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ABSTRACT 

The impact of fatigue crack growth in a steel structure is to undermine the projected service 

life. These fatigue cracks often initiate at locations, where there is a stress concentration with 

stresses several times higher than the average stresses in the steel structure, and this combined 

with cyclic loading can cause fatigue cracks to appear, progressively grow and if left 

untreated they eventually lead to a sudden fracture. 

 

Therefore, to assure continued worthiness of the structure, a repair or reinforcement of the 

fatigue-cracked structure becomes necessary. There are number of techniques that can be 

used. The use of bonded composite patches to repair such cracks, which was pioneered by the 

Admiralty Research Establishment (ARE) for the Royal Navy for use in ships, has a number 

of advantages. However, if composite patches are to be used in practice then a design 

methodology is required that will result in economic and safe predictions of the future life of 

the patched repair. 

 

Some testing on composite patch repaired flat thick steel plates has been reported, but there 

have been few tests on steel plates containing angles and joints. The research work described 

here has sought to address this deficit by demonstrating, 

 

o Effectiveness of bonded composite patches applied to steel specimens having welded 

joints and rib-stiffeners. 

o Development of 3-D FE models that can predict crack growths for such repairs.  

 

The experimental study consisted of three series of tests. The first tests were carried out on 

centrally cracked flat plain steel plates, in order to determine the material constants C and m, 

to be used in the Paris Law for predicting fatigue crack growth. The second set of tests were 

the main tests performed to collect, observe and validate the effectiveness of composite patch 

repair on 500 mm wide, 1000 mm long, and 10 mm thick, centrally cracked cruciform and 

rib-stiffened specimens, fabricated from Lloyd’s grade-E steel, and flat edge cracked 

specimens. The un-patched and patch repaired specimens were subjected to a maximum 
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cyclic tensile stress of 45 MPa with a stress ratio of 0.1. The final set of tests was performed 

to evaluate the bond strength, between the composite and the steel plate. The test results 

showed that patch repairs give a useful extension of life and can be specified with confidence. 

 

The crack growth has been predicted using the Paris Law, which is based on linear elastic 

fracture mechanics, LEFM. To analyze the patch repaired specimens a 3-D FE analyses was 

required and this has been carried out using ABAQUS in conjunction with ZENCRACK. 

Three stages of analyses were carried out. In the first stage the use of the ABAQUS and 

ZENCRACK were validated by comparing the predicted crack growth of plain steel plates 

with both an analytical method using exact stress intensity factors and the experimental 

results. In the second stage, the geometric parameters such as crack geometry and weld 

geometry on the predicted fatigue life of the un-patched cruciform, rib-stiffened and the flat 

edge cracked specimens were validated against the experimental results. In the final stage, 

the predicted crack growths of the 3-D FE models of the patch repaired cruciform, rib-

stiffened and edge cracked specimens were validated against the experimental results. For 

all cases, good agreement was obtained. 

 

The fatigue life predictions of the 3-D FE models based on the Paris law having been 

validated with the fatigue tests show that the analysis gives an accurate prediction of the life 

of the un-patched specimen and life extension for patched repairs and could be used with 

confidence. It is concluded that this type of analyses is a useful alternative tool to fatigue 

testing of such repaired specimens.  
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Chapter 1 Introduction 

 

A small number of studies have taken to evaluate the remaining life of cracked steel 

structures considering fatigue failure criterion. The fatigue life is highly dependant upon the 

range of stress to which a structure is subjected or by stresses induced because of the 

construction process. 

 

These fatigue cracked steel components are mostly fabricated rolled steel plates or sections 

either welded or riveted together, such as, rib-stiffened plates, beams, girders, bracings, 

connectors, etc. The stress concentrations at joints within these members are several times 

higher than the average stresses in the structure, and this combined with continuous cyclic 

loading can cause fatigue cracks to appear, progressively grow and if left untreated they 

eventually lead to a sudden fracture. 

 

 

1.1 Background 

 

In any structure, cracks are a fact; but most cracks do not matter. What matters is knowing 

where the cracks are and if its rate of growth is significant. Researchers describe fatigue 

damage as the nucleation and growth of cracks up to final failure, although the 

differentiation of the three stages is qualitatively distinguishable but quantitatively 

ambiguous. 

 

By the early 1960’s, fatigue crack behaviour was mostly understood but lacked a simple 

correlation between crack growth under the wide variety of service loads and life of 

structure. Paris [1, 2] investigated and developed a correlation of crack growth rate to crack 

tip stress intensity parameter, K. This is a measure of the stress-field intensity near the tip 

of an ideal crack in a linear-elastic solid when the crack surfaces are displaced in the 

tension mode, Mode-I. The area around the tip of a crack where the stresses are 

concentrated is called a stress concentration. 
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The Paris Law, equation 1.1, provides a practical solution for cracked structures. The law 

describes the experimental data for long cracks under small-scale yielding and constant-

amplitude loading, Regime-B of figure 1.1; 

 

( )m
KC

dN

da
∆=                 Equation 1.1 

where da/dN is the rate of crack growth per loading cycle, ∆K is the range of stress intensity 

and C and m are material constants. 

 

Figure 1.1 represents a components lifetime, plotted as log da/dN versus log ∆K. Regime-

A, is the crack initiation period followed by Regime-B which comprise a substantial portion 

of the fatigue crack growth life. Regime-C is the last stage in which rapid and unstable 

crack growth is witnessed just prior to final failure [3]. 

 

 

Figure 1.1: Three regions of fatigue crack propagation behaviour, mechanisms, and 

characteristics based on Paris Equation (taken from ref. [4]) 
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Stage-one represents the early development of a fatigue crack and expressed in terms of 

threshold limit, ∆Kth. The crack growth rate in this region is dependent on the 

microstructure features of the material such as its grain size, the mean stress of the applied 

load, the operating temperature and the environment present. If the stress intensity is below 

the threshold limit then the crack does not propagate. 

 

Stage-two is the intermediate crack propagation region expressed by the Paris Law. The crack 

growth propagation is long and stable, significantly affected by mean stresses and influenced 

by microstructure, ductility, thickness of the material, etc. 

 

Stage-three is the last period of fatigue crack growth before sudden failure. Analysis becomes 

difficult and complex due to the very large plastic zone near the crack tip that develops due to 

very high stresses. Use of Non-linear fracture mechanics or Elastic-Plastic Fracture 

Mechanics, EPFM, becomes necessity. The mean stress, materials microstructure and 

thickness have a large influence in this region and the environment has little influence. 

 

Currently, Linear Elastic Fracture Mechanics, LEFM, is widely used in crack propagation 

analyses to describe the behavior of cracks. The fundamental assumption of LEFM is that the 

crack behavior is determined by the values of the stress intensity that are a function of the 

applied load and the geometry of the cracked structure. Application of the Paris Law as an 

incremental crack-extension analysis simulates the crack growth process. For each increment 

of the crack extension, a stress analysis is required to evaluate the stress intensity.  

The impact of crack growth in a structure is to undermine the projected service life of the 

structure. Therefore, crack assessment is required as a basis for a fracture control plan, and 

the most widely used crack damage detection methods rely on subjective, incremental visual 

assessments or localized laboratory-testing techniques that establish the critical stress 

intensity, Kc, at which the failure occurs. These results lead to the development of analytical 

methods or finite element models that predict crack growth to a practical value. 
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1.2 Research Foundation 

 

In recent years, high acquisition costs coupled with the increased budget cuts has resulted in 

the utilization of structures beyond their original design life, which raises concerns on the 

safety of ageing steel infrastructure. For example, Kynoch [5] reported that the majority of 

the in-use metallic rail bridges in UK were constructed before 1914 and many have already 

exceed the design life of 120 years as per current design standards. 

 

Therefore, to assure continued worthiness of the structure, a repair or reinforcement of the 

fatigue-cracked structure becomes necessary. There are number of techniques that can be 

used. The use of adhesively bonded composite patches has several advantages over 

mechanically fastened repair methods, which include reduced installation cost, increased 

strength and fatigue life.  

 

Initially, the composite patch technique was developed to repair aircrafts but owing to its 

effectiveness; researchers began to investigate its practicality for ships, offshore structures 

and cracked civil structures. Some testing on repaired flat steel plates has been reported, but 

there have been few tests on steel plates with practical details. If such patches are to be used 

in practice then a design procedure is required that will result in economic and safe 

predictions of the future life of the patched repair. 

 

 

1.3 Research Objectives 

 

The hypothesis is; can the method for extending the fatigue life of thin cracked aluminum 

structures repaired using carbon composite patch be utilized for the repair of thick steel 

structures involving stiffeners, angles, and welded joints? This study is motivated from the 

fact that there is a need for the analytical/numerical technique to predict the fatigue crack 

behavior of repaired thick steel specimens that have been verified from experiments.  
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1.4 Methodology 

 

The objective of the study was to undertake the necessary research that is pertinent to 

industry for developing practical procedures for composite patch repair of steel structures 

having weld details and the development of 3-D FE models that are capable of predicting 

crack growths for such repairs using LEFM. The approach incorporates four tasks to fulfill 

the objective 

 

o In stage-I, the experimental results of the plain steel study by Roy et al. [6], are 

compared to the Yazdani and Albrecht [7] mean material constants, in order to obtain 

suitable values of the material constants C and m, which are used in the Paris Law to 

provide an empirical solution to predicting crack growths.  

 

o In stage-II, a series of fatigue tests on un-patched and patched thick steel specimens 

having practical weld details, such as, stiffeners, angles, and welded joints into the 

behavior of crack growths was carried out. 

 

o Stage-III consists of developing of 3-D finite element models of the un-patched 

specimens and calibrating these against the test results of the un-patched specimens. 

 

o In the final stage, the FE results for the composite patch repaired 3-D models were 

validated against the test results of the patched specimens.  

 

Composite patches used in the aviation industry have patches where the strength of the patch 

is greater than the weaker adherend. This design philosophy cannot be used in designing 

composite patch repairs, which have a greater adherend thickness and higher ultimate tensile 

strength. 

Lang [8] suggested that thinner patches that were currently being proposed could be used. 

With these thin patches, the out-of-plane bending effects associated with one-sided patch 

would lessen. 
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The tests of the fatigue specimens detailed in Chapter 3, were to obtain a thorough 

understanding of crack growth behavior and data, with an effective monitoring approach 

designed according to ASTM [9, 10] guidelines. 

In the third stage, the results obtained from the experimental study are used for developing 

fatigue crack growth 3-D finite element models, which use the Paris Law. The 3-D finite 

element modeling strategy consisted of three levels, 

I. In Chapter 4, the use of ABAQUS [11] in conjunction with ZENCRACK [12], was 

tested by comparing the predicted crack growths of the 3-D finite element model to 

those obtained in experimental study by Roy et al. [6]. ABAQUS has routines built-in 

for determination of J-integrals, but has limitations in predicting crack growth. 

ZENCRACK has the capability to predict crack growth based on the Paris Law and 

allows re-meshing of fatigue crack tip. 

II. 3-D finite element models of the un-patched specimens have been generated and 

calibrated against the test results, Chapter 5.  

III. For validation of the 3-D modeling technique, the results of the patched 3-D finite 

element models have been compared to those from the tested patch specimens, 

Chapter 6. 

 

The fatigue life predictions of the 3-D FE model based on the Paris Law having been 

validated with the fatigue tests, provides a useful alternative tool to fatigue testing of such 

repaired specimens. More significant, however, is the accurate prediction of life extension 

shown that is necessary to allow patch repairs to be specified with confidence. The predictive 

method designed in the thesis is considered suitable for the safety assessment of cracked 

structures and the design of repairs. 
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Chapter 2 Literature Review 

 

This Chapter reviews the literature pertaining to theory of fatigue, crack growth propagation 

laws and numerical solutions in general and their application towards the use of bonded 

carbon fibre reinforced polymer patch, CFRP, repairing system in fatigue failure criterion. A 

number of studies exist either to establish the bonded repair methods or to validate the 

existing analytical formulation. Researchers have shown that the geometry, patch materials 

and loads affect the crack growth propagation. Nevertheless, most of these are developed for 

the repair of thin aluminium panels used in the aviation industry. Therefore, to apply the same 

repair effectiveness to thick steel specimens, the fatigue repair design requires an 

experimental investigation of crack growth propagation validated by FE modeling solutions. 

 

 

2.1 Origins of Fatigue  

 

The term “fatigue” has origins dating back to the 1830’s [13, 14], when French engineers, J. 

B. Poncelet and A. Morin first described metallic structures as being ‘tired’ or worn out, 

however, Walter Schutz [13] argues that it was an Englishman, Braithwaite in 1854. On the 

other hand, Braithwaite [15], credits Field, for suggesting this term in his publication on 

service fatigue failures of various components in 1854. 

 

Schutz [13], further writes that in this period many disastrous railroad accidents due to fatigue 

occurred and recalls that in the history of "Institution of Mechanical Engineers" in London of 

1854 it is mentioned that a member had seen a collection of hundreds, if not thousands of 

failed railway axles.  

 

However, it was in late 1850s’ that August Wohler [16] started the first systematic 

investigation work into fatigue. Wohler found that fatigue occurs by crack growth from 

surface defects until the product can no longer support the applied load. He invented 

deflection gauges as early as 1858, figure 2.1 (after Tóth [14] and Timoshenko [17]), to 

measure the service loads of railway axles. Wohler’s tests included axial, bending and torsion 
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effects on different notched and un-notched specimens. His work encompassed the 

measurement of service loads, the calculation of the corresponding service stresses, the 

design for finite life including scatter up to the observation of crack propagation and the 

quantitative suggestions for the decrease of the notch effect. 

 

 

Figure 2.1: Wöhler’s machine for testing two half axles for cyclic bending: (1) half axles, (2) 

rotor, (3) loading springs, (4) supports (taken from ref [14, 17]). 

 

Schutz [13] adds that Wohler represented his test results in the form of tables in his report and 

calls them “Wohler Law”, which state that “Material can be induced to fail by many 

repetitions of stresses, all of which are lower than the static strength. The stress amplitudes 

are decisive for the destruction of the cohesion of the material. The maximum stress is of 

influence only in so far as the higher it is, the lower are the stress amplitudes which lead to 

failure". [13] 

 

Wohler’s work led to the development of a relationship between the magnitude of applied 

cyclic stress and the number of the cycles that a component could withstand before complete 

failure.  

 

Spangenberg as director of the "Mechanisch-Technische-Versuchsanstalt" in Berlin plotted 

them as curves, although in the unusual form of linear abscissa and ordinate. Since 1936, the 

S-N curves are called "Wohler curves", figure 2.2. 
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Figure 2.2: First fatigue curves: (1) smooth steel specimens (2) specimens with fillets; 

1centner = 103 N and 1 centner / in
2
 = 0.64 MPa. (taken from ref [14]) 

 

Johann Bauschinger ([18], ref. taken from [19]) further expanded the field of fatigue (1881-

1886), by exploring Cyclic Deformations that modify the stress-strain behavior of the 

materials. Bauschinger developed a mirror extensometer to measure small displacements and 

studied the relationship between small inelastic strains and safe stress in fatigue. He showed 

that inelastic deformations caused a reduction in the yield strength in tension or compression 

after applying a load of the opposite sign (cyclic load). The plastic deformation phenomenon 

that increases the tensile yield strength at the expense of the compressive yield strength is 

called as the “Bauschinger Effect”. He proposed that a natural elastic limit exists, below 

which fatigue will not occur. 

 

In 1899, Goodman, expanded the work of Gerber (1874), and demonstrated the mean stress 

effect on the fatigue life of materials with the available data, figure 2.3. The early fatigue data 

collected in the laboratory were generated using a fully reversed stress cycle. However, actual 

loading applications usually involve a mean stress on which the repeating stress is 

superimposed, figure 2.4. As a result, an increase in mean stress for a given level of applied 

stress reduces fatigue life. A higher mean stress will give a lower S-N curve. This range of 

stress may be conveniently indicated by a numerical value that is called the ''stress ratio, R" 

and indicates the algebraic ratio of minimum stress to maximum stress during a cycle of 
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stress. Where stress range is the algebraic difference between stresses in the cycles, to which 

a test specimen or a machine or structural part is subjected. 

 

Figure 2.3 : Goodman diagram for range of stress (taken from ref. [20]). 

 

When R is equal to -1 a fully reversed loading conditions exists.  For static loading, R is equal 

to 1. When the mean stress is tensile and equal to the stress amplitude, R is equal to 0.  A 

stress cycle of R = 0.1 corresponds to a tension-tension cycle in which the minimum stress is 

equal to 0.1 times the maximum stress. 

 

Figure 2.4 : Cyclic Loading 

where σm is the mean stress, σa is the applied stress. 
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In 1903, the Englishmen, Ewing and Humfrey [21], examined at Cambridge, the fatigue 

mechanism at micro-structural level during cyclic deformation of metals using an optical 

microscope. They observed slip-lines and slip-bands that led to the formation of micro-cracks 

on the surface of the polished surface of Swedish iron specimens subjected to rotation or 

bending and found the formation and growth of slip-bands in certain crystallites, which 

eventually developed into fatigue cracks. They observed that after a few reversals of stress, 

slip-lines formed and after many reversals, they changed into wide bands and on completion, 

they saw that a few crystals had cracked. Thus at the turn of the century, to-and-fro slip was 

established as the cause of fatigue damage. 

 

Besides the empirical Wöhler approach to predict fatigue life, a new concept was introduced 

in the early 20
th

 century by Griffith [22] of the Royal Aircraft Establishment, U.K. He 

hypothesized, based on tested glass specimens, that small cracks like scratches considerably 

reduced the overall breaking strength and that the crack size had an influence. His focus on 

the local analysis by means of energy parameters [22] and stress parameters [23] correlated 

the material failure by cracking with stress concentration at the crack tips.  

 

With the invention of electron microscopy, improved methods to measure micro-strains and 

crack propagation as well as of the introduction of servohydraulic mechanical testing systems 

in the late 1950’s, the focus of fatigue research shifted towards the mechanisms of plastic 

deformation and the mechanical treatment of fatigue-crack propagation. 
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2.2 The Fatigue Mechanism 

 

The early understanding of the Fatigue Mechanism started by Ewing [24], had greatly 

advanced by the mid 1950’s mostly by British, American and German researchers such as, 

Gough, Wood, Hanson and others [25-28], Head [29], Orowan [30], Smith [31], etc.. While 

Schutz [13] reports that in 1918, the first full-scale fatigue test with a large aircraft 

component was carried out at the Royal Aircraft Establishment in the U.K.. Books as early as 

the 1920’s on fatigue were available to researchers, for example, Gough in 1924, entitled 

“The Fatigue of Metals” and the book by Moore and Koomers [20] in 1927, with chapters on 

fatigue in wood and concrete.  

 

In most of the early literature, several observations with the use of the microscope are 

reported which show that fatigue crack nuclei starts as an invisible micro-cracks in slip bands. 

The nucleation of micro-cracks generally occurs very early in the fatigue life. Investigations 

show that nucleation may take place almost immediately if a cyclic stress above the fatigue 

limit is applied (fatigue limit is the cyclic stress level below which a fatigue failure does not 

occur). In spite of early crack nucleation, micro-cracks remain invisible for a considerable 

part of the total fatigue life. Once cracks become visible, the remaining fatigue life of a 

laboratory specimen is usually a small percentage of the total life. After micro-cracks have 

been nucleated, crack growth can still be a slow and erratic process, due to effects of the 

microstructure, e.g. grain boundaries. However, after some micro-crack growth has occurred 

away from the nucleation site, a more regular growth is observed. This is the beginning of the 

real crack growth period. The important point is that the fatigue life until failure consists of 

three stages: nucleation of cracks into micro-cracks, called as the crack initiation period 

(stage-I) and the remaining fatigue life of the structure crack growth period, (stage-II and III), 

figure 2.5.  

 

Pook [32], writes that with the use of current technology it has been shown that fatigue crack 

initiation is a consequence of reversed plasticity within a grain on a scale of 10
−3

 mm for a 

ductile metal. Surface grains being the weakest deform plastically at the lowest stress, which 

leads to the production of a micro-crack within a grain. Slip, which takes place when a load is 
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applied, is not simply reversed when the load is removed. Under fatigue loading, reverse slip 

takes place on nearby planes leading to the development of intrusions and extrusions, figure 

2.6. Eventually, surface cracks are produced under these small amounts of reverse plastic 

strain. 

 

Figure 2.5: Different scenarios of fatigue crack growth (taken from ref. [33]) 

 

 

Figure 2.6: Formation of surface cracks by slip (taken from ref. [32]) 
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In the metal fatigue literature, the terms fatigue crack propagation and fatigue crack growth 

are both used for the increase in size of a fatigue crack. In the 1950’s it became clear that 

fatigue crack propagation in metals is a two-stage process.  

 

Stage-I, a crack propagates within the slip-band, which is on a plane of high shear stress and 

is encouraged by plasticity. This is termed as mixed mode crack in fracture mechanics, figure 

2.7. When the crack reaches a critical length, changes direction and propagates normal to the 

maximum principal tensile stress it becomes a Stage-II crack. This is termed as Mode-I crack 

in fracture mechanics.  

