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ABSTRACT

In this thesis, optically induced non-Abelian gauge fields in ultracold atoms are
investigated. Gauge fields can emerge in the equation of motion for the optically
addressed ultracold atoms. To this end, spacially dependent dark states are
necessary for the internal states of the atoms. A tripod level scheme yields two
degenerate dark states which leads to a non-Abelian SU(2) gauge field. These
fields can be understood in terms of spin-orbit coupling between the momentum
of the atom and its internal pseudo-spin formed by the dark state manifold.
On a ring trap, this spin-orbit coupling leads to internal and spacial Josephson
oscillations, persistent currents and grey solitons. The influence of interatomic
interactions is crucial for solitons and leads to modifications of the groundstate
in a harmonically trapped scenario. Similarities between ultracold atoms and
high energy physics are drawn in the low momentum limit as the dispersion
relation offers a widely controllable Dirac cone there. With an induced mass
gap Zitterbewegung and bright solitons are investigated. Moreover, non-linear
Dirac equations, adapted from high energy physics, lead to new self confining
solutions for ultracold gases. Further analogues between ultracold atoms and
quantum chromodynamics, like chiral symmetry breaking are discussed.
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All the mathematical sciences are founded on relations between physical laws and laws of numbers,
so that the aim of exact science is to reduce the problems of nature to the determination of
quantities by operations with numbers.

James Clark Maxwell

CHAPTER 1

QUANTUM SIMULATIONS

For several reasons, ultracold quantum gases became in the recent years a fast
growing field of research. The realisation of Bose-Einstein condensates and
degenerate fermi gases with dilute alkali atoms brings together several aspects
of physics. Quantum optics is necessary to trap and cool the atoms, while the
external control of many parameters provides a new experimental setting for
many body theory. Also, aiming for temperatures in the nano Kelvin regime
brings quantum mechanics to its limits.
Apart from the challenge of reaching lowest temperatures, quantum simu-

lation is a key issue of ultracold atom research. Richard Feynman suggested
already in 1984 [1] the use of one quantum system in a controlled manner to
gain insights into another, less accessible system. The idea of artificial black
holes, as described in the book Quantum Analogies [2] might illustrate this
concept: Hawking radiation is expected to emerge from a black hole. However
this radiation has not yet been observed in astronomy nor is it feasible to make
experiments close to a black hole. However, if a horizon can be obtained in a
laboratory, radiation as predicted by Hawking might emerge and confirm the
concept. With ultracold atoms, such a horizon appears, if the local speed of
sound becomes equal to the speed of an expanding cloud of atoms. Communic-
ation with phonons between certain areas is then no longer possible within this
system and the emission of Hawking radiation is expected [3–5].
Not only cosmological concepts, but also various models from solid state phys-
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1 Quantum Simulations

ics are used for quantum simulations with ultracold atoms. These are very clean
systems compared to bulk material samples in solid state physics. On the one
hand, this makes it easier to investigate pure physical models. On the other
hand, effects stemming from impurities or interactions with impurities in metals
or ceramics are crucial to the understanding of certain properties. For example,
the Hubbard model explaining the Mott-insulator transition, Bloch oscillations,
pairing mechanisms for superconductors, vortex nucleation and the behaviour
of quantised flux lines, the interplay between coherent wave functions and co-
herence breaking interactions and disturbances are highly interesting questions
not only for one single community in physics. Contemporary computer simula-
tions are widely used to gain numerical insight into these classes of problems,
but they suffer often from the fermion sign problem in Monte-Carlo methods
or from the sheer system size.
In the near future, quantum analogies may give an answer or more insight

into these fundamental and open questions. Ultracold atoms are one pillar for
these simulations. They provide an experimental and theoretical toolbox of
to study contemporary quantum physics. However, for an all-embracing tool-
box a wide range of tools and instruments is crucial. For simulations of solid
state physics, magnetic potentials are essential. As ultracold atoms are charge
neutral, artificial electromagnetism has to provide a mechanism mimicking the
electromagnetic gauge field in the equation of motion. A rotating trap can
provide a simple, constant and homogenous effective field in the rotating frame.
However, the strength of such fields is limited by the trapping frequency and
spacial dependent fields are not achievable. A setting where a geometric phase
is used to obtain a gauge field can overcome these disadvantages. Moreover,
such a setting can lead to a non-Abelian gauge field, if a spinor condensate
with several distinguishable states is used. In contrast to an Abelian magnetic
field, a non-Abelian field is described by matrices and not vectors. Apart from
new exciting topologies for ultracold atom experiments due to the extended
Hilbert space, non-Abelian gauge fields open the door towards quantum chro-
modynamic (QCD)-like effects. Non-Abelian gauge fields are a central part of
QCD models.
In this thesis first an introduction into the main aspects of ultracold quantum

gases is presented. The first two chapters 2 and 3 give an overview over the
main aspects of bosonic and fermionic gases with emphasis on the Bose gas.
Effective gauge fields induced by optical means as a Berry phase are reviewed
as the key ingredients to this thesis. In particular the derivation of a constant
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1 Quantum Simulations

SU(2) gauge field is shown as introduction into this area of research.
Extending the available toolbox of ultracold atom experiments by the use of

non-Abelian fields towards simulations of high-energy physics relies on know-
ledge about the ground- and eigenstates of the considered system. To this
end, a ring and an isotropic harmonic trap are considered in chapter 4 and
5. The eigenstates and the influence of interatomic interactions are investig-
ated as new contributions to the understanding of a non-Abelian gauge field in
these systems. Persistent currents, solitons and degenerate states are found and
discussed. The untrapped system is characterised by the related dispersion rela-
tion. We continue previous work which has identified several regimes of interest
therein and investigate the negative mass and the Dirac regime in chapters 7
and 6. Solitons, time reversal and Dirac simulations of effective relativistic
physics are widely discussed there. The influence of interatomic interactions,
modelled as a nonlinear mean field operator leads to new self confining solutions
which resemble discussions in high energy physics. The gap between ultracold
atoms and quantum chromodynamics is reduced by these findings discussed in
chapter 8.
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There are all kinds of interesting questions that come from a knowledge of science, which only
adds to the excitement and mystery and awe of a flower. It only adds. I don’t understand how it
subtracts.

Richard Feynman

CHAPTER 2

COLD ATOMS

Let us review in this chapter the key concepts of Bose-Einstein condensation
and introduce the description of the condensate as macroscopic quantum state.
The ideal Bose gas of non-interacting spin-0 particles with a finite mass m is
a standard textbook example in physics [7]. It is exactly solvable and predicts
a phase transition for low temperatures into a macroscopic occupation of the
ground state at a critical temperature

Tc =
2π

kB[ζ(3/2)]2/3
~2

mv2/3
. (2.0.1)

For this temperature, the thermal wavelength of a quantum particle is the
same as the average particle spacing. v = V/N denotes the volume per particle,
kB the Boltzmann constant, ~ Planck’s constant and ζ is the Riemann Zeta
function. As the thermal wavelengths of the particles overlap and as they are
all in the same quantum state, a new macroscopic wavefunction is formed. The
phase space density nΛ3

dB, where

ΛdB =

√
2π~2

mkBT
(2.0.2)
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2 Cold Atoms
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Figure 2.1: A temperature scale and the related cooling mechanisms are shown.
Ultracold atoms have a temperature of several hundred nanokelvin
or less and evaporative cooling is necessary to achieve these temper-
atures [6].

is the thermal deBroglie wavelength, becomes of the order of one for Tc. This
phase transition was predicted by Bose and Einstein in 1924 and 1925 [8, 9] but
it took until 1995 to observe what is called a Bose-Einstein condensate (BEC),
in atomic gases using sodium [10] and rubidium [11]. The efforts of creating and
investigating a bosonic macroscopic ground state are however older. Superfluid
helium was considered by London as a candidate to form a BEC [12, 13] already
in the 1930s. Indeed, helium is very special as the quantum fluctuations and
interactions limit the condensed fraction to about 10% of the atoms, which
are nevertheless in a superfluid state1. In the 1980s hydrogen came in the
focus of interest [14]. However, it was the merit of W. Ketterle (with sodium
atoms) and E. Cornell and C. Wieman using rubidium to first reach the Bose-
Einstein transition in ultracold, dilute gases of alkali metals. Their efforts were
rewarded with the 2001 Nobel price. Since then, groups all over the world have
competed in achieving ultracold temperatures and BECs with several types of
atoms. Until today, hydrogen, metastable helium, lithium, sodium, potassium,

1There are mountains of literature and work done on liquid helium and its two isotopes, 3He
and 4He. Most of the concepts used nowadays for BEC physics have first been developed
in the context of liquid helium.
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2 Cold Atoms

rubidium, caesium, chrome and ytterbium have been condensed. Laser cooling
and magneto-optical trapping are the key tools which makes it possible to obtain
the necessary phase-space densities at low temperature. The 2004 review article
by Sengstock [15] gives an overview over experimental techniques in the field
of physics with coherent matter waves. With different cooling techniques, like
laser and evaporative cooling, a metastable gas of neutral atoms is obtained
within several seconds of experimental processing. Alkali atoms are used as two
body collisions take place to thermalize within the evaporative cooling process
but three body collisions are rare enough to suppress phase transitions into the
solid phase. One has to remember that the ground state of alkali metals is still
the bulk metal at low temperature.
The textbook calculations are usually done for the thermodynamic limit of

infinite large systems with a constant density. For harmonic trapping, the
above found result of the critical temperature is slightly different. The Bose-
distribution

Ni =
1

e(εi−µ)/kBT − 1
(2.0.3)

depends eventually on the dimensions and the trapping potential of the system,
hidden in the single particle energy εi, where µ is the chemical potential. As the
occupation number Ni of each level i has to be positive, the chemical potential
has to be less than the ground state energy µ < ε0. If µ → ε0 the occupation
number of the ground state in this description diverges and the transition into
the macroscopically occupied BEC state occurs. The exited states, however,
can absorb only a finite number of atoms. Below the critical temperature,
but above T = 0, the excited states are still occupied by the non-condensed
fraction of the system. This result depends, however, on the dimensions of the
considered system. In the thermodynamic limit, only 3D gives a finite critical
temperature. In 2D the critical temperature is zero and in 1D BEC does not
occur. However, a harmonic trap effectively doubles the dimensions [16] and
for finite systems the coherence length may be large enough compared to the
system size to form a well defined condensate [17].
Several Nobel prizes are strongly connected with cooling techniques or the

BEC itself. Heike Kamerlingh Onnes opened the door to low temperature phys-
ics when he liquified oxygen in 1894 (90 K), nitrogen (77 K) in 1906 and helium
(4.2 K) two years later. He also described superconductivity in 1911. Figure
2.1 gives an overview over the temperature range and the applied cooling tech-
niques. The concept of laser cooling was awarded with the 1997 Nobel prize and
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2 Cold Atoms

is crucial for Bose-Einstein condensation as a first step in the cooling process.
Temperature is related by the Maxwell-Boltzmann distribution to the kinetic
energy of the atoms, hence slowing atoms down results in cooling. By properly
chosen laser beams this effect can be used for laser cooling, but is limited by the
recoil limit. At the recoil limit, reemission of the absorbed laser light prevents
further cooling below the kinetic energy related to the recoil of this process.
To achieve the ultracold regime, evaporative cooling is used. Thermal atoms
with a Maxwell-Boltzmann distribution are trapped by a harmonic trap with a
certain height. The fast atoms can leave the trap and hence the remaining ones
are cooled if they thermalize into equilibrium again. Similar to how a cup of
tea gets colder as the hot molecules evaporate, repetition of lowering the trap
and thermalizing the atoms leads eventually to ultracold quantum gases.
Several excellent books and reviews have summarised these findings and many

fundamental aspects already a very short time after their experimental realisa-
tion: A general introduction of concepts can be found in the very comprehensive
reviews of Leggett [18], Dalfovo, Giorgini, Stringari and Pitaevskii [16] or the
books of Pitaevskii and Stringari [19] or Pethick and Smith [20].
More recently, ultracold degenerate Fermi gases have also been experiment-

ally realised [21–23]. Fermions behave differently than bosons. The Fermi
distribution

Ni =
1

e(εi−µ)/kBT + 1
(2.0.4)

shows no divergence as we find for bosons. Moreover, the Pauli exclusion prin-
ciple demands that no two fermions can have the same wavefunction, hence
condensation of fermions to a single macroscopic quantum object can not oc-
cur. For T = 0, N Fermions occupy all N states beginning with the lowest
one. For finite temperature, the Fermi edge is no longer sharp, but has a width
of the order of kBT . The edge of the Fermi sea, however, is unstable against
arbitrarily small attractive interaction which allows the system to lower its en-
ergy by forming Cooper pairs. The Cooper pairs of one spin up and spin down
particle of opposite momentum can build a superfluid. In this thesis, we are
mainly concerned with bosons but the artificial gauge fields discussed here can
also be applied to fermions.
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2 Cold Atoms

2.1 Description of a Bose-Einstein Condensate in
Dilute Gases

Strictly speaking, the condensate has to be described by a many-body quantum
theory. Such a theory should incorporate the many body wavefunction ΨN (ri, t)
for i = 1 . . . N particles. We consider the single particle density matrix at time
t. A mixture of orthogonal many body states with probability ps gives

ρ(r, r′, t) = N
∑
s

ps

∫
dr2 · · · drNΨ∗(s)N (r, r2 · · · rN , t)Ψ(s)

N (r′, r2 · · · rN , t)

= 〈ψ̂†(r, t)ψ̂(r, t)〉, (2.1.1)

where the bosonic annihilation field operator ψ̂ is used. The obtained matrix
is hermitian and hence can be diagonalized using single-particle wave functions
χi(r, t):

ρ(r, r′, t) =
∑
i

niχ
∗
i (r, t)χi(r

′, t). (2.1.2)

The expectation values ni are used to define a Bose-Einstein condensate. The
system shows BEC if one or more eigenvalues ni of the single particle density
matrix (2.1.1) is of macroscopic order (i.e. of the order of N). In the case of
having only one such state, the single particle state is called the condensate
wave function. The condensate can now be described in its single particle state
by using an order parameter2

Ψ =
√
Nχ =

√
N(r, t)eiϕ(r,t). (2.1.3)

The order parameter Ψ for the dilute gas is usually called the condensate’s wave
function. In the mean field approximation, all excitations in the condensate are
treated perturbativley, which was initiated by the ideas of Bogoliubov (see e.g.
[16]). The resulting mean field Schrödinger equation for the condensed fraction

i~
∂

∂t
Ψ =

[
− ~2∇2

2m
+ Vext +

∫
dr′Ψ†V (r′ − r)Ψ

]
Ψ (2.1.4)

can be seen as a single particle equation. Vext is the external trapping potential
and V (r′ − r) the interparticle interaction potential, which is discussed in the

2The choice of the order parameter is discussed in extensively literature, see e.g. [18].
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2 Cold Atoms

following section.
The order parameter (2.1.3) implies already some very exciting and counter-

intuitive results. The most surprising one follows from the definition of the
superfluid velocity. If the number of atoms in the condensed fraction is con-
served, the continuity equation

∂N

∂t
+ div j = 0, (2.1.5)

gives for the the superfluid velocity

v(r, t) =
j
N

= − i~
2mN

(
Ψ∗∇Ψ−Ψ∇Ψ∗

)
=

~
m
∇ϕ(r, t). (2.1.6)

As the superfluid velocity is proportional to the gradient of the phase, the
condensate shows irrotationality as

∇× v(r, t) = 0. (2.1.7)

Rotation can hence only occur in quantized vortices where∮
v(r, t)dl = n2π~/m, (2.1.8)

with an integer n. On a more general scale the irrotationality can be com-
pared to the expulsion of magnetic fields from superconductors in the Meissner-
Ochsenfeld effect. Both, inertia and magnetic fields can enter a BEC or super-
conductor only as quantised flux lines or vortices. Both types of vortices can
form an Abrikosov lattice [24, 25]. The common underlying principle is the zero
entropy of the condensed state [19, 26, 27].

2.2 Gross-Pitaevskii Equation, Interactions,
Fragmentation & Low Dimensions

The integral in the mean field Schrödinger equation (2.1.4) describes interac-
tions between all atoms in the condensate. The atoms are not charged, but they
still interact by their Van-der-Waals potential. In dilute gases only point-like
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2 Cold Atoms

two-body interactions can be assumed to take place

V (r′ − r) = gδ(r′ − r). (2.2.1)

In scattering theory, low energy scattering is described by an incoming plane
wave which hits the target potential. The scattered wave is described in first
approximation as a spherical one, which is called s-wave scattering. For a full
description of the elastic scattering process a further expansion of the scattered
wave in terms of spherical harmonics, the eigenfunctions of the angular mo-
mentum operator, may be used. In bosonic dilute gases with large interatomic
distances compared to the scattering length a, s-wave scattering is the dominant
contribution. The mean field parameter g depends then on a by

g =
4π~2a

m
. (2.2.2)

With the effective potential (2.2.1) the equation of motion for the condensate
wave function obtains the convenient form

i~∂tΨ =
[
− ~2∇2

2m
+ Vext(r) + g|Ψ|2

]
Ψ, (2.2.3)

which is known as the Gross-Pitaevskii (GP) equation. As long as the s-wave
scattering length is much smaller than the average particle distance and as long
as the condensed fraction is large compared to the non-condensed one, this
equation describes the BEC very well. The sign of the scattering length depends
on whether the mean field interactions are attractive (a > 0) or repulsive (a <
0) [28]. The densities range for a BEC between 1013 and 1015 particles per
cm3, which gives an interparticle distance of some hundred3 nm. The mean
field description works phenomenally well and describes the majority of BEC
experiments to date very well.
The Gross-Pitaevskii equation is nonlinear which makes it hard to find gen-

eral solutions. The low lying excitations, for example, can be investigated by
a Bogoliubov-de-Gennes treatment. Using a known groundstate, linearization
around this state gains insight into the excitation spectrum of the condensate
[19, 20, 29, 30]. An analytic solution for a harmonically confined gas is ob-

3Recent experiments aim for condensates with especially few or many atoms. If such a
condensate is investigated, these mean field results may have to be reconsidered
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2 Cold Atoms

tained in the Thomas-Fermi limit with strong interactions, where the kinetic
energy can be neglected compared to the interaction and the trapping term
and one finds an inverted trapping potential for the ground state density. This
differs significantly from the well known harmonic oscillator groundstate for a
harmonic trap and thus makes the GP-meanfield theory non-perturbative.

Fragmentation

The introduction of the order parameter Ψ in equation (2.1.3) was based on the
assumption of one and only one macroscopic eigenvalue in the single-particle
density matrix. A system with several degenerated states which are populated
macroscopically, is called a fragmented condensate [18]. The question what a
fragmented condensate is and how it can be obtained is vividly discussed in the
literature since the realisation of BEC. Nozières for instance argued that repuls-
ive interactions prevent fragmentation while attractive do not [31, 32]. For some
time, the debate about fragmentation seemed to be rather academic and of no
experimental importance. However, if there are infinitely many ground states to
occupy, bosons may behave like fermions instead [33–35] and do not form a con-
densate. Strongly correlated regimes may also appear within a fragmented con-
densate. Such regimes are the Swiss army knife of many-body physics as there,
the effective single particle picture is no longer valid and new tools and methods
have to be developed [36]. On the other hand, it is also questionable if fragmen-
ted condensates are stable against condensation [37]. Recently, fragmentation
has been discussed in the context of anisotropic long range dipole-dipole inter-
actions in single trapped BECs [38], which is a rather complex system. Frag-
mentation itself is an interesting phenomenon and a transition between a BEC
and a fragmented condensate might give new insights into many body physics.
However, the Gross-Pitaevskii mean field description of a BEC, as used in this
thesis, is no longer valid if a condensate becomes fragmented.

