the experimentally obtained moment 

capacities for slabs under pure twisting. 

Marti et a16 were the first ones to confirm the deficiency in the normal moment yield 

criterion experimentally. Marti and Kong7 pointed out analytically I that under pure 

twisting when the ratio of two principal moments is -1, and the reinforcement is at ± 45' 

with respect to the principal moment directions the moment capacity calculated using 

Johansen's yield criterion3 can be a's high as twice of the actual moment capacity for 

high reinforcement ratios, (ý: 1%). 

Khalifa 5 was the first one to include the effect of compression softening25 for slabs with 

twisting moment in the reinforcement direction. Khalifa pointed out that the normal 

moment yield criterion has deficiencies and it can over estimate the moment capacity of 

the slab if significant twisting moment is present in the reinforcement directions. 

In the light of the summary presented above it can be concluded that the normal moment 

yield criterion over estimates the moment capacity of reinforced concrete slabs with 

increasing reinforcement ratio and with increasing angle between the reinforcement and 
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principal moment directions, if the ratio of the principal moments is negative. The 

reason for the over estimation by the normal moment yield criterion is that it uses 

Johansen's yield critcrion3 to predict the strength of the slab elements. Johansen's yield 

criterion assumes that the orthogonal sets of reinforcements were always in the principal 

directions, thus as the twisting moment in the reinforcement directions increases, the 

over estimation of the strength also increases. 

2.3 DESIGN METHODOLOGIES 

The design of slab elements in mixed moment fields has been an area of research for 

several decades. A number of attempts have been made to provide design guidelines for 

slab elements with combined bending and twisting moments' 2,4,26 
. The following 

section summarises the design procedures. 

2.3.1 LITERATURE REVIEW 

Hillerborj26 presented a procedure for the design of reinforcement in concrete slabs in 

mixed moment fields with no in-plane forces. The design procedure adopted the normal 

moment yield criterion approach. The applied bending and twisting moments, Figure 

2.1, were transformed into a direction normal to the direction of failure and the 

difference between the moment capacity and the applied moments was then minimised. 

The capacity of the section was defined by Johansen's yield criterion 3. In order to have a 

safe design the capacity of the slab in any direction must be greater than or equal to the 

applied loads, thus 
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nl.. ý: M. 

where, mnu = capacity of the section normal to the failure direction 

M, = applied moments transfon-ned in the failure direction 

if the moment capacity, m. is defined by, 

2.8 

Mnu = Mxu COS'O+msin'O 2.9 

and the applied moments, m,,, transformed normal to the failure direction are, 

m. = m. cos' O+m, sin' 0+ 2my sin Ocos 0 2.10 

where, 0 is the direction of failure, then 

m"Cos 
20+M 

yusin2 
0= MXCOS2 0 +M ysin2 

0 +2m,, ysin 
0 cos 0 2.11 

Dividing equation 2.11 by cos 20 and introducing 

tanO =k 

to obtain the following formulation. 

2.12 

f(k) = m,,,, + k2 m, - m,, -k2my - 2km,, y ý: 0 2.13 
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The greater the value of f(k), greater will be the margin of safety. The most critical 

direction, ki, can, therefore, be obtained by finding the minimum for f(k) the values of 

m and rn, 

df (k) 
= 2k, m, - 2kimy -2m,, y =02.14 dk 

and, 
df2 (k) 

=2m, -2my ýý 0 2.15 &2 

From equation 2.14, the value of my can be obtained. 

I 
my. --,: my+" Inhyl 2.16 

ki 

From equations 2.14 and 2.15 following condition can also be obtained. 

ý la ý! o 2.17 
ki 

Similarly the expressions for the design moments in x and y directions both for negative 

and positive moments can be obtained which are 

For positive moments, Figure 2.1 
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m.. = m,, +kilmyl 2.1 ga 

I 
my,, = myHIL rnxyl 2.18b 

1_ ki 

For negative moments, Figure 2.1 

m.. =m. -k2lmxyl 2.19a 

I 
MY. =MY+ --, 'dM., l 2.19b k2 

where, mx, my) mxy = applied bending and twisting moments 

Mxu, Myu = design moments in the orthogonal reinforcement directions 

ki, k2 = arbitrary positive factors 

The value of factor k, and k2 must be chosen from the following condition. 

M*. M*y ý: 

For economic reasons the values of k, and k2 must be close to 1. 

2.20 

It was also pointed out the best reinforcement pattern would be to place the 

reinforcement in the principal tensile stress directions, which may not be practical 

because it would mean, in most cases, reinforcement changing, direction continuously. 
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Johansen's yield criterion 3 has been used to define the strength of the slab. Because this 

yield criterion over estimates the strength under certain loading conditions as described 

in Section 2.2.2, the design guidelines do not always produce a safe design. 

Nielsen4 independently adopted the same approach as Hillerborg26 and proposed the 

same equations. It was stated that "it appears that the problem of designing 

reinforcement has now been reduced to a problem of pure bending". However, 

Johansen's yield criterion 3 is used in this design procedure which over estimates the 

strength of the slab, Section 2.2.2, hence the design carried out using the procedure 

outlined by Nielsen does not always produce a safe design. 

MorleY17 outlined a procedure that can be used for the design of reinforcement for slabs 

based on the theory of plasticity. It was assumed that the reinforcement is closely spaced 

relative to the dimensions of the slab, thus an equivalent continuous plate, assumed to 

carry axial stress in the direction of the reinforcement, can replace the bars. Hence the 

area of reinforcement required can be expressed in terms of the minimum volume of the 

steel plate. The problem of determining the minimum volume was dealt with separately 

for slabs with and without membrane forces. For a slab of given thickness with no 

membrane forces, if the lever arm was assumed to be the same in both directions and the 

concrete was assumed to have infinite compressive strength and no tensile strength, the 

required thickness, aj, of the plate to carry a principal moment, Mi, will be, 

ay 
2.21 
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where, ay = yield strength of the reinforcement 

di = lever ann 

thus the total volume of the steel plate, V,, can be obtained by integration over the 

surface area of the slab, A, 

f (a, + a2)dA =1v2.22 
A ay d 

The above expression for detennining the minimum reinforcement reduces to that of 

determining the minimum moment volume, V. Using the lower bound theorem of the 

limit analysis, sufficient conditions for minimum moment volume can be obtained by 

considering a virtual displacement, w, of the slab, normal to its plane. 

i. e. f pwdA=f(M&+Mk, +MW dA 2.23 

where, M,,, MY and M,, Y are the applied bending and twisting moments, k, ky and k., y are 

the corresponding curvatures and p is the load per unit area.. Transforming the moment 

and the curvatures to the principal directions leads to the following expression for 

minimum volume of reinforcement, V,,,,. 

V. = 
1f 

pwdA kpay d 
2.24 
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where, kp = Ikil = 
jk2l 

= principal curvature 

The above expression was used for slabs with different shape and boundary conditions 

to obtain the minimum volume of reinforcement. MorleY27 further extended the work by 

taking into account the finite strength of concrete. 

Using the approach adopted by Hillerborg6 , Wood' derived rules to determine the area 

of reinforcement for slab elements under mixed moment fields. The work was based on 

normal moment yield criterion i. e. the moment capacity of the section must be greater 

than or equal to the applied moments in the direction normal to the yield line. The 

moment capacity of the section was defined using Johansen's 3 yield criterion. The 

applied moments were transformed in the direction normal to the failure direction and 

then the difference between the capacity and the applied moments was minimised using 

the concept that in the failure direction the curve representing the strength must be 

tangential to the applied moments -curve. This approach not only provides optimum 

reinforcement but also ensures that the capacity of the slab is always greater than the 

applied moment in any direction other than the failure direction. Wood has also shown 

that the factors k, and k2 in equations 2.18 and 2.19 are 1, i. e. the failure direction is 45' 

except for certain conditions, if the optimum reinforcement is desired. Therefore, 

equations 2.18 and 2.19 can be written as follow. 

For the positive moment, Figure 2.1 

ný. = rr& + Irnj 2.25a 
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rrý y=m 
In-Ll 2.25b 

if m*,, <0 then, 

M% =02.25c 

nf, =m, + 
Im"I 

2.25d 
nic 

similarly if m*Y <0 then 

my02.25e 

+ 

Irm, 21 

2.25f 
m 

For the negative moment, Figure 2.1 

jmý 2.26a 

n-6A 2.26b 

if m*, >0 then 

0 2.26c 
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jryly2l 

my- n-ý, -I2.26d 
rn. 

similarly if m-Y>0 then 

M*y =02.26c 

IrrIXY21 

MX--M-- 2.26f 
n'ýy 

where, m X'my design moments in reinforcement directions x and y 

respectively 

m., my, m., y = applied bending and twisting moments 

Equations 2.25c - 2.25f and 2.26c - 2.26f represent the conditions when the failure is 

not at 45' i. e. factors ki and k2 are not equal to 1. 

Armer2 extended the equations proposed by Wood' to cover the placement of 

reinforcement in non orthogonal directions. The equations are known as the Wood- 

Armer rules. The Wood-Armer rules use Johansen's 3 yield criterion and thus do not 

always produce safe design. 

Morle/8 extended the work described earlier 27 for slab elements subjected to bending 

and twisting moments with skew reinforcement. Using the normal moment yield 

criterion, the expressions for the moment capacity were first obtained for concrete with 

infinite compressive strength and zero tensile strength. The volume of the reinforcement 
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as a proportion of the volume of the slab was obtained using the approach discussed in 

reference 27. An allowance for the finite compressive strength of the concrete has also 

been included. 

Morley29 provided a design technique, based on the theory of plasticity, for reinforced 

concrete slab elements subjected to six stress resultants i. e. three in-plane forces and 

three moments. It was assumed that the concrete had infinite compressive strength and 

zero tensile strength. The method was based on the concept that, at failure, in a rigid 

plastic material, if the rate of energy dissipation per unit volume is constant, the volume 

of the material, which is yielding, must be minimum. This concept was applied to 

reinforced concrete and it was shown that if the difference between the energy 

dissipation rate of concrete and reinforcement was constant, then the area of the 

reinforcement will be minimum. It was then argued that since the rate of energy 

dissipation in the concrete was very small compared with the rate of energy dissipation 

in the reinforcement, it can be neglected. This assumption simplified the problem to a 

condition of constant magnitude of energy since the reinforcement is provided in form 

of small diameter bars capably of resisting uniaxial stresses. It was further assumed that 

the amount of reinforcement was such as to ensure yielding. Using this approach, 

expressions to determine the area of reinforcement were developed for two skew 

directions for the top and bottom faces of the slab element. The expressions developed 

for the four sets of the reinforcement included the effect of the three in-plane forces. The 

expressions were then compared with previous work. It was found that these 

expressions reduce to the expressions developed by Nielsen 32 for the design for in-plane 

forces and the expressions developed by Wood' for the design for moments. However, it 

was stated that the method is based on strain rates, which vary through the depth of the 
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element and are not known beforehand, thus the proposed technique requires an iterative 

computer program. Solutions can be obtained for a few cases by hand calculation. 

ClarOO discussed the deficiencies in the normal moment yield criterion. It was pointed 

out that one of the main deficiencies in the normal moment yield criterion is the 

incorrect estimation of the lever arm. A discussion is provided in Section 6.3, Chapter 6, 

to highlight the problem of over estimation of lever arm for an element subjected to pure 

twisting. Clark proposed an algorithm for the determination of the correct moment 

capacity of the section, which depends on the determination of the correct lever arm. 

Expressions were developed to determine the correct lever arm. The value of the lever 

arm depends on the depth of the neutral axis. The correct depth of the neutral axis can 

only be determined by taking into account the high tensile strains in the principal 

directions due to the difference of the angle between the principal strain and 

reinforcement directions. The high tensile strains were not taken into account when 

determining the depth of the neutral axis. Thus the algorithm does not provide the 

correct lever arm. Furthermore, the proposed algorithm was iterative and is not suitable 

for hand calculations. 

Gulvanessian 31 in an attempt to develope a method for the design of reinforced concrete 

slabs elements subjected to three in-plane forces and three moments used a sandwich 

model. The expressions developed by Nielsen 32 for the design for in-plane forces and by 

Wood' and Armer 2 for the design for moments were used. It was proposed that the 

contribution of each set of the reinforcement can be determined by equilibrium. Then 

the reinforcement on each face in each direction can be designed using expressions 

developed by Nielsen. Gulvanessian extended the work to accommodate skew 
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reinforcements. 

Gupta and Sen 33 proposed two methods for the design of reinforced concrete slab 

elements subjected to a moment triad with no in-plane forces. The first method termed 

the Principal of Minimum Resistance Method (PMR), determines the reinforcement 

required in two orthogonal directions and the method is exactly the same as that 

proposed earlier by Wood'. The second method ten-ned the Three Equivalent Moment 

Method (TEM), required reinforcement in three directions and was based on 

transformation of the applied moments into three pre-set reinforcement directions. From 

a comparison of the two methods it was concluded that the TEM method can save up to 

40% of reinforcement with respect to the PMR method. However, provision of three 

layers of reinforcement on each face of the slab does not seems practical. 

Morley and Gulvanessian 34 proposed a design method for slab elements subjected to a 

combination of three in-plane forces and three moments. The design method was based 

on equations developed by Nielsen 32 and Clark 35 and used a filled sandwich model. The 

slab element was divided into two reinforced outer layers separated by an un-reinforced 

concrete filling, Figure 2.6. The thickness of the outer layers of the sandwich was taken 

as twice the distance between the centroid of the reinforcement and the nearest concrete 

edge. The un-reinforced concrete filling was divided further into five stress zones. 

Immediately inside the bottom outer layer was a zone with compressive stress, f, in all 

directions. Inside this zone was a layer with zero and f. as the principal tensile and 

compressive stresses. There were two similar zones inside the top outer layer. The fifth 

(central) zone of the filling was assumed to carry no stress. The square failure surface 

was used to model the ultimate compressive strength of concrete and the tensile strength 
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was neglected. The response in compression was modelled as linear elastic-plastic. The 

reinforcement was assumed to carry longitudinal forces only. Computer programs were 

written to carry out design for a given loading and known material and section 

properties. It was pointed out that the proposed sandwich model is not suitable if the 

diameter of the reinforcing bar is of significant proportion of the thickness of the slab. 

Gupta 36 proposed an iterative procedure for the design of reinforced concrete elements 

subjected to six stress resultant i. e. three in-plane forces and three moments. In the 

proposed procedure the unknown depth of the neutral axis and the failure directions 

were first assumed. The principal stresses in concrete were then calculated. The stresses 

were then transformed into the reinforcement directions and equilibrium conditions 

were then applied. Thus a better estimate of the depth of neutral axis was obtained. The 

new depth of neutral axis was then used to recalculate the stresses and failure direction 

until convergence was achieved. Since this a cumbersome technique it is not suitable for 

hand calculation. 

Khalifa 5 proposed modifications in the design procedure developed by others 26,1,2 
. The 

modified design rules are, 

mxu ý! mx + krk Inicy] 2.27a 

m YU 
ý: my +I rk 

lmxyl 
2.27b 

k 

mf xu 2: -mx + krk Imj 2.27c 
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II 
m YU 

ý! 
-M y 

+-rklmyl 

k 

where, m,,, myj mxy = applied bending and twisting moments 

MXUI MYU = positive design moment for section in x and y directions. 

MI xu Im 
I 
YU = negative design moment for section in x and y directions. 

tan 0 

failure direction 

rk = amplification factor 

2.27d 

The approach adopted by Khalifa in the proposed design rules is not only unorthodox 

but non-scientific as the amplification is applied to the applied loading. 

Lourenco and Figueiras 37,38 in their studies used the technique proposed by Gupta 36 and 

have coded it into a finite element program for the design of reinforced concrete shell 

elements. Comparisons were made with different experimental studies and good results 

were obtained. 

2.3.2 DISCUSSION 

The design methods based on the normal moment yield criterion, discussed 

earlier 1,2,4,5,26,33 
, adopt the approach in which the applied moments were transformed in 

a direction nonnal to the failure direction first and then the difference between the 

moment capacity and the applied moments was minimised. Johansen's yield criterion 3 
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was used to define the moment capacity of the section in the failure direction. The 

transformation of the moment capacities in the reinforcement directions into a desired 

direction does not account for the actual stress state of the element and, therefore, can 

not predict the neutral axis depth correctly and thus over estimates the lever arm. The 

incorrect estimation of lever arm in turn produces higher moment capacity, which 

eventually produces unsafe design under certain loading conditions. 

For a section with no twisting moments, there is no interaction between the orthogonal 

sets of reinforcement and the principal moment and reinforcement directions coincide. 

Design carried out for such an element using the concept of transformation of moment 

capacities in the failure direction will be safe, efficient and economical. As the twisting 

moment increases, the interaction between the orthogonal sets of reinforcement 

increases, and so does the angle between the principal moments and reinforcement 

directions, the design concept in which the moment capacities are transformed, can not 

cater for different angle between the principal moments and reinforcement directions 

thus produce unsafe design. As the twisting moment increases, and hence the angle 

between the reinforcement and principal moment directions increases the design rules 

based on transformation of moment capacities will produce more unsafe and inefficient 

design. 

2.4 MATERIAL MODELS 

The object of the present work was to study the behaviour of reinforced concrete slab 

elements subjected to generalised set of moments. A computer program, described in 
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Chapter 4, that can predict the non-linear response shell elements has been written. The 

numerical representation of the concrete properties is one of the most important aspects 

of a realistic analysis. The behaviour of concrete in a biaxial stress state is complex due 

to its orthotropic nature, its non-linear behaviour in compression and the occurrence of 

cracking. In order to model concrete numerically, an understanding of the constitutive 

material model is necessary. An attempt has been made in the following paragraphs to 

identify the different approaches used to model the mechanical properties of concrete. 

Due to the complex behaviour of concrete, special emphasis have been given to its 

constitutive models. Generally, three different theories have been employed to model 

the mechanical properties of concrete viz. 

1. Models based on theory of elasticity 

2. Models based on theory of plasticity 

3. Endochronic models 

A detailed discussion of these approaches has been given in references 39,40. In the 

following sections, the basic concepts and the limitations of these approaches have been 

discussed briefly. 

2.4.1 MODELS BASED ON THEORY OF ELASTICITY 

Two different approaches have been employed in the formulation of non-linear elasticity 

based constitutive models. The two approaches are, total and incremental stress-strain 

formulations. In the total stress-strain models, the stress state is assumed to be uniquely 
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expressed as a function of strain. This type of fonnulation is reversible and loading path 

independent and thus cannot be used to model unloading regimes. In spite of this 

shortcoming, the total stress-strain models have been used, mainly because of their 

simplicity, to predict the non-linear behaviour of concrete under biaxial and triaxial 

stress states. 

The incremental, hypoelastic, stress-strain models are used to describe the behaviour of 

materials in which the stress state depends on the current strain state and the stress path 

followed to reach that state. In the hypoelastic material model, the stress and strain 

incremental vectors are linearly related through the tangential material stiffness matrix 

DT aS: 

du=DTdE 2.28 

where du and de are the stress and the strain increment vectors respectively. This 

type of formulation is incrementally reversible and path dependent and, therefore, 

provides a good representation of concrete behaviour under non-monotonic and non- 

proportional loading regimes. A number of incremental models have been developed for 

isotropic, orthotropic stress-strain relationships under biaxial and triaxial stress 

stateS41,42,43,44,45. 

In the present study, the work has been limited to the behaviour of reinforced concrete 

slab elements under monotonic loading without any unloading. Total stress-strain 

models based on theory of elasticity have been used, due to their simplicity and 
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reasonable accuracy and have been described in Chapter 3. 

2.4.2 MODELS BASED ON THEORY OF PLASTICITY 

In-elastic deformations in concrete occur if it is stressed beyond the limit of elasticity 

and upon unloading only a proportion of the total strain can be recovered. Therefore, the 

total strain in concrete may be separated into recoverable and irrecoverable components. 

The recoverable part is treated within the framework of elasticity, while the 

irrecoverable part can be treated on the basis of the theory of plasticity. 

In the incremental theory of plasticity, the total strain increment vector, d P- , is assumed 

to be the sum of the elastic, d c' , and plastic, d F, I, components. In addition to the strain 

decomposition, three other fundamental assumptions are required to formulate the 

constitutive relations for a work hardening material. They are: 

1. The shape of initial yield surface and subsequent loading surfaces. 

2. The formulation of a suitable hardening rule that describes the evolution of 

subsequent loading surfaces. 

3. The formulation of an appropriate flow rule that specifies the stress-strain 

relation in plastic range. 

The initial yield surface is required to mark the stress level at the onset of plastic 

deformations. It can be expressed as: 

43 



f ((T)=k 2.29 

where f is some function of stress and k is a parameter to be defined experimentally. 

When a work hardening material is stressed beyond the elastic limit i. e. beyond the 

initial yield surface, a new yield surface, called the loading surface is developed. This 

loading surface will change its configuration at any stage of plastic deformation and it 

may be expressed in terms of plastic strain, eP, and a hardening parameter, h, as: 

f= f( a, P, 2.30 

For condition when f<0, material is within the limit of elasticity and when f=0, yield 

has occurred. 

The evolution of subsequent loading surfaces during plastic deformation is described by 

specifying an appropriate hardening rule. Three types of hardening rules are frequently 

used in connection with the strain hardening plasticity models viz. isotropic, kinematic 

and mixed plasticity rules. In isotropic hardening models, the subsequent loading 

surfaces are a uniform expansion of the original yield surface. The kinematic hardening 

rule assumes that the subsequent loading surfaces preserve the shape and orientation of 

the initial yield surface during plastic flow but they translate in the stress space as rigid 

bodies. In the mixed hardening rule, the loading surface experiences a translation and a 

39,46 
uniform expansion in all directions 
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In order to establish the stress-strain relation in the plastic range, the concept of a 

plastic-potential function, g (a), is introduced 39. The plastic strain increment vector is 

assumed to be proportional to the stress gradients of the plastic potential function, so 

that 

dg(a) 

da 
2.31 

where, dX is a positive scalar factor of proportionality. Equation 2.31 is tenned as flow 

rule since it governs the plastic flow after yielding. The gradient of the potential 

surface, dg (cy) /d cy , defines the direction of the plastic strain increment vector and the 

length is detennined by the factor, d%. When the current surface and the plastic 

potential coincide, f (a) =- g (a), equation 2.31 becomes, 

df (a) 

d cy 
2.32 

This relationship is known as the associated flow rule, because it is connected with the 

loading surface. It is also called the norniality condition since df (a) /d (Y represents a 

vector directed non-nal to the current loading surface at the stress point under 

consideration. 

Plasticity based models have been extensively used to describe the behaviour of 

concrete47,48,49,50,51 . In general models based on theory of plasticity assume an elastic 

45 



plastic hardening behaviour of concrete up to the ultimate strength followed by a rigid 

plastic response until the crushing surface is reached. After crushing, the concrete is 

assumed to lose completely its resistance against further deformation. Since decreasing 

of all stress components is impossible for strictly plastic behaviour satisfying Ducker's 

stability postulate 52 
, such models are not capable of representing degradation of stiffness 

and softening due to unstable fracturing of the material. 

More refined approaches based on plastic-fracturing theory have been developed and 

used in modelling the post failure, softening, response of concrete53,54,55 
. The fracturing 

phenomena are better described in terms of loading surfaces that depend on strains 

rather then stresses since micro-fracturing can lead to a decrease in stress at constant 

strain. Therefore, two loading surfaces are required in the plastic-fracturing theory to 

account for the strain hardening behaviour. In addition to strain decomposition, the 

stress increment is also decomposed into an elastic stress increment and a fracture stress 

decrement. 

2.4.3 ENDOCHRONIC MODELS 

The endochronic theory of viscoplasticity was originally proposed by Valanis 56 and has 

been applied to predict the mechanical response of metals under complex strain 

histories. The first application to geo-materials and concrete as well as the first 

compressive endochronic constitutive equation was developed by Bazant and Bhat 57 

Unlike the elasticity and the plasticity models, the endochronic formulation is 

incrementally non-linear. The basic concept underlying the theory is that of intrinsic 

time. Intrinsic time is a non-decreasing scalar variable that depends on the increments of 
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strains as well as time 58. Although the theory is capable of modelling many complex 

phenomena, the early endochronic formulation was subjected to serious criticisms 

concerning uniqueness of response, stability and energy dissipation during load 

cycles 59,60 
. These criticisms were eliminated when Bazant6l introduced the concepts of 

loading surfaces and jump-kinematic hardening to give the theory features similar to that 

of t. he theory of plasticity. Valanis 62 refined the intrinsic time in terms of plastic strain 

and showed that the various versions of classical plasticity theories represent particular 

cases of endochronic formulation. 

Constitutive models based on endochronic theory, are relatively difficult to use due to 

the complexity of the mathematics involved and thus total elasticity based models have 

been given preference over plasticity and endochronic models in the present study. 

2.4.4 REVIEW OF MODELS FOR PLAIN CONCRETE UNDER BIAXIAL STRESS 

A number of attempts have been made to explain and quantify the ultimate stress state 

of plain concrete under biaxial stresses. The work carried out is outlined in this Section. 