 

 

Figure 2.7: Various modes of fatigue failure [34] 

 

In Stage-II, the cracks propagate through the majority of the cross-section, seen as line 

markings, parallel to each other and are normal to the direction of the crack propagation in 

metallic materials. These lines are called striations, figure 2.8. Generally, aluminum alloys 

show well-defined regular striations, but steel does not. The distance between striations 

shows the amount of crack front has moved forward during one cycle.  
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 (a) (b) 

Figure 2.8: Fatigue striations (a) 2024-T3 Aluminum alloy (b) ST E460 structural steel tested 

in normal air. TEM replica fractographs, × 4000. (taken from ref. [4]) 

 

In modern fracture mechanics, stage-I and stage-II are termed as, micro-crack and macro-

crack respectively. Many mechanisms of stage-II fatigue crack propagation and striation are 

found and most show that formation involves ductile deformation at the crack tip as it opens 

and closes. This physical concept given by Laird and Smith (1967), figure 2.9, observed at 

the crack tip as (a) corresponds to well developed stage-II crack at initial zero load and as the 

tensile load is increased, high stress concentration yield the metal plastically. The 

concentrated maximum shear stress along the planes of slip zones causes plastic deformation 

(b). With further increase in load, the crack tip blunts to a semicircular shape and the slip 

zones at the tip broaden thus the crack tip is effectively shifted (c). The striation is reformed 

into a double notch as the crack tip re-sharpens by buckling and folding when the far-field 

stress is reversed (d) and (e). Laird’s model applies to a wide variety of ductile materials, 

including polymers. 
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Figure 2.9: Laird’s plastic blunting model. (taken from ref. [4]) 

 

By the end of the 19
th

 century, the influence of cracks on the structural strength was widely 

appreciated, but an analytical representation of fatigue crack propagation was still not 

available.  
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2.3 Developments in Crack Growth Propagation Laws 

 

The first analytical expression of fatigue-life data for iron, steel and copper based on the 

Wohler tests was obtained by Basquin in 1910, [13]. He plotted Wohler’s data on logarithmic 

scales of stress amplitude versus the number of cycle to failure and found that the result could 

be represented by a straight line throughout a large range of cycles to failure and can be 

shown by a simple relationship as; 

 

n
a CP=σ                   Equation 2.1 

 

where σa is the stress amplitude, C and n are empirical constants and P is the number of 

loading cycles. 

 

In 1913, Inglis [23] published the first significant work on the concept of stress concentration 

at geometrical discontinuities. 

 

 

Figure 2.10: Flat plate with an elliptical hole under uniform stress. 

 

His test specimen, a thin plate of glass, figure 2.10, was of such a configuration that the width 

was very large and the hole very small in comparison. He observed that at the corner of the 

ellipse, A, the stress was very large and as the ellipse got longer and thinner, the stresses at A 

P 
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became even larger. He then looked at other plates with not-quite-elliptical holes. On 

comparing the results, he realized that the shape of the hole did not matter, but the length of 

the crack that was perpendicular to the load and the radius of curvature at the ends of the hole 

influenced the increase in stresses at the top of the curve. The longer the hole (or crack) or the 

smaller the radius of curvature, the higher the stress would be at the hole. He estimated the tip 

stress at A to lie between limits of [23]; 

 









+

ρ
d

21R a  and 








ρ
d

2R a               Equation 2.2 

 

where Ra is the magnitude of the applied stress, d is the depth of the notch and ρ is the radius 

of the curvature at its end for a narrow, deep elliptic notch. 

 

Inglis work laid the foundation for the analytical formulation of fatigue crack growth, which 

was later expanded and developed into linear elastic fracture mechanics by the work of 

Griffith [22] and Irwin [35]. 

 

A.A. Griffith, who worked [22] at the Royal Aircraft Establishment, U.K., in 1921 proposed 

an energy based approach to the study of fracture phenomena in brittle cracked bodies. His 

theory showed that the fracture strength of a glass was reduced due to the existence of initial 

elliptical micro-cracks due to the high stress concentrations near the crack tips. In his theory, 

he assumed that reduction in strain energy of a cracked body could be equated to the increase 

in surface energy, which increased due to increase in surface area as the crack grew. He 

formulated the breaking stress as [22]; 

 

f

a
Cπ
µT

2R
υ

=  (Plane strain) Equation 2.3 
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a
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υ
=  (Plane stress) Equation 2.4 
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where Ra is the stress, µ is the modulus of rigidity of the material, υ is the Poisson’s ratio and 

Cf is the half-length of the focal line. E is the Young’s modulus. 

 

The modified Griffith’s strength relationship is written as; 

 

πa

2Eγ
σ =  Equation 2.5 

 

where γ is the specific surface energy, (energy per unit area required to break the bonds) and 

a is half crack length. 

 

In 1957, G. R. Irwin [35], expanded this theory of Griffith to ductile materials. He determined 

that there was also a certain energy from plastic deformation that had to be added to the strain 

energy originally considered by Griffith in order for the theory to work for ductile materials. 

Irwin developed the concept of the strain energy release rate (G). He showed that a plastic 

zone develops at the tip of the crack, figure 2.11.  

 

 

Figure 2.11: The plastic zones around the crack tip in ductile materials. 

 

The plastic zone increases in size as the load increases and crack grows until the material 

behind the crack tip unloads. This theory was expressed as, 

 

pG2γG +=   Equation 2.6 

 

where γ is the surface energy and Gp is the plastic dissipation per unit area of crack growth. 
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Irwin further extended his work and correlated his strain energy release rate to the stress field 

at the crack tip by stress intensity (K), with the use of virtual work as, 

 

E

K
G

2

=  (Mode-I, plane stress) Equation 2.7 

 

( )
E

K υ-1
G
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=  (Plane strain) Equation 2.8 

 

Griffith [22] and Irwin [35] principles gave birth to the modern fracture mechanics concepts, 

such as; 

 

o Crack tip stress distribution (1/√r) singularity at the crack tip, (L.E.F.M). 

o Energy Release Rate is related to the Stress intensity. 

o Condition at the crack tip is characterized by the Stress intensity (K). 

o Fracture toughness is a material property, (KIc). 

 

In addition, many other aspects in fatigue crack growth behavior were established but all 

these lacked a simple correlation between crack growth under a wide variety of service loads 

and life of structure.  
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2.4 Linear Elastic Fracture Mechanics (LEFM) 

 

Irwin made a fundamental contribution to the theory of fracture mechanics by his work [35], 

using Wetergaard’s technique [36] for analyzing stresses and displacement ahead of the crack 

tip. He derived that in the case of a homogeneous, linear elastic medium, the stress 

surrounding the crack tip of an infinitely sharp crack [37], figure 2.12 is, 

 

θ
ij

f
2π

K

ij
σ

θ

=
r

                         Equation 2.9 

 

where σij are the stresses, rθ and θ are the cylindrical polar coordinates of a point with respect 

to the crack tip and fij are functions that are independent of the crack geometry and loading 

conditions. E is the Young’s modulus and υ is Poisson’s ratio. 

  

 

Figure 2.12: Stresses at a point ahead of a crack tip (taken from ref. [4]). 

 

In addition, Irwin noted that as the radius r tends toward zero at the crack tip, the crack tip 

stresses increase to infinity.  This is termed as a stress singularity, figure 2.13. In any material 

the crack tip stresses do not reach infinity as yielding or fracture occurs in the crack tip 

region. 
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Figure 2.13: Stress singularity at Crack Tip. (After Irwin, 1957) 

 

The size of the circular plastic zone has a diameter 2Ry, and Ry is given by,  
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y

K















σαπ
=

1
R y   Equation 2.10 

 

where; Ry is the crack forward zone size, K is the stress intensity, σy is the material yield 

stress and α is 1 for plane-stress, 3 for plane-strain. For finite sized specimens equation 2.9 is 

rewritten as, 

 

πaYσΚ Ι =               Equation 2.11 

 

where σ is the stress, Y is a correction factor that depends on the specimen and crack 

geometry and a is half crack length. 

 

Schutz [13] writes that Irwin’s work showed that the stress-intensity (SI) was the determining 

factor for the static strength of a structure in the cracked state. If K reaches a certain critical 

value, KIc, depending on the "fracture toughness" of the material in question, instant fast 

fracture occurs. 

Linear elastic stress curve

2Ry

Notional crack tip

Linear elastic stress curve

2Ry2Ry

Notional crack tip

σY 
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2.4.1 Paris Law 

 

It was in 1961 that Paris et al. [1] revolutionized the life prediction analytical technique, by 

proposing that the range of the stress intensity can characterize sub-critical crack growth 

under fatigue loading in the same way that K characterized critical, or fast fracture. Paris et al. 

[1] examined a number of alloys and realized that plots of crack growth rate against range of 

stress intensity gave straight lines on log-log scales, such that: 

 

( ) CKm
dN

da
logloglog +∆=









 Equation 2.12 

 

Equation 2.12 becomes the Paris Law [2], such that, 

 

( )m
KC

dN

da
∆=   Equation 2.13 

 

Substituting for the stress intensity range, (∆K = Kmax-Kmin), in terms of stress and crack size 

gives: 

 

( ) ( )mm
aYCKC

dN

da
πσ∆=∆=  Equation 2.14 

 

as πaYσK =   Equation 2.15 

 

For the first time, it became possible to make a quantitative prediction of residual life for a 

crack of a certain size. The growth of the crack can be found for a given number of cycles (N) 

by integrating equation 2.15 such that 

 

( )∫ πσ∆=
N

0

m
dNaYCa   Equation 2.16 
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The Paris Law governs the crack growth rate for stage-II in the life of the cracked structure as 

shown in figure 1.1. The crack growth propagation using the Paris Law is explained in 

section 2.5.2.  

 

Yazdani and Albrecht [7] proposed a modification to the Paris formulae to include the effect 

of the applied range of stress R. This gives the fatigue crack growth rate as: 
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It was found that the stress ratio effect varied with the yield stress of the material, and the 

term Q was introduced to cater for this.  Values for Q were found by Yazdani et al. [7], to be 

4 for grade A36 type steel, 4.6 for type A588. 

 

 

2.4.2 Elber Crack Closure Mechanism 

 

In 1970, Wolf Elber [38] quantified and demonstrated the importance of the fatigue crack 

growth phenomena known as crack closure, figure 2.14. Based on experimental results using 

thin sheets of an aluminum alloy, Elber argued that a reduction in the crack tip driving force 

occurred as a result of residual tensile deformation left in the wake of a growing crack. The 

residual tensile deformation caused the crack surfaces to close prematurely before minimum 

load was reached. 
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Elber argued that the crack closure attributed to plasticity effects, roughness or surface 

oxidation, gives rise to a decrease in the crack-driving stress-intensity range to a value of 

∆Keff to be used instead of ∆K. Therefore, Paris equation 2.13 can be written as; 

 

( )m
effKC

dN

da
∆=   Equation 2.19 

 

Where ∆Keff = Kmax – Kopen and (∆Keff < ∆K). Elber’s argument that fatigue crack growth 

occurs only when the crack is fully open (∆Kopen) can be found experimentally from the 

change in compliance and the crack opening stress (σopen)  can be determined by measuring a 

stress-displacement curve [4].  

 

Benden [3] writes that this is in contrast to many earlier hypotheses, which assumed a 

decrease of the mean stress after a high tensile load, Elber demonstrated experimentally that 

the amplitude decreased after such a high load; all promising crack-growth hypotheses since 

about 1975 are based on Elber's crack closure. 

 

 

 

Figure 2.14: Crack Closure Mechanisms (taken from ref. [39]) 
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2.4.3 Walker Model 

 

In 1970, Walker modified the Paris equation to take account of stress ratio. Walker proposed 

a parameter ∆K , which is an equivalent zero to maximum (R = 0) stress intensity that causes 

the same growth rate as the actual Kmax, and R combination. It is expressed by the relationship 

given in [3]; 

 

( ) Wm

W KC
dN

da
∆=  Equation 2.20 

 

Where ( )( )1WR1KK
−γ−∆=∆  

 

Thus ( )[ ] W
W

m

W RKC
dN

da 1
1

−−∆= γ
 Equation 2.21 

 

Where a is the crack size, N is the number of cycles, CW and mW are the Paris material 

constants, γW is determined by trial and error and its value is the one that best consolidates the 

data along a single straight line on the log-log plot of da/dN versus ∆K and R is the stress 

ratio. ∆K is the stress intensity range Kmax - Kmin. 

 

The significance of this equation is that a log-log plot of da/dN versus ∆K results in a single 

straight line regardless of the stress ratio for which the data is obtained. 

 

 

2.4.4 Forman Model 

 

In 1972, Forman modified the Paris equation to take account of the instability of the crack 

growth in stage-III, figure 1.1, when the stress intensity approaches its critical value, Kc. 
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( )
( ) KKR1

KC

dN

da

c

m

∆−−
∆

=   Equation 2.22 

 

Forman’s equation is capable of representing data of various stress ratios and stable 

intermediate growth of stage-II, Paris region, and the accelerated growth rates of stage-III, 

figure 1.1. 

 

Currently, Linear Elastic Fracture Mechanics, LEFM, is widely used in crack propagation 

analyses to describe the behaviour of cracks. The fundamental assumption of LEFM is that 

the crack behaviour is determined by the values of the stress intensity, K, which are a function 

of the applied load and the geometry of the cracked structure. Application of this as an 

incremental crack-extension analysis simulates the crack growth process. For each increment 

of the crack extension, a stress analysis is required to evaluate the intensity factors.  

 

Crack propagation process requires satisfactory calculation of the fracture mechanics 

parameters and the finite element method is the most popular approach.  
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2.5 Developments in Finite Element Analysis Methods 

 

Fatigue behavior reviewed in the above literature is known to be a complex phenomenon. 

Researchers have shown its great practical importance in the design life of a structure.  

 

Designers have to choose between employing the experimental S-N curve approach, that 

focuses on the nominal stress required to cause a fatigue failure at a given stress ratio, R. The 

S-N curve is specific to each material. The major disadvantage being the large scatter present 

in the data of experiments undertaken and secondly, selection of the stress range (σmax - σmin) 

and stress ratio (σmin/σmax) is needed. The experimental studies required to be undertaken are 

discussed in Chapter 3. 

 

The other alternative is to use the analytical models presented in the previous sections. 

However, as the major crack propagation occurs in region-B of figure 1.1, the remaining 

cracked component life can easily be evaluated by LEFM (Paris Law) or FE Methods. The 

under taken analytical crack growth study is presented in Chapter 4, 5 and 6 of the thesis, 

using empirical formulae’s and FE method. 

 

 

2.5.1 The J-integral Approach (Energy Release Rate Method) 

 

When the material is elastic, stress intensity can be readily determined from the J-integral 

values, which can be calculated from either the contour integral or virtual crack extension 

(VCE) method. The VCE method was introduced independently by deLorenzi [40], Park [41] 

and Hellen [42]. The Park and Hellen method is implemented in ZENCRACK [12] used in 

the analyses described in Chapter 4 to Chapter 6. It defines a normal plane at any node on the 

mesh at the 3D crack front. This plane is orthogonal to the crack front tangent at the node. 

Seven virtual crack extension vectors for each crack front node are generated to locate the 

maximum magnitude and its direction. This series of virtual crack extensions in the normal 

plane will produce a distribution of energy release rates. This is shown schematically in 

figure 2.15, as energy release rate values G1 to G7. 



29 

 

Figure 2.15: Energy release rate distribution at a point on a crack front (taken from ref [12]) 

 

The J-integral implemented in ABAQUS [11], represents a way to calculate the strain energy 

release rate, or work (energy) per unit fracture surface area, in a material [4]. The theoretical 

concept of the J-integral was developed in 1968 by J. Rice [43]. He showed that an energetic 

contour path integral (called J) was independent of the path around a crack, figure 2.16. 

 

 

 

Figure 2.16: Integration paths around a notch in two dimensions. 

 

Consider the contour around the notch, Figure 2.16, Γ = Γ1 + Γ+
 + Γ2 + Γ−

. The J-integral 

around the contour is zero; 
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For isotropic, perfectly brittle, linear elastic materials, the J-integral can be directly related to 

the fracture toughness. For plane strain, under Mode-I loading conditions, this relation is; 
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EJK ×=  (Plane Stress) Equation 2.26 

 

 

2.5.2 Stress Intensity Solutions 

 

A number of well-known and widely used stress intensity factor (SIF) solutions exist for 

common situations, Table 2-1. These SIF solution when integrated into the Paris Law, 

automate the crack growth process. The procedure is as follows, 

 

1. Obtain the crack length and cracked geometry. 

2. Select the Y-solution from Table 2-1 and compute stress intensity (K) for movement 

of crack growth using equation 2.15. 

3. Calculate number of cycles using the Paris Law, assuming C and m, equation 2.14. 

4. Repeat steps one, two and three for incremented crack lengths. 

 

Another approach is to employ the finite element method to compute the stress intensity, K, 

in step 2 above. The FE models are specific to the exact geometry and loading conditions and 

if the fatigue loading is constant amplitude, the crack propagation calculations are relatively 

straightforward as the FE programs can generate the direction of crack growth on basis of 

maximum energy release rate or J-integral. The evaluated J-integrals by FE programs are 

converted to stress intensity, K, using equation 2.26. The procedure described above has been 
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automated to allow for crack growth propagation. Chapters 4 to 6 are based on this approach 

and the obtained results are in form of plots between crack size and number of cycles. 
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Table 2-1: Y-solutions for SIF (taken from ref. [4, 44]) 
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2.5.3 The Quarter-point Displacement Method 

 

Lin and Smith [45], write that Henshell et al., 1975 and Barsoum, 1976, proved that the 

theoretical strain/stress singularity at the corner of a 20-node iso-parametric element 

can be exactly achieved by moving the mid-side nodes of the elements to 1/4-point positions, 

as shown in figure 4.3, (page 87). The stress intensity factor can then be estimated from the 

crack-surface displacements at these 1/4-points, i.e. 

 

( ) ( )
( )4/1z

4/1
2

u
r

2

14

E
K

π

υ−
=  Equation 2.27 

 

Where is the distance of the 1/4-point away from the crack tip and E and ν are Young’s 

modulus and Poisson’s ratio of the material. However, care should be taken on the generation 

of the mesh. The mesh adjoining the crack front should be orthogonal.  

 

 

2.5.4 The Nodal Displacement Method 

 

The displacements at the nodes on the crack face are used to calculate (K) in a similar way to 

the approach for quarter-point nodes described above, [46]. An opening displacement normal 

to the local crack face is calculated for each node. In Chapter 4 to Chapter 6, the stresses are 

also computed from the displacement solutions that are the primary output of the FE program, 

ABAQUS [11]. The method is only applicable to linear elastic material behaviour. 

 

The method works on by creating a local coordinate system on a pair of nodes on either side 

of the crack face in local I, II, and III orientation directions, figure 2.17. A positive opening 

displacement indicates an open crack condition. The obtained nodal displacements are then 

converted into stress intensities, Section 4.1.2.  

 

 



33 

 

 

Figure 2.17: Local opening directions at a crack front node. [12] 

 

The maximum tangential stress criterion as stated by Erdogan and Sih [47], shows that there 

are two commonly recognized hypotheses for the extension of cracks, figure 2.18, in a brittle 

material under slowly applied plane loads; 

 

o The crack extension starts at its tip in radial direction. 

o The crack extension starts in the plane perpendicular to the direction of greatest 

tension. 

 

 

 

 

 

 

 

Figure 2.18: Crack Growth Direction 

 

The local out-of-plane growth direction [12], using maximum tangential stress intensities is, 
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2.6 Modification to SIF due to Welds 

 

Lang [8] has made reference to previous research carried out by Maddox (1975), Frank and 

Fisher (1979), Yamada and Hirt (1982) on the fatigue crack growth investigation into fillet 

welded joints in cruciform or Tee shapes, figure 2.19, subjected to tension cyclic loading. In 

1975, Maddox introduced the concept of a magnification factor Mk applied to the SIF, 

equation 2.15, to take into account the various geometric conditions that amplify the K in the 

details of interest. In 1979, Frank and Fisher, proposed a polynomial expression of SIF 

magnification factor for the weld root in a load-carrying cruciform joint by the compliance 

method using the results from finite element analysis. The stress intensity was found to be 

directly related to the size of the fillet weld leg and the crack size in the un-penetrated region 

as follows, [48]; 

 

( )
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seca
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Wa2AA
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21
I   Equation 2.29 

 

where a is the half crack length, B is the thickness of the attached plate, h is the size of the 

fillet weld leg, W = B+2h and σm is the applied stress. A1 and A2 are calculated as; 

 

( ) ( ) ( ) ( ) ( )5432
1 Bh415.0Bh875.1Bh696.3Bh361.4Bh287.3528.0A +−+−+=  

( ) ( ) ( ) ( ) ( )5432
2 Bh783.1Bh755.7Bh122.13Bh171.10Bh717.2218.0A +−+−+=  
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Figure 2.19: Arrangement of welded cruciform and Tee joint. [48] 

 

BS 7910 [49], adopted and improved equation 2.29, for flat plates with through thickness 

flaws and is written as; 

 

aMMfK maxmwI πσ=  Equation 2.30 

where 1MM m == , 






 π
=
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w
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A
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Recently Roy[50], carried out a comprehensive review of fatigue crack growth by evaluating 

SIF in ship details with the help of analytical techniques and FE Analysis. Roy computed SIF 

for plates in bending, misaligned plates with surface and through thickness cracks. The crack 

growth rate was compared against existing models for constant amplitude loading of welded 

and un-welded plates. Roy [51], developed an equivalent load technique to compute crack 

growth rates of composite patched repaired plates and compared his results to tested 

specimens. A 3-D finite element analysis was conducted to determine the stress intensity 

factors for misaligned effect in grillage structure. Roy [50], concluded that, long crack is 
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largely driven by the membrane stress and that the influence of bending stress on the crack 

growth rate is much smaller in such a case than with crack initiation or very short cracks. 