Low Dimensions

Sometimes problems can be better understood reduced to one or two dimensions
rather then in three. Experimentally, e.g. in solid state physics, thin films,
thin wires or quantum dots are realisations of systems with lower dimensions.
As, generally spoken, integrals converge differently and scaling laws are not
necessarily the same in lower dimensions, the physics there can be quite different
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2 Cold Atoms

than in the three dimensional world.
We touched in the discussion of Eq. (2.0.3) upon the question, whether stable

condensation can occur in less then three dimensions. For cold atoms in less
than three dimension, new phenomena emerge. For example, the Berezinsky-
Kosterlitz-Thouless transition [39–41] where vortex-antivortex pairs destroy the
coherent wave function in 2D at a critical temperature. Or the Lieb-Liniger
gas in 1D [42–44], which can be solved exactly in the Tonks-Girardeau regime
[45, 46] where bosons are mapped on fermions in the limit of strong repulsive
interactions.
Not only the role of quantum fluctuations or excitations in low dimension

changes, also the interaction parameter g in the Gross-Pitaevskii theory has to
be reconsidered. Scattering in strictly 1D or 2D is quite different from 3D as the
scattering amplitudes have to be recalculated. For 2D and 1D the two-particle
scattering is described by the modified scattering parameters [47]

g1D(x) = −l2⊥/a+Al⊥, (2.2.4)

g2D(x) = lz
√
π/B exp

[
−
√
π

2
lz
a

]
(2.2.5)

where A = 1.036, B = 0.905 are numerical constants, ω⊥, l⊥ and lz are the per-
pendicular trapping frequencies and oscillator lengths and a is the scattering
length found in three dimensions. A different situation is found when the cloud
is dynamically frozen in the transverse direction due to a strong harmonic trap-
ping with an oscillator length smaller than the healing length ξ. The healing
length, sometimes called coherence length, is the length by which the condens-
ate tends to its bulk value when subject to a localized perturbation. The use
of a modified scattering length is then sufficient

g =
4π~2aN

ms⊥
, (2.2.6)

where s⊥ is the cross section of the confined dimension. The gas is confined
harmonically in at least one direction and has all degrees of freedom in the
remaining ones. This approach is very successfully used in the context of optical
lattices [47–49]4. Standing waves of laser light provide there a perfect and

4See [47] for a comprehensive review of optical lattices, 1D and 2D BEC, Feshbach resonances,
the BCS-BEC crossover and the lowest Landau level formalism.
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2 Cold Atoms

tuneable periodic potential in one direction. If orthogonal lasers are combined,
arrays of slices, wires or dots of cold gases are obtained. In the past years,
experiments reached an tremendous level of control of the condensates. In
quantum state engineering, manipulation and detection of small numbers of
atoms became possible. Techniques like atom chips [50–52] or ring and toroidal
shaped traps provide a wide range of possible geometries in one, two or three
dimensions [53–55], which we anticipate in this thesis.
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Anybody who has been seriously engaged in scientific work of any kind realises that over the
entrance to the gates of the temple of science are written the words: Ye must have faith. It is a
quality which the scientist cannot dispense with.

Max Planck

CHAPTER 3

OPTICALLY INDUCED NON-ABELIAN GAUGE FIELDS
FOR A TWO-COMPONENT BEC

Soon after the realisation of the first Bose-Einstein condensate [10] of alkali
atoms, described by a simple Gross-Pitaevskii equation of the form (2.2.3)

i~∂tΨ =
[
− p2

2m
+ Vext(r) + g|Ψ|2

]
Ψ, (3.0.1)

more versatile systems came in the focus of interest. For example, artificial elec-
tromagnetism leads to the replacement p→ (p−A). Here, A = (Ax, Ay, Az)T

is an Abelian U(1) gauge field which mimics the role of the electromagnetic
vector potential in the equation of motion for the order parameter1. Artificial

1A remarkably simple idea which illustrates artificial electromagnetism is rotating the trap
and considering the gas in the rotating frame [19]. The HamiltonianHlab = 1

2m
p2+ 1

2
mωr2

describes a condensate in rest against the laboratory frame in a harmonic trap. If the
trap rotates around the z-axis with frequency Ω = (0, 0,Ω), we get with the angular
momentum operator L for the rotating frame hamiltonian

Hrot = Hlab −Ω · L

=
1

2m
p2 +

1

2
mωr2 −Ω(r× p) =

1

2m
(p−A)2 +

1

2
m(ω2 − Ω2)r2.

The resulting system simulates a constant, homogenous gauge field A = Ω × r and the
corresponding magnetic field B = 2Ω is aligned along the rotational axis. The scalar
−Ω2 term reduces the trapping frequency which limits the magnetic field. The atoms will

14



3 Optically Induced Non-Abelian Gauge Fields for A Two-Component BEC

gauge fields can arise from a Berry phase if external laser fields prepare the
atoms in certain space dependent electronic states [30, 69–71]. In the group of
I. Spielman such an optically induced magnetic field has been realised [72–74].
The order parameter can be a spinor Ψ = (Ψ1, · · · ,Ψn)T if more complex

condensates, called spinor condensates with two different spin states or more
generally a multi component BEC are in the focus of interest [75]. Also atoms
of different isotopes or even different atoms may be used [76, 77]. Depending
on the number of participating bare states, one speaks of spin-1/2, spin-1 or
spin-2 Bose condensates. The fundamental questions in a spinor-BEC are very
similar to the scalar one, but the Hilbert space is larger and interaction or
transition effects between the components offer a wider range of applications
[78]. For a spinor condensate the artificial gauge field A can include couplings
between the different spinor states Ψi which are described then by matrices
A = (Ax,Ay,Az)T. As the matrices Ai,Aj do not commute in general, A is
called a non-Abelian gauge field. In the following, the underlying geometric
phase mechanism is explained in detail and the scheme proposed by Öhberg et
al. to obtain a homogenous non-Abelian gauge field is introduced [79–81].

3.1 Geometric or Berry Phase

The adiabatic theorem [82] states that a system in an eigenstates |χ(t)〉 of a
time dependent Hamiltonian Ĥ(t), which changes slowly enough, follows this
time dependence adiabatically. The state |χ(τ)〉 is always an eigenstate of the
instantaneous Ĥ(τ) for τ 6= t. Mathematically speaking, |χ(t)〉 obeys for any
time t the eigenvalue equation

Ĥ(t) |χ(t)〉 = Eχ(t) |χ(t)〉 , (3.1.1)

consequently leave the trap if they are spun faster than the trapping frequency. Never-
theless several techniques and schemes have been proposed or developed to rotate cold
atoms. Among them, stirring with a laser beam [56, 57] is the most straight forward
one. The direct rotation of a non-spherical trap [58, 59] has been realised as well as a
complete optical lattice which rotates [60, 61]. The characterising phenomenon related
with rotating BECs are vortices [62] or vortex lattices [63], which have also be observed in
two component systems [64]. They occur in rotating systems at a certain critical rotation
frequency accompanied by dynamical instabilities [65]. Also Landau level physics [66] and
the quantum Hall regime [67] can be achieved if the received fields strength are strong
enough [68].
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which leads to the following formal solution of the Schrödinger equation

|χ(t)〉 = exp
(
− i

~

∫ t

0
dt′ Eχ(t′)

)
|χ(0)〉 . (3.1.2)

The equation (3.1.2) is certainly correct, if H is not time dependent. The
eigenstate |χ(t)〉 collects over time a phase factor proportional to the energy.
However, as experiments have shown, unexpected additional fringes in interfer-
ence experiments appeared [83]. It was the merit of M. Berry to summarise
these inconsistencies in, what is called the Berry phase or geometric phase [84].
We retrace Berry’s result with an ansatz containing a factor c(t) additional to
the formal solution of the Schrödinger equation

|χ(t)〉 = c(t) exp
(
− i

~

∫ t

0
dt′ Eχ(t′)

)
|χ(0)〉 . (3.1.3)

In (3.1.2) we have c ≡ 1. From the time dependent Schrödinger equation and
equation (3.1.3) one gets (

i~
∂

∂t
− Ĥ(t)

)
|χ(t)〉 = 0. (3.1.4)

As the Hamilton operator acts only on the ket in (3.1.4) this cancels the ef-
fect of the time derivative on the ket and we are left after multiplication with
〈χ(t)| exp

(
i
~
∫ t

0 dt′ Eχ(t′)
)
with a differential equation

ċ(t) = −c(t) 〈χ(t)| d
dt
|χ(t)〉 , (3.1.5)

which is solved by

c(t) = c(0) exp
(
−
∫ t

0
dt′ 〈χ(t)| d

dt′
|χ(t)〉

)
≡ c(0)eiγ . (3.1.6)

The phase factor in (3.1.6) defines now the geometric or Berry phase. The phase
factor has measurable consequences if cyclic evolutions in time or parameter
space are considered. Usually a quantum state is only defined up to a phase∣∣χ′(t)〉 = eiξ(t) |χ(t)〉 . (3.1.7)
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For such a state we find with (3.1.6) the relation

i
〈
χ′(t)

∣∣∣∣ ddt
∣∣∣∣χ′(t)〉 = i

〈
χ(t)

∣∣∣∣ ddt
∣∣∣∣χ(t)

〉
− dξ(t)

dt
. (3.1.8)

It has been assumed, that a suitable choice of the phase ξ(t) could always cancel
the found phase factor eiγ . However, if the time dependence of the Hamiltonian
leads to the same Hamiltonian for two different times,

H(t = τ1) = H(t = τ2), (3.1.9)

the equalising is not longer so obvious. Instead we have to calculate

i
∮ 〈

χ′(t)
∣∣∣∣ ddt

∣∣∣∣χ′(t)〉dt = i
∮ 〈

χ(t)
∣∣∣∣ ddt

∣∣∣∣χ(t)
〉

dt−
(
ξ(t)− ξ(0)

)
.(3.1.10)

As we expect the wave function and hence the additional phase factor to be
single-valued, we expect

(
ξ(t) − ξ(0)

)
= 2nπ where n in an integer. As a

consequence, the found factor

eiγ = exp

[
i
∮ 〈

χ′(t)
∣∣∣∣ ddt

∣∣∣∣χ′(t)〉dt

]
(3.1.11)

cannot be gauged away in a closed circuit. Moreover, as equation (3.1.11)
depends only on the path in parameter space, it is called a geometric phase.
One effect of this phase can be seen if the Born-Oppenheimer approximation

is reconsidered. Born and Oppenheimer analysed molecules with the ansatz
of separating the faster electronic dynamics from the slower centre of mass
motion of the atom nucleus [85]. If the slow variables are fixed, one can solve
the eigenvalue equation for the fast ones and then solve the slow problem with
this result. However, as we will discuss in the following, the geometric phase
leads to non-negligible corrections. To do so, we introduce the vector potential
(sometimes called Berry potential) with spacial dependance R

A(R) = i~
〈
χ(R)

∣∣∣∣ d
dR

∣∣∣∣χ(R)
〉
, (3.1.12)
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and write the geometric phase factor (3.1.6) as

exp

[
−
∫ t

0
dt′
〈
χ(t′)

∣∣∣∣ d
dt′

∣∣∣∣χ(t′)
〉]

(3.1.13)

= exp

[
i
~

i~
∫ t

0
dt′
〈
χ(R(t′))

∣∣∣∣ d
dR

∣∣∣∣χ(R(t′))
〉

dR
dt′

dt′
]

(3.1.14)

= exp

[
i
~

∫ t

0
A(R)

dR
dt′

dt′
]
. (3.1.15)

A molecule - or more generally speaking, a quantum system which can be
divided into slow and fast dynamics, can be analysed with the ansatz

|Φ(r,R)〉 = |F (R)〉 ⊗ |S(r)〉 . (3.1.16)

Here |S(r)〉 describes the motion of the nucleus, often referred to as the slow
state, external state or motional state. Hfast(R) governs the dynamics of the
fast, internal or electronic degrees of freedom, with |F (R)〉 as R-dependent
eigenstate

Ĥfast(R) |F (R)〉 = |F (R)〉E(R). (3.1.17)

What is now the Hamiltonian for the slow states? It is not necessarily the case
that it is possible to factorise the systems’ Hamiltonian in the same way as the
states in equation (3.1.16). For the fast states, Hfast(R) contains terms from
the slower ones. To find the appropriate momentum operator p̂ acting only on
|S(r)〉 a projection using (3.1.16) leads to

p̂ |S(r)〉 =
〈
F (R)

∣∣∣ P̂ ∣∣∣Φ(r,R)
〉

=
〈
F (R)

∣∣∣− i~∇

[∣∣∣F (R)
〉∣∣∣S(r)

〉]
= −i~∇ |S(r)〉 −A(R) |S(r)〉 . (3.1.18)

Here, P̂ denotes the momentum operator acting on |Φ(r,R)〉 where

A = i~ 〈F (R)|∇F (R)〉 (3.1.19)

is the Berry potential (3.1.8). The additional phase factor emerges as a vector
potential similar as the electromagnetic vector potential for charged particles.
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Moreover, even a scalar potential is obtained as equation (3.1.18) is only the
derivation of p but not p2. The additional scalar potential

Φ =
~2

2m

(
〈∇F | ∇F 〉+ 〈F | ∇F 〉 〈∇F |F 〉

)
(3.1.20)

emerges after quadratic completion. The Hamiltonian for the slow states now
reads

Ĥ =
1

2m

(
p−A

)2
+ Φ. (3.1.21)

If the fast state undergoes a gauge transformation by adding a phase factor

|F (R)〉 → |F (R)〉 eif(R) (3.1.22)

the vector potential transforms as a gauge potential as well

A→ −i~ 〈F (r)e−if(R)|∇F (r)eif(R)〉 = A +∇f(R). (3.1.23)

The last equation explains and justifies the name gauge potential for A.
The geometric phase, first introduced for cyclic, time-dependent Hamiltoni-

ans, leads to a gauge field for the slow state if a Born-Oppenheimer ansatz is
used. Several generalisations and special cases of the Berry phase are known
under different names. For example the Aharonov-Anandan-phase [86] or the
Samuel-Bhandari-phase [87] do not necessarily need all the constraints used in
the derivation of the Berry phase. The adiabatic approximation and the cyclic
evolution is not required there. Further generalisations deal with mixed states
[88–90] and density operators [91]. The geometric phase may also be complex
in dissipative systems [92]. In the most abstract generalisation, the geometric
phase is connected with topology using fibre bundle theory [93, 94]. Experi-
mentally, geometric phases appear in many quantum systems, as pointed out
in, e.g., [83, 93] and references therein. They can also be found in classical phys-
ics [95]. In a more intuitive way, phase factors as result of a cyclic evolution
of a vector in a non-trivial geometry are depicted in fig. 3.1 in the context of
parallel transport of a vector on the Bloch sphere.
During the derivation of the geometric phase we differentiated between slow

and fast variables. To judge what slow and fast means, we have to compare the
time scale in with the Hamiltonian changes with the transition times between
the system’s state. Let ω be the transition frequency between an initial state
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Figure 3.1: Geometric phase in parallel transport. A vector is moved adiabatic-
ally along a closed path in a non-trivial underlying geometry and a
phase factor emerges. For a spin on a Bloch sphere the phase is a ro-
tation described by non-commuting matrices. In contrast, fast and
non-adiabatic motion leads not to a phase, even for closed loops.

with energy Ei and a final state with Ef

ω =
Ef − Ei

~
. (3.1.24)

The related time scale τ = 1
ω is now compared with the time scale T on which

the HamiltonianH(t) typically changes. For a fast state we require τ � T , for a
slow one τ ≥ T . Equation (3.1.24) explains the meaning of fast as separated by
a high transition energy. Mutual transitions between the eigenstate considered
in the adiabatic theorem and a fast state are unlikely as they are separated by
a high energy.
Moreover, if quantum fluctuations lead to transitions, they occur much faster

than the system’s characteristic timescale. It is hence sufficient to include these
transitions as an effective influence by the geometric phase. However, if there
are slow states with similar energy as the initial state, the transition times are
of the same order as the system’s timescale. These states have to be included
then more accurately as the adiabatic theorem fails otherwise. The problem of
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separating important and not so important states and including the influence of
the not so important states into the description becomes more complex, if the
eigenstate is degenerate. The simple form of the adiabatic theorem makes no
statement for the case of a degenerate state that evolves under a time dependent
Hamiltonian. The result found above still holds true if transitions within the
manifold of degenerate or nearly degenerate states are allowed. Therefore the
geometric vector potential A has to be generalised into a matrix vector potential
A. F. Wilczek and A. Zee have shown this generalisation of the Berry phase
[96]. We now make the ansatz

|Φ(r,R)〉 =
N∑
i

|Fi(R)〉 ⊗ |Si(r)〉 . (3.1.25)

For the gauge potential one obtains subsequently

An,m = i~ 〈Fn|∇Fm〉 , (3.1.26)

where |Fn〉 denotes the nth degenerate state and A is a N × N matrix if we
have N degenerate states. The additional scalar potential takes the form

Φn,m =
1

2m

N∑
l

An,lAl,m

=
~2

2m

(
〈∇Fn|∇Fm〉+

N∑
l

〈Fn|∇Fl〉 〈Fl|∇Fm〉
)
.

(3.1.27)

From electrodynamics we know there is a magnetic field connected to the gauge
potential and the same can be found for the Berry connection. The scalar
potential takes the role of the electric potential [97]. The effective magnetic
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field, or Berry curvature, becomes in the non-Abelian case2

B = ∇× A +
i
~

A× A. (3.1.28)

The crossproduct A× A is defined using Einstein’s sum rule

(A× A)i = εijkAjAk. (3.1.29)

Usually the cross product (3.1.29) between two identical vectors is zero: a×a ≡
0. The nonzero cross product in (3.1.28) is a non Abelian property equivalent
to [A,B] = AB− BA 6= 0 for non commuting matrices A,B.

3.2 Optically Induced non-Abelian Gauge Fields

In the following we will consider ultracold atoms which can be described in
terms of a tripod level scheme, as illustrated in figure 3.2 on page 24. The tripod
scheme consists [79, 101] of three nearly degenerate ground states |1〉 , |2〉 , |3〉
and one excited state |0〉. Transitions take place only between the ground
states levels and the excited state due to laser coupling. The Hamiltonian for
the tripod system has in the rotating wave and dipole approximation [102, 103],
including the centre-of-mass motion, the form

H = HCM +
3∑
j=0

~ωj |j〉 〈j|+ ~
3∑
j=0

(
Ωje−iω̃jt |0〉 〈j|+ h.c.

)
. (3.2.1)

Here, HCM denotes the atom’s kinetic energy, Ωj are the Rabi frequencies
which contains the dipole moment, ωj is the jth transition frequency and ω̃
is the carrier frequency of the laser pulses. In the interaction picture [82]
the time evolution i~Ψ̇ = HΨ becomes very intuitive. With a transforma-
tion Ψ′0 = Ψ0e−i(ω̃1+ω1)t, Ψ′1 = Ψ1e−iω1t, Ψ′2 = Ψ2e−i(ω1+ω̃1−ω̃2)t and Ψ′3 =

2In many experiments, optical lattices are used to trap cold atoms and to investigate phe-
nomena in artificial periodic structures [48]. In such systems, artificial electromagnetism
may be achieved by a different method [98, 99]: the tunnelling between the lattice sites
is manipulated such that the acquired phase can be seen as the effect of a magnetic field.
This proposal was extended towards non-Abelian gauge fields using two internal states
and state-specific Raman transitions in different directions [100].
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Ψ3e−i(ω1+ω̃1−ω̃3)t the internal dynamics take the form

i~Ψ̇0 = ~
[
(ω0 − ω1)− ω̃1

]
Ψ0 + ~

3∑
j=1

ΩjΨj , (3.2.2)

i~Ψ̇1 = ~Ω∗1Ψ0, (3.2.3)
i~Ψ̇2 = ~

[
(ω2 − ω1)− (ω̃1 − ω̃2)

]
Ω2 + ~Ω∗2Ψ0, (3.2.4)

i~Ψ̇3 = ~
[
(ω3 − ω1)− (ω̃1 − ω̃3)

]
Ω3 + ~Ω∗3Ψ0. (3.2.5)

If the lasers are on resonance with these transitions one obtains ω2−ω1 = ω̃2−ω̃1

and ω3 − ω1 = ω̃3 − ω̃1. The interaction Hamiltonian

Ĥint = −~
(
Ω1 |0〉 〈1|+ Ω2 |0〉 〈2|+ Ω3 |0〉 〈3|

)
+ h.c. (3.2.6)

contains then only the Rabi-frequencies Ωi. Each of them describes now the
resonant laser induced transition between the jth ground state level and the
excited level 0. We parametrise the Rabi frequencies using the angles φ and θ
and the phases Si

Ω1 = Ω sin θ sinφ eiS1(r) (3.2.7)

Ω2 = Ω sin θ cosφ eiS2(r) (3.2.8)

Ω3 = Ω cos θ eiS3(r) (3.2.9)

where the total Rabi frequency is given by Ω =
√∑3

j=1 |Ωj |2. The phases Si(r)
and the mixing angles θ and φ are generally space dependent and depend on
the exact shape of the laser beams.
By solving the eigenvalue problem ĤintΨ = EΨ we find two degenerate

dressed states, called dark states, which contain no contribution from the ex-
cited state |0〉 and with an eigenvalue equal to zero. They can be parametrised
[104] as

|D1〉 = sinφ eiS31(r) |1〉 − cosφ eiS32(r) |2〉 , (3.2.10)

|D2〉 = cos θ cosφ eiS31(r) |1〉+ cos θ sinφ eiS32(r) |2〉 − sin θ |3〉 , (3.2.11)

where Sij = Si − Sj . These zero eigenvalue states are, for instance, used in
electromagnetically induced transparency (EIT) [105, 106]. In this thesis, the
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Figure 3.2: A trapped BEC with a tripod energy level scheme yielding two
dark states |Di〉, one bright state |B〉 and one excited state |0〉 as
dressed states. The space dependent dark state manifold is used to
obtain a geometric phase.