Kupfer et a163 provide a brief sunnnary of the work conducted up to 1969 and also 

described tests to investigate the failure surface. Concrete plates, 7.9 in x 7.9 in x2 in, 

were made with three different types of concrete to give uniaxial compressive strengths 

of 2700,4450 and 8350 psi. These plates were tested under biaxial compression, 

compression-tension and biaxial tension. Within each biaxial stress combination four 

different stress ratiosOf CFI/CT2were chosen and six specimens were tested for each type 

of concrete and each stress ratio. Specially designed loading equipment was used. A 
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constant strain rate was chosen such that the maximum load was obtained after 

approximately 20 minutes. The stress and strain in the concrete in the three principal 

directions were recorded. It was concluded that when loaded with equal biaxial 

compressive stress an increase in strength of 27% was achieved as compared to the 

uniaxial strength of concrete in compression. Empirical expressions to define the 

strength and corresponding strain under different biaxial stress states were given. 

Liu et a164 proposed a stress-strain equation to predict the response of concrete under 

compression with any stress ratio taking into account the Poisson's ratio effect. Based 

on the earlier experimental data 65 
, expressions for peak stress, corresponding strain and 

a simplified failure envelope in biaxial compression were proposed. The work was, 

however, limited to the biaxial compression-compression state. 

Kupfer and Gerstle 66 proposed a failure surface based on tests carried out earlier for the 

full range of biaxial loading. They proposed also expressions for ultimate stress, bulk 

modulus and shear modulus. 

Tasuji et al 67 tested concrete plates of 5 in x5 in x Y2 in under different biaxial. stress 

combinations. For the compression-compression region stress ratios of 0,0.2,0.5 and 

1.0, for the tension-compression -0.05, -0.1 and -0.25 and for the tension-tension 0,1.0 

and 2.0 were used. The specimens with uniaxial and biaxial compression were applied 

with a'constant stress rate of 390 psi/min and 140 psi/min for tests in tension. Only one 

type of concrete was used with an average uniaxial compressive strength of 4827 psi and 

an average tensile strength of 418 psi. Expressions to determine ultimate strengths were 

also proposed. 
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Rosmtad, Taylor and Herrmann 68 developed an isotropic stress-strain model for concrete 

under biaxial loading. Instead of utilising one continuous curve to represent degradation 

of concrete, the model used four regions, depending on the stress ratios, to represent the 

degradation of concrete. In these regions the material properties were altered to match 

the degradation of concrete caused by the increased stresses. Within each region the 

modulus of elasticity and Poisson's ratio were kept constant. 

Tasuji et a169 extended the earlier work 67 and modified the proposed expressions for the 

ultimate strength and the corresponding strain for concrete under different biaxial stress 

states. They compared the proposed model with the existing models 64,66,67 and the 

experimental data of others 66 and concluded that their model was a better representation 

of ultimate stress state, Figure 2.7. The proposed model is discussed in more detail in 

Chapter 3. 

Ganaba 70 identified that Tasuji et al 9S69 model has some deficiencies due to the 

empirical nature of the developed expressions. It was found that there was a 

discontinuity in the biaxial compression stress state when equal compressive stress were 

applied in the two orthogonal directions. The strain corresponding to the peak 

compressive stresses were found to be different if the compressive strength of concrete 

was other than 23.5 MPa. Therefore, Ganaba using the experimental data of Tasuji et al 

modified the expressions for the strains corresponding to the peak stresses. 
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2.4.5 REVIEW OF THE MATERUL MODELS FOR REINFORCED CONCRETE 

The response of reinforced concrete under different biaxial stress states is of vital 

importance in predicting the overall response of reinforced concrete elements. 

Phenomena like tension stiffening and compression softening must be modelled 

adequately to study the response of reinforced concrete. For over two decades attempts 

have been made to model the response of reinforced concrete under different state of 

stresses. The following Sections provides an overview of the work done to model such 

phenomena. 

2.4.5.1 Models for Tension Stiffening 

When loaded in tension, reinforced concrete does not fail to carry load beyond first 

cracking like plain concrete, but it still carries stress and offers stiffness because of the 

uncracked concrete between the cracks. This phenomenon is called tension stiffening. It 

has been recognised that tension stiffening results from crack formation and bond slip 

between reinforcing bars and surrounding concrete7l, Figure 2.8. It affects the service 

behaviour of reinforced concrete members by significantly increasing the stiffness of the 

reinforced concrete element in the post cracking range as compared with the element in 

which tension stiffening is not considered. A review of the work to quantity and model 

tension stiffening has been discussed in this Section. 

Clark and Speirs 72 tested 14 beams and 9 slabs under two point loading with various 

steel areas and bar arrangements. It was concluded that the tension stiffening can be 
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calculated on the basis of an average tensile stress expressed as a fraction of the tensile 

strength of concrete acting over an effective area of concrete surrounding the bars in the 

tension zone. The values of the average tensile stress and the effective zones over which 

tension stiffening acts were proposed for beams and slabs separately. 

Gilbert and Warner 73 used a layered discrete element method to investigate the 

behaviour of reinforced concrete slabs under short term loading. Various models to 

define tension stiffening were compared. Instead of proposing a post cracking response 

of concrete to model tension stiffening modifications in the stress-strain curve of the 

reinforcement were proposed. Hence the concrete was assumed to carry zero stress after 

cracking. 

Clark and Cranston 74 extended the experimental work on reinforced concrete slabs 72 and 

presented a fonnulation to quantify tension stiffening. It was argued that tension 

stiffening should only be used in a region around the reinforcement and is dependent on 

the size and spacing of the reinforcing bars. 

Carreira and ChU75 used experimental data from several studies and proposed a 

complete stress-strain response for reinforced concrete in tension, which takes into 

account tension stiffening. They used a continuous function to represent the stress-strain 

curve in tension for reinforced concrete with a degree of non-linearity varying from 1.45 

to 2.25. They further concluded that the tension stiffening depended on crack 

propagation, formation of external and internal cracks around and along the bar, the 

strength of the concrete, the shape and size of the test specimen and shrinkage. 
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Fifteen 1: 3.33 scale model longitudinal strips of reinforced concrete voided slabs were 

tested by Oduyerni and Clark 76 under four point loading to study the effect of tension 

stiffening. A simplified procedure was proposed to determine the tension stiffening 

response of solid and voided slabs. 

Link et a177 derived a tension stiffening relation for generally oriented cracks. As the 

cracks are not usually normal to the reinforcement, tension stiffening was quantified by 

using an equivalent steel ratio nonnal to the crack orientation, taking into consideration 

possible yielding of one or more layers of reinforcement at a crack. They proposed a two 

stage full response of reinforced concrete in tension. The relationship consisted of a 

linear ascending branch up to cracking followed by a non-linear descending curve up to 

the yielding of steel. The model was implemented into a finite element program and was 

then compared with the tests conducted by Vecchio and Collins 25 and good agreement 

was found with the experiments. 

Gupta and Maestrini78 proposed an analytical model of tension stiffening phenomenon 

in cracked reinforced concrete. It was assumed that the bond stress-slip relationship is 

bilinear and remains linear throughout the bar in the initial stages of cracking. At the 

later stages the bond stress-slip relationship becomes constant. The experimental results 

of others 86 were used to compare the analytical model. 

Prakhya and MorleJ9 presented expressions to quantify tension stiffening in reinforced 

concrete based on the experimental work conducted by others 
72,80,81,82,83 

. The tensile 

response was modelled as a linear ascending branch up to cracking followed by 

descending non-linear branch. It was argued that tension stiffening depends on 
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parameters such as bar diameter, reinforcement spacing and cover and thus the proposed 

tension stiffening model included the effect of these parameters. It was also emphasised 

that all the layers of concrete in tension do not follow the same tension stiffening curve 

but for simplicity only one stress-strain curve for the concrete was used. Comparison of 

the model with the experimental data 72,80-83 showed good agreement. 

An analytical model of tension stiffness of a reinforced concrete panel in-plane stress 

state has been developed based on the bond slip mechanism by Wu et al 84 
.A fourth rank 

stress reduction tensor was defined in terms of crack strain and the reinforcement tensor 

was defined in terms of the stress increase in the reinforcement resulting from the 

stiffness of the reinforcement. Another stress reduction tensor for plastic strain was also 

defined and the coupling relation between these tensors was considered in a general 

constitutive equation. The general constitutive equations for the composite material, 

made up of reinforcement and concrete, were developed for a two dimensional stress 

field, with multiple crack orientations using these tensors. This study was limited to 

proportional monotonic loading without unloading and reloading. The crack shear 

stiffness from the aggregate interlock was also considered to be negligible. The 

proposed model gave good agreement with several experimental studiCS25'85'86'87. 

Belarbi and Hsu 88 c6nducted tests on 17 reinforced concrete panels loaded in uniaxial 

tension. The panels were 55 in. square with thickness of 7 in. The reinforcing steel was 

placed in two layers adjacent to the two surfaces of the panel in two orthogonal 

directions. A tensile load was applied to the sets of reinforcement placed in one 

direction. Various percentages of main reinforcement (0.54% to 2.1 %) were arranged in 

the direction in which the load was applied and a constant reinforcement ratio of 0.54% 
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was used in the orthogonal direction. The tensile strains in the concrete were measured 

by placing LVDTs on both the faces while strains in the reinforcement were also 

measured using electrical strain gauges installed on the bars at various locations. Based 

on the experimental results analytical relationships were derived for stress-strain curves 

for concrete and steel. It was proposed that the tensile response of concrete can be 

modelled by a linear ascending branch up to cracking followed by an exponential 

descending branch. It was argued that the reinforcing steel embedded in concrete does 

not show a distinct yield point on the stress-strain curve of the reinforcement. It was also 

showed that the yield stress of the embedded reinforcement reduces when compared 

with the yield stress of a bare bar due to the difference of strains in the embedded 

reinforcement at the cracks and in between the cracks. An analytical model for 

embedded reinforcing steel in tension was also proposed. 

Pitt89 successfully adopted an approach usually employed in composite laminates to 

model tension stiffening in reinforced concrete members. The tension zone was sub 

divided into two regions. In the region close to the reinforcement, full tension stiffening 

was applied whereas, in the remaining of the tension region only tensile strength was 

used. 

Choi and Cheung9o presented an analytical model with special emphasis on the final 

cracking point, which was defined as the point after which further cracks cannot occur 

in a member. It was argued that tension stiffening depends on the transfer length, 

average crack spacing and the distribution of the concrete stress. The transfer length was 

defined as the distance between the crack to the point on the reinforcement where the 

strain in the crack and the reinforcement becomes equal. The expressions to evaluate the 
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effect of these parameters were obtained by solving a differential equation based on the 

bond action between the concrete and the reinforcement. The model was then further 

extended to the case where the cracks are not orthogonal to the reinforcement. The 

model was validated by implementing it in a finite element computer program and 
25,86 

comparing the analytical results with experimental studies 

Hsu and Zhang9l extended the work described in reference 88 and compared three 

different models that can be employed for concrete and steel in uniaxial tension. The 

first model assumed no tensile strength for concrete and a perfect elastic-plastic 

response of steel. This model over estimated the deformation. The second model used a 

linear ascending branch up to cracking followed by exponential descending branch to 

model the response of concrete in tension and a perfect elastic-plastic response of steel. 

This model correctly predicted the deformation but resulted in an increase in the yield 

strength of the reinforcement. The third model, which can be termed as the accurate 

model, used the same response of concrete in tension as that for the second model but a 

modified response of steel. The modified response was assumed to be perfectly elastic 

up to a modified yield stress, which was lower than the actual yield stress. Beyond 

yielding the steel was assumed to be strain hardening but with a very small slope. This 

model best fitted to the experimental results. 

Wollrab et al 92 studied tension stiffening by testing 23 reinforced concrete specimens in 

uniaxial tension. Three main parameters the reinforcement ratio, bar spacing and 

concrete strength were studied. It was found that the cracking strength increased with an 

increase in the spacing of the reinforcement but that tension stiffening was independent 

of reinforcement ratio. It was also found that the slip between the concrete and the 
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reinforcement was higher for high strength concrete. It was argued that the larger bond 

slip can be attributed to the more brittle behaviour of high strength of concrete. 

Abrishami and Mitche1193 tested several reinforced concrete specimens in uniaxial 

tension with reinforcement of different diameters and different concrete strengths to 

study the effect of splitting cracks on tension stiffening. Tensile load was applied to a 

single reinforcing bar embedded in concrete. Two different types of cracking, splitting 

and transverse were observed. It was found under progressively increasing loads, the 

region in which splitting cracks appear increases. Thus splitting cracks influence the 

post cracking behaviour of reinforced concrete. A tension stiffening model based on 

equilibrium and compatibility was developed that takes splitting cracks into account. It 

was found that concrete cover to reinforcing bar diameter ratio, c/db, is a good measure 

to define the extent of longitudinal splitting cracks. 

Ouyang et al 94 presented the results of an experimental study on reinforced concrete 

specimens subjected to uniaxial tension. Eighteen reinforced concrete specimens were 

tested with different reinforcement ratios and concrete strength. A model was developed 

that can predict concrete and reinforcement strains and stresses in cracked reinforced 

concrete. The model was based on a fracture mechanics approach. The model was then 

compared with the experimental results and good agreement was obtained. 

2.4.5.2'Models for Compression Softening 

Reinforced concrete structures are often subjected to a compression-tension stress state. 

It has been shown that the compressive strength of concrete is significantly reduced due 

56 



to orthogonal cracking. A number of attempts have been made to study this 

phenomenon and in the following an overview is provided. 

Harder 95 tested nine isotropically and nine orthotropically reinforced concrete slabs 

elements under pure twisting to quantify the effect of compression softening due to the 

orthogonal cracking. Based on equilibrium and compatibility an algorithm was proposed 

to quantify the softening of the compressive strength of concrete. It was found that on 

average the compressive strength was 55% of the uniaxial compressive strength in the 

tested specimens. 

At the University of Toronto 25 30 square reinforced concrete elements have been tested 

loaded by in-plane stresses. These tests were carried out in a specially designed test rig. 

The intention was to use the tests to develop a better understanding of behaviour of 

reinforced concrete. The panels had varying amounts of reinforcement in the two 

orthogonal directions. Different combinations of in-plane loads were applied to the 

specimens. It was observed that the compressive strength of concrete was significantly 

reduced compared to the uniaxial compressive strength as the tensile strain in the 

orthogonal direction increased. A model was proposed to define the stress-strain 

response of the concrete in the presence of orthogonal cracking. It was proposed that 

both the peak compressive stress and the corresponding strain should be reduced by the 

same amount and the reduction factor was dependent on the ratio of principal tensile and 

compressive strains. 

Cervenka 96 proposed an analytical model to define the compressive response of concrete 

softened by the orthogonal cracking. It was proposed that the reduction factor was a 
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function of the tensile strain only and that it should be applied to the peak compressive 

stress. The model was compared with the experimental results of four panels in 

reference 25 and good agreement was obtained. 

Vecchio and Collins 97 proposed a modified model for compression softening, which 

was an improvement on that proposed in reference 25. A strength reduction factor was 

proposed to model the softened response of concrete due to orthogonal cracking. The 

reduction factor, which was applied to the compressive strength only, was a function of 

the ratio of the principal tensile and the strain corresponding to the maximum uniaxial 

compressive strength of concrete. The model was compared with the experimental 

results for the reinforced concrete panels 25 and good agreement was obtained. 

Hsu 98 provided a brief history of the development of the models for compression 

softening of concrete. A model was proposed for compression softening based on 

equilibrium and compatibility. The- proposed softening coefficient was a function of 

principal compressive and tensile strains. In order to model the softened response of 

concrete the softening coefficient should be applied to both the uniaxial compressive 

strength and the corresponding strain. The reduction factor was, however, similar to the 

softening coefficient proposed in reference 25. 

Vecchio and Collins 99 provide an excellent review of compression softening models. 

Based on 116 specimens tested at the University of Toronto two different models were 

proposed for compression softening. Two different parabolic curves were used to define 

the stress-strain response of softened concrete and it was found that the equation 

proposed by Theronfeldt et alloo predicted a better response than that of Hognestadlol 
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and hence used. The two proposed models were termed Model A and Model B. For 

Model A, a reduction factor was applied to the uniaxial compressive strength and 

corresponding strain of concrete to model the softened response. The reduction factor 

was found to be a function of the principal tensile and compressive strains and the 

uniaxial compressive strength of concrete. Model A has been adopted to model the 

softened compressive strength in this study and is discussed in more detail in Section 

3.2.2, Chapter 3. Model B was shown to be slightly less accurate than Model A. A 

slightly different softening coefficient was proposed in Model B. However, the 

softening coefficient in Model B was also a function of ratio of principal tensile and 

compressive strains but was applied to the uniaxial compressive strength of the concrete 

only. The two models were compared with the other models 
25,97,102,103,104,105 

and it was 

found that both models predicted the softening of concrete better than the others, 

however, Model A gave better response than Model B. 

Belarbi and Hsu 106 tested 22 reinforced concrete panels 55 in. square and 7 in. thick. 

Tensile load was applied in one direction and compressive load was applied in the 

orthogonal direction. The amount of reinforcement placed in the direction of tensile load 

was kept constant whereas, the amount of reinforcement in the compressive load 

direction was varied. An analytical model was proposed based on equilibrium of forces 

and compatibility of strains in the concrete and the reinforcement. It was proposed that a 

reduction factor should be applied to the uniaxial compressive strength of concrete to 

model -compression softening. The model was then compared with the experimental 

results and was found to fit the experimental data. 

Thienel and Shah 107 tested 56 orthogonally reinforced concrete specimens of several 
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sizes under in-plane compression-tension in the reinforcement directions. The study 

investigated the effects of concrete strength, lateral tensile loading, reinforcement ratio, 

reinforcing bar spacing and panel height on the strain-softening behaviour, final crack 

formulation, compressive strength and strain at ultimate. Since the reinforcement in the 

tensile loading direction was low, the applied tensile load was also limited, thus the 

effect of softening due to orthogonal tensile strain could not be quantified. However, a 

reduction in the compressive strength was observed. 
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Fig 2.1: Slab element with positive applied, loading 
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Figure 2.2: Normal moment yield criterion in m, my and m., Y space 
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Figure 2.5: Schematic representation of yield surface [Rajendran and Morley 21 1 
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CHAPTER3 

NUMERICAL MODELLING OF THE MATERIAL PROPERTIES 

3.1 INTRODUCTION 

In order to study the behaviour of reinforced concrete slab elements subjected to any 

combination of bending and twisting moments and in-plane forces numerically, 

adequate numerical models of the mechanical properties of concrete, reinforcement 

and reinforced concrete are essential. This Chapter describes such models. 

A new model is proposed to represent the ultimate stress state of concrete under 

biaxial compression. A new technique which has usually been used in composite 

laminates is also presented to model tension stiffening. 

3.2 MATERIAL MODEL USED IN THE ANALYSIS 

Total stress-strain non-linear models based on the theory of elasticity have been used 

through out the analysis. The total stress-strain models are load path independent and 

can not be employed to model un-loading, non-monotonic or cyclic loading. 
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However, the total stress-strain models are reasonably accurate for increasing loads. 

Since in the present study the work is limited to progressively increasing monotonic 

loading these models have been adopted. 

Perfect bond between the concrete and the reinforcement has been assumed through 

out the entire loading regime. 

3.2.1 MODELLING OF CONCRETE 

Concrete is an orthotropic material. The response and the strength of concrete under 

biaxial stress depends on the nature of the applied stresses. The ultimate strength of 

concrete can be categorised into three biaxial stress states viz. compression- 

compression, compression-tension and tension-tension. 

3.2.1.1 Response in compres8ion-compression 

The response of concrete in compression in principal direction has been modelled by a 

parabola to the peak stress' followed by a linear falling branch. The stress at which 

concrete was assumed to crush was taken as 0.85up, Figure 3.1. The concrete has 

been assumed to crush. and. carry zero stress beyond the crushing strain, ecu, which 

corresponds to a stress of 0.85ap on the linear falling branch. The formulations used 

are 
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For Ei:: ý c, i (upto peak stress) 

UP i6i 
-&i 
spi epi 

For ci > e, i (post peak stress) 

3.1a 

Cypi - 
0.85 u, i (a-C, i) 3. lb 
E. - Epi 

where, cri = stress in principal direction i 

6i= strain in principal direction i 

upi = peak stress in principal direction i 

c, i = strain corresponding to peak stress in principal direction i 

cc. = crushing strain 

In order to detennine the stresses for given strains, the peak compressive stress and 

corresponding strain must be known. It was intended to adopt the simplified failure 

envelope developed by Tasuji et ae later modified by Ganaba 3. However, numerical 

problems were encountered and so a new model has been developed. Because this 

model is based on that of Tasuji et al it is necessary to describe Tasuji et al's model 

together with the modifications made by Ganaba. 

Tasuji et alY model represents the ultimate strength of concrete under different 

biaxial states of stress based on the assumption that concrete is an orthotropic 
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material. The relationship, originally developed by Liu 4, used, both in compression 

and tension to find the principal stresses, (: Fi and (72 was 

E. 
Cyl !ý3.2a 

1- vk F, Epi Epi 

92a 
CY2 -:: 

(1- v )[l+( 1 ýý 2)(-ý2 )+( 92 )2] 
3.2b 

k 1-VE 
Ep2 Ep2 

k 

where, 91, (72 = stress in principal directions 1 and 2 

EI E2 = strain in principal directions I and 2 

Ec = initial tangent modulus 

Ip2 Es = secant modulus at peak stress = 
ap or -(F EP I Cp 2 

(Tpl, CTp2 
, 

CpI, Ep2 ==peak stress and corresponding strain in principal directions 1,2 

k= stress ratio = '7' 
, whereG2 '2: m algebraically. 

Cri 

Poisson's ratio 

The strength envelope proposed by Tasuji et alý is shown in Figure 3.2. To determine 

the peak stresses and corresponding strains in the two principal directions, equations 

were derived using a least squares fit to experimental data. The equations are given 

below for the stress ratios, k. 

For 0 :! ý k :! ý 0.2 

k 
1.2 -k 

3.3a 
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For 0.2 :! ý k:! ý 1.0 

a,. =llf,. 3.3b 

For 0 :: ý k :: ý 1.0 

CFp2 =k api 3.3c 

so = 2500 x 10-6 3.4a 

E: p2 = (760 + 74. OCFp2) X 10-6 3.4b 

where, up,, CTp2 = peak stresses in principal direction 1-1 and 2-2 respectively 

CPI , SPI = strain corresponding to the peak stresses in principal 

directions 1-1 and 2-2 respectively 

Under equal biaxial stresses when k= 1, the strains corresponding to the peak stresses 

should be the same in both principal directions, thus co ý-- E: p2. On examination of 

equation 3.4, it can be seen that the strains corresponding to peak stresses can only be 

the same in both principal directions for concrete of compressive strength of 23.5 

MPa. This problem was identified and rectified by Ganaba3 as discussed in Section 

2.4.4, Chapter 2. The strength envelope was not changed but modifications were 

made to equations for the strains corresponding to the peak stresses. Ganaba also non- 
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dimensionalised the equation for the peak stresses and corresponding strains. The 

modified expressions for the strains corresponding to the peak stresses are 

For 0 :5k :51.0 

EPI = cc 3.5a 

where, sc is the strain corresponding to the uniaxial compressive strength of concrete. 

For 0 :! ý k :! ý 0.5 

Cp2 ý Cc (-03040 + 0.9768 2-p, 
--2) 3.5b 

f. 

For 0.5 :! ý k :! ý 1.0 

sp2 = sc(-OA385 +11985 3.5c 
fc 

where, f,. is the uniaxial compressive strength of concrete. 

3.2.1.1.. 1. Deficiencies in the Model 

Two deficiencies were identified in the model proposed by Tasuji et al2 and Ganaba3 

which were the cause of the numerical problems encountered. The deficiencies were 
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(i) the stress-strain curve defined by equation 3.2 stiffens up in the minor 

principal stress direction. The stiffening up the curve increases with the 

decrease in the stress ratio; 

(ii) the strain becomes tensile for a stress ratio less than the Poisson's ratio. 

Figure 3.3 shows the stress-strain curves for Ganaba's model 3 using equation 3.2 and 

the stress-strains curves for the proposed model using equation 3.1, which is 

presented later in Section 3.2.1.1.2, in the minor principal stress direction. The 

deficiency of stiffening up of the curve in the minor direction is evident from Figure 

3.3. For any stress ratio, 1/k, the curve representing Ganaba's model have a lesser 

slope initially but the curve stiffens up as the strain increases. The stiffening up of the 

curve is associated with the type of the function used to define the stress-strain curve. 

The function used was 

ai= 
A+BsE 

62) 
3.6 

(1 - vk)(1 + Cs +D 

constants A, B, C and D were obtained using the following boundary conditions. 

cy =0 at c=03.7a 

dcr 
= 

E. 
at c=03.7b de 1-vk 
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a= upi at c= cpi 3.7c 

da 
-=0 at F, = cpi 3.7d 
d r- 

By substituting the values of the constants A, B, C and D in equation 3.6, the final 

form of equation 3.2 was obtained. Due to the type of the basic function, the slope of 

equation decreases with the increase in strain, but it increases to a certain value of 

strain and then starts to reduce, Figure 3.4. It can be seen from Figure 3.4 that as the 

stress ratio, 1/k, increases the slope becomes flatter. Hence lesser the value of l/k, 

more stiffening of the curve. 