Correction factors were derived to predict the behaviour of long cracks when bending or 

misalignment is present.  

 

 

2.7 Effect of Stiffeners on the Crack Growth 

 

Extensive research on the solution for the stress intensity factors for a crack propagating in a 

stiffened panel exists. The majority of the work has been done to investigate the growth of a 

crack in aluminum panels for applications in the aviation industry. As early as 1958, Sanders 

[52], studied the case of an integral stiffener centrally located on a thin, orthotropic sheet with 

a symmetric transverse crack, figure 2.20. He made the simplification that the sheet was 

extendible only in the longitudinal direction, giving a solution independent of Poisson’s ratio. 

 

 

Figure 2.20: Cracked sheet with a reinforcing stringer (taken from ref. [52]) 

 

In 1971, Poe Jr. [53], used Paris’s model to predict crack propagation in aluminum plates 

with riveted and uniformly spaced stringers used in airframes. Dexter and Mahmoud [54], 

2005, write that Poe showed that the K solution decreased as the crack approached the riveted 

stiffener and continue to limit the growth even when the crack has past the riveted stiffener. 

Poe [53], modified the Paris equation and introduced a parameter, µ, the ratio of total stringer 

stiffness to total panel stiffness called the “percent stiffening”, where, 



37 

 

btEEwt

Ewt

ss

ss

+
=µ                Equation 2.31 

 

where E is the Young’s modulus of elasticity, w is the stringer width, ts stringer thickness, Es 

stringer’s modulus of elasticity, b is the stringer spacing and t is the thickness of the plate. 

 

Dexter and Mahmoud [54], add that, Poe’s tests also showed that cracks develop and sever 

the integral stiffeners and that the load carried by the stiffener is shed to the remaining net 

section. Poe noted that the crack grew at approximately the same rate in the stiffener as it did 

in the plate. The stress intensity using Green’s function is given as; 
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                Equation 2.32 

 

where F is the magnitude of the force in the stiffener, a is the half crack length, s is the 

distance of the stiffeners from the centreline of the crack and tpl is the thickness of the shell 

plate. 

 

Dexter and Pilarski [55], conducted a series of experiments to characterize the propagation of 

large fatigue cracks in welded stiffened panels under four point bending and observed that 

welded stiffeners substantially reduce the crack propagation rate relative to a plate with no 

stiffeners. 

 

Spadea and Frank in 2004, [56], investigated stiffener connections to the flange in steel 

bridge girders subjected to cyclic loading from vehicular traffic, figure 2.21. The welding 

procedure used to attach the stiffener to the flange was examined in detail. The fatigue 

performance of stiffeners with undercuts was also considered, figure 2.22 (a&b). Undercuts at 

the flange edge and filling of the stiffener cope with the fillet weld were also evaluated. They 

concluded that undercuts did not influence the fatigue performance of the stiffener weld even 
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when very large undercuts were purposely introduced. Flange undercuts and filling the cope 

with a continuous weld did not change the fatigue performance of the connection. 

 

 

Figure 2.21: Stiffener to Flange Connections (taken from ref. [56]) 

  

(a) (b) 

Figure 2.22: (a) Fully wrapped Diaphragm Stiffener (b) Wrapped Intermediate Stiffener Weld 

(taken from ref. [56]) 
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2.8 CFRP Bonded Patch Repairs 

 

Patch (reinforcement) repairs are intended to restore the load path removed by the damage, 

ideally, without significantly changing the original load distribution. Adhesively bonded 

patches provide the most effective load transfer. While, bolted repairs are highly suited for 

the repair of thick composite skins. However, bolted repairs usually involve the drilling of 

many extra fastener holes and lack flexibility, table 2-2, shows some applications of crack 

repair techniques in use, 

 

Crack  

Repair Method 

 
Repair Options  

1. Drill hole at crack tip 

2. Drill hole at crack tip, tighten bolts lug to impose compressive 

stresses at crack front 

3. Add doubler plates 

Temporary fix  

and monitor 

4. Cover crack with cold patch (e.g. composites) 

1. Gouge out crack and re-weld 

2. Cut out section and butt weld inserts/replace cracked plate and 

stiffeners in way 

Permanent fix,  

keep same design 

3. Apply post-weld improvement techniques 

1. Gouge out crack and re-weld, add/remove/modify/design of 

scantlings, brackets, stiffeners, lugs or collar plates 

2. Cut out sections, re-weld, add/remove/modify scantlings, 

brackets, stiffeners, lugs or collar plates (soft toe, increasing 

radius, trimming face plate, enlarging drain holes, enhancing 

scantling in size or thickness etc.) 

Permanent fix, 

modify design 

3. Apply post-weld improvement techniques 

 

Table 2-2: Crack Repair Methods (taken from ref. [57]) 
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Baker and Jones introduced CFRP repairing in the aircraft industry as early as 1970’s. Their 

research lead to the development of different numerical techniques for stress analysis and 

subsequent derivation of stress intensity factors for the repaired panels. However, most of 

these studies were restricted to thin aluminum sections. 

 

The earliest analytical work done by Ratwani [58], involved a 2-D FE analysis for out-of-

plane bending arising due to asymmetric patching in a thin specimen. Ratwani correlated the 

experimental results to the finite element obtained stress intensity. The NASTRAN FE model 

consisted of three layers under a state of plane stress. The adhesive thickness was represented 

as elastic shear springs or shear elements, which only transferred shear loads. The elliptical 

debond length was taken longer than crack, this was argued from experimental studies. The 

initial FE model results, which did not account for out-of-plane deformation, were then 

adjusted to correct for the bending effect. The difference between the load carried by the 

cracked layer and the load carried by the repaired layer resulted in a global moment. This 

moment was then applied to the entire structure and the increased stress due to bending was 

included in the stress intensity. Ratwani showed that an increase in the adhesive thickness or 

a reduction in shear modulus, caused less load transfer to the patch material, resulting in an 

increase in the SIF and an increase in the cracked layer thickness or elastic modulus caused 

an increase in the SIF.  

 

Later, Arendht and Sun [59] using ANSYS, aimed to predict the actual 3-D bending effects 

and compared these to Ratwani’s work. Arendht and Sun’s 2-D bonded repaired FE model 

consisted of the specimen and patch modeled using 4-noded shell elements, and adhesive 

layer represented by shear springs. The relation between the shear nodal forces and in-plane 

nodal displacements was given by; 
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t

EJ
K =          Equation 2.33 

 

Where µ is the shear modulus of the adhesive, A is the area of the shear spring, U are the 

nodal displacements, k is the shear spring constants, K is SIF  and Jtotal is the strain energy. 
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The results showed that Ratwani’s model under-predicted by 25% the normalized stress 

intensity compared to this model. The total strain energy release rate increased as the 

adhesive thickness increased and shear modulus decreased. In addition, the total strain energy 

release rate decreased as the stiffness of the repair increased. 

 

Rose [60, 61] in 1981 and 1982, proposed an inclusion analogy for bonded patches over 

cracks in plates. The crack patching analysis was divided into two stages, each with different 

simplified assumptions which estimated physical quantities with simple formulae. Rose’s first 

stage involved an elliptical composite patch rigidly bonded to an un-cracked metallic sheet. 

The stresses at the prospective location of the crack for the second problem were calculated. 

In the second stage, a semi-infinite crack in an infinite patched sheet was considered. The 

semi-infinite crack was loaded on its surfaces by the same stresses found in the first problem 

but in a reversed fashion. It was found that for long cracks the value of stress intensity 

approached a constant value given by: 

 

πλσ 0inf =K                 Equation 2.34
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E is Young’s Modulus, G is the shear modulus, t is material thickness, suffixes p, r and a, 

refer to the plate, composite patch and adhesive respectively.  In addition it was found that the 

composite fibre stress also tended towards a constant value given by: 
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Where; 
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where a/b is the aspect ratio of the patch. 

 

In 1999, Jones and Chiu [62] modified Rose equation 2-23, with a bending correction factor 

to allow for the effects of bending in the case of single patch applications.  The stress 

intensity at the mid-plate is given as: 

 

pp KBCK )1(* +=  Equation 2.36 

 

∞+= K)BC21(K max   Equation 2.37

  
*

PK is the apparent stress intensity at the mid thickness of the plate for the single patched 

plate, while, maxK
 is the stress intensity at the un-patched surface for the single patched plate, 

and bending correction factor is,  
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where a is the half crack length, ymax is the distance from the neutral axis to the un-patched 

surface, tp and tr are the plate and patch repair thicknesses, I is the section moment of inertia 

and Ks is the un-patched plate stress intensity. 
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In terms of energy release rate (J), 

  

EKJ P2*P=  Equation 2.38 

 

 

However, Jones [62], adds that its better to design on the basis of maximum stress intensity as 

given by, 

 

( ) P
P
max KBC21K +=  Equation 2.39 

 

Jones in his 2002 paper [63], makes reference to Ting et al [64], paper on the investigation of 

patch repair to rib stiffened panels, in which the Ting and Jones validated the formulae with 

over 2000 test cases, and found that stress intensity tended towards a constant value at large 

crack lengths.  A modification was made to the equation given by Rose (1981) to incorporate 

a geometry factor Y and a load attraction factor ΩL to give: 

 

πλσ 0inf LYK Ω=   Equation 2.40 

 

where Y is equal to one for a centre crack and 0.9 for an edge crack. 
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where X is the width of the patch and B is the width of the plate. 

 

In 2003, Grabovac [65, 66], applied composite patches to reinforce the welded repair of a 

Royal Australian Navy ship. He monitored the stress concentrations and residual stresses due 

to section changes and welding. A sacrificial glass epoxy patch was applied to the edge 
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region of the composite patch, to protect the adhesive from the salt water. The patch design 

life of seven years was exceeded with no degradation of the main patch; however, the 

sacrificial patch was repaired after two years due to partial de-bonding. 

 

Theoretical and experimental research has shown that adhesively bonded carbon fibre patches 

can reduce crack growth rates by distributing stresses from the main plate onto the composite 

patch through the adhesive medium. The experimental investigation of Hart-Smith [67-69] in 

1973, showed that the distribution of shear and peel stresses in the adhesive, the plate and 

composite in a patch bonded to a cracked plate are similar to those in single lap joints. The 

shear and peel stresses are highest at the joint and patch ends with a region of low stress 

between the two.  Stresses in patched cracked plates are lower than those in the lap joint. 

 

 

2.8.1 Adhesive Bond 

 

Hart-Smith [67-69], recommended that joints should be designed such that the adhesive bond 

is stronger than the ultimate strength of the weakest adherend.  Experimentally it is shown 

that adhesives can withstand a large amount of plastic strain and therefore it has been 

suggested that joint length be such that a limited amount of plastic deformation be allowed in 

the design of the joint length. Increasing the adhesive thickness increases stress intensities 

due to increasing offset of the load paths. Reducing the patch end stiffness by tapering the 

adherends reduces the local peel stress, the stress that pulls an adhesive apart.   

 

Apalak et al. [70] investigated the case of tee joints, figure 2.23, by increasing both the 

support lengths (overlap length), c & b which increases both the support lengths to plate 

thickness ratio (overlap length/plate thickness). This showed a reduction in the maximum 

principal stress and the shear stress in the joint.  In the case of rigid base joints the maximum 

principal and shear stresses in the joint decrease very little above a horizontal support length 

to plate ratio of 4.5.  In the case of simply supported joints increasing the vertical support 

length to plate thickness ratio above 4.5 provides no further reduction in joint stresses. 
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(a) 

 

(b) 

Figure 2.23: Tee Joint with double support (a) fixed support (b) pin support 

(After [70] and taken from ref.[8]) 

 

 

2.8.2 Patch Effectiveness 

 

Previous experimental studies have shown that stress intensities tend to become constant as 

the patch thickness and crack length increase in thin single patched aluminium plates. These 

values are however higher than those for plates with patches on both sides. The stress 

intensities in single sided patch repairs to thin plates with rib-stiffened panels also tended 

towards a constant as the crack length is increased. Stress intensities tend to decrease with 

increasing stiffener depth and decreasing stiffener spacing. 

 

For thicker plates with thick single side patches there is a large variation of stress intensity in 

the through thickness direction of the crack due to bending. Plates with full width patches 

show that stress intensities become constant as the crack length increases. Plates with patches 

of half and one third width show that a leveling out of stress intensities as the crack length 

increased followed by an increase as the crack neared the edge of the patch. 
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The effectiveness of a patch is dependant upon the amount of bonding that exists between the 

plate and the patch. Patches with partial de-bond can still be effective in increasing the fatigue 

life and are still effective when the crack has grown beyond the boundary of the patch. Water 

absorption and environmental effects such as temperature and the presence of salt water result 

in a smaller reduction in stress intensity when compared to that for the same patch in ambient 

air conditions. 

 

Jones et al. [62], have investigated a series of experimental and numerical studies on the 

repair of cracks in thick structural components and showed that externally bonded composite 

repairs can be successfully used to extend the fatigue life of thick structural components. 

They also mentioned that a successful design requires a full three-dimensional stress analysis 

and that particular attention should be paid to interlaminar failure in the repair.  

 

Schubbe and Mall [71], 1999, have investigated the effectiveness of fatigue crack growth rate 

of thick panels under different patch configurations. They concluded that, asymmetric repair 

extended the life to at least four times or even more. The tests showed that de-bond occurred 

in the vicinity of the crack and found to be dependent on the crack length rather than on patch 

configuration. The test results also showed that the crack growth was non-uniform across the 

repaired thickness of the panel.  

 

Liu et al. [72], looked at predicting the fatigue life of CFRP strengthened steel plates. The test 

specimens consisted of double and single sided CFRP repaired with different patch sizes and 

location. The test results compared to Paris equation showed good agreement. The analytical 

predictions were within 18% of their corresponding experimental value.  

 

 

2.9 Advances in FE Modeling of Composite Patch 

 

The FE analysis of a composite patched specimen is a 3-D problem. Due to complexities in 

the bond between the adhesive and patch elements, modeling becomes time consuming. 

Therefore, previous researchers have employed 2-D FE modeling techniques. 
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Ratwani [58] was the first to do a 2-D FE analysis for out-of-plane bending arising due to 

asymmetric patching of a thin specimen, figure 2.24. The problem was solved in two stages. 

In the first stage, neglecting the out-of-plane bending, Ratwani evaluated stress intensities 

using a FE model with specialized crack tip elements developed at MIT and incorporated in 

NASTRAN at Northrop. The developed FE model of the cracked panel and the patch 

consisted of 2-D layer structures under a state of plane stress. The layers were modeled using 

triangular or rectangular plate elements, figure 2.24, and the cracked element was manually 

inserted ahead of the each crack tip in the cracked layer. The two layers were connected by 

shear elements, representing the adhesive. The bending stiffness of the cracked panel and the 

patch was considered negligible. The FE analysis results, figure 2.25 (a), showed that the 

stress intensities were lower than those obtained from experiment. This was due to the 

account of out-of-plane bending not considered in the FE analysis.  

 

 

(a) 

 

 

(b) 

Figure 2.24: (a) Two ply adhesively bonded structure (b) Finite element model 

(taken from ref.[58]) 
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(a) 

 

(b) 

Figure 2.25: (a) Comparison of FE analysis and experimental stress intensities (b) 

Bending correction for adhesively bonded plate with a centre crack (taken from ref.[58]) 

 

In stage two, he corrected the stress intensities computed in stage one by a bending correction 

factor. This bending factor is the ratio of the stress transferred to the un-cracked layer (patch) 

in the patched panel to the total stress released due to the presence of the crack in un-patched 

panel, (M = σt/σ), figure 2.25 (b). The stress transferred to the un-cracked layer (patch) is the 

difference between the remotely applied stress and the uniform in-plane stress that matches 

the required singularity effect in the cracked layer, (M = [1-(KA/Ks)]). KA is obtained from the 

2-D FE analysis performed in stage one and Ks is the stress intensity obtained for un-patched 

panel using stress intensity factor method given in section 2.5.2 or by FE modeling. Ratwani 

[58] then assumed that the bending is resisted by the entire plate width, and the maximum 

bending stress in the plate layer is given by
( )









=

+
BCMy

I

hhah
max

211 . BC is the bending 

correction factor, h1 and h2 are the thicknesses of the plate and the patch respectively. Ymax is 

the distance of the extreme fibres of the cracked plate from neutral axis, and I is the moment 

of inertia of the section. The comparison of the corrected stress intensities to the experimental 
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results, figure 2.25 (a), showed good agreement. Arendht and Sun [59, 73] further 

investigated this and found that appreciable errors could occur, especially if the modulus of 

patch was higher than the specimen.  

 

Schubbe and Mall [74] further extended Ratwani’s work for thick repaired specimens. They 

modeled the adhesive as an elastic continuum. However, these 2-D FE models were limited, 

as the models could not capture the crack front shape which has been shown to influence the 

stress intensity variation through the thickness of the actual cracked structure [62, 71, 75]. 

 

Therefore, 3-D models are needed for a better understanding of the crack front shape and 

through thickness stress distributions. 

 

In 2002, Seo and Lee [76] using ABAQUS performed a 3-D FE analysis of a one sided 

repaired thick specimen using straight and skewed crack fronts, figure 2.26. The FE model 

consisted of the plate, the adhesive and the patch, modeled using 20-node iso-parametric 

brick elements with quarter-point crack tip singular elements used for the crack tip area. The 

plate was modeled with five layers of elements and one layer of elements was used for 

modeling the adhesive. The composite patch was modeled with two layers of elements. The 

analysis was performed at 5, 10, 15, 20, 25, 30 mm crack lengths, in order to calculate the 

stress intensity as a function of crack length. As the stress intensity at the un-patched side is 

much higher than that of patched side, Seo and Lee [76]  used an average value of the stress 

intensity to represent the effective stress intensity at a given crack length.  

 

Several average stress intensity values were calculated, such as, average of all values in the 

thickness direction, root mean square value of all values, average all values from un-patched 

side to the mid-point, value at mid-point, etc.  The fatigue life of the patched specimen was 

then predicted using the Paris Law, equation 2.13. The comparison of the crack growths 

obtained from the skew crack front model and the uniform crack front model showed that the 

skew crack front model predicted better agreement to the experimental results. However, they 

concluded that the prediction of fatigue life determined from several average stress intensities 

using FE method, was dependent on the averaging method of stress intensities. 
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(a) 
 

(b) 

Figure 2.26: Crack front configuration used in FE analysis  

(a) Uniform Crack Front (b) Skew Crack Front (taken from ref. [76]) 

 

In 2004, Lee and Lee [77] employed successive 3-D FE analysis with curved crack fronts in 

single side patched aluminum plates. The analysis process, figure 2.27, starts with the 

computation of stress intensities at a number of points along the crack front using LEFM. To 

eliminate the sudden increase in stress intensity due to the singularity at the plate adhesive 

interface and to remove any fluctuations in the stress intensity across the adjacent elements a 

cubic curve was fitted to the calculated stress intensities. These stress intensities were then 

used to calculate the crack growth rate at each point through the thickness. Automation of the 

above steps leads to a technique that can be used to simulate crack growth, figure 2.28. 

 

They showed that there is a good agreement between the crack-front shapes obtained from 

the finite element analysis and those obtained from the experiments for various repaired 

panels. They observed that geometric nonlinearity should be considered for the fatigue 

analysis of single-sided repairs, especially in the case of thin plates. However, for thick plates 

(over 6 mm), the effects of geometric nonlinearity was not significant so that linear analysis 

can be adopted with relatively small errors. Whilst the test results were close to the analytical 
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results. The values of the material constants C and m used in the analysis were optimized, in 

order to fit the analysis to the test results. 

 

 

Figure 2.27 : Successive technique for fatigue crack development analysis (taken from ref[77]) 

 

 

Figure 2.28: Comparison between experimental and analytical results of crack front 

development (taken from ref [77]) 
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A similar crack growth prediction technique is built into ZENCRACK [12] and utilized for 

the   3-D FE analysis of the tested un-patched and patched cruciform, rib-stiffened, and edge 

crack specimens described in Chapters 5 and 6. The FE modeling of the un-patched and 

patched specimens are discussed as separate cases. 