focus lies not on the absorption properties of cold atoms in the EIT window,
but in keeping the system in these space dependent states. The bright state

|B〉 ∼ Ω∗1 |1〉+ Ω∗2 |2〉+ Ω∗3 |3〉 . (3.2.12)

couples with the excited state |0〉 and both are separated from the two dark
states by energies |~Ω|. Hence, the transition energy |~Ω| has to be large
compared to all other relevant energies to suppress losses of atoms from the dark
state manifold |D1,2〉 into the bright or excited one. Especially laser detunings
due to the Doppler effect or the interaction energies due to the atomic collisions
have to be small.
As the dark states have a spatial dependence, either explicitly by choosing

spacial modulated beams [107] or hidden in the phases Si(r), we can now apply
our considerations of chapter 3.1 on the tripod atom. The emergence of a
geometric phase leads to a non-Abelian gauge field included in the equation for
the atomic centre of mass. We can use a product ansatz for the electronic dark
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states and the spacial motion of the atoms of the form

|Φ〉 =
2∑
j=1

Ψj ⊗ |Dj〉 . (3.2.13)

The general state |Φ〉 factorizes into a macroscopic centre of mass wavefunction
Ψ and the dark states |Dj〉 and we have the same situation as discussed in
equation (3.1.13). The main difference is that |D1,2〉 are degenerate. The
transitions within the degenerate manifold must now be taken into account. As
Wilzeck and Zee pointed out [96], a non-Abelian matrix vector potential fulfils
the physical description of the non suppressed transitions within the adiabatic
approximation.
The resulting Schrödinger equation [79] is a two component spinor equation

for Ψ = (Ψ1,Ψ2)T:

i~
∂

∂t
Ψ =

[ 1
2m

(p− A)2 + Φ + V
]
Ψ, (3.2.14)

which contains the 2× 2 matrix vector potential A, the scalar potential Φ and
the external trap V . The gauge potential is given by the mixing angles and
phases θ, φ, Sij = Si − Sj , and is of the form

A11 = ~
(

cos2 φ∇S23 + sin2 φ∇S13

)
, (3.2.15)

A12 = ~ cos θ
(1

2
sin(2φ)∇S12 − i∇φ

)
, (3.2.16)

A22 = ~ cos2 θ
(

cos2 φ∇S13 + sin2 φ∇S23

)
. (3.2.17)

For the scalar potential the general expressions have the form

Φ11 =
~2

2m
sin2 θ

(1
4

sin2(2φ)(∇S12)2 + (∇φ)2
)
, (3.2.18)

Φ12 =
~2

2m
sin θ

(1
2

sin(2φ)∇S12 − i∇φ
)

×
(1

2
sin(2θ)(cos2 φ∇S13 + sin2 φ∇S23)− i∇θ

)
, (3.2.19)

Φ22 =
~2

2m

(1
4

sin2(2θ)(cos2 φ∇S13 + sin2 φ∇S23)2 + (∇θ)2
)
. (3.2.20)
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The external trapping can be different for the different dark states due to dif-
ferent trapping strength for the bare states |1〉, |2〉, |3〉. The matrix element for
the trapping matrix are

Vn,m = 〈Dn|V |Dm〉 , (3.2.21)

and we get

V11 = V2 cos2 φ+ V1 sin2 φ, (3.2.22)

V12 =
1
2

(V1 − V2) cos θ sin(2φ), (3.2.23)

V22 = (V1 cos2 φ+ V2 sin2 φ) cos2 φ+ V3 sin2 θ. (3.2.24)

If we assume the same trapping potential for V1 = V2, only the diagonal terms
V11 and V22 are left. The potentials Φ, V and particularly A, can be chosen
almost arbitrarily, as the underlying laser fields can be shaped in many ways.
Not only the spacial arrangement of plane wave lasers, but also shaping and
controlling phase and intensity of laser beams is possible. Shaped apertures or
algorithms to calculate phase-hologram patterns which shape the beam in the
chosen transversal plane may be used [108]. It is challenging to shape arbitrary
beams in three dimension, but not impossible [109]. In this case holographic
techniques are widely used [110]. STIRAP, stimulated Raman adiabatic passage
allows coherent population transfer and can be used to prepare the initial state
of the system [111–113].
Experimentally, 87Rb or metastable 4He may be used to realise the proposed

tripod system. In 87Rb, the transitions 5S1/2 (F = 1)↔ 5P3/2 (F = 0) may be
used with suitably polarised lasers. The properties of ultracold metastable 4He
are less well known, but the transition 23S1 ↔ 23P0 might be a candidate for a
tripod scheme, too [104].
Dalibard et al. gave a semiclassical interpretation of the optically induced

geometric potentials [114]. Their analysis focus on the abelian case, but the
conclusion is valid in the non-Abelian one as well. A slow particle moving
with spatially varying internal energy level under the adiabatic approximation
results in a scalar and a vector potential in the equation of motion. The scalar
potential stems in the semiclassical picture from the kinetic energy of the atom’s
micromotion. This micromotion has its origin in the quantum fluctuations of
the radiative force operator. The vector potential’s origin is the perturbation
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of the internal electronic state by the slow motion of the atom.

3.3 Homogenous SU(2) Gauge Potential

The formalism presented in chapter 3.2 offers plenty of possible gauges and
effective fields. Even without sophisticated beam shaping, analogues of the
Landau or of the symmetric gauge [115] can easily be obtained. Different to
the optically induced abelian magnetic field [69, 70] we do not to shape the laser
beams. The non-Abelian fields can be easily obtained already with plane waves.
To investigate especially the non-Abelian nature of the gauge fields, we now
derive a constant, non-Abelian gauge field proportional to the Pauli matrices σ
as discussed, e.g, in [81]. Two laser beams are aligned and counterpropagate in x-
direction with the same intensity and a third beam perpendicular in y-direction.
We use the parameterisation from equations (3.2.7)-(3.2.9) with φ = π

4 and θ
still free to choose as it has been proposed in the seminal work of P. Öhberg,
G. Juzeliūnas and others [79–81]

Ω1 = Ω sin θe−iκ̃x/
√

2, (3.3.1)
Ω2 = Ω sin θeiκ̃x/

√
2, (3.3.2)

Ω3 = Ω cos θe−iκ̃y, (3.3.3)

where Ω =
√∑3

n=1 |Ωn|2 is the total Rabi frequency. The gauge potentials
then have the form:

A = ~κ̃
(

ey −ex cos θ
−ex cos θ ey cos2 θ

)
, (3.3.4)

Φ =
(

~2κ̃2 sin2 θ/2m 0
0 ~2κ̃2 sin2(2θ)/8m

)
, (3.3.5)

V =
(
V1 0
0 V1 cos2 θ + V3 sin2 θ

)
. (3.3.6)

The vector potential A is still a function of the mixing angle θ and the overall
trapping potential V + Φ is different for the two dark states. If we detune the
third laser from resonance by the frequency ∆ω3 = ~κ̃2(sin2 θ)/2m both dark
states are affected by the same potential V1, then V3 − V1 = ~2κ̃2(sin θ)/2m
and the overall trapping potential V + Φ takes the form V 1. If detunings are
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applied a term proportional to σz can be created such that:

V + Φ =
(

+Vz 0
0 −Vz

)
= Vzσz, (3.3.7)

If we choose the mixing angle θ = θ0 such that sin2 θ0 = 2 cos θ0 resulting in

cos θ0 =
√

2− 1, (3.3.8)
θ0 ≈ 65.5◦, (3.3.9)

then the vector potential has a much more convenient, symmetric form

A = ~κ(−exσx + eyσz) + ~κ̃0ey1. (3.3.10)

The vector potential’s strength is now modified as κ = κ̃ cos θ0. The emerged
κ̃0 = κ̃(1− cos θ0) vanishes after a unitary transformation

|D′1〉 =
1√
2

(
|D1〉+ i |D2〉

)
eiκ0y, (3.3.11)

|D′2〉 =
i√
2

(
|D1〉 − i |D2〉

)
eiκ0y, (3.3.12)

Ψ = e−iκ0y e−iπ/4σx Ψ′. (3.3.13)

The obtained vector potential is only proportional to the Pauli σ matrices3

A = −~κ(exσx + eyσy). (3.3.14)

3The Pauli matrices are used in standard textbook notation

σx =

„
0 1
1 0

«
, σy =

„
0 −i
i 0

«
, σz =

„
1 0
0 −1

«
.

They fulfil the anti-commutation relation

[σi, σj ]− = σiσj + σjσi = 2δij ,

whereas we find for the commutator the useful relation

[σi, σj ] = σiσj − σjσi = 2iεijkσk.
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The equation of motion for the centre of mass of the spinor reads

i~∂tΨ =
[(

p + ~κσ⊥
)2

+ Vext

]
Ψ, (3.3.15)

where the spin-1/2 operator σ⊥ in the xy-plane is introduced. The correspond-
ing effective magnetic field B from equation (3.1.28) is purely non-Abelian as
∇× σ⊥ = 0 and hence

B =
1
~

A× A = ~κ2σzez. (3.3.16)

3.4 Scattering Aspects

For the adiabatic assumption, it is required that the atoms stay in the dark-
state manifold. To assure this condition, all energies which lead to population
of |B〉 or |0〉 have to be small compared to the transition energy |~Ω| (see
Fig. 3.2 for the electronic level structure). Especially the Doppler detunings
which depend on the atom’s momentum have to be small to keep the lasers
on resonance. The scattering between the atoms in the dark states can also
lead to population of the bright or excited state. To avoid losses into these
states, the interaction energy has to be small enough as well. In chapter 2.2
the concept of s-wave scattering was introduced. For an ultracold bosonic gas
with three hyperfine levels populated, a spin-1 system, the scattering has to
be considered in more detail. Different to a spin-0 single component system,
more terms appear in the mean field description. The complication stems not
from the assumption of s-wave scattering as the dominant effect. The mean
field treatment with the scattering length a as parameter is for dilute systems
still valid. The complexity stems from the different scattering channels and
scattering lengths but still within the meanfield description.
As we initially assume a zero population of |B〉 and |0〉, we can safely neglect

these states in our scattering considerations. We are left with the problem
of describing the collisions in the bare state basis |1〉 , |2〉 , |3〉 and to project
this result onto the dark state basis |D1,2〉. A bosonic spin-1 system allows
only s-wave scattering between S = 0 and S = 1 total spin states. Symmetry
considerations for the angular momentum conservation in s-wave scattering
restricts the number of Clebsch-Gordon coefficients to use. The interaction
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Hamiltonian has the form [104]

H =
1
2

∫
d3r

∑
S=0,2

gSPS(r), (3.4.1)

where gS = 4π~2aS/m with the scattering length aS in the S-channel and a
projection PS(r) onto the subspace with the total spin S = 0, 2. For the field
operators we have

PS(r) =
S∑

M=−S
A†SM (r)ASM (r), (3.4.2)

ASM (r) =
1∑

m1=−1

1∑
m2=−1

〈S,M |1,m1; 1,m2〉 Ψ̂m1(r)Ψ̂m2(r). (3.4.3)

The Clebsch-Gordon coefficients 〈S,M |1,m1; 1,m2〉 can be found from tables
and we obtain for the projectors, using c-numbers instead of field operators and
m = 1, 2, 3 instead m = −1, 0, 1

P0 =
1
3

(
|Ψ3|4 + 4|Ψ2|2|Ψ1|2 − 2(Ψ∗3)2Ψ2Ψ1 − 2Ψ∗2Ψ∗1Ψ2

3

)
, (3.4.4)

P2 =
2
3

(
|Ψ3|4 + |Ψ2|2|Ψ1|2 + (Ψ∗3)2Ψ2Ψ1 + (Ψ3)2Ψ∗2Ψ∗1

)
+2|Ψ2|2|Ψ3|2 + 2|Ψ1|2|Ψ3|2 + |Ψ2|4 + |Ψ1|4. (3.4.5)

The lengthy expression has to be projected on the dark states |D1,2〉 which leads
to the Gross-Pitaevskii equation [104]

i∂tΨ = HΨ +
(
G1

G2

)
, (3.4.6)
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with

G1 =
1
6

(g0 + 5g2 + (g2 − g0) cos 4φ)|ΨD1|2|ΨD1

− 1
3

(g0 − g2) cos θ cos 2φ
(

cos2 θ sin 2φ− sin2 θe−i(S31+S32

)
|ΨD2|2ΨD2

+
1
3

(g0 − g2) cos θ sin 4φ|Ψ2
D1|ΨD2

+
2
3

(g0 − g2) cosφ sinφ
(

e−i(S31+S32) sin2 θ − cos2 θ sin 2φ
)

Ψ∗D1(ΨD2)2

+
1
6

(g0 − g2) cos θ sin 4φΨ∗D2Ψ2
D1

+
1
6

(
g0 + 5g2 + (g0 − g2)(cos 2θ + 2 cos2 θ cos 4φ)

)
|ΨD2|2ΨD1, (3.4.7)

and

G2 =
1
6

(g0 − g2) cos θ sin 4φ|ΨD1|2ΨD1

+
1
3

(
cos2 θ(g0 + 2g2 + (g0 − g2) cos 4φ) + 3g2 sin2 θ

)
|ΨD1|2ΨD2

− 1
3

(g0 − g2) cos θ cos 2φ
(

cos2 θ sin 2φ− sin2 θe−i(S31+S32)
)

Ψ∗D1(ΨD2)2

+
2
3

(g0 − g2) cosφ sinφ
(

e−i(S31+S32) sin2 θ − cos2 θ sin 2φ
)

Ψ∗D2(ΨD1)2

+
2
3

(g0 − g2) cos θ cos 2φ
(

ei(S31+S32) sin2 θ − cos2 θ sin 2φ
)
|ΨD2|2ΨD1

+
1
48

(
9g0 + 39g2 − (g0 − g2)(4 cos 2θ − 3 cos 4θ

+8 cos4 θ cos 4φ+ 8 cos(S31 + S32) sin2 2θ sin 2φ)
)
|ΨD2|2ΨD2. (3.4.8)

The interacting multi-component spin systems and their applications for ul-
tracold atom experiments have been extensively discussed in the literature.
Feshbach resonances in mixtures of atoms or isotopes have been investigated.
For example recently in Lithium and Sodium [116], different Rubidium isotopes
[117] or Rubidium-Lithium [76]. Already in 2002, Potassium-Rubidium was
[118] discussed. The collision properties are not only important to answer ques-
tions about cooling techniques [119]. The interaction of two or three species of
ultracold atoms can also give insight into problems arising in other situations
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like quantum chromodynamics. For example, a Bose-Fermi mixture may be
seen as diquark-quark analogy in dense QCD matter [120]. Also the BCS-BEC
transition by changing from positive to negative scattering length by means of
a Feshbach resonance are of highest interest for fermions [121].
However, we are in this chapter more interested in the mean field description

of the scattering aiming at a simple, but realistic Gross-Pitaevskii equation
to analyse the non-Abelian aspects. The situation simplifies significantly, if
g0 = g1 = g. The resulting interaction term is then

G1 = g
(
|Ψ1|2 + |Ψ2|2)

)
Ψ1, (3.4.9)

G2 = g
(
|Ψ1|2 + |Ψ2|2)

)
Ψ2. (3.4.10)

For the mixing angle φ = π
4 and S31 = −S32, where θ0 is chosen such that

2 cos θ0 = sin2 θ0 the interaction term simplifies significantly where

G1 = (3.4.11)

=
1
3

(g0 + 2g2)|ΨD1|2|ΨD1 +
4
√

2− 5
3

(g0 − g2)Ψ∗D1(ΨD2)2 + g2|ΨD2|2ΨD1,

and

G2 = g2|ΨD1|2ΨD2 +
4
√

2− 5
3

(g0 − g2)Ψ∗D2(ΨD1)2 (3.4.12)

+
1
48

(
39g2 + 9g0 − 3.28(g0 − g2)

)
|ΨD2|2ΨD2. (3.4.13)

In the last equation4 we approximated θ0 = arccos
√

2− 1 ≈ 65.5◦ to calculate
values for expressions like cos 2θ, cos 4θ. If g0 and g2 are of the same order
of magnitude, we can neglect the overlapping terms Ψ∗1(Ψ2)2 and Ψ∗2(Ψ1)2 as
the coefficient 4

√
2−5
3 ≈ 0.22 is already one order of magnitude smaller. The

interaction term can be written as

G1 =
(
g11|Ψ1|2 + g12|Ψ2|2)

)
Ψ1, (3.4.14)

G2 =
(
g21|Ψ1|2 + g22|Ψ2|2)

)
Ψ2. (3.4.15)

The scattering parameters are g11 = 1
3(g0+2g2), g12 = g21 = g2, g22 = 1

48(39g2+

4We used θ0 ≈ 65.5◦ and 4 cos 2θ0 − 3 cos 4θ0 − 8 cos4 θ0 ≈ −3.28
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9g0−3.28(g0−g2). For 87Rb the two scattering lengths a0 and a2 are in average
within 5% of each other [122]. The scattering length of cold atoms can be tuned
over a wide range using Feshbach resonances. There a magnetic field is used to
couple different interatomic electronic levels to tune the scattering length. The
Feshbach resonances are used very successfully to tune the scattering parameter
over several orders of magnitude including a sign change. We indicated already
the nontrivial aspects of scattering in a two component system with a dark
state manifold and hence we relinquish the use of Feshbach resonances.
Collecting the results of the last two introductory chapters, a Gross-Pitaevskii

equation is used to describe the Bose-Einstein condensate in mean field approx-
imation. Furthermore a tripod internal atomic structure, which consists of three
nearly degenerate states which couple to one common excited state is assumed.
This coupling is driven by external laser beams. The dressed state basis shows
two dark states, which the system is assumed to be in. If the adiabatic approx-
imation holds, the spacial dependence of these zero eigenvalue states lead to a
non-Abelian geometric phase in the equation of motion of the condensate. The
Gross-Pitaevskii equation then becomes

i~∂tΨ =
[ 1

2m
(p + κσ⊥)2 + V σz + g(|Ψ1|2 + |Ψ2|2)

]
Ψ. (3.4.16)

If not states otherwise, we use this form of the Gross-Pitaevskii equation within
this thesis. Here, κ denotes the strength of the non-Abelian gauge field, σ⊥ =
exσx+eyσy, V is a constant potential and g(|Ψ1|2 + |Ψ2|2) the widely discussed
nonlinear interaction term.
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It seems clear that the present quantum mechanics is not in its final form.

Paul Dirac

CHAPTER 4

THE NON-ABELIAN QUANTUM RING

Figure 4.1: The non-Abelian bosonic quantum ring. A ring shaped trap with
radius ρ restricts the motion of the condensate on an effective one
dimensional ring. The three laser beams provide the non-Abelian
gauge potential.