The second deficiency i. e. the change of strain corresponding to peak stress from 

being compressive to tensile for stress ratio greater than Poisson's ratio is due to the 

empirical nature of equation 3.5b. If the value of (Tp2 in equation 3.5b is replaced by 

1.2f ,rk by using equations 3.3c and 3.3b, it can be seen that for any stress ratio less 

than 0.259 the strain corresponding to the peak stress will be tensile, whereas the 

5 Poisson's ratio of concrete varies from 0.15 to 0.22 
. For a tensile strain and 

compressive stress if l/k is greater than Poisson's ratio equation 3.2 becomes invalid 

as it adopts an unrealistic shape, Figure 3.5 and hence cannot be used to define the 

stress-strain response of concrete. 

The deficiencies discussed above lead to the development of a new model for the 

ultimate stress state in biaxial stress state. 
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3.2.1.1.2 Model for compression-compression 

The model developed to determine the ultimate stresses for biaxial compression stress 

state is a non-linear isotropic elastic model. Modified strains, to take into account the 

Poisson's ratio effect at any stress level, as proposed by Cope5 are used. The 

Poisson's ratio was assumed to be constant through out an analysis for the 

compression-compression stress state. The modified strains are given by 

6 c2 V2 Vc 

ý 6el 1 11 vl]ýF-: f 

3.8 

where, cei and Ee2 are the modified elastic strains which account for the Poisson's 

ratio effect and c, and F2 are the real strains in principal directions 1-1 and 2-2 

respectively. 

The strength envelope proposed by Tasuji et. ae has been used but the strains 

corresponding to peak stresses have been changed. The expressions for the strains 

corresponding to the peak stresses has been obtained by rearranging equation 3.8. 

gpi 
=[ 

I -V] cep] 

E; p2 -V I kFepl 3.9 

where E: pt and Ep2 are the real measured strains corresponding to peak stresses in 

principal directions 1-1 and 2-2 respectively for any stress ratio k and epi is the 

modified strain corresponding to peak stress in principal direction 1-1. Since the 
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model is based on the theory of elasticity the peak stress and the corresponding strain 

in the minor principal direction will be proportional to the peak stress and 

corresponding strain in the major principal direction, Figure 3.6. The above 

expression yields a relationship between the modified and the real measured strains 

corresponding to peak stresses. 

Ecp I : -- - 
spi 3.10 

I-vk 

since, Ecp2= k c,, 3.11 

where, Eep2 is the modified strain corresponding to the peak stress in principal 

direction 2-2. 

Substituting the value of c,,, from equation 3.10 into equation 3.11 to obtain, 

Cep2 - 
kc,, 

3.12 
(I - vk) 

Letting, 

3.13 
fr 

where f,, is the uniaxial compressive strength of concrete. The peak stress in 

principal direction 1-1, equation 3.1, will be, 
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api=cf'c=F. smi(2 - 
Cep 1 )=Fcý, i 3.14 
Sepi 

I f 
where E. = secant modulus at peak stress C 

EP 

sp = strain corresponding to the uniaxial compressive strength of concrete 

Ecpl f tc 

or, 3.15 
c 

Substituting the value of E, into equation 3.15 and simplifying to obtain the 

expression for strain corresponding to the peak stress in the principal direction 1-1. 

&PI =C Ep 3.16 

Using equation 3.11, the modified strain corresponding to peak stress in principal 

direction 2-2 will then be, 

Ccp2 = kcs, 3.17 

Equations 3.16 and 3.17 are the expressions representing the strains corresponding to 

the peak stresses in the major and the minor principal stress. direction. Figure 3.7 

shows the comparison between the experimental strains corresponding to the peak 

stresses 6 with the developed model, equation 3.16 and 3.17, and the model by 

Ganaba3, equation 3.5. 
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The expression for c varies with the stress ratio, k. The expressions for the peak 

stresses and corresponding strains are surnmarised as follows for the various stress 

ratios, 

For 0 :9k:! ý 0.2 

up, = (1+ )f,. 
12 -k 

3.18a 

&PI =C Ep +k) sp 3.19a 
12 -k 

For 0.2:! ý k: 5 1.0 

a,. = 12 f'. 3.18b 

c", = 12 E, 3.19b 

For 0 :5k:! ý 1.0 

Up2 = kapi 3.18c 

&V2 = kcE, 3.19c 
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The predication of the proposed model have been compared with the experimental 

results of Tasuji6 and Kupfer et af. Kupfer et al tested concrete under uniaxial 

compression, equal biaxial compression and a stress ratio of 0.52. Tasuji conducted 

experiments when the stress ratios were 0,0.2,0.5 and 1. The comparisons between 

the experimental results and the results obtained from the model were found to be 

good and are shown in Figures 3.8 to 3.14. 

3.2.1.2 Response in compression-tension 

It has been established that the compressive strength and stiffness of concrete is 

affected significantly by tensile strain orthogonal to the principal compressive stress 

direction"'10. 

On the basis of discussion provided in Section 2.4.5.2, the compressive response of 

concrete under compression-tension stress state has been modelled using Model A 

proposed by Vecchio and Collinslo. The model consists of three distinct stages, an 

ascending parabolic branch, a constant stress region and a linear falling branch, 

Figure 3.15. Equation 3.1a has been used to predict the ascending part of the 

compressive response to ensure compatibility with the compression-compression 

stress state. 

Model A is based on a statistical analysis of the data. The softening has been 

incorporated through a softening factor, P, which is given by 
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p=I 
I+KcKf 

3.20 

where K=035(- -028)'-'>-1.0, Fi: ýsy 3.21 
62 

Kf = 01825 %ff--'c ý: 1.0 3.22 

where si , 62 , cy are the principal tensile strain, the principal compressive strain and the 

yield strain of the reinforcement in tension respectively. The softening factor, P, is 

applied to both the uniaxial compressive strength and the corresponding strain to 

obtain the softened response. 

For the falling branch equation 3.1b is used. The maximum stress and corresponding 

strain of concrete in compression when in a state of compression-tension are 

sunimarised below. 

ForregionI, (si: 5PEP) 

CYPI=pf,. 3.23a 

sp, = PC. 3.24b 
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For region II, (Fp:! ýsi :! ýcp) 

CYPI =P f'C 

spi =ß so to Co 

For region 111, (sp ýý Fi ýý 6,. ) 

(Sp I =p f'ý 

Spi : -- 60 to Ecu 

3.23b 

3.24b 

3.23c 

3.24c 

The tensile response of concrete under compression-tension stress state has been 

modelled as a linear elastic material prior to cracking as expressed below. This 

approach has been generally adopted to model pre-cracked tensile response of 
8,11,12 

concrete 

(32 --.,: 
& F-2 3.25a 

After cracking occurs the response has been modelled by a linear descending branch 

which ends at the yielding of the reinforcemenO, ý c,. The strain at which tension 
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stiffening ends has been defined in terms of the cracking strain, &. The post cracking 

response is usually termed as tension stiffening and plays a significant role in the 

overall response of reinforced concrete. This effect becomes evident after cracking 

and it influences the response prior to the yielding of reinforcement. Researchers have 

3,14,15,16,17,18 
adopted several concepts to model this property of concrete' . The 

governing equation used in this study to model tension stiffening is given below. 

CTp-2 
(72 --: Ot [(Tp2 

- 
(Ee2 

- E: ep2) 3.25b 1)6cp2 

where cc is a factor defining the discontinuity between the pre and post cracking 

response. For a=1 there is no discontinuity and for cc =0 there is no tension 

stiffening. 

The tensile response has been modelled using two different approaches. The first 

approach has been adopted from the modelling of tensile response in composite 

laminates 19 
. The second approach, however, is the more usual way of modelling 

tensile response for reinforced concrete in which there is a discontinuity between the 

pre-cracking and the post cracking response. The discontinuity can be modelled using 

the factor a. 

In the first approach the tension zone was divided into two regions, Figure 3.16a. The 

first region was the concrete around the reinforcement. It was assumed that due to the 

bond between concrete and steel, the concrete would contribute in tension both prior 

to and after cracking. In this region the tensile response was given by equations 3.25a 
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and 3.25b with cc = 1, Figure 3.16b. The remaining concrete was the second region 

in which it was assumed that, after cracking, the stress in the concrete will be zero, 

hence only the ascending part, equation 3.25a, was used, Figure 3.16c. 

The thickness of the first zone, the concrete around the reinforcement, depends on the 

bond properties, spacing of the reinforcement, diameter of the reinforcement and 
19,20,21 

thickness of the section 

The tensile response of concrete in the second approach has been modelled assuming 

that the entire tension zone contribute towards the post cracking response. The level 

of discontinuity defined by cc was varied between 0.4 and 1 depending on the 

thickness of the element, spacing of the reinforcement and diameter of the 

reinforcement, Figure 3.17. 

In order to determine the cracking *stress and strain the model proposed by Tasuji et 

ae has been used. The expressions used are 

cr, fca+) 
1+ ks 

3.26 

where, s= f'c/ ft = ratio of the uniaxial compressive strength to uniaxial tensile 

strength. 

UP, S, P2 

E. 
3.27 
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After cracking Poisson's ratio was assumed to be zero. 

3.2.1.3 Response in tension-tension 

Under biaxial tension the principal stresses have little effect on each other and thus 

the ultimate stress state can be modelled by a square failure surfaceý. The cracking 

strain will, however, be different from the uniaxial cracking strain due to the 

Poisson's ratio effect, hence the cracking strains have been modified to account for 

this effect using equation 3.8. The expressions for ultimate biaxial tension stress state 

are 

UPI = Up2 = ft 3.28 

Eep I --'ý Scp2 3.29 

The response of concrete in biaxial tensile stress state has been modelled using the 

same approaches as for the tensile response in compression-tension stress state. The 

Poisson's ratio has been assumed to be zero after cracking. 

3.2.2 MODELLING OF THE REINFORCEMENT 

The reinforcement has been assumed to be elastic up to yielding and then perfectly 

plastic up to infinity both in compression and tension, Figure 3.18. The reinforcement 
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has been assumed to carry axial stresses only. In case of unloading, the reinforced has 

been assumed to follow the same path as that for loading. This is a deficiency in the 

reinforcement model. The post ultimate response of under reinforced elements may 

not be reliable as an stiff response will be predicted. However, the post ultimate 

response of the over reinforced elements will not be affected as the reinforcement 

remains elastic and the loading and unloading paths will be the same. 

3.3 PROCEDURE ADOPTED TO DETERMWE STRESSES 

Six material properties for concrete are required in order to construct the stress-strain 

relationship. These six properties are the uniaxial compressive strength, fc , the 

corresponding strain, c., Poisson's ratio, v, the uniaxial tensile strength, ft, the 

corresponding cracking strain, c,, and the crushing strain, sc.. All six material 

properties of concrete can be determined experimentally. The procedure adopted for 

the evaluation of the stresses in the concrete at any particular load increment is 

summarised as follows. 

1. The principal strains, ci, and the angle between the Cartesian and the principal 

directions, 0, are determined from 

1.2 -ý cx+Ey + 
Ex-EY)2 

+(IXY)2 3.30 
2422 
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11 YXY 
and O= tan- (-) 3.31 

2 ex - EY 

2. An initial estimate for the stress ratio, ki,, i, for the first load increment is made 

by using the linear elastic relationship between the principal stress and strain. 

(72 E2+V&l 

ki,, i =-=- Cyl 61 + VE: 2 
3.32 

For subsequent load increments a value of stress ratio, k, from previously 

converged load increment is used. 

3. The modified strains are determined, equation 3.8. 

4. For the given stress ratio, the peak stresses, a, i , and the corresponding 

modified strains, E, i , are calculated using equations 3.18 and 3.19 or 3.23 and 

3.24 or 3.28 and 3.29. 

5. The principal stresses, ai , are determined using equations 3.1 and 3.25. 

6. The stress ratio, k, is recalculated using the principal stresses. 

7. Steps 4-6 are repeated to until the stress ratio, k, becomes acceptably small 

(1 % difference between two successive iterations). 
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8. The principal stresses are then resolved into the Cartesian direction using the 

following relationship. 

(Yx Cos 
20 

sin' 0 

Gy sin 
2o 

Cos 
2o 

Txy 

_-sin0cosO 
sin0cosO 

2sin0cosO - P_ I 
-2sin0cosO E2 

cos' 0 -sin 
20 0 

3.33 

In order to determine the stress in the reinforcement, the Cartesian strains at the level 

of the reinforcement, Crx, Cry, are first determined. The stress in the reinforcement is 

then determined using the following expressions. 

Stress prior to yielding: 

mý =-- E E, ý 3.34a 

(Yu =EE, 3.35a 

Stress after yielding: 

cy,. --= E 6,3.34b 

my =E sy 3.35b 

where, u, my -=-- stress in the reinforcement in x and y direction respectively 

= strain at the level of the reinforcement in x and y direction 
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respectively 

Cy = yield strain of the reinforcement 

modulus of elasticity of the reinforcement. 
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CHAPTER 4 

NON-LINEAR ANALYSIS 

4.1 INTRODUCTION 

One of the objectives of this study was to understand the non-linear behaviour of 

reinforced concrete slab elements subjected to any combination of moments. In order to 

achieve this objective a computer program has been written that can predict the 

response of reinforced concrete shell elements, using the material models described in 

Chapter 3, subjected to any combination of loading, Figure 4.1, 

IFI = [P. Py Pxy Mx My Mxyr 4.1 

and with the corresponding strains at the centre line of the cross-section, 

ýECL) 
= 

[Ex 
Ey Y. y 

ýy ýA T 
4.2 
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up to and beyond failure. The non-linear response of reinforced concrete elements is 

associated with the non-linear behaviour of concrete under tension, compression and 

the yielding of the reinforcement. 

The non-linear behaviour of concrete in tension is dominated by cracking as the 

material under goes increasing stressi. These cracks produce discontinuities in the 

structure, which can be either modelled using the discrete crack approach or the 

smeared crack approach. In the discrete crack approach each crack has to be modelled 

separately which is the most realistic technique to represent cracking. However, this 

approach introduces gaps which have to be covered by re-meshing in finite element 

I analysis . One of the problems associated with discrete crack models is that either the 

crack location needs to be known before finite element meshing is carried or re- 

meshing has to be carried out when cracks appear using some criterion. Either of the 

methods can be used but this makes discrete crack modelling difficult and expensive. In 

the smeared crack approach instead of treating individual cracks separately, the cracks 

are averaged out or 'smeared-out' over the length of the specimen and the 

corresponding strains and stresses are termed as average strains and average 

stresses I, 2,3 

There are two ways of dealing with the directions of the cracks in the smeared crack 

model described above viz. the rotating crack model and the fixed crack model. In the 

rotating cracking model, the principal strain and stress directions are assumed to 

coincide and the cracks are assumed to be orthogonal to the principal tensile stress 

direction, thus the cracks are allowed to rotate through the depth of the element I'4, as 

the principal stress directions rotate. This model could be termed as "un-physical" 5, 
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because of the fundamental assumption that the cracks' directions are allowed to rotate. 

This model, however, has been successfully used in numerous finite element 

, 6,7 8,9,10 
analyses' and in developing constitutive models . The other model is the fixed 

, 4,7 
crack model' , 

in which once the element has cracked, the direction of the crack is 

assumed to be fixed under further increases in load, by fixing the crack's direction, it 

can significantly over estimate collapse loadS5. 

In the present study the cracks were assumed to be smeared over a finite length and 

allowed to rotate through the depth under increasing loads. 

To solve non-linear problems, normally incremental iterative solution techniques have 

to be used. In the present work the Modified Newton Raphson with a displacement 

control procedure has been used. 

This chapter describes the non-liftear solution technique used, adopted solution 

algorithm and the techniques associated with numerical integration. 

4.2 SOLUTION TECHNIQUES FOR NON-LINEAR PROBLEMS 

There are several techniques which can be use to solve the non-linear problems e. g. 

Direct Iteration, Newton Raphson, Modified Newton Raphson and Incremental Newton 

Raphson (pure and mixed) methods have been among the techniques"' 1,12 usually used. 

However, the Newton Raphson and Modified Newton Raphson methods have been 

among the more popular non-linear solution techniques. 

96 



4.2.1 NEWTON RAPHSON METHOD 

The Newton Raphson Method can be used for solving any number of non-linear 

equations. For a system of two equations the Newton Raphson Method is as follows. 

Let two equations be, 

f(XI, X2)=() 4.3a 

9(Xlq X2)-"": O 4.3b 

Suppose (x 
Ik, X2 

k) is an estimate of the root. The method seeks corrections A x, and 

A X2 on x, and X2 so that the corrected values will be 

XI 
k+l 

= XI 
k 

+Ax, 4.4a 

and X2 
k+l 

= X2 
k+A 

X2 4.4b 

for which 

f(Xlk+l, X2 
k+2 0 4.5a 

and, g(xl 
k+l, 

X2 
k+2 )=04.5b 

Using Taylor's expansion, equation 4.5 can be expanded as, 

f(Xlk+I, X2k+1)=f(xl 
k- 

ýX2 
k) + (xlk+I-Xlk ) 

(3f(Xlk, X2 k) 

'- (X2k +1 
-X2 

k) 13f(Xlk, X2 
k)+... 

=O 4.6a 
ax, (3X2 
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g(xl 
k+I, 

X2 
k+l )ý-9(xl k, 

X2 
k )+(x, ki-1-XI k)0 g(Xlk X2 k) 

4- (X2 k+I 
-X2 

k) iD9(XI 
k, X2 k)+... 

=O 
(? x i L3X2 

4.6b 

Neglecting the higher derivatives and rearranging equation 4.6 gives, 

-f(xl 
k+ 1, 

X2 
k+l) 

.= (Xlk+I_Xlk ) 
af(XI k 

X2k) 
+ (X2 k+I_X2k ) 

N(Xlk 
, 

X2k 

4.7a 
ON I ON 2 

-g(xl 
k+IX2k+1) 

= (Xlk+I_Xlk ) 
ag (xlk, X2k) 

+ (X2k+I-X2 k)a g(Xlk X2 k)4.7b 

axi DX2 

equations 4.7 can be re-written as, 

'T A X, +A x2 4.7e 
oxi 

&2 

-g = AXI (3g +A X2 
ag 

4.7d 
axi &2 

or in matrix form as, 

af af 
19X 1N2 

ýAx, ý 
4.8 ag ag AX2 

axI N2- 

Using the above expKession a system of n simultaneous non-linear equations can thus 

be solved for A x, and A X2- 

The above equation 4.8 can be use for structural analysis by solving the following 

governing equation. 
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[kl {A} 4.9a 

where {Fj is the load vector, [k] is the stiffness matrix of the structure and {A) is the 

displacement vector. Similarly. 'the following governing equation can be used to solve 

the non-linear stress-strain equations. 

{FI = [kl ýrcL1 4.9b 

{ccL) is the strain vector at the centre line of the cross-section of the element and [k] is 

the tangent stiffness matrix which has to be updated for every iteration as it is the 

derivative or the slope of the stress-strain curve as shown in Figure 4.2. 

4.2.2 MODIFIED NEWTON RAPHSON METHOD 

For large systems of equations, calculating the derivatives to form the tangent stiffness 

matrix, fkl, for each iteration can be every expensive. In the Modified Newton Raphson 

Method usually, the terms of the [k] matrix have to be calculated only once and can be 

the initial tangent stiffness. This method has proved to be efficient and is less 

expensive 12. This solution technique has been based on the concept that the non-linear 

response can be approximated by a series of linear solutions. The governing equation 

to be solved will be the same as equation 4.9 but the linear elastic matrix will be 

replaced by the initial tangent stiffness matrix. 
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4.2.3 APPLICATION OF THE MODIFIED NEWTON RAPHSON METHOD 

The Modified Newton Raphson Method can be employed to solve the non-linear stress- 

strain equation using equation 4.9b. For any combination of direct strains in the x and 

y directions, s., 6, and the shear strain, y.,, and curvatures in the x and y directions, 

and the twisting curvature, ý., at the centre of the cross-section, the linear 

elastic forces, (F), can be calculated using equation 4.9b if the initial tangent stiffness, 

[k], is known. For the given strains E., 6, and y., and curvatures ý., ýy and ý. y, the 

resistance offered by the material, {F,, 
P), can be calculated using the actual constitutive 

models for the concrete and the reinforcement. The error forces are the difference of 

linear elastic forces from equation 4.9b and the resistive forces from the actual 

constitutive models, JF,,, P), thus 

{Fe {FI - {Fr 4.10 

A strain vector, {6ml 
, corresponding to the error forces can be calculated from the 

following expression. 

{&rr}[k1 {Fcrr} 4.11 

A better estimate of strain vector at the centre line of the cross-section is calculated 

using 
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= {ECLI + 4.12 

From the better estimate of strain, 
{En.. l 

,a better estimate of the resistive forces 

offered by reinforced concrete element, f F,,,,, ), is then calculated using the following 

expression. 

,)= 
{FI + {F, ,14.13 {Fý� 

is then calculated by using fF,,, 
w) in equation 4.10 new set of error forces, {F, 

instead of {F). This procedure, equations 4.10 to 4.13, is repeated until the error 

forces became acceptably small as shown in Figure 4.3. 

4.3 SOLUTION ALGORITHM 

Load control and displacement control techniques can be used to solve non-linear 

problems. Load control is not suitable for following the post ultimate falling branch 

responses, whereas, displacement control can easily do so and has proved to be 

suitable and efficient. The displacement control solution algorithm developed by Batoz 

and Bhatt 13 and implemented by May et al 12 has been used. 

The governing equation 4.9 can be written in the form 

JECLI ý-- [k]-l ?v If I 4.14 
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where {ECLI = strain vector at the centre line of cross-section 

k= load factor 

{f) = normalised load vector 

A prescribed displacement is applied to one of the degrees of freedom. The equations 

. were then solved for the, (n-1), unknown displacements and the load factor, k. The 

actual algorithm used is summarised as follows, 

The displacements, {F'cL), corresponding to the normalised load can be 

calculated using the following relationship. 

1. CL [k]-l If I 4.15 

2. An initial estimate of the load factor, X, can then be made using the applied 

known displacement, 

X= sk 4.16 
F, nk 

where Ek = known displacement at the kth position of the strain vector 

and 6- k= known of displacement for the normalised load vector at the e position, 

equation 4.15. 
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3. The first estimate for the strain vector at the Centre line of the cross-section is 

given by, 

16CLI 
=x 16 nCLI 4.17 

4. The corresponding set of internal forces {F) can be determined using the 

constitutive models for the concrete and the reinforcement. 

5. A set of residual or error forces, {R), can be then calculated such that, 

{RI = ;ý {f} - {F) 4.18 

6. From the set of known error forces, {R), the corresponding strain vector can be 

determined. 

{&,, j=[kl-'{Rj 4.19 

7. As the displacement at the 0 position of the strain vector is known, there 

should be no change in the displacement at this position. This can be expressed 

as 

F-err 
k+ 

kerr Sn k --'ý 4.20a 

or, 
Serr 

k 4.20b 
.nk 
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where, Cýý k --": strain corresponding to the error forces at the kth position of the strain 

vector 

8. A better estimate for the load factor can be obtained from 

X=X+X., 4.21 

9. A better estimate of the strain vector at the centre line can be then obtained 

using the following expression. 

JECLI = JECLI + f6m) + L,, ff 1 4.22 

Steps 4 to 8 were then repeated until {R} becomes acceptably small. 

4.4 CONVERGENCE CRITERIA 

Ideally the error forces should be reduced to zero. In non-linear analysis it is both time 

consuming and can also be difficult, if not impossible, to reduce the error forces to 

zero. It then becomes essential to use a convergence criterion. Normally in non-linear 

finite element analyses' 1,12 energy or work done has been used as a convergence 

criterion. A pre-set tolerance limit is then used to check whether the convergence has 

been achieved or not. 
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In the present study two convergence criteria have been used. The first convergence 

criterion was based on the absolute values of the error forces and the second criterion 

was based on an energy norm. 

For the first convergence criterion a realistic convergence tolerance limit was set for 

the error forces and moments through trial and error. This limit vector is shown 

below. 

JJR,, Jj:! ý JERROR) 4.23 

This convergence criterion may not be generalised as it is not dimensionless and the 

limit on the magnitude of the error forces may vary from one analysis to another. 

Two different JERROR) vectors were used in the analysis for the elements under 

bending and twisting moments and elements under in-plane forces. The reason for 

using two different set of convergence limit was that the element tested under in-plane 

forces were of comparatively smaller depth than the element tested under bending and 

twisting moment. Thinner elements required smaller tolerance limits than the thicker 

elements. Hence the following convergence criterion was used for elements under 

bending and twisting moments, 

JERROR) = 110 10 10 loo loo lool T 4.24a 
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similarly for elements under in-plane forces following criterion was used. 

{ERRORI = {I 11 10 10 OJT 4.24b 

The error forces and the moments were in N/mrn and N mm/mm respectively. 

It is relatively difficult to satisfy the convergence criterion based the magnitude of the 

error forces than the usual energy based criteria, as it requires to satisfy all six stress 

resultants to be acceptably small independently at the same time. On the other hand, 

the magnitude of acceptably small error forces can vary from analysis, equation 4.24. 