 

Roy et al. [51] in 2007, used an equivalent load idealization approach for thick cracked flat 

plates repaired with composite patches, figure 2.29 (a). Roy [51] knowing that the composite 

patch repair reduces the stresses in the cracked plate, represented this effect by modifying the 

loads applied to a finite element model of the patch repaired steel plate, figure 2.29 (b). This 

allowed the FE model to be generated without the patch and adhesive elements, figure 2.29 

(c). The plain flat plate 3-D FE model created using ABAQUS, consisted of 20-node brick 

elements. A combined axial force and bending moment, equivalent to the loading 

experienced under the patch, was applied to the ends of the test piece. This FE model saved 

considerable computational time and the FE results showed only 5–10% difference in the 

prediction of crack growths compared to the test results. 

 

 

(a) 
 

 

(b) 

 
(c) 

Figure 2.29: (a) Patch repaired specimen (b) Equivalent load method (b) FE model created 

(taken from ref. [51]) 
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Recently Lang [8], carried out a comprehensive study of 3-D FE models of CFRP repaired 

thick steel specimens. Lang [8] carried out the modeling and analysis of flat and cross plates 

with patches applied to a single side and to both sides of the cracked region of the plate.  

Patch thicknesses and crack lengths were varied to determine the effect on the stress intensity 

in the plate and the stresses in the composite. 

 

Lang’s 3-D FE model with composite patches of equal thickness on both sides of the cracked 

region showed that the stress intensity was almost constant through the thickness of the plate. 

The stress intensity in the plate reduced as the patch thicknesses was increased until a near 

constant value was reached, figure 2.30. The 3-D FE model of single sided patch repairs 

showed that the stress intensity varied through the plate thickness. The stress intensities in the 

plate tended towards near constant value as the patch thickness was increased, figure 2.30.  

For the same total patch thickness, however the reduction in the stress intensity is less than 

that for a plate with patches applied to both sides. 
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Figure 2.30: Variation of average stress intensity with patch thickness for cross plates 

with a single and with patches on both sides. (taken from ref. [8]) 

 

Lang’s [8] FE results also showed the variation of the maximum peel and shear stresses at the 

patch end for different angles of taper.  It was seen that the stresses reduced as the taper angle 

changed from 30 to 10 degrees. Lang [8], also found that varying the thickness of the 
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adhesive layer, figure 2.31, showed a very small effect on the shear stresses and the peel 

stresses.  Slight reductions in shear stresses were achieved if the adhesive thickness increased 

from 0.15 mm to 1.0 mm, however as the thickness was increased to 1.5 mm, no further 

reduction in shear stresses was observed, figure 2.31. 

 

 

                                   (a)                                                                           (b) 

 

(a)                                                                             (b) 

Figure 2.31: Variation of shear stresses and peel stresses with adhesive thickness.   

(a) Joint end (b)  End of patch (taken from ref. [8]) 
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2.10 Summary 

 

In this Chapter, the literature pertaining to the theory of fatigue crack growth propagation 

laws has been reviewed. It has been shown that the crack growth rate in Regime-B, figure 

1.1, can be predicted using the Paris Law which is based on SIF using LEFM. The use of 

CFRP patches, as a repair system has also been discussed. Previous experimental studies have 

shown that adhesively bonded carbon fibre patches can reduce crack growth rates and 

therefore increase the fatigue life of cracked plates. 

 

Numerical methods used to analyze and design CFRP repairs have also been described. The 

FE analyses by Lee and Lee [77] have shown that for thicker plates with thick single side 

patches there was a large variation of SIF in the through thickness direction of the crack due 

to bending. However, in their FE analyses different values of the material constants C and m 

were used in the Paris Law for each comparison with the test results.  

 

The FE analyses carried out by Lang [8] on CFRP repaired steel sections showed that 

increasing the thickness of the patch reduces both the average SIF in the plate and the stresses 

in the composite. There is therefore an increase in the fatigue life of the repaired plate. 

However, as the patch thickness increases the reduction in the SIF becomes less significant 

and the SIF tends to a limiting value, figure 2.30. Hence increasing the thickness of the patch 

beyond a certain value has little effect. 
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Chapter 3 Experimental Study 

 

This chapter describes the experimental investigation carried out into the effectiveness of 

composite patch repairs for centrally cracked steel specimens having practical details and flat 

steel edge cracked specimens. An earlier study carried out on the repair of fatigue cracked flat 

plates using thick CFRP repairs by Dalzel-Job et al. [78] is also described to validate the 

hypothesis that the fatigue life of a structure repaired using thin and thick carbon composite 

patches can extend life. 

 

Also included in this chapter are a description of flat steel plate tests carried out by Roy et al. 

[6], in order to determine the values of C and m, used in the Paris Law to predict crack 

growths of such repairs. 

 

 

3.1 QinetiQ Tests and ASTM standard 

 

This patch repair study is made up of three series of tests carried out for QinetiQ. The first 

fatigue tests were carried out on flat plain steel plates, to determine the material constants C 

and m, [6], used in the Paris Law for fatigue crack growth rates required in the finite element 

modelling. The second set of fatigue tests were the main tests performed to collect, observe 

and validate the effectiveness of CFRP repaired cracked flat plain steel specimens and with 

practical welded details [79]. Finally, tests on strips of CFRP composites were performed to 

evaluate the bond strength.  

  

The first two sets of fatigue tests were performed to ASTM E 647-00 [9], Standard Test 

Method for Measurement of Fatigue Crack Growth Rates while the last set of tests conform 

to ASTM D 3163-73 [10], Standard Test Method for Determining the Strength of Adhesively 

Bonded Rigid Plastic Lap-Shear Joints in Shear by Tension Loading.  
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3.2 Flat Plates Specimens 

 

The test specimens were 200 mm wide and 1000 mm long plain steel, with a 20 mm crack 

spark eroded at the centre of the plate, figure 3.1. The tests were divided into three groups 

dependent on the class of steel that were A, D and DH and the thicknesses of the plates which 

were 9 mm, 11.5 mm and 12 mm respectively, [6]. Fatigue tests were carried out by applying 

a sinusoidal tensile stress from zero to 75 MPa in an Instron 8805 twin pillar fatigue-testing 

machine with a loading capacity of 500 kN, figure 3.1. A travelling microscope mounted on a 

vernier scale was used to record the crack growths against the number of cycles, figure 3.1. 

The accuracy of the measured crack lengths on each side of the plate was within 0.01 mm. 

Readings were noted at intervals up to the point where necking of the remaining plate 

ligaments, figure 3.2, and formation of shear lips occurred, figure 3.3. 

 

 

Figure 3.1:  Flat plate in Instron fatigue testing machine with optical crack measuring 

system (Courtesy of QinetiQ Ltd) 
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The crack growth rate constants were then determined from a moving 7 point trend line in 

accordance with ASTM E647-00, Standard test method for measurement of fatigue crack 

growth rates, Appendix XI, Section XI.2 Incremental polynomial method. A summary of the 

computed Paris material constants from the tests are given in Table 3-1. 

 

Source reference 
C 

(MPa√√√√m) 
C 

(MPa√√√√mm) 
m 

Specimen 67 5.145 x 10
-13

 2.21 x 10
-15

 3.578 

Specimen 68 7.995 x 10
-12

 4.89 x 10
-13

 2.809 

Mean (67 + 68) 2.072 x 10
-12

 3.47 x 10
-14

 3.184 

Yazdani and Albrecht  

in air (mean) [7] 

1.537 x 10
-12

 1.48 x 10
-14

 3.344 

Table 3-1:  Values of material constants C and m for Grade-D (taken from ref [6]) 

 

 

 

  

  Figure 3.2: Necking and formation of shear 

lips (Courtesy of QinetiQ Ltd) 

Figure 3.3: Formation of shear lips and failure 

(Courtesy of QinetiQ Ltd) 
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3.2.1 Test results and Discussion 

 

The test results obtained for the crack growth constants used for predicting the fatigue crack 

growth are similar to the mean values proposed by Yazdani and Albrecht [7]. Figure 3.4 

shows the plotted crack growths against the number of cycles for a grade D steel specimen 

with the predicted crack growths using C and m as given by Yazdani and Albrecht [7]. It 

can be seen that the calculated crack growth using Yazdani and Albrecht mean material 

constants is conservative compared with the test results. 

 

Figure 3.5 shows the results for crack growth rate against stress intensity calculated from 

the combined test results for grade D specimens against Yazdani and Albrecht mean values. 

It shows that the Yazdani and Albrecht [7], is almost the same as for the specimens mean 

value. Therefore, the Yazdani and Albrecht constants will be used in the analytical study. 
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Figure 3.4: Comparison of calculated crack growth for grade D specimens combined with Yazdani results (taken from ref [6]) 
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Figure 3.5: Crack growth rates against cyclic stress intensity for grade D (taken from ref. [6]) 
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3.3 Composite Patch Test Specimens 

 

The second test groups was made up of two different sets of CFRP repaired specimens and 

are discussed separately. The first set of specimens have practical weld details with centre 

cracks and the second were flat steel plates with edge cracks. The centrally cracked 

specimens were fabricated from Lloyd's grade E carbon steel. Both sets also included un-

patched specimens.  

 

Before the start of the tests, a FE analysis was carried out to verify the uniformity of the 

stresses at the crack levels in the test specimens. Following this, it was decided to weld 

additional steel plates on each face at the top and bottom of the test specimens, in order to 

ensure that the stresses were uniform. 

 

 

3.3.1 Centre Cracked Specimens 

 

Two of each of two different types of specimen, which included practical weld details, were 

fabricated. The first type of specimen was a continuous plate of 500 mm wide and 1000 

mm long with rib-stiffeners welded on each side – one of the stiffeners extending to only 

half the plate height, figure 3.6.  A mouse-hole was included in the continuous stiffener at 

mid-height. The second specimen was a cruciform, with a continuous longitudinal plate 500 

mm wide and 1000 mm long to which two secondary plates were welded, figure 3.7. A 

spark-eroded crack 120 mm long was formed at the centre of the plate in all of the 

specimens in order to initiate the crack. One of each of the two types of specimens was 

loaded in a similar way to the flat plate tests in the fatigue-testing machine with a sinusoidal 

tensile load of 45 MPa with a stress ratio (R) of 0.12, applied at 6 Hz frequency until failure 

occurred.  
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Figure 3.6: Stiffener Specimen and in testing (taken from ref [79]) 

 

The second of the two specimens were each then loaded in fatigue until the crack extended 

to a predetermined length, then removed and CFRP patch repaired as described by Turton 

et al. [80]. The CFRP patch was designed and supervised by QinetiQ as follows; 

 

1. The flexibility of the composite patch meant that in the cruciform specimen it not 

only covered the crack but was bonded to the secondary plate, making a right angle, 

figure 3.7. While in the stiffened specimen, it was flat and straight. 

 

2. The use of a uni-directional prepreg carbon fibre reinforced epoxy patch becomes 

ideal as high specific strength and stiffness results in a thin patch thickness, [80]. 

 

3. As shown by Lang’s [8] FE analysis results, figure 2.30, for a crack length of 100 

mm, a 5 mm single sided thick patch repair will be as effective as a 15 mm thick 

patch, which results from the conventional practice of matching the stiffness of the 

patch to the stiffness of the metal substrate,  [78, 80]. 
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4. The specimen surface was prepared by hand held grinders and a layer of glass fibre 

was laid down, this prevents galvanic corrosion, [80]. Next the prepreg carbon patch 

was applied. 

 

5. The composite patch is then sealed in a vacuum bag and allowed to consolidate. 

Once the infusion or consolidation is complete then heat is applied to cure the patch, 

[80]. 

 

6. The patched specimens were then loaded in fatigue again and the crack growth 

measured on the un-patched face. 

 

 

 

 

Figure 3.7: Cruciform Specimen and in fatigue machine (taken from ref. [79]) 

 

The patched plates were fitted with strain gauges. The stiffened patched plate was fitted 

with nine strain gauges, with four on the un-patched face. While, the cruciform specimen 

was fitted with six strain gauges, with two on the patched face. Readings were recorded 

using FLYDE’s Micro Analog 2 instrumentation system.  
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3.3.1.1 Test results and Discussion 

 

Figure 3.8 shows the comparison of half fatigue crack growths for the un-patched specimens. 

It can be seen from the plots that the crack growth was faster for the rib-stiffened un-patched 

specimen. The rib-stiffened un-patched specimen failed at 795000 cycles having a total crack 

length (2a) of 407 mm. The un-patched cruciform specimen failed at 1076000 cycles, having 

a total crack length (2a) of 399 mm.  

 

The crack observed in the cruciform un-patched specimen is somewhat irregular as can be 

seen from figure 3.9. The cause of this can be attributed to the attached secondary plates, later 

confirmed by the FE analysis, section 5.3. A straight crack was observed in the rib-stiffened 

specimen, figure 3.10.  

 

Figure 3.11 shows the comparison of half crack growths for the un-patched and patched 

specimens. The crack lengths before the application of the patches were taken in range-1 and 

range-2 was taken as twice the initial half crack length. The half crack lengths (a) were 83.90 

mm and 79.91 mm, when the patches were applied on the rib-stiffened and cruciform 

specimens respectively.  

 

Table 3-2 shows the comparison of crack growth rates for the un-patched and patched 

specimens. It can be seen that the crack growth rate slowed down after patching in both the 

specimens.  

 

In range-1, Table 3-2, for a half crack length of approximately 80 mm, in the un-patched and 

patched cruciform specimens, a slight difference was observed in the crack growth rates 

before the application of the patch. However, a faster crack growth rate was seen between the 

un-patched and patched rib-stiffened specimens, before the application of the patch.  

 

In range-2, Table 3-2, for a half crack length of approximately 120 mm, there is decrease of 

39% in the crack growth rates between the un-patched and patched cruciform specimens. 

This shows that the composite patch was effective in reducing the crack growth. 
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Figure 3.8: Comparison of crack growths in un-patched plates (taken from ref. [79]) 
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Figure 3.9: Crack in the cruciform specimen (Courtesy of QinetiQ Ltd) 

 

Figure 3.10: Crack in the stiffened specimen (Courtesy of QinetiQ Ltd) 
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Range-1 (before patching) 
Range-2 (after patch) 

(Approx. 120 mm crack length) Specimens 

Crack (a) Cycles Avg Rates Crack (a) Cycles Avg Rates 

Un-patched Cruciform 80.43 422671 0.04821 120.04 811820 0.10179 

Patched Cruciform 79.91 466904 0.04013 119.30 1097404 0.06247 

Un-patched Rib-Stiffened 83.23 289679 0.08026 121.03 549679 0.14537 

Patched Rib-Stiffened 83.90 178200 0.13411 119.26 4516840 0.00815 

Table 3-2: Crack growth rates in the un-patched and patched specimens  

(mm per 1000 cycles) 

 

Similarly, comparing the half crack growths of the patched and un-patched rib-stiffened 

specimen in range-2, figure 3.11, the patched rib-stiffened specimen required more than 4.5 

million cycles to reach the approximate crack length of 120 mm. This shows that the crack 

was growing at a very slow crack growth rate, Table 3-2. This decrease seems to suggest that 

the stress intensity at the crack tip has now become very near to the lower threshold limit, 

which would mean that the stresses in the main plate have distributed such that most of which 

are now been taken by the stiffener and patch. This transfer of load to adjoining members is 

called as load shedding. 

 

In the patched cruciform specimen, the test was ended after the crack had grown to total crack 

length of 400 mm, requiring more than 1.4 million cycles. In the patched rib-stiffened 

specimen, the test was ended after the crack had grown to a total crack length of 331 mm, 

having done 15 million cycles. No cracks were seen at the circumference of the mouse-hole 

in the un-patched and patched rib-stiffened specimens. 

 

No sign of tear or de-bond was seen in both the patched specimens. This was encouraging in 

the case of the cruciform specimen where the patch was applied at a right angle. As no post-

mortem of the cracks was performed, therefore it is not possible to verify that asymmetric 

repairing of the specimens resulted in non-uniform crack growth across the thickness due to 

out-of-plane bending effect. 
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The recommendation of Lang’s [8] based on the analytical results, figure 2.30, that a thinner 

CFRP patch can be applied (to give the same life) is validated.  

 

A similar study has been conducted by Dalzel-Job et al. [78] on four plain thick steel plates, 

140 mm wide by 15 mm thick by 900 mm long, having a 20 mm spark-eroded starter crack at 

the centre of each specimen. The un-patched specimen was loaded with a constant amplitude 

stress of ±100 MPa at 1.67 Hz, acted as the reference specimen. Two of the three remaining 

specimens were patched repaired after the crack was allowed to grow to 50 mm in length. 

One patch repair was 24 mm thick and the other was 12 mm thick. Table 3-3 shows the test 

results for the patched and un-patched plain steel specimens [78].  

 

Test reference Crack lengths 
(2a - mm) 

Number of 
Cycles (dN) Remarks 

83 324000 Un-patched specimen 

88 415000 Patched specimen 

50000 (cycles from 50 mm crack) Failure – un-patched 

110000 (cycles from 50 mm crack) Failure - patched 

Dalzel-Job [78] 

(24 mm thick 

patch) 

2.2 Life factor 

83 324000 Un-patched specimen 

115 440000 Patched specimen 

50000 (cycles from 50 mm crack) Failure – un-patched 

190000 (cycles from 50 mm crack) Failure - patched 

Dalzel-Job [78] 

(12 mm thick 

patch) 

3.8 Life factor 

Table 3-3:  Fatigue Test Results (After ref [78]) 

 

Comparing the life extension of the two patch repaired specimens of Dalzel-Job et al. [78], 

Table 3-3, surprisingly the thinner patch (12 mm) repaired specimen gives a longer life. In 

addition, it is note worthy keeping in mind the amount of cost saved in using thinner CFRP 

patches. Dalzel-Job et al. [78] also suggested that a greater potential for increasing fatigue life 

is achieved by applying the patches at shorter crack lengths. 

 

The experimental results shown for the CFRP patch repaired cruciform and rib-stiffened 

specimens along with the tests conducted by Dalzel-Job et al. [78], provides confidence that 

the repairing of thick steel specimens using thin CFRP patches is effective in increasing the 

fatigue life of steel structures. 
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Figure 3.11: Comparison of half crack growths between un-patched and patched specimens (Courtesy of QinetiQ Ltd) 
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3.3.2 Edge Cracked Specimens 

 

The capability of the developed FE models presented in Chapter 5 and 6, in predicting 

crack growths of different cracked geometries was further validated by comparing with the 

test results for the un-patched and patched plain edge cracked specimens. Three plain edge 

cracked specimens, 500 mm wide, 1000 mm long and 10 mm thick were fabricated, figure 

3.12. Plates of 100 mm deep and 5 mm thick are welded on both sides at the ends of the 

specimens, similar to the cruciform and stiffened specimens. The edge cracks were formed 

by hand sawing to a length of 58 mm, instead of spark erosion, figure 3.12. At the start of 

the each test, the edge cracks were allowed to grow to 60 mm, to develop a sharp fatigue 

crack. This initial crack length of 60 mm was equal to the half crack lengths in the 

cruciform and rib-stiffened specimens. 

 

Each of the three-edge crack specimens were fatigue tested using sinusoidal tensile load of 

45 MPa with a stress ratio (R) of 0.12, applied at 6 Hz in the Instron machine. The first 

specimen was removed and sent to QinetiQ for CFRP patch repairing, when the edge crack 

had grown to 90 mm. A bi-directional 15 mm thickened patch was applied, which provided 

the same stiffness as the thin unidirectional CFRP used in the cruciform and the rib-

stiffened specimens figure 3.13. This specimen and the two un-patched specimens were all 

fatigue loaded until failure occurred.  

 



 

72 

500 mm 

Un-patched face 

90 mm 
Crack 
Length 

Patch face 

243.5 mm 
(from C.L.) 

243.5 mm 
(from C.L.) 

487 mm 
(from edge) 

350 mm 

350 
mm 

 

 

Figure 3.12:  Edge Crack Specimen in Instron Machine 

 

 

 

Figure 3.13: Edge crack specimen repaired with Bidirectional CFRP patch (Courtesy of 

QinetiQ Ltd) 

 

Initial crack 
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3.3.2.1 Test results and Discussion 

 

Figure 3.14 shows the fatigue crack growths for the un-patched edge cracked specimens. For 

each of the edge crack specimens (EC-1, EC-2, EC-3), the number of cycles to reach a crack 

length of 60 mm is given in Table 3-4. It can be seen from figure 3.14 that the crack growths 

were slightly faster for specimen EC-1 than in the other two.  

 

Figure 3.15, shows the crack growths for the un-patched edge cracked and centrally cracked 

cruciform and rib-stiffened specimens.  

 

Figure 3.16, shows the observed crack in failed un-patched edge crack specimen, EC-2. 

Similar crack failure was seen for specimen EC-3.  
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Figure 3.14: Crack growths in un-patched edge crack specimens 
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Table 3-4: Number of cycles needed to Failure 

 

Figure 3.17, shows the comparison between the un-patched and the patched edge cracked 

specimens. It needed approximately 53000 cycles to start the crack growing again after the 

patch had been applied.  

 

Table 3-5, shows crack growth rates in the patched specimen, until failure. The fatigue life of 

the patched specimen, EC-1, shows an increase of more than three times compared to the un-

patched specimens, EC-2 and EC-3, figure 3.17.   