In the following chapter the effect of a constant, non-Abelian gauge potential
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4 The non-Abelian Quantum Ring

on a ring trapped condensate is investigated. A detailed analysis and charac-
terisation of the ring is given and the influence of interatomic interactions is
discussed. Apart from being a fundament for future devices related to non-
Abelian atom interferometers, rings provide periodic boundary conditions [123]
which is not the case for a harmonic trap. Moreover, due to the irrotational
properties of BECs (see 2.1), exciting new topologic states arise in the context
of ultracold atoms on rings.
Experimentally, ring traps can be achieved by strong trapping in the radial

direction. There are several proposals how to create ring traps of small and
large diameter [51]. Sophisticated traps are proposed to constrain cold atoms
not only on a ring [54, 55] but even on the surface of a torus [53].
Cold atoms in a 1D ring in the xy-plane, subject to a constant non-Abelian

gauge field are best described by an angular Hamiltonian. The Hamiltonian
H which describes the entire non-Abelian system is projected onto the angular
coordinate ϕ with a fixed radius r = r0. In Cartesian coordinates H has the
form

H =

(
−~2∇2

r
2m + ~2κ2

m + V + g|Ψ|2 −~2κ∇r
2m (ex − iey)

−~2κ∇r
m (ex + iey) −~2∇2

r
2m + ~2κ2

m − V + g|Ψ|2

)
, (4.0.1)

where g|Ψ|2 = g(|Ψ1|2 + |Ψ2|2) describes the collisional interactions. Anticip-
ating the ring geometry with the dimensionless angle ϕ and the radius ρ we
transform A from Cartesian in cylindrical coordinates according to [124]

Aρ = −~κ(σx cosϕ+ σy sinϕ),
Aϕ = −~κ(−σx sinϕ+ σy cosϕ),
Az = 0. (4.0.2)

With a straight forward calculation one obtains for the vector potential in polar
coordinates

A(ϕ) = −~κ
(

0 e−iϕ(eρ − ieϕ)
eiϕ(eρ + ieϕ) 0

)
. (4.0.3)

The gauge potential has now a dependence of the angle ϕ. The momentum
operator and the vector potential do not commute and one has to calculate the
polar coordinate Schrödinger equation very carefully. An additional factor 2
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emerges as we have to apply the chain rule(
∇A(ϕ) + A(ϕ)∇

)
Ψ = (∇A(ϕ))Ψ + 2A(ϕ)∇Ψ. (4.0.4)

The nabla operator acting on a vector potential in polar coordinate has the
form

∇ · ~A =
1
r

∂(rAr)
∂r

+
1
r

∂Aϕ
∂ϕ

. (4.0.5)

With equation (4.0.5) applied in (4.0.3) one easily sees for the constant non-
Abelian gauge field the relation ∂r(rAϕ) = −∂ϕAϕ and hence ∇ · A = 0. The
Ap term has to be transformed into polar coordinates

− i~A∇ = i~2κ

(
0 e−iϕ(− i

r∂ϕ + ∂r)
eiϕ( i

r∂ϕ + ∂r) 0

)
. (4.0.6)

Finally we obtain the polar Hamiltonian

Hpolar =

 −~2∇2
ϕ

2mr2 + ~2κ2

m + V + g|Ψ|2 ~2κ
m e−iϕ

[
i∂r + ∂ϕ

r

]
~2κ
m eiϕ

[
i∂r − κ∂ϕ

r

]
−~2∇2

ϕ

2mr2 + ~2κ2

m − V + g|Ψ|2

 .

(4.0.7)
V is a constant external offset in the trapping potential of the two different
dark states. It offers the possibility to investigate the influence of different
constant potentials for the dark states, which can, e.g., be achieved by small
laser detunings off resonance.
In the following we will project the Hamiltonian on a one dimensional ring,

e.i. on the eϕ-axis. Doing so, one has to reconsider the result above. Equation
(4.0.5) reflects the spacial dependence of the angular basis vectors eϕ and er.
If only Aϕ is used as er is frozen out, one has to use ∇ · ~Aϕ = ∂

r∂ϕ

~Aϕ instead.
The dimensionless Hamiltonian, where length is measured in inverse radii of
the ring, then becomes

Hϕ =

 −∂2
ϕ

2 + κ2 + V + g|Ψ|2 e−iϕ
[
− iκ2 + κ∂ϕ

]
eiϕ
[
− iκ2 − κ∂ϕ

]
−∂2

ϕ

2 + κ2 − V + g|Ψ|2

 . (4.0.8)

This Hamiltonian is indeed hermitian, the factor i in the constant off-diagonal
elements stems from the spin orbit coupling.
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4.1 Eigenstates and Groundstate
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(b) Lz,i(t), Sz,i(t), Jz(t) (c) S1(t, ϕ)

(d) S2(t, ϕ) (e) ∇S1(t)

Figure 4.2: Population (a), angular momentum (b), phase (c, d) and gradient
of phase (e) for an eigenstate of the ring (here for q = 0, κ = 0.5)
plotted versus time. The white line in pic. (c) is the 2π-phase jump
indicating the vortex structure of the second spinor component. The
color in the phase-time diagrams ranges from −π (black) to +π
(white).

The eigenstates of the non-Abelian ring can be calculated analytically, using
the Heisenberg equation of motion for the velocity operator without collisional
interactions (g = 0)

v̂ =
1
i
[
Hϕ, r̂

]
= (p− A). (4.1.1)

We write the eigenvalue equation for the velocity operator in the form

(−i∂ϕ − Aϕ)Ψ = KΨ, (4.1.2)
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with the eigenvelocity K. To solve the eigenvalue problem we use an ansatz
with an integer quantum number q anticipating a vortex structure

Ψq =
(

eiqϕΨ̃q1

ei(q+1)ϕΨ̃q2

)
. (4.1.3)

The quantum number q gives the winding number for the upper spinor compon-
ent Ψ1 and q + 1 for the lower one Ψ2. Hence we get[
− i∂ϕ − κ

(
0 −ie−iϕ

ieiϕ 0

)]( eiqϕΨ̃q1

ei(q+1)ϕΨ̃q2

)
= K

(
eiqϕΨ̃q1

ei(q+1)ϕΨ̃q2

)
.(4.1.4)

The eigenvalue problem can be readily solved to give

K+ = q + u+ 1 and K− = q − u, (4.1.5)

where the notation
κ2 = u(u+ 1), (4.1.6)

was introduced. The eigenstates are given by

Ψ±q =
(

c
√
u+ 1/2∓ 1/2 eiqϕ

∓ic
√
u+ 1/2± 1/2 ei(q+1)ϕ

)
, (4.1.7)

where c = (u + 1/2)−1 is a normalization constant. The eigenstates show
persistent currents with winding number q and q + 1. The ratio |Ψ̃q1|2/|Ψ̃q2|2
does not depend on the quantum number q but on the vector potential κ. For
any quantum number q the phase gradient difference is ∇S2 −∇S1 = |ϕ|. The
energy is a function of the quantum number q and of κ

E =
[
q + 1/2±

√
κ2 + 1/4

]2
. (4.1.8)

The energy spectra has two branches. The − branch with q = q0 is degenerate
with the + branch with q = −q0 − 1. We define the total angular momentum
operator for the ring as Jz = Lz + Sz where

Jz = −i∂ϕ +
1
2
σz. (4.1.9)
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4 The non-Abelian Quantum Ring

Figure 4.3: Energy spectrum E(κ, ρ) of the eigenstates of the ring. The dashed
(red) curves belong to q+ ≥ 0 and are degenerated with q− < 0. The
solid (blue) curves belong to q− ≥ 0 and q+ < 0. The q± is the
states winding number and the ± indicates the branches of E±.

The eigenvalues of Jz acting on Ψ± are then

JzΨ+ = −i∂ϕ

( √
u eiqϕ

−i
√
u+ 1 ei(q+1)ϕ

)
+
σz
2

( √
u eiqϕ

−i
√
u+ 1 ei(q+1)ϕ

)
= (q + 1/2)Ψ+. (4.1.10)

For Ψ− only the coefficients Ψ̃q1 and Ψ̃q2 are changed. The eigenvalues of
JzΨ− are thus q + 1/2. The total angular momentum operator Jz commutes
with the Hamiltonian as both have common eigenstates Ψ±. The total angular
momentum is therefore a conserved quantity. For the degenerate eigenstates
Ψ−q0 and Ψ+

−q0−1 the angular momenta are different

JzΨ−q0 = (q0 + 1/2)Ψ−q0 . (4.1.11)

JzΨ+
−q0−1 = (−q0 − 1 + 1/2)Ψ+

−q0−1 = −(q0 + 1/2)Ψ+
−q0−1 . (4.1.12)

39



4 The non-Abelian Quantum Ring

The twofold degeneracy of the eigenstates Ψ± (4.1.7) means any superposition
of the form

α |Ψ−q0〉+ βeiξ |Ψ+
−p0−1〉 , (4.1.13)

is also a solution of the eigenvalue problem for the ring where α and β are
real numbers and ξ is a constant phase. The quantum number q for the state
with the lowest energy for a certain κ can be determined from the picture
4.3. Apart from the crossing points, we always have two orthogonal states
spanning a degenerate subspace of groundstates (4.1.13). However they are
distinguishable as the total angular momentum differs. For a superposition of
the two energetically degenerate eigenstates the total angular momentum Jz
has the value

〈Jz〉 =
[
α 〈Ψ−q0 |+ β 〈Ψ+

−q0−1|
]
Jz

[
α |Ψ−q0〉+ β |Ψ+

−q0−1〉
]

= α2(q0 + 1/2)− β2(q0 + 1/2) = (α2 − β2)(q0 + 1/2). (4.1.14)

The angular momentum can be chosen between −(q0 + 1/2) ≤ Jz ≤ (q0 + 1/2)
and is determined by the values of α and β in the superposition of α |Ψ−q0〉 +
β |Ψ+

−q0−1〉.
The conservation of total angular momentum Jz may prevent the system from

fragmentation [36] if it is prepared in a well defined state |E, Jz〉. Therefore it is
necessary to prepare the condensate before the laser field is switched on. Other-
wise, if the cold gas condense into the non-abelian ring, we expect fragmentation
into different angular momentum states of the same energy [32, 38, 125], which
needs a description beyond the used mean field Gross-Pitaevskii equation. Fer-
mionization of the BEC or filling the ring with fermions instead bosons may be
interesting topics for further research in this direction.

4.2 Internal Josephson Oscillations

The dynamics of the non-Abelian ring is governed by the Schrödinger equation
with the Hamilton operator Hϕ from equation (4.0.8). An equivalent and in
some aspects more intuitive way of characterising the dynamics of the gas is the
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Figure 4.4: Population (a), angular momentum (b), density (c), the phase
(d) and phase gradient (e) for AC-Josephson effect in the non-
Abelian Ring are shown with κ = 0.5 for an initial eigenstate
(c
√
u exp(0),−ic

√
u+ 1 exp(iϕ) )T after applying a potential V =

0.5.

hydrodynamic description of a Bose-Einstein condensate [19, 126]. The ansatz

Ψ =
(

Ψ1

Ψ2

)
=
( √

n1eiS1

−i
√
n2eiS2

)
, (4.2.1)

contains the local density ni(ϕ) and the phase Si(ϕ). The wavefunction Ψ is
normalised as ∫

dx |Ψ|2 =
∫

dx (|Ψ1|2 + |Ψ2|2) = 1. (4.2.2)

Multiplying the time dependent Schrödinger equation with the hermitian con-
jugated spinor Ψ† from the left,

Ψ†i∂tΨ = Ψ†HΨ, (4.2.3)
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4 The non-Abelian Quantum Ring

leads to a set of coupled equations. By separating into real and imaginary
parts the coupled nonlinear equation of motion for the phases Si(ϕ, t) and the
densities ni(ϕ, t) become

Ṡ1 = [
(∂ϕn1)2

8n2
1

+
∂2
ϕn1

2n1
− (∂ϕS1)2

2
− (κ2 + V + g(n1 + n2))]

−
(

(−1
2

+ ∂ϕS2) cos ∆ +
∂ϕn2

2n2
sin ∆

)κ√n2√
n1

, (4.2.4)

ṅ1 =
(
− ∂ϕS1∂ϕn1 − n1(∂2

ϕS1)
)

+
(

(−1
2

+ ∂ϕS2) sin ∆− ∂ϕn2

2n2
cos ∆

)
2κ
√
n1n2, (4.2.5)

Ṡ2 = [
(∂ϕn2)2

8n2
2

+
∂2
ϕn2

2n2
− (∂ϕS2)2

2
− (κ2 − V + g(n1 + n2))]

−
(

(
1
2

+ ∂ϕS1) cos ∆− ∂ϕn1

2n1
sin ∆

)κ√n1√
n2

, (4.2.6)

ṅ2 =
(
− ∂ϕS2∂ϕn2 − n2(∂2

ϕS2)
)

(
(−1

2
+ ∂ϕS1) sin ∆− ∂ϕn1

2n1
cos ∆

)
2κ
√
n1n2, (4.2.7)

where we have introduced the abbreviation

∆ = S2 − ϕ− S1. (4.2.8)

For a homogenously filled ring with a constant density ∂ϕni = 0 the equations
simplify considerably

Ṡ1 = −(∂ϕS1)2

2
− (κ2 + V + g(n1 + n2))− cos ∆(−1

2
+ ∂ϕS2)

κ
√
n2√
n1

,

ṅ1 = −n1(∂2
ϕS1) + sin ∆(−1

2
+ ∂ϕS2)2κ

√
n1n2,

Ṡ2 = [−(∂ϕS2)2

2
− (κ2 − V + g(n1 + n2))]−

(
cos ∆(

1
2

+ ∂ϕS1)
)κ√n1√

n2
,

ṅ2 = −n2(∂2
ϕS2) + sin ∆(−1

2
+∇S1)2κ

√
n1n2. (4.2.9)
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The eigenstates (4.1.7)

Ψ±q =
(

c
√
u+ 1/2∓ 1/2 eiqϕ

∓ic
√
u+ 1/2± 1/2 ei(q+1)ϕ

)
, (4.2.10)

fulfil moreover S2 − ϕ − S1 = (q + 1)ϕ − ϕ − qϕ = 0 and ∂2
ϕSi = 0, hence

cos ∆ = 1 and sin ∆ = 0. The time evolution of the densities is then given by

ṅ1 = −(
1
2
− ∂ϕS2)2κ

√
n1n2 sin ∆ = 0,

ṅ2 = −(
1
2
− ∂ϕS1)2κ

√
n1n2 sin ∆ = 0. (4.2.11)

The phase difference ∆ = S2 − ϕ− S1 evolves according to

Ṡ1 − Ṡ2 =
1
2
(
(∂ϕS2)2 − (∂ϕS1)2

)
+ 2V (4.2.12)

−κ
(√n2

n1
(∂ϕS2 −

1
2

)−
√
n1

n2
(
1
2

+∇S1)
)

= (
1
2

+∇S1)− (∂ϕS1 +
1
2

) = 0,

using ∂ϕS2 = 1 + ∂ϕS1, V = 0 and the eigenstate property√
n2

n1
−
√
n1

n2
=

(u+ 1)− u√
u(u+ 1)

=
1
κ
. (4.2.13)

Oscillations driven by the phase difference between two quantum fluids where
first investigated in solid state physics using superconductors with a small tun-
nelling barrier, e.g., a grain boundary. The prediction of AC and DC currents
in superconductors was a great success of the BCS theory of cooper pairs and
Josephson was awarded with the 1973 Nobel prize. The set of equations (4.2.11)-
(4.2.12) resembles the Josephson equation and does indeed give rise to coherent
effects like periodic population transfer.
If we set a constant potential difference 2V between the two dark states or if

we change the population ratio |Ψ̃q1|/|Ψ̃q2| of an eigenstate (4.1.7) the system
shows oscillations in the population as illustrated in Fig. 4.4 and 4.5 for a
non-interacting system with g = 0. These oscillations are driven by the phase
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(a) |Ψ1(t)|2 (b) |Ψ2(t)|2
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(d) Lz,i(t), Sz,i(t), Jz(t) (e) S1(t) (f) S1(t)

Figure 4.5: An initial state (0.5,−0.5i exp(iϕ) )T shows density (a,b), popula-
tion (c) and angular momentum (d) oscillations. The phase (c,f) is
shown as well for this type of AC-Josephson oscillations.

difference

Ṡ1 − Ṡ2 =
1
2
(
(∂ϕS2)2 − (∂ϕS1)2

)
+ 2V

−κ
(√n2

n1
(∂ϕS2 −

1
2

)−
√
n1

n2
(
1
2

+ ∂ϕS1)
)

= (
1
2

+ ∂ϕS1)− κ(∂ϕS1 +
1
2

)
n2 − n1√
n1n2

+ 2V 6= 0. (4.2.14)

As the phase difference S2−S1 (4.2.12) is not constant, the eigenstate’s property
S2 − ϕ− S1 = 0 is not longer fulfilled and subsequently sin ∆ 6= 0 (4.2.8). For
an initial eigenstate prepared with q = 0, we get from equation (4.2.11) for the
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densities

ṅ1(ϕ) = κ
√
n1n2 sin ∆, (4.2.15)

ṅ2(ϕ) = −κ
√
n1n2 sin ∆ = −ṅ1. (4.2.16)

If the phase difference in equation(4.2.14) changes as consequence of the poten-
tial V , we can introduce

Ṡ1 − Ṡ2 = −2δV ≡ ω. (4.2.17)

The coupled differential equations (4.2.16) can be solved exactly assuming a
constant phase difference ∆ = ωt

n1,2(t) =
(√

n1,2(0) cos[κ/ω sin2[ωt/2]]∓
√
n2,1(0) sin[κ/ω sin2[ωt/2]]

)2
.(4.2.18)

Equation (4.2.18) describes population oscillations for n1,2 with a frequency of
ω = 2δ. The numerically observed frequency in figure 4.4(a) is only slightly
smaller then the ω = 2δ frequency. Thus, the assumption (4.2.17) is justified
for these oscillations.

4.3 Spacial Josephson Oscillations

In the solid state Josephson effect, the relevant oscillation driving phase dif-
ference between the two superconductors is measured at the boundary surface
of a bulk material. The phases are considered constant at each boundary sur-
face and the phase inside the bulk material is assumed not to contribute to
the effects. In section 4.2 we investigated the internal Josephson effect with a
constant phase difference S2 − S1 − ϕ at any point on the ring. The situation
in the ring offers a different physical scenario as the relevant phase difference
is not necessarily the same in every point of the ring. This spacial dependence
leads to new oscillation effects. The most intuitive state for a two component
system in a ring is the homogenously filled ring with equal population of |Ψ1|2
and |Ψ2|2. With an initial state

ΨS =
1

2
√
π

(
1
−i

)
, (4.3.1)
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the phase difference (4.2.8)

∆ = S2 − ϕ− S1 = −ϕ, (4.3.2)

is ϕ dependent.
For the noninteracting system the set of equations (4.2.9) have the form

Ṡ1 = −κ2 −
κ
√
n2

2
√
n1

cosϕ,

ṅ1 = −κ
√
n1n2 sinϕ,

Ṡ2 = −κ2 + κ

√
n1

2
√
n2

cosϕ,

ṅ2 = −κ
√
n1n2 sinϕ. (4.3.3)

The equations have now an explicit spacial dependence and the density changes
equally for both components

ṅ1 = ṅ2, (4.3.4)

while for the velocity field we find if n1 = n2

∇Ṡ1 = −∇Ṡ2. (4.3.5)

Moreover a spacial distribution with one maximum and one minimum can be
expected from

ṅi ∼ sinϕ. (4.3.6)

However, a state with a density distribution proportional to sinϕ clearly viol-
ates the assumption of a constant density ∂ϕn = 0 (4.2.9). The there derived
simplified set of equation can hence only indicate in which direction the dy-
namics start at t = 0. After some time the initial state (4.3.1) will propagate
beyond the intuitive picture obtained from equation (4.3.3), to a configuration
which needs the full description of the equations (4.2.4)-(4.2.7). The prepara-
tion of (4.3.1) is clearly not an eigenstate and hence it is not surprising to see
the system evolving in a different configuration.
In fig. 4.6 and 4.7 we have plotted a numerical simulation of the full Schrö-

dinger equation for the ring using ΨS = 1/2
√
π(1,−i)T as initial state. We ob-

serve in picture 4.6 the predicted spacial density oscillations. However, the over-
all density Ψ(ϕ, t) differs from the single component |Ψ1(ϕ, t)|2 and |Ψ2(ϕ, t)|2
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(a) |Ψ1(t)|2 + |Ψ1(t)|2 (b) |Ψ1(t)|2 (c) |Ψ2(t)|2

(d) |Ψ1(t)|2 − |Ψ1(t)|2

Figure 4.6: Overall density (a), single component density (b, c) and spin angu-
lar momentum (d) showing spacial oscillations for the initial state
1/2
√
π(1,−i)T

behaviour. The numerical simulation of the phases Si(ϕ, t) and especially the
related phase gradient or velocity field ∇Si shows an interesting pattern. In
the pictures 4.7(a) and 4.7(b) we find two singularities in the phase - time plot
of Si(ϕ, t). Moreover a detailed analysis of the related currents ∇Si(ϕ, t) (pic-
tures 4.7(c), 4.7(d)) and the angular momentum Lz (picture 4.7(f)) indicates
the nucleation of a pair of counterpropagating persistent currents on the ring.
In the phase-time diagram for S(ϕ, t) in figure 4.7 the moment of establishing
and vanishing of a quantised circulation in each spin component can be found
where the phase singularities appear. The velocity field vi = ∂ϕSi(ϕ, t) has
clearly regions with positive and negative velocities only.
Persistent currents and vortex nucleation have been widely discussed in the

literature. While vortices are 2D objects, persistent currents can occur in 1D
condensates as well. In a closed circular system, persistent currents and vortices
are a related phenomenon: both are manifestations of the non-rotationality of
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(a) S1(t) (b) S2(t) (c) ∇S1(t)

(d) ∇S2(t) (e) ∇S1(t) +∇S1(t)
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Lz1
Lz2
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Sz2
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(f) Lz,1(t), Lz,2(t)

Figure 4.7: Nucleation and annihilation of persistent currents is shown in the
phase-time diagram (a,b) by a singularity. The phase gradient plot
(c,d) indicates the persistent current as sign is positive (white) or
negative (black). The overlay (e) gives evidence for simultaneously
but separated nucleation. The black and white lines are the ±2π
phase jump which are used as winding number.

quantum liquids. Vortices, vortex nucleation, the often necessarily dynamic
instabilities and critical frequencies to nucleate vortices or to induce persist-
ent currents, vortex lattices and many more properties have been discussed
in, e.g., [56–59, 65, 71, 127–130]. The two component spinor gas offers the
option, that the components rotate against each other. As the gas’ topology
has to be preserved, the rotation emerges in counter rotating pairs. The neces-
sary break up of the coherent wave function happens at the single component
density minima, |Ψi(ϕ)|2 = 0, where it costs no energy to change the phase.
Nevertheless, the condensate itself does not break into parts as the singularities
in the phase-time diagram appear simultaneously but spatially separated (see
Fig. 4.7 (e)) by approximately 15◦. In addition, the orbital angular momentum
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Lz,i = 〈Ψi(t) | −i∂ϕ |Ψi(t)〉 changes smoothly for each component in time and
has no discontinuities. It is still possible to define a preserved winding num-
ber q̄ by counting the ±2π phase jumps with the proper sign for both spinor
components. The spin orbital momentum, Sz(t), is conserved in time, but not
locally as |Ψ1(ϕ, t)|2 − |Ψ2(ϕ, t)|2 6= 0, which is shown in figure 4.6 (d).
Both spinor component start to rotate and forming persistent currents against

each other. In picture 4.7(c) and 4.7(d) we see this counter propagating currents
as white and black areas where the sign of ∇Si is either positive or negative.
The single component angular momentum Lz component Lz,1 and Lz,2 does
not show quantum leaps but steady oscillations.