Hence due to the limitations of the convergence criterion based on error forces, a 

convergence criterion based on energy norm has also been used which is 

Ecov - 
{F) {EcLl' - 2, {f} {ccL}' 

4.25 
X ffl {ECL} T 

A value, of E,: ýv of 0.001 has been used in the analysis. The difference between the 

analysis the using either of the convergence criterion was insignificant. 

4.5 CALCULATION OF INTERNAL FORCES 

To determine the internal forces the assumption that plane sections remain plane before 

and after bending has been made. The procedure adopted to determine the internal 

forces is that the section is divided into number of slices through out the depth, Figure 
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4.4. Given the curvatures and strains at the centre of the section, the strains at the 

centre of each slice can be calculated using, 

En 
. -'ý 

ýxhn + SCLX 4.26a 

6n, = ýy hý + ECLY 4.26b 

7.,, 
y = 2ý. y hn + 7CLýy 4.26c 

Given the strains c.., E;. y and Ynxy I then, for concrete, the principal strains are 

calculated and the principal stresses are determined using the relevant constitutive 

model, Section 3.3, Chapter 3. The principal stresses are then transformed back to the 

global x and y axes and On. (Yny andTn,, Yare obtained. The procedure is carried out for 

each slice. The contribution of the reinforcement is determined using the strain at the 

level of the reinforcement and the constitutive model for steel. The axial force and 

moment on the cross-section is then determined by assuming the contribution of each 

slice and using the following expressions. 

Px ": -- Y- Cy-. tn + Prx 4.27a 

Py =Ea., tý + Py 4.27b 

Pxy = Er.. 
y t. 

4.27c 
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and M, = Y- (7-,, tn hn + Mrx 4.28a 

My = Y- a.,, tý h. + Mry 4.28b 

mxy =E -1., t" hý, 

where the sununation is carried out over all the slices. 

4.28c 

Mrx and Mry are the moments due to the reinforcements in x and y directions 

respectively. P,,, and Pry are the axial forces due to the reinforcement in x and y 

directions respectively. 

The flow chart for the program is given in Figure 4.5. 
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CHAPTER 5 

VALIDATION OF THE ADOPTED SOLUTION TECHNIQUE 

5.1 1WRODUCTION 

A computer program has been developed that can predict the non-linear response of 

reinforced concrete shell elements and has been described in Chapter 4. The non- 

linear models for concrete, reinforcement and reinforced concrete used in the program 

have been described in Chapter 3. The software has been validated by comparing the 

analytical results from the program with those from several experimental works. 

This Chapter, apart from dealing with the validation of the program, describes the 

effect of number of points through the depth of the element at which the strains and 

the stresses are calculated on the overall response. This Chapter also describes the 

behaviour of elements under in-plane shear and twisting moment, prior to cracking, at 

the post-cracking and at the post ultimate load stages. The effect of the parameters 

such as tension stiffening, compression softening and the amount of reinforcement are 

also studied. 
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5.2 VALIDATION OF SOFTWARE 

In order to validate the developed software several experimental studies were chosen. 

The first three sets of experimental works were conducted at the University of 

Toronto by Vecchio and Collins I, Bhide and CollinS2 and Kirschner and CollinS3 

respectively. The fourth set of data was chosen from the experiments carried out at 

the University of Manchester by Samad 4 and the fifth set of work, also carried out at 

the University of Toronto, was conducted by Marti et al 5. 

5.2.1 IN-PLANE TESTS, VECCHIO AND COLLINS I 

An extensive experimental study was carried out at the University of Toronto to study 

the behaviour of reinforced concrete panels under in-plane forces. A specially 

designed rig, capable of applying in-plane shear, axial compression and axial tension 

or any combination was used. In all, thirty reinforced concrete panels (890 mm. x 890 

mm x 70 mm) were tested under different loading conditions and with varying 

amounts of reinforcement. The details of the loading conditions have been discussed 

in Section 2.4.5.2, Chapter 2. It was only possible to analyse the twenty eight out of 

the thirty panels that were loaded monotonically. Table 5.1 shows the material and 

section properties and the loading regime of five of the panels and Figures 5.1 to 5.5 

show the comparison between the experimental and analytical results. A reasonably 

good agreement was obtained between the experimental and the analytical results, 

through out the loading regime. 
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Table 5.2 shows the comparison between the experimental and the analytical results at 

the ultimate load for twenty eight and a good agreement has been obtained. 

5.2.2 IN-PLANE TESTS, BHIDE AND COLLINS 

Thirty four reinforced concrete panels (890 nun x 890 nun x 70 mm) were tested at 

the University of Toronto using the same testing rig as used by Vecchio and Collins 

Section 5.2.1, by Bhide and CollinS2. In this study all but two of the concrete panels 

were reinforced in one direction only. Five panels. were tested in pure in-plane shear, 

eight in uniaxial tension, sixteen in uniaxial tension with monotonic in-plane shear and 

the rest under non-monotonic loading. 

Three panels were analysed using the program. The material and section properties 

and the loading history for these panels are given in Table 5.3. For panels PB 12 and 

PB 18, that were subjected to in-plane shear, it was observed from the tests that the 

cracks first formed at 45' from the reinforcement direction but further cracks formed 

turning quickly to a direction which was smaller than 45'. For panel PB 10 it was 

observed that the cracks appeared in the directions predicted by assuming uncracked 

elastic behaviour but that the additional cracks formed near the ultimate load stage 

which were closer to the reinforcement direction. As a rotating crack model has been 

adopted in the analysis, it was not possible with this analysis to maintain the actual 

crack directions after first cracking as the load increased due to the uni-directional 

distribution of the reinforcement. The cracks turned much more rapidly in the failure 
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direction than predicted by the analysis, Figure 5.6. Therefore, it was not possible to 

predict the post cracking response accurately. However, good agreement between the 

experimental and the analytical results was obtained upto first cracking. This is shown 

in Figures 5.6 to 5.9. It was also observed that the panels exhibited a long plateau 

after cracking which was not predicted by the analysis. This is due to the aggregate 

interlock and dowel action. The comparison between the experimental and analytical 

cracking loads is also given in Table 5.3. The program under estimated the cracking 

strength by 4.54 % with a standard deviation of ± 2.46 %. 

5.2.3 IN-PLANE TESTS, KIRSCHNER AND COLLINS3 

A shell element tester was designed and used by Kirschner and I CollinS3 at the 

University of Toronto. This test rig was capable of testing shell elements subjected to 

either in-plane forces and moments or combinations of in-plane forces and moments. 

Six reinforced concrete panels (1625 mm x 1625 mm x 285 mm) were tested under 

different load combinations by Kirschner and Collins. Two out of six panels were 

made out of light weight aggregates. The remaining four elements were made of 

normal weight aggregates. In the panels made of normal weight aggregates the 

reinforcement was placed in two orthogonal directions, skewed at ± 45' angle with 

respect to the edge of the panel. The panels were subjected to in-plane shear, uniaxial 

bending and a combination of monotonic in-plane shear and uniaxial bending with 

respect to the direction of the reinforcement. The details of the loading and properties 

of the four panels are given in Table 5.4 along with the comparison between the 

experimental and the analytical ultimate loads. Figures 5.10 to 5.14 show the 
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comparison between analytical and experimental results and good agreement was 

obtained throughout the loading regime. 

5.2.4 BENDING AND TWISTING TESTS, UNIVERSITY OF MANCHESTER! 

Thirteen slab elements (1600 nun x 1600 mm, x 150 mra) were tested under different 

combinations of biaxial bending and twisting moments. A specially designed testing 

rig capable of applying any combination of uniform bending and twisting moments to 

the slab was used. The slabs were placed vertically in the rig and uniform moments 
4 

were applied through an arrangement of 20 loading arms . Surface strains, deflections 

and loads were recorded. The summary of the nine slab elements for which reliable 

experimental data was obtained is given in Table 5.5 along with the comparison of the 

experimental and the analytical ultimate moments. Comparisons of the experimental 

and analytical results for six typical slab elements are given in Figures 5.15 to 5.20. It 

can be seen that there is a good agreement between the experimental and the analytical 

results throughout the loading upto the ultimate load level. However, for slab element 

12 which was tested under pure torsion there was a significant difference between the 

experimental and the analytical results after cracking. It was suspected, that a small 

axial restraint may have been introduced while applying the loads. The twisting 

moment was applied only at the four corners using 4 jacks Whereas the remaining 16 

jacks were assumed to be idle. The assumed idle jacks may have introduced an axial 

restraint while the slab was being loaded by the twisting moment. To investigate this, 

slab element 12 was then analysed with a very small degree of axial force. Tensile 

forces of =-ý 3% of the axial tensile capacity, in magnitude were applied in the both the 
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reinforcement directions. A better comparison between the experimental and the 

analytical results was then obtained as shown in Figure 5.21. 

5.2.5 PURE TWISTING TESTS, MARTI, LEESTI AND KHALIFA5 

Nine slabs (1700 mm x 1700 mm x 200 mm) were tested at the University of Toronto 

under pure torsion with varying amounts of reinforcement in the two orthogonal 

directions. A summary of the material and section properties is given in Table 5.6 

along with the comparison between the experimental and analytical ultimate moments. 

The loading arrangement to apply torsion was that the three corners of the slab were 

on supports, restrained against translation in the vertical direction but free to rotate. A 

downward load was applied to the fourth corner. This set-up led to a loading 

condition in which two sets of equal and opposite vertical forces were applied at the 

two corners as shown in Figure 5.22. It was assumed that this type of loading would 

produce uniform twisting through out the slab. 

The analysis of the slabs using the program showed good agreement between the 

experimental and the analytical results. Six typical slabs are shown in Figures 5.23 to 

5.28. Slabs 2 and 4, shown in Figures 5.23 and 5.24, however, failed abruptly and 

prematurely due to brittle corner failure prior to reaching the ultimate load. It was 

mentioned by Marti et al5 that in slabs 2 and 4 corner failure occurred close to the 

ultimate load. 
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5.3 EFFECT OF NUMBER OF INTEGRATION POINTS 

Numerical integration has been employed in this study, Section 4.5, Chapter 4, to 

determine the internal resistance offered by the reinforced concrete element. In order 

to determine the resistive concrete forces, a number of points have been selected at 

which the strains and corresponding stresses have been calculated. These points are 

ten-ned integration points. The greater the number of integration points, the more 

accurate the analysis, but an increase in the number of integration means an increase 

in the computation time. Thus an optimum number of integration points are of vital 

importance. 

The elements under in-plane shear or any other in-plane load have a constant state of 

stress across the depth, therefore, the number of integration points does not increase 

the accuracy of the analysis in such loading cases. However, elements subjected to 

any type of moments have a continuously changing state of strains and stresses 

through the depth. The optimum number of integration points under such loading 

conditions are of significant importance specially for elements with lesser area of 

reinforcement. The element with smaller area of reinforcement will have smaller 

depth of neutral axis. Therefore, less integration points will be available to calculate 

the compressive resistance offered by concrete which can significantly affect the 

moment capacity of the element. 
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In order to study the effect of number of integration points for reinforced concrete 

elements subjected to pure twisting moment, slab 1 of reference 5 was used. Slab I 

was isotropically reinforced with 0.25 % reinforcement at top and bottom faces in x 

and y directions. The reason of selecting slab 1 was due to the least area of 

reinforcement among the slabs testing in the study. The slab 1 will have smallest 

depth of neutral axis which means least number of integration points in compression 

region of concrete and hence the effect on the moment capacity can be significant. 

The number of integration points used was 10,25,50,75,100 through the depth of 

the element. Figure 5.29 shows the response of the slab with the above mentioned 

integration points. It can be observed from Figure 5.29 that with 10 integration points 

correct cracking moment was not predicted, however, the ultimate moment capacity 

was =- 2% less than that with 100 integration points. 

Figure 5.30 shows the principal concrete stress distribution through the depth at same 

twisting curvature i. e. 8x 10-5 I/mm. As the number of integration points was 

increased, the concrete stresses were more accurately predicted numerically, 

especially in the region around the neutral axis. But approximation in the stress 

distribution through the depth due to the lesser number of integration points does not 

significantly affect either the ultimate moment capacity or the overall response. It can, 

therefore, be concluded that about 10 to 25 integration points can be used. However, 

100 integration points have been used through out the study to avoid any unforeseen 

problem. 
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5.4 BEHAVIOUR OF ELEMENTS UNDER IN-PLANE SHEAR AND 

TWISTING MOMENT 

After validating the program, the influence of various parameters such as tension 

stiffening, compression softening and area of reinforcement on slab elements 

subjected to pure in-plane shear and pure twisting were studied. The reason for 

selecting these loading conditions was that the behaviour of reinforced concrete 

elements is well understood under uniaxial or biaxial bending without any twisting 

moment or axial in-plane loads without any in-pl4ne shear since the principal strain 

directions coincide with the reinforcement directions in such loading conditions. But 

as the twisting moment or in-plane shear increases in the reinforcement, the angle 

between the principal strain and the reinforcement directions also increases. Prior to 

cracking elements subjected to pure in-plane shear or pure twisting moment have 

maximum angle of ± 45' between the principal strain and the reinforcement directions 

and no direct load acts in the reinforcement. The concrete will be in a state of 

compression-tension in the principal stress directions. This can significantly reduce 

the compressive strength of concrete, Section 3.2.1.2, Chapter 3. 

In order to further explain the -effect of differences mentioned in the preceding 

paragraph the behaviour of the reinforced concrete elements under in-plane shear and 

pure twisting will be described. 
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5.4.1 PRE-CRACKING RESPONSE 

In an element which has orthogonal reinforcement and which is subjected to either in- 

plane shear or twisting moment, the reinforcement is unstressed prior to cracking, if 

the reinforcement is assumed to carry axial stresses only. Prior to cracking the 

principal axes are at +50 with respect to the direction of the reinforcement, as 

shown in Mohr's circle of strains, Figure 5.31. 

5.4.2 POST CRACKING RESPONSE 

For an isotropically reinforced element subjected to in-plane shear, after cracking, the 

angles between the reinforcement and the principal strain directions remain at ± 45'. 

However, because after cracking the concrete can carry little or no tensile stress, then 

to satisfy equilibrium the reinforcement has to be in tension. Mohr's circles of strain 

after cracking under increasing load are shown in Figure 5.32 where compressive 

strain is taken as positive. 

At any load stage, an isotropically reinforced element subjected to pure twisting 

behaves in a similar fashion to an isotropically reinforced element under in-plane 

shear. The strains, however, in the principal directions vary linearly through out the 

depth whereas, the principal strains are constant through out the depth for in-plane 

shear. Hence the strain state under in-plane shear at a particular load stage represents 

a point on the strain profile of an element under pure twisting. 
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In an orthotropically reinforced element subjected to in-plane shear, after cracking, 

the reinforcement carries tension and in addition the principal strain directions also 

change from ±450, Figure 5.33. The crack direction moves towards the direction of 

stronger reinforcement. A similar response also occurs in orthotropically reinforced - 

elements under pure twisting at the level of the reinforcement i. e. both the top and the 

bottom sets reinforcement remain in tension in x and y directions. 

The maximum compressive stress that concrete can carry while under compression- 

tension stress state has been modelled by constant stress between ps. and E., Figure 

3.15, Chapter 3. If the failure of the element is due to crushing of concrete prior to 

yielding of the reinforcement i. e. over reinforced failure, the response is dictated by 

the compression model of the concrete. Therefore, the flat top model of concrete 

should be evident from the response under in-plane shear in case of an over reinforced 

failure which is evident from Figures 5.1 to 5.5 and 5.11. 

In the case of pure twisting, under progressively increasing load, the principal 

curvatures increase and the depths of the neutral axes reduce. The increase in the 

principal curvatures increases the strains on the extreme fibres of concrete. The 

strains can be such that either the reinforcement yields in tension prior to the crushing 

of concrete in compression or vice versa. If the reinforcement yields first, ductile 

behaviour will be exhibited as shown in Figures 5.24,5.26 and 5.27, but if the 

concrete crushes prior to the yielding of the reinforcement, the element will show a 

brittle response as shown in Figures 5.23,5.25 and 5.28. 
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Marti et. al 6 found that if the ratio pL - y>1, the element exhibits as an over reinforced f. 4 

response, where p is the amount of steel ratio, fy is the yield strength of the 

reinforcement and fc is the softened compressive strength of concrete. For the slabs 

tested by Marti et a15 it has been observed that for an isotropic element that if the area 

of steel is greater than about 0.5 mm2/mm per layer in each direction, the element 

exhibits over reinforced befiaviour. The over reinforced response at such a low 

reinforcement level is due to two facts. Firstly, that the four sets of the reinforcement 

are at an angle from the principal strain directions, the strain in the reinforcement will 

be less that the principal tensile strain whereas, the concrete will be subjecied to 

principal compressive strain. Therefore, the direct tensile strain in the reinforcement 

will be less than the yield strain but the principal compressive strain in the concrete 

will be large enough to cause crushing. Secondly, the compressive strength of 
18 

concrete will be significantly reduced due to the compression softening , Section 

3.2.1.2, Chapter 3, causing an increase in the depth of compressive stress block. 

5.4.3 POST ULTIMATE RESPONSE 

In the post ultimate range, concrete in compression has been modelled by a straight 

falling line between the strain corresponding to peak stress, E., and crushing strain, 

&., Figure 3.15. Beyond the crushing strain the concrete has been assumed to carry 

zero stress. The effect of this model on the behaviour of the reinforced concrete slab 

elements is that after the concrete crushes, any further increase in curvature causes the 

neutral axis to move towards the centre of the element in order to achieve 

equilibrium, Figure 5.34. As the neutral axis moves towards the centre of the 
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element, the strain at the level of reinforcement reduces and the reinforcement begins 

to unload. The unloading of the reinforcement follows the same path as that for 

loading due the type of models adopted in this study, Section 3.2.2, Chapter 3. 

5.5 RESPONSE UNDER INFLUENCING PARAMETERS 

In order to study the influence of various parameters on the overall response of 

reinforced concrete slab elements under in-plane shear and pure twisting moment a 

number of studies were carried out. The parameters considered were tension 

stiffening, compression softening and the amount of area of steel to study their effects 

on the overall behaviour of slab elements. 

5.5.1 EFFECT OF TENSION STIFFENING: 

Tension stiffening is used to model complex stress state of concrete in tension after 

cracking. It can be defined as an alternative way of modelling two properties of 

reinforced concrete viz. the tensile strength of concrete in between the cracks and the 

bond between the concrete and the reinforcement. Several approaches have been 

1,12 
adopted by researchers to model tension stiffening of reinforced concrete7'8'9"0" 

Tension stiffening plays a significant role in the overall response of reinforced 

concrete. The effect of tension stiffening becomes evident after cracking and 

influences the response prior to the yielding of reinforcement. The effect of tension 

stiffening is more significant in elements with a smaller area of reinforcement. In such 
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elements the depth of neutral axis is small, thus the overall response is dictated by the 

tensile response of the concrete and the reinforcement. 

Two different approaches have been employed in this study to model tension 

stiffening and have been discussed in detail in Section 3.2.1.2, Chapter 3. The first 

approach has been used to model the tensile response in composite laminates 13 but has 

been adopted for reinforced concrete. The second approach has been more commonly 

used in reinforced concrete to model tension stiffening. 

To study the influence of tension stiffening on the overall response of the element two 

parameters were varied as mentioned below. 

1. Thickness of the region of concrete around reinforcement in the 

first approach or the level of discontinuity in the second 

approach, Figures 5.35 ahd 5.36. 

2. Principal tensile strain at which the tension stiffening ends. 

The thickness of the region of concrete around reinforcement or the level of 

discontinuity represents the influence of the same property i. e. how the tensile 

resistance of concrete decays away from the reinforcement. The thickness of the 

concrete region around the reinforcement, Figure 5.35 was taken as 20 mm, 25 mm, 

30 mm and 35 mm. The level of discontinuity, Figure 5.36, was taken as 0.25 f, 0.4 

f, 0.75 f, and f, 
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The tensile strain at which tension stiffening ends, should coincide with the yielding 

of the reinforcement. Since the reinforcement and the principal strain directions do 

not coincide it is difficult to match the principal tensile strain in concrete with the 

yield strain of the reinforcement especially for orthotropically reinforced elements. 

However, the second parameter used to study the effect of tension stiffening was the 

magnitude of principal tensile strain expressed as a proportion of the cracking strain at 

which the tension stiffening must end i. e. the length of the falling branch, ý&. To 

study the effect the length of the falling branch of tension stiffening curve, several 

models were adopted as shown in Figure 5.37. 

5.5.1.1 Response in In-plane Shear 

To study the effect of tension stiffening on in-plane shear, using the variation of 

parameters described above panel PV 27 from reference I has been used. Figure 5.38 

shows a comparison of the results of the analyses, for different thickness of the zone 

with respect to tension stiffening, with the experimental results. It is. evident from the 

Figure 5.38 that when the zone is equal to the full thickness of the element i. e. 70 

mm, the agreement with the experimental results is best. Hence the full thickness of 

the concrete has been used for all the analyses of elements under in-plane loads. The 

tensile response of concrete while using the full thickness is analogous to model 1 of 

Figure 5.36 in which there is no discontinuity in the tensile response at the level of 

cracking. It can be further observed from Figure 5.38 that, after cracking, as the 

thickness of the tension zone decreases the response becomes less stiff. This is 
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because the tensile resistance offered by the concrete becomes less, thus for a given 

load, larger tensile force i. e. larger area of tension stiffening is required. This leads to 

higher strains and hence the less stiff response. 

Figure 5.39 shows the comparison of the experimental results with the tension 

stiffening models of varying lengths of falling branch. Once again it is obvious from 

the Figure 5.39 that as the length of the tail decreases, the response, as expected 

becomes less stiff. This less stiff response is due to the reason given in the preceding 

paragraph. Too long a falling branch can effect the ultimate load capacity, therefore, 

tension stiffening must end prior to the ultimate load, if the failure has been initiated 

by the yielding of steel. This can be observed in the responses using a length of the 

tail greater than 30E, and affected the ultimate load significantly. It can also be 

observed that when the tension stiffening ends, the response becomes similar for all 

the models. 

5.5.1.2 Response in Pure Torsion 

The tensile resistance of concrete plays a significant role in the post cracking response 

of an element when subjected to pure twisting moment in a similar fashion as 

discussed in Section 5.5.1.1. However, as the curvature increases due to the increase 

in loads, the tensile resistance offered by the concrete decreases. Due to the increase 

in the curvature the compression resistance increases and the. moment of resistance 

increases. With the increase in the curvature the depth of the neutral axis reduces, 

thus increasing the lever arm. This phenomena is elaborated through Figure 5.40. 
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To study the effect of tension stiffening in the case of pure twisting moments, slab 9 

of reference 5 has been used. 

The two tension stiffening models as described earlier have been used. The thickness 

of the concrete region around the reinforcement in which tension stiffening occurs has 

been kept same for the top and the bottom reinforcement and was varied from 30 mm 

to 60 mm. Figure 5.41 shows the response of slab 95 using different thickness of 

concrete region around the reinforcement in the tension stiffening model. It is evident 

from the Figure 5.41 that the response is significantly affected by varying the 

thickness of the around the concrete in the post cracking response. The response after 

cracking becomes less stiff as the depth of the tension zone decreases. Figure 5.42 

shows the principal stress distribution in concrete at the same level of twisting 

curvature, using different thickness of concrete region around the reinforcement. As 

the thickness of the concrete region increases the neutral axis moves towards the 

centre of the element, which decreases the lever arm but on the other hand the amount 

of tensile force increases significantly. The decrease in the lever arm is not as 

significant as the increase in the tensile resistance of concrete and hence, a higher 

moment of resistance has been achieved. This leads to a stiffer response. 

The effect of the length of the falling branch, ý P-, , was also studied by varying ý c, 

from 20 6, to 100 E, . Figure 5.43 shows the effect of the length of the failing branch. 

A similar pattern has been observed as in case of in-plane shear, Section 5.5.1.1, that 

the model having the longest tail showed a stiffer response. This stiff response once 
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again is due to the reason given in the preceding paragraph for the stiffer response 

due to the increase in the tension stiffening zone. Since the failure sIab 95 was due to 

the crushing of the concrete not by the yielding of the steel, therefore, 1006, has been 

adopted in the final analysis to match the principal tensile strain in concrete with the 

yielding of the reinforcement. 

From the discussion in the preceding paragraphs, it can be concluded that tension 

stiffening is a complex phenomena that effects the post cracking response of 

reinforced concrete elements significantly. It was found7,14 to be dependent on the 

bond properties, spacing of reinforcement, diameter of reinforcing steel and thickness 

of the element. The contribution of concrete in tension decays as the integration point 

moves away from the reinforcement. An attempt have been made in the present study 

to model this decaying phenomena by dividing the tension zone into two part. It was 

found the zone of influence in which tension stiffening is effective is about 35 mm for 

both the loading conditions i. e. in-plane shear and pure twisting moment. The ideal 

way to model the tensile response of concrete would be to include the bond properties 

of the concrete and the reinforcement and to models these properties. However, the 

practical approach to model tension stiffening would be to divide the tension region of 

concrete into two zones and model tensile response separately for both the zones as 

adopted in this study. 

128 



5.5.2 EFFECT OF COMPRESSION SOFTENING 

A reinforced concrete element when subjected to a state of compressive stress and 

tensile strain in the two principal directions, the strength as well as stiffness in 

compression reduces drastically. Extensive experimental and analytical work has been 

done by the researchers 
15,16,17,18.19 

to quantify this property of reinforced concrete. 