 

The crack in the repaired specimen, EC-1, was allowed to grow to the edge of the plate, 

figure 3.18.  After the crack had grown through the plate, another 4000 cycles were applied, 

to show that the composite patch was capable of taking the total load. No tear or delimitation 

was seen, figure 3.18.   

 

A straight crack was observed through to failure in the repaired plain edge cracked specimen, 

EC-1, figure 3.16. This compared to the cracks observed in the failed specimens EC-2, figure 

3.16, suggests that the applied composite patch has reduced the stresses around the crack tip. 

 

No debonding was seen in the composite patch repaired edge cracked specimen.  

 

The test results of the repaired edge crack specimens show that the patch was effective in 

increasing the fatigue life.  

Specimen 
Cycles 

(Reach 60 mm) 

Cycles  

(Reach 90 mm) 
Total Cycles to Failure 

EC-1 72000 345000 345000 (Stopped for patch) 

2985000 (Patched) 

EC-2 110000 490000 840000 (Shear lips formed) 

EC-3 90000 500000 910000 (Shear lips formed) 
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Figure 3.15: Crack growths for the un-patched edge-cracked and centrally cracked cruciform and stiffened specimens
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(a) 

  (b) 

Figure 3.16: Crack in failed edge cracked specimens (a) Un-patched (b) Patched 

 

Specimen 
Crack Length 

(mm) 
Cycles  

Crack Growth Rates  

(mm per 1000 cycles) 

EC-1 

(Patch) 

89.95 

100.47 

152.17 

201.77 

249.86 

297.38 

352.00 

400.35 

452.63 

500.00 

398200 

648200 

1420000 

1780000 

2015000 

2235000 

2445000 

2625000 

2865000 

2985000 

0.2259 

0.1549 

0.1072 

0.1133 

0.1240 

0.1331 

0.1439 

0.1525 

0.1579 

0.1675 

Table 3-5: Crack growth rates for the repaired edge crack specimen 
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Figure 3.17: Combined crack growth rates for the un-patched and patched edge cracked specimens
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Figure 3.18: Crack grown through and to the edge 

 

3.4 Bond Tests and Tensile Tests  

 

Single-lap shear tests on specimens laid up at the same time, and made up of the same 

material, as the patches on the fatigue test specimens were conducted, in order to validate the 

integrity of the adhesive bond. 

 

The CFRP specimen prepared by the laminator was a single sheet of 300 mm wide, 250 mm 

long and 5 mm thick. Seven single lap shear strips, each consisting of 35 mm wide and 250 

mm long were cut out, figure 3.19 and tested in the Instron machine. The bonded overlap 

length was 40 mm. 

 

Patch face 

Crack grown to 

the end 

2W, min 

Crack grown to 

both faces 
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3.4.1 Test Results and Discussion 

 

All the single-lap shear tested specimens failed in delamination and no de-bonding was seen, 

figure 3.19. Table 3-6 shows the failure load at which the single-lap shear specimens failed.  

 

Specimen 
No 

Average Adhesive 
Thickness (mm) 

Failure Load 
(Kn) 

1 0.80 31.213 

2 0.57 28.009 

3 0.38 26.856 

4 0.48 27.597 

5 0.47 19.395 

6 0.60 35.997 

7 1.10 28.015 

Table 3-6:  Single-lap shear test results 

 

(a) 

 

(b) 

Figure 3.19: (a) Specimen for lap-shear test (b) After failure 
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3.5 Summary  

 

In this Chapter, three sets of tests have been described. The first set of tests were carried out 

by Roy et al [6], on flat plain steel plates and showed that the material constants C and m, 

required in the Paris Law, for predicting the crack growth rates using FE analyses, were in 

good agreement with the values given by Yazdani and Albrecht [7]. 

 

The second set of tests were carried out to investigate the effectiveness of composite patch 

repairs for steel specimens on cruciform and rib-stiffened specimens and flat, edge cracked, 

specimens. The edge cracked specimens were tested to show the effectiveness of the bond 

and tested after the FE analyses had been used to predict the results, in order to show the 

accuracy of the FE analyses.  

 

All the tests of patch repaired specimens showed an increase in the fatigue life using 

composite patch repairs. No de-bonding or de-lamination was observed in any of the patch 

repaired specimens.  

 

In the edge cracked specimen the CFRP patch was able to take the entire cyclic fatigue load 

after the crack in the steel specimen had extended throughout the plate.  

 

Tests on strips of CFRP composites, to evaluate the bond strength have also been described. 

All specimens failed by de-lamination, no de-bonding was observed. 
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Chapter 4 Finite Element Modeling 

 

A linear elastic, three-dimensional modelling study has been carried out using 

commercially available finite element programs with built-in capabilities to perform 

fracture mechanics and use the Paris Law for the prediction of crack growth rates. 

Comparison of the test results and predictions using the finite element analysis show that 

the FE models developed can be used in order to design such repairs with some confidence. 

 

Currently, linear elastic fracture mechanics, LEFM, is widely used in crack propagation 

analyses to describe the behaviour of cracks. The fundamental assumption of LEFM is that 

the crack behaviour is determined by the values of the stress intensity using a linear elastic 

analysis that are a function of the applied load and the geometry of the cracked structure. 

Application of these values of stress intensity with an incremental crack-extension analysis 

simulates the crack growth process. For each increment of the crack extension, a stress 

analysis is required to evaluate the intensity.  

 

 

4.1 ABAQUS and ZENCRACK Modeling 

 

The experimental results described in Chapter 3 are used for evaluating and developing 

fatigue crack growth FE models with ABAQUS [11] in conjunction with ZENCRACK 

[12]. ABAQUS has routines built-in for the determination of stress intensity, but has 

limitations for predicting crack growth propagations, as substantial re-meshing of the 

fatigue crack front is required and the crack directions, and through thickness profile must 

be known in advance. ZENCRACK [12], developed by Zentech, deals with these problems 

and performs the fatigue crack growth calculations. 

 

 

 

  



 

82 

4.1.1 ABAQUS Unified FEA Product Suite 

 

“ABAQUS is derived from the Greek word, abax (ἄβαξ), meaning board covered with sand.  

It is a highly sophisticated finite element program, designed primarily to simulate the real-

world behaviour of materials, processes, and products. The ABAQUS/CAE feature 

provides a powerful modeling and visualization environment and employs 

ABAQUS/Standard for static and low-speed dynamic events where highly accurate stress 

solutions are critically important.  

 

ABAQUS/Standard offers a range of innovative analysis techniques to simplify tasks and 

reduce overall development time. For example, the onset of cracking can be studied in 

quasi-static problems by using contour integrals. Contour integrals can be computed for 

two-or-three-dimensional models; however, a contour integral estimate does not predict 

how a crack will propagate. Several contour integral evaluations are possible at each 

location along a crack front. In a finite element model each evaluation can be thought of as 

the virtual motion of a block of material surrounding the crack tip (in two dimensions) or 

surrounding each node along the crack line (in three dimensions). Each such block is 

defined by contours: each contour is a ring of elements completely surrounding the crack 

tip or the nodes along the crack line from one crack face to the opposite crack face. These 

rings of elements are defined recursively to surround all previous contours”,[11]. 

ABAQUS computes the following contour dependent fracture parameters [11],  

 

• “J-integral, a quasi-static fracture mechanics parameter for linear material response 

and represents a way to calculate the strain energy release rate, or work (energy) per 

unit fracture surface area. Physically the J-integral is related to the area under a 

curve of load versus load point displacement.” [11] 

 

• “Stress intensity, which are used in linear elastic fracture mechanics to measure the 

strength of the local crack-tip stresses." [11] 
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4.1.2 ZENCRACK 

 

“ZENCRACK is a state-of-the-art software tool for three dimensional fracture mechanics 

simulation”, (Zentech website). It interfaces with ABAQUS, and computes the fracture 

parameters such as stress intensity and energy release rates. It works by generating focused 

crack front meshes in the un-cracked models from its extensive crack block library 

consisting of standard straight through cracks, standard corner cracks, or large crack front 

elements. The built-in integration schemes with automated adaptive meshing technique then 

predict crack growths based on either the Paris Law or user defined crack growth routines. 

 

“In general, for linear elastic fracture mechanics, the finite element analysis is carried out 

at one load level. The resulting j-integrals and stress intensity factors for the load level are 

scaled during crack growth integration according to the load spectrum definition supplied 

by the user. The crack growth integration takes each corner node on the crack front in turn 

and calculates seven growth magnitudes and directions for the node, shown in figure 4.1.  

This allows the crack to be advanced through the model.”[12]. 

 

  

Figure 4.1: Typical energy release rate distribution at a point on a crack front (taken from 

ref.[12]) 
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“The integration is generally a two-pass process to ensure that all nodes grow by the same 

number of cycles, dN. In general the crack growth, da, will vary along the crack front. 

During the update of the crack front to a new position, the mid-side nodes are positioned in 

such a way as to try to obtain a smooth crack front. The crack front nodes may be shifted 

along the crack front in order to maintain correct surface positions and spacing along the 

crack front.”[12]. 

 

ZENCRACK [12] uses the energy release rate to drive crack growth calculations. The 

energy release rates along the 3-D crack fronts are calculated using two methods, [12],  

 

• The evaluation of the change in strain energy for various virtual crack extensions at 

the crack front (contour integral), section 2.5.1.  

• The use of nodal displacements close to the crack front to calculate stress intensities, 

section 2.5.4. 

 

ZENCRACK is therefore interfaced with ABAQUS to extract contour integral results and 

nodal displacements. However, the nodal displacement values may have limited precision, as 

the global displacements near the crack front are several orders of magnitude greater than the 

local crack opening displacements. This results in poor values for the stress intensities 

calculated from the displacements.  

 

The energy release rate based on J-integral method is correlated to stress intensity by using 

equation 2.25 as, 

( )








αυ−
=

2

2

)1

EG
K  Equation 4.1 

 

where α is equal to zero for plane-stress condition and one for plane-strain condition, υ is the 

Poisson’s ratio, K is the stress intensity and G is the energy release rate. 

 

ZENCRACK was originally designed to use J-integral values to evaluate the direction and 

magnitude of crack growth in a 3-D model. The availability of evaluating the J-integrals is 
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limited to a number of commercially available FE software systems including ABAQUS 

[11]. Therefore, to allow an interface to other software, ZENCRACK also calculates the 

stress intensity from the nodal displacements using the displacements near the crack tip, 

referred to as the crack tip opening displacements, CTOD. The CTOD method is only 

applicable to linear elastic material behaviour.  

 

ZENCRACK implements CTOD by generating a local coordinate system, which it uses to 

calculate the relative opening displacements of pairs of nodes on either side of the crack face 

in local mode-I (open), mode-II (slide), and mode-III (tear) directions that are used to 

calculate the stress intensity. The relative displacement equation given for mode-I is, 
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Where (B = 1 – αv
2
) for plane strain and (B = 1) for plane stress condition.  

 

This equation is used to derive an equivalent energy release rate as, 
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Where KI, KII and KIII are the relative stress intensity in their respected directions and µ is the 

modulus of rigidity, 
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The fatigue crack growth rate is then evaluated using the Paris Law, equation  2.13, which 

can be written as: 
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where da/dN is the crack growth rate per cycle, C and m are Paris material constants, J is the 

equivalent energy release rate and Jmax and Jmin are maximum and minimum energy release 

rates at the nodes. 

 

 

4.2 Modeling Methodology 

 

A three-stage FE modeling strategy was employed to evaluate the crack growths. In the first 

stage, the compatibility and capability of ZENCRACK in conjunction with ABAQUS was 

assessed by comparing the FE predicted crack growths of the flat plates to the experimental 

results shown in Chapter 3. In addition, crack growths were also predicted using the SIF 

method given in section 2.5.2., which uses the Paris Law. In the second stage, the 

experimental results of the un-patched cruciform, rib-stiffened and the flat edge cracked 

specimens are used for developing the 3-D FE models that are capable of predicting crack 

growths. In the last stage, the predicted crack growths of the developed 3-D FE models of 

the patched cruciform, rib-stiffened and edge cracked specimens are validated against the 

experimental results. 

 

For the development of a 3-D FE model, NAFEMS [81] recommends that, 

 

“A refined mesh of twenty noded bricks would be appropriate, with the crack tip 

represented by a square root singularity to represent the discontinuity, which avoids 

having to develop extremely refined meshes. The crack tip should consist of a focused 

mesh of about five rings. In addition, care must be taken when basing comparisons on a 

single target solution as this influences the results” [81].  
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The systematic steps needed in the FE modeling with ABAQUS and ZENCRACK for the 

evaluation of crack growth is shown in figure 4.2. 

 

 

4.3 Element Type 

 

The plain plate geometry was modeled using the type C3D20R solid element, shown in 

figure 4.3. It is a standard quadratic twenty node solid element with reduced integration 

having three active degrees of freedom at each node. 

 

In case of LEFM, a stress singularity exists at the crack front. In the 3-D FE model with 20 

node element this singularity can be obtained by using the collapsed element as shown in 

figure 4.3, having the midside nodes moved to the quarter-point position. This is 

implemented through ZENCRACK by inserting a straight through type s04_t35x1 crack 

block in the FE model, shown in figure 4.4. It has an ideal edge ratio of 0.5 (to minimize 

element distortion within the crack block), figure 4.4, with six contour rings. The initial 

starter crack at the centre of the plate is created using the SPLIT command in ZENCRACK, 

as shown in figure 4.5. 

 

 

 

Figure 4.2: Schematic diagram of the 

model generation (from ref [12]) 

Figure 4.3: C3D20R element and collapsed 

element near the crack tip (from ref [12]) 
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Figure 4.4: Type s04_t35x1 crack block (taken from ref.[12]) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4.5: Integrated mesh with crack blocks and element faces split (ref [12]) 

 

Care is taken to ensure that where possible an aspect ratio of near one is used (ratio of 

longest edge to shortest edge). However, in areas of high strain gradients (i.e. near the crack 

tip) the element aspect ratios should be as close to unity as possible. 

Cracked blocks replacing original elements 

Split defined along faces of elements 
forming each side of the crack. 

Crack tip 

Contour rings 

Crack front 
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4.4 Mesh Size 

 

The choice of an appropriate mesh is one of the most important modeling considerations 

when modeling crack propagation using finite elements. The object is to have enough 

refinement to capture all strain gradients of interest, but to avoid excessive refinement, 

which can lead to unnecessarily long run-times. Too much refinement in the model 

increases the execution time by two means: first, the number of nodes is increased which 

increases the time required to solve each load step; secondly, the number of load cycles 

required for crack opening level stabilization is increased, which increases the number of 

load steps required. Because of this, it is essential that the coarsest possible mesh for an 

acceptable accuracy be used. 

 

Two different meshes, a coarse and fine mesh, were used to investigate the effect of the 

mesh density on the crack growth for the centre cracked flat plates. 

 

 

4.5 Material properties 

 

As the Paris Law was used to predict the crack growths, only the linear elastic properties of 

the material are required. The Paris material constants given in Table 4-1 with the Young’s 

modulus and Poisson’s ratio for grade-D steel are used in the FE analyses. 

 

 

4.6 Crack growth model 

 

For LEFM, ZENCRACK uses the Paris Law to predict crack growths. 
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4.7 Computation of Crack growth in ZENCRACK 

 

ZENCRACK [12] uses the energy release rate (G) with a crack growth integration scheme to 

provide maximum crack growth prediction accuracy with a minimum number of finite 

element analyses (FEA). 

 

For any crack front that is analysed by ZENCRACK the result in terms of data for crack 

growth prediction is an energy release rate magnitude and growth direction at each crack 

front node. For a fixed load magnitude, the energy release rate is constantly changing as the 

crack grows due to changes in the crack length and shape. Hence, the growth scheme makes 

some allowances for this during the integration. This integration scheme calculates the 

amount of crack growth (da), that occurs over the next cycle (dN).  

 

The preferred assumption used in ZENCRACK is that “for given load, the rate of change of 

energy release rate with crack size, dG/da, is constant as the crack grows. A known rate of 

change calculated from analysis of previous crack positions is assumed to occur over the 

next integration step to a new crack position.”[12]. This is called as the forward predictor 

scheme or constant dG/da scheme and written as da
da

dG
GG max

initialmaxfinalmax 







+= . 

 

4.7.1 Accuracy of Crack Growth Computations 

 

The following paragraph extracted from ZENCRACK manual [12] outlines the checks for 

any errors present in the performed crack growth analysis as, 

 

“After a finite element analysis is completed ZENCRACK has an “accurate” value for G at 

each crack front node. During integration to obtain the updated crack front position there is 

an assumption about the way that G changes over the next step, section 4.7. The approximate 

difference in G between the previous step and the next step is an indicator of how accurate 

the integration was for the last step. If the difference in G is less than 5% then the computed 

crack growths are reasonably accurate. However, if the step sizes are too big the errors in G 
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will tend to increase during the analysis and may oscillate. These oscillations can be seen by 

extracting the values of G from the finite element analysis. And to eliminate the oscillations of 

G values, step size is manually reduced, or use a different integration scheme, or use a 

different crack block.”, [12]. 

 

 

4.8 FE Modeling of Flat Plate 

 

In order to evaluate the accuracy of ZENCRACK, the 1000 mm x 200 mm x 11.5 mm thick 

flat plate, discussed in Chapter 3, was analyzed. Four cases were modeled, Table 4-1. The FE 

model, figure 4.6, consisted of C3D20R, 20 node brick elements, section 4.3. ZENCRACK 

was then used to convert this into a final FE model by inserting two straight through crack 

fronts (type s04_t35x1) and using SPLIT command to create starter crack as shown in figure 

4.7. 

 

A cyclic tensile stress from zero to 75 MPa was applied at the top surface with fixed 

boundary conditions existing on the bottom surface, figure 4.6. The computed FE results and 

the analytical solutions obtained using SIF method, section 2.5.2, are compared to the 

experimental results. The four FE modeled cases are, 

 

Case-I-Yaz: The FE model consists of a coarse mesh having a 20x100x1 element density 

with short to long edge ratio equal to one. Yazdani and Albert [7] material constants used to 

predict the crack growths.  

 

Case-II-Mean: Model is same as case-I, but using the mean material constant, specimens 

(67+68). 

 

Case-III-Yaz & Case-IV-Mean: A finer mesh model consisting of 40x100x2 element 

density with short to long edge ratio equal to half is analysed using the material constants 

from the above two cases.  
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Figure 4.6:  Full flat plate modeled with 

type C3D20R elements in ABAQUS 

Figure 4.7: Model generated by 

ZENCRACK with crack blocks 

 

Case/ 

Reference 

Time 

required 

(Minutes) 

No. of 

elements 

No. of 

nodes 

Short to 

long 

ratio 

Total 

number 

of Cycles 

Half 

Crack 

length 

(mm) 

Case-I-Yaz 18 2236 16292 1 1061685 89.90 

Case-II-Mean 18 2236 16292 1 1269053 89.90 

Case-III-Yaz 105 8472 47780 0.5 1127288 89.90 

Case-IV-Mean 107 8472 47780 0.5 1343395 89.90 

Material Properties and Material constants 

Material υ E (MPa) Yield Stress (MPa) 

Steel 0.30 200x10
3
 410 

c = 1.537 x 10
-12 

, m = 3.344 (Yazdani [7]) c = 2.072 x 10
-12 

, m = 3.184 (Mean)  

Table 4-1: Finite element modeling parameters 
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4.8.1 FE Results for Coarse Mesh, Case-I-Yaz & Case-II-Mean 

  

The predicted FE crack growths for Case-I-Yaz and Case-II-Mean and the SIF results are 

compared to the test results of specimen-67, figure 4.8. Range-A is taken as 1/3 the fatigue 

life, approx. 520000 cycles, of the tested specimen. The total fatigue life of the tested 

specimen-67 was slightly more than 1.54 million cycles with a total crack length of 160 mm. 

 

For the test specimen-67 in Range-A, figure 4.8, at 556000 cycles with a crack length of 

12.47 mm. This gives a crack growth rate of 0.0044 mm per 1000 cycles.  

 

For Case-I-Yaz, figure 4.8, in Range-A, the predicted crack length was 8.42 mm, having 

completed 547812 cycles. This gives a crack growth rate of 0.01537 mm per 1000 cycles. 

The predicted crack growths for Case-I-Yaz shows faster crack growths compared to the 

specimen-67 result, figure 4.8. 

 

The SIF predicted crack growths using Yazdani and Albrecht [7] material constants, shows 

similar crack growths to the FE case-I result, figure 4.8.  

 

Similarly, for FE Case-II-Mean, figure 4.8, in Range-A, shows that the crack length was 6.21 

mm having done 516991 cycles. This gives a crack growth rate of 0.0120 mm per 1000 

cycles. The predicted crack growths for Case-II-Mean shows a faster crack growth compared 

to the specimen-67 results and slower crack growths compared to the FE Case-I-Yaz results, 

figure 4.8.  

 

Again, similar crack growths were seen using the SIF method with mean material constants, 

compared to the Case-II-Mean results, figure 4.8. 