4.4 Interactions and Grey Solitons

The influence of interactions on the non-Abelian quantum ring depends on how
the interactions are modelled. For a single interaction parameter g, the eigen-
states are not changed by the interaction term. Due to the periodic boundary
conditions of the ring and the homogenous density distribution ∂ϕn = 0 for
the eigenstate, the interaction term g|Ψ|2 merely leads to a constant energy
term. Also the internal Josephson oscillations are not qualitatively affected by
such a constant interaction energy. In contrast, the spacial oscillations, and
thereby especially the mass currents, are much more fragile in the presence of
interactions. This is indeed to be expected. The elementary excitations of a
standard single component condensate generally also depend on the interaction,
which for instance give the expression for the speed of sound in the gas. An
additional restriction which needs to be kept in mind for the spin-orbit coupled
gas is the size of the chemical potential, which, in order to fulfil the adiabatic
approximation so that the atoms remain in the dark state manifold, must be
smaller than the total Rabi frequency.
First of all it is important to note that an arbitrary initial state can induce

large amplitude oscillations and population transfer between the spin compon-
ents. In the presence of interactions, and consequently nonlinearities, the dy-
namics is inevitably going to be complicated if the initial state is not similar to
one of the eigenstates. This is indeed always the case, also for single component
condensates. However, the spinor character of the ring studied here tends to
enhance this effect due to the increased parameter space.
The resulting dynamics would however typically be well within the nonlinear
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(a) Ψ(t), g = 25 (b) Ψ(t), g = 150 (c) Ψ1(t)

(d) g = 25: phonons (e) g = 150: phonons (f) Ψ2(t)

Figure 4.8: Interaction influence: For 4.8(a): g = 25 and 4.8(b) g = 150: dark
soliton like objects are counterpropagating around the ring. They
differ from phonons, 4.8(d) and 4.8(e) for g = 25, 150, as the latter
have a different speed seen as angle. For strong interactions, the
two components |Ψ1|2, |Ψ2|2 tend to separate 4.8(c) and 4.8(f).

regime, meaning that a Bogoliubov-de Gennes treatment, or in other words, a
linearisation of the Gross-Pitaevskii dynamics, is not appropriate. This is be-
cause the adiabatically transferred state is not necessarily going to be a steady
state solution in the new spin-orbit coupled setting. Any attempt to identify ei-
genmodes and eigenfrequencies will therefore inevitably be strongly influenced
by the collisional interactions. In order to analyse the elementary excitations
using the Bogoliubov-de Gennes treatment, one should be close to the ground
state of the system and study small deviations from it. But this is not necessar-
ily straightforward because the fragmentation will prevent us from preparing,
i.e., cooling, the condensate directly into a coherent ground state. Therefore,
in most cases, there will be dynamics taking place, but some adiabatically pre-
pared initial states will be better approximations of a coherent steady state
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than others.
Our simulations show in Fig. 4.8 a significant influence on the mass current

above a interaction strength for which g > 5. Instead of inducing counter
propagating currents, the spacial Josephson oscillations lead to several pairs
of soliton like objects which circulate around the ring [131]. They resemble of
soliton trains [132], yet there seems to be no single origin for a multiple-soliton
but instead several solitons created over time. Fig. 4.8(a) and 4.8(b) depict
these soliton like objects for different interaction strengths. They can be seen
to propagate slower than the speed of sound in the ring, as a comparison with
small perturbations of an eigenstate show. Phonons propagate in 4.8(d) and
4.8(e) with a different angle than the solitons in 4.8(a) and 4.8(b).
A field theoretical generalization of the conventional Josephson effect are non-

Abelian Josephson effects, which are widely discussed in the literature [133,
134]. In our work, we use a non-Abelian vector potential to couple the two
wave function dynamically, but the observed spacial Josephson effect is still
a realization of the Abelian Josephson effect. For the non-Abelian effect the
setting is e.g. a double well potential separating an Abelian and a non-Abelian
region.
The non-Abelian quantum ring [135] is an effective one dimensional system

which provides a broad ranges of effects. We have calculated the eigenstates for
the non-interacting (g = 0) regime. The chiral eigenstates are degenerate which
can cause fragmentation. If the condensate is prepared in a well defined angular
momentum state, the conservation of angular momentum may justify the use
of a macroscopic order parameter Ψ = (Ψ1,Ψ2)T, which has nevertheless to be
validated experimentally. Interatomic interactions (g > 0) can have significant
influence on the non-Abelian ring, if the initial state is not an eigenstate of
the system. Instead of persistent currents and spacial density oscillations, then
grey solitons appear.
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Light and matter are both single entities, and the apparent duality arises in the limitations of our
language.

Werner Heisenberg

CHAPTER 5

GROUND STATE IN A HARMONIC TRAP

The harmonic oscillator is the Drosophila of quantum physics. Understanding
the non-Abelian gauge fields in cold atoms implies understanding how a har-
monic oscillator behaves under the influence of such a field. Not only to know
how the gauge field modifies a harmonically trapped quantum gas is important,
but the ground state in a trap is always the starting point of a more detailed
analysis [136]. The non-linear Gross-Pitaevskii equation, e.g., can be linear-
ised around a known ground state and the elementary excitations be studied
[19, 20, 29, 30]. In this chapter the variational principle is used to gain addi-
tional insight into the numerical solved ground state [104] and the influence of
collisional interaction on it.

5.1 Numerical and Variational Approach

A well established method of finding a ground state of a trapped BEC numer-
ically, is the imaginary time algorithm [137]. The time dependent Schrödinger
equation

i~∂tΨ = HΨ, (5.1.1)
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resembles with a substitution it→ τ an exponentially decaying behaviour with
a decay rate H as

Ψ(τ) = Ψ(0)e−Hτ , (5.1.2)

solves (5.1.1). For an eigenstate HΨE = EΨE , the decay rate turns to be the
related energy E(ΨE), where the lowest eigenstate Ψ0 has the slowest decay
rate. In the so called imaginary time algorithm an arbitrary state Ψimag is used
as starting point. Such a state is in general a superposition of many different
eigenstates

Ψimag =
∑
i=1

ciΨE,i + c0Ψ0. (5.1.3)

If such a state Ψimag evolves under (5.1.2), the contributions from ΨEi will
vanish in the limit of large τ faster than the contribution from Ψ0. To extract
Ψ0, Ψimag(t) has to be normalised after every numerical step ∆τ . With this
method one finds for a given Hamiltonian a state with minimal energy. However,
the method can not indicate whether there is a degenerate ground state. The
choice of the initial state is also important, as an initial state which does not
contain the true ground state gives the wrong result.
For a BEC in a harmonic oscillator potential with a homogenous non-Abelian

gauge field (see chapter 3.3) the dimensionless Hamiltonian is

H = −1
2
∇2 − iκσ⊥∇+ κ2 +

1
2
r2 + g|Ψ|2, (5.1.4)

where r = x2 + y2 and σ⊥ = σxex + σyey. The condensate is described by
a spinor (Ψ1,Ψ2)T and all length are measured in harmonic oscillator lengths.
With the imaginary time algorithm and an independent matrix diagonalization
method [104] we find a degenerate groundstate with two orthogonal eigenstates.
The structure of them is for small κ not unfamiliar from the ring eigenstates
4.1. One component shows a vortex and the other a pure Gaussian1, as shown
in figure 5.1. As complementary analytical approach, a variational ansatz with
a Gaussian envelope is used. The second spinor component has a superimposed

1In [104] an analytic solution for g = 0 is provided. For higher values of κ & 5 additional
polynomials appear and lead to several concentric density rings.
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(a) |Ψ1(r)|2 (b) |Ψ2(r)|2

Figure 5.1: In an isotropic trap, one groundstate shows a Gaussian (a) and a
vortex (b) for spinor component 1 and 2 for κ = 1.4. The picture is
provided by F. Zimmer.

vortex with winding number +1. The trial wavefunction is taken to be

Ψ+
v =

1√
π

(
cg

eiξcvr eiqϕ

)
e−r

2/2. (5.1.5)

The coefficients fulfil c2
g + c2

v = 1. With the polar Hamiltonian (4.0.7), we have
to calculate the energy 〈Ψ+

v |H |Ψ+
v 〉, which gives after a lengthy but straight

forward calculation

E = c2
g(1 + κ2) + c2

v(2 + κ2)− 2cgcvκ+ g(2c4
g + 2c2

gc
2
v + c4

v), (5.1.6)

where g = ~2a
m . To judge the quality of this ansatz, the analytical solution for

g = 0

c2
v =

1 + 4κ2 −
√

1 + 4κ2

2 + 8κ2
, (5.1.7)

is compared in figure 5.3 with the numerical findings. The population of the
vortex state increases from zero for κ = 0 to 0.5. In the limit κ → 0 the prob-
lem turns into a harmonic oscillator which has a simple Gaussian wave packet
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Figure 5.2: The dashed trial wavefunction |Ψ1(cg)|2, |Ψ2(cv)|2 for κ = 1.4
is compared to the numerical groundstate shown as solid line.
Here |Ψ1|2 is shown blue, |Ψ2|2 in red. The used trial wavefunc-
tion coincides with the numerical ground state qualitatively. The
true groundstate has a smaller width than the harmonic oscillator
groundstate used for Ψv. The numerical data was provided by F.
Zimmer.

as groundstate. This limit is consistently reproduced by both, the analytical
ansatz and the numerical simulation. For strong gauge fields the numerically
calculated energy is lower than the analytic one. This is indeed to be expec-
ted as the variational energy can only provide an upper boundary for the true
groundstate. A numerical analysis shows that the width of the groundstate
becomes smaller if κ is increased. The used variational ansatz does not contain
this degree of freedom.
Contrary to the ring, collisional interactions do have an influence on the

ground state of the harmonic oscillator. The Thomas-Fermi approach for the
ground state of a strongly interacting single component BEC is a non-pertur-
bative one, e.i., a qualitatively different state is found. The density takes the
shape of the inverse trapping potential, hence a inverse parabola for harmonic
confinement. For the non-Abelian harmonic oscillator one has to carefully dis-

55



5 Ground State in a Harmonic Trap
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Figure 5.3: Comparison between analytical and numerical results: 5.3(a) shows
the population ratio c2

g/c
2
v for the variational ansatz (dashed) com-

pared to the numerical (solid) as function of κ. Qualitatively the
behaviour is the same. Quantitative the true numerical ground state
converge faster towards a ratio of 0.5/0.5. In the limit κ → 0 the
variational ansatz matches with the numerical findings very well.
5.3(b) shows the calculated (dashed) and numerical (solid) energy
E(κ). The figure was provided by F. Zimmer.

tinguish the different regimes. The trapping energy, the kinetic energy, the
non-Abelian gauge field and the interaction energy have to be put in relation to
each other. For weak collisional interactions the dependance of c2

v(κ, g) is differ-
ent than in the non-interacting (g = 0) system. Figure 5.4 shows an increasing
population of the vortex state with g > 0. As the interactions tend to expand
the condensate, this has to be expected within the used ansatz. Populating the
vortex state leads to a lower density in the centre of the cloud.

5.2 Degeneracy and Fragmentation

For the variational ansatz (5.1.5), we used without further explanation a state
in which the second component has a vortex and the first one not. This state is
degenerate with a vortex in the first and the Gaussian in the second component
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gauge field κ 

c_
v^

2

Figure 5.4: Collisional interactions lead to higher population of the vortex state.
The picture shows c2

v(κ, g) for g = 0.3, 0.9, 1.2 and 5.0. In the limit
κ → 0 the harmonic oscillator groundstate is not reproduced with
this ansatz.

if the direction of the rotation is changed as well

Ψ−v =
1√
π

(
e−iξ cvr e−iϕ

cg

)
e−r

2/2. (5.2.1)

The diagonal terms in 〈Ψ−v |E|Ψ−v 〉 do not change compared to 〈Ψ+
v |E|Ψ+

v 〉 and
the off diagonal terms are also the same. Any superposition of the two states

α |Ψ+〉+ β |Ψ−〉 (5.2.2)

is also a groundstate. Although the states (5.2.2) are degenerate in energy, they
differ in total angular momentum,

〈Ψ+
v |Jz|Ψ+

v 〉 = 〈Ψ+
v |Lz + Sz|Ψ+

v 〉 (5.2.3)

= c2
v +

1
2

(c2
g − c2

v) =
1
2
. (5.2.4)

For the orthogonal state we find

〈Ψ−v |Jz|Ψ−v 〉 = 〈Ψ−v |Lz + Sz|Ψ−v 〉 (5.2.5)

= −c2
v −

1
2

(c2
g − c2

v) = −1
2

(5.2.6)
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5 Ground State in a Harmonic Trap

As we argued in the chapters 2.2 and 4.1, a degenerate groundstate causes
fragmentation and a BEC will not form. However, if the condensate is prepared
first and the non-Abelian gauge field switched on later, the system could be in
a well defined condensate state. Angular momentum conservation may prevent
the system from fragmentation then. The total angular momentum 〈Jz〉 does
not depend on ci(κ) within this ansatz. A condensate prepared for κ = 0
in a superpostion α |Ψv〉 + β |Ψ−v 〉 with an total angular momentum 〈Jz〉 =
1/2(α2 − β2) stays in this superponed state as the total angular momentum is
preserved. Experimentally a harmonic oscillator ground state in the dark state
basis

Ψ(κ = 0) =
1√
π

e−r
2/2

(
α
β

)
(5.2.7)

might coherently turn into a superposition α |Ψ+
v 〉 + β |Ψ−v 〉. For κ > 0, the

increasing vector potential induces the nucleation of the vortex components
in |Ψ+

v 〉 and |Ψ−v 〉. The coefficient cv determines there as a function of κ the
population of the two vortex states with winding number + and −1 in the
|Ψ±v 〉-basis. It is worth mentioning that the degeneracy can be lifted by a Vzσz
term in the Hamiltonian. For such a term we find the additional energies

〈Ψ+
v |Vzσz|Ψ+

v 〉 = Vz(c2
g − c2

v) > 0, (5.2.8)

〈Ψ−v |Vzσz|Ψ−v 〉 = Vz(c2
v − c2

g) < 0, (5.2.9)

if Vz > 0. The |Ψ−v 〉 state has then a lower energy and becomes the groundstate.
In the limit κ→∞ we find c2

g(κ) = c2
v(κ) and hence again a degeneracy.

Summarising this short chapter on the harmonically trapped groundstate we
found some results very similar to the previous consideration on the ring. The
degenerate groundstate formed by two orthogonal states Ψ±v and their super-
positions can be characterised by the total angular momentum Jz. The issue of
preventing (or enhancing) fragmentation is similar in one and two dimensions.
A condensate prepared in a well defined angular momentum state may not
show fragmentation, whereas direct condensation into the non-Abelian setting
may lead to a fragmented condensate. Increasing the trapping potential for
one component of the spinor condensate breaks the symmetry between the two
states Ψ±v and lifts the degeneracy. The interatomic collisional interactions do
have an influence on the population distribution between Gaussian and vortex
component of the groundstate Ψv(κ) as they favour the latter.
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In theory, theory and practice are the same. In practice, they are not.

Albert Einstein

CHAPTER 6

EXPLOITING THE BAND STRUCTURE

The success of solid state physics in the last century relies to a large extent
on the ability to reduce many body quantum problems to an effective single
particle problem [123]. Non interacting electrons or holes, for example, can
be characterised by the band structure. Close to an extrema of the dispersion
relation they behave like free particles with an energy-momentum relation E =
p2

2m(k) if the band structure is considered by the use of a quasi-momentum
dependent mass m(k).
The dispersion relation of the untrapped BEC with a non-Abelian constant

gauge field is nontrivial. We find a Mexican hat (or bottom of a wine bottle)
potential and a parabolic cone as shown in 6.1. The picture shows an avoided
crossing between the upper and lower branch of the dispersion. A conical
intersection can be achieved in a dilute gas (g = 0) if only the (p − σ⊥)2-
term is considered and if the additional scalar potential Φ and the external
trapping V are proportional to the unit matrix [140, 141]. Although we do not
have the periodic structure leading to Bloch bands in solid state physics, the
techniques and tools describing non-trivial dispersion relations can be applied.
Figure 6.1 shows not only the dispersion relation, but also indicates the regimes
investigated in previous works [79–81, 104, 138]. Veselago lensing or perfect
lensing is obtained in the context of atom optics using band transitions between
a positive and negative curved band with the same energy. Double and negative
refraction uses a region of the dispersion relation, where two different positive
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6 Exploiting the Band Structure

Figure 6.1: Band structure for BEC with non-Abelian gauge field. The Mex-
ican hat offers different regimes to observe Vesselago lensing, double
and negative reflection as investigated in previous work[104, 138].
Both of which include transitions between different points of same
momentum or energy. The Dirac regime offers the investigation of
effective relativistic physics [81, 139]. Thus and the related negat-
ive curvature, discussed as negative effective mass, are new contri-
butions. In the valley of the sombrero, fragmentation and strong
correlation may appear.

momenta belong to the same energy. In the following two chapters, as a new
contribution, the negative mass and the Dirac regime are investigated [139, 142,
143].
The minima of the two-dimensional dispersion relation are a ring of non

vanishing momentum at |k| = κ. In the work of Galitski [144] a very similar
setting with a non-Abelian gauge field but only two distinguished minima is
investigated. One of their results is the transition temperature for a BEC with
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6 Exploiting the Band Structure

non-Abelian gauge field

Tc =
π

2kB

[ 4
ζ(3/2)

]3/2[
1−

(κx
κy

)2]1/3 n2/3

m
, (6.0.1)

where κx and κy are an anisotropic gauge field strength. The degenerate ring
of minima in the dispersion relation correspond to κx = κy and in this case one
obtains Tc → 0, which indicates fragmentation of the condensate.