As mentioned in Section 3.2.1.2, Chapter 3, model A, Vecchio and Collins 18 has been 

used in the present study. The softening parameter, proposed in the reference 18 is 

a function of the compressive strength and the ratio of principal tensile to principal 

compressive strains. The compressive strength of concrete has no effect on P if the 

strength is less than 30 MPa. But as the strength increases over and above 30 MPa, 

the value of P reduces, Figure 5.44. The ratio of the principal tensile to principal 

compressive strains, 61 /F2 , also significantly affects P if E; I/F, 2> 4 and P decreases 

exponentially with an increase in. 61 /E2 

. But if El / E2 :! ý4, P remains constant. 

It was observed during this study that in case of pure twisting the adopted model over 

estimated the softening 'Phenomena. The reason of this over estimation of softening 

may be due to the fact that the model was developed for in-plane loading conditions. 

Under in-plane loading the state of stress and strain are uniform through the depth of 

the element. Cracks thus developed pass all the way through the depth of the element. 

The compression orthogonal to the crack direction is carried by the concrete in 

between the cracks. These compression struts are isolated from each other and may be 
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too slender for the compressive load they carry as their width is restricted by the 

spacing of the cracks. The compression strut may crush as well as buckle due to its 

slenderness, thus reducing the compressive strength and stiffness of the concrete. 

In the case of pure twisting moment, the strain and the stress state are not uniform 

across the depth. In one principal direction the state of stress varies from compression 

at the top face to tension at the bottom face and vice versa in the other principal 

direction. The depth of cracks are thus restricted to the tension zone only. The 

compression in the orthogonal direction is then carried by the cracked concrete. These 

compression struts are not isolated ftom each other but they are held in place due to 

the compression above or below the neutral axes, Figure 5.45. Thus the softening will 

be less than calculated on the basis of in-plane loading. 

To study the effect of variation of 0 in case of pure twisting, once again slab 9 from 

reference 5 was used. The softening parameter, P, was varied from the value 

calculated from the model 18 
, Section 3.2.1.2, Chapter 3, to a value which was 20% 

higher than calculated from the model. Figure 5.46 shows the comparison of the 

results using different values of 0 with the experimental results. The response in 

which the value of P calculated from the model was used showed an ultimate strength 

15% lower than the experimental ultimate strength, whereas, the model with 10% and 

20% higher values of P showed an ultimate strengths 8% and 2% lower than the 

actual ultimate strength. Thus the value of 0 increased by 20% exhibited a reasonable 

estimate of actual softening and was used through out the study. The effect of 

variation of compressive strength on the overall response is effectively same as the 
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variation of the value of P. In the over reinforced slab elements the compressive 

strength plays a significant role and the post cracking response is significantly affected 

by the compressive strength, Figure 5.46. 

5.5.3 EFFECT OF AREA OF STEEL 

The area of reinforcement plays a significant role in the overall response of reinforced 

concrete elements subjected to any combination of loading. The effect of the area of 

reinforcement on the behaviour of elements subjected to either in-plane shear or pure 

twisting moment has been mentioned in Section 5.5.1. 

5.5.3.1 Response in In-plane Shear 

In order to study the effect of the area of reinforcement on reinforced concrete under 

in-plane shear, panel PV 27 from reference 1 has been selected. The area of steel in 

one direction was kept constant (the same as in the original experiment) and the 

reinforcement ratio was varied from 0.893% to 0.1% of the overall depth of the 

element, in the other direction. The details of the areas of steel used in the study are 

given in Table 5.7. The response of the element with different amounts of 

reinforcement are shown in Figure 5.47. 

The reinforcement does not contribute prior to cracking as discussed in Section 5.4.1 

in such loading as can be observed from Figure 5.47. In the post cracking region, the 

response of the element is stiffer if an increased area of steel is provided. The stiffer 
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response is mainly due to the fact that at a given strain an element can resist more 

tensile force. 

5.5.3.2 Response in Pure Torsion 

In order to investigate the effect of the area of steel for a slab element loaded with 

pure twisting moment, slab 9 from reference 5 has been analysed for six different 

combinations of area of steel. Table 5.8 gives the details for the areas of 

reinforcement used in these analyses. Figure 5.48 shows the response of the slab 

element with different amounts of steel. 

The area of reinforcement has no effect to cracking in the case of pure twisting and 

this is evident from the pre-cracking responses for all the cases shown in Figure 5.48. 

This fact has been discussed in Section 5.4.1. 

increasing area of reinforcement increases the ultimate moment capacity of the 

element, as expected. Increasing the amount of steel can also change the mode of 

failure of the slab element. For case 1 which has the maximum area of steel (1 % in 

each direction), the slab element fails due to crushing of concrete rather than the 

yielding, whereas for 1% reinforcement ratio, the slab element with no twisting 

moment would fail due to the yielding of the reinforcement. 

The ductility decreases with the increase in the amount of steel owing to the fact that 

the reinforcement is less stressed with the increase in the area of steel. For cases 2-6 
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the element fails due to yielding of steel, however, as expected ductility decreases as 

the reinforcement ration increases. The decrease in ductility thus reduces the ability 

for moment redistribution. For case 1 the element behaves as an over reinforced 

section with no possibility of moment redistribution. 
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Table 5.1: Section and material properties and loading ratios of Vecchio and Collins' 
panels. 

No F�: Fy: F�y 

1 

Asx 

(rnm/mm) 

A'.. 

(- 2 Imm) 

- 

Asy 

(MM, /MM) 

A'� 

(mmImni) 

f, c 

(MPa) 

ft 

(MPa) 

PV 22 0: 0: 1 0.625 7 625 0.532 0.532 19.6 2.42 
PV 26 0: 0: 1 0.625 0.625 0.355 0.355 21.3 2.00 
PV 27 0: 0: 1 0.625 0.625 0.625 0.625 20.5 2.04 
PV 24 0.83: 0.83: 1 0.625 

- - 
0.625 0.625 0.625 23.8 4.97 

PV 28 1 -0.32: -0.32: 1 r 0 . 625 
, 

0.625 0.625 0.625 19.0 1.66 

Table 5.2: Comparison at ultimate load. 
No Fx: Fy: Fxy vexp 

(N/mm) 

V., 

(NImm) 

Difference 

Pv1 0: 0: 1 561.4' 582.8 3.80 
PV2 0: 0: 1 81.2' 76.1 -6.27 
PV3 0: 0: 1 214.9' 329.1 53.13 
PV4 0: 0: 1 202.3 200.8 -0.75 
PV5 0: 0: 1 296.8' 503.4 69.60 
PV6 0: 0: 1 318.5 336.5 5.65 
PV7 0: 0: 1 476.7' 

- - - - 
572.9 20.18 

PV8 0: 0: 1 ý 6 6; .9 
' 521.5 11.69 

PV9 0: 0: 1 261.8 234.0 -10.60 
PV10 0: 0: 1 277.9 290.6 4.56 
Pv1 1 0: 0: 1 249.2 255.5 2.51 
PV12 0: 0: 1 219.1 201.5 -8.02 
PV13 0: 0: 1 140.7 153.0 8.74 
PV14 0: 0: 1 366.8* 394.8 7.63 
PV16 0: 0: 1 149.8 142.1 -5.1 
PV18 0: 0: 1 212.8 196.3 -7.74 
PV19 0: 0: 1 276.5 276.6 0.02 
PV20 0: 0: 1 298.2 314.5 5.47 
PV21 0: 0: 1 352.1 378.9 7.61 
PV22 0: 0: 1 424.9. 386.4" -9.05 
PV23 0.39: 0.39: 1 620.9 492.4 -20.69 
PV24 0.83: 0.83: 1 555.8 445.3 -19.89 
PV25 0.69: 0.69: 1 638.4 443.4 -30.54 
PV26 0: 0: 1 378.7 399.9 5.59 
PV27 0: 0 1 444.5 393.5 -11.48 
PV28 -0.32: -0.32: 1 406.1 350.0 -13.78 

premature failure 1 Average 2.39 
St. dev. 20.83 
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Table 5.7: Reinforcement ratios used for parametric study for in-plane shear. 

Case No PSX 

M 

P Sx 

M 

PSY 

M 

p Sy 

(70) 
1 0.893 0.893 0.893 0.893 
2 0.893 0.893 0.75 0.75 
3 0.893 0.893 0.5 0.5 
4 0.893 0.893 0.25 0.25 
5 0.893 0.893 0.1 0.1 

Table 5.8: Reinforcement ratios used for parametric study for twisting moment. 

Case No PSX P sx 

M 

Pv 

M 

p sy 

M 
1 1 1 

2 1 1 0.5 0.5 
3 1 1 0.25 0.25 
4 0.5 0.5 0.5 0.5 
5 0.5 0.5 0.25 0.25 
6 0.25 0.25 0.25 0.25 
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CHAPTER 6 

SLAB ELEMENTS AT ULTEWATE LOAD 

6.1 MRODUCTION 

Reinforced concrete slabs can be designed for the ultimate state, for a generalised set 

of moments using the Wood-Armer rules 1,2 
. These design rules provide optimum 

reinforcement for slabs. The rules use the normal moment yield criterion. The normal 

moment yield criterion uses Johansen's yield criterion3 to define. the strength of the 

slab. Johansen's yield criterion has some deficiencies and can provide increasingly 

unconservative strength predictions for certain load - combinations. Several 

researchers 4,5,6,7 have pointed out the deficiencies in the normal moment yield 

criterion but the main cause, the use of Johansen's yield criterion, was not pointed 

out. 

The software described in Chapter 4 has been used to determine the ultimate moment 

capacity of isotropic and orthotropic slab elements under different sets of moments 

with no in-plane forces. The deficiencies in the normal moment yield criterion have 

been confinned which are due to the shortcomings in Johansen's yield criterioi?. 
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This Chapter presents failure surfaces calculated using the computer program for 

isotropic and orthotropic slab elements. Comparison between the failure surfaces 

developed numerically and using the normal moment yield criterion is made. The 

contribution of the concrete and the reinforcement at ultimate stress state under 

generalised loading condition are also shown. 

6.2 YIELD CRITERION FOR ELEMENTS UNDER BENDING AND 

TWISTING MOMENTS 

The ultimate stress state of an element is generally defined using a yield criterion. The 

yield criterion for a material can described as any combination of stresses which can 

cause the material to yield. It can be mathematically expressed as the relationship 

between the applied stresses and - the material strength and can be expressed as 

follows, 

F((Yi, CT2, Cr3, fy) ý: 0 6.1 

where, GI, CT2andCF3 are the principal stresses and fy is the yield strength. When F<0, 

yield does not occur. But for F ý: 0 the material must yield. 

For a reinforced concrete slab element subjected to moments only, with no in-plane 

forces, the yield criterion can be generally expressed as follows, 
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F(mx, my, m,, y, m) ý06.2 

where, m, my and mxy are the stress resultant and m* is the yield strength of the slab 

element. The strength of an element depends on the section and the material 

properties. 

In order to develop a yield criterion for a slab element, subjected to moments only, 

the following condition can be employed i. e. the strength of the member should be 

greater than or equal to applied moments. For slab elements with no in-plane forces a 

criterion can be used in terms of the normal moments such that, 

M,, ý: 

for any direction, n, in the plane ofthe slab, 

where, m,, = normal moment in direction n due to the applied moments 

and m,,,, = capacity of the slab element in direction n. 

6.3 

The above expression only satisfies the condition for the moments -acting normal to 

the direction of failure. Therefore, it is often termed as the Normal Moment Yield 

Criterion. It must be pointed out that on a slab element, in the. failure direction apart 

from the normal moment, m., two further moments also exist, the tangential moment, 
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m, and the twisting moment, m,, The normal moment yield criterion neglects mt and 

Mnt, 

The normal moment yield criterion requires expressions defining the moment capacity 

of the slab element and the applied moments in the desired direction, n. 

The ultimate moment capacity, in., of a slab element in any direction can be defined 

by a yield criterion. The most widely and commonly used yield criterion is 

'Johansen's Stepped Criterion3' which is mathematically expressed as, 

Mnu ý Mxu COS 
20+ 

myu siný 0 6.4 

where, mxu and myu are the ultimate moment capacities in the reinforcement directions 

x and y, and 0 is the angle between the direction, n, and reinforcement in x 

direction, Figure 6.1. It is evident from equation 6.4 that the strength of a slab 

element in any direction, n, is a combination of the uniaxial bending strengths in the 

reinforcement directions x and y with a transformation in the required direction, n. 

This yield criterion has some deficiencies, Section 2.2.2, Chapter 2. One of the 

reasons for the criterion being popular is that it is easy to use and it provides a good 

estimation of strength of slab elements either with no twisting moment, or slabs with 

twisting moments but with low reinforcement ratios e. g. for isotropic slab elements 
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wi P 
fy 

:: ý 
17, 

p is the reinforcement ratio per layer in each direction, fy is the yield fc 4 

strength of the reinforcement and f,, is the compressive strength of concrete. 

In order to develop the expression for the normal applied moment, the applied 

moment components m,, my and m., y can be transformed to the direction, n, and can 

be expressed as 

In 11 = M), COS2 0+ my sirý 0-2m,, 
y sin 0 cos 0 6.5 

To develop the yield criterion equation 6.3 can be rearranged and using equations 6.4 

and 6.5 can be written as, 

Mxu COS2 0+ Myu Sjn2 () 
_ Mx COS2 0_ My Sin2 0+2m,, 

y sin 0 cos 0 ýý 0 6.6 

To ensure that equation 6.6 is always satisfied when yield occurs in the failure 

direction, following condition must be fulfilled. 

dm.. dm. 
dO dO 

6.7 

Equations 6.4 and 6.5 are shown graphically in Figure 6.2 with point A representing 

the condition expressed in equation 6.7. Applying the above condition to equation 

6.6, the failure direction, 0, is given by, 
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tanO = 
(M.. M. ) 6.8 

Mxy 

substituting the value of 0 from equation 6.8 in equation 6.6, the final form of the 

yield criterion can be obtained. 

(m,,,, -m,, ) (my,, -my) ýý rtý,, y 
6.9a 

The above yield criterion is based on positive moment capacities only. A similar 

expression can be obtained for the negative moment capacities m',,,, and m'yu. 

-M. ) (m, yu -MY) ýZ-, nýxy 6.9b 

Equations 6.9a and 6.9b completely define the normal moment yield criterion. In m,,, 

my, mxy space, the normal moment yield criterion can be represented graphically by 

two elliptical cones lying back to back, Figure 6.3. The plane of intersection of the 

cones will be perpendicular to the m,, -my plane and the vertices of. the two cones will 

lie in the positive-positive and the negative-negative quadrants of the m., -my plane. In 

plan, a square or a rectangle will be formed depending, whether the element is 

isotropically or orthotropically reinforced, bounded by m,, = m... my = myu) mx 

rI M xu and my =M yu. 

For a slab element with no twisting moment, the two sets of orthogonal reinforcement 

on either face will act independently with no interaction between them. With any 
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level of twisting moment the four sets of reinforcements will start to act interactively. 

The point of intersection of the two diagonals of square or rectangle, which is the 

projection of a point on the cone, represents the yielding of all four sets of 

reinforcement and the maximum twisting capacity of the element. 

6.2.1 YIELD CRITERION FOR ISOTROPIC SLAB ELEMENTS 

For an isotropically reinforced slab element where m,,,, = my,, =mmy,,, =m 

(if the slight difference between the moment capacities due to the different lever arms 

is neglected), the graphical representation of the normal moment yield criterion will 

be two circular cones as shown in Figure 6.4. Therefore, the pure twisting capacity of 

the element will be same as the uniaxial moment capacity, m. 

The plane of intersection of the two cones will be at an angle of 450 from the m,, and 

my axes. This plane will pass through the origin. The two vertices will have co- 

ordinates (m, m, 0) and (-m, -m, 0). In principal moment, m, and m2, and 0 space, 

the failure surface is represented by a cube. 

6.2.2 YIELD CRITERION FOR ORTHOTROPIC SLAB ELEMENTS WITH 

DIRECTIONAL ISOTROPY 

Ir For an orthotropically reinforced element where m,,,, mm and myu m yu 

= ýL m, the normal moment yield criterion will form two elliptical cones, Figure 6.5. 
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The pure twisting capacity will be the maximum twisting moment capacity of the 

element. The pure twisting moment capacity is given by the following expression. 

M"Y. = VFL m 6.10 

The plane of intersection of the two cones will be at an angle, ý, from m,, axis and 

can be expressed as follows. 

tan ý= It 6.11 

This plane will pass through the origin. The two vertices will have co-ordinates 

(m, p m, O) and (-m, - [L m, 0). 

6.2.3 YIELD CRITERION FOR COMPLETELY ORTHOTROPIC SLAB 

ELEMENTS 

For a completely orthotropically reinforced slab element where the moment capacities 

II are m.,,, Irnyu ,M XU IM yu) the normal moment yield criterion is still represented by 

the two elliptical cones lying back to back, Figure 6.6. The plane of intersection of 

the two cones will be at an angle, ý, from the m,, axis which can be expressed as 

follows. 

I 
taný = 

myu -m, yu 
Mxu -M xu 

6.12 
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The pure twisting capacity of the slab element will be the lesser of the two geometric 

means l(-rn-,. )(my. ) or As the plane of intersection of the two cones 

will not pass through the origin, the pure twisting capacity of the element will not be 

the maximum twisting capacity. The maximum twisting moment that such an element 

can resist will, however, be at the point intersection of the two diagonals, given by 

the following expression. 

mxy =1 
V(Mxu 

- M'xu) (Myu - M, yu) 6.13a 
2 

The maximum twisting moment must be accompanied by the moments in x and y 

directions that are given by the following equations. 

mx 
+M xu 6.13b 
2 

I 
and, my = 

my. + m YU 6.13c 
2 

The vertices of the two cones will still lie in the positive-positive and negative- 

negative quadrants of m., -my plane with the co-ordinates (m., u, ýny, 0) and 

(mr xu, m? Yu7O) respectively. 
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6.2.4 EXTENSION OF THE YIELD CRITERION 

Equations 6.12 and 6.13 give a general description of the normal moment yield 

criterion and can be used for any combination of moment capacities. Considering the 

case where the slab element has reinforcement on one face of the element only, in 

both the x and y directions with capacities m,,,, and my,, and m',,,, = m'y,, = 0. The 

normal moment yield criterion can still be represented by the two elliptical cones 

lying back to back. The two cones will lie in one quadrant, with one of the vertices at 

the origin and other at (m,., my, 0), Figure 6.7. Such an element can not resist pure 

twisting moment as the intersection of the diagonals does not pass through the origin. 

In order to carry pure twisting moment the element must have reinforcement both at 

the top and bottom faces in x and y directions. However, the maximum twisting 

moment that such an element can resist is given below. 

M, y =1 4(m.. ) (my") 2 
6.14a 

The accompanying bending moments, Figure 6.8 in the reinforcement directions will 

be: 

mx = 
Mxu 6.14b 
2 

and, m- 
MYU 6.14c y2 
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6.3 DEFICIENCY IN THE NORMAL MOMENT YIELD CRITERION AND 

ITS CAUSES 

The deficiency in the normal moment yield criterion, in its present form, is that it 

provides an over estimation of the strength with increasing reinforcement ratios as the 

angle between the reinforcement directions and the principal moment directions 

increases, to a limit of 450, Figure 6.1. The over estimation of strength becomes 

particularly significant when the principal moments are of opposite sign. This fact has 

6 been experimentally confirmed by Marti et al , Section 2.2.1, Chapter 2 but other 

researcherS4-8 have also pointed out the unconservatism of the normal moment yield 

criterion. 

The normal moment yield criterion in its present form uses Johansen's yield 

criterioný, equation 6.4, as explained in Section 6.2 earlier. Johansen's yield criterion 

determines the uniaxial bending moment capacities and then uses transformation to 

determine the strength for an orthogonally reinforced element in the desired direction. 

However, as the twisting moment increases in the reinforcement direction, the angles 

between the principal moment and the reinforcement directions increases. This forces 

the principal strain directions to change from the reinforcement directions. Thus it can 

be concluded that the increase in the twisting moment in the reinforcement direction 

increases the angles between the reinforcement and the principal strain directions. The 

reinforcement will have strains less than the maximum strain because it is not in the 

principal strain direction. Johansen's Yield criterion can not predict the angle between 
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the reinforcement and the principal strain directions and consequently under estimates 

the neutral axis depth or over estimates the lever arm, therefore, over estimates the 

moment capacity of the slab element. 

A comparison of the ultimate experimental moments obtained by Marti et al 6, for 

slabs subjected to pure twisting moment, and the ultimate moments obtained from 

equation 6.4 is shown in Table 6.1. It can be observed from Table 6.1 that the 

ultimate moment capacities using Johansen's yield criterion3 becomes less accurate as 

the amount of reinforcement increases. Johansen's yield criterion has over estimated 

the capacity by upto 81 %. Figure 6.9 shows the graphical representation of equation 

6.4 and 6.5 along with the experimental ultimate moment for slab 3. The ultimate 

experimental moment capacity was 93.8 kN-m/m, whereas, the theoretical moment 

capacity predicted by equation 6.4 was 148.14 kN-m/m. The angle between the 

principal moments and the reinforcement direction 45' and the deficiencies in 

Johansen's yield criterion3 becomes more noticeable. The reasons for such an over 

estimation are explained below. 

Consider an orthogonally reinforced slab element with isotropic reinforcement 

subjected to pure twisting moment m,, y = m. This is equivalent to being subjected to 

principal moments ±m acting at ± 45' with respect to the reinforcement direction x 

as shown in Figure 6.10a. In case of pure twisting all four layers of reinforcement 

will be in tension as discussed in Section 5.4.2, Chapter 5 and it is assumed that at the 

ultimate load level all the four layers of reinforcement will be yielding. 
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Figure 6.10b shows the simplified stress distribution for faces 1 and 2 of the slab 

element. From equilibrium the expressions for the depth of the neutral axis and the 

moment capacity in the principal moment direction 1-1 can be calculated as: 

2 A. fy 

crc 
6.15 

a. a(h-aA, fy(h-a) 6.16a 
22 

where a= depth of the neutral axis 

As = area of the reinforcement per layer in each direction 

fy = yield strength of reinforcement 

Cyc = compressive strength of concrete 

h= overall depth of the element 

Similarly, the moment capacity of the element in principal direction 2-2 will be, 

m2-2= -aca( 
h-a 

-Afy(h-a) 6.16b 
22 

Using Johansen's yield criterioný, the pure twisting moment capacity of the element is 

determined by calculating the uniaxial moment capacities in the reinforcement 

directions first. The uniaxial moment capacities are then transformed into the desired 

direction using transformation, equation 6.4. The following assumptions have been 

made in order to determine the uniaxial bending capacities,. 
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e Tensile strength of concrete is neglected. 

a Contribution of the reinforcement in compression is neglected. 

a Both the sets of reinforcements in x and y direction are placed at the same 

level. 

The depth of the neutral axis of the element under uniaxial bending will be, 

A., fy 

Crc 

The expression for the moment capacity of the element is, 

6.17 

mxu = my, = Afy(h-d. - 
a 6.18 

,2) 

where dc is the distance to the centroid of the reinforcement from the nearest edge of 

the element, Figure 6.10. The transformation of the moment capacities into principal 

moment direction at 45' will yield, 

ml-, = m,, cos2O + msin 
20= As'fy(h-d, - 

a 6.19 
2 
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as the depth of the cover is normally small as compared to the overall depth of the 

element and for simplicity, let dc = 0, therefore, 

A, fy(h 
2 

6.20 

The depth of the concrete stress block predicted for the pure twisting moment using 

equation 6.15 is twice that predicted by Johansen's yield criterion3, equation 6.17. 

This is because of the fact that in the twisting analysis that both top and bottom 

reinforcement yield in tension. In Johansen's yield criterion only one layer is assumed 

to yield in tension. This in turn leads to an over estimation of the lever ann using 

Johansen's yield criterion and hence an over esthnation of the ultimate twisting 

moment. It can be seen from equation 6.15 that this effect is worse with high area of 

steel and low concrete strength. Figure 6.11 shows the comparison between the ratio 

of the moment capacities calculated from twisting analysis, M,, i,,, and Johansen's 

yield criterion, Mjyc, and reinforcement ratios with and with out the effect of 

compression softening"'. It is evident from Figure 6.11 that as the reinforcement 

ratio increases, M,, i, t/Mjyc decreases. The decreases M,,, i, t/Mjyc in is due to the fact 

that as the reinforcement ratio increases, the difference between the neutral axis depth 

calculated using both the approaches increases, equations 6.15 and 6.17. This 

eventually increases the difference between the moment capacities using both the 

approaches. 

Furthermore, in the case of pure twisting moment the concrete in the principal stress 

directions will be in the state of compression-tension. The tensile strain in one of the 
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principal stress direction will cause a significant reduction in the compressive strength 

of the concrete9' 10"'. The reduction the strength of concrete will increase the depth of 

the neutral axis further as can be seen from equation 6.15. Thus compression 

softening will further reduce the overall lever arm in case of pure twisting and thus 

reduces the moment capacity, Figure 6.11. Johansen's yield criterioný does not 

account for compression softening and hence can grossly over estimate the moment 

capacity of the element with higher reinforcement ratios. 