 

The predicted crack growths for Case-I-Yaz, Case-II-Mean and by the SIF method have 

shown to be conservative to the actual tested specimen-67 results. 
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Figure 4.9, for Case-I-Yaz, shows the comparison of stress intensities computed by 

ZENCRACK and by using the SIF method, section 2.5.2. This explains the convergence of 

crack growths between the Case-I-Yaz and the SIF solutions. However, the stress intensities 

computed by ZENCRACK using the CTOD method are relatively high. Therefore, 

ZENCRACK uses the energy method (J-integral) to compute the crack growths.  

 

For Case-II-Mean, the ZENCRACK computed stress intensities using the energy release rates 

(J-integral) shows the same convergence when compared to the SIF values with mean 

material constants.  

 

Figure 4.10 compares the stress distributions taken from the crack tip to the end of the crack 

blocks and through the thickness of the crack front elements for Case-I-Yaz and Case-II-

Mean. The stresses at intermediate nodes are also included. These stresses are taken when 1/3 

fatigue life of the test specimen was reached.  

 

Moreover, in practice, the crack would not be allowed to grow to its failure. Therefore, 

considering the crack has grown to 2/3 the specimen width (approx. total crack length is 135 

mm), the stress contour distribution in the plate is shown in figure 4.11. Sixteen elements 

within the crack tip region have become distorted, due to the large displacements, and the 

accuracy of the stresses therefore needs to be treated with some caution. The stress at the mid 

point in the second contour region is approximately 311.6 MPa and is constant across the 

thickness of the element.  

 

Figure 4.12 shows the predicted crack profile through the thickness to be straight. 

 

Figure 4.13 shows the comparison of the stress intensities computed by ZENCRACK and the 

SIF method for Case-I-Yaz and Case-II-Mean. The stress intensities computed by 

ZENCRACK using the energy release rate are same for Case-I-Yaz and Case-II-Mean. 

However, the computed crack growths shown in figure 4.8 are different. This is because the 

Paris Law is also dependent on the values of C and m, which are different for both the FE 

Case-I-Yaz and Case-II-Mean.   
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Figure 4.8: Crack growth comparison between Experimental, analytical SIF and FE analysis results for Case-I-Yaz and Case-II-Mean 
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Figure 4.9: Comparison of stress intensities between ZENCRACK generated & SIF method for Case-I-Yaz 
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Figure 4.10: Comparison of stresses in half of the crack blocks for Case-I-Yaz and Case-II-Mean  
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Figure 4.11: Stress Plot for Case-I-Yaz 

 

 

 

Figure 4.12: Crack profile for Case-I-Yaz 
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Figure 4.13: Comparison of stress intensities between ZENCRACK generated & SIF method for Case-I-Yaz and Case-II-Mean 
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4.8.2 FE Results for Fine Mesh, Case-III-Yaz & Case-IV-Mean                                                                                                                

 

Figure 4.14 shows the crack growths for the fine mesh, Case-III-Yaz and Case-IV-Mean, 

compared to the test results of specimen-67. Range-A is taken as 1/3 the fatigue life, approx. 

520000 cycles, of the tested specimen.  

 

The predicted crack growths of Case-III-Yaz are faster compared to the specimen-67 results, 

figure 4.14. Similarly, the predicted crack growths of Case-IV-Mean are faster compared to 

the specimen-67 results, figure 4.14, but slower than the Case-III-Yaz crack growths. 

 

The crack growths for the fine meshes, Case-III-Yaz and Case-IV-Mean, compared to crack 

growths for coarse meshes, Case-I-Yaz and Case-II-Mean, respectively, figure 4.14, show a 

slower rate of crack growths. In addition, another major difference is in time required to solve 

Case-III-Yaz and Case-IV-Mean, which increased to 5.8 times when compared to Case-I-Yaz 

and Case-II-Mean respectively, Table 4-1. 

 

Table 4-2, shows the comparison of the crack growths and crack growth rates for all the four 

FE cases at 1/3, approx. 510000 cycles, and 2/3, approx. 103000 cycles, of the fatigue life of 

the tested specimen-67.  

 

1/3 the fatigue life of specimen-67 (Range-A) 

 Experiment Case-I Case-II Case-III Case-IV 

Crack 2.47 mm 8.42 mm 6.21 mm 7.16 mm 5.56 mm 

Cycles 556000 547812 516991 526984 508230 

Rates 0.0044 0.0153 0.0120 0.0136 0.0109 

2/3 of the fatigue life of specimen-67 

Crack 48.1 mm 49.7 mm 49.7 mm 49.7 mm 49.7 mm 

Cycles 1252908 998166 1182678 1060544 1252908 

Rates 0.0389 0.0614 0.0504 0.0610 0.0459 

Table 4-2: Compared crack growths and Crack growth rates 
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For the 2/3 fatigue life of the specimen-67, Table 4-2, shows a difference of less than 1% 

between Case-I-Yaz and Case-III-Yaz and approximately 10% between Case-II-Mean and 

Case-IV-Mean respectively, acceptable by the NAFEMS standard [81]. Therefore, coarser 

mesh can be used for modelling of main test specimens. 

 

Figure 4.15 shows the comparison of the computed stress intensities by ZENCRACK using 

the energy release rates and CTOD for Case-I-Yaz, coarse mesh, and Case-III-Mean, fine 

mesh. The stress intensities for Case-I-Yaz and Case-III-Yaz computed using the energy 

method (J-integral) are almost similar. However, a large deviation is seen between the two 

cases using the CTOD. Similar stress intensity results were obtained for the FE Case-II-Mean 

and Case-IV-Mean using ZENCRACK. 

 

In order to check the accuracy of the FE results computed by ZENCRACK, section 4.7.1, the 

computed percentage error in the energy release rate for Case-III-Mean, using the J-integral 

and the CTOD is assessed, figure 4.16. The large oscillation present in the CTOD, suggests 

that the crack growth increment for next step was becoming larger, and the solution is no 

longer accurate for CTOD. 

 

Figure 4.17 shows the stress distributions for Case-III-Mean at the nodes of the crack front 

elements, taken from the crack tip to the end of the crack blocks and through the thickness. 

These stresses are taken when 1/3 fatigue life of the test specimen was reached. The stresses 

at intermediate nodes are also included. Seven elements within the crack tip region have 

become distorted, due to the large displacements, and the accuracy of the stresses therefore 

needs to be treated with some caution. 

 

For Case-III-Yaz and Case-IV-Mean, the crack front profiles are straight and similar to that 

shown for Case-I-Yaz, figure 4.12.  
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Figure 4.14: Crack growth comparison between coarse and fine mesh finite element results 
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Figure 4.15: Comparison of ZENCRACK computed stress intensities for Case-I-Yaz and Case-III-Yaz 
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Figure 4.16: Percentage Error in √G term used in ZENCRACK for Crack growth calculations for Case-III-Yaz 

 



 

 

1
0
5
 

 

Figure 4.17: Stress distribution in Half Crack Block for Case-III-Yaz 
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4.9 Summary 

 

The capability of ZENCRACK [12] in conjunction with ABAQUS [11] to predict crack 

growths for the flat plates has been shown by comparing with the experimental results. 

  

Crack growths can also be predicted using the analytical SIF method, section 2.5.2, which 

also uses the Paris Law but the SIF is obtained from an equation. The method requires a 

solution for the SIF for the configuration to be analyzed and is therefore not able to be 

applied to complex geometries. 

 

Comparison of the test results and the FE analyses using the material constants proposed by 

Yazdani and Albrecht [7] showed the FE analyses results to be conservative.  
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Chapter 5 3-D Modelling of Un-patched Specimens 

 

The finite element modelling of the tested un-patched centrally cracked cruciform and rib-

stiffened specimens and the edge cracked specimens described in Chapter 3 will be 

discussed in this chapter. The three-dimensional, linear-elastic finite element models were 

developed using the experimental results of the un-patched centrally cracked specimens. 

The results from the finite element models have shown good agreement with the 

experimental results, providing confidence to use the same FE models for the predicting 

crack growths of the patched specimens.  

 

The 3-D FE models of the un-patched centre cracked specimens and the edge cracked 

specimens are discussed separately. In addition, as mentioned earlier in section 3.3.2 the 

predicted fatigue life of the un-patched edge cracked specimens would further validate the 

accuracy of the FE models based on the LEFM using Yazdani and Albrecht [7] material 

constants. 

 

 

5.1 Finite Element Modeling 

 

In late 60s’, Rice [43], Hellen [42], Parks[41], Rybicki [82], and others, developed 2-D 

finite element techniques for crack growth propagation based on the J-integral approach or 

virtual crack extension methods. These techniques simplified the method for calculating the 

energy release rate associated with crack growth and were subsequently incorporated into 

most of the commercially available finite element programs.   

 

To-date most of the literature published [71, 77, 82-86] is on the use of 2-D FE analysis for 

the repair of thin flat plates. While this is a useful standard method to validate crack 

growths in thick specimens, it is of limited practical value in the analysis of crack growth in 

flat steel plates containing angles and joints. Therefore, the objective of this study was to 

gather the necessary data to address the repair of such structures and to develop 3-D finite 

element models that will characterize the fatigue crack growth behavior.  
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5.2 Geometric Complexities of the Un-patched Centre Cracked Specimens 

 

As described in Chapter 3, the centre cracked cruciform specimens were fabricated from a 

continuous longitudinal steel plate to which secondary plates were welded, figure 5.1. The 

initial starter crack was formed at the root of the weld, figure 5.2.  

 

The rib-stiffened specimens were fabricated from a continuous long plain plate with rib-

stiffeners welded on each side – one of the rib-stiffeners extending to only half the plate 

height, figure 5.3. A mouse-hole was included in the continuous rib-stiffener at mid-height. 

 

 

Figure 5.1: Flat Plates welded to form cruciform specimen (Courtesy of QinetiQ Ltd) 

 

Main straight 10 mm 

thick plate 

Secondary straight plate 

       10 mm thick 

WELDED 

at centreline Starter crack 120 mm 
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Figure 5.2: Starter crack at root of the weld Cruciform Specimen (Courtesy of QinetiQ Ltd) 

 

(a) 

 

(b) 

Figure 5.3: (a) Rib-stiffened Test Specimen (b) Half Sliced FE Model 
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Weld Geometry 
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Symmetry about this Plane 

Starter crack 

5.2.1 FE Modeling of Un-patched Cruciform Specimen 

 

Initially a 3-D FE model, FE-W, of half the plate was generated, which took account of the 

symmetry, for the un-patched cruciform specimen with inclined face weld elements, figure 

5.4. The model was created using type C3D20R, 20-node solid elements, described in 

section 4.3. ZENCRACK was then used to convert this into a final FE model by inserting 

three crack blocks (type s04_t35x1), having inclined face elements and using the SPLIT 

command to create starter crack as shown in, figure 5.4. A cyclic tensile stress of 45 MPa, 

having a stress ratio of 0.1, was applied at the top end and the bottom end was applied with 

fixed boundary conditions. Symmetry boundary conditions were also applied to model. 

Yazdani and Albrecht [7] material constants were used in the FE analysis. In addition, 

crack growths were also predicted using the method described in section 2.5.2, indicted by 

P-Eq on the figures. 

 

 

Figure 5.4: Symmetric FE model having inclined face weld elements, FE-W 

 

As the analysis proceeded, the inclined face elements within the crack blocks became 

excessively distorted near the crack front, which created meshing problems in ZENCRACK 

as the crack grew. The distortions were removed by re-meshing the FE model. However, 

distortions resulted after every 3-5 mm crack growths, and re-meshing was needed 

repeatedly. 
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In order to overcome this problem the weld was omitted from the FE model. Two FE models 

having coarse and fine meshes were developed in which the position of the crack was at 

distances of 10 mm, and 5 mm, below the intersection of the plates, respectively. The 

developed 3-D FE models for the un-patched cruciform specimen were; 

 

o FE-W model with fillet welds and crack is located at the root of the weld, figure 

5.4. 

o FE-10 model with no fillet welds and crack is located at 10 mm away from the 

secondary plates, figure 5.5. 

o FE-F5 model with no fillet welds and crack was 5 mm away. 

 

The two FE models without the welds were generated using type C3D20R solid elements, 

section 4.3. ZENCRACK was then used to insert crack blocks (type s04_t35x1), having flat 

face elements and then using the SPLIT command to create the starter crack, figure 5.5. The 

same loading and boundary conditions were then applied as were used in the FE-W model. 

Table 5-1 shows the mesh densities for all the created FE models and the material 

properties used in the analyses. The FE predicted crack growths were then compared to the 

experimental results, in order to show their convergence.  

 

 

Figure 5.5: Symmetric FE model without weld and starter crack at 10 mm, FE-10 

Crack block 

Without weld geometry 
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5.2.2 FE Modeling of Un-patched Rib-stiffened Specimen 

 

The full geometric un-patched rib-stiffened specimen was created using type C3D20R 

elements, figure 5.6, described in section 4.3. ZENCRACK was then used to insert crack 

blocks (type s04_t35x1), having flat face elements and then using the SPLIT command to 

create the starter crack.  

 

The FE model was subjected to a tensile sinusoidal load of 45 MPa, with a stress ratio of 0.1, 

at one end, while the other end was restrained in the 3-axial directions, similar to the testing 

conditions.  

 

The Yazdani & Albrecht [7] material constants were used for the FE analysis, the use of these 

values was based on the results of the parametric study described in section 3.2. Table 5-1 

gives the mesh density and the material properties used in the FE analysis.  

 

Case/ 

Reference 

Number of 

elements 

Number of 

nodes 

Short to 

long ratio 

Total number of 

Cycles 

FE-W 8729 47205 1 1117499 

FE-10 3168 22959 1 1040397 

FE-F5 23836 168677 0.5 1147554 

Rib-stiffened 6535 47216 1 759335 

Material Properties and Material Constants 

Material E (MPa) υ Yield Stress (MPa) 

Steel 200x10
3
 0.30 410 

c = 1.537 x 10
-12 

 and m = 3.344 (Yazdani and Albrecht [7]) 

(da/dN is taken as m/cycle and ∆K is given in MPa√m) 

Table 5-1: Finite element modeling parameters 
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Mouse-hole 

s04_t35x1 type Crack-Block 

 

Figure 5.6: Half sliced FE model for Un-patched Rib-stiffened specimen 

 

 

5.3 Comparison and Conclusions of FE-W and FE-10 Analyses Results  

 

Figure 5.7 shows the predicted half crack growths of the FE-W and FE-10 models and the 

analytical results, P-Eq, compared to the experimental results, EXP-U.  

 

The following observations can be made from the comparisons; 

 

The predicted crack growths from the FE-W model, figure 5.7, are less than those measured 

in the experiment, EXP-U. The predicted crack growths of the FE-W model, to be nearly 

linearly constant, compared to the EXP-U. 
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After reaching a crack length of 125 mm, the predicted crack growths of the FE-W model 

showed large deviation compared to the crack growths of the EXP-U. Therefore, further FE 

analysis for the FE-W model was stopped. 

 

The FE model for FE-W, figure 5.4, required manual re-meshing 11 times, for the changes in 

the crack front profile to reach a crack length of 125 mm. This was time consuming and 

required large amount of hard disk space to store the data.   

 

The predicted crack growths for the FE-10 model and the analytical results, P-Eq, shows a 

similar trend to experimental results, EXP-U, figure 5.7.  

 

The compared FE-10 model results to the EXP-U results, suggests that the weld has no 

significant influence on the crack growths.  

 

The obtained analytical results, P-Eq, using SIF method for a flat plate with centre crack, 

section 2.5.2, compared to EXP-U results, suggest that the attached secondary plates have no 

effect on the fatigue life in the cruciform specimen. 

 

The use of the Yazdani and Albrecht [7] material constants in the absence of actual properties 

shows good agreement. 

 

Figure 5.8, shows the comparison of stress intensities, K, taken from the FE-10 model results 

and the analytical results, P-Eq. The stress intensities for FE-10 and P-Eq are in good 

agreement. 

 

Near constant stress intensities are obtained for the FE model, FE-W, compared to P-Eq 

results, figure 5.8. On comparing the FE-W stress intensities to the FE-10 stress intensities, 

shows the inaccuracy in ZENCRACK for computing stress intensities, based on energy 

release rate, for inclined face elements.  
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The crack profile for the tested cruciform specimen shown in figure 5.9(a), and the crack 

profile for the FE-10 model, figure 5.9(b), is similar.  

 

By neglecting the weld from the FE-10 model, the change in direction of the crack in the FE-

10 model, figure 5.9(b), resulted in minor distortions in the elements, in the crack front 

region, which required no manual re-meshing to propagate the crack using ZENCRACK.  

 

In FE-10 model, even with the distorted flat face elements in the crack block, figure 5.9(b), 

shows good agreement in fatigue life compared to EXP-U. 

 

Figure 5.9(c), shows the crack profile for the FE-W model. It shows that as the crack 

propagates, the inclined face elements in the crack block become excessively distorted. This 

shows the limitation in modeling of inclined face elements in ZENCRACK.  

 

Table 5-2 shows the average growth rates. The crack growths, figure 5.7, are divided into 

four regions. Regions are for an increment of crack lengths of approximately 12 mm each, 

where crack growth rates are nearly linear. In Region-4, the slopes are non-linear. The largest 

decrease in crack growth rates is for FE-W. 

 

Type

Crack (da) 
EXP-U FE-W FE-10 P-Eq 

60-72 mm (Region-1) 0.04165 0.03988 0.04085 0.04239 

72-84 mm (Region-2) 0.06439 0.05147 0.05974 0.05966 

84-96 mm (Region-3) 0.06690 0.06421 0.08262 0.08296 

96-125 mm (Region-4) 0.14065 0.08852 0.13042 0.13262 

Table 5-2: Compared Average Crack Growth Rates (mm per 1000 cycles) 
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Figure 5.7: Compared half crack growths between the EXP-U and the FE-10, FE-W and the P-Eq. 
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Figure 5.8: Compared Stress Intensities (K) for FE-10, FE-W, FE-F5 and P-Eq 
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(a) 

(b) 

(c) 

Figure 5.9: Crack Profiles (a) EXP-U (b) FE-10, without weld (c) FE-W, with weld 
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5.4 Comparison and Conclusions of FE-F5 and FE-10 Analyses Results  

 

As mentioned in section 5.2.1, a fine mesh model was created with crack located at 5 mm 

away from the intersection, FE-F5. The location of the crack 5 mm from the intersection of 

plates would mean that the starter crack is in the weld region of the tested specimen. Figure 

5.10 shows the crack growth results for all the analyses conducted for the un-patched 

cruciform specimen.  

 

Figure 5.10, shows the comparison of crack growths between the FE-F5 to FE-10, P-Eq and 

the EXP-U results. It shows that the predicted crack growths of the FE-F5 model are slower 

than the FE-10, P-Eq results and to the EXP-U.  

 

The predicted crack growths of the FE-F5 model are almost similar to FE-W model results, 

figure 5.10. 

 

In figure 5.8, the computed stress intensities, K, for FE-F5 model, shows a slight difference to 

the FE-10 and P-Eq results. However, the presence of variations in the stress intensities for 

the FE-F5 model, after the crack has grown to 175 mm, suggests that the crack face elements 

within the crack block near the crack front are distorted and the results were no longer 

accurate.  

 

Figure 5.11(b), shows the distorted flat face elements in the crack blocks for FE-F5 model. 

These lead to errors in the computation of the energy release rates in ZENCRACK, which 

leads to non-convergence of crack growths for FE-F5 to the EXP-U.  

 

The compared crack profile of the FE-F5 model to the tested un-patched cruciform specimen, 

EXP-U, figure 5.11, is similar. 

 

Because of the convergence of the crack growth of the FE-10 model to the experimental 

results EXP-U, this will provide the basis of the FE model for the patched cruciform 

specimen. 
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Table 5-3, shows the comparison of the crack growth rates for the FE models of FE-F5, FE-

10 and the analytical results, P-Eq to the experimental results of the un-patched cruciform 

specimen, EXP-U. The same crack growth ranges as used in section 5.3, are taken for 

comparisons. 

 

Type 

Crack (da) 
EXP-U FE-F5 FE-10 P-Eq 

60-72 mm (Region-1) 0.04165 0.03785 0.04085 0.04239 

72-84 mm (Region-2) 0.06439 0.05281 0.05974 0.05966 

84-96 mm (Region-3) 0.06690 0.07221 0.08262 0.08296 

96-125 mm (Region-4) 0.14065 0.11426 0.13042 0.13262 

Table 5-3: Compared Crack Growth Rates (mm per 1000 cycles) 

 

For FE-F5 model, the crack growth rates, Table 5-3, are less than 10% in regions 1, 2 and 3 

compared to the EXP-U results. In region-4, the rate increases to 20% compared to the EXP-

U results. 
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Figure 5.10: Compared half crack growths between the EXP-U and the FE-F5, FE-10 and the P-Eq 



 

122 

 

 

 

(a) 
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Figure 5.11: Crack Front Profiles (a) Experimental, EXP-U (b) FE-F5, without weld 
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5.5 FE Results for Un-patched Rib-stiffened Specimen 

 

Figure 5.12, shows the FE predicted crack growths and the experimental results for the un-

patched rib-stiffened specimens. The FE predicted crack growths are in good agreement 

with the experimental results. 

 

Figure 5.13, shows the stress intensities, K, computed from the FE analysis of the un-

patched cruciform, FE-10, and rib-stiffened specimens. 