6.1 Negative Mass

We use the constant gauge potential A = σxex +σyey as derived in chapter 3.3.
In momentum space, the Schrödinger equation (with g = 0) reads

i∂tΨ =
[k2

2
+ κkσ⊥ + κ2 + Vzσz

]
Ψ (6.1.1)

where k = p/~. The eigenvalue problem HkΨ = EΨ has for Vz = 0 the chiral
eigenstates

Ψ±k =
1√
2

(
1

∓kx+iky

k

)
eikr (6.1.2)

as the Hamiltonian Hk commutes with the 2D chirality operator

σk =
k
k
σ⊥. (6.1.3)

In the following we assume Vz 6= 0 and hence [Hk, σk] 6= 0. Moreover we
consider for simplicity only one dimension along the x-axis. The dimensionless
1D Hamilton operator

Hk = k2 + 2κkσx + κ2 + Ṽzσz, (6.1.4)

leads to the 1D dispersion relation

E±(k) =
1
2
(
k2 + κ2 ± 2

√
V 2
z + k2κ2

)
, (6.1.5)
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6 Exploiting the Band Structure

and to the eigenstates

Ψ± =

(
Vz±
√
V 2

z +k2κ2

kκ
1

)
. (6.1.6)

The dispersion relation has two branches where the lower one for the Ψ−-state
shows the form of a Mexican hat. In the next section we discuss the dispersion
relation E− in more detail and investigate the negative mass region. The band

Figure 6.2: The dispersion relation is shown for Vz = 0.25. The upper branch
is dashed, the lower branch solid. The regime of negative curvature
is centred around k = 0.

mass is defined as the inverse of the second derivative of the dispersion relation
with respect to the (quasi)momentum1

meff(k) = ~2
[d2E(k)

dk2

]−1
. (6.1.7)

The equation of motion for a particle or wave packet close to an extrema of the
dispersion relation simplifies then to a Schrödinger equation for a free particle

1The effective mass is defined analogous to Newtons second law. For a crystal one finds
usually a tensor expression (meff)lm ∼ ∂2E(k)/∂kl∂km. Close to an extrema of the
dispersion relation the expression 6.1.7 is obtained [123].
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6 Exploiting the Band Structure

with a k-dependent mass

i~∂tΨ = − ~2

2meff(k)
∇2Ψ, (6.1.8)

where the effective massmeff contains all the effects of the non-trivial dispersion.
The extrema for the lower branch E− from equation (6.1.5) are given by the
momenta

k1 = 0 (6.1.9)

k2,3 = ±1
κ

√
κ4 − V 2 (6.1.10)

For
Vz
κ2

< 1 (6.1.11)

the curvature at the origin is negative

d2E(k)
dk2

∣∣∣
k=0

= 1− κ2

Vz
< 0, (6.1.12)

implying a negative effective mass meff(k = 0) = ~2(1 − κ2/Vz)−1 < 0. The
regime of k-dependent negative mass is bounded by the inflexion points

k±infl = ±

√
V

4/3
z

κ2/3
− V 2

z

κ2
. (6.1.13)

For a wavepacket centred around k = 0 with a width ∆� k+
infl we can assume

a constant negative mass meff for the entire wave packet. The effect of the
negative mass can be understood in terms of changing the direction of time as

i~∂tΨ = − ~2

−2|meff<0|
∇2Ψ,

⇔ i~∂tΨ =
~2

2|meff<0|
∇2Ψ,

(6.1.14)

and furthermore
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6 Exploiting the Band Structure

⇔ −i~∂tΨ = − ~2

2|meff<0|
∇2Ψ,

⇔ i~∂−tΨ = − ~2

2|meff<0|
∇2Ψ. (6.1.15)

The evolution of a Gaussian wave packet shows broadening due to dispersion.
The same wave packet, however, evolving under the influence of a negative
mass broadens as well. The uncertainty relation gives a minimum width which
cannot be reduced anymore. For such a minimum uncertainty wavepacket, the
parts with positive momenta k move in −x direction whereas the negative
momenta −k move in the positive x-direction if the mass is negative. For a
wavepacket which is prepared as an initial minimum uncertainty wave packet
it is not possible to tell whether the effective mass is negative or positive by
looking at the expansion only. Experimentally these effects, which illustrate the
Heisenberg uncertainty relation, have been realised with cold atoms in periodic
lattices [145, 146].
However if we do not have a minimum uncertainty wave packet, e.g. a Gaus-

sian after some time of free expansion, then the expansion due to dispersion can
indeed be reversed. In fig. 6.3 a simulation of this effect is shown. A Gaussian
wavepacket in momentum space

Ψ =
1

∆k

√
2π

(
1
0

)
e−k

2/2∆k (6.1.16)

is prepared in the Ψ−(k = 0) state for t = 0 and normal dispersion occurs due
to free expansion according to

i~∂tΨ =
p2

2m
Ψ. (6.1.17)

After a time τ , the paket Ψ(t = τ) is subjected to a non-Abelian gauge field
of the form in equation (6.1.4). The initial momentum distribution ∆k was
preserved in the preparation step, only the width in position space ∆x has widen.
The wave packet can hence reduce its width and a time reversal is observed.
Moreover, the uncertainty relation prevents the wave packet from collapsing to
zero width. The expansion after reaching the minimum uncertainty width takes
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6 Exploiting the Band Structure

place within the negative mass regime.
In our system, the negative effective mass regime is restricted only to small

momenta region around k = 0, as we have discussed in equation 6.1.13. In
periodic systems, regimes of negative mass may repeat in every Brillouin zone.
An electron accelerated by an external electric potential, which enters a mo-
mentum regime with negative mass, Bloch oscillations [147, 148] can occur. As
the negative mass changes the direction of motion, the electron is now deceler-
ated to zero momentum and the periodic cycle can start again. This effect can,
in principle, be measured by the radiation emitted from the oscillating charged
particle. However, the frequency of these oscillations is too large, compared
with other effects like tunneling and scattering, to be measured in bulk mater-
ial. Predicted in the 1930s, it took 60 years to observe these oscillations in
a semiconductor material [149]. As an success of quantum simulations, Bloch
oscillations have been realised in optical lattices 1996 [150].
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Figure 6.3: Simulation of the negative mass effect. In figure (a), a non-
minumum uncertainty wavepaket is prepared by expansion. The
negative mass regime leads to contraction to minimum width. Fig-
ure (b) shows the corresponding density plot in position space.

6.2 Interactions and Solitons

The time inversion symmetry discussed in 6.1 by switching from negative to
positive mass is only valid if the atomic gas is very dilute and atom-atom
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6 Exploiting the Band Structure

interactions can be neglected. If point like contact interactions are taken into
account, the Schrödinger single particle equation is no longer describing the
condensate. Even at zero temperature a many body theory has to be used,
as discussed in chapter 2.2 and 3.4. A well known property of the non-linear
Gross-Pitaevskii equation

i~∂tΨ =
p2

2m
+ g|Ψ|2Ψ, (6.2.1)

is the existence of solitonic solutions. A soliton is a wave which does not change
its shape over a long time as dispersion and non-linear, self focussing effects are
balanced. It can be seen as a quasi particle and is widely used in many different
areas of physic, especially for signal processing in fibre optics [151, 152].
There exist two different archetypes of solitons, bright and dark ones. Dark

ones [153] are a minimum, bright ones a maximum in the condensate’s density.
Both have in common that the nonlinear term acts against the kinetic energy.
One effect leads to contraction, the other one to expansion of the wave packet.
The soliton is a wave in which both effects equalise each other. Phase imprint-
ing [154] has been used widely to create dark solitons and to investigate their
dynamics, stability and the interactions between two solitons. It depends on
the sign of the non-linear interaction in the Gross-Pitaevskii equation, whether
a bright or a dark soliton is a stable state and on the dimension of the system.
Simple solitons are stable only for 1D [155]. For two component spinor gases the
picture is slightly different as the larger Hilbert space offers more possibilities
to construct solitons [131].
The Gross-Pitaevskii equation (3.4.16) with a gauge potential

i~∂tΨ =
[ 1

2m
(
p− A)2 + σzVz + g|Ψ|2

]
Ψ. (6.2.2)

can be replaced for an eigenspinor of the lower branch Ψ− by the effective
equation

i~∂tΨ− = − ~2

2meff
∂2
x2Ψ− + g|Ψ−|2Ψ−. (6.2.3)

Equation (6.2.3) allows for meff > 0 a bright soliton solution for the BEC
with attractive interactions [19]. In many systems, however, the interaction
parameter g is positive and the mean field interactions repulsive. In this case
dark solitons can be found. Nevertheless, with a negative effective mass a bright
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6 Exploiting the Band Structure

soliton can be achieved as well in gases with repulsive interactions [145].
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Figure 6.4: Numerical simulation of soliton (solid) width compared with free
expansion (dashed). The oscillations illustrate the stability of the
soliton. Figure provided by F. Zimmer.

The characteristic soliton size x0 of a bright soliton

ΨS(x) =
1

cosh
(
x/x0

) . (6.2.4)

is connected to the effective mass, the interaction strength and the particle
number N by

x0 =
~√

|meffg|N
. (6.2.5)

By comparison with usual dispersion over a time scale of

Ts = πmeffx
2
0/2~, (6.2.6)

a soliton shows no broadening [145].
Fig. 6.4 compares the temporal dynamics of the normalised width of several

wave packets. The soliton shows oscillations and a slight increase of its width in
time. This increase is due to an imperfect preparation of the initial wave packet
as eigenspinor of the lower band and hence the non-vanishing coupling to the
upper dispersion branch. The oscillations are an illustration of the stability of
the soliton.
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6 Exploiting the Band Structure

We used the dispersion relation to characterise several regimes in which dif-
ferent dynamics takes place for an untrapped condensate. The negative mass
regime around |k| = 0 in the lower branch of the dispersion offers the possibility
to change the expansion of a wave packet into a contraction. The limit of the
contraction is hereby set for the dilute system (g = 0) by the Heisenberg uncer-
tainty relation. For g > 0, the nonlinear interactions always tend to expand the
wave packet and eventually an equilibrium between expanding and contracting
effects, a bright soliton, can be achieved.
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Die seltsamen Verhältnisse, die nach der Diracschen Gleichung schon beim kräftefreien Masse-
punkt vorliegen, schienen mir der Darstellung wert, obwohl ich vorläufig kein irgendwie ab-
schliessendes Ergebnis dieser Untersuchung aufzeigen kann.

Erwin Schrödinger

CHAPTER 7

QUANTUM SIMULATIONS OF QUASI-RELATIVISTIC
PHYSICS

It is surely not possible to observe true relativistic effects, like Lorentz contrac-
tion and time dilatation in an ultracold atomic system. The typical speed at
thermal energies of µK is only a tiny fraction compared to the speed of light c.
However there are questions and problems which in a cold atomic framework are
accessible exactly because of this difference in scales. In graphene it has been
showed that the electrons in the lattice obey an effective Dirac equation [156–
159]. In ultracold atoms [81, 142, 160], trapped ions [161, 162] or slow light [163]
it is also possible to study relativistic dynamics for systems which are inherently
non-relativistic. A Dirac cone and a tuneable energy gap as provided in the low
momentum limit of the dispersion relation for ultracold atoms with constant
non-Abelian gauge field (see Fig 6.1 on page 60) leads to counter-intuitively
dynamics of a wave packet. Zitterbewegung as a key concept familiar from
textbooks on relativistic quantum mechanics [82, 164, 165] is investigated with
cold atoms in the following.

7.1 The Dirac Limit in Cold Atoms

For ultracold atoms, a similar Dirac limit as in graphene can be achieved if the
non-Abelian gauge fields provide a spin-orbit coupling between the spinor com-
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7 Quantum Simulations of Quasi-relativistic Physics

ponents and the momentum operator. The Dirac limit is obtained if the spin-
orbit coupling dominates compared to the kinetic energy. The non-interacting
quantum gas is described by the Schrödinger equation

i~∂tΨ =
( 1

2m
(p− A)2 + V + Φ

)
Ψ, (7.1.1)

where Ψ = (Ψ1,Ψ2)T is the centre-of-mass spinor of the two dark states and
A, V and Φ are the optically induced potentials as discussed in chapter 3.3.

Figure 7.1: Dispersion relation along kx-axis for the full Hamiltonian in black
and the related Dirac dispersion in blue. The energy gap is high-
lighted in red.

With the constant gauge potential A = −κ~σ⊥ the Schrödinger equation

i~∂t =
( 1

2m
(p + κ~σ⊥)2 + V

)
Ψ, (7.1.2)

can for low momenta |p| � κ~ be approximated by

i~∂tΨ =
( 1

2m
(−pA− Ap + A2) + V

)
Ψ. (7.1.3)

As p and the constant non-Abelian vector potential A commute in equation

70



7 Quantum Simulations of Quasi-relativistic Physics

(7.1.3), we find in the low momentum limit the effective Dirac equation

i~∂tΨ = (
κ~
m
σ⊥p +

κ2~2

m
+ V )Ψ. (7.1.4)

The trapping potential V was chosen to be equal for both spinor components
Ψ1, and Ψ2. A Hamiltonian of the type σ⊥p+V ·1 leads to a Weyl equation for
massless fermions rather than a Dirac equation. For simulating effects like Zit-
terbewegung or even quantum chromodynamic effects, an energy gap between
different spinor components is essential. If we restrict the cold atom system to
one dimension such a gap can be obtained easily. An energy gap proportional to
σz, which can be understood as a rest mass term for the cold atoms, is derived
in the following.
In 1D, the value of the constant term A2 depends on the dimension as

σ2
⊥ = (exσx + exσx)2 = σ2

x + σ2
y = 2, (7.1.5)

whereas only one matrix σx or σy leads to A2 = κ2~2. The vector potential
A has initially ex and ey components (3.3.4 - 3.3.6), but now we neglect all
ey-terms which gives

A = −~κ
(

0 ex cos θ
ex cos θ 0

)
, (7.1.6)

Φ =
(

~2κ2 sin2 θ/2m 0
0 ~2κ2 sin2(2θ)/8m

)
, (7.1.7)

V =
(
V1 0
0 V1 cos2 θ + V3 sin2 θ

)
, (7.1.8)

which is already in a form we can use for an effective Dirac equation without
detuning lasers or choosing a certain mixing angle θ0. We hence gain an addi-
tional degree of freedom with the mixing angle which has not yet been fixed.
We collect the constant terms into one matrix

Vz =
1
2

[
V11 + Φ11 −

(
V22 + Φ22

)]
(7.1.9)
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7 Quantum Simulations of Quasi-relativistic Physics

and shift the zero level of energy. The scalar potential then reads

V̂ + Φ̂ = Vzσz = Vz

(
1 0
0 −1

)
(7.1.10)

where σz is the Pauli spin matrix. For the 1D system we get for V1 = V3

Vz =
~2κ2

4m
(

sin2 θ − 1
2

sin2(2θ)
)
. (7.1.11)

With the equations (7.1.2), (7.1.3) and (7.1.11) we obtain an effective Dirac
equation which inlcudes a tuneable rest mass term:

i~∂tΨ =
[~κ
m
σxpx + σzVz

]
Ψ. (7.1.12)

The effective speed of light c̃ in this equation is the reduced recoil velocity
~κ/m cos θ, which is of the order of cm/s for alkali atoms and for photons in
the visible spectra. In case of a fixed θ0, e.g., due to experimental reasons, one
still can tune the mass gap Vzσz by detuning one of the lasers off resonance.
The transition into the Dirac limit is done by choosing an appropriate width

in momentum space for a Gaussian wave packet. Fig. 7.1 compares the full
1D dispersion with the related Dirac cone. Choosing a narrower momentum
distribution corresponds to a broader distribution in position space, hence more
Dirac like. This is simulated in figure 7.2.

Dirac limit vs. Dirac equation

It is instructive at this point to look at the differences between the effect-
ive and the real Dirac equation. The Dirac equation is one of two ways of
merging the non-relativistic quantum mechanics with special relativity. The
standard quantum mechanics cannot be relativistically covariant, because in
the Schrödinger equation

i~∂tΨ = −~2∇2

2m
Ψ (7.1.13)

the spacial coordinates x, y, z are differentiated twice, but the time coordinate
t only once. Relativistic space-time requires covariant symmetry between space
(x, y, z) and time (ct).
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7 Quantum Simulations of Quasi-relativistic Physics

(a) (b)

(c) (d)

Figure 7.2: Density plot showing a numerical simulation of the Dirac limit.
From 7.2(a) to 7.2(c) the width ∆ of the initial Gaussian
1/
√

4π exp[−x2/2∆](1,−i)T is increased and the limit |p| � κ in-
creasingly fulfilled. Figures 7.2(a)-7.2(c) display the full Schrödinger
dynamics using Eq. (7.1.12) for initial Gaussian states. The pure
Dirac case is shown in figure 7.2(d) for comparison. The dynamics
in (a)-(d) shows in addition to the Zitterbewegung also a damping.

One approach to find a covariant formulation of quantum mechanics leads to
the Klein-Gordon-equation [164, 165]

−~2∂2
t ψ =

(
− ~2c2∇2 +m2c4

)
ψ. (7.1.14)

The Klein-Gordon equation is quadratic in space and time coordinates and can
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7 Quantum Simulations of Quasi-relativistic Physics

be derived using the correspondence principle

~p→ −i~∇ and E → i~∂t (7.1.15)

applied to the relativistic momentum and energy relation

E =
√
m2c4 + c2p2, (7.1.16)

or more exact the square of it to avoid expressions like
√
∇. The solutions of the

free Klein-Gordon equation contains positive as well as negative energies and
does not contain the particle’s spin. It therefor cannot be the proper description
for spin 1/2 electrons.
Dirac found with a different approach the relativistic equation for spin 1/2

particles:
i~∂tΨ4 =

[
cαp +mc2β

]
Ψ4 (7.1.17)

There are a number of different notations in the literature, but in equation
(7.1.17) we use the matrices α and β whose defining properties are

[αi, αj ]+ = 2δij1, (7.1.18)
[αi, β]+ = 0, (7.1.19)
α2
i = β2 = 1. (7.1.20)

This algebraic structure is fulfilled in three dimension for 4× 4 matrices which
can be represented by

αi =
(

0 σi
σi 0

)
, β =

(
1 0
0 −1

)
, (7.1.21)

where σi are the Pauli spin matrices and 1 is the 2× 2 unit matrix.
One main difference between our effective Dirac equation (7.1.12) and the

relativistic quantum mechanics of (7.1.17) is the wave function the equation
describes. The spinor Ψ in (7.1.12) can be seen as a two component pseudospin,
whereas (7.1.17) has a four component spinor. Ψ4 contains not only a spin
1/2 object, but also its antiparticle. The rest mass mc2 has a positive sign for
the particle and a negative sign for the antiparticle. The theory of relativity
allows moreover particle production from (kinetic) energy as E = mc2 and
particle-antiparticle pair creation out of the vacuum is also possible.
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7 Quantum Simulations of Quasi-relativistic Physics

As our analogy takes place in an ultracold regime, we can simulate aspects of
relativistic kinematic as we show in the following, but pair creation processes
and classical relativistic phenomena like time dilatation or length contraction
are not possible. The recoil velocity c̃ is also many orders of magnitudes below
the speed of light. Mathematically the Dirac equation is covariant which can
be shown by using the 4×4 matrices (7.1.21). The Pauli matrices on their own
are not sufficient to fulfil the conditions for the α, β matrices and hence the
effective Dirac equation (7.1.12) cannot be Lorentz invariant. Eventually, with
(7.1.12) a pseudospin with Dirac dispersion and a finite rest mass is described
within the mean field theory for condensed bosons in a BEC.

7.2 Zitterbewegung: A Strange Quantum Effect

Already in the early days of quantum mechanics the dynamics of relativistic
particles attracted a lot of attention. Soon after finding the Dirac and Klein-
Gordon equation it was realised that a number of counter-intuitive results would
follow in the relativistic limit. The existence of negative energy states could
be explained as antiparticles, whereas Zitterbewegung and the Klein tunneling
paradox are dynamical effects. Both are textbook examples for relativistic
quantum mechanics and are now discussed in the light of effective relativistic
BECs.
The notion of Zitterbewegung itself has its roots in the work of Schrödinger

on the motion of the free particle based on Dirac’s relativistic generalization of a
wave equation for spin-1/2 particles [166, 167]. In his original paper Schrödinger
derives the equation of motion for Zitterbewegung and concludes that he does
not know what to use the found equation for but that he regarded it still as
remarkable. In the following we give a short derivation, which is apart from
modern notation the same as done by Schrödinger himself.
In most textbooks [164, 165] Zitterbewegung is derived by solving the Heis-

enberg equation for the position operator. Starting with the Dirac Hamiltonian

HD = cαp + βmc2, (7.2.1)

the equation of motion for the momentum operator in the Heisenberg picture
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Figure 7.3: Zitterbewegung for different Vz. Upper row shows density |Ψ(x, t)|2
and overall centre of mass 〈x〉12 for vz = 2. Lower row for Vz = 4.
The initial state is 1/

√
4π exp[−x2/2∆](1,−i)T. In (b,d) we have

a small offset between single component centre of mass expectation
values 〈x〉1 and 〈x〉2 for better readability.

for a free particle is

d
dt

p =
i
~

[HD,p] =
i

~
[cαp + βmc2,p1] = 0. (7.2.2)

However for the position operator the picture is different

d
dt

x =
i
~

[HD,x] =
i
~

[cαp + βmc2,x1] = cα(t). (7.2.3)
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Figure 7.4: Schrödinger dynamics for comparison. 1/
√

4π exp[−x2/2∆](1,−i)T

evolves for κ = 0. The wavepacket shows dispersive spreading but
∂t〈x〉 = 0.