It is worth mentioning here that if there is no twisting moment present in the 

reinforcement directions and equal and opposite moments are applied in the 

reinforcement directions, the concrete will then be in compression-tension state and 

the compressive strength of concrete will reduce substantially. The reinforcement 

embedded in the compressive stress region of concrete will, however, remain in 

compression and thus the increase in the neutral axis depth will not be very 

significant. The increase in the depth of neutral axis due to compression softening 

alone does not significantly reduce the moment capacity as it is evident from slab 7 

from the work carried out at the University of Manchester 12 discussed in Section 

5.2.3, Chapter 5. 

As the angle between the reinforcement and the principal strain or stress direction 

increases the depth of the neutral axis also increases. The increase in the depth of 

neutral axis not only reduces the moment capacity drastically but in some cases the 

mode of failure can change from an under reinforced failure, as Predicted by 

Johansen's yield criterioný, to an over reinforced failure. This is especially true for 
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higher reinforcement ratios, e. g. for isotropic elements under pure twisting with 

p fy 
> 

1)' 
where, p is the reinforcement ratio, fy is the yield strength of f. 4 

reinforcement and fc is the softened compressive strength of concrete. The depth of 

the neutral axis given by equation 6.15 has been calculated on the assumption that the 

reinforcement is yielding. Elements with a high reinforcement ratio already have a 

larger depth of the neutral axis and any reduction in the compressive strength of 

concrete may increase the depth further. This slight increase in the depth of the 

neutral axis may be such that it may change the mode of failure, thus the assumption 

that reinforcement yields may not necessarily be valid for element with higher 

reinforcement ratios under twisting moment. The change of mode of failure has been 

observed for slabs 3 and 96 , Table 6.1. The change in the mode of. failure from the 

desired under reinforced to an over reinforced failure, nullifies the chances of moment 

redistribution. 

6.3.1 SUMMARY 

On the basis of the above, the causes for over estimation of moment capacity using 

normal moment criterion can be given. The prime cause of over estimation of moment 

capacity in the normal moment yield criterion is the use of Johansen's yield criterion3. 

The approach adopted in Johansen's yield criterion is that the uniaxial moment 

capacities are first determined and then the uniaxial moment capacities are 

transformed into the desired direction. The depth of the neutral axis is assumed to be 

the constant or the state of stress in concrete and reinforcement is assumed to be the 

same as that of uniaxial bending while applying transformation. Whereas, in fact as 
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the direction of the principal moments changes with respect to the reinforcement 

directions, the stress state of the element changes, altering the depth of the neutral 

axis. Johansen's yield criterion can not predict such changes. Consequently it can be 

concluded that the ordinary moment transformation can not predict the actual stress 

state of the concrete and the reinforcement. 

The change in the depth of the neutral axis becomes more significant for when the 

ratio of the principal moments is negative because the reinforcement lying within the 

compressive stress block will be in tension due to its orientation from the principal 

stress direction. When theý ratio of principal moments is positive, even though a 

significant amount of twisting moment is present in the reinforcement direction, the 

tensile stress in the reinforcement lying within the compressive stress block of 

concrete, but oriented at angle from the principal stress direction, does not 

significantly alter the depth of neutral axis and thus the moment capacity does not 

change significantly. 

6.4 NUMERICALLY DEVELOPED FAILURE SURFACES FOR ISOTROPIC 

SLAB ELEMENTS 

In order to confirm the deficiencies in the existing form of the normal moment yield 

criterion using Johansen's yield criterion3, numerical experiments have been 

conducted to calculate the ultimate strength of slabs subjected to combinations of 

bending and twisting moments without in-plane forces, using the program described 
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in Chapter 4. Isotropically and orthotropically reinforced concrete slabs elements with 

varying reinforcement ratios were tested under different loading combinations. 

Isotropic slab elements with varying reinforcement ratios (0.25 %, 0.5 % and I% per 

layer in each direction) have been tested numerically. The section and material 

properties for the slab element tested are given in Table 6.2. The moments m,,, my 

and mxy were applied in such a way that the directions of the principal moments were 

0', 100,300, and 450 with respect to the reinforcement in direction x. The 

combination of the applied moments, m, my and m., y, have been set such that for a 

given orientation of the principal moments a range of principal moment ratios were 

analysed ranging from +I to -1. The reinforcement has been assumed to be placed at 

the same level in the x and the y directions at the top and the bottom faces of the slab 

element. 

6.4.1 FAILURE SURFACES FOR 0.25 % REINFORCEMENT 

Figure 6.12 shows the failure surfaces in principal moment directions for an 

isotropically reinforced slab element with the reinforcement ratio of 0.25 %. It is 

evident from Figure 6.12 that the difference between the ultimate moment capacities 

is not significant when compared with Johansen's yield criterioný. For the case of 

pure twisting, when the principal moments are ± m, the numericallY obtained moment 

capacity was only 5.3 % lower than that using Johansen's. yield criterion. This 

observation is in accordance with the fact that for low reinforcement ratios, although 

all the steel has yielded in tension and the depth of the neutral axis may have 
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increased, the difference between the two lever arms determined from equations 6.16 

and 6.20 will not be significant. 

The stress distribution in the concrete in the principal stress directions is shown in 

Figure 6.13 when the element is subjected to equal and opposite principal moments as 

the angle between the principal moment direction and the reinforcement changes from 

0' to 45'. It can be observed from Figure 6.13 that the increase of the depth of the 

neutral axis can be significant as the twisting moment in the reinforcement directions 

increases from zero at 0' to a maximum at 450, but because the neutral axis depth is 

small, the effect on the lever arm is not significant and the changes to the moment 

capacity are small. The reduction in the compressive strength of concrete due to 

compression softening can also be observed from Figure 6.13. 

Figure 6.14 show the stresses in the reinforcement for the same loading combinations 

as shown in Figure 6.13. It can be seen that yielding in tension of two or more sets of 

reinforcement occur, as expected for all the load combinations. It can also be seen 

that when the angle between the principal moment and the reinforcement directions is 

less than about 30' only two sets of reinforcement have yielded. They are orthogonal 

to each other, thus forming two hinge lines, one at the top and other at the bottom 

face of the slab.. The two hinge lines will be perpendicular to each other. The only 

exception is the case of pure twisting where all the four sets of reinforcement have 

yielded in tension. The type of hinge line formation is in accordance with Johansen's 

yield criterion3 and has been discussed in Section 6.2. It can also be observed from 

Figure 6.14 that as the orientation of principal moment changes, the stress in the 
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reinforcement lying within the compressive stress block of concrete but oriented at an 

angle from the principal stress direction, changes from compression to tension, thus 

forcing the neutral axis depth to increase. 

6.4.2 FAILURE SURFACES FOR 0.5 % REINFORCEMENT 

The failure surfaces for isotropically reinforced slab element with 0.5% reinforcement 

are shown in Figure 6.15. Here again it can be concluded that the difference between 

the moment capacity predicted by the numerical analysis and Johansen's yield 

criterion 3 is not very large. In the case of pure twisting where the maximum 

difference in the capacities occur, the reduction is 12.7 %. However, due to the low 

reinforcement ratio, all the four sets of the reinforcement yield in tension. The 

moment capacity depends on the lever arm which is not significantly different in this 

case when calculated using either the numerical technique or Johansen's yield 

criterion. 

6.4.3 FAILURE SURFACES FOR I% REINFORCEMENT 

For the case of an isotropically reinforced slab element with 1% reinforcement, the 

failure surfaces for principal moment directions varying from 0' to 45' are shown in 

Figure 6.16. The difference in the analytical moment capacity and the capacity using 

Johansen's yield criterion3 increases as the twisting moment in the reinforcement 

directions increases. The difference between the ultimate moment capacities using 

both the approaches is not very significant when the two principal moments are of the 
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same sign. But as the ratio of the principal moments becomes negative, the difference 

between the two capacities also increases significantly. For equal and opposite 

principal moments with principal moment directions of 0'3,100,200,300 and 450 with 

respect to the reinforcement direction the reduction in the moment capacities are 

2.2%, 10.3%, 25.4%, 40.5% and 47.9% respectively with respect to the capacities 

calculated using Johansen's yield criterion. For the principal moment directions of 30' 

and 45' the increase in the depth of the neutral axis is such that the mode of failure 

changes from under reinforced to over reinforced for the reasons discussed in Section 

6.3. 

The stress distribution in the concrete in the principal stress direction is shown in 

Figure 6.17 when the element is subjected to equal and opposite principal moments as 

the angle between the principal moment direction and the reinforcement changes from 

0' to 45'. It can be observed from Figure 6.17 that the depth of the neutral axis is 

greater than that for similarly loaded elements but with a lower percentage of 

reinforcement, Figure 6.13, and the difference is significant as the twisting moment in 

the reinforcement directions increases from zero at 0' to a maximum at 45'. The 

change in the depth of neutral axis depth can significantly reduce the lever aim, hence 

the moment capacity. 

Figure 6.18 shows the stresses in the reinforcement for the above cases and have 

shown yielding of the reinforcement as expected upto 20'. Once again only two sets 

of reinforcement are yielding, thus forming two orthogonal hinge lines at the top and 

the bottom face of the slab respectively. But as the principal moment and the 
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reinforcement direction further deviate from each other, the increase in the depth of 

neutral axis is such that the reinforcement does not yield and the Moment capacity 

thus reduces drastically. Furthermore, the stresses in the top reinforcement changes 

from compression to tension. The tension in the top reinforcement and compression in 

the surrounding concrete are the prime reason for the increase in the depth Of neutral 

axis. 

6.5 NUMERICALLY DEVELOPED FAILURE SURFACE FOR 

ORTHOTROPIC SLAB ELEMENT 

An orthotropically reinforced slab element with 1% and 0.25% reinforcement in x 

and y directions respectively has been tested numerically upto, and beyond failure. The 

reasork for using such reinforcement ratios was to provide a reasonable difference in 

the reinforcement areas in the two directions and to retain practical reinforcement 

ratios. An isotropic slab element with 0.25 % reinforcement showed minimal 

differences with respect to Johansen's yield criterion3, Section 6.4.1. On the other 

hand the isotropic slab element with 1% reinforcement under large twisting moment 

exhibited an over reinforced failure, Section 6.4.3, therefore, reinforcement ratios 

higher than 1% will not substantially increase the moment capacity of the element. 

The intention of using such a reinforcement ratio was to check the validity of 

Johansen's yield criterion for a combination of the minimum and maximum 

reinforcement ratios. The section and material properties of the tested slab are given 

in Table 6.2. The moments, m, my and m,, y, were applied in such a combination that 

the principal moments were at angles of 00,100,30' and 45' to the reinforcement 
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directions. The combinations of the applied moments have been chosen such that for a 

given orientation of the principal moments a range of principal moment ratios from 

1 to -1 were analysed. The reinforcement was assumed to placed at the same level 

in the x and y directions at the top and the bottom faces of the slab. 

Figure 6.19 shows the numerically obtained ultimate strengths compared with the 

strengths from Johansen's yield criterion3, plotted in principal moment space. The 

results show that for all principal moment directions Johansen's yield criterion3 

predicts too high a strength, but where the principal moments ratio is positive 

Johansen's yield criterion is safe. For positive principal moment ratios the maximum 

difference between the numerically obtained moment capacity and that from 

Johansen's yield criterion was 11.2%. This difference was for the loading condition 

when the principal moment directions were at ± 45' with respect to the reinforcement 

directions and when the principal moment in one of the direction was zero. 

In the case of a loading where the principal moments were at an angle of 00 to the 

reinforcement directions and the principal moment ratio is positive, the difference in 

the strengths calculated from both the approaches is insignificant. There is, however, 

a slight increase in the strength in the numericallY calculated ultimate strength and this 

is due to the fact that the concrete strength will increase because it will be in a state of 

compression-compression. The maximum increase in the strength was found to be 

0.75 % when the principal moment ratio was + 1. 
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For a loading combination where the principal moment ratio is -1, but the 

reinforcement and the principal moment directions coincide, the reduction in the 

strength was found to be 2.25 %. This reduction in the strength is due to compression 
9-11 

softening . It has been shown earlier, Section 6.3, that compression softening on its 

own can not reduce the moment capacity markedly. A similar response has been 

obtained for the loading combination when the principal moment ratio was -1 but the 

reinforcement was at 100 principal moment direction. 

For the loading combinations when the principal moments were at ± 300 and ± 45' 

from the reinforcement directions, Johansen's yield criterioný significantly over 

estimates the strength when the principal moment ratio was negative. For a load case 

when principal moment ratio was -1 and the reinforcements were at ± 30', Johansen's 

yield criterion over estimated the moment capacity by 29.54% with respect to the 

numerically obtained moment capacity. Similarly for a loading combination when the 

principal moment ratio is -1 and the reinforcement is at ±450 from the principal 

moment directions i. e. pure twisting, the over estimation in strength is 30.24%. The 

over esthnation in the strength is due to the facts discussed in Section 6.3. 

Figure 6.20 shows the distribution of the stresses in the principal stress direction 

through the depth -of the element for principal moment direction of 0', 100,300 to 450 

to the x reinforcement when the principal moment ratio is -1. It is evident from 

Figure 6.20 that as the twisting moment increases in the reinforcement direction i. e. 

as the angle between the principal moment and the reinforcement directions increases 

the depth of the neutral axis also increases. The concrete stress in the principal stress 
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direction 1-1 changes from compression to tension and then back to compression. 

This is due to the fact that the strain through the depth in the principal direction 1-1 

varies in a similar fashion, Figure 6.21. The non-linear distribution of strain through 

the depth is due to the variation of the principal strain directions, Figure 6.22. The 

basic assumption that plane sections remain plane after bending, however, remains 

valid in numerical analysis. The stresses in the principal stress direction 2-2. are zero 

as the curvatures are so large that the tensile strains fall beyond the falling branch of 

the tension stiffening curve. 

Figure 6.23 shows the stress in the reinforcement for the same loading combinations 

as for Figures 6.20 to 6.22. As the principal moment direction increases with respect 

to the reinforcement directions, Figure 6.1, the stress in the x direction reinforcement 

at the bottom face and the y direction reinforcement at the top changes from 

compression to continuously increasing tension. The increase in this tensile stress in 

the reinforcement, increases the depth of the neutral axis and eventually reduces the 

moment capacity, Section 6.3. For all the principal moment directions at least one 

hinge line have been observed as at least one set of reinforcement is yielding in 

tension except for the case of pure twisting where two sets of reinforcements are 

yielding. The two hinge lines in this case of loading will not be orthogonal to each 

other but will be formed to the top and bottom faces of the slab element. 

Figure 6.24 shows the direct strains in the reinforcement directions and the shear 

strain through the depth of the element and Figure 6.25 shows the corresponding 

stresses for a case of pure twisting when the reinforcements are at ± 450 to the 
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principal moment directions. The strain in all the four sets of the reinforcement are 

tensile and as the reinforcement has been modelled to carry only axial forces, all the 

sets of reinforcement will be in tension. The concrete stresses has been calculated for 

principal strains. Since the reinforcement and the principal strain directions do not 

coincide the stresses in concrete in one of the principal strain directions is in 

compression but the reinforcement will always be tension. 

Figure 6.26 shows the stress distribution in the principal stress direction through the 

depth as the principal moment direction varies from 10' to 45' from the x direction 

reinforcement for the loading combination where principal moment produce uniaxial 

bending. The principal moment in direction 2-2 is zero. it can be once again observed 

that the principal moment changes from compression at the top to tension and back to 

compression. It is once again due to the non-linear strain distribution through the 

depth as shown in Figure 6.27. 

The stresses in the reinforcement for the above mentioned principal moment uniaxial 

bending are shown in Figure 6.28. Once again it can be observed that the stress in the 

reinforcement lying within the compressive stress block of concrete but oriented at an 

angle from the principal stress direction, are tensile which causes the depth of the 

neutral axis to increase, Section 6.3. Only one hinge line have been produced as only 

one set of reinforcement is yielding, however, all four sets of reinforcement are 

interacting with each other because of the presence of the twisting moment. 
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Figure 6.29 and Figure 6.30 shows the direct and the shear strain and stress 

distribution through the depth of the element for uniaxial bending in principal moment 

directions with reinforcement at ± 450. It can be observed from Figure 6.29 that the 

strain in the reinforcement directions are tensile but as the stresses in concrete are - 

principal stresses they can be either compression or tension. Thus the reinforcement 

can be in tension even if lying within the compressive stress block of concrete since it 

is oriented at an angle from the principal stress direction. 

6.6 EFFECT OF TWISTING MOMENT ON DUCTILITY 

A reinforced concrete member is considered to be efficiently designed if apart from 

having a load capacity greater than the applied loads, it exhibits under reinforced 

behaviour. In an under reinforced member the reinforcement yields first followed by 

the crushing of concrete. The ratio of the deformation at the ultimate load to the 

deformation at the yield of the reinforcement is usually used to express the ductility of 

the member. 

It has been established that the ductility of a reinforced concrete element depends on 

13 
the following factors 

An increase in the area of tension reinforcement reduces the ductility. 

*A decrease in the concrete strength reduces the ductility. 
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* An increase in the area of compression reinforcement increases the 

ductility. 

* An increase in the yield strength of the tension reinforcement reduces the 

ductility. 

Apart from the factors mentioned above, it has been observed in this study that the 

ductility of a reinforced concrete slab element reduces with the increases in the 

twisting moment in the reinforcement directions. The effect of twisting moment on 

ductility of an element can be substantial. The increase in the twisting moment can 

change the mode of failure of an element from an under-reinforced when subjected to 

bending moments to an over reinforced under twisting moment. This fact has been 

discussed in Section 5.4.2, Chapter 5, Section 6.3 and can be observed in Figures 

5.23,5.25 and 5.28. 

The effect of twisting moment on ductility is evident from Figure 6.31, which shows 

the moment-curvature response of an isotropic slab element with I% reinforcement. 

The section and the material properties of the element are given in Table 6.2. The 

element was subjected to increasing twisting moments. This was accomplished by 

applying equal and opposite principal moments with the angle between the 

reinforcement and the principal moment directions as 0', 100,20", 30' and 450. It can 

be observed from Figure 6.31 that as the twisting moment increases in the 

reinforcement directions, ductility decreases significantly. The ductility is usually 
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defined as the ratio of the curvature at ultimate moment, (p., to the curvature at the 

13 
yield of the reinforcement, (p, Figure 6.32 

, i. e. 

Ductility index = 
(PU 
Ty 

6.21 

The ductility index of an isotropically reinforced element with 1% reinforcement ratio 

has reduced from 5.35 with no twisting moment to 2.66,1.21,1,1 when the twisting 

moment is increased such that the angle between the reinforcement and the principal 

moment directions were 0', 10', 20', 300 and 450 respectively as shown in Figure 

6.33. For 30' and 450 angles the element showed an over reinforced response in 

which the concrete crushes prior to the yielding of the reinforcement, thus has a 

ductility index of 1. 

The reasons for the reduction in ductility are same as the causes of deficiencies in 

Johansen's yield criterion 3 which have been discussed in Section 6.3. However, the 

reasons have once again been summarised here. The increase of twisting moment in 

the reinforcement direction, increases the angle between the principal strain and the 

reinforcement directions. The reinforced concrete element consists of concrete which 

is a continuum and reinforcing bars which are discrete. Thus the concrete will be 

stressed at maximum direct strain i. e. principal strain. On the other hand the 

reinforcement can only have axial stress. The strain in the reinforcement direction 

will be less than the maximum direct strain on the element because the principal strain 

and reinforcement directions do not coincide. Therefore, as the twisting moment 

increases, so does the angle between the reinforcement and the principal strain 
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direction, consequently the stress in the reinforcement reduces. But as the concrete is 

still stressed in the principal strain direction it will have similar compressive stress as 

that of an element with lesser twisting moment. Hence the concrete is relatively more 

stressed as compared with the reinforcement with the increase in the twisting moment. 

Therefore, the ductility reduces with the increase of twisting moment in the 

reinforcement directions. Hence it is the balance between the principal compressive 

strain and the tensile strain in the reinforcement direction that defines the ductility of 

the element. 

The other factor that effects the ductility with increase in the twisting moment is the 

reduction in the concrete strength due to compression softening"'. With the increase 

in the twisting moment effect of compression softening increases, therefore, the 

strength of concrete reduces, decreasing the ductility. 

The effect of area of reinforcement on ductility with the increase in the twisting 

moment can be observed in Figure 6.33. The variation of the ductility index with 

respect to the twisting moment is shown in Figure 6.33 for isotropic slab elements 

with 0.25%, 0.5% and 1% reinforcement ratios. It is evident from Figure 6.33 that 

the ductility is significantly reduced with the increase in the area of the reinforcement 

for a given angle between the principal moment and the reinforcement directions. The 

reduction in ductility with the increase in the reinforcement is due to the fact the at 

ultimate load, an element with lesser amount of reinforcement. will have a shallower 

neutral axis depth as compared with an element with larger amount of reinforcement. 

Thus the principal tensile strain will be larger and subsequently the tensile strain and 
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stress the in the reinforcement will also be large. Therefore, in the elements with 

lesser amount of area of steel, the reinforcement will yield prior to the crushing of 

concrete, hence will be more ductile. For element with 0.25 % reinforcement the 

ductility reduces significantly with the increase in the twisting moment, Figure 6.33, 

but it has exhibited an under reinforced response even under pure twisting i. e. at 45' 

angle. The slab element with 0.5% reinforcement showed an over reinforced 

behaviour at pure twisting. 
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Table 6.1: Comparison of ultimate experimental moments of Matti et a 
jError! Boolanark 

not derined. 
slabs with ultimate moment capacities using Johansen's yield criterionError! 

Boolanark not derined. 

Slab p I p sy , MY. U 
m 

YU 
m 

XYU m XYU 
IIIxyu (equation 6.4) 

no 

M 

p sx 

M M 

p sy 

(M-m1m) (kN-rnlm) 
(equation 6.4) 

(kN-nVm) 
(expefimental) 

(kN-nVm) 

Tnyu (experimental) 

1 0.25 0.25 0.25 0.25 1 49.0 46.8 47.9 44.4' 1.08 
2 0.5 0.5 0.5 0.5 97.2 91.1 94.1 69.5' 1.35 
3 1 1 1 1 155.5 141.1 148.1 93.8 a 1.58 
4 0.5 0.5 0.25 0.25 98.0 46.8 67.7 1.33 
5 1 1 0.25 0.25 162.1 45.2 85.6 60.6- 1.41 
6 1 1 0.5 0.5 155.2 85.0 114.8 63.6 1.80 
7 0.25 0.25 0.25 0.25 43.4 40.8 42.1 0.99 
8 1 1 0.25 0.25 43.1 39.6 75.3 64.8 1.16 
9 11 1 1 1 142.3 129.1 135.5 101.5 1.33 
Corner failed prior to reaching ultimate load 
Corner failed after reaching ultimate load 
Over reinforced failure 

Table 6.2: Section and material 

Overall depth of the element 200 mm 

Distance of r/f centroid to the nearest edge of element 118 mrn 

Reinforcement ratio 

Compressive strength of concrete 

Strain corresponding to compressive strength 

Tensile strength of concrete 

Cracking strain of concrete 

Modulus of elasticity of steel 

Yield strength of steel 

0.25%- 1% (varies-isotropic slab) 

1% (x direction - orthotropic slab) 

0.25% (y direction - orthotropic slab) 

37.5 N/niný 

2.5 x 10-3 

3.35 N/nuuý 

1.12 x 10-4 

200 x 103 Nhnný 

481 N/MM2 

ot tne numericany testea siaD. 
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Figure 6.1: Reinforced concrete slab element 

200000 

150000 

100000 

50000 
E 
E 
z0 

E -50000 0 

-100000 

-150000 

-200000 

---2 tj 

Figure 6.2: Graphical representation of the normal moment yield criterion 
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Figure 6.4: Normal moment yield criterion for isotropic slabs in m,,, my and m,, y 
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Figure 6.5: Normal moment yield criterion for orthotropic slabs with directional 
isotropy (a) in m.,, my and m,, y space (b) plan 
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Figure 6.6: Normal moment yield criterion for orthotropic slab (a) in m.,, my 
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Figure 6.8: Mohr's circle of moment capacities for slab element with reinforcement 
on one face only 
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Figure 6.24: Strain state at ultimate load of orthotropically reinforced slab 
element in the reinforcement direction when subjected to pure 
twisting 

-1. OOE+01 

1.50E-02 
Strain 

1.50E+01 

Stress (MPa) 

Depth (mm) 

Figure 6.25: Stress state at ultimate load of orthotropically reinforced slab 
element in the reinforcement direction when subjected to pure 
twisting 
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Figure 6.26: Principal stress state at ultimate load of orthotropically reinforced 
slab element when subjected to uniaxial bending in principal moment 
direction 
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Figure 6.27: Principal strain state at ultimate load of orthotropically reinforced 
slab element when subjected to uniaxial bending in principal moment 
direction 
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Figure 6.28: Variation of reinforcement stress at ultimate load for orthotropic slab 
element when subjected to uniaxial bending in principal moment 
direction 
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Figure 6.29: Strain state at ultimate load of orthotropically reinforced slab 
element in the reinforcement directions when subjected to uniaxial 
bending in principal moment direction with reinforcement at 45' from 
principal moment direction 
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Figure 6.30: Stress state at ultimate load of orthotropically reinforced slab 
element in the reinforcement directions when subjected to uniaxial 
bending in principal moment direction with reinforcement at 450 
from principal moment direction 
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CHAPTER 7 

DESIGN OF REINFORCED CONCRETE SLAB ELEMENTS 

7.1 MRODUCTION, 

Over recent decades researchers 1,2,3,4 5 have developed many design techniques for 

reinforced concrete slabs subjected to mixed moment fields. One of the most popular 

design techniques make use of the Wood-Anner 3,4 rules, especially in the UK. 