 

Table 5-4, shows the fatigue lives of the tested un-patched cruciform and rib-stiffened 

specimen compared to the FE model results. For comparison, the fatigue lives of the tested 

specimens were taken as the benchmark. 

 

Exp. Un-patched 

Cruciform 

FE-10 model 

Cruciform 

Exp. Un-patched 

Rib-stiffened 

FE model 

Rib-stiffened 

Fatigue life of 

the un-patched 

specimens (da) mm Cycles (da) mm Cycles (da) mm Cycles (da) mm Cycles 

Approx. 1/4 

fatigue life 
71.07 258600 72.30 283300 73.30 170000 73.20 195754 

Approx. 1/2 

fatigue life 
92.48 569502 93.50 599525 92.14 390000 90.10 377148 

Approx. 3/4 

fatigue life 
121.55 812120 123.00 841702 123.31 590000 122.00 583931 

Failed 199.99 1076400 199.00 1029000 203.02 795000 202.00 750473 

Table 5-4: Crack Growths for the Un-patched Specimens, Experimental and FE Models 

 

 

The FE predicted crack profile for the un-patched rib-stiffened specimen is straight, which 

is similar to the tested specimen.  
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Figure 5.12: FE analysis results compared for un-patched Cruciform, FE-10, and Rib-stiffened specimens (taken from ref. [79]) 
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Figure 5.13: Stress intensities in un-patched Cruciform and Rib-stiffened specimens 
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5.6 FE Modeling of Un-patched Edge Crack Specimens 

 

As mentioned earlier, section 3.3.2, the analytical study for the edge cracked specimens were 

conducted before the experiments. Initially, the fatigue life of the un-patched edge cracked 

specimen was evaluated using the method described in section 2.5.2, to predict crack 

growths. There are two stress intensity factors given in Table 2-1, for a uniformly distributed 

and a single point force, which represents the boundary conditions for the test specimens.  

 

An earlier 2-D finite element study by Perl and Ore [87] had shown the influence of the 

geometrical configuration and of Poisson’s ratio on the stress-intensity factor, SIF, prevailing 

in a single edge-notch specimen, SEN, under fixed-grip conditions. It was found that the 

shorter the specimen and the longer the relative crack length, the greater the effect of 

geometry becomes. Moreover, even for very long specimens the SIF increasingly deviates 

from its value in a SEN specimen under uniform tensile stress as the crack length increases.  

 

Therefore, an initial specimen width of 250 mm was considered for the analytical study. This 

assumed width was half the width of the tested cruciform and rib-stiffened specimens. Both 

load cases, uniform load and the point force, with material constants (C and m) derived by 

Yazdani and Albrecht [7] were used for the computation of fatigue life. In the uniformly 

distributed case, a tensile stress of 45 MPa with a stress ratio of 0.1 was considered. For the 

point force case, a force equivalent to the tensile stress of 45 MPa with a stress ratio of 0.1 

was taken. 

 

For the 250 mm wide plain steel plate, figure 5.14, the predicted crack growths using the two 

different load conditions, provided same results. However, the predicted fatigue life was seen 

to be short, therefore a 500 mm wide specimen was chosen, which has the same width as that 

of the tested cruciform and stiffened specimens. Again, same loading and material constants 

were used in the prediction of fatigue life. 

 

Figure 5.14, shows that the predicted crack growths of the 500 mm wide plate provided more 

fatigue life before fracturing compared to the 250 mm wide specimen.  
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Two FE models were also developed to evaluate the fatigue life of the test specimen with the 

first having a uniformly distributed load with fixed boundary condition and the second with a 

point force and pinned boundary condition. The FE predicted fatigue life of the patched edge 

cracked specimen was then compared to the experimental results to verify the FE modeling 

technique used for the patched specimens.  
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Figure 5.14: Comparison of the predicted crack growths to the experimental results 

 

The FE edge cracked model was developed using C3D20R type elements, section 4.3, and 

the material properties given in Table 5-1, that were used for the cruciform and rib-stiffened 

models. An s04_t35x1 type crack block, section 4.3, was inserted using ZENCRACK to 

simulate the edge crack. For the fixed boundary condition, a cyclic tensile stress of 45 MPa 

with a stress ratio of 0.1 was applied at the top surface, while the bottom surface was fixed, 

figure 5.15. For the pin boundary condition, a force equivalent to the tensile stress of 45 MPa 

having- a stress ratio of 0.1 was applied at point A, and pin support is applied at point B. The 

pin end model was also restrained against movement in the direction shown at point C, figure 

5.15.  
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Figure 5.15: FE Model of the Edge Cracked Specimen  

 

 

5.6.1 FE Results and Conclusions for the Un-patched Edge Cracked Specimen 

 

Figure 5.16, shows the crack growths from the analytical study, the FE analyses and the 

experimental results. 

 

The crack growth from the FE analysis for the fixed boundary condition shows a slightly 

slower crack growth compared to the analytical solutions. The pinned boundary condition 

shows an even slower growth compared to both the analytical and fixed boundary solutions. 

 

The edge crack specimen was tested, with both ends clamped and the FE model with the 

fixed boundary condition was used for the FE patched modeling study. 

 

Table 5-5, shows the compared crack growth rates (mm per 100 cycles) for the analytical and 

FE analyses at various intervals. The crack profiles were straight for both the FE cases. The 
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crack growths obtained from the analytical and FE analyses are conservative to the 

experimental results.  
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Figure 5.16: Comparison of crack growths between experimental, analytical and FE analyses 

 

Type 

Crack (da) 

P-Eq 500 mm 

Uniform load 

P-Eq 500 mm 

Point Load 
FEA Fix End FEA Pin End 

80 mm 0.3384 0.3391 0.3198 0.2861 

100 mm 0.2761 0.2767 0.2606 0.2335 

120 mm 0.2769 0.2774 0.2613 0.2344 

140 mm 0.2946 0.2952 0.2776 0.2500 

160 mm 0.3198 0.3204 0.3020 0.2721 

180 mm 0.3492 0.3499 0.3300 0.2979 

200 mm 0.3813 0.3820 0.3606 0.3258 

Table 5-5: Compared Crack Growth Rates (mm per 1000 cycles) 
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5.7 Summary 

 

The FE models of the un-patched centrally cracked cruciform, rib-stiffened and the edge 

cracked specimens which were developed using the experimental results given in Chapter 3 

have been described. The FE analyses showed the limitation of ZENCRACK [12] when 

modeling inclined face elements. 

 

In the FE analyses for the un-patched cruciform specimen, the effect of the weld was shown 

to be insignificant in crack growth predictions. The effect of the secondary plates was shown 

to alter the direction of the maximum principal tensile stress ahead of the crack and a curve 

surface crack was successfully predicted by the FE analyses. 

 

The FE analysis results for the rib-stiffened specimen compared to the test results showed 

good agreement. While for the edge cracked specimens, the FE analyses results and the 

analytical SIF method results were conservative compared to the test results. 

 

The use of the material constants proposed by Yazdani and Albrecht [7] are validated by the 

FE analyses. 
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Chapter 6 3-D Modeling of Composite Patch Repair 

 

This chapter discusses the 3-D FE modeling of the tested carbon composite patch repaired 

specimens described in Chapter 3. Linear elastic fracture mechanics (LEFM) and the Paris 

Law are used to predict the crack growths in thick steel specimens repaired with single side 

composite patches. The developed 3-D FE model results show good agreement to the tested 

composite patch repaired specimens.  

 

The developed 3-D LEFM modeling technique used for the composite patch repaired 

centrally cracked cruciform and the rib-stiffened specimen was further validated by 

predicting the fatigue life of the composite patch repaired edge cracked specimen before 

experiments.  

 

The composite patch repaired centrally cracked, cruciform and rib-stiffened specimens, and 

the composite patch repaired edge cracked specimen are discussed separately. 

 

 

6.1 Carbon Composite Patch Repair 

 

Patch repair has proven its durability and effectiveness in aircraft industry for many years. It 

increases the life expectancy by the retarding the crack growth via reduced stress intensities at 

the crack tip. 

 

The challenging aspect in use of single side bonded composite repair technology is the stress 

analysis of the repaired structure and the calculation of the fracture parameters. Several 

authors [62, 71, 75, 76, 85, 88-90] have reported that the difficulty arises from the fact that 

panels under the in-plane loading may fail under highly complicated three-dimensional stress 

systems. While the other major factor affecting the fracture parameter and crack growth life 

of the single side patch repaired thick panel is the crack-front shape during the crack 

propagation. 

 



 

132 

6.2 Development of 3-D FE Modeling Parameters 

 

The modeling technique given by May et al. [79] for predicting crack growth in patch 

repaired models using ZENCRACK becomes restricted due to surface tying the composite, 

adhesive and steel together, where the nodes of adjoining surfaces are constrained to move 

together, which then requires manual disconnection of nodes to grow the crack. Therefore, 

the adhesive elements over and across the crack fronts were removed in the proposed 3-D FE 

modeling technique. This allows automated crack block transfer in ZENCRACK resulting in 

automated crack growth.  

 

The proposed 3-D FE modeling technique was validated against the fatigue test results of the 

CFRP repaired thick aluminum panels by Schubbe and Mall [71, 74] and their modified 2-D 

three-layer technique. The FE analysis results show good agreement to test results given by 

Schubbe and Mall [74]. 

 

 

6.2.1 3-D FE Modeling of Schubbe and Mall Specimen 

 

The aluminum panels were 508 mm long, 153 mm wide, and 6.35 mm thick, figure 6.1.  The 

patch length was 138 mm with tapered ends having a nominal stiffness ratio equal to one. The 

central starter notch was 12.7 mm long and grown to 25.4 mm before the patch was applied. 

The panels were tested to a maximum cyclic stress of 120 MPa with a stress ratio of 0.1.  In 

addition, unrepaired panels were fatigue tested to establish the material constants. 

  

Schubbe and Mall [74] made use of the symmetry and constructed a quarter of the repaired 

panel consisting of three separate layers of four noded Mindlin plate elements for the cracked 

panel, adhesive and patch. The layers were assembled together by enforcing compatibility 

along the interfaces between the panel and adhesive, and adhesive and patch. For FE analysis, 

a uniform patch length of 102 mm was considered.  
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The proposed 3-D FE model consisted of three individual meshed parts for the flat aluminum 

plate, adhesive layer and the composite patch. The three meshed parts were created using 

type C3D20R elements, section 4.3. In the adhesive meshed part, the elements over the crack 

block were removed, in order to automate the crack growth process in ZENCRACK. Surface 

tying the three mesh parts together completes the assembly process. Table 6-1 shows the 

modeling parameters and material properties used in the two analyses. 

 

 

Figure 6.1: CFRP repaired thick aluminum panels [74] 

 

FE Modeled Geometry 

Schubbe and Mall 3-D FE Model 
Elements 

No. of Elements 

Panel, Adhesive and Patch 1700, 1500 and 1500 886, 120 and 150 

Material Properties 

E in GPa, (Panel, Adhesive & Patch) 71.02, 1.0713 & 208.0 Same 

υ (Panel, Adhesive and Patch) 0.32, 0.32 and 0.17 Same 

Material constants 

C and m MPa√m , m/cycle 10.267 x 10
-12

 & 3.408 
7.933 x 10

-14
 & 3.408 

(MPa√mm , mm/cycle) 

Table 6-1: FE Modeling Parameters   
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6.2.2 Comparison of FE Analysis Results 

 

Figure 6.2 shows the experimental crack growths for the repaired panel and figure 6.3 

shows the predicted crack growths obtained from the proposed 3-D FE analysis. Comparing 

the two results, the cracks growths are similar. 

 

From, figure 6.2, it appears that in the test it took more than 42000 cycles to reach a crack 

length of 140 mm. In the 3-D FE analysis, it required 44650 cycles to reach a crack length 

of 140 mm, a difference of 6 %, which shows good agreement between the two results. 

  

The similarity of crack growths from the Schubbe and Mall test results [71], figure 6.2, and 

from the proposed 3-D FE analysis, figure 6.3, shows that the removal of adhesive elements 

over the crack block in the patch repaired 3-D FE model has little effect in the prediction of 

fatigue life.  

 

 

Figure 6.2: Schubbe and Mall [74] Experimental Results 
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Figure 6.3: 3-D FE Analysis Results 

 

The accuracy of the predicted crack growth gives confidence to use the modeling technique 

in their FE analysis.  

 

 

6.3 3-D FE Model of the Patch Repaired Cruciform Specimen with Weld Geometry 

 

An initial 3-D FE analysis of the patch repaired cruciform specimen with weld, using the Lee 

and Lee [77] crack mapping technique was carried out. This analysis had been published 

[79]. The FE model, figure 6.4, consisted of the steel plates, adhesive and composite patch, 

created from three individual meshed parts. The meshed parts consisted of CD20R hexagonal 

elements having 20 nodes, section 4.3. The initial crack was formed in the FE model by 

splitting the elements and the crack front is created by inserting st151x5 crack blocks from 

the ZENCRACK library.  

 

The assembly of three meshed parts was completed by surface tying, constraining the nodes 

of adjoining surfaces to move together. In addition, it was assumed that in the composite 

patched specimens the crack grows only in the steel specimen with no failure or de-bonding 

of the composite patch during the crack growth analysis. This assumption is based on the 

experimental evidence presented in Chapter 3.  
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 Figure 6.4: Successive technique for fatigue crack development analysis [79] 

 

The created 3-D FE model was subjected to a maximum tensile cyclic stress of 45 MPa with 

a stress ratio of 0.1, at one end, while the other end was restrained in the three axial 

directions, similar to the testing conditions. In addition, the symmetric boundary conditions 

were also applied to the FE model, so only half of the specimen was modelled, figure 6.4. 

The material constants given by Yazdani and Albrecht [7], and the material properties used in 

the FE analysis are given in Table 6-2. 

 

Material Properties 

Material E1 (MPa) E2 (MPa) υ12 G12 (MPa) 

Steel 200000 - 0.30 - 

Composite Patch 135000 10000 0.30 5000 

Adhesive 2716 - 0.34 - 

Material Constants 

C = 1.537 x 10
-12

, m = 3.344, Yazdani and Albrecht [7] 

Table 6-2: Material Properties and Material Constants [79] 
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6.3.1 FE Analysis of the Cruciform Patch Repaired Specimen with Weld 

 

The FE analysis performed by ZENCRACK [12] in conjunction with ABAQUS [11] is 

described in the ACIC conference paper [79] as, 

 

“To perform the integration of the Paris equation using ZENCRACK a forward prediction 

method was used. The size of the integration step for each finite element analysis was 

governed by limiting the error between the forward estimate of G and that calculated at the 

increased crack size at the end of each step to 5%. The strain energy release G after the first 

finite element analysis was used to predict the crack growth rate for the next step. A constant 

energy release rate dG/da was then assumed for each step and G updated in order to 

calculate the crack growth in the next step.”[79] 

 

However, the progression of the crack growth analysis was restricted, due to the surface tying 

of the three parts together to create the FE model. Therefore, the nodes adjacent to the crack 

had to be disconnected manually in the model. This approach yielded suitable results for 

small crack length increments, but required manual re-meshing and re-starting for every 3-5 

mm crack growths. 

 

 

6.3.2 FE Results of the Patch Repaired Cruciform with Weld Geometry 

 

Figure 6.5 shows the half crack growths for the experimental and the FE analysis results with 

weld. Region-1 and Region-2 are taken after the application of composite patch corresponds 

to half and the full fatigue life of the modelled cruciform composite patch repaired specimen. 

The following observations can be made from the FE analysis;  

 

In Region-1, figure 6.5, the predicted crack growths are nearly linear as are the experimental 

results. The FE predicted crack growths show good agreement to the experimental crack 

growths.  
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In Region-1, the predicted crack growth rate from the FE analysis was 0.1152 mm per 1000 

cycles compared to a crack growth rate of 0.1146 mm per 1000 cycles for the tested patch 

repaired specimen. The compared crack growth rate gives a difference of approx. 0.3%, 

showing good agreement.  

 

However, as the analysis progressed, the FE predicted crack growths start to deviate away 

from the experimental results, figure 6.5, in Region-2. This indicates that the stress intensity 

calculated by ZENCRACK was affected by the inclusion of inclined faced weld elements.  

 

The difference between the predicted crack growth and the experimental results becomes 

larger as the crack reaches a length of 125 mm, figure 6.5. Therefore, further FE analysis was 

stopped. 

 

Figure 6.6 shows the comparison of cracks, taken on the un-patched surface, between the 

tested specimen and the FE analyzed. The crack front profile, figure 6.6, shows the crack 

front to be curvilinear. 

 

The inclined faced crack front elements in the crack block, figure 6.6, have become 

excessively distorted. This shows that the mapping of the crack plane is limited for inclined 

face elements in ZENCRACK. 

 

The distortion of the inclined face elements leads to an inaccuracy in computing stress 

intensities, based on energy release rate used in ZENCRACK, section 5.3.  

 

Manual re-meshing for the changes in crack profile was time consuming and resulted in poor 

crack growth predictions. 
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Figure 6.5: Crack Growths for the Experimental and FE Analysis for Un-patch and Patched Cruciform Specimen with Weld
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Figure 6.6: Crack Profile for Cruciform Specimen (a) Un-patch Face Test (b) Un-patch Face 

FE Analysis (c) Crack Front Profile FE Analysis 
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6.4 3-D Modeling of Patch Repaired Cruciform without Weld Geometry 

 

As previously discussed in Chapter 5, the FE analysis results for the 3-D FE model of the un-

patched cruciform specimen, FE-10, created with no fillet welds and crack located at 10 mm 

away from the secondary plates, showed similar crack growths compared to the experimental 

results. Therefore, FE-10 model was adopted for a second FE patch modelling study.  

 

 

6.4.1 3-D FE Model of the Patch Repaired Cruciform without Weld Geometry 

 

The created FE model, figure 6.7, consisted of the steel specimen, adhesive and composite 

patch, created from three individual meshed parts. Each created mesh part consists of 

C3D20R brick elements having 20 nodes, section 4.3. The composite patch mesh part does 

not have tapered ends. Surface tying the three meshed parts together completes the assembly 

process. The cracked section before application of CFRP was formed by splitting the 

elements and the stress singularity at the crack tip for LEFM analysis is achieved by inserting 

a type s04_t35x1 crack block from the ZENCRACK library.  

 

 

Figure 6.7: 3-D FE model for Patch Repaired Cruciform without Weld Geometry 
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The created 3-D FE model, figure 6.7, was subjected to a maximum tensile cyclic stress of 45 

MPa with a stress ratio of 0.1, at one end, while fixed boundary condition were applied to the 

other end. The symmetric boundary conditions were also applied to the FE model, so only 

half of the specimen was modelled, figure 6.7. The material constants given by Yazdani and 

Albrecht [7], and the material properties used in the FE analysis are given in Table 6-2. 

 

In addition, it became evident during the prediction of crack growths using ZENCRACK for 

the 3-D FE model of the patched cruciform specimen having weld geometry, section 6.3, that 

automated crack growth becomes restricted in ZENCRACK due to surface tying between the 

steel, adhesive and the patch, because only the steel is allowed to crack. Manual 

disconnection of nodes was needed to carry out the analysis. Therefore, the adhesive elements 

over and across the crack fronts were removed, figure 6.8. This allows automated crack block 

transfer in ZENCRACK resulting in automated crack growth.  

 

 

Figure 6.8: Interface over crack block between main plate and CFRP Patch 
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6.4.2 FE Results and Conclusions for Patched FE Model without Weld Geometry 

 

Figure 6.9, an update to May et al. [79] shows the half crack growths for the experimental 

and the FE analysis results. For comparison, the fatigue lives of the tested specimens were 

taken as the benchmark. The following observations can be made, 

 

There is a good agreement in the predicted crack growths of the patch repaired 3-D FE model 

without weld geometry to the experimental results of the patch repaired specimen, figure 6.9.  

 

Table 6-3 shows the comparison of crack growths for the experimental and the FE analyses 

results for the un-patched and patch repaired cruciform specimens. In the composite patch 

repaired specimens, the fatigue life after the application of the composite patch was taken for 

comparison. 

 

After the application of the patch, the experimental crack growth rate is 0.147 mm per 1000 

cycles compared to 0.1467 mm per 1000 cycles in the 3-D FE model results. This gives a 

difference of approx. 0.3%, showing good agreement. This difference trend continues to 

show until the end of the tested results. 

 

Figure 6.10, shows the comparison of Von-Mises stresses for the un-patched model, FE-10 

section 5.2.1, and the patch repaired 3-D FE model. The Von-Mises stresses were taken at the 

end of the fourth contour zone in the crack block, which ranges from 1.4 mm to 1.7 mm in 

front of the advancing crack.  

 

As expected the Von-Mises stresses were same on both faces in the un-patched FE-10 model, 

figure 6.10, compared to the FE analysis results for the patch repaired 3-D FE model. 

 

Reduction in Von-Mises stresses was seen between the un-patched face and the patched face 

of the patch repaired 3-D FE model results, figure 6.10. 
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The reduction in Von-Mises stresses between the un-patched and patched faces of the patch 

repaired FE model, figure 6.10, shows the effectiveness of the one-sided patch repair in 

reducing stresses.  