If α is seen as operator, we get for the time dependence

d
dt
α =

i
~

[HD, α] =
i
~

(−2αHD + [HD, α]+) =
2i
~

(cp− αHD), (7.2.4)

where we used the anticommutation relation for α and β. The differential
equation (7.2.4) for α is solved by

α(t) = e−2iHD/~α(0) + 2cpt. (7.2.5)

Together with the time dependence for x(t) from equation (7.2.3) we obtain a
formal equation for the position operator

x(t) = x(0) + c2pH−1
D t+ α(0)e−2iHDt/~H−1

D . (7.2.6)

The the third term of (7.2.6) is the rapidly oscillating Zitterbewegung, while
the second one is associated with the average motion of the particle.
For an electron we can estimate the frequency of the Zitterbewegung by using

the particles rest frame. There the average velocity is zero and HD → mc2, so
the frequency will be 2mc2/~. To see Zitterbewegung we would have to perform
a measurement of the velocity of the electron over a timescale of the order of
the inverse of the frequency, i.e. in about 3 × 10−13s. This rough estimate
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made Zitterbewegung already in the very first days of quantum mechanics to
be seen rather as an artefact than a observable quantity. However with modern
ultra short laser pulses one has tools to investigate phenomena on similar short
timescales (see for example [168] on ultrashort laser pulses).
The problem observing Zitterbewegung goes indeed deeper than the time

scale argument. The operator equation (7.2.6) stands not alone, but the initial
state Ψ4(t = 0) has to be considered as well if one calculates the expecta-
tion value 〈x〉. As α is mixing the different spinor components, a state with
only one component populated is not sufficient enough. To observe this trem-
bling motion an initial 4-component spinor state needs to contain positive and
negative solutions of the Dirac equation instead. In particle physics a sep-
aration of positive and negative solutions of the Dirac equation to describe
electrons and positrons separately was developed already in the 1950s, called
Fouldy-Wouthuysen transformation [165]. Till today the controversy whether
Zitterbewegung is an artefact of the Dirac equation or a physical phenomenon
which relies on more advanced theories like quantum field theory still goes on
[169, 170].
Recently analogue systems of effective Dirac equations focussed on Zitter-

bewegung in a broad range of systems. For quantum gases several aspects of
effective relativistic motion have been considered [81, 139, 142, 160]. Trapped
Ions [161, 162], graphene [156–158, 171], e.g. single and double layers of carbon,
and dark state polaritons in slow light [163, 172] are systems in which aspects of
Dirac physics and especially Zitterbewegung can be mimicked. These systems
differ in details like experimental access, control over parameters, observed fre-
quencies and sizes of the mass gap. Also as none of these systems contains
a complete covariant Dirac equation, the used subset of Pauli matrices might
differ. In the work of Otterbach et al. [163] an initial slip is observed as a
results of doing so.

7.3 Exact Solutions in the Schrödinger Limit

The 1D Dirac regime offers deep insight into the Zitterbewegung phenomenon
because exact analytic solutions can be provided. We write the Schrödinger
equation for the 1D system in momentum space as

i∂tΨ =
[
k2 + 2σxk + Ṽzσz

]
Ψ, (7.3.1)
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Figure 7.5: Rabi oscillations superimposing Zitterbewegung for a kicked sys-
tem. Population (7.5(b) and 7.5(d)) and centre of mass oscillations
(7.5(a) and 7.5(c) ) for initial state 1/

√
4π exp[−x2/2∆−ik0](1, eiξ)T

with k0 = 1.5, ξ = π/4 in the upper and ξ = π/2 lower row. The rel-
ative phase between the two spinor components has strong influence
on the oscillations as we show also in figure 7.6.

where the now dimensionless k is expressed in units of κ. With the formal
solution of (7.3.1),

Ψ̄(k, t) = e−i(k
2+2σxk+Ṽzσz)tΨ̄(k, 0), (7.3.2)

the time evolution of an initial wave packet Ψ̄ can be calculated. We now
choose a Gaussian momentum distribution with equal width ∆ for both spinor
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components as initial state

Ψ̄(k, 0) =
1√

∆
√
π
e−(k−k0)2/2∆2

(
c1

c2

)
. (7.3.3)

The wavepacket may have an initial momentum k0 and the population coeffi-
cients c1, c2 might be complex numbers with a phase factor eiξ between the two
spinor components. We obtain then an exact time dependent solution

Ψ̄(k, t) =
1√

∆
√
π
e−

(k−k0)2

2∆2 +i(k2+1)t

×

(
c1 cos(ωkt) + i(c1Ṽz+c22k)

ωk
sin(ωkt)

c2 cos(ωkt)− i(c2Ṽz−c12k)
ωk

sin(ωkt)

)
, (7.3.4)

where we have introduced the k-dependent frequency

ωk =
√

4k2 + Ṽ 2
z . (7.3.5)

In the Dirac limit, the formal ansatz

Ψ̄(k, t) = e−i(2σxk+Ṽzσz)tΨ̄(k, 0), (7.3.6)

leads to a very similar solution

Ψ̄D(k, t) =
1√

∆
√
π
e−

(k−k0)2

2∆2

×

(
c1 cos(ωkt) + i(c1Ṽz+c22k)

ωk
sin(ωkt)

c2 cos(ωkt)− i(c2Ṽz−c12k)
ωk

sin(ωkt)

)
. (7.3.7)

With the solution Ψ̄(k, t) we can calculate the centre of mass motion for the
two-component wave packet where we use the standard definition of the density,
ρ(k, t) = |Ψ1(k, t)|2 + |Ψ2(k, t)|2, or the dynamics of any other quantity which
depends on the two dark states.
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(a) (b)

(c) (d)

Figure 7.6: Density plot showing Rabi oscillations for a kicked system. (a,c)
|Ψ1|2, (b,d) |Ψ2|2 for for initial state 1/

√
4π exp[−x2/2∆ −

ik0](1, eiξ)T with k0 = 1.5, ξ = π/4 in the upper and ξ = π/2
lower row. The relative phase ξ leads to a rotation in the dark state
pseudo-spin space.

Two Level System

Our system with two degenerate dark states shows not only a relativistic be-
haviour, but also properties familiar from two level systems in quantum optics
[103]. In order to see this in more detail we write the spinor Ψ̄(x, t) as a com-
bination of slowly varying envelopes, φi(x, t) i = 1, 2, and coefficients which
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describe the population of the two dark states,

Ψ̄ =
(
φ1(x)c1(t)
φ2(x)c2(t)

)
. (7.3.8)

The spatial shape φi(x, t) should change much slower than the population ci(t)
of the i:th component of the spinor such that we can neglect all its derivatives
with respect to time. The solutions are normalised according to

〈φi|φi〉 = 1, (7.3.9)
|c1|2 + |c2|2 = 1. (7.3.10)

After inserting the ansatz from equation (7.3.8) into Schrödinger equation we
obtain a set of coupled differential equations for the coefficients:

i∂t

(
φ1(x)c1(t)
φ2(x)c2(t)

)
=

(
p2

x
2m + Vz

~κ
m px

~κ
m px

p2
x

2m − Vz

)(
φ1(x)c1(t)
φ2(x)c2(t)

)
.(7.3.11)

We multiply both sides of (7.3.11) with (φ1, φ2)† from the left and use (7.3.9) to
obtain the well known coupled differential equation describing Rabi oscillations
in quantum optics

i~
(
ċ1

ċ2

)
=
(
Vz1 Ω̃
Ω̃∗ Vz2

)(
c1

c2

)
, (7.3.12)

where we use the abbreviations

Ω̃ =
κ

m
〈φ2 |px |φ1〉 , (7.3.13)

Vzi =
〈
φi

∣∣∣∣ p2

2m
+ Vz

∣∣∣∣φi〉 /~. (7.3.14)

The two spin components are coupled, hence the solutions to the algebraic
equation (7.3.11) will show population oscillations between the two dark states
with a frequency

ω2
R = |Ω̃|2 +

1
4

(
Vz1 − Vz2

)2
. (7.3.15)
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The off-diagonal coupling term Ω is an overlap integral between the two envelope
functions φi. For two Gaussian wave packets φi = e−x

2/∆2 we find

Ω =
∫ ∞
−∞

dx e−x
2/∆2 ∇ e−x

2/∆2
= 0. (7.3.16)

For a vanishing overlap integral Ω̃, the coupling between the spin components
in Eq. (7.3.12) becomes zero and we expect no oscillations of the populations.
A non-vanishing effective Rabi frequency Ω̃ can be achieved if the initial state
has a nonzero momentum, e.g., by using

φi(x) =
1√
N

e−x
2/∆2+ik0x (7.3.17)

with a normalisation factor 1√
N
, a width ∆ and momentum k0.

The resulting population transfer between the two dark states can be seen
in a simulation of this situation in Fig. 7.5 and Fig. 7.6. The splitting of the
wave packets and their motion in opposite directions can be well understood
by considering the dispersion relation in Fig. 7.1 For k0 6= 0 parts of the
wavepackets experience different group velocities from the different dispersion
branches.
To illustrate in more detail the phenomenon of Rabi oscillations we examine

again the exact solution in Eq. (7.3.5) and choose an initial state with c1 =
c2 = 1/

√
2. The population difference, ∆N(t), can easily be calculated in the

limit ∆ = 0 which gives

∆N(t) = |Ψ1|2 − |Ψ2|2 (7.3.18)

=
1

∆
√
π

∫ ∞
−∞

dk e−
(k−k0)2

2∆2

× 1
2

[∣∣ cos(ωkt) +
i(Ṽz + 2k)

ωk
sin(ωkt)

∣∣2
−

∣∣ cos(ωkt)−
i(Ṽz − 2k)

ωk
sin(ωkt)

∣∣2] (7.3.19)
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The resulting integral

4
∆
√
π

∫ ∞
−∞

dk e−
(k−k0)2

2∆2
kṼz
ω2
k

sin2(ωkt) (7.3.20)

can be evaluated in the Dirac limit ∆ → 0 as the Gaussian initial state turns
into a representation of the delta function,

lim
∆→0

∆N(t) =
4k0Ṽz√
4k2

0 + Ṽ 2
z

sin2(t
√

4k2
0 + Ṽ 2

z ). (7.3.21)

From this result we see the importance of the initial momentum k0. For k0 = 0
there is no transfer of population between the dark states, whereas for a nonzero
initial momentum the amplitude of the population oscillation is proportional

to k0. In addition, the frequency
√

4k2
0 + Ṽ 2

z is k0 dependent as well.
This behaviour is shown for a finite width of the wave packets in Fig. 7.6

where the width was chosen such that the dynamics takes place in the Dirac
limit. In this case, an attenuation of the amplitude of the dark state population
difference also occurs. The Rabi oscillations are accompanied by the disappear-
ance of the Zitterbewegung; an effect we will study in the next section in more
detail.

7.4 Atomic Zitterbewegung

The transient nature of Zitterbewegung has already been studied in effective
relativistic systems such as mono- and bilayer graphite [159] and ultracold atoms
[142]. These studies differ, however, from the present one in several respects.
Firstly, Refs. [142, 159] consider two-dimensional systems and secondly, they
found that a non-zero momentum in one direction leads to Zitterbewegung
in the perpendicular direction. This is in contrast to our studies where the
Zitterbewegung is induced by the potential term in Eq. (7.1.1) (compare with
Eq. (23) in [159] or Eq. (11) in [142]). Apart from the non-vanishing initial
momentum leading inevitably to a vanishing of the interference effect, a finite
width of the wave packets also leads to an attenuation of the Zitterbewegung.
As shown in Fig. 7.2 the attenuation occurs in both limits, i.e., the Schrödinger
and the Dirac limit.
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Figure 7.7: Zitterbewegung on a longer time scale. The discussed upward drift
is most clearly seen in the centre of mass 〈x〉-diagram (b) than in
the corresponding density plot |Ψ(x, t)|2 (a). The attenuation can
be seen as the bright maximum in (a) becoming slightly darker over
time.

In the following we analyse the exact solution (7.3.5) and study the role of
the finite width of the wave packets on the Zitterbewegung. To this end we
consider the centre of mass of the wave packets, i.e.

〈x(t)〉 = i
∫ ∞
−∞

dkΨ̄†(k, t)∂kΨ̄(k, t) =

1
∆
√
π

∫ ∞
−∞
dke−

k2

∆2

(4k2

ω2
k

t+
Ṽ 2
z

ω3
k

sin(2ωkt)
)
, (7.4.1)

where we have assumed k0 = 0. From the first term under the integral we
obtain a drift term for the centre of mass,

xd = t
[
1−
√
π
Ṽz
∆
e

Ṽ 2
z

∆2 Erfc(
Ṽz
∆

)
]
, (7.4.2)

where Erfc is the complementary Error function. In the limit of Ṽz/∆� 1, and
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using the asymptotic expansion of the Error function,

Erfc(x) =
e−x

2

x
√
π

∞∑
n

(−1)n
(2n)!

n!(2x)2n
, (7.4.3)

we obtain a reduced drift as a function of increasing Ṽz/∆. This is a finite size
effect and stems from the finite width of the wave packet. The drift motion has
already been identified in our numerical analysis as shown in Fig. 7.7.
The second term under the integral in (7.4.1) stands for the Zitterbewegung.

This is an effect due to the Apx-term in the Schrödinger equation (7.3.1) in
contrast to the mechanism in [173]. Again, in the limit Ṽz/∆� 1, the integral
can be readily calculated and gives for the oscillating part

xz =
1
Ṽz

sin
(

2Ṽzt+ 1
2 arctan( ∆2

4Ṽz
t)
)

(1 + ∆4

16V 2
z
t2)1/4

. (7.4.4)

From this expression we see that a spread in the momentum distribution will
cause a damping also for the oscillating term of the centre of mass. The damping
of the Zitterbewegung is relatively slow, but inevitable. This can be explained
by envisaging a collection of oscillators each with a different frequency which
is k-dependent. In this case the centre of mass will show a damping if the
revival time is infinite. The underlying equation is after all the Schrödinger
equation, and only in the limit ∆ = 0 should we strictly speaking use a Dirac-
type equation. With the full Schrödinger equation a free wave packet will
always expand, albeit slowly if ∆ is small, and hence will also show a damped
Zitterbewegung.
The results in this chapter show how Zitterbewegung, known from relativistic

physics emerge naturally in an ultra cold atom system. This counter-intuitive
result underlines that Zitterbewegung is not a unique relativistic effect like
time dilatation, length contraction or generally speaking a result of the Lorentz-
covariance of the Dirac equation. For a typical alkali atom such as 87Rb with
a wave packet width of 10µm one would get ∆2t/4Ṽz > 1 for times larger than
1ms, with a centre of mass oscillation frequency of the order of 1kHz and a cor-
responding amplitude of the order of two microns. Hence a broad wave packet
as initial state would favour the detection of the Zitterbewegung. The experi-
mental setup for observing these effects would be remarkable simple. The dark

86



7 Quantum Simulations of Quasi-relativistic Physics

states need to be prepared, but the rest is free expansion. Apart from the trem-
bling motion of the centre of mass, we discussed additional effects such as drift,
attenuation and Rabi-type oscillations, which emerge in the system as well. The
transition from Schrödinger dynamics, governed by the p2 term, towards Dirac
dynamics was simulated. A broader wave packet in position space corresponds
to a narrower distribution in momentum space and eventually the Dirac limit
is reached. Moreover the role of initial momenta and the always finite width of
the wave packets have been investigated in this context. Particle creation, an
important property of high energy physics [174] is not included in the found
analogy. Bose-Einstein condensates do not contain any mechanism leading to
annihilation and creation of new particles. Within the mean field description of
the Gross-Pitaevskii equation the number of particles is conserved. For finite
temperatures, elementary excitations or interaction between the condensed and
the non-condensed fraction may give a different situation.
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We are all agreed that your theory is crazy. The question that divides us is whether it is crazy
enough to have a chance of being correct.

Niels Bohr

CHAPTER 8

QCD SIMULATIONS

The differences between ultracold and ultrahot can hardly be larger: experi-
ments of ultra cold atoms usually take place on an optical table in a laboratory,
a few square meters of space are suitable. The few atoms are trapped on a
spot only a few micrometer large at a temperature which is significantly colder
than the universe background radiation. On the other side of physical accessible
scales, in the heart of LHC at CERN, accelerators are used to reach high energy,
high densities and high temperatures. Cold atoms have typically a density n of
1012 − 1014 atoms per cm3. The particle spacing is of the order 1/n1/3 which
gives about 0.1 − 1µm = 10−4 cm. For ultracold fermions the Fermi energy is
of the order 10−6K.
Nuclei are much smaller. Their characteristic length scale is of the order

of femtometer (1 fm = 10−13 cm). The Fermi energy is about 37 MeV. As
1MeV ∼ 1010 K the typical temperature is around 4 · 1011 K and hence about
17 orders of magnitude larger than for ultracold atoms. The energy scales in
quantum chromodynamics (QCD) are even higher, as the QCD-phase diagram
shows. QCD is the field theory for the elementary particles, which are often
referred to as the particle zoo. The particle zoo contains bosons and fermions
which are further divided into several classes. Hadrons can be divided into bary-
ons containing three quarks and mesons made of one quark and one antiquark.
Leptons like the electron or myon are lighter as hadrons. Bosons such as gluons
and photons are the exchange particles or gauge bosons. The theory is relativ-
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Figure 8.1: QCD phase diagram. The usual matter of protons, neutrons exist
in the hadronic phase. For high temperatures or high densities
(Baryon chemical potential) phase transitions occur. In the quark-
gluon plasma (QGP) phase, the confinement of the nuclei is broken
and quarks and gluons move freely. For high densities and low
temperature several pairing mechanism may lead to different type
of superconductor phases, called e.g. color-flavor locked (CFL) in
the right low temperature corner. Picture taken from arXiv:hep-
ph/0503184.

istic and its central concepts like asymptotic freedom and chiral symmetry are
not so familiar in other areas of physics. It has also been shown that CQD has
to follow a non-Abelian SU(3) symmetry. The full QCD-Lagrangian density
has the form

L = q̄αNf
(iD̂αβ −mδαβ)qβNf

− 1
4
FαµνF

µν
α . (8.0.1)

It includes the quark field qαNf
, the gluon field Ba

µ where α = 1, 2, 3 counts the
colors and a = 1, . . . , 8 the different gauge bosons. The known 6 flavours are
counted by Nf . Repeated indices are summed over. The operator D̂ is defined
as the covariant derivative acting on the quark field D̂µ = ∂mu+ igtaBa

µ, where
g is a coupling constant and ta a traceless hermitian 3× 3 matrix, representing
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the SU(3) algebra. The book of Hatsuda [174] gives a descriptive introduction
to QCD, of which we gave a flavour here. The high number of variables indicates
already the difficulty of finding analyticly exact solutions and to determine the
exact phase diagram, e.g. by path integral methods as the Lagrange density
(8.0.1) has still to be quantised.

Experimentally, observations from astrophysics like neutron stars and or high
energy accelerators like RHIC or recently LHC are used to verify predictions
of this theory. Theoretically, Monte-Carlo-Simulations and lattice-QCD is used
widely. Lattice-QCD is a numerical approach to reduce the continuous space-
time to a discrete lattice which can simulated numerically [175]. However, integ-
rals in these dimensions do not necessarily converge and the Fermi-sign-problem
in Monte-Carlo-simulations is a serious and unsolved challenge. Weak coupling
theories for high densities offer an insight only in a special regime due to asymp-
totic freedom [176, 177]. Effective theories or reduction of parameters are used
to simplify the full QCD-Lagrangian, for example the bag model or the Nambu-
Jona-Lasinio (NJL) model [178–181]. The latter one contains, e.g., no gluons.
The phase diagram 8.1 on page 89 sketches the state-of-the-art knowledge about
QCD [182].
The phase transition between the hadronic phase in the lower left corner

and the quark-gluon plasma is related with two basic concepts in the physics
of these subatomic particles: confinement and chiral symmetry. Confinement
describes the observation that quarks, or more precise, single color charges have
not been observed in the hadronic phase. Quarks and hence color charges are
confined into protons or neutrons, where color charges appear white, i.e. color
neutral. As result of asymptotic freedom, the binding energy between quarks
increases for longer distances which enhances the creation of new particles if
interparticle distances become large. This effect prohibits the observation of
free quarks so far. The chiral symmetry is a global property which is fulfilled if
the quarks are regarded as massless. The breaking is only small but for lower
energies, dynamic symmetry breaking enhances the effect and increases the
quark’s mass. It is assumed that at the transition into a quark-gluon-plasma
(QGP) the chiral symmetry is nearly restored. Also quarks and gluons are
deconfined in the GQP. However, the details remain state-of-the-art research
in this area of physics. For low temperatures but asymptotically high densities
it has been shown, that the ground state of QCD is a color superconductor as
indicated in the phase diagram. Different symmetry breaking mechanism lead
to pairing and several superconductor phases. It is usually assumed that this
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feature holds true in the non-perturbative regime of lower density as well.
There are several ansätze for fruitful connections between QCD and cold

atoms. Three Fermi mixtures for example can be used to investigate the condi-
tions for Cooper pairing between several species or several degrees of freedom.
However, in this chapter, we discuss similarities between SU(2) gauge fields
and problems raised in QCD and effective models therein [174, 183].