However, these rules are also used in other countrieS6 . These design rules are easy to 

use and are being used especially for the design of reinforcement for bridge decks. 

These design rules can produce unsafe results under certain loading conditions i. e. an 

element designed using these rules may have a lower capacity than it is designed for. 

This over estimation of strength is due to the fact that the design rules use the normal 

moment yield criterion which uses Johansen's yield criteriorJ. Johansen's yield 

criterion has some serious deficiencies which have been discussed in Section 6.3, 

Chapter 6. 

In order to use any design procedure, that uses the normal moment yield criterion, 

safely either the criterion defining the strength of the slab element i. e. Johansen's 
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yield criterion7 must be modified or some limit must be imposed on the maximum 

area of reinforcement to ensure an under reinforced failure under given loading 

conditions. Modifying Johansen's yield criterion for a generalised set of loading 

where the failure direction does not coincide with the reinforcement directions is not 

easy and may be impossible. Imposing an upper limit on the area of reinforcement 

that can be provided in the element may be more practical. It has been shown in 

Section 6.4, Chapter 6, that for low areas of reinforcement the strength predictions 

using Johansen's yield criterion are reasonably accurate. 

This Chapter deals with the design and analysis of reinforced concrete slab elements 

subjected to moments only i. e. with no in-plane forces. This Chapter provides a hand 

calculation method that can be used for the design and analysis of slab elements 

subjected to pure twisting moment. A procedure to design and analyse slab elements 

in mixed moment field has also been discussed. However, it was not possible to 

provide simple calculation method -for design and analysis for slab elements due to 

certain difficulties. Instead a numerical procedure, based on the computer program 

discussed in Chapter 4, has been proposed to design slab elements in mixed moment 

field. 

7.2 DESIGN PIDILOSOPHY FOR REINFORCED CONCRETE ELEMENTS 

The design of a reinforced concrete element in flexure is considered to be safe if the 

capacity of the element is greater than the required design moment and the element is 

under reinforced i. e. the failure is initiated by yielding of the reinforcement. In order 
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to ensure yielding of the reinforcement either the depth of the neutral axis is restricted 

or the area of reinforcement to be provided is limited. The area of reinforcement at 

which the concrete crushes and the reinforcement yields simultaneously is termed as 

the balanced area of reinforcement. The balanced area of reinforcement is the upper 

limit on the amount of reinforcement that can be provided to ensure yielding of the 

reinforcement. It is usually expressed as a proportion of the overall depth of the 

element and termed as balanced reinforcement ratio. 

The balanced 'reinforcement ratio is dependent on the type of loading i. e. the strain 

profile through the depth of the slab element. Therefore, expressions for the balanced 

reinforcement ratio for different strain states have been developed in the following 

Sections. The following assumptions have been made in order to determine the 

expressions for the balanced reinforcement ratio. 

1. Plane section remains plane after bending. 

2. A rectangular stress block for concrete in compression has been used, Figure 

7.2. 

3. The strength of concrete in tension has been neglected. 

4. The reinforcement can carry stress axial stress only. 

5. The reinforcement has been assumed to be placed at the same level, at the top 

and bottom faces, in the two orthogonal directions. 
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7.2.1 BALANCED REINFORCEMENT RATIO FOR AN ELEMENT UNDER 

UNIAXIAL BENDING 

Consider a reinforced concrete slab element of overall depth, h, with the balanced 

area of reinforcement provided at the bottom face in the direction of bending, Figure 

7.2a and 7.2b. The strain profile at ultimate load in the principal direction 1-1 is 

shown in Figure 7.2c. The stress distribution through the depth in the principal 

direction 1-1 is shown in Figure 7.2d. Figure 7.3 shows the Mohr's circle of strain at 

the reinforcement level. It is important to point out that the principal strain, the 

principal moment and the reinforcement directions coincide the failure direction is at 

right angles. 

The following expression can be obtained, Figure 7.2c, 

0.0035 
fy / F, 

where, xB bal = depth of neutral axis in uniaxial bending for a balanced section 

d= effective depth of the element 

fy = yield strength of the reinforcement 

ES = modulus of elasticity of the reinforcement 

If Es is taken as 200 x 103 MPa then equation 7.1 can be rewritten as, 

7.1 
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B 
bal = 

700 d 
7.2 

700 + fy 

From Figure 7.2d, 

AB bal fy = 
kif'c XB bal 7.3 

where ABbal = balanced area of reinforcement in uniaxial bending 

k, = factor related to width of simplified compressive stress block 

f= compressive strength of concrete 

or, pB bal=kt 
f. x bal 

7.4 
f, h 

where, PB bal = balanced reinforcement ratio in uniaxial bending = 
AB 

bal /h 

h= overall depth of the element 

substituting the value Of Xý3bal from equation 7.2 into equ . ation 7.4, 

pB bad= ki 
f. 700 )d7.5 
fy 0-0 -+fy -h 

From equations 7.1 and 7.4 it is evident that the balanced area of reinforcement 

depends on the compressive strength and crushing strain of concrete, the yield 

strength and modulus of elasticity of the reinforcement. 
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For practical range of f 'c dy the value of PBbal varies from 1.9% to 3.8% if d/h is 

assumed to be 0.9, Figure 7.4. 

7.2.2 BALANCED REINFORCEMENT RATIO FOR AN ELEMENT UNDER 

BIAXIAL EQUAL AND OPPOSITE BENDING MOMENTS 

Consider now an element subjected to biaxial. equal and opposite moments in the 

reinforcement directions. The balanced amount of reinforcement is provided at the 

bottom face of the element in the x direction and at the top face in the y direction to 

resist bending moments, Figure 7.5a. The strain profiles at ultimate load in the 

principal strain directions are shown in Figures 7.5b and 7.5c. The stress distribution 

in the'principal stress direction 1-1 is shown in Figure 7.5d. In this case the principal 

strain directions and the reinforcement directions coincide. The concrete will be in a 

state of compression-tension throughout the depth and the compressive strength of the 

concrete will, therefore, be reduced 8,9,10. The ratio of the principal moments is -1 and 

the principal moment directions, the reinforcement and the failure directions will 

coincide. 

The depths of the neutral axes will be the same in two principal strain directions, 

Figures 7.5b and 7.5c, and are given by equation 7.2. In order to obtain the 

expressions for the balanced reinforcement ratio in the two reinforcement directions a 

similar procedure can be employed as that used for uniaxial bending. However, the 
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balanced reinforcement ratio will be the same in both the directions. The following 

expression will be obtained. 

pBw= ki f 700 )d7.6 
fy 700 + fy h 

0 The above expression is similar to equation 7.5 but due to compression softening"" , 

the compressive strength of the concrete will be substantially reduced and the factor 

k, will also be reduced. This will result in a smaller value for the balanced 

reinforcement ratio compýred with that for uniaxial bending but the depths of the 

neutral axes will be the same as that for uniaxial bending. A comparison of the depths 

of the neutral axes and balanced reinforcement ratio have be carried out in Section 

7.2.5. However, for pratical range of f '. Ify the value of p'u varies from 1.6 % to 

3.25 % if d/h is assumed to be 0.9, Figure 7.4. 

7.2.3 BALANCED REINFORCEMENT RATIO FOR AN ELEMENT UNDER 

PURE TWISTING 

An element subjected to pure twisting moments require similar areas of reinforcement 

in the x and y directions in both top and bottom faces. All four sets of reinforcement 

will be in tension. The concrete will be in a state of compression-tension in the 

principal stress directions throughout the depth, therefore, the compressive strength of 

8-10 the concrete will be reduced due to compression softening 
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The principal strain directions, principal moment directions and the failure directions 

will be at ± 45' with respect to the reinforcement directions. The ratio of the principal 

moments will be -1. 

Consider an element of depth, h, subjected to pure twisting moments has a balanced 

area of reinforcement, AT balg in the x and y directions, at both the top and bottom 

faces. Figures 7.6b and 7.6c, show the strain profiles at ultimate load through the 

depth of the element in the principal strain directions 1-1 and 2-2 respectively. 

Figures 7.6d and 7.6e show the stress distribution in the principal stress directions 1-1 

and 2-2 respectively. The Mohr's circle of strains at ulthnate load, Figure 7.7, 

indicates the strain both in the principal strain and the reinforcement directions. E, is 

the principal tensile strain at the bottom reinforcement level in direction 1-1 and E. is 

the principal compressive strain at the bottom reinforcement level in direction 2-2. All 

the sets of the reinforcement will yield in tension and the strain in the reinforcement 

directions will be fy/E,. Since the 'reinforcement is at 45' from the principal strain 

direction, the principal tensile strain will be obyiously greater than the yield strain of 

the reinforcement. Hence, Figure 7.7, the principal tensile strain direction 1-1, &, is, 

sý=r. +2f� /F. 7.7 

and from Figure 7.6c, 

0.0035 (x'b., - c) 7.8 
x bat 
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where, c. = compressive strain in principal direction 2-2 at the level of 

the reinforcement 

XT bal = depth of the neutral axis for a balanced section under pure twisting 

C= distance between the centroid of the reinforcement and the nearest 

concrete edge 

and from Figure 7.6b, 

xT bal O. W35 
d- XTbal st 

7.9 

substituting the value s, from equation 7.7 and F. from equation 7.8 into equation 7.9 

and assuming E, = 200 MPa and simplifying, the depth of the neutral axis is given 

by. 

T 
bal ý 

700 h 
1400 + 2fy 

7.10 

Figure 7.6d shows the simplified stress block for the concrete in compression and the 

tensile forces in the reinforcement in the principal stress direction 1-1. From 

equilibrium of forces, 

2A'b. i fy = ki f'c XT bal 7.11a 
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where k, is the factor related to the width of simplified compressive stress block. The 

numerical value of k, will be different from that used in equation 7.3 since the 

concrete will be in state of compression-tension. 

T ki fc XT bal 

Thus, P bal - 
2 fy h 

where, PT bal = balanced reinforcement ratio for a section under pure twisting 

=ATb,, I/h 

7.1 lb 

Substituting the value xTbl from equation 7.10 in equation 7.11b gives the following 

expression. 

pT bal 
ki f. 

( 
700 

7.12a 
2 f, 1400+2f, 

I 
or, pT bal --: 0284 c 7.12b 

fy 1400 +2 fy 

For pratical range of f 'C dy the value of pT b; d varies from 0.45% to 0.9%, Figure 

7.4. 

The moment capacity of the balanced section in pure twisting can be derived using 

Figure 7.6d and applying moment equilibrium. 
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MT '? Th 
XT bal=kif cX bal (- - 

k2 
bal) 7.13a 

2 

or, MT 
bal= 0.568 fc XT bal 

(h_0.55 XT bal) 7.13b 
2 

where k2 = factor associated with the centroid of the rectangular compressive 

stress block of concrete 

The compressive response of concrete is different in the compression-tension stress 

state from the uniaxial compressive response, Section 3.2.1.2, Chapter 3. The 

determination of the values of k, and k2 in equations 7.12b and 7.13b using the model 

adopted for the compressive response of concrete in the numerical analYsis for the 

state of compress ion-tension is given in Appendix B. 

7.2.4 BALANCED REINFORCEMENT RATIO FOR AN ELEMENT UNDER 

MIXED MOMENT FIELD 

Slab elements are commonly subjected to a combination of bending moments in the 

reinforcement directions accompanied by twisting moments. When an element is 

designed for such a moment field, orthotropic sets of reinforcement are required. 

Orthotropically reinforced slabs are thus the most common type of slabs in use. Such 

slabs are difficult to analyse and design since the reinforcement directions, 

principal moment directions, principal strain and stress directions and the failure 

directions do not coincide with each other. The design or the strength assessment of 
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an orthotropic slab element is complicated further because the principal strain and 

stress directions vary throughout the depth. An attempt has been made in the 

following Sections to provide a possible line of action for the design and strength 

assessment of orthotropic slabs elements using hand calculations but the complete 

solution to the problem has not been achieved. However, numerical techniques such 

as that described in Chapter 4 can be used in strength assessment and design such slab 

elements and has been discussed in Section 7.4. 

7.2.4.1 Balanced Reinforcement Ratio for an Element under Biaxial Equal and 

Opposite Bending and Twisting Moments 

An element subjected to biaxial equal and opposite bending moments in the 

reinforcement directions accompanied by a twisting moment when designed using the 

Wood-Armer3 A rules, will have an area of reinforcement in the x direction in the 

bottom face equal to that the y direction in the top face. It will have an area of 

reinforcement in the y direction in the bottom face and that the same in x direction in 

the top face but different to that in the other directions. 

The orientation of the principal strain and stress directions through out the depth will 

be constant. However, the principal strain direction will not coincide with the 

reinforcement directions or the principal moment direction but the failure directions, 

according to the normal moment yield criterion, will be at ± 450 from the 

reinforcement directions if the optimum amount of reinforcement is provided. The 

ratio of the principal moments will be -1. 
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Consider an element of overall depth h and the area of reinforcement in the x 

direction in the bottom face and the area of reinforcement in the y reinforcement in 

the top face A and that in the y direction bottom face and the x reinforcement top face 

A' . Assumed that A> A' , Figure 7.8. Assume that the loading ratio is such that all 

the four sets of reinforcement are in tension. 

In order to have a balanced failure the smaller area of reinforcement, AI, will yield 

first followed by the yielding of the larger area of reinforcement, A, and the crushing 

of concrete simultaneously. The principal strain profiles, principal stress distributions 

are shown in Figure 7.9. The Mohr's circles of strain at the top and bottom 

reinforcement levels are shown in Figure 7.10. It is evident for Figure 7.10 that the 

strain in the larger area of reinforcement, A, will be at yield strain, fy/Es, but the 

tensile strain in the smaller area of reinforcement, A' , will be larger than the yield 

strain of the reinforcement. 

If cý and Ec are the principal tensile and compressive strain at the level of the 

reinforcement then from Figure 7.9, 

Cc = 
0.0035(Xbal 

- C) 

7.14 
xbal 

0.0035 (d - xbat) 
Et 

Xbal 

and from Figure 7.10a, 

7.15 
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&=&+ (X + 1) f, ' / 7.16 

where, k= ratio of tensile strain in the smaller area of reinforcement direction 

to the yield strain. 

From Figure 7.9a 

Xbal 0.0035 
d- XbaJ Et 

7.17 

Substituting the values of & and & from equation 7.16 and 7.14 into equation 7.17 

and using E, =200 MPa and simplifying, 

Xbal ý-- " 
700 h 7.18 

1400 + (X + 1) fy 

From A ABC in Figure 7.10a 

AB = AC cos20 7.19 

where, 0= angle between the larger area of reinforcement, A, and principal 

strain direction 1-1 

and AC = Diameter of circle= E, + F. 7.20 

188 



Substituting the values of E, and F, from equations 7.14 and 7.15 into the above 

expression to obtain 

AC = 
O. W35 (d - xbj) 7.21 

Xbal 

and AB = 
fy 

(2, - 1) 
F, 

7.22 

Now substituting the values of AC and AB from equation 7.21 and 7.22 into 7.19 and 

simplifying to obtain the following. 

xbo+7W(d - c)cos20 7.23 
Xbal fy 

using Es = 200 MPa 

Now by putting the value of X from equation 7.23 into 7.18 to obtain, 

Xw = 
700h - 700(d - c) cos 20 7.24 

1400 + 2fy 

The above expression is valid for principal moment ratio of -1 where 450-<Os: 90". 

From Figure 7.9c, 
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(A + A') f, = ki f '. xbi 7.25a 

t 
or, Pbal +pI =ki 

fc Xbal 
' 7.25b fy h 

where, p' = A' /h 

Substituting the value Of Xb. J from equation 7.18 into above equation to get the 

following expression. 

t 

c Xbal 
Pbal +p ki-- 

fy h 
7.26a 

fc Xbal 
or, Pbal +p0.568-- 7.26b 

f,, h 

f 
baJ or, pbal p 7.26c 

f, h 

The value Of XbaJ can be obtained using equation 7.24 if the angle between the larger 

area of reinforcement and principal strain direction, 0, is known. It not possible to 

predict the value of 0 in most of the loading cases. However, it is also difficult to 

proportion the reinforcement using the above described procedure. The calculation of 

the value of k, in equation 7.19c is given in Appendix B. 
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7.2.4.2 Balanced Reinforcement Ratio for an Element under Generalised Set of 

Moments 

For a more generalised set of loading in which bending moments of different 

magnitudes are applied in the reinforcement directions accompanied by twisting 

moment, the design will produce a completely orthotropically reinforced element i. e. 

all the four sets of reinforcement will have different areas to each other. The 

orthotropically element with generalised set of loading will be difficult to analyse. In 

the element the reinforcement directions will not coincide with principal moment 

directions, principal strain and stress directions and failure directions. 

It is evident from Sections 7.2.1,7.2.3 and 7.2.4.1 that the balanced reinforcement 

ratio depends on the principal strain profile through the depth of the element. If the 

reinforcement is at an angle from"the principal strain directions then the principal 

strain at the reinforcement level can not be estimated unless the angle between the 

reinforcement and principal strain directions is known. However, expressions for 

depth of the neutral axis for balanced section and balanced reinforcement ratio can be 

developed provided the strain distribution remains linear as shown in Section 7.2.4.1. 

Such expressions,. however, remain indeterminate as the angle between the principal 

strain and reinforcement directions is not known. For a completely orthotropic 

element the principal strain distribution through the. depth is not linear since the 

principal strain directions continuously change. The varying principal strain directions 

further complicates the interpolation of strains at any level through the depth and thus 
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the analytical expression for the depth of neutral axis for a balanced section and 

balanced reinforcement ratio may not be developed easily. 

However, numerical procedures such as described in Chapter 4 can be used to design 

the slab elements in mixed moment field which has been discussed later in Section 

7.4. 

7.2.5 DISCUSSION 

From an inspection of the analytical expressions for the balanced reinforcement ratio 

and the depth of neutral axis in the preceding Sections, it can be concluded that both 

the balanced reinforcement ratio and the depth of neutral axis are dependent on the 

strain-profile through the depth of the element i. e. the type of loading and varies 

significantly with it. The reason is that as the angle between the principal moment 

directions and the reinforcement directions increases or as the twisting moment in the 

reinforcement directions increases, the angle between the principal strain directions 

and the reinforcement directions also increases. The balanced reinforcement ratio 

mainly depends on the depth of neutral axis which in turn depends on the principal 

tensile strain at the reinforcement level. As the angle between the reinforcement 

directions and the principal strain direction increases, the principal tensile strain at the 

level of the reinforcement also increases. An increase in the principal tensile strain at 

the level of the reinforcement not only increases the principal curvature but also 

reduces the depth of the neutral axis, because the principal compressive strain is the 

crushing strain of concrete which is fixed, Figure 7.11. The reduction in the depth of 

the neutral axis depth reduces the balanced area of reinforcement. Thus an element 
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under pure twisting requires significantly lesser area of reinforcement to be over 

reinforced as compared to an element under uniaxial bending, Section 6.6, Chapter 6. 

Figure 7.12 shows the moment capacities of an isotropically reinforced element for 

different reinforcement ratios when subjected to uniaxial bending and pure twisting 

moments. It is evident from Figure 7.12 that the balanced reinforcement ratio is 

significantly lower for the case of pure twisting moment. For an isotropically 

reinforced slab element under pure twisting the angle between the principal strain and 

reinforcement directions is a maximum i. e. ± 450, thus the principal tensile strain at 

the level of reinforcement must be larger than the corresponding tensile strain under 

uniaxial strain. Under uniaxial bending for a balanced section the maximum tensile 

strain at the level of the reinforcement is the same as the yield strain since the 

reinforcement directions and the principal strain directions coincide. Figure 7.11 

shows the strain profiles for isotropic slab element under pure twisting and uniaxial 

bending whereas, Figure 7.13 shows the Mohr's circles for strain at the bottom 

reinforcement level. It is evident from Figures 7.11 and 7.13 that as the angle 

between the principal strain and reinforcement directions increases, the maximum 

principal tensile strain at the reinforcement level also increases, forcing the depth of 

the neutral axis to reduce because the maximum compressive strain is fixed, 

eventually reducing the balanced reinforcement ratio. 

The balanced reinforcement ratio also depends on the compressive strength of 

concrete and the yield strength of the reinforcement. The balanced reinforcement ratio 

varies in direct proportion with f'ý /fy where f'C is the compressive strength of the 
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concrete and fy is the yield strength of the reinforcement. When the concrete is in the 

state of compression-tension the compressive strength of concrete is significantly 

reduced 8-10 due to the orthogonal tensile strain. Thus in case of pure twisting, the 

compressive strength is reduced due to compression softening and this affects the 

balanced reinforcement ratio. This effect may not be as significant as the effect due to 

the angle between the principal strain and reinforcement directions but when the two 

effects are combined, the effect on the balanced amount of reinforcement ratio is 

compounded. Figure 7.4 shows the variation of balanced reinforcement ratio with 

f 'C MY for different type of loading. The balanced reinforcement ratio for the case 

when biaxial equal and opposite moments are applied is 15 % lower than the balanced 

reinforcement ratio for uniaxial bending but it is 76.5 % lower in case of pure 

twisting. A similar comparison is shown in Table 7.1 in order to quantify the effects 

of the reduction of the compressive strength of the concrete due to compression 

softening and the effect of the angle between the principal strain and the 

reinforcement directions separately. A slab element of overall depth 200 nun, f'c = 

40 MPa and fy = 500 MPa, subjected to uniaxial bending, biaxial equal and opposite 

bending and pure twisting separately is considered. The depth of the neutral axis for a 

balanced section and balanced reinforcement ratio can be calculated ftorn equations 

7.2,7.4,7.10 and 7.12b respectively, for each case. As expected the depth of the 

neutral axis for uniaxial. bending and biaxial. bending with equal and opposite 

moments does not change. In the case of pure twisting the depth of neutral axis 

reduces by 45 % as compared to the neutral axis depth for uniaxial bending. The effect 

of reduction of the compressive strength 8-10 due to compression softening on the 

balanced reinforcement ratio can be observed by comparing it with the balanced 

194 



reinforcement ratio for uniaxial bending. The reduction in the balanced reinforcement 

ratios was similar as mention earlier. 

From the above discussion it can be concluded that the moment capacity of an element 

is dependent on the type of loading. An element may be safe and efficient for one set 

of moments but may not be adequate for another set. Therefore, it is necessary to 

develop guidelines for the analysis and design of slab elements in which the principal 

moment and the reinforcement directions do not coincide. 

7.3 GUIDELINES FOR ANALYSIS AND DESIGN OF ELEMENTS UNDER 

PURE TWISTING 

A reinforced concrete slab element subjected to pure twisting moment requires four 

sets of isotropic reinforcement if designed using the Wood-Armer 3.4 rules. Such an 

element can be rendered safe for all loading conditions if the area of reinforcement is 

low i. e. p 
fy 

-< 
0.11 

, 
Section 7.3.1.1 and Table 7.2. 

f, 

If the above condition is satisfied then the failure of the element is by yielding of the 

reinforcement and thus the strength prediction is fairly accurate, Section 6.4, Chapter 

6. But . if p 
fy 

>011 the element is an over reinforced element and the reinforcement f. 

does not yield, making the strength prediction using Johansen's yield criterion 

inaccurate and unsafe. Figure 7.14 shows the variation of the strength index, 
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M, wi,, /Mjyc, with the reinforcement ratio, where M,, it is the moment capacity of the 

element under pure twisting moment using equation 7.13b and Mjyc is the pure 

twisting moment capacity using Johansen's yield criterion. It can be observed from 

Figure 7.14 that for a reinforcement ratio less than the balanced reinforcement ratio, 

the pure twisting capacity of the element is not very different from the capacity using 

Johansen's yield criterion. But for a reinforcement ratio greater than the balanced 

reinforcement ratio, the difference between the capacities increases significantly. It is 

due to the fact that for the reinforcement ratios greater than the balanced 

reinforcement ratio, the reinforcement does not yield and this can not be predicted 

using Johansen's yield criterion. 

Since the analytical expressions for the balanced reinforcement ratio and the depth of 

the neutral axis for a balanced section under pure twisting have been obtained, 

therefore, the discussion in this Section is limited to the analysis and design of 

elements under pure twisting moment only. The procedure to be adopted for the 

design of the slab elements in mixed moment field is given in Section 7.4. 

7.3.1 ANALYSIS OF AN ELEMENT UNDER PURE TWISTING 

For an element subjected to pure twisting moment, the angle between the principal 

strain and the reinforcement direction is a maximum i. e. ± 45*. A hand calculation 

procedure is proposed in this Section to evaluate the pure twisting moment capacity of 

an isotropically reinforced element with given reinforcement. The procedure is 
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1. Determine PT bal from equation 7.12b and check whether the provided steel 

ratio, ppro : ýý pT bal where, pp. = Ap. 0/h and Apro iS the area of reinforcement 

provided per layer per direction 

2. If P'. :! ý PT bal the moment capacity of the element will be, 

MT 
=0.568 f'c XT (h _ 0.55 XT) 7.27 

2 

where, XT 
p,. h f, 

7.28 
0284 f'. 