 

The removal of adhesive elements over the crack block in the patch repaired FE model have 

shown to work with small differences in the prediction of fatigue life compared to the tested 

patch repaired cruciform specimen, figure 6.9.  

 

Figure 6.11 and figure 6.12, show the peel stresses along Path-1 and Path-2 in the adhesive 

along the bond line with the main plate for the cruciform specimen with different crack 

lengths. However, the peel stresses in the composite patch repaired test specimen would be 

lower because of tapered ends.  

 

The FE analysis results of the composite patch repaired cruciform specimen without weld 

shows good agreement between the life, figure 6.9, and crack profile, figure 6.13, of the 

tested composite patch repaired cruciform specimen. 

 

Exp. Un-patched 3-D FE-10 model 
Exp. Patch 

Repaired 

3-D FE model 

Patch Repaired 

Fatigue life of 

the un-patched 

specimens (da) mm Cycles (da) mm Cycles (da) mm Cycles (da) mm Cycles 

Approx. ¼ 

fatigue life 
71.07 258600 72.30 283300 80 482000 80.09 507204 

Approx. ½ 

fatigue life 
92.48 569502 93.50 599525 89.81 732300 89.61 707860 

Approx. ¾ 

fatigue life 
121.55 812120 123.00 841702 105.00 952900 106.62 961436 

Failure 199.99 1076400 199.00 1029000 202.26 1437000 201.58 1415220 

Table 6-3: Crack Growths for experimental and FE Models of the Un-patched and Patched 

Cruciform Specimen 
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Figure 6.9: Half crack growth comparison for Experimental and FE analysis results for the Cruciform Specimens without weld 
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Figure 6.10: Von-Mises Stresses in the 3-D FE model of the Cruciform specimens without weld geometry 
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Figure 6.11: Peel stresses along Path-1 for the patch repaired 3-D FE model without weld geometry 
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Figure 6.12: Peel stresses along Path-2 for the patch repaired 3-D FE model without weld geometry 
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Main 

Plate 

Secondary Plate 

 

 

 

 

 

 

(a) 

(b) 

Figure 6.13: Crack profiles for Cruciform Specimen 

(a) Un-patch face in Experiment  (b) FE Analysis without weld at Un-patch Face 

 

 

 

6.5 3-D FE Modeling of Composite Patch Repaired Rib-stiffened Specimen 

 

The developed 3-D FE model, figure 6.14, consists of the steel specimen with rib-stiffeners, 

adhesive and composite patch, created from three individual meshed parts. The composite 

patch mesh part does not have tapered ends. Each created mesh part consists of C3D20R 

brick elements having 20 nodes, section 4.3. In the adhesive mesh, the elements over the 

crack block were removed, in order to automate the crack growth process in ZENCRACK, 

section 6.4. Surface tying the three mesh parts together completes the assembly process. The 

cracked section before application of CFRP patch was formed by splitting the elements and 

the stress singularity at the crack tip for LEFM analysis is achieved by inserting a type 

s04_t35x1 crack block from the ZENCRACK library. 

 

Secondary Plate 

No weld,  

Flat face elements 

Secondary 

Plate 

Main 

Plate 

No Weld Crack Block 
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Figure 6.14: Half sliced 3-D FE model of Composite Patch Repaired Rib-stiffened Specimen 

 

The created 3-D FE model was subjected to a maximum tensile cyclic stress of 45 MPa with 

a stress ratio of 0.1 at one end and applying fixed boundary conditions to the other end. The 

Yazdani and Albrecht [7] material constants and material properties used in the FE analysis 

are given in Table 6-2. 

 

 

6.5.1 FE Results and Conclusion for Patch Repaired Rib-stiffened Specimen 

 

For comparisons, the fatigue lives of the tested specimens were taken as the benchmark and 

approx. 1/3 of the fatigue life was considered, which is approx. 6 million cycles. The 

following observations were made from the FE analyses of the patch repaired specimen; 

 

Figure 6.15 shows the predicted crack growths for the rib-stiffened specimen with and 

without the composite patch compared to the experimental results. There is good agreement 

in the predicted crack growths of the patch repaired 3-D FE model results with the 

experimental results of patch repaired specimen. 

 

Composite patch  

Tee-Stiffener 

Adhesive layer 
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Crack blocks 

Main steel plate 
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Table 6-4, shows the comparison of crack growths for the experimental and the 3-D FE 

model analyses results for the un-patched and patch repaired rib-stiffened specimens. In the 

composite patch repaired specimens, the fatigue life after the application of the composite 

patch was taken for comparison. 

  

Figure 6.16, shows the comparison of Von-Mises stresses between the un-patched FE model 

results, and the composite patch repaired 3-D FE model. The Von-Mises stresses were taken 

at the end of the fourth contour zone in the crack block, which ranges from 1.4 mm to 1.7 mm 

in front of the advancing crack.  

 

The Von-Mises stresses in the crack block for the patch repaired FE model have reduced to 

almost half, compared to the un-patched FE model results, figure 6.16. This large reduction in 

the stresses in the steel plate could be near to the lower threshold limit for cracks to 

propagate, which would explain the slow crack growth even after 15 million cycles. 

 

Similarly, the Von-Mises stresses in the stiffener of the patch repaired FE model have 

reduced considerably compared to the stiffener stresses in the un-patched FE model results, 

figure 6.16. 

 

The Von-Mises stresses in the steel plate for the patch repaired FE model have become 

almost same as that in the stiffener of the patch repaired FE model results, figure 6.16. This 

shows the load shedding phenomena, where the load has been transferred mainly to the 

composite patch and slightly to the rib-stiffener. In addition, the reduction in Von-Mises 

stresses in the patch repaired FE model result compared to the un-patched specimen, figure 

6.16, shows that the one-sided patch was effective in reducing stresses at the crack front. 

 

The removal of adhesive elements over the crack block in the patch repaired FE model have 

been shown to work with limited differences in the prediction of fatigue life compared to the 

tested composite patch repaired rib-stiffened specimen, figure 6.15. The accuracy of the 

predicted crack growth further validates the FE modeling technique.  
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Figure 6.17, shows the peel stresses in the adhesive along the bond line with the main plate 

for the rib-stiffened specimen for different crack lengths. However, the peel stresses in the 

composite patch repaired test specimen would be lower because of tapered ends.  

 

The crack profile on the surface of the patch repaired 3-D FE model is straight and is similar 

to the tested specimen.  

 

Exp. Un-patched 
3-D FE model 

Un-patched 

Exp. Patch 

Repaired 

3-D FE model 

Patch repaired 

Fatigue life of 

the un-patched 

specimens (da) mm Cycles (da) mm Cycles (da) mm Cycles (da) mm Cycles 

Approx. 1/4 

fatigue life 
73.30 170000 73.20 195754 83.125 180200 83.185 181850 

Approx. 1/2 

fatigue life 
92.14 390000 90.10 377148 104.98 2910000 104.34 3142000 

Approx. 3/4 

fatigue life 
123.31 590000 122.00 583931 117.53 4368000 117.94 4714000 

Failed 203.02 795000 202.00 750473 132.55 6036000 131.23 6021000 

Table 6-4: Crack Growths for the Un-patched and patched Rib-stiffened specimens, 

Experimental and FE Models 
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Figure 6.15: Comparison of half crack growths between the FE analyses results and test results for Rib-stiffened specimen 
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Figure 6.16: Comparison of Von-Mises Stresses in the un-patch and patch repaired rib-stiffened FE Models 
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Figure 6.17:  Peel stresses from the 3-D FE model of the composite patch repaired Rib-stiffened Specimen 
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Adhesive 

CFRP Patch 

Edge Cracked Plate 

6.6 3-D FE Modeling of Edge Patch Repaired Specimen 

 

The created patch repaired 3-D FE model, figure 6.18, consists of three individual meshed 

parts for the flat steel plate, adhesive layer and the composite patch. The three meshed parts 

consists of C3D20R type elements, section 4.3. In the adhesive meshed part, the elements 

over the crack block were removed, in order to automate the crack growth process in 

ZENCRACK, section 6.4. Surface tying the three mesh parts together completes the 

assembly process. The cracked section before application of CFRP patch was formed by 

splitting the elements and the stress singularity at the crack tip for LEFM analysis is achieved 

by inserting a type s04_t35x1 crack block from the ZENCRACK library. 

 

 

Figure 6.18: 3-D FE model of Edge cracked specimen repaired with CFRP Patch 

 

The created 3-D FE model of the edge cracked patch repaired specimen was subjected to a 

maximum cyclic tensile stress of 45 MPa with a stress ratio of 0.1, at one end and the other 

end was restrained against movements in the three axes, similar to testing conditions. The 

Yazdani and Albrecht material constants and material properties used in the analysis are 

given in Table 6-2. 
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6.6.1 FE Results and Conclusion for Patched Edge Specimen 

 

Figure 6.19, shows the predicted fatigue crack growth in the patch repaired edge crack 

specimen. The FE analysis results are in good agreement to the experimental results.  

 

50

100

150

200

250

300

350

400

450

500

550

0 0.3 0.6 0.9 1.2 1.5 1.8 2.1 2.4 2.7 3

Number of cycles from Initial Crack (x10
6
)

C
ra

c
k

 l
e

n
g

th
 2

a
 (

m
m

)

EC-1-Front-Patch-Exp

EC-2-Front-Unpatch-Exp

EC-3-Front-Unpatch-Exp

After Patch - FEA

FEA-Unpatch

Shear lips 

forming
Patch Applied

EC-1

EC-2

EC-3

Patch - FEA

Patch - Exp
FEA-Unpatch

 

Figure 6.19: Compared crack growth rates of FE analysis and test results for the Edge 

specimen repaired with CFRP 

 

The predicted fatigue life of the patch repaired model has almost tripled compared to the 

crack growth from the tested un-patched specimens, figure 6.19.   

 

Table 6-5, shows the comparison of crack growths between the FE analyses for the un-

patched and patch repaired models and the experimental results. In the composite patch 

repaired specimen, the fatigue life after the application of the composite patch was taken for 

comparison. 
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The FE analysis of the patch repaired model had run to over 2.7 million cycles with a total 

crack length of 433.5 mm and stops due to distortions in elements in the crack block near the 

crack tip.  

 

The removal of adhesive elements over the crack block in the patch repaired FE model have 

been shown to work with small differences in the prediction of fatigue life compared to the 

tested composite patch repaired specimen, figure 6.19. The accuracy of the predicted crack 

growth gives more confidence to the user for using the proposed FE modeling technique.  

 

The crack profile is straight from the FE analysis and similar to the tested specimen.  

 

3-D FE model 

Un-patched 

Exp. Un-patched 

EC-2 

3-D FE model 

Patch repaired 

Exp. Patch 

Repaired 

Fatigue life of 

the un-patched 

specimens (da) mm Cycles (da) mm Cycles (da) mm Cycles (da) mm Cycles 

Approx. 1/4 

fatigue life 
70.3 150000 62.1 150000 113.10 649900 115.32 605000 

Approx. 1/2 

fatigue life 
83.80 282000 69.43 290000 161.84 1277000 159.04 1135000 

Approx. 3/4 

fatigue life 
111.00 431000 82.86 430000 263.50 1873000 267.52 1760000 

Stopped 250.00 564000 104.89 570000 433.50 2494000 433.60 2430000 

Table 6-5: Crack Growths for the Un-patched and patch repaired edge cracked specimens, 

FE Analyses and Experimental Results 

 

 

6.7 Summary 

 

The validation of the FE analyses for the patch repaired cruciform, rib-stiffened and the edge 

cracked specimens using the experimental results given in Chapter 3 have been described. 

 

When the three meshes representing the steel plate, adhesive and the CFRP are surface tied 

together the nodes on the adjoining surfaces are constrained to move together. This was found 
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to restrict the crack growth, because only the steel is permitted to crack. Therefore, the 

adhesive elements over and across the crack front were removed. This allows automated 

crack block transfer in ZENCRACK [12]. Analyses with the removed adhesive layer over the 

crack block showed good agreement to the test results for the patch repaired cruciform and 

rib-stiffened specimens.  

 

The FE modelling technique was further validated by the predicted crack growth rates for the 

edge cracked specimens, which were carried out prior to the testing, showing good agreement 

to the test results. 
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Chapter 7 Conclusions and Recommendations 

 

A detailed experimental and finite element study has been carried out to determine the 

effectiveness of asymmetric, adhesively bonded composite patches applied to fatigue cracked 

thick steel specimens involving, angles, welded joints and rib-stiffeners. 

 

 

7.1 Experimental Study Conclusions 

 

The fatigue tests were carried out in a laboratory in an ambient air environment and the 

material constants, C and m, needed for the 3-D FE analyses were determined from tests 

carried out by Roy et al [6] on flat steel plates of various steel grades and thicknesses under 

similar conditions. The test results showed that the proposed values by Yazdani and Albrecht 

[7] for C and m in air environments can be used as, 1.537 x 10
-12

 and 3.344 respectively, 

(when the units of ∆K and da/dN are MPa√m and m/cycle). 

 

The fatigue life of the cruciform specimen increased by a factor of 1.5 after the application of 

composite patch repair. No significant sign of de-bonding or degradation was witnessed in 

the cruciform specimen after over one million fatigue cycles. This in view of the complexity 

of the repaired details, where the patches were fitted around sharp corners and across two 

welds, neither of which were ground flush, is extremely encouraging. 

 

The inclined surface crack seen in the un-patched and patch repaired cruciform specimens 

shows that the maximum principal tensile stress does not remain normal to the applied load 

and the change in maximum stress direction was attributed to the attached secondary plates, 

which was validated by the FE analysis described in section 5.3. In addition, such inclined 

surface crack to author’s knowledge has not been reported before in published literature. 

  

In the rib-stiffened un-patch specimen, the ability of the stiffener over the crack, to act as 

crack retarder was shown to be modest. The performance of the mouse hole to lessen the 
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chances of cracks developing in the stiffener was effective. Even after 15 million cycles no 

cracks were seen in the rib-stiffener of the patch repaired rib-stiffened specimen. 

 

In the patch repaired rib-stiffened specimen, a very slow crack growth was witnessed after the 

application of the composite patch. After 15 million cycles, only a total crack length of 332 

mm was recorded. This slow crack growth in the patch repaired rib-stiffened specimen was 

attributed to the distribution of the applied stress to the surrounding members, the composite 

patch and the rib-stiffener. The fatigue life of the patch repaired rib-stiffened specimen 

suggests that a composite patch less than 5 mm could have been considered. 

 

No significant de-bonding or degradation was seen in the patch repaired rib-stiffened 

specimen after 15 million cycles. A straight crack profile was observed, which suggests that 

the maximum principal tensile stress remains normal to the applied load. 

 

In the patch repaired edge cracked specimen, it took 2.98 million cycles for the crack to grow 

to the edge of the plate and no significant debonding was seen. After the failure of the steel 

plate, an additional 4000 cycles at 6 Hz were successfully applied, to show that the composite 

patch was capable of taking the entire stress. No tear or delimitation was witnessed in the 

composite patch due to the additionally applied cycles. 

 

The fatigue life of the patch repaired edge cracked specimen increased by a factor of almost 3 

after the application of a 15 mm thick bi-directional patch, which provided the same stiffness 

as the thin unidirectional composite patches used in the cruciform and the rib-stiffened 

specimens. 

 

The extension in fatigue life shown by the patch repaired cruciform and rib-stiffened 

specimens validates the recommendations based on the analytical study carried out by Lang 

[8].  

 

In summary, the results of the experimental study performed into the effectiveness of 

bonded composite patch repaired specimens show that, increases in fatigue life using thin 
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composite patches was obtained in challenging geometric configurations, assuming correct 

application procedures. 

 

 

7.2 Finite Element Analyses Conclusions 

 

The FE predicted crack growth for the plain steel plate based on the Paris Law using 

Yazdani and Albrecht [7] material constants, C and m, in ABAQUS with ZENCRACK, 

Chapter 4, was validated by both the analytical method using exact stress intensity factors, 

section 2.5.2, and the experimental results.  

 

In terms of predicting crack growth in the un-patched cruciform specimen, good agreement 

was achieved for the 3-D FE model without the weld geometry, FE-10, using Yazdani and 

Albrecht [7] material constants, C and m, with the experimental results, section 5.3. 

However, for the 3-D model with the weld geometry, FE-W, the predicted crack growth 

showed large differences to the experimental results.  

 

The predicted crack growth, given in section 5.3 for the un-patched cruciform FE-10 model 

compared to the experimental results, EXP-U, shows that the weld had no significant 

influence on the crack growth. Similarly the predicted crack growth using the analytical 

method using the analytical stress intensity factors, given in section 2.5.2, for a centrally 

cracked specimen, showed good agreement to the experimental results, which shows that the 

attached secondary plates in the un-patched cruciform specimen have little effect on the 

fatigue life. 

 

The necessity of re-meshing when using ZENCRACK with inclined face elements was 

identified when the welds were modeled in the 3-D FE model of the un-patched cruciform 

specimen, FE-W, described in section 5.3. Large distortions were reported for the inclined 

face weld elements in the crack block, which lead to a poor estimation of the energy release 

rate, which resulted in slower crack growth.  
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The predicted crack growth from the FE analysis of the un-patched rib-stiffened specimen 

was in agreement with the experimental results, section 5.5. However, the predicted crack 

growths from the FE analysis for the un-patched edge cracked specimen were conservative 

compared with the experimental results, section 5.6.1. 

 

The change in direction of the maximum principal tensile stress ahead of the crack in the 

un-patched cruciform specimen was validated by the 3-D FE models and a curved crack on 

the surface was successfully predicted by the FE analyses, Chapter 5. Similarly, in the un-

patched rib-stiffened specimen the straight crack profile was successfully predicted by the 

3-D FE model. 

 

In the 3-D FE analyses of patch repaired specimens, Chapter 6, the 3-D FE modeling 

technique employed by May et al. [79], of surface tying the meshes of the steel plate, 

adhesive and composite together, limits the automated crack growth feature in ZENCRACK,. 

Even with the manual procedure of disconnecting the adjacent nodes, that connects the steel 

and the adhesive, resulted in poor prediction of crack growths compared to the experimental 

results, section 6.3.2.   

 

The proposed 3-D FE modeling technique, of removing the adhesive elements directly over 

the crack blocks, and surface tying the steel plate to the remaining adhesive has been shown 

to work well for the cruciform and rib-stiffened specimens with very little differences in 

stress intensities and crack growths compared to the experimental results, Chapter 6. The 

proposed technique not only automates the crack growth process in ZENCRACK but also 

saves considerable time by limiting manual re-meshing.  

 

The proposed 3-D FE modeling technique was also validated by the predicted crack growth 

for the patch repaired rib-stiffened specimen which showed good agreement to the 

experimental result, section 6.5.1. The 3-D model results also showed that the composite 

patch carried more of the applied load compared to that carried by the rib-stiffener. The 

stress in the steel plate was near to the threshold limit required for crack growth, which 

meant a very slow crack growth. 
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For the patch repaired edge cracked specimen, the FE predicted crack growths based on the 

proposed 3-D FE modeling technique was carried out before testing the specimen. The 

experimental results showed good agreement to the FE predicted crack growths which further 

validates the 3-D FE modeling technique, section 6.6.1. 

 

The predicted straight crack profile on the steel surface of the patch repaired rib-stiffened 

compared was similar to that obtained from the experimental results, and confirmed that the 

maximum tensile stress remains normal to the applied stress. 

 

The predicted crack growths presented in Chapter 4, Chapter 5 and Chapter 6, shows that 

no convergence problems were encountered for the use of the CD20R brick elements and 

the inserted s04_t35x1 type crack block in the flat faced 3-D models of the specimens.  

 

Some caution is advised on using the power based Paris Law, to predict crack growths, where 

a small change in the value of the material constant, m, may result significant changes in the 

crack growth predictions. However, the use of the Yazdani and Albrecht [7] material 

constants in the Paris Law for prediction of fatigue crack growth for thick steel specimens as 

recommended by the work of Roy et al [6], is validated by the FE analyses presented in this 

thesis.   

   

The FE predicted fatigue lives of the un-patched and patch repaired thick steel specimens 

using the Yazdani and Albrecht [7] material constants validated against the experimental 

results, provides confidence for an engineer to use similar FE modeling technique for the 

design of such repairs.  
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7.3 Future Research 

 

Using the results of this research as a basis, a composite patch repair design should be 

attempted on a geometrically complex cracked structure that are in service and the crack 

growth monitored over a period of time so that comparisons can be made with the performed 

laboratory tests and finite element analyses carried out. 

 

For the rib-stiffened specimen, a thin composite patch repair less than 5 mm be designed 

using the proposed 3-D FE modeling technique and fatigue tests carried out afterwards to 

validate the recommendation of FE analysis carried out in this thesis. 

 

 In addition, further tests should also be carried out to simulate different service load 

conditions, such as random loadings, tension/compression or compression/compression that 

do alter the fatigue life of such repaired structures and to investigate further de-bonding 

effects.   

 

It would be valuable to apply the composite patch repair to fatigue cracked structures in 

aqueous environments and at various temperatures to determine the effectiveness and the 

failure modes of the composite patch.  
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