8.1 Simulating Confinement

An intriguing connection between cold atoms with non-Abelian gauge fields
and quantum chromodynamics are given by the non-linear Dirac equations.
These have been investigated in a high energy context to describe confinement
[184, 185]. The underlying mechanism of how quarks and gluons are confined
into a nucleon is not in detail investigated there. The search for self-focussing
stable solutions of the non-linear Dirac equation results in solitons [186]. It is
more than obvious, by comparing the non-linear Dirac equations of the form

i∂tΨ =
[
pσ + σz − γΨ† ·Ψ

]
Ψ (8.1.1)

with the QCD-Lagrangian (8.0.1) that (8.1.1) can only be a helpful tool or toy
model rather than a full solution of confinement. In the following we show
that the already known 1D self-trapped solutions present remarkable proper-
ties, which have not been explored in the high-energy context due to the lim-
itations of the original physical models. In addition, we shall show that multi-
dimensional confinement is also possible in our non-Abelian cold atom system,
although it differs significantly from the 1D case.
Different than the previous chapters, a modified laser arrangement is used for

the non-Abelian gauge field (see chapter 3). Three co-propagating lasers along,
e.g., the z axis (S1 = S2 = S3 = kz), are used. They have a constant |Ω3| and
spatially dependent transversal profiles

Ω1 = |Ω3| cosφ(x, y)eikz (8.1.2)
Ω2 = |Ω3| sinφ(x, y)eikz (8.1.3)
Ω3 = |Ω3|eikz (8.1.4)

The choice of the density modulation now depends on the dimension of the
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experiment: For 1D a density modulation along x is used such that

φ(r) =
√

2κx. (8.1.5)

We obtain then the effective spin-orbit coupling

A = ~κσyex. (8.1.6)

If the density modulation has moreover a polar symmetry on the xy plane, i.e.

φ(r) =
√

2κρ, (8.1.7)

with the radial coordinate ρ2 = x2 + y2, then we find

A = ~κσyeρ, (8.1.8)

which we employ in our discussion of the 2D localised solutions. A second Pauli
matrix enters the Hamiltonian as we set the laser detunings ∆ such that

V1 = V2 = ~∆− ~2κ2/2m, (8.1.9)
V3 = −V1 − 2~∆. (8.1.10)

For both arrangements, 1D and 2D, we obtain the additional term

Φ + V = ~∆σz, (8.1.11)

where we assume ∆ < 0. The used vector potential is slightly different than
the previously used ones. Eq. (8.1.1) is strictly speaking not non-Abelian as
it contains only one of the Pauli matrices. Nevertheless, the used spin-orbit
coupling term p · σ, where σ = σ̂y~ex,ρ leads to the single-atom dispersion law
discussed already in chapter 6. It is characterized by two branches

E±(p) =
p2 + ~2κ2

2m
±

(
~2∆2 +

~2κ2p2
x,ρ

m2

)1/2

. (8.1.12)

The E− branch presents two minima in 1D and a continuous ring of minima in
2D.
Within the Gross-Pitaevskii formalism, the interacting bosons in the dark-

state manifold are described by a spinor equation with a spin-orbit coupling,
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which in its time-independent form acquires the form

µΨ =
[

1
2m

(p + ~κσ)2 + ~∆σ̂z + gΨ† ·Ψ
]

Ψ, (8.1.13)

where µ is the chemical potential, and we consider g > 0. For a wavepacket
with 〈p〉 = 0 and momentum width ∆p� 2~κ,

√
2~|∆|m we can safely neglect

the p2 term in equation (8.1.13). As done in chapter 7 this results in a, now
nonlinear, Dirac-like equation,

µΨ =

[
~κ
m
σyp +

~2κ2σ2
y

2m
+ ~∆σ̂z + gΨ† ·Ψ

]
Ψ, (8.1.14)

In the next step, we use dimensionless units: the chemical potential is now
given in units of the mass gap ε = µ/~∆ and the length scale l0 = ~κ/m|∆| is
introduced. The interaction parameter γ = g/~|∆|ld0 scales with the dimension
d as consequence of the normalisation of gΨ† ·Ψ. The energy ε can become neg-
ative, which allows for an interesting symmetry in this system. Equation 8.1.14
can also be obtained if ∆ > 0, g < 0 and A → −A, which may be achieved by
choosing −φ instead of φ. This symmetry allows similar self-confining solution
for both, repulsive and attractive interactions. The nonlinear Dirac equation
becomes

εΨ =
[
p · σy + σ̂z − γ~Ψ† ·Ψ

]
Ψ (8.1.15)

We first study a 1D scenario along the x-direction, assuming a sufficiently
strong transversal harmonic confinement (with frequency ω⊥) in the yz plane,
such that ~ω⊥ � µ. Written as two coupled equations, (8.1.14) becomes

εΨ1 =
(

1− γ(|Ψ1|2 + |Ψ2|2)
)

Ψ1 + ∂xΨ2, (8.1.16)

εΨ2 =
(
− 1− γ(|Ψ1|2 + |Ψ2|2)

)
Ψ1 − ∂xΨ2. (8.1.17)

Using the substitution Ψ1 = η cosϕ and Ψ2 = η sinϕ the two equations trans-
form after multiplication of (8.1.16), with cosϕ and sinϕ and (8.1.17) with
sinϕ and cosϕ and adding, respectively subtracting, the two from each other,
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into

dϕ
dx

= ε− cos(2ϕ) + γη2, (8.1.18)

dη
dx

= −η sin(2ϕ). (8.1.19)

The x−dependance can be eliminated with

dη
dx

=
dη
dϕ

dϕ
dx

(8.1.20)

which leads after some algebra to

∂ϕ

[1
2
εη2 +

γ

4
η4 − 1

2
η2 cos(2ϕ)

]
= 0 (8.1.21)

The differential equation (8.1.21) has the solution η2
(
ε2 + γη2/2− cos 2ϕ

)
=

const. Imposing localisation which implies the boundary conditions

lim
x→±∞

η = 0, (8.1.22)

one obtains ε + γη2/2 − cos 2ϕ = 0. Inserting this conservation law back
in (8.1.18) and (8.1.19) we obtain the localized solution [184]

ϕ(x) = tan−1(
√
β tanh(λx)), (8.1.23)

η2(x) =
2(1− ε)/γ

cosh2(λx) + β sinh2(λx)
, (8.1.24)

where we have introduced the notation β = (1 − ε)/(1 + ε) and λ =
√

1− ε2.
From these expressions it is clear that only solutions with |ε| < 1 ( i.e. |E| <
|~∆|) are localised. Imposing the normalization of the 1D wavefunction∫ ∞

−∞
dx η2 = 1 (8.1.25)

leads to the condition
γ = 4 tan−1

√
β. (8.1.26)

As a consequence both, normalization and localization conditions are only ful-
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filled for 0 < γ < 2π. In this regime the energy presents a remarkable sinusoidal
dependence ε = cos(γ/2). Note that contrary to the high-energy case, where
the constraint to positive energy fermion states demands γ ≤ π [184], in ul-
tracold gases γ > π is also possible. This leads to a peculiar behaviour of the
BEC wavefunction when γ approaches 2π. In the regime 0 < γ < 2π the square
width of the soliton is

〈x2〉 =
π2 − (γ/2)2

12 sin4(γ/2)
, (8.1.27)

which clearly diverges both at γ = 0 and 2π. The divergence has however a
rather different meaning in both cases. For γ = 0 there is no localized solution,
as one could expect due to the absence of interactions. On the contrary for
γ = 2π, the localized solution exists but acquires a Lorentzian form 1/(1+4x2).
Direct numerical simulations confirm the existence of these localized solutions,
which remain well self-localized for |~∆| < 0.1~κ2/2m.

Due to the form of ϕ(x), the relative distribution of the population between
the two components also presents a peculiar dependence in γ. The chirality
χ, here defined as the difference between the populations in |D1〉 and |D2〉,
becomes

χ =
∫

dx η2 cos(2ϕ) =
2
γ

sin(γ/2). (8.1.28)

χ monotonously decreases from 1 where all atoms are in |D1〉 at γ = 0 to 0
when an equal admixture of both dark states at γ = 2π is observed. The density
profile of both components is also quite different, since |D2〉 presents a node at
x = 0, whereas |D1〉 is maximal at the centre.
Note that the discussed sinusoidal dependence has its origin in the 1D nor-

malization of (8.1.24). We should hence expect a rather different behaviour in
higher dimensions. This is indeed the case. We consider in the following a 2D
scenario on the xy plane with a strong confinement along z assumed. In the
presence of a spin-orbit coupling

p · σ = pσ̂y, (8.1.29)

where p2 = p2
x+p2

y, the equations (8.1.23) and (8.1.24) can be readily generalized
to the 2D case by replacing x by the radial coordinate ρ. The normalization of
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1D 2D 3D Parameter

√
2κx

√
2κr

√
2κ|r| φ

0 < γ < 2π γ > 4.36 γ > 11.94 γ

γ = 2π γ & 15 γ →∞ Lorentzian distribution

Table 8.1: The self confining soliton solution is only valid for certain values of
γ, which depends on the chosen dimension.

(8.1.24) is however different 2π
∫
ρη2(ρ)dρ = 1, which requires

γ = 4π
[
s ln 2− L(s)

sin 2s

]
, (8.1.30)

where ε = cos(2s) (0 ≤ s ≤ π/2) and L(s) = −
∫ s

0 ln(cos s′)ds′ is the Lob-
achevsky function [187]. By inverting (8.1.30) we obtain ε(γ) which is shown
in Fig.8.2(b).
As mentioned above a localized solution requires |ε| ≤ 1, which is only pos-

sible for γ > γc = 2π ln 2 ' 4.36 in 2D, using Eq. (8.1.30). Obviously the 2D
localized solution requires a minimal interaction strength γc at which the BEC
width diverges. This behaviour is contrary to the 1D localization which may
occur for already for 0 < γ < 2π. In addition both localization and normaliza-
tion conditions are simultaneously fulfilled for arbitrary γ > γc. For increasing
γ > γc, ε decreases monotonously from 1 to −1. For γ & 15, ε ' −1 and the
localized wavefunction converges to a Lorentzian shape

η2(ρ) = 8πγ−1(1 + 4ρ2)−1. (8.1.31)

which can be seen in Fig. 8.2(a). Note that the behavior of the chirality χ in
2D differs from the 1D case. In particular for ε → 1, χ → 1 as in 1D, and for
ε→ −1, χ→ −1, i.e., |D2〉 dominates. Note also that as in 1D the |D2〉 state
has a minimum at the center, whereas |D1〉 is there maximal.
Finally, a similar solution may occur also in 3D if p · σ = pσ̂y, where
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(a) 1D

! "

2D

3D

(b) 2D and 3D

Figure 8.2: In 8.2(a) the normalized width of the localised 1D solution is shown
for 2m∆/~κ2 = 0.01 and γ = π/3. In the inset, the evolution of the
total BEC density is shown. The oscillation in the high stems from
using the full Schrödinger dynamics including a p2 term. The right
picture 8.2(b) shows ε(γ) for 2D and 3D and indicates the region of
self-confining solutions for −1 ≤ ε ≤ 1.

p2 = p2
x + p2

y + p2
z. In that case the 3D normalization requires that γ =

2s(π2 − 4s2)/3 sin2(2s). The dependency of the self confining solution from
the interaction strength is shown in figure 8.2(b) for 3D as well. The localized
solution exists only for γ > γc ' 11.94. Contrary to 2D where the BEC width
diverges at γc and hence the wavefunction experiences a smooth crossover from
localization into delocalization, in 3D at γ = γc, ε < 1 and the BEC width re-
mains finite. Hence in 3D there is an abrupt transition between localization and
delocalization regimes. Finally, let us point out that, interestingly, for γ > γc,
there are actually two localized solutions. At γ → ∞, one of the solutions
becomes unbound and the other a Lorentzian shaped function.
In summary, the interplay between interactions and an optically induced

spin-orbit coupling may lead to self-localized Bose-Einstein condensates in 1D,
but also in 2D and 3D. Self-localization in non-linear Dirac equations (NLDE)
was previously studied in the context of chiral confinement in massive Thirring
and Gross-Neveu models. However, for the case of cold gases a novel regime
of parameters and dimensionalities are possible, allowing for remarkably rich
physics which largely depends on the system dimensionality. It ranges from a
sinusoidal interaction dependence in 1D to two possible self-trapped solutions
in 3D scenarios. Apart from the familiarity with QCD-effects, the possible class
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of solitons in cold gases is hereby expanded.

Figure 8.3: Left column: ε = −0.99 and γ = 18.63. The localized total density
η2 is shown at the top. The density of each component Ψ2

1,2 are
strikingly different, with component 1 forming a peak in the center.
Most particles are occupying component 2. Right column: ε = 0.99
and γ = 4.36. The component 1 is forming a peak in the centre
where now most particles are located. The x and y coordinates are
in units of l0 and the densities in units of 1/l20.

8.2 Further Analogies

With the short introduction to QCD, we now reconsider the harmonically
trapped oscillator from chapter 5. Our ansatz there and the exact solution
derived in [104], provide the following picture: The analytical groundstate, the
numerical simulation and the simplifying variational ansatz are degenerate un-
der the exchange of spinor components and the direction of the vortex rotation.
This chiral symmetry can be lifted by a mass term V σz. As we have seen, the
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degeneracy or chiral symmetry is then broken by an energy 2V (c2
g − c2

v). Our
numerical simulation and the complementary variational ansatz have shown
c2
g = c2

v in the limit κ→∞. The broken chiral symmetry, or in cold atom lan-
guage the lifted degeneracy, is restored in this limit. The variational ansatz was
used to investigate the influence of collisional interactions on the groundstate.
We had the elementary excitations in mind there, but the collisional interaction
influence may be considered for the analogy with QCD as well. A single scat-
tering parameter g has a U(1) symmetry and hence may not contribute to the
chiral SU(2)-symmetry considerations. However, we have shown in chapter 3.4
that more complex and probably SU(2) interaction terms are also feasible.
The NJL-Model in its simplest form for two quarks has a not unfamiliar form

LNJL = q̄(−iγµ∂µ +m)q +G[(q̄q)2 + q̄iγ5τq)2] (8.2.1)

The first term is a Dirac term and the second term a non-linear interaction
term with a interaction constant G. The quark field q = (u(x), d(x))T contains
only two components, an up and a down quark with the same mass m. The γ5

matrix is a combination of Dirac γ matrices which leads to mixed non-linear
expressions. The Nambu-Jona-Lasino model is a 4-dimensional version of the
Gross-Neveu model, which we used as inspiration in this chapter. An extension
of the presented work towards the NJL-model is the subsequent continuation.
In the context of simulating quantum chromodynamics, a connection to ul-

tracold atoms was shown without using especially non-Abelian properties of
A, but the dispersion relation and the spin-orbit coupling. For further work
and ideas one might consider to expand the tripod system leading to a SU(2)
gauge field towards a five level system yielding to three dark states. Such a
obtained non-Abelian gauge field is a straight forward extension of the theory
presented in chapter 3.2 and leads eventually to SU(3) matrices [188]. New
topologic charges, as have been investigated by Pietilä and Möttönen with the
optically induced non-Abelian SU(2) gauge field, may be achieved in such a
context. Dirac monopoles and topologic solitons are a clear sign of non-Abelian
gauge theories [189, 190] and may be realised with cold atoms. We anticipate
that an experimental realisation of SU(3) with ultracold quantum gases is very
challenging as more atomic states and laser beams have to be used and the
conditions for the necessary adiabaticity are not becoming less stringent. Nev-
ertheless, focussing on the SU(2) properties of the gauge field A may lead to
analogues and simulations of chiral symmetry breaking.
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Much more speculative is the idea of building a lattice-QCD experiment with
ultracold quantum gases. The discrete space-time of lattice-QCD might trans-
late into an optical lattice and continuous time. Instead of only a few lattice
sites in the computer simulation, a quantum simulation in an optical lattice
can access hundreds of sites. However a major drawback is the fact that the
gauge potential in such a simulation has to be affected by the particles in the
lattice. In contrast to the self interaction of gluons in QCD, the optically in-
duced gauge potential stems from external fixed laser properties. It is pure
speculation beyond this thesis if an ansatz in a path integral spirit rather than
a dynamical approach can be successful. In a path integral related approach
one has to sum over several fixed gauge potentials A, each of them related to a
single experiment. Similar to the Dirac simulation, the inherent question how
to deal with particle creation has also been unanswered so far.
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Whatever can be said, can be said clearly; and whereof one cannot speak, thereof one should
keep silent.

L. Wittgenstein

CHAPTER 9

SUMMARY AND OUTLOOK

In this thesis non-Abelian gauge fields in ultracold quantum gases have been
investigated. To this end, a short review of the basic concepts of ultracold
quantum gases was given in the introduction. Artificial electromagnetism,
which mimics the Abelian electromagnetic vector potential in the equation of
motion and the scheme to obtain optically induced non-Abelian gauge fields
were discussed in detail. An internal tripod level structure, three degenerate
states coupled to one common excited level, yields two dark states. These are
spacially dependent due to resonant external laser beams, which leads to a non-
Abelian geometric phase in the atom’s equation of motion. This scheme offers
a wide range of possible gauge fields, but I restricted my work to homogen-
ous non-Abelian fields. Similar Hamiltonians, containing a σp-term have been
discussed in solid state physics in the context of Rashba-Spin Orbit coupling
[191–194].
Different trapping geometries offer a broad range of possible scenarios to

investigate the influence of a non-Abelian gauge field. Any experiment will
be based on solid knowledge of the ground state and its properties to prove
the effect of the non-Abelian field. The ring as an 1D system with periodic
boundary conditions and the harmonically trapped condensate have hence been
considered in detail. We discussed eigenstates and the groundstate, where we
found a degeneracy between two chiral states. One component of the spinor
condensate shows rotation, the other does not. The found states are degenerate
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under exchange of the rotating and non-rotating component if the direction of
the rotation is changed as well. In both systems, the ring and the harmonic
trap, fragmentation may occur due to this degeneracy. If fragmentation is the
aim of an experiment, the non-Abelian gauge field may provide a route towards
this. For the phenomena investigated in this thesis, however, a well defined con-
densate, described by a Gross-Pitaevskii mean field equation is necessary. An
initially prepared condensate may be prevented from fragmentation by angular
momentum conservation, as we discussed for both experimental settings.
Including interatomic interactions via a single mean field operator g|Ψ|2 leads

to different results. The influence on the eigenstates of the ring is small. The
periodic boundary conditions allow a homogenous density n, which yields a
constant potential gn. For non-eigenstates the influence of strong non-linear
interactions is much larger and grey solitons dominate the dynamics on the
ring in this case. The groundstate of the harmonically trapped systems shows a
vortex and a Gaussian component. Collisional interactions tend to populate the
vortex component rather than the Gaussian as the density is smaller outside
the centre of the trap.
A condensate prepared as a Gaussian wave packet in a trap with non-Abelian

gauge field expands in different ways if the trap is removed. Depending on
the preparation in the Dirac or negative mass regime, Zitterbewegung, bright
solitons or time reversal can be observed. Both regimes have been discussed in
detail in this thesis. An effective relativistic condensate appears as a result of
the off-diagonal coupling and the nontrivial dispersion relation.
Quantum chromodynamics goes beyond the physics of the Dirac equation.

The differences between modern high-energy physics and cold atoms can hardly
be larger. The coldest point on earth is most likely a laboratory with a BEC
in it while the hottest place is the collision of heavy ions in accelerators. Both,
indeed, probe the limits of quantum mechanics. The non-linear Dirac equations
were discussed in high-energy context in the 1970s to describe confinement in
a simplified picture. Cold atoms in the Dirac limit with non-linear mean field
interatomic interactions provide a broader range of accessible parameters than
considered in the original work. We discussed the properties of new possible
self-trapped solutions in all three dimensions in this context.
Non-Abelian gauge fields are a substantial part of quantum chromodynamics

which has a SU(3) algebra. An extension of the optically induced gauge field
from SU(2) to SU(3) is feasible [188]. Nevertheless, non-Abelian aspects like
magnetic monopoles [189, 190] or chiral symmetry can be investigated with
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SU(2) as well. The degenerate groundstate in the harmonic trap resembles
chiral symmetry if considered from the QCD-point of view. In this way, this
thesis connects ultrahot and ultracold.
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It doesn’t matter how beautiful your theory is, it doesn’t matter how smart you are. If it doesn’t
agree with experiment, it’s wrong.

Richard Feynman
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