3. If P'. >PT bal the moment capacity of the element can still be calculated using 

equation 7.27 but xT has to be obtained by solving the following quadratic 

equation. 

0368 T +1400 XT 
-700h =07.29a p p,. h 

or, xT=p, 
h [-1400 + 

V(1400)2 

+1590.4f'C/pp. ] 7.29b 
1.136 fc 

The moment capacity obtained from equations 7.27 and 7.29 assumes a partial safety 

factor of 1, associated with the material properties as suggested by British Codes of 

Practice". 
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Examples are given in Appendix C. 

7.3.1.1 Validation of Model for Moment Capacity 

In order to validate the procedure to calculate the moment capacity of the element, 

comparisons have been made with four experimental studies 
12,13,14,15 

on isotropically 

reinforced slab under pure twisting. The results and details of the material and section 

properties of the specimens have been tabulated in Table 7.2. The balanced 

reinforcement ratio, actual depth of the neutral axis and the twisting moment capacity 

of the elements have been calculated using equations 7.11b, 7.10 and 7.13b 

respectively. The comparison of the moment capacities is found to be good and on an 

average the moment capacity is under estimated by 2% with respect to the 

experimental results with a standard deviation of 6.7%. The model also accurately 

predicts the mode of failure. It can be concluded from Table 7.2 that if p 
fY 

-! ý 0 11 , the 
fe, 

element behaves as an under reinforced element, hence Johansen's yield criterion can 

be used to determine the pure twisting capacity, Figure 7.14, under such a condition. 

In order to detemiine the softened strength of concrete, f, a softening factor of 0.7 

has been used. An incorrect mode of failure has been predicted for Lenshow and 

Sozen' S14 slab B16. This is due to the support system employed in the test to apply the 

twisting moment as discussed in Section 2.2.1, Chapter 2. 
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7.3.1.2 Comparison with the Theory of Plasticity Approach 

Nielserý proposed a technique to predict the twisting moment capacity of the element 

using the theory of plasticity and by modelling the reinforcement as elastic-plastic 

material. 

In the reinforcement directions i. e. at ± 45' from the principal stress directions, the 

maximum stress in the concrete, -r.,, will be f, /2, where f,; is the maximum 

compressive stress resisted by concrete. f, will be less than the uniaxial compressive 

strength of concrete due to compression softening8-10. The effect of compression 

softening, to Nielsen's analysis, was introduced by Marti and Kong 16 The expression 

for the pure twisting capacity of the element based on perfect plastic models for the 

constituents is 

m., y,, = hýp fy(1-2pfy/f, ) 7.30 

where, mxyu = twisting capacity of the element 

P= reinforcement ratio per layer per direction 

It has stated by Nielsený that for low reinforcement ratios equation 7.30 predicts the 

twisting capacity accurately., It was further stated that the elements with low 

reinforcement ratio will have smaller neutral axis depth and it was found that when 

the depth of the neutral axis :! ý 10% of the overall depth, the predictions of equation 
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7.30 were accurate. The reason is that the reinforcement yields at ultimate mornent as 

assumed in the adopted model. 

Equation 7.30 gives the moment capacity of an element assuming that the mode of 

failure is under reinforced which is not true always. If the area of reinforcement is 

larger than the balanced area of reinforcement, then the strain in the reinforcement 

will never be as high as the yield strain and thus the reinforcement does not yield. 

Nielsený also pointed out that the maximum depth of the neutral axis can be h/2. 

Marti and Kong 16 explained that when p 
fy 

>1/4, the twisting moment capacity f, 

approaches to fch2/8 with the depth of the neutral axis equal to - h/2. When the 

maximum twisting moment is applied to an element at ultimate concrete crushes, 

however, the reinforcement does not yield. Thus the maximum twisting capacity of an 

element is the capacity of over reinforced element. 

Table 7.2 also compares the moment capacity of the slab elements using the theory of 

plasticity approach with the experimental results. The plasticity approach over 

estimated the capacity with an average of 9% and a standard deviation of 12 %. It can 

fy be observed from Table 7.2 that the greater the value of p f. , the higher the 

estimation. This is due to the fact that in these specimens the reinforcement does not 

yield as assumed in plasticity approach. 
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7.3.2 DESIGN GUIDELINES FOR ELEMENTS UNDER PURE TWISTING 

To design a reinforced concrete slab element under pure twisting the following 

procedure is proposed. 

1. Determine the design moments in the reinforcement direction using the Wood- 

Armer 3,4 rules. The design moments in case of pure twisting in the 

reinforcement directions will be 

mx=my=Mx=My= Imul 7.31 

where', mmy design moment for bottom reinforcement in x and y 

directions respectively 

m X, My design moment for top reinforcement in x and y directions 

respectively 

mxy = applied twisting moment 

2. Design the reinforcement but as the concrete will be in state of compression- 

tension, the compressive strength of concrete will be reduced and it is 

proposed to use a softening factor of 0.7 on the compressive strength of 

concrete. 
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3. Determine the PT W from equation 7.12b and check whether the required 

reinforcement is less than or equal to p' . where, 

p' .=0.75 PT bal 7.32 

where, p' .. = maximum amount of steel ratio that can be provided in an element 

to ensure ductile under reinforced failure 

A factor of safety of 0.75 has been used with p' . to ensure ductile failure and has 

17 been adopted from American Code of Practice 

4. If the amount of reinforcement provided is less than the balanced amount of 

reinforcement, then the yielding of the reinforcement is assured and Johansen's 

yield criterioný or the Wood -Arme?, 
4 rules can be safely used. 

5. If the amount of reinforcement required is greater than the maximum amount 

of reinforcement allowed then the section properties must to changed in order 

to have a safe design. 

Worked examples are given in Appendix C. 
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7.4 GUIDELINES FOR THE ANALYSIS AND DESIGN OF ELEMENTS 

UNDER A GENERALISED SET OF MOMENTS 

Reinforced concrete slab elements are often subjected to a set of moments in which 

m., my and my are all different. If such an element is designed using the Wood- 

Armer rules 3,4 
, different areas for the four sets of reinforcement are obtained. It has 

been pointed out in Section 7.3 that these rules do not necessarily produce a safe 

design. It is, therefore, the intention of this Section to provide guidelines for the 

design of such slab elements. It has also been pointed out in Sections 7.2.4.1 and 

7.2.4.2 that the principal stress directions, failure direction and the principal moment 

directions do not coincide with each other for a completely orthotropically reinforced 

element. The principal stress direction varies through the depth in such an element, 

making the analysis and design more complicated. Numerical procedures such as that 

described in Chapter 4 can, however, be adopted for the analysis of orthotropically 

reinforced slab elements. However, if one of the following conditions are satisfied, 

the Wood-Armer rules can still be used for design. 

The reinforcement and the principal moment directions coincide. 

The strength ratio, p fy 
<0.11. 

f. 

a The ratio of the principal moments is positive. 
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The ratio of the principal moments is negative but the angle between the principal 

moment and the reinforcement directions is less than equal to 200. 

If any of the above condition is not satisfied then the slab element can be designed 

using the following procedure. 

1. Design the reinforcement using the Wood-Amer rules 3,4 for the given set of 

moments rn, my and m,, y. 

2. For the given areas of reinforcement and loading, determine the moment 

capacity of the slab element for a known material and section properties using 

the computer program described in Chapter 4. 

3. If the moment capacity of the element is less than the required moment 

capacity, redesign the reinforcement for bending moments, m,,, my and 

twisting moment mY independently. Add the reinforcement required by 

bending and twisting moments. Since the concrete will be in state of 

compression-tension, the compressive strength of the concrete will be reduced. 

It is proposed that a softening factor of 0.7 should be used on the compressive 

strength of concrete. 

4. Check the moment capacity of the slab element with new set of reinforcement 

using the computer program. 
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5. If the moment capacity is still less than the required moment capacity, increase 

the overall depth of the element using the following. 

h.. n1re' h 7.33 
M-P 

where, hnew = new overall depth of the slab element 

h= original overall depth of the slab element 

Mreq = required moment 

M. P = moment capacity of the slab element using the computer 

program 

6. Repeat steps 4 and 5 until the required moment capacity is obtained. 

In order to demonstrate the procedure outlined above, assume a slab element 200 mm 

deep is subjected to a mixed moment field such that the applied moments are in a ratio 

m. : my : my = 0.57735 : -0.57735 : 1. The assumed loading ratio gives a principal 

moment ratio of -1 with the reinforcements at 30' from the principal moment 

directions. Assume that the required twisting moment capacity, Mreq, is 40 kN-m/m 

and the compressive strength of the concrete is 40 MPa and the yield strength of the 

reinforcement is 500 MPa. The reinforcement required using the Wood-Armer ruleS3'4 

will be Asx=-- AI Sy- = 0.7273 mm 2 /mm and A, y =AI Sx = 0.19 mm 2 /mm if the softened 

compressive strength of concrete is used i. e. f, = 0.7f ,-. 
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For the given moment ratio, section and material properties, the slab element was 

analYsed using the computer program and the ultimate moments m, = -my = 11.3 

kN-m/m and my = 19.54 kN-m/m were obtained. Since the moments are less than 

the required moments the reinforcements was redesigned separately for bending and 

twisting moments and added to obtain the following sets of reinforcements A,,, = AI SY 

= 0.7273 rnmý/nirn and Ay= A',., = 0.4547 rnrný/rnm. Subsequently the moment 

capacities of m., = -my = 20.6 kN-m/m and m,, y = 35.87 kN-ni/m were obtained 

using the computer program for the new reinforcement areas. Once again the 

moments are less than the required moments, hence the overall depth of the slab 

element was then increased using equation 7.33 and h,,,,, =- 225 mm was obtained. The 

slab element was again analysed using h .. w and moment capacities of m,, = -my = 

, q. 23.67 kN-m/m and m, y = 41 kN-m/m were obtained. Hence rnp > me 

Figure 7.15 shows the part of the yield surface using the normal moment yield 

criterion along with the numerical results for the above example. It can be observed 

that by increasing the reinforcement for twisting moment the failure surface expands 

and approaches towards the failure surface for an isotropically reinforced element. 

The computer program produced a moment capacity 52% lower that the normal 

moment yield criterion for the areas of reinforcement obtained from the Wood-Armer 

ruleS3,4 whereas the capacity of the element was 27.4% lower than that predicted by 

the normal moment yield criterion with the new areas of reinforcement. By increasing 

the depth of the element the required moment capacity was achieved. 
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It was observed that for a given set of moments, the reinforcement with larger area 

did not yield, whereas the reinforcement with smaller area yielded, in both the cases 

i. e. when designed using the Wood-Armer rules and using the new design procedure. 

However, by adopting the new design procedure, the area of reinforcement in the y 

direction was increased as compared to the area of reinforcement obtained using the 

Wood-Armer rules while the area of reinforcement in the x direction remained 

unchanged. By increasing the area of reinforcement in the y direction, a significant 

increase in the moment capacity was achieved. The increase in the moment capacity is 

due to the fact that effectively more area of reinforcement is available in the failure 

direction. The increase in the effective area of reinforcement in the failure direction 

resulted in better efficiency of both the sets of reinforcement, Figure 7.16. 
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Figure 7.1: Simplified stress-strain response of concrete in compression 
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Figure 7.2: Reinforced concrete slab element under uniaxial bending (a) slab 
element (b)cross-section of the slab element (c) strain profile in 

principal strain direction 1-1 (d) simplified stress block in principal 
stress direction 1-1 
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Figure 7.3: Mohr's circle of strain at the reinforcement level 
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Figure 7.7: Mohr's circle of strain at the bottom reinforcement level for an element 
under pure twisting moment 
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Figure 7.8: Slab element under biaxial equal and opposite bending and twisting 
moment 
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Figure 7.11: Strain profiles in principal strain direction 1-1 for an isotropically 
reinforced element subjected to uniaxial bending and pure twisting 
moments 
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Figure 7.12: Moment capacity of an isotropically reinforced element 
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Figure 7.13: Mohr's circles of strain at the bottom reinforcement level for 
balanced section under pure twisting and uniaxial bending 
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Figure 7.14: Comparison of pure twisting capacity of a isrotropically reinforced 
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element using Johansen' s yield criterion and equation 7.13b 
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CHAPTER 8 

CONCLUSIONS AND RECOMMENDATIONS 

8.1 CONCLUSIONS 
, 

A computer program has been written that can predict the non-linear response of 

reinforced concrete shell elements up to and beyond failure. The computer program 

uses non-linear stress-strain models for the concrete and the reinforcement based on 

the theory of elasticity. The material models for concrete include phenomena such as 

tension stiffening and compression softening. The computer program has been 

validated against several experimental studies. 

A study has been carried out to determine the optimum number of integration points 

that can be used for elements subjected to pure twisting moments and it was found 

that about 10 integration points adequately represent the response. 

The analysis includes a non-linear isotropic model which has been developed to 

represent the ultimate stress and strain state of concrete under biaxial compression. A 

layered approach has been used successfully to model tension stiffening in which it 

212 



has been assumed that the stress state in concrete in the tension region will not the 

same. The stress state in the tension region is affected by the slip of bond between the 

reinforcement and the concrete and the tensile resistance offered by the cracked 

concrete decays away from the reinforcement. Hence the tension region was divided 

into two ftirther zones and two different tensile responses were used for each zone. In 

the first zone, the concrete around the reinforcement, the tensile response of concrete 

was modelled by a linear ascending branch up to cracking followed by a linear 

descending branch. In the second zone the concrete was assumed to have tensile 

strength and was modelled by an ascending branch up to cracking but the post 

cracking response was assumed to be zero. 

While carrying out the parameteric study it was found that the compression softening 

models developed for reinforced concrete elements loaded in plane stress over 

estimated the softening when an element is subjected to bending and twisting moments 

by as much as 20%. 

The program has been validated against several experimental studies. The 

experimental studies chosen to validate the program had a variety of loading. Three 

studies had tested reinforced concrete elements under in-plane loading whereas in the 

remaining two studies tests were carried out under bending and twisting moments. 

The experimental results were compared with the analytical results and a good 

agreement was obtained. 
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The program was used to study the ultimate strength of reinforced concrete slab 

element subjected to bending and twisting moments. It was observed that the increase 

in the twisting moment in the reinforcement directions increases the angle between the 

principal strain and the reinforcement directions. It was found that the normal moment 

yield criterion can be used for the design of reinforced concrete slab elements 

provided that the appropriate modifications have been made in the criterion defining 

the strength to account for the angle between the principal strain and the 

reinforcement directions. Johansen's Yield criterion which is used to define the 

strength of the slab elements in the normal moment yield criterion can not predict the 

strength of all loading conditions because it can not predict the actual stress state of 

the elements if the principal strain and the reinforcement directions do not coincide. It 

was found that for an element subjected to pure twisting moments, Johansen's yield 

f, 
criterion accurately predicts the moment capacity if 2- 

-Y -< 
011 

. But for elements with 
fr, 

fy 
>0.11, Johansen's yield criterion over estimates the pure twisting capacity of the 

f. 

slab. The over estimation increases with the increase in the reinforcement ratio. 

However, Johansen's yield criterion can only be used to predict the strength of the 

slab elements if atleast one of the following conditions is satisfied. 

L The reinforcement and the principal moment directions coincide. 

ii. The strength ratio, 
p fy 

<011. 
f. 

iii. The principal moment ratio is positive. 
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iv. If the ratio of the principal moments is negative but the angle between the 

reinforcement and the principal moment directions is less than or equal to 20'. 

It was also observed that with the increase of twisting moment in the reinforcement 

directions the ductility of the slab element also reduced. This reduction can not be 

predicted by the theory of plasticity. 

An attempt has been made to develop a simple hand calculation procedure for the 

design of slab elements subjected to moments in mixed moment field. Expressions 

have been developed for the balanced reinforcement ratio for elements subjected to 

pure twisting moments. Simple hand calculation procedures have also been developed 

for the design and analysis reinforced concrete slab elements subjected to pure 

twisting moments. A numerical procedure has been proposed and tested which can 

be used to design the slab elements subjected to a mixed moment field. 

8.2 RECOMMENDATIONS FOR FUTURE RESEARCH 

In the light of the work carried out in this study and the conclusion drawn above the 

following recommendations are made for ftiture research. 

1. The effect of in-plane membrane forces be studied for slab elements subjected *to a 

mixed moment field using the sectional analysis and a yield criterion or a failure 

surface be developed to include the effect of membrane forces on slab elements. 
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2. The material models developed for concrete and reinforced concrete should be 

included in a finite element program for the analysis of plates to study the effect of 

in-plane forces and moments on reinforced concrete slabs. 

3. Effect of bond properties be included in the material models instead of tension 

stiffening to improve the modelling of reinforced concrete. 

4. Experiments be carried out on reinforced concrete slab elements under bending to 

improve the modelling of compression softening effect. 
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APPENDIX A 

Linear elastic stiffness matrix of a orthotropic reinforced concrete slab element 

In order to use Modified Newton Raphson method to solve the non-linear system of 

equations, described in Chapter 4, the initial tangent stiffness matrix, [k], must be 

evaluated. 

Procedure adopted for determining the initial tangent stiffness matrix, M, for a 

reinforced element with reinforcement on the bottom face only has been described in 

detail In this Appendix. However, a similar procedure can be employed to determine 

the initial tangent stiffness matrix for a general slab cross-section which may or may 

not have top and bottom reinforcement in the two orthogonal directions. This 

generalised tangent stiffness matrix was then used in the analysis later. 

For a reinforced concrete element, with reinforcement on the tension face only in one 

direction, the total internal resistance offered by the cross-section can be divided into 

two parts i. e. the resistance offered by the concrete and the resistance offered by the 

reinforcement. if the concrete is assumed to be a linear elastic material, then the 

internal resistance can be expressed as 

fPT 
= 

AE. 0] ýFCLJ 
+ contribution due to reinforcement A. I 

MTI 

10 

EJ ýCL 
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The contribution of the reinforcement easily determined as below. 

The total internal axial force resistance offered by the section will be, 

PT = P. + P, 

From Figure A. 1 

AE, ECL 

A. 2 

A. 3 

and P, = A, crs = A, EEs A. 4 

but 6, = ýCL 
d- 

Em 
2 

A. 5 

or, Ps A., &sm + AsEsým 
d 

A. 6 
2 

Similarly, the total internal resistive moment of the section can be written as, 

MT 
--'ý 

MC + MS 

where, mc = &IýCL 

A. 7 

A. 8 
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From Figure A. 1, 

ms = P. 
d=dd 

(-EA )ccL+(A. E, z. -)ýCL A. 9 224 

where, Psq Pc axial force carried by the concrete and the steel respectively 

A gross area of cross-section of concrete 

As area of steel 

E,, Es Young's modulus of elasticity of concrete and steel 

CTS stress in the reinforcement 

CS strain in the reinforcement 

ECL = strain at the centre line of the element 

ýCL = section curvature 
. 

d= effective depth of the element 

M, Ms= moments of resistance offered by concrete and reinforcement 

respectively 

I second moment of area of the section 

The governing equation A. 1 can now be written as, 

ýp, AE. + A., F. - A., F. 
d 
22A. 10 MT 

A., E 
d 

Ed + A., E 
d JýCj 

2 4- 
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The above expression includes the contribution both from the concrete and the 

reinforcement. 

A similar expression for stiffness matrix can be obtained for an element with top and 

bottom reinforcement. 

AE. + A., E+ A'. F, 

AX, 
d+A- E( 

d-d 
22 

where, A. = area of top reinforcement 

- A., F. 
d 

+A E( 
d- 

d') 
222A. 11 d ., F Ed + AX. +A '(d - d')' 
42 

d' = distance of centroid of top reinforcement for the top of the element 

A generalised expression for linear elastic stiffness matrix of a reinforced concrete 

slab can now be obtained on the basis of the procedure explained above. 

For an isotropic plate element the governing equation can be expressed as follows, 
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I v 0 0 0 0 

P. v 1 0 0 0 0 ex 
P, I-V EY 
Pxy &h 0 0 

2 
0 0 0 Y-Y 

mx I_V2 
0 0 0 h' vh 

2 
0 

ýx 

M, 12 12 ýy 

vh 
2 h2 

12 12 
h 2(1_V) 

0 0 0 0 0 
24 

A. 12 

where, h= overall depth of the element 

EX, EY = axial strain at centre of section in x&y directions respectively 

Y. Y = shear strain at the centre of the element 

ý. 'ýY = curvature at centre of the element in x&y direction respectively 

ýXy = curvature of shear strain at the centre of the element 

Poisson's ratio 

For a reinforced concrete slab element with both top and bottom reinforcement in the 

orthogonal directions, Figure A. 2, the contribution of the reinforcement can be 

incorporated into the initial tangent stiffness matrix for an isotropic plate element 

using the procedure described above. The initial tangent stiffness matrix for an 

orthotropic slab element is shown in Figure A. 3. 
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Figure A. 1: Typical cross-section of an element with bottom reinforcement 
only with the strain profile through the depth 
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Figure A. 2: Typical reinforced concrete slab element 
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APPENDIX B 

Evaluation of factors kj and k2 for the state of compression-tension 

For a slab element in the state of compression-tension, the actual stress distribution, 

strain distribution and simplified rectangular stress block along the depth are given in 

Figure B. 1. The softening parameter p =0.7 has been assumed. The factors k, and k2 

associated with the area and the centroid of the equivalent rectangular stress block can 

be calculated as follows. 

Al = -ý(Xl)(0.76) 
ý(Lm 

XT bal) (07 f, C) 0233fc XT bW 333.5 

A2 = (x2-xl)(0.7 f'c Z5 - t75 
xT bal) (0.7 f, C) 0.150f'CXTbal 

3.5 

A3 = (ýTbarX2)(0.595 fc (3.5-25 xTbai)(0.595fc) O. i7Of'cxTbal 
3.5 

A4 =1 (x T m-x2)(0.7fc- 0.595f'c) 
I 

(3.5-Z5 XT bal)(0.105f , 
C) 0.015fcXTbal 

223.5 

ZAi 0.568fcxTbw 

Since the actual stress block has to be transformed to an equivalent rectangular stress 

block of similar depth, then 
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ki flcXT bal = 0.568fc XT bal 

or, ki = 0.568 

Taking moment of area at the top of the element, 

xT22 (L75, bal--Xi xTb. 1-- XT bi 1) 0.800x 
553.5 

15T 
XT bal--IX2 XTbal- (. 

L-X 
bal) 0.643x 

223.5 

'i3 
1 

(XTbal - X2) 
1 

XTbal(l--ý-5-) 0.143X T 
bal 

223.5 

2T (1 
5 

i4= - (XTbal - X2) 
!X 

bal 0-190X T 
bal 

333.5 

Now, 

k2 
Ai-T(Tbali 

2: Aj 

k2 0.55 
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APPENDIX C 

Procedure the for analysis and design of slab elements under twisting moments 

The following examples explain the procedure to be adopted in the analysis and 

design of slab elements under pure twisting. 

Determine the twisting moment capacity of an element with following section and 

material properties. 

h= 200 mm f'C = 30 MPa fy = 550 MPa p,,. = 0.0025 

From equation 6.12b, 

pT bal = 0.00434 
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2. Since p, < PT bat clement will be under reinforced, thus equations 6.21 and 

6.20 can be used to determine the depth of neutral axis and moment capacity 

respectively. 

32.28 mm 

= 45.24 kN-m/m 

Determine the pure twisting capacity of an element with following section and 

material proper-ties. 

h= 150 mm f'c = 25 MPa fy = 550 MPa pp. = 0.01 

From equation 6.12b, 

pTW=0.00565 

2. . Since p, > PT bal section will be over reinforced, thus equations 6.22b and 

6.20 are used to determine the depth of neutral axis and moment capacity 

respectively. 

XT = 54.74 nun 
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mT= 34.9 kN-ni/m 

Design a reinforced concrete element to carry twisting moment of 100 kN-m/m. Use 

f'. = 35 MPa and fy = 500 MPa. 

Assume the overall thickness of the section h= 200 nim. 

1. Using Wood-Armer rules to determine the design moment in the reinforcement 

dir6etions. 

mx=my=m 
x= 

my= 
IMXYI 

or, mx=my=mx=my= 100 kN-ni/m 

2. The required area of steel per layer per direction will be, 

Asx == A',. = Asy = A', y = 1.20 mný/mm 

or, 0.006 
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using the maximum compressive stress f, = 0.7f'C and an effective depth of 

18omm. 

3. The balanced amount of steel ratio from equation 6.12b will be, 

pT baJ = 0.0058 

thus the maximum amount of reinforcement allowed from equation 6.25, in the 

section will be, 

p' .=0.0044 

4. Since the required amount of reinforcement is greater than the maximum 

allowed area of reinforcement, the depth of the section must be increased. 

Now assume h= 225 mm and repeating steps 2 and 3. 

2.0.0044 

3. Since the required amount of reinforcement is equal to'the maximum allowed 

reinforced, the section can be rendered safe. 
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In the above procedure for the analysis or design of reinforced concrete slab elements 

the partial safety factors have been assumed to be 1. 